NMPEAUCJ/IOBUE TMEPEBOIUYMKA

Passurtue Maremaruku 3a nocreauune 10—20 ner, B oco-
Genroctn  OypHeif pOCT BHIYHCAUTEIBIOH TEXHUKH, MPUBEN
He TOJNbKO K paclIMpPeHuio MpPUJOKeHuHd STOH HayKH, HO H
K nmepectpofike ee colepxanusi, ONHOH M3 OCHOBHBIX YepT
9TOH mepecTpolikn 4BAAETCS POCT pOJMM TaK HA3BIBAEMOH
KOHEYHOH MareMaruku, B 4YaCTHOCTH, OJHOH u3 BamHEHImMX
ee yacrelt — KOMOUHATOPHLIX METONOB.

KomGuuaropusie uien u MeTonbl Bcerfa Oblau TeCHO CBS-
3aHbl C NMpaKTHYeCKUMM 3ajgayaMu. IJTa CBA3b OTYETAUBO Bbl-
paxena B OOJbINMNICTBE KHUT M CTaTel, NMOCBALUIAEMBIX KOM-
Ounatopnke. B kauecrBe mpuMepa MOXHO YKas3aTb KHUTY
Puopnana ,Beenenue B komGunatopusit anaus* (MJI, 1963),
a Takxe Bbimywennbih B kouue 1964 r. Kanudpoprubickum
yuusepcurerom (CLLA) cGopuux ,Applied combinatorial
mathematics®.

TeopeTtuyeckne OCHOBbI KOMOMHATOPHON MaTeMaTHKH, OJ-
HAKO, [a3BUTHl CIUE HELOCTaTOUYHO M CWIBHO OTCTAOT OT
TpefoBaHufl npakTuku. 3HaueHwe mpenJaaraeMofl BHUMAaHUIO
ynraresefl xuury Pafisepa cOCTOUT 1npemae BCEro B TOM,
YTO B Hell PacCMaTpuBalOTC TEOPETHYSCKHE NPOGIEMBl KOM-
Gunatopuku. KHUTY BBIFOJHO OTAMYAIOT OOIMHOCTH MCXOLHBIX
TEOpeTHUeCKUX MO3ULUH, OpraHmuyeckoe eNUHCTBO B H3JO0Ne-
HUM Marepuana, CTPOroCTb MaTeMarTHuyecKnx Cyxuaenutt wu
JOKa3aTe/bCTB.

Xord aBTOp M MNpeAVBEIOMJSeT uuTaTess, YTo OT Hero
He norpedyercd cnenvanbHOH NOArOTOBKYM B oB1actd KoMOu-
HATOPHOH MAaTEeMaTuKW, €ro KHWT'Yy He/b3d Ha3BaTb SJEMEH-
tapno#t. Hammcana omna ckaro, 149 ycnewlloro ee H3yueHHs
HeOCXOAMM CDABHUTE/NBLHO BHICOKHH ypoBeHb MaTeMatHuecKOoH
KyibTypHl.

20 wioaa 1965 r, K. A Poalyurkos
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Il urenust XawHoH Mouorpaduu He Tpefyercd CHELUUAIb-
HbIX 3HaHWK MO KOMOWHATOPHOH Maremartuke. B mepmoit
r1aBe Mbl paccMaTpuBaceM 3JIeMeHTapHble CBOMCTBA MHOXECTB
M onpejeaseM MNOHATUS HEPECHMAHOBOK, cOtemaHrHuid n Ou-
HOMUQAbHOLX KOIPpPutuermos. Mbl, KOHEYHO, paccmMaTpu-
Ba€M 3TH NOHATHA C cospemeﬂnoﬁ TOYKH 3peHud ¥ C CaMoro
Hayasia npepnoJiaraeM, 4tO YWTATedb CMOMKET OLEHUTb TOH-
KOCTH MareMarHueckux paccyxnenusi. HauGosee ray6oxue
nccaenoBauus B o6aactM KOMOMHATOpPHON MareMaTMKM MpoO-
BOASITCS B paMKax COBPEeMEHHOH aareGpel, M [OITOMY Ml
CUUTaeM, YTO YMTAaTeJb 3HAKOM C €e¢ OCHOBHBIMM NOJONKE-
HHAMM W noHATHAMM. ONHO M3 UEHTpaJbHBIX MECT B anna-
parte COBpeMeHHOH ajreGpbl 3aHUMAIOT MATPHULBI, M MOITOMY
OHM HE CJydYaiiHO HChOJb3yIOTCd BO BCEX T/1aBax MOHOrpa-
cum, sBISACL OJHOBPEMEHHO uX cpsayoouM 3penoM. Caa-
yajJa 3TO NPOCTO NPAMOYroJbibie TabuaMubl, W AJ4 NOHUMA-
HUS uX He Tpe0yercs CHeUMaJbHONH NOATOTOBKW; 34aTE€M OHM
HAUWHAKOT 3aHWUMaTh 6oJiee BUAHOE MeCTO B HU3JOKEHUU, U Mbl
BBOMUM OObluHble NpaBuaa onepauu#t nam uumu. K reopun
yncesa Mbl  ofpalaeMcs pesxo, U B OOJBIIMHCTBE CIyyaeB
O/ NOHUMAaHUg MPOMCXOAAINEro BMIOJAHE JOCTATOYHO 3HAKOM-
ctea ¢ ofwumu nosoxenusamu. Ilpencrasieuuss O noaax u
rpynnax Mbl KacaeMcs MHMOXOJOM M TOJBKO B pefKux cJay-
4yasgX BBIXOOUM 33 paMKu onpejefenuss 3THX NOHATHH.

Muorne pnokasarenbctTBa, NPUBOAMMBIE HAMU, NOCTPOCHDI
Ha PacCyX/JCHWAX BBIYMCANTE/BLHOTO XapakTrepa, Ha KOHEYHOH
MHAYKIMU U HA pajge JAPYrUX JNaBHO U3BECTHBIX METOLOB,
OJHAKO 3TO OTHIOAbL He O03HayaeT, 4yTo KOM6]/IH&TOpHa$1 Mare-
MaruKa OueHb mpocta. Hao6opor, 3TOT paspes MareMaTHKH
npencraBafgeT 3HAUYUTE/IbHBIE TPYAHOCTH KaK JJg yCBOEHUd,
TaKk W 1Js wanaoxeHus Marepuana. HeoOxomumocts pecbMa
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BAyMYMBOTO MOAXONA K H3JaraeMbiM pesyibraraM ycyryG-
JAA€TCA TeM, HTO NPHBOAUMBIC HAMHM ONpeje/enus ¥ J0Kasa-
TeabCTBa AOCTATOUHO KpaTku. Ho npusiexanve u OCcTpuift yM
BeJyT K MacTepCTBY, a Hall TpenMeT lUeApO BO3HATpaxiaer
TeX, KTO TNO3HAeT ero Takmubl.

Hexoropile pasnennt Halleft HayKu Mbl H3JaraeM OueHb
noapoGuo M BEIXOAMM 11a nepeaHufl Kpalh pocTHKEHHH COB-
pEMEHHBIX MCCAeA0BalMi, HO HAM NPUXOJNTCS PACHIauuBaThes
3a 5TO — MBI BBIHYXKIENH OTKa3aTbCd OT OCBeUlellls MHOTUX
uHTepecHsXx npobieM.

B kaxnofi raase HPUBOAUTCS CHICOK JAHTEPATYPH, KOTO-
pbift MOXKET CAYXKUTb DYKOBOACTBOM K nanabuieduinM uccie-
IOBAHMSM, OJHAKO MBI Ja/4eKO He [perenayeM Ha MOMIOTY
3THX CIHCKOB.

Ha crpamuyax 3TOH KHHMIM Mbl KacaeMCsl psila BaXHBLIX
BOTIPOCOB, {1 KOTOPHE€ B HACTOAILEE BpeMs €lle HE HaicHbI
otseThl. Ho kKoMOuHATOpHAH MAaTEMaTHKa UCKIIOYUTE/LHO
6ypHO pasBMBaeTCad B HAWIM JHH, M MbI BEpUM, UYTO €€ BaX-
Hef1iMe OTKPHITHSA ClUe Brepenu.

1 BLIpaXa NpPU3HATE/BIOCTh MATEMATHKAM, KOTOPhle OKa-
3aqM MHe Ty WM uiyl nomoib. Ilpogeccop M. Xoan
(Maauuil) CyWECTBEHHO MOMOT MHE M BOOJYMIEBJAT Mend.
Ipodeccopnt P. II. Boac, WM. Husen u P. Cuabpepman
BHECAM MHOMO MONPaBOK B H3JOMeHHe MarTepuana. Bosbinyio
noMouls MHe okasamm raxwe jg-p M. P, ®aakepcon,
n-p K. Tomnngepr, a-p A. Ix. Xoddman, npod. . Kretn-
deabn, . D. Knyr, 1-p M. Hewooman, n-p 3. T. Ilapxep,
npodp. T. Pamo n npod. A. V. Takkep. Ilpodeccop
I'. M. Texman u &, I'. Pafisep nomor.am Mue NOATOTOBHTH
pyKONMCb K MeyaTH.

Tep6epm . Paiizep
Cupakysckull YHUBEPCHTET,
¢espaap 1963 1.



Trasa 1

OCHOBbl KOMBUHATOPHOH MATEMATHUKH

1. Yro takoe komGuHaTopHasa matemaruxka? KomOuna-
TOpHAS MATEMATHKA, W3BECTHAA TAKXKe [OJ HA3BAIIHEM KOM-
OMHATOPHOI'O aHa/au3a WA KOMOMHATOPMKHM, 4BJAseTCS Mare-
MaTHUYeCKO! IMCUMIIMHON, BO3HMKINEH B [IpeBHHE BpEMeHA.
Coranacno onitofi Jerewae, Kkurafckuit umneparop O (npu-
Mmepuo 2200 r. mo H. 3.) nabao0za1 Maruyeckuii KBaapat

49 2
3 5 7
8 1 6

Ha navuMpe HeKOH OoxecTBeHHOH uepenaxu. Hexorophie Ha-
yaabHble CBeZeHHs O NepecTaHoBkax noaBuauchk B Kurae eme
no 1100 r. no u. 9., a Ben D3pa (npumepro [140 r. n. 3.),
no-BUAMMOMY, 3Ha1 HOPMyJay AJs uucaa KOMOMHAUMHA W3 7
9]eMeHTOB N0 r. MHOrMe M3 caMbiX palinux paboT cBs3anbl
C YUCIOBOH MHCTMKOH. B TeueHnue HECKOMbKHX MOCACAYIOUIMX
BeKOB  pa3.uulible aBTOPH MOAXOAMIN K KOMOMHATOpUKE
C TOYKM 3peHHs MaTeMaTuyeckux paspaeuexuft. Iupoxo
M3BECTHHIMU MPUMepaMH TAKOro poza aB/floTCsa: 3anaua bawe
O B3BEIIHBAHWM, 3anaya KupKMana O IIKOJAbHMIAX M 3a1a4a
Direpa o 36 oduuepax!). IMonobHble 3azaun npencrasaqioT
MHTEepeC AJs ynpaxHeHUH MHTe/JeKTa, 4 MX pelleHHst MHOTAa
OKAa3b{BAIOTCA OCTPOYMHBIMM H M3ALIHbIMH,

Muorue W3 3ajay, KOTOpble M3yyalu B NPOLIOM AJf
pasB/eyeHHss WAM B CMJIY MX SCTETHUECKOH TpuBJeKaTe/b-
HOCTH, NpuOGpesu B Halle BpeMs OOJblIOe 3HAUEGHHE KaK
B TEOpeTHYeCKoH, TaK M MNpHUKJaAHOH tayke. He Tak nasno
KOHeuHbie TPOEKTHBHbE MJIOCKOCTH CHYHTAINCh KOMOMHATOP-

1y Cm. raxe Kytaymyparos Jw., O passurun xomOu-
HaTOpHbIX MeTonoB Maremartux¥, Hykye, 1964 — Ilpum. nepes.
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HBIM KypbesoM. Cerofns e OHM CAOyXAT MCXOXHBHIMM MOHs-
THSMH B OCHOBAHMAX TFEOMETPHH, MPH aHAIH3E M MJIAHMPOBA-
HUM 3sKCcHepuMenToB. HOBas TeXHHKA C €e KM3HEHHO BAKHBIMH
CBA3AMHM C JIMCKPETHHM MNpHaaza pasBieKare/lbHOH MareMa-
THKE HPOLIJIOr0 HOBBIE CEPbe3HblE LEJH.

['opasno 6osee BaXKHBIM fABJASETCS TO, UYTO COBpEMelHas
3M0Xa XapaKTepu3yercsl BO3HMKHOBEHHEM LIMPOKOro Kpyra
HOBHIX 3aMeuarteJbHBHIX 3amay KomOunaropuxu. [locaexnne
BO3HHMKJIN B afcrpakrHoit ajnrebpe, TOMOJOrMH, OCHOBaHHAX
MaTeMaTHKH, TeOpud TIpadoB, TEOPUH HIrp, JMUEHHOM npO-
IpaMMHMPOBAHHM M BO MHOTMX APyrux ofaacrsx.

Kom6ynaropnka Bcerza Obina MHorocroponseil. B naum
JHM 9Ta MHOTOCTOPOHHOCTH 0c0OenHo Bo3pocia. OxHako
MHOTOYHC/IEHHBIe H pa3HooOpasHbie 3asauu KOMOMHATODHKH
He Obiin ycmneltHo paspaCoTaHbl ¢ NMO3ULMH OOWeR TEOopHH.
Muoroe u3 toro, 0 ueMm OBIIO CKa3aHO BHIIE, B OJIMHAKOBOMH
CTeneHH MPHIOKHUMO K TEOPHM uuceJ, MO0 KOMOMHATOPHKA
W TEOpHUs 4YuCes] SBJSIOTCS DPOACTBEHHBIMH JMCLUMIIMHAMM:
OHH HMEIOT OMNpeleseHHble nepecevyeHus B obuel cucTeMme
MaTEMAaTHYeCKMX 3HaHMM, M Kaxngas H3 HHUX CyUIeCTBEHHO
oboraiwaer Apyryo.

Kom6unaropuka sarparupaer o0O6JaCTH MHOTHMX paslieJioB
MaTEMaTHKH, M 3TO OBCTOATENBCTBO 3arpyiHseT ee HOpMab-
Hoe ompexenenne. Ho B OCHOBHOM OHA MMeeT IeNO C H3y-
YeHMEM PACMOJIONEHNs DJAeMeHTOB B MHOxecTBa. OOBIUHO
YMCJIO DJIEMEHTOB KOHEYHO, a X PachoJoxweHne 00yCa0BJIeHO
OnpereIeHIBIMI  OTPAHUUUTEAbHBIMH  YCJIOBUAMM, BHTEKAIO-
UMMM M3 YCJIOBMH HCclenyeMOd KOHKDETHOH 3axauu.

B awreparype, Kak NpaBMJO, paccMarpuBanTcs Ia 00-
WX THna sazady. B rnepBoM M3 HUX CywecTBOBaHME MpEANH-
CaHHOH KOHOMWIypalluyl COMHHUTENLHO, M HCC/IEZOBAHNHE COCTOUT
B NONBITKAX XOKa3aTb 9TO CymecrBoBaHue. Takue 3axauu
HasHBalOTCA ApoOaeMaMu cymwecTtBoBaHusd Bo Bro-
poM TUNE 3aZay CyWecTBOBaHMe KOH(UIrypauui H3BECTHO,
a MpH HCCTeZOBAHUAX CTPEMATCH OMNPENeNUTh UMCAO KOHDH-
rypaudii uiau xath HX kjaaccubpuxaumio. Takue 3azayyn Mbl Ha3bl-
paeM MepevyrMCcJANUTEIbHB MU, B nacrogweit Monorpapuu
yOop cuejaH Ha 3aaud O CYIIECTBOBAHMHM, HO WMeercd H
MHOTO MepeyHCHUTeNbHbIX 3a1a4.

MoXHO 3aMeTHTb, UTO BTOpas Kareropud 3azad ecth He
YTO MHOE, KaK YCOBePLICHCTBOBAHME HJIM QUEBHAHOE DAaCHlk-
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peHue mnepBo#t. Iro Tak s ecrb. Ho Ha npaktHke mouay-
YaeTcd, YTO ec]H CYeCTBOBaHMe KOHdurypauuud tpebyer
MHTEHCHUBHOTO MCCJAELOBAHUsA, TO MOUYTH HUYErO He/Ib3d CKa-
3aTh O COOTBETCTByWOWEH mepeuncanreasuoll saxave. C apy-
rOo# CTOPOHBI, €caM MepeyucauTe/pHAs 3ajaua noajaercs
pellieHHI0, TO COOTBETCTBYIOWLAs  3ajaya CyLIECTBOBAHWA
OOBIUHO pelnaeTcs TPUBHAILHO.

[pouamoctpupyeM STH  3aMeyaHMs Ha  9JEeMEHTAPHOM
npumepe. YaaauM u3 maxmatuo#t 8 X 8-mocku aBa KBanpa-
THKa M3 NPOTHBONOJOXHBIX yraoB. Ilycrb umeerca 31 xocts
JIOMHMHO, KamKIas M3 KOTODbIX TMOKDHIBAeT [Be KJETKU Ha
nocKe. 3ajaya COCTOMT B TOM, UTOOBI MOKPLITH BCIO XOCKY
STUMM KOCTAMH. B sToft 3azaue cyuiecTBoBanue pelleHys co-
MHUTETbHO. [lOKamxeM, uTO TaKOe MNOKPBHITHE HEBO3MOMKHO.
B camom xese ynajensl 1Ba YepHBIX MM JABA Oe/blX KBaf-
paruka, ¥ MOTOMY [OCKa HMeeT HepaBHOE HYUCJO YepHBIX H
Gesablx KkBaapatukoB. Ho KocTh, mOJOKEHHad HA JOCKY,
JO/KHA TOKPBIT OJMMH Oeabif M OnMH 4YepHBI KBajpar.
CuenoBaTebHO, [OJHOE NOKPBITHE HEBO3MOKHO. [lpenmoJo-
MM, UTO KBaApaThl, HAXOIAWMECH HA MPOTHBONOJOKHBIX
yraax, He ylajeHsl; TOrja MNOKpPbITh JOCKY 32 KOCTAMH
MOWHO Muorumu cnocobamu. Ilpu stux oOcTOsITeLCTBAX
NpUXOMUM K MepevyucauTebHOl 3anaue o0 onpenejeHHH 4ucia
Ppas/JMYHBIX MOKPBITHH.

2. Muoxectpa. I[lycts S — npousposbHOe MHOXECTBO
3JeMeHTOB a, b, ¢, .... O003HaUUM TOT PAKT, UTO § ABAAETCS
snemedToM S, ¢ nomoupio 3anucu sE€S. Ecan kaxabii sse-
MEHT MHOXeCTBA A ecTb B TO xXe BPeMA 9JAEMEHT MHONe-
ctBa S, 10 A ecrb nodmrodcecmso S w Mp 0003HauaeM
aro cuMBoaom AcS. Ecmu AcS u ScA, ro atv apa
MHOXKECTBA TOXAecTBeHHbI, ¥ Mbl mumeM A=3S. Ecsm AES,
HO A= S, 10 A aBaaercs coOCHMBEHHbLM WIN UCHMUHHbLM
noaMHOM¥ecTBOM MHOxkecTBa S: AcS. MHOXECTBO BCex NOJI-
MHOxecTB MHOwecTBa S o6osuavawr P (S). Has yro6crsa
B CUMBOJMKE NYCTOE MHOMXECTBO, WIH HY.Ab-MHONCECMBO O,
cuuraerca ygaenom Mmuoxecrsa P (S).

[Tycte S u T — noxmHOxkecTBa MHOXectBa M. Muoxe-
CTBO 3JEMEHTOB e, TakuX, uro ¢S u ¢ €T, Ha3uIBAOT He-
pecederuem SNT muoxecrs S u T. B Gonee obwem ciy-
yae, eciu Ty, Ty, «.., T, cyTh MOIMHONeECTBA MHOMECTBA M,
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o TyNTyN ... NT, 0Bo3HaUAET MHOWKECTBO JMCMEHTOB 2,
Takux, uro ¢€T,; naa Beskoro i=1, 2, ..., r. [loamHo-
kectBa S u T MHoxwecTBa M CUMTAIOTCA Henepecexanuju-
MUCA, €CAM OHM He WUMeIoT OOLIMX 3J1eMEHTOB. PaseHcrso
SNT =@ oboanauaer, uro S u T He nepecekarnrca. 06%-
edunenue SUT noamuoxects S u T wmuowecrsa M ectb
MHOXECTBO 3JEMEHTOB €, TAKWX, uTO € MPUHALICKUT XOTd Obl
onuomy us muowects S u T. B Bosee ofuem cayuyae, eciu

T, Ty ..., T, cymb noaMmmnoxecrsa Muoxectsa M, 10
T,UT,U ... UT, oDosnayaeT MBOMECTBO BCEX 3JEMEHTOB &,
tTakux, uro e£T; nxg onnoro mo Kpahned mepe [=1,
2, ..., r. Toaunoxecrsa Ty, Ty ..., T, wmuomecrsa M

obpasyior pa3buenue TMOCACJHETO TNPH  YCIOBHH, HUTO
M=T,UTy,U ... UT, n uro T,NT;=¢ naa i+ j
(¢, j=1, 2, ..., r). Pasbuennas M naswBarrcs ynopsaoo-
YeHHbLMU, €C/M paBencTBO pazbuenut
M=T,UTyU ... UT, w M=T{UTsU ... UT,

osnauaer, uro T,=T; (i=1, 2, ..., r), n Heynopaoo-
YeHHb MU, €CAN PABEHCTBO pasbuennti ognavaer, uro Kaxaoe T,
PABHO HEKOTOPOMY T}. h.

Muoxectso S, cozepikallee TOMbKO KOHEUHOE YUCJIO 3Je-
MENTOB, HasbiBaeTca KOHedHbiM. KoHeuHoe MHOKeCTBO Ha3bi-
BAETCA MHOJNCECMBOM U3 N IAEMEHMOB, €CIN UUCJIO ero
3JIEMEHTCB PaBHO B TOYHOCTH #, Ynorped/ss 3Ty TepPMUHO-
JIOTHIO, Mbl NpUHUMAeM, YTO # > 0, W UCKIIOuUaeM HY/JIb-MiO-
’KecTBO (. B nanbuefiniem B TekcTe Mbl OyIeM HAa3biBaTh
MHOXKECTBO M3 fI SJEMEHTOB #A-MHOscecmsoMm. Takum obpa-
30M, BBIPAXKEHUE ,r-MOAMHONKECTBO M-MHOMXECTBA" O3HAuaer
HOOMHOXECTBO M3 r DJIEMEHTOB MHOMKECTBA U3 A 3JIEMEHTOB.

MHOTHE BHIYHCAUTENbILIE PACCYHALIUNS UIMPOKO HCMOJb-
3yI0T CchAeAyIOlMe SJaeMenTapHsie mnpaBuaa. Ilycte S ectb
m-MuoxectBo, a T ecrb n-muoxectso. Eciu SN T = ¢, 10
SUT ecrb (m—+ n)-MHOKECTBO. ITO — APABUAC CYMMbL.
O6o6uennoe npasuro cymMs yTBEpKAACT CleIylolee:

ecau T, ecms n;-muoowecmgo ({=1, 2, ..., r) u ecau
M=T,UT,U ... UT, ecms pasbuernue M, mo M as-
agemea (ny+ Ay ... + n,)-MHONCECMBOM.

1y MMopsgok MHOMecTB paBHoro o6beMa NPH 3TOM YUHTHIBACTCA,
TaK KaK TaKHe MHOMeCTBAa B3aUMHO 3aMeHAeMbl (B NPOTHBHOM CJy-
9ae OHM OKA3bIBAIOTCH HepasanduMbiMu). — I1pun. peo.
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ITycte S u T o603HayaloT ABa MHOXKeCTBa, a (§, {)—ymno-
psanouennylo napy osaeMenroB sES wu fET'). Jlge napmn
(s, £y m (s*, ") pasubl, ecau s=s" u t=£". Muoxecrno
BCEX TAKUX YMOPSAJOUENbX AP HA3bIBACTCS 1 pou3gederuem
S u T u o6osnauaerca S X T. Mycrs M(S, T, n) obosua-
yaeT MHOXECTBO yHNOpSJOUeHHBIX map BHia (S, f), TIe
§ — npousBoabHuH saement S, HO Kaxie#t sE€S nomapio
coepMiieH B TOYHOCTH C 7 saeMentamu f{E€ T. Pazinunsvie sgae-
MeHTBl M3 S 11e JO/KNbl ObITh [ONAPHO COENMHENBl 3JEMEH=
TAMU OJHOTO M TOTO Ke H-NOXMHOMKeCTBAa MHO:ecTBa T. Iro
nonaTHE yKasbiBaer, ur0o T COAEPKMT NO MeHbiieH Mepe 7
saementoB. Boaee toro, M (S, T, n)==S8 X T r0r1a ¥ TOABKO
rorna, koraa T ects n-muokectBo. Ilycrs S ects m-MHoxe-
creo. Torna M (S, T, n) ects (m, n)-MHOKECTBO. ITO — Hpa-
sua0 npoussedenus. O6o6ujennoe npasuio npoudsederus
yrBepkaaer: ecau T, ecmp ny-mnoxcecmso u ecan My=
= M(T,, Ty ny), My= M (M, Ty, ny) u, naxoneyy, M, =
= M(M,_;. T, n), mo M, ecms (nny ... n)-MHONMCECMBO.

3. BuibGopku. Ilycrts nano muokecrso S n

(ap Aoy ooy a,) (3.1)

— ynopsiOueHHOe r-MHOXECTBO 3JeMentoB S, ne 0073a-

TeAbHO pasauuilbiX. [lBa r-mnoxecrsa (a; @y ..., @,) H
*® *® * *® .

(al, Ay vees a,) paBubl, ecin a,=a; (i=1, 2, ..., r)

Hasoseu (3.1) gufoprodi u3 S. Dra Bubopra umeer 00ser r,
w ™Mbl Oygem paccMmarpubath (3.1) kak r-BuGopxy us S.

Teopema 3.1. Hucao r-gpl6opox u3 n-mHodNCecmsa
pasHo n',

Ooxaszareabcrso. Ilycrs S ecrb 7-MHOXECTBO.
Hacrosmas reopemMa aBJAfeTcsd YacTibiM caydyaem 06o00uen-
HOTO mnpasuaa npoussesenus, rge Ti=Ty== .., =T, =S
Hy=My= ... =n,=1M.

Mycte S ecTh n-MHOXECTBO M NYCTb KOMMOHEHTHI a;
B r-puiGopke (3.1) pasmuunel. B takom cuayuae r-pui6opKy
HASLIBAIOT r-HepecMAHO8KOE u3 1N sqemenmog. B r-nepe-
CTAHOBKe r < M; M-NiepeCTAHOBKA Ha3blBaeTCad Mepecmarnos-
KOl 1 3MEeMENTOB,

1y To ectp napa (s, £) orauyHa or napst (£, s). — [1pum. peod.
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Teopema 3.2, Hucao r-nepecmarnosox u3 n 3ae-
MEHMOB pPaBHO

Pun, n=nm—-1) ... an—r410. 3.2

OokasareabcTBO. Jra TEOPEMa €CTb YACTHBIH Cay-
yaly o6o0luenHoro npasuaa npoussenenus, korga T)=T,=
= ... =T,=8 u ny=n, ny=n—1,..., n,=n—
—r—1. B coorsercrsuu ¢ (3.2) Besem P(n, n) naa 060-
3HAueHMs] NPOW3BEJEHMst TEPBHIX 7 HATYPANbHBLIX UHCE;
P (n, n) sanucwiBaercs n! (unraerca ,3H daxropuan‘). Ta-
KM 06pasoM,

Pn, my=nl=nn—1 ... 1. (3.3)

CrnencrBue 3.3. Hucao nepecmarHoBOK N 31eMEH-
mosg paswo nl.

Omo6 paserue o (OIHO3HAYHOE) MIOXKECTBA S B MHO-
KECTBO T €CTh COOTBETCTBHE, B KOTOPOM CBA3LIBAKOT C Ka-
KAbM SE S enuHCTBeHHBIH daeMent f=sa € T. Diemedr sa
Ha3wlBaeTCs 00pa3om IJAemerma S TpH OroOpaKeHuu o.
JBa otofpaxeHus o u B wmHOxecrBa S B MHOMWecTBO T
paBubl, ecin sa— s aaa Bcex SE€ S. Orobpaxenue o ecrtb
orobpaxenue S #a T, ecan Beakuit siement £ €T apasercs
ofpazoM Hexoroporo anemenra SE S. Orobpawenne S na T
Oyner B3aMMHO ONHO3HAYHBIM, €CJM PA3JHUHbIE DAEMEHTHI S
uMeoT pasanusie o6pasel. [Tycts renepe G (S) Gyner muo-
KECTBOM BCeX B3aUMHO OJHO3HAYHLIX oOToOpawenu#t S na
ce6a. Ilycrs a u B Bxoasr B G(S). Torza orofpamehue,
nepepossiiee SES B (SA)BE S, ecrb B3AUMHO OQHOZHAYHOE
oroOpaxenue, HasbiBacMOe npoudgedentem OTOOpameHUH o
u B. Muoxecreo G(S) aBasercs anreGpandeckoit cucreMoH
¢ OuHapHO# omnepanuett, Ha3bIBACMON NPOU3BENEHHEM, H MOXHO
yberurbcs, uro G(S) ynoBiaerBopaeT aKCHOMAM Tpymiubl,

[lycrs S ecrb n-mHONMeCTBO 3aementoB 1, 2, ..., n.
Torna G(S) wuasmBaercs cummempuieckod  2pynnoil
nopaoxa n. Ona obosnauaerca S,. Ilycrb o — azemenr S,

KOTopmfi mepesomur ! B o (i==1, 2, ..., n). Bsaumuo
0JHO3HAYHOE OTOOpaXEHNE O XAPAKTEPU3YETCA NEPECTAHOBKOH
(la, 2a, ..., no. 3.9

Hao60opoT, BcAkas mnepectaHoBKa K 3JEMEHTOB sBJseTCH
B JeHCTBUTEILHOCTH B3AaMMHO OJHO3HAUYHBLIM OTOOpaKEHUEM
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3/1eMeHTOB Ha Cebsi. Yucao 3JeMeHTOB B TPYINe HA3hBaeTca
ee nopsoxom. Tenepb MBI MOXeM CHOPMyAHPOBATH CJeA-
crBue 3.3 B TepMHHAX TEOpHUM TpYMIL

Caencrsue 3.4. [Topsdox S, pasen nl.

Mpumepr. a) Uucao 2-nepecTaHoBOK H3 TPSX 3JAEMEHTOB
pasno P (3, 2) =3-2=195. Ecau NepenymepoBats 3aements 1, 2, 3,
TO 2-IEPECTAHOBKH CYTh:

12,3 & @3 6D 62

6) Uncao BCEBO3MOMKHBIX CJOB, COCTOAMMX U3 NATH OyKB an-
ramiickoro aadaputa, pasHo 265 Ecnu norpe6osarb, 4To6b GyKBH
B 3THX CJOBax GblAd PA3AUYHBIMH, TO YMCAO CAOB OyleT paBHO

26-25-24.23 .22 =17 893 600.

B) Sy umeer nopsgok (9.3326...) 1057, IpauHrroHoBcKad
OLICHKAa YHCAA 3JEKTPOHOB BO BCEJSHHOH COCTaBAfET BCEro JIMUIb
(136) 2256,

r) Tyctb A — Marpuna u3 m CTPOK M £ CTOAGNOB, COCTABAEH-
pan w3 uyaeil u emmunu, Cymecrsyer 2™" rtakux marpuu. Ecan
m =n =100, o 310 gact 2!° 990 marpuu,

L

4. Heynopsapouennbie BbIGOpxH. Ilycrb aaHo MHOXe-
ctBo S o

{ay, @y ..., a} 4.1)

— HEeyTNOPFA0YeHHA COBOKYMHOCTh I 3JeMeHToB S, He 00d-
3areJbHO pa3JUuHbBIX. YHC/I0 TOSBJIEHHH 3JeMeHTra B 3Tol
COBOKYNMHOCTH HAa3hIBACTCA K pamrocmoio diaementa. [lse
TAKMX COBOKYMHOCTH (@, @y ..., @) u {a}, ag ..., a7}
GylyT paBHbl, €CJIU BJEMEHTBl C HX COOTBETCTBYIOLMMH
KPaTHOCTSMH GyAYT TeMH Xe CaMbiMH B 00€UX COBOKYMHOCTHX.
Hasosem (4.1) neynopsadouennoi gsboprol ns S. Heyno-
panodeHHas BhoOOpka HMeeT 3iech oObeM r, u Mb OyneM
paccMatpupath (4.1) Kak r-ssbopixy us S. Ecau xamnwf
sneMeut B (4.1) uMeeT KparttocTh l, TO r-BHIOOPKA ABJISETCA
r-TIOJIMHOMECTBOM MHOXeCTBA S; r-NOJAMHOXECTBO M-MHO-
JKEeCTBA HA3LIBAETCA TAKXKE r-covemawiieM U3 1 DJIEMEHTOB.
Iaa HatypaibHbiX 7 (3.3) yTBepXKIader, 4YTo

nl=~P(n, n). (4.2)

Yno6uo onpeneautb
0l=1, (4.3)
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TaK 4YT0 475 JI000r0 TOJ0XKUTEILHOTO UEJOTO 7
nl=n(n—1 4.9

IMonoxuM renepb, YTO # U 7 — HaTypaibHbie UYUCAa U OMNpe-
neauM

Cn, r):(’:)z ”(n—l)..r.!(n—l‘—[—l),
n
C(ﬂ, 0)*_—(0):__1,
€ (o, r)z(?):o, (4.5)

Taxum oGpasoM, (4.5), onpeneaser C {1, r) s BCex HeOTPH-
uateJbHbIX UeABX 7 ¥ r. 3aMetdM, UYTO ecau r > A,
T0 C(n, r)==0. D10 osHayaer, 4T0 eCa1M 7 QUKCHPOBAHO,
1o C(n, r) NPHHUMAET TOJIbKO KOHEYHOE YMCAO Pa3IMYHBIX
sHauenutt. Yucnma C(n, r), omnpeneneHubie COOTHOIICHUAMH
(4.5), — 3HaKOMEIe HaM OUHOMUAAbHBIE KOIPPHUliUer mul.,
Wy npuHaniexuT HeManas po/b B NepeyucAuTeSbHbIX 3a439ax.

Teopewma 4.1. Yucao r-nodmuoxcecms n-maoxecmsa

PasHo
(n
Nk

\

Hoxasareabcrpo. Ilo Teopeme 3.2 wucao r-nepe-
CTaHOBOK M3 7 3/McMeHTOB pasuo P(n, r). Kaxaaa r-nepe-
CTAHOBKAa MOXeT OHTb ynopsiodexa r! cnocoGamu. Eciu
npeHeGpeub NMOPAAKOM, TO UMCIO DPA3IMYAMBIX PACTIONONKEeHHH
paBHo

C (n, r):%. (4.6)

[lvers nao n-muoxecrso S u nycrs P(S) o6osHauaer
MHQXKeCTBO B¢ex Noamuoxects S. OGozHauuM uepes T MHO-
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HECTBO BCeX 7-BHOOPOK, MOJyuyaeMbiX U3 2-MHOXKECTBA LESHIX
yucea 0 u 1. Cyuwecrsyer ecTeCTBEHHOE B3aUMHO OJHO3HAY-
Hoe otobpaxenue P (S) wa T. Tak, eciu X = {a,-l, Qi oo
e air} pxozut B P (S), To o6pasoM X 1upu B3aUMHO
OJHO3HAYHOM OTOOpAXEHHH ABJIAETCH A-BHOOPKA ¢ elMHULAMU
Ha Mectax fj, & ..., {, H C HYJIAMH — Ha OCTAJbHBIX
Mectax. Tenepb mnpumenuM teopemy 4.1, uytoObl noacuuraTteh
unciao s’1eMedtos B P (S), u Teopemy 3.1 aas mosacuera
yyc/aa 3eMeHToB B MHo)KectBe 7. IlpupaBuuBas 3TH pe3yb-
TaThl, MOJyuaeM
n n ! n u
+{ ) =2 (4.7)
0 1 \n
Pasymeerca, toxzaecrso (4.7) snevenrapuo. Ho aokasa-
TEJALCTBO €ro  JeMOHCTpUpyeT crnocol, oxasmbBaollnfics
93¢ GEKTUBHBIM BO MHOTHX KOMGUIIATOPHHX HCC/IEI0BAHMAX.

Teopema 4.2. Yucao r-gofopor u3 n-muoxcecmsa

Pasno n N |
nt+r—1" nt+r—14
(=T

n—1 r (4.8)

/

JoxasareabCTBO. 3aMeHuM n-MHoXectBo S Ha
n-Muoxectso S’ Harypaibumx uucen 1, 2, ..., n. Bcakas
r-uibopka us MHoxecTBa S’ MoxeT ObiTb 3anucaHa B Bule

{a;, as ..., a,}, (4.9)
rie
g <La< ... La,. (4.10)

[Tycre tenepp S* ectb (- r — 1)-MHOXECTBO HaTy-
pasbHex uyucea 1, 2, ..., n-+r — 1. Torna

(@, 40, ay—+1, ..., a,+r—1) (4.11)

ABJAACTCA F-TIOJIMHOXKECTBOM MHOXECTRA S*. Bouee TOTO,
COOTBETCTBUC

{ay, as ..., @} > {a;+0, ay} 1, ..., a,-+r—1}
(4.12)

ecTb B3aHUMHO OJHO3HAYHOE oTOOpaKeHue r-BHIOOPKH M3 MHO-
xecrsa S’ Ha r-noaMuoxectso MHoxecrsa S*. Ho no reo-
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paMe 4.1 uMCIO r-MOAMHOXECTB MHOXeCTBA S* pasHO

nt+r—1)
;)

[Tycts naHo pasGuetime n-MHOXeECTBA S Ha r;-MOIMHO -

wectea T; (i=1, 2, ..., &)

S=TUTU...UT, (4.13)
Torna

n:r1+f2+...—§—rk. (4.14)
PasGuenue (4.13) Oyaem wHaswiBath (7, Iy ..., 7,)-pas-

Ouenuem MHOXecTBa S.

Teopema 4.3. Hucro neynopadoteunoix Y (ry, 1y, ...
ey Tp)-padbuenuli n-MHONCECMEA PaGHO
n!
— (4.15)
rl ol orp!
Hokasateabctso. [Io teopeme 4.1 u 0GoGuieHHOMY
NpaBHy NPOU3BENEHHR YMCIO HEYNOPSIOUCHHHIX (Fy, Fgr ...
., I'y)-pasbueHdft n-MHOXeCTBA PaBHO

n\{n—r (n—r;—...—rp\ _ n!
(rl)< ro )( re >_rl!r2!...rk! - (4.16)

Yucna (4.15) Ha3LIBAIOTCA NOAUHOMUAASHBLMU KOIPPHU-
nuenmanu. V3 teopemnt 4.3 caexyer, 4TO 4YMCAO HEYIo-
panoventnix (1, 1, ..., 1)-pasduennit n-MHOXeCTBA paBHO 1 !,
B stoM cayuae teopema 4.3 cponurcs K CaenCTBHIO 3.3.
Hucno weynopanoyenHnix (r, n— r)-pasGueHdti n-MHOXeCTBA
paBHO nl

rl(n—nt"
B 3tom cayuae Teopema 4.3 cBoxutcs K teopeme 4.1.

[TonunoMnanbubie x03pdUuHEHTH TeopeMbt 4.3 HMelT
JNpyTyl0 BecbMa M0/1e3HYI0 KOMOHHATOPHYIO HHTepHpeTallHIo.

[lyctb S ectb k-MHOXECTBO 3/eMEHTOB @y, Qg ..., Ay U
n=ribrb o dr L (417)
rie r; — Harypaibheie udcaa. Ilycts (ail, Aiyp oo ain)

03HayaeT 7-BbIOOPKY M3 MHOXecTBa S, B KOTOpo# a; comep -

') B opurunaie — ,ynopanodenHeIxé, 4To HeBepHO (CM. ONpe-
Jesenue W TNpHmeuanne kK Hemy Ha ctp. 11). —Ipun. peo.
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HKUTCA POBHO r; pas ({==1, 2, ..., k). O6o3Hauum uepes T
MHOXeCTBO BCeX Takux BHIOOpok. Torga dYuciIo 37JeMEHTOB
MHoxectsa T paBHO
n!
rl!rz!...rk!.,

(4.18)

ub0 B Kawao# BLIOOpKE r; B3JeMeHTOB &, MOTYT OhIThb 3aMe-
HEHBl HAa 7, Pa3JHYHBIX 3JEMEHTOB, OTJIHUAIOUIUXCA OT 3J]e-
MedTOB BHLIGOPKM. 3areM 3TH | JEeMEHTOB MOT'YT OblTb mepe-
craBjedni ri! crnocobamu, U TakuM obpasoM Kaxaas BhibOpKa
naer ry! dHosux BuiOopok. Ilpumennm sty npoueaypy same-
HieHus K HOBOH COBOKYMHOCTH BbIOOPOK M 3aMEHMM KaXAbIH
U3 Iy BJEMEHTOB 4y Ha Iy Pa3jMYHBIX 3JIEMEHTOB, OTJUUYHBIX
OT 37MeMeHToB BHIOOPKU. Ira npouesypa OrpaHHYeHad TeM,
yTo Bcero umeercs n! nepecraHosok. CJeloBateabHO, YUCIO
3JEMEHTOB MHOWecTBa T 3anano BmpaxkexueM (4.18).

Mpumepsn. a) Craua xapr npu urpe B 6puiX npeacraBasger
BbiGop 13 kaprt M3 xoqonbl B 52 kapthl. Ilopanox kapt npud cpade
HecyulecTseH. 3HAQUMT, YHCJIO PA3AMUHBIX clau Gyrer

(‘;’g) =635 013 559 600.

6) B nrpe B 6puax 52 KapThl KONOAB PACHPENENAOTCT MEXAY
yeTHIpbMa HrpoxkamMu. Kaxawlfi urpox noayuaer 13 xapr. Caenona-
TEJBHO, YHCJO PA3AMYHBIX CHTYalHil 34 KaPTOUHBIM CTOJNHKOM PAaBHO

52!
(131)*

B) Uucao caoB, cocroauux u3 12 6yks, KOTOpHE MOryT GbiTh
00pas3oBaHbl M3 ueThipeX OykB a4, ueThipex GykB &, 1ByX G6yks ¢
H ABYX OykB d, 6yier paBHO

12!
41412121

r) Yueno caoB u3 natH 6yKB, KOTOPLE MOTYT GbITh O6PA30BAHb
U3 OYKB @, b ¥ ¢ U B KOTOPHIX OyKBa @ NMOABAAETCA CaMOe 6oabmiee
nBaxb, Oyksa b — camoe Goabllee oaHH pas3, a 6yksa ¢ — He 6oJee
Tpex pas, 6yner paBHO

51 + 5! + 51
210131 211121 111131

1) Bpocanne MHOXecCTBa r HrpadbHBIX KOocTeHl MOXHO pac-
CMaTpHBAaTh Kak r-Bbi6OpKY M3 6-MHOXecTBa. YHCAO pasauuHBIX

BbinajeHHit 6yaer
r45y _ (r—}—S)
U57)=077)

= (5,3645. ..) 102,

= 207 900.

= 60.
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5. BuHomuauabnbie k0dddunuendTol, JlaHo, 410 7 U r —
HaTypaJbHbie 4ucaa. Toraa
n n— 1 n— 1\
( ):( )+< ) (5.1)
\ T . r—1
dopmyna (5.1) npexcrapiaseT OCHOBHOE pPeKYPPEHTIHOE COOT-
HollleHHe a8 OHHOMHAEJbHLIX KO3(GDUUKHEHTOB, SBJKIOLIEECS
HENOCPEsCTBEHHBIM CaeacTBHeM onperenenus (4.5). Mccaeno-
BaHus MpPEALIAYLlero mnaparpada MOKAasuBalT, 4TO OHHO-
MHabHbie KO3(uuMents — Ueabie ydcaa. JoxaweM Tenepb
3TO YTBEPMHIEHHE C MOMOIUILIO MATEMaTH4YeCKOH HHAYKUHH,
Eciu =0 wm r=0, 10 0HO BEepHO HENOCPEACTBEHHO
w3 (4.5). Ecan 7 v r noJoKuUTEIbHbI, TO U3 MPEANOMONKEHUS
UHAYKLUME BLITEKAET, 4TO 1BA 4JIEeHA B TNpaBofl 4acTH paBex-
crea (5.1) — uesape. CnenoBarenbHo, uled B 1esof uacty (5.1)
no/kKeH GblTh UEIbIM YHCAOM. DTO yTBEpKAeHHE MOxeT ObiTh
cpopmyauposano B Goaee spxko# (opme: npoussederue r
nocAed08amenbHEIX HAMYPAALHLY Huces Deaumcs Ha 1.
byneM HasubiBaThb HATypadbHOE YHC/IO, HE paBHoe 1, npo-
CmbiM, €CMH OHO J[eJUTCd TOJbKO Ha CaMoTo ce6s M Ha
eNUHALY .

Teopewma 5.1. Ecau p —npocmoe, mo wucaa
\
<p>,(p>,....( F ) (5.2)
1) 12, v —1

deagames HA p.
Hokasareabcrso. Ilycre r — uenoe uucio B uxrep-
Bane | <Cr<{p—1. Torxaa

plp—h...(p—r+41 (8.3)

pemrcsd ua rl. Ho rl npocro no orHouwenuo p. 4, cie-
N0BAaTeNLHO,

P—=D(p—2...(p—r1 (5.4)
nemrca Ha r!. TakuMm o6pasom,
P\ __ (== ...(p—r+1
(r)—p r! (5.5)

neautes Ha p.
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dopmyna (5.1) noackassiaer 3PPexTUBHHHA  cnocob
BHIUMCIEHH GUHOMMAZbHHIX Koa(pduunenTo. CxeMarndecku
OH WIIOCTPUpyerca auarpamyoin (5.6)

l/l\l
/\\/’\
/\/\/\ (5.6)
/\/\5/\/\

.
»
.

U3BECTHOH noj HaspauueM m peyzoasHuxa [lackaas. Mo
paccmarpusaeM crpeaky B (5.6) Kak oQHOCTOPOuHUH MNYTb.
Ecau MOXHO NPOHTM OT OAHOTO OHHOMHANBHOTO Ko3ddu-
uuenta P o apyroro SuHoMHasbHOTO Kosdouuuenra @
B (5.6) no nocaenoBaTeqbHOCTH OAHOCTOPOHHUX TyTeH,- HAUH-
Haioelicn B P u 3akadHuuBaiollielica B Q, M cKaxeM, 4To P
¥ Q cBssaubl ogHoctoponuuM Mapwpyrtom. Ilycrs 7 060-
BHAYACT eJMHHUY, PACTOJONKEHHYIO B BEpPIIMie TPEYToabHUKA.
Torna oxaseiBaercs, uto / U P cBA3aHbl PasHBIMM OJHOCTO-
POHHUMHM MaplIpyTaMu. BuHOMHaTbHBIA Ko3¢duuuedt P noka-
3bIBAET YMCAO PA3JAMYHBIX MaplipyToB. IOTa HHTEPECHas OCO-
GeHHOCTb TpeyTroabHuKa [lackans ectb HeoTbeMaeMOe CBOHCTBO
ero nocrpoeuuss u3 (5.1). CuMMeTpUs U MOHOTONHOCTH TOPH-
30HTa/JbHBIX cTPOK B (5.6) ciaeayiotT u3 coorioumeiut

(1)=(,",) e<ren 5.7)

2n on\ / 9
| (0><(1)<‘”<(n>' (5.8)
(20 — 1 2n — 1) 21 — 1)\ 9 — 1\
( 0 ><(\ I )<'”<(\n-1):< . ,,'
(5.9)

[Tycts n — narypaabHoe udcao. Torna

(x+y)”=(g)x”+(’ll)x"_[)’+...—i—(’;))’n- (5.10)
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Anre6panueckoe ToxaectBO (5.10) ABasieTcs XOPOIIO H3BECT-
Ho#t Ounomuanbuo#i TeopeMofi. Mbl gmaeM 10Ka3are/bCTBO
(5.10), ocnopanHoe Ha umedx n. 4. Ilycts S ectb n-MHo-
WECTBO CHMBOJOB

(X (X4 oovs (¥ + Ve (5.11)

Torna aas r > 0 kosadduuuert npud x"~7y" B pasgoxKeHHH
(x )" paseH uucay r-moiMmHoxect MHOxectsa S. Ho mo
teopeme 4.1 3TO YUCIO PABHO

(’:) (5.12)

cnexoBarennto, ¢opmyaa (5.10) cnpapeniusa.

Mrorue toxaectBa a8 OHHOMHAJBHBIX KO3((UUUEHTOB
nerko BoiBoaarca uz (5.1) u (5.10). ®opuyaa (5.1) waeanpua
1715 10Ka3aTeabCTBA METOJIOM MHAYKUMH 33JaHHOTO TOXAeCTBA.
Pasnoxenue (5.10) noasepraercs ¢opmaibheM npeobpasosa-
HHAM U SBJASETCS HENOCPEACTBEHHBIM HMCTOYHMKOM MHOTHX
cootHollenu#t Mexay ko3gpduuuenramu. Hanpumep, ecau
B (5.10) Mb mosoxuM x =y=1, 10

"N (" T 5.1
R L

‘

C apyro#t CTopoHH, eciu MoJoXuM X =1, a y=—1, 10

" _<”>+ +(—1)“(n\=0 (5.14)
0 1 P n’) . «

Cneny}omne TUMAYHLIE TOXAECTBA 4ACTO BCTPEYAIOTCA B JHTE-
parype H MOTYT OHTb BbIBEJEHbI 3JIEMEHTAPDHBIMY METOAAMHU

=) e

k=0 "

“k( )~n.2"‘1. (5.16)
1

b=

k?( )——n(n—-]—l)-?”_z, (5.17)

k

"1(1)"*1

L (M) =145+ -ty 618)

1l
—

k=1
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Trasa 2

NPUHUUAN BKJIOYEHUA U UCKIIOYEHHS

1. OcHoBHas ¢opuyaa. [lycrb aaHo #-MuoxecTBO S;
BCaKoMy @ €S mpunuiueM eIMHCTBeHHBIR gec w(a), rne
w (@) — v/eMeHT HekoToporo noas F. Hukakux orpaHudyednf
Ha noJje F wix Ha BbiOOp BecoB U3 3TOro MoJdg He HakJa-
abiBaercs. OnMako HepedKo caMp KoMOHMHATOpHBIE 3adauu
NOACKA3bIBAOT KakHe-TO eCTeCTBEeHHbie HA3HAYEHUS BECOB.
Bo MHorux sagayax xawxgomy a €S mnpunucan Bec w(a),
pasnbift eluduue. I[Tycre P o3osnavaer N-MHOXKECTBO CBOHCTB

Py, Py, ..., Py, (1.1)
CBA3AHHBLIX C 9JeMeHTaMH MiloxecTBa S, W NMycTb
{Pix’ Pi, ..., P"r} (1.2)
06o3Hayaer r-MoAMHOKecTBO MHuoxectsa P. Ilyctb
W(Pi, Pi, ... Pir) (1.3)

paBHO CyMMe BeCoB TeX 3jeMenToB 3 S, Koropsie odaanawot
KaXIbiM 13 CBONHCTB P;l, P,-Q, P,-r. Ecau B MHoXecTBe S
HeT HU oAHOTO TaKolo 3/MeMeHTa, To Beipaxexuo (1.3) mpu-
NUChiBAETCA 3HAdenue, pasioe Hymo. [aisee, nycrs

W(r)=2W (P, Piy ... Pi) (1.4)

paBHO cyMMe 3Hadenu# (1.3) 418 BCeX 7-MOAMHOXKECTB MHO-
wecrta P.

Pacnpoctpanum (1.4) na cayvai r =0 u nonoxum W (0)
paBHBLIM CyMMe BecoB 3jeMeHToB S. Temepb Mbl B COCTOAHHH
copMyaUpoBaTh M [OKa3aThb OCHOBHYW TEODEMYy BKIJIO -
YyeHUA U UCKIIOUEHUS,

Teopema 1.1. Ilyems E(m) obo3nawaem cymuy
8eCO8 dAeMEHNO8 MHOXNCcecm8a S, Komopue yY0084eme0-



1. Ocnosras opmyra 25

paiom 8 mounocmu m ceoicmsar (1.1). Tozoa
m -1 )
E(m)y=W (m)— Wim-+ 1)
o my
m -2\ m{ N
+« )Wom+m—m44_nN”( >W@n(Lm
m \ m
HNoxkazateabcTso. [lycte a€S; a ofaagaer BecoM
w(a) v yaoBieTBopseT B TouHOCTH £ cBoficTBam (1.1). Ecau
t < m, T0 0 maer Hyab B mpaso# wacru (1.5). C npyro#
CTOpOIB, ecam f==m, TO @& Aaer B mpasofl uactu (1.9)
gec w(a). Ecau ke ¢ > m, 10 a jnaer B mpasok uactn (1.5)

(DRGSR e AR

I

. t-m £ ¢
cer (=D (m><t)}w@n.aﬁ)

<:1)/;):(;)(:Z) (m <k <O, (1.7)

FAEAN /

Ho

u, cieropateabro, (1.6) ceoaurcs K

(t‘ t—m ( t—m Jr‘( t—m
\m> t—m ¢ —(m+1) \t—(m+2))
t—m >
—1“'"( w (a). (1.8
G PN | IO
Ho scaeactsue (5.14) u3 ra. 1 sepaxenue B ckoOkax B (1.8)
pasto Hymo. Cremopartelbno, ecau f>>m, TO @ 13eT Hylb
B mpapoit uacrn (1.5). V3 sroro Bhitekaer, uro npasad
gactb (1.5) ecTb CyMMa BeCOB 97eMEHTOB MHokecTsa S,
Y0B1€TBOPAIOIIUX B TOUHOCTH 7 CBOHCTBAM (I.h.

Teopema 1.2. [Tycms E(0) oGosnanaem cymuny
gecos aiemenmog muoocecmsa S, ne Y008ACMBOPAIOUUX
ni 00noay us cgoiicme (1.1). Tozda

EQ)=W@©O—WO+WE@—...4+=D¥WW). (1.9

Ioka3aTeabCTBO. DTO yacTHbI cayyah teopemst 1.1,
umenno npu m = 0.
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[Tycrb kamaoMmy a €S npunucan sec, pasuoiit —-1. Toraa
CyMMa BeCOB DaBHAa YHC]y CJaraeMelX B cyMMe. B srtoMm cay-
yae B rteopeme 1.2 umeem W (0)=un, a E(0) ects yucao
37eMeHTOB MHOXeCTBAa S, He yI0BAETBOPSAIOIMX HU OJHOMY
u3 cpo#icts (1.1). Moayvawmubtca npu srom yacTubiih BUL pa-
sercrsa (1.9) MasetBaerca gho puy.aold pewema. Dra GopMyaa
npiamucstzaercsa Jla Cuabse u CusbBectpy. B peficTBUTEAbEOCTH
¢opMyJa pelleTa U3BCCTHA C AABHUX BPEMEH M, BO3MOKHO, YiKe
ObtAia M3BeCTHa B TOM MJAM ADYFOM BuJe euie KOoMy-HUBYIb
u3 cembu bBepuyam. Creaywiye tpu nyHkta 3TOH riaBbl
MBI TOCBAIAEM PA3JIUYEBIM NPHIOKeHUAM TeopeMmbt 1,1,

2. Hpunoxenns K Teopun 4uced. B 3rom nyukre Mbl
npuMeHdeM QopMyay peuiera K H30DaHHBM BOIpOCaM 3Je-
MeHTapHoOH TeopHU uncela.

Iyctb ¥ — nefictBureabHoe Heorpuuareasnoe yucao. O6o-
3HAUUM yepes

[x] .1
HﬂHﬁOJIbIﬂee 1e/10e 4yucC/io, HEe MPeBbLIIANIIEE X. HyCTb TaKKe
(a. b) (2.2)

~— HauboIbluMit OOWMH JesuTeb ABYX UeJHX uucea g u b,
He pasHpix mymo. Toraa (a, d)==1 osHauaer, uro a u &
B3aMMHO NPOCTHI. DyjeM nucath

alb, (2.3)
ecau a4 apeaut b, u

atb, 2.4
ecau a4 He jenaur b.

Teopema 2.1. [ano Hamypaasswoe wucao a u
HAMYPAAbHEE HUCAY ay, Qy, ..., Oy, maxue, 4mo
(a;, aj):l, ecau i j. Toeda u4ucao weawmx uucer k,
MAKUX, 4MO

O<kn, a;fk (=12, ..., N) (2.5)
pasHo ‘
e 2 [%]_*— 2 [ai’:lj]-
1<igN II<jgN
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Hokasareabcrso. Ilycrb S ectb  7-MHOXeCTBO
Harypanbueix umcea 1, 2, ..., n, a P, — cBo#fictBo, 03Ha-
yaiolliee, YTO 3/EMEHT MHOXKecTBa S neawrcs Ha a,(Q==1,
2, ..., N). Tlo ycroBuio BCe a; MOMapHO B3aUMHO MPOCTHI.
CnenoBareNbHO, BbpaMmeHHe

W(Pi, Pry ..., Py) @.7)

B ¢opMyie pellera eCThb UYMCJIO TAKMX LEJbIX uuces K, uro

0<kn, a; @i, .-. a[rik. (2.8)

Ho 310 uwucno passuo
n
l-a.a. s a :, (2.9)
Lotk 4

Dyuryua Jizepa @(n), rie 1 — HATYpaJbHOE YUC]IO,
- €CTb YUCJO TAKUX LEJBIX yucea &, yro

0 <kn, (R, n)y=1. (2.10)

Teopema 2.2. [lycms n—mnamyparsuoe wucaro.
Toz0a -

om=nr]L(1-2). @11
p

Il1poussedenue 8 (2.11) pacnpocmpaneno wna sce npo-
cmeue Jeaumenu p qucra n.

NokasareabcrBo. B reopeme (2.1) zamenum a;
Ha p; W MOPENNONOKUM, HTO Py, Py, ..., Py — NPOCTHIE
teavrean n. Torma us (2.6) crenyer

gm=n— Y, X P;’;—"'

1IN ISi<j<N

n

+(—1)Nm. (2.12)

Ho sro Bepaxenue sksuanentHo (2.11).
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Dynryus Mébuyca W (1) HATYPaIbHOIO apryMenra 7
onpeneneHa Tak:

u(l)
u(n)

Il

1,
0, eCJU # JIeJUTCS Ha KBaj- l
par mpocCTOro yucaa, i (2.13)
W(py Py vees pk)=(—1)k, ec/d MNPOCThle 4yucJIa
P1:Pas oo or Py paanuqam.]

dynkuns Mébuyca nossosser 3amucats (2.12) B Goaee
M3SIIHOM BUIle

cp(n):nxyfiﬂ. (2.14)
d

CyMumuposanue B (2.14) npoussoautrcs no sceM d —— NOJ0KHU-
TeJbHBIM JAEJUTENSIM A.

[Mycte n — HaTypadbHoe uucao. Ecau usBecTHH MPOCTHe
yucaa, He TMpPeBHIIAILINE Vn, TO MpPOCTHle YMCJIa, He mpe-
BHIIDAIIME 7, MOryT OBITb HaltIeHb! CJIeIyIOWMM CHOCODOM.
HanuueM nocnenoBartenbHocTsb

2,3, ..., 1 (2.15)

Boiyepkiem wuz (2.15) Bce wuucaa, jeasiuuecs Ha 2, 3a-
TeM — Bce uMCJa, AedsuMecs Ha 3, Ha 5 W T. 4., M, HAKO-
Hell, Bce uMuCJa, Aensiidecss HAa ¢, TAe ¢ ecTh HauboJbliee
npocroe uHcao, He mpeswimaomee ) 7. Ocrasimmecs yucaa

GyAyT BCe MNPOCTHIMH, OOJbIIMMH Vn U lle MpeBbILIAIO-
IUMU 7, TOTOMY Y4TO OHH He MOTYT MUMeTb APOCTOrO MHOMXH-
Tels, He TMPEBLILIAUIErO Vn, a Takke He MOryr OHITbH
npousseieHHeM IByX uyMcesa, O0abwux V #.

3T10T MHTepeCHHi MeTON MOCTPOEHUs MOPOCTHIX yHcel
HA3bIBAETCA peuwemon Dpamocgena.

O603nauuM yepe3 m(x) YMUCJO MPOCTHIX uMCeJ, He Mpe-
BLILAKUINX MOJOKUTEALHOTO eHCTBUTENbHOFO 4HCId  X.
B peayistaTe npuMeHenus pemteta OparocdeHa K nocieno-
paTeJbHOCTH (2.1D) ocTaeTcs

st (n) — n(Vn) (2.16)

neawx uuced. Ho 4MCI0 3TO MOKHO MOACYATATH U APYTHM
croco6oM. B Teopeme 2.1 3aMennM a; Ha ¢; U MPeANONONKUM,
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YTO 4UCAA ¢, §o» - .., Y BCE TPOCTHIE, He TPEBOCXOAA-
mye YV n. Torza no TeopeMe 2.1 McKOMoOe 4HCIO PaBHO

e 3 ) 3l

1<i<N 7 <j<N

+<—1>N[

) e

Orciona caeapyer, 4to

aw—s(Y)=—1+Yu@|5]. @18
d

CymMuposanue B (2.18) mnpousBoauTcs NO BCeM MOJMO0XKH-
TEeJbHBIM JeINTeNIM ¢ NPOUSBENCHUT ¢1fy.. .Gy, TAe i,
Qg - ... @y — TMPOCTBIE uMCAA, HE ApeBocxoadwue Y rn.

3. becnopanku. Ilycto

(@, Gy ..., ay) 3.1
gBaseTcsl mepectaHosBkoli n snementoB 1, 2, ..., n. Ilepe-
cranoBka (3.1) mnaspiBaeTcs Oecnopsaodxom, ecau a; =i
(=1, 2, ..., n). Takum oOpasoM, B Oecnopsiake 11 OJUH

p/eMeHT He 3aHUMaeT CBOero ecTeCTBEHHOro MecTa. 3anaua
MouMopa, xopomo wusBecTHas MoA (PAaHIY3CKUM Ha3BAHUEM
»3a1aun o scrpeyax“ (Le probléme des recontres), cocrour
B TOM, yTOOBl NMOACUNTATH YHCAO TakMx Oecnopagkos. IlycTb
D, ofo3nauaer 370 yuCI0. Mbl MOXEM JIEFKO BLIYHCAUTL D),
no dopMyne pemera. B caMoM fgese, NycTb S — MHOXECTBO
n! nepecranosok (3.1) u nycte P; o0603HauaeT TO CBOHCTBO,
yTo B nepecratoBke (3.1) umeer Mecto a; =i (i=1, 2, ...

«v., n). Torna
W(Pi, Piyp oony P y=(@n—r)! (3.2
H
, !
W(r):(f)(n—r)!:-rn—l—. (3.3)

TaxkuM 00pasoM, MH HOAyuaeM caeayliLyio dpopmyay mis D ,:

1 1 n 1
Dnzn!(\l — gt — e D H) (3.4)
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dopmyna (3.4) HanoMuHaeT 3HAKOMepeMeHHBA psx s el
- 1 1 .
e IZI_T—*—W——"" (3.5)

daKThYeCKN MBI MOXeM Tenepb 3amucath (3.5) B BHIe

- D, , . et | S
elzn! —f—(—l)%lmt..., (36)

a s1o o3uadaer, uyro D, /n! u e~1 oranvarcs apyr ot Apyra
menbiie yeM Ha /(4 1)!. Cuenosateabno, nle™! gpasercs
BecbMa XopolunM npubmimendem nas D,

dopmyaa (3.4) umeer O60/blUOE YUCIO JOBOJBHO A00O0-
NBITHRIX mpuaoxenu#t. [lpeamono:xum, Hanpumep, uto n
MYKUMH NPUILIY HA BeYep M OCTABUJAM CBOM 7 LIJSMN B Mepeji-
He#t. Beren 3a reM uwadnbl ObAM CIYTaHBl W BO3BPALIEHbI
FOCTSIM B CAy4aliHOM Nopsiake. BepoatHocts TOro, 4ro HU OUH
MYXuyUHA He TOJyuuT cBoeft wasmet, passa D,/nl. Bto npu-
JMOXEHHEe UMeeT MHoro pasnosuantoctefl. Ho yausureabHbiM
CBOMCTBOM fB/IAETCA TO, YTO AMS BCeX MPAKTHYECKHX LleJel
BEpOATHOCTb PaBHA e~! u coBcem HecyulectBenno, 10 yesnopek
npucyrcteyior uan 10000. B 3anaue ¢ Gosee cepbesHum
OTTeHKOM CNPALIMBAETCS O YHCe CMoCOBOB, KOTOPHIMH MOFYT
ObITH pa3MellleHb! HAa YC/AOBHOH INAXMATHOM JOCKE BOCEMb
naneft tak, ytoObl HM OJHA 1anbd HE MOF/a aTaKoBaTh APY-
ryo, a Oenad pauaroHanb Oblia Oel cBOOOAHOH OT Jaajeft.
310 Moxer OHTh ocyuwecTsleno Dg==14833 pasnauyHbiMu
crnocofamu,

4, NepmaHent. B nanbueftirem Mbl OygeM mnpeanofarats
3HAKOMCTBO € 3JEMEHTAMU TEOPHM MATPHIL U C 3TOH Le/blo
BBEJeM 3/1eCb CHCTeMy 0003HAauyeHUH W TEPMUHOB, KOTODHE
OyaeM UCMOJAb30BaTb B TekcTe KHUrYM. [lyctb nano muoxe-
ctBo S. ITpamoyzoasnas mabauya (array), OCHOBaHHAs Ha
MHOMKECTBE S, ecTb KOH(UIYpPAlKMa U3 M CTPOK U 7 CTOIOLOB
BUJA

Ay Gy ... Gy,
o a
A=| %an g2 en |, (4.1
a

—Cm1 Gmg vvv Bpp
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JneMenT a,;, Haxoldwwufica B I-# cTpoke u j-croabue
tadanuel A, AomkeH OblTb 27€MEHTOM MHOXeCTBA S; Ha camo
MHOMKECTBO § He clelyeT HAKAAABBATL HUKAKUX OFPAHH-
yennft. Mt Gynem rosoputb, urto &;; 3auumaer (i, j)-noso-
gcenue B A, Beakuft pas, KOPaa Mbl MOMKeJdeM MOIYEPKUYTH
TOT $AaKT, 4T0o A COAEPKHT M CTPOK U 7 CTOIOLOB, MbI
Oyiem ynoMuHath 00 A kak o (m X n)-rabavue, MM, 4TO
pPABHOCHMJIbHO, cKakeM, uTo A uMeer paszmep m X n. Ecau
m=n, 0 A aBagerca xsadpamuoi tabiuiefi U umeer
nopsadox n. Ecan us A BHYEPKHYTH m -—F CTPOK U 7 — §
cT0010B, TO NOAYYUBIIAACA NPAMOYrodbiag Tabauua pasMmepa
r X s uassiBaerca nodmadbruged A. Iee (m X n)-rabauipl
paBHBl, €CAM COOTBEeTCTBYIOUWIME 3JeMeHTBl HAa (f, j)-1m0710-
KeHuax pasuet (=1, 2, 3, ..., m; j=1, 2, ..., n).
B onpenenennom cwmbicie Ttabauua (4.1) asaserca me dem
HIbIM, Kak BbIGOpKOR pasmepa m X n M3 JAaHHOFO MHOMXe-
ctea S. Ho, ¢ apyro#t cropousl, (1 X n)-Tabamiy MOKiO
paccMaTpuBATL KaK BHIGOPKY pasvepa s, ¥ Takum o6pasom
(4.1) oxaspiBaeTcs ecTeCTBEHHBIM 000GIIEHNEM 3TOr0 MOHSITHA.
Tenepb 3amenumM 10BOABHO FPOMO3IKYIO CHMBOJMKY (4.1) Ha

A=la, ] (=12, ..., m j=1,2 ..., n. 4.2

11

[Iycts e==min(m, n). B stoM cayuae zzas8nasn Juazo-
Haab A COCTOMT M3 3JEMEHTOB &,;, HAXOAMHXCA B MOMA0-
ke (4, D) ana l=1, 2, ..., e. Tpancnonuposaunnol ma6-
zuned AT ot A asasercs (n XX m)-tabauua, noayuennas us A
nyTemM oTpaxenna A OTHOCHTe/bHO rJAasHOR guaronau. Takum
o6pasom, A7 comepxur a;; 8 (i, j)-noomennax (=1, 2, ...

ony J=1,2,..., 'm). Tabmina A wnasuiBaeTca cui-
Mempuyeckoil, eci A= AT,

Hpennonoxnu Teneps, 4TO MHOKECTBO S ecTb HEKOTOpOE
none F. Torga npaMoyroabnas Tabanua oKasblBaeTcsi MaTph-
ueit. Caoxenue u ckangpiioe ymHoxenue xaa (m X n)-MATPHIL
MoxeT ObiTb ompejeleno OOBIYHLIM 06Pa3OM, H MHOMKECTBO
Bcex (m X n)-MaTpHll, IJIEMEHTH KOTOPHX BXOIAT B moJe F,
00pasyer BEKTOpPHOE MPOCTPAHCTBO DPa3MepHOCTH mn man F.
Boaee rtoro, (m X m)-matpnua moxer OwTh yMHOKEHA HA
(n X £)-MaTpyiy MO M3BECTHOMY TMpABUAY yMHOMKEHWS MaT-
puu. Matpuua-npouseeienne umeer pasmep m X £. 3ameruu,
4yro ecau A wumeeT pasmep m X K, TO Mbl MOKEM BCerjga
06p asosats npoussesenus AAT nopsaka mu ATA nopanka n.
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Atu npousBeieHUd B AEHCTBUTEIBHOCTH AB/IAIOTCA CUMMETPH-
YeCKHMH MaTpHUaMH.

Ilycre Temepb nana Matpuua A ==[a;;] pasmepa m X n,
roe m < n. Bpengem cienymouiee onpenenenvie nepmarenma
marpuub A:

per (A) = Z aiix [12,.2 ce a,nlm. (4.3)

CymMuposanne B (4.3) npousBOAUTCA MO BCeM m-mepecta-
nosKaM (iy, iy, .+., ) weapx uucea 1, 2, ..., n. IOra
ckajsgpuas ¢yuxuus mMatpunsl A Hepeaxo nossasgercd B JuTe-
parype no KOMOWHATODHOMY aHaJau3y B CBfI3U € omnpeleet-
HBIMY TIePeUMCAUTEIbHBIMY U IKCTpPeMaibHbBIMYU 3ajadaMu. Pac-
CMOTDUM Tenepb HekoTopuie ¢opManbHbie cBoficTBa per (A).
Tlpexne Bcero, per(A) oxkaswbiBaeTCA UHBAPUAHTHBIM OTHOCHU-
TeAbHO JMIOOBX NEPecTaHoBOK CTPOK u cToabuos B A. Takum
00pa3oM, yMHOKeHue OAHO# cTpoku A nHa cxkaaap a B F
npocto 3amenseT per (4A) ma a - per(4). Paccmorpum nanee
Baxubfi uacTHB cayda#f, korma A daBageTca KpalapaTHo#
MarpHue#t nopsaaka n. B sroMm cayuae per (A) okasmBaercd
UHBAPUAHTHBIM TAKXKE U OTHOCUTENbHO TPaliCNO3uLuil, ¥ Mbl
MOXKEM 3arnuCaThb

per (4) = per (A7). 4.9

B atom cayuae per(A) aBasercs TeM ke, YTO M JeTePMHHANT,
det(A), ecau He roBopute o MiouTeasx =1, npeime-
CTBYIOINX KaXAOMY NPOM3BEJCHHIO B MNPABOH HYAaCTH paBeH-
cta (4.3). Aro npeanosaraeT BO3MOMKHOCTb BBIYMCINUTEIbHOH
npottenypet  Aas per (A), amasoruunoft xopoio passBuTOH
reopuu nas det(A4). B camom nene, 3akoHm, omnpeneneHibie
IJa9  JeTePMUHAHTOB, aNaJOrMyHbi 3aKOHAM, OINpereNeHHbIM
519 nepmadentoB. Hanpuwmep, pasjsoxenue Jlamnaca aaq
INEeTePMUHAHTOB LEJUKOM MEPEeHOCUTCH W HA TMepPMaHeHThl.
Ho ocHoBHOA MyJbTHNAMKATMBHBIf 3aKOH, CNpaBeluBbIft aJad
LeTePMUHAHTOB:

det (AB) = det (4) - det (B). (4.5)

rayBoxo owmbouen ans nepmanenton. IIpubasnenne ctpokun A,
YMHOXKEHHOR Ha HEKOTOpOe UuCAD, K JAPYroff CTpoke Takke
e octasasger per(A) uHBApUAHTHHIM. ODTU 00CTOATEAbCTBA
ype3aBuyaAfiHo 3aTPYAHAOT TEXHUKY Buducaenus per (4); no-
TOMY MHOrUe KBAAPATHBICE MATPULLBE UMEIOT JerKo BHIUM-
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casgeMble  JeTePMMHAHTHL M Heonpelle/seMble MNEPMaliCHTH.
OnumeM Tenepb Meroi BHUMCHeHHA Der (A).

Teopewma 4.1. HAana mampugya A pa3mepa m X n,
20e m<n. Ilycmp A, o603nauaem mampuyy, noay-
yennyio u3 A 3amenoii r ee cmoabyos8 Ha cmoabyw,

cocmasaennpe u3 Hyaeli. ITycms S(A,) —npoussedenue
cymm cmpox A, a X S(A)— cymmnsr S(A,) no scem
subopan oaa A, Toeda

per () = 2y (4, ) — " ”H”>ZSM-M9+

—m2
+(n ’g+ >ZS(An-m+2)—~--

—1
.+(__1)m_1(;‘1>23mn_1), (4.6)

IokasateabctBo. OB03nauMM uepes S MHONECTBO
BCeX BHIGOpPOK oObeMa m

Up Jo oo T (4.7)
HeJAHX nojgoxuredblinx uucen 1, 2, ..., n. Ilycts Bec
BotOopkH (4.7) paBed

ayj @y, -« Qmj, - 4.8)
Iycte P; osHayaer TO CBOHCTBO, ut0 BubOpKa (4.7) He co-
mepagit uegoro umcaa i(i==1, 2, ..., n). Ilpeanonoxum
tenepb, 4to A, noiyueno u3 A 3amenofi cToabuoB ¢ HOMe-
pamu iy, £y, ..., [, Ha cTOAOUB, COCTaBAEHHHE W3 HyJel.
Torzna

W(Pi. Piy ..o Pry=S(Ap, (4.9)

M, CJAeloBaTel]bHO,

W(ry=S(4,) (4.10)
dyukiua per (A) paBHa CyMMe BecoB 3JeMeHTOB S, yloBJe-
TROpAWINX # — m cBolicTBam P, ((==1, 2, ..., n). Takum

" o6pasoM, (4.6) oxasmpaercsl ciaeacTBHeM Teopembl 1.1.
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Cnencreue 4.2, I[Tycms dana xsadpamnas mam-
puya A nopsaoka n. Toz0a

per (A) =S (A) — X S(A)+ X S(A) — ...
cee (—=DTEY S 4, (G.11)

HokasaTeabcTBO. I10 yacTHb cayuaii Teopemsl 4.1
AR m==n.

[Mycte A — marpuua, 9s/1eMeHTaMM KOTOpPOH SABIAAOTCA
aubo 0, anbo’ 1. Hazosem taxywo matpuuy (0, 1)-mam puyel;
2™ rakux (0, 1)-marpuu pasmepa m X A HMEOT BaKHOE
3HAYeHWe B KOMOUHATODUKe; OHU OyAyT WrpaTh BeIyLIYIO
posL M B HallleM U3JM0KeHHU NpeaMera. [loka e Mb Orpa-
HUYUMCA HEMHOTUMH 9/eMeHTAPHHMU 3aMedaiuiMd OTHOCH-
TeJbHO MePMAHEHTOB HEKOTOPHX BechbMa creuuatsHuix (0, 1)-
matpuul. Ilycre [ — eaunuynas Matpuua nopsiaka n, a J—war-
puua nopaaxa s, cocTaBleHHas Ueankom ua exunuil. Hetpyano

NPOBEPUTH, YTO
per (J)=nl, (4.12)
per(J—1N=D,. (4.13)

3ameTuM B 3akmodenve, uto ud (4.11) u (4.12) BhiTekaer

TOXK/JIECTBO
n—1
n!:E(—l)'(’:>(n—r)”. 4.14)
r=0 N

Kpome roro, ua (4.11) u (4.13) noayuaercs Bropas ¢op-
MyJa JuUig 4uciaa 6eCHOpﬂJ1KOB, a UMeHHO

n—1
Dn=§)(—~l)’ (f)(n—-r)” (n—r—10"". (4.15)
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Taasa 3

PEKYPPEHTHBIE COOTHONIEHUA

1. HekoTopeie 2JieMeHTapHble peKyppeHTHOCTH. IIpo-
CTBIM IIpUMEPOM PEKYPPEHTHOCTH ABJAdeTCd COOTHOUICHHE

(n' (n —1 ) [n—1

) == -+ ) . (1.1
r r \r —1

C nomowpio (1.1) moaGopoM nOAXOAAMMX Haua/lbHLIX 3Ha-
yeHH# MOXHO BBHIUMC/IATH OMHOMHAJAbHblE KO3(POUUHEHTH A4
BCeX HEOTPHUATENbHBIX UEAbIX 7 M F. DTOT BHIYMC/HTENbHbIH
NMpoLecc CXeMaTHueCKH HJJIOCTPHPYET TPeyroabHuk Ilackans.
Pexyppeimuocmamy HA3bLIBAIOTCY  COOTHOUIGHMA MHOTHX
pasHbIX THTOB, M HeT HeOGXOAMMOCTM HACTauBaTb Ha Gop-
MaJbHOM oOmpefedeHun 39T1Ooro TepmuHa. Ho B ofuwem mnox
PeKYPPEHTHOCTHIO MOHMMAIOT CMeUHaJbHbIH THI OTHOLIEHWH,
BKJIOYAIOWMX KOJHYECTBA C U@/IOUMC/IEHHBIMA TapaMeTpaMu.
310 COOTHOLIEHHE TAKOBO, YTO €ro MOXHO HCNOJAb30BATh
/s BLIUMC/IEHHS 3HAYEHHsl BEeJMYMHBI IIar 33 [UAroM, UCXoas
W3 3aZAHHBIX HAYa/JbHBIX 3HaYeHMH W 3HAueHuH, rnpeaBapu-
TeAbHO NOACYMTAHHBIX. PeKyppeHTHOCTH eCTeCTBeHHbIM 00pa-
30M BO3HHK/JM BO MHOTMX NepPeyMCAMTE/NbHBIX 3aiadax, |
Teopus PeKypPeHTHOCTe# HMeeT BecbMa OCLIMPHYIO JMTEpa-
Typy. JroT mnpeaver ¢ GOJLINOH TIATEIbHOCTHIO PA3BHT
B HeJABHO Bbllleaumled kHure PuopaaHa, ynoMHHaeMoH B JnTe-
parype K Hacrosedt raase. Mer ne Oyaem noapobHO ocrauHa-
BJAMBATLCA HA 9TOM, OTPAaHHUMBIUHMCH OOCYXAEHMEM HEMHOMHX
APOCTHIX PeKyPPeHTHOCTeH, NPeAcTaBJsMomHUX A4 Hac cne-
uMaibHbIRR HHTEpeC.

HaudeM ¢ oado#l 3anaum M3 3JeMeHTApHOW TeOMETpHUM.
[peanoJokKHM, YTO Mbl HIUEM YMCJIO YacTell, HAa KOTOPBIC
neauTcss TJAOCKOCTh 1 NPSMbIMU JHHAAMH, DPacnoJoXeHHBIMU
NPOM3BOALHEM 00pasoM. Q603HaunM 9TO uuCAO depes P,
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IMosoxuM 10 oINpexne/eHuIo

P,=1. (1.2)
Jlerxo nokasaTb, 4TO A% M000r0 HATYPaAbLHOTO 7
P,=P,_ +}n (1.3)

Hauaabuoe ycaosue (1.2) u pexyppentHocts (1.3) ompe-
neasor P, A% BCeX HEOTPHUATEJbHBIX Uedbix N. PaKTu-
uecku u3 (1.2) u (1.3) caenyer

n(nd1
p,="0tD g, (1.4)

Paccmorpum nagee MHoxectso T BCex BLIOOPOK 00bema 1,
NOJyueHHHIX M3 2-MHOXecTBa, cocrosiuero u3 0 u 1. Tlo-
npoOyeM BHIICHHTb, KAKOBO UHCJO BHIGOPOK, He COAEPKAIIUX
AByX HyJjed noapaa. O003HaUMM 3TO 4HCIO f (1) U Onpenenm

fO)=1, (1.5)

a TAaKXe, 4YTO TPHUBHAJILHO,
Fy=2. (1.6)

IMycts remeps 7> 2. Toraa cywectsyer f(n— 1) Takux
BLIOOPOK C MEPBLIM 3JEMEHTOM, PAaBHHIM efuHuue, n f(n — 2)
Takux BHOOPOK C HyJeM B KaueCTBE NEpBOrO 3JeMeHTa.
CiexosateabHo,

fMy=fn—1+ f(n—2). (1.7)

Hauanvuuie ycaoeus (1.5) u (1.6) u pexyppentHocts (1.7)
onpeneasioT f(#) Iaa BCeX HEOTPUUATENbHHIX UedbX 11,
YUucaa f (n) naswiBaiorTcs #ucaamuy Pubonayuu. Oun obaa-
HAI0T MHOTHMH 3aMeyaTe]bHBIMM apA(PMETHYCCKUMH M KOMOH-
HaTOPHLIMH CBOHMCTBAaMU.

ditnep MccaenoBal € TOUKM 3PeHHs pPeKyppeHTHoCTel
3agayy o Oecmopsakax. Tlonoxum IO ONpene/deHHIO

Dy=1 (1.8)
¥ U3 TPHBHAJAbHLIX COOOpaKeHuH
D, =0. (1.9

Paccmotpum Temeps Gecnopsiaok
(ay, ay v..y ay) (1.10)
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U3 7 3jeMeHTOB, o6osHaueHHwx 1, 2, ..., n, roe n > 2.
[Tepsoe mecto B (1.10) OTKPBHITO nas BCeX 3J1EMEHTOB,
uckaouas 1, T. e. aasg n—1 snementoB. [Ipeanoaoxnm Teneps,
yTo mepBbiM 37eMeHTOM B (1.10) BbIOpan a, ==k (k< 1). Torna
Bce Oecnopaaxu (1.10) menaTcs HA ABa TMNA B 3aBUCHMOCTH
OT TOr0, HAXOAMTCA 9JeMeHT | Ha k-M MecTe HaAM HET.
Ecan 1 HaxoanTca Ha AR-M MecTe, TO 4YHCJIO NepeCTaHOBOK
GyaeT TAKUM )Ke, YTO M YHCAO NEePecTaHoBOK H3 1 — 2 3Je-
MEHTOB, M3 KOTOPHIX HH OJMH He HaXOIMTCS HA CBOEM MecTe,
1. e. D,_,. C npyrot croponn, ecan 1 He HAaXOAMTCH
Ha k-M MecTe, TO [ONMYCTHMble NEPEeCTAHOBKM TaKOBHI, 4TO
B HUX 3JaemeHTH 1, 2, ..., k— 1, k-1, ..., n 3aHuMawoT
MecTa OT 2-ro A0 7-ro, 374eMeHT | He 3aHMMaeT Z-rO MecTa,
a BCAKHH ApYrofl 21eMeHT He HAXOAMTCS HAa CBOEM MecCTe.
Ho 310 TO K€ caMoe, 4TO M MepecTaHoBKHM u3 n-— 1 3aae-
MeHTOB, 0003HAUEHHBIX 2, ..., #, NPHYEM KAXKIABIH 971EMEHT He
HAXOAUTCA HA CBOeM MecTe. Unca0 TaKmx NepecTaHOBOK, Oue-
BuaHO, D,_;. V3 BunenpuBefeHHbiX PAaCcCyXAeHUH BHITEKAeT

D,=(@n—1)(Dy_1+ D,y (1.11)
PexyppentHocTb (1.11) MOXeT ObITb MCMOJbL30BAHA AT

TOro, 4TO0bl JAaTb TpPsSMOe JA0KA3aTeIbCTBO MO MHAYKUHH
crenytoumeil Gopmyns:

D,,.—_—n!(l —gr— . —{—(—1)"%). (1.12)

2. Yucna pasmemenuit. Ilycts U, oGosHauaer uyucaO
NepeCTAHOBOK M3 7 3JeMeHTOB, ofosnauennnix I, 2, ..., 1
¥ TAKHX, 4TO 9/eMeHT [ He HAXOAUTCA HH Ha I-M, HA Ha
(i 1)-M Mecrax, i==1, 2, ..., n—1, a 3j1eMeHT N — HH
Ha n-M, Hu Ha 1-M Mecrax. Huwimu ciosamu, U, ecTb uncao
IepPeCTaHOBOK, NMPOTHBOPEYMBLIX ABYM NEPeCTaHOBKAM

1€, 2,3 ....n), (1,2 ..., n—1) 2.1
[Tycts C oGosnauaer (0, 1)-mMaTpuuy nopsika #, B KOTO-
po#t na mecrax (1, 2), (2, 3), 3, 4), ..., (n, 1) HaxoaaTCs

eNMHNUBI, 4 Ha OCTaAbHEIX MecTax — Hyau. IlycTb, Hanee,
J 0603HauaeT MaTpUIly TOPAAKA 7, KAXKALIM 3/JEMEHTOM KOTO-
polt Gynser eamHuua, a | — ejMHMUHYIO MATpHIy ToOpanxa n.
Toraa nerko BLIBECTH, 4TO

U,=per(J—1—0C). 2.2)
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OxnHako (opMyaa nast NepMaHeHTa, BbIBeAEHHAA B NMpeAblAyLIeH
1JaBe, He NO3BOJNACT HEMOCPeACTBEHHU moacuurath uucaa U,.

Uucaa U, HaswiBaioTca wucsamu pasmeweruii. Ocnoba-
HMeM Aad TaKOrO HasBaHWa ABJSETCA C/AeAyioWasd ,3aAaua
0 pasMewiennu rocteft*, cgopmyanposannas Jlioka. Cnpa-
ILHBAETCA, CKOJbKUMH CMOCO0aMH MOXHO paccaiutb 3a KpyrT-
JAbLIM CTOMOM 1 CYNPYKECKHX TNap, MyX4YMH M JKeHIHH INO-
ouepeiHo, OHAKO Tak, uToObl HM OJHZ MeHa He cuiena
pasoMm co csouM MyxeM. CHauana MoryT ObITb paccaeHbl
WEHBl, M 3TO MOXHO oOCyecTBuTb 2n! cnocoBamu. ITocae
BTOTO HM OAHH MYXX He MOXET 3aHATb HU OJHOTO M3 ABYX
MeCT PSAOM €O CBOeH KeHOH, HO YMCIO Crnoco0O0B pPacCcaiuTh
MyXell He 3aBHCHT OT paccaxkuBaHua eH. Takum oOpasoy,
ecin M, o3HauaeT 4uC/10 pasMmelleHHH B yKasaHHoH 3apave,
TO OYeBHAHO, 4TO

M,=2n1U, (2.3)

CrenoBaTelbHO, Mbl MOXeM CKOHUEHTPHPOBATb Hallle BHHMA-
Hue Ha yncaax pasmemeHn#t U,.

Teopema 2.1. Yucaa pasmewenui U, onpede-
anwomes no gopuy.ie

a2 T o

U,=nl—

_1_5;12{_2(2”2_2) (n—2)1— ...+(——1)”%(Z)0! (n>1).

(2.4)

Ora sameuarenbHas dopmyna aas U, Obiaa onyOankoBaHa
B cooOmenun Tymapa. [lpuBeneHnoe HmKe [0Ka3aTedb-
cTBO (2.4) ABnAeTCA M3AUIHBIM PEKYPPEHTHBIM PACCYyXKIEHHEM,
npunagiexamnm Kanaanckomy.

Jdemma 2.2. Ilyems f(n, k) o6o3nauaem wucao cno-
c0608 subopa k sremenmos, cpedu KOmMoOpux Hem 08yx
coceOnux, u3 N 3ACMEHIMO08, PACNOAONEHHOLX 8 pAO.
Tozda

n_k+1>. @.5)

f(n’ k):< k
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JoxkasaTeabCTBO. Mpb uMeeM HayajbHblE YCJAOBUS

n
f(n 1)=< ) )=n. (2.6)

a qaa n> 1

N\

f(l,n):(n)—_—o. 2.7

IMyctb temepb 1 <k < n. Mbl MoxeM pas3fuTb BLIGOPKH
Ha Te, KOTOpble BKJIIOYAIOT B ceCs MepBbift 3/MeMeHT, W Ha Te,
KoTOpble He BKMOuYalT ero. Te BLIGOPKH, UTO BKJIOUAIOT
nepBLI# 3JEMeHT, He MOFYT BKJIOYaTh BTOPOTO, M MX YHCJO
Byner

f(r—2 kE—1). (2.8)
Uncno e BLIOOPOK, He BK/IOYAIOWUX NMepBbId 3dement, Oyaer
fn—1, k). 2.9

CienoBareabHO, Mbl HMeeM DeKypPEHTHOCTb
fn, y=fn—1, kY4 f(n—2, k—1). (2.10)

Teneph Mbl MOXeM 10Ka3aTh (2.5) mo muaykumu. [lo mpex-
NOMOKEHHIO HHIYKUHH
4 k\

_1). @.11)

f(n—l,k):( . ) f(n—2, k-—1)=(\:

Ho torma us (2.10) n (2.11) BhITeKaeT, uTO

n—=k n—=~k
f(n, k)=( A >+<k_1>, (2.12)

\

YTO 3KBHBAJeHTHO (2.5).

Jdemma 2.3. IIycms g(n, R) o6o3nanaem 4ucio
cnoco6os swbopa k sremenmos, Huxarue 0ga u3 xKomo-
pux He SBASIOMCA CMENCHbLMU, U3 N 3AeMERMO8, pac-
nosoxcennvix g kpye. Tozoa

g (n k)=71i—k(”;k) (n> k). (2.13)

IlokasaTteabcTBo. PasofbeM, Kak Mbl 3TO JNeJalu
Bhillle, Bce BLOOPKM Ha Te, KOTOPHE BKJIOUAOT NepPBEIA
DUEMEHT, W Te, KOTOphie ero He BKJWOUYaT- BoiGopky, pxmo-
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qaroline I'lepBbIﬂ 3JE€MEHT, HE MOTYT BK/I0Y4dTb BTOpOﬂ U
noc/aeaHu#t 3jeMmenthl. MIX umciao

f(n—3, k—1. (2.14)
Unucao BLIGOPOK, He BKMQYAalOWnX B cefs MepBuft 3/eMEHT:
f(n—1, k). (2.15)

CnenoBare/bHO,
g By=fn—1, &)--f(n—3, k—1), (2.16)

¥ Tenepb (2.13) Jerko caepyer u3 JAeMmbl 2.2

BosspaTuMcs ewle pas K nepecTaHOBKaM 371eMeHTOB, 000-
aHauennuix 1, 2, ..., n. Ilycte P; o0o3nauaer To CBOHCTBO,
4TO MNEepPeCTAHOBKA MMeeT 3JeMeHT [ Ha {-M MecTe (i==1,
2,...,n),a P;'——TO CBOHCTBO, 4TO NePECTAHOBKA COAEPKHT
saeMent [ Ha ([ 1)-M mecre ((=1, 2, ..., n—1). llpn
97OM P, 03HAuaeT, 4TO B NMEPECTAHOBKe SJEMEHT N 3AHHMAeT
nepsoe Mecto. PacnonoxyuM B pan 27 cBOHCTB

Pu. Pi. Py Py ..., Py P, (2.17)

BuiGepem k u3 9TMX CBOMCTB M y3HAEM, KAKOBO YHMCJIO Me-
peCTaHOBOK, YAOB/IETBOPSIOUINX KaXIOMY M3 3THX Kk CBOHCTB.
Otser Oymet (n—k)!, ecam k& cBoHcTB OyayT COBMeCTH-
mbiMu, B 0 B apyrux caydasx. OO003HauuM uepe3 v, YHCIO
cnocoGoB BLIOOpPa & COBMECTHMBIX CBOHCTB M3 OOIIero yucaa
2n cso#icte (2.17). Toraa no ¢opmyie pewera

U,=opn!l— v (n —D!I4v(n—2H1— ... 4+ (—1)"0,0!

(2.18)
OctaeTcst TOJbLKO BBIUMCAUTL U,. Ho Mbl 3ameuaem, urto
ecau 2n ceotictB (2.17) pacnosnoxeHbl B KPyr, TO HecOBMe-

CTHUMBIMH CBOWCTBAMyu ABJSIOTCH TOJLKO ABd INOC/JAeA0BAaTE/b-
neix. CijenoBarelbHO, NnO JemMe 2.3

2n 2n — k
2n—k k ’
3 3TO W 10KasblBaeT TeopeMy.

v, = (2.19)

3. JlaTunckue mnpsMoyroabhuku. J[HaHo Muoxectso S
U3 1 3JeMeHTOB. Jlamuncrul npamoy204sHiK, OCHOBAHHbLIH
Ha n-MHoxectse S, ecTb npsMoyroabhas (r X s)-trabauua

A=la,] (=1,2....,rJj=12 ..., 9 @G
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YAOBJAETBOPSIONIAS YCIOBMIO: Kaxaas cTpoka (3.1) asasercs
S-TiepecTaHoBKOH 3JeMeHTOB S, a Kaxam#l croaben (3.1) —
r-nepecranoBko#t saemeHToB S. M3 atoro caenyer, uro r <1
u s n. O6osnauuM s/1eMeHTH S uepe3 1, 2, ..., n nnpea-
MOJI0MKUM, YTO §==rn. TOraa JNaTHHCKUH NPIAMOYroJbHUK CO-
IEPXKUT B KOKIAOH CTPOKe NepecTaHoBKy 3aeMentoB 1, 2,..., 1,
H 3TH NepPeCTAHOBKHM BLIOPaHH TaKUM 00pasoM, YTO HH OAMH
croafer He COAepPXUT MOBTOPSIOIHUXCS 3JeMeHTOB. JIaTHHCKHA
NPAMOYIOJbHUK TAKOTO THNA CUHTAETCA HOPMAAUIQEAHHGLM,
ec/ld llepBas ero CTPOKAa 3aNMHCaHa B eCTeCTBEHHOM NOpsiKe
1, 2, ..., n. Eciu L(r, n) oGosnauaer unucao r X n JaTHH-
CKUX MPIMOYTroJbHUKOB, a K (r, B)-— 4HC/I0 HOPMaJu3oBali-
HeIX ! X 1 JaTHHCKUX TPSMOYTOJbHHKOB, TO OYEBHAHO

L(r, y=n!K(r, n). 3.2)

Hopmannsopanueie 2 >4  1aTHHCKME TIPAMOYT OJibHHKH
aBAAI0TC 0eCnopaAKaMH, H, CJAeJ0BaTeqblo,

K@ ny=D,. (3.3)

OueBHIHO TakXe, 4TO uucaa pasMmelllenn#t U, okasbBaioTCA
ypcaaMu 3 X n JATHHCKHUX TPAMOYTOALHHKOB C HCXOZHBIMH

CTPOKAMH
1 2 3... n 24
n o1 2...n—1] -4

B unrepecHo#t ¢opmyire Puopaana aas K (3, n) yrsep-

KaaeTcs, 4TO
m

n
K@ m=Y , | Pu-sPslUn-se (3.5)
£=0
rae m=[n/2], a Uy==1. OnHako 8ajaya O nepeyrc/JeHUH
MATHHCKHX NPAMOYTOJLHMKOB, MMEOWMX Oonee Tpex CTPOK,

JNIIbL €ABa 3aTpPOHyTa. B 9TOR cBA3M 3acC/Ay¥KUBaeT yNOMUHA-
HUA BaxHas acuMnToThyeckas dopmyna Idpadwa u Kanaas-

8
ckoro. B He#t yrBepxaaercda, uro ecan r < (Inn) " 1o

L(r, n) ~n1’e'(;). (3.6)

OHU TpeAnOJOXKWIH, 4TO dopmyaa (3.6) ocraerca cnpasel-
AUBOH aas r < n's; 9TO 6blIO AOKasaHQ SIMaMOTO,
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Ecau r = s==1, TO MaTHHCKUI NPAMOYTOMbHUK HA3LIBAIOT
Aamunckum kgadpamon nopadxa n. Takas KoHdurypa-
Mg MOXeT ObiTh PaccCMOTpeHa Kak TalOJnlla YMHOXEHHMS BeCbMa
ofumx aareGpanueckux cucteM. OOpauwaeM BHHUMaHHE UMTa-
TeAss Ha TO, YTO MY/bTHIIMKATHBHAsS TaOanua KOHEUHBIX TPy
onpeneaseT JaTHHCKUH kBaapaT. Ho nocTpoeHHbift TaKnM o0pa-
30M JAaTHHCKU# KBaapar o0fanaeT BecbMa CHeUHMaNbHBIMH CBOH-
crBaMu. Ecam tenmepb

Lan, ny=nl(n—11, 3.7

10 [, 0603HayaeT YHCJO JATHICKMX KBAAPaToB moOpaiKa 1,
y KOTOPHIX 3JAeMeHTol MNePBO# CTPOKM M mnepBoro croabua
pacnooxelbl B eCTeCTBCHHOM nopsake. Hawn npeapiayiine
paccyx/eHuss OTHocHTebHO K (r, 1) Aal0T NOHATb, YTO Bbi-
uncaenne [, He MOXeT ObiTh JerkuM. IJTO M Ha CaMoM Aeile
tak. Caepyiomas Tab/HUA NMOKA3bIBACT M3BECTHBIC 3HAUCHHUA [,

n 1 2 3 4 5 6 7
[, 1 1 1 4 56 9408 16942080
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TEOPEMA PAMCE{

1. OcHoBHasi TeopemMa. Mbl nocBsiaeM STOT MyHKT OMM-
CaHWI0 W [0Ka3aTeJbCTBY BaXHOH KOMOWHATOPHOH TeopeMnl,
BO3HHKIIEH W3 HEKOTOPBIX HCCJeoBaHufl B 001acTu OCHOBa-
Hufl MaTtematuku. Teopema 3Ta Has3BaHa MO MMeHW aHIJIMH-
ckoro JorkHka ¢. I1. Pamceda. B maTemaTuke npuHUMNIOM pas-
OUeHHs HAa3BIBAETCS Clelyloilee yTBEPKAeHUE: eC/IH MHOXKECTBO
AOCTATOUHO GOJBLIOTO YUC/AA 3/eMEHTOB Pa30HTO HA He OdYeHb
f0JbllIOe YMC/IO0 MNOAMHONECTB, TO NO KpaHHe# Mepe 0aHO
H3 MOAMHOXeCTB AO/KHO COZepXaTb OOJbLIOE YHCAO 3Je-
mentoB. Teopemy PaMces MOXHO paccMaTphuBaTh Kak ray6o-
Koe 0600lieHue 3TOTO NMPOCTOro mpuHuuna. B pokasareibcTse
Teopembl PaMces wWHPOKO MCNOJB3YeTCsl aNnapaTr peKyppeHT-
HocTeid. TeopeMa uMeeT MHOrO PasHOOOpAasHBIX NPUIOKeHHH,
HEKOTOpPblE U3 HUX GyAyT PacCMOTPEHBI B C/EAYIOUIEM MYyHKTE.

IMycts pano n-muoxectso S, u mycts P, (S) ofosHauaer
MIIOXECTBO BCex r-moaMHOKecTB MHOxecTBa S. [lycts, nasee,

P.(Sy=A,UAU ... U4 (1.1)

— Npou3BOJbHOE yNOpPaAaOueHHoe pasuenne P, (S) na £ co-
crapasiomux Ay, Ay ..., A, IlycTb, HakoHen, 32aaHb nesbie
YUCAA ¢y, Gg « ... §p TAKHE, UTO

1<L<r<qy, g0 oo vh 4, (1.2)

Ec/au CyuecTByeT ¢;-NOAMHOXKECTBO MHOXecTBa S, conep-

Kauee BCe r-noaMHoxecTsa u3 A;, To OyaeM ero HashBaTb

(q;, A;)-rnoomnoxncecmsom Muoxecrsa S. Teopema Pamces
YTBEPWAAET Cleaylollee.

Teopema 1.1. Ilycmv 3adans yeavie uucaa gy,
Qg +ves Gy 4 1, yoo8aemsopaouue (1.2). Tozd0a cyue-
cmeyem MUHUMAAbHOE Hamypasstroe 4ucao N (qy, Ga, ..
cevs Gp T), O6aa0QIOMeEe meMm CBOUCMEOM, HMO 04n 8cex
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yeaotx vucea n >N(q,, 93 ..., qp I) CRpaBEOAUBO CAE-
dywouee. dano n-mnosxcecmso S u npou3sosvroe ynopaoo-
wennoe pasbuenue (1.1) mnoscecmsa P,.(s) una t co-
cmasasoyux A, Ay ..., A; moeda S codepocum
(9 A)-nodmnoocecmso das nekomopozoi,i=1,2,..., t.

HoxkasatenbcTBo. YroOul 100uTbcA ay4Hllero MOHH-
Manusg QOPMYJAUPOBKM TeOpeMbl, PACCMOTPUM BHauaire pas-
JUYHbIE ee yacTHbie cayuau. HauyneM c 3aMeuaHus, yTO B Cly-
yae r=1 TeopeMa cBOAMTCS K NMpuHuuny pasfuenus. B sToMm
cayuae P,(S) cosuanaer ¢ S, a (¢;, A;)-NOAMHOKECTBO MHO-
KecTBa S ABAAETCA HEKOTODPBIM ¢,-TIOIMHOXECTBOM MHOMe-
crBa A;. Orciona BuTexaer!), uto

NG g vves ¢p D=q1+¢+ ... +q—2t+1. (1.3)

TMoROMUM Temepb ¢y ==(@y== ... ==g,=¢ > > L
B sTOM cayuae TeopeMa BHIFASAIMT chenyiomuM o0pasoM.
Jano n-MHoXecTBO S, Tae # A0CTaTOYHO Besuko. Bce r-mon-
MHOXECTBA MHOXecTBA S NPOU3BOALHLIM 00pasoM pasbuThl
Ha t cocraBadiowux. TOraa CywECTBYeT ¢-NOAMHOXeCTBO
MHOXKecCTBa S CO BCeMU r-TIOAMHOMXKECTBAMU OAHOH U3 ¢ co-
cTaBadowux. M3 aToro yTBep:AeHUs JETKO BLIBECTU TEOPeMy
Pamces B ofmeM ciayuae. DTO MOXHO BbINOJHHTb, BHOUpAs g
PaBHBIM MAKCUMYMY HMC€Hd ¢y, Gy, -.., ¢, Haa t=1 Teo-
pema Pamces TpuBHaabHa, M B 3TOM C/yyae Mbl HMEEM
N (g,, r)==g¢,. TlpeanonoxunM, uYTO Mbl [0Ka3aju TEOPEeMy
aig f=2. Toraa Mbl NOKaXXeM, yTO Te€OopeMa AOMKHA OblTh
cnpapeanuBoit Aas £==3. B caMOM nene, MBI MOMKEM HAMKCAThH

Pr(S)=A1U(A2UA3) (1.4)

7, =Ny 95 T)- (1.5)

U INOJMOXHUTDb

Teneps, ecau 1> N (g, gy r), TO N-MHOXECTBO S 10/mKHO
cozepxath (g;, A;)-TOIMHOXECTBO UJH (qé 4,U 4;)-nox-
mHoxectBo, Ho ecan BunomsdeTcs NMocnefHas anbTePHATHBA,
TO (,-TIOAMHOXECTBO MHOXECTBA S 1OJKHO CONEPKATH MM

(g Ag)-moaMHoO)ecTBO, UK (g3, Ag)-noamuoxectso. Craeno-

Iy Cu. X oann M., Kombunatopuuil anaans, MJ1, 1963, ctp. 4345,
Tle NPHBONMTCA AOKasaTeabCTBo (1.3) mas ¢ = 2. — [lpus. peo.
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BaTe/bHO, TeOpeMa crpapelJuBa LIS f==3; M OYEeBHIHO, UTO
N0 MHAYKUHH TeOpeMa BepHa s Bcakoro £. CrenoBarenbho,
Mbl 0643aHbl [OKas3aTb 3Ty TEOpeMY TOMbKO uad f=2; co-
CpelOTOYHM Hallle BHHMaHHe Ha 3TOM CJyuae.

Mz (1.3) mn 3naeM, 4TO

N, g9 D=¢qg;+¢—1. (1.6)

Boisee Toro, Mp yTBepiiaeM, 4TO
N(qu r, r)=q1, (1.7)
N, gy 1)=gq, (1.8)

YrolOpl [1OKas3aTb 3TO, MOJOXHM ¢y==71 U # >¢q,. Ecan A,
He MYCTO, TO A-MHOWECTBO S codepxur (r, A,)-NOAMHONKeE-
crBo. C apyro# cTopokH, ecan A, mycro, To A;=P (S),
u S conepxur (g, P,(S))-noamuoxecrso. TeMm cambim fo-
kazano yrBepxaenre (1.7). AHAJOrHYHDIMHM pacCcyXIeHHSIMH
JokasbiBaeTcs: paBeHcTso (1.8).

Yro6bl 3aBepIUUTb NOKA3ATEAbCTBO AAA 7 == 2, MPUMEHHM
unayxkunio. Ha ocnose (1.6), (1.7) u (1.8) MHm MoxeM npH-
HATb, YTO [aHHble YMCJIA ¢y, §y M I YIOBJICTBOPAIOT Hepa-
Benctey | < r < gy, ¢,. IlpuMeM B KauecTBe NMpenNnoJOKeHHS
HHAYKLHH CyllleCTBOBaHue ue dplx unced N (g, —1, ¢, 1) n
N (g, go— 1, r). Kpome ToOro, BKMIOYMM B 3Ty TIHIOTE3Y
cywecrsoBanme uenoro uucaa N(q;, g, r—1) ans seex gy, gy,
TaKux, 4to 1<{r < ¢, ¢, Mcxond us aTMX NpeanosoxeHui,
a rakwe u3 (1.6), (1.7) u (1.8), Mpi ycraHaBJMBaeM Cylle-
CTBOBaHMe ueaoro unciaa N{g,, gy r). OTa HHAyKuMA BepHa,
KpOMe TOro, NOTOMY, YTO CYLIECTBYIOT CJACLYIOUIHE UeJbie
YHCc/a:

N2, 2,2, N(@3, 2, N@42 ...
N@B,2 2, N@G 3 2, NGB 4 2,... (1.9

N@# 2,2, N4 3,2, N4 4 2, ...

B cBoio ouepens 3TO BJAGYET CyMIECTBOBAHHE LELIX YHCES
N (g g9 3) m 1. I
B cuiy npeanosoxenus MHAYKUMA CyLecTBYIOT uHCJAd

Pi=N(q1—1, g5, 1)s po=N(q. @a— 1, 1) u N{(p}, p, r—1).
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Hicxons 3 aToro, Mbl noKasbisaeM cyuecrsosanue N (q;, gy, 7)-
dakTHueCKH Mbl A0Ka3biBaeM CJAELYIOllee HEepaBeHCTBO:

N(qy g NN (pyp por r— 1+ L (1.10)

n>N(@py pp r—H+ 1 (1.11)

TlycTb @ — dukcHpoBanHblii sjeMent n-Muoxectsa S, a T’ ecth
(n — 1)-MHOXecTBO OCTaibHEX 3aeMentoB S. IMpuMeHuM pas-
Guenne P,(S)= A, A; BCeX r-NOAMHOXECTB MHOXeCTBa S,
yTo0bl OMNpenefuTh pasGuenne

P,_{(Ty=B,U B, (1.12)

Iycts

muoxectsa P,_; (T) scex (r -— 1)-NoAMHOXeCTB MUOXeCTBa 7.
Aro aenaerca cieayowuM obpasoM. Ilycrs R — kaxoe-an6o
(r — 1)-noamHoxecrso Muowecrsa I'. Ecam RUa sxomur
B A;, bl moMemaem R 8 By, a ecin R a Bxoaut B Ay,
T0—8 By,. D10 u paer Ham pasz6ueune (1.12) MHoxecTsa
Pr—l (T)

Muoxectso 7' coaepxut no Kpaiueit mepe N (py, py, r—1)
siaementoB. CaepoBaresbHo, T comepxHuT uam (p;, Bj)-moa-
MHOMECTBO, HJH Py, By)-noamMuoxkectso. Cnauana paccMoTpuM
cayua#, xorga T comepxuT (p;, Bj)-noamuoxecrso. Toraa
T conepxuT p,;-noamuHowecrso U, Bce (7 -— 1)-moaMuoxe-
ctBa koroporo aewar 8 By, Tenepy py=N(g,— 1, g, 1)
n U xak TOOMHONXECTBO MHOXECTBA S COAEPKHT HIH
(g;— 1)-nOAMHOXKECTBO, BCE F-TIOAMHOXKECTBA KOTOPOTO BXOIAT
B Ay WIH ¢o-TIOJAMHOXECTBO, BCE r-TIOJIMHOXECTBA KOTOPOTO
sxoasaT 8 Ay Ecam uMeer Mecro nocaeiHss ajabTepHaTHBA,
TO (,-TIOJMHOXECTBO YAOBJIETBOPSIET HAIIHUM TPeGOBAHMAM;
TeopeMa JoKasaHa.

[MpeanonowuM teneps, utro U conepxur (g — 1)-noa-
MHoxecTBo V, Bce r-moaMHOMECTBAa KOTOPOro BXOAdT B Aj.
Ho 8 stom cayuae W=V a saBiagerca ¢;-NoIMHOXKECTBOM
muoxectsa S. Ecau r-noaMHoxecTBo MHowecrsa W ne co-
HOEPHKHT &, TO OHO ABJAAETCH I-THOAMHONECTBOM MHOMeECTBA V
U, CleloBaTe’bHO, 9TO r-moaMHowectso sxoaut 8 A;. C 1py-
ro# CTOpOUbI, €CJAH r-NOAMHOXECTBO MHOMWecTBa W CONEPHKHT
97eMEHT @, TO OHO COCTOHT H3 3ITOTO0 3JAeMEHTa 4 H U3
(r — I)-nmoxMuoxectsa MHowectsa V. Muowecrso V, no-
CKOJIbKY OHO SBJAfETCS THOAMHOMKEeCTBOM Muowxecrsa U,



2. Hpuroxenus 47

conepxuT Bce cBoM (r — l)-moaMuoxectsa B B;. Ho Ttorza,
no omnpejenennio pasGuenus (1.12), Takoe r-moAMHOXKECTBO
muoxectsa W sxoaur Takxe B A;. Takum oGpasoMm, W ecTb
¢,-TIOIMHOXECTBO MHOXeECTBA S, BCE r-TMOAMHOKECTBA KOTO-
poro BxoasaT B Aj. Jlpyro# cayuaih, B KoTopoM T COAepPKHT
(py By)-noaMHoNecTBO, MoKeET GbITH PACCMOTPEH C MOMOLIBIO
CoBepIUEHHO aHAJOrWYHBIX pacCyxienuit. Tenepb Aokasarellb-
CTBO TeopeMbl Pamces MOJHOCTHIO BBITOJHEHO.

Leawte uncna N (g, gy, r) uMeioT riyGoku#t KomGuuarop-
upift cMuica. Ho, K coxanenunio, 419 HUX HEHSBECTIIO HHKAKOH
peKyppeHTHOCTH, a pexyppenrHoe nepapeucro (1.10) we
oueHb feficTBenno B GOJBIIMHCTBE C/ydaeB. IDTO AOCTABISAET
cepbesnbie 3aTpy/AHenus npu Beruucaennn N (g, qq r). Ko-
HEYyHO, MEl BCeraa noaydaeM TpuBHaabuple 3Hauenus (1.6),
(1.7) u (1.8). Ho, nomumo wux. Bce ussectHue N (g1, qo, 1)
YKAAMBAIOTCA B CASAYIOMYI0 CHMMeTpuueckyio Tabiuuy Ais

N{(qp g 2

| 3 4 5
506 914
ol 913 (1.13)
5 14

He ynuBHTe/bHO, YTO €Ule MeHbllle H3BECTHO O CAydasX,
Koraa £ > 2. B sToM cayuyae HanGoJpluag uHpopMauug K Ha-
CTOAIEMY BpeMeHH COAEDWHTCS B CAeAYIONIEM YTBEDXKACHHH:

N@3, 3, 3, 2= 17. (1.14)

2. Mpuaowenusd. PaccMOoTpUM 7 TOUYEK, PACMOJOKEHHBIX
NponsBOIbHHEM 06pasOM B MpOCTPAHCTBE TPeX H3MepeHHH.
JBe pasiuyHbie TOUKH ONpENe/sIOT OTPEe30K; KaX b 3 aTuX
OTpe3KOB OKpalleHn B KpPacHbii WM CHHHH LBET. 2-noaMuo-
}eCcTBa ToYeK MOTyT GbiTh pa3bHTH Ha MHOMWeECTBO A; Kpac-
HLIX OTPESKOB M MHoxecTBO A, cunux orpeskoB. Temepb,
eCilH §; M ¢y — liefible 4YHCIa, Takue, 4T0 2-{q;, gy, M eciu
n>N(g, ¢ 2), To nMo Teopeme PaMces AOKHB Cyue-
CTBOBaTh ¢; TOYeK, 0GPasylOUMIHX TOJNBKO KpacHbe OTPe3KH,
W g, TOYEK, 0GPA3YIOUINX TObKO CHHHe OTpe3kn. Bosee Toro,
N (g qo 2) ecTo MUHHMAAbHOE L@l0e yucao, olrajaiouiee
3THUM CBOWCTBOM,
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Chenymoumee nputoxende TeopeMbl Pamces OTHOCHTCS
K BBIMYKJIbBIM MHOTOYTOJAbHHKAM.

Teopema 2.1. Jawo wyeroe uucso m >3. Cyue-
cmeyem MuHUMGAbHOE Hamypaassrhoe N, makoe, 4mo
o0za 6cex yeaslx n > N, sunoangemcs caedywoujee c80ii-
Cmeo: ecau cpedu B mouex HQ NAOCKOCHMU HUKQKUE Mmpu
mouxku He aexcam Ha O0O0HOL npamMol, mo m mouex
ABARIOMCA BEPULLHA MU BLINYKA020 M=-Y20LbHUKQ.

Jdemma 2.2, Ecau cpedu namu mouex #a HAO-
CKOCMUI HUKAKUE MPU MOUKL He AeXCam Ha 00HOL nps-
MO, mo uemostpe mouKu SABAAIOMEA 8ePULUHQAMIL Bbl-
RYKA020 Hembl PexXYZOLbHUKA.

Hoxasareabctpo. [laTb Touek omnpelensioT AecsTb
NpAMOJHHENHBIX OTPE3KOB, a nepuMeTp 3ToM KoudHrypauuu
SIB/ISETCS BBUIYK/IBIM MHOTOYro/ibhnuKoM. Ecin 3T0T Buinyx/bii
MHOTOYTO/IbHHK SIBJASETCH NATH- HJAM 4eThlpeXyroJbHHKOM, TO
MMeeM TPHBHabHbIA Caywali. [IpeAno/oxuM, yTo BHLIMYKJbIH
MHOTOYTO/JbHUK OKasajicd TpeyrojbHHKoM. Toraa ABe H3 MATH
TOYeK NMOMAjaKT BHYTPb TPeyroJibHuKa. JIBe BnyTpenHHe TOUKH
ONpeie/sOT NpAMYyI0, a ABe M3 TPeX BEpILIMH Tpeyro/bHHKa
Jiexar C oAHo#i cropoubr srol nmpsamoit. Torda sTH Ase Bep-
[KHHBl  TPEyroJdblHKa H [Be BHYTPEHHHX TOYKH 0oGpasyloT
BBIMYK/bIH yeTbIPeXyrobHHK.

Jdevmma 2.3. Ecau u3 m mouex Ha naockocmu Hu-
KaKkue mpu He KOAAUHEQPHE U eCAl 8CE 4eMbl Pexy20ab-
Huku, 06 pas3soBannsie U3 3mux m mMo4ex, BHRYKAbie, MO
m Mo4ex ABASAI0MCA 8e PULLHA MU BHINYKA020 M-Y2O0LbHUKE.

Hoxasarteabctso. OueBMAHO, 4TO M TOYEK OMpe-
Aenawor m (m — 1)/2 npsaMoinHeHHbIX OTpPe3KOB, 4 MepUMeTp
9TOW KOH(Hrypauuy ecTh BLIMYyK/IbH ¢-yrodbuuk. 3aHyMe-
pyeM nocie108aTe/bHO BepIUHubl ¢-yrodbiuka: Vi, Vo, ..., V.
Ecin onHa M3 HAMX TodYex MOMajaeT BHYTPb ¢-yroJbHHKa,
TO OHA JOJUKHA OKa3aThC BHYTPH OAHOTO M3 TPeYrodbHu-
xop: V,\VoVy, ViViVy ..., V\V,_V,. Ho s1o mporusopeunt
YCJAOBHIO, YTO BCE UYETHPEXYTOJbHHMKH, 06pasosaHHble W3 TO-
Yek, BbIMykabie. C/eloBaTesbHo, ¢==m, a M-YroAbHUK
BbIMYKJIbIH,

Tenepb Teopema 2.1 OKasBiBaeTCs HETPYAHBLIM CJIeACTBHeM
TeopeMbl Pamced. Yro6bi 370 foKasarb, MOJOKHM m >4 u



2. Hpunroxenus 49

n> N5, m, 4). Paso6vem 4-nmoaMuoXecTBa M3 # TOYEK Ha
BLINMYKJ/ble M HEBbIMyK/ble ueTbipexyroisuuxu. Ilo teopeme
PamMces cyuiecTByeT MM NSITHYT OJbHUK CO BCEMH HEBBIMYKJbLIMH
YEeThIPEXYrO/bHHKAMH, HJAH OJAHH #1-YrOJbHHK CO BCEMH Bbl-
NYKJIBMH ueThHpexyroibuukamu. B cuiy aemmn 2.2 mepsas
albTEDHATHBA OTMAfaeT, a no JemMMme 2.3 m-yroibuux Gyaer
BbIMYKJIBIM.
Hawy paccyxnenns mnokasaiu, urto

N, <NG, m, 4). 2.1

HMssectio, uto Ny=3=2-41, N,=5=2211; 6buio
noxasano, uro Ny;==9=2%-4 1. Dro npusoauT x npeano-
JOXENHI0, 4TO

N, =2""%41, (2.2)

HO 3TO YTBEPKAEHHE ele HE [OKA3aHO.
Hawe saxmountensnoe npuioxenue kacaercs (0, 1)-ma-
tpud. Iloamarpuua mopsjaka m MaTpuusl A nopsika A Ha-
3bIBAETCS 2.448HOL, eCAM OHA MOJY4YEeHA BBIYCPKHBAHHEM H3
A TpOM3BOJBHLIX M — M CTPOK H CTOJbKHX K€ CTOAGLOB.

Teopema 2.4. Jano npoussossnoe Hamypasbroe
wucro m. Beakas (0, D-mampuga A Jdocmamouno
00461020 nOPAOKQ N codepoicum 2AAGHYI0 ROOMA M PULY
nopaoka m 00H020 U3 CACOYOUUX Hembipex Bud08:

[ * 17 | = 17 2:3)
0 * 1 *

38e3004xu Ha 24a8HOE Oua20HaLl 0603HAYAIOM HYAU
u edunuys. SreMEeHMbL HCe, PACNOAOINCEHHbLE BblULE LAL
Husce 2ragroll Ouazonaru, gce Aubo HYyau, aubo edu-
RHugo, kax noxasano 8 (2.3).

HoxasarteabcrtBo. Ilycts 8 teopeme Pamces n-muo-
KectBo S GyJeT MHOXECTBOM 7 BEKTOPOB-CTPOK MaTPHLbI
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A={a,;;). OGosnaunM cTpoxy i B A uepes a;. [lo10XKuM
i< j W cBRKeM C BEKTODP-CTPOKAMH @; H O; B A BEKTOD
(aj;, a;;). dror sekrop GyreT 0, 0), (1,0, (0, 1) wu (1, 1).
CieaoBaTesbHO, MBI uMeeM pasGueHue 2-MOAMHOMXECTB MHO-
xectBa S

Py(Sy=A,U 4, U 43U 4, (2.4)
[TpennooKuM, UYTO
n>N(m, m, m, m, 2). (2.5)

Torna mno TeopeMe PaMced CyulecTByeT m-NOAMHOXECTBO
MHOXECTBa S, BCe 2-10AMHOXKECTBA KOTOPOIO JeXaT B OAHOH
¥3 uerhipex cocrtaBasiouwmx P, (S). Ho us sroro caeayer
CylIeCTBOBAHHE TJIABHOH MOAMATPHUE OAHOTO H3 YeTHpex
BHAOB, NMOKA3aHHHX B (2.3).
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CUCTEMBI PA3JIMYHbBIX MPEJCTABUTEJEMR

1. OcuoBHas TeopeMa. [laHO NPOH3BO/LHOE MHONKe-
crgo S. Tlycts P(S) oGo3nauaeT MHOMXECTBO BCEX MOAMHO-
wects MHowecrsa S. Ilycrb, nadee,

D={(a;, ag ..., a,) (1.1)
ectb m-guiGopka u3 Muoxecrsa S, a
MS)=(S, So ..., Sp) (1.2)

ectb m-Bui6opka u3 P (S). Temepb NpeANnolOKHM, UYTO M
3/1eMeHTOB BHGOPKH D pasinuHel M uTO

a, €S, (=1,2,..., m). (1.3)

B Takom ciyuae GyaeM TFOBOPHTb, YTO JeMeHT @; nped-
cmasasenm MHOXecTBO S, W uro noAMHOXectBa S,
Sy .+ ... S, UMEOT cucmemy pasiurHuxX npedcmagume-
sedi (cokpamenno: ¢. p. m.). Hasosem smGopky D ¢. p. m.
ana M (S). Onpegenenue c. p. n. tpefyer, 4toGbl 4, a4},
KaK TOMbKO [~ j, Ho §; u §; ue o6s3are/bHO AOMKHBI GbITH

pA3NHYHBIMU MOAMHOXECTBAMH MHOXeCTBA S.

JlaauM npoCTY0 H/MOCTpAuMio nousttust €. p. m. ITycrs S
ecTh 5-MHOMECTBO ueanix uuced 1, 2, 3, 4, 5. [lonowum
S, =1(2, 5), S;=1(2, 5), S;=(1,2 3,4, §,=(1, 2, 5).
Torza D=(2, 5. 3, 1) ects c. p. m. aas S, Sy, S5 Sy
Eciun Ml B 3TOM npuMepe saMeHuM S, Ha Sy=(2, 5), 10
NOAMHOXECTBA yxe He OyAyT HMeTb C. p. M., TaK Kak
SiU S, U Sy ectb 2-MHONECTBO, a AAs TOTO 4TOGH mpejicTa-
gaste Sy, Sy, Si, Tpebyerca TpH 3ieMeHTa.

Heo6xonumoe W j0CTaTOYHOE YCJAOBHE CyIUECTBOBAHHA
C. p. m. Jaer caepyiouas teopema . Xoana.
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Teopema I.1. [Todmnowecmsa Sy, S, ..., S,
umeom c. p. n. mozda u mMoask0 moz20a, Ko20a MHO-
a1cec mao S;IUS;2U US;k codepocum no Mensuel
Mepe k ssemenmos. Imo OO0ANHCHO BHNOARAMECA AR

=1,2,..., m u oz scex k-covemanuil (i, & ..., ip)
yeavtx wucea t, 2, ..., m.

Heo6xoauMocTs 3ato#t QyuaaMenralpHolt TeopeMel oOue-
Buana. JlokaweM Temepb YCOBEDIIEHCTBOBAHHb BapHaHT
YCAOBUS JOCTATOYHOCTH, AAIOMMH HMKHIOW Tpaub Ads8 uyMCla
C. p. M. 3areM B CIeAYIOWMX pasfelax KHAIH Mkt 0GCyauM
naasueliluMe pasBeTBAEHHS W TNPHJIOXKEHHS HALIMX pesylb-
TaTOB.

Teopewma 1.2, ITycms nodunooecmsa Sy, Sy, ... S,y
yOosremeopsiom HeoGx00uMOMY YCAOBUIO CYUECHMBOBA-
HUS €. p. n. u nycms Kascdoe u3 3mux NoOMHOKCECMS
cocmoum no Mewsweti mepe u3 t sasemenmos. Ecau
t<m, mo M(S) umeem no menvuied mepe t! cucmen
pasaunnex npedcmagumenei, a ecau t>m, mo M S
umeem no wMenswell mepe tl/(ft— m)l maxux cucmen.

NoxasaTeaAbCTBO NPOBOJUTCS MOCPEACTBOM MHAYK-
uuK otHocuteapbno m. Jas m =1 Teopema oueBuaHa. B ka-
yeCTBe MpEANONONEHUs HHAYKUHMH TNDHMEM, 4YTO TeopeMa
BepHa 4as Beex m’-BhiGopok m3 P (S), rae m’ < m. Jloka-
weM TeopeMmy aas m-BuGopok M(S)=(S;, Sy ..., Sp)
HoxasaTenscTBO pasbuBaeTcd Ha JBa caydas.

B nepsoM cilydae Mbl HCXOAHM M3 MpPEANOJONKEHUS, HTO

MHOECTBO S,-l U Slg Uu...U Sik CONEPHUT MO Menblueh
mepe k-1 suementoB. Iro uMeer cuay ans k=1,
92, ..., m—1 u aas Bcex k-couerauuBh (i, Iy ..., &)

uedpx uuced 1, 2, ..., m. B srom cayyae nocrynaeM ra-
KHM 00pasoM.
Mycts a; — duxcuposauubit saement B S;. BoluepkueM a,

BCIOAY, TAe Gbi OH HH MOsABAsCS 3 MuOXKeCT Sy, Sy, ..., Sy,
’ I3 ’
1 0603HauMM MoAyumBIIMecs MHOXecTBA Sy, S3, ..., Sy coor-
percrBenno; (m — 1)-BriBopka
! 7 1 ’
M (S)=(Ss Ss ..., Sn) (1.4)

y/0BAeTBOPseT  HEOGXOAMMOMY  YCIOBMIO  CYLIECTBOBAHHS
C. p. 1., TaK KaK MHOMECTBO S"x US,~2U USik CONEPKUT
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mo Menbue# mepe k-1 saeMentoB. Temepn, ecim f < m,
T0 t— 1< m—1 u no npeanoaoxenno uuaykunn M’ (S)
uMeer mo Memblue#h wmepe (¢f— 1)1 c. p. m. Takxe, ecau
t>m, 10 t—1>m—1 u no toti e npuunne M’ (S)
uMeeT no Meubiuedd Mepe (f — 1)!/(z — m)! cucreM pazinyubIX
npeacrasutenelt. Ho a; u c. p. m. aas M'(S) naor uau
c. p. m. aaa M(S), rae a; upencrasaser S;. ITo cnpasel-
JMBO IS Kawigoro us ¢ BmGopoB oiementa a4 Cienosa-
TeJbHO, Mbl NMOJYYaeM HCKOMOe 4HCIO C. p. m. aas M(S).

Bo BropoM ciyuyae CyLECTBYeT R-MOJAMHOMNECTBO MHOXE-

ctBa S Buia S,-IUS¢2U USgk. 3necy k — uesoe uucaIo,
newautee B uurepBate | <Chk{m—1, a (§y iy -.., L) —
onpejelieHHoe K-CouyeTaHWe UEJBIX UHCEN 1, 2, ..., m.

lMepeumenyem nosMuoxectBa Sy, Sy ..., S, TaKk uTo
S,-lUS,-ZU US’k ects S;USU ... US,. Hs cyue-

CTBOBAHHS STOTO KA-TOJAMHOXeCTBA BbiTeKaeT, uro &< K.
CrenoBaTebHO, MO MPEANONONKEHHI0 HHAyKuuu K-BHOOpKa
Sy Sy ..., Sp) nMeer no Menbledt Mepe ¢! c. p. m. ITycrb
D*=(ay ay ..., a,) o603uauaeT OJHY TaKyiw C. p. .
Briuepktem sieMentst D BCioay, rie Obl OHH HH MOSBJA-
Jucb, M3 MHOKeCTB S,.p Spig ««vs S, W 0003HaUMM TIO-

JVYHBILHAECS MHOXECTBA S:H, S:+2, vovr Sy COOTBETCTBEHHO;
(m — k)-BuiGOpKa
M (S)=(Sks1, Shs2s -+v» Sm) (1.5)

le.OBJIeTBOpﬂeT HeOGXOlI,I/IMOMy yCJAOBHIO CyleCcTBOBaHns

* * *
. p. M., TaK Kak eciH, ckaweM, Spi1USpi2U ... USein
CONEepHUT MeHee K* 9J€MeHTOB, TO

S;USU +or US,USps1USesal oo USpypr (1.6)

CONepXHUT MeHee K —-K" 3leMeHTOB, a 9TO TNPOTHBOPEUYHT
ycaosuio Teopemur!), Cuenosareapto, M'(S) wumeer mo
Menbluel Mepe OAHY C. p. M., H, clegoBarteabho, M (S) uMeet
o MeHbluel Mepe £l c. p. m. Do M K0Ka3biBaeT Teopemy 1.2
a saonuo u Teopemy 1.1,

) To ecTb HeO6XOIMMOMY YCJOBHIO CyllecTBOBaHud C. p. I
(reopema 1.1). —Ilpun. peo.



51 Ta. 5. Cucresmer pasaunnsix npedcrasureieti

2. Pa3Guenus. IlTycrs
T=A,UA4U ... U4, @.10

T=B,UByU ... UB, (2.2)

o6o3nauvaloT ABa pa3bMeHHs MHOXecCTBa ', B KOTOPHX HH
01Ha M3 COCTAaBJAIOUMX He SBJSETCS HYJAb-MHOXECTBOM (.
Bosbmem m-nogmuoxectso £ Muoxecrsa T, Takoe, 4TO Ka-
waoe A, NE = & n Kaxioe B]-n E = ¢. Toraa xaxpnoe u3
3THX IepecedeHuit JOMKHO OHTb 1-MHOMXECTBOM M MHOXe-
ctBo E moxer ObiTh HaszsaHo cucmemold ofujux npedcma-
sumenel (cokpauienHo c. o. 1m.) pasOuenntt (2.1) n (2.2).
C. o. n. cyuecrsyer Ajaf 3TuX pa3OHeHH# TOrJa M TOJbLKO
TOrAd, KOrid CYUIeCTBYeT MOIXOJsIlas NepenyMmepauus co-
cragjsiouwnx (2.1), rakad, duro

ANB,+@ (=12 ..., m. (2.3)

cnoabsyeM Teopuio C. p. M. AJds TOTo, 4ro0bl MOJAYYHTH
cleaylolllee HeOOXORMMOE M JOCTAaTOYHOE YCJOBME CYUIECTBO-
Bauus C. 0. M.

Teopema 2.1. Pasbuenus (2.1) u (2.2) umewom
C. 0. . mo2da u moabKO mo2da, Ko20a MHOMNCECMB0

A,I UA,ZU UA,-k codepoicum He Goaee R u3 cocma-
sanwowmux By, By, ..., B,. 9mo 0o0aicHo 86ROAHAMECA
ora k=1, 2, ..., m u O0za sacex k-covemanuli
(i, &y, « v vy i) yeavix wucea 1, 2, ..., m.

NoxasateabcTno. Heobxoaumocts ycaosus, cdop-
My/JHpOBAaHHOTO B TeopeMe, Kak M Npexie, odyesuasa. Jo-
CTAaTOYHOCTb JOKaxeM ciaeaywomum obpasoM. [Tycte S ects

m-MHOMeCTBO 3jleMentos Ay, Ay, ..., A . IMycrs §; — muo-
WeCTBO BCeX SJIeMeHTOB A TaKkux, 4TO ﬂB =£ @ Toraa -
MS)=(S;, Sy ..., m) BAAETCA M- Bb160p1<on noAMHO-

kecTs MuoxecTsa S. Mpl yrBepwmaaeM, uro muomectso M (S)
y0B1eTBOPAET HEOGXOAMMOMY YCA0BHIO CYIIECTBOBAHHUS C. P. II.

Tax xax ecam, cxaxeM, S;US,U ... US,;; cozepxur
TOJABKO £ 3JeMeHTOB Ail, A,-z, Ce o A,-k, TO A’1UA"2U
U A,-k cofepuT & -} | cocrasasounx By, By, ..., By,

Y4TO MNpPOTHBOPEYHT YCJO0BHIO Teopembl. CieaoBaTepbHo, MO
teopeme 1.1 cywecrsyer c. p. m gas M(S). Tenepb Mbl
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MOXEM mepeHyMepoBaTh KoMmoHeHTsl (2.1) Tak, urobu 3Ta
c. p. 0. Owaa D=(A;, Ay ..., A,). Ho rtorma cnpagen-
AnBo (2.3), uTO M J0OKa3LIBACT TEOpeMy.

Teopema 2.2. [lycms Oanbt 08a pa3bueHusl MHO-
acecmga T: T=A,UAU ... UA, « T=B UByU ...
... UB,. Ecau 8 smux pasbuenusx xaxoas cocma-
gasiowan A; uau B; seasemcs r-no0mnoicecmsom MHo-
acecmen T, mo pasbuenus umeom c. 0. n.

HokaszateabcTso, DT0 yacTHbIH cayuall Teopemul 2.1,

Vs Teopemn 2.2 BhITEKaeT C/elyloiiee yTBEPKIeHHE MJ4
(r X m)-rabanu, 37eMeHTaMH KOTOPBIX sBJAfOTCA wncaa 1,
2, ..., rm. Ilyctso nano

i | 2 ceeom

m—1 m+2 ... 2m
: : (2.4)

.

(,._1)',"4_1 (,-._1).m‘|—2 coorm |

Myctb Temepb Aava (r X m)-Tabamua B, saemenTamu KoToO-
polt spasioTcs TOMe Uesable uucaa 1, 2,-..., rm, HO pacno-
JOXeHHBIe B TPOM3BOJAbHOM mopsaike. Toraa cymecTByer
aaa B raxas mepectaHoBKa cTOJAGLOB, YTO COOTBETCTBYIOLUE
croabusl A u B 6ylyT uMeTh N0 MeHblUleH Mepe OluH OOWMH
3/IeMeHT.

Crenyiomas HIXKe HATIOCTpauna TpeGyeT 3HAHHA BJIEMEeH-
TapHLIX CBOHCTE CMewHBIX KJaaccoe B Teopuu rpymnl!). Ho
B 9TOM <Cayyae TedpeMa OKAa3blBAeTCH HEMOCPe]CTBeHHLIM
clelcTBHEM TeopeMbl 2.2.

Teopewma 2.3. Hdaua rouneunas 2pynna G u ee nood-
zpynna H. I[Tyeme G=Hx UHxy,U ... UHx, — pa3sao-
Jcene O NPAGHM CMEICHBLM KAAGCCAM OmMHOCUMEeRbHO H,
a G=yHUHU ... Uy,H— paaaooxceiue no aegon
cMeNcHBLM KAGCCam omuocumensno H?Z2). Tozda cyuje-

1y Cm., Hanpumep, Xoaa M., Teopus rpymm, WJI, 1962. —
ITpun. peo.

?) ¥ Xoaaa Haobopor: xf/ —upasnii, a f1x — aeBbi cMexubie
no moarpymne H xnaccel. — ITpun. peo.
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CMEYIOM IAeMEHMbL 2y, Z9. «.., 2, 2pynns G, marue,
ymo

G=HzUHzY ... UHz,,=2HU2HU ... Uz,H.
(2.5)

3. Jlatunckue npaAMOyroabHuKH. B aToM pasjene Mbl
NPHIOKHM TEOPHIO C. P. M. K JATHHCKUM MPAMOYTOJbHUKAM.
Mycre nan 7 X § qaruHcKnfl TPAMOYTOJBHHK, COCTaBJACHHBIN
us n axementos 1, 2, ..., n. Bydem rosopurb, 4TO JaTHH-
CKHi TIPIMOYrONbHHK MOMXET OblTh pacwuper 10 AaTHHCKOTO
KBalpatra MOP4AKa A, eCAH Mbl CMOXeM NPHCOeJMHHTb K HeMy
n—7r CTPOK W n—§ CTOAOUOB TaK, 4YTOOBl OKOHYaTe/qbHas
KOH(UIypauus OKasalach JATHHCKHM KB4JIDaTOM K-TO MOPSAKA.
[Mpruem HoOBas KOHPUrypaLMs COAEPKUT CTApyld B JEBOM
BepXHEM YTIay.

Teopema 3.1. dan r X n samunckuli npsmMoyz0ab-
HurK, NOCmpoeHHwll u3 n aaemenmos 1, 2, ..., n. Ou
Mmoocem Goimb pacwupern 00 AQMUHCKO20 K8aOpama
n-20 nopaoka.

doxasarteasctrso. Ilycrs naHo n-muoxecrso S,
cocroduiee u3 agementos 1, 2, ..., #, u nycrs S; — MHo-
HKECTBO BCEX TeX 9JEeMEHTOB MHONKecTBa S, KOTOpHE He Mo-
ABAAIOTCA B [-M cToq0ue AaTHHCKOrO NpsMoyroasHuka. Toraa
Kkaxaoe S; ecTb (B — r)-NOIMHOXECTRO MHOXecTea S,
a MS)=(S;, Sy ..., S,) ectb n-snbopka MOIMHONECTB
muoxecrsa S. Jokawem, uro M (S) ymosrersopser Heo6xo-
JAMOMY YCJOBHIO CYLIeCTROBAaHHS €. P. M. [lycrs { asaserca
51EMEHTOM MHOXecTBa S. B NaTtHHCKOM NpaMOyroJbHEKe 7
NOSIBJACHAN JeMeHTa [ HMEIOT MECTO B PAasHuHBIX CTOAOHAX.
Crel0oBaTeabHO, ITOT 9JeMEHT HAXOAUTC TOYHO B f — r-

MmHoxecTax m3 Sy, S, ..., S, Teneps, ecm, ckaxeu,
MHOXeCTBO S;US,U ... US, conepmur 10aKk0 £ — 1 3ae-
MeHT, TO B TaKOM CJydae 9TH 9JEMEHTH MOARIAOTCS
B MHOXecCTBax Sy, Sy, ..., §, He Gonee ueM (B —7r)(k— 1)

pas. Ho 3To npoTuBOpeduT ToMy (akTy, uTo KawIA0e M3 3THX
MHOXECTB siBJAAeTca (W — r)-NOJMHOKECTROM MHOXecCTBa S.
CrenosarenbHo, M (S) nmeer ¢. p. n. O603HAUMM [OC/TEAHIO0
vepes D=({, &, ..., I,). Torga D mower GuiTb npucoenn-
HeHa K 7 X f JaTHHACKOMY HpAMOYTOJAbHHKY, 4TOGH TOAYy-
ynTh (7~ 1) X' A  JaTuHCKu# TPAMOYTOJBHHK, YKa3aHHbIH
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npouecc MoxeT ObiTh TORTOpeH, TOKa /JIaTHHCKHA TpAMO-
YroAbHAK HE OKAXETC paclippeHHbIM [0 JaTHHCKOrO KBa-
Jpara mopsaaxa f.

Teopema 3.2. Cymecmeyem no menvued mepe
ntn—nH! ... (n—r-4+ 1 3.1

r X n aamuuckix LpIMOYZOLLHUKOS, I, CAL008Q MEAbHO,
no kpatined mepe
nlin—Nnt... 211! (3.2)

X N aamuHcKLXx K8a0pamos.

HDokasateancreo. Cyuecrsyer 7! AaTHHCKAX TIPAMO-
yroabuukos pasmepuoctn 1 X n. Ilo rteopemam 3.1 n 1.2
Kawaeii W8 Hux MoxeT OBITh paclinpeH MO Meubliefl Mepe
10 (n—1)! NaTHHCKUX TPSMOYTOLHAKOB pasMeprHocTn 2 X f.
Caejopare/ibHO, CyleCTByeT Mo Menbuledl mepe nl(n— 1)!
JaTHHCKHX TIPIMOYTOJLHHKOR pasMmepHocTn 2 X n. Paccymnas
jajee aHaJlOrHYnnM OGPa3OM, MOKAXKeM TeopeMy.

OG6o3HaunM uepes [, 4YUCI0 JATHHCKUX KBajparoR Mo-
pAAKAa 7, Y KOTOPBIX 3JEMEHTHI NepBOH CTPOKM M NEPBOro
croala pacnofoKeHol B  eCTecTBeHHoM Topsaxe. Toraa
W3 TeopeMbl 3.2 cielyer, 4TO

I, >@m—2)(n—3)l... 1L (3.3)

IpuseseM tabmuuy sHavennit [, n b, = (n—2)(n—=3)!... 1!
ana n==3, 4, 5, 6, 7:

n 3 4 5 6 7
I, 1 4 56 9408 16942080
b, 1 2 12 288 34 560.

n

4, MaTpHupl, COCTaBJEHHBIE H3 HYJefl M efnuHUN.
HNana Marpuua A pasmepa m X 1, 23JeMEHTaMH KOTODOH
apasioTcs Hyau n eaumnuubl. Takwe (0, 1)-Matpuun urpamoT
BeAYLLYIO POJIb B pPelIeHUH MHOTHX KOMOMHATOPHBLIX BOMPOCOB.
Opnna ®3 raaBHpiX NpuyuH 3Toro ciaeaywoowas. Iycrs S ects
N-MHOXKECTBO 9JEMEHTOR @4y, Qg ..., &, a M(S)=
=(S,, Sy ..., §,) ectb m-pIGOpKA TOJAMHONKECTB MHO-

wecrsa S. Tenepb mycts a;;=1, ecin a; TpuHauiexur
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MHOXECTBY S;, a ecan 310 He TaK, T0 a,;;==0. Toraa
A=[a;] (=1, 2,...., m j=1,2,...,n) 41)

ectb (0, 1)-marpuua pasmepa m X n. Drta MaTpuua Hasbl-
paercsl uHyudenmuodi Ana mnommHOkects S, Sy ..., S,
muoxectsa S. Eaunnusl B {-# crpoke Marpuunl A 0003Ha-
YaioT 2JeMeHTHl, NpHHALJeNAllHe MHOXECTBY S;, a elHHHUE
B j-M croa0ue 0003HAYalOT MHOXKeCTBa, ColepallHe 3Je-
MeHT a;. Takum ofpa3zoM, Marpuua A JaeT moJaHOE OmMMCaHHE
noamuoxecrs S;, Sy, ..., S, muoxecrsa S. B cpow oue-
pedb, ecau 3azasa (0, l)-marpuua A pasmepa m X u
ecan S ecTb NPOU3BOALHOR -MHOXKECTBO, TO CYWECTRYIOT MOA-
muoxectsa S;, Sy, ..., S, 9TOro MHOKecTBa, Takue, 410 A
ABJASETCS MX HHLHIEHTHOH Marphuel.

M3 ckasannoro seiue scHo, yto (0, 1)-marpuua A xapak-
repusyer nonmHokecrsa S;, S,, ..., S, wuoxecrsa S. Ho
Mbl MOMEM XapakTepH3oBaTh 9TH TNOLMHONKECTBA TaKke
maTpuuell, onemeHtaMn Kotopo#t Oyayr -1 u —1 wnm
Booflie ABe pas3HbIX Beawunusl x W Y. Bce Takue xapakre-
DHCTHKH ABJSIOTCS BNOJAHE YIOBJAETBOPHTENbHbHIMH, HO OHH
3aYacTyi0 He HMEIOT HHKAKOTO MpeHMyllecTBa Mepel Xapak-
TePUCTHKOR C TOMOLIBIO MHUMIEHTHOW MaTpHUbl A. B camom
gede, suifop O u | B KayecTBe 3aeMeHTOR Marpuusl A 0cO-
GenHo ya0o0eH BCJACACTBHE NPOCTOTH WX TNOBEJEHHSA IpH CJI0-
wennn # ymuoxeHud. Cleayouwiasd TeopeMa WLNOCTpUDYeT
5TO yTBEpKIAEHHE.

Teopewma 4.1. Jana nodmnoscecmga Sy, Sy, ..., S,
HEKOMOpPOo2O n-MHONCECHMBA; nycms m < n. Bsedem dasn
omux nodmuoxcecms unyudenmuyio mampuyy A. Tozda
wucao  cucmem  pasiuuHex  npedcmasumenell  dan

MES)= (S, S,y ..., S,) pasro per(A).

Ioka3zaTeJdbcTBO HENOCPEACTREHHO CJAENyeT U3 Onpe-
netexuil. 3aMeTdM, uTO onpejenenne per(A) M CyluecTso-
paHye ¢. p. . OAWHAKOBO TpebywT m < .

Iepecmanosounan mampuya')y P ects (0, 1)-marpuua
pasmepa m X n, Takas,” uro PPT=1I, rge PT ofosnauaer
TpaHCIOHHPOBaHHYI0 Marpuuy P, a [ — eluHHUHyI0 MaTpuuy

Yy Man mampuya nepecmanosku, — Ilpus. ped.
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m-ro nopaika. M3 storo onpegejeHus Clelyer, 4To m < 1.
[lepecranopouHas MaTpHUA NOPAAKA M HMeeT eJUHCTBeHHBIH
sJemeHT | B KawAOW CTPOKE M B KaXJAOM CcTOAOue, ToOrla
KaK BCE JApyrne 3JeMeHTH — Hyau, IIpelnosiokuM Teneps,
yTo B MHONKecTee S 37JeMEeHTH H TOAMHOXECTBA TepeHyMe-
poBaHbl. B raxom clyuae mHumaenTHas marpuna A samesercs
APYro#i MHUMAEHTHOH MaTpuueit A’ Buaa

A =PAQ. (4.2)

3nec, P — mepecTaHoBouHas MaTpUua nopaika i, omnpeie-
AeHHas TepeHyMepoBaHHeM MOJIMHOXKECTB, a @ — TepecTaHo-
BOuHag MaTpuua TNOpsiKa #, ONpele/eHHas NepeHyMepoBa-
HHeM 57eMeHTOR. MHorme ncCienosaHmd, BJIOYaLIMe B cebd
(0, )-matpuuy A, ume0T Ielo ¢ QyHKuMAMH, KOTOpLIE
nogo6Ho per (A) OCTAlOTCA HMHBAPUAHTHBIMHA  OTHOCHTEILHO
TIPOM3BOJBLHEIX MePEeCTaHOBOK CTPOK M CTOAGLOB Matpums A.
[Mpuuynna sroro Tenepp ouesnana. IlozoGueie ¢pyHKuun npen-
CTAaBAAIOT HHTEpeC AJ9 KOMOMHATOPHMKNM TIOTOMY, YTO OHH
HE 3aBUCAT OT TOTO, KdaK KOHKPETHO TepeHyMepORaHH 3Je-
MEHTBl M TIOAMHOMecTBd MHOMuecTRa S.

5. Tpanuugebit paur. TepMun .unusg B Mmarpuue 060-
3HaudaeT WAN CTPOKy, uan cronbeu MaTpuubl. C2e00.4 MaTpuLb
ABJAETCA CyMMa 3MEMEHTOB, PacMOJOXEHHBX HAa ee IMaBHOH
nnaroHaan. PaccmorpmM Tereps (0, 1)-marpmuy A pasmepa
m X n. Fpannanus panzom (term rank) marpuus A Hase-
RAETCH MaKCHMaJbHOe YHUCJA0 elWHHIN B A, PacnoNOXeHHHX
TaK, YTO HHMKAKHE [Be eJMHHUIBI He JexXaT Ha OAHOH JHHHH.
TakuM 06pasoM, TPaHMYHBH panr Matpuum A paseH MaKcH-
MaTLHOMY ee CJlely TPH NPOHSBOJALHEIX NEPecTaHOBKAX CTPOK
B CTOAGLOB, DTO SKBHBAJEHTHO MaKCHMaJILHOMY YHCAy KBa-
JPATHHX TOAMATPAN B A C OTIHUHBIM OT Hyasd NCPMaHEeHTOM.
[TonsaTHEe FPaHMYHOTO paHra NoAcKasbiBaeT yno6Hoe oGobuie-
HMe TOHATMH C. p. M. A4 NOAMHOKeCTB S; Sy ..., S
n-muoxecrsa S. M6o ecan A ecTb HHUMAEHTHAA MarpHua
09 9THX TOAMHOXECTB, TO TOCJeJHHE HMEIT C. p. . TOrAa
W TOJLKO TOIJ4, KOrJa TpaHuuHblfi paHr sTo¥ MaTpHubl
pareH m.

Teopema 5.1. JHauna (0, H-mampuya A pasuepa
m X n. Mununassnoe wucao aunuil 8 A, codepicamix
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sce eluHuyst, umewujueci 8 A, DPABHO 2PAHUMHOMY
panzy A.

Noxasateabctno. Ilycte p’ paBHO MHUHEMATLHOMY
yucly JnHu#  MaTpuubt A, CcOJepXalluX BCe  eIUHALM,
a p papHO rpannupomy panry A. Tpebyerca moxasath, uro
p=p’. Hukakag JanHds He MOKeT comepxaTh ABE CAMHHLBI,
KOTOPBIE YHACAATCA B O eAMHHLAX rpanuudoro pawura. Cueno-
BaTeabHO, p’ > p. Mcnoabdyem Teopuio €. p. m., uTOGH AOKa-
3aTh, uTo p>p’. [lycTb MHHEMabHOE HOKPLITHE eAUHHL O
AMHAAMHM COCTOMT H3 e CTPOK U f croa6uos, TaKk uYTo
e+ f=0p'. Kak p, Tak u p’ uHBapHAHTHHI OTHOCHTE.bHO
NEPECTaHOBOK CTPOK M CTOAOLOB B A. C/leloBaTednbHO, MOMEM
BLIGPaTL 3TH € CTPOK M f CTOJAGUOB B KauyecTBE HAYA/dbHBIX
B MaTpuue. 3anullleM MaTpHLY Tak:

A4
it o

rne A, nveer pasmep eX f. Temepp rpannunbfi pamr A,
6yneT e, TaKk KaK Mbl MOXeM paccMatpuBaTh A, Kak HHUH-
IeHTHYH MaTpuiuy JAJad umoiMHOkects S, S, ..., S,
u3 (n— f)-mHoxectBa weawx uncea f—+1, f+2,..., n.
OTH NOIMHOXKECTBA JOJIKHBE YLOBIETBOPATL HEOGXOAUMOMY
ycaosuio cyuwectsopanus ¢. p. n. M6o ecan 6b 37O ycaosue
He Obiji0 BHIOOJHEHO, TO Mbl MOIJH OBl 3aMeHHTb HEKOTOpPHIE
M3 e CTPOK HA MEHbllee YHC/O CTOMGUOB, COXPAHHB NMOKPHTHE
Bcex eamnuu B A. Ho B TakoM cayuyae NOKPHTHE OKa3bi-
BaeTCs BBLIMOJHEHHBIM MeHee yeM e - f JnHHAMH, YTO mpo-
THBOPEUHT YCJAOBHIO MHHHMAadbHOCTH p'. YTO Kacaercs Aj,
TO MBI MOXKEM PACCMATPUBATH TPAHCHOHHPOBAHHYIO MATPULY AS
KaK HMHUMICHTHYIO N8 NOAMHOXECTB M MOKAa3aTh aHAJIOrHY-
HLIMH PacCyXACHHAMH, 4TO f OyJeT rpaHuuyHbHM DaHrom Aj.
CuegoBarensHo, p > e -+ f=0p' n teopema 5.1 takmum ofpa-
30M JOKa3aHa.

Teopema 5.1 mnMeer crenymoiuee HemocpeiCTBEHHOE 0606-
wenne. Ilycrts mana marpuua A pasmepa m X 1, 3JIeMEHTH
KOTOpOH ABJAOTCA djAeMenTaMn nojas F. MuunmanbHoe wyucao
anpu#t B A, cojepmaliuX Bce HEHYJEBbIE 3JeMEHTH, paBHO
MaKCHMaTbHOMY 4YHCHY HEHYJNeBHX 3JeMeHTOR A, HHKaKHe
JBa M3 KOTODHIX He Jexar Ha OLHOR aunuu.
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Teopewma 5.2. fJana mampuya A pazmepa m X n,
BAeMEHMAMU KOMOPOL SABASLIOMCS HeOmpuyanessrole
delicmgumensnoie wucaq, nycmov m-<_n. Ilycms cymma
saeMenHmo8 Kaodoli cmpoxu 8 A passa m', a cymma
aaemenmos rkaxcdozo cmoabya —n'. Tozda

A=c P+ P+ ... ¢, P, (5.2)

20e kaoicdoe P; ecms nepecmanogoHas mampuuya,
a rosduyuenmel c,— Heompuyamesvrsie 0elcmaumens-
Hele uucaa.

Hoxasartensncrso. Ecam marpnua A He kBaaparHas,
TO 3aMeHHM ee Ha
A
A, ] m' . (53)

rie J—marpuua passepa (n— m) X n, cocraBieHHas
u3 einHnu. Marpuua A’ uMeeT NOPANOK 7, a ee 3JeMEeHTHb
NpeAcTaBiqaiT co6oit HeoTpuuaTeablisle JeHCTBUTELHBIE YHC/IA.
CyMMa 97eMEHTOB KaXJ0H CTPOKH M Kamjaoro croabua Ma-
tpuusl A’ pagna m’. Ecan A’ — mHedyJepas MarpHua, TO OHa
HMeeT 7 NOJOXKHUTEeJbHHX 9JeMEHTOR, HHKaKHe ABd U3 KOTO-
poix He Jexar Ha opHo# Jaumuun. Ecam 6w A’ ne umena n
TaKMX 3/JEMEeHTOB, TO B COOTBETCTBHUHM C 3aMEYaHUSMH, BbITE-
KaloIIUMH M3 TeopeMbl 8.1, Mbl MOraM B MOKPHTH NOJO-
KuTeabHble aMeMeHTHl A e crpokamMu u f croabuamy, rie
e+ f<n Ho rorma mnm'(e+f)< mn, a 310—
seHoe mporusopeune. ITycts Temeph Pj— NepecTaHoBOuHas
Marpuua TMOpsiKa A, B KOTOPOH eJHHHIbL 3aHAMAIOT Te XKe
MecTa, 4YTO M 7 MOJOKHTEJIbHBIX 3JeMeHTOB Marpuust A’.
IlycTe M3 3THX 3/7eMEHTOR HamMenbwuM Oyier ¢;. Toraa
A" — ¢/ P ectb waTphua, 9J1eMEHTaMH KOTOPOH SBJAIOTCS
AeHcTBUTENbHEIE HEOTPUuAaTeAbHble yncaa, KpoMe TOro, cyMMbl
3JeMeHTOB KaXJOH CTPOKH M KauJAOro croafua B marpule
A’ — ¢ P| paBHbl HEOTPHLATEALHOMY ACHCTBUTEIbHOMY YHCAY
m'—¢. Ho 8 A'—¢ P mossaserca mno Meubliel Mepe

Ha OMMH HyJb GoJabiue, Hexeau 8 A’. TlosTomy Temeps MOXKHO
npopomkarb paborats ¢ A’ — ¢, P W NOBTOPATb BHILIENPH-

Benenbie paccymaenus 10 Ay==¢ P 4¢P+ ...+ ¢, P,
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Ho sro kak pa3 u naer pasjomenue Buia (5.2) ana Ma-
Tpuun A.

Teopema 5.2 umeer OoJbluoe 4YACJAO HHTEpeCHBIX TMpH-
JOMeHuH,

Teopewma 5.3. ITycms dana (0, )-mampuya A no-
padxa n, maxas, 4mMo CyMMpl ILeMEHMO8 MO 20004
cmpoxe dan a000Mmy cmoalyy PasHsl 4esoMy ROAOINCU-
meavtomy wucay k. Torna

A=P,+P,+ ... +P, 6.9

20e sce P, —nepecmanosounsie mampuysl.

JIloKa3aTeabCTRO BHITEKAeT M3 AOKa3aredbCTsa reopeMsl 5.2,
B srom cayuae smoGoe ¢;==1 u mpouecc oOpsisaercs mnocae
t =k waros.

Teopema 5.3 nNo3Bo.Ider . JaTh YTBEPIUTeIbHBLIAA OTBET
Ha CJAEdYIOLYI0 3a1auy. YCTPOeHBl TaHUbl AJAd f OHOWeH H
n gepyiuek. Kaxapifi oHowa Oua NpeaBapUTENbHO Tpeiacra-
BJeH k IeBylKaM, a Kaxpasd JeByiuka — £ ronomaM. Hukro
13 HAX He MOoxeJaJ pacllupuTh 3HaKOMCTRa, MoryT Jm oHOWHA
W JeBYWKH GuITh COEJIHHEHHBIMH B Mapnl Tak, 4ToObl He ObILIO
ye HeOGXOJIMMOCTH B HOBBIX 3HakomcTmax? IToctpomm (0, 1)-
marpuuny A==[a;;), rae a;;=1, ecin oHoma j Oua npei-
BapuTeIbHO NpeicTaBfded Jeyuwke {, 0 a,;=0 B nporusHom
cayuae. Torza A yaposaersopsier tpeGopannaM TeopeMbl 5.3,
a nepecraHosouHas marpuua P; u3 (5.4) naer meraemoe pac-
npejefeHde OHOWEH N JeBylleKk MO NapaMm.

Marpuua A nopsiKa n HasplRaeTcs 08adc0sl cmoxacmu-
yeckod, ecan ee 3eMeHTHl NpeirCTaBRAdl0T Co0Of HeoTpHua-
TebHble JeHCTRUTEbHbIe YUCIA, & CYMMBl 3J4eMeHTOB 1O 1000k
CTPOKe U NO A1060My cTOI6ny paBHbl 1. OTH MaTPHUBL IO IpaBy
MOABEPr/INCL IUMUPOKOMY HCCJAeJOBAHUIO BCASACTBHE UX 3HA-
YeHHd B TeOpHm BeposTHOCTe#f nepexoja. M3 reopems 5.2
BbITEKaeT

Teopewma 5.4. Ilycme Oana Osadxcdsl cmoxacmuye-
ceass mampuya A nopsdka n. Tozda
A=cP+ P+ ... +¢,P, (5.5)
20e P,— nepecmanosounne mampuys, a cj—aeﬁcmsu-
meabHble NOAOJCILMEAbHE wUCAQ, maKde, 4Lmo

64t o o =1 (5.6)
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IMycts marpuma A -— aBaxipl croxactuueckas. Ee sae-
MEHTHl — AefCTBHTeJbHblE HeOTpHUATe/bHplE YHCAd, TaK 4YTO
per A He MOXeT MNpPeB3OHTH MPOHUSBENEHHS CYMM 3JIEMEHTOR
no crpokam. Ho rTak Kak Kaxaad CyMMa 3JeMEHTOB
o CTPOKam paBHa 1, TO Mbl HMeeM

per (A) < 1. 5.7

PagenctBo B (5.7) BHINOJHAETCA TOTAA M TOJbKO TOIJA, KOria
IBAXABL CTOXacTHUeckas MaTpuma A fBJseTcs MepecTaHoBoy-
no#t. M3 reopemm 5.4 ouermgHo, uTo ecau A — ABawAbI
croxacruyeckas, to per (4) > 0. Ho ecan A — Apaxae CTO-
XacTHYyecKas MaTpuua NopaiKa n, TO ONpeleqeHHE MHHHMAJb-
HOTO 3HaueHus per(A) asaserca TPyIHOH, eille He pellieHHOH
sagayefl. B npeanonoxennu Ban zep Bapaena yTmepaxpaercs

per (4) > 10 (5.8)

Pagescteo 8 (5.8) noayuaercs, ecan A=n"1, rae J— ma-
TpUUA TIOPAAKA £, COCTaBJeHHasd U3 einmHuu. B aeficteurens-
HOCTH 3TO MoXerT GHTb eIMHCTBEHHBIM CJYyYaeM paBeHCTRA.
Caenywoinee npeanojomenne ssagercd ofobiennem (5.8):
eca MaTpuust A W B — nBaXABL CTOXACTHYECKHE, TO

per (AB) < per (A), per (B). (5.9)

Yactubft cayua#t B==u~1J sxeuparenten (5.8).
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T2asa 6

MATPHILbI U3 HYJIEH W EJUHULL

1. Kaacec (R, S). Haua (0, 1)-matpuua A pasmepa
m X n. O0G03HAuUUM uyepe3 r; CYMMy 3/eMeHTOB {-# CTPOKH
matpunbl A, a uepes S, — COOTBeTCTBYIOILYID CyMMy Iid

J
j-ro croadua. HazoBeM BeKTOpHI
R==(ry ro ..., I'p) (1.1)
i
S=1(s1, Sp s Sp) (1.2)

COOTBETCTBEHHO BEKMOPOM CYMM CHL POK W BEKMOPOM CYMM
cmoabyos. ByneM roBoputh, uTO BeKTOp R MOHOMOHEH,
ECIH Fy > Fg 2> ... > T, aHANOTHYHOE Oflpejie/leHue BBeleM
1aa S. Ecaum T o00603HauaeT UMCIO Bcex eiuHun B A, TO
OUEBHIHO, 4TO

n} n
Te= Y 1= X S, (1.3)

i=1 j=1
Bekropu R u S onpesessior xJacc
U=N(R, S), (1.4

cocroamuit us Becex (0, 1)-marpuu pasmepa m X n, UMeE-
KX BEKTOP CYMM CTPOK R M Bextop cyMmMm croabuos S.
B uacrosiwed raaBe Mbi HccaenyeM cTpykrypy wiaacca .
Hawu teopeMsr 6yayt orHocursea K (0, 1)-marpnuaM, 0AHAKO
AKGON BHIBOJ MOMeT ObITh NepedpasHpoOBaH B UMCTO KOMOH-
HATOPHBLIX TEPMHIAX OTHOCHTENbHO MIHOMECTBA H 3JEMEHTa,
u60 (0, 1)-marpuua pasmepa m X n Momer OHTb wliTeprpe-
THPOBAHA KAK MHIMAENTHAS Marpuua noimuoxkects Ty, Ty, ...
..., T, HexoToporo n-muoxecrsa 7.

Mycrs teneph R=(ry I ..., Ip) 4 S={(s, S ...
$,) — BEKTOPbI, KOMIOHEHTH KOTOPBIX ABATIOTCA e/ biMH
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HeoTpuLaTeAbHLIMH duciaMu. [Iycrs WA= A(R, §) obosHa-
yaer knacc Bcex (0, 1)-marpuu pasmepa m X n ¢ R B kaue-
CTBE BEKTOpPA CyMM CTPOK M § B KauecTBe BeKTOpa CyMM
croabuor. Mccaenyem ycaosusi, 1pu KoTophlx Kaacc U Oyaer
HemycThiM. Hautiem ¢ BBejeHHsi HEKOTOPLIX 0003HauyeHHH.
Iyctb

o=, 1,..., 1,00, ...,0 @=1,2 ....m (1.5)

eCTb BEKTOp U3 71 COCTABJAAWHMX C €IMHHIAMH Ha MEpPBHX F;
mecTax M C HYJAdAM¥ HA OCTa/JbHBIX. Mannua BHid

T,
Oy

X
|

(1.6)
-—-6 —_—
HasbiBaeTCd MarxcumaaibHol mampugell ¢ R B Kauectse

BeXTOpa CyMM CTPOK. Bekrtop cymu cronbuoB S =(s;, Sy ...
., §,) marpuusl A monoroHen. Kpome Toro,

g

u xaacc A(R, S) colepkur TOABKO oy Marpuuy,

V:

I
—

(1.7)

j

a umento A. Jyerb nanbi nia pextopa: S=(s, Sg ...\ §p)
nS= ( b Sy e s;) KOMIOHEHTH KOTODHIX — Le/bie He-
orpuuartenbHele uucnd. Bextop S§* wmascopupyem sexrop S:

S <8 (1.8)

€CAU HpH NEPEHYyMepOoBiH 1M HHIEKCOB BHIMOMHAIOTCA COOTHO-
HIeHUA

>8> ... 28, S;>s> ... > (1.9)

n
s;Fs,4 oo s, ST s+ s (@=1, 2,
Lon—1), (1.10)
S48 .. Fs, =845+ s (11D
Teopema 1.1. Ilyemo R==(r,, ry, ..., rp) & S=
= (S, Sgs ..., S,)— 08a BEKMOPA C UEABLMU HEOM puld-
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measHBLMUL KOMAOHeHmamu. [Tycme A —m X n marcu-
MAAGHAS MAMPURA € BEKMOPOM CYMM cmporx R u sex-

mopom CYyMM cmoadyos S. Kaace (R, S) 6ydem wue-
nycmen mozda u moasKo moz0a, K020a

SLS. (1.12)

lokaszareabcrso. Ilycts knacc A colepkur Ma-

rpuny A. ITocaentss moxer GuiTh NOCTPOeHA M3 A nocpen-

CTBOM Nepenoca eiuuun B crpoxax Matpunm A. Takum 00-
pasoM, Iis S MOHOTOHHOTO MOXeM HalHcaTb

sit st s <s + st oo s
G=1,2 ..., n—1). (1.13)

S St eve FSy=8 st .. s, (114

orkyaa S8

Teneps tipetnoaowum, uro S <{S. Ilepenymepyem un-
JexcH Tak, urobm R m S cnenannch MOHOTOHHBIMHM, M IO-
CTPOMM MatpHuy A ¢ BEKTOPOM CYMM CTPOK R H BEKTOPOM
cymM croabuoB S. Marpuna A crpourcss u3 A nocnrenosa-
TeJbHBIM HepeMellleHeM eJMHHUI B CTPOKAX A c/leBd HAmpaso.
CHauana omuiieM HOCTPOEHHE, a 3aTEM MPOBEPUM., MOXET JH
OoHO OhiTh BhinmoaxeHo. [TocTpoenne HauMHaercs C Nepemelue-
HUs TOC/enHedl eMHULbL B HEKOTOPHIX CTPOKAX Marpuub A
10 c1oabua n. [TorpeGyeM, uToOb CTOADEU A UMEN CYMMY S,
W uTOOB elMHHUb NOABASIMCH B TeX CTPOKAX, B KOTOPHX A
uMeeT S, B KauecTBe Hanbosbured M3 CyMM CTpPok. B cayuae
KOTId CyMMbl HEKOTODBIX CTPOK HUMEIOT paBHbie 3HaueHud,
HpENNOUTeHHe OTAAETCA CaMBIM HHIKHMM MOJOXEHHAM. I10
JdeT HaM MaTpuny BHAa

[A,-1. 45 (1.15)
3pece A,_; ectb m X (n—1) MakcumaibHasi MaTpuud
¢ MOHOTOHHHIMM BEKTOPAMH CYMM CTPOK W CYMM CTOAGIOB.
Marpnua we A; ects {m X 1)-maTpuua c cyMmolt croabua Sp,.
OcraBuM marpuuy A, HeU3MEHEHHOH M MOBTOPUM ONUCAHHOE

nocrpoenne ornocureapuo A, ;. Ha (n — f)-v ware no-
CTPOEHHA MBI yXe OyneM 4UMeTh MaTpuuy BHAA

(A, ph (1.16)
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3nech Zf ectb m X f MaKcMMaJbHas MaTpPHUA C MOHOTOHHBIMH
BEKTOPAMH CYMM CTPOK W CYMM CT0A6uOB, a MaTpnua A,_, —
— [m X (n — f)]-MaTpuua ¢ MOHOTOHHBLIM BEKTOPOM CYMM
CTONOUOB (Spyps Spign + s Sp)

Teneps nepeitieM x (n — f 4 1)-My liary noctpoeHus H
yOenuMcsa, 4T0 OH MOXeT ObiThb Bbillosued. [IpealnonoxuM,

4YTO MBI NOMBITAAKCH MpeoBpas3oBath Xf B ¢opmyae (1.16)
YKa3aHHBM Bbillle CNOCOOOM M 1ie CMOIJH [AO0OUTLCSA TOTO,
urolbi cronben f umen cymmy s, Ilycre (e €y - s € —
MOHOTOHHBI/f BEKTOP CYMM CTOA0LOB MATPHILHI Af. Toraa mui
NOMKHBH HMeTb JHbo e <C Se Jan60 e; > Sy Ecan ¢; < Sy 10

St St .. Fsmme et L + e, <<
Lfe < fs, s b syt o s, (LD

a 970 — oveBHANOe NpoTuBopedne. C Apyrofl cTOpoHb, ecau
ef> Sg TO ef> Spep Sppge - v Sy TAK HTO TEPBLIE €
CTPOK Marpuubi A,_, coiepkar no MeHbiued Mepe OoanH
Hyab B KakioM cronbue. Marpuua A, — maxkcnmanbHas ¢ Mo-

HOTOHHBIM BekTOpoM cymMM crTpok. Ho roraa 1o nocrpoennto
OCTaNbHbIE M — e,_; CTPOK MaTpuubi A, , cojepkar Tombko

nyan. CreposatenbHo,
er-begt e =8 kst s, (1.18)
W3 (1.12) n (1.18) crenyer

S+ 84+ ... -{—_.s'f_l_—{—sf::el +_e2+ +e,_1-{—ef\<
LS+ S+ oo F 85 5=
=e + e+ ... e+ S, (1.19)

Ho rtorma s,>e, a 310 HPOTHUBOPEUAT TOMY, UTO e;> Sy
Mpl MoOKeM HauaTb MOCTPOeHHe C A-ro croabua, W Hpomece

npujieT K aBTOMATHYECKOMY 3aBepiueHuio B 1-m cronbue.
I1o U poxaswiBaeT TeopeMy 1.1. 3ameTuMm Temepb, uTo ecnu
R; ofo3nanaer BeKTOp CyMM CTPOK /s HEPBHX { CTOABLOB

Matpuunl A, To R; MouoTOHeH AAf BCakoro i=1.2,..., n,
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Onucanxoe noéTpoeHMe aas cayuas R=8=3, 3, 1, 1)
WAAIOCTPUPYET MATPHLA

Tt
1
1
0

A= (1.20)

—_ O e e
O O D
S O = O

Buinle Mbl ONpeReJMAH yCmoBus, HPH KOTOPLIX Kaacc U
GyneT HenycthiM. ['opasno Gofiee TpynHOft OKa3LIBACTCH 32/1a4d
MoJCUeTd uMCAd MATPUL B Kaacce. HecoMHeHHO, ¥TO 3TO YUCIO
SIBJSETCS LOBOJBHO CJAOKHOH ynkuued oT R n S.

2, Ilpunowende K JaTUHCKHM MNpAMOYTOJbHUKaM.
IMycrs gad r X § JAaTHHCKHA HPAMOYTOJLHHK, OCHOBAHHBIH
wa n oanemenrtax 1, 2, ..., n. B Hacrosmem paszene Mbi
noJyunM HeoBXoxuMoe M 10CTATOYHOE yCHOBHE /8 PACUIH-
peHus JATHHCKOTO NMPAMOYTOJMbHUKA 10 AATHICKOrO KBajpara
nopsaka .

Teopema 2.1. Eaﬂa (0, DY-nampuga A pa3mepa
m X n, nputen m-<<n. [lycme sma mampuye aumeem
BEKIMOP CYyMM cmporc R=(k, &, , k), 20e R—Hamy-
DaabHoe HUCAO, 4 8 BEKMmMOpe CyMM cmoabyos S=
=(S;, Sg» ..., S,) uMeeM

’ IKk—s,<<n—m (i=1,2,...,n). 2.1
Toz0qa
A=P,+Py+ ... + P, (2.2

20e P, — nepecmanosoursie mampuist.

HJokaszarteabcTBo.,  Mbl  MONKeM HPHHATH, YTO

m < n. B camoM gese, ecim m=rn, TO TeOpeMa CBO-
mrca Kk TeopeMe 5.3 ra. 5. Ilycrh remeph CyllecTByeT
(0, 1)-martpuua A’ pasmepa (n— m) X n C BEKTOPOM CyMM
crpok R = (k, &, , B) ¥ BexTOpOM CyMM CTOAOLOB
S’ = (k — sy, k——sg, cooy k—s,). Tycrs 8" — Bekrop,

MepBhie R KOMIOHEHT KOTOPOrO PaBHB 7 — M, & OCTanbhbie
n— k KOMIOHEHT paBHbi Hyaw. B cuay (2.1) nmeem S’ < S.
Crie0BaTENbHO, TPEAbIAYIIA TeopeMa yCTaHABJAMBAET Cylle-
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crsoanne A’. Ho roraa
coA T
w (2.3)
ectb (n X m)-MaTpHua, B KOTOPO# CYMMEI 2/1eMEHTOB CTPOKH
uaM croabua pPaBHH R. 3HAYUT, 3TA MATPUlA OKA3bIBAETCSH
cyMMofi k mepecraHoBOuHHX Marpuu. Ho torma m A ecth
CyMMa IlepeCTaHOBOUHEIX MATPHI.

Teopema 2.2, Han r XS samuncxkuli npsamo-
Y20AbHUK, NOCMPOeHHbIE 43 n 3iemenmos 1, 2, ..., n.
O6o3nagum 4epe3 N (i) 4wucao nossaeHuli aremenma i
8 AAMUHCKOM npamoyzoasnuxe. Tarxoll aAamunckul
nPAMONZOABHUK MOdcem Oblmb pacuiuper 00 10 MUHCKO20
K8adpama n-20 LOPAOKA mMoz0a u MoAbKO Mmoz20a, Koz0a

NO>r+s—n (i=1, 2, ..., n. 2.9

Hoxkasareabctso. [Tycts mano n-muoxectso T aie-
mentoB 1, 2, ..., n. OBGo3Hauum uepes T; MHONKECTBO Bcex

aneMenToB T, KOTOpbie He MOAB/SIOTCA B j-# CTPOKe /aTuH-
ckoro mnpamoyroabauka (f==1, 2, ..., r). Toraa kaxnoe

T; ectb (n— $)-noaMHOKecTBO MHOKectsa T. OO603Haumy

uepes M ({) umcno mosBAeHMH dMeMeHTa [ B MHOMXKECTBAX
T, Ty ..., T, =1, 2, ..., n). Ecan narusckut npsmo-
YroJbHHK MOXeT OblTb pacwuper A0 n X 7 JaTHHCKOTO
ksaapara, 10 M) <{n—s. Ho N{@)+ M@ =r, orxyna
NiH>r+s—n.

O6parno, upeanonoxum, ato N (0) >r -+s—n. [lycts
A — nHungentHas marpuua Aas noamuoxects Ty, Ty, ..., T,
n-muoxectsa T. Marpuua A pasmepa r X n uMeeT BeKTOp
CyMM CTpOK R=(R—s, n—s, ..., 1 —S) U BexTOp
cymm croabuos S=(M(1), M(2), ..., M(n)). Tlo npex-
nonoxenno N @) =r— M@ >r-+s—n, a HOCKOILKY
Hawa KOHQHIYpauHs ecTb MAATHHCKUM HPSIMOYI'OMbHUK, TO
N () ==r — M (@) <s. Crenosareabso,

OLn—s—MO<n—r (i=1,2 ..., n), (2.5)
n 1o Teopeme 2.1

A==P, P, ... +P (2.6)

n—s*
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rie P;-— nepecraHoBoulble Matpuusl. Ho sTH MaTpuut omnpe-
IeNsI0T r-HepecTaHOBKM sjemeHtToR I, 2, ..., n, a 3TH
r-nepecTaHoBKM MOryT OHITb HPUCOEIUHEHB KaK CTOJOUB
K r X § JaTHHCKOMY NPAMOYTOJbLHHKY, 4TOO NOAYUUTh r X Kt
JaTMHCKHH npamoyroaphuk. ITo Teopeme 3.1 ria. 5 ara KOH-
¢urypauus MoxeT ObiThb pacuidpeHa 10 R X A JaTHHCKOrO
KBanpaTa. MoxHO U306exaTh CCHIIKM Ha YIOMAHYTYIO TeOpeMy
M NONOJHUTbL TPAHCHOHMPOBAHHBIM 7 X r naTHHCKUH MpsaMo-
YLOMLHUK [0 71 )X 7 JATHHCKOTO KB4Ipartd TOJIbKO UTO OMNH-
CAHHBIM MeTONOM. Yc/oBHe HA NN () B 9TOM C/iyuae TPHBHAILHO
BHITIOTHALTCS.

[peniecTBy0Omas TeopeMa HOMYCKaeT MOCTAHOBKY cJe-
aywoiue#t sanaun: pana (7 X n)-1abauna, OCHOBAHHAA HA 3Je-

meHTax 1, 2, ..., n ¥ ONHOM HeOlpeleNeHHOM JJEMEHTe X.
[Ipu KAaKHWX yC/OBUAX HOAXOAAINAS 34MeHa S/eMeHTa X 3Je-
Medtamu 1, 2, ..., n TUPHUBOAWT K JATHHCKOMY KBaapary
nopsanxa n?

Hacrosimaa TeopeMa peruaer 3Ty 3ajiauy B OYEHb 4aCTHOM
caydae. B ofwem me Buxe 91a 3ajada HHKorAa ue Owina
YCHELIHO pelleHa.

8. 3amenn. Jana marpuna A B kaacce A=A(R, S)
scex (0, 1)-marpuu pasmepa m X f C BeKTOPAMH CYMM CTPOK

R={(ry, ry, ..., rp) n cymm ctoa6uos S=(s;, Sy ..., S,).
Pacemorpum (2 < 2)-noavarpuubl mMatpuunl A Buna
y 10 y 0 1 '
1= ’O 11’ 2= _[ O_ . (31)

3asMena ecTb npeobpasoBanHHe 3JeMeHTOB Marpuubi A, KOTO-
poe mnepeBoAMT noxMartpuusl tuma A; B Ay, ¥ HaobOpOT,
a BCe OCTaMbHBIE 3JEMEHTH OCTaBJsfeT HeM3MeHHBIMH. ITO
B M3BECTHOM CMHICIe caMasi 3jeMelrTapHas ofepauusi, KOTOpas
MoXer OHTb HMpUMeHeHa K A, 4ToObi MOAYUMTb HOBYIO MaTPHIY
B Kjaacce 9. 3aMeHb MOJMe3HH BO MHOTHX 3ajauax, Tie peub
uier o kaacce 9. Haudem ¢ ycrasosieuusi Teopembl O 3a-
MeHax.

Teopewma 3.1. Ilyems mampuuyw A u A’ sxodam
8 rxaacc N(R, S). Tozda mampuya A moxcem Gome
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npeobpasogana 8 mampuyy A ¢ NOMOUBIO KOHELHOZ0
qyucaa 3aMe.

JLloxaszarteancrtso. [lpumeM, uro R u S MOHOTOHHH,
a MaTpuua A nocrtpoeHa, Kak B MepBoM paspene. Mb MoxeM
NpUMeHNTb 3aMeHH K A Tak, uToOs n-# cronbew B Hefl Obla
3aMeHeH n-M CT0J0UOM MATPHIb A. BT0 BO3MOKHO nOTOMY,
4T0 croabeny n B A HMeeT CBOW eWHWLH B TeX. CTPOKAX,
B KOTOpPHX Haubosablieft cymMMmo# ssasercs §,. Temepb ocra-
BUM croafen n npeo0PA30BAHHOM MaTPULBI HEU3MEHHBIM H
CKOHUEHTpHPyeM Halle BuMManue Ha cronbue n— 1. Ilepsbie
n—1 cronbuos xak B A, Tax u B npeobpasoBaHHOM MaTpuue
CYyTb MATPHUB C OJHHM M TeM e BEKTOPOM CYyMM CTPOK.

HUcxons u3 crpykrypsi A, MB MOXeM MPUMEHUTH 3aMeHbI
K npeoOpa3oBaHHOf MaTpuue ¥ 3aMeHUTb (n— 1)-# croaben

ee Ha (n — 1)-# croaBeu marpuubt A. Takum o6GpasoM, Mbl
npeo0pa3oBbiBaeM Matpuny A B MaTpuily A OCPEACTBOM
3aMeH. Ml Taioke MoxeM npeoGpasosarh 3aMeHamMu Matpuny A’
B marpuiy A. Tlycro IIPOMEXKYTOUHBIE MATPHUBI, MOAYYAIO-
mMecs npu sToM npeobpasosanun, Oyayr A;, Ay ..., A
Ho B raom ciayuyae cywecrsyer 3avMeda, nepesoadmas A s A .
Cywecryer TaiKe saMmeHa, nepesoaswas A, B A,_; ¥ 1. L

TakuMm oOpasoM, Matpuua A npeobpasyema 3aMeHAMM B Ma-
rpuny A’. Ciaeposareibio, Marpuua A moxeT Ouith npe-
o6pa3oBana 3amenaMu B Martpuny A’. BameTuM, yto $Hopmy.Ia
MHHHMAa/BHOTO 4HC/Ad 3aMeH, tpefyeMuix nad npeoOpazoBa-
aug A B A’, saBaserTcss, OYEBHAHO, OGE3HANEHKHO CAOKHOH
QyHxoued or 4 u A

[Iycre A — marpuua us xaacca A (R, S). Bo muornx
HCCAEN0BANUAX MPUHUMAIOT 0e3 orpanuuenus OOLHOCTH, 4TO
BEKTOPBI CYMM CTPOK R M cyMM C€T0a610B S yA0BAETBOPAOT
YCAOBHAM :
r1>r2>/"'>/rr)z>0' (32)
S >8> ... >, >0. (3.3)

DT0 03Ha4aeT, uTO MBI HCKJIOUHAX CTPOKH W croabubl, co-
crofdlMe M3 Hyjel, H NePecTaBUaH OCTaBUIHECS CTPOKHU H
¢ctoabubl TaxK, uTO0B OHM OBIIK PACHOMONKEHB MOHOTOHHO.
Henycront kaace Y (R, S), B koropom R u S yroBaerBopsioT
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yeaopusim (3.2) n (3.3), HA3BLIBACTCA HOPMAAUIOBAHHGLM.
B nanphedtmiem M OymeM cuutath A  HOPMAJAU3OBAHHBIM.

[Tycrs nana Marpuna A uopmanusosaHHoro xjaacca .
dunemeHT a,,==1 Marpuubnl A OyneM HasbiBaTb UH8Q puAHM -
HO4 edunuyed, ecnu HUKAKAS TOMIENOBATEIbHOCTH 3aMEH,
npuMeHeHHHX K A, He 3aMeHder 3TOT 2/MeMeHT Ha Hy.ib.
Ecan a,,==1 ecrb unpapuaHTHas eIMHHNA MaTpHubl A, TO
Mo TeopeMe O 3aMeHAaX 9/JAEMEHTHI, HAXOLslKeca HA MecTe (e, f)
BO Bcex Marpumax xjaacca U, n0KHB ObiTb MHBAPHAHTHBIMU
ennHunaMu. Taxum oOpasom, uaum Bce Marpuub kxnacca A
COJepXAT MHBAPUAHTHBIE ENMHULB, WIH HU onHa. [loaromy
Mbi OylxeM rosopurk, yTo Knace U nnbo umeer, AuGO He UMeeT
W{BAPUAHTHOM €IMHHUIB.

Teopema 3.2. Hopmaauzosanunuoali xaracc U umeem
uHBA puaHmuse eQuruys. mo20a & MoALKO Mmozda, Kozda
BCAKASN MAMPURA MO0 KAACCA HUMEEm pPa3A0ICeHue

guda
J %
A= L oJ‘ (3.4

30ecs J— mampuya w3 edunuy pazmepa eX f
O<em 0 f<n),a0—nyresas mampuya. Llesse
yucsa e u f He o0s3amesbHo eOQUHCMBEHHb, HO OHU
onpedenersl 8eKMOPAMU CYMM CIMPOK R 1 cymm cmoal-
4os S u He 30Q8UCAM OM MO20, KAKAS KOHKpeMmHas
mampuya A swlbpana w3 kaacca A.

HNoxkazareabctTso. OueBundo, uro B J Bcakaa | uu-
papuanTHa. llpennmonoxum natee, 4TO HOPMAAM3OBAHHBIN
kaacc W umeeT HUHBAPUAHTHBIE eauHuubl. [Ton0XuM, 4TO
@, €CTb MHBAPMAHTHAS €AMHANA TPH e~ f MAKCHMAIbHOM

n nycTth
W X

raie W umeer pasmep e X f. Ecan 8 W nossuaca uyab, 10
npu HopManmzaunu ¥ rTpebyercsi camoe GOnblee JBE 3AMEHH
uyroObi  MHBAPHAHTHAA eIMHHLA cMeHHdach Ha 0. Cuenoma-
TeabHo, W==J, ¥ Kaxias eiMHHua B J HHBAPHAHTHA,
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Teneph, MOCKOJMBKY € f MaKCHMaAbHO, Mbl MOXeM BmOpaTh
marpuny A tak, urobw O mnosBHACA B HepBoM CTo0HmE X.
Hanee, ecam Z comepxur 1 B £-# CTPOKe, TO Mbl MOKEM,
ecau T0 HeoOXOZMMO, MPUMEHHTb 3aMEHy H HOJyYWTh, UTO
B Z nepsmit cronaben comepxut 1 B £-# crpoke. Ho torna
Y B ¢-#t crpoke Oyner conmepxaTh TONbKO efunHuub. B camom
nene, ecan YV comepxur 0 B £-# cTpoke, TO 0lHA 3aMeHa
obpasyeT WHBAPHAHMTHYIO enuuuny Matpuubt A. Paxrtuueckn
Kaxnasa emuHuna B f-# CTPOKE MATPHUB Y ABJAAETCS HHBA-
puantHo#. Ho 3TO HPOTHBOPEUYHT YCJIOBHIO MAKCHMAJALHOCTH
e 4 f. Caenoparenbto, Z=0 n marpuua A umeer un (3.4).
A ecim 910 TaK, TO BCakas matpuua A B kmacce ¥ uMeer
Bun (3.4).

4. MaxcumaabHm#l rpanuusbii pasr. Ilycrb Eﬁyﬂer

MUHUMAJAbHBIM, a4 0 -— MaKCUMaJbHBIM TPAHUYHBIM  PAHTOM
MaTpuy HopMaausosanHoro kaacca U = (R, S). Hacroamun

ITYHKT Mbl HOCBATHM H3YUCHHUIO 0. an/IBeﬂ,eHHb]e 31E€Ch TEOpPEeMbl
HHTEpPEeCHbl C¢amMu TIO cebe, u, KpOMe TOro, OHH J4IOT 9BHOE

Bhipaxenne 1nd p. Ho Meronm, npuMeHseMm#i HpPH BhIBOXE
3THX TEOpeM, NMPUAOKAM K OoabloMy wvucay sagad. Haudew
C OIHOTO 3/JEMEHTAPHOTO pPe3y/bTaTd O HPOMENKYTOUHBIX
TPaHHYHLIX paHrax.

Teopema 4.1. [Tycms p— Munumasvuoui, a 9o —
MAKCUMANOHOLE 2PAHUYHNE PaAHE MAMPUY HOPMAAUL-
308annoz0 xaacca W. Tozda U codepycum mampuyy Aps
2paruinbtii panz Komopoli pased p, 20e 0 — NPOU3EOLD-
HOe Yenoe 4iCA0 B Om peaxe

0 <o (4.1)

VAN
YA

HDokazartenbcTBo. [IpuMeHenue 3aMmenn kK Marpune A
kaacca Y usMensier ee rpaHHuHbit padHr Ha | MAK OCTaBAsET
ero HeuamendniM. Ho no teopeme 0 3amMeHax Mbl MOMeM Hpe-

o0pasoBaTb MaTpuLy AB ¢ rpanuyHbIM pam‘omfy B MaTpULY A;

¢ rpanuuHbiM paunrom p. M3 sToro caenyer, uto cyllectsyer
Marpuua A, rpamuiHeQ pawr KOTOpPOH pased p.



4 Maxcumaronoi epanudnsii pané 75

Teopema 4.2. Hopmaruzogauusd xaacc U co-
depoicum Mampuyy AE’ 8 KOmopoli o eouHuy HAXo-
oamca Ha Mmecmax

(Lo, @2 o—1, ..., (0 D

JdokasarenabcTBo. Jlana marpuua Ap— C MaKCHMaJb-
HbIM TpaHHYHBIM pauroM p. BeifepeM B Hell MHOXECTBO U3 0
eIMKMI, HKKakKye J1BE U3 KOTOPHIX HE HAXOIATCA HAa OXHOH
AMHUM, W HA30BEM OTH eIMHHLBl CYMecmsaenHsMu L Ma-
TPHILH AB' Bce npyrve eIMHMLBI  MaTpuibl AE HasoBeM
Hecyujec msennbiMu. Mbl MoxeM BbIOparh MatTpyuy AB’ co-

IepiKallyio  CYLUIeCTBEHHBIX EIMHMH B MEPBHIX O CTPOKAX.
B camoM nene MpelflOJONUM, HTO CYLIECTBEHHAs eIMHHLA
naxomurea Ha (i, f)-M MecTe u YTO cTpoka i’ He COLepXHT
cyulectBennbix eannnu (0 < p < §). Torzaa nasoseM eaununuy,
Haxonsuyocs Ha Mecre (I, Jj), CyulecTBeHIOH, a eaunuuy,
waxoasuyocs Hva secre (i, j), HecyuiecrBennofi. C apyro#t
croponsl, ecau Ha (¢, f)-m Mecre waxoaurcs 0, 70O B cuiay
nopMamusaunn ¥ cywecrByer 3aMena, KoTopas mnoMeuiaer
CylecTBeHHy0 emunuy Ha (i, j)-e MecTo M coxpauser
rpandudbifl panr . TakuM cnoco0oM Mel MOJydaeM Ap— c cy-

HleCTBeHHBIMM  eAMHNHAMU B MEPBLHIX O CTPOKaX. Awnanorny-
Hble PaCCyXKAeHHd OTHOCHTE/IbHO cToabuoB MpUBOAAT K Ma-

Tpnue By 1A
D o«
A- — .
Y [ % 0:| (4-2)

3geck y D W nopsaRoK, M TPaHWuHbIA panr  paBHel Q.
Marpuna 0 — HyfJeBas, MOTOMY 4YTO TpaHMyHbI paHr Ma-

TPULbI AE He MOXeT MNpeBOCXOAUTb . DyleM TOBOpHTH,
'JTO_(_)— 3JEMENTOB MATpHUBl, pPACOJONKEHHBIX HAZ MecTax
(, p), (2, 0—1). ..., (0, 1), obpasywor rnobounywo duazo-
nass Marpuubl D. Tloayuum Ttemepb Marpuuy AE’ nMelo-
1YI0 0 CYLIECTBEHHHIX eanHAl Ha noGouno# amaronamn D.
ITpeAmo0KNM, YTO CYUIECTBEHHbIE eIMHMUBI HMEIOTCH Ha
mecrax (1, o), (2, p— 1) ..., (d, 0—d-+41), a nHa mecre
(@41, p-~d) cywecrennoft eaunnust Her. Toria cyuie-
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crBennas emvnuia B (d |+ 1)-#1 cTpoke M cyulecTBeHHas enu-
Huua B (p— d)-M croabue ompeneaser (2 X 2)-noamarpuuy
Matpuubl D 0oaHOro ¥3 CJAeRyIOLIMX HeThipex BHIOB

RN

Exunnupl, pacnmonaoxenssie B (4.3) Ha raasHo# guaroHaay,
COOTBETCTBYIOT ~ CYUIECTBEHHbIM  eIMHHMLAM Marpuubl A
B aw6om cayuae tpebyercs 1e OoJsblle OXHOH 3aMeHsi,
4roBpl MOMECTUTH jBe efMHHHB HAa Mecta, COOTBETCTBYIOUIME
noBounolt guaroHasn B (4.3). DTH enuHMUB MOXKHO paccMa-
TPHBATH KAK CyLIeCTBeHHble /S MaTPHUbI AE' 910 u Raer

HaM CylleCTBeHHY0 efmHAny na (d-1, 6——d)-M mecTe
marpuust D. Taknm o6pasoM, marpuia AE‘ uMewlas O Cy-

LleCTBEHHBIX enuliny Ha MOBOYHON JUArOHAMW, CyLIeCTBYer.

[lycro nana (0, 1)-marpuua Q. OGosuaunm uepes Ny (Q)
unc10 nyJae#l, a gepes N (Q)— uncao eqnnny B Q. Ilycrs A
ectb (0, 1)-marpnua pasmepa m X n. Torpa B marpuue A
BhIONHAETCS ycaoBHe: m, n > 0. Ho ecin A pasbura ua
Gaokul), TO yROOHO BBECTH BBIPOKAEHHBIC MOAMATpHubl W
paamepa e X f, rme ambo e==0, anbo f=02). B Buipo-
KneHHo# noxmarpuue W umeem Ny (W)= N;(W)=0. Ilocae
9THX 3aMeuyaHH# Mbl TOTOBBl BBICKa3aTh Halle OCHOBHOE 31-
KJI0YeHNe OTHOCHTENbHO MAKCUMAJbHOTO TPAHMYHOTO pPaHra 0
MaTpHll B HopMaiuzoBaiHoM kaacce 9.

Teopema 4.3. Beaxasn mampuaya A 8 HopMaAu-
308auHom Kaacce N umeem pa3aoscenue 8uda

172 ¢
A:[y Z}. (4.4)

206 W -—nodmampuya paznepa e X f O<Le<m,
0L f<n), Z—nodmampuya pasnepa (m—e)X (n—f)
u, Kpome mozo,

No(W)y4 N, (Z)=p— (e f). (4.5)

1y To ecTh HellepeceKaomyecs NOAMATPHIB H3 HEKOTOPOTO
yucna c1oabuos. — ITpun. peo.
2y To ecTh MORMATPHIL HYJeBOTO Mopsaxa. — ITpun. peo.
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Llenvie wucaa e u [ He 00a3amensH0 eOUHCMBEHHbL, HO
OHU onpedenensl gexmopamu cyumm cmpox R u cymu
cmoabuyos S u He 3asgucam om BuGOPA KOHKPEMHOI
Mampuaysl A 8 xaacce . B wacmuocmu, mampuya A-

0
u3 meopems (4.2) yoossemsopsaem COOMHOWERUID
No(W)=0, N (Z)=p—(—+ /) (4.6)

JokasateaoctrBo. Ecamu Marpuna A uMeeT BeKTOp
CyMM CTpOK R=(ry, ry, ..., F,) ¥ BEKTOp CYMM c101010B
S=(s, S ..., §,), TO M3 ITOTO TOTYAC CJAECAYET, YTO

NO(W)+N1(Z)::ef+(re%1+re42+ +rm)_'
— (1 so+ ... Fsp) (4T)

Takum o6pasom, cymma Ny (W) N, (Z) ue 3aBUCAT OT Bbi-
Bopa wmarpunsl A B kiaacce . IDTOro AOCTaTOUHO, YTOOHI
JIOKa3ath TeOpeMy LI MaTpHIlbl AB reopems 4.2. Cocpero-

TOYMM Hallle BHUMaHHE Ha Aa H [PAMEHHM HHAYKUHMIO OTHO-

cuTebHO ee cTpok. Teopema CrpaBeAanBa AJIf OAHOCTPOYHOH
MatpHibl.  JlOKasate bCTBO MO HMHAYKHMA COCTOAT B yTBED-
JKAEHHHM, UYTO eCilH TeopeMa AOKa3aHa Ais (m — 1)-CTPOYHBIX
MaTpHL, TO OHA CMpaBefuBa W AJS Marpuil ¢ m CTPOKaMu.

Tenepb, eciH p==#a, TO TeopeMa CHpaBEeAINBA W% €= 11
u f=0. Ecin xe E: n, TO TeopeMa BepHa B ciyuae ¢ ==0
u f==n. CrepoBareJbHO, MOJOXKIM, 4YTO o< m, n. 3ame-
THM, UYTO B 9TOM Cayuae ¢ ¥ f ZOCTaBaIql0T COBCTBEHHOES
pasaokenuel) Matpuubl AE (0e<m, 0<f<n) Tak
kak ecan e =0 wim m, mbo f=0 win n, TO M nOJy-
UMM [POTHBOpeuHe YCJIOBHIO o< m, n.

[Mycrs tenepb Marpuua A5: [a;;] 3 Teopembi 4.2 nmeer
TpaHHUUHbIA pauf 5< m, n. HopMaanayeMm nepByw CTPOKY
MaTpHLLbl AE saMeHamu caenyoumM ofpazoMm. Ecim s; > s,
a;; =0, a;;=1, T0 npuMeHnM B3aMeHy, KOTOpas 3aMEHUT
a; na 1 n ay; wa 0. Ecam [ <Tp, 10O 3ameny BoIGMpaeM
taK, 4ToBB OHA He [OMeNaJa CYWeCTBEHHYI0 eNMHHLY Ha
(Eﬂ—[+1, [)-e MeCT0 B AE‘ Takum ke oOpasoM, ecau

1y To ectb npencrasaenue (4.2). — ITpunr. ped.
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s,=s8; (<)) a;; =1, a;;=0, npuMennM 3amety, B KOTO-
po# BMecto @;; nossiasercs O n Bymecto @;; — emmnnua. Ecan
J <{p., TO 3Ta 3aMeHa He MOMECTHT CYLIECTBEHHYIO eIHHHUY
Ha (p— j-+1, j)-e mecto s As. Ecan xke 3Toro He yaacrcs

u3bexarb, TO Marpuua umeer 1 Ha (5~i—}— 1, /)-m Mmecte,
W BTOpas 3aMena, BKJIOYalOLIas CTPOKH (5~[—{— ) n
n (p— j-+ 1), Bospamaer | mua (p— j -1, j)-e mecro.
Ecin Mbl npuMeHMM BCe BO3MOXKHBbIE 3aMeHbl OMMCAHHOrO THMA,
TO MOAYYUM MATpHLy BHAA

0, 0,
M= A 0 ] . (4.8)

p—1

B (4.8) 9, ectb Bektop u3 1’ KOMMOOHEHT, & Oy — BEKTOP

M3 #-— 1’ emvnuil. Belpoxienub#l caydai n==n' He mck.0-
’

yeH, Marpuua Aa_l pasMepa (m — 1) X n’ uMeer enuHuub!

wa Mecrax (1, p—1), (2,p—2), ..., (p—1, 1) n nopo-
Kaaer HopMaauzoBauubifi kaacc A’ Marpuua O — uyiepas
pasmepa (m — 1) X (n—n’).

HoxkaxeM, 410 p~1 eCTb MaKCHMaJbHbil TI'paHUUHHIN
panr MaTpuubl Kaacca A’. TMycrs A" — marprua kaacca A7,
uMeloulas O CYWECTBEHHBIX eavMHuu Ha Mecrax (1, p)
2, p— 1), .» (o, 1). B (4.8) samennm Marpuuy A;
Ha A’ ¥ wWa3oBeM INOJYYMBLIYIOCS [PH 9TOM Marpuuy M
Marpuua M’ nmpunasgexnt kiaccy U. Ecam 970 okamercs
HeOoOXOINMBIM, MpPHMEHHM 3aMeHy, 4ToOB mnoMectuth 1 Ha
(1, n)-e mecro B Marpuue M’. Ho B takoM cayuae rpaHuy-
HBH panr Marpuuel M’ MPOTHBOPEYNT YCJAOBHIO MAKCHMAJib-

Hoctu p aas A, Takum obpasow, A—_l yMeet MaKCHMaJbHLIH

rpanuunsit pawr p—1, a ee CyuwleCtBeHHble eIMHHLbI pac-

-1

noJjarawrcs Ha Mecrax (1, p—» .2, p—2), ..., (p— 1, .
Ilo mpeamoaoXenyio HHAYKUIHHU
“/// XI
Aa_[ == { y, Z,:| * (4.9)

rﬂe_W’—Manuua n3 emnnu pasmepa ¢’ X f/, a N (Z))=
=0 —1—(e’+ f'). BuibepeM [’ MaxcuMaiLHBIM B TOM
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CMBICAE, Y4TO Kamimi cro.ifel B X', MOMHMO CYLIECTBEHHBIX
eamnuy B Z’, colepxut oxmH uyae. Ham wnssectno, uto
p—1 < m—1, no Boamoxuo p — 1 =n’. TMocreanee npu-
BOIAT K BHPOKAEHHOMY pa3noXeHuio marpuusl As ,, B KO-
topoM e =0, f'=n’. Ho BO BCEX ApyruX Da3/lOxKeHHsX.
0<e<m—1,0<f <n.

Teneps B (4.8) npeanoioxnM, yro M nMmeer OIuH HY.b B &
HAl HEKOTODPHIM cTOAB1OM 13 V', u mycTs 910t croabeu us ¥’
COAEePKUT HECYHIECTBEHHYIO ENHHMILY W3 AE—L' Torna, npo-
Belsi HOPMAJW3aiio nepBolt crpokun M, noayunM, yro n’ =n
W 4To Myau noseasiorcs Ha mectax f 1, f'4+2, ..., n
B §,. Temeps, ecin pasnoxenne AE—I BBIPOXKAEHHOE, TO 3TO

NpOTHBOPEUNT TOMY, 4t0 p — l=n', a ecau OHO HEBHIPO-
KIEHHOE, TO TNOJAyYaeTcs [(pOoTHBOpeune ¢ ry > ry. Caenosa-
tenbHo, ecan M umeer nyan B O; cepx croabua u3 V', to
9TOT CTOABEl He CONEPKMT HECYLIECTBEHHBIX eAMHHL 3 As .
310 oswayaer, 4to pasaoxenve (4.9) moxer ObiTb uepe-
cTpoeHo Tak, uroGu M e nmesa Hyaed B §; Han croauamu Y.
Ecan 3710 Oyner HeoOXONMMO, MOXHO NPAMEHATH 3aMEHY,
yro6bbl momectuts 1 Ha Mecto (1, p) B M. Jro M pmact nam
pasfoiKeHue JKeaaeMoro BHAA.

HerpyaHbiM c/lepcTBMeM M3 3TOH Teopembl ABIseTcq 3a-
MeuatebHags (GOpMyJaa, B KOTOPOR P BHPAXKEHO Hepe3 KOM-
NOHEHTH BeKtopa CyMM ctpok R=(ry, ry ..., ') N Bek-
TOpa CYMM CTOIOUOB S == (8}, Sg ..., S,) MATPHIL HOpMaJH-
sosannoro kaacca A (R, S).

Teopema 4.4. ITycms
=i+ +riet o rp)— G+ S+ sy

(=0,1,..., my j=0,1, ..., n). (4.10)
Toeoa _
p=min {£; 4+ (I + /)] (4.11)
, 7
=0, 1,...., m; j=0,1,..., n.

JdokasareabctrBo. Ilycrb

WX
A;r[y Z] (4.12)
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— MaTpHua C MaKCHMaJbHBIM TPAHWYHBIM PAHTOM O M NYCTh

W — marpuua pasvepa { X j. Tenepb p JMHHH LOCTATOUHO,
4T00Bl TOKPBITH €NMHHULBI B AE' CienoBatelbHoO,

NG+ 1) >0 (4.13)
Ho Ny (W) >0, tak uro
ti+ G+ J) >0 (4.14)

PaBencrso B ¢opmyae (4.14) nocturaercs Aas tex 3Have-
Hufl e u f 1), xoropuie ykasausl B Teopeme 4.3. Taxum 06-
pa3oMm, teopema 4.4 nokasaua.

YKasanHag ¢OpMyJa NPHrofHa W A5 BLIYMCJAEHHS O, HO
Mbr ne OyneM smech wa 3TOM ocranasamBaThes. Cueayiowas

TeopeMa paetr HaM YCJOBHA, [MPH KOTOPHIX 0 <p

Teopema 4.5. Han nopmarusosannsi rxaacc U,
He uMenuwuli UNBAPUAKMHLX e0uHUYy; nycms O < m, f.
Tozda p < p.

Hokasareabcrpo. [lo npenmonoxenuwo p < m, n.
CrenoBaresbHo, e ¥ f U3 teopeMbl 4.3 HaX0IATCA COOTBET-
crBeriHo B uHtepBadax 0 e <<m n 0 < f < n. Ilo ycao-
BUIO 9/IeMEHT Marpuubl Ap— n3 teopeMn 4.3, naxoxsawnfcs

Ha Mecre (1,1), He aBAsercs uuBapvanTHod eamuuned. Ho no

teopeMe 4.3 wumeeM NO(W)—i—Nl(Z):B—(e«[—f). 310
O3Hauaer, uyTo B Kjaacce U CYWECTBYOT MATPHUB € YMCAOM

eJHHMIL B Z, MeHbluuM, yeM p— (¢ - f). Ho torana € ANHHIBL
B TaKOH Marpuue Moryr BBITh TMOKDBITBL MeHee YeM 0 JMHH-

amn. Cuenosateabho, p < p.
3amernM, uto teopeMa 4.5 MOXeT He yIOBJeTBOPSTHCH,
ecan 0r0pocuTh TPEANo0Kenne 06 HHBAPHAHTHBIX eMHANAX.

Kuaace, Colepialnil MakCMMabHy0 Matpuuy A, nmeer p——p

Orpannuenne p < m, n He MOXer Obithb ycrpaneno. Hanpu-
MEp, KJacC W3 n! TepectaHOBOUHBIX MaTPUU HOPAAKA 7

nvMeer O =p. HurepecHoN HepelwenHo# 3azauel sBaseTCH

1) To ects i n J. — [pun. peo,



5 3adauu 81

yerkaa Knaaccuukaunsa Beex kaaccos (R, S), mig xoTo-
pEIX P =p.

5. 3agaun. [pensiaymuui passea Gbia MOCBSLIEH aHATU3Y
FPaHUYHOTO paura Martpuusl A HOpMaansoBanHoro Kaacca .
Mpt MOmeM cBsizath ¢ A apyrve noaxonswne QyHkuuau u
MCC/Ie0BaThL HX [MOBejeHHe, koraa Marpuua A pacnpocrpa-
HAeTCs Ha Bech MX Kuaacc!), B HeKoTOpBIX cayyasx nonol-
HBIE HCCeROBANM GbiiM BNOAHeHb. Hanpumep, mycts 6 —

MUHUMAJIbHBIA, 2 0 — MaKCHMMaJbHBI C/elbl MaTpul HOpMAa-
ansosanHoro kjaacca . Torpa MOXKHO A0Ka3atb, uto

0 = max {min (i, j)— t;} (5.1)
i J
(l=0,1,.... m; j=0,1 ..., n),
6 = min {t;; -+ max (@ J)} (5.2)
i
(=0, 1,...,m j=0,1,..., n).

i GopMyas HOcHT uepTsl GOJLIIOTO CXOACTBA ¢ QOPMYJIOH
&as p B 1. 4, a MX BHIBOX TPOMSBOAMTCH JOBOJLHO CXOA-
HBIMH Ty FSIMH.

OpHaKO MHOTHE 3KCTpeMaJbHble 3a4au¥ 3TOr0 BHAA He
MOTyT OHTb paccMOTpensl ¢ taxo#l tuiareabHocTbio. IlycTh
nana Marpuua A B nopMaansoBanHoM kjaacce A(R, S) n
MycTh O — LE0e yHea0, pacnoaokenoe B orpeske 1<{a<(r,y,.
Mycre E ectb (im X €)-noamMarpuua marpuum A, ¥ cymma
3/JeMeHTOB KawmaoH crpoku Marpuusi E paBHa no Menblief
Mepe o. MHHMMajbilOe 3HaueHue £, OBMAAAOLIEE ITAM CBOH-
CTBOM, Ha3oBeM O-utu purol € (o) Marpuusl A. Llenoe uncao o
u Marpuna A eMHCTBeHHBIM 06pas0oM  ONDPEREJST € ().

Tenmepb nyctb €(0) — MMHUMA/bHAA, a & (@) — MaKCHUMaJbHasd
a-wupuHp Marpun kaacca A, MoxHo pOKasath, 4TO Ma-

~

tpuua A, nocrpoennas B nepBoM pasjese, uMeeT O-IUMPHHY
eN(a) &as Beskoro a==1, 2, ..., r,. B caMmom nese, oka-
3LIBAETCH, UYTO G- eAMHMIA B NOC/CAHEH CTPOKe MATPHILbI A
nonasaer B croaben g(a)‘ Dro 3aMeuyareJbHOe CBOKCTBO

1y Mmeercs B BHpy kaacc ¢yHkuuil ¢ oitoll W Todl Xe maTpu-
ueit A. — ITpun. peo.
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marpuunl A naer 9¢QeKTUBHBIN CcmOcOS BHUMC/IeHUs & (01).

Ho ornocutenbHo moseneHusi € (@) HM3BECTHO OYeHb MaJo.
Boabiie unOpMauMM MOXKHO HOJIYYHTb O €ro MpefelbHOM
sHayennn. B ra. 8 9ro chenaercs oueBnanniM. Tam Mbl pac-

CMOTPHM B3anMOCBf3b MeXAy € (1) M KOHEYHLIMH MPOEKTUB-
HBIMH MJIOCKOCTAMH.

Hns HeKOTOPBIX KJMACCOB YaCTHHIX BHAOB CYLIECTBYIOT
3anauv, untepecnble camy no cebe. [lycrs U (K, K) ofosua-
yaet KJacc, B KOTOPOM M ==7, a TaKXKe

R=S=K=(k, k, ..., k), (5.3)

rie kR -— GUKCMPOBAHHOE Le/10e YHCJIO, PacioJOXKeHHOe B Of-
peske 1-<{k-<(n. Taxum obpasom, (K, K) ecrb Kaacc
Bcex (0, 1)-Matpuu NOpPAAKa A, B KaXJIOM CTPOKe M KaKAOM
croafue KOTOPLIX HMeeTca TOuHO R eimuui. B cayuae k=1
KJacC COCTOMT M3 7! MepeCTaHOBOYHHIX MaTpuy lOpAnka 7,
a B Cayuae kR=n-—wu3 Matpuun J mnopsika n. Hs reo-
pembl 5.3 ra. 5 caeayer, uyro B kaacce A (K, K)

p=p=m=a. : (5.4)

Ilpy 31uX YCAOBMAX €CTECTBEHHO 3a4aTh BONPOC O MMHH-
MaJbHOM ¥ MaKCHMA/JbHOM 3HAYEHHSX MePMAHEHTAa MaTpuy
kaacca (K, K). OaHaKO HM TO HM APyroe 3HaueHue eue
He ompejeJseHbl. 3aaya ONMpeneJeHUs MUHUMAaJIbHOTO 3Haye-
HHSI MOXET MMeTb BaxHOe KOMOuHatropHoe 3nauenue, CootT-
BETCTBYIOUAS 3ajaya AJf ABAKAB CTOXACTHYECKHX MAaTpHU
PUBOANT K fpennojiomennio Baw gsep Bapnena (cm. ra. 35).
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OPTOTrOHAJIbHBIE JATHHCKHE KBAIPATDI

1. Teopemsr cymecTBoBaHHA. Ilyctsb Alz(aglj?) |
AQ.:(a(l?]?) o603naualoTr ABa 7 X A JaTMHCKUX KBAAPara,
OCHOBaHHBIX HA 7 3aementax 1, 2, ..., 7, u nycrtb n > 3.
Jlarnnckne kBaapatht A; n Ay HA3HBAWTCA OpMOZOHAAY-
Hoiai, ecay Bce n? 2-Bni00OpoK

(a(ilj’, a(fj)) (i, j=1, 2, ..., n) (1.1)

pasinutbl. VIHBIMHM CTOBAMH, TMPENNOMOKHMM, YTO OAMH W3 1a-
TUHCKMX KBAAPATOB HaJMmKed Ha Aapyroff. Toraa noayuyaio-
wasics Kondurypauus 6yaer (1 X n)-rabanueit (4 by n array),
coctoslled W3 ynoOpsIOYEHHHMX nap umcexr 1, 2, ..., #,
a tpefoBanNe ODTOTOHANbHOCTH JATHHCKMX KBaApatoB O3Ha-
yaer, YTO BCE 3JeMeHTsl STOH Tabauubl pasanyubl.  3Ta
(n X n)-tabanua 2-BHIBOPOK, COCTaBAelHas M3 Mapbl OPTOrO-
HaAbHBIX JATHHCKAX KBaApatoB, B JHTEPATYpPE Y4aCTO HABbI-
BAGTCA 2PeK0-AQMUHCKUM WIN 3i0e pOBCKUM KEAOPAMOM.
[MpupejeM NnpuMep Naph OPTOTOHA/LHBIX JATHHCKUX KBAADA-
TOB 3-ro nopsika:

I 2 37 12 3

A;=|2 3 1|, Ay=|3 1 21. (1.2)
31 2 L2 3 1

B Goaee obue# nocrauoske, nycts Ay, A, ..., Ay —

MHOKeCTBO /ABYX HJM 0ofee JMaTMHCKMX KBaLpatoB NOPAAKA
n>3. B 310oM MHOXeCTBe JaTHHCKHME KBaADAaThl HA3bIBAIOTCA
OpMO2OKAAbHBIMIL, d BCE MHONECTBO A, Ay ool Ap—
0pPMO20KAAbKOLM MHONCECMBOM, €CIn A; OPTOrOHazeH A;
A% BCHKMX {5 j. B Hacroswleft riaase Mb HM3yuyaeM OpTO-
roHanbHbIE MHOMXECTBa. OTH KOHQHUIypauuu HMeT JJIHMHHIYIO
MCTOPHIO M OJHO BpPEMf NOABEPraJjnCh MCCAefOBaHA0 pain
passievenns. Ho B Hallk IHM MBI OCO3HAEM HMX BAXHOCTDH
IpY HM3yYEHHH KOHEYHbIX RPOEKTHBHBIX ILIOCKOCTEH ¥ lpH-
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MBIKAIOHIMX K HuM Bonpocos. HauHeM co caenyloilero sie-
MEHTaPHOTO pe3y/bTara.

Teopema 1.1. ITycmos Oano MHONcecmBO E Opmo-
20HAABHHX AamutcKux Ksadpamos A, A, ..., A, no-
padka n > 3. Toeda

t<n—1. (1.3)

HokaszateabctBo. [lepeHyMepyeM 3/71eMEHTH KakKAOTO
JATHHCKOTO KBajipara Tak, 4roObl mNepBas CTPOKA KAKIOIO
M3 JIATMHCKMX KBAZPATOB COCTOSIA M3 3JeMenToB 1, 2, ..., 7
MMEHHO B TakOM NOpsixe. ITO He HApylaetT OPTOroHalb-
HOCTH MHOMKecTBa, PaccmoTpuM tenepb f 3JEMEHTOB, Haxo-
asumxes Ha mecte (2,1) 9TMX JIATMHCKHMX KBaAparoB. I
f 3MeMeHTOB AOJIKHBL OBITb PA3/IMUHBIMHM, MOTOMY UTO B NpO-
THBHOM CAYy4ae Mbl NOAy4Yuan Obl NPOTHBOPeYHE C YCJIOBHEM
OPTOTOHAABLHOCTY MHOXecTBa. Hu O1MH M3 3THUX 3JeMEeHTOB
ue pasen 1. Cnemosareasno, f<{n— 1.

Ecan B (1.3) uMeer Mecto DaBeHCTBO, TO OPTOTOHAJbLHOE
MHOXECTBO HaadwiBaeTcsd noaHbiM. Muoxectso (1.2) sBaserca
MOJIHBIM.

3aech Mbl NpeAnoJaraeM, 4TO uWTaTeNb 3HAET 3JEMEH-
TapHbie CBOHCTBA KOHEUHBLIX MoJefl. DTO MoAs, COCTAB/AEHMHbIE
¥3 KOHEYHOro umcaa 3/eMentoB. Ecau n ofosHauaer 4ucao
3JE€MEHTOB M0/d, TO XOPOINO W3BeCTHO, 4TO n = p%, Tie
p— npoctoe, a o-— HaTypaibHoe uucao. OOpaTtHo, 444
J06Or0 NPOCTOr0 P M HATYPANbHOTO O CYLIECTBYET MOJ€
u3 12 == p® agneMentoB. Bosee TOro, 1Ba NoOJd U3 == p* 3Je-
MEHTOB ONpPenedioTcsd eXWHCTBEHHBIM 00pa3oM C TOUHOCTHLIO
10 usoMoppusma. [lone u3 7 == p® 3/1eMEHTOB HOCHT La3Ba-
nue noasn [aaya w obo3nauaerca cumBosoM GF (p*). Ecuan
a=1, TO 3aeMentol noag ['anya Moryr ObiTb BbIODPaHEI
B Buze noaHok cucrembi BoidetoB 0, 1, ..., p—1 mo Mo-
ayaio p. Onepaunn Ham NMoJjeM — CJAOMEHHE M YMHOXKEHHE —
OCYILIECTBAAITCA 10 Mony/io p. Huwe Mb n0KameM teopemy
CYLIECTBOBAHMI 1A 1OJHOTO MHOMXECTBA OPTOTOHAMbHBIX
JaTHHCKUX KBaaparos. B IokasarteabcTse MCNOaAb3yeTcd cyLie-
cropanue noas [anya GF (p%).

Teopema 1.2. [Tycms n=p° 20e p-—npocnioe,
a o— Hamypaasioe wucaa. Tozda o0asn n 23 cywyecm-
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gyem nOAHOE MHOXMCeCmBo u3 n——1 OpPmMOOHAAbHBLX
AAMUHCKUX KBAOPAMOB nopsaodKa n.

JokaszateabctBo. Obo3Hauum 3aeMerntsl noas Ianya

GF (p% rtax: a;=0, a,=1, a, ..., a,_,. Onpereanm
n— 1 MaTtpun nopaixka n
Ae:[a(i"}] (. /=01, ...,n—1 e=1,2, ..., n—1,
(1.49)
rie
a(fj?:aeai+ a; (1.5)

Bnech Kawkzaas Marpuua A, [BAETCS NATHHCKAM KBALPATOM.
B camom neae, ecam A, wMeer ABa OJMHAKOBHIX 3JEMEHTA
B OZHOM U TOM e CTPOKe. TO CYLWIECTBYIOT j M j' Takue, 470

aeai+aj:aeai+aj" (1.6)

Ho wus storo caenyer a,=a; u J==Jj'. Ananoruuno,
ecau A, ¥MeeT [Ba OZMHAKOBLIX 3JEMEHTA B OIHOM M TOM XKe
croabue, TO CyWeCTBYIOT { W i TaKue, uTO
aeai+aj:aeai,+aj. (1.7)
Ho nockoabky a,=0, orciona BbiTeKaer, uT0 a,=4a, W
[ ==1{. CnenoBateqbHO, Kaxnas Matpuua A, ecTh JaTUHCKuM

kBazpatr. Tenmepb nycts 1<{e<( f<Cn—1. B rakom cay-
yae A, u Af OPTOrOHaMbHbI, JLeHCTBUTENLHO, NOJNONKUM, UTO

(a(fj?, a;/;.)):(aﬁﬁ)j,, aﬁ.f,‘},). (1.8)
Torza
a,a,+ a,=a,0,-t+a;, (1.9)
afai+aj::afai,+aj,. (1.10)
Buiyuranue (1.10) us (1.9) naer
ai(ae—af):ai,(ae—af). (1.11)

IMockoabky a,#+a, uMeeM a;=a; H i=1{". Ho rorza
noucranoBka B (1.9) naer a,=a;un J==7j'. Caenosarensxo,
MHOXecTBO (1.4) OpTOrOHAJBHO.

Teopewma 1.3. B cayvae n >3 u £ > 2 nuosecmso t
OPMOZOHAAbHULY AAMUHCKAX KBAOPAmMoOg NopAdka n
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srgugasenmuo [n? X (t-+ 2)]-mabauye.

A=lay] (=12 ..., 0% j=12 ..., t+2. (1.12)
Dazmenmo a,; mabauyp A nymepyomes 1, 2, ..., n,
a cmpord Kaxoold (n?X 2)-noomabauys mabauysr A
npedcmasagiom n® 2-gubopor u3 1, 2, ..., n.

Hokasareabcrso. Jana tabmna A. IlepecraBum
B Helt CTpOKM TakuM 00pasoM, 4TOOBl 3M1EMEHTH CTPOK B Nep-
BHIX JBYX CToaflax HAXOJMAUCh B €CTECTBEHHOM IOpAIKe
D, A2, L n), o (1 D (1 2), Ll (). g
Kaxaoro e=3, 4, ..., t-+2 nocrpoum (n X n)-tabauny
A, caepylomnm obpasom. Ilepsas crpoxa A, cocrout us nep-
BHX /1 3JeMeHTOB C1016ua e tabJauunt A, Bropasd cTpoka A,
¥3 caelylouMX n 371eMeHTOB cToa6ua e tabauubl A v T. A
10 nocieiHedl CTPOKH, cOCTOALEH U3 NMOCAeLHUX 7 3/1EMEHTOB
croabua e rabauust A. Torza A, A, ..., A;po 00pasyior
MHOXECTBO £ OPTOTOHAIbHBIX JaTHHCKMX KBAAPATOB NOPSAKA 11,
B caMoM gnese, Mpeano/0kKeHNe OTHOCUTENLHO A TAKOBO, uTO
Kaxczad w3 tabauil ABASETCR NATUHCKMM kBazapartoM. [lelictsu-
TeAb1IO, MO BUAY NepBOro croabua tabanubl A ycTanaBanBaew,
yto A, He uMeeT IBYX OJHHAKOBHIX 3/EMEHTOB B CTPOKE,
a no Buiay Broporo cronfua tabauusl A — uto A, He uMeer
IBYX OIMHAKOBEIX 3/1eMeHTOB B ctroabue. Mrak, eciu e = f,
10 A, u A, OpTOrOHaibHB B CHIY CHOCOGa NOCTPOEHMS
croabucs e n f tabmuunt A. O6patHOE NpEjNOKEHHe JOKa-
3bIBAETCH AHAJOTHUHO,

Hanp:mep, ¢ natuHckumMu kBaapatamu (1.2) cpgsaHa takas
rabanua:

1111
1 2 2 2
1 3 3 3
21 2 3
2 2 3 1 (1.13)
2 3 1 2
3 1 3 2
32 1 3
33 2 1
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Teopewma 1.4. Ecau cywecmsyem muoxcecmso u3 t
OPMOLOHAAbHHLX AAMUHCKUX KBaAOpamos nopsoka n
U ecau cyuecmsyem MHOIMECMBO U3 | OPMO2OHAAbHbLX
AQmuKcKux K8adpamos nopsadka n', mo cyuwecmsyem
u MHOMNCECMBO U3 t{ OPMO0OHAAGHIX AAMUHCKUX KBQO-
pamos nopadrka nn'.

HoxasareascrBo. IlpencrauMm o6a MHOXectBa [
OPTOTOHAJbHBIX JIATMHCKMX KBRAPATOB nopsaaka n u a2’ no-
cperctBoM  [n? X (¢t~ 2)]-tabauubt A W COOTBETCTBEHHO

[n’2><(t-{— 2)|-ra6amup A7, O6e st Tabamum A u A’
UMEIT BHI, ONUCaHHbi# B teopeMe 1.3, W NOCTPOEHH U3 3Je-
MEHTOB, 34HYMEPOBAHHHIX COOTBeTCTBeHHO 1, 2, ..., n u
1, 2, ..., n’. O603HaYMM COOTBETCTBERRO CTPOKY ¢ TaOAULL A
u crpoky j tabauun A’ wepes

(@1 Qoo v ovs Ay 4yp0), (1.14)

(a;.l, a;.Z, a;.’tﬂ). (1.15)

Coeanunm (1.14) n (1.13) B cTpoky w3 f - 2 KOMNOHeHT
BHAA
((a“, a;.]), (ai2, a;.Z), (ai,t”, a},t+2))' (1.16)

Torza (nn’)? crpok suza (1.16) obpasyior [(nn')? X (¢t 2)]-
Tabauuy. DAeMEeHTaMH 3TOR Tabauusl aBadioTcs nn’ 2-BHGOPOK
BUAA

(LD, (1,2, ..., (L) .o, (1 1), (1,2, ..., (n, 7).
(1.17)

13 nocrpoennst tabamu A u A’ caenyer, 4TO CTpPOKAaMu
kawgol [(nn')? X 2]-monraGauubl Hame# nocsienHel 1a6auns
apasiorcs (nn')? 2-smbGopox snementon (1.17). Toraa no teo-
peme 1.3 3ta tabamua pasmepa (nn’)? X (¢ - 2) 3xBuBaeHTHA
MHOXECTBY W3 f OPTOTOHANABHBIX JIATMHCKHMX KBAAPATOB NO-
paska nn’.

Teopewma 1.5. [Tycmb Oano pasaosxcenue npous3sons-
HO20 HAMYPQAbHO20 HUCAQ N NO HAMYPAAbHBM CHE-
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REHAM O, POA3AUHHBLX NPOCMBLX HUCeA P; @ UMEHHO
o, a
n=pip2 ... pN. ITycms

=min(pfi—1) (=12 ....N). (1.18)

To20a 0an t>>2 cywecmayem MHONCECMBO U3 L opmo-
ZOHAAbHBLX AQMUHCKUX K8AOpPAmos nopaixa n.

MdoxaszateascrBo. [lo rteopeme 1.2 cyuwecrByer
MHOKECTBO M3 f{ OPTOTOHAAbHBIX JATMHCKHX KBaJApPaToB Mo-

paAxa p(;i &as kawaoro i=1, 2, ..., N. [loxasareanctso

HACTOSILIEH TEOPeMbl NMOJAYYAeTCAd MHOTOKPATHHM NPHIOKEHHEM
teopembi 1.4.

[peapiaynias rteopeMa ycrdnaBamBaer CYHIGCTBOBAHHe
napsl OPTOTOHA/LHBIX JATHHCKHX KBAAPAaToOB NOPAAKA N = 2
(mod 4). B crexylomeM I1yHKTE MBI HcclelyeM OPTOTOHAJb-
Hble JATHHCKME KBaaparthl nopsiaxa n==2 (mod 4).

2. Ilpeanoaoxenne 3ilnepa. Jhaep npenaoxul 3a1avy
0 36 opuuepax. OuHa cocrodna B TpeGoBaiuKu PacnoJ0KUThL
36 ocuuepos 6 paaros u us 6 nonxos B kape. Kawxnas
[HepeHra W KamJas KOJOHHA 3TOr0 Kape JO/KHBI COAEPHKATH
OJHOT0 M TOJABKO OJHOrO OdHUEpa KawI0TO PaHra W OJHOTO
¥ TOJLKO OAHOr0 ofuuePa M3 KAWAOTO NOJAKA. Mbl MOKeM
3aHyMepoBaTh NOAxM W pauru wudpamu 1, 2, ..., 6 n 06o-
3HAYNTb KA#AOTO oOpuuepa 2-BuGOpxol uenwix uuces or 1
no 6. Tleppas xoMnoileHTa 2-Bbi6OpKM 0003HAYAET PAHT
obunepa, a Bropag—ero noax, 3axaya OMiepa, TaKuM
06pa3oM, CBOAUTCH K MOCTPOEHUI0 TApHl  OPTOrOHAABLHLIX
JATHHCKMX KBazpatoB nopsaxa 6. B 1782 r. Ditaep Bhickasan
npeanookKende, YTO He CYLeCTBYeT MNapbl OPTOTOHAIbLHBEIX
JATMUCKUX kBanpartoB mnopsaxa a==2 (mod 4). Tappu npu-
MmepHo B 1900 r. nmoarBepJMJI NyTEM CHCTEMATHYECKOIO nepe-
cyeta CrpaBeiiMBOCTb NpeannoNoxkedus iaepa pas n=-6.
OnHako COBceM HeaaBHo Oo6GbenuHedHble ycuana Boca, puk-
xange u ITapkepa npuBeau K c/aeiyioueit Teopexe.

Teopema 2.1. fTycms n==2 (mod4) u nycme n > 6.
Tozda cymecmsyem napa OpPMOLOHAAbHOLYX AQGMUHCKUX
Kgadpamos nopadka n.
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O1a TeopeMa MOKA3LIBAET, YTO REHCTBUTEJLHOE MOJONKE-
HUE el KaK pPa3 NPOTHBOMNOJONKHO [peXNonaraeMoMy; OHa
JeMOHCTPUPYeT ONAcHOCTh TNepexola K O6mMM BLIBOAAM Ha
OCHOBAHUM OTPAaHMYEHHOrO YHCJ/I3 IMOUPHUUECKUX AAHHEIX., Mbl
He MOXeM BXOAUTb 3Jechb B NOAPOGHOCTH AOKA34TENbCTBA
teopeMbl 2.1. OAHAKO MBI faauM NPOCTOE W M3AN(HOE MO-
CTpOeHHe [/ YACTHOTO CJlyuas 3TOH TeopeMbl.

Teopewma 2.2. [Tycms n==10 (mod 12). Tozda cywe-
cmsyen napa OPmoOOHAAbBHOLX AQMUNCKUX KBAOPAMOs
nopacka n.

HDoxasareancrBo. Ilycts m — uenoe wuucio, ans
KOTOPOrO Napa OPTOrOHAJbHEIX JNATHHCKMX KBAAPATOB [O-

pagka m cyumectsyer. BBenem umciaa /=0, 1, ..., 2m u
OMNpene/IuM BeKTOPHI
VA =@, 4 ..., D)
Bi=( 41, i+2 ..., i+ m). 2.1)
Ci=({—1,i—2 ..., i—m). ’

Kaxnbii u3 3THX BeKTOPOB MMEeT /M KOMMOHENT, a 5T
KOMIIOHEeHTBI MOTYT OBITb PACCMOTPEHBI KAK LeJbie YMCaa
no Moay /o (2m + 1). O6pasyeM renepb pasHoOCTH N0 MOAY/IO

(2m—+1):

D=A,—B;=2m, 2m — 1, ..., m + 1),

D' =B, —A,=(,2 ..., m

E=A,—C,=(, 2 ..., m), (2.2)
E=C,— A, =2m, 2m —1. ..., m +1),
F_—_.B,.—Ci_—:(Q, 4, ..., 2m),
Fl=C,—B,=2m —1, 2m -3, ..., ).

B (2.2) oueBuato, 4to 2m Komnotent 8 D u D’ cyts 1, 2, .. .
., 2m(mod 2m —+ 1), u 1o ke caMoe umeer Mecro aad E

w £/, FuF’. 310 Brinoangercs ais kaxaoroi =0, 1, ..., 2m.
Hs sexropos (2.1) nocrpoum BeKTOpHI

A :(AO’ Al’ e AQm)’

B=(By, B,. ..., B,), (2.3)

C=(C Cyp, ..., Cy).
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Torza B cuay (2.2)

A—B=(D.D,....D), B—A=({D,D,...,D),

A—C=(E E, ..., E), C—A=(E, E, ..., E),

B—C=(F., F..... F)y, C—B=(@F,F,...,F)
(2.4)

Kaxasit uz Bexropos (2.3) u (2.4) umeer m (2m—+ 1) xom-
noHedt. BpeseM nepectanoBKy M3 M 3JeMEHTOB

X=(x;, Xgo v00s Xp) (25)

M3 nee mocrpoum m (2m - 1)-BoiGOpKy
Y=(X, X, ..., X). (2.6)

Teneps us A, B, C u Y nocrpoum rabuuny pasmepa

4% 4m(2m-+-1)

A B C Y
B A v C
G=—=
C v A B 27
vy ¢ B A

Vs G Buzeanm [2 X 4m (2m + D)]-noxrabauuy G'. Oua co-
RePKUT OJHY M3 noxrabauu

[AY B v c v
v Aj® |y B|" |r ¢

L

. (2.8)

Ecau yunrwmiBath crpyktypy A, B, C u Y, 10 3710 o3Hauaer,
yro G’ conepkut cToABIH
X ;
) @9

(=)

3necs (=0, 1, ..., 2m(mod2m -} 1), a j=1, 2, ..., m.
Kpoue toro, G’ cozepwut OmHy u3 noarabmunu

A b5 A C ‘B C
B Al ¢ 4 wm o~ (2.10



92 Fa. 7. Oprozonaasusie aaTunckue keadpartst

Ecau i % j, 10 { — j(mod 2m -+ 1) siBadeTcd KoMnoxentoi 1D
nw D', 1o we camoe umeer Mecto aad E nan E’, a taxke
aag F oumm F/.

Ecmi, ckawxeMm, xomnonenta ! — j (mod 2m + 1) noqas.id-
eTcs B KaueCTBe KOMNOHeHTH [J, TO OHA mosiBasercd 2m — 1
pas3 B A — B. Mecra { — j(mod 2m 4 1) B A — B rakoss,
uyro G’ comepkut c1oa6en Buza

(;> 2.11)

\

Taxas e cuTyanus uMeeT MeCTO BO BCeX C/yuasX, 4 3TO
osHauaer, uro G’ comepxur (2.11) anas Bcex [+ J,
i, j==0, 1, ..., 2m(mod 2m + 1).

[To ycnoBuio, BBLIABHHYTOMY B Hadajge A0Ka3aTe/bCTBa,
ueJa0e Yuca0 m TAKOBO, 4TO CYLIECTBYeT napa OPTOroHalb-
HBIX JATUHCKHUX KBanpatoB nopsaxa m. [Tycte H — (4 m?)-1a-
61uua M3 3MEMEHTOB Xy, Xg, ..., X,, 4 TPAHCHOHADPOBAHHAS
K Helt umeer BuA, onucauHeit B Teopeme 1.3. Iloctpou
tabauny

2m

2m
Z=1G H (2.12)

2m

o O o O
—_ = e e

2m

Ata Tabiauua uMeeT YeThIPe CTPOKH H

4m @m 1)+ m2 4 2m 41 =@Bm + 12 (2.13)

ct016uoB. Croabupr  xawaoft [2 X (3m -+ 1)?]-noarabmuyp
rabaunpt Z cyts (3m -+ 1)2 2-BEGopox w3 saeMentos 0,
I ..., Zm (mod 2m -+ 1) u x, X9, ..., X,,. CAenoBate/bHO,
1a6/uua, n0ayyeHHas TPAHCIOHUPOBAHMEM Z, NMeeT BUA, ONU-
camnpit B teopeme 1.3. Taxkum o6pasom, cyuectByer napa
OpPTOrOHaMbHBIX JATHHCKMX KBaApaTOB HOPALKA 1 == 3m - 1.
ITo teopeme 1.5 wmbr mowem nonowuts m==3 (mod 4), uto
Aact HaM n==10(mod 12). Bubop apyrux suauenuft mis m
[IPUBEAET K BHAYEHWAM 7, NpeiBApPUTE/BbIO PACCMOTPEHHLIM
B Teopeme 1.5,



3. Koneunble npoexkTuBHbIE NAOCKOCTU

a3

PaccMoTpeHHOe 31eCh MOCTPOEHME RAET CJAefYIOHLYI0 napy
OPTOTOHAMLHBIX JATHHCKMX KBazpatoe 10-ro nopsaaka:

0 6 &
x 1 0
Xy X 2
X3 Xy X
I x3 x,
A= 3 2 X
5 4 3
2 3 4
4 5 6
6 0 1
0 x; xy
6 1 x4
5 2
4 1
B—| )
Xy X3
Xy X9 X3
1 2 3
2 3 4
3 4 5

4
6

X3

RO CRN NG|

W —

X9

jﬁcnw,_.cgcif

N W AN O

Xy

R O = T T = I

2

O O Tl o W N e

X1
X3
X

3. Koneunble npoeKTHBHBIE NJOCKOCTH.

Ucclei0Bamue KOHeuHbiX NPOEKTUBHBIX naockocreil, C nepsoro

2

—_ O O Gl W

3

N = O O U

Mul HauuHaeM

B3rad4a 3ITH CUCTEMBl KAXKYTCA COBEPUICHHO HE OTHOCAIMMHUCA
K OpTOroHaJbHbIM JATHHCKUM KBazapataMm, paccMatTpuBaeMbiM

B npeablayumx paspenax. OnHako B 1. 4 Mb NOKakeM, 4TO

3TH ABa BOMpPOCA U3BecTHbiM 00pasoM B3ammocsssanbi. [7poek-
MUBHASA NAOCKOCMb TT— ITO MATEMATHYECKAA CHCTEMA, COCTa-
BJCHHAA W3 3JeMEHTOB, HA3bIBaeMbIX ,TOUKAMM®, W M3 APYTHUX
3JeMeHTOB, Ha3biBAE€MbIX ,,l'lpHMblMl/I“. Toux¥ u AuHUKM CBA3ABLL
,OTHOLIleHMEM HMHUMACHTHOCTH., A HMEHHO Mbl Hpeanogaraem,
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YTO CYUIECTBYeT BNOJHE ONPele/eHHOE COOTHOWeHHE ,TouKa P
JewuT Ha npamoll L¥, naM 3KBUBaNeHTHOe: ,npamasa L npo-
X0auT yepes Touky P, yioBleTBOpAOLIEE CACAYIOWUM NO-
cTynaram:

(3.1) zBe pasauuHbie TOYKHM IT JIeXKAT HA OZNOH M TOMBKO
OTHOH npaAMOH m;

(3.2) nBe paszavudbie NpAMBIE 7T NPOXOAAT uepes OUHY U
TOJbBKO OLHY TOUKY IV

(3.3) cymiecTByeT uyeThipe pasaMYHBIX TOYKM T, HUKAKUE
TPH M3 XKOTOPBIX HE JIeXat Ha OfHOH npsaMoi.

Moctyaarel (3.1) n (3.2) aBasioTcd 1eAMKOM OCHOBHBIMH
aaa cuctembl. [Toctyaar (3.3) cayxur aad TOro, 4rodb Hc-
KJMIOULTb HEKOTOPBIE BHIPOMIEHHBEIE CHCTEMbi, YAOBAETBOPS-
owde toapko (3.1) m (3.2). M3 3Tux nocry/aatoB BhlTekaer
cnenyomui:

(3.4) cymectByeT 4eTBIPe PA3/JAMYHBIX NPAMBIX B 71, HHKA-
KHE TPH M3 KOTOPHIX HE NPOXOAAT UepPe3 OLHY U TY XKe TOUKY.

Teneps ACHO, UTO BCAKOE MNPenJOKeHHe, OTHOCANleecH
K NPOEKTHBHON MJIOCKOCTH, MMeeT ABONCTBEHHOE Npeliokenue,
nonyyaipoleecd COOTBETCTBYIOLieH 3aMeHOH caoB ,7Toyka“
H ,mpaMag“ W BeipakenuH ,Touka P Jewut HAa npamolt L¢
n ,npamad L npoxozur ueped Touky P4 Tlocrynar (3.2)
nsoticrBen nocryaary (3.1), a (3.4) zeo#tcrsen (3.3). Itor
»TIPUHIMIT IBOACTBEHHOCTH® MMeeT QpyHIaMeHTa/bHOe 3HAYEHHE
B TEOpHMU MPOEKTUBHBIX MJAOCKOCTEH.

Teopema 3.1. Hanw Ose pasauunsie moixu P u P’
u 0ge pa3auunwvie npaumwe L uw L' Ha naockocmu .
Cywecmsyiom B83QUMHC OOHO3HQUHUE OmMOG paxceHus::
mouer, aexcaujux Ha npamol L, na mouxu npamoi L';
npAMBLX, NPOXOOAWux Hepes mouky P, na npsamoe,
npoxodsuue uepes mouxy P, mouwex npamoid L Ha
npamvie, npoxodsujue weped P.

HNokaszareabctBo. OO003HaunM ueped PQ exiuHCTBet-
HYIO TIPIMYIO, NIPOXOLSAIYIO Yeped JBe PasinuHbie TOuku P u Q
maockoctd . Ilyers L uw L’ — gBe pasiuudple npsaMbie
Ha m. Cyuectsyer touka O HAa m, He Jexamlas uu Ha L,
H1 Ha L', B camom nene, ecau Gul BCE TOUKM IVIOCKOCTH I
mexamd Ha L w na L', T0 cywectBoBanu 6nl touxn A, B
npaMot L u rtouxu C, D npamo#t L', Takue, uto A, B,
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C, D ynosaersopsaau 6u TpeboBanuaM (3.3). Ho uz sroro
CNef0Bal0 6ul, uto npsiMeie AB u CD 1npoxoaaT uepes TOUKH,
ne Jewauwe na L wuau L', A tenepb us touku O, ne je-
wamelt ma L wam L/, Mbl MoXeM YCTaHOBUTb B3aUMHO
04HO3HAUHOE COOTBETCTBHE TOuek npaMoit L ¢ Touxamu npsa-
molt L', Tak kak eciau P nexur Ha npamo#t L, To eaun-
cTeenHas npamas OP npoXOoauT yepe3 eIMHCTBEHHYIO TOUKYy P’
na mnpamoit L. Dro B3aUMHO OAHO3HAuHOe OTOOpakeHHe
Bcex Touex [ Ha Bce Touku L'

Bropoe yTBepMIeHHe TeOpeMbl JBOHCTBEHHO TNEPBOMY.
[Tycte O — TOYKa IJOCKOCTH 7, He Jexawas Ha L. Toraa
CylIeCTBYeT B3aUMHO OHO3HauHOe OTOOpaMeHHe TOYex, Je-
wawmx Ha npsModl L, Ha npamble, nNpOXoafuue yepes
touky O. DT0 cHpaBeiJuBO TakiKe, eCAM TOUKA JEKUT Ha
npaMoit L’ Bcienctsne BTOPOrO  YTBEPHKAEHUA  TEOPEMBL.
3aMeTuM, uTO Mbl II0Ka3aau, uTO Ha Kaxiaoh npsamoft njo-
CKOCTH IT JI€KAT N0 MeHblllefl Mepe TPH pasjuuHble TOUKH,
a TaKxe, uTO MO MeHblleft Mepe TpU pas3juuHble NPSMblE NPO-
XOAST Yepe3 KakAyl0 TOYKY MNJIOCKOCTH II.

[TpoexTuBHas TJIOCKOCTb T Ha3biBaeTCsd KOHE4HOH, eCau
OHAd COIEpWUT TOJbKO KOHeuHoe uucja0 Touek. Koneunule
NpPOEKTHBHEE MJIOCKOCTH HMeIOT ()YHAAMeHTaJbHOE 3HaueHHe
B KOMOUHATOPHOM MarTeMaTuke, W B Ja/jbHelilleM H310XKeHHH
3TOro npeimera onu OyAyT Hrparb Begywmyo poab. Ilycrb
L — npamMas Ha KOHeUHOM TNpPOeKTHBHOM MJIOCKOCTH I, U NMYCThb
YHCJIO BCeX TOueK, JewalluX Ha npamok L, pasHo n—+ I.
HarypaabHoe uHCIO 7 nAa3bLIBaeTCd NOPAOKOM IIOCKOCTH I
¥ fABJSETCS OCHOBHBIM WHBapHAaHTOM AJf I.

Teopema 3.2. [lycmo 3a0ana KOHEHHAA NPOCKMUB-
HaA naockocmy 1 nopsadka n. To20a wucao mouex, Ae-
aamux Ha A060d npAmMol naockocmu T, KAK U HUCA0
npamex, npoxodauux depe3 acOyio MOUKY NAOCKO-
cmu 1w, paswo n—+ 1. boaee mozo, naockocms 1w umeem
gcezo n?4-n—+1 mouex u cmOAbKO e NpAMELX.

HokazartenbctBo. Ilepoe yrsepwjieHue TeopeMbl
HEnoCPeACTBEHHO C/AeAyeT M3 TeopeMbl 3.1 u M3 onpenenenus
nopsaxa. 3agaiuM rtouky O wna nuockoctun m. Cywectyet
n-+1 npaMeiX, npoxoasux uepesd O, U Ha KaXAOK M3 3THX
IpAMBIX MMEETCS B TOMHOCTU 7 TOueK, Kpome Touku O. Cre-
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JOBATE/IbHO, TJIOCKOCTb 7T uMeeT Bcero |+ n(n— 1)=n?+
~+ n—+ 1 Touek. JIBOHCTBEHHOe YTBepKAeHHE COCTOUT B TOM,
YTO TJIOCKOCTb JT uMeeT Bcero #2— a1 npambix.

g KoHeuHOM TpPOeKTMBHOM NJA0CKOCTH NOpsiaKa . BO3-
MOXHB Da3/uuyHble XBUBAJEHTHLHE CHCTeMH nocTy.aatos. Ha-
nipuMep, NYCTb JT— MaTeMaTHyecKas CUCTeMa, YAOBJAETBOPAIO-
was uocrysatam (3.2) u (3.3). Ilycte 7 uMeerT Bcero
n?—+ n-1 Touek, rae T04HO 1 1 TOUeK Jewar Ha KaxIOU
npsaMo#t 4 B TOUHOCTH # -+ 1 NpPAMHX NODOXOAAT uyepe3 Ka-
#Ayio Touky. Toraa cucrema 7t sBjAsieTcs KOHeuHOR npoex-
THBHOR nmaoCKOCTbIO nopsiaka #. Ilotomy yro ecau O — Touxa
H& T, TO yepe3 Hee NMPOXOAUT KaK pa3 n-+ | npambix, a Ha
Kawaofl npamo#t, kpove Ttoukn O, uMeerTcs 7 TOUeK. ITO
00'bsICHsIET, NOueMy Ha T umeercs Bcero n? -4 n—1 touek.
CienoBartebHO, [Be pa3jduYHbIE TOYKH IT JeXar #a OAHOH
npamMo#t. 1o gokasviBaer (3.1), M 3HAUMT 1T OKa3HLIBAETCH
KOHeyHONl TNpPOEKTUBHON MAOCKOCTHLIO TOpaaka #.

3aMeTuM, HaKOHell, YTO BO MIIOIMX HCCJ/EA0BAHUAX YAOOHO
paccMaTpUBATh TPSIMBIE HA KOIEUHOW NMpPOEKTUBHOM TMJIOCKOCTH
NOpAAKAa 7 Kak HeKOTOophe (7 1)-NOoAMHOXKECTB2 TOUeK.
yHauMennian® npoexTUBHAS MIOCKOCTh UMEET NOPAAOK H == 2,
Creanyomwue 3-noaMuoxectsa sJjieMedtoB 1, 2, ..., 7 noka-
3bIBAIOT CeMb MNDSAMBIX NPOEKTHBION NJOCKOCTH mopsiika 2

Ly=1{1, 2, 4, Ly=1{2, 3, 5), Ly={[3, 4, 6},
L,==1{4, 5, 7], L,=15, 6, 1}, Ly=1{6, 7, 2},
L={7, 1, 3],

I

I

4, TlpoeKTHBHBIE NJOCKOCTH M JAaTHHCKHE KBAAPATHL
B HacTOAWMEM pazjaene MLE yCTalioOBUM CBA3b MEXAY KOHEY-
HbBIMU TIDOCKTUBHBIMH TJIOCKOCTAMHU H TOJIHBIMH MHOXECTBAMU
JATUHCKUX KBAApartoB.

Teopewma 4.1. Ilycms n>3. Ilocmpoums npoex-
MUBHYIO NAOCKOCHDb ROPAOKA N MOJCHO mM020a U MOALKO
mozoa, KO0204 MONCHO HOCM POUMb NOAHOE MHOINCECMEO
n—1 O0pmMo20HQABHBX AAMUHCKAX K8ROpAMOs NHo-
padka n.

Hokasateabctso. Ilyctb pnama mnpoexkTuBHAas MJ10-
CKOCTb 7t mnopaaxa #. [lyctb L — iexotopas npamas
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niockoctd g, a Py, P, ..., P,,, — TOukH Ha nef.
OcraibHbie 72 Toyek, He JexamuX na npaMod L, o603Hauum
yepes Qp, @y ..., Qp 3anyMepyem 1pou3BO/bHEM 06Pa3oM
yepes 1, 2, ..., n npsMbie, NPOXOAdMe uepe3 TOuky P,
M TNycTb 23Ta HyMepauusi npoBeleHa Ajd Kawioro j=—1,
2, ..., n+1. B uactnocru, nycrb Q;P; 3anymeposana ag;.
Toraa

A=la, l (=12 ..., 0% j=1,2 ..., n41 @41

ectb [n?2 X (n + 1)]-rabauua u3 sgemenros 1, 2, ..., n.
Crpokn xawao#t (#% X 2)-noarab.auuel, BsbiOpadnoit us A,
cytb n? 2-shifopox M3 siaementos 1, 2, ..., n. Tak kak
€CIM Mbl NPEANOJONKUM, YTO O;j ==Q;; U G;p == Gk, TAS
ii'uj+k, 10QP;=Q;PjuQPr=Q;Pr Hos rakom
cayuae QiQi+ AO/DKHA MPOXOAMTb yepes Toukn P, n Py, Tax

uto @Q;Q;r=L, a 3T0 upoTHBOpeuuT TOMy GAaKTy, 4TO
TOukH Q; W Q;- He nexar ua npsmoft L. C.iepoBareinHo,
(4.1) ectb Tabauua THNA, onvcaHHoro B reopeme (1.3), a oua
JaeT NOJHOE MHOXECTBO #— 1 OpTOrOHAJAbHBIX JATHHCKUX
KBAaJApAaTOB MOPSAIKA .

ObpatHo, nycts (4.1) — Tabanua Tvna, ONHCAHHOTO B TeO-
peme 1.3. B we#t n? crpox nycts 0603Ha4alOT ,00LIuHBIE
Toukd Qr, Qa, ..., Qu, unycts Py, Py, ..., P, — ,Hieailb-
wpie“ roukd. ,OCbyHas® npamas L;; npoxoaut uepes P;

U 00biuHble TOYKH C 3JeMeHTOM i B croabue j Tabaunp A.
JleansHas® mnpamas L mpoxoauT uepe3 HAeanbHble TOYKH
P, P, ..., P, . Takum o6pasom Mbl Onpejseuu KoH(H-
rypaudio I, cocrosuywo us n2—-n— 1 rouex. Kawxaas touxa
JEKNT KAK pa3 Ha n-+ 1 npaMeix, a kawias npsMas npo-
XOIMT TOYHO uepes n—-1 touek. Ilycts L;; u L;p— ABe
OOblyHble TIPAMbIE, TpHYeM js=Kk. ITd NpsMble NPOXOAST
yepes eAMHCTBEHHYI0 TOYKy C 3/eMeHTOM [ B cTOs0u1e j H
saementoM ' B cr10.10une k Tabanmpbmt A. Ilycrs, najee, L
¥ L;j— aBe oObiuHbie mnpsiMbie, npuueMm £ ==i’. ITH npsaMbie
NPOXOAAT Yepes enuHcTsenny Touxy P;. OGbiunas npsamas L;;

¥ ujeasbHas npsMaf L Takime npoOXOAST uepe3 eAMHCTBEH-
Hy1o Touky P,;. 910 aokaswaer (3.2). Yerwipe Touku: (1, 1),

(1. 2), (2, 1), (2, 2)— B mepasbXx ABYX NOJOXEHUSX YAOB.e-
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TBOpsOT moctyaary (3.3). B cuay 3amevanu#t, BbTEeKa0WMX
M3 10Ka3aTeabCTBA TeOpeMbl 3.2, BBIACHAETCH, YTO I eCThb
KOHeuHasi IPOEKTHBHAsI TUIOCKOCTb MOPsiAKA 1.

Teopema 4.2. [Tycms n=p%  20e p-—npocmoe,
a o —Hamypaarshoe qucaa. Tozda cywecmsyem roneu-
Hasl NpoeKmusHas NAOCKOCMb T NOpPAdKa n.

JoxkasareabCTBO. DTa TeOpEMa ABJAETCH CJEACTBHEM
teopeM 1.2 u 4.1, ITnockocrs mopaiaka 2 tpebyer cnenuaib-
HOTO pPAacCMOTPeHds, uyTo OblI0 NPOAEAaHO B HPENbIAYyLIEM
NYHKTE.

[Iycrb naHbl HaTypaabHOE YHMCIO 7 U HaubGOJbIIKA KBai-
pat d, aenswwuh n. Hanumtem n==n'd u wHasoeem n’ cso-
Goonoii om rxsadpama dacmeino uacaa n. Ecan d=1, 1
caMo n ABAAETCA YMCJAOM, CBOOGOIHBIM OT KBazapara, a eciu
n’ =1, To n gsagerca xBagparoM. Tenepb Mbl B COCTOSHHH
chopmyampoBaTh TeopeMy bpykxa—Pa#depa o Hecyluecrso-
BaHUM KOHEUHBIX TPOEKTUBHHIX MJIOCKOCTEH.

Teopema 4.3. [Tycmy n=1 uau 2(mod 4), u nycms
c80600Han OM KBAOPAMQ HACHL HUCAQ N COOepicuin
no Mewsuell Mepe GOUH NPOCMOL  MHONCUMENs P=
=3 (mod 4). B maxom cayiae KOHE4HOU N POEKMUBHOL
NAOCKOCHU TL NOpAO0Ka N He CYyuwecmeyent.

Mbi gokaxeM oO6oOuienne aTo# Teopembl B ra. 8. Oue-
BHAMO, UTO TEOPEMd HCKJIOYaeT BO3MOXHOCTb HOCTPOEHHH
reomerput ajs OecKOHeuHO OO0JALIIOTO uMC/aa 3HaYeHHM n,
HanpuMep Aasa #==2p, rie p—mnpocroe u p=3 (mod 4).
Pasymeercsa, Teopembl 4.2 ¥ 4.3 0CTaBAfIOT BOMNPOC Hepe-
HIeHHbIM Aas Oeckoneuso 60JbWIOro uucaa 3HaueHu#t n. Ho
A0 CEro BpeMeHH HUKaKHX 3HaueHu#t 7, KPOME YHOMAHYTHIX
B TeopeMax, He Obulo HM A0GABJIEHO, HH HCKIIOYEHO. ITO
NpUBEO K PA3BUTUIO ABYX TPOTHRONOIOKHBIX TOUEK 3peHHS.
OJHHM HACTaHBAIOT, UTO IJIOCKOCTb T NMOPAAKA N CYmecCTByeT
Toraa M TOJbKO TOr4a, Korjga n = p% a Apyrue CuuTanrT,
yTO ecJd A HE YIOBAETBOPSET YCJAOBHAM Teopemb 4.3,
MJA0ckoCcTh o6s3are/ibHO cymectByer. OnpeaeeHne TOUHBIX
OUEHOK A8 7 eCTh OAHA W3 TJAABHHX lepellieHHBX npolaem
KOMOHHATOPUMKY B Hally AHK. [lepBbIM Heonpeie/eHHbM Cly-
yaeM sBaserca n == 10. CyuwecrsoBanue miockoctu 10-ro no-
paaka TpeSyeT NOCTPOCHHS MHOXECTBA U3 9 OpTOroHaNbHHIX
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JaTHHCKUX KBaapatoB 10-ro nopsika. OIHAKO emle HHKTO
He TMOCTPOHA MHOXKECTBA H3 TPeX OPTOTOHAIbHBIX JaTHHCKUX
kBaapatoB nopsiaxa 10.
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Taasa 8

KOMBHHATOPHDbIE CXEMbI

1. (b, v, r, k, X)-Koudurypanus. B nacroswem nyukre
Mbl BBeAeM KOMOWHATODHBIE KOHGDUIYDAUUH, ABJSIOUIKUECS
0600UIeHHEM KOHEUHBIX NPOEKTHBHBIX MJIOCKOCTEH, ONUCAHHBIX
B npeabiayule#t raase. IlycTb 3amano v-muoxectso X 3Jje-
MEHTOB Xy, X9, ..., X, unyere Xy, Xy ..., X;—0b pas-
JUUHBIX TOAMHOXKeCTB X. DTH NOAMHOXECTBA HA3biBAIOTCA
YPABHOBLIULEHHOE HENOAKOE OA0K-CXemoll, eCld OHH YI10-
BJETBOPAIOT CIeAYIOWHM TPeOOBAHMAM!

(1.1) Kaxnoe X, apisercd A-noAMHOMECTBOM MHOXe-
crBa X.

(1.2) Kaxnas napa snaementoB MHokectBa X dBJasercs
2-nOJIMHOMXECTBOM TOUHO A MuoWectB ¥3 X, X, ..., X,

(1.3) Ueabie uucna v, k£, A YyAOBAETBOPSAIOT YC/AOBHAM
O<rnbk<<v—1.

Tpe6osatusa (1.1) u (1.2) — ocHOBHBIE TDH ONpelcAcHUU
YypAaBHOBEUIEHHBIX HEHOAHBIX Oj0K-cxeM, a Tpebopanue (1.3)
BBEAEHO AJf TOrO, ur00bl HCKJAIOUHTH HEKOTOPBlE BHPOKIACH-
Hble Konpurypauuu. YpaBHOBeIICHHBIE HeNOJHbie GJOK-CXeMBl
uMeioT 60.pllI0oe 3HayeHue B TOH 06J4aCTH CTATHCTHKH, KOTO-
pas uMeeT AeNO C aHAJAH30M M MJAHUPOBAHHEM 3SKCHEDUMEH-
ToB. TaM 3/eMeHTh HA3LIBAOTCA MH02006 pasuanuV (varie-
ties), a mHoxecrBa — O0a0kamu (blocks). dra HOMeHkJaTypa
06G'bCHAET, NOYEMy HMEHHO Mbi BBead OykBbl ¥ u . Ilycts
x € X, B nyctb X BXOAMUT B I H3 MNOIMHOXeCTB X,
Xy ..., Xp. Tenepb paccmorpuM v — 1 2-nOAMHOXKECTB
MHoxectBa X, coagepxawwx x. Tpebomamua (1.1) u (1.2)
MOTyT OBITb MCHOJb30BAHB /5 NOJACYETA YUC/a NOABACHHAH
3tux ¢-— 1 2-noamuoxects B X, ..., X,. Ecau upupas-

) Taxxe o6 padomxamu. — [1pun. peo.
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HATb pCSyJ]bTaTbI noacyera, TO nOaAy4YuMm
rk—1)y=n(v—1). (1.4)

3T0 nokasulBaeT, YTo r ABJASETCH APYTHM HHBAPUAHTOM YpPaB-
HOBEILGHHBIX HENOJHBIX OJ0K-CXeM, KOTOpHl 0003Hauaer
YUCJAO TIOBTOPHBIX MOfBJEHHH 3JjeMeHTa B NOAMHOXKECTBAX
Xy Xoo ooy Xy TlockoabKy KaXanlh u3 U 3/1€MeHTOB
nosBAdeTcd TOYHO 7 pa3 U TNOCKOJBKY Kaxioe X, ectb
k-1M0AMHOXKECTBO MHOXecTBa X, TO OTCl0Aa CJeAyeT, 4YTO

bk = vr. (1.5)

YpaBHOBellleHHass HenoJHad OnoKk-CXeMa BkJouaer B cels
NsTh OCHOBHBIX TapaMerpoB b, v, r, k, A; B AajbHelileM
mMb Oygem ee HaswBaTh (0, v, r, B, A)-rongueypayuel.
Viasannpie naTh uuce,l HE SBJSIOTCA He3aBucuMbiMu. Onu
cesizansl coortHowmenusmu (1.4) u (1.5). OnHako 3tH COOTHO-
LIEHUS HU B KOEM CaAyuae He fBJAIOTCS eIUHCTBEHHBIMH Heol-
XOIUMBIMY YCJAOBUAMU AJ7 CyulecTBoBanua (b, v, r, B, A)-KOH-
¢urypauun. PakTuyecku ueHTpaabHOM 3agauelt npu usyueHuu
31uX KOHpurypaun#t spasercda onpeiesenue To4HOM oGaacTu
3navenut b, v, r, k, A, NpU KOTOPHX KOHPUrypauuan Cy-
1eCTBYIOT. OTa 3alaya ele He pellieHa, a OTJelbibie 4acT-
Hble Ciyuau ee MMEIOT caMu Ho cebe 00JbllIoe 3HAauyeHue.
[Tyctb naHa wHUMAEHTHAs MaTpUua

A=la;] (=12 ...0 j=1,2 ..., 9 (1.6)

naa (b, v, r, k, A)-xoudurypauuu. IT0 03Hayaer, pasy-

meetcs, uto A ectb (0, 1)-marpuna pasmepa & X v, B koropoh
a;;=1, ectu x;€ X, u a;=0, ecan x;¢ X,
OcHoBuble cBoictBa (b, v, r, k, A)-Kouburypauui:

AJ=FkJ', a.7n

ATA=(r— I+ AJ. (1.8)

3nece AT 0603uauaet TPaHCHOHHPOBAHHYK Marpuuy A. Mar-
puua J ecTb Marpuua NOPAAKA U, COCTAB/JEHHAA U3 EAMHHIL,
J’ — Marpuua pasmepa b X U, COCTaBJAEHHAS M3 eNUHHUL,
a [ — eaunnuHas Martpuna nopsagka v. O6patHo, nycTh Aa&HO,
yro 0 < Auk<<v— 1. Toraa, ecau A ectb (0, 1)-marpuua
pasmvepa b X v u eciu A yaosaersopser (1.7) u (1.8),
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TO Mbl yTBepxaaeM, uro (b, v, r, R, A)-xoudurypauus
¢ WHLUMIAEHTHOH Matpuue#t A cywecTByer.

Ecan B (0, 1)-MaTpune 3aMeHUTb HyJu HA eZUHULBl H
Hao00pOT, TO NOAYuAWAAcsd Np¥ 3TOM MAaTpHLA Ha3blBAETCHA
OonoAreH tem NEPBOHAYIBbHOR MaTpuusl. [Tyctb A — MaTpupya
HHUMAeHTHOCTH aag (b, v, r, R, L)-xoHdurypauuu, a A’ —ee
nonosanenue. HeTpyaHo npoBeputh, uTto

Al=Fk'T, (1.9)
ATA = (r' — My [+ \J, (1.10)

tie r'=b—r, B =v—k, MV =b— 2r 4 L. V3 nocaea-
Hero cootHowenus u w3 (1.4) wu (1.5) caeayer, urto
b—ry(v—k—1)=2"(v—1). Crenopareanno, npu 0 < A
uk<<v—1 nmeem 0 <A u & <v— 1, Takum oGpasom,
A’ onpeneaser (b, v, r’, k', )/)-xodpurypanuo. OHa Hasbl-
Baetcst donoateruem (b, v, r, R, L)-KOHpurypauuu.

IMycte A, u Ay— MaTpuubl HHUHACHTHOCTH A8  ABYX
(b, v, r, k&, A)-xoudurypapu#t. JIBe KOHPUTrypaunu CuntTaoTcs
U30MOPPHBLML, €CANU CYWECTBYIOT NEPECTAHOBOUHbIE MATPHILBI
P nopsaxa b u Q nopsaka U, Taxkue, YTO

A = PAQ. (1.11)

Besikuit pas, xorza Mbl nbitaeMcs kaaccupuumposarb (b, v,
r, k, A)-koHdurvpaumu AJ9 OTACJbHBIX MHOXKECTB napaMer -
pPOB, Mbl YuuTbiBaeM TOJbKO KOHQUIYpaunu, pasauuHble
B CMbICJe u3oMOp(Pu3Ma. JTOT METON BNOJAHE ONPABAAH, TaK
KAaK H30MOD(HbIE KOHQUIYpaLMH OTIMYAIOTCS TO/bKO HyMe-
pauueil 3/eMEHTOB ¥ NOAMHOXeCTB. MaTpunbl MHUHAECHTHOCTH
AA10T HaM MOLIHOe CPeACTBO uccaenoBanus (b, v, r, kR, A)-KOH-
¢urypaputt. TlpowamiocTpupyeM 3To AYTeM npuMEHEeHHs MaT-
pul MHUHMACHTHOCTH /18 A0KAa3aTe bCTBA HepaBeHcTsa duinepa.

Teopema 1.1. LAaa (b, v, r, k, N)-xonuzypayuu gel-
NOAHAEMCA HepPABeHC mBo

b > wv.

Hoxazateabctso. Ilycrb A— MaTpuua dHuiAEHTHOCTH
(b, v, r, k, A)-koHburypauuu. lasecTHo, uto A umeer pas-
Mepbl b X v. IlpeanonoxuM, uto b < v. Ipucoeaustum v-— b
CTPOK, COCTaBJSHHBIX u3 HYyJeH, K Marpupe A, noayunm
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KBaAPaTHYI0 MaTtpuuy A* nopsaka v, Taxkyio, uTo
AT A% = (r — L) [ = AJ. (1.12)

Briuucanm Tenepn  det (A*TA%) asyms pasubiMu cnocoGamit.
Marpuua A* comepKUT CTpOKY HyJel, Tax uto det (A*TA*) =
= det (A*T)ydet(A*)=0. Marpuua (r — 1)/ AJ wumeer
NOpAAOK U, MMEET r HAa TIJaBHOH AMaroHamu M A Ha BceX
APYTHX MecTax. BosbMeMm 3Ty Marpuuy M BoluTeM 1-# ctonbey
U3 KAWAOTO K3 OCTANbHBIX CTOAOHOB. 3aTeM MPUOABUM K nep-
BOH cTpoke cTpokd 2, 3, ...,v. IlonyueHHas MaTpuua HMeeT
Hym1 Ha TJAaBHOR AMaronaau. bBo.ee TOro, NOJyyaeM, uTo

det((r — M4+ A=+ @w—DHA({r—i?L (1.13)

Caenosarensto, det(A*”A¥) =0, a 3r0 NPOTHBOPEUUT
HalleMy mpeablayuieMy yrsepxaeuuio. CiaerosaTtenbuo, b > v.

Mz (1.4) u (1.5) Burexaer, uto (b, v, r, R, A)-koHdu-
Typauus B Cayuae, Korna R =2, A=1, umeer h=v (v — 1)/2,
r=v-— 1. CreaoBate bHO, KOH(QUIYpaUUA OKA3bIBACTCS MHO-
KECTBOM BCEX 2-TOAMHOXKECTB U-MHOXecTsa. ['opasao OoJee
HUHTEPECHOE TMOJ0XKEHHe BO3HUKAET B cayuae R==3, A=1.
ITycts pano v-maoxectBo X, rae v > 3. [llmelineposoli
cucmeMoli mpoex nopAOKA U HA3LIBAETCH MHOKECTBO BCeX
3-NOAMHOXKECTB, WJU mpoex, U3 X, Takoe, 4TO BCAKOE
2-noaMHONKeCTBO M3 X 0Ka3plBaeTCsl NOAMHOMXECTBOM TOJALKO
oanoit Tpotku. lllTeftHepoBbr CHCTEMBI TPOeK NOpsakos 3, 7
U 9 TakoBbi:

(w=3):{1, 2, 3;
(=T7):{1, 2, 4}, {2, 3, 5], (3, 4, 6],

(4,5, 7), {5, 6, 1], {6, 7, 2}, {7. 1, 3);
=9:{1, 2 3}, {4, 5, 6], {7, 8, 9],

{1, 4, 7.}, (2.5, 8], {3, 6, 9],

(1,5, 9.1, {26, 7}, {3, 4, 8],

(1, 6,81, {2 4, 9], {3, 5, 7].

3ametuM, uto cuctema tpoek [lltettHepa nopsaxka 7 ecth
TO He caMmoe, YTO U MNPOCKTHBHAA NAOCKOCTh nopsaka 2
(cM. npeaplaylyio raasy). SicHo, uto cuctembl Tpoek lllTteit-
Hepa nopaaka v > 3 asasworcsa (b, v, r, kR, A)-koHdurypa-
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uusamu ¢ k=3, A=1. Cuenosare.npHo, B cday (1.4) n (1.5)

Orcrona sritexaer, uto cucmenma mpoex Ll meiinepa umeem
nopadox v_ >3 u wmo v==1 uau 3 (mod 6). Ilaa Bcex
9THX 3Hauenn#h v tpoHkm Ulrefinepa mocrpoenkl. Paiicc no-
JAyuuil Takoe nocrpoenne eule B 1859 r., sarem ObLIO NOJY-
YEHO MHOro mnoc/Aeayiowux nocrpoendd. Hdas v=3,7 u 9
CHCTEMBl OKa3a/UChb €QUHCTBEHHBIMH. CylIeCTBYIOT TOYHO jBe
cucrembl 13-ro mopsuika w 80 cucrem 15-ro nopaaxa. [las
¥ > 15 unmcno pasanuHbiX  cucTeM  HensBecTHO. OTpaHHunM
Hallle MB.I0KEHHe C/eLyIOIHM S5JEMEHTaPHBIM NMOCTPOEHHEM.

Teopewma 1.2. Ecau cywecmsyom cucmens mpoex
Llimeiinepa S, nopsoxka v, u S, nopadxa v, mo cy-
wecmsyem wmelineposa cucmema mpoex S nopAdKe V,v,.

Hoxaszareasctso. Ilycrs aano, uro {a;, a; a,} €35,
a {b,, by b ES, O6pasyem U,Uy-MHOKECTBO 3J1eMEHTOB
ciji==1,2, ..., v j==1, 2, ..., U) n 1OIOKUM, UYTO
TpoKa {¢;, €50 Cpy} BXOaMr B S, ecam: 1) r=s=*¢ u
Tpoiika {a;, a;, ay) €8, mbo 2) i=j=ku {b,. b, b,} €S,
m6o 3) {a,, a;, a,) €S, u {b,. b, b} €S, Herpyano
NPOBEPUTH, 4YTO 3TH NPaBHIA XAapaKTepudywr S Kak LiTed-
HEePOBY CHCTeMy TpOeK MNOpsiAka U,;U,. Te Tpodikm S, s
KOTOPBIX 7 ==§==1F¢==1, usomopdub cucreme S,, a TPOHKU
Sy, Aa8 KOTOpHX (== j=4k =1, usomoppun S,.

[lycts umcno n-— uenoe weorpuuarensuoe. Cucmemoil
mpoex Kuprxmara nopadxka v==6n-+ 3 HasLIBAIOT CH-
cremy tpoek lllrednepa nopsinka ¢ ==6n - 3 co cAeayOLIUM
LOMOJHATE/AbHEM ycaoBHeM. Muoxectso w3 b= (2n— 1) X
X (3n 1) tpeek pasburo Ha 3n - 1 kommouenT, Kaxnas
M3 KOTODHIX mpeiacraBifer coboi (2rn— 1)-noaMHOKECTBO
TPOeK, 4 Kawawu# u3 ¥ ==6n-| 3 3/1eMEHTOB CHCTEMH TpOEK
NOABJAETCA B KaX10H KOMAOHEHTE B TOYHOCTH O/MH pas.
Cucrema rtpoex Ulre#tnepa nopsiaxa 3 ecTb BHPOXKAEHHASA
cucrema Tpoex Kupkmana npu n=—0. Ykazanuan BbIne Cu-
creMa Ttpoex lllrefinepa nopsaka 9 ectb cucTemMa Tpoek
Kupkmana npu n=1. 3necp 12 Tpoek pazbuth Ha 4 KOM-
noHeHTh. Kamaas “3 nux samucaHa B cTPOKY u3 3 Tpoek;
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Kawabl# u3 9 9JeMeHTOB MOABASETCA B KAMIOH CTPOKe
B TOYHOCTH OAMH pas.

3uamenutad 3agaya Kupkmawa o 15 wkoabHullaX MOXeET
6biTb  COpMyNUpOBaHA CaAEAYOIIMM oOpa3oM. YuuTeabhuUA
BHIBOOUT CBOM Kaacc u3 15 gepouek Ha exegHeBHYI MpoO-
ryaky. LLUkoJbHUUB noOCTpPOeHbl MO TPOe B NAThb PAAOB, TaK
YTO KAMIAA U3 HUX UMEET ABYX KOMNAHLOMOK. 3aja4a COCTOUT
B TOM, 4YTo6bH TaK CTPOUTb KJIACC, 4TOOH B TeueHHe CeMHU
AHe# Noapsin HH OfHA U3 IUKOJbHHUI He TyJaana ¢ KawaoH
13 CBOMX MOAPYT 1o Tpo#ke Golee oaHoro pasa. Dra 3azaua
S5KBUBAJEHTHA TPeOOBAHMIO MOCTPOUTB CHUCTeMy TPoek Kupk-
MaHa s caydas n == 2. Bcem stum TpeloBaHMaAM ygoB/ieTBO-
pser cJaeLylollas CUcTeMa:

(1,2, 5}, (3,14, 15}, {4, 6, 12}, {7, 8, 11}, {9, 10, 13},
(1, 3 9} (2, 8 15} (4, 11, 13}, {5, 12, 14}, {6, 7, 10},
[1,4, 15}, (2,9, 11}, (3.10, 12}, {5, 7, 13}, {6, }
(1. 6. 11},{ } (3,8, 13], {4, 9, 14}, |5, 10
(1,8, 10}, {2, 13 } (3,4, 7). (56,9}, (11, 12 15}
(1,7, 14}, {2, (3.5, 11}, [6, 13, 15}, [8,
{1,12,13], ]2, 3 6} (4.5 8], (7.9, 15]. }10, 11 14}

2. (v, k, A)-xoudurypauua. Ilycts savo v-MuonkecTso X
3JEMENTOB Xq{, X9, «.., X, W Oyctb X, X, ..., X, 6y-
AYT TOAMHOMECTBAMM MHOMECTBA X. ODTH NOAMHOKECTBA
obpasyilor (v, R, A)-koudpueypayumo, eciu OHM YAOBIETBO-
PAIOT CJeNYOUM TPeGOBAHUAM:

(2.1) Kawpoe noamuoxecTBo X; ecTb R-TNOAMHONKECTBO.

(2.2) Kaxnoe nepeceuenne X, X; npu i j ect
7.-TI0 AMHOXKECTBO.

(2.8) lleavie uucna @, R, A YyAOBIETBOPAOT YCJIOBHIO
O<Ah<hk<o—1.

Ilyctb
A=la,] G =12, ..., v (2.4)

— MarpHua uHUMAeHTHOCTH AJ8 (v, k, A)-Koudurypauuu.
Torpa A gasasercs (0,1)-marpuueit nopsaxa o, u3 (2.1) u
(2.2) caenyer

AAT =B =(k — M) I + AJ. (2.5)

3aecy AT o6o3Hauaer TPaHCTOHMPOBaHHYI0 marpuuy A. Mar-
puua J cocrasiena U3 eAMHUI M MMEET NOPAXOK ¥, a MaT-
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puua / — eannHuyHag Matpuua toro xe nopanka. HaoGopor,
nyctt 0 <A <k<<v—1. Torga, ecim A ectp (0,1)-mar-
puua nopsaaka v u ecan A yuposaersopser (2.5), TO Mbl MO-
MeM yTBepmaaTh, 4TO cyliecrsyer (¥, R, A)-koHdurypauus
¢ MATpuued HHUUAEHTHOCTH A.

Marpuua, cocrasjeHHas W3 AEHCTBUTEJIbHBIX YMCEJI, Ha-
3LIBAETCH HOPMAAbHOH, eCIM OHA NepeCcTaHOBOYHA CO CBOeH
TPAaHCHOHUDPOBAHHOW MAaTPUUEH NPU YMHOMXEHHUH.

Teopema 2.1. Mampuya uxyudenmuocmu A aio-
60i (v, k, N)-koHgueypayuu Hopmasvha. Taxk wmo

AAT = ATA =B. (2.6)

HdoxasareabctBo. [lyctb A —wMarpuua UHUMAEHT-
nocru (v, &, A)-xoudurypauun. M3 (1.13) ussectHo, uto

det (B) = (k- (v — 1)) (b — A)?~1L. (2.7)

Cuenosareasno, det (AAT) = det (A) det (A7) =det (B) = 0,
u, 3uauur, det(A) = 0. Dro o3nauaer, 4yro Marpuua A — He-
BBIPOXACHHAS 1 UMeer 06paTHYIO MaTpuly, o603HaueHHy0 A1,
HssecrtHo, uro AJ==*~kJ. CrejpoBarejbHo, OTCHOJA BbiTeKaer,

yro A~ =£"'J. Boxee toro0,

AAT] = BJ = (k — o) J (2.8)
4|
AT]=(k — L+ Av)k ™). (2.9)
TpancnonupoBap Tenepb o6e uactu (2.9), noayuum
JA=(k—h—+rv) k' (2.10)
Cuaenosare/bHo,
JA] = (k — %~ o) k0. (2.11)
Ho rakxe
JAJ = kv, (2.12)

OTKyHa CJefyer, 4To
k—h=k?— . ' (2.13)

Ioacrasus 310T pesyabrat B (2.10), noayuum
JA=RJ. 2.14)
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Hakoneu,
ATA=Aa""(AA")A=A""BA= |
=k —MWNI+rATJA=F —1) [+ A/ =B, (2.15)

a 9TO W €CTb Ke/JacMbif pe3y.bTar.

Teopewma 2.2. (¢, k, A)-k0Huy payus 3K6U8AACHMHC
(b, v, r, kR, N-xongueypayuu, 8 komopol b=v u r==k.

HdokazareanbcTBoO. DTa TeopeMa sBJIAETCS HEROCpEl-
CTBEHHHM CJAeACTBHEM TeopeMbl 2.1.

B cratuctuke (v, kR, L)-kondurypauus Ha3hHBaeTCs caM-
MeM pUtecKol  YpasHoBeWeHHOH Henoarod 6.10K-CXeMOld.
I1u KOHUrypauun BCTPEUAIOTCS BO MHOrMX 06.1acTX uMCTOH
MU NpUKAagHO# MareMaTuku. OCTajJbHYI0 YacTb 3STOH, I'MaBbl
Mbl MOCBATUM HX U3y YEHUI.

Teopema 2.3. KonewHasn npoexmushas NAOCKOCHb
nopadxa n sxsusaseumua (v, k, A)- fcomfmzypauuu cnapa-
mempamay v=n’>+n+1, k=n-+1, A=1

HokaszaTeabCcTBO. Jra TEOpeMa CJACAYET U3 Pe3yab-
TaToOB H. 3 ra. 7 u u3 teopemMu 2.1.

B ra. 7 M yCcTaHOBUAM CYLIECTBOBAHME HPOEKTHBHOH
NJAOCKOCTH nopagka n = p®, rjae p-— npocToe, a O — HATy-
panbHoe uucad. Mbl Tak@ke OTMETHUIM, 4TO AO CHX nOp Owiiu
NIOCTPOEHB KOHEUHbIE HPOEKTUBHBIE NIOCKOCTU TOJBKO RODAA-
KOB, ABJAAKLIMXCA CTENeHIMU HpPOCTOro yucaa. rssectHo, 4ro
NPOEKTUBHBIE NJIOCKOCTH noOpsigkoB n==2, 3, 4, 5, 7 u 8
eJUHCTBEHHB. YUCJAO npOeKTUBHBIX MJOCKOCTe# 1opaaka
n==p% pas n > 8 HEU3BECTHO.

Vayuum Temepb APyro# BawHhH# Kaace (¥, B, A)-koHpu-
rypaudd. Matpuua H nopsaaka 7, COCTaB/JeHHas U3 DJIEMEH-
toB 1 n — 1, HasuBaercs mampuayell Adamapa (uin
a4aMapoBOR), ecJau

HH" =nl, (2.16)
rae H' o6osHauaer TpaHCNOHUpOBaHHYIO Matpuuy FH, a

I — eauunuHyl0 Marpuuy nopsiika n. M3 MaTpuuHOro paseH-
ctBa (2.16) caeayer, uto

a6e. 3wau. det (H)=n"2. (2.17)
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YnomsaHeM nonyTHo, YTo MATpuub Aaamapa nospasiorTcs
‘BecbMa ©CTECTBEHHO U3 CJAeAyIOIIMX paccyxienuft. Ecau 3s.ze-
MEHTH HEKOTOPOH MarTpHibl JedcTBuTebHB U abCoawTHOe
3HAYEHHUE KaXAOro 3.JeMEHTA HE NMpeBOCXOoAuT 1, TO 3HAMEHHU-
TOE HEpaBeHCTBO AjaMmapa yTBep@adeT, 4To a6COMOTHOE 3HA-
yeude NETEPMUHAHTA ITOH MATPUIB HE MPEBOCXOAMT N2,
Bo.lee Toro, MoXxH0O AOKA34Tb, 4YTO 3HAYEHHE ﬂn/2 aocruraercs
TOTA3 U TOJLKO TOrja, KoOrza Marpuua — azamaposBa.

s matpuudoro paseHcrsa (2.16) caeayer, 41O

H'=n'H". (2.18)
Caepoateabno, H — HopManbnas MaTpuua M
HH' = H'H —=nl. (2.19)

Eciu crpoky wunu croiabeu MaTpuubl Apnamapa yMHOXHTH
wa —1, TO Marpuua coxpaHser CBOHCTBO ObITb anamMapoBoOH.
CejoBaresbHO, MBI BCETAA MOMKEM MPHHATb, Y4TO SJAEMEHTHI
NEPBO# CTPOKH 1 NepBoro cronbya ABASOTCA NOJOMUTENb -
HbIMU eluHuuamu. ['akas Marpuua Apxamapa HA3BIBACTCH HOP-
-MaauzogarHol. Hanpumep, HopManu3oBaHHbIe MATPUILI Ana-
mapa nopsinkoB 1 U 2 cyTh:

S
[ [1 —1]'

Paccmorpum Tenepb HOPMA/IM3OBAHHYIO MaTpuuy Apamapa
nopaaka n > 3. Mbl MOXeM HepecTaBuUTb CTOOUb ee TakK,
yTOo6bl BO BTOPOH CTPOKE NepBas MOJOBMHA YJIEHOB COCTOSIIA
U3 MNOJOXHTE/bHLIX E€JMHUL, a BTOPas — U3 OTPULATEIbHBIX.
[Tyctb ¢ 0603HaYaeT YUCAO NOJOMUTENLHBIX €AUHML HA nep-
BLIX 7/2 MeCTax B TpeTbel CTPOKe, a ¢’ — UYMCJIO TOJOWKM-
TeJbHbIX EAUHUIl HA OCTAJABHBHIX 1/2 MecTax TpeTbe# CTPOKH.
Torga B cuny (2.16) umeem 2¢- 2 ==n n 2t — 2t' =0.
CunepoBare/bHO, #==4f; TeM CAMBIM MBI NOK&3aau, YTO HOPH-
1ok Marpuust Apamapa n=1,2 wiu n==0 (mod 4).

[Mpeanoaaraercs, 4To MaTpHubl AAamapa CyuieCTBYIOT AJIs
Bcex nopsaxos n==0(mod 4). dasg ux nocTpoeHUs NPUrORHbI
pasHoobpasubie meronasi. Hanpuwmep, sas n <200 marpuusb
Anamapa 6bi1K NOCTPOEHBbl 144 Bcex nopsakos n==0(mod 4),
'3a uckawueuneM n=116, 156 u 188. Huxe wmb onuiem
0HO OUYeHb HecaokHoe nocrpoerue. [Tycts A =[a,,] — mar-
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puua nopsaka n, a A’_—_[a;.].]——ManHua nopaaxa n’. de-
MEHTH 3THX MATPUL MyCTh Haxoastcd B nojte F. [Ipanwvn
npousgedenuem marpun A u A’ HasbiBaerca MaTpuua

T a A’ a12A' .. amA/ q
ag A’ anA’ aZnA,
AX A =| - : <L (220
| a4 a,A” ... a,,A" |

Sto marpuua nopsaaxa nn’.

Teopema 2.4. [Ipamoe npoussedesue 08yx mampuy,
Adamapa 6ydem cHoga mampuyei Adamapa.

Hokasareascrro. [dauwn agamaposs Matpuus f no-
paaxa n w H’ nopsaaka n’. MoxHO npoBepurs HOCiIenOBa-
TENLHOCTb BHyTDeHHux mnpoussegernit f1 X H' n ybesntscsa,
yto TpeboBaHus A8 MAaTpuubl Apjamapa Bninoausiorcs. Haab-
Hedlllne a/bTePHATUBHBIE CYXAEHUS MCHOJb3YIOT HEKOTOPHIE
BaXcHble (OpMasabHbe CBOKCTBa CHMBOJA NPSAMOro npousse-
nexus. Tak,

(HxHYHxHY =H X H)YH < HT) =
—HH X HH =nl, X n'ly =nn'ly, (2.21)

rae I, I, I, — eAMHUYHBE MATPHIH mopaaxos n, n', nr'
COOTBETCTBEHHO. 3aMeTuM, 4TO Mbl YCTAHOBUJIM CyLIECTBOBA-
Hue Marpuil Ajamapa nopsnka n=2% rie @ — npoU3BOJb-
HOE 11e/10e MOJOXKUTEIbHOE YUCJIO.

Tenepb ycraHOBUM B3aUMOCBs3b MeX Ay Marpuuamu Aja-
mapa u (v, R, A)-KOHOHrypauusaMu.

Teopema 2.5. Hopmasuzosannas mampuye Ada-
mapa nopadxka n=4t > 8 sxgusasenmua (v, kR, L)-KoH-
guzypanuu ¢ napamempanas v=4t—1, k=2t—1,
A=t—1.

Hokaszateabcrtso. IlogoxuMm, uro H — HopmMaanso-
BalHas Matpuua Anamapa nopsgka n = 4f > 8. Beiuepxiem
nepBy0 CTPOKY M HepBbd CTOAGEU 3TOH MATPHULS U 3AMEHUM
Bce —1 wynsmu. [Toayumm (0,1)-maTpuuy A nopsaxa
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=4t — 1. Ilockoabky H—HopManusoBaHnas Marpuua Axa-
Mapa, TO OKasbiBaeTCs, UYTO A YAOBJIETBOPHET MATPUYHOMY

paBeHCTBY
AAT =t (@t — 1) J. (2.22)

CaepoBatenbto, A aBasercd MaTpuueit uHuMAeHTHOCTH (U, B, A )-
Konurypauuu ¢ napamerpamu x =4¢f—1, k=2f—1,
==t-— 1. Bce paccyxienue o6paTuMO, U MBI MOXEM MpHU-
MEHWTb MATPULY HHUMIACHTHOCTY A (¥, R, A)-koHdurypaumn
¢ napamerpamu v =4f— 1, k=2f{— 1, A=¢—1 K TOMY,
uyTo6bl MOCTPOUTH HOPMAJM3OBAHHYIO MaTpuuy Ajamapa no-
psaka n=4¢.
HonoanenueM K (v, B, A)-KOHQUrypauuu ¢ napaMeTpamu
=4f—1, R==2t—1, A=t—1 sasaserca (v, k&', A)-
KoHdurypauus ¢ mapamverpamu v=4f—1, &' =2, A =*¢.
Hasosem 06e sTu Kondurypauuu adamapogumu. Vinrepecuo
OTMETUTb, YTO (¥, R, A)-KOH(Ur ypauus ¢ napameTpamu v =7,
k=3, A==1 wrpaer B HalleM H3JIOXEHHU EIUHCTBEHHYIO
B CBoeM poae podb. 3ta KoHQUrypauus OZHOBPEMEHHO
apagerca cucremoit rpoek lllreliHepa, koHeuHo#t npoekTUBHON
NJIOCKOCTBIO U a1aMapoBOil KoH(uUrypaumuei.

3. Teopema HecymecTBoBanus. Haunem ¢ HekoTODBHIX
npensaputeabibx samevannit. Ilyers S==(s;) u 8" =(s;,} —
IBe cuMMerpuunbie (7 X n)-MaTpPUUbl ¢ DJIEMeHTaM¥, NMpPUHAI-
nexawumu noao F. Byaem rosoputb, uto S u S kxou-

c
epysruman van F, nin S=3S§’, ecau CyuwiecrByer HeBbIpoO-
kaewnas (n X n)-marpuua P ¢ saementamu u3 F rakad, uto
P'sSp=¢’, (3.1)

r
rae P° o6oanayaer tpaHcnoHupoBaHuyio Martpuuy P. He-
TPYAHO HPOBEPHTb, YTO KOHTPYIHTHOCTh MAaTpHULl YIOB/IETBO-
paer o6buHbIM TPeGoBaHUAM, NPEIbAB/IAEMBIM K COOTHOLICHUIO
c C 7
pasenctsa. Taxum o6pasoM, uz S =S u § = § creayer,
C C C C
uro ' =S, am S=8 u § = 8§ cregyer: S = S
[ycte S = (s;;)—cummerpuueckas (n X n)-Matpuua ¢ 3Je-
MeHTaMu B F U nycrb

f=Ff(x X9 ..., x,,):izlxisijxj 3.2)
» I=
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— KBAAPATHUHAA (POPMA HEU3BECTHBIX X, Xy, ..., X,. Haszo-

BeM f Kgaldpamu4noli gopmod marpuubt S. ITpeanonoxum,

4TO S/:(S;j)—CI/IMMeTpI/IllHaH (n X n)-Marpuua ¢ 3/eMeH-
Cc

tamu B F u uro § = S’ wan F. Toraa Mbl 3HaeM, 41O cyuie-

CTByeT HeBbpOXAeHHas Matpuua P =(p;;) ¢ 3J1eMeHTaMH

T
B F, rakas, uto P'SP == §’. TTonoxum, 410 Y1, Yo ..., ¥ —
JAPYroe MHOXECTBO HEM3BECTHBIX, H 3amulIeM

n
xz=21 piy;, (=12 ..., n. (3.3)
j=

Marpuua P — HeBHPOXKACHHAS, NO3TOMY OHa UMeeT OBPaTHYIO
MaTpHuy P! =Q=(¢9;;)) n ¢dopmyna (3.3) 3KBHBAaJIeHTHA

i
yi=_Zl g%, (=1,2 ..., n). (3.4)
1:

Ecau renepb Mbi noactasuM (3.3) B (3.2), TO NOJAYyYMM HOBYIO
KBAAPATHUHYIO GOPMY f' HEMBBECTHBX Y, Vg, ..., ¥,. He-
HOCPeACTBEHHBM HOACYETOM MOXHO NPOBEDUTb, YTO

n
f/:f/(yl’ Yoo v ves yn):iz_llyiszjyj. (35)
» J=

WuemmMu cioBamy, f/ ectb kBaapatuuHas gopMa marpuus S,
Ksazpatnursie GopMbt f ¥ f' HA3BIBAIOTCA KOHZ PYIH M HbL MU

Hag F. Mbl nokasaiau, 4ro eciam x{, xé, xl’l—npous-
BOJbHBE 3jeMeHTH F u eciau
n
y; = 2‘1 q,;x; (=12,....m, (3.6)
TO "
fxp xp oo Xy=F"(¥5 ¥p -+ - y;) 3.7
cnpasenmso B F. Kpome toro, ecan yy, y5, ..., ¥, —Npoms-

BOJIbHBIE 3JeMeHTH F U eciu

n
xj:Zl py; (=12 ..., n, (3.8)
o
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T0
f(xp Xy oo )= (V1 Yy oo YY) (3.9)

TOXe BbImoJHdercd B F.

Ecan A — marpuua nopsaka n, A — marpuua nopaaxa n’
U eCJ/IK 9JeMEHTBH 3THX MATPHUL — JIEMCHTH HOJAA F, TO npAa-
moii cymmoli marpuu A m A’ aBasercs Martpuua nopsaiaxa
n—n', onpesenenHas cjenyOLuM 06pasoM:

A A A 0
rie Hyau obo3Hayaior Hydaesble Marpuusl. Ecin S = St
SQ§ S;, T0 oTciona 6ea Tpyaa cCJeayer, 4ro

S+ S, = 814 8. (3.11)

YcaoxHeHHs B TCOPHM KOHIDYSHTHOCTH MATPHU 3aBMCAT OT
TOTO, HACKOJAbKO UIMPOKH NPEANOJN0KEHHT o npupoae noas F.
B kaaccuuecko#t pabGore CunibBecTpa paccMarpuBaeTcs 3aaaya
AJsi CAydas HoJds AEHCTBUTEJbHBIX UWCEI, W 3TO He OueHb
TpvaHo. Ho B cayyae noas pauMoHaMbHBIX YUCE HOJOKE-
HUe jejaercs ropasao 6Ooaee CcaokHbiM. Jleqo B TOM, 4TO
3TOT MPeAMeT TeCHO CBA3aH C TayboxkuMu npobieMaMu Teo-
pun uncesa. CpenaeM HeKOTOPbie 3JeMeHTApPHBIE 3aMeyaHus
O KOHIPYSHTHOCTAX Hai HOJEM DAUHOHAJBHHX 4Yucea. ITycTb
m — HarypaasHoe unc;10. [lo Teopeme Jlarpawka o 4 kpai-

parax 1
m = al4- a2+ al- aj (3.12)

rie a,, a,, as @, ueavie uucaa. Haq wammx ueleft aocra-
TOYHO 3HATb, 4YTO 5TH 4 KOJIMYECTBA — PAUMOHAJbHbIE 4YiC.1d.
O6osHauuM uepes /, eAMHHYHYIO MATDULY TNOPSAKA A W onpe-
AelnM

a ay a, a,-
a, —a a —a
2 1 4 3
H— . (3.13)
ay —a; —ay a,
a, ay —aQ; —

1) Cm., Hanpumep, ApHouaba W B., Teopus ducen [oc-
yunenrus, 1939. — Illpum. peo.
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Toraa, ecid Mbl YMHOXMM H Ha TPaHCNOHHPOBAHHYIO MaT-

puiy HT, MOJIy UM
HH = ml,. (3.14)

Caenosare/bHO, MH TNOKa3a/JH, UTO
c
ml,=1, (3.15)

HaZ pauuoHadbHeM moneM. B cuay (3.11), orciona caeayer

C

ml, =1, (3.16)

n

Aaa Beex n==0 (mod 4).

Boasparumcs k (v, k, A)-xondurypauusm. LlentpagbHolt
npo6aeMO TpU UX HM3YYEHUM fBJAACTCH ONpeleseHue ’l%.'IHOﬁ
ofuacty 3aHaueHu#t v, B, A, B/ KOTOPHX KOH(Urypauus cylue-
creyer. Ilo onpepesnenuio v, k, A -— uesble u Takue, uTO
0<A<k<<v—1, a (2.13) yreepxnaer

k—}=k? — Auv. (3.17)

910 HeO6XOpUMBIC YCIAOBMS OTHOCHTENSHO o, R, A, 144
TOro yTo0B KOH(Hrypauus cyliecrsosana. Beskuit pas, koraa
MBI OygeM O6CYK3aTh BONPOC O CYLUECTBOBAHUM 3THX KOH(U-
Typaumifi, Ml OyaeM npeinoJaraTb, YTO napaMerpsl yaoBJje-
TBOPAWT 3TUM TpeboBanusaM. Huke Mb naguM teopeMy, conep-
KAULYI0 najbHeduide HeoOXonuMmbie yciaosus. Jpyrue Heo6-
XOJAMMBIE yC/IOBUA HEU3BECTHHI, TAK YTO MOXHO ApeRnoJjararh,
uTo (v, kR, A)-KoHUrypauuu cyuwecTByIOT, €C.IM TOJIbKO OHH
HE MOANANAT 10j UCKIIOYeHrd, CHOpMyJHPOBAHHBIE B TeO-
peme 3.1.

Teopewma 3.1. IHycms v, k, A — geave wucaa, 04a
romopstx cyuecmgyem (v, k, A)-xongpueypayus. Ecau
v-—u4emnoe, mo (R—A)—rsadpam. Ecau e v— ne-
yemrnoe, mo OuoaHmoso ypaguHeHue

v—1
x2=(k —A) Y2 (— 1) 2 Az2 (3.18)

umeem pewenue 8 UEALLX HEHYACEHLX X, Y, Z.

Hoxasatenbcrso. [lycrb A — MaTpuua HHuUMWgeHT-
HOCTH (D, R, A)-xoHdurypaumu. B cumay marpuyusoro paseH-
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cTBa (2.5) nmeeM
AAT =B=(k — M) I+ MJ. (3.19)
YunteBas (2.7) 1 (3.17), orciona nosyuaem
(det (A) )2 = det (By = k2 (k — 1)"" . (3.20)
CrnenoBateasno, uncao k2(k — A)°~'—xsagpar. Ecau Tenepb
v — 4eTHoe uHclo, TO (k—A)—kBaapar. Ilepeoe yrBep-

MIeHHe TeopeMB AOKa3aHo.
HNanee, nycts v — negerro. Ilo (3.19)

B=1] (3.21)
Hajl NOJeM pauMOHa/MbHHIX 4Yucea. PaccMoTpum cHawasta cay-
yal v==1(mod 4). B cnay (3.11) n (3.16)
B=(k—N1I, ,+1, (3.22)
WX B TePMHHaX KBAAPATHYHBIX (POpM
(B — Ry (x5 + %34 ... +x3})+
A (X Xy e =
=k =DV + v+ .. ¥ )+ (3.23)
3uech

Xi= P T PiYot -+ PioVo (=12 ..., 0.
(3.24)

Tle 3J1eMeHThl MaTpuubt P =[p,;] pauuoHabLHbl, a caMa MaT-
puua P — HeBbIPOXKIeHHAS.
B (3.24), ecn py; 5+ 1, nonoxnm x, =y, aecn p, =1,

TO NoJo¥uM x; = —y,. U3 sroro caenyer
Vi1=6¥s+eys+ ... +e.y,. (3.25)
rie e,, ey, ..., e,— paunoHanphsl. B cunay (3.24) wumeem
X9 == Po¥a+ P3¥a— -+ + Py¥y TAE Pg Py ooy Py—
paunonaibhb. B cBoo ouepesb, ecam py == 1, Mbl NOAOKHUM
Xg=V; @ ecim p,=1, TO NOJOKHM X,=— Y5 OTO Ble-

9eT COOTHOIIEeHHue

Yo==faVa+ faVa+ - 4+ fo¥o (3.26)
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rae fa. fa ... fp— pauMonamube. Ilposomxkum 5T pac-
CY)XIeHHs 10 MOMEHT4, KOraa

yv—2:gv~1yv—l+gvyv’ (3.27)

r1e g,_; " g, — pawonanbhbe. Coraacxo (3.24) umeeMm

Xpo1 == Qy_ 1Yo 1+ qoYer TAE oy H g, — palHOHa’bHble.

Haxoneu, noaoxum X, ==+t y, ,, H B3T0 JacT HaM
Vyo1==H,Y¥,, t1e f, — palnoHaIbHOE. Ho cux nop Mbi OcT2-
BJAAMH Y, HEYTOUHEHHbIM; TENEPb MOJOKHM, YTO ¥, — PalHO-
HaJbHOe 4MCA0, ne paBuoe nyaio. Toraa y, |, ¥, o -+ N
onpeneneHb e1MHCTBeHHbIM 00Pa3oM TNOCPENCTBOM YyKa3aHHbIX
BhlIE COOTHOIIEHUHM, a Xy, X ..., X, ONpeNejeHbl TaKKe
enMUCTBEHNBIM ofpa3oM cooTHowenueM (3.24). Kpome roro,
=yii=12 ..., v— 1). Ecan ™Mbl [OACT4BMM 3TH

pauMoHabhbie uncia B (3.23), To moiyuum
(R — %) x2 4 A (x1+ Xyt oo+ xv)2 =y2, (3.28)

yTo M JNOKasbiBaeT Teopemy nasd ciywas v=!(mod 4).

Mycts Ttenepp v=3(mod 4). I0Ka3aT€AbCTBO B STOM
ciyuae MOTPeGYeT TOJbKO BHECEHHs HEGO.IbLIMX H3MEHeHHH
B M3/JOKEHHble Bbile paccyxienns. M (3.21), (3.11) u (3.16)
no.1yuaem

B4 1= (k—W1,; (3.29)
B Tepmubax KBanpaTmuhbiX GopM 3TO O3HAuaeT
(k— 1) (6] + x5+ ... + x7)+
R 7 e R x4 X, =
=k—1(Y+ i+ .. +¥2,). (330
3nech
X, =Pyt PiYet oo P piYou
(i=1.2 ..., v+ 1), (3.31)
rae 9AeMedThl MaTpHLb! P’:[p;.j]—paunonanbnbxe yucaa,

a camMa MarpHua HeBbIPOXKIAEHA, [Tonoxum, Kak H fpexiue,
x,= £y, n noayuum COOTHOLIeHHE

Vi=C Vot ¥ cor T, 1 Yy (3.32)
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’ ’ ’
rie 82, 83, ooy ev+1

Xy ==t y, 0 noayunm
Vo= fa¥3 T [aVs+ - T Foi1Vorr (3.33)

I ' ’
rae fa, f4, ..., fur1 — paunonaibHoie. Tak Ml IponOJa-
KHUM 10

— paunoHaibHble uyucnaa. Ilogoxum

Yoo1=8¥yt &y 1Yot (3.34)

re g, n g, ,— paumonamuvie. Coraacio (3.31), mmeenm

7 i

e At 7
X, =q Y, + 4, 1 Yp,rr THE ¢, W ¢, ,— PAUHOHATBHEIE.

fm— _‘_ = !
Haxkowuen, nonoxum x, = Iy, 2 970 AaCT HaM y,_ = by Vo 1

rae h,’,H—paunouaanoe. Tenepb Oyaem CuMTaTh, 4TO ¥, —
pauHoHaabHOE YHCIO, He paBHoe Hyao. B rakow cayuae
Vor Yoots ++os Y1» @ TAKKE X1, X9, ..., X, , ONpeleIeHbHl
eanHCcTBeHHRM 06pasoM. Kpome Toro, x?=y?(i=1,2, ..., 9).
Ecau Mb MOACTaBHM 9TH pauuonasbHule yucaa B (3.30), To
NOJIyYUM

h(x 4%+ .o +xv)2—+—x3}+1:(k—k)yz,+l, (3.35)

4TO M J0Ka3wiBaeT teopeMy ais v==3 (mod 4).

[ycts @ w m — natypa/ibHble UYKWCJI4, B3dHMHO RPOCTLIE.
Ecan cpasHenne x?2==a (mod m) umeeT pelleHne, TO 4 Ha-
3LIBAETCH KBAOPAMULHOLM BbLHEMOM M, €CAH XKe pelllehus
HET, TO @ HAa3blBAETCS KBAOPAMUYHBLM HeBbluemom m.
[lycts maHbl HatypadbHble uuciaa a, b, ¢, cBoGoaHbe OT
KBaApaTOB, MONAPHO B3aHMHO MNPOCTbIE W HE BCe OAHOTO M
Toro xe 3Haka. IlnodaHTOBO ypaBHeHue

ax?4+by? 4 c22=0, (3.36)

K03¢duLneHTH @, b, ¢ KOTOPOro YAOBJETBOPSIOT YKa3aHHHIM
TpeboBaHuAM, HadplBaeTCs Y pasneruen Jexncanopa. Kaacen-
yeckas Teopema Jlexanapa yTBepixkaaer, 4To ypasHenue (3.36)
HMeeT UEJOYHC/EHHLIE HeHY/AeBble pelleHHs X, ¥, 2 Toria
¥ TOJMBKO TOT1d, KOIAd BeJH4HHb — b¢, — ac, —ab aBasiorcs
KBaApaTHUHLIMH BhlYeTaMH a@, b, ¢ coorBercrseHHo, Heobxo-
AHMble YC/IOBMsS TeOpDeMbl OYEBHIHBI: eclu ypasuenuwe (3.36)
HMeeT pelleHHsd X, ), Z UEJOUHC/IeHHbIE H He BCE paBHble
HY/I0, TO Mbl MOXeM YTBEPXK1aTb, YTO ITH TPH Ue]bIX YHCAA
He HMelOT OOWMX nNpocTeX Muoxurenefl. Orcioaa caenyer,
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YTO ecAM MPOCTOe YHCJIO P AeJHT @, TO OHO He [eJuT 3.
B camom nene, ecin plz, 10 ply, p*lax? n p|x. Takum
o6pasoM, (3.36) osnauaer, uto (hz~ly)>=— bc (mod ). Opy-
rue HeoOXOnKMbIE YCJIOBHS [I0JY4alOTCd CHMMETPHYHEIMH pac-
cy*nennsimu. CyluecTBeHHHIM B TeopeMe JlexaHapa fB/sercs
yTBEpKJieHHe, YTO 3TH HeoOXONMMbie YCJIOBHA SIBJASIOTCS TaKiKe
JLOCTATOYHBIMH., DTa uacTh N0Ka3aTeJbCTBA lajfeKo He oue-
BunHa ).

Jlerko mnpeppaTHTb ypasHenue (3.18) B ypaBuenue Jle-
xannpa. Ilyers (R—2) n A/ 0608Hayal0T COOTBETCTBEHHO
ceofoanbie OT KBaIparoB 4YactH Ias 2—A u A. Ilycrs
tenepp d=((k— 1), ‘), rae 3TOT CHMBOJA 03HaudeT MO~
JOXUTeMbHLIH HauOOMbLINA o6wHi neante b uwucen (kB — A)
u A’. Toraa (3.18) umeeT peleHHe B UHeABIX X, Y, Z,
He PaBHbIX HYJIO OIHOBPEMEHHO, TOrAa H TOJAbKO TOrAa,
KOrJa ypaBHeHHe

v—1
k—— ’ - 7&/
de=LD gy Tl s
HMEET HeHyJ/leBoe pellleHHe B wednlX X, ¥, 2. Bosee Ttoro,
ypastenue (3.37) ecth ypaBHenue Jlexanapa. Taxum o6pasom,
eCqH U — HeyeTHoe M ecanm (U, k, A)-kondurypauus cyue-
CTBYET, TO BeJHUHHbI

v+1 ., Y v—1
(—1) 2 %#, (—D 2 A, (R—AY (3.38)
ABJAIOTCA KBAJPATHYECKUMM BbLIUETAMH d, &—7@—, % C0O0T-

BETCTBEHHO. MHOrue Baxiupie (¥, R, A)-KOH(DUIypaunu nmeior
nevernoe v M (R, A)=1. ¥V Hux (k—A, A)=1 u, creno-
BaTelbHO, d ==1. flcHo, uT0 /15 3THX KOH(HUrypaumit neproe
U3 HeoOXONMMBbIX YCJOBUH TPHBHaibHO. TpeTbe HeoOXoaumoe
yCJOBHEe TaKXe TPHBHAJIbHO, TMOTOMY UYTO Mbl BCEraa HUMeeM
k?==(k — L)~} Av, a 310 03Hauaer, ur0o kB — A eCTb Kpa-
ApatHyeckuit Bolver A. Ho orcwona crenyer, uro (k— i)
ABASETCH KBaapaThieckum Bbluetom A’. Takum o6pasoM, moa-
HOCTbIO Teopema 3.1 nas (v, kR, A)-koudurypaun#t npu @

') Monpo6uoe nOKa3aTenbCTBO 5TOH TeOpeMbl CM. HampuMep,
B xkHure Hupuxane Jewenu I I., Jlexkuuu mo TEOPHUH 4Hcel,
OHTH, 1935. — I1pumn. peo.
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HeueTHoM M npu (R, A)=1 dopmympyercs Ttax: 0.4
(v, k. L)-xondueypatuu ¢ nHewemuuM v u (B, A)==1
v-—-1
yucao (—1) 2 L' sgsasemes xea0pamudnsim gol4emoM
orn (kR— LY.
Tenepb MBI NOATOTOB/EHB K TOMY, uTOObl [10OKa3aTb Teo-
pemy 4.3 ra. 7.

Teopema 3.2. Ilyems n=1 uau 2(mod4), a cgo-
6odnan om rKsadpama dacms n colepocum no Merbvuiel
Mepe o0ur npocmoid muodcumess p=3(mod4). Toz0a
KOHEUHOI npoexmusnoid nNAOCKOCMU T NOpPAOKa 1 He
cyuecmeayem.

HoxasarteabcTBo. Koneunas npoexTuBHas MAOCKOCTh
nopsaka 7 ecrb (v, R, A)-KoHdHrypauus C napaMerpamy
v=nl+n+41, k=n—41, A=1. ¥V uac v wuederno u
(R, A)==1. Ilpeanoioxenne, yro n=1 nim 2(mod4)

v—1
03Ha4aeT, 4TO0 ——5 neuerHo. CJleaoBaTebHO, €CAH  [JI0-

CKOCTb CyllecTBYeT, TO —1 eCTb KBaapaTHuHbIi BbYeT p.
M3 saementapHoft Teopum uuceal) Mbl 3HaeM, OLHAKO, 94TO
— 1 ectb KBaapaTHuUubI HEBHIYET NPOCTOro Yncaa p==3 (mod 4).
CyiuecrsoBanne MaTpuu Ajamapa npennojaraercs nas
Bcex n==0(mod 4). Ilpu 3TnX o0OCTOATEAbCTBAX MBI Obl He
craan npuberatb k rteopeme 3.1, 4TOGH HCKJIIOYHTH agaMa-
poBH KOH(HUIypalluu, W 3TO COBEpUIEHHO BepHO. Anamaposa
KoHpUrypauus Humeer napaMerpn v=—=4f{—1, k=2t—1,
=f¢—1 nm v=4¢f— 1, R =2¢f, ) ==f Oru 3Hauenus
NPUBOAAT K NHOMAHTOBHIM YDaBHEHHAM:

=ty —(t—1)z% xT=ty?— (2% (3.39)

ITepBoe M3 uMX HMeeT pellleHHe X = y == 2 ==1, a BTOpOEe—
x=0 y=2=1.

4, Marpuunoe ypashedne AAT = B. B srom nyuxre
Mbl  u3yuaem Marpuunoe ypasHenne AAT = B. Ilosciony
B Jnanabuelilem A O6yner o603HayaTb MaTpUUY nOpAlKa U
C palMoHaJbHbIMH WM weJbIMKH 9/eMeHTamu, a AT — Tpanc-

'y Cm. cHocky Ha ctp. 112, 117. — ITpun. peo.
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NOHMpOBaHHYI0 MaTpuuy A. Marpuua B uMeeT nopsnox v
H onpejesercsd COOTHOIIEHHEM

B=(k— W)+ 10J. (4.1)

B srom Bupaxenun [-— enmnuusas MaTpuna mnopsaxa v,
a J— maTpuua nopsiika v, cocraBJenHas H3 eauHuu. I[lo-
JOXHM, YTO R M A ueante u Ttakue, uro 0 <A<k <<v—1

nu
k— )=k — Dv. (4.2)

Haunem ¢ raxo#t teopems.

Teopema 4.1. Illyemvs A— mampuya ¢ payuosas-
Hoimu 3aemenmanmu, makas, tmo AAT = B. Tozda

A
- ATJA. (4.3)

ATA=(k— )] + -

HoxasareabcTBO. B n. 2 Ml ykasanu, 4ro MaTpHua

B — neBripoxnentas. Tenmepb Mb yTBepiKiaeM, YTO MaTpHua,
obpaTtHas B, 3anaercs COOTHOLUeHHeM
1 A

-1
B =4 [—k?(k—k)

J. (4.4

OT0 BepHO TNOTOMY, 4TO ecan Mbl ymHOMuM (4.4) cuaesa
na B n npumenum (4.2), TO noayunm BB '=1. Ipenrno-
JOXHM Tenepb, UTO AAT =B. Torna A(ATB_I)zl, H,
NOCKOJAbKY caMa MaTpuua H oOpartuas el nepecTaHOBOYHMI,
NOJIyYHM

ATB A =1. (4.5)
Torna B cuny (4.4)

1 Ao
AT(k_xl——kz(k_M Ja=1, (4.6)

OTKy 14
ATA= (k— 1)+ = ATJA. (4.7)

Vs reopembt 4.1 BhlTeKaeT MHOTO MHTEPECHBIX cJelcTBUH.
Ilycrb s, o6o3HauaeT CyMMy 3/1eMeHTOB /-I0 ¢T0.i6UA MATPHILbL
A, a t; 0603HaYaeT CyMMy KBANPATOB 3JeMEHTOB {-T0 CTO.16u1a
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matpuunl A. INoncyeToM MOXHO RPOBEPHTb, UYTO

ATJA=1s;s;] (G, j=1,2,.... ). 4.8)
CrepoBatensho, n3 reopembl 4.1 BHTekaer, uTO
Rt,=hs? k2 (k—1) (=1,2 ..., 0. 49

3areM Mbl 06HapyMXHuBaeM, 4YTO ecau A — MaTpHua, COCTABJAEH-
Hag W3 pauMOHAILHEIX 3/JEeMeNTOB K Takas, uto AAT =B,
¥ ecmn JA=kJ, o ATA=B. J10 yrBepKIeHHe sBAfLTCH
HenoCpeNCTBeHHbIM ceacTBueM Tteopembl 4.1. Deiim npose-
JeHbl IIUPOKHE WCCAeN0BAHUA MATPHYHOW KOHIDYIHTHOCTH

4
B=1 nan noseM pauyoHa/JbHHX YHCea. 31eCb Mbl HE MOKeM
BXOINTb B JeTalu 3TUX HCCJeioBanuit. Mpr NpOCTO OTMETHM,

4
4TO, KK M3BECTHO, Mbl Bcerna mmeem B ==/ Hal nojem pa-
LMOHAILHEIX YHCeN, 3a MCKAOueHHeM TeX 3Hauehnm#t v, R, A,
475 KOTOPBIX (¥, B, A)-KOU(QUIrypaunn HCKIIOUEHH YCAOBHAMHY

Teopembl 3.1. [3BecTHO Taxkxe, 4yTO €C/H BL—[ Haja paumo-
HAa/bHBLIM noseM, To cyluecTsyer Marpuua A ¢ pauno-
Ha/bHLIMKM 3JeMmeHTamu, Ttakas, urto AAT — ATA = B. Itu
HCC/el0Banns UMEIT caMu no cebe CyllecTBehHbll HHTEpeC,
HO OHW He JA0T HOBOH HHPOPMALMH OTHOCHUTEILHO yCJAOBHH
HecyutectBoBanua (v, R, A)-KOHpUrypauni.

EcrecTsenno 6bi10 Gbl M3YuHTh MAaTpHuHOe YpaBuedue
AAT == B aas cayuas, korna A cOCTaB/ieHa W3 UEJOYHC/IEH-
HBIX 9aeMeHTOB. HauueM ¢ saementapHmix nabatonenuit. Ilyctb
naHa MaTpuua A C ue/IOYHC/CHHLIMH 3/EMeHTaMHM, Takasg, uTO
AAT = ATA=B. Torna Mul yTBEpMIaeM, UTO MaTpuuel
UHUHAEHTHOCTH A4 (U, R, A)-KOHOHIrypauuM sBAdeTCT /MM
marpuua A, uan matpuna — A. B camom gpene, n3 ATA=28
crenyer, uro f; =4k, a B cuay (4.9) Mb umeem sl?:kQ.
Tenmeps mns f;=*k, s;=~Fk cuaexyeT, 4T0 3JeMeHTH i-r0
cronfina MaTpuusl A CyTh HyJAM W eQuHuuM, a U3 f; =R,
§; == — Rk BbITEKAET, YTO 3/eMeHTHl {-r0 cT0I6ua MaTpuubs A
CyTb HYJIM W OTpHuaTeabHbie enuHuubl. Kawawtt siaemeHt
MaTpuubl B, He nexawui Ha raaBHOH AMaroHanM, paBeH Ha-
TYPaJbHOMY 4HCAY A, 4 9TO O3HAYaeT, 4TO 06e Pa3HOBHAHOCTH
cto16u10B e BcTpevaiorca. Caejopatenbho, A uan — A Oyner
MaTpuueR uHuuaentnocta (v, R, A)-koHdHUTypauHy.

Iycts § n 8" — nse cummerpuueckue (7 X 1)-MarpHubI
€ 37EMEHTaMH M3 KOJjbla ledbiXx uuceld. Marpuua S snoawne
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npedcmagasem wmarpuuy S, ecam cymecrByer Marpuua P
NOpsALKa N ¢ UeldbIMH 3JeMeNTaMH M TaKad, uTO

PTSP=¢, (4.10)

rae PT o6osHauaer TpaHCNOHHPOBaHHYIO MarpHuy P. B uwact-
HOCTH, elMHHYHass MaTpHua | TopAnka n BROJHE NpeiacTaB/aser
S’ B chayuae, ecam cCyllecTByeT Marpuiia P nopanka n
C UeJBbIMM 3JeMEHTAMH W Taxas, 4YTO

PTpP—§'. (4.11

flcHo, uro ecan (v, R, A)-KOHOHUIypauus CYIIeCTByeT, TO
elUHHYHAs MaTpHua / nOpsaKa v BMOAHe MpenctaBiaser B.
Huxe mb n0kaXem oOparHOe npejtOXeHHe AJsi HEKOTODHIX
sHaueHnft v, R, A. K coxanenunio, 3anaya ofipene/eHnus TOro,
O6yleT MJIM HeT OJHA MaTpHUA BMOJiHe MpeNCTaB/sTb APYTYIo,
ocraercd BooOure HepaspellleHHOHR npoﬁJIeMOH. HaabHeiline
MpOJBMWKEHHS 3Jecb MOIYT NOCTaBUTb HaM Oousee ray0Ooxoe
noHuManue (v, R, A)-KOHQHUI'ypauui.

[lycts nana marpuua A ¢ ueibIMH  SJeMeHTAMH, TaKad,
uro AAT=B. Ecin ™Mb mnepemHOXHM Ha —1 s/eMeHTH
Kakoro-in6o croabua Marpuus A, TO Mb  He HapyIUMM
marpuuHoro ypasHenns AAT = B. Cien0BaTe/1bHO, Mbl MOMEM
BuOparb Matpuuy A Takum 00pazom, 4TOGH CyMMbl HX 3ie-
MeHTOB B CTOAOuaX Oblin HeoTpHuaTedbHbHIMH. O Matpuue A,
B KOTODOH 3TM TpeGOBAHUSA BBLITIOJHIIOTCH, I'OBODAT, YTO OHa
UMeeT HOPMAAUI0BAHHUE 8u0.

Teopema 4.2. ITye.no A — mampuya ¢ yesnmuy sre-
menmanmu, maas, smo AAT = B. Sanuwen A 8 Hopra-
su3ogarnonm gude. Ecau (R, L) ceo6o0Ho om ksadpama
u ecau (R—DX) Hewemrno, mo A— mampuya uHyudenm-
Hocmu 04s (v, k, h)-kouduzypaguu.

HokasateabcTBo. CHoBa 0003HaUNM Yepe3 §; CYMMY
9/eMeHTOB [-ro crosbua B marpuue A, a uepes £, — cymmy
KBaJAPaToB YJEMEHTOB TOTO Xe cronbua. Marpuua A sanncana
B HOPMa/lH30BAHHOM BHJE, Tak 4ro Kaxjpoe §; > 0. M3 ypas-
nenns (4.9) cneayer

As?=0(mod k%) (i=1, 2, ..., v). (4.12)
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[Nockoabky (R, A) cBoOoaHO OT KBaiapaTa, To u3 (4.12) u
(4.2) HerpyaHo BHBectH, uto Kaxnoe s;==0(mod k). 3a-
nuieM §; = u,;k; toraa pasenctBo (4.9) npumet Br

f==hud 4 (k—12) (=1, 2, ..., v. (413)

[Mpeanoaoxum, uro Hexoropoe #,==0. Torma s;=0, u
B cuay (4.13) {;,=k —A. Ho

st=t,=k—Ar=0 (mod?2), (4.14

a 9TO MPOTHBOPEYNT HallleMy YCJOBHIO, 4TO (R — A) HedeTHO.
CuaenoBarenbHo, Kaxaoe &; 5= 0. Ho n3 JAATJ == JBJ cieayer

S2-si4 ...+ 2=k, (4.15)
OTKYyNa

Wtul4 .. ul=n. (4.16)

Ho ecan kawnoe u; =0, to xaxnpoe #;=1, a kaxnoe
s;=~Fk. Taxum oOpasom, kaxnoe {;=~k. Ho orciona cie-
ayer, uTo A ecTv MaTpHuua MHUHILEHTHOCTH (¥, R, A)-KOoHOH-
rypauuu.

Orpanuuenne TeopeMmbl 4.2, 3ak/aioyalolicecs B  TOM,
uro (R, A) n0MKHO ObiTh CBOOONHO OT KBaapara, He OueHb
cyilecTBeHHo. Muorne Baxuue (v, R, A)-xoHdurypaunn yuo-
BJETBOPAIOT 3TOMY TPeBGOBAHMIO, HallpHMep KOHeuHbie MpOeK-
THBHBIE TJIOCKOCTH M alaMapoBH KOHGUIypauMH C napa-
merpamu v=4f— 1, R=2f{ — 1, A=¢— | u c ycroBHeM
(R, A)y=1. C npyro#t cTOpoHbl, orpaHHYeHHe, 3aK/II0UaloLIeecs
B TOM, 4r0 (R— A) N0/KHO OBbITH HEYETHBIM, HCKJ/IOUYAET U3
paccmoTpenus MuorHe Kordurypauun. Ho mbi temepb 3Haewm,
yTo Teopema 4.2 He o6d3arenbHO BepHa AJs (R — ) wesioro
u detHoro. B asTom cayyae wu3 Toro, uro (B, A) cBo6oaHO
OT KBaapara, Bce eule ciaeayer, 4to kaxnoe §,==0(mod k).
Ho Mmbt He MOxeMm, BooOlLle rOBOpPs, 3aKAIOYHTL, YTO Ka)Ka0e
u; + 0.

[lycts H -- azaMapoBa MaTpula nopsika 7Z=—=2 niu

== (mod 4). Bubepem H Tak, uTo6b ee nepBHit croaber
Obii cOCTaBJeH TOAbKO W3 MOJOXHTEeNbHHX emHHHL, M 06pa-
3yeM MpAMYI0 CyMMy

H’=H+H+ coo +H (141 craraemnix). (4.17)
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[Moayuurcs MatpHua nopsiaka n2—n. Ilycte Tenepp 8 — Bek-
TOp-CTpPOKA M3 72 KoMmoHeHT ¢ | Ha nepBoM mecte M 0 Ha
BCeX OCTaJbHEIX Mectax. Oka#iMum Matpully H' Hada/ibHBIM
BEKTOPOM-CTPOKOH

&=, 6, ..., 8 (Bcero n—+ 1 xomnonenr 8). (4.18)

fcro, uto O’ MmeeT BCero n? - n KOMIOHEHT. 3areM OKaliMHM
noJMy4eHny0 TalJMLy HAaYaJIbHBIM BEKTOPOM-CTOIOUOM M3
n?—n 1 xomnonent. ITOT BekTOp MMeeT 0 Ha nepBOM
MecTe W eIMHHUB Ha BCEeX OCTaibHBIX MeCTax.
IMonyuaollascs 1MPH 3TOM Marphua A HMeeT NOPSIOK
n?+n--1; Jerko mnpoBepHTb, UTO OHa YAOBJETBOpSHET
marpuuromy ypasrennio AAT = nl |- J. Tlpu sTom MaTprua A
3anMcana B HopMmaJiu3oBannom Buze. Ho A He sB.iIsercs
maTpHUed HHUNAEHTHOCTH NIPOEKTUBHOR MIOCKOCTH MOpPsiKa 7.
3aMeTHM, 4YTO pellleHHe TO/bKO HYTO OMHCAHHOTO BHJA H
MATpHUA MHUKIEHTHOCTH NPOEKTHBHON MJIOCKOCTH CyIUeCTBYIOT

onHoBpeMenHo, ecau n=2". I[lokaxem 3TH pelleHus 1.
ciaydas n==2:

01 01 01 0"
11 10 00 O
i1 1 —1 0 00 0
{10 o1 10 0] (4.19)
{1 o 01 —1 0 ©
{1 0o 00 0 1 1
10 00 0 1 —1_
"1 1010 0 0
01 10100
0011010
000110 1 (4.20)
100011 0
01 00 0 1 1
10100 0 1_
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Janee mokaxeM, uTO Le/bie PelIeHHs TaKke CYLIeCTBYIOT
aa n=10. Onpenesum

-1 1|t 11 1f-1 —1 -1 —I7

—1{1 1 11 1 1 1 1

1

1

1

I
1
I
1
I 1 '
1
I
1
1

3—J {
H/I‘

I

—1
—1
—1
—1

— 1 3—J

(4.21)

rae [/ o603Hauaer eAMHMYHYI0 MATPHIY YeTBEPTOro MOPSIKa,
a J— MaTpully 4eTBepTOr0 MOPAIKA, COCTOALLYI0 M3 eIUHHIL
Toraa H* — Marpuua nopsaka 10; HeTpyZHO TNpOBepHTH,
4TO OHa YAOBJETBOPSET COOTHOLUEHHIO H*H" =10/, rae
[ — exyununas marpupa mopsaxka 10. Temepb Mbl MOMeM
BLIMOJHUTE TOCTPOElHe, ONHCAHHOE B MpeblLiylleM pasjede,
samenus auwb f1 wa H*. 3ro xaer matpuuy A nopsaka 111,
YIOBJIETBOPAOLIYI0 MaTpHuHOMy ypasHenntio AAT = [0/ J.
Ho A um B xoem ciayyae He SIBJISETCH MaTPHilel HHIMAEHT-
HOCTH 1poeKTHBHON miockocTn nopsxka 10. Tlo-Buzumowmy,
CyllecTBYyeT LIHPOKOe pasHoo0pa3He LE/IOYHC/AEHHBIX pellie-
HUH, KOTOpble He CBOXATCH B HX HOPMAIH30BAHHOM BHIE
K MaTPHUAM WHUMACHTHOCTH. (PPaKTHYECKM Mbl NPEANOJIaraeM,
yro aaa v=n?~4n-+1, k=n-1, k=1 rakue pewe-
HHA BCErfa CyLIeCTBYIOT, MMes TOJbKO B BULY, UTO A YETHO

u uto nf - J=1 HajJ moJeM pAUMOHAJbHBIX uHcel.

Bulule MBI 3aMeTH W, 4YTO CyllecTBOBanue MaTpuu Ana-
Mapa npeanonoxeHo nna Bcex n==0(mod 4). [Tokaxem, 4ro
3TO MNPeAnoJoKeHne MOrJI0 O6bl OBITh [AOKA3aHO, ecaH Obl
TeOpHd UeJOYMCAEHHBIX MnpexcTaBaeHHH MaTpuu Oblia Golee
noano#t. Cymecrsyer MaTpuua Apamapa nopsaka 2%, a nps-
MOe TMpoM3BefeHHe ABYX aAaMapoBBLIX MaTPHil eCTb TOXe
anamaposa Marpuua. Csel0Bareq]bHO, CYLIeCTBOBAHHE MAaTpHILL
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AnxaMapa Bcex mNOpsaAKoB BuAa 4f, riae [ HeyeTHO, BJjeyer
3a co060fi cylecTBOBaHHe MaTpHU Ajamapa BceX MOPSAKOB
puia n==0(mod4). Ho Marpuua Apamapa mopsika 4¢ > 8
9KBHBAJEHTHA afaMaposoit KOHGUrypauuH ¢ TapaMerpamy
v=4t—1, k=2t—1, h=t—1. 3 xoudurypauun
AMA Cayuas f He4eTHOro paccMoTpenst B TeopeMe 4.2. Cie-
JIOBaTe LHO, Npo6JjeMa CylecTBOBAHHS MaTpuu AgnaMmapa Bcex
nopsaaxoB Buaa n==0(mod 4) MOXeT pPacCMaTpUBATbCHA KaK
npoGaemMa OTHOCHTEAbHO LEJOYHC/ICHHBIX NMpeacTaBieHu .

5. dkcTpemanbHbie 3agaud. Jlo cux mop Hawie H3yye-
ure (v, R, A)-KoHburypanun OHJIO COCPENOTOYEHO HA 3axaye
omnpeneJeHus TOYHHIX obJaacteft 3Hauenu#t v, R, A, MIa KOTO-
pBIX 9TH KOH(UTypaHHH cywecTByloT. [opasno Golee Tpyi-
Has 3afa4a oOnpeneseHHs TOYHOTO UHMCJd PA3JIMYHBIX KOH-
¢urypauuit aas Kaxaoro phGopa sHaueHu#t v, kR, A 3Haun-
TeAbHO TPEBLIIAET YPOBEHb DA3BHTHA COBPEMEHHHX METONOB.
VnoMstHeM B 3TOM CBA3H BHCKA3aHHOE paHee MPeanoaoxeHue,
YTO BCAKAdA MPOEKTHBHASA MIOCKOCTb NMPOCTOrO MOPAAKA eAUH-
CTBeHHA.

CyuiecTBylOT Takxke BaxHble 3azaun o (v, R, L)-koHpu-
rypauusx, KOTOpbie HEMOCPEICTBEHHO He OTHOCATCH K 3THM
IBYM OCHOBHHM 3afayaM. B Hek0orTOphIX M3 HHX peyb HICT
O BHABJIEGHHH CBOMCTB, TNPHCYIHX CAMHM KOHQHUTYpauuaM.
Hanpumep, naHa Marpuua HHUMAEHTHOCTH A MPOEKTHBHOH
naockoctn nopsaka n. CylwecTBYIOT JH MePecTaHOBOYHLIE
marpuust P = [ wu Q, Takue, 4ro PAQ=A? I10— Hepe-
wenHag 3agada. I[lOJONUTEJbHLIE OTBeT HMeJ OH BaMHHE
CAeNCTBHA B reOMeTpHM M yKasaJ Obl, uTO BCAKaa KOHeyHasd
NpOeKTHBHAs TMJIOCKOCTh 0O0/azaer HeTpHBHAIBHOR KO/MIH-
Heaunelt, '

MHOro BaXHBLIX 3ajad OTHOCHTCA K CYLIECTBOBAHHIO H
kIaccHOUKANMA YACTHHX BHIAOB KOHQHrypauu#i C TeMH HJH
MHLIMY  JOTOJHMTEJIbHLIME TPeOOBAaHUAMH, HAJATaeMbIMK Ha
HUX. YnoMaHeM o6 OnHOM Oco0eHHO HHTEpECHOM TpHMepe.
Marprua nopsaka n Buia

) a4, a3 Qu
A==| -1 G 41 Gp (.1)
a; ay a3 @
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HasbiBaeTcs fupkysanmon. Matpuua unumzentHocTn (4.20)
MPOCKTHBHON TVIOCKOCTH nopaAxka 2 ABASETCA LUPKYAAHTOM.
MaTpuubl HHUMAEHTHOCTH HEKOTOPHX (U, &, A)-koudurypauuf
MOTyT ObITb NPeoOpa3oBaHbl B LUHPKYJAANTH TepPeCTaHOBKaMU
CTPOK M CTOJIOUOB. 3TH KOHGUIypaunH SKBHBAJIEeHTHH COBEp-
IIeHHOMY Da3HOCTHOMY MHOXECTBY B TE€OpHH uHcCe) H OyayT
uccaenoBansl B ra. 9. Oanako cHauana oOCyIMM HEKOTOpble
9KCTpeMabHble 33a1auH, KOTOpble 00beAMHAIT (U, R, A)-KOH-
¢durypainy 1 HeKOTOpble U3 MOHATHH, BBEAEHHHX B HACTOS-
Hieft Monorpagpuu panee.

IMycte maubr  QuxkcupoBaHHEle ue/ple uucaIa ¥ U R,
TaKue, 4TO

1<k <L, (5.2)

u nycts (K, K)— kaacc Bcex (0, I)-marpuy nopaika v,
MMEINX B KAKIOH CTpOKe M B KaX/JAOM CcToJ0lLe POBHO £
enuHuu. B 1. 6 Mbl oTMeuanm, 4TO KawAas MaTpHua A
B kaacce (K, K) wnmeer per(A)>0. Ho ara marpuu
9TOr0 KJacca Majo 4YTO H3BECTHO O MWHHMAJLHOM 3Haue-
uuu per(A). Ecmn (K, K) cOomepX HUT MaTPHIy HHIHMAEHT-
Hoct (v, B, A)-KOHOUIypaunu, TO MOXHO Ha OCHOBAaHIH
OYeHb OrpaHWYeHHLIX AAHHBIX NPELNoJaaraTb, 4YTO MePMAaHEHT
9TOM MaTpHusl Mall LM gaxe munuManaed B kiacce A (K, K).
Briuucienus 3zechb xenaloTcsl MPAKTHYECKH HEBO3MOMXHLIMY,
Jaxe [Js MajblX 3HadeHu# ©v. AHaJOrumuHas 3ajzasa OTHOCH-
TeJbHO JBaX[Abl CTOXAaCTHYECKMX MaTpHul NPHBOAMT K TNpen-
nonoxeHuto Ban nep Bapaena (cM. ra. 5).

He tak yx MHOro W3BeCTHO O MNepMaHeHTe MAaTpPHILL
vHuuAeHTHOCTH (¥, R, A)-koudurypauun. Oamsako, 4ToGHl
BBIMOJIHUTL GOJbIIME BHIKJIAAKH B 3TO# 06JacTH, ObLIA MpH-
MeHEeHE! 9JeKTPOHHElE BbIYHCIHTEIbHbBle MaluHbl., Brao noa-
CYNTAHO, YTO TIPOEKTHBHblE MJIOCKOCTH TOPAiKoB 2, 3 u 4
MMeIOT TepMaHedThl, paBHble COOTBeTCTBeHHO 24, 3852
u 18534 400. IlepmaneHT MaTpHubl HHBAapHAHTEH OTHOCH-
TeJbHO TepecTaHOBOK CTPOK, CTOAGLOB M OTHOCHTEJbHO
tpancnosuyuh. Ilycts A u A’ 0603Haval0oT MaTPHUbl HHLHK-
NEeHTHOCTH ABYX (v, R, A)-kOH(QUIypauH# ¢ OTHAMH U TeMH xe
napaMerpaMu o, £ u A. IlycTb, oiHaKo, 9TH MaTpHUH OyayT
TaKOBbI, YTO OHY He TMePeBOAATCH O]HAa B LPYrylo TOJbKO 4YTO
OMUCAHHBIMU  OllepauyaMi, Torja Mbl TNpeanoJaraeM, uTo
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nepMaHeHTbl THX MaTpHL pasauuHbl. MIX JerepMuHaHTH,
pasayMeeTcs, PaBHHI M0 a6COJIOTHOH Be/aHUHHe.

O6o3HauuM deped Z MaTpuly HHUUACHTHOCTH TMPOEKTHUB-
HOM TMIOCKOCTH 2-r0 mopsaika. Jrta MaTpHua HMeeT nops-
JoK 7 u o6/JajaeT 3aMevaTe/bHbHIM CBOHCTBOM

per(Z) =abc. sHau. det(Z)=24. (5.3)

Tenepv npusesem 6e3 10Ka3aTe bCTBA OAHY HHTEpECHY0 Tev-
peMy, KoTopas nokaxer ocofyl0 poJb MaTpuubl Z B TeOpUH
nepMaHeHTOB.

Teopewma 5.1. INyems A—gupryasum 8 kaacce
N(K, K). Ecanw k>3, mo

per (A) > a6c. 3uau. det (A). (5.4)

Ecau k=3 u ecau
per (A) == abc. 3Hau. det(A4), (5.5)

mo nepecmanosKaMu CMPoK u cmoabyos mampuya A
npeoGpa3dyemca 8 MPAMYIO CYyMMY mampuy Z, 83AMbX
e pa3. Caedosamensio, v=="Te, a per(A)=(24).

MatpHubl HHUMAEHTHOCTH (U, R, A)-KOHpUTypauud BO3HHU-
KAlOT TakXe B SKCTPeMaJbHbIX 333a4aX OTHOCHTENbHO AeTep-
MUHAHTOB.

Teopema 5.2. ITycms Q—(0, -mampuyganopadra v,
codepocaman T edunuy. Onpedesum kR u A credyouun
o6 pa3onm:

=k, (5.6)
 R(R—1)
k—v—_l- 6.7

u npednoaoscunm, umo 0 <ALk <v—1. To2da
v-1

a6e. 3uau. det(Q) <Lk(k—A) 2 ; (5.8)

npu gmom pasescmso Gocmuzaemca mozda U MOABKO
moz2da, koeda Q-— mampuya unyudenmuocmu (v, k, \)-
Kongpuzypayuu.

Mt omyckaeM 10%as3aTelbCTBO TeopeMbl 5.2. ®akTHueckH
3Ta TeopeMa MoxeT OHITb 0000LIEHA B HECKOJbKHX Hanpa-
BreHusx. Kaxerca HenpasaonoaoOHbIM, YTO HepaBeHCTBA
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Buga (5.8) Oyayr pemwars ray0okue apudMeTHuecKHe
npobaeMsl, cBsidaHHbe C (v, R, A)-koHdurypaumamu. Ox-
HaKO TakHe HepaBeHCTBA HMHTepecHH caMu no cebe. 3a-
MeTHM, YTO H3 teopeMbl 5.2 caeayer, 4ro ecan kaace W (K, K)
COIEPKUT MATPULY HHUHAEHTHOCTH (¥, R, A)-KOHQUrypauuu,
TO JAeTepMHHAHT 3ITOH MATPHUBI MaKCHMa/leH 110 abCOMIOTHOMY
3HaUeHHMI0 B CPaBHeHHH C MATPHUAMH 3TOTO KJacca. 10
IOBOJbHO HEOXUIAHHO, MOTOMY UTO HAIUM TpexHHe 3aMeda-
HHS  YKAasblBAaTH, YTO TePMAHEHT TAKOH MATPHUBL  MOT,
10-BHAUMOMY, OLITb MUHHMa/AbHBIM OTHOCHTEIBbHO MATPHL, ITOFO
Kaacca.

YkaxeM Ha MHTEPECHYIO CBA3b MEXAY KOHEUYHBIMH IPOEK-
THBHBIMH TJIOCKOCTAMH W |-1IMpHHOH, onpejeneHHo# B ri1. 6.

Teopema 5.3. Hycms WK, K)—raracc ¢ napa-
Mmempanmy v=n>+4-n-1, k=n2 u nycms n>2
Mampuys 8 WK, K), romopse agasiomcs donosue-
HUAMU MAMPUY UHGUOEHMHOCME NPOCKMUSHEX NACCKO-
cmed nopsdka n, ameom \-wupuny e(1)=3, a sgce
Opyeue mampuys 8 N(K, K) umerom l-wupuny e (1)=2.

Hokasateabctso. OHO moayyaeTcs MOYTH HEMOCPE -
creento. Jlano, uro A — marpuua B kaacce A (K, K). O6pa-
ayem ATA, rze AT — tpancnonuposanias Matpuua A. O60-
3HAuuM uepe3 )’ MUHHMAJIbHOE H Uepe3 A -— CPefHee 3HAYeHHe
snemenToB ATA, He jeXammx Ha raaBHo# amaronasu ATA:
OueBuano, 4TO

n2(n?—1)

b= n-+n

=n(n—1). 4.9

MpeanonoxuM, uro A’=A. Torza A ectb [OMOJHEHHE
MaTPHUL HHUMAECHTHOCTH NMPOEKTHBHOH MJIOCKOCTH MOpAaKa .
B arom caydsae wu3 paBeHctB v==ni-Ln-}1, k=n?
A=n(n — 1) caeayer, dyro Bcakaa (v X 2)-noamarpuua
Marpuubl A HMeeT TOYHO OAHY CTPOKY, COCTOAILYIO H3 HYyJeH.
Ho sro osnauaer, uro A umeer l-mmpuny €(1)==3. C apy-
roft cropousl, npeanonaoxuM, uro A’ < h. Toraa ua papencrs
v=n?+n-1, k=n? creayer, uro A'=*~— 1. Ho 310
03Ha4yaeT, YTO HeKkoTopad (v X 2)-noaMarpHua MaTpuubl A
He HMeeT CTPOKH, cocroswe# u3 nyaeft. Cirenosareibho,
A nmeer 1-wwpnny &(1)==2,
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IMycte E(])-—-MHKCI/IMHJIBHHH I-mupuna Matpun A B Kiacce
A, K) us Tteopemn 5.3. Torza orcooga ciaeayer, 4YTO

g(1)=3, ecau NPOEKTHBHAA MNJIOCKOCTb MOPAAKA M Cylle-
creyet, n €(1)==2 B npotuBHOM ciydae. B ra. 6 Mu o6o-

3Haum/ax 4epe3 €(() MHUHHMAJbHyl, a d4epe3 & (0) — MaKCH-
MadbHYHO O-LHPWHB MaTpul, A B HOPMAJIH30BAaHHOM KJacce

A (R, S). Mbl oTMedaan, 4TO AJIA BHYHCAEHHA € (@) MPHUTOjeH
OXMH BecbMa 3(¢eKTHBHBII MeTOLZ, OIHAKO OTHOCHTEIbHO

nosesenud ¢&(q) u3BeCTHO OveHb Mano. Teopema 5.3 mo-
Ka3biBaeT G0JbLIYI0 CIONKHOCTL € (Q).
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Taaga 9

COBEPHIEHHbBIE PASHOCTHBIE MHOXECTBA

1. CosepiieHHble pasHOCTHbIe MHowecTBa. I[lycrs
D=1{d;, dy, ..., d,} — k-MHOXKeCTBO UEJABIX YHCEN MO MO-
AyMO U ¥ TaKoe, 4TO BCAkoe uucao a 5= 0 (mod o) Moxer
ObiTb BhIpameHO A crocobGaMu B BH e

d;—d;=a (mod v), (1.1)
rae d; n d;— snementst D. Ipennonoxum ianee, uTo
C<Ch<<h<o—1. (1.2)
OTH HepaBeHCTBA CJAYXAT TOABKO AAS TOTO, YTOGH HCKIIO-
UHTH HEKOTOPbIE BLIPOXAEHHbIE KOH(DHUTypauuu. MHOoxecTBO D,
A9 KOTOPOro 3TH TpeGOBAaHHA BBIMOJHAIOTCHA, HA3bIBAETCH
COBEPUWEHNBLM PASHOCIMHNM MHONCECMBOM WIH, KOpOue,
pasnocmupM muodxcecmsom. Herpyano nposeputs, urto
k(k—1
kle—1) (1.3)
v—1
9To yTBepKiAeHWe HEMOCPEICTBEHHO BLITEKAeT W3 CJELYIO-
efl TeopeMbl:

A=

Teopema 1.1. Cosepuennoe pasnocmuoe muodxrce-
cmso D sxsusarenmnuo (v, k, M)-xongueypayuu ¢ gup-
KVASHMOM 8 Kauecmee UK{UOCHMHOE Mampuysl.

HoxaszarteabcrBo. Jlano v-MuOMecTBO X  wedbiX

no Moaymo @ umcea: O, 1,..., v— 1, a rtakxke 3amano
pasioctTHoe MHOXeCTBO D). OnpesednM U pasHOCTHBIX MHO-

KecTs
D,={di+e, dy+e, ..., d,+e} (1.4
e=0,1 ..., v—1),

rae kaxaoe D, ectb £-110 AMHOKeCTBO MHOMecTBa X, a [ = D,.
Us onpelxeilemm Pa3HOCTHOTO MHOXeECTBA Cpasy cnelxyer,
4TO Kamjaoe mepecedenne D, an npu e~ f ABIAeTCq
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A-noAMHONKeCTBOM MHOMectBa X. CiepoBaTenbHO, MOAMHO-
wectBa (1.4) saBasiorcs (v, &, A)-koudurypauusmu. Bosee
TOFO, MaTpHua HHUMIEHTHOCTH Ajaf noamuoxects Dy, Dy, ...
.+, D,_; muomectBa X ecTb uupkyasHT. Herpyauo mxo-
Ka3aTb u oOpaTHOe MpeaaoMkeHHe.

W3 npenbnylueff TeopeMbl SICHO, 4YTO pPa3HOCTHBIE MHO-
’KeCTBa MOI'yT GbITb pacCMOTPeHBl KaK 4acTHble BUAH (U, R, A)-
KOHQurypauuit, u, cnelosartenpo, Teopema 3.1 ra. 8 cnpa-
BellJIMBAa I8 PAa3HOCTHBIX MHOXecCTB. OIHAKO NPOU3BOJbHAS
(v, k, A)-xoHdurypauus, BooOllle rOBOps, He COOTBETCTBYeT
Pa3HOCTHOMY MHOXeCTBY. B camMoM Jene, W3BeCTHBI pa3/iHYHbBIE
3HayeHuss v, B M A, Aa9 KOTOpBIX (v, R, A)-KOHuUrypauuu
CYLIECTBYIOT, a Da3HOCTHbIE MHOXeCTBa — HeT. [lag mocrpoe-
HHUS Pa3HOCTHBIX MHOXECTB NpHMeHMMO 60JblIOe YHCIO pas-
HBIX MeTONOB. PasnocTHOe MHOXeCTBO, MIs KoTOpOro A =1,
Ha3biBaeTca #.20cKuM. II10CKOe pasHOCTHOE MHOXECTBO, AJA
KOTOPOro # ==Kk — A, NPUBOAUT K NPOEKTUBHOH IITOCKOCTH
nopsigka 7. IlpoexkTHBHAA INIOCKOCTb STOTO BHIA Ha3blBaeTCsl
yurauecold. 3SuHTep TMOCTPOMJI LUKJIKHYECKUE MNPOEKTHBHHIE
IJIOCKOCTH BCeX INOPAIKOB BHjaa == p% rie p — NpocToe,
a o — HaTypaiabHOe uucad. EcTb npeinmonoxenue, 4To BCAKas
KOHeuHas UMKAHYeCKas T[IPOCKTHBHAA IIOCKOCTb  JOJDKHA
nMeTb Nopsiaok # = p% CnpaBelaHBOCTL ITOrO Ipelnoaoxe-
Hus ycTaHoBiaeHa 1 n < 1600. YnoMsueM nOnyTHO M O
APYTOM MPENNONOMEHUH, YTO Kamaasd KOHeuHas LHUKIHYecKast
NpOEKTHBHAsl MJIOCKOCTb eCTb Je3apresuad. B camom nene,
M3 3TOr0 IpeiNoJIONKeHHs ChaelyeT, 4TO # == p% HO MH He
nbiTaeMca 3jJecb MPOJOMKATL OOCYMJeHHe HHTePeCHOH TeMbl
0 Ze3apropeix mAockocTax Crenyowas 1abauua nOKa3bBaeT
MJIOCKHE PAa3HOCTHBIE MHOXECTBA A HECKOAbKHX IMepBEIX
3HaueHu# n:

n v [Tnockoe pasHOCTHOE MHOXECTBO

2 7 {v. 1, 3)

3 13 {0, 1, 3,9}

22 21 {0, 1, 4, 14, 16}

5 31 {0, 1,3, 8, 12, 18}

7 57 {0, 1, 3, 13, 32, 36, 43, 52}

28 73 {0, 1, 3,7, 15, 31, 36, 54, 63} .

32 91 {0, 1, 3,9, 27, 49, 56, 61, 77, 81}

11 133 {0, 1, 3, 12, 20, 34, 38, 81, 88, 94, 104, 109}.
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O0630p pasHOCTHBIX MHOXKECTB C [MapameTpaMu v, R, A
Obi1 npojenad 1as kR, JMexamero B OTpeske’

3 <k < 50. (1.5)

[ycte v, k, A — leasle napametps, yaosietsopsaiouue (1.3),
(1.5) u

k<—;’-. (1.6)

[Tocieanee yTBep:KIeHHe He BeleT K OFPAHMYEHHIO OGIIHOCTH,
NOCKObKY MOMOJHEHHE K Pa3HOCTHOMY MHOXECTBY CaMO ecTb
pasHOCTHOE MHOMKECTBO. YKa3aHHbIM TPeGOBAHUAM yIOBJe-
TBOpAiOT 268 BuOGopoB 3uauewuft v, £ u A. Teopema 3.1
ra. 8 wucimouaer (v, R, A)-xoHdurypauuu B 101 cayuae.
Pasymeercs, 910 o03HAauaeT, yTO Pa3HOCTHEIE MHOXeECTBA IS
stux 101 caywaes we cywectByior. B ocrasmnxcs 167
CIyyasX [lOKa3aHO CYUIeCTBOBAaHHE DAa3HOCTHBHX MHOKECTB
B 46 u unecywecrpoBanue B 109 BriGopkax. Takum oGpaszom,
CYWECTBOBAHNE PA3HOCTHHIX MHOMECTB OCTAN0Ch -HeBHICHEH-
HBIM TOJABKO B 12 cayuvasix.

TTOCTPOEHHI0 PA3HOCTHEIX MHOXECTB MOCBALEHO GOJIbLIOE
uici0 TeopeM. JlokaxeM 3mech CleAyIOWUH 3aeMeHTaPHBIA
pesy.bTar.

Teopewma 1.2. ITycms dano npocmoe 4ucso p> 1
maxoe, wmo p=3(mod 4). Tozda sroxmecmso D, co-
cmagaennoe u3 k= (p—1)/2 pasasuunnx xsadpamuu-
Holx 8wdemos dy, d,, ..., d,(mod p), o6pa3dyem pas-
HOCMHOe MHONcecmso ¢ naparmemparuy v=p=4t— 1,
R=2t—1, A=t—1.

IloxasaTtenbctBo. IlycTh ¢ — KBaupaTHYHbIA BbI-
et p, d; ®n d;—oJeMenTH MHOXecTBA D u nycTb
d;—d;=1(mod p). Torma uncna d;j=cd;(modp) wu
d,__cd (mod D) Taxe BXOAsT B D W yzOBieTBOPAIOT CO-
OTHOLICHUIO d,—d,_c(mod p). C apyro#t croposns, no-
aokuM, uto d; H d, BXOAAT B MHOXeCTBO D u nyctb

d; — d} = ¢ (mod p).

4 -1 ,7 -1 ,7
Toraa uucna d;=c¢  d;(modp) u d;=c"" d; (mod p)
TOXE ABMAIOTCH d7eMeHTaMH [ M yiOBJIETBOPSIOT CQOTHOLUIEs
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w0 d;—d;==1(mod p). Taxum 06pa3oM, COBOKYMHOCTb
ycen d; u dj muoxecrsa D raxas, u4to d; — d;= l(mod p)
ABJA€TCA TAKOH iKe, KAk W COBOKYIHOCTb llHCeJl di u d,,

BXoaawux B D, Aa9 KOTOPHIX di—~d,~Ec(m0d p). Bonee
Toro, eciu p==3(mod4) W eciu ¢ pacnpocTpaHdeTcs Ha
(p— 1)/2 pasmuuHbIX KBaJAPAaTHYHBIX BLIYETOB WO MOAYIIO p,
TO — ¢ pacrnpocrpansercd Ha (p — 1)/2 pasanunbIX KBajnpa-
THYHBIX HeBbIYeTOB NO moaymio p. Urak, d; —d;==c(mod p)
SKBHBAMeHTHO d;— d;==— c(mod p), uem A0kasaHo, yto D
€CTb Pa3HOCTHOE MHOXeCTBO.

PasuoctHoe MHOXecTBO D mopoxiaeT aaamMapoBy KOH(U-
rypauyio. Marpuua HUUMAEHTHOCTH A 3TOH KOHOHUrypauuu
ABASETCH  LUMPKY/JIAHTOM. OTO He O03HAayaeT, 4TO MaTpuua
Anamapa H nopsaxa p-+ 1 ==4f, cBasauuas. ¢ A, ecTb LUP-
kyasur. [papumyHoe ycnoBHe, MNPHUMEHEHHOE MpPH MOJy4eHHH
H w3 A, paspywaer uupkyasutHoe cpo#cto H. Otkno-
HUMCA HeMHOXKO M 3aMeTHM, 4YTO MaTpuua Ajamapa ueTBep-
TOTO MOpsaKa

T 1 —1 —1 —17
B )

[—1 —1 —1 1l

apaseTcs uupKyasuroM. Ilpeanonmaraercd, yto Marpuua Ana-
Mapa nopsiaka # >4 uHe MOxer OBITb LUUPKYJAAHTOM. Mal
JoKaxeMm, uto ecau H — marpuua Ajamapa nopsaxa n, a
H — uupkyJaHT, TO # J0MKHO OBITH TOYHHM KBaZpaToM.
B caMom nene, mycTb J— MATpuLa MOPAAKA £, COCTaBJIEH-
nas u3 euuHuu. Ilockombky H — marpuua Apjamapa no-
paaka n, mpl umeeM HHT =nl, rne H" — Tpaucnouuposau-
uas Marpuua H. Tlockoaeky H aBasercs LUPKYJASHTOM,
umeeM HJ==JH = eJ, rne e — uyenoe uucio. CrenoBarensto,

HHT]=¢2]=nl, (1.8)

a 370 yKasbBaeT HAa TO, uTO N ==eZ

2. Teopema o mMHOWHTende. IlycTs X ecThb U-MHOXECTBO

unenelx uucen mo moayaw v: 0, 1, ..., v—1, u nycTs
’ ! I3

D={d,dy, ..., d}) n D' = {a1,ds ..., dp} cyrb paswocr-

Hble MHOXKeCTBa ¢ OJHHMH H TeMH XK€ NapaMeTpaMH v, &, A.
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3ajaguM uexoe uyucaAo £, Takoe, ut0 (4, v)==1, u npous-
BoabHOe uenoe s. Torma E=={{d,, td, ..., td,] wu
E':{d;+s, dy+s, ..., d;—}—s}, TMOCKOJIbKY OHH ABJA-
0Tcd  k-noAMHOMKeCcTBaMH MuOkecTBa X, CyTb PadHOCTHEIE
MHOXECTBA. DyleM Temeps uckaTb Takue ue/ise 4uciaa f u s,
ytobul E u E’ OuAd OJAHMUM M TeM Xe R-TOIMHOXECTBOM
MuHokectBa X. TIpeino.ouM, 4TO TaKue UeAble YHCAa MO-
ryT ObITb onpefededs. Torga npu kAacCuHUKauMM Pas3HoOCT-
HBIX MHOXeCTB ecTecTBeHHO ompegemuts D u D’ xak omxuo
H TO K€ B CMbCIe H30MOp(HH3MAa Pa3HOCTHOE MHONKECTBO,
3aMeTHM, 4TO TakHe UeJbe uucaa £ u § He 00s3aTe bHQ
cywecTByioT. Hampumep, HeTpyaHO NOKa3ats, 4To jis v == 31
KBaJPaTHYHBIE BbiueThi 11O MoAyaio 31

D=/{1,2,4,5,7,8,9, 10, 14, 16, 18, 19, 20, 25, 28} (2.1)

W PAa3HOCTHOE MHOXKECTBO

D'={1, 23, 4, 6,8, 12 15, 16, 17, 23, 24, 27, 29, 30)
2.2)

He MOryT OBTb MNpeo6pa3oBaHbH TOAbKO UTO OMKCAHHHIM
METOAOM B ONHO H TO Xe Pa3HOCTHOS MHOXKECTBO. 3lech
Mbl HeE 6yueM IBITATLCA UCCACNOBATH €IHUHCTBEHHOCTH pas-
HOCTHBIX MHOXeCTB. OJHaKo NpeAlIeCTBYIOUIHE DPACCYHKUCHHUS
uUMeaH B BuAy 0O0OCHOBATH MJeI0 MHOMXHTEJS Pa3HOCTHOrD
MHOXECTBa; TeMepb MEl MCCACAyeM 5TO MOHATHE HECKOJAbKO

noppobuee.

Llenoe uMca0 f HA3HIBAGTCA MHOJCUMEACM DPABHOCTHOTO
muoxectsa D ={d;. dy, ..., d,}, ecau cywecTByer ue-
n0e wucao s, rakoe, uro E=={{d,, td,, ..., td,) n E' =
=|d;+ s.dy+s, ..., d,-Fs) aBAgIOTCA OAHUM U TeM

Ke R-NMOAMHOXKecTBOM MuOxecTBa X. MuowkuTenp £ pomked
YAOBIETBOPATL CpaBHEHUIO fd; —td ;=1 (mod v) 119 Kakux-
6o ¢ u J, cneaosatenbHo, BCAKMA MHOXHTENb ynoOBie-

TBOpAET yCJI()BI/IIO
¢t v)=1. (2.3)

B repmuiax npeawecTBYIOUEro paccCMOTPEHHs ACHO, YTO
MHOXKHMTEAb YCTAHABIMBAET M30MOPGHM3M pPa3HOCTHOTO MHO-
’KecTBa ¢ caMuM co6oft. Bcerua uMeerTcss TPUBMAMLHBIA MHO-
wutenb f==1. Boaee TOro, nerko npoBepHTH, UTO MHOKHU-
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TeJH 10 MOAyMO © 06pas3yloT My bTHMIMKATUBHYIO TPYMMy.
Dra rpynna Ha3LBaeTCa 2pYRROL MHOJNCUMesell PA3HOCTHOTO
MuoXecrBa. Muoxurean OblaM BBeleHbl B MCCJAeJoBaHHUe
pasHocTHHX MHOXecTB M. Xoaa0M M 0Kasamucb O4veHb
CHIbHBIM CPeJCTBOM [Js BbIBOJA TeOPeM KaK CyleCTBOBA-
HUA, TAK W HecyllecTBoBauuA. K coxanenuio, reopus, KOTO-
PyIo Mbl W3JaraeM, He HMeeT M3BEeCTHHIX aHaxoru# ¢ (v, &, A)-
KOH(UTY paALIUAMH.

Haunem wHawe wuccieloBaHHe MHOXHTened ¢ HeKOTOPBIX
o0wux 3aMmedanuit o cpasHeHusix. IlycThb JaHbl MOAHHOMBI
F(x), g(x), h(x) ¢ uennMu ko3pduuuentamu. DBynem
MHUCATD

f(x)=g (x)(mod & (x)), 2.9

ec/n CyUIeCTBYeT MOJUMHOM R (X) ¢ uedbiMd KodbdHUHEHTaMu,
Tako#, uro f(x)— g (x)=~k (x) h (x). llycTb Teneps 3anaHsl
NPOU3BOAbHBIE Uedbe YHCAa @ M D M HATYPanbHOE UUCIO m.
3amanuM wHaTypagbHele uncaa @’ u b, Takue, uto a=a’
(mod m) u b="b" (mod m). Toraa nonyuum, 4to @ == b (mod m)
Torjaa 4 Toabko Torga, koraa a’==b"(mod m). Bosee Toro,

cpaBHeHHe
a="b(mod m) (2.5)

9KBHUBAJIEHTHO [OJHHOMNAJBHOMY CPABHEHHUIO

x% =x% (mod x™ — 1). (2.6)

3amenuM obo3sHauenus B (2.6) wa
x%= x?(mod x™ — 1), 2.7

,OTpHuare bHBIA* m10KasaTens crenenu B (2.7) He JO/KeH
GbITh NPUYHHON NyTaHHLB!l, NMOTOMy uTo (2.7) aHwb noACHAET
(2.6). Taxum oGpasoM, (2.5) cnpaBeluBO L5 UeAbX YHCE
a w b roria u TOALKO TOrAa, korjaa (2.7) BEINOJHSeTCHA And
TeX e 4YHCel.

[lycts Temep, 3agaHo pasHOCTHOE MHOXecTBO D == (d,
dy, ..., dp} ¢ napamMetpamu v, R, A. Onpenesum

0()=x" +x"+ ... f £ (modx* —1). (2.8)
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[Tockoabky D ecTb pa3HOCTHOe MHOMXECTBO, TO H3 3TOFO
ClelyeT, 4TO

()8 (x D=k Ax+Ax2F ...+ Ax""1(mod x” —1).
(2.9)

B camom pese, mpaBas uacte (2.9) ecTb CyMMa 4JeHOB BU.IA

d,~d; 0
x%7% n comepxur x0==1 TOYHO R pa3, a KAKIYW CTeNeHb
x, x2, ..., x¥71 touno A pas. IMoaoxum

TEH=14+x-+...+x""L (2.10)

Torna Mbl MoxeM nepenucaTs (2.9) B Buie
0(x)0(x D=k —A-+AT(x) (modx?—1). (2.11)

3aMeTuM, YTO eciH € eCTb U-H KOPeHb U3 eNUHHULBI U eciH
e 1, 10 orciona cienyer, uto T (e)==0 u usz (2.11) cxe-
1yet

R—A=0(@%)0("). 2.12

310 paBeHCTBO HHTePecHO caMo 1O cefe: OHO MOKa3bBaeT
HAaM, YTO pa3HOCTHbIE MHOXECTBA TMPHUBOAAT K 3anaye pasio-
KeHus Ha MHOXUTeaH ((pakTopH3auuM), BKIWOHAOIMEH U-e
KOPHH M3 efMHUUB. BO3BpAaTHMCA K MHOXHTETIO f W 3aMETHM,
ur0o ¢ GyleT MHOXHTeAb PasdHOCTHOTO MHOxecTBa D Toria u
TOJbKO TOriAa, KOria

0(x=x0(x) (modx”— 1). (2.13)

B caMoMm neje, NoxaszaTelu cTelleHed B JeBOH 4acTH CpaBHe-
uua cyte tdy, tdy ..., td,(modv), a B npaBod — d; - §,
dy~+ s, ..., dy4s(modwv). Tenepp MB MOIrOTOB/IEHE
K TOMYy, uTOGb! [OKa3aTh CACNYIOLLYI0 TeopeMy.

Teopema 2.1. ITycms dano pa3nocmuoe MHOCE-
cmeo D ¢ napamempanu v, k, L. [ITycmv p —npocmoil
deautmens R — N\, maroii, umo pfv u p >\A. Tozda p
ABASCMCA MROJNCUMEReM PA3HOCMHO20 MHONcecmsa D.

HoxkasatenbctBo. Ilockombky D — pasHOCTHOe MHO-
KeCTBO, MEl HMeeM

0(x)0(x )=k —A4AT (x) (modxv—1). (2.14)
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[Myctb f(x) — npousBOMbHBIA TMOMUHOM C LeAbIMU KO3d-
¢uunentamu. U3 onpenenenns T (x) caenyer

FOT(x)=f(T(x) (modx”—1). (2.15)

[lo ycaoBuio plk—A u p4o. H3secTHO Takie, 4TO
E—A=~Fk?— Avu. Orcwoga cieayer, uro p4 k, Tak Kak
B NPOTHBHOM ciyyae p|Av u p| A, mockoabky p > A. Ta-
KuM o6pasom,

kP~ =1 (mod p). (2.16)

Bce kosdduuments B pasaomenud 0(xP), 3a mckmouenueM
kosdduunentos npu xP9, xP%, , xPk, pensitcs Ha p.
Ymuowum tenepn (2.14) Ha 0 (xP~!) u npumenwm (2.15) u
(2.16). Torpa mbl MOXeM 3amucaTb pPe3yabTar B BHJE

0(xP)0(x )=AT (x)+ pR(x) (modx”—1), (2.17)

rae R(x)— noaunoM ¢ ueibiMu kKosbduuuenramu. Buipaxe-
nue 0 (x7)0 (x~1) B dopmyre (2.17), paccMaTpuBaeMoe Kak
MONKHOM CTeNeHH, MeHblleH, YeM U, MMeeT Leabe HeOTpHLa-
Tenpubie KO3 duitnents. [asee, p >\, a 370 O03uHauaer,
yto R (x) B TO# ke dopMyie, paccMaTpuBaeMoe Kax MOJHHOM
CTeNeHHM, MeHblledl ©, HMEeT Lejble HeOTPHLATeNbHHE KO3(-
duuuentsl. YMuoxkum (2.17) ua 0(x) n npuMenum (2.14)
n (2.15). dro axacr

(k—A)0(xP)=pR(x)0(x) (modx”—1). (2.18)

Bripawenus: 0(x?), R(x) u 0(x) B s10#t popmysne, pac-
cMaTpuBaeMbie Kax IOJMHOMBl CTelleHH, MeHbIIeH U, MMET
ilefble HeOTpHUATebHee KO3GhduuueHTs. HBojee T0ro, CTpyK-
typa (2.18) yxaswiBaer, uyTo R (x) He MOxer uMerb Goiee
OJHOrO HeHymeporo uiena. CrenoBaTenbho, R (¥)=ax’,
rie 4 4 §— ledble HeOTpUiaTeAbHbe uHCIa. B - dopmyne
(2.18) ™Mbl MOweM NOAO¥HUTb x =1, OTKyaa mnoayyaercs
k— A= pR(1). Crenosare/bHo,

(k—M)0(xP) =k —A)x0(x) (modx”—1), (2.19)

rae p — MHOXUTEb.

Teopema 2.1 goxa3blBaeT CylleCTBOBAHHE HETPUBUAIbHOTO
MHOXHUTEI JJA8 BCAKOTO MIOCKOrO Pa3HOCTHOTO MHOXeECTBA,
AOCKOJAbKY Tpe6oBauns p 4 v u p > A ONpeleneHHO yIOBJje-
TBOPAIOTCS B 3ToM Cayuae. B BbiBoge TeopeMbl 2.1 HCNOJb-
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ayercd orpasuyeHue p > A. O[HAKO MBl NpeimnoJjaraeM, HTo
3TO OrpaHHYEHHEe He COCTaB/feT CYLIECTBEHHOH uacTH mpel-
nonoxeuus. K TOMy e Bce UBBECTHble Pa3HOCTHBlE MHOXE-
ctBa umeloT (B — A, v)==1, TaK 4YTO MOXHO NpeANOJarars,
YyTo BCAKUH fneautens kR -— A eCTb MHOXHTEIb Pa3HOCTHOrO
MHOXeCTBa.

Cthopmynupyem 6e3 nokasaTenbCTBa caenywouee o6obuie-
HHE TeOPeMBl O MHOMKUTE/E.

Teopewma 2.2. Ilycmbv Oano pa3unocmmuoe MHOdCE-
cmeo D ¢ napamempanmu v, kR, M. IToroxcun, wmo d
ecms Oeaumens kR—>~A, umo (d, v)=1 u umo d>A.
ITycms t— maxoe yesroe wuco, 4¥mo O0AS Kawdozo p,
npocmozo Oesumensn d, cywecmsyem yeroe 4Hucrto J,
maroe, wmo p’==t(modv). Tozda t— mnosxcumers pas-
HOCMHO20 MHOXNcecmea D.

M3 noHATHA MHOXHUTENS MOXeT OHITh BblBeEeHO G0JbLIOE
YHCIO0 TeopeM, 3aCAyXKUBAOIIMX BHuManuA. Mbl He Oyiem
M3yyaThb 3TH Pe3yabTaThl. 3aKOHUMM TeM, YTO Ha HeGOJAbUIOM
YMCJE TPHMEPOB IMOKAKEM, KaK MOXHO IIPHUMEHHUTb TOHATHE
MHOXMTEA, 4YTOGH PEIUTh BONPOC O CYLECTBOBAHMH WJIH
HECYILEeCTBOBAHUU ONPejeeHHEX DPa3HOCTHBIX MHOXECTB,

ITpumepsn. a) CymecTByer pa3HOCTHOE MHOXECTBO C HapaMer-
pamu v=37, k=9, A =2 llycts D = {d,, d,, ..., dp} — pasnoct-
HOe MHOXEeCTBO ¢ NPOU3BOJBHBIMHM TapaMeTpaMu v, k, A. Bynem
roBOPUTH, uTO D gurcuposano MHOXUTe eM £, ecau D = {{d |, td,, ...
..., tdy). Tlpennonoxum, uto (f — 1, v) == 1. Torna MbI yTBePMAacH,
YTO CYIIECTBYET 4, TaKOe, YTO Pa3HOCTHOe MHOXecTBO Dy, = {d, }
~+u, dy+u, ..., dp4u} odnxcuposano f. B camom nexe, MHOXH-
Tedp { OTOGpaxaeT PasHOCTHOe MHOXKeCTBO D, Ha Pa3HOCTHOE MHO-
XeCTB0

Dsyry={di+s+4tu, dyts+tu, ..., dyts+tu). (2.20)

CaenoBaTe bHO, MHOXMUTENb OCTaBAfeT GUKCHPOBAHHEIM Pa3HOCTHOE
MHOMECTBO IIPH 4, OlpeJeNeHHOM CPaBHEHUEM

(t—1)u=—s (mod v). (2.21)

PaccmoTpuM Temepbp DPasHOCTHOE MHOMXKECTBO C mHapaMeTpaMH
=37, =9, A=2. Mo umeeM p=k—A=7,7437Tu7>2
CuenoBaTenbto, 110 TeopeMe 2.1 p =17 ecTb MHOXHUTeJb. Kpome
toro, (6,37) =1, Tak YTO PasHOCTHOE MHOXeCTBO (UKCUPOBAHO YHUC-
aoM 7. Mb MOXeM YMHOXHUTbL 3JEeMEHTH 9TOTO Pa3sHOCTHOrO MHO-
#eCTBa Ha COOTBETCTBYIOMUA MHOXHTEJb TaK, YTOGH OAUH 3JAEMEHT
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pasHocTHoro MHoxecTBa Obln paBeH 1. Torza caepywoume cTeneHu
yucaa 7 (mod 37)

{1, 7,9 10, 12, 16, 26, 33, 34) 2.22)

JOJIXHB GBITH YJEHAMH PAa3HOCTHOrO MHOXecTBa. IJTO (aKTHYECKH
M eCTh KeJaeMOe PAa3sHOCTHOe MHOXecTBO. Mtak, caMo noctpoenue
110Ka3aJ10, YTO Pa3HOCTHOE MHOXKECTBO C 3THMH napaMeTpaMu eluH-
CTBEHHO B CMBICJIe H30MoOpdu3Ma.

6) CyuieCTByeT Pa3HOCTHOE MHOXKECTBO C mapaMeTpaMH v = 23,
k=11, A=05. B asrom cayvae #— A =6, a 1Ba NMpOCTHX IeJu-
teags 6 o6a MmeHpme 5. CrenoBaTeJbHO, MBI He MOXEM TNPHMEHHUTH
teopemy 2.1 HemocpeacrseHHo. OnHako Mbl umeeM 9 ==2° (mod 23)
u 9=23%(mod 23). M3 sroro caexyer, uto d =6 u £ =9 ymnoBuie-
TBOPSIOT TpeGoBaHuaM Teopembl 2.2. ClexoBaTelbHO, 9 ecTb MHO-
WuTedb pa3HoCTHoro MHoxecrBa. Kpome Toro, (8,23) =1, Tak uTo
CyIIeCTBYeT pAa3HOCTHOe MHOXECTBO, (HUKCHpOBaHHOE uwuCaoM 9.
Mbl mMoXeM noTpe6oBaTh, yTOOH | 6blIa 3J€MEHTOM 3TOro PasHOCT-
Horo MHoxecTtsa. Toraa cirepyiomue crenetu 9 (mod 23)

{1,238, 4,6, 8 9 12 13, 16, 18) (2.23)

IOMKHBE OBITh 4JedaMu DPa3HOCTHOrO MHOXeCTBa. ITO ellle OIMH
NpUMep E€IMHCTBEHHOTO Pa3HOCTHOre MHOMXECTBAa C 3alaHHBIMH mapa-
metpamu. HeToynHo y6emuTbes, YTO kak 2, Tak il 3 SBJALIOTCA MHO-
WHUTEJIMH 3TOr0 Pa3HOCTHOIO MHOMECTBA.

B) He cymecTByer miockoro pasHocTHOro MHOXECTBa ¢ fapa-
metpaMu v= 111, k=11, A =1. 3ro cayyall nux.uueckoii npo-
exriBHOM maockocrtu mopsaka 10. Caexys Teopeme 2.1, Mbl y3Haew,
yto p =2 ecthb MHOXHTeab. Kpome roro, (I, 111)=1, Tak yro cy-
MECTBYET pa3HOCTHOEe MHOMecTBO, ¢urCHpoBaHHOe uucioM 2. Ecau
Mbl NPUMEHUM MHOXHTENb 2 K 3TOMY Pa3HOCTHOMY MHOXeCTBY, TO

NOAYYUM
0(x)=0(x) (modx''—1). (2.24)

[lyctb Tenepb &€ — KyOuuyeckui xopeHb M3 euHuLb 4 & 7= 1. Tak Kax
111 =3.37, 10
6 (e?) = 6 (¢). (2.25)

M3 a3roro caenyer, uto 6(s):ﬁ(s‘l)——pauuor{anbﬂoe. Ho rtorna
no dopmyae (2.12) BbiXoauT, 4TO £ — A =10 ABAAETCA KBAAPATOM.
CielloBaTenbHO, LMKJINYECKAsA TPOEKTHBHAfA MJAOCKOCTb nopsika 10
He CyLiecTByeT.
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s ABaAfeTCs SJeMeHTOM S
A ecThb NOIMHOXECTBO MHOXecTBa S

A ecTb coOGCTBEHHOE NOAMHOXECTBO
MHOXecTBa S

MHOXecTBO BCeX NOAMHOXECTB MHO-
wectBa S

HyneBoe MHOMeCTBO

[Mepeceuenue muoxects S u T
O6benunenre MHO¥ectB S u T

KoHeuHoe MuoxecTBO W3 n > 0 ane-
MEHTOB
[Tpoussenenne muokects S u T

ynopsgoueHHOe 7-MHOMXECTBO, Ha3bl-
BaeMoe BbIOOpKO# oObemMa r, HIH
r-BpiOOpKO#;  r-nepectaHoBka W3
n 3/eMeHTOB B Caydae, KOTAa KOM-
NOHEHTHl PasJYHBl M BHOPaHB U3
n-MHOXeCTBA

Yucno r-nepecTaHoBOK M3 n 3je-
MEHTOB

r-daxTopuaji

MuoxecTBO BCeX B3aWMHO OJHO3HAY-
HbIX orToGpaxenuft B S Ha cebs
CumMerpuueckasd rpynna nopsika n

Heynopanoyennas BuOopka r 3fe-
MeHTOB, He 003aTeNbHO DPa3/JHUHBIX,
o0bemMa r, wiaM r-Buibopka; r-nou-
MHOXECTBO, €CAH KOMIIOHEeHTH pas-
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Crucox o06o3nauenui

C(n, r)=(’r1)
w(a)

[x]
(a, b)

alb
atb
¢ (n)
W ()
m(x)

D,

AT
per (A)
det (A)
(0,1)-marpuua

oS~

~
a8

£, (S)

N@i ..o gp 1)

JUYHBI, r-Co4ueTaHue M3 1 3JEMEHTOB,
€C/IM KOMIIOHEUTBl PasJau4YHBl H BHIO~-
PaHBl M3 n-MHOXeCTBa

BUHOMHATLHBIA KO3 dUUMEHT

Bec saemenrta a

HauGonbuee uenoe uucio, ne npe-
BOCXoafllee x

HonoxureabHbt o6LuH HanGOAb LMK
JdeJUTenb yucea a U b

a neadr b

a He pmeaur b

Onneposckas @-dyHKums

®ynkuug Mébuyca

YHcno NmpoCTHX uYdCed, He MpeBH-
AKX X

Hicno GecnopsaskoB M3 n 3J4eMEHTOB
[pamoyronbuaa rtaGauua, HaswBae-
Mas MaTpule#, eCAH IAEMEHTH a,;
BLIOpaHbl M3 TnoasA
Tpancnonuposannas marpuua A
IMepmanent matpuum A
HerepMunanT Marpuun A

Marpuua, aaemenramu KoTOpo#t

ABAAIOTCA HYAH W €XMHHLB
Enunnunas marpuua

Marpuua, cocraBieHHAas W3 eNMHHLL
Yucaa pasmeinennit

(0,1)-marpuua, B KoTOpOR exuHULM
pacnonoxensl Ha Mecrax: (1,2),
2.3), 3.4, ..., (n, 1), a nyau—
Ha BCEX OCTAAbHBIX MecTax

YHcno AaTMHCKMX  KBAAPaTOB 1o-
pAaKa n, B KOTOPHIX 3JMeMeHTH Iep-
BOR CTPOKU W mepBoro croabua pac-
MOKOXEHB B ECTECTBEHHOM NOPAfie
MHOMeCTBO  BCeX  7-NOAMHOXeCTB
MHOMecTBA S

MunuManbHOe  HATypadbHOE — YMCO
B TeopeMe Pamces
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N, MuHpuManabHoe HaTypasibHO® — YHCJIO
B TeopeMe O BBIMYKJBIX MHOFOYTOJb-
HHMKaX
c. p.- CucreMa pas/uyHBIX TIPeACTaBUTENEH
c. 0. 1 Cucrema o0Guiux TpelacTasuTeel
0 ['pannqsbift paur
R==(ry, 1y ..., r,) Bexrop cymm crpok
S=(sy, 8 ..., 8§, Bexrop cymMm croabuos
T OOuiee uucao emusuy B (0,1)-mar-

puue
A—=AR, S) Knacc Bcex (0,1)-maTpui, BexTOp
CYMM CTPOK KOTOPbIX R, a BekTOp
CyMM croabuos — S

A MakcuManbHasg MaTpula
S8 S* maxopupyer S
A CneupanpHas MaTpHUa, TOCTPOEH-
Hag B U
?) MuHuManbHBIH rpaHuyHBIR paHr Mar-
pui B HopMaausoBaHHoM kaacce U
_p MakcuManbHbI FpaHUYHBIR panr Mart-
pMU B HopMaausoBaHHoM kaacce U
N, (Q) Yucno uynest s (0,1)-marpuue Q
N, Q) Yucno epunuu B (0,1)-Matpuue Q
o MuHuManbHBI cllel Marpuu B HOp-
Manu3oBanHOM kJaacce U
o MakcumanbHBI# caell MaTpul B HOp-
MaausoBaHHOM kaacce Y
e (o) O-IMPHHA
g(a) MunnManbHag  Q-DIMPHHA  MaTpull
B HOPMa/lM30BaHHOM Kkaacce ¥
€ (a) MakcumanbHas — o-IUMPHHA  MaTPHL
B HOPMa/nu3oBaHHOM kJjacce U
AWK, K) Kaace, B kKoTOpoM R=S==K =
=k k..., k)
GF (p%) [Tone Tanya

a Hpoexmsﬂaﬂ MJAOCKOCTh
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B Marpuua nopsaka v, B KOTOpo# aJfe-
MEHTHI Ha TIaBHOH IMArOHa/IM PaBHH &,
a BCce OCTadbHBIE 3JEMEHTHl PaBHBI A
H Marprua AnaMapa
AX A Ipsamoe npoussenenue A u A’
c
S=5 S kourpyenrHa S’
A_]_A’ Tpsamas cymMa A n A’
D ={d;, dy, ..., dy} CoBepuienHoe pasHOCTHOE MHOXECTBO
t

MHOXHTenb PA3HOCTHOTO MHOXeCTBa
0(x) xdl—}-xd?—}—...—{—xdk(modx”——l)
T (x) l4-x+ ...+ xv-1,
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