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BBEAEHHE

Paseurie MarematHdeckoft - pu3HKH MoBiexao 3a cofoft paspa-
60TKY M yCOBEDIIEHCTBOBAHHE aMMapaTa BEKTOPHOrO H TEH3OPHOrO
aHanu3os. Oco6eHHOe 3HAYEHHE 9TH MeToAW NpuUobpean ¢ mossiae-
HHeM ' crieuHasbHoft, 4 3ateM M ofuieft TEODHH OTHOCHTE/JLHOCTH.
YeTnpexmepHas HHBAPHaNTHan GopMyIHpOBKA ypasHenuft Maxcseinna,
nauHas Munkosckum, mana HauGonee npocToe M yGeauTenbHoe npen-
QTaBAEHHE O CYW(HOCTH MPHIUMNA OTHOCHTENbHOCTH. Cosnanue 06-
{hieft TEOPHN OTHOCHTENBHOCTH, MOXAMyH, OKasanoch 6H HEBO3MOMK-
HHM, ecii Gn CBOEBpeMeMHO He Obil pPa3paoTaH annmapaT TeH3op-
MOr0 HCHYHC/EHMA.

BecuucjeHHne MOMLITKH CO3MaHHS EAMHOR TEOPUH MOJS TAroTe-
MM H BNEKTDHYECTBA, TMOMMTKH, cBOeft GECIVIONHOCTHIO AMCKPENHTH-
POBABIIXE CAMYIO HIEIO B I/1a3ax MOYTH BceX (PHIUKOB COBPEMEHHOCTH,
MOBEMH K SAOYNOTPeGNeHHI0 METOHAaMH TEeH3OpHOro auannsa. Bee
Gosee W Goaze SNCHBIM CTaHOBHIOCh, YTO STO &KOHIHPOBAHHE -
HHIEKCAMH» HE MOXET CAYXHTb HCTOYHHKOM HMOBHX MO3HAHHI O
CTPYKTYpE OKDY)KAlOWIEro HAC MHPa M BEeIeT Hac K roauM, a6-
CTPAKTHHM CHEKY/NSLHAM, HMEIOUIHM, BOSMOMHO, YHCTO MaTeMaTHue-
CKHR HuTEpec, MO NHIIEHHHM (HU3HYECKOTO CONEPKAHHA. )

Boanukinas oKono AEeCSTH JeT TOMY Masall KBAHTOBAsS MEXAHHKA
nepeMecTHNa LeHTp HHTepeca Qu3HyecKuX Teopuft B 061aCTH MHKDPO-
MexaHuKM, Kinaccuueckue TeOpHH TOJIS, IOHHMAS MO/ STHM SJAEKTPO-
MATHHTHY10 TeopHio Makcsenna M TeOpHIO TATOTeHHs DRHIITEHA, OCTa-
BaJINCb 3AMKHYTHIMH B ce6e TEOPHAMH, 3aBEPIIEHHHMH B CBOEM Pa3BH-
TuH. Kasajnoch, YTO METOAH TEH3ODHOrO aHA/NH3A OrpaHH4eHH 06-
NACTBIO KAaccHuecKoft GHSHKH H YTO HM HET MeCTa B KBAHTOBORA (QHaHKe.

Monoxenne, oxHaxo, PesKo H3MeHWNoch, xorna Jlupak Haen
CBOIO CHCTeMy AHGbEPEHUNANLHHX YDABHEHHR 1id BOJHOBOrO oA
9JIEKTPOHA, YAOBJETBOPHIOIIYIO0 NPHHIHIY OTHOCHTENLHOCTH H BO
MHOTOM CXOMHYI0 ¢ cHCTeMoft ypasHenuft Maxcsenna. B ypasuenusx
Jupaka 1o KoHua N0BeaeHO M DaspelieHO OTKPLHITOE BOJHOBOR Me-
XaHHKOMt CXOACTBO B MpPHPOAE CBETA H MATEPHH, H C STOR TOUKH
3p>HH ypasHeHHs [Iupaxa nNpeACTABIAIOT TO ¥e caMoe /I Mare-
pHaibHHX Jyueft, uto ypasuenus Maxcsenna ans csera,

H Tyt Bnepane o6HapyXHJOCH CylleCTBOBaHHE B npHpone GU3H-
"YeCKHX BEJHYHH, 3aKOHW TpanchOpPMauMH KOTOPHX MNpH MEPExXoae
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4 BBEAEHHE

OT OAnOH CHCTEMH OTCYETa K APYroft OT/HYHE OT 33aKOHOB TpaHC-
GopMauuu BenMuMH, BCTPEYABUIMXCH B KIacCHuecKOR duauke. -

Havanues GecunciaeHHne 4, KaK MW Telmepb 3Haem, 8apaHee
06peyeHHHe HA HEYAauy MOMWTKH ONHCATb STH BEAUMHHH MpH MO-
MOIIM NPHBLYHHX REKTOPOB M TEH30pOB. CTaHOBHNOCH Bce Gonee
4 Gonee ACHHM, 4TO MH HMeeM IE/IO ¢ BenMYMHamu sul generls,
He CBOAMMHIMH K TEH3ODHWM BETHYHHAM, .

B wuavare 1929 r. noxottumtt I1. C. Spendect, ymesmuft Kax
HHKTO JApyroft ocTpO CTaBUTh HASPEBINHE BOMPOCH, O6pamaercs
¢ nuceMoM x B. JI. Ban-nep-BapieHy, B KOTOpOM Muuuer:

«Ec/d MH Ha30BEM Te HOBWE BIMYHHH, KOTOpHE OGHADYXHIHCH
B ypaeHeuusx Jlupaxka, cnuHopaMd, TO HEAb3s JM MOCTPOUTH no
06pasily BEKTOPHOIO H TEH3OPHOrO AHAMM30B CITAHODHHIH AHANUS, KOTO-
pHit cMOr Gul MBY4HTD KawAhi#t PU3HK, pA6OTaOWME B STOR 06nacTH».

Otserom Ha nuchmo I1. C. Bpedecra smwnach HeGonumas pa-
60ta Bau-nep-Bapaena '), npuHuHnIUaibHO PA3PeI ABII AR TOCT ABACHHYIO
npobnemy. :

Kax B croe Bpems MuukoBckuft nepemucan cucremy YpasHeHu#t
Maxceeana B TensopHo#t ¢opme, TaK YTO MX MHBAPHAHTHOCT MpH
npeo6pazosakinsx JIopeHua cTaHoBWAAch OdYEBMAHOR, Tak Bau-nep-
Bapnien nepenncan ypassenus Iupaka B cooTBerTcTmyOmIEH CHHOp-
Hoft dopwme, - .

Mocne pa6orw Bau-nep-Bapneua Ka3anocb, 4TO CMHHOPH XapakK-
TEPU3YIOT BOJIHOBOE MO/IE MATEPHH, 3 BEXTOPH — BOJIHOBOE MO/ CBETA,
YTO GCIHHOPW CONEPKAT B ce6e <«(BAHTOROE HAYANO® M MOTOMY
ECTECTBEHHO HE MOFYT OOGHADYXUTHCH B KNACCHYECKHX TEOPHAX,
npeHeGperaiomux KBaHTOBLMH 9/1eMEHTAMH.

Tostomy Gonbiiroe sHauenue umeet pabora O. Jlanopta u I, IOnen-
6exa *) nosupwancs 8 Hauane 1931 r. B stoft pa6orte 6O MOka-
3dHO, 4YTO Hapsay ¢ TeH3opHoft cdopmoft ypamueHuft Maxkceana,

HaHHOM MHHKOBCKHM, CYIIECTBYET CMHHODHAaw (GOPMA, B KOTOPOH MX

HHBADHAHTHOCThL MK NPeobpaszosannsx JIOpEHNA CTOAbL e OueRHAHA.

Mu BEAMM TakuM 06pasoM, 4TO TEH3ODH W BEKTOPH KAaccHde-
CKO# (u3HKN He SBASIOTCH BeNWyHHAMM sui generls, a CBOJMMH
K BEMHYHHAM cnuHOpHOro Tuna, OKasanoch, 4yTO MATEMATHYECKHRA
annapar KAacCcHyeckoft HSHKM HMeNn AeN0o ¢ MPOUSBOAHHIMH BENH-
YMHAMH W YOYCTHA ueMWf KA3cC BEAHYMH, XAPAKTEDHSYEMHX B
HACTOgmEee BpEMs cnuHOpamd. OKasanoch, YTO CNMHOPHHA aHANHS
fIBIIETCA TIEPBHYHHIM aNMapaToM, BKIOYAIOWMM B ce6s  anmapar
TEH30PHOrO aHaNH3a.

1; B. L. van der Waerden, «Qottinger Nachrichtens, 1929, C? 100,
3G E. Uhlenbeck u. O. Laporte, «Phys. Revs, Bd. 37
crp. 1380, 1931. :
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Kpome croero npunomenns K BonHOBOMY ypammenmo Jlupaka,
aNnapaT COHMOPHOrO AaHAJM3A OKASAICH MOJE3HHM B COBEPHIEHHO
nuoft obnactu u3HKK, -2 umeuuo B KBAHTOBOH TEOPHH XHMHYeCKOR
BAJIGHTHOCTH.

Eme B DpOULIOM CTONETHH MHOMHM. MaTEeMATHKAM H XHMHKAM
6pocanock B 71232 CXONCTBO B KOMOHHATOPHKE BANEHTHMX UITPHXOB
n annapate anre6paudeckoft Teopun uusapuautos. Crymu (Study)
B pasiese MAaTeMATHYECKOH SHUUKJIONENHH, MOCBILIEHHOM TEOPHH
HHBAPHANTOB, YNOMHHAET 06 STOM M FOBOPHT, YTO «3TO CXOACTBO
_BO36YIHNO HeOGOCHOBAHHHE HANEKAW CAENAATb 3TOT OTAEN MAaTeMa-
THKH IUIOAOTBOPHHM JUIsi UedeRl XuMuus. QUHAKO 32 moOCKelHHe
roan B CBA3H € YCIIeXaMH KBAHTOBOR MEXAHHKHM W DAIBHTHEM TEO-
puH  XHMHUeCKORl BAJIEHTHOCTH QKA43a/I0Ch, YTO HMEHHO amnapar
CNIMHOPHHIX HHBAPHAHTOB JIEXHT B OCHOBE TEODHH XHMHUECKOR Ea-
aestHOcTH Y), \

Hacrosmas KHMMKA, HACKONBKO MHE W3BECTHO, ABASETCH MepBoft
MoHorpadueft Mo cNHHOPHOMY aHanu3y, nossasOUIEfics B MEYaATH.
- OHa paccyMTaHa Ha MATEMATHKOB H (DU3MKOB, SHAKOMHX C BEKTOP-
HBIM M TEH30DHHM AHA/MN30M B TOR CTENMEHW, B KOTOPOf OH H3Na-
raercs B yueGHOR suTepaType.

Axanemus Hayk CCCP
Dusnueckut HHCTUTYT M. JleGenema
Mocksa, mapr 1935 1.

.

o

1) W. Heltler u. Q. Rumer, «Zs. f. Phys» 68, 12, 1931.

H. Weyl, «Gottinger Nachrichtens, 193J, ctp. 285, ibidem, 1931,
crp. 3l.

G. Rumer, «Gottinger Nachrichtens, 1932, crp. 337.

G. Rumer, E. Teller u, H Weyl, «Gottinger Nachrichtens, 1932
cTp. 499. )
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. I'7TABA TEPBAA

Kowmnnexcroe BekTopHOE npocTpancrso (7). Jinmefiane npeobpaszosauns (10),
Mertpuueckoe npocrpanctso (I1). :

I'JJABA BTOPAfA

SneMentapanie cBefeHus u3 TeopRR rpynn (14). [MpeacraBnenue rpynnmi.
(16). HenpusoanMue npencrasaenus (18). Kputepun menpuBoauMoctu (21).
CucteMa TunepkoMnaekcHbx uucen (21). . N

I'JIABA TPETbS
[pynna 6urapumx npeotpasoBaruft (25). Crnumopras aareGpa (27). Mpea-

craBnenus Gunapao# rpynnn (29). dopmyna Kne6wma-Topaana (32). llpu-
noxenue dopMyan Kaebwa-T'opaana (34).

~ TJIABA YETBEPTAA

pynna JIopenuzi (36). ﬂoérpoenue MaTpuud Jlopemua npu ‘nououm-

Guuapro# MaTpuun (38). Floxrpynna npocTpaucTBeRNHX Bpamenuft (40).
loarpynna paBHOMEPHOTO NPAMOJUHERHOTO NBUNKEHHS CHCTEMBI OTCWETa
(43). T'pynna Jlopenua H 3epkanboe oTtobpaxenue (45). [pynna ceam-
HUOHOB (47). Cneunanbras 3apava (50). _

-T'JIABA NATASA

Cnunopunit anamms (53). Ypasneuus Makcesenna (54). Ypamnemmsa Makc-
Bennra B cruuoprolt ¢opme (59). CnmaTeR3op SHEPrHH UMnyabca (63).
Ypasreuus Jlupaka (67). Ypasaeuus [lupaxa ans ABHKEHHS BNEKTpOHa BO
BHEIIHEM B/IEKTPOMATHUTHOM More (75). 3akoRK coxpanemus (78).

T'JIABA HIECTAf

 CruaunBapuadTH (82). CucreMa wumBapuantoB (Gaauc) (86). Haxowszenue
Gasuca ans cHcteMh uABapuautoB (87). Onepawsn ¢ uHBapuantamu (91).
CofcrBernoe 3HayeRue H COGCTBERAL HuBapuarT—(93).

[JIABA CEAbMAA
Teopus cnunsasentnoctn (98). Cummerpust mojekya (100).

-



[MTABA TEPBAS

KOMIMMIEKCHOE BEKTOPHOE MMPOCTPAHCTBO

KowmmiekcHoe BeKTOpHOE MPOCTPAHCTRBO N H3MEPEHHH omnpenensercs
~ MHHEHHHIMH KOMOHHAUMSMH ’

v=ce t+oet ... e, (1.1)
N NHHEMHO HE3aBHCHMHX Ga3HCHHX BEKTOPOB €, €4,..., €, C KOM-
MIEKCHHIMH KOS(HIHEHTAMK Cgy €5y0e vy €y

Jlune#tnas TpaucdopMalus A B BCKTOPHOM MPOCTPAHCTBE COMO-
CTaB/SIET KawAOMy G6a3HCHOMY BEKTOpY €; HOBHH Ga3HCHL! BeKTOp

N

Ae,=e;= Y a,e, 1.2)
; .

H KaxaoR nuuefuof KOMGHHAUMH V 6a3HCHHX BEKTOPOB €;— COOT-
BETCTBYIOIY10 JMHEHRAYI0 KOMOMHALMIO V' BEKTOPOB €

i
Av=v'= Fca,e,.
i &k

Kosduuuentn @y, onpepensiomue JHHEAHYIO TPAHCHOPMALHIO,
006pasyoT n-paAHYI0 MAaTpHLY

Qg Qg ee0 By \ -
141={ - . .. * T e (1.3)

\a, a4 ... a,,

Ecnu B BEKTODHOM ‘MPOCTPAHCTBE BHIMONHMTH OAfHy 8a Apyroft
nee JuMHeRHHX TpaHchopMauuu — cmepsa A, notom B, rae

Ve

’ au s 0 a“- bil «sa bil_
"A"=(' e o o e )’ "B":(- ¢ o o )’ -
Gy ... @ by ... b,,
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TO MN MOJYYHM:
BAe,=B 2 a,e,= 2 2 b,ja e,

Pesynb'mpylomaﬂ NHHeAHas 'rpchq;Opuaum C=BA 3zanaercs

MaTpHleR
Ciq +vo Crp
ucu ( o« e ),
€t s+ Copu
_KosdHUHEHTH KOTOpO oOmpefiessioTcs no ¢opmyae
- —Zb‘,a » (14)

B xauecTe npiiMepa nex'ropuoro NpOCTPaHCTBA paccMoTpHM Co-
BOKYMHOCTb OZHOPOAHRIX NQJMHOMOE B ABYX H TPEX MEPEMEHHHX. . .
1).CoBoXynHOCTb ORHOPOMAKX mnoauHoMoB V(x, y) cTenewu n
B MepeMeHHHX X M y 006pasyer BeKTOpHOE mPOCTPaHcTBO (n+ 1)
HIMEpEeHH )

.BasucHuMi BexTOpPAMH cnyxat (n+ 1) MOHOMOB

A%, X"y, E 2l AN

Mu MOXEM BHIEAHTb H3 STOro (n+ 1)-MepHOro BekTOpHOro ™

HPOCTPAHCTBA TOANPOCTPAHCTBO ABYX H3MEPeHHH, o6pasyemoe no/u-
uoMamH V (x, y), YAORIETBOPSIOIIMMH YPABHEHHIO Jlannaca
eV &V
V=53 + o= =0. (1.6)
3TH NOAMHOMM HA3LBAKTCH TFapMOHHYCCKHMH,
Hwmeewm:

"’V=2c.(n-ez)<n-i—nx"_-Hy.

2 ¢ i(i—- 1)x"y*,

CxnaamBas 062 BHPANKEHHT H HAMHCAB PE3YALTAT CJAOKEHHS B BHIE

ONHOPOAHOrO MOMHHOMA cTemeHH (n—2), MW MoAyunM: .
AV=F A,x"Hyi=0,
] -

Vu(x, y)=cx* + qx*ly+. R (1.5)

vl e T
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x  KOMIIIEKCHOE BZKTOPHOE MPOCTPAHCTBO
1 -

on"(yna caenyer, 4t0 (n-+ 1) KO9(pHUHEHTOB ¢y, €y, ..., €, AOMKHH
yaoBneTeOpaATh (71— 1) ypaBHeHHAM: '
A, =0, A,=0, ..., A,_y=0,
M MH HMeeM JMIUb 83 HE3ABHCHMWX NapameTpa d, B, 4epea Ko-
TOpHE MOTYT OHITh “BHDAXEHH KOSPUUMEHTH €y, €y .., €, FAP-
MOHHUYECKHX MOJIHHOMOB,
Pewenue ypasuenuft ‘A =0 xerye Bcero yaaercs, eciu mnouo-
3HTh .
V(x, y)=(ax+by)",
rae a®+ b%=0. Kax nerxo yGemutocs, V Gynmer mpu stux yero-
BHSX rapMoHuueckuM mnoiuHoMom. [lonaras a=1, b=2Iti, rne
i=} =1, un noayuaem:
Vo(x, p)=a(x+iy+Bx—iyy
JBYMEDHOE BEKTOPHOE POCTPAHCTBY TAPMOHHYECKHX MOJIHHOMOB,
2) CosoxynHoCTb onﬂoponuux nonuHoMoB CcTeneHH [ B mepe-

MeHHWX X, Y, 2 O6pasyel BEKTOPHOE NPOCTPAHCTRO (————l+')(l+2)

‘Hamepenuft
Vix,y, 2)= chNxPy'z*,
rae
pt+o+r=L

PasmepHOCTb BEKTODHOTO MPOCTPAHCTBA JIErKO OMNpENENHTD, eC/H
Hanucate V,(x,y,2) B Byne:
Vi(x,9:2) = 2f(69) + 27 () + oo+ S8 3) + oo Hfilx),
rae ¥, (x, y) — nonutoms crenewu r (0 r <) B nepeMeHHux X, y,
KaXALA H3 KOTOPHX COAEPKHT {7+ 1) NpPOHIBONBHHX MOCTOAHHHIX
O6mee 4HCIO KOS(HUHEHTOB €., B TOJHHOME V, (x,y, 2) Oyner,
€/1e10BaTENbHO!

T =l
PRI EDIER.
r=0

Tapmonnyecxue nonuHoMH crenewu [ B nepeMesitnX (X, Y, 2)
YAOBIETBOPSIOT ypanueﬂmo Jlannaca:
v _
wW=5x +oy= +om =

L]

H 06_p‘33y10'l‘ pexTOpHOe mpocTpaHcTeo (2/ + 1) namepenuft, B camom




10 . TNABA NEPBAS /
xene, Hanucas ycnhose AV=0 B Buze mnoauHoMa crenexn (/ —2)
erwpx'y'zp=0" s+ntp=1I1—2, ‘

MB [OJYYRM AR KOS(bHI.l"eHTOB C"' YPAaBHCHHS .

Agey =0,
'THCJI0 KOTODHX pasHo:
) =2+ (—24+2_ i(¢—1)
1.2 12

YUcno HE3ABHCHMHX MAPaMETPOB, Yepes KOTOPHEe MOryT OHTb Bhi-

paXeHH KOSQUUHUEHTH C,.,, PABHO, O4EBHIHO: \

14+ 1)(14-2 ll—-] '
<+])'(2+ ) ( )_or41. - (1.7)

Ilnu toro yto6H BHIACAHTH (2l+ l) rapMOHHYECKHX [10JHHOMOB,
06pasyionx BeKTOpHHHA 6asuc B npoctpaucrse 2/ +1 u3mepeHuHt,

NONOXKHM
14 (x,y,2)=(ax+by+ ez),
rue ,
a4+ 4 3=0.

Kak nerxo sWaeTb, TaKOH NOAHHOM 6yIeT aPMOHHYECKHM.

JUHEWHHIE NPEOBPA3OBAHMUSA

Jse auteHHbX TpaHC(popMauuu

x‘—a“x + a,4x? +...+a,“ w

x¥ =ayxt 4 cee | (unnexcs  (1.8)

P L 257

M =a, x4 oee +ax"

V'1=auy1+ .":’+;1nyn )

y’ =zﬁ }’ + ) . (HHlleKCH

R ( BHH3Y) (1.82)
P y:‘=5n1v1 -+ LR +;m|yn ),

HAH COKPALEHHO

xt'= 2 a,.x', Yi= 2 ;lryr
] r
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nepeMenHnix X', y, B nepeMenunie x¥, y' HasWBAWOTCH KOMTpArpa-
AUEHTHHIMH ADYr K ADYTY, €C/AH MPH STOM OCTAETCS HHBAPHAHTHON
GununeftHas. dopwma:

Y+ xVy b xye=aly, +xty L xty,

WIH COKDAILEHHO
zx"y;=2x'y,. - (1.9)
MMoncrasass 8 (1.9) supaxenus x u y;, nonydum:

I o D=3 (Jaus) 2 (110)
§ & r r,s §

Cpasnupas (1.9) ¢ (1.10), nonyyaem mexay KOSbHUHEHTAMH HBYX
KOHTPArpajHEUTHHX TPauchOPMaUUA COOTHOUIEHHE;

b — 1 ::’
Eahair_acr; aor_ {0 1=y (l'll)
{
1 — KOMIIOHEHTHAS BEJIH4HHA, KOTOpas TpaucHOpPMHpyercs MPH MO-
MONIM MATPHUH [ @, |, HA3LBAeTCH KOMTPABADHAHTHHM BEKTOPOM,
a Be/MYHHA, KOTOPas TPaHCHOPMHpYyeTcs NpH MOMOUM  MaTpH-

un llau [l — xoBapuauTHIHM BeKTOpOM.

METPHUUECKOE NMPOCTPAHCTBO

M= roBOpHM, YTO B BEKTOPHOM MPOCTPAHCTBE 3aldHA METPHKA WIH
BBE/EHO MepoOonpenc/ienne, ecnu npu nomouw Marpuus G=| g, |l
YCTaHOBJIEHA 3aBHCHMOCTh MENAY KO- H KOHTPABADHAHTHHIMH BENH-

- ‘ll:HaM"
y _gnyi'*"gﬂy,'*_ e +'gl»y~'

y ‘.y‘+ ERR A (1.12)
.v gmy + A 1S
HIHK .
yl=2gny"

NpHYeM peTepMHHAHT Matphub G OT/HYEH OT Hy”.
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Moacrasasa (1.12) 8 (1.9), M noayuum GunuHeRnyio dopmy:
zgcrx')":
s r

KoTopaa npu auHeRHo# TpaHcpopmauuu (1.8) ocraercs unpapu-
aHTHOH.

C BBefeHHEM METpDHUKM Mpomajaer pasnuyme MeXAY KO- H KOHe
TPaBADHAHTHLIMM BEKTOPAMH, M OCTAETCA JMWIb DAa3NHYHE MEWAY
KO- H KOH'rpaBépuaH'rHumu KOMIIOHEHTAMH OAHOFO H TOrO e
BEKTOpA. '

OO6LIYHO OrpauHiMBAIOTCH PACCMOTPEHHEM METPHKH c CHMMETpHY-
HWM MEpOONpENeNeHHEM, NONAras g,= g, Mexuay n' xomnoxe:-
TaMM MaTpuUb JuHeftnoro npeoBpasosanus A={a,| YycTanasau-

BaeTCA TOrna z (’: -; 1 COOTHOLWEHWA BHaA:
PN IS 7 (1.13).
p. s

He3aBHCHMbBIX KOMMNJEKCHBIX MapaMeTpoB, ONpENeNsiOlIHX JHHERRYIO
Tpancdopmaunio, Oynet B 9TOM Ciydae yxe e a%, a

n,___n(n-}-l) n(n—l)
- 12 12

~

Jns Hawwux uenefl HeOOXONMMO, KPOME BEKTOPHOTO NMPOCTPAHCTBA

£ CHMMETDUYHBIM MEPOOTpENe/ieHHEM, PaCCMATPHBATL TAKKe W mpo-

CTPAHCTBA C QHMUCUMMEMPUYHOM MEPOOTIPENENCHHEM £, = — &},
Mexay n? KounOHeHTaMu a, MaTpuibl JuHeRHOro npeo6pasoBaHys
(n—=1)n

yCTaHaBIHBAETCA TOrna —Tcoomomeuun suaa (1.13), u uucno

He3aBUCHMBIX KOMILIEKCHHX NapameTpos OyneT B 3TOM Cnyyae yxe
He n%, a

._n(n—])_n(n-}-l)
S B R T

TMockonbky Mbl HaXOAWMCA He B HEeHCTBMTENBHOR, a B KOMIUIEKC:
HOfl 06nacTH, MB HOMKHM Hapany ¢ TpaHcgopMaumamn A:=|a,| u

~
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A=|a,| paccMOTpETr KOMILIEKCHO-COMPSKEHHbE TPAHCHOPMaLMK
A=fa] n Er=|d):

6 “,

xM = Za:,x :
B o Te o .
¥ =X au _ '

BeniuuHn, KOTOpHE NMO HUM TPaHchOPMUPYIOTCH, Mbl Oyaem Hasui-
BATb KOMIUIEKCHO-COMPHKEHHLIMH BEKTOPaMH. ITH Tpauchopmaiuu
anre6pauyecku HesaBucHMbI APYr OT Apyra. B camom pene, oBosHa-
yag yepToR AeHCTBUTeNbMbE YACTH H ABYMA YEPTAMH MHHUMbE, Mbl
MOXeM 3amHcaThb! oo T
XA, T=Ax+AX
A=A+iA, X=X+ixX, X=X-+ix.

3TO NOKASHBAET, YTO ONEPHPOBAHHE A-PAAHBIMA MaTpuuamMn A u A%
B NeMEPHOM KOMIIEKCHOM MPOCTPAHCTBE SKBUBANIEHTHO ONEPHPOBAHHIO
2n-pADHEIMH MATpHUAMH

A+ A" —Ii(A—A")

(l(A—A') b A+A*)
B AeRCTBHTENLHOM NPOCTPaHCTBE 21 M3Mepenutt.

B sak/mouéHHe paccMOTpuM JuHefiioe npeoSpasosanne A=[a,l,

LA KOTOPOro
A=A*

Takoe cnenHaibuoe npeo6pasosanne Hasbipaetcd yHuTapHwM. [loa-

crasms 8 (1'11) a, =4, NQ@yiuM AH K03pHLHEHTOB YHHTApHOIO
npeo6pa3oBaHNs COOTHOLIEHHE:

Za‘,a;=8". ' (1)
4

Kak nerxo suaerb, 3TO yHHTapHOe npeoOpasosanue OCTaBaAdeT HH-
BapHANTHBIM Gununefinyio Gopmy !

X4 X7+ X3X5 + o oo+ XuXy

n(n—1)

W onpefenseTcs —i—

He3aBUCHMBHIMH TIApaMeTPaMu,
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DJIEMEHTAPHHE CBEJEHHA N3 TEOPUH TPy

MuoxecTso 3nementos @ o6pasyer rpynny, eciu BHIOMHEHb Clie-
OYIOllIHe YeThipe YC/MOBMA: :

I. Kaxnoft nape snemeHToB @, b OJHO3HAYHO COGTBETCTBYET «npo-
H3BeNeHHE® — FNEMEHT a-b, KOTOPHMH TaKKe npuuazwexmr« AaHHO#R
rpynne. :

II. Ona npou3BeaeHus 3/IeMEHTOB AEHCTEHTENEH acCOLHATHBHLIA

3aKOH
(a-b).c=a-(b:c)

1. CywecTsyer snemeHT €, obnanalomu#t TeM CBOHCTBOM, 4TO
ae=ea=a. ITOT 3NEMEHT HA3WBAETCH ENMHHILEH rpymnu.

Iv. Kazxnomy a.neuerny*a COOTBETCTBYET Hexo'ropun apyroft ane-
MeHT @' Tax, 4T0 ga'=a'a==e. DieMeHT @' HA3WBAETCH OGPATHLIM
3/leMeHTOM 4 W o0o3Hauaercs uepes g™t

I'pynna naswmBaerca alenesoft, ecam a-b==5b-a, W HeKOMMYTa-
THBHOM, ecM a-b % b-a.

JIuHeiHbie  TPaHCHOPMALMY B n-MEPHOM TPOCTPAHCTBE C AETEPMH-
‘HaHTOM, OTAMYHbHIM OT Hy/A, 06pa3yIOT HEKOMMYTaTHBHyl rpynny

.

a,x

3
C SNieMEHTaMH

A= "dlk’l'

INMpongseaenune n;yx 'rpchipopmauuﬂ ecTb ONATH JWHeHHAs TPaHC-
tdopmauus. Ha
x'=Ax, x"=Bx'
caeayert:
x" =BAx.
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B o6uwiem cayyae BA £ AB. Jlerko yGenHTbesi, YTO M OCTajibHbie
TPH TPeGOBaHMs nAA AHHEHHBIX TpaHCGOPMAUHA yNOB/ETBODEHHI.

MepecTanosky 3 f npeaMetos (Hanpumep f apryMeHTOB (QYHKIHH)
obpasyior rpynny H3 f| sneMeHTOB.

Myers P-—nepecrauoaxa yucen 1, 2, 3, 4, 5, koropas nepeso-
mHt 1 B 5, 554 481, 283, 352 Mu nHllieM B 3TOM CAyyae:

P=(15 4) (2 3)

70 HAMHCAHHE YKASHBAET, YTO P €CTb NPOH3BENEHHE LHKAHYE-
CKHX mepecTaHoBOK. LIHKA, cocToAmmMA™ U3 NepPecTaHOBOK nBYX npen-
MEeTOB, Ha3WBAeTCs TPAHCMOBHUHER. Kamanift wHiKa Moxer ObiTh
npencraaneﬂ B BHJE NpOH3BEneHHs TpaHcnosHux#. Hampumep

’

(154) = (15) (54).
B camoM nene:

(54)f (154) =1 (145),
1)1 (145)=/ (41 =(19) 64)/ (159
(154) f (154) = (541).

MosToMy Kawayio nepecTaHOBKY MOXHO Pa3GHTb HAa MpoH3BeneHHe
TPAHCMO3HIHH.

TTepecTaHOBKH € YETHHIM YHC/IOM TPAHCMO3ULHA HA3LBAIOTCH YETHH-
MH; C HE€YEeTHbIM YHCJ/IOM TpaHCHOSHuHﬂ—-
HeyeTHuMH. TlepecTaHoBKH 06pasyioT He- g,
KOMMYTATHBHYIO rpynmy. Hanprmep,

(123) (34) (1234) = £(2341),
(34) (123) f (1234) =£ (2413).

T'pynna spauwenud. B ornnyne or rpyn-
Nu  MepecTaHOBOK, ~coaepwauielt f1 sae-
MEHTOB, FpYNNa BpAmieHHA B MPOCTPaH-
CTBE HMEEeT HelnpephLiBHOE MHOMECTBO 5/e- Yepr. 1
MEHTOB, XapaKTepu3yeMblX 3Ha4YeHHeM Tpex
napametpoB @, B, Y (HanpHmep SANEPOBCKMX YI/IOB), OMPEAETSIOWIHX
BpaiueHHe. 'pynnosbie CBOACTBA BpAllieHHA OCOGEHHO HArNSAKO BH-
ACHAIOTCA TpH DACCMOTpEHHH BpauieHHs wapa. ITycTs Bpamienne

J




i

16 - : TAABA BTOPAR

(@', B, 1) nepesoaur TouKy A4 Ha mape 8 TouKy B, a spallieHHe
(@", B’, a")—rouky B C. Ouesunno, uro CYIECTBYeT BpauIeHHe

- (a, B, Y), HemocpencTBeHHo nepesonsmee TO4Ky A B Touky C. Hexom-

MYTaTHBHOCTb FPYNRfI BHAHA U3 cnenylomero npumepa (cM. yepr. 1)
BpameHHe BOKPYr OCM y HAa Yron ——, a4 3aTeM ppauieHWe Ha
yron & BOKPYr OCH X [1€pPEeBOAWT 'rquy A l{epee. BsC. Bpameu;ie
BOKPYr OCH X Ha Yrosi %, a 3aTeM HA yro: T Boxpyr ocH y nepe-
BoauT Touky A uepes B' s C'.

<

NPEACTABJIEHHE T'PYNIH -

Ec/in Mexny snemeHTamu nByx rpymn @G n g ynae'rcn YCTaHOBHTH
TaKOE COOTBETCTBHE, YTO KAWAOMY SieMeHTy A u3 G COOTBETCTBYeT
SneMeHT a W3 g, TaK 4TO fpousseneHuio AB cooTseTcTBYET npous-
BEACHHE 2b WM COOTBETCTBYIOIMMX S/IEMEHTOB, TO OBe rpynnud Hasu-
BAIOTCA MSOMOPGHLIMA M KAXN2A M3 HWX SABAETCH NPEACTABACHHEM
apyrol. B cayuae ecnu cymiecTByeT 0aHO-01MOSHAYHOE COOTBETCTBHE
Mexay saementamu rpynn @ M g, MM TOBOPHM, YTO Kaxaas w3
HHX ecThb OJHO3HAyHoe rpeacTasnenwe apyrofi. Ecam snementy A
COOTBETCTBYIOT /IBa 3/IEMEHTa 4 U @' B rpynfle g, HO KAaXAOMY H3
SNEMEHTOB @ U3 g COOTBETCTBYET /MIlUb OAMH 3neMéHT u3 @, TO M
rOBOPHM, YTO TpYMMa g €CTh 1BY3HAuHOE MpeacTasnewue rpynnu @,
HO 0 €CcThb ONHOSHAYHOe npeacrasnenne rpynmet g. IMpumep:

g= { .":/ n } 00pasyeTcB W3 KBaAPAaTHHX KOPHeR BCexX TION0XKH-
TeNbHLX Yucen, »

G={n} o0pasyeTcs W3 BCEX MOMOXHTENBHLIX uucel,

Kaxnomy snementy us @@ cooTBeTCTBYIOT ABa S7eMEHTa 3 g
Ocofy10 posb WrpalT MPeCTABAEHHS TNPH MOMOMIH JMHEHHHX
Tpaucopmauuit .6 MHOroMepHoM npocTpactee. Jlnm nomyueHus sTHX
MPENCTaBEHUR HIRO YCTAHOBHTh TAaKyi0 CBASh MEXIY S/HEMEHTOM
FPYNMid @ W MaTpuued iMHeAHOro npeobpasosaHus A, uTobb u3

a~|lA]l, b—~|B]

ceA0Bano
ab—|Cl,

T

.-



NPEACTABJEHUE TPYNIbI . 17

Cp= 2 ;b
’\

7. €. MPOHM3BEACHHIO SNEMEHTOB TPYNMbkl COOTBETCTBOBANO npoussene-
HHE WM COOTBETCTBYIOLUIHX MaTPHILL.

[Teumer 1. IlpeacTaBnenue rpynnel BpalleHWs B TUIOCKOCTH
H3BECTHO U3 aHANUTHYECKON reoMeTpHi. OTHECEM SNEMEHTY a, rpynnu :
(Bpawtenye Ha yron ) Ma'rpuu.y

( cos ¢ sincp)
a, —

? —sing cocg/’

rae

Ouesuano, 4TO B rpynmne BpalleHWA NpOM3BENEHHIO a4, Ha 4, CO-
OTBETCTBYET SAEMEHT @,

. _,( cos(p+4) sin(p+ «P))
ved —sin{¢+¢) cos(p+¢) )

TepemHOXKaAd MAaTPUUH, MORYUHM:

cosp siny cosd sing) [ cos(p+ $) sin(p+9)
—sinp cosp/ \—sind cos$/ \ —sin(p+§) cos(¢+¢)/’
T. e. NEHCTBMTENLHO Mbl WMEEM TpPENCTAaBAeHHe TPYMib BPALICHHS
B TIIOCKOCTH.

Mepumer 2. g rpynns mepecTaHOBOK M3 TpeX NpPeaMETOB MH
MMEEM ILLeCTb SNEMEHTOB:

- (1) (12) (13) (23) (123) (132).
BuGepem 3a NpoCTPAHCTBO MPEACTAB/EHHS TPEXMEPHOE NPOCTPAHCTBO:
Dx,=x, (12)x,=x, ((13)x,=x, -
Mxg=x, (12)x,=x (1) x=x
Dxy=x, (Dxy=x; (13)x;=x,
@23 x,=x, (123)x,=x;, (132)x;=x,
(@) xy=x, (123)x,=x, (132)x,=x,

@) xg=x, (123)x,=x, (132)x;=x,
2 Cmmopunil anmasus
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Mu nosyyHM B KauecTBe NPENCTABACHHA CAEAYIOUIYIO CHCTEMY
MaTpHU:

. /100 010 001
M—{010 ) @2)—|{100) @u3—|o010 |;
001 001 - \100
100 /010 001\
(23)— 001 J; €123)—{ 001 |, (132)—|{ 100 |.
010 100/ 010

HEMPUBOAVMMBIE NPEACTABNEHHUS

ITycTb HaMm ynanoch HaWTH CHCTEMY n-PAANRIX MATPHU, AAIOUWMX
HaM NpeacTaBneHHe rpynna @, conepwameft f sneMenToB, ITo. 3Ha-
YHT, YTO B 7-MCPHOM NPOCTPAHCTBE HAMH ONpefc/eHa CHCTEMa /-
HeAHWX TpaHchopMauHi:

hAch Hal... 1Al
rne [ A;l|— MaTpuus nusetinoro npeoGpasoaaHHn COOTBETCTBYIOLIHE
SneMeHTY a, rpynnul. B cayuae ecan Mu HMeeM HenpepuBHyio rpynmy,
3aBHCALLYIO OT HECKOMbKHX NMapaMeTpoB (HalpuMep rpynny Bpaie-
HHft), Mul Gynem MHCATb: _
14 @, B DI,

roe &, B, Y npoGeraer Bce AONMYCTHMHE 3HAYEHHA NMaPaMETPOR.’

IMepefinem B n-mepHOM MPOCTPAHCTBE K HOBOMY BEKTODHOMY 6a-
aucy. Torma BexTOp X npu MOMOMIM -AHHEHHOTO npeo6pa3oBaHHs
nepeiiner B HoBufi Bextop X'. IlycTh 3aBHCHMOCTH X' OT X BHpa-
3HTCH B BHAS: \ R
x'=8x, x=857,
rie S —nuHeAiHan TpaHcOpMauHs 9/1eMeHTOB 6a3Hea.

IlocmoTpum, KaK npu n3meHeHHH G6a3Hca 6ynyT TPaHC(HOpPMHpO-
BATbCA CHCTEMH MaTpHLy A,, A, . LA

Mu umeem:
- y=Ax,

Sy =AS'X';

ywHoXas o6e YacTH cAeB1 Ha S, NOJAY4YHM:
y =SAS-'x'

OTKyAa creayer:
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Marpuus SAS-!u A HaswBalTCH SKBuBaneHTHHMH. Tak Kak BLIGop
6a3Hca B 7-MEPHOM MPOCTPAHCTBE COBEPUIEHHO MPOH3BOAEH, TO, OYe-
BHIHO, H CHCTeMa MaTpHIL

SA,S™, SAS™,..., SA S

P

-

Gyner sBasibcA npenctaBneHvem rpynmu Q.
MoxXer cAy4HTbCH, HTO IPH HEKOTOPOM YNauHO BHGpaHHOM Gaauce
8ce Mampuigsi NPEACTABAEHHA TPYNMH OKAKYTCS CTYNEHYATHIMK: -

Al 0
A= ) .
! (o A;')' .

rae A} ectb n'-panHas u AY —n'-panHas MaTpHua, npuueM, KOHewHo,
n'+n'=n Mbu rosopuM B 9TOM c/iydae, 4TO TPeACTABAEHHE A,
NPUBOAMMO W CONEPHHT B ceGeé nBa mpencTtasneHus A} u AY Haweft
rpynns (@, 06a COCTABNCHHBIX W3 MATPHIL C MEHBIUHM 4UCAOM PANOB.

B cnyuae, ecau nanpHefliee pasGueHue Ha CTYNeHW HEBO3MOXHO,
Mbl TOBOPHM, 4TO NPENCTaB/EHHE BHPENYLHPOBAHO.

Mokaxem, 4TO 06a HAWM NPENBIAYLUIAX NPHMEPA NPEACTABACHHS
rpynnbl IPHBONUMBI.

Mpumer 1. BpameHue B NA0CKOCTH X,y

x'=xcosq@—ysing,
Yy =xsin9+ycosp,
__[gos® —siny

Am._(sin'? cos'\o)'

MomHOXMB BTOPOE ypaBHEHWe HA i, CAOKWM W BbIYTEM €ro 3 mep-
BOrO; MOMYYHM: -
(' + d)=(x+ip)e®,
(' —iy')=(x—iy)ete.

Ipu HoBOM Gasuce "x-+iy u x—iy BMECTO X u y Marpuua A (y)

Gyner umetb QOpMY:
A’ (%) ev 0
(l?)_ 0 e_" 1

T. €. NpeacTaB/ACHUEC pacnanaeTcd Ha nBa OAHOPAAHDLIX,
ad
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Vi3 TEOpHH KOMI/IEKCHHX YMCEN MH 3HAeM, YTO KAXAOMY Bpaile-
HHIO B M/IOCKOCTH COOTBETCTBYET YMHOWEHWe HA KOMIIEKCHOE HHC/O.
Nrpumepr 2. IToxaxeM, YTO Hawe TPEXPAAHOS TNPEACTABAEHHE
rpynnu MepecTAHOBOK TPEX NMPeAMETOB PACMafaeTcs HAa OHOPALHOE
H JBYXPAIHOE. '
. Ecnn mb BBeneM crenyiomme MuHefHHe KOMOMHALMH CTapuX me-
_ PEMEHHHX:

o ! e LN
Xi=x F Xt Xy, Xy=2X, —Xg— Xy, Xy =X3—2Xy+ Xy,

1 1 1
' ) S=|2 —~1 —1 |,
1 —2 1

Mhl MONYYHM HOBYI0 CHCTEMY MaTpHIL

(1:0..0.
; @3)=|0i1 0}
\ 0 1

1 00
(123)=| 0: —1 1 |; ,
0 —10

KOTOpas TaKke SBIAACTCA NPEICTAaBEHHEM NJA Haiuefd rpynnu. I71o
NpeACTaB/eHHe OT/IHYAETCA OT CTAPOro TeM, YTO BCE MATPHLH B HeM
crynenyatne. Mu MoxeM nostomy BuOpaTh ¥ ABYXpAAHBIE MATPHUH
KAaK TpeNcTaBleHHe Halliel TPYNMH W MOMYYnM:

_ 10 —11 0 —1 )

(1)==(0 1)" (12)=( 01 ); (13)=(_l 0);
1 0 —11 Y0 —1

(23)=(l _1); (123)=(__1 0); (132)=(1_1).
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KPUTEPUI HENPUBOAHUMOCTH

PaccMOTpHM B NMPOCTPAHCTBE 72 HIMEPEHHH HEMpPEpHIBHYI0 CHCTEMY
MaTpHL I, ABAAIOLLYIOCH NPEACTaBAEHHEM HenpepuBHOA rpynnu A (a),
Kax/as H3 KOTOPHX MEPEBOJHT BEKTOP X B HEKOTOPHH BEKTOP )"(a)_

y(a)=A(a) X.

MMokaxem, 4TO €C/H /IS ABYX 3a1aHHHIX NMPOH3BONLHEX BEKTOPOBX H Y
BCErna MOXHO Half{TH B CHCTeMe MaTpHU 3 Takyio MatpHuy A (g,),
KOTOpas mnepesojHNa OW HAMPaBICHHE BEKTOPa X B Hanpas/eHHe
BEKTOPA Y, T. €. YTOGH HME/IO MECTO COOTHOLIEHHE

Wy = A(a) X,

TO CHCTEMa MATPHL, HENpUBOIHMA.

HlonycTHM TMpPOTHBHOE, T. €. YTO MH MOXeM BHOGpaTh Ga3HC Tak,
4TO KakAas H3 MaTpHl A (2) pacmajaercs Ha iBeé CTYNeHH MOpsAaka
n' H n", npuaem n' +n" =n.

BriGepeM 33 BeKTOp X TaKkoft BEKTOp, Y KOTOpOro MNpH HOBOM
Gasuce JHILL MepBHE n' KOMIOHEHT OTJHYHH OT HYJIA.

x=(x;, Xy ooy Xu, 0,0, ..., 0) (BexTOp THNA I),

a 33 BEKTOP Y — BEKTOp, Y KOTOPOTO /HWIb NOCHEAHHE n'' KOMMO-
HEHT OT/HYHH OT HyJs:

y=(0, ..., 0, Ywy1, Yuga ..., Yaqar) (BexTOp THAA II).

OuerHpHO, 4TO M06as TPaHcHOpMaUMA NPH MOMOUIH MAaTPHUH, MPH-
paanexaieft k cHcTeMe X, 6yneT NepeBOAHTh BEKTOP X B BEKTOP
THna I, H mexTOp y B BekTOp THna II, H My wuHKOraa He cMoOWeM
HaliTH MaTpHLY, NMepeROAsllyl0 HanpaB/ieHHe BEKTOPa X B Hanpashe-
HHE BSKTOpA Y.

CUCTEMA TMIEPKOMIJIEKCHBIX UMCEN

OpnHHM H3 HauW6onee NJAONOTBOPHHX MPH/OWEHAR TEOPHH [pynn
ABASETCH H3YueHHE CHCTEM THMEPKOMNJEKCHHX WYHCEN M MPENCTaBAL-
HHE 9THX UYHCEN MPH MMOMOLIH CHCTEMH MAaTpHL. _

B kauecTse nepsoro npHMepa pa3bepeM CHCTeMY OGLIKHOBEHHHIX
KOMIJIEKCHHIX 4HCen BHAA a4 4+ ib. C TOYKM 3peHHds TeOpHH rpynn
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KOMMNJIeKCHHE uHcaa oSpasyor rpynny G, sneMent KoTropo#t xa-
PAKTEPH3YIOTCH [BYMS YHCAAMH (a; b). Kaxpo# nape snemenTOB
(a, ) n (a', b) OTHOCHTCH  9aeMeHT (2", b"), Hasunaeuuﬁ npous-
BelleyHEM sMeMenToR (2, b) Ha (a', b'), mpHuem

(@, b"y=(a, b) (', b')=(aa'—b¥’, ab'+a’b)'

Jlerko suaeth, uto rpynna KOMILIEKCHHX YHCeN umercu nepecra-
HOBOYHOfl UM abeneOf rpynno#.

Yucno (a, —b) HaaniBaercs CONPAMEHHWM YHCRY (a, ). Tlpous-
BEACHHIO uyHcen (@, — b) Ha (a, 'b) cOOTBeTCTBYyeT uMCAO

(@, —b)(a, b)=(a*+ b*, 0).

SruM noassyioTcs s Pas3NoOMEHHs CYMMH ABYX xsanparon Ha Jm-
HelHue unomurenu ’

(a+ ib) (a —ib)=a®+ 5.
Mu Moxem H306paxaTh KOMNJEKCHOE 4HCno (@, b) cuMBOJOM
A=a(1,0)4+56(@0,1)

H paccMaTpHBaTh €ro KaK B:KTOP B BEKTODHOM NPOCTPAHCTBE ABYX
usMepennA. DasucHHMH BekTOpamu 6yayT B STOM clyuyae uucaa
(1,0) u (0, 1). O6pasyem npousseaeHns:

(1,00A=a(1,0)+5(,1),
(0, 1)A=—b(1,0)+a(0, })

Mu 3akmouaeM OTCIONa, YTO YMHOMEHHIO KOMIAEKCHOrO uhcna A
Ha (1, 0) cooTBeTCTByeT MIEeHTHYHAA TPaHCHOPMAUHS BEKTOPa A NMpH

1 0
NOMOWH MATPHUH (0 1) a ymHoxennio Ha (0, l)——Tpchqac_)pua-

01
UHA BEKTOPA A NPH NOMOWMK MATPHUM 1 0). ITH naBe Ma-

TPHUN JaloT TipeacTasaenue snementas (1, 0) u (0, 1) rpynnu kom-
M/ICKCHHX . YHCe. l'lpouasonbuun oeMedT A =(a, b) Gyner rorna
npenﬂawxen uanuuen

s oo )50
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nerlgp HenocpeacTeenno TPOBEPHTS, YTO yMHOMEHUe MaTpHU Takoro
BHI2 9(BHBANEHTHO yMHOMenHIo KOMNAeKcHUX yHcen

ab A aa'—bb' ‘ab' 4 4'p

—ba/\—p o]~ ab'+a'% ag'—pp]-
O6obwas nonsrhe npocTord Komnaekcuoro YHCNA, MW HasoBeM ry-
NEPKOMNNCKCHWM  YHCTIOM nopaaxa k cosokynkocts A KoMn.1ekcnmx
wutes a, a,,..., a,, A={a,a,...a,}, AR KOTOPHIX onpegenena
ONEPAUHA YMHOMEHHS, B CH1Y' KOTOpOH nBym FRNEpKOMNNEKCHEIM
uHcaam A" B A" onwosnauno OTHOCHTCA TpeThe yues A"" Hasu-
BAaEMOE WX RpOH3BeaeHHeM: : -

" {eiaf. ! .a,) {af.. .ay) = a7, . .ay},
OaHol H3 Haubonee BAXHHX CHCTeM 'THIEPKOMNIEK CHbIX 4HCcen
#BMSIOTCH  KBATEPHHOHM, pEACTaBAfeMHE MaTpHUAME: ‘
2y +a, {11+"aa)

a,—ia, a;,—a,

Q={a,a,a,0,} = (
Jlerko Hafth npasuna XMHOXEHH KBaTepHHOHOB,
8 +a,, a,+ iaa) fet by, b, + iba) _\ Ctiey, o+ ica)
@y —ia,, a,—a, by—ib,, b,—b, Gu—iey, cy—c,)’

e Co=2ayb, +a,b, +a.b,+ a,b,,

¢ =a,b, + ab, +i(a,b, — a,by),
Ca=ayby + ayh, +i (2,5, —a,by),
€y =30y + ayb, + i(a,b, — agb,).

Mu moxenm PaCCMATPHBaTL KBATEPHHOK Q==(aoa,a,a,) KaK BeKTop
B YEThIDEXMEDHOM KOMMNJEKCHOM BEKTOPHOM npocTpakcTre. Basnchbamu
BEKTOpamMH B 3TOM Cayuae Gymyrt KBaTePHHOHM

s,={1,0,0,0}, 5;=1{0,1,0,0}, 53=1{0,0,1,0), s,={0,0,0,1},
MpencTaBAfeMble MATpHLAMM 1) '

10 01 o:’) 1 o
s'=(o 1)’ s‘=(1o’ =m0l =1 _y)

‘

1) H3obperarens KBaTepHHOHOB T'aMHABTOB N0ab30Ba’sCA BMecTo MaTtphy
So. S1y §2, 83 MaTpuUaMK s, /'y, isy, 18;.
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24 FAABA BTOPASR

Jlerko yGeautses, qTo rpyrma xsarepuuonon He Gymer aGenesof.
B camom nesne:

559 =Sy, 545, = — 5y,
S5y ==1sq, g8, = — s,
Sy = iSy, 8,5, = — s,
otkyna caeayer, uro Q'Q" + Q"Q'. ’

Mu moxem wu306parcaTs KBaTepHHOH NO aKanOrHH ¢ NPOCTHIMK
Konnnexcnunn YHCIAMH CHMBOJOM

.. Q= 0a0+slal+slai+saa8’

THE S,, S, Sy Sy HIp2eT Ty ke pomb, uro 1 w i B CuCTeme npo-.
CTHIX KOMM/IEKCHHX YHCen.

Ksarepuuon Q ={a,, —a;, —a;, —a,) Hasupaercs conpnmenuuu

kBarephHouy Q = (a,, a,, a,, a,}. BuuncakM npoussenenue QQ QQ
Hmeem:

Q5=5Q=a’—-a: —aj—al. ¥

Bun KBAaApaTHYHOA GOPMH YKa3LBAeT Ka TeCHYIO CBA3L KBATEPHHOHOB
c rpynnon Jlopesna.

Oanako, Kak MH fa’sbuie noxawkem (cm. cTp. 50), ¢ rpynnofl
Jlopesua TecHo cpAsaHa Gonee of6wian cHeTema THNEpKOMMAeKe-

HuX 4HCen 16-ro nopamka (CEAHHHOHH), YacTHMM C1yuaeM KOTOpHX
AABAAIOTCA KBaTePHHOMHL, -

.



FNABA TPEThS

TPYTINA BUHAPHBHIX NTPEOBPA30OBAHKMA

Mu 6ynem H3yuaTh KOMNAEKCHOE BEKTOPHOE NPOCTPAHETBO ABYX
H3MepeHHH, B XOTOPOM NPH NOMOWH GunnHeRHOH (opmu

Elrli_slr‘l . ‘ - @3.1)

3aflaHa AHTHCHMMETPHUYHas MeTpHxa. Merpuueckas uanuua G dyner

. HMETb BHI: 01 noo-
&1 gn) ( )
= . 3.2
(6’:1 £33 —10 : ( )ﬁ

Bextopw B 9TOM npocTpaHcTBe Mw OYyAeM Ha3WBATH CIHHODPAMH
x=@, &Y, y=(@", #*) u paccmarpusath rpynny nuHeAHwX npe- .
06pa30BaHHi:

s*'=az*+as*,l g ——aq**+a*e"

N 3 i *8' __ g1 R ,
O e s 5.3

()7 )

OCTAaBAAOIUMX MHBADHAHTHOM MeTPHYECKYlD OHaHHeHHYIO dopmy-
Fpynny Takux auHeHHuIX npeo6paaosauun Mu Ha3oseM OHHapHOH
rpynnofl. Yncno HE3aBHCHMHIX KOMMIEKCHWX MapaMeTpos, Ompese-
JAIOMMX * TpaHCPopMaLHio, GYAET paBHATHCA

2*—22—’_3

a YHCMO NeHCTBHTENBHLIX nﬂapauefpos‘ Gyner 2.3 =S5,
Hs ycaopus
svng- _ Egvn V. sxna — s:',g
JerKo Halaewm:
Lk B0t 86%) — (Y38 (an'+ Br®) = (a2 — By )ity  —84)

.
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26 FIABA n;m,a

H MOAYYHM YCAOBHE, xo*robony HOMKHH YJOBIETEOPATS KoagHUHE!
™ a,.8, ¥, & -
(a3 —fy)=1.

B nanchefluiem Mu GymeM COKpallleHHO 0603HaYaTb METPHYECKYIO
dopmy uepes .
[xy] =&'* &

Bunnnednan dopma (3.1) ycTaHaBAHBaeT B MpPOCTPAHCTBE CIHHOe
POB METDHKY, H MH MOXEM ONPENENHTb KOBADHAHTHHE KOMMOHEHTH
CHHHOPA, “fIONOXHB: -

[xy] = &m0 — &%t =8t + B, = g, Bre, (3.5)

g,.,_’=0, &1e=1, gn=—'l,’ £ =0.

dopMyaH NS NEpeXofia OT KOHTPABAPHAKTHHX KOMMOHEHT K KO-
" BADHAHTHHM HMEIOT, CAENOBATEAbHO, CACHYIOWIHH BHI:

Y=y, '=—n, )
- RAH l

p=32
Hh= 2 glp.rl'*‘ J
p=1 )

3th popMyaH NAIOT HAM BO3MOXKHOCTb 3AMHCATH ABE THHEHHWX TPAHC-

(3.6)

$opmaunH, KOHTparpaiHeHTHHX K TpancdopMaunam (3.4) u (3.4%):

T =0, —Yhg = —Pn, +an, l
L __( 6—?) I (3.4)
T\y 8 \=3 el :

! * _* * !
=8 —yn, = —fn) +a'yg, ]

- Ul- ;‘* RJ .-K:‘ - 3-4*
A =( i"‘t). [ £

"R A

SR ha. W



CMHHOPHARl AATEEPA 27

CNMHOPHASL AJTEBPA

Kak H B OGLINHOM TeH30pHOH anre6pe, Mu Gyaem 0603Ha4ath Be-
;rmqmlu KOTOpHe TpaHCHOPMHPYIOTCA KaK KOMMOHeHTa cmmopa
yepes a* wwm a, (1_1 2)

Beanuunm, koropie TPaHCHOPMHPYIOTCA KAK KOMMOMEHTH KOMII-
NIEKCHO-CONPAKEHHOrO CNHHOPA, M Gynem o6o3HayaTh a8 yno6cra
TOUKOR Han AHAexcoM. BMecTo a*) uam a} mm Gymem B mansmeRwen
nucats a* wan g, Or CMHHBEKTOPOB MNepefieM K- PaccMOTpeHHio
CMHHTEH30pPOB, ONpejenus NOCAEAHHE TaK, KAK STO AeNAeTcs B oduq-
HOM TEH30DHOM aHa.u3e. :

Mu ‘Hazosem. cnsHrenzopom BTOpOro panra YeTHPEXKOMNOHEHTHYIO
BEJTHIHHY a,p(l, =1, 2), xomMnonentn KoTOpOH Tpaucqxopuupylofcn
KaK MpPOH3BENCHHA en KOMMNOMHEHT (CuHHOpOB. Bsoms ans cokpa-
LEHHS BMECTO C/10B: «Tp3HC¢0pMHpYIOTCﬂ KaK» 3HAYOK ~, MBI MOXeM
3anucarsb:

N . =
1n~&ny, Qg9 ~ 5Ny an"‘u”m Qg ~ 395 -

AHanorauHO My ONpPENEeNHM KOMNAEKCHO-COMpPANEHH A CNHHTEH30p
BTOpOrO "paHra, KOMNOHEHTH KOTOPOTO TPAHCHOPMHDYIOTCH KaK:
aMANQ 7“. .

Kpome atux amyx cnnn‘rensopos BTOPOr'0 DaHra, Mu MOXeM eule
ONpPENEAHTL KOMMNEKCHO-CMEWIAHHBIA CIIHHTEH30p, KOMMOHEHTH KOTO-
POro TpaKchopsHpyioTca Kak ay, ~Eynp .

KoMnaekcHo-cMemannui CIHHTEH30D HE CAEAyeT CMELUW3aTh CO
CMEIUAHHEIMH KOMMIOHEHTAMH NPOCTHX CMHHTEH30pOB, HanpHMep

ap ~ 5;'1"» a*{ ~ E‘r“l‘,

Mepexon or «komapuanrhmx KOMMOHEHT CMHHTEH30pa K KOHTpaBa-
PHAHTHHM H CMEMIAHHHIM NerKO OCYINECTBARETCH npu nomows ¢op-
tyn (3.6).

Hanpnyiep:

A= —a} == — oM, a,=a}=a" ur 1

Takum we 06pazom onpenensioTCs _Cn#HTEH3OpH moﬁoro _panra.

Hanpumep:

P

.
Ap ~ )‘T‘ Pz-,ﬂ’.
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Kak # B ofbuHOf TeH3opHOH anreGpe, Mbl HMEEM 31ECH At
IBe ONEpALHH: YMHOXEHHe H CBEpTHIBAHHE. Hanpumep, H3 ABYX
CTIHHOPOB BTODOTO H TPETHErO PaHros: & H b'® MH MOxeM o0pa-
30BaTh CIHHTEH30p MATOrO panra: - - ;

_ .
ax;b‘P.’. -
CyMMupy# KOMIOHEHTH, Y KOTOpHX A=y, My noTyu4aeM M3 Hero
TEH30p TPEThEro paHra: :

! zaxh by = :: .
' ) =
L1 - : .o .
' N Cpeprsisas N0 HHIEKCY W==p, Mbl M0]y4aeM CTIHHOP NEPEOro pawra:

e
z»c't°=d°. \
-l
M

_ B cnuHOpHOM aHANH3e, KK H B TEH3ODHOM, MU YCAOBHMCS OMY-
f ’ CKaTh 3HAK CYMMHDOBAHWS, €CAH B QOpMyne. BCTpeuaercd ABa pasa
: OOMH H TOT X€ HHIEKC BHH3Y H HABEPXY. .
3ameTHM HECKOMbKO TMPaBhA, NONb30BAHHE KOTOPLIMH ofaeryaer
OnNepauHH C CHHTEH30PAMH. -
1) Hmeem:

catmah 4
e

-r

’

[xy] =87 +&n'= g1 = — g —8l = — B

CnefoBaTeIbHO: X
E).’r.)‘ = ""“c-‘rl)‘-

s ta

Kak cneacreue .Bbl'l‘el(ae'l‘, yTo AN BCAKOrOo CNHHTEH30pA HEYeTHOro »

1 paHra:
b . . aa, =0, @ a=0.

4 2) Kax nerxo y6enuTbC HENoCpeACTBEHHBIM BRIYHCTCHHEM!

1 / {ab] [cd] + [ac] [‘d’b] + [ad} [be] = 0.

e .
Tepenucas TO TOXMECTBO B TeH30PHOA dopme, HMeEEM:

a,‘b)‘c,_.,d'* -+ akc)‘d*b“ + a;d?‘b,_.,c“ =0.




MPEACTABAEHHA BHHAPHOR CPYMNH 29
A\
Bunoca @, 3a cxo6ky, noay4nm:
brc,d* + c"deI* + dMbyer = 0,
RAH, NMPHMEHAR NEPBOE NPaBHAO

b*cd, + dvb, + dPbre, =0,

berd, + bcrd* + broud = 0.

3) Tak kak 6unaphuie Tpancdopmaunn (3.3) u (3.4) anrebpanuecku
He3aBHCHMH opyr Or apyra, B CMEIIAHHLX CMHHTEH30paX HeT HeoG-
XOAMMOCTH (HKCHPOBaTb NOC/AEAOBATEAbHOCTb NYHKTHPHWX H He-
NyHKTHPHHX HHAaekcoB. Hanpumep: .

all-l=a|ll; a;p\v:apiv:avvi .
4) Ecni B CIHHTCH30DHOM YDAaBHEHHWH 33aMEHHTh BCE NYHKTHPHLIE

HHIEKCH HEMYHKTHPHHMH H Ha060pOT, TO MH MOAYYHM KOMIIEKCHO-
CONpAXEHHOE ypPaBHEHHE. ’

NPEACTABJIEHUA BUHAPHOM rpynnhl
PaccMOTpHM BHpadeHue:

PV e e By gt 4ngs, (7)

o! ol Kl

OCTalOUICeC HHBAPHAHTHHM, €CIH CMHHOPH X, X, Y*, y* noasepr-
HyTb OHHapHOR TpaHcdopMauuH. PackpuBaa ckoGXH H 0603Hayas

v—g 8

f = T !
" VA= Vsl(o=s)

?o—r &"

:,-ll"—l n"

0<r<n, 0<s<', ( (3.8)
e =' Vriw—n Vsl (v —9)’ : ) A

MH NOAYYHM QAR HHBapHaRTa [ BHpaXKeHHe:
’ 1= 11" (3.9)

Beanunnu f,, u fr' mu nasosem noancnusopaMu. Ouu Tpancopmu-
pywoTca npH 6uHapHOR TpaHchOpMauHH Mexay coGoH npH noMomM
(v + 1)(v' + 1)-pAaHof MaTpHIH, KOTOPYIO MH 0603HaYnM yepe3 Dyy
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30 . TJABA TPETHA

a orAenshHe KoMmoHeutH ee —uepes Dys(r, s||p, 3). Moncranass
B (3.8) Bupawennus anq £, El X % 8 HOBOR cHcTeme OTcucta, Mu mo-

AYUHM: -
=D (r, sllp, 3, ]
fo
»f:a= 2 Dvw’ (ry sllo, ) /e, ] ‘I

)
nipudes H3 (3.9) caenyer, uro uawpuuu D,,, H D  KOHTParpaaHeHTHu
Apyr apyry.

B nanvheftmiem Mu Gynem paccMaTpHBATL CHMMETDHUYHME B HHIEK-
cax CHBTEH30pH ¢ (v + 1) (V' + 1) komnonenramn, xoropue npu GHHap-
HOH TpaHcOpMAUMH TPaHCHOPMHEDYIOTCH Kak MOMHCAKHOPH f,, W 4™

Q,..1, 22...2, .. 9.4 ~fops
e R o .

V—r r v—s s'
iy pPa o —
athe-b 2.0 0., 183,03 ~ e,

(3.10)

Kaxnoft GunapHoH tpancdopmauun 3

()

COOTBETCTBYET B HPOCTDAHCTBE. MOMMCIHHOPA OT Hee 3aBHCAUIAf
TpanchopMaLHS
D.-,:(a),

NpHYEM MPOH3BENCHHIO NBYX GHHApHHX TpancpopMmaunfl 3’3" coor-
sercreyeT npoussenesne Dy (0'): Doy (3") coorBeTcTBylomnx Tpamc-
¢opmauuit nonucnuuopa. Mu HMeeM, CrenOsaTenbHO, B CHCTEME
matpun D, nipencrasnenue Gunaprofl rpynnu. Jlokaxcem Temeps
ocp{osnyxo TeopeMy: nmpedcmasaenus Dou(3) Ounapwoli 2pynnm
REARIOMCSK KenpusOOU Mb MU RPEICMABACKULMY.

Mu moxem paccmarpusars COBOKYMHOCTS (U +1)( + 1) komno-
HEHT MOAHCIHHOpa KaK Ga3HcHue BEKTOpH B mpocrpanctse (v -+ 1)
(v'+ 1) namepesnfl. Kawau# MOAMHOM CT2MEHH ¥ B MEpPeMeHHLIX
B1E2E1E' u cTenenn ©' B nmepeMennux r*‘r*‘ LM, MoneT Gurh
TpeACTaBIeH B BHAE

P(X, x-’ y’ ;)-‘:2 a"j."',

rae a,,— cucreMa (v + 1)(¥'+ 1) nocrosnnux 4mucen.
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NPEACTABABHHA BHHAPHOH rpynnu 31
Mu yGeaumcs B HenpuBoaMMOCTH npeactasneHus D, GHHapHOA

rpynnu, €CAH QOKaWeM, 4YTO Ana Mo6oro G6asHCHOrO BeKkTopa f**

u moGoro nosuHoma P cymectsyer Takoe cneuuaashoe npeoGpa-
BOBaHHE B,,, LIS KOTOpPOrO HMEET MECTO COOTHOLUeHHE;

Do (s,,)P=)\f", o

rie A — HeKOTOpOe YHCAO.
CreunansHas GunapHas TpaHcdopMaumus A

a0 a* 0

A=

1] 1
0; Oa—*

npeo6pasyeT Kaxaufi MOHOM f™ B MOHOM
f"_, av—3% g*v -231 "';-
Mu Hmeem crenyiomue paseHcTBa:

(A _ao—2r a‘v‘—?l) f;' .._=0’

po’

(A — a’—’f a.t'—2l)fp’ — (a'-2p a‘t’—2° —qr—tr a'o'—!a)

EBcan Mu tenep, nosefictByem Ha nosuHoM P nocnenosaTensHo
Bcemd (v 4 1)(v' + 1) onepaunsmu (4 - a'~*a*'=%) 3a uckmoye-
HHeM omHofl onepauun (A —a*=% a*"~¥) 10 On B cHAy cKa3auHOro
NpEBpPaTHTCA B
- a 1l (a~—2r aty =% __ gv'—2 a‘v’-ia) fr
rlp" 13
rhe WTDHX Y 3HaKa MpOH3BENCHHS O3HAYAET, YTO MpPONYINER YneH
p=r, s=s.
Hcxoman Tpancopmauns o,,, a1s koropult -
Do (G”) P =) f",
HMeeT, CAeNOBATENLHO, BHL:
~

0,,=II'(A—ar%qg*-%),
X

F4e WTPHX 03HAYAET, KaK H BLIllE, YTO NPOMYILEH YneH ¢ p=r,8==8s.
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32 TNABA TPETHA

Ias MHOXHTERs ) HMeeM:

x —=a . u'(av -2r a“v'—»h —_— av’—?p a"'—ﬁl).
+ p.'
Tak xax OYEBHAHO, HTO HaANeKAUIHM Bbl60p0M YHC/IAa & MOXHO
Bceraa AOCTHTHYTb, 4TO BCé CKOOKH B NPOH3BCACHHH ﬁyny‘l' OTe
AHYHE OT HYAR, TO Halua TeopemMa AOKa3aHa.

$OPMYJIA KJEBLLUA-TOPJAHA

Mycrs nam 3anaWm nBa moaucnueopa f,, # ¢,,, TpaHcopmupyo-
wuxcs npH Ounapoit Tpanchopmauud no D w D,.; cocraBiM
H3 HHX TONApHHE NPOH3BEAEHHA

d’r:, po =fn, : "Ppa‘

Cosokynxocts N=(v + 1)(v' + 1) (w + 1) (w' + 1) Bennunn Tpanc-
¢dopmupyetcs npu GuHapuoRt Tpawchopmauwn npu nomoumu N-mep-
HOro mnpencraBaeHds GuHapHof rpynnu, xoropoe, oaHako, He Gyner
HenpusoaumuM., Hama sanava 3akmouaetcs B TOM, 4TO6W cOcTa-
BUTb M3 N BEAHYHH TaKne AHHEAHbE KOMGHHALlHH, KOTOpHE TpaHc-
GOpMHPOBaHCL OW MO HENMPHBOZHMHIM MpencTaBieHHsM. Jlpyrumu
C/IOBAMH, MK AOMXKHH B N-MEDHOM NMPOCTPAHCTBE TaK BWGPATh HOBHHR
Gasuc, 4TO6H TPaHCHOPMALHOHHKE MATPHIH Beanunn @, ,, OKasa-
nMch crynmewuaTiMH, Jlia pewtenns 3Tof 3anaud nepefinem oT mno-
RHCTIHHOPOB K CMHHTEH3O0PAM:
Drooopy honnp, Oareiips, B, e
——— S N Ny
. v " w'
CocTasHM npousBeeHue;
@rop, Ko Ourpr i
'H CHMMETPHSHpYEM ero B HHAeKxcax A...j, \...n' A Hugexcax 1. ..p,
V. ..y, MonyyenHan nuxeitHan KOMGHHAUHA

Eia)....p,i...l;.. bar, oy, e (3.11)
TpaHchopMHpYeTCA KaK cuumerpuqubin CIIHHTEH30p

Oy Veeipty dripe Mo
no Y

Di.wﬂ. 0'4."'
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HOna Toro uto6u HaiTH HRanbHefluine nuHeRHbe KOMOHHALMH,
ceepiem B (3.11) no unaekcam A u )’ H, noay4us

Ma...p, L., bxa'...p’, Xp,

CHMMETpH3HpYEM €ro B OCTaBIMHXCA HHAEKCAX,
I’lony‘lemmu NHHetHas KOMOHHALHS ‘l‘pch@OpMpreTCﬁ KaK CfHH-

" TeHs3op

Co...p, c'...[l, o, u"...;:.'

S S, - B P Y S———

o1 (4 w—1 v
no

Du-w-l. o' 4w’ e

Mu Morm G TAKOKe CBEPHYTb MO MHEEKCAM ) H ) M moayuTs
auneftyio KoMOuHaumio Tpanchopuupyounxes 10 D v, o4 w—g.
Tlpononkan -CBepTHBAHHE MO ABYM HHIEKCaM

A=), pasp,

N0 TpeM- HHEeKCaM H T. A., Mbl NMpPHAEM, HAKOHEW, K NHHeRHOR KOM- -
GuHalMK 47eHOB (D,,“.',, TpaHCHOPMHPYIOIIHXCH KAK CIHHTEHSOP

(k...p. l'...f;..

—— N

lo=w| |o/'=w|
T. e. Mo

Djerw,|v=—wi.

TpanchopMaunonHas Matpuua seanund P, pacnanaercs, cie-
AOBaTe/NbHO, Ha CNEAYIOllHe CTYmMeHH:

Diiw, viw, Diiw, viv—z ++.Dysu, lo—w|

Du-v—z, v +w'y Dﬁv-z, Yiw =200

Do+v—l.t’+v'-----...---...

Dlo-vl, o ! Dlo-wl, VW —Qe e -Dlo-wl, |of=w|.

B rtabauue saknwouesa opuyna KneGuwa-Topaana. TIokamkem Ha
npuuepe, KaK €0 mnoJb3QBATLCA B npu.nozxeumlx.
8 Cmmnopuufl uunu'
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34 T'IABA TPETHA

NMPUNOXKEHUE SOPMYJIbi KJEBLIA-TOPAAHA

e

TMepeMHOXHM YeThipe KOMIIOHEHTH CIIHHTEHSOPA iy

ay ay @i a2,

tpaschopmupyotmecs no Dyy, nOonMapHo ¢ 4eTHPbMA KOMIOHEHTAMH
cniuHTensopa by '
“ b by bai b

TpaHchOpMHPYIOLIMMACA TIO D,,, n noayunm 16 sennuun suna a,; bps.
CuMMeTpH3upys B HHAEKCAX Ap M Jt, G, MB MONYYHM 9 nunefiubx
KoMGunauuft, Tpancopmupyomuxcs no Dpo:

Crpiin = s Bga + Qi bai + @5 by + B3 b,y (3.12)

e ii=4mibyi;  enip==2 (@i bia+ an bk ouiz=4ai b,
c1aii = 2 (@i bia + aiabin),
612 it = (@11 baz + arpbai + a2i bz + agi i),
cniv=2 (@13 baz + @i i),
cnmii=4aiaby, ~ Ccmii =2(ainby + @mibia), - Cni=4aibai.

CepTHBan MO HHIEKCAM X, p ¥ CHMMETPU3HDYR MO HHAEKCAM )
W 1, MW TIOMY4uM TPH MHHEHHLIX KOMOHWHALHH, TPAHCHOPMHPYIOLIHXCH
no Do,g:
. X
B!
civ=2(ai b +ai b)),
Ci = @b} + @b} + an b} + andi,
ci=2 (@i b} +anb}) )

Cpa=, bﬁ +ayb

(3.13)

WM nepexois K KOBaPHAHTHHIM KOMITOHEHTaM:
cii =2 (asi hi — ayi bai),
ciy= Gsi bia— @i baz + a2 bri — @z bai,
cir =2 (asy b1z — arz baz).

CBepTHBAA N0 MHAEKCAM G M L H CHMMETPU3HDYR 1O HHIeKCaM )
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H p, MH TONYYHM TPH nHHeRHBIX KOMGHHaLHH, Tpaschopmupyio-
wuxca no Dy g

‘n=2(an bi1 —aj; by),

¢19=a3 bjs — aiy biz + aj bjy — aj, bi,

C2=2 (ai b1z — ajs bi,).

Caeprugas, Hakoneil, no HHAEKCaM g ;'1, Auop, mu NONYyYHM HH-
BapHaHT, TPaHCHopMupyoUMKics no D, ,:

= alp b)p, }

. , . . 3.14
e=aiib" + ay 6™ + a3 6" + az3 %, G149

llepexoas o KoHTpaBapHaHTHX KOMMOHEHT K KOBAPHAHTHWM, M
HOAYHHM:

¢ =a1i by — a3 b1y + az byi — ay3 by;.
Hrak, BuGpas 3a 6asuc 16 JHHEHHBIX KOMGHHau UM

Clpepe « o v v v . . .9 KOMNOHeHT
Op o« o o v . o, . .3 KoMNoOHeHTH
O+« . . . . . .. .3 KOMIOHeHTH

c B | KOMMNOHeHTa

MH peayunpyem mecruaaua’rupﬁnuoe NIpeACTaBneHne 6m{apuoﬂ rpynnu
1 OHO pacnagaercs Ha caenyiouine HENPHBOAHMBIE NIpeACTaBIeHHA}

Dy.......,.. . AEBATHPsAHOE,
D,... ...... . TPexpsaHoe,
Do, o o 0. . TPeXpsaAHoe,
Doo. .. .. ... oRHOpAAHOe,
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IMTABA YETBEPTA{

I'PYINA JIOPEHUA

PaccmMOTpUM CIIHHTEH30D @), =dpx C YETHpbMA KOMIOHEHTaMH
aji, ap, 4, a:,

KOoTOpHe mnpu GHHapHOR TpaHChOpMauHH TpaHcHOpMHPYIOTCA  KakK

NpOHSBEeHHA
&8, &5 &5 &5

1. e. no D, npencrasaenuio GHHapHOR rpynmH.
CocTaBHM OETEPMHHAHT
% %
18l =(g.a.—a.a,.
(au 2 nan)
a. a, _
11 ad ) -
W mOKaweM, 4TO OH wHBapuauten. B camom nene, nmoAb3ysch npa-
BHAAMH I8 Mepexoaa OT KOHTPRBAPHAHTHHX KOMIOHEHT K KO-
BApHAHTHHIM, MBl MOXEM SaMuCaTh:
. . ) . . 1 .
1 a4 a.al +a,a%) =5 anat
la+aua+n tay }. 2

1
a.a.—a.a.=-14,
11 22 12 2 2{ i

33MCTHB, Y10 @ . =a. M a.=a, HABMI0TCA BelIeCTBEHHLIMH YH-
: 1 11 22 2

CnaMu, @ aj3=aj, Q7= @iz KOMMJIEKCHO-CONPSKEHHLIMH, MB  MO-

KEM MONOKHTD
dii=ct+2z, ap=x-+1y, } (@.1)

ap=ct~2, ani=x—iy.

Monbaysch npaBHAAMH A1R NMEPEXOROB K KOHTPaBAPHAHTHHIM KOM-
NOHEHTaM, MB MOXEM 3amHcaTh Hapaay ¢ dopmynamu (4.1)

e wvrf— 2 glte g, = —x—Ii
a _ain_d 2, a a, X ty,} 2

dt=aj=ct+2, a'=—ap=—x+ iy.
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1 .
IinA BHpaMeHH = dpa't B HOBHX OGOSHAYEHHAX nonyqaem:

2
'_1_ e ct+2 x+iy~, A
7 Hpd =\y—iy cf—z =V — Y — 2%

370 BHpaMeHHe MOKasHBAET, 4TO NpH GunapHoft TpaHcHOpMAUHH
YeThpe BEAHYHHH '

ct=—12—(a1i + asz), z=—;—(an—-a3§),
x=7(al'2+aai), ,V=:z-(ax'2—-aa‘x)

npeolpasyloTcd Mexay Co6oit muHeRHO TaK, 4TO ocTaeTcl HHBA-
pHaHTHOR KBaJpaTHYHaA GopMma -

. o —xd—yt—2% (4.4)
Takoe aumeftnoe npeobpasosanne L
of =lyyot + 1y % +lay +he?
st =Lt + Iy X+ 1y + 12 (4.33)
Y =lot+lyx+ly+ Iz
2=l ot + 1y X+ Iy +ln?

l" l.l l.! loa‘

N

¢ marpuileft

I1L)= (4.5)

nasmBaeTca npeoGpasosanneM JlopeHila. YeTHIpEXKOMIOHEHTHAA  BE-
MHuHAA @', koTopad TpaHCHOPMHPYETCA MpH MOMOLIH matpHis (4.5),
HA3LBAETCA KOHTPABADHAHTHHIM 4ETHPEXMEPHHIM BEKTOPOM

a'~ct, al~x, a*~y, at~z.
O6osHauad yepes @, BEIHYHHH KOTOpHX TpaHCHOPMUPYIOTCA KaK
ag~ct, ay~—x, G~ Ay~ —2z,
MBH BBOIHM xoaapuam‘uue' KOMTOHEHTH ;aexmpa. [Tpeo6pasosanie
JlopeHita OcTaBifeT HHBAPHAHTHHIM Guaunettuyo $opmy
ab® + a,b' + ayb® + ayb’.
Onpenenenne 4eThiPEXMEPHHX TEHSOPOB Ty T4 w T. 4. W npasia

nepexona oOT KOBRpHAHTHHIX K KOHTpaBaPHAHTHHM KOMIIOHEHTAM ML
npeanojaraem H3BECTHHIMH YHTATECIO.
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TJIABA YETBEPTAf

NOCTPOEHME MATPHLIB JIOPEHLIA TIPM ITOMOLLUM
BMHAPHOIN MATPUIIH

Bupasum kosduuventn marpun JlopeHua depes kosdHiHeHT
6uHapHoro npeoGpasosanud. [lna storo, Bocmonb3oBaBuIHCh GopMY-

noit (4.3), swiHiemM XapakTep TPaHcHOPMaUHH KOODAHHATH B HOBOH
CHCTEME OTCYeTa

cl! ~

Y

X~

!

Yy~

Z'N

W moacrasuM Bmecto & W &
tdopmynam (3.4) u 3.4%); mw nonyuum:

o g €8]+ ) =

I

B8 45E)
Gy + 58D
(‘1‘2 :;5;)

¢85 E'a)

HX BHpaMeHHa uepes § u & no

’

(28, —16) (% — 15 + (— B + o7, (— By + o)) =

= (08 + B 6 — (a3 8§ — B + B9 6 & + 1"+ a9 £.5;)

g 0% B9 et - 2)— (1 %) (e — I9) — Bp* + o) (2 + ) +

+ (7% + aa¥) (ot — 2))=

= (8 B+ ¥ - aa®) of — (18 + af* - 3y* 4 o) ¢ +
i (3% ot — 3% — Bty y o (35 Byt —an¥) 2,

1 ’ rer
R~ C8 B =

It

wl'— Nl

L@ =18 (— B + o) + (— B +af) G%; —r)) =

{—

B — 6 + G + ad*) &) + (Ba* + Pr¥) ¢, & —

— (¥ + ) £ 8} ~
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~'1§ V=t — B+ F bt at®) (¢ — 1) +
+ @a* i) (k) — (ya* + ay¥) (et — 29} =

="(“$*+W+1¢*+ﬂ*)ct+(13*+8*a+sa*+W)x+
4 4t — ey =T )2

) 1 te? .l A

y NZ'(EIEZ - E,Ei) =

= Lie,- wy e O e, ot 0 - TE) =

= Ly B+ OF g, + O — PO EHT
PR I XA

= Lige— etk o+l =) =i+

4+ (et — 9 () =) ) =
@ — 3 + oyt — 1) ¢ (¥ — b + B — B X
= - + _________,__—-———-—‘i 2 RS

_’*-_-__*,:.,—-—-*—-— -
+(8«*—h*—1p*+w‘)y+‘ila t ,-“’*““".

1

~§ (e, — 1) 6% — Y8 (e (P T o)) =
= '15 ‘(“f — e g+ dyxHhav)g (- (3¢ 4 af*)EgE (ﬁ*'.— “*)E,G.ﬂ ~
L e 0 e+ i+
4 (o — 1) (e — D) bt — o) @ —al~
~ =B+ ac¥) cf 4 (Bo* — 37 + o — 1) x +
+i(fer =Y —af* + '(5*)J’ 4 (@8 — B — ¥ 4 a¥) 2
Marpuua JlopeHua BHIDASHTCA Yepes napameTps &, B 1. 3 cne-
_KyOumM o6pasoM:

"r(u'+lr+n'+ll‘). ~1erape e+ 0. {(cr-wﬂv_m'_;(u-_”.ﬂ‘._n
‘_'l!'(n""".‘*p"*”‘ *("+|¢’+1l'+'ﬂ, _”.(‘-_wtw_".)' _1’(".4‘“._"._“
s L St Lot jerew -y,
~jece o= ',f(’r‘_*'."""""’- BT A b Lt R L= -1+ 8%
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40 " TNABA YETBEPTAH

Kak nerxo suneTh, sce kosdumenTn MaTprus Jlopenma Bene-
CTBEHHHE H BHPAKEHH YEPe3 YeTHpe KOMIJIEKCHMX napamerpa
a, B, ¥, 8 ceasamHmx ycnosHem:

A

(a3 —7B)=1. O (4.6)

"Yucno semiectsenHnx napamerpos, CNeNOBAaTeALHO, DPaBHO INECTH;
AaBaw STHM WECTH NapaMeTpaM BCe BOSMOXHBIE 3HAUEHHN, Mu MO
AyuuM sce npeoGpasosanns Jlopenua.

Nposenensoe namu Hccnenosanne nokaswisaer, yr0:

1. I'pynna Jlopenua ssnsercs OmHOSHAYHMM Npeacrasiepuem Gu-
HapHOMR rpyNIbl, SKBHBA/IEHTHHM HEMpPHBOIHMOMY npeacrasaenuio D, .

2. Kanaomy npeobpasosamuio Jlopenua L coorsercrayer aga
GuHapHuX npeoGpa3sosaHHa, OnpeNenseMbmx MaTpHUAMH:

T .

Bunapuas rpynna ABNACTCA, CNEAOBATENLHO, ABYSHAYHKIM MpeACTaBAe-
HHem rpynnu Jlopenna. A ‘

3. PaccMoTpeHHbe HaMH HenpHBOAHMHE npencrasaenHs GHHapHo#
rpynns D,y (3) aBasiotcs OZHOBPEMEHHO H MPEACTABNEHHAMH FpyNML
Jlopenua, npuuem B caywae yernoft CYMMH U + D' — OIHOSHaYHHMH
NPEACTABACHHAMH H B Cllyyae HeyeTHOR CyMMm v + v'— aByaunay-
HHMH npencrasiesdamMd rpynnu Jlopenua.

NOArPYTINA NPOCTPAHCTBEHHBIX BPAILIEHHUH

PaccMotpuM Ty ‘noarpynmy npeoGpasosanuit Jlopenua, KOTOpHe
OCTaBARIOT HHBAPHAHTHWM BpemA £ W AHuIb TpdHchopmupyloT npo-

CTPaHCTBCHHbE KOOpAMHATH X, y, 2. dTa rpynna o6pasyer rpynny
NIPOCTPAHCTBEHHHX BpalleHHit, ’

M3 ycnosus cf =ct nmeen:
€8 + 68 =88 +88.

Conocrasisn 9TOT HHMBADMAHT C WHBApHaHTOM E.8 -+ &8, aakmo-

HaeM, 4TO NpPH GHHAapHWX TPAHCHOPMALHAX, MPENCTABASIOMIHX rpynmy
BpalleHHs,

Bi~8& u §~8,

w el e Yo
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o -
#*  Tlepgxoas K MarpHiaM COOTBETCTBYIOUIHX npeo6GpaBoBaHHit, HMSEM.

-

a*=3, p*=-—y, Y"=-—B8 ¥=a

T. €.

Mu nosyuaeM, C/IEAOBAaTELHO, MPOCTPAHCTBEHHOE BpalIEHHE, ECIH
cpenn GuHapHhX TpaHchOpMailHit OrpaHHYHMCA YHHTApHLIMH TpaHCe
dopMaiuaMH. ' g

Mu MOMXeM HanHCaTh YHHTapHYlo OHHapHylo MATpHUY B obuiem
BHae caeAylompmm oGpasom:

-

a B Atin v+ ip
(1 6)‘.(—(v-ip) x—iu)’

rze ), Jt, ¥, p— YeTbipe BEUIECTBEHHHIX MapaMeTpa, YAOBAETBOpsIO-

IUX YCAOBHIO:
W4ty +pi=1

Buipasum Matpuny Jlopenua (4.6) Ana crneuHanbHOro ciyuas mpo-
CTPaHCTBEHHWIX BpauleHuit uepes 9TH yeTMpe napamerpa: )

1 0 0 0

0 Mg =V —pt 200 —vp) 2 (2 + W) )
\0 —2€ (uh +vp) Mpyvt—pi—p'  20p—w)

0 2@(up—W) 200 +1v) W4t —yi—pt

"YeTnpe BOIIECTBEHHWX NapaMeTpa ), W, v, p, onpeaeasiomue sie-
MenTM STOH MaTpuilW, MassBaloTCcs NapaMerpamu Koan (Cayley).
YACTHHE CAYYAH,
17 BpauieHHe BOKpYr OCH Z Ha yrona §.
IMonaras

'chos—;;, p:sln%, y=0, p=0,~
noJy4HM:

X =08 —pM)x+ 2y =xtos P4 ysing,

Y= —20x 4 (W —p')y=—xsing 4 ycose.
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2) Bpautenne Bokpyr ocu y Ha yroa 8. -
‘ Monaran

NOMy4HM:
x' = (8 —y?) x + 20z =x cos § + zsin B,

:_ z'=——2)\vx+(l'——v’)z=——xsin&—{—zcosﬂ.

.

. 3) Bpauwenue BOKpYyr OcH X Ha yrox, ¢. 0
! - Tlonaras g
Ay

|-

)\=cos%, p=0, v=0, p=sing,

NOJyHHM:
¥ =(0—p%)y+ 2hpz=ycos$ +zsind,
?r=_.2)‘{,},+Qﬂ_p')zr_—ysinq)—{—zcosnp. ¥

PaccMOTpenHe STHX TPeX YACTHHX Cy4aeB JaeT HefOCPEACTBEHHO
reoOMETpHYECKOe 3HayeHHe YETHpeX napaMeTpos:

]
t
3
.l
1 1) d=cosy,

rae 8§ —yron, Ha KOTOpHH BpawlaeTca CHCTEMa KOOPAHHAT Tipu fl
spametnnt (A, Jt, ¥, P), v i

I

L

it . 8

[{ _ 2)  pe=sincosy, -

K 3) v=sin% oS Yy

[
. 1-'*““3

N g p =sin % €OS Yy,

rHe Yy, Yy Ys — YTAH, O6pasyeMuie OCblO BpAUIeHHS C OCAMH KOOp®

3 JMHAT. . o
Takum 06pa3oM MH YCTAHOBHAM BHA MaTPHIH GuHapHOR TpaHc- '

dopManun m  MoGOr0 MPOCTPAHCTBEHHOrO BPAWEHHA  CHCTEMH

KOOPAHHAT.
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MOArPYMMNA PABHOMEPHOI'O NPAMOJIMHEAHOIO ABMXEHUSA
CHUCTEMbl OTCYETA

CrienuanusupyeM Tenepb GunapHylo TpaHcdopMauuio Tak, 4Tobu
COOTBETCTRylOWAs TpaHcpopMauma JlopeHna MPeACTaBAANa Mepexoa
K HOBOH cHcTeMe OTcueTa, ABHraioulefics [0 OTHOLICHHIO K CTapof
€O CKOPOCTHIO, XapaKTeNH3yeMOA MO BeNHUHHEe M HAMpaBIeHHIO BEK-
TOpOM V.

PaccMoTpum OMHApHY©0 TpaHcpopManuio, OfpeaenseMyo Ma-
TpHuEeR

® (X—{—p. v+ ip)
o= ,
y—io A—p

rae \, J, v, p— deTHpe BellecTBEHHHX napaMeTpa, yJOBJETBOPAIO-
LIMX YCJOBHIO:
A+p v+ip

=ty =1,
y—is rA—p 2 ¢

Bupasum MarpHuy JlopeHla, mpeAcTapiafioulyio 9Ty OuHapmyio
TpanchopManHio, Yepe3 STH YeTHpe napaMerpa: '

Mot 20 2kp 2hp
29 WB—pdvi—pt 2y 2y
h_ Be+V—p p (S 4.8)
20\ 20y M—pi—yip?  2pp
24\ T 2up W4pt—yip?
YACTHHE CAYUYAH. )
1) HOsmxeHue BAOAL OCH 2 €O CKOPOCTHIO T,.
[onaras
)\=ch;;-, p.=sh~¥;—, y=0, p=0, v,=ctho,
nony4uM:
- o' =3+ p¥)ct 4- 20z =ctch 9+ zshy,

'=pet+ AP+ p*)z=ctshp+zchy.

2) IsHxeHue BIOAbL OCH X CO CKOPOCTBIO U,.
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[onaras
A=ch

TIONYUHM:

o . 0
51 k=0, y=sh3, p=0, 7,=cth,
cf = (A4 V)t + Qvx =ctch B4 xsh0,
X' =vet+ O+ ) x=ctsh 4 xchb,
8) IsmxenHe BIOAL OCH Y €O CKOPOCTBIO U,
[lonaras )
l=ch%, p=0, v=0, p=sh%, v,=cth,

MOJY4HAM:
of =03 +p*)ct+ 2py=ctch$ 4 ysh ¢,

y=2pct+ QO+ pY)y=ctshd+ych.

PaccMOTpeHHe STHX TpeX HacTHHX C/y4aes AaeT HermocpeACTBEHHO
KHHEMaTHUEeCKOe 3HAaueHHe YeTHPeX MapaMeTpos:

1 l=ch%,
rae |v|=cth8,

2) u=sh£cosx,, .

2
3) =sh % oS %, .
4) p=sh%cosb, . .

rae ¥, Y Ys— YrAH, OOpasyeMrie BeKTOPOM V ¢ OCAMH KOODAYHAT.
Takum 06pasoM MH YCTAaHOBHAM BHA MaTpHun OHHapHOR TpaHc-
dopManuH A8 CAyuas MPAMONHHERHOTO ABHXEHHA CHCTEMH OTCYeTa.
3ametum, uto B Marpuue JIopenna sneément Ly,
Lyy=aa® -+ BB* + yy* 4- 8%
CYLIECTBEHHO IIONOWKHTENbHAg BeawuHHa. [losToMy MW noayyaem
A Te npeobpa3zoranus JIopeHna, KOTOPHE HE MEHAIOT Hanpasie-
Hus spemend. Ecau paccmarpuBarth rpymmy JlopeHna kak nmpeactasie-
HHe GMHapHOR rpynIuH, TO STO OrpaHHWYeHHe IOABASETCA caMO COGOH.
Ecv e, kak STO Aenainoch paHblle MpH H3JA0KEHWH MPHHIHNA
OTHOCHTENILHOCTH, HarpuMep y MHUHKOBCKOrOo, HCXOAWTH M3 TpyINMm
JlopeHna, To orpanudenue L o ~> 0 npHXoaHnoch BBOAHTH Kak AOION-

" HHTE/RHOE, OTAEALHOE YCJAOBHE.

-y

-l o

-

L™ -v‘\\:',‘_“.
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FPYNMA JIOPEHUA U 3EPKAJIbHOE OTOBPAXKEHME

Mpunuun otHocuTenbHoCTH TpeGyer, uTOGH avdepenluanbHbe

" YpaeHenus, (OpMynupyOUIHe 3aKOHH MPHPOAH, OHIM WHBADHAHTHM

NpH 11peo6pa3oBaHusX Jlopenna, He M3MEHAIOUIMX HanpaBiAeHHs Bpe-

mend. He menee BawHnm TpeGopanuem K yDaBHEHUAM, BHPAKAIOUIAM

3aKOHW npHPOA, ABAAETCA TPeGOBaHHE HHBAPUAHTHOCTH ypaBHeHuH

NpH niépexoae OT npaBof CHCTEMW AeKapTOBHX KOOPAMHAT K /MeBOH,
noayyaemMoll mytem mnepexoga OT

9
X——X, Y-y, 2——2,

31Ty onepaumio Ha3WBalT OTOGpakeHHeM B Hauale KOODAMHAT,
H CBOACTBA ypaBHeHWA OCT&BATHCA WHBAPHAHTHLIM TIpH STOH 3aMene
HagWBAIOT UNBRPUAKMHKOCMBIO Nnpu  3ePKAALKOM OmobparNceHul
(Splegelungsinvariant)

‘Hanpumep, yTBepiaenue, uTO MarHuTHOE W SNEKTPHUECKOE [MO/e
HanpaB/leHO B OAHY W Ty e CTOpOHy, He o6aamaer sTOH uHBapuaHT-
HocTbio. Ecam B npasoft cucTeme KOOpAMHAT 06a HanpaBiaenus CO-
BI4AAIOT, TO B NeBOH OHM GYAYT MPOTHBOMOONHH,

Ecin mu HasoBem cOBOKYNHOCTh BCeX npeoGpasosammit Jlopennua,
HE MEHAIOUIMX HATPABIGHWSA BPEMEHW, MAKC NpeoGpasoBanye sep-
KaJpHOro OTpakenus, nommolt rpymmolt Jlopenna, To OT ypabHenui
MareMaTHuecKO! GuSHKH HAZO TPe6OBaTh HHBADMAHTHOCTR MPH [Ipe-
o06pa3oBanuax noaHoRk rpynnu. -

IMpucmorpenince x popmynam (4.1) 1 (4.2) mu 3aMeuaeM, uTo nepe-
X0Qy OT X, ¥, ZK — X, —y, —2Z B CIIMHOPAX COOTBETCTBYET Mepexosn
K KOHTParpaaueHTHO-CONPSKEHHLM KOMIOHeHTaM no dgopmyne .

a—8 -y
Kak b Buanm, omepauuu 3epKaabHOrO OTOGpaseHHs B GuHapHOH
rpynne He COOTBETCTByeT auneHoe npeobpa3oBanne, W MM, creng-
BaTeNLHO, HE B COCTOSHUH MDEACTABMATL MOAHYI rpynny Jlopenua
MpyH nomoun GuHapHHX TpaHchopMauuil.

Ilnia Toro uto6n npeAcCTaBHTH MOAHYO rpynmy Jlopenma mpH rmo-
MOWM NHHeHHMX Mpeobpa3osaHKl, NMOCTYNHM CAeAYIOIUHM 06pa3oM.
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QOpasyem ueTHpEXKOMNOHEHTHYIO BE/HYMHY, KOTOPYIO Ha3OBeM
BucnHHOPOM U KOMITOHEHTH KOTOpOR 0Go3HauuM uepes ¢, b,, d,, $,-
Mycts npu  Gunapuo#t Tpancdopmanmu NepBue 1BC KOMNOHEHTH
_TpaHchopMHpylOTCa Kak

b~ Py~ 8,

4 BTOPHWE JBE KQMNOHEHTH — KaK
b ~&j, §,~5;. »

[lpn GunapHoit Tpaucq)dpuaunn a(; g) KOMNOHEHTH  6uCrMHOpa

TPaHCHOPMHDYIOTCA NPH MOMOMIM HeTHPEXPAHOR MaTPHIM

af 0 o0
¢ 0 o0 -
00 -—-8* a*

Ounepanuus OTpaweHHs BHPASHTCH B KOMIOHEHTaxX Gucrnnopa cie-
RytomwuM o6pasom:

b3 =q’~.n q)’z =,
‘*p'a = "pv 4"4 =¢m
T. ¢ INpH noOMOUIH MaTpHUUH

(4.10)

o= OO0

0
0
0
1

OO = O

1
0
0
0

Crcrema yeThpexpanHux Matpui (4.9) 1 (4.10) naer nam HenpusoOaH-
MO€e npeacrasienne noamolt rpynnu Jlopenna. Ecan Mu orpasuuumcs
noarpynnol npocTuX rpeoSpasoBanut JlopeHua (MCKmMOuMM onepa-
U0 OTPaMEHHA), CHCTEMa MATPHL pacnajaeTcd Ha jBe HENpUBOAH- -
MHI¢ CHCTEMH ABYXPAJHBIX npeacTasieHuit,
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Hrak, mu noayuunm ciaeayome Gopmyan aas Tpawchopmauuu
6ucnunopa:
1) IpocTpancTseHHoe BpauleHHe CHCTEMH OTCYeTa

A+ip v+dp 0 0
—v+ip h—ip 0 0
0 0 Aip v+ip
0 0 —v+in A—ip
2) PapHOMEepHOE ABHXXEHHE CHCTEMB OTCHETa
At+p vt+ip 0 0
y—is A—p 0 0
-0 0 A—yg —y— i
0 0 —v+ip A4

3) Orpamenue B Hauane koopauHaT: Martpuua (4-10).

rPynnaA CEAMHUOHOB

3ameruM, uro Bce KoadHuHeHTH L, maTpuum Jlopenua asamorca
SPMHTOBCKHMH (OPMaMu B 4eTHpex nepemeHuwx a, B, Y, 8. Bunu-
[ueM MaTpULH STUX SPMHUTOBCKMX dopM. Hanpumep:

1000 0—-1 0 0
0100 -1 0 0 0

Ly ll= Ly l= . 8
0001 0 0—1 0

Mu nonyuum 16 marpui, KOTOpHE MH B COOTBETCTBHH € KOS¢u-
unentamu Mmarpuunl Jlopenua o6o3naunm uepes E,. Bce stu ma-
TPHILH NECKO BHPAXAIOTCH 4YEPE3 CAeAyloUIMe ABE CHCTEMH MATPHIL

1000 0—1 0 0y )
0100 -1 0 0 0

G°= ; °l= ;
0010 0 0 0-—1
0001 0 0—1 0
. r (3)
0i 00 —10 00

| —E0 00 . 01 00

e 00 o i 00 —10
00 —i0 00 01 )
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;1 - . _ .

1000 0 0—1 o0y )

[o100) {0 o 0o—1)

P loor0f PTL 1 o0 o of

0001 0—1 0 0 —
00—i 0y ™ ,—1 000 ®
00 0—i) [ o0—100

P=170 o of =\ o o010
0i 0 0 o oot/

npy noMowH (GOpMyIH

Ey=a,,.

OTHOCHTENEHO 9TOM CHCTEMH MATPHI NETKO MNOKA3aTh, YTO OHa
o6najnaer creaylolwuMy CBORCTBAMY:
1) Bce MaTpuubl 3, NEPeCTAHOBOYHH € MATPHLAMH CHCTEMH [

Pi3 = Gip;-

2) Marpuua kaxaoh us cucrem YAOBAETBOPSAET CAEAYIOUIHM CO-
OTHOLLICHUAM:
P1Py=1ips, 018, =1i0,,
PuPs=ip,  0333=13,,
PsPy =ipy, 3¢3, =iz

3TO COOTHOLICHHE NOKA3LIBAET, YTO KAKAAS W3 CHCTEM MaTpHL s,
H [, SKBHBANEHTHa Ga3HCHLIM MaTpUUaM S; CHCTEMH KBaTepHHoHog
W MB MOXEM BanucaTh KBaTepHuoH Q B Tpex Popmax:

Q=2a,5, + 5,0, + 530, + 5,a,,
Q=ay3, + 3,0, + 3,a, + 5,4,,
Q=200 + p,a, + 0434 + peds-

BocnonbsosaBumcs  9tuM, Mu  HaigeM yno6HWR ‘cnoco6 H3yyaTh.

TPYHNY CEAHHHOHOB.

"'v'in- EI™

]
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BasucHuMu  Martpunamu B 16-mepHoM BexTOpHOM npocrpancrae
Gyayr 16 marpun E,, xoropme wmm pacnonowum B KBaJipaTuyio
CHCTEMY:

Eg Eyy Eg Eyy JoPo FoP1 0Py 3P
E, E, Ey E = [ %Py %P1 340y 3P,
By By Eg Ey 33Po 33py TPy T30
Egy Egy Egq Egy 3Py T3Pt TPy I,y

PaccMOTpHM CHCTEMY THMEDKOMMNEKCHHX uucen S= (ay...a,)

rd

S=0E,+aE,+... +a,E,.
Mb MoeM KawaHH W3 CenHMHHOHOB 3anucaTh B BHJE:

S=p,A + p,B +p,C+p,D,
rae .
A=ag, +a,;3 +a,3+a3,
B=b,3, + b,3, + b3, + b,3,,
C= 13y + 6,0, + 6,0, + €57, -
D=d1,+d3, +dys, +d,3,

—O06HIyHHEe KBaTepHHOHH. Tak Kak Pi3: = 3,p,, TO MaTpuun A,B,C,D
NePECTAHOBOYHE C MATPHLAMH p,, W MH MOXeEM TaKKe MHCATH:

S=Ap,+ Bp, + Cp, + Dp,.

~ ~N ~, ~N ~
Yucno S= {4, — B, —C, — D} nasuiBaerca conpskeHHnM uucay

= ~ ~
S={A,B,C,D}. Buuncauu npoussenenne SS = SS. Hmeen:

SS=AA—BB— CC—DD=a}—a? —a}—al—
— e + 5
—G+ A+ 4
~ B b+

4 CouMopuuft ananua
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b CELMAJIbHAS 3AAUA
! B 3axmouenwe conocraBuM B Tabnuue dopmynn, ceaamsaonue -
' KOMIOMEHTHl HETHPEXMEPHOrO BEKTOPA C KOMIIOWEHTAMH CMHHTEH3Opa

a;j~ab 4 ad agy~al + ja? al~ g0 — g al?~ gl — g3
azy~al—ija? |a;3~a®—as atl~~— gt 4 g8 PLE PR R
' i ~ay—ay |ayj~—ay—iay all~ayta, |al’~aq +ia,
i a3\ ~—ayt+iay{a3; ~ay+as a“~—al—ia,|a“~a°—a’
[\

W pelllnM HeOoOXONMMYI0 HaM IS AansHERIIMX MDUNONEHHH CEAYio-
LYo OCHOBHYIO 3axauy: . ,

HaAtn  16-muuefiunie komGumauun us 16 koMmmowent Tensopa
Broporo panra T%, koTopue TpanchopMHpoBamMCL W 110 HEMPHBO-
b AuMuM - npencrasiewusM rpynn Jlopenua. 3amuwem T~ x'yt u
nepefineM or BekTopoB x' u y* k cnuuTensopaM ay, H b
; Ha ctp. 34 Mu yxe pewnnu ananoruunyio sagauy ais cnuuTen3opa
arubep, COOTBETCTBYIOLIETO TeHSOPY T,. Mu moxeM BoCNONb30BATHCH
rotosuMH $OpMynaMu H MepefiTd OT CNIUHOPOB K OGLIYMBIM BEKTODaM. .

Mo Dy, TpauchopMupyioTca neBaTs Beawuuu:

Lo Cnii € Ci)
o Cuiz Ciaiz  Cai (411)
Cudd  Cigdz  Caaid, .
- Moncrasasn BMeCTO CNMUTEM30DOB MX BEKTOPHHIE BHIPAXEH Ifl,
NOJYUUM:
i ~ 4=+ 2 (¥ 450,
€ iz ~ 21 + XD (' + N + (e + ix) (0 +y')},
€~ 4+ ) (5 + iy,
€ i~ 2{(x* + ) (' — 1) + (51— ix?) 0 + %)),
€~ ) (P =)+ +ix) (v + 1Y) +
+ (&t =N (Y + D)+ (=2 (Y + ),
€ i~ 2+ (P =)+ (= — ) (V' + ),
Eail ~ 4 ((x' — ix?) (' — Y},
Corip ~2{(T104 TN — T18 . T31) _j (TR0 4 TO} . T¥ . T88j )
oyt —x%) (Y — ).

vt = %

R e ]

prreem 2T edie s e ——,
[ PRI




-

CAEBUMAJIBHAA 3AKAYA 51

TTepeMHOXan STH BWDAWEHHS W MEpEXOAd K TeH3opy T,, moAyuuu:

¢~ AT+ T TV TH),
ui;~2 {(T" + T8t + T10 + Tll)+ i(T"-—}- T2 + T3 + Taa)}’
wia ~ 4 {(T" — 711)_+_ i(7’il + T“)},

m"2~2 {74 T 4 THR_TH) -

cnﬁ~ 2 {(T“ + 7 o1 Tll _— Tu) + l(Tio + Tu___ Tia__ T")},
cm"a~4”“ 4+ T T3 T9),

c
c
[4

Mo D, TpaHcHOPMUPYIOTCH TPH BEAHUHHL

cii ~ 2 (B — i) (' +Y) — (= + ) (=B, )

ciz~ (=i + -+ ) =2+ | 412
(=2 (y+ 2 — (& + i) (51— )], ’ #12)

ciz~ 2 {(x*— X)) (¥ + iy — (= +ixD) (' —yY)).

TlepeMHOXas STH BHIPANEHHA H MEPEXONA K TeH3Opy T, moayuum:

gii ~ 2 ((T1O4- T —TO_T8) 4 j (~T% T2 L T T3%)},

ciz~2{(T%—T%) + (T — T}, }(4-123)

Cih~ 2 KTM__ T81__ Tlo+ T") + i(T"—— TR _ T __ T")}.

Hakonen, mnA uHBADMAHTA ¢ MH (OMy4aeM:
e~ (24X (¥ =) — (&' — i) (' + i) +

+ (=2 (Y + 30— (5! + ix*) (y* —iy*).

[MepeMHOXan 9TH BHIDANKEHUS W MEPEXONA K TeH3aopy T, moayuum:

c~2(TO—~TH—TH—T¥)=2(T 4 Ty + T;+ T3).

Ecnu Tensop cumMeTpuyHblt T% — T* = §# 1o, kax nerko suners,
sce nuHeRHble xoMOunanmu, TpaHcdopmupyioumecs no D,, u D, ,,
TOXIECTBEHHO DABHW HYMO, W MW MMeeM JMilb NuHeHHbe KOMGH-
Hauuu, TpaHchopmupyloumecs no Dy, u D,,.

([ cuii ~ 4 {S* 4 8 + 285%)
cuis ~ 4 (5™ + S13) + i (S + S

.L'uz"z ~4 ‘(S“ —_— S“) + 2[3“}

Teyagy~ 2 {S* 4 St 4 5% S88) (4.13)
Crziz ~ 4 {S1"— 8" 4 (S99 — §'))

t Caotp ~ 4 (S + §38 - 28%)

D,, [e~2(8Y— 81— 8+~ 8%))

D, <
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Ecau e TeH30p aHTHCHMMETPUUHHA 7% = — TH = A%, 10 sce nu-
HeflHble KOMGHHALIMH, Tpauc¢>opmupylomuécu no Dy u D,,, pashu
HYMO, ¥ MBI MMEEM:

‘ Cii~4 {(AY 4+ A+ i (A% + A}
D,’,{ ciz ~ 4 |AY® +iA'Y)
o33 ~ 4 {(AOI + A")—{- l(A"—{- An)} .
S (4.14)

Crg~ 4 |A" +149)
Cn~4{(A"+A")—-i(A"’+A”)}.

Oy~ 4 1AM + A1) — i (A% 4 A))
Dz»o



FAABA TATAS

CNMHOPHLIAA AHANHM3

IMepettnem Tenepb K MCCNCAOBAHHIO CHCTEM JIMHEHHMLX nudepen-
LMANbHLIX . yPABHEHHHA, ONPEfE/sIOIUX BEAHYHHM CIIHHODHOTO THMa,
KOTOpbi€ OCTAIOTCR KHBAPHAHTHLIMU NPH GHHAPHHX NPeo6pa3osaHKAX.

"C oTOH 1EALIO DACCMOTPHM  YETLIPEXMEPHBIR AHdepeHUHanbHbit
ONEpaTop rpafueHTa ¢ KOMHAOHEHTaAMH

o 9 a4 9
cot’ 9x' Oy’ oz
HAKH
-4 a9 9
ax8 Ox1’ 0x3' oxd

W CONOCTaBHM €My CTIMHOPHHE oneparop. Tak Kak rpaaueHT ABAKETCH

KOBaDHAHTHLIM BEKTOPOM, TO NEPEXOA ONPEeNeNHTCS CACAYIOWHMH
COOTHOLUGHHAMH:

L]
.0 9 S_ (90, .0
Qll—co: 5’ Oip = (a-’rl@),

o o .0 .9 @ 6.1)
i=—(G—ig): %=+
C nomowbio 9TOro oneparopa Mb MOXeM 06pa3osuiBaTh AHdepeH-
HHA/bHDIE BHLIPAXKEHWA, MHBAPHAHTHLIE NPH OHHAPHLIX npeo6paiosa-
HHAX, Hanpumep:

halk, pa®, dubre

T A
Cneupanbio Mu MOXeM 06pa30BLIBaTb HHBADUAUTHLIE BLIPAKEHHS

BHAA:
da* 1 E ® B &
o’ Dlp_(czoxoa axz oyt 0:2)?'
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B camom pene, comocramnss Bexropy af CTIHHTEHIOP @y, ¥ Bek-

TOpY -0; CIMHTEH3OP iy, MBI MMeeM:-
LW ati + 030" + djpatt + Gpyat =
—(0x° — )@ “"H‘(oxl + la:t) (@' —ia?) +

+(0x‘ 0x2)(a‘+1a )+(dx°+0x')(a +a%)=
dal = da? = Oal
0x° @+ o witeat dx‘)
HIH OKOHYATeNbHO;
..l_ Oy, ar =oik ) 5. 2)
* oxt’

AnanoruyHo na#tnem: ans oneparopa [] (yeTnipexmepuuift oneparop
Jlannaca)

| Y i & & @&

P =O={gm—m—m—am) 63
B kavectBe HauGonee BIKHLIX NPUMEPOB NpHMeHeHMs CruHOpHOro
2HanM3a PacCMOTPHM YpaBHEHHS MaKcse.n.na u Hupaxa.

YPABHEHHSI MAKCBEJLIA

Hawelt uenvio sBasiercs mokasaTe, yTo cucTeMa BenHWHH W ypae-
HeHKH, OnpeneifIOWMX cornacHo Teopun Maxceenna 9JIeKTPOMArHHT-
HOe Mnone, MOWET OWTb 3anucawa B cnuHOpHoH dopme. i sroro
NPEXAE BCErO HAMOMHMM OCHOBHBIC YD@BHEHHS 9/IEKTPOMATHHTHOrO
Mon% 8 WX OGLIYHOR BEKTODHON M TEH3OPHOH 3amucH.

Cucrema nuHeRHNX AudepeHUHaNbHbIX ypastenn#t Makceeana onpe-
AC/IRET lIECTb KOMMOHEHT HAMNPMIKEHHOCTH SVIEKTPOMATHHTHOIO noOAS
E, E, E, H, H,, H,

npy 313HHOM pacnpenenenuu NJOTHOCTH 3apSACB P H TOKOS J
0H, OH, 10E, 4n ]

OH, OoH, 10E, 4x | ORCR)
iy ity St
OE, O, OE,

& Tyt =

4
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or, 9B, 1oHs o)
0z H e dt
8E, OE, 10Hy _

ox o0z ' e ot ’
OE, OE, 1 oH, ' @ 64

=t 0

Mu MOxeM samucare STY cucTeMy YpasHeHu#t B COKpallleHHOR BEK-
ropHo#t dopme, $0CI10/b30BABILINCH ONEpALUAMY rot u div

. 10E _4n 1oH_ _
rotﬂ—jﬁ—-?]:} 5.4) rot E4+ — 57 =0, } 5.4
divE = 4rp, divH=0.
O6o3uauas uepes Topr Top- -+ KOMMOHEHTH Ten3opa Makcseana .
. .
1. =L (- Ej— B+ 3 (i —Hy —H)), 1

T“' = E_’E' + Hz”g!
Tm’ = ElEl + H:Ht'
Tp= 5 (B —Eim E2) -+ (H} — Hi— HY),
Tu-’ = EUE' T HUHI’

T =S (B — B— B+ g (3 — H —H2)

(5.5)

yepes T,, Ty T, — KOMNOHEHTH BEKTOPA TMoftnTHHra
c c
T,=5 (EH,— EH), T,= H(E'Hs"‘ E.H),
¢
T=% (E;H,— EH,)
u yepes T — NAOTHOCTD SHEeprHH
—Lpra=E+E+E +H 4 HY + HY),

MH TIOAYuYgEM KaK ClEACTBHE cucTeMb ypasHennt Maxceeana 3akOH
COXpaHEHHS SHepruu:

or _oT, T, or, E
—Gi=w T e TUE (5.6)
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-

33KOH COXpaHEHHR HMNy:abca:

10T, 0T, 0Ty 0T,
—e = Tt T teE+ L,
19T, oT,, oT,, oT,,
—?—37!'— ar T ,+ o: +pE, +UH]U' (5.7)

1 oT, o7, ar,,
~ W= et e eE M,

3aKOH COXPAaHEHHR 9SJIEKTPHYECKOTO 3apsaa:

19
. . ——c—a—i div j. . (5.8)

Ilasi Toro 4TOBH YCMOTpeTh HHBAPHAHTHOCTL ypaBHenuH MakcBenna
npu npeoGpasosanuu Jlopedua, mu MoxeM, cnenys Munkosckomy,
nepenucaTh X B VETHPEXMepHON TeH3OpHOH dopme.

OGosnauum koopawHaTH x, ¥, z u spems cf yepes

x" x’! x.’ x.’
4z ) .
KOMIOHEHTH TOKA — J u ninotHOCTs 4mp uepea

st st s8 50,

L4

Beenem  aHTHCHMMETDHUHMWH  KOHTpaBapHaHTHWA TeH30p BTOpOrO
panra F%, KOMNOHEHTH KOTOpOro OmpeneseHs cxemoft:

0 1 2 3

0 0 E, E, E

pe_l|—E O —H, H - (5.9)
T2 —E, H 0 —H,

3| ~E,—H, H, o0
E=(F, F* F') umu H=(F%», F'3, F31),

l'lepexonﬂ oT KOHTP2BAPHAHTHHX KOMMOHEHT K KOBapHAHTHNM
KOMIOHEHTaM, MH nonyyum:

“

0 1 2 3

0|0 —E; —E, —E,
1/E, 0 —H, H
Fu=y E, H, 0 —H,
3|E—~H, H, 0

E= (Fw Fw Fa) wiw H=(F,,, F,,, F,)

M

-
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B otux o6o3uaueHusx cuctema ypasHeHuHt Makcsenna nepenumercs

B caeaywoluem siHae.

OF% on aFe 3
it ot g =
OF 1 aFaz oFn
D3z + +ox=+ax'—s .
OF®  9Fm
@ T +5 =1
OF% OFst  gF®
wtamtart = (5.4a)
OFg | OFy | oFy
oxt + o ox? Ty ox3 =0,
oF, 0Fy, . OF,
G2+ » +55+54=0,
oP,, IFp OFy _
+ ox‘ + + oxg = 7

0F dF;
‘ “+ dx?+0x‘2.+ * =0. )

B coxpawmensoit TeH30pHOR ¢dopme 9Ta CUCTEMa MOMXET ObiTb 3aMy-

caua Tak:

oF,,, 0Fg
Tt o

OFy _

oF%
I———-—S‘, " ox"

o o

Ins  wmuTerpuposanus AngepeHuMansHbX ypasHenn#t Makcseana
YHOOHO BBECTH B KayecTBe BCMOMOTaTeNhHLX BEIHYHH CKAaNSPHbIA
W BEKTOpMbIE MOTEHUMaNn P ¥ A, yepe3 KOTOpule BLIPAKAOTCK Ha-
npsokenHocth E u H snekrpomarsutsoro noas

1 0A

H=rotA, E= —gradp——=¢. (5.10)

Moncrasass otu Bupakenus ans H u E 8 ypasHenun

rotE+ 1 & =0, divH=0,

Mbl 3aMeyaeM, YTO OHM TOXKIECTBCHHO YAOBJCTBOPRIOTCH. Toncrasass

HX B YpPaBHEHHHA -

divE = 4=p,
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MW MOMYYMM IR @ M A caemylomMe ypasHewws BTOPOro nopaaxa:

B yernpexmepHo#t dopMynuposke MHHKOBCKOTO M BBOAMM 0603Ha-
YeHHs: . . .
=% A=¢ ’ A,=‘9s A=9,
P=% A;=—9, A= __.%’ A= —y,

W TonyyaeM AnM cucTeMH  ypaBHenu#t (5.10) -8 YETHPEXMEPHOM

0603Ha yeHuu;
F, =% _ %%
BTk gk

B yeTnipexmepHoR popmynnposke MuHKOBCKOro TeH3op Makcpenna
Tews T, Bextop IofuTurra T, u cKanspHas MAOTHOCTS sHeprun T
O6BEAHHRIOTCR B YeTHpPEXMEPHHH CHMMETPHYHHH TeH30D 9Hepriu
HMITYNbCa:

T,=T,=T,,
Ty=Ty=T,,
Tl - Tl. - TOH
=T
' Teo Tz,: Tenr T,
e—| Ty Typ T T
Tu’ le’ 7:!’ ]‘l. ’
T.S’ 7.” T.l’ T..

rae
1 o
T,=F) Fo— g & Fy F. (5.5a)
3aKoH COXpaHeHHN sHepruu u uMnyabca hopmynnpylotcs crenyio-
UM 06pasom: '
ory

Y = Fh\’, (5.68, 5.78)

2 3aKoH COXpaHeHus S/IeKTpHyecTna:
a‘t

o =0 (5.8a)

1 gy e gy .

P

r

Vas ko ki

e R T I
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YPABHEHMS MAKCBEJ/IJIA B CITHHOPHONA ¢0PME

B npenwaymeft rnaBe Mni nmokasanu, YTO M3 MWIECTH KOMMOHEHT
aHTHCHMMETPHYHOTO TeHsopa Fé = —F*‘ MOXHO COCTaBMTb WIECThb
nHHERHbLIX KOMOuHauuA: °

fx,‘:fnm f"\: { fass Jass fa;} ’
Fu=rfon fa=fi, fis, fia},
TpaHchopMupylOLMXcs npy  GuHapHuix TpaHcpopMauusx no D,

u Dyg. M moxem npsmo 8 dopmyay (3.18) rnasu Il nmoncrasuts
BLIPAKEHUS KOMMOHEHT 3MeKTPOMATHWTHOIO MOJS

‘_E_:(FOI’ FOQ’ FOI)’ H=(Fll’ Fll’ Fﬂl)

¥ MOAYYHTb CIUHOPHLIC BLIPAXKEHUS ANS KOMITOHEHT S/1EKTPOMArHuT-
HOTO MOJAR

Ju={F®+F3| i {F*+FB) = {Fn+Fu}+‘{Fn+Fn}’-
u={F“+iF"}={‘F10+1F21}»

w={F" 4+ F L i[P L F® = {Fy+ Fyy ) +i| Fa+ F -

Buipasenus aan iz nonyvawrcs ué BLipakeHut Ak fi, sameHo# i

Ha — .
Buipasum Teneps, “BOCMO/b30BABUINCH COOTHOILEHUEM

0 a
Fu= 34 — e

BEUYHHH f;, Yepe3s MPOH3BOAHLE OT KOMMOHEHT BXKTOPA MOTeH-
unana ¢,. Monyynm:

o | 0 P
f"={§l‘l’+o:'t ,31‘-}+'{3i’o ?:'.ﬁoxz o?”i}'

o= -2 23 22).



60 TJIABA TIATAR

B Buipawenusx ans f,, u f,g Nerko nepefTH K CNUHOPHLIM BeNU-
YHHAM, €CTH WX Mepenucarb B CAeAylOWeM Buae:

Fu= (B ) 01— i o=+ i = ) ta — i 20y~ 9=
[ = (5~ 5??.) (P + i) — (ax. +i 2@ —9),
fa=ga (00 + 9= (a» + 0:’) oot i ft a.o) o (9 + 9) =
] = (st 0)— (Gt g e—ie),

OTKyna nonyqéeu: .

= =i P+ pi=0i ¢l + dnef=0, ¢,
fa= — 095+ 00 93i =04 ¥} + O gl = 0,8 ¢k,

Mu npenocrammeu YUTATE/NI0 HEMOCPEACTBEHHLM BLIYHC/EHHEM NpO-
BEpHTb, 4TO ‘s [y, nMeer MecTO clieaylouee BLpaenHe:

S N

fu=g {008+ dul + 0 9] +ongl} =
=%{01W§ +o=w§}-

Mut nonyuaeM OKOHYaTe/bHO B CIUHOPHOR dopMe cooTHomenns (5.10)
B Buae:

* fw=%{aﬁ‘?i+0,‘.‘?i}.

B TensopHo#t QopMynupoBke ua

e o b b = T N
P S T R S S e e g S
'

Ops _ O
Fu= 6~ o

cnefye?, 4TO C/ACRYIOUIan CHCTEMa YETLIDEX YPaBHEHuH TOKIAECTBEHHO
.- paBua HyAIo:

R

‘ oF oP,,, OFu_ .
‘ ot + * o ot

e

v
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-
MNoxaxeM, YTO B CMIUHOPHOH GOPMY/MPOBKE STOH CUCTEME ypasHeHuit
COOTBETCTBYET CHCTEMa »

6&}'; — 0 f] =0. (5.11)
B camom pene, moacTasass BHpaeHns a8 f ; u f), nonyuum:
Bs (g 9% + 3391 ) — 0aa(0. 4" + 0% ) =
= (00 03y 7 — B oy 49) — (05 05 g — 0;095 48)-

PaccuoTpuM  nepsyio cko6Ky. Menss BO BTOpPOM u/neHe OSO3HaNe-
HUR 3—p, p—-:, MHN 3aMeyaeM, YTO CKOGka pasHa Hymo. [lyTem
HEMOCPECTBEHHOTO pacyeta yGexAaeMCA, YTO ¥ BTOpas CKOOKa
paBHa Hy/mo.

Bropas cucrteMa ypasHenu#t Maxcsenna 3amuinercs, CAN0Ba-
TENLHO, B CTIMHODHOH (opMe crenyowuM 06pasom: -

O f? — Oyafi=0.

- Jlna noayyeuus MEPEOA CHCTEMH ypasHenu#t Maxceenna

oF =4
ak

8 CnuHOPHOHR QOPME BOCTO/B3YEMCS HECKONLKO MHHM METOLOM, €M
8 MpeaHAyUIeM CAyuae, — METOACM, HeMOCPeICTBEHHO BHTEKAOUINM
¥3 CaMO#t CYMIHOCTH CMMHOPHOTO aHanuaa.

Beanunnn f, u fi, Tpancdopmupyiotcs no Do w D,3 onepa-
Topu Oy, Tpancdopmupylores no Dy .

Cocrasum npoussenenus 0y, fo, # Oy fop w 06pasyeM u3 Hux Jau-
HefiHe KOMGWHALMM, KOTOpWE TPAHCHOPMHPYIOTCH KaK KOMMOHEHTH
CTMHTEH30Da TOKA $);, T. & M0 Dyr

PaccMoTpeHHu#t - HaMy B T/ase [V MeTox mno3sonseT Henocpen-
CTBEHHO HAMHCaTh:

Sip~0if: +3;0f5 -

Ilns Toro YTOGM 3aMEHWTb 3HAK ~ SHAKOM PaBeHCTBA, BHMHIIECM,
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—

§ . -~
BOCNOALSOBABIIHCh ypasHeHueM (5.11), oaHO M3 STHX ypaBHeHHH,

HanpuMep: e _
P4t ~sii~dfl +oufi =0ufii—aifir=

=(a%,+i,,%)l(F"+F")+i(F‘"+F"n —~

~ (3= ) (P + P = ,

OFW  OF® 'OFW\  (OFM  OF®  OFV
={ ”071'+ 5w +ow) (Gm e T 6x°)}+

‘+i{(6F,, aFy 6F,,)+(6Fm dF“ dF., }

o T o T3 ot T axt

OTKyAa nbnyq aeM OKOHYaTeAbHO!

26\,’.=0ﬁfi + 0. /3 -

CNMUMHTEH3O0P 3HEPIHYN HMMITYJIbCA

PaccMOTPHM CTIMHTEHSOP h,i;, COOTBETCTBYIOWnRt Tensopy T,
cnenyiouiM 06DasOM COCTABNEHHHM HS KOMMOHEHT CHMHTEH3OPOB
SNeKTPOMArHHTHOrO 1oas fiu  fiut

P = b fohe

BH,!ICJ!HN H3 HEro AHTHCHMMECTDHYHYIO 4acTh, T, €., COCTAaBHM Te
AuHefHbe KOMOHHAIKK, KoTOpHe TpaHchopmupyoTes no Dyy u Dojs.
TMoayyaem:

no Dy, Tpanchopmupyercs ;w -—fmf‘. =0

no Do»’ » lvp ff‘P—o

Tenzop T* Gymer, crenoBartensHO, cHMMETPHYHBIM TeHSopoM. OG6pa-
syeM MHBAapHauT, TpaHchopmupyioutntica o D,o, ¥ noayyum:

W oomm fAFY e
’x;'—f;./; =0,

T. €. uusapuant T tensopa T** Gymer pasen Hynio.



CMHHTEHIOP SHEPTUy HMIYAbCA 63

Cummerprynmp Tensop 7% pymeer 10 KOMNOHEHT T#H— TH (pg
33HHBIX  ycaoBHeM Ti=0. Hesasucummx BEHYMH, onpeneasiomguy
Teusop T, Gyper, CaeqoBarensHo, 9, w3 KOTODHX MOXHO cocTa-
BUTB KOMGHHauuy, TPaHchopMupyiomuecs o D; 2. Bunuwen s asnoy
BHAE KOMAOHeHTW CMHHTeH3O0pa {,,:,

s
tuii iz thi
fops =( tiaiz thai tm‘-:) ,
- \asii aai, tagdy
fuit=(H, —Ey 4 (1, y £,
haiz = B} + 2 ,
it =(H, + E,» 4+ (H, — F)4,
tiiz = (EM,—E,E, + HH, -+ H,E,)+i(H,H'—~ H.E—~H,E,— EE),
haiy = (E,E,+ EH~HE+ HH)ti (ME+HH, + ELE,—HH,),
iy =XE} — E + 12 — M)+ i(H,E, + H.E + H,E, + H,E,),
tuii =(EH — E,E+ H.H+HE )i (H.H,—~HE, H.E—E,E),
tuis =(E,E_+ EH,—~H.E + HH,) ~{H.E, + HH + EE~HH), -
beiv=(Ej —E} 4 H? — HZ)—i(HE, + H.E, + H,E, +HE,).

'Haﬁneu TENepsL cuCTeMy andeperunanbmx YpasHenuf, KOTOpHIM
yaoBaersopser CIHHTEH30D 4,5, W yOeaumca, uto oy COOTBeTCTBYyeT
TEH30py SHEPTUM — uMnyanca g "HETHpeXMepHoA popmynuposke Mun-
KOBCKOro, ‘ :

3anuwen CHTTeMY ypaswenuft Makcaenna H CHCTEMY KOMRJIeKCHO-
CONPAKEHHNX ypasuenun‘: ’

%Sy +0uf? =25,
ch;f;: +05, /) =2s,;.

Momuosxus NEPBYIO CHCTEMY Ha f: » @ BTOPYi0 Ha f{‘ H C10XHB,
noayuHM: '

T{iorivrio AT RV

t=af st



-

s

64 ' F7IABA TATAS

[pu nomomn BrOpoft cucTeMn ypaeHenn#t Makceenna npeoGpasyem
ABKAH TNONUEPKHYTHE U/ACHHI:

fionfi =flonfy,
[0S, =10l
U NOAYYHM:
1 . , . .
F{IL s + 10008 f=sif +sift
HAH OKOHYATENBHO:
1. (2 i .
0ov{7f”fh}==‘§'{$‘;fp’+S:f.}. -
/
9T0 ypaBHeHWe HBARETCH BHIPAXKEHWEM, B CIHHOPHOH dopMe, nOH-
A€PMOTOPHOTO AeficTBHA SAEKTPOMATHUTHOTO MOAS Ha suausaloume

€ro 3apsatl M TOKH.

CnuuTeH3op

| PR W
Tf”/

COOTBETCTBYET HETHPEXMCPHOMY TEH30DY SHEPrHM MMmyasca. Brpa.
WeHne

tp'u).v —

. 1/ 0. a
klp =§ (SR /cp + séf,x)\
A3er B cnuHOpHON GopMe BhIpameHHe A9 YeTHPeXMepPHOR CHAM
Jlopenua
- k‘::s,F"“.
[TpoBepnTb STOT PE3yNbLTAT HEMOCPEACTBEHHHIM BHYHC/IEHHEM npego-
CTaBAsieM 4YHTaTeno.
Ypasrenus MakcBenna oCTawTCR HHBa[{HaHTHNMH, €C/IH  BMECTO
TOTEHUHAN0B @, BBECTH MOTEHUHANN
' A
’—— —
(Pi'—(Pi + ax( ]

rae A —nponasoabHbift ckansp. FI0oSTOMY MOXHO YCAOBHTHCR HOPMH-
poBaTh MOTEHUHAAW @, TaK, 4TO6H cobaioaanock ycaosne Jlopenua:

¥ _o

ax!

(’%-{— divA =0).
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Y6enumca, 4TO BHpaxkeHue
f =7 (%0 +0,:8)
WHBADHAHTHO, €CAH BMECTO MOTSHUMANOB ), BBECTH [OTEHUMAAN
=P + A
B camom nene, umeeM: | _
Fio= 5 (0305 +0,601)A+fy.
Ho onepa'fop, cToAuMi B CKOGKAX, TOMAEGCTBEHHO paseH HyMoO:
o 0% + 0305 = 0% — & 0 =0,
¥ CNeA0BATENLHO,

4
flu =f)|t-
3ameTiM, 4TO, KOMOHHWPYR MEPBYI0 H BTOPYIO CHCTEMH YpaBHe-
HURt, MBI MOXEM MHCaTb MEpPBYIO CUCTEMY B Buje:
N
I Gef; =9,

EcM nonw3oBaThcd  HOPMHPOBAHHWIMH  MOTEHIHANAMMH Py T €
NPpUHATBL, 4TO d;,;‘p“‘:O, TO "

hith — 0 ¥ =0,
B camom aene,

. . . - 1)‘ .
01393 — Ol = — dusp"* — dnap™ = — ¢ =0.
[ostomy emecTo dopmyan
1 a w8
Siu=75 (Bt +0uti)

AN
MOXHO, CYHTaR MOTEHUHAAH ‘P,‘. HOpDMHPOBAHHBIMH, [101b30BATHCA
dopmynoh:

flu = dh‘?;:
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endod »sendomnu)
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endod mendoema]

P —~—~—
Q.
[3
-
f
4]
2
b

¢g "d1d (gg) mrdndod

‘4. o1 pesd |
]
{

2__02
F.. e M
o
v @
_‘ .m -
H ‘3

endod memdoixag

eoavrAuny nnidone doemdj,

HNRYEHNAIIOU H
Brou wanAMMEduen AYWIN
SHHIIMOHI00D BUKIBINEW

ypuudnged£ INILOHY
yodoig JOHIHIVERHANC

erraEd el
yneonged{ emarowd 1

BRrIEINCY
pHBIHERdA eMNILOMD |

MY eIIHALO] |
wicL H ewsdee 9100RION]|

yrou duEMRpduel]




YPABHEHHA NAHMPAKA 67

YPABHEHHA NHUPAKA

To Teopun oTHOCHTEALHOCTH SHeprHs W u umnyasc p cmoBog-
HOM YaCTHUB MAacChl M BHIPAKAIOTCA HEPes CKOPOCTh U CAELYIOLUHM

obpa3oM:
mv

g,.. p=—r—,

rie ¢-—ckopocTh ceera. Mckmouas M3 9THX BupameHu#t cxoOpoctb,
MOy YHM:

w?

- —
[pu nepexone k BOAHOBOW MeXaHHKe HEOOXOAHMO B STOM Bhlpaske-
HHH KJ2CCHYECKHE BEAHYHHBI, SHEPrHIO H UMMYAbC 3aMEHUTH COOTBCT-
CTBYIOUWLHMH onepaTopamu '

Pl —pi—pl=mic,

d

. d : ; :
W—Ohl'a—t: P1=“"”a, p,:—hla, py=—h!_-

feRcTBylOWHMH Ha Boanosylo Qynxunio ¢ (x, v, z, ). Ma nosyuum
Npou3seas 3Ty 3aMeHy, BJ/HOBOE ypasHeHue aan (yHkuuu ¢:
2 B B 1 &R m’t’ 1
Cé=gatgrtap—am=1 ¢=ud (612

0

rae uepes A, o603HaueHa (YHLAMEATANbHAA MHPOBAs NOCTOAHHASR,
HMEIOWdn Pa3MEPHOCTD JLIHHB X HasbiBaeMan InHHOR Boaxun Komnrona.
Iupaky NpuHannexHT MBICAb paccMaTpuBaTh ypasHenue (5.12) aaa
BO/THOBOTO NOJA S/NEKTPOHA KaK aHANOr BOJNHOBOIO ypaBHEHHs B OTITHKE

O9=0

M HCKaTb CHCTEMY JHHEHHHIX AudepeHuHanbHHX YpaBHEHH® nepsoro
NOpAAKA, aHAAOTHYHWX YpaBHeHHAM Makcsenna, W3 KOTOPHX KaK
cnencTeue BhiTeKaerT ypastedde (5.5). Has Toro uTto8n mNOAY4HTD
cucteMy ypasHeunft Jupaka, pasnoxHM, BOCNObL3OBABINHCH CHCTEMOR
KBATEPHHOHOB, onepatop [ ] Ha ABa NHHEHHHIX MHOKHTENA:

10 0 ad 10 g d g
Fatamtogton)ca—sn—oy =% .

1 B nanbHeflmem yepes # 0503HaueHa neneHHas fa 21 nocrosHHan [liaHka.
5‘
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Takoe pasnowenne oneparopa [] Ha nBa NHHEHHWX MHOXHTeN He
MpeacTag/geT HHYEr0 CYUIECTBEHHO 1I0BOFO B MaTeMaTHKe.

Paccmorpum dyniumio ¢ (z) koMnaekcuoro NepeMeHHOro z == x + iy,
Has roro 4tobu dyukuus

b (2)=u(x,y)+iv(x,y)
HMena upoussonnyb

§

q)'(z):hm é(z"}'A:Z—é(z) ;

Ax
HE 3ABHCSULYI0 OT OTHOWIEHMA -, B NPHPAWEHHH Az Heo0xonumo,

dy
1TOGH
vz HAx) ~¢(2) .. vz +dy)—14(2)
lim “&——-—hm Bl
HNH
ou 06v 10u ov
(,—i+l&=l—-a,+a, (5.13)

OTKYR2 f0My4aeM AN GYHKUHR Z W U CHCTEMY nHbepeHLHaNbHX
ypasuennit Kowm-Pumana:

&

ou
oy

QU

o _
x~ Oy or

Zugpepenurpys nepece ypasuense no x, BTOpOE MO ¥, NONyuuM:

®Ru | 0% v v
ot o =0 Fatze=0

H/NH OKOHYaTeNbHO:

* Py __
oo + 3t =0.

Tlokawem Teneps, uro, Ha060poT, HCXONA H3 NOCHENHErO ypasHeHus,
MB MOMEM NONYYHTL CHCTeMy ypasHewd# Kown-Pumawa, pasnaras

? 2
oneparop 5 + 5 ha JHHEAHBIE MHOXHKTENH:

Ge+i5)6e —13)-
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»
B camowm aene, w3

52+ 155) (e —i5) 40
cnenyet:
(oi—-igv)(u-i-iv):O. (5.14)

Paspensn  BewecteeHnyio wactb or MHUMOH, noayyuM cuctemy
ypasHenud Kown-Pumana.

C Touku 3penns manoweHHmx 3aech  coobpawenuit nonyuenme
ypasuennft [lnpaka ceoantcs K pasnowemiio YCTHIPEXMEPHOro Ore-
paTopa [ ] Ha MHOWHTenH, yTo BO3MOXHO, KOHEYHO, AHWbL B 0Gna-
CTH KBaTEpPHHOHOB.

Ypasuenne (5.5), O4€BHAHO, 3KBHBANECHTHO CJCAyIOUICH nape
YPaBHEHHHA:

0 0 0 0}
- — v

TA€ u W v—nee pasamynme yHkumH, obe YAOBAETBOPsIO UIHE
YPaBHeHHI0:

04+ ¢=0.

Paccmatpusas 2 w v xak BEKTODH B ABYMEDHOM KOMI/IEKCHOM BEK-
TOPHOM 1IPOCTPAaHCTBE M MeEpeXoas K AByXpagHHM MpPEACTaBICHHAM
KBATEPHHOHHBIX EAMHHIL 5,5, S,Sg, NOTYYHM cHcTeMy ypasnenu#t Jupaxa:

ton)a+ Qoo+ (L)g+ (602 ) ()=

+

Aloi 01yo _0Nd _/10Y0 ul_>(5'16)
'{ 01)cat"(1o ox‘(io b}"(o—-l 0z (uz)“‘

—E (D).
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Beugy sawuocy 3TOH CHCTeMb ypasHenufh SanxweM ee eule B amyx
Apyrux dopmax:

d 9 . 0 9 ¢
57"1+5}"’+‘5}"2+52"1--K°"

¢} 2 . 0 2 {
Eaiul—}-au,—laval—&-a,:—x—,v,,

e SO I I ®
cot 17 5 ot 9zt T %

0 (/] . 0 0 {
a}”z“avx+‘@vl+‘)‘zvz“ 7 4

(/] Jd o0 ., 0
@ta mtin) o )
0 0 90 o (uz)"‘ T\g, /)

o ‘'S m
62, —(21i2) | o
ot 3z —lgTt

(2. 4og B
X [«

H nepeflaem k wucenenosawmio HHBADHAHTHOCTH 3TOH CHCTeMu yPasHe-

HHR npu 1peo6pasosanusx Jlopenua. Mas sron ueaH yaobuo me-
peltTH Kk cnunopro#t dopme sanucyu ypaeHenu#t Iupaka;

01i 02'1 u, i o )
: . + 3 ! =0r
(012 * u, o v,/
i i3 q) i(g)
+o (4 )=0
(02'1 Oz ) (7’: % u,

0lial+021ai+£ v, =0,

H/IH

t?’i‘al -+-t72.2 ug + ;:: v, =0,

. {
0]'1’01 +(‘»|gv’+r;- u, =0,

div, + d2v, + i u,=0.

10T Bum yparwewntt Iupaka scuo NoKaseBaeT, 410 opy Gyayt
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HHBApHAHTHB nNpH GHHADHHIX NpPeo6PasoBaHHAX, €CAH BEIHYHHH U,
u,, v,, vy OynyT TpanchOPMHPOBATECH KaK KOMNOHEHTH CHHHOPA

. .
al~°1' ‘U‘~T‘l’
ug~8; vy~7t

CucreMa ypasHenn#t [lMpaka 3anuileTcs TOraa B BHAE:
.. 7 - .
e+ =0, durh + -6 =0, (6.17)

B KOTOPOM HX MHBapHaHTHOCTb npH OHHApPHHIX npeolpa3onanuax,

a cnenoBaTenbHO W NpH npeoGpasosanuax JlopeHua, oueByaHa.
Hccnenyem Tenepb HHBapHaHTHOCTb ypasHeHu#t upaka npu ome-

pauuu 3epkanasHoro otpasenus (cTp. 45). INpu nepexome '

X——X, Yy———y, ZT-———2

ypasHenus Ilupaxa nepexossr B

5 . i
it +ym,=0, oMy, +;&‘ =0, 1
HAH (5.18)
, . C
M+ € =0, a8 +5 =0 I
Mun BuauM, 4TO ypaBuenua Ilupaka coXpaHaioT CBOH BHA, ec/H NpH
OMepalHH 3€PKaJBHOTO OTPAXEHHA NPOH3BECTH 3aMEHY:

G—m -,

T. €. MepecTasuTb oGe QYHKUHM & U .

IposeseHHOoe HaMH HCCNEOBAHHE NOKa3biBaeT, YTO QYHKUME &,
uy, v,, vy obpasyior Oucnunop (¢, $,4,9,)=(u,4,v,7,), 3aKoun
TpaHchOpMaunH KoToporo OHUIM HaMH Hccaeaosauw B ra. IV,
(ctp. 49).

3ameryM, 4TO He HanuuHMe MacCH Y 3]eKTpOHAa, a Tpe6oBaHHe
MHBapHAHTHOCTH NpH 3ePKANLHOM OTpaxeHHH O6YC/OBAMB2ET Cyine-
CTBOBaHHE ueThipeX QyHKuu# B ypasHenud Ilmpaxa.
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Dlonyctum, 4To Mm mMmeM BonHOBOE YPaBHeHHE 1A% yacTHuM
¢ wmaccofl wyas. Pasnaras onepatop []Ha nsa MHOXMHTENR, Mu
NOJNyYyHM BOJHOBOE YDAaBHEHHE B BHAe:

9 (1] 2 2
{@+s,&+s,$+s,a~z}<p_o. (5.19)
Jlerko, oasako, sMaeTs, 4TO OHO He coxpanser csoeit Gopmm npu
nepexone (X — —x, y——y, z— —2Z), a NepexomHT B

9 o, 9 9
{E‘m‘sx&*saa;—%&}¢=0- (5.20)

Has onucamus yactHum c MaCCOR_ Hynb MM AOMKHM onmaTh Gpars
o6a ypasuenus (5.19) u (5.20):

9 ] 0 ]
(‘W-H‘, et 5 @+s, a—z)p=0,
9 _ 9 0 s Naro
(cdt TSy TNy 4=
H YCIOBHTBCH, 4YTO IIDH ONEPAUHM 3EPKANBHOIO OTPAXEHUR (DyHK-
UMK p=(p,p,) H 9=1(9,9;) MensioTes mecTamu.

B cnuuoprot dopme cucrema ypasHeHutt JlHpaka ans yacThum
MacCH HyIb NepenHUIeTcs B BHpe:

olip‘ +ozi Py=0,
olip‘ + 02.’p,= 0,
%i ¢, +013g, =0,
021 ¢, + 023 ¢y =0.

Sta cHcTema YP2BHEHHR B YaCTHOM c/yyae CoBnajaer ¢ CHCTEMOMH
ypamuenn#t Maxceenna B nycrom npocTpancree (s =0):

olifﬁ+52°1fﬁ=0,
O f1 4 95 1=,
i fB 4oy B =0,
din f 4o fH =0,
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€CAH e¢ nepenHcaTrs B BHAEC.

& £+ 0" £y =0,
O fa 4 0% £y =0,
on fﬁ+0§x féé=0,
3 £ 4 om fB =0

(5.21)

H NO/MOXHTH

pP= (fm fn),
: g =(f1, fit),

3THM HCCNENOBAHHEM MM [10KA3aJH, YTO

1) cucrema ypasuenu#t Jlupaka M8 uacTHUN C Maccoft Hyas
coBNangeT C CHCTeMOH ypasHenuit Makcmeana (sto nossonsmer pac-
CMaTPHBATE NMOC/TENHHE B M3BECTHOM CMHCIE KaK ypaBHenus [lupaka
s doroxa);

2) ypasHenHs MakcBenna MHBADHAHTHW NPH ONEPAUMH 3epPKaib-
HOTO OTPAXEHHS.

HecmoTps Ha 3Ty BHYTpeHHIOIO CBA3bL MEXAY ypasHenusmu Ilupaxa
H Makcsenna, ux ray6okoe pasiHuHe 3aKJAIOYAETCH B TOM, YTO Be-
nmuuHN 8, U Tpacopmupylores kak cnuHopw no Do u Dy,
a BenHyHHH (p, g) — Kak cnuurensopw no Dyg u Dy, 3to pas-
NHYHe B TPAHCHOPMAUHOHHWX CBOHCTBAX OGYC/IOBAHBACTCH (pH3Hue-
CKHM DA3/HYHEM MEXUY BeJHYHHAMH, KOTODHE XapaKTEPH3YIOT BO/-
HOBOE MOJe SJEKTPOHa H (oToHa.

Jlna yacHEHWs STOrO PasiuyHs OGPATHMCH K BRHDANEHHIO VIR HH-
TEHCHBHOCTH CBETOBHX BOJNH B ONTHKe. Bupamenue

1= (B + HY) (5.22)

JaeT HaM [UIOTHOCTh HMHTEHCHBHOCTH BOJH CBETA B KAXAOH TOuKe
npoctpascrea, C Apyro#t CTOPOHH, OHO HNA€T BHPAXKEHHE AAA MAOT-
HOCTH 3HEPr¥H 9SJEKTPOMarHuTHoro noss. Hurerpupys / no scemy
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NPOCTPAHCTBY, MH MOAYYHM SHEPTHIO W SAEKTPOMArHHTHOTO NOAs:’

W g ( (E® + H) dv. (5.23)

Ho Mn 3HaeM, YTO NPOCTPAHCTBO, 3aNMONHEHHOE BOJMAMM CBET4,
MOXHO paccma'rpuaa'rb Kax 33anojlHeHHOE ('bOTOHaMH, KaXAM# H3 KO-
Tophx o6nanaer sueprelt hw. Cuuras, 4TO MH HMMEEM 1e10 C Mo-
HOXPOMAaTHYECKHM CBETOM, Mb NO/MKHH, 0603Hayas uyepes N yucno
¢$OTOHOB, NONOKHKTh:

1
- o S (E* + HYdv = Nho. (5.24)
B cny4ae, eciu CBET He MOHOXPOMaTHyecku#t, TO, 0603Hauyas ue-

pes dN, uncno doronos c suepruedt mexay ko u ho +do, 6y-
aeM HMeThb: ’

1
o Q (B*+ HYdo={ hwdN,, (5.24a)

STHMH COOTHOLIEHHAMH YCTaHAaBAHBAETCR COOTBETCTBHE MEXNY HH-
TEHCHBHOCTLIO BOJHH B BONMHOBOH KapTHHE M YHC/IOM 4YacCTHL B KOp-
nyckyaspHoft kap'ruue.

Ecau Mu ofpaTHMca K KaTOAHMM Jy4aM, TO 3aMETHM, 4TO
B OT/AMyHe OT (OTOHA BSAEKTPOH, KaK 4acCTHUA, HeceT c coboft
HE TOABKO SHEPTHI0, HO H SNEKTPHUeCKHH 3apal, pPasHHHA SneMeH-
TapHOMY KO/HYECTBY SACKTPHYECTBa e.

denas no amanoruM c KOpNycKynspHoH TeopHeH CBeTa comocTa-
BHTb HHTEHCHBHOCTh KATOAHMWX BOJH C YHCJIOM S/EKTPOHOB, MH
JNOMKHE TIONI0KHTh:

(i + 939 +930, +i0)do=Ne.  (5.25)

OTMeTHM NBa CYMECTBEHHBX OT/IHYHE MeXAy SACKTPHUYECKHMH
3apanaMH SAEKTPOHa H «9HEPTETHYECKHMH 3apalaMu» (OTOHA:

1. YacTHu MOTYT OOMEHHBATbCA CBOMMH SHEPTHSMH, uapyman
MOHOXPOMAaTHYECKOE pacnpeleneHHe SHEPTHH B CAy4Yae, €CAM OHO
B KaKOH-HHOYAh MOMEHT BpeMeHH OHA0 ocywecTsaeno. YacthHuw
HE MOTYT OTA3BaTh APYT APYTY 4aCTh CBOETO WIEKTPHYECKOrQ 3a-

Y T .
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psEa, a MOTOMY OTNMARAaeT HEOOGXOERMMOCTb B CAy4ae KATONHMX BOJH
nucars opMyay, aHamoruusyio (5.24a).

3. B npasoft yactu (5.24) cTouT sHeprus, B npaBo#t yacth (5.25) —
sapsk. [Tocaennu#t sBnseTcs BenMyHHOM, HHBADHAHTHOM npH nepexoxe
K MOABHKHOM CHCTEME OTCYET4, B TO BPEMA KaK 3HAYeHHE SHEPIHH
M3MEHHT CBOIO BEJHYHHY, & 5TO OSHAYdeT, YTO BOMHOBYIO (YHKLHIO
JNS KATORHHX JayyeH MH MOXEM HOPMHDOBATh HE3ABHCHMHIM OT
CHCTEMB OTCYeTa crnocobom:

(@0, + 450+ §3hs + $30) do=N. (5.26)

Y

BonHosylo dynkuuio Ans GOTOHOB MH MOMEM HODMHPOBATL JHib
s ORHOM u3 cucTeM orcyera., [Ipy nepexome K npyro#t cucreme
OTCYeTa HOPMHPOBKA BOJHOBOf (YHKUHH OTOHOB HOMKHAZ 6MTL
M3MeHeHa:

S(E’+N’) dv=8rzW (ana omHolt onpeaenennoit (5.27)
CHCTEMH OTCYETa).

YPABHEHUA NUPAKA A1 ABUXKEHWUA SJIEKTPOHA
BO BHEIIHEM 3JIEKTPOMATHUTHOM MOJIE

[Mo sonHOBOH MexaHHKe ANS OMHCAHUS HBHKEHHSA 9/IeKTpOHA BO

BHEHIHEM SJAEKTPOMArHHTHOM MoOJe, 3aN4HHOM [OTEHUHaNnaMK: P, A‘,

1 0 94 0
Ay, A,, HaNO BMECTO ONEPaTOpOB o % 3y oz NonbL30BATHLCH
onepaTopamMH’
d ,. e
Dy=tirse, |
0 , e
D‘ =0_x + e A‘, .
’ (5.28)

0 . e
Dﬂ_ﬁ_*"EAv’

2 , e
D’=‘-§;+l h_cA’.

B nmanbheftmeM Mn OyReM nOALBOBATHCA YETHPEXMEDHEIM BEKTOD-
noreHunanoM P,, KOMNOHEHTH KOTOPOTO paBHH:

=L 1=£ =L .
V=9 P=g4, =4, P=pA4,.
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d .
OTMeTHM, 4TO B TO BpPeMs KaK oOnepaTopu 5o TEPECTaHOBOUHN
14

Apyr C JpYyroM, STO YyXe He MMeeT MecTa AR onepatopoB D,.
B camoMm nene, Buuyuchaenue maer:

DD, —D,Dy=i L E, W
, €
D‘D' —_— Dyth t ;E‘ Ey’
. . €
D‘D.—‘ DIDI =1 ’-E E', .
, b (5.29)
D,D,—D,D, =i £ H,
’ . °
D,",— DD, =i+ H,
P -4
D,D,— D,D,=i ¢ H,,

rae E v H — KOMNOHEHTH SAEKTPOMarHHTHOrO Mous.
B cnutopHo#t ¢opme Mm Gynem umeTh BMeCTO onepatopos A
onepatopu Dy, =ad, + i®,;, rae ¥, — cnunrensop norewumana.

Buuucaum supaxenne aas Dx,;f)tq) U NONY4UM:

(@i + iDy;) (0% + iD¥) b =
=0k + iBy 080 — By 4 0y BEG -+ iRy =
= 00k + i (Drdt + BFO) Y -+ D DL — by D

AnanoruyHoe BHUMCAEHME AAN D!,;Dxl;q) aaer:

Obohih -+ 1 (DI + Dri0h) § + iofbryh — Db,
Buyutas U3 nepsoro BWpaXeHHs BTOPOE, MONYYHM:

DD — DDy, = i (3,8 —sg) =2 1,11,
WM B HeCKOMbKO HHOH dopme:

DD + DyDE=2i £ /... (5.30)
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.

Biduycanm, ¢ npyrodl CTOPOHH, Pa3HOCTb

Dy, D¥ — Dy DF

W, CBEDTWBaA ee MO MHAEKCAM A M g, HMceM:
gw (D;,D,"—D,F_ ’i):?D;F_D k,

OTKyna caenyer:
D), D¥ — Dy, D} == 2, s D™, : (5.31)

M3 ypaswenut (5.30) u (5.31) moayuaem OkOHYaTeAnLHO:
D% =g, N + e fine (5.32)

Ypasuenwns J[upaka ans caydas 3J1€KTPOMATHHUTHOrO MOJA HMEOT
BHI
. P
D™+ " =0,
by b
DOpTl +');wq —'00
Hattnem cucremy audepeHuuanbHbX YpaBHEHWH BTOPOro MOpRAKd,

KOTOPHM YHNOBNETBOPSIOT CNUHOPH § W v,. Jlns aToRt ueau mnoxeh-
cTBYeM onepatopoM [);; Ha IlepBHE /1Ba YDABHEHHS- H ONeparo-

poM D°* na BTOpHIe 1Ba.
[Monyuum:

DD + - Do = DpDM, + 1. () & =0,
a4 . |A { q):: _ ok . i /— _
DDt + 5, 7%= D7Dt + 3, (5, ) =0,

OTKy#la Nosy4aeM:

2
1" . (5.33)

—— MBE CHCTeMH YPaBHeHHH BTOPOro NMOPRAKA A8 CHMHOPOR ¥ 7.
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Moncrasnas 8 nux oneparopu (5.32), noayuum CHCTeMy Yypag-
Heunft (5.33) B HeckoMbko MHOM Buape:

P R 1.
@D 0" +if )8 — 58, =0,

O

N Y. 1 X
€Dy + if*) rp— g v =0
HIH OKOHYATENLHO: -

" 1 e
- N - : [
{Dwo "‘;—5} W= =i fa

. oR 13 SRS 2
{DPI‘D”_Tz:}rl ='h7f o

(5.34)

Ecan npeneGpeun crosmett s npasoft yactu meGonsuioft BEIMYHHOR,
obycnosnupaiomet sddekr cnuxa s Teopuy Iupaka, T0 nonyumum
B CNHHODHOH 3aNHCH Clredyioulee PENFTHBHCTCKOE BOJHOBOE ypagHe-
uue Knetua-Topaana, He ywuTwBaowee spienus CNyHa:

1 .2 1
{-‘_—.‘,Dg—D:—D,’,—Df+§}¢=0.

3AKOHBl COXPAHEHUS

Kak ussectHo, B Teopun’ Maxcsenna CYWECTBYET CHMMETPHYHRIK
TeH3Op SHepruu-umnyasca T*%, ynosnersopsiomuft ycnosmio:

a=F 5, (5.35)

B cayuae orcyrcreus TOKOB M 3apraos s,=0, u ycnosue

T

i
BLIp2XAET 34KOH COXPAHEHHS SHEPIUM M MMIYALCA S]AEKTPOMATHHT-
Horo nons. CywmecTBeHHO, 4TO KOMMOHEHTH 5TOro TEH30pa ABIKIOTCH
KBAAPATHYHHIMH (opmamy komnowenr E u H S/1eKTPOMATHHUT-
HOTO nons.

Mu ceftuac yGemumcs, yTo ¥ us KoMmoHent Loyt AHPAKOB-
CKOT'O NOAY MOMHO COCTABHTh KBAADATHYHHE BHIDAXEHHR, U3 KOTO-
PHX COCTABARETCR BexTOp s, yAOBAETBOPRIOMMAM YEAOBHIO:

L) (5.36)
oc!

H KOTOPWH B CHAY (MSHYECKOrO 3HAYEHHS KOMMOHEHT BOAHOBOH
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pyuKuud JMpaKa OTOMIECTBIAIOT C YETHPEXMEPHLIM BEKTOPOM TOKA.
SanuweM uyetupe ypasdenus [lupaxa:

PHE, + iD 4——7, =0 |& )
0«n"+i¢«.m“+ro€. =0 |
H YeTHpe K HHM KOMMJIEKCHO-COMPRKEHHRIX: , (5.37)

S T O |
OFQ—I(D P;x—-z’f,":O Ep

0,5 — i‘i’am“—%& =0 7

[MoMHOXas STH YETHPe YPABHEHHR HAa YKasaHHWe CnpaBa BeJH-
YHHH M CKIaAKBAaf, Mbl MONYYHM:

g o e, C o .
808 + 1705 1" + 5,0 +7°0,7 = 0 (B8 + M) =0.
O6oaHauas 4epe3 S** KOMIOHEHTH CIHHTEH30pa
she =8 7‘11‘!;',

MH TOJYYHM, KaK CNEACTBAE YDaBHEHHH Inpaka, ypasHenne Hemnpe-

PHBHOCTH: _
0;;,:5‘*‘ =0. (5.38)

Ilns dusnyeckod uuTepnperauuu ypasHerus (5.38) nepefmem K Bek-
TOPHOH 3aNHCH:

st=5,; + 5, = €5 + &5+ 7 +7,m),
=S;5+321=(=152+92?i)+(n,n;+n2n;),
. 1 1 (5.39)
S=—.'(Slé—32i)=‘. §3— "‘1)+ (rh’r,‘ N7
s$= Si —S —‘(‘1 Cg=2)+("nfu—”tg”m)»

S, B4€T MJOTHOCTh BEDOSTHOCTH HaHTH SNEKTPOH B TOUKE X, y, Z
WAM, HDYTHMH C/OBAMM, MIOTHOCTh 3apaaa. COOTBETCTBEHHO KOM-
NMOHEHTH (S, Sy S;) BHPAXKAIOT MIOTHOCTL TOKA, & YpaBHEHHE (5.38)—
3aKOH COXDAHEHHS S/IEeKTPHUECTBA.

Ecau mMu ofpaTumca Temepb k AHGPEPEHUHATbHBIM  YDABHMIHAM
BTOPOrO MOPSAKA, TO H3 HHX GyleT CJel0BATh CYLUECTBOBAHHE 3a-

.
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KOHOB COXpaHEHHR, KOTOPhIE MOXHO GYNeT HHTepNpeTHPOBATH KaK
33KOHH COXDAHEHHS SHEPrUM W MMIyAbca.

5 Bunuwewm cucremy nmbepeuuuanbuux ypaBHeHu#t BTOpPOrO moO-

¢ g

i pRaka:
i (oio—thu - |~
P '
b {DPI*D }qu if ¥ Tp
H
!:r " M K HUM KOMIEKCHO-CONPSIKEHHHE:

E. .- u l ' . ..»'
b { D™ 7} = —ifyir | =,
i k? rae
'tn Dy =0, — id,,.

i

MomuoXMM uX Ha cTosmme PAAOM BENHYHHH W cNOXHM. Mu mo-

_h nyuHM, 0603uayas uepes T onepatop D,;D™:

» . 3y Al . T _—

{‘O7EP_'PT ~of T {rlaTrlp"“TlpT rlal -

= e Y f (Rhe i

| =% < nnp) +Fa G+ 1))

i

! Benomunas  duanyeckoe 3nayenne BenHuMHE '3, 41} r,,—-s MH
f NONy4aeM B NPaBOH yacTH BHpaweHHe AR YeTHIPEXMEPHON CHAN
. Jlopenna, neficteyomett xa Aupaxosckuft Tox. [lokamem Tteneps,
l p

i 9TO BHpaXeHWe B N1EBOH YaCTH MOXHO NPeo6Pasosars.

R A

-,}" HUmeewm: .

¢

i .. . . . . . . . . . .

| €005 = (0 + iPy) 3 =01, (&8;) — 50,5 + iDL,

Sy H Cel0BaTeNLHO: '

‘ y E’D’ B = —E?Dlu-o + okp (-»w), (5.40)
.Ei : "D) ll-e = _‘g lp.-p +alp (E,.p) (5.41)
Bk 3amenss B (5.40) &, yepea Dlise; u B (5.41) & uepes D*Z no-

AYUHUM;

—'h T*: _oly. {(‘ur) l“‘P) (‘PD*M‘- )} (5'42)
W aHZTOTHUHO 1St 7, M 7.

~
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"
OGoanauas uyepea t,'; CIIHHTEH30P SHEPTHH HMMNY/ALCA AHPAKOBCKOTO
noas

N N Wy M | pe R
tql:_ s’) EP—EPD Ev—nvD T‘r+rlP0 No
MWl MOJYYHM 38KOH COXPAHEHHA SHEPrHH H HMMNYAhca:

O Lo = frss + fash (5.43)
? p T Jek

no dopMe aHaNOTHYMWA 3aKOHY COXPAHEHHA SHEPIHH M HMNYJAbca
9/1eKTPOMATHUTHOTO MNOJIS.

6 Cnunophufl anaans
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CITMHUHBAPUAHTHI

B npunoxenns crimsopHoro amaausa k KsauTosoOf TEOPHH XHMH-
YECKOR  BaNEHTHOCTH MPHOGDETAIOT  (YHLAMCHTaNbHOE 3HayeHue
TIOTHHOMM, COCTAB/JACHHME H3 KOMIOHEHT CHCTCMM CNHHOPOB

P, int) (1<z<'n, )
n+1<kntn) 6.1

OCTAIOWIHKXCA MHBAPDHAHTHHIMH MPH GMHAPHMWX npeo6pasosannsx. Bo
BceRt sTOM rnase Mwm 6yseM 0603Hauath cnﬁuopu HDHOR JaTHH-
ckoft Gykeo#t X, a, 1, a ux obe KOMMOHCHTH — Da3/WYHBIMKH  Ipe-
ueckuMu Oyssamu, HampuMep X =(%, 1), a=(a, ), 1=Q,p).
HMunekcu y komnonent 0603nayaior HOMEp pacCMaTPHBAEMOIrO CliK-
Hopa, Hanpnmep X, =, 1,). Jokamem OCHOBHYIO TeopeMy:

«MHBapHAHTHHA MOMMHOM cucTeMM CMHHOPOB MOXeT OMWTL Beeraa
MpeACTaBIeH Kak MPOU3BelleHHe CKOGOK BHAa

(xi, xo]lyi, y&].

CocTaBHM 0ZHOPOAHMMA MOMHHOM P (&m&ini) crenenu v u3 cnmuo-
POB Xy, X3, ...y X, HCTElleHH ¥’ M3 CIUHOPOB X, ;, Xnt2y o ooy Xopus
M MEATIONOKMM, YTO OH OCTAETCA MHBADHAHTHWM MK GHHapHOM "
npeo6pa3oBaHuu.

Cneupanbuas GunapHas Tpanc} opMauus A

a 0 a* 0
A= , At= 6.2
o 1 o 1 6.2

a a

OCTaBMAET STOT MOJMHOM MHBapHaHTHWM. Ho 5TO Bo3aMOMXHO sump
B Cayuae, €CaM KaKAWH 4jleH [IOIHHOMA NEPEXOAMT B CaMOrO cebs. .
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-~

1
Tak xak Bee §;, MOMHOXalOTCA Ha a, BCce T, Ha —» Bce & Ha o*

1
M BCe T Ha Z#» TO 9TO BO3MOXHO /MWL B TOM Clyyae, ecin

CTeleHb Kaxaoro 4yjieHa B E‘ paBHa creneHn 3TOr0 4yjaeHa B T H
CTefleHb KaXIOTO YiAeHa B & DaBHA CTeNelM STOrO uieHa B k.
TMoosToMy 06e sTH CTeNEeHH MOryT GHTL JHIIL YEeTHHMH.

Bsenem ABa npoOM3BOMLHHX crMHOpa A =/(a,a;) ¥ b=(b,b,) u
au6epeM, YTO BCeraa BO3MOXHO, CrEeLHANLHYI0O CHCTEMY Koopmmar,
A8 KOTopoft

. a=(a,0), b=(0,b). (6.3)

Beauunin B sTOR cHCTeMe KOOpAMHAaT 6GyaeM 0603Hayath 4Yeproy-
kamu. C MOMOUIBIO STHX CMHHOPOB UGpasyeM cleAylOmMe BLIpa-
HEHHS: .
pi=a5+a "m
p;=ag; +ajy,
9 _bl*i+b~z-i7

gi=b5+0by; |

(6.4)

M paccMoTpiM mnoauHoM P (p.g, pig,), neaydenHWA M3 Hamero 3a-
MEHOR . .
§— Py W qn G&—Pe Ti— e (6.5)

B nawe#t crneuuanasHOR CHCTEME KOODAMHAT MW OYACM MMETh COOT-
HOlIeHHE:

P(p,q. iy =(a,b,) (@b} PG5, (6.6)

KOTOpO® [PH BO3BPALIEHHHM K MEPBOHAYAJLHOHR CHCTEME KOODAHMHAT
fnpuMeT BHA:
P (p,q.P,9;) = [ab]* [a*b*]*' P ({1, 5w, (6.7)

Bsesem Tenepn fBa omeparopa:

o ¢ o2 2 (6.8)

= 02,06, 0ag0b,’ T 0ajdb; ~ da3dbi

W nogeAcTByeM MMM Ha HPOH3BEACHHS P,q,Pidy-

[
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[Tonyyum

Q (alE‘ + a’n‘) (blt\‘l + b,rji:) P;q:, = (r“le‘— rl‘s‘l) p;q;n } (6 9)
Q1. (@18 + @) (618, + byns) = p,g.Ln} &8 — i) ’

HJIH COKPALIEeHHO:
0, 9,500 =[x X.) B},
Q*p‘ qi,P;q;, = p.‘q," [x;x;'] *

Toneftcreyem temu ke omepatopamu ma [ab]* u [a*b*)* u no-
NYYHM;

Q v — 1 v—1
[abl’=v (v + 1) [ab]—, } 6.10)

Q" [a"b") = ' (v' 1 1) fab7 1.

Ecan mu teneps fnoaeAcTsyeM Ha paseHctBo (6.7) ¥ pas onepa-
TopoM 2 u v pas omepatopom 2%, MW nonyuwM caesa nosu-
HOM M3 CcKOGOK Buaa [xXx,][x,x;], a cnpasa BHPaXKEHHE;
vi(v+ 1) VI + 1) P(Gn,87,), oTkyna u creayer ocuosHas
Teopema.

Mu 3anuwem uusapuant B Buge:

I== (X, Xg]™ [X, X7 . L [Xo 1 X0 s o]0 . (6.11)
WIH COKPAUIEHHO:
I=1 [x;x,v]""f’ [X;X;IJP"". ooy

TA€ YMHOXEHHE PAacIPOCTPAHACTCA HA BCE HEPABHME ApYr ApYry napm
HHOeKcoB i, i' u &, K.

Cneayomme cymMm naor cremenu WHBapuanta / B cruHOpax
X Xqy -+, X, M CIHHOPAX Xnyi, Xnyg, - .., Xn ont:

Pst s+ oo +pt+ ..o =1y, l

pll +p2|+ e =1‘i, (6.12)
pnl+ v p!ai::vn' )

P+ Pis+ ... =1,

P + . =1), } (6.12a)

p,:q -+ 0. = 'U,’.l.
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CoBOKYRHOCTb uncen (v, Ug ... U, ||vjv; ... v) Mu Gydem, mpu-
uMMas BO BHMMAHHE MIPUJOKEHHS TEOPHH CMHHHHBAPHAHTOB K f1pO-
61eMeé XHMHUECKOR Ba/JCHTHOCTH, HAa3nBaTh BAJEHTHOCTHLIO HHBA-
puanta I. Jlis TOro 4TOGH M3 CHCTEMB R CIHHOPOB X, ..., X,
W n' CHHHOPOB Xniy, - -, Xi4w COCTABHTHL HHBADHAHT 33AaHHOA
BANGHTHOCTH (U, Ty, « .., U,), AOCTATOYHO, OYEBHAHO, PELUHTH"CH-
creMu ypasseHu# (6.12) u (6.12a) B LeanX, HEOTPHUATENLHEX THC/IAX.
Kawnaas cHcTeMa pelieHHit (Dyr, pras) AACT HAM  HHBADHAHT I, cun-
CTeMul CIMHOPOB 3aaHHOM BaJEHTHOCTH. UHCNO pA3NHUHBIX HHBA-
PHAHTOB PABHO, OYEBHIHO, YHCAY PA3NHUHBIX ELUCHHH CHCTEMB 6.12)
u (6.12a).

3ameTum, 4o, 0603Hauas uepes I) (s=1,2,3, ..., k') cuctemy
HHBAPHAHTOB BAJEHTHOCTH (¥, Uy, ..., U,), MOCTPOEHHyIO AN% CH-
CTEeMH CfHHOPOB X, Xgy .-+, X,, H uepes ['(3=1,2, ..., k)
CHCTEMY HHBAPHAHTOB BaJEHTHOCTH (Vg, U;, ..., Un'), OCTPOCHHYIO
LA CHCTEMBl CIIHHOPOB Xn41, Xn+2, -+ -3 Xn4n', Mb fIOTYYHM MOI-
Hylo cucreMy h=h'-h" uHBapHaHTOB BHAa:

I=1I.17.
MpamMEP.
CHcTeMa CHROPOB BaneRTROCTb Monnast cActeMa
HHBaPHAHTOB
X, X; X, X, a1 1,1
X3 Xs Gy
1 ={XX,] ix;X,] : ho=01
Iy = [X,X,] (X Xq] L="h1
ry=[x,x] [x,x,] L=1Iy

I ={xx;]

Mu MOXEM MOSTOMY OIPAaHHYMTLCA PACCMOTPEHHEM TEOPHH HHBa-
pHaHTOB GHHapHOR rpynmu
a B
o= (1 6)

BMECTO TOr0 YTOGH PACCMATPHBATL WHBAPHAHTH OGEHX rpynm

() = )
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CHMCTEMA MHBAPMAHTOB (BA3HC)

e e
eI
e

Kak M y6eauamcs na MPEnBIAYIIEM MPHMEpE, MOXKHO COCTaBHTH
, HECKOILKO "HHBAPHAHTOB, CONEPKALMX KOMIOHEHTH CHHHOPOB B CTe-
menu (v, v, ... o).
L Bosnukaer sonpoc, smamiotes au BCe MONOGHWE WHBAPHAHTH /M-
f{ HERHO HE3aBUCHMWMM MM HeT.

e 1 CHctemy, cocTosmyro ua h+1 uupapuantos /,, /,, ... Ly 1,

4 ORHOR M TOH e BaseHTHOCTH (V4 vy ... v,), MM HasnBaeM -
j . HeHHo HE33aBHCHMON, ecaH paBeHCTBO
X

_,—

i ali+al, +... +a,/,+a,, ./, =0 (6.13)

? YAOBICTBOPAETCA /MWL B TOM Cay4yae, ecam Bee KOSGhHLHUEHTh
] : a4y Ggy -.., @, a,,, PaBHH Hymo0. B srtom CIy4ae cHCTeMa HHBa-
; PHaHTOB 06pasyeT A-MepHHH MHEHHMH 6asuc, T. e. mobott apyrot
' HHBApPHaHT [ TOR me BaseHTHOCTH (v, vy ... U,) BHpakaeTca au-
HeRHO uepe3 sneMeHTH 6aauca

o pas g a2y <R

Y

I=cl el + ... +¢/,.

o . e —

.,...

O6patumcs k HaweMy mpumepy. Jlerko yGeauTses s TOM, YTO
MHBApHAHTH

Il=[X|X_,][X2X,][XJX‘],
l,=[XlX‘][X_X3]!,
IS=[xlx3][xIx3][xlxﬂ]'
. AHHERHO 3aBHCHMH,

t B camom nene,

Lt l+1, =[x,Xg] {[%yX.] [x,x,] + [x,xJ[x;X,]) + [%,%s] [x,X,]).

3 ,’ Ho Bupanenne, crosmee s GHrypHHX cko6Kax, TOMIECTBEHHO
. l‘ PaBHO Hy.O, KaK Jerko y6emutbes HEIOCPENCTBEHHO BHYHC/EHUEM.
’ ,: 970 nokaswpaer, 4To cucTema HHBADHAHTOB PaienTHOCTH (1, 2,
! 2, 1) obpasyer AByMEpHHR Gaszuc /,, /,, a TPETHR HMHBAPHAHT €CTH
% MMHeHHAs KOMGHHalus OBYX mepshix:

Lh=—~L~1I. .
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HAXOXIEHHME BA3KCA LJIsT CUCTEMBI MHBAPHAHTOB

ITpoctoe TeoMeTpuyeckoe nocrpoenne pgaer BO3MOXHOCTb HaltTh
CHCTEMY HE3ABHCHMBIX MMBAPHAHTOB AaHHO# BaneHTHocTH. Ha OKPYX- .
HOCTH fIOMECTHM psA Toyex 1,2, ....nwu 6ynem Hx coemuusTs
fIONapHO uepTOuKaMK, cHabmeH MMy CTpe/KaMu, Tak, 4TO6W Toyka J
COCAMHSNACH C APYTMMH Toukamp fIpn noMown v, wrpuxos, Toy-
Ka 2— npu nomoumm U, WTPHXOB K T, p.

Ecan mu xamnont CTPeIIKe. OT { K &k oTHecem €ko6Ky [X,X,], TO Mu
TEM CAMBHM  KazoMy MHBapHAHTY | oTHecem HEKOTOpYI0 cxemy
IITDUXOB, KOTOPYI0 HasoBem Ba/ICHTHOR cxeMoli HHBApHaHTa.

Hanpumep:

1|=[X,X.,][X,X3][X,X‘], lg==[X|X‘][X,X,]’.

! 1
@2 -@2
3 3
4 ] &~ .
3

Yepr. 2 Yepr. .

Moxaxem Teneps, yro Kawnu#t wHBapuawt, Banentiag cxeMa ko-
TOPOro coaepKHT nepexpemmsaowHecs IUTPHXH, MONeT GuTb npen-
CTaBACH KaK IMHeMHas KoMGuHawus HHBADHAHTOB, BajdeHFHas cxeMa
KOTOPBIX He COAepMKHT fIEpeKpewnBaomuxes mrpHxos,

Lns nokasateascrsa 3alHlieM B BMAE Ba/EHTHWX cxem TOXAECTBO:

[X,X_,] [X;X‘] + [X,X,] [X‘X,I + [xxle [X,X,] =0, (6'14)

910 nokaswsaer, yto ecau p CXeMe ABa MmITpHuXa nepexpemmsaioTcs,
TO €€ MOXHO 1peacTaBuTL Kak CYMMY nByX cxeM, B KOTODHX fe.
Pexpewnsanme orcyrcryer. Koneyno, npu stom MOFYT M0SBHTBCH
HOBHE nepexpemusaus, OTCYTCTBylowMe B cTapof cxeme. Bee xe,
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nporomiasn npu nomown (6.14) npouecc pasnomenns cxem Ha nsa

CllaraeMuX, Mo B pesyabTate [OAYYHM CYMMY CXeM, B KOTOpHIX
MePeKPeIIUBAHHE OTCYTCTBYET.

Xapaktep npouecca craHeT fCHWM u3 NPHBEAEHHOTO BHIWE [IpH-
Mepa.

Iing noxasateabctBa HasoBem Kaxnywo u3 ayr ik B ciydae, ecam
WTPHX COCAWHSAET TOYKM { M R, BadeHTHOR ayrofi, JlaMHOH BajeHT-
HOM AYrH Ha30BeM YMCIO AGKAIMX Ha Helt TOUek CXeMpl, MpHYeM
KOHeuHHle TOYKH § M R CYMTAIOTCA Kaxnas 3a nonosuHy. Ecau

Byra ik He CONEDMHT APYTMX TOYeK, TO ee AAMHA paBHa, oueammo,
enMHHULe.

~

Pa3Gepem nBa cayyas. 1) Ecau B cxeme / BCTpeYaeTcs ayra‘ik
RAMHOR elMHHLA, TO Mu ee BuGPAacHIBAEM M 1101YYaeM HHBapHanr J'
(apyro#t, meHbweit BanentHocTH). [lpennonomum, uro ang wuupa-
puanToB-J' Hawa Teopema BepHa. Mu MOMeM TOrma cocTamuth [’
H3 HuBapuautos Iy, I, ..., I, cxemu- KOTOpHIX HE colaepxat Mepe-
KpeiiuBaHua. Brimca 3aTem BO Bce STH cxeMmml WTpHX [iR], Mu
MOAYYHM HAW! HCXONHBMHK MHBAapHAHT Kak AHHEAHYI0 KOMGAHALMUIO
HerepeKPelIHBAOUMXCA CXeM.

2) llycts ] ne comepkur ayru nmuHoRt eammuua. [Myers ik —

. yra KratyaAweft naumun. Ha srtoft ayre aewur no Kpaftneft wmepe

ewe oaHa Touka j. Ulrpux, umymm#t or j, Heo6xomumo LOMKeH
nepecexats wrphx ik, uHaye ayra ik He 6maa Ow KpaTyatwe.
3To nepexpellMBaHHE MBI MOMEM Da3AOXKHTL [0 CXEMe (6.14). [ge
HOBHIX CXeMul GYAYT coaepkaTb NYrd: meppas Ji BTOpan jk, obe
¢ ANMHOM, MeHbwieR, yeM ucxomHas Ayra ik. Ilpomomkan Takum
06pa3oM, MW MpHAEM K AYraM AAMHOR eAHULA M GyaeM umeth
nepen coboft nepsuift cayuaii.

Ins npumepa paccMOTpUM MOCTpOeHHe 6asuca A4 HHBapHAHTOB
CUHHOPOB X, Xy X, X, X; X, BamedtHoctd (1, 1, 1, 1, 1, 1).

NN

Yepr. 4
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Cxemy wunBapuanta [X,X,][X;X;] [X;X,], cooTeTcTBylOMMA CxeMe,
MOXHO ClleaylomuM 06pa3oM fPeACTaBMTb B BHAE JWHEAHOH KoM-
GHHALMK He3aBHCUMBIX CXEM:

Yepr. 5

B npeasiaymeM naparpade Mbl f10ka3am, 4TO Kaxaas cxeMa, CO-
OTRETCTBYIOINAR HHBADHAHTY / 3a1aHHON BAaNEHTHOCTH (T, Ty, . . ., 1),
MOXET OHTb MNpeACTaBAeHA KaK CYMepHO3HUMA CXeM C HemepeKpe-
L{MBAOUIUMHUCA 1ITPHXAMH. Hawelt 3anavelt sBasercs Teleps 00~
Ka3aTb, 4TO BCe HHBADHAHTH, COOTBETCTBYIOLIHE CXEMaM C Henepe-
KpelIHBalOIHMHCA  [UTPHXAMH, SABARIOTCA JMHEAHO He3aBMCHMBIMH.
Mu nokaxeMm 970, ecAH YOeAHMCS, YTO YHCIO HellepeKpellHBalo:
UIMXCS CXEM COBMANaeT C YHCAOM HE3aBHCHMHIX HHBAPHAHTOB.

3aitmMeMcs  cnepBa  MOJMYYEHHEM 4HCAA  HeMepeKPeltHBalo KX
CXeM SaJaHHOH BaNEHTHOCTH H BHIBEeM DEKYDCHOHHYIO (opMyay,
BHPAMAOIIYIO YHCIO HeleDEKPEIIHBAIOUIMXCA CXeM BaJeHTHOCTH
(Uyy Ugy +++»Ups Vysy) HEPES HHCAO HEMEDEKPEIMMBAIOLIHXCA CXEM
BANEHTHOCTH (Ug, gy .+ ey Tp)e

PaccMOTDHM  HenepeKpeMMBAIOIIYIOCA cXeMY S,.q BaACHTHOCTH
(Ugy Vgy +++» Ups Upsy)-  TlycT  TOukM cXeMu fepeHyMepoBaHu
utcnamu 1, 2, 3,... IHonyctuM, yto Touku n H n+1 coemn-
HAIOT 7 WTPHXOB. DTO 3HAYHT, YTO C OCTANBHHIMH TOYKAMH CXEMbI
TOYKA N COGAMHeHa U, — r WTDHXaMH, a Toyka n+ 1 coeauHena
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Upsy — F WITPHXAMH, yHH'lTO)KHM 7 WTPHXOB, COCAHHAIOUINX TOYKH 1
W n+1, u 3actaBuM TOYKY n 41 coBmacTh ¢ ToukoA n. Mu
MOMY4MM OMNATL HEMEPEKPEeIMBAIOILYIOCH CXeMy S, BaJEHTHOCTH
(v, 94y ..., v,). O603Hauas yepes N(v,v,,...,7,) uucao e-
MEPEKPEIHBAIOUIUXCS CXEM, MHl MONYYAeM CACAYIOWYI0 pPeKypPCHOH-
Hylo Gopmysy:

N@, vy .05 0,7,.)=N(v, Ugsevvy Upogs Uyt Tpuy) +
+N(v, v, .., Up-ty U+, —2)+
+N(v, v,..., Vpots | V=0, )=

r—ve

= DN, Y. oo, Uy, Uy 0,y —27),(6.14)

r=Q0

raeé v paBHO HAUMCHBIUIEMY H3 yucen Vyey H U,

Mokawem, yto ecan Mm  wyepes N(v,v,,...,v,) 06031a4ynm
HHCIO HE3ABHCHMBIX WHBADHAHTOB BANCHTHOCTH (v,, Ty,..., v,), TO
5Ta K€ GOPMYa ONPEeTUT YMCJO HE3ABHCHMDIX MHBAaPHANT OB 3aMaH-
HOR BaneHTHOCTH. PaccmoTpum cuctemy n MOMKCIIMHOPOB:

Xy xp~ly,.. Ly,
XY Xy~ Yoo ¥y,
X Xy, Ly,

Bemuuun kaxnoft CTPOKH TpaHCHOPMHUPYIOTCA MO D,,_
Hawel 3anayedt seasercs OfpeneanTh Yyuc

0.0
710 MMHCHHBWX kKOMGH-
HalM# K3 fMpousBeleHHH KOMMOHEHT STHX MOIKXCIIMHOPOB, KOTOpHE

Tpaxcdopmupyiotes o D, , T. e. spasiotcs HHBADHAHTAMH.

Has ABYX momvcnunopoB X, u X; ML rnonydaeM mo dopmyae
Kne6wa-Topaana pasuunnie MuHeHHble KOMOHHAUMM, TpaHCdOpMU-
pyoluecs o

D'x"ﬂ o D’A+'1‘91 LI D lo,-9.1) u°

Cpemn uux 6ymer umersncs

JWWE OQMH HHBADHAHT B TOM CAyyae,
eCH U, =uv,, T. e. ' '

N(vy, vy)=3v,v,.
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Oas Tpex cnuHopoB BadeHTHOCTH ¥y, Vg, Uy) MW TOAyHaEM AHHEA-
Hble KOMGHHAaUHH, KOTOPHIE TPaHC(OPMUPYIOTCH MO

D(-‘ +0;—2r)+(e5~21), 0y

npu4em
r=0,1,2,..., v, rne v HauMeHbwee U3 yHcen Uy H U,
§=0,1,2,...,v, » v » » » v,u v, —u.

Cpean Hux 6ynyT MHBapHaHTH BcRKMA paa, Koraa
U+, —2r=v,—2, WH v +v,—2 (r—s)=uv,.

Yueno wuBapHaHTOB, T. €. BeaMyHH, TPaHC(HOPMHPYIOLIHXCS M0 D,,,
6ynet, OuEBHAHO:

N(v,, v,, v)=N(v, + v, v,)-}-N(v‘-}—v,-r?,'v.)-{- co ==
r=e

= ¥ N(v, +v,—2r, 1)),

r=0

Tae v—HauMeHbwee u3 yucen v, u v,. [lepexons or Tpex chm-
HOpOB K 4ETHIpEM, MATH M T. N., Ml yGexIaeMcs B CHpPaBeAIHBOCTH
¢popmyasl (6.14) ang mo60ro yHCNa HE3aBUCHMBIX HHBaPHAHTOB, K Hawa
3ajaya peureHa.

ONEPALIMM C HHBAPUAHTAMU

[lycts Mu HMeeM uHBapHauT / BajeHTHOCTH (v ¥y -+ ., v,). Ha-
MHILEM €ro B BHAE NMpPOM3BEAEHHS CKOGOK:

I=[x,x,]?s [X,X,]Ps 1X;X,)Pis.

Ckobky [X,X,] Bumuwem p,, pas nompsa, cko6ky [x,x;] swmHmmem
Pys P23 T0OAPALH T. A. MB MOTY4HM IPOH3BENEHHE P == pyg + Pyg + - -
CKOGOK, fpHYeM CHHHOP X, 6yZeT BCTpeuaTsed U, Pa3, CIHHOP X,
BCTPEYAThCH U, pa3 H T. 4. [lepenymepyem crnuHopm X, 4YHCAaMH
or 1 10 v,, cMHOpH X, 4HcaaMu OT 1 A0 ©, M T. 4. Ouesumwo,
4TO, MPOMSBEAS MO6YI0 TPAHCMO3HIHIO CHIMHGPOB X§ H X3, Ml T10-
My4uM HOBHR MHBADHAaHT TO# e BaneHTHoCcTH WAH Hyas. [Tocrea-
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HEe —B TOM cayuae, ecau B Cko6ky nonamaer nocae TPaHCIIO3HUMN
ABA ORHHAKOBHIX CITHHODa. Hanpumep:

Tered {x,x3] [ng:] [X:X‘] =[x:x;J [x,x3) [xjx,])= 0,
T3 [x,X3) [x2x}) [X3X,) =[x, x?} [x3x3) [x}x,] & 0,

Tak KaKk X;==x2. Kpome one aunn Tor o, onpenensiomeft T aucno-
2 2 ; P z! 2 p P

k
SHUHW §-ro CITHHOpa ¢ O-M CIIHHODOM X,, onpenennm onepaysio

1<s<y,,
r‘.=§ Tyu l<3<v:.} (6.15)

3ta onepaums osnauaer CYMMy TpaHcnosnuuit kawgoro M3 Chn-
HODOB X; ¢ KamauM u3 CIHHOPOB X,.
Hanpumep:

7,5 [X;X5] [X,X,] tX,X,] = (xs%,] [x3x,] [xsx,] + [XeX,] [x,x,] [x:x,].

nOCKOJIbe MB  Kaxayio nepecranosxy MOXeM OoCyllecTBNTL npu
noMomu COCTaBInIOUIHX ee Tpchnosuuuﬂ, MW MOXeM BHICKAa3aTh

PHaHT I nauHoH BanentHOCTH B HHBADHAHT TOH e BaJICHTHOCTH.
Monesyscy nousTuenm 7MHEeRHOrO Gasuca cucremy HHBADHAHTOB,
Ml MOMEM 3alHCaTb 9TO nojoxenme g BHRe:

Plo==ayli+a, b+ ...a,1, (6.16)

T. €. MHBapHAHT, MNOAYueHHBIN npH  aelcTBuu oneparopa nepecra-
HOBKOR Ha ofnH u3 S/71EMEHT OB «6aanca», ABIRETCA JMHeHHORN KOM-
Gunaumelt snemenrtos 6asuca. IMycrs CHCTEMAa COCTOHT M3 1 chyuo-
pos. Ipynna nepecranosok COREPWHUT TOrma n! ynenos:

P,p,... P,.
Mu momem cocramuts H3 nl onepatopos P, nuneftnus oneparop
s=nt
b Sap, (6.17)

=1

rae a,, a,,..., @y — cHcTeMa umncen. Ouernno, uto n sror one-
paTop ocrasnseT BaneutHOCTS 'MHBADHAHTA HeM3MeHIOM,
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Oco6yio poae WrpaoT Tpu oneparopa:
1) a,=1.

Oneparopz P, HaswBaeTc# CHMMETPUSHDYIOIWMM omepaTopoM. Jlefi-
1

CTBYS MM Ha Mo06yio (GYHKUMIO, MH fOTyuyaeM OQYHKUHIO cuMMe-
TPHYHYIO BO BCEX MEPEMEHHHIX. ’
2) a,=38,

rae 3,=1 npu ueTHOA nepecTaHOBKE H 8,= — 1 npu nepecranoske
HeyetHoR. Onepatop 23,P Ha3WBAETCA AHTHCHMMETPH3UPYIOLIHM
oneparopom. [efictBys uM Ha /Mi06yio QYHKUMIO, MW [OAy4aeM
DOYHKUHIO AaHTHCHMMETPHYHYIO BO BCEX IIEPEMEHHHLIX.

Mpumer. Fpynna nepecTaHoBOK H3 Tpex 9/1EMEHTOB COCTOHT M3
wectu mepectanosok: (123), (231), (312) (qe'mux) n (132), (321),
(213) (ueuerHbix).

3 Py (128)=§ (123) + $(231) + $ (312) + $ (132) +
+$(321) + $(213),

2 $pPY (123)=¢ (123) + ({)(231) + ({)(312)—([)(132)—-—
—$(321)— $ (213).

Oco6oe 3HaueHHe WMEET B TEOPHH BAJEHTHOCTH oneparop Tvna 2 apP,
COCTORIMA U3 ORHHX TPAHCMO3HUHA

3) B=A, Ty + AsTis+ ... =T A,T,,

rhe A, Ay, o - — NOCTOAHHHE YHCTA.

COBCTBEHHOE 3HAUYEHHME W COBCTBEHHHHA WHBAPHAHT

Mu BuauM, uto onepatop THNa 2 apP u uHBapuant / HaXOMATCA
B TOM e COOTBETCTBHH, Kak Marpiua A W BexTop X. Ileficrys
oneparopoM 2 apP Ha WHBapHaHT /, MW NoAyuaeM AuHEHRHYIO KOMMO-
suunio h uusapnantos Gasuca:

2a,P1=a,1,+a,1,+... +al, . (6.18)
P

Mu MoxeM, caeROBatedbHO, NO/AL30BATLCH B h-MepHOM TIPOCTPaH-
CTBE€ CHCTEMbHI HHBﬁpH?HTOB OCHOBHLIMH ITOHATHAMH JMHeAHOH Bex-
TOpHOMH anrebphl.
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Mul MOXeM cleuuansHO Ha3BaTh COGCTBEHHHIM HHBAPHAHTOM OIlC-
paTtopa EaPP HHBAPHAHT, KOTOPHIR INpH ReBCTBHH HA HETO 9TOTO
ollepaTopa MOMHOMAETCH Ha MOCTOAHHOE YUCAO A, COOTBETCTBYylollee
cO6cTBEHHOMY 3H34eHHIO oOllepaTopa

ZapPl=\. (6.19)

YkaxeM OyTh AN HAXOXIeHHA COGCTBEHHWIX HHBAapUaHTOB, He-
CKOMLKO OT/IMYAlOUIMACA, HO MO CYUIECTBY COBNARAOWIME C TeM,
KOTODHI# NpHMeHneTcA B BeKTOPHOM aare6pe.

MogeActsyem omeparopoM X apP MOC/IEROBATENLHO HA Bce HHBA-
puantel 6azuca [, ly,..., I,. M 6yaem umeTs:

2 apPli=a, I, + a1, + .. .a,1,,

. . . e e ¢ o & o o

diapPhh=a,l taul, + ... +ayul,.
INoMuomnM BCe 9TH ypaBHEHHS [OCACAOBATENBHO HA  uMCAa

€4y €35 « « +, €, H CTOXNM, TIpHueM nonbepem ¢, ¢;, . . ., €, TaK, 4TOGH
cly+ ey + . - ¢l Gbin cOBCTBEHMBIM MHBADHAHTOM. Mmeem:

> apP (e, + ...c,[))=
=(0 8y, + .-+l +(qa, + ... e =
=k, +e,f,+ .. .c.],). .

Kosduunenrt npu 7, nomxusl 6WTb pasHWl Apyr Apyry, T. €.

€40y + Calgq + « - 0484 =16, )
Cyys + Calgs + - - G2 =], l

'
¢« o s+ o o 's ¢ ¢ & e ° o .

€8y, + Calgy + . . .4, =hey,

(6.20)

OTKYRa NnoJy4aeM RAs OMDENENCHHs MHOXUTeneft ¢, OGbluHOE BeKo-
BOE ypaBHEHHE

lau'—'- a, a5
Qg Ggg—1Rk.. .Gy =0, (6.21)
ay, coe@u—h ‘

Aaiolee HaM /i cOGCTBEHHHWX pellieHHH H, HM COOTBETCTBYloLLMe, — cO6-
CTBEHHHX BEKTODPOB.
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Meumer: 1, =[x,X,] [X;X,), ;= [X,X] [X;X,]-
Basuc Gyaer nsymepubim. Hafinem cOGCTBEHHBE 3HA4CHHR One-
patopos Tyg+ Ty 1 Tys + Tyt

Tk = —1, T y=1+1,
Tull:‘_ll T:uls=1+12
T+ T =2, (Tz+ TL=2(,+1)

Bekosoe ypaBHEHHE:

—2— 0
22|
naer 1,'= —2, ),= +2. CootsercTaylomue coOGCTBEHHbE HHBA-
pHaHTBl 6YAYT:
s A= —2 ana h==2
I—a =1 A =’1+2’a
A =1 +1 Tyl, =—1,
Tnl' =1 +1 Ty, /4 = —1
. (T + T =20, + 1K) (Tu+ Tyl =2
Bekosoe ypasHeHHe
2—k 2
0 -2
naer
)‘1= ’ i— —2.

CooTBeTcTBYyIOIIHE COBCTBEHHME HHBApHAHTH GyRYT AR =2
l(+q)=12, l(_q)= l,+211.

Buiuncaenne onepauun Ty, 3HAYHTEAbHO OO6/JEr4acTcs TEM, UTO
oneparop T, MOXeT OWTb IpEACTaBIeH B BUIE:

Tu":(Du Du—"”s)’ (6.22)

Re D‘,—nuq)epeuuua.'lbﬂuﬂ oneparop, aeAcTBYIOMMA  HENOCPeR-
TBEHHO Ha CKOBGKH, H3 KOTOPHX COCTOMT HH3apHAHT.
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MpencrasimM cebe BCe YMHOXKEHWA CKOGOK B MHBADHAHTE BWIOA-
vennwMu. Torna / npepcTaBuTC? CYMMOR TaKHX 4JIEHOB:

= Cres
P=3rnf Snl

rae p+qg=v;, r+s=uv,.
3amenuTsb CIHHOP X, CIIMHOPOM X, 3Hauut 3aMenuts B O

-~
: 88 &m wS
yepes
»
&8 &7 mS wen.

370 BO3MOXHO CTONBKHMH CIIOCO6aMH, CKObKO BO3MOXHO cOCTA-
BATb Map nepsoro pama u3 @, 7. e. pasHO

pr, PS, qr, gs.

B pe3syabrate Bcex 9THX OmMepauufl 3ameltesys (ZeqHTb Ha 4JeH
BEPXHErO PAfla ¥ MHOXKHTL Ha WieH HWXHETrO PAAa) MOJY4MM:

R Pieg

i
P _ Br & §k i .17 n W _
7 T"‘(p—{pri a TP e T s T }q)_.
Y & oo™ 6.23
'l"; { & g }{rek+sm}¢. , (6.23)
f&:’ Jlerko MpOCTHM IHPEPEHUHPOBAHHEM YGEAMTLCA B CMPaBENIHBO-
£y CTH CAELyIOIET0 PaBeHCTBA:
'l v""'; _0_ _8_ = & s
I (E‘oe +'r“an)¢—(r +s] ) (6.24)
,; (lrnd)o-(Eres). o
' OGosnauasn
Ga: +r,,a uepes D,
E‘E_*_T"E yepes D,,,
nMeem:
D,D,®= Du( 'E"*‘q )(I)-—
. 7% Tk &
) =D, (p & +9%)+(p E+¢%) D, 0.
o

Du( etay ) =p+q=v,
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flosToMy HMMeeM OKOHY8TEJbHO:

(D Dyu~v) ®=(p §‘+q"‘)( LT )d> T, ® (6.25)

WiH aHANOTH4YyHO.
Dy Do~ 0)0=T,&=T,d. (6.25")

ﬂocnemme ¢opMyaH OCTAIOTCH CNPABEAIHBLIMH, €CIH MEI BOIbMEM
sMecto $ cam Bapuant /.

Ham #ie Hago NPOH3BOIMTL YMHOMeHHE CKOGOK E HMHBADHAHTE.
JlocTaTouMo 3aMeTHTh, YTO oneparop D, SABISETCH JHHEHHHM one-
PATOPOM, 2 NOTOMY AMR HEro CMpaBeaJHBH BCE NpaBHia 06 LIYHOI'O
AU epeHUH POBaHNT ’ -

i Do(f+ &) =Dyf+Dug, '
D.fg==gDuf +fD,&-

Iian OTHEALHLX CKOGOK CAELYeT 3aMeTHTh W 3aMOMHHTh Caenylo-
niHe NpaBuaa;

D, (xx,) =0, Dy(x,x]= [xlxj]

O6patiM BHUMaBHE, Y4TO D, CONEPRHUT. Au(bepeunuposauue nok', 7,

- TlosroMy cxobka, He COEEpXKaliag X,, HE MOXET 6niTh BhIHECEHa

33 3HaK enepaTopa.

7 Counopumh aname T -
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TEOPHS! CIIMHBAJIEHTHOCTH

B Hawy 3amauy ne BxoauT Rath 34ech 0630p TEOPUH CIHHBA/NEHT-
HOCTH, KOTOpask MS/OXEHa B COOTBETCTBYIOWNER CrieunasbHOA MuTepa-
Type '). OrmMernm nHWL crenyoume GUINIECKUE IDEANOCHIKH Teopyu.

1) Teopnn B nNpuuiINe NPUMEHNMA MWL K JEFKAM SEMEHTaM
(a0 Heowma).

2) Teopns npHHMMaeT caeaylollylo Mogeib aToMa. Bokpyr ocTosa
aTOMa KaK _BOKDYr sApa BPAWIAIOTCH BANEHTHBIE 9JEKTPOHH B YHCTE,
COOTBETCTBYIOIIEM BA/IEHTHOCTH aTOMa MO OTHOWIEHMIO K BOXOPORY.
XuMmnueckan cBasb OGYC/IOBAMBAETCH B3AMMONEACTBHEM BAJEHTHLIX
S/IEKTPOHOB PA3ANYHLIX aTOMOB. B3anMopmeflcTMeM BaseHTHHIX Snek-
TPOHOB C BHYTDEHHHMH SJEKTPOMaMM aTOMOB NpeHeGperaercs.

3) Teopns orpaunumpaercs JMiib aTOMaMM, y KOTOPhIX pacnpene-
JieHNne 3apAN0B, €CIH OTBACYLCA OT RAMAMHMA CITHHA-3NEKTPOHOB, 06na-
haeT Waposoft chmMeTphed. TakoBHMM ABARIOTCH B MOPMANbLHOM
cocrosnnn aroMb saementos: H, He, Li, Be, F, Ne u ¢ ussecTHnMu
orosopkamMu C n N,

He Bxoamr ciona atom KNCIOPON2, K KOTOPOMY TeOpHs CIHHBA-
MEHTHOCTH HEnpuMeHMMa.

4) Iedopmauneft snexkTpu4eckoro sapsna NMpn CcOIHIKEHHH ATOMOS
ApYr ¢ mpyroM mnpeueGperaior.

ITH- OrpanHYEHHs B MPHMEHHMMOCTH TEOPHH CHILHO CYXHBAOT M-
3HYECKYI0 LEHHOCTb TEOPHH. ITO N NOHATHO, YTO CHOKHEIE CHCTEMM,
KAKOBHIMH ABARIOTCA aTOMbI, G TPYAOM YKAaauBaloTcs B oBuxyio
anre6pandeckyio cxemy., :

[NosTomy paseuTne KBAaHTOBOH XMMMM 32 NOC/AeZHHE Foabl NOIAG
MO NMYTH HMIMBMTYANBHOTO H3YYeHHN XHMHMYECKOrO MOBEAEHHN OTAGAG-

1) CM., manpumep, H. b opn, KBaKtosasn MexaHMKA M XHMHueCKaA CBA3H,

Yup., 1932
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/X aTOMOB H OTOULNIO OT METONOB TEOPHH CIIMHBA/IEHTHOCTH, OCTABMB
;a He# MecTo oOwWeR JOrH4ecKof cxemsl.

Coopmynppyem Tenepn MAaTEMATHHECKYIO 3aRa4Y, 1€XKAIXYIO B OCHOBE
“COpHH CITMHBAJIEHTHOCTH.

Kaxaomy aromy A, B, C,..., Bxonamemy B HACHOIEHHYI0 MO~
/€KYyly, COOTBETCTBYeT CRMHOp a, b, C.

Baneumoe COCTORHME MOJIEKYNbl OMHCHIBAETCA CHHMHBapHanTom |
-aneHTHOCTH (7, Ty, V,,...), THE Pa» Vps Vpy- -« — YHCNA BANEHTHHX
xnexrpouos cooTBeTCTBYlOMMX aTOMOB. Yncio Baneumux COCTOSHHA
1071EKV/IH PABHO YHCTY HE3ABHCHMAIX MHB2PHaHTOB ZAHHON BANEHTHOCTH,

31._::(#,\ 3%
L4 2
IL I

Yepr. 6

THEPTUS CBA3H MOJEKY/Ih HM306paXaercs ONEpaTopOM BuAa:

W=C:14+ A T, + A, T, + .

ae T, — onpenencuHut Ha crp. 92 oneparop rpaucnosuunu, aC—
‘K HasHIBaEMas IWATOHAJLHAS SHEPTHS B3ANMOLEHACTBUS . Mexny
ToMaMu
C=Cub+Cu+Cbc+ M |
<
.AANTHBHO CAAralomlascs M3 QHarOHANLHHX SHEPTHR B3aumomeHc:sus
1Ny OTREJbHEIMH (1apamMH aTtoMoB. OHa Bkmouaer B cebs:
1) KY10HOBCKOE OTTAAKMBAHHE MEXAY AAPAMH OTIENbHWX aTOMOB,
2) KY110HOBCKOE B3aUMONEHCTBHE MEXAY PAa3MELIEHHHMH MO BCEMY
[POCTPAHCTBY 3apANaMH BA/ICHTHHIX S/IEKTPOHOB OTAEALHHX aTOMOB,
3) osHepruu B3auMORENACTBMA MENIY OCTOBAMH OTAENBHHX ATOMOB.
sy~ 57O T3K Ha3LIBAEMAR OOGMEHHAS SHEPTHA MEXAY OTACILHLIMH
romamn. Kak C,,, tak n A, SBASIOTCA GYMKUMAMH DacCTOsHUN R
IeXAY aTOMaMH, GHCTPO Chagaloiuumu ¢ yseauvenueM R. Kax C,,
"aK H A, B npuHuMNe MOTYT O6biTb BHIYHCJEHH!, €CAH H3BECTHH
30/HOBHE (BYHKILMK OTAEABHLIX 2TOMOB. XapaKTep HX 3aBUCHMOCTH

74 .
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or R npnseneH Ha uepr. 6. Hpouaaenenuun AJS OTAC/BHMX ATOMOB
(H,, Li,) pacyer nokasar, 4To0 o6e dynkunn C,, H A, NONOKH-

TE/ILHM, NPUREM A“>C,,,.
BO3MONMHBE SHEPTETHYECKHE 3HAYEHUs SHEPrHM CBA3H HAXOAATCH

nyTeM peiueuns NpoGieMb COGCTBEHHHIX 3HAYEHHH
Wi=M

B TPOCTPAHCTBE CHHHHBADHAHTOB.
Uneno BO3MOXHHIX SuepreTHdelkMx 3HayeHuit paBHO 4YHCTy Heda-

BHCHMBMX MHBADHAHTOB AAHHOR BANEHTHOCTH.
Ecan mn umeeM 1e10 CO CBOGOMHBIM panuxanou 06/1a1810UIHM T,

HEHAaCHIIIIEHHbIMH BAJEHTHOCTAMA, HanpuMep.

AN
A=B—,
s
TO Mbl BBOIHM (HKTHBHHHA aTOM L BaneHTHOCTH U, M paccMaTpHBacM
Hacuimennylo Monexyny (A, B, C,...,L). Hanpumep:
A=—B g
%4

MaTtemaTHyeckan . npo6aeMa OCTaeTCa TOH e CaMo#, JHWb B One-
paTope SHEPrHM HANO0 TO/NOXKHTL OBMEHHbIE SHEPTHi Ags Aur- o
atoMoB C (UKTHBHLIM atoMoM L, paBHuM HYyO.

CHUMMETPHUS MOJIEKYJI

B cayuae, ecin MoOJeEKyna MMEET CHMMETPHIO, MOXHO STUM BOC-
n0/h30RaThCA H_PERYUNPOBATD npo6neMy cOGCTBEHHHIX 3HAYEHHM.

[lycts Monekyaa (ABC .D) coxpauser csoio ¢opMy npu nepe-
cranoske P rpynnu atomos. Hanpumep:

1) Konbllo M3 MAGHTMYHHIX ATOMOB COXpAHAET CBOIO (bopMy npu
IK.INMCCKOA nepecTaHOBKE ATOMOB

/AN

A A

| | ,

A A .
NA /S
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-« 2) Moaexyaa
A A
/ AN
A A

COXpaH®eT CBOK (OpPMYy NpPH ABYX MNEPECTAHOBKAX: MEPECTANOBKA
TpynnH Jeanx A aTOMOB W NIEPECTAHOBKA NPABHX A aromos.
Mycts 6asnc ans monexyas {ABC...D} cocrout ma / nuBa-
PHAHTOB
1, I,.. o 1
Onepatop W B 9T10H chcTeme HHB2pHanTOB M306pasntca f-paanod
MaTpnueft '

Wy Wi .. W,
W= « ¢« ¢ ¢ ¢« o« .
v, ..w,

Tlycrs Monexyna coxpanser .csoio ¢opMy npu onepaumn P.
loneficrayem onepauuert P ua cucremy musapuauror / u nonysum:
Pli=P I, +P, 1+ ...P,I

17
Pl =PI + Pyl
\ Pl, 4+ P,I, + Pyl

Onepayus P u306pasutca B cucTeme nmuBapnantos /, f-paaHo@ Mar-
prueht ' - '

-----

Tak Kak N0 YCAOBHIO onepauus P coxpaunsaer dopmy uong';cy'z_xu, TO
' PW/=iP/-=WP], o
T. €. MaTpuue P u W nepecTanoBouHul. Bocnonbsyemen  sTHM R

Bubepem Takoft Gasuc /i, /,. .., Iy, npu kOTOpOM MarpHua P Gyaer
R i
anarowansuoft. M3 ycaosus - T

PW—WP=0, P, =P3,

nosmyyaem:
~. z(pijwjk— Wtjpjg)‘: W.}(Pu—'Pn)g :

) " .
OTKyna caeayer, uro nupu P, P,, W,=0, T. e. B cucreme

e
B
W
i
A

i
d

Al

¥

N

A

3

3

t
o~

. .
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Gasnca /i, I3,..., Iy matpuua W Oyner cTymemyaToRf ¢ YHCAOM CTy«

nenefl, PaBHHM YHCAY DPABNHYHBIX KOPHEH YPaBHEHMA:

-

P“—-)‘ P“ ...P‘f

Py,  Pu—)... =0.

Py o Py —)
NPUMEPH

Ilpumer 1. PaccmoTpum zByxatomuywo monekyny AB, o6paso.
BaHHYI0 U, H U, BaleHTHHMH aToMamu. [lonoxum, uto v, >¢,.
PaccuoTphn pamnkan

TRE p YWCNO BancHTHWX cBs3edl Mexay atomams A u B. Il
PopuymMpoBaHHs npobreNbl cOGCTBEHHHX 3HAaYeHMH HaM HYXHO CO-
CTaBHTh CHCTEMY HHBapHaHTOB CHCTEMH cnuHOpoB &, b, I Banent-
Hoctw (v,, vy, v,+ v,—2p).

EnvncreenHn#t nHBapunanT Gyner:

1= [ab}"*~" [bl] %" [ab)”.
Onepa'roP SHEPrHH WMeeT BML:
W=C+AT (A=A, T=T,).
Buuhcretne naer:

(C + AT)/={C-+ A [(v.—p)(m—p)—p]}7= A

OTKyna moayvaem:
A =C+ Al(v,—p)(v,— p)—p] =C + kA,

TaK HaswsBaemyio dopmyay lefitaepa.

Vel et -
S N
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/
3Hauenwe ‘yncaa k 3axeceHo B Tabanuy.

o= 1 2 | 3 4
p= ol1jol1]2/o0l1]2i3|o0l1]2]3]4

l
(1|11 ‘

!2 2|—1] 4] 0o|=2
v, =
9| 3|—1—3

la 3—16]1—-2

4 4—18'2—2,12 5| 0|-316] 8] 2]|—2/—4

PaccMmorpeine sTOR TabaMiw NOKasbLBaeT, YTO YCTOHYHBOCTH MO-
TeKy/Bl pacteT NO Mepe nacwulenns BasenTHocTeR. Hanpuwep:,

o v,=3, v,=:2,

—XA B/ \A——B— —A=B
0N
p=0" p=1 p=2
"h=C+6A ha=C+ A A, =C—2A,

[Trumer 2, Koabuo, cocrosiniee 3 wiecTH TOXEZECTBEHHHX OQHO-
-87IeNTHHX aTOMOB. 3a 6a3HC WHBapHAHTOB BHGEPEM CHCTEMY HHBa-
THAHTOB, COOTBETCTBYIOIIMX CXeMaM uepT. 4.

Oneparop sneprun Bupasurcs uepes W=C -+ A(tjy+ ... + 4,,),
‘C/IM MBI MOJIOKHM BCe OOMEHHHE SHEPIHH MEeXIY COCEAHHMH aTo-
lamH, paBubIMH A, H  npeHe6pexkeM OOGMEHHHIMH  SHEPTHSMH
IeKRy He cocenHWmu aromamu. Haftzem wmartpuuny, npuw nomoum
‘0Topoft B cHcTeme uwBapmantos J,, I, I, 14, K, 1, n3oGpasurca
Wiepatop uukaHyeckod nepecranoskn z=(1 2 3 4 5 6). Hmeen:

=1y, zly=1, zly=1,, zl,=I, zl,= —1,
KyAa ’
01 o000
10 000
2= 00 01 0|
00 001 S
. 0 0—100

lopr uarprmu || 2 [| Gyayr: ® _
=1, Lh=—1, M=« "\=0' =0l

ac @8= —1.

~
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Tlerxko HaRTH 6a3uC MHBAPHANHTOB, MPH KOTOPOM onepaTop 2
OpasuTce JHAroHanbHOR MaTpulleh. Hmeem:
: z(l‘+l‘)=(ll+l,),
: , z(l—1)y=—U— 1)
z(ly+ ol + o) = —o (h+ ol + o'l}),
2(l,—wlj—ol)=0(,— ol —oly),
s(ly,—I +1I)= —(y— I+ 1Ty

W, + 1)=CU+ 1),
W, + ol .+ o0tl)=(C+24 Y, + ol + o'y,
W(I,—-w’l.—-wls)=(C+ 2 A) (I, — 0¥l —oly), »
W(l,—-l,)::C(l,—-l,) + 24— 1+ 1p), E B
' 'W(l.—l‘—i-l,)..——SA(ll—-l,)—}—(C—%-214)(1.—-1.-}-l,). ;
Matpuun 2 1 W nps HOBOM 6aauce GyayT HMETb BHA:

c o o o0 0
0 C4+2w 0 .0 O B
) jwj={o o c+2w o0 O , ,;
0 0 0 c 2w
0o o 0 6W C+2W
1 00~0 O
0—wt0 0 O
[z} =0 0 w. 0 O
0 0—1 0
o 0 0 0-—1

KophamH CeKy/IpHOTO YpaBHenmm matpuun W GyAyT:
\=C+(1—V13)W, h=C, ) =C+2W,
A =C+2W, N=C+(1+VI13)W.
Jlerko BMAETb, 4TO KO/LLO HE Gynet répuonnnauuqecxn ycroRun- ;
BBIM, TaK KaK OSHEprHs TPEX JABYXaTOMHHX MONEKYA Gyner aexath "

HHXe, YeM SHEPrus Ko/bild.
[lanbnefiune NpHMEPH HA TPHMEHCHAE TEOpHH CIIANBANEHTHOCTH §

yWTaTeab HafineT B CneunaibHOA aurepatype!).
..

1) H. Hellmann, «Zts. f. Phys.», Bd. 83, ctp. 192, 1933, -
Hidehiko Tamani, «l’ of the Phys. Mathem. Soc. of Japan»,

V. 16, c1p. 52, 1934. . .
M. Markow, «The Journ. of Chem. Phys.», V. 1, crp. 753, 1933.




k xnvre Pymepa ,CnwnapHnii aHanua®

Cmp. opua
55 (5.5)
56 (9.9)
55 (5.5)
55 (5.5)

3aka3 653.
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