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Ilpepucnosue
pelakrTopa nepepoja

3a moclefiHue TOABl BHILIO B CBET MHOTO MOHOrpadui,
NOCBSIILEHHBIX YHCJAEHHOMY pelieHuio auddepeHINaTbHBIX
ypasHeHu#t. Kak npaBuno, 3TH KHUrH ODHEHTHPOBAHLI Ha
MaTeMaTHKQB-BbIUHCAHTEAeH, B HHX JeTaJbHO GOCYyXK-
NalTCA BONPOCH CXOAMMOCTH H YCTOHUMBOCTH Pa3HOCT-
HBIX CXeM, JOKAa3blBalOTCS COOTBETCTBYIOLUUE TeOpeMH.
Ilpennaraemas yurtarensim kuura M. [loTrepa paguranbHbiM
06pasoM OTJHYaeTcsl OT YNOMSIHYTOHl JauTepaTyphl. 3hech
HeT TeopeM, H H3JIOXKeHHe BeJeTcd Ha <«hHU3NUECKOM>»
yposHe crtporoctd. [lpodeccHonan-matemaTuk He oOnapy-
AUT 8JeCb NOCTATOYHON IOC/AELOBATEJNbHOCTH B JA0Ka3a-
TENbCTBAX H MOXKET 0CTaThCsd HeyAOBIETBOPEHHBIM. OnHar\o
OlLieHKa KHHTH C TaKMX noO3uuuit Gpina Obl HecnpaBeLJauBOIL,
NOCKOJIBKY W OTOOp MaTepHaja, H XapakKreD H3JI0XKeHus
NCTIONB3YIOTCS aABTOPOM /151 APYTOH LEJH.

I'aBHBIM JOCTOMHCTBOM NpejafaraeMoil KHUI'H SIBJSETCA
noapo6Hoe 06CY:KAeHHe MaTeMaTHuYeCKUX MOfeled, BuiGOp
TIPaBHJbLHOMA CHCTEMBl ypaBHeHH# ¥ [OIOJHUTEJBHBIX YCJO-
BUM 151 ONUCaHHUsl CAOKHBIX Puanvecknx uponeccos. Ouenb
YacTO 3TOT 3TANl HCCAENOBAHUA OKA3bIBAeTCA OAHUM H3 ca-
Mbix Tpyaseix. OH BK/aoYaeT B cebf, B 4aCTHOCTH, pasyM-
HbII BbHIGOp uyMciAa M GOPMBl ypaBHeHUH (KOHcepBaTUBHAA
HaIH  HekoucepBaTHBHAsA Qopma), uenecoobpasHocTs HC- -
NO/Ib30BAHUSl PA3JMYHOIO THIA HOTEHIHANOB, NPaBUIBHYIO
(hOpPMYJHPOBKY TPAHHUYHBIX YCJAOBHE, 060CHOBAHHYIO Pa3HO-
CTHYIO alIPOKCHMALMIO. DTH BOMPOCH H3yyaloTCs HA IIpO-
TAXEHHH MHOrux rJjaB, Kaxkpas MaTeMaTHueckas Hiest
npenBapuTessHo  O6CYKAAeTCS «Ha Tanbiax» W BbLISIC-
HAIOTCA (H3dHdecKde MPHHUMIL, MO3BOJAIONIHE TOCTPOUTH
MateMaTHUYECKYI0 MOJRb, -



8 . Ilpeducaosue pedaxropa nepesoda

Msoro BHuMaHus B KHUIe YAEJNEHO pasJUYHbIM acrek-
TaM 1upobaeMbl B3aUMOAEHCTBHA MHOTHX Tel—H 3T0 #AB-
JNAETCA APYTHM JOCTOMHCTBOM KHHUTH. 37ech 06CyxAaTCcs
CHCTEMHl, ONWCHIBaeMble ypaBHeHHeM Bnacosa («da3oBbie
cpelibi»), H3yyaeTcs MHCIONb3OBAHME MeTOAAa YKPYNHeHHBIX
YACTHI AJA 3THUX CHCTEM, H3/araeTcd pelleHHe ypaBHEHHN
Xaprtpu — ®oka Aas MHOrOJIeKTPOHHHIX 3aznad. Bce arth
npobaeMbl TOJBKO edle HAYHHAIT NEPeXoduTb €O CTPaHHIf
OpPHTHMHAJBHEIX paboT B 0030pbl 1 MOHOrpaduu.

Taxum ofpasom, 3Ta KHHra no BLIYHUCAUTEAbHOHR (Hu3IKe
obpauleHa ckopee K (Gu3uKy, 4eM K Borigucaurtemo. Ouna 6y-
JeT noJe3Ha KaxXI0oMy, KTO NOCTaBHJI nepef coboil dusnue-
CKYIO 3a7ayy 4 TOJbKO ellle BbIOHDaeT NyTh €€ HCCIAeAo-
BaHHA.

K coxkaJsienuwo, KHura He JUHIeHa U HeJOoCTaTKOB. Pelle-
HHe OefICTBUTENbHO TPYAHBIX OBYX- U TpeXMepHbIX 3ajau
(B wacTHOCTH, 3ajau THAPOAHMHAMUKH C JaJbHOJENCTBYIO-
IIMMH CHJIdMU) H3J0XKEHO CAMLMIKOM cXxeMaTHuyHo. BHyTpeH-
HSA <«KYXHA» BBIYUCAUTEIA, OTHUMalOWAsd OOBIUHO Maccy
CUJ ¥ BpeMeHH (BLIGOD pPa3HOCTHOH CETKH, HAKOIJIEHWE HO-
rpeurHocrtefl), OCTaeTcss CKpHITON OT uurareqd. HenonHo
OCBelllcHAa TakXe Ba)KHad npob/jeMa CBSI3H MeKJHy «Mare-
MaTHYECKUM» U «(hH3UYECKHM» 3IKCIEPUMEHTOM IJA Mpo6-
JieMbl MHOTHX TeJ C YYeTOM IapHblX CTOJKHOBeHuii. Dojee
noApobubie CBeleHUA [0 3TUM BONPOCAM YHTATE/Nb MOXKET
HOJYYHTh B HEJaBHO Bhllefulell KHure «BuuucaurespHbie
MeroAnl B ¢usuke nnasmel» (M3A-Bo «Mup», M.  1974)
H B pfAJe U3BECTHLIX MOHOTPaQUi COBETCKHX aBTOPOB.

Ilepeson macroamedt xuurn Bomoamed I. B. Ilepesep-
8eBbIM. DoOJiblIyld NOMOIIL B INEpeBOfe M pelaKTHPOBAHHA
okasana 10, C. Curos, A. H. Ilomwonos u 10. B. Xoasipes.

I0. H. dnecrposckuii



Mpenucnosue
K aHIJIMACKOMY H3JaHHIO

B ocioBy sToif KHHIH TONOXKEH KypC JeKHHit, [poud-
TaHHLIX BLIMYCKHHKaM Jlonnonckoro Mmnepuan komnemxa
n Kansmckoli maboparopuu Komuccuu 1o aToMHOH 3Hepriu
Beauko6purannu B Bépxunpe. Ilpu Hanucauun ee s npe-
caej0Bal TpH uend. Bo-mepseIX, KHUra J0JKHA AaTh mpejl-
cTapjenne O INpeAMeTe BLIUUCIHTENBLHON (U3HKH, YTOOLI
0311aKOMHTL CTYIEHTA C HOBOH Jas1 Hero obsactbio. He
ApeAnoaaras y yYuTate’]st npeiBapHTeNbHOTO 3HAHHUS Nipef-
MeTa, KHHra BBOJHT €r0 B KPyr 3ajay 4HMCJIEHHOTO aHa-
7U3a, BLIMHCIHTE/bHBX METOAOB JHEE{Noi adredpe H no-
CTPOEHHUS] TeopeTirieckux Mogestedl mist DBM.

Bo-pTopelx, s cTpeMmIica K TOMy, utolnl pabora
cojepXKaJja KpaTKHe M OCHOBHLIE CBejeHUs1, 1eoOXOAnMble
WHPOKOMY Kpyry Hu3HKOB, paboTaoniuXx B STOM Hampas.Je-
1lUM, KOTOpPOEe OXBaTbiBaeT CTOIbL DasjiuyHble 06/acTy, Kak
HanpuMep, THAPOAHHAMHKA H (QH3HMKa TBepAora Tena. Mmeio-
uasicd Ha 3Ty TeMY JIHTEPaTypa CONEPIKHT 3aMeTHbIH npobed.
HelicTBuTenbHO, HECMOTPS HA HaJHUlle HOJBIIOTO YKCAa KHUT
N0 YNMCJAeHHBIM MetonaM (B YacTHOCTH, CACAyeT YNMOMAHYTb
npesocxoanyo paGory Puxtmaitepa u Moprona [1]), uer
HYU OJHOW KHUTH, KoTopas cojep:kaja 6pl nocsiefoBaTesNL-
HOoe omnucaxne OOJBUIOTO Yncjaa GHUHUTHBIX Moaesed, Hc-
MOJib3yeMbiX 0PH  UICAEHHOM HCCACNOBAHNHM  (H3UYECKUX
stBiennit. DeicTpuifl poct uncaa nyOauKanui mo 3TOMY BO-
NpoCcy BHIHYKAAeT (PH3LKa U3BJAeKaTs nlidopManuw U3 obu-
aust Kyprasos. Kpome TOro, MHOrHe M3 MeTOAOB, HCNOMb-
3yeMblXx B OZHOH OOJjactd, MOTYT OHITb ¢ YCIIEXOM IpHMe-
Henpl B japyroil. Henocrarounbll o6Med undopmaunuefl
MKy PasJUYHBIMH pasfetaMy (u3uky Brei3biBaeT noTpeb-
HOCTb B «KOTepDEHTHOM» Barjisige Ha npexamer. S Taxkske
HaJIeloCh, YTO KHHIa OKAXKETCS [0Je3HOJ yueHbIM H HHKeHe-
paM, paboOTawIIiM B APYTUX 06aCTAX, H, B YACTHOCTH, TEM,
KTO paspalaTelBaeT YHC/JAeHHBlE MOJeH B MeTeOPOJIOTHH,
OKeaHOrpauHu ¥ aspojHHAMHKE.
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Tpertweli u Haubonee Baxkuol 3agayel ObIO JOOHTLCS
6onee rayb6oKoro noHuManus Gyayllefi OrpOMHOH POJH Bbl-
YHCJAHTENBLHOH TEeXHHUKH B TeopeTHueCcKol -¢usiike. Bcero
JHWbL ABajuaTte NATH JeT Hasajx Hefiman npenBocxuTha
mosiBjaeHue coBpeMeHHBIX IBM. C Tex nop MOMIHOCTE BhI-
YHCJNTENbHBIX MalllH yBeauuusaacb Bo MHOro pas. Henpe-
PHIBHO IPOAOMKANO pacTy vucao paboT no MOAeAHPOBA-
HHI0 GHU3MYeCKUX ABJMeHUl, HO OblJI0O HEAOCTATOYHO Bpe-
MEHH, 4TOObl OLEHHTh 3HAYEHHE TOro, YTO CAedaHo, H.JIH
paspaboTaTb XOpOWO IPOBEPEHHY MeToxodoruio. B To
BpeMsl KaK B TEOPETHUECKCH M 3IKCIEepHMEHTaJbHOH (U3HKe
CTOJIETHAIMH PA3BUBANNCH M CTAHAAPTH3HDOBAJNUCL METOIM
NOCTAHOBKY 3ajai, B BbIYUCAHTENbHOH (u3HKe Bece elle le
SICHO HH TO, Uero Mul MOKeM OT Hee XK[aTb, HH TO, KakK c.Je-
IyeT CTaBUTb KOHKpeTHME (uanueckde 3afaun. Cam npen-
MeT HAacTOJbKO MOJOA M MaJjo onpoGoBaH, UTO, OUYEBHIHO,
CYUIECTBYET MHOTO MeTOJOB W NyTell HCnoJjb3oBanHs DBM,
0 KOTOPBHIX [0 CHX NOp Helb3sl OblIO ¥ MeuTaTb ¥ KOTOphie
MOTYT B 3HAYUTENbHOH CTeneHH paCIIHPUTL Halle MOHH-
MaHHe OKpyxKamollero Mmupa.- I #Hageocb, YTo 3Ta KHHra
AIBUTCSI XOTH OBl HeGOJMBUIMM I1DATOM Ha 3TOM 3aXBaTLIBAlO-
1eM NMYTH B HampaBjAeHHH TNOHHMAaHHA pomt BLIMHCAHTE b=
HHIX MallMH B Qu3nKe. g

Mtue xortesoch bl noGaaronapiTb Beex Tex, KTO cieian
BO3MOKHBLIM: MOABJCHHE 5TON KW, S 0coBeHHo 6aaroxa-
pen a-py Xapaoy u ero xoaneraMm B Jloc-Anamoce (Hsio-
Mexuko) 3a npegocraBaeine PHCYHKOB H3 HX BeJHKOJECH-
HO#l paGoTHl N0 MOAENHDPOBAHHIO THADOAHHAMMHYECKHX siB.Ie-
suit. §1 Takxke BeceMa ofa3aH npod. Poaxepy Xokun
(Punynr yHusepcurter, Dépkwmup), n-py Ppanky Xoay
(HACA, Jlaurau, Bupaxunusa), a-py K. bpatiany (Hauwo-
HaJpHBll HMHCTHTYT oOKeanorpaduu, Bamuarton) u M-py’
Hxecy Xpucrunanceny (Kaasmckas maabopatopusi, Bépk-
IHP) 8a NpefoCTaB/eHie OPHUTHHAAbHBIX pe3y/bTaTOB, HC-
NOJb30BAHHBIX B 3TOH KHUre.

1 Omaropapio Takxe a-pa Kefira Pobeprca. (Kaasm-
ckas JaGoparopus, BépKwup) 3a mA0ZOTBOPHBIE AMCKYCCIIH
B TedyeHHe IJIHTEJIbHOIO nepnona H 3a aKTHBHYWO HOA-
HAEPKKy 3TOH paboThl. :

Jlonjgon, maft 1972 r. .
' H3eud [lorrep
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§ 1. Npupona ebluHCAMTENLHOR (H3HKH

Beluncaenuss B Quanueckol Teopnu CBA3aHBI ¢ NOCTA- -
ROBKOH H UYHC/eHHBIM DelleHHeM 2aja4 AIf OOABLIHX MC-
XaHHUECKHX cHcTeM. TepMHH «MexaHHKa» HCHOJb3YETCs
Ajst 0603HaYeHHsA HAayKH, KOTOPas KOJIUYECTBEHHO OIMHCHI-
BaeT ABMXKEHHE WIH TEHIEHIMIO JBHXEHHT MATEPHANLHHIX
00beKTOB maH cucTeM 00BEKTOB B npupone. Kiaaccuueckas .
MexaHuka HploToHa, j0BezieHHas [0. COBEpLIEHCTBA B TPY-
nax marematdkoB 1 ¢usukop XVHI—XIX BB. — danam- .
Gepa, Jlarpanxka, I'amuabTona, koOn, — naetr HaM 3aKOHH
JABHXEHHA. UYacTHL HJIM. CHCTEM YacTill, COCTaBJISIONIHX -
OCHOBY MaTepuajgpHOoro Mupa. KsaHToBas MexaHHKa Bbi-.
BOAUT 3aKOHBH [BIIKEHUs AaTOMHBIX, SAEPHEIX HIH CYyOD-
sfepubix yactui. Cuabl, JelicTByIOLIME MEXIYy YacTHUaMH,
no Kpaiinell Mepe BhILIe SAEPHOIO YDPOBHA, XOPOLIQ yCTa-
HOBJIeHbl. B 4aCTHOCTH, TOYHO M3BeCTHbI dYHAAMEHTa/dblible
3JeKTPOMATHUTHbBIE H TpaBUTAUMOHHbie cuiabl. [loatomy
GU3HKH MOTYT BCE Jyulle KOJHUYECTBEHHO HCCJAeJ0BaTb LH-
HAMHKY CHCTeM MaTepHaJbHOTO MHpa WM 0O Kpaline#l Mepe
OHM ‘MOTYT cHejaTh 370 B npuunumne. Onsako nanbonee uH- .
TepecHbie CHCTeMbl MaTePHAALHOTO MUPA TPeACTaB/AT,
co0oll ancam0baH, COCTOsiLiMe He I3 HeCKOJbKHX, a ualle
BCEr0 M3 OrPOMHOrO KOJHYECTBA 3/JEMEHTapHLIX 4YacTHI,
Gyab 3TO 3Be3[l B TaJaKTHKE, aTOMBI B KJaCCHYECKOH
MHAKOCTH HJIH MOHBI H 3J1€KTpoHM B miasme. Ho umenno .
B 3TOM cJyuae, HeCMOTPA Ha TO, 4TO OOlIHe TPHHLUMBL,
H JdaXe OCHOBHble YpaBHEHHH, ONHCHIBAIOLINE IICBEJEHHE
TaKUX CHCTEM, XOPOLIO H3BECTHHI, 3TH YPABHEHHH B CYILHO-,
CTH He paspelledbl H MaJo u3yueHnl. Mpt MOXKeM-anaauTy-
Yyeckd pewuTb NpobseMbl OFHOTO WM ABYX TeJs, HO Mpol-
JeMa Tpex TeJ B oflIeM Cjlyuae BLIXOLHT 3a Tpelesbl BO3-
MOXKHocTell - anaausa. Bo Bcex npuMmepax,sa HCKAKUEHHEM
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npocreilulNx, HeBO3MOMKHO JaTb TOYHBIE aHaJUTHYeCKHE
pemieHusi npobaembl HECKOAbKHX HJIM MHOTHX Tell.

[Mousitno, uYto MareMarnueckas (GOpMyJHPOBKA pAja
¢ u3HUecKUX NPUHUUNOE MOJe3Ha TOAbKO TOrAA, KOrja Ta-
Kast (GOpMY.JIHPOBKA AOMycKaeT pelleHne 3anad. Muorue
BOTIPOCHI, CBA3aHHEIE ¢ MAKPOCKOTHUECKMMH CBOHCTBAMHU
KaK KJIACCHYEeCKHX, TaK ¥ KBAHTOBBIX ancaMGjedl oueHb
601bUIOrO YHCTA YACTHL, YAAJA0Ch YCNeUIHO pelHTs ¢ Io-
MOLLbI0 METONOB CTATHCTHUECKOH MexaHHKH. OIHAKo mnpi-
MeHeHHe CTATHUCTHYECKOHN  MeXaHHKH 4acTo  INPUBOANT
K CJOXKHBIM H «HEJHHEHHbIM> ypaBHEHHAM, HANpHMep ypas-
HEeHHSM THUAPONHIIAMHUKH HJIM ypasHenHio Bsacosa, onu-
CHIBaloleMy 0ecCTOJKHOBHTEAbHbBIE (PA30Bble YKHAKOCTH.

BriuncauTenbyasi MexaHNKa JaeT UHCIeHHble MeTO/bl
pelleHHs] HeJHHe[IHEIX 3a14ay’ €O MHOTHMH TepeMeHHBIMH,
KOTODLIE BO3HIIKAIOT MPH ONHCAHMM MeXaHUYECKHX CHCTEeM.
Onnako Ha ODBM HeB0o3MOXKHO pellaTh TakHe 3ajaun
NyTeM TMNPSMOI0 MNpPHMEHEHHS COOTBETCTBYIOLIMX 3aKOHOB
NIBHKeHIs, cKaxeM ypaBHeHu#l I'amuabToHa, ¢ yueTom cud,
OPUIOKEHHBIX K CHCTeMe. B Hacrtosutee BpeMst U B 060-
apuMom Oyaymem IDBM B cocTosHun omepupopaTts orpa-
HHYEHHBIM UYHCJAOM 3JIeMeHTOB, MAJBIM [0 CPABHEHHIO ¢ KO-
JUYEeCTBOM 3Be37 B rafakTuKe WX KOJUYECTBOM AaTOMOB
B Kamjie BOAB, U TOITOMY He CIOCOOHA HemnocpeACTBEHHO
OTICHIBATHL KOHTHHYYM, KOTOPBIHl CYMIECTBYeT, Haupumep,
B TIPOCTPAHCTBe MOJEKVIAAPHON CTPYKTYpH. Ilaa ucnosn-
soBanus Ha OBM pomxubl pasBuBaThbest Takune mopenu du-
3UYECKHX CHCTeM, KOTOpbIE, VUHTHIBAsl OTrpaHUYeHHLIE BO3-
_MOXKHOCTA MamuH, MOryit padoraTb, NMes JHIIb YacTb
noJHoi nadopManuym o cucreme.

Jrta KHUra MoCBsAlleNa CTporoil paszpaboTKe enHHOH Me-
TOJOJOTUN U ee TIPUMEHEHHI0 K BBIUMCJANATENbHOH MeXaHHKe.
Bonpocel aHanu3a pe3y/dbTaTOBR 3KCNEPHMEHTA W TOYHOrO
YHCAEHHOTO BbIpaXKeHHA fBHBIX DeWleHHHA OTHOCATCS K ApPY-
rofi obnactu u 3neco He paccMmarpusatorcsi. CyTb KHUrH —
dOopMyNIHPOBKA KOHEUHBIX UYHCAEHHLIX MOMeseH /s 3ajau
HEeCKOJbKHX, MHOTHX UM OeCKOHeYHO OOJbLIOro KOJHYeCcTBa
Tea. Msl 3aTparuBaeM WWHPOKUI AMAlla3OH 3a71ad, KOTOpHE
«HepaspelluMLly» B TEOPHH MHOTHX Tel, TAK KaK OHH cdop-
MyJHpOBaHbl HEABHO, & HX $BHOe pellleHHe ¢ ITOMOIUBLIO
OOLIYHOTO aHa/iM3a HEeBO3MOKHO. B KHHTe AaHO onucaHue
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KOJIMYECTBEHHBIX MOJeJel AJisi CHCTeM HECKOJNbKUX YACTHIL
C NPAMBIM B3auMOJeficTBHEM, /8 KJAdCCHYeCKHX H KBAHTO-
BbIX YaCTHL B CAMOCOIJIACOBAHHBIX MOJSAX, A1 NPOGAeMbl
GeCKOHEUHOTO KOJUYECTBA TeJ, KOTopasi BCTpeuaercsl B da-
30BLIX JKHAKOCTAX B CJyyae YypaBHeHusi BJjacosa, pnas
OOBLIYHON THADOAHUHAMHKM U AJIS Pa3JMYHBIX THAPOAMIAMUK
¢ JanbHOAEHCTBYIOIIUMH CuHJIaMU (MarHUTHAs THAPOJUHA-
MUKa, TPaBUTALMOHHAS THAPOAHHAMUKA).

§ 2. BoiyncanresbHple MalMHLI B (PH3HYECKON TEOPHH

BricTpogeficTByollNe 31eKTPOHHBE MalIMHBL CTand WIH-
DOKO HCIIO/Ib30BATHCA TOMBKO C Hayana 50-x rofoB, U Me-
TOJOJIOTHSI UX NDHMeHeHHsT K (U3UYEeCKOil TEeOpHH TOABKO
yceraHasaupaercst. MHTynuua roBopur, 4To oHH HaM Heo6-
XOAUMBI, HO COBCEM He TOBOPHUT, KAKUM 06pa3oM UX HYXKHO
npuMensite. OTHeabHple Ollepanuy, BHINOIHEHHBIE HA Ma-
IWIYHe, 0 CYTH He OTIMYAOTCH OT apupMeTHYECKUX BhIYHC-
JIeHull, BBINOJHEHHBIX BPYUHYIO, —HA JorapudmMuyeckon
JiMHeHKe, ¢ NOMOLIbIO JorapupmMuyeckux TabMHI HJIH Ha-
cToapHOoro apudmoMerpa. C APYrod CTOpPOHBI, KOJHYECTBO
onepauuil M JAONYCTHMOe KOJHUYECTBO MepeMeHHbIX 31eCh
TaK BeJMKO M HACTOJbKO INPEBHILAET BO3MOKHOCTH Hpex-
HUX BBIUUCTUTENbHBIX YCTPOHCTB, uTo IDBM ¢arTHuecku
npeacTaBasger CO6OH KayeCTBEHHO HOBOe BLIYMC/IUTENBHOE
cpeactBo. Bosuukaer BOmpoc O PONM, KOTOPYIO OHO MOXKeT
chirpaTh B pa3sBUTUN (U3HYECKOH TEOPUH.

Has unauana, utobsl NpeAcTraButh cebe npupoay ¢usu-
YeCcKOi TeOopHH, NPOUUTHPYeM OmnpefeleHHe, NpHHAATeXka-
mee Hiworemy [2]:

dusuyeckas TEOpUA — 3TO CHCTEMA MaTeMaTHUYECKHX YTBeD-
XKIeHKH, BHIBeIEHHBIX H3 MAaJoro yHcJjaa NPHHUHIOB ¢ HEJbIO Npen-
CTAaBUTb KaK MOKHO IIpOLIE, TOYHEE H NOJHEE pAJ FKCOEePHMEHTa/b-
HBIX 3HAKOB.

ITo cymectsy 3mech mOApa3yMeBAaercsi, YTO IPUHILHILI,
Jexalliye B OCHOBE TEODHH, —3TO HeKHe abCTpPakTHHIE
NPEeANOJIOXKEeHUs ¥ YTO LeHHOCTb TEODUH ONpenensiercs TeM,
HAaCKOJIbKO IPOCTO, TOYHO H IOJHO OHA ONUCHIBAET 3KCie-
pUMeHTa/IbHble 3aKOHBL,
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Tenepb MBI MOXeM BEPHYTbCS K HallleMy LEHTPANbHOMY
BOIIPOCY: KakKyl poap Hrpaer HiAu Moxer urpats IBM
B passutun ¢u3nueckoil Teopun? Kak Mbl yXKe BHAeH,
B pa3BUTHH (PU3HYECKOH TEOPHH Y4acTBYWOT TPH Hpolecca.
Bo-nepsbix, npeasaraercsl psa aOCTPaKTHHIX INPHHIUIIOB;]
BO-BTOPBIX, BBIBOASITCA MaTeMaTHYeCKHe YTBepKAEHus;, B-
TPeTbuX, 3TH MareMaTHyeckKHe yTBepKIAeHHs pa3pellalorcs,
yTOGBl BHIBECTH 3KCIEPUMEHTaNbHbIE 3aKOHH, KOTOpbie
TEOPHUs THITAaeTCst OmHcaTb. SIcHO, UYTO BHLIABH;KEHHE
pafda aOCTPaKTHBIX NPHUHIUMOB — 3TO TBOPUECKHH aKT,
onupawoumuiics Ha 00pasopaHue W MKU3HEHHHH omwlT ¢H-
3uka. IBM 3zpecy BooOwie He yuyactByer. OgHako Mbl BH-
AuM, UTO OHa HMMeeT O4YeBHAHOe OTHOILIEeHHe K TOH YacTy
pasputusi $H3MYECKOH TeOpHH, KOTOpPas 3aHHMAeTC pas-
pelileHyeM HalIUX MareMaTH4YeCKHX YTBEDXKAEHUH, 4ToOLI
ONUCATh 3KCHepUMeHTaJbHble 3aKOoHLL BrluncautenbHas
MallMHa MOXKeT AaTb CPeAcTBa, ¢ MOMOUIbID KOTOPHIX yCTa-
HaBJINBAETCA COOTBETCTBHE MAaTEMATHUECKUX YTBepiKAeHHi
9KCNEPHUMEHTalbHbIM 3aKoHaM, ¥ coBpeMenHne DBM npen-
CTaBJAAIOT COOOH KayeCTBEHHO HOBLIl M €MHCTBEHHBIH NyTb
K 3TOMY. M3-3a TOro, 4TO BO3MOMHOE YMCJO BHTIONHSEMBIX
Onepamvii OYeHb BEJUKO — Ha MHOTO MOPSIAKOB GoJblile,
YeM MBI MOIVIH . BBIIONIHATL paHbHle, — MBI MOXEM paspe-
WHTEL [IpeKJAe HepaspeltiMple MareMaTHYecKHe YTBEpXKje-
Hust ¥ passuTh GoJiee nosHble QH3UUECKUe TeOpuH. PaMxuy,
OrpaHuy¥BaBlide BoobGpa’KeHHe (HU3UKA, 3IHAYNTENbHO
pPa3ABHrawTcd, 4TO MO3BOJAET A€AaTs HOBLIE M, BO3MOXHO,
Gonee LeHHbIE QU3UYECKHE 3AKTIOYEHHS.

B BhluncnuTensHoll du3vke Npekjae BCero Heo6XOZMMO
Pa3BUTb MeTOABI peIlleHHs MaTeMaTH4eCKHX ypaBHEHHH Ha
OBM. Cucrembl MaTeMaTdueckKnX ypaBHEHHH, a 4acTO 3TO
OueHb OOJ/blIME CHUCTeMbl, AOJKHB pellaTbCsl §taK MOMKHO
Gosiee 3¢ @eKTHBHO. ITO, OAHAKO, TOJABLKO TeXHUUECKAs CTO-
pona mnpoGnaeMmul.  PaBuoe, ecin He Goabliee 3HaueHme,
UMET (POPMYJIHPOBKA 3THX MaTEMATHYECKHX YPABHEHHIl
H’'pasBHTHE TOrO, YTO MOXHO HA3BaTb MHTYHIMeH, OMHpalo-
IEHCsl HA MOLUHBIC BHIYUC/IHUTE/IbHbIE CPEICTBA, B Pe3yib-
Tate 4ero npHMedeHlle GU3UKH U (DU3HYECKHX MeTO10B
MOXKEeT NpHUBECTH K Bce O0ojee [OJHOMY ONHCAUUIO NpH-
pOABI, : :
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§ 3. OrpanuueHHOCTL MATEMATHUECKOrO annapara

-Temepp mno/e3HO CpPaBHUTh COAEPIKaHME M HEILOCTATKH
MaTeMaTHYeCKOro annapata ¥ BBYHCJAHTENbHCH GU3UKH
1, 6odee TOro, paccMOTpPeTbL BHYTPEHHIOIO CBA3b MEXAY
MaTeMaTHYeCKOll Teopuel, BHIYHCAUTENbROH (H3UKOI U 9KC-
nepumenToM. Tlom «mareMardvyecKHM alnaparoMs» [OHH-
MaeTca pellledde §U3HYECKUX 3aLay NOAXOASIIUMH aares-
padyeckuMH MeTOAAMH C 1eJbI0 ONUCaHMA SKCIepHMCH-
TaJbHO HAbII0JaeMBIX SIBJIeHHIL,

MaremaTtnyeckass ¢usuka BecbMa ycmeuwiHo paboTaer
B TeX CJydasix, KOTAa TeopHs JHHEHHa, KOraa MOXKHO IIpH-
Bieyb coobparkeHUS CHMMETPUH H Korjia Heo6X0AuMO HC-
NoJAb30BATH HeOOMbIIOE YHCAO TepeMmeHHbX. Hanpumep,
JHHEHHOCTb 3aKOHOB 3JeKTPOAMHAMMKHM HpHBeJaa K cO3ja-
HHI0O TEOpMH, OTJauYaioulefics NPOCTOTON, HSALIECTBOM
1, cBepxX TOro, rubkoctsio. IlogobupiM o6pasoM AJS pelle-
HHA 3alaud O HaXOXKJAEHUHM HEDrHH 3JEKTDOHHBIX YPOBHeH
4TOMa BOAOPOAA yCHelIHO HCHOJMb3yeTcs HEHTpasdbHas CHM-
MeTpus BOJAODPOAHOTO aTOMa, HO yiKe B CjJydyae MOJEeKYJbl
BOAOPOAA HJIH aTOMa refud UEeHTPaJbHas CHMMeETPHs Hapy-
maeTcs H pellleHHe HAXOAMTCs He cTodp Jerko. Kpowe
TOTO, 3224l OJHOTO HJAN LBYX TeJs, ONHCbIBaeMble LIECTLIO
HJAL [ABEHAANATbIO HEDEMCHHLIMH COOTBETCTBEHHO, Jerxo
pellaloTcs aHaJHTHYECKH, HO AJA 3ajau Tpex u OGonee Te.l
4acto yxke He yjaercd HalTH aHaAUTUYECKUX pelleHHH.

YacTto atu OrpaHMuyeHHs B MaTeMaTHUECKOM amnmapate
SBJASAIOTCS BECbMA JKECTKHMH H CyUIeCTBEHHO OTPaHHUMBAIOT
passutae ¢u3uxy. C IApyrofl CTOPOHB, B BLIYHCJAUTENBLHOM
hH3KuKe A7 HAXOXKAeHHs pellendil He TpebyeTcd BLHINOJHE-
HHA MareMaTH4YeCKHX CBOHCTB JIHHeHHOCTH, CHUMMETPHH
11 MaJoro uKcsa lepeMeHHblX. CyliecTBeHHBIMU CBOHCTBAMI
cucTeM, KOTOPHE MOXKHO OIHCaTb ¢ TOMOUIbI0 BBIYHCIH-
TelbHBIX MallWH, ABASIOTCA JHIND HX KOHEHHOCTb W Ouc-
KperHocTs. XOTsl 4iC/eHHbIe TIOCTAHOBKH 3ajady e MOTYT
cojlepKaTh GECKOHEUHOTO YHC/AA 3JeMEHTOB, OJHAKO MOXKHO
onycaTh CHCTEMY OYeHb MHOTHMX TepeMeHHBIX (MpaKTHYecKH
no 105 u Gosee Ha coBpeMeHHbIX Mamuuax). Muorue 3a-
daun GU3HKH, KOTOpble XOPOWO pewaloTcs ¢ TOMOUIbI0 Ma-
TEeMaTHYECKOrO annapara, UMeloT [JeJo CO CIVIOWHBIMH ¢pe-
damyu, H Moilp AuddepennHaibHOrO HCUHCAEHHS Kak
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MaTeMaTHYeCKOro MHCTPYMEHTa NPHBOAHT K MIHPOKOMY
npuMeHeHH0 B $Hu3uKe NOHATHA cijowHoil cpensl. C apy-
rOfi CTOPOHBl, B BHIYUCAWUTENbHOH (H3HUKE MOXKHO OIHUCH-
BaTh JUWb BEJHYHHBI, HMeWOLlHe AUCKPETHYIO CTPYKTYpY,
H II03TOMY TOJe3HLl TakHe MOHATHs, KaK HacTHUH, AYelikH
wnu Habop BoaH. Ecmu Ke Mbl XOTHM ONUCATb HOHATHA
CIVIOIIHON Cpeabl WM HelpepulBHOTO MOJs, KOTOPHIE CYTb
MaTteMaTuyeckne abCTpPaKIUH, TO HeOGXOANMO HDEACTABHTh
HenpepbIBHOCTh B BHAE HabOpa MHOrHX 3/71eMeHTOB.

PesioMupya 3TO CpaBHEeHHe KJACCHUECKOr0 MaTeMaTHue-
CKOro amnnapatra ¥ BbIYHCANTENbHOH (U3NKH, TEePeyHcauM
elle pa3 CBOHCTBA, MNpPHCYIME Kaxaomy moaxomy. Ma-
TeMaTHYeCKHil ammapaT OCHOBAH Ha JHUHeHHOCTH, CHMMeT-
puy, Ha MaJOM yuc/ae mepeMeHHbIX ¥ 3hdeKTHBeH B omHca-
HUH CIUIOUIHBIX cpef. PusnuyecKue CHCTEMbl, OMHCHIBaeMble
BLIUUCAUTEbHON GH3UKOH, MOJKHBl OBITb RHCKPETHBIMH
M KOHEUHBIMH, W YKCJeHHBIE METOAB 0coBenno 3(QpeKTHBHLE
NPH OMUCAHUY CHCTEM MHOTHX NiepeMeHHLIX.

ITH noAXoAbl K pelliednio $usnyecknx npoGiaeM HHKOUM
06pa3oM He HCKJIYAIOT OAHH JAPYLOro, cxopee, poJiH, KO-
TODBiE HUTpPAIOT MaTeMaTHUeCKas TeOpHS, BHIUHCAHTEMbHAR
¢$u3nKa B 3KCHepUMEHT, C/AeAyeT CYHTAThb AONOJHAIILHMHA
opyr apyra. Kamaelli nozxoil MoxKeT fath CBOH BKJIaj
B Hallle IOHAMaHue (HU3UUYECKHX sBJeHHA. BepHo, uTO B He-
KOTOPHIX CJAyvYasx JUMib OAMH M3 nyTeH OKa3blBaeTcd BO3-
MOXKHBIM. Jlo HexaBHero BpeMeHH HMEHHO TAKOE NOJNOXKe-
Hue Oblio B O0O6Mlell TeopUH OTHOCUTEABHOCTH, KOTOPYIO
MOIJIH MOATBepPAUTH JHOGO HEMHOTHE ONBITH, JHOO YMO3pH-
Te/JbHblE, XOPOIIO DPa3BHThie TeOPHH. AHAJNIOMMYHO HCHOMb~
30BaHMe BBIYHCAUTENLHON (U3uKH MoxeT ofecrleunTb HaC
uubopManreli o ABJAeHHH, KCPJAa 3KCIEpPHMEHT 3aTpylieH
an6o HeBO3MOXKeH. TaxuM nNDHMepOM SIBJASETCS H3ydeHue
3Be3s, rje Hal/M0OAeHUs OrpaHHUHBAIOTCH HX MOBEPXHO-
CTAAMH, TaK KaK /MOOGOH IKCIepuMeHTa/bHbIH 30HK B LEHTpe
3Be3abl OplcTPO paspywimics Obl n0J AefCTBHEM 4pe3Mep-
HbHIX TeMIepartyp UJAd TPaBHTANHOHHOrO xaBienus. [1ono6-
HuM ke o6pasoM B Qu3UKe YIPAaBJAEMOro TEPMOSAEPHOTro
CHHTe3a 30HABl, NOMElleHHble B ropauylo miaasmy, ObICTPO
BHIXOASIT M3 CTPOsi, TOTAA KAK YHUCJAEHHBI 3KCHEpHMeHT
MOXKET 1aTh CaMyw NoJHYo HHbopMaumo. OxHako. eciu
9KCIEepUMEHT HeBO3MOXKeH, TO nporpece YU3UKU OrpaHuteH,



Baedenue 15

TaK KaK MOJe/]M, NpUMeHseMble B TeOPHH, KaK aHaJUTU-
4eCcKOH, TaK W BLIUMCAMTENBbHON, BCEro JHIlh MOIesH
H JOJIXKHBI HEIPepblBHO CPaBHHBAThCA C HPHUPOIHBIMH SB-
JEeHHSIMH NYTeM 3KcuepHMeHTaJbHOH nposepkd. HmenHo
B 3TOM ryOOKOM CMBICJie MaTeMaTHueckas TeOpHsi, BHIUKC-
JutenpHas Gu3MKA H SKCIEPUMEHT JONOMHSIOT APYr Apyra.

§ 4. Inckpernas npupojga BbIYUCJAUTENbHOH MaUIMHBI

Yro6rl oueHuTh 3HAUeHHe (U3UUSCKUX Mojeneil H CIo-
co6 HX 3aflaHuf Ajsa obcyera Ha IBM, paccMoTpum npun-
HUIHAJNBHYI0 CTPYKTYPY HH(POBOA BHIYUCIHTENBHOH Ma-
mussl, Ham Her HeoOXOAMMOCTH KacaThCsi OCOGeHHOCTeH
pasauublx 9BM uawn pasnuuuit Mexkay sumu. Jocrarouno
OTMETHTb, YTO Bce IBM HMelOT JBa OCHOBHBIX yCTpOHCTBA:
JIOTHYECKOe YCTPOHCTBO, YacCTO Ha3biBaeMOE€ LEeHTPaJbHbIM
[PONECcCOPOM, B KOTOPOM BBINOJHSIOTCA OTHAEJbHBIE NPO-
¢Thle BBIUHCJAUTENbHBIE ONEpPaliny, U ONePaTUBHYIO NaMsTb,
re MOXKeT XPaHUTbcA HHOpMaIH.

B omepatuBHON naMaTH (WIM NaMATH Ha cepJeyHUKaXx)
nHpOpPMAlUA XPAHUTCS B eAWHHIAX, HA3bIBaeMblX GHTaMH;
KaXapil OUT uMeer ABa COCTOAHMSA: Ja — HET WAH HYyAb—
oann. O6bluno, oaHaxo, paAx O6utoB (xak npasuao, 18, 32,
36, 48 wmau 60 Our) TPYNNHPYETCH: B «MALIHHHOE CJIOBOY.
TIpaxkTauecku UMeHHO B cAOBax M NpeAcTaBafeTcs uHbOp-
manus. CI0BO MomKer NpeAcrasasiTe CoBGOH LeJoe 4HHCIIO,
JeliCTBHTEeNbHOE yHCAO, HMa (cocTosiiee U3 HaGopa aada-
BUTHO-IUGPOBLIX CHMBOJIOB), BEKTOp, Ne€pEMeHHYO, Onu-
ChIBAWOULYyI0 OFHY wactuny, 4 T. A OmnepaTuBHas NaMAThb
GoAbWIKX COBPEMEHHBIX BLIYHC/IHTENbHBIX MAllMH COAEPKHUT
nopsaka 100000 cnoB, uin nepeMeHHBIX sueeK, H, XOTA
SICHO, YTO B Hel MOXHO XPaHHTb OdeHb O0/blLIOe YHCJ/IO
nepeMeHHBIX, TeM He MeHee YHCJ0 3TO KoneuHo. Ilpasna,
o0beM NAMATH BHIUHCAUTENLHOH MaliMHBI MOXKHO “OueHb
CHJBLHO PaclIUPUTh, HCNO/AB3Yysl BHEIIHIOW IIaMATh, T. e.
MarHHTHBIe 0apabaHhl, NHUCKM WM JIEHTH, HO BpeMsi BHI-
GOpKH M3 STHX THUIOB 3aNOMHHAIOWMUX YCTPOHCTB 3HAYH-
TeAbHO 00JblIE, YeM U3 ONePaTHBHON MaMATH, U BO MHOTHX
3ajauyax MBI 4YacTo OrpPaHUYHBaeMCsi OCHOBHOH OnepaTHB-
HOH 11aMsATbIO.
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Bo Bpemsi paGoTul MauwMHHble cJa0Ba BbIOHPAOTCS H3
ONEPaTHBHON NaMsTH H BOCHPOH3BOAATCH B IeHTpabHOM
npoueccope. dTa omepauusi- W Ha3biBaeTcss Bbi60pKoi.
B ueHTpanbHOM npoueccope BHIIONHAIOTCA NpOcThie apud-
MeTHUECKHe WJIH JIOTHYeCKHe OlepaluH, H TakuM o06pasoM
cOpMHpPOBaHHble HOBble MalUMHHBIE CJ10BA BHOBb 3aK/ajbi-
BAlOTCA B ONEPAaTUBHYIO NaMATh. JICHO, 4IO 3TH onepamuu
BLIGOPKM M 3aMOMUHAHUS, 4 Takke ollepalHH CaMOro LEHT-
pajgbHOro mpoueccopa TpeGYIOT KOHEYHOrO BpeMelH, KOTo-
poe Ha coBpemenubix dBM (manpumep, IBM 360/91 uau
CDC 6600) cocrasasier npudausutensto ot 10~% xo 10-7c.
[Tockonbky ¥ naMsATh MalIMHBI HMEET KOHEUHYIO eMKOCTb,
M YHCJO oOnepauuii, BBIIOJHAEMBIX B eIHHULY BpEeMeHH,
TOKe KOHEeuHo, TO (hH3UYeCKHe CHCTEeMbl, ONHCHIBaeMble Bbi-
YUCJAUTENLHOH (U3NKOH, HOMKHBL NPEACTABAATLCA AUCKpET-
HBIMM KOHEUHBIMH MaTeMaTHUECKHMH MOJeAMH!).

B KkauecTBe NOAXOASILIEr0 TNpHUMepPa HCHOJb30BAHUA
NUCKDETHBIX MaTeMaTH4ecKHX TpeAcTaB/AeHUull Mbl DPaccMOT-
pUM ONHCaHHWe CTPYKTYpH TasakTUK. AcCTpOHOMHYECKUe
HaOmoneHus oGHAPYKUBAIOT BO MHOTHX rafakTHKax cy-
1eCTBOBaHHe CIUPAJbHBIX PYKaBOB, aHAJH3 KOTOPHIX MO-
XeT AaTbh SHAUNTEJSbHYH HHGOPMAUHMI0 O BpalllaTeJdbHHIX
CBOICTBAX TaJlaKTUKU WUJIH HCTOPHU 3BOJIOUHH ONpeseseH-
HBIX TaJakTHK {cM. ra. 6). DTy npobaeMy MOMKHO YHCAEHHO
H3yYNTb ABYM$ OYEeBHAHBIMU crmoco6aMu: JHOO MEeToAOM
ugcruy, aub0 MerogoMm mudkoctu. B mepsom cayudae ra-
JaKTUKY MOXKHO CHUHTATh KOHEYHOH CHCTeMOH B3auMOIeH-
CTBYIOLUMX 3Be3] HJM 4YacTHI, B KOTODOH KaxJaad 3Be3la
IBUXKETCA TOA [eHCTBHEM CaMOCOI/JIAaCcOBAHHOTO T'DaBHTA-
IHOHHOTO MOAs, 00pasyeMoro BCEeMH JADYTHMU 3Be3faMU
ancamb6ia. OnnHako u4ucja0 3Be3J B raixaktake (0OBIUHO
10'%) po mmoro pas GoJabllle, yeM MOXKHO orcaTh B DBM,

Jpyroit moaXox COCTOMT B INpPUBIEUEHHH METOIOB CTa-
THCTHYECKOH MeXaHHKHN, KOT[a Ipejnofaraercs, 4To Ta-
JAKTHKH COCTOSIT H3 Takoro G6OJbUIOTC YHCA4 3Be3f, 4TO
¢ akTHYECKH UX MOXKHO ONMHCHIBATH KaK HENPEPHIBHYIO JKUI-
xoctb. C/ieoBaTebHO, AN TOrO 4TOOHB OMMCATL CHCTEMY,
MOXKHO BHIBECTH YpaBHEHHS, KOTODHIE ONPENEeNSIOT BO Bpe-

D O6cykaenre cTpyKTypot coBpeMennnix 2BM ynravear Moxer
Hafitu B paGote [3].
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.MEHH 3BOJIIOLUIO pacnpeleseHHA HJAH IVIOTHOCTH TaJlaKTH-
yeckoil xugkoctu. OfHaKo, AAA TOTO 4TOOBl yAOBAETBOPUTH
TpeGoBaHNUAM OTrpaHHYeHHBIX BO3MOxKHOCTeH 2IBM, xua-
KOCTb HEJUTCS Ha CHCTEMY 3JeMeHTapHbIX fAdeek, YTO Io3-
BOJISIET NMOJYYHTb Pa3HOCTHLIE ypaBHEeHHd, KOTOpble B CBOIO
oyepellb ONHCHIBAIOT JABUKEHHE H CTPYKTYDY TalakTUKH.

. Jipyrofi npoctoit npuMep, UANIOCTPHPYWOWHUI CBOHCTBO
JUCKPETHOCTH BHIYHCJAUTENbHONH MeXaHHKH, BO3HMKaeT mpH
H3yyeHHH KojeGaHu#l HOHHBIX peweTok. Mcmonbsys reo-
puio le6Gas, TBepHOe TeJAO MOXKHO ONACATb KAaK KOHTHHYYM,
OJHAKO moJyuatomigecst npu 3ToM jguddepeHnganbHbe
ypaBHeHHsT CJeAyeT  alNPOKCUMHPOBATb  PAa3HOCTHBIMYU
ypaBHEHHSIMH, KOTOpole W OyAyT ONUCHIBATL CBOMCTBA 3Je-
MeHTOB, WJH fdeek, .TBepAoro Ttesa. C IPyroi CTOPOHLI,
MOKHO Obl10 OBl CHOBA HCHO/MBL30BATb METOA YacTHU, NPO-
CIeJHB 3a JABUXKEHHEM OTPAaHUUEHHOTO 4YHUC/Ia B3aUMOAeH-
CTBYIOIMX MOHOB PelIeTKH.

B sTof KkHHre MHOTOKPAaTHO HCIOJAB3YIOTCA 00a NCAXORA

K ONMHCaHWIO HENpepHiBHOM CpPefpl: MepBHIfl, OCHOBAHHHIH HA
NpeACTaBjJeHUH O 4UacTHIlaX M MNPHBOAALIMH K CcHCTeMe
Gosiplioro . yucsaa  OObIKHOBeHHHIX  AuddepeHunanbHbIxX
ypaBHeHu#l, oOLIUHO CBSI3aHHBIX MeXAy co6oll depe3 caMmo-
COrylacoBaHHOe TOJe; ¥ BTOPOH, Onepupyioluil ¢ npeacras-
JIeHHEeM O XMAKOCTH W NPHUBOAALIMNE K YpaBHEHUAM B 4a-
CTHHIX IIPOU3BOJAHLIX, ONpEJeJeHHHM Ha KOHTHHYyMe, HJH
K UX PAa3sHOCTHOMY aHaJ/JoTy B JMUCKPETHOM INPEACTaBAeHUH.
IlIpu sTOoM yacTo BeTpeyaillleecst CJAOBO «4acTHLa» HE cae-
dyerT NOHUMAaTh OYKBa/dbHO, Kak OTHOcsllleecHd K OJHOH H3
3Be3[ TaJakKTHUKH HJAH K OTAEJbHOMY 3JeKTPOHY HJAa3MHl.
Yame BCero 3TO CA0BO OTHOCHTCS K MaTeMaTHYecKoH MoO-
Je/H, ONUCHIBAIONLe!l NarpaHKeBy CHCTEMY.

B 3aknmouenue chaeldyeT HOpelynpeluTb YUTATENd, YTO
B HACTOfilllee BpeMs HCMOJb3yeMble B BHIYMCJAHTEALHON Me-
XaHHKe JHCKpPETHbIE ¥ KOHeUHble MeTOJbl He fABJAITCA
cTporo OOOCHOBAaHMHBIMH, XOTS OHM M COIVIaCOBaHbl C pac-
cMaTpUBaeMbIMH 3ajauaMi. B GoJbIMHCTBE CjAyyaeB MO-
JeJbHOe OnucaHde AaeT TOMLKO 4acTb HHGOpMAauuum O cu-
cTeMe, TaK 4Yro BooOlle He $fCHO, NPH KaKHX YCJHOBUAX
Takas CHTyauus omnpabianna. K mpumepy, ucno/ib3oBanue

COTJIaCOBAHHBIX ypaBHEHHN Ha AUCKPETHOH ceTKe AJId ONH-
CaHHsl, CKa)keM, YpaBHeHUH THADOJUHAMHKH 3aBelOMO



18 Faasa-1

ONpaBAaHHO Il AJUHHCBOMHOBHIX NPOIECCOB H AJs pellle-
HHA AnMHelHblX 3agau. Ojpnako B ciayuae HeJAuHeHHHIX 3a-
Jay, HOpPeNCTaBASOUHX JJif Hac HamboJbLIHH UHTEpec,
a Takxke Npu OTCyTCTBUH IH(PPy3nu 0BOCHOBAHHOCTL OT-
Ka3a OT ONHCaHusi MeJkoMaclITaOHBIX MPOIECCOB He
oyeBujHa. BO3MOKHO, AJN9 3TOTO €CTh HEKOTOpble TIPaKTH-
yecKue OnpaBIaHMsA, MOCKONbKY DPe3yAbTaThl, NOJYYeHHBIe
B BLIYHCINTENbHOH MeXaHuUKe, YaCTO XQpPOMIO corjaacyiorcs
c 3KcnepHMeHTOM. Dyayilee pasBuTHe BHIYHC/ANTENbHOH
($HU3MKY NOJMKHO NPHUBECTH K paspaboTKe oOuWMX HpUHIU-
OB, KOTOPHIe HYXKHO OyAeT MNOJOXHTb B OCHOBY WCIIOJb-
30B3HUS BLIYUCJAMTEJNbHBIX MOJesell ¢ KOHeYHHIM 4YUCAOM
3JIEMEHTOB /15 OnucaHua GeCKOHeYHBIX CHCTEM HJH CHUCTEM
¢ 0oJabLIHM KOJHYECTBOM HepeMeHHBIX.

§ 5. Kpatkoe u3noKeHHe ConepxKaHHd

H3-3a  npocroTst  AuddepeBnyanbHOro  HcuHC/AeHUA
H BO3MOXKHOCTH NOJYyYATb C €r0 NOMOMIbIO pelleHHA B aHa-
JUTAYECKOM BuJe OOJABHIMHCTBO pasjenoB (usnku chop-
MYJHPOBAHO B KOHTHHYA/JbHBIX TEPMHHAX H KOJHUYECTBEHHO
ONUCLIBAETCS C TIOMOIbI0 cucTeM nHpdepeHuHaNbHBIX
ypaBHeHn#, Mpl yXKe MNOKasa/dH, YTO HCIOIbL30BaTh OBM
MOXKHO JHWb AJS oOcueTa JUCKPETHHIX H KOHEUHBIX MOJe-
JAeH, NM03TOMY 3aJayd BBIYACHHUTEAbHOH (HSUKH TOJMKHBI
GuITH ONHMCAHBI B TEPMUHAX He Ju(depeHIUaNbHOrO, a pas-
#HoctHOro ucuucienus. OcHOBHBIE MeTOAB BBIYHCJHTEIbHOH
aare6psl W Pa3HOCTHOTO. HCYHCJeHHA OYAyT nNpHBeeHbl
B ofcyxKieHsl B 1. 2, 3 u 4.

B ra. 2 BBOAUTCH NOHATHE MPOCTPAHCTBEHHON CETKH, KO-
TOpPO€ B KOHEUHO-PAa3HOCTHRHIX MeTOAaX 3aMeHsdeT MNOHATHE
KonTHHyyMa. Tam 2Ke paccMartpuBaloTcs TpeboBaHus,
npenbsABAseMble K Da3HOCTHOMY pelleHHI0 3afaud ¢ Ha-
YaJbHBIMH YCJAOBHSIMEH ¥ OCHOBHBlE CNOCOOB YHCJEHHOTO
HHTErpHpOBaHus mO Bpemenu. B ru. 3 coofuwiaroTea Heol-
XOANMble CBeJeHHs, OTHOCALMecsd K HCNOJNb30BaHHIO TIpe-
o6pasoBanus Pypbe, U AEMOHCTPUPYETCHA IMPOKAs HPHMe-
HAMOCTb (ypbe-aHalu3a K HCCJAeJOBAHMIO CBOHCTB PasHO-
CTHBIX pelleHHil YpaBHEHHH B YAaCTHHX IPOH3BOAHBIX. Kak
npaBHJO, PA3HOCTHBIE METOIAH 06CYXKAANTCA ¢ PHU3HUECKHX,
a He ¢ MaTeMaTH4yecKHX No3uuuil.. XOTS B HX H3JIOKEHHH
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H HET CTPOrHX MaTeMaTHueckKuxX OGOCHOBAHUH M IK30THUE-
CKHX HDHMEpOB, 3HAuHTeAbHOe BHHMaHHe yaelsercad 00«
CYXIEeHHI0O TaKHX BaXKHBIX TOHATUH, KakK YCTOHUHBOCTD,
TOYHOCTs W aucnepcust. Ilpu 3TOM CCHOBHOH uiTepec MId
HaC TNPeACTaBJAAIOT TrpaMorHas (OPMYJHDPOBKA KOHEUHO-
Pa3HOCTHLIX METOAOB M HX LIMPOKOE HCMOAb30BaHUe MAJIf
pellieHHsa (H3NYECKNX 3a1au.

PasHocTHOe ucuHchaeHde mnpeo0pasyeT ypaBHEHHs, OIH-
cHiBaloUlMe (H3MueCKHe MPOLeCcCH, B MaTpPHUHBle ypaBHe-
HHs, KOTOpEle HeobxoauMo pewmartb Ha IBM ¢ makcumaib-
HOll BO3MOXKHOI 3QQekTHBHOCTLIO. B 1. 4 obcyxpaatorcs
3¢ PekTHBHBIE H IUHPOKO HPHUMEHUMBIE METOJNLI MAaTPHUYRON
aareOpel, B YACTHOCTH, MeTOAB pelleHHsl BAaXKHBIX KJac-
COB MaTpPHUHBIX ypaBHEHHIl #U HAXOKIEHHA COGCTBEHHBIX
3Hayenunit W cobcTBeHHBIX BeKTopoB. M 3mech ocHoBHOM
IEJbI0 SIBJASETCS YCTAHOBJEHHe CBSA3W 3THX METOAO0B ¢ OH-
3UYeCKHMH 3aJayaMH,

BuecTe ¢ uaJokeHueM MaTeMaTHYeCKOTO ammapaTa Ko-
HEYHO-Pa3HOCTHBIX MeTofoB ra. 5—10 coxepxat mocra-
HOBKY 3aJlay MHOTHX Tel B BBHIYHCAUTENBbHOH MeXaHHKe.
B ri. 5 ofcyxkipaercd <«TOuHasl» TOCTAHOBKA 3amaun N
Ted, B3aUMOJelcTByIOIHX Ha paccrosinuu. I1pu atom cuisl,
HefcTBYIONMe Ha KaX/Ayi0 YacTHIy, BBIYHCASIOTCH SBHLIM
o6pasoM KaK CyMMapHOe BO3JefCTBHE CO CTOPOHBI OCTAJIb-
Hplx N —1 wactun. TepMHH «TouHasi», KOTOPHIH 37e¢Ch He-
NOMTh3yeTcsi, He O3HayaeT, YTO B 3TOM C/lIyiae NMPHMeHEHUe
PA3HOCTHLIX METO/AOB He BejeT K MOSBIEHHIO BBIUUCAHTENb-
#HBIx morpewHocrell. Mmeercst B Bujiy, yto paHHas mocrta-
HOBKA 3ajaud HenoCPeACTBEHHO ONHpaeTcid HA HCNONb30-
BaHMe 3akoHOB japHxkeHuss HploToHa 6e3 ob6pauleHus
K CTaTHCTHYECKOH MeXaHWKe WU K (pu3HdeckKHUM Tmpub/iu-
KeHusim, IlocKosbKy B 3TOM clyuyae MOJIHOE YHCJIO B3aH-
MofelctBuli mopaaka N2, Tako#l NMOAXOL BO3MOXEH JIMHIb
LJIST OTHOCHTEBbHO Hefoabuioro yncaa vactui, Tem He me-
Hee NOJOGHLIE MONEJNH HMEIOT 3aMeTHOe IIPHUMeHeHHe Kak
B 3ajayax CTAaTHCTHUECKOH MeXaHHKH—B CBOero poja
«YHCJAEHHBIX 3KCHepHMeHTax», —TaK M B 3ajadax TeOpHU
KJACCHYECKHX MOJIeKYIAPHBIX KHAKOCTEH € KopOTKoneﬁ-
CTBYIOHIMMH CHJAAMH MeXJYy 9acTHIAMU.

BBenenne noHsATHA YCpeIHEHHOTO CaMOCOI‘.TIaCOBaHHOI‘O
oM W BKJIOYEHYME €r0 B raMuIbTOHHAH pacCcMaTpHBaeMoit
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CHCTEMbl II03BOJISIOT pPa3BUBATh MOAENH CO 3RAYHTEIbHO
GOJLIIHM YHCHOM 4YacTHI Kak A8  KJacCHYeCKUX, TakK
H s KBauToBHix cucTeM. OGa aTux cayuas oGCcyKpaloTcs
cootBercTBeHHo B 1. 6 u 7. IlopobHble Mogenu nalT Ha-
Yasno MeTogaM THNA «YacTHll B siuefiKe» M HIHDPOKO NpHMe-
HAIIOTCA HA lipakTuKe. Tah HasbiBaeMbill 06€CCTOJKHOBHTE b-
Hblfl MeTod <«4acTull B sluelKe» MOIKHO HCAOJAb30BATb A
ONUCAaHUS FaJlakTHK Y IJ1a3Mbl, a B MPOTHBONOJOXKHOM IIpe-
HeJBHOM c¢Jiyuyde, KOTCAA CTOJKHOBEHHSI HIpAlOT TJIABHYIO
pOJib, AHAJIOTHUYHBIE METOA ONHCBHIBAET THUAPOAMHAMUUCCKHE
cHcTeMbl. MeToxbi W xapakrepHble TPYZHOCTH, BO3HMKAIo-
Uie APH pelleHHH KJIacCHYeCKHX 3aJay U NPH HCICIb30BA-
HuH Metoga Xaprtph-— Poxa AAA  CAMOCONIACOBAlIHOTO
Ioisi B KBAHTOBOH MexadHMKe, TecHO cBsizaHbl. B obonx
cIyyasix TJaBHOH TPYAHOCTBLIO sBJsETCs HejnHeHHas CBfA3b
raMuIbTOHHAHA C pacnpejgesieHreM YacTHIL

B npenene GeckoHeuHo GOMBINOTO YHCaIa YacCTHLl B Tpa-
BHTALMOHHOM WJHM IJ1asMeHHOM aHcaMm01e Mbi [oJdyuyaem
ypaBHeHne Biiacosa, onmpeneneHHOe B KOHTHHyaJbHOM da-
soBom mpocTtpancrse. B ra. 8 obcyxkpatoress BHIBOL ypas-
HeHus1 BnacoBa u omHcaHHe HenpepbiBHOTO pacnpeneseHid
B (a30BoM NpPOCTPAHCTBE B paMKax BBIYHCAUTENbHOI Me-
xanuxu. [lpu aTom ana onucaHusl 3Boqronnd GyHKUHH pac-
npesenenus B (Ha3oBOM NMPOCTPAHCTBE MOXKHO HCIOJNB30BATH
KakK MeTox dflsiepa, Tak U Meton JlarpaHxa,

3agaun ¢ GeckoHeUHO OGOJbIINM UYHCIOM B3aHMOJAeEH-
CTBYIOILUX TeJ, Te CTOJRKHOBEHHS HrpaloT AOMHHHUDPYIOILYIO
pOJib, OTMHCHIBAIOTCS yYPaBHEHHSIMH THAPOAHHAMUKH. B ra. 9
B paMKax BBIYHCAHTENbHON DH3UKKM JaeTcd NOCralOBKa
KA4CCUYECKHX 3aja4 THAPOAHHAMHKH HeCcKHMaeMOH H CxXKH-
MaeMOll XUAKocTell. 371ech HMeeTcsl JBa OCHOBHBIX 10f-
xona. TlepBHIfl sak/iouaerTcss B HCIONBb30BAHHHU 3HJIEpPOBHIX
Pa3sHOCTHBIX METOJO0B, a BO BTOPOM HpHMeHeHHe Jarpai-
XKepa ¢opMaju3Ma NPUBOIUT K JHCKPETHHIM MOZEAsM
«4acTHI®, KaK B CTOJMKHOBATEJIBHOM MeTOJE YacTHIL B fuelike
WIH B MOJeJNsIX C HCNOJb30BAHHEM <BHXPEBBIX YACTHIL».
3nech Ke paccMaTpPUBAIOTCsi BOJIHBI Ha BOJe M 3aiaud
0 TIOBEPXHOCTH KHAKOCTH.

Bxkawouenne B ruAPOANHAMUKY MaJbHOAEHCTBYIOUINX CHJA
MeXAY TeJaMH I103BOJIfieT PacIMPUTh chepy HpUMeHHMO-
CTH THAPOAMHAMHYECKHX YDPABHEHHH ¥ NPUBOAHT K MACHHT-
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HOM THADOJHHAMHKE M TPABHTALLMOHHOA THAPOJAMHAMUKE,
UncnenHbie pelleHHst acTpodusvyeckux 3ajzau © 3ajnau
YIpaB/iseMOro TepMOSIIEPHOro CHHTe3a paccMartpHBaloTCH
B ra. 10. .

Takum oGpasom, obmacTb 3aTPOHYTHIX B KHure ¢usH-
YeCKUX ABJeHHH HCKAIOUHTENbHO Besimka. OaHaKO ocHOBHASN
3ajaua H3JA0XKeHHS COCTOsl1a He B PAcCMOTDEHUH YAaCTHHIX:
pelieHuli WM geTajell KOHKpETHBIX 3ajad, a Npex/Je BCero
B YCTaHOBJEHHM MeTOAOB BbIUHCAHTENbHON (usnku. s
HWJAIOCTPaild TaKOro 10AX0Aa oToOpadbl NpHMephl, KOTO-
pble HocAT OOINMIA XapakTep H MOTYT OKasaTbCsl TMoJe3-
HbIMH H NOYYHTEJbHBIMH,
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dJIeMeHThI METO A
KOHEYHDBIX pa3HoCTel

§ 1. BBeneHnue: koHeuHble 3JeMeHThl B (H3HKe

B cuerHbix MamimHax Mbl HMeeM J€JI0 C OHepalHsiMHU
Haj AMCKDETHBIMH H KOHeUHbIMH oObeKtamMH, a He Haj He-
IpepHIBHBIMA U GeCKOHEYHBIMH, [OSTOMY BaKHO, 4YTOGBI
OCHOBHBlE KOJHYeCTBEHHble 3aKOHH BHIYHCIHTENbHOM ¢u-
3UKH Obliin cHOPMYJUPOBAHBL [Jis1 JIUCKPETHHIX BEJHYUH.
HauGosee ¢yHmamenTanbHbii W IHPOKO pacHpOCTpaHEH-
HBII METOX — 3TO MeTOoJ KOHEeYHBIX pasHocTefl, ¢ HOMOLLbIO
KOTOpPOr0 HCCJAeAYyIOTCS CBOHCTBA MaJjblX 3JeMEHTOB He-
npepblBHON  dusndecko#t cucrembi. OGwiuHO HeoGxoalMa
JUCKpeTH3auHsa KaK BpeMeHHOH nepeMeHHol (f), Tak u Ipo-
CTpaHCTBEHHOH mnepeMeHHCH (x); B 3TOH IJjaBe MBI pac-
cMOTpHM Haubosee CYLlecTBeHHBIE HJEH MeT0JZa NOCTpoe-
HHUSl BpeMeHHBIX M TPOCTPAHCTBeHHBIX ceToK. [loctpoeHune
BpeMEeHHOH CeTKH B OTJAHYHE OT MPOCTPAHCTBEHHON YacTo
OCyIiecTBJ/SACTCST [yTeM HHTEeIPHPOBAHHS, TAaK UYTO TNPOHU3-
BOJHLIE MO NMPOCTPAHCTBY M MO BpPEeMeHH BLIUHCAAIOTCA MNO-
pasHomy.

MeTtox KOHeuHBIX pasHocTell uMeeT IUMPOKyIO 0fJjaactb
npvMeHeHHs, a B Npoilecce PaccCMOTPEHHS MajblX 3JeMeH-
TOB KOHTHHYyMa BO3HHKAIOT MHOTHe (HH3NUECKHE HIEH.
Hanpumep, npd aHain3e ANHAMUKH HATAHYTOH CTPYHBI
cHavaja HCMOJb3YIOTCS ypaBHEHHS JBHXKEHUs IJs OfH-
caHUd CMeHIeHHsl ee MaJoOro 5JeMeHTa, a 3aTeM Oocymes
cTBJsIETCA NMEepPeXoj K npejpeny HpH GecKOHEUHOM yMeHblle-
HUH Pa3MepoB 3JieMeHTa CTPYHBl, YTO NPUBOINT K aubde-
peHIHaNbHOMY BOJHOBOMY YpaBHerwI0. Eciin He nepexonnts
K YNOMSIHYyTOMY Npejeny, a NPOCTO BEHIOHCATb KOHEUHYIO
CHCTeMY YpaBHeHHH, OTBeYalOIHX [ABHIKEHHIO KOHEYHOTO
ypesaa JAE€MEHTOB HATAHYTOH CTPYHBI, TO MBI NPHJAEM K CH-
cTeMe KOHEYHO-Pa3HOCTHHIX ypaBHeHuH. TOWHO Takke 3Ha-
yuTeAbHad 4aCThb Pe3yJbTaTOB TEOPHM 3IJAEKTPOMATHETH3MA
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NoJy4eHa ¢ TOMOINBLIO PAcCMOTPEHHS! AHCKPETHBIX KOoHeu-
HBIX 3jemeHTOB. [Ipencrasnensie o KoHeuHoM Halope saps-
KEHHbIX YacTHII NPHUBOANT K KOHIENIHH pacnpepeseHus
3apanos p(x,%), ompefeJeHHHIX Ha HPOCTPAHCTBEHHO-Bpe-
MeHHOM KOHTHHYyMe. B MarHutoctatnxke Awmnep BBesa no-
IAITHE MATrHUTHOH CWJIBl — CHJIBI, JEHCTBYIOLICH MeXAIy
JIByMs ajneMeHTaMu Toka. Y1 Toaeko B npenene, npu 6ecko-
HEYHOM YMeHbIIeHHH pa3MepOB 3JeMEHTa, MBI NOJyyaeMm
nudbepenuaapiele ypaBHeHHs Makcsenna aas  KOHTH-
HyyMa B TeOpHH 3JeKTpoMarserasma.

[Tockoabky aundepeHnuasbHOe HCUUCAeHHE sBJAsETCH
MOIIHBIM MaTeMaTHYeCKUM HHCTPYMeHTOM, MHOrHe (usu-
yecKde sIBJEHHS YHO0OHO OBLJIO ONUCHIBATHL € NOMOLILIO ab-
CTPaKTHO! KOHIIeNMIHH HeNnpepbiBHOH cpelbi. B pesyabrare
B HalleM pAacHOpsiKeHHU okaszanucsl 6osabiiofl Habop mudde-
peHlHaNbHBIX ypaBHenu#l, MHOTHe H3 KOTOPHIX BooOmie He
OBUTH pellieHbl, W [ga)Ke IOHHMaHWe HX HAXOAHTCHA e€lle
B caMOM 3auaTtouHom cocrosiHuu, WHTeprperanusi u pete-
Hlle 3TUX ypaBHeHHH NOTPeGYIOT B H3BECTHOM CMHCIE 00-
patuTh npolecc MX MOJAYYeHHS H TakuMm 00pa3oM mnepeiTu
or aAuddepeHnHaILHEIX YpaBHeHHIl K aJdrebpamyeckum
ypaBHEHIISIM MEeTOJa KOHEUHBIX pPa3HocTel.

§ 2. JInckperHoe npejacTaB/ieHHe HEeNpepbiBHOH NepeMeHHOH

PaccMoTpHM He3aBHCHMYIO HeNPepBIBIYIO IEPECMEHHYIO
x, npoberaoulyio o6J1acTb 3Hauelnil

X=(X1» Xz)y
—-— X1<X<X2. 5

3ameHUM KOHTHHYYM OJHOMEPHON ceTKofi WAH peuleTKotl
113 ToueK IyrteM paszbueHus obmactu X Ha MHOMXKECTBO H3
J— 1 snementoB Ax; n mnoctpoum J-mepuwlii Bextop {x;},
onpeseasis HelNPepLIBHYIO NMepeMeHHYI0 X TOJbKO B TOUKax
¢ HoMepoMm j: (¢ur. 2.1)

1<j</. (2.1)
Mbl UMeeM
i—1
xj=X + v; Ax,. (2.2)
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Takum o6GpasoM, npousBosibHyle GYHKUHMIO f(x) . HempephiB-
HO/l TlepeMeHHOM MOXHO B HEKOTODOM CMEIC/ie AMIPOKCH-
MHpOBaTh BeKTOpOM {f;}, onpeie/eHHbIM B y3JlaX pelleTKH :
He3aBHcHMOM nepemenHo# {x;}:

fr=1. @3);

Tak- kak nepBosauanbHas Oyukins [ onpezeneHa BClOLY .
B.OoGnacTn u3MeHeHus x, npeicrasienue {f;} siasercs Re-

[
r

X ’ - X
X
A;\'1 szAxs Ax, A’S’
Ir N 1 J 1 L : 1 i l. L e i
1 23 4 J J !

®ur, 2.1. IlpocrparicTeennan CeTka (Wad peuleTKa), 3aMeHFOLLAs HE-
NpePHIBHYIO NMEepeMEHHYIO Xx.
TouxH [, | < J <J, pasaecHn NpoCcTpancTBeHHbIME UIaraMy A.\:i.

nojubiM onucanueM f(x). OxgHako dyHkumio f MoxHO an-
NpOKcuMupPOBaTh 3Hauehuamu {f;} aas mo6oit Toukn x/,

<KXy (2.4)

C NOMOIIBIO WHTEPHOAANUE BEKTODHBIX KOMIOHEHT f; u fipp
Mex 1y cocennumu Toukami. Ilycrnb

I

x’-——x/

6= . @8

Fper ™%
TOTAA /S HHTCPNOASALIH NEPBOTO HOPALKA (
ff=efj+U0—¢f; (2.6) ‘_:

3nech f* apaserca annpokcumauueli ¢ynkuuu f. Ioctpoes- -
Hasi TakuM 00pa3oM anmpoKCHMAalHs COOTBeTCTByeT OfiH-
CAHHIO «IJHHHOBOJHOBBIX» CBOHCTB (GYHKUHH [, onpexeneH-
HOit Ha KoHTuhyyMe. HefictBurtenbHo, eciu [ 3HAYHUTENLHO
H3MeHsIeTCss Ha sjeMeHie [AAUHB Axj, TO [* B HEKOTOPOM:
CMBIC/IE «ILJIOXO» alNPOKCHMHPYET [ M, KOHEYHO, MBI He MO-
KeM BKJIOUHTb B ONHCAHHE MAJHHB BOJH, MEHbIUHe AX;
(¢Qur. 2.2). Takum oGpa3oM, MeToiA KOHEUYHEIX pasHoOCTell
10 CYULECTBY NPHMEHHM JHMIb K AJHHHOBOJHOBLIM NpoIec-
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caM, 1 ueM GoJablie ToYeK pasGHeHHA coAepKHT obmacTb X
1i€3aBHCHMON NiepeMeHHOH (T. e.yeM Goabuie J), Tem ayuuie
BekTop {f;} npeacrasaser dpyHKUHIO f. :

Uto6nl BLIpa3uThb B KoJHuec1BeHHOH (opMe coobpaxke-
MHA O ITIJIOXOM HWJIH XOpolleM KadeCTBE annpoKCHMaiuH,
CBA3aHHOH € MeTOAOM KOHEeYHBIX pasHOcteil, HOJE3HO BOC-
1I0/1b30BATHCA TEXHUKOH pasnoxeHus @Pypbe, 103BOIAIO-

f f «
i
[ _'/

f. [

b’ 1

1 1t

P! [

I 1Y [N

[ [

N [ 111

§ IS WU Wy SUNLEN SN S S N Y NN VUNN SN BN DO | SN ISR S U (S SV IO WU RN U SNt N S D |

% %

X — X =
a 5

®ur. 2.2. Oyuxudst j apryMenta ¥ LpeicTasjgcia BCKTOPOM ¢ KOMMOo-
HenTaMu f; B y3dax CeTKH f.

a-—ceTouHoe HpefcTaslenie XaeT IIOXYI0 AMIPOKCHMauMio OpicTpo Mensiouleiicst
Pyukuus; 6-—Xopoulas amipokciManHs MilgenHo Mensjoweiica (AfRI1HOBOIHOBOR)
by HuHH,

mefl 3andcath QYUKUHM B BHAE CYyMMBl MOMA, HAW BOJH
®ypoe ). INpennonoxum aasi npocrorbl, 4To GYHKUHA [
nepuoaHuHa 3a mnpejetamu obaactu X, T. e. uTo BHe OO-
Jactu X CyllecTByeT NepHOAIMECKoe NoBTOpeHHe (QYHKIMA
f. Torna npu ycnosnd, 4To GYHKUHS [ yAOBJAETBOPSET IPO-
cThIM yedoBuaM (ycnosusiMm Jlupuxne), ee MOXKHO pasifio-
KuTb B OeckoneuHnlil psan Pypoe:

oo

[ = T g, @7)
== — 00

rae . _
o= | T (Weimei¥ay, (2.8)

X

) Cm., Hanpusep, pabory [4]
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a {—xBaApaTHbIi KopeHb u3 —1. Popmyna (2.7) osHa-
yaert, 4TO 0Oy QyHKUHMIO [ ¢ «Da3yMHBIM» I[0BeJeHHEM,
OnpeleseHHYIO BesJie B HenpepuIBHOH 007aCTH H3MEHEHHs
X, MOXHO pa3JOoXHTb B O6eCKOHeurblid pAj N0 MOAAM
Pypoe; KO3bbAUMEHTH Gy ONpelesioT aMIJIHTYAB MOA
¢ anuHOi BosHbl X/k. [Tonbsa sTofl mponendyphbl scHa, Tak
KaKk QWCKPeTHyIO annpokcumauuio {f;} HenpepwisHOll yHK-
uud f MOXKHO pPasjOXHTb BIOJHE aHAJOTHYHBIM 00Opa3oM,
B pe3yjbtaTe uYero Mbl MOXKEM CPaBHITH MpejcTaBjenue
anst [ c sksuBajeHTHBIM npencrasaexuem st {f;}. Tak
Kak KOMIIOHeHTH f[; 06pasyloT BEKTOp KOHeuHoH pasmep-
Hoctn J, auckpetHoe npeacrasiaexue {f;} MOXKno BupasuTL
TOJBKO B BHAe CYMMBl KOHeur020 uscaa (J) oproronan-
HBIX QYHKIH.

[Ipeanonoxum, YTo 3JEMEHTH JANCKPETHOU CeTKH Ax;
UMeloT OJHY M Ty Xe AJHHY A Jjf Bcex j M, KpoMme TOro,
cama QyHKUMst [ BMecTe ¢ ee AUCKPETHLIM TNpeACTaBACHUEM
siJIseTcsl MepHoAudeckoil. B atom caywae f; moxilo sanu-
cate B Busie pana Pypbe, comepkKallero KOHEYHOe HUCIO
YIEHOB!

J

fr= D 8peil, . (2.9)
k=1
rie ammianTtyaa g, AJdd Kaxaof MOAH JaeTcH CyMMoil
| J
Gum=J ) Fje= i, (2.10)
i=1

flcHo, 4TO TO pasjoxeHHE COIVIACyeTcsl ¢ BblpazKeHueM,
comepxauuym OeckoHeunstil psag Pypee [hopmyast (2.7)
u (2.8)], B Tom ciyuae, Korga QyHKuus f(x) oupeneseHa
Ha KOHTHHyyMe; npu sToM JA coorBetctByer X, a jA—ux.
Taxk xar aauHa BOJIHB JIOGOrC Hpouecca, OIpeaeJeHHOro
Ha ceTKe, OrpaHHYeHa CHU3y 3HaueHHeM A, OGeCKOHEUHBIN
psia npeBpamaercs B KoHeuHyio cymmy. Cefiuac mut Gosee
¢opMasbHO HOKAXKeM, 4To aMIVATYyAnl £r B KOHEUHOH
cymme psina Dypoe (2.9) onpenensiiorcss COOTHOLIEHHEM
(2.10). Hns storo, paccMOTPeB CyMMHPOBaHHe NOTMADHBIX
NpousBeJeHNH DAasJHYHBIX MOJ, [OKakeM cHa4ana, uTo
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noxs Pypbe B3aHMHO OPTOTOHAAbHHL:
J J
S = Z o2kl g—i2ajh’ [T — Z el2n (k=k")Jl | (2.11)
=l i=1
IMepenuniem ¢opmyay (2.11) B sune
J—-1

S=hn b=k Y foin (k=R (2.12)
j=0

CyMMHpOBaHHe B NPaBOH uyacTh 5Toft (OPMYJALl COOTBET-
CTBYCT BLIYHMC/JCHHIO CYMMBI TIeOMeTPUYECKOH Nporpeccu:
N

NI
Yoar=dmE T, (2.13)

1 —x
n=>0

[Mpumensis 310 BuoipaxeHnue k cymme (2.12), moaydaem

i2n (k—k’
S— gitmu—pnys [ 1= e (2.14)
- 1 — ei2n R~k ' *

WMH, NOCJe NPOCThIX npeofpazoBanul,

S=em<1+mk~k'>u{%}, (2.15)

0, ecau k%FE,
s——{ §

), ecm k=F, (2.16)

TaK Kak kB u k' 1o onpeneseHuio HeOTpHUIATENbHBIE Liejbie
yuc/ia, He mpeBocxoasimue J, a sinmm = 0 ga4 uesbx 3Ha-
genust m. Tor dakrt, utro S =J gaa k= k', ¢ nauboabiei
OYEBHJHOCTBIO CJIEAYeT H3 pas3oXKeHHs [JBYX CHHYCOHJ
B dopmyae (2.15) B psan Tefnopa Ansi Manbix 3HaYeHHH
apryMeHTa.
Takum o6pasoM nokasano, uro Qypbe-mMoabl 06pasyioT

OPTOrOHAJBHYIO CHCTEMY

J

Z eienkillg—i2ak’ [ ﬁfﬁkk'- (2.17)

=1
IT10T pesynbTaT MOXKHO TeNepb HCNOJbL30BATh IS INPO-
Bepku cootHomenuit (2.9) u (2.10), kKoTopeie 03HAYAMWT,
4To JHCKPeTHOe mpencraBienue {f;} MoxHO pasnoxuTh
B  KoHeuHbili pan Pypre. FHokaxeMm, uYTO aMIIHTYAH
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B pasnoxennn (2. 9) ynosnersopsIOT ypaBHenuio (2.10):
Has 310t Hesw 06pasyeM C MOMOLIBIO BEKTOPHBIX KOMIO-
HeHT f; c.neny}omylo CyMMY:

J
&, o2kl g= 12k’ (1] —
,;_:gk Mlp—i2nk i) —

M’""

Z f e—i2nk {1 —

T

J
Z @i2nki/] g—i2nk’ Il (2. 18)

k J=1
W3 Buipaxkenns (2.18) u us coorHoweHni opTor0Haano-
cr (2.17) cnenyeT

J
Z fe— ek’ i = Z s

8,78
J
“ =%Z elank’ 1/!

M"*

T. e. pe3yJbTar coBnapaer ¢ (2. 10)

Takum oépasow MB!I BHIHM, 4TO npeﬂmaBneHHe {f:}: Ha
JAHMCKDETHOH ceTKe 1Jsi GYHKIMH f, omnpelie/leHHON Ha KOH-
THHYyyMe, OTpPaHH4YeHO B TOM CMBICAe, YTO OHO OTBedaeT
JUIIb KOHeYHoMy HabGopy nAuH BOJAH. B wacTtHocTH, 3TOT
Habop OrpaHHuYeH CHHU3y 3HaYeHHeM A H NpouLeccH ¢ MHia-
roM, MeHbIIHM A, He ONHCBLIBAIOTCSH [JTAHHBIM IIpexacTaBJe-
nueM. Takum oGpasom, npeictasienue {f;} siBasterca ajauH-
- HOBOJIHOBBIM NpPUO/IHIKeHHEM (YHKUHH f(x), 3ajaHHOH Ha
KoHTHHYYMe,

[Ipu cpaBHeHUH KOHEYHO- pa3HOCTHbIX u ﬂndatbepeﬂuu-
aJbHBIX ONEPATOPOB OUEHb MOJNE3HO M MOYUYHUTENAbHO Onpe-
JennTh WHTEpPBAJ aNHPOKCUMAalMN MO OTHOWIEHHIO -K OT-
nenabHot Moge Pypbe ¢ NMOMOHIBIO ONMHCAHABIX BbIIIE METO-
IOB. DTOT NOAXOH MO3BOJSET OlleHUTh CTeNeHb HCKaKeHUS,
BHOCHMYIO amnmpoKcuMaliMeil B pas/HYUHBIX 00JacTax AJIHH
BOJIH, H MH §y/ieM HIHPOKO MOJb30BATLCS HM B nocnenyxo~
umx rJaBax.

§ 3. Pa3HocTHBIE NPOU3BOJHBIE MO MPOCTPAHCTBY

paCCMOTpeB NpeNCTaB/IeHHs HeNPephLiBHbIX (pyHKunﬁ Ha
AMCKPeTHOl ceTke, OCTAHOBHMCS Tellepb Ha DA3HOCTHOH arn-
NPOKCHMAalMY HX TPou3BOAHHEX. Ilpoussonnas (QyHKUHH
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naeT HHhOPMAIHIO O ee JIOKAJIbHOM H3MEeHEHHH B IPOCTpPaH-
CTBE H COOTBETCTBEHHO Da3HOCTHAA IIPOH3BOJAHAA CBS3Bl-
BaeT 3HaueHHA QYHKIHH B COCENHHX y3aax ceTku. OueBHI-
Hasi annpoKCHMauus nepsoll npou3BopHoit df/dx B Touke |
ceTku, | < j << J, umeer Buj

’ Fran = ‘
A= L (2.19)

rae, Kak u paHslue, A — mar cerku. ECTeCTBeHHO, 4TO 3TO
pa3HoCTHOE OTHOLUEHHE SABJAAETCH xopomeﬁ annpoKkCHmMa-

N
8 XN e
<

Dur. 2.3. PasnocTHas annpokcAManus Nepsoii BPOH3BOXHON GyHKuuH M
a-—IJjoxXas angpokcuManus; 6 —Xopowas annpoxcHMauya,

uuedi ana df/dx, ecan cama GyHKiHs [ He CAHIIKOM OHICTPO
Mensiercss Ha Agaude A (¢ur. 2.3). Has ouenkn nopanka
annpokcuManun auddepeHunanbHoro onepatopa d/dx pas-
HOCTHBIM omepatopom Ay no dopmysne (2.19) - nonesno,
onupasice Ha cKkaszanhoe B I/L. 2, § 2, nposecTd cpaBHeHHe
MeXJy NpPOHM3BOAHOH H PA3HOCTHONH NPOU2BOAHON AJis OJ-
woit u3 moa Pypoe. Opnoxpatnoe auddepeHuupopanne
bypbe-M0oabl

u == ge‘k* (2.20)
naer

B — ikge™ = iku. (2.21)
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B pesysbprare AeficTBHs Oneparopa pasHOCTHOro nuddepex-
uuposamnsa (2.19) Ha Ty ke dypbe-MORy 4 moayvaem Bb[-
paxkeHHe

gei X141 _geth]_l

A= - . (2.22)

Iockoabky Xxjop=x;+ A B xj—==x; — A, nmeem
),cu=%(eik(x!+A)__eik(xi—A))____

___g_eikxll(eikA__e-—ikA)’

=£ 5 (2.23)
A= sin kA, (2.24)

Has manpix 3gauenut kA Bennuuia sin kA npuabaH3uTENbHO
paBHa kA. C Tofi e TOYHOCTHIO NMpaBast 4acTb MOPMYJIBI
(2.24) coBmagjaer ¢ noJyueHHbIM Bbipaxenuem (2.21) mas
npousBogHo#. TakuM o06pa3oM, KOdeuHO-Pa3HOCTHOE OTHO-
wenune f2.19) Apasercs xopowell annpoxkcHManuell nepBoi
NPOM3BOMHOH, €CAM MaJO BOJHOBOE UYHCJIO £ M COOTBET-
CTBEHHO BeJuKa jnuna BoaHbl 25/k. Uem naunisee Boana,
TeM annpokcuManus Jayuliie. Bojee TouHylo olenky an-
npokcumauud A} aas d/dx MoXHO TOJAYYUTb, passaras
pe3yabTaT Aas pasHocTHOR mpoussopHo# (2.24) B psag mo
CTeTieHAM MaJioil BeJHYHHBI RA:

M=% (kA — E 40 (00) =
——zuk(l —-—+0(kw)) (2.25)
=(1— ) s (2.26)

B stoM cayuae rosopaT, 4to A} fBAsieTcd Pa3HOCTHBIM
onepaTtopoM 2-ro mopsika TOYHOCTH MO RA, WM <UEHTPH-
POBaHHBIM [0 NMPOCTPAHCTBY>.
OueBuaHO, 4TO XOpOWIasi W NPOCTAass AaNNPOKCHMALKA .
_BTOpOH npoussogHoi d%f/dx? na pasHOCTHOH ceTke
1 <i<</ (pur. 2.4) umeer Bun

b
Yoo 77 . Frin— 2 + 1
. ¢ o Axflz___’t‘___AzL__’_‘ (2.27)

S\Abl e

N "
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TOUHOCTL 3TOH ANNPOKCHMALUH MOXKHO YCTaHOBHTb, Kak

W Bblllle, pacCcMaTpuBasf pe3yJbTaT JAEeHCTBHUH DPa3HOCTHOTO
i ¥ .

onepatopa AY Ha Gypbe-Moay ¢ AnHHON BoaARH 2:i/k. Tlpu-

X

@ur. 2.4, Pasnocrnan annpokcuMauusa BTOPON MpousBoAKOl $yukuuu f.

MeHeHHe AuddepennuanpHoro omneparopa d?/dx? paert

24— L (gei) = — g™ = — . (2.28)

C npyro#i cTopoHbl, NpHMeHSsT PA3HOCTHHI OIepaTop 2-ro
nopsaKa, onpejejennbld Bbipaxenuem (2.27), moayyaem

A;‘,uj=1g—2—(eik(xf+A)—2eikx7+eik(xf_A))= (2.29)

ikx; ]
— 2g8A2 (% eikd | _;_ e—ikA 1) = (2.29)
= % (cos kA —- 1). - (2.30)

CpaBHuM 3TOT pe3y/bTaT ¢ BblpaxeHuem JJis 2-fi mpous-
BoAHOR (2.28). Jlerko Bumerp, uTO AupdepeHnKaTbHBIN
OrepaTop anmpOKCHMHPYeTCsl PasHOCTHBIM TOJIbKO NMPH Ma-
JulX kA, Korpa paccmartpHBaeMas JJIHHA BOJHBI MHOTO
Gonbie mara ceTkn. B 3tom cayyae pasjoxenne cos kA
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IO MaJbiM EA naeT
", szz kAt
sl = Az I - 55

—~140 (kﬁAﬁ)) ==
=—ru(1 =55+ 0(k4A4>) (2.31)

Takum o6paszoM, pasHOCTHBIA omepartop 2-ro HopsaakKa npeg-
cTas/isieT co6Of anmpOKCHMaUMio BTOPOTO NOPAJKa TOUHO-
CTH N0 BeJHuYMHe OTHOIIEHHs CETOYHOro wara K JJuHe
BOJIHBL;

i=(1 -5 & 1o (k‘A“)) (2.32)

DTH anmpoOKCHMaUWy NepBOli H BTOPOH MPOM3BOAHBIX
IIHPOKO HCIOMB3YIOTCA AJA 4YHC/IEHHOro pemleHns Audde-
peHUHAJLHBIX ypaBHeHn#l, npeiacTapiasiomux (uU3HYeCKHH
HHtepec, B orxenpHbIX 3ajayax MoOryTt GblTb MCIONBL30BaHB
n Gonee cioxuble Gopmydanl, ecan norpedyerca Gonapulas
TOYHOCTb HJIH BO3HHKHET HeoGXOAMMOCTb aNNIPOKCHMHPOBATH
NpoU3BOAHbIe Gojee BblcOKAX mopsakoB. OxHAaKO H B 3TOM
¢iyuae ONKCAHHLIA BHlle NOAXCHA MOJHOCTBIO COXpauser
CBOE 3HayeHHe H TOT *Xe Merol MoKeT OblTh mpUMeHeH AJs
Hcc/ieIoBaHKs 3TuX 0oJiee COKHBIX ONEpPaTopoB.

§ 4. OGwasn nocraHoBKa 3amaum
C HAYaJAbHLIMU YCAOBHAMH

Mp chopmyanposaau ocHoBHbIe HAeH MeTOAa KoHey-
HBIX pasHOCTeH, COr1acHO KOTOpPbIM (YHKIHH, 3aJaHHBIe
Ha KOHTHHYyMe, NDEICTaBASRIOTCH CETOYHBIM BEKTOPOM,
a auddeperunanbHele omepaTopsl, 1O KpaiiHefi Mepe AJs
NPOCTPAaHCTBEHHLIX NEePEeMEHHEIX, ecTecTBeHHBIM 00pasoM
aNnpoOKCHMHPYIOTCE Ha CeTKe HX Pa3HOCTHBIMH -aHaJOraMH.
Bo BpemeHHEIX 3afauax Mbl BbIHYXKIEHB [OJydYaTh petlle-
HHuA B peadbHOM Bpemenn DBM, u onpeneneHre nponssol-
HOf_ 1O BpPEMEHM OKa3blBAeTCA yKe He CTO/Ab JerKHM, f0-
CKOJIbKY HEH3BeCTHO peiileHHe, COOTBETCIBYIOUlEe - HGBOMY
MOMEHTY BpemeHH. EctecrseHdo mo3TOMY, UTO B 3ajavax,
BKJIIQUAIOMINX 3aBHCHMOCTH6 OT BpEMeHH, omnepanus w#uie-
TPUPOBaHHA Ha BpPeMEHHOH ceIxe Ipebyer cHeuUHaNbHOrO
onpejenenus. Mpl HcroAb3yeM TepMHUH <«BpeMeHHble -3a-
Hdauu» anas 0603HauyeHHA KJaacca 3a4au ¢ TPAHHUHBLIMM YC-
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JOBHSIMH, 3aJaHHLIMH B OJAHOH Touxe. Boo6lie roBop#, 3T0
fonee IWHPOKKH KJace, ueM KJacc 3ajad, BO3HHKAUAX
OPH OnpejesieHNH pelleHusl B peasibHOM BpeMenu. Tem He
MeHee 3a7aull B peajbHOM BpeMelH OCOGEHHO uHTepecbt
W BaXHBl, I HMEHHO U3 HHUX BbiTeKael Hanboijee ynorpeGu-
TendbHAas cHcTeMa 0003HauyeHui.

3anaya ¢ HavaJbHBIMH YCJIOBHSIMH MOXKeT OBITb cdop-
MyJHpoBaHa B JioGo# oGsacTu Gu3HMKA H uMeeT dyHAaMeH-
TanbHOe 3HaueHue, 3akjaoyasi B cebe 1O OIpeLeJEHHUIO
HICI0 O BO3MOMKHOCTH MpeACKasaHuss OyAYLIIHX COOBITHH,
OHa TipejcTaBadeT coboll mpobjaeMy HOMep OJHH H JJIsI BHI-
yhcauTenbHol dusnku. OHa BO3HHKAaeT, B YaCTHOCTH, IPA
HeoOX0AUMOCTH cPOpPMYyAHPOBATL YPaBHEHHA ABHIKEHHSH
VIS 4acTHI(bI HJIKM CHCTEMBbI YacTHI, UTO NPHBOJAUT K OOBIK-
HOBeHHOMY nH{depeHuyanbHOMY ypABHEHHIO WM cHcTeMe
OObIKHOBEHHBIX AubdepeHLUadbHBIX ypaBHeHuil. 3ajada
¢ HayaJbHBIMH YCJIOBHSIMH BO3HHKaeT TaKikKe NMPH ONHCAHHU
5BOJIIOUMH HENPePBIBHOA CHCTeMbl, KOJIHYECTBEHHBbIe Xapak-
TEPHCTHKH KOTOPOil 3ajaroTcsd cHCTeMOH ypaBHeHHH B wacT-
HBIX NpPOW3BOJAHLIX. B o6oMx ciydasx npH NocTaHoBKe 3a-
Jdady HCHOAb3yeTcsl OAHH M TOT XKe IOAX0J, TaK 4TO 3/ech
Mb OGyleM NOApasyMeBaTh HEKOTOPYIO OOMmIYIO CHTYaLHIO,
He Jejas pas3iuyusl MeXJAy 3agadaMd ¢ OOBLIKHOBEHHBIMH
puddepenialbHbIME  ypaBHEHHAMH M 3ajayaMH ¢ ypas-
HEHHAMU B YacCTHBIX NMPOM3BOAHBIX. B mocieiHux pasjaenax
3TOH TIJ1aBbl Mbl NO3HAKOMHMCSl C KOHKDETHBHIMH CXeMaMH
HHTEerpHpPOBaHHS, . IPOBOAST BCe DAacCyXAeHHS, DaaH npo-
CTOTH M3JI0KeHHst, st OOBIKHOBEHHBIX AnDdepeniinanbibiX
ypaBHEeHHUI. S

Tlycth cocTosinMe HEKOTOPOH cHcTeMBl ONpesensieTcs
BeKTOpOM u(r,!), 3afaHHbiM B 06JacTH NpocTpancTBa R ==
== R(r). Ilyctb, nanee, 3afao u =u’ B MOMEHT BpeMeHH
t=0 u ua nosepxHoctH S oOnacti R H3BeCTHO U 1JA
Bcex f. TpeOyercs Haiity u B obmactu R ansa aobux £ Co-
CTOfAIHHE CHCTeMH OJIf BceX ! MOMXKHO MOAYyuuTb, pelliaf
ypaBHenue

2 e Lu (2.33)

C SanaHHEIMM HAYAJbHBIMHU 3HaAUYEHHSAMH. B ofuiem caIy-
yae L ectv Henuuefinbift onepartop. Jas OGBIKHOBEHHBHIX
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nuddepeHnHANbHLIX YPaBHEHUN OH sBJAsercH anarebpauye-
CKHM, a AJisl ypaBHEBHH B 4aCTHBIX NPOHU3BOJHBIX NpeACTaB-
JasteT cobofl npocTpaHcTBeHHBI AubdepeHUHaTbHBIH Onepa-
trop. Has winocrpanus gopMannsma B KaueCTBe NPOCTOrO
npUMepa MOMKHO PaccMOTPETb OOBIYHEIN ONHOMEPHLI rapMo-
Huyeckuil ocumuagrop. Ilycts m — macca, @ — nocrosnias
cuia, X —TepeMeHHas KOOpAHMHATA M ¥ — cKopocTb., Co-
CTOSIHHE CHCTeMBI 3aJlaeTcsi BEKTOPOM

u=(x, v). (2.34)

Onepartop L B paccmaTtpHBaeMoM ciayuae fBJifeTcsl JiMHeH-
HBIM MaTPHYHBLIM OIlepaToOpoOM

L=(-—a;)m (l))’ : (2.35)

BHJ KOTOPOro €pasy cjaenyeT W3 ypaBHeHuil IBHKeHHA oc-
LAJIATODA

L2

at

do0 _ a (2.36)
7 T

B KauecTBe BTOpPOro mpuMepa pPacCMOTPHM IOCTaHOBKY
3ajla4yd O pacnpoCTPaHeHHH Temja B OJHOMEPHOM CTepiKHe,
B sToM ciyuae BeKTOp COCTOSIHHMSI CHCTEMB! €CTh NPOCTO
ckansp, u(x,ty=T, rpe T —Ttemnepatypa, a oneparop L
€CTb NPOCTpaHcTBeHHBH jaudQepennyasbHbll  onepartop
BHAA

(2.37)

B COOTBETCTBHH ¢ ypaBHeHHeM HHbDY3uH

oT a orT
S — 3y b gy =0 (2.38)
(x — ko3t duHEHT TeNIONPOBORHOCTH).

B Takoro poma mnpumepax, KOrja COCTOSIHHE CHCTeMb
onpeneseTcst Ha HNPOCTPAHCTBEHHOM KOHTHHYyMe, a L ectb
prddepeHnnanbaLil onepaTop B NPOCTPaHCTBe, LA 3aias
Big BEKTOpa COCTOSHHS 4 Ha NPOCTPaHCTBEHHOH ceTKe He-
00X0AHMO NpenBAapHTENbHO MNEpPedTH OT HenpephIBHHIX
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K LUCKDEeTHbIM 3HAYEHHAM NPOCTPAHCTBEHHBIX HepeMEeHHBIX,
IIpr stom omepaTtop L mnpeacrasasiercs pasHOCTHBIM OIle-
paTopoM, BO3MOXKHO, CJOXKHOTO BHAA, KOTOPBIH MOMKHO
HalTy, NOBTOPUB npouenypy us § 3.

Bepnemed K o0miefi noctaHoBKe 347a4YH ¢ HAYAJbHBIMH
ycJaoBHAME M OyldeM uHTErpHpoBaTh ypasaenue (2.33) mo
BPeMEeHH Ha MaJblXx BpeMEeHHBIX ILIarax B COOTBETCTBHH
C peaJbHBIM BpeMeHeM BBIYHCIAHTRAbHON MmainHb, BpepeM

n=0 n=1 n=2 n t
L

1 1 1 1 1 H

1
t=0 4t Atz at, t"

®ur. 2.5. Bpemeundsn cerka.

B 3azauax ¢ HAUAJBHBIMH YCJOBHSMH HHTerpHpOBaH¥e NPOH3BOLHTCH 10 MAJLIM Bpe-
MEHHBIM HHTepBasaM Af

fa BpeMeHHOH OcH KOHe4HO€ YHCJIO MaJblX HHTEPBaNOB,
paspengiolliX OTAeJbHble MOMEHTHI BpemeHH (¢ur. 2.5):

n
n
t __VE__]l At,. (2.39)
Tem caMbiM MBI Ompeje/sieM BPEMEHHYIO CETKY, WIH Bpe-
MeHHYI0 pewerky. OG6bluto, A5 TOTG 4TOGH OTJHYHTL Bpe-
MEHHYIO CeTKy OT IPOCTPAHCTBEGHHOMH, BeJHYHHBLI, OTHOCS- .
muecss K OTAeNbHBIM MOMeHTaM BpeMeHH, 0G03HauawTCA
HAJCTPOYHBIM HHIEKCOM, a4 BeJHYUHBI, 3aJlaHHBIE B Y3-
Jax IPOCTPAHCTBEHHON CeTKH, — NoAcTpouyubM. HHrterpu-
pysi ypasHenne (2.33) no maJoMy BpeMeHHOMY Iuary, MbI
nonyyaeM CBsI3b MeXAY 3HAUeHHSIMH BEKTOPOB COCTOSHHS
u™tl g un B 1ByX cocenHux Toukax {nt! u in;
gl

wt! =y - S Lud?. (2.40)

tﬂ

OuesnnHo, 4YTO HWHTerpajn B NpaBoOfi 4YaCTH BBIPAXKEHHS
(2.40) He MOXKeT GBITb BHIYHCIEH TOYHO, MOCKOJBKY BEKTOD
u(t’) He m3BecTeH mpH 3HAUYEHHAAX !/, AeXKAmUX B Npefenax
tn <V < tntl, TloaToMy mepexoil K KOHEUHO-Pa3HOCTHOH
annpoKCHMAaIHy Mo CYMIeCTBY NpeinosaraeT IJs JOCTATOY-
HO MasblX BPeMeHHEIX wWaros Af == {"*!— {» Bo3MOKHOCTD
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3aMeHbl OOABIHTErpajbHOro Bupaxenus B (2.40) psanom
Tefnopa ¢ KOHEYHLIM YHCJAOM YJIEHOB:

(-1
w =ur <Z[7§1}T(Lu)]” Lol enar. @an
) " lr:o
[Tpoussonss murerpuposanue B npaBoit uactd (2. 41) no-
Jydyaem

untl = yn 4 Z [ o Lu)] W’ +o(ArHY); (242
o .

1=

4uCI0 p XapakTepH3veT 3Jechb NMOPSACK TOYHOCTH PasHOCT-
HOil cxeMbl 1o BpemeHHOMY mary Af. B o6riuHofi npakTlKe,
0CcOoGeHHO IIpH OmepanysXx ¢ ypaBHEHHAMH B YAaCTHBHIX IIPO-
H3BOJHBIX, uleHbl 3-T0 H 6oJiee BBHICOKHX ROPANKOE OTGpa-
CLIBAIOTCS ¥ TOTJA

wH = wr o+ Lur A 4 [ (Lu )] @r . (43

Bosnuxkaer Bompoc o TOM, KakuM o06pa3oM ciaeiyeT Te-
nepL Onpefe/iuTh NPOH3BOJAHYIO [0 BPEMEHH, BXOLRLLYIO
B mociennuii wied swmpaxenua (2.43). Ha npaktuke Mbl
MOXKeM IOJYYHTb CXeMy BTODOrO NOpsiAKa TOUHOCTH, HC-
NOAb3ys 3HAUEHWS NEDPEMEHHBIX Ha NpelblfyIlHX BpeMeH-
HbIX caosix (cxaxem, {"~l-M) njiy BBOAS Ha BpeMeHHOH
CeTKe NPOMeXKYTOuHble CIOH. MOXKHO HCHO0Ab30BATH H He-
U3BECTHbIE 3HAUEHHUS! TEePeMeHHHX Ha cJjaeayiolleM BpeMeH-
HOM miare {"t B HEKOTOpBIE H3 TAKHX aArOPUTMOB, GyIyT
chopmMynUpoBaHbl B ciaeaywuix naparpadax. B nocnennef:
CUTyallui, KOTJa Mbl HMeeM Jeio CO 3HAUEHHUAMU MepeMeH-
HBIX B MOMeHT {"*! 3acjyKHBaecT BHUMAHWA ChELHAJJbHB
e¢ayudall, Korja cxema UHCJIEHHOTO HHTerpHpOBauus uMeeT
cAeayIoWuNd BU:

u+! = y? 4 Lu? (1 — ) At + Lun+'e At. (2.44)

3aech s—-nmepnmmunoxmbm auametp, 0 << e << 1. Cxema
'BTOPQrO. MOPsIiKA TOYHOCTH MOJydaerca IpH e,E[HHCTBEHHOM
3HAYeHHU € == '[/o. B uacTHOM cayuae &=0 HOBOe co-
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cTOsiHHe u™*! BhiumcaAsieTcsl sIBHBIM 00pa3om o H3BECTHOMY
3HAYEHUIO U™ Ha NpeAblAyHieM Liare

urtt = (I + AfL) u”. (2.45)

B stoM cayuae MeTox HasniBaercs seHoim. U Haoﬁopor,
pu € 7= 0 mMbl moAyuaeM Hes8ublli MeTon

(I —eAfL)ur+! = (I + (1 —e) AlL)u".  (2.46)

ﬂpeﬂnomomnw 4To omepaTop B Jesoil uactn (2.46) HeBEI-
POXJIeHHBIH, T. e. cymecTByer oGparubiii omepatop. Toraa
3aflavya CBOAMTCA K pellieHuto ypaBHeHua (2.46) Ha xax-

JOM Hiare Mo BpEMEHH U K OIIpeAeNEeHNUIO HOBOTI'O COCTOSIHHSA
uﬂ--{-l

urt = (1 —eAfL)" (I 4+ (I — &) AfL) "
urt! =T (A¢, A)u".

Onepatop T npencrassisier coGot pasHOCTHBI omepa-
TOp, CBA3LIBAIOIINHA COCTOAHMSI CHCTEMHl B CJAeAYIOWIHX APYT
3a ApYyroM yajax BpeMeHHOH ceTKH. B ciyvae Koria CH-
cTeMa OnHCbIBaeTc ypaBHEHHSIMH B YaCTHBIX NPOH3BOJHBIX
n L ectp npocrpancTBeHHBI!l Auddepenuyanbublii onepa-
Top, T sBAsieTca Pa3HOCTHBIM ONEPATOPOM, CBSI3BIBAIOLIHM
3HayeHHs] GYHKUMHA Ha NPOCTPAHCTBEHHOH ceTKe ¢ INAaroMm
A. Camo ypasuenue (2.47) saBasieTca Pa3HOCTHBHIM aHANO-
FOM 3afla’yd ¢ HavyaJbHBIMH YCJHOBHSIMH B audepeHnnann-
noft gopme (2.33). Drta npobiema uMeeT OGIIHI XapaKTep,
M B jaJpHefilleM Mbl ONpefeduM YCAOBHS, NPH KOTOPBIX
TaKOe HHTerpUpoBaHue II0 BDEMEHH HMeeT cMbIcd, H pac-
CMOTpWM CBsI3aHHble ¢ STHM HHTErpHpPOBaHHEM OMINOKH.

(2.47)

§ 5. Tpe6oBaHHs K PA3HOCTHOMY peLieHHIO 3a]auH
¢ HAyaJbHbIMH YCJOBHSIMHU

Wnrterpupya mo ManblM BpeMeHHLIM LIaraM, Mbl CBeJH
3ajlauy ¢ HaYaJbHBIMH YCJAOBHAMH K 3afaye 00 OTbHICKAHHH
IOC/eIOBATEIbHOCTH peLIeHHi Jis JucKpeTHoro Habopa
MOMEHTOB BPeMeHHM, NpH 3ToM oneparop mepexona T(Af, A)
ocymecTeiasaer ¢BAsb (2.47) COCTOAHHA B JaHHBIE MOMEHT
BPEMEHH C COCTOSHHEM B IpeibIAyulnii MOMEHT. 910 B pas-
HOIl CTeleHHW OTHOCHTCA Kak K Ciayuaio, Korja Mul ﬁmeeM
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JleJIo ¢ cucTeMOHl OGLIKHOBEHHBIX Au(hepeHINaNbHBIX YpaB-
HeHull, Tak H K Gonee oOuwel cuTyaiuu, Korga paccMatpH-
Baercsl cucremMa ypaBHeHHH B 4acTHLIX NMPOU3BOJLHBIX, Onpe-
JlefieHHasAs Ha KoMTHHyyMe. B mocnenneM ciydyae MBI 3aMe-
HAeM TNIPOCTPaHCTBEHHLI KOHTHHYYM S4eHCTOH HJiM CeTOYHON
CTPYKTYDOH, ONHAKO NpHPORA BpeMeHHOH cBS3H HO cylle-
CTBY He MeHseTcd, .

Oneparop nepexoma T, ocymlecTBafiiomuil CBA3b pas-
JIMYHBIX BPEMEHHBIX CJ0eB, He ABJAsETCS eAHHCTBeHHBIM. Ero
BHJ 3aBHCHT M OT BHOOpPA cXeMBl MHTEIPUPOBAHHA IO Bpe-
MEHH, B OT Pa3HOCTHOH CXeMBl HHTETPHPOBAHHA MO IPOCT-
paHCTBeHHbIM mepeMeHHbIM. Bo3HHKaeT ecTeCTBeHHLII BO-
npoc: KakHMKH KDHTEPHUAMM cleayeT pPYKOBOACTBOBATLCHA
npu BbIGOpe KOHKPETHON pasHOCTBOH CXeMbl, WJH Onepa-
Topa nepexofa T? 3xech Mbl OmpejenNM OCHOBHble IOHf-
THsl, JleXamue B OCHOBE TAKOrO poja KpPHTEPHEB, a B clie-
Iywouwei rjaBe chopMyaHpyeM ux 0oJee CTpoOro s
ypaBHeHHH B YacCTHBIX NpPou3BOXHBIX. OcHOBHBIE CBONHCTBA
Pa3HOCTHBIX CXEM, KOTOpble OyLyT paccMOTpeHbl, MOXKHO
034arJIaBUTL CAEAVIOWHM OGPa30M: CO2AACOBAHHOCTL, TOH-
HOCTb, YCTOUUUBOCTY, IPPEKTUBHOCTS.

1. Co24ac08aHHOCTD PABHOCTHOL anNpoKCUMAUUL

OueBuaHO, YTO B HepBYIO Ouepeab Mbl AOJKHBE MOTpe-
6osaTb, 4TOOH pa3sHOCTHAs CHCTEMa, HJIH cXeMa, HeKOTOPHIM
0o6pa3oM anmpoKcHMHpoBana AuddepeHinua bHYIO CHCTEMY,
T. e. Obl1a ¢ Hell coraacosaHa. [lo cymiecTBy 3TO yTBEpXK-
JeHue cBoguTcAd K TpeGoBaHHIO, 4TOOBI B Ipejene, MNPH
CTPEMJIEHHH K HYJIO IIaroB HO BPeMeHH H IO IPOCTPAHCTBY,
pasHocTHad cucTeMa cosnmana ¢ auddepeHunanbuoin. Tpe-
6oBaHHe C€024aCO8AHHOCTU MOXKHO chOpPMyaHpOBaATL CJe-
Aywolium obpasom:

fim fim TR6A =Ty (2.48)
Aft>0 A->0
At/A->B

3aece L—TO0T Xe auddepeRunanbHBl oOnepatop, UTO
U B ypaBHeHUH (2.33); P — KoHeuHasd BesJuupHa. JlcHO, uTO,
ecad Obl 3TO ycaoBHe He OLLIO BLINOJIHEHO, pPasHOCTHAA
cxema BooOlle He MoOrJa OB CAYXHTb MOJENbI0 paccMar-
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pHBaeMOH 3aJaud ¢ HayaJbHBIMH ycaosusimu. Tpebosanue
COTrJIACOBAHHOCTH MOXHO CYMTaTb Hanbojee (yHAaAMeH-
taJbHBIM. OnHako, yGeqHBIUHCh B €ro BLINOJHEHHH, MBI
ROJUKHBL HPEANPHHSATDL ~ JeTa/JbHOe HCCACIOBaHHE HAPYrHX
CBOMCTB Pa3sHOCTHOM CXeMbl, CBS3aHHBIX ¢ BO3MOXKHBIM Ha-
KOIJIEHHeM OIHOOK M OTKJIOHEHHeM Pa3HOCTHOTO peLieHHs
OT TOYHOTO H3-3a KOHEYHOCTH LIAroB IO BpeMEeHH H IO
NpOCTPaHCTBY.

2. TourOCTb pasHOCTHOL annpoKcuMayuu

TouHOCTL YMCJIEHHOrO pemieHusi, KaK annpoKCHMalnH
pewrenns auddepeHnnasbHON CHCTEMBI, YXYAIIaeTcs 43-3a
HaJIUYls ABYX HCTOYHUKOB ownOOK. IlepBHl M3 HHX, paio-
IHI TaK HasblBaeMble OLIHOKM aNnmpoOKCHMaiuM, Helnocpex-
CTBEHHO CBsi3ay ¢ 3aMeHOH AUPdepeHnHaJbHBIX ypaBHeHHil
X Pa3HOCTHBIMH aHajoramu. Kak Mbl yxe Bujenu B §2—4,
B OCHOBE 3TOM 3aMeHbl JXKHT IPeICTaBJCHHE HENpepbls-
HOIO apryMeHTa JUCKpETHbIM HabopoM Toyek. B cuiy atoro
OWHOKW ANIPOKCHMAIlMM 3aBHCAT OT BEJUYHHB 11aroB Af
H A BpeMeHHOH M NPOCTPAHCTBEHHOH CETOK H HX MOXKHO
Jerko oueHuts. EcrecTBenHo, uro npu Bblibope pasHOCTHOH
CXeMbl YCJIOBHE MHHHMH3AUHH OWHOKH annpOKCHMALHH fB-
JISIeTCST OMHHM H3 OCHOBHBIX.

Bropoft ucTOuHMK OWIHGOK, HAZBIBAEMBIX OLIMGKAMH
OKpyTJeHNs, CBA3aH C TOYHOCTBIO, C KOTOPOI TO HJIH HHOe
3HayeHHe IepeMeHHON 3anwuChlBaeTCss B NAaMSTH BHLIYHCIH-
TeqbHOll Maumnnel. OGbIYHO apudMeTHUeCKKEe OnepauHH Bbl-
nonHsAwTess Ha DBM, B KoTophIX 4HCAa HpPeACTaBJSIOTCS
B 3KCHOHEHUHaAbHOH (opMe, U B UTOre 3TH onepalllu He
ABJAAIOTCA TOUHBIMH. [TOHATHO, YTO BLIYHC/IEHHS, BBHIIOJHEH-
Hble ¢ [ JEeCATHYHbIMY 3HaKaMH, MeHee TOUHBI, UeM Te e
BbIUUC/EHHs!, Bhinoanedusle ¢ {4+ 1 smakamu. Owmnéxa sa-
BHCHT OT TOrO, HAaCKOJBLKO BeJIHKO OKpYIJIEHHe B MJAaAIIHX
paspsizax MaumuHHOro ciaosa. OueHky cymmapHoro 3o¢-
(exTa O OMINOOK OKPYIJEHHs MOXHO Obl0 OB MOJMYUHTD,
IOJNb3YSICh METOJaMH CTaTHcTHdecKoro aHanusza. C Apyroit
CTOPOHBI, B COBPEMEHHBLIX BBIUHCANTEIbHBIX MaMIHHAX UHCJIO0
pa3psnos, U3 KoTopelX (opMHpyeTcs MallHHHOE CJOBO, [0-
CTATOYHO BEJIHKO, 4YTO II03BOJSET NOJAYYaTh pe3yJabTaThi
C HYXKHBIM YHCJIOM JeCATHYHBIX 3H2KoB. M3 storo caenyer,
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4TO. cymMMapnas owmubxka OKpyrjeHHa OOBLIYRO He3Hauu-
TeJbHa.

TeM He MeHee BaXHO OTMCETHUTb, YTO BLINOJXSIEMBIE HA
MalllyHe - apypMeTHUeCKIle ONepalun MNPHHUHIHAALHO He
TO4YHEL. B pesyabTare B MJIaAIIHX paspslax CjaoB, Npen-
CTaBJAAKIINX HCKOMBIE BeJHYHHbL!, HeNpPephBHO TeHepH-
pylorcs olMOGKH B BeJuyuyubax COOGCTBEHHBIX BEKTOPOB pas-
HOCTHOH CHCTEMBI, XOTSi 3TH OMUOKH M KMeEIOT B GOJBLIHH-
CTBE CIyyaeB Majylo aMIIUTYLy. B ¢Bsi3u ¢ 3THM BO3HHKaeET
BOMNPOC: OTPAHHYEHO JTH PA3HOCTHOE pelleHHe, T. €. MOXeT
Ju 11000i1 BO3MOXKHLIA COGCTBEHHBIH BEKTOD PAa3HOCTHOIO
oneparopa HeorpaHnueHHo pactu? C 0oTBeTOM Ha 3TOT BO-
npoc CBA33HO BeCbMa BAXKHOe CBOHCTBO PA3HOCTHOH CXeMBl,
a YMIMEHHO ee CTOUUUBOCT®.

8. ¥Ycroduusocrs pasHoCTHOL cxesbl

OueBugHO, 4TO, €CIM B pe3y/bTaTe NPHMEHEHHs pasHo-
CTHOH CxeMbl Mbl HOJy4aeM HEOTpaHHUEHHOE pelleHHe, NO-
clelcTBUs 3Toro OyayT KaracTpnduuecKMMH, H B 3TOM
cayyae Mbi TOBODHM, YTO TaKas pasHOCTHAs CXeMa YHC-
JeHHO HeycroHumsa. Ecau mofas omubGka BO3pacTaeT BO
BPEMEHH OT IlIara K Liary, TO oHa OBICTPO «CMaxeT» pe-
lleHde U €ro pe3yjbraT OydeT NOJHOCTbIO ofeClieHeH. Y-
JIoBHe YCTOMYHMBOCTH MOXHO CHOPMYJAUPOBATL CAEAYIOIINM
06pa3oM: uuciernoill merod ycroduus, ecau Ha atoboll cra-
Ouu soinucautesvroll npoyedypor morad owubra npuso-
dur k senvwetl Koneurnol owubke. JIoGoli Hcnonb3yeMblit
Ha NpakTHKe YHCACHHDLIH METOA AJA pellleHHS 3a4auH C Ha-
4a/MLHBIMU YCAOBHAMHU AOJXKEH OLITs YCTOHYMBBIM IO Kpai-
Hell Mepe HpH OnpefesNeHHbIX YCAOBUSX.

[Ipexxie uyeM 1aTh KOJIHY4ECTBEHHYIO (HOPMYJUPOBKY
NPHHIHNA YCTOHYMBOCTH, PACCMOTPHM OOBIKHOBeHHOe RHb-
deperuyadpnoe ypasHeHue. B HalleM npocToM HpuMepe
HcKkoMast  QYHKUMA  SABJSIETCH  CKaJisipHON  BEeJHYHIIOH,
n ownbKy, HOSBAMIOMIyIOCT Ha n-M ware (0003HauuM ee
Yepes €"), MOXKHO JIeTKO onpelenutb. Hac uurepecyer se-
AMYHHA €*t! 310fl OMMOKH DPH Tepexoie K HOBOMY wiary
n 4 1; sanumeyM ee B BUAE

‘ grtl = ger, . (2.49)
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Bemuunna g, xotopas Ha3blBaeTcd MHOMKHTEJNEM mnepexola,
HeMOCPeACTBEHHO CBf3aHa ¢ onepatopom mnepexoza T,
a 3HAuHUT, U C BHIOOPOM KOHKPETHOH CXeMbl HHTETPHPOBA-
Hus. Takum o6pas3oMm, MHOXHTEAb [epexola MOMKeT ObiTh
CBsI3aH ¢ OIMMOKAMH annpoKCHUMAaldH B CXeMe WHTETpUpo-
BAaHHA, HO B TO 3Ke BPpeMs OH He yuM1biBaeT OHOOK OKpyr-
JIeHUsI, KOTOPLle MOTYT NOSABMTbCA HA HOBOM Liare 1o Bpe-
MeHd. B cooTBercTBHH €O ¢HOPMYJHPOBAHHBIM BbIILUE YCAO-
BHEM YCTOHYUBOCTH NOTpefyem

lentt <] en ). (2.50)

[MpunnMasi BO BHHMaHHe oOnpelejeHHe MHOXHTeAs mepe-
xo4a (2.49), nepenuwem (2.50) B BuAE

| ge" <<l e"). (2.51)

CnenoBaTenbHo, 4YHCIEHHAs YCTOHYHBOCTb OyRerT HMeTb
MeCTO IPH yCJAOBUH

lglI< L. (2.52)

D10 TpeGoBaHHe HYXKHaeTcs B HEKOTOPOM YTOUHEHHUH JJIsi
Klacca 3adad, AONYCKalOMHX pacTylinme pemenns. [lei-
CTBHTeJILHO, B HEKOTOPHIX (PM3NUECKHX 3ajauax MOTyT BO3-
HHKaTbh DeLICHHH, SKCIIOHEHIHAJbHO pacTyllHe cO BpeMe-
HeM. Torga MOXKHO JIOIYCTHTb HeOrpaHHueHHOE HapacTaHue
OWHOKH MP¥ YCAOBUH, YTO MOCJAENHAS OCTaeTCcAd MeHblie
pacryutero pewenus (cM. § 3). Dror cayuaill HocuT uwacr-
Hblff XapakTep, W B AaJlbHeflleM MBI HCKJIIOYHM H3 pac-
CMOTPEHHs1 KJacC 3afay ¢ PacTYyIIHMH pellleHHAMH.

He npencrasasier Tpyhna pacnpocTpaHHTb —MOHATHE
YCTOAYMBOCTH Ha CHCTeMbl OOBIKHOBEHHBIX AHpdepenuu-
anbHLIX ypaBHeHuft u auddepeHuHaNbHLIX yPABHEHEH B ya-
CTHBIX Npou3BOAHBIX (ra. 3)!'). Hdas cucreMbnl N OGBIKHO-
BeHHbIX audepeHinatbHbX ypaBHeHHH 1-ro nopsizka He-
00X0AUMO OTPENENHTb BEKTOP OLIMOKH &7, KOMIOHEHTaMU
KOTOPOro SBJISIIOTCS OMINMGKH, OTHOCSIIHECH K COOTBETCTBYI0-
INM HEH3BECTHbIM (YHKIMAM CHCTeMBl. 3HAYEHHE BEKTOpa
ouin6ku e"t! Ha HOBOM BpeMEHHOM Iuare [oJy4aercs

) Bosee ctporas GOpMYAHpOBKa M OGCYMAEHHE BOMPOCA COACD-
JRates B Kunre PuxtMaitepa u Moprona [1].
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Teleph YMHOXKeHHeM MaTpulnl nepexoga G Ha BexToOp
ouGKH, B3ATHIA ¢ NPEABIAYIILTO CA0S:

gntl = Ger, (2.53)

Marpuna nepexona 3aBHCHT OT oliepaTopa nepexona
T(A?), KoTOpHIH CBA3LIBaET peIUEHHs B COCEIHHE MOMEHTHI
BpeMenu. JlefcTBUTE/NBbHO, MyCcTh &" — OoWIMOKa B pelleHuH
u™ Ha n-M Ware no BpeMeuu. Torga ypasHenne (2.47) npu-
HHMaeT BHI

urtl fent!l =T (u” + 1), (2.54)

Ouesugno, uto B cayuae, Korga T-— nuseliHbiii oneparop,
matpuna G sxBuBaseHTHa onepartopy mepexoga T. B 60-
Jgee o6UieM HeJHHEHHOM ¢ayyae Mbl OyjgeM HpeAnoJararhb,
4TO BEKTOP OIINGKH MMeeT MaJqylo aMIIHTYALY, 9TO NO3BOJIHT
AUHeapu308aTb ypasHeHHe (2.54), uCNOJb3ys paslioKeHHE
B pan Teisiopa no manoil ownbke, Mmeem

T (0" - ") = Tu" + { -2 (Tu) } e, (2.55)

B 3TOM COOTHOINEHHH NpPHCYTCTBYIOT JHIIb ABA IEPBHIX
wileHa pasnoxenus. IloAcrasnass (2.55) B nmpasylo uacTp
BoIpaxkenus (2.54) M BBHIUKTAA U3 HETO «TOYHOE» peEIUEHHE
(2.47)

utl = Tu",

rnoaydaeMm JYHEHHOe ypaBHEHHE, CBfA3biBalolliee 3Ha4YeHHs
BCKTOPOB OlNOKHN Ha ABYX CJI0SIX BpEeMEBI:

gntl { -2 (Tu) } en, (2.56)

Onepatop B npaBoft WacTH 3TOTO YPaBHEHHA SABJAETCS JHU-
HeHHBIM MATPUYHBIM ONEpPaTOPOM, & CaMO yDaBHEHHE HMeeT
B TOYHOCTH TOT K€ BHA, YTO H ypaBHerue (2.53), c¢ mno-
MOUIbIO KOTOPOro MH OnpeieJuJu MaTpuLy Iepexona.
CpaBHuBasg Mexny co6Gof 3TH ypaBHEHHS, HaX0MUM KaxKs«
Ayio u3 KoMnoHeHT Gy MaTpPHILEB nepexona:

d n-4-1
Gy =~ (2.57)

n
duy
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o

JTOT pe3yJbTaT MNO3BOJfSET HAXOAHTH MaTpHIY mOepexona
nyreM o6bIYHOrO aH(depeHUHPOBAHHUA pPAa3HOCTHRIX Ypas-
venuit (2.47) B cootBeTCcTBRUU C QopMynoH (2.57).

WsBecTHas mMaTpula Nepexoja, oTBedalol(as cxeMe HH-
TErPUPOBAHUA CHCTEMBl OOBIKHOBEHHBIX HAubbepeHUnaNn-
HHIX ypaBHeHHuH, ycraHaBiausaer ¢Bsizb (2.53) mexay sex-
TopaMu OWMOKM Ha HOBOM M Ha [PEABIAYLEM LIarax Mo
BpeMeHH. BosHuKaeT Bompoc O TOM, KAKHM 06Pa3oM MOMKHO
chopMynUpoBaTh IMOHATHE YCTOHUMBOCTH Temepb ykKe He
IAsl CKaJifpHOH, a 1isi BektopHO#l oummmOxu. Ecam ypasHe-
HUe @nlepexofa NpPUBEIEHO K JAHaroHaJbHOMY BHIY, TO
aMINIUTyZa KaXAoro coOCTBEHHOTO BeKTOpa OLIMOKH g
CBf3aHa C COOTBETCTBYIOULHM COGCTBEHHHIM 3HayeHHeM g,
MaTpUus! [epexofa COOTHOLIeHHeM

33+l - gusa. (2.58)

Tenepy HyzHO noTpe60OBaTh, 4TOOLI YCJAOBHE YCTOHNUMBOCTH
OblJI0 BBIIOJIHEHO AJMS aMILTHTYAB KaKJAOTO COGCTBEHHOTO
BeKTOpa OINOKH

183+1]<183| LI BCEX U

HJH (2.59)

lg, |1 nmas scex .

Takum o6pas3oM, yc/aOBHe YCTOHYHBOCTH CBOAUTCS K TpeGo-
BAHHIO, 4TOOB MOJYJAb Ka:KAOr0 COGCTBEHHOro 3HAYEHUS
MaTpHLBl Iepexoxa Obl MeHbLle HJIH paBeH eNHHHUIC.
B o6umeM cayyae coGcTBeHHBlE 3HAYeHHS MATPHIBI Tepe-
X0/la MOryT OBITh KOMIJIEKCHBIMH, H TOrAa IHOj MOAYJAeM
COGCTBEHHOr0 3HAYEHHA NOHUMAIOT €ro aMIIHTYAY Ha KOM-
NJIeKCHOH IJOCKOCTH:

le.|=/(2.2)) > (2.60)

rae g; — BEJHYHHA, KOMIJIEKCHO-CONUPsKEeHHasA gy.

4. IpexTusrocTs pasHOCTHOL cxembl

UeTBepTHIM OCHOBHBIM- CBONCTBOM KaKIOTO KOHKpET-
HOTO 4HCJEHHOTO aJrOpuUTMa IS 3aJayH ¢ Hava/JbHBIMH
ycaoBUaAMH  gBAsiercs  ero  addextHBHocTh. [locKoabky
Jio6ast BBHIUMCAMTENbHAS MaLlMHA 3aTpayuBaeTr Ha BbI-
nonHeHue KaXJAoH oOnepalud KOHEUHOE BpeMsA U HMeeT
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OrpaHHuYeHHyI0 NaMfTh, BOOOILe TOBOPS, HE BCAKYIO CNOK-
HYIO Da3HOCTHYIO CXeMy lenecooGpasHO HCno/b3oBaTb Ha
npakTHKe, 3PPeKTHBHOCTD KOHKPETHOR pPa3HOCTHOH CXeMBl
MOXKHO ONpEeAeNHTb KaK [OoJHOe uuciao apubmMeTHyecKHx,
JIOTHYeCKHX ¥ OOMEHHHIX Ornepalufi, BLINOJHAEMbIX LEHT-
pa’dbHBIM HIPOLECCOPOM -MAalIUHB, AJs NOJVUYEHUS pelleHHsA
Ha xapakTepHOil efnHuLe BpeMeHu 3amauu. C oxHOHA cTO-
poHH, 3(GdeKTHBHOCTL CHUXKAETCS, ecAd HCNoJAb3yeTcs
yCJAO0XKHEHHas pasHOCTHasi CXeMa, ¢ APYrofl CTOPOHBI, NpPH-
MeHeHHe 60Jiee. CJA0XKHOrO aJaropurmMa MmozKer obecneudrhb
JAYUIIYI0 TOYHOCTb. B npakTHuecKux pacuerax mjad noJyuve-
HUS KHU3HECNOCOGHOIO MeTOAa, KOTophlil obnazan 6ul OfHO-
BpeMeHHO Xopouie#l 3(QGdeKTHBHOCTHIO H JOCTATOUHOH TOY-
HOCTBIO, HYXXHO MATH Ha Komnpomucc, Tak, mis pelleHus
IPOCTOH 3aja4yd ¢ MaJablM 4HCJAOM HepeMeHHBIX Tpebyercs
OTHOCHTEJNBLHO HeGObINOe MaUINHHOE BPeMs, YTO [03BOJIAET
B 3TOM cJyvae HCHOAb30BATb CXEMBI BBICOKOI'O MOPAAKA
TOYHOCTH, B TO BpeM$ 'Kak NPH PelleHHH 3axau ¢ OoJabliuM
YHCAOM repeMeHHBIX ObIBaeT 10JEe3HO MOXKepTBOBaThH TOU-
HOCTBIO CXeMbl B HHTepecax ee 3)¢PeKTHBHOCTH.

§ 6. Hurerpuposanne OGLIKHOBEHHBIX
auddepeHuHANbHBIX YPABHEHHH

B atom maparpade M gaapM OnucaHde HECKOJIbKHX
Ba’KHBIX CX€M HHTEIPHPOBAHHA 10 BPEMEHH, KOTOPbIE HACTO
IIPAMEHSIIOTCS I/ HAXOXKIEHHS Pa3HOCTHOrO pellueAus 3a-
JAa4yy ¢ HayaJbHBIMH YCJIOBHMSAMH, U CIAeJaeM 3TO 151 OQHOTO
ANA OBYX CBSI3AHHBIX MeXJy C0Goif 0GhKHOBEHHBIX AHGOe-
peHUMaNbHLIX ypaBHenuil. Hecmorps Ha 1o, YTO H37Iarae-
MEBle METOABl OYAYT HJJIOCTPUPOBATHLCA Ha CTOJAb HPOCTHIX
IIpHMepax, UX MOXKHO pPacCHPOCTPaHHTb HA O0Jee CJAOKHBIE
cIyyaHn, B 4YacTHOCTH, Ha CHCTEMbl YpaBHEHUH B YacTHBIX
NPOM3BOAHBIX M Ha cHCTeMbl M3 GoJbLIOro dHcAa OGBIKHO-
BeHHBIX au(depeHInaNbibX YPpaBHeHu .

HaG6op pasBuBaeMblx HHAME METONOB He SBJAETCS MOJ-
ubiM. Kmeercs B BuAy, 4TO, Ha4aB ¢ HaunOonee MpOCTHIX
CcxeM U mepeHas 3aTeM K 3HaKOMcTBY c¢ GoJiee coBepLieH-
HEIMHA M TOHKHMH MeTOAAaMH, Mbl, TeM He MeHee, OCTaBUM
B CTODOHE OYeHb CJIOXKHBIE CXEMbl U3-3a MX OrpaHHYeHHOH
NPUMEHUMOCTH, '
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Paccmorpum oObikHOBeHHOE IH(bepedlnabHOe ypaB-.

HEeHHe
du

G =0 @61)
ana GyHRunn 4 = u(f) ¢ 3agaHHLIMH HauaJ bHLIMY YCJO-
BUAMH

1 (%) = 10, (2.62)

ITOT mpuMep npeicranaser co6oit wactHHl cayuad mo-
CTaHOBKH 3afaud ¢ hadaabHbIMH ycaosusiMvid B § 4, no-
CKOJMbKY Tenepb B Bblpaxenun (2.61) BmecTo omnepaTtop-
Horo ¢opmannsMa HcnoJjbdyercs (QYHKIHOHANBHBIH. B 00-
eM caydae, Korja HeusBectdas Gyuknusa 4 n Qyukums f
ompeflesieHbl Ha KOMIIEKCHOH IJIOCKOCTH, BMECTO ypasHe-
HHg (2.6]1) Hapo paccMaTpuBaTh Napy CBA3aHHLIX ypas-
HEHHH. :

Kak u B § 4, ypasuenne (2.61) M0OXHO nmpouHTErpHpoO-

BaTb IO BPeMEHHOMY HHIepBaay Af Mexay MomeHTamu &*
H tn-H:

t""“

wit = g — g f(u, t)dt, (2.63)
tﬂ.

At ="t — (2.64)

B 3aBucuMoCTH OT crmoco6a ammpoKCHMAalMH HATerpana
[0 BpeMeHH B npaBofl yactH ypaeHenus (2.63) pasauvaior
HeCKOJIbKO MeTO/0B.

1. Merod Jiiaepa nepsoeo nopadka

[Tpocrefimmii  crnoco®  annpokcHManuu  KHTErpafos
B ypaBHeHHH (2.63) cocrout B 3ameHe NOJBIHTETPaJbHON
Gynxkuun f, uamensioulefics BO BpeMeHM Ha OTpe3ke I,
"<t << ), 3nauenneM 3TOfl QyHKUMA B MOMEHT (*
(bur. 2.6), B peaynbrate uero noayyaeM ajaropHTM, Hasbl-
BaeMbifl MeToAOM Jiijepa:

it — f(u®, £7) AL (2.65)

Meton Dinepa fBJIfeTcs SBHLIM K HMeeT JNUMb NepBLil
NOPSJ0K TOYHOCTH 1O BpeMeHHOMY mary Af. Ero upessul-
galinast npocrora 1 3PQPeKTUBHOCTL OueBHAHBI, HO OCTAeTCH
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OTKPHTHIM BONPOC 06 YCAOBHAX, €CAM TaKOBLIE HMeEIOTCH,
IpH KOTOPBIX OH yCTOHYHB,

Ilpennonaras, 4to €™ ecrtb omiudka Heu3BecTHOH ¢yHK-
IHH 4™ B MOMEHT {", BOCIO/Ib3yeMCSl METOAOM, OHHCAHHBIM
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£1+1
dur. 2.6. Annporcumanus unrerpana | f(u(t), ) df B meTone Dittepa

t
[ypaBrenye (2.65)].

BaWTpUXOBAHHAA 06/1aCTh ANNPOKCHMHpYeT IJIOWIARYH NOL COOTBETCTRYIOUIMM
Y4acTKOM KpHBOH.

B § 5, 119 HaxoXjeHHA pemeHus u™+! yepes OAMH IIar o
BpeMmenH. M3 ypaBHenus (2.65) umeem

W e =y e — F((u" 4V, ") AL (2.66)

INycts e wmamo. Toraa, pasnaras o¢ysruuio f(u)==
== f(u" 4 ¢e?) B pan Teflnopa B OKPECTHOCTH 4", HMEeM

Ft et ) =f @, )+ 2L &"Foleh). (2.67)

Hcnonrsys ypaBHenue (2.65), nmomyuaem aasti HOBOro 3Ha-
YeHHA OWHGKA COOTHOUIEHHE

entl = gh — _g;fT ln Ate” + o0 (e"), (2.68)

M3 KOTOPOrO HENOCPEeACTBEHHO CJeNyeT BhIpaKenue s
MHOXKHTE/IA nepexoAa B MeToze Diiepa:

T og=1-Z| (2.69)
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Mmu 6ynem pasauuaTe TPH Kjacca ypaBHeHuil: ypaBHe-
HHSl «C 3aTyXxaHueM», And Koropeix Of/du > 0; «c napacra-
HHeM»: Of/0u << 0 W ypaBHeHHS <OCHUJJIATOPHOTO» THIA.
B nocinepHem cayuae QyKUHS 4 KOMIJIEKCHA M YAOBJETBO-
psieT cHCTeMe IBYX CBfI3aHHBIX YpaBHEHUH, npu 3tom Of/0u
ABAfAETC uucTo MHMMoH BeauunHo#. IlotpeOyem BriMiie-
IIM YCJOBHAl YCTOHUYHBOCTH AAs cxembl (2.62). B neprom
caydae JJisl ypaBHeHuil ¢ 3aryxaHueM (0f/0u > 0) umeem

: ,
2L A<, (2.70)
2

A< SraT

(2.71)
Taxum o06pas3oM, 3To ycaoBue ONpPeRe/]sieT BEDXHIOW Ipa-
HHIY AONYCTUMOIO Lara no BPeMeHH, HO3BOJANOLLero Mo-
Jayuath ycroftunsoe pewleHHe., Ecau BuIGpaHHBIN Liar mno
BpeMeHH Al Gosblie 3TOH Beauuuubl, HabJaOgaeTCs Heorpa-
HUYEHHBI POCT OWIHKHOGOK M MeTO[ OKa3blBaeTcsi «HEeyCToli-
yuBbIM», Chaefgyer oTMeTHTb, 4TO MeTOA Jiljepa, A KOTO-
poro Mbl TNOJYYHAN YCJAOBHUSA YCTOHYMBOCTH, OY€Hb HacCTO
npuMeHsieTcss B (PH3MKe /15 pelleHMS HeJUHeHHBIX ypas-
HeHuil. B HameM nopxome Mbl JHHEAPH30BAJIH 3a7ady, pac-
CMaTpHBas Manoe OTKJOHEeHHe & OT H3BeCTHOTO napamMerpa
u™, B pesyabrare 4ero OBLIO NOJTY4YeHO JnHEHHOe ypaBHe-
HHe, CBsisbiBaWIlee e+l p gn,

B xauecTBe npocTOro npHMepa, WIIIOCTPHUDPYIOUIEro Me-
TOH, MOXKHO PAaCCMOTPETb ypaBHeHUE

du u

C HaYaJbHBIM yCJIOBHEM
u(0)=1, (2.73)

Tie T— HEKOTOpasl NOCTOAHHas, DTO ypaBHeHHe BO3HHKAeT,
HanpuMep, B GH3HUECKON 3amaye O 3aTyXaHHM 3IEKTpHUe-
CKOTO TOKa B KOHTYpe € HHAYKTUBHOCTbIGC L M compoTus-
JgedueM R, u torza v = L/R. Ouno nosBasiercs 4 B 3a1ayax
0 pafMOaKTHBHOM pacnaje, B KOTOPHX GYHKLHS 4 €CTh
NOTOK HEHTPOHOB OT PaAHOAKTHBHOTO HCTOYHMKA, @ T — Ie-
pHOJ mnoJdypacmalia pajHMoaKTHBHOrO MartepHana. J10 XKe
ypaBHeHHe OIHCHIBAeT 3aTyxaHHe CpeJHer0 HMIOyJbca
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57€KTPOHOB BCJACACTBHE CTOMKHOBEHH B 30He MPOBOLUMOCTH
MOHHOH pemeTKH. V3BecTHO amanuTHYeCKOe peluenue:

u==e-tn, (2.79)

Yro6el npouamocTpupoBaTe MeToA Diiepa, GyaeM HCKATb
peli€Hye ypaBHEHHS «C 3aTyXaHHEM» HO ABHOH pasHOCTHOH

’

4 -
1AD207T
,/ Heycmoliuuaoe pewenue

=

at=207,
Heumpanvho
/ yemotluusoe peuierue
/ it
: /
/
/
1
7
N

@ur. 2.7. Peweunst ypaBHeHHs ¢ 3aryxamneM (2.72), moayvennne no
MeTony Disiepa.

T1poHAMIOCTPHPOBAHL TPH cAyyas, COOTBeTCTBYIOIIHE UHCJICHEOMY yCTORYUBOMY
(At==0,17), HeAiTpasibHO ycToKuusoMy (Af==2,07) ¥ neycToftyusomy (At > 2,07) pe«
LWeHHAM (eM, Ta6a, 2.1}

cxeme nepporo nopsaxa (2.65). M3 cooBpaxenufi ycroiui-
BOCTH Mbl JOJ/UKHBl BHIOUPATh LIard MO BPeMEHH B COOTBET-
cTBUH ¢ ycaosueM (2.71). Hasa pannoro rnipumepa

R

du

n T

At < om. (2.75)

3anauya 3anuchiBaercs B Oe3pasMepHoOll Qopme, NIPH 3TOM
B KauecrBe eAMHMIH BpEeMeHH { MCIOJNb3YETCS NMepHoj mo-
aAypacnaaa v. PesyabraTel Tpex pelleHHii Takoil 3ajpauH
npuseneHsl B Tabn. 2.1 u nokasauel Ha ¢ur. 2.7. B cayuae
KOTa yC/lOBHe yCTOHYMBOCTH 3aBeAOMO BHINONHEHO (Af==
= 0,1 1), pelleHHe HOCHT peryJspHHIH XapaKTep Ha KaX-
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JIOM BpeMeHHOM 1uare W, KaK Jerko BHIETb, XOPOLHO am-
npokcuMupyer TouHoe pewenue (2.74). [lpu ucnoan3osa-
HAH OGOJIbLIEro0 INara TOYHOCTb DELIeHHS IIOHHIKAETCS, XOTH
04O BCe ellle OCTaeTCA peryAspHLIM B CMbic/e cJeAoBaHud
TOUHOMYy pewienuio. Ecau xe Mbl BeiOHpaeM mar no Bpe-
MeHH Ha TrpaHulle ycTofiuMBocTH, T. €. Af = 2,0 1, To peme-
HHe He OOHAPYXKuBaeT HHUKAKOrO CXOJACTBA C TOYHBIM, HO
B TO e BpeMfl 4™ OCTaeTcsd OrpaHUYeHHBIM M[PH YyBeJaHue-
HHH n, # B TOM CAyuyae TOBOPAT, 4TO pelleHHe fABAAETCA
«nefitpanbHo ycrolumBniM»., OnHaxo B TpeTbeM NpHuMepe,
Tle KPUTEPHH YCTOAUHMBOCTH CyLleCTBEHHO HapymeH (Af >
> 2,0 7), yXe uepe3 HecKOJBbKO LIATOB 110 BpeMeHH HabJi0-
Jaetca KaTtacTtpoduueckHil poCT pelleHHs U OHO YXKe He
IMEeT HHKAKOTO OTHOWeHHs K TouHoMy. OueBuano, 4TO
YCTONUUBOCTh fBJASETCA (PYHAAMEHTAJNbHBIM CBOHCTBOM pas-
HOCTHOH CXeMBl M BbIIIOJHEHHe BceX YCA0BHH yCcTOHUHBOCTH
BCerna moaXHO ObITb FapaHTHPOBAHO,

Tabauua 2.1

Pemenne ypapuesun ¢ satyxanuem npn u”t! = g” — Atu”
H
YeToftunsoe y:foryf’:;;(?eo Heycroftuusoe
Tognoe pellegve peiuene pelesye pelnenve
At =0,1(%) At =20 (V) At=10,0 . O

#(0,0)=1,000 }£=0,0 u4°=1,000 [¢==0,0 «®=1,0 (=70 u’=10

u (0,1)=0,9048 0,1 u'==0,9000f 2,0u'=-1,0 10,0u'=—9,0

1 (0,2) = 0,8187 0,2 u®>=0,3100 4,0 u2=1,0 20,0 u?=81,0
u(0,3) = 0,7408 0,3 u*=0,7290 6,0 u¥=—1,0 30,0u’>=—729,0
u(0,4) = 0,6703 0,4 ut==0,6561
1 (0,5) == 0,6055 0,5 u5 =0,5895
u (0,6) = 0,5488 0,6 u%=0,5306
u(0,7) = 0,4966 0,7 u’ =0,4775
u{(0,8) == 0,4493 0,8 ut=0,4298
u (0,9) = 0,4066 0,9 u®=(,3865
u(1,0) = 0,3679 1,0 u'°=0,3481

Ha sToll cTagnu monesHo paccMoTperb APYroH npumep,
a HMEHHO ypaBHEHHE OCLUHJJISATOPHOTO THIIA, AJAS KOTOPOro
B ypaBHenun (2.69) ana MHOXUTend Hepexola B. MeToAe
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Ditnepa napamerp 0f/0u siBasieTcs yucTo MHHMBIM. Ilpo-
CTeHIIMM TIPHMEPOM TaKoTO poAa siBjsieTcAd ypaBHEHHe
IIPOCTOTO TFapMOHHYECKOrO OCUMANATOpa C COOGCTBEHHOMN
yacToToll ©

Lot ot =0, (2.76)

rie, Kak o6blyHO, X MNpeAcTaBasieT Co60H OTKAOHEeHHe OT
HOJIOKeHHs] paBHOBecuA. BBoasl ompenesexsHe HOPMHDOBAH-
HOH CKODOCTH U, MOXKHO CBeCTH ypPaBHeHHe BTOPOrO IO-
panka (2.76) x nByM ypaBHEHHSM IepPBOrO NOpHjKa:

dx

~F T ev= 0,

o 2.77)
—a—t' + ox=0,

PaccmarpuBan 3ajauy Ha KOMIVIRKCHOH INIOCKOCTH # ==
== X - {0, 119 YHKUHY 4 [OJyYaeM ypaBHeHHe

2 3 ou=0. (2.78)

B arom fIpuMepe MHOXHUTEAD NEepexona fABAACTCA KOM-
IIJICEKCHBIM !

g=1—ioAt (2.79)

B srom u Gonee obuiux caysasx, xorxa napamerp 6f/du
ABJISETCH MHHMBIM H, CJe/0BaTelbHO, MHOXKHTENb Nepexoaa
g upexacrapiafer cofoil KOMILIEKCHYIO BeJu4YHHY, AJaH HC-
ClefloBaHus MeToga HA YCTOHYHMBOCTE MBI JOJIXKHLI pac-
CMaTpuBaTb MOAYJAb MHOXuTens nepexoma (2.60) Ha xoM-
NJIEKCHOH 11JI0CKOCTH

— gt e 9F
lgP=gg'=1+|5;

? AL, (2.80)
LR

Monyabr MHOMXHTens1 nepexoia npy JIOObIX 3HAUeHHAX Bpe-
MEHHOro miara Bceria OoJsblie €IMHHLEI, U NO3TOMY MeTOx
Dilnepa He NPHMEHHM K PelIeHHIO YPaBHEeHHH 4HCTO OCUUJI-
JATODHOTO THIIAa M ABAAETCH 34eCh 0€3ycJOBHO HEYyCTOH-
YHBHIM,

B Gonee cioxupx npuMmepax HeduHeliHbIX 3aJad NPOU3-
BojHast 0f/0u ectp QyHxuus or u. CaenoBaresbHO, YTOOH
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VIOBJAETBOPHTb, €CIH 3T0 BOOOGIIE BO3MOXKHO, XKPHTEPHIO
yCTOHUMBOCTH, HeoOXOLHMO Ha KaXIOM CJOe 10 BPEMeHH
onpenensTs BeanuuHy mara Af. Takum o6pasom, B onTH-
MaJbHOM peIUeHHH IIal 10 BpeMeHH sBafercs (yHKuuei
BpeMeHH.

Mu y6Genunnce, uto, mo KpailHell Mepe Ans ypaBHEHuUi
C 3aTyXaHHeM, IJIf HOJyYeHHH YCTOHYHBOCTH DpelleHHS Me-
TOgOM OJDi/epa Mbl JOMNKHBI BBHIOHDATh LAl IO BPEMEHH
IOCTaTOuYHO MaawiM. Ha KOHKpeTHOM InpHMepe MBI IOKa-
3aJH, YTO pellleHHe TeM TOYHEe, YeM MellbIle HCNOJb30BAH-
HHIl IIar no BpeMeHH. Metox Diinepa uMeeT JHLIb NepBbIH
MOPSANOK TOYHOCTH NO Af, U BO3HHMKAIOWIAN NPH €ro fpHMe-
HeHuH omubga CBA3aHA ¢ annpokcuMalue#t uHTerpana
B ypaBHenun (2.63) ¢ noMollbl0 3aMeHH MOJBIHTErpab-
Hoft dyuxkuuu [ Ha ee 3HayeHHe B MOMeHT Bpemenn t*, [lo
CYILECTBY MBI HCHOJb30BaJH JHIb }-¥ wieH pasioXeHus
noAbIHTErpaabnoll ¢YyHKRUMA B psaa Tefsopa (2.42). Perue-
HHe MOMKHO YJAYYLIHThb, €CJH YZAepXaTb B PacCMOTpPeHHH
clefiyiouife YJTeHH pasioXKeHHd, U B 3TOM Cjaydyae [OABIH-
TerpajbHOe BBIPaKeHHE HAa3blBaeTCs <UEHTPHPOBAHHBIM I10
BpeMeHn>.

2. Metod «c nepewiaausanuems

Onvn U3 pacnpocTpaHeHHBIX METOZOB LEHTPHPOBAHHS
0 BpeMeHH MOAbIHTErpadbHOl (QYHKIHME B ypaBHEHHH
(2.63) u, caegoBaTenbHO, MOAYYeHUS 2-r0 NOPSAAKA TOUHO-
CTH OCHOBBHIBAeTCSl HAa TNPHMEHEHHM <«JABYXCJIOHHOro» ajro-
purma (dur. 2.8). Bynem onpenensiTb NPOHSBOAHYIO 1O
BpeMeHH cpasy Ha YABOEHHOM BPEeMeHHOM HMHTepBaJje W HC-
NIONb30BATh NIPOMEXYTOUHBIH INAT IO BPEMEHH IJs HaX0X-
AeHusl WHTErpana or f

Ha n41 mare o't =u"""—F(u", 1*)2A8,
ua n+2 mare u"VP=u"— (", ") 24z

B cBow ouepenn u™t! m unt? MOKHO HCHOJNB30BaTh AJS Bbi-
4ncaeHus u™t3) mostoMy aas GoJablueil HATASIHOCTH 3TOT
MeTOJi HashBAlOT MeTOAOM ¢ NepemaruBanueM. Ero oue-
BUAHBIMH JOCTOMHCTBAMH SIBJIAIOTCS MPOCTOTA H BO3MOXK=
HOCTb IOJYYHTb BTOPOH MOPAAOK TO4YHOCTH mo Alf,

(2.81)
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OaHako npW HCTOAB30OBAHHH 3TOTO METONa BO3HHKaeT
HeKoTopasi TpyaHocTb. [lockosbky coOTBeTCTBYIOUIME Tpa-
HUYHbIE YCJOBHA ONpefessiior auils Beauuuny u® = u(0),
Mbl JOJIKHBEL, YTOOB NPOABHHYTLCA [0 BPEMeHH, HaHTH
u!' = u(At). OueBuAHO, 4TO MOMKHO OHPELCNHTH U!, cKa-
KeM, no MeTOAy Jillepa n 3aTeM BeCTH AajbHeHIIHH cyeT
no cxeme ¢ nepewaryBanueM. OgHako oOkaspiBaeTcsd, uYTO
HHTETpPadbHas TOYHOCTb pelleHHs MO 3TOH cxeMe SIBJsieTCS

£ /

!
|
1
)
1
i
i
i
)
X

t”4 P tn+1tn+2

PLES
Qur. 2.8. Anupoxcuvanus uHTerpaia |. f(u(t), ¢)df B merone ¢ nepe-

waruBanueM [ypasnenus (2.81)].

O4€Hb UYBCTBUTEIbLHOH (YHKIHEH# TOUHOCTH, € KOTOpO#l

npedeneno «'. Ilas MHHEMMH3auMH DOJHON OMIHOKR BeaH-
YHHY &' NPHXOAMTCA HAaXORMTH € GOJiblell TOYHOCTLIO 1N
nyreM ApoG/eHus MepBOr0 BpeMEHHOro HHTepBaia Af, man
HCN0Ab3Ys OOJee BbICOKHE UWiEHbl PA3JI0MXKEeHHUs.

Ilpyrast TpyaHocTb B cXeMe C NepellaruBanueM HOsiB-
AseTCA [PH PEIICHHN HelAHEHHBIX 3amau, Korja A yMeHb-
mienust OmMnOOK HCHOABL3YyeTCs NEPeMeHHBH liar Ho Bpe-
MeHn. B stom cayuae cxema yxe He SIBASieTCH LEHTPHPO-
BAHHON N0 BPeMeHH M MOTYT BO3HHKHYTh OCJOXKHEHHS.

[Tpexne yem nccienoBaTh YCTOHYHBOCTH CXEMB C nepe-
miargpanueM, 3aMeTHM, uto 0Ge (QOpMyJabl B aaropHTMe
(2.81) B3anmosamensiembl. [lo-npeXHeMy npHMEHHM HC-
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NONL30BABINUACA B NPeAbAYIHX naparpagax Meton aHa-
JAu3a YCTOHYUBOCTH, OAHAKO Tenepb OKA3bIBAIOTCS CBA3aH-
HBIMHM MeXay coboit ownbku e, €7, el oTBeyamline
Cpasy TpeM BPeMeHHBLIM CJIOSIM: ' -

grtl = g1l - L (2.82)

Taxnum ofpasom, : : .'
. 5 -
gt=1—2L | 2 Alg, (2.83)
g=—ax+/(@+1), (2.84)

rae o == df/du|, At. B cooTBeTcTBUHH C TeM, YTO HCHOJb3Yye-
MBlfl MeTOx maeT 2-fi MOPANOK TOYHOCTH, ypaBHEHHE AJS
MHOMKHUTEIN [Eepexoaa HMeeT ABd KOPHS M IS HEOCLH/JIsA-
TOPHBIX ypaBHEHHH MOXYJb OJHOTO H3 3HAYeHHH MHOXKH-
Teas nepexona Bceraa Ooablle eauHAnel. [losTomy cxema
C flepellaruBaHHeM OOBIYHO He HCIOJbL3YeTcsl [PH pelueHuH
ypaBHeHHI ¢ 3aryxaHHeM uau HapacranueM. C npyrofi
CTOPOHBI, /5l ypaBHEHH, OMNHCHIBAIOWIMX KoJeGanus [Ha-
npuMep, aas ypasueHus (2.78)] ¢ uucTO MHHMOH BeauuH-
HOH o, MHOXKHTEIb Ilepexofa g SBJSETCS KOMIJIEKCHBIM
I, eCAM o MaJjdo, MOAY/Ib MHOXHTEIS Hepexoga TOXze-
CTBeHHO paBen egwnuue, Ilyets o = if, rae P — neiicTsu-
TenabHasl BeqnynHa. Torxa

g=—ib=V(=pF+1),
gg"=1 (ms B 1). (2.85)
Ilnsa uactHoro cayuas JBYX CBA3AHHBIX TapMOHMYECKHX
vpaBHenufl [ypaBuenue (2.78)] rpeGoBaunne ycromeocm
hopMynupyercsa caeAyIOLHM 06pasoM;
P=o0 A,
At < 10 ) (2.86)

I 3mech Ans coxpaHeHHs ycroﬁqnsocm war no BpeMeHH
ROJKeH OBITb MeHbIUe XapaKTepHOro BPeMeHM Ipollecca,
KOTOPHIl OnmMCHIBaeTCs HAIUMMH ypaBHeHHsMu. B paccmar-
pHUBaeMoM clydae poJb XapakTepHOro BPeMeHH HrpaeT Be-
JiMunHa, oOpaTHas coOCTBEHHON dYacToTe OCHHJIATOPA.
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TlponeMoHCTpUpYeM YyKa3aHHEeE BhHILLE CBOHCTBA # crie-
nuduueckHe TPYAHOCTH CXEMBl € nepeliarMBaHHeM Ha MNpH-
Mepe ypaBHeHHs ¢ 3artyxaHueMm (2.72). 3amerum, 410 B CO-
OTBETCTBHHM C ABYXCJAOHHEIM ajroputmom (2.81) mnepemen-
Hble BeJHUMHBI, ONpeleJeHHbIE HA UeTHBIX COSIX C HHAEKCOM
2n, cnabo cBfi3aHbl ¢ TepEMEHHBIMH Ha HEYeTHBIX CJ0SX
2n 41, u HaoGopor., OGo3HaUUM nepeMeHHYIO Ha YeTHOM
cnoe uepes &, a Ha HeueTHOM — uepe3 {. Torma, 6e3 notepu
OGUIHOCTH, aNFOPUTM CXeMEl ¢ Nepemarusanuem (2.81) aas
ypaBHeHHst ¢ 3atyxaHHeM (2.72) MoXHo nepenucatb cle-
oyloliuM o0pasom: o a

g?n = §2n—2 — §2n-—l _._.Tt s
2n_.2_A_t_,

T

(2.87)
ntl = p2n-1

DTH ypaBHeHHS 3KBHBAJIEHTHB JABYM CBSI3aHHBIM jaudde-
peHIHaMbHBIM ypaBHeHHAM 1-ro nopsnka:

dag ’ Lo

t ’ (2.88)
a3 3 U
“Ft==0

CKJIa,ZIbIBaSI U BBIYHTAA 3TH YpaBHEHHUA, NOJyYaeM BbIpAXKE-
HHA OJIS HOpMAaJabHbIX MOJX CHCTEMBbI

d E+0
4 ery+ Do, (2.89
2 e—p—LB—o. (2.90)

T
Ileppast W3 3TuX MOA; HpPEACTaBAsEeT HCKOMOE pelleHue,
yAoBJeTBOpsiolllee HCXOAHOMY auddepenuvanbiomMy ypas-
Henuto 1-ro nopsinka. OgHako BTopas MOAa He COTJacyeTcst
C HCXOAHBIM YpaBHEHHeM, H, C/JeJ0BaTe/]bHO, B CXeMe C mne-
pelllarnBaHueM MOXKeT MOfBUTbCH JONOJNHHTENbHAsS, NOCTO-
POHHSIS MOZA YHCTO BBIYMCIUTENLHOTO IPoHCXOXKAeHus. Ecan
HE NPEenATCTBOBATL €€ PA3BUTHIO, 3TO Heu30eKHO NPUBEILET
K OosbIINM OWIMOKaM B PeIieHHH H MOXKHO OyaeT OXKHAAThH
CHJILHBIX OCUMJNAUMH MeXAy IepeMeHHBIMH Ha 4YeTHBIX
¥ HEeUYeTHbIX cJ0AX ceTKH. YUToGel cHu3uth 3dderr napa-
SHTHOH MojHl, CAEAYeT KaK MOKHO TOUHES HaxOAUThL 3HA-
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ueHHst GyHKuMM u#! Ha nmepBOM Liare, IOCKOJBKY BeJHUHHA
KaXKJo# MOIbpl ONpelpessiercy <«HAYaJbHbIMH YCJOBUSIMUY»
u uou',

CyMmmHpysl cKasaHHOe, Mbl BHAHM, YTO B CXeMe C Iiepe-
HmiaruBasueM 2-f NopsAA0K TOYHOCTH MOXKHO NOJYYHTh C IO~
MOIIbI) YPe3BbYaHHO TPOCTOr0 pPA3HOCTHOrO aJropHTMa.
Ilpn atoM, opHako, HeoGXOQUMO YUYHTHIBATH, BO-IEPBHIX,
TpeboBaHud, HajJaraeMble KpHUTepHeMm YCTOHYHMBOCTH, H, BO-
BTOPBIX, — 0COOE€HHO B HEJHHEHHOM cJyuae H AJ5 HeOCIHJ-
JSATOPHBIX YDAaBHEHUI — PUCK BHeCeHHH MOOOUHOM BHIYHC-
JUTENLHOH MOABl, KOTOpPash MOXeET Cepbe3HO HCHOPTHTb
pellleHre,

3. S sHolil Osyxuiaeo8bili meTod

I/IILeH 3TOTrO qpe3BbmaﬁHo IIOJIE3HOTO MeTOJa, HMEIOHIEro
IWHPOKHe IIPHJOKEHHA, 3aK/JAOUAETCd B LEHTPHPOBAHHH IIO
n+l

BpeMeHy HHTerpasa S fdt B ypasuenmu -(2.63) c no-
n

MOLILbIO HEKOTOpDO# JBYXWAroBoi mpoueayps (dur. 2.9).

JIByxiaroBelii MeTOn HCIOJAbL3YET HABHBIL Meton Jinepa

B KayecTBe NEPBOro Liara Ajsl HoJydeHUs QYHKUOHH # Ha

NPOMENKYTOUHOM 1are (n+':;

ute =y — F (4" ¢

— APOMENCYTOUHOE petlerue;
1 1 1
Wt =yt — (TR, ) A (2.92)
— OCHOBHOE petieHue. '
3HaueHUs u™*'2 GBJSAIOTCA NPOMEXKYTOYHBIMH H He HC-
110JIb3YIOTCS TIoc/Ae MOMeHTa BpeMeHy ¢+, Ilpuvenss pas-
paboTaHublll Bbille METOJ HCCAENOBAHHS YCTOMYHBOCTH, MO-
JydaeM COOTHOIUEHHe, CBfi3blBaloUlee OWIHMOKY Ha JIBYX

CJI0SIX 1O BpEeMeHHU: : 5 A
0 ¢ n
+1— T— 9| At
g" & {l 30 |, 2 }e ,

A
") S (2.91)

2.93
g=1-—a+—2—a2, ( )

rae a=% nAt.
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CHoBa mas- cayuyas df/du >0 ycTrORUMBOCTL HMeeT MecCTO
AUb [PH AOCTATOYHO MAJIOM LIare no BpeMeHH:

2,0

[TpnMeuatenpno, 4TO JABYXIAarosyio GopMyJay MOKHO
NOJNY4YHTh HeNOCPeACTBEHHO U3 pasjoxenust untl B psig

/

1 f”"Ji Pt

1

®ur. 2.9. AnnpoxcuManus HHTErpaja J f(u(t), $)dt B nByxmarosoM
t

merone [ypasmenus (2.91), (2.92)].

n .

Ha nepsoM mare 1as <«ueHTpHPOBAHHS 110 BpEMEeHU» HuTerpaja npw ¢ +! uenont.

3yercst Metold Jfinepa (o6aacTb, NOKPHITAs ToukamH), [Ha sTOpOM wiare ZocTHraeTes

annpoKCcUMauBs NHTerpaja co BTOPHIM NOPAAKOM TOUHOCTH (3aiUTPHXOBAHHAA 0G-
JACTh).

Tefinopa no Bpemennomy wary Af B OKpecTHOCTH 4?, of-
HaKo yno0Hee HCHOJb30BATh €e B HANHCAHHOM Bhllle BHJE.
B neficTBHTENbHOCTH METOA MpejcTaBiseT co0Oil 4acTHbI
AByXcaoiubiit Bapuait MeroxoB Pyure — Kyrtra [5].

4. Heasuoui merod 810p020 nOpadKka TOUHOCTU

B Tpex BhlIIONMHCAHHBIX MeTOJAax pelleHue Aas1 QYHK-
IHH [I0JYYaeTcsl Ha KAXAOM Liare no BPeMeHU B ABHO#
(dopme, u BCerAa AOJKEH BHIMOJHATLCA KPHTEPHH yCTOHUH-
BocTd, B npocThix OOBIKHOBEHHBIX AupdepennvaIbHbIX
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ypaBHEHHSX 4acTO.GbIBAET NOJE3HO HCIO/Ib30BATh HeABHbIA
MeTOJA, B KOTOPGM HHTerpana u3- ypasHenana (2.63) onpene-
JIeTCs C TOYHOCTBIO J0 BTOPOro MNOPSAKA NO BPEMEHHOMY
wary Af ¢ HCHONb30BaHHEM YCPeLHEHHUS NOJAbIHTErpatnHoH

1

®ur. 2.10. Annpokcumauusi HuTerpaia f f(u(t), t)dt B HesBuOM
n

MeToxe BTOpOro nopsika (2.95).
Jina dyukuuu f rcnosb3yercsl ycpelueHHe NO BpeMeHH,

dyHkuun [ mo BpeMeHH MeXAy BpEMEHHBIMH CJaOsiMH (™
H nH (dur. 2.10):

et — {0 ) @ AL (2.05)

OueBHIHO, YTO 3TOT METOX HMEeT BTOPOH HOPAAOK TOYHO-
CTH, U Mbl 3aliMeMCHA HCCIeJOBaHHEM ero YCTOHUMBOCTHU:

__ of At ik At
gh——l_—é—u—inT_W n+1—'2—g, (296)
_or| A
0 2 a
g= af” CRT (2.97)
SRy W

Has ypasmenus c 3atyxanmem (9f/du > 0) moxpysb MHO-
JKHTeNd Tepexoma g BCerja MeHbLIe HIM paBeHeAHHHILE,
a AJasi OCUMJIJASITOPHOrO YpaBHeHws, rie Of/0u — MHuMOe,
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Tabauya 2.2
MeTtoan HHTErpUpoOBaHHA OGHKHOBEHHHX AHMdepeHUUANDHHX
ypaBHeHult, 3aBUCALHAX OT BPEMEHH:
du
T f(u, =0,
of

7 n 4n — 1
rae fP=f(u" t") n a 34 nAt

Meron AsiropuT™ MuoxHaTens nepexona
L. Merox Bii- ynti— yn — Ay g=1—a
Jaepa Ycrofuur a1 ReRCTBHTENBHLIX

d
@ npH At<2/35— i

HeycTofiune aad MHHEMBIX O

e = O (Af)
2. Meron ¢ ne- yntl =1 2 At g= —a=x Aol F1
pemarasa-  HeycToAuHB I AeliCTBHTENb~
HHeM HHX O

Yerofiyur  gas MHEMBIX O

al
npu At < 1/ Su
£ =0 (Af2)

n

3. dayxuwaro-  yat'h— y — " Ag/9 g=1—a+"at
Bl METOX ntl.__ . fﬂ+'/z Af

Yerofiuur  aas RelfCTBHTEAb-

HbIX O
of
npu Af 2/~
p = u |n
Ha rpanune ycrofiausocty npu
MHHMBIX
e =0 (A?)
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ITpodoanenue raba. 2.2

Mertop, Anroput™m MroxkuTesb nepexona

4. Hearumi n41 n 1 n41 g>= (1 =—a)/(l 4+ a)
MEeTOI u =u —'—2—(fn+f )At

Yeroliuus pJisi MHEMBIX O IpH

Bcex Af

Yerohiuur aas JeHCTBHTENbHBIX

¢ npu Bcex Af

e =0 (A#?)
5. Merog, 1 _ 1 3
Anamca — wtl=y" '——2—(3f" — i) At g=5—7¢ *
Bamdopra

Yeroliuur g AEACTBUTEJBHHX | /\/ 9
of (
a upH At<l/—a .

Ha rpaeune YCcTORMUBOCTH NpH
MHHMEX O
e =0 (Af?).

MOJYJAb KOMILIEKCHOTO MHOXKHTEJAs mNepexoja paBeH eau-
gune. ChenoBaTesqbHO, B 3THX OOMUX CJAy4asX MeTo] fB-
JgsieTcsi 6e3yca08HO YCTOUYUBLLA.,

$lcHo, uTO Meroj, SIBAAIOMIHICS YCTOHYMBHIM BHE 3aBH-
CHMOCTH OT BhIOOpa Iuara no BpemeHH, obGsjamaer 6o/b-
IIHMH [PEeNMYHIECTBAMH, OCOOEHHO B CJOXKHBIX H HeJHHeH-
HpIx 3anauvax. OJHaKo 3TO NOJNe3HOe CBOICTBO JOCTHrAeTcs
1HeHOH HEKOTOpHIX anreGpanueckHx CJAOXKHOCTeH, Tak Kak
Ha KaXJOM Iluare 1o BpeMeHH HOBoe 3HayeHue u™*! mcko-
Moil QYHKUHE BXOAHT B PA3HOCTHOE YPaBHEHHe HEsIBHHIM
obpazom. Taxum o6pa3oMm, Ha KaXKAOM liare Mo BPeMeHH
IFY)XHO pelllaTh, BO3MOMKHO, COBCEM He Ipocroe ajarebpau-
yeckoe ypasHeHue. Ecan QyHkuusi [ He SABJAs€TCA CJIOKHOM
(yHKUHEH 3aBUCHMON IepEeMeHHON, TO MOXKeT CYLIeCTBO-
BaThb NPOCTOl METOJ ajareGpandyecKoro OThICKaHHus u™tl, Ho
€CJ¥ 3TO He TaK, TO JJIs HOJNYUYEHHS COIVIaCOBAHHOTO pelle-
HHST MBI JOJDKHBI Ha#TH HTePanUOHHYI0 (dopMmyry.
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B stoM maparpade Mul pasBUAYM PAN BaXKHBIX METO0B
HHTErpyupOBaHUsA NO BpeMeHH, H WMEHHO NPOCTOTa 3THX Me-
TOJAOB MO03BOJIsIeT HCMOAb30BaTL HX B Gojiee C/AOKHBIX 3a-
Jauax. CyliecTByeT MHOTO CJAOXKHBIX METONOB, HO HX MPH-
MEHHMOCTb K DEIIEHHIO YPaBHEHHH B 4acTHBIX MPOM3BOAHBIX
orpaHuyeHa, a Halleli LeJbI0 OBLIIO NMO3HAKOMWUTbCS B OG-
IUHUX HYePTaX ¢ NONEe3HBIMU cXeMaMU, a TakKiKe ¢ MeTOANKoH
Hx HccaenoBanus. Kpatkaa ¢Boixa MerojoB HHTerpuHpoBa-
HHSl OOBIKHOBEHHBIX IH(p{epeHuranbHbIX ypaBHESHHAH MNpel-
ctasgaena s taba. 2.2.

§ 7. OGbiknoBenHbie nudepenuHaNbHbE yPABHEHHS
BBICIUHX NOPSIKOB

B BoiuncautenbHOll (U3HKe PEIKO IPUXOIUTCA HMeTh
IeNo ¢ pellleHHeM JHLUb OTAEMLHOr0 OOLIKHOBeHHOro aH(-
(epeHUHANLHOrO YPaBHEHHS NepBOTo Mopsijgka, M JJs Ta-
KOTO pelleHHs MOXKHO Obio Obl HE 3aHHMATBHCA MOAPOOGHBIM
H3yUYeHHeM CMBICJIa H CBOHCTB pPa3JHYHBIX MeETON0B, TakK
Kak pelllende 0ObIKHOBeHHOro aunddepenuuansHoro ypas-
HeHHs] mepBoro nopsiika tpebyer npeHeGpekUMO Mano Ma-
IIHHHOrO BpeMeHu. Jlesio B TOM, YTO METOMH!, ONHCAHHBIE
BHIIIE, TiepeHOcHATcsl 0e3 U3MEHeHHH Ha CHCTEMBl OYeHb
6osbIIOTO ykcaa OOBIKHOBEHHHIX auddepeHunanbHBIX ypas-
HEeHHH ¥ HA ypaBHEHHUA B YAaCTHBIX NPOH3BOIHBIX (CM.TJL 3).

[oBops o nuddepenuuanbHbx ypaBHeHusix, Oosee
CNOXHEIX, YeM OMiCaHHble B NpeAbILyiieM naparpade, cie-
AyeT 3aMeTHTb, 4T0 AuddepeHunuaibHble ypaBHEHHS A-TO
nopsiika MOXHO cBectd K 7 auddepeHunasbHbIM ypaBHe-
HUAM IlepBOro nopsiika. PaccMoTpuM, Hanpumep, dacTHuy
MacCcH m, ABUKYULYIOCS B 3jJexkTpuyeckom mnone Ex(x,{),
rie ¥ — OXHOMepHast KOopAHHATa yactunsl, Torpa

2
m L — B, (r, =0, - (2.98)
H eCH U - CKOPOCTh YacTHUB, TO 3T0 AHPepeHuHANbLHOE
ypaBHEHHe BTOPOro HOPAIKA yzxoéHo 3anucaTh B BHJAe IBYX
ypaBHeHHH NepBOTO nop;mxa y

m —+ dt —eE, (x, )=0,

dx
dat

(2.99)
—0=0.
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Tenepr MoxHO chopmynnpoBaTb OCHOBHYIO 3aiauy. Tpe-
6yercst naiiTh K HeusBecTHbIX QyHKIUA u,

u=(u1, oy +¢0y uK),

KOTOpble YAOBJETBOPAIOT cucTeMe K OOBIKHOBEHHBIX HeH-
HefHbIX AuQdepeHHaNbEBIX YPaBHEeHUH NEPBOro nopsiaka

A 1P, H=0 (2.100)

C HaYaJbHBIMH YCJAOBHSIMHU
u (t) = u’. ) (2.101)

B ¢dusnueckux samavax uacto npencrasisieT HHTepec Cay-
yaii oueHp Ooabwinx K (K =~ 100000 r coBpemeHHbix Ma-
IIHHAX), ¥ OYeBUIHO, YTO NPH pelleHHUH TaKHX CHCTEM
ypaBHeHWIl BaXKHO HCHOJIb30BaThb MeToAH, oO0Jaanalomine
onTuManbHoll 3P EeKTHBHOCTBIO - H  TounocTblo. [loaTomy
OCHOBHbl€ PA3HOCTHBIE METOABI CJI€AyeT NPOaHaJH3HPOBATb
0COBEHHO TILATEJLHO, A

B kauectse npumepa, rae K Moxer OBTbL -060JbLINM,
MOMKHO [IPHBECTH HbIOTOHOBCKYIO TPaBHUTANHOHHYIO CHCTEMY
MHOTUX TeJ ¢ 4acTHuaMY, ABHKYIUHMHCS B OLHOM HaMepe-
uuM. TouHble KjaccHyeckWe ypaBHeHHs AJS TaKHX CHCTEM
(zas wactuu ¢ HoMmepaMu p or 1 jgo K) wumeiorT BHI

dxy,
—r = wu=0, (2.162)
dw K Gmym
n viitp
my~—g — (ov — x,)2 =0, 2.103)
=1
Vv9‘=‘u«

TAe Xy M Wy — KOOPAHHATH ¥ CKOPOCTH W-# yacTuuwl, G —
rpaBUTAUUOHHAS NOCTOSIHHAS, My — Macca W-H YaCTHIH,
a CyMMHDOBaHHE BeJNeTcsl 110 BCeM 4acTHLAaM, B3auMojeil-
CTBYIOIUM ¢ p-#1 dactuuell. Jaa toro yToOH npocaeauTb
rioBeflenne BCell cHcTeMnl K yactuu 3a Bce BpeMst >0,
MOXHO Obl10 OBl BOCHOJB3OBATBHCA OMHHM H3 SIBULIX MeTO-
JIOB, ONWCaHHBIX Bbiue, B ¢usure npoGieMbl MHOrUX Ten
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nofAoGHOro THMa HpeACTaBAAT GOMbllof HHTepec M OyAyT
paccMOTpPeHH B IV 5.

ITpu pewenun cucrembl ypasHeHuit (2.102), (2.103) He-
00X0AMMO HCC/ICJO0BATL YCTOHUYMBOCTD JIOGOTO IpUMEHEeH-
HOTO pa3uoCTHOro Mertoxa. Ternepb 3Ty YCTOHUHBOCTH HYIKHO
aHa/MH3MPOBaTb Ha OCHOBE MaTpuubl nepexofa (2.53) npu
yCJ0BHH, 4TOGE MOAYJHN BceX COGCTBEHHBIX 3HAUeHHH MaTt-
pHLB YAOBJIETBOPAJIHN YCAOBHIO ycToHumsocTH (2.59),
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¥YpaBHeHHs1 B YaCTHBIX MPOH3BOJHBIX
JJsi CIVIOIIHBIX CPej

§ 1. IMponcxoxnenne # HeKoTopbie CBOACTBA ypaBHEHMIl
MaTeMaTHyeckoll (hu3MKH

OcnoBHble TIPHHLMNBI PA3HOCTHBIX METOAOB Gulin cdop-
MYJHUPOBaHbl B IpeJLAYILHX TJaBax, B KOTOPBIX OBLIO IO~
Ka3aHo, 4TO (YHKUNH, HeNpephiBHEIE B NPOCTPAHCTBE M BO
BpeMeHH, MOXHO 3aMeHHTh KOHEUHOMEDHBIMH BeKTOpaMH,
KOMIIOHEHTE! KOTOPHX ONpelessioTcs JHIIb B JHCKPETHHIX
TOUKax NpOcTpaHCTBa W BpeMenu.” Breiinm nepeuncienh
CBOMCTBA Pa3HOCTHHIX pewwieHud (ra. 2, § 5). B cayyae oGbik-
HOBEHHBIX JH(depeHnnaJbHEIX YpaBHEHUHl ¢ HadaJbHBIMH
YC/JIOBHSIMH CBOHCTBA TOYHOCTH H YCTOHUHBOCTH pellieHHust
COOTHOCMJIUCh € XapaKTepHbIMH BpeMeHaMH, CBA3AHHLIMH
C YpaBHeHMSIMH (Hanpumep, CO BPeMeHeM 3aTYXaHUS UJIH
BpeMeHeM OCUMJIALNH), AHaJOrHYHO TOYHOCTb H YCTOH-
UYYBOCTb YHCJEHHOrO pelleHusl ypaBHEHUH B YacTHHIX MpO«
M3BOAHBIX 3aBHCAT OT XapaKTepHbIX BpeMeH INPOIECCOB,
ONHCHIBAaeMbIX 3TUMH YypaBHenusMH. IlosToMy B o6mem
cjlyyae W mepe); IpHMeHeHHeM Pa3HOCTHOTO MeToja K ypas-
HeHHAM B YACTHHIX TIPOHM3BOJHBIX BaXKHO yCTaHOBHTbL HeKO-
TOpble cyllecTBeHHble (HU3HYeCKUe CBOHCTBA TakKHX Ypas-
HeHuH,

B arom naparpade Mbl paccMoTpuM, Koria B (H3HKe
npuberarT K ypaBHEeHUAM B YACTHBIX [IPOM3BOJHBIX, H COINO-
CTAaBUM XOpOIIO nOHHMaeMble (PU3HUCCKHe NPOLECCH ¢ Ma-
TeMATHYECKOHA NpPUPONOH ypaBHEHHI.

1. 3axonel coxpanenus 0a8 cnaowMblx cped

AGcTpakTHEle TNOHATHS CIVIOIIHBIX CPejl U HelpephBHHIX
noJsed HaxoJAAT WIHPOKoe IpHMeHeHHe B (u3uke: B KJaccH-
4eCKO# 3sJeKTpoJHHAMHKe ypaBHennst MakcBeana ¢opmy-
JUPYIOTCS € TIOMOIUBIO oONpeleseHHs HenpepuiBHHIX (YyHK-
IHH HCTOYHHKA; TBepAoe TeJ10 4YacTo MAJAAd [POCTOTH
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TPAKTYyeTCsl KaK CIJIOLIHoe; caMbie pasHooOpastbie cpelbl
(KHAKOCTH, Ta3bl, TNJasMa, TraJakTaueckce " BELIeCTBO)
MOXKHO YIpPOIHLEHHO TPaKTOBAThL KakK crowHbie. Jpyrue
npuMepbl — Pa30BaA KHIKOCTb U "KHENPEePHBHEIE CHAOBHIE
NOJsI» B KAACCHUECKOH M KBAaHTOBOH Mexanuke. Hcexons
13 3THX NpeACTaBJieHNiN, B NPOCTPAHCTBE H BPEMeHU omnpe-
JIeJIFI0T HellpepPhiBHble (PYHKIUH, KOTOPLIE ONHMCHBAIOT CBOM-
CTBa. cpeibl U, NPHMEHssl KOJIUUEeCTBeHHbIE 3aKOHH (PHU3UKH,

Momox q
3nepauu

nr

flosgpxrocmy

®yr. 3.1. Ypanuenye TelJIONPOBOAHOCTY BHBOJANTCA H3 3aKOHA Coxpa-

HeHHs 3UepruH, 3aluCalHOTO 148 NpoM3B0.abHOTO o6hema V- Taepgoro

teqa, ITo1uas sHaprust B o6beMe V. MOXKeT MeHSTHCA TOJNEKO.IDH Ha-
JAHUMH QOTOKA SHEPTHH q Yepe3 MOBepXHOCTh S ofwema V.

10JIYYaloT ypaBHEHHUA B YacTHBIX IPOH3BOJHBIX, CBA3LIBAID-
I He cBOHCTBA cpelibl B MPOCTPAHCTBE U BPEMEHH.

XoTs fICHO, - YTO YDaBHEHHS] B YacTHBIX [IPOM3BOJAHBIX
NoAYyYyaloTcd OTPDOMHBIM UHCJIOM CHIOcO00B- H BOSHHKAIOT
B caMblX pasHooOpasHbX (H3WUYecKuX 3ajnayax, TeM He
MeHee TakHe YpPaBHEHHS K CHCTeMbl YpaBHeHUH OYeHb JacTo
NPHHUMAIOT OJHHAKOBYIO HJIH 6,1M3KyI0 GOpPMBL DTO BecbMa
CYUIeCTBEHHO, Tak KaK MHOXEeCTBO NPHHUMIOB B (H3HKe,
0co6eHHO B KJjacCHyecKoH, c(hOpMYJHPOBAHO B BHIAE 3&KO-
HOB coxpaHeHus. Hecxonbko upesBbiuaiiio BaXKHBIX NIPH-
MepOB HJIIOCTPUPYIOT 3TO YTBEPXKJAEHHe: Macca He CO3-
HLaeTcsl W He YHHUTOXaeTcdl; HMIYJLC COXpaHAeTCa; TOAHBIH
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3/JeKTPHUCCKHUIl 3apsi] HHBApPHAHTEU. YDPaBHEHUS B YaCTHBIX
NPOH3BOAHBLIX, BBITCKAIOULIE M3 NPHMEHEHHA 3THX HAeH,
Ha3plBAlOT KOHCEPBATHBHBIMH. [as TOro uTo6bl BHIIEJITDH
9TOT HOAXOJ H IIOSICHUTH caM MeTOJ, MPHBEAeM HeCKOAbKO
YaCTHBIX [IPHMEDOB.

VpaBnenue auddysun 4acTo NOSABIAAETCH HPH ONHCAHNIH
riepesoca 4acTiil, HMIYJALCA HIX 31epruH. B uacTHOCTH, OHO
ONICLIBAET paclpejesJcHEe TeMIepaTypbl B TBEPAOM Tele,
TAe B KJACCHYECKOM CJjydyae HEPrus HEpeHocHTcs nocpei-
CTBOM TeIJIONPOBOAHOCTH.

Tax Kak TBeplOe TeN0— 3TO JKECTKOE HEMNOABHAKIICE
TR0, TO TepeMeHHas IWIOTHOCTL SHEpPrild B HeM CBsi3aHa
JiiWb ¢ TEeIVIOBOH SHeprueil wau c temiepartypoit. ITostomy
€CJIH HCIOJb30BATb 3aKOH COXPAHEHUs SHEPruil, TO ol 10J-
HEH BBINOJHATLCH B KaXIOM OrpaHuueHHoM ol0weme V
TBCPAOTO Tesia, OXBATHIBaeMOM MOBepXHOCTLI0 S (Pur, 3.1).
Tlo 3akomy coxpaHeHHsl 3HEPruHM CKOPOCTL H3MeHeHHS
3Hepruu B 00beMe V 101:KHa PaBHATbCA NOTOKY SHEDTHH
yepe3 noBepxuoctb S obvema V:

3Heprusl B o0beme V = SSSS(X tydr;

IOTOK 4Yepes S = — §§ qdsS;
S

%S‘SSE(X, t)dt:—qus (31)

IMpuyensas teopemy TIaycca — Ocrporpaackoro K mnpasoi
yacta ypasHennsa {3.1) u cuutas 006beM V MOCTOSTHHBIM,
nosyyaeM :

SSS%+qu«:=0. (3.2)
)

IlycTh NJIOTHOCTL 3SHEPrHH €& TNPONMOPLUHOHATLHA TeMepa-
tyvpe T. M3 3kcnepumeHTa H3BECTHO, 4TO IOTOK TeH’Ia (
3aBHCHT OT rpaxueHrta temueparypsl. Ilostouy, BBoas xo-
s¢duupenT nponopunoHadbHOCTH  (KoaddHuHNT Temndao-
NPOBOIHOCTH) K, NOJAYUHM ypaBHeHHe ARPPY3HI

oT
=5 — VkVI =0. (3.3)
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Taxkum o6pasoM, B JaHHOM ciaydae ypasHenue audQysuu
ONKCHIBAET 32KOH COXPAHEHHS SHEPTHH.

B reopuu snexkTpomarneruamMa Makcsenna ypaBHeHHs
B YaCTHBIX IPOHM3BOJHBIX OILICHIBAIOT 3aKOHBI COXpaHeHHs,
HampuMep S8aKOH COXPaHEHHS AJAeKTPUHecKo20 5apadaq.
B s1OM caydae CKopocTb H3MeHeHHsI 3apsiaa B o6beme V
JNOMKHa DaBHATBCA HOTOKY 3apsna (TOK j) uepe3 NOBEPX-
HocTb S. Eenu p — nutoTHoCTh 3apsina p(x,?), To

a .
WSSSpdT=—§§]dS’ (3.4)
14 S
H, IPHMEHsS TEOPEeMy O JUBEPreHLUH, NoNyyaem ’
% vj=o. (3.5)

DT0, KOKEUHO, coryiacyercs ¢ ypaBHehnssmMu Makcsensta, Tak
Kak, ucnoabays 3akon [aycca (VE == 4mp), rne E — anex-
TpUYECKoe MoJe, UMeeM

oE . .
V(3 + 4n,) = 0; (3.6)

HHTETpUpYsl 9TO BhIpaxmehne u yuuteiBas, uto V[VX]=0,
noayuaeM

2 4 4nj=[VX]. (3.7)

Henzsectunllt Bextop X 1nponopuuonaled MarHMTHOMY
I0JIH0 B COOTBETCTBHH C 3aKOHOM AMnepa. _
AnanoruyHo 3akon Papazmes BblpaXkaeT coxpaHedHe
MQ2HUTHO2O HOTOKQ: MaTHUTHBIH IIOTOK He MOXeT CO03/a-
BATbCH WIH YHHYTOMXKAThCH, MOCKOJIbKY CKOPOCTL H3MeHeHHS
IIOMHOrG MOTOKA Yepe3 IMOBEPXHOCTb S cBA3aHa JHIIb

C 3JEKTPHUYECKHM IMOJCM BIOJAb TpaHuilbl l NOBEPXHOCTH S
(dur. 3.2):

%SSBdS:-@cEdL (3.8)
S i

IMpumenssi reopemy CToKca, moayyaeM

~ 2 +[VE]=0. . (3.9)
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Ilpn BEIBOAE ypaBHEHHUIl, OMUCLIBAIOMIUX AUHAMHKY KH-
KOCTH, HUCHOJMb3YIOTCSi OCHOBHBIE KJaCCHYECKHEe 3aKOHbLl CO-
XPAHEHUus Mmaccol, coxpawerun umnysvca (TpeTHH 3aKOH
EBukeHusi Hrworona) u coxparenus auepeuu. Oupenensist
nepeMeHnylo p(x,?) Kak IJIOTHOCTb KHAKOCTH H IPUMEHSS
NepPBbI W3 yKa3aHHBIX 32KOHOB, NOJYYaeM, 4TO CKOPOCTh
n3MeHeHuA Maccol B o0beme V nmo/mHa paBUSTBCS HOTOKY

dsS

B
Maenumnoe

®ur. 3.2. Cxema HANIOCTPHPYeT CoXpalledHe MarliuTLoro NOToka B CO-
oTBeTcTBHH ¢ 3akonoM Papanes [ypasueusie (3.9)].

Maruurusfi OTOK depe3 NOBEPXHOCTh S MOXET HIMCHATHCH TOJBKO MPH HaH'IHH
TAHTeHLHAIbHOM KOMHOHEHTH 5/eKTPHUYECKOro N0/ HAa KOHType [ nosepXHociH S.°

Macchl, Oepecekamemy nosepxHoctb S 06bema V
(¢ur. 3.3). Ilotox maccel yepe3 0G0l 3JEMEHT IOBEpX-
Hoctu dS pasen —pvdS. CrenoBarteiinHo,

F o —govas, o
14 S

H, Ucnoab3ysi Teopemy Iaycca — Ocrporpajckoro, npuxo-
AuM K auddepeHunanbHOMY YPABHEHUIO AJA COXpaHeuud
Macchi:

a3p _
<L+ Vov =0. (3.11)

Anasornuno H3 yc/AOBUS COXPAHEHHS HMITYJbCA NOJYYHM
ypaBHeHUe JABUKEHHS A cpennl. PacecMoTpuMm coxpaHeHHe
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NpoeKHMU UMnyJabca Ha X-Hanpaeneune (dur. 3.4). X-xom-
NOHEHTa NOJHOTO UMNyJabca B 00beme V paBua

§{] o

bBnaronapd KOHBeKIMH HMNY/AbCAa H BJLSAHHIO [ABJIEHHS
(p) B X-mampasienun X-KOMIIOHEHTA HMIYJLCA Cpeibl

Nomox
8awiecrnea

Ninomrocme :
ewecmea  p(X, 1)

@ur. 3.3. CoxpaHeHHe MacChl CPEALL

Macca, 3axkniouenHan B oObeMme V, MOXeT H3MeHUThCH TOJNLKO € JlofiRJeHHeM cywm-
MapPHOTO DOTOKAa Macch pv dS deped nosepxHocTh S obnema V. B pesyssTate no-
JyuaeM ypasHeHHe HenpepbIBHOCTH (3.11).

B of6beme V yBeavuupaercs co BpeMmeHeM (€x— eAHHHY-
HLI BEKTOp B X-HanpaBJ/eHHH):

— 8 (oo, v + pey) ds.
S

CJIeJlOBaTe.IIbHO, COoXpaHnetrie X-KOMNOHEHTH nMnyJanca npi-
BOIAHT K YpaBHeHHIO

_067 S S S 00y dt = — §§ (puxv + pex)dS.  (3.12)
1% S

Hcnonbaya rteopemy TIaycca-— Ocrporpaiackoro, noiydaem
a -~
ar Ség puydr= — SVS S V(pu,v+ pe)dr, (3.13)

dp v ~
=%+ V(puxv + pey) =0, (3.14)
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AHaNOrHUHO MOJYYAIOTCS YpaBHEeHUs ABMWXKeHus Aast Y- H
Z-uanpasiennfl, O6benniiM 3TH TPH ypPaBHelllist B BHAe

‘?gt" +V(ovv + pI) =0, (3.15)

rie | —ennHuynbil Tensop. Mbl 3amncanu 3iech THAPOLIN-
namuueckiie ypashenust (r1. 9), onuchiBaloilue ABHIKeHHe
CxKHMaeMoll ¢pesl. “

X-ronmnoweHma
NOMOKa UMITYIbCA

<V+péx

X-xkoMnoHeHma

naomHocmu
UMNYIbCa
ov, (X, 1)

ds

— = @
e/\'

@ur. 3.4, Coxpanenne uMnyJinca B cpene.

TMorox HMIlybCa Ueped II0BepXUOCTh S BKalouacT B cels HMOYyJbc reperoca g o=
TOK JAaBJicHHA,

Wrax, mer noxasann, Kak H3 NpocThiXx (YHIaMeHTaIb-
IbIX 3aKOHOB COXpPaHEHHs IOJYy4alOTC HeJuHedIHble ypas-
HeHHsi B YACTHBIX NPOU3BONHLIX, ONUCHLIBAIOINE Da3/iAyHbie
Gusnueckne cucteMmul. dubddepennuasible ypapHeHus Ha-
3bIBAIOT KOHCEPBATHUBHBIMH, €C/IU OHU 3aMUCaHLl B CAEAYIO-
uieM puie:

au ”
X4 vi=o, (3.16)

rle o -— HeH3BeCTHas BeKTopHasd ¢ysxuud, a f— ,n0T0K":
f=1(u).
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2. Dusuneckue npoyeccot i OUCNEPCUOHKOE COOTHOMEHNR

YpaBHEHHs] B YACTHBIX NPOU3BOAHBIX CBA3BLIBAIOT TOUKH
B NIPOCTPAHCTBE H BPEMEHH, W NPOCTHIE JHHelHHLIe CBOHCTBA
YPABHECHHH B YACTHLIX NMPOU3BORHBIX HJIH HX CHCTEM MOXKHO
VCTAHOBHTH, HCCIeNys IIOBeleHHe BOJHBI B INPOCTPAHCTBE
u BpeMend. Buibupasi Pyuxuno u«(x,?) xak ¢QyHxuuio 1Hpo-
CTPaHCTBEHHOll NEpeMEeHHON X M BpPEeMEHHOH nepeMeHHOH ¢
M CYUTAs, YTO ¢ YAOBJETBOPAET ypaBHEHKIO B YACTHLIX IPO-
H3BOJHBIX, pDAacCMOTPHM pe3yJabTaT TNOACTAHOBKH B 3TO
ypaBHEHHE H30JMPOBAHHON BOJIHBI WAH (pypbe-MOIAB B IPO-
CTpaHCTBe H BO BPeMEHH:

ulx, t) = fetlot=k0), (3.17)

rIe ® — YacToTa BOJHB, a8 R — BOJHOBOE YUCJO, CBSI3aHHOE
C NJHHOH BOJHBI A, k= 2n/A. Tlocse HOACTAHOBKM TaKoH
MOJbl B HHTEpECYIOIllee HAC ypaBHeHHE B YaCTHLIX IpOU3-
BOAHBIX NOAYYEEM OUCNEPCUOHHOE COOTHOWeHUE

o= (k). (3.18)

Hasi  dusnveckoro sBJEHHS, ONHCHLIBAEMOrO YpaBHECHHEM
B YaCTHBIX IPOH3BOJAHBIX, JAHCIEPCHOHHOE COOTHOILICHHE
CBSI3bIBAE€T YacTOTy W COOTBETCTBEHHO XapaKTepHBI Bpe-
MeHHOR Macwitab ¢ onpenefeHHoN AnuHON Bomnml. Hac-
TOT2 @ MOXeT OLITh NEHCTBUTEJAbHON, KOr'Ja ONHCHIBACTCS
Ko/MeOaTeqbHBIA HIM BOJHOBOH NPoOUece, W MOMeT ObITh
MHHUMOH, KOrJa OmHCHIBAETCS HapacTaHHe WM 3aTyxanue
MOJIBL. _

B passHocTHOM pellleHHH 32J7a4Hi ¢ HayaAbHBIMH YCJIO-
BUSIMH Hac OCOOGEHHO HHTEPECYIOT BpeMeHHLle MacHTalbl
3afa4¥ U WX 3aBUCUMOCTb OT JJMHBI BOJHBl JAJsT pasJ/iuy-
HBIX (QH3NYEeCKUX NpoueccoB. Jta HHPOPMALUS COAEPIKUTCS
B JHCIHEpPCHOHHOM COOTHOIIGHHH. Mbl pPacCMOTpHUM YeThipe
THIIA TPOLECCOB, KOTOPblE MOTYT GLITh ONHCAHBEL JOBOJBHO
IpOCTHIMH yYPaBHEHUAMY B UYACTHBIX IPOM3BOAHBIX H KOTO-
peie B 6oJlee cOXKHLIX QopMax HOBTOPSAIOTCA B HHTEPECHBIX
(hHU3UYeCKHX 3a1ayax. -

3. BoaHol u 80AHOBOe ypasHerue

Bontel B BOJHOBLIE IBHXKEHHS BCTPEHAIOTCA B (I)I/I3HKe
CTOAb 4acTo, 4TO HET H€06XOIII/IMOCTI/I NCPEeHYHCAsATb KaKHe-




Ypasrerus 6 4acTHoLx NPOU3BOOHLLX OASL CRAOUIHLLY Cped ' 71

Ju6o npuMepbl. Mbl paccMOTpHM UaCTHBIH Cayuail BOJIHBI
Ha HaTSHYTOH-. cTpyHe, rAe cMelieHHe E(X,{) TOUKU CTPYHBHI
YA0BJIETBOPSIeT BOJAHOBOMY ypaBHeHuio (¢ur. 3.5)

02 (o
S —Vigs=o. (3.19)

B nannom ciyuyae napamerp V; onpemessieTcs HaTsIXKeHHeM
T cTpyHbl W Beauuuuoil Maccsl M, npuxoasulefics Ha enxu-

wauy Aaune, V=4/T/m. Ecan L upeacrasaser coGoit

@ur. 3.5. Boaya na cTpyse.
E{x, #)—oTkJ0HenHte OT NOJOXKeHHA paBHoBecHs; B(x, {)—yriosoe OTKiIoHeHHE

XapaxTepHyl0 AJMHHY BJOJb CTPYHB, TO MBI MOXKeM oOmnpe-
JeJUTb XapaKTepHOe BpeMst T KaK BpeMsi NpPOXOXKIeHHA
BOJIHOHN RJMHL L

L

Ucnonbays Gonee CHOXKHBI TOAXOH, MBI PaccMOTPHM
noBeqenne Ha CTpyHe Qypbe-MOJBL:
E(x, 1) =Cetlof=kn,

IloncraBnsis Moy B BOMHOBOE ypaBHEHHe, INOJyHYaeM, uTO
AJsT AaHHOrO BOJHOBOTO YHCJIa R 4acTota @ A0JKHA YH0B-
JIETBOPSITh YPaBHEHHUIO

— o+ V=0, (3.21)

CanenoBaTenbHO, XapakTepHblil BpeMeHHOH Macumrad MOXKHO
CBsI34Thb C BOJIHOK:

Y

O P -, (3.22)

YpaBuenue (3.21) sBasierca AUCHEPCHOHHBLIM COOTHOILIE-
HHEM ypaBHEHHA B YACTHBIX [IPOH3BOAHbLIX.
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CaefyeT Tak:Ke 3aMeTHTh, YTO €CJH HCNOJB30BaTb CKO-
pocth v = OE/0f cMellleHUA H YIrJI0BOe OTKJIOHeHue § =
= J&/0x, TO BOJIHOBOE ypaBHeHHE BTODPOTO NOPSIAKA MOMKHO
3anycaTb B BHAE CHCTEMBI JABYX VYPaBUEHUN NEPBOTO JIO-

panKa;

Ju i3}

ot~ Vsor =0

0 3 (3.23)
AL o

ot S ox :

4. ¥Ypasrenue nepernoca

YpaBienue nepenoca CBSI3aHO C BOJHOBLIM ypaBlieHNEM
M BO3HHKAeT 3a CYeT NePeMeHeHHsi CaMOH KHAKOCTH. Mul
yKe BCTpe4asn MepeHOCHOW wieH B ypPAaBHEHUSIX THAPOAH-
Hamukn (3.11), (3.15). ¥Ypasuenne coxpaHelHss MaccH
KURKOCTH MOXHO 3anmHcaTbh B BHAE

%‘ZJerp + pVv=0,
HIH

d
—d—?— + oVv=20,
rae d/dt = 0/0t 4 vV— nosinast npousBOAHAsi 1O BPEMEHH,
WK JarpaHKeBa npoussopHasi. M3 Toro ¢akra, uto maoT-
HOCTb KHUAKOCTH MOXIO paccMaTpuBaTb KakK CBOMCTBO, JO-
KaJM30BaHHOE B 3JeMeHTe JBUKYHIelics KUAKOCTH, cie-
JIyeT, 4TO NJIOTHOCTb MNEPEHOCHTCA BMECTE C KHAKOCTbHIO.
B caydae ueckumaeMmol (X0TA H C NepeMeHHOH MJIOT-
HOCTBIO) XHAKOCTH ypaBlEHHe COXPAHEHHS MacChi HMeeT
BUI

d do

=" +vVp=0. (3.24)
ITo ypaBHeHNe Ha3pBaeTCs ypaBHeHHeM meperoca, SlcHo,
YTO B YPABHEHHsX, ONHUCLIBAIOLUX NOBeJeHHe JI060ro 00h-
eMHOro CBOHCTBA JIOGOH KHAKOCTH, B 3ajayax ¢ Hayasb-
HBIMH YCJOBHSAMH OYyAyT BO3HMKATh WY/EHBI, ONHCHIBAIOLINE
nepeHoc.

M 3mech BaxXHO 3ajarb BpeMeHHOH Macmrtad mpopecca

nepeHoca: OYeBHAHO, HHTEPECYIOUIMM HAac BpPEeMeHHBIM Macs
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mrabom OyneT BpeMdA, 3a KOTOpPOE TOUKA KHUAKOCTH NPOH-
JleT XxapakrepHoe paccTosiiue L,

= £, (3.25)

| v

TIe V— CKOPOCTb MeHTpa MacCor, a He (pa3oBas CKOPOCTh.
HeTpyano nosyuuTb AWCIEpCHOHHOE COOTHOWIEHHE AJAS O[-
HOMEPHOTO ypaBHeHus nepesoca Qypbe-MOAbL:

o= @ei {mt—kx)’

o ko (3.26)

2n 2n A
T == .
o ky ol

(3.27)

5. ¥Ypasnenue oupgysuu

Ypasuenne audQysuu HOsIBASETCS B MHOTOYHCACHHBIX
(usuyecKHX 3ajauax M XODOILUO HM3BECTHO. B mnpocTefimeM
OJIIHOMEPHOM CJyyae OHO NPHHHMAET BHJ

S =1} (3.28)
rae u(x,t)—uneusBectHas Qyuxruuga, a & — KoshdUIHEHT
anpoysuu. B Goee CI0KHBIX cayuasX NOPH HaJHYHH He-
OJHOPOAHOCTEH HJM HCTOUHHKOB YpPaBHEHWE COJAEPKUT OT-
JIH4Hble OT HYJs uJ/JeHbl B IIPaBOi 4acTH H CTAHOBUTCHA He-
JHHEHHBIM; ecaH K03()QHUUeHT TernIOnpOBONHOCTH WJIH
muddysun 3asucur or uckomol ¢Qyunkuud, K = k(u). Mu-
TepecyOLIHA HAC BpeMeHHON Maclital siBjsieTcs BpeMeHeM
anddysun:
L2
T = (3.29)

K

Crnenyst Gosee CTPOroMy MHOAXOAY, Mbl MOXeM BHOBbL pac-
CMOTPeTh 3BOJIIONHIO (ypbe-MOABl INPH IOACTAHOBKE ee
B ypaBsHenue auddysun,

U= ﬁei ((ot—kx),
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H, C/Iel0OBATENBHO, A5 NOCTOSHHOrO KoYpdhHuIueHTa Temio-
NPOBOJLHOCTH K MOAYYHM

io+ kk?==0, (3.30)
o= ixk2 '
OT0 ypaBHeHHe SBJSETCS AUCIEPCHOHHBIM COOTHOLIEHHEM
Ui mpocroro ypasueHusi auddyauu. ¥Yriosas gacrora
Tenepb YHUCTO MHHMAas, U [I03TOMY MOJA 3aTyxaeT BO Bpe-
MeHd. Bpemennoii maciuitaG aToro satyxanus:

2n  2=m _-Aa
®  kk?  9onk '

T = (3.31)

6. Saruntuyeckoe ypasHeuue

Haxkonell, B Kauecrse YeTBEpPTOro mpHMepa MOMKHO IPH-
BECTH JJIMNTHYECKOe ypaBHEeHMe, BOSHHKAOUlee U3 KpaeBo
3ajauyd. ODTOT THI YpaBHEHHH TaKXKe YacTO BCTpeuaeTcsd
H XOpPOWO u3BecTeH B ¢H3uKe, HanpuMep ypasHenus Jlam-
saca u Ilyaccona:

V2D = (; (3.32)

VD = —p. (3.33)
Heussecrnaa ¢yukuus @ mMoXKeT ONUCHIBATL 3JEKTPOCTA-
THYeCKHH WX TPaBHTALMOHHBIA NOTEHHHAT, B TO BpeMs
KaK HeOJHODOAHBIH 4YJieH, MJH u3BecTHasl «(DYHKHHUS HC-
TOYHHKA» O, MOXKeT OBITh IJOTHOCTBIO 33psAa HJIH MacChl
STH ypaBHEHUA NOJAYYAIOTCS TNPH PACCMOTPEHHM CTaTHue-
CKUX pellleHulf, a Tak/Ke CHCTeM, OTHOCHTEIbHO KOTOPHIX
npeanonaraercs, 4YTo HHPOPMAUUS [EPEHOCHTCH MTHO-
BeHHO. Eciu mpoBecTH aHa/Oruo ¢ NPEIBAYUIUMH TpPEMH
npolueccaMi — paclpocTpaHeHHeM BOJH, NMEPEHOCOM H AHd-
tdysuelt, To yacrora ¢ypbe-Moan oGpainaercs B OecKoHeU-
HOCTb:

W —> 00,

T—0,

T. €. BpeMeHHOH Macwtal pacrnpOocTpaHeHKA HHpOpMAIUK
Ha paccroanue L obpamaercs B HyJb.



Ypasuenus ¢ 4acTnoLy NPOu3BOOHLIY OASL CRAOUIHbIX Cped 75

7. Kaaccugurayus ypasuenuil 8 4acTHolx npoOU3EOOHLLX

Bpimle MBI 1epeudcnUAH  YeTbipe BaMHBIX Ipolecca
B CIVIOWIILIX CPelax H Kax<Ablil Npolecc cBA3adu ¢ ypapHe-
HlleM B YaCTHbIX M[pPOUIBOAHBIX. B auueilHoM clydae TpH
THIIa 3THX ypaBHeHHH SIBAAIOTCH TpuMmepamu OO6lLero ABYy-
MEpHOro ypaBHeHUsl BTOPOFrO MOPSIAKA

0% ¢ d%¢ o 0p e
ad'“2+baxdy+cdyz+d—a;' ejy“*‘ltﬂb‘l‘g—ox

(3.34)

a b, c, d e [ ug Moryr Obitb QYHKIHSIMH HE3aBHCHMBIX
NepeMEeHHBIX X, Y, a BO3MOXHO, H HCKOMOH (yHKUHH ¢ —
Torga ypasuenue Oyaer HenuHelnbM., PopMmanbHO ypas-
HeHHsl B YaCTHBIX TIPOH3BOAHBIX KJaccuHuuoupylores cie-
Ayoomum o6pas3oM:

runepGoHyecKHe ypaBHeHusl — npH b2 — 4ac > 0;

napabonnyeckue ypasHeHus — npu b2 — dac = 0;

SMJMNTHYECKHEe YpaBHeHus — npu b2 — 4ac << 0.

B ra. 2 6ba npepsoxeHa pasHOCTHast amnmpoKCHMauus
3TUX YpaBHEHMIl, 3a HCKJOYEHHEM KpaeBbix 3ajgay (2Aaui-
THYECKHX ypaBHEHHM), N03TOMY M JlaJjee B 3TOH TjlaBe MBI
OyleM paccMaTpHBAaTb TOJBKO 3afayd ¢ HaAvaJbHBIMH ycJ0-
BHSIMH JUUIsl YDABHEHHUI B 4aCTHbIX [IPOM3BOJHbIX.

§ 2. YcToliuHBOCTD Pa3HOCTHLIX cXeM [ ypaBHeHuH
B YacCTHLIX NPOU3BOAHbBIX

B ra. 2 mel o6cyxaanu BaXKHble CBOHCTBA Pa3sHOCTHOrO
pelieHHs1 3ajJayd ¢ HayaJbHBIMH YCJAOBHAMU H CYUIHOCTB
Pa3HOCTHOTO MeTOAa KaK JIIHHHOBOJHOBOTO TPHOJNXKEHHS.
CsolicTBO yCTOHYHBOCTH ABHOI CXeMbl pellleHHs 0OLIKHOBEH-
Horo auddepeHMANbHOTO YPABHEHUS 3aBUCHUT B OCHOBHOM
OT BeJHuYHMHbLl 1ara 1o BPeMeHH B CPaBHEHHH C BPEMEHAMH
n3yuaeMulXx ¢uandeckux nporeccos. IlosTomy, pacemaTpu-
Ban JHCIeDPCUOHHBlE COOTHOILIEHHS ONpeJe/eHHBIX YypaBHE-
HUH B YacTiBIX NPOU3BOAHBIX, MBl YCTAHOBHJH HEKOTOPBIE
BCTpeyaomuecss B (PU3HUECKHX 3ajauax BPeMeHHEIE Macs
mrabsl. Teneps Mbl MOXKeM HepefdTH K TVIaBHOH UeJIH Ha-
cTOsAIeH TJVIABLI M HCHOJb30BATb PACCMOTPEHHble HAEH 4



76 Taaza 3

OLIEHKH CBOIICTB YHCJEHHOTO pememm CHCTEMD! ypaBHEeHHil
B 4aCTHLIX II},OI/IBBOIIHI_)IX

Bo Bropofl riaBe 3ajgaua ¢ [HAYaJbHBIMH YCJAOBHAMIU
6bl1a  chopmynnpoaHa B 00IueM BuHIe [COOTHOWIeHHE
(2.33)], npuuev noBeNeHHE HHTEPECYIOLLEH Hac CHCTEMDE
BO BpeMeHU u(X,?) yIOBJETBOPSJIO YPaBHEHHAM

du -
'Ft———-Lll. (330)
3nech B ciayyae YpaBHCHHA B YacTHEIX TNPOH3BOJHBLIX Ofe-
patop L sinasiercss mpocTpaHcTBeHHBIM A (depeHnHaTbHbLIM
oneparopoM. B pasHocTHOHl (opme pellienHe 3ajgavyi C Ha-
4a/JbHBIMH YCJAOBHAMHU CBOJUTCS K OTBICKaIHIO MOC/IeN0Ba-

TeJIbHOCTH pelleHHiI BO BPEMEHHEIX TOUKax (" [ypaBHellne
(2.47)]

ut =T (Af, A)u?, (3.36)

IpHyeM pelieHUs] Ha COCEAHHX BPEMEHHBIX CJIOSX CBS3aHbI
oneparopoMm nepexona T. Mbi BBean numexc j, urodsl rnoa-
YepKHYTb TOT (aKT, YTO B ypPaBHEHHSAX B YaCTHBIX NpPOH3-
BoaHblx omepatop T(AZ, A) cBsi3niBaeT KaKk 3a3uCHMBlE
nepeMeHHbie, ONHCHIBAIOIIHE BEKTOPHOE COCTOSIHME CHCTEMBI,
TaK U pas3yilyHble TOYKH Ha NPOCTpaHCTBeRRON cerxe. s
TOTO 4TOOBI ONPENeNUTh YCTOHUUBOCTh, KAaK 3TO JE1aloch
paHee, MU NOJAYYHTb JHCIEPCHOHHOE COOTHOWICHHE pa3Ho-
CTHOH CXeMBl, MBl HCIIOJb3YeM TOT K€ METOJ aHajaH3a, 4To
i Beie (cMm. 1. 2, § B5), HO B namHOM ciaydae MOMKHO CHa-
yana ynpoCTHTb 3ajauy, paspbiBasi CBSI3b MeXKAY TOUYKAMH
Ha NpPOCTPAHCTBEHHOH ceTkKe, JDTOr0 MOXHO JOCTHYb, HC-
cleaysi noseaeHue Qypbe-MON Ha CeTKE HE3aBUCHMO JpyT
oT apyra H Tpebys yCTOHYUMBOCTH CXeMBI AJs KawJao#
(dbypbe-Mojibl B OTAENLHOCTH.

Ecnu oneparop nepexoma T(A?,A) paBen mnocrosHHON
Be/IHYUHe JHOO ecad HCHoJb3yeTcs JduHefiHoe npubAMKe-
Hue (cM. ra. 2, § 5, n. 3), dypbe-MOUB Ha PA3HOCTIOM
ceTKe HeszaBHCHMBL IlosTomy ans aHaausa yeTOHYMBOCTH
pacemoTpuMm (ypbe-MOLY 3aBUCHMOM IepeMeHHOl

~

u = u"e'™, : (3.37)
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i H3 pasHocTHOro ypaBreHnss (3.36) noayuuM CBH3b am-
INITYA pypbe-MoL

l’in+lei i—T (Af, A) rzezk,x ,,
an+l _ —zkth (At, A)e iR n. (3.38)
STO YpaBHenile MOXHO ONpPCACTaBHTL B BHAE
1"t =G (A, A, B)U", (3.39)

rie G sBasileTcss Marpuuell nepexoga PasHOCTHOR CXeMbl
1151 BbIOpaHHOl ypbe-Moabl ¢ BOJHOBBIM uHciaoM k. @op-
MYJHPOBKA II0 CYLIeCTBY GJHM3Ka K NpUBeIeHHOH B ra. 2,
§ 5, n renepp 1451 yCTOHYMBOCTH Mbl HOTpebyeM, UTOOHI
aMnauTyaa Gypbe-Moabl Oblia OrpaHuyeHa. YCTOHYHMBOCTD
CXEMBl NpeaNoJaraer, YTO ecJaH aMIVINTYyaa (ypbe-MOabi
KOHegHa B MOMeEHT BpeMend [ =0, TO oHa n0MXKHa OCTaA-
8aTbCA KOHEe4HON Ha BCEX N 1Iarax j10 BPeMeHH.

UroGul npumennth 510 TpeGoBanie, Mbl BbIpa3uM aM-
IJNTYLy BEKTOpa paccMarpusaeMoil (ypbe-MOJbI yepes
cobcrBentble BekTOpn s marpuunl nepexoga G. Ecau
KOMIIOHEHTY BeKTopa (ypbe-MOabl, HANpasaeHHY N0 cob-
CTBeHHOMY BekTopy s™), Ha HyJeBoM Iiare 0003HaYHTb
CHMBOJIOM &, TO

W= ™. (3.40)

i
Haaee, ncnoab3ysi ypaBHeHue JJAfi MaTpHUBl Nepexona
(3.39), mas ammautyanl BekTopa Gypbe-MoAbl Ha BpeMeH-
HOM @iare 711 MMeeM
"= G"u'=G" 3 ius™. (3.41)
It

[Tockoabky stV siBssieTcst COGCTBEHHBIM BEKTOPOM MAaTpHilbI
nepexona G ¢ coGCTBEHHBLIM 3HAUYCHHEM ).

GsW = g, s, (3.42)
TO

u'= ) a%grsi, (3.43)
13

Takum 06pa3oM, a5l YCTOHUHBOCTH pelieHKs (Kak M Bbiiie)
HeOOXOIHMO BHIIOJNHERNE YCIOBHSA

igr | <K|a] ls (3.44)
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rie K — nonoxurensHoe KOHedHOE YHC/IO, NPUYEM 3TO YyC-
JIOBHe JAOJXKHO OBITb BBHINOJHEHO AJSi KaXAOH (ypbe-MOIbI
k 4 Bposb Kaxporo cobcrBeHHoro Bekropa (mo scem p) G,

|gr| <K,
HIN
g | <Klm, . (3.45)

DT0 HepaBeHCTBO HAKJIAABIBAET OTPAHMYEHHA HA BeJHUHHY
Bcex coGCTBEHHBIX 3HAyeHWH g, IJdst Bcex IIAroB IO Bpe-
menn, npuuem KY» — 1 npu n—> oo, ITosaToMy caenyeT oxu-
JaThb, YTO YCJIOBHE

F-ARY! (3.46)

SIBJISIETCS] BEPOSITHBIM YCJIOBHEM YCTOHUHMBOCTH.

Hefiman yues BO3MOXKHOe MOSIBIeHHe JOKaJbHO pacTy-
KX WIEHOB B TAKOH CHCTeMe YpaBHEHHH B HacTHHIX NpO-
H3BOJAHBIX M I[I0Kazad, YTO HeOGXONMUMBIM H AOCTATOYHBLIM
YCJAOBHEM YCTOMYUBOCTHU SIBJsIETCS YeiaoBHe [4]

Igu |<<1+4 O(Af) (aax Bcex mox k u BCex (3.47)

COOGCTBENHBIX 3HAYCHHE W).

B neficTtBUTE/NBbHOCTR COOCTBEMHLIE 3HAYeHHS &, MOTYT
GBEITH -KOMIUIEKCHBIMH, ¥ |g,| onpemensercs XKak ammid-
Tyfa COOCTBEHHOrO 3HaUeHWsl B KOMIIEKCHOH IIOCKOCTH:

lgul=+4g.g,, (3.48)
Tne g;—BeanHHa, KOMILIEKCHO-CONPsIXKeHHAA g ),.

Paccmorpenunass npoueaypa axajddsa  YCTOHYHBOCTH
PA3HOCTHOH CXeMbl pelieHHs YPaBHEHHI B YacTHBIX Npo-
HM3BOMHBIX ¢ HauaJbHBIMH YCJAOBHUSIMH B OCHOBHOM nojobHa
cxeMe, H3JOXKeHHOH B . 2, § b, m. 3. Oxnako 3gecs Mul
SIBHO TNOKa3aju, KakuM o06pas3oMm Wi aHaau3a yCTOHYHBO-
CTH pelleHHusi ypaBHeHUIl B YACTHBIX MNPOU3BOAHBIX Daspe-
IIAI0TCA CJAOXKHBIE CBSI3H KakK MeXJy 3aBHCHUMBIMH Iepe-
MEHHBIMH, TaK U MeXJAY pAa3/IM4HBIMU NPOCTPAHCTBEHHBIMH
TOYKaMu ceTkd. Pa3peiB CBs3elt NPOHUCXOAUT, BO-IEDBLIX,
MeXJAy IPOCTPAHCTBEHHBIMH TOYKAMH CETKH, HOCKOJbKY
dbypbe-Moabl paccMaTpHBAOTCA B IPOCTPAHCTBE HE3ABUCH-
MO Apyr OT Apyra, M, BO-BTOPBIX, NPH JAHaroHaNH3aLHK
noJsiydaronlefics MaTpHubl nepexoja, KOoTopas Telepb CBdA-
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3nBaeT (Qypbe-MOALI HA NOCJACIOBATENbLHBIX MIarax no
BpeMeHH,

[Tockonbky B HNTepecylomMX HAac ypaBHEHHAX B yacT-
HLIX NpoH3BOANLIX onepatop nepexoga T (3.36) wmoxer
OblTb HeJdHellliblM, TO noc/e JHHeaDPH3aLHUd MaTpHua Te-
pexoma aas (Qypbe-monsl G (3.39) moxer 6GulTb W HemNo-
crosunofi. Hamporus, G MoXeT MeHSTbCS 110 NPOCTPaH-
CTBEHHOIl ¥ BpemeHHo# cerkaM. Torga ycaoBusl ycTOHYH-
BoCTH (3.47) cBeOyTCA K «IOKaJbHBIM YCJAOBHAM», T. €.
B 3TOM C/y4yae YyCJOBH» YCTOMUYHBOCTH JIOMKHBI OLITL BBbI-
NoJIHEeHbl Be3Ae Ha NPOCTPAHCTBEHHOR CeTKe M ISl BCeX
11aroB Mo BPeMEeHH.

§ 3. YpasHense Anddysun: sBHag cxema HHTErPUPOBaHHS
NEePBOro MOPsJAKa TOYHOCTH

[Tpocrefimnii nyte pewmenus ypaHenuss auddysuu Bo
BPEMEHHU — 3TC HCNOJAL30BATh HABHBII METOA MNEPBOrC MNo-
psiAKa, anaforudHblil mertoxy Diepa A5 OOGBIKHOBEHHBIX
onddepeHuuansublx ypaBHeHu#. Kak u paHee, B MOMEHT
BpeMeHH [ = (0 HayaibHble YCJOBHS ONpeIENsTIOT 3aBHCH-
MYI0O TEDEMEHHYI0 Ha MPOCTPaHCTBeHHOU ceTke X; (§ 2
r1. 2). Ham Heo6X0AMMO NPOMHTErpHpPOBATL YpaBHEHHE

oun 0%u —0
of K=

B npefejax wara no spemend Af, IIpoctpaHcTReHdHBIH Olle-
patop 0%/0x? onpeneneH, Kak H panee (ra. 2, § 3). ladee,

1 1
ujt = u (""", x;) naxomutca W8 pasuoCTHOrO ypaBHeHHs
it = ar S5 — o ). (3.49)
i i Az U i T ) :

Ha ¢ur. 3.6 37a cxeMa HHTerpHpoBaHHs NpeACTaBIeHa
Ha ABYMepHOU CeTKe.

Kak o6cyxpanoch paHee, CYLIECTBYIOT MOHATHblE OWIHG-
KH, CBA3aHHBle C llaraMu IO BpeMeHH Af M NPOCTPAHCTBY
A, U MB HCClenyeM TOUHOCTb, YCTOHUHMBOCTL H 3(deKTHB-
HOCTE 3TOro Metopa, Caeays obimemy moaxoxy (ra. 2, § 2)
K H3YYEHHIO YCTOHYHBOCTH CXeM, HalieM MHOXHUTesab
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nepexona (mag, B Gosiee CJAOKHLIX CHTyaUUsX, MaTpuLy mne-
pexona) s Gypbe-MOIbl B NPOCTpalicTBe:

u=1(l) e,

Moncrasum 3ty GYHKUHOHAILHYIO (OPMY B PasnocTice
ypasuenue (3.49):

. \ At N ik, ikx;
un-}—lezkx unezkx] + K un (ezkv]_H . 28”“1 + ethl_l)’

QK At

an+i=an{1 u e fkur pmikA — 1)} (3.50)

Yutem, uTo l/pei*d 4 156~ kA == cos (kA). Ypasuenue (3.50)
cBsI3bIBAET aMMIAUTYAY Gypbe-MOL Ha NOCAeL0BaTeIbHDIX

n+l
178
i < u
t ot !
” I . .
J~1 S S+
X ——

®ur. 3.6. Cxema n3oGpaxaeT NPOCTPAlCTBEHHO-BPEMEHIYIO CETKY, HA
KOTOPOJ MO:KHO MHTErpHpOBaThk ypaBHeHHe AH(DPY3HH ABHBIM MeTO10M
IIepBOTO IIOPAJKA TOUHOCTH.

Henssecrnas GYHKIISA ONPeRCACHA TOJALKO B NHCKPETHHIX TOYKaX X—*? MIOCKOCTH.

Bropas mpoH3s0XHAs 10 NPOCTPAHCTBY, BXOAAMAS B ypaplieHne AuQdysHH, priuHCs

JifeTcA ¢ McNoab3oBaHHem TpexX Touek: (n, {— 1), {n, §), (n, i+ 1). Ilpouasoanas
110 BPeMCHM ppiulicasieTesl Mo Toukam: (n+ 1, f) ¥ (n, ).

BpeMeHIIHIX caogx. IlockoabKy 3ajaya 3TOro HpHMepa co-
OEPHUT MMl OJHY HEH3BECTHYIO (YHKNHIO M TONERKO OO
yYpaBHeHHe B YACTHBIX NIPON3BOAIMX, TO Qypbe-MoAe COOT-
BETCTBYeT MHOXKHTENb IIepexcha g, a He MaTpHua nepe-
x0ja:;

g (AL, A, k)——l—{—Z {Cos (RA) — 1} =

4K At .9 kA .
=1 —TSIH (-—2‘). (351)
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[TostoMy  ecan  BoinOJHeHn — KPUTePHA  VCTOHUHBOCTH
Heiimana (3.47), to

dx At L o kA
()

310 ycnoBue NOMKHO OBITh CHpaBeitilBO Ajas JA0GOTC BOJ-
HOBOro uucaa k. BoiGupas MakcuManaplloe 3iadcilie ciunyca,
nojsydaes yc/JA0BHE YCTOIUYHBOCTH B Bille

— 455> -,

A2
AtéO,ST. (3.53)

N

1. (3.52)

CaenoBatesnbHo, yTOGBl MOAYYHTH YCTOHUIIBOE 4IHCJAeHHOE
pellienHe, Mbl JO/IKHBE! BBIOHpATL HIAaT [0 BPEeMCHII MeHbllie
MakKcuMaJpHoro jgonycraamoro mara (3.53). DT1oT pesyib-
T4T MOXKHO TMOSCHUTb (PU3IMUECKH, H OH B JelCTBHTENLHOCTH
ecrecTseH. MakcuMasbHBI TOMYCTIMBIH IIAr IO BPEMEHH
Aty pasen spemenu anddysun na xapaxkrtepHod gaune A,
KOTOpast COBNafaeT ¢ I[POCTPAHCTBEHHLIM 1HAroM CeTKH
[cp. ¢ ypaBHenmenm (3.29)]. Benuunua Af, ectb Bpevs pac-
npocTpaHeHus HHpopmauunn Baoib aduHsl A. Ilockoabky
METOJ pelleHHs fBHBIH, To HHOpManus Ha # -4 1 BpeMeH-
HOM 1are B TOYKe | NOJydaeTcs JAulllb H3 OKPYXKaIOUIUX
rouek. ITosToMy B sBHOM MeToXe HH(OPMaUIR «pacrnpoct-
pausercs» Mo ceTke JHIIbL cO CKOpocThio AJAf, U ecau 3Ta
CKOPOCTL 13-32 GOJBIIOTC HIara 110 BPEMEHH OKa3hBaeTcs
CIMWKOM  M2ajofl, TO MOXKHO OXKHAATh KaTacTpohHYECKUX
pesynbratoB. A/Af—3T0 xapaKrepHas [OJAA CETKH CKO-
pocTb.

ILasi onpepeseniss TOYHOCTH MeTOZA MOXKIIO DAaCCMOT-
peTb (hypbe-MOoay B NPOCTPAaHCTBE M BO BpeMeHU H IIOJYe
YUTh JHCNEPCHOHHOE COOTHOLIeHHe [l Pa3HOCTHON CXeMBbl
3aTeM €ro MOXKHO CPaBHHTb ¢ JHCNEPCHOHHBIM COOTHOLIe
HueM 151 auddepeHunalbHOro ypasHeHus. PasHocTHas
cxeMa anmnpokcuMupyer ambdepeHnHaJpHOEe YpaBHEHHe
B TOM cJ/yuae, ecJH B Npeleje HyJaeBoro iwara Af u 6olb-
WHX JJIIH BOJH I0Jy4aeMble AICNEPCHOHHLIE COOTHOILIEHHS
COBNaZAIOT. 37ech AOCTATOYHO CKAa3aThb, YTO B pacCMaTpH-
BaeMOM CJyuyae TOYHOCTh N0 BpeMEHHOMY Iiary HMeeT
nopAgok Af, a 10 NpOCTPAHCTBEHHOMY — TMOPAIOK A?
(0(At)+ 0(r%),
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§ 4. YpaBHeHne mepeHoca: siBHAas cXeMa HHTErpHPOBAHHUsA
NepBOro Mnopsika TOYHOCTH

PaccmoTtpum npoctoil cnocol HHTErpHPOBAHUS ypaBHe-
Husl nepexoca (3.24)

du ou
1 To5y =0

C MOMOILLBIO SIBHO CXeMBI IlepBOro nopsanka Tounoctd. Ha-
XOJst IPOCTPAHCTBEHHYIO TIPOU3BOJIHYIO TaK e, KaK B Il 2,
§ 3, u uHTerpupya B npeiesax OJHOrO wiara 1o BpeMeHH
At ¢ TouHOCTLIO IepBOrc NMopsAka (Kak B MeToje DHaepa),
noJyyaeM

At
Fleyn 2 —
u? ur— =53 (ur, —ur) (3.54)

Arta cxeMa npeicrasieHa Ha ¢ur. 3.7 Ha IByMepHOH cerke.
Kaxk n panee, Mbl- H3yuaem npeobpaszosaHue (ypbe-MOIbL

o i an i v AL ikx, ]
un+lezkx!=une kxj_ o un(ezkx]_,_l__ethj_l)’

HJIH

A , oA, o -
u"+1=={1.—-t R ,mn(kA)}u“. (3.55)
TakuM o00pa3oM, MHOXKHTeab Tnepexoga g{AL A k) nns
cXeMbl ABJIAETCA KOMINIEKCHBIM

g=1—iaq, (3.56)
rje
v At .
a=—sin (RA),
H, CJIef0BATENbHO, HYXKHO OpaTh MOAY/JAb KOMINVIEKCHOTO
MHOXKHTEJIS nepexoja:

lgl=gg"'=1+d (3.57)

BungHo, uto a7s 3TOl cXeMbl MONYJb MHOXKHTENs Hepexofa
Beerga Gosblie efuHuHubl H uTo ycaosue Hefimana 43.47)
He MOXKET BLINOJHATLCA HH NPU KaKHX HEHYJEBEIX O H HU
NpH KaKHX BpeMeHHBIX miarax. PasnoctHOi cxeme (3.54)
CBOHCTBEHHA HEYCTOUYUBOCTs IJAsI BCEX BPeMEHHBIX LIAros
Af, 1 OHa TOKa3biBaeT, YTO He BCE COIVIACOBAHHBIE H Ha-
TJsiHble CXeMBbl I10JIe3HEL.
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u‘_n+t
n+l —o-
t T at
n—=e
Ulae
N+l
Bpems
t

Wae

®ur. 3.7. HeycTofiunsas cxeMa nepsoro nopsaxa (3.54) mis pewmenus
ypasienusi nepenoca.

a—UpoU3BOAHAA MO BPEMeHH phiyHcaseTcs no toukaMm (n+ 1, f) ¥ (n,*f), a no npo-

CTPAHCTBY — 10 TOYKaM (n, j+ 1) u (n, j—1); 6~—cXxeMa HCcycTOHUNBA, MOCKOMBKY

CYleCTBYIOT ABe BSaHMOHPOHHKaLOLLU{e CeTKH, He CBA3aHHLIE B TOM CMbiCHe, YTO
NMepeHOC MO ceTke «e» MPOHCXOAHT He3aBHCHMO OT MEPCHOCA IO CeTKe O»,

MoxkHo HallTH yCTORUMBYIO,; TOJAE3HYIO CXEMY NePBOrO
nopAaxa A4 YpaBHEHHs neperoca, 3ameisis 4] B SIBHOM

anroputMe (3.54) Ha npocTpaHETBEHHOE CpellHEe:

1 Loov AL
1 ——— —_—
uptt =5 (upy, + 4 ) — 55 (4}, — 4f_y). (3.58)

DTOT anropuTM B NPHMEHEHHH K runepGONHUecKHM ypas-
HEHHSIM H3BecTeH Kak cxema Jlakca [6] m mHpoko mpume-
uaercs. . Mcenenyem, Kak u panee, yCTOHUMBOCTL 3TOM
cxempl, Ilonctapiisiss B cxeMy OTAedAbHY0 (ypbe-MOLY, HO-
JYYUM COOTHOIIEHHE

4+ = {cos (BA) ~ i U::t sin (kA) } ar, (3.59)
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KOTOpPOC MMECT BHJ yPaBHEHHs INepexoja; Ho3TOMY MHOZKH-
TeJib IlIepexona paseil

g =cos (kA) — if—i—t— sin (kA). (3.60)

KBaleaT MOLYJiA 3TOTO KOMINWICKCHOINO MHOXKUTEAA Iepe-
Xoxa

gg" = cos? (k) + (25 )2 sin? (kA) =
—~——_1~sin2(kA){l——(U§t } (3.61)

CuexoBarentHo, yeaosue yeroiunBoctd Heiimana (3.47)
6yneT BLIOJAHENO JJIS BCeX BOJIHOBBIX 4YHCeJ R, eCiil

| vAt]
A

<\,

A

lol”

INES (3.62)

IT0 yenmoBHe 9 Iara no BpeMeHH SABJSETCS NPUMEPOM
yenosust yeroitunsoctn Kypaura — Ppudpuxca — Jesu [7],
npuMeHNMOro K runepGoauueckuM ypasHeHusM. CHoBa pe-
3yJbTaT He BH3biBaeT YANBJeHUA. B siBHOM MeTode war no
BpeMeHU HYXKIIG BpiGUpaTh MeHblle HaHMeEHbIIero Xapax-
TepHOro (u3iuecKoro BpeMeHY 3ajaui, KOTopoe B clyuae
VPaBHEHHS nepeHoca eCcTb He YTO HHOC, KakK BpeM#A, 3a
K9TOpPOE CKOPOCTb U NMPHUBOAUT K MNePeToKy Ha paccTogiiie
A (ra. 1, § 3, n. 4). Ycnosue Kypaura — Ppuapuxca —
JleBu BxJIIOuaer TpeGosaHue, YTOOH (u3uuecKas CKOPOCTb
v Oblla MeHbIlie CKOPOCTH ceTkn A/AL.

§ 5. Mucnepcus u nuddysns Ha pa3HOCTHON ceTke

B nanbHellllleM HHTEPECHO BBIACHHTb, NOYEMY sBRAdA
cXeMa NepBOro TNOpAAKa NJf pelleHuss ypaBHEHHs Inepe-
noca (3.54) HeyctoiiumBa, a ¢ nOMolllbio Meroza Jlakca
MOXKHO IIOJYYHTH yCToitunBylo cxemy, Heycrohuusocts,
MPHCYIIAs CXeMaM MepBOre Nopaaka TOYHOCTH IIPH pelle-
HUH runepGONMYeCKHX ypaBHeHHH, BbI3BAHA OTCYTCTBHEM
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LleHTpUPOBAaNuA BO Bpemenn. Hanpuwmep, moxno nepenu-
caTb a/JropuTM Meroga Jlaxkca us ypasueHus (3.58) B Buue

%(u;?“ —urh + é(u;ﬂf' —2ur 4wy =

v
=5 (W — 26} +up ) —

At
vm (4} — upy)- | (3.63)

D10 ypaBHenue, Temepb yKe € TOYHOCTBIO BTOPOTO TO-
psioKa, 3KBUBaJEHTHO AH(PGdepeHIHAALHOMY YypPaBHEHHIO

ou At d%u AZ 0% du

ot or T wai e TV =0 (69
Hcnonb3ys wmerton Jlakca, MB! mblTaeMcd MOAeNH)POBATh
ypaBHelye nepesoca ypasHeHnem (3.64). Bropoi unen mo-
SIBJSIETC TaK K€, KaK M B HEYCTOHYHBOM MeToAe, NPH UH-
TErPUPOBAHUH C TOYIOCTHIO NIEPBOro mopajaka mo wmary At
n 00yc/OBJEH HEIEHTPHUPOBAHHOCTLIO BO BPEMEHH CXEMD
nuTerpHposanus, MyeHHO 3TOT u/JeH NMPHBOAUT K HeyCTOH-
YIBOCTH WJH HEOIPaHUUCHHOMY POCTY B MeTOJAX C NEPBLIM
NOpAAKOM TOYHOCTH, M YCTOHUHMBOCTL MeToga Jlakca Bo3-
MOXKHA TONbKO Omaronapsi n06aBJeHHIO TPeTbero uJjeHa.
ITOT usleH BO3HHKAET M3 yCpPeIHEHHs 3aBUCUMON IepeMeH-
HOH IO TMPOCTPAHCTBY Ha MpPeABIAYLIEM llare HO BpeMeHW.
Taxum o6pasom, B Merone Jlakca MOXKHO TOJIBKO TOrAa
rapanTHpOBaTb YCTOWYHUBOCTb, Korpaa Tperuil, auddysuon-
HBI u/jeH npesbiiaer Bropoil. Has dypbe-MoAnl ¢ Boallo-
BLIM BEKTOPOM R 1 49acToTolf  ~ vk 370 yciaosue obecne-
ynpaercss BbIGOpOM Masoro ulara no BpeMeHH

2p2

UJIn
A
o]’

Al
At <

HMenno 310 yeaoBue n Obuio mogyueno patiee (3.62).

Boobie xputepuil ycTOHYMBOCTH BHIpaKaeT JGKAJLHOR
ycJ0BHe, MO3TOMY YyMeHbllIeHHEe IIara Mo BpeMeHH ¢ Leblo
obecreuITL apHOPHOE BLINONHEHHE YCIOBHA YCTOHUUBOCTII
HpUBEAeT K 4Ype3MepHOMY Bospactaduio Au(dy3HoHEOro
uneHa B ypaBHenuu (3.64). CoegoBaTes]bHO, B METOAE
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Jlakca, Kak u BoofUle BO BCeX MeTojaxX IEpBOro Nopfajika
TOUHOCTH, TPOHCXOAUT 3aTyXaHue BOJH wWin Audoysud
(B npOTHBOMOJIOKHOCTL auddepennnanbtiol cucreme). 310
cepbesHas TpobieMa B pafore ¢ runepOo/NYECKHMYU ypas-
HEeHHAMU.

IlpucyterBue Qughdhysun n ducnepcuu (nocienHee o3Ha-
YaeT, UTO BOJHBL Pas3yIMyHOH AJIMHBI pacnpocTpaHAioTcs
C Da3IHYHBIMHM CKOPOCTAMH)— 3TO oOllee $IBJeHUe IS
BCeX Pas3HOCTHBIX ypaBHeHud. Yciosue ycrofiumsoctu Heit-
MaHa HMeeT OdYeHb LIMPOKYIO 06/1aCTb NPUMEHEeHHd H I103-
BOJISIET IOJIYYaThb KPHTEPHH YCTOMUMBOCTH NpOCTeRII#M 00-
pasoM. Opnako OHO MaJO TOBOPHT HaM O [eTaJbHHIX
CBONCTBAX KOHKDETHOH Da3HOCTHOH CXeMB! K, B YACTHOCTH,
© BaXKHBIX CBOHCTBAX AM(PGY3un M gucnepcuu. B uneadnp-
HOM CJ/yudae TNPH YCJIOBHH, UTO 3a7auya He CAHUWIKOM CJI0XKHA
MaTeMaTHUYECKH, MOXKHO TOJNYYUTb AICNEPCHOHIIOE COOTHO-
uleHUe M Pa3HOCTHOH CcXeMbl, CBfI3biBAIOIlee UACTOTY
(bypbe-MOJIEl Ha CeTKe ¢ OnpejeJeHHBIM BOJHOBBIM UHCIOM:

o=o0(k, A, A (3.65)

CpaBHHBAf OHCHEPCHOHHOE COOTHOLICHHE PAas3HOCTHOHR cxe-
MBI ¢ JAHCMEPCHOHHBIM COOTHOIIGHMEM COOTBETCTBYIOILEH
nupdepeHUHaNbHOR CHCTeMBl, MOXHO NOoApPoGHO mpoana-
JIU3UPOBATL NPUMEHAMOCTb ¥ TOUHOCTb PA3HOCTHOH CXEMBbL.

UTo6B OpOMJMIOCTPHPOBATL 3TOT TMOAXO0A, a TaKkKe
cofictsa Auddysuu u aucnepcud BoaH B Mertone Jlakca,
HaflleM JHCNEPCHOHHOE COOTHOLWIeHHE nA AnddepeHnu-
aJbHOTO ypaBHeHUs MepeHoca U AJAs Pa3HOCTHOH CXeMbl
(3.58). Paccmorpum ¢ypbe-MOLy BO BPEMEHH H B IPOCT»
paHCTBe,

u(x, t)=fetl0i~kx),

H, xax npexje [cM. cooruouenus (3.26)], mas aunddepen-
IHAJALHOTC YpaBHEHHs NEPEHOCa MOJYyunM

© = vk. (3.66)

CnenoBaTenpHo, B anddepeHIHANbHOM YpaBHEHHH MEpe-
HOCa BeJIMuUMHA ® TNPUHEMAET YUCTO BELIECTBEHHOE 3Haue-
HHe, TaK YTO HeT 3aTYXaHHd HU ONHOH MOCJIBI, H BOJHB CO
BCEMH BOJIHOBBIMH YHCJAAMH HMeIOT OJHHAKOBbie (azoBblg
H TpYINoOBble CKOPOCTH, TaK YTO HeT M JUCIEPCHU BOJH,
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O6partumcs tenepb K pasHocTHeM cxeme (3.58) u noa-
CTaBMM B Hee Qypbe-MOAY:
tfo("+at)-kx)] _ 1 . i(wtn—-kx.){ —ikAY
] P ikA iRAY
fie 5 e 173 (et*4 - e~ ik4)

— DAL (g — e-“w)}. (3.67)

IpuBoxs nogoGuble ueHbl, moayyaeM

el0 A = cos (kA) — —g—ﬁt—isin (RA). (3.68)
ITO0 M ecTb HCKOMOE JHCNEepPCHOHNIOe COOTHOWeHHe IS
Pa3HOCTHOM CXeMbl, He pa2pelleHHOe OTHOCHTENbHO .
B o6uiem cayyae @ KOMIWIEKCHO, B, HCNIOJb3Ys 0GO3HaUEHHE
o = - iy, Moxno NPHPABHATL OTHEJABHO JHCTBHTE/b-
HDI€ H MHUMbIC 4acTH AUCIHEPCHOHHOI'O COOTHOLIEHHS:

tg (Q A = 2AL tg (kA): (3.69)

A
e~V Af — cos? (kA) + ( . gt

)2 sin? (kD). (3.70)

B wactHoM cayuae, korga vA#/A =1, y paBHo Hydi0 H
Q= vk, (3.71)

4TO HAXOAHTCA B TOUHOM COOTBETCTBHH ¢ AHCIEPCHOHHBIM
coorHomenneM anddepedunanbioll crucremor (3.66). Ox-
HaKo B ofUleM cJydae y He PaBHO HYJIO, TAK YTO HA CeTKe
npoucxogut guddysud, u, kpome Toro, (Gasosas u rpymnrno-
Basi CKOPOCTH ABJAAIOTCA PYHKUMAMU BOJHOBOIO uHCIa, TaK
YTO eCTb U AMcnepcia. I'padpuxku Q(k) u y(k) npeacras-
JedHel Ha ¢ur. 3.8 maf pasTHUYHBIX 3HAUYEHHI BEJHUYMHDBL
v Af/A. OdeBusHo, uto B MeToze Jlakca mis KOPOTKHX BOJH
CHABHO npoaBasiioTcst 3@ derTol nudphysud U aucnepcHd,
MosTOMYy HabJ0JaeTcd 3HAYUTENbHOe OTKJIOHEHHE OT Tpe-
Gyemoro pesyasrara. as Ma/blx BOJHOBBIX UHCes, KOria
AJIMHBl BOJIH ropasno 0oJibille AJMHBL 1Iara CeTKH, COOTBET-
CTBHe ¢ JAUCIICPCHOHHLIM COOTHOLIeHHeM HH{depeHnnab-
HO CHCTEMBI CTAHOBUTCA Pa3yMHBIM.

Anomanbubie 1uddY3Us M guCTepCHs, B OCOOEHHOCTH
JAJI1 KOPOTKHX BOJIH Ha PA3HOCTHOH ceTKe, — 3TO Bceobmiue
3¢ dexTs, KOTOpble NOABIAIOTCA B pe3yabrare 3aMeHbl
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nuddepeHnHanbHBIX YPAaBHEHUH pasHOCTHBIMM., B Meromax
HHTErPUPOBAHUA NEPBOro NOPAAKa TOUHOCTH IO BpEMeH-
HOMY IIary TaKHe UYHCJCHHBIE SIBJEHHS OCOGEIHO CHJBHLI,

Aucnepcust g% L

Biv o B

Dl_,
!

- )

LQugpapysust

y B 2°=025
0,5 vat
ra 4 =05
VAL
i_q0
< o m 2!
84 QBBHHOBDE qucno k
vat_
“t-20
. (Heycmoiiuuso)

&

®ur. 3.8. ¢ — pucnercust; 6 — anbdysust B MeTone Jlakca Lig ypabite-
Huf NepeHoca.

UYncsennble sQGekThl Ha cefke CTAHOBATCH CHALHLIMH AJA KOPOTKHX AW BoJul
(RA >y 7).

H, yto0Onl 0caabuTh HXx, oBBIYIIO NpuXoauTCcsa HCNOAb30BaTh
MeTolbl 60Jlee BHICOKOTO nopAaKa TOUHOCTH.

§ 6. KoncepBaTHERHOCTL Ha pPa3sHOCTHOH ceTKe

Has gunefiHOH cHCTeMBl ypaBHeHHH B YACTHBIX IIPOH3-
BOJHBIX MOXHO, KOHEUHO, HCNOJb30BATh KOHKPETHHIH pas-
HOCTHBIH MeTOJ, OAHAKO OYCBHJAHO, YTO HMeeTCs] MHOI'O CHO-
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co6oB pasHocTHOro Au(gdepeRlHpoBaHu He/IHeHABX uJje-
HOB. Mpl BHJeaM, u4TO MHOrue (H3HUECKHE ypaBHEHHS B
YACTHBIX NPOH3BOJAHBIX BO3HHKAIOT M3 3aKOHOB COXpaHeHHd
(M. ra. 3, § 1, m. 2) u Ha3HIBAIOTCA KOHCEPBATHBHBIMA.
Buiio Op1 noJse3Ho, uTo0Bl COOTBETCTBYIOUIHE DPA3HOCTHHIE
ypaBHeHHs ObBIM B TOH JKe CTeNeHu KOHCepBaThBHBL. [O-
BOpsi OoJlee Onpepe/eHdo, Mol OyJeM UCKATb DPa3HOCTHBIC

] ’\\

=
/

p

°=

| Quetin
™+ > of

é flomor|

[ 3
N
/
/ >
/ —
//

Dur. 3.9, Coxpanenne nOTOKA Ha PA3HOCTHOH CETKE B IPOCTPAHCTRE

JBYX H3MEpeuHi,

IToTok or Auciikl € saveiike E TOYHO pasell o BeJHUHHe H NPOTHBONOJOMKEH 110
3:uaKy UOTOKY OT fuefiki E k fAveitke C.

YPaBHEHHA, KOTOpble TOXKJIECTBEHHO COXPaHAIOT, CKaXeM,
PHEPTHIO, MaccCy, HMOYJAbC WJIW MArHHTIBIH NOTOK CHCTEMbI
0e30THOCHTENLIO K OWHOKAM, BHOCHMBIM KOHEYHO-PasHo-
CTHOH CEeTKOH.

XoTa noHsTHe cOXpaHeHHUs OLHHAKOBO NPHUMEHHMO K 3a-
JlayaM J1000H pasMepHOCTH, A/ Ledeff HacTodllero napa-
rpada DOCTATOYHO P&acCMOTPeThb 3agauy B ABYMEPHOH nps-
MOYroJibHoi o6smactu R, orpanuueHHod rparuuen B. Pas-
neauMm obgacte R Ha psL 3JeMEeHTAaPHBIX NPAMOYTOJbHBIX
Adeek oO6beMoM At (dur. 3.9), npuueM B ABYMEPHOM CJY-
yae OymeM wumetb [J mnpsiMoyroieHbix sveek. Cucremy
YpaBHEHHH coxpaHeHUs B YacTHHIX npousBoaHbix (3.16)

du

MOXHO TIPOMHTIErpHpPOBATbH IO KaxJAoH aJeMeHTapHOH
Auyefike NPoCTpaHCTBA — BpeMeHH of6bema ATAf or (»
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no t»+l, Hanpumep, unrerpupys no o6bemy sivefiku C ¢ mo-
BepPXHOCTBIO A, moJayuum

i+l tn+l
V at{§Srav=— 1§ at{{vias,
1" C g [
n41
Sgu”'F‘dr—SSu”dr=-—tS dtffids. (3.7
C [ " A

JleBast uactb mpouHTerpupoBaia MO BPCMEHH, B NpaBoil Hc-
nonb3oBajach Teopema I'aycca — Ocrtporpaickoro, Tak uTto
HHTerpas 1o o6beMy 6plt npecfpa3oBaH B HHTErpaj mo no-
Bepxnocty A sueilku C. Temeps BMecTO OTbICKalMsg Ha
ceTke TaKHX JIOKAJbHLIX BeJIHYUH, KaK, CKaxeM, MJIOTHOCTDb
1Y IUVIOTHOCTL MMIYJbCE, MOMKHO OMNpPEAEAHTL COOTBET-
CTBYIOIIHE NDPOUHTErPUPOBAHHBIE BeJHUHHBl [OAHOH Macchl
WK [OJHOTO MMIYJbCa COOTBETCTBEHHO B KaXKAOfl sAdelike:

Atu} = S S u" dx. (3.73)
C

Kpome Toro, moroku fdS onpenenensl TONLKO Ha TOBepX-
HOCTH KaxKao# sivenxn. JJs1 suelku ij uMeeTcss 4eThipe TO-
TOKa, OTHOCALIMXCST K 4YeThlpeM OKPYJKAIOUIHM syeHKaM
(a=E,S,N, W) (cm. dur. 3.9),

. Faij —={ftds, (3.74)
a A
41
~n ~n 1
l.l,'j+1 = Wjj == S dt-A_’-F-Z Fa,-]'. (375)
" o

Pasnocraas cxema B ¢opme (3.75) HasvlBaercss KoOwH-
cepsarusnoll. XoTs KOHKpeTHAsi pa3HOCTHAs CxeMa He
onpenesena, NOCKOABKY TOUHO He OmpeneneH cnocol Bbl-
YUC/eHHsT TIOTOKOB BO BpeMmeHu, ¢opmyauposka (3.75)
UMEeT TO 3HAYHTEJNbHOe AOCTOHHCTBO, 4TO eciH nuddepeH-

ouaJibHass CHCTEeMa CoXpaHseT BCJHYHHBI lld’t', TO pas-

R
HOCTHas cxema B paBHOﬁ Mepe TOXKACCTBEHHO COXpaHser
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5TH BeJIHUHHBL. B cooTBercTBHU ¢ ypaBHeHuem (3.75) Jio-
6oit notox Fq;, He oTHOCAmUIICA K rpaHHle 06/7aCTH, OfH-
HaKOB AJ4 ABYX COCeJHUX fAueeK, TaK 4TO, HANpPUMeEp,

FEi]= - FWi+Ii' (3-76)

Orcioga cregyer, uTo TpU CYMMHUPOBAHHM YpaBHEHHH
(3.75) no Bcem siuefixam ij B R mOTOKM TONAapHO COKpa«
TATCH H OCTAHYTCST TOJNBKO BKJAAAbl OT TPAHHIIbL

I J 7 ntl
Y yurtt=Y Yap—y | dig=F. 77
=1 [=1 i=1 j=I B 4n

U, CJAeJ0BaTe/NbHO, HE3ABHCHMO OT omnbox ammpoKCHMalihl

B Da3HOCTHOH CxeMe BeJHUYHHBL Sudt TOXKJIECTBEHHO CO-
R

XPaHSIIOTCS ¢ yYeTOM BKJaaja OT NOTOKOB uepes rpanuuy B

obaacru R. Tenepn, ompenensas notoku F,;; Bo BpeMeHH,

MOYKHO IOJYYaTh PA3JNHUYHBIE KOHCepBATHBHblEe Pa3HOCTHBIR

CXEeMBbl.

§ 7. KoHcepBaTHBHbIE METOABI
RS THOePGOMHYeCKHX ypaBHEHUA

Henonbsys noHATHS KOHCEPBATHBHOCTH, NOpALKa TOU-
HOCTH, YCTOIYMBOCTH M $IBHOIO pelleHusl, Mbl Tenepb B CO-
CTOAHHH PAacCMOTPeTb PsA BaXKHBIX METOA0B pa3HOCTHOTO
pemenus runepbonunueckux ypasHennit. Hekoropnie Mertoant
HHTErpHPOBaHUsl 10 BpeMeHH Oblin BBeneHH B . 2, § 6,
H OHH IIPHMEHUMBl B DABHOH Mepe M K YPaBHEHHSIM B uacT-
HpIX NpousBoaHblX. as npoctoTht OyZeM paccMaTpHBAThL
AJNTOPHTMbl AJsl OLHOMEDHOTO CJydas, XOTS UX MOXKHO NpH-
MEHATh M B INPOCTPAHCTBe JIOGOrQ uMcaa H3MEpeHnd.

3nech OYAYT ONHCAHB TOJILKO SIBHblE METOAB!, XOTSi MBI
BUJENH, YTO HesABHAs aNMNpPOKCHMauus HUMeeT 3HAUHTENbHbIE
JAOCTOHHCTBA, B 0COOEHHOCTH M3-3a TOrOC, 4T0 MOXKHO NOJAY-
YUTb O€3yC/IOBHYIO YCTOHUMBOCTb CXeMBI M HCMOJNb30BaTb
COOTBETCTBEHHO OOJbllMe IIaTH MO BpPeMeHH (CM. T 2,
§ 6). Onnaxo nas runepOoJHUYECKHX yPaBHEHUH TPHIOX-
HOCTb HEABHBIX METONOB He OYeBHAHA M YCMeLIHOCTh MpHMe-
HeHHsl HESIBHOTO METOJ2 3aBHCHT, HECOMHEHHO, OT CBONCTB
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KOHKPETHOH 3a7a4l ¥ TOUHOCTH (POPMYJIHPOBKI OMNIChiBae-
MBIX ypaBHeHu#l (cam. ra. 10). Mwmeercs x tomy xe Aonon-
HUTEeNBHA TPYAHOCTL pelleHts YPaBHeHHN CO CJIOMKIIBIMI
MaTpPHLAMH HAa KaXKAOM Ilare 1o BPeMeHH B cjayuae MpocT-
panctea Oosee ueM oJHOro usmepeHust {(cM. ra. 4). Mo
TaxKe OrPAHHYHMCH 3/eCh NpPHMEHeHueM METOACB Ha 3ilje-
POBLIX CETKax, a MMEHHO Ha IPOCTPAHCTBEHHLIX CETKaX, Ko-
TOpBIE OCTAlOTCHA HENOABIKHBIMH BO Bpemenu. Hanxo orme-
TIiTh, YTO HCINOJAb30BAHHE JaTPAHIKEBbIX MCTOJOB, B KOTO-
PBIX IIPOCTPAHCTBEHHAS CETKA JBHXKETCS ¢ JIOKAJIbLHOI
CKOPOCTbIO, XapaKTepHOH A1a Aailofi 3aKaul, — MOIIHLI
NOAXOM B cjayuyae OANOro HaMepeHiust (cm. ra. 9), caHako
MIIOTOMepHad JiarpaH:Keba ceTka OBICTPO M CIHVIBHO HCKa-
JKAeTCA H TOYHOCTL OLICTPO MAajaerT.

Pacemotpum  ofwime  runepfodideckue  ypaBHCHIS
B KOHCEPBATHBHOH Qopme I8 CAydas OIHOIO H3Mepelrs:

-+ —-=0. (3.78)

Jl1060f ABHLIA MeTOJ YCTOHYNB, €CJAM Ha ILIAr MO BpeMeHi

At nanoxeno ycaosne Kypaunta — @puipuxca — Jlern [7]:

A Q

M o7 (3.79)

rie v— HauGoanluasi CKOPOCTh DaCHpOCTPaHeHHus BOJN l1a
ceTKe.

1. Koncepsatusroti serod Jlarca

Merton Jlakca Op1 eonucan pasee (cm. ra. 3, § 4).
B xoncepBatusHOil dopye Mmeron Jlakca ompejensercs a.l-
TOPUTMOM

1 " " n At
utt = (ufn Fuf) — (Fl — Flo) 5. (3.80)

B KauecTBe npuMepa Bbme Obo MOAPOOHO H3YUEHO
ypaBueHue nepenoca F = ovu, rie v — CKOPOCTb Ha ceTKe
(em. ra. 3, § 4, 5). Kak u panbie [cootnomenus (3.62)],
yCJA0BHE, HajaraeMmoe lia liar N0 BpeMelll, lIMeeT Bl

A

Atglvl.
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YpaBHeHue mNepeHOca — CJIMLIKOM HPOCTOR NpUMep HHTe-
pecylomux Hac ypaBHEHMI, H, yToOBI NPOM/IIOCTPUPOBATH
6o/lee WIUPOKYIO MPHUMEHHMOCTh MeTOJa, HCMOJb3yeM METOI
Jlakea 1sid cUCTeMBl ABYX ypaBHEHUH, ONUCHIBAIOLIHX OJHO-
MepHHE 3/JeKTPOMaTHUTHBle BOJHBL Il0OCKO-moNfApH3OBaH-
Hasi BOJIHA B BaKyyme onpejenasiercs AHpGepeHIHATbHBIMH
ypaBHeHUAMH

0B oE
ot tegy =0
oE oB
or T =0

BBITCKAIOMUMYU M3 ypaBHeHHH MaxcBena. 31ech 3JeKTPH-
yeckoe noje E HampaB/eHo no ocH y, MarHuTHoe moJje B —
10 ocu x. Ilpumeusst aaropurm Jlakca nasna BeKTopa
u=(E, B) u notoka F = (cB, ¢L), HaxoluM HOBble KOMIIO-
HeHTHl TOJsE Ha KA)KAOM LIare mo BpeMeHH:

Ej*'= I(E]—H_*—E.’I:L—‘l) CAZ(BHI B}-1),

B =4 (Bt + Bj-r) — SRt (o — Ej1).

Hoas ananusa ycToliunBocTH IOACTaBUM B ypasHenus (3.82)
BEKTOPHYIO Qypbe-MOmLy
un:(Eneikx Bneikx)
= ]
U TOJYYHM MaTpuny nepexopa (ri. 3, § 2)

cos (kA) 'Z At sin{kA)
G — . (3.83)

A Gin (k) cos (k)

(3.81)

(3.82)

"B cootserctsun ¢ ycaosueM ycroiiumsoctn Hefimana
(3.47) TpebGyetrcs HaliTH coOCTBeHHBlE 3HaueHuss g MaT-
puunr G:

c? (At

{cos (kA) — g} + sin®(kA) =0,

OTKYa

ic At

g1, 2= "Cos (kA) == sin (kA). (3.84)
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Martpuna nepexona nMeer ABa COOCTBEHHbLIX 3HAYEHHUSA, CO-
OTBETCTBYIOLME [ABYM CBA3aHHBIM ypaBaenuaMm. ‘OHH OTHO-
CATcA K BOJINAM, PAacIPOCTPAHSIONIUMCS B MOJOMKHTENbHOM
U OTPHLATEJNLbHOM HanpaB/JeHHAX 1O ocH x. Bmpouem, Mo-
AYJH COBCTBEHHBIX YHCEJd COBIAaAAIOT:

c? (A1)?

| g F--‘=cos2 (RA) + X sin? (kA) ==

=1 —sin? (&A) (1 — =G5 SR, (3.85)

Takum obpasoM, ycaosne ycroiiuuBoctd Hefimana ygposae-
TBOpsieTcst AN o0edx BOJIH, eC/IH

Mg%, ' (3.86)

Tlle ¢-—CKOpOcTh BOJH. Kputepnit yCTOHYMBOCTH NO3TOMY
TOT JKe, 4TO U 17151 ypaBHeHHs MepeHoca. XapaKkTepHasd CKO-
poctb ¢—3T0 Tenmepb (pazoBas CKOPOCTb, a He CKOPOCTb
nepesoca, TeM He MeHee Mbl CHOBA HOJYYHIN YyoaoBue
Kypanra — ®@punpuxca — Jleen, Tak Kak ¢— Hanboabinasd
CKOPOCTb PACIpOCTPAHEHHs Ha CeTKe.

IlpuBeneHHEle 3ech NMPUMEpPHI JMHEHHD, XOTs (opMmyna
(3.80) umeer ofmuit Xapakrep WM IPHMEHseTCA B PaBHOM
Mepe H K 00Jee MHTEepECHBHIM NpHMepaM HeJHHEHHBIX ypaB-
HeHn#l, dta cxeMa, OJHAKO, He LEHTPHPOBAHA 1O BpeenH
H HMeeT OWHKOKH NMOpSIKa LIArOB II0 BPeMEHH H mpocTpaH-
¢TBY (cm. I 3, § 5).

2. Koncepsatugrolii meTod «C nepetiazusaniiems

IIpu unterpuposanun runepOOJHIECKHX YPaBHeHHI MO
BpeMeHH ¢ LIarom Af TOJABKO € NEPBBIM HOPALKOM TOUHO-
cTH mo Af (BpemeHHasi pa3HOCTHas TPOM3BOJAHAsT He LEHT-
pupoBaHa IO BpPeMEHH) B ypaBHEeHHs BHOCHTCA CHJLHO Je-
CTAOUNH3HPYIOMUI 4JIeH, H eAHHCTSeHHbIN NyTb YAyuIleHIs
YCTOHUMBOCTH — 106aBUThL 6oj€¢ CH/BHLIA NPOCTPAHCTBEH-
el auddysnonnsidl iaed (cMm. r. 3, § 5). DtH Merond,
IpUMEpPOM KOTOPHIX MOXKeT CayXuthb Mertox Jlakca, paioT
CHJILHO CIVIAXKEHHOe YHC/AEHHOE pelleHue.

Mbl MoxeM npeogoseTb 3TH TPYAHOCTH MOCPEACTBOM
HEHTPUPOBAHNSA [0 BDEMEeHH YypaBHeHufl, 4To6bl NOJYUHThb
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MEeTOIBl CO BTOPHIM NOPsiAKOM To4HOCTH no mary Af. Oue-
BHIHO, 370 TpeOyeT Oojee CJIOKHOM PAa3HOCTHOH CXeMHB
H Ooabiied paboThl [AJS BBIYUCJUTETbHOH MalllHHBI, TakK
KaK JOJKHA HCIOJAb30BaThCs Tpexcaolnas dopmyaa. Ilpo-
CTeHlIAs U3 HTHX CXeM — CXemMa ¢ NepellaruBaHHeM — I0J-
HOCTBIO aHAJOrMYHA METOAY C IepellaTHBaHueM 151 OOBbIK«
HOBEHHBIX AnddepeHinanpubx ypasHesnii (cm. ra. 2, § 6),
0JAHAKO Tenepb 9TOT MeToAd OyIeT HCNOJL30BaThbCA Ha MNpOs
CTPAHCTBEHHOH CeTKe /s YypaBHeHHA B KOHCepBaTHBHOH
¢dopme.

B namfiTH BBLIUMCAHTENbHOH MauIMHB OyxeM -XPaHHTDb
3aBHCHMBIe IlepeMeHHble U Ha JIBYX BpEMeHHBIX CJ0SX
B KaXJ0oH TOuKe BHIUMCAeHHH (TpebGyembii 06beM naMATH
[IOSTOMY yJABaHBaeTCsd IO CpPaBHEHHIO ¢ o6beMOM NAaMATH
B MeTOZe ¢ I[EepPBBIM MOPSIAKOM TOUYHOCTH MO BpeMeHH).
B npouecce cyera notoku F BHUHCAAIOTCA HA IPOMENKYTOU=
HBIX CJ0SX [10 BpPeMeHH [™:

Fii1=F (u}yy),
W =) — EE (R — ). (3.87)

Ilonyuenuple TakuM 00pPa3oM MCKOMBIE BEJTHYHHB HCIOJb+
3YIOTCSl /IS0 HAXOMXKIEHUS NMPOMEXKYTOUHHIX [IOTOKOB, YTOOHLI
«IEpellarHyTby Ha CACAYIOL{MH BpEMEHHOR cilofi:

2 At +1 +1
ufff = ufy — 5 (Fif — Ff),

Hns cayuag o0QHOTO NpOCTPAHCTBEHHOTO H3MepeHust 3Ta
cxema npeacrasiena Ha ¢ur. 3.10. Caexyer oTMeTUTh, UTO
3HAUEHHUS 3aBUCHMBIX MEPEMEHHBIX B NPOMENKYTCUHBIX IIPO-
CTPaHCTBEHHO-BPEMEHHBIX TOUKaX W} He HYXHbl M BOOOLlE
He BeluucasioTest. Ecau Ha ceTKe ompefesielibl BCe TOUKH, TO
Ha caMOM Jeje HMMEIOTCs IBe B3aHMONPOHHKAIOUiHe CeTKH,
KOTOpble B CXeMe He CBsi3aHbl, TaK YTO pelleHHs Ha 3THX
ceTKax MOryt cMemlatbes no dasam (dur. 3.10).

s wucciaegoBaHug YCTOHYHMBOCTH CXEMBI CHOBA HC-
noJb3yeM ypaBHenHe nepexoca (3.24), rue

F=ou.

Ilas s10r0 mpoOCTOro caydas ¢ OAHOH (ynkumed, mox-
¢raBndss B ypasHenume (3.87) dypbe-Mogy € BOJHOBBIM
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BEKTOPOM K B MPOCTPAHCTBE, NOJYYUM YPaBHENHE AJs MHO-
KHTels nepexopa g AU 3Tol CXeMDbi;

g=1—i 22 usin(kd) g. (3.88)

ITockoabKy HCmOMB3yeTcA Tpexcaoiilias mo BpeMeHn ¢Gop-
MyJa, 113 CXeMBl C INepellariBaHueM c¢/laelyeT KBaapaTiioe

Waz unH
n+t .
/
Bpemst n ! n
a3 I i F
J-1 : JH
at
-1
n-1 ‘u
J —_—
X

®ur. 3.10. Cerka B miockoeti (x — f), HCNOJb3yeMast AJIst MOAYUCHIS
BTOPOTO HOPAJKA TOYHOCTH B KOHCEPBATHBHOM METOAE «C llepeluari-
BaHHEM»,
Ha npoMesxyTounslX y3nax (n, j) TepeMeHHble e olperensiorcs.

ypasHeHue I Mioxuteas nepexola. Iloayvyaem asa
KOPHSL:

g=iazdA/(—a+ 1), (3.89)
rae o = (Af/A)vsin(kA). Takum o6pa3om, ecau Bblpae-

HHe 1noja KopHeM OoJsbltie nynas, MOAYJIb & mias o00HX KOD-
el paseH eQHHHILe:

lgl=1, ecau |a|<I. (3.99)
YTo0k rapadTHPOBATL YCTGIIUIBOCTL 3TOrO SBHOTO METO1a

4151 BCeX BOJIHOBLIX 4UCEJ, HeO6XO,"_UIMO HaJOXHUTDL yCIo0oBle
Ha mwar no BpeMeHII:

At

A

ﬁ' (3.91)
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Kax 1 nmpexkpe, ycsoBlie, HajaraeMoe Ia Iiar N0 BpeMeHi,
ecTb ycaosue Kypanta — @punpuxca — Jlesy,

Heo6xe1uM0 oTMETHTL, uTO [ABa KOPHS, [OJydcHHBIC
I MHOXKHUTEIsS] Tepexoja, COOTBETCTBYIOT JABYM HecBd-
3aHHLIM CeTKaM, HCHOJb3yeMbIM B CXeMe€ ¢ nepeularmsa-
mieM, Xorsa ofa KOpPHA JAaloT YCTOHUHBBIE pEIEHUs Npu
OAHHAKOBLIX YCJAOBHAX, ABE MOJBl, OTHOCALIMECH K 3TUM
JABYM  CCTKaM, MOILYT pAacnpoCTPaHATLCS  HE3aBUCIHMO.
Moo n36eXKaTbh 3TONO BBIYHCJIEHHEM HCKOMBIX BeJHUMH
TOJIBKO Ha OJHOH ceTKe HJH, €CJH 3TO BO3MOXKHO, HCHOJL-
3oBanuemM Majaoro Aup@Py3HOHHOTO ujeHa, 4TolBl CBSI3ATH
3T ABe ceTkd (cMm. . 9, § 6).

3. Hsyxwaeosan cxema Jlaxca — Bendpogga

MoXHO MOJYYUTh TOUHOCTH BTOPOrO NOPSIAKA TO ILIAry
no BpeMeHH, H30ekap 6ogasplloll unucaennoll nuddysun ny-
TeM 0600uIeHIIs SIBHOTO JAByXilaroBoro meroxa (ra. 2, § 6,
n. 3), ocrHoBaHHOro Ha pasnoxenun B pajg Teiiopa no
BpeMent. Kax n s oObiKHOBeHHBIX AuddepeHnpalbHbIX
ypaBHeHuil, asyxiwarosnit Meron Jlaxca — Beunpodpda [4,
8, 9] obecneunsaer LEHTPHPOBAHHE O BPEMEHH NMyTeM ON-
pe/esennst BCIOMOraTeNbHBIX HJH INPOMEKYTOUHBIX 3HAUE-
HifT QYHKOHA Ha NOJYUeAbIX 10arax Mo BpeMeHH £,
Meron Jlakca ucroabsyeTcs Ha TOepPBOM LIare HJIH [Jd
BCIOMOTATEJNbHBIX BLIYHCIEHH Ha KaK10M Hiare o Bpe-
MeHH.

Benomoearensnbill uiae;

1, 1 At n "
uff =5 (o} + oy ) — - (Flo —F)). (3.9

ST1H 3HAUEHNd Tenepb HCNOAB3YIOTCA JJid onpeaesenns mno-
TOKOB B IPOMCKYTOUHBIX BPEMEHHBIX H IPOCTPAHCTBCHUBIX
TOYKaAX:

F}i =F (uffif). (3.93)

Haxkouell, Ha OCHOBHOM Liare BBLIUACJHEHHH JICMOAB3yeTCA
LUEHTPUPOBAHHAA MO BPEMEHH M NpPOCTpPaHCTBY (opMyaa
unTerpuposauus (¢ur. 3.11),
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Ocrosrotl uiae:

n+l 0 At -k, n+1,
uj =u — -A—(Fw/f —FL). (3.949)
HOCJIe KaxXJoro OCHOBHOro uiara HpOMe}KyToqth.e 3Hauye-~
Hus BeJHYHH 71,’//2 OKa3bIBAIOTCA HEHYXKHBIMH H B JaJb-
neifireM (GOPMUPOBAHHH pEUICHHS YYaCTHsl He NPUHHMAIOT,

[¢
N
o

- BCROMOBAME/IbYBIL Wa2
——— OCcHOGHO wae

®ur, 3.11. KoscepsarusHplii jByxularopLit meros Jlaxca — Bennpopda
Ha ceTKe B IJIOCKOCTH (x — ).

Meron Jlakca HMCIoab3yeTcss AJA NOoJyUYEHHS IPOMEXyTOUHBIX BEAHUKH HaA I0Jylle«
JAblX marax no pement (i -+ Ys, [+ ). DTH BesuuHilnl FCAOAB3yOTCA 144 HEeHTpH-
. POBAHER MO BPeMeHH HHTErpaja, 4Tofbi MOAyuHTh TOUHOCTH BTOPOrO MOpsixa.

YeTORUHBOCTL METOfA MOXKHO HCCIEL0BaTh, CHOBa 00-
pamasick K ypaBHeHuIO mepesoca, rae F = vu. dus dypee-
Moibl exp(ikx) MHOXHTENb Nepexofa g onpeleasercs H3
ypapuenu# (3.92) u (3.94):

g=1— 2 [isin (ka) — 219 feos (k) — 1}] =
=1 — ja sin (kA) -+ a? {cos (kA) — 1}, (3.95)

roe o = Afv/A. MHoXuTeNb nepexoia g BHOBb KOMILJICKC-
HBIl B KBajgpaT ero MOayJsd paseH

gg*=1[1 + a®{cos (kA) — 1}]* - o’ sin® (kA) =
=1 — a2(l — a?) {1 — cos (RA)}> (3.96)

Otciona cjlenyeT, 4TO s AByXmiarosoro meroaa Jlaxca —
Bengpodha MHOXKHTE]b Epexoa N0 MOAYIIO OyIeT MeHb-
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nle 160 paBeH eJUHHLE, H, CJIEJ0BATENbHO, YCIOBHE YCTOM-
uuoctd HefiMaHa Oy/JeT BBIIONHEHO AJi BCeX BONHOBBIX
yhcea k, ecau

o?<1,

At<—,j—|, (3.97)
T. e. cHoBa Tpelyercs BblIOAHeHMe ycaosuit Kyparra —
®punpuxca — Jlesu.

3amerum, uro B cxeMme Jlaxca — Benapodda, nckiiouas

caydad, Korga o = 1, MOAY/Jb MHOXHUTEIS HepP2X0/1a MeHb-
Ile eAMHULBL, TaK 4YT0 (Qypbe-MOAbI 3aTyXalOT Ha CeTKe.
Jror addekr, OAHAKO, Maa LA Magdblx kA, Tak Kak, pas-
JIOKHB KOCHHYC B BBIPAzKeHHH IJISI MOAYIA MHOXKHTENS
nepexona (3.96) 1o Ma’abIM BOJHOBBLIM YMCIaM, MOJYyUHM

ggf=1—a?(l — & 313—4 -+ o (R*AY). (3.98)

Taxum 06pasoM, uucAcHHass AUbGYsHsT HMeeT YETBepTHIH
NOPAJOK MaJ/JOCTH N0 BOJTHOBOMY UHCAY, TaK UYTO AJHHHDIE
BOJIHBI IIO/IBEP/KEHBl BO3MYIUIEHUWIO JMHlIL B MUHHMAa/AbHOH
cTeneHd, B 1o ke BpeMs 3dbdexr nuddys3uH YeTBEPTOro MO«
psAlKa MaJioCTH OKa3BIBACTCH JAKe MOJEe3HBIM IS Craa-
JKHBaHHS pa3pblBOB Ha cerke (cM. ra. 9). Kpome toro, He-
00XoauMO OTMETHTb, UTO B Merole Jlakca — Benapodda
He BHOCHUTCA HMKAKHX NOCTOPOUHHX H AONONHHTEJbHEIX YHC-
JIEHHBIX MOJ. DTH NIPEeHMYyILeCTBa MeTOJa [IPHBEJNH K ero IH-
POKOMY NPHMEHEHHIO.

4. Merod reas3usTropoco HOpAOKA TOUHOCTU

MoKHO cpaBHHTENLHO NPOCTO NOJTYYHTb TOUHOCThL MOYTH
BTOPOTO MOpsiiKa IIyTeM pacliupeHHst Mmeroga Anamca —
Bamdopra (taba. 2.2). Hcnoabsys pasioxeHHe B pin
Tefiopa no wary Af 10 BTOpOro nopsifixa, HaiilieM HCKO-
MYI10 BeJIHYHHY Ha HOBOM Llare no BpeMeHH:

urH =y 4 (%1;—)“ At -+ (%)n A, (399

HJH, ¢ TOH e TOYHOCTHIO,

e (22, 804 {(90), - (20, } 4
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IHprmenum 3TOT npueM 47151 KOHCEPBATHUBHOrO Trumepbonu-
uecKoro ypasHenus (3.78):

' = uf — (5 + ) o5 (Flo— Fi) o+
+(5 +e) o (BT —Fiol), (3.100)

rae & — Majoe uncao. TakuM o6pa3oM, CHOBa HCIOJAb3YeTCs
TpexcaofiHass GopMysaa cO BTOPLIM: HOPSAAKOM TOUHOCTH, HO
JUUIb NMOTOKH F?;f B OT/JMYME OT 3aBUCHUMbIX HEPeMEHHDIX
GepyTcd C HIDKHEr0 BpEMeHHOro c¢icd. B npouecce cuera
NOTOKH HY/KHO BBIUHCIATH TOJbKO OJHH pas Ha KaXJIoM
nmlare mo BpeMeHH W BMeCTO 3aMOMHAHAHUSI 3aBHCHMBIX ne-
peMeHHBIX Ha JBYX BPEMEHHBIX ¢JIOfX, 3allOMHHAIOTCHA 110~
TOKM Ha oanoM BpeMeHnHom cioe. OcoGoe npenMylIecTso
3TOM CXeMbl 34K.II04aercsi B TOM, YTO He HYXKHO BBOAHUTb
CJIOMKHble TepeMeHHble CeTKH WJIH CeTKH TAaKOro THia, Kak
JUIsi KpHCTadiia NoBApeHHOH COJIH.

Uccaenyem MHOXKUTeab mepexoga cxemsl (3.100) nas
dypre-monnl exp (ikx), Koraa N1 ypaBHEHHs NepeHoca

g=g¢—(>+e)iag+(5+e)i;  (3.100)
3JeCh
a = —— sin (kA). (3.102)

MHoxnuTenp nepexoja MOXKHO ONpeNeJiUTb H3 ypaBHeHHS
(3.101) pasaoKeHnneM Mo MaJgoMy o
¢

1

Ia|<§ lgl<l1l, ecmm &> a—!——a + o(a?). (3.103)

Takum o6pasoM, A1 MajbiXx o MeTOA OyaeT YcTOHUUBBIM
RISl BCeX MOJ, ecTd HHCJIO & pocratouHo Benuko, Hanmpu-
Mep, ecU BhIOGHDATh Hlar [0 BPeMeHH B BHJe

1 A
At_—7m, (3.104)
TO JJIsI YCTOHYHBOCTH HYMKHO HCMONb30BATh HOCTATOUHO
60JbIIOe &

3

8>§2‘,
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Tasauya 3.4

SiBHbie KOHCEpPBATHBHBIE METOJbI JAasd THHEPOOIHUECKHX

ypaBHeHHI:
F
or Tox =0
rae F=F (u)
ITpuvep: F =ou, o= % v
Metopa Aaropurs
1. Sleupit  MeTOL  ngi_ At
nepsoro  mo- ‘' uj — (FJ+1 F}l—l) PN
PAAKATOUHOCTH o | 1 jq sin (kA)
Beeraa HeycToHuus
2. Merox Jlakca +1
uf ""_(“J+1+“1—1) (F1+1 1) A
g = cos (kA) + iosin (RA)
Yerofiuus npu Al ToT
. Jleae- At
3 Q/EETOE eae 117+l = u;‘ _ {(vu)}’+l — (vu)?} —» ecm 07 <0

4, JIByxinarosblit
MCTOI Jlak-
ca — BeHna-

podda

At .
u;?+l =uj — {(vu)}2 - (vu);-’__l} < ecm v >0

g=1—lal4|a]cos(kA) 4+ iasin(k))
A

tol

[TpuMeHHM TOJBKO K Neperocy

Yerouus npu Af <

+Y

iy 2(“1+1+“) (Ffp — F)

ntl _ 141, atiy A

u; —(Fii—FiIR)

g=1—ia sm(kA) + a? {cos (kN) — 1}
A

Yetofiuns npn Al <

[vl
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[l podoascenue taba. 8.1

MeTon Anropum

5. Onysomaroshil F1_.n P N
MeTON up" =i~ 2a (F1+1 Fi_y) T o X
Jlakca — Benup- " " " n
podga X{C7 1y, (B —F) —Cfy, (F} —F )}
oF,,

rge Matpuna C — argobuan, Cpy =

1 Clpy, = C(Q ("1+l+"i))

g =1 —iasin (RA) 4+ a?{cos (kA) — 1}
Yerofiuus mpu A <K A/[v]

du'v

6. Merox «c Te- it n—t Af s, n
pelraruBanueM» i o=} _'“'A—(FJH_"F]—I)’

g =iasin kA = A/(— a?sin? kA 4 1)
Yero#iuus npu Af < Af| v}

7. Metox xBasu- n+1 -
BTOPOrO  TiO- “ - ( 2 ) (Fl+l F?—l) +
PALKA TOUHOCTH . 1
n— n—
+(7+5)Z((F1+1 Fii
1

1
Ycrofiuus npu o <%, ecay g > T a4 —2—(14,

a HMeHHO

l 1 Af2? 1 Az‘*‘v1
At < T 7o l,ec.)ma>z Az +—

TOTAA KakK JJ5 MeHLIIMX HIaroB IO BpeMeHH € ObICTPO CTa-
HOBHTCS HcUe3aloue MajabiM, JTOT MEeTOJH B AeHCTBUTEJib-
HOCTH TOJBLKO TOrAA HMeeT BTODOIl NOPAAOK TOYHOCTH,
KOrja napameTp & TOXJeCTBeHHO pased Hymio. Opxnako,
NOCKOJIBKY & MOXHO cJeJaTb CKOJb YrOAHO ManabiM (3a
cyeT MajocTH Af), MeTOA HMeeT IOYTH BTOPOH MOPSIIOK
TOYHOCTH 110 1IATYy 10 BPEMEHH.

Ilpnenennvle B 3ToM maparpade KOHCEPBATHBHLIE $B-
Hble Metonbl s TunepOOAUYeCKUX YPaRHEHHMI 0coBeHHo
yno6upl, CymecTByeT MHOrO IPYr#X MeTONOB, H HEKOTOphle
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U3 HUX npuBeleHbl B Tabu. 3.1. Jlas ymeHbIUeHHS BAMSTHUS
YUCJAEHHBIX NHcrniepcHd M nu(dy3HH, KOHEuHO, KejaTesbHO
HCIIOJIb30BATh cXeMbl, 0oJiee CJIOXKHBIC, YeM CXEMBI BTOPOro
nopsaKa TOYHOCTH mo BpeMmeHHOMY miary. Ilpu srom, on-
HAKO, YBEJUUHBAETCH CAOMKHOCTD HX NMPHMEHEeHHS U OBICTPO
BO3DACTaeT KOJHYECTBO TpebyeMBIX AJs pelleHHs apupme-
Tudeckux onepauni. Pobeprcom u Beiiccom [10] Oblin pas-
BHTHI MeTOJbl 4YETBEPTOrO HOPSIIKA TOYHOCTH MO BpeMeH-
HOMY miary.

§ 8. MuoromepHble siBHble METOAbI

SIBHbBle KOHCepBATHBHLIE METOJbl, PACCMOTPEHHbLIe [J4
OJIHOrO u3mepenus B . 3, § 7, ecTecTBeHHO 060061maTCs
Ha ypaBHeHHst B ABYX wWiu Ooyiee H3MepeHHsX, H HMEHHO
B MHOrOMepHBIX 3ajfauaX 3TH MeToAbl HaXOAAT HauGOJMb-
niee ppuMenenue. IlpocTpancTBeHHble ceTKH, ONpeaeneHHble
Tenepb B ABYX WM 0ojee H3MepeHUsiX, NPUBOAAT K 3HAYU-
TEJBLHOMY YCJAOXKHEHHIO, M HeOOXOUMMO 103260THTbCH
0 TOM, YTO6H B3aUMONPOHHKAWIIHE CETKH OCTaJHCh CO-
IJ14COBAHHBIMU.

Ycnosue ycroitunsoctH Kypanrta — @puapuxca — Jlesn
(3.79), HanoKeHHOe Ha Al 10 BPeMeHH, NPHMEHHMO K Ile-
JOMYy psily MeTo10B, H B N-MepHOM NpOCTpaHCTBe Iepexo-
IHT B C/eJyICIIee YCIOBHE:

A
A ———
< SV (3.105)
re BEKTOp CKOPOCTH V-— HaHOOJbLIaf CKOPOCTb pacmpo-
cTpaHeHHsT Ha cetke. Ilpeanosaraercs, 4TO Wlarg mo mpo-
CTpaHCTBY A OJHMHAKOBBI BJAOJb KaXKA0Oro H3MepeHus.
[TponamoctpupyeM 3TOT MOAXOI Ha NpPHMepe MeTOIa
Jlakca, B N-MepHOM DpOCTpPaHCTBe a/TrOPHTM npuHHMaeT

BIIJ
N

l n n . At

= Z ——Z(Fa— o) 5r- (3.106)
a=-N o=l

WUnnekcor, onpenessilomiHe KOHKPDETHYIO TOYKY CeTKH, OIly-

IleHbl, H YpaBHeHHe HYXKHO paccMaTpuUBaTh B KaXKIOM yajie
CeTKH; HHIEKC a OTHOCHTCA K 2N cOceHUM TOYKaM
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B N-mepHoM npocrpasncree. CeTka, HCOsb3yeMast B MeToJe
Jlakca B AByMepHOM HpPOCTpaHCTBe, Moxka3aHa Ha ¢ur, 3.12,
IIpocTpaHcTBeHHOe ycpenHeHHe HCKOMbBIX BEJIHYHH Ha Tipe-
OLIIYUIeM CJI0e Ha KaXIOM llare 10 BpeMeHH A0JXKHO CBfi-
3LIBATb MPOCTPAHCTBENHbiE CETKH MOCPEJCTBOM UHCJEHIION

auddysun.

—— /lepenoc
o~~~ Yucnernas Qugppy3us,

@ar. 3.12. IIsymepras cxema Jlakca.

Horoxn cpssmBalor suehky C ¢ svefikamu FN, FE, FS, FW, B TO BpeMsl Kak Ins
crasuipannsa sdeck N, E, S, W ¢ suefikolt C Mcnogab3yeTcss YHciaeHunas auddysis.

s ucerenoBanus yCTOHYHBOCTH MHOIOMEDHOH CXeMBbl
I QakTHYeckn AJsl MCCIAel0BaHNs AHCIEPCHOHHOTO COOT-
HOLIGHHST CXeMbl HYXHO TIpUMeHATb MeToj (ypbe-ananusa
BJIOJIb KaXKJIOTO u3MepeHus OTAeAbHO. B AByMepHofi mocra-
HOBKE OepeM Qypbe-MOIbBI KaK B X, TaK H B y H3MepeHHSX,
a uMeHHo u exp (ik.x - ikyy). B KayecTBe npuMepa HCHOJb-
syeMm Meron Jlakca (3.106) nans ypaBHeHHs mepeHoca
cFr=uvwu Fy=u,u

1 —
un+ _—_—(uL-l-l j+ ul—l ]+ ut ]+1+ ut ]——l)

A (U, — Wy, ) — o0, (U — ). (3.107)
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Hcnonbsys oGosHauenust 0,=Afv,/\, 0,=Atv /A, a=
=k,A u p=Fk,A, MHOXKHTE/IO Nepexoaa g ABOHHOR Qypbe-
MOJBLL MOXKHO NpPUAATL BUJ

g =% cosa+ - cosp— il sina— if,sinf. (3.108)

O Yemroe Bpemst
x Hevemroe epemst

®ur, 3.13. «llaxmaTuas ceTka», HCIOJAb3yeMas Kak B MeToxe Jlakca,
TGk M B METOAE «C NEPEHIaTHBAHHEMS,

CeTKa anasorHula HouHoll peileTke KpHcTajJja TosapeHHoH cond, ToykH, romeved=
uble KDECTEKAMH, oOlipcjleslenbl Ha NPOMeXyTOUHBIX BDEMEHHbIX CJIOfiX B OTJHHUHE OT
TOYeK, MOMEUEHHBIX KPYKKAMH.

HOCKOJIbe BhIpaXKeHHe KOMIIEKCHO, BBIYUCJAHM MOJIYJ/Ib
MHOXKHTeEJSA Iepexoaa

gg'= (—;— cosa -4 _12 cos B)Q 4 (8, sina -+ €, sinf)
TleperpynnupoBaB YjeHbl, MOXKHO HaNHCaTb
* . . 1
gg'=1—(sin®a 4+ smﬂi){; — (05 + 93 } —

— 4 (cosa— cos B2 — (B,sine — 6, sinp).  (3.109)
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JBa mnocjeqHHX 4YJeHa BCerja OTPHUUATEJbHB, H yCJIOBHE
ycrofiunBoctn Hefimana (3.47) 3aBeoMO BHIIOJHEHO, €cJH

= (8 +8)>0
A

At<———-——'—;—-T,

NG

YTO BBIpAXKaeT COOTBeTcTBylollee ycaosue KypaHTta —
Ppuppuxca — Jlesn (3.105) nas ciayyas aByx H3MepeHmiL.

BJIu
(3.110)

-—?——\...——&-..
. 1éFN do-
3 N
b '_$Nwi N <y€i CL
IR
Fv o MN FE
S xans
Wl e
_ 1 AW S SEy _
% 137 ’*‘ t37 11 A
| L___' i d i [}
1
- 1 | 1 -
1 t 1
— [fleperoc O Yemnoe 8pemn
e Auppyaust x Nevemmrnoe 6pems

@ Koapguyuerm

.

®pr. 3.14, CossuiBanue ceToxk B MerTofe Jlakca — Beumpodda,

B npyMmepHOM HpPOCTpaHCTBe UMEIOTCH JRE Pa3/NHuUHBe CETKH, H HX paccornacosanie

MoXeT NpHBECTH K caabolt yHcleHHON MeyCcTOHUMBOCTHE MeXAYy ceTkamu 1 H 3, Ecau

nuddepeHnHanbHbie ypaBHeHNs BKAOYal0T ARG dY3HOHHble WieHbl, CeTKH | H 3 MOXHO

¢BA3aTh € MOMOLIBIO JHATOHAMBROTO MSTHTOYEYHOTO oflepaTopa AXbDy3uH; B npotis-
HOM CJyvYde HYXHO JOGAaBHTh HCKyCCTBeHHBIH AH(dy 3Honusl 4nen.

$lcHo, 4YTo TakOH MOAXOA NPHMEHHM H K HNPOCTPAaHCTBY
¢ GOJIbLIHM YHCJIOM H3MepeHHH.

Hns cxem ¢ nepemarusanneM Jlakca — Benapodda
K CXeM KBa3HBTOPOr0 MOPsAKa TOYHOCTH CNPAaBeAJHBH Te
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xKe coobpaxenns. Ha ¢ur. 3.13 u 3.14 nokasaHuo mpocT-
paHCTBEHHbIEe CETKH, HCHOJb3yCMble B IEPBBIX ABYX CXeMaX.
B HexoTOpbIX 3ajauax MOMKeT CYIIEeCTBOBATh cJadas pac-
COMVIAaCOBAaHHOCTL B MHOTOMepHOU ceTKe (¢ur. 3.14), xoro-
PYio, OOHAKO, MOXKHO NpPeOfoJeTh ¢ MOMOIIBI0 MaJsol JHbp-
dy3uy 110 nuaroHasu ceTKd (cM, ria. 9).

§ 9. O630p meronoB naa mapaGoanyeckKux ypaBHeHH{

Mpr noapo6Ho HccienoBann TunepGoJTHUECKHE ypaBHe-
HHA H X Pa3sHOCTHbIE ANNPOKCHMAaluUH B Tenepb obpaTumcsd
K mapaboaudecKuM ypaBHeHHAM. XOTH JJIf HHX MO Cylie-
CTBY CIIPaBe[JIMBbl T€ Ke NPUHUHNL PasHOCTHBIX MeTO/0B,
KOHKpeTble aJITOPUTMBI, KOTODHle O0eCIeuHBAIOT pellleHue
ypaBHenull, orauuatorcs. [lpoGiema 3aKOHOB cOXpaHeHHS
M HX NPHMEHUMOCTH K CHCTeMaM ypaBHEHHH M K MHOrOMep-
HBIM 3a7a4aM B TOH e CTeNeHHM OTHOCHTCA U K mapaboi-
4eCKNM YypaBHeHHAM. B xadecTBe npuMepa paccMOTPHM
npoctoe ypaBHeHHe auddy3un B oaHOM H3MepeHHH (3.28):

_g'ti__,c_gi_';=o, (3.111)

TAe i HarasiaHoctd Kospduunent nuddysun npenmosa-
raeTcs MOCTOSTHHBIM. DTO He OrPaHUYMBAeT MPHUMEHHMOCTH
npe//0KEeHHbIX HHXKe MeTOA0B K 0osiee CJOXKHBIM 3ajaua.
B nxelictBuTesNbHOCTH Ke B HHTePecYIOUMX Hac 3ajauax
napafoauveckre ypaBHEHHS HacTO BKJIIOUAOT BOJHOMOL06-
Hble CcBoficTBa MM «rumepboauuecKue ujeHsl»., Kpome
TOoro, napabonnueckHe ypaBHEHHA MoOryT oO6pas3oBHIBATH
CHCTEMBl YpaBHEHHH, KOTOPble HYKHC pEIlaTb COBMECTHO.
B npasoii wactu ypasuenus (3.111) Moryr OwiTe wieHH,
OIHCBIBAIONIHE HCTOYHHKH, a ecJH Xo3POhHUNeHT remio-
NPOBOJHOCTH 3aBHCHT OT 4, TO YPaBHEHHE CTAHOBHTCA He-
auHeitneiM, k== k(¢). TeM He MeHee npHeMH H MeTOAH,
KOTOpble OYyAYT pacCMOTpPEHBl HHXKe, NMPUTGAHBI H aas 60-
Jee CI0MKHBIX CHCTEM.

1. fleuotil meTo0 nepeoeo nopaAdKa TOUMOCTU

XoTs1 ABHBIE MeTOA IIEPBOTO NOPSIIKA TOUHOCTH 0OcCy-
wKpajncsa panee (ra. 3, § 3), nad noaHOrLl BKJAIOYHM cloja
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aJAropuUTM TOTO MpPOCTEHUIero Merosa:
Wt =up 4+ 288 (| — 2ur (3.112)
i 7 A? j+1 i f"l)' :

Muoxnrens nepexona (3.51) BwiBenen B ra. 3, § 3, u nopor
YCTOHYHBOCTH I/ Wiara IO BpPeMeHH onpejesdeH HepaBeH-
CTBOM

A2
a2

HeobxoanMo oTMeTHUTb, YTO ABHblE MeTOALl AJad mapado-
JIIYeCKIIX YPaBHEHUH Y/AOBJETBODHIOT KPHTEPHIO YCTOHUHU-
BOCTH, €CJIM lIar 10 BpeMeHH OrpaHHYeH KBaJpaTOM IlIara
N0 [POCTPAHCTBY B OTJNHYHE OT NepBOA CcTeneHH IJs TH-
nepboandecknx ypasuenuil. Ilostomy, yaBamBasa TOYHOCTb
0 IIPOCTPAHCTBY, HEOBXOAHMO yMEHLIIHTbL B 4eThipe pasa
uar 1o BpeMeHH, H, CJe10BaTesbHO, B NapaboJiHuecKux
ypaBHeHnHusX 3aBHCHMOCTL lIara mo BpeMeHH OT YC/IOBHA
YCTOHUYUBOCTH MOMKET OKa3aTbhCs 0CoBeHHO KecTKOl. Kpowe
TOro, ONMHCAHHBIA 3[eCbh fBHBLII MeTOX HMeeT TOJbKO Iep-
BRI TOPAMAOK TOYHOCTH mNO mwary Af, ITH oIpaHHYEHUS
MOJKHO OCOHTH € NMOMOILBIO HCIO/JAL30BAHHSA HEABHOTO I0j-
xona.

2. Heagnuoti merod Kpanka — Hukoarvcona

Meron Kpanka — Huxoascosa {4, 11] naa napaGonnye-
CKHX ypaBHEHHH aHaJOruueH HesBHOMY MeTOJIY BTOPOrO
nopsiaka M8 OObIKHOBEHHbIX AH(dhepeHUHnanbHBIX ypaBie-
"Huil [cM. ypaBuenue (2.95)] Vcepenunm mpoctTpaHCTBEHHBI
1 dy3nOHHBI WIeH [0 BpeMeHH:

x At
wpt = wj - S (] — 20 upt) +

Af
+ S (e — 20+ ur_ ) (3.113)

W OpOBENEM HCCAeNOBaHHE MeToAa C NOMOLIbIO $ypbe-MOabl

bt = o — ZBL (1 cos (kA)} an 1 — EAL (1 — cos (kA)} a7,
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Orciona ci1eayer, 4¥To MHOMKHTEIb Mepexojia yI0BJAETBOpSET
yPaBHEHUIO

g=1—235 (1 — cos (kA)} g — ZAL (1 — cos (kA));

2k Al p kA (3114)
_ 1 '———-—-—Az sin (—2——)
14 2% A.t sin? —);:\)

MuoxnTenb nepexona g-— AeHCTBUTeIbHOE UYHCIO, ¥ A
BCEX BOJIHOBBLIX YHCesJl M MIAroB MO BPeMEHH 3HadeHHe g
BCerjna MeHbllle enunuusl, Otcioma cjieayer, 4r0 yCJaOBie
Heiiztana Bscerpa BoimoJHeHo, Tax 4rto Meron Kpaoka —
Huxonbcona 6esycaosno ycroritus, Kpome Ttoro, oH uMeer
TOYHOCTE BTOPOrO TOPAAKA KaK N0 BPeMEHHOMY, TaK H NO
MPOCTPAHCTBEHHOMY WwaraM u 0Ojarogaps 3THM JOCTOHH-
¢TBAM LIHPOKO IpHMeHsAeTcs.

OnHaxo TOYHOCTE # YCTOHYUHMBOCTb CXeMBbl ObLIH MOJY-
YeHBl HEHOI0 YCJIOXHEHHSI CHCTeMbl YpaBHeHUH aJs1 ompe-
JNlesTeHusl BeJIHUUH u;.“” npu Bcex j. B aaropurtme (3.113)

HOBble 3HaueHHa ult' onpenesneHsl HeSBHO, W eule Ipel-

CTOHT pelllaTb MATPHuUHOE YyDaBHeHHE Ha KaxJOM llare o
BpeMenn {(cM. . 4),

3. Heycroiiuusntii metod «c nepewlazusarniems

B cayuae o6bIKHOBeHHBIX AHQPepeHINaJbHLIX YpaBlie-
HUil W THHepOOIHYECKIX YPasHEHHH TpPEXCAOHHBIH MeTOoI
¢ TepemaruBasfeM HMea pPAL [OJOXKUTEJIbHBIX CBOHCTB
(eM. 1. 2,§6, n. 2urn 3,§ 7, n. 2). Ha nepesiil Ba3rasn
9TOT METOJl MOXKHO NPUMEHSITbL 1 18 pellieRus ypaBHEeHUA

nuddysun:
At
witt = yr=t 4 2 Eom (un, — 20t + ur_ ). (3.115)

Onnaxo aHaJu3 yCTOﬁ‘IHBOCTH MeTOlda JaeT ypaBHeHHE N/
MEIOKHTER/A Iiepexoaa:

g=—axt+/(ZF1), (3.116)

_ 4x At .Q(EA_)
o= —x—sin*| 5 ).

rae
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Tak kak o AelcTBUTeNbHOe, OAMH H3 KOpHeH LIS MHOXH-
TeJs Nepex0ja BCerga MeHbIlle MHHYyC eJIHHWUB, M [O-
3TOMY ITOT METOJ, XOTS OH H COIVIACOBAHHBIH, fABJAgETCA
6e3YycA08HO HEYCTOUYLBLLM.

4. Merod rogopa — Ppankern

Henonbsys rtpexcnofinyio Qopmyday B clerka usMeHen-
HBIl METOJ ¢ mepellarMBaHHeM, MOJydaeM MeTOH peLlleiHs
napaGo/iMUecKuX YypaBHEHHH, KOTopbili ob6Majfaer HeoObiu-
HLIM J1J51 SIBHLIX CXeM CBONcTBOM Oe3yc/JOBHOH yCTOfud-
pocth [12]:

2x At { ]+1_(un+l+un—1)+un ]}. (3.117)‘

3aBucumas nepeMeHuHas Nox onepatopom AHGpGY3HU B LEHT-
PajJbHOM BPEMEHHOM H NPOCTPAHCTBEHIIOM Yy3J/e MOJayueHa
YCpeiHeHHeM [0 BpPeMEeHH, TaK YTO IIPOMEXYTOYHHIE Y3JIbl
Ha ceTKM BBOLHTb He HYJKHO. MoXHO HaliTH sizHOe Bbipa-
HeHue 1A QYHKUHM ]! B KaXKJIOM y3je CeTkH

1= (58 T G ), 019

ntl — yn~—
ll/» Llj

rae
x Af

Azt

o=2

Has TpexcaoiiBofi cxeMbl NoJydyaeTcs KBaJpaTioe ypaBHe-
HUe JJI MHOXHUTEN nepexona

5 1—a

i 1+a
[acos (kA) £ 4/{1 — ?sin?(kA)}].  (3.119)

cos (RA) g,

g= 1+
JIns mHTepnpeTalHd TOr0 ypaBHEHHsT OTMETHM, 4YTO BO3-
MOXKHBI ABa cayuas, Ecan a?sin?(kA)<C 1 (maawil war no
BPEMeHH), TO MHOXKHTE/b Nepexo1a NeHCTBUTENEeH U BCeria
MeHbIlle eJHHMUB Oas ob6oux KopHe. B cayuae
o?sin?(kA)y > 1 (Goabwofl mar mo BpeMeHH) MHOMXHTeb
fepexosa CTAHOBHTC KOMILUIEKCHBIM M €ro MOJIyJb paped

lgl= —}—j;% aas o2sin?(A) > 1.
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Tabauya 3.2
Meronu pas napaﬁonnqecxnx ypaBHeHR
dt + K= d 5 =0
Muoxureas nepexofa g, f= X At
MeTton ANTOPHTM
1. Slsumi mep- it KAy 4 n n
BOrO 1O~ wpt =uf A? (”j+l —2u; + ”I—-l)
paixa ;
g=1—4f sin? (fé—)
2
. 1 A2
Verotiyun npu Al << — —
2 kK
2. AﬁeToaI(paH- +1 KfAf +1 +] +1
ka — Hu- ”;’z n+ OAZ (u7+1 n 7~1)+
KOJIbCOHA
K At
+ 35w (o — 207+ uf_y)
1 — 2p sin? (% kA)
g= i
1 4 2B sin? (7 kA)
Bcerga ycrofiuns
3. Merox +1 -l 216 At
«c nepema- witt =T = (ufyr—2uf +uf_)

ruBaHueM»

g = — 4@ sin? (% kA):L- /\/{ 16p2 sint (% kA) + 1}

Beerja HeycToRuYuB

4. f{oﬂ;b’gw;g: utl = i 1+2K At (w7, ~ (nn+1+un Yt}
pa — Ppau- 1—28 ~
KeJIst uit = l+2ﬁ) w4 l+?8 (uPp +uf )
— 2 gin2
g= l+2(3 ————[2B cos (kA) = /(T — 4p?sin? (kD)) |

Beerpa ycronuns

7
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Taxum o6pazom, aas Jo6oro iara no BPeMEHH M A8 BCex
BOJIHOBBIX YHCeJ 11a CeTKe MOAYJAb g BCerja MeHbllle eil-
iHIBI, TAK YTO 3Ta SIBHAs cxeMma ycroiuusa. SIcHo, 4TO Me-
tox Hiopopa — Pparkensi obaanaer GOMLIIUMHE BO3MOXK-
HOCTSIMI, HO HeOOXOAHMO OTMETHTb, 4YTO a5t OCOoJbLIMX
IIaroB N0 BpeMeHH MHOXHTE/Ib fepexofa CTAHOBUTCS KOM-
NJEeKCHBIM, 1, B OTJIHYHe OT au(ppepeHyalbLHLIX YpaBHe-
HI{l, B npenene GoJbllHX lIArOB 10 BPEMEHH pa3HOCTHAA
cxeMa MIPHBOAUT K KOJeGauusM, XOTS W He BO3PACTAIOUIHM.
3To TPOHCXOANT M3-3a TOrO, YTO CXeMa BKJIOYAeT OLIHOGKH
Buaa Af/A, n x0Ts1 MeTOA YCTOHuMB, HO A5 OOJBUINX UIAroB
Nno ppeMeHU OH HEeTOYeH.

Onucangble 37eCb MeTOJBl NPUMEHHMBl JJIs MHOIOMEep-
HBIX 3a7a4 U cBejeHbl B Taba, 3.2,
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YucaeHHble MeTOIbI
MaTPUYHOH anreGpbl

§ 1. Beenenue

Hceronp3oBanne KOHeUHO-PA3HOCTHBIX MeETOXIOB  T1O3BO-
Jsiet TiepefiTH oT Au@pepeHnHaNbHbIX ypaBleHHll (QU3INKH
K KOHeuHOH cucreme ajrefpanueckix ypaBHEHUWI H OTKpol-
BaeT BO3MOXHOCTH pasjJn4HOH O06pPabOTKH YMCJIOBOM KH-
dopmanun. baarogaps npuMeHeHHIO Pa3HOCTHOTC HCUHCTE-
Hia (QyHKUIKn npeodpasyloTcsi B BEKTOPbl KOHEUHOH pas-
MepHOCTH, au(depennnanbible crnepatopsl npeobpasylorcs
B MaTpHuHBie ONlepaTopbl, a aAudgepeHuuaIbHbBIE YypaBHe-
HIISi-— B KOHEUHOMepHble MaTpHuHbie ypaBHeHus. SlcHo, YTO
Mbl AOJAHBl YMeTb pelllaTb TaKHe MaTpH4YHble ypaBHEHHS,
npuueM pematb uX Hautotdee npoCTbIM H 3PPEKTUBHBIM
cniocobom. Koneuto, B HeKOTODPBIX caAy4asx, HanpuMep as
SIBHOH annpoKCHMAalull 3ajJaud ¢ HayaJbHBIMH YCJOBHAMY,
pellleHHs MOXKHO HafiTH HEMoCcpeJCTBEeHHO, H HeOOXOIHMble
LI 31oro anrebpanyeckue npecOGpasoOBAHUA TPHUBHAJMLHLL
B o6mem ciayuae u 118 KpaeBOoH 3aJaud, B YACTHOCTH,
HCKOMBLI pPesysibTaT MOZKHO MOJYUHTb TOJBKO KaK pelileHie
HesiBUBIX MATPHYULIX YypaBHEHUfl, NMPH 3T0M eCTeCTBEHHO
BO3HHKaeT HeoOXOAMMOCTh pellaTh 3TH MATPHYHble ypas-
HCHHS KaK MOXHO ObicTpee, D10 TpebOBaHHe COXpaHSET
CBOIO CHAY H JUIST MHOTHX 32724 ¢ HAYaJ bHBIMHI YCJAOBHSAMH,
B KOTOPBIX MAaTpPHUHBIE yDPaBHEHHS NPHXOANTCA pewiaTs Ha
Kax10M are 10 BpeMeud, H Jis HesiBHOH DAa3HOCTHOH
aNmpoKCHMAaLUy HecTalWoHApHOH 3aaaun (cM. ra. 2, § 4),
a TAKMKe J.15i UTePATMOHHBIX METO/JOB PEIieHHS 3/ THITHYE-
cKHX ypasHeuuit, Paspaborka nauGonee 3phekTHBHBIX
AJATOPHTMOB pelleHHsl MATPUUYHBIX YDaBHEHHI, a TaKXKe KO-
JIHUECTBEHHOE ONpejeTenne XapakKTePUCTUK MaTpul U CJay-
KAT NPEAMETOM UYHCJEHHBIX METO[03 MaTpHUHOH aare6phl.
DdPexTHBHBIMHE AJTOPUTMAMH MBI Ha3blBaeM TaKHe aJro-
PHTMBI, KOTOPble MHUHMH3HPYIOT KAK KOJMHYECTBO OTAEMbHBIX
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apudMeTHUECKHX M JOTHUECKHX Onepauui, Tak ¥ Heobxo-
JHMBI IJ5 OTHLICKaHHS pelleHHS OOBEM MaMIMHHON 1aMATH,
Horst GusHKU H BBIUKCTUTENHHOH DH3UKH OCOOLII HHTE-
pec NpeAcTaB/IsIOT ABe 3ajauyH MaTPHYHOH anreGpbl: pellles
H¥e MATPHUHOIO YypaBHEHHS H ONpepeseHHe COOGCTBEHHBIX
YHCcesa H CODCTBEHHBIX BEKTOPOB, HPUHAILIEKAMMUX OTHE/]b-
HOH MmaTpuue. B nepsofl n3 Hux HeoOXoauMO HaliTH penie-
HHMA 1151 CHCTeMBl ypaBHEHHII, KOTOpas CBfA3bIBaeT Heusne-
CTHble NePeMeHHble % C H3BECTHBIMH [EpPeMCHHBIMH W;

anty 4 aplty 4 agis+ ... Fagy, =w;,

Aoty + aglly + voo F Aol =Wy,
) .1)
Ay Uy + [ + oo "l_ Amalln = W

D10 cuctema M ypaBHEHHIl C 1 HEH3RECTHBIMH Uy, Ug, +.4

., Un. Ee yno6Guo zanucath!) B Buie NpOH3BeAEHHS MaT-
punpl A ¢ 37eMeHTaMU a;; Ha BeKtop-cronfely u ¢ HeH3Be-
CTHBIMH JICMEHTaMH u;:

Au=w, (4.2)
UK
Ay Qg +.. Ay Uy W,
g1 Qo oov Qo Uy Wy
: R (4.3)
Aup o o o o Qug ) Uy Wy

B o6wem Buie mMatpuna A HMeeT m CTPOK H 7 CTONG-
IOB, HO €CJIH YMCJ0 CTPOK PAaBHO uucay crogabuos (m = n),
TO Mbl MOXeM IOJYUYHTb pellleHue

—1 N
u=A""w, (4.4)
rae A-!—wmarpuua, obpartiasi martpuue A. B martpuunoit
ajarebpe ob6paTHas MaTpuua oOnpelenasieTcsi OCLIUHBIMH Me-
TOIAMH, HanpuMep ¢ nomoiubio npasuiaa Kpamepa:

(A= (=1 A, (4.5)

1y IlpeanoJjaraercs, 4To YUTATedb 3HAKOM C OCHOBAMH MAaTpHUHON
aare6pot (cm., Hanpumep, pabory [13]).



Yucaennble merodst MaTpudrodl arzebpot 115

rne det A—onpenenurtens Matpuun A, a A — onpenpenu-
Telp MaTpuubsl n— 1 DopsAiKa, NOJY4YCHHBIH BbIUEPKMBA-
HueM i CTpOKHM H j cTosnbua 3 matpuusl A. Onpenennteib
MaTPHIBLl MOXKHO BBIYHCJAHTb C MOMOIIBIO COOTHOIIEHHS

5

detd =Y (— 1)t A, (4.6)

=i

IIpoctoe paccmoTpenne 3toro OBUIENPHHSTONO  aJro-
puTMa IOKa3blBaeT, UTO €0 OCyuIecTBJeHHe TpebyeT OYeHb
fosbmoro 4ucaa apupMeTHuecknx omnepauuifl. Hanpumep,
JUIST BHIYUCJEHHS1 ONpeleNuTenss TOJAbKO OIHOI MaTpHILI
nopsifika n HeoOXOAMMO BBIIOMHHTL n! yMHOXKeHN# [cooT-
HoweHue (4.6)]. Mexny TeM MBI uMeeM JHea0 C JOBOJAbHO
GOMBMIMMHE MATPHLUAMH, IS KOTOPLIX HOPSIAOK AN He Meliee
100, a Moxer AOCTHraTh ¥ BeawuuHsl popsinka 100000,
OueBuiHO, YTO [JiA PCLIEHUs TAKHX 3a4a4 He MOxkeT OHITb
U peud O HeNocpeACTBEHHOM mnpHMeHeHHH npaBuaa Kpa-
mepa. B raxux cayuasx Tpebyiorcss airopHTMbl Gosiee Gbi-
cTpuie M, KoHeuHo, Gojgee 3pdexTUBHBIE, YeM, Harnpumep,
npasuio Kpamepa.

QueBnaHO, YTO MaTpPHUYHble YpaBHEHUS BO3HHKAIOT B Bbl-
YUCTUTETbHON (U3HKe He3aBHCHMO OT KOHEUHO-Pa3HOCTHOIrO
HCUHC/AEHHS: PUMEPOM MOWKET CJIYKHUTb ONHCaHWe IBUIKe-
HAA HMOHOB B KJjaaccuuyeckoit pemetrke. OBGBIYHO MBI HMeeM
Iea10 ¢ oBIHM MAaTPHYHBIM YPaBHEHHEM, B KOTOPOM 3Je-
ME@HTbl MATpPHIBl IIPOH3BOJBHB U JJS pelleHHsT KOTOPOro
HMMEeeTCs MHOMKECTBO MPsIMbIX anroputmMoB (cM. ra. 4, § 5).
Oa#ako MaTpHIBl, KOTOpble BO3HHKAIOT B KOHEYHO-PasHo-
CTHOM MWCYHCJI€HHH, HMEIOT Crielila/bHble CBOMCTBA, H BAXKHO
3TH CBOIHCTBa TILATENLHO ydecTb. OCHOBHOE CEBOHCTBO TaKUX
MATPHUIl 3aK/0Uaercsl B TOM, 4TO, XOTS OHH H HMEIOT O4YeHb
OOABLLIOH NOPSIIOK, OHU CHJBHO <«paspexkeHbl» B TOM
CMBIC/E, YTO JIHIIb HEMHOTHE JIeMEHTbl MaTpHI OTJIHYHBL
OT HyJssl, DTO CBOHCTBO sIBJseTCH cliefcTBHEeM (H3HUeCKOMH
NpUPOAbl 3alay, Tak KaK OJH3KHe TOUKH, KaK I[PaBUIIO,
TeCHO CBSI3aHbl, B TO BPeMs KaK NPOCTPaHCTBEHHO pasfeneH-
Hble TOUKH CBSi3aHbl c1a00. YKa3aHHOe CBOICTBO paspeKeH-
HOCTH fIBJsieTCH OOLIMM [J51 MaTpPHI, BOZHHKAIOIIHUX B 3a1a-
yax Ji060i1 NPOCTPaHCTBEHHOH pasMepHOCTH. OJHOMepHBIH
ciayyai, KpoMe TOro, NOpokKjaaer MaTpHub, o6JazaiollHe
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JOTIOJHITEAbIbIM CBOHCTBOM TPexOua2oHaAbHOCTL, T. €.
MATPULb], B KOTOPBIX OTJIUYHBIE OT HYJSI 3JeMeHTbl paclo-
JIOKEHBI Ha TPeX IJABHBIX AMAroHassix. DTH CHellHaJbHbIe
CBOHMCTBA MaTpHIL — OOJbIIOE KOJHYECTBO HYJIEBBIX 3JeMeH-
TOB, TPeXIHMarOHaJdbHOCTb HJAH INOCTOAHHOE 3HAUeHHe BCeX
3IeMeHTOB Ha AMArOHAJSIX — JOMYCKAIOT TpHMeHeHUe cne-
LHAJABHBIX aATOPUTMOB, C MOMOULLIO KOTOPLIX pelcHUus MOXK-
HO HAUTH LeNOH MHHUMAJbHBIX 3atpar (cM. ra. 4, § 3, 4).

B uactHOCTH, HMEHHO pa3peXeHHOCTL MHOTHX MaTpHIL
OPIBOJAHT K BO3MOXKHOCTH 30 (PEKTHBHOrO HCMOJAB30BAHIIS
UTEPAUNOHHBLIX METCA0B, YacTC ONMUCHLIBAEMBIX KaK METONbI,
B KOTOPBHIX ILIOIyueHHOe TpuOMHKEHHOe pellleHHe HCMIOMb-
3YeTCsi AJS NOCAEN0BATENbHOrO YIYYLIEHHUS pelrenuin (cu.
ra. 4, § 6). Anagoriuusblil NOAXOM MOXKHO HCIOAb30BATH
JJIs OTbICKAHS COGCTBEHHLIX BEKTOPOB M COOGCTBEHHBIX 3HA-
yeHHI paspexenHblx Martpui (rmr1. 4, § 7).

Uucoaennags MaTpuuynas adarefpa u BooGlie UYHC/AEHHAS
JHHelHasi anredpa HMMEIOT MHOrOYUC/JEHHBble IPHJAOMKEHNH ],
KOTOpble B HacTosllee Bpems OricTpo pacmupsiores, B o1-
HOH TvIaBeé HEeBO3MOXKHO OCBETHTb BCe 3TH EOIPOCHI, HO HH-'
TepeCYIOHIHIICs HMU YHTaTedb MOXKeT HAUTH noapobHoe 006-
cyxaenne B paborax [5, 14—17]. B nauuoil riaaBe Mb
OrpaHNyYUMCS JHUIIb TEMH MeTOJaMH, KOTOpbie HeOOXOMUMbI
NSt PeIienHst 3aay BHIYHCINTENBHON MeXaHHKH.

§ 2. MarpuuHbie ypaBHeHNst B KOHEUHO-PA3HOCTHOM
HCUYHCTEHHHU

MHorue u3 HCIOJb3yeMbIX B MaTpPHuyHOI anarebpe 3Ko-
HOMUUHBIX YUCJEHHLIX MeTOZOB 3(P(eKTUBHH MNOTOMY, UTO
OHH YYHTBIBAIOT CHelHaJbHble CBOHCTBA YAaCTHBLIX U OOBIYHO
BeTpedaomuxes Marpuu. Jdns HAMTIOCTpAUHH 3THX CBOHCTB
pPacCMOTPHM BHJX MaTpHIll, BOZHHKAIOIIUX B KOHEUHO-Da3i0-
CTHOM HCUHCJEHHH, H, B YAaCTHOCTH, NTOKaXeM, UTO BHJ Ta-
KHX MaTpHIl 3aBHCHT OT NPOCTPAHCTBEHHOH pasMepHOCTH
(bopMyarpyeMOIl 3amayl.

1. Kpaessie szadauu

B xauecTBe I[POCTOrO, HO BAXHOI® [pHMepa MaTpHu-
HOTO YpaBHeHHsi, xapaKTepPHOTO [ Pa3HOCTHOIO HCYHC-
JIeHHSI, pAacCMOTpHM pellielide OXFOMEPHOrO ypaBHEHHs
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Ilyaccona
d*®
T =0 (4.7)

rac p(x)—ussectHas ¢(ynkuus HcTouHuKOB, a @ (x)— He-
n3pecTHbI noteHuuan. Ha paBHOMepHON pasHOCTHON ceTke
(c waroM A) 1 << j<CJ dyuxuug p(x) samenseTcs BEKTO-
POM ¢ KOOpIHHATaMH pj, 33J1aHHBLIM B TOYKaxX Xj a JUO-
(depeHiuanbublil onepartop d?/dx? Mbl, KaK # BeuUme (r.a1. 2,
§ 3), annpokcuMupyeM pasHoOCTHBIM omepatopom A% (2.27h.
Hubdeperunanpuoe ypaBuesne (4.7) Temepb anmmpOKCHMM-
pyeTtca B KaXXAOM BHYTPEHHeM Y3/e j pa3HOCTHOH ceTKH
ypaBHeHHeM

(Dj+1 ~2(Di+(Dj_1=—A2p]. (48)

JlonycTtuM, uTo B KpaHHHX TOUKaX 3HAUEHHS MOTEHHHANa
sananbl O, —=w, u O,=w,, Torna ypasHenue (4.8) MoxHO
3anmicaTh B BHAE CHCTEMbl JIHHEHHLIX YPaBHEHHIT:

(Dl =Wy,
@, — 20, -} @, = AQOz,

D, — 205 4 D, = — A%p;, (4.9)

—_ 2
@)y — 20 + Oy = — A%, _y,
(DJ:w_].
HeussectHole 3Hayeuuss @; ans Bcex | MOMKHO mpeAacta-
BUTb B BHae BexkTopa D, a npaBas uacte cucreMmn (4.9)

onpeneasiercd H3pecTHBIM BeKTopoM W. Tenepnb Tpebyetcs
pellTh ypaBHeHHe

AD=w, (4.10)
rie mMatpulla A HMeeT BHE
1 0 0 0...0

A—l0o 1 —2 1 ... | @.11)
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Marpuua A comepxHUT HeHyJAeBble 3JeMEHTHl TOJbKO Ha
TpeX LEHTPaJbHBIX [IHAroHajsiX H HasblBaercsl Tpexduaeo-
Haaorol. Ecan met, B3aB J ouenb Boabmum, BoiGepeM pas-
HOCTHYIO CeTKy ¢ BBICOKHM paspellieHneM (XxapakrepHad
pesanuuHa J = 10000), matpuua A Oyzmer cOCTOSITH U3
GONBLIOrO YHCJa 3JEeMeHTOB, HO €e MOXKHO Ha3BaTh paspe-
sceHnol, TAK Kak Julllb HeOoJbUlas 4Y4CTb ee 371eMeHTOB
oTAuMyHa ot Hyas. Kpome roro, cienyer OTMeTHTb, 4YTO
B YacTHOM cJyuae ypaBHeuus IlyaccoHa asmemenTbh! BROJIBL
KaX/A0H AHAroHaJH HMeIOT MOCTOSHHOE 3HAyeHue,

B o6mem cayuae TpexanaroHajibHble MaTPHLUb BO3HH-
KAIOT NpH PacCMOTPEHHH NPOCTPAHCTBEHHO-ONHOMEPHBIX 32+
nay. CdopmysupyeM 0OUIYIO OJTHOMEPHYIO KPA€EBYIO 32124y}

da? d
f_d_x%_..{_ au —l—hu__w, (4.12)

rae f(x), g(x), A(x) u w(x)———HSBGCTHble dyHKUAE mepe-~
MeHHO x M Tpefyercs HAlTH HEU3BECTHYIO (YHKUHIO U(X).
Onsite annmpoxcumupyem ypasHedue (rai. 2, § 3) ua paBHO-
Mepuoil cetre | << j << /:

i g;
~e (U — 20+ w57 W — )+ Ay =y,

YTO MOXKHO [epelnHcate B BHAE

Oty iy ﬁjuj + Yjuf-l =wj (4.13)
Tae
(1[__— + QA k)
2[]
= h; — -5,
b= =g (4.14)
b &

Vi=r e

VYpapueuus (4.13) oTHocsiTCS KO BCEM BHYTpPEHHHM TOu-
kaM obmactu | <{j<CJ, a rpaHnunbie yCJOBHSI HAKJIaIbl-
BalOTCA B KpaeBbIX ToukKax Xy H x;. Obuiye rpaHuuHsle yc-
JIOBHSI MOXHO 3anficarb B AupdepenunansHoil dopme:

( du — -} bu)l =,

X=X,

('“+y) (4.15)

= C,’

X=XJ
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rie a, b, ¢, d/, b’, ¢’ —3anaunpie udcaa. Ecan a =0, T0
B KpaeBoll TOYKe 3aJaHO 3HaYeHHe HEH3BeCTHOH QyHKUHU
u, a ecmu b=0, To 3amaHo 3HauYeHHe ee€ INPOUIBOILHOM.
O6mne rpanuuHbie yemosus (4.15) MOXEO 3anucath B pas-
HOCTHOH opMe caenyromuM o6pa3oM:

auy, 4+ (bA — a) u; == cA,
=’y (A d)uy; = A, (4.16)

HIH
oty 1 ﬁi% = wy,

Voty— - Buy=mwy, (4.17)
rae o, B, w;, Vs, By U w, onpepensiioTcst, Kak u B (4.16),
BHAOM T'DaHHUYHBIX YCJOBHH.

Takum o6pasoMm, Mbpt OnsTh Mnepeuin or obluero aAud-
deperunanbaoro ypassenus (4.12) k cucTeme JHHERHbIX
ypasHenuit (4.13), (4.17). Martpuua A Tenmepb HUMEET BHA

B, o, 0 0 ... 0

ve B o 0 ... O
A=10 vs B o ... 0 (4.18)

0 0 0

e v By

M ONATb TPeXAHaroHajJbHa, HO yXKe C IepPeMEeHHBIMH HeHy-
JIeBBIMH 3JieMEHTaMH.

Ecaun paccmartpusath AByMepHYIO KDaeByl 3ajayy, TO
MaTpHua H B 3TOM CJydae OKAaXKeTcs paspesceHHol, HO
yxe He OyZeT Npocto TpexamaroHa/ibHoH. B kauecrtse mpn-
Mepa 3amumieM AByMepHoe ypasHeHne Ilyaccora B mexap-
TOBBIX KOOPAHHATAX:

2’0 0D
o -a?"= — 0. (419)

Ecan Ttpebyercs HafiTn pellieHHe 3TOrO ypaBHeHHS, HAaNpH-
Mep, B NPAMOYro/ibHOl obaactd R, 0 << x << X, 0y <Y,
TO B 3TOf 00JacTH MOXKHO BBECTH JBYMEDHYIO CeTKY
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(dbur. 4.1). Onepartop G%/0x*> Mbl anmpoxcHMupyeMm onepa-
topom AY, a omeparop d%/dy? — onepatopom Ay (cM. I 2,
§ 3). Ilyctb B xamaom ya;ie ceTkn (i,j) onpeneseHa dynx-

LHS p; ; M Mbl HIIEM BO Bcex y3aax (i, j) norenunan @; j

A
JH+1 e
i/
, AL g L i"
J
¥ .
/-1
1
Q
1 i I
x

@yr. 4.1. IMatuToyeunast pasHOCTHAS ANUPOKCHMALMS JABYMEDHOIO YpPaB-
nenust [Tyaccona,

KOTOpHIl, KaK cuaexyer u3 ypasHeHus (4.19), ymomaerso-
psieT ypaBHEHHUIO

(®i41,; —20;,;, 4+ Dy, ) +
4+ (D, 11 — 20, ; + Dy, 1) = — Ay
HJTH

(CDHI,]' + (Di—l.j + Dy i1 + @, j'—l) — 40, /= A29i, ]
(4.20)

B KaXJIOM y3aje ceTku. Tenepn 10/Ie3HO BCe HEH3BECTHbLlE
peduuuasl @; ; 3aMeHUTb OXHOMHACKCHBIMH 3JIeMEHTaMH
BEKTOpa u pa3MepHoctu /J: '

Up=t;;1;= D0y ; (4.21)

H aHAJIOTHYHO p; ; 3dMEHHM BEKTOPOM W:
— — 2
W=,y =— 0%, ;. (4.22)

DJAeMEHTH BEKTOpa U MOJKHO MOJYYHTb KAK pellleHHd Cil-
cTembl ypasHenuit (4.20), u, cJaemoBaTe’qbHO, BEKTOD U
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yl[OBJIeTBOpﬂeT ManHqHOMy ypaBHeHmo
Au=w,

rie Marpuua A HMMeeT BHJ, nokasauublil Ha dur, 4.2.

4 1 1 N
1 -4 1 1
¢ o o .
* e @ *
1 -4 1 .
1 -4 1
1 -4 1 1
1 t -4 1 1
L] e o o .
L] e 9 8 -
L] *® & e L]
L] . ® *
L] e o L[]
- * o -
L] * e o []
L] *® & = L]
L] e o L]
L] @ ® *
. * o .
L] . e -
L] ® o e *
L] e o o L]
1 t -4 1 1
1 1 -4 1
1 -4 1
. i -4 1
L] *& e o
* * o @
. 1 -4 1
1 1 -4
b p

Gur. 4.2, Martpuua NATHTOUEUHOH pPAas3lOGCTHOH anNpoKCHMAUHH ABYMep-
Horo ypasuerusi Ilyaccona.

Kaxaplit TpexaHaronaiabumil 60K ODHCHIBAET CBA3H BAOJAL HEKOTOPOro cToabua
Pa3HOCTHOR CeTKU, @ COOTBETCTByWOIMUe ejiffHFdnble OJOKH—BLOAb CTPOKW CETKH,
HaH HaoBopoT. MaTpHua fB.jsleTcs paspeeHHOH.

W3 paccMoTrpenus 37oft ABYMepHON 3anaud sICHO, uTO
CBOHCTBO TpeXAMAaroHaJbHOCTH MaTpHUBL yTpayeHuo, HO B TO
e BpeMs MaTpHIla oCTaeTcs PaspekeHnHodl ¢ ouenb He-
GOAbIHMM YHCIOM HeHyJeBblX ajeMeHToB. Martpuna aBy-
MepHONl 3ajgayd HMeeT NSITHANArOHA/bNBI BHA, Kak
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nokasano Ha ¢ur. 4.2, X0Ts1 3TH NATb AUaroHaJ/ell ¢ KOHEY-
HBIMH 3JIeMEHTaMH He sIBJSIOTCS ocHOBHbIME. ClexyeT oTMe-
THTb, YTO TaK KaK B3aUMOCBf3b ABYX H3MepeHHH 3HauH-
TEJNbHO YCNOXHAET fAIBJEeHHE, TO U OThICKaHHe pelieHHs OKa-
3piBaercsl Oosiee TpyAHBIM. PaccMaTtpuBaeMylo MaTtpuuy mo-
JIe3Ho pasbuTe Ha OJI0OKH, COOTBETCTBYIOLIHE pAa3aUYHBIM
cTosI6uaM ABYMeDHOH pa3HOCTHOH ceTKH, B uactHom ciay-
yae ypasHenus Ilyaccona cynlecTBeHHO, UYTO 3JEMEHTbHI
KaXJoH auarcHa/dy IOCTOSIHHBI, H 3TO CBOHCTBO 2 PeKTHBHO
Ucno/ibsyeTcst npu pemenunn (cm. ra. 4, § 5). B npotuso-
TIOJIOXKHOCTb 3TOMY obliee ABYMepHOoe 3/IHNTHYECKOe ypas-
HeHHe, KaK U B CJydYae OJHOrO M3MepeHHs, IPUBOAUT K MaT-
pHlle, HeHyJeBble 3JeMeHTbl KOTOPOH H3MEHSIIOTCS OT O~
HOTO y3/a CeTKH K JAPYroMmy.

O6o6uienne rpannunoil 3afayn Ha cayyail Tpex u Gonee
«IIPOCTPAHCTBEHHLIX» H3MEPCHHI He NpeicTasaseT TPYAa,
W Buj BO3HHKAIONIHX INPH 3TOM MAaTPHKIL JOCTAaTOUHO OYe-
BHJIEH. -

2. Heasnas annpoxcumayus 3a0au ¢ HQUAAbHOIMU GC~
A08UAMYU

bBosbiine cacteMbl aJjrebpaHuyecKHX ypaBHEHHH MOAB-
JSIOTCS, KOrja 3ajaya ¢ HavyajibHLIMH YCJAOBUAMH B He-
[IPEepLIBHOA cpefle HMHTErpHpPYETCs 110 HEABHCH BpeMeHHOM
cxeme [ypaBHenne (2.46)]. M 3jmech MH OnATbH NPHXOAHM
K paspexXeHHbIM MaTPHLAM, CBOACTBA KOTOPHIX BIOJHe aHa-
JIOTHYHBI CBOHCTBAM MAaTPHIL KpaeBhIX 3ajau,

HOns Toro 4ToOH NpPOU/IIOCTPHPOBATH 3TO YTBEpPXKie-
HHe, CHOBa pPacCMOTPHM YpaBHEHHS, KOTOpble BO3HHKAIOT
TIpH HesABHOHN annpoxcumauuy ypasHeHnus Auddysuu no
merony Kpauka — Huxkoabcona (ra. 3, § 9). 3Hauenns
$ynguun wf*t! B ysaax j npoCTPAHCTBEHHOH CETKH Ha HO-
BOM Iiare o BpeMeHH n -4 1 0KasbBawTCA CBA3AHHBIMH
ypasHeHnnem (3.113):

- KAl ot o ntl +1
u;“‘ _u;l—{— AT (”?+1 2up —{—u;‘_l)—}—

K At
+ gar (U — 20} +up_y),
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uau, oGosnauas o= K Aff2AZ%

—auft+ (14 20)upt! — autt) =

=u;ta(ut,, —2uf+u_)=wh (4.23)

[lpasbie wacth 31O cHcTeMbt ypaBHeuuii o6pasywT uase-
CTHBII BEKTOp W™, M Ha Ka)XAOM luare o BPEeMeHH Tpe-
6yeTcs pelIuTb MATPHYHOE ypaBHeHHe I/ HCKOMBIX BeJdH-
YHH u7+‘, obpasymourux Bektop u*t!, Taxk xax zgech pace

cMaTpHBaeTcs 3a4aYa ¢ OLHHUM IPOCTPAHCTBEHHBIM H3Mepe-
HHeM, MaTpHUa CHCTeMBl ONSITb HMeeT TPeXAHaroHaJdbHYIO
dbopmy.

AHaJIOTHYHO HesiBHblE CXeMBl AJS MHOTOMEpHBIX 3a7ad
NPHBOAAT K Pa3peXeHHBIM MaTpHUAM, M Ta Ke CHTyauusd
BO3HHKaeT OOGLIUHO NpH HCNOJMb30BAHHH HEABHOTO MeTOAA
pellleHust runepOonnuecKuX ypaBHeHMi. Taxk Kax 3tH mat-
puuHble ypaBHEHMS NPHXOZHMTCS pellaTh Ha Ka)KAOM Iuare
10 BpeMeHH U DIOCKONLKY OOLIYHO PasMepHOCThL BEKTOpa
Ha TPOCTPAHCTBEHHOH CeTKe BeJIHKAa, HYKHO HCIIONb30BATH
9KOHOMHUHEIE MeTOAB DelleHUs] ypaBHeHHH, UTO IO3BOJSET
H3bexxaTb HenpHeMJIEMO LOJTHX BBIYHC/AeHHH.

§ 3. Marpuunl cneuuvanbHoro Buaa:
MeToJ, MPOTOHKH NJAsi YpaBHEHUs
C TpeXJHaroHaJbHOH MaTpuueil

IlpuAumasi BO BHUMAHHe BaXKHOCTh OXHOMEPHOH 3a-
Jadyl M, CJel0BaTe]bHO, PacHpOCTPaHEHHOCTb TPeXAHaro~
HaJbHBIX MAaTPHYHBIX YpaBHEHHH, pacCMOTPHM MeTOJ pe-
IIeHHA Takux ypaBHeHHi Oosiee noapo6uo. OxasniBaercs,
CYIEeCTBYIOT APOCTBIE H Ype3BLIUAHHO OLICTPORENCTBYIOLINE
aJATOPUTMBl /ISl peUleHUs TPeXAHaroHaJbHBIX MaTpHUHLIX
ypaBHeHHH, U MBI OOCYIHM 3TOT METON pellleHHS KakK ¢ aJ-
re6panuecKoli, Tak 1 ¢ MaTpHUHON TOYEK 3PeHHf. '

1. Aneebpauueckuti nodxod

Ofmast ogHomepHasi 3afavya Owlia mocrasiaeHa B § 2
W 3anucalia B cjejylomeM BHIE:

P

oty 1 By Vil = wy (4.24)
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B obaactu 1 <Cj<CJ ¢ AONOJHHTEJbUBLIMH TPanHuHLIMII
veaosusamu (4.17). TpeGyerca naliT HemspecTHble 3Hauc-
uns u; Bynem Hckarh pemreHne B pekyppeHTHOH ¢opnie
Tax, 4ToOBl, 3Hasi 3HAyenHe 4; B TOYKE j, Mbl MOIJIH TQJY-
4iTHL 3HAYeHHe Ujy; B Touke j+ 1. A mMenuo uaijeM BCIO-
Morarte/ibHble HEH3BECTHBIE X; H Yj, TaKie, yTo

Uiy = Xjly + Yi. (425)

Ecny Takofl anropHTM HenpoTHBOPeYHB, TO KAaK OIlpe-
NeaUTh nepeMednble x; 0 y;? OueBHAHO, YTO ecau dopmyra
(4.25) cnpapennuBa B TOYKe [, TO B CHJIY HENpOTUBOpeul-
BOCTH OHa JOJXKHA ObiThb CnpasemauBa H B J0S0H Apyroi
Touke j’. B wyacTHOCTH, NOACTABUB BbipaXkeHue I Uji
(4.25) B ucxonunoe ypasHeHue (4.24), MOXKHO nokasarn, uTO
3Ta QopmMyaa cnpaseinBa H B Touke j— l:

a; (xpup + yp) + By + vi— = w0y,

HJIH
- Wi %4

dopmy, uTo M peKyppeHTHOe cooTHowenie (4.25), cas
Bamolilee TOukH j u j+ 1, 1. e. ;

Uy = Xj—llj—y + Yy

ITockoabKy rpaHHYHLIE YCIOBHS B KpallHIX TOUKaX
BBeJCHbl Tey K€ COOTHOLIeHHeM, TO [0 HHAYKIHH
yTBEpKAATb, UYTO DEKYPCHBHAS CBAGL CIpaBeliuBa B Wo-
6ot Touke j. Takasa cBA3L AosAZKHA UMeTb MECTO A/ Hpo-
N3BOJBLHOTO BEKTOPAa H, NOITOMY HYKHO NPHPABHATHL cJja-
raemble B (4.26) n (4.27) nowieHHO:

Vi it B L

X = g, e (4.28)

DTN COOTHOMIRHHA H AA0T BCE HCKOMbIE 3HAYEHHS X;
" y; u, Takum obpazoM, ypaBHenus (4.25) m (4.28) 3a-
Aal0T ABONHYIO PEeKypCHBHYIO INPOILeAypPY peleHHs Tpex-
IHaroHaabHoll CHCTeMbl ypaBHeHnH. C nomolbio ypaBHe-
Hus (4.28) ceTka nmpoxoauTCsA 8HW3 MO | HAUHMHasi OT TOYKH
J nmo Toukm j=1, npy 3TOM NOCJHeAOBaTeIbHO Ompene-
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JASIOTCS BCE 3HAYEHHsI X; H Y; Ha ceTKe (IpaMas npOroHKA).
Onpenenns BCe X; U Yj, NPOXOAUM CETKY B88epx OT j=
no j=J u nocienoBareqbHO HAXOAMM S3HAUEHHsT U; H3
ypasuenns (4.25) (o6partHas nporoHka). I'pannuHoe 3Ha-
YeHHe B TOYKe j==/J onpelendeT HayaJbHble 3HaueHHA
Xj-1 H Ys—1, @ TPAHHYHOe ycaoBue B j = 1 onpegpensier nep-
Boe 3HaueHHe 4;. B 4aCTHOCTH, CPaBHUM TIPAHHYHbLIE YCJIO-
rus (4.16), (4.17) B touke J ¢ OOWIUM DeKYpPEHTHBIM CO-
otaourennem (4.25):

’

Y __ ¢
x./_l - ﬁj — A + a
. ot (4.29)

L A
Y-1= B, = bA+a "

©OcobeHHO pacnpocTpateHbl ABa HacTHbiX caydas IpaHuu-
HbiX ycaoBnil. IlepBulfi M3 HUIX — 3TO cayyail sIBHOTO 3aja-
nus QyHkumn u na rpaduge (@’ =0), tax urto x5 =0
B Yy_; = Uy, U BTOpPOH — NpPOM3BOAHAS Ha rpaHuie paBHa
Hyao (b’ =0), rak uro x;—; = 1, ;-1 = 0.

Onpenenus Bce 3HAYeHHS X; U Y; JJIA BCeX | BIIOTh N0
X1 ¥ Yy, peulaeM peKYppeHTHoe ypasHeHue (4.25) cosMe-
CTHO ¢ TPaHHYHBIM YCJAOBHEeM H HAaXOQUM MepBOe 3HaueHHe
HCKOMOH QYHKIHH 1,

Wy — oYy — N+ ay (439)

U= By +a1x;,  a—bA—ax; '

Tenepb MOXKHO CHpeleauTh OCTaBIUMecHd 3HayeHHs ¢yuk-
HHU U;.

Hasg wamiocTpalliyt METONa pelruM  1p ’m& Ba-
pnant ypasHenus Ilyaccowa ma Heﬁonbmon(ﬁ)cm HTOeY-
Holt cetke. PasHocrHAs annpommaunﬂ ypasHernusi Ilyac-
coHa MMEeT BIJ

Dy — 2, D =m, npn 1<j<l; (431)
paCHpe}leJIeHHe HCTOYHHKOB MBI BblﬁepeM B BHJEC
m=@, 0,20, 1,0,0,0),
a Fpa}IHllele yCJIOBHﬂ

O©=0, ectu j=1, u D=0, ecmn j=J.
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Toraa vcxoiHble 3HAYEHHS X;—; M {,—; PaBHH
x,=0, y,=0.
UucaeHHBIH pacueT W pesyabTaThl copepxarca B Taba. 4.1,
Tabauya 4.1

IIpumep pemreHHst TPEXJHATOHAJABHOIO MATPHYHOrO YpPABHEHHS
METOJAOM HPOTOHKH

(Mmem pewrenne ypashenns @, —20; 4 O;_;=m,;

¢ rpaduyHsiMy yerosuavd @y ==0 u @; =0 npn [ = 8§)
Pacnperescune IMepnas nporoHKa Pemrenne

HCTOUYHH (OB x y D,

m; I i i
mg=0 @, = 0,000
m; =0 x7=20 y, = 0,000 O, = 1,860
mg =20 x5=0,5 ys = 0,000 ®;=3,716
ms =1 x5 = 0,667 ys = 0,002 O, = 3,569
my=20 x, =0,750 Yy, = 0,750 D5 = 3,429
my=2 x3= 0,800 y3 = 0,600 O = 2,283
my==0 x2=0,833 Yy, = 2,167 O, = 1,142
my =20 %= 10,857 y1=1,860 Og=0,0

B nepsoMm cTonGue MepeUHcaeHb 3HaUeHHA 3alaHHOTO paclpefeleHHA HCTOY-
HHKOB. B0 BTODOM H TpeTbeM cToja6lax nDpHBeLedbl De3yabTaTh! NepPBOH NPOTOHKH
M M X =Y. %, n = — N N . _

no dopMmyaa i—1 y]/(a1f1+ﬁj) - (wj a,yl)/(a[xj+ﬁ/) CoOTBe1CT
BEHHO; 3HAYeHHd X; H y; OlipefesAndTcAd [0 <«IPAaBOMYy» TpaHHIHOMY VYCJIORHIO.
B ueTpepToM CTOAGHE NpHBeLens 3HAYEHHSA <1)1+1=xj i+yj; <I)l onpegendercs

o «ﬂeBow T'pagHYHOMY YCJAOBHIO.

2. Marpuunsui nodxod

ILast Toro 4TOOBI NOJMHEE ONUCATh M NPOHIIOCTPHPOBATh
MeTOJ| DelIeHHS CHCTEMBI ypaBHeHHH ¢ TpeXJHaroHajbHOI
MaTpHuell, PacCMOTPHM 3TOT MeETOL C MATPHYHOH TOUKH
aperus. Ilycts sapman BekTop W u Tpebyercs ompepenurtb
BEKTOp U, YIOBJETBODPSIOWIHH MaTPHYHOMY YDaBHEHHIO

Au=w
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c TpexanaroHanbHo# Matpuueir A, Ilonesno sBectn Mart-
puuHble omepatopsl casura Ly m L_, Takue, 4To A/ Kax-
JIO¥ KOMTOHEHTH BeKTOpa U

Lo {u}={u;41}, (4.32)
Lo {u;} = {u;—}. (4.33)

Tax kax MaTpunma A TpexjpnaroHa/dbHa, MaTpPHYHOE ypaB-
HeHHe MOXKHO IIepenucarth B BHAE

(PL. +Q+RL)u=w, (4.34)

rie P, Q u R — auaroHanbubie MaTpHIBL

Ypapuenue (4.34) zanaet ABOHHYIO PEKYPCHIO, KOTOPYIO
yA00HO pas3buTb Ha JBe CTALHM, ONpEAeJHB JHATOHAIbLHYIO
MaTpHIy X H BEKTOD Y € NOMOUIbIO COOTHOLIEHUS

L ou=Xu-+ty. (4.35)

YMHOXKUB cOOTHoIleHNne (4.35) Ha QuaroHaJapHY©0 MaTpHILY
P, nepenuiuieM ero B BHuE

(PL, — PX + 0)u= Py, (4.36)

rie 0-— nmynesast marpuua. Boiutem ypasnenue (4.36) us
ypaBHeHus (4.34)

(Q+PX)u= —RL_u -+ w— Py, (4.37)
u=—(Q-+ PX)"'RL_u -+ (Q 4 PX) ' (w— Py). (4.38)

[Tocnennee ypasHenue cosnajgaer no ¢opme ¢ (4.35). Hasa
TOro 4TO0bl OHO OBLIO CCBMECTHO ¢ paccMaTpHBaeMCH 3a-
paueft  (4.34), mnecGxoaumo, urtoGnl ypaslieHus (4.38)
1 (4.35) OGbliM HAEHTHUHBI, CJ€AOBATEIbHO, MOMXHO 3aIH-
CaThb NMOUJEHHGE PABEHCTBO

L-X=—(Q+PX)"'R,
Loy =(Q+ PX)™'(w — Py). (4.39)

Ypasnenus (4.35) u (4.39) ofpasyioT ABYXIIAroByIO
PEKYPCUBHYIO NPOUEAYPY. IJTH Pe3yJbTaThl MOIKHO COIO-
CTAaBUTb C Pe3yJbTaTaMH, [IOJYUEHHBIMH € TNOMOIIbIO CKa-
JasgpHOro moiaxona, tak xax P, Q, R n X no onpenenennio
SIBJSIIOTCA  JINAFOHAJBHBIMH  MAaTpPHilaMH, Ha JAHarcHajisx
KOTOPBIX B KaXJIOM CTOJAONe j CTOAT 3JeMaHThl a;, By, vy;
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H X; cOOTBeTCTBeHHO. OueBHIII0, 4TO MaTPHUHBIL Pe3yJbTaT
coBnajaer ¢ aJrefpandeckuMn  ypapHeunsMn  (4.25)
u (4.28).

Crenyer OTMeTHTb, 4YTO mpouelypa oGpalleliss Tpex-
JA11aroHaJ pHOl MaTPHIbLI 4Pe3BblualiHO [poCTa I 3KOlo-
MHYHA, NOCKOJbKY /s pelleHHs CHCTeMbl C TPeXIHaro-
HaabHO# MatpHllell nopsaxka n X n, AeficTBviouledl Ha Bex-
TOP PasMepHOCTH £, HeOOX0IHMO Becero 9n apidierHueckix
oniepauuii,

§ 4. MaTpuupl cneunaabHOro BHAA:
«TO4YHOe» peuieHue ypasHenus Ilyaccona

Ypannenne [lyaccoma HacTosbKO UIIPOKO pacmpocTpa-
HEHO B H3HKe, YTO erc pewlellHi0 BCEraa YIeasloch 0CO-
O6oe BHHMaHHe. BooOlue pelleHne 3JIMNTHYCCKHX ypaBHe-
HUA B ABYyX uan Oojiee NPOCTPAHCTBEHHBIX H3MepPeHUsIX
I COOTBETCTBYIOIIHX HM MAaTpHUIbIX yPaBHEHHI npercras-
JsieT OnpejeseHHbie TPYANOCTH U TpebyeT 3HAYUTEIHLHOTO
BPEMeHH, ONHAKO CBOHCTBO CcHMMeTpHH ypaBHenus Ilyac-
COHA JAONycKaeT HPHMCHEHHe psjga ObICTPOACHCTBYIOMIHX
METOAOB, HENPHIOIHBIX A5 peireHus obulefl 3agaun. Cin-
MeTpus ypaBHeHus Ilyaccona sB/isieTcsi pe3y/abTaToM ClHM-
MeTpHH onepaTopa Jlamaaca, KOTODBI MOMXKHO 3amicaTh Kak
CYMMY -KOMMYTHpPYIOIEHX onepartopos. Hanpuvep, B ciyuae
IBYX TMIPOCTPAHCTBEHHLIX H3MepeHHil omnepatop Jlanaaca
1MeeT BHJ

, 9 at
Vi=gat e
rjie
0?2 a2
[ @—2]:0. (4.40)

Orcrona caegyer, 4To coOCTBeHHbIe QPYHKIIHH MHOIOMEPHOTO
oneparopa Jlammaca MOXHO 3amucaTh B BHIE IpOH3BejC-
HHS OTJe/bHbIX COBCTBEHHBIX (PYHKUHII OZHOMEPHOro ole-
patopa Jlannaca mo KaXXAOMYy IPOCTPAHCTBEHHOMY I[3Me-
penuto. CienosaTelbHO, pellieHHe MHOTOMEDHOIO ypaBHe-
uug Ilyaccona Bcerja MOXKHG CBeCTH K Dasie/lnbHOMY
pELIeHHNIo Psja OXHOMEPHbIX 3ajfadu. JTO XKe B paBHOIl cTe-
fMeHd cnpaBeNJIMBO U AN MaTPHUYHOIO YPABHEHHS, MOJYUeH-
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HOr0 KOHEUHO-Pa3HOCTHON annpoxcumauued ypasueuusi [ly-
accora. CoOcTBeHHble (WHKIMH OTHOCHTEJNBHO KamKAOro H3-
MeDeHHSl ABJASIOTCA NPOCTO TaPMOHHYECKUMH DYHKIUHAMH,
win Gypbe-MOgaMH, a BHIGOp KaxKAOH H3 HHX Onpeaesercs
rpadHyyHBIMH  YCJAOBHSIMH paccMaTpiBaeMoOH safaull.

31ech HOCTATOYHO pACcCMOTPeTh ABYyMEpHOE ypaBHeHue
Ilyaccona, KoHeyHO-pasHocTHast (opMa KOTOPOro 6hiaa
3anncasa Beime [cM. § 2, ypasuenue (4.20), ¢ur. 4.2]. Pas-
paboTtaHel TpH [OAXOAa, HAAUUX OBICTPOE pelIeHue
MaTpPUYHOrO ypasHeHus. B npocrefimeM U3 HUX NOJHOE MaT-
pHunoe ypaBHeHHe JAMArOHaJH3YeTC C HOMOUIbI METCH0B
({ypbe-aHann3a OTHOCHTENbHO Ka)KAOTO NPOCTPAHCTBEHHOTO
nsmepenns [18]. Merox Xoxum [19] B cBoeft mpocreiimeit
dopme npumenser npeobpaszopanue @ypbe TOABKO HO ORHOM
TIPOCTPAHCTBEIHOH KOOPAMHATE, B Pe3yJbTaTe OTHOCHTEAbHO
IpYrofl KOOpAWHATHI OCTAIOTCS HeCBSiZaHHBIE TPeXJHaroHalb-
HEle MATPHUHbEe YpaBHEHHUS, KOTOPBIE Jerko pemuts. U, Ha-
'KOHell, OTHOCHTEIbHO KaXJOTO IPOCTPAHCTBEHHOIO H3Mepe-
HUSI MOXHO PCIOJL30BATh METOJ LUKJAHYECKOH DeNyKnuu
[20] umu nporouxu.

Jta Meroln pellleHHa ypasHeHHs IlyaccoHa sBaaioTca
TOUHLIME HE B TOM CMBICJC, YTO KOHEUHO-Pa3HOCTHAH
anmnpoxkcumanua AupdepeHnyaabHOro ypasHeHNa He BHOCHT
omnboK, a B TOM CMBICJe, UTO OHH obecleynBaioT npaMoe
olpeJesieHHe TOYHOIO pelleHUSI KOHEYHOr0 MaTpHYHOTO
YPABHCHHS,

1. Kparwoe npeobpazosanue Pypoe

PaccMOTPHM NATHTOUEYHYIO PA3HOCTHYIO aNnpoKcHMa-
nuio ypaBHenus Ilyaccoma B JBYMEpPHOH AEKapTOBOH CH-
creme KoopauHar (4.20):

(@41, ) —2D;, ) + Dy, ) +
+ Dy 14 — 20, + Dy, ) = — APp,,
npu
0<i<I n 0Kj<<, (4.41)

rie p;; u (Dij——sanaﬂnoe pacnpenesieHHe HCTOUHHKOB H
HeH3BeCTHBIH noTeHpyaln COOTBETCTBEHHO. O603HauuM
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NSTHTOYEeuHBIH oHepaTop B JIeBOH YaCTH cHMBOJOM Pi

PO, =Dy, — 20, + Py, )+
FADy, 41— 20, ; + Dy ). (4.42)

CHauasia 6e3 pacCMOTpDEHHS I'DaHHYHBIX YCJIOBHH MBI B Ka-
yecTBe IpHMepa IIOKaxeM, 4TO ABOHHas Qypbe-rapMOHHKA

8:1(k, l)-— (R, 1) smﬂsm%l—i- (4.43)
npH HeaulX k& ¥ [ aABAsiercsi cOGCTBEHHBIM BEKTOPOM Olepa-
Topa P:

PS” (k l) =
=, l)sin —~ ki {sin—————m(il+ L ——QSinﬂ—l—sinn———ml(il— 1)}—1—

+ D (, l)Smfli {Sinm(i-l-l) 2 smnk’ 1sin ™ U=D ("J"l)}_—_.

=@ (k, ) sin 2} {2005 2 sin T j —2sin I} 4

+® (k, ) sin T L2c0s B sin ML 25in Y, (4.49)
J J

ITocnennee papencTso B (4.44) nosayueHO € UCNOJIB3OBAHHEM
GOpMYJIBL AT CYMMBL ABYX CHHYCOB. Hpeoépasyﬁ npaByfo
YacTh, NOJyuaeM

PSij(k l)"—
~--CD(I@ l)smf—kismf—“—{%os —|—2cos———4}
== 0y,8;7 (k, ). (4.45)

3T0 U eCcTb ypaBHeHUe AJS COOCTBEHHBIX BEKTOPOB, NpHYEM
co6CTBEHHOMY BeKTOpy Si;(k,!) (4.43) orBeuaer coGCTBEH-
HOe 3HaueHHE
il " nk
gy = 2c0s — + 2cos - — 4, (4.46)
TaxuM obpasom, MH MOXeM pemaTb ypabHenue [lyaccona

(4. 41) OTAEJNBHO HAf KaxAoro ¢oOGCTBEHHOrO BeKTopa
oriepatopa P,
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[TosTomy Mmertox ABofiHOro npeobpaszoBaHus Pypbe AAR
peuiennsn ypapHeHHa IlyaccoHa CoJepKHT NATH MIaroB.
CHavasia 3ajaHHOe pacnpejlefieHde HCTOUHHMKOB pj; packaa-
AbBaeTcs B pAn Pypbe mo OQHOH H3 KOOPAMHAT — BIOJb
Ka¥XJ0ro croa61a pasHOCTHOHA CeTKH i.

Jlas scex kB, takux, yto 0 << kb << /J,

J
N 2 . ki
bi () =) oy sin T, (4.47)
=1

H Kaxnaasi rapMonuka ®ypee umeer ajguny BoaHn 2JA/k.
3aTeM MOXHO NIPOBECTH AaHAJOrHYHOE pasJoOXKeHHe B DANX
110 fpyrof KoopaHHaTe.

Jlna seex I, takux, uro 0 <<l << I,

I
2 PO 111
Bk, =) psinT, (4.48)
i==1
Tenepb, 3Hafi coGcTBeHHble 3Hauenuss (4.46), MOKHO
OTHeJBHO OIpENeJaHTb aMIUIMTYALY KaXxaol ¢Qypbe-rapmo-
HHUKH NOTEHIHAa a

= - P (&, 1) A2
Dk, = 4 — 2 cos (wwk/J) — 2 cos (mifl) * (4.49)

U, uakoHen, 1o XKaXjio# U3 KOOPAHHAT BHIIOJNHSETC CyM-
mupoBaHue psina Pypbe.
Haa scex i, takux, yto 0 <C i <</,

I
D (k) =Y Bk, Hsin T, (4.50)

I=al

Haa seex j, Takux, uro 0 <j </,

J
®,; =Y &, (&) sin XL, (4.51)
k=1

Tak suraagut obuiag nponeaypa, HO HaM B COOTBET«
CTBHH C TPaHUUYHBIMH YCJIOBHSIMH HYXHO BHIOpaTb JIHIIb
yacTHble TapMOHHKH. Tak, HanpHMep, pa3J/IOXKEHHE B pPAA
dypre no cunycam (4.47) u (4.51) Hcnoab3yeTcs, eCaH
NOTeHNHaJ 3afaH Ha IpaHHNe HyJAeM HJH NOcTOSHHOH, Ecan
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NIOTEHIIHaJd MMECT Ha rpaHyle paBHYIO HYJI0O NPOHU3BOJHYIO,
HCIOAB3YETCA pasOXKEeHHE B PAA 10 KOCHHyCaM:

@, =1 ®(0) + Z (k) cos T, (4.52)
-1 .
rie B(e) =+ ®cos L, (4.53)

Ilpn meproanyecKHX rpaHHYHBIX YC/MOBHSIX HYMKHO HCIOJb-
30BaThb NOJHBIE pAAbB Dypbe, COMEpKALHE KAaK CHHYCH, TaK
1 KocuHycH (Taba. 4.2):

J2=-1

®; = 5 & (0) + Z @ (k) cos 221 1+ &* (k) sinZ2EL (4.54)
e : I-1
@° (k) =—%Z @, cos Qik’. ,
i!=1
& (k)= @ sin 25 (4.55)

j=1

B nocrennem cayvae coOCTBeHHble 3HAayeHHs ABYMEDPHOrO
ypaBHeHus Ilyaccona paBHu

o =2cos 25 4 9cos B g, (4.56)

B 3ax/aooueHne cjaefyeT [10LYEPKHYTb, YTO TMPH HCIOJMb-
30BAHHM paccMaTpHBAaeMOro MeToxa yhaeTci H3bexkaTh
YHCJIEHHOTO BBIYHCJEHHS CHHYCOB H KOCHHYCOB C NOMOIIbIO
MeToJuKH OGpicTporo npeoGpasopanus @Pypbe, B KOTOpO#
3HaueHUs] rapMoHHYeCKHX (QYHKImMH 00pasyloTcss MPOCTHIMA
pekyppeHTHBIMH cootHowenuaMu [19,21]. Tlonnoe wumcao
apudMeTHUeCKHX ONepaiyii, HEOOXOZMMBIX JAJIfA pelIeHHS
ypasueHusi Ilyaccona Ha nsyMmepHoil cetke (I X J Touek),
cocrasJdser npumepso 41/ (14 7).
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2. Ilpeobpasosanne Pypve u yurxauveckas pedyxyus

UpeapbluaiHO OBLICTPBIA M IIMPOKO NpHUMEHseMBl METOX
peleHnss AByMepHOro ypapHends Ilyaccona cocrodT B BHI-
NOMHCHHH pasnoxeHua Pypbe TOABKO 10 OAHOH IIPOCTPaH-
CTBEHHOH KOOpAMHATe, HalpUMep BJOAb CTOJAOIOB CeTKA
0 <j<<J. B pesyaprate 3apaua ceogurca K HaGopy J—1
TpexJAHaroHaJbHEX MaTPUYHBIX ypaBHEHUH, KOTOPEIE CBS3bI-
BalOT 3HaYeHHs NMepeMeHHHBIX BAOJAb cTpoK 0 <L i <[ n xax-
Jloe W3 KOTOPHX MOXKHO pellaTh HEe3aBHCHMO OT OCTasjgb-
Huix [19].

Mbl paccMoTpHM ypaBHeHHSI B ABYMepPHOI JeKapToBOIl
cucteMe Koopiamuat (4.41), XoTs gaHHBIA MeTOX B PaBHOMH
CTEeNneHH MPHUMEHHM M NPH HCHOJNB30BAHNHM LHIHHAPHYECKHK
KoopaunHaT. B kadecTBe npmmepa BpIOepeM IpaHHuHBIE YCJIO-
B, 3afalOlIHe NOCTOSTHHBIA NOTeHNIYa] Ha KOHIAX KaXKAOro
croabua (monyctuMm, ®; = ®;; =0 pna Bcex i). B arom
cIyyae TOTEHUMasJ H pacnpejeneHHe HCTOUHHKOB MOXKHO
pasnoxutb B pagsl Oypbe no anycaM (ra6a. 4.2):

7

~ Bi .
(Dif = Z @, (k) sin % y P = Z pi k) sin —T]- . (457)
k=1 k=1 :

[TogcTaBuB 3TH BLIpa)KEHHST B NATHTOYEUHOE DPAa3HOCTHOE
ypasHenue [lyaccona (4.41), nonyuynm ypasHEHUE
I
2 Do (8) = 20 (8) + Bimy (8] sin 7L+
k=1
—[—[2cos-— -~ 2]CD (k) sin —+ “k’ + A%, (k) sm——}——O
(4.58)

KOTOpOe JAOMKHO OBITh CIPaBEAJIHBO B KaXAOH Touke j.
CienoBaTe/IbHO, B 9THX YPaBHEHHMAX MOXHO OTHCJAbHO IDPH-
PABHATb HYJW aMIIATYAY Kaxaoh rapMmonukn Pypee, uTo
I/ KaXKAOTO «BOJIHOBOIO yHcaa» k paer

D4 (B) — (4 — 2 cos ZEY B, (k) + Doy (1) = — 0%, (1)
(4.59)
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Taxum o6pasom, A KaXaoH rapMOHHKH ®ypnre B moJay-
YEHO TPEXAHATOHAbHOE MAaTpHYHOE ypaBHEHHE OTHOCH-

TeJIbHO HEH3BECTHOTO BeKTOpa {D;(k)}, a xaxnoe Tpex-
AMaroHaJbHOe MaTPHYHOEe YpaBHeHHE B CBOIO O4YEpelNb
MOXHO peIHTb OAHHM H3 MMeEIOLIMXCS METOHOB (HampHu-
Mep, METOJOM NPOTOHKH, CM. I, 4, § 3).

CrnenoBaTesibHO, ONMCaHHAs NpPOLEAypa COCTOMT B pas-
JOXKEHHH pacnpeleseHHsT HCTOYHHKOB p;; B pan Pypee
TOJIbKO II0 OZHOH KOOpJHHATE, UTO HaeT KO3(PHUIHEHTH!
Pypbe pis BceX 3HAUCHHH i

7
2
"‘—J—'Z Pii Slﬂ——‘ (460)

j=1

Tenepb 1/s XaKAOro BOJHOBOLO YHCJIA NOJYYEHBI Tpex-
AuaroHajbhble ypaBHeHHs (4.59) c¢ w3BecTHOH mnpaBoil
yacteio. XokHH [19] mcnosnb3oBasn nast penieHust TpexAua<
rOHaJbHBIX YpaBHEHHH MeTOJ LHKJIMYECKON peLYKLHH,
OTJIHYHBIN OT H3JIOXKeHHOTro B § 3 MeTozna nporoukH. B Tpex
COCeJHHX TOuKax TpeXjHaroHa/buble ypaBHeuus (4.59)
HMEIOT BHR

i

~

;4 (k) — (4= 2005 T5) By (0) + B (1) = — %114 (k)

~

By (8) — (4= 2c08 ZE) B (k) + Dy (6) = — A%, ()
D; (k) — (4 — 2¢os EJE‘) Dy (B) + Dpp (k) == — A%y (R).
(4.61)

VMHOXKHB BTOpOe M3 3THX ypaBHeHHH Ha (4 — 2cosmk/])
M CJIOXKHB BCe TPH ypaBHEHHS, HCKJIOYHM IIPOMEXKYTOUHbIE
3HAYeHHSA

&’t+2(k) - [(4 —2cos _@—)2 - 2] d, (k) + Ei)z—-z (k) ==
= — A%, (R) — (4 — 2 cos ) pi (k) — A%, (k). (4.62)

Takum o6pasom, Tpex(HaroHa/ibHasi CHCTeMa I ypaBHeHHIt
CBefleHa K TpexAuaroHajsHol cuereMe !/;/ ypaBHeHHH, KO-
TOpast B OCHOBHOM COXDaHfieT INpexHiol ¢opmy (4.59).
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3Ty npoueAypy MOKHO NOJOGHHIM 06pas3oM NOBTOPATH A0
TeX NOp, N0Ka 3HAYCHUE NOTEHI[HAJa B ILEHTPaJbHOH TOUKe
Y2l He okaercsi BBIpDAXKCHHBIM uepe3 3HAYEHHA TOJBKO
B rpaHHyHbiX Toykax {=0 u i=1[, B pesyspTaTe uero
rpaHHUHbIe YCJOBHA ONPelefsiT HEH3BECTHOE 3HAUEHHE
B ueHTpaiabHOH rtouyke. OOpaTHas xe TpoueAypa Onpele-
JseT cHayaJjia HeM3BECTHhle 3HayeHHs B toukax sl u 3/
¥ Tak jaJjee, MOKa MPOIECC He 3aBepPIUUTCH OTHICKAHHEM
BceX 3HAUYEHUH Ha CeTKe.

Hrak, nocne perreHus BCeX TPEeXAMaroHaJbHbBIX ypas-

HeHUH noJydedp! 3HaueHHs M;(kR) HAas BCeX [ M BCex BOJ-
nHOBEIX uucen k. IloteHumman B Kaxkaofl y3A0BOH TOYKe
ceTKH (i, j) omnpeleasiercs cyMMoll psiza ®Pypbe A Kax-
Ioro croabua §

J

Z (k) sin &L, (4.63)

ITOT MeTOA, 3aKJoyamlkiica B pasnoxenun Pypbe no
OIHOH H3 HE3aBHCHMBIX INepEeMCHHBIX M TOC/AeAYIOLeit
LUKAHYCCKOH penyKUuH (uWJH HNpPOTOHKE) IO JAPYroH mne-
pPCMeHHON, gBaseTcda OBICTPOAEHCTBYIOLIHM H TpedyeT BHI-
noJjHeduss npuMepHo IJlogs/ omepaumii. Ero mpenmyiecTso
COCTOMT ele H B TOM, YTO OH [PHUMEHUM B UHJAHHIDH-
4ecKoH mJau Gojiee CJIOMXHON IreOMeTPHH, TaK Kak pasfioxe-
Hue Pypbe NPOBOAMTCH JHWbL B ONHOM H3MepeHHH. MeTox
NOMyCKaeT eLle HEKOTOpOoe IMOBBIIEHHE 3KOHOMHYHOCTH,
KOTOpOe JOCTHTaeTCsl IyTeM BHITOJIHEHHSI OMHOro YPOBHS
UHK/JAHUCCKOH PeNyKUNH N0 CTPOKaM U HCKJJOUYeHHf YeTHBIX
CTPOK, npexie uyeM OyAeT NPOBEAEHO DPAa3/OKeHHE HCTOY-
HUKOB B pax Pypbe mo crpoxam.

3. sofinas yukauueckas pedyKyus

MoxHo BooGmie oGolituch Ge3 pas3noKeHHs B pai
Qypbe, ecIH HCNOAb30BATh CBONHCTBO KOMMYTAalMH JBYX
yactell omepaTopa Jlammaca, OTBeyalOUMX Pa3HBIM H3Me-
penusiM. [leqo B TOM, YTO METOJ HUK/JIHYECKON DPeNyKLHH
MOXHO NPHMEHATH K BEKTOpPHOM Beiunuune {M;}; pas xax-
aoro psna j [20]. IlepenuiiemM NSITHTOYCYHYIO Pa3HOCTHYIO
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anupoxcumanuio ypasHenus [lyaccona B Bume
(O FA@), H (@) = (0}, (64

rie A® — tpexanaroHa/jbHas MaTpHua C JHArOHAaJbHBIMH
sneMenTaMu (1, —4, 1), xoropass yMHOXKaercsi Ha KaXXAbil
Bektop {®;}; c¢ snementamu @;;. Ilpasas wacrb npomnop-
IMoHaJpHa 3aJaHHOil (YHKUUH pacnpepeseHUss HCTOUHH-
KOB. AHa/IOrMYHBle yDaBHEHHS CHpaBelJIMBBLI JJISI Ka¥JIO0TO
psia j, U, UCKAOYAsA NPOMeKYTOuUHble paaul j+ 1, j—1 m
T. M., METOJOM UHUKJIHYCCKOH PeAYKUHH IoJyyaeM

(D 142+ (A2 — 2 (D} +{D}ymy =
=AY — B — {60 (469)

OTH penyuupoBanubie (J/2) ypaBHEHHS HMEIOT Ty XKe TpexX-
AMaroHaabHy GOpMy, UTO U paHblIeE:

{(Di}j+2 + A {q)i}j + {CDi}i-—z = {ﬁ(i”}j’ (4'66)

1 OTCIOAA CJAeAyeT, 4TO UUKJIHUCCKYI DPeAyKIHI MOXHO
npoaoJKaTh A0 TeX NoP, NMoKa [0cae p Haros UEHTPaJb-
HBll psf He OyAeT BbipaKeH uepe3 (GYHKUHIO pacnpejaeie-
HHSl HCTOYHHKOB {ﬁ‘il”}j H 3HAUEeHHS Ha rPaHHIe

AP (D) =B, (4.67)

Takum o6pasoM, MB NpHULIH K MaTPHYHOMY YpaBHe-
HHIO 0OJee HH3KOTO MOpPsiAKa, B KOTOPOM 0CTaaoch scero /,
a He IJ HemssecTHHIX. MaTpHuua 3TOr0 VKOPOUCHHOTO ypas-
neHHa AP yike He sBJgeTCS TpPeXAHAaroHa/JAbHOH — B Hell
3HAYHTEJbHOE HHUCJIO 3JIEMEHTOB OTJIHYHO OT HYqd, MOITOMY
YKODOYeHHOC YpaBHEHHWE MOXKHO pellaTb MEeTOAOM HCKJIO-
yenns I'aycca (cm. ri1. 4, § 5). B npocTuix cayuasix mart-
puiy AP) MOXKHO npeAcTaBHUTb B BHIE NIPOU3BeAeHUs Tpex-
IMaroHadbHLIX MAaTpHL, NOcAe Yero MOXKHO TOOYepeAHO
obpatath Xamayw u3 Hux [20]. B 3akniouenue npouece,
o0paTHbIl UUK/JINYeCKON pPeAYKIHH, NO3BOJSCT ONPeNeNuTh
BCe HEH3BECTHble 3HAUEHHA Ha IIPOMEKYTOUHHIX pAAax.
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4. Pesrome

HsnoxkeHo TpU MeToja pelleHHs MHOTOMepHOTO Ypas-
HeHusa IlyaccoHa. Dt MeToAbl HCNONL3YIOT Pa3joKeHHe
B panet ®Oypbe ¢ NOCACAYIOWINM CYMMHDPOBaHHEM, LHKJIH-
YeCKYI0 peAVKUHIO (HMJH TpPOroHKY) HJH KOMOHMHALUHIO H
TOrO H Jpyroro. ¥cnex pacCMOTPEHHBIX MeToJ0B OOYCJAOB-
JIeH TeM, YTO Pa3HOCTHHIH onepaTop Jlammaca ¢ HPOCTHIMH
TPAaHHYHBIMH YCJOBHAMH MOXHO TDEACTABHThL B BHIE
CyMMBl KOMMyTHpYIoWwHX onepatopos (4.40), xaxzablli u3
KOTOpHIX JeHCTBYeT B OJHOM H3MepeHHH. Bee MeToxu
Ype3BbIYafHO OHRICTpOAEHCTBYIOIHe H TPeGylOT NpPHMepHO
nlogsn omnepanuit, rie n-— IOJHOE YHUCAO Y3JAO0B CETKH,
HO OHH HeNpHMeHHUMB! K pelleHHio GoJiee CIOXKHBIX 3a7ay,
B YaCTHOCTH K pelleHHI0 O6ller0 MHOTOMEPHOro pasHoCT-
HOTO SJIMIITHUECKOrO ypaBHeHus (cM. ra. 3, § 2, m. 6).

§ 5. Tounoe penenne oGuIero MaTPHYHOTO yPaBHEHHUs

OnucanHble BHILE METOAbl PCLIEHHT MaTPHUHBIX ypaB-
HeHHH 06,7allal0T BEICOKHM GHICTpoAelicTBHeM Oaarogaps
YAAYHOMY HCHOJIb30BAHHIO CNELHAJNbHBIX CBOHCTB MAaTPHIIL
ypaBHeHnsi. IIpn OTCYTCTBHH TaKMX CBOACTB pellieHHE MaT-
DHYHOrO ypaBHEHHS CTaHOBHTCS TPYAHOHR 3ajgauel, Tpe-
Oyiolieli GONBIIOrO uMcaAa apuPMeTHUECKHX OlepauHii M
SHAUYMTEJNbHBIX 3aTpPaT BpeMeHH. Mbl NpPOHJIIOCTPHPYEM
peleHHe TaKMX 3a3ay ¢ NOMOWIbIO OAHOTO YaCTHOTO Me-
ToJda — Metoza ucKiaoueHus [aycca. Boobime metoxn 'aycca
UMeeT MHOXKeCTBO BapuaHToB [14], xors pisi Goapiuiux mar-
pHl, HH ORHH H3 HHX HE JaeT CYLIeCTBeHHOIO IIpeHMyllecTBa
Haj IPYTHMH.

B obmeM cayuyae Hamef nesiblo Gyfaer OTBICKAHHE Npsi-
MBIM HJHM <€TOYHBIM» METOJAOM peLIGHHA CHCTEMBI £ Hes
ONHOPOJAHBIX YDAaBHEHHH C 1 HEH3BECTHBIMH Uy, 243, Ual

anty + aptts + ... A apl, =w,
Agilhy + Agolly + .+ oo T Aoglly, = Wy

L T T O N L Y

a;u -+ . -+ a0, = w,

"

(4.68)

. o« e s s R T )

Gty + vee + oty =w
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B wMerome wuckmiouennsi Taycca HeH3BeCTHBIE Uy, ..., Un
HCKJIOYAlOTCsl MOCJeN0BaTeNbHO 10 Tex I0p, HOKa He
ocTaHercss ToabKo oxHa M3 Hux. OnHO u3 ypaBHenuil (Ha-
npuMep, IepBOe) HCHMOJAb3yeTCH IJs1 BbIpaKeHUsT OXHOM
HeM3BECTHOH, HampuUMep u,;, 4epe3 ocTalbHble ## — 1 Heusse-
ctHbIX. C NOMOILBIO 3TOTO, TAaK HA3BIBAEMOTO ONOPHOrO, ypaBs-
HeHHs] BEJHUYHMHA #; NOOYEPENHO HCKAIYaeTCs H3 ocTalb=
HbiX n— | ypaBuenufi. Eciu KaXnoe u3 nocieiHux n—1
-ypaBHEHHH CHCTeMBl YMHOXHTb Ha @p;/@;; M BBYECTb H3
OIIOPHOrO YpaBHEHHs, TO HeH3BECTHasA u; OyAeT HCKJIoueHa
M3 KaXJIOoro ypasHeHHs. B pesynbrate mepBoro mara CH-
cTeMa ypaBHEHHH CBeleTcsl K BULY

anty -+ aplis -+ gty -+ oo F @t =w,
’ ’ ’ o
Qgolly = Aty + < oo Gy, U, =W,

’ ’ ’ .
Aglly T Agatly =+ oo - agu, =w;

(4.69)

. . .

7T '/ .

a.u, + +annun—wn
HckmiouenneM BenHYHHB u; M3 NOCJAeJHHX n— 1 ypaBHe-
HHH cHCTeMa OKa3aljach CBeJeHHOH K cucreMe n— 1 ypas-
Henuii ¢ n— 1 ueussecTHHIMH. Hosbie xosbduumentn a’
M HOBbLIe NpaBble 4acTH onpenensiorcs ¢popmytamu ')

o =g
ij a, i

i (4.70)

__Gn
wi—-——-w.—w,
@y *

a”,

npu i,j = 2.

Ta ke caMasi npouneanypa HCKJIIOYEHHS] MOXKeT OHITL TpH-
MeHeHa K HOBOH cucTeMe 3 n— 1 ypaBHEHHH M T. A. RO
TeX TIIOp, MOKa He OCTaHeTCs eNHHCTBEHHOE YypaBHeHHE
C OXHOM HEH3BECTHOH u,. B pesynbrare cucreMa ypaBHeHHH

) O6eiuo Mmetonom Faycca HasbIBAIOT aJrOpUTM, OnNpejesieMblil
dopmynamu
a1y ’ wi

@ =a; — 6 —, Wy=w,—a;; —.—Ipun. ped,
i i il g ! i i il gy
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OKajKeTcsl NPUBENEHHOH K «TPEYrojibHOMY» BHIY:
ayiy + aplly + aty + ... T au,=w,
Aoty + adsuy + ... + abuu, = w)
4
assus + ... asal, =0l
(n—1) — cpy(n—1)
ann uﬂ Uvn

(4.71)

Teneppr MOXHO HafTH YHCJAOBOE 3HayeHHE BEJIMUMHBL U,
a 3aTeM M3 TPEyronbHOH cucteMbl (4.71) moc/jenoBarelibio
BBIUHCJIUTH BCE HEM3BECTHBIE OT U, HO U).

OueBHAHO, YTO HA $I3bIKE MATPHUI, IPOLECC peleHHs
3akjaiouaercss B npeoGpa3oBaHud MaTpHUB A B npoH3sele-
HHe IBYX MaTpuu L (uwxueil Tpeyrojbuoil) u U (BepxHeli
TPEYTroJIbHOI) :

A=LU, (4.72)
rze L umeer BHA
0
L= X .
X X ... X X
alU—
X X X ...
X X ...
U= x :
0 "
X

Marpuna, ofpatHasi TPEYTONbHOM, COXPaHSAET TPEYTrOJNbHYIO
dopmy, H, cJel0BaTeNbHO, PelieHHe COCTOHT B NOOYepPeJHOM
o6pamennn Marpun L n U:

LUu=w,

4,73
Uu=L""'w. (+.73)
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Marpuunoe ypasHenne (4.73) sKkBHBaJIEHTHO CHCTeMe ypab-
HeHHil (4.71). 3aTeM BLIYHC/ISIOTCS BCE HEHW3BECTHLIE KOM-
NOHEHTHI BEKTOpa u:

u=U""L"'w. (4.74)

Ecnn nenspecTHblit BEKTOP U HMeeT NMOPANOK A, TO MPOCTOl
AOACYET [0Ka3blBaer, 4yTo of0liee YHCJIO apUbMEeTHUeCKHX
onepauuii, HeCOXOAUMBIX JJIsl pellelnsi, COCTaBJsieT 2/3ns.

CyluecTByeT MHOTO BHIOH3MEHEHHH MeTOAA HCKJIOue-
uus Taycca, KOTOpble TpelesNbHO yMEHbWAIOT YHCJA0 apHO-
METHYECKHX omepanuil, HeoOXOMHMEIX IJISl pelleHHsl ypas-
HEHWSI, 0OJJHAKO BO BCEX METONAaxX 5TO YHCJIO HMeEeT HOpSAOK
Ky6a pa3aMepHOCTH HCKOMOro BekTopa'l!). s 6Gonabmux
MaTpHL, H, B YacCTHOCTH, IJi MaTPHl, BO3HHKAIOIIHX TIpH
Pa3HOCTHOH annpoKCHMalWH MHOrOMepHBIX 3anai, OThICKa-
HHe peiieHus TpeOyeT ype3BLIYANHO OOJBLHIONO yuCaa OIle-
paunufi, 1 1pH GOJIbIUNX NPOCTPAHCTBEHHBIX CETKaX 3aTpaThl
MalIHHHOrO BPEMEHH HENPHEMJIEMO BEeJHKH.

§ 6. «HeTtounnie», nan HTepaumoHHbIe, METOJb! pelleHHs
MATPHYHLIX YPaBHeHMH

[lokazano, 9t0 TOUHOe peuleHHe OGLIET0 MaTPHYHOrO
ypaBHEHHS

Au=w, (4.75)

rile w— 3alaHHBblil, a u-— HCKOMBIHl BekTOop, Tpebyer NpH-
MepHO n® apudMeTHuecKHX omepauuil, rie n-— pasMmep-
HOCTb BeKTOpa u. /a5 6GONbIHX pa3pexeHHbIX MaTpHul, Ko-
TOpbl€ YacTO BO3HHKAIOT B (DH3UUECKHX 3ajadax, 3aTtpaTsl
MaliHHHOTO BpeMeHH, HeOGXOAUMOIO IS BHIIOJHEHHS
cToJib GOJBILIOTO YHC/A OHepalHil, OKa3hBaOTCA HenpHeM-
JEMO BBICOKMMH. B uwaCTHBIX ciyyasix TpexAHAaroHaJsbHOM
MaTpuubl A HJAH MaTpHUB pPa3HOCTHOTO MHOTOMEpPHOrO
ypasHenns [lyaccoHa cyuiecTByioT OGHCTPOASHCTBYIOUIHE
npsiMple anropuat™bl (cM. § 3 uw 4). Onnako B obmeM cay-
yae MAaTpHIl, BO3HHKAIOIINX M3 o6UIefi MHOrOMEpHO# rpa-
HUYHO# 3alayH WJIH NpH HesIBHOH annmpoKCHMaUHM 3ajavd
C HayaJbHLIMH YCJIOBUSIMH, NpsIMble METOAH TPeSYIOT CJHII-
KOM OOJILINOro YHCAA Onepanuii.

'} O meropax JKopaaua, DiiTkeHa cm. padory [14].
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AnvTepHaTHBON NMpPSIMOMY M TOYHOMY pRINEHHIO MaTpHy-
HOro ypaBHeHHs (4.75) MoXer OHITb CJeAyIOWMHA IOAXOM.
BosbMeM HayanbHOe MPHONMIKEHHOE 3HAauYeHHe BeJHUYMHHI U,
Hanpumep u®, m monelTaeMcsl, BHIIOJHASA HOCJACAOBATENb~
Hble Ward p, YJAY4WiHTb Hallle HETO4HOe pelieHHe uP),
B npocrefimemM cjydae 3Ty Nponelypy MOXHO OINHCATb
MaTPHYHLIM ypaBHEHHEM
- /

uP+) = pyu® L ¢, (4.76)

rie P —HrepanuoHHas Marpuua H yJaydylleHHOe pemeHHe
u(P+l) gBHO BBIpaXKeHO uepes OpeibIAyIiee peuleHue u(P),
Marpuua P Boipaxaercd uepe3 JaHHyi Marpuuy A, a 1o-
CTOSIHHBIfI BEKTOD € — 4Yepe3 H3BecTHHH BeKTop W. Ecuau
B npegene GeCKOHEYHO OGOJbHIOTO YHC/A WAaroB (p OueHs
BEJHKG) HMEEeTCA CXOAHMOCTh, TaK 4TO

lim u® = Pu® +¢, (4.77)
proo
T0 BekTOp U™ yIOBJAETBOPSET MATPHYHOMY YPABHEHHIO
(I —P)u™ =c. (4.78)

Takum o6pasoM, ul® GynerT HCKOMBIM pelleHHEM, ecjau Mart-
puuHoe ypapHeHHe (4.78) COBMECTHO C pacCMaTpHBAEMbIM
ypaBHenneM (4.75). Otciona ciaenyer, UTO €C/H BEKTOP €
CBfI3aH C M3BECTHHIM BEKTOPOM W HEBHIPOXKIEHHOH MaTpH-
et T,

c=Tw,

TO HTepaLHOHHAA MaTpdna YJIOBJACTBOPAET YypaBHCHHIO

T-'(I—P)=A,
nJjiu
P=1I—TA. (4.79)

[TpenmyiiecTso 3TOro MeTOZAa COCTOHT B TOM, YTO Kax-
I0e yayulleHHoe 3HaueHue w(P+l) ppipaxeno saswo. [loyuu-
TeJIbHO BLISICHHTb (H3HUECKMil CMBICJ TAaKOro IOCTENEHHOro
yayuilleHHst «penieHHsa». Brime, Hanpumep (ra. 3, § 1, m. 6),
OBLIO NOKAa3aHO, YTO €CJM MaTpHYHOe ypaBHeHne (4.75)
BO3HHKaeT H3 pPa3HOCTHOH 3amMCH KpPaeBOH 3amayH, TO Ta-
KOe ypaBHEHHE BHIpaxaeT OeCKOHEUHYIO CKOPOCTb pacmpo-
CTpaHeHusl uHGOpMaUKMH Ha ceTKE, BMecTe ¢ MTepanHOHHOH
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npoueAypoii Mbl BBONHM B YpDaBHEHHE <ICEBLOBPEMS»
¢ TeM, yToOb MOXHO ObIIO SIBHO aNNpPOKCHMHpPOBAaTh ypas-
HeHMs, obecrieynBast 3THM KOHEUHYIO CKOPOCTb PacipoCTpa-
HeHHuss nHGopMauuu Ha cetke. [lpenmnosoxum, Hampumep,
4TO MaTpHYHOe ypaBHeHHe (4.75) sBJseTCS KOHEYHO-pas3-
HOCTHOH anmmpoKenManHeil ypaBHenus Ilyaccona (cm. ri. 2),
a Mmarpuna A — pasHOCTHHIM onepatopoMm Jlammaca A”
(cM. ¢ur. 4.1). OueBuaHO, 4TO OOMH H3 METONOB MOJyYEHHS
peulennst ypaHenuss IlyaccoHa COCTOHT B OTBICKAHHH Hpe-«
HEeJbHOTO CTallMOHAapHOTO pellieHHs ypaBHenus Auddysuu

ou
ar — V=0,

rie p— H3BecTHasi (YHKuHs pacnpelefeHHs HCTOYHHKOB,
CranuonapHoe peuleHHe TaKOro ypaBHEHHSl 4 YIOBJETBO-
psieT ypaBuenmio ITyaccona. OksuBaneHTHast pasHOCTHas
3alich HMeeT BHA

uP+) = P 4 At A"y 4 p AL, (4.80)

H1epaunonnyio npouelypy MOXHO PacCMaTpPHBATb KAK siB- -
HOe pellleHHe, CXOAsiiieecsi B TeyeHHe HEKOTOporo Boobpa-

3KaeMOT0 HTEepPanHOHHOrO BpeMenu. OueBHIHO, UTO 3Ty Me-

TOJHKY JIETKO HCNOJb30BaTh. B 9acTHOCTH, Jst pas3pexkeH-
HBIX MaTpHiu MeTOX TpefyeT BecbMa HeGOJBUIOrO WYHCIA

apHMeTHYEeCKHX Onepauuii Ha Kaxiaylo Hrepanuio. Ho,

¢ IPYro#l CTOPOHBI, MOXKET 0Ka3aTbCsl, YTO HEOGXOAHMO TIPO-

BeCTH GOJbILOE YHCIO0 HTepaHHil mpexie, yeM Oyner mojy-

YCHO pasyMHOe pelleHHe. '

1. KoucTpykyus uTepayuonHOti MATpUybL U ee C80UCTSA

IpuMensass HrepallMOHHEH MeTOH, MBI JOJKHBI BbIsIC<
HUTb, BO-NIEPBHIX, AJST KaXAOTO JH HayaJbHOTO NMpHOJHNKe-
gust u® MeToN CXOAMTCS, M, BO-BTOPHIX, HACKONHKO OBICTPO
GynyT cxonuTbesl nTepaunH u®., Bmecro abconioTHOro 3Ha-
yeHUs BeKTopa u(P) moje3HO paccMaTpUBATL BEKTOP OMIH-
60K €(P), KOTOpBII NMPHCYTCTBYyeT Ha KaXJAOM liare, Ipy-
THMH CJHOBaMH, €CJIH U-— TOYHOE pellieHHe MaTpHYHOro
ypaBHEHHA, TO .

20 —= yP) — 4, (4.81)



144 faasa 4

Tark xak urepaumoHHas cxeMma (4.76) jgonkua GObITb COB-
MeCTHAa ¢ MaTpHYHLIM ypaBHeHueM (4.75), norpeGyem, 4TO-
6bl TOUHOE peilleHHe U YIOBJETBOPAJIO YPaBHEHUIO

u=Pu-+tc. (4.82)

U3 ypasuennii (4.76) u (4.82) cnenyer, 4TO BEKTOPH! OUIH-
0OK £ Ha COCENHHX INAarax CBSI3aHbl COOTHOMWEHHEM

e(p+) == Peln, (4.83)

Jlns Toro uroObl HMeJa MECTO CXOLHMOCTb, BEJIMUHHA BEK-
TOpa OMWHOO0K A0JKHA YAOBACTBOPATD YCIOBHIO

[ e+ | < | glo) |, (4.84)

IMosTomy mbl BBeneM BennuuHy [|P|| — cniekrpanbhyio Hopamy
Martpuus P:
I Pe(p) l
I Pll—m—r (4.85)
H norpebGyem, uro6el HopMa [Pl 6nita MeHbHme eIHHHLH,
¢ TeM uToOBI HTepauuu ulP) CXOAHJUCD.

PaccMmorpum 310 orpauuuenue 060Jee AeTasbHO, BHIpa-
JKas BeKTOp OWHOOK uepe3 coO6CTBeHHLlE BEKTOPHI HTEpa-
unoHHo matpuusl P. ITycte P umeer Ha6op n pasjHuHBX
COGCTBEHHBIX YHCEN p;, Toria owHOky & HauasoHOrO MpH-
Gnuxennss u® MOXKHO PasOXKHTh NO COGCTBEHHBLIM BEKTO<
pam s mMarpuun P:

£ = Y o (4.86)
ol; — KOMIOHEHTA BEKTOPa HAayaJabHON OMMGKH BAOJbL C€OG-
crBeHHoro Bekropa s, M3 coornowenunss (4.83), cBsI3bi-
BAIOLIEr0 TOCHeN0BATEIbHbE BEKTOPHl OWHOOK, MOXHO BbI-
paamb omuOKy wara p Yepe3 HayaJbHYIO OWHOKY:

£(r) = Pe(P~1 = PP, (4.87)
Hcnonbsyem pasnoxenne (4.86): '
1 n
&P = P? ¥ a;s00 = > a,0780, (4.88)
=1 i=!

CrnenoBaTentbHO, MOCJKE p HTepalluili KOMHOHEHTa BEKTOPa
OoWHOOK BAOJNb HanpaB/jeHHS KaXAOTO COOCTBEHHOTO BeK-
TOpa NpOINOpHHOHANbHA p-fI CTENEHH COOTBETCTBYIOLIErO c0o0+
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cTBenHoro sHayennsi. OueByAHO, YTO npu GONLHIOM P OWHG-
Ka Bblpamaercs uepe3 cOOCTBEHHBI BEKTOD ¢ HanGOJbLIIKM
N0 MOJAYJIO COOCTBEHHLIM 3HAYEHHEM, OTKYIa - CjaelyeT, 4ro
I/ CXOMMOCTH Heo0XoAuMo, yToOb a6CoJIOTHAST BeJUYHHA
HauGONbIIEro COOCTBEHHOrO 3HAYeHHs p == |p,| MaTpHubl
P Ooiia MeHbile eIHHHIBL. p Ha3bBAETCS CHEKTPaNbHBIM
pamuycoM Matpuusl P.

lim e® = q_pPsm, (4.89)
P>
rie
| 0 |=max ([ p; |, I P21, vy 1 Pnl): (4.90)

Kpome Toro, acumnrornyeckast (mp# GoJbMmIHX p) CKO-
poCTh CXONMMOCTH 3aBHCHT OT CHEKTpaJbHOro pajadyca p
HTEPalLlMOHHON MaTpHIB: 4YeM MeHbIUe p, TeM ObicTpee Oyaer
cxoaumoctb. [TosTomy, BeIGupas HTepalHOHHLIA METOML U CO-
OTBETCTBEHHO HTEepalMOHHYIO MaTpHLy, MB JOJIKHH MHHHU-
MH3HPOBATL CHEKTPaNbHBIA pajHyc HTepallHOHHOH MaTPHLUBL.

Iast ompeneneHHst pa3nHYHBIX HTEPALHOHHBIX MeTOLOB
M AJS aHanusa MX CBOHCTB NOJIe3HO pa3GuTb Matpuuy A
Ha JAMATOHAJbHYO Matpuily D, BepxHOIO TPeyro/bHyw
matpully U u HHXHIOIO TpeyrosibHylo Matpuny L:

X X X X ... X
X 0
X X X
X
X X X
: g = A
. . 0 .
X X X .
X
X X X
0 x x x . 0 0
0 x x ... x 0
0 0 x ... x x 0
-+ “ftlx x x 0 . (4.91)
0 0 x o
0 X X x 0

T, ¢. A=D4 U L.
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C storo MoMeHTa GyLeM CYHTaTh, YTO BCE JUArOHAJb-
HBEIE 3JIeMeHTBl KOHEeYHbl, TaK YTOOB MaTpHYyHOE YpaBHEHHE
(4.75) Bcerma MOXHO OBLIO 3amucaTh B BHIE !)

Au=—w, (4.92)
rae ,
A'=D7'A,
A=I+U +L.

Marpuua B = — (U’ L’) mmeer ocoGoe 3HaysHHe M Ha-
3pBaeTcss OsioyHoit Marpuueit jko6u. B wacrHoctH, oue-
BHJHO, YTO BCe COOGCTBEHHBIE 3HayeHHs W; OJOUHOH Mar-
puubl AK0o6H NpocTo cBsi3aHbl C COOCTBEHHLIMH 3HAUCHHSMH
A; marpuinsl A’ cooTHOleHHEM %) |

Ww; = 1 —7\/{. (493)

Has Toro uto6el paspaGoTaTb MPOCTble HTepaHHOHHBIE
CX€Mbl, NMPEACTABHM 3BOJNIOLHIO PelleHHsi B HEKOTOPOM BO-
o6paxaeMOM BpPeMeHH!

ou

—57=—A’u+w’, (4.94)
TaK UTO pellieHHe Ha HOBOM mare p -+ 1 nonyuaercs ABHO
NOCPEACTBOM HTEPAIHOHHOIO Iiara 1o BpeMenu Af = o:

uPt) = 4 — eA’u® 4 ow’,
u?+) = (I — 0A) u? -+ ow’. (4.95)

OueBHgHO, 4YTO Takas HTepalHOHHasi mpouenypa Oynetr
3¢ (hekTHBHA, ec1H B MaTpuile A’ guaroHajibHble 3JeMEHTH
JOCTAaTOYHO BEJNHKH IO CPAaBHEHHIO C OCTAJbHBIMH H ecld
MBl BhIOEpeM NOIAXOAsllllee MM HaHayuliee 3HAUCHHE .
Jng wamocTpauMu AaHHOTO MOAX04a H B KaueCTBe MO-
JeNMbHOH 3ajavyd BosbMeM ypaBHeHHe [lyaccoHa B nexap-
TOBBIX KOOpJHHATaX Ha DaBHOMEPHOH NPOCTPaHCTBEHHOIN
ceTke. Marpuna stoli 3agaum mokasana Ha ¢ur. 4.2. Iau
JBYMEPHOI'O HSITHTOYEYHOro omepatopa Jlamnaca yao6io

1) Mp 6yleM B OCHOBHOM HMETh [€J0 C MATpHIAaMM A, B XOTOpLIX
npeobiaalaloT AMaroHaJbHbIE 3JeMeHTH, T. €. MaTpuua D Beauxa [16].

%) CootHourenne W; = | — A; JerKo J0Ka3aTb, HCHNOJBb3YA Npeobpa-
80BaHHe nojaobus, ) :
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NpHHATL O0GO3HAuUeHHS! Y3JOB CETKH 0O CTOPOHAM CBera
(jur. 4.3), uto nosBoJsieT 3anucaTb ypasHeHne [lyaccoHa
B BHIeE

1 i
ug —— (uy +us +up + uy) = pc A’=we, (4.96)

rae touka C — neuTpatbHbi y3es, moouepelHo npoberaio-
WK BCce Y3nabl ceTKH. [LJia MpAMOYroibHON ceTKH ¢ J cTpo-

N o V. ¥
> < ¢

®nr. 4.3. McnoabsoBanue aHaiorHH €O CTOPOHAMH CBeTa Aasi 0603Ha-
YeHHS COCEHHX Y3JNOB B IBYMEDHHX 3ajauax.

ITpu peumenuH ypapuerus [IyaccoHa MeToxom UeGnimiena 3naucHUs pPEICHRA B y3/ax,
OTMCUEHHBIX KDPyXKKaMH, H B y3aJaX, OTMCUEHHBIX KpPeCTHKaMH, oNpeiesiorcs mo-
oYepenHo.

KaMu u [ cronGuaMu MBI 3HAEM BCe COGCTBEHHBIE 3HAUe-
HHd HameH 3agaun (raba. 4.2);

1 1
1—7cos—{;——5cos¥-<}ui<l. (4.97)

Mopeasnyio sapauy pasi ypaBHeHms IlyaccoHa MOXHO
HCHO/b30BATb, UYTOOBI BBISIBHTb OCOGEHHOCTH HTEPallHOH-
HOro MeTOHa, XOTS Ha IPaKTHKe 3Ty 3ajavy NpOLIe peliaTh
HEOCPeACTBEHHD.

Mpumenss o6uryio urepanuonnyio cxemy (4.95) x ypas-
nenuio Ilyaccona (4.96), nonyyaem

Ut = (1 — o) up) + + o (i) +uf) + up + up) + 0w,
(4.98)

dakTHyeCcKH 310 ypaBHEeHHe SIBJISIETCS pPa3HOCTHOH op-
MOH ypaBHeHus Anp¢ysuum ¢ wWaroM Ino BpeMeHH /o,



148 Tiasa 4

eJHHUYHBLIM [aroM MO INPOCTPAHCTBY M eILMHHYHBIM KO03(-
duuventom nudpdysun (cm. ra. 3, § 3), nosromy B AByMep-
HOM CJyyae yCJHOBHEe YCTOMYHBOCTH (a 3HAYAT, H CXOAHMO-
CTH) HMeeT BHJ

] 1
T(ng.
Takum o6Gpasom, mjsi CXOLHMOCTH TakKOH HTepauHOHHOM
CXeMBl TapaMeTp ® O00s3aTeNbHO™ AOJKeH YAOBJACTBOPSATD
YCJIOBHIO

<o 1. (4.99)

2. Merod Slko6u

B uactHoM cayuae © =1 wntepaluOHHBIH aJrOpPHTM
Ha3piBaeTcst MeToJOM SIKOOH:

uP+t) = (I — A)u'? 4 w’, (4.100)

Tax xax matpuua A’ mpeicTaEMMa B BHIe CYyMMBI eJHHHY-
HOH MaTpHUH, BepXHell TPeyroJbHOH MaTpHIB H HIXHE
TpeyroJibHO# MatpHus! [cooTHOowenHe (4.92)], To HTepaumio
SIKoOH MOXKHO 3amHcaTh CJAeAyIOLIMM 06pa3oM:

P+l = — (L’ +- U ) u® 4 w’. (4.101)

[Tosromy wmeron Hko6m MOXKHO paccMaTpuUBaTh KakK MpH-
paBHHBaHHe HOBHLIX JHAroHAJbHBHIX 3JEMEHTOB CTApHIM He-
INaroHanbHbIM 3JeMeHTaM, a HTepalHOHHas Matpuua P
npeacraeaser coGoi mnpocto 6/09HYI0O Martpuly $xobu
B=—(L"4U’). B coOTBeTCTBHH ¢ aCUMNTOTHKOH YOHI-
BaHus omubku (4.89) cKOPOCTb CXONHMMOCTH MeTOAa npH
OOJbINX 3HAYEHUSIX p paBHA

]i_l-n 8P — gt 1) glp) — (pm —1) e(p)’
p 00
8¢ |
ﬁ))—l—=lpm—ll, (4.102)

rle pm— HauOoJbliee NO MOAYJIO COOCTBEHHOE 3HAyeHHe
HTepalHOHHOHA MaTpHUB P, K B JaHHOM cly4yae — MaKcH-
MaJbHOe COOCTBEHHOe 3HaueHHe OJ10YHOH MaTpHLbl SIko6u
B, a uMeHHO iy (4.93).
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Ecnu meron $fxko6u npuMeHuTb K cQOPMYNHPOBAHHOA
Bbillle MONeJbHOH 3azmaue nns ypasHenus Ilyaccona, To
MaKCHMaJbHOE cOGCTBeHHOe 3HayeHHe OJIOYHON MaTpHIBL
SIko6u (4.97) pasuo

umr———;—cos% +%cos—?~, (4.103)
uau npu Gosapiiux [ u J
JT,2 2

[Tocnennee osnauaer, uto ckopocth cxoxmmocru (4.102)
ouellb MaJja:
[ 9P | w w’ =
T =—w to T (4.105)
[e® | a4~ 4

3. Merod I'aycca — 3aiideasn

Ha KaxXz0oM HTepallMOHHOM LlIare I0OYepeRlo Ofpese-
JITIOTCA BCce KOMMOHeHTH Bektopa uP+D. Hanpumep, npu
pewennn ypasHeHus [Iyaccona (4.98), xorga nepecuuthi-
Baetrcsl 3Hauenue B Toyke C, B TouKax S («IOXKHH» y3el,
¢ur. 43) u W («3ananupii» ysen) HOBblE HTepalHOHHbE
sHaueHnss 4@+ w upt! yxe ompenenennl. A Tak Kak 3TH
HOBLIE 3HaUYeHHS YJYUMAOT cTapble 3HauveHHs ulf u u'f),
TO IJ/151 YCKOPEHUS CXOZMMOCTH MpPENCTaBJACTCH ecTecTBeH-
HbIM HCNOJIb30BaTb B MTE€PAaUHOHHOH NMpOoueAYypPe HOBbIE 3HA-

uyenus. Ecnm onaTb napaMerp o BbIOpaTb DPAaBHBIM ElH-
Hue,

1
uf D = (ulf) 4wtV - 0+ uptVy +w,  (4.1006)

TO MBIl HpHAeM K MeTOJy, H3BeCTHOMY NOJ Ha3BaHHEM Me-
Tona [aycca— 3aiizens. B o6umx Matpudsbix oGo3Haue-
Husax (4.92) wmeron Taycca — 3afinens MOXKHO 3amHcaTh
ciaeayomuM o0pa3om:

(I + L) u®+) = — U'u® 4 w’, (4.107)

a TaK Kak Ha HTepalMOHHOM wmlare p -+ 1 HOBHIe 3HauyeHust
L’u(»+") usBecTHbl BO BCEX Yy3laX, To ypaBHeHue (4.107)
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MOXHO MepennucaTb B BHAE
uPt) = — (I L)" "0 + T+ L)' w. (4.108)

Moxuo mnokasaTb, 4TO CKOpOCTb CXOOHMOCTH B MeTOJe
T'aycca — 3afinenss Bbime, yeM B MeToZe HAKOOH, XOTs
3TO yTBepXKIeHHE CIPaBelJHBO TOJNBKO B IpelefbHOM
cMuicie [16].

4. Merod nocaedosareroroll eepxneli peaarcayuu

Brino moxasaHo, 4To IJIS CXOZHMOCTH HTEPAalHOHHOTO
npoiecca npu pemeHnH ypasHedust [Tyaccona (4.98) napa-
"MeTp ® KOJKeH JieXKaThb MeXIy HyJNeM W eIuHHllel (paBed
eIMHHLE M MeToa Sko6n). B merome I'aycca — 3anzmenst
napameTp o GblJ1 BbIOpAH paBHBIM €JHHHUIlE, XOTS Ha TpPAK-
THKe HanGoJblIasi CKOPOCTb CXOIHMOCTH He 00sd3aTeNibHO
ROCTHTaeTcsl NpH 3HAYeHHH @, PaBHOM eduHHue. HacTo cko-
POCTb CXOOUMOCTH PacTeT [PH YBEJHYEHHH ® MO CPaBHEIHIO
C elHHHLEH; B 3TOM CJy4ae METOA Ha3BBaeTcsi MEeTOHOM
BepxHell pesakcauuH. IlpormBomosoxuuil ciayuait o <<
Ha3blBaeTCs METONOM IOC]eN0BATENbHON HHUXKHEH »penax-
calHy. :
Meroa nocnenoBaTeNbHOH BepXHEH pexakcaluy HCTIOND-
3yeT Ty e HTEepaLHOHHYIO GpopMyJy, yTO H MeTod I'aycca —
3alifens, HO ¢ yAy4LIeHHBIM NOCTOSTHHBLIM 3HaueHHEM napa-
MeTpa peJakcanuu:

(I + oL) u?+) = (1 — o) [u” — oU’u® + ow’ (4.109)
WIH
urth = (I + oL")""[(1 — )T —oU’]u® + (I + oL") ™ ow’.

(4.110)

OnTumanbHOe 3HAaueHHe MapaMeTpa peJakcauuu, o6ec-
NeYHBAIOUlee HAHBLICHIYIO CKOPOCTH CXOIMMOCTH, P&aBHO
{16, 22]
_2
T4/ 1T—pl,

FH€ lim, KAK H paHbliie, — CHEKTPAJbHBIN paguyc, HIH Hau-
6oabuiee mo MOAYAI0 cOGCTBEHHOE 3HAYeHHE GJIOYRHOM MaT-

0p = (4.111)
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puusl fIko6u B = — (L’ 4 U’). Kpome TOro, acHMmnTOTH-
4yecKkast CKOPOCTb CXONMMOCTH METOjia IOC/Aef0BaTeNbHOH
BepxHelt penakcauuu (4.110) paBHa

I et R
C=Tem] =%
HJA

B kauectBe mpuMepa paccMOTPHM MOAENBHYIO 2ajxauy AJs
ypasuenns Ilyaccoma, wurepaumonHass ¢opmyna KOTOPoil
B NPeXHHX 0603HAUeHHSIX HMeeT MPOCTOll BHA:

1
wptl = (] — o) ulp) + Tm(u%’—{—ug’“)—{—u&g'—{— upt)+ ow,.
(4.113)

Co6cTBenHble 3HauyeHHsi G6J0OYHOH MaTpuusl $IKOGH paBHbL
(4.93), (4.97):
ngi<—;—cos~;}+%cos—;ﬁ,

rae I u J—uucina crtpok u croabuos cetku, TakuMm oGpa<

30M,
Wy == 2
b= 2
14 z\/l —(—é—cos?—{-%cos-’})

u npu Gonbuwux I u J

. (4114)

2
4 L
272 212
Orciona BUAHO, YTO YeM GOJBILE CETKa, TeM OJHIKe BeJH-
YHHA ©p K CBOEMY NpEeLeJbHOMY 3HAUYCHHIO 2. AHaJIOrHUHO

aCHMNTOTHYECKAs CKOPOCTb CXONMMOCTH MOAEIbHOH 3ajaun
(4.112) pasHa

Wy X

o 1, 1NE
B Nn(w +212) . (4.115)

3,11er CKOPOCTb CXOJHMOCTH 3HA4YHUTEJbHO yBennqua 1o
cpasHenH0 ¢ Meromamu [aycca — 3aiinenss u SIko6u [cMm.
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coorHomenne (4.108)], tak kak oHa u3MeHsieTcsl OGPATHO!
IIPONIOPLIHOHANBHO 4YHCAY Y3JO0B CeTKH, a He KBaJpaTy’
3TOTO uHcaa.

B cxemy Mertona nociienoBarenbHOR BepxHeil pesakca-
U1H MOXHO BBECTH HEeKOTOpPOe H3MeHeHHe. [I/is1 3TOrO 3ame-
THM, UTO paccMaTpHBaeMble 3Jechb MaTpPUUHBIE ypaBHeHHS,
B YAaCTHOCTH, YpaBHEHHS, NOJydaeMble MyTeM DA3HOCTHOM
allNpOKCHUMAallMH, CHMMETPHYHB OTHOCHTEJNbHO Yepedylio-
muxcs yajos. Hanpumep, B ypaBrennu Ilyaccona kaxnas
Toyka C CcBfiz3aHa C YeTHIPbMS COCEIHMMH ToukaMHu [N, S,
E, W (¢dur. 43)], Takum 006pa3oM, nepeMeHHbE B KaKAOM
YeTHOM Y3/l CBI3a8HBl TOJLKO C NEPEMEHHbIMH B HEUETHBIX
y3aax, W HaoGopor. Ilostomy 110/1€3H0 BBeCTH ABOiHOI
WY LK/JIHYECKNH HTepalMOHHBI mpolecc, B KOTODOM CHa-
yaja BLIUUCJAFIOTCA yJaAyUIIeHHbBle 3HayeHUd BCeX IepeMeH-
HBIX B YETHBIX y3J1aX, a 3aTeM OHH HCNOIb3YIOTCs AJA mepe-
cueTa OCTAJbHBIX 3HAyeHHH B HeueTHuIX yajax. Ilepeomnpe-
JeJaHM HCKOMBI BEKTOp-pelleHHe it KaX IBa BEKTOpa Uy H
i1y, NepBbiil M3 KOTOPHX 3afaH B YeTHLIX y3Jaax, a BTO-
pofi — B HeueTHHIX. AHAaNOrHYHO H3BECTHHII BEKTOp W pac-
LiensseTcs Ha Wo 0 wy. Tenepp LHKJIHYeCKH{l MeTOl mocne-
LOBAaTEeNbHOH BEPXHEH peJlaKcalldd MOXKHO ONDENeJHUTh
caenyloluM 06pasom:

urth = —o (L' + U e+ (1 — o) ul?~) + ow), (4.116)

rie v==_0,1, p—Homep nocjenosartenbuoro imara. Onrty-
MaJbHOe 3HaueHye napaMeTpa peJakcaliyi o = o, §Oo-
npexuemy onpenenasercs opmysaon (4.111).

5. Huxkauueckuti merod Yeboviluesa

XoTsl acUMNTOTHYeCKasl CKOPOCTb CXOAMMOCTH MeTOHa
nocjenoBarenbHoll BepxHe#l pesakcaumnu (4.115) upesBHl-
yafHO BBICOKA, HA paHHeH CTaiHH HTePaLHOHHOrO mpouecca
CXOILUMOCTH MOXeT OblTb MeNJIEHHOH H JaxKe BO3MOXKHU
BpeMEHHOe Bo3pacTaHue OWHOKH. B uukiandeckom Mertofe
YeGolmeBa CXOAMMOCTh Ha paHHEl CTaiWM HTEPaHHOHHOIO
npouecca 3HAUHTEJNbHO YJydlIeHa 3a CYeT TOro, 4To mapa-
MeTp peJlaKcallud MeHsieTCsl OT lara X lary. JToT 3aMbl-
CEJ BO3HWUK B CBSI3W ¢ HIeel HCINOJAL30OBAHUSI UOJHHOMOB
Ye6pluieBa AJs yCKopeHHS! cxonumoct [16, 23] Meron Ye-
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ObllieBa HCNOAb3yeT Te Ke (OPMYJbl, YTO W METOH TocJHe-
JoBaTeJbHOH BepxHell pesakcaunn (4.116), no ¢ nepemen-
HBIM TapaMeTpoM pesakcauuy o:

Ut =—e, (L'+U)up -+ (I—o yuf"+o,w, (4.117)
rje p — HOMED OuepeJHOr0 1Iara;
0, ecan p — ueTHOe,
v { I, ecan p — HEueTHOE.

Ha nocnenoBaTesbHBIX lIarax HapaMeTrp o, H3MEHAETCs
TaK, 4TOObI ONTHMH3HPOBATbL CPEAHIOI0 CKOPOCTh CXOIH-
MOCTH:

Wy — 1,

(Dl:

apy p=1 opp = ——5—7, (4.118)
1— u;n(op/4

rle, Kak W panpiie, W, — Haunboabuwce 10 MOI1yJ/I0 OG-
CTBEHHOe 3HaueHHe GyoyHol Martpuns SIko6u — (L' 4U’),
onpepeseHHoe 145 MOAHOro BekTopa. ClenyeT OTMETHTh,
uTO MepBbLIfi mar cooTBercTByeT Merony I'aycca — 3afigens
(0 = 1), nocse yero mapaMerp pesaKCcalud  IOCTENCHHO
yBesinudBaercs. B acHMnToTHueckKoM Ipefiesie mapaMerp
peJakcallud CTPeMHTCS K ONTHMajJbHOMY JJAd MeToda Io-
CJ1€40BaTEeAbHOIl BepXHeH peNaKCalHd 3HAUYeHHIO Moo = Wp
(4.111), B 103TOMY aCHMOTOTHYECKHE CBOfICTBA METOIa
HeGnimeBa coBnajadT coO CBOICTBAMH MeTOJa MOC/AEN0BA-
TeJbHOH BepXxHell pesnakcanuu. OAHAKO Ha PaHHUX CTaRUsAX
pouecca CXOAMMOCTb 3aMeTHO yayuuieHa. CKOpOCTH €XoO-
auMoctu Mertonos ['aycca — 3aiifensd, HeOwinesa n nocie-
JOBaTeNbHOH BepxHell pesjaKcalMH INOKa3aHbl Ha ¢wur. 4.4
IJs IpuMepa MoJeJbHOro ypasHeHus [lyaccoma Ha ceTke
128 3 128 ysuao0s [19].

6. Heasnoul meTo0 nepemernnlx Hanpasaenull

Mpt yOepunvch, 4TO pasHOCTHAs anmnpOKCHMAalRs OAHO-
MepHbIX TPAHHUHBIX 3a7ay H HesBHAs aNlPOKCHMallus na-
pabosnuecKuX ypaBHEHHH NPHBOAAT K TPEXAHATOHAILHOMY
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MaTpHyHOMy ypaBHeHHIO (cM. § 2, m 1). Kax mnokasaho
B § 3, TpexAuaroHa/JbHble MaTpHYHble YPABHEHHS pelaoTCs
upe3BHIYalHO TIPOCTO, B TO K€ BpeMA B aHaJOTHUHBIX
MHOTOMEpHBIX 3ajlauaX MaTpHuHas CBsI3b OKa3bIBAeTcHd Io-
pasno Oosee caoxHOH (cM. § 2, m.2) W, 3a HCKIIOYEHHEM
npocrefiliel 3agavyy AjsA ypaBHeHna Ilyaccona, MaTpuuyHble
ypaBHeHHs] TpyAHOpaspeminMbl, TeM He MeHee MBI CMOMKEM

4

2

== 10
s[g
RCIC] 1
N 10 .
§’ 1 2 ]
o0 N3 \
-

104 -

1631 1 !

0 50 100 150 200

: ’ Homep umepayuu (p) ;

®ur. 4.4. CxopocTH CXOAUMOCTH HTEPALUHOHHBIX IPOLECCOB METONOB
pelueHHs AByMepHOTO ypasuenus Ilyaccona (us paGots [19]).

I —MeToA nocjaeXoBaTeibHON BepxHelk pegakcauun; 2—meton [Iaycca— afigens;
34 -—Merox Yebbnuena.

BeCbMa YCNeIUHO HCHOJAb30BAaTh CBOHCTBA TPEXIHArOHa/b=
HbIX MaTpHL H B MHOIOMEpPHHIX 3afauax, €CAH 3aMETHM,
4TO MaTpHyHHH onepatop A’ (4.92) MoxHO 3andcaTh
B BHJIe CYMMBI TPeXIHaroHa/J LHBIX MaTpHIL

B xauectBe npmMepa Bo3bMeM JBYMEpHYIO 3ajadyy Ha
pasnoctHo# ceTke 3 J cTpok H / cTos1610B, XOTs HM3Jarae-
MBIl MeTOJ IPHMEHHM K 3amade J060H IPOCTpaHCTBEHHOH
pasmepHocTn. Kak Owblio ykasano B § 2, m. 1, BekTOp U
MOXKHO ONpefeJHTh KaK BEKTOP C KOMIOHEHTAMH B KaXK-
IOM y3Jie¢ NPOCTPAHCTBEHHOH CETKH, NMpPHYEM KOMIOHEHTHI
MOXKHO yNOpfNOYHTb HyMepaluell BIOMb CTPOK HJIH BJOJS
croabuoB: .

% u={uy;;} = {uy},
v={up}={u, i} (4.119)
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BexTopn U B V B OCHOBHOM 3KBHBAJIEHTHHl H OT/IHYalOTCH
JUIb NMOPSAAKOM 3J€MEHTOB, PacHOJIOXKEHHBX BAOJb CTPOK
HJIH BJOJIb CTOJIOLOB, 4TO MOMKHO BHPAa3HTb € NOMOILBIO
nepecTpanBaooled MaTpuus N:

v =Nu.

Tenepy Matpuny A’ B ypaBHeHHH

AI — wl

MOXKHO TIepenHcaTb KaK CYyMMYy OBYX TpeXJZHAaroHaJbHBIX
MaTpHiL

(C+RN)u=w’
HJTH

Cu-+Rv= w, - (4.120)

rie C ¥ R— rpexnuaronanbHble MaTpHUH, ZJeiicTBylollHe
BIO/b CTOJOLOB H BAOJb CTPOK coOTBeTcTBeHHO. TIpHMepoM
CJY’KHT Pa3HOCTHAasl 3amHCb AByMepHoOro ypasHenusi Ilyac-
cona (¢ur. 4.1). Ha npakrtuke ypaBnenne (4.120) okasbi-
‘BaéTcsl Tpomie, Tak kak o6e marpuunl C u R MOXHO pas-
6uTb Ha HEe3aBHCHMEBIE TpeXAHaroHaJbHBE MaTpHUUb, Aei-
CTBYIOLIIHE OTAENBbHO Ha KaxXApil cronbenr M Ha KaXAyiwo
CTPOKY.

[TockonbKy TpexanaroHaJjbpHbHe MaTPHYHbBIE ypaBHEHHS
LONMyCKaloT MpOcThle TpsIMble METOABLl pelIeHHs, ACHO, 4YTO
MOXKHO HOJYYHTb 3 (HEKTHBHBHI HTepalHOHHHA MeTOJ Mmy-
TEM peIUIeHHS] TPeXJHaroHaJbHBIX YpaBHEHHI OTHENbHO AJis
CTOJNOLOB H ISl CTPOK, & HMEHHO:

(C + of) t” = (oN~! — R) v + W',
(R 4 o) v(P+D) = (@N — C) uP+ + w’/,  (4.121)

rie o BhiGHpaercss TakHM, YTOOB ONTHMH3HPOBaTbL HTepa«
uyoHubll mpouecc. TakuMm o6pasoM, 3ajaua pemaercss He-
SIBHO CBeleHHeM K TPeXAHaroHaNbHbLIM YpPaBHEHHAM MeTO<
IOM repeMeHHbIX HampaBJennil Ha ceTke {16, 24].
HccrepyeM CKOpOCTb CXOOMMOCTH MeToma H BhibepeM
napameTp penakcauM# o. M3 ypasnenmit (4.121) BuIHO,
yTo OWHOGKH HA MJBOHHOM Iare CBSI3aHbl CJACLYIOLIUM



Tabauya 4.3

HrepauHOHHBIE METOAH peUIeHHS MATPHYHOTO YpaBHEHHn Au=w

Marpuna A umeer Bug A=1-4+L -+ U
Martpuna B — Gaoynast marpuua fko6u B = —(L 4 U)

p — HOMEp HTepaiHi

W — HauGoJablilee N0 MOAYJII COGCTBeHHOe 3HaUEHHEe
marpuus B

@ — IapaMeTp peJakKcauHH

+(I+ ‘szL)

5. Meton nepe- A=C + RN, rae v=Nu
MEHHBIX Hall- ot
pasaernfi, ne- (€ + @D u ™

fIBHadA cXeMma

(R+eDvPF =

— ((.DN — C) u(ﬁ+‘/2) +w

= (mN—l —R)v? L w

AcHMNTOTH- AcuUMnTOTHYeCKOE
OnremanbHoe 3nadende yecxKan nosejeHHe OWUOBKH 119
MeTton Hrepauuonuan dopmyna flapaMeTpa peJlaKCcaliHH CKOPOCTh ypasuenus Ilyaccora
CXOAUMOCTH Ha ceTke pasamepom J X7
(p) 2
g
. Meton SIko6r u®tD = — (L + Du? +w Het l—pn Ll—(o—)l'~exp (—% p)
g
. Meton 0Pt = 1+ L)~ ue® HeT 1 —p? | £ '
Taycca — +d+L) " w e e l P (— ra )
3aligeas
. Meton moc- u(p+’)=(l+mL)"'I [(1—e)I— o — 2 o, —1= | e | -
JI€A0BaTe/b- — aU] u® 1+ oL)™""w b [+ 1 —p2 — vm W ~ ¢Xp (" 7 P)
HOH BepxHeil
peniaxKcaiuy
4. Meron (”+1)—(I+m2 L)~! 0 =1 W — I = e | n
YeGbimena - _ ’ 1 =4/T=p? yy el
X [(1 mw)l msz]u mlzl/(l_?uz) [ e® | 7

TepBre urepanun cxo
asaTcs  GHICTpee, ue)

/ 1
/ (1 —_ _qump_l) B MeTOle mHOC/en0Ba
TeJbHOH BepxHell pe
2 JaKcauHy
1+4/T—u
——— 2
o= A/EA 1 — A3A3 [P ] n
12 2
T TR TP
A3y Ay — MHHHMaJbHOE M MAKCH- || J
Malbii0e COGCTBEHHEIE 3HAUEHHS
MaTpHuH A
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HrepauHOHHBIE METOAH peUIeHHS MATPHYHOTO YpaBHEHHn Au=w

Marpuna A umeer Bug A=1-4+L -+ U
Martpuna B — Gioynast matpuua fko6u B = —(L 4 U)

p — HOMEp HTepaiHi

W — HauGoJkpllee NO MOAYIIO COGCTBeHHOE 3HadeHHe
marpuus B

@ — mapameTp peJaKcauuu

+(I+ ‘szL)

5. Meron mepe- A=C + RN, rze v=Nu
MEHHBIX HAll- o+ /)
pasaernfi, ne- (€ + @D u ™

fIBHadA cXeMma

(R4 oD vPF =

— ((DN — C) u(ﬁ+‘/2) +w

== (mN—l —R)vP +w

AcHUMNTOTH- AcUMITOTH YecKoe
Onremansyoe 3HadenHe yecxKan nosejeHHe OWUOBKH 119
MeTton Hrepauuonuan dopmyna flapaMeTpa peJlaKCcaliHH CKOPOCTh ypasuenus Ilyaccora
CXOJAUMOCTH Ha ceTke pasamepom J X7
(p) 2
€
. Meroa flko6n u?t) = — (L + U)u' + w Her l—pu L|—(0_>|""ex1’ (—% p)
e
. Meton 0P+ = (1 L)~ e HeT 1 —p? | £ '
Taycca — +(1+ L w e o l exp (_ -5 )
3aligeas
. Meton moc- u(p+’)=(l+mL)"'I [(1—e)I— o — 2 o, —1= | e | -
JiegoBaresib- —_ wU]u(m + (14 mL)“f - b 4 —p? — W/W W ~ exp (—— 7 p)
HOH BepxHeil
peilaKkcaiuy
4. Meron (”+1)—(I+m2 L)~! 0 =1 W — I = le®] n
Ye6uimera _ —- ’ 1 =4/T—p? ] TPl —— P
X [(1 mw)l msz]u mlzl/(l_?uz) [ e® | 7

TepBhe urepanun cxo
asaTcst  GHICTpee, ue)

/ 1
/ (1 —_ _qump_l) B MeTOle mHOC/en0Ba
TeJNBHOH BepxHed pe
2 JaKcauHy
1+4/T—u
——— 2
o= A/EA 1 — A3A3 [P ] n
142 2
T TR TP
A3y Ay — MHHHMaJbHOE H MAKCH- || J
Malbii0e COGCTBEHHEIE 3HAUEHHS
MaTpHuH A
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o6pasoM:

eP+) = (R + ol)~ (0N — C) (C + ol) "' (eN~" — R) ®,
glp+1) — Pelm, ’ (4 122)

Kax n npexfe, AN ONTHMH3aUMH CXOLHMOCTH TOCTa-
paeMcsl MHHHMH3HPOBaTh HaHOOJbulee cOOCTBEHHOE 3Haye-
HHe HTepanuonHoit Mmarpuusl P. Matpuna N onucoiBaer
nepectpauBaoomwuii onepartop (4.119) M mMeeT eNMHHUYHBLIE
coGcTBeHHbBIe 3HayeHHs. [TosToMy ¢ nomouibio npeo6paso-
BaHHUs NMomoOus Jierko yOeAHThCsl, YTO COOCTBelHlible 3Haue-
HHS p MaTpuibl P cBA3aHL ¢ COGCTBEHHBIMH 3HAUYEHHAMH r
Matpuusl R u ¢ matpuun € cooTHOMIEHHEM

@~ W—r
p=2sC.oor, (4.123)

Ecan Ay ¥ Ao — HauMeHbiee W HauGOJbLiee COGCTBEHHBIE
3HAuyeHHsT MaTpHUBl A, WM, 4TO TO JKe CaMoe, MAaTPHIbL
C+ R, 10 onTHMajbHOe 3HauyeHHE IapaMeTpa peJsakca-
LN ®, MUHEMH3HDYIOLEe CIEeKTPaNbHBIN panuyc |pm| Hure-
pauxoHHoro oneparopa P, pasHo [16]

©5 == A/ Ahs. (4.124)

Hanpumep, B Momenbhom ypasuenun Ilyaccona npm I =17
u gnis 6onbnx J

©p ~ %. (4.125)

MoxHo NPOBEPHUTL, UYTO TIPH TAaKOM ONTHMAaJbHOM BbI60pe
rmapaMerpa penakcalunm acuMIOTOTHYeCKas CKOpPOCTb CXO-
AUMOCTH paBHa

| &elP) | T .
T (4.126)

W pefictBHTENbHO, aCHMITOTHYECKAsA CKOPOCTb CXOAHMOCTH
(4.126) umeer TO Xe caMoe 3HAUEHHe, YTO M B MeETOMIe
NOCNeNOBATENbHO BepXHell pesaKCaiHM H B IHKJIHYIECKOM
metone Yebnimiena.

Bce m3snoxeHHBle B 3TOM mnaparpade MeTonbl cOGpaHsl
B tabx. 4.3,
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§ 7. ABa NpuONMIKEHHBIX MeTOAA ompe/ejcHHS
COOCTBEHHBIX BEKTOPOB H COOGCTBEHHBIX 3HAUEHHH

Marpuna A pasmepHoctu n X 1 UMeeT # COGCTBEHHBIX
3HAuEHHH A;, KaXIOMY M3 KOTOpPHIX COOTBETCTBYeT C€OO-
CTBEHHBIH BeKTOp §¢;

Ast) = ),s0), (4.127)

Ilpennonaraercst, 4ro MaTpuua A npocTas: OHa HMEET n
pas3JuyHbIX COOCTBEHHBIX 3Ha4eHUH, U ee COOCTBEHHLIE BEK-
TOpbl He3aBHCHMHL. CoOCTBeHHbIe 3HAueHHS A; YAOBJETBO-
PAIOT XapaKTepPUCTHYECKOMY YPaBHEHHIO

|A—2all=0, (4.128)

TO3TOMY AJs1 OTBHICKAHHSI COGCTBEHHBIX 3HAYeHHH MOXKHO
Obl10 OBl NPeACTaBHTb STOT ONpee]UTe]Nb B BHIAE NOMH-
HOMa n-ro nopsinka no A. OgHako Takoil nopxon morpedyer
oueHb GOJBIIOro yucaa apudMeTHyeckux onepauuil, ¥ Aame
nocje TOro, Kak Kos3dduuueHTb noauHoMa OGYyAYT BBIYHC-
JieHbl, OCTaHeTCs HempocTrasl 3ajaya pelieHuss ajareGpause-
CKOTO ypaBHEHHsI OYeHb BBICOKOTO NOpsiika. Takue Mpo-
nenyppl npsiMOro npeo6pa3oBaHUS MOIYT OBITh HCIOJb-
30BaHbLl, OJHAKO OHM HOCTATOYHO CJIOXKHB, H 3HeCh MH
OrDaHHUYHMCS JBYMS OYCHb IIPOCTLIMH HTEPaLHOHHBIMH IPO-
uexypamu.

" 1. Hauboavwee cobcrsennoe snaueHue

PaccmorpuM mpousBoabHu BekTop VIO, KoTOpHIl He
KOJIIMHEAPEH HH OJHOMY M3 COGCTBEHHBIX BEKTOPOB S() Mar-
puubl A. Bektop v(» MOXKHO NpeiCTaBHTL B BHAE

n
VO =Y a5, (4.129)

i==1
IMopeficTByem Ha BekTOp V p pa3 onepatopoM A!

VP = APl = APy, (4.130)



160 ) i Trasa 4

s toro uToOLI BEIAICHUTb PE3yJabTaT 3TOr0 NpeobpaszoBa-
HHSI, HCTIONIb3yeM passoxkeHue (4.129):

VI =A" Y qslil= Y qA’slil= ) aAfst), (4.131)
j i==}

i=1 i=1

Takum obGpas3om, nocsae p yMHOMXKeHUA BeKTOp Vv(P) mMeer
KOMIIOHEHTY BJOJb KaXAOro CoGCTBEHHOTO BEKTOpa, MHpo-
MOPLUMOHAALHYIO p-# CTENEHH COOTBETCTBYIOUIErO 3HAYEHHUA
Ao OTclopa crlefyer, UTO €CAH Ay — HauGoJbliee 0O MO-
Lyao cOOCTBEHHOE 3HAY€HHe, TO IOCJAE MHOI'OKPATHOrO
YMHOXEHHA Ha MaTpHUy A BeKTOp V(P OyHeT NOHYTH KOJJIH-
HeapeH coOcTBenHOMYy Bekropy s™). CuemoBaresbHO, €0G6-
CTBEHHBIH BEKTOp, OTBeYAIOWUI HaubGoJbLieMy MO MOAYJIO
COOGCTBEHHOMY 3HAYEHHIO, MOJYYUTh OueHb Jerko. KoHeuHo,
npu OOLIYHOM NPUMEHEHHH 3TOrO MeToAa BeKTop viP) Hop-
MHPYIOT Ha Ka)KJAoM mmare p, 4To6n u36eXaTb CJAHUIIKOM
Gosbioro Bo3pacraHus uaH yObiBanus Bektopa v, Tlpu
GOabIIHX P POCT KaxAOH KOMIIOHEHTHl ONpenensiercss yMHO-
JKeHueM Ha COOCTBEHHOE 3HAUEHHE A,

2. Onpedeserue scex cobcTeenHblx 3HAUEHL
U COOCTBEHHBLY BEKTOPOS

M3/10KeHHBIH BHIIIE METOJ NPENeJbHO MPOCT, HO OH He
paet ofuero crnocoba onpefeneHus 4ero-aHGO, KpoMe Hau-
GoJbLIETO 1O MOAYJK COGCTBEHHOrO 3Ha4eHHs H COOTBET-
CTBYIOLIETO COGCTBEHHOIO BEKTOpA.

Kasxnoe uiu Bce BMecTe cOOCTBEHHble 3HaucHH H CO6-
CTBEHHBIE BEKTOPbl MOXKHO IOJNYYHTb IyTeM OOpAaTHON HTe-
pauud. CHoBa BhiGepeM KaKoH-HHOYIAb MPOHU3BOJLHBIA BEK-
rop v, 3nauense u(P Ha p-M LWare Teneph onpepesaseM
¢ NTOMOILBIO peLIeHUs ypaBHEHUSH

(A — 1£) VP = yip=1), (4.132)

rge uucao k Buifupaercss Tak, 4TOOH 3ajarb HMEHHO TO
cOBCTBEHHOE 3HAyeHMe H TOT COOCTBEHHBIH BEKTOp, KOTO-
pbie Hac uHTepecyloT. VI3 dopmyant (4.132) caenyer

v = (A — k) v = (A — 1K) T"VvO,  (4.133)
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Uans Toro yrtoGbl MOHATH pesy/bTaT TaKoro npeoGpasopa-
#Usl, CHOBa DA3JIOXKHMM HauyaJbHbIHl BeKTOp V@ no cucreme
CcOOCTBEHHBIX BEKTOPOB MaTpuubl A:

vie = (A — k)" Z ;80 = Z a; (A — k)P s =
i=s| =
Z (A; — k)P s, (4.134)

OuepuaHo, yTo npu GosabuioM p v(P) B OCHOBHOM COCTOHT M3
cOGCTBEHHOrO BeKTOpa $™), uMmelomero co6CTBeHHOE 3Ha-
yeHHe, Haubosee 6JH3KOE K &,

A — k| <M —Fk| nns Becex i=m. (4.135)

Bubupasi pas/iH4HBIE 3HAYEHHS R, MOXHO YIOBJETBOPHUTD
HepaBeHCTBY (4.135) mns Bcex cOOCTBEHHBIX 3HAyYeHHH IO
ouepenn. Meron onTHMaJseH, Korga R sBJASIETCS XOPOUIHM
MpUONHKEHHEM K OTAEAbHOMY COOGCTBEHHOMY 3HAUYEHHIO Am.

Ilast pelieHHs NOCAEZOBATEJbHBIX MATPHUHBIX YpaBHe-
Huf (4.132) MOXHO HCHOAL30BATb TOYHLIE METOADI, HaIpH-
Mep MeToj HckalodeHus Taycea,



TJIABA 8

Yactuupi
JanabHojelcTBHe B npoGaeme N Ted

§ 1. YacrHubl M CHCTeMbl YacTHL

MarepuaabHBl MHDP COCTOMT H3 CKOIUIEHMS YacTHI,
B roBelleHHe JI000ro MaKpPOCKONHYECKOro Teja 3aBHCHT OT
MUKPOCKOIHYECKOIO B3aHMOAEHCTBHA MEXAY COCTaBJSIO-
mumMy gactauaMu. IlosToMy OCHOBHOH HORXOR K onpefe-
JICHUIO 3BOJIIOUMH WJIH CTPYKTYPH MAaKpOCKOIMHYECKOH CHU-
CTeMBl COCTOHT B KOHCTPYHPOBAHHH H PacCMOTpEHHH 3TOH
CHCTeMB B BHJE, CHCTEMH 4acTHU. Mbl MOXeM, KOHEYHO,
chopmyanpoBaTh KONUYECTBEHHOE ONHCAaHHE TakKOH cCH-
CTeMBl, TaK KaK 3aKOHH, yNpaB/siolnHe ABUKCHHEM OTAe/b-
HBIX YaCTHI KaK KJacCHYECKHX, TaK H KBAHTOBBIX H peJs-
THBHCTCKHX, NOJNHOCTBIO YCTAHOBJIEHE!, PAaBHO Kax H 3aKOHbI
_ CHJI, AEHCTBYIOIIHX MeXJy MHOTOYHMCJeHHHIMH THMIIAMH dYac-
tau. Ho, XoTsa Aas cuUcTeM YacTHI 3afaya HABHKEHHA H
MoxeT ObITh copMynupoBaHa, pelleHHEe e€ B SBHOM BHIE
OKa3blBaeTCsl HEBO3MOKHEIM.

Mur paspennM 3amaun, cBS3aHHBIE ¢ CHCTEMAaMH YacCTHIL,
Ha 3aJayd MHOTHX TeJNl M 3aAayM HECKOJLKHX TN, NMpHUYEM
B KaXJAOM CJHyyae Moaxoj OyIeT COBEpIIEHHO DPas/HYHbIM.
UtoOH yTOYHHTL KJaacC BO3MOXKHBIX Npo0JeM, NpHBeneM
B KayecTBe TPHMePOB 3afaid HECKOJbKHX TeJ: aToM, SAPO,
MOJIeKyJ/Ia, COJHEeUHasl CHCTEMAa, 3Be3JHble cKomieHus. Kax-«
Jlass W3 3THX CHCTEM MpeACTaBasieT co6ofl cHcTeMy He6oJb-
IMOr0 4YACAA YacTHI, H MOXHO OXHAaTb, YTO MeTONaMH
BHIUMC/UTENBHOA MEXaHUKH YHACTCA TOYHO OIpPEHeNUTb
CTPYKTYPY H BHYTpeHHee ABHXKEHHE KaXKJOH CHCTEMBI.

C npyroft cTopoHbl, B npo6/eMe, KOTOPYIO MBI Hasbl-
BaeM 3ajayed MHOTHX TeJ, HHTepeC MpeJiCTaB/sIOT CHCTEMBE
cTo1b GOJMBLIOrO0 4YHCJAA YacTHI, 4YTO TOUHOE oilpefleieHue
TIOJIHOTO BHYTPEHHETO IBHIKEHHSI HeMbcaHMo. IIpuMepb
CHCTEM TaKOr0 THIIA MHOTOYHC/IEHHB H pa3Ho06pasHEHL
K wuM orHOCATCA XHAKOCTH, rasbl, 3Be3jbl, TaJaKkTHKH,
njasMa, KJacCHyeCKHe Cpeflbl, 3/E€KTPOHBI B HOHHOH pe<
IIeTKe, CaMH HOHHBI¢ pellleTKH H CBEPXTEKy4yHE H CBepX-
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Yacruupi:
JaabHoneiicreue B npoGaeme N 1en

§ 1. YacrHusl ¥ cCHCTEMBl HACTHH

MarepraJbHEA MHDP COCTOHT H3 CKOIUIEHMSI YacCTHL,
W TOBeJeHHe JI000ro MakpOCKONHYeCKOro TeJa 3aBHCHT OT
MHMKDOCKOIHYECKOTO B3aHMOAEHCTBHA MeXJXY COCTaBJSIO-
UMy yacTHuamH. [1o3TOMy OCHOBHOH IIOAXOJ K oOmpeje-
JIEHUIO 3BOJIIONHH HJH CTPYKTYPH MaKPOCKONHYECKOH CH-
CTE€MHl COCTOHT B KOHCTDYHMPOBaHHH H DacCCMOTPEHHH 3TOH
CHCTEMBl B BHJe, CHCTEMH yacTHIl. MBI MOXKeM, KOHEUHO,
chopMy/NHpPOBaTL KOJHYECTBEHHOE ONHCAHHE TaKOK CHu-
CTeMBI, TAK KaK 3aKOHH, yIpaB/sionie ABuKeHHeM OTAe/]b-
HHX YacTHI KaK KJacCHYeCKHX, TAK M KBAHTOBHIX H pelf-
THBHCTCKHX, NONHOCTBIO YCTAHOBJIEHE!, PABHO KaX H 3aKOHbI
CHJI, NEHCTBYIOMHX MeXIy MHOTOYHMC/ICHHHIMM THIIAMH 4ac-
tan. Ho, XoTsi aas cucreM yacTHl, 3afiadya HBHUXKEHHS H
MoXeT OHTb chOpMyJHpOBaHa, pElICHHE ee B SIBHOM BHIE
OKa3HBaeTCst HEBO3MOKHBIM.

Mu pasgenuM 3agaud, CBS3aHHBIE ¢ CHCTEMaMU YacTHIL,
Ha 3afauyd MHOIMX TeJN H 3afa4yH HECKOJbKUX TeJ, NpHUYeM
B KaXja0M cJyvyae Noxxoj OyHeT COBEPLIEHHO pas/IHuHbIM.
Yro6nl YTOUHHTH KaacC BO3MOXKHHIX npobieM, TpHUBeaeM
B KayecTBe IIPHMEPOB 3ajaiH HECKOJbKHX TeJ1: aToM, fHpo,
MOJIEKYJI2, COMTHEYHasi CHCTeMa, 3Be3lHble CKOomIeHus. Kaxk-«
Jas U3 3THX CHCTEM NpeicTaBasier coboft cucremy HeGoJb-
MOro 4HHCJa YacTHi, H MOXHO OXHAATh, YTO MeTOHaMH
BLIUHC/HTENBHON MEeXaHHKH YAACTCS TOYHO ONpeneNuTh
CTPYKTYpy H BHYTpEHHee ABHKEHHE KaXKIOH CHCTEMBL.

C npyroit croponel, B mpofjeMe, KOTOpYI0 MBI Hasbl-
BaeM 3ajadeli MHOTHX TeJ/, HHTepeC IPENCTaBAsIOT CHCTEMbE
CTOJIb GOJBLIOTO YHCJAA YacTHH, 4YTO TOUHOE oilpelie/eHue
TIOJIHOTO BHYTPEHHEro MABWIKeHHs HeMuIcauMO. [IpuMmepsl
CHCTEM TaKOIO THIIa MHOTOYMCJEHHBI H DPasHOOGpasHHL.
K HEM oOTHOCATCA XKHAKOCTH, ra3bl, 3Be3[bl, aJaKTHKH,
IJa3Ma, KJaCCHUeCKHe Cpejbl, 3JIEeKTPOHL B HOHHOH pe«
IWeTKe, CAMH HOHHBIG pellleTKH H CBEPXTEKy4YHe H CBEpX-
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npoBoAsiuKe cpeAbl. THNHYHOE YMCAO YacTHL, HANpPUMeD,
s n1abopaTopHOR KHIKOCTH coctaBaser 102, Tem He
MeHee B CHCTeMaX MHOTHX YacTHI MaKpPOCKONHUYECKHE CBOH-
CTBa BCeH CHCTEMBI 3aBHUCAT OT CPEIHHX CBONCTB YacTull H
MOTYT ObITh JOBOJBHO TNPOCTHIMH. IIOCKONBKY B TaKux
3a/layaX BaXKHYIO pOJb HrpaeT CTaTHCTHYecKas (HU3HUKa,
4acT0 TMPHXOAUTCH BCTpeYaTbCsd ¢ HEJHHEHHBIMH B TPYAHO-
paspeluuMbiMM 3axauaMu. ¥ Bce Xe 3TH CHCTEMH MOJA-
JaI0TCA U3YYEHHIG C NOMOIIbIO BHIUHCJAHTEJNLHOH MeXaHHKH,
U Mbl MOXKEM JeJaTh 3aK/JIOUYeHHs O HX MaKpoCKomuue-
CKHX CBOHCTBaX, H3yuasi CaMOCOIJIacOBAHHOE [BHIKEHHE
STHITHYHBIX» 4aCTHL,

B HacTosimiefi rnaBe MBI CHauaJa H3YUHM [BHXKEHHE
OTHAENbHBIX YAaCTHI, BO BHEUIHHX MOJSIX. 3aT€M pacCMOTPHUM
IpsiMOe TOYHOe pelIeHHe 3afgayd HEeCKONbKHX 4YacTHI, NpH-
4eM, FOBOPS O TOYHOM pEUIeHHH, MB NOApPa3yMeBaeM, UTO
crcreMa ONHCcaHa MyTeM IIpAMOro NpHMEHeHHs (yHIaMeH-
TaJbHBIX 3@8KOHOB ABUKEHHS K OTHEJbHLIM YaCTHLUAM C yde-
TOM NapHOrO B3aUMOJAEHCTBUSA.

§ 2. JIBuKeHue OTAENbHOH YacTHUB B NOTEHUHAJBHOM NOJE

JlBa Buma CUs NEepBOCTENIEHHOH BaX{HOCTH — 3TO 3JI€K-
TPHYECKHE ¥ TpaBHTALUOHHBIE CHJBI, IPHUEM U T€ U JApyrue
ABJASIOTCH NAJbHONEHCTBYIOIHMH H NOTEeHHHAJAbHbIMY. [IBH-
JKeHHe OTAENbHOI YacTHUH onpeneisercs AefCTBHEM Ipu-
JIOJKEHHOro X He# 3apaHHoro BHemHero nodast E. Ecau sto
roje MOTEHUHAJJbHO, TO €ro MOXHO MNpeaCTaBUTh C I0-
MOUIbIO CKaJsipHOro noteHnuana @:

E— — VO. (5.1)

«CocTosiHHe» TOYeyHOHN YaCTHUHW MacChl M Olpegesiercs
LIeCTbIO KOOPAHMHATAMH: BEKTOPOM INPOCTPAHCTBCHHOIO IO~
JOXeHus: X = {X, y, 2} U BEKTOpPOM CKOpocTH V = {0y,
Uy, U;}. KoOpAMHATHl YacTHUBl YIOBJETBOPAIOT yPaBHEHHAM
IBHKEHHSA

dx_,
dt — !

s ey (5.2)
T

rae e—3apdan dactagnl B caydae 3JE€KTPHUYECKOro IoJasi H
€ =— m — Macca yacTtuiubl B CJyuyd€¢ IpaBHTAllHOHHOTO ITOJIf.

6#
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Otciopa ciaefyer, YTO COCTOSSHHE CHCTEMBI OMMCHIBAETCS
LIeCThIO 3aBHCHMBIMH HepeMeHHbIMH u = {X,Vv}. Taxk xax
notedunas @ 3aBHCHT JHIIL OT HPOCTPAHCTBEHHBIX KOOD-
JHHAT X ¥ OT BPEMeHH f, TO INpaBas YacTb KaxKJIOrO H3
ypaBHeHHH (5.2) He 3aBUCUT OT TOH BeJMYHHBI, [J51 KOTO-
PO¥ 3amMcaHO ypaBHeHHe, uiu, 6osee MOAPOOGHO, KAXKI0€E U3
VpaBHEHHH N KOOPAMHAT 3aBHCHUT TOJbKO OT CKOPOCTH,
a KaxJ0e M3 YpaBHEHHH /151 KOMIIOHEHT CKOPOCTH 3aBHCHT
TOJIbKO OT NPOCTPAHCTBEHHBIX KoopauHat. CaefoBaTe/lbHO,
o1 3TOH CHCTEMB! ypaBHEHUH OCOGCHHO HOAXOJMT pas-
HOCTHAasl CXeMa «C nepeurarupaHuem» (ri. 2, § 6, n. 2), Tak
KaK KOOPJHMHATHl H CKOPOCTH YAaCTHHBI HYXKHO OIpejesfaThb
TOJILKO B uepefywoiuecss MoMmeHTH BpeMeHn. Ecam cko-
pPOCTH ONpeseseHBl B MOMEHT BpeMeHH #— 1, HOBHIE IIpO-
CTPaHCTBEHHbIE KOOpAHMHATBI MBI BHIUMCJSEM TOJBKO B MO-
MEHT BPEMEHH H;

Xt == x"=2 4+ 2 Afvyr-1 . (5.3)
4 CKOPOCTb BHOBb BHIUHCJSIETCS TOJNbKO B MOMEHT n—+ 1: =
vt z=yr=l 2At% VO (x*, 1. (5.4)

CxeMa «C nepelwiardBaHueM» OYeHb IIPocTa M KpacHaa,
OJHaKo B OOLIEM cJayyae, ecjd Bce (YHKUHH N[PHXOMHUTCS
ONpeAeNdTb B KaX/bllf MOMEHT BPEMEHH, TO BHECEHHe Cly-
YAHHBIX BBIYHCJAHTENIbHBIX MOJ IPHUBOJAHT K paccoraacosa-
HHIO UYepeayIONHXCA MOMEHTOB BpeMeHH (cM. I, 2, § 6,
1. 2). OQueBnpHO, YTO B PacCMaTpHBAEeMOM CJydae HHKAKHX
TPYAHOCTEl He BO3HHKaeT, ecau He Tpebyercss BHIUUCIATH
KaX/aylo H3 NepeMeHHBIX Ha KaXKJIOM llare no BPEMEHH.

Ilpn HABUXEHHH YACTHHB B NOTEHUHaJbHOM CHJIOBOM
nose OOHapyXHBalOTC JBa 4YPe3BblYaHHO BaKHLIX CBOW-
cTBa: 06paTHMOCTb BPEMEHH H COXpaHeHHe SHepUHH. BaXho
OTMETUTb, 4TO Jl06Gasi cXxeMa HHTErpUpOBaHUS TPaEKTOPHH
yacTHUB HOJ/KHA ofecrmeynBaTb O6PaTHMOCTL BpEMEHH,
a TaKxke CoXpaHeHUe SHepPruy, ecau He CTPOroe, TO No Kpai-
Hell Mepe ¢ BBICOKHM IIOPSIJKOM TOYHOCTH. SlcHO, yTO pac-
cMaTpHBaeMad pas3HOCTHasg cxeMa obpaTHMa BO BpEMeHH,
Tax Kak ecau At = —At, 10

vl e yntl — 2AY '—;‘l“V(D (xn’ tn);

X 2==xn -} 2A v, (5.5)



164 Frasa 5

Orciona cjaelyer, YTO COCTOSHHE CHCTEMbl OMMCBHIBAETCS
LIeCTbI0 3aBHCHMBLIMH IepeMeHHbIMH u = {x,v}. Tak kax
noteHnuan @ 3aBHCUT JUIIb OT MPOCTPAHCTBEHHBIX KOOp-
IHHAT X ¥ OT BpPeMeHH f, TO NpaBas YyacTb KaxIOro M3
ypaBueHHH (5.2) He 3aBUCUT OT TOH BeJHYHMHBI, A KOTO-
poil 3anmMcaHo ypaBHeHHe, Uiy, 6ojee NMoApPOOHO, Kaxaoe U3
YpaBHeHHHA IS KOOPAHMHAT 3aBHCUT TOJbLKO OT CKOPOCTH,

. a KaxJnoe U3 ypaBHCHI/lﬁ IJs1 KOMIIOHEHT CKOPOCTH 3aBHCHT

TOMIBKO OT TPOCTPAHCTBEHHBIX KoopiauHat. CaeloBaTeabHO,
IJS 3TOH CHCTEMB! ypaBHEHUH OCOOEHHO HOAXOIUT pas-
HOCTHas cXeMa «cC nepemarusanueM» (ra. 2, § 6, n. 2), Tax
KaK KOOPAHHATHL H CKOPOCTH YaCTHHB HYXKHO ONpene/ftb
TOJbKO B uepelyloliHecss MoMeHTH BpeMmenH. Ecau cko-
pOCTH Onpeje/seHbl B MOMEHT BpPeMeHH n-— 1, HOBBlE IIpO-
CTPAHCTBEHHBEIE KOOpAMHATHl MH BBIYHC/ASIEM TOJBKO B MO-
MEHT BPEMEHH 1:

XN == x""2 4+ 2AfveL (6.3)
a8 CKOpOCTb BHOBDL BBIUUCAACTCA TOJLKO B MOMEHT n+ 1: -~
vt == yn=l — 2 Af % VO (x", t"). (5.4)

CxeMa «C Mepellar¥BaHHeM» OYeHb IpOCTa M KpacHsa,
OofHAKo B OOmeM cJaydae, ecqH Bce (PyHKOHHM OPHXOAHTCH
onpenensitTb B KaxKAblHi MOMEHT BPEMEHH, TO BHECEHHe CIy-
YAAHBIX BHIYHCJAHTEJIbHBIX MOX IPHBORHT K Paccor/acoBa-
HHIO YepeAyIOIHXCA MOMEHTOB BpeMeHu (cM. T 2, § 6,
1. 2). OueBHAHO, YTO B pacCMaTPHBAEMOM CJyyde HHKAKHX
TPYAHOCTE He BO3HHKaeT, ecad He TpeGyercst BHIUUCAATD
KaXAyl0 H3 MepeMeHHBIX Ha KaXJOM Iluare Mo BpeMeHH.

Tlpn pABHXKEHHH YACTHHBI B INOTEHUHAJIbHOM CHJIOBOM
noje OGHApYyKHBAIOTCA JABa YPE3BBIYAHHO BaXKHLIX CBO¥i-
cTBa: 06PaTHMOCTb BPEMEHH H COXpaHeHHe 3HepruH. BaxHo
OTMETUTb, 4TO J106asi cXxeMa HHTErpUPOBAHHUS TPaeKTOPHH
9aCTHUB JOJKHa o6ecrneydBaTh OOPAaTHMOCTh BpeMEHH,
a Take CoXpaHeHUe 3HEPruy, €cIM He CTPOroe, TO NO Kpa-
Hell Mepe ¢ BBICOKUM TNOPSIAKOM TOYHOCTH. §lcHO, 4TO pac-
cMaTpHBaeMas pPas3HOCTHasg cxema oOpaTuMa BO BPEMEHH,
TaX Kak ecau At = —At, 10

yr—l = yutl — 2 AY _;-VCD (x", t"),

x?—2=x" -+ 2At'vr~], (5.5)
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H TOJy4YeHHLIC YPaBHEHHS MOJHOCTBIO AHAJOTMYHBI ypaB-
HeHHsIM C npaAMbIM xo0foM BpeMeHH (5.3) m (5.4). Oue-
BHAHO, YTO ecaH OBl CXeMa HHTErPHPOBAHHUS TPAEKTOPUH
YyacTuubl Hapymwana o6paTHMOCTb BpPeMeHH, TO B CHCTEME
TAKUX YacTHL HabawopaJcs Obl pOCT SHTPOIHH, 06YCAOBJIEH+
Hblfl YHCJIEHHBIMH 3¢ deKTaMu. '

Bropoe cooGpaxenne, Tpebyioniee COXpaHeHUS] IHEPIHH,
MOXXHO NpOBEPHTD, Nepenucas ypaBHeHHe (5.4) A CKo-
pocreit:

vyl —At% E" ==y} +At% E”. (5.6)
Bosseziem 370 ypasHeHHe B KBaipar:
\2 n n 2 n
(") —2 At 2 v TR+ AF (B =

-1\2 e  p-l 2 e? 2 :

= (0" +2A: v TIE A —(E"Y. 6.7

Taxum 06pasoM, U3MEHEHHE KHHETHYeCKOH SHEPIUH Ha IBYX
BPEMEHHBIX C/IOfiX COCTABJAET

% m (") — 7‘ m@ P =e (v v )E"AL (5.8)

Tenepb ucnoJgb3yeM Pa3HOCTHOE yPaBHEHHe ¢ MepellardBa-
HHeM paJjsi KoopAMHAT (5.3) Ha ABYX BpEMEHHBIX CJOSIX -U
HCKJIIOUMM CKOPOCTH H3 NpaBol yacTu ypasHeHna (5.8):

_.‘Q_m (U"+1)2 —_ _;_ m (Un—])Z — %e (xn+2 — xn—2) E", (59)

IlpaBass yacTb 3TOr0 YpaBHEHUSl NpPEACTaBIsseT COGOH
H3MeHeHHe MOTeHUHaJbHOH 3HePTHH YacTHUBl MeXKAY CJI0s-
Mu {**tl g {71 B3sgTOE C TIPOTHBOIIOJOXKHBIM 3HAKOM.
Ho, nockoabKy 3TO #H3MeHEHHMe HOTEHHHANBHOH SHEpPruu
HeJMb3s BHIPa3UTh B BHJE Pa3HOCTH 3Ha4yeHHil MOTeHHnUana,
IHeprusl YacTHUB! NOJHOCTBIO He coxpaHsercss. TeM He Me-
Hee mpaBasi uacTb ypasHeHus (5.9) npencramiaser cofoft

n+l

Pa3HOCTHYIO aNNpoKCHManHio HHTerpaJja E dx co BrO-

n—1
pPbIM TIOPSAKOM TOYHOCTH. TakuM o6pasoM, XOTs CTPOroe Co-
XpaHeHME SHEPTHH K He HMeeT MecTa, OHOKH B BHITOJHEHUH
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3aKOHa COXpaHeHHs dHepruH OueHp HeBeJUKH H, Moka cxeMa
o6paTHMa, HCKaXKeHHS OTCYTCTBYIOT.

s Toro 4toGH ONHCATh COCTOSIHHE OJHOYACTHYHOH CH-
CTeMbl, BBeJeM IIeCTHMEpPHOe [POCTPaHCTBO, KOOpAHHA-
T4MU KOTOPOrO CJy:aT IPOCTPAHCTBEHHbIE KOOPAHHATHI
M KOMIOHEHTH CKOPOCTH uYacTHubl. B /060l MoMeHT Bpe-
MEHHM COCTOSIHHe 3TOH CHCTEMBl OIHCHIBAeTCA TQUKOH Hie-
CTHMepHOro (a3oBoro npoCTpaHCTBa. AHaJOTHYHO 3BOJIO-

v ’ Yexopsiiowasics
yacmuya

Yacmuya
C NOCIMOSTHHOU CXOPOCINGI0
P ———————

—

X

®yr. 5.1, Tlpeacrapienne ABHXEHHS GacCTHIH € IOMOLIBIO TPAEKTOPHH
B (pasoBOM IpPOCTPaHCTBE.

UMSl CHCTEMbl BO BPEMEHH ONHCHIBAETCS JHHHel B $a3oBoM
IPOCTPAHCTBE, KOTOpas CBSI3BIBAET BCE IIPOMEXKYTOYHBIE
cocroauusa (¢ur, 5.1),

§ 3. JiBuxKeHHMe OTHEJAbHOH# YACTHUHLI B MJIOCKOCTH,
AepneHIMKyAspHOA MArHHTHOMY NoJ10

Yacruua Maces # H 3apsja € B MarHuTHoM noJe B
HBUKETCS 1noJ| AeficTBHeM cuJbl JIopeHna, a ypaBHEHHS IBH=
JKeHusl 4acTHUb HMEIT BHJ

ax _
a=v

dv . (5.10)

77='%[VB]’
e ¢— CKOpOCTh CBeTa. IIpocTOTa CXeMH ¢ Nepeliaruba-
HUeM B IpHMEHEHHH K PasHOCTHOMY ONHCaHHIO ABH2KEHHSA
YacTUUB B MNOTEFIHAJbHOM I10Jl€ HaABOAUT HaA MBICABL, UTO
Ty &Ke cCaMyl0 METOIHKY MOXKHO MNPHMCHHTb K HaCTHHE
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3aKOH& COXpaHEeHHs dHepruH OueHp HeBeJHKH H, MoKa cxeMa
o6paTuma, HCKaXKeHHA OTCYTCTBYIOT.

Haa toro uTo6nl ONHCATh COCTOSIHHE OXHOUYACTUYHOH cH-
CTEMBbI, BB€JeM LIECTHMEPHOE [POCTPAaHCTBO, KOOpAHHa-
TaMy KOTOPOrQ CJayaT HPOCTPAHCTBEHHLIE KOOPAMHATHI
H KOMIOHEHTH CKOPOCTH HacTHLH. B /110608 MOMEHT Bpe-
MeHU COCTOsiHHe 3TOH CHCTEMBI ONHCbIBAETCS TOUKOH Ie-
cTuMepHOro ($azoBoro mpoCTpaHCcTBa. AHaNOTHYHO 3BOJIO-

v f Yexopsiiowasics
yacmuya

Yacmuya
C NOCIMOSTHHOU CXOPOCIMGI0
P ———————

—

X

®@ur. 5.1, TlpeacraBienne ABHXEHHS YaCTHIH € IOMOUILIO TPAEKTODPHH
B (pasoBOM IPOCTPaHCTBE.

LMSl CHCTeMbl BO BpEMEHH ONHCHIBAETCS JHHHell B (a3oBoM
NPOCTPAHCTBE, KOTOpAas CBA3LIBA€T BCE NPOMEXYTOYHbIE
cocroauusa (¢ur, 5.1),

§ 3. JiBuxKeHHMe OTHENBHOHX HACTHHHL B NJIOCKOCTH,
nepneHuKyAsipHOH MAFrHHTHOMY NOJI0

YacTtuna Macck /M M 3apsijna e B MarHATHOM noae B
IBHIKETCA 10J AeficTBHeM CHJEL JlopeHna, a ypaBHEHHS JBH+
JKeHHs 4acTULL HMEIOT BHJ

ax _
a=v

o 5.10)

77='%[VB]’
rae ¢ — CKOpOCTb CBETA. rIpOCTOTa CXeMBl C Mnepeliarusa-
HUeM B IIpHMEHEHHH K pPasHOCTHOMY OIIHUCaHUIO JBUXKXEHHUA
YacTUULl B MOTePIHaJbHOM I10Jl€ HaABOAUT Ha MBICABL, UTO
Ty &Ke cCaMyl0 METOAHKY MOKHO anMeHHTb K dacTuHue
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B MarHuTHOM noje. OfHaKo npaBble YacCTH ypAaBHEHU#H A4
MMIIyJbCa 3aBHCAT OT CKOPOCTH 4acCTHHbI, H Tenepb yxe He-
AOCTAaTOYHO 3aJaBaTh 3HAUeHHs] KOODAMHAT M CKOpOCTeM
noouepeino Bo BpeMeHu. IlostoMy no6aBouHBIE UHCAEHHbBIE
MOJbl HeM30€XKHO NPHBEAYT K CO3MAHHIO DPA3THUUS MEXIY
UeHTPaMH BpallleHHs! YaCTHUbl Ha YeTHBIX U HEYEeTHHIX Bpe-
MEHHBIX CJIOflX, B pe3yJbTaTe uYero yactuma Gyner cosep-
WaTh 3UraaroofpasHoe [BHIKEHHe MeX]y KpPYrOBHIMH Op=
Gutamu (fur. 5.2).

Bpawaroryaacsa
yacmuua ka
NEMHbIX CHOAX o7

Bpawarowasicst
| wacmuya na
HEYEIMHBIX CNOAR

dyr. 5.2. Bausinne uncIeHHHX MOA, OOYC/IOBJAEHHBIX CXeMoit ¢ mepe-
HWarnBanueM, [PH pacueTe IBIXKEHHS 3aDFIKEHHOH YacTHUM MHepreH-
LHKYJIAPHO MATHUTHOMY II0JIO,

Koopauuathi YacTUIB! HAa YeTHLIX BPEMEeHHBIX CJIOAX H KOOPAHHATH Ha HeYeTHHIX CJIO0AX
JlexaT Ha OpPOHTAX C Pa3SHLIMH LIEHTDPAMH,

Hnast Toro uTo0OBl B 3TOM ¢/Jyyae HalHCaTh YAOBJIETBOPH-
TeJbHYI0 Pa3sHOCTHYIO CXeMy, CJAeNyeT HCIOJAb30BaTh HeEsIB-
HbI MeTOX BTOpPOro mopsjka tTouHoctd (ra. 2, § 6, n. 4),
a NOJIYYUBIIEECS B pesysabrarte ainrebpauvyeckoe ypaBHEHUE
MOXKHO pellaTb HenocpeAcTBeHHO. JlOoCcTaToyHO paccMoT-
peTh JHBYMepHYIO 3ajady B IUIOCKOCTH [BHMeHHl V =
= {vy, 0,0}, KOTOpas nepHEHAMKYJSIPHA MAarHUTHOMY
noao B =1{0,0,B,}. BseseM J/IOKaJbHYI0O IHKJIOTPOHHYIO
4acToTy

BBz
Q_Zc—’ (6.11)
rae, BooGie rosops, Q == Q(x,?). Hcnoan3ys ams ckopo-
CTH IIPOCTPAHCTBEHHBIX KOOpAHHAT KOMIIIEKCHbIE IepeMeH-
HbIE

d=u,+iv, t=x+iy,  (6.12)
]
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MOXKHOQ YIPOCTHTb 3alHChb ypaBHeHuil asikenus (5.10):
dz dd iy
Mgpi mHTerpupyem ypaBHeHHe CKOPOCTH MeK]Yy BpeMeH-
HBIMH cjaosiMu % u "+ = f» 4 Af HesBHO B COOTBETCTBHH
¢ M3JI0XKEHHHM Bbile aaroputmoMm (2.95):

ontl — G = - ip (6”+1 -+ 6”), (514)

rae @ = ',AfQ — oN0BHHA LUUKJIOTPOHHOrO yraa, Ha Ko-
TODHIH YacTHUA MOBEpPHETCA 3a BpeMs opHoro mmara Af.
Ypasuenue (5.14) MOXKHO paspeliUTb OTHOCHTENILHO nepe-
CYHTANHOTO 3HaYeHUs] CKOPOCTH

1 —¢?— 2ip ,
Al e X TT¥ /R
| 0 T+ g7 9", (5.1b)
4yT06bl ONpENeNnsiTb HOBble 3HAUYEHHS CKOPOCTH (PakKTHUecKH
10 sAiBHOKA cxeMme. Tenepb A5 HArAAAHOCTH pasfe/uM Bellle-
CTBEHHYIO H MHHMYIO 4acTH 3TOr0 YPaBHEHHS:

1 — ¢? 2¢
I — o
=Ty %t Tre %,
| — o 9 (5.16)
vl = Py 2 yn
y 14+ 7y 142 “x°

B ofueM caydae UUK/JIOTPOBHBIH Yron INOBOPOTAa YacTHIbL
3aBUCHT OT IIPOCTPAHCTBEHHBbIX KOOpPIAMHAT H BpEMeHl,
M LIS TOro 4tofbl ypaBHEHHA OBIIM TOYHO LEHTPUPOBAHDI
BO BpPeMeHH, YToN @ HJIH COOTBETCTBEHHO noae B, cremyer
BBIUHCAATE Ha MPOMEXKYTOUHBIX HJH [ONYUEABIX BpEMEeH-
HBIX CJ109X:
At e n At _n o nt,

q)=(pn+‘/z=T';l';Bz(x +_2—V ,i 2). (517)
Tlocne Toro xak HalfeHs HOBHle 3HadeHus: ckopocth (5.16),
JIETKO ONpeAeNUTh H NPOCTPaHCTBEHHblE KOOPAUHATLI

xn+1=xn+(vn+v"+')—AQ—t. (5.18)

Takasi pasHoctHast annpokcumalust (5.16), (5.18) mBu-
JKeHusl 4aCTHIbl B MarHUTHOM [OJI€ B PAaBHON CTeNeHH NpH-
MeHHMa M K TpeXMepHOM 3ajaue C H3MEHSIOLlHMCS Ha-
npaBjeHHeM MaCHUTHOrO noJsi, Tak Kak 9TO HeABHHA Me-
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MOXHO YIPOCTHTb 3aIlUCh ypaBHeHuil IBMKeHus (5.10):

di do . A
Gy 0 sq, (5.13)

dt

Mbi nHTErpHpyeM ypaBHEHHE CKOPOCTH MeX1y BpeMeH-
HHIMH ciioaMu (* u (7t = f» - Af HesBHO B COOTBETCTBHHM
* C M3J0XKEeHHHIM Bble aaroputmoMm (2.95):

i (0t + 97, (5.14)

rie ¢ = !/;AtQ — nosoBUHA UMKJOTPOHHOrO yria, Ha KO-
TODHIl YacTHIA MOBEPHETCA 3a BpeMsi omHOro wara Af.
Ypasuenve (5.14) MOXKHO paspelluTb OTHOCHTEILHO nepe-
CYHTAHHOTO 3HaYeHHUsI CKOPOCTH

[{ L R |

} — @? — 2ip .n
Hntl o X TTF
v 1+ ¢ v

4yTOOB OTNpEeneasATh HOBble 3HAUEHHA CKOPOCTH (aKTHUECKH
1o fBHOH cXeMe, Tenepb 19 HarAAZHOCTH PasfesuM Belile-
CTBEHHYIO U MHUMYIO YacTH 3TOrO YpaBHEHHS:

(5.15)

I e 29
= TrE St TIe
g % (5.16)
v — e U,
y T+e¢* Yy I+ ¢* "x

B ofumeM cayyae UHK/JIOTPOHHBIH yroa MOBOPOTAa YaCTILbI
3aBUCHT OT TNPOCTPAHCTBEHHBIX KOOPAMHAT H BpEMeHIl,
M s TOro uToObl ypaBHEHHs OBLIM TOYHO LEHTPUPOBAHDI
BO BPeMeHH, yroN ¢ HJH COOTBETCTBEHHO noae B, crenyer
BLIMHCAATh Ha NPOMENKYTOUHBIX MM NOJNYLEJIBIX BPEMeEH-
HBIX CJIOAX:
q)=(pn+‘/z———-——3( +4

me

v, t"”’). (5.17)

Tlocne Toro xax Halnedb HoBbie 3HaueHHS cKopoctH (5.16),
JIETKO ONPENEJSUTh U NPOCTPAHCTBEHHblE KOOPAHHATHI
At

XM = x4 (v - vrt) — (5.18)

Takas pasmocrHas annpoxcumauus (5.16), (5.18) nsu-
JKeHHS YacTHLbl B MarHUTHOM I10JI€ B PaBHON CTENEHH IIPH-
MEeHMMa H K TpeXMepHOl 3ajaue ¢ H3MEHSIOUIMMCS Ha-
npaBieHHeM MarHuTHOro noJs, Tak Kak 3TO HEABHLIA Me-
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TOJ, OH J4€T YHCACHHO YCTOHUYMBOE pellleHUe JaxkKe B cayyae
CKOJIb YrofHo OOJbIIOrO Liara 1o BpeMeHH, Korga ¢ > 1.
Kpome toro, clellyeT OTMETHTb, UTO B 5TOM CJydyae pasHo-
CTHble YPaBHEHMA YHOBJETBOPAIOT BaXHOMY TpeGoBaHHIO
TOYHO20 COXPAHEHUS KUHEeTHUYEeCKOH SHEePruu YacTulbl.-lleil-
CTBHTEJbHO, €CIN ypaBHeHHe 1JIf KOMIIJIEKCHOH CKOPOCTH
(5.15) yMHOMHTb HA KOMIJIEKCHO-CONPSXKEHHOe C HUM
ypaBHEHHE, TO B pe3yapTaTe MOAYYIUTCS

A lA anane 1 — @2 — 2ip 1 — ¢? + 2ip
+ligntIx = fngnx
oo oo ( T+ ¢ )( T+e? /)

(e + (57 = (o + ()

KoHeuHo, 3T0 CBOACTBO SBJSETCS HEOOXOAUMbBIM AJAS pa3HO-

"CTHOIl annpOKCHMAaUHH, NOCKOJIbKY €r0 HapylleHue ApuBe-

HeT K CHUPaJbHOMY ABHMKEHHIO uacTHIbl BHYTpb HJH Ha-
PYXKy OT UeHTpa opOuthl, yero B aubdepenunanbHOM ypas-
HeHUU OBITH He MOXKET. , - _
Hakonen, ecaH HMeeTcsl 3JeKTpuueckoe fone £ =
= E,+ iE,, ero Jerko BKJIOUYUTb B TaKyl0 pPas3HOCTHYIO
CcXeMy, BHJOU3MEHHB ypaBHeHHE cneny}oumM obpa3om:

o = (1) B (F5557) 0% 620

Crenyer OTMgIHTb, 4TO STOT PA3HOCTHBI} AJrOPHTM ©0-
JAajaeT TeM HHTEPECHbIM H TOJIE3HBIM CBOHCTBOM, 4TO TIpH
CMJILHOM MATHMTHOM TI0Jie W NIpH GoJbliOM Iuare IO.Bpe-
MeHH ¢ > 1 - pasHocTHoe ypaBHeHHe (5.20) npubarKenHO
NepexoUT B ypaBHeHHE -

Un-Hz—-iAt%— An,
HJH
£n+1_f"__] Antl A,;._.___'_E_(; (521)
=g i =—ig-c ’

To ecTb B moaHOM COrJlacHH C pelieHneM AHpdepeH-
HHaJAbLHOTO ypaBHenus [25] yactTuna uCNBITHBAET MeAJIeHHbIH
Apeitd NepNeHAMKYJIADHO 3JeKTpuueckomy mnoawo («E/B-
Apeiid»), COXpaHAs B TO e BpeMs OOJBUIYI0 «TEIIOBYIO»
CKOpPOCTb, TIepNeHIHKYASPHYI0O MarHHTHOMY NOJIO.
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§ 4. lipamoe MojpeaupoBaHue RANLHOLEHACTBHSA
B cucreme N ten

Tenepp MBI B COCTOSIHMH HOCTaBUTh 3ajauy HJIs1 CHCTEMbI
B3aUMOAeHCTBYOIUX yYacTHL. YTo6n NpOJeMOHCTPHPOBATh
CYLIECTBC Jesa H B KauecTBe IpHMepa BaXKHOrQ KJjacca Ta-
KHX 3ajay MBl paccMOTpHM cucremy u3 N vacrul, B3au-
MOIEHCTBYIOUIUX C CHJIOH, OOpPATHO NPONOPIHOHAJIbHON
KBaIpaTy PacCTOAHUS (FPaBUTAUMOHHBIE HJIM 3JIEKTpUHe-
ckue cuabl). CocrosiHue Takoi cucreMH 3anaercss 6N-mep-
HBIM BEKTOPOM U, KOTOpPHH 00pa3oBaH NPOCTPaHCTBEHHBIMH
KOOpAHHATaMH X, M KOMIIOHEHTaMH CKOpOCTeH v, BCex yac-
o (1 << p << N). TakuM o6pasoM, COTJIacHO 3akoHaM
nBuxeHus: HbioToHa, 5BOJMIONKS CHCTEMBI BO BpEMEHH Ompe-
neasiercsd cuUcTeMoit 6N oGbIKHOBeHHBIX JH(depeHlnal b=
HBIX ypaBHEHHH NEpBOro mopsuka:

- dxy

7=Vu’

dvu Z euev (xy — Xy)

—xy P’

ISy, (5.22)

==

VR
rae m,—macca W-f 4acTHUBI, a €y, — 3apAd W-H 4acTHU
B Cltydae 3JIEKTPOCTATHYECKOrO B3aHMOAEHCTBHSI WJIH BeJH-
YHHA, IPONOpLHOHANIbHAS Macce (eu=mu'\/—G) B cJy-
gyae rpaBHTAlMOHHOrO B3aUMONEHCTBHS.

IIpu N =2 HerpynHo HaliTH aHAJUTHYECKOE pelIeHHE
aroit cucreMbl. Hanpumep, cucrema ypaBHeHHH yacTo ympo-
nmiaeTcs, ecaAn nepedTH K CHCTeME KOOpJAHHAT, CBS3aH-
HOM € LEHTPOM Macc, TaK Kax ITpPH 3TOM cpasy iKe Bbl-
JHeNnsieTcsl HHBapUAHT ABHIKEHUS, 4 UMEHHO UMNYJbC IIEHTPA
macc, JlpyruMu UHBapuaHTAMH SBJAAIOTCS MOMEHT HM-
nynbca u sHeprug. B ciyuae Tpex dactun 3ajada ycJaoX-
Hfercs.

OpHa u3 TPyAHOCTEH H3YUEHHS CHCTEMBI C AaJbHOHE-
CTBYWIUMH CUJaMH COCTOHT B TOM, YTO KaXjasl 4acTHla
moKeT >H(PeKTHBHO B3aHMOJeicTBOBaTb € J1000H xpyroi
gactuneit. {lostomy B cHcreme M3 N uacrmy, BooOue ro-
Bops, cymectByer !/;N(N —1) B3aumopefictsuit. Cienona-
TeNbHO, JaKe I/d YUCIeHHBX MeTOJOB YHCN0 N orpaHu4YeHO
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§ 4. lipamoe moazeaupoBanue AAJBLHONEHCTBHS
B cucreme N rten

Teneps MBI B COCTOSIHUH NOCTABHUThb 3aja4y JJIsl CHCTEMbI
B3auMoOJeHCTBYOmUX YacTHU. UToGH NPOAEMOHCTPHPOBATD
CYWIECTBC [Jle1a U B KadyecTBe IpHMepa BaXKHOrO KJjacca Ta-
KHX 3ajay MBl paccMOTpuUM cHctemMy u3 N uacTtull, B3au-
MOAEHCTBYIOIIMX C CHJOH, OOpPAaTHO MPONOPIHOHAJBHOM
KBaJApaTy pacCTosinus (rpaBUTALMOHHble HJAH 3J€KTpUYE-
cxue cunbt). CocrostHue Takoil cucteMbl 3anaercs 6N-mep-
HBIM BEKTOPOM U, KOTOPHIH 06pa3oBal IPOCTPAHCTBEHHBIMH
KOOpIUHATaMH X, U KOMIOHEHTaMH CKOpOCTeH Vv, BCex yac-
™y (1l << p << N). Takum o06pasoMm, cOrJacHO 3aKOHAM
auxenuss HbloTona, 5BOMIOLHA CHCTEMB BO BPEMEHH OIpe-
Aeasiercss cucteMoil 6N oCGBIKHOBeHHHIX AHpdepeHlUnaNb-
HBIX ypaBHeHHH NepBoOro rnopajpka:

< dxy
at = Yw
dv N eye (x Xy)
LA ey o n e Xy
dt —Z my Xy —xy P’ 1<pKN, (5.22)
v==]
V&R

rjae my,-—macca W-H 9acTHHB, a €, — 3apsi] W-H Y4acTHULE
B C/lydae 3JEKTPOCTAaTHYECKOTO B3aUMOACNCTBUS HJIH BeJH-
Y{Ha, IPONOPUUHOHANBHAS Macce (eu=mu'\/—G) B Cly-
4ae rpaBUTalUOHHOTO B3aHMOIEHCTBHSA.

[Tpu N =2 HeTpyaHO HafTH aHaNUTHHECKOE DpellieHHe
3TOH cucTeMbl. Hanpumep, cHcTeMa ypaBHEHHH yacTo ympo-
mlaeTcs, ecnd nepefiTH K CHCTeMe KOOpAHHAT, CBA3AH-
HOH ¢ IEHTPOM Macc, TaK KakK INpH 3TOM CPasy e Bbl-
HeNeTC HHBAPUAHT JABHIKEHHS, a UMEHHO MMIYJIbC LEHTpa
macc. JlpyruMu uHBapuaHTaMH SBASIOTCS MOMEHT HM-
nyJabca ¥ 3Heprus. B cayyae Tpex wactuu 3ajzada ycaox-
HfeTcs.

OnHa u3 TpyAHOocTed H3YUYEHHS CHCTEMBI C HaJbHOJEI-
CTBYIOIIMMH CUJaMH COCTOHT B TOM, YTO KaxKjxas uyacTUia
MOKET 3P(DHEKTHBHO B3aMMOLEHCTBOBaTb C J1060# Apyrof
yacruueit. {lostomy B cucreme u3 N vactuu, BooGme ro<
Bopsi, cymectByer !/pN(N —1) B3aumopeiicreuit. Caenona-
TEJIbHO, JaXKe AJs YHC/ACHHBIX MeTOJOB yuca0 N orpannueHo
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cBepXy BeanuuHON mopaxka 103, Tak Kak npu 3TOM NPHXO-
HIHTCS CJAeAWTb 33 MHJTHOHOM B3auMosmeictuil. OpHaKo
10°® yacruy [AOCTAaTOYHO JAJIA INPOABJEHHS CTAaTHCTHUECKUX
CBOHCTB aHCaM0Js, H 3T0 JaeT HaM BO3MOXKHOCTb «3KCHEpPH-
MEHTaJNbHOTO» H3Y4eHHUSs] CTATHCTHYECKOR MeXaHHKH. :

PaccMoTpuM CcHayajta pasHOCTHYIO aNnpOKCHMaUHio
5THX ypaBHeHufl. Kak ® B clyyae HABHXKeHHMs ONHOM uac-
THLIH B [OTEHLHAJNbHOM MOJe, ypaBHEHUS JHJg NPOCTpaH-
CTBEHHbIX KOODPHMHAT 3aBUCAT TONbLKO OT KOMIOHEHT CKO-
pocTel, a ypaBHeHHUsl AJsi CKOPOCTeH 3aBHCAT TONbKO OT
KOOpAuHaT. DTO O3HayaeT, yTo HauboJee NMPOCTON M YHOB«
JIETBOPUTENbHBIA TTOAXO0J COCTOHT B annpOKCHMaluu ypas-
HeHHIl 110 METOAY C mepeuraruBanuem (ra. 5, § 2):

[ n-1
X[ == X + v 2 At,

2e e, At (x’l} ~x1)

Etii

N
v3+1=v:+z - I<pu<N. (65.23)

w=1 [
VER

Msl ofecnieynM TOUHOE COXpaHEHHe 3IHEPrHM M OJHOBpE-
MEHHO YNpPOCTHM BBHIUHC/eHHd, ecin OyneM HCNo/nb30BaTh
TpeTHil 3aKOH xBHXKeHHs HblotoHa, Tak 4TOGH yBe/IHueHHe
HMIy/bca W-# wacTulnl, 06yCJOBJICHHOE B3aHMOIEHCTBHEM
¢ v-ii gacTHuedl, GLIO DPaBHO YMEHBUICHHIO HMMITYJbCa v-H
YyacTuLb, 00YCAOBJIEHHOMY W-H dacTHHEH.

Ecau nonHui 00beM, 3aHATHIH CHCTeMoi, paBed V, TO
¢ Kax0f yacTHllel MOXHO CBS3aThb CBOOOJHBIA 00BEM,

=2 =7v"_. (5.24)

®|=,

3nech 7 — IJIOTHOCTh YacCTHi, a @ — XapakrepHoe paccTof-
Hue B3ammopefictBus, Ciuenyer BHOHparb HOCTAaTOYHO Ma-
JBIfl 1ar mO BpeMeHH, uTOOH JJIs BCEX W BHIMOJHANOCH
ycC/0BHE

ML - (6.25)
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CocTosinue cucreMbl B J11000H MOMeHT BpeMenu { HauGojee
yno6Ho u3o6paxaTb, pucys KaKAylo YacTHUY B BHIE TOYKH
B lIeCTUMEPHOM (a30BOM NIPOCTPaHCTBe (X, V). Hanpumep,
H3o6paxkeHHe B (Ha30BOM NPOCTPAHCTBE CHCTEMBI C ONHHM

v

®yr. 5.3. Harasgnoe onucaume cHeTeMbl B3anMOAEHCTBYIOLUUX YACTHI
B J1060H MOMEHT BpPE€MEHH AOcTHraeTcsl H3o0pakeHueM KOODPIAMHAT BeeX
qyacTHI, B ¢a30BOM IIPOCTPAHCTBE OLHOH YACTHILHL.
3hech NMOKalaHa MJOTHOCTL HJH paclipeje/eHde vacTul B (a30BOM NpOCTpaHCTBe.

IPOCTPAHCTBEHHbLIM H3MepeHHeM H OAHOH KOMIOHEHTOH
CKOpPOCTH 110Ka3aHo Ha ¢ur. 5.3,

§ 5. PaBHOBecHble CTATHCTHYECKHE CBOHCTBA B MOJEJsIX
'C JBYXYACTHYHBIM B3aHMOjeHcTBHEM

«TouHoe» Moje/UpOBaHHE CHCTEM 4YaCTHL, NOLYHHAIO-
LIKXCS HEeNOCPEeNCTBEHHO 3aKOHaM B3aHUMOJACHCTBUA HacTull,
OTpaHUYEHO CHCTeMaMHu HecKoabKux uacthn (N ~ 1000),
IOCKONbKY B TaKHX CHCT€Max NPUXOAUTCH IHPAMBIM BBIYHC-
JEeHUEM OmpeneisaTh 0K0Jo N? BsaumonedcTBuil. llostomy
BO3MOYKHOCTH HENOCPENCTBEHHOrO NPUMEHEHUS 3THX Moje-
Jefl K HeCcTalHOHAPHBIM CHCTeMaM MHOTHX Tesl HEBeJHKH.
Haubosee nonesHoe npunoxeHue TaKoi MallUHHOH Mogenai
COCTOUT B ONpefele€HUH TEePMOAMHAMHUYECKHUX HJIHM paBHO-
BECHBHIX MAaKDOCKONHYECKHX CBOHCTB CHUCTEMBI, 4TO JHOCTH-
raercs yCpeAHeHHeM COCTOSIHMil OTJeAbHBIX 4acTHLl MO BCeH
cucreme, OUeBUAHO, UTO, €CJAH MBI XOTHUM IHOAYYUTb PasyM-
HOE€ CTATHUCTHYECKOE CpejiHee, HaM HYIKHO B3ATb HOCTaTOY-
Ho 6OJblIOE YHCJAO HaCTHI B CHCTeMe, 4TOOBl YMEHbIIHTb
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CocTostnue cucTeMbl B /11060H MOMeHT BpeMenu ! HauGonee
yao0HO u300paxarh, pucys KakAyl0 4acTHUY B BUAE TOYKH
B 11ecTHMEPHOM (pa3oBoM mnpocrpaHcrBe (X, v)., Hanpumep,
usobpaxenue B $Ha3o0BOM TPOCTPAHCTBE CHCTEMBI ¢ OAHUM

v

®yr. 5.3. Harasgzoe onucande cheTeMbl B3aHMOJEHCTBYIOIUHMX YACTHIL
B JI060#1 MOMEHT BPEMEHH ROCTHraeTcs M306paKeHHeM KOOpAHHAT Bcex
yacTHI B ¢a30BoM NIPOCTpaHCTBE OLHOH YACTHILBL
3ller noka3laHa MNJOTHOCTB HJIM paclipefe/leHHe yacTHU B ¢H3OBOM npocTpaHcTBe.

NPOCTPAaHCTBEHHBIM H3MePEeHHeM H OAHOH KOMIOHEHTOH
CKOpOCTH NOKa3aHo Ha ¢ur, 5.3,

§ 5. PaBpoBecHble CTATHCTHYECKHE CBOHCTBA B MOIeJsX
'C ABYXYACTHYHBIM B3auMojeHcTBueM

«Tounoe» MopmeaAMpoBaHHE CHCTEM YaCTHI, NOLYHHSAIO-
LIMXCSA HeNOCPEACTBEHHO 3aKOHAM B3aUMOJEHCTBUST 4acCTHI,
OTpaHHYEHO CHCTEMaMHU HeCKOJbKHX vactuy (N ~ 1000),
IOCKOJIbKY B TaKHX CHCTeMax MPUXOAUTCH NPAMBIM BBIUKC-
JeHueM omnpefenaTs okono N? BsaumopeiictBuit. Ilostomy
BO3MOKHOCTH HENOCPENCTBEHHOT0 NpHMEHEeHUS 3THX MOje-
Jieli K HecTalHOHapHbIM CHCTeMaM MHOrHX TeJ HEBEJIHUKH.
HauGosnee mosesHoe npu/oxKeHHe TAKOH MaUIMHHON MOMEJI
COCTOHT B ONpeJeseHUH TepMOAMHAMHYECKHX HJIH paBHO-
BEeCHHX MaKPOCKONHYECKHX CBOHMCTB CHUCTEMBI, 4TO JAOCTH-
raetcst yCpeAHEHHEM COCTOSHHMH OrjeJbHbIX YyacTHL MO Bcel
cucreme. OUeBUAHO, UTO, €C/IH Mbl XOTHUM HONYYUTH PasyM-
HOE CTATHCTHYECKOE CpejHee, HaM HYXHO B35ITh [JOCTATOY-
HOo 060Jblioe YHCIO HaCTHL B CcHCTeMe, YTOOB YMEHbIIHThb
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(JIyKTyallnH, CBsi3aHHble C OTAeNbHbIMH uyactHuamu. Tak,
B CHCTEMAX UYacTHI[ C KOPOTKOAEHCTBYIOHMIUMU CHJIaMu 1O+
craToyHo npumepHo 1000 wactun (MHJIJHOH B3aUMOAEH-
CTBHH) A/ TIPOSIBJIEHHS cTaTUCTHYecKuX cBoficTB. [losTomy,
B 9aCTHOCTH, NPH HM3y4YEHUHM KJIACCHYECKUX KUAKOCTeH H
TBEPABIX TN, IJle MOJIEKYJAspHHE CHJbl ABJAAIOTCH OJU3KO-
AeHCTBYWOIMMH (HampuMep, BaHAePBAaaJbCOBCKOro THINA),
MOAEIM ABYXUaCTHUHOTO B3aUMOJEHCTBUS NOJNYYU/IH HaU-
6oJiblIee pacnpocTpaHeHHe.

Ecan H3BeCTHbl NOTEHLHANbl WIM CHJIB, AEHCTBYIOlLHE
MeXAy MOJIeKysnaMHu, oOpasylolluMu KJIACCHYECKYIO XKHA-
KOCTb, MalIMHHAs MOJeJab CHCTEMB! B3aHMMOAEHCTBYIOLIHX
MOJIEKYJl TIO3BOJISIET MOJYYHTh ypaBHeHHe COCTOSIHUsSL Cpell,
ONUCHIBaeT TaKHe TepMOAMHaMUYeCKue CBOHCTBa, Kak Pa-
30Bble N€pexoAbl, MarHMTHas W JHUJIEKTpHyeckas IpPOHH-
naemoctd, OHaKO 4acTo CWAbL, JeHcTBYIOLINEe MEXIY MO-
JeKyJaaMH, Hen3BeCcTHH. HecmoTps Ha 3To, NOCTY/IUPYs BUL
THX CHJI, MOXKHO C INOMOUIbIO Mojenefl ¢ ABYXYacCTHYHBIM
B3aUMONEHCTBHEM MOJYYHTb MPEANONOKHTEIbHEIE CBOH-
cTBa. B pesysabraTe CpaBHeHHS C 3IKCNEPHMEHTOM MOXKHO
B CBOIO Ouepefb MOCTYJHPOBAThb YyiydlleHHble MOJEKy/sap-
yple [OTeHUHa b, TakuM o6pa3oM, MAlIHHHYIO MoOjedb CH-
cteMbl N Tes ¢ [aJbHOJLEHCTBHEM MOXKHO HCIOJNb30BATDH
AJA TIoydeHusi HEQOpMaUuy, BO-NEPBHIX, O MaKpocKonuye-
CKHX TepMOJMHAMHYECKUX CBOHCTBAX MUAKOCTEH H, BO-BTO+
pHIX, O MHKPOCKOITHYECKHX MOJIEKYJSIPHBIX CBOHCTBAX.

IIlBa moAxofa OKa3aJHCb OCOGEHHO YCNEUIHbIMH [pH
YCTAHOBJEHHW CBSI3H MeXKIy TEPMOXMHAMHMUYCCKHMH H MH-
KPOCKOTIMUECKUMH MOJIEKy/IipHBIMH cBoOfictBamu. B meroode
Morekysaproil Ounamuxku [26, 27] TOYHasi IBOMIOHHS BO
BpeMeHH CHcTeMBl H3 N MOJEKVI NpPOCHeKUBAGTCA NMyTeM
JIOCTENEHHOr0 HHTErPUPOBAHHS HETEPMHHUCTHYECKUX YypaB+
HeHHE MOBHXKeHHs AN Kaxaoil Mosexyawl. [locne pocra-
TOYHOTO uHCJa WIaroB MO BpPeMeHH INpejnoJaraercs, 410
TepMOJAHHAMHYECKOE paBHOBeCA€ HACTYNHJIO, H TEPMOINHA-
MHUECKHe CBOHCTBA ONPENe]sIOTCs ¢ NOMOILbIO ycpedneHus
no epemenu Tex MHKPOCKONMHYECKHX CBOHCTB, KOTOpLIE CJy-
JKaT npeaMeTtoM usydenus. B merode Monrte-Kapao nc-
NOJb3YIOTCS MPHHLHIB CTATHCTHUYECKOH MeXaHHKH I'u66ca
¥ TepMOAHHAMHMYeCKHe CBOMCTBA ONpPeAeNAlOTCs nyTeM
ycpednenun no ancambaro [28). Mum  paccMotpum 062
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MOAX0/Aa, HO 34eCh NOJUEPKHEM, YTO BTOPOIi H3 HHX, HCIIO/b-
syromuii Mmeton Monte-Kapso, umeer obuiee anavenue nis
IIAPOKOTrO0 Kpyra 3ajady, M, KaK [0JCKa3hiBaeT Ha3BaHHe
MeTOoja, pelileHHe NOJYYaeTcsl B OrpaHHYeHHOe BpeMs ¢ I10-
MOLUIBIO METOAHKH CJAy4alHOrO BHIOODOYHOTrO HCCAEHOBAHHS.

B oGoux meronax Mbi cTpoum cucreMy N Momexys B He-
Kotopom obbeme V, a nas onucanus GecKOHEUHOH Cpeabl

)

C e

-t

®ur. 5.4, [Morennuan Jlennappa-J{xoHca, HCMOMB3YEMHH AJAA  Omicas
HESl B3auMoledcTBus MexAy c(epuuecku-CHMMETPHUHLIMH aTOMAMH HAH
MoJieKynamu [ypasHeHue (5.26)].

HMotenunan onucuBaeT oTTajKHBAHHE a KOPOTKHX PAcCTORHUAX H claboe MPHTAKCe
HHE 1a GONbUIHK PACCTOAHAAK.

OObIYHO HCIOJB3YIOTCST MepPHOAUYECKHe TPAaHHUHBIE YCJI04
Busi. [lonycrum, uro Mexay !/eN(N — 1) nmapamu uactui
HefCTByeT AByXuacTHYHBbIE mOTeHuual. B kauectBe npu-
Mepa TaKOro noTeHIHajJa MOXKHO PacCMOTPETh MOTEHHUa/T
Jlennapna-xonca .

orp=2{(2) —(2)}. G

ryz Iz

Tlie iz — paccTosiHde MeXAy HeHTpaMu Modekysa 1 u 2, a e
H o —rmnocrogHHbie. Takoli mnotennuan usobpaskeH Ha
¢ur. 5.4 u ONHCHIBaeT NpPUTSKEHHE, KOTJa MOJEKyJabl Yia-
JIEHBI, M OTTaJKHBaHHe, KOrJAa OHH COMUKeHB. B 3ToMm
YacTHOM cJydae 1oJie BhIOpaHO HEHTIpaibHbIM H KOHCepBa-
THBHBIM, HO B 0OLIeM C/Jyyae MOXKHO JIETKO HCIIONb30BaThb
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MOoAXoAa, HO 3[eCh NMOJUePKHEM, YTO BTOPOii H3 HHX, HCIIOJIb-
syomuit Mmeron Monre-Kapao, uMeer ofuiee 3Hauenne ans
IIAPOKOr0 Kpyra 3ajady, M, Kak [OJCKa3hlBaeT Ha3BaHHe
MeTo[a, pellieHUe MoJydyaeTcss B OTpaHHUeHHOe BpeMs ¢ Mo-
MOIUBI0 METOAUKH CJAy4alHOro BHIOODOYHOrO UCCAEHOBAHHS.

B ofonx Metogax Mul cTponM cucremy N Mojekyn B He-

KoTopoM oObeme V, a ans onucaHusi OeCKOHEUYHOH CpPeAbt

)

C e

-t

®ur. 5.4. Morennuan Jlennapna-dxonca, HCHOMbIYEMHBH AT  OmNica~
HEA B3auMoZXeHcTBuA MexAy c(epuuecKH-CHMMETPHYHEIMH ATOMAMH HJH
MmoJekyiamn [ypapHeHne (5.26)].

ITotennuan onucuiBaet OTTaJIKHBaHHe Ha KOPOTKHX pPacCTOAHMAX H caaboe HPUTHANKC
nHe na GoabuIMx PacCTOAHAAK.

OGBIYHO HCIONB3YIOTCA TNEPHOAHYECKHe TpaHHYHBE YCI0+
Bus. JlonmyctuM, yro Mexnay !/eN(N — 1) nmapamm uacTui
JeACTBYeT [ABYXYacTHuHBII mMOTeHuMast. B kauecrBe mnpu-
Mepa TaKOro noTeHuHasa MOXKHO paccmorperb MOTEHI KA
Jlennapna-xoHca

ora=e{(2) -} 6

Tlle rig — paccTossiue MeXay HeHTpaMu Modekysn 1 u 2, a e
H o —nocrosiHgble. Takoli mnoTeHuuan u3obpaxkeH Ha
¢ur. 5.4 w onmchIBaeT MpUTSAKEHHE, KOTAA MOJEKYJbl yna-
JEeHB, W OTTaJKHBaHHe, KOrga OHH cOJMXKeHH. B atoM
YacTHOM CJiyyae IoJie BblOpaHO HEeHTpaabHbIM H KOHCcepBa-
THBHBIM, HO B 0OLleM C/Jyyae MOXKHO JIETKO HCIIONb30BaThb
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NOTEHINaJ/bl, ONHUCHBAIOINE GOJlee CJHOKHBIE SBJEHHs, Has
NPUMEpP MNOJSPHLIE MOJIEKYJbl HIM MOJEKYJAbl ¢ KOHEYHBIMH
pasMepamu.

1. Onpedeaenue Tepmodunamuueckux ceolicra
KAQCCUHECKUX Cped € NOMOWbIO ycpeOHeHUus
no apemenru

Ecnu norennuas B3auMOJeACTBHA MOJEKYJ H3BeCTeH
uau BoiGpaH, TO 3BOJIOLUHS CHCTEMBI BO BPEMeHH NpPOTeKaeT
COrJIaCHO RETepMHHHCTHYECKHM 3aKOHAM MIBHXKEHUS KaX-
ol Moseryanl (ra. 5, § 4). Ilycrs Raxpmas M3 wacTH TO-
MeyeHa HHEEKCOM W, Toraa AHGdepeHuHanbHble YpaBHEHUS
JBHKEHHS ANs p-# 9acTHB WMEIOT BHA

dx,
dt
dvy,

m=_7wjzmhfﬂm, (5.27)

v=1
veru

rjie NpOCTPaHCTBeHHas IPOM3BOJHAA B MPaBON vacTH ypas-
nHenus: (5.27) osmauder rpaiHeHT, BBIYHCAEHHEI B TOUKe
pacrno/ioxkenust -t yactuusl. B BHYHCAeHHsIX OOBIYIO He-
no/b3yercs cKaasipuas cuna F(r)= —0o®/dr, a He noren-
uHan, Tak Kak 3TO No3BoJjser n3bexaTb pasHOCTHOro aud-
(bepeHUHPOBAHHS 110 IPOCTPAHCTBY.

B srofi samumen (5.27) cuina cumTaercsl HEHTPaJsbHOM
H KOHCepBaTUBHOMN, NO3TOMY, Kak H panbme (rm 5, § 4),
HauGojee NOAXOISIIUM [JS1 HHTETPHPOBAHHSA YypaBHeHHH
10 BpeMEHH OKa3blBaeTcid MeToj C JepelllarHBaHHeM.
B maHHni# MOMEHT BpeMeHH n— | YacTHHA U HMeeT KOOp-
AUHATBL X172, vi=! u ypaBHeHHS NBHXXEHHR MHTErpH-

pYIOTCSl ¢ ABOHHBLIM IIaroM mno BpeMeHH!
xt=x""%+2 Atv"",

= Vu,

vt = vn—1+_ZF(lxn_xnl)l XSI' (5.28)

V=1
VEL

Isp<N.




176 ‘ - Taasa 5.

MuKpocKonUYecKUe UM MOJEKYJNADHEIE CBOHCTBA JIerKO
YCPEeOHUTh MO BCeM yacTuiiaM d no GONbIIOMY YHCAY IHa-
roB 10 BPEMeHH, B pe3yJbTaTte uero OyAyT nosaydeHbl HCKO-
Mble MAaKDOCKONHYeCKHEe TePMOJHHAMHYeCKHe CBOACTBA,

®ur. 5.5. I'papuk nTpocTPAHCTBEHHOrO PAacHONOKeHHS OpOUT MHOXKe-
CTBA B37UMOACHCTBYIOLHX MOJEKYJ.
DTOT NpHMEp WIIOCTPHPYET CyldecTsopaune TBepRol H XiAKoH Qa3 [29].

Hanpumep, TtepMozunamuueckast BeJUYNHA — BHYTpPeHHSS
3Heprus — onpejensiercss Gopmyaon

U=>kT+0, (5.29)

rie 3/pkT — TenioBas MAM cpelHsisi KHHETHUYECKAs 3Heprus
Ha ojaHy uyacruny (k— nocrosinnas Boabiymana, T -— rem-

nepatypa), a @ — ycpelneHHas NOTEHUHUAJbHAS 3IHEPTHS,
npuxoAsiascs Ha OmHy dYactufty. [lis ompenenenns Tem-
l’IepaTypr preﬂHHM l’IOJIHy}O KHHeTquCKle 3Heer}0 CHU-
CTeMBbI [0 MHO}KeCTBy LIareB 110 BpeMeHH p: .

1 A

3 1 1
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MiyuKpocKkonuYecKHe HUJIH MOJEKYJNADHBIE CBOHCTBA JIerKO
YCPeRHUTh N0 BCEM YacTuuaM u no GoJblioMy YHCay Iua-
roB MO BpeMeHH, B pe3ynbrate uero OyAyT MONyyeHH HCKO-
Mble MaKpOCKONHYeCKHe TePMOAHHAMHYECKHe CBOHACTBA.

®yr. 5.5, T'paduk TpoCTPAHCTBEHHOrO pAacloNoxeHHS OpOHT MHOMKe-
cTBa B37HMOACHCTBYIOUIHX MOJEKYI.
STOT ApHMEp HAMOCTPHPYET CyllecTsOBaHHE TBePROR H MKIAKON das [29].

Hanpumep, TtepMoauHamMuyeckast BeJUYHHA — BHYTPEHHSAR
3Heprus — onpefensercsa bopmyJon

U=>kT+0, (5.29)

rae 3/okT — TemoBas WM cpefHsiss KHHeTHUeCKas 3SHeprusd
Ha oany wacruuy (k— mocrosinnas Boabumana, T -— TeM-

nepartypa), a ® — ycpepHeHHasl MOTeHLHa/bHas 3Heprus,
NpHXOAdImasics Ha oaHy uvactuity. [las omnpenenenus Tem-
nepaTypbl YCPEIHUM IOJNHYIO KHHETHYECKYIO 3HEPrHio CH-
CTEMBI [0 MHOXECTBY LIaroB 10 BPEMEHH p: :

N

3 to1 1 .
e DI ICH Y

n==1 p=|
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M aH&JIOFHYHO YCPE€AHHM IQJHYIO MOTEHUHAJbHYIO 3HEpPFHIO:

L 1@ v -
D o [—

=gy 5, 2, L O(m—x]. 63D

n=1 p=1 v=I

VER
O10T MeTox OblT NPHMEHEH K WHPOKOMY KPYry sIBIEHHUM
B KJIaCCHUECKHX Cpelax, B YaCTHOCTH, DU NOJYYEHHH ypaB-
HeHHs COCTOSIHUSI HEUJEeaJbHOrO rasa M NpU H3yyeHuu a-
80BbIX IepexofoB (cMm. ¢ur. 5.5 u 5.6). anubii merox

pA,
N&T

[ L Il
1,25 130 135 140
A/A,
®ur. 5.6. Ilpuvep ¢aszoBodt puarpaMmsi, NOJY4eHHOH METOLOM MoO.e-

KyjaspHolt nuuamukn [29].

Kpusble nokasbiBaloT 00.1acTb (B TpeXMepHOM O06beMe) H 3HaYeHufl AaBJjieHus, IHDH
‘KOTOPBIX NMpPOMCXOAAT ¢a30oBble MepeXORbt, -

NIDHMEHSAETCS TaKXKe B TePMOJHHAMHKe HEPaBHOBECHBIX CH-
CTeM, KOrfia pellaloTcs ypaBHEHHMS JJ/51 MaKpOCKONUYecKOn
CKODOCTH JABMIKEHHS! CHCTE€Mbl K COCTOSIHHUIO PaBHOBECHS.
PaccMoTpennblll 10AXOR OHJI NPOAEMOHCTPHPOBAH B
clydyae HEHTPasbHOrO KOHCepBAaTHBHOTO MOTeHUHala, OJ-
HaKo 3TOT MeTOJA B IOJHOH Mepe INpHUrOjZeH U AJds Hu3yue-
HHSl TepMOJMHaAMHYECKHX CBOHCTB IOJSPHBIX MOJEKYyld Kak
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TBEPAWX Tel, TaK HIKHIKOCTeH, KOTa BBeLeRbl BPaklaTe/ib-
Hule creneHn cBo6onnl. Tlocaennee ocoGeHHo BaXkKHO NpH Hc-
CJeI0BAHUH 3/JeKTPHUECKHX H MarHUTHBIX CBOHCTB BEIlECTB,

2. Ycpeduernue no amcambaro: merod Monte-Kapao

BBHuLy C/l0KHOCTH pellieBUst JeTePMUHUCTHYECKHX ypaB-
HeHHI ABWXKEHHA AJS CHCTEMBI MHOTHX YaCTHL CTaTHCTH-
yeckad Mexanmka [u66ca Hcnoab3yeT HAEK YCpeIHEeHHS
no ancambar0 BMeCTO YyCPeRHEHHs 10 BpeMeHH. Anano-
THYHO M BHIUMCIHTE]NbHAst MeXaHHKa B KauecTBe JAPYroro
cnoco6a onpefeseHHs] H3yYaeMbIX TEPMOXHHAMHUYECKHX [e-
peMeHHBIX HCHOJAb3YeT  HENOCPEACTBEHHOE  BHIUHCJAEHHE
cpexnnero 1o ancambiio cucreM [28].

Ins npoctoTsl cpopMyAHpyeM JBYMEpPHYIO 3ajauy,
npuuYeM, Kak U paHnblle, JIoboe cocTosiHue cuctembl N yac-
THI MOXKHO I[peACTaBHThL B BHAE TOUKM B 4N-MepHoM ¢a-
30BOM IIPOCTpPAHCTBE. JjeMeHT oObeMa B TAKOM IPOCTpPaH-
CTBe paBeH

dv?N dx®N = (dx, dy, dx,dyy ... dxydyy) X
K (dvgydvy dvgs doy,y oo dvgy doyy),

TJe HHXKHHUU HHJAEKC 03HAYaeT HOMep 4yacTHUBI paccMaTpu-
BaeMOH CHUCTeMBl. 3ajaBHINCh MHKPOCKOMUYECKOH BeJHyH-
HOU u, ONpeneJeHHOH B KaxkJ0# Touyke (a30BOroe NMpocTpaH-
£TBa, MBI XOTHM OIIpeieJUTh PaBHOBECHOE TepMOJUHAMHYe-
CKoe 3HayeHue 4. Mnb  Hcnonb3yeM — KaHOHHUECKHH
aHcaMbab, H, COrJacHO CTaTUCTUYECKOH MexaHHKe, @
MOXKHO ONpeNe]uTh YCpenHeHUeM 110 aHcaMO0.10

S uexp (— E/RT) dx?N 4oV
i = . (5.32)
S exp (— E/RT)dx?N do?N

Benuyuna E o03HauaeT NMOTEHHHAJNLHYIO SHEPrHI0 KaXJOro
COCTORNHSA B (a30BOM NIPOCTPAHCTBE WM CHCTeMBI, NIpUHA I~
Jexaimel ancam6Jto.

Teneppr 3amaua GaxkTHYECKH COCTOHT B BHYHCAEHHMH
MHOrOTBHICIUEKPaTHOTO HHTerpajsa, H OueBHAHO, 4TO 3TOro
HeNlb3sd CHAeNaTb MEeTOLAMH pPasHOCTHOTO HHTErpHpOBaHHS.
C mareMaTHuecKOfi TOUKH 3BPeHHA HHTErpajd MOXHO oOlles
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TBepAbiX Tes, TakK H KHIKOCTEH, KOrjJla BRekeHb BpaliaTe/ib-
HHe crenenH cBoGoah. IlocnegHee oco6eHHC BaKHO IIpH HUcC-
CJleI0OBaHUM JeKTPUHECKHX H MArHHTHLIX CBOHCTB BeIlleCTB,

2. Ycpeduenue no ancambaro: merod Monre-Kapao

BBuay cJOXKHOCTH pellleHHsl 1eTepMUHHCTHYeCKHX yPaB-
HEHHI ABMXKEHHs AJS CHCTEMBl MHOTHX YacTHIl CTATHCTH-
yeckas MexaHHka [u66ca HcroAb3ayeT HACK YCpexHeHus
no aHcamOG/I0 BMECTO YCpeRXHeHHs noO BpeMeHH. AHajo-
HYHO H BHUHCIUTEIbHAd MeXaHUKa B KauecTBe JPYroro
cnocofa onpejeneHdss H3yyaeMblX TepMOAHHAaMHUYECKHX He-
peMeHHBIX HCHOJIb3YeT  HelOCPeACTBEHHOE EBLIYHMCJAEHHE
cpeanero 1o ancam6iio cucreM [28].

Hnsa upocrorsl chopMmyaHpyeM ABYMepHYIO 3ajauy,
npuyeM, Kax ¥ paHblie, joGoe cocrosHue cucreMbl N yac-
THI MOXKHO IpeACTaBHTb B BHAe TOukKH B 4N-mepHoM ¢a-
30BOM MpOCTPaHCTBe. DJIeMeRT o6beMa B TAKOM IPOCTPaH-
CTBe paBeH

dvVN dx®N = (dx, dy, dx,dy, ... dxydyy) X
>< (dvxl dvyl dvxz dvy2 . dva deN):

Tlle HIDKHH® HHJAEKC O3HauaeT HOMep dYacTHHH paccMaTpH-
BaeMOll cucrembl. 3aJaBIIHCh MHUKPOCKONHYECKOH BeJHYU-
HOl 1, onpeneseHHOH B KaXA0H TouKe (pasoBoro mpocrpaH-
¢TBa, MBI XOTHM OINpeAcJUTb PABHOBECHOE TepMOAHUHaMHYe-
CcKOe 3HauyeHdHe #. Mbl  Hcnoab3yeM  KaHOHHUYECKHH
aHcam6sib, M, COIJIAaCHO CTaTHCTHUYECKOH MeXxaHHKe, i
MOKHO ONpedesuTh yCpeaHeHHeM 1o aHcamO/10

S uexp(— E/RT) de® go?N

==

. (5.32)
S exp (— EJkT) dx®N go?¥

Beanunna E osdHauaeT NOTEHHHAJbHYI0 SHEPTHIO KaXKIOro
coctosHuda B ¢a30BOM NPOCTPAHCTBE WJIH CHCTeMBI, NPHHA-
Jexalel ancam6.io.

Teneppr 3amaua (QaxTHYECKH COCTOMT B BHIYHCJIEHHH
MHOTOTBICAUEKPATHOTO HHTerpaja, H OYEBHAHO, YTO 3TOrO
Helb3A CHeJdaTh MeToJaMu DPAa3HOCTHOIO HHTerpHpOBaHUA.
C MaremaTHueckolf TOYKM 3DeHHSI HHTeIDPaj MOMKHO oOlles
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HHTb, 8bi6pas CTATHCTHYECKYI0 COBOKYIHOCTh 3HAYeHHH
HOABIHTETPANLHOIO BhIpaXKenuss B ¢opmyse (5.32) B 1H-
MHYHBIX TOYKaX (asoBOro mpocrpaHcTBa. TaKod Hoaxox
IMIHPOKO NPHMEHNETCS NPH BBIYUCJACHUH HHTEIPANOB H Ha-
3pBaerca Meronom MonTte-KapJo.

MoxHo copMynnpoBaTh MaTeMaTHYECKYI0 3amauy, HO-
MOiisE K YCpPe[lHeHHIO No aHcaMOsio ¢ Apyroil TOY4KM 3pe-
nus. Ecii xaHonnyeckult aHcaMO/ab MOXKHO NOCTPOHTH YHC-
JIEHHO, TO

1
M

Mx

= iy, (5.33)

i

v

rae v o0o3HayaeT HHAEKC CHCTeMH H3 aHcaMbuis, a M —
GosblIOe 4MCA0 — YUCJHO cHcTeM B aHcamGiae. Oauako aH-
camO/ib 1OJIXKeH ObITb MOCTPOEH TakK, 4TOGLI YAOBJIETBODPATH
TpcOOBaHUSIM CTaTHCTHYeCKOH Mexanukd. CoryiacHo moj-
xony Tonmena {30}, npu gomyIleHUH SKBUBATEHTHOCTH yCpes-
HEeHHAl 110 BpeMeHH H ycpeAHeHHUs no aHcaMOJii0 AOKHO BhI-
NOJMHATbCH (QyHIAMEeHTaAbHOe NPEeNNnoJOXKeHHe, KOTOpoe Co-
CTOHT B paBeHCTBe aNPHODHBLIX BEPOSITHOCTEH JIJIsl PaBHBIX
06bemo8 (pa30BOro npocTpancrsa. Bo-Bropsix, ancam6ib A0J1-
JKeH ObITb KaHCHHYECKUM, T. €. BeDOSITHOCTb TOTO, YTO CHCTe-
Ma NPHHALISKHUT aHcaMOJIIo, TponoputoHanbHa exp(—E/kT).

Taxo#i aHcam6ib MOXKHO NOCTPOHTH UHCJIEHHO C IO-
Moulblo npouecca MapkoBa (¢ur. 5.7), npu KOTopoM Ha-
Oop cicreM ofpasyercs noc/jef0BaTesibHO B MHHMOM Bpe-
MeHH, Boi6paB cucTeMy Kak TOYKY B pa30BOM MpPOCTpaHCTBe
Ha ware p, Mbl MOJIYYaeM HOBYIO CHCTEMY, BXOASLIYIO B aH-
cam0J/b, mepeMelllasicb Ha mare p-~1 B cOCeHIOW TOUKY
¢asosoro mpocTtpaHcTBa. AHcaMOGJb COCTGHT H3 BCeX CO-
cTosiHUH OT p =1 g0 p = M, yepes KOTOpHe NpoILia CH-
crema. Mcxoas U3 HEKOTOPOro COCTOSIHMS Ha Iare p, MHI
nMmeeM 60JblIOE YUCAO BO3MOXKHGCTed BEIGOpa CAeayloUlero
cocrosiuus Ha wware p’ = p - 1. BeiGop npoussoaures cay-
yallHO, U B pe3yJbTaTe OCYILeCTBJsETCS NepeXOX B OLHO
H3 MHOXecTBa COCTOAHHH, Tak UYTO 3Ty MapKOBCKYIO TIpO-
LeAYPY MOXKHO H306pasuTh KaK NYThb MO BETBAM pacTyLlero
nepesa {(¢ur. 5.7). OueBuaHo, 4TO mocje OHeHb HeBGOJL-
LIOro uucjAa WAroB aHcaMGib MOXKeT coAepPXKaTb OdeHb
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60JbIOe pasHooOpasye CHCTEM HJM COCTOSIHHH, XOTS BBl
6paH JHIIbL OAMH YacTHBA nyThb. Ecsiy Bce yacTHubl CHCTEMME
MOTyT [ABHTaTthCsl, TO BCE COCTOSIHHA B KOH(HIypPaUHOHHOM
NpoCTpaHcTBe AOCTYNHEL, YTO SIBJsleTCs OUeBHAHBIM NpelBa-
pHTEeJbHBEIM YCJAOBHEM BHINOJHEHHS NPeANOJNOXKeHHs O paBela
CTBE anpHOPHLIX BEPOATHOCTEN.

Ulae

@ur. 5.7. CxemaTHueckoe HaoGpakeHHe MapKOBCKOI'O NpOIecca, HCHOMbe
39yeMOro nOpH NOCTPOEHHH HONYCTHMBIX cHCTeM, 06pa3yIOlIHX KaHOHM-
uecKHil ancaMGip B Metole MonTte-Kapio.

KoJuuecTs0 HONYCTUMBIX CUCTEM, KOTOpble MOTYT o6padomaThesl, pacTeT TeoMeTpu-
yecku. CaydaiiubiM 06pa3oM BbIGUpaeTcst OMHH YacTHBIA NyTb.

Tenmepb MOXHO KOJHYECTBEHHO ONpeleinTb AJATOPHTM,
HCNO/b3YeMEIHl B nocTpoennu Tpebyemoro ancambas. Ilycrs
N uactuy BHauane pacnpeleseHBl BHYTpu o6bema V Ka-
KUM-HUOYIb NPOU3BOJMBHBIM cnoco6oM. BosbMeM HexoToO-
pylo uactuuy (Hampumep, p=1) U nepeMecTHM ee CaAYy-
yafiHeIM 06pa3oM B J10GyI0 TOYKY KBajparta JWOMlaabio a?,

xﬁ+1=xl’;-l—a(Rl ——%),
yrt!'=yl+a (R2 —_ %) ) (5.34)

rie R; u Ry — cayyaiiueie uncna us udtepsana 0 << R << 1.
B pesynbrare Ha mare p 4 1 ofpasyercs HOBas cHcTeMa



180 © Troea’h

GoablIOe pasHOOGpasue CHCTEM HJIM COCTOSIHHE, XOTA Bbl+
6paH JUIUL OAMH YacTHBIA NyThb. Eciin Bce 4acTHHBI CHCTEMbE
MOTYT ABUraThCsl, TO BCEe COCTOSHHSI B KOH(HIYypPAUHOHHOM
NIPOCTPAHCTBe AOCTYIHLI, YTO ABJASETCH OUEBUAHLIM IIpelBa-
PHUTEJBHBIM yCJIOBHEM BHIIOJHEHHS NPEANOJIOKERHS O paBeHa
CTBE aNpPHOPHBIX BEPOATHOCTEH.

Ulae

¢ur. 5.7. CxeMaTHueckoe H300pakeHHe MAapKOBCKOIO npolecca, HCNOJb-
3yeMOro NpH NOCTPOEHHH HOTYCTHMBHIX CHCTeM, 00pasylolHX KaHOHH<
veckHit aucaM6ap B Merone Moure-Kapio.

T 06padoBaThcs, pacTeT TeoMeTpu-
JecTBO MONYCTUMBIX CHCTEM, KOTOpble MOFYT
Kot qecrmy CayuafiubiM 0Gpa3oM BbIGHpaeTcst OLHH YacTHHIA NyTh.

Teneph MOXHO KOJHYECTBEHHO ONpPEACJHTb AaJ/TODHTM,
HCNIOJL3YeMEI B mocTpoennu TpebGyemoro ancamGus. Ilycts
N uactiu BHaualde pachpefeieHsl BHYTpun o6bema V ka-
KUM-HUGYAb NpPOM3BOIBHEIM crmocobom. BosbMeM HeKOTO-
pywo uactuuy (Hampumep, p=1) u nepemecTHM ee cn;;—
yafiHeiM 06pa3oM B J100ylo TOUKY KBajJpaTa IJollanblo as,

1
gr=x+a(R—3),

1
y5+l=yﬁ+a(R2 -?); (5.34)

rie Ry n Ry — cnyuaiinpie uncia us uutepsana 0 <R << 1.
B pesyabrate Ha mare p--1 oGpasyercsa HOBas cHCTeMa

!

L

e
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B cocrosiHma (X7, ¥, ..., xp+ uitl, L., X% yR). Tax
KaK clIyuyailiple YHCAa PAaBHOBEPOSATHLI, TO HOBOE COCTOSIHHE
TOJ/Iy4eHo C€noco6OM, KOTOPHIA corjacyercsi ¢ TpeGoBaHHeM
paBeHCcTBa anpHOpHBIX BeposiTHOcTel. [Ipu  mepemerennn

CHCTEeMbl NPOH30UJIO H3MeHeHHe sHeprun  AE, xotopoe
MOKHO BBIYUC/JHTD:
N
— ; P+l P+ — P — 5
AE éqn(,xu XgH ) — (| x2 — x7]). (5.35)
Ve

[Tepex namu crout sagaua nOCTPOMTH KaHOHHYeCKH
ancam0/b Tak, 4ToGbl 4YacTOTa NOSIBJICHHUS cucrem, obpa-
3ylOlIMX aHcaM0sib, OblIa NPONOPUHOHATbHA BeJHUHHE
exp(—L/kT). Taxoe pacnpenefeHne no aHcamGaI0 MOXKHO
NOTy4uTb, pewlas BONPOC, ABJASETCS JH BHOBb IOJYdeHHAsS
cacrema aonyctnMod wian uet. Ecim AE <0, 1. e. mepe-
MellleHne INPHBOAMT K CHCTeMe C MeHblIeH 3Hepruefl, 1o
cHucTeMa BK/IOYaeTca B aHcamOab. C Apyroft cTOpoub, ecau
AE >0, 1. e. 06pasoBanach cucteMa ¢ GOJbIIEH SHepruef,
To cucTeMa BK/IIOYaeTcs B aHCaMOJb JIHWb ¢ BEPOATHOCTLIO
exp(—AE/kT). Ilna sroro sbibupaercs TpeTbe cayuafinoe
unca0 R, n ecan Rz << exp(—AE/kT), 10 HoBasi chctema
npucoepunserca K ancambmo, a eciu Ry > exp (—AE/kT),
TO HOBas cucTeMa OTOpachiBaeTcss H K aHcambuaio 100as-
JSeTcsi enle OJUH pa3 crapasl cHCTeMa.

Ha sToM nanHbli war sasepiien, u B Teuerue caeaylo-
liiero wara nepememiaercss apyras yactuua p’. OueBugno,
YTO, ueM OO/bllle CHCTEM COAEpPXKUTCS B aHcambie (M—
Go/blIOe 4UCIO), TeM Jyulle GyieT pelleHHe, HO LS y0B-
JIETBOPEHNs] YCJOBUS DaBeHCTBA aNPHOPHBIX BepOATHOCTEH
HEOOXOAHMO MOCTPOMTb MO Kpaiine#t Mepe Mmpm = NL/a
cucreM. Bri6op napamerpa a ToXe MoxKeT GLITh NPOH3BO-
JIeH, OHaKO YCTaHOBJEHO, YTO CXOAMMOCTb MpH ONpeaese-
HUH TEPMOAMHAMHYECKHX BesuuuH Oymer Gosee OBICTpOH,
ecliu 3HauYeHHe @ OYAET NOPsAAKa PACCTOSIHUSI MEXAY YacTH-
uamu. HMickoMyio TepMOAHHAMHYECKYI0 NEPEMEeHHYIO MOXKHO
MOJYYNTh NTPOCTO KaK cpeanee no aHcamGmio (5.33).

B ofwem ciyuae MmeTon ycpemHeHHSI O ancambOut0
mo cnoco6y Monte-Kapsio snauntennno NIPEBOCXOMHT . 10,
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OLICTPONEHCTBHIO TIPSIMOH MeTOJ YCpelHeHUs 1o BpeMeHH ¢
MCNOJNb30BaHNEM AeTePMHHHUCTHYECKHX ypaBHeHU! ABUKeHHs
(cM. ra. 5, § 5, n. 1). OxgHako 3T0T MeTox HMeeT Gojee y3-
Kyio ofiacrb NpHUMeHeHHs, TAK KaK OH, OUeBHAHO, HelpH-
rojeH B HepaBHOBeCHOH repMopMHaMuke. TeM He MeHee
OCHOBHasl MareMarHuyeckas MNpouUeAypa BHIYHCAEHHS HHTe-
rpaja ¢ [OMOUWBI0O CTAaTHCTHYECKOH BLIOOPKH 3HaueHui
NOABLIHTErPANBHOIO BblpaXKeHHsI HMeeT LIHPOKYIO IpHMeHH-
MOCTb,
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GLICTPOJEHCTBHIO NPAMOi METOA yCPeAHeHHs MO BpeMeHH ¢
HCMIOIb30BaHUEM HAeTepPMHHUCTHYECKUX ypaBHeHHH ABUKEHHUS
(cm. ra1. 5, § 5, n. 1). OnHako 3TOT MeToh uMeeT Bojee y3-
Kyio 06jaCTb NpHMEHeHHs, TaK KaKk OH, OYeBHAHO, HemnpH-
rojeH B HepaBHOBecHOH rtepmopuMHaMuke. TeMm He MeHee
OCHOBHasi MaTeMaTHyecKasi npouefypa BBHYHCIEHHS HHTe-
rpaja ¢ I[OMOWIbIO CTAaTHCTHYECKOH BHIGOPKH 3HaueHuil
NOAbIHTErPaJbHOTO BblpaXKeHHs HMeeT LIMPOKYIO NpHMeHH-
MOCTb,

TJIABA 6
Pacuer nosnsa wacruy

§ L. Cpennee nose cHcTeMsl uacTui

Konuuecrsennoe nsyuenne cuctems: N uacrun npy nps-
MOM MCIO/b30BAHHH NBYXYaCTHYHBIX cusl (I 5) wumeer
OTPaHHdCHHbIE BO3MOMKHOCTH, TaK KaK fJisi 3TOTO MPUXO-
AMTCS pAcCUMTLIBATL mpuMepHo N2 BsauMopeiictsull. Ecmu
BBECTH YCPEAHCHHYIO CHUJIYy WM MOJe, CO31aBaeMOe BCeMH
H4CTHUAMH CHCTEMBI, TO RApPSAMOH pacyeT KaXAOH mnapH
B3aHMOJIE/ICTBHA CTaHOBUTCS HEHYXKHBIM. DTO NO3BOJIsET
UHCJICHHO H3yYaTb CHCTEMBl OY€Hb GOJIBIIOTO YHCJAA YACTHI
(o6bruno 10° wacruu). B macrosimedi raase OyAyT npaHu
OnHUCaHns Moae/edl noiefi 4acTHW ¥ UX TIPUIOKEHHS, B ua-
CTHOCTH, OYAyT paccMOTpPeHBl MOAeSH C AaJbHOEACTBYIO-
IHMHA  MOJAMH, C NOMOIIbI0 KOTOPBIX MOMKHO YHCJEHHO
M3y4yaTb IPAaBUTALMOHHBLIE TAaNAKTHKH HJH TMJasMeHHble siB-
aennsi. ITostomy HyKHO BHISICHUTBL yC/10BHS, NPH KOTOPHIX
000CHOBaHO BBeJEHHe CPeNHHX CHA WM MOJIeil CHCTeMB!,
a TakKxe cnocob onpejieseHUs TaKUX CPeIHUX CHJI.

1. Henpepoigroe noas OarvrodedlicTayromux cun

Ha sisbike «Tounoii» Mopmenn mapHOro BsammopeficTBH:
yactan (ra. 5) cucreMa N wactuy onuchiBaetcs 6N ypas-
HeHusiMi TepBOro mopsigka (5.22) mAst KOOPHHHAT M CKO-
pocTa (X,V) KaXAOH yacTHLBL

dx
=V
dv, N e.e (x —x)
b vou v
a Z mylxy —xy P 1<M<Ns (6.1)
=1
v b
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rie /My —Macca KaXJOH 4YaCTHHBI,-a €, — 3apAJX 4YacTuiibl
B clyuyae 3/€KTPOCTATHUECKHMX CHJ M BeJANYNHA, HPONop-
uponagbHasl Macce, B CJyyae TPaBUTAHUOHHBIX CHJ, eji==
=m, 1/—— G. Takum o6pasom, A8 KaxJO# 4acTHUB 1pa-
Bas dYacTb yPaBHEHHs JJs1 CKOpOCTH OOpaszoBaHa CYMMH-
poBaHuem 1m0 BceM N — 1 [eHCTBYIOMKMM Ha uacCTHIY
CHJIaM.

BMmecro TOro uroGnl fIBHO Onpenedsith CHJIy, AEHCTBYIO-
HIyI0 HA 4YacTuly, MOXHO 6e3 noTepu OOUYHOCTU BBECTH
HaNpsXeHHOCTb  5/CKTPHYECKOTO HJIH TPaBHTAIlHOHHOTO
NOoNg B KaxKI0H TOUKe X. _

Jaia yactuuet ¢ HomepoMm p, 1 sSu << N,

dv e
= = E(x) (6:2)
H
N N
E=Y Ey=) e XTRr, (6.3)
V=] v=|

rie npeanonaraercs, 4t1o coOCTBEHHOE [MOJie YacTHHBI
B cymMy He BxoauT. IlpexcraBieHue o moje HPHMEHHMO
" TOJBLKO A1 KOHTHHYyMa. JIJs onucaHusl noJis BCe KOH(H-
rypaisoHHOe NpPOCTPAHCTBO HYKHO pasie/iMTh Ha pald 'He-
Oonblinx sueeK. B TpexMepHOM cJiydde KaXKAyl0 siueHKy
NOMeTHM TpeMs HHIeKCcaMH: i, j, # (B OpAMOYroJbHOM na-
pajfenenunesie coAepXKuIca IJK sIYeeK).

Hpennoqrmenbﬂee onpejeniTh He BEKTOPHOE nose Ha
TaKOH CceTKe, a 3JeKTPHUYECKHHl W/IM TPaBUTALMOHHBIT IO-
TeHNI}ad B KaXAOH siuefiKe, TAK UTO YVpaBHeHHe [BIXKeHNH
KaXXN0il yacTHHBI P MPUHUMaeT BHJ

e 0 6.4

rje HCIOJAB30BaHHOE B NpaBOH yacTH 00O3HayeHHe Hpou3-
BOJHOH cJelyeT NOHUMATb KakK TPajHeHT MOTeHIHana
B TOuKe X,. Iloanmii notenuuan [motennnan noas (6.3)]
CKJIaJblBaeTcd U3 MOTEHHHAaJOB OTIle.HbeIX YacTHIL

N '
Px)=) D, Z Ix__x” (6.5)

Ve v=1'
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rjie ny-—Macca KaXIOH YaCTHHBL, a e, — 3apaf 4acTuilbl
B cJAyuae 3JeKTPOCTaTHYeCKMX CHJ ‘M Be/IMUHHAa, NPOnop-
uxonadbHas Macce, B CAyd4ae I'DABUTAHHOHHBIX CHJI, €)==
=m, A/—G. Takum o6pasoM, Hisl KaxXJA0fl 4acTHUH 1pa-
Basi YaCTb ypaBHEHHs AJs CKOpOCTH O0pasoBaHa CyMMH-
poBannem no BceM N — 1 #edcTBYIOIMMM Ha vacTHUY
cunam. O

Bumecto Toro urofnl SIBHO OnpenessiTb CHJIy, AeHCTBYIO-
IyI0 Ha YacTHLy, MOXHO 6e3 norepu OGUHOCTU BBECTH
HanpsiAKeHHOCTb  3JEKTPHYECKOr0 HJIM  TPaBHTALHOHHOrO
1onsl B KaXKJI0H TOYKE X, _

Jna yacTHow ¢ HoMepoMm p, 1 <K p < W,

dv e
e )
77 __’"u E(xu) (6:2)
74 .
N N .
X - Xy
E (x) = Z E,= Z evmv (6.3)
V=] v=I|
rae npeanoJjaraercs, 4TO coOCTBEHHOE TI0Jie  YaCTHIE!

B cymmy He BxoauT. IlpexcraBienue O mnoJje NPUMEHHMO
TOMLKO AJSi KoHTHHYyMa. LISl omicaHus noJjsi BCe KOHGH-
rypal{oOHHOe TIPOCTPAHCTBO HYXKHO pasie/uTh Ha pAX 'He-
GOJbIINX sAYeeK. B TPEeXMepHOM cjyuae Kaxaylo sueHKy
NOMETHM TpeMsi HHAeKcaMu: i, j, B (B npaAMOYro/ibHOM na-
paanenenunesie conepxutcs [JK sueex). ,

[peanoururejbHee OnpegejsiTh He BEKTOpHOe noJe Ha
TAKOll CeTKe, a SJEeKTPHYECKHH WJIM TPaBHTALHOHHBUT NO-
TeHIHAa/ A B KaXHOi siuefiKe, TAK UTO YpaBHeHHe IBHXKeHNs
KaX a0l yaCTHUbl | MPUHUMAaeT BHJ

)
Wy e O (6.4)

dt My 0%y

rie HCHONb30BaHHOe B MpaBoil yacTH 0o0O3HaueHue npous-
BOLHOH CJelyeT NOHUMAaTb Kak TCpajHeHT MoTeHIHala
B TOuKe X, Iloanmi#i noreHuuan [motenunan noas (6.3)]
CKJaAbIBaeTCA M3 NMOTEHUUAJOB OTAEJBHBIX YACTHIL

N . N
Q)= a)vr__z h‘_i;—l

=] v=t]'

(6.5)
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CyMmMmupoBanne B npasoit uacth (6.5) npm . BbIYHCHEHHH
NIOJIHOrO NOTeHLMala IKBUBA/MEHTHO DELICHUIO ypaBHEHHs
Ilyaccona!), uro u mosBosasier nepefith X nocneugemy:

V2D = — 4np, (6.6)

rie p-— NJOTHOCTb 3apsafa HJAH OTPHUATENBHOH MacChl
B cHCTeMe. JTa MJIOTHOCTL 3apsifia WA Macchl Onpeje-
JSeTC Ha CETKE NYTeM COOTHECEeHMs! OnpegeseHHbM 06pa-
3oM (ra. 6, § 2) Xamxmoi uvacTHIB stuelike HAM suciiKam
CeTKH,

llomeryuan moveuroeo 3apsida
omenyuan sapsxcentozo obrara

r

£l

®ur. 6.1, Cpapsenue HOTEHNHATa TOUYCUHOTO 3apAjd B HelpPepHIBHOM
IPOCTPAHCTBE ¢ NOTEHLHANOM 3apAXEHHOTO 06JaKa, OTBEYAIOWETO ua-
CTHIE Md& PA3HOCTHOI ceTKe.
Ha GoxbliloM paccTOSHHH OT TOYKH HJIH OT ofjaka NOTEHUHANEl cOBMA 130T,

OueBuano, 4t0 mJs TOrO uto6H ONHCAHHe B3aHUMOAeEl-
CTBHA «YAaCTHLA — [10Je» ObLIO CTOJb Ke TOYHBIM, KaK OflH-
€aHHe <«YacTHIa — 4acTHLa», PasHOCTHAd ceTKa MAOJKHa
ObiTh OUEHb MEJNKOH, a MMEHHO Ilar ceTKH A JOMIKEH 6HITh
MHOrO MeHble CPEJHEro pacCTOfiHHA MeXAy 4YacTHIaMu:

A< £ 6.7)

Nl/a y

Tje cucreMa 4vactull 3aHuMaer o6bveM L3, Owun6xka Bo3HH-

KaloT H3-32 TOro, 4TO ILIOTHOCTb 3apsi/eB, CO3AaKOMIMX ‘MO~
TeHUHAaJ, onperensieTcs Ha ceTKe pa3MasbiBaHHEM 3apsia
YacTull 1O BCed TUIOWIAAM COOTBETCTBYIOINEH SuefKH WJH
rpynnst sdeek. C/le0BaTe/EHO, TeNmepb yXKe ONHUCHIBAIOTCHA

'} Cwm., nanpnmep, pabory [31].
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He TOYCHHLIE YACTHIBl, a CKOpee CHCTeMa YacTHI{ KOHEeYHOro
pasMepa HJH CcHCTeMa, COCTOSllasi U3 TPYNI 3apsKEHHBIX
YacTHILl C xapaKTepHHM oO6bemoM A% (cm. ¢ur. 6.1 u 6.2),
Takaa rpynna uwau 06jako 3apsAJ0B TeM TOUHee amnpoKCH-
MUpyeT TOYEUHYIO YacTHLY, 4eM O0O0Jibllle PACCTOSHHE OT €ro
LieHTpa, NMO3TOMY, €CJ¥ BHINOJHEHO yciaosue (6.7), cucrema
THNA © €YacTHHA — TNOJIe» BIOJHE pPaBHOCHIbHA <«TOUHOH»
CHCTeMe «yacTHUa — 4dacTHua». Pa3masniBanue sapsana,r.e,
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@ur. 6.2. Cuatbt, peficTBYOIHEE Ha ABe 3apsSIKEHHBE Y&CTHOH HA pag
HOCTHOH ceTke (u3 pagorn [32]).

a--Bech 3apAAd vacTuubl NpHicad OamxafimeMy y3ny cerkn; 06— 3apaax uactiubl
pacupenejel MeXAy 4YeTblpbMA GJumaluinMu syeikami,

3aMeHa ero 3apsiKeHHbBIM 00/JaKOM, NPUBOAHT K KOHEYHO-
CTH NOTEHLlHaxa, B TO BpeMs Kak npH npub/iHXKeHHH K TO-
YeuyHOHl YacTHUe ee NOTeHUHaJ CTAHOBHUTCS CKOJIb YrOJHO
GonpuiuM. Ilpm GosblioM ynajeHnu OT YACTHUBl MOTEH-
uuanbl TOYKH M objaka Oyayr Hepasauuumbl (¢ur., 6.1).
Ecau B MalMuHHOH cHCcTeMe HOCTHTHYTO GOJBbIIOE [B CMBICTE
yeaoBusi (6.7)] paccrosinme MeXAMy YacTHHAMH, TO ONAThH
MOXKHO OyaeT ONHCHIBATh JUIIb HeGOJbIIOE KOJHYECTBO
4yacTyl, TaK Kak norpebyercs Goablioe uuciao apudMerH-
YecKdX Omepanuil AJsf pPa3HOCTHOIO pelIeHHs YpaBHeHHS
IlyaccoHa Ha Tako#l ceTke,

Teneps Mbl monpo6yeM BHISICHUTB, YTO MOJYYHTCS, €CJIH
YBEJIHYHTb IIJIOTHOCTb YAaCTHL Ha CeTKe, Hapyllasi ycJOBHe
(6.7) «TOYHOrO» MOJEJHDPOBAHHA C INOMOWBIO CHCTEMbE
yactuua — none. OueBHAHO, 4TO TaKOe pellleHHe Oyner
IVIOX0 ANNPOKCHMHPOBAaTb TOYHOE pelleHHe, HOCKOJbKY
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He TOYEYHBIE YACTHLb, a CKOpee CHCTeMa 4YaCTHL KOHEYHOro
pasmepa WM CHCTeMa, COCTOsllasi U3 TPynn 3apsiKeHHBIX
yacTHIl ¢ xapakTepHuM o6bemoM A® (cM. dur. 6.1 n 6.2),
Takas rpynna uin ob6AakKo 3apsioOB TeM TOUHEE annpoKCH-
MHpyeT TOYEYHYIO 4YacTHIy, yeM OoJibllle PACCTOSTHHE OT €ro
LLeHTpa, MO3TOMY, ecIu BhIIOMHeHo ycaosue (6.7), cucreMa
THMa - «4acTHua — MOJie» BMOJHE DABHOCHJIbHA «TOYHOH»
cHCTeMe <«4acTHLa — yacTHua», PasmasbiBanue 3apsaaa,rT.e,
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®ur. 6.2. Cuasl, geficTByLHE Ha JBe 3apAXKEHHHE YCTHIH Ha pas-
HOCTHO#H ceTKe (u3 pa6oru [32]).

a-—Bech 3apsA vYacTAUH NpHldcad OamxkalilleMy y3iay cerkH; 6 —3apsii uactiibl
pacupefenel MeXny 4YeTblpbMA GJumafiuinmu syeikamu,

3aMeHa ero 3apsiKeHHBIM 0GJaKOM, NPUBOAHUT K KOHEUHO-
CTH NOTEHLHAJa, B TO BPeMs Kak NpH NpuOAuKeHHH K TO-
4eUHOH YacTHUe ee NOTeHHHAaJ CTAHOBHTCH CKO/b YrOAHO
Goapmium. Ilpu GonblmoM yaajdeHud OT YACTHUUB MOTeH-
uMaael TOYKH u oOjsaka Oyayr Hepasauuumbel (¢ur. 6.1).
Ecau B MalMUHHOH cHcTeMe ROCTHIHYTO GOJbLIOE [B CMBICTe
yeaoBusi (6.7)] paccrosiiue MexXAy YacTHHAMH, TO ONSTh
MOXHO OyneT OnuchbiBaTh JHWDb HeOOIbIIOE KOJHYECTBO
yacTHl, Tak Kak norpebyercsi Goablioe 4ucao apupMeTH-
YECKHX Omepauuil AJs DasHOCTHOrO pelIeHHs ypaBHEHHs
Ilyaccona Ha Tako#l cerke.

Teneps Mbi monpobyeM BHIACHHTb, YTO NOJYYHTCH, €CJH
YBENHYUTh IJIOTHOCTb YACTHL, Ha CeTKe, Hapyllasl ycjoBHe
(6.7) <«TO4WHOTO» MOAEAHPOBAHHSI C MOMOIIBIO CHCTEMbl
yacrana — node, OueBHAHO, 4YTO TaKOe pelleHHe Oynper
IJIOXO annpoKCHUMHYPOBATh TOUHOE pelIeHHe,

HOCKOMABbKY

‘Pacuer noan uacruy 187

KaX/asi yacTuua «4yBCTBYeT» Pa3Ma3aHHOE WJIH yCpeJHeH-
Hoe NoJle, a He HHAMBHAYaJbHOe TNOJe, CO3AaBaeMoOe JO-
KaJIbHBIMH TOYeUHbIMH yacTHiamu. C Apyroft cTopoHsl, ecau
Mpl H3yydeM KOJMJEKTHBHLIE CBOHCTBA BCEHl CHCTEMBH, a He
0cOOEHHOCTH TOYHOTO pellleHHs, TO OCHOBHON HHTepec mpej-
CTaBJSIOT HMEHHO OOHiue CBONCTBA YCPENHEHHBIX mOJEH,
a He UHAWBHAYa/abHble nojs. C yBelHueHHeM yucaa 9acTHY
Ha CeTKe WHAMBHAYaJbHble XapaKTePHCTHKH TepSIOTCH, HO
MOXKHO HaASATbCs, YTO OOIIHe XaPaKTepUCTHKH COXpaHATCs.
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@yr, 6.3. OIYKRTYannu, BO3HHKAIOHIHE B METOAe <UACTHIH B Auefike»,

Ecan ue6onnmas omuGka BHI3OBET NepeMelieHHe YacTHUB H3 sveliku (I, f, k)
B sueliky (i + 1, §, k), cuna, leﬂc‘l‘nylougaﬂ Ha YacTHUY p, H3MEHHTCH paAHKaAbHBIM
a6pa3oM.

Onunako ¢ yBennyeHWeM IWIOTHOCTH YaCTHI[ TOSBJSETCS
TPYAHOCTb, OOycJOBJeHHAd TeM, UTO MaJjible BO3MYIIEHHS
pemleHus DpuBOXAT K OoapiuM ¢ayKryauuaMm., UTo6u mo-
ACHHTb 3TOT 3QQeKT, NPeAnoNOKHM, YTO YACTHHA P HAXO-
aurcsi B Auefixe (i,j-4 1,%k), mpuMbikalollefi K sueifKaM
(i,j,k) n (i-+1,j,k) (dur. 6.3), KpoMe TOro, AOLYCTHM,
uTO Apyras uactHua p’ Haxopurcs B suefike (i,j,k) (yBe-
JUYeHHe yucaIa YacTHl, yBeJHUYUBAaeT BEPOSITHOCTb 3aHATO-
CTH KaxXJoH fuyelKH, M BHOJHE BEepPOSITHO, YTO COCeIHHE
AuefiKM OKaxyrcd 3aHAThMHU). Ecau vactuma p’ HemHOro
CMeCTHJIach U 3aHsiia cocejHiolo sAueiiky (i+1,j,%), To
NOTEHIHAJ M COOTBETCTBEHHO IOJe, JelCTBYIOLEe Ha Yac-
THLY P, U3MeHsATcs KopeHHBIM oOpasoM. Tlostomy dAcno, uto
WyMB HJid (QIYKTyanHd B TAKOH CHCTeMe ouedb BeJHKH.
C Jgpyrod CTOpOHBI, MBI MOXeM YMEHBHIHTb QJYKTyaluH
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nyteM JajbHefillero yBesJUYeHHS HOJHOrO YHCJAa YaCTHI
[0 Tex nop, MOKa YHCJIO YacTHIl B KaXKAOH siuefike He cTa-
HeT J0CTaToYHO OOJbIMIHM, TaK YTO, eCIH OAHA 4YacTHLa
CMECTHTCH KyNa-HHOYAb, NJIOTHOCTh B suefike JHUlIb He-
MHOrO H3MEHHTCS, M, CJIeJ0BaTeqablO, noJe, aeficTByOIlee
Ha YacTHLY p, U3MEHHTCH TaK 2Ke He3HauWTeldbHO. JT0. yC-
NoBHe OyZeT BBLINOJIHEHO, eC/IH

. | .
A = (6.8)

OueBnaHO, 4TO TaKas cHcTeMa SIBJASeTCA CTaTHCTHYE-
CKOH M YaCTHHBl JBUXKYTCA B YCPeAHEHHHIX NOJAX, a He
B JIOKaJbHOM IIOJI€ OTAEJABHBIX YAaCTHL. «YCPelHeHHe» J0-
CTHr4eTCs NyTeM MNOJACYeTa KOJHYeCTBAa 4YacTHI B KaxkJAo#
siyelike, 4TO NO3BOJSIET ONpPENeIUTb CPeAHHH 3apaj HIH
IJIOTHOCTb Macchl. Tenmepb Mbl 3afiMeMcss BhiicHeHHeM -
3UYECKHX YC/JOBHUH, €cAH OHH CYHIECTBYIOT, 3aKOHHOCTH Ta-
KOro noaxoja M npefesoB NPUMEHAMOCTH NPEAJOXKeHHOH
Mozeau.

2. CToakHOBeHUA U HenpepolBHOCTL; debaesckuli paduye

Hnst Toro utoObl packpbiTb (USHYECKHH CMBICT CTaTH-
CTHYECKON MOJean <«4acTHila -— [oJe», pacCMOTPHM  CH-
CTeMy 3apsKEHHBIX '4acTHL C OJHOPOAHOH . NJIOTHOCTBIO
pacnpeneneHus 3apanal). B cooTBeTcTBHYU C BBIILEU3/OKEH:
HbIM BBISICHUM NPOHCXOXKJAEHHE 3/1eKTPUUECKOTO MO B HE-
KOTOpOH TNpOU3BONLHOH TOYKe p cHCTeMBL. Bcilo cucremy
nenecoo6pasHo pasiesuTb N0 OTHOWIEHUIO K TOYKE p Ha
aBa ob6bema, Vi u Vs, re Vi —map paguyca a ¢ neHTpom
B p, a Vo—ocraBuiascs 4actb cucreMut (¢ur. 6.4). Ecau
paguyc, KOTOpPBIH Mbl 0003Ha4UM Ap == @, AOCTATOYHO Be-
JIUK, TO 3apsiibl BHEIIHero ofbeMa MO OTHOLIEHMIO K TOYKE
p Benyt ce0si Kak HempephiBHAsl cpena, a 3apsjbl, Haxo/s-
IHecss BHYTPH Iapa V;, HPOsBASIOTCS KaK AHCKpeTHas
CTPYKTYPa, ' H MO3TOMY HX HYXKHO OIHUCHLIBATL OTHAEIBHO.
DieKkTpHYECKOE NOJIe B TOYKEe P MOXKHO [09TOMY NpeAcTa-

1) Taxkoe npeXCTaBJeHHE HeNOCPENCTBEHHO TNPHMEHHMO K HOHH3OBAH-
HOMY rasy. AHAJOTHUHBIE APIYMEHTH MOXKHO NPHMEHHTb H K TpaBHTa-
IMoHHOH cHcTeMe 3Beafl, OIHAKO LA NPOCTOTHL ONHCAHHA HHXe 6yleT
HCHO/Ib30BaHA TEPMHHOJIOTUA 3/eKTPOCTaTHKH.



188 I‘/zc‘wa:‘é

nyteM JajbHefillero yBeJIMYEHHS MNOJHOTO 4YHC/Aa YaCTHIL
10 Tex nop, NOKa YHCJIO YacTWLl B KaXKI0W sidelike He cTa-
HeT JAOCTAaTOYHO O60JblOMM, TaK YTO, €CAH OJAHA YacTHLA
CMecTHTCS KyAa-HuOylAb, MJIOTHOCTb B fuelike JHILbL He-
MHOro HM3MEHHTCH, M, C/JASAOBaTeJbHO, NoJe, eHCTBYMIOllee
Ha YacTHIY p, H3IMEHHTCS TaK JXe He3HAUHTEeNbHO. JTO. yC-
JoBHe GYLeT BbINONHEHO, eC/H

L

A> R (6.8)
OLIeBI/IIlHO, YT0 TakKas cucreMa SsBJAdAeTCA CTaryuctH4e-
CKOH M YacTHLBl JBHMXKYTCS B yCPeAHEHHBIX IOJIfAX, a He
B JIOKA/JbHOM NOJ€ OTAe/JbHBIX YaCTHU. «YCpPelHeHHe» J0-
CTHraeTca nyTeM nojacdeTa KOJiHYecTBa 4YacTHL B Ka}KﬂOﬁ
fyeliKe, 4TO MO3BOJsieT ONpeleNuTL CPeJAHHN 3apaj H/H
NJIOTHOCTb Macchl. Tenepb Mbl 3afiMeMcsl BbhisicHeHHeM ¢u-
3UYECKHUX yCJOBHH, ecau OHH CYUIECTBYIOT, 3aKOHHOCTH Ta-
KOro noaxojaa " npene/oB NPUMEHHUMOCTH HpEIlJIO)KeHHOﬁ

MOJEH.

2. CroakHoBeHus u nenpepol8Hocts; Cebaesckull paduye

Hnas toro 4To6Bl pacKpbiTh (U3HYECKHH CMBICA CTaTH-
CTHYECKOH MOJeJNn <«4YacTHia — [oJje», pacCMOTPHM CH-
CTeMy 3apsKEHHBIX '4acTHL C OJHOPOAHOH . N/IOTHOCTLIO
pacnpeneseHus 3apana'). B cooTBeTcTBHU c BHILIEH3IOKEH:
HBIM BEISICHAM NPOHCXOXKAEHHe 3/JeKTPHYECKOro Iojsd s He-
KOTOpOH NpOM3BOJIbLHOM TOYKe p CcUCTeMB. Bclo cucremy
1esiecoo0pa3Ho pasjeiuTh 1O OTHOUIGHHIO X TOUKe p Ha
asa obnema, Vi u Vs, tae Vy—map paguyca a ¢ UEHTpOM
B p, a Vy—ocraBuiasics yactp cucreMs (¢ur. 6.4). Ecnu
paauyc, KOTOpH MB 0603HauuM Ap = @, NOCTATOYHO Be-
JUK, TO 3apsiibl BHEIIHEro ofbeMa MO OTHOWIEHMIO K TOYKe
p Benyt ce0si KaK HempepblBHas cpeja, a 3apsjbl, HaxOasd-
Ipecss BHYTpH Iwapa Vi, NposABASIOTCA KaK JHCKpeTHas
CTPYKTYpa, ' U HNO3TOMY HX HYXKHO ONHCHIBATb OTIEJbHO.
DAeKTpHUeCKOe INOJE B TOUKe P MOXKHO [109TOMY NpeAcTa-

1) Takoe TpeACTaRJIEHHE HENOCPEACTBEHHO NPHMEHHMO K HOHH30BaH-
HOMY rasy. AHaNOTHuHble APTYMEHTH MOXKHO NPHMEHHTb H K TPaBHTa-
nuoHHoi cucreMe 3se3n, OfHAKO IJIA NPOCTOTH ONHCAHHA HMXKe Gyner
HCIIO/Ib30BaHA TEPMHHOJIOTUA 3/€KTPOCTAaTHKH.

s
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BHTb B BHJe CYMMbl ABYX C/laraeMbiXx: neppoe cjaraemoe
E, — noxanbHoe mose, coznaBaeMoe wacTuiaMu o6bema Vi,
W BTOpoe ciaraemoe E;-——cpeanee mose, cospanuoe xaxy-
U1iMCcsl KOHTHHYYMOM 3apsijloB BHellHero o6bema Va,

E=E,+E, (6.9)

Hlas TOro uTOGH YCTaHOBUTH XapakTepHbii pasHyc
a=Ap coeph, KOTOPas MOMKET CJAYXKUTb IDaHHlE] ABYX

®ur. 6.4. [le6aenckas coepa.

YacThua p B3aHMOREACTBYET C OCTalbHOH CHCTeMOH, KOTODYI MOXHO pasiefuTh Ma

AB3 06beMa :06beM Vy, BHYTPH KOTOPOro NMPOABJIAETCH RHCKPETHas MPHPORA YacTHL,

H OGbeM Vy, B KOTOPOM OCTABIIYIOCH UACTh CHCTEMBl MOMHO DaccMaTpuBaTh KaK
KOUTHHY YM.

00beMOB, 3aMETHM, YTO eclH YAAJWTb BCe 3apiibl U3
o6bema V), TO nOTeHLUMas BHYTPH Hero NPHHHMAET 3Ha-
yeHue ‘

dnnea?,

rae n-—3HaveHue naotHocrn udactuu. IlpoGHas wactuna
C KuHeTHYeCKoH sHeprueir kT, Bxoxs BHYTpb cdepbl, npu-
o6peTaeT NOTEHLUANBHYIO SHEPTHIO

4dnnea®,

Ecnmu  xuneTuyeckas sHeprus uactHusl kT 3HauuTeJbHO
NPEBOCXOAHT 3Ty NOTEHUHAJbHYIO 34ePrHio, To chepa JUMb
MHHHMAaJbHO MOBJIHAET Ha ABHJKEHHE TaKOH 4acTHubl. Ilo-
3TOMy [AebaeBcKas MJHHa Ap onpejenserci H3 COOTHO-
weHus

dnne?X] = kT,
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wo=n/ (omr) - (6.10)

Ha paccrosnusax, Goipmux uyeMm pebaeBckas NIMHA, [po-
ABIAIOTCA KOJJIEKTHBHbiE CBOHCTBA CHCTeMbl; Ha paccTos-
HHSX, MEeHBIUUX Ap, BaXXHBl MHKDOCKONHYeCKHe 3(pdexTo
NapHOro B3aHMOAeHCTBHS.

B crartHcTHYecKOM MOjenu <«d4acTHIa — IOJE» Hac Hii-
TEpecyloT KOJJIEKTHBHble sBJeHHs (MHade MOMKHO B mep-
BOM [OpUOJMUKEHUH OrPaHHYHTbCH H3Y4YeHHeM JBHIKEeHHs
OTHeAbHOH YacTHIbl), NO3TOMY B UHCJAEHHOH MOjeNnH
HYKHO 06paTh MakpOCKOMHYeCKUH MacwTad AanH, 601bIINH
yeMm pefaeBcKaa AJnHa

HJn

L > Ap. (6.11)

Tenepp siceH cMBICH KaXAOr0 BKJIaAa B 3JeKTpHYECKOe
noje (6.9) B Touke p. Ilone E;, oOycaoBrneHHOe HenpepbiB-
HOli cpenoit V,, mnpeacraBiser HHTEpeC KaK YCpeIHEHHOC
foJie, CBA3aHHOe C KOJJIEKTHBHLIMH SBJIEHUSIMA.

Jlokanproe nosie E; dactum, pacnosoXKeHHBLIX BHYTPH
ndeGaeBckoro mapa Vi, TpyAHO ONpelesNnTb KOJHYECTBEHHO.
Ecnn B KayecTBe MNOSICHAIOUErO NpHMepa MNPeANOONKHTb,
470 3apAAbl B IIape 00pasyloT NpPaBUHJAbHYIO KyOHYecKyw
CTPYKTYPY, TO U3 cOOOpakeHHll CHMMETPHH NOHATHO (H 5TO
6nl10 mokasaHo JlopeHiuem), uro JokanbHoe noie E; Gyner
paBHo Hyao. C Apyro#l cTopoHbl, JoKajigbHoe moje Ej,
cpenHee mo aHcamOl0 MIapoB cO CAY4alHBIM pachpenese-
HHEeM 3apSl0oB B KaXJAOM H3 HHX, TOXe COCTaBHT HyJb. Of-
crola caenyer, YTo ecJd B rasoo0pasHOH cHcTeMe MOJHOE
YHCI0 3apSUKeHHBIX YacTHL B jJefaeBckoM INape oGbema
V1 Bequko,

np > 1, (6.12)
rae

ny =3 A, (6.13)

TO ¢ XOpOIUed TOYHOCTBIO JoKajdbHoe mose E; MoxHO mo-
JOXHUTb paBHBIM HyJ10. CjaeayeT OTMETHTb, YTO HeGoJbluoe
aoxkanbHoe nose E; Bce Xe OyjaeT mpHCYTCTBOBATb B CBSI3H
¢ ¢aykryanusMH eGaeBCKOTO YHCAa Mp, B OTHOCHTeNbHas
amMmautyga QJayKryauui, o4yeBHaHO, OyAeT H3MeHATbCA Kak
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kT
o=/ (s) -
Ha paccrosnusix, Goapmnx uem paebGaeBckas AJAuHA, Mpo-
SBJISIIOTCS KOJIVIEKTHBHBIE CBOHCTBA CHCTeMbl; Ha paccTosi-
HHAAX, MeHbUIMX Ap, BaXKHBHI MHKPOCKOMHUecKHe 3(dexTul
MapHoro B3aHMOAEHCTBHS.

B cratHcTHYecKO# MO;eNM <«4YacTHHa — [OJIe» HaC Hil-
TEpecyioT KOJJIEKTHBHble sB/AeHHs (HMHade MOXKHO B mep-
BOM [OpuUOMUIKEHUH OrPaHHYHTbCS H3YUeHHeM [ABHMKEHHs
OTAeIbHOH YacTHOB), NOITOMY B UHCJEHHOH MOJeNnH
HYKHO 6paThb MaKDOCKONHUECKHH Macwrtal AauH, 00JAbLIHIt

yem nebaeBcKas ANUHA

nam
(6.10)

L > hp. (6.11)

Tenepp siceH CMBICA KaXKAOro BKJala B 3JeKTpHUECKOe
none (6.9) B touke p. Ilone Ej, 0OycioBheHHOe HelpephiB-
HOll cpenoii V, npeacraBiager uHTEpec Kak YyCPeLHEHHOC
noJe, CBI3aHHOE C KOJ/IEKTHBHLIMHU SIBJEHUSMH.

JlokanbHoe nose E; uyacTui, pacnosoXKeHHBIX BHYTPH
ngebaeBckoro mapa Vi, TpyAHO ONpelesNnTb KOJHYECTBEHHO.
Ecnn B KavecTBe NOSCHAIOIlEr0 IpuMepa MPeANOJIOXKHTD,
4yTO 3apsiAbl B lIape 006pasyloT NpPaBU/IbHYIO KyOHUYECKYH)
CTPYKTYpY, TO M3 COOOpaxKeHHl CUMMETPHH MOHATHO (M 3TO
6bli0 nokasano JlopeHuem), uyro JoKanbHoe nosae E; Oyner
paBHo Hyaw. C JApyrofi cTopOHml, JoKaabHoe mojde Ej,
cpeaHee 1O aHcaMOJI0 IIapoB CO CAyYalHBIM pacipejese-
HHeM 3apfANOB B KaXIOM H3 HHUX, TOXe cOoctaBHT Hy/b. O1-
cloga cjieayer, UTO ecjqu B razoo0pasHoH cucTeMe MOJHOE
YHCI0 3apsDKeHHBIX uvacTHL B JAefaeBckoM Liape o6bema
V1 Bequko,

np > 1, (6.12)
rage
ny =3 WA, (6.13)

TO c XOpoluell TOYHOCTBIO JOKajdbHoe nosae E; MOXHO mo-
J0XKUTh paBHEIM Hyaio. CirefyeT OTMETHTb, 4TO HebOJblIoe
jJokanabroe nose E; Bce XKe Oyaer mpHCyTCTBOBAaTh B CBSI3H
¢ ¢aykryauusiMu Je6aeBCKOrO UHC/IA Np, W OTHOCHTENbHAs
amnautyaa ¢ayKryauui, o4eBHAHO, OyAeT H3MeHATbCA Kak

Pacter noasn ua
Pacy AL HACTUY 7 ) . 1ot

1/’\/”9- TouHocTh NPUGHHKEHUS JIOKAABHOTO 3JIeKTpHue-

CKOro moJsi K Hymio OyAeT TeM Bblllle, yeM GOJbIIE YHC/IO
HacTul B ge6aeBcKOM Iuape.

3. Ilra3mennan u 2pasuTayuoHHAs 4acToTo!

B COOTBETCTBUM C H3JIOXEHHbIM NpeicTaBJIeHHeM O pa3-
ACJICHUN fABJCHHH B CHCTeMe Ha napHele (4acTila — yac-
THLA) CTOAKHOBUTeAbHble PGEKTHl U KOAAEKTUBHObLE a(h-
Q)eKTbIUMO}KHO Ka)JAOMy THITY sIBJIEHHH CONOCTaBHTb Xapak-
TepHbIl MaclITab BpeMeHH. Bpemsi cTonkHoBeHui T, onpene-
JAETCA KaK BPeMs OTKAOHeHHS wacTvubl Ha 90° moj Baus-
HHEM NapHBIX CTO/JKHOBEHWH BHYTPH feGaeBCKO cdephl.

Touno Tak e Jerko ompepesHTh XapaKTepHoe BpeMd
KOJIIEKTHBHBIX (M/123MEHHBIX MJIH T'PAaBHTALMOHHEIX) KOJe-
GaHuil. Jlag 9TOrO 3aMeTHM, 4TO €C/AH B TNPSIMOYTOJLHOH
AEKapTOBOH CHCTEMe KOOPAMHAT CMECTHTb BCE YACTHLH U3
IIOCKOCTH (Y,2) Ha paccTOsHHE X, TO, COIVIACHO 3aKOHY
laycca, BO3HHKHeT saexTpHUecKoe moje

E, = — 4nex,. (6.14)

CooTBercTBEHHO Ha KaXAyl0 YacTHLy OymeT AeHCTBOBATH
BO3Bpamarpollas cHia

mi = eE,, (6.15)
OTKYIIE cnenyeT ypaBHeHHe ABHXKEHUA cJ0od vacTui:
4 2
£+( ne )x=0. (6.16)

910 ypaBHeHH@ ONHCEIBaeT NPOCTOE TapMOHHUECKOe KoJe-
GaHde ¢ 4AaCTOTOH (mIasmMeHHas YacroTa)

T
mp=,\/ we? (6.17)
HH
o m
T":_oa—p-:/\/w‘ (6.18)

I'luepplon HJIa3MeHHBIX KoneOaHUN fBASETCS OCHOBHOII
MepoH BpEeMeHH, XapaKTepH3YIOllleli KOJ/VIEKTHBHBIe 3(-
¢exte, COOTBETCTBEHHO B TaJlaKTHKE BPeMEHHBIM MaCIUTa-
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00M CJHYXHT NepuHojJ IPaBHTAUHOHHBIX KOJeOaHHH 3Be3bl
B NOTEHUUJABHON sMe, 00pa30BaHHON rajaKTHKOM.

He sB/isercs HEOXKHAAHHBIM, H 9TO MOXKHO MNOKa3arhb
cTporo [33], uTo Bpemsl ABYXYacTHYHBIX CTOJKHOBEHHH CBS-
33aHO C BpeMeHeM KOJJIEKTHBHBIX KoseGaHuil COOTHOILe-
HHeM

oK (6.19)

Te fp
rle BejqnuMHa K npuMepHO MOCTOSIHHA M MO MOPAAKY pasiia
exunune. TlostoMy ecanm KOanuecTBO 4YacTHil BHYTpH Je-
OaeBCKOHl cgepbl pacTeT, TO CTOJKHOBHTEIbHOE BpeMs
TaKXKe yBEJIHYHUBAETCS H CTOJKHOBUTENbHEIE 3PODEKTH MpH-
ofpeTaloT BTOpOCTelneHHOe 3HauyeHue. TaKylo cHcTeMy Ha-
‘3BIBAlOT GeccroaknosuTessnol. Bo muorux caydasix B Iias-
Me H, KaK NpPaBHJIO, B FaJaKTHKaxX YHCIO YacTduU HJIH 3Be3f
B /1e0aeBCKOM IlIape OYeHb BeJHKO (PaBHOBeCHas rajak-
THKa TO OIpeJeJeHHIO aB/sAeTcs Ae6aeBCKHM WIapoOM H CO-
JAepKUT 00buHO np ~ 1019 3Be3n), moOsTOMY XOJ1eKTHBHBIE
3 (deKThl ropa3n0 Ba:kHee CTOJKHOBHUTE/IbLHBIX. )

4. [Tonarue 6eccTOAKHOBUTEABHOU MOOeAlU

Brine 6b1IO MOKa3aHO, yTO /IS CHCTEM YacCTHL C JaJjb-
Hoze#lcTBUeM TpH GoabmoM uucie ap (6.13) wacruu B ne-
0aeBCKOM lIape IepBOCTeNeHHOe 3HaueHHe UMEIOT 3(PQeKThl
KOJJIEKTHBHOrO, a He NapHoro B3auMmopeiicTBusi. Takywo ¢u-
3MYECKYI0 CHCTEMY MOXKHO ONHCATh MOAEAbI0 «YaCTHIE —
noJje», OpuYeM MakKpocKonuueckuil maciutab miuHbl L umc-
JEHHOH MOJeMH A0JKeH ObTh Goaplie AefaeBCKOH AJIHHBI

L > 2p.

Jna onucanus cpeanero noas Ep ¢ 10cTaTOYHOH nOJNHOTOH
pasMep Imara ceTkn A, Ha KOTOpO# ompejaefsieTcs nOTeH-
muaj, AomKeH ObiTh BBIGpaH MeHbIie Ae0aeBCKOH MJIHHBL

A <2p. (6.20)

s Toro 4To6H yMeHbIIUTb (IYKTyauun B sideiiKe, xa-
pakTepHOe uMCAO YacTHu B suehike obbema A? JOMKHO
OBITh GOJILIIUM; :

nAd > 1. 6.21)
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60M CJYKHT TEpHOJ IpPaBUTAUHOHHBIX KoJleOGaHHi 3Be3Ibl
B MOTEHUHJIBHOH siMe, 06pa30BaHHON rajaKTHKOH.

He sBasercsi HeOXKHUAAHHBIM, H 9TO MOXKHO MNOKa3arhb
ctporo [33], uTo BpemMs NBYXYACTHUHBIX CTOJNKHOBEHUH CBf-
3aHO C BpeMeHeM KOJJIEKTHBHBIX KoJeBGaHuil COOTHOILe-
HHEM

<

K

p
T = (6.19)
rjle BesivurHa K npuMepHO mOCTOSIHHA M MO MOPAAKY pablia
enutune. TloaTomy ecanm XKOaHYeCTBO 4YacTui BHYTpPH Je-
OaeBCKONl cdepnl pacTer, TO CTOJKHOBHTEALHOE BpeMs
TaKXKe yBeJHYHUBAETCS H CTOJKHOBHTeNbHBE 3(D(heKTh NpH-
o6peTaloT BTOpOCTENEHHOe 3HaudeHue. TaKylo cHcTeMy Ha-

'3bIBalOT 6eccToAKkHOo8uTeAbHOU. BOo Miorux caydasix B 1ias-

Me M, KaK NpPaBuUo, B raJaKTHKax YHCIO YacTdu HJIH 3Be3f
B ne0aeBCKOM IIape OueHb BeJHKO (paBHOBecHas rajak-
THKa [0 OmpeJieNeHuio fABjageTcs: neGaeBCKUM 1IapOM H CO-
aepxKuT 00buHO np ~ 1019 3Be3n), moOsTOMY XOJ1eKTHBHBIE
a((eKTH ropa3fo Ba:KHee CTOJKHOBHTE/IbLHbIX. '

4. ITonatue 6ecCcTOAKHOBUTEAbHON MOTBeal

Brime 6BIIO MOKa3aHO, YTO JJIg CHCTEM 4YaCTHL C Jajb-
HozelcTBHeM npu Goabluom uucie np (6.13) wactuu B ge-
GaeBCKOM IIape NepBOCTENEeHHOe 3HaYeHHe HMeIOT 3P (eKThl
KOJUIEKTHBHOrO, a He MapHOro B3auMopeiicTBusi. Takywo ¢u-
3MYECKYI0 CHCTEMY MOXHO OHHCaTh MOAeNbI0 «YacTHHA —
noJie», npaueM MaKpPOCKONHYecKHd macmra® miuHel L unc-
JIEHHOA MOJe/H JO/IKeH OulTb Godblie AebaeBCKOH AJHHL!

L > Ap.

Hunsa onucadusi cpensero noas E; ¢ pocraTouHOH noJHOTOH
pasmep Iiara ceTkn A, Ha KOTOpOH ompejensercs MOTeH-
unaj, Ao/KeH ObIThb BBIGpaH MeHbIie Ae0aeBCKOH MJIHHBL

A < Ap. (6.20)

st toro 4To6H yMeHBIIUTb (MIYKTyauunm B sUeliKe, Xa-
pakTepHOe uHcio uyacTuu B suelike obmema A? poMTKHO
OBITh GOJILIIUM; :

nA3 > 1. (6.21)

Pacuer no. a
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Orcioga BobITekaeT, uTo mpit BHUIOJHEHUM ycaosuil (6.20)
H (6.21) unc/I0 MALUMHHBIX YaCTHIL B AeGaeBCKOM wape Be-
JUKO H B CBOIO Ouepelb MallUHHAS MOAEeNb CTaTHCTHYECKHU
ONHUCHIBAET IUIA3MY MJIM TAJaKTHYECKYIO CHCTeMY. Takyro
MOJE/b OGBIYHO HA3BIBAIOT GeCCTOMKHOBHTENbHON MOLEILIO
uacTuy B sfiueiike (PIC!)-momenn). XapakrepHble MacmTaGol
AJHHBL ¥ BpeMeHH 1JIs NIa3MeHHOH U IPaBUTALHOHHON CH-
CTeM cBejeHH B Tabi. 6.1,

Tabauya 6.1
XapakTteprsie MacmTabel EAMHB H BPEMEHH B CHCTEMax
HacTHY € RaapHoLeficTBHEM

Ipasuraunounnas

I
1a3Ma cHcTeMa

1. Paccrosinme Mexay vactu- a 1 L

1aMH n's = N'is
2, Iepuop, -/ dgene " .
21 (T) o2n (AnGmn)~ Ve

KO.IeSauui

KO.TIEKTHUBIIBIX Tp

3. HefaeBckas anuua Ap 4—12‘12—)1/2 ‘ﬁ;‘T—r)l/’
nne aameon

4. Yneso wactum B peGach-

CKOM Imape -3—.’ItnlD
. n
5. CToMKHOBUTE/BHOE BpeMsa T, D .
e i
1
6. CronkHoBHTedbHAs aumuna A, (3kT )/2 ”
m

k — nocrosiunan Bonpumana, T — TeMIeparypa B CHCTeMe, e — 3a-
DAL HaCTHOBL, 7 — MJIOTHOCTbL YACTHI, N — NOJHOE YHCAO YACTHI
B _CHCTeME, G — rpapHTanuOHHAS ROCTONHHAS, M ~— MacCa YaCTHI(bL
L’ — o6bem cucremnl, K~ 1. ’

§ 2. BeccroankHOBHTEIbHAS MOZEJb HACTHIL B Sueiike

1. Onucarue PIC-modeau
QusnuecKuil CMBICA MOJeTH YacTUL B ayeiike (PIC-mo-

AeNH) C AaJbHONEHCTBYIOUHM i 3JIEKTPOCTATHUECKHMH HJIU
TPABUTAHOHNBIMH CHJIAMH yxke obcyxiajcs Bbiuwe (ra. 6,

) Particle-in-cell.

7 . Iottep
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§ 1). Caneayer ormeruth, YTO JOKaJdbHLIE MHKpPOCKOOWYE-
ckue nojis He onHcwiBalotcs (E, = 0) BBHAY cTaTucTHue-
CKOr0 ycpenHeHHS MOTEHUHAJOB M CHJ, CO3RaRaeMBIX 3a-
psgaaMM HJIH MaccaMH BCeX 4YacTul B KaxAo# sueiike.
Huxe 6yayt paccmorpeHsl (popMyJaHpoBKa, TpaHHYHBIE yC-
JIOBHSI, XapaKTepHbie NapaMeTphl H PaHHLL IPHMEHHMOCTH
6eCcCTOMKHOBUTENBHON MOJe/H YacCTHIl B suelKe.

Hnast npocrotsl Oyaer onucaHa AByMepHas MOJesb
B TNPSIMOYrOJbHLIX JE€K4aPTOBbIX KOODJAHHATAX, XOTS H3na-
raeMbli MeTOJ B PaBHON CTeNeHH NPUMEHHM H K OJHOMY,
H K TpPeM IPOCTPAHCTBEHHBIM H3MepeHUsIM. TeM He MeHee
HHTEPECHO OTMeTHTb, YTO, HOCKOJbKY IOJe OnpejensieTcs
u3 pewenus ypasHenuss Ilyaccona, TOUHHIL nOTeHUHAN
B3aHMOJEHCTBHS MEXKAY 4YacTHIAMH pasiuued B caydasx
OJHOTO, ABYX M Tpex uaMepeHuil. Ha npaxTuke B oanomep-
HOM cJydYae paccMarpuBalotTcs OecKOHeuHble MJIOCKOCTH
HJIH JIUCTH, HeCyllue 3apsi WJIH Maccy W nepemelialo-
Hipecsl MepHeHAnKyAsIpHO cobcTBeHHOH miockoctH. B apy-
MEpPHOM cJydYae paccCMAaTPUBAIOTCH 3apsKeHHble HAM Mac-
CHIBHbIE CTEP!KHU, a B TPEXMEPHOM — YaCTHIIBI.

HonyeruM, uto nmomans L )X L pasnenena na MaJjeHb-
ke siuedky (o6bdHO 64 X 64) 3il/epoBCKOil paBHOMEPHOIL
cetkn (pasmepom [ X I). C nomouisio HaGopa cayuadiHbIX
yHceJa Y MNOAXOAAIIMX BECOBBIX (PYHKUHH 4YacTHIAM TpH-
AHCBIBAIOTCSI KOMIIOHEHTH CKOpocTH. Kpome Toro, B €0OT-
BETCTBUH C IPeJHONOKEHHeM O O0OJbIIOM KOJIHYECTBE 4dac-
THIl B suefike 3ajaeTcsi IJIOTHOe HauyajabHOE pacnpejene-
Hue. Ecaiu np— cpeaHee 4uC/I0 YacTHI B SYeilKe, TO MOJHOE
uypcao yactun coctaBuT N = no/2. OGBIUHO KOJHYECTBO
yactHl B siYefike ng BoIGHpaeTcss OT CTa [0 4YETHIPEXCOT,
TaK UTO IIOJHOE UUCA0 MOJAEeNHpPYeMBIX YacTuil MOXKeT NpH-
O/uKatbCsl K MHIJIMOHY. B MamuuHOH namsTH XpamsaTcs
KOOPIMHATH (Xys Yy Vs, vyu) BCex yacTun p, 1 < pu<<N,

H IJs 3TOTO HCHOABL3YIOTCS BHEIIHHE 3aloOMHHAlolLe
yCTpoHcTBa, OGLIYHO MATHUTHBIE AMCKH HJAN JIEHTHL

Kax u Buute (cMm. ra. 5), naunbonee yA0GHOH AR HH-
TerpUpoOBaHusl yPaBHEHHH ABHUXKEHHS YacTHL OKa3blBaercs
CXe€Ma «C TepellarHBaHHEM», H sl ONpEefeseHus NpocT-
PaHCTBEHHHIX KOOPIHMHAT ¥ KOMIOHEHT CKOPOCTH BCeX uac-
THI, HCHOJb3YIOTCS YepelyIOUIHecs CAOH BpeMeHH (Hanpu-
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§ 1). Caegyer oTMETHTb, YTO JOKaJbHble MHKDOCKOMHYE-
ckue moisi He onuchiBalotest (E,==0) BBUAY CTaTHCTH4YE-
CKOrO ycCpeaHeHHs [OTEHUHAJOB H CHJ, CO3[aBaeMbX 3a-
pAAaMu WJIH MaccaMu BCeX 4YacTvl B KaxkAoOH suefike,
Huxe 6ynyT paccMoTpeHsl (popMyJaHpOBKA, IpaHuuHbIE yC-
JIOBUSI, XapaKTepHbie MapaMeTphl U PaHHI(bl NPAMEHHMOCTH
6eCCTOMKHOBHTEIBHON MO/JE/H YaCTHIL B sueiKe.

Jas npocrotst GysmeT omnucana JAByMepHas Monelb
B NPAMOYrONbHBIX JEKapTOBbIX KOOPAHHATAX, XOTA M3Jja-
raeMblii MeTOJ B PaBHOH CTeNeHH NPUMEHHM H K OJHOMY,
W K TpeM NpOCTpaHCTBeHHIM H3MepeHusiM. Tem He menee
WHTEPeCHO OTMETHTb, YTO, INOCKOJBKY INOJe ONpejenseTCs
uz pemenus ypasuenus IlyaccoHa, TOUHBIH noOTeHuHal
B3aMMOJIGHCTBHS MEXKJYy 4YacTHIAMH pasd/iuyes B Chaydasx
ofHOro, ABYyX H Tpex u3Mmepenuil. Ha mpaktake B OAHOMED-
HOM cJyyae paccMmarpupaiorcs OeCKOHeuHble MJ0CKOCTH
MIH JIHCTH, Hecymue 3apal WM Maccy W nepeMemaio-
LIHecs] MEepHeHANKYJISIPHO COOCTBEHHOH MJIOCKOCTH. B nBy-
MEpHOM cjyuae PaccMaTpUBAIOTCS 3apsiKeHHble HAM Mac-
CHBHBIe CTEPXKHH, & B TpeXMepHOM — UaCTHLI.

Honycrum, uto miomans L X L pasieneHa pa Majenb-
ke siuelikn (06biuHO 64 X 64) 3inepoBCKOH paBHOMEpHOIT
cerku (pasmepom I X I). C momouipio HaGopa CAy4aiHbIX
uypcea H TNOAXOASIIHX BECOBbHIX (PYHKUMA HacTHLaM IpH-
MHCHIBAIOTCS KOMIIOHeHTH ckopocTH. Kpome toro, B cOOT-
BETCTBHH C TNIpeANOJioXeHHeM O OOJAbLUIOM KOJIHYECTBE Hac-
THL B fUefike 3ajaercsd IIOTHOe HayanbHOEe pacmpene’e-
uue. Ecam ng— cpe/iHee YHC/IO yacTHIL B sueiike, TO NOJHOE
yncio yacTun coctaBur N = nol2. OOLIYHO KOJMHYECTBO
yacTuy B Syefike ro BeiOMpaeTcss OT cTa [0 YETHIPEXCOT,
T4K YTO MOJHOE 4HC/IO MOAEJHpPYeMHX YacTHIl MOXKEeT NpH-
GIMKATHCY K MWIIHOHY. B MalwuHHOA nmaMfATH XpaHATCsH
KOOPAHHATH! (Xy, Yy, Vs vyu) BCeX yacTHL p, 1 K u <N,

W IJA  STOr0 HCHOJbL3YIOTCH BHEWIHHe 3anoMuHaioulie
yCTpO#CTB, OOLIYHO MArHUTHEIE JHCKH HJ/IH JIEHTBL

Kax u Boume (cM. ra. 5), HauGonee YHOOHOH A MH-
TerpHpOBaHus ypaBHeHHH ABHMKEHMS UYaCTHIl OKashBaeTcs
cxeMa «c TepelllarMBaHWeM», M [Jisi OmpejejeHHs npocT-
PAHCTBEHHBIX KOOPJAMHAT M KOMIIOHEHT CKODOCTH BCEX Hac-
THI, HCNOJB3YIOTCS YepeAylollHecss CAOH BpeMeRH (nanpu-

FPacuer no. -
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Mep, BPeMeHHO! coit 7 — | u c/10lt 7 — 2 COOTBETCTBEHHO).

/s BBIUMCHAEHHS KOOPAMHAT 4YaCTHI ONpejeJsieTcss CHa-
dana siyedKa, B KOTOPOH HAXOANTCA 4acTHLA, H 3aTeM pas-
HOCTHLIM IH((epeHInpOEaHieM NOTeHuHa a — SeKTpHYe-
ckoe noste, das yacruubl p u3 siveitku (i,j) Ha caoe #— 1

. xn—l n—1
z=Int( t ) '=Int(y“A )

S:MBOJI Iant(z) O3HayaeT LeJYyI0 YacTb BeleCTBEHHOrO
HACJIa 2. OJIEKTpHYECKOe moje B sAvelike (i,]), B KOTOpOi
axoauTCs yacTHua p, onpeneasiercs Gopmyaamu
n—1 -1
Enj-l_ _ ((Di+l,j_q)?—1,!)
xif —
2A ’

(6.22)

Eil = (9574 =978

oA (6.23)

OTH KOMMOHeHTH 3JIEKTPHYECKOrO MOJAA M0OYepeiIHO HC-
NOJb3YIOTCSt AJIsi TepecyeTa KOODAMHAT pw-H 4aCTHIbL:

e —
V3 = v;‘2 + m—';Q AtE;Lj l, (6.24)
Xptl=xn=1 4 y"2 Af, (6.25)

rie At —mar no BpeMenH,

Ilocne Toro xak onpeneneHsl HOBEIE KOOpAWHATH BCeX
4acTay, MO0 HX pacnpeleNeHHI0 pacCUUTHIBAeTCs HOBas
NIOTHOCTL 3apsisga Ha pa3HOCTHOH ceTKe (B MOMeEHT Bpe-
MeHH n,—]—ul). CyumiecTByeT HECKOJIbKO MeTOAOB Ompejede-
HHST HOBOH NPOCTPAHCTBEHHON MJOTHOCTH 3apsioB. DTH Me-
TOABl pasnnyaleTess C€rnocofaMu  pacnpefesieHdst 3apsiaa
HacTHUB MexXay Oamxalmumu siuefikamu (cM. ra. 6, § 2
n. 3 u ¢ur. 6.6). B npocrefimem u3 HAX Bechb sapsw,. gac-
THUBL NPUNACLIBAETCS «OauXkKaiiluemy ysay ceTKH», T. e.
TOIbKO TOH HOBOW siuefiKe, B KOTOPYIO CMeCTH/IACD qécmua.
Ilpy sTom naotHocTs 3apsina  ompemessercs nprTmM
CIOKEHHEeM YacTHL B KaxkIoH sAuefike:

N
1 N+ n+l
P =57 ). €0 (Int( & )- i)a(lnt(y“A
[TE

7*

)-1).

(6.26)
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1, ecau [=m,
0, ecau [ m.

é(l—m)z{

Ha BTopoMm 3Tame KaXKaoro ABOHHOrO urara no BpeMeHH
Ha NpoCTPalCTBEHHOH CceTKe peuaercd pas3HOCTHOe Ypas-
neune Ilyaccona, uro mo3BO/IsIET OnNpefejHTh HOBbLIE 3HA-

1 - o
YeHHa nOOTeHUHuaJ/a CD:L]-*- B KaXJOH Y3J0BOU TOUKE
nt1 n4-1 n+1 n+41 n+l _ 2 n+l.
e T e Y

(6.27)

Brictpble MeTonbl pellleHHsi TOTO ypaBHEHHS C Da3pekeH-
HOil MarTpuued obcyxapanuce B ra. 4, § 4. Ypasnenus
(6.22)—(6.27) onpenens0T nNOAHBH UHKJA [O BpeMeHH
B MOJeJW YacTHI B fYEHKE H HCNOJAB3YIOTCH Ha KamioM
OuepesiHoOM lIare,

Hast takoli Mogenn BaxHo copMyNHPOBATH OOlLIE
rpaHiyHble ycaoBus. KoHeuno, mpy peLIeHHH YacTHOR ¢u-
3HYECKOH 3ajaud MOXKHO HCNOJAb30BATh PAHHYHBIE YCJI0-
BHsl, OTBeyalollWe paccMarpuBaemoi 3aaave. Opnaxo MoO-
Adesb YaCTHIl B AYellKe MOXKET MPHUMEHATbCH AJA H3yueHls
(ynaaMeHTaNbHBIX CBOHCTB NJ/23MEHHBIX HJH TajakTHye-
CKHX Cpeji, U TOoria HeoOXoAMMO HCK/IIOUHTb BAUSIHHE Y9acT-
HBIX TPaHMYHBIX Yyca0BMA Ha pemeHue 3aaaun. [Tockoabky
HeorpaHHUeHHYIO CHCTEMy HEJAb3f ONHCAThb YHCIEHHO, BaXK-
HYIO POJib MFPAIOT NEPHOAMYECKUE FPAHHUHBlE YCJIOBHS, KO-
TOpble HauboJee TOYHO ONMHCBHIBAIOT 0eCKOHEUHYIO CHCTEMY.
Boime (ra. 4, § 4) yxe o06GCyXIaldochb HCIO/Ib30BAlIHE
NEPUOJANYECKUX TPaHMYHBIX YCJAOBHH Npu pacuere InoTeH-
unana. Croap Ke TNPOCTO MNPUMEHSIOTCS MNepHOLHYecKHe
rpaHuYHble YCJOBUS M K YpPaBHEHHAM JBVKEHHs uvacTHL.
Ecnn wactuuna yxoAuT H3 paccMaTpuBaeMod ofaactiu, TO
TaKasl e uacTHia BBOJAHTCA B 3Ty o0JacTb ¢ ApYroH
CTOPOHBI,

Bce ke caeanyer OTMETHTb, 4TO NPH NEPHOJHYECKHX
rpaHHYHBIX YCJAOBMsaX o6GJacTb pacueToB TOBTOPsieTCs
B mnpocrpanctBe (Pur. 6.5), u, CAEAOBATEIBLHO, SBJEHIIS,
NpOHCXOAsiuiKe BHYTPH 006JacTH pacieToB, MOTYT «B3aM-
MOJEHCTBOBATB» €O CBOMMH IE€PHOAHYECKHMH MOBTOpE-
HHUSIMY BHe 3TOH obBJacth,
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1, ecau I=m,
0, ecau [z m.

é(l—m)={

Ha BTOpOoM 3Tane KayKAOro JABOMHOrO wara mno BpeMeHH
Ha NpOCTPAliCTBEHHON ceTKe peuaeTcs pa3HOCTHOE YpaB-
nerue Ilyaccona, ut0 NO3BOJIAET ONpeAeNHTb HOBBIE 3HA-

1 o o
yeHus NOTCHUUAa/Ia (D:L]+ B KaXXJoM Y3/J0BOH TOYKE

n n n+1 n+1 n+l __ 2 n+.l.
(Di-tll,i +(Dii-ll.j+q)il, o T A = dal’p;
(6.27)

Boicrpble MeTOAb! pellleHHsi 3TOTO ypaBHelus € Pasperken-
Hoil Matpuueh ofcyxpanucs B ra. 4, § 4, YpasHeHus
(6.22) —(6.27) ompelejaslOT NOJHBIH LHMKJA 0O BpeMEHH
B MOJeJW YacTHLL B AYeiike H 1CMOJb3YIOTCH Ha KamioM
ouepegHOM luare. )

Iast takoit Mojeaun BaxHO CQOPMYJIHPOBATL OOLUIE
rpaununbe ycaosus. KoHeuHo, mMpu pelleHud 4acTHOM ¢u-
3MYeCKOl 3aJayd MOXXHO MHCNO0/b30BaTh FPaHUYHbIE YCJ0-
BHsI, OTBeuaiouie paccMarpuBaeMoi 3amauve. OJHAKO MO-
oeJap 4acTHil B sfueiliKke MOXKET NPUMEHsiTbCS A H3yyeHis
(pyunaMeHTaJbHBIX CBOMCTB NJIa3MEHHBIX HJH Tajaxriye-
CKHX Cpe/l, 1 TOTla HeOOXOANMO HCK/IIOUHTDL BJIHAHHE 3acT-
HLIX TpaHHUHBIX yc/ioBuil Ha pemenne sapaun. [Tocxoabky
HeorpaluueHHyI0 CHCTeMy He/Ib3s OMHCaTh YMCJAEHHO, BAXK-
HYI0 poJib UrpaloT NepHOJAHYECKNe FpaHHuHble yCJA0BH:, KO-
TOpble HauGoJee TOUHO ONMHCHIBAIOT GEeCKOHEUYHYIO CHCTEMY.
Buime (ra. 4, § 4) yxe o6cyxlanoch HACHONB30BAlHE
NepHOAMYECKHX TPaHHYHBIX YCJAOBHH NpH pacuyere nored-
nuasa. CTolb Ke TNPOCTO NPUMEHRIOTCS HephHoxHYecKne
rpaHuyHble YCIOBHS M K YyPaBHERHAM JBMKeHus vacTill
Ecan uactuia yXOJAMT M3 paccMaTpuBaeMoil o6/actu, TO
Takast JKe yacTHua BBOAMTCS B 3Ty 00JacTb ¢ APYroH
CTOPOHDI.

Bce Xe cJaenyer OTMETHTb, 4TO MNpPH NEPHOAHYECKHX
rpaHHUHBIX YCJROBHAX 00/acTb pacueToB MOBTOPsieTCs
B npocrpanctBe (¢ur. 6.5), u, ciaexoBaTenpbHO, ABJEHIS,
TPOHCXOAsiHe BHYTPH 00JaCTH pacieros, MOTYT «B3al-
MOJAEiCTBOBATL» €O CBOMMH [HepHOAHYECKHMH MOBTOpE-
HHAMY BHe 3TOH 0OJaCTH.
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2. Bespasmeprasn gopma ypasuenui u soibop waea
no epemerni

Hcnoanzobanue 0e3pasMepHbIX MepeMeHHBIX BaXKHO
NpEXJe BCEro NOTOMY, 4TO 3TO NMO3BO/AET SICHO BHAETDH Cy-
LUECTBEHHbIE 51 3afaun napamerpul. Tlpumenenne Gespas-
MEpPHOH 3anuCH ypaBHEHUH YHCAEHHOH MOIENH MOMKET OKa-

Pacuemnast llepuoduuecxoe
odnacmo npogdosncerHue

@ur. 6.5, Tepuonnyeckne rpannunbe yeaosud,
OG6:1acTh pacueToB NEPHOAHYECKH MOBTOpSieTcH B IpocTpaucTse,

34TbCA CYMECTBEHHBIM TaKXe M NOTOMY, 4YTO MO3BOJSET
HCKIIOUHTL OYeHb GoJ/ibliHe WJAH OuYeHb MaJsIeHbKHe 4YHCJa,
4 TaKXKe YyMEHbUIWTb YHCAO apUMETHYeCKHX onepauni
B pacuere 3a cyer YyJaJeHHS HeCYUIeCTBEHHBIX KOHCTAHT,
ITo stum mpuyunam u aas Toro, 4ToOLI NOJYepPKHYTh pac-
YETHYIO [POCTOTY OECCTO/NKHOBUTEJABHOH MOJeNH YacTul,
lepenuileM  COOTBETCTBYIOLUHE PAa3HOCTHbIE  ypaBHeHHs
B GeapasmepHoii dopme.

Ilpumem mpocrpancrsennbiii mar A u BpeMeHHO# mar
Af B KauecTBe OCHOBHbLIX E€IMHHII JJIHHBI H Bpemenu, O6o-

3HauuB Ge3pasMepuble NepeMeHHEBIE BOMHOM, NepenHieM
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* KOOPAHHATH 4acCTUll CJelYIouuMm 06pasoM:

Xu = Xu—K ,
~ 2 At
Vy == VuT . (628)
Anasnornudo nepenvuieM BpIPaXKeHUsI XapakTepPpHCTHK IOJs:
~ 2
E—E 4 (At) _ﬁ_'
A m
= 2(At)? e
O=a2Gh
~ A?
0= 0 Frons * (6.29)

rie, KaK W paHblile, fg— CpeldHee 4uC/A0 YacTHll B fAveliKe.

ITpu raxom BniGope GeapasMepHBIX NMEpeMEHHBIX ypaBhe-
" HUSL OJIS1 4aCTHI[, KOTOpPble MCHOJB3YIOTCS Ha KaxJAOM luare
110 BpeMeHH 1/ GOJBIIOro yMuc/ia 4acTHl, NPHUMYT NpocTei-
wui sua. Onpenenenne HOMepa siuelKH, 3aHMMaeMO# vac-
THOeH @ Ha BpeMeHHOM Ilare 7 -— 1, cBefeTcs K BBIYHCJIE-
HHUIO 1e/]I0H YacTH YHCIa

i=Int(#-1),  j=Int(F2"). (6.30)

Jlerxo onpeaeNsoTCs TakKXe COOTBETCTBYIOIHE KOMNIOHEHTDLI
SJICKTPHYECKOr0 noJs:

Ei' =~ (Di+1 PRt
Eil ==+ (6.31)

KOOpIIHHaTbI YacTHL HepeCUHuTHIBAIOTCA C NOMOILBIO TIPO-
CTOrO CJIOZKEHHS!

Vu"‘ vlri—-Z _+_ En—l
=X v, (6.32)

rae TJIOTHOCTL 3apsaja HJAHM MacChl ompejae/]sieTcd COOTHO-
HIeHHeM

it =L Z 8 (Int (£2+')y — i) & (Int (F2+) — j).  (6.33)

u-—l
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- KOOPJMHATH HaCTHI CJAeLYIomuM 06pasom:
~ 1
Xy =Xp 7

~ 2 At
V=V (6.28)

AHaﬂOFI{qHO nepenmueM Bblpa)KeHI/lﬂ XapaKTepHCTI/IK OoJA:
4(At)? e

E A m’

2(At)? e
X

p=p—o (6.29)

4neny ’

E=

t=};

=

Tle, KaK U paHblie, fo— CPelHee 4UCA0 HacTAl B SUEHKE.

IMpu TakoMm BriGope GeapasMepHBIX NEpEMEHHBIX ypaBhe-
‘" Hus A8 4aCTHI, KOTOpble HCMOJAb3YITCs Ha KaXJaoM miare
10 BpeMeHH /151 GOJbLIOro YHC/IA YacTHL, NPAUMYT HPOCTeH-
wait pux. Onpenenenne HoMepa sueKu, 3aHHUMaeMOH 4ac-
THLlell p Ha BpPeMeHHOM Iuare n— 1, CBeJeTCs K Bbluncje-
HHIO LeJI0H YacTH 4ucaa

i=Int(i-1),  j=Int(52"), (6.30)

Jlerko ONpeneNAlTCa TaKXKEe COOTBETCTBYIOIIHE KOMIIONEHTHI
SJIEKTPHUYECKOr O I10JI1:

oy Fn- =n—1
B = — @il 4+ &5 5
B = — @+ O 6.31)

KoopnuHaTs!l YacTHI, NEPeCUHTHIBAIOTCA C MOMOLLLIO Mpo-
CTOTO CJIOXKEHHs:

-~ ~n-2 sn—1

vi=vy  +Eif,

i wn-1 >n

xpH=x"" v, (6.32)

rre INJOTHOCTb 3apsiia HAU MacChl onpenesnsercst COOTHO-
1IeHHeM

N
. 1 iy e |
P?ﬁ’=n—ozlé(lnf(xu+‘) iy (Int(72")— ). (6.33)
u:
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Ham ocramoch BbuMcauT, moTeduHAn HA pasHOCTHOIM
CeTKe B JaHHBLI MOMEHT BpeMeHH, NI 4Yero HeoGXOmHMO
pewruTs pasHocTHoe ypasHenue Ilyaccona. Ilpu uawem
yro6HoM BHIGOpe Ge3pasMepHLIX NEPEMEHHBIX BCEe MOCTOSH-
Hble 3 ypaBHeHusa IlyaccoHa BBIIAZalOT, U OCTAaeTcs ejlUH-
CTBEHHBI Ge3pasMepHbIH napamerp 0:

DIEL -+ DFEL A+ DI o DL, — 4 =
— —0prtl.  (6.34)

Us ompenenenns Gespa3MepHLIX NepeMeHHBIX JErKO HaHTH
3TOT napamerp: '
4mnge?

0 =—5—

5, 2 (Af)? =202 (At)?, (6.35)

IOCKONBKY fo/A? — cpenHsisi mIoTHoCcrb Ha ceTke. CooTBeT-
CTBEHHO AJIs1 'PABHTALHOHHON CHCTEMbI

0= — 202 (A1),

rle, Kak H padblle, ©p—TrpasUTAlNOHHAs 4YacToTa
(tradm. 6.1). TTapamerp 6 ellle npexcTOMT BLIGPATL, HO yiKe
3apaHee 10 BHJY YpaBHeHHSl SICHO, 4TO Bo uabexaHue
GonblinX OMHGOK 3HayeHue NapameTpa O KOMKHO ObITH
nopsfiKa WX MeHble eAMHHUL. BwiGop napamerpa 0
MOXHO YTOUHHTb, €C/IM YYECTh, UTO YPaBHEHHs! AJsi KOOp-
AUHAT YacTHI HHTETPUPYIOTCA 1O SIBHOH CXeMe C repela-
rusanuemM (cM. r1. 3, § 6, n. 2). ITosToMy war no BpeMeHH
OTpaHUYEH CBepPXy YCJAOBHEM YCTOHUMBOCTH, YTO H HAKJa-
IbiBaeT o6d3aTeNbHOE YCIOBHE

181<5. (6.36)

Ha npaktuke #1s uckaouenus (QayKTyauuil, BH3BAHHBIX
YacTHUAMH, KOTOPble 3a OJMH LIAT 110 BPeMEHH MNPOXOAAT
MHOTO TPOCTPAHCTBEHHBIX INATOB, NapaMerp O OOGLIYHO BHI-
Gupaercs 3HAYMTENLHO MeHbIIe eNHHHIlbl.

3. 3ameuanus o npedenax npumenumocry P1C-moderu

Ownbku, noryckaeMsle 6eCCTONKHOBHTENBHOH MOLEJbIO
UacTuIl B fiYefike, oOyCIOBTeHB! KOHEYHBIM pPasMepoM Iara
Kak no MnpoCTPaHCTBY, TaK H N0 BpeMeHH. KoHeuHOCTb
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NPOCTPAHCTBEHHOrO 1Iara BejleT MpeXJe BCEro X TOMY, uTo
He [OJHOCTbIO ONUChLIBAIOTCA (Qypbe-rapMOHUKH TNOTeH-
upaJjga, ¥ MOTOMY HeAnHeHHble fABJEHHS U, B YACTHOCTH,
TypOy/JeHTHOCTb NJMa3Mbl, B KOTOPBHIX CBH3AHO MHOXECTBO
FapMOHHK, He MOryr GbITh Nepelans ajJekBaTHo. Kponme
TOro, Kak OBJIO OTMeyeHo Bhime (cM. ra, 5, § 2), cxema
C MepelaruBaH¥eM He MOJHOCTBIO COXpPaHsfeT 9HEPrHio yac-
THIBl, TAK YTO KOHEUHOCTb BPEMEHHOINo Wlara MOXKeT Bbl-
3BaTh ICEBJOHArpes M HecOXPaHeHHe MOJHOH SHePruH.
OTu OMUGKH BCe XK€ MOXKHO YMEHbIUIHTb, BLIOPAB Ma-
Jble BpeMeHHOH W mpocTpaHcTBeHHBI maryu. Bomee omnac-
HElI MCTOUHHK OWIHOOK 3aKJIOYaeTcs B TOM, YTO MOJEIb
ONUCHIBAeT CPaBHHUTEJILHO HeGOAbLIOE UHCAO yacTHl (0Obiu-
Ho 10%). B ra. 6, § 1, Gbl10 nOKa3aHo, UTO BPeMsi CTOJKHO-
BeHHH T ¥ BpeMs KOJJCKTHBHHIX B3aHMOAEHCTBHH Tp (114
Ma3MeHHBX W TI'PaBUTAUMOHHBIX KoseGaHWil) CRI3aHbI

C UYUCJAOM YacTul B ﬂ66aeBCKOM miape CoOOTHOUICHNEM
(6.19)

N (6.37)

B 10 xe BpeMs 1151 QU3HUECKOH CHCTEMLI YHCJAO YaCTIiL
B ne6GaeBCKOM IIape MOKeT ObITb OueHb GOJbIWIMM (B Ja-
GopatopHoil mmasme — o6uiuHo 10°, B ranaxkruke — 1019),
a cToab 00AbIIce YHCI0 YaCTHIL HENb3si MOAEAHUPOBATL YHC-
JedHo. COOTBETCTBEHH(Q 4YACTHIL, KOTODHIE HCI0/b3YIOTCH
B MONENH, —— 3TO MNCEBAOUYACTHUH ¢ OONbIIHM 3apsaloM
¥ MaccoW, u Kaxjaas M3 HMX NpPeJCTaBJsieT MHOr0 4acTHi
¢usuueckolt cucremsl., Kax BHAHO MO eNUHCTBEHHOMY 0e3-
pasMepHOMY IapameTpy O, BO3HHKAIOLleMy B paccMaTpu-
BAeMbIX ypaBHeHHsX, OH caM no cefe He nMmeerT OOJNEBLIOTO
3HayeHWsi, HO Mbl YCTaHOBWJIH, YTO MOJeAL TNPHBOLHT
K TCEBIOCTOJNKHOBEHHUSIM, KOTOpBHIE TPOUCXOAAT TFOpPa3io
yame, ueM B H3yuaeMmoi (U3HYeCKOH cucteme. DTOT 3p-
(dexT sAceH u3 ypasHeHus (6.37) u BLI3BAH OTHOCHTEJNBHO
HH3KHM UYHCJIOM MOJEJHPYIOIHX. HacTui B JAeGaerckoM
Hiape, YTO B CBOIO OuepeAb H CO37aeT NOBBIIEHHBIA Yypo-
BeHb QayKTyauu# B MalIMHHON CHCTEME.

Taxkum o6pas3om, MeTony uyacTHI B siueflke 06s3aTeIbHO
conytcreyerT 3b¢eKtT CHILHOIO YMeHbIIeHHd BpeMeHH
CTOJIKHOBEHHI], 4TO BeleT K aHOMAa/bHOMY HarpeBy H IH(-
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NIPOCTPAHCTBEHHOrO L1ara BeJeT Mpexje BCero K ToMy, uTo
He TMOJHOCTLIO ONHCBHIBAlOTCS (ypbe-TapMOHHKH [MOTEH-
Uyaja, ¥ NO3TOMY HeJuHefHble siBJeHUS 1, B YacTHOCTH,
TYp6YJAEHTHOCTb INA3MBl, B KOTOPHIX CBA3AHO MHONKECTBO
rapMOHHK, He MOryr OblTbh Iepelanbl aiaexBaTHo. Kpowme
TOro, Kak ObIO OTMeueHo Bume (cM. ra. 5, § 2), cxema
C repemardBaHHeM He MOJIHOCTBIO COXpaHseT SHEPTHIo Hac-
THIBI, TaK YTO KOHEUHOCTh BPEMEHHOro Iiara MOXeT Bbl-
3BaTh ICEBIOHArPEB M HECOXPaHEHHE IOJIHOH 3Heprud.

STy omHOGKH BCe K€ MOXKHO yMEHBUIHTb, BHIGpPAB Ma-
Able BpeMeHHO# H TNpOCTpaHCTBeHHi Wwarn. bosee onac-
HBIl HCTOYHMK OIIHOOK 3aKJiouaercss B TOM, HTO MOJIe1b
ONUCHIBAET CPABHUTEJbHO HeOOMbIIOE YHCAO YACTHLL (0Obiu-
Ho 108). B rai. 6, § 1, 6uimo noxasaHo, 4T0 BpeMst CTOJIKHO-
BEHHH T, ¥ BPeMsi KOJJICKTHBHBLIX B3auMojeHcTBHl Tp (A5
nNasMeHHHIX ¥ IPaBHTALMOHHBIX KoJeGaHnil) CBA3aHHI
¢ umcsaoM uacTuu B neGaepckoM IIape COOTHOLICHHEM
(6.19)

T, K
T (6.37)

0))

B 1o xe BpeMsi si (H3HUECKOIl CHCTEMLI YHCI0 HacTill
B ne6aeBCKOM LIape MOKeT OBITh OYeHb GOJbUIMM (B na-
6opaTopHOil I/1a3Me — OGBIYHO 105, B ranaxtuke — 10'9),
a cTo/Ib 6OJblLIOe UHCIO YaCTHI HeJab3s MOASIHPOBATbL YHC-
genno. COOTBETCTBEHHO 4YACTHIL!, KOTODble HCIOABR3YIOTCA
B MOZEIH, — 3TO I[CeBaoYacTHlsl ¢ OOJBIIMM 3apsiioM
¥ Maccoll, ¥ Ka)aas u3 HPX NPeICTaB/iser MHOro 4acCTHIl
dusuueckoii cucTembl. Kak BHAHO 110 €IHHCTBEHHOMY Oe3-
pasMepHoMy MapaMeTpy 0, BO3HHKalOLlEMYy B paccMaTpH-
BaeMbiX YPABHEHHSX, OH caM 70 ce0e He HMeeT 60NLIIOT0
3HaueHHsi, HO Mbl YCTAHOBWIH, YTO MOZedb INPHBOLHT
K TMCeBIOCTOJTKHOBEGHHSIM, KOTOpBE TMPOUCXOAAT TOpas.io
yalle, yeM B H3ydaeMoil (uanueckoil cucreme. IT0T 30-
dexT sicen u3 ypasuenns (6.37) n BHI3BaH OTHOCHTEIBLHO
HH3KAM YHCTOM MOZETHPYIOIINX. YacTui B 1e6aeBCKOM
mwape, 4TO B CBOK Ouepelb H CO31aeT NOBBILIEHHBIH YpPO-
BeHb (UIYKTyauuil B MalIHHHOI CHCTEME.

TakuM 06pa30M, METOAY YacTHI B siueilke 00s13aTe.ILHO
conytcTByer 3(GdeKT CHABHOIO YMeHbLIeHHT BPeMEHH
CTONKHOBEHN{, 4TO BeieT K aHOMaJbHOMY Harpesy H Hu¢-
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¢ysud B npocTpaHcTBe cKopocTel. Tem. He Menee, ecau
3¢ dexTHBHOE BpeMs CTOJIKHOBEHHIH JOCTATOYHO BEJHKO,
T. e. IpeBLlIJaeT BPeMsi pacuera, MOjedb AEHCTBUTEAbLHO
ABJAsieTCs GeCCTONKHOBUTEILHOM.

[Tpenenbl NPHMEHUMOCTH MOJENH C OTHOCHTEJILHO He-
OOJIBUIMM YHMCJIOM 4YacTHI CHenHaJbHO H3Yydaanch B pabo-
tax [32—34]. ABtopaM paGotsl [33] ymaJoch yMeHBIIHTH
ypoBeHp IIyMOB WJAHM (AYKTYaUHA B CUCTeMe 3a cueT

X
X~ | rX
e 7
X X X PEN
x_NY
X
a (%)

®ur. 6.6, Meronn pacnpeielendst 3apsAa uyacTHIbl HA Pa3HOCTHON
ceTKe Npu pemiednn ypasHeHus Ilyaccona (u3 paGorm [32]).

a-—wueTon «BaKalliiero yana cetku»; 6-—MeTo
; I «o61axa B stuelike», NpH KOTOPOM
Bapsan pachipesenseTcsi N0 vueThipeM ONMKAAIIMM SYEHKAM [POHOPIHOHANBHO IPJIO-
a4 5IM.

YCIOXKHEHHS alArOPHTMA C  IOMOLIbIO MeTOAa <«08/1aKo
B suefike» (dur. 6.2 u 6.6). B stoM MeTome 3apsin uau
Macca HaCTHUBl HHTEPNOAUPYIOTCS MekAy Camkaiuumu
fyelKaMd B COOTBETCTBHH C TOUYHBIM pACIOJNOKEHHEM uac-
THUH B fveiike (¢pur. 6.6)1).

§ 3. NMpumedenne GeCCTONKHOBHTEJbHONH MOJEAH YACTHI
B siueiiKe K MOJEJHMPOBAHHIO NJAA3Mbl

Metog uvactun B siuefike nMeer OGOJIbUIOE 3HAYEHUe s
H3yYeHHs] OCHOBHBLIX HeJHHEHHBIX $ABAEHHI KaK B rops-

yell HOHHM30BAHHOW TMyia3Me, TakK H B «rase» cBOOOIHEIX

1y Mopenb O0ecCTOIKHOBHTEAbHONH OXHOMepNOfl mjasMbl ¢ 4acT-
HAMU-JACTAMH, KOTOpAsi B OCHOBHOM COBIAJAeT ¢ PACCMOTPEHHOH 3nech
MOJCBI0 YACTHI, KOHEUHHIX Da3MepoB B suefike, Gblia npejnoxena Dy-
nemanom [35] u Hayconom [36, 37].
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3JIEKTPOHOB B MeTajjie. DTOT MeTOJ, HMeeT TakkKe pa3HooG-
pasHble IPHMEHEHHA NPH MOJLENHPOBAHHH JabOPaTOPHHIX
YCTAaHOBOK KaK IJs TepMOAJEPHOTO CHHTe3a, TaK H Aaf
(dU3UKH TBEPIOro Tela.

Mpbl npouaIIOCTPHPYeM IpHMeHeHHe MOJeNH Ha MpH-
Mepe HAeajJH3HPOBAHHOM 3a/a4d O <«ABYXNYYKOBOH Heyc-
ToHyuBOCTH». (OCHOBHOM BONpOC, BO3HUKAKIIKA B CBA3H
¢ 6eCcCTONKHOBUTENbHLIMH CHCTEMaMHi YacTHIl, — ITO BONPOC
0 cnocobe Tepmanusanuu cpensl!). B paccmartpusaemoit

f

——lm

+V

@ur. 6.7. JIByXnyukoBO€ pacnpejesieHHe WM WIOTHOCTD [ 4acTHy B Mpo-
CTPaHCTBE CKOpOCTed.

3ajlaye CUJbHOE HepPaBHOBECHOE COCTOSHHE TIpeACTaBJeHO
B3aMMONPOHNKHOBEHNEM [BYX BCTPeUHBIX nyukos. Hauanab-
HBIM YCJOBHEM B TAaKOH MOJeAH CAYXHUT GAHOPOAHOE pac-
npefesieHde YACTHUI B KOH(UTYPailHOHHOM MPOCTPAHCTBE,
IpyuyeM YACTHLBI HMEIOT HEKOTOPYI0 CKOPOCTb B MOJNOXKH-
TEJIbHOM WM  OTPHLATEIbHOM HanpaBJeHUH OCH X
(¢ur. 6.7). Cpasy ke OTMETdUM, YTO 3Ta 3ajadya OZHO-
MepHa B KOH(HrypanuoHHOM IIPOCTPAHCTBe, ¥ HauaJbHbLIE
yCIOBHSL MOXHO H306pasuTh, pacrojarasi 4acTHUB B JBY-
mepHoM (aszoBoMm mnpocrpanctBe (¢dur. 6.8,a). Ilpennona-
raeTcs, 4TO TAXeJble HENONBHXKHLIE HOHBI 00pa3ylOT OIHO-
ponHLIH (OH MONOKUTENbHBIX 3aPANOB.

1) CornacHo KJaCCHYCCKOHN CTAaTHCTHUECKOfI MeXaHMKe, TepMaJjusa-
IMA ¥ TeIJIOBOE PaBHOBeCHe IOCTHUraloTes OGnarojaps CTOJNKHOBEHHAM,
Ckopocrty atoro nponecca onperenserca H-reopemoit Boabumaua. Ilog-
POGHOCTH QHTATeJ b MOXKeT Halith B MoHorpadwuu [30] (rm, 6 u 7).,
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3JeKTPOHOB B MeTajlie. DTOT METON MMEET TaKke pa3Hoo6-
pasHple NpHMeHeHHs NPH MOJENTHPOBaHUH J1a6opaTOpHBIX
YCTAHOBOK KaK Ui TEPMOSJEPHOrO CHHTe3a, Tak M JAjiid
du3uKH TBEPIOro Tela.

MBl npowJuIOCTpHPYeM IpUMeHeHHe MOJean Ha Ipu-
Mepe HIEANH3HPOBAHHON 3ajaun O «IABYXNYYKOBOH HEyC-
roiruuBocTH»., OCHOBHON BOMNPOC, BO3HHUKAKUWIMNM B CBASH
¢ 6ecCTOMKHOBHTENLHBIMH CHCTEMaMH YacTHL, — 3TO BONMPOC
o cnocoGe Tepmanuzanuu cpeiw'). B paccMmaTpHBaeMOH

f

——— s

-y +V

®ur. 6.7. JByxnyukoBoe paclipe/ie/ieHHe MU INIOTHOCTD f wacrun B npo-
CTpaHCTBE CKOpOCTed.

3ajiaue CHJIbHOE HepaBHOBECHOE COCTOsSIHHME IpEeACTaBJaeHo
B3aHMOIPOHHKHOBEHHEM [BYX BCTPEUHBIX IYy4KOB. Hauasne-
HBIM YCJAOBHeM B TaKOH MOJENH CJAYXHT GAHODOIHOE pac-
npeeNetye YacTHI B KOH(HIYDPAHOHHOM IPOCTPAHCTEE,
NMpHYEM YacTHUBl HMEIOT HEKOTOPYK CKODOCTb B IOJOXKH-
TeIbHOM WM OTPULATENLHOM  Hanpap/leHusn ocH X
(¢pur. 6.7). Cpasy e OTMeTHM, YTO 5Ta 3aqada OAHO-
MepHa B KOH(QUIypPalUHOHHOM NPOCTPAHCTBE, H HAHAJBHEIE
YCJIOBHS MOXKHO H306pasuThb, pacrionaras yaCTuubl B JIBY-
MepHOM (pasoBoM mpocTpaHcTBe (¢HI. 6.8,a). Ilpennona-
raeTcsi, UTo TsSKe/Jbie HENMOXBHXKHEIE HOHbl 00pas3yioT OnHO-
ponublil GOH MOJNIOKHTENLHBIX 32aPANOB.

1} Cornacho KaaccHueckolt CTATUCTHYECKOH MeXaHuke, TepMannsda-
LA ¥ TelJIOBoe PaBHOBECHE LOCTHraoTcsi 6;arofaps CTONKHOBEHHAM.
CropocTh 2TOTO npouecca Ompelefsgercs H-reopeMoit BoabuMana, H)on-
POGHOCTH UHTaTe/b MOXeT HafiTk B monorpatuu [30] (rn, 6 u 7).
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Ycraunossieno YUCNACHHO, YTO TaKOe COCTOfAHHE HeyCTOI'jI'
uuBo. BHauane JJNIEKTPOCTATHYECKAanA IIOTEHIMaJbHAasA 3HEP-
FHs1 paBHa HYJIO. B 1o xe BpeMda fACHO, YTO KHHeTHUeCKasfd

P

v

v ' Yacmuya, deudc. 8 X~ nanp.

,, Tonocmy’
8 Pa3o6oM

. axea
npocmpancmee Jaxsavennas yacmuya,

Konebnwow. ¢ nnaam. Jacmomol

®ur. 6.8. Passutie ABYXNYuYKOBOH HeycTofiuuBocTH B (a3oBOM Npo-
CTpPaHCTBe.

a— 1Ba Nyuxa ¢ NPOTHBONONOKHON CKOPOCTEIO IBHIKYTCH QAHH CKBO3b APYTOR B KOH-

HrypauuoRHoM NPOCTpPaHcTBe; 6 — AnHeRHAA CTaAud HeYCTONYHBOCTH; 8 — MeJiHHelHas

CTalHSl HEYCTONYHBOCTH, Ha KOTODPOH uacTHIMH, koseGaiolliuecd ¢ INJA3MeHHOH HacTo-

Toji, 06pa3yloT BHXPH B (a3oBoM NpocTpaHcTee. Jpyrue YacTHIB HE 3aXBaueHH H

061eTal0T KakAblt BuXph, HeycToA4WBOCTS NPHBOMHT K TepMaJH3allHH HJH K lepes
MelnBaHuio B (a30BOM NpPOCTpaucTae,

9HEpPrusi MOXeT YMEHbUIHTbCH, €CAH JBA NyuKa TePManH-
3yl0TC1 B cOMM3fiTcA B INPOCTPAaHCTBE  CKOPOCTed
(dur. 6.8,6). dtor HauaNLHKA POCT HEYCTOAYHBOCTH MOXKHO
OOBSICHHTL C IIOMOIIbIO JAHHEeHHOrO aHaAH3a, HO yXKe mocie
HeCKOJIbKHX  NJa3MeHHBIX KoJeGaHHH nepeMellHBaHHe
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¥ «TepMajin3auus» ABYX NY4YKOB NepeXoisiT B HEJIHHEHHYIO
craauio [38].

Honaroe HenuuefiHoe pasBuTHe KoneOaHuii oOHapyXu-
BaeT YCTOHYMBBIE <«IOJOCTH» B (a30oBOM IIPOCTPAHCTBRE,
B KOTOPBIX YACTHIB 3aXBauyeHbl KoJIeOaHUSMHU MOJS C MJIa3-
MeHHol uwactotohr (¢dur. 6.8,8). B aHaJOrMuHbBIX JABYX-
H TpexXMepHHX MOJejsXx OGHAapyXKeHO, uTO B OTCYTCTBHE

@ur. 6.9. Bsepxy — nBHIKeHHe 3TeKTPOHOB Hepe3 lepeXOAHbLd ¢l1od B
HOJYIPOBOLHHKE;, B8HU3Y — COOTBETCTRYIOIHMHA NoTeHuualt.

CTOJIKHOBEHHII B KOHLE KOHIIOB TakHe IOJMOCTH paspy-
LIAIOTCS ¥ NPOUCXOAUT IIOJHAA TepMaJH3auls HepasHOBeC-
HOro HayaabHOTO cocrosiHus [39).

Ha ¢ur. 6.9 nokasano nppiaoxeHne MOAeTH YacTHI
B AyeliKe K MOJYHPOBOJAHHKOBOMY Tprony. Ilocne miurenn-
HOTO BpeMeHH AOCTHTHYTO CTallHOHAPHOE COCTOSIHHE, B KO-
TOPOM 3JIEKTPOHBI TEKYT uepe3 RepeXopHbiil cioir [40].

§ 4. TlpumeHeHue GeCCTONKHOBHTENbHOH MOZENH YaCTHI|
B siYelike K MOJeJMPOBAHHUIO T'aJaKTHK

ITpoucxoxnenue, CTPYKTypa H 3BOJNIONHS TaJaKTHK
B TeYeHHe MHOTHX JIeT BbI3blBajJH INIYGOKHH HHTepec acTpo-
dusuxoB. Ho o6bsicHeHHe IIHPOKOH pacHpOCTPaHEHHOCTH
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U «TepMaJin3alUsi» ABYX NYYKOB NEPEXOIAT B HeJIHHEHHYIO
cranuo [38].

Hoaroe HeauHeliHOe pa3BHTHE KoJdeOaHHH oOHApyHHU-
BaeT YCTOHUMBBbE <«IOJOCTH» B (ha30BOM IMPOCTPAHCTBE,
B KOTOPHIX 4aCTUIBl 3aXBayeHbl KoeOaHUAMHU MOJS C IJ1a3-
MeHHo#M uwacroTtoit (¢dur. 6.8,8). B aHasOormyHbIX JBYX-
H TpexMepHHLIX MoJeasx oOHapyXeHO, 4TO B OTCYTCTBIE
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@ur. 6.9. Beepxy — nABUKEHHE 3TeKTPOHOB uUepe3 NepexoAubiit cloi B
[OJYIpOBOHHKE; HUZY — COOTBETCTBYIOMMA HOTEHUHAT.

CTOJKHOBEHHI B KOHIEe KOHI[OB TaKHe TIIOJOCTH paspy-
LIAIOTCS # IPOUCXOAUT NOJIHASI TepMaJH3alys HepasHOoBeC-
HOTO HauaabHOTO cocTosinus [39).

Ha ¢ur. 6.9 nokasaHo NpHJOKeHHE MOAENH 4YaCTHL
B fivefike K IIOJAYHPOBOAHMKOBOMY Tpuony. Ilocre pautens-
HOTO BpeMeHH JOCTHTHYTO CTallHOHAPHOE COCTOsHHE, B KO-
TOPOM 3JeKTPOHHI TeKyT uepe3 nepexonuslil cioil [40].

§ 4. TlpumeHeHne GeccTONKHOBHTENbHOH MOmeNH YacTHi
B stueiike K MOZEJHPOBAHUIO TaJIaKTHK

ITpoucxoxaenne, CTPYKTypa H 3IBOJIONHS TFaJaKTHK
B TeueHHe MHOTHX JIeT BBI3bIBaJH MIyOOKHH HHTepec actpo-
¢usuxkos. Ho oObscHeHne IIUPOKOH pacHpOCTPaHEHHOCTH
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1=0,250

t=0,375 t=0,500

t=1425 t=1,250 1=1500

Puc. 6.10. dsomonus mucka u3a 50 000 agesp.
Bpemsi nauo n Joaax neproiaa oGoporta, ITou oTCYTCTBHH AONOJHNTENBHON CHJIB!,
co3xaniioft AADPOM TaJlaKTUKH, pa3BHBalOIHecs CIIipaJibHbi€ BETBH Cylﬂ.eCTBleT JHI b
HECKOoJIbKo 000poToB (13 paboTul {42)).




N t=8,5

®ur. 6.11. Dsomonus aucka us 50 000 ssesx MOX AeilcTBHeM LEHTpaltn-
HOH cHJBI, CO3[JaHHOf mpexnmojaraeMbBIM fAApOM TajakTHKH.
Spe3nubll 1uck coxepxuT 10% HosHoft MaccH cucTeMbl. BpeMd naMmepeHO B H0asX

fepyola BpalileHHs, ¥ OUEBHIHO, YTO CNHpalbHble BETBH CYLIECTBYIOT B TeucHHe
MHOTHX NepHOA0B (43 paGorwl [42]),
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t=6,5

N

®ur. 6.11. Dpononus aucka uz 50 000 sse3z NMOJX AeficTBHEM LEHTpalbe
HOH CUJB, CO3LAaHHON mpennojaraeMbHM AXpOM rajakTHKH.
3pe3xuEll IHCK COMEpXKHT 10% MosHoA MaccH cucTeMmul. Bpemsl uaMepeHo B A0.51X

UepHOAA BpAlieHHS, W OUEBHAHO, UTO CMHpaNbHBC BETBH CYUIECTBYIOT B TeuCide
MHOTHX NepHOAOB (43 paborl [42]),

Pacuer noas uacruy

’

t=1,250 t=1,500

t=1750

@ur. 6.12. Dsomonus BRavale OIHOPOLHOTO BPAWIAIOIMETOCH IBe3AHOTO
2h.

nucka (u3 paGorm [4

Mopnenp noxasuBaeT, Kak HeyCTOAUHBOCTh Panes — Jikunca paspyimaeT OXHOPOAHOS
HauaJbHOE paclipelelieHHe H 06pa3yeT B HeM CBHPaJbHbIC BETBH, )
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®yr. 6.13. CpapHenne cnupaibHOR CTPYKTYPH, NOJYYeHHOH B Mome/
yacTHI B Aueiike (@), ¢ HaGNOKaeMOil cnupanbHol ranakrukoi M-101 (6)
(us paborm [44]).
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®ur, 6.14. Cpapienne cTepxHeo6pasHoft CTPYKTYPH, uacTo YCTAHaBMH-
Bamolefici Py MOJeNMpORAHHH METOZOM wacTHIl B siyefike (a), ¢ Ha-
Gaonaemoit ranakrukoi WGC-175 (6) (3 paborn [44])).

®ur. 6.13. Cpasienne cnHpaibHOR CTPYKTYPH, NOMYYCHHOA B MOAeJH
yacTHI, B Auelike (@), ¢ Ha6MOLaeMOll cnupanbHoll rajakTukoi M-101 (6)
(u3 pabotm ([44]).
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CHOXMHBIX M IPEKPACHEIX COHPAJbLHBIX CTPYKTYp, Habmo-
JlaeMblX B TaJIaKTHKAaX, CTABUT TPy/JHBE TeopeTHUecKHe 3a-
navud. Do BEHICKA3aHO MHOTO wupefi, HO aHaJHTHYECKHE
MeTOJAbl CJOXKHBI, U TOJIbKO C MOMOILIbIO MOKeJNeH YacTHIL
B sidefike 3TH HJeW MOXHO IPOBEDHUTb KOJUUECTBEHHO.
3aech He jenaeTcs IONBITKH aHajusa npobiaembl!), a npu-
BOJUTCH JIHIIb HECKOJAbKO XapaKTepHbHIX NpUMepOB, Ha-
JIOCTPUPYIOIUX  MOJEAMPOBaHHe TIPaBHTALUOHHBIX  3a-
nau [42]. )

Ha6miogaeMble TaJakTHKH COCTOAT H3 TpeXMepPHOro
IIEHTPAJbHOTO A1pa, OKPYXKEHHOTO ABYMEPHBIM 3BE3JHBEIM
JuckoMm GoJbLION nJomajgd., YCTAaHOBJeHO, YTO GoJabliast
YacTb ralakTHK B0 DBceseHHOH nMeeT cnupajibHYyl HJIH
crepxkHeobpasuyo ¢opmy. Had onucanus nJOCKOA ranak-
THUKH HCHOJb3yeTcsi IByMepHas (ueTbipexmepHas B ¢aso-
BOM IIPOCTPAHCTBe) MOHAENbL YACTHI B fvyelKe, NPHYeM Ta-
Kasl MOZeJib ONHCHIBAET CTepKHeoGpasHble 3Be3jnbl HJH,
ecay MoaucduuupoBaTh ypaBHeHue IlyaccoHa, Toueuube
3Be3ab! [42].

HayanbHBM cocTOsiHHEM MOAENH OGBIYHO CAYXKHT OIHO-
PONHBIH Bpawaomuiics AHCK 3Be3], HaXOAAWMHCA B pa-
IuansHoM paBHOBecuH. Xouab [42] ycTaHOBUA, YTO B OTCYT-
CTBHE JHCrepcHH Win pasbpoca INO CKOPOCTAM TaKoil,
Bpalarlnuiics, Kak TBepAoe TeNo, 3Be3JHBIl JUCK HeyCTOH-
YHB, U B HeM OBICTPO pa3BUBAIOTCH Kak pajiuajdbHble, TaK
U a3uMyTafJbHble MOAbL. [losiBAsieTcs cnupalibHag CTPYK-
Typa, HO CyWeCTBYeT OHa HeNOJr0, XOTH crepXHeoOpasHLIe
rajakTuku o6pasyloTcsi B TaKHX MOJAeNssX HOBOJbHO ua-
CTO. ‘
C npyrofi CTOpOHBI, eCJH BBECTH NOIMOJHHTENLHYIO
HEeHTPAJbHYI0 CHJIy, MOAEMHPYIOLIYIO SAPO TaNaKTHKH
(¥ COOTBETCTBYIOWLYIO TOJNIOBHHE HJIM“GO0JbIIEH 4YacTH NOJ-
HO{l Macchl TaJaKTUKH), HOABJSIETCS CNHpanbHafd CTPYK-
Typa, KOTOpas COXpAHAETCH B TeueHHe MHOTHX OGOpOTOB
ranakTukn (¢ur. 6.10—6.12) [42, 43]. Ha ¢ur. 6.13 u 6.14
[44] cpaBHuBaiOTCA HeKOTOphle HalulojgaeMble TaJlakKTHKH
H CTPYKTYPHI, NOJYYEHHEIE B pacyeTax.

1) O6cyxpienye BOIpoca uuTaTeNb MoXeT Halth B patorte [41]
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CJIOXKHBIX M IPEKPACHBIX COMpaJbLHBIX CTPYKTYp, Ha6mI0-
AaeMblXx B rajlakKTHKax, CTaBHT TPYZAHBIE TeOpeTHUecKHe 3a-
Jady. DBJIO BHICKA3aHO MHOTO HJel, HO aHaJHTHYECKHe
METOAbl CJAOXHLI, H TOJBKO C MOMOIBIO MoJeneH dYacTHlf
B siueiike 3TH HJeW MOXHO IpPOBEPHTb KOJHUECTBEHHO,
3nech He jHesaeTcs NONBITKM aHaiu3a npobiaembll), a npwu-
BORMTCA JIHIUb HECKOJNbKO XapaKTepHBIX MPUMEPOB, HI-
JIOCTPUPYIOIIUX  MOJEJUpOBAHHE TIpPaBHTAIMOHHHIX  3a-
nau [42]. )

Ha6monaeMble ranakTukh COCTOST H3  TpexMepHOro
LUEeHTPAIbHOrO fAAPAa, OKPYXKEeHHOTO ABYMEPHBIM 3BE3JHBLIM
Juckom OGoJbLIOH nHJOIMaAd., YCTAHOBJEHO, YTO GoJabluast
YacTb TaJakKTHK BO BceseHHOH uMeeT CNHPaJbHYIO WK
crepxHeobpasHyo dopmy. /i OmHCaHHN TJIOCKOH raniak-
THKH HCHOJb3YyeTcsi AByMepHas (deTbipexMepHas B ¢aso-
BOM IIPOCTPAHCTBE) MOHAEeNbL YACTHI B fA4elike, NpHueM Ta-
Kasi MOZeJb ONHCLIBAeT CTepXHeoGpasHble 3Be3jbl HiH,
ecry MopuHUHpoBaTh ypaBHeHue IlyaccoHa, ToueuHble
3Be3abl [42].

HayanbHBIM COCTOSIHMEM MOAENH OGBIUHO CJYKHT OJHO-
POJHBIN BpalllaAlOMINHCA JOHCK 3Be3jl, Haxopxsilluiics B pa-
auancHoM paBHOBecud. Xoab [42] ycTaHOBWA, YTO B OTCYT-

CTBHE JHWCHepPCHH MJIH pasbpoca IO CKOPOCTAM TAaKoIli,

Bpamaluics, Kak TBepAoe TesNo, 3Be3JHLI JUCK HEeyCTOM-
YHB, H B HeM OBICTPO pa3BUBAIOTCS KaK pajHalbHble, TaK
U asuMyTafdbHble MogAbl. [losBasieTcss cnupalibHa# CTPYK-
TYpa, HO CyLIECTBYeT OHa HENOJTO, XOTSl CTepXKHeoGpasHLle
FaJiakTHKu 0o6pasyloTcss B TaKHX MOJEAsiX HOBOJLHO ua-
CTO. ‘
C npyroii cTOpOHBI, eCAH BBECTH JOMOJHHTENLHYIO
LUEHTPAJIBHYI0 CHJIYy, MOAEMHPYIOUYIO #AAPO TaNakTHKH
(¥ COOTBETCTBYIOINYIO I110JIOBHHE WJH“GOJbIIEH YaCTH MOJ-
HOH MacChl TaJaKTHKH), INOSBJSETCS CHHpajbHas CTPYK-
Typa, KOTopad COXPAaHAeTCs B TeueHHe MHOTHX OGOPOTOB
ranakruku (¢ur. 6.10—6.12) [42, 43). Ha ¢ur. 6.13 u 6.14
[44] cpaBHHBaOTCH HeKOTOphle HA6/IOfaeMble TalakKTHKH
M CTPYKTYPH, NOJYUeHHbIe B pacueTax.

!} OGcyxnenvie Bonpoca udTaTelNb MOXeT HahTh B paGote [41].

§ 5. CroakuoeurtesvHas PIC-Mojean B rUEpOIHHAMEKE

B npenbinymux naparpadax Mol yGeAwJHCh B ychell-
HOCTH ONHCAHHA IJAa3Mbl WM TaJIAKTHKH GO/bLIMM YHCIOM
OTAEJbHBIX YACTHI, ABHXKYLUXCS B CpejHeM IOJie CH-
ctembl. YacTHUb! ONHCHIBAIOT ABHKEHHE CHCTEMB, a omnpe-
JesieMble 110151 BEIYMC/SIOTCHE Ha afisiepoBoft (puUKCHpOBaH-
HOM B KOH(UrypauUHOHHOM rpocTpaHcTBe) cerke. [lockoabKy
FHIPOANHAMHYECKHE TeyeHHs rasa HU KUIAKOCTH, KOTOpHIe
MBIl cofupaeMcs H3ydaTh, SBAAIOTCA Ha caMoM JeNe clefs
CTBHEM MOJIEKYJADHOrO HBHMIKEHHS, TO 3aMaHUY¥BO MOIMbI=
TATbCA ONKCATh ABHKEHHe CpPeAbl C NOMOLIbIO MOAXOMAsLIeH
MOZENTY MHOTHX YacTHI, ABHKYWHUXCS Ha 3HJICPOBOH MpPO=
CTpPaHCTBeHHOH ceTkKe., OpHAKO yXe IIpH OTBeTe Ha BOMNPOC,
KaK 3anucaTth «ypaBHEHHs ABHXKeHHS» TaKUX YacCTHL, CPasy
JKe CTaHOBHUTCS fICHO, UTO 34eChb NMPOABJSIOTCH COBCEM Lpy-
re MUKPOCKONHYeCKHe CBOHCTBA.

B oTauude OT YacTHIl TraJakTHKU WIH IIa3MB Mo.Je-
KyJbl, HalpuMep, aTMocdepbl UIM TUNHUHOH JabopaTopHOH
MHUAKOCTH B paccMaTpuBaeMOM BpeMeHHOM Macuitabe IIo-
CTOAHHO NpeTeplneBalOT COYMAPCHHA C COCENHHMH MOJe-
Kynamy. [1o3ToMy HMMyJibC M 9HePrHs TaKHX <«Ta30BbIX»
YACTHI, He COXPAHAIOTCH, a PAaCnpelefsioTcs MeXJIy OKpy-
XapomuMu yacruuamu, Ha ssbike crartucrudeckoll Mexa-
HUKH 3TO O3HauaerT, 4TOo MOJEKYJL ra3a B HEKOTOPOM He-
6oapuiom oObeMe NPUXOASAT K TENJIOBOMY paBHOBECHIO 34
KOPOTKOe BpeMS, a CKODOCTH 3THX MOJIEKYJ DaclpelrefieHbl
no sakoHy Makcseana — bonbinmana.

Hcexona w3 OCHOBHOTO MOJEKY/ISPHOrO MpeacTaBJeHus
0 XapaKTepHBIX IBIXKeHHSX CpPelbl, Mbl pa3paboraeMm mnpo-
CTYIO 3BPHCTHUECKYIO MOJeJib, OIHCHIBAIOILYIO <HIeaabHble»
THAPOJUHAMHYECKHE ypaBHeHHs.

1. Jlazpannceso Osuscenue u eudpodunamudeckue
YPABHEHUS

ITpu paspaboTke CTOJKHOBHTE/JbHOM MoOJe/dH 4YacTHL
B siueiiKe (BIEpBble 5TOT MeTOf GbLI HCHoJAb30BaH XapJoy
[45]) HyxHO OO6BENMHHTL aJrOPUTM JABHIKEHHS <«4acTHI»
C HeCTalHOHAPHBIMH YPaBHEHUSIMH HeNpepLIBHOH Cpeasl.
YpaBHenHusa [Jis DJIOTHOCTH @ H JNOTOKA IIOTHOCTH pV
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npocTofl cpennl Oulin nosydyeHs (cM. ro. 3, § 1) u3 saxonos
COXpaHeHNsi BELeCTBA M WMIYJbCA

% 4 Vov=0, (6.38)

—qd%y— + V(pvv) = — Vp, (6.39)

Fle p— faBieHWe Cpelnl. 3AeChb IUIOTHOCTb, CKOPOCTh
H  JaBJeHHe — XapaKTePHCTUKH  CpejLl, OInpejeeHHble
B KaXuoil Touke (X,!) mnpocTtpaHcTBa u BpeMeHu., Iloyuu-
TeJMbHO MEepenucaTe TH yDaBHEHHA OTHOCHTE/JIbHO H3MeHe-
HHY, NPOHUCXOAAIIHUX B JOKAaJbHOM 3JeMeHTe Ccpeibl NpH
IBHXEHHHU B KOH(UIypalyoHHOM npocrpaHcTee. s 3toro
npeo6pasyemM BTOpOE CJaraeMoe B YPaBHEHHH HeNpCpLIB-
Hoctu (6.38):

% 4 vVp+ pWv =0, (6.40)
nin
dp _
o — oWy, (6.41)
rjae
d ad c
=5 4+ vV, (6.42)

Onepatop d/dt (6.42) omnuceiBaeT MNOJHYIO NPOH3BOI-
HYI0O 10 BpeMeHH B TOYKe, JBHXKYILEHCSi BMecTe CO CPenoH,
¥ MBHl FOBOpHM, uTO ypaBHeHue (6.41) sanncaso B aarpai-
XKeBoil ¢opme. Boimie Mbl ofcyxpanaun (ra. 3) JgarpaHxesy
NPOU3BONHYIO 110 BpPEMeHH, KOrja OHa BO3HHWKaJaa IpH Ie-
peHoce CBOMCTB Cpefibl JABHXNSEHHEM IleHTpa Macc CpPennl.

YpaBHeHue s TJAOTHOCTH Cpeibl B JarpaHkesoil
¢dopMe (6.41) KoJyiMueCTBEHHO BBIpAYKAET TOT NpOCTOR B akT,
UTO JIOKaJbHOe YBeJHYeHHe IUIOTHOCTH cpelill BLI3BAlIO
cxatuem (Vv) cpexnl. YpaBHeHHE AJH HMIYJABCA MOXKHO
npeoﬁpa3OBaTh AHaJOTUYHO:

v+ dt >+ (Vov) v+ (ovV)v=—Vp.  (6.43)

[lepsoe u TpeTbe cJaaraeMble COKPAILAKOTCA COMMIACHO
ypaBHeHUI0 CcoXpaHeHus BellectBa (6.38), a npyrue nBa
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npocToil cpennsl 6k nogayueds (cM. ria. 3, § 1) u3 sakouon
COXPAHEHNs BEILEeCTBA H UMMYJbCa

% 4 Vov=0, (6.38)
20V LV (pvv) =—Vp, (6.39)

rie p— faBileHHe cpedbl. 3Iecb IJIOTHOCTb, CKOPOCTD
H  JaBJleHHe — XaPaKTePHCTHKH  CPeIEl, OIpelejeHHbIe
B Kaxjuol Touke (X,!) npocTpaHCTBa u BpemeHH., Iloyuu-
TeJIbHO IepenucaTs TH YPaBHEHHS OTHOCHTEJbHO H3MeHe-
HHH, NPOUCXOAAINMX B JOKAJAbHOM 3JeMeHTe Cpeibl NpH
IBHIKEHHH B KOH(UIyPaLHOHHOM IpoctpaHcTBe. das atoro
npeo6pasyeM BTOpOe cJaraeMoe B YpaBHEHHH HeNpPEpPBIB-
Hoctu (6.38):

% +vVp +pVv =0, (6.40)
nin
dp _
— = oVv, (6.41)
rjae
d 7] <
e +VV (642)

Onepartop d/dt (6.42) onucbiBaer NOAHYIO TPOU3BOI-
HYIO MO BpeMeHM B TOYKe, ABHXKYIIEHCS BMecTe CO Cpefof,
¥ MBHl FOBOpHM, uTO ypaBHeHue (6.41) sankcaso B jarpas-
xeBoll ¢opme. Briue Ml ob6cyxknanu (ra. 3) JarpaHxkeBy
NPOU3BONHYIO 110 BpPEMeHH, KOrjla OHa BO3WHKajaa Ipu Ie-
peHoce CBOMCTB Cpefibl JABHXMEHHEM I[eHTpa Macc Cpejbl.

YpaBHeHue s TNJAOTHOCTH Cpelul B JarpaHkeBoit
¢dopMe (6.41) xosMUeCTBEHHO BHEIPAMKAET TOT NpOCTOR B akT,
UTO JIOKaJbHOE YBEJHUYeHHe NJOTHOCTH Cpelsl BLI3BaHO
cxatuem (Vv) cpexnl. YpaBHEHHE AJas HMIYJIbCA MOXHO
npeo6pa3oBaTth aHaJIOTHYHO:

28V + 05+ (Vo) V + (VD) v = —Vp.  (6.43)

[lepsoe wu TpeTbe cJaaraeMble COKPAIIAIOTCST COMVIACHO
ypaBHeHHIO COXpaHeHHs BelllecTBa (6.38), a npyrme aBa
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y/leHa -J1€Bofl - 4aCTH 3TOr0 ypaBHeHHS o6pa3y10T Jarpas-
*KeBYy IPOM3BOAHYIO MO BPeMeHH:

o — —Vp. (6.44)
Taxkum o6pasoMm, u3 ypapBHeHHs] COXPAHEHHS HMIIYJAbCa Mbl
IOJIYUHJIN ypaBHEHHe, W3 KOTOPOro BBITEKAeT, YTO JIGKa/b-
HOe ycKOpeHMe cpedbl OOYCJIOBJEHO TOMBKO JaB/AeHHEM
cpeasl. BaxHo oTMeTHTH, 4TO HMEHHO 3TO YypaBHeHHe
MOXHO HCHOMB30BATh JJsi OHpeAeseHns CKOPOCTeH <«uac-
THLU» B HY’)KHOM HaM aJIrOpHUTME.

st nonyueHHst 3aMKHYTOM CHCTeMbi ypaBHEHHH sHeoO-
XOAHMO ONpENeaNThb JHaBJeHHe cpeibl. B uiaeassnoll monau-
TPONHYECKOH cpeje TAKUM ypaBHeHHeM JJIsi JaBJeHHS CHy-
KUT aguabaTHuecKHH 3aKoH, TaK Kak jgJs Jioboro sJe-
MEHTa Cpembl

_pT == const, , (6.45)

o

rae Yy -— OTHOLIeHHe tenaoeMmkocTedl, CnexosarenbHo, Jja-
rpaHxkeBa NpousBogHasd 3TOH BeJHUYHHbLI paBHa HYJIIO:

drp
- )_o (6.46)

Cnenyer OTMETHTb, UTO 3TO YpaBHEHHE CNpaBeJHBO JHIIL
Ui UAEAJbHOrO rasa, €CaAM HeT BO3DAaCTaHHs 3SHTPOIHH
(6otee caoKHBIE Cayyan OymyT paccMOTpeHsl B Ta. 9
u 10).

Tunponunamuieckne ypaBHEHHSI HMEIOT OCOOEHHO IpO-
CTOH BuUA B JarpaHxkeBoit ¢opMe (6.41), (6.42), (6.46).
OueBugHo, 3T0T (hakT sBJseTCHd pe3yabTaTOM IlepeHoca
CBOHCTB Cpelqbl NpH MOJEKYJAsipHOM JBHMKEHHH, H OH XKe
ONpaBALIBAET HNPHMeHeHHe MeTOHAa 4YacTHll B fguellke, TaK
KaK IepeHoC MacChl, UMNYJAbCa U 3HePrHH MOAEJbLHLIMH
4acTHaMH  NPOUCXONUT AaHAJOTHYHO JarpaHKeBy Ie-
peHocy.

W Haxkonew, umeer CMbIcA IPEACTaBUTb HHBAPHAHT
p/oY IAd HOeaNbHOrO rasa B KOHCePB3THBHOI dopme,
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Hcnonb3yss ypaBHeHUe coxpaHenus BelllectBa (6.38) wu
ypaBHenue (6.46), noayuaem

e (G
-%(pﬁ%)+V(pﬁ%v)=0. (6.47)

2. PIC-merod 941 udeasrvtozo easa

PaccMoTpeHHble Bhllle ypaBHEHHs JJs HA€aJbHOro rasa
MOXHO IlepeNncartb, BLIPA3UB 3aKOHB COXpaHeHus [ypas-
nenua (6.38), (6.39), (6.47)] 4epes KoHBEKIMIO 4aCTHIL:

nm)

1V (nmv) =0, (6.48)
9 (nmv) 4V (nmvv) = —Vp, (6.49)
—a—t(n—fv—)-{—V(n—g—vv):O, (6.50)

rie 7 -—3HayeHHe ILIOTHOCTH YACTHI B JI060H TOuke MpoO-
CTpaHCTBa u BpeMeHu (X,?). Jlocratouso usnoxuts PIC-
aJrOPUTM AJSi ABYMEpHOrO ciay4asi, XOTA METOX OAHHAKOBO
NPUMEHUM K cJAyyasiM OAHOro, ABYX WM Tpex INPOCTPaH-
CTBeHHbIX H3MepeBuil. PaccmartpuBaemasi 0041acTb HOKPHI-
BaeTcd »5HJepoBOH CeTKOH, MO KOTOPOH pacnpeixeasiercs
GosblIoe YHCIO MOJENbHHIX YACTHI[ TAaKHM 06pa3oM, 4ToOLI
YHCJIO YacTH B AYelKe OBLIO GOJBUIHM, 4TO HeODHXOAHMO
H3 obwux coobpaxKeHu# M AJs yMeHbUIeHUs (QaAyKTyaluii.
KoopanHaTu yacTuusl b B MOMEHT " o6o3Hauum (x yry

Ecny gaxpoll uyactule npunucath ONpelesfeHHOe 3HA-
YeHHe MacChl, UMNYJbCca ¥ HHBAapHaHTa e == p/pY¥, TO B CO-
OoTBeTCTBUY ¢ YypasHeHusimu (6.48)—(6.50) coxpanenune
gacTul, OGecHedydT TaKKe COXPaHEHHE MacChl Cpelbl, HM-
nynbca u uHBapuanta p/pV. IloatoMy Ha n-m mare no Bpe-
MeHH, KOrja BCe YacCTHUH 3aHUMAlOT HOBOe IOJOXKEHHe,
Kaxjiasi yacThlla XapaKTepH3yeTcsl IIeCThblO NepeMeHHBIMH:

ug:(xg, Y, m,, muL, mot, eu), Is<p<N. (6.51)
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Hcnonb3ys ypaBHeHHe coxpaHeHHsi Bemnectsa (6.38) u
ypaBHeHue (6.46), noayuaem

FHE ol ()0
a—at(p {T)—l-V(p " v)=0. (6.47)

2. PIC-mer0d 0aa udeasrsvnozo 2a3a

PaccmorpeHHble Bhlllle ypaBHeHHs 178 HAeaJbHOrO rasa
MOXHO Ilepenucartb, BLHIPA3HB 3aKOHB COXpaHeHHus [ypas-
nenns (6.38), (6.39), (6.47)] uepes KOHBEKIHIO YacCTHIL:

d (nm)

=+ V (nmv) =0, (6.48)
209 4V (nmvv) = — Vp, (6.49)
%(n—ﬁl—)-{—V(n—z—vv):O, (6.50)

rfie n— 3HaueHHe IJIOTHOCTH YacTHIl B J0O60H Touke mpo-
CTpaHCTBA W BpeMeHH (X,?). Hocratouno uaaoxurs PIC-
aJropuTM JJIsi ABYMEPHOFO Cjayyasi, XOTH METO1 OJHHAKOBO
NPUMEHHM K CJAyyasiM ORHOTO, ABYX WM TpeX I[IPOCTpaH-
CTBeHHHIX H3MepeHuil. PaccmartpuBaemasi o6sacTs HOKPhI-
BaeTcs 3iJepoBOM CeTKOH, N0 KOTOpo#l pacnpenensiercs
Go/IbIIOe YHCJIO MOAENBHBIX 4AaCTHI| TaKuM OGpa3oM, UTOGLI
YHCT0 yacTHl B fYeiike ObLIO OOJBUIHM, YTO HEOSXOMHMO
U3 06IHUX COOOpa’KeHHH W N1 yMeHbIUEHHst (QJAyKTyaluil.
Koopannats yacTuus! i B MOMEHT " 0603HAYKM (xﬁ, yﬁ)

Ecnn kaxpoil yactule mpunucath onpeledeHHoe 3HA-
YeHHe MacCel, UMIYyJbca U HHBapHaHTa e == p/p¥, TO B CO-
OTBETCTBHM € YypaBHeHusiMu (6.48)—(6.50) coxpanenne
uacTHI OGecmeuynmT TakKxKe COXpaHeHWe MacChl Cpejbl, HM-
nyibca u unsapuanta p/pY. IlostoMy Ha n-M wmare no Bpe-
MeHH, KOTJa BCe YaCTHUHW 3aHHMAKOT HOBOE IOJOXKEHHE,
Kaxjasi 4yacTiia XapakTepHusyeTcsl INeCTbIO NlepeMeHHBIMH:

ug:(xg, W my, MUk, mon eﬁ), I<p<<N. (6.51)
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Hasa toro 4rtobbpl ONpeAe/HThL 3HAUSHUA BeJNMYHH B suell-
Kax, IONYCTHM, YTO BHYTPH fYSHKH YACTHIbl HCIBITHIBAIOT
00J/bHIOE YHCIO CTONKHOBEHHH W HX HMIYJbChl H CBs3aH-
Hble ¢ 3HeprHed NepeMeHHble e, BhipaBHuBalotcs. Cieno-
BaTeJbHO, 3HAuUeHUs I€PEMEHHBIX B sueliKe — 3T0 CpeaHHe
3HayeHUd, NoJydaemble CYMMHPOBAHHEM IIO BCEM HACTHIAM
B sigeiKe:

=t o0 (25) - (1 (5) - ).
;
= 8o (i () = e () - ).
u
vt =52 3 moupo (1nt (52) = o) (1t () - 1),
] |
gl S (i () = (o () - ),
(

m
6.52)

rlle HCNOJIb30BaHb BBefeHHbie paHee (cM. § 2) obosmaue-
HUS, I B KaxjoH svellke onpenensioTcs 3HaueHHS MJIOT-
HOCTII, JaBJEHUST U CKOPOCTH, JisiepoBa yacTb pacuera Bbl-
NOMHSIETCST Ha CeTKe, a HMEHHO BBbIUHMC/IeHHe TpajuedHTa
nLaBjaeHusi B ypaBHeHun (6.49) nas ompeleseHus MIHOBEH-
Horo (06e3s yuera JarpaHiKeBa JBHMKEeHNS) 3HaAUeHHs CKO-
poctu B siveiike. CoejgosatenbHo, BHOpPAB IIar Mo BpeMeHH
Af, MBIl ROJYYHM

At
Antl — _ — pnt
Uiip = Yxij 28l (Plsr 17— Pi1 1)

_ At
ot =y — —— (P} 1 PE 1) (6.53)
20074

Heo6xoauMo yGemgutbCsl B TOM, 4YTO IIar [0 BPeMEHH
H BHOBb [OJIyUeHHBle 3HAUeHHst CKOPOCTH Y OBJIETBOPSIOT
yciosnio Kypaura — ®@puapuxca — Jlesn (3.79). Ecaun 3to
He TaK, TO Oepercs yMeHbUIEHHBIH LIATI [0 BPEMEHH U CKO-
pOCTH NepecyUTHIBAIOTCA,
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Tenepb MOXHO BBLIYHCJINTb HOBbie XapaKTePHCTHKH yac-
TUIL sl NPOBeJeHHsl JarpaHKeBa 9Tana pacCueTHOH mpo-
ueAypst. BaXkHyio poJb B 3TOM aJAroOpuTMe UTpaeT TO, YTO,
COTJIACHO IMPEANOJIOKEHNIO O TEPMOJAHHAMKUECKOM paBHO-
BeCHM 4aCTHIl B siyeilke, HOBbIE UMIIYJIbCH H JHEPTHU HaCTHIL
ONpenensiioTcst N0 XapaKTepucTHKaM sfuellkn, a He IO
CBOMM NpeALIeCTBYIOMHM 3HayeHusM. To ecTb, ecam wvac-
THLA p HaxonuTcd B suefike (i, ), el mpunucuBaloTca 31a-
YeHH MMOYJbCAa H DHEPTHH B 3TOH AuellKe

l-ln+|—(xu, Ju’ m muvzfjl, mu“Zf?" e:mj+1 , (6.54)
rzie
au! = i (6.55)

(pu)Y

Takum o6pasoM, ocTaeTcsi JAHIIb BBIYHCAHTL HOBLIE KO-
OpJAMHATH YaCcTHIl 110 YpaBHEHUAM

dx dy
B _ b=
a5 = Oxp 2 = Ty (6.56)

Cuoenyer oTMeTHTb, 4TO B 3TOfl cXeMe HHTErPHPOBaHHUs Yac-
THIBl JBHKYTCI CO CKOPOCTBIO V,, KOTODas He 3KBHUBa-
JleHTHA TOMY uMIyapcy mvji*!, KoTopslil mepenocnt uac-
Tuna. CKopee 3HAYeHHS CKOPOCTH V, HYXHO MOJYuaTh WH-

TEPIIOJANPOBAHHEM [0 BpeMeHH W IpOCTpaHcTBy (¢ur.6.15),
TaK uToObl AJs yactuusl B suefike (i, §)

| _ —_
Vu:F(aHl,jVHl,i t @i Ve, o

a1V e ag Vi, ), (6.57)

rie 3HauelHd CKOPOCTH B siueilKax IIOJyuyeHb HHTepPNoJH-
pOBaHHEM BO BpeMeHU

V=% (v”+‘ , (6.58)
npuueM Ko3¢h¢dHUUEHTH «@;; paBHBl NJOLLAMSIM IepeceueHHs

silyeflKH ¢ UEHTPOM B UYaCTHIe C YETHIPbMSI OKPYXKAIOLUUMH
AyefikaMn (M@TOX ¢ BeCaMH IepeKPBLIBAOILINXCS IIomaneH,
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Tenepb MOXHO BBIYHCJANHTL HOBblE XapPAKTEPUCTHKH uac-
THI AJSi IpOBejlleHHs JarpaHKeBa 3Tana pacyeTHoON mnpo-
ueaypsl. BaXkHyio poJs B 3TOM ajrOpHTMe UTpaeT TO, YTO,
COTJIaCHO IMPEANOJIOKEHMIO O TepMOJHHAMHUECKOM paBHO-
BeCUH YaCTHIl B fiueliKe, HOBBE UMIIYJbCH ¥ HEPIHH YacTHI
ONpEREeNSIOTCH MO XapaKTepucTHKaM fAuelikh, a He IO
CBOHM MpeAUIeCTBYIOMUM 3HaueHUsiM. To ecrs, ecau uac-
THLA [ HAXOAMTCHA B siuelike (I, ), ell mpumuckIBAlOTCA 31a-
YeHHH MMOYyJbCa H 3HEPTHH B 3TOH Aueiike

+1 — n n n+41 n+1 zn+l
urtl = (x2, yr, m,, morkl, m,opkl, e, (6.54)
e
n
~ Pij
gl e (6.55)

ij (p:}j)v *

Takum o6pasoM, ocTaeTcsi JAHIIb BBIYHCAUTL HOBLIE KO-
OPAMHATHI YACTHIL N0 yPABHEHUSIM

dx dy
B s B -
4t == Ugps ar = Uype (656)

CJIeIIyET OTMETHUTL, UTO B 3ToN CXEMB HHTEIrPHPOBAHUSA vac-

THIBI JBHKYTCS CO CKOPOCTbIO Vy, KOTOpas He 2KBUBa-
JIEHTHA ToMy uMIyabcy mvi+!, KoTopwlil mepeHOCHT uac-

tuna. Cxopee 3HaueHHs CKOPOCTH V, HYXHO MOJYydYaTbh HH-
TeprnoJupoBaHueM 110 BpeMeHH U npocTpaHcTBy (¢pur. 6.15),
Tax 4ToObLl 7151 yacTHUHl B siyedike (i, f)

1 — _
Vo =737 (@igr, Vi, Qg paVien, i
A a; p01Vi g Fag v, ), (6.57)

rlie 3Havenns CKOPOCTH B siUeHKax MOJydeHbl HHTEPNOoJi-
pPOBaHHEM BO BpeMeHH
—_ 1 ~
——— +1 n
V=% (vHH v, (6.58)
npuueM KoadduuHeHTH «;; paBHBl NJOLIALSIM HepPeCceueHHs

AYeflKH C BEHTPOM B HacCTHIE C YeTHIPbMSI OKPYXKAKLIHMH
AyefikaMu (METOX C BecaMH IepeKPbIBAIOLIWXCs IJIolianeH,
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(¢ur. 6.15). B pesyabrate HoBBHle KOOpIMHATH yacTHi Oy-
AyT onpenedeHsl gopmynamu

n+l o 42 zy
xptl=xt+ Alvm,

yutl=yr+ Al‘ﬂw. (6.59)

Hlar no BpeMeHH Ha 3TOM 3aKaHUYMBAeTCs, TAK KaK BCe
nepeMeHHble as vactuu upt! wadinens.. Mz aaropntma

; v
J+1 X 6+ X 4,/

T A X_.

V..
(W)

i i+1

dur. 6.15. Onpenenenye CKOPOCTH <KUACTHIH® B CTOJKHOBHTEJILHOM
PIC-meTone ¢ mOMOWBIO HHTEPNONSIUA MEXKAY CKODOCTAMH B UETHIpCX
OaKalilInX AvefKax.

SICHO, UTO €CJAHM 4YacTHua B pe3yJbTare nepecyera Koopnau-
nar (6.59) nepeceuer rpanuiy siyeiikH, TO Macca, HMIYJbC
H 9Heprus 'HOBOH suefiky yBeaudartcs. Mz ajroputma
TaKkKe JIErKO cJefyer, uTo Macca, UMNyJabc U aguabaTuye-
CKHIl WHBapHaHT p/pY Ha Bcell ceTKe TOXKAECTBEHHO COXpa-
HAIOTCA.

CTOAKHOBHTENILHBIT METOA uacTHIL B s4eliKe ouehs
11pOCT B IIpUMeHeHHH H, KpoMe TOTO, oO6Jamaer 6GoJbLIOH
ru6kocteio. Hanpumep, cucremy, COCTOSIIIYIO M3 HECKOJb-
KUX Cpel C BHYTPEHHHMH TPaHHLAMH, MOMKHO Jerko OIlH-
caTb C IOMOILbLIO pasiHuBblx TUnoB uactuu. C apyroi
croponnl, PIC-mogens nenoassyer ropasno 6oasmuil o6bev
naMAaTH, YeM Heo6XOAHMMO, TaK Kak TpeGyeTcss 3anOMHHATDL
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Qur. 6.16. Yiap cBepX3BYKOBOH Ny/H B TOHKYIO NIACTHHY, paccuHTaH«
UBIT ¢ MOMOWIBIO METOXA YacTHI B siuefike AJS YpaBHENHIl THAPOAMHA<
MHKH CHuMaeMoil XuAkocTa (M3 pabothi [46]).
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|

@ur. 6.16. .YAap cBepX3aBYKOBOH NyJu B TOHKYIO IVIaCTHHY, pacCUHTaH=
LB ¢ OMOLIBIO METOJA WaCcTHLl B siuefike I8 YPaBHEHHHl THAPOAMHA<
MHKH CXHMaeMoH XuiakocTh (u3 paborhl [46]).
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Ha KaXKJOM Miare TNO BPeMeHH He TOJbKO CeTOuHble (yHK-
MM, HO M XAPaKTePUCTHKH BCEX YaCTHIL

Bosee onacHo, onnako, 10, uto PIC-MeTon He wEHTpH-
pPOBaH TOWHO BO BpPeMeHH, H YCTOHYHBOCTb 0GECcIeYHBaeTcs
6naronaps Anddysuu, Kotopass BO3HUKaeT NpPH BHYHCIE-
HUM BCIIOMOTaTeJbHBIX cKopoctedt (6.53) m xoTopas mpouc-

XOMHUT B OCHOBHOM B JO3BYKOBHIX IIOTOKaX H3-3a BEeCOBOH

Qur. 6.17. IIpumeneHne MeTOZA uacTHLl B fiyefike K PacueTy Belrecka
OT HaleHHS] KalJH B CXKHM3EMyI0 KUAKOCTH B MEIKOM pe3sepByape
(cp. ¢ our. 9.12: Benleck B HeCKHMAaeMOH KHIKOCTH).

Hao6paxensl KOOpAHHATH WACTHI, HCNONB3YEeMBIX B METOLE, YTO 1AeT mpeicTaBies
HHe 0 GFP3HYecKOM pelienHH (3 paboTni [47[).

HHTeproasuHu, B pesyiabrate uMmeercss TeHmeHUMS K JAUD-
¢ysun uMmnyabca n sHepTHH ¢ Kosbdunuentom nubdbysuy,
PaBHBIM

D~ <v2 T —Vb’i} At (6.60)

BBujy orpanuueHui, HakJaansiBaeMblX uMcaeRHon xud-
tdysueit, cronkHosutenashan PIC-monenr umeer Hauboab-
liee NpAMEHEeHHe B CBEPX3BYKOBOH ruapoauHamuxe. Ha
¢ur. 6.16 mnpencrasmen pesynbratr PIC-monenupopanus
yrapa CBEPX3BYKOBOH NyJu B TOHKYIO NaacTuny [46] D¢-
deKTH CcXKaTHs XOPOWIG 3aMeTHBl, KOrja mny/st npobuBaer
naactuny. Ha ¢ur. 6.17 nokasan Berjleck XHIKOCTH B MeJ-
KOM pesepByape, BLI3BAHHBLIA NajJleHHeM KallJIH CXKHMaeMOH
xKugkoctu [46]. DToT pe3ysnbraT 3aMeTHO OTJHYAGTCS OT
pelreHusi, IOJYYEHHOTO JJA HECXKHMaeMOH IKHIKOCTH
(eM. . 9, § 4).




IJIABA 7

YacTuupl
B CAMOCOIJaCoOBAaHHOM mnoJe:
aTOMbI M TBepIbie Teaa

§ 1. CaMocoraacoBaHHbie MO/t B KBAHTOBOM TeOpHH
CHCTEM YaCTHL

1. llpedsapureronoie samewanus

ITpuMensis KBaHTOBYIO Teopui0 K TaKUM CHCTeMam yac-
THI, IIEPBOCTECHEHHON BaXKHOCTH, KaK 3JeKTPOHH B aTome,
MOJIEKYJB, KPUCTAaAaHyecKast CTPYKTypa, Mbl IPHXOAHM
K MOAeNAM I[OJeH — YacTHI, HMeoIlHM OdeHb OJI3KOe
CXOACTBO € ONMHCAHHBIM B Ia. 6 KjmaccuueckuM caydaem').
Huxe mMbl Gygem paccmMaTpuBaTh TOJIBKO CTAUMOHAPHbLE
3ajayd H, 3HAYHT, CUCTEMbl, HAXOAfAINHECS B COCTOSHII
¢ MHUHIMaJbHOH 3Hepruell. IlpuMeHuB BapyanHOHHBIH HPHH-
U K 3ajaye MHHMMH3allHH SHEPTHH BCeHl CHCTEMbI, Mbl
NOJNy4YHM TaK HasblBaeMble ypaslienusi Xaptpun — ®oka, Ko-
TOPbI€ ONHCHIBAIOT COCTOSIHHE KaXKAOH YacTHIbl CHCTEMDI
otaenpHo. B pesyabrate N ypaBHeHuit Gyayrt onuceiath N
B3aMMOEHCTBYIOIMX He3aBHCHMbIX uacTHLl. Tako# 1onaxo.r
oyeHb GJM30K K K/IacCH4ecKON 3ajade, B KOTOPOH MBI OIii-
CblBaeM COCTOsIHHe, AOMYCTHM, OJLHOTO 3JEKTPOHA, a 3aTeil
onpeaenaseM mnoJje Taxoro cocroaxus. CobMectHOE nOMIC
BCex 3.EKTPOHOB CHCTEMbl HCIIOJAb3YeTCH A8 YTOUHEHHS
COCTOAHHI OTHEIbHBIX 3.1eKTpoHOB. [Ipobmema, Takunm oG-
pasom, MoxeT 6LiTh chopMyanpoBaHa Kak 3ajaya, B KOTO-
poit COCTOSIHMSL OTHENbHBIX YaCTHIL cjaelyeT OlUDPEAeIsiTh
B «CaMOCOIVIAaCOBAHHLIX» [0JAX BCeX OCTaJpHLIX YaCTHI
CHCTEMB. _

Kak ¥ B KJaccuyeckoM cjaydae, TaMM/JIbTOHUAH, OMUCLI-
BAILIKi COCTOSIHME 4YacTHI[, CaM 3aBHCHUT OT COCTOfHIsA
5THX YacTHI, T. €. 3ajaua HeJnHellHa. MoXKHO CKa3aTb, UTO
raMu/JIbTOHHaH  fABAseTcAd  (QYHKUMEH  «pacmpeje’eltis»
yacTall.

") Tlpeanosaraetcs, 4T0 UMTATEIh 3HAKOM € OCHOBAMH KBAHTOBOM
mexanuku., Cum., nanpumep, paboter [48, 49]
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YacTuupl
B CAMOCOIJaCoOBAaHHOM mnoJe:
aTOMbI M TBepIbie Teaa

§ 1. CaMocoraacoBaHHbie N0AsT B KBAHTOBOH Teopuu
CHCTEM YACTHY

1. IIpedsapurenvroie 3ame4anusn

IlpaMeHnsis KBaHTOBYIO TeOpui0O K TaKHUM CHCTEMAaM uac-
THI [I€PBOCTENEHHOH Ba)KHOCTH, KaK 3/JEKTPOHH B arome,
MOJIEKYJIbl, KDHCTaaJuueckas CTPYKTypa, Mbl NDHXOAUM
K MOAEIAM 1oJdelf — YacTHl, HMeoIRHM oyeHb OJH3KCe
CXO/JCTBO C ONHCaHHBIM B IJ. 6 KjaaccuueckuMm caydyaem').
Huxe Mbl Oyzem paccMaTpuBaTh TOJABKO CTAUHMOHAPIIbiE
3ajlayu H, 3HAYHT, CUCTeMbl, HaxXoAfAInHecss B COCTOSHII
¢ MHHIMaJbHOH 3Hepruell. [IpuvennB BapHaiHOHHBIA IIPHH-
UUII K 3ajave MHUHUMH3AIUY SHEPrHH BCeH CHCTEMBI, MbI
NIOJIyYUM TaK HasbiBaeMble ypaslieHusi Xaptpu — ®oka, Ko-
TOpble OIHCBIBAIOT COCTOSAHHE KaXKJ0H 4acTHUbl CHCTEMBDI
otaensHo. B pesynbrate N ypaBHeHuil Gyayrt onuceiBath N
B3aUMOJAEHCTBYIOIINX He3aBHCHMbIX dacTuil. Tako#l noiaxox
odeHb OJM30K K KJacCCHYeCKON 3ajade, B KOTOPOH MBI Omli-
cblBaeM COCTOSIHHe, JONYCTHM, OJHOrO 3JEeKTpoHa, a 3aTen
onpejeasieM Ioje Takoro cocroaHua. CoBmecTHOE MOJC
BCEX 3.IEKTPOHOB CHCTEMbl HCIIOJAb3YeTCH AT YTOUHRHHS
COCTOSIHHII OTHeIbHBIX 31eKTpoHOB. [Ipobaema, Taknm o06-
pasom, MoxeTr 6biTh choOpMysanpoBaHa Kak 3ajlayd, B KOTO-
POl COCTOSHUSI OTHENbHBIX YaCTUI, CJAeAyeT Olpede/TIsTs
B «CaMOCOIJIaCOBaHHHIX» [OIAX BCEX OCTa/JAbHDBIX 4YacTHU
CHCTEMBI. ' _

Kak u B ksaccuueckom ciaydae, raMUJbBTOHRAH, ONHUCDLI-
BalOUMA COCTOSIHME 4YacCTHIl, CaM 3aBUCHUT OT COCTOSIHUS
3TUX 4aCTHI, T. €. 3a/aua HeJauHelHa. M0oXHO cKa3aTb, uTO
raMusbTOHHaH  sBJAsieTca  QYHKIHeH  «pacnpegeselHsi»
yacTai.

') [lpeanosaraetcs, 4T0 UMTATEIh 3HAKOM C OCHOBAMH KBAHTOBOM
mexanugu. Cum., Hanpumep, paboter [48, 49]
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OnHako ypaBHEHHST COCTOSIHHSI YaCTHL B KBaHTOBOH Teo-
pun aJgrebpanyecKkH CJOXKHee, 4eM B KHIacCHYeCKUX 3ala-
Yyax, 4 B HacToslllee BpeMs JaXe YUCACHHBIMH MeTOXaMH
MOKHO OIHCHIBAThH JHIlb OTHOCHTEAHHO MPOCTHIE 3aJauH.
B 3To#f riaBe Mbl pPacCMOTPUM CHCTEMbl YaCTHII ¢ Hadb-
HOACHCTBUEM H, B YaCTHOCTH, 3JEKTPOCTAaTHYECKOE B3aHMO-
IeHCTBUe MeXJy 3MeKTpoHamu u sapamu. MmeHdo siek-
TpOCTaTHYeCKHe CHJbl OOBIUHO ONpepeasiloT CTPYKTYypy aro-
MOB, MOJIEKYJl M KDHCTJIJIMUeCKHX pellleToK. Kpome Toro,
B [1epBOM ITIpHOJMKEHHH MaCCHBHblE sjJpa MOXHO CUNTaTb
HENOABHXKHBIMY M CO3JAIOUIMMH 3aBUCAUIUNA OT KOOpAHHAT
[OJIOKHTENbHBIE 2/EKTPOCTATHUECKUH [OTEeHIHAIL.

Kak u B kJaccuueckom cjaydae, Mbt OyneM pasindath
CHCTeMBl HECKOJbKHX YacTHI, U CHCTEMBl MHOTMX 4acTHIL
B cucTeMax HECKOJbKHX YACTHI, TaKHX, KaK OTHeJIbHLIH
aToM, HOH WM IPOCTasi MoJeKysda, BJAHSHHE CBA3eH MEXIY
YacTHIlaMH MU <IapHble B3aUMOACHCTBHAY, ONHCHIBAIOTCH
B o6ulem BHZe., B Takux cucremax mnosoxKeHue anajoriddyHo
OIIHCAHHOM B IJ. D <«TOYHO¥» MOJEJH THIa <«dacTHlla —
dyacTuna», BkJawouawoomel YoN(N-—1) B3aumoaeicTsuil.
C npyroil cTOpOHBI, B CHCTeMax MHOrHX 4YaCTHII THNA KpHU-
CTa/IIMYECKOH pellleTKH HEBO3MOXKHO OIHCATb KaXjoe
IBYX4aCcTHYHOE B3aMMOAENCTBHE M, Kax M B KJaCCHUECKOH
3ajade, HYXHO HCTNOJb30BaTb YCPeAHEHHOE IoJe, Onpeje-
JIeHHOE C IIOMOILBIO IpocTeliniero «06MeHHOIo NoTeHuyantay
(en. 1. 7, § 2).

2. Bapuayuounolli npunyun u ypasuerus Xaprpu

PaccmorpuM cucreMy N 3/7eKTpPOHOB, B3aUMOJEHCTBYIO-
IUMX 10 3aKOHY 3JeKTPOCTaTHUecKoro Baammopefictausi Ky-
JoHa., B coorBeTcTBMM ¢ KBAaHTOBOH TeopHel, ecau npeHe-
Gpeub peasiTUBUCTCKHMH 3((deKTaMu U CNUH-OPOUTAIBHBIM
B3aHMOJEHCTBMEM, TO COCTOSIHHe BCEH CHCTeMbl OIHUCHI-
Baetcd BOJHOBON (yHKIUeHd 1P, 3aBHcAllel OT KOOpJAHHAT
X1, X2, ..., Xy BCEX HACTHUIl CUCTEMBI

=19 (X;, Xo ..., Xy). (7.1)

OyHKUMST P, ONHCBHIBAIONIAA BCIO CHCTEMY, YNOBJAETBODAET
ypasHenuto lpennnrepa

Hy = E. (7.2)
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Co6crBenHoe 3HaueHHe E paBHO nOJHOH 3SHEPTHH CH-,
creMbl, a H — nojiHblii raMHJALTOHHAH, paBHBIH CyMMe oOIe-
PAaTOPOB MNOTEHHUAJIbHOH M KHHETHYECKOH 3HeprHH BCex

JacTHu.
N 1 N N .
e
H=Y Hat3), ) Trw (73)

w=l u=! v=l1
VE U

Ileppast cymma B npaBoil 4acTH 3TOr0 ypaBHEHHSI COCTOHT
U3 OTHAeJNbHbIX TaMH/JIbTOHHAHOB IS KaXKJAOro 3JEKTPOHA,
npHyeM KakAbli M3 raMu/JbTOHHAHOB BK/IIOUaeT KHHETH-
YeCKYIO 3HeprHIO JaHHOrO 3JeKTPOHa M €ro HOTeHIHalb-
HYIO 3SHEPTHIO B I10Jle HEMOJBHKHBIX 3apsiKeHHbIX sjep.
Bropas jBoifiHas cyMMa ONHCHIBA€T 3JEKTPOCTATHUECKOE
oTraikuBanne Mexay !/eN(N—1) mnapaMu 3/eKTPOHOB.
I'amunpronuan H,, p-ro 371eKTpoHa B NOTEHHHAJbHOM INo/e
snep Vap paBen
B o

Hyo=— V24V (%) . (7.4)
rne h—nocrosaHnas Ilnanka, menennass Ha 2m, u, Hanpu-
Mep, IJis aToMa ¢ IOJIOXHTETbHBIM SADOM B Hayaje KOoop-
AUHAT motenuuan Vgy uMeeT BHA

Net
[xpl”

(7.5)

. V’m=__

3azaya COCTOMUT B OnpexeJeHMn H3 ypaBHeHns (7.2)
cobcTBeHHON QYHKIUM P, OTBevalolleli coOGCTBEHHOMY 3lia-
yenuto E. Eciu npeneGpedb CHMHOBBIMH NepeMeHHLIMH, TO
byHKiHs ¢ 3aBUCAT oT 3N He3zaBucHMBIX mepeMeHHbIx. [lo-
3TOMY pnd Onpefesesust P-QyHKIHH TOJbKO NHPH HAeciaTH
BHAYEHHSIX Ka)JOoro aprymenra norpebyercs 10%Y 3naue-
Hufi QyHKOHH., DTO O3HAYAET, UTO €C/]H YHCJAO He3aBHCH-
MBIX B3aHMOREHCTBYIOIUX dacTuil 6o/lblle ABYX WM Tpex,
TO HeoOXOAMMOCTb KaKOro-HHGYAb NPHOMHKEHHS UM
YIIPOUIEHHOTO OMHCAaHUS OYeBUJHA.,

TTokaxem, Kak MOXKHO NOJYYHTb YIPOILIEHHOE Omuca-
HHe cucTeMbl MHOTHX uactull., Crmoco6 nepexoja K TaKoMy
VIPOIIEHHOMY OINHCAaHHIO HPHBORMUTCA HHXKe JJIS  TOTrO,
4yTo6bl BHIAGTHTb CYIIECTBEHHBlE NPUGIHNKEHHS, KOTODHIE
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Co6crBenHoe 3HaueHHe E paBHO noJiHOH 3HEPrHM cH-,

cTeMbl, a H — nosHblil TaMHNLTOHKAH, paBHBIA CyMMe oOle-
PaTopoB MOTEHHUAJIbHOA M KHHETHYECKOH 3HEeprHud BCeX

JacTHu.
N 1 N N ,
e
H=Y Hit5), Y TooxT: (73)

w=l u=! v=l1
VE U

ITleppass cymMa B mpaBOil 4acTH 3TOrO YpaBHEHHSI COCTOHT
U3 OTAENIbHbIX FaMHJbLTOHHAHOB I Ka)IOro 3JeKTPOHa,
npaYeM KaKAblH M3 TaMUJIbTOHHAHOB BK/IIOUAET KHHETH-
YeCKYI0 3HEPTHIO NaHHOrO 3JIeKTPOHAa H €re moTeHLHallb-
HYI0 SHEPTHIO B IOJie HENOJBHIKHEIX 3apsiKEeHHBIX sjep.
Bropas [jBofiHast cyMMa ONHMCHIBAET 3J€KTPOCTATHUECKOE
orTajsKuBanue Mexay !/eN(N—1) mnapaMu 371eKTPOHOB.
Famunbronuan My p-ro 37eKTpoHA B MOTeHUHAJbHOM HoOJe
snep Vap pasen
B o

Hy=— in F V(%) (7.4
rne h—nocroaHnas IlnaHka, meneHnast Ha 2m, M, Hanpu-
Mep, I/ aTOMa ¢ NOJOXKHTEIbHLIM SIAPOM B Hayajde KOop-
AuHAT moreHnuan Vgyy uMeeT BHA

Ne?

' Vﬂu:_lxul'

(7.5)

3ajaya COCTOMT B OmnpeneieHHH H3 ypasHenus (7.2)
coGcTBeHHON GYHKIUY P, OTBeyalollell coOCTBEHHOMY 3lia-
yennio E. Ecan npene6peub CNHHOBLIMH TepPEMEHHBLIMH, TO
byuxuus ¢ 3aBucut or 3N He3aBHCHMbIX nepeMeHHbix. [lo-
3TOMY AJs Omnpefesesusl P-QyHKIHH TOJbKO NHpH JAecsTH
3HAUEHHSX KaxkIOoro apryMenra norpebyercst 10%Y 3Haue-
HUH GYHKOHYM, DTO O3HadaeT, YTO eCId YHMCAO He3aBHCH-
MBEIX B3aHMONEHCTBYIOIUX dacTHil 6o/lblle ABYX WM Tpex,
TO HeOGXOAHMOCTb KaKOro-HHOYAb 1npubAHKEeHHS WA
YIIPOULIEHHOTO ONMHCAHMS OUeBHHA,

TlokaxkeM, Kak MOMKHO IIOJYYHTb YNPOIUEHHOE OlNHUca-
HHe cucTeMbl MHOrMX yactHll. Crocof nepexoga K TaKoMy
YOPOIIEHHOMY OIHCAHHIO NPHBOLMTCS HHXKe JJsi  TOrO,
4TO6GHI BHAGNHTh CYINECTBEHHblE NPHOJIKEHHs, KOTOPHIE

4
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B HeM cofepkarcA. PaccMOTpHM CTallHOHApHYIO CHCTeMY
B OCHOBHOM COCTOSIHHH -C IIOJIHOH 3Heprueil E,

E=\yHyar, (7.6)

KOTOPYIO HYXKHO MHUHHMH3UpOBaTh. VIHTerpupoBaHue B BHI-
paxkenuu (7.6) BHImOJHsAEeTCS [O BCeM KOOpAHHaTaM CH-
cTeMul dt == dx,dXs, ..., dXy. Bapeupysa BoaHOBY1 QYHK-
LLHIO 1% HaxOMHM TO YacTHOE pellleHHe, KOTOPOe MUHKHMHU3H-
pyer E:

SE=0=25 S VHpdv. (7.7)

Bropoe orpanuueHue, HaK/JganbiBaeMoe INpH MOCTPOSHHH
pPasyMHOro ONHCAHUA CHCTEMbl MHOTHX YaCTHI, COCTOHT
B NPENNOJOXKEHHH, 49TO HCKOMOe JacTHOe pelleHHe HMeer
Bux QyHKIMM ¢ pasKesieHHBbIMH IepeMeHHBIMH. To ecTb MHI
NONbITaeMCsl OMUCaTb CHCTeMy HaGopoM u3 N He3aBHCHMBIX
BOJIHOBLIX (YHKIHH 4y, OTBEYalOMUX KaXKIOMY 3JeKTPOHY
1 <<p<<N cucrtemul. B pesynbTaTe 3agauy MOXKHO cdop-
MYJHpOBaTh 4HAJOTHYHO KJaccHueckol 3agade N Teld. D10
npubniKeHHe TO3BOJAET 3alucaTh MOJHYI0 BOJHOBYIO
$yHKIHIO P KaK NpPOM3BeJleHHe HHINBHIYaJbHBIX BOJHOBbLIX
GyHRUAA Qg KaXAOro 37AeKTPoHa

Y= 1 (X) s (Xg) «.. uy(Xp) (7.8)

Caenyer OTMeTHTb, YTO TaKas BOMHOBAasf (QYHKUHA He
ya10oBAeTBOpAeT TpeGOBaHUAM CHMMETPUH KBaHTOBOH CH-
CTeMbl 110 OTHOUIEHHIO K IepecTAHOBKe UYacTHI, H B AaJb-
HefllleM Mbl U3MeHMM BHA (PyHKHUH 1 C y4eTOM 3TOro Tpe-
Gopanus. BoanoBass ¢yHkuua Buza (7.8) He sApasercs
TOYHOH, TaK KaK OHA He OIHCHIBaeT KOPDeJAUHH MeXIY
napaMH 3JeKTPOHOB, T. €. B (opmyne (7.8) coxepxkurcs
NpPeoJIOKeH e, YTO BCE 3JEKTPOHBI ABUIKYTCH He3aBUCHMO
LPYT OT ApYra.

Teneps nonpo6yem moayuutb N OTHeNbHBIX YpaBHEHHI,
OMHCHIBAIOUIMX BOJIHOBBlE (PYHKIHH # KaXAOTO H3 3JeK-
TPOHOB CHCTEMBbI, TJie KaXKAblH 3J1eKTPOH IBHXKeTCS B.IOJe,
cO3/aBaeMoOM HeMOABHXKHLIMU SAPaMH H BCEMH OCTAJbHLIMH
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sjdekrponamu. llozmefictByeM 1OJMHBIM T[aMUJBTOHHAHOM
(7.3) na BoanoByw ¢yHrmuw (7.8),

Hy= Z (4 oo ymtiyqy oon uy) Hyuy, +

u=l LA )
e
t) 2 ) s, (79

u=1 v=I{
V=

rje 0GO3HAYeHO X,y ==| X, — Xy | H BCe cJaraemblie raMmiuvib-
Tonuana H, neficTBYIOT TO/NBKO Ha KOOpAHMHATH X,. LEcan
Hy B Takom BHAe INOACTAaBMTL B HHTerpan AAs1 SHeprui
(7.6), TO MOXKHO BHIYMCJINTL HHTErpadbl 110 BCEM KOOP.IH-
HataM, 3a HCKJIIOYeHUeM TeX, KOTOpble CTOAT B MpaBoil
4acTu onepatopa ["amunbrona. B pesyibrare Mbpl nonyduM
Bpra)KeHHe st 9}{eprmi'

E= Z AL Z 5 V2 v ax, |u dx, (7.10)

p==1 V=1
V= U

Tlle HMCMOJNL30BAaHO TPEAINOJIOXKEHHe O TOM, UTO BOJIIOBbIE
(GyHKLUM 4, OTAGJAbHLIX 3JAEKTPOHOB HOPMHPOBAYBI,

{um, dx, = 1. (7.11)

Tenepp MOKHO MHHHMH3UPOBaTb 3Heprui0 E cHCTeMBI
COTJIACHO BapHalHOHHOMY npuHuuny (7.7). Mul umem Ha-
60D OJHOYACTHUHBIX 3JEKTPONHBIX BOJHOBBIX (DYHKUHH w4,
MHHAMH3HPYIOIIAX [, [03TOMY Mbl BapbHpyeM KaXIYIo
BOJIHOBYIO (YHKUHIO Suy, NMOKa 3HepPris He NOCTHTHET MHU-
HHMaJbHOTO 3HauyeHHsl. Bapraumm XOJKHBI MPOBOAHTHCH
He3aBHCHMO, TaK UTOOLI Kaxjas Bapualps OblTa OPTOro-
HanbHa COOTBETCTBYIOUIEH BOJHOBOA (YHKIHH, a HMEHHO:

{ 80, dx, =0, (7.12)

(A}

HpH 3TOM HHTErpana AJs 3HEPrud MUHHMH3MDYeETCs:

N
Yo da oty fu e, luax, =0 @19

w v=1
Vs U
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snekrponamu. IlogmeiictByeM mOJMHBIM TaMHJIBTOHHAHOM
(7.3) ua Bonnosyio dynkuuo (7.8),

N
Hy= Z (g «ov Up—iliygy oov uy) Hou, +

u=i
N N

+%Z IR "‘)73%””””' (7.9)

p=1 v=l
V=

rie obosnayeno x,,==|X, — X, | H Bce caaraemble raMuib-
Tonnana My nmeficTByloT TonbKO Ha KoopauhaTei X,. Ecau
Hy B rakom BHie NOACTaBHTb B HHTerpas s SHEPrHil
(7.6), To MOXKHO BHIUHCANTL HHTErpajbl IO BCEM KOOpAH-
HaTaM, 3a HCK/IIOUYeHHeM TeX, KOTODble CTOAT B MpaBoi
yacTu oneparopa I'amunbroHa. B pesysbrate Mbl noayuum
BeIDAXKEHHEe I 3HEpPryi:

N N
E=y fulm,+Y 44 xe:v u,dx, Ju, dx,, (7.10)
=

p=1

V=L

T/ie HCMOJNB30BAHO TDEANOJOXKEHHe O TOM, UTO BOJIIOBbIe
GYHKOHME 4) OTHENbHBIX 3JMeKTPOHOB HOPMHPOBAHHI,

{ua, dx, = 1. (7.11)

Teneph MOKHO MHHHMH3HPOBATL 3HEPrHIO E CHCTEMB
COrJIaCHO BapuanHOHHOMY mnpaHuuny (7.7). Mo umem Ha-
00p ONHOYACTHYHBIX IEKTPOHHBIX BOJHOBHIX (YHKUHH Uy,
MHHUMH3HpYOmuX E, mostoMy Mbl BapbupyeM KamAyko
BOJHOBYI0 QyHKUHMIO 8u,, noKa 3Heprus He JOCTHCHET MH-
HAMaJbHOrO 3HaueHusi. Bapmaunmu XoaXKHB IPOBOAHTbCA
HE3aBHCHMO, TaK 4YTOOLI Ka)kgas BapHalus Oblia OpTOrO-
HanmbHa COOTBETCTBYIOUleH BOJHOBOM (GYHKUHH, a HMEHHO:

.
{ ouru, dx, =0, (7.12)

Hop
HpH STOM UHTerpan A/as 3Hepruu MHHHMH3HDYETCH:

N
ggau; Hu+z Su: xe:v u,dx, Ly, dx =0. (7.13)

v=|
v

v o
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Jast toro 4to6ui obecreudTs BBINOAHeHHe ycaoBui (7.12)
IpY HE3aBUCHMOCTH BapHallull, yMHOXHM KaxKJoe H3 yCJO-
Buil (7.12) ma MHoXuTeab JlarpaHka &, U BHUTEM HX U3
ypaBueHus (7.13):

N
ZSGu; Hu—l—z Su:fj?uvdxv—e“ u,dx, =0.

n V=]
v #E U
(7.14)

UenoapsoBanne MHoOXutesell Jlarpanxka nosBoJseT Ipo-
BOZUTH BapAalHN He3aBHUCHMO, NpHUeM KO3(h(HUIHEHT IpH
KaXX[0H BapHalMH (Su:L NOMXeH GuTb paBeH HyJdlo. B pe-
syabTate Mbl NOJydyuM N OTHeNbHBIX ypaBHeHHH IJ/s KaxX-
IOH M3 BOJIHOBHIX QYHKIHH Uy

N

. e2
Hot Y (o) s dx, o, =ep, 1SRN (115

DTH ypaBHeHHsA, H3BeCTHHe KaK YypaBHeHuss Xaprpy,
MOKHO 3anicaTb 3BPHCTHUECKH, €CJIH DacCMaTpHBaTh HX
Kak cucremy N ypasnenuii lllpexunrepa misi KaXKuoro us
N saexTponoB cucreMbl. ITonnbifi 3@ GexTHBHEH raMuIbTO-
HHaH, AeHCTBYIOMAKH HAa BOJHOBYIO QyHKIHIO KaXKJ0To0 3JeK-
TPOHA, COCTOHT H3 ONePaTOpPOB KHHETHYECKOH M NOTeHUH-
aJbHOH sHepruu B Inoje sxpa Hy M CyMMbl «OXKH2eMBIX
NoTeHUHan0B» Vy, OT KaXA0ro u3 ocradbHbix N — 1 aiek-
TPOHOB v NIPU v F= W,

*
Uyly .
V= e Smdxv. (7.16)
OTH wieHHl OMHUCHLIBAIOT 3JEKTPOCTATHYECKOE OTTaJKHBaHHE
MeX/Jy BCeMH NapaMH 3JeKTPOHOB M TeM CaMbIM COrJa-
COB2HHOE I10JIe CHCTeMBI.

CucreMa ypaBHenuii XapTpu, OonuCHBaiomas aHcaMmOib
MHOTHX UYacTHI, NpejacTaBiser coboii cucremy N unterpo-
nuddepennnadbHEX ypaBHeHHH, npUueM, KaK H B KJacCH-
YeCKOM CJyuae, OHM HeluHedHbl, Tak Kak omeparop ['a-
MHJIBTOHA, ACHCTBYIOMIHH Ha KaXAYI0 3JeKTPOHHYIO BOJHO-
pyl0 (YHKUHIO, 3aBHCHT OT COCTOSIHHSI BCeX OCTaJbHBIX

8 I. Ilorrep
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371eKTpOHOB cHcTeMbl. 1lenecoobpasHo moliTy Aafablie H BH-
pasdTh omepaTop HOTEHIHAJbHON HEPrHH MeXK3JEeKTPOH-
Horo B3ammojneiicTBusi Vy, (7.16) uepes anexTpocrartHue-
cxuit noreunuan ®,, co3naBaeMbll 3JeKTPOHOM v H Aeli-
CTBYIOIIHH Ha JEKTPOH | B TOUKE X!
*
u'Vu'V
Ixu"‘x'vl

®, (x,) = {

DTo ypaBHeHHe sSBJAfAETCS HHTerpajvHoil (opmoit yparHe-

nua Ilyaccona (cm. ri. 6, § 1) ¢ naoTHOCTBIO 3apsiioB
* .

py = Ul

dx,. (7.17)

V2D, = — 4meu .. (7.18)

C noMompio 3JeXKTPOCTATHYECKHX CAMOCOIVIACOBAHHHIX I0-
TeHunanop @, ypaBHeHHsa XapTPu MOMNKHO IepentcaThb
B BHJIE

N
2 .
— P VAVl + Y Oy () b= e, (7.19)
V=]
v

<N, -

Tlle CaMOCOI/IacOBaHHble NMOTEHIHANbl ONpeledaoTcs H3 CH-
creMbl N ypasHeuuit Ilyaccona

VIO = — 4meuu,, I<<v{N. (7.20)

CioenyeT OTMETHTb, 4TO NpPH OueHb GOJDLIIOM YHC/IE
97eKTPOHOB B cucTeMe (N BennKo) MoOKHO mpeHeGpeub
BKJIaZoM COOCTBEHHOT'O INOJIS YacTHHH B CYMMY IOTeHIHa-
aoB (7.19). Tlostomy BMecTo OTHeNbHHIX noTeHLuanos @y
MOXHO HCHOJMB30BaTh mnoTeHugas @, co3NaHHLII BCeMH
anektpouamu. Ilpu arom N orneavHelx ypaBeeHnuit Ilyac-
CcOHa TIepexXONST B OJHO ypaBHeHHe HJ8 I[OJHOTO MNOTEH-
nuana:

N
V2D = — 4ze VZ=‘,1 W . (7.21)
OueBusnO, YTO Takoe CpefHee moJie 3HAYUTEJNbHO ynpollaer
sanauy. OnHaKo, nmpexie ueM HCKaThb TaKoH CpenHHH no-
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3/1eKTPOHOB cHucteMbl. [lenecoobpas3Ho 1nONTH HajdpHie H Bbl-
PasuTh oOmepaTop NOTEHIHAJbHON YHEPrHH MeXK3JEKTPOH-
Horo B3ammojedctsus Vy, (7.16) uepes3 amekTpocrariue-
ckuil noreunuan @y, cosfaBaeMpiil 3JeKTPOHOM v H Heli-
CTBYIONIHH Ha 3JeKTPOH { B TOUKE X!
*
Uyly
Ixu""x'vl

@, (x,) =e |

DT0 ypaBHeHHe SBJIAeTCs HHTerpasibHON GopMoil yparHe-

uust Ilyaccona (cm. ra. 6, § 1) ¢ naorHoctbio 3apsiios
*

Py = Ul

dx,. (7.17)

VIO, = — 4neuu,. (7.18)

C nomouipio 31eKTPOCTATHYECKHX CAMOCOIIACOBAHHBIX I10-
Tenuuanos @, ypaBHenHa XapTPH MOMKHO IepenucaTh
B BHJE

N
2 .
— o Ve V() 4 ), e®y(x) L= ey, (7.19)
V=1
veE

<N, -

Tlile CaMOCOr/1acoBaHHble MOTEHUHA bl ONPeAEIAIOTCA U3 CH-
crembl N ypasHeHuit Ilyaccona

V2O = — 4neuwu,, I<<v<CN. (7.20)

Cnenyer OTMETHTb, UTO TNpH OYeHb GOJBILIOM YHCIe
971eKTPOHOB B cHcTeMe (N BeNHKO) MOXKHO mpeHeGpeub
BKJ1aZoM COOCTBEHHOT'O NOJISI YacTHHB B CYMMY IOTEHIlHa-
sgos (7.19). Ilostomy BMecTo OTaedbHHIX MHOTeHUHaJ 0B @)
MOJKHO MCHOJb30BaTh mnoTeHuHan @, CO3JaHHBIA BCEMH
anekrtpoHamu. Ilpu arom N orpenbHelx ypapuenmii Ilyac-
€OHa TepexOmAT B OJHO YpaBHeHHe JJsi NOJHOTO INOTEH-
nuana:

N
V2D = — 4me VZ=‘,1 W, (7.21)
OueBHnaHO, YTO TakOe CpefHee NoJie 3HAYUTENBHO yIpollaeT
safauy. Oznnako, nmpexie ueM HCKaThb TaKoH cpenHmil mo-
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TeHIHaJ, HeoOXONHMO pacCMOTpPeTh CBOHCTBO CHMMETPHH
NOJIHOM BOJHOBOH (PYHKLUH OTHOCHTEILHO IepecTaHOBOK
YacTHl, KOTOPOe B YypaBHeHHAX XapTpH He HMeeT MecCTa.

§ 2. ToxXpaecTBeHHOCTh 4YacTHy u OOMeHHBIH NOTeHUHan

YpaBreunsi XapTpu Obl/I¥ NOJY4YeHBl B IIPEAIOJIOXKEHHH,
YTO [OJIHAsi BOJHOBas (PYHKHHA CHCTEMBI MOXKeT OHTb
[peACTaBleHa B BHJe IPOW3BeNCHHS OJAHOYACTUYHBIX BOJ-
noBoix GyHkumit (7.8). OgHaKo a/eKTpPOHH B cHCTeMe He-
pa3IMyuMBl B TOM CMBICJe, YTO, €CIH NOMEHATh MecTaMu
JBa 3JEKTPOHA, CHCTeMa HHKaK He H3MEHHTCA. DJeKTPOHbBI
HeJMb3sl NOMETHTb, MOITOMY NOJHBIH raMuiabToHuad (7.3),
ONMUCHIBAIOIIKA BCIO CHCTEMY, HHBapuaHTeH IO OTHOMICHHIO
K liepecTaHoBKe H1H OOMeHY KOODAHHAT OTAEJbHLIX Yac-
Tui., Mpl TIOKaxkeMm, 4TO nipocrasi BomHoBas QyHxuus (7.8)
He yIOBJEeTBOpAET TPeOOBaHMIO HEPasJHYMMOCTH 3JIeKTpO-
HOB B CHcTeMe, a 3aTEM BBISCHHM, KaK CJeLYyeT H3MeHUTb
ypaBHeHust XapTpH A TOTO, YTOGLl y4yecTb 3TO YCJOBHE.

JlocTaTOUHO paccMOTpeTb 31eCb CHCTeMYy M3 JBYX 3JeK-
tponoB. Ilycte 3MeKTpOH [ HaxOZHTCA B COCIOAHHH Ug,
a 3JeKTpoH 2 — B cocTosinuy ug. CoracHO HallleMy IpeX-
HEMY NpeRNoJI0XKeHHI0 O NpeICTaBHMOCTH BOJHOBOH (yHK-
LHM B BHje mnpouspeneHunst (7.8), BoiHOBas GyHKUHS Bceft
cHCTEMBl paBHa

=11y (1) 4y (2) (7.22)

OjHaKo ecJH 3JEKTPOHBl B CHCTeMe HePasJHYHMbI, TO BOJ-
HoBaa (QyHKUHa ', omuchiBalomlas 3JeKTpon [/ B cocrosi-
HHH 4g W 3JEKTPOH 2 B COCTOSIHHM I, TIOJHOCTBIO KBHBA-
aentna Gynrunu (7.22):

W =ty (1) 2, 2) (7.29

Ecau 3ty BOAHOBHe (PYHKHMH SKBHBaJeHTHBHl IJsi ONHCa-
HUA pacCMATpHBaeMOH CHCTEMbl, TO, COTJACHO HPHHIUNY
cynepnosunuy, Jawo6as HX JuHefiHaf KOMOHHAlUMH TaKkke
HNpUMEHAMa JJIsS ONMUCAHHUSA 3TOH CHCTEMBI: ‘

P == it (1) 115 (2) + o145 (1) 1, (2),

rZle TMOCTOSIHHBIE C€; M Cz NOJYHHEHBI YCJAOBHIO HODMHDPOBKH
Gynkunn ¢’ |ci|?4-|c2|?=1. C npyro#t cropoHmb, TaK

8#
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KaK YacTHIL! HEPasAHYyHMBI, HeT OCHOBallHil CYHTATb TO
Ay uHoe cocrosiune ' (7.23) wau ¢ (7.22) Gosee Bepesr-
HBIM, YTO O3HauaeT

ley F=lc, P

CrnenoBatesibHO, AJsi TAKOH JABYXUACTHUHON cHCTEMbI mpa-
BHJIbHAs 3aNHChb NMOJHOH BOJHOBOH (YHKUHH, COCTaBJEHHOM
13 OJXHOYACTUUYHBIX (PYHKNUE 1 YAOBJIETBOPSIOUWEH YCJIOBHIO
HepasAHYHMOCTH, UMeeT BU]

b= ;/lg—{ua(l) wy (D) Euy () ug (2, (7.24)

Bosnikaer Bonpoc o TOM, Kakoil H3 ABYX 3HaKOB B (hop-
myqae (7.24) nans BoJHOBOH GyHKIHHM cJjaenyer BuOpaTh.
CornacHo 3KcNepHMeHTY, MJisi 3JeKTDPOHOB HYXKHO Opatb
AHTHCHMMETDHYHYIO BOJHOBYI0 (YHKUHIO (OTpHIaTe/bHBIN
3HaK). Bce uacTaupl, KoTopele B CHCTeMe OXMHAKOBBLIX dac-
THI[ OMICHLIBAIOTCS AHTHCHMMETPHUHBIMH BOJHOBBIMH (yHK-
IUAMH, HA3BIBAIOTCA (PepMHOHAMH.

OGob6uenne stoil uien Ha cuctemMy N HepaslIHUHMBbIX
¢dbepMHOHOB He MpexcTaBJ/sieT TPyAa. B cOOTBETCTBHH € 3KC-
nepuMeHtoM rnoTpebyem, 4toSul BosHOBas QYHKUHA P,
OnUCHIBaKOLIasi CHCTeMy, Oblia aHTHCHMMETPHYHA OTHOCH-
TeNbHO MepecTanoBKu NOOH napel uwactuu. OTclofa cie-
IyeT, 4TO ) MOXKHO 3alHcaTb B BHUIEe OHPENeTUTENs, CO-
CTaBJAEHHOTO H3 OJHOUACTHYHBIX BOJHOBHIX (QYHKIHIL:

1, (1) 1,(2) ... g (N)

uB(l) Uy (2) .

.

we(l) (@ .. w(N)

1o onpexpeanteab Castepa, H OYEBHIHO, YTO OH YIOBJIETBO-
psieT YCJAOBHIO aHTHCHMMETPHH BOJHOBOH (YHKUMH, Tak
KaK IIpH NiepecTaHOBKe IBYX CTOJNOIOB ONpeleHTeNb Me-
HSIeT 3HaK. 3aMeuaTe/]bHO TaKikKe TO, YTO U3 OmpelesuTes
CasTepa cpasy Ke BbITeKaeT mpHHIun 3anpera [laynu. Co-
raachHo npunuuny Ilayan, cucrema oauHaKkoBHIX GepMHOHOB
He MOXKET HaXORHUTbCSl B COCTOSIHHH, ONHCBIBAEMOM  BOJ-
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KaK YaCTHIbI HEePasNMyHMBI, HeT OCHOBAaNHIl CUNTATb TO
WM uHoe coctosinue ¢’ (7.23) nam ¢ (7.22) Gosee Bepear-
HLIM, YTO O3Hayaer

leyF=lc, P

CrenoBaTesibHO, AJSI TAKOH ABYXUaCTHUHON CHCTeMH npa-
BUJTbHAS 3aNliCh NOJHOH BOJHOBOH (YHKIHH, COCTABJAEHHOI
U3 OJIHOYACTHYHBIX PYHKIUN H YXOBJETBOPSIOWIEH YCAOBHIO
HePas3JHYHMOCTH, UMEeeT BUJ

1P=‘~«7]§—{ua(l)uﬁ(2)iuﬁ(1)ua (2)}. (7.24)

Bosnukaer Bonpoc o ToM, Kakoil 3 ABYX 3HaKOB B ¢op-
myae (7.24) npas BoaHOBOH GYHKUHMH cJenyer BbiGpaTh.
Cornacuo 3KcnepHMeHTY, IJsi 3JeKTPOHOB HYXKHO OpaTb
aHTUCHUMMETDHYHYIO BOJHOBYIO (YHKUHIO (OTpULATeNbHBIN
3Hak). Bce yacTHIb, KOTOpBIE B CHCTEME OJHMHAKOBBLIX Yac-
TUIl ONNCHIBAIOTCS AHTHCHMMETPHUHBLIMH BOJHOBBLIMH GYIK-
LXSIMH, Ha3biBAIOTCA (PepMHOHaMH.

O6o6menne stoii ugen Ha cucreMy N HepasauunMbX
¢dbepMHONOB He NpexcTaBiseT TPpyda. B coorBerctaun ¢ akc-
nepuMenToM noTtpebyeM, uToObl BonHOBas GYHKUHA P,
ONHUCHIBAWOIIAf cUCTeMy, Obwia aHTHCHMMETpPHUHA OTHOCH-
TeJbHO MepecTanoBku Jw00# mapsl uvactuil. OTcloga coie-
IyeT, 4TO Y MOXKHO 3amucaTb B BHAE ONpeleguTessd, CO-
CTaBJEHUOTO H3 OAHOYACTUUHBIX BOJHOBBLIX (PYHKUHH:

e (1) 14(2) ... 1, (N)

, uB(l) Uy (2) .
= —=| . : (7.25)

(D) (@ ... (V)

10 onpenenntenp Castepa, H OYEBHIHO, YTO OH YAOBJETBO-
pAeT YCJAOBHIO AHTHCHMMETPHH BOJHOBOH (YHKUMY, Tak
Kak Npu nepecraHoBKe ABYX CTOJOIOB OnpeaeTHTe]b Me-
HACT 3HAaK. 3aMeyaTe/]bHO TaKXKe TO, YTO M3 ONpeNe]HTe/s
CnsTepa cpasy ke BuiTeKaer npuanun sampera [laynun. Co-
raacHo npunuuny Ilayau, cucrema OAHHaKOBLIX (epMHOHOB
He MOXKeT HaxONUTbC B COCTOSIHHH, ONICHIBAEMOM  BOJ-
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HoBoll GyHKIeH, comep:Kaileil Xotd Obl ABe OJHHAKOBbIE
OAHOYaCTHYHBbe BOJHOBble ¢Gynknun. OueBHAHO, YTO MpH
JABYX COBNAAAIOMHX ONHOYACTHYHBIX BOJNHOBBLIX (YHKUHAX
onpenenutensr Castepa obpaliaercs B HYJb.

CiienyeT OTMETHTb, UTO He3aBHCHMble KOOPAMHATHI OX-
HOH YacTHIbl COCTOAT H3 TpeX MPOCTPAaHCTBEHHBIX KOOpAU-
HaT ¥ COUHOBOH Koopmuuathl. IlostoMy B ofmem ciayuae
npu noctpoenuu onpeaenntenss Casrepa (7.25) caexyer
NPHHATH BO BHUMaHUe, YTO OJHOYACTHYHBIE BOJHOBbIE QyHK-
LM, OTJMYAIIUEecH CHUHOBOH KOODAWHATOH, OIHCHLIBAIOT
pasHbie coctosinns. Ho 3aecy Mbl He 6yaeM Y4HTHIBAThL CIH-
HOBOE B3aHMOJEHCTBHE 1 OrpaHUYMMCA CCHIIKON Ha COOTBET-
CTBYIOUIYIO JAuTeparypy [48].

Tenepb MOXKHO BepHYTbCsi K OCHOBHOH NpobJsieMe u pac-
CMOTpEeTh BONPOC O TOM, KaK HY}KHO BHIOH3MEHHTb ypaBHe-
Husi XapTpu A4 TOro, UTOOH BK/MOUHTb B HHX IMPHHIHII
HEPA3/JMYHMOCTH 3JIEKTPOHOB CHCTeMBl. Bapuaunnonnbit
MpUHHKN NMPHMEHHM TOUHO B TOH e Qopme, uto H B § 1,
HO Tenepb NOJHas BOJHOBaf (YHKUUF P 3alaeTcsd Onpe-
neanrenem Cuastepa (7.25). Takum 06pa30M npHHHMas
BO BHHMaHHE aHTHCUMMETDHIO BOJIHOBOH (QyHKUHH, nepenm-
uiem ypaphenus Xaptpu (7.15) B Bunme

H iy (x,) + Z {0 5
v

— uy (xp) uy, (x)}dxy =g u, (x,), 1SSpKN. (7.26)

{uv (xv uu (X ) -

HnrterpasbHple 4YJeHbl 110[ 3HAKOM CYMMBl ONHCHIBAIOT
5JeKTPOCTATHYECKHH IOTeHUMaJ OTTAJKUBaHHS MeXAY
3JeKTPOHOM B COCTOSIHHH W H BCeMH OCTaJbHBIMH 3/€K-
TPOHHBIMH COCTOSIHHAMU. B NORbIHTErpasibHOM BbIPaXKEHHH
NOSIBIAETCS IBYX3JIEKTPOHHAS BOJHOBAs (DYHKIHS, TaK KakK
CcOOGCTBEHHBIH IOTEHLHAJ 3/JEKTPOHA NOJKEH OHITb HCKIWO:
uyen. Cienyer OTMeTI/ITb YTO CyMMHPOBaHHE B YPaBHEHUH
(7.26) nposonutcst mo N — 1 cocToaHusaM, ofnako 6e3 mo-
TepH OGIIHOCTH MOKHO DPaCIpPOCTPAHHTb CYMMHDOBaHHE HA
Bce N cocrosigufi, BKJAIOUas caydalh v ==, TaK KakK IpH
3TOM [BYX3JeKTPOHHas BoJHOBas (yHKuusa obpamaercs
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B Hyab. Ilostomy cucremy N ypapnenuit (7.26) MoxHO
HepenncaTth B BULE

N
2
Hu, -+ (Z S uy —xiu—v— Uy dx,,) u, —

v==1
N
- Z (S Uy ;% uudxv) uy=¢guu,, 1<p<<N. (7.27)
v=1

dra cucrema N ypapuenu#i nasi N OXHOSJEKTPOHHHIX CO-
CTOSIHUI Ha3bIBAETCS CHCTeMOl ypaBHeruil Xaptpu — Poka.
Bee ufeHbl, CTOsIIIHE MNOJ 3HAKOM BTODOH CYMMBI, Olpene-
JSI0T 06MEeHHBIH NOTeHluald, KOTOpbHH BO3HHKAET H3-3a TOTO,
YTO 3JeKTPOH He B3auMoJeHcTByeT caM ¢ coGoil. YieHw,
CTOflIHe IN0JA 3HAKOM IIepBOHl CyMMbl, BbIPaxKaloT MNOJHLI
3JIeKTPOCTATHYECKHHA MOTeHLHasJ CHCTeMBl 37eKTpOHOB. Kak
u B § 1, Hose3no BLIpa3uTh HHTETPAJbl depe3 IMOTeHHHAJbI
YacTHl, KOTOpHE B.CBOIO OYepelb MOXHO HaNTH KaK pelle-
uus ypasnenus Ilyaccona. Ileppas cymma paet noqHbift no-
TEHIHaJ 3JeKTPOHOB CUCTEMB

D)= Su\, (8) sy (), (7.28)

v

Juddepennnansuoft GpopMoi MOCAEIHET0 COOTHOLIEHNS, Kak
H paHee, 6yner ypaBHenue Ilyaccona

N
V2D = — 4xe }jl Uity (7.29)
V=

Kaxapili 13 ueHOB BTOPO# CyMMBl MOXHO OTJeJbHO BbIpa-
3HTb yepe3 o6MeHHble noTeHuHaau @,, MeXAy nmapamu co-
CTOSIHUE:

e®,, (X) = S 13 () Ty tu () ds. (7.3)

Iorenunann @,y yILOBJIeTBopHIOT nmbtbepeﬂunaﬂbﬂomy
ypasHenu1o Ilyaccona -

VD, = — dneuu,, - (7.31)
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B Hyab. [Tostomy cucremy N ypapnenuit (7.26) MOXHO
nepenncaTh B BULE

N
2
Hu, -+ (Z S uy 765;; Uy dx,,) u, —

v=1

"'Z(S”v—u dX)uv—euuu, I<pN.  (7.27)

v=I

dra cucrema N ypaBHeHHn 07 N OZHO3JTEKTPOHHBIX CO-
CTOSIHHII Ha3biBaeTCsl cucTeMolt ypasHenuit Xaptpu — Poka.
Bce uJjlenbl, CTOsIIMEe IMOJ 3HAKOM BTODOH CyMMBI, ONpene-
JSI0T OOMEHHBIH NOTeHIual, KOToprﬁ BO3HHKAaeT H3-3a TOTO,
YTO SJEKTPOH He B3aHMONEHCTBYeT cam C coGoit. Uaenw,
CTOSIIHE 10J 3HAKOM I[IePBOH CyMMBbl, BBIPayKaloT NOJHLIH
3JIeKTPOCTATHUECKUI NOTEHIMA/ CHCTeMBl 3JeKTponoB. Kak
n B § |, moe3Ho BBHIPA3HTb HHTETpaJ/nl Yepe3 IOTEHIHaJIbI
uyacTUL, KOTOpLIE B,CBOIO OYepelb MOXKHO HaiTH Kak pelle-
uus ypasnenus ITyaccona. Ileppas cymma naer nmoJiHbli Io-
TeHIHaJ 37eKTPOHOB CHCTEMb

eD(x)= Suv(s) o ty(s)ds. (7.28)

v

Jubdepennunanbhoit GopMoH NOCTeIHETO COOTHOLIEHH, KaK
u panee, 6yzner ypasnenue Ilyaccona

N
V2O = — 4me Y, Uity (7.29)
v=}

Kax bl U3 useHoB BTOPOH CyMMBl MOXKHO OTJeJIbHO BhIpa-
3UTb uepe3 oOMeHHble moTeHuHanbl @y, MEXIY napamu co-
CTOSTHHE:

e®,, (X) = S 1y (5) T (5) ds. (7.3)

INotennnans @,y yILOBJIeTBopHIOT IngpepeHnasbHOMy
ypasHenuio Ilyaccona _ N

V20, = — 4meuly. - (7.31)
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Cucrema /4,N(N — 1) Takux ypaBHeHHiI ONucbiBaeT BCe
napoi cocrosinnil. ¥Ypabnennss Xaptpu — €oka ¢ HCIOAL30-
BailMeM 3THX NMOTEHUHAJ0B NMPHUHHMAIOT MPOCTOH BU:

N " .
— ) Wy u, =euu,, (7.32)

v=l

I<p<N.

Creayer OTMETHTb HECKOJIBKO MOMEHTOB, KaCalomuXCs
9THX YPaBHEHHH, ¥ IPH 3TOM TOJE3HO NMPOBECTH aHAJOTHIO
C KJIACCHYECKOH C¢HCTeMOH dYacTun ¢ JaJbHOJeHCTBHEM.
Ypasuenus Xaprtpu — Poxka (7.32) obpasyior cucremy N,
HeJIHHeHHbIX YpaBHeHui, Kotopas onuceiaer N oAHouacTHy-
HBIX COCTOSTHHH cuCTeMBbl!). ¥YpaBHEeHHS HEJUHEHHBI U CBSi«
3aHbl CaMOCOrJacoBaHHBIM motenuuanom (7.29) m (7.31).
B cucreme cywecrsyer !/,N(N--1) B3aumoneficteuii me-
XKy BCeMH NapaMH YacTHI[, KOTOPble OIMHCHIBAIOTCS OGMEeH=
noiMy notednuasaMu @py, © MBI MOXEM IO aHaJOruu
C «TOYHbIM» KJIaCCHYeCKHUM cayuaeM (rJ. 5) pacCMaTpHBaTh
TaKOe ONHMCAaHHe KaK «TOYHOE» B TOM CMBLICJIe, YTO OMHCHI«
BAIOTCS BCe napel BzauMoxelcTuil. U BHOBDL, KaK U B K/iacs
CHYECKOM cllyyae, ICHO, UTO B TaKOH MOAEIH MOXKHO YHC«
JIEHHO OIHCATb JUIUb OrPaHHYEHHOE YHCJAO OXHOUACTHUHBIX
COCTOAIHHE, TaK KaK NPUXORUTCH OINpPEeXeJsTh 1/Z;N(N— 1),
B3aHMOJACHCTBUH ¢ NOMOMIbIO /o N (N — 1) ypaBHenni Hyac«
coHa A o6MeHHBIX notennuaaos (7.31). IlostoMy mosnbe
ypaBHeHHs XapTpu -— Poka npuMeHHMB TOMLKO K CHCTE-
MaM HECKONbKMX 3JeKTPOHOB, TAKHM, K4K aTOM HIH IpO-
ctan MoJsekyaa. C Apyroét CTopoHsl, A MHOTO3.IEKTPOHHOI
CuCTeMbl (HanpHMep, 3JeKTPOHbl B KDHCTAMJIHYECKOH pe-
IIeTKe) HY’KHO BBECTH CPeAHHH CaMOCOr/acoBaHHBIA MOTEH=
UHaJd TeM JKe CcrnocoboM, KOTOPLIM OLIJIO BBEJEHO Cpeplee
noJe A8 NJAa3MEHHOH H/M IPaBHTALHOHHOH CHCTEMDBI MHO-
rux yacran (ria. 6).

JIna cucTeMbl MHOTHX 4acTHL, C AaJbHOLEHCTBYIOLLHMH
3/eKTPOCTATHYECKUMU CHJIAMH B TIePBOM TPHOGIHIKEHHU
MOJKHO CYUTATb, YTO IapHblE B3aUMONEHCTBHSA, OMUCEIBAEMble

{— 2=V +Vated}u,

') Cornacuo teopeme Kynmana, ypasuennst Xaprpu — Doka (7.32),
KpOME OCHOBHOTO COCTOSIHHS, OMHUCHLIBAIOT e€lle H Boadymueuume €oCTOs~
HUST MHOPOMJIGKTPOHHON CHCTEMB,
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OOMEHHBIM [OTEHIHAJOM, MaJjbl . [I0 CPaBHEHHIO ¢ KOJ-
JeKTHBHBIM notennuatoMm @ (ra. 6). Ilpu Goxaee crporo
nojxxoje cJaegoBaso O6bl YCpEeNHHTb OOMEHHBI TNOTEHIHAJ,
yTo0Bl yuecTh gebaeBCKoe 3KpanupoBanue, Taxoe ycpejue-
HU€e IIOKa3bIBAeT, YTO BJAMSHHE 0OMEHHOro NoTeHnHaxa npo-
sABJIsSIETCS TOJIBKO HA KOPOTKUX paccrosnusx [50, 511 B ceasn
¢ stuM Castep [52, 53] npensoxkun 3aMeHHTb TOUHBIH 00-
MEHHBIl NOTeHLHa yCpeLHEHHBIM OGMEeHHBIM IOTEeHNHAT0M
B BHJIE

Dy =3l e { g} (7.33)

rae fn, — IJOTHOCTb 3/eKTpouoB. Takum o6pas3oMm, ypabue-
nua XapTpu — Doka /15 MHOTO3JEKTPOHHOH CHCTEMB! Oliil-
CHIBAIOT COCTOSIHUA B YCPEAHEHHOM IOJe:

»

2
{_%V2+ Vsux'{" ed _eq)"éM}uu:suuw (734)

C BBeZeHHeM TakKoro yCpeLHeHHOTO IOJs 3ajaya caMoCo-
IJ1aCOBAHHOTO [BHMKEHHS MHOTUMX 3JEKTPOHOB CYIIECTBEHHO
ynpoinaeTcsi, Tak Kak Hcue3aeT HEOOXOAHMMOCTb IPSIMOTO
onucanus /N (N — 1) napnsix B3aumopeiictsnl. Ilpn stom
0CTAETCH TOJMBLKO OJHO ypaBHEeHHe AJId 104,

Mbul paccMoTpUM 3TH [Ba INpefeJbHBIX CJayuyas CclCTew
KBAaHTOBBIX yacTull, [Ipu u3yueHUH CTPYKTYpbI aTOMOB 3JeK-
TPOUBI HYXKHO CYHTAThb CHCTEMOH HECKOJbKUX 3JEeKTPOHOB,
coxepxkaiueli o6MeHHble UJeHbl JUISl IByX4aCTHYHBIX COCTOs-
nuii (7.32). C npyrofl cTOpPOHbBI, 3JIeKTPOHBI B KPHCTa/LAnye-
CKOH pellieTKe CjeiyeT paccMaTpHBaTb Kak CHCTEMY MHOTUX
4acTHl, M JJ51 ee ONHCaHHst CJIeIYeT HCNOJb30BaThb ypab-
Henua Xaptpn — Poka ¢ ycpeaHeHHHIM NogeM (7.34).

§ 3. AToM Kak cHCTeMa HECKOJAbKUX YaCTHL

I1pu ncnonbv3opanun ypasnenuit Xaptpun — Poka (7.31),
(7.32) pns u3yueHus CTPYKTYpbl ATOMOB TpPHMEHSEMBbI
3JIEKTPOCTATHYECKH] ANePHBIA MOTEHIHa  HMeeT OCOGeHio
APOCTYIO HeHTpasbrylo dopMy. [1o3ToMy npenosoKuM, UYTO
AP0 3aKpeIJIeH0 B HauaJje KOOpAMHAT, W 6yleM HCHOJb-
30BaTh ChepHUECKYIO CHCTEMY KOOpAMHAT (7, 0, @) (dur. 7.1).
MoTenunanbias sHeprust 3JEKTPOHA B TOJE sapa aToOMa
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OOMEHHBIM HOTEHIHAJOM, MaJjbl . [I0 CPaBHEHHIO ¢ KOJ-
JekTHBHBIM roTternuanom @ (ra. 6). Ilpn Gosee crporom
MOAXONEe ¢JefoBaso Ob yCpeHHHTb OOMEHHBIN MOTEeHUHaJ,
y1o6bl yuecTb HebaeBcKoe sKpanupoBanue. Takoe ycpenHe-
HU€e IIOKa3bIBAeT, YTO BJAMSHHE 0OMEHHOTO NOTeHIHaxa Npo-
sABJIsIETCS TOJBKO Ha KOPOTKUX paccTosHusx [50, 511 B ceasn
¢ stuM Castep [52, 53] npensoxkun 3amMeHHTb TOUHBIH 00-
MEHHBIl MOTeHIHa ycpelHEeHHBIM OOMEHHBIM IOTEeHNHAT0M
B BHJIE
3 g )

Dyo=3le 1{ g ne} s (7.33)
rae fn, — IJIOTHOCTh 3/eKTpouoB. Takum o6pas3oMm, ypasue-
nnd XapT1pu — PoKa 1jas MHOrO3JTeKTPOHHOH CHCTEMBbl OIi-
CHIBAIOT COCTOSIHUA B }‘Cpe,U,HeHHOM noJje:

2
{_%{V2+ Vsux'{" ed _eq)"éM}uu:suuw (734)

C BBeZeHHeM TaKoro yCpeLHeHHOTO NOJs 3ajaya caMoCo-
rJ1aCOBAHHOTO JBHJKEHHSI MHOTUMX 3/EKTPOHOB CYIIECTBEHHO
ynpoinaeTcs, Tak Kak Hcue3aeT HeOOXOAHMMOCTb IPSIMOTO
onucanus /oN(N — 1) napnsix B3aumogneiictsnl. Ilpnu stom
OCTAEeTCd TOJNBKO OJHO ypaBHeHHe AJid N0Jd.

Mpul paccMOTpPUM 3TH [Ba INPeACJbHBIX CJayuyas ClCTeM
KBAaHTOBBIX yacTHL, [Ipu u3yueHUM CTPYKTYpbI aTOMOB 3JeK-
TPOHBl HYXKHO CUHTATh CHCTEMOH HECKOJbKHX 3JeKTPOHOB,
coxepxkaiueli oOMeHHble UeHbl JUISl IBYX4aCTHYHBIX COCTOs-
Huii (7.32). C mpyroit cTOpoHSI, 3/1€KTPOHBI B KpHCTalAHYe-
CKOH pellieTKe CJelyeT paccMaTpUBaTb Kak CHCTEMY MHOTUX
yacTHll, N AJs ee ONMHCaHHA CJAEAYeT HCIOJL30BaTh YypaB-
Henua Xaprtpn — Poka ¢ ycpeaHeHHBIM nogeM (7.34).

§ 3. AToM Kak cncTeMa HECKOJbKMX HaCTHH,

Ilpu ucnosb3oBannu ypasHenuil Xaprpu — Poxa (7.31),

(7.32) pna wu3ydeHuss CTPYKTYphl aTOMOB TpHMeEHSEMBb
3JIEKTPOCTATHYECKUH sITepHbIH MOTeHIHA] MMeeT OCobeHHo
APOCTYIO HeHTpanbHylo dopMy. [103TOMY npenonNoKuM, YTO
S0 3aKpeIVICHO B Hauaje KOopAHHAT, n OyAeM HCHOJb-
30BaTh CepHUECKYIo cHcTeMy KoopauHat (7, 8, ¢) (dur. 7.1).
MoTenunanvuasi sueprust 3J€KTPOHa B TOJE sapa aToMa
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C aTOMHBIM HOMepoM N uMeer npocTolt BUA:

Vg = — Y& (7.35)

r

ITosesno BBectn Ge3pasmepunie mepeMenbie, BLHIGpaB B Kaue-
CTBE eJMHMIb IJIHHBI GopoBCcKull panuyc h?/me?, a B Kaue-

Dur. 7.1, Cdepuueckne KOOPAHHATLL

CcTBE exnHuNb suepruu — me*/h%. Torma cocrosuus ‘u, N
3/IEKTPOHOB aToMa OmHCLIBalOTCA cucTeMol N ypaBuedui
XapTtpn — Poka:

y _ .
(% Vim0 e)u, ) D, =0, <SRN, (7.30)

v==l
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rie @ — noJHbIK MOTEHLHAJ SAPA U BCeX MEKTPOHHLIX CO-
CTOSAHHH:

V2D = — 4aNd (r) + 40, unu,, (7.37)
w

a OOMEHHHBII HOTeHHuaad MeXIy IapaMH 3JeKTPOHHBIX CO?
crostHuil onpefeasiercst cucremoft !/;N(N — 1) ypapnenui
Ilyaccona:

b Pexrupubie raMmuabToHHAHb (7.36), AeHcTByOLLNE HA
KayKj0e 3JIeKTPOHHOe COCTOSIHHE Uy, HMEIOT BHJ OnepaTopos
nnbdepenunporanus no mpoctpanctsy. Ilostomy B kaue-
CTBe 001Iero NOAX0Aa K pelleHHI0 TAKHX YDaBHCHHI MOXKHO
NpeACTaBHTh ypPaBHEHHS Ha TpPeXMepHOH PasHOCTHOH ceTKe,
U TOTJa B COOTBETCTBHH CO CKa3aHHbIM B IJI. 4 TaMHJbTO-
HUal CTaHeT CeMHUAMAroHaJbHOH MaTpulell. -3aTeM MOMXHO
Gyner ompemenutb (rs. 4) coGCcTBeHHBIE BEKTOPHI H €O0-
cTBeHHBbIe 3nauenus Takoll Matpuun. Onnako pis ofecneye-
HUA HPUEMJIEMOFO paspelieHus BAOJb KaxKA0H H3 KOOpaH-
Hat (r, 8, ) MaTpuUy pPa3sHOCTHOH anNnpOKCHMAalHH oepa-
Topa [amMunbTOHa NMpHXOXMTCA GpaThb OYeHb GOJBLIOH, YTO
JesaeT UNCJEHHYI 3ajauy ouelb TpyaHoH. Tak Kak ompe-
NeJAULYIO POJIb HIPAeT LeHTpaJabHBI NTOTeHOHAN Anpa, yo-
newHbM OyleT NPyrod NoAXon, KOTOpHI COCTOHUT B aHaJtu-
TUYECKOM OT/eJNeHHH 3aBHCHMOCTH OT YFJIOBHIX KOOpIHHAT
(8, ) ¢ coxpaHeHHeM Pa3HOCTHOTO METOAa B PanHAJIbHOM
HanpasJeHHn.

B cd;epmecxnx KOOpAMHATax oHepartop Jlamaca BXO-
Ol kax B ypasHenue Ilyaccona, Tak ¥ B onepaTtop KHHe-
THYeCKOH sHepruu ['aMusnbTOHA, HMEET BHA

1 02 1 i 1 02
2 __ L 7 —_— - v
V= Far r'*’sme 00 smB + rsin?@ 9gf ~

1 0

';_—Wr -|- 7‘2— A2. (7.39)

Ouesuznno, uTo coGcTBenHble QYHKUMH S, onepatopa Jla-
njaca nosaydaloTcs pasjesieHHeM nepeMeHHBIX

sy = Ri(r) PT (6) '™, (7.40)
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rie @ — noJHbI NOTeRUHAJ fApAa U BceX 3/MeKTPOHHEIX CO-
CTOSAHHI:

VID = — 4N (r) 4 4n) ujuy, (7.37)
w

a OOMeHHBIH NOTeHHMAJ MeXIy [apaMH 3JeKTPOHHBIX CO?
CTosiHMil onpejeasieTcss cuctemoin !/sN(N — 1) ypaBHenuft
Ilyaccona:

wq)uv —_ 4ﬂu;uu. (738)

Db dexruBuble ramuabTonnanst (7.36), neficTeyoiine Ha
KaxkJ0e 3JIeKTPOHHOE COCTOSIHUE U, HMEIOT BHI ONEpPaTopos
au¢pepenuupopanusi no npoctpancrsy. ITostomy B Kaue-
CTBe 00uLero NoAX0Aa K pPelleHHIO TAKHX ypaBHEHUH MOMKHO
NpeACTaBHTh YPAaBHEHHA Ha TpPeXMepHOH pasHOCTHOH ceTke,
U TOTfa@ B COOTBETCTBHH CO CKa3aHHBIM B rJ. 4 raMHJbTO-
HUAH CTaHeT CeMUIHaroHaJJbHOH MaTpuuell. -3ateM MOXKHO
oyner ompexeautb (ra. 4) coGcTBeHHBIE BEKTOPHI M €OG-
CTBEHHbIe 3HaueHUst TakoH MaTpuun. Onnako as obecrneye-
HHSl TIPHEMJIEMOrO pa3pelleHHs BJOJb KaxIoH H3 KOOpXH-
Hat (r, 6, ¢) MaTpuLy Pa3HOCTHOH aNIpPOKCHMAIHH oliepa-
TOpAa FaMHJIbTOHa NPHUXCOUTCA 6patbh O4YeHb GOJBLIOH, YTO
JeaeT YUCJEHHYI0 3ajauy oueHb TpyAHOH. Tak Kak ompe-
JeJISIOULYIO POJIbL HrpaeT LeHTpaJbHbIA oTeHIuax s14pa, ye-
NeHbM 6yaeT APYro# MoJAXom, KOTOPbIfl COCTOHT B aHaJH-
THYECKOM OT/JEJEeHHH 3aBHCHMOCTH OT YIVIOBBIX KOOPAMHAT
(6, @) ¢ coxpaHeHHeM Da3HOCTHOrO METOJa B PafHAJbHOM
HanpasJieHHu.

B ChepHueCKHX KOOPAMHATAX ONEpaTop .Harmaca BXO-
nswuil kax B ypasHenue Ilyaccona, Tak u B oneparop Kuue-
THYECKOH sHepruu ['aMuJbTOHA, HMEET BHJ,

1 92 1 a . d 1 02
2___ P v — Qs i -
Vi= r 6r2 r+ r'*’sine 00 sin 0 00 + r2sin2@ adp?
1
= ar2 r—|— (7.39)

OueBupHo, uTO CO6CTBEHHBIE (YHKUHH s, omneparopa Jla-
nJaca noJyd4aloTcs pasjesieHHeM nepeMeHHBIX )

Su=Ri(r) PT (6) &'™, (7.40)
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rae Gynkunn P]" y10BAETBOPSIOT 0606meHHomy ypaBsHenuio
Jlexkauapa

g g sin 05 PrH {10+ ) — s J PP =0 (7.4)

¢ meawimMu | 1 m. COOTBETCTBy}OLuaH pannanpHas QyHKuus
R; ynosnerBopser ypaBHEHHUIO
2
L8R~ p R, (7.42)
rge M — co6cTBeHHoe 3Hauenue. O6Go6LieHHOe YpaBHEHHE
Jlexkanapa XOpollo H3yYeHO, H HCKOMble pellleHHst (mpucoe-
AnHennole Gynkuum Jlexanapa, Taba. 7.1) MOXKHO BeIpa-
3UTb aHAJUTHYECKH B BHJAE creneHHHX psgoB [3). Ilostomy
MEl MOXeM HCIIOJIb30BATh H3BeCTHHIE COOCTBeHHHE (PYHKIHH
yrioBodl wactu onepartopa Jlammaca (1/r?)A? npu 3anucH
pewennil ypaBHenu#t Xaptpu — Poxa ana atoma (7.36).

1. llpubrurcerue YyeHTparbHOO NOAR

ITpuGamKeHne LEHTPAJbHOTO NOJS BBOLHTCA HJSI YIPO-
IIeHHsl TpPeXMepHHIX ypaBHeHu#t XapTpu — Poka, Tak uTO
B pe3y/bTaTe OHH CBOAATCA K AH(p(PepeHUHaIbHEIM ypaBHe-
HUSM OTHOCHTENLHO OJXHOTO pajuajbHOTO H3MepeHnusa [54].
Koneuno, 5/ BHYTpPeHHHX 3JIeKTPOHHHIX COCTOSIHHI OINpe-
JeTISIIOIUHUM NOTEHIINAIO0M ABJIAeTCA LeHTpadbHBI NOTeHIHAN
aapa. [losToMy ecTecTBeHHO NMpPEATOJOXHTb, UTO B ypaBHe-
Husix Xaprtpu — Poka mnonuuifi 3¢ PeKTHBHHI NOTEHUHAN,
CO3JaHHBI -~ NONIOKUTENBHEIM SIPOM H OTPHULATENbHLIMH
9JIEKTPOHAMH, CHJIBHO 3aBHCHT OT pafiuyca H cjiaGo 3aBHCHT
oT nonaspubix yriaoe (6, ¢). Ecan npene6peur oGMeHHHIM
NOTEHIHAJOM W NPeANOJOXKNTh, YTO NOJHBIH AeHCTBYIONIHI
noTennuaa @ cbhepuuyeckH cumMmerpudeH, Hanpumep ®(r),
TO KaxkKJoe pelleHHe ypaBHeHH# XapTpH — Poxa MOXKHO 3a-
NUCATh B BHJE

u, = Ru(r) PT (8) '™, (7.43)

rae PI', KaK H Bbilue, — NPHCOENHHEHHBIE byuruun Jle-
JKaHApa, a pajHasbHble BOJHOBblE (YHKIHH YAOBJETBO-
psI0T OOBIKHOBeHHOMY AH(depeHIzaJbHOMY YPaBHEHHIO

For (R — {28 () + L — 95, 1 Ry =0, (7.44)
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Tabauya 7.1
Cthepuueckue GyHKUun

[Ipucoennnennbie Gyuxnnn Jlexangpa Pj* (cos 8) [pemenus

ypapuesns (7.41)] cBfizaHH ¢ MOPMHPOBaHHBIME CepHUUECKHUMH
dyuxmuaMu Yy, (6, @) cooTHOwenneM

TET (U =m) ,
y,m(e,¢)=,\/ 4?2 '((z+7731 Pf* (cos 8) ™™

- AT (a2 )

1=3 Y;\m—/\/4ﬂ (2cos 9-—-2 cos B
y31=-—-i—/\/% sin 0 (5 cos®0 — 1) '@
Y32=—}1-,\/—12%2— sin’ 0 cos 0e???

Y3 = — —}1- /\/%% sin® 93¢

IMpexpe uem paccmartpuBaTbh GoJee TOYHOE CaMOCOIIaco-
BaHHOe pelleHHe, ClejaeM HEKOTOpble 3aMEUaHHS OTHOCH-
TeMbHO pelleHnd BHAa (7.43). DIEKTPOHHYIO BOJIHOBYID
GYHKIMIO NPOCTOTO MYJIbTHNJIHKAaTHBHOrO Buia (7.43) Ha-
3bIBAIOT pellleHneM AJs LeHTpa/JbHOro noJjs, H OHa Xapak-
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Ta6auya 7.1
Cthepruueckue GyHKuun

[Ipucoegnuennbie Gyuxnun Jlexangpa Pj* (cos ) [pemenus

ypasueusns (7.41)] ceazanm ¢ HOpMHpOBaHHb!MH cdepuyecKuMH
dyuxmuaMu Yy, (6, @) cooTHOwenneM

TET (U =m) ‘
Y”"(e’q’)=’\/ 4?2 '((z+7731 PI* (cos 0) ™

l=0 Yo(,=

1
e
3 '
=1 Y,0=/\/—ncose
Y =— /\/—— sinBe’®

_ b 105 . o 129
Y = , /\/-———Qn sin® 0 cos Be

Yy == — T %f? sin® Qg%

Ilpexxne uyem paccMmartpuBaTh GoJjiee TOYHOE CaMOCOT/IACO-
BaHHOe pPeLleHHe, ClejJaeM HEeKOTOphLle 3aMeyaHusl OTHOCH-
TeJIbHO pellleHu# Buaa (7.43). DJIEKTPOHHYIO BOJIHOBYIO
GYHKUHIO NPOCTOro MyJbTHINTHKaTHBHOro Buna (7.43) Ha-
3bIBAIOT pellleHHeM AJs LEHTPAJbLHOrO IOJd, U OHAa Xapak-
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Tepusyercsi TpeMs napaMmerpamMu u = (n, I, m;), oTHOCAMH-
MHCST K TpeM KoopauHataM (r, 8, ¢) coorsercrsenno. Ilapa-
MeTp 1 — 3TO IVIaBHOe KBAaHTOBOE YHCJO, [ OTHOCHTCA K I10J1-
HOMY MOMEHTY KOJTHYeCTBa JBUIKEHHS, a 77, Ha3bLIBAeTCs Mar-
HUTHBIM KBaHTOBBIM YHCJIOM. B uyactHOM cayuae artoMma
BOJAOpPONA palHalibias NOTEHLHAJbHAs YHEPTUdA COBAajaer
¢ NOTEHINAJIOM siJpa .
O()=——, (7.47)
N HeTPYNHO [0Ka3aTh, YTO COGCTBEHHBIC 3HAUCHHS SHEPruu
MMEIOT NPOCTYI0 3aBHCUMOCTb OT IJIABHOrO KBaHTOBOIO
guchaal) )

2nt °

ﬂJIﬂ KaxKJaoro n Op6HTaJIbHO€ KBaHTOBOe uucjao ! Moxer
NpUHAMAaTL N 311aueHHIl:

8/; _ (7 . 46)

I+ 1<n. . (7.47)

Onuako B Goaee obmeM cayuae ypasuenust (7.44) cod-
CTBeHHble 3HAaUueHIlsT SHEPTHH €, 3aBHCAT OT OOOHX KBAHTO-
BHIX Ylicesi # H [ 1, TOBOPSIT, YTO Habop 3JEeKTPOHHBIX CO-
CTOSIHHII C OMMHAKOBLIMH 3HAyeHHsMu n u [ obpazyer
«nl-nogo6oM0uKy» aToma.

ILost KaKA0ro ypoBHs 1l MarHUTHOE KBaHTOBOE UHC/IO 11
MOXKeT npuHiMath 2/ 4 1 snayenui:

— i< m <L (7.48)

Ecan yuecTb IBa BO3MOMKHBIX CIIHHOBBLIX COCTOSIHHS, KaxK-
noii nl-nopo6osouke orseuaror 2(2/ -4 1) cocTosAHHH 3JeK-
yponoB. CorsacHo npuHuuny 3anpera Ilaynu, HHKaKue
JiBa 3JEKTPOHA He MOryT HaXOXUTbCsi B ONHHAKOBOM CO-
crosanud. Orcioaa caeayer, 94TO 3JEKTPOHEI MOXKHO CBf3aTh
¢ N cobGcTBeHHBIMH (QYHKUHMSIMH C HaHMeHbIIHMH 3Haye-
HHAMH 3HEPTHIL.

Tenepb MOXKHO BepHYTbCA K Hallel OCHOBHOI 3ajaue
OnpejieieHHsi  CaMOCOT/IaCOBAHHOTO pellenHss ypapHeHu#
Xaptpu — Poka (7.36) —(7.38). B npubaHKeHHH EHTPAb-
HOTO IIOJIST H B COOTBETCTBHH C BBHIIIEH3JOKENHBHIM BCE BOJ-
Hobie Gyukunu umeior Buxg (7.43). Heobxomumo HaiTi
caMoCOIJIacoBalHble MOTeHUNabl 1 OOMeHHbIE NOTEeHUHAD,

} Cm., nanpunep, padory [48]
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onpezessieMble BOJHOBBIMH QYHKUHAMH JJI51 OJIST LEHTpab=
HOro THNa. YpaBHeHHA IJA OOMeHHBIX TMOTeHHHaa0B (7.38)
B 3TOM HpHGJII/I)KEHHPl IPHMYT BUA

{ 7 o7 “I“ A2} Q1 nryr = 4nRuUR 1Y trinYim,  (7.49)

rae Yin (6, 9) — cdhepuueckue dynkunu (raba. 7.1). Orciona
cJIefyeT, 4TO NOJHBLIA NOTeHHUHasJ M OGMEHHBIE NOTeHHHAJMbI
3aBHCSIT OT NOJAPHHIX yraoB (6, ). OxHako oueBHIHO, UTO
9TH MNOTeHUHaJbl CHJABHO YHpPOILAIOTCH, €CAH IPHMEHHTb
Teopemy croxcenus Naa chepuueckux Gyukuuit [3]

Pilcosy) =g Y Yin(®, ¢)Y1n (6, 9), (7.50)

rae cosy==cos6cosB’ 4 sinBsinb cos(p —¢’). Orcooaa
HeMeJJIeHHO BbiTeKaeT, 4TO O0MeHHble IIOTEeHIHAadbl BCex
3JIeKTPOHOB, 00pa3yIOLIUX «3aMoJHeHHYI0 nl-mofo6010uKy>»,
He 3aBHCAT OT asuMyTajdbHOro yrja ¢. O6MenHble NOTeH-
nHansl MeXAy 37eKTPOHHBLIMH COCTOSIHUSIMH, 06pa3yiomuMu
3anoJHeHHYI0 MoA000J0UKY, MOXKHO BHIpa3HTh YePe3 NOoJH=

HoMmbl Jlexkauapa Pp:
v

Dy, prrr == k_g:” Dot w1, (1) P (7.51)

Takum oGpasom, Mg KOHQUIYpaIHH C 3QNOAHEHHLIMU
nodoboaoukanu cucreMa ypaHenuil Xaprpu — ®oka u co-
OTBETCTBYIOMHUX ypaBHeHuH [lyaccoHa HMeeT BUA

(1 — 2D 0y rr (1) = (2 + 1) Rt () Rt (1)

(nmsa Beex nl, 'l u b, ORI A1). (7.52)
CooTBeTCcTBEHHO A/ KaxXkaoi ni-mofoGONOYKH CyHiecTByeT
m ypaBHeHHil XapTpu — PoKa AJsS m BOJIHOBHIX (PYHKUHil:
{1 AR | (3 VI :

r dr? r?

N , ~
—2[—; Y 22l + l)cbnlz/.w,o]+2snz}R,,;<r)=
n'l’
I+

=23 Y Busdurar s )Ry (). (7.59)

n'l’ k=0
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onpeje/nsdeMbie BONHOBLIMH QYHKIHAMHU JJ1s1 TIOJIsSI LEHTPalb=
HOro THIA. YpaBHEHHUA [Jf OOMEHHEIX IoTeHuuanoB (7.38)
B 3TOM NpUGJIUKEHUH IPUMYT BUL

1 92 1 Ao .
{—; -5,_-2— + —,_—3- A } r(Dn;, nllr = 4ﬂRann/l/YlIm/Ylm, (7.49)

rae Yun (0, o) — cepuueckue dynxuun (tada 7.1). Orciona
C/elyeT, UTO MOJHBI MOTeHUHaa U OOMEHHBIE MOTEeHIHaJbl
3aBHUCAT OT MOJAPHBEIX Yri10B (0, ). OxHako OuYeBHIHO, UTO
3TH NOTEHNHAJ/bl CHJIBHO YNpOIIAIOTCS, €CJAH [PHMEHHThb
Teopemy croxcenus pAs chepuueckux yukuuit [3]

I
Pilcosy) =2 N Vi (®, ¢)Y,m (0, @), (7.50)
2 + 1

m==1

rae cosy==cos0cos8 -+ sinBsinb cos(p —¢’). Otciona
HEMCIOJICHHO BBITEKAeT, UTO oOMeHHbIe NOTEHIHAJB BCEX
5/EKTPOHOB, 06Pa3yIOIUX «3aNMOJHEHHYIO nl-momo6OoI0uKy»,
He 3aBUCAT OT a3uMyTa/dbHOro yraa ¢. OGMmeHHBlE MOTEH-
LHAJB MeXAy 3/7EKTPOHHBIMH COCTOSHHSMH, 06pas3yloluMy
3aN0JIHEHHYI0 NMOA060I0UKY, MOXKHO BHIDA3UThL yepes3 MOJIH=

HOMBIL Jlexanapa Py:
1+

Qut, v == i;m Dot 27,2 (r) Pe. (7.51)
Takum o@‘pagom, LIS KOHQUTYpaUu#l ¢ 3an0AHeHHbIMU
nodoborourkamu cucreMa ypaBHeHuil Xaptpn — Poka H co+
OTBeTCTBYIOIMX ypaBHeHu# [lyaccoHa umeer BUR
1 a2 Bk 41 ‘
[+ r = 2D Y @y i (1) = 2k 4 1) Rut (1) R ()

(mnsa seex nl, 'l u b, OSEI-1). (7.52)
CoOoTBeTCTBEHHO ISl KaXjaoi nl-mof06ON0YKH CYLLeCTBYeT
m ypabHenn#t Xaptpu — Poka AJag m BOTHOBHIX (YHKIHH:

{li’_ ,_du+n
r dr? r?

N ’ ~
=2 [7{ —Y 202 +1) CDW.W,O] + 28nz} Rar(r) =
n'l’
I+

=23 Y Busdutarrs )Ry (). (7.59)

n’'l’ k=0

'
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Jlerko BLIICHUTb CMBICJ Pa3/IMYHBIX YJIEHOB 3TOTO ypaBHe-
Husg. [aMuUIbTOHHAH B J1€BOM YacTH paBeHCTBAa BKJIOYaer
pasnajbLHYI0 KMHETHUECKYIO 3HEprHio, opOGMTA/IbHYIO KHHe-
THYeCKYI0 3Hepruio, HOTEHIHAA TMOJOXKHTEJNbBHO 3apskKeH-
HOTO 4/ipa W CyMMapHbiil noreHuuan scex 2(2/ 4 1) anek-
TPOHOB Kaxjaoh n’l’-mogoGosouru. Iipasas uacTb paBencTBa
onuceiBaeT 3¢ (PeKTUBHLEIE OOMEHHbIE MMOTEHHHUAJb, NMPHYEM
K03pdHnHeHTH B, L OABAAIOTCA U3 COOTHOLICHHH 1 MO-
AnHOMOB JleXkaHApa M OnpenensloTCs pas/joXeHHeM IIpOH3-
BelleHnd NONUHOMOB PPy (0 Sk <<l 1'):

PP,= ; B ePye. (7.54)

Kosdbdunuentn B;;-p tpusenensl B Tabu. 7.2, npuueM Py ¢
OT/JMYHBl OT HYJSI TOJABKO JJs1 3HaueHu# k, yAOBJETBOPSIO-
mux HepaBeHCTBY | — U |<KR<CI4T.

Ta6auya 7.2

KoadduunenTn CcB3W rapMOHMK OGMeHHOI'C NOTEHIHAJA
Basi 3aMKHYTHIX 0060J04eK

Bire

=0 =1 V=2

=0 Booo == 1 Bonn =1 Boze = 1
1 2
=1 ﬁm=-3— Brio=1 Brai =3
2 3
Brs=-7¢ Brzs ==

1 2

1=2 ﬂzoz=-5— 521|=-‘5- Bazo =1
9 2
Bz1a =3 Baez ==

2

5224'—:—7‘

2. [Tocaedosaresvroe onpedeserue nOTeHYUAAO8 U pa-
OUANbHOIX BOAHOBIX PYyHKYUL

C noMombio npHUGJIHKEHHS LEHTPANbLHOTO IIOJSA CHCTe-
Ma N TpexmepHbix ypaBHenuii Xaprpu — Poka AIS BOJNHO-
BEIX (GYHKIOUA N 9JIeKTPOHHHIX COCTORHME OBLIA CBejeHa
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K cHcTeMe OGBIKHOBEHHBIX IH(pPepeHnunaNnbHblX ypaBHeHuH
C He3aBUCHMOH mepemenHoii r (7.53). Bce anexTpousl, 3a-
NOJIHAIOIIHE T0A060TI0UKY nl, ONUCHBAITCA OAXHAKOBOH pas
JHANbHON BOJIHOBOHN (QyHKuuel R, rie uHAEKC p OTHOCHTCA
K otaenbHoll nl-nomobonouke. TIpuMeHuM pas3HOCTHBLIA Me-
tox (ro1. 2), mepexofss K AHCKPETHOH paJHaJbLHOH KOOp-
auHate r;, | << j<CJ, B pesysibTate yero cHcTeMa ypasHe-
up (7.52), (7.53) npumer MaTpuuHbif BuA (ra. 4):

(H, -+ 2,) R, = EVZ hyR,, 1<p<m, (7.55)
Li®, =R, R, nIg mOBHX R, v, k, (7.56)

rae m — noJaHoe uyucao nl-nomgo6onodyek B arome. Huddes
peHnuanbHas popma onepatopos Hy, Ly u hyy uMeer BHI

i

1 a2 LI +1) N o oon R
Hy=7 G '—“%_2{7—212(21 +1)CDwo}:
N=

(7.57)
(L@ k(k+]) 1,
Lk—{ rar’ 7 } %k +1° (7.58)
I+1 R
hyy= éﬁﬁu'k@wk- (7.59)

CooTBeTCTBEHHO pas3HOCTHEIE omepatopsl [, U Ly umeior
BHJ TpexOuaeoHaAbHblx MaTpul, a h,y — AHaroHaabHas
MaTpulla Ha CeTKe r; 3anaya HeJHHeHHA, NMOCKOJbKY Tpex-
AHaroHajbHble MaTpHusl M, 3aBUCAT OT NOTEHIHAIOB
H,(Dyy).

Hrak, TpeGyercsi HalTH paauajbHYIO BOJHOBYIO (PyHK-
nu10 Ry, yIOBAETBOPSIOWYIO ABYM IPAaHHYHBIM YCJIOBUAM

R,(0)=0, R,(r)—>0 npu r—»>oco (7.60)

H YCJIOBHIO HOPMHPOBKH

o

(R rar=1. (7.61)
; |
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K CHCTeMe OOBLIKHOBEHHBIX IN(PQEepeHIMaNbHbIX ypaBHEHul
¢ HeszaBucumoil mepementoli r (7.53). Bce smekTponsl, 3a-
noJHsomue nogo6010uKy nl, ONMUCHBAIOTCA OJHHAKOBOH pa+
JHaJLHON BOJHOBOH (ynkuued Ry, rae HHAEKC |1 OTHOCHTCH
K oTaenbHoil nl-mogobomnouxe. IIpuMeHHM pPasHOCTHBLIM Me-
Tox (ra1. 2), Mepexofsi K JHCKPETHOH pajHalbHOH KOOp-
auHate r;, | << j<C/J, B pesyaprarte yero cucrema ypasHe-
unit (7.52), (7.53) npumer martpnumbiii B (ra. 4):

(Hy+ 2 )R, =2 bRy,  1<Su<m,  (7.55)
v
chﬁmk =R, R, nana mobex W, v,k (7.56)

rie m — noJdHoe yucao nl-nogo6onouek B arome. Hugpde-
peHnuabHast Gopma onepatopos Hy, Ly u hyy UMeeT BUA

N - r &
Hu':Tl d? r_LLl_il)__g{-rT—Z2(21+l)CDWO ;

dr? r? ~
(7.57)
1 a2 E(k+1) 1,
Le={Fgrr =" wrr (7.58)
I+l N
hu.v= kzz:gﬁll’kq)uvk- (7'59)

CoOTBeTCTBEHHO PA3HOCTHHE onepatophl H, n Ly umeror
BUJ TPeXOUacoHaAbHblx MaTpul, a hyy — AHaroHa/dbHad
MaTpulla Ha CeTKe r; 3anadya He/IHHEeHHA, MOCKOJIBKY TpeX-
AuaroHajbHble MaTpHubsl H, 3aBHCAT OT IMOTEHLHAIOB
H, (Dyy).

Hrak, tpebyercs HalTH pajnaJbHYI0 BOJHOBYIO (YHK-
uno Ry, yIOBJIETBOPAIOLIYIO IBYM IPaHUYHBIM YCJIOBUAM

R,(0)=0, R,(r)—>0 mnpu r—»>o0 (7.60)

H YCJIOBHIO HOPMHPOBKH

o

(R ) rear=1. (7.61)

0
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ﬂJIH noreHiMa a rpaduyibie yCJaI0BHA HMECIOT BUI

cDuv (f')'—>0 npu  r>» oo,

dod 7.62
—~=0 mpr r=0. (7.62)

Dty rpasndnbie ycaosus (7.60) u (7.62) M0oKHO BKJIIOYUTDH
B Pa3HOCTHOH (POpMe B TpexIHaroHa/bHble MaTpuUbl [, H
L, CcOOTBETCTBEHHO, TOAb3YACH METOAOM, H3JI0KEHHBIM
B ra1. 4, § 2. Torpa ycmoBus HopMupoBku (7.61) onpenenar
cOOCTBEHHblE 3HAUeHHS [/ HEOMHOPOLHBIX ypaBHEHHH
'(7.55). AnroputMbl pelleHUsI TPeXAHATOHAJbHBIX MaTpHY-
HBIX ypaBHeHHUI U3J0XeHH B M. 4, § 2, 3 u 7 u sABAdATCA
JOCTaTOYHO OLICTPHIMU.

OcHoBHast TPYAHOCTH pelleHlsl 5TOH CHCTEMBbI ypaBHe-
Huli CBfi3aHa C HeJHHeHHOH 3aBUCHUMOCTBIO FaMUJbTOHHAHA
OT NOTEHIHAJOB, IO3TOMY /15 NMOJYYeHHs CaMOCOTacOBaH-
HOTO peLICHUs] HYXKHO INPHMEHHTb HTEPaLHOHHBIA MeETO..
Cnenyer OTMETHTb, YTO CHCTEMAa COIEPHKHUT M ypaBHEHHH
JJisl panuaJbHbIX BOJHOBBIX (GYHKIUHH H OveHb OGoJblIoe
YHCNO YypaBHeHHH AJd PajuaJbHBIX KOMIIOHEHT MOTEeHLHA-
JI0B H OOMEHHBIX noTeHnuanos. Beero umeerca om(m — 1)
nap nofo6o0JoueK, M AJS KaXKAOH ©apel — nopafka k =
= |l — 1’| KOMIOHEHT NOTEeHIUANIOB.

Tlpocrefiiufi HTepallHOHHBIH NPOLECC HAYHHAETCS C BHI-
fopa noxxoxsimlero Habopa panvalJbHBIX BOJHOBHIX (YHK-
Ui, MO KOTOPBIM ONpeaendioTCA MOTEeHNIHaJbl. 3aTeM 0O
3THM TNOTEHHNWaNaM CTPOATCH TaMHJAbTOHHAHBI H UJIEHHE
C OOMEHHBIM [OTEHLHAJOM B YPABHEHHSAX AJA pajHalibHBIX
posHOBHIX (yukuuil. Ilocne 3Toro BHOBbL onpenensOTCs
yJayullleHHbElE pelleHHs] AJs PaAHaJbHEIX BOJHOBBIX (YHK-
IuH, U NpoIece NPOJO/IXKAeTcd IO TeX Iop, NIoKa He GYAeT
JOCTHrHYTa Tpebyemast TOUHOCTD.

Ha urepansoHHOM INare p paguanibHee GyHkua# R

¥ COOTBETCTBYIOUIUE COGCTBEHHbLIE 3HAUEGHHS e{{” HU3BECTHHL.
Jlanee MOXKHO HAHTH MOTEHLMAJJL U OOMEHHbBIE TOTEHI[HAJbL
H3 ypaBHeHHuH

Li®) = RPRY. (7.63)

Tak Kak Bce MaTpuubl L, TpeXAHATOHANbHLI U JHHEHHE], 3TH
ypaBHEHHS JIECKO PELIHTh METOJOM HPOroHKH (cM. ra. 4,




242 7 7 Trasa 7

§ 3). [lo moTennuanam CTpoOATCS raMHJbTOHHAHBI H olepa-
TOpH OOMEHHBIX [IOTEHIHAIOB

HP' = H, (B2),  HE = by (D). (7.64)

CoOTBETCTBEHHO HOBBIE pajHaJbHEIE BOJHOBBIE (YHKIMH
BBIYHCASIOTCA U3 m ypaBHenuil lllpenunrepa:

{H(p) 28{f+1)} R:Lp+1)= Z hin’\gR{vm (7.65)
v
H yCJa0BUH HOPMHUPOBKH
Z (REFIY riArp=1. (7.66)

Yes0BuS HODMHPOBKH ONpeNesnsiioT COGCTBEHHLIE 3Haye-
Hus e +1 1 HeonHOpOAHBIX ypaBHeHu# (7.65). Ilpocreii-

Was mpoueAypa pelleHHs] TAKAX yPaBHEHHH Ha KakKaoM
mare p COCTOMT B HTEpalMOHHOM onpeleseHuu ef*!), nc-

X0/ M3 HEKOTODOTO IpPEeABAPUTENBHOTO 3HAUYEHUs (Hanpu-

Mep, aif)) IIpn stom cnauana pemaercs (ra.4,§ 3) mpocroe

TpexJAnaroHaqbHOe MaTpuyHoe ypasHeHue (7.65). Brumc-
JeHHas pajnajbHAas BOJHOBAT (YHKIUS He yJOBJETBOpPSET.
ycnoBuio HOpMHpPOBKH (7.66), mostoMy cOOCTBeHHOe 3Hauye-
HYle H3MeHAETCA H BHOBb pemaetcd ypaBHeHue (7.65), moka
He OyJeT NOJYYeHO COBMECTHOE pellieHHe ypaBHeHH#l (7.65)
u (7.66).

H3noxennbll 3fech B oOLIMX UepTaX METOX OTHICKaHHS
BOJIHOBBIX (PyHKIUH aToMa OBLT € YCIEXOM HCIOJNb30BaH
4151 GoJblied 4acTH aTOMOB NEPHOJUUYECKON CHCTeMBl !),
Mbl o6cyauau TOMLKO METOAbI pEILleHUS A7 aTOMOB HJIH
HOHOB ¢ 3aMOJHEHHbIMH MOR060/J0UKaMU, TaK Kak B 3TOM
¢Jyyae CTPOTO BLIIOJHEHO YCIAOBHE He3aBHCHMOCTH PajiHalib-
HOU BOJIHOBOH (PYHKIIMYM OT MAarHUTHOTO KBAHTOBOTO YHCJ/a M.
Ecnu e aTOM MM HOH COJEPXUT He3anoNHeHHYywo nl-nox-
060J104Ky (Hampumep, aToM KaJus), TO IIPEANOJIOXKEHHE O
TOM, YTO BOJIHOBYI0 (DYHKIIMIO MOMKHO NPeACTaBHTh B BHIE
cepHyecKH-CHMMETpHYHOro peluenust (7.43) wam pellleHua
¢ pasjesIEHHBIMH [EPEeMEHHBIMHY, CTPOTO TOBOpS, Hecnpases-
Jauo. Ognako eciu Ha 3ToHl mofobo/aouKe nl HaxoAuTcd

) TloppoGHoe oOcyKAeHHe 3THX METOAOB MOXHO HalTH B pa-
Gote [54]
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HEMHOrO 3JEeKTPOHOB, TO NPHOHKeHHe UEHTPANbHOTO TOJS
OY€Hb XOpOLIO BbINOJHAeTCH. [/ aToMOB ¢ He3amoJHEeH-
HbIMH N0060/104KaMH paAxaJibHble BOJHOBBIE (DYHKIUHH YiKe
He SBJAIOTCSl CTPOTO HE3aBHCHMBIMHU, M JJIs COXpaHeHHs
OpPTOTOHAJBLHOCTH PajgHaJbHbLIX BOJNHOBBIX (QYHKHMI B HpH-
Gaukenusle ypasHenus Xaptpu — Poxa (7.53) npuxoaurcd
BBOJHTh BHEJAHArOHaJbHble MHOXHTenH Jlarpamxka [54].

Jpyrofi moaxoa K H3yYeHHIO Pa3HOCTHBIX ypaBHeHHH Ha
pajnajbHOM CeTKe COCTOMT B PA3JIOJKEHHM pellleHHl MO H3-
BEeCTHHIM paauaabHbiM (yHKuHsAM. bosnee Toro, Merox pas-
JIOJKEHHS MOYKHO paccMaTpHBATh Kak OGIIMI MOAXOM K OTHI-
CKaHUIO aTOMHBIX ¥ MOJEKYJIAPHBIX BOJHOBHX QYHKIUH [55]
OG6eyskpeHe MeTOAa DA3NONKEHHS YHTATENb MOXKET HaliTH
B paborax [56, 57].

§ 4. Teepaoe Teno kax npumep CHCTEMBbI
MHOTHX 3JeKTPOHOB

DJIeKTPOHHAA CTPYKTYpa TBEpABIX TeJ IpencTaBiasieT Cco-
60fl KIacCHYeCKul MpuMep CHCTEMbl MHOTHX 4acCTHIL, OMHCHI-
BaeMoii KBaHTOBOH Teopuefl. Kak sicCHO u3 npenplaylilero
PECCMOTpEHUs, KBAHTOBOMEXaHHUYeCKoe ONHCAaHHe CHCTeMbL
MHOTHX YaCTHLL CONPSAKEHO CO 3HAYUTENbHLIMH anareGpauye-
CKAMH TPYJHOCTSIMH, H NIO3TOMY AJS TBEPAOro Tesda A0 CHX
flop yAasoCh YCTMeumHo NPHMEHHTh BeCbMa OlPaHHYEHHOR
4ypCN0 MAalIUHHBIX MOHesed. Ilpu omucaHuym TBEpABIX Tea
HYXKHO YUYUTHIBATh MHOXKECTBO fBJICHHH, B TOM YHCJE CaMoO-
COIJIaCoBaHHLIE B3aUMOJEHCTBUA MEXKAY HOHAMH M 3JEK-
TPOHAMH, MeX1y (OHOHAMH M 3NEKTPOHAMH U MeXAy AHC-
JIOKALMSAMH ¥ 3JeKTPOHaMH.

Hns cBemennst sajpaum Kk 0603puUMOMY BHAY jenaeTcs
MHOXKeCTBO NpubaukeHui. B kayecTBe nmepBOTO U OCHOBHOIO
npubANKEeHHa NpH OIpeleJeHHH 3JNeKTPOHHOA CTPYKTYpbhl
Kpuctanna OymeM CUHTaTbh, YTO BCe. AApa XOJOAHBIE U
JKeCTKO 3aKpenJieHbl B Y3/1aX NPOCTPAHCTBEHHOH peIUeTKH.
To ectb mpexmosaraeTcs, YTO SAPa HENOABHXKHH M obpa-
3yIOT HaealbHBIH KpHCTaAI. Temeph MOXKHO OIpENeNHUTh
3JIEMEHTapHYI0 suYefiKy KpHCTadsa, KOTopas NOBTOpseTcs
R IPOCTPAHCTBE M KOTQPYI0 MOXHO 3alaTh Tpemsa 06asucs
HBIMH BeKTOpaMu (a;, 4z, a3). 3AeCh AOCTATOYHO pPACCMoO-
TpeTh KPHCTAJJ, COCTOAIMA U3 OAHOTO THUNA SIAEp, C ONHHM
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AApOM Ha 3JeMeHTapHylo suelky. MecTonosoxeHue Kax-
Joro fApa B KpDHCTaJJe Onpele/sercs BeKTOPOM pelicT-
ku Ri

R;=ia, 4 ja, - kas, (7.67)

The i, j, kR — ueaple uucaa. [lo OaszucHbiM BexTOpaMm a;
MOJKHO ONpefle/iuTh BEKTOpH oOpaTHOH peweTkn bj, Takue,
4TO

aibjzéij. (7.68)

3anavy MHOTHX 3J€KTPOHOB B KPIICTaJJe MOKHO YIPOCTHTD,
npedebperas BJHSHHEM TNOBEPXHOCTH TBEPJOIrO Tejaa H CUH-
Tas, 4TO 3/MEeMEHTapHas fgueHKa NepHoAHUYECKH MOBTOPALTCA
B NIpPOCTPaHCTBe. DTO O3HAUAET, YTO MOYKHO OrDAHHUNTHCS
H3yueHHeM 3JIeMEHTAPHOH siUeHKH pellleTKH ¢ JOIMOJHH-
TEJbHBIMM TPAaHHYHBIMH YCJIOBHAIMH MNEPHOJHYHOCTH, Tak
4T0 (PYHKUHH, KOTOPble NPEANoNaraloTcd mepuoLHYecKHMU,
BCerja MOXKHO MNpPOJOJIKHTb C 3JIeMeHTapHo#l duefikm Ha
Geckoneynblll 11a6op BeKTOpoB o6GpartHO# pemwetkn K;,

K; = 2a (i,b, + by + i3bs), (7.69)

rae iy, ig, i3 — wnesnle uyncaa. Hanpumep, anextpocraTtuye-
cknit norenunan agep Ogy MOXKIO onucaTh HA60pOM (Pypbe-

KOMIIOHENT (f)(K,-):
Qs (r) = KZ D (K;) ™. (7.70)
il

Takum o06pa3oM, HaM HY:KHO PEILIUTb CHCTEMY ypaBne-
Hult Xaptpu — Doxa a1 N 31ekTpoHOB B Kpucranuae (N —
6oJb110€ YHCJTIO0)

{— 20 V2t eyt €@ — By, = e, (7.71)

2m
I<pN

B oOwWeM cayyae 119 N HUXKHHX ypoBHefl sHepruu g,. Kak
u Boiue, @ — noTeHuHan 3A€KTPOHOB, KOTOPHH B NPHHILUIE
MOXKHO HAHTH KaK CaMOCOI/IaCOBaHHOE pellleHHe YpaBHe-
nus Tlyaccona (7.28), u B COOTBETCTBHH CO CKa3aHHHIM § 2
6yaeM cuydTaTh, UYTO YyCPEAHEHHLIH OOMEIHBIA mHOTeHHIHa

Doy ONpefiensercs ypasHeHHeM (7.33).
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Onnako jarke ecay Mbl 3HaeM IOTEHIHAJbl B ypaBHe-
uuax Xaprtpu — Poka (7.71), To u B 3TOM cayyae ocTarTCH
BeCbMa 3HAUYHTEJbHble TPYIHOCTH IpPHU pelleHHH 0o6pasyro-
WIHXCA JIMHERHBIX YPABHEHUH 14 JOCTAaTOUHO OGOABLIOrO
yucsa 2JeKTpoHoB. Ilostomy mo Hacrodluero speMeHu cae-
JIAHO JIUIIb HECKOJLKO MONBITOK PellleHHs] caMOoCcoraacoBaH-
HOH 3ajauyM AJA H3YUEeHHs 3JCKTPOHHBIX KOHQHIypaluil
B TBEpIBIX Tejax.

flocmosiiHbll nomerHyua
MeHcOy uoHamu

Cpepuniecki - CUMMEMPUYAbI
nomenyua 80Kpye SI0ep

Oyr, 7.2, Moaeabublii MoTEHIHAT. ;

IToTenuuan BHYTPH Kacalomiuxcs cdep ¢ UeHTpaMd B fAxpax HpennoJiaraercs cde-
H4YecKis cuMMeTpuunbiM. IToTenunan Mexay chepaMu CUMTAETCH MOCTOSHHBIM,

Hna Hauyana 3ajaguM noteHnuan, oGycCAOBJEHHBIN Af-
pamu, sJeKTpoHaMu U OOMeHHBIM B3auMojefcTBueM. Homy-
CTHM, YTO MOJHas NOTeHUHAJbHAST SHEprus Kpucraiaa V
paBHa

V = e®@,, + e@ — D, (779

IlpuMepoM TaKoro HCKYCCTBEHHO BHIGPAaHHOro moreHunana
MOJKeT CIYXKHTb OGBIYHO HCIOJb3yeMLIH MOAENbHBIA IOTEH-
nuaJ, u3obpaxennuli Ha ¢ur. 7.2. Ilpepnonaraercs, uTo
KaXK[0e SIADO OKDPYXeHO Cpepoll M Kaxapie ABe COCENHHE
cephi KacaloTcs MexXay co6oi. Baytpu kaxnoit cdeprl 1o-
TeHIHaJ KpHCTaasa InpejrnoJaraercss coepuuecKH-CHMMe-
TPUYHBIM, A B NPOMEXYTKax MeXAy CdepaMHu — IOCTOAH-
HBIM, NDHYEM 3TO IOCTOSHHOE 3HAUEHHE MOKHO CUHTATD
paBHbIM HYJIIO, BLIOPAB €ro 3a TOYKY OTCUeTa. '
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ITpu Taxkux mpeamosioxeHHsIX (KaK OUYEBHJHO, BEChMa
KECTKHX) MOXKHO BEPHYTbCA K pacCMOTPEHHIO METoJOB pe-
eHUusa JUHEAHBIX ypaBHeHud Xaptpu — Poka:

ﬁ2
{—-2—’71-V2+V(r)}uu—euuu, 1<p<N. (7.79)

[Nockonpky notenunan V(r) 3agaH nepuoANYeCKHM NpoLOJI-
HKeHHeM 3JIeMeHTapHOH fueliKM, OUEBHAHO, YTO K BOJHOBLIM
byHkunaM 4, MOXKHO NoJAoHTH nHaye. Ecau notennuan pa-
BeH IIOCTOSIHHOH, TO pelleHueM ypapHeHuil llpexnunrepa ss-
JsfieTcs MJI0CKasd BOJIHA € BOJIHOBLIM BeKTOpoM k:

1 (r) = e ik, (7.74)

rae hk/m — amnysbe, cBsisniBaeMbifi ¢ uactuuel. Coorser-
CTBEHHO AJI5l NEPUOJHYECKOro NOTEHIMANa [0 BaYKHOH Teo«
peme bioxa (B maremaTuke —Teopema Puoke) peumeHHN
ypaBHeHHda (7.73) NOMKHE UMEThb BHUJ

ug (r) = e>krmy (r), (7.75)
rie ;g — HepHoauyeckast pynkuus ):
st (r) = 7te (r + Ry). (7.76)

Y tak xak my — nepuopuyeckas GyHKUHSA C IEPHOAOM, pas-
HbIM BeKTOpY pelléTKM R;, ee MOXHO PasoXHUTb B Pl
Dypbe, ncnoan3ysa BeKTop obpaTtHolt pelleTkn K;:

i (r) = {(S C (K,) e+ (7.77)

C nmpyrofi cTOpoHml, M caMy BoJHOBYl byHkuuio (7.75)
MOKHO 3alHCaTh KaK CYNepHO3HIUHMIO IIIOCKHX BOJIH:

g (1) = ; C (K;) e’ (X7, (7.78)
i

OtMeTHM HECKOJNBKO 0cOGeHHOCTEl TakKofl BOJHOBOMH
¢ynkunu. Ecnu kpucraan 6eckoneuen, mapamerp k Moxker
NpUHAMATh JMo6GHe 3HaueHus. OfHAaKO B CHJY CBOHCTB 6J0-

1) 3J1emem'apﬂoe obcyxkpenre BoaH bBaoxa u ux npocreuumx
CBONCTB MOXHO HaiTH, HanmphMep, B paboTe [58)].



HacTuysl 8 CAMOCO2AQCOBAHHOM nOAE: ATOMbL U T8epdbie TeAQ 247

X0BCKHX ¢YHKUMA 3HaueHus K, OT/IHYAOMMeCH HA BEKTOP
o6partHofi petuerky, cBasanbl: k' = k + K;

m (r) — ei(k’—‘(i)rnk (r) — eik’rnk (r) e-—il(jr.
Ho rtak Kak my — neproguuyeckas QyHKUHA, NOJyuaeMm
uy (r) == ekt (r) = uy (). (7.79)

To ecTh uy (r) TakKe BosHOBasg (yHKUHs GJOXOBCKOro
suaa (7.75). CrenoBaTesbHO, MBI MOJKeM pacCMaTpHBaTh
TOJMBKO T€ NJIHMHB BOJIH, JJIfi KOTOPBIX 3HAUeHHS R Jexar
MEXAY HYJe€M H HaWMeHbIIHM BeKTOpOM 00paTHOH pelieTKH.
dra ob6aactb k-mpocTpaHCTBa Ha3blBaeTCs NepBOH 30HOH
bpuinosHa. Bosnosble (yHKUHM BHYTPH IIepBOH 30HBI
BpuiniosHa HMEIOT HaUMeHbIlIHe 3HAYEHUS SHEPTHH, U FOBO-
pAT, UTO OHM TNpHHAaJJexaT NepBoH 30He sHepruil. Dousee
BbICOKHE 30HBI DpH/MIO3HA COJepXKaT BOJHOBBlE (QYHKILHH,
NOC/IeI0BaTe/IbHO CBsA3bIBaeMble C GoJiee BBICOKMMH 30HAMH
3HEPIHH.

Ha camoM nene B KOHeUHBIX KPHCTaJJIax TIpPaHHYHBE
YCJOBHSA AJS1 BOJHOBHIX (YHKUHH NPHBOAAT K AHCKpeTH3a-
uny 3HauveHufl k, XoTS 3T 3HAUEHHdA J€KAT OUEHb GJIHM3KO
8 k-npocrpancrse. Ecan kpucraan cocroutr u3 N ajieMed-
TapHBIX Adeek, To k MoxeT nmpuHuMmath 2N 3HaueHuil B mep-
Bo#i 30He Bpumamosua. M3 npunnuna 3anpera Ilaynau cie-
LyeT, 4TO K IepBOH SHEpreTHYeCKoll 30He MOXKHO OTHECTH
2N anexTpoHOB, caepywouine 2N 3JeKTPOHOB — KO BTOPOH
SHEpreTHyeckoil 30He U T. I.

CrenosatesibHO, 3aa4y ONPENEIEHHs JEKTPOHHON KOH-
urypanuun TBEpAOTO TeIa MOXKHO C(HOPMYIUPOBATh KaK 3a-
Jauy peuleHus ypaBHeHHH XapTpu — PoKa aJaf pasiuuHbIX
3naugenudl k, 0 << |k| <<| K|, u oTbicKaHHs OCHOBHEIX H Tep-
BbIX BO30YJKJEHHLIX COCTOSHUH AJA JOCTATOUHO GOJBLUIOrO
yucna 30H 7. IlocTaBuMm 1enbld Takke H306pasuTb C€o6-
CTBEHHbIE 3HAYEHHS 3HEPTHH &, (k) Kak ¢yuxuuu k gia Hu3-
UIuX 30H 7.

§ 5. Pasnoxenne ypasuenuii Xaprpu — doxa
Aasa BoaH Baoxa

IMpu nopxonsmeM BrGope GasucHbiXx GYHKUMHA omepaTop
FamuabTona B ypasHerusax Xaptpn — Poka MOXKHO BhIpa-
3UTh B BA/Je MaTPHYHOTO onepaTopa 6ECKOHEYHOTo NMOpsAKa
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aaa xaxporo 3Hauenusd k (§ 4). Torma Haumenbuine cof-,
CTBEHHbIe 3HAYEHHA TAKOH MaTPHUBbl JaiyT 3HAYEHHsS SHEp-’
THH 3JIEKTPOHOB B KPHCTaJMJE [Js1 HU3LUIUX 30H.

1. ITrockue soamst

Yro0bl onucath NpoLeLypy pelleHHs, pasJoXKuUM chna-
gana onepatop I'aMuJabTOHA 1O MJIOCKHM BoaHaM. Kak yxke
OTMeuasoCh BHIUIE, BRIOpaHHHH moTeHuunan (¢dur. 7.2) ne-
PUOJHUECKH NpPOAOJIKEH C 3JeMeHTapHOH siuefiku C 70-
MOLIbIO pas/olKeHHs Ha 3TOH syelke B pan Pypbe

V(r)= Z, V (K, ™, (7.80)

rae V(K,)— amnautyna rapmonuku Pypbe ¢ BOJHOBHIM
BekTopoM K; — BexTOpoM oOparHO pelieTkd. AMHJIHTYAH
rapMoHuKk Pypbe onpenensioTcs HHTErPpaJbHBIMH (HOpPMY-
damu gag xosbdunuentos @ypee (ria. 2). Mckomas Boano-
Bafd (QyHKIUA ROJXKHA uMeTb BHA ¢yHKlIMd baoxa

(1) = X C (Ky) e’ (KT,

KOTOPYIO MOXKHO pacCMaTpUBaTh KaK CYNepIO3HLHIO GECKO+
HEYHOrO0 YHCJIa IJOCKHX BOJH C BOJHOBBIMH YHCJIaMI
k + K. Paccmorpum nanee ramunbtonnan Xaptpu — Poka
(7.73), meficTByromuil HAa Takyo QyHKIUUIO:

{'—m‘” +2V (Kz)e‘Kl’}Z C (K ¢! (K"
! i .
=e(k) ). C(K)e 7 (7.81)

TTnocxue BOJIHBE ABAAIOTCH COOCTBEHHBIMH (DYHKUHUSIMH oOfle-
paTopa KHHeTHYECKOH 3HepruM, nostomMy ypasHenue (7.81)
MOJKHO MepenncaTb B BHIe

. {—2'2— (k + K €' F0T 4 5TV (K) ef<"+"t+'<f>’} C (K, =
1

=e(k) ), C(K)e' P, (7.82)
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YMUOXHB 5T0 ypaBHeHHe Ha MJIOCKYIO BOMHY e THEERT

IIPOHHTErPUPOBAB N[O 06BEMY 3/eMEHTAPHOH STUEHKH, B cxmy
OPTOI'OHAJBHOCTH TIJIOCKHX BOJIH MOJYYHM

Pk +K)PC (K) 4+ 3V (K, — K) C (K) =& (K) C (K.
' (7.83)

TMonyueHa GeckoHeuHast cucreMa JHHEHHBIX OZHOPOJHBIX
ypasuenuil 1 kosduunenros C(K,;), C(Ksy), ... 6;10X0B-:
CKHX BOJIH, II0 KOTODHIM pasnioXKeHa (yHxunsg u. Cucremy
(7.83) ynoGHO uHTepnpeTHpPOBaTh KaK MaTPUUYHOE YypaBHe-
Hyue, y KOTOPOro 3JeMeHThl MAaTpPUYHOTO TaMuiAbTOHHAHA
paBHLI

Hio= g (c+ K20+ V(K —K).  (7.84)

3aMeTiM, UTO 1MaroHajbHble 31eMEeHThbl 3aBHCAT OT BOJHO-
BOTO BeKTOpa R, n3MeHsmwllerocss B nepsoil 3oHe Bpunios-
na. Ypasaenus (7.83) npn Kaxaom 3naueHnu k oGpasyor
3ajauy Ha COOCTBEHHbLIE BEKTOPbI H COOCTBeHHbIe 3HAUYeHHs:

Hj; (k) C (K;) = e (k) C (K)). (7.85)

Hnsa xaxporo k matpuua H;; numeer GeckoHeUHbIH NMOPSIAOK
¥ Kaxjoe co6CTBeHHOe 3HAueHne &, (k) OoTHOCHTCH K Heko-
TOpOH 3HepreTiHueckoll 30He. CoOTBeTCTBYIOINHE COOCTBEH-
nvie Bektopn C,(K;) onpenensioT HCKOMYI BOJHOBYIO
(YHKUNIO B BUHJE pasjoxenus B OJ0XOBCKYI cymmy. Ko-
HEYHO, YHCJIEHHHIMH METOAAaM# Hedb3sd DEUINTb MaTpHUHOe
ypaBHeHHe 0eCKOHEUHCro MOpAAKAa, HO ecJu B3ATb MaTpuily
JIOCTATOYHO BBLICOKOI'O KOHEYHOro nopfaaka (MaJfble 3Haue-
nus K;), TO MOXKHO CUHTATh, UTO HU3LINE cOOCTBEHHBLIE 3HA-
yenns e, (k) (MaJjple 7) annpoKCHMHUPYIOT UCKOMBIE TOUHBLIE
snayenus. [lpn sToM MBI HMeeM JieJIo TOJIBKO C ollpejefe-
HUeM 5Heprufi B HU3IIHX 3HepreTHueckKuX 30HaX. Brnpouewm,
1 B nepBofl sone Bpuamosna npouenypy pellerus nymo
NOBTOPSITh /51 pasiH4HBIX 3HaueHui k.

UycneHHOE pelleHHe TAKOro MaTpHUHOrO ypaBHeHHs 006-
CyXKIanoch B I'l. 4, TaM ObLIO YCTAHOBJIEHO, YTO A/ Mart-
PHIL CO BCEMH HEHYJEeBHIMH 3JemeHTamu (7.84) szajaua fB-
Jasiercs BecbMa TpyaHoil. [TostoMy nng mojydyeHus pelueHHi
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HeoOxoaUMO o00pe3aTh MaTpuuy onepatopa [aMuabToHa
JI0 MaTpHIH AONYCTHMO MaJoH pa3MepHOCTH. B sToMm cay-
yae TOYHOCTb pellleHus AJS 3HEPTUH en(K) 3aBHCUT OT Bhi-
6opa ¢GyHKLUI, HCIIOAb3yeMbIX B KauecTBe 0as3uca npu pas-
JIOJ)KEHUH FaMHJbTOHHAHA (7.84). Buiwle ¢ 310# Leabio GbLLIH
UCTIOJb30BaHbl NPOCTHIE IIJIOCKUE BOJHBL, H NOHATHO, YTO LJIA
ONHCAHHUSl BHYTPEHHUX 3JEKTPOHOB, T. €. 3JE€KTPOHOB, CHIbIO
CBA3aHHBIX C SApOM, MOTpebyeTca G0JblIOe YHCJO MJIOCKIX
BOJIH, MOCKOJBKY OHH SBHO HEJOCTATOYHO XOPOIUC allpo-
KCUMHPYIOT BHYTPEHHHE UM OaurKadliue K HUM 3JeKTPOHL!
aroMa. TakuM o6pasoM, pasJjolKeHHe MO IJIOCKHM BOJHAM
BMecTe ¢ obpe3aHueM raMu/abTOHHaHa OyneT HeddhPeKTHB-
HBIM METOJOM DelIeHHs 3aau.

Mgl moayynM GoJiee CHALHBIA METOJ pellieHud, ecan 6a-
3uCHbie GYHKOUM OYyAYT TOYHee aNNPOKCHMHPOBATL NPEarno-
JlaraeMble BOJIHOBbIE QYHKHHMH KpHCTaJ1a. Mpt kpaTko 06-
CyauM NPHUHIKNLE TAKOrO yJAYYLIEHHOro MojX0ka K 3ajaaye.

Bo.r;ee [IOJIHOE H3JIOMKEHHe yHTaTesJb CMOXKeT HaliTH B pa-
6ore [59].

2. OpTO€OHa/lu306aHHb[€ nAOCKUue 80NHbL

B npepmbiaymeM NyHKTe GbI0 YKa3auo, uTo, XOTd pas-
JOKeHHe MO IVIOCKHM BOJHaM OyAeT, BEPOATHO, XOpPOLIUM
ONHCaHHeM JJIi BAJIEHTHBIX WJH NOUTH CBOOOJHBIX 3J€KTpO-
HOB KpHCTaJsa, AJIs ONMCAHHSl aTOMHBIX WM MOYTH aToOM-

- X op6utanell noTpeGyeTcs GOJbIIOE YHCAO TAKUX MAOCKHX
BosiH. [l/0CKHe BOJHBEI ONMCHIBAIOT CBOGOAHEIE 3JEKTPOHHI,
MO3TOMY NPOTHBONOJIOKHBIN MOAXOJ COCTOHT B KOHCTPYHpPO-
BAHHH BOJIHOBLIX (PYHKuHH H3 aTOMHHIX opOuTajdell a, CBO-
6oxuoro atoma (§ 3). OpmHaxko BoJHOBEHE (QYHKIUH KpH-
CTaMJla JOJ/IKHBl OLITh GJOXOBCKMMH (YHKUHAMH, KOTOphIE
MOMKHO MNOCTPOHTbL € IOMOIULIO CYMM aTOMHBIX BOJHOBBIX
(yHKIHA B pasAUYHBIX y3Jax pelleTkKH Kpucraana Ry

o) =D2e"a,(r—R). (786

Jlerko BujeTtb, 4TO Takas QYHKUHS SBJAAETCA PYHKIIUEN
Bunoxa (7.75). Ecnu ucnonbsoBaTh Takde QYHKLUHH B Kaye-
cTBe 0a3HUCHLIX AJf Pa3yoKeHHd TaMHJIbLTOHMAHA, TO TAKOH
MeToA 6yAeT npuOaHKeHHEeM CHAbHOH cBasu. C Apyron cro-
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POHBl, TaKOe YNpPOIUEHHOE ONHCaHHe GYIEeT HeyLOBJETBODHU-
TE€JbHO ONNUCHIBATh BaJIeHTHHIE 3JIEKTPOHBL

B Mertose opTOroHa/Nn30BaHHBIX MJIOCKHX BoJH [59, 60]
BhiOHpaeTcs coctaBuo#l HaGop GasucHLX QYyHKUMA. DTOT Ha-
6op EXTIOUaeT B ce6a HeOOAblIOe YHCAO GJOXOBCKUX CYMM
aTOMHbBIX OpGUTajell M I1s ONUCAHHS BaJIEHTHBHIX 3/J€KTpO-
HOB — HEKOTOPOE YHCJIO IJIOCKHX BOJIH:

Ly == e (FTKIT, (7.87)

B ofmem cayuae cuctema G6asucHpiX ¢pyuxuuii (7.86), (7.87)
He OypeT oproroHadbHOl. XOT aTOMHble OpPOUTANH Qg
B OJHOM y3Ji¢ pelleTKH OPTOrOoHaJbHBl MeXAy coboH, 6Jo-
XOBCKHE CyMMBl @, He O6yayT oproroHanbHbl. OJHAKO HHTe-
rpaJjiet OT NPOU3BENEHH ¢, OYAYT OTAMYHLL OT HYJA TOJbKO
13-3a OYeHb HeBONBIIOH 06/1aCTH MIePEKPLITH MEKAY COCel-
namMu atomamu. Eciu npeHebpeub >THM 3ddexrom, To 610~
XOBCKHE CYMMBl @, MOXHO CUHMTAThb OPTOTOHAJbHbLIMH. Han
JK€ MOXKHO NPOBECTH IpOllefypy OPTOroHaju3anud, HamnpH-
mep, o Metony lIMunara. '

Cucremy Oasncupix ¢yukuuit (7.86), (7.87) MoxHO
TaKXe YJY4liHTb, NOTpe6oBaB, YTOOH IIOCKHE BOJHBL (jn
6Ll OPTOTOHAJbHEI GJOXOBCKHM CYMMaM @qy. JJas 3TOTO
MJI0CKHE BOJIHBl HYJKHO BUAOM3MEHHTb, BLIUHTAS H3 HUX Ile-
pPeKpEITHEe ¢ CyMMOH BOJHOBBIX (PYHKHUE KaxKAOro artoma,

By ()= CHKIT 3" 4 (k) gy (1), (7.88)

rje CyMMHpOBaHHe DacCnpOCTpaHeHO HAa BCe aTOMHBIE Op-
o6utand o, a Kospduunentn A,; OnpemeNAOTCS HHTETPa-
JaMH

Ay = S gl e (KT g, (7.89)

npuuaeM (YHKIHH @gx NPEAnOJararoTcsd HOPMHPOBaHHLIMU.
OueBuaHo, yTo Tenepb ¢yHknuu (7.88) 6ynyT OpPTOrOHa/b-
Hbl KaXJAOH OJ0XOBCKOH CYyMMe @gk, U TakHe ¢YHKIHH
YP;x (r) Ha3LIBAIOTCA OPTOTOHANHU3OBAHHBIME IJIOCKHMH BOJ-
HaMH. '

B pesyabraTe mnpoueiypa cBeiack K TOMY, UTOOH
HCIO/Ib30BATL COCTaBHYIO cHcTeMy OasuCHBIX (QYHKIH
(7.86) n (7.88) mas ompenesneHHs MaTPUYHBIX 3JIEMEHTOB
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raMHJIbTOHHAHA aHAJTOTHYHO TOMY, KaK 5TO ObLI0 H3JI0:KCHO
spite. CrreqyeT NOAUEPKHYThb, UTO U TelepPb pelieHue HE Oy-
IeT caMOCOTJIacOBaHHBIM, TaK KaK IOTeHnHan KpHCTasnnaa
V(r) nmpeanonaraercs 3apahee 3amaHubIM. Bce e npoueny-
pa ¢ OPTOroHaJU30BAHHBIMH NJIOCKHMMH BOJHaMHU jaeT GoJiee
TOYHOE YHC/IEHHOE PElICHHE, HECMOTPS Ha TO, UTO NOJYYalo-
L{UACA B pPe3yJbTaTe pas/oxKeHHd GECKOHEUHbIH MaTpPHYHLIH
raMUJbTOHHAH NPHXOAUTCA 06pe3aTh A0 KOHEUHOro.

Brin paspaGoran »¢eKTuBHbI MeTOH, OCHOBAHHBIN Ha
BPUCTHUECKOM IOAXOJE, TEeCHO CBA3AHHOM C HAeeH opro-
roHaJH30BaHHLIX IIOCKHX BOJH [61, 62]. B atoM merone uc-
NoMb3YeTCA 1Ces0onoTeHyuas, TaK UTO FAMUJAbTOHHAH MOXK-
HO_packaafsBaTh B psifi MPOCTO IO NJOCKHM BOJIHAM.

Ewme onna nmpoueaypa, UCNOAb30BAHHAS IJIS TIOJYYEHHS
pellleHHH JHHeHHBIX ypaBHeHuH Xaptpn — Poka, ocHOBaHa
Ha MeTOje pacIlMpeHHbIX MIOcKuX BoJaH [59]. Ecau npunsrs
MoJeJ b TIOTeHlHana, u306pakenHyw Ha ¢ur. 7.2, To facHo,
YTO B IIPOMEXYTKAX MeXAy c¢pepaMH BOJHOBBE (YHKLUH
6yayT NJOCKHMMH BOJHaMH. AHaJOTHUHO pelleHHs BHYTpH
cpep NOMKHB YAOBJIETBOPSITH PaJHaJbHOMY YpPaBHEHHIO
Hlpenunrepa. B meTose pacIINpeHHBIX ILIOCKHX BOJH 3a-
Aaya CBOAMTCS K CUIHBKEe pellleHHMH H MX NPOHU3BOJAHBIX HA
rpanuuax coep [59).



TJIABA 8
da3zoBbie cpenbl

§ 1. NMMnotHOCTL uwacTun B (h230BOM NPOCTpaAHCTBE
u ypapHenHe Bnacosa

B npeapiaymux riaeax 3ajavyd BBIYICTHTENBHOH Mexa-
kg GOpPMYy/THPOBANHCH B TEDMHHAX YACTHI M CHCTEM B3aH-
MOZEHCTBYIOLIMX YacTul, Takoe OnHcaHHe (PU3HUECKHX CH-
CTeM C NOMOILBIO NPSIMOTO MOJENHDPOBAHHUA IBHKEHUS CO-
CTaBASIOMUX UYACTHI HUMeeT OrpaHUYEHHbIE BO3MOMKHOCTH.
J10 00yC/IOBIEHO TeM, YTO OJHOBPEMEHHO MOXKHO CJeIHTb
JHIID 32 OTHOCHTEALHO HeBGOJMbLIMM YucaoM yacThi. B ra. 5
06CyIKAaI0Ch «TOYHOE» pellleHHe AJAs cucTeMbl N yacTui,
B3aWMOIENCTBYIOLIHX TO0 3aKOHAM TiapHbiIX B3auMouel-
crBuit. Ho, Tax KkKak B TakoH cHCTeMe CyIIeCTBYyeT
1;N(N—1) B3auMopnehcTBuil, MOXHO OBIIO paccMaTpHBATh
auiib N ~ 10% yactiiu. B mpepnosioxenuu, 4To ABHIKEHHE
YyacTHI] O6YCI0BAEHO CPeRHUMHU MOJSMH, yaaBasjoch (ra. 6)
n3yyatb cucteMbl H3 N ~ 108 yacTui ¢ NOMONBIO MOAEU
YacTHI B AuelKe, HO IJIs PACIPOCTPAHEHHS METONOB BLIUHC-
AHTENbHOH MEXaHUKM Ha CUCTEMH O4YeHb 60JbIIOr0 yucsaa
4yacTHI, HeoOXOAHUMO HCIOJAb30BaTh KOHUENIHI0 CIVIOWHOA
cpennl. HenpepbiBHble GyHKIHH, ONHUCHIBAIOLUINE CHCTEMBI ya-
¢THIL ((QYHKUHH Cpeabl), MOXKHO Onpeneadtb B (a30BoM
HPOCTPAHCTBE MM B (DU3HYECKOM NPOCTPAHCTBE, U Mbl Hay-
HeM 3Ty IJaBy ¢ paccMoTpenus $asoBBIX Cpel.

TIpeanosnoxknum, 4TO H3yuaemast CHCTEMa COCTOHT M3
CTO/1b GOJILLIOr0 4HC/Aa 4YacTHll, YTo (axrtuueckn uuciao N
MOXKHO CYHUTATh OECKOHEUHBIM H BMECTO KOODIHHAT BCEX
YacTHI, CHCTEMA OMNHCHIBACTCS MAOTHOCTLIO WM pachpene-
JieHueM yacTull B gaszoBoM npoctpancTBe. PyHKIHS pacnpe-
aeseHus | == f(X, v, t), onpeneasiouast cocrossiue $has3oBoil
cpellbl, AIBJIAETCS HenpepbIBHOH PYHKUHEH KOODAHHAT ORHOM
uaCTHIBI B KOMIOHEHT CKopocTu (X, v). Onpeaenum ¢yHK-
nuio f B Kaxkmo Touxke (X, V) KaK UYHCI0 yacTHu dn
B «0OBeMes dXdv:

dn={(x, v, Hdxdv, 8.1)
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IIpuMenuB ypaBuenus ABuKeHus [aMuIbTOHa K Ipe-
JeJIbHOMY CJAYyYal0 MHOTHX YacCTHL, MOXHO MNOJAYyuuTh [63]
uHTerpo-guddepeHansbHoe ypaBHeHHe [Js [VIOTHOCTH .
B o6iem cayyae Tpex MpOCTPAHCTBEHHBIX H3MepeHHH (GyHK-
Iug pacnpeleseHHs 3aBHCHT OT TpeX NPOCTPAHCTBEHHBIX
KOOPAMHAT, TpeX KOMIIOHEHT HMIYJbca M BPeMeHH, HO AJs
IPOCTOTHl MBIl OFPAHHUHMCS CJyyaeM JByMepHOro (azoBoro

%
Obsem \ flosepacrocms
v )
fh
ds
X

®ur. 8.1, IMpumeHenne 3aKOHOB COXpaHenud HacTHL H MMOY.1bca (B oT-
CyTCTBUE CTOJNKHOBEHMi) kK KOHeyHOMY o6beMy $a3oBoro npocTpaucraa.

ChaeAcTBHEM 3aKOHOB COXpaHEHH SHBJACTCA YPaBHeHUe, ONHCHIBAOLiEe BPEMEHHYIO
3apHcHMOCTh PyuKLuu paclipeieienns B $pa3oBOoM NPOCTPAHCTBE.

npoctparcTBa (X, v). Hama nejb coCTOHT B MOJyyeHHH Je-
TEpMHHHCTHYECKOIO YpaBHEHHs AJs (GYHKUHH [ M B BHIACHe-
HUH HEKOTOPBIX BaXKHEIX CBONCTB (pa30BHIX Cpej ¢ TeM,
yToGb 3ateM 5(Q¢EeKTHBHO HCNO/B30BaTh 3ITH CBOHCTBA
B UHCJIEHHEIX MOAEJISX.

B uyacTHOM cJyuae GeCCTONIKHOBHUTENbHEIX CHCTeM, 4TO
COOTBETCTBYET CHCTEMAM YacTHI ¢ JajbHopeHcTBHeM (1. 6),
TaKuM, KaK TPaBUTAllHOHHbIE HJIH [I1a3MCHHBEIE CHCTEMHE,
auddepeHlnalbHOe YpaBHeHHe LJIS IIOTHOCTH [ IIpHHHMaeT
oco6GenHo mpocrtoft Bui. Bymem paccmatpmBaTh (ukcupo-
BaHHbH «o6beM» V cnnomHol cpennl B pa3oBoM mpocTpaH-
crBe (¢ur. 8.1). B coorBercTBHH c omnpelesneHdHeM (yHK-
nuu [ nosdoe yucao Hactul, Ny B o6beMe V Bhipakaercs
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uHTerpanoM no o6bemy V or fdr, rae dv — sneMent o6beMa
dv = dxdv:

Ny = fdxdv. (8.2)
1%

Hafizem usmenenne uncna uactuut Ny B o6beMe V ¢ re-
yeHHEM BPEMeHH. Bo-nepBLIX, NOHATHO, UTO €CJIH MEeXAY ya-
CTHILAMH ITPOUCXOAAT CTOJIKHOBEHHUS, TO B MOMEHT CTOJK-~
HOBEHHS YaCTHIA MOKHHET OJHY TOUKY IPOCTPAHCTBA CKOPO-
CTell ¥ MOABUTCA B APYrofl, Tak Kak B CJyyae CTOJKHOBEHUS
HUMIYJIbC YaCTHIH H3MeHfAETCs cKaukoM. C Apyrofl cTopoHH,
B OTCYTCTBHE CTOJIKHOBCHHH MBI MOXKeM, HCXOJAS U3 3aKOHOB
COXPaHEeHHUS YACTHI, (MacChl) ¥ HMOYJbCA, YTBEPXKAATh, UTO
Y4aCTHUB MOTYT NHomacth B 06beM V WM NOKHHYTH €ro,
TOMBLKO nepecekas INOBEpPXHOCTL S o6wema V B ¢aszosom
npocTpancTBe. OTCI0OLa ClEAyeT, YTO CKOPOCTb H3MEHEeHHS
yucsa yacTuy B oObeme V gosnkHa GHITH paBHa NOTOKY ua-
CTHL, Yepe3 MOBEPXHOCTD S:

Tat Sfdxdvz—(§;fﬁds. (8.3)
vV N

BesinuuHa fu onucwiBaeT moTOK yacTHIl B $Ha30BOM mpo-
CTPaHCTBE, @ U — BEKTOp CKOPOCTH (Pa3oBofl cpenmi:

u==(v, a). (8.4)

34eck U — CKOpOCTh (ha30BOH Cpefbl B X-HANpaBJeHHH H
@ — YCKOpEHHe, T. €. CKOPOCTb B U-HanpapJjeHUH. [Ipumensis
K noBepxHOCTHOMY uHTerpaay (8.3) teopemy I'aycca — Oct-
pOTpajicKoro, moJaydaem

bét_sfdxdv+ SV’(fﬁ)dxdv=0, (8.5)
v 1%

rre V/— onepatop AuBepreHNHH B a30BOM NPOCTPAHCTBE.
HurerpanbHoe ypaBHeHue (8.5) npuMeHumo K Ji06oMy
¢uxcupopaHHomy o6bemy V, m02TOMY, NIpHpaBHABAs MOJALIH-
TerpaJbHOE BhipaxeHHe HyJI0, MoJydyaeMm jaucdQepeHuualb-
HOe ypaBHEHue [ NJOTHOCTH Cpefinl B (aszoBOM NPOCTpaH-
CTBE!:

oL+ v (fa) =0,
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HJIH .
o+ 2% (10) + 35 (f) =0, (8.6)

B cayyae CHCTEMBI YACTHIL C KOHCEPBATUBHbIMI CHIAMH
B3aMMOJEHCTBUS Mbl MOXKEM IOHTH Hajblle, 3aMeTHB, UTO
o6e uactHele mpoussoaHeie (0v/0x), um (0a/Ov), paBHLI
HYJI0:

af af of
—a-t——i—vm—-—l—a%=0. (8‘7)

ITosromy norHocTs [ B $a30BOM NpPOCTPAHCTBE YNOBJETBO-
pfieT NPOCTOMY YpaBHEHHIO NepeHoca. DTO U ecTb ypasHe-
Hue Baacosa, KoTopoe OmHCBIBAeT GeCCTOJKHOBHTEIBHYIO
CHCTEMY MHOI'MX YacCTHI C KOHCEpBATHBHBIMH CHJIAMH B3al-
MOJeHCTBHA.

§ 2. Hexoropbie 3aMeyaHnss U NPHMePbl NPHMEHEHUS
ypasnenus Baacosa

PaccMoTpuM HekoTOpbie BaKHble CBOlicTBa (pa3oBbiX
cpen BooOule u ypasHeHus Baacoea B yactHoctn. Cuenyer
OTMETHTb, UTO SIBHOE 3alaHue GOYHKUHHM paclpeleseHHst 103-
BOJISIET ONpelesHTh COCTOsIHHE CpeAbl B KOHQHUIypalMoHHOM
IIpOCTPAHCTBe, TaK Kak, HUHTerpupys GYHKUHIO pacnpe-
JeeHns M0 NPOCTPAHCTBY CKOPOCTEH, JIerkKo MOJAYYHThL HpO-
CTpaHCTBEHHBIE 3aBHCHMOCTH IIOTHOCTH Cpennl n(x, t), CKo-
pocTH HeHTpa macce u(x, t) uau temnepatypel T(x, ). dtu
CBOMCTBA Cpejpl B KOH(QHIYpalUMOHHOM NPOCTPAHCTBE OIpe-
HessloTCS KaX MOMEHTbl (YHKUMH paclpeleseHHs, u oye-
BHJIHO, YTO CYILECTBYeT OeCKOHeYHAas MNOCAeI0BaTEJIbHOCTb
TaKUX MOMEHTOB. Hanpumep, MJIOTHOCTb Cpellbl H CKOPOCTh
IIeHTPa Macc ONpeAeIsIOTCA MOMEHTaMu

n(x, )= S f(v, x, ) dvo, (8.8)
nu(x, )= S of (v, x, 1) dv. (8.9)

—00

Bricline MOMEHTH, TakHe, KaK TeMmMIepatypa HJIH IIOTOK
Tena, MOr'yT NPeACTABAATb WK HE NPEJCTAaBAATL HHTEpECa,
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TaK KaK 9TH XapaKTePUCTHKH 3aBUCAT OT TOrO, YCTaHOBH-
JIOCh JIH TEN/J0BOE PABHOBECHE NMYTeM CTOJKHOBEHHH WJ/IM 110-
CPEACTBOM KaKOro-HUGYAb APYroro MexaHH3Mma.

Ypasuenue Buacora (8.7) oaHOpPOAHO U ONHCHIBAET
njeanbHy 0eCCTONKHOBHTENbHYIO cucreMy. MlccnegoBauue
ypaBHeHHq (8.7) mokasbiBaeT, 4TO BEJHUYHHA | coXxpaHsaeTcd
U COXpaHsIOTCS BCe ee cTeneny. B yactHocTH, cueBHAHO, UTO
coxpassercs peanuuHa fIn f:

a—igflnfd,vdz;:o. (8.10)

Bennuuna flnf nponopunonassua sutpomin cucreMst [30],
OTKyaa cJefyeT, YTo ypaBHeHHe Bsacosa npu ONHCaHMH
6eCCTONKHOBHTEAbHON CHCTEMBI COXpaHSIET IHTPONHIO.

Cnenyer OTMETHTDb, YTO 06/1aCTh IPUMEHNMOCTH ypaBHe-
nus BoacoBa minpe, ueM MOXKHO GBLIO Obl 3aK/JIIOYHTH U3
§ 1. O6mui n cogepkaTe/bHBIH CNOCOG 3aMKUCH YPaBHEHHS
Binacosa ocHoBaH Ha HCMOJNB30BaHMM TaMH/IbTOHHAHA CH-
crembl H = H(p, g) [64], rae ¢ u p — 06GoGiueHHEbIE KOOD-
IMHATLL U HMIyJbchl. Torpa ypasuenns [aMuabToHa UMEIOT
BUJL

p=—0 (8.11)

H COOTBETCTBEHHO YypasHEHHE BsiacoBa Moxuo nepenucathb
B BHJAE

of | O OF _ o Of __
o T ap A3 0g 9p =0,
A
A L")
ar T d(q, p) =0, (8.12)

T/le BTOPOR used 3anucau B dopMe axkobuana. Otcoga cie-
AyeT, UTO B PaBHOBECHON KOHQUIypalun pacnpefenenue [
3aBHCHUT TOJIBKO OT raMuJsibToHHaHa [ = f(H).

Haa ucnosp3oBaHMs ypaBHeHuss BusacoBa Heo0XxoQuMO
3a7laThb TaMHJIbTOHHAH pacCMaTpUBaeMOH CHCTEMbI, HO B Ca-
MOCOI/IaCOBAHHBIX 3afayax raMHJIbTOHHAH, KakK IIPaBHJIOo,
onpenenserca ¢yuxkunedl pacnpenenenuda. Ilostomy pas
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nonydyeHns 3aMKHYTOH CHCTeMbl ypaBHeHHH yparHeHHe Bia-
COBa HYXKHO MONOJHHUTH «3aKOHOM AEHCTBYIOUIHX CHJI», T. €.
YpaBHEHHEM, ONpele/sIIUM TaMHJIbTOHNAH 10 (GYHKIMU
pacnpenenenus. Mpl NPOHAIIOCTPUPYEM TAKYI0 MOCTAHOBKY
3ajayll IpHMepaMH JABYX YACTHBIX CHCTEM YpaBHEHNH A1
rPaBHTAUMOHHON M AJISl JIa3MEHHON CHCTEM.

1. BeccroAKHOBUTEAbHAA 2PABUTAUYUOHHAL CUCTEMA

['paButupymoulas cpena B $pa30BOM NPOCTPAHCTBE OLHOMH
NpOCTPAHCTBEHHOH KOODAHMHATBLI H ONHOH KOMIIOHEHTHI CKO-
POCTH OMHCLIBaeTCsl CJAemyIOmMM ypaBHeHileM Baacosa:

af of af
st sste7,=0 (8.13)

roe g(x, {)— JoxanbHOE rpaBUTAIIOHHOe yckopenne, Onpe-
AeqHM g ¢ nomolusio ypasuenusa Ilyaccona ana rpasura-
IIHOHHOTO TOTEeHIHaJsa

d?0 ;
dxZ = 4nGmn (.’C). (8 14)
SZIECb G— rpaBuTallioOHHaaA IIOCTOsIHHASE, H — Mmacca ua-
CTHUBl U f1(X)— NIOTHOCTb YACTHU B KOH(HUIyparHOHHOM
IPOCTPaHCTBE, ONpeiesieMas o GYHKUUH [

o0

n(x, 1) = S f (o, x, £) dv. (8.15)

— 00

Omnpenenus nortenuuan @ u3 ypasenus Ilyaccona, naxo-
JHM yCKopeHue g no ¢opmyJie

ad
g:-——a}—-. (8.16)

CJIE}IYET OTMETHTh, UTO B 3TOM IIpHMepe OIHOMEpPHOEe
ypaBHeHne Hyaccoaa ONMCBIBACT HE CHCTEMY TOUYEUHBIX
3B€3]], @ CKOopee NnoTeHuHnag  CUCTEMEI 0eCKOHEYHBIX TSATOTEIO-
HHX «JTHUCTOB», TepeMellaomixcsa NePprneHIuKyasapHO ¢06-
CTB€HHOH IIJIOCKOCTH,
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2. BeccToaKkHOBUTEABHAA OOHOKOMIIOHEHTHAA NAQ3MA

YpapHeHIId, ONHCHLIBAIOULIE OJNIIOKOMIOHEHTHYIO (3JeK-
TPOLHYIO) IVIa3My Ha OJHOPOAHOM (OHe IOJOKHTEIbHBIX
MOHHBIX 3apfJ0B, BIOJAHE AaHAJOTHUYHEI T'PaBHTALHOHHLIM
YpaBuenanaM, HO ycKopeHHe B ypapHeHuu BJsacoBa onpene-
JAeTCs aJAeKTpuuecknyM noaem £,

of of e . 0f

ot Tk =0 8.17)
rae e —sapsg (oTpuuareabHBIfl), a M — Macca YacTHILBL,
JJ/IEKTPOCTATHUECKHII NMOTEHIMAJM H B 9TOM CJyuae yIOB/e-
TBOpseT ypasHenuw Ilyaccona

axd
dx?

= — 470, (8.18)

rie o — nJOTHOCTL 3apsna, onpeaesgeMas o QJyIIKU,YIH
pacnpenesenns

o (x, t)=le|(n0—— Sfdv), (8.19)

—0

a Ny — IJIOTHOCTDb OQHOPOAHOIO HONHOTO QJOHa.

§ 3. PasnoctHoe pelenue ypaBHeHus Baacosa

Ypasuenue BaacoBa mnpuB/ieKaTeJbHO CBOEH MPOCTOTOM
B ONHCaHHH (eCCTONKHOBHTEJ/IbHOIO MBHUXKEHHS «OeCKoHeu-
OTO upeaAa Teld», TaK KaK 3TO JBMXKeHHE ONHCLIBAeTCH
OHHM HECTallHOHADHLIM ypaBHEHHEM B YaCTHBIX NMPOU3BOJI-
HBIX C ABYMs HJH B OfLieM CJyuae LIeCTbIO <«IIPOCTpaH-
CTBEHHO-TIONOOHLIMH» TNlepeMeHHbIMH. PaxTudecku mpuxo-
IUTCS pelllaTh ypaBHeHue neperoca (cm. 1. 3, § 1), u
OYEeBHJHO, UTO 3TO pellleHHe MOXKHO HaHTH NPAMBIMH pas-
HOCTHBIMH METOJaMH.

BosbMeM B paccmarpuBaeMoM ($a3oBoM NPOCTPAHCTBE
5H/1€pOBy PA3HOCTHYIO CETKY C TPOCTPAHCTBEHHLIM IIATOM
AX ¥ 1arom 1o CKopocTu Av u OyaeM cuuTaTh, YTO 3TO (a-
30BO€ IIPOCTPAHCTBO COCTOUT M3 OOJLIIOTO YHC/AA MEJKHX
siueek, onpeneaseMbx uuaekcamu (i, j) (owur. 8.2). dyuk-
L0 pacrpeeenHs | HyXHO ONPeAeaHTb B KaXaoH suefike



260 Taaea 8

TakHM 06pa3oM, uToGHEl KOJIMYeCTBO yacTHll B-sueiike (i, )
B MOMeHT {™ GblIO paBHO f;lj Ax Av. MOXKHO HCIOJIb30BATh
ao60fl H3 onucaHHLIX B rJi. 3, § 7, Meroxos HITErpupoBa-
IIMSl ypaBHEHHS TiePeHOCa, HO HYXKe Mbl 3amilleM ypabhe-
HHe ¢ NOMOILbIO PAa3HOCTHON cxeMHl Jlakca. B COOTBETCTBUHH

'

Y

.o
L4
1% o .l o] o
/ A (i)
.9
/1
a9 (Pl X

-V

Our. 8.2. Ypasnenne Biacoa MoxkHO MUTETpHPOBATH 1A PAHOCTHON
ceTke B (a3oBOM IIpOCTPaHCTBE,

i+t
¢ aaroputMoM (3.58) MaoTHOCTD fff

meun (" MoxHO HafiTh no dopmyae

e 1 n 1 n )
[ii =Z(fi+l,i+f'i—’.~i+fi.j+l+/‘;‘,i—1)—
Ao
i (n n
T 2 Ax (7f+z.f—fi—1.i)+

At ?-H -_(D’il—l n n
+ 2 Av Ax (fz i+ fi, j—l)' (8.20)

CaefyeT OTMETHTb, 4TO, XOTsi 3Ta pa3HOCTHas Qopma
ypaBHeHHs M He ABJIACTCS CTPOro KOHCEpBATHBHOH [CM.
ypasuenne (3.80)], TeM He MeHee BeqHuHHA [ TOYHO COXpa-
ISeTCSl Ha PA3HOCTHOMN CeTKe, MOCKO/IBbKY KOS(PQHIHENHTH Uj
He 3aBHCAT OT HHAeKca { (OT KOOpPAHHATHLI X) H aHAJOTHYHO
notenuman @ He 3aBUHCHT oT Ckopoctu. Ypasuenue (8.20),

B HOBLIII MOMENT Bpe-
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OMIICHIBAET IpaBHTAUHOHHBIE Cayuaf, CTojb e upocto Gop-
MyJHPYIOTC 1 ApYyrHe 3anaud. B 3apepluenne kaxaoro
Iara 10 BpeMeHH BBIYHC/AETCA IJIOTHOCTL BELIECTBA B KaXK-
JI0¥i IPOCTPAHCTBEHHON A4eliKe B COOTBETCTBUH C HHTErpab-
noft gopmymon (8.15),

mitl=m, Z f”“/_\v (8.21)

=1

e Mg — Macca 3Be3/bl, U FpaHUlB H3MeHeHust ckopoctn J
n —J BrHIGHpalTCA JOCTATOYHO OGOMBLIIHMH, UTOOLI C yBe-
PEHHOCTbIO CYHTaTh, YTO QYHKUHA pacnpefeseHus [ pabua
nymo B Toukax J u —J. OcraeTca elle onpeenuTh NOTEH-
uMajJ B MOMEHT BpeMeHu {"+! Ha OCHOBaHHH pPa3IIOCTHOTO
ypasuenus I[lyaccona

QR — 207 4+ @M = 4xG (Ax) mIt!,  (8.22)

MeTOJBl pelIeHHs] KOTOPOro onucausl B . 4.
Kaszasnocs Gvl, 4TO Takoil MOAXOA AAeT MPOCTOE pelleHHe
ypaBHeHHs BuaacoBa. Oinako 3TOMY METOAY CONYTCTBYIOT
HEKOTOpble TPyAHOCTH. Tak Kak HCIOJAb3YETCSl ABHAS CXeMa,
Pa3HOCTHOE pelleHHe CJAefyeT NOAYHHHTL YCJAOBHIO YCTOH-
uyHBOCTH (3.62), AJA uero BHIPA3UM OT/JEJAbHO CKOPOCTH Te-
peHoca BAOAb KaxKJAOH H3 xoopAHHAT (a30BOro npocTpan-
crBa. B x-HampaBsenuu sanGoJablias CKOPOCTb TlepeHoca
paBHa vy I LIAr 110 BPeMEHH OTpAaHuYeH HePABEHCTBOM
A< (8.23)
vy

Bronb mepeMeHHOH U CKOpOCTb MepeHOCa XapaKTepH3yeTcs

YCKOpeHHeM H
Av

| 8 lmae

(Dn+] —- (Df}‘i-l
i+1 i—1 .
| & hake = MaX( 5 Ax )

At < (8.24)

rae

370 BTOPOE OrpaHHUEHHe HA WAT [0 BPEMEHH CBA3AHO C rpa-
BHUTALMOHHOH yacToToH (cMm. ra. 6, § 6, n. 3), Tak Kax Io
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saxony l'aycca ycxopenue g BrIpaxaercss 4yepes IJIOTHOCTh
BellecTBa hopMyJoi

g~ AnGmn Ax,

(g te 1 (8.25)
vy ag

T. €. YCJOBHS YCTOHYHBOCTH HaKJIaJblBalOT JKecTKHe orpa-
HHUYEHHS] Ha JONYCTHMBII LIar IO BPEMeHI.

Kpome Toro, passHocTHble METOAbI peIIEHHs MOTYT Bbl-
3BATL aHOMaJbHYIO uncaennyw auddysuo (cM. ra. 3, § 5),
YTO M TNPOMCXOAHT Tpu peuleHun ypasHenus Biacopa no
Metony Jlakca. XoTs NOJHOCTBIO YCTpaHHTH 3TOT 3PdhexT
Hesb3sl, U1 er0 yMeHbIIeHHUsT MOXKHO IPUMEHHTh CXeMH 00-
Jiee BBICOKOTO NMOpsSiKa TOUHOCTH, HanpuMep Metoxn Jlakca —
Benapodda umam meTom «c nepeliarnBaHueM» (CM. L 3,
§ 7). Hucnennas andysus sisasercs HexKeTaTeNAbHLIM 3¢-
(heKTOM, DNpPHCYILUM pPa3HOCTHOMY pellleHH!0 ypaBHeHnsd
BuacoBa, TakK Kax pasHOCTHAs MOJAE/]b HE COXpaHseT BeJii-
ypHy fInf w TeM caMbiM BelleT K BO3PAaCTAHHUIO SHTPOINIIML.
ITosToMy MOXKHO OKa3aTh, 4To 3¢ dexT uncaennoln guddy-
3HH SKBHMBAJEHTEH BHECEHHIO aHOMAJbHBIX CTOJKHOBEHHIL.

§ 4. Hecxxumaemoctb (ha3oroit cpensl

bBro moxasano, 4To IJOTHOCTE Cpedbl B (pa30BOM NIPO-
CTPAHCTBE H3MEHSETCS B COOTBETCTBHU C NPOLECCOM Mepe-
Hoca. Mbl MoxeM moOxoHTu K cBoHCTBaM (ha30BOIl Cpeabl
C UHOH TOYKH 3peHus. JTOT NOAXOMA, OCHOBAHHBIA HA HCIIONb-
30BAHUH JarpaHXKeBEIX IPeACTaBAeHHH 06 U3MeHeHUHu IJIOT-
HOCTH (ha3oBOH CpeAbl, NO3BONAELT pa3padoTaTb HOBLIE pa3-
HOCTHEIE METOHBI PelIeHHUS.

Jas sToro paccmorpuMm csoiicTBa o6beMa V B dasosoM
npoctpaHcTee (X, v), KOTOPHH NepeMelliaeTcs BMecTe ¢ da-
30B0fi cpefon (¢ur. 8.3). B orcyTcTBHE CTOJKHOBEHIIHI KO-
JH4ecTBo yactul, Ny B oGbeMe V, nepemelaomemcs BMecTe
CO CpeAol, MOMNKHO OCTaBaThCS MOCTOAHHBIM. JlefcTBII-
TEJbHO, NMPefNo/J0KHM, YTO HEKoTopasd uacTHlla Nnpud/i-
KaeTcsas K rpaHulle oobema V ¢ KakoH-HUOYyAb CTOPOHBL
B sTOM caiyuae OHa JOJIKHA JBHTaTbCsA BMECTE C IpaHMIEH,
Tax Kak rpaHuua obbvema V. Besje mepeMeliaeTcss BMECTE
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¢ U3MeHeHHeM KOOPAMHAT YacTHI, H 3TO 03HAUAET, 4TO HH
0lHa yacTHlAa He MOKeT Hepeceub rpanully o6sema V. Ilo-
9TOMY KOJIUECTBO yacTull B ob6beme V coxpansercs.

C apyroff CTOpOHB, BeJHYHHY BEASICHHOTO 0ofbeMa
B 110008 MOMEHT BpeMEHH MOXKHO BBIpa3uTb (GopMysaoh

V= S S dx do = —;—@ Is, di], (8.26)

Tie s == {x, v} — panauyc-BeKTOp TOUEK rpaHunn obvema V
B ¢asosom npocrpancrse, dl — ajnemeHT ANHHBL B (Ha30BOM

A
06s8M 8 MOMEHNT

BPEMEHU Tt
063EM 6 MOMEHNT
/ epemeny L+A L.
~

e
{ \\
AN \
\ 1
N \
s(t) > Y

S(t+Aat)

P

X

@yur. 8.3. IluarpaMya HoKa3blBaeT ABHIKGHHE IPOH3BOJBHOIO 00bema,
JKEeCTKO CBA3aHHOI'O CcO cpenoﬁ.
B otecyTeTsHe cToakHosednH cpena da3oporo mpocTpaHcTBA HecKUMacMa.

mpocTpancTee, KacaTeJbHOH X rpaduue. Uepes neGosbiuolt
IpOMeXYTOK BpeMeHH Af u3MeHeHHe ofbeMa paBHO

AV = st + ), dij— 3 $ls@, a.  (3.27)

Touka s(f -} Af) ¢asoporo oGbeMa IO OIpeAe]eHHIO CBfl-
3aHa ¢ TOUKOH s(f) COOTHOLIEHHEM

st+A)=(x+vA vtal)=s({)+ {v, a} At. (8.28)
Orcioga caenyet

F=3§lv a dl=5§wdo—adn). (8.29)
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Ecan na yacTHuy ﬂeﬁCTByeT NnoTeHuaJ bHas CuJaa, To yCKO-
peHlie yacTiibl @ MOXHO BbIPA3UTL yepe3 MOTCHHHAN @D,

OTKyZAa CJENYeT, UTO H3MEeHeHHe paccMaTpuBaeMoro oobema
€O BpeMeleM MOXKHO 3alHcaTbh B BHAe HHTerpaja Mo 3aMK-
HYTOMY KOHTYpPY 0T Ioauoro audgepenyuana:

AV .
YA 2m (mU + (D) =0. (8.30)

Besunna Jaioforo ofbeMa, nepeMellaiollerocs BMecTe
¢ $asoBOll Cpeliofl, ABIACTCH UHEAPUAHTOM ABUKEHUS, TaK
uro (pas3oByw Cpeny MOXKHO CUHTATb Hecsxcumaemol. B namnn-
HefilieM Mbl HCNOJAb3yeM TaKoH MOAXOM IPH BBHIBOJE KOHEU-
Holl Mojesu, onuchpawmieii cucremy BJgacosa (Mogeab
«BOJITHOT'O MeIlIKa»), a 3J4eChb OTMETHM, 4TO ypasHeHue Baa-
£OBa MOXIO NOJYYHTb TakKkKe MMETOAAMH, H3JO0KEHHbIMU
B Hacrosplem naparpacde. JleficrBurenbHo, ecau paccMo-
TpeTh GeCKOHEUHO MaJblil d1eMeHT dV cpeanl, To ero oGbem
NpH JBIZKCHIN COXPAHAETCS H COXPAHSAETCA TAKKE KoJuue-
CTBO YacTil B 3ToM oGbeMe. CaefoBaTeqabHO, IJIOTHOCTD |
B (asoBoM mpocTpalcTBe COXpaHSeTcA NP JABUKEHUI
Cpeabt:
ai __

- =0. (8.31)
D10 ypaBHeinile ONHCHLIBAET NEPEHOC, TPHUEM Jarpanxena
nponsBoAlias B (pa30oBOM HPOCTPaliCTBe HMeeT BUJ

d d 9 9
—_— N JU— { 7
dt o T ax T35 (8.32)

§ 5. Meroa «BOASHOro Memiga»

Brinie 0Obli0 BbIBEAEHO HECKOJBKO CBOHCTB CHCTEME,
onuchiBaeMoil ypasHeniieM Baacosa. OcofeHHO BaXKHBLIM U3
HHX ABJSETCS CBOHCTBO HeCKHMaeMOCTH (pasoBOH cpeasl,
B pe3yJbTaTe 4ero IJIOTHOCTb f LO/IBEPraeTcst TOJLKO nepe-
nocy. ITo CBOACTBO II03BOJISIET NOCTPOHTL OCODEHHO NPOCTO.
onHCaHue paccMaTpuBaeMO CHCTEMBI, B KOTOpPOM paclpe-
Zeaenue yacTuy [ onucelBaercsi He  (PyHKUHEA KOOpAHHAT
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[(x, v, t), a naGopoM KOHTypoB (JHHHII YPOBHS MJOTHO-
ctu f) B ABymMepHoM (pasosom npocTpancrse (dur. 8.4). Tax
KaK cpela HeCKHMaeMma, miIoliafb, OrpaHHUeHHAas] KaXIbiM
KOHTYDOM, fABJSETCH HHBAPUAHTOM ABH:KEHHS, HO C TeHe-
HUEM BPEMEHH 5TH KOHTYPEl NmepeMellaloTcs B IJIOCKOCTH H
OIMUCHIBAIOT 3BOJIOLHIO CHCTeMbl. KoHeuHo, KOHTYPH HCKa-
JKaloTCs CO BPEMEHEM, HO OHH COXPaHAIOT CBOH CMBICJ JU-<
il ypoBHsl, M HiKaklie JBa KOHTypa He MOryT mNepece-
KaThed, '

Oyr, 8.4, Mozeas «BOASIHOTO MEMIKa».

@yukiug pacnpeieacndss NPeACTapieHA KouculbiM HaGopoM XoHTypoB B (dasonoMm
npocTpatcTse,

Jna omucanusi 3BOJIOLNHM paccMaTpHBAEMOl CHCTeMil
BO BpeMEHH MOMXHO HCIIOJb30BATh UUCJIEHHYID MOAENb «BO-
asHoro Mewxa» [65]. Pacupenesnenne uacTun, ONuCHBAETCH
crynenyaroii ¢yukuiesi f (dur. 8.5), Tax uto MexXAy KOH-
TypaMH NJOTHOCTH [ noctosinHa. OGo3HauuM BCe KOHTYDbE
oyksamu C; (1 <<j<CJ) u KaXAbH KOHTYp 3ajajuM KO-
HeYHHIM YHCJIOM TOUEK (X;, U;), JexkKalldX Ha 9TOM KOHTYpe
(dur. 8.6). DTM TOUKM MOKHO paccMaTpuBaTb KaK TOUKH
(ha3oBOro MpoCTPaHCTBA, U, C/1eJOBATENbHO, HX ABHXKEHHS
onpenensiercs ypapuenuaMu [amunbrona. J[Jasa  TouKH
(%4, v;) Koutypa C; ypaBHEHHS ABHXKEHHA HMEIOT BHJ

dx,

dt “

o 8.33)
dl“ = g (xi)v

T1€ g — yCKOpeHHe B rpaBHTalMOHHOMN CHCTEME,
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VHTerpuposaune 10 BpeMEHH OCYLIECTBJSETCS Mepeme<
L(eHHEeM KOHTYPOB yepe3 HeGoJblIne NPOMeXYTKH BpeMeHy,
IpHYeM HOBOE IIOJIOXKEHHe KaXKJAOro KOHTYpa OIpelendercs

f

h

hah

R
wh

NQ____-._
]
]

5% &
Jlunuu 8 qa3peoM
npocmpancmee
B

dur. 8.5. IT1oTHOCTH vacTuIl MeXAY KOHTYpaMH B (a3oBOM HpOCTpaHs
CTBe NpeAloJaraeTcs NOCTOSHHOM,

Touru KOHMYPA

& Momenm spemeru 0

et T

\ﬁytmu KoHmypa

8 MOMEHT Bpemenu

tnﬂ

®ur. 8.6, Kaxnuil KOHTYp B MOJGNH <BOASHOTO MeIUKa» ONpeAetsercs
HaGOpOM TOYeK, JeKAaUMX Ha KOHTYpe. IlepeMeuenne Kaxmolil TOUKH
TOJUHHEHO YPABIEHHAM ABHXKenusa IaMmibTOHA,

HHTEIPUPOBAHKMEM YpaBHEHHH MJS KOODAWUHAT TOUEK!:
— =2 -
vr=v% - 2 Alg (x771), (8.34)
o= yt=2 -1
Xt =02 4 2 Aol (8.35)
3nech ucnonb3oBaHa cxeMa «C nepenlaruBaHueM», yTo AaeT

BTOpOI‘;I NopaAnoOK TOYHOCTH, HO, TaK KaK H KOOPAHHATH, H
CKOpPOCTH BBIYHC/AAIOTCA BO BCC MOMEHTHI BPEMEHH, B CXEME
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MOMET MPOH3OUTH pACCOTNACOBAHUE BPEMEHHHIX YpOBHEH
(em. 1. 2, § 6, n. 2). las Toro ytoGbl HM3GeXKaTb 3HAYU-

Qur. 8.7, Murerpuponanne (GyukUHE pacnpexefeHHs B MOXENH «BOASI-
HOTO MeINKa» JJiss BHUHMCJACHHA IVIOTHOCTH B KaxaoOd Touke Koudury-
PauHOHHOro IpOCTPaHCTBA,

TeJLHHIX OINGOK, BEI3BAHHEIX TAKUM PacCOT/IacOBaHuEM, ye-
pes HeXOTOpHH HHTepBaJ (00bluHO uepe3 Kaxvie 100 ma-
TOB 110 BpeMeHH) HeOOXOAHMO IIPOHU3BOAHTHL NepecTpoHKY

7
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Qur. 8.8. Pacnpeneneune Tuma «rop6 Ha XBocTes.
NepeEMEHHBIX B IIDOMEXYTOYHBIE MOMEHTHl BPEMEHH IIyTEM
HHTEPNOJANKMU MeXay COCeAHHUMHU BPEMEHHBIMH CJAOAMH.

Haa Toro urofbl ONpeAeNHTb MJAOTHOCTh BelllecTBa
(umn B 3JeKTpOCTaTHYeCKOM cJjyyae ILIOTHOCTh 3apsAjoB)
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B KOH(UIYPAUHOHHOM IPOCTPAHCTBE Ha M-M lare mo Bpe-
MEeHH, OCb X MNOKpbiBaeTcsi 3iseposoit cerxoii (dur. 8.7).
Kaxapiit KOHTYp MOKeT BoOOUie He nepecekars TaHHYIO 5fi-
JIEPOBY suefiKy, a MOXKeT IepeceKaTb ee HEeCKONAbKO pas, HO

B JMIOGOM Cjayuae ONpPeAE/eHLI 3HAYEHUS CKOPOCTH U] » mpl

@ur. 8.9. Opomionua pacupeiesesns
Tuna <«rop6 Ha xBOCTe» B (HA30BOM
npocTpaucTBe (x, v), paccuHTaHHad
METOAOM <BOJASHOTO Memka» [65].

3aMTPUXOBAHHAS nJomadb IOKA3LIBACT
o6acTh BbICOKOH TJOTHOCTH B (asosom
fipocTpaHCTBe, CBA3aHHYI0 ¢ <«IoploM Ha
xBocre», HeycrofiunpocTbh  HAYANLIOrO
pachpenenexisn (@) HMeeT IBYXUYUYKOBYIO
NPUPOAY ¥ TPUBOAUT K BHXPEBOMY Inu~
JKCHHIO (6) W repeMelldBaHHI cpejinl da-
30B0r0 NpoCcTpalcTsa,

KOTOPBIX KOHTYp nepecekaeT sueiiky. Macca sewecina
B KaxKAoil suelike BbuMc/AsieTcs 1o PopMyJ/aM

[o]

mt=m, S fdu; (8.36)

- { vdf); (8.37)
me z*”molZungfi, | (8.38)



<bazoguie cpedol 269

7

Te HCIOAb30Balbl (GopMysa HHTErPHPOBAHUA 10 YaCTAM
H yciaosne [ =0 npu v = xoco. B dopmyre (8.38) Af;
osHayaer H3MeHeHue (QYHKUMI [ NpuU TEpexode yepe3 KOH-
typ C; (dur. 8.5), n ecan ma KaxJoM KOHType BHIOpalio

Waz 200

Dur. 8,10, IByxiyykoBas HeYCTOIUHBOCTE B METOE «BOJAHOTO MEUIKas,

Ha neauneiinom atane B hbasosom npoctpanctse 06pasylores «Bm(pu» Koutypor yAas
HAIOTCSt H NPHHHMAIOT ¢J0XKHYI0 dopmy [65].

HanpasJ/eHnne 06xo/a MO yacoBOH CTpeJKe, To 3HAaK Af; 3a-
BHCHT OT TOrO, IepeceKaeT KOHTYp JHHHIO X == X, B IIOJIO~
JKHTEJNbHOM HJH OTPHUIATENLHOM HanpasJenud. Taxum o06-
pasoMm, noJb3ysach ypapienueM (8.38), HETPYIHO BHUHCIAHTD
IJIOTHOCTb BELECTBA B JI0G0H MOMEHT BpeMEeHH.
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Korna mafizeHa naoTHOCTDL Belecrsa, MOXKHO Olpeac-
JUTbL MOTEHIUAaJ, peliasa ypaBHeHue Hyaccona

Oy — 200 + Dy = 4nA’Gm, (8.39)

B pagore {65] Mozear «BoAsiHOro Mewikas Gnjaa mpuMme-
HeHa K TEePMHUYECKH HepaBHOBecHOH 3axmaue A4 (QYHRIMH
pacnpegenenus Tuna «rop6 ma xsocre» (dur. 8.8). B ¢u-
3UKe IJa3MBl TAKOe pacnpefieneHie yacTo BCTpevaercd, Tax
KaK B OTCYTCTBHE CTOJKHOBEHHH 3JEKTPUUECKOE IO0JE YCKO-
pseT NnpeHMyuleCTBEHHO ropsauHe 3JeKTpoHH. Pacupeznene-
HHe «rop6 Ha XBOCTE» HEYCTOHYHBO H3-3a ABYXIYUKOBOH
Heycrofiyusoctd (. 6, § 3), u Ha HeauHEHHON cTaAuN NPO-
ICXOJAHT TePMaJH3aUUA «XBOCTAa» MyTeM pasBUTHS BUXpEH
B (asoBoM npoctpanctee (dur. 8.9).

Monenb «BoasiHOro Mewka» cso6onna ot auddysun, Ko-
TOpasd, ecJd OHA HPOUCXOAHT B TPOCTPAHCTBE CKOPOCTEH,
o6JafaeT TeM Ke JeHCTBHEM, UTO-H CTOJAKHOBeHusA. C Apy-«
rofi CTOPOHLI, ABHKeHHE KOHTYPOB HPHBOJHUT K HX YAJHIHC-
HHUIO U ycJoxKHeHHI0 X Qopmul (¢ur. 8.10), u ecau pacuer
HpofoJKAaeTCA [JOCTATOYHO ANUTENbHOE BpeMs, TO IIOAB-
JISIETCA HeOOXOAUMOCTD B YIpOoIUeHNH 1 YMEHbUWEeHHH JJIIHbL
KaXXIoro KouTypa. Takas onepalius COLEpKUT IPOH3BOJ U
BeJeT K AudPy3uu B YHCJICHHOH MOAEIH,
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Knaccudeckast ruipoiuHaMuKa

§ 1. BeonHble 3ameuanuss 06 ypaBHeHMAX
TMIPONHHAMUKA

Knaccuueckass rugpofuHaMuKka OINHCHIBAET AHHAMHKY
cpel, ¢ KOTOPBIMH MBI [IOBCEJIHEBHO HMeeM [eJ10. ITO TaKue
sIBJEHNS, KaK IPUJNBLI U OTJHBEL, BOJHBI B OKEaHe, BETEp,
BHXPH M J[ABMKEHHA aTMoc(eprl, BOAONAJH, ALIM, HOJHHU-
MawIuica u3 TPyOH, 3BYKOBHIE BOJHB u rpoMm. Opnaxo
37€Chb IepeuHc/ensl JHIIbL HEKoTopble N3 5(PQeKToB, BO3HH=
KaloWuX B HENPEePLIBHLIX Cpefiax, LINpoKast pacnpocTpaHeH-
IIOCTb KOTOPBHIX U OOBACHAET HAally €CTeCTBEHHYIO HHTYHLHIO
1 umHTepec K ruaponuHamuike. C IpYyroll CTOPOHE, CJA0XK-
HOCThL U MHOroo0pasue sIBJeHUN B HENPEPLIBHOH cpeae OT-
paxaercst B CJIOXKHOCTH THAPOAMHAMHUYECKUX YypaBHEHMH,
KOTOpBIe HEJHHEHHBl W TPYAHOpa3pelliUMBl, TakK KaK Helpe-
PLIBHAS cpella NpeACTaBasieT cofoi yacTHBIH cayuall 3ajayu
MHOTHX TeJ.

Hcnoabsys ocHOBHBIE 3aKOHBI coxpamnenus (ra. 3, § 1),
MOKHO BBLIBECTH YpaBHEHHS THAPOAMHAMHKM M3 MaKpOCKO-
NHYEeCKUX cooOpaxkenui 0e3 pacCMOTPeHUs CTPYKTYPHL «He-
npepoiBHOA Texkyuel cpenb». Onuako, NOCKOJIbKY Mbl IbI~
TaeMCs ONHCATb CHCTEMY MHOTHX TeJ, BaXXHO PAaccMOTpPeETb
YpaBHEHUS H ¢ MOJEKYAApHON TOuKH 3peHusa [63].

OcHoBLl ONHCAHHA CHCTEMBI MHOTMX TeJ HEMPEepHIBHOM
(hyHkUHed OblM pasofpaHbEl HA NpuMepe ypaBHenus Bua-
coBa. BeccronkHoBuTesnbHOE YpaBHeHue Baacosa wMoxer
ONHCHIBATL NPOH3BOJbHOE PacHoNOXKEHHEe 4YaCTHIL B NPO«
cTpaHcTBe CKopoctefl. C 1pyroit CTOPOHBL, B O6GHIYHO H3ydae-«
MBIX CpefaxX, HanpuMep B MeTeOpOJIOTHH, OKeaHorpaduy,
aspoAuHaMHuKe, MOJIEKYNApHBIE CTONKHOBEHUS B paccMaTpu-
BaeMOM MacluTaGe BPeMEHH NPOUCXOASNT OUYEHb YacTo. ITO
[03BOJIET HCNOAb30BaTh YPAaBHEHHSI € MEHBIIHM YHCJIOM
ctTencHell cBOOOALI H TeM caMbIM YpaBHEHHS, KOTOPHIE Jerue
nopjpawTca pemlennto. Baarogapst Takofi GoJblioH yacroTe
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MEAKMOJIEKYAAPIBIX CTOJNKHOBEHNE MOMKHO CjeaTh BaXKHOL
TIPEATIONOMKEHHE O TOM, YTO BCE YACTHILI B OKPECTHOCTH J10-
6Of TOYKH IIPOCTPAHCTBA HAXOAATCH B IIOYTH IIOJHOM Tell-
JNIOBOM pAaBHOBECHM. 3/1eCb TENJIOBBIM DABHOBECHEM B TOuUKe
Mbl Ha3blBAEM TAKOe COCTOSHME, KOTAa pacipefeseHue ua-
CTUI{ TI0 CKOPOCTAM B JI000H TOYKE NOAUHHIETCS MaKCBes-
JIOBCKOMY WJIH TOYTH MAaKCBEJJIOBCKOMY 3aKOHY, OTKyIa
CJIEdyeT, 4TO TaKOe pacrnpelesieHue MOXKHO OMUCHIBATL CKO-
pocTero yedTpa macc v v tTeMmueparypofl T wau, 4TO TO XKe
caMoe, KBaapaToM wupunst pacnpeneiennd. Ilostomy A7as
ONUCAHHUSI  CTOJKHOBHTEJLHOH CHCTEMBl MHOTHX YacCTHI
MOXKHO BMeCTo (PYHKUHH pacnpelenenis yacTHil B ¢asoBoM
MPOCTPAHCTBE HCIOJb30BATh THAPOAUHAMHUYECKHE XapaKTe-
PHCTHKH CHCTEMBI B KOHQHIYPALXOHHOM IIPOCTPAHCTBE, T. £
IIOTHOCTL P, CKOPOCTb V u TeMmmepatypy I (mam gasJe-
HHE p, WK BHYTPEHHIOWO SHEPrHIO ).

[lecMoTpst Ha BaKHOCTb MOJEKYJSPHOTO TNOAXOAA
K YypaBHeHUAM THIPOAHHAMMKH, HUKE MBI OrpaHHUHMCH
KPaTKuUM o6CyxJeHHeM (OpPMBI H OCHOBHBIX CBOHCTB 3THX
ypaBHeHul '),

I. KoncepsarusHas, siireposa u aqepaunxcesa gopmbt
ypasHenul

YpaBHeHUs UAeaNbHON THAPOAHHAMHKE OLITH [OJYYEHBI
Bra. 3,§ 1, uBrn 6, §5 Cucrema ypaBHeHHH rHAPOAHHA~
MHKH COAEpXKHUT IATb YpaBHEHU# Ajs MJIOTHOCTH p, CKOPO-
CTH V H IVIOTHOCTH BHYTPEHHEH 3HEpruu g, KoTopas CBf3aHa
¢ TeMnepaTtypoli, npuyeM B o0lieM ciayyae KaxKJI0e H3 3THX
YPaBHEHIH 3aBHCHT OT TPeX IIPOCTPAHCTBEHHBIX KOOpAMHAT
1 BpemeHH (X, f). 3anumeM ypaBHEHWS THAPOIMHAMHKH
B 3iljiepoBofi dopme, T.e. B AHGdepentua bHOn dopMe OT=
HOCHTEJBHO HEKOTOPOH HEMONBHIKHOH CHCTEMBHI OTCUETA:

Mmacca:
20 - Vov=0; (9.1)
UMIYALC:

0% 1 (Vov) v =—Vp; (9.2)

1) BuiBO# ypaslieHui rnnponuﬂamuxu C TOUKH 3DEHHA MOJIEKYJfp-
HOH (QYHKUMH pacnlpelesleHHs UHTATe/b CMOXKeT Hafitd B [63].
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BHYTPEHHASL 3HEpIU.

08 1 pVv + ¥ (pev) = 0. (9.3)

ITH OCHOBHBIE YPABHEHHHA HYXKHO JOMOJHHTb «yDaBHEHHEM
COCTOSIHHUS», ONUCHIBAIOIHM KOHKpPETHBIE TepMOJAHHaMuue-
CKHe CBOMCTBA paccMaTpuBaeMoil Cpelnl. YpaBHEHHe CO-
CTOSIHHUA CBA3LIBAET JIOKaJbHOE 3HAUeHHE YAEJbHOH BHY-
Tpellell HEPTHH ¢ IIOTHOCTBIO H AaBJIEHHEM Cpenbl:

e=¢e(p, o). (9.4)

TIpoCcTLiM NPHMEPOM CJYKHT YPaBHEHHE COCTOSHHA HAealh-
HOTO rasa:
— kT p
my—1) " ply—=1"

rie y — OTHOIIeHHe TemoeMKocTel (y = 5/3 A1s oHoaToM-
HOT'O rasa), m-— Macca MOJeKyabl, R — noctosinuas Dosbi-
maHa, a T — temmepartypa Cpeisl.

Mu yxe oTMeuasu BBILIE, 4TO NEPEHOC CBOHCTB Cpeibl
JABLKEHHEM caMOH Cpedbl — 3TO OAMH U3 Ba*KHEHIIUX NpPO-
LIECCOB, ONUCBLIBAEMBIX TMAPOAMHAMHUYECKHMH YpaBHEHUAMHU
(r. 3, § 1 u 5). Ecan 3anucath ypasHeHHS ¢ TOMOHIBIO
Jarpanxesoll npoussoauoit d/dt = 0/0t + vV— npoussoa-
HOH MO BpEeMeHH B CHCTeMe KOOpJAHHAT, CBA3AHHOH C ABH-
XKyuiefics cpefiofl, — TO ypaBHEHHA THAPONMHAMUKH HPHMYT
ocobeHHO npocTolt BHA. Belunc/iss AUBEpPreHIHIO B ypaBs-
HeHuax (9.1)—(9.3), npuxogum K JarpaHxesofi ¢opme
8aMUCH:

(9.5)

Mmacca:
2 — vy . (9.6)
yeroperue: o A
p—r==—Vp; 9.7)
BHYT pEHHAR IHepelR:
oo =—pWv. 9.8)

B wuwactHom ciydae (9.5) ugeaspHOro Trasa ypabHeHHe
(9.8) nomyckaer panbHeliiee YNPOUIEHHE H TEPEXOAHT
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B BhIpaxeHHe Ansa agnabaTuueckoro 3axona. Caenyer oT-
MeTHUTb, YTO JarpaHxkeBa NPOH3BOAHAA IO BPEMEHH OIHCHI-
BaeT s(dexT nepenoca, B TO BpeMA KaK mnpaBble HacTh
KaXJoro u3 ypaBHeHUH CBA3AHEl CO CXKATHEM CPelbl.

CsoficTBa coxpaHeHHsi pU3UUECKUX BEIUUHH CJAeAyeT BHI-
JeqHTb Kak C TOUKH 3peHus (U3HUeCKoro cmuicaa (CM.
ra. 3, § 1), Tak u ¢ TOUKH 3peHUS Pa3HOCTHOTO MOJEAHPO-
BaHus (cM. ra. 3, § 6). DhnepoBBl ypaBHeHUS AT MaCChl
(9.1) u gna umnynabca (9.2) HMeIOT KOHCEPBAaTHUBHYIO (GOP-
MY. AHaJOrMYHO MOKHO HEKOHCEpBATHBHOE ypaBHEHHE AJs
BHyTpenueii sueprun (9.3) 3aMeHuTb ypaBHeHHeM cOXpaue-
HUSl 5HEPTHH, ecAu 3aMeTHTb, UTO IVIOTHOCTbL NOJHOH 3HEp-
Tuu cpefbl paBHa CyMMe IVIOTHOCTH BHYTpPEHHEH SHEpPrui H
IVIOTHOCTH KHHETHYECKOH sHeprum LeHTpa macc /opv? Ilo-
sTOMY, npubaBus K ypasHenuo (9.3) ypasnenne (9.2), cka-
JIIPHO YMHOXKEHHOE Ha V U ypapHenue (9.1), yMHoXKenHoe
Ha (—!/,0%), MBI NOJYYHM KOHCEPBATHBHOE ypaBHeHHe AJ
SHEpTHUH:

5 (oe+ 5 09) + V{ (G002 +0e+ p) v} =0. (9.9)

TToTox aHepruu noj 3HaKOM AHBepieHLHH CKJAaJblBaeTCs
U3 NMOTOKA KUHETHYECKOH SHepTHHU [eHTPa Macc, I0ToKa BHY-
TpeHHel 5Heprud W paGoOTHI, BHIMOJHIAEMOHN JaBJEHHEM Be-
IeCTBa, COOTBETCTBEHHO.

2. ITpoyeccor dugppysuu

ITonyyennele BBILIE TMAPOAMHAMUYECKHE YDaBHEHUS SB-
JAA0TCA runepGoIUYeCKMMH W ONHCHIBAIOT NEPEHOC H CXKa-
THe, CBA3AHHOE CO 3BYKOBBIMH BOJIHaMH B cpelie. OTH ypas-
HeHus NPHMEHWMEl, Korja cBOMCTBa Cpeldbl JOKaJu30BaHLI
JIBYXYaCTHYHBIMH CTOJKHOBEHHUSIMH, a pacrpejeneHue ya-
cTul, B ()a30BOM IIPOCTPAHCTBE UMEET MAKCBEJJOBCKUI BHA.
CaolicTBa cpefbl JIOKAJH30BAHBI, €CJAH CPEAHAS AJAAHA A
cBoGogHOro npobera vYacTUIEl MeXAY CTOJKHOBEHHAMMU
MaJia. Bosee TouHO, 3anyCaHHbE BLHILIE YPABHEHUS CIpaBEl-
JUBBHL, €CJAH JAJuHAa A MHOTO MeHblle, YeM XapaKTepHast
gAvHa L u3MeHeHust mapameTpoB Cpefnl, T.e€. ILIOTHOCTH,
CKOPOCTH H 3HepTHi,
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Ecau cpenniolo aauny csofopsoro npoGera A Hedb3sd
CUUTATL MaJoH, TO CJAeAYyeT YUHTHIBATL NEPEHOC UMIYJAbCa U .
SHEPIIH yepes3 cpeny, ocyuiecTsiasieMbifl nuddysueli qacTull
B KoH(urypaunonHom npoctpanctee. Mu GyJeM roBopuTh,
4YTO cpella CTAHOBUTCA BA3KOH, ecan HMIYAbC AuQPYHAH-
pyer CKBO3b Cpely B NpOLEcce MHKPOCKONHUYECKOTO ABHIKE-
HHA yacTul. IToT 3h(PeKT OmUChHIBaeTCs ypaBHEHHeM MAJIST
uMny.abca (9.2) myTeMm BKJIIOUEHHS B HEFO TEH30pa BA3KOCTH
V ¢ pasnofi Hys0 csepTKOH,

/ 2 vV (v 4 pl + V) =0, (9.10)

rae | — exuHHUHBIA TEH30P.

AnanoruyHo nepeHoc BHyTpeHHEH 3HepTuH CKBO3b Cpedy
1 NOTOK Temsa  OGYCJOBJEHH TEIJIONPOBOAHOCTLIO (B ra«
3e — auopdysuel KONHUECTBA TENJIOTEL):

D e+ (P14 V): Vv V(ev +q=0.  (9.11)

Kpome TensnonpoBOAHOCTH, B ypaBHeHHe MAJS BHyTpeHHEH
SHEPrHH Mbl BKJIWYUAM 3(pQpeKT BA3IKOro Harpesa cpenHl.
OueBu/HO, UTO €CJH B ypaBHEHHE [Jf HMIYJAbCA BKJIOYEH
TEH30p BA3KOCTH, TO H3 COOOpaKeHHH COXpaHeHus 3IHEPruu
HEOGXOANMO y4ecTb paboTy, BHIOJAHAEMYIO B rase CujJaMy
BA3KOCTH. DTa paora ONUCHIBAETCA BTOPHIM CJaraeMbM
B ypaBHeHHHU JJISl BHYTPEHHEN SHEPruH.

YcragoBuM CBA3b MeXAy AnGPy3HOHHBIMY IIOTOKaMH,
00yCJOBJSHHBME TEIVIONPOBOAHOCTHIO H BA3KOCTRIO, U Tpa-
JIHEHTaMH TeMuepaTyphl u cKopocTu cpeAbl. Kak u B TBEp-
aom tene (cm. ra. 3, § 1), Tenno mepenaerca B HanpabJe-
HIiM, IIPOTHBONOJNOKHOM I'PagHeHTy TeMIEepaTtyphl, u, CaeAo-
BaTesbHO, MOTOK TeNJa Bhlpaxaercs GopMyJaoi

q=—«kVT, (9.12)

rae K — Ko>hpQullieHT TenaonpoBOAHOCTH.

AHajlornyHO TEH30p BA3KOCTH BHIPAXKAeT INEPEHOC WM«
IyJbCa Kak IPH CKOJbXKEHUHU CJI0eB Cpellbl, TaK U npu CxKa-
Tisix. TeHnsop BAskoctu V ¢Bfizan ¢ TeHsopoMm Haspe —
Crokca U coortnomennem [66]

V=—puU, (9.13)
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rie
U=Vv 4V —2 (Wl (9.14)

§ — BSI3KOCTb CPesl, a MaTpuua Vv TpaHcnounposana ¢ Vv.
Kak TeNIONPOBOJHOCTD K, TaK H BASKOCTH | 3aBHCAT OT
Y9aCTOTHl CTOJKHOBEHHHA MeXAy 4aCTHLaMH, TPHUYEM K H it
MOTYT 38BHCETb U OT JOKaJbHON TeMNepaTypsl, H OT ILOT-
HOCTH CPeABl, B pe3yJbTaTe Yero yJjeHb yPaBHEHHS, ONHCHI-
BalOllMe IepeHoc, MOTYT CTaTh HeJuHeHHbIMH [63].

Vuer stux AndOy3UOHHBIX ABJASHHH NPHUBOAHUT K TOMY,
4TO ypaBHEHUS CTAHOBATCA MapaloJiyeCKHIMH H ONHCBIBAIOT
s®dexT Anbdy3nn wal criaKUBaHUS UMIYJAbCa H TeMIlepa-
TYPBl CPeIbL.

3. Honarue cocumaespix 1 HecoHuMaeMblx cpeo

Kax 6bl10 OTMeUeHO Bhillle, YpaBHEHHs HAPOAULIAVMHKI
NPUMEHHMB K OYeHb LIMPOKOMY KJacCy Cpei H CBA3aHHLIX
C HUMH SBJEHHH, CTOJAb HECXOMHX, KaK a’spoiHHAMHUECKIE
spdertol u adderTh, HabmonaeMsle B Bojonane. Mu xe
O6yneM pasauuath 31eCh [ABa THIA 34424 O NPH3HAKY CHKI-
MaeMOCTH M/ HEeCXKHMAEMOCTH 113yuaeMOH Cpenbl

O0wui cayyail ONHCHIBAGTCS YpaBHEHHAMH THAPOANHA-
MHKH CJKHMaeMBbiX cpel, -IpHyeM cHCTeMa ypaBHennil co-
CTONT U3 IATH HECTALIHOHAPHBIX TPEXMEPHBIX YpaBHelH#
JJ5 IVIOTHOCTH O, TPEX KOMIIOHEHT MMIyJlbca OV ¥ BHYTPeH-
Hell sHepruu pe. DD PeKTH BA3KOCTH U TEIIONPOBOAIIOCTH
MOTYT OBITb HECYLIECTBEHHbBIMH.

ITnoTHocTb 9HEPrUM cpenbl COCTOHT U3 JBYX uacrefl:

oe + pv?,

a HMEHHO H3 BHYTpeHHeH WJH TelIOBOH SHePTHl H KHHeTH-
uyecKOH 3HepruH LieHTpa Macc. B cKumaeMblX cpelax Mo-
JKET NPOUCXOAUTEL NepepacrpeleeHie MexXaAy IVIOTHOCTAMI
TEnJIOBOH M KUHETHUECKO! 3Hepruil: Tak, B HeKOTOPO#A oO-
JacTH GOsblias yacTh JOKaJbHOH 3HEPTHH Cpelbl MOXKeT
RaXOAHThCA B TemJoBOH (opme, B TO BpeMd KaK B JApyroM
mecte Gymer npeoGaajaTb 3Heprua Teuenus. C apyroii cro-
POHBHI, BO MHOTHX HHTEDECHHIX CjayuasX, HanpuMep B OkeaHe
win B atMocdepe, 3Heprua TeyeHHA CpeAbl MaJa 1o Cpas-
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IIeHHIO C BHyTpeHHeH uam Tensaosofl sueprueil. Ilpu takom
COOTHOIIEHHHN 3HEpPTHH TeueHHe He MOXKEeT CXKHMaTh Cpeny,
Tak uto OOMeH 3HePrHAMH HEBO3IMOXKEH, W Cpe/lla HAa3bI-
BAeTCsl HECKHUMaeMoil.

MoxXHO npoBecTH cpaBHeHUWE CKHMAEMBIX H HeCXKHUMae-
MBIX CPeA ¢ Apyro#t Touku 3peHus. B orcyrcrBHe BA3KOCTH
M TEenJONPOBOJHOCTH YPaBHEHHA THADOAMHAMHKH HMEIOT
runepboiuueckylo GopMy u cofep:Kat J[ABe XapaKTepHbIE
CKOPOCTH: CKOPOCTb LEHTpPa MacCc ¥ H CKOPOCTb 3BYKa

v, = /vp/o, CBA3aHHYIO C TEIVIOBOH cKopocTbio. OueBHAHO,
4YTO NpH pelleHHH 5THX ypaBHEHUH 110 SBHOH pPasHOCTHON
cxeMe Hy:KHO BbIGpaThb LIAar Nno BpeMeHH Af Tak, urolbl yAO-
BJIETBOPHUTD YC/JOBHIO YCTOHYHBOCTH

A
N ————— 9.15
S Ivi+os’ ( )

rae A — npoctpaHcrsennnlit war cetku (ra1. 3). MoxHo
1IPOBECTH pasj/ieieHyie 3a4ay N0 KJaccaM B 3aBHCHMOCTH OT
Be/JAMUHHE OTHOUIeHUS CKOpPoCTell TeueHHs M 3ByKa. Ec/au
CKOPOCTb TEUEHHS Ma/ja B 3TOM CMBIC/E, TO AJS TOrO, YTOOH
130exaTh KEeCTKOro orpaHuyeHusl HA lIar 110 BPEMeHU u3-3a
BLICOKOH CKOPOCTH 3BYKa, MOMKHO HCNOJB30BATb NMpHOIHNKE-
HHE HEC)KMMaeMOH Cpellbl:
dp .
Lo . .1
5 . (9.16)
C yyeroM ypasuenus HeupepuBHOCTH (9.6) 3TO yc/aoBHE
HeCKHMAEMOCTH Cpelibl SKBHBAJEHTIIO YCAOBHUIO

Vv =0, (9.17)

B pesysabrarte ypaBHeHHs 3HAUHUTENLHO YNPOLUAIOTCH, UTO
ABJAAETCA CACACTBHEM NPEANONOXKeHHs O OeCKOHEeUHOCTH
CKOPOCTH 3BYKa.

Takum o6pasoM, B THAPOAHHAMHKE HECXKHMAaeMBIX Cpej
oTnajgaerT HeoGXOAMMOCTb B YpaBHEHHH AJA 3HEpruH, Tak
KaK TpH ypaBHeHus Aas ckopocTH (9.7) BMecTe ¢ yCJOBHEM
coseHonAansHocTH nonst ckopocredt (9.17) omnpepensior ue-
Thipe (YHKIHH, ONHCHIBAIOLNE JaBleHHe U TPH KOMIIOHEHTLI
CKOPOCTH.

B nocneaymomux naparpadax Mbl CHayajda pPacCMOTPHM
cnocoObl OnuCaHuAd M peINEHHS ypaBHEHHH HeCXKHMaeMoH
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CpeIbl C IOMOUIbI0 PA3HOCTHHIX MeToA0B. ECIH B ypaBHenud
HECXKMMaeMOfi cpeibl BKJIIOUHTD IBMIKYUHECSH NOBEPXHOCTH,
a TaKie BHITAJIKHBAMOLLYIO CHIY, 00YCJIOBJIEHHYIO TAKECTHIO
Ha TIOBEPXHOCTH 3eMJH, TO 3TH YPaBHEHHS MPUMEHHMBI K
ONHCAHUIO TAKUX SIBJEHHH, KaK BCIJIECKH, BOAONAAH ¥ NpH-
JUBHO-OTJIMBHBElE TeueHusl B oKeaHe. [lajee Mbl PacCMOTPHM
PasHOCTHO® pelleHHe ypaBHeHWH THAPOJHHAMHKH CXKHMae-
MBIX CpeN, 4TO HO3BOJMUT HM3y4aTb THAPOJAHHAMHUECKHE fB-
JeHus THMa YZapHHX BOJH M cXKHMaeMBIX TeueHuli, sos-
MOXKHBIX B a3pOAHHaMHUKE.

§ 2. PaanocTHoe peileHHe ypaBHeHHil HeCXKHMaeMoil cpenpl

JlBuxkenne HecKHMaeMOH Cpelbl onpenensercs Tpemsa
ypaBHEHUAMH AJf YCKOPEHMsS CPexbl W YCJAOBHEM COJIEHOH-
fAanbHOCTH 1ods ckopocted (§ 1):

%—l— (vV)v=—-%VP+VY?V’ (9.18)
Vv =0, (9.19)

rlie v — KHHeMaTHYecKas BSA3KOCTb, v == pw/p, U AJad OJHO-
KOMIIOHEHTHOH CpeAbl IJIOTHOCTL p Tpefdriojaraercs Ho-
CTOAAHHOH. 3TH UYeThipe YypPaBHEHHA ONPENENdIoT YeThipe
GyHKIMH: TPH  KOMIIOHEHTH CKOPOCTH H  CKaJsipHOE
HaBJeHue,

CymecTsyeT JBa NOAXO0AA K pEUIEHHIO YDaBHEHHH He-
ckuMaeMoli cpesibl. MOXKHO CHaudaJ/Jla MCKJ/IOUHUTh IaBJEHHE,
BHIYHCJAUB POTOP OT 0Genx uyacTel ypasHeHus (9.18) u no-
JyuuB TakuM o6pa3oM ypaBHeHHe AJIsI BEKTOpa 3aBHXpeH-
HOCTH cpeisl. Mcrnoansys yeaoBue cotdeHonaanssnoctu (9.19),
MOXHO BBecTH (QYHKLIMIO TOKa, KOTOpas CBs3aHa C 3aBHX-
peHHocTblo ypaBHenueMm Ilyaccoua. Tlpm mpyrom mnoaxoie
K ypaBHeHuo (9.18) nmpumensieTcsi onepatop IUBeDreHIuH,
uyrto paet ypasuenue IlyaccoHa Ans npsAMOro onpejaejeHust
JaBJIEHUs 1O IeHTPOOEKHON H KOPHOJIHCOBOH CHIaM.

1. asuxpennocTs U pyHKYUA TOKA

Teuenye HecxkuMaeMoll cpeab! Hen3GeXHO ABJAAETCA BHX-
PEBBIM, M TIO3TOMY 11€71e€CO00Pa3HO BBECTH 3aBHXPEHHOCTBH

,t . N
§(x,1) cpempri | | eIV, V. (9.20)
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UckarounM JaBiaeHHe W3 ypaBHeHUH ABHXKEHHS Cpelbl, A
yero Bo3bMeM poTop OT ypasHeHus: (9.18):

%4V, (V) V] =V

B pesyabraTe NOJYUHM HECTALMOHAPHOE ypaBHEHHe AJS 3a-
BHXPEUHOCTH Cpeibl:

B4 (V) E=VE, (9.21)

TAE HCNOJb30BAHO YcJoBHe cojeHouaatbHoctu (9.19). ITo-
c/lleflHee ypaBHEHME AAeT IPOCTOE ONMCAHHE HECTAnuoHap-
HOTO TEYEHHS CPeABl, TaK KAk ecau oT6pocutb 3 (HeKThl
BASKOCTH, TO ypasHenue (9.21) nmpocCTo BBEIpaKaeT mepeHOC
3aBHXPEHHOCTH JABHXKYIIelCs cpefott.

KOMIIOHEHTBl CKOPOCTH ONMpPEAENISIOTCS 110 3aBUXPEHHOCTH
IyTeM HHTErpHPOBAHHSI YCJAOBHS coJeHouAandpHoctn (9.19)
U BLIYHCJCHHS BEKTOPHOIH BEJHUYHHEL P — PYHKYUU TOKAL

v =V, ¢], (9.22)

KOTOpasi CYIIECTBYeT, TaK KaK IMOJe CKOPOCTeHl COJEHOH-
nanbho, HafizeM cBsi3b GYHKUHMH TOKa ¢ M 3aBUXPEHHOCTH,

vV, IV, %]l =1V, v]=E&. (9.23)
[TpeoGpasys onepatop rot rot, mosyunm
TV —V (V) =—¢& (9.24)

Crenyer oTMETHTb, 4TO (DYHKUHSI TOKa 1 OnpeneseHa ypass
HeHueM (9.22) HeOZHO3HAYHO M MMEETCH HEKOTOPBIH IIPOH3-
BOJ B BEIfOpe «KaMHGpPoBKH» GYHKUMH Toka, HauGoiee
yAOGHO BEIODATh CJAENYIONEe YCIOBHE:

Vi =0,

Toraa TpH KOMIOHEHTH GYHKIHH TOKA 10 OTAENbHOCTH CBSi-
3aHbI C TpeMsI KOMIOHEHTaMH 3aBUXPEHHOCTH YPaBHEHHSIMH
Ilyaccona

Vip=—§. (9.25)
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Has onncannst ABHKeHHS HeCKHMAEMOil Cpean Toay-
UeHa INpocTas 3aMKHYTad CHCTeMa ypaBHeHHI: HecTauuo-
HapiHoe ypaslenne Aas 3aBuxpeHHoctd (9.21) u ypasuenne
Ilyaccona ana ¢dyukunu Toxa (9.25), no KOTOPOH MOKHO
Haittu ckopoctb (9.22). B 0cobBenHo BakuoM JBYMepHOM
C/ydae 3TH ypaBHEHHSI NPHOOPETAIOT BechbMa MNPOCTYIO H
kpacusyio gopmy. Ilpeanonoxuy, uto ABuKENHEe CPEALl TPO-

JTunuy
moxa

X

Qur. 9.1, 3aBuxpeuHocTh 1 GYHKUUT TOKa AAS 1ECIKIMAEMON cpeas,
Teuenne cpeibn TPOHCXOAHT BAOJb JRHHI ¥poBua GyukuHa TOKA.

HCXOINT B IJIOCKOCTH (X, Y), V == {vy, vy, 0}, Toraa saBmx-
PEHHOCTb M (PYHKLHA TOKA COAEPHAT TOIbKO Z-KOMIIOHEHTHI

(dpur. 9.1):
§={0,0, &},
1l):-:' {0’ 07 'll)}.

Ifoanas cucrema ypablieHuil UMeer BiJ,
Jg - .
5 T (VW) = vV%,
VQ"I:' = g;
v={V, ve,], (9.26)

The e, — e/HHUYNLI BeKTOp OCH 2, a QYHKIHIO TOKa M 3a-
EAXPERHOCTb MOXKHO DPAacCMaTPHBATL KAaK INCEBAOCKAMsPLI,
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B 10 BpeMsi Kak 3aBHXPEHHOCTb B Cpelle MOJABEpIKelia
nepeHocy U BASKOCTHOH Aud¢ysuM, AAHNTHYECKOE ypaBHe-
une Ilyaccona miast QyHKUMM TOKa O3HAuYaeT, YTo Nepepaua
«MHQOPMAaLHH» B Cpefe OCYIeCTBAsETCA € OGECKOHEYHO
cxopocTbio (em. . 3, § 1). Taxkok sbderr saBasercs ciaex-
cTBHEeM OeCKOHEUHOCTH CKOPOCTH 3BYKd, 4TO B CBOIO O4Y€pelb
c/elyeT H3 NPEATIONOKEHHS O HeCKMMaeMOCTH Cpelbl. ¥Ypas-
HeHHUsl COXPAHAIOT HeTHHENHOCTb, 0BYC/JO0BAEHHYIO MEepeHOoC-
HBIM UJIeHOM YpaBHEeHHs JJig 3aBUXPEHHOCTH.

Cucremy ypaBHeHui#i (9.26) MOXHO annpoKCHMHUPOBATb
lla 3HJepoBOH ceTke OOGLIYHLIM CrocOOOM, HANpuUMmep ¢ Io-
Molbio Meroaa Jlakca. OgHaKo A/t yMEHbUIEHHS YUCJICH-
o auddysuu ayulle HCNOAL30BATH CXeMYy N0 KpaliHei
Mepe BTOPOTO HOpsiika TOYHOCTH, TAKYIO, KaK B AByxLIaro-
BoM Mertoie Jlakca — Benapodbda (cM. rin. 3, § 7). B me-
TOZE HCHOJIb3YIOT 3{JIEPOBCKYIO DPA3HOCTHYIO CETKY THMA

xpuctaaandeckoit pewerkn NaCl, rae KaxAbii OCHOBHOH

v3es OKPYMKEH UYeTnlpbMsl BCIOOMOTATEJILHBIMH  Y3JaMH,
11 naoGopot (dur. 9.2).

Ha kaxnom miare no BpeMeHUW n nepeMmendsie % u §
oipeseseHsl TOJBKO B TPOMEXKYTOYHBIX OCHOBHBIX Yy3jaX.
JlonosinnTebHble HJIH BCIOMOTATE/IbHBIE MEpeMeHHBle Ornpe-
AeasioTca 1o MeToay Jlakca BO BCHOMOTATeNLHBIX y3dax
B 1pOGHLIC MOMEHTHl BpeMenH n -+ lo:

8CROMOATEABMHBLL wae:

n »
P = (B} 42— W), )55
n n " l
e (R Y ot (9.27)

LR i+t

ntly n .
i1 =7 (Cz i+ Eir, i TE &y s i1 T8 i+2)

M n wn n
XTvxi“j“(:i%-l,i-rl—gi—l.i+l -
Al n o H n
ARG P &) (029

[Tonyuns HOBLIE 3HAYEHHS 3ABUXPEHHOCTH, MBI peulaeM ypass

nenne [lyaccoHa Ha BCIOMOraredbHOH CeTKe H HaxoiuMm
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BCIIOMOTATEJIbHBIE 3HAUCHHUA (I)YHKILHH TOKa.
n+, n4s n+y n+ e n+‘/z —
(¢i,f+l+lpi,f—l+lpi+2,f+l t+2 i—l) i-H P

= —2A g"jj’zj (9.29)

Tenepb wucnoabayeM 3TH BCIOMOraTes]bHBIE IEPeMeHIible
B OCHOBHOM pacuere s ONpejeleHHsI CKOpOCTell B OCHOB-
HBIX y3/1aX Ha liare 1o BpeMeHH n -+ [:

OCHOBHOLIL wWae:

n+ /2 ____( n4-1, ﬂ+’/z 1
¥y, i+t b, i-1)3a 0
n+'/ . -+, 1
U= — (Wi — 1_,2,) 51 (9.30)
nt+l__ n+‘/z n+ts n+‘/
E gt! (§t+l,1 t—lzl
+’/2 (§ﬁ+‘/z —_ +‘/2
ZA Uli L+ l j-1
At n n n n
it ¥ By 1 T B T B o By, o — 48 -

(9.31)

Uien ¢ BA3KOCTHON Auddy3uelt 3aBUXPEHHOCTH 3eCh BKIIO-
YeH B CXEMY C NOMOIIBIO SIBHOTO MeTO[a IePBOro Hmopsjika
‘(c noBoporoM) {(cM. ra. 3, § 7). IMoaublft war no BpPeMEHH
3aBepuiaercsi pelleHueM ypaBhenus Ilyaccona (ra. 4, § 4)
B OCHOBHBIX y3/aX H BBLIYHCJAEHHEM 3HAueHHH (YHKIUH
TOKa ¢ Ha n -} 1 Hmare 0o BpeMeHH:

n41 n+l n+1 n+1 n+1
(¢i+l f+1 z~l,1+l+¢t+l,l—l+¢i—-l !-—1)—.411J
2e.n+1
=—27%" . (9.32)
OTMeTHM HECKOJbKO MOMEHTOB 3TOTO METONA pelleHHs
ypaBHeHH{l THAPOAUHAMHUKH Hec:KuMaeMoil cpexpl. Mbr mc-
KJIOUMJIH ABHYIO 3aBHUCHMOCTb OT CKODOCTH 3BYyKa, HO me-
peHOC 3aBUXPEeHHOCTH Mbl aNIPOKCHMMPOBAJU C IIOMOIIbBIG
SIBHOTO MeTOZAa. DTO 03HAYAeT, YTO PA3HOCTHAS CXeMa HAOJK-

Ha VHOBJETBOPATH YCJAOBHIO ycToiumBoctd Kypanra —
@puapuxca — Jlesu (ra. 3), rae XapaxrepHas CKOPOCTh
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paBHA CKOPOCTH NepeHoca iU CKOPOCTH LEHTPA MacC Cpefibi:

At — B (9.33)
’\/2 | v hmake

3nech |V|maxe — HauGosbllee 1o MOAYJIO 3HAUGHHE CKO-

pPOCTH Ha ceTke.

Kpome Ttoro, uien BsiskocTHo# Anbdysun (ecad oH mpu-
CYTCTBYET) ONHCAaH $IBHO C MNEPBBIM TOPSIAKOM TOYHOCTH,
4TO TOKe HaKJaablBA€T HA 1lar mo BPEeMeHH OrpaHHueHHe,
3aBHCALIEe OT KUIIeMATHUeCKOH BSAZKOCTH (V1. 3):

<A, (9.34)

OGblyHO BSI3KOCTb XOTA M CylllecTBeHHa, HO HeBesauKa (60Jb-
mwoe uucao PeliHombica), OTKyna cjaelyeT, YTO OrpaHuye-
HHe Ha WIAT 1O BPEMEHH HAKJAJbIBAETCS! TOJALKO BpEeMEHeM
nepenoca (9.33), a He Bpemenem mudpdysun (9.34). Ilo
3TOM Ke NPUYWHe Mbl BBEJH UJIeH C BA3KOCTHON Auddysneil
TOJAbKO B OCHOBHOH 3Tam pacueta U JHIIbL ¢ MEPBbIM MO-
PALKOM TOYHOCTH OTHOCUTEIbHO 1dara TO BpeMmMeHH. Bu-
YHCJIEHHE YJeHa BI3KOCTHOH Aub(y3HM 0O NSATUTOUEHHOH
CXeMe C TIOBOPOTOM CBSI3BIBAET BCE y3./bl B Merole Jlakca —
Bengpodda (cM. dur. 3.14).

Paccmorpennsiit 3fiech pPa3HOCTHHI METOA ONHCHIBAET
npeo6Janaroluil EPEHOCHBIH 4JeH CO BTOPLIM IOPSIAKOM
TOYHOCTH MO IPOCTPAHCTBEHHOMY H BpeMeHHOMY liaraM.
Caenyer, ogHaKo, OTMETHTD, UTO, B TO BPeMs KaK B CHCTe-
Me guddpepeHnHaNLHBIX YpaBHEHHU coxpansercs OGosblioe
4HCI0 (PU3UYECKHX BEJIHUMH, H, B YaCTHOCTH, 3aBUXDEHHOCTD,
pPa3HOCTHASE anNNpPOKCHMALUSE TepPEeHOCHOTO uJeHa BeleT K
HecoxpaneHuio 3asuxpenHoctu [67]. lleHoit wueboJbLIOTO
YCJAOKHEHHST paccMaTpuBaeMOl 3a4aud MOXKHO H3MEHHUTb
Pa3HOCTHYIO CXeMY Tak, UTOOBI 3aBUXPEHHOCTD COXPaHsA/acCh,
HO HEeBO3MOXKHO CJelaThb TaK, UTOOBI BCe COXPaHSIOLIHecs
(u3MUeCKHe BEJIWUNHBl COXPAHSANHUCh H B PasHOCTHOI cXeme
(§3).

Ipyrass pasHOoCcTHast annpoKcuManus, OCHOBAHHAS Ha
Meroae Aflamca — bBawdopra nout#s BTOPOro mopAfKa TOU-
Hoctu (ra. 3, § 7), mpocTa B mpuUMeHeHHH ¥ NO3BOJISET H3-
Gexath TpyAHocTeH, xapakrtepHeix aiaa  cerkn NaCl

{¢ur, 9.2),
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2. Meroo ¢ paccmorpenuem dagrerus

B apyroM moAxofe K DELICHHIO ypaBHeHHi{l THAPOAHHA-
Muka beckumaembix cpex  (9.18), (9.19) wumcnoabsyores
PeriocpeCTBEHHO MepeMeHHble, ONHCHIBAIOUINE CKOPOCTh
¥ JAapjeHue. YpaBHeHue AJs LaBJeHHS IOAy4HM, motpelo-
BaB, 4TOOBl TOJNE CKopocTef, cosieHOManbHOe B Haualdb-
Hoiit MoMeHT ! == 0, 0CTaBaJ0Ch COJCHOHIAJbHLIM BO BCe

J

-

& —&
J {1 -

L I
s .

X

dur. 9.2, PasuoctHas ceTka, uclodb3yemas B Meroge Jlakca — Beu-
rpoddia naT HecKHMaeMOH Cpesibl.
Qcuosible ¥ BCroMorareasnsle ¥y 3bt yepelyrrca.

nocaeyiollHe MOMeHTH BpeMeHu. [as 3Toro BBIUHCIM
JMBEpPTeHLUHi0 OT ypaBHeHHs ycKoperus cpennl (9.18)

V2= — (V(vV)v) = — Vv : Vv, (9.35)

rge HenoJabsosano yciosne (9.19) mas ckopoctedt, p-— xas-
JeHye, HOPMMPOBAHHOE Ha NOCTOANHYIO IIOTHOCTb, f ==
== plp, u Ko>D}uHHEHT BAZKOCTH NpPEANoIaraercs no-
CTOSIHHBIM.

B ypasuenuu Ilyaccora (9.35) poab noTeHnuasna ur-
paeT HOPMHDOBaHHOE IaBJieHHe, BXOAdllee B JieBYIO 4acTo
yPaBHEHHUs, a <HCTOUHHKH» B TIPABOH HacCTH CBA3aUBI C LULIT-
pOGeXKHOH M- KOPHOMHCOBOH CH/iaMH, 00YC/AOB/IEHHBIMH Bpa-
HIATeAbLHBIM JABHXKeRHeM cpensl. MoXkHO OnfiTh CKa3aTh, 4TO
saInnTHYecKoe ypasHenne [lyaccoHa Bblpaxkaer OGecKoneu-
HYIO CKOPOCTb pacnpocTpaHendss HHPOpMalUud B OpOCTPaH-



Kaacecuveckaa eudpodunamura 285

CTBE B NOJHOM COOTBETCTBHH € NPCANOJIOMKEHHEM O HECKH-
MAEMOCTH, KOTOpO€ IKBHBAJEHTHO NpPeLNoJOXKeHHIo o Oec-
KOHEUHOCTH CKopocTH 3Byka, Obmiast ¢hopma 3anucu ypas-
nennit (9.18) u (9.35) B paBHOII cTenmeHH cnpaBefIuBa A
ABYX- H TPeXMEpHOH I'HAPONHHAMUKH HECKHMAaeMOH Cpeibl.
Pany mpocTOThl MBI H3JI0KUM METOJ pelleHud Ha IpH-
Mepe JBYMepHOH 3ajaull B NPAMOYTOJbHOH AeKapToBOH
cicTeMe KoopauHaT (x,y). Ecan X-KOMIOHEHTY CKOPOCTH
0603HauuTh GYKBOIl #, a Y-KOMHOHEHTY— U, TO IBYMEpHBIE
anddepeHunagbHBIR ypaBHemm JPHMYT BHJ

BB %y (264 28). 0
%=_%—EO?TU_ +v (0/\.2_}_0!/2) (9.37)

c ypaBHC_HI'IEM Hyaccoua IJa Japiaelis:
wrar=—{@) g +(F)) o

CryertuM, uro ecan miasi AdGQepeHUNaNbHON CcHCTeMBb
ypaBHeU COJeHOUAAJIBHOCTD MOJSI CKOpOCTel B HayaJb-
HLl1 MOMEHT BpeMEHH O03HAYaeT COJCHOHAANBHOCTb 3TOTO
10451 H B JI060H NOCACAYIOIIHH MOMEHT, TO B PAa3HOCTHBIX
ypaBilenngx 3T0 CBOHCTBO MoxeT HapymaTbest. Ilostomy
PA3HOCTHYIO CXeMYy HYXKHO 3aNuCaTh TakK, 4TOOLI HE3aBHCHMO
OT OWIHOOK OKPYIVIEHHS CTPOrO BBHITIOJHSWICS Das3HOCTHBIH
atragor ycjiosust coneHoupatwsHocTd (9.19). Ecaum srtoro He
cliedaTtb, TO TEUeHHE OBICTPO CTAHET CKUMAaeMBbIM.

Hast Toro uToGBI BHIMOJHUTL TPeGOBAHMS, NpeNbsiBisie-
MBle K Da3HOCTHOMY peLIeHHIO, PACCMOTPHM PaBHOMEPHYIO
9IJ1epOBYy CeTKy, IipHuYeM KaXAyl suellKy HAH KJAETKY
(bur. 9.3) 6ymem cuuraTh 3TEeMEHTAPHOH B TOM CMBICIE,
UTO AJIsi TIOTOKA vepe3 3Ty suelKy MONKHO ObITb CTPOTO
BLITIOJIHEHO YC/JIOBHE HECXKHMaeMOCTH. Y HAac €CcTb TPH 3a-
BHCHMBIX NepPeMeHHHIX (P, U, v), 0 KaXAy0 H3 HUX MBI Olpe-
JeJqNM B OTJACNBbHOH TOUKE CeTKH: JNaBJeHHE 3aJacTCH
TONLKO B UEHTpe (X, Y;) Kaxnoll A4eflKH, «TOPH3OHTANb-
Haa» CKOPOCTb # OnpejensieTcd TOJALKO HA <«BePTHKAJbe
uulx» (x = const) rpanuHuax sgueek (X 4y, 4;) U aHaJo-
THYHO «BepTHKadbHaA» CKOPOCTL U OMpeAeNseTcid TOJLKO
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Ha <«rOpH30HTaJbHBIX» (y = const) rpannnpax sdeex (&
Yiry) (bur. 9.3), CooTBeTcTBeHHO Kaaas M3 Tpex GYHK-
UHH OIpegeneHa Ha OAHONM M3 Tpex CMelleHHbIX OTHOCH-
TeNbHO Apyr npyra cetok (¢ur. 9.3). Jlasg npocToThi Mb
Oynem 0603HaYaTh HATH COCENHUX TOueK AJA KaXKaoil 3apu-

N”
.N ON’
W" cn 'é_u
e O . G, o o,
wooow c c E £
’S."
o« O,
S S5

o Jasnenue
X Bepmuxanbras exopocmy

O [opusoHmanshast ckopocmb

@ur. 9.3. Pasuocrnan cerxa, HCIOAb3yeMas IJisl anNpOoKcHMauHu ypasune-
HHUH HeCHKHMAaeMOH cpeAbl B METOAE C PACCMOTpPEHHEM AABJEHHA,
CyMMapHBllf [IOTOK Yepe3 TPaHHLy KaxAoH suefiKH CIPOTO PARSH LyJIO.

CHMOH MepeMeHHOH mnepBBIMH OYKBaMH HA3BaHHH CTOPOH
cgera (¢ur, 9.3).

ﬁC = ﬁ(xl’ Y tn)’

tgr=1(X; 0 Ypp 1),

Vo =0 (X5, Yy 1) (9.39)
ITpakTuysOCTh TAKUX OBGO3HAUEHHI OYeBMAHA, TAaK KaK Te-

nepbp Mbl MOXKeEM SICHO M HarJIsiAHO 3allhcaTb pHSHOCTHbIIUI
aHaJior JHABEpPreHInN CKOPOCTH!

1 1
Dg=+ (ugr ~ uy) + + (e — Vgl (9.40)
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W cooTBeTCTBEHHO PA3HOCTHBIM aHAJOL YCJIOBHS HECKHMAaes
mocty cpexbl (9.19) npumer Bug

De=0 (9.41)

st JHH0GOH AyefikKH B JI060H MOMEHT BpeMeHH,

X

e e S

X o [asgsnerue

C8n3b SUEEK, X Cxopocmb U
NN OLYWecmensiemMast Q Cxopocmb U
duepeysueri -

®yur, 9.4. PasnoctHad ceTKa AJS BHYHCACHHS TOPH3OHTANBHOR CKO»
poctd u meronoM Jlakca,

Ecau Bce GyHKUMA 3anaHsl ykasaHHuiM ofpasom (9.39)
B MOMEHT BpeMeHH [™, To HOBBIE 3HaYeHHsI CKOpocTell uepes
NIPOMEKYTOK BpeMeHu Af OnpefensioTCs MHTErPUPOBAHUEM
ypaBuennit Hapbe — Crokca (9.36), (9.37). Has sroro
JICIIOJIb3YeTCsl KOHcepBaTHBHHI MeTon Jlakca (cMm. ri. 3,
§ 8), KoTopwhiii Ja€T Ha HOBOM Hiare 7 -z 1 HOBbIE 3HAUCHHSA



288 Trasa 9

cxopocm B x-RanpasjaeHuu (cdur. 9.4):

un-l—l —— (uN, . ug . 7 + ”s’) — ﬂ (uQ , — u%v,) —

At f vpr+ven
— o T () — SIS g =

At - At .
—x (pg—Be) + ZA—Z— (uy +ug + ug 4+ uy — 4uer). (9.42)

IlepBulil uneH B npasoil yactH paBeHCTBa, Kak H Tpefyercs
B Merone Jlakca, paBeH cpeJHeMY nO IIPOCTPAHCTBY 3Ha-
yennio QYHKUHA HA wlare f, CMBICJ OCTaJbHBIX WIEHOB Oue-
BugeH. Cienyer OTMETHTb, OJHAKO, YTO B HeJHHeHHHIl me-
PeKpecTHbll Wlen Juv/0y BXOXHT CKOPOCTb U, KOTOpas He
ompeje/ieHa B y3/Jax CeTKH AJNA CKOPOCTH 4, NOITOMY 3Ha-
4eHHS U BBIYHC/ASIOTCS YCpEAHEHHeM [0 [POCTPAHCTBY.
Ananornyso onpeleasioTCst CKOPOCTH B y-Hanpab/eHHH

(¢ur, 9.5):

vgf,f‘——(vN,,+vE,,+vS,,+vW,,)~— (v~,—- ) —

At uyr +uce
Ty { g (v +vg) — (ver + o) }
At

i ~ - At
~Z(fy — Pe) + 55 (O + vgr + vgr -+ vgr — duer). (9.43)

Tenepe MBI B COCTOSIHHH CHOPMYJIHPOBATh DA3HOCTHDIIl
ananor ypasnenus [lyaccoma, H3 KOTOPOro HYXKHO HAafiTH
3HAYEHHS JABJCHHA B LEHTPe KaXKuol fYelkH, a TaKxKe
Mbl MOXKeM OIEHHTb NOTOK CKOPOCTH B MOMeHT (™*! uepes
rpanuuy Kaxaoi siweiiku C [ypaBueune (9.40)]. Hcmoabays
pasnoctHble ypaBHeHus (9.42) nnis ckopocTH 4 B X-Hampas-
neuud B Toukax C’ u W' u ypaBHeune (9.43) aasa ckopoctu
v B y-nanpasJjennd B Toukax C” u §” (dur. 9.3), Haxonum
Bhipakenue mias guseprenumu (9.40):

D& =Dy + Ds+ Dy + Dy) —

At At ~ - - _
—S¢ 5w “‘AT(PN'{‘PS‘FPE‘}‘PW'—‘*PC)-I-

+ 25 Dy + D+ Dp+ Dy —4Dg),  (9.44)

zS,, + Vepn

Uy + Uy
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riae QYHKIHS WCTOYHHKOB S¢ paBHA

Se = (4}, —u — iy + ) + (Vi — 08 — U5 + U5 )

UE”+UC” US”+USE"
+ S (uy + ue) — 5 Uy - Ue) —
uNW’ + uW”

Uy + u ’
————— (v¢r + vyr) + —W—Q—SK‘ (vsr + vswr).  (9.49)

Tak Kak AuBepreHuuss D B Kaxjofl fuefike DOJAXKHA ObITb
paBHa HYyJIO, HasJeHHe CJeflyeT OmpelefaTb Ha KaXIoM

x > o Jlasnenue

Can3b saueek, X Cropocmb U
N\ OCYLYECTBIIEMAST
%ummyaueﬁ O Cxopocmb u

®ur, 9.5. PassocTHAs ceTKa AJsl BHUHCIEHHA BEPTHKAIBHOR CKOPOCTH 0
MeTogoM Jlakca.

BPEMEHHOM cJsoe, NOJb3YSACh TONBKO ¢dyHxuue#i ucrou-
HHKOB S¢:

_ _ = _ ~ 1
Py + s+ P+ Pw —4Pc=—75 Sc- (9.46)

Takoit MeTo[ onpeneieHus AaBjiennss OyAeT YAOBJICTBOPH-
TeNbHBIM JIHIUb NPH TOJHOM OTCYTCTBHM OMIHGOK B IIPO-
necce pemenus (ra. 4) ypasuenus ITyaccona (9.46). On-
HAKO OWHOKH OKpYIVIeHds HeusOeXkHBI, M, KOHEUHO, TpH
HTepalUOHHOM pelleHHH ypaBHenus [lyaccona OKOHYaTIb-
Hple 3HAueHWs AABJCHHS OyAyT HETOYHBIMH. DTH OIHOKH
B CBOIO Ouepelb CO3LaAyT TeueHHe C HE PaBHON HyJio 1H-
‘peprenuueit ckopocru. ITosToMy Bo nsbexxanne HaKOMJIEHHUT
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omn6oK Oymem peiiats ypasHenue [lyaccoHa criepyloiero
BHJA:

Py Pe+ Ps+ Pw —4pc=
=— 5S¢+ (Dy+ Ds+ Dz + Dy —4D) +

+ :;%\%(DN +Dg+ D+ Dy),  (9.47)

rje AMBEPreHUHUs CKOPOCTH CTPOrO paBHA HYJIIO, HECMOTPS
Ha OWHOKH OKPYTJIEHHH.

Hecranuonapuoie ypasnenus (9.42), (9.43) u marpuu-
Hoe ypaBHenne (9.47) onpeneasior penieHue YpaBHeHHH
HeCXKHUMaeMOH cpelbl Ha BCEX BPEMEHHBIX CJOSX PAa3HOCT-
Holt cetkn. [lepeHoc u BsiskocTHAsT AU GYIUA BHIYHCIAIOTCS
SIBHO C NOMOILbLIO MeToAa Jlakca B COUETAHHH C SBHHIM Me-
TOIOM IlepBoro nopaaka toyHoctd (ra, 3). Otcioga cie-
IyeT, 4TO YHC/JIeHHOe peileHue OyAeT YCTOHYMBO, €CJH lar
1O BpeMEHH YAOBJETBOPsET YCAOBHIO YCTOHUHBOCTH

A LS (a5 Bcex aueek C),  (9.48)
A2 (uf+ 0F)

Tloaxos, KOTOpEIN HCHOJb3YEeT 3aBHXPEHHOCTh M (PyHKs
M TokKa (cM. ri. 9,.§ 2, n. 2), Gesyc/a0BHO, Goslee 1poOCT,
4eM MoJXOJ, ONHCAHHBLI B HacrosmeM nyHkre. OfHako no-
caenuuil obJjanaer Oodabiied rHOKOCTBIO, JIerue pacnpocrpas
HfeTcsl Ha cIyyall TpeX HM3MepeHHH, Jydllle HpHCHOCOOJeH
AJIS ONHCAHHS CJAOKHBLIX FPAHUYHBIX YCJIOBHH, B YaCTHOCTH
Ha Asuxkyuleficsa rpannne (§ 4). B § 4 mMbl paccMoTpuM rpa-
HHYHBIE YCJIOBUSI H MPUMEHCHHE 3TOr0 METOAA K peasbHbIM,
a He K HIealu3MpPOBAHHHIM (QH3NYeCKUM siBJeHHAM. OcHoB-
Hble HAEH OMUCAHHOTO B HACTOSILEM INYHKTE aJropHTMa
6Ly npeasioxensl B padore [68].

§ 3. Hecikumaemoe TeyeHHe KaK CHCTeMa BHXPEBbIX YaCTHIL

1. Sakonst coxparnenus O0as Hecxwumaemol cpedot

OcHOBHbIE YypaBHEHHs AByMepHOH HecXKHMMaeMo# cpeibl
NPEACTABJSIIOT OCOGBIl HHTEpeC, IOTOMY UuTO, BO-IEPBHIX,
OHY ONNCHIBAIOT WIHPOKHHA Kpyr sAB/JeHUd NpHPOAH H, Bo-
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BTOpPLIX, B OCHOBHOM OTBEYAIOT HA BOIPOC O BO3MOXKHOCTH
onucanust TypOyJeHTHOro TeYeHHST B IeTePMHHHCTHYECKOH
mozenn. Koieuno, auddepenunanpible ypaBHEHHA OLHO-
3HAYHO ONPENesIOT COCTOsIHHE Cpexbl BO BCE IOC/enayloilee
BpeMs. Ho uncnennass Mopesns Bcerza IHCKpeTHA H, BO-
o0uie roBops, HE OIHCBLIBAET KOPOTKOBOJIHOBBIE SIBJEHHS
B cpene. YKe npu HeGObIIOH BA3KOCTH MHOTHE CPexbl TYp-
OyJaH3YIOTCS, H BO3HHKAET BONPOC: KaK OMHCATh TaKHe TYp-
OyaeHTIIBle KOPOTKOBOIHOBBEIE 3¢ (deKTsl, YTOGH TNPaBHILHO
nepefaTb MakKpoCKompueckoe nBikeHHe cpexbl? OTseT Ha
TAKOl BOIPOC BaXKEH, Hanpumep, MJIs NPOTHO3a noroawt [69].

ITostomy noaesso paspaGoraTs u APyroil MOAXOA
K ypaBHEHHAM HecKHMaeMofl cpensl. B gpymepHOM cayudae
B OTCYTCTBHE BSI3KOCTH JBHXKeHHe CPeibl MOMKHO OIHCATh
NCEeBAOCKAMSAPHLIMY 3ABUXPEHHOCTHIO £ H (PyHKIHE#H ToKa P
(9.26):

98 4 0% 5 9% %5 _ (9.50)
T'1€, KaK 1 BLILIE, (I)yHKLLI/IH TOKa CBA3dHa ¢ 3aBHXPCHHOCTBIO

ypasHnenueM Ilyaccona. ¥Ypasnenue (9.50) ynoGHo 3anucarb
¢ MOMOIIbI0 sIKOOHAaHAa:

O )
+ a(x, y) =0
K ucnoanb3ys ckobxu Ilyaccona:
5}
2 e vl=0. (9.51)

Bes norepu obuuocti ypasHenue (9.50) MoxkHO mepemnys
caTb TakXe M B JIO00M H3 ABYX KOHCEPBATHBHBIX (QOpM;

+ Ox (§ (§ g ) 0;
St gi = (v52)=0. 9.52)

Kaxaoe u3 3THX ypaBHeHu{l BbIpayKaeT COXPaHeHHE 3aBuX-
pentioctd. I1pn 5TOM, ¢ OAHOIl CTOPOHBI, 3aBHXPEHHOCTh Ha
CeTKe 6YI[6T COXpaHATLCHA, €CJH NOJb30BATLCSA DA3HOCTHOH
annpokCHMalHtel J060ro 13 ABYyX KOHCePBATHBHBIX ypaBHEs
uuft. C apyroft cropoHsl, ecau ypapHenne (9.52) yMHOKHUTh
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na P!, To puuamno, 4uTo J106as crernedb P 3aBUXPEHHOCTH
OyZzer COXpaHsIOWEHCst BeJHYHHON. DTO 03HAYAET, YTO Ha
caMOoM JeJe YypaBHeHHs THADOAHHAMMKHM HeCcXKHMaeMOH
cpellbl OMHCHIBAIOT OeCKOHeuHHLI Habop CoxXpallsioNIHXCs
BeJHUHNH, U3 KOTOPLIX JHILb HECKOJbKO MOTYT TOYHO COXpa-
HATbCA HA Pa3HOCTHOH CETKe.

[Tosesno TakkKe yGeauTbCs B COXpaHEHHH SHEPIUH.
B nByMepHoO#l 3amaue Mbl PacCMOTPUM KPHBOJHHEHNHBLIA HH-
terpai or GyHKUHEM PV nO HeKoTOpoMy KoHTypy C, orpa-
HUuuBapieMy o6sacTs S MJIOCKOCTH (X, y), H OPHMEHHM
Teopemy Crokca:

di= t ds. 9.53)
? PV SSS (ro q;v) (

Taxk Kak ¢ U &— ICEBJOCKANSPH, WA, APYTHMH CJIOBaMH,
9TH BEJHYHHBLI ONHUCHIBAIOTCS OJHOMEPHBIMH BEKTOPAMH,
NePIEHAUKYASPHBIME IIOCKOCTH S, TO

§uvai={{wrotvas+ {{ vrot v ds =
C S T

= {{wzas+ ({wvas. @59

S S

Taxkum o6pa3om, eciAl CKOPOCTb U paBHa HYJI0 HAa KOHType
C, 10 noaunas sepruss E HecxkuMaemoli cpelltl NPHHHMAET
BUA ’

E=p{{was=—0 ({vzas.  (o55)
S

IlostoMy npu paspaGoTKe COOTBETCTBYIOIIUX KOHEUHBIX
YUCJICHHBIX MOJENel HecKHMaeMOro TEYeHHsT Ha mnepBbii
B3I ClAefyeT MONbTaThbCs o6ecieudTh KaK MOKHO Oojee
TOUHOE COXPaHEeHHMe 3aBUXPEHHOCTH, €€ CTeleHel ¥ KHHEeTH=
ueckoil sHepruu E. OpHako, Kak 3TO SICHO H3 COAepKa-
HHUA Hacrosuero maparpada, Gojiee BaXKHO TO, 4TO JBYy-
MepHLHie ypaBHeHus A HeCXKUMaeMOH cpelbl NPUHHMAIOT
raMUJIbTOHOBY (OpMY, DPUUEM 3aBHXPEHHOCTb UrpPaeTr podib
NJIOTHOCTH, a (yHKLHS TOKa — POJb NOTeHuHajaa.
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2. Modeav «uacruy 8 aueiines 0aa HecHumaenod cpedol

Cornacio npeaplaymeMy naparpady, CyllecTBYeT Tec-
Hasi aHAJOTUsI MEXIY ypaBHEHHeM IiepeHoca AJsi 3aBHXpPer«
HOCTH ¥ yDaBHCHHEM Hyaccoaa IJ1si QYHKUHM TOKa B He-
CXKUMAEeMOH cpefie, ¢ OZHOH CTOPOHBI, H YPaBHEHHSIMH JJs
GyHKuMH pacnpefeJeHdsl H TPaBUTANMOHHOLO WJIH 3JEKTPO-
CTaTHUECKOTO MOTEeHLHaJa B (ha3oBOH cpejle, OMHCHIBAEMOI]
ypaBHeHneM Buaacosa (1. 8), ¢ apyroit cropoun. Kak u B
ciyyae ypasHeHHs BiacoBa, ypaBHeHHs JBYMEpPHOH HECIKMU-
MaeMoli cpe/ibl KOMIAKTHO 3aNHCHIBAIOTCS B TaMH/ABTOHOBOM
topwme [70]:

&+ w=0; (9.56)
Vip= —E. (9.57)

TlosTOMY BnoMHE AOMYCTHMO INpeldCTaBJAEHHE O ABYMED-
Holl HeCKUMaeMOH cpelde KaK O CHCTeMEe <«BHXPEBBIX uac-
tuu». [Ipu 3ToM GUKCHPOBAHHBIE 3JEMEHTH 3a3BHXPEHHOCTH
3aMEeHSIOTCH 4aCTHIAMH, ¥ TOTJa IMIOTHOCTh TaKHX 4YacThy
B mpocrpanctse (X, y) onpeflenaser pacnpefesieHHE 3aBUX-
peHHoCTH. AHasnoruuHo (yHKIHMS TOKa, KOTOpas COOTBET-
CTBYeT HOTEHIHANY H TaMIJIbTOHHAHY (KMHETHYeCKast SHep-
THS OTCYTCTBYeT) CHCTEMbl, ONpefesisgeTcs H3 YyPaBHEHHS
IMyaccona. CrenoBarenpHO, Mbl OYAEM MOJENHPOBATb ABY-
MEPHYIO HeCKHMaeMmyio cpefy O0eCCTOJNKHOBUTEJNbHOH Mo-
JeJbI0 «YaCTHIl B siyefike» B NOJHON AHAJNOTHH C 3J€KTPO-
CTaTHYECKON MJU IPaBUTALHOHHON CHCTEMOH# B ABYMEDHOM
¢asosom mpocrpauctse [71].

BosbMeM B JABYMeDHOM KOH(UTYPAIUHOHHOM HpOCTpaH-
cree (x,Yy) paBHOMEPHYIO 3HJepOBY DA3SHOCTHYIO CeTKYy pas-
mepom (/X J). Ha cerke pacnpefiessiercs [0CTaTOUHO
60JIblIIOe YHCJAO HACTHI-BUXPEN, M KaXKIOH dacTHlle p NpH-
MHCHIBAIOTCA 3HAYEHHsl KaHOHHMUECKHX KOOPAMHAT (X, Yu).
I'oBopsi «ZOCTATOYHO GOMBUIOE YHCAO YACTHI®, MBI TNOApa-
aymeBaeM, UYTO CpeliHee KOJIHYECTBO YacTHi B AuciKe Be-
JIMKO, TaK 4To (AyKTyaluy B CHCTEME MaJibl, H N0 aHAJOTHMH
C CHCTEeMOH, omHchiBaeMOll ypaBHeHHeM BuacoBa, ABHXKe-
HHe uYacTHl <«BGeccTOJKHOBHTeapHO» (ra. 6). YpaBHeHus
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xapaktepuctuk ans sazauu (9.56) cosnanaior ¢ «ypasHe-
HMAMH ABHKEHHS» KaXXI0H YacTHLHL:

dxy P

dt = oy, *

dy,, o -
ar _07; . (9.08)

B npocreiiiem caydyae Kaxao# 4ACTHIE COOTBETCTBYeT
NOCTOSIHHOE 3HAYCHHE 3aBHXPEHHOCTH £y, 8 NOCKOIBLKY BJOJb
XapaKTepHCTHK HJAH TPaeKTOPHH YacTUl, 3aBHXPEHHOCTb €O+
xpansiercst [ypaBnenne (9.56)], To oTciona HeMeIJI€HHO Bbl-
TEeKAaeT, UTO COXpPaHEHHe YaCTHI BJeYeT COXpaHeHHe 3aBHX-
peHnocTH H Bcex ee cremeHedt (§ 3, m. 1). Kpome Toro,
MOXHO IpeACTaBHTh cefe MoJenb IBYX COPTOB HACTHI, B
KOTOPOil HCIOJB3YIOTCS TNOJOXKHTENbHBE H OTPHIATE/IbHbIE
BUXPH. 3aBUXPEHHOCTL B cpelie B M000H MOMEHT BpeMeHH
JIETKO OfIpeJiesIsieTcsl M0 NMAOTHOCTH BHXPEBLIX HaCTHIl, ¥ CO-
OTBETCTBEHHO (QYHKIHMS TOKa ONpeje/sieTcs H3 ypaBHEHHH
Ilyaccona.

s pemennst ypaBHeHHH HCIOJIb3YeTCs DasHOCTHas
cxeMa ¢ IepellaTHBaHHEM, W KOOPJIHHATH BCEX YacTHUIL
(¥y,Yu) HA ABYX BPEMEHHBIX CJIOfX, HAMpUMEp {n=1 y tn,
XpaHsTCsd B MALIHHHON NaMsTH.

Ecau mas Beex w, 1<K p << N, aueitka (i,j) onpene-

asieTcs Kak
xn yn
= Int (—A”-) , j=Int (—A“—), (9.59)

TO B COOTBETCTBMH ¢ ypaBHeHHsiMM ABHxKeHus (9.58) xoop-
JAMHATH YacTHl, Ha n - 1 1ware Mo BPeMEHH BBIYHCISIOTCS
no popmysaam

xn+1__.xn 1+ (‘l’; = 7 f_l)’
yprt=yyt — (‘l’z+1 7=V, ) (9.60)

rie Af—mar no BpeMeHW, A-—1Iar mo TNPOCTPAHCTBY
n ¢yukuus Int(z) osHavaer Lenylo uacTb BellleCTBEHHOFO
yucsaa 2.



Kaaccuueckan eudpodunamura 203

Hactuupl B Kaxpaof suefike (f,j) cymMmupylortes List
onpeueneﬂnﬂ 32BUXPEHHOCTH CPENb!,

§”+‘~§0 6( ——Int( n“)) (]~Int(yn+l)), (9.61)

501 {1, ecid I=m,
(I —m)= 0, ecau [s=m.

MoOXKHO HUCMOoab30BaTh Gosiee CJAOKHBIE METOJN CYMMHpPOBA<
NN «C BecaMu miolllaleir» (ra. 6). B 3asepuienue wiara

10 BpEeMEHH BBIUHCJAsIETCSE GYHKIHST TOKA wﬁjl H3 Pa3HOCT+
ioro ypasuenus Ilyaccona (ra. 4): -
1

Y et g —ag = =A% (9.62)

Caemyer oTMeTHTh, YTO B 3TOM NpHMEpe B OTJUYHE OT
Mozfead (a3oBOTO TNPOCTPAHCTBA MJSl SJEKTPOCTATHYECKOH
HJH TPaBUTAuHOHHON Mojenu (ri. 6) o6a HecTaUMOHapPHBIX
ypaBHeHHSsI JABMKEHHA KaXAOH uYacTHUbl 3aBHCAT OT Tpas
HAHEeHTa P H, CJAe0BaTeIbHO, 3aBHCAT OT (Xy, y,). [lostomy
06e KOOPAMHATHl YACTHI, HYKHO XPaHHThb B MAIIHHHOW ma-
MSITH Ha ABYX BPEMEHHBIX CJOfIX, @ VCHOAb30BAHHE CXEMBI
«C TepelLlarHBaHHeM» BeJeT B 3TOM IPHMepe K MOSIBJIEHHIO
HeDU3HYECKHX YHCAeHHBIX MOA. ILi1si Toro uTofbl n3bexartb
PACCOracOBAHMA ABYX COCEZAHHX BpPEMEHHBIX CJO€B (CM,
ra1. 2, § 6, m. 2), HyXHO uepe3 ONpeleneHHOe YHCIO
(o6ntuno 100) maroB mO BpeMeHH IePeCYHTHIBATb HAH CO+
IJ1aCcoBBIBATh NepeMEeHHble Ha [BYX BPEMElHBIX CJAOAX.

r,ae

3. Hexoropoie sascreliiue pe3yabrarsl
04 HeCHuMaemo20 TeHeHUs

YcTaHOBACHO, YTO BO MHOTHX HHTEPECHBIX NPHPOAHBIX
SBJICHMSX HecKHMaeMoe JaMHHApHOe TeueHHE HeyCToM«
UHBO, YTO MPHBOAHUT K €ro TypOyausanuu. XoTs JJIs MHOTHX
clydaes JuHeilHas cranust (MaJble BO3MYIIEHHSI) HEYCTOM«
YHBOCTEN Yy2Ke AaBHO XOPOIUIO H3Y4YeHA, KOHeuHas HeJHHel-
Has# CTaius-—a HMEHHO OHa OpPEACTABJASET 0COOBIY HHTe-
pec — Obl1a H3yyeHa € MOMOMWIBIO ONHMCAHHBIX B HacTOAlled
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rilaBe YHCJEHHBIX MOJeJsell JHWb B nocjelHee BpeMs. Mbt
npuBeieM HEKOTOPHIE PE3yJbTaThl MOAENIHDOBaHNA TaKHX
IBJIEHN ¢ NOMOIILIO CHCTEM BHXPeBbix yacruu [71].
OcHoBHOI! HHTEPEC NpeACTaBAseT HEYCTOHYUBOCTL Kesb-
Biya — 'enbMrosnbna, Koropas BO3HHKAET, €C/H B TNOTOKE

— !/. . !
o D M 4 )
t=0 t=144 t=232 t=328
a & 8 2

@ur. 9.6, HeycrofiuusocTs Keawsuna — Teabmronsua (us paGortu [71]).

a-—cnoll BAXPEBHIX TaCTHI OMNUCHBAET OTHOCHTEJNBbHOE (pPOCKAIb3bIBAHHE CJOEB
cpeAnl; 2—Ha Heaunefnolt crasup o6pasylotcs GojbiuMe BUXPH, KOTOpblE MPHBOAAT
K [epeMeliNBAHUI0 ABYX ABHKYIIMXCA HABCTpedy cpeld.

HeBsI3KOH HeC:kuMaeMoOH TeKyuell cpeibl CYWecTBYeT OTHO-
CHTeJbHOE CKOJIbXKeHHe CJ0eB. Takoe CKOJbXKeHHe 3KBHBA-
JEeHTHO CJo10 ¢ 3aBuxpeHunocTbio (¢ur. 9.6,a), KorTopHI
onpeleisieT HadalbHble YCAOBHS I MONEAH GacTHIl

w w ' P - :‘\ s ‘\.
0 £=120 £=200 ¢=280
a & 8 2

®ur., 9.7. Buxpesan nopomka Kapmaua (u3 pabots [71]).

G—nna cA08 BHXDeBBIX UYacTHIH NPOTABQHOJNOMNHOTO 3HAKA OTPAMYMBAIOT TeHeBylo
oGaacib cnokoWdofl cpeabl; a—Ha HeauHeHHoft craiue 3a HpeuarcrsHeM olpa-
3yloTcsl BHXPH NPOTHBONOJIOMKHOTO 3HAKA.

B sineiike. Ha ¢ur. 9.6,6 noxkasana JauHefiHas cTajusa He-
veroftunBocty KembBuna — FeapMroasna, Ho oHa OLICTPO
NepexoluT B HEJMUHEHHYIO CcTajAulo, Ha KoTopofi ofpasyercs
paj GosblIHX BUXpeHd HA rpanuie NPoCcKa/b3biBalouX Io-
ToKOB (bur. 9.6,8 u 9.6,e). Hanbuelimee passutHe obpa-
30BaBIINXCH HeJHHEHHBIX BUXpel BelJeT K IEpPeMelHNBaHHIO
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H BBIPABHMBAHHMIO IOTOKA, TaK YTO C MaKPOCKONMHYECKOH
TOUKH 3PeHHS Typ6yJIeHTHOCTb NPUBOAUT K TOMY Ke _peé-
3y/AbTaTy, 4TO U BA3KocTHas Aupdysnd.

HeycroitunBocTs TOro Ke THNA, YTO ¥ HEyCTONUHBOCTD
KespBuna — I'esqbMrosbila, passuBaercs B 3agaue 06 06

l '.
@@ _F A‘“‘

t=0 =48 t=96 1=160

t=0 t=40 t=80 t=136

t=0 t=48 t=96 t=132
@ur. 9.8. BaanmogeiicrBre aByX BOILOBOPOTOB, Wi BUXpeil OAHOTO 3HaKa

(us paGoru [71]).

4 —ppalleHie LOCTATOUHO OTAAJIEHHLIX BHUXpell OTHOCHTEABHO APYT Apyra; 6-— canse
HHE AOCTaTOYHO OIH3KHUX BHXpeH; 8 — KpHTHYECKoe pacCTosHUe.

TEKaHUH, T. €. BCAKHMH pas, KOrja B NOTOKe JBHXKYIIEHCS
CpelBl UMeeTCst MPensiTCTBHe, HampuMep rtejerpadHbie npo-
Bofa B motoke Berpa. [Tosanu mpenatcTBus cpela CTalHO-
ilapHa, B TO BpeMs KaK ¢ OOeHX CTOPOH CYLIeCTBYIOT IIO- .
TokH. Taxasa HauanpHasi KOHpHIypauHs 3ajaercss IBYMSH
CJI0AMY BHXDeH mNPOTHBONONOXKHOro 3Haka (dur. 9.7,q).
Ha ouuefino#t craaumi (dur, 9.7,6) B XaxioMm cioe
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He3aBUCHMO DPa3BUBAeTCsi HeycTOHUMBOCT KeabBHHA —
FeabMroJbua, a Ha HeJHHeHHOM CTajHH BO3HHKAeT B3aHMO-
neficrue Mexay caosimu (dur.9.7,8). Hakonen, na Henn-
HCHHOH KBA3MCTALMOHAPHOHN CTAnUU BO3HHKAET KpacuBas
CTPYKTypa, KOTOpas HOCHT Ha3BaHUE BHXPEBOH NOPOKKH
Kapmana (¢dur. 9.7,2) u B KOTOpOil MO3anu NPENATCTBHSA
obpasyercst pan OGosplIux BHXPel. DTU BHUXPH CJIyKaT HC~
TOYHHUKOM <IIOIOIlero» INyMa BeTpa B NPOBOAAX, TaKOl Ke
abperT MoxKHO HAGJONATH B jbiMe, MNONHHMAIOIEMCSl U3
TpyOLL

FHa ¢ur. 9.8 norasano B3aaumoneficteue OBYX GOJDILHX-
Buxpel. BUXpH 0oAHOro 3HaKa NPUTATHBAIOTCS M HCKaXKaIOT
Apyr Ipyra, a ecad OHW AOCTATOYHO OJIHM3KH, TO OHH CJH~
BawTcA H 00pas3yoT oj4uH 004b1woH BUXPD.

§ 4. MeTox mapkepoB Ha ceTKe AJst OMUCAHMS
NOBEPXHOCTEH H TAXKeJNbIX CPeA: BCIJIECKH, BOAOIAJbI,
ONPOKHABIBAHUE BOJH

B npeabinymux naparpagax cgopMy/AHpPOBaHH ypaBHe-
HHSE THOPOAVHAMHKH HECKHMAeMblX CpeJi H pacCMOTpeHb:
OCHOBHEIe MeTOIBl HX pewlenus. Ilomumo Toro 4TOo 3TH Me-
TOXBl HMEIOT TEOPeTHUeCcKOe 3HAUEHHe MAJs ONHCAHUT Hie-
aJbHOTO HECXKUMAeMOrQ TeueHHs, OHU TPHMEHHMBl [Ji
H3YYEeHHSI WHPOKOTo KPyra NPHKJIAAHBIX 3a7a4 U HHTepecs
HBIX TPHPOAHBIX fIBJAEHUH, IPOUCXOAAUINX Ha 3eMHOH IO«
BEPXHOCTH, KOTOpble BBHAY CBOEH HETHHEHHOCTH U CJOXK~
HOCTH MHOTHE TrOABl He TMOAAABAJHCh AaHAJUTHYECKOMY
usyyeHuo. C OfHO# CTOPOHBI, HW3yueHHe BCIJIecKa OT Ias
JeHust KaTluid JKHJAKOCTH, ONMPOKUIBIBAHHS BOJHBI, TMaJEHUS
BOAONAJa HA OCHOBAHWUH peIIEHHA 3aAa4 C HavyaJbHbIMH
VCAOBHSIMH  yXKe caM0 1no cebe [0CTaB/lsieT MHOJJIMHHOE
YAOBJETBOPEHHE, HO, MOHeT OBITb, Oojee BaXKHO TO, 4YTO
STH pe3YyJbTaTHl [10KA3BIBAIOT KPYr M CJAOXKHOCTB 3ajnad,
K KOTOPBIM NPHMEHHMbBI UHC/IEHHBIE METOJBL.

Tlpn M3yueHHUM pealbHBIX SIBJACHHH HA 3€MHOU NOBEPXs
HOCTH ¢ NOMOIIBIO YHCJAEHHBIX METOLOB [Jsi HeCXKHMaeMbIX
cpen (§ 2, 3) HeoGxomuMO YUMTLIBaThb BJAMSHHME CBOGONHBIX
MOBEPXHOCTeH, OrpPaHHUMBANOLIUX CPEAY, H 3eMHOe TAroTe-
uie. laxe B mpocrefiuieM cJayude, HanpHMep BOXBI B pe-«
3epByape, 9TO CTaBHT TPYyAHble 3aJau, Tak Kak HPHUXQ-
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T

JuTcs pewate ypasHeHue IlyaccoHa B HeymoGHol o6maacTy
¢ TOABHXKHOHN rpaHuiled, a B OGojiee CJOXKHBIX 3ajauax
HYXXHO ONHCHIBATb HECKHMAEMYIO CPEly NEePeMEHHOH 10T~
HOCTH. B wacTnoCTH, MOXKHO BBIAEJNHTH JBE 3aJauu: Kak Ha
9UJIEpOBOH CEeTKEe ONpeleNUTh NOBEPXHOCTH ABHIKYUIEHCS
Cpenbl B KakoBe (usnvyeckne >QQdexThl AeHCTBHA 3€MHOTO
TArOTEHHUA?

@ar, 9.9. Bosnk Ha MOBEPXHOCTH TAKEIOH HUIKOCTH B MEJKOM pe3ep-
Byape.
Kamanit BepPTHKANBHBIR CTONG XUAKOCTH INlepéMelnaeTed KAK ILeJoe u XapaxTepHs
3yeTcsd BHICOTOH A (¥, ) H ropusonTajbHofl cxopoctbio u (X, ).

Ha 3emMHO#l NOBepXHOCTH BJHSIHHE NPHUTIKEHHS JIETKO
y4ecTb B YPaBHeHHAX THAPOAMHAMMUKH HeCXKHMaeMoOH cpe-
bl (9.18) u (9.19) B Buae 06BEMHOM CHIIBI:

S VV=—2Vptg, (9.63)
Vv =0, (9.64)

rjie g — NOCTOSHHOE YCKOpPEHHe CHJIH TSIKEeCTH Ha 3eMHOMH
HOBEPXHOCTH, a 5((eKTH BA3KOCTH He YUHTHBaoTcA. Tak
KaK g — 5TO NOCTOSIHHOE, 3apaHee 8ajfaHHOe (T. €. Hecamo-
COTJIACOBAHHOE) YCKOPEHHe, €ro JIeTKO BBECTH B JIOOYIO
Pa3HOCTHYIO CXeMY, "HO OHO OOYCJOBJIKMBAET BOJHB, NpH«
JIUBH U COMyTCTBYIOmue sBaeHus. CBOHCTBA TAXKEIOH XKUA-
KOCTH CO CBOGOJHOH NOBEPXHOCTbIO MOXKHO NOHATb, pac-
cMaTpuBas MeJKyio Boay B kKaHazae (dur. 9.9). Mu Hasbl«
BaeM BOJYy MeJKOH, ecau ee XxapakTepHas TIiyGuHa fo
3HAYMTENbLHO MEHbINE, YeM JJIMHa BOJH HA NOBEPXHOCTH.
Bynem Taxkxke npeamoJsaraTh, 4To AHO KaHana (y ==0)
PACMOJIOKEHO B FOPH3OHTANBHON MIOCKOCTH.
EcTecTBEHHO INPENNoOJoXKHTb, UYTO B TaKOfl MeJKOH
JKUAKOCTH BEPTHKAJbHAA CKOPOCTb U MaJja, H IO3TOMY



300 _ ‘ . Taasa 9 {g

ypastenue Hasre — Crokca (9.63) ans BepTUKAaJIbHOH KOM-
NOHEHTH CKOPOCTH MOIKHO 3aMEHHTb INPEATONONKEHHEM O
FHAPOCTATHYECKOM PABHOBECHU IO BEPTHKAJM:

ap

Hurerpupys 310 ypaBHeHHe, mOdyuaem Bmpamem/le s
ZaBJEHUs CPenHl:

Y

p=—gpgdy=~—pg(y—-h), (9.66)
h

e e .

rae A(x,t)—BbicoTa KaxIOH TOUKH MOBEPXHOCTH KUIKO-

crd Haa nHom. Orclona HeMeJIeHHO NOAyYaeM YpaBHEHHE
JUISL TOPU3OHTAJIbHOA CKOPOCTH:

' ou du oh

or thoy =80y

| Pl (9.67)
3necy Toxe oTGpOlIeHA HHepuUus BePTUKATLHOTO IBHKe-
HUsi. YpaBHeHHE I/ BLICOTHI NOBEPXHOCTH NOJMYdaeM W3
yciaoBust Heckumaemoctn (9.64):
¢ 9
u u
olx, g, )=—\ Gt dy=—y 3¢, (9.68)

0

rie B COOTBETCTBHH ¢ ypasuenueMm (9.67) npexmonaraercs,
YTO KakAblll CTON6 BOALI ABMIKETCA Kak LieJq0e TaKuM 00-
pasoM, uYTO TOPH3OHTAJbHAs CKOPOCTL #(x,f) He 3aBHCHT
ot y. Ha noBepxHOCTH KHUAKOCTH y == A .

_dh
. U=Tar e
TIO3TOMY
oh dh On ‘
5t—+ll'——ax—-—'—'h ox * (969)

HJH, B KOHCEPBATHBHOH (opMe,
oh d
a1+ o5 () =0

Ypasuenus meaxoir Boasi (9.67) u (9.69) ompenensior
BBICOTY NOBepPXHOCTH h(x,?!) W TOPH3OHTAJIBHYIO CKOpPOCTh
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u(x,t). OueBUIHO, YTO pABHOBECHLIM pEHICHHEM CAYHHT,
=01 A= hy— HeOABMIKHAA KIAKOCTb C ILIOCKOI 110«
BEPXHOCTbIO. BO3MyIieHHS NOBEPXHOCTH ¢ MaJOf aMINiH«
Tya0H h = ho-+h’, u =1’ MoKHO npPUGIHKEHHO OmHCATh
CHCTEMOH JBYX JHHEHHBIX ypaBHeHHI

ou’ 1514

at +‘> dx 0’
W h 2o, (9.70)

rAe OTOPOLIEHH uJleHBl BTOpOro mopagxa maJgocrtu. [lepe-
XO#sl K OAHOMY YpaBHEHHIO BTOPOro noOpsiiKa, nonyqaem

?h’ 0n
i — hg G =0. ©.71)

Takum o6pa3oM, BO3MYLIeHHST Majofl aMIIHTYAH pacmpo-

CTPAHAIOTCA CO CKOPOCTBIO Ug==4/ghy. IIpn BO3Mymenisx
Goiboil aMnauTyas ypassenns (9.67) u (9.69) neanu-
HelHbl I COAEP2KAT KAaK BOJHOBble SBJIEHHS, TaK H IepeHocC.

YpaBHeHHs MeNKOIl BOABI ONHCHIBAIOT OCHOBHbIE BOJIHO-
Bble IIPOLECCH HA TMOBEPXHOCTH THAXKeJNOH KHUAKOCTH, HO
X0TeJoch Obl M3Y4HTL TaKHe 3(QdeKTH B cayuae Oojee 00-
Ier0 ABYMEPHOrO HJH TPEXMEPHOrO TedeHusd rayBokoi
AKuAKoctd. Hasa aTOro HyXKHO pellaTh IOJIHBIE JBYMepHbIE
YPaBHEHHS HECXKMMAaeMON CpPeAbl ¢ yueToM OOBbEeMHOH CHABI
rakectH (9.63) n (9.64), uTo MOXKHO cAenaTh ¢ MOMOUIbIO
METOJOB, ONHCAHHLIX B § 2, HO yYeT IpaBHTALMOHHOH CHJBI
BBOJMT ROMNOJHUTENBHOE OTPAHHUEHMe Ha lIAr IO BpeMeHHu,
CBSI3AHHOE C NOSABJICHHEM IIOBEPXHOCTHBIX BOJIH:

AN,
Agh
rne h—upaunboavwiag ray6una Kuiakoctu. Haa onucanus
TSKEA0H KHAKOCTH C ABHXKYUEHCH IIQBEPXHOCTBLIO Haubo-
Jee MOZXOJHT MeToX [68] (§ 2, m. 2), B XKOTOPOM CKOPOCTB
olpelensieTcd U3 YPABHEHHS Hasbe——CToxca a JaBjeHHe
nogunusercs ypapHenuto Ilyaccona, n KOTOpbI GoJee mpH-
€r1oco6JeH K ONMCAHMIO CJAOKHBIX IPAHMYHBIX YCJAOBHH, ueM
MeTOJ, HCNoJb3yIomuil 3aBuxpentocts (§ 2, m. 1).

Taxum o6pasoM, M NOJOUJIH K 3ajaue OnpeefeHus
NOJOKEHHS ABHMYLICHCH NOBEPXHOCTH NAOTHOM cpefnl Ha

(9.79)
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sfieposoii cetke. B meTone mapkepos Ha cerxe [68] no 3ii-
JIEPOBO CETKe PACIPeeIOTC YaCTHIBI (MapKephl), IpH-
YyeM He TOJNbKO Ha IIOBEPXHOCTH, HO M MO BCeMY 00beMY
NA0THOU cpeAnl. Mapkepsl ABHKYTCA CO CKOPOCTbIO, Bbl-
UHC/AAEMOR HHTEPNOJHPOBAHUEM MEXKAY 3HAYECHHAMY JIO-
KaJbHOH CKOPOCTH Cpeabl B COCERHHX duefikax 3sHJepoBOH
CETKH, KOTOpble NpPEeJBAPHUTENBHO OBIIM HafeHBl pPa3HOCT-
HeIM pemennem (§ 2, n. 2). B pesyabTate Kondurypauus

Nlosepxcrgemuast . Barxyymras
SqelKa / syelra”
|

[
,4

-« o
» L) L]
L] .‘.
) .. o o
¢ e le *}, .L YA S
L] » .
o .IO.' .... * . ’o '- ...' 'o‘
Huetina
cpednt

Qyr. 9.10, MeTon MapKepoB HA CeTKe.
Mapkepst onpelenifloT Suelikd, 3aHATHE XKUKKOCTHIO.

TAKEJNOH Cpepl ompenensercss pacnpefeeHueM MapKepos

Ha 351.1161)080171 CeTKe, KOoTopasy COCTOHT M3 fAvYeeK TpeX TH- !

NOB: «BAKYYMHLIC» AueliKy, B KOTOpLIX HET MAapkepoB, O«

BeDXHOCTHBIE SIUEHKH, COAepiKalllHe ORUH HJIM OoJjee Map+

KepoB, HO rpaHHyalllie ¢ BaKYYMHBIMH A4eHKaMH, U OCTalb~

Hble fYEHKH, cojepxKauue Mapkepst (¢ur. 9.10).
Cpo6onHast NOBEPXHOCTb JKHAKOCTH B 35TOM MeTOne

ompefesseTcss MapKepaMH, H BaKyyMHBle fdefikn B pacueTe

He MCnOJb3yIOTCA, Bnoan NMOBEPXHOCTHBIX sA4YEEK, KOTOPHIE

MOTYT OnTh ueTnipex tunos (dur, 9.11), sazarorca rpanny-

HBIE YCIOBUA AJS KOMIOOHCHT CKOPOCTH, & TPAaHHYHBIM YCiI0- ‘

BHeM 4719 JRaBjeHuss B ypaBHeHun Ilyaccona cayxkur mo-
CTOSIHHOe 3HauyeHHe HaBJEeHHS B BaKyyMHBIX siuelikax. Ha

KECTKHX CTEeHKaxX OOBIYHO MOXKHO HCHOJL30BaTh OpOCTLIC

rpanyuHble yc/a0Busi. EcCIH n— eIHHHYHBIH BEKTOp, Ha«

B 5k, oo S

e 2
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NpaBJeHHBIH MO HODMa/JHM K CTEHKE, TO yCJIOBHE AMA NaB-
JIEHUS] UMeeT BHI

nVp=gn.
HTO KacaeTrcd KOMIIOHEHT CKOpOCTH, TO HOpMaJabHadg CO=
o of)
/ o - :
AP 77
use /‘/”E %'l{,}/‘"‘f%
b s
P
W' W%
UMI-IIE
a )
.g o%
W M
2 Z
p.U‘V P Pl ?/ Y4
72 MAZ7Z (2
/‘fs‘/ ;VS
B
= nl _on
%= % =i,
nl_ n n_ n
u) =l oA
un+1_u/7 PR
£ £ VN K/‘fg
V;+1=V"+gAt
8 2

Qur, 9.11. UeThlpe THIA HOBEPXHOCTHHIX fAUeeK, PACHOJOKEHHHIX Ha
rpaHyue MeXAy IBHKYIIeHc XHAKOCTBIO H armocdepoil.
,au‘lﬂ KaxKJaoro cjy4dass NOKa3aHpl COOTBETCTBYIOUIHE TI'paHHUUIIble yCJAOBHSA.

cTaBJsOlas paBHa HYJA0, a TaHEreHuHaJbHasg CKOPOCTb 7y
VAOBJAETBOPSIeT JsH60O YCIOBHIO C80600H020 CKOAbNCEHUS
duy/dn = 0, n1u6o yciaosuio npuaunanus vy = 0.

1 ) i
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@ur. 9.12. Beiieck OT DafeHHS KA XHAKOCTH B MEJKHH Gacceif.

MOJleJIHPOBaHHe BhITIOJIHEHO MeETOAOM MAapKepoB Ha CeTKe B JlByMepHOM ciydae

(u3 paGotut [73]). DTy Gurypy ModuO cpaBuiTh ¢ Qororpadmelt Belnecka OT Kanau

(pur. 913) u ¢ Ben/IeCKOM B CHHMaeMOM KHMAKOCTH, PACCIHTAHHEIM C INOMOILIBIO
MeTOAa vacTuy B svehxe (dur, 6.17)
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CuienyeT OTMeTHTb, YTO YACTHIE» B METOJE MapKepoB
Ha CeTKe HUKAK He UCHOJB3YIOTCA NPU ONPENEeNeHHH Xapak-
TEPUCTHK CPeAH, H TNOCAeRHHE BHIYHCAAIOTCS ¢ IOMOINBIO
siinepoBa pasHocTHoro Metona (§ 2, n. 2). OcHoBHAA uesb
BBEINEHUSA MAapKepOB COCTOMT B TOM, 4TO OHHM NO3BOJSIOT

@ur. 9.13. ®otorpadua BemIecKa OT KAWL )uAKOCTH (13 paboru [47])

B mpexmepnom ciyyae kpal KOpoHbl HeycTofiynB H3-3a HeyCTOHYABOCTA P3ajest ~
Te#inopa.

Onpele/InTh CBOGOLHYIO MOBEPXHOCTh ABHXKYUIEHCSH HECIKH-
MaeMoOH cpelbl, TaK KaK Ha IOABHUKHOH rpaHule HEO6XO-
ANMO HCIONb30BATh COOTBETCTBYIOLIHE TIPAHHUHBIE YCJIO-
Bust. Mapxepsl pacrnpesedenbl TakkKe N0 BceMy O06beMy
CPenHl, AJST TOTrO YTOOH, U300pa3UB HX KOOPIAHHATH rpadu-
uecKH, 0oJiee HAMVISIAHO MOKa3aTh ABHMKEHHE CPEAbl.

C noMowbio MOZENHPOBAaHHSE METOJOM MapKepoB Ha
CeTKe MOXKHO H3yuaTb WIHPDOKHH KPYT (PU3HUECKHX ABJICHHH.
Heckonbko ~ HHTEepecHBIX  NpPHMEPOB  NpPHUBEXEHO  Ha
dbur. 9.12—9.16 [68, 47]. Ha ¢ur. 9.12 nokazan BCILIeCK OT
NaaeHHs KanJaM XKHAKOCTH B Meakuil GacceiiH, BHAHA Xa-
pakTepHasi paclHpA0OIIAfcTd KOpOHA. PesyibTar MOXHO
CPaBHUTb ¢ ororpadueir aroro siBaeHus (pur. 9.13) [72] n
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@ur. 9.14. Benreck oT naeHHs KamAM KHAKOCTH B FIyGoxuit Gaccefin,
PacCUNTAHHHE METOJAOM MapKepoB Ha ceTke (w3 paGotsl [73]).
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@ur. 9.15, ITpuGoii Ea mMopcKoM Gepery, paccudTaHHBIE METOAOM Map-
KepoB Ha cerke (u3 paborm [68]).

H3o0paxKeHHpe B BHAe ToueK MeueHnsle UYACTHUR (MapKephl) NOKa3plBAT 00AaCTH
JIAMHHAPHOTQ TEUCHHA H OOAACTH TyPOYJNEHTHOCTH,



*([#2] mioged eu)
eeoirm lodog €4 NMYod BHHORAL 2Lohoed udu HEHNPHOEIwOUDH 9MIsD ®H godowdem Tolaw °9l'g “IMd
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C MOJAIHPOBAHHEM BcmJjeckd B TIayGokom Gaccefige ¢
BofoH (¢ur. 9.14), rae sBIeHNEe HMEET COBEPLIEHHO HHEIE
xapakrepHeie ocobenHocTd. CxoactBo dur. 9.13 u ¢ur. 9.14
Ype3BbIUAHHO BEJMKO, 3a HCKJ/JIIOUEHHMeM TOro, 4TO JByMep-
Hag MOZE/Ib HE ONINCHIBACT HEOOJDBILIOH TpeXMEpHBE 3-
(exkT 00pa3oBaHUST MaJeHbKHX KameseK, BO3HHUKAIOLIHX
B IKCIEPUMEHTe BHOJb Kpas KopoHe. Ha dwur. 9.15 npuse-
JleHa MOJeIb MaTeMaTHYeCKH ,0YeHb CJOXKHOTO fBJCHUA —
npubosi. Ilpuboll anasiorMdeH ONPOKHUALIBAHHIO Y1APHOM
BOJIHBL SlcHO BuAHO 06pa3oBaHue OYpyHa, MpHUEM MapKephl
OJHHAKOBO XOpPOIIO HepelalT H TYypOYJeHTHOE ABHXKEHHE
B rpe6He BOJIHBI, U JaMHHADHBIA IIOTOK B €€ OCHOBAHHH.
Ha ¢ur. 9.16 nokasana monesb, ONHUCBHIBAlOMLASl OTKPLITHE
BOPOT MLIJIIO3a. :

§ 5. PasHocTHOe pelieHHe ypaBHEHWil TMZPOXMHAMHKH
CKUMAaeMbIX cpen

Ecau cxopocTh TeueHHSI cpeabl HeNb3s CYHTATb MAJIOH
M0 CPaBHEHHIO CO CKOPOCTBIO 3ByKa HJH C TENJIOBOH CKO-
POCTBIO 4aCTHL CPelbl, TO NPEANOJOKEHHe O HEeCKHMae-
MOCTH CTAHOBUTCA HECOCTOSATEJBHBIM U HeOOXOAMMO I0J-
HOCTBIO YUHTHBAThL Bce pdeKTH CKaTug CpeAbl. YpaBHe-
HHUS THAPOAMHAMHKH CxKuUMaeMbix cpen (§ 1) mpumenumbi
A/ M3YUYeHHs NPOH3BOJBHBIX /cpell H ONHCHIBAIOT LIHPOKUH
Kpyr ¢u3uyeckux npoueccoB M gsieHHN. K OCHOBHEIM mpo-
[eccaM OTHOCSTCS IEPEHOC U i3BYKOBBIE BOJIHBI, ONHCHLIBAE-
Mble THIEpGOIMYCCKHMY YDABHEHHAMH, a €CJAH CYUIECTBYIOT
BO3MYVIleHHs] GONBLIOH aMIVIUTYAH, TO B Cpeie MOTYT BO3-
HHKHYTb Da3phiBH M yAapHble BoJHHL. Kakx u B Hec:kumae-
MBIX CpellaXx, OTHOCHT@/JLHOE JBHXKEHHE IOTOKOB BEIET
K HEYCTOHYHBOCTAM, M HeJaMuHapHLIE NOTOKH HAH TypOy-
JEHTHOCTb MOTYT O0Ka3aTbCsl ; CYMICCTBeHHBIMH. B MHOrHX
cpefax BaXHbl TaKMkKe NPOLECCHl TEIVIONPOBOXHOCTH H Bf3-
KOCTH, H HX TOXe CJIeAyeT BKIIOUHTb B ypPaBHEHHS THAPO-
JUHAMHKH CJKHMAaeMbiX CPel. , : '

Msuoroo6pasue ¢Gu3NYECKHX SBJEHHI, ONHUCHBAaEeMbIX
YpABHEHUAMH THAPONMHAMHKH CJKHMaeMBIX Cpem, oTpa-
JKaeTcsl B CJO0XKHOCTH 2THX YpaBHeHHM, 1 HMeHHO Ho IpH-
uygHe MHOroo0pasusl ONHCHIBAEMBIX SIBJECHHH H LIKpOTe
npuMeHeHnd pa3paboTaHO OYeHb MHOIO METOAOB pelieHHs
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9THX ypaBHeHuii. B muumcauTtespHOH (pE3uKe He cylle-
CTBYeT €IHHOr0 HOAXOXA, KOTOPBIH Obl Obl NPHTOAeH AJd
BCeX 3ajad THADOAMHAMHMKM CXKXHMaeMbix cpel. Takoe mo-
Joxende Beulell OyneT HOHATHO, eC/U 3aMeTHTb, YTO ypaB-
HEHHS THAPOAHHAMUKH HNpPHMEHHMBl K CTOJb Pa3/HYHLIM
3ajlayaM, Kak arMocdepHbl NOTOK BOKPYr KOCMHYECKOTrO
KopabJd, IBHXKeHMe aTMocepbl M OXHOMEpHAsa yjaapHas
BosHa. Kaxkpas sajada mam kjaacc 3ajay MOXKeT noTpe6o-
BaThb CIIeLMAJbLHON METOIMKM pacuera Hau ocobolt nocra-
HOBKH T'pPaHHYHBIX YCJOBHH.

Bruume yxe OB paccMOTpPeH OIMH YacTHBI [oaxon
K pPa3HOCTHOMY pelleHHI0 YypaBHeHH#l THAPOAMHAMHKHY,
4 WMEHHO CTOJKHOBHTEJNBHBI METOJ <«HACTHI B SuelKey,
B KOTOPOM <«YaCTHI{pl®» HECyT Maccy, MMOVJbC H 3HEPTrHIo
cpensl (cM. . 6, § 5). Onuako omuGKH B 3TOM METOJE
BEJIUKH, ¥ €ro BO3MOXXHOCTH OrpaHHuYeHH. PyHIaMeHTa/b-
HOl OCHOBOH JJ/151 pellleHHS YpaBHEHHH THIPOANHAMHKH
CXKHUMAEMBIX CPEN CJaYKaT pasHOCTHBie MeTonsl (ria. 3), Ho,
YUUTHIBAsE MHOTOOOpasHe pa3HOCTHBIX METOIOB, CIeNyeT OT-
MeTHTh, YTO B KaXKAOH KOHKPeTHOH 3axave HeobGXOAHMO
crie{HaJIbHOE PacCMOTPEeHHEe npH BBIGOpe cmocoba ee pelle-
HHs, Pa3HOCTHBIE METOAB MOIYT WMCI0Jb30BaTh 3HJIEPOBHI
HJI¥ JarpaHXKeBHl CeTKH, KOHCEPBATHBHYIO 3aIMHChb, fABHOE
WX HesABHOE HHTErpHpOBAHNE IO BPEeMEHH W DPa3IHUHLIe
cnocobLl  pasHOCTHOH — anmmpOKCHMauMH  And¢ysHONHLIX
YJIEHOB. '

B marpanxkepoft (pOpMe YypaBHEHHA THAPORMHAMUKH
cxuMmaeMux cpen (§ 1, n. 1) nmpunumalor 0cobeHHO mpo-
cToll BUO, M B ciydyae OJHOTO NPOCTPAHCTBEHHOrO u3Mepe-
HHUS HETPYZHO MOCTPOHThL JarpaHkKeBy CeTKYy, T. €. CETKY,
KOTopas HIBMIKETCS BMECTe CO CpejoH W Ha KOTOpOfl pe-
aTcd NPHHABLUME NPOCTOH BHJ| PAa3HOCTHLIE ypaBHEHH.
JlarpamxkeB NMOAXOJ NO3BOJASET YIPOCTHTb TPYAHYIO 3ajady
nepeHoca U sBJsSeTcs OGMIMM METOLOM pellleHHs] OLHOMED-
HeX sanad. Onnako B ofmemM cilyyae JIBYX HJAH TPeX Ipo-
CTPAHCTBEHHHIX H3MePEHH# MNPHXOAMTCA OIHCHIBATL Iepe-
MellleHusi CABUra, a TakxKe cxkartue cpexnl. Huaa rakoro
ONHUCAHHS JdaTpaHKeB MeTO] peiKo OHBACT NPUTONCH, TakK
Kak B 3TOM cJyyae TPYAHO IOCTPOHTb JarpaHikeBy CeTKY,
H OHAa OGBICTPO CTAHOBUTCA HENpHeMIeMO JAedOopMHPO-
BaHHOH,
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Haub6osee obuinii moaxoa K pelleHHI0 MHOTOMEPHBIX 3a-
oaq Jjsl C)KHMaeMBIX Cpel OCHOBAaH Ha fABHBHIX 3HJIEPOBBLIX
pasHocTHbX Mertomax (ra. 3, § 7 u 8). OmHaKko TOYHOCTb
MOAEJUPOBAHHUSA TNPH 3TOM yMeHblIaeTcd H3-3a YXylle-
HHS ONHCAHHS TNIPOIECCOB INepeHoCa, MOITOMY OOLIYHO HC-
NONB3YIOTCS MeTOALl BTOPOTO IIOPSINKAa TOYHOCTH, TaKHe,
kak cxema Jlakca — Beunpodda, cxema ¢ nepemraruBanueMm
WM cXeMa IOYTH BTOPOro mopsiaka toyHoct (ra. 3, § 7).
O1H cxeMbl MOXHO (QOPMyAHPOBATb TaK, uTOOBI OHH OblIA
KOHCeDBATHBHLIMA WM HEKOHCEDBATHBHHIMM OTHOCHTENLHO
COOTBETCTBYIOIIHX XapaKTepUCTHK cpensl (ra. 3, § 6), mpu-
yeM ¢ JIHHEHHOH TOYKH 3peHHS KOHCEPBATHUBHBIC U HEKOH~
cepBaTHBHBIE Da3HOCTHBIE CXeMbl KBHBaJeHTHH. C onnolt
CTODOHBI, KOHCEPBATHBHAA aNIpoOKcHUManusa OOLIYHO npes-
[HOYTHTENIbHEE, TaK KAK OHA OGECHeYHBAET CTPOroe BHITOJ-
HeHHe OCHOBHBIX HHTEIPANbHBIX 3aKOHOB (DU3HKH — 3aKO-
HOB COXpaHEHHS BEIleCcTBa, UMNYJbCA H SHEPrUH. ¥YCTAHOB-
JIEHO TAaKXe, 4TO KOHCEPBATHBHBIE YDaBHEHHS NPHBOLAT
K yMeHblIeHHI0 (HKTHBHBIX HEJIMHEHHBIX UYHCJAEHHBIX 3(-
tdexktoB. C ApYyroil CTOpPOHBI, B TaKHX CHeLUHAJbHBIX CJIY-
4afx, KaK CBeDX3BYKOBLIe NOTOKH, HCIOJL30BaHHE HEKOH-
CepBaTUBHEIX YPaBHEHHH JAJA TEIJIOBOH 3HEPTHH MOKeT
0Ka3aTbCs [OJNE3HBIM, Tak KaK 3TO NO3BOJAET H36exaTh
owu60K, CBA3AHHHIX ¢ OGOMBIIOH BeNHYHHOH KHHETHUYECKOH
9HEpIrHH.

Ecan Bamubl n1uddy3noHHbIe NPOLECCH, 00YCAOBICHHBIG
TENJIONPOBORHOCTEIO M Bf3KOCTHIO (§ 1), To B Gonplinie
CTBe CJIyyaeB HX MOMKHO BBECTH B pacCMOTPeHHe C IO-
MOIIBI0 METOAOB TJ. 3 A9 mnapabonHyecKux ypaBHEHuH.
YueT »THX TNpPOIECCOB CJACAYyeT TNPOBOLHTL COBMECTHO €
arMIpOKCHMAanuell mepeHoca H cKaTHA. B HeKOTOpHIX npH-
JOXKEHUAX THIAPOAMHAMHKH CIXKHMAeMBIX Cpel BJAHAHHE
BA3KOCTH M TEIJIONPOBOAHOCTH MOXKET OBITh OYeHb BEJHKO,
# BO H30exkaHWe CIHUIKOM JKECTKHX OIpaHHyeHHMd Ha BeEJH-
YHHY IIara MO BPEMEHH HpHM pacueTe TeueHMH cpeasl IpH-
XOJNTCA HCIO/Ab30BAaTb HEABHBIE METOAbl, HAPHMED CXEMY
Kpanka — Hukoabcona (¢cM. ra. 3, § 9). D10 B cBOIO Oue-
pelb CTaBUT 6OJee TPyIHBEIE anrebpauueckKue 3ajnayH, Tak
KAaK Ha KaXJOM Liare no BPEMeHH HYJKHO pellaTb MaTpHy-
HOe ypaBHenne (r1. 4). OTmeruM, 4YTO HedBHHIE METO-
Abl cAefyeT HpUMeHATb W Ui paccMmoTpeHus 3bdexros,
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CBfI3AHHBIX C JaBJieHHEM CPeAbl, B TeX CAYyYasx JO3BYKOBHIX'
NOTOKOB, KOTAa CKOPOCTb IOTOKA MaJa NO CPaBHEHHIO €O
CKOPOCTLIO 3BYKAa, HO JOCTAaTOYHO BEJIHKA RIS TOrO, YTOOLI'
cpely Henb3s OBIAO CUHTATh HECXKHMAEMOH. ‘

Mpr paccmoTpuM OOILYI0 THAPONMHAMHAKY CHKUMaeMoH
CpeAn cHayajla B OJHOMEDHOM, a 3aTeM B MHOIOMepHOM '
cnyyaax. CoriacHO CKa3aHHOMY Bblillie, B OJHOMEpHON 3a-
Jaue Mbl BLIIGIMM JIarpaHXKeBy anmpokcuMaluio B Kaue-
CTBe OCHOBHOr0 nofxofa. COOTBETCTBEHHO B MHOIOMEPHOM
¢c/lyyaeé Mbl pPacCMOTPHM SBHBIH 3HJ€DOB MeTOA pelienus,
KOTOpHIl JAaeT Haubojee 10JHOE pDEIICHHE ypaBHEHHSA Tif-
POAMHAMHKHU CKEMAEMBIX Cpen.

'

1. Jlacpansxes merod 0aa o0HOMepHOU 3ada4u

Tax xax BO BCe ypaBHeHHs T'HAPOAMHAMHKH BXOAHT ne-
penocuniit uien [§ 1, ypaBuennsi (9.6)—(9.8)], 10 .nx aa-
rpanxeBa Popma nmeeT 0coO6EHHO MPOCTOH BHJ::

d d
RAOTHOCT b T:t_‘t)' == —0 az . (9.73)
UMNYA6C: P —Z—;i = — %’% , 9.74)
d
dasaenue: r ( =0. (9.75)

3aecb x-— JeKapToBa INpPOCTPAHCTBEHHAas  KOOpPAHHATa,
a d/dt =d/dt + v(d/dx)— narpanxeBa Npou3BOAHAA IO .
BpeMenn. B ypasuennn (9.75) comepKuTCA NPEANOJIOKE- .
HHE O KOHKDETHOM YyPAaBHEHHH COCTOAHHS, a HMEHHO 00
ypaBHEHHH COCTOAHHS MJAEaAbHOrO rasa, T. €. 3axope .
anna®atel, XOTS ONHCAHHbLIH HHXKe JarpaH;KeB MOAXO] HpH-
rofieH u A5 6ojlee CIOXKHBIX YPaBHEHHH COCTOSTHHSA, a TaK-
®Ke g ydera JHPDY3HOHHLIX YJICHOB.

[Tpu ucnonvsoBanuu JarpatKeBLIX KOOPAHHAT Npouece
nepenoca OMHCBIBAGTCA TOYHO, @ PA3HOCTHBIA aJIrOPHTM
ouedb mHpoct. JlarpaHxesa ceTKa CTpPOHTCS TakuMm 00pasoM, *
yTo6Bl KaxkJHi y3ea j, HpeIICTaBJlﬂIOHJ.Hﬁ coboit rpanyuny
MexXy siuefikamy, anrachsx C JIOKAJbHOH CKOPOCTHIO CPenibl
(dur. 9.17):

tl

5 () =x; @) + § v (s) ds. (9.76)
i
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Ha npakrtuke #HauGojdee y100HO 10Ab30OBATLCS JABOHHOMH
cetkol. I'paBnnbl fiveeK x; onpelesNeHbl HA ceTKe, JONYCTHM .
1 <<j<</, u aunanoruuso CKOPOCTH U; CpPenbl, OTOXKAECTB-
JeMOH Temepb ¢ Y3JAaMH., CeTKH Xj, OHpeleseHbl Ha 3TOM.
cetke j. OO0neMHBle NepeMeHHble, MJOTHOCTL H AaBJeHHE
ompelesneHEl B fAuedKax, a He B yanax. CoriacHo Takomy
OIpeNe/]eHHIO, UEHTPH BCEX sAYeeK HAXOAATCA B y3Jaax BTO-
poit cetku i, 1 <<i << /. Kaxznas siuefika i WMeeT WHPHHY

. i+
Aoeiivy 1 1 11 1 R T
cemwu | o} iy o1 4 bbb

I I A T T T
Yamer 1 2 J-1 J oS
cemKu
B S——: .
X

Qur, 9.17. JlarpanxeBa ceTka B OJHOMEpHOM C.Iyuae. -
Kaxjas guefika { 3asana I'paHHYHBIMH ToUkaMd f,

Ai = Xjp1— X 3aKoH cOXpaHeHHs BellecTsa INPHHIIMAET
BUJI, . : '

< (pA) =0, (9.77)

T. €. Macca BellecTBa, 3aK/JIOYeHHOTO BHYTPH KaXJOH
A4eliKH, MOCTOsTHHA (TaK KakK TIpPAaHHNBL SueeK ABHKYTCA
BMecTe co cpefioil). Tenepp narpaH:keBbl YpaBHEHHs] MOXHO
34MHCATh OYEHb OPOCTO. KaXkjaas Touka cpeibl X IBHKETCA
CO CKODPOCTBIO LEHTPA Mace

dx do 1 op

'Et——-v, di __’?)_ ox * (9.78)
W 3JAEMEHT Cpelbl MMeel MJIOTHOCTb P H pasjeHHe p, ompe-
pejseMble ypaBHCHHAMH .,

4 oA =0. L(P\=
- (p8) =0, dt(pv) 0. ©.79)

HpI/I HHTErpUPOBaHKHN IO BPeMEHH CO BTOPHIM NOPSNKOM
TOYHOCTH BC€ TpPaHHUHbIC TOUKH fA4YeCK X; ONpehaesieHbl B
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MOMEHTH #"~!, a CKOpoCTH TPaHUYHBIX TOYEK OIpeneneHbl
B rosylenble MOMeHTbl Bpemend 072, Illar no Bpemenn

HAuHHAETCS BLIYHCJAEHAEM HOBLIX 3HAUEGHHI TPaHHU AdCEK!
af == AL (9.80)

3areM MOXKHO HaHTH TJIOTHOCTL W JNaBJeHHe B KaxKAoH
fAYellKe HA CeTKe { B MOMEHT [":

a1
= gn~1 j+1 J 9.81
= T (9.81)
b
ety
piz(p'}"l) P (9.82)
14

B croio ouepenn naBienHe B KaXpol sAuedKe MO3BOJsET
HepecyuTaTh 3HAYEHHS CKOPOCTH Ha TpaHHLUAX fyeek,

24t (p?—p?_1)
(eF+opoy) (xP—xtly)’

rle HEeHTP KaxkaoH gueliku x? ompeleser Ha paBHOM pace
CTOSIHUH OT €e TpaHuu:

1
xp=5 (¥7 +x},).

(9.83)

n+Ys = g~
Ui 2 01 2

BpemeHHOll UMK/ pacueTa 3aBeplieH, W er0 MOXKHO NOBTO-
PUTH IJIS IPOBENEHUS CJAEAYIONIErO Liara Mo BPEMEHH.
Cienyer OTMETHTb, YTO Takas AaNIpOKCHUMAaIHs HMeeP
BTOpPOH MOPANOK TOYHOCTH KakK HO NPOCTPAHCTBY, TakK H IIQ
speMmeHn. JIBHXKyllasca snarpaHkeBa CeTKa caMa HJJIOCTs
pUpyeT THIPOAUHAMHYECKHE SIBJICHUA, HanpuMep, 3BYKO-
Bbie BOMHB OYAYT BHIMIANETH HA CeTKE KAK IOCJE0BATEe/b+
Hble CIYLIeHHS ¥ DaspexeHnus rpanun dueek (¢ur. 9.18j.
IlperMyuiecTBO TaKOM CeTKH COCTOMT TaKikKe B TOM, 4TO
IBHKeHMe ee HNDHBONUT K NOBBIMIEHHON KOHLEHTPAUHH Y3+
JIOB B 00JIaCTAX, NPEACTABJAAIOIINX oCOOLII HHTEpec, Ha-
npuMep B YAApHOH BOJHe, B pe3y/bTaTe 4ero HpoCTpaH-
CTBEHHOe paspemnleHne X TOYHOCTH pacieta YBeNHYHBAIOTCH
pPMeHHO B TakKux oOuactsix. JLONONHHUTE/IbHBlIE UJIEHBI, BO3<
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HUKalomiHe B ypaBHeHHsiX THAPOAYHAMHKH, Hampumep aud-
(Gy3HOHHBIE YWIEHB!, MOJXKHO BBECTH B paccMOTpeHHe 0oObIY-
HBIMH criocoGaMmu.

2. flsnvie atireposvr merodvl 04 obujeli MHO2OMEPHOL
3adauu

HauGonee o6mUMH M IUHPOKO HCIOAb3YeMBIMH METO-
NaMH peweHHs MHOTOMEpHBIX 3ajay AHHAMHMKH CXKUMae-
MHIX Cpen SBJASIOTCS SBHBlE METOABl HHTErPUPOBaHHS Ha
sinepoBoil cetke (cM. ra. 3, § 7). Ilosichum xapakrepHbie

Paapescenue Cocamue
Dur, 9.18, 3pyxoBLie BOJHEL Ha JarpauxKenoli ceTke,

O0COGEHHOCTH TaKOro MNOAXOAAa HA NpHMEpe NPOCTEHUIMX
OJHOMEPHHIX YDaBHEHHI HAEAJbHOrO rasa. 3amdllleM OT=
JEeJNLHO BCE C/laraeMble B YPaBHEHHIX JJsl IJIOTHOCTH, CKO-
pocTH H paBiaenus cpean (9.6)—(9.8):

THOCTS o ___ 00  0v
NAOTHOCTb! o = UG, P
dv do 1 dp
CKOPOCTY '—6T—-——U ox ——‘;‘—5;, (9.84)
. op op do
Oucaenuier  GF=TU5¢ TVP i

»

rJle HCIOJNb30BAHO MPENNOJIOKEHHE O TOM, UTO ypaBHEHHEM
COCTOSIHHSA CJAYKHT NPOCTOe ypaBHEHHE IS HIeaJbHOro
rasa ¢ = p/[p(y—1)]. IlepBre ciaraemsie B OpaBoil YacTH
KaXKJOro yPaBHEHHS ONMCHLIBAIOT MEPEHOC, a BTOPHIE CJa-
raeMbie CBSI3aHBI CO CXKATHEM.

Ypaprennss (9.84) samucaHel B HEKOHCEPBATHBHOM
¢dopme. Ecan 3TH ypaBHeHHS annpOKCHMHPOBAThL HENOCpen-
CTBeHHO no cxeMe Jlakca (3.80) Ha sflnepoBoil ceTke ¢ y3-
namu 1 << j<CJ, ¢ marom nO mpoOCTPaHCTBY A H ¢ IIaroMm
1o BpeMenu Af = {7+l — {7 10 MBI nOAYIHM
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NAOTHOCTD:

"+]—"“‘(91+1+91—1) iy 2A (9/+1 o/

At
— 0} ox (Vi — V1) ;

CKOpPOCTS:
v”+"—_(01+1+0?—1)—v 2A (01+‘ of) —
dasaentie: |

pn+1 _—(le + pi) — of 2A (p1+1 p}"_])‘*'

.
(vm i)

buiio mokasano (ra. 3), uro merton Jlaxca yCIOEﬂmB IIST,
JHHeHHOro ypaBHEHHS IepeHoca M AJs JHHEAHOTO BOJHO-.
BOrO ypaBHeHHs, HO ypaBHeHust cpexsl (9.85) umelor Godee
CJIOXKHYIO IPHPOAY H, KPOME TOro, OHH HesuHelnwl. JLas Toro
4ro6Bl JIOKa3aTh YCTOHYHBOCTb 3THX He/JHHEHHBIX Pas3HOCT-
HBIX ypaBHEHMWH, MBI, CIefys MeTOAaM 'Ti. 3, auneapusyen
ypapHents (9.85) B npeanonoxeHut, 4T0 BEJAUYHHBL O}, U}
H. p! B HEKOTOpOil ob/1actit nocTosHabl. OueBHAHO, UTO Ta-
Kol NOAXOA pa3yMeH NpH ONPEACTCHHH CTENEHH pOCTa Ma- '
nofi omm6kn. Torma pna rapmonuku @Pypbe ¢ BOJHOBHIM,
BEKTOPOM Rk MaTpuua nepexoja paBHa

p—iowy —iap} 0 N

G p=| o  p—iwwr — m;k . (9.86)
!
0 iaypp B — iovf

rae B=cos (kA), a="2Csin(kA).



Raaceuneckas eudpodunamusa 317

CoGcTBenHble 3HaYeHHs] MaTPHLBI IIepexoia paBHBl

g, (At, k)= cos (kA) — i 5L oz sin (kD);

i At
g (Af, k) = cos (kA) — i{v;‘ + \/1’1 } — sin (k);

0

' o | At
g,(At, k)= cos(kA) — i {v;’ — ’\/W;’ }—X sin(kA).  (9.87)

0y

OueBHAHO, 4TO 3TH COGCTBEHHble 3HAYeHHS COOTBETCTBYIOT
11epeHOCY H JOMJIEPOBCKH CMELIEHHBIM 3BYKOBEIM BOJIHAaM,
pacnpocTpaHdIONMMCA B HANpaBJeHHHM IEPeHoca U B OpPO-
THBONOJNOXKHOM Hanpab/jeHud. Bennunna gy unu g; Oyaer
nanGosblIel N0 MOAYII0 B 3aBHCHMOCTH OT 3HAKa Uf:

w; (At}

!gg*%=1—sin?(ka\){l - } (9.88)

Tenepb MOXHO HCIOAB30BATh YCJIOBHE yCToﬁtuocm Heii-
mana (3.47), tpebymwollee, yToOn Haubonblliee COGCTBEHHOE
3Havenye ObJIO MeHbHle efuuunbl. Torja ycaoBue Ha IIar
10 BpeMeHIl NOJAYUHM B BHAE

At

(9.89)

o} |+w/vp JoF

d10 u ectb ycaosue Kypanra — @punpuxca — Jlesn aaa
ypaBHEHHA THADOAMHAMUKM CHIMaeMBX Cpell, aNlPOKCH-
MHpOBaHHbIX 110 Meroay Jlakca. CreflaeM HeCKOJLKO 3aMe-
4aHUH OTHOCHTENBLHO 3TOrO pe3yabTara H MeTola, KOTOPBIM
o1 6wl nosydeH. JlBe ckopoctH, CTOALiHe B 3HaMeHaTese,
JIPEACTABJSIOT cO60H CKOPOCTb MEPEeHOCa U CKOPOCTh 3BYKa,
31 OHHM CKJAJBIBAIOTCSl BCJEJACTBHE JOMNACPOBCKOrO addeKra,
TaK KaK 3BYKOBas BOJHA PAacAPOCTPaHseTCss CO CKOPOCTLIO
3ByKa B CHCTeMe OTCYeTa ABWXKYyIefics cpensl. Mx cymma
paBHa HaubOoJabliedl JOKAJIbHOH CKOPOCTH PacHpOCTPAHEHUA
nndopmanun. Taxk Kak MCXOnHBle YpaBHEHHS HeJHUEHHM,
3TH CKOPOCTH MEHSIIOTCS OT OJHOrO y3J1a CEeTKH K APyromy,
I COOTBETCTBEHHO OrpaHHyeHHe Ha HIal [0 BPeMEHH HOCUT
JIOKAJIbHBIIT XapaKTep H AO/KHO OBITh BbIIOJHEHO B KAXKAOM
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yaae cetkn . Ycaosue Kypanrta — @puapuxca — Jlepu
(9.89) Tpebyert, yTo6b mar no BpeMeHy B JI0O0fi MOMEHT
6Ll OrpaHHded HauOOJbIIEH CKOPOCTBIO, r'ie OBl Ha CeTke
OHa HH BO3HHKJA,

OueBunno, uro nuddepeHnranblbie ypaBHeHusa IJast
IIOTHOCTH, HMIYJbCa MW YASJAbHOH 3HEpruu (KUMaeMok
Cpeabl MOXKHO 3amucaTh MHOXecTBoM crecobos (. 1),
U xota auddepednuanbusie Gopmbl ypaBHeHHl B TOUHOCTH
5KBHBQJIEHTHBI, HX PA3HOCTHBIE AHAJIOTH HE ABJSIOTCH K-
BuBaJeNTHEIMH., B 1. 3, § 6, ObJIO BBEHEHO NOHATHE KOH-
CepBATHBHOH pas3HOCTHOH CXeMH, KoTopas obJjapaer mpe-
AMYIIECTBOM TOYHOLO COXpAHEHHs MacChl, HMNVJAbCa
¥ 3HePTHH Ha Pa3HOCTHOMR ceTke, H, 4T0 Hosee BakKHO, GBHUIO
YCTAHOB/JIEHO, YTO KOHCEPBATHBHLIE DA3HOCTHBIE CXEMB
UMEIOT NOJIe3HBle YACJTEHHBIE CBOHCTBA B OTHOIIEHHH He-
JuHeAHbIXx 3ddexrop [67]. Ilosromy B obmem cayuae
fonbllle MOAXONAT Te PASHOCTHEIE CXEMBl, KOTOPBlE COXpa-
HSIOT Maccy, HMIYJbC H SHEPTuio CxKuMaeMoit cpensl {ypas-
Henus (9.1), (9.2), (9.9)] ¥Ypasuenusim B HekoHCepBaTHUB-
Hoit dopme (9.85) ciemyer mpemnouecTb KOHCepBATHBHBIE
pa3HOCTHHE yDaBHEHHUS:

NAOTHOCTb .
n+l__.1_n+n_._4_{_nvn__nvn
P+t =5 (0fsr T 0f-) = 3& (P} 0} — 0] (1)
umnyase:
1
pptioptt =5 (0} v}y, + 07, 07,) —
At 9 2
— 5a [0t (O ) + Pj — 0 (0 ) — P 1
sHepeus:
1
pi+! [3;;+1 + 5 (U?-{-I)Z] —_
1 L v Lo
=7 {p?u [G?H + 5 (}) ] +07, [3?-1 + 5 (v7-1) ]} -
At 1
~ oA {[9?+187+1 Rl e (v?+1)2] o

1
- [p?ﬂe}l"l T i +797—1 (U?—x)z] v;!_[} ' (9.90)
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e IS HieanbHoro rasa p#=(y —1)p7e}. Uro xacaercsa
JUHeAHEIX CBOHCTB, TO 3TH YpaBHEHHH HHUEM He OTJIU-
4aloTcsd OT HEKOHCEPBATHBHEIX DAa3HOCTHHIX YpaBHeHHH
(9.85), m yciaoBue YCTOHUHBOCTH JJIs HHX B TOYHOCTH CO-
XPaHfeT CBOU BHUI.

MBbl paccMOTpesnn Pa3HOCTHYIO 3HIepoBYy amlpoKCHMAa-
NHI0 YypaBHEHHN THAPOAHHAMUKH CKUMAEMBEIX Cpej Ha
npumepe merona Jlakca. Unciaennyio nuddysuio, Kotopas
BO3HHKaeT H3-3a NEepPBOTO NOPSAKa TOUHOCTH 3TOTO MeToja,
HYKHO YCTPaHATb BO MHOTHX Moxaenax (cuM. ra. 3, § 5), mo-
9TOMY OOBIYHO HCIOJB3YIOTCA METOAB BTOPOTO HOPSAKa
TouyHocTH (cxembl Jlakca — Benapodda, MeTon ¢ neperuarus
BaHHEM, MeTOJ IIOYTH BTOPOro MOPsAKa TOYHOCTH Ajnamca —
Bamdgopra, ri. 3, § 7). B TpexmepHoM csyuae B jgeKapTo-
BOH cHcTeMe KOopAMHAT (X, Y,2) YpaBHEHHS THAPOAHHA+
MHKH CXMMaeMHX Cpel BHIpaXKaloTci B KOHCEpBATHBHOM
dopme (9.1), (9.2), (9.9):

ou  OF, OF,  OF,
_6F+ 6; + ayy + oz =0? (991)

rfle HEH3BECTHHE (YHKIUH 06pPa3yioT BEKTOD-CTONGEI W ==
={p, pvy, PUy PV ‘/2p02+pé}. ITpa 3TOM NOTOKH Ompe-
JeJIeHsl COOTHOLUEHHAMH

P, [ 0y, ]
pvy +p PULTy
: 2
Fx —_ pU, Uy : Fy — va + p :
PO,y pU,Y,
1 1
(pe—]——é-pvz—l- p) Uy (PS +‘§902+P)”y
o, ]
PULU,
v,0 .
F,— PO, : (9.92)
pv;+p
1 2
(pe + 5 ov° -+ p) Uy
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Tenepb MOXKHO “HeNmoOCPENCTBEHHO NPHMEHSTh NOAXOMAAILHH
anroput™ (cm. ra. 3, § 7 u 8). Ins xaxHoro U3 THX Me-
TofoB B ycnosun Kypanrta — ®punapuxca — JleBn cienyer

‘ / '/ e
wl §, oc £
Ay
S ax
ay O - 6y) 2
dt 28 Ay
a

lnowade
mard

Gur. 9.19. Paccmorpenne rpaHHUNBIX TOYeK B. ABHOM KOHCEpBaTHB~
HOM METOZE.

K xaxnoft rpaHiunofl sitefike UpHMeHAOTCH NMPOWHTErPUPOBAHHLIE KOHCEDBATHBUNG
YpaBHERHS: d—Ha HEeMpOHWLaeMoll cTeHKe; 6 —HA OCH B LMJMHADHYECKON TreoMer=
pun,

HCIIO/Ib30BATh HAMGOMbIIYIO AONJEPOBCKH CMENIEHHYI0 CKO-
pocThb 3ByKa:

vc=»\/vi+vi+v§+'\/%—p—. (9.93)

HauGosnee rpyGole omnGKH B 3THX MeTOAAX BO3HHKAIOT
s )
H3-3a yMCNeHHON mucmepcun (cMm. ra. 3, § 5), xoropas oco-
GeHHO BJHfeT Ha KOPOTKOBOJIHOBHE MOJABI Ha Pa3HOCTHOM
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cetke. Onmako yCTPaHHTb 3Ty AHCHEPCHIO  MOXKHO JIHIIb
LEHOH 3HAYNTEJNLHOTO YCJOKHEHHs aJropHTMa C IOMOILLIO
cxem yerBepToro mnopsizka toysocru [10]. Kpome rtoro, mo-
TPEIIHOCTH DA3HOCTHOH amnpoKCHMAaNMH Pa3pblBOB H yzap-
HBIX BOJIH MOTYT ObITb NPHUYMHOMN JOKHBIX 3 PeKTOB, H YaCTO

Dur.  9.20. HOuppysua ypapuoi BOJIRHE ¥ 00pasoBanHe CTaUHOHAD-
HOTO COCTOSIHUSI IIPH CBEPX3BYKOBOM BXORE KOHyCa C YIVIOM pacCTBO-
pa 30° B oguopoankii ras.

IToxa3saHbl nMHAY yDPOBHA AaBaeunus [75).

BO3HUKAeT HeOOXOAWMOCTb B YIUMPEHHH TakKHX -9p(eKToB
NyTeM BBeJeHHs HCKycCTBeHHOH nuddysun (§ 6).

Hakouen, cresyer oTMeTHTb, UTO rpaHHUYHBIE YCJIOBHUA
JDOJKHBL OBITh COTJIACOBaHBI ¢ UHCJACHHOH CXeMof, Hc-
MOJIb3yeMOl B INPOH3BOJNLHON BHyTpeHHeli Touke. [lis



320 Taasa 9

auddepeHnanbHOl  CHCTEMB! FpaHHYHBIE YCAORHS MOTYT
ObiTh BIIOJIHE ONPEIEJEHBl, ¥ B TO e BpeMa npu BoiGope X
pasHocTHON (opMbl BO3IMOMKHA HEKOTOpasf CTeNeHb MPOU3-
Bosia. Mul pacCMOTPHM TIpaHHYHBIC YCJIOBHA A LIHPOKO
pacnpocTpaHeHHbIX CAydyaeB HENPOHHLAEMON CTEHKH M reo-
MEeTPHUECKOH 0COGEHHOCTH Ha OCH B ILHJIHHADHYECKOH reo-
merpun. Ha HempoHMIlaeMOl CTeHKe MeplneHAuKyrzApHasa ef

dur. 921, JlmarpavMMsl CTAIHOHAPHBIX COCTOSIHEH OpX CBEPX3BYKOBOM
IBHXKEHHH KOHyCa ¢ yraom 30° mpH BepllH#e 4epe3 OAROPOAHLIA Tras.

[ — gaBnende; 2—IAOTHOCTh; § — yilesbyad BHYTDEHHAS 3HEPTH#H; 4— CKOPOCTh,
Peulen#sg nosydeun 3i1yepoBbiM pa3sHOCTHBIM METOLOM..

CKOpOCTb paBHa Hyai0 vy = 0, 1 COOTBETCTBEHHO IepIeH-
JMKYJSDHBI DOTOK y CTEHKW Oyaer paBeH Hymaio. B KoH-
CepBATHBHBIX SIBHLIX MeTojgax BO Hu30eXaHue HeCOIaaco-
BaHHOCTeli M JIOKHBIX UHCJEHHbIX TPaHWUHLIX 3P(exTOoB
clejlyeT TPUMEHHTh KOHCEpBATHBHbIE ypaBHeHnusi B HHTe-
rpaibHOi (opMe K sdYeKaM, HENOCPEACTBEHHO NPHUMBIKAlO-
muM K rpaunue (¢ur. 9.19). Hanpumep, B AByMepHO# LK-
JUHAPUYECKON TEOMeTPHH rpaHuuHas sfuyefika Ha OCH $B-
Aserca NUIuHApoM OGbema 2m(Ar)?Az. [{ns Hee HOTOKH
BLIUACASIOTCS Ha TOplax LuauHmpa miomansio n(Ar)? 1 Ha
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KPHBOJNUHEHHOH moBepxnocTu nuomansio 2nArAz. Ilpu rta-
KOM MOJXOJe Crnoco0 RBIYUCAEHUS] HeHW3BeCTHHIX (yHKHu#
Ha OCEBOH rpaHyIe B LEHTPE KaXKAOro IHJAWHIPHYIECKOTO
9JjeMeHTa BHoane onpenener (dur. 9.19).

@urypnl 9.20 1 9.21 uanOCTPUPYIOT NpUMEHeHHe FHAPO-
JHHAMHYECKO# MOJE/IH CXKHMaeMOH cpelbl K JABHIKEHHIO
yAapHO!l BOJHBI, PACHPOCTPAHAIOLIENcs 3a KOHYCOM C yr-
Jom npm Bepwude 8 30°, M nocaenytouieMy oGpasoBaHUIO
paBHOBECHON CToA4Yel ynapHOH BOJHBEL DTOT pacueT MOXKHO
paccmarpuBaTh KaK MoJe/qupoBaHHe KOCMHYECKoro kopabag,
Bxojdilero B 3emHylo atMmocthepy Ha ¢ur. 9.20 noxkasanm
JAUHNY YPOBHS [HaBJeHUS, NMPUYeM XOPOLIO BUAHBI CJAOXKHAA
CTPYKTypa yJaapHON BoJiHL W ee audpaknus Ha pakere. Ha
¢ur. 9.21 nokaszaHbl AHATPAMME JHHHI YPOBHSl MJOTHOCTH
U YyHAeJbHOH BHYTpPeHHEH SHEPruy AJA CTALHOHAPHOIQ CO-
CTOSIHHSL.

§ 6. Pacuer ynapHbiXx BOJH H Pa3pbLiBOB

Bolie GBI paccMOTPeHBbl JHHeHHBle CBOHCTRA THAPO-
InHaMu4ecKnux ypaBHeuufi (ro1. 9, § 5, ra. 3, § 1), kKorna
He3aBHUCHMBIe BOJHBI Ma/oH aMIJIHTYAB MOTYT paclpocT-
paHSITECS CO 3BYKOBOH CKOPOCTBIO H CO CKOPOCTBIO Iepe-
Hoca. Ecim B cxkiuMaeMoRt cpeae CYLIeCTBYIOT BO3MYILEHHs
GOoNbIIOH AMIIUTYAB, TO BOJHH PAa3HOH JAJUHBI CBA3AHBI
¥ B3auMogefcTBylor. B uacTHOoCTH, HMeeTcs TeHAeHIHT
X riepejaue 3HEPTUU OT JJIHHHBIX BOJMH K KopoTkKuM. Umeer-
¢sl TaKXKe TEHJEHIHA K BO3pacTaHHI0 KPYTH3HB ¢poHTA
IJIHHHBIX BOJH, 4YTO MPHUBOAMT K 06pPa20BAHMIO Pa3pHIBOB
W yIapHbIX BOJH B cxkumaeMoll cpeje [76]. C Toukn 3peHus
runepGoNHIeCKUX THAPOAHHAMHUYECKHX YpaBHeHHH (OTCyT-
CTBYIOT BH3KOCTb H TEIIONPOBOJHOCTb) H3MEHEHHs B CO-
CTOSAHMM CPeibl MPOHCXO0ASAT CKAaTkoM HJAH pa3pbiBHO. B nef-
CTBUTEAbHOCTH K€ TOJUIMHA yAAPHOH BOJIHBE ONpenessiercs
XapakTepHOR AJAMHOH BSI3KOCTH, 4 HOCJeJHAS MOXeT GHITh
OueHL MaJiofl B COOTBETCTBHH CO CpefHedl AJuHOH cBOOOA-
Horo mpofera YacTHIl cpeibl ¥ IapHble BOJIHHI OGYCJOBIH-
BAlOT BO3PACTAHWE 3HTPONMH, TAK Kak BHYTPH HHMX MPOHC-
XOLHUT TeEpexof KHWHEeTHYeCKOH 3HeprHH KOPOTKHX BOJIH
B TEMJOBYIO 3HEPTrHIo.
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[TosiB/leHMe yJdapHbBIX BOJNH HJIH PA3PLIBOB B OTCYTCTBHE
BA3KOCTHON And@y3uH cTaBUT TPYAHHIe 3a4aud Tepej pas-
HOCTHHIMH METOJAaMH, TakK Kak Ha Pa3HOCTHOH CeTKe Helb3sl
OMHMCHIBATL BOJIHBI, AJHHA KOTOPHIX KOpoue, YeM IUAar CeTKH
A. Kak B ciyuae JHCKPETHOH HOHHOH CTPYKTYPH TBEPAOTO
Tesa, THe 3HeprHs nepenaercs oT AJHHHHX BOJH GOJIBIIOH
AMIJIATYAH K KOPDOTKHM BOJHAM, Tak H Ha pasHOCTHOH
CceTKe OSHeprusi HAKAIJIWBaeTCs] B BOJHAX HaHMeHblIeH
Aaunbl. CsemoBaTe/bHO, BO3HHKHOBEHHE YyAapHOH BOJIHBI

Dur. 9.22, Jloxnsie nequnefinpie Kosiefauus 3a GpPOHTOM YAapHOH BOJI-
Hbl, O6pasylomuecss NpH SHJIEPOBOM Pa3HOCTHOM pacueTe B OTCYTCTBHE
HCKYCCTBEHHOH BSI3KOCTH. :

Hnvea xonebaunil cesfsana ¢ MIaroM CETKH.

B pa3HOCTHOM peIUeHHH YpaBHEHHH THADOAMHAMUKH CXKH--
MaeMbIX Cpel BBHI30BeT OueHb OoJsbluye Kojefanus 3Hade-
HH# QYHKUHH B cocegHux ysjax ceiku (bur. 9.22). dror
YUCIeHHBIH 3(deKT He HMeeT OTHOWEHHA K (QH3HYECKUM
npolleccaM H K Oosee TouHbIM aupdepeHUHAIbHBIM YpaB-
HEHHAM M MOXeT CHJbHO HCKA3HTh AJHHHOBOJHOBYIO 4acTh
YUC/JAEHHOTO peIleHHs.

Haa toro utofbl M36aBHTbCSA OT 3THX KOPOTKOBOJHOBHX
apdexToB B pasnoctHoM peweHan, Hefiman u Puxrtmaiiep
[77] BBONMIA HedH3HUECKYIO HCKYCCTBEHHYIO BA3KOCTB, KO--
Topas npeobpasyeT HEPrHI0 KosebGaHHH Ha KpyNHON ceTKe
B TEIJIOBYIO SHEPrHio cpeinl. B pesyiabraTe Bce yapapHbie:
BOJNHL aBTOMAaTHYECKH VWIHPHIOTCS HA Da3HOCTHOH CeTKe
TaK, 4To rAyOMHa (pOHTa KaxkaoH yAAapHOA BOJIHH cO-
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CTaBJseT MO KpaiHeH Mepe HECKONbKO wWwaros ceTku. Ilo-
3TOMYy N0 aHaJjoruu ¢ ¢usuueckoll Bsizkoctsio (§ 1, m. 2)
B YPaBHEeHHsI THApPOAMHAMHYECKH cxkumaemux cpen (9.1)—
(9.3) Hy:XKHO 106aBHTb HCKYCCTBEHHYIO BS3KOCTb Wi

%0 1+ Vov =0, (9.94)
2+ (Vov) v=—V(pl + W), (9.95)
‘7"6 + pVv + Vpev = — W : Vy. (9.96)

C npyroii cropoHsl, eciH B paccmMarTpusaeMol 3ajade Jo-
CTATOYHO Be/JIHKa eCTeCTBeHHas Bf3KOCTb, TO, KOHEYHO, HET
HeOOXOAHMOCTH BKJAKYATh B VPaBHEHUS MONOJHHUTENbHYIO
HCKYCCTBEHHYIO BSI3KOCTbD.

IToaTomy nonbiTaeMcsl BBISICHHTL, B KaKo#l Qopme HYKHO
Opartb HcKyccTBeHHYI0 BsiskocTe W nan puddysumo. Hekye-
CTBEHHASI BA3KOCTb AOJIKHA HPHBOAHTL K AHPQPY3HOHHOMY
YIIHpEHHIo JI0GOTO pasphiBa J0 pasmepa, OOJBIIET0 deM
Har CeTkKH, HO MPH ITOM He JOJMHBI HCKAXKaThCA IAJHHHO-
BOJIHOBbIE 110 CPaBHEHH!O C IUAroM CeTKH KOMIIOHeHThl pe-
wenud. O6a o1y TpeOGOBaHUS MOKHO COBMECTHTBH, €CJIH HC<
TI0JIb30BATh KO3 GHIMEHT HCKYCCTBEHHOH BfI3KOCTH, 34BH-
CAIIMA OT MJIMHBI BOJIHH, TAK YTOGLI OH OBl GOJBIIAM /s
KOPOTKHX BOJH ¥ MaJbslM — JJI AJHHHBIX. B ozHOMepHOM
cjydae ypaBHEHHs /IS YCKOPeHHs H BHYTpeHHedl 3HEpTHH
MOXKHO 3amHcaTtb B BHIE

d d )
0 G =3 P+ ©) (0.97)
d d du’
P = —por—w o, (9.98)

rae w-— HCKycCTBeHHAasd BsI3KOCTb, KOTopas onpenpeleHa co-
OTHOILIEHHEM

Gv
P (9.99)

rAe ¢ — HOCTOSIHHAf H A——npOCTpaHCTBeHmﬁ rar CeTkH
{1, 77].

UseHpl HCKYCCTBEHHON BSI3KOCTH aNIPOKCHMHDYIOTCH IIO
SIBHOH DAa3HOCTHO} cxeMe IIEPBOrO NOPSAAKA TOYHOCTH (CM.
. 3, § 9, n. 1), OnrtumanbHoe 3HaYeHHE KOCTOAHHOH &

= — cpA2
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3aBUCHT OT TOH KOHKPETHOH Pa3HOCTHOM CXeMH, KOoTopas uc-
NOJIb3YeTC AJIA PelleHHs CHCTeMbl ypaBHeHUN, W HauJayu-
Ulee 3HaYeHHe HYKHO ONPENedTb C IOMOUIBI0O YHCJIEHHOTO
skcnepuMenta, OGLIYHO MOCTOSIHHAS € JEXUT B 0GJaacTH

0,05 < ¢ <2,0. (9.100)

Kosdpdpnuuent auddysnn mis ncnoibsyemoli  Hekyc-
CTBEHHOH BSI3KOCTH paBeH

Jv

v = cA? ,

L (9.101)

1 npuHUMaer Gosbluve 3HaYeHHS TOJAbKO B obaacTd OLICT-
peix u3aMehneHHd ckopoctH. MoxkHo Hafitm uncio Pefi-
HolbJca Ry, Xapakiepuaylomiee YHCAEHHYIO HCKYCCTBEH-
HYIO BA3KOCTb CXeMbi C IIaroM 1o BpesMeHd Al 11 mpocTpaH-
CTBEHHBIM miaroM A

l P
Ry —

cA2A[t;|<50| k2<0(kA)3'4‘tA—lil‘» (9.102)

rre 8v— pasHocTh MeXAY 3HaueHHAMH CKCPOCTH Cpeabl
B JIBYX COCENHHX y3Jax CeTkH, a k-— BoJHoBoe uucio. Or1-
METHM, 4YTO BCe COMHOXKHTeJM B NpaBoil yacTu HepaBeH-
ctBa (9.102) uMmeloT 3HaueHHs MOpsiAKa WKW MeHbLIE exH-
HHLBI, TaK KaK k— BOJIHOBOe 4YHCJIO KosaeOGaruii cpeabl Ha
cetke (kA << 1), a At|v}/A nonxkuo GHTb BHIGPAHO MeHbIIE
eluHUNBl B culy yciaosusi Kypanra — ®@puapuxca — Jlesu
(9.89). Orciona caexyer, 4To AASl AJMHHBIX BOJH HYHCIO
Pefinonbaca Bceraa ouedb BeJHKO, M, TakuM ofpasoM,
IJHHHBIe BOJIHBl HAa CETKe MHUHHMAJbHO IOJBEpIKEHLl BO3-
JeACTBHIO UCKycCTBeHHOH nuddysun.

Ecau mapamerp ¢ Beluk 1 6/HM30K K eAHHHIE, TO LIar
IO BpeMeHH MOxKeT ObiTh OrpaHuueH ko3ddHIHeHTOM HC-
KYCCTBEHHO! BfASKOCTH v [ypapHenue (3.53)], Tax xak useH
C HCKYCCTBEHHOH BSI3KOCTBIO AaNNpPOKCHUMHPYeTCs Mo $B-
HOMY MeTOAy HE€pPBOro MNOpSAKa TOYHOCTH, AJH KOTOPOIrO
JOJKHO OBLITh BHINOJHEHO JWHEHHOe YCJIOBHe UYHCJAEHHON
ycrofiyusoctn Kypanta — @ppmpnxca — JleBnn (9.89):

(ol+o) 84+ 280 <,

A

50 T (ToTF 00 " (9.103)

AT
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CyutecTByeT MHOXKECTBO APYTHX METOJOB PaccMOTPeHHA
paspbiBOB WJIM yLapubix BOJMH Ha pasHocTHOM cerke {1, 8l
B uacTHOoCcTH, MOXeT OKa3aTbCs yNOGHBIM BBOIHMTbL HCKYC-
cTBeHuyw Anud(dysHIO TONBKO BO BpEMS CXKATHSA, T. €. Bbi-
6paTh u/deH C HCKYCCTBEHHOH BS3KOCTBIO W B BHAe

coA? (—g;—)?, ecJsy % <0,
w= 3 (9.104)

v
0, ecan - =0.

Ecan HCrosib3yloTcsi METONBI, OTJIHYHbIE OT pPa306paHHOTO,
TO BCerga BamxHo A00aBAATL COOTBETCTBYIOIHUHA uJien

@ur. 9.23. Yaapuas Bosiza Ha PasHOCTHOR CETKe TPH BHECEHHH HCKYC»
CTBEHHOH BSA3KOCTH.

Dueprusa kKoseGaubi, o6ycaoBneHHBIX JHCKPETHOCTHIO CETKH, npeoGpasyercsd B TeM«
JIOBYIO SiiepTHIO.

B B ypaBHeHue SHepiWH w/iuW BHyTpenHeli sueprum (9.98),
TaK yTOOLl BHECEHHe HCKYyCCTBEHHOH Bf3KOCTH OBLIO COrja-
COBaHO C 3aKOHOM coxpaHeHusi 3Hepruu. Ha dur. 9.23 no-
Ka3aHO BJHSIHHE NONOJHHTENbHOH HCKYCCTBEHHOH BSI3KOCTH
Ha pacnpocTpaHedde yYAapHOH BOJIHBI IO Pa3sHOCTHOH CeTKe,

B nBymepuoM ciyyae nCKycCTBeHHAst BsI3KOCTb JOJIXKHA
HMeTb TeH3opHyw ¢dopmy (9.95) u (9.96). Ilpome Bcero
3TOT ABYMEDHbIl TEH30p MOJAY4UTb, 06061ast HCKYCCTBEHHYIO
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BaskocTb Helfimana wa aByMmepHHl chiyiali ¢ yyeroM
CXKaTtusg BAOJAb KaxJoro usmepeHusi. Torza B JeKapTOBBHIX
KOOPANHATAX C KOMIIOHEHTAaMH CKOPOCTH 4 H ¥ BAOJb OCel
X H Yy COOTBETCTBEHHO UJIEHBl HCKYCCTBEHHON BSI3KOCTH IIpH-
MyT BUj [78]

| ou | Ou o] Ov [ du
0eA’ | 5| 5 AR
y | Oy
W elowjao oroufan |0 ©109)
PR 3% | ox 9y | 3y

APHYCM BCe WIEHB anIpOKCUMHPYIOTCS C MOMOIIBI SBHOIO
MeToJa NepBOro Inopsiaka TOYHOCTH IO AHAJOrHU € CAHO-
MepHLIM CJayyaeM,

Cienyer oTMeTHTh, YTO R00aBJeHHe HCKYCCTBEHHOH Bf3-
KOCTH B Da3HOCTHbie YpaBHEHHs INPHBOAHUT K 4YHCJAEHHOI
auddysay, Kotopas nogasasieT KOPOTKHE BOJIHBI HA pasHo-
cTHOl ceTke. Tak KaK pasHOCTHBIMM METOZAMU H3ydaioT
B OCHOBHOM AJHHHOBOJHOBOE NpHO/JHIKEHne, BBeJeHHE Ta-
Koll uckyccTBeHHoH nuddysuu BHOAHE ONPaBAAHO, M 3TOT
IpueM MOXKHO HCIIONb30BaTh W B JAPYTHX CHCTeMax rumep-
60.114eCKHX ypaBHEHMH, OTJAHYHBIX OT ypaBHeHHH THAPOIH-
HaMukp cxkumaeMblx cpei. C apyrofl croponwl, BaXuo obe-
CIOeYHThL JHIIb MHHHMaJlbHOE HCKaXXeHHWe AJHUHHBIX BOJH Ha
PAasHOCTHON ceTKe, B CBS3M C 4eM CljejyeT HCIOJAb30BATh
Iuddysnio Tperpero MM veTBepToro mnopanka (mo kA),
H 1pH 3TOM caenyer nsberartbh umciaeHHoR nuddysuu Gonee
HU3KOTO Hopsiika, oOyCJaoBJIeHHON MJI0oXOIN pas3sHOCTHOI cxe-
Mmoit (rn. 3, § 5).

§ 7. Tuppocratuyeckoe paBHoBeCHE B MOAEAsX aTmocdepsl
n Muposoro okeana

1. ¥Ypasuenue meaxoid cpedol Ha 3eMHOU NOBEPXHOCTU

UuclleHHOe MOAenupoBaHue 3eMHoll aTMmocdepr H oxea-
BOB SBJISIETCA, OYEBHAHO, IVIABHBIM NPHJIOXKEHHEM BbIUKC-
JuTeNbHON QH3UKH KAK C TOUYKH, 3peHHs TpeAcKa3aHus MO-
TONbl, TAK U ¢ TOUKH 3PEHHS NMOHHMAHHS UHK/ANYECKHX [IpO-
HECCOB M CTPYKTYpHl 3eMHoli aTtmochepsl u Muposoro
oxkeana. Bnepswe B 1922 1. Puuapaconm mnpeanpuusl no-
NHITKY THAPOAHHAMHYECKOIrO OMUCAHUs 3eMHOH aTmocdepnt
[79], Ho paxke B HacTOsiLice BpeMsi MOJEAHPOBAHHE 3EMHOI
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atMocepn! W OKeanoB Ha KPynHefIMX BBIYUCIAHTENbHBIX
MallpHax MpexCTaB/AseTCss BechbMa TPYAHOH 3amaueiil).

ITpexkne Bcero ommcanne Kak seMHOH aTmocdepbl, Tak
u Muposoro oxeana Tpebyer pelleHHS TPeXMEPHOH HecTa-
UHOHAPHON TPAaHUYHOHM 3amaud, XOTA JAJS TOUHOTO H 0O~
JApoGHOro oOmHCaHHs AHHAMHKH atMochepbl M oKeaHa BO
BPEeMEHH HYXKHO euie HCIO0/ab30BaTh H OUeHb CJOMKHbIE rpa-
HHYHbIE YCAOBHR H YYUTHLIBATb TepPMOAHHAMHMYECKHE IIPO-
neccol. Mogenb oxeaHa JONKHA COXEPXKATH CJIOKHYIO IBY-
MepHyI0 Tomorpaduio AHa, a KpoOMe TOro, JOJKHA YUHTHI~
BaTp COJIEHOCTb, BeTPsl W TypOyieHTHsle npouecch [80]
B caydae armocdeps rpaHuuHbie ycaoBusi 60jee TPOCTH,
XOTst W 3J€Chb CJaefyeT YYUTHIEATb COPHHIEe padoHul. B TO
JKe BpeMs TepMOAMHaMHUECKHe NpoleccH B atMocgepe, Ta-
KHe, KaK HCHapeHHe BOJH, A0XKAe0Gpa3oBaHue, CONHeUHAH
pazpanug 4 T. A., MOTYT OBITb YPe3BHUAHHO CJAOXKHBIMH.
Ot 3pPekTHl DPOHCXOAAT JOKAJIbHO, HO OHH CBSI3aHBI
B AQMHAaMHKe Cpejbl KakK HCTOUHHKH M IIOTJIOTHTENH 3HEep~
ruu [81]. Ml He GyaeM 31ech paccMaTpPUBATh HH 3TH OUEHb
HHTepeCHLle H TOHKHe TepMOAMHAMHYECKHe HPOIEeCCH, HU
MeToAbl MoApolGHOro yuera Kpaesuix sd¢ekron [82], a qnup
HaMeTUM B O0LIMX YepTax OCHOBHOM cuocol popmMyanpoBku
ypapdennit aunamuku. Mivensno pemtenne ypasnennil auua-
MHKH CpeAbl M SBJISeTCSt OCHOBOIl MOMEAMDOBAHHS ATMO~
chepnl U OKeaHa.

Hunamuka ABHKeHHS Kak armocdepsl, Tak H OKeaHa
onuceiBaerca ypasHenneM Haswe — Croxca (§ 1) B cdepn-
deckux Koopauuarax (dwur. 9.24). Bnpouem, 3apmaua 3a-«
MeTHO YIpoIlaeTcsi, €CJAH 3aMeTHTb, YTO BepTHKAaJIbHAA
riy6uHa Kak OKeaHa, Tak M armoctdepbl MaJja IO CpaBHes
HHIO ¢ MX TOPH3OHTAJbHBIMH pasMepaMu. IDTO IO3BOJAET
cleJaTh ABa BAaXHLIX NpHOANXKeHHA. Bo-mepBuix, MH 06y~
JIeM CuMTaTh, YTO paauyc R M yCKODEeHHe CHJbl TAXKecTH &
He 3aBHUCAT OT BEPTHKAABHON KOOPAMHATH 2, #, BO-BTOPHIX,
MBI MOXKeM OTPaHHUYUTHCS NPHOMIIKEHHEM MeJKOH cpelsl,
culras, u4To BepTHKAJbHblE CKODOCTH Majbl MO CPABHEHHIO

1) Jo cux mop He YTPaTHJH CBOErG HDPOHHYECKOrO CMBICja CJl0Ba
Puyapacona, ckasaunble HM B 1922 r.: «Moxer GbiTbh, KOrZa-HHOYIb
B fJangekoM Byayiiem MOXKHO OyAeT NpelcKasnBaTh MOFORY panblie, yeM
OHa I1aCTYNHT, H CTOUTb 3TO OyAeT MeHblIe, UeM CPeACTBA, CZKOHOMJECH<
Lpie 61arofaps NOJyYeHHEM HAHHBIM, Ho mMoxa 310 JHIUb Medta,
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C TOPU3OHTAJLHBIMH. HO?TOM‘] OPEAnOJOXKHUM, UYTO Kak
B OKeaHe, TadK U B amoccbepe Cpexa HaxXOJLHTCH B BEPTH-
K&JbHOM THAPOCTATHHECKOM paBHOBECHH [ypasueune

@yur. 9.24, Cheprueckne KOOPAMHATH, HCMOAb3YEMHE AJH OTNCARIS
aTMochepn 1 MupoBoro okeana.

(9.65)] u uro naBieHre cpeldbl B TOYHOCTH YypPaBHOBEILH-
Baer ee Bec.

HcnonbsyeM KooOpAHHATHI, HMEIOUIHE CMBIC/A WIHPOTH @,
JOATOTHl (C 3amajga Ha BOCTOK) A M BEPTHKAJbHOH BHI-
(zo'rbl ZQ Maupiit 3eMeHT IJHHBL dA BIpaXKaeTcsi BeKTOPOM
¢bur. 9.24):

dh = {Rde, dz, Rcos pdr} (9.106)
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TpI/I KOMITOHEHTBI CKODPOCTH cpelbl HalijeM Kak

4= R cos @A,
v = R¢, (9.107)
w==2, )
e
w <L u, v

XoTsi ckopocTb BeTpa B aTMocdepe MHOrO MeHbIUE ~CKO-
pPoCTH 3ByKa, OHa [AOCTaTOYHa JJas HeOONbLIOro ciKaTusd
paspexeHHOro BO3Ayxa, M HJs TOr0 4ToObl OmHCaTh 3¢-
(exTbl CXKHMaeMOCTH, HYXKHO HCIOOAb30BAThL ypaBHeHMe He-
npepwiBgocty pasi miorHoctd  (9.1). Hamporus, Teuenne
MUJAKOCTH B OKeaHe CUMTAETCA HeCKHMaeMbIM, a NoJe CKO-
pocteil — coneHouganpHnM (9.19),

ITpexae Bcero ropHsoHTa/fbHasi KOMIOHEHTa CKOPOCTH
Cpeibl ompefe/sieTcsi U3 yYpaBHEHHSt COXPAHEHHs HMITYJabca
(9.2) B cdepuuecknx KoOpAHMHATAX, B KOTOPOM Mbl BBIIH-
CblBAaeM fIBHO BCE YJIEHB:

o} 1 ) 1 0
57 (ov) + Reosy 99 [{pvv) cos 9] 4 m‘aT(Puv) +

b . 1 9
+Fz—(pzzw)=—p(2g +—R—C%S—(-’;)usmq)—-—ﬁ-—a% + Fo;

(9.108)
D01 + o= o [(pup) 08 §) -+ o 2 (pu) +
a7 \P Rcosg dg puv) cos ¢} Rcosq OA puw),
a _ u . 1 Op
+Fz—(puw)—p(29+~————Rcosq))vsm(p——-———kcosq)m——l—F,v.
(9.109)

IlepBule ciaraemble B MPaBbIX YaCTsIX ITHX ypaBHEHHUH omnu-
CLIBAIOT KOPHOJHCOBY H LEHTPOGEXKHYIO CHJbl, KOTOpBIE
006yCOBNEHE BpalleHHeM 3eMJH C YILJOBOA CKOPOCTHIO
Q u BpauleHueM cpeiasl Ha cdepHueckoli mOBepXHOCTH!).

1}y dopMy 3TUX ClardaeMuHX JerKo YCTAHOBHTDL, paccMaTpuBas Ha-
NPaBJEHHOE K 3KBATOPY AelicTBie HEHTPOOEKHOM CHJABL HA MEPUIHO-
HaJIbHYIO CKOPOCTb ¢ M H3MeHeHHe IIMPOTHON CKOPOCTH U, OOYCJOBJeH-
HOe COXpaHeHHeM MOMEHTAa KOJIHUECTBA [ABHIKEHHS OTHOCHTENbUO 3eMHOH
ocH (cM., HanpuMep, paboty [83]).
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Fy n Fp— BsiakocTHbIE CHJIBI, KOTOPHE CO3AAI0T TypGyiienT-
noctb. Tak Kak paccmarpuBaercsi npuGAIKEHHE MEJKOII
Cpenul, TO BePTHKAJbHAf CKOPOCTb ONPEAESAETCSl COBCEM
Mo-IPYroMy, a MMEeHHO M3 YCJIO0BHS BEPTHKaJNbHOrO TIIApPO-
craTilueckoro pasHosecusi (9.65):

9 g (9.110)

dz

Tax Kax BepTHKa/JbHLII LI4T CETKH JOJJKeH OHTb MajblM
HO CPaBHEHHIO C IlaraMHd B TOPH3OHTAJbHLIX H3MEPeHHsX,
TO BaxKHO, 4TOOBI BEpPTHKAJbHAs CKOPOCTb @ BBIYUCIAIACDH
10 HesiBHOH cxeMe. IT0 MOXKHO CrenaTb Kak AJad aTMo-
chepbl, Tak W A5 OKeaHa, HCHodbsysl ycaosme (9.110)
H omnpejensis BepTHUKAAbHYIO CKOPOCTb BO BCE MOMEHTLI
BpeMEHH KaK pelleHHWe 3a4aud ¢ TPAHUYHLBIMH YCJIOBHAMI.

PaccmatpuBas atrmocdepy, Mbl JONOAHHM 3TH AuHA-
MHYECKHe YpABHEeHHs ypaBHeHHeM AJSl YAEJbHOH BHYTpEH-
Hell 9Hepruy cpeinpl M ypPaBHEHHMEM IepeHoca IJA JOKaJb-
HOro BoOAsiHOrO mnapa. B okeaHe cpela mnpejrnoJaraercs
HeCKHUMaeMoH, HO HYKHO elle JOMOJHHUTENbHO YYeCTh BJMsl-
HHe TeMIepaTypsl H CoJecojep:KaHus Ha BLITAJKHBAIOLIYO
CUJ1y Cpenbl.

2. Pewenue ypasrenuti Qunamuru armocpepol

Hsmkenne atmocdepbl OnpelejsieTcss TPeMs  «CHao-
BuIM#» ypaBHeHmsmn (9.108)—(9.110) u Hecramuonap-
HBIMH ypaBHeHHsMH aas niaotHoctd (9.1) W ynenbHoil BHY-
TpeHHeil sHeprun (9.3):

%%+er=0, (9.111)
7% (pe) + pVv -+ V(pev) = Q, (9.112)

rge Q ONHCHIBAaeT NOMOJHHTE/IbHBIE HCTOYHMKH BHYTpeHRelt
SHEPTHY M 3aBHCHT OT KOHKPEeTHOH MOAeJH, HO OObIYHO Be-
anunia Q colepXHUT 5GQEeKThl COMHEYHOro H3JIyuyeHHs,
CKPBITOIl TeIJIOTHl KOHJAEHCAUMH U napooOpa3oBaHHs, U 3d-»
GbekThl Harpesa, oGycsiosilenHoro auddysuenr [82]. B wue-
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nOoJNL3yeMblX chepHUeCKHX KOOpAMHATAX AWBEPreHIHs BeK-
TOpa UV NpHHUMAET BHJ,

. ! a 1 a o}
va:m 57 [(10) cos @] + e 7 () + 55 (nw).

Cssi3b MeX1y ylenbHol BHYTpeHHeH SHepruelt u pasie-
HHeM yCTaHaBJHBAeTCH C MOMOILIO YpaBHEHHS COCTOSIBHSA.
OObI9HO ¢ 3TOH 1ENbI0 MCIOML3YIOT ypaBHEHHE COCTOSIHUA
HIeaJbHOTO rasa

p6=vf_l, (9.113)

rle y-— OTHOLIeHHe YAeJNbHBIX TemIoeMKocrell. Hakonern,
cucTeMa YypaBHEHHH MOXKeT COZepKatb AONOJHUTETLHOE
ypasHeHHe, ONKCLIBAIOLLEE MePeHOC BOASHOrO Iapa B atMmo-
chepe.

Hecrannonapuble ypaBHeHHs AJA NJIOTHOCTH, YIeAbHOH
BIyTpeHHeH SHepruW H s TOPH3OHTAJLHBIX KOMIIOHEHT
uMnydapca B o0umeM cJaydae HYXKHO alNPOKCHMHpOBATb Ha
TpeXMepHo# sfinepoBofl pas3HoctHOM cetke (@, 2,A) C IO+
MOIUBIO SIBHBIX MeTOJOB BTOPOTO IMOPSAKA TOYHOCTH (CM,
. 9, § 6 u ra. 3). OgHako METOA onmpeneseHHsT BEpTHKA b=
HOH CcKOpOCTH @ cOBeplleHHO HHOH. CKOpOCTb @ BHLIUMCe
JsieTcsl B KOHIe KaxJoro iuara (Hay NoJOBHHHOTO wara)
[0 BPeMeHH H3 YC/AOBHS BePTHKaJbHOTO THApPOCTATHUE«
cKoro paBHoBecusi. YToObl NOJIYUYHTL YpaBHeHHe 5 @,
nponHopdepenupyeM ypaBHEHHe THAPOCTATHYECKOrO paBs
nosecus (9.110), B3AB ot 00eux uacTell papBeHcTBa Jarpats
JKeBY TPOH3BOJHYIO 110 BpEMeHH

o (dp dpY __
-2 W)-{-g(—dr =0. (9.114)

Torna npu ycaosuy, uto B MoMeHT ! = ( HauasabHBe yCJO0s
BHUSl 3a71al0T THApPOCTATHYECKH pPABHOBECHOE IO BePTHKAJH
COCTOsIHHE aTMOCdephl, faBJeHHe U IJAOTHOCTb Cpelbl B JIO«
6oli TOuke OyLyT H3MEHSITHCS B COOTBETCTBHH C ypaBhe-
nueM (9.114). 310 HaknanBIBAeT Onpefe/IeHHOE YCIOBHE Ha
BEpPTHUKAJBHYIO CKOPOCTb B JII000!I MOMEHT BpPeMEHH B JIO-
60fi TOYKe INpPOCTPAHCTBA, KOTOPOE MBI MNOJYYHM, NepenH-
cas ypasrenus gis nmordoctd (9.111) u nasaenns (9.112)
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Cpels! B Jarpamkesoll (opme N NPeAnogarast BHIIIOJHEH-
HBIM ypaBHeHHe COCTOSiHHS HiaeasbHoro rasa (9.113):

dp .
= oVv; (9.115)

2L~ — Vv (v~ 1)Q. (9.116)

Beipasus auBepreHIHI0 CKOPOCTII B BHAe CYMMB! BepTH-
KaJbHOH 1 ropusoHTasbLHO# Vv, yacredi,

Vv="2 4 Vv, (9.117)

MB u3 ypabHeHu#i (9.114)—(9.116) nosyuum crauxounap-
HOe ypaBHeHHe

a .
— =5z (vp 5% + vp¥vi) +
+(Y—1)-—~ W"VV;.)"O

OTKyha ¢ HOMOIBIO rHApocTaTHyecKoro ypasHenus: (9.110)
npuieM K 6o/ee yRo0HOMY COOTHOLIEHHIO

?w (v~ 1)pg ow
0z2 + Y 0z

=D 99 9 go _ﬂ-—T,])-)—‘?i(Vvh). (9.118)

9T0 ypaBHEHHE MOXKHO paccMaTpuBaTh Kak OZHOMEpPHOe
(no ocu 2) audpdepeHuuaspHoe ypasHeHHe BTOPOro mo-
psKa OTHOCHTEJNBHO W, W3 KOTOPOTO MOXKHO HafTH BepTH-
KaJdbHYIO CKOPOCTb BJOJb KaXKAOrO BePTHKaJLHOrO cTOA6a
B pacuete., Ha pasHoctHo#t cerke (@,2,A) ypaBHeHue
(9.118) npmHAMaeT BHA TPexXJHarToNaJbHOTO MATPHYHOIO
ypaBHeHUs JJIs1 BEPTHKajibHOH CKOPOCTH BJOJb KaXKAOrO
BEPTHKAaJbHOrO CcTO/0a CETKH, W 3TO ypaBHeHHe MOKHO pe-.
IWATL C TOMOWUIBIO IIPOCTOrO METOJNA INPOroHKH (cM, ra, 4,
§ 3). O6bluHo MCHOMB3YIOTCS TpaHHYHBlE yCJIOBHS oOpare-
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HHSsI BepTH}\aJIb‘lOH CKOPOCTH B HYJb B OCHOBAHHM ZyH yBep
IIHHB 27 aTMocgepHoro crondal) -

w(zg)=0, w(z)=0.

B 3aBucuMocTn OT TpeOyeMbiXx KOHKPETHLIX NPUJIOKeHHUI
HCH01B3YIOTCS pa3HooOpasubie Mojeau armoctepnl. [as
KPAaTKOCPOYHBIX TNPOrHO30B NOrofbl (Ha OXHH HJIH He-
CKOJbKO JHeH) MOJejupyeTcsl OrpaHHueHHass uacTb 1oO-
BEPXHOCTH 3eMJ/IH, TaK KaK 3TO jaeT BO3MOMKHOCTb yMeHb-
IATL WIAT CETKH H COOTBETCTBEHHO MOBBICUTH TOUHOCTbH IPO-
riosa Ha Ommkalimee spemsi. Hanpuwmep, ajag cyTodHOrO
npeackasanns noroasl B EBponme 06GBIUHO HCIIOJNB3YeTCH
MOJe/Jb, MOKPHIBAIOILASE TIPOCTPAHCTBO OT 3KBATOpa JO MO-
ASIPHBIX IIMPOT ¥ OT noGepexkbs Hbodaynanenna no ¥Ypadna.
C npyro#t croponbl, ads OGOABWINX MaciiTad0B BpeMeHH
Ba:KHO ONUCHIBATh BCIO atmocdepy, AJsl Yero UCHoAb3yloTCs
raobanbanie Mozenu. Ha ¢ur. 9.25 nokasaun nprimep peute-
IIHsl, MOJYYeHHOro ¢ [IOMOUIbI0 rjoGanpHON Moxead [84).

Cienyer oTMeTHTb, UTO Ha OJHOM [are CeTkK:H (mpu-
mepio 10—100 k), ucnosnb3yeMolt B MoZeasx atMmocdeph,
MOJAEKYJspHAsi BH3KOCTb npeHe6peKNMO Maja H MOXKeT
BO3HUKHYTb MeJKoMmacwrraGHaa TypOyJaeHTHOCTb. Takue
KCPOTKOBOJIHOBHIE §IBJEHHSI HeJb3s TOYHO OmucaTtb B JAHC-
KpeTHoll MOjieiH, 4TO ¥ [NPHBOJHT B KOHIle KOHIIOB K MoTepe
TouHOCTH pacdera. [loaToMy OGBIYHO HCHOAB3IYIOTCH 3IBpPH-
CTHYECKHEe MOJeJH BUXDEBOH HiIM TYpOYJEeHTHON BA3KOCTH
[85, 86], onnako sta npobGjeMa OCTaHeTCHd OCHOBHON TpyX-
HOCTBIO [0 TE€X HOp, MoKa He Oyaer pa3paboraHa CTaTHCTH-
yeckasl MexatuKa TypOyJieHTHOCTel ?):

3. Modeav Muposoeo oreana

MOIICJIPI, ONuChIBaIOLINEe JNBHXKECHHE OKEeaHHYECCKHX BOJ,
TCCHO CBASAHBI ¢ AHAJOIHYHBIMH MOACJISMH AJ5 aTMocq)epr.

") Bo Muorux MoAedfx atMocdeps BeDTHKAJbHYIO HE3aBHCHMYIO
nepeMenHylo 2 3aMeHSIlOT NOBEDXHOCTAMH YPOBHA  reonoOTEHUHaNa
d=-—gpdz, Upu 3TOM, HANDHMED, 'MAPOCTATHYECKOe YpPaBHEHHe YIIpPO-
waetcsa i npusnMmaer sun dp/dy = 1. C Apyroil cTOPOHN, YCJIOKHIIOTCS
TpaiHuibie YCJAOBHA Ha nosepxunocts 3eman. OcHOBHBIE MeTOAB, HCTIOMb-
3yempie B 06eux Mopaeasx, auajsoruusst, CMm,, Hanpumep, paGory [82].

2y Cw,, nanpuyep, padory {87} -
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@ur. 9.25. Jlunux ypoBus aTMOC(hEpPHOro DaBACHHS Ia HOBEPXHOCTH
3eMH B CeBEPHOM NOJYLIAPHH.

Pcluende Honyyero ¢ noMmoluibio Honycdepuueckod Moaend 3eMuofi atrmochepst H
Ha (QUrype NoKalal pesyabTat NpeNCKa3annd Ha 64 aud. JlMuMH yporus npoBejens
yepes Kaxable 8 MGap. [84].

OcHoBHOe pasiuiue COCTOMT B TOM, YTO BOJA jaaxe IPH
OLPOMHBIX JaBJeHHAX HecKHMaeMa, H I03TOMY JABHKeHHE
©e MOXHO ONWCBIBATL KaK HecxKuMaemoe TeueHue. € npy-
TOll CTODOHBI, HYXKHO YYHTHIBATD HOABEMHYIO CHIY, 06ycs
JIOBJIGHHYIO OYeHb HeGOJbUINMHU H3MeHeHUSAMH NJOTHOCTH
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BO/bI, CBA3aHHBIMY C TENJOBBLIM pacHIpeHHeM H COoaepiKa-
HHeM cosu B Maccax Boabl, Clef0oBaTe/NbHO, HYXKHO UCIOJb-
308aTb MOJeAH, B KOTOPBIX TedeHHd CTPOTO COJEHOMAaJbHH
[ypaBrerune (9.19)], Ho HeGoabllMe H3MEHEHHS IVIOTHOCTH
ONpefeasioTCsT W3 ypaBHeHHs COCTOAHHS (mpubinKeHue
Byccunecka). CymecrBenno, 4to U3 ypaBHeHUY pid HUM-
nyJ/bca yA4ercs HCKJIIOYWTb UJEHBl BBLICOKOTO AABJIEHUSA, HO
ele ocTaercsi BHITAJKHBalonias cuaa, obyciaosjaennas ren-
JIOBBIM paclUpeHHEM,

B npocreiiminx Momeasgx oKeaHa BepTHKalbHAast CKo-
POCTb @ He YUHTHIBA€TCH H HCIONb3yeTCd AByMepuasi Mo-
Jesb, NOKDHBAWLIAT NOBEPXHOCTh 3eMJH. Teuenne OmuChi-
BaeTcsl  ycjoBueM  Hecxkumaemoctd  (9.19)  coBmectno
C ypaBHEHHSIMU JAJAA FOPH30HTaJbHBIX KOMIIOHEHT CKOpOCTH
IypaBrenus (9.108) u (9.109), B KOTOPHIX NMJIOTHOCTL fpes-
noJslaraeTcsi MOCTOSIHHOM po]. Jaist Takoil cucreMbl ypaBHe-
nuii HanGoJsiee MOAXOAUT METOA peLleHHs, HCIOJb3YIOUHi
saBuxpenHoctb u ¢ynkumio ToKa (§ 2, m. 2), B Koropom
ypasuenne [Tyaccona aast GpyHKIUE TOKA Y, IPUHHMAET BUX

1 4 1 0%
7 3er (bs00s @) + 7 FpE =—8  (0.119)

a4 TOPH30HTAJbHBIE KOMIIOHEHTHl MOBEPXHOCTHOH CKOPOCTH
ornpeaeasioTes 10 QpYHKIHH TOKa:

o= Rccl)sq) a(‘bs(;;’sq)) . v=——t 2 (9190
W3 ypaBHeHHfd AJIs1 UMIyJabca MBl [oJdydaeM HecTanuoHap«
HOe ypasHeHue

it e G+ Q) F e oy Q)=

= Rclosq) (a<31;\.q> - 05)’ (9.121)

rjue
Q= (2@ + 75%;5) sin .

Bes urenos, crosuix B IpaBod YacTH H OMHCLIBAIONIHX
auddysuio BHXPed M NOBEPXHOCTHHI BeTep, YypaBhreHue
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(9.121) wumeer cMblcq ypaBHeHHWs IepeHoca IS NOJNHOR
3aBUXPEHHOCTH cpeAnl & -+ Q/, KoTOpas COCTOMT K3 Bpa-
EeHNnsA CpeAbl OTHOCHTEJNbHO 3eMJH WU BpauleHHA BMecTe
¢ 3emueli. Cucremy ypasueHnii (9.119)—(9.121) moxno
paspelluTb METONaMH, OMHCAHHBIMHA B § 2, n. 2, HAcTOAI-
mell rjaashl,

bpatian {80] pewnsn mosiHyio TpexMepHylO0 3ajgavy, B KO-
TOpO# OBUIM YUYTEHHl MaJjas BepTHKa/dbHad CXOPOCTb H TO-
norpabus oxkeanckoro AHa. Ilpoueaypa peulends COCTosiia
H3 pelleHUsi MOBEPXHOCTHBIX YpasHEHHH ¢ HOMOIIbLIO Me-
TOAa, M3/JO0XKEHHOrO BLIIIE, H OTHICKAHUA OT (JIOHEHHH OT MOo-
BePXHOCTHBIX cKopocTtell Ha Bcex raybuHax. Ecam

’ du ’ dv

U = — v_....__

0z’ dz '

TO MOMpPaBKH K TFOPH3OHTAJABLHBIM CKODOCTIM ONpele/siorTcs
u3 ypastennii HaBbe — CToKCa

o’ . 7 s e
T +VVu’+VVll ———(29 - W)U smq)+
w'vsing OF;,
+ Rcos @ +

_a.;—t 4 vV 4 v Vy =

v (9.122)

2u g dp
=(2Q+m)u sing + —+ R 0 + 02 . 9.123)

B sT0oli Mozenu ruapocraTHueckoe coorHomenue (9.110)
HCIIONB3YyeTCA JJIA MCKAIOYEHHS JRaBJeHds, HO MJIOTHOCTS
MOXKeT W3MEHATbCS, W B NpocTrelilieM Cjaydae 3TH H3MeHe-
HHSl CBSI3aHBl C TeMIepaTtypoll mocpelcTBoM KO3((pHUHEeHTA
TenJIOBOro pacHIMpeHHs o

Vo=—aVT. (9.124)

Bep'mx_anbﬂasl CKOpOCTb oOmnpeneasercda IAasg Kaxkaoro
BE€PTHKAJBHOTO cronba u3 yCNoBHsA COJNIEHOHAANBHOCTH MO~
TOKa:

2oV, {9.125)
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Pellenne pasHOCTHOH (GOPMBI 9TONC YpPaBHEHHsI MGIKHO MO-
JyYHTb C TIOMOUIbIO METOAa NPOTOHKH HJISI TpeXAHarolasb-
HOro MaTpuyHoro ypasuenus (cM. ra. 4, § 3). Huaa rpa-
HUUHOTO YCJIOBHSI IO W@ Ha IOBEPXHOCTH HCNOJb3YeTCs Tak

30°

60° 120° 180° - 120° 60° 0°

®ur. 9.26. Teuenns na HOBEPXHOCTH MHpPOBOrO oOkeana (u3 paGoth [88]).

HasplBaeMoe MpHOJHKEHHe <«TBepaoil KpBIIKH» W, =0,
uTo OfecrneynBaeT YyCTpaHEHHE -BBICOKOYACTOTHBIX NOBEpX-
HOCTHBIX BOJH, a TakKxke NOPWINBHO-OTJINBHHIX [ABHWXKeHHUIL.
K 3T0i1 cHcreme ypasHeHuii n06aBJ/silOTCSl ypaBHEHHS Ie-
peHoca JIOKAJIbHOM TeMIIepaTypel H coJecofepXaHus cpelbl.

Ha ¢ur. 9.26 nokasanbl NOBepXHOCTHBHE TeYeHHS B
MHPOBOM OKeaHe, paccudTaHHble C NOMOUIbIO TaKofl Mo-
nean [88].
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Fuapoaunamuka
€ JAJIbHOAEHCTBYIOIHMH CHJIAMM:
3Be3]ibl, NJa3Ma, MarHuTHble Cpeibl

§ 1. CamocoraacoBanHble 1OJst B CILUIOIHOM cpejie

Knaccuyeckne cpesipl, ¢ KOTOPBIMH TNPHXOAHUTCS HMETh
Jle 10 TNpH H3YUeHHH aTMocdephl WAH OKeaHOB, NpeJCTaB-
JasioT coGoit CHCTeMbl aTOMOB H MOJEKYJ, B3aHMOJEHCTBYIO-
X na KOPOTKMX paccTosiHuAXx. Ecap Takne cucTeMbl Ha-
XOASATCSH B JOKaJbHOM TEpMOJMHAMHUECKOM paBHOBECHH, TO
HX JBHXKeHHe ONHCBIBAeTCH TUAPOJHHAMHYECKHMH ypaBHe-
HUSIMH{ KaK JBHIKEHHEe CIIOUIHON Cpeibl, a JHHAMHKA TaKOH
CHCTeMBl ONpelensieTcss JaBJeHHeM Cpelbl, KOTOpoe 3ame-
HAieT GJH3KOAEHCTBYIOLINE CHJIBl YacTHIl (rJ1. 9).

[punuynsl onucaus CHCTEMBl YaCTHL KaK CIVIOUIHOMA
CpeAbl B PaBHOH CTeNeH# NPUMEHUMBl H K CHCTEMAM 4YacTHIL
¢ najapHONEACTBHEM, NMpH YCJAOBHH YTO TaKyil0 CHCTEMY
MOZKIO CYHTATh TEPMOAHHAMUUYECKH paBHOBECHOHN B KaXJIOH
.touke. CucreMbl aTOMHEIX sifep, o0pasylolux 3Be3liH,
MOXHO paccMaTpuBaTh Kak CIWIOLIHYIO Cpenly, npudeM Ju-
HaMHKY TaKoH cpejibl CJeAYeT ONMHCHBATE TpaBHTAHHOHHBIMH
110JIIMH, CO3AaBaeMbIMu o0beMHOH Maccol BeHiecTsa, B JIO-
TONHEeHHE K CH/JIAM JaBjeHHS. AHAJOFMYHO B mJa3Me H
B NPOBOJAALIMX CPelaX Npy ONHCAHUN JIBHIKEHHS CPeAbl Clies
AyeT yUUTBIBATL KAK TeIJIoOBOE JaB/eHHe, TAK H CaMocoraa«
COBAHHBIE 3JEKTPOMArHUTHBIE IT0JS1 CPEHL

I'paBuTannodHasi rHApoAHHAMHKA NMpPUMEHHMA /sl H3Y-
UYEHHS CTDYKTYDH 3B€3J U HX 3BOJIOUMH BO BpPeMEHH, AJ%
OMHCANHHS CO3ZAHHSA YHEPTHU B ALEPHBIX PeaKUUsX H NOTEPH
€e MyTeM M3JIyueHHs] H KOHBEKNHH, JJsi ONMCaHAs 3Be3AHOM
JHHAMHKH B NpoHeccax Ny/JAbCalud 3Be3f HJIH KaTacTpopu-
YECKOro TpPaBUTALHOHHOTO KoJjulalica CTapblXx XOJOAHBIX
3Be3l. MarautHasa ruppoxuHamuka (MI'Jl) mwupoko ucnonbe
3yercst B acTpodu3uke, reopusnke # B JabopartopHoi ¢u-
auke. Ona nmpuMeHHMa K CTOIb pasHblM IpoGJeMaM, Kak
COJIHEUHBIE BCOBIIKH, CTPYKTypa Maruurtocdepsl, mpobaemMa
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3€MHOTO AHHAMO H KOHTDOJIHPYEMBIH TepMOAJepHbBIf CHHTES.
A1 3ajaud CHJAbHO He/JUMHeHHbl, TaK KaK Cpefa co3jaer
riose. B cBolo oyepens CHJIOBOE NOJe JEHCTBYET Ha Cpeny, H,
3a HCKJAIOUYEHHEM NpocTeAluX 3aqa4, pellieHue MOXKHO HAlTH
TOJIbKO METOAaMH BEIYHCAUTENBHON QUIUKH.

PasnooGpasme siBjeHuit, ONUCHIBAEMBIX PaBUTALHOHHOMN
H MariuTHO# HApPOJUHAMHKAMH, UpE3BBIYANHO BEJHKO, H
IS YCHEIIHOTO MOJE/IHPOBAaHUSA YacTHOH 3ajaud MoOJeJb
JOoJKHA colepKaThb MHOKeCTBO TOHKUX 2(POdeKToB u
npouecco. Hanpumep, Bo MHOrMX 3agauax HeoGXOnHMO
HeTaJbHO YYHTHIBATH NPOLECCH HOHM3AUMH, siJepHble peak-
IMH, MeXaHH3MbBl M3JIy4eHHs H CJOXKHBE JH(DY3HOHHBIE 3+
¢dexre. KpoMe TOFO, B OT/IMYHE OT KJIACCH4ECKOH THAPOAH=
HAMHKM TEODHH FPaBHTALHOHHOH W MAarHHTHOH ruipojuHa-
MHK MeHee HArJfJHEL, a MO3TOMY YpaBHeHUS 4acTo OBIBAIOT
Henoonpenenensl. Huxe Mbr yaenum ocoGoe BHUMaHUe OC-
HOBHHEIM J[HHAMHUECKHM 3ajauyaM B3auMoAeHCTBHS B Cpene
€ CaMQCOT/JIaCOBAHHBIMH JaJbHOACHCTBYIOIIMMH CHJIaMH H
€rocofy onucaHHs TAKOTQ B3aUMOAEHCTBHS B BBIUHCJAHTEN b=
1oil MeXaHuKe.

B ra. 9 MBI paccMOTpeu rRAPOANHAMUYECKHE YpaBHEHHSA
Il KJIaCCHUYeCKOM cpefibl, ABHKEHHUE KOTOPOH OllpeResseTcs
ypaBHeHUAMH Mis nuotuoctH (9.1), MJIOTHOCTH UMIyJbCa
(9.2) n ynmesbno#t suytpenneit sueprun (9.3). Ilpunepxn-
BAfChb IIpOCTefillelt TOYKM 3DPEHHs, MBI MOXKEM yuecTb 3¢-
({eKT JasbHONEHCTBHS B Cpele, JOMOJHHB YpaBHEHHE A
HMOyJabCa HAM AJS YCKOpeHUs cpenbl o6beMHOA cujofi F:

p Sr-=—VP+F. (10.1)

Jast Toro uroGbi yuects aheKTs BI3KOCTH, RaBJAeHHE 3AeCh
3amicaHo B Bujle TeHsopa P (¢ cymMoil nuaroHajbHBIX 3Ji€-
MenToB 3p, rae p — ckajaspHoe nAasnaenne). Uro Kacaercs
cunpl F, TO Kak B rpaBHTAaUMOHHOH, TAK W B MAarHUTHOH
rUAPOJANHAMHKE OHA ONpeNesiseTcsl CaMOCOIIacoBaHHbLIM 00~
pa3oM CBOHCTBAMH HJIM COCTOSIHHEM' HCCIelyeMoHl Ccpelnl
B npocrpauctse u Bpemedd F = F(x, f). B HepeaaTusuct-
CKOHl cpene CaMocoracoBaAHAYIO 00beMHYIO CHIY TAFOTEHUS
MOKHO BBIPA3HTb C MOMOILbIO CKAJEPHOTO TPABHUTALHOHHOTO
norenyuana @:

F=pg=—pV®; (10.2)
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3TOT NOTEeHLHaJa olnpeleaeTcs H3 YypaBHeHHs HyaCCOHa
¢ pacnpeleneHHeM IJIOTHOCTH Cpe/lbl B npasoﬁ qyacTH:

V20 = 4nGp, (10.3)

rae G — rpaBUTalMOHHAs NOCTOAHHAA.

B rnonosnneHue K nepeHOCY .M 3BYKOBHIM BOJHAM — OC-
HOBHHIM IIpOLeCcCcaM KJIaCCHUECKoH Cpelbl — y4eT CaMoco-
rJ1aCOBaHHOTO TPABUTAUMOHHOTO NOJS CPeAbl BHOCHT 3¢-
(heKT rpaBUTALUOHHBIX KoseGanuil. Ecan L — XapakTepHbIi
IJs cpelbl MaciiTaG JJIMH, TO OCHOBHbIE 4acTOTHI, OMHCHI-
BaeMble YPaBHEHHSIMH T'pPABUTAUUOHHOH THAPONMHAMUKH, —
3TO yactoTa neperoca (o, ~ [V|/L), dacTotra 3BYKOBBHIX

—1 _—
sont (w, ~ L A/yplp, THe y — OTHOLIEHHE YAeJbHBIX Tel-
JIOEMKOCTell) H yacToTa TPaBHUTAUHUOHHBIX KOJeOaHuM

0, = A/ 4nGp. (10.4)

Bce sTi npouecchl MOTYT AaBaTh COBMECTHBIH 3PQeKT: Tak,
HampuMep, B3auMOAefiCTBHEe 3BYKOBBIX BOJIH U FpaBHTAlHON-
HBIX KoJieGaHUH NPUBOJHUT K SBJEHHIO MyJdbcauun 38e3x [89].
WMenno 3TH xapakTepHble 4acCTOTH CJelyeT NpHHUMATL BO
BHHUMAaHUe NPH HCHOJIb30BaHIM SIBHBIX METOJOB HHTETpHpO-
BaHUsl ypaBHEHHH.

IIpn paccMOTpeHHH MaxKpPOCKOMHYECKOTo  JABHMKEHIIA
NJ1a3Mbl WIH IIPOBOASINEH KUAKOCTH Cpely MOXKHO CUHTATh
3/IeKTPOCTATHYECKH HEHTpaJsbHOMN, M TOrLa OCHOBHOH CHJIOH,
JeHcTByomell Ha cpexny, Oyler cusa F BaaumofeficTsis
IBIXKYIIUXCSA 3apsiOB C MACHATHBIM II0JIEM,

F=-[j, Bl, (10.5)

rie B — npoduspiBalollee Cpely MarHuTHOe noJe, a j—
TJIOTHOCTb ToKa B cpefe. Ilosia onpelensiioTcs ypaBHeHHAMH
Maxkcsenna. B HepesnsiTHBHCTCKUX cpellax TJIOTHOCTh TOKOB
onpejessieTcs 3aKoHOM Ammepa:

i=-=1V. B], (10.6)

UTO MO3BOJISIET BBEIPA3HTb CHJY, HEHCTBYIOULYyI0 Ha Cpeny,
TOJIBKO yepe3 MarHuTHOe IoJe:

=—V(£ )+ BV)B. (10.7)
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®opMa nepBoro caraeMoro B 3TOM BHIPAYKEHHR aHAJOFHYHA
¢dopMe useHa, onHchIBaOMEro Hapiaenne B ypapuenusax (9.2)
# (10.1), u sra komnonenta cuspl F oxasbiBaeT Ha cpeay
BO3/NeHCTBHE, BIIOJIHE AHAJOFHUHOE JeHCTBHIO LaBJ/EHUS,
BTOpoe cjaraeMoe B Bhipaxenun (10.7) cBasanHo ¢ «HaTdA-
»KeHHeM>» CHJIOBLIX JHHUE nods. OTciona cjefyer, 4TO BAHS-
HHe MaruuTHOTO TOJs1 NPOABNSIETCS B OCHOBHOM B BHAE
«MATHHUTHOTO [aBJeHHs», AEHCTBYIOUIEr0 Ha NPOBOASHIYIO
cpeny.

HefictBylonlee Ha cpely MarHMTHOE IIOJIE HYKHO OIlpe-
Jleqiu1b CaMOCOrJIacOBaHHLIM 00pa3oMm, T. €. Kak noJe, CO3:
JlaBaeMOe TOKaMH, CBA3aHHBLIMI C JBHMKeHUueM cpeinl. Takoe
CaM9COT 1aCOBAHHOE MAFHUTHGE TIOJE ONpelensiercs 3aKOHOM
3]eKTpoMarHuTHOH nHAyKuHu ®apajes,

I 0B
4+ 24V, El=0, (10.8)

4TO BLIPAXKAeT COXpaHeHHe MarHHTHOrO MoToka (I 3 § 1),
npHYeM [0/ HOAUHHEHB! YCAOBHIO

VB = 0. (10.9)

AnekTpHueckoe nojie E, Bxoasilee B ypaBHenue coxpanenus
MaruutHoro noroka (10.8), 3aBHCHT OT KOHKPETHLIX CBOHCTB
onuchiBaeMoll npoBoAsimefi cpeab. [ns mupokoro Kpyra
MArduTHHIX Cpej 3JeKTpHUecKoe NoJje B CHCTeMe KOoopad-
HaT, NBHXKYyllelics co cpelodl (a/exkTpuueckoe nose JlopeH-
1a), cBSI3aHO ¢ IJIOTHOCTBIO TOKa 3akoHoM OmMa

E+ 5 [v, B]=mj, (10.10)

rie V— CKOpOCTb Cpefbl, a N — conpoTusaenye. [loacrasus
310 BulpaxeHue ana E B 3akon Papanea (10.8), noayunm
HecTalHoHapHOe ypaBHEHHE [Jif MArHWTHOTO NOJA CPEeMH:

B — Vv Bll=—[v,2 v, B]]. 011

Aro ypaBHEeHHe HMeeT TyiKe (POpMY, 9TO H ypaBHeHUA IJIA
OCTaJibHBIX NapaMeTPoOB Cpelibi, @ NMEHHO: IJIOTHOCTH, BHY-
TpPeHHEH SHepruu ¥ uUMmnyJbca. Bropof ujen B JeBOfi yacTH
ypaBHeH#a (10.11) onuceisaeTr nepeHoc u cxKaTHe, a NpaBas
YacThb ypapHenus — anddysuio maruuTHoro moas (ra. 10,

§ 2).
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B maruutsofi THAPOAMHAMHKE BHOBb BO3HHKAIOT Xapak-
-1
TepHble 4aCTOThl IlepeHoca W 3ByKa (co,,~]v|/L, w,~L X

X‘«/vp/p).Ho, KpOMe TOr0, MAariuTHoe MoJse NefCTByeT Ha
cpely kak jAasiesue [ypasuenne (10.7)], uro npusoauT K 1no-
ABJEHHIO aJb(PBEHOBCKHUX HJIM MArHHTO3BYKOBBIX BOJIH C Xa-
paxTepHoil yactoroil ws ~ Va/L, rae V4 — ajbdBeHopckas
CKOPOCTb, KOTOpass 0OYyC/JA0BJ€HA MarHHTHBLIM JaBbjeHieM
(n0 ananoruu co 3ByKOBBIMH BOJIHAMH),
2 B2
Va= Top * (10.12)
M cooTBeTcTBeHHO XapaKTepHble 4aCTOTHl 3BYKOBBIX BOJH,
IIEpPEeHoCa M a/b()BEHOBCKIX BOJH HYXKHO YYHUTHBATb, peuiast
ypaBHeHIss MArHUTHOH THAPOAHHAMHUKU IO SBHBIM CXeMaM.
B 3akniouenne moguepkHeMm, 4TO B OTJAHYMe OT 3ajad
KJIACCHYECKOH MHAPOAMHAMUKH paccMaTpHBaeMble B HACTOM-
el raaBe (QuU3HUECKHe CHCTEMBI copepxaT 3QheKTnl, CBs-
3aHHBle ¢ 3Hepruell noas. [lis camMoOrpaBuTHpYIOUIEH Cpebl
HJOTHOCTb SHEepriu paBHa

-——pCD+ pv“’-{—pa, (10.13)

IJe COXPaHeHHl NpexHHe 0GO3HaueHHs, W c/araeMble ONH-
CHIBAIOT IIOTHOCTb YHEPTHH FPaBHTAUHOHHOTO MOJSI, MAOT-
HOCTb KHHETHUECKOH SHepPrHH H INVIOTHOCTb BHYTpenuedl
3HEPTHH COOTBETCTBEHHO. AHAJNOTMYHO IIOTHOCTb 3HEPIHU
B MarHHTOTHJPO/ITHAMHYECKOH cpese paBHa

B? 1 -
U=—§R-+—2~pv2+ 0g (10.14)

¥ COCTOUT M3 NJOTHOCTH SHEPruHd MAarHHTHOrO IoJd, ILI0T-
IOCTH KHHETHYECKOH B3Heprud ¥ IJIOTHOCTH BHyTpeunei
snepruu. B cpenax ¢ uanbﬂouencmylomnwn CHJIAMH MOKeT
TIPOHCXOJHUTE OOMEH MeXNy sHepruefl nNojs H TeMJOBOH
sHepruefl, B pe3ysabTaTe yero BO3MOMKHBI CHJbHBIE H3MeEHE-
HUS mapaMeTpoB Cpeibl. DTO B (CBOK Ouepeab IMPUBOAMT
K CHJIBHOH HeJHHEHHOCTH 3ajay, @ XapaKTepHble JacTOTH
(rpaBuTanuOHNAs YACTOTa WA Aa]b()BEHOBCKas 4acToTa)
MOTYT BeCbMa 3HAUHTEJNBHO H3MEHSIThCSl B pacCMaTpUBaeMOil
o6sactn. Hanpumep, B 3agade o CTpOeHHH 3Be3Jl 3HaueHIUE
INIOTHOCTH MEHSeTcsl OT SiApa K MOBEpPXHOCTH Ha MHOLO 110+
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pAAKOB, TAK YTO TpABUTANHOHHAS YacToTa MOKeT OBITh
odellb O0JIbIIOH B 3Be3[HOM siApe W HMeTb IOpa3io MeHb-
llee 31aYeHHe B aTMoc(epe 3Be3isl. B pacuerax no sBHOH
cxeMe CTOMbL 60JbHIME H3MEHEHHS YacCTOT BLI3HIBAIOT TPY/I- .
HOCTH, CBA3aHHBIE CO CJAHMIKOM JKECTKHMH OrpaHHYeHUAMHU
Ha pesiu4dHy wara mno spemenn (§ 5).

Amanoruyno B MarsuTHoil TUJpPOAVHAMuKe IJIOTHOCTb
N/1a3Mbl MOXKET H3MEHATbC Ha TPH nopsiaka u OoJee, H
B paspeXkeHHOH nsa3Me a/jbdBeHOBCKAs CKOPOCTh CTAHO-

BHTCsS O4eHb GOJbLIOH (VA=B/1/4np). ITosTomMy anst pac-
cMOTpeHnst ofJactelfi ¢ HH3KHMH 3HAUEHHAMH IJIOTHOCTH
NPUXOJAHTCA HCNOJAB30BAaTh ClNelHaJbHBIE MOJE/H, TaK Kak
yesosne Kypanta — ®@pugpuxca — Jlepu nua ABHOTO 1iara
[0 BpeMeHM B TAKHUX 00J1acTsIX CTAHOBHTCHA CJAHMIIKOM orpa-
HHYHTENbHBIM.

Jrot Q)yﬂnamemanbﬂmﬁ adpderr ob6MeHa sHepruefl Me-
K]y TIOJieM M Cpefloll NPHBOAHT K G0JbIIOMY CXONCTBY IB-
JIeHHH TPaBUTALNOHHOH ¥ MarHHTHOH IHAPOJHHAMUK, B§2
3 u 4 nacrosimeft TaaBH Mbl PACCMOTPUM 3a71a4i MarHUTHOH
rHApOAUHAMUKHY, a B § 5 — rpaButrauHoHHOH THApOAMHA-~ .
MIIKH.

§ 2. YpaBHeHHs1 MArHUTHON TMIPOAHMHAMHKHM
H HX OCHOBHBle CBOWHCTBa

1. Biireposa (opma ypasHenus. . C60LCTBA COXPAHEHUS

3anumeM 3aMKHYTYIO CHCTEMY MarHHTOTHAPOAHHAMHUE-
CKHX ypaBHEHHH B COOTBETCTBUHM CO CKa3aHHHIM B § 1. Ypas-
nenus aias miaothoctd (9.1), miaotHoctu uMnyiabca (9.2) u
yIeJabHOH BHYTpDeHHeH 3Hepruu Kjaaccuueckod cpeabt (9.3)
JIOTNO/IHEHbl YPaBHEHHEM COXPAHEHUs MArHHTHOTO NOTOKA
(10.11), u B ii/IepOBLIX KOOPAHHATAX 3T CHCTEMA MPUHH-
MaeT CJIefyIomud B!

.

Jp

macca: '“a—t"

= — Vpv; (10.15)

umnyasct

0 ——V{ow +(p + Y =2+ (0.16)
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Ma2HuTHO NOTOK:

B L il .

o =[v. (v, B =3 1v. BY)); (10.17)
BHYTPEHHAR dHepeua:

%‘i =—pVv—~V(pev+q)+1>—V:Vv. (10.18)

«YpaBHenue COCTOSHUS» CBSI3bIBAET JaBJeHUe ¢ BHyTpeHneil
3Hepruefl W NJIOTHOCTBIO cpednl (cM. r 9, § 1, m. 1);

p=p (e, o) (10.19)

B npocrefimux MarHUTHHRIX CPelaX TeILIONPOBOAHOCTb ¢ H
TEH30p BA3KOCTH V (€C/IH BA3KOCTh HE pPaBHA HYJ/I0) MOXKIHO
XapaKTepu30BaTh FeMH K€ BBIPAXKEHUSIMH, YTO H MepeHoc
NOTOKOB B KJaaccHueckofl cpemte (cm. ria1. 9, § 1, n. 2).

CnenaeM HeCKOJbKO 3aMeUaHUi B CBS3H C 3TOH CHUCTe-
Mot ypaBHenni. B TpexmepuoMm caydae sTa cHCTeMa COCTOHT
13 BOCbMH HecTalHOHapHBLIX ypaBHeHu#. Ecin BA3KoCTb, €O-
IPOTUBJIEHNE ¥ TEMJIONPOBOJHOCTE OTCYTCTBYIOT, TO 3TH
ypaRHeHUs fABAsAOTCS runepbonundeckumu (ra. 3). Cornaacno
cKa3aHHOMY B § [, MaruuTHOe noJje BXOJHT B ypaBHeHHE
IJIS UMIynbca IOJ 3HAKOM ollepatopa [UBEPreHUHH, NpH-
yeM fAefiCTBMe MATHUTHOIO NOJISI NIPOSIBJSETCA B BHAE HaTdA«
JKEHHUS CHJIOBBIX JIHHHH, a TakKe B BHUIE JAOIOJHUTENbHOTO
nasaenuus. OCHOBHBLIMH HpoIleCcaMH, OMUCHIBAEMBIMU 3THMH
runepOoivyecKUMH YpaBHEHHSIMH, SIBASIOTCA NPOLECCH ne-
peHoca, 3BYKOBbIE H ab($hBEHOBCKHE BOJHHL.

Yyer BSI3KOCTH, TEIJONPOBOAHOCTH K CONDOTHBJEHHA
NPHUBOAMT K TOMY, UTO YPaBHEHHs CTAHOBATCH napabosnue-
cKHMHU. [l191 BBISICHEHHS BH/JAA NEPEHOCHLIX YJEHOB ypaBHE-
Hull BbIOepeM NpoCTyo Mogedb [91] cronkHOBHTeNbHOH lifle-
asbHOH Cpelbl ¢ IIOCTOSHHBIMH KO3(uIHeHTaMu BSA3KOCTH
|\, TEIJIONPOBOAHOCTH k u conmpoTuBJieHus v. Toraa umiendl,
OIIUCHIBAIOINNE BSI3KOCTb B YPABHEHHH JJISI HMMyJabCa, Ter-
JIOTIPOBORHOCTL B .ypPaBHEHHU [AJsi BHyTpPEHHel SHEeprii i
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CONpPOTHBMAEHIE B YpaBHeHHH A7 MAarHUTHOFO IMOTOKA, NpH-
MYT BHJ

b Viv — 4V (W), (10.20)
V2T, | (10.21)
1 B (10:22)

cootBercTBeHHO. Bee 3TH wienn ounceleaior Anddys3Hio A
NpHBOAAT K Auddy3ud uMnyJbca, BHYTPEHHEH 3HEPrHH H
maruuTHoro notoka. CoortsercTBenno 3Tu Autdy3uoHHbIE
NpPOLECCH, OTpakalolllne yMeHbUIeHHe SHepTUM IIOJA H Te-
UeHH$, BLI3BIBAIOT HATPeB CPellbl, UTO U ONUCAHO ypaBHeHHEM
JJIs1 TJIOTHOCTH BHYTpeHHel snepruu (10.18) B Buie sadpdex-
TOB J2KOyAeBa Harpesa (7j?) # BA3KOCTHOIO Harpesa
(—V:vv). )

CpoficTBa pelllennil paccMaTpHBAaeMOH CHCTeMbl ypaBlie-
HHA KOPEeHHbIM 06pa3oM 32BUCAT OT OTHOCHTENLHOH BeJH-
YHHB KOHKYDHDYIOUHX [pOLECcCOB: NepeHoca, 3BYKOBHIX d
anb(BEHOBCKUX BOJH (runepGosHyecKue mpouecch), ¢ OX-
HOMl CTOpPOHBI, W BSI3KOCTHOH AH((Y3UH, CONPOTUBJEHHS H
TeIJAONPOBOAHOCTH, ¢ Apyrofl cropoubl. ITosToMy mojesHo
YCTAHOBHTb OTHOCHTEJIbHYIO BEJHUHHY NPOLECCOB NMepeHoca
1 aH(dy3HOHHBIX NpoueccoB. JTo MOXKHO cleaaTb C IO-
Mollbio Ge3pa3MepHBIX unces (uucesn PefiHonbica), KOTO-
pbie cayxkaT MepoH npeoGsaazanus nepeHoca Hap auddy-
auedi. Ecam v — xapakrepHasi CKOpOCTb Cpefibl ¢ XapakTep-
HHIM MacwTaboM H3MeHeHHS napaMeTpoB L, TO MOXKHO
onpesiesinTh TPH uucaa PefiHodbAca Ans BA3KOCTH Ry, Ten-
J01npoBOAHOCTH Ry U conmpoTHB/eHHS Ry

R,— vﬁ? i (10.23)
Rk="—,ﬁ“i. (10.24)

4neL -
arr‘—— —n?—. (1020)

Ecnu wucao Pefinonbaca BesiMKo, TO COOTBETCTBYIOMHUH aud-
(bysnonusil apdexT mad.

M wuakonen oOTMeTHM, UYTO YpaBHEHUS IJIS MacChi
(10.15), umayasca {10:16) u maruutHoro noroka (10.17) 8
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MarHHTHOH cpeje 3amnucaHnl B KOHCEPBAaTHBHOR (opMe, UTO
O3HayaeT COXPaHeHHEe Macchl, HMMOY/bCa H MATHHTHOrO IO-
TOKAa B TAKOH cpelle. B NpOTHBONO/AOKHOCTL 3TOMY BHYTPeH-
HAA 3HEprusl cpeibl He COXpaHAeTCSI U COOTBETCTBYIOLlee
ypaBHesue (10.18) wumeer HekoHcepBatuBHYIO (opmy. Bu-
BeleM JIPYyroe KOHCepBaTHBHOE ypaBHEHHe, H3 KOTOPOro
MOXKHO HalTH BHyTpeHHOI0 3Hepruio, Hss sToro sameTim,
4TO I10JIHAsl HePrus cpeabl paBHa
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Teneps, nomuoxasa ypasuenua (10.15)—(10.18) u cxnannt-
Basi HX Tak, utobul B neBofd YacTH NOJYYHJIach CyMMd
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nojiyyaeM ypaBHeHHe COXpaHeHUsA TIOJIHOH SHeprun
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Horok snepruu g pasen

g= (% o0 Foe+-s 4 p) v+ (Vo) + 25 11, BlHa. (10.27)

TToToK 3HEpruH COCTOMT M3 CeMH CJaraeMbiX, OMUCHIBAOILNX
nepeHoC KMHeTHUeCKoH, BHyTpeHHell ¥ MarHHTHOH 3Hepruii,
paGoTy, BHIMOJHAEMYIO JABJEHHEM CPefibl H BS3KOCTHBIMIL
cunamu, Bektop I[lofiHTuHra, CB3aHHBI C Pe3UCTHBHOM
mi(’pq)yanen ¥ TenJolpoOBOAHOCTb., Ypasuenus (10.15)—
(10.17) u (10.26) 06pasyioT 3amMKHyTyIO CHCTeMy KoHCep-
BAaTHBHBIX ypaBHeHHI.

2. llepenoc u aazpawsicesa opma ypasHerul

Tak ke Kak ¥ B KJacCHYyecKoi rugpoauHamuke (ra. 9),
BCE CROHCTBA Cpejbl NepeHOCATCs BMecTe ¢ ABHKEHHEM ca-
Mo#l cpenbl. [ToaroMy ypaBHEeHHS NpHHUMAIOT OCOGEHHO NpPO-
ctyio GOpMy B CHCTEMe KOOPAMHAT, ABHKYUIEHCS BMeCTe CO
cpejoll, T.e. NPH HCHOOJb30BAHIM JIaTPaHKeBOH INPOH3BO/L-
-HOIl IO BpeMenH
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Taxaa dopma ypasuenufl He TOJLKO 00/JafaeT NpeuMylle-
CTBEOM HaTJJHOCTH H COAEP:KAaTEeAbHOCTH, HO H HO3BOJSET
pemath oJHOMepHEIE 32/ aull C MOMOLLLIO JIaTpAHKEBOH pas-
noctho# cetku (§ 3, m. 2).

Oco6oe BHHMaHHE MBI YAeJIHM ypaBHEHHIO NJis MarHHT-
noro nonst (10.17), KoTOpOE B NpeANoJOKEHUH, UTO CONpO-
THBJ/ICHHE IOCTOSIHHO, MOXHO Nepenncarbh B BHIeE

oB i
= -+ (Vv) B — (VB) v =1 V’B, (10.28)

3/ech HCMOJb30BAHO YC/IOBHE COJIEHOMAANBHOCTH Mar-
nutaoro noast (10.9). Jduddepenunpys AnuBepreHTHHE uJle-
Hbl, 3anuiieM 3HJaeposnl ypasHeHus (§ 2, u. 1) B marpanzxe-
BOH Qopme:

macea: %‘;’— = —pVy; (10.29)
d B2 B

yekoperue: pa‘i = — V(p -+ g) +V (—;’% — V); (10.30)

MQeHUTHbLIE ROTOK: %IB— = —B(Vv) + (BY)v + %VZB;

(10.31)

BHYTPCHHAA JHepaus: P %‘;— =—pVv4Vq+ni2—V.:.Vv.

(10.32)

QOueBnjHO, YTO MAarHHTHOE MOJe TMOJABEPKEHO mepesocy,
TaK e Kak H Macca, u BHyTpeHHssl sHeprusi. Kaxnoe us
NepBLIX CJaraeMblX B NMpaBoOf YacTy YpaBHEHHH CBA3aHO CO
CXKaTHeM Cpefbl, YTO MNPHBOAHT K INOSBJACHUIO 3BYKOBHIX
BOJIH, & TaKXXe NPOAOJBHHX a/Jb({BEHOBCKUX BOJIH HJII BOJIH
cxkarust. Unenst VBB u (BV)v cBsizaHbl ¢ HaTsiKeHUeM CH-
JOBLIX JHHHA MAarHUTHOTO MOJs, KOTOpPOe OO6YCJAOBJAMBAET
nonepeyHoie a/lb(BeHOBCKHe BOJHB, a OCTajbHbIE dJIeHbI
ONuCHIBAOT AUPPY3UOHHBIE TPOUECCHL

3. Fnepeusn uoHO8 U 3AEKTPOHOB 8 NAAIME

Maxkpockonnueckoe ONHCaHWe MJAa3MBI CAYKHT Hanbo-
Jiee BaXKHBIM IIPUMEPOM NPOBOAALIMX CPel, U er0 PaccMo-
Tpenuio Mpl yaeaum ocoGoe suumanue [25, 91). Tloanoctsio
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HOHH30BAHHAS NJa3Ma COCTOHT H3 JBYX KOMIIOHEHT: U3
9JICKTPOHOB ¥ HOHOB, IPHYeM B OUeHb IJIOTHOM MJa3Me ycra-
HABJIMBAETCS pPABEHCTBO JHEpPTHH 3JEKTPOHOB M HOHOB.
B 3ToM ciyyae mJsia3My MOXKHO paccMaTpHBaTb KakK OLHO-
KOMTIOHEHTHYIO Cpefly, NONUNHSIOULYIOCS YPpaBHEHNIO COCTON-
Husl HIeaNbHOro rasa, ¥ A/ Hee NPUMEHHUMBI CHCTEMDI
ypaBuenufi, onucaunble B 1. 1 u 2. OgHaxo B Gosee paspe-
JKEHHOH 1J1a3Me 3JIEKTPOHB! M HOHBI CJefyeT XapaKTepH3o-
BAaTb Pa3/JHYHLIMHM 3HAUEHUSMH RHYTpPeHHEH 3HEDPIHH U AaB-
JeHud. BseneM yae/sbHYIO BHYTPEHHIO 3HEPruio 3JEKTPO-
HOB €& U HOHOB g;. Kamkpas H3 3TUX BeJUYHH CBsi3aHa
C COOTBETCTBYIOUWIM JaBJeHHEM INOCPeJCTBOM YpaBHENHs:
COCTOSIHHS! HAEANbHOTO ra3a:

=TT
e oy — y
o (10.33)
Y CE

Hononuum ypaBHeHHS AJs1 VIOTHOCTH, HMITY.1hCa Il Mar-
HHTHOTO NOTOKA JBYMsl YpaBHEHHSMH JJisl BHYTpeHHel suep-
THH 3JIEKTPOHOB U MOHOB:

IACKTPOHbL
a . p(e; —¢,
Et_(pﬁe)= —peVV —V(pGeV —keVTe) +7\]2+"§"@‘-’;
(10.34)
UOHbL
g p(e.—¢;)
3{(931‘)=—Pi Vv —V(oe,v— £, VT)) —V :VV‘I“—T——-
BHID
(10.35)

HaBsienne, BXozaslilee B ypaBHeHUe /sl HMIIY/bCa, paBio
CyMMe JaBJleHHH, CO3JaBaeMHBIX 3JEKTPOHAMH H HOHAMH
B OTJeNbHOCTH. HYXXHO OTMeTHTb, YTO NMPUXOJHTCS HCNOJb~
30BaThb OTJ/e/]bHbHEC HOHHYIO H 3/JeKTPOHHYIO TelJONpPOBOA-
HOCTH k; u k.. IlxXkoyneBo temno, oGyciopiaenunoe Anddy-
3uell MarHUTHOTO TOJIfl, «[PEeT» TOJNbKO 3JeKTPOHb (TaK Kak
OTHOLIEHUe 3JIeKTPOHHOH M HOHHOH Macc Mano), B TO Ke
BpeMs BA3KOCTb OOLIYHO CBSI3LIBAIOT TOJMBLKO C MOHHOI KOM-
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nouentoll cpenpl. [Tocseanne wieHs ypaBHeHH# OnHCHIBAIOT
BbIPABHYUBAlINE 3HEPTUH, CKOPOCTH KOTOPOTO 3aBHCHT OT Bpe~
MeH! BbIPABHHUBAHUS Tayp.

B nnasme xoadduuyenTrl epeHoca, CBsisaHHbIe ¢ COPO-
THBJCHHEM H 3JEKTPOHHOH TeIJIONPOBOJHOCTLIO, II BpeMs
BLIDABHHBAHHSI 3aBHCST OT 4YaCTOTH 9/EKTPOH-HOHHBIX
CTOKHOBEHHH. IDTH KO3()PULINEHTH CHJAbHO 3aBHCAT OT
IJOTHOCTH H 3JIEKTPOHHOH TeMIepaTypll, B pe3yJapTate 4ero
a1 dysHonHBIe YseHpl CTAHOBATCS HesnHeHHbIMH. AHAJO-
THYHO HOHHA$ TeIJIONPOBOAHOCTb R; W BA3KOCTb (L 3aBHCAT
OT 4acToTH HOH-HOHHBIX cToskuoBennfi [92, 25]. Ilpocrtme
BbIDAYKEHHA AN 9THX KO3(QGhUUHAEHTOB B BOLOPOJHOH n/aas-
Me npupesens B Tada. 10.1.

Tabauya 10.1
Koadduuuentn nepeHoca aas BOZOPOXHOH NAA3MbI

f — JIOTHOCT b, k — nocroausas Boasumata;
my ~ MacCa 3/J€KTPOHA; ¥;; — HacToTa HOH-HOHHBIX
m; — Macca HOHa; CTOJKHOBEHHH;

T, — snexrponkas TeMmneparypa; Vg; — YaCTOTa 3JEKTPOH-HOHUBIX
Ti — HOHHad TeMueparypa CTOMKROBEUHH;
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§ 3. Meroab ogHOMEPHOK MATHUTHON T'MAPOAMHAMUKHU

Kaxk yxe ormeuanocs B § 2, cBoficTBA MATHHTOTHAPOILH=
HaMHUYeCKUX ypaBHEHUH oueHb OJH3KM K CBOHCTBAM ypaB-
HeHHH THAPOAMHAMHMKM CKUMaeMbix cpen (ria. 9, § 5). Oro
CXOACTBO 0Co0eHHO BeJHKO B CJydae OJHOrO NPOCTpaH-
CTBEHHOTO H3MepeHHd, KOUJa He INpOABJSIOTCH BEKTOPHBIE
CBOMCTBA MarHUTHOTO noJssi. [T1oaToMy Bce MeTOAbl pelleHus
3a5a4 THADOAMHAMUKY ITPUMEHUMB MO KpafiHell Mepe K Of-
HOMEDHBIM MAarHUTOTHAPONHHAMHYECKHM 3amavaMm. B yacr-
HOCTH, MOXXHO HCIIOJIb30BaTh JarpamKeBy HJAH 3SHJEpOBY
Pa3HOCTHEIE CETKH, 4 TaKKe sIBHHIE cXxeMH Jlakca, Jlakca —
Bennpodda, cxempl ¢ mepeliaryBaHMeM M TOYTH BTOPOTO
nopsigka toyHoctu (ra. 3, § 7). Kak u B k1accuueckoit Tui-
poaHHAMEKe, 1As CJIy4Yasl OJHOTO NPOCTPAHCTBEHHOrO H3Me-
peHns Gosblie MOAXOAUT JaTpaHKeBa ceTKa, TaK KaK HA Hel
JIETKO pa3pellnuMbl TPYAHOCTH aNIpOKCHMAaLHH IIePeHOCHOrO
YjeHa& H, KpoMe TOr0, Maabl 3(eKTsl YHCAeHHON AucIepcHu
u audbysuu.

Ho Bce-rakm B MarmutoruapoiuHaMHYeCKHX 3ajayax
CYWEeCTBYIOT H JONOJIHHTEJNbHBle TpyAaHOCTH., B wacTHOCTH,
B 3ajayax KOHTDOJHPYEMOrO TEpMOSJEepPHOTO CHHTEe3a MO-
XKeT HMeTb MecTo OaJiaHC MM NpUOJHXKEeHHOE DaBHOBECIHE
MEKIy JaBJieHHeM Cpeisl p U MAarHUTHHIM napienuneM B?/8x,
H B pe3yJbTate NpH HaJHUUH OBICTPHIX NMpOLECCOB, TaKuX,
KAK 3BYKOBHIE U aJib®BEHOBCKHE BOJIHBLI, MPUXOLHTCS Clie-
IHTb 32 pELICHUsSIMH B TeueHHe JMuTe/JbHOTO BpeMenH. Ilpu
HCHO/Ib30BaHNY SIBHEIX MeTOJ0B ycaoBue Kypanta — ®dpua-
puxca — JleBu TpebyeT oueHb GOJBILIOrO, BO3MOXKHO, HENO-
CTynHO GOJIBIIOrO 4ucJ/a Iaros 1o speMenu. [Tostomy B Ta-
KHMX 3ajayax payHOHaJbHee IPHMEHSITb HeAB8Hble MeTOJibl,
OAMH H3 KoTopnlx [93] u Gyner onmcau B § 3, n. 2.

B oTsuune or K/aaccuueckod FUAPOIHMHAMEKH 114 3278
MarHUTHOH THAPOAMHAMUKH (a TakKkKe M TI'DaBHTALHOHHOH
THIPOAHHAMHEKH) XapakTepHa ellle OfHA JONOJHHTENbHAA.
TPYJAHOCTb, CBsI3aHHAsl C OUYeHb OOJIBIIMM JHANA30HOM H3-
MeHEHHS JOKaJbHBIX IIapaMeTPOB OJAHOHM U TOH Ke 3amauu.
Tak, manpumep, cneuyuajbHbie MeTOJB HEOOXOANMBL AJif
paccMoTpenusi 06JaCTH HH3KOH IIOTHOCTH HJAH <«BaKyyM-
Hofi» o6sactu (§ 3, n. 4). KosdduuuesTn mepeHoca ToxKe
MOTYT M3MeHSITLCSl Ha HeCKOJIbKO MOPSAKOB B ONHOH 3ajaue,
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[03TOMY Jydme Bcero Oblio Obl U AHQPPY3IUOHHHE UJEHEH!,
KOTOpLIe B c/ydae nepeMeHHbX Ko3(pQUIUeHTOB HeJHHEHHbI,
annpoKCUMUPOBATEL HessBHEIMM MeToaamu (§ 3, m. 3).

1. flsnbie merodet, stiseposa u araepanmicesa ceTKU

3anumeM ypapHeHHs MarsUTHOH THAPOAMHAMHKH B pas-
HoCTHOH (OopMe Ha pexkapToBOH 3H/epoBoit ceTke. s 3TOrO
Mol oT6pocuM Auddy3HOHHbIE YJieHBl M NPELNONOKUM, UTO
BBINOJIHEHO YpABHEHHe COCTOSIHUSA HJeanbHOTo rasa. B oxqHo-
MEPHOM CJly4ae JULIb OJHa KOMIIOHEHTa CKOpOCTH OTJHYHA
OT nyJad, n Mbl OygeM CyuTaTb, 4YTO Y MATHMTHOTO NOJAR
TOKE HMEeTCsl TOJIbKO OAHa HeHy/eBas KomnoHenTa, Wa
ypasrenuil (10.15)—(10.18), Briunicass sBHO NPON3BOAHBIE
BCeX YJEHOB, MBI NOJy4YaeM INPOCTYI0 cucteMy nuddepen-
UHa/IbHBIX YpaBHenui:

- 9% 9% _  ov,
HAOTHOCTS: =" U%; — P35
cKopocTo: 9o, 1o B 9B,
ot ox p 9x 4np Ox 10.36
MazHt . 9B __ L ,9B _pov. (10.36)
HUTHOE NOAE: == — U7 =
. op ___ . Op du
dasaenue: =V — VP 5

CX01CTBO 3TOI CHCTEeMBl C CHCTEMOH YpaBHEHHH THApOIH-
HAMHKH cKUMaeMbix cpex (ra. 9, § 5, n. 2) mosBoJsier pac-
CMOTpPETb OCHOBHOH fIBHBIH 3{JIepOB MeTOJ Ha MpHUMepe He-
KOHcepBaTHBHOH cxeMnl Jlakca (cm. ra. 3, § 7, n. 1). HosHe
SHAUEHHS MEPEMEHHEIX B MOMEHT BpeMeHH n--1 #a npo-
cTpancTBeHHOH ceTke 1 <C j << J BRIUHC/ISIOTCA 110 QOpMY-
Jam:

HNAOTHOCTS:
pjr = (91+1 +0jy) Y 5% 2A (91+1 "p'/l—l) -

— 0/ 3 2A (”m vi1);
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;

CKOpOCTY:

vjtl= —(vi+l + 07-1) Ui 5K 2A (UI-H ﬂ_x) -
1 /
—‘E‘ 9A (pH‘I p/ l) 4ﬂp 2A ( 7+1 B?—l);

maenurroe nose:
n+1
Bj (Bi+1 + Bl—l) vy TN (BH-I 37—1) -

At n
— B} 55 (ofs1 —0j-1);
dasaeHue:

At
=z (p’+‘+pf D) =0} g5 (Pl —PEo) —
At
= v} 35 (¥ —9}-,)- (10.37)

[af ficcnefoBanus YCTOAYHBOCTH NPOBEJeM JiMHeapusa-
umio cuctemnl ypaenenuft (10.37), cuuras, uTo Ko3¢pdu-
UHEHTE MPH NPOCTPAHCTBEHHHIX NPOH3BOJHLIX TOCTOSHHAL
B HEKOTOpO# JiokasibHO oOnacTH. Takoe mpeinosoxeHue
€CTEeCTBEHHO NpU HCCAefOBaHUH BO3pacCTaHHs MaJsof olHb-
K. Marpuua nepexoma jasist NPOCTPAHCTBEHHOH rapMOHHKH
dypbe ¢ BOJHOBHIM UMCIOM kR HMeeT BHI

B —iav} —iap} 0 0
0 p—iav? — iaBy L1
— Qu; —_ — [0 —
G (At k)= ! 4np} o} 1, (10.38)
0 —iaB" B — juv? 0
0 — layp? B — iavy

rae f==cos(kA) nu o=[Afsin (kA)]/A.
Marpuna nepexona G nmMeeT ueThHpe COGCTBEHHBIX 3HAUEHHS

8, =P — a0},

: wi  (B)
=f — T - /\/__ A A, .
8, =B za{vl = o -+ a7 | (10 39)
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B 3aBucuMocTu OT 3HakKa CKOpoCTH mepexoca 0} Haubosib-

KM 110 MonyJ/o Oyjaer coOCTBEHHOE 3HadeHHe gz HIH g4 H
IJsi BHUIOJHEHHS ycjoBus ycroifunBoctn Hefimana (3.47)
IIar o BpeMeHH AoJiKeH GHTb NOAUYHHEH HepaBeHCTBY (yc-
aosue Kypanra — ®puapuxca — Jlesn)

A

o+ A/ 24 GO
o

n

Af <

(10.40)

DTO yCJAOBHE OueHb MOXOKE HAa aHaJIOTHUHOE YCJOBHE,
HoJyyeHHOe A8 3ajay THAPOLMHAMHKH CHUMaeMbIX cpef
(rn. 9, § 5, 0. 2), HO CKOPOCTb B 3HAMeHaTese BBHIPaXKEHUs
(10. 40) cocTouT N3 CYMMBL MOAyJel CKOPOCTH LEHTpa Macc

Il «MarHUTO3BYKOBOH» CKOPOCTH U, =,\/v§ +v?, re vs—

3TO CKOpPOCTb 3BYKa, a 04 == B/4/4np — anbdBeHoBCKas
CKOpOCTb, 00YC/I0BJIE€HHAsT MArHMTHHIM [JaBjeHueM, BHOBb
yCJIOBHE YCTOHYHBOCTH O3HAYaeT, 4To CeTOUHAs CKOPOCTh
A/At nomkua GuiTh GOJblIe, 4eM LOIJIEPOBCKH CMEUIeHHAd
Mar{uTO3BYKOBasl CKOpPOCTb B 3HaMeHarteje Jpobu (10.40),
KOTOpas sABAfeTcs naunGosbluell CKOPOCTbIO Ha pa3HOCTHOH
cetke. TakuM oOpasoM, nocjelHee YC/I0BHEe YCTOHYHMBOCTH
HaKjaazabiBaeT Gosee MeCTKHe OTpaHHYeHHs HA IIar no spe-
MeHH, ueM B FHAPOJHMHAMHYECKHX pacueTax. B To xe BpeMms,
Kak Il B I'HAPOAMHAMHKE, CUCTeMa ypaBHEeHUH HeJuHelHa,
TIOTOMY YCJIOBHE YCTOHUMBOCTH AOJXKHO OHITb BHINOJHEHO
BO BCeX y3/ax CeTKH, a IIar no BpeMeHH OrpaHH4YeH Hau-
GONbLIIHM 3HAUEHUEM MAaTHHTO3BYKOBOH CKOpPOCTH HA CeTKe.
Ilpu >ToM orpaHuueHue INara no BpeMeHH, OOYCJIOBJIEHHOE
60JbLIOH a/b(BEHOBCKOH CKOPOCTBIO, CBSI3aHO C CYL{ECTBOM
3a7a4i ¥ He JOJNKHO ObiTb HApYIIEHO, a B OTJNYHE OT O6bIU-
HOH rumpoanHamuku miaotHocth MI'[l-cpenwt B HekoTOpofl
06J/1aCTH MOXKeT OKas3aTbCsl OueHb MaJod. B TO BpeMs Kak

CKOPOCTb 3ByKa U;==+/yplp ==+/ykT/m (k — nocrosiHuas
BoJabumaHna, m — Macca YacTHUB) 3aBHCHT TOJIBKO OT TeM-
neparypsl cpeisl, aib}BeHOBCKas CKOpOCTb 0OpaTHO Tpo-
TOPUHOHAJIbHA KBAApaTHOMY KOpPHIO u3 motHocTH. [TosTomy
BO H30exaHue ype3MepHO MEJKOro luara no BpeMEeHH NpH-
‘XOAUTCSl HCTOJNb30BAThL creunaibHble Metounl (§ 3, m. 4)
paccMOTpenusi «BaKyyMHOf» 06J1acTH.
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Cilepyer OTMETHTb, YTO MBI pacCMOTpesH [POCTeflIyIO
PA3HOCTHYIO peanu3anuio sBHOrO 3fsepoBa Metofa. Ecuan
pasHocTHbIe ypaBuenusi (10.37) mepenucaTth B KOHCEPBATHB-
Ho# (opMe, TO UX JUHEHHBIe CBOHCTBA M, B 4ACTHOCTH, YC-
gosne ycrofiumpoctd (10.40) ne u3amenpsitcds. Ho ¢ Touku
3peHHA HeJMHHEHHBbIX ABJEHUH, TaKUX, KaK yJapHble BOJIHDI,
U UHTETPasbHBIX PU3NUECKHX 3aKOHOB CJeLyeT IIpeanoyecTb
KOHCEPBATHBHYIO Pa3HOCTHYIO aNnpOKCHMAIHIO.

KpoMe Toro, s ywmenubiienns 3¢GHeKToB AuCnepcuu H
IumdPy3un Ha pasHOCTHOH ceTKe OOBIYHO NPHUXOJAHTCS HC-
N0Jb30BaTh KOHCEPBATUBHEIE METOAbl BTOPOTO NOpPSJAKA TOU-
HOCTH, Takue, Kak MeTonsl Jlakca — Bennpodda, meron
«C MepemaruBaHueM» 1Y MOYTH BTOPOTO NOpPSALKA TOUHOCTH
(ra. 3). B xaxpoMm Merofe HOJKHO GHITb BHIIOJHEHO COOT-
BeTCTBYIOLlee ycioBue Kypauta — ®puapuxca — Jlesu, nc-
NI0J1b3YIONIEe [OMJIEPOBCKH CMEIIeHHYI0 MAarHUTO3BYKOBYIO
CKOPOCTb KaK Haubo.b11YI0 CKOPOCTE Ha CeTKe.

B oaHoMepHOM csydae mo aHaJsIOrMH C THAPOJHHAMHKOH
3¢ dexTnl YnucaeHHOH aucnepcud u Auddysnu MoxHO ycTpa-
HHUTb, UCHOJAL3Ysl JarpaHKeBy pa3HOCTHYIO CeTKy. B 3ToM
cIydae NpUMEHAEMBIH aJTOPHTM OCTAETCH TOYHO TAKHM XKE,
KaK M B TUAPOJAMHAMHYeCKHX 3amauax (cm. ri 9, § 5),
B KOTOPBIX HCIIONL3YETCS Pa3HOCTHAS CeTKa, JBHKYyIascH
BMecTe co cpelol. ['panunsr siueex (y3Jel CeTKH j) Mbl Of-
pefeguM B Uesble MOMEHTH BpeMeHH ¢ IIOMOLIbIO COOTHO-

weunys — 3

xptl= x7 + o7tk Af, (10.41)

M COOTBETCTBEHHO I'DAHHUB SYeeK ONpeensT UPHHY KaXk-
JION H3 HUX:

Aj=x} — A (10.42)

Ha Taxofi pasHOCTHOH CeTKe OCHOBHAsi CACTeMa MAarHHTO-
ruapoanHamMudeckux ypapuenuit (10.36) npuuuMaer oco-
GeHHO mpocTolt BU:

d

BT(PA)=O;

d

-7 (BA)=0;

d(p (1043)
4 (_ =0

dt

duv

i pax( +8n)
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ITepBbie Tpn ypaBHeHHsI 9TOf CHCTeMbl B OTCyTCTBHE aub-
¢$ysnu BHpa)kawT COXpPaHEHHe BeliecTBA, MATHHTHOrO HO-
TOKa, a TaKxkKe TOYHOEe BEINOJIHeHHWE 3aKOHa ajpHadarsl
B KaxJ0# sidefike ceTkH A. CKOpoCTH 3ajaHBl B NOAYyLesibie
MOMEHTH BpEeMeHH Ha IpAHHLAX fAueeK j aHAJOTHYHO Me-
TONy, onucaHHomy B 1. 9, § 5.

Hanee, B moaHOH aHAJIOrHH C rUAPOAVHAMHKON ¥ B Mar-
HHTOTMAPOJHNHAMUYECKHX 3afayaX MOXKHO OXKUJAAThb NOABIe-
HHSl yIapHBIX BOJIH U Pa3phlBOB. YJIapHble BOJIHEI J1eHCTBH-
TeJbHO BO3HHKAIOT, NIPHYEeM OHH CBA3AHBI KaK C JlaBJeHHEM
Cpelbl, TaK H ¢ MarHUTHHIM fAaBjieHueM. Ilostomy oGwiuno
IPUXOAHUTCH BBOJXHTb HCKYCCTBEHHYIO BSI3KOCTb IJisi yllupe-
HHSl Pa3pbiBOB Ha pa3HocTHOl cerKe. U 3nech ToXe B TOU-
HOCTH COXPaHseTCsl aJTOpPUTM, HCIOJAb3YeMbIH B MMIpPOJUHA-
MHUECKHX 3ajauax (ria. 9, § 6).

2. Heaunefinsie dugpdhyauonnote urerot

Boiure 6bs10 0OTMeyeHo, UTO BBHAY BO3MOXKHOCTH oGMeHa
9Hepruil MexXJy MaTHHTHHIM [10JIeM, TENJIOBBIM JBHMKEHHEM
U yNOpAJOYEHHLIM TeyeHHeM Cpelbl NapaMeTpH JaHHOM
MarHHTOTHAPOJAHHAMHUUECKOA 3aJaud MOTYT H3MEHSThCS
B NPOCTPAHCTBE ¥ BO BPEMEHH Ha  HECKOJbKO NOPSAKOB.
Kpowme toro, xoagpduunents auddysuy, T.e. CONpoTHBJE-
HHE, TelJIONPOBOAHOCTb U BA3KOCTb, B 00IIEM caydae CHILHO
3aBucaT ot napamerpos (ra6a. 10.1), u moatomy nud-
¢y3noHHble 4YJeHH B MAarHUTHOH THApPOJUHAMHKe HEJH-
HefHbl, 4TO 3aTPyJIHseT HX paccmoTpenue. [laJjee, cooTser-
ctByloiiye yucsaa Pefinosbaca (§ 2) B HeKoTOpHIX 06aacTaX
MOTYT cTaTh MaJ/IBIMM [0 cpaBHeHHIO ¢ exuHuued. [Toatomy
YacTO BO3HUKAeT HEeOOXOAUMOCTL B HESBHOH pPa3HOCTHOR
anipoKcHMauuu JHPPy3HOHHOTO yJIeHa.

BHe 3aBHCHUMOCTH OT TOTO, HCNO/b3YeTcsl 3HKEpOBa HJAH
JaTpaHXKeBa Pa3HOCTHASA CeTKa, pa3/juuie MEXKAY KOTOPHIMH
COCTOHT B METOlaX ONHCAHHS YIEHOB CKaTHf W IlepeHoca,
HaM HeoGXOAHMO annpoKCUMupOBATE Heaunelnoft auddy-
3HOHHBIH UJIeH:

W _ 00, (10.44)
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rae S — ocTtajbHble 4JeHbl, CBS3aHHBIE C runepboIuIecKuMy
npouneccamu, u k2 = k(¢). Hanpumep, B ypaBHeHuH JIJs
BHYTpeHHEH sHeprun (1 = g) (TemmnepaTyphl)

kh~gh

Jnisi annpoKcUMAalHU 3TOrO 4JeHa BHE 3aBHCHMOCTH OT yc-
-JIOBHH YCTOHUYMBOCTH MBI TPHUMEHHM OGe3yCJIOBHO YCTOHUH-
BHIH HesiBHBIA Merold Kpanka — Hukonbcona (cm. ra. 3, § 9,
n. 2). Hesnurefinocts nudpdysnonnoro xosdpdunuenta k mno-
TpebyeT NpoBeAeHus HTepaluii HA KaxKAOM Ilare No Bpe-
menu. O6Go3HauHB BEPXHHM HHIEKCOM p HTEDALHOHHBIA Liar
HOMepa p, OTHOCAWUMHCH K HHTepBaJy BpeMeHH Al =
== {rtl —{n Mp nosyuuMm /s 0CJIEL0BaTeNbHOCTH Yayd-
IAOUNXCa 3HAYeHHN QYHKUHUH ¢ COOTHOLIEHHE

a kAt auPt! w0 EAt ou"

pl T — i —_
u dox 2 ox u dx 2 0x

+Sws.ua%)

3HaueHns mepeMeHHOH ¢ Ha TpeldblAYIIEeM HTepalUOHHOM
Imare p HPUHEMAIOTCH NS ONpeNeseHHs] CpeJHero 1o Bpe-
MeHH 3HayeHus kos3dpduunedra audpdysunu:

f=p k(1) 4+ 5 k(). (10.46)

[IpaBaa uactb ypaBuenua (10.45) Bcerma sajmaHa fBHO, #
5TO 03HayYaer, 4TO 3Hayenuss uP+! Ha Pas3HOCTHOH CeTKe OIN-
pelenslioTCs MyTeM pemIeHHs CUCTeMbl ajreOpanyecKnx
ypaBHeHH! ¢ TPeXHaroHaJ bHOR MaTpuued (cM. ra. 4, § 3).
IMonyuennsle TakuM cnocoGoM HOBBIE 3HAYeHHs (DYHKLUNH U
CAYXKAT AJs BHIYUC/IEHUs YJAyUHIeHHBIX 3HAuUeHHH Koa(pdu-
uuentos Auddysun (10.46). Ecan nocse muoxecrsa urepa-
LMH JOCTHI'HYTA CXOJHMOCTb,

lim uP+!==yr,
p>oo

TO BeJMuMHA uP! naer uckomoe peluenne na n -+ 1 mare
no BpeMeHH,

ut' = lim uPt}, (10.47)
p->oo

TaK Kak npu 3toM coorHomenne (10.45) cosmanaer ¢ ajaro-
putMoM Kpanka — Hukosbcona aasa aud¢QysnoHHOro uiexa.
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Hns MHOrHX 3amau goCTAaTOYHO BCEro ABYX HJAH TpeX
urepauuii. DTOT HeIBHLIH MeTOJ HdaeT OCOO6eHHO XOpoIuue
pe3yabpTaThl BBHJAY NPOCTOTH! pelleHHsl TpeXAHAroHaJbHBIX
MaTPUYHBIX ypaBHeHHUH.

3. Hessnbuii merod Xetina

Bo mHOrux 3ajayax MAarfHuTHO# THADOAMHAMHKH ajab-
BEHOBCKasg CKOPOCTb OYeHb BeJiHKa, i yciaoBHe Kypanra —
®punpuxca — Jlesn (10.40) HaknmanpiBaeT ouyeHb KeCTKue
OrpaHHYeHHsA Ha mar no BpeMenn. Hanpumep, B nmnasmen-
HBIX YCTAHOBKAaxX M/ HCCJA€AOBaHUs TpOGJeMbl Vipasuasde-
MOr'0 TepMOsiIePHOr0 CHHTe3a -BO3MOXEH TayoHl cJyuai,
KOTZa MarHuTHOe AaBJjeHHe [OYTH yPaBHOBEUIHBaeT paBJe-
HHE IJ1a3MBl, H XOTA N/1a3Ma [epeMellaeTcsi He3HaYHTebHO,
B Hell pacnpoCTpaHAIOTCA MarHHTO3BYKOBhie BOJIHE BLICOKOH
YaCTOTHI.

HJia onucaHus ujieHOB, CBI3aHHLIX CO 3BYKOBLIMH
anb(QBEHOBCKHMHU BOJHAMH, HCIOJNB3YETCS HEABHBIA MEeTOXL
Xetina [93]). On anajoruyen HesIBHOMY METOLY BTOpPOro IIO-
pALKa TOYHOCTH [Ja OOBLIKHOBeHHHIX au(D(epeHIINaJbHbIX
ypaBuenuit (ri1. 2, § 4 u § 6, n. 4). Paccmotpum chavaga
CHCTeMY ABYX ypaBHeHHWl nepBOro nopsifka B 4aCTHHIX TIpO-
M3BOAHBIX:

Ju dB
il (10.48)
a8 du
il rra (10.49)

KOTOpble OMNHCHIBAIOT DPAacCHpOCTpaHeHUe BOJH CO CKOpoO-
ctbi0 . Ecan mpuMeHuTb HeSBHYIO PA3HOCTHYIO aNNpPOKCH-
Maluio NPOU3BOAHBIX BO BpeMeHH CO BTOPBIM INOPSALKOM
TOYHOCTH, TO AJS 7 4 | 1lara Mul MONYYHM

. n n+l
ol — o — ME (OB | OBTT)  (10.50)
/ n n+1
pri—pr - ME(20 L T (1051)

Tenepr HyXHO HaATH IPOCTPAHCTBEHHBIE 3aBHCHMOCTH BEJIH-
yud B+ u o™, pis 4ero MoxKHO, MOJb3YsICh YpaBHEHHEM
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(10.51), ncxamounts B+l u3 ypasuenus (10.50):

ot _ AtB 0 Atﬁ 60“"’1)
2 ox -

At 6 Atf a8 .
=" —Arpg 2Bl AP 2220, 10.52)

IlpaBast wacTe 3TOro ypaBHeHHsT COAEPXKHT (GYHKHUH,
_BbIYHCJICHHBIE Ha NpeBbIAYINEM IIare, HO BTOPOH WieH B Jie-
BOH 4YaCTH YPaBHEHHs CONEPMKHT 4aCTHYIO NPOHUIBOAHYIO
BTOPOro NOpsifKka [0 NMPOCTPAHCTBY OT HEH3BeCTHOH (yHK-
ud v+ u ananoruyed pudhy3HOHHOMY usieHy. Ecuu ypas-
wenne (10.52) annpokcumupoBaTe Ha 3HJIEpOBOH MM
JlarpaHXKeBOH MPOCTPAHCTBEHHOH CETKe, TO JieBas yacTb MPHU-
MeT BMJ TpPeXJHaroHaJbHOH MaTpHIE, YMHOXEHHOH Ha 3a-
JLaHHBIA BO BCEX y3Jax CeTKd Bektop v™tl. Pemas cucremy
aare6panyeckux ypaBHEHHHA C TPEXAHATOHAJNLHOR MaTpHIEH
(cm. 1. 4, § 3), NMOJIy4aeM HCKOMBIE 3HAYEHHS v+l Bo Beex
y3JaxX NpOCTpaHCTBeHHOH Cetku. Jpyryw oyHKumo BnrH
Telepb JIEFKO ONpPeasauTh ¢ noMompio ypasuenus (10.51).

CoorBeTcTByIOLIA% MaTpulia fepexoga MMeeT COGCTBEH-
Hble 3HAYEHHd, paBHbIE MO MOAYMIO0 eNHHHIE, W [O3TOMY
OTPaHMYEHHs HA LIar 1o BpeMeHH OTCYTCTBYIOT.

Has npuioxenufi x 3agadyaM MarHHTHOH THAPOJHHA-
MHKH JOCTATOYHO PaCcCMOTPETH YIPOIIEHHYIO CHCTEMY ypas-
HeHHA B Jarpanxesoi ¢opme (10.36), npuyem ocoboe
BHUMaHHe HYXHO YACJNUTb HeJHHe[HOMY 4JeHY, OTMUCHIBAIO:
IeMy MarHuTHOe JaBJ/EHHE:

do _  _ 0Ov

i

dB = 0v

o = B 5 (10.53)
sdv_ B 0B
O T T am ex

Mup 6yneM pemarth 3Ty HeJdHHEAHYIO CHCTEMY HTep’g-
UMOHHEIM MEeTOJOM, IIOJIHOCTBIO aHAJOTHUHBIM METORY pe-
menns HeaunuefHoro ypasuenun aucddysuu. Ueproir B cu-
creme ypassenuft (10.53) oTMeueHH Te COMHOXHTEJH,
KOTOpble HE MEHSIOTCH I[pH Nepexone OT UTEPaLUOHHOTO
mara p x wary p~+ 1. Cnegyss H3J0XKEeHHOMY Bhillle HesiB-
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HOMY MeTOLY, HYXHO OIIpee/JATb CKOPOCTb Cpeinl Ha KaxK-
JOH HTepauuu u3 nceBAoAH((HY3HOHHOrO ypaBHEHHS

. dv AtB @ = dvu B aB"
T T Bax =" ar (1059

KoTopoe pemiaercs metonoMm Kpanka — Huxkosbcona B co-
oTrBeTcTBUHM ¢ aaropuT™MoM (10.52). Ilocne 3toro mMaruurioe
IoJie H TIJAOTHOCTD MOXKHO HaHTH H3 COOTHOUIeHHH

At (o0® av’”‘”l)

4 X ox ox
B = }:_‘;B“, o7 =(152)e"%  (10.55)

OGBIuHO HOCTATOYHO ABYX MJIH TPEX MTEpAIHIL.

AHasnornyHo paccMaTpUBAIOTCA 3BYKOBBIE BOJIHBI H CO=
OTBETCTBYIOIHA MM YJEeH C JaBJeHHEM B YDPABHEHHUH MIJIf
ckopoctd. C Ipyroi CTOpoHbl, TaK Kak B ofweM Ciydae
nepeHoCHble YJeHBl aNNpPOKCHMHPYIOTCA $BHO, TO COOTBET-
‘CTBYIOLIEe CKOPOCTH MepeHoca YCJaoBHe YCTOHYHBOCTH CO-
.XpaHsercsi:

A
At << S Tohas (10.56)
D10 ycnosue ofecneyuBaeT MajocTh NApaMeTpa ¢ B ypas-
reunu (10.55).

Paccmotpennnilt Merod Onin ucmosb3oBau [93] ans pe-
LIeHUS YpaBHeHHA MArHUTHOR FHAPOJHHAMHKM B HUJIHHIPH~
yeCKoR reoMerpuu.

4. «Bakyymurnasy 061acTo

CyliecTBeHdoe OTJH4He 3a/a4 MAarCHATHOH THApPOAMHA-
MIKH OT THAPOJHHAMHUYECKHX 3a/1a4 COCTOUT B OOMeHe 3Hep-
T.efl MeXAy Cpemoil H MarHUTHBIM ToseMm. Hacto ABHXKY-
nlasics cpela OKasbpiBaeTCs B TOH YacTH paccMaTpHBaeMOH
o6J1acTH, A€ 3Hepruf MAarHUTHOIO MOJA BeJuKa, H IJIOT-
HOCTb CpelBsl CTAaHOBHTCS ype3snyaiino manol. Takas cu-
Tyallui BO3MOXKHa B acTpoduauke (OpPUMEPOM MOKeT
CIYXKUTh COMHeYHAst BCOBIIIKA) H B J1JaBOpPaTOPHOM 3KCnepH-
MEHTe [0 KOHTPOJIHPYeMOMY TEepMOSIIepHOMY CHHTe3Y.
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B srofi obsacTy aab(BEHOBCKAst CKOPOCTb MOXET CTaTh
oueHb GOJBIIOH, YTO NPH ABHOM METOJe pelleHHsi IPUBOAHT
K HelpHeMJeMO KeCTKOMY OTpanHyYeHMIO Ha iuar mo Bpe-
menu. [ToatoMy oGbIgHO HEOGXOAUMO YCTPAHATL TaKoe orpa-
HHYEHHE ¢ HOMOILIBIO KAaKEro-HHOYAb NpubanKeHud.

TlpocTefiinee Tpub/IMIKEHHE COCTOUT B IIPERNOJNOKEHHH,
4T0 Takas BAKyyMHAas 00/JacThb He MOXKET IIEPeHOCHTb TOK,
T. €., YTO 3TOT «BaKyyMs» AelicTByeT Kak usonsartop. Torma
3J1eKTPOMATHUTHbIE YPABHEHHs OTAGJAIOTCA OT yDaBHEHHH
Cpenbl, APYTHMHU CJOBaMH, B TOH 00Jacru, Tae MJIOTHOCTh
najxaeT HHKe HEKOTOPOro IPOH3BOJBLHO BEIOPAaHHOrO MaJjioro
3HAYEHHS Qyun, CPENA paccMaTpUBAeTCH KaK NpOCTasi THA-
poaunamudeckas cpexna. ITone B BakyymHOR o6JiacTu onpe-
JesdeTcs 3aKOHOM AMIlepa, HanIpHUMep B IeKapTOBHIX KOOP-
IHHATaX MoJIe pABHO MOCTORHHOMH, T. €,

. aB
= =0
OTKyAa
B=Bo. (10.57)

Tlocroaunas By ompenensieTcss TpaHUYHBIMU YCJIOBHSAMY, KO-
TOpble MOTYT GHTb CBA3aHBl € BHEMIHEH 3JeKTPUYeCKoH
Henpio. B srom caywae ypaBHeuus Iemu pellaiTcs COB-
MeCTHO C ypaBHEHHAMH MarHuTHOW ruipoxuHaMuku [91].
Taxkoll nogxox NO3BOJSET OrpaHUYHUTh CBEPXY 3HAUCHHUH
a.1b(GBEHOBCKON CKOPOCTH M COXDAHHTh BeJH4HMHY WIara no
BpeMeHU Al Ha npHeMJieMOM ypoBHe.

C zpyrofl cTOpOHBI, €CJIX MAarHUTHOE NOJie B BaKyyMHOH
o6JlacTH MeHSeT HanpaBJeHUe, TO MNapaJlJeJbHO MAarHurt-
HOMY TNIOJIIO MOTYT NPOTeKaTb CHJbHBIE TOKH, HE B3aHMOLSH-
CTByIOllMe C [OJeM, H TOrZa BAKYyMHVIO 06JacCTbh HeJb3d
CYHTAThb U30JASATOPOM. B 3roM cnydae MOXHO HCIOJNB3OBAThb
Ipyrymo Mozesb [93], B kKoTopofl BaKyyMHbie 06JacTH OTCYT-
CTBYIOT, a IWIOTHOCTb cpelbl BO BceM oObeMe M y TpanHul
MOJAJAEPKHBAETCS . HA YPOBHe, TPEBBHIHAIOWEM HEKOTOPOE
MHHHMaJbHOE 3HAYEHHE pyun. OUYEBUIHO, YTO TAKOH CrIOCoD
He YIOBJETBOPAET 3aKOHY COXPaHEHHA BeulecTBa, HO eC/IH
MHUHHMaJ/IbHOE 3HauyeHHe MJOTHOCTH BHIOPAHO [JOCTATOYHO
MaJIbiM, TO HapyLIeHHe 3aKOoHa coxpaﬂemm fyneT He3HAuH-
“TJIbHBIM.
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§ 4. MHoroMepHass MArHATHas TFHAPOJHHAMHUKA

Ocobenno GoJabmofi WHTEpeC NpencTaB/iseT H3yueHHE
ABYX- W TPEXMEPHOH MAarHHUTHOW THIPONHHAMUKH. ITO CBA-
3aHO C TeM, YTO BEKTODHLIE H TONOJOTHYECKHE CBOACTBA
MATHHTHOTO NOJISl MOTYT [IPOSIBUTHCSH IOJHOCTHIO TONBKO B
clIydae HeCKOJBKHX MPOCTPAHCTBEHHBIX HM3MepeHHH, a Tomo-
JIOTHYECKHUe CBOMCTBA MarHUTHOTO NOJs UMEIOT NepBOCTeneH-
Ho€ 3HadgeHHUe KaK B 3aJauax acTpodusuku, TaK u B Qu3HKe
naGopatopHoii naasMbl. [loaTBepKAeHHEM 3TOro CJayXat
BenbilkH Ha CoJiHUEe H NpHMeHeHHe TOPOMAAJBHBIX Mar-
HUTHBIX KOHGUrypauui ans yaepXaHus TepMmosinepHol
BGEEIESH :

[Ipn paspa6oTKe KOHKDETHBHIX YUCJIEHHBIX MHOTOMEpHBIX
MT' I-mogene#t oco6oe 3HAUEHNE UMeEIOT TpH Ge3pasMepHBIX
napaMerpa, KOTOpble XapaKTepH3YyloT rHiIepOoJIHIecKHe
CBOHCTBA ypaBHenuil )

B=Fm (10.58)
r_ o

Mi=22, (10.59)
2 2/2

My=-2 (10.60)

3nece My u M4 — aucna Maxa njis 3BYKOBHIX # ajbdBse-
HOBCKHUX BOJIH COOTBETCTBeHHO. [JopfmOK BesIMYHHBI 3THX
uyces IO CPaBHEHWIO C €IHHHUUEH ONPEAENSET OTHOCHTEJb-
HYI0 Ba)XHOCTb TEMNJIOBOH 3HEPTHHM ¥ BDHEPrud MATHHTHOIO
noJisgs [0 CPaBHEHHIO ¢ JHEpruel TedeHHs (KUHETHUECKOH
faneprueit). Ecau gucno Maxa pnast 3ByKOBBIX BOJIH - HEBe-
JUKO, TO CPexy MOXHO CUHTATh HeCKUMaeMOH B Tpex H3-
MepeHHuaX, H HAa 33aAa4YH MArHUTHON FUAPOIHHAMHKH MOYKHO
pacnpocTpaHuTh H3JNOXKEeHHBIE B M. 9 MeToan onucanus
HeeKHMaeMblx cpeld. Eciu mMano uncao Maxa Ias ajedse-
'HOBCKHMX (HO HE JJId 3BYKOBHIX) BOJIH MJIM MaJj mapaMetp B,
TO TeueHHe Cpellbl YIOBJETBOPSET YCAOBHIO HECHKHMAEMOCTH
TOJbKO B JABYX U3MEDEHHUsX, a3 UMEHHO B IUIOCKOCTH, MEp-
NEeHAHKYJAPHOH MaTHUTHOMY 0OJMI0. DTOT cJayyafl —C Mas
JbIM, HO KOHEYHHIM 3HaYeHHeM napaMeTpa P — ocobeHHO
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BaXKeH [IPH HCCJAeJOBaHUH Npo6saeMbl yIPaBISEMOr0 TEPMO«
ALepIOro CHHTE3a,

[nist o6uiero ciayuyas CHJALHOTO B3aHMHOTO BJAHAHHA 3Hep-
THII Cpenbl M MarHUTHOTO moJsA (mapaMerp P Nopsaxa exn-
ML) HauboJee NOAXOAAMUME 0Ka3kBAKOTCS KOHCEpBAaTIIB-
Hble asuble Metoant (§ 3, m. 1). B To ke BpeMs 3Tu MeTO/ b
HeNpHroAHK [AJ4 3a4ay C HH3KUM 3HayeHueM P, Tak Kak
[IpH 3TOM BBICOKHE aJab(hBeHOBCKHE CKOPOCTH TpedyloT upes-
BLIUAHHO MEJKOro HIara no BpeMeHH, a 3(p@PeKTs YHCAeHHOH
muctepcHn 1 AuGOy3UH Npu ABHOM pacieTe MarHUTHOrO
HOJIA CAYXKAT NPUIHHON rpyGeIX H HeKeaaTeablblX omnboK.
Kpome Toro, BeKTOpHBEIE CBOHCTBA MAarEHTHOrO 110Js1 MpHBO-
IAT K TAaKHM AaHU3OTPOMHBEIM SABJACHHAM, KaK KPYTHJbHbIE
BOJIHBEI, KOTODbIE PaclpoCTpaHATCA BAOJAb CHJIOBLIX JHHUMH
MarsiTHOrO 0oJsA, ¥ Ad(POY3HOHHBIE NPOUECCH, KOTOpble
MOTYT OBITb 3HAYHTENbHBIMH BAOJL CHJAOBBLIX JIHHHA H He-
GoJbIIHMH B NonepeunoM nanpagienuu [92]. Ecaun stu agh-
(eKTHl CyIIeCTBEHHBI, TO 3HJepoBa ammpokcuMaliis Hesbh-
theKTHBHA U NPUXORUTCS NPUMEHSITh CHENHAJBHYI MeTo-
IUHKY, HallpiMep HCIO0Jb30BaTh CHJAOBBIE JHHHH MArHUTHOTO
II0JI1 B KaYeCTBe KOOPAHHATHBIX JIHHIH,

1. flsnbie koncepsarugHoie merodst

B nmexaproBmX KOOpAMHATaX YpaBHEHHS TpeXMepHON
MariiTHOH HAPOAHHAMHKH OXHOKOMMOHEHTHOI! C2KIMaeMoil
CpeIbl MOXKHO 3aMHCaTh B KOHCePBaTHBHOIN (hopme:

du | OF,  OF, = OF,
—a—t——}— r - 57 -+ FP =, {10.61)

DTH ypaBHEHHS CONEPXKAT BOCeMb HEH3RECTHBIX (ylKII,

u={0, 00, 00y, 00, By, By, Bar (300" + o +0¢) }.
(10.62)

KOTOPHIE ONHCHIBAIOT ILTOTHOCTH CpEeAbl, TPU KOMIIOHEHTH
AJOTHOCTH HMIYJbCa, TPH KOMIOHEHTHl MATHHTHOIO IOJA
H NJAOTHOCTb MOJHOH 3uepruu. Has runepOoJiuyeCKuX ypas-
Hennil (uuciaa PefiHoJbACa BeNNKH) NOTOKH ONpeResstoTcs
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pextop-cronéuamu Fy, Fy u F,. Jlocratouno sagaTte Komio-
neuty Fy,

PUx
- B? 2
pv,0, + p + ’# + ?;‘
BBy /
PUCy =
| BB,
F,=— U0, — = . (10.63)
0
vyBy— B,v,
v, B, — v,B,
] BZ |
(3‘902+Pﬁ+p+’g‘;) Uy

a xomnouenTs F, u F, umeior ananornynyio ¢opMmy. ¥pas-
HEHHe COCTOSIHHA CBA3BIBAET YAEJBHYIO BHYTPEHHIOK 3Hep-
THIO ¢ JaBJeHHeM U IJIOTHOCThIO CDEeJib.

MaruurorugpoiHHaMildeCcKie ypaBHEHHS TaKoro BHA
MOXKHO pa3peniuTb Ha 3H/J1epoBOM PA3HOCTHON CeTKe C IO-
MOILIbI0 SIBHBIX KOHCEPBATHBHLIX METOZOB, H3JI0XKEHHBIX
Bra 3, § 7 u 8 Iasg yMmMeHblIeHHS YHCAeHHOH Au(pPy3un
JKeJlaTeJbHO HCNOJb30BATh METOABI BTOPOrO TMOPALKA TOU<
HOCTH, HanpuMep Metox Jlakca — Benppodda, Meron ¢ ne-
peliaruBaHHeM ¥ MeTOJ MOYTH BTOPOro HOPSAKa TOYHOCTH
Anavca — Bamdgopra. Kpome toro, eciu gucia Pelinonabn-
ca OoJplle emiHUUBEL, TO Ha 3TOH K€ DA3HOCTHOH CeTKe
MOXKHO $SIBHO aNNpOKCHMHPOBATL AH(PPY3UOHHBIE YJIEHH
(ra1. 3, § 9). Kax 1 B 3amawax ruIpoAMHAMHKH, B MOJeJb
cAeNyeT BBECTH JOMOJHITEbHbIE U/IeHbl HCKYCCTBEHHOH BfA3«
KOCTH, YTO IIO3BOJIHT NPABUJILHO ONHCATHL BO3MOXKHBIC pPa3«
pBIBBL U yAapHble BoaHHL (T, 9, § 6).

34ecb H3JOXEHbl OCHOBHBle TNPHHIUIB SIBHOTO KOHCEp-~
BATHBHOrO METOZA pelleHHs ypaBHEHHH MarHUTHOH THAPO-
IHHAMHKHY, ‘HO CJeXyeT SICHO IOHUMAaTb, 9YTO B YACTHBHIX 3a-
Jayax BO3HHKAIOT YacTHble TPYAHOCTH. MHB yKaxeM He-
CKOJ/1IbKO 0COOEHHOCTEH paccMaTpuBaeMOro MeToAa pellieHus,
KOTODBIE MOIYT O0Ka3aTbCi CYHIeCTBEHHLIMH B HEKOTO-
poix 3agadax. Bo-neperiX, HAM HYKHO ONpPEIEIUTL TPH
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KOMIIOHEHTHI MATrHUTHOTO MO0Jf, KOTOpbLi¢, OAliaKO, He fB-
JAKTCA HEe3aBUCHMBIMHU, TAK KaK

VB=0. (10.64)

Ecan HayabHEIME YCJIOBHAMH 3a1aHO COJEHONANLHOE Mar-
HHTHOe 1noJe, To puddepennuaipusle ypaBuesus obecneuu-
BAIOT €ro COJIEHOHWAAJBHOCTE BO BCE TIOCACAYIOLIHE MOMEHTHI
Bpemenu. PasHocTHbe Ke ypaBHEHHS TaKoro CBOHCTBA He

" HMeIoT. Bosnnxa}omue OIKHGKH NPpUBOAAT K TOMY, 4TO Mar-

HHTHOE [oJe NMpHOGperaeT OTJAHUYHYIO OT HYJAA N PacTyLIYIO
nuBepreunio. 10T 3(PGheKT MOXKHO YCTPAaHUTh, JHGO HC-
noJb3ysi COOTBETCTBYIOLIMM 00pasoM reoMerTpuio 3anaui,
JuGo BBOAS BEKTOPHLIH NOTeHLIHAaJ MarHutHoro nojs (§ 4,
n. 2).

Bropo#i uctounukK omnGoK MOXKeT BOSHMKHyTb npu omnpe-
JeJieHHH TEeMNEepaTypnl HWJH BHYTPEHHell 3HePTHH & CDEeAbl
W3 ypaBHenus AJs IJOTHOCTH NojHO# aHepruu U. Xors 310
ypaBHeHHE KOHCEPBAaTHBHO, OYEBHAHO, 4TO B 006JacTax
¢ G6O/IbIIUMY 3HAYEHUSIMH MATHHTHOTO NOJs JI00be omnbKIl
BO BCeX TPOYHX nmapaMeTpax Cpeabl aBTOMATHYECKH mepexo-
JAT B OIMHGKU (QYHKUUH, ONUCHBAIONIell BHYTPEHHIOIO 3HEp-
ruto. [TosToMy HemoCpencTBeHHOe pelleHHe ypaBHeHHs AJdA
yreJabHol BHyTpentnel sHepruu (10.18) uacro oxasniBaercs
foJiee TPEANOYTHTENbHBIM, DTOT NOLX0L OCOOCHHO LEeNeco-
o6pasen B TeX MOJeJSIX IIa3Mbl, B KOTOPBIX - HCIOJb3YIOTCA
OTHebHbIE YDABHEHHS /s 3JeKTPOHHOH H HOHHOHN BHYTpeH-
HUX SHepruH. DTH YpaBHEHHUS MOXKHO anIpOKCHMHDPOBAThb
Ha TOH Xe 3HJepoBOH Pa3HOCTHOH CeTKe, 4TO H KOHCepBa-
THUBHBIE YPaBHEHHS.

U, nakonen, oTMeTUM, 4YTO, KaK M B OJHOMEpPHOM CJaY-
yae, Moryr obpas3oBaTbCa 00J1aCTH C HH3KOH IIOTHOCTBIO
WM BaKyyMHBIE 00J1aCTH, 0 BO u3bekanne NOABJICHUS 60Jb-
_WMX anbpBEHOBCKHX CKOPOCTeH HYXHO HCIO/AL30BATL Ba-
" KyyMHoe npubamxkenue (§ 4, n. 2). Idas storo clenyer
Jub0 paccMaTpuBaTh BAKYYMHYIO 00JacTh KaK H30J5ATOD,
Jan6o, OpOH3BOJNBHO n00aBJsist BELIECTBO, I[OJLEPKHBATDH
IJIOTHOCTb Cpelbl BhILIE HEKOTODPOTO MHUHHMAJbHOrO 3HAYe-
Hus. OnHako Tenepp 3ta 3azaya Oosiee TPyJAHA, 4yeM OJHO-
MepHas, TaK Kak BaKyyMHast 0671acTb CTAHOBHTCA ABYX- HJIH
TPeXMepHOH M HMeeT HeNpaBHIbHYIO H3MEHALlyloCHs rpa-
HHLY.
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[Tpumep Takoit AByMepHOH MoxeNH B UMJHHAPHUECKHX
KoopiuHaTax Noka3aH ua ¢ur. 10.1 u 10.2. dta mozaean
[91, 94] onucbiBaeT JaGOPaTOPHYIO YCTAHOBKY IO MJa3MeH-
HOMY IIHHYY, B KOTOPOH CO3jaercs IlasMa ¢ Tepmosiiep-

/lnomrocms

1=0,4010 mxc

Cropocms
1=0,4010 mxc

@ur. 10.1. «CrpeGaure» MarHHTOrHAPOIHHAMHYECKOH CpelH naBJIeHH-
eM asuMyTajbHOr0 MarHHTHOIO NOJA MEKAY KOaKCHAABHBIMH 3ACKTpPO-
ZAaMmH.

TepMosfepuas Naa3Ma c031a2TCH Ha OCH y KOHLA LEHTPAABHOTO 3MeKTpPoXa (M3
. paGoisl (91]).

oMo maoTHocThio (10" wactuun B cM®) u Temmeparypo#
(1,5 kaB). Moneaunposanne 370 3ajauu CyWIECTBEHHO M-
poiiaercsi 6naronaps oAHol XapaKTepHOH 0COGEHHOCTH, KO-
TOpas COCTOMT B TOM, YTO MAarHHTHOE MOJie NMEET TOoJILKO
asumyTanbayio komnonenty B = {0, By, 0}, u nostomy ono
BCEraa neprneHgHKyJsipHO MIOCKOCTH pacyeTa. Takum obpa-
30M MATHHTHOE [0Jle MOXHO CUHTAThb [CEBAOCKAJApOM, H
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t=0,4025mke

flnomuocmb

Maernummnoe nose

lorHast memnepamypa

JrexmpoHHas memnepamypa

GQur. 10.2. TlaotnocTs, a3uMyTaibHOe MariHTioOE TOJe H TeMaepaTypa
HOLOB H 9JEKTPOHOBR B JABYMEPHOI MArHHTOTHAPOAINAMHYECKOH MOJICAH
naasMenroro gokyca (na pabotn [91}).

yCJIOBHE  COJEHOMZANBHOCTI NOJA  BLINOJHSETCS  aBTo-
maruueckd. Ia ¢urypax xopoiio BHIHBI <«BaKyyMHBIE»
o6jacTy ¢ GOJLIIHM MariHTHBIM IOJeM H HH3KON n.10T-
HOCTBIO.

2. Bexkroprblil noTeHyuas MaeHUTHO20 NOAR

B npempimymux naparpadax sTofi riaBel Mariitioe
noJe pacCMaTpPUBAJIOCH C TOYKH 3PeHHs 3aKOHA COXPaHeHHA
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Mar{uTHOrO NOTOKa. B 3TOoM ciydyae MarHuTHOe NoJie OMNH-
ChbiBaeTCsl YpaRHEHHeM, BIIOJIHE AHAJOTMYHBIM YPaBHEHHAM
IJs TJOTHOCTH CPEeAbl, HUMIOyJbCa M ILIOTHOCTH IOJHOH
SHEpTHH,

OzxHako KOMIOHEHTH MAarHHTHOTO IOJISI He ABJSIOTCS He-
3aBHCHMbBIMH M JOJIKHBl yAOBJIETBOPATH YCJOBHIO COJIEHOM=
AajibHOCTH:

VB=0.

B ofHOMEpHBIX 3ajlauax 3TO YCJAOBHe He CO343eT AONOJIHH~
TeJbHBIX TPyJAHOCTEHl, HO B cJaydYae ABYX HWIH TpeX npo-
CTPAHCTBEHHBIX H3MePEHUH HeNOocpeACTBEHHAST anlpOKCHMaA«
nusi 3akoHa Papazesa (10.17) npuBefeTr X pasHOCTHLIM
oumn0KaM, KOTOpHle BLI3OBYT HapyllieHHe YCJOBUSI COJNEHOH4
RaJbHOCTH.

[TosroMy BO MHOTHX cjaydasx Iesecoo6pasHo onpeje-
JSITb Mar{HUTHOe noJie NyTeM pellieHHsT HeCTaluHOHAPHOTO
ypaBHeUusl AJsi BEeKTOpPHOro noreHunana A. s ypashHenus
(10.64) pbitexaer, uto

=[V, A}, (10.65)

M aHaJoru4Ho 3akodH Papaless MOXKHO 3alUCAThb B BHAE e+
CTallHOHADHOrO YypaBHeHHs [AJ8 BEKTOPHOTO MOTeHNHaJa
MAaritMTHOro noad: )

1 0A
— S +E=—VO, (10.66)

rie @ — ckaaspHulil noteHyuan. Va ypasuenus (10.66) u
3akona Oma (10.10) HaiizeMm CBfi3b BEKTOPHOIO NOTEHLHaJa
C JIBMKEHHEM CPeJb:

a" —[v[V, A]]= — ¢nj — V. (10.67)

ITroTHocTe TOKa B CBOIO Ouepefb ONpelessieTcss 3aKOHOM
Amnepa (10.6) 1 nosTomy cBfizana ¢ BeKTOPHBIM NOTElHA-~
Jaom ypapHenuem Ilyaccona:

v, [V, Al =22,

VA = — 2 (10.68)

c

Flie HCnoJb3oBana Kaaub6poska Kyaona VA = (.
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Llesecoo6pa3HOCTb TAKOrO MOAXOAA 3aBHUCHT OT TEOMeT-
pun paccMaTpuBaeMol 3agayd. PaccMOTpUM HCIIONb30BaHHe
BEKTODHOro [OTeHuHaJJda Ha MpUMepe JABYMEpHOH 3amadu
B JIEKAPTOBOH cuCTeMe KoopaHHAT (X, y). MaruurHoe noJe
B IIOCKOCTH (X, §) MOXKHO OIpEAeNHTb C NMOMOLIbLIO NEep-
NIEHAHKYJIAPHON K TJIOCKOCTH KOMIOHEHTH BEKTOPHOTO IO-
TeHnuana A, KOTOPYIO MOXKHO pacCMarpHBaTh KaK MCEBJO-
ckaaap. CkansipHblii NOTEHUHAN BAOJAL OCH Z He MeHsercd,
NMO3TOMY YpaBHeHHe aJs BeKTopHoro norennuaqaa (10.67)
NPHHUMAET NPOCTOH BHA:

aAz +v 4“;’ V24, (10.69)

OueBuzHO, 4TO B OTCYTCTBHE AH(DDY3HH, CBA3AHHOHN C He-
HYJIeBLIM CONMPOTHBJEHHEM, H3MEHEHHE BEKTODHOro MOTEeH-
UuaJja MAarHHTHOTO MoJist OOYCJOBJAEHO JHIIL I[1ePEHOCOM
BMeCTe ¢ ABHXEHHeM Cpeibl, YTO NO3BOJSET pemarb 3TO
ypaBHeHHEe OOBIYHBIM CIOCOOOM € HOMOUIBIO IBHHIX MeTOLOB
BTOPOTO NOPAAKA TOYHOCTH (CM. ra. 3, § 7). KomnouenTtul
MAarHHTHOTO NoJsl onpejensorcs AngdepeHUnpoBaHHeM:

0A, 0A;

Bi==5, By=—7

% (10.70)

H 3TO ofecneuyBaeT 704HOe BHIIOJHEHUE YCJHOBHA COJEHOH-
NaJbLHOCTH.

Ecau B Tako#l aBymepHOH 3ajade BCE TPH KOMIIOHEHTBHI
MAaTHHTHOTO T0JI OTJHUYHBI OT HYJS, TO TPeTbA KOMIIOHEHTA
MarHuTHOTO noJds B, onpegenaserca u3 3akoHa Papagen
OMHCAHHBIM BEIlIe CHOCOOOM:

B L VwB,—Bu)=V2Vp.  (1071)

B 3TOM ciyuae TPH KOMIOHEHTHI MATHHUTHOrO MOJs 3alaHbl
aByMst yukuusimn B,, A,. :

[Ipu paccmoTpenun AByMepHOH 3ajzaun clieflyeT BHOBb
BEPHYTBCS K crmocofam onucaHug obmaacrefi ¢ HU3KOHA IJIOT-
HOCTbIO ¥ GoablIof anbhBEHOBCKOR CKOPOCTHIO (§ 3, m. 4)..
Jlans Toro uTo6H H3GE€XAaTh YPE3BHIYAHHO MKECTKHX OFPaHu-
YeHMH Ha BeJNUYUHY llara O BPeMEHH, HAaKJaZblBaeMbIX
ycaosuem Kypanrta — @puipnxca — JIeBu 1npr BbICOKHX
«BAKYYMHBIX> 3HAYEHHAX aJb(QBEHOBCKOH CKOPOCTH, Mbl HC-
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noJb3yeM NPHOJIMXKEHHOe PaCCMOTPeHHe, B KOTODOM Baky-
yMHastT 00/1aCThb CYHUTAETCA H30JATOPOM, HCKJIHOUAs TaKHUM
06pa3oM CJHLIKOM OnICTpHE aJb(BEHOBCKHE BOJHBL IJTO
03Ha4aeT, YTO B BaKyyMHOH 06JacTH KOMIOHEHTa moas B,
paBHa TNOCTOSHHOH M ONpeAe/sieTcsd TPpPaHHYHBIMH  YCJI0-
BHAMH. B NJ0OCKOCTH UHJAMHAPHUYECKAX KOOpAMHAT (7, 2)
BaKyyMHOe 3HayeHHEe a3UMYTAJbHOH KOMIOHEHTBl MarHHT-
HOr'O I0JIst ONpeNie/IfeTCsA BEIpaKEHHEM

0=

re

’

rae / — nosiHpll TOK, IPOTEKAIOWHKH BO BHEIIHEH UESMH.

®ur. 10.3. Bakyymuas o6JacTh B MATHHTOTHADOXHHAMHUECKOH MOAEH.

B stoli 0o6aacTH 3HeprHs cpejibl PaBHA HY/I0 H BCSA 3HEPIrHsA 3aKMiOMe€HA B MArHHTe
goM mnoae, Jlna onpenesnerds mosad B BakYYMHOI 06JacTH HYXKHO peHIaTh ypaBHe-
nie Jlannaca.

B To xe Bpems nABe ﬂpyme KOMIIOHEHTH MAarHUTHOTO
nioJisl, Jexallue B MJOCKOCTH 3a/1a4d, HOJIKHbI OHTb Hail-
JieHbl ¢ TIOMOILLIO BeKTOpHOro motenuuana (10.70), koropuiy
B BaKyyMHOH 06JaCTH B MJIOCKOCTH (X, y) YyHOBJeTBOpsSieT
ypaBuenuwo Jlanjaca:

V24, = 0. (10.72)

310 ypaBHeHue NDPHXOAUTCH pelWAThb HA KaXjJoM Iiare 1o
BpeMeHH B 06/1acTH HeNpaBuIbHOK (YOPMEI C JABUKYHIEHCS
rpanuuedt (gur. 10. 3). Hna obyactu Tako# (GopMBI TOUHBIE
METObl PElieHHst HEMPHMEHHMBI, [0ITOMY CJeAyeT HCHoJb-
30BaTb METOJ MOCJeLOBATENbHON BepXHeH pejakcalid HJIH
Mmetox urepanuii UebGpiena (. 4).

WNanoxennsll nogxos K pelieHilo ABYMepHBIX 3azxat
‘MaruuTHOM TUAPOAHHAMHUKM OBl Npej’oxen PpruManoMm H
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Jlstinom [95], a rtaxxke Yorkuucom [96]. [Tpumep Takoi mo-

LN, HMIOCTPUPYIOmMEN CIOKHYIO 3BOJMIOIHIO BO BpEMEHU

TpPeXMepPHOr0 MAarHHTHOIO IoJid, mokasau Ha ¢wur. 10.4. Ha

3TOil (urype IOKa3aHO <«BKJKUEHHe» yAAPHOH BOJIHBI, Na-«

panyesbHof HAYaJbHOMY HANpaBJCHHIO MarHUTHOTO NOJ,
S

<
< t=1pmrc

3 t =1MmxC
)‘,\l\ . M1
4 Pacnocmpansi-

J T ——®ponm K ARG 80/THA
\\/ y@apHot 80JIHbI

7 M=1 25

\/\/: I—-—-m )POHM
B\'L [Ys » yaapnou BOJTHB! { 2

— N ==

’\]\“‘ 1 =2 mxe
L

——@poHm

i
~7\_\/ ~JyBaprod §ol

Our. 10.4. Mogenuporauue «BKIIOYEHHS» JABYyMepPHOH yAapHOl BO.IULL
C MOMOLIBIO HBHOI'O KOHCEPBATHBLOTO MeETOAd. .

Caesa ITOKa3aubl MardHTHbie ROAR B (£, 2)-NJI0CKOCTH; CHpaBa— TOKH B TOk Hie MjIOC~
KOCTH, KOTopLle 06pa3yloT YAapHYio BOJHY H CO3AA0T TPETbK KOMIOHEHTY Mals
HUTHOTO NMong (M3 padoTur ([96]).

IIpH 2TOM YAapHas BOJHA CO3LAET TPETbIO KOMIIOHEHTY Mar-
uutHoro mous. IMo-pumuMomMy, oGpaTHble HPOLECCH «BHIK/IIOf
YeHHs» yLapHOH BOJIHBL HI'PAIOT CYLIECTBEHHYIO POJb B AlC-
CHMAUNKM MarHUTHOM 3Hepruu npH Beneiwkax na Codaule.

8. 3akawuuresvHble 3aMEUAHUSL O CNEYUAALHOLY METOOAK
MAZHUTHOU eudpodunamukiL '

Ci0XHOCTb YpaBHeHUH MAarHHTHOH TIHADOAHHAMHKY H
MHOTOTPAHHOCTb ONUCHLIBAEMBIX HMHU fiBJEHHH He OCTaBJSIOT
HaleXN Ha CyLIeCTBOBAHIE YHHBEpCAaJbHOTO MeTOJa pelle-
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His Beex 3agad. M xors yxe pazpaboTaHbl HEKOTOPHIE €N«
HHajbible METOABl M3YYeHHd YaCTHBIX c/yyaes, npobJiaema
MO1eJiPOBAHHA B MHOrOMEpPHOH MarHUTHOH THADPOZUHAMHUKE
peleHa eule He NMOJHOCTBIO.

Kpove pa3HOCTHBIX METOLOB pelleHus ypaBHeuuit Mar-
HITHOH THAPOAMHAMHKH, HJS CJydas CBePX3BYKOBBIX IBi-
JKEHHII MOXKHO IICTIOJb30BATL CTOJNKHOBHTE/JbHLI METOJ] ua-
ctin B suefike (ra. 6, § 5), KOTopufi npHMEHsETCH TOUHO
TaK e, Kak # B THAPOAHHAMHYECKHX 3agauax [97]. Sror
MeTOA npuMeHnM, ecau AnGGy3HOHHBIE TIPOLECCH TpeHe-
Opexxumo maganl i napamerp f (10.58) ana cpeam uMeer
3i1ayeHHe NopAAKa eLHHHUIIBL. '

Ocoboe 3Havenne B MAarHiTHOH THAPOJHHAMHKE HMEET
cayyait cpempl C HH3KuUM 3HaueHuneM f. JTOT cayyall npei-
CTaBJ/sieT OrPOMHBLIH HHTepec A/is1 (HSHKH YIpaBJsSEMOro
TEPMOSKEPHOr0 CHHTE3a, HO OH JKe II0 MHOXEeCTBY NpHUYHIL
aBJasieTcd u uHanbosee TPyaHHIM aasi usydenus [91] Ecau
3naueniie f B cpeAe MaJjo, TO ajb()BEHOBCKHe BOJIHEI pa:-
NIPOCTPAHSIIOTCS € OYeHb BBICOKHMU CKOPOCTAMH, H BO 1136e-
JKaHle CAHIIKOM MeJKOro [lara 1o BpEeMeHM [(PUXOAUTCHA
ANPHMeHATb HesABHblE METOALL DTO HETPYAHO CHEJATH ‘B 01~
HOMepHOM cAyuae Oaarogaps npocToTe ofpallleHHss Tpex-
JlIarOHAJIbHON MATpPHUBL, U TOPa3jo CI0KHEe OOCTOHUT AeN0
B IBYX- U TpEXMEpDHOM CJyuasx, TaK Kak IJs HUX MOXKHO
HCMOJIL30BATh TOJbLKO 3HAUYHTENbHO GOJiee MeAJenHble HTe-
paunonunie MertoXs (ra. 4). Hekoropele B03MOKHOCTH
YCKOpEHHUS NPOUeLypsl PelleHHs MHOTOMepHOH 3ajaud naet
HesABHBIA MeTOX MepeMeHHBIX HanpaBaeHud (ra. 4, § 6, n. 6)
{981.

B muoroMepnoii mirasme cynectsyer Takxe 3dhdekT
ann3orponil, oOYCAOBJIEHHBLIH BeKTOPHBIMHU CBOMCTBaMII
MarautHoro noJs. [lesio B TOM, 4TO B [JjasMe HH3KOH mJjoT-
HOCTH pacnpocTpaHenie BOJH H aHQGy3110HHBe TPOLECCH
NPOICXOAAT NPEHMYIIECTBEHHO BIOJIb MAaruuTHOro moJus [92,
99}, mosToMy BO3HHKAlOT HeH30exKHble TPYAHOCTH MOJe/H-
pOBaHHsl aHH30TPONHON Cpelbl HA aHU30TPOHHOH 3fnepoBOH
cetke. Ecau nojs He npeTepneBaloT CJAHUIKOM CHJIBHBIX
HCKaxeHHA 1y BO3MYIIeHui, To o4eBUAHO, YTO MOKHO pas-
pa6GoTaTh T4Kyl0 pPa3HOCTHYI CXeMY, B KOTOPOH CHJIOBLIE
JUHHE MATHHTHOTO ToJis 6yAYT UrpaTh poJb KOOPAHHATHHX
gunuii. B pabore [100] stor Metox ObLi HCHOAL30OBAH AAA
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peuieHns ypaBHEHUH T'MJpOAHHAMUKH TPH 3aXaHHOH U Heus-
MEHHOH Kondmrypauﬂu MarHUTHOrO noJsd (IpelesbHbli cay-
gai B~ 0).

§ 5. 'paBuTauMOHHasi THAPOAMHAMHMKA

OcHOBHOE TNpHJIOKEHHE TDABHTAIHOHHOH T'HAPOXHHA-
MUKU COCTOHMT B H3yY€HHH CTPYKTYPHI U cBo#icTs 3Be3y [101].
CyiecTByeT MHOXKECTBO NpoOJeM, CBA3aHHEIX C MAKPOCKO-
MUYeCKUM H3YUYeHHEM 3Be3Jl, HO Mbl HA30BE€M TOJbKO TpH
Ba*KHelIIUX: 3BOJIOHUA 3Be3], KaKk MNPOLECC pPOXKIeHHS
3HEepPrHH B AfePHBIX pEaKUHAX W ee NOTepH uYepes H3Jjyue-
HHE; CTPYKTypa armocdepnl 3Be3f, Koropas MoOxker OnITb
ONUCaHa CTAUHOHAPHOH MOJENBI B IJIOCKOH TeOMETpHH
{102]; u, HakoHeu, AMHAaMHYECKHEe CBOHCTBA 3BE3J, TaKue,
Kak nyabcanda 3sesn [89] vaw rpaBuTanuoHHBLIE KoaJganc
CTapLIX XOJIOAHBIX 3Be3ll, OHHCAHHE JYHAMHKHN KOTOPOTO
MOXeT NoTpefoBaTh NPUMEHEHHS CIeUHAJ:HOH Hiau obmei
TEeOpHH OTHOCHTeabHOCTH [103].

Huxe Mbl orpanuuuMCsl pacCMOTpEHHEM TOJbKO KJaCCH-
uecKofi (HepeJsTUBHCTCKOH) (OpMYJMpPOBKH 3agay rpasi-
TAUHOHHOH MHHAMHKM B, B YACTHOCTH, HCCJIeNOBAHHEM HE-
JuHEeRHON B3aMMOCBA3H MeXIY NOJNeM H [HaBJeHHeM Cpelsl
B 3ajayax IUHAMHKH 3Be34. THN pacCMaTpHUBAEMBIX 32734
odeHp OJM30K K 3aZauaM MAarHHUTHOM THAPOAMHAMHKH.
U xors, ¢ onHoll CTOPOHH, MHOTHE 33JauHd ODOIIE, TaK Kak
HX MOXHO paccMaTpHBaTb B ONHOMEPHOM MNpUOIHKeHHH,
Hpexnonaras cdepuyecKylo CHMMETPHIO 3Be3/bl, C Apyroit
CTOPOHH, B KOHKPETHBIX MPHJIOMKEHUAX MOXKET BO3HHKHYTD -
HeOOXOMUMOCTb ONHCAHUA MHOTHX JIOKAJbHBIX IIPOLECCOB,
HPOUCXOAALINX NIPH MOHU3ALUUOHHBIX ABJICHHUAX, B AXEPHBIX
peakuusx U npu ad¢exrax HepaBHOBECHOrO U3JIY4YeHHS.

1. unamuueckue ypasHeHUs € y4eTOM UIAYHEHUS

Kak yxe ormeuajoch B § 1, B HEpPeJSTHBHCTCKOM CJIY-
yae JeACTBHE Mo/ COOCTBEHHOTO TArOTEHUS 3BE3JbI MOKHO
onicaTh nyreM go6asjerHs 00BLeMHOH CHJbI B THAPOAHHE-
MHYeCKOe ypaBHeHHe [/ YCKOPEHUS! WM HMIYJbCa Cpeibl
(10.1), (10.2). B TpexMepHOM caydae rUIPOAHHAMHYECKHE
ypaBHeHUA [/ IVIOTHOCTH, TJIOTHOCTH HMIYJbCd W YIe/b-
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Hoft BayTpennel sHepruw (9.1)—(9.3) camorpaButHpyIO-
med cpelbl MOXHO 3anHcaTh B 3HJepoBofl GopMe:

macea: %1;— = — Vpv; (10.73)
dpv
at

UMY AbC: = —V{(pvv) — Vp — oVD; (10.74)

BHYTPEHHAR IHepaus: ait pe=— pVv —V(pev 4 q) + S;
(10.75)

NOTEHIMaN T'DABHTALHOHHOIO MOJIA ONpeje/sieTcss ypaBHe-
nueM Ilyaccona

V2D = 4aGp. (10.76)

BenuurHa q onuceiBaer Iuddysuio 3HEpTHH, a S — QyHKIAA
pacnpefie/ieHdsl HCTOYHHKOB 3HEPruH, 0OyCAOBJIEHHBIX XHMH-
4eCKUMH HJIH HOHH3ALHOHHBIMH INIPOIECcCaMH, a TakKkKe mpo-
HeccaMH s1IePHOTO CHHTe3a H JeJIeHHs.

Brille MBI yKe BBIIEJAHAM OCHOBHBIE fABJEHHUSA, CBA3aH-
Hele ¢ runep6ouYecKUMH YpaBHEHUSMH, a HUMEHHO: mepe-
HOC, 3BYKOBble BOJIHBI M TpaBHTAaLHOHHbIE KoJjeGauusa (§ 1).
Ho, kpoMe 31ux 3¢dextos, CylecTByeT ellle OTHO BaXHEH-
miee CBOHCTBO, KOTOpOEe CJelyeT ONHCATb B CHCTEME ypaB-
HeHH IPAaBUTALHOHHON THAPOXHHAMHUKH, — 3TO H3JYUEHHS.
Tlone n3nyyeHHs1 MOXKHO ONMHCATb HECKOJBKMMH CHOCOGaMH.
HauGonee moJublli MOAXOJA COCTOHUT B TOM, YTOGH CYHTATDH
J000/ MaJiblfl 3/71eMeHT 3Be3Jbl 3JEKTPHYECKH HeHTpaJabHOH
cHCTEMOH 3JEeKTPOHOB, sifiep (Wad HOHOB) H (POTOHOB, MpH-
uyeM AJsi YAeJpbHON BHYTpeHHell 3HepruH Kaxaoro copra
YacTHL, MOXHO 3amucaTh OTAeNbHOe ypaBHenme, Ho, Tax
Kak ofmias MJOTHOCTL YaCTHL, 4Ype3snlUalHO BeJHKa, MH
OyneM cyuTaTh, YTO KaXABIH COPT 4acTHL HaxOAWTCS B
JIOKANBbHOM TEPMOAMHAMHYECKOM PaBHOBECHH CO BCEMH OC-
TaJbHBIMH COPTAMH 4YacTull. B aToM npubaukeHuu ynelb-
1as BHyTpeHHss aHepruda e (10.75) paBHa noJsHO# yAenb-
HOf BHYTpPEeHHEH 3HEpTHH, T. €. CyMMe 7O BCeM cOpTaM ya-
‘ernl. OHa cBfi3aHa C I1JIOTHOCTBIO W JABJCHHEM CpelH
BecbMa CJOXKHBLIM ypaBHeHHEeM COCTOSIHHS !):

e=¢e(p, o). (10.77)
1) Cwm., nanpumep, pa6ory [104].
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[IpeanosioxKeHue 0 JIOKaJbHOM TePMOJHHAMHYECKOM DaBe
HOBECHH MeXIY COPTaMH YACTHUIL TO3BOJIAET 0COGEHHO Npo-
CTHIM CMOCOGOM YYeCThb MOJiE H3JYYERHS] HEeNOCPEACTBEHHO
B ypasueunsax (10.74) u (10.75). Ilosnoe naBnenue cpenbi
paBHO CyMMe MapUUaJbHBIX LABJEHHH H3JIYy4eHHA pr, 3J€K-
TPOHOB P U HOHOB p;!

p=p;+ pe+ p. (10.78)

CorylacHo CTATHCTHYECKOH MexaHuKe, MOUIHOCTb H3JyueHHS
YepHOro TeJa paBHa

W = ol (10.79)

rae T — paBuoBecHas temnepartypa. PasenctBo (10.79) Bu-
paxaer 3akon Credana — BojbuMmana, rie o6 — NOCTOSH-

nasi Credana. CoOTBETCTBEHHO NaBJIEHHE H3JYYEHHS DABHO
[105]

4 ol*
=g, (10.80)
rjge ¢ — CKOpOCTb CBETA.
AHaJIOI‘l/I‘lHO BJIHAHIIE BIlepI‘HH H3JIy‘[9HI/Iﬂ cieyetr

yuecTb B ypaBHeHHN AJIA BHyTpewHeil sueprun (10.75).
B npexnosoxenun o TepMOZHIAMUYECKOM PaBHOBECHU Me-
WKIY [OJIeM H3JYUeHHS 1 CPeloli NepeHOC 3HEPrHH H3ayye-
HHS MOXHO BBECTH B AU(POY3HOHHBIE yJjeH ¢, TAaK Kak 1o-
TOK SHeprHH H3JYYeHHS DaBeH

5}
q =5 (p,0), (10.81)
rae 4t — ONTHYeCKad TOJIIHHA,
07 = — kpdr, (10.82)

a k — xospdunuenr Hemnpospaynoctu BeniectBa. C no-
momypio ypaBuenuil (10.80)—(10.82) BbipaznM mOTOK 3Hep-
THUH M3Jy4YeHus B Buie IU(PGDHY3HOHHOTO yleHA YypaBHeHUHd
JJIST BHYTpeHHell sHepruH

q=—aVT
¢ xoappunuedtom aubdysun
o=l (10.83)

3 kp
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Ypasueuna (10.73)—(10.76) c yueToM naBieHHs H3NY-
yeHns H gubbyaun uanydenus obpasyior cucremy aubde-
peHUHANBHEIX YPaBHEHHH B UYacTHBIX MPOHU3BOAHBIX JJs
HCC/IeIOBAHMSA JAMHAMHKM 3Be3n. SlmepHbie M XUMHYecKHe
peakuuy paccMaTpPHUBAOTCA KaK JOKajgbHBIE MPOLECCHl, MO0-
3TOMY HX MOXHO OIIMCAThb CHCTeMOH OOBIKHOBeHHBHIX nubde-
pEHHUANbHBIX YDABHEHUH IS KaXAOH TOYKH cpeinl. DTH
NpPOIECCHl BO3MEHCTBYIOT HAa AMHAMUYECKHE CBOHCTBA yepes
pacopegesneHue HCTOYHUKOB S B YpaBHEHHH I/ BHyTpPeHHe
sHepruu. Kpome Ttoro, 3To BO3meHCTBHE NpOSIBJASAETCS B 3a-
BUCHMOCTH K03 GHuLUHEHTa NPO3PAYHOCTH U yPaBHEHHA CO-
CTOSHUS Cpeinl OT JoKanabHbeX nporeccoB [106]. Cxopoctu
siEepHEIX peakduil B CBOIO OYepedb 3aBHCAT OT IJIOTHOCTH,
TEMIIEPaTypbl H OTHOCHTEJBbHOH PacCHpOCTPAHEHHOCTH KaX-
noro tuna szaep [107]).

2. Jlaepanscesbl maccosobie KOOPOUHATHL

OxHoMepHBle MOZENH NPUMEHUMBl K pellleHHI0 MHOTHX
BONPOCOB O CTPYKType H BHYTpeHHeH aunamuke 3Be3x. Of-
HOMEpPHOCTb 3ajaud npexnosiaraer cgepuyeCcKylo CcUMMe-
TPHUIO U HCKJ/II0YaeT BO3MOXKHOCTb yueTd KOHBEeKTHBHBIX IIpPO-
11eCCOB, KOTOphle MOTyT WUrpaTh PoJib B TypOYJIEHTHOM Iie-
pemewinBaHuH cpegsl. M Bce Xe ympouwenue, gocTHraeMoe
3a CyeTr nepexoja TOJbKO K ORHOH paAHa/JbHOH NPOCTPaH-
CTBEHHOH IlepeMeHHOH, BecbMa 3HAUHMTEJbHO, TAK KaK 3TO
no3BOJAsieT HCHNOJdb30BaTh JArPAHXKEBY CeTKy, a HesIBHbIe
CXeMbl JIe[KO paspelluMbl B OLHOMEPHOM CJIydae.

OnpegenuM (QyHKOUIO 7 Kak IepPeMeHHYI, OMHCHIBAIO-
myto chepuueckyio o60J0UKY 3BE3ABI

— =y, (10.84)

rie v — pajuanpHas CKOPOCTb LeHTpa macc. B kauecTse
HE3aBHCUMOH NepeMeHHOH yxo6HO BHIGpaTh Maccy, 3aKJio-
UeHUYI0 BHYTPHU chepbl paguycom r:

- ) r

M(r) == S 4nsp(s) ds. (10.85)
0
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YpabHedne wuenpepeiBHocTH (10.73) B ;arpanxeBoit
¢opMe IpUHEMaeT BHL
dM

=0, (10.86)

OueBngHO, 4TO Macca BelleCTBa, 3aKMUEHHOTO BHYTPH
cepuyeckol JarpaHKeBoil 0GOJOUKH, paBHa TIOCTOSTHHOH.

Orciona cienyer, 4To B TaKOA MPOCTOf reoMeTpHH ypas-
HeHne [Tyaccona (10.76) MoXHO NPOHHTErpHpOBaTL ¥ HAHTH
JIOKAJIbHO® I'DaBUTALMOHHOE YCKOPEHHUE g:

a0 GM
g=—""=—"F. (10.87)

[TepenumeM ypassenue ays umnyasca (10.74) B Buge ypas-
HEeHHs JJA YCKOPEHHs B JarpaHxKeBHIX KOOpPAHHATAX, 4TO
c yquOM Boipaxkeuus (10.87) gnist cHMIBI TSKECTH gaer

do __GM 1 9p (10.88)

Ilepexos K HE3aBHCHMOH IIDOCTPAHCTBEHHOH MepeMeH-
HOH M, 3anuuieM ypaBHeHHE AJsi YCKOPEHUSI B BHIE

—E-———ﬁ—-—‘lnf W. (1089)
HuddepeHunanstoe ypaBHeHHe AJs yAeJbHOH BHYTDEH-

nel sneprun (10.75) B ;narpauzkesofl popMe uHMeeT BUJ

de
o5 =—pVv—Vq+S.

Buosp mpennosaras cepHueCKyld CHMMETpPHIO H 3aMeHsad
‘TIPOCTPAHCTBEHHYIO KOOpAMHATY nepeMexno#l M, moJyuaem
de 2] 9 d 9 S A
=" Pan (4nr’v) By (4wr2q) + o (10.90)
OTMeTHM, YTO BMECTO ypPaBHEHHA [LJs YAEAbHOH BHY-
TpeHHell 3HEPTHM MOMXKHO HCINOJIbL30BATh JPYroe ypaBHEHHE
(He yuHuTHIBalOUlee fiJepHBbIE peakuuu). YaeabHas 3HEPras

cpeabl paBHA
p=gvr— I pe (10.91)

r
Homuoxas ypapuenume (10.89) u craaAbiBag pesyJbrar
c ypasnenneM (10.90), mosyyuM KoHCepBATHBHOE ypaBHe-
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HHe A4 BesiHuuHbl 4. OnHaKo B 3Be374aX BO3MOXHH 60Jb-
[IMe pasiHuHf MeXAY 3HaueHHSIMU rpaBHTALHOHHOH H Ten-
JIOBOH HEepTHH B pasHHX 06/1aCTHX, B 4aCTHOCTH, Y MoBepX-
HOCTH 3Be3/lbl B 06/1aCTAX HH3KOH IVIOTHOCTH BKJAJ TemJo-
BOW 5HepPrHH B BeJHUMHY # MaJj, G03TOMY BBIUHC/IEHHE
TeMIepatypbl U3 ypaBHEHHS [Jisl NONHOM 3HEPTUH NpHUBELeT
K Goabiol omubke. CuaenosartesbHo, HauboJjee Legecoob-
pasHO HeMmoCpeiCTBEHHO HCIOJIb30BATH ypaBHeHne IJis BHY-
TpPeHHeH SHEepTHH.

Takum o6pa3oM, 3afiaua CBeJeHa K TpeM OZIHOMepHI:IM
(o «npocTpaHCTBeHHOM» nepemeHHoll M) ypaBHeHHsIM mep-
BOTO Nopsaxa (no Bpemenu) aas paauyca r(M, £) (10.84),
ckopoctd v(M, t) (10.89) u BHyTpeunei sHepruu g(M, f)
(10.90). Ypasueuus mnpuHai/exar K rCHIepGOJHIECKOMY
THIY 4 ONHCBLIBAIOT NEPEHOC, 3BYKOBBIE BOJHBI U TpaBHTa-
[MOlIHbIe KOJIe0aHHS, XOTA yueT panuaunoHHod nnddysun
ResaeT ypaBHeHHe ILJs SHepPrun napabGosiH4eCKHM CO CKO-
POCTLIO pesakcanud

A2

OrR = I6T9/3kp

(10.92)

B 3aj1auax 3BOJIOLHN 3Be3], HHTEpeC NpeAcTaB/sIioOT 1po-
LEeCCHl, poTeKalouite 3a oueHb AJUTENbHOE BPEM$, OITOMY
uHepuueHl cpelbl MOXKHO npene6peup W HCMNOJ/B30BATh NpPH-
6/KeHHe TUAPOCTaTHYEeCKoro paBHoBecusi. Torma ypasHe-
HHE /U1l YCKOPEeHus (10‘89) anMeT BHI

=0. (10.93)

ChesiaHHOE TNpennoJIoXKeHHe NPHBOAHT K HCKAIOUEHHIO H3
ypaBHeHHH OBICTPBIX NPOLECCOB, CBA3AHHBIX CO 3BYKOBBIMH
'BOJIHAMY B FpaBUTalHOHHBIMH KoJie6aHUuAMH.

3. Slsnvie pasnocTHble meT0ObL peuienus 3a0a4u
0 nyabcayuu 38e30

dopMyanpoBka OpHOMEpHOH 3agauu rpaBHTALHOHHOH
THAPOJHHAMUKH OueHb 6/H3Ka K (POPMY/NHPOBKE aHaJIOTHY-
HBIX MarHHTOrMApOAMHAMHUECKHX 3ajadl,-Mo3TOMY BCe Me-
TOAb pellenus nocaeanux (§ 3) B paBHO# cTeneHu mpume-
HHMB B K IpaBHTAUHOHHOMY caydaio. Jas UHTerpupoBaHus
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3THX ypaBHEHHH BO BpPeMEHH MOXHO HCNOJb30BATh KaK fB-
Hble, TAK H HESIBHBIE METOIbL.

PaccmorpuM sIBHBII J1arpaizkeB MeTOA pelleHHs MOy«
YeHHBbIX YpaBHEHHH, KOTOPbIH aHaJOTHYeH METONY, HCMO.b-
30BaHHOMY B COOTBETCTBYIOIIElH rUAPOIIIHaMUYECKOH 3a1a4e
(ra. 9, § 5, n. 1). Bpenem nHa ocH JarpanKeBoii He3aBilCH-
Mo# nepemMeHHo M puckpeTHywo ceTky j (¢ur. 9.17), sucii-
KH j—1/3 KOTOpOIl UMEIOT cMbIca cdepHIecKUX CJA0EB:

My=M,_ +AM,_,. (10.94)

dynknua r — paauyc, OTBevalOUIHH [LaHHOMY 2HAUCIHIO
Macchl, 1 CKOPOCTb U ONpejesieHbl B Y3J4aX CETKH £/} u v},
HPHYEM CKOPOCTH 3aJaHbl B noJAyLedble MOMEHTH Bpenie-
m 7 Bce ocTanbhbie nepeMeHHble (CYyUIeCTBEHHLIE ne-
peMeHHbIE) MOXKHO 3a/aTh UX 3HAUEHHAMH B AueHKax j — '/p
B leJible MOMeHThbl BpemedH. [lonyuus, Takim obpasowm, sua-
yeHue pajuMyca H JAapjeHus (/JaBJjieHHe HafiieM H3 ypasbile-
HUSl COCTOSHHSA) B lieJible MOMEHTHl BpeMeHH B suefiKax
j—1/2, 3annmeM UEHTPHPOBAHHYIO 1O BpPEeMEHNH H 1O Npo-
CTPAHCTBY PA3HOCTHYIO CXEMY

G/Wi
I
_ Atdm (r?) . (10.95)
1/2 (A‘M‘H"/z + AM]“'/z) (pj+l/2 f—’/z)' -

v;‘t"l"'/a - v'}‘t"’/z — Af

Orcioga caepyer, 4TO pajaiaJbHble KOOPAHHATHL Tpaiil
sueeK B LieJble MOMEHTLI BpeMeHn MoXKio naiiti no ¢op-
MyJiaM

rott=rn 4 o1+AL {10.96)
JlokasapHas MJIOTHOCTb B KaXKJ0# AuyeliKe paBHa |
M;—M;
i i1 ‘
i=1/ 1)1 [(rer-l)fi _ (r}zjll )3]

Ocraercsl pelInTh YpaBHEHHE M YAEIbHOH BHYTpeHHEl
sneprun (10.90). OcHoBHas TPYAHOCTb OTHICKAHHSA 3TOrO pe-
HIeHHUsi CBA3aHa C HeJHHeHHOCTbIO HJAeHa pajualioHnoin
nuddysnn q (10.83). Tak kak Koapduuuent paguanuou-
HOH nHpOY3HH o CHABHO 3aBHCHT OT TEMIEpPaTypsl H NJAOT-
HOCTH, TO ypaBHedie auddysnn neobxoanMo peiiaTh Hess-
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HbIM METOZOM TaK, YTOOHl Iar 1o BpemeHn Af He OulI orpa-
HHYEeH BpemeHeM clajauus auddysuu. YpasHenue A1 BHY-
TpeHHed 3Hepmsn MOXKHO 3anMCaTh B BHOE

5 @T) + 5T 57 (4ar0) — %@m%%ﬂ=%,ﬂ&%

rjae yae/bHasi BHYTPEHHSAS SHEPTHS CBA3aHa ¢ TeMIlepary-
poll W naBJ/ieHHeM C NOMOMILIO ypaBHEHHA COCTOAHHA, H

e=¢tT,

p=pT.
Bropofi unen B ypasuenuu (10.98) onucniBaer apuabaTuue-
CKOE€ CKaTHe, IpUYeM CKOPOCTh CxKATHS KaXKAOTO 3JeMeH-
TapHoro obbeMa csﬂsaHa ¢ usMenenuem maorsocty (10.97)
dp

aM dt

Taxum ofpasom, 3agaua pemenns ypasuenusi (10.98)
HeABHBIM METOAOM IIOJIHOCTBIO aHaJOrH4Ha COOTBETCTBYIO-
e 3anave Qs HesuHeHHOro ypasHeHusi AU Py3uu B Mar-
HUTHOH rujpoanHamuke (§ 3, n: 2), 4To U MO3BOJASET BHOBb
BOCIOJIb30BATHCSA TeM K€ MeTOJOM, OCHOBAHHBIM Ha CXeMe
Kpanka — Huxonscona. Ueproit B ypasuenun (10.98) o6o-
3HAYEHBI Te TiepeMeHHble, KOTOPHE He 3aBHCAT OT TeMIepa-
TYpH Ha HTepaLuoHHoM ware (§ 3, n. 2). Ha raxnom urte-
paLMOHHOM IIare IPUXOAUTCSA pelllaTh CHCTEMY aJjreGpauue-
CKUX YypaBHeHMH < TpexZHaroHa/JbHON MaTpuned A4
vrpegeseHus Temnepatypsl Bo Bcex snuefikax. llar mo Bpe-
MEHHK 3aBepllaercs, Korja oluubKa HTepalHOHHOIO Npolecca
Oyner AGCTAaTOYHO MaJa.

Tak xax rpapuTalHOHHA{ YacToTa BO3pacTaeT ¢ BO3-
pacTanyMeM IIIOTHOCTH, a IUar 10 BpeMeHH HOJXKeH GHTh
MEHbIIE, yeM IepPHOJA TP&BUTALHOHHBIX KoJebGaHUull, TO BHY-
TPEHHsIA MpaHulla BpiOupaercs He npu r = 0, a Ha KeCcTKol
nagayyatoumeil chepe, pacrnosoXkeHHol 8 UeHTpe 3Be3Abl. Ta-
Kasg MoJeJb Gblna mcnosb3oBaHa [89] mpu uayueHus nyJn-
calinn 3Be3f. C NOMOLIBIO 3TO MoAe/H OBIJIO YCTaHOBJECHO,
4yTO B INHPOKOH 06/IacTH NapaMeTpoB 3Be3[bl CyLIECTBYIOT
HeJuHeHHble CTALHOHApHBIE KosaebaHus, XapaKrepHasa aM-
NANTYAa KOTQpHIX cocTamaseT okoao 109% oT 3HaueHus
B DaBHOBECHOM CDCTOSHHH. ODTH pe3y/bTaThl B OCHOBHOM
COBHAJAI0T C pe3ynbTaTaMy HaOJI0geHUH,

1
20) = — —
(4mr?v)
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