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Kuura, IpHHAJJIEKAILAS Nepy H3BECTHBIX MONBLCKHX JIO-
[MKOB, NMOCBSIleHa H3JIOKEHHIO OCHOB coBpeMeHHOlt  dop-
MajibHOH (MaTeMaTHuecKOH HJIH TEOpPEeTHUECKOH, HJH CHM-
BOJIHUECKOH) JIOTHKH H TEOPHH MHOXECTB JJisi yuTaTeNel
rymanHTapHOro npodmis. B Hefl colepRKHTCs CHCTEMATHYE-
CKOe M3JIOXKeHHe IMHPOKOTO Kpyra BONPOCOB M3 pas/HUHBIX
pasfeJoB MaTeMaTHUeCKOH JOTHKH, PasbACHAIOTCS OCHOB-
HEle TeOpeTHKO-MHOXKECTBeHHHle MOHATHA H amnmnapart, a
Takye OCBEIMAIOTCS HEKOTOPHe BaXKHeHIIHe MeETOAOJOTHYE-
CKHE aCTeKTH MaTeMaTHUecKoif JIOTHKH H OCHOBAHHH MaTe-
MAaTHKH.

Kumra E. Cryneuxoro ® JI. BopkoBckoro siBisieTcs X0-
poreit ocHOBOH N AalbHEHINIETo H3YUeHHS Gosiee TpYAO-
HHX H OGCTOATeJbHHX paboT IO COBPEMEHHOH JIOTHKe H
OCHOBAHHSIM MaTeMaTHKH.

Pedakyus autepatypet no sonpocam uiocoguu u npasa



Bsedenue

JaHHbIfi yueGHUK COCTOMT M3 ABYX YacTedd.

CBefieHHsl W3 JIOTHKH, TOMELleHHble B yacTu I, orpaHu-
YUBAIOTCA B OCHOBHOM TPOCTeHIIMMH M HMeIOIMMH Haubo-
Jee UIMPOKOE TPHMeHeHHe JIOTHYECKHMH HCUHCJIEHHSIMH:
KJACCHYECKHM HCUHC/IEHHEM Tpe/JIOMKeHnH [BblCKas3bIBanui]
M OCHOBAaHHHIM H& HeM HCUMCJeHHeM npelukaros. Hekorto-
PHle CBeleHHsl W3 HCUYHCJEHHs OTHOWIEHWi colepXarcd B
yactu 11 u B «IIpunoxenun». Bonpocs MeTonoJOTHH 1€-
INYKTHBHBIX HAyK He SBJSIOTCA TPEAMeTOM CllelHalbHOro
pPAcCMOTPEHHs B JaHHOM yueOHHKe, O3TOMY Mbl OrpaHUYH-
BaeMcsl JHIIb H3JOXKeHHWeM Haubojee 3JeMEHTapHHIX CBe-
JeHuil u3 aToi obaacTH.

Jloruueckne MCUHCJEHHS, OMHCHIBAEMble B 3TOM Yyuel-
HUKe, OCHOBBLIBAIOTCSI Ha HEKOTODOH CHCTeMe TpasHJ,
OnpeesIOMNX MeTOAsl MOCTPOEHHsl JOKa3aTelbCTB MYyTeM
BBeleHHs JonylleHui. Takoll TMOAXON — Kak ToOKasaja
IearorHyecKasl MPakTHKa aBTOpoB — HMeeT GoJjbuine IH-
naktudeckue npeumyuiectsa. IlostoMy MB HaleeMcs, 4TO
HacTosAWMH yueGHHK, B KOTODOM BNEpBhHe 3Ta CHCTEMA
o6CTOSITENILHO H3J0XKeHa, OGyneT cnoco6CTBOBATh pacnpo-
CTPAHEHHIO JaHHOH CHCTEMEl B NpENOJaBaHHM MaTeMaTHye-
CKOH JIOTHKH. '

B yacru II colepxaTcs B JOCTATOYHO GOJbiIOM OGBEME
CBeleHHsl M3 TEODPHH MHOJKeCTB, H3JIOXKeHHBe, OJHAKO, MO
BO3MOXKHOCTH sJaeMeHTapHo, Ilo o6beMy HM3JOXeHHe MaTe-
puajia B 3TOfl YaCTH 3aHHMAeT CPeJHee MeCTO B CpaBHEHHH
C CYLIECTBYIOIIMMH H3JIOXKEHHSIMM 3TOr0 pasjeja MareMa-,
THKH B TOJbLCKOH yueGHOH JuTepatype. C ONHON CTOPOHHI,
CHO MPEBOCXOJHT N0 00beMy H3JOXKEHHe TeOPHH MHOKECTB
Bo «BBeleHUH B TEOPHIO MHOXKECTB M TomoJjoruio» CepnuH-
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CKOTO H B OfHOHMeHHOM yueGHHKe KypaTOBCKOTO. C npyro#
CTOPOHBI, OHO 3HAUHTENBHO YCTYmaeT mno 06beMy H3J0XKe-
HMIO NAaHHOrO pasjiela MareMaTHKd B «Ouepke TeOpHH
MHOXKeCTB» M B «Teopun MHOxecTs» KypaTOBCKOrO H Mo-
CTOBCKOTO 1.

HanoxeHue cBefieHu U3 TEOPHH MHOXKECTB BO 11 gacru
yueGHHKA XapaKTepusyercsi TpUMEHeHHeM B JIOCTAaTOYHO
GOJIbIION CTEMeHU JIOTHYECKHX CPENCTSs, ONMUCAHHBIX B 4Ya-
ctn 1, uTo JOMKHO OGJTEruHTh UHTaTeNio H3ydeHHe Mate-
puana. OmnpefeneHns u TEOPEMb 3aMUCHIBAIOTCS, BOOOIIE
TOBOpS, C TIOMOLIBIO JIOTHYECKOH CHMBOJHKH, JoKasaresb-
cTBa MPOBOASATCSA TMO Mepe BO3MOXKHOCTH B dbopManu3OBaH-
HoM (mpaBjia, HHOTAA C COKpalIeHHsIMH) BHJE METONaMH,
omMCaHHBIMH B 4acTH | :

Jlas toro uro6bl YHTaTeNO ObLIO Jerde CJCIATH 34 Jo-
Ka3aTelbCTBAMH, B KHHTe TOMeINeHa CBOJKa BCeX Ompene-
JeHHul U 1acTO HCIOJb3yeMBIX TEODEM.

Ucxolsi H3 NHAAKTHUECKHX COOGpaXKeHHi, Mbl He.CTalH
uanarath cojfepxamuecsi B uacru Il csenenus u3 TEOpHH
MHOXKeCTB HHM B akcHomaTuueckofi dopme, HH B dopme,
ocHoBaHHO#A Ha Teopur THnOB. OJHAKO B «[IpuNOXKEHUH»
06a 5TH croco6a H3NOXKeHHs: OGCYXKMAOTCA NOCTATOUHO
JeTaJbHO C TOAUepKHBaHHEM CYLIECTBYIOLUHX MEXIY HUMH
cBsizefl M pas3JHUMH. .

Ilanupt yueGHHK TpefHasHaueH IJd cTynenTos-duIo-
codos. TIpencrasisercs, 4TO 3HAKOMCTBO C conepxKalluMcs
B 5TOM yueGHHKe MaTepHajoM W3 TEOpPHH MHOXECTS Heo©6-
XOIMMO JUJISl LaHHOR KaTeropHu yurareneii. Oco6eHHO BaX-
HO 5T0 N/l CTY[AEHTOB, CHENHAIH3MPYIOLIMXCS B JOTHKE.
Brnpouem, CylIecTBYeT TecHas CBf3b MEXIY JIOTHKO! H T€O-
puef MHOXKeCTB, H OGBIYHO B GoJsiee OGCTOATENBHBIX Kypcax
MaTeMaTHUeCKOH JOTHKH MMEIOTCS Pasfielibl, MOCBALICHHbIE
TEOPHH MHOXKECTB.

M HajeeMcs, UTO 3TOT YUeGHHK OKaxercs TOJIE3HHM
¥ A CTYJNEHTOB-MaTeMaTHKOB, XeJalolmuX 03HAKOMHTBCSA
C sMeMeHTaMH MaTeMaTHUeCKOH JIOTHKH H TeOpHH MHOXKECTB
B OTHOCHTEJbHO HECJOXKHOM H3JOXKEHHH.

1 ABTopsl HMEIOT B BHAY CJeAyIOIIHe PaGoTHL: W. Sierpifnisky,
Wstep do teorii mnogodci i topologii, wyd. IL Warszawa, 1947; K. K u-
ratowski, Wstep do teorii mnogoSci i topologii, wyd. II, Warsza-
wa, 1962; W. Sierpifiski, Zarys teorii mnogosci, Warszawa, 1928;
K. Kuratowski i A Mostowski, Teoria mnogoSci, Warsza-
wa — Wroslaw, 1952.— ITpum. nepes.
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H3yuus 3to mocoGue, yuTaTe]bh CMOXKET NMPHUCTYNHTh K
YTeHHIO crelHalJbHBX pabor u 6osee 06CTOSITENBHBIX Yuel-
HuKOB. Boslee 06cTosiTeNIbHOE H3JMOXKEHHe MaTeMaTHUecKOH
JOTHKH MOXHO HaliTu B MoHorpagum Mocrosckoro «Mare-
MaTHuecKas JOTHKa» !, TeOpHu MHOXKecTB — B NEPEUHCIIEH-
HBIX Bhime KHurax CepnuHcCKoOro, a Takxe KypaTosckoro u
Mocrosckoro.

B 3ak/ai0ueHHe Mbl BBIpaXkaeM cepleuHylo Ojarojap-
Hoctb AoKTopy Buroapay IloroxeabckoMy 3a MHOrouwmc-
JeHHble W LieHHble 3aMeyaHusi, KOTOphle OH cooOmuJa Ham
NpH OKOHYATeNbHOH pefaklUuu YydyeOHMKa. Mbl cepleuHO
G6aarogapuM u mnpodeccopa Kiaemenra Illanssckoro, H3
OCHOBe 3aMeUaHHH KOTOPOTO B pelleH3un B yueGHHK OBlUIH
BHECEHH HEKOTOpHEe JOTOJHEeHHs.

Eaxcu Cayneykud,
Jodsux Boprosckudl

I ApTopH mMeloT B BHAY pabory: A, Mostowski, Logika mate-
matyczna, Warszawa — Wroslaw, 1948.— ITpum. nepes.



YACTbh I

OCHOBHBIE
JIOTHYECKHE
HCYHCJIEHHSA

Paszodean I
Hceuucaenue npedaoorcenuil

§ 1. Cumsoarst u soipascenus

BripaxKeHus1  HCYMC/eHHS]  Tpe[JIOXKeHHH  CTPOSAT-
csl U3 CHMBOJIOB CJeNyIOmHUX BHAOB: 1) mpomosnuuoHab-
HHX ! mepeMeHHBIX, 2) TOCTOSIHHEIX, 3) CKOOOK.

B kauecTBe mpomo3uIMOHAJBLHEIX TMEPEeMEHHHX Mbl GyaeM
ynoTpebasaiTh GYKBH:

p,q,f,S, phql’rl’sl, e

Ilpu npumeHeHnu GOPMYJ MCUHCIEHHS TIPEIJIONKEHHH K
HEKOTOPOMY KOHKDETHOMY pacCyXkIeHHI0 BMecTO 3THX Ie-
pPEMeHHHIX MOKHO TOACTABJAThL NPOU3BOJbHEIE NPeANoNke-
HHA. 31ecCh cleqyeT MOAYEPKHYThb, UTO TEPMUH «NpeaJjoxe-
HHe» B TOM CMEICJe, B KAKOM OH ymorpebJjsieTcsl B JOTHKe,
00603HauaeT Te, H TOJbLKO Te (Ppasbl, KOTOPbie H CTH H H bl
WiH J0X Hu. Takum o6pa3oM, mpedJOXKEHHSIMH B 3TOM
CMbIC/e SIBJSIOTCA JIWib NOBeCcTBOBaTeJbHB e Npel-
JOXEeHHs, TeM CaMelM HH BONpDOCHTEeJ bHBE €, HH
no6yauTedbHL € MPeANOXKeHHs. O KOTOPEIX TOBOPAT B
rpaMMaTHKe, He OTHOCATCS K Npe[JIOXKeHHSM B YKa3aHHOM
CMbICTIe.

IlocrosiHHbIe HCYMCAEHUS IpefNoXKeHHH — 3TO COIO3HI,
¢ NMOMOILBIO KOTOPHX W3 HEKOTODHIX HCXOAHHIX MNpefJIoxKe-
Hull o6pasyloTesi cloxHbie upepjoxenus. Haubonee ymo-
TpeOUuTeNbHBIMU COI03aMH TAKOTO POAA SABJSAIOTCS CJIOBa:

HE;, U; HJIH, ecJAH... TO;, TOrga, U TOJLKO TOrjga, Korjaa.

! B mopnuunnke; zdaniowych (6ykBaJBHO, NpEAJIOXKEHYECKHX), —
ITpum. nepes.
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(‘\Bmecro 3TUX CJOB B KauecTBe INOCTOSHHBEIX HMCUYHCJIEHHS
npejsioXkeHUH MB 6yaeM ynmoTpebJsiTh CHMBOJILL:

(1) ~ AV, -, =

3HaK «~» Ha3bIBAeTCsl 3HAKOM OTPHI AaHHU A, BHpaxke-
HHEe « ~ p» UHTaercsi: He—p (WM JKe: He HMeeT MeECTa,
UTO p; WK Xe: HeBepHo, uTo p). 3Haku A, \/,—»,= Hash-
BAIOTCS COOTBETCTBEHHO 3HAKAMM KOHBIOHKIUHH (JOTH-
YeCKOTO TpOU3BENeHHs1), MAHU3BIOHKUHHU (JOTHUECKOH
CYMMb), HMTUJHKALHUH, 3KBUBAJEHTHOCTH.

Bripaxenue: «p /\ g» udtaercs p U ¢,

» «p\/ ¢ » p W q;
» «p — q» » ecu p, 1O §;
» «pi=q» » p TOTJa, H TOJIBKO

torga,l Korga ¢.

CroxHble mnpensoxeHus, o6pa3oBaHHbe U3 LAaHHOTO
npensNoXeHus: (COOTBETCTBEHHO W3 NAHHBIX TPENJN0KEHHH)
¢ mOMOMUbI0 3HakoB (1), HaskIBAIOTCA COOTBETCTBEHHO OTPH-
[laHHEM, KOHBIOHKUMEeH, AM3BIOHKUHWeH, uMIIukauuefl (uian
YCJAOBHEIM TpelJIOXKeHHeM), SKBHBaJeHTHOCTBIO JNaHHBHIX
npenjoxenuti. Cocrasisioline NpPefJoKeHus, U3 KOTOPHX
c6pa3oBaHO CJOXKHOe TpeJJOXKeHHe, Ha3HIBAIOTCA €ro
4J eHaMH. UneHH KOHBIOHKIHMH YacTO HA3bBAIOT CO MH O-
KUTeJSAMH, UIeHH JU3BIOHKIUH — CJaraeMBbl MH.
IlepBhHifl ujleH WMMJIMKAIMH HA3HBAIOT aHTEIN EeLeHTOM,
a BTOpPOf — KOHCEKBEHTOM,.

TTocTosiHHBEIE MCUMCTEHHS TPe/IOKEHUH OTHOCATCS K TeM
BbIpaXKeHUsIM, KOTOphie MPHUTONHE H HeOOXOAUME! 115 (op-
MYJHpPOBAHUsA YTBepXKAeHuH B J1060fi obGaacTH 3HaHHA.
Baaronaps »ToMy o06CTOATENBLCTBY, a TakxKe W TOMY, 4TO
BMeCTO TPOMO3UIHOHAJBHHIX NMepeMeHHLIX MOXXHO MNOJCTa-
BHTL TPOU3BOJbLHEIE TpeNNOKeHHs, 3aKOHb M IpaBHJA
HCUHCJIeHHs] TIPeNJIOKEHHH MOTYT NPHUMEHSAThCA B JIOGOH
HayKe U K OOBLIUYHBIM pacCyXJeHHIM.

ITocTosiHHBEIE MCUHCAEHUSI TpPeNJOXKeHHH OTHOCATCH K
BHIpAXKEHHSAM, . KOTOpHe - HashBaloTcd @QYHKTODaMH.
®yHKTOPEH — 3TO BHIpaXKeHHS, KOTOpLle BMeCTe ¢ HEeKOTO-
PHIMM HCXOJHBIMH BHIDaXKeHHSMH, Ha3HBaeMEIMH apTy-

! To ecTh 3HaKOB: ~, A, V, —, =.— IIpum. nepes.



MeHTaMu (PyHKTOPOB), 06pa3yiOT CJOXKHHE NMPaBHJILHO |

NOCTpOEHHEIE BEipaxKeHus. IToCTOSHHbIE HCUMC/IEHHS Tpel-

JIOKeHHU#l OTHOCSATCS K TPONO3HIMOHAJIBbHHIM (QYHKTOpaM !,

MOTOMY 4YTO BMeECTe C HCXOAHHIMH TpPENJOXEHHIMH OHH

06pa3yioT HOBHle TPEeAJONKEHHS. :
®dyHKTOp OTpPUIAHHA — OZHOAPTYMEHTHH (QYHKTOD,

TaK KaK BMeCTe C OJHUM TpefJoXKeHHeM 3TOT 3HaK obpa-

3yer CJ0XKHoe mupennoxenue, pynkropu A, V,—,=—

IByXapryMeHTHble QYHKTODH, TaK KaK OHH CBfI3LIBAIOT [Ba

npeaoXKeHuss B HOBOE CJOXHOe mpejsoxeHue. B ucuucie-

HUH TpeajoxeHu#i w3 (QYHKTOPOB MOTYT (QHIypHPOBATh:

TOMLKO TPOMO3UIHOHANbHEE (GYHKTOPH OT NPONO3HIIHO-

HaJIbHHX apryMeHTOB 2. MDYHKTODH, KOTOPhle MBI Tepeyuc-

JUJH, SBJSIOTCS BaXHeALIMMH, HO He EIWHCTBEHHHIMH

GYHKTOpaMH 3TOTO HCUHCJEHHS.
[lponmosvuwoHadbHEE BHDaXeHHS HCYHC-

JIeHHs TPeJIOXKEHHH — 3TO MPONO3HIHOHANLHEIE NEpeMeH-

Hble ¥ 00pa30oBaHHbIE M3 HUX C MOMOIUKLIO (PYHKTOPOB HCUHC-

JIeHHsl MpeJIOXKEeHu# CJI0XKHLIe mpeloxeHHs. Bonee TOUHO

NOHSITHE TPOMO3HIHOHANLHOTO BbIpaXKeHHsl (HCUHCIEHHUS

npenoXeHul) pacKpriBaeTcs B CJeNylOlleM OnpelesleHHH,

COCTOAIIEM W3 TPeX TMYHKTOB 3

1) npomnosuuuoHasbHAS TepeMeHHass €eCTb MPOMO3HIHO-
HaJlbHOE BHIDaXKeHue; '

2) ecnu @ W P — TPOMO3HIHOHANLHEIE BhIDaXKEHHs, TO H

~@), @ A @), (@ V @), (@), (@=(¥)—
TNPOMO3HIHOHAJbHEE BhIPaXKeHHs;

3) BcsAkoe NPONO3MIHOHAJbLHOE BhipaXK€HHe HCYHCJIeHHS
NpeIOXKEHHH MU SIBJISETCS TPOMO3UUMOHAILHON mepe-
MeHHOfl, HJH Xe o6pasyercss H3 NPONO3HIHOHATbHBIX
TepeMeHHBIX TOC/TeJOBaTeJIbHHM TpPUMEHEHHeM npa-
BuJa 2). '

I'peyeckne OYKBH «@», «P», «X» HCIOJIb3YIOTCS 31€Ch

B KayecTBe NMEPEMEeHHBIX, BMECTO KOTODHIX MOXHO MOACTa-

BHTh HMEHAa TPOU3BOJBLHEIX BbIpaXKeHHH HCUHCJEHHs Tpen-

JIOXKeHu#, B TO BPeMs KaK BMECTO TNPOTNO3HIHOHANBHHIX

NepeMeHHbIX «p», «¢» U T. A. B IpeJenax HCYHCIEHHs Tpef-

! B nopmunuke: do funktoréw zdaniotwérezych (nocnosHo, K OyHK-
TOpaM, MOcpeJcTBOM KOTOPHX 06pasyioTcs npepsoxenus). — [pum.
nepes.

2 To ecTb (YHKTOpH, apryMeHTaMH KOTOPLIX SBJISIOTCs Npeaoxke-
HHs1. — [Tpum, nepes.

3 Cp. nuxe, crp. 146—147.
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JIOMEHHI MOXKHO TOACTABHTb NMPOH3BOJIbHBIE TPOMO3HIHO-
HaJbHBe BblpaXkeHHss 3TOr0 HcuHcaenus. CocraBHbie
CHMBOJIH ~ @, @ /\ Y H T. . 0603HAYAIOT COOTBETCTBEHHO
CJIOXKHOE Bblpa)keHHe, MOCTPOEHHOE M3 3HaKa OTPHULAHHA H
CJIeNyIOmero 3a HHM BbIPaXKeHHs @, BblpaXKeHHe, OCTPOeH-
HOe H3 BHIpaXKeHHsl @, 3HaKa KOHBIOHKUMHM H BHIpaXKeHHs
(cnenyomux APYr 3a ApyroM) u 1. n. IlepeMeHHble «@»,
«p», «x» H CJIOXKHble BblpaXkKeHHs, TakHe, Kak, HampHMep,
«~@», «p AYP», OTHOCATCA HE K CHMBOJaM H Bblpaxe-
HHUSIM MCUHCJIEHHs TpeJJIoXKeHHH, a K CMMBOJaM M BbIpa-
XKEHHSIM CHCTEMbLI, B KOTOPOfi MBI TOBOPHM 00 HMCUHCIEHHH
npensioXeHHH U ero Bhlpaxenusx. IlociefHsis HasbiBaercs
MeTacHCTeMOfl HcuHcIeHHs npeanoxeHuii. K meracucreme
OTHOCSITCSI TaKXKe HMeHa OIpefleJIeHHbIX CHMBOJIOB M Bbipa-
XeHn#l cucreMbl. Kak y)ke MOT 3aMeTHTb YHTareNb, 3TH
HMeHa 06pasyloTcsl 3akJIOYeHHEM HMEHYeMbX BbipaKeHHH
B KaBHIUKH. B Tex ciyuasx, KOTJla HMs C KaBblYKaMH HEKO-
TOPOrO CHMBOJIA WJIM BHPaXkEHHs CHCTEMbl CTOHT mOCJe
ONHOTO H3 CJENYIOmHMX CJOB: CHMBOJ, 3HaK, (YHKTOP,
BHIpaXKeHHe, KaBHUKH 3TOTO poja Mbl OylaeM HHOTAa
ONyCKarTh. i

A mosTOMy, HampHMep, BMeCTO CHMBOJA (3HaK, QYHK-
TOp) «~>» Mbl MOXEM HamMcaTb: CHMBOJ (3HaK, QyHk-
TOp) ~; BMECTO NePeMeHHass «p» Mbl MOXeM HamHcarh:
nepeMeHHasi p; BMECTO BhIPaXKeHHe <«p—>¢» Mbl MOXEeM
HamMcarb: BbIpaXkeHHe p—-q.

B cuay nyHKTa 2) caOXKHBle BhpaxeHHs o6pasyiores €
NOMOLIbI0 (YHKTOPOB HCYUHCJICHHA NPEJIOKEHHH myTeM
3aKJIOUeHHs] HX apryMeHTOB B CKOGKH. Bpenenue CkoGOK
obecneyrBaeTr OJHO3HAUHOCTb UYTEHHS CJIOXKHBIX Bblpaxe-
Huf. JJist Toro uTo6bl M36eXkaTh CAHMKOM OOJbIIOTO KOJH-
yecTBA CKOGOK, MBI COIJIACHMCSl B CJIOXKHBIX BBIpa*KeHHSX
omyckaTb CKOGKH, o6beMJIomIe OT/eJbHble TepeMeHHbe.

A motomy BMecTo ~ (p) M GymeM nucatb: ~ p; BMe-
cro (p)A (¢) Mbl HanumeM:p A\ g H T. 1L

CorylacHMCSl TakXe, 4To BMecTo BblpaxkeHH#l (~@) A ¥
P A (~@) MOXHO THCAaTb COOTBETCTBEHHO BHIPAXKEHHUS
~QAbH YA~ :

AHaJlorHYHOE coTJiatleHHe Mbl MPHHHMaeM H JUIl BHpa-
JKeHH{, COllepKalIMX 3HAK ~ M OJUH U3 3HaKoB V, —», =.

Hanee, Mbl GyfeM cuuTaTh, UTO 3HaK KOHDBIOHKUHH CBf-
3biBaeT CHJIbHee, YeM 3HaK AH3BIOHKIMH, HHaye TOBOPH, B

BoipaxeHusax (@ AY)V % %V (9 AY) MOXKHO omyckaTb
I1
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1
BhiJle/IeHHEIe CKOGKH. DTO COIVallleHHe aHaJOrHYHO MpPHHSA-!|
TOMY B apH({MeTHKe, 10 KOTOPOMY B BhipaxeHHH a+ (b -c)
CKOOKH M3MHWHH. YUTO Kacaercs 3HaKoB \,—>, =, TO MbI
GyneM cuMTaTh, HTO 3HaK \/ CBSI3LIBAET CHJIbHEE, UYEM
3HaK —-, a 3TOT NOCJEJHHH — CHJIbHEE, YeM 3HAK ==.

|

A motomy BMecTO BhIpaxkeHHsI (§\/ )~ MBI [IUILEM BLIpaXKeHHe

PV Y-y,

BMECTO BhIpaXKeHHs ((—>)==Y Mbl IIMLIEM BHIPaXKEHHE

Po>Pp=y
BMECTO BHIPaxKeHHs ¢ == (P /\ ) Mbl NHIUEM BhHIpaKEeHHE

¢=¢/\yx HT I

V3 cpopMynHpPOBAHHOIO BHILIE OMNpeJENeHHs CJENyer,
YTO BCfIKOE INPONO3HIMOHAJIbHOE BbipaXKeHHe HCHYHCJEeHHS
NpeVIOXKEHHH COCTOMT U3 KOHEYHOr0 MHOXECTBA CHMBOJIOB.
B caMoM jele, 3THM CBOHCTBOM 06JafaioT HPOCTEHAIHE
NPONO3HIHOHAJNLHLIE BHIPAXKEHUS, T. €. IPONO3UIMOHAJBHEIE
NepeMeHHbIe, H 3TO CBOMCTBO NPHHAJJIEXHT TaKXKe CJIO0XK-
HbIM BbIpaXXeHHsIM, 06pPa30BaHHLIM IO NMPaBHJAY 2) W3 BHpa-
XeHui#l, 06/1afa0UX 3THM CBOMCTBOM.

YOopaxHeHHUS:
1. Onycrute CKOGKHM B CJAeYIOLIMX BhIpaMKeHHSX:

(V) Ari—=@® AT
A Ar As)l=(p=s)
{le=gq—=rAAsi=@A~9).

2. Tlonbckuit moruk S JlykaceBHu BBes GeCCKOGOUHYIO CHMBOJHKY
(HasbiBaeMyio B JIMTepaType [0 JIOTHKe CHMBOJHKOH JIykaceBHua, MM
HOJLCKOH CHMBOJIMKOH). CorJacHo TakoMy CcrHoto6y 3anucH, cHayanaa
aoumyTcss (GYHKTOPHL, a 3aTeM — HX apryMeHTH, npu 3ToM 6yksm N, K,
A, C, E ucnosbsyloTcss B KaueCcTBE SHAKOB OTPHNAHHS, KOHBIOHKIIHH,
JAUSBIOHKUMY, MMIUVIHKAlKM, JKBUBAjJeHTHoCTH. Hanpumep, BMecTo
«p A g» B sToii cumBomuke muumyt «Kpgs, Bmecto «p A\ g —r» —CKpq
T N

3anumuTe BHPAXKEHUA MCUMCIIEHHS OpeiJioXeHult us ynp. 1 B cuM-
BOJIMKe JIyKaceBuua.

3. 3anuumMTe B CHMBOJIMKE AaHHOrO yueGHUKA CJeAYIOLIHEe BHIpae-
HHS$l, 3aNMCaHHbIe B CUMBOJIMKe JIyKaceBuya:

NCKpqArs;
ECpqCqp;
NNCpCyp.
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4, 3anuUiMTe C MOMOIIBI0 CHMBOJIMKH JaHHOrO y’-leGHlfIKa BbIpa-
KEeHUs:

Ecmi p v g, 10 1}

Ecau p, To ecu g, TO r;

Ecau p Torna, u TOMLKO TOrfa, KOrfa ¢, TO eclu p, TO ¢.

5. BoisgBuTe ¢ NMOMOIIbIO CHMBOJMKH JaHHOTO YueSHMKa pasiuuHbe
TOJIKOBAHHS CIAEAVIONMX BhIPaXKeHMi:

Ecmv p u ¢ w r, TO s;

Ecompugumrus, 10 g ums.

§ 2. Ocnosneie npasura

ViMeioTcs ABa MeroJa MOCTPOEHHS HCUHCJEHHS
npelJOXKeHHH: aKCHOMAaTHYeCKUH MeroJ M MeTOoJ [omylle-
Huii. O6 akcMOMaTHYeCKOM MeToje peub Gyler uATH B § 5.
CucTteMa xe, KOTOPYIO Mbl JeTaJbHO OmumeM, GYLerT CHCTe-
MOH, Hcmoab3yoileii nonymenus !, CHcTeMBl Takoro popa
O6auxe K OOBIUHBIM COAEPIKATENbHO OUEBHAHLIM IpelCTaB-
JEHUSSM B TOM OTHOIUEHHH, 4TO JOKa3aTe/bCTBA B 3THX
CHCTeMax INOYTH He OTJIUYAITCH OT MAaTeMaTHYecKHX JO0Ka-
3aTeNIbCTB H OT PacCyXIeHUH B IPYyrux Haykax. Bjaaromaps
3THM INPEHMYINEeCTBAM CHCTEMbl, HCIOJbL3YIOIIHE [Omylile-
HHUSl, HHOFJA TaKxke HAa3bIBAIOT CHCTEMaMH HATYyp alb-
HON AelYyKIHH. '

IlepBble cHCTeMEBl, HCHOJB3YIOLIHE [AONMYIIEeHHS, NOSBH-
aumch B 1934, 1935 rogax. CoagarensaMu MXx OblIH $ICBKOB-
ckuit U T'ennen. Cucrema, KOTOPYI0 MBI 3[eCh OIHIIEM,
OTJIHYaeTcs OT HUX HEKOTOPhIMH JeTalsMH.

Uto06nl 06/1€er4uTh YUTATENAM yCBOeHHe BBOAMMBIX HHXKeE
HOHATHH, Mbl PAcCMOTPHM [Ba NpHMepa AOKa3aTeJbCTB.

IIpumep 1. B atom npumepe Mel 6yleM moJararb, 4TO
nepeMeHHble NpPOOEraloT MHOXKECTBO HEJBIX YHces 2

JokaseiBaeMoe yTBepXKIeHHe MMeeT BUA:

Ecau a; u as nensrea Ha b, 10 a;-¢;+aq- ¢, Aenurcs Ha b.

JokazareqbcTBO pasBepThiBaeTcs TakK:

JomycruM, uTto

(1) a; M a, Jenarca Ha b.

! B nopnuHHMKe: systemem zaloZeniowym (6yKBaJbHO, HOTyIUeH-
yecKOH cHcTemoit). — [lpum. nepes,

2 Hlnaue roBops, MepeMeHHble MPUHUMAIOT 3HAueHHS H3 MHOMKECTBA
nesblx wuces. — Ilpum, nepea.
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Hs (1) mo ompenejeHHIO geJquMocTd ! caenyer, 4To

@) - a, =my-b;
a, = my-b.
Hs (2) caenyert, 4TO
@) Q¢ =my-C;-b;
Qy-Cy = My Cy-b.
Hs (3) caenyer, 4To '
4) al'cl=aa'ca=(”h'c1+mz'ca)'b-

Ho oTcIOZa IO ONMpENeNeHHIO NeNHMOCTH CJELYeT, 4TO
a,-¢; -+ aq-cy AeJHTCA HA b.

I[Ipumep 2. B atom mpuMepe Mbl TaKXe GyneM moJia-
rarh, YTO NepeMeHHble MPOGEraioT MHOXECTBO LEJBIX HHCE.
Jloka3niBaeMOe YTBEpXKJEeHHE!

Ec/u_n jesMT @-q, TO n ST 4.
I oxk. JlomycTHM, 4YTO
) n jeJur a-d.

Kpome Toro, B KauecTse LONYIIEHHs KOCBEHHOTO J0Ka3a-
TeJdbcTBa 2 MBI IPHHMMAeM, 4TO

(P))] n_He JIeJHT Q.
Ilo 3akoHy:
(3) Ecm n memat a-b M n He JEJMT @, TO 7l AETHT b
MBI IOJIyYaeM: 1
(4) Ecm n pe/mr a-a H n HE JEJHT 4, TO n JeJmT a.
Hs (1) u (2) caenyer:
(5) n IeJHT a-a M n He JEJHT 4.

! HanoMRHM UMTATeJI0 3TO ONIpelejenue: 4 ACJMTCA Ha b Toraa,
1 TOJbKO TOTAA, KOT/A CYLIECTBYET TaKoe LeJoe UHCJO ML, uTO a=m - b.

2 KocBeHHble AOKA3aTENBCTBA TAKXKe HA3HIBAIOTCA AOKA3ATEILCTBA-
MU OT npoTuBHOTO. — /IpUM. nepes.
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Us (4) u (5) caelyeT, 4To
(6) n AeNHT d.

1o mOCAeLHEe MPEJONKEHHe, ONHAKO, NPOTHBOPEUHT npen-
noxenuo (2).

Koncraralus NPOTHBOPEUHs O3HAUaeT, HuTo JoKa3aTelb-
CTBO JaHHOTO YTBEPXKIEHHs 3aKOH'IEHO.

PaccMaTpuBasi 5TH [J0Kasare/bCTBa Kak THNHMYHBLIE TIPH-
MepHl, Mbl MOXKeM Cc(pOpMy/THPOBATDH npasusia, Onpejesio-
mue ux cTpykrypy. O6a JOKasbIBaeMbIe yTBepXKIEHHT —
yCMOBHBIE TPEJIOXKEHHS. JlokasaTeJbcTBa 3THX MPELTONKE- -
Hut IpefcTaBasIoT cO0OH HEKOTOPLIE mocJiel0BaTeJbHOCTH
NpeaJoXKeHHH (dbopmya), KOTOpEIe Ha3bIBAIOTCA CTpPOKaMH
JaHHBIX JoKasarelbcT. OHAKO OHH pasaHyaiTcs CBOEH
- cTpykTypo#l. B mepsoM mpuMepe B KauecTBe [JOMNYylIEHHs
Mbl IPHHHMaeM aHTele[eHT [O0Ka3hiBaeMOoro yTBepXKIEHHS.
Vs 5TOro AONyLIEHMs MBI, HCIOJB3Ys H3BECTHBIE HoJIoXKe-
HWs, BLIBOAHM caeicTBHs. JokasaTelbeTBO cuHTaeTcs 3a-
KOHUEHHLIM, KOTZa Mbl NOJy4aeM KOHCEKBEHT JOKa3blBae-
. MOTO yTBepXJeHHs. Bo BTODOM IPHMEDE MbI NpPUHHMAEM B
KayecTBe JOMyLIEHHA aHTEUeNeHT H OTpUIaHHE KOHCEKBEH-
Ta (momylieHHe KOCBEHHOTO JOKa3aTelbCcTBa) JHOKasbiBae-
Moro yreepxjenus. Ha stuX JOTMyLIeHHH# Mbl BBIBOAHM
caencTBHs. JlOKa3aTe/lpCTBO  CHHTACTCA 3aKOHYEHHBIM,
KOr/Ja MBI MoJyuaeM IPOTHBODeyallye MPe/IOXNEHH .

IIpaBunia, onmpeneJsiomiue CTPYKTypy KaXJ0oro M3 3THX
J0Ka3aTeabCTB, MBI GyleM HasblBaTh npaBHNaMH TOCTpPOE-
HUs JOKA3aTeJbcTBAa. AHAJM3HPys MPHBEIEHHbIE JoKa3za-
TeJLCTBA, Mbl, KpOME ITHX NPaBHJ, MOXKEM BLIABHTb B HHX
npuMeHeHHe NPaBHA H MHOTO poJa. Hanpumep, nepexols
BO BTOPOM [0Ka3aTe/bCTBE OT CTPOKH (4) u (5) k cTpO-
ke (6), MBI TOJIb3yeMCs IPABHJIOM, KOTOPOE [03BOJIeT H3
YCJIOBHOTO NPEJIOKEHAs H €ro aHTellefleHTa MOJYYUTb €ro
KOHCeKBEHT B KauecTBe CJeJICTBHA. Crpoky (5) sroro xe
J0Ka3aTeNbLCTBA MBI NOJy4aeM H3 CTPOK (1) u (2) mo mpa-
BHJy, KOTOpOE MO3BOJAET H3 ABYX NpeaJoKeHHH BBIBECTH
Ax KOHbioHKuHMIO.: IIpaBuia 3TOro poAa Mbl 6yLeM HasbBaTb
npaBHAaMH NPHCOEIHHEHHS HOBBIX CTPOK (x nokasareJb-
cTBY). OTH NpaBHja yGTaHABJIMBAIOT, B KaKHX. yCJIOBHAX
MOXHO MPHCOEIMHSATb K JOKa3aTelbCTBY HOBBIE BHIpaxe-
HMs ONpE/eJEeHHOTo BHAA, CJeAylollne H3 TeX BBIpaxXKeHHH,
KOTOPHIe yXKe HMEIOTCSl B J0KasaTe/bCTBe.

Kak cpein mpaBHJ/ NMOCTPOCHHSA J0Ka3aTesbCcTBa, TaK H
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Cpeld NpaBM/ TNPHCOEIHHEHHS HOBBIX CTPOK pasJH4aioT
OCHOBHbIE M NPOH3BOAHLIe NMpaBusia. OCHOBHbBIE MpaBUaa MBI
npuHAMaeM Ge3 10Ka3aTeabCTBa, CTAapasich NMPH 3TOM BHIGH-
paTh HX TaK, YyToOH OHHM OBIIM cOJLepKaTeNbHO Hanbojee
oueBHAHbIMH. [Ipou3BoAHbIe mnpaBHIa OGOCHOBLIBAIOTCH C
IOMOMIbIO OCHOBHLIX NIPABUJ H TeOpeM, KOTOPhle MOXKHO
J0Ka3aTb ¢ IOMOIIBIO OCHOBHBIX INpaBuJ. [IpousBojHbIe
npaBHJa BBOAATCA C LEJbIO COKpAllleHHs [AOKasaTelnbCeTs.
Teopernuecku, OfHAKO, MOXHO OOOHTHCh (€3 3THX NpPaBHJ:
JM00yl0 TeopeMy, MOKa3aHHYI C MOMOIIbI0 IPOH3BOAHBIX
npaBuJ, MOXHO J0Ka3aTh ¢ IOMOIILI) OJHHX JHIIL OCHOB-
HBIX IPaBHJL.

B ucuncieHHH NpejJloXeHHfi MBI NPUHHMAaeM CJeayio-
IHe OCHOBHble MpaBHJa NPHCOEJMHEHHS HOBHIX CTPOK
(K IoKa3aTeNbCTBY) Ha OCHOBAHHM YK€ HMEIOIMXCH CTPOK:
1) lIpaBuao orneneHus.

9T0 MpaBHJO YCTaHABJIMBAeT, YTO €CJH B A0Ka3aTelb-
CTBE MMeeTcd MMIVIMKAlHs U ee aHTeleleHT, TO K JoKasa-
TeJNbCTBY MOXKHO NPHCOEJIHHHTb KOHCEKBEHT JaHHOH MMILIH-
Kalluu.

[IpaBuno ornenenusi, kKotopoe Mbl GyaeM 06o3Ha-
yate I1O; 3amuchiBaeTcsi B BHAe CJAeAYIOIEH CXeMBbI,
cocrodlleii M3 JBYX uyacTell (BepxHell W HHXKHeil), pasje-
JIeHHbIX TOPH30HTaJbLHOH uepTOil:

1o 9
?

K4

TaK, 3allMCaHHOe MpaBHJIO YCTaHaBJHBaer, 4TO K JOKasa-
TEJbCTBY MOXHO NPHCOEJMHHTb B KauecTBe HOBOI:I CTPOKH
AOKasaTeJbCTBAa BbIpaxXKeHHe 'lIJ, eCc/u B J[J0Ka3aTeJdbCTBe
HMEIOTCHl yXKe BHIPa)KeHHsl ¢—) H BbIpaxKeHHe ¢ (ecad
BbIpaXeHHs ¢— M ¢ 00pasyloT HEKOTOphle M3 yXKe HMeio-
HIHXCA CTPOK lIOKaSaTEJleTBa) He3aBHCHMO OT NOpsilKa,
B KaKOM 3TH BbIpaxXeHHf BXOISAT B J0Ka3aTeJNbCTBO.

OcranbHble npaBusia IPHUCOCIMHEHHSA HOBBIX CTPOK MBI
TaKXe 6y11eM 3allUChIBAaThb B BHJAE€ aHAJOIrHYHBIX CXeM.

TlpaBus0O OTHeNeHHss NpUMEHSETCs, HampuUMep, B CJe-
AyIOIeM pacCyXIeHHHU:

Ecan cymma nundp uucaa 30612 gesurea Ha 3,

To uucao 30612 pemwrcs ma 3.
CymmMa nuopp uucaa 30612 penwres va 3

Yucno 30612 meaurca Ha 3

16



2) [IpaBuno BBENEHHA KOHBIOHKIHUMU:
BK P

%
eAY
IlpaBus0 BBEJeHHS KOHBIOHKIMH yCTaHaBJHMBaeT, UTO K
JOKa3aTeJqbCTBY MOXKHO INPHCOEIHHHTL KOHBIOHKIHIO, €CIH
B JloKa3aTesNbcTBe MMeloTcs o0a ee uJjieHa.
IIpumep paccyXIeHHs 1O NpaBH/Jy BBEAeHHS KOHDBIOHK-
LIUHU;
a<x
x<<b
a<<xANx<b

(unu cokpamieHHo: a<x<b).
3) IpaBuno ynaneHHss KOHBIOHKIHH:

YK ¢A¢; PAYD -
@ v

[IpaBuso ynaneHHs: KOHBIOHKLMM YCTaHaBJAMBaeT, YTO
ecJM B JOKa3aTeJbCTBE HMeeTcsl KOHBIOHKIMs, TO K JOKa3a-
TeJNbCTBY MOJKHO NPUCOeJHHHTb NPOHU3BOJBHBIH uJleH 3TOH
KOHBIOHKI[HH.

ITpaBuno YK MoXHO 3amucaTh B BHAE OLHOH CXeMBbl:

oAY
¢

. ¥
Boobuie mpaBHJIO, HMeIOLIee CXEMY
q.)l
Pn
Ao
be
yCTaHaBJHUBAET, YTO €CJH B JOKa3aTeJbCTBE MMEIOTCH BhIpa-

KeHMs @, .., Ppn, TO K JOKA3ATEAbCTBY MOXKHO NPHCOEIH-
HUTbL J1060e U3 BhIpaxKeHHi VP, ..., Pr.

-
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IMpumep paccyXIeHHs MO HpaBHNy yAajeHHs KOHDIOHK-
HHH: l o

a<tANx<b (um a<lx<lb) a<lxN\x<b

e

alx x<b

4) MpaBuaO BBeleHHA NH3BPIOHKIHH
B P : ¥
eAY " VY

TIpaBuio BBeJeHHs [AHIBIOHKIHH yCTaHABJHBAET, YTO K
JI0Ka3aTeJbCTBY MOXKHO NPHCOEJHHHTb NH3DBIOHKIHIO, €CJIH
Kakoi-nMu60 usieH 3Toit NH3BIOHKIHH yXKe HMeercs B JOKa-
3aTesbCTBE.

Tpumep paccyX/JeHHs 1O NPaBHJy BBEAECHHs NH3BIOHK-
IHH: :
a>0 . a=0
? .
a>0\/a=0 (awma>0) a>0va=0
5) Mpasuno yfaleHHs AH3BIOHKIHK

AVAY

va il BSY
K

. TlpaBuo yaajeHHs NHIBIOHKIHH YCTaHABJIHBAET, HUTO
ec/lH B J0Ka3aTeqbCTBE HMEIOTCS AH3DBIOHKIHA H OTPHUAHHE
ee [EPBOTO UJeHa, TO K J0Ka3aTe/lbCTBY MOXKHO NPHCOELH-
HHTb BTODOH YJleH 3TOH AH3BIOHKIHH.

TIpumep paccyX[eHHs IO MPaBHJY yAaleHHs AHSBIOHK-

HMH:

a>0\/a=0
_~a>0
fa=0
6) Ipasuno BBeJeHHSA 3KBHBaJeHTHOCTH:

Y-
—
B3 Y-
p=1
npaBHJlo BBE€JEHHSA 3KBHBAJEHTHOCTH YCTaHaBJlP[BaeT,

YTO K JOKa3aTeJbCTBY MOXHO NIPHCOECIHHHTD 3KBHBAJEHT-
HOCTb Q= P, €clH B JOKa3aTeJbCcTBe HMEIOTCH HMIIJIHKA-

18



s ¢— W ob6paTHas IO OTHONIEHHIO K HeH MMIIMKaLHs
Y—¢ (monyuieHHas W3 NEPBOH NEPECTAHOBKOH aHTele/leH-
Ta H KOHCEKBEHTa). :

. [IpuMep paccyxk[eHHsl 1O NpaBuly BBEJeHHs SKBHBA-
JIEHTHOCTH: ,
Ecau cropoHst a 1 b TpeyroibHHKa paBHBHI, TO YIJ
Jexalide NPOTHB CTOPOH @ M b, paBHHL
Ecau yribi, aexaiie IpOTHB CTOPOH @ M b, paBHH, TO. |
CTOPOHHl @ M b B TpeyrojbHMKe DaBHBIL

bl,

CtopoHbl a 1 b TpeyrolbHHKA PaBHBE! TOT/Aa, H TOJNBKO TOTAa,
KOrZa yIJbl, Jexaliie NPOTHB CTOPOH @ M b, paBHEI
7) IpaBuao yjlaneHHss 3KBMBAJEHTHOCTH:
V3 P=9 . P=9
L Aad L Aad
[IpaBuno ynaneHHs 3KBMBAJEHTHOCTH yCTaHaBJMBaeT,
YTO K JOKa3aTeJILCTBY MOXHO NPHCOEIMHHTh KaK MMILJIMKa-
IIMIO, aHTELEJIEHTOM KOTOPOH ABJsieTcs NMEPBBIA YJieH SKBH-
BaJEHTHOCTH, a KOHCEKBEHTOM — BTOPOH ee uJieH, TaK H
MMIIHKAMIO, O6paTHYI0O MO OTHONIEHHIO K NMEPBOH MMILIH-
Kauud. DTy MepByl0 HMIVIMKauuio Mel OyleM HasbiBaTh
NpsAMOH HUMIJHKAaHUed. :

[Tpumep paccyXieHHss MO NpaBUly yJaleHHs 3KBHBA-
JIeHTHOCTH: :

~xy=y<x ,  ~x>y=y<x?
~xyoy<x’ Y<x—>~x>y

Yro6r 061eryuTh 3aNOMHUHAHME STHX IPaBHJ, MBI O6pa-
11aeM BHUMAHME Ha TO, YTO [J/151 UMINIMKALUK HMEETCs BCEro
OJIHO OCHOBHOE€ NpPaBU/O — MNPABHJO OTAENeHHs; [ Kax-
JOTO K€ M3 OcTaldbHEIX (PYHKTOPOB MMeIOTCA [JBa NpaBHia:
npaBuNo BBEIEHHs M NPaBHAo yAaneHus. Kpome Toro, B
npaBHae BBeJeHHSi COOTBETCTBYIOLLas MOCTOsfIHHAs (UIypH-
pyer B HMXKHell YacTH CXeMbl, HO He B BepXHel; B IpaBHie
ylaneHus JaHHas NOCTOsiHHasA HrypHpyeT B BeDXHeH 4acT
cXeMbl, HO He B HHXKHeM.

[Tepeurcnennsie 3Jecb OCHOBHBIE NpPaBUJla NPHCOENHHE-
HHS HOBHIX CTPOK IIOHOCTBIO OHEBMIHB Ha OCHOBAHHH

1 B nojsiuAHKKE:
~XZ2Y=Y>x ~X2Y=SY>X
~XZYoYSE | YSEIoNXZY

— Ilpum. nepes.
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yKa3aHHOro B § | 3HaueHHs QYHKTODOB: HpHCOeIMHSEMble
MO 3THM MpaBHJaM BbIPAXEHHs CJAEAYIOT U3 TeX BhIpaxe-
HHH, KOTOpbie C/yXaT OCHOBAaHHEM [ NPHCOENHHEHU$
nepsbix. Hanpumep, M3 KOHBIOHKUMM ClleflyeT KaXAblil Hu3
ee YJIeHOB, U3 MMIIMKALMH H ee aHTele€HTa — ee KOHCEeK-
BEHT U T II.

BooGe ropopsi, 3TH npaBuna GblIK yXKe JABHO H3BECT-
Hel U chopMynvpoBaHb B Jorkke. Hanpumep, npasuao
oTAe/NeHHs ObIO yxe chopMmynupoBaHo croukamu (III Bek
ZO H.3.) B KauecTBe OJIHOTO H3 OCHOBHHIX (<HE/IOKa3yeMbIX»)
NPaBUJ NOCTPOEHHOH MMH — BIEPBble B HCTOPHH JIOTHKH—
CHCTEMBl MCUHCJIEHMs npeAJoxeHuii!. 1o npaeuio 6blI0
H3BECTHO NOJ, HasBaHueM «modus ponens» (WM TOYHee:
«modus ponendo ponens»). Y CTOHKOB QUIYpPHPYeT Takke
NPaBHJIO yAaJleHHs AH3BIOHKIMH, cHOPMyJHPOBaHHOe, OJ-
Hako, AJ HCKJIOYAKOe# AM3BIOHKLHUM 2, I/ KOTOPOH He
NPOXOAHT NPaBHJO BBEJEHHs AH3DbIOHKUMH. [IpaBuio yna-
JIeHHs. JU3BIOHKUMHM ObJI0 H3BECTHO MOJ HasBaHHEM
«modus tollendo ponens». IIpaBuisio BBeJeHHs AU3BIOHKIHH
umeercss y Jorukos XIII u XIV BekoB (PoGepr Kuayopan,
AnbGepr Cakconckuil, Moann Bypuian), KoTophle Takike
chopmysHpoBaNH NPaBHAO yAaleHHs HEHCKJIOYaomel
AuzbioHkuuM. Hanpumep, Po6epr Kunyopam (XIII Bek)
(opmyaupyer npaBuio yaaseHus LM3BHIOHKIHH, KaK NPaBH-
JI0, yCTaHaBJHBalOllee, YTO AM3BIOHKLHUS 3 clelyeT U3 JI0-

! IlpuBefienHrle B JaHHOM yueSHMKe MCTOpHueCKHe CBeJEHHS MBI
NOYepNHYJIM IVIaBHHIM o6pasoM u3 pa6ot: I. M. Bochefiski, Formale
Logik, 1956; I. M. Bochefiski, Ancient Formal Logic, 1951;
T. Kotarbinski, Wyklady z dziejéw logiki, 1957 (umeeTcs pyc-
CKHH nepeBof 9roft paGots; cM. T. KoTap6uubckuir, Mabpanunbie
npousBefieHus, Vsfate/bcTBo HHOCTpaHHOR JwmTepaTyphl, 1963, — ITpum.
nepes.); J. Lukasiewicz Z historii logiki zdafi, 1934; E. A. M o o-
dy, Trutht and Consequence in Mediaeval Logic, 1953.

2 Cp. nuxe, § 4, crp. 64—65, JIusnbioHKuuo, Aaa KOTOpO# GHlJH
chopmymipoBany npaBuna BJIL u V]I, HasHBAIOT TakXKe HEHCKIIOUAIO-
wefl AM3bIOHKIMef, ’

8 B moATMHHHKe K STOMY MeCTy MMeeTcs ClefylOliee NOACTPOYHOE
npumeuanue: Dla ozmaczamia altermatywy uzywamo wtedy terminu
«dysjunkcja» (nocnoBro, «JIa1 0603HaueHHA aJIbTepPHATHBLl TOTAA MOJb-
30BAJIMChb TepMHHOM <«[U3BIOHKIHA»). Tloabckoe <altermatywa» bl me-
PEBOJMM KaK «JM3BIOHKIHSA», a ToJbckoe «dysjunkcja» — kak «HecoB-
MEeCTHOCTb», KOI'la NMOCJAe[AHHUH TepMHH ynoTpelJseTcs AJa 0603HaueHHS
BRIDAXKEHUA: He — @ WM He— P (HJIM TO M APYroe), U KaK «IH3BIOHK-
1us», Korja «dysjunkcja» ynorpeGisieTcs B HeyTOYHEHHOM CMLIC/AE B TeX
MECTax opuruHaia, rje coOSIIAIOTCA MCTOpHYecKHe cBefienus. (Ilopo6-
HbIX MpUMeYaHHi Mbl Gosblie He GyheM fesiarh.) — ITpun. nepes.
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6oro csoero uneHa. OH Xe NPHBOAMT CJAelyOLIMH HpHMED
paccyxjeHus IO 3TOMYy IpaBHJAy: Thl CHIMIIb, CJeOBa-
TeJNbHO, Thl CHAMIIb MJM Thl He CHIHIIbD.

Y Anb6epra CaKCcOHCKOro Takxe (GopMyJaHpyeTcs Ipa-
BHJIO ylalleHHs KOHDBIOHKIHH (<IPOU3BOJIBHBI  YJeH
KOHBIOHKLHH CJleflyeT U3 KOHBIOHKIHH, 4JEeHOM KOTOPO# OH
siBJAsieTcs»). BBeleHne KOHBIOHKIMH GOBIO M3BECTHO YXKe
CTOHKAaM, KOTOphle yTBepXKAaJH, YTO KOHDBIOHKIHS HCTHHHA
TOFZAa, U TOJBKO TOTJla, KOTJa HCTHHHbLI 06a ee uJjleHaA.

XoTs HEKOTOphIE NpaBHJIa AJs 3KBHBAJEHTHOCTH ¢op-
MyJaHpyeT yxe DBosuu#i, XuBmuii B KOHUe V M Hazazle
VI BekoB, 0JHAKO, O-BHAHMOMY, IpaBU/ia BBeJeHHS H yIa-
JIEHHs] 5KBUBAJIEHTHOCTH, yCTaHaBJHMBalOLUIHe CBA3b MEXLY
3KBHBANIEHTHOCTbIO H UMIIHKanueH, GopMy/IHPYIOTCS JHLIb
B HOBOE BpeMH.

Cpean mpaBu/ NMOCTPOEHHs AOKAa3aTeJbCTBa Mbl PasJiH-
yaeM NPAaBHJO NOCTPOEHHS NPAMOrO JOKasarelbCcTBa (MO-
CPeACTBOM JONYILEHHH) M NPaBUJIO INOCTPOEHHS KOCBEHHOrO
JOKa3aTelbcTBa (IOCPEICTBOM AONYLIEHHH).

Cnoco6 mocTpoeHHs NPSMOrO JOKa3aTesJbCTBAa MBI pac-
CMOTPMM cHayajla Ha IpuMepe [OKa3aTelbCTBa 3aKOHA
FHIIOTETHYECKOTo (YCJNIOBHOIO) CHJJIOTH3Ma:

(P—=q)—lg—=>r)—(p—>1)l.

JlokasareqbcTBO 3TOH TeopeMbl Mbl HauHEM C .BBIIHCHI-
BaHUs (B KauyecTBe JONylleHH#) ycjoBuit Teopembl. Ileppoe
JonylleHHe — aHTeHeNeHT Bcell HMIIHKAN WK, TO eCTh BhIpa-
XeHHe p—q. Bropoe nonmyiieHHe — aHTeleJeHT OCTaJbHOM
YacTH BblpaxeHHs (IIOJMy4YeHHOH M3 BCEro BbIpaXKeHHS
BbIUeDKHBAHHEM IEPBOr0 [ONMYUIEHHS M HemocpPeACcTBeHHO
caelylollero 3a HUIM 3HaKa UMIJIMKANKH), TO ecTh BhHIpaxe-
HHe ¢—r. Tperbe ponyiieHHe — aHTELfEHT OCTAJBLHOH
4acTH BhIpAXKeHHs (IOJNYYE€HHOH BhIUEDKHBAHHEM Hpelmiect-
BYIOIUHX JAONYLIeHHH# M CJAeAYIOIIMX HENOCPeJCTBEHHO 34
HUMH 3HAKOB UMILJIMKANMH), TO ecTh BhIpaxeHue p. Ha satoM
Mbl 3aKaHYHBaeM BBIMHCLIBAHHE [OMyLIEHHH, NOTOMY HTO
OCTaJbHASl YacTb BHIpAXKEHHS yXe He SBJASETCH HMILJIHKa-
uueln. Ilocne BhIMMCHIBAHYA AONYUIEHHA MBI NpPOAOJIKAaeM
JOKAa3aTeJbCTBO, CTPEMACh K TOMY, YTOGHl NMOJY4YHTb B Ka-
uecTBE IIOCJeJHeH CTPOKHM [0Ka3aTellbcTBA BbIPaXKeHHe,
ocramoouleecs mocJe BbUEPKMBAHMs JONYLIeHHH W Helmocpes-
CTBEHHO CJEeAYIOUINX 34 HUMH 3HAKOB HMIJIMKAHHH, TO €CTb
B HaueM npHMepe BbipaxeHHde r. [Ipn 3TOM K HoKasaTesb-
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CTBY MBI MOXKeM IIpHCOeJMHATL HOBHE CTPOKH Ha OCHOBa-
HHH yXe HMeIOUIMXCs CTPOK IO NPHBEAECHHBEIM BHIillE€ OCHOB-
HHIM NpaBuJaM NpHCOeJHHEHHs HOBHIX cTpokK. CmpaBa ot
KaXJ0#l MoJyyeHHOH TaKHM NyTeM CTPOKH MH OyJeM yka-
3bIBaTh, HA OCHOBAaHHH KaKHX NPaBHJ H CTPOK Oblla OHa
nonyyena. Takum cnoco6oM MH NOJydaem cjaelyiouiee
J0Ka3aTeJIbCTBO TEOPEMBI: »

p>9-Mg-n->@->0)
Hok. (1) p—gq)
@) g-r {Bomyimenus}
3 r
) ¢q {I1O: 1; 3}
r {I10: 2; 4}

Boo6uie npsMoe A0Ka3aTeJbCTBO BhlpaXeHHs

(1) P2 {P P~ ... =2 (9—1—F) .. .1}
CTPOHTCA clelyloluM o6pa3oM: :

1. B nepBeix n—1 cTpoKax BHIIHCHIBAIOTCS IOCJEAOBa-
TEJbHO BHIPAXKEHHS @1, P2, ..., Pn—y B KayecTBe YCJIOBHH
TEOpEeMEI. )

2. K [10Ka3aTesbCTBY MOXKHO IPHUCOEIHHATH:

a) paHee  JOKa3aHHble TeOpeMbl B KayeCTBe HOBBIX
CTPOK,

6) HOBble CTPOKH Ha OCHOBAHHH y»Ke HMEIOLIHXCA CTPOK
no npasuiam I10, BK, YK, BA, VI, B3, ¥3.

3. JIoKa3aTenbCTBO 3aKOHYEHO, €cJH €ro Mnoc/ieaHss
CTPOKAa €CTb BhIPaXKeHHEe @,. [locneiHss CTpoKa [0Kasa-
TeJIbCTBA HE HYMEpYercs; TeM CaMbIM OTMeYaercsi, 4YTO
JOKa3aTelbCTBO 3aKOHUYEHO.

Ecaun nokasbiBaeMasi TeopeMa He MMEET BHAa HMILJIHKa-
IIMH, TO B JOKA3aTeJbCTBO He BBOJAHUTCA JONyHieHHH. B aToM
cillyyae [0Ka3aTeJlbCTBO HAaYHMHAETCs BHIMHCHIBAHHEM OJHON
uwiu GoJiee paHee JOKa3aHHHIX TeOpeM, YTO NpeAycMaTpH-
BaeTcsi MNYHKTOM 2,a) B ONHCAHHH INPSAMOro JOKa3aTtesb-
crBa. B aToM ciayuae Bce CTPOKH JOKasaTelbcTBa OyayT
TeopeMaMH. J[loKa3aTeAbCTBO 3TOTO pOJa Mbl Ha3biBaeM
0GB YHBIM NPAMBIM AOKa3aTeabcTBOM. IIpHMepoM Takoro
JI0Ka3aTe/bCTBA sABJSETCS NOKAa3aTelbCTBO Teopembl T2b
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cnenyiouero naparpaga. Takum oGpasoM, He HCKJIOYaer-
cq, uto BhipaxkeHnue (I) Moxer uMers BHI @i, TO €CTb
MoXer GbITb paBHO I.

Cnoco6 MNOCTPOEHHs1 KOCBEHHOrO J0Ka3aTeJbCTBa MBI
paccMOTPHM BHayaje Ha IpHMepe JOKasaTe/lbCTBa OAHOrO
H3 3aKOHOB KOHTDANO3HIHH: -

(~p—q)—>(~qg-p).

Tak e Kak H B cjydae IpAMOro J0oKa3aTesNbCTBa, KOCBEH-
HOe JI0Ka3aTeJbCTBO MBI HauyHHaeM ¢ BHIHCHIBAHHA AONY-
IEeHHH, KOTOPbHIMH B HaileM NpHMepe sBJAIOTCA BbIpaxe-
HHAA: ~ p—(, ~¢. 3aTeM Mbl BbIIHCbiBaeM OTPHIlaHHE
OCTaJbHOH YacTH BhIpaXKeHHs (MOJy4eHHOH BBIUEPKHBaHHEM
JONYLIEHHH! H COOTBETCTBYIOIIHX 3HAKOB HMIIHKAIHH)
B KayecTBe AONYL[€eHHA KOCBEHHOro AO0Kasa-
TeAbCcTBa. B HameMm npuMepe AONYyLIEHHEe KOCBEHHOTO
J0Ka3aTeqbCTBAa — BHIpaXKeHue ~ p. Mbl npojo/ikaeM J0-
Ka3aTeJbCTBO, NPHCOEJHHAs HOBble CTPOKH Ha OCHOBaHHH
NPHHATBIX NPaBHJ; NPHYEM Mbl CTPEMHMCA K TOMY, 4TOGHI
NOJY4YHTh [B€ NPOTHBOpEYallHe CTPOKH, HHaye roBOpd,
cTpokn BHAa $ H ~. TakuM cnocoGoM MH MOJdyYyaeM
clelywoniee J0KasaTeJIbCTBO TEOPEMBI:

(~p—q)=>(~qg-p).
Tok. (1) ~p=g } { nomymerus}
(2) ~q
3) ~p {Aor!ymeﬂne KOCBEHHOTO
’ JioKasaTeJsibcTBa
4 9 {rio: 1; 3}
TNPOTHBOpeuHe : {2; 4}

Boo6me KOCBEeHHOe J10Ka3aTeibcTBO BhipaxkeHus (I)
CTPOMTCA ClefylounM 06pasomM:

1.-a) B mepBeiXx n—1 CTPOKax BHIMHCHIBAIOTCA NOCJIENO-
BATEbHO BHIPAXEHHA @1, P2, ..., P1—n B KauecTBe YCJIOBHH
TeopeMH, . :

6) B n-i CTPOKe BLINHCHIBAETCA BHIPAXEHHE ~Qn
B KayecTBe JOMNYIIEHHs KOCBEHHOTO N0Ka3aTeJbCTBa.

2. K 10Ka3aTelbCTBY MOXHO IPHCOENHHATH:

a) paHee J[OKazaHHHe TEOPEMbl B KauyecTBE HOBBIX
CTPOK,
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6) HOBBIE CTPOKH Ha OCHOBAHHH yiKe HMEIOL[HXCSI CTPOK
no npasuaam I10, BK, YK, BLI, Y, B3, ¥3.

3. Joka3aTesbCTBO 3aKOHYEHO, €cJH B HEM HMeIOTCA
IBe MpOTHBOpeyaline CTpOoKH. OKoHYaHHE [OKa3aTeNbCTBA
OTMEYaeTcsi HaNHCaHHEeM B MOCJefHed (HeHyMepOBaHHOMN)
ctpoke «[IPTBPU» (cokpalieHue cJOBa <«NPOTHBOpEUYHE»)
H YKa3aHHeM COpaBa HOMEpPOB [BYX NPOTHBOpedallux
CTPOK. :

YcsnoBusi TeopeMbl H JONyllleHHe KOCBEHHOTO JOKasa-
TeJlbcTBA Mbl GyAeM HasbBaTh AONYILEHHSIMH [0Ka3aTesb-
CTBA.

Ecnu nokaspiBaeMasi TeopeMa He SIBJAsSeTCS HMIJIHKa-
nuel, To N0Ka3aTeJbCTBO HayHHaeTcsi JONylleHHeM Koc-
BEHHOI'0 [0Ka3aTeJbCTBa, KOTOpPOe B 3TOM cllydae ecTb
OTpHIlaHHEe JO0Ka3biBaeMoH TeopeMbl. Jloka3are/abCcTBO TOTAA
MBl Ha3biBaeM OOGBIYHB M KOCBEHHHIM J0Ka3aTeJlbCTBOM.
IIpuMepoM TakKOro AOKAa3aTeJbCTBA fBJsAETCS [0Ka3aTelb-
ctBo Teopemn T22 cienywoiero naparpada. Kak u B cay-
yae NPSAMOTO J0OKasaTeJbCTBAa HE HCKJIKWOYaercs, CJeJoBa-
TeJbHO, YTO BeipaxeHue (I) MoxeT UMETb BHI @.

Jlerko 3aMeTHTh, YTO JI060e TNpPsIMOe [OKA3aTeJbCTBO
BeipaxeHus (I) mMoxHO mpeo6pa3soBaTb B KOCBEHHOE JOKa-
3aTeJIbCTBO TOro JKe BeipaxKeHHs. C 3TOH HeJbI0 AOCTAaTOYHO
nocne (n—1)-# CTPOKH BCTaBHTb BHIpaXKeHHe ~ @,. Toraa
5Ta BCTABJIEHHAsl CTPOKA M TOCJAERHAS CTPOKAa [PsIMOro
JOKa3aTeJbcTBa Bhipa)keHHsi (I), a HMEHHO BhHIP aXKEHHE Qn,
o6pasyloT mapy OpPOTHBOpeYalllHX CTPOK, NPH HaJHYHH
KOTOPHIX 3aKaHYHBaeTCs KOCBEHHOe JoKa3aTeabcTBo. OTcio-
na cJelyeT, YTO AOCTATOYHO NPHHATb MPABHJIO MOCTPOEHHS
KOCBEHHOTO J[0Ka3aTeJbCTBAa B KauecTBe €IMHCTBEHHOTO
OCHOBHOTO TIpaBHJia MOCTPOEHHS NOKa3aTelbCTBa, MO0 Npa-
BHJIO TOCTPOEHHsI MNPSMOro [0Ka3aTeJbCTBA IPOHU3BOAHO
OTHOCHTEJbHO TpaBHJa  KOCBEHHOTO  [0Ka3aTesbCTBA.
(Boo6me Mbl TOBODHM, YTO IpPaBHJO R; NOCTPOEHHS AOKa-
3are/bCTBA INPOM3BOAHO OTHOCHTENBHO NpaBHia R, mo-
CTpOeHHs1 JoKa3aTelbcTtBa M TeopeM T mam npasua R
TOrZa, ¥ TOJbKO TOTAA, KOorja AJs AOKa3aTelbCTBa JIOGOH
TeopeMbl, MOCTPOEHHOr0 MO NpaBmay Rj, CymIeCTByeT Io-
CTPOEHHOe MO NpaBuay R, NOK43aTeNbCTBO TOH XKe Teo-
peMbl, B KOTOPOM HCMOJb3YIOTcsl TeopeMbl T HJH NpaBH-
aa R.) B nokasaTenbCTBaXx TEOPEM M NMPaBHJ HCYHCJIEHHS
NpefJoxeHuii (Kak W HCYHCJEHHs NPEIHKATOB, H3JIOXKEH-
Horo B pasfede II) Mbl He GyAeM, OLHAKO, OI'PaHHYHBATHLCH
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TOJIbKO OCHOBHBLIMH IIPaBHJIaMH, a 6yAeM NPHMEHATb TaKkKe
HEKOTOpHe NPOH3BOJAHBLIE TNpaBHJa, TO3BOJSAIOIIHE COKpa-
miaTh Te HJIH HHEle N0Ka3aTeJbCTBa. '

JlokazareabcTBa TNOCPEACTBOM AONYHIEHHH H3/AaBHA
NpPUMEHsJIMCh B JIOTHKE H MaTeMaTHKe. YXKe y co3jaTes
Joruku Apucrorenss (384—322 rr. g0 H. 3.) MB HaxoXHM
IOpHMepE NpPSIMBEIX H KOCBEHHHIX [0Ka34aTeJNbCTB [OCpes-
CTBOM jaonymeHnid. PaccMOTpHM, HanpuMep, CJeAylouLIHe
J0Ka3aTeNbCTBa, KOTOPble HMEIOTCS ‘B TeKCTax ApHCTOTEJs.

Mpumep 1. «Eciu M He npucyme HH ofHOMYy N'!
H npHcyule HeKOTOpniM X, To Heo6xoxumo N He mnpHcymie
HekoTopbIM X. Tak Kak OTpHIlaTe/bHAs NOCHIJIKA 06paTHMa,
10 ¥ N He Gyner mpucyue e ogHomy M. OpHako OBUIO
npHuHsATO, uTO0 M mpucyme HekoropeM X, a noromy N He
6yZer mpHcyule HeKOTOpbIM X. 3akJioueHHe Mbl NOJydyaeM
N0 nepBofl (pHUrypes.

3nechr ApHcTOTeN b [OKA3BIBAET MOAYC BTOPOH (PHIypH
CHMJIJIOTH3Ma (H3BecTHHIH moj HasBaHHeM «Moayc Festinos):

Ecim vu opHo N He ecto M u Hekoropee X cyTb M,
TO Hekotopeie X He cyTh N. '

JlaHHOe J0Ka3aTeJbCTBO ApHCTOTeNb IPOBOJHT TaK:
B KauecTBe JONYIIEHHs1 (MOCHIIOK) OH MPHHHMaeT 06a uJjieHa
KOHBIOHKI[HH, O6pasyiouleii aHTelefeHT 3TOro Mopyca. Us
IepBOd MOCHWIKH HAa OCHOBAaHHH 3aKOHa oOpamieHus o6uie-
OTpHLaTeJHHOIO NpejJoxeHuss (To ecTb 3akOHa: Eciu HH
oano N ue ectb M, To HH ogHo M He ectb N) Apucrorenn
BLIBOJMT npenJioxenue: Hu oaHo M He ects N, a u3 nocaen-
Hero mpefJIoKeHHs H BTOPOH NOCHIJIKH TNOJyuaeT B Kade-
CTBE CJEICTBHS KOHCEKBEHT [OKa3blBAeMOH TEOpEeMBI:
Hekoroprie X He cyThb N — Ha OCHOBaHHH Mojyca HepBOH
dburypsl (HaseiBaeMoro «MojycoM Ferio»): Eciau HH oaHO
M e ectb N u Hekotophie X cyrb M, To HekoTopnle X He
cyts N. Takum oGpa3oM, 3/iech Mbl HMeeM IIPHMep NpPSMOTro
J0Ka3aTeNbCTBa MOCPEACTBOM JONYyuleHHH. AHaJOTHYHO H
ApYTHE NOKa3aTeNbCTBAa MOAYCOB BTOPOH H TpeThed (Hryp
Ha OCHOBaHHH MOJAYCOB TiepBOH (HIYpHl, KOTOpLIE Ha3bl-
BaIOTCsl JOKa3aTelbCTBAMH uepe3 oOpalleHHe, OTHOCATCA K
OpSAMBIM [0Ka3aTeJbCTBaM MOCPEACTBOM JONYUIEHHH.

! ®opmyaupys MoZychl CHJVIOrH3Ma, ADHCTOTesb MOJIB3YeTCS Bbl-
paxenneM «M He mpucyme Hu omHoMy N» BMecto BhpaxkeHus «Hu on-
Ho N He ecth M», Bmecto Bhipaxenudsi «Hekoropnie X cyrb M>»,— BhI-
paxeHueM «M npucylme HekoTopsiM X», BMecTo Bhipaxenus <«Hekoro-
peie X He cyTb N» — BhipakenueM «N He NpHCyLle HEKOTOPHIM X».
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Mpumep 2. «<Eciu M npucyue scem N ! u He npucyuie
HEKOTOPHIM X, TO Heo6x0fuMo N He IPHCYILE HEKOTOPHM X,
u6o eciu N mnpucyme Bcem X, To M Ke cKasbiBaeTcs O
Bcex N, u torna N H0JMXKHO GHTb HpHCyle BceM X; ONHaKO
6BLJIO TIPHHATO, 4TO M He NpHCyLle HEKOTOPHIM X».

3nech ApHcTOTeNb AOKa3biBaeT MOAYC BTOPOH ¢Hryphl
(u3BecTHHI MOA Ha3BaHueM «Moayc Barocox):

Ecom Bce N cyTs M u Hexoropuie X He cyTb M, TO Hes
Kotopule X He cyTh N. '

JlanHOoe N0Ka3aTeNbCTBO APHCTOTEeNb MPOBOAHT TaK: OH
npuHHEMaeT o6e MOCHJIKH 3TOr0 MOAyca (B KauecTBe ycJso-
BHil TeopeMbl) H INpelJoXeHHe, MPOTHBOPeYallee €ro KOH-
CeKBeHTy (B KauyecTBe JONYHIEHHS KOCBEHHOTO NOKa3aTe/b-
cTtBa), To ecTh mpepjoxenue «Bce X cyrp N». M3 aroro
NPeNJIOXKEHHs H INePBOil MOCHJIKH ApHCTOTEIb BHBOJUT
npenjoxenue: Bece X cyrb M — Ha OCHOBaHHMH MOJyca nep-
BOH (HUrypH, HaseBaeMOro «MoaycoM Barbara»:

Ec/m Bce X cyts N u Bce N cytb M, 10 Bce X cyts M.

OnHako MOJyyeHHOe TaKHM NyTeM MNpelJioXKeHHe NpPOTHBO-
PeYuT BTOpPO# mochuiKe, KoHcraTauue 3TOro npoTHBOpEYHs
JI0Ka3aTeJbCTBO 3aKaHUHBaeTcsd. TakuM o0pa3oM, 3T0O —
THOMYHBI TpPHMepP KOCBEHHOro JAOKa3aTeJbCTBa TNOCpen-
CTBOM JONYIIEHHH. .

AHaJIOTHYHO M ApYyrHe apHCTOTEJNEeBCKHE A0Ka3aTelbCTBa
MOAYCOB BTOPOH H Tperbed (Uryp uepes mnpHBeleHHe K
HeBoaMoxHOMY («reductio ad impossibile») ortHOcATCH K
KOCBEHHBIM [OKa3aTeJbCTBaM TaKoro THma. B kauecrBe
HonyuleHHH ApHCTOTe/b NPHHHMAET IMOCBUIKH JOKa3hiBae-
MOro MojAyca H INpeJoXeHHe, NPOTHBOpeyaliee ero KOH-
cekBeHTy. J[0OKa3aTeNbCTBO 3aKaHYHBAeTCs MNOcJe BhIBENE-
HAS M3 3THX AONYIIEHHH NpPeNJIOXeHHs, NPOTHBOPEYamlero
OJHOH H3 NOCHUJIOK.

V CTOHKOB MBl TaKXKe HaxOJHM J0Ka3aTeJbCTBa NpaBH
HCUYHCJEHHS NPEAJoXKeHHH, KOTOpLe ABJAIOTCA NPHMEpaMH
J0Ka3aTelbCTB NOCPEACTBOM MAOMYyLIEHHH.

IMpuBenenHoe Ha cTp. 14 KOCBEHHOE - I0Ka3aTeJIbCTBO
TeopeMHl

Ecj n jequT a-a, T0 n JeJHT a

1 Bmecto Bmpamenns «Bce N cyTs M» ApHCTOTeab Takie NOJb-
syeTcsl BEIpaXeHHeM «M npucymie BceM N» HAR BupaxehneM <M cka-
abiBaercs 0 Bcex Ny,
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UMeeTcsi Y TIpeyeckoro MareMaTuka EBKJIHA2, XHBIIETO
nocie Apucroreds.

XoTs B NMpaKTHKE MaTEMaTHKH H JIOTHKH JlOKa3aTellb-
CTBa NOCPEJCTBOM JONYLIeHHA MaBHO NpPHMEHSIOTCH, Mpa-
BWJIA [JIS 3THX J0Ka3aTelbCTB CPOPMYJHPOBAHBE B COBpe-
MEHHOIl JIOTHKe JHIb HeZaBHO. Hacko/lbko HaM H3BECTHO,
NpaBUJIO NOCTPOEHHS KOCBEHHOrO JOKa3aTeslbCTBA, MPHHS-
TOE 3/1eCh B KayeCTBe OCHOBHOTIO NpaBHJa, He OblI0 chopMy-
JHpPOBaHO B paHee NMOCTPOEHHBIX CHCTEMAX, HCMOJIb3YIOUHX
IDONYIIEHHS.

Cpenn TeopeM HMCYHCJIEHHs IPENJIOXKEHHH Pas/H4aloTCs
TeopeMul paHra 1, paHra 2 W T. 1., BooGluie TEOpeMbl paH-
ra n, Tie n— HaTypajibHOe YHCIO0 > 1. DTo MoHsATHEe HMeeT
caenyiomee onpeaeseHne :

¢ — TeopeMa paHra 1 Torma, ¥ TOJBKO TOrAa,
KOrla CymecTByer (IpsiMOe HJIH KOCBEHHOE) J0Kasarelb-
CTBO BHIpaXKEHHs1 ¢, B KOTOPOM, NPHUCOEIHHsis HOBHE CTPO-
KH, NOJB3YIOTCS TOJBKO MNPaBH/IaMH, MNepeYHCIEHHLIMH B
nyHkTe 26) ONMHCAaHHs MpaBHJa NOCTPOEHHs (MPSMOro MJH
KOCBEHHOT'O) JI0Ka3aTeJbsCTBa.

¢—TeopeMa paHra n TOria, H TOJbKO TOTAS,
KOTJla CyIIECTBYeT [0Ka3aTeJNbCTBO BHIDaXKeHHs ¢, B KOTO-
pOM NOJIL3YIOTCSt — B COOTBETCTBHH C IYHKTOM 2a) omuca-
HHsI TaKOro JIOKa3aTeJbCTBAa — TEOPEMaMH, HMeEIOIIHMH
paHr He BHule n— | M KOorna @ He eCTb TeopeMa paHra
MeHbIIe 1. ‘

¢ — Teopema TOTAa, H TOJAbLKO TOTAa, Korja Cyume-
CTByeT Takoe HaTypaJbHOe YHCIO 1, 4YTO @ — TeopeMa
paHra n.

§3. Teopems: n npon3eodnsie npasua

OcHoBuiBasick Ha npaBuie YK, Mbl Oynem npH-
MEeHSTh B KauecTBe TIPOH3BOJHOIO NpaBH/Ia MPaBHJIO IO-
cTpoenHss (KOCBEHHOrO HJIH MpPSIMOro) JOKas3aTe/bCTBa, NO
KOTOPOMY TNpH BHITHCBIBAHHH YCJOBHA TEOPEMBl MOXKHO
pa3GuTh Ha OTHeJbHBEIE WIEHH KaXKJoe YCJIOBHE, HMeIollee
BHJI KOHBIOHKIHMH, H BHITMCHIBATb B KayecTBe MOMYUIEHHH
5TH OT/JeJbHBHIE WIEHH. B camoM Jelle, ecliH Kakoe-au6o
yCJIOBHE TEOPEMBI, BHITHCAHHOE [0 OCHOBHOMY MNpaBHJY,
qBJIsieTCsl KOHBIOHKIHeH HeKOTOPHIX BbIpaXKeHHH, TO mocne

1 JawHoe OmnpefeNeHHe ABJISETCS HHAYKTHBHBIM. Cp. pasza. II, § 5.
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npuMeHeHusi K HeMy mpaBuia YK Mbi moayyum B Jl0Ka3a-
TeJbCTBE OTHeJbHbE YJEeHbl NaHHOH KOHBIOHKLHH.

DT1uM cnoco6oM Mbl JOKAaXKeM, HalpuMep, BTOpPOH 3aKOH
FUIIOTETHYECKOTO CHJJIOrH3Ma (/0Ka3aTelbCTBO NEpBOTO —
(p-»q)-—»[(q—»r)-»(p—w)]—-ﬁbmo JaHO B IpelHAylle
naparpade): .

T1. P> NGg—>r)=(p—7).
Hok. (1) p—g .
(2) q——>r} {momyur.}
3 p
4) g {1o: 1; 3}
r {10: 2; 4}

B npeBHOCTH pas3/iuyalu THINOTETHYECKHE (yc/0BHBIE)
CHJIJIOTH3MEI, cOPMYJIHPOBAHHEIE [JIsi YCJAOBHHIX BBHICKA3bI-
BaHUH, M apHCTOTeNEBCKHE KaTeropuyeckue CHJJIOrH3MB,
chopMynupoBaHHbIE [JIsi KaTeropuyecKux npenNoXeHuH.
Otcioia W NMPOHCXOAUT HasBaHMe TeopeMbl T1 Kak 3akoHa
FMIIOTETHYECKOTO CHJJIOTH3Ma.

T2. (pAg—r)—>[p—(¢—r)] 3aKOH 3KCNOpPTALHH.
Hok. (1) pAg—>r)

2 » {nomym.}

3) ¢ J

4 rAq {BK: 2; 3}
r {10: 1; 4}

T2a. [p—>(q->r)]->(p/\q——>r) 3aKOH UMOOpTAaIlHH.
Hok. (1) p—(g—1)

@ r {momyu.}

3 q

4) g—r {10: 1; 2}
r {TO: 4; 3}

! «JIONYLL» — COKPaLeHHE BbIPAXKEHUA «JIONyUICHHA».
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IlpuBeneHHble [0 CHX NOP TeopeMbl ObIIH TeopeMaMH
l-ro paHra, moTOMy 4YTO B HX JOKa3aTeJbCTBaXx Mbl He
HCNOJb30BAJIH paHee J0OKa3aHHHX TeopeM. Cuenyomas
TeopeMa sBJsieTcsl TeopeMOod 2-ro paHra.

T2b. PAgor=p—(q-r).
Hok. (1) (pAg—>r)—lp—>(g—1)] {T2)
@) tp=@->M->PNg—>1 {T2a}
pANgor=p—>(@g-r) {B3: 1; 2}

Ioxka3aTenbctBo TeopeMbl T2b — oGbiuHOe mpsiMoe RO-
Ka3aTelbcTBO. B TakoM [OKa3zaTelbCTBe KaxKAas CTpOKa —
TeopeMa. B noKaszaTenncTBax XKe NOCPEACTBOM JOMyUIeHHH
CTPOKH [OKa3aTeJbCTBa Yallle BCero He sBJSAIOTCH Teope-
MaMH. JlOKa3aTelbCcTBa IIOYTH BCeX TeOPeM BHIa OKBHBA-
JIGHTHOCTH IIPOBOASTCS MO TAKOMY e IJIaHy, YTO U AOKasa-
TeThCTBO TeopeMbl T2b: cHayana IOKa3bIBaIOTCSI COOTBET-
CTByIOLIMe NpsiMass H o6paTHasT HMIVIMKalMH, a 3aTeM K
HHM TPHMEHsIeTCsi NMPaBHJIO BBEJEHHS 3SKBHBAJIEHTHOCTH.
B nanpHefineM n0Ka3aTeAbCTBA T€OPEM BHIa 3KBHBAJIEHT-
HOCTH MBl OyJeM 3amHChIBaThb TakK, YTO 3alHCh AAHHOrO
N0Ka3aTeJbCTBa GyIeT cocTosaTh H3 nBYX uacrtedt (a) u (b),
rie yacth (a) — JOKa3aTeldbCcTBO mpsiMoi, a uacts (b)—
JI0Ka3aTeJbCTBO 06paTHOH HMIIJIHKALHH.

T3. p—>(@—>r)=¢g—>(p—>r) 3aKOH nepecTaHOBKH
aHTeUeJeHTOB. '

STOT 3aKOH MO3BOJISIET INIOMEHSATh MEeCTaMH aHTeLEeNeHT
HMIJIHKAIMH M aHTElefeHT KOHCEKBEHTa AAaHHOH HMMILIHMKa-
1uM. JlOKa3aTeJbCTBO 3TOr0 3aKOHA MHl IIPENOCTaBJIsgeM
YHTATENIO.

JlokasaTeapCTBO CleAyIOIed TEOPEMBl SIBISETCS KOC-
BEHHEIM [0KAa3aTeJNLCTBOM NOCPEACTBOM JONYUIEHHH.

1T14- 0 PV q—>(~q—p).
ok. (1) pVg
o La]  pemi
3 ~p {monym. x. A}
(4) q {YIO: 1; 3
NpTBPY. {2; 4}

! «momym. K. A.» — COKpALleHHe BBIDAXKEHHS <«AOMYILEHHE KOCBeH-
HOFO J10Ka3aTeJIbCTBAaY,
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Jlerko 3aMeTHTh, UTO TaK 2Ke, KaK J[OKashBajlacb Teo-
pema T4, Moxuo J0KasaTb Ji060e Bhpaxenue BHAA
9\ y—>(~Vv—>9), rie ¢ H P — NPOH3BOJbHEE BHIpaXKe-
HHSl MCUHCJeHHs npemioxeHu#. [lokasaTeqbCcTBO KaxJAO0ro
TaKOTO BhIpaXKeHHs CTPOMTCH TakK, UTO B KayecTse JOmylle-
uuft (1) u (2) npuumMMaroTca BHpaxeuus @ VY U ~y,
a B KauyecTBe JMONYIUEHHs1 KOCBEHHOTO JOKa3aTe/lbCTBa —
Belpaxenne ~ @. [Ipumenss k (1) u (3) npasuno Y], MH
nojyyaeM B CTpoke (4) Bbipaxenue P, NpoTHBOpeyallee
BXOJsAIIEMY B CTPOKy (2) Bhlpaxemuio ~ 1. Cxema 3TOro0
0Ka3aTeJbCTBa HMeeT, TaKuM 00pas3oM, CJIEAYIOUIHH BHA:

0]
(3) ~Q {momym. K. A.}
(4) ¥ {ya: 1; 3}
npTBpY. {2; 4}.
Hanpumep, Boipaxeune’
(a) (p=q)VpAr=I~@Ar—~ (=49

sBasiercsa Bupaxennem Buia @ \Vy—(~v¢—¢) (B nau-
HOM cJyuae Q=«p= g», Y=<«p/\r»). Ilon npuBeLeHHyIO
BHIIIE CXeMY NMOANajaer cjaeayionee A0Ka3aTeJbCTBO BbIpa-
xKeunsi (a):

(1 p=9VpATr

@ ~@EAJ o o)

@ ~@e=9 - {pomym. k. &}

4 pAr {YI: 1; 3)
npTBPY. {2; 4}

TaxkuM 06pa3oM, ¢ MOMOIIbIO OCHOBHHX NPABHJ CHCTEME
MBI MOXKEeM A0Kas3aThb cjelylollee yTBEpXKIAEHHE.
M4. B ucuucaenuu npedsroscenud 11060e oipaxcenue suda

PV Yo (~P—>9)
ecTb Teopema.
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BBens o6GosHaueHHe «|— ¢» B KayecTBe COKpallEHHA
NpPEIJIOXKEHHS «BHIpaXKeHHe ¢ eCTb TeopeMas», MBI MOKEeM
M4 zanucaTth Tak:

M4. FeVYP—>(~P—9).

Ilpennoxxenne M4 He sABIsA€TCA TEOPEMOH HMCYHC/IEHHS
npeisoxenufi. Ilpemnoxenne M4 Mb Gydem HasbBaTh
MeTraTeopeMol, cooTBercTByiomeii TeopeMe T4. Boobuie
MeTaTeopeMol, COOTBeTCTBYIOUIeH JAaHHOM TeopeMe T
(ucuncieHHs1 NpejJioxKeHHil), Ha3uniBaercsi yTBepxaeHHe M
MeTacHCTeMH], yCTaHaBJHBalolIee, YTo TeOpeMOoi HCUHCTIe-
HHsl TpENJIOXKEHHH sBJseTcss Jio6oe BHIpaXKEHHE, CXeMy
KOTOPOTO MH NoJyyaeM, 3aMeHsid B T IpPONO3HIHOHAJNbHEIE
NepeMeHHEle epeMeHHEIMH «@», «P» H T. 0., TAK YTO OJIHA
H Ta XXe TIPONO3HLHOHAJbHAsA NepeMeHHas 3aMeHAeTCA Ha
BCE€X MecTax OJHOH H TOH Xe NepeMEeHHOH, a pasJHYHbe
NPONO3HIHOHAJILHEIE NepeMeHHble 3aMeHSIOTCS pas3JIMYHBI-
MH nepeMeHHBIMH.

Mul nokaxkeM, 4TO HMeET MECTO cJefyloliee yTBepHKae-
Hue. Y1B. 1. [aa ar06oii Teopemsr ucaucrenus npediroice-
HUil MONMHO 0OKA3AT6 COOTBETCTBYIOWYIO METATEOpemy.

IlokasareabCTBO NPOBOAUTCS MHAYKIHEH MO PaHry Teo-
peMEl.

1) Ecau T — reopema l-ro panra, a M — cooTBercTByiO-
mas eff MeraTeopeMa, TO CXeMy J0Ka3aTeJbCTBa JIOGOro
BolpaXkeHHsd (HCUHCJEHHs NpPeNJOXKEHHH), IJsi KOTOpOro
H3 M cleayer, uTo HaHHOe BHIpaXK€HHEe — TEOpeMa, M
nojydaeM, 3aMeHssd B JOKa3aTeJbCTBe TEOpDEMH 1 IpOINO-
3HIMOHA/bLHEIE IEPEMEHHEIE MePEeMEeHHEIMH «§», «P» H T. L.,
TaK YTO OJHA H Ta Ke NPONO3HIHOHANbHAsA NepeMeHHas Ha
BCeX MeCTax 3aMeHsieTcd OJHOH U TOH Ke IepeMeHHOH, a
pas/HyHble NMPOMO3HUHOHAJBLHEE IEepEeMEHHEE 3aMeHsIoTCA
pPa3/MYHLIMH NEpeMEHHBIMH, T. €. TeM XKe IyTeM, KaKuM
JOKa3aTeJbCTBO TeopeMbl T4 MH mpeoGpa3oBaiu B JOKa-
3aTeJbcTBO M4, i ,

2) Honycrum, yro YTB. | BepHO AJia BCeX TEOpEM, paHr
KOTOpHIX He NpeBOcXOAuT . Ilycts T — Teopema padra n,
a M — coorBercTByiomas efi Merateopema. Cxemy HOKasa-
TEJIbCTBA JIIOGOTO BHIpaXKeHHs (MCUMCJIEHHS NpPEAJOKeHHI),
AJs KOoToporo M3 M cienyer, uTo AaHHOe BHIpaXKeHHE —
TeopeMa, MH I0JIyyaeM TakK 2Ke, Kak u B cayuae 1). Ilpen-
HOJIOXKEeHHe rapaHTHPYeT, YTO MeTaTeopeMbl, COOTBETCTBYIO-
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lde TeopeMam paHra, He TNPEBOCXOAALIErO 1, MOXKHO
IOKasaTh.

C moMolplo MerateopeMsl M4 MoXHO 060CHOBaTh TpO-
M3BOJIHOE MPAaBHJO YAaJeHHs] AU3BIOHKIMHM BHAA

eV
ya _~% .
?

B caMoM fefe, eC/H B J0Ka3aTe/bCTBE HMEIOTCs BhIpaxe-
Hus1 @ VY U ~1, TO, NPHUCOENMHSAST K STOMY JOKasarelb-
ctBy TeopeMy @V Y—>(~v—>¢) H ABAKIH TIpUMeHss1
TpaBuJO OTAENEHHs, MBI TIOJyJaeM BhIDaXKeHHE (. Cdopmy-
JUPOBAHHOE Bhlllle TPABUJO TO3BOJSET HA OCHOBaHHH
JM3BIOHKIUH M OTPULHHS BTOPOTO ee YJieHa MPHCOEAHHUTD
K J0Ka3aTeJbCTBY NepBHi ee YJeH.

O6Ga npaBuna yAajeHHs IH3BIOHKIMH — OCHOBHOE H
TPOM3BOJHOE OTHOCHTENbHO M4 — MOXKHO OXBATHTH cae-
myrouell GopMyJHPOBKOH: K AOKa3aTe/NbCTBY MOXHO TpH-
COeJIMHUTb OJWH M3 UJEHOB NHM3BIOHKIWH, €C/IH B JOKa3a-
TeNbCTBE HMMEIOTCS AMIBIOHKIHMS M OTPHIlaHHE ee JpYyroro
ujleHa.

Bmecro TOro yToObl TOBOPHTH O TpaBHIE, TIPOU3BOLHOM
OTHOCHTEJIbHO METaTeopeMEl, - COOTBETCTBYIOLIeH JLaHHOH
TeopeMe, MBI IIpocTO Gy/eM TOBOPHUTDL O IPABHJE, NPOU3BOJ-
HOM OTHOCHTEJbHO 5Toll TeopeMhl. (BooGlie ME TOBODHM,
yTo mpaBu/o R; NMpHCOe/[MHEHHs HOBHIX CTPOK K J0Ka3a-
TeNLCTBY TPOU3BOLHO OTHOCHTEJBLHO TpaBUi R ujm Teo-
pem T Toraa, M TOJABKO TOTA2, KOrla BCAKHEL pa3, Kak
npaBujo R, NO3BOJsiET NPHCOEAMHHTD K J0Ka3aTeNbCTBY
KaKoe-JIH60 BbIparKeHHe, ocae/lHee MOXKHO TaKxKe TpPUCOE-
JVMHHTb Ha OCHOBAHHMH NPaBHJ R MM TEOPEM T)

C noMowiplo J060# TeopeMHl BHAA MMIIMKAIMH MOXHO
060CHOBATh HEKOTOPOE NPOH3BOJHOE IPaBUJIO. Mpbl  J0Ka-
JKeM 3TO 3aMeyaHue.

ITycrs T — TeopemMa HCUMC/IEHHA NpeLJIoKeHHH, HMEK-
mas BMJA WMIJIMKAlMH, T. €. TeopeMa BHIA

(I) P1-— (%"’ ""—_)((pn—l"'(pn) -"}’
rie n>2. Toraa npasuio, CXeMa KOTOPOTO
P1
?a
Pa—1
Pn '
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npou3BofHO. B camoM [1ene, eciH B HeKOTOopoe JAOKasa-
TENBCTBO BXOAMT KaKJ0€ M3 BHPaXXeHHH @i, Pz, ..., Pn, TO
Ha OCHOBAHHH MeTaTeopeMHl, CooTBercTBylomell Teopeme T,
(n—1)-kpaTHEHIM TNpHMEHEHHEM TIIpaBHJa OTHAEJEeHHs MH
noJlyyaeM B Jl0Ka3aTeJbCTBE BHPaxKeHHE @.

Moxno 3amerutb, yto B (I) He ompedensiercss €AHH-
CTBEHHHIM /11 KaXJAO# TeopeMn o6pasoM. Hampumep, Teo-
pemy T4 MBH MoOXeM paccCMaTpPHBaTh Kak TeopeMy BHAA
1= (@2—>@3), TOJaras, uTo @ =%p\/ g», Pr=<«~g»,
@a=«p». Ho 3Ty e TeopeMy MH MOXEM pacCMaTpUBaTh
M Kak TeopemMy BHAA @—>@z, NoJaras, 4to @;=<«p.V @,
@a=«~g—>p». BcielcTBHE BTOrO C NOMOIUBIO HEKOTOPOH
TeopeMBl MOXHO OGOCHOBHBATb NpaBHJa, HMelOlHe, BOOO-
1€ TOBOPSI, pa3juyHbe cxeMH. TakuM 06pasoM, ¢ MOMOUIBIO
treopemn T4, Hampumep, kpoMme mnpaBHaa ¥/, 060CHOBH-
BaeTcst IPOM3BOJHOE NMPABHJO, CXeMa KOTOPOTO:

eV
. ~Pp—Q

CxonHpM 06pa3soM MOXKHO NMOKasarb, 4TO NPaABUJO, NPOH3-
BOJHO€ OTHOCHTENBHO TeOpeMH BHIa

AABA .  AGom Ab A L. Ay

u npaeua BK u YK, — 310 npasuso, cxema KOTOpOro:
P1

¥

OnHO M3 NMpPOM3BOAHHIX TpaBHA, OGOCHOBHBaeMoe ¢ TO-
MOIIBIO HEKOTOPOi#l TeopeMH, MH GyleM o0003HayaTb TeM
’Ke HMEHEM, KOTOpOe HCIOJb3yercs AJsi 0603HaueHHsi JAaH-
HOil Teopembl. Hamnpumep, nmpaBu/ioM T'MIOTETHYECKOTO CHJ-

JIOTH3Ma, TPOM3BOAHHIM OTHQCHTENBHO T1, MH HasHBaeM
NpaBHJIO, CXeMa KOTOPOTO:

Py
Y>x .
, =X
2 3ak. 834 33



PesysibTaToM TOACT2HOBKH B BEpaXKeHHEe ¢ HCUHCIIe-
HUsl TpeLIOXKeHHH Ha3bIBAETCH BHIpaKeHHe, KOTopoe MOoJy-
yaeTcs M3 @ 3aMEHOH nepeMeHHo#, HanpuMep p, BXOJsIILEN
B 5TO BhIpaXK€HHE, IPOHM3BOJIbHBIM BhIpQXKEHHEM, MPHYEM
ecJI TepeMeHHasi BXOJHT B @ HECKOJBKO pas, TO OHa 3ame-
Hsercs TeM JKe CaMbiM BEIpaXeHHeM Ha BCeX Tex MecCTax,
re OHa BXOJAMT B BbIp@XKEHHE @. Ecian B BbHIpaXeHHe @
BXOAMT GoJiee OJHOH niepeMeHHOH, TO MOXKHO OJHOBpEMEHHO
3aMeHsITb HECKOJIbKO TepeMeHHbIX NPOH3BOJILHEIMH  BbIpa-
sKeHHsIMH, ofpalilasi BHUMaHHe, OLHaKO, Ha To, 4YTOOLl OAH-
HaKoBble TepeMeHHble ObUIH  3aMEHEHH OJMHAKOBBIMH
BHpaxeHHsAMH. Tak, HanpHuMep, poipaxkeHnne (a), MpHBEAEH-
woe ppme Ha crp. 30, — pesyJsbTar NOACTaHOBKH B T4,
T0J1y4eHHbIA 3aMeHOli TepeMeHHO#l p BbpaXeHHEM p=q
M TepeMeHHOH ¢ — BHpaXeHHEM p /\r. Boipaxenue (a),
Kak H Jiofoil npyrod pesyJ/abTar noAcTaHoBKH B T4, ecTb
phipaxkenue  BHIA @ P> ~Pp—>p, a noroMy — B CHIY
M4 — siBasieTcsi TeopeMofl.

Boo6iue scakull pe3yasTar noOCTAHOBKU 8 Teopemy
ucuucaenus npedaoxcenuli ecTo goLparcenue 8uoa, KoTOpObLU
umeeT MeTaTeopema, COOTBeTCT8YIWal aTOll Teopeme, U—
8 cuay OaHHOU MeTATeOpEMbL — TaKice A6ALeTCA Teopemol.

TakuM 06pasoM, IpaBHJIo MOACTaHOBKH, yCcTaHaBJ/HBao-
1ee, 4TO pe3yJibTar MOACTAHOBKH B TIPOH3BOJIbHYIO TEOPEMY
raKkXe eCcTb Teopema, NMpOH3BOAHO. :

JlokasarejbCTBO caefylolell TeopeMbl aHaJOrHiHo 10~
KaszareJbCTBy 14.

T4a. p\V g (~p—19.
C moMolLbio POH3BOJHOTO npapuia YL Ml JIOKa3blBaeM
T4b. ~_p\/q—+(p—+q)-
Hok. (1) ~pV4

2 p } {nomym}

3 ~gq {nomymt. K. A.}

(4) ~p {YI: 1; 3}

npTBpY. {2; 4}.

Teopemsl T4, T4a, T4b MoXHO HasBaTh 3aKOHaMH
CBSI3H MEXAY Iu3bIOHKLHEH M HMIJIHKA
nued. CueryeT 3aMeTHTb, 4TO MOMKHO NPHBECTH COZepXKa-
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TeJbHO BECbMa OueBUJHbLIE NPHUMEpPHI NMOCTPOEHHsI BHIBO/IOB,
CorJ1acHO TMPOU3BOJIHBIM NPaBUJaM OTHOCHTEJBHO 3THX TeO-
pem. Hanpumep,

§1 cerofiusi OTIPABJAKCH B BapiiaBy noe3jioM HJIH 7 CErojHa OTIpaB/i-
1ock B Bapiuasy camoJsieToM

[ ]
Ec/ f CErofiHs He OTNpaBJfAiOCh B Bapiuasy ToesfoM, TO s OTIpaBis-
10ch CEerofiHa B Baplliasy caMoJIeTOM

B npuBOAMMOM HuXKe npuMepe OykBbi @, b 0603HaYalOT
CTOPOHEI TPeyroJibHHKa, a OykBbl a, B oGo3HawaT YT,
Jlexane MPOTUB 3TUX CTOPOH.

a+bVa=§,
a=b—a=2§ ’

Ceiiuac He JeHbp WM ceiiuac He HOYb

Ecau cefiuac JeHb, To ceiiuac He HOYb

Mbl mojuepKUBaeM 37ech CcolepkKaresbHyl0 O4eBHI-
HOCTb 3THX MpPAaBWJ, MOTOMY YTO O/IHUM U3 HHUX, 8 UMEHHO
IIPOM3BOJHBIM TNPABUJIOM OTHOCHTEJBHO T4b, Mb OyleM
10/1b30BaThCsl B § 4 P 0BOCHOBAHMM MATPHUHON TaGIUIEI
IJ151 UMIJIAKALUH.

T5. ~~p—>p.
Hox. (1) ~~p {monym.}
2 ~r {momym. K. K.}
NpTBpY. {1; 2}

TIpousBoAHOEe OTHOCHTENbHO 15 mpaBuso ylalsleHus
JlBOHHOTO OTpUILLAHHS MBI GyneM o6osHauatb cuMBosioM YO.

Tba. p—~ ~ ~Pp.
Hok. (1) p : {momyuy. }
@2 ~~~p ~ {pmomym. X. I}
@ ~vp {YO: 2}
TpTBPY. -~ {1; 8}

IlpaBuno BBejenusi NBOMHOro OTPUIlAHHS, NMPOU3BOLHOE
otHocuTesnbHo THa, Mbi Gynem o6osHauath cuMsosiom BO.

T5b. ~~p=p {B3: T5; Tha}.
2% 35



Teopems T5, Tba, T5b HasbIBAIOTCS 3aKOHAMM [ B O H-
HOTO OTPHILaHHA. 3aKOH T5b, ycTaHaBIAHBAIOIIHMH, YTO
1BOJtHOe OTPHIlaHHe NPEJIOKEHHs: SKBHBAIEHTHO CaMOMy
5TOMY TpE/JONKEeHHIO, Obll H3BECTeH yxKe CTOHKaM. -

IIpou3BOAHBIM OTHOCHTENLHO TNpaBHJa BO sBasercs
NpaBMIO yAaJNeHus AHIBIOHKIMH, WMelollee B/

~eV$ oV ~Y
v -, ¥
v ? '

Hox. (1) ~SPV1P} {nomym.}
@ o Aoy

@) ~~¢  {BO: 2}
n VI 1; 3)

Hox. (1) ¢V~w}
@ ¥ | {momymm.}

(3) ~~b {BO: 2}
? {(va: 1; 8}

CofepKareJbHBI# CMBICJ 3TOTO NpaBHJa rTakoil ke, uTO H
cojepkareJbHbil CMBICH TpaBHIa V]I B paHee NpHBEIEH-
Hoii opme. B camoM JeJse, 3TH npaBH/a yCTaHaBJHBAIOT,
4TO M3 JAM3BIOHKUHMH M BbipaXXeHHs, NPOTHBOpedaulero OA-
HOMY H3 eée 4JIeHOB, CleLyeT Apyroll uleH JaHHOH NH3BIOHK-
IHH. :

Ha ocHoparnx Tha HaH ke npaBiia BO MOXHO BbiBe-
CTM B KauecTBe IPOM3BOJHOTO MNpaBHaa — TNPaBHIO TIO-
CTPOEHHs] ~ KOCBEHHOTO  JIOKa3areJbCTBa MOCPeJCTBOM
JONYyILIeHUH, KOTOpoe JHIb TeM OT/aHYaercs OT IpaBKJa,
copMyJHPOBAHHOTO B TpPEAbIAYLIEM naparpade, uTO B
clyuae, Koria B Bupaxenuu (I) @n uMeer BHI ~1p, OHO
N03BOJISieT NPHHMMaTh B KauecTBe [OMYIIeHHs KOCBEHHOTO
JOKa3aTeJbCTBa BhipaxeHHe ¢. B camom jene, MpHMEHs
K 5TOMY BbipaeHHIO mpaBuio BO, Mbl MOJy4HM BhIpaxe-
HHe ~ ~1, KOTOPOE, COIJIaCHO OCHOBHOMY TpaBuJy, 5B-
JsieTcss JONYIIEHHeM KOCBEHHOTO [0Ka3are/bCTBa. StuM
npoussgnﬂbm NpaBHJIOM Mbi BOCIOJIb3YeMCs B /I0Ka3aTe/lb-
cree T6.
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.

T6.° p-—>g=~qg-—>~p3aKOH KOHTPAaNO3HIHH.

flox. (a) ((12)) pjg} {nmomyny.}
3) p {momym. k. x.}
@) q {r1o: 1; 3}
nprepy.  {2; 4}

[Toctpoenue yactu (b) MokasaTenbCTBa Mbl NMPELOCTaBIIsIEM
qiTaTeNIo.

Konrtpamnosuuueii [Aa#HHOH HMIJIMKallHH  Ha3bIBaeTcst
UMITHKAlHsl, KOTOpasi NOJYdaercsi U3 NepBOH IepecTaHOB-
KOl aHTele/leHTa H KOHCEKBEHTa C OJHOBPEMEHHLIM OTpH-
naHHeM OGOHX 3THX uJeHoB. [IpaBHJO KOHTPano3HIHH
103BOJISIET NPHCOEAHHHTh K JO0Ka3aTeJbCTBY KOHTPamnosH-
UMI0 HMIVIHKAIMH, MMelolelcss B JOKasaTelbCTBe.

Tpumep paccyxieHHs NO NPaBHAy KOHTDaIO3HIHH:

a=b—s>a=p

atB—oastb’

(BykBel a, b 0603HauawT 31eCh CTOPOHBHI TPEyrolbHHKa, a
OyKBH @, B — YIVIbl, JeXallide MPOTHB 3THX CTOPOH.)

3aKoH KOHTpamno3ulu# (B BHAe HMIVIHKAIHH) OTHOCHT-
¢ K TeM HeMHOTMM 3aKOHaM HCUMCJeHHs NpeNJoXKeHuH,
KOTOpHle GBI H3BECTHHI yXXe APHCTOTEJIO.

T7. p/\q->r=p/\~r—>~q 3aKOH CJOXHOH
KOHTPamo3HIHH.

Iox. (a) (1) P/\q-"‘
@ l { nomyms.}
@) ~r JI
4 gq . {monyi. K. m.}
®) PAY {BK: 2; 4}
6) r {110: 1; 5}
TIPTBpY. {3; 6}
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JlokasaTesbcTBO OOpaTHON MMIVIMKAIMM MBI MPENOCTaB-
JisieM YuTaTesIo.

TIpuMep paccyXkjeHuss MO NpaBWly CJHOXKHOH KOHTpa-
IIO3UIHU:

Ecau nocienoBaTeNbHOCTb (; MOHOTOHHA H TOCNIENOBATENBHOCTD Gy
orpaﬂuq'eﬂﬂa. TO MNOCNENOBATENIbHOCTb &y CXOJIHTCS

Ecnu nocneoBaTeNbHOCTh (¢, MOHOTOHHA H TIOCJIEIOBATENIBHOCTD, 4y HE
CXOIHTCH, TO MOC/ENOBATENbHOCTE @, HEOrpaHHYEHHA

CPEIII/I npasudl, lIOKaSéHHbIX CTOUKAMHU C NMOMOUIbIO HUX
OCHOBHBIX NpPaBuJl, Mbl HaXoJuM clejyiolee, NMPOU3BOJHOE
OTHOCHTEJLHO 3aKOHA CJIOXKHOH KOHTDAaNO3UIUU:

PAV—Y
~xNo~>~"
T8. (p—>g)/\~qg—>~p modus tollendo tollens
(OTpHILaOIe-OTPHILAIOIMH. MOLLYC).
Jloxa3aTeJbCcTBO 3TOrO 3aKOHAa Mbl MNpPEJOCTaBJisieM HUTa-
TeJIo.

[TpousBojHbBIM OTHOCHTE/NbHO T8 siBJjsiercs MNpaBHJIOC:
Toa!

—=>Y
_~%
~®
3To npaBuJo, KOTOPHIM Mbl HEOJHOKPATHO OyjeMm I0Jib-

30BaTbCsd B ILaJleeﬁLLIEM, MO3BoJisIeT MNOJYUYUTDH oTpUllaHue
aHTeleLeHTa IIpOPISBOJIbHOﬁ UMIJIMKAIlUM Ha OCHOBAaHUH
5Tofl MMIJIMKALMd ¥ OTpUIlaHMsl ee KoHcekBeHTa. Hampu-
Mmep:
Ecan umcio 306 121 nemutes Ha 3, TO cymma umdp umena 306 121

menutcs Ha 3
Cymma uudp uucaa 306 121 me nenmres Ha 3

Uneno 306 121 He penwmtes HA 3

TIpOM3BOHBIMU OTHOCHTEJLHO c(OPMYJIHPOBAHHOTO BHILIE
npaBunia u npasuia YO COOTBETCTBEHHO BO sBasmwoTca
npaBuJia, CXeMbl KOTODBIX:

Toa.
=~ ~ Q> ~p>~
¥ . ~Y% ¥
~Q @ ’ Q

! CokpallieHHe BHIPAXEHHS «TOJIEHCY.
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Boobiue npasuso T oa. no3sosser Ha OCHOBAHUU UM-
nAUKQyUU U 8bLPANCEHUS, NPOTUBOPeYauie20 ee KOHCEKBeH-
TY, NOAYUUTb BbIPAXCEHUe, NPOTUBOPedalyee ee aHTeye-
OJenTY.

B xauectBe mpumepa Mbl NOKaxeM NOCJENHIOW (hopMmy
3TOTO MPaBHJa. B nokazaTesbcTBe MBI BOCIOJIb3yeMcsl Mpa-
Bunom ToJ. B ero nepso#t ¢hopmysnupoBxe.

Aox. 212) ~q>:;~lp } {monym.}
(B) ~~1 {BO: 2}

(4) ~~9 {Ton.: 1; 3}
® {YO: 4}

IIpaBuno modus tollendo tollens (uam cokpamenno:
modus tollens) B cBoeft nepsoit hopmynnpoBke ¢durypupo-
Bajo B KauecTBe O/IHOTO H3 OCHOBHEIX («HE/l0Ka3yeMBIX»)
NPaBHJl HCUHCJIEHHS] NPeJJIOKEHHH, NPHHSTHIX CTOMKAMH.

Bce uwereipe dopMynHpOBKM 3TOre mpaBMia Mb HAaXOIHM
v Bosuus.

T9. p->(~p=q).
Nok. (1) p
@ ~p } tomyta-}
(3) ~¢q {momym. k. n.}
NPTBpPY. {1; 2}

OTOT 3aKOH o6palllaeT BHHMAaHHe Ha OMACHOCTb NPOTH-
BOpeunsi. FIMeHHO Ha OCHOBe 3TOrO 3aKOHA M3 JBYX NMPOTH-
BOpeualllux npeisioxKeHHH MOXKHO NOJYYHTh NMPOH3BOJNbHOE
NPEAJIOKeHHe. 3]ech ClefyeT MOAYEPKHYTb, YTO 3 JBYX
MPOTHBOPEHAIIHX NPENJIOKEHHA ¢ U ~ @ MOXKHO NMOJYYHTD
Ji060e TpeoxKeHHe P, MOJb3YSCh JIHIIb npaBuiamun BJ{

H Y.
1 e
@ ~o | b
3 oV {BO: 1}
P {YLO: 3; 2}
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Teopemy T9 JlykaceBuu HasBali 3akoHoMm JlyHC
CKOTa o HMEHH OJHOTO M3 BBIAAIOMHUXCS CPEIHEBEKOBLIX
dunocodos, xkupmwero B KoHue XIII —nauane XIV Bekos,
Tak Kak TeopeMy T9 MOXKHO BLIBECTH Ha OCHOBe 3aKOHa
sKcroprauu¥ ¥ TeopeMsl: p/\ ~p—q. Ho 3toft Teopeme
COOTBETCTBYET yTBepKaeHHe, chopMyanpoBanHoe JlyHc
CKOTOM, KOTOPOE IJIaCHT, YTO H3 NPOTHBOPEUHBOro MpeJio-
KeHHs1 caenyet Jwo6oe npenjoxenue. Jlync CKor npoBOAHT
0Ka3aTeNbCTBO NAHHOrO YTBepXKAEHHS Ha Cle[yIoleM
IpHMEpE, TMOJAb3YSICh NPH 3TOM SIBHO CHOPMYJHPOBAHHLIMH
npasuaamu YK, B, VI:

Cokpam Gescum u Cokpam ne Gexcum, a, cAe0068GMeENbHO, Mol

e Pune.

ILox. (1) Coxpar 6exutr u Cokpar He GexuT. {XOmyml.}
(2) Coxpar GexHr. (YK: 1}
(3) Coxkpat He Gexur. }

(4) Coxpar 6exHT HaH TH B Pume. {BO: 2}

Ter B Pume, {YIO:4; 3}
T10. ‘ g—>(p—>¢q) 3aKOH ynpouieHHs,
flo. ((12)) Z} -{ momym. }
@) ~q ~ {momym. k. A.}
TIPT BpY. {1; 3}
Tll. p—~p 3aKOH TOXAecTBa AJA HMINJHKaALHH.
Hok. (1) »p {momyr. }
(2 ~p {momym. K. x.}
~ TpTBpY. {1; 2}
Tlla. pe=p 3aKOH TOXJAecTBa AJasl 3KBHBa-
JEHTHOCTH.
Hok. (1) p-p {T11}
p=p (B3 1; 1}

3aKOHBI TOXKJEeCTBa OTHOCATCS K TE€M JIOTHYECKHM TeEOo-
peMaM, KOTODBIMH HHOrJa TMOJb3YIOTCs1 KakK NOCHJIKAMH B

40



MaTeMaTHYeCKHX JOKa3arelbcTBax (3T0 MBI YBHIWM B
gacru II).

Ti2. (pE—q)a(qu).
Joxk. (1) p=g¢q {momyut.}
2 p—9q {¥ya: 1}
@) g—p {ya: 1}
g=p {B3: 3; 2}
T13. - (p=g Ng=n->@=r).

JloKa3aTeNbCTBO 3TOH TeOpeMbl MBI IPeloCTaBJsieM YHTa-
TeJIo.

Teopemn Tlla, T12, T13 ycTaHaBaHBaiOT, YTO 3Iksusa-
AEHTHOCTb pedreKcusHa, CUMMETPUYHA U Tpan3uTusra ',
Ho 1715 HMIJIMKAUHH TPOXOASAT JHLIb 32KOHBI pedJexcHs-
gocru (T11) u tpansutuBHOCTH (1) W He NMPOXOAMT 3aKOH
CHMMETDPHYHOCTH, IOTOMY YTO HMIIMKaNKs He BCEr/a obpa-
THMA.

Ces3b MeX/Jy MMIJIHKalHeHd ¥ KBHBAJEHTHOCTbIO yCTa-
HaBJHBaeT TeopeMa

T14. (pETq)E(;;—ein(q»p)-

Hec/103KHOe [10Ka3aTelbCTBO 3TOH TEOPeMbl Mbl.NpPeaoCTaB-
JIsieM YHTaTedNIo.

JInsi 3KBHBAJEHTHOCTH NPOXOAHMT Clefyiolilee NPaBHIO
OT/leJIeHHs; ’

=1 =1

’ ?

[0

3

<l

To NMpaBHJO NPOH3BOJAHO OTHOCHTENBHO Y3 H no:

(1) o=v ) o=y
@ } { momyuL. } L@ ¥ } {momym.}
(3)‘cp—->1|3 {Yy2: 1} G R E ) {V2: 1}

P {1o: 3; 2} P {ro: 3; 2}

1 Cp. cHOCKY Ha crp. 135.
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TI5. (p—> ~p)—>~p.

T1b5a. (~p—p)—p.
b (P9 A\~q) > ~p.
c (~p—=>g/N\~q)—p.
d P> NPp—>~q) —~p..

JlokasaTeNbCTBa 3THX TEOPEM, KOTOphie MHOI'NA Ha3HBAIOT-
Csl 3aKOHAMU NpHBeleHHs K aGCypay, Mbl NperoCTaBJseM
YHTATENIO,

ITpoussoanoe orHocurensHo T15d mpaBm/o, cxemMa Ko-
TOPOTO

P>
P>~
?
~@
OblI0 CHOPMYNHPOBAHO YXKe CTOMKaMH, OT KOTOPHX IpO-

HCXOJMT CJIEAYKOUIHHE NpHMep pacCyXAeHHs N0 3TOMY mpa-
BHJIY:

Ecau th 3Haelllb, YTO Thl yMep, TO ThHl yMep
Ecan ot 3Haemb, YTO Thl yMmMep, TO Thl He YyMep

Th ue 3uaeurb, uTo TH yMep

Ti6. (p—=g9A(pP—->r)—(p->q/\r) 3aKOH YyMHOXe-
HHS KOHCEKBEHTOB.

JlokasaTeabCTBO 3TOrO 3aKOHA MBI NPENOCTaBJseM UH-
TaTesio.

B nokasaresbcTBe TeopeMbl, o6patHoit Kk T16, Mu Boc-
NoJNb3yeMCs  NPOM3BOAHBIM  NPAaBHJIOM  NPHCOEIMHEHHS
MMIVIHKaUMH K JoKasareabctBy. Ilo 3TOMYy npaBuiy B
(npsaMoe MM KOCBEHHOe) JOKa3aTelbCTBO Bhipaxenus (I)
MOXHO BBeCTH IIPDOH3BOJIbHOE BBIpaX{€HHE | B KauecTBe
n06aBOYHOrO NONYLIEHHs OoKasareabcTBa. EciuM Ha OCHO-
BaHHM 3TOro J006aBOYHOrO AONMYLIEHHS M AONYLIEHHH A0Ka-
3aTeJIbCTBA Mbl TNOJYYHM B JOKAa3aTesbCTBE BhIPpaXKeHHe Y,
TO K JI0Ka3aTeJlbCTBY MOXHO INPHCOEAHHHTh HMMIVIHKALHIO
P>y, .

HleficTBUTENIbHO, TOJyYasi Ha OCHOBAaHHMH [OMYILEHHH
JlOKA3aTeNbCTBA @y, ..., Pn—1 (~@n) .U N006aBOYHOro [JOMYy-
IWEeHHsA § BHIPaXK€HHE %, Mbl TEM CaMbiM [JOKa3biBaeM
TeopeMy: Q= {@e—>..{on_1~>(p—=>y)]...} (wam Teopemy:
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@i {@2—>..~>1@n1=> (~ @u—> ($—x))1..}).  IIpucoennHss
3Ty TeopeMy K J[OKa3aTelbCTBY, BbipaxeHus (I) mu or-
nensis HONYWEHHS @i, ..., Pn—1 (~ @n), MBl NOJYYHM BHIDa-
xeHue P~y OueBHAHO, uTO NOGABOYHHM [ONYLIEHHEM
JI0Ka3aTeJbCTBA P U BbIp aXKEHHAMH, NOJYUYeHHbIMH Ha OCHO-
BAHMH 3TOrO BBIPAXKEHHS, 34 HCKJ/IOUEHHEM IOCJeJHero
BHIpAXKeHHs Y—>Y, He/lb3d INOJb30BAThCS B OCTAJbHBIX Ya-
cTX mokasartesbcTBa. OueBHIHO TaKXe, 4TO B [JOKa3aTellb-
cTBe MOryT (HIypHPOBAaTh HECKOJNBKO A00aBOYHBIX AOMYy-
IIeHHH.

JloGaBouHble JONYLIEHHS, Mbl 6yleM cHa0XarTh ABOMHbI-
MH HOMepaMu, TO3TOMY TiepBOe, HampuMmep,  Takoe
106aBoyHOe NONyleHHe Oyaer HMeTb HOMep «l.l», BTO-
poe — HoMep «2.1» u 1. 4. Kaxpas cTpoka, nojyueHHas Ha
OCHOBAHHH CTPOKH, HMelollell NBOWHOH HOMep, NOJyYaeT
TakXe IBOHHOH HOMep C TOH e caMofi nepBodl uudpoi,
yKa3biBawlel, Ha OCHOBe KaKOro [ONYIIEeHHs OHa Obuia
nosiyueHa, a B KauecTBe BTOPOH HM(pBI NHIIEM OYePEIHYIO
uudpy. Ho cTpokH, nojyueHHble Ha OCHOBAHHH NpaBHJa
NpHCOeMHEHHs] HMIVIMKAlMH K [10Ka3aTelbCTBY, CHAO-
#aloTcsi o6buHBIME HoMepaMu. Eciu Ha ocHOBaHMM J100a-
BOYHOrO MONYLIEHHS A0Ka3areJbCTBAa Vp, HMeEIOLIero HOMED,
Hanpumep, 1.1, MBl TOJYYHJIH B J0OKa3aTeJbCTBE Bbipaxe-
Hue y, HMMeloliee Homep, ckaxewm, 1.3, m Ha OCHOBaHHH
npaBH/ia TPHCOEIHHEHHS HMIUVIMKAUHH K J0Ka3aTesbCTBY
MBI TIpHCOENHHSIEM K JOKa3aTelbCTBY CTPOKY Y—>%, TO B
QUrypHBIX CKOOKaxX CIpaBa OT 9TOr0 BHIpaXEHHs Mbl 6yneM
nucath: 1.1--1.3, o60o3Hauass TakuM 006pas3oM, YTO B JOKa-
3are/IbCTBe OBIJIO NPUMEHEHO MPAaBWIO NPUCOENHHEHHsA
MMIJIHKAHHH.

T16a. (p=gNA1)—=(p—=q9 N\p—1).

Hok. (1) p—-gAr { momymu. }
1.1 p {mo6. momyim,. }!
(1.2) gAr {ro: 1; 1.1}
(1.3) ¢ R {¥K: 1.2}
(1.4) r {YK: 1.2}

! «m06. pONylL» — COKpallleHHe BbIpaXKeHHs «100aBoyHoe nomy-
L1eHHes
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@ pr—g {1.1 - 1.3}
3 p—or {1.1 = 1.4}
=g AN(p->r) {BK: 2; 3)

Yro6sl 0GJErYdTh YHTATENSAM MNpaBU/IbHOE NOHUMAaHUeE
TOJIBKO 4TO BBEJEHHOr0 NMPOU3BOAHOTO NpPaBuJ/a, Mbl AaAUM
JoKasaTeJbcTBO T16a, B KOTOPOM He HCMNOJB3yeTcss 3TO
npasuio. Ho Torna Mbl JOJ/IKHH CHauajJa [0Ka3aTh JBE
cJefyloLe BCIOMOraTe/NbHbIE TEOPEMBI: '

(a) : (p—=gAnN-=>({p~gq.
(b) p=>gAr)—=(p—r).

Hec/oXXHBle A0Ka3aTeJbCTBa 3THX TeOPeM MBI TpeloCTaB-
JsieM 4UTaTelIo.
Hoxkasareabctso T16a uMeer Tenepb BUL:

(1) p—=gAr { nomym. }

@ (P-ogAnN—=(p—q {a}

@ (p—=gAnN—=>(p-r) {b}

@) p-q - {110: 2; 1}

(5) p~>r 7 {ro: 3; 1}
= N\N@—r) {BK: 4; 5}

Bnaronapss mpaBusy NpPUCOeAMHEHHsi UMIVIHKALHH K JOKa-
3aTeJbCTBY Mbl M36eraeM BBeleHHSI B CHCTEMY H3JIMIUHUX
BCIIOMOTaTeJbHbIX TEopeM

Tiéb. p-ogAr=@E-9N\{Pp-r1) ‘{BS: T16; T16a}.
T17. >N Ng—r)=pVg-r.
Hox. (3 (1) p—r

@ g-r {nomymt. }

@ rVyg

4) ~r {momyur. k. #.}
B) ~p {Toa.: 1; 4}
6) ~¢q {Toa.: 2; 4}
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M g {VO: 3; 5}

NpTBpY, {6; 7}
®) 1) p\Vg->r {pomym.}
1.1y p {n06. momymL.)
(1.9 pVg¢ (B L1}
1.3) r {1r1o: 1; 1.2}
2) p—r {1.1 - 1.3}
@1 ¢ {mo6. momymt.}
22 pVg {Bl;: 2.1}
@3 r {T10: 1;°2.2}
(B) g-r {2.1 - 2.3}

(p=>n A(g—r {BK:2; 3}

ITo T17 ycaosne x<—2—f(x)>0, wniam ycjosue
x<—2\ x=—2->f(x)>0, 5KBHBaJEHTHO  KOHBIOHKLUHH
yeaouit x<—2->f(x) >0, x=—2-f(x)>0.

IMpaMyl0 UMIJIMKALMIO, COZepxKamyocs B T17, Ha3sw-
BAIOT 3aKOHOM CJOXEeHHs aHTeuneneHToB, [Ipo-
M3BOJHBIM OTHOCHTEJbHO HEro fIBJISIETCHA MPaBHJIO CJIOKEHHS
aHTelle[leHTOB, CXeMa KOTOpOTo:

P>
Y -x .
oVeo-%
W3 3akoHa cJioXeHus aHTeuedeHTOB MH noJydyaeM Ha OCHO-

BaHMH 3akoHa umnopranuu (T2a) 3akoH MPoCTOH KOHCTPYK-
THBHOH JHJIEMMBI:

T18. w->nAN@-=nA\pPVg-r.

ITpoussoanoe otHocuTenbHO T18 mpaBuio NPOCTOH KOH-
CTPYKTHBHOM AMJEMMBI MO3BOJISET M3 JBYX HMIJIHKAUU#A C
TE€M Xe CaMblM KOHCEKBEHTOM H [H3BIOHKIHH HX aHTeue-
JIEHTOB BBIBECTH KOHCEKBEHT 3THX HMIJIMKalMML.
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[TpuMep paccyXIeHHs MO HPaBHJY IPOCTOH KOHCTPYK-
THBHOH JHJEMMBbI:

n=1-0+12>n?

n>1l->(n+12>n
n=1yn>1
(n+ 12> n?

[Tpou3BOJHBIM OTHOCHTEJBHO MNpaBHJIa NPHCOERHHEHHS
UMIUVIMKAUMK K [OKa3aTeJqbCTBY SIBJsIeTCS NPaBHJO, YCTa-
HaBJIMBAIOLIEE, UYTO €CJIH Ha OCHOBAHHHM HeKoToporo noba-
BOYHOTO [ONYIIEHHS NOKA3aTeJbCTBA Mbl MOJYYHM B HOKa-
3aTesJibCTBE JBa MNPOTHBOpEYALIHX BBIpAXKEHHA, TO K
JOKa3aTeJbCTBY MOXKHO NPHCOEAMHHUTb BbIpaXK€HHe, NPOTH-
Bopeyaliee 3TOMy A0GaBOYHOMY jonyuieHuo. B camom
Aene, eC/ii Ha OCHOBAaHMH A00ABOYHOro HONMYINEHHS ) MBI
nojfyuaeM B JOKa3aTe/bCTBE JBE NMPOTHBOpedallHe CTPOKH
¥ u ~7%, To no npasuiy BK u mnpaBuiy npucoeiuHeHHd
MMIJIHKALEE K JOKAa3aTeJbCTBY MOXKHO K J0KAa3aTeJbCTBY
OPHCOeIHHUTh HMIAHKamuo Y—y A~y Ho orcioma Ha
ocHoBanud T15b MBI mosyuaeM BeipaxkeHne ~ ). CXOIHBIM
o6pa3oM, ecJu Ha OCHOBAaHHH N00aBOYHOrO AONYyLIEHHSA
~ ) MBI TIONyYaeM B [OKA3aTeJhLCTBe ABe IPOTHBOpeYalHe
CTPOKH ¥ H ~7%, TO K HOKAa3aTeJbCTBY MOXKHO IpPHCOeIH-
HUTb MMIJIHKAUuK ~ Pp—y A ~%y. Ho orcioma Ha ocHoBa-
Huu T1bc MBI mosyuaeM BHIpaskeHue V.

OTHM NpaBHJIOM MBI BOCHOJb3yeMCs B J0Ka3aTesbCTBE
cllefyouiell TeopeMshl:

T19. ~(p\Vg=~pA\~¢g 83aKOH OTPHILAHHA IH-
3BPIOHKUOHH.

Hoxk. @ (1) ~(@Vyg) {momyuu. }
(L) p {m06. momyur.}
(1.2) p\g IBO: 1.1}
Q2 ~p {1.1 = nprepu. (1; 1.2)}
2.1 q {no6. momyur.}
22 pVyg {BO: 2.1}
(3) ~gq {2.1 — nptBpu. (1; 2.2)}

~pA~gq {BK: 2; 3}
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Yacte (b) nOKasaTelbCTBAa Mbl MPEAOCTABIsSIEM YHTATENIO.
ITo T19 orpuyarue Ou3sOHKYUU IKBUBANEHTHO KOHB-
ronkyuu orpuyanuil ee 4aenos. Hanpumep, npesoxeHne
~a>b, nau npennoxenue ~ (a>b\/a=>), 3KBUBaJEHTHO
npenoXeHnio ~a>b/A\ ~a=b. _
IIpousBoaHbIM OTHOCHTENbHO T19 sBiIsieTCs TPaBHIIO
OTPHILAHUS I3 BIOHKIHH:

~@VY . ~(eVY)
OL ~p ~QA~¥
~'llJ

T20. ~((pPANg=~p\/~qg 3aKOH OTpHNAHHUA
KOHBIOHKIHH.

Hoxk. (a) (1) ~((@A9) { nomym. }
2 ~(~pV ~9q) {momym. k. A.}
B ~~vp {O0: 2}
(4) ~~q {on: 2}
® » {¥O: 3}
© gq {YO: 4}
(7 pPAg {BK: 5; 6}
ApTBpY. {1, 7}

Yacts (b) nokasaTesbCTBA MBI MPENOCTaABJAAEM YHTATEIIO.
[To T20 orpuyatue KOHBOHKYUU IKBUBALEHTHO OU3BIOHK-
yuu oTpuyanuli ee 4aenos. Hampumep, mnpensoXeHne
~ (a<x<b), nnu npensOKeHHe ~ (a<x/A\ x<b), 3xkBHBa-
JIEHTHO Tpejsioxennin ~ a<x\/ ~x<b.

Teopembl T19 u T20 uMel0T aHaJOrHYHYIO CTPYKTYPY.
x maswiBaloT 3akoHaMu Jle MopraHa mo MMEHH aHIJH#-
ckoro Joruka XIX Beka. OnHaKO 9TH 3aKOHH OblJIH H3-
BECTHB yXe B cpejHHe Beka. KX Mbl HaxoauM, HampuMep,
y Okkama (XIV Bex), y Bypunana (XIV Bek) u npyrux
qorukos XIV u XV Bekos. :

T21. ~((p—>q)=p/\~¢ 3aKOH OTPHIAHHST HM-
NJAHKALHH, i

IloxasaTesbCTBO 3TOH TEOPEMBbI Mbl MPENOCTaBJAEM UYHTA-
TeJII0.
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T22. ~((PA~p) 8aKOH MPOTHBOpeUHH.
Hok. (1) pA~g {momyu. K. x.}

@ » _
& ~p h
NpTBPHY. {2; 3}

HokasaTenbCTBO 3TOH TeOpeMbl SABJIAETCH OGHIUHLIM
KOCBEHHBIM [[0Ka3aTe/IbCTBOM. B 3TOM JokasaTeinCTBe
(HrypHpyIOT He yCJOBHMS TEOpEMbl, a JMIIb AOMyLIEHHE
KOCBEHHOI'0 10Ka3aTe/NbCTBA, KOTOPHIM SIBJISETCS MNpPEeNJIo-
XKeHHe, POTHBOpeUYallee JOKa3bIBaeMOH TeopeMe.

3aKkoH npoTHBOpeUHs COpPMyAMPOBaN  APHCTOTEIb.
Y Hero uMeercs Takxke MeTaslorHueckas (OPMyJIHPOBKA
3TOrO 3aKOHa, rJacsllasi, 4To ABa MPOTHBOPEYAmMX MNpea-
JIOXeHHUsI He MOryT OBITb Cpady HCTHHHBIMH (HJH e B
3KBHBAJIEHTHOH ()OpPMY/NHMPOBKe: U3 ABYX NpPOTHBOpPEYAINHX
NpeNJIOKEeHUH ONHO JIOXKHO).

T23. pV~p 8aKOH HCKJIOYEHHOTO TpeThbero.

Hok. (1) ~(V~p {monym. K. x.}
@ ~p ,
& ~ | oo
NpTBpY. {2; 3}

3aKOH HCKJIIOYEHHOrO TPEThEero OTHOCHTCS K TeM JIOTH-
YECKHM TeOpeMaM, KOTOPBIMH HepeaKo MOJb3ylTCs B MaTe-
MAaTHYECKHX [OKa3aTeNbCTBaX KakK NMOCHJKAMH, UMEHHO B
BETBSIUUXCA J0Ka3aTeJIbCTBAaX ¢ MPHUCOENHHEHHEeM a06aBou-
HBIX JNOTYyINEHHH, O YeM pedb OyHeT MATH HHKe.

3aKOH MCKJIIOYEHHOTO TPEThere TakXe CHOPMYNHPOBA
Apucrorens. OH Xe Hall M MeTAJOTHYECKYID (HOPMyJIH-
POBKY 3TOro 3akOHa, MO KOTOPOH M3 ABYX MPOTHBOpEUAIHX
npenJoKeHuii OAHO HCTHHHO.

B cBomx Tpynax - ApucroTesb mnosaraeT 35TOT 3aKOH
HCTHHHBIM M JaXe NOCBSILAeT OAHMH M3 pasfesioB «Mera-
¢usuku» 3aImuTe 3aKOHA HCKJIOUEHHOro TpeThero. Bee ke
B OTHOM H3 CBOMX TEKCTOB OH BHICKA3hIBAeT COMHEHHS B
CTpaBeVINBOCTH 3TOTO 3aKOHA [Jsi TPEeNJOXeHHH, OTHOCH-
IWHXCH K OyaymuMm caydafiHeIM COObTHAM. MMeHHO OH
3aMeqaer, YTO MPHUHATHE 3TOr0 3aKOHA IJI TAKHX MpPEeJo-
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JKEHUil TpUBENo Obl B KOHEUHOM CUeTe K caenyiomefi KoH-
lenuun: Bce, UYTO OyHeT TPOHCXONHUTb, Heo6X0AHMMO.
Cepiasich Ha 3Ty KoHuemuuio, Sl JlykaceBuu MOCTPOHJ B
1918—1920 romax CHCTeMy TaK Ha3hniBaeMOro TpEX3Had-
HOFO MCUMCJEHHsI BBICKashiBaHMil, B KOTOpOH HE HMeeT
MecTa 3aKOH HCKJIOUEHHOrO TPEThEro.

T24. (p—>q)—=(p/\r—>q/\r) 3aKOH HOBOTO COMH O-
KHTe .

L]

Jloka3aTeJbCTBO 3TOFO 3aKOHA MBI npefoCcTaB/sgeM YHTa-
TeJIO.
TIpuMep paccyXIeHHs 1O 3aKOHY HOBOMO COMHOMHTEA:.

a>2-a>0
a>2/\a<9—->a>0/\a<9

HJIH:
2<a<9-»0<<a<<9.

T25. (p—=>q) A (r—>8) = (p A\r—g/\S) 3aKOH NOUMLH-
HOTIO y.MHO)KEHHH aJsd UMOJHUKAUHUH.

,7101(83 aTeJLCTBO 9TOro 3aKOHa MBbl HpE}.IOCTaBJIHEM
guraresio. [IpuMep pacCyXIeHHs MO MPaBH/y NOYJIEHHOTO
YMHO)KEHHH AJ1s UMIJINKAlUH:

a<<x—c<f(x)
x<b->flx)<d
a<tNx<boc<f)Af(x)<d
HIH:
a<r<b—c<flx)<d.

Tenepp Mbi OGOCHYeM NpPOH3BOAHOE M paBHJIO TO-

CTpOeHHMA BeTBAUIErocs AOKaszaTeJbCTBa C
mpHcoeJUHeHHEM N 006aBOUYHBX gJomyueHHH
[To sTOMy mpaBHJay:
(a) mpsaMoe NOKa3aTeJIbCTBO BhHIPaXEHHUS (I)! 3akoHueHO,
ecii B HeM TOJIyueHO @n Ha OCHOBAHMH KaXJI0ro M3 no6a-
BOYHBIX JOMyUWIEHHH 1, ..., Yr, AHIBIOHKUHS KOTOPBIX SB-
JisieTcsi OJHOH M3 CTPOK J0Ka3aTe/bCTBa; )
(b) KOCBEHHOE I0Ka3aTeNIbCTBO BbipaXKeHHs (I) 3akoHueHO,
ec/l B HeM MOJyYeHo MPOTHBOpEUHe Ha OCHOBAHUM Kaxore
¥3 106aBOYHBIX AONYIEHHH Y1, ..., Pk, AUIBIOHKUHSA KOTO-
PHIX sSIBJISI€TCS OJHOM M3 CTPOK NOKa3aTe/bCTBA.

1 310 BHIpaxKeHHe GbIIO [IPHBEJEHO HA CTP. 22.
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Hns o6ocHOBaHMS (a) AOCTAaTOYHO 3aMETHTh, UTO, MHOJY-
4asg B NPAMOM JAOKasaTesJbCTBe BHIpaxKeHHs (l) Beipaxe-
HHE @, Ha OCHOBAHHMH KaXKAOro U3 AO06ABOYHHIX AOMYILIeHHH
Y1, ..y Pr, MBI MOKEM 110 NMPaBHJY NPHCOEIHUHEHUST UMIJINKA-
UMM K JOKa3areJbCTBY MPUCOEJHHHTb B KauyecTBe HOBBIX
CTPOK Y1—>Qn, YPo—>Pn, ..., Yp—>@Pn. [IpUMeEHAST K 5THM BHIpa-
JKeHHAM TpaBHJIO CJOXeHWs aHTeleldeHTOB (0600IueH-
Hoe Ha k wuMnaMkauuii), MBI MOJyYaeM BbIpaKeHHE:
Py V VooV Yr—>@n. TIpUMeHss K HeMy H K OU3BIOHKIHH
P V¥, V...V ¢, (0 KOTOpO# M3BECTHO, YTO OHA SIBJSETCA
OJHOH M3 CTPOK JOKa3aTeJbCTBA) MNPaBHJIO OTIEJIEHHSH, MBI
NOJYyYUM BHIpAXKEHHe @p B KaueCTBe TMOCJeAHEH CTPOKH
Jl0oKa3aTeJbCTBA.

Hnsa obocHoBanus (b) mocTaToyHO 3aMeTHTh, YTO, MOAY-
4yasi B KOCBEHHOM JoKa3aTeabCTBe BhipaxeHus (I) mpoTuBo-
peude Ha OCHOBAaHMH KaxJAOro M3 A06aBOYHBIX JONYyLIeHHH
Y1, ..y Pr, MBI MOKEM — 110 MPOM3BOAHOMY MpaBHJy, MpH-
BeJleHHOMY Ha CTp. 32, — NPHUCOEAHHHTh K A0KAa3aTeJbCTBY
OTpHLlaHHE KaXJOro U3 3THX A00GaBOYHHIX JOMYIIEHHH, T. €.
BHIDAXKEHHA ~ Py, ..., ~Pr. Ho ApuMeHsss K AU3BIOHKUHH
PV PV eee V Y1 (0 KOTOPOH H3BECTHO, UTO OHA SIBJISIETCS
OJHOH M3 CTPOK J[OKa3aTeJbCTBA) H K BHIpaXeHHAM
~P1, ., ~YPp—y OpaBuao YI, MH TONYYHM BRIpaXKeHHE
Y, MpPOTHBOpedalllee TMOJYUYeHHOMY paHee BHIPaXXeHHIO
~p. HajuumeMm 3TOro mNpOTHBOpEUHs 3aKaHUHUBAETCs
KOCBEHHOe J0Ka3aTeJbCTBO BhlpaxeHus (I).

[TpuMepaMu A0OKa3aTeNbCTB, B KOTOPHIX MBI HOJb3yeMCsl
TNEePBBIM M3 TOJbKO UTO MPHUBEIAEHHBIX NPOU3BOJHBIX MpaBHJI,
ABNAIOTCS JokasaTenbctBa 126 m T27. Bropoe mpasuio,
KOTOpoe Mbl COpPMYJAUPOBANH TOTOMY, UTO OHO YacTo MpPH-
MeHseTCss B MaTeMaTH4YeCKHX pacCyXAeHHsaX, MPOHJIIO-
CTPUPYeM Ha CJe[ylolleM npuMepe:

Teopema: (P—=gA =) A~@\Vs)—=~(@P\V7).
Ook. (1) p—gq ‘l

(2) r—s {monym.}
@) ~@ V)

4 p\Nr {monym. k. &.}

1.1y p {no6. pomym.}
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(1.2)
(1.3)
@.1)

22

2.3)

q
L
r
S

qVvs

NpTBpY.

{f10: 1; 1.1}
{BI: 1.2}
{no6. momyu.}
{r1o: 2; 2.1}
{BI: 2.2}

{1.1 — nprepu. (1.3; 3); }
2.1 — nprepu. (2.3; 3); 4

T26. (p —¢) > (p\/r—q\/S) 3aKoH HOBOro cJara

eMoro.

Hoxk. (1) p—>q}

2 pvr
Ly p
(12) ¢
(13) gqVr
2.1 r
22 gqvr
g\Vr

{nomym..}

{n06. momym.}

{T10: 1; L.1}

{BI: 1.2}

{mo6. nmomym,.}

{BI,: 2.1}

{1.1 »1.3; 2.1>2.2; 2}

T27. p~> @ N (r—>8) —>(P\/r—>g\/s) 3aKOH NOUYJEH-
HOTO CJOMXEHHA AJ HMOJHKALHH.

Hoxk. (1)
2
©®)
(1.1)
(1.2)
(1.3)
@.1)
2.2)
©.3)

p—q

r—>8

p\r
p

{momymt.}

{no6. momym.}

{fo: 1; 1.1}

{BI: 1.2}

{mo6. momyur.}

{fno: 2; 2.1}

{BIO: 2.2}

{1.1 -»1.3; 2.1 -2.3; 3}
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IIpumep paccyneHHst MO NMpaBHIY NMOWIEHHOTO CJOMKEHHs
AJIs MMIJIAKAIMH:

a>b-—sa?>h?
a=b—a?=0>5
a>b\/a=b—>a2>b2\/a2=b2

HJIH:
- a>b—a®> b _

M3 T27 Ha ocHOBaHHH 3aKoHa HMIOPTAllMd MH NOJyYaeM

33KOH CJOXKHOW KOHCTPYKTHBHOH JHJIEMMHBL:

T28. (p—= PN (r—=s)AN(pV 1r)—=(@gVs).

IIpoussoanoe oTHoCHTeNbHO T28 MpaBUIO CNOMHON KOH-
CTPYKTHBHOH AH/IEMMBI IIO3BOJISIET H3 ABYX UMIVIMKALMH H
AH3DBIOHKIHH HX AHTEUEAEHTOB BLIBECTH JU3BIOHKLIHIO HX
KOHCEKBEHTOB.

IIpumep paccyxaeHus no mpasuay ca0KHOH KOHCTPYK-
THBHOH JHJIeMMBHI:

n=1-52n=2
n>1-2n>2
n=1vn>1l

2n=2v2n>2

Paccyxnenns, xotopnié HasmBawoTcs AUeMMaMH, Obl-
JIN H3BECTHBI yXKe B JpeBHOCTH. KpoMe npocrofi u c/10xKHO#M
KOHCTDYKTHBHBIX IHJIEMM, Pa3JiHyaJH elle NPOCTYIO H CIOXK-
HYIO I€CTDYKTHBHbIE IHJNeMMH. IIpaBusio npocroit mecrpyk-
THBHOH JHJIEMMbl NMO3BOJISIET M3 ABYX HMIUIMKALMH C ONH-
HaKOBBIM ~ aHTELEJEHTOM M [HM3DBIOHKUHM OTPHLUAHHH HX
KOHCEKBEHTOB  BLIBECTH OTPHIIAHHe aHTelelleHTa 3THX
MMIJHKaLu#A. TIpaBuio clOXHOM AeCTPYKTHBHON AMJAEMMEI
NI03BOJISIET U3 ABYX HMIVIHKAUHH H JU3BIOHKLIHHA OTPHLAHHH
HX KOHCEKBEHTOB BBHIBECTH JAH3DBIOHKILHMIO OTPHIAHHH HX
aHTeleNeHTOB. POPMYJIHPOBKH 3aKOHOB, Ha KOTOPHX OCHO-
BBIBAIOTCA 5TH NpaBHJid, a TakXe MX J0KA3aTeJbCTBA MLI
NPeRoCTaBsieM YHTATEINIO.

T29. ~p\/g=p—>q.

IIpAiMas UMIIMKauus 151 3TOH SKBUBAJEHTHOCTH €CTh TEO-
pema T4b. [ToatoMy MBI NPHBOAHM TOJNBKO 4acThb (b) moka-
3aTeJbCTBA. :
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HOok. () (1)° p—g {momym.}

(11 p {£06. momyut.}
(1.2) ¢ {rio: 1; 1.1}
(1.3) ~pVg {BA: 1.2}

21)~p {no6. momyuL.}

22 ~pVvyg {BL: 2.1}
~pVgqg {l1-13;21-22}

JlokasaTeJbCTBO OOPATHOH HMIIHKALHH B TEODEME T29
qBJISIETCS] BETBALIAMCS JOKa3aTeJbCTBOM, B KOTODOM IH3D-
IOHKIMS 0GABOYHBIX ACNyLIEHHH — JIOTHUECKas TeopeMa,
JMEHHO 3aKOH HCKJIOUeHHoro Tperbero. Hepenko marema-
THUECKHEe NOKA3aTeIbCTBA NPOBOAATCS TaKHM 06pasoM, 4TO
JM3BIOHKLHS 106GaBOYHbIX JONYyLWEHHH sBJAETCS HacTHHIM
clydaeM 3aKOHA HCKJIOYEHHOTO TPETHEro, HanpuMmep KOTZAA
JOKa3LIBAaeTcsi HEeKOTopas TeopeMa NpH JONMyLICHHH x=0,
a satreM npu jomylieHHH X=0. B ngpyrux xe caydasx
JIU3BIOHKIHMS A00ABOYHBIX JONylleHH# sABJAETCA TeopeMoH
MMM YACTHBIM CJydaeM TeOpPeMbl - AaHHOH JHCIHMIJIMHEL,
HanpuMep KOTZA J0Ka3aTeJbCTBO IPOBOLMTCH B Jonyluie-
Husix x>0, x=0, x<0, To MOJIYaIHBO NOJb3YIOTCA 3aKOHOM
TPUXOTOMHH: x>0V x=0\Vx<0. B BeTsamuxca Jokasa-
TeqbCTBAX, TAe JH3BIOHKIHA J106aBOYHBIX JONyLLeHHH
ABASIETCSI 3aKOHOM HCKJIOUEHHOTO TpeThbero M/ pesyJbTa-
ToM IOJCTAHOBKH B HEro, Mbl He OyJeM BBIMHCHIBATL B JIO-
Ka3aTeJqbCTBe 3TOT 3aKOH, a Takxe He OyleM M yKashBaTbh
B (HIypHBEIX CKOOKax MocjejHeH CTPOKH J0Ka3aTeJbCTBa,
4yTO MBI NOJb3yeMCs 3THM 3aKOHOM.

T29a. p\ 9= (~p—9.

[Ipamas uMNJHKauus — 3TO TeopeMa T4a. [okasareb-
cTBO 0GpaTHOM HMIVIMKALHH aHAJOTHYHO HaCTH (b) noka-
sareqbctBa 129.

[paBuso, COOTBETCTBYyHOLLEE o6paTHOM HMMIIHKALHH,
conepxaueiics B T29, MBI mWaxXOHM 'y IMaBna u3 Beneuuy,
JKuBLIero B KoHne X1V — Hauane XV BeKoB, aBTopa 0GWIHD-
HOro yYeGHHKa JOTHKH. VIMeHHO OH YTBEDXKIAeT, 4To H3
YCJOBHOTO NpeJJIOKeHHsl ClefyeT AH3BIOHKIN, o6paso-
BaHHAs W3 NpELJOXKEHHs, NMPOTHBOPEYAllero aHTENENeHTY,
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U €ro koHCekBeHTa. OH TakXe NPHBOAMT CJAEAYIOLIUH npH-
MEp paccykjeHus no stoMy npasuny: Ecau Tl — YeJIOBeK,

TQ Tl — JKHBOEe CyH.leCTBO; CJIeIIOBaTeJIbHO, HJIH TBI He
Y€J0BEK, UJHU ThI KUBOe CyH.leCTBO.
T30. PA@NrV=pAq\VpAr.

Mbl npuBOAMM TOMBKO wYacTs (b) nokasarenncrsa.

Hox. () (1) pAGV pAr {nonym.}

(L) pAg {no6. momym.}
1.2 p |

(1.3) q} {¥YK: 1.1}
(1.4 q\/r  {BI: 1.3)
(1.8 pA@VA {BK: 1.2 1.4)
2.1) pAr {r06. momyu.}
@22 »p .

2.3) q} {¥YK: 2.1}
2.4y gqgvr {BO: 2.3}

(2.5) pA(gVvr) {BK:2.2; 2.4}
PAGVR {1115 2.1 525 1)
ITo T30 caenyromue YCJIOBUSI 5KBUBAJIEHTHBI:
X €CTb palHOHA/IBHOE YHCHIO A (X < — 2 V x>5),
¥ €CTb PalHOHAVIbHOE YHCIIO A\ x < — 2 vV,

X €CTb palHOHa/bHOE YHCIO A x> 5,

Teopema 30 — 3akoHn HAUCTPUOGYTHBHOCTH KOH%b-
IOHKILHEHU OTHOCHTEJABHO AU3DBIOHKILHH, aHalo-
TMYHBI| apubMeTHIECKOMY 38KOHY  NIHCTPUOYTHBHOCTH
YMHOMXEHHS OTHOCHTEBHO COKEHHs: - (b +c)=a-b+a-c.

Tl pVgAr=p\V o APV.

Teopema 31, nokasareabctso KOTOPOH MBI NpefoCTaBisieM
YHTATeN0, — 3T0 3aKOH AMCTPHOYTHBHOCTH JAHU3BIOHKIHH
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OTHOCHTEJBLHO KOHBbIOHKLUMH. Ilo 3TOfi TeopeMme (M 3aKOHY
CHMMETPHYHOCTH AJIsl S5KBHBAJEHTHOCTH) YCJIOBHS

(@alb-c\/ ~al|b) \(@alb-c\/ ~alc),
alb-c\/ ~alb \ ~alc
3KBUBAJIEHTHBLI.
T32. (p—g) A (r=>) APV N A~@GAS) =GP N\E—=7).
Hok. (1) pP—q ]

2) r—s

@ pVr i oy}

@ ~@GA

) ~qV-~s {O4: 4}

(1.) ¢ {no6. momym.}
(1.2) ~s {vAa: 5; 1.1}
(1.3) ~r {Tox: 2; 1.2}
1.4 p {(YO: 3; 1.3}
(6) g—p {l.l—gl.4}
2.1 s {no6. nonyu.}
2.2 ~9¢q _ {YI: 5; 2.1}
23 ~p {Ton.: 1; 2.2}
2.4 r _ {YAO: 3; 2.3}
(7) s—>r {2.1 - 2.4}

@—pP N\ (s~r) {BK: 6; 7}

Teopema T32 Ha3biBaeTcsi 3aKOHOM 3aM KHyTOH CH-
CTeMb yTBEeDXAEHHH HIH 3aKOHOM lFayGepa. Ee
MOKHO GEJIO 6Bl TakXKe Ha3BaTh 3 aKOHOM obpalge-
Hus uMmnJaukaunui. Ha teopeme T32 OCHOBHIBAETCS
cefyioliee NPaBHJAO OOpAlleHHs HMIIHKALHHA:

! «a | b» 03Bauaet: a meJHT b.
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P —> Y
Py — P,
PV P

~ (%1 A %s) .

P — @
Pp —> Py

Teopemy T32 m cooTBeTCTByWOILEe el INPaBHJIO MOMKHO
0000HTE Ha 1 MMIVIMKALHH.

[TpaBusio o6pameHHss HMIVIMKanuii NPHHUMaer TOrAa
BHA:

P =Y
Py — Py
P —> Vs
»wVeaV...Ve,
~ (: A ¥3), rie | <is&j<n

Py @
Py —> @y

’lpll_aq:)ll

Takum 06pa3oM, ecJH YyTBEPKAeTcs 7 HMIVIMKaUHH H
JIH3BIOHKIHA HX AHTELEJEHTOB, NpPHYeM KOHCEKBEHTHl 3THX
AMIUIMKALMH B3aMMHO HCKJIIOYaOT APYyr Apyra, TO MOXHO
KaXJAylo M3 JAaHHBIX HMIVIHKaLHui OOpaTHTb.

[IpuMep npUMeHeHHs NpaBH/Ia o6palleHHs1 MMIVIMKaU1H
(B 3tom mnpumepe OyKBH «a», «b» 0603HayalOT CTOPOHHI
TpeyroJbHHKa, a OYKBHI «a», <B» — YIVIbI, JeXallue NPOTHB
3THX CTOPOH):

n.
Ll
<AV |
=V Il QQE_L
888NV
| TTT®

ANV
22=Z
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T33a. (p E- g) = (~p=—~49)

b. (p=¢q)>(PNr=qAr)

c. b= Ap=rA9

d (p=q-»@\Vr=q\Vr) 8aKOHB 3KCTEeH-
e (p=0)=>(Vp=rVa |31 sxsnpanent
f. (p=q)=(p—>r=q-r) HOCTH

g (p=q)—>(r>p=r—9)

h. p=9)—>llp=n=@=n1|

i. (p=9q)—=[(r=p)=)r=4q)

HlokasarenbctBa teopem T33 a—g B HEKOTOpOM OTHO-
IIEHHH aHaJOTHYHB. WX MOXHO JAOKasaTb, MOJb3ysCh npa-
BHJIOM YO, COOTBETCTBYIOLIMMH 3aKOHAMH JJISi MMIJIHKALMH
u npaswiom B3. B pokasareabctBax Tteopem T33h,i me-
NOJIb3yIOTCA 3aKOHB, YCTaHAaBJAHBAIOLIHe CHMMETPHYHOCTb
H TPaH3HTHBHOCTb SKBHBAJEHTHOCTH. 31€Ch MBI NpHBeAEM
ILJA npuMepa fokasareabcTBo T33f.

Hok. (;) p=gq {nonym.}
()p-»q} ¥9: 1)
() g—p;

(@@»maw7ﬁe@ﬁMMnﬂ
B) @=p)=p—r)>(g—1)]

6) @ —(p—r) {l10: 4; 2}
(M) (p—>n—@—r) {fo: 5; 3}
p—or=qg-r - {B3: 6; 7}

C nomompio Teopem T33 060CHOBHIBAeTCS INPOH3BOLHOE
NPaBWJIO 3SKCTEHCHOHAJBLHOCTH MCYHCJEHHS] NpeAJNOXeHHH,
cxeMa KOTOPOro '

e=v
%= % (9//)

. 3necb cumBoa % (¢|[p) o6o3Hauaer BLHIpaXKeHHe, NOJY-
YeHHOE H3 ) 3aMeHO#l HEeKOTOpPOH ero uyacrd Y BHIpaxe-
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HHeM @. Ecsin BbipaxkeHHs 7y, Y H ¢ SBJASIOTCA COOTBETCT-
BEHHO BBIpaxKeHHAMHU

(P=q)—=lg—r—(p—n)]
q—r,
~r—>~(q,
TO BHIpaxeHue Y (9|/p) ectb BhIpakKeHHe
(P=>q~>l(~r—>~qg—=>(p-—r)

3aMeTHM, UTO eCJ/H B BblpaxkeHHe  HECKOJNbKO pa3 BXO-
AMT B KayecTBe yaCTH BLIpaxeHHe P, 10 CUMBOJI ¥ (¢||Y)
o6o3Hayaer JNI060e BbIpaXKeHHe, KOTOPOe MOJNydyaercss H3
3aMEeHOH BHIpaXKeHHSl ) BbIpaXKEHHEM ¢ Ha OJHOM HJH
Gosee (He obs3aresibHO BCeX) Mecrax. B stom ciyuyae cum-
BOJ %(9||p) He sABAsSETCH OJHO3HAYHBIM.

HlokazaTe/ibcTBO NMPaBHIa SKCTEHCHOHAJBbHOCTH MpPOBO-
JUTCA HHAYKIHEH:

1) B cayyae, Korna y NMpeACTaBHMO B OJHOM H3 CJENyIO-
IIMX BHAOB:

mq’y 'll)——)'&, ﬁﬁ'\p’ ‘PV'&, ﬁv’lpy
PAY INAY, p=1, =1,

5KBHBAJIEHTHOCTb ¥ =y (9||$) crenyer us ponyiueHuss Q=1
H 3aKOHOB 3KCT€HCHOHAJIbHOCTH.
2) JlomyCTHM, YTO NpHBeIeHHHE HHXKEe SKBHBAJEHTHOCTH
CJIeAYIOT H3 BHIpaXeHHs Q=1

X2 = %1 (9//%), Ko = Ya (P//P)".

W3 3THX 3KBHBaJIEHTHOCTEH M 3aKOHOB 3KCTEHCHOHAJLHOCTH
clenyer 3KBHBaJeHTHOCTH y =y (¢||[Y) Tornma, Korapa y ecrtb
OTPHIIAHHE Y, 4 TAKXKE€ TOrja, KOrja y eCcTb HMIIMKaIHuS,
IOHU3DBIOHKIMSA, KOHBIOHKIHS H 3KBHBAJEeHTHOCTb, TOCTPOEH-
Has U3 BLHIPAaXKeHHH ¥; H Yo TakuM o6pa3oM, MOpaBHJIO
5KCTeHCHOHAJNLHOCTH TpPOoM3BonHO. Ha ocHoBanMu mpasuia
3KcreHCHOHanbHocTH H [1O, MBI ycraHaBiMBaeM, 4to H
npaBuJIO, CXeMa KOTOPOro

=1
X%
% (9//%)

! He uckmouyaetcsi cayyail, KOria B OXHOM JIMIb BhIPAaXKEHHH
HJIH %o BhIpaXKeHHe 1 GbLIO 3aMEHEHO BHIPaXKeHHEM .
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NpoM3BOAHO. DTO NMpPaBH/IO TaKXKe HA3LIBAeTcsl NPaBH/IOM
3KCTEHCHOHAJbHOCTH. -
M3 T20 na ocuoBanuu T33a u TSb Mbl mosyyaem

T34. pAg=~(~pV ~9.

TpuBenem elle aBe TeOPEMbl, ONYCKas, OAHAKO, HX AOKa3a-
TENbCTBA:

T35. pVQVr=pV@GVn).
T36. P AP Ar=p AN\ (@A)

STH TeopeMh — 3aKOHH accouuatsHOCTH. Ha ocnHOBa-
HHM 3THX 3aKOHOB MOJKHO ONYyCKaThb CKOOKH, MOCPeICTBOM
KOTOPHIX OCyLIECTBJsIETCS IPYNNHPOBKA Y/IE€HOB MHOTOUJIEH-
HEIX JU3BIOHKIUI HMJAH KOHBIOHKIHA.

B 3ak/i1iOyeHHe MBI IPUBOAUM CBOJAKY NPOU3BOIHBIX
npaBu/ NMOCTPOEHHs [0KA3aTeNbCTBA, @ TaKkKe BaXHeHIIHX
npaBuJ NMPHCOEJHHEHHS HOBHIX CTPOK K J10Ka3aTelbCTBY,
060CHOBAHHHIX B 3TOM naparpade.

Mb 060CHOBAJM CJjeAyIOIIHe INPOU3BOJHBIE TNpaBuJa
MOCTPOEHHs [0KA3aTeNbCTB (MOCPeaCTBOM AOMYLIEHHH) :

1) TlpaBuio, nosgoJsoulee pasbuBarb AONMYUIEHHS,
UMEIOIHe BHJ KOHBIOHKIHM, Ha UX YJeHbl, M BBIMHCHBATH
3TH uJeHbl B KauecTBe momyuienuii (crp. 27).

2) TlpaBu/o, N0 KOTOPOMY 3aMHCHIBAIOTCA JOKa3aTe/b-
CTBa TeopeM, HMEIOIHX BHj 3KBHBajleHTHOCTH (CTp. 29).

3) IlpaBusio, mO3BoJsAIOLIEE BHINIKCHBATD AOMYylIEHHE
KOCBEHHOrO /[0Ka3aTelbCrBa, omyckasg 3HaK OTPHIlaHHA
(ctp. 35—38).

4) TlpaBuio BBeaeHHs! 106GABOYHBIX NOMYLIEHHA M NpDH-
CoenHHeHuss UMIIHKAUHM K AOKasareabcTBy (crp. 42, 43).

5) TlpaBuJo BBeneHHS B JOKa3aTelbCTBO BhIpaXKeHHs,
NpOTHBOpevaliero 106aBoyHOMY aomymenuio (cTp. 46).

6) IlpaBuio NOCTPOEHHS BETBAIIMXCA [OKa3aTelbCTB
(ctp. 49—51),

B nokazaTtesbcTBax TeopeM WM NPaBHJA Mbl NOJB30BA-
JIUCh C/efyIOUUMH NPOU3BOAHEIMH INpaBHJIaMH NPHCOENH-
HEeHHUs] HOBBIX CTPOK: -

1) TIpou3BonHBIMH NMpaBHIAMH yJqaJ€HUsl [NUIBIOHKLHH
(cp. 32, 36).

2) IlpaBuiamu ynajieHusi U BBEN€HHsl NBOHHOrO OTPH-
nanusa (YO u BO, crp. 35—36).

3) Ipasunamu modus tollens (Tou., cTp. 38—39).
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4) Tlpasunom orpuuanus AuabloHkuun (O, crp. 47).

5) [NpaBunamu OTAeJNeHHs AJs skBHBanteHTHoCcTH (103,
cTp. 41).

6) IIpaBu/ioM CJIOXKEHHs aHTeLeleHToB (CTp. 49).

Mb f0oKa3aJu, 4TO NPAaBHJO MNOACTAHOBKH (CTp. 34) H
NpaBHJIO 3KCTEHCHOHAJbHOCTH (CTp. 57, 58) NPOH3BOAHHL.

YnpaxueHnus:
1. JlokaxuTe Ciefyloliie 3aKOMB HCUMCJEHHS ApPelJoXeHui:

A)pAg=qAp;
b)pVa=qVnp

Q=g A~p~~q
dp=g9)A~qg—>~p;

) (pp=q=pAqV~rPA~q
HhoA@-)—>wPAg~1)
QpAN@—=>nN—>@—=pAr):

h ~p=g)=pA~qVaA~n
yp—=gvr=@p-—qV@->r;
DorAgor=pE-onVg=r)..

2. Hcnoapaysi npaBHiO SKCTEHCHOHAJBHOCTH, AOKAXKHKTE:
a) 33aKOHH CHMMETPHYHOCTH M TPAaH3HTHBHOCTH JJiSi SKBHBAJeHT-
HOCTH; .
b) Ha ocHoBanmu TeopeM p\/ g = ~ p—>q H p = p TeOpeMy rVq) —
—r=(~p-og)—n
C) Ha OCHOBAHWH TEODEM ~ ~pP=p U (~p—sp)—>p TEOpeMy (p—~p)—
-~ D
d) a ocuopanmn TeopeM p\/g= ~p—q u p—(p\q). Teopemy
p=>(~p—gq). ,
3. a) ChopMynupyiiTe B AOKaXHTe JOTHUECKHA 3aKOH, C MOMOMIbIO
KOTOPOTO Ma OCHOBAHMH TEOPEMbI
(1) uepes 1Be pasnHuuble TOYKH MPOXOXHT He Gosee ONHON MPSMOH,
MOXHO MOKa3aTb TEOpeEMY;
(I1) xBe pasnuunele NpsMBle MMeIOT ne GoJjee ORHOM O6uied TOYKH
1 o6paTuo, Ha ocuosanuu (1I) Moxmo mokazatb (I).
Yxazauue: sanumure (I) B BHme: °

~(A=BAA
Jexar Ha a u b—a=1>5
H cxoaubiM o6pasom sammmure u (II).
b) Coopmynupyfite M NOKAXKHTE JOTHYECKHH 3aKOH, HA OCHOBAHMH KO-
Toporo W3 mpemioxennt: (al>|b] —a?>b% c >0\ 2> —>ca? >
>cb? caenyer npennoxenne; ¢ >0 A la|>|b|— ca® > ch?
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4, Tlpoeemute (hopMasN30BAHHbIE HOKA3ATENLCTBA:

a) TEOpeMH ~ (X > X) Ha OCHOBAHHH TEODEMH X >y — ~ (§ > X);

b) Teopemnt a>>b A ~ (¢ =0) = ~ (a¢c = bc) Ha OCHOBaHMH TEOpEM
a>bAc>0-ac>be, a>bAc<0—sa<<be~(a=10b)=
=a>b\a<<bh.

5. Ilokamure Ha ocHopamuu TeopeM: a>b\ a=b\/ a<<bh, 3>
SBo~(@=0\ B <), 3=~ (@B E>h),
BB ~(@B=00VaBE>H), a>b->a3>H, a=b—
S @B =03, a < b-ad<<bd crenyompe Teopemu: a¥>b3—a>>b,
Bd=bB—oa=0b, a3< b —a < b. IloueMy aHaJOrHyHoe JOKa3a-
TeJbCTBO A5 APYTHX crenetiell uces W He MOMeT OWTb MpHBENEHO?

§ 4. Hyab —edunuunas nposepxa.
Hcmunnocmuoie ¢pyHRKmopol

Hyap — eIMHHYHBIA MeTOJ NpPOBEpKH BhHIpaxke-
HHH HCYHCJEHHs npeasyoXeHHH — no3soJser AN KaXAoro
BEIPaXKEHHSI 3TOTO HCYHCJIEHHS KOHEYHBIM YHCJIOM Onpene-
JeHHHIX LI1aroB peLIHTb, HCTHHHO JiM [aHHOe BHLIpaXkKeHHE,
TO eCTb Bce JHM NPEeAJOXKeHHs, KOTOPhie MOMKHO MNOJyYHThb
H3 3TOTO BhIpaXKEHHsl NOACTAHOBKOH NPOH3BOJBLHBIX NPeNJo-
JKeHHil BMeCTO nepeMeHHbIX, HCTHHHBL. Camo HasBaHHe 3TO-
ro Meroja MOTHBHpPYETCA TeM, YTO MPH €ro npHMeHEeHHH
yamie BCEro HCHOJb3YeTCsi CHMBOJ «l» 1Js 0603HaueHHA
HCTHHHOCTH TNpeNJOXeHHsi, a cumBoa «0» — s oGo3Ha-
YyeHHs JIOKHOCTH NpeNjoxKeHus. VIcTHHa H JIOXKb Hasbl-
BAIOTCS JIOTHUECKHMH 3HayeHHIMH. B MeTonoJiorum AeaykK-
THBHBLIX HayK TOHSITHE HCTHHH CTPOro oOnpene/sercs.
Onnako 3aech MBl He GydeM BXOIHTb B paCCMOTPEHHE 3TOTO
onpenenenus. Mbl orpaHuyuMCs JHIIL 3aMeyaHHeM, YTO —
B COOTBETCTBHH ¢ COJA€pXKaTeJbHbIM CMEICJIOM TEPMHHOB
«HCTHHAY, «JIOXb» — IPHHAMAETCA NPHHIMN NBY3HAYHOCTH,
COIVIaCHO KOTOPOMY CYUIECTBYIOT TOJbKO ABa JIOTHYECKHX
3HayeHHs, TO €CTb BCSIKOe MpelJoXKeHHe HCTHHHO HJIH
J0xkHO. IIpuHMMaeTcs M paBHbIM 06pa3oM OYEBHAHbLIN
OPHMHIHI, YTO 5TH 1Ba JOTHYECKHX 3HaYeHHs HCKIYalT
APYr Ipyra, TO eCTb HH OJHO NpeNJOXKeHHe He sBJsAeTcH
Cpa3y HCTHHHHIM H JIOXKHEBIM.

Hynb — enuHWYHHIE  MeTOJ — HasHBaeTcss  TaKXe
MATPHYHEIM METOJOM, IOCKOJIbKY B HeM MOJIb3YIOTCH
MaTpHYHBIMHM TabJaHIlaMH, KOTOPHEe I0Ka3biBaloT, KakK JIOrH-
yecKoe 3HaueHHe CJOKHOIO INpensoKeHHs, 06pasoBaHHOrO
C MOMOILBIO JaHHOTO (PYHKTOpA MCUHCJEHHA NpeNJIOXKeHHH,
onpenensiercss JIOrHYeCKHMH 3HAYEHHSIMH COCTaBJ/AIOIHUX
1peJIOKeHHH. :
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CpoficTBa OTPHLAHHs INpelCTaBIsieT cjeayloumas Tab-
JHLa:

(P,"’(P

| \ 0

0 1
[lepBas mox uepTOH cTpoKa TabJHUB YCTaHaBJHBAET, YTO
NPENJOXKEHHS ~ ¢ JOXKHO, €CIH ¢ HCTHHHO, a BTOpas —
4TO ~ @ HCTHHHO, €CNH @ JIOXKHO. DTH CBOHCTBA OTPHLAHHUS
BIIOJIHE COTJIACYIOTCSI C €r0 OOGBIYHBIM CMBICJIOM.

CBoOiiCTBA OTPHUAHHST MBI CMOLJIH NPEACTaBHTb C IO-
MOIUBI0 MpocTo# Tabauubl 6Jarojaps TOMY, YTO JIOTHYe-
CKO€ 3HaueHHe OTPHLAHUS 3aBHCHT JHIUL OT JIOTHYECKOTO
3HAUeHHs1 OTPHIIAEMOTo NpeisoXeHHs, a He OT ero colep-
JKaHUsl. AHAJNOTHYHBIM CBOHCTBOM 00J1aJlal0T KOHBIOHKLHS,
IU3BIOHKLMS, HMIJIHKAU¥si H 3KBHBAJEHTHOCTb; JIOTHYE-
CKOe 3HaueHHe 5THX CJOXHHIX NpeAJoKeHHH omnpelessercs
JOTHYECKMMH 3HAYEHHSIMH COCTABJSAIOLIHX HX NpelJo-
_ XKeHHuH. :

®yHkTOpEL, 06pa3yioliie H3 CBOHX aPTYMEHTOB CJOXHBIE
NpeNaoKeHHs,, KOTOpEEe HMEIT OTMEUYeHHOe Bhille CBOH-
CTBO, HAa3bIBAIOTCS HCTHHHOCTHBIMH (GyHkTOpaMH. Ho He
KaXAblfi (QYHKTOp OT NPONO3HIHOHAJBLHBIX apTyMEHTOB
SIBJsI€TCS HCTHHHOCTHEIM (yHKTOpoM. Hanpumep, GyHKTOD
«$IH 3Haer, 4TO», BXOJSIUIHH B BHIpaXKeHHe

SIn 3Haer, uto p

He SIBASIETCS HCTHHHOCTHBIM (YHKTOPOM XOTsi OBl IOTOMY,
uTo SIH 3Haer He Bce.

OcHoBHIBasich Ha TabJauLe AN OTPULLAHHS, MOXKHO IOJY-
YHTh TaGAHIBI s KOHBIOHKIMH, [IH3BIOHKIHH, HMIIHKA-
IMH H 5KBHBAJEHTHOCTH, €CJH MBIl MPUHHMAeM, YTO Pe3yJb-
TaT NPHMEHEHHS K HCTHHHBIM NPeJJOXKEeHHSM OCHOBHBIX
NpaBHJA NpHCOENMHEHHS] HOBHIX CTPOK K /0Ka3aTelbCTBY
BCEr/Ja SIBJASIETCS] HCTHHHBLIM TpeNJoXKeHHeM H 4YTO BhIpaxe-
HHsI, KOTOpbie MOXKHO J0Ka3aTb C IOMOIIbI0 NpaBuaa Mo-
CTPOEHHS KOCBEHHOTO JOKa3aresJbCTBa (IOCPeNCTBOM AONY-
meHui), wucTHHHE. OTCl0Aa cjaenyeT, YTO H pPe3yJbTar
IpUMeHeHHs] POU3BOJHLIX NMPAaBHJ K HCTHHHEIM INPeIJoXKe-
HHSIM TaKXe BCerja sIBJsieTCs HCTHHHBLIM npelJoXXeHHEeM.
[ToaToMy ecan Bce BhIpa)KeHHsi, QUILypHPYIOLIHE B CXeMe
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HEKOTOPOTo NpaBuJja Hajl TOPH3OHTAJbHON 4epTOl, HCTHHHBI,
TO MOJIKHO OBITb HCTHHHBIM H BHIDaXKeHHE NMOJ 4epToH, HO
B clydyae, KOTAa 3T0 BBIpAXKEHHe JIOXKHO, HCTHHHHIMH He
Moryt ObITb BCe BHIpaKeHHs Haj ueptoil, Tak, Hampumep,
Ha OCHOBaHHH cXeMH mnpasuja BK

P
Y

PAY

MBI 33KJIOYa€M, YTO KOHBIOHKIMs JBYX HCTHHHHX NpeIJIo-
JKeHHH HCTHHHA, a Ha OCHOBAaHHM cXeM mpasuia YK

PAY. PAY
P ¥

MBI 3aKJIOYaeM, YTO KOHBIOHKLHS, B KOTOPOH IEPBHIH HJH
BTOPO#l uJieH JIOXeH, JoxHa. TeM caMbiM MB 060OCHOBAJH
TabJUIy OJ51 KOHBIOHKIHH:

@I P I@Aw

oo
OO ——
coo—

CoraacHo 3T0H TabaMile, KOHBIOHKLHS HCTHHHA TOTa, H
TOJMBKO TOTAA, Korga oba ee ujleHa MCTHHHL,, W JIOXHA,
Korga xotsi Obl OJMH H3 €€ YJEHOB JIOXKEH.

Hanee, Mbl o6oCHyeM TabJHLy AAf JAHIBIOHKIHH.

Ha ocuosanun npapuna BJ
? . b
’
VY oV
MBI 33KJ/I0Ya€M, YTO AM3BIOHKUMS, B KOTOPOH NEPBHIH HJH

BTOPOH 'WieH HCTHHeH, HCTHHHA. JlonmycTHM Temnepb, 4TO
BhipaxeHde P, GuUrypupymoiiee B cxeme )

VY
~Q

¥

npasuaa Y] nox uepToi, oxkHO. Ecau e u BHpaxeHHe @
JIOXKHO, @ 3HAYHT, HCTHHHO BbIpaXXeHHE ~ @, TO JOMKHOH
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JOMKHA ObITh H AW3blOHKUHA @AY, Tak Kak ecau MOX
yepToll (UTypHpPYET JIOXKHOe NPENNOKEHHE, TO ob6a mnpen-
JOMKEHHs] HaJ 4epTOH He MOTYT OHITb MCTHHHbIMH. Tabaula
[s1 TU3BIOHKIHH HMEET, Cle10BaTe/bHO, BHI

(plwl(pvw

OO —
O =
OO bt

CoraacHo 3Toii TabJulle, AU3BIOHKIMS HCTHHHA TOrAad,
H TOJBKO TOT/Ja, KOraa XoTs1 Obl OJIMH H3 €e Y/J€HOB HCTHHEH,
H JIOXKHa, ecH 006a ee 4JeHa JIOXHBL.

OT AH3BIOHKLHH, 06pa30BaHHOH ¢ nOMOMb0 (PYHKTOPA
« \», clefyeT OTIHYATb HCKIAIOYAOUIYI0 AH3BIOHKIHIO, Xd-
paxrepusyeMyio Tabnuuei :

o | v | oV
1 1 0
0 1 1
1 0 1
0 0 0

TakuM 06pasoM, HCKAOYAOWlas AH3BIOHKLUHs HCTHHHA
TOrZa, H TOMbKO TOTAA, KOTAa JHIUb OIMH H3 ee HUJEHOB
HCTHHEH, W JOXKHA, Koria o6a ee uleHa MCTHHHB HJH oba
goxubl. Takass [OH3BIOHKLHS HAa3blBAETCs HCKJIoY el
NOTOMY, YTO MCTHHHOCTb OJHOTO H3 €€ UJEHOB HCKJIOuaeT—
NPH HCTHHHOCTH BCeil IH3BIOHKUHH — HCTHHHOCTDH Ipyroro
ee vuyjieHa. B OTIHuHe OT HCKJIOYaloUled JH3BIOHKLKH
NH3BIOHKIHIO, 06pa30BaHHYIO ¢ NMOMOLLbBIO dyukropa «\/»,
HA3LIBAIOT MHOTAA HEHCKJIOUAIOUIeH AH3BIOHKUUEH, TaK KaK
HCTHHHOCTb OJHOTO M3 €€ 4YJeHOB He HCK/IIYaer— IpH
HCTHHHOCTH BCE€il MH3BIOHKUHH — HCTHHHOCTH [pyroro ee
yJeHa.

B pycckoM ! si3biKe BBIPAaXKEHHS <HJIHY, «au6o.., a160...»
ynoTpebasIoTCs U B KAYECTBE dyHKTOpOB HEHCKJIoUaoule
JIU3BIOHKLUHH... H HCKIIOUaOUIed AH3BIOHKIHH. TTockoabKy

1 B noAJHHHHKe: B IOJAbCKOM. — [Tpum. nepes.
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Ph Hamem paclopsKeHMH HMeIOTCS 3TH JBa COH03a, MBI
YCJIOBUMCS, YTO BHIpaXkeHHe «p\/ g» GyNeT UHTATbCA: p HJH
g, a BIpaXKeHHe «p V.g» OyjeT uHTaThes: JAu60 p, au6O 4.

‘ [1pu 060CHOBaHMH TAGJHMUBI AJs HMIUIHKALMH MBI BOC-
noabsyemcs mpasujom [1O, a TakKe MPOH3BOAHBIM OTHO-
cuteJbHO T4b mpaBHIOM CBSI3SH MeXAy AM3BIOHKLHEH H
HMILIHKalHed, cXeMa KOTOPOro

~oVY
-
Ha ocHoBaHHH 3TOTO NocJeJHero npasuja " TaGJIHI_LbI JJIs1

OTPHIAHHSA H AH3BIOHKIHH MBI NOJyYaeM CJeAyOIIyI0 BCIO-
MoraTe/bHyl0 TabJauLy:

¢[ ¢|~¢|~¢V¢\¢f¢

Ot O e

O et e

— i O
.
P

Takum o6pasom, B 1-M, 2-M ¥ 4-M cayvasix HMIJIHKauus

HCTHHHA. B '3-M ciyyae uMmiIMkauus AOJXKHA GBITb JOXKHA
Ha OCHOBaHWH mpasuaa [10: ‘

¢ -y
P
\

B camom gene, ecim ¢ JIOKHO, @ ¢ MCTHHHO, To @Q— He
MOXeT ObITb HCTHHHBIM, a MOTOMY JIOXHO.

[TosToMy MBI TOJMyyaeM CJeAyIOUIyl0 Ta6JAMLy AJs
HMILIHKa[[MH: : 4 I R <5

I - B )

o | v | ov

’

O O+

[=Y-=Y"TW
T

Pt ) Pt pa

CornacHo 3To#i Ta6aHle, UMIMMKALHS JOKHA TOTjaa, H
TOJIKO TOT/la, KOTJa ee aHTeUENeHT HCTHHEH, a KOHCEKBEHT
JIOXKEH; B OCTAJbHBLIX XKe CAyyasiX HMIVIHKALWS HCTHHHA.
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Ta6auuny AJsi SKBUBAJEHTHOCTH Mbl NMOJYYHM Ha OCHO-
BaHMM TabJHI AJS HMIJHKaLUWM ¥ npaBua BD u ¥ cie-
AyIOIMM 00pasoM: .

o | v ]e—v|vo0 |e=v

OO
OO —
- —
()
—_—O 0 -

B 1-M u 4-M clyyasix S5KBHBaJeHTHOCTb HCTHHHA B COOTBET-
cTBHH ¢ B3, KOTOpoe yCTaHaBIHBAeT, YTO €CJIH HMILJIHKA-
UMM NpsMast M OOpaTHas HCTHHHBI, TO 3KBHBAJNEHTHOCTDb
HeTHHHA. Bo 2-M cayuae ofOpaTHas HMIVIHKAuus $—-@
J0XHa, HO OTCIOAa ClelyeT Ha OCHOBAHHH BTOPOH CXeMBb
npasuaa ¥

o=
Yo’

YTO M SKBHBAJEHTHOCTb @ — ¢ JoXHa. B 3-m cayuae mps-
Masi UMIJIHKanus @—- JOXKHA, a OTCIJa Ha OCHOBAHHH
nepBoH cXxeMb) MpasuiIa ¥

2=V
-
CJEAyeT, 4TO W 3KBHBAJEHTHOCTb Q== JOXKHA.

CoraacHo 3Toll TabJHuoe, SKBHBAJE€HTHOCTh MCTHHHA
TOTAA, H TOJbKO TOTAA, KOrAa o0a ee uy/leHa HMEKWT OAHO H
TO e JIOTHUeCKOe 3HauyeHHe, W JOXKHE, Korja ee 4YJeHB
MMEIOT NPOTHBONOJIOXKHEE JIOTHYECKHEe 3HaYeHHs .

C NOMOLIbI0 NPHBEAEHHBIX Bble TaGJHIl Mbl OCYIIECT-
BJsSIEM HYJb — €IHHHYHYIO IIPOBEPKY BHIpaXEHHI HCUHCIIE-
HHSL NpeAJoXeHHH. DTy INPOBEPKY MOXHO NPHMEHSTL B
HeCOKpalleHHOH M COKpauleHHo#H ¢opme.

Hecokpamennyio (opmy HpoBepKH Mbl OGDBSCHHM Ha
npuMepe BbIPaXKeHHs :

(@ ~pPAQD—=(~pPV ~9.

B 5To BhpaxKeHHe BXOAAT JBe DPAasjHuYHbe NepeMEHHbIE:
p u q. Tlpexxae Bcero Mbl ZONMYCTHM, YTO 3HAaUeHHE IE€peMeH-
HOH p ecTb 1, a 3Hauenuwe nepemenHoit ¢ —0. YT1006H 3TO
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0603HauuTh, MBl TIEpENHLIEM. €llle Pa3 BblpaxeHHe (a), MOA-
NHChIBasi BCIOAY noJ OYKBO# p cHMBOJ 1, rle 3Ta nepeMeH-
Hasi BXOAHT B BhipaxeHHe (a); CXOAHHIM 00pa3oM Mbl MOJI-
numeM nold O6ykeofl g cumsoa O:

~@PAQ—=(~pV ~p),
10 1 0

Tenepb MBI MOMXEM BBIYHCJIHTb 3HAaUeHHe BbIpaXKEHHH
PV q, ~p, ~q. B cooTBeTcTBHM c TaGJHIAMH AJMS1 KOHD-
IOHKIHH H OTDHIAHMS IepBble 1Ba H3 STHX BbIPaXEHHH
HMEIOT B pacCMaTpHBaeMOM cjyvyae 3HaueHue 0, a Tperbe
BhIpaxeHue HMeer 3HaueHHe 1. CHOBa nepenuieM BbIpaxe-
Hue (a), MOAMMCHIBas NOJA (QYHKTOpDAMHM KOHDIOHKUMH H
OTPHIIAHHSI 3HAUEHHS CJAOXKHBIX BHIDPaKeHHH, 00pa3oBaHHBIX
C MOMOIILIO 3THX (PYHKTOPOB:

~@EAgQ—=>(~pN~9).
0 0 1

Ilanee, Mbl BbIUHCJseM 3HaueHHs1 BblpaxeHuii ~ (p/Ag) H
~p\/~q. 3HaueHHe KaxKJOTO M3 3THX BEIpaXKeHHH ecTb 1,
4yTO MHl 0603HayaeM, NOJIHCHIBasi CHMBOJM 1 moJ 3HaKOM
OTpPHIIAHMS, CTOSILIMM B Hauade BblpaxeHus (a), H NOA
3HAKOM JIH3BIOHKLHH:

T(p/\q)—e(f»p\l/f»q)_

TakuMm o6pa3oMm, B ciayuyae, ecld 3HaYeHHs1 NepeMeHHBIX
cootBercTBeHHO | M 0, aHTelleJeHT H KOHCEKBEHT BLIpaxKe-
Hus (a) uMeloT 3HaueHHe 1, a MOTOMYy B COOTBETCTBHH C
tTabavueli AJsS HMIVIHKAUMH 3HaueHHe BhIpameHHs (a)
B 3TOM CJydyae ecTb |, uTo MOXHO Obl10 OBl OGO3HAYHTD,
NOANHCAB 3TOT CHMBOJ MOJ 3HAKOM HMIJHKALWH.
PaccmarpuBaemMass mnpoueaypa CKJaAblBaercsi H3 He-
CKOMBbKHX «ypoBHe#». IIpaxkTuuecky, 0JHAKO, MH BBIIHCHI-
BaeM I[0J TNepeMeHHHIMH H INOCTOSIHHBIMH IPOBEPSEMOrO
BhIpaxkeHust cuMBoanl 1 ¥ O psaoM Apyr ¢ APyrom H B OX-
HOH cTpoke. B cayuae BelpaxkeHHs (a) 3amHCb HMeeT BH:
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CHMBOJIE, MOJYEPKHYTble ONMHAKOBOE YHCJIO pas, Ml
MONYYHJIH HA OJHOM H TOM XK€ «yPOBHE» NMPOBEPKH, MPHYEM
4yeM GoJIbllie 4epTOueK, TEM BHIIE «YPOBEHb», HA KOTOPOM
MH [OJYYHM [aHHOe 3HaueHHe. Bompoc, MpHHHMaeT JH NPH
JaHHOM HaGope 3HAueHHN [/ MEepeMEHHHIX BHIpaXKEHHE
3HayeHHe |, MOXKHO pelIuTh, .O0PaTHBIIHCh K 3HAUEHHIO,
NOAYePKHYTOMY HaHOOJIbLIHM YHCJIOM uepTouek. YToCbl BHI-
paxeHHe OblJIO BHIIOJHHMBIM, 3TO 3HaYeHHe JOJKHO 6BITb 1.

Mul npoBepu/IH BHIpaxKeHue (a) B Clyuae, Koraa 3Haue-
HHSIMH TepeMeHHBIX p U ¢ 6bian 1 u 0. HyxHo mpoBeputb
ellle BHIpaxKeHHe (@) TIPH OCTAJbHEIX TpeX Habopax 3Haue-
Huft 1Js1 5THX nepeMeHHHX. [IpHBOAMM 3amHChb NPOBEPKH
BhIpaXeHHsi (@) BO BCEX YETHIPEX BO3MOXKHEIX CIy4asX:

~pPAQ—=(~p\V~9
01111 i

01111 0100
10011 10101
11001 01110
10001 101°10

MBIl BHAMM, YTO paccMaTpHBaeMoe BbIpaxeHHe BCEria
uMeet 3HaueHHe 1. CienoBaTeslbHO, 3TO BHIpa)KeHHe OTHO-
CHTCS K HCTHHHBIM BhipaxeHusiM. Ecau e paccMaTpHBae-
Moe BhipaxkKeHue NpuHHMaeT 3HaueHne 0 XoTs Obl NPH Ol-
HOM Ha6ope 3HaueHH#i MM CBOHX IE€pPeMEHHHIX, TO OHO
OTHOCHTCSI K BHIpaXKEHHsIM JIOKHBIM. Tak, HanmpHMep, BEIpa-
xKenune (p—q)—(g—p) N0XKHO, NOTOMY YTO OHO MPHHHMAET
smauenue 0, KOTJa mepeMeHHasi p HMeeT 3HaueHue 0, a me-
peMeHHasi ¢ — 3HaueHue 1:

(p—>9—@—>p
0110100~

BelpaxeHHsi, NpHHHMAiOUIHe 3HaueHne 1 mpu J1060M
Ha6ope 3HaueHHH [Js CBOMX I€peMEHHbIX, HCTHHHDBI TaKxke
H B TOM CMEICJe, YTO KaxJoe MNpelJIoXKeHHe, KOTOPOE MbI
MOJdyYyaeM M3 HHX B pe3yJabTare NMOACTAaHOBKH BMECTO BCEX
mepeMeHHbIX TPOM3BOJBHEIX NMPENJNOXKEHUH, He3aBHCHMO OT
TOTO, H3 KaKOH O6JacTH 3HAHHsl B3STHl 3TH NMPEIJOKEHHs H
KaKOBO HX COJAepXKaHHe, SIBJSIOTCA HCTHHHBIMH NpELJIoxKe-
HHSMH. DTO CJAefyeT H3 TOro, 4TO BCAKOE NPEAJOKEHHE
MMeeT OJHO M3 JBYX JOTHYECKHX 3HAUEHHil — «HCTHHHOY,
«JIOKHO®, — a8 TaKXe H3 TOro, 4To JIOrHyeckoe 3Ha4YeHHE
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OTPHIIAHHS, KOHDBIOHKUHH, [JH3BIOHKIWH, HMIJIHKALIHA H
SKBHBAJEHTHOCTH 3aBHCHT HE OT COJNepXKaHHA COCTaBJSIO:
HIHX NPENJONKEeHHH, a JHIIL OT HX JOTHYECKHX 3HaYeHHi.
MEI npoBeieM HECOKpAaIEHHYI0 NMPOBEPKY elle ABYX BHI-
paxeHHui. B nepBoe BXOAHT /ML nepeMeHHas p, a BO BTO-
poe — TPH INepeMEeHHLIX: p, {,

p\/ ~p

1101

0110
(p>q)—=>g—=r)—(p—>n]
1111 1111111
0111 1111011
1001 0111111
0101 0111011
1111 1001100
01111001010
1001 0100100
0101 0101010

3aMeTHM, 4TO, MONNMHCHIBASA MOJ NEPEMEHHBIMH HX JIOTH-
yecKHe 3HAaYeHHs, MBI NOJ NepBofi mepeMeHHO#l MoouepenHo
numem | u 0, mon Bropo# moouepenHo — ABa paza 1 u naBa
pasa 0, mon Tperbeft moouepenHO — ueTbipe pagza ! y ue-
tTeipe pa3da 0 u T. n. Jlerko BuAeTh, 9YTO TAKUM NYyTEM INpPH-
HMMAIOTCA BO BHHMAaHHE BCe BO3MOXHEIe Ha6Gopwl JIOTHUE-
CKHX 3HAauyeHWH [JA INepeMeHHbIX. 3aMeTHM TakXe, 4TO
€CJH B IpPOBEPSIEMBIX BBIPAXKEHHAX YBEIHUHBAETCA YHCJIO
Pa3NHYHBIX NEepeMeHHBIX Ha eJHHHIY, TO YHCIO0 Hab6opoB
JIOTHYECKHX 3HayeHU{l MJA mepeMeHHbIX YIBaHBaeTCH.

Cokpamennas ¢dopMa NpPOBEpPKH 4Yalle BCEro mNpHMe-
HAETCA K BbIpaXXEHHAM, HMEIOUHM BUA HMIJIHKauH. B sToM
Clyyae MBI JIONyCKaeM, 4To aHTENeNEHT BCefl HMIJIHKALHH
HCTHHEH, H HMCCJIeNyeM, MOXKeT JU B 3THX YCJIOBHAX ObITH
JIOXHBIM €e KOHCEKBEHT, WIH Ke JOomyckaeM, 4TO KOHCEK-
BEHT BCefi HMIIMKALHUH JIOXKEH, M HCCAENyeM, MOXKeT JH.
6LITH HCTHHHBLIM ee aHTeleNeHT. Ecau HCKJiouaercs, urobbl’
aHTelneneHT 6Ll HCTHHHBIM, @ KOHCEKBEHT JIOXKHLIM, TO BCe
BHIpaXKeHHe — COMJIacHO Ta6Jauue O/ HMIVIHKaUHH —
HcTuHHO. ECH Xe Takas BO3MOXKHOCTb He HCKJIOUAercs
x0T GBI B OJHOM CJydYae, TO BCe BbIpa)KEHHe JIOXKHO.
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MpuMepsl cOKpameHHOR MPOBEPKH:

) (p—=9)—>(~q—>~p),
1001 10001
O6bsicHeHHe: I0NYCTHM, YTO KOHCEKBEHT Bcell HMIIHKALHH,
T. €. BHIpaXeHHe ~(g—~p, HMeer 3HaueHue 0. Toraa
&~ @» JIOMKHO HMETb 3HayeHHe 1, a «~ p» — 3HaueHHe 0.
[Mostomy «p» uMeeT 3HaueHue 1, a «g» — 3Havenne 0, OT-
Kyla CJeiyeT, YTO aHTellelleHT «p—-¢» HMeeT 3HaueHHe 0.
TaxkuMm o6pa3omM, cjydail, Kora aHTeleJleHT BCeH HMIIHKA-
UMK HMeeT 3HaueHHe 1, a ee KoHcekBeHT — 0, HCKJIOUEH, a
OTOMY BCS HMIJIHKALVs MCTHHHA.
2 (p>q—@—p),
0110100
MBI IonycKaeM, 4TO KOHCEKBEHT HMeeT 3HaueHHe 0. Torzna
«g» uMeeT FHaueHue 1, a «p» uMeer 3HaueHHe 0, OTKy1a
clle/lyeT, UTO aHTEUENeHT «p—-¢» uMeeT 3HaueHHe l. Takum
o6pa3oM, Bce BhIpaXkeHHé HMeeT 3HayeHue 0.
) ~pV->~pA\~9
1000110110

Mul JonyckaeM, 4YTO aHTeleleHT, TO €CTb BLIpaXKEHHE
«~ (p\/q)», umeer 3nauenne 1. Torna «pV ¢» uMeeT 3HA-
yenue 0, a MOTOMY «p» H «g» uMewoT 3HayeHHe 0. OxHako
TOrZa « ~P» H &~ (> UMEIOT 3HaueHHe |, a MOTOMY H BBHI-
paxeHHe «~p A ~ ¢» uMeer 3Hauenne 1. CJeloBaTeJbHO,
NpH HCTHHHOM aHTellelleHTe MCTHHEH M KOHCEKBEHT, a NOTO-
My BCe BbIpaxeHHe HCTHHHO.

C noMoILibi0 HYJAb — €IMHHYHOTO METOJa MOXKHO NMPOBeE-
pPSTb He TOJNBKO BHIpaXKEHHMs] HCUHCJIEHHS npeaJoxeHus, HO
H HCCIeloBAaTh KOPPEKTHOCTb CXeM [paBHJ HCUHCIEHHs
npenjoxenuii. IIpaBu/ao HCUHC/IEHHS NpelJIOXKeHHA KOp-
PEKTHO, €C/M HCKJIouaercsi, YToObl Pe3y/bTaT NpHMEHEHHS
Z@HHOTO IIPAaBHAA K MCTHHHBIM BBIPaXKEHHSIM OBLI JIOXKHBIM
BoipaxkeHHeM. KOpPeKTHOCTb NPABHI MOXHO HCCJEL0BATH
KaK HECOKpamleHHHIM, TaK M COKpallleHHHM CIOoCOGOM.

IMpumepsl COKpalleHHOA NMPOBEPKH CXeM MPAaBHJ HCHHC-
JIEHHsI NpelJIoXKeHHH:

(M

-8

—-Y
11

-

0

o
—

70



Ecau 3akaoueHHe, TO €CTb ~ @, JOXKHO, TO ¢ HUMeer 3Haye:
aue 1. JIns toro ytobel mepBasi nochiika Obljla HCTHHHOH,
{ OOJKHO HMeThb 3HaueHHe 1, HO Tonga ~, a, 3HAUHT,
apyrasi mocbl1ka HMeer 3HauyeHHe 0. ITostoMmMy Hckaoyaer-
cs1, 4ToObl 006€e MOCHIIKH OBIJIM HCTHHHBIMH, a 3akKJyeHne —
JIOXHBIM, H CJ€I0BAaTeJNbHO, 3TO NPaBHJIO KOPPEKTHO,

@ TeATY
~%V%'
1 00

Ecay mochlIKa HCTHHHA, TO ¢ H ¢ uMeior 3HayeHHe 0. Torna
@ \V ¢ HMeer 3HaueHHe 0, a 3ak/OUeHHe, TO ectb ~ (@ \/ ),
nMeer 3HayeHHe 1. [To3TOMy eclu mochbllKa MCTHHHA, TO H
3aKJYeHHe HCTHHHO, a CJlel0BaTeNbHO, 3TO NMPABHJIO KO-
PEKTHO.

@DyHKTOPEl, TaGMHLB [J5 KOTOPBIX OBLIH PacCMOTPEHHI,
He MCYEPNBbIBAIOT BCEX HCTHHHOCTHHIX (yHKTOpoB. Hampu-
Mep, HMeeTcsi uYeThipe OJHOApryMeHTHHIX (YHKTOpa, Kak
NoKasbiBaer clelyiolias tabJauna:

ol | | |

0 1 0. 1
1 0 0 1

1
0

Cpeay 3THX (YHKTOPOB HHTEPeCHBIM SIBJSIETCS TOJIbKO
dyuktop oTpunaHusi. Mmeercs mecTHaAuaTbh JAByXapry-
MEHTHBIX MCTHHHOCTHBIX (PYHKTOpOB, MOTOMY UTO CyLIecCT-
BYET CTOJIbKO XKe CIOoCOGOB 3alloJIHeHHsl NMOCJeNHero cToJb-
na TabJHILbL:

v | v |
1 1
0 1
1 0
0 0

-

31ech Mbl mpHBeZeM TaOJHIbl elle AJds ABYX ABYyXapry-
MEHTHBIX HCTHHHOCTHEIX (PYHKTODOB, a HMeHHO: 3HaKa He-
COBMECTHOCTH «/» M 3HaKa COEIHHEHHOTO OTPHLAHHS <.
BripaxeHue «p/q» unTaeTcsi: He — p WJIH He — ¢; BHIpaxe-
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HHe «p}g» umTaercs: Hu p, HH ¢ !. Beipaxkenue «p/gq» —
OTpHIaHHe BhIpaXeHHs1 «p/\g», BHpaXeHHe «plg» — OT-
pUIlaHHe BHIPaXKeHHs «p \/ g». DTH QYHKTOPH ONPENeNsoT-
csl CIeAyIOIMMH TabJnIaMHu:

o | v | o |olv

OO
[=Y=2 2 d
—t i — D
-0 0

DTH QYHKTOPH MOXKHO BKJIOYHTb B CHCTEMYy HCHHCJe-
HUsl TpEeNJIOKEHHH ¢ MOMOIIbIO CAeAYIOUWHMX NpaBuJ BBele-
HHUSl ¥ YA aJleHHs:

BH ~Q ~ Y
o T e
YH o/
_*
~P °
BC ~@
_~%
oY
¥yC elYv. eolv
. et T ov

3HaKH HECOBMECTHOCTH M COeJHHEHHOro OTPHUIaHMA BHIZE-
JSI0TC CPeIH [ABYXapryMEHTHBHIX HMCTHMHHOCTHHX (QYHKTO-
pOB TeM, yTO yepes JIOGOH M3 HHX MOXHO OIpe[esuTh BCe
ocTaJbHble HCTHHHOCTHHE (QyHKTOpH 2 TlosicHMM nocaen-
Hee Ha NpHMepe 3HAKa HECOBMECTHOCTH M 3HaKa KOHBIOHK-
IMM. 3HAK KOHBIOHKIHMH MOXKHO ONpeleNuTh Yepes 3HaAK
HECOBMECTHOCTH. DTO O3HayaeT, yro CYIIecTByeT BhIpaxe-
HHe, 3alMCAHHOE C NMOMOIIBIO 3HAKa HECOBMECTHOCTH H Ie-
PEMEeHHHIX p H ¢, NIPHHHMAIIEro npu Jo6oM HaGope 3Ha-
YyeHH MepeMeHHBHIX Te JKe 3HayeHHd, KaKhe MPHHHMaer
Bhipaxenue p /\g Aaa Toro xe HaGopa.

! «p | g» MOXKHO TaKKe YHTATh: ¢He — D H He — g», — IIpum. nepes,
2 OrflenbHble 3aMedyaHus 06 ONMpefie/leHHAX B HCUHCJEHHH MpeAJokKe-
HHH MH CliejlaeM B caefyiouleM naparpade.
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Mul HpPHBOAKM B KayecTBe NPHMEpPOB ONpejesieHHs OT-
PHLAHHS, KOHBIOHKUMH M [H3BIOHKLHUHK yepe3 3HAKH HeCO-
BMECTHOCTH H COEJHHEHHOrO OTPHIAHHS:

~p=plp;
df
pAg = (plg)/(p/g)
pVg - (p/p)/(q/q);

=
~p;—f—plp:

p/\qu(plp)l(qiq);

PVq f(pw)upw).

d

3Tu onpejesieHUs] MQXKHO NPOBEPUTH C NOMOIILBIO HYJb—
eJIMHHYHOTO MeTofa H yOeJHTbCs B KaXAOM Clyyae, 4To
BHIpaXK€HHA B JIEBOH M NpPaBOfl yacTaAx olpelesieHHs HMeEIOT
OJIHO M TO Xe JIOruyeCkoe 3HayeHHe NPH OJMHAKOBLIX Ha-
6opax JIOrHyecKMX 3HayeHUH nepeMeHHbIX. Takum Xe Cro-
co60M NpOBepSIIOTCS BCe OnpejesieHHsl B HCYMCJCHHH Npef-
JIOXKeHHUH.

B wucuuciieHHe nNpeLJiOXKeHHH MOXHO TaKXKe BBECTH
GbyHKTOpH 0T Tpex, yeThipex U GoJsiee apryMeHroB. OaHaKO
3T (YHKTOpPH He HHTepecHnl HH ¢ (GOpMaJbHOH, HH T CO-
JepxaTeJbHOH TOYKM 3peHUsA. 3aMETHM TaKXKe, yTo Bce
MCTHHHOCTHble (QyHKTOpH GoJiee yem OT ABYX apryMeHTOB
MOKHO JIerKo ONpe[esUTh yepe3 HUCTUHHOCTHHEe (PYHKTODH
OT OJHOro M JABYX apryMeHroB. Kak yxe nomyepkHBasoCh
BHUIe, 3HaKH ~, A, \/; =, = ABJIAOTCA HCTHHHOCTHEIMH
dyHKTOpaMH, a, CJeJoBaTe]bHO, JOrHyeckoe 3HayeHHe
npefJioXeHHil, 0OPa30BaHHBIX C MOMOWIBIO 3THX (YHKTO-
POB, He 3aBHCHT OT COAEpPXKAHUA COCTaBJAKIIHX NpeaJio-
XeHHH. DTo He BhI3bIBaeT BO3paXKeHHH C COAEPKaTesbHOH
TOYKH 3peHHMsl B Cjlyyae NepBHX Tpex ¢ynkropos. HMuaye
o6cToNT HeJo CO 3HAaKaMM UMIVIMKAalMM M 2KBHBaJIeHTHO-
CTH.

CornacHo npuBefeHHO Tabaune, UMIJIMKALKs HCTHHHA,
ecn ee aHTeuefeHT JoxeH. OHa TaKXKe HCTHHHA, €CJIH
KOHCeKBeHT HcTHHeH. [[03TOMy HCTHHHBIMHM SBJAIOTCA CJie-
AYIOIHe UMOJHKaLUY;
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(a) IMapmxk cromma Typunn — Kpakos pacnosoxern na Ogepe
b) Bapmasa pacnosioxena Ha Gepery Mopsi — Mape — nanera.

ITpuMeprl Takoro poja BEHI3BIBAIOT, OJHAKO, BO3paxe-
HHfl COAEpXKaTeJbHOIO Xapakrepa. MCTOYHHKOM 3THX BO3-
paxeHHH fBJAETCA TO, YTO BLIPAXKEHUE «P—>¢» UHTAETCH:
€C/iM P, TO ¢, a COI03 «eCJH.., T0...» 4acTo ynorpebiserca B
3HQYEHHUsX, [PH KOTOPHIX NPENJOXKEHHf, NOJYYEHHble M3
umnaukanuit (a), (b) 3amenol 3Haka «—>» COIO30M «E€CJH..,
TO...», He ABJAIOTCA UCTUHHEIMH. Cpeliy HHX MOXKHO BhIfe-
JIUTH CJEYIONIHNe 3HAYeHHs 060POTa ECJH P, TO g»:

1) U3 roro, uro p, caeayer 10, 4to ¢ (MaH; U3 NpemJIo-
KeHHus p ciaefyer NpeAJaoXKeHHe g).

2) HeBo3MoXHO, 4T06bl (p H HE — §).

3) HesepHo, yt0 (p u He — q).

4) To, uro p, ecTb NPHYHHA TOTO, YTO .

Kak BuanO M3 TabJMUB! A/ UMIJHKALMH, 3HAKY HM-
NVINKAlUK COOTBETCTBYET TpPeTbe M3 INPHUBEJEHHHIX BhLILIE
3HaYeHHM COI03a «ecH.., To». Eciu uMeercs B BHAy 370
3HaYyeHHe, TO, OYEBHJHO, UMIVMKauusA (@) HCTHHHA, TaK
KaK OHa 1ojaraer JHIIb TO, YTO M IHPEAJONKEHHE:

HesepHno, yro (ITapuxk — cronuna Typuuu u Kpakos ne
pacnonoxen ua Qpnepe).

B camoM nene, KOHBIOHKLMS, OTpHIAeMas B [JaHHOM
NpeAJIOKEHNH, JIOXKHA BCJAEACTBHE JIOXKHOCTH €€ MNepBOro
4jeHa, a NOTOMY ee OTPHILaHHE HCTHHHO.

HyXHo, ofHAKO, NpH3HATh, YTO COIO3 <EC/H.., TO..» B
OGLIYHOR peuH, MoXKaayh, peako ynorpebssercs B TpeTheM
3HAYEHHMH M yalle ynorpeb/isiercds B TpeX OCTaJdbHEIX. Ecaun
MMeIOTCs B BHAY 3TH OCTaJbHEIE 3HAYEHUS, TO HEBEPHO, UTO
YCJIOBHOE INpEJOKEHHEe C JIOXKHLHIM AaHTeLeLEeHTOM HJH
HCTHHHBIM KOHCEKBEHTOM HCTHHHO. '

Iepsrie nBa U3 yNOMAHYTHIX BhIIE 3HAYEHH{I COK3a
«€CJIH.., TO...» ObLIM YTOUHEHL! B JIOTHKe, @ HMEHHO: BTOPOH
U3 3THX CMBICJIOB YTOYHEH B CHCTEMe CTPOrofl MMIVIMKAaIHH
JIbionca. B 370it crHcTeMe He HMEIOT MecTa aHAJIOTH HEKO-
TOPBIX T€OPEM, NPHBEJEHHHIX B MNpeABAYyINeM naparpade,
noJyyaeMble U3 HHX 3aMEHOH 3HAKa «—>» 3HAKOM CTPOroft
UMIJIHKALMH, B YaCTHOCTH AHAJOr TE€OPEMbI

~pVg-=>(p—>9q)
TaK e, KaK U aHAJOrH TeopeM

~p->(p—4q), §-(F->7),
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\\
inomomblo KOTOPHX MOXKHO GblI0 6l 060CHOBaTH TaGJHLy
Jsl UMIVIHKALMH.

| B omamyMe OT CTPOrofl UMIJIMKAILMM MMIVIHKalusdA, o6pa-
OBaHHas C MOMOIIbI0 HCTHHHOCTHOro (yHKTOpa «—>-», Ha-
bIBa€TCs MaTepHasbHOH MMIVIHKaLHed.
| TIlomaTtue clegoBaHus ! onpenensercs B MeTOLOJOrHH
LeAyKTHBHBIX HayK. 3[1€Cb Mbl IpHBeleM OIHO M3 Onpele-
JeHHH 5TOro NOHATHs, B KOTOPOM HCIIOJIb3yeTCcs NOHATHE
JOrMYecKkoro 3aKOHa. B ompejelieHHH 3TOro MNOC/eIHEro
HOHATHS Mbl CHOBa BOCIIOJIb3YeMCsl NOHATHEM JOrHYeCKOH
HOCTOSI HHOH.

K JIOrMyecKMM NOCTOSIHHBIM OTHOCATCS (YHKTOPHI HC-
YHUCAeHuda npennomeﬂnﬁ, CHMBO/JIBl «a», «i», «e», «0» CHIl-
JOTHCTHKM ApHCTOTENs, CJOBO <«€eCTb», - KBAHTOPH], 3HaK
ToxaecTBa 2 ¥ 7. 1. Jlornueckue NOCTOAHHLIE — 3TO TEPMH-
Hbl, KOTOPbHIMH MOJIb3YIOTCA NpPH QOPMYJHPOBKe yTBEpKIe-
HHil, OTHOCAIIMXCA K Pa3/HyHbBIM 06JacTsaM 3HaHHs.

Jloryueckue 3aKOHH — 270 QopMyJbl, o6Janamouue
IByMs1 CBOHCTBaMH:

1) oHHM mMOCTPOEHBl JIMUIb M3 NEPEMEHHbIX H JOrHYeCKHX
NOCTOSHHBIX;

2) OHM HCTHHHBI S, 70 €CTb NPH NpOBepKe NPHHHUMAKOT
3HayeHHe | /A BCeX 3HaueHHHl NepeMeHHBIX.

[IpuMepaMH JIOTHYECKHX 3aKOHOB SIBJSIOTCS TeOpeMHl
MCYMC/IeHHs] NpelNJoXKeHuH, a TaKkXke M3BeCTHble, HaBepHOE,
yHTaTeNM U3 CpPelHell MIKOJH 3aKOHbI:

(a) Ecnu uu omHo S He ectb P, 70 Hu ofHO P He ectb S;
cuMBoJiHueckH: SeP—PeS.

(b) Ecau Bce S cymb P, 70 HeBepHO, YT0 HEKOTOpbie S He
cyms P; cumBoanuecku: SaP—>~ (SoP):

C MHOrMMH JIOTHYeCKHMH 3aKOHAaMH Mbl IO3HAKOMHUMCH
B ClelylolleM pasjiene;

Uepes noHsTHe JOFMYECKOro 3aKOHa MOHATHe (/1OrHye-
CKOro) CllefloBaHHs ONpele/serca Tak*:

U3 npennioxenus Z; clieflyer Npeiioxenue Z, T0raa, u
TOJBKO TOrJa, KOrda HMIVIKKallus, B KOTOpOH aHTelle-

! TepMuH <«CaefloBaHHe» HCIDJL3yeTCs HAMH B KauecTse CHHOHHMMa
TEPMHHA «JIOTHYECKOE CJIEA0BAHHED,

2 O KpaHTOpax W OTHOWIEHWH TOXJAECTBa peub OyAer HATH B Cle-
AvioilleM pasjelie,

3 O NOHNTHH HCTHHHOCTH cp. pasa. 11, § 3, ctp. 130—I131.

4 D10 onpepenenue aan K. Anpykesuu B paGore: K. Ajdukie-
wicz, Logiczne podstawy nauczania, 1934.
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/
LeHT — Z|, a KOHCEKBEHT — Zj, eCTb Pe3yabrar noncranoa/-
KH B HEKOTOPBHIH JIOTHYECKHUH 3aKOH. !

W3 npennoxenuit Z,, Z, ..., Z, cienyer npeJioxeHue
TOrJa, H TOJNbKO TOrAa, KOTAAa HMIJIHKALUs, B KOTOPOM
aHTelle/leHT — KOHDBIOHKIHUA NpeAJOXeRuil Z,, Zy, ..., Zg, |
KOHCEKBEHT — Npe[JIoXKeHHe Z, eCTb pPe3ysbTar MOACTAaHOB-
KH B HEKOTOPHH JIOFMYECKH# 3aKOH. '

Ilpumepni . ‘

M3 npennoxenus (1) «Hu omvH KuT He ects phGab
cnenyer npeasioxenue (2) «Hu ogHa peiGa He ectb KHT»,
NOTOMY YTO HMIJIMKALKA C aHTeleleHTOM (1) M KOHCeKBeH-
TOM (2) siBNseTCA Pe3yJNbTaTOM IOACTAHOBKH B JIOFHYECKUH
3aKoH (a).

M3 npepnoxenus (3) «Bce kBagpaThi cyTh NpAMOYrodb-
HUKH» cliefyer npenyoxeHne (4) «HesepHo, yto HekoTopHE
KBajparthl He CyThb NPSMOYrOJbHUKH», NOTOMY YTO HMMIJIH-
KalKus ¢ aHTeleleHTOM (3) M KOHCEKBeHTOM (4) sBasercs
pesysibTaToM MOACTAHOBKM B JIOrHYeckuil 3akoH (b).

K3 npennoxenuit (5) «Eciu ceroJHs nsaTHHIA, TO 3aB-
Tpa cy66ora», (6) «Ecam 3aBTpa cy66oTa, T0 mociesaprpa
NOHEJEeNbHUK» cJiefyer (7) «Ecau cerogHs mnsaTHHILla, TO
nocjie3aBTpa NOHeAeNbHHK». B camMoM pene, uMnaukamus,
B KOTOPOH aHTENeleHT eCTb KOHBIOHKUHA INpeNsoXKeHHi
(5) m (6) u koHcekBeHT mnpensioxenus (7), sABAserTCH pe-
3yJIbTaTOM MOACTAHOBKH B. JJOTHYECKHH 3aKOH

T1. P=PN@G-r->(p~>r).

Ha ocHoBaHMH npuBeNeHHOro BHLIE ONpejeNeHus HeBep-
HO, 4TO M3 JIOXKHOTO NpEeMJIOKeHHs clenyer J6oe npeaso-
KeHue. [lo3TOMy uTeHHe <«H3 p ciefyer g» BhIPaKeHHH
p—>q HeNb3s CYHTATh KOPPEKTHHIM.

Ilonatne (JIOrH4ECKOro) c/efOBAHHS — BaXKHOe MOHsI-
THe, HCHOJb3yeMOe NPH NMOCTPOEHHH KJacCHPHKALUMH YMO-
3aKJIIOYeHH M OCYIIECTBJIEHHH NOJApasjeseHus Hayk. Le-
AYKTHBHOE YMO3aKJ/IOYeHHe ONpefelsiercss Kak TaKoe yMoO-
3akJIOYeHne, 3aKJIOYeHHe KOTOPOro JIOHYecKH CJefyer U3
NOCHJIOK. Bce cXeMbl mpaBH/IBHBIX YMO3aKJ/OYeHHi, chop-
MYJHpOBaHHbIE B JaHHOM Y4yeGHHKe, SIBJSIOTCS COGCTBEHHO
CXeMaMH Je[yKTHBHHX yMo3akJo4eHni. Hayku, B KoTopHX
NPUMEHSIOTCSA HCKJIOYHTEJNbHO NeAYKTHBHbHIE METOLH YMO-
3aKJ/IIOUeHHs], Ha3hBaIOTCA NEIYKTHBHBIMH HayKaMH.

Ornapas ceGe oTueT B CYLIECTBOBAHHM APYTHX CMBICJIOB
COI03a  <«eC/H.., TO..», Cleayer, OAHAKO, 3aMeTHTb, YTO
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abauna 48 MMIVIHKanuil Obijla BBeleHa yepe3 OCHOBHBIE
paBuJa, NpHBeJeHHble B § 2, W HekoTOpHle NpaBHia, MpPo-
3BOJHEIE OTHOCHTENBHO THX OCHOBHHX mpasui. Ho cpean
CHOBHBIX NpPaBHJ NpaBuja MNPHCOEIHHEHHS HOBBIX CTPOK
[0Ka3aTeJbCTBY BIOJHE COrJIacylorcs ¢ COlepxkKarebHbl-
W NpeJCTaBJeHUSIMH (OHHM MMEIOT MeCTO U B CHCTeMe CTPO-
ofi uMmmaukanuu). IIpaBuiia e MNOCTPOEHHA JOKasa-
eJIbCTB, NO-BHANMOMY, He BHI3HIBAIOT CHJBHBIX BO3paXKeHUH
COZepKaTeNBHON TOYKH 3PEHHs: OHM TaKke UHPOKO MpH-
eHFIOTC B MaTeMaTHYeCKHX N0KasarTelbCTBaX.
. PasauueHme CMBICTIOB, aHAJOTHYHOE TOMY, KOTOPOE MBI
cAenany AJs MMIUTHKAIMH, MOXHO MPOBECTH M A SKBH-
BaJIeHTHOCTH. DKBHBAJEHTHOCTb €CTb KOHBIOHKIMA [BYX
UMIIMKanuil, npsaMoil 1 o6paTHOM. Ecian 3T HMIJIHKaUHH
ABJAIOTCA MaTepHalbHBIMH, TO FOBOPAT O MaTepHaJbHOH
SKBUBAJIEHTHOCTH, €CJH Ke OHHM fIBJAITCA CTPOTHMH HM-
IIMKALHAMH, T0 FOBOPAT O CTPOroH SKBHBAJEHTHOCTH. JBa
NpEeIJIOKEH:s] HAa3bBAlOTCsl JIOTMYeCKH SKBHBAJEHTHEIMH,
ec/ii OHM CJeyl0T APYyr H3 Apyra.

WcruHHOCTHBle (DYHKIHMH, TO €CTh BbpameHus, 00paso-
BaHHBIE C MOMOIbI0O HCTHHHOCTHBIX (YHKTOPOB, pacCMaTpH-
BaJHCh yXe B APEBHOCTH (CTOMKH H Merapuku), a Takxe
B CpellHHe BeKa (IJaBHHM 00pasoM B XIII—XV Bekax).

Crouku o6paTuiM BHMMaHHe Ha 7O, 4YTO OTpHUAHHE
npeaJoXeHuss 06pasyercs nomellleHneM Nepes STHM IPEa-
Jo}KeHHeM 3HaKa NPONO3MLHOHANbHOrO OTPHLAHMA, H pas-
JAuyaly OTPHIlAaHHe BCEro MNpenJjoXKeHHA H BbIpaXKeHUH, B
KOTOPBIX 3HAK OTPHIAHMSI OTHOCHTCS K HEKOTOPbIM 4aCTiM
npenjoxenus. OIHAaKO MbH He HaxoQuM Y HHX 3aKOHOB,
cOOTBeTCTBYIOIMX Tabluue [Js OTpHUAHUA. D1y 3aKOHH
MOXKHO HafiTH y CpelHEeBEKOBBIX JIOTMKOB, HanpuMep y by-
puaana (XIV Bek).

CToMKY ONpeNeNsiii KOHBIOHKUHUIO KaK CJOXKHOe Npel-
JoXKeHue, 06pazoBaHHOE C MOMOIIBIO COIO3a «H». Onn no-
Jaralli, YT0 KOHBIOHKIMS HCTHHHA TOrAa, W TOJNbKO TOrAa,
xorna o6a ee ujleHa ucruHHH. Te e camble YCJOBHA
MCTUHHOCTH IJS KOHBIOHKUHMK cHOPMYJHPOBANH H CpelHe-
BEKOBble JIOFMKH. . ' '

TepMHH «AU3BIOHKUHA» HCHONb30BANICA CTOMKaMH NMPEX-
Je Bcero AJs 0603HayeHHs HCKJIOYaiollell AN3bIOHKIHH.
MeloTcs, OAHAKO, HEKOTOPHIE TEKCThl, KOTOpHe CBHAETE/b-
CTBYIOT, YTO OHH NOJb30BAIACH STHM TEPMUHOM ¥ 1] 060-
3HayeHHs HECOBMECTHOCTH.
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C XIII Beka TEPMHH <«IHIBIOHKLHS» HCIOJB3YeTe
TJaBHBIM 00pasoM M O0GO3HAYEHHS HEeHCKJIOYaole
AUSBIOHKUNY, XOTH emle U B XIV Beke OBIH CTOPOHHHK
CBOACTBEHHOIO CTOMKAM NOHMMAHHMs NAHHOTO TePMHHA,
Ilerp Mcnanen (XIII Bek) cyuraer, 4TO A4S MCTHHHOCT
AM3BIOHKUMH TpeOyeTcss MCTHHHOCTbL OJHOTO H3 ee YJeHo
H [0NYCKaeTCsl BO3MOXKHOCTb HCTHHHOCTH OGOHX ee UJEHOB
a /i JIOXXHOCTH JM3BIOHKUHHK TpeGyercs J0XKHOCTb 0GOH
ee Y/JIeHOB. PemuTe/bHBIM CTOPOHHHKOM MOHHMAHHS AH3b
IOHKIMH KaK HeHCK/IIOYamell NH3BIOHKIMH sABasercs Byp
aeir (XIV Bek), KOTOpH# o6pamiaer BHUMAaHHe Ha T0, 4TQ
AMSBIOHKUHS CJAENyeT M3 JI0GOro CBOero YjeHa; MOo3TOMY
ecau 062 yeHa IM3BIOHKUMK MCTHHHBI, TO U BCA JAM3DBIOHK-
IUST UCTHHHA, "

Boubute Bcero cnopos B ApeBHOCTH M B CpefHHe BeKa,
Kak, BNpOYeM, U B Hacrosilee Bpems, OLLJIO CBS3aHO C HH-
TeprpeTanuedl yCJIOBHOIO NPENJOKEHHs.

®unon Merapckuit (okosno 300 roza 10 H. 3.) nepBHIft
ONpeAe/ N YCJIOBHOE NpENJOXKeHHe KaK TaKoe Npeisoxe-
iue, KOTOpOe JIOXKHO TOr4a, M TOJbKO TOrAa, KOILa ero
AHTELEACHT MCTHHEH, a KOHCEKBEHT JOMeH, H KOTOpoe
HCTHHHO B TPeX OCTA/bHEIX C/y4asx. ITO onpejeneHHe No-
JIOKHJIO HAYa/lo CNOpPaM O CMBIC/ie MMIJIMKALHH, KOTOpbIE
IIpUBEJN B MErapCKo wmKo/ie K (OPMYJIHDOBKe elle Tpex
onpenenennit. Cpean HUX (UIypHPYeT aHTHYHAs (opMa
CTPOrOf MMIINKALHUH, HMEOLIel CJeyioee onpeneleHue:
YC/IOBHOE MNpeLJIOXKEeHHe HCTHHHO, KOIJa OTPHLAHHe ero
KOHCEKBEHTa HECOBMECTHO C ero aHTeuefeHTOM. JLOJKHO
GHITb, CHOPHI [0 3TOMY BONPOCY GHLIM OYeHb OXKUBJEHHHIMH,
Kob ckopo Kamimmax, 6ubianorekaph B AsieKCaHADHH BO
IT BeKe 1O H. 3., yBEKOBeUH I MX B SNHIPaMMe: «¥YKe BOpO-
Hbl Ha Kphllle KAapKaloT, KaKas e HMIVIHKaluus [paBHJb-
Ha».

Criopsl 0 3TOMY BONpPOCY OXMBHAUCH emle Gosee B XIV
1 XV Bekax M NPHBEJH K BHIABJIEHHIO PA3JHYHbIX CMBICJOB
YCJIOBHOTO NpELJIOXKEHHS, a TaKxKe K IOCTPOEHHIO Pa3JHy-
HBIX CHCTEeM MCYHCJ/EHHS NpefaoXKeHHH, B YaCTHOCTH CHCTe-
MBI, COOTBETCTBYIOIIEH, ¢ ONHOA CTOPOHEI, COBPeMEHHOH CH-
CTEMe MaTepHaJbHON MUMIVIMKALMY, a C APYroil — COBpPeMeH-
HOM cHCTeMe CTPOrod HMIJIHKAIMH.

CosnareseM COBPEMEHHOTO HCUHC/EHHS INpefaOKeHHH
aBaserca I'. ®pere (1842—1912), oauH M3 caMbix 3HayH-
TEIbHHIX JIOTMKOB B MepHoj oT Apucrorens g0 XX Beka.
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cpoeft cucteMe, omy6uaukoBamHo#t B 1879 roay, Dpere
pUHHMaeT OTDHIaHHe M MMINVIHKALHIO, ONpeJeNeHHylo Tak
e, kKaK ee onpeneaus Duiaon Merapckuil, B KayecTse HC-
OMHBIX JIOTHYecKHx 3HakoB. CoBpeMeHHble TaGIHLBI AJS
MITHKALME ¥ IPYrUX UCTHHHOCTHBIX QYHKTOPOB BBEJ OKO--
o 1885 roga amepukaHckuii joruk Ilupc. OH Takxe 06-
arui  BHHMAaHHe Ha TO, yTo ®uioH Merapckuit nepBHH
aJ onpejieJieHHe MaTepHaJbHON MMIVIMKALHH. IMupcy Tak-
e Gbl1 wmapecTeH (okosao 1880 roma) TOT akT, 4TO NpPH
OMOIIM 3HAKAa HeCOBMECTHOCTH HJH 3HaKa COeJMHEHHOro
TPHULAHKA MOXHO ONpEJeIHTb OCTajbHble HCTHHHOCTHLIE
\@_VHKTOPI:I. DTOT pesyJbTaT, OAHAKO, UM He Gbli ony6JIHKO-
an. B 1921 roay Llleddep oGparus BHHMaHHE HA Onpele-
JJIPIMOCTb APYrHX HCTHHHOCTHBIX (QYHKTOPOB uepes 3HaK He-
\coBMecTHOCTH. OH 3Ke BBEJ M CHMBOJI «/», KOTOPBIN NO3TOMY
'yacto HasmBalor mrpuxoM Ileddepa.
B chirpaBumieM BaXXHYIO POJb M B HCTOPHH JIOTHKH TPYA€
B. Pacceia u A. H. Yaiirxena «Principia Mathematica»,
nepBbIl TOM KOTOPOro MOSBHJCA B 1910 roay, @urypupyer
HeTOYHbII CIocO0 YTEHHSA BHIpaXeHHA «p—-g» KaK <«U3 p
caenyer g». OJHAKO TaKoe HCTONKOBaHHe MPHBOAMT K na-
paloKCAJbHBIM CJEICTBHAM, HampuMep K TOMY, 4TO A/
JI06BIX IBYX NPOU3BOJBHHX NpeAJoXKeHHH HJIK fepBoe CJe-
JlyeT u3 BTOPOTO, HJH BTOPOe M3 MEPBOro. B camom gede,
AJs  MaTepHaNbHON HMIJHMKANMM HMeeT MeCTo 3aKOH
(p—q) \/ (g—p), KoTOpBIfi YHTaTeNb JEFKO MOMKET NpOBE-
DHTb HYJb—eAMHHYHBIM METO/0M. B KauecTBe peakuuu Ha
TAKOe MCTOJKOBAHHME MOSBJSETCS CHCTEMa CTPOroil MMILIH-
kauuu Jlpouca (1918 r.), B KOTOpYIO aBTOp BBOAHT ¢GyHK-
TOp BO3MOXKHOCTH «{» (BeIpaxKeHHe « p» YHTAETCA: BO3-
MOXKHO, 4TO p) H ONpefessieT 3HAaK CTPOrofl MMIVIHKALHH
«=3» caeyOUM 06pa3oM: '

p=q9=~O (P A\~q"

Bhipaxenne «p—3¢» JIbIOHC Takxke UMTAeT: «U3 p CJIELyer
g». A moToMy 3 p CJeiyeT g TOTAa, U TOIbKO TOrAa, KOr-
1la HeBO3MOXHO, 4T0 (p U He — q).

OnHako mo3xe Oblio ofpailleHo BHHMaHHe Ha TO, 4TO
NOHATHe CJeLOBAaHHS OTHOCHTCA K IOHATHAM MeTaCHCTEMBb
¥ MOXKeT GhiTb ompeleneHo 6e3 MOAMQUKALMK HCUHCTEHHA
HpeanoXeHuH.

1 B cucreme JIbloHCZ «=3» — 3HAK CTPOrofi 3KBHBAJEHTHOCTH.
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ITepBbie B HCTOPHM JIOTHKH NONHITKH ONpe/eseHHs JOrH
YECKOro CJie[0BaHUs NpHHaJexaT Jorukam XIII—XV Be
KOB, KOTODBHIe TOBODAT O «(OPMaJbHOM C/EJOBAHHH» (OT
JIHYas ero OT MaTepHasbHOTrO CJIeJOBAaHHs, COOTBETCTBYIO
ILEro COBPEMEHHON MaTepHasbHOM HMIUIMKALKH). DTO 10
HATHEe OHM ONpeleNsAT C NMOMOIBI0 GOPMbI NPeJOKEHH
COOTBETCTBEHHO cJefoBaHus (uau BeiBoja). CorsiacHo, Ha
npumep, onpenenenuio Bypuaana, K noruueckolr popme or
HOCATCA TaK HasblBaeMble CHHKaTeropeMaTHYecKHe CJIOBa
KOTOpble Telepb HA3HBAIOTCS JIOFMYECKHMH MOCTOSHHBIMH
.2 TaKXe KOJHYeCTBO M MNOPAAOK cJoB. B cuay storo
ONpejiesieHus, HaNpHMep, NPeAJNOXKeHHs «UeloBeK ecTb ye-|
JoBek» M «YesnoBek ectb ocel» (npuMephl Bypupana)
HMEIOT Da3NHYHYI0 POPMY (OTHOCHTENBHO KOJHUECTBA Tep-
MHHOB). Pazanunyio gopMy wumeloT Takke npeaJioxeHus!
«Kaxppiit yesoBek ecTb XHMBoe CymectBO» M «)KuBoe Cy-
IEeCTBO €CTb KaX/bl 4eNOBeK» (OTHOCHTENbHO MOpSfKa
cioB). Takke u ciegoBanus «Bce B cyTs A, cienoBaredib-
HO, HekoToprie B cyte A» u «Bce B cytbh A, ciaenoBaresb-
HO, HekoTopeie A cyrb B» UMeIOT pasinuHylo $hopMmy.

OTO ompenesieHHe JIOFMYeCKOR (OPMH OYeHb GJH3KO K
COBPEMEHHOMY OMNpPeNeNIeHHIO, KOTOpOe MOXHO Obljo OBl
chopmynupoBaTh Tak: JoOrMueckas @opMa HPenJIOKeHHS
(CooTBETCTBEHHO BBIBOLA, MOHMMAEMOIO B KauecTBe HEKO-
TOPO# MOCJ/ENOBATENbHOCTH - IPEJIOKEHH) eCTb BHpaXe-
HHe (COOTBETCTBEHHO MNOCJEJ0BATEJIbHOCTb BHIpAXKEHHH),
noJiyyeHHoe (COOTBETCTBEHHO MOJNyYeHHblE) M3 JAHHOTO
NpeaJIoKeHus (COOTBETCTBEHHO NOCJELOBATEIbHOCTH Npe-
JIOXXEHHH) 3aMeHOH BHEJOrHYeCKHX IOCTOSHHBIX IepeMeH-
HbIMH; 1IpH 3TOM OJMHAKOBHIE MOCTOSTHHBIE 3AaMEHSIOTCS
OJMHAKOBbIMH NEPEMEHHLIMH, a PasJUyHble NOCTOSHHbIE —
pasJIMYHbIMH TepeMeHHbIMH. ,

[To Anp6epry CakcoHckoMy, GopMmalbHOe CJeOBaHHE
3aBHCHT OT (QOPMBbI NpENJIOKEHHH, CBA3AHHBLIX 3THM OTHO-
meHueM (To ectb QopManibHOe ClefOBaHMe He Beler OT
MCTHHB Ko JiXH). Eme panbie cxogHoe onpejefeHre MB
HaxoauM y HyHc Ckora.

B nepeoit nonosune XIX Beka Bodbuano naa onpenesne-
HHe cJefoBaHHs, GJHM3KOe K COBPEMEHHOMY HaM ompejese-
Huio Tapckoro (1935 r.). Onpenenenne Tapckoro 3KBHBa-
JIEHTHO omnpefeseHuio AffykeBH4a, eclM pacCMaTpPHUBaTh
cle/loBaHNe JAHHOrO NpeJJIOKeHHS H3 KOHEYHOro KJjacca
npenjoxenut. OnHako onpenenenue Tapckoro sBAsercs
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6osiee OGIIMM MNOCTOJBKY, TOCKOJBKY Ha €ro OCHOBAaHHH
MOXHO FOBOPHTL TaK¥e O CJeJOBAHMH AaHHOro Npeajoxe-
HUS M3 GECKOHEUHOro KJacca NpeiJoXKeHHUH.

Ponpaxnenus .

1. TIposepbTe Hy/b—eQUHHUHEIM METONOM CJENyWollHe BHpPaXKeHHs
jCuHC/TeHHs NpelJoXeHuH:

) (p>gA~p—>~aq

b) ~eAg)—=>~PA~aq

¢) ~pV~ga>~(pVa)h

d(pAg—=>r)=>(PAg—r)

e) [(p~q)—pl—p;

Hlp—9)—=q—>a

g (p>gAr)=>(pVr—q)

hyp=g)=ri=lg=(p=1)l

2. Onpepenute:

a) SHAKH [MSBIOHKIMH, MMIVIHKA{HH W HeCOBMECTHOCTH uepes 3Ha-
KH KOHB!OHKHHH H OTPHIAHHUSA,

b) 3HaKH KOHBIOHKUHH, UMIVIUKALMM H HECOBMECTHOCTH Wepes 3Ha-
KH JUIBIOHKUHH H OTPHIAHHS;

C) SHAKM KOHBIOHKLHH, JHIBIOHKUMH H HECOBMECTHOCTH yepes SHAKH
MMIUIMKALKHH U OTPHLAHHS,

d) sHaKk uMnUIMKAlUHH 4Yepe3 3HAK HeCOBMECTHOCTH;

€) 3HaK MMIVIMKAIMH 4epe3 3HAK COeJHHEHHOTO OTDHILAHHS.

3. Hiccenyfite ¢ mOMOLIBIO HY/Mb—eIHHHYHOTO MeETOHdd, KaKHe H3
32KOHOB, HMEIOI[HX MeCTO JJs HeHCKJoyaioulefi KHIBIOHKIHH, HMeT
MECTO M I/l HCKJoyaollefi TH3BIOHKLHH,

4, a) Tlokaxure, yTO Mepe3s MMIVIMKALHIO HeJb3s ONpefe/iuTh OT-
pullaHue.

b) Tlokaxure, uTO uepes OTPHI@HHE U 3KBHBAJEHTHOCTb HeJIb3H
onpeaeJquTh HMIJIHKAILHIO.

5. TlokaXHuTe, 4TO uepes SHAKU AHSBIOHKIHH, KOHBIOHKIHH H OTDH-
NAHHS MOXKHO ONpefeNHTb JMIOGOH H3 OCTAJBHBIX HCTHHHOCTHHX (YHK-
TOPOB.

YkasaHHe: o6paTHTe BHHMaHHe Ha TO, 4TO Ha OCHOBAHHH TaGMHIIH
AN N-apryMeHTHOrO MCTHHHOCTHOrO (pyHKTOpA MOXKHO JJisfi BHIPAaXKeHHS,
06pasoBaHHOr0 C MOMOIIBI0 STOr0 (YHKTOPa M NepeMeHHHX, MOCTPOHTH
S5KBHUBAJICHTHOe BHIPaXKeHHe, 3aNMUCaHHOe C NMOMOMIBIO TeX XKe MepeMeH-
HBIX M 3HAKOB OTPHIAHHSN KOHBIOHKIHH M AHWSBIOHKIHH; HanmpuMep, IS
BHpPAXeHHS p—»g TAaKHM 3KBHBaJIeHTHHM BBIpaXKeHHEM SIBJSETCH BHIPa-
xemne pAgV ~pAgV ~p A\ ~g.

§. 8. Axcuomaemuueckoe npedcmasaenue
UCHUCACHUSR NPEONONCCHUN

ITpu mocTpoeHMM [eAYKTHBHOH CHCTEMBI C MO-
MOIHBIO aKCHOMAaTHYeCKOro Meroja BHOHPAT HEKOTOpOe,
OOHIYHO He6OJIbIIOE, KOJHYECTBO MNpelJOXKEeHHH, KoTophie
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BKJIOYAIOT B CHCTEMY 0€3 J0Ka3aTesbCTBA; 3TO — AKCHOMBI
cucremsl. OcrajbHblE NPEAJOKEHHsT MOTYT OHTL NPHCOEIH-
HeHBl K CHCTEME TOJbKO TOTJ44, KOrfla OHH CJelyloT U3
aKCHOM CHCTEMbl MJH SBJSIOTCS ompeneneHusMH. Takxke H
He BCE TEPMHHBI CHCTEMBI OnpeaensioTcsi. TepMHHBI, BKJIO
uUeHHBIE B CHCTeMY 6e3 OmpejejeHHsi, Ha3bIBalOTCs HCXOI-
HbIMH TepMHHaMH. Bce ocrasnbHbie TEDMHHBI CHCTEMBI JOTK-
Hbl ObITh ONpeleseHH uepe3 HCXOAHBIE WM paHee ofpee-
JIeHHBIE TEPMHHBI. : :

AKCHOMBI OOBIYHO 3aNHCHIBAIOTCS] UCKJIOUHTENBHO C MO-
MOILBIO MCXOAHBIX TEDMHHOB, NpHUEM KaXKABI HCXOMHBIH
TEPMUH JIO/DKEH BXOAHTb XOTsi OBl B OJHY aKCHOMY.

Bri6Op aKCHOM H MCXOAHBIX TEDMHHOB CHCTEMBH B HEKO-
topo#t creneHu npousBosieH. OfHa U Ta XKe CHCTEMa MOXKET
OCHOBBIBATHCSI HAa PA3JIHYHBIX COBOKYNMHOCTSIX aKCHOM, B KO-
TOpHle BXOAAT pasiWuHbE HCXOAHHE TepMuHH. Ho aroT
BBHIGOp He SIBJSIETCs] MOJHOCTBIO MPOU3BOJIBHEIM, HOTOMY 4YTO
OH JO/KE€H VIOBJETBOPSTh HEKOTOphM TpeGopanusiM. O6
5THX TPeGOBAHHAX Mbl CKaXKeM HECKOJIbKO CJIOB, Koraa Oy-
JeM TOBOPHTb O CBOHCTBAX aKCHOMATHYECKHX CHCTeM HC-
YHCJIeHHsT NpelJIOXKEeHHH.

CylecTByeT MHOTO SKBHBAJEHTHHIX ! CHCTEM HCUHCIIE-
HHS TMPeJOXKeHHl, pas/MyalolluXcsl aKCHOMaMH M HCXOI-
HHIMH TEPMHHAMH. 3/€Cb Mbl ONHIIEM CHCTeMy JIyKaceBH-
ya 2, MOTOMY UTO OHA SIBJsIeTCS] CaMO# mMpOCTO# K COBEpIIEH-
HOft CpelM M3BECTHBIX B HAaCTOsilee BpeMsl aKCHOMAaTHYe-
CKMX CHCTEM HCUMCJeHHs mpeloxeHuit. K HCXOMHBIM Tep-
MHMHAM CHCTeMHb JIyKaceBHYa OTHOCSATCS 3HAKH UMIJIMKALHH
M OTpHIlaHus. DTH TEPMHHH HE3aBHCHMBI, TO €CTb HM OAHH
M3 HHX HeJb3sl onpeleluTh uepe3 apyroi. Ho, pacmonaras
06OMMH TepMHHAMH, MOXHO ONpeJeNHTb BCe OCTaJbHbBIE
dyHKTOPH HMcuMcaeHHst npeanoxenudl. ‘Tlpusenem 3nech
JHLIb ONpefeJeHHs] JU3BIOHKIHNH, KOHDBIOHKIHH H 3KBHMBA-
JIEHTHOCTH:

Dl. == — )
1 ¢V¢ﬁ P

! JTge cucTeMB SKBHBAJIEHTHBI, €CJIH KaXJas aKCHOMa H TeopeMa
ONHOM M3 HHX SBJSETcs aKCHOMofl WJH TeopeMofi BTOpOi, u o6parTHO:
Kaxgas aKCHOMa M TeopeMa BTopoil NpefcTaBJsieT co6ofi akCHOMY HJIH
TeopeMy nepBoil.

2 Bra cucreMa KeraJpHO onmuchBaerca B kuure: J. Lukasiewicz,
Elementy logiki matematycznej, wyd. II, 1958.
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D2. ' PAY=~(~oV~¥).
(D& ¢E¢;@awvu¢»®.

CuMBON «= », HasblBaeMblli 3HAaKOM paBeHCTBA MO Ompe-
df

JleJIeHHI0,—He (YHKTOp HCUHCIIEHUs NpeasyoXeHHH, a Mera-
Joruyeckufi cumBoJ. OmnpefeseHusi, mo B3TJsiAam Jlykace-
BUYa, SIBJSIIOTCS He TeOpeMaMH CHCTEMBl, a 4acrsMH Tak
Ha3HBAaeMOro NpaBHJia 3aMeHH mo onpenenenuto, Obmias
CXeMa 3TOTO NpaBH/Ia UMeEeT BHA:
Q’d—ﬁ‘l’
- x
X (@//Y)

Takum o6pa3oM, NpaBHJIO 3aMeHH N0 ONpPeJeEeHHI0 MO3BO-
JsieT NPUCOSIVHHTb K CHCTE€Me BHpayKeHHe, KOTOpOe HOJy-
4aeTcsi U3 MPOU3BOJIBHOH TEOpPEMBl 7y 3aMEHOH HeKoTOpOR
ee yacTH, coBmajamuell ¢ ApaBoft YacThIO MPOH3BOJLHOTO
onpefeJieHusi, JeBOH YacTbl0 [JaHHOIO OnpefeseHus. ITO
NpPaBHJIO NOYTH He OTJAHYAercs OT NpaBHJa SKCTEHCHOHAJb-
HOCTH, MO3TOMY MH He OYyJeM NpUBOJAHTL NPHMEPH €ro
AOpUMEHEHHsl. 3aMeTHM JIHIb, YTO B MaTEMATHYECKHX CH-
cTeMax omnpejesieHHs1 OOGHYHO 3anUCHIBAIOTCS C HNOMOILBIO
3HaKa 3KBUBAJIEHTHOCTH M HPEACTAaBJAIOT CO60H TEopeMbl
CHCTEMHL.

AkcHOMaMH CHCTEMH lehaceBnqa ABJSIIOTCS]  CIeylo-
I BHIPAXKEHHS:

Al. (p~>q)—lg->r)—(p—>1)
A2. (~p—>p)—p.
A3. p—=(~p-79).

B cucreme, ucnoassyomedt fonyienusi, Koropasi Guila npH-
BelleHa B NpeAWecTBYOIHUX naparpadax, 1aHHEE aKCHOMbI
¢burypupoBaiu B KauyecTBg TEOPEM; 3TO GHUIH TeOpeMbI
Tla, T15a u T9.

B cucreme JIyKaceBnqa, KpoMe TmpaBHJa 3aMeHH MO
onpenesesnio, uMelorcss npasugo oraenenus (I10) u mpa-
BHJIO MOACTaHOBKH., O CMBICJIe 3THX NPaBUJ Y¥Ke TOBOPH-
Jocr B §§ 2 u 3.
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B kauecTBe mpuMepa nOKa3arteabCTB B cucTreMe JIykace-
BHYa MBI MpHBEJEM [0Ka3aTeJbCTBO TEOPEMHI

(a) ' p-p.

[TopcraBasis B Al BMecTo mepeMeHHOH ¢ Bhpa)KeHHe
~ p—>q, MBl TIOJIyYaeM TeOpeMy:

[p~>(~p—=l=>{[(~p—=>q)—>r]l>(p—r1)}.

[Tpumensiss K atoft TeopeMe u A3 mpaBHJO OTHAEJEHHs, MO-
JyyaeM TEOpEMY:

[(~p—¢q) —>rl—=(p—r).

B 3Ty TeopeMy MH MOACTABJsIEM BMECTO MEPEMEHHBIX § U I
NepEMEHHYIO p: '

[((~p—p)—pl—(p—>p).

[Ipumensisi k 310ft TeopeMe W A2 mpaBHJIO OTAENEHHS, MO-
JyuaeM BeIpaxeHue (a).

JlykaceBHuY no/ib3yeTcsi NPOCTHIM M MNOHSTHBIM CHOCO-
60M 3anHCH JOKa3aTeJbCTB. Ho, HECMOTps Ha 3To, A0Kasa-
TEJIbCTBA B AKCHOMATHYECKOH CHCTEME SIBJASIOTCs1 6oJee
TPYAHBIMH K GoJiee CJOXHBIMH, YeM B CHCTEME, HCHOJb3YIO-
el JONyUIeHHs. 3aMeTHM elle, 4TO B AKCHOMAaTHUeCKOf
cHCTeMe BCsIKasl MOCHIJIKA J0KAa3aTesNbCTBa MpeACTaBJsier
coboii TeopeMy. DTH [OKas3aTeJbCTBAa SIBJSIOTCS, CJle-
JOBAaTeJbHO, OOBHIYHBIMH  NPSMBIMH  J[0Ka3aTelbCTBAMH
(cp. ctp. 22). ’

Cucrema JlykaceBHua nmoJHa!l, HHaue roBops, Kax-
Jl0€ HCTHHHOE BHIpa)KeHHe HCUHMCJEHHs NPEeNJOXKEHUH eCThb
TeopeMa JaHHOH{ CHCTEMBI, IPH 3TOM NOJ KHCTHHHBIM BbIpa-
JK€HHeM» MOHHMaeTcsi BHIpaXKeHHe, BCerja NpHHHUMaAIoLee
3HaueHHe | mpH mpoBepKe HyJb—eIHHHYHEIM MeTonoM. [lo-
Ka3aTeJbCTBO 3TOro CBOHCTBa cucreMnl JlykaceBuua OTHO-
CHTEJIbHO JJIHHHO, NO3TOMY MH He GyneM ero mpHBOIMTH 2.
OnHako JIeTKO MOKasaTh, YTO TeopeMaMHu cucteMu JIykace-
BHYA SIBJSIIOTCS JIHIIb UCTHHHBIE BhipaxeHus. C 3Toft neabo
C/leflyeT NpOBEPHTb HYJb—eJHHHYHBIM METOJOM AaKCHOMBI
A1—A3, a TakXe nNpOBEPUTb, YTO NPABUJIO OTIEJNEHHS,
AOACTAHOBKH M 3aMEHH 10 ONpeleJeHHI0 KODPEKTHH, a No-

! B nopsunnuke: pelny.— IIpum. nepes.
2 DTO [OKa3aTe/bCTBO MMEETCS B UHTHPOBAHHOM Bhile Ha cTp. 82
kHure Jlykacesuua (ctp. 70—77).
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TOMY HX NDUMEHEHHEe K UCTHHHBIM BbIpAXKEHHSIM [aeT HCTHH-
Hele clenctBus. M3 storo cBofictBa cucreMbl JlykaceBnua
HEMOCPEACTBEHHO CJIEAYeT ee HeMPOTHBOPEUHBOCTh, TO €CTb
B 5TOfl CHCTeMeé He MOTYT ObITh OJHOBPEMEHHO TeopeMaMH
IBa MPOTHBOpEUAIINX BbIpAXEHHs; [NEHCTBUTEJBHO, €CJH
OJIHO BHIpaKeHHEe HCTHHHO, TO €ro OTPHIlaHHe 006s13aTeJbHO
JIOXKHO.

Cucrema JlykaceBuua HemomnoJHHMal, uHaue ro-
BOps1, no6aBiieHHe K Hell HEKOTOPOro BhIpaXKeHHd, He sIBJISIO-
HIEroCsl TEOPEMOH, NaeT NmpOTHBOPEUHBYIO cHcTeMy. Hako-
Hell, akcHOMBl- JIykaceBHua He3 aBHCHMB. HHaue ro-
BOpSI, HH OHA U3 HUX He CJeNYeT W3 IBYX APYIHUX.

INocnenHue nBa CBOHCTBA OMHCHIBAEMOH CHCTEME! MBI
NPHBOIHMM Ge3 [0Ka3aTeNbCTBA, OTCHLIAsS UHTATENs K LHTH-
poBaHHO# KHHre JIykaceBHua,

Crpost akcHOMAaTHYeCKHe CHCTEMbI B 06JacTH JOTHKH H
MaTeMaTHKH, CTPEMSITCS K TOMY, YTOOBI OHH 06GJamanu CBoH-
CTBaMH, aHAJOTHYHBIMH T€M, KOTODhIMH 06Jajzaer HCYHCIe-
Hie npenijoxenunii. HenpoTuBopeunpocts — HamnboJsee Bax-
HOe CBOMCTBO NeNYKTHBHOHN cHcTeMHl. IIpoTHBOpeuuBasi CH-
cTéMa JHIeHa KakKoro-iu6o M03HABaTeJbHOTO 3HAUYeHHs,
MOTOMY 4YTO. TEOPEMON 3TOM CHCTEMBl, KaK Mbl 3HaeM,
SIBJSIETC BCSIKOE OCMBICJIEHHO€ BhIpaXKEHHe, 3amHCaHHOe B
TEPMHUHAX JaHHOH cucTeMbl. Tpe6OBaHHSIM MOJHOTH M HEMo-
AOJHUMOCTH YAOBJIETBOPSIIOT JIHIIb HEMHOTHE H NPHTOM
ouyeHb GenHble MaTemMaTHuyecKHe cucTeMbl, OGBIYHO MOXKHO
JOCTHYb BBHINOJIHEHHsI TpeOOBAHHSI HE3aBHCHMOCTH aKCHOM
H HCXOJHHIX TEDMHHOB, OAHAKO 3TO TpebGOBaHMe MeHee CY-
LIECTBEHHO, YeM MpeablIyLIne.

Ceftuac MBI moKaxeMm, yto cucrema JlykaceBuua, B KO-
TOpoll MpHHHMAIOTCS JHb onpenenenuss D1—D3, skBuBa-
JEHTHA CHCT€Me, HCHOJBb3YIOUIeH MOMyUIEeHHsI M Ape[CTaB-
JIEHHOH B mpepuecTByomux naparpadax. [JokaxeM CHaua-
Ja, YTO Ka)Kjas TeopeMa CHCTeMbl Jlykacepuua ecThb Teo-
peMa CHCTeMbl, HCMOJIb3YIOUIel NOnyuIeHH s .

Panee MBI yXe yCTaHOBHJH, YTO akCHOMbI Al1—A3 Jly-
KaceBuua SIBJASIIOTCS TeOpEMaMH CHCTEMBI, HCIOJb3YIOLIeH
JonyuweHus. IlpaBuno oTjeneHus, uMewouieecss B CHCTEME
JlykaceBnua, — OZHO H3 HMCXOAHBIX MPAaBHJ CHCTEMBbI, HC-
noJab3ywuieil nonyuenus. Bropoe npasuio cucremn Jlyka-
CeBHYa — NPABUJIO MOACTAHOBKH -— NPOM3BOAHO B CHCTEME,

! B nognunnuke: zupelny,— IIpus. nepes.
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HCroJb3yIouIell TONYUIeHHs], YTO OBLIO MOKa3aHo B § 3. 3a-
MeTHM JaJjee, uYto TeopeMnl T29a, T34 u TI4 cucrems,
HCOOJB3YIONIell  JOMYIIEHHs,, — aHaJorH  onpeldeseHHi
D1—D3 cucreMn JlykaceBuua. Ha OCHOBe 3THX TeopeM
(unn pe3yJbTAaTOB MOJCTAHOBKH B 3TH TEOPEMHI) M MpaBHJa
5KCTEHCHOHAJbHOCTH, MPUBEJEHHOr0 B KOHIe § 3, MOXHO B
cuCTeMe, HCHOJIb3YIoNUIel AONYLIEHHs, NONYYUTh BCe Te TEO-
peMBl, KOTOpHE MOJYy4yaloTCsi B CcHcTeMe JIyKaceBHua Ha
ocHoBaHMH D1—D3 u npaBuia. 3aMeHH no OnpeAesNeHHIo.
M3 3THX 3aMeyaHHil © W3 TOTO, YTO APABHJO OGBLIYHOTO Mpsi-
MOTO J0Ka3aTeJbCTBAa MPOU3BOAHO B CHCTEME, HUCHOJB3YIO-
welt gonyueHus: (cp. § 2, crp. 23), yxKe Jerko cJAeAyer, 4YTo
KaxJas TeopeMa CHCTeMHl JIyKaceBHuYa eCThb Téopema CH-
CTEMBI, HCAOJb3YIOUIEH NONMYLIEHHUS.
JlonyCTHM Tenepb, UTO BHIpaXKeHHE

() P12 {P =[P~ ... > (P—1—9,) ... ]}

TeopeMa CHCTeMBl, HCnoJp3ywouieit nomyuieHusi. OueBun-
HO, MBI MOXEM CYHTaTh, YTO AoKa3dareabcTBO Teopemnl (I)
AOJYUYEHO HUCKIIOUHTENbHO C MOMOUIBIO OCHOBHBIX HDaBHJI,
B YAaCTHOCTH, 3TO [AOKa3aTeJbCTBO KOCBEeHHOe. 3HAayHT, B
3TOM J0Ka3aTelbCTBe 0053aTENBbHO HMEeTCs mapa HPOTHBO-
peuamux BoipaxeHuft. I[Tokaxem, uto BHpaxenue (I)
HCTUHHO. [|0Ka3aTenbCTBO, KOTOPOE MBI JaAMM, NPOBOIAHT-
csl HHAYKIMe# no paHry teopeMsl !. [ToaToMy I0nmycTHM, YTO
BhipaxkeHue (I) — reopema l-ro paHra, 3HaUdT, B JOKa3a-
TEJbCTBE STOTO BHIpaXKEHHsI MBI He NOJb3YyeMCsl paHee M0-
Ka3aHHBIMH TeopeMaMH. BpeMeHHO MBI 6ylaeM noJararth,
uto BeIpaxkeHHe (I) JoxkHo. M3 3TOrO mpeamosoXKeHHs ce-
IyeT, 4TO [Jisi HEKOTOpOro Habopa JOTHYECKHX 3HaueHHi
CBOHX NepeMeHHHIX BhipaxkeHne (I) mpuHHMaer 3HaueHue 0.
M3 tabauns o451 UMIVIKKAOHR Jerko mNOHsTh, YTO TOTrAa
BHPaX€HHS! @, ..., Pn—1 NPUHHUMAIOT 3HayeHHe 1, a BHpa-
JKeHHe @, — 3HaueHue (. CieqoBaTeJbHO, BHIpaXKEHHE ~ @Qp
uMeer 3Havenue 1. [TosToMy BcCe aomyuieHHUsl JOKa3aTelb-
crBa Teopemnl (I) mMetor 3HaueHne 1. 3ameTuM Janee, YTO
npasuna [IO, BK, VK, B, Y, B3, ¥3 o6aanaior TeMm
CBOHCTBOM, YTO €CJM B CX€Max 3THX NpaBHJ BHIPa’KEHHs
Haj 4epTOl HMEIOT AJsi HEKOTOporo Ha6opa 3HaueHHi nepe-
MeHHBIX 3HaueHHe |, TO TOrZa M BHIpaXkKeHHe mNOA 4YepToi
npuHHMaeT 3HaueHHe 1. OTciofa CJaelyer, 4YTO KaXKAoe BHI-

! TlonsiTie Teopembl 6BJIO BBEIEHO B KoHue § 2.
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pa)KeHHe fOKasareJbciBa Teopembl (I) mMeer 3Hauenue 1.
CJaefoBaTe/NbHO, B 3TOM JOKAa3areJbCTBE HE MOXKer Haxo-
JHUTbCS BONPEKH paHee CA&JaHHOMY 3aMEYaHHIO mapa npo-
THBOpEUAlIHX BHIpaXKeHHil.

 JlonycruM  remepb, uro Bbipaxenuwe (I) — Teopema
(n+1)-ro panra u uro Kaxjaas TeopemMa paHra, He npeBoc-
XOISIEro 7, — HCTHHHOE BolpaxKeHHe. JlokasaTeJbCTBO B
3TOM ‘CJlydyae OTJIHYAEeTCsl OT NpEeAbIAYIIEro N0Ka3aTeJbCTBa
JULIb B OAHOM NYHKTE, CBSI3aHHOM C TeM, 4TO B J[0Kasa-
TeNbCTBE TeopeMbl (n+1)-ro paHra uUMelTCs paHee JOKa-
3aHHBE TEOPEMH. DTO — TeopeMbl paHra He O6oJee n-TO.
OnHaKo, N0 NPENNOJOXKEHHIO, 3TH TEOPEeMH SIBJSIOTCS
MCTHHHEIMH npensoxenusimu. Ilostomy caencrBue npeaie-
CTBYIOIIET0 PacCyXJIeHHs, YTO B J0Ka3areJbCTBe TEOPEMB
(I) mMeloTCsl JIHLIbL BbIpaXK€HHsl, IPHHUMAOLIKe AJIs HEKO-
toporo HaGopa 3HaueHHe l, ocraercss HCTHHHBIM H B pac-
CMaTpHBaeMOM CJyyae.

CaenoBaTeNbHo, Mbl J0Ka3ajd, UTO Kaxjas Teopema
CHCTEMBI, HCMIOJb3YIOUIEH [ONYUEHHs, SBJAsAETCs] HCTHHHBIM
BHpaXKeHHEM HCUHCJIEHHs] npeatoxeHuil. Ho u3 NoJHOTH
cucreMbl JIykaceBuua CJeNyeT, 4TO KaXJ0e HCTHHHOE BbHI-
paxkeHue — TeopeMa 3Toft cucreMbl. IlosTomy Kaxnasi Teo-
peMa CHCTeMBl, HCNOJb3YIOUIEH NONYUIEHHs, NPEACTaBJseT
co6oit Teopemy cucrembl JlykaceBuua. Orciofia u M3 J1OKa-
3aHHOTO DaHee YTBEPXK/IEHHs, uyTO KaxJaas TeopeMa CHCTe-
Mbl JIykaceBHua SIBJASIETCS TEOPEMOH CHCTEMBI, HCIOJb3YIO-
uefl JOnyuleHusi, CJAeIyeT SKBHBAJEHTHOCTb 3THX CHCTEM.

Jlerko BHAETH, UTO €CJH OfHA M3 3KBHBAJEHTHHIX CH-
CTeM HENpOTHBOPEUHBA W NMOJHA, TO M APYyras CHCTeMa Tak-
’Ke HenmpoTHBOpeuMBa M noJHa. OTciofa Claenyer, uto 06o-
HMH 3THMH CBOiicTBaMu o6Jajaer CHCTEMA, HCMOJb3YIOULast
JIONYUIEHHsI, IOTOMY YTO STHMH CBoiicTBaMH o6Jajnaer k-
BHUBajeHTHass eft cucreMa JlykaceBuua. HerpyaHo Takxke
10Kasarb, UTO CHCTEMA, MCNOJb3yiouias IONylIeHHs, Heno-
NOJHMMA M UYTO €€ NPaBWJa He3aBUCHMBI, HHaue TOBOPs, HH
OJHO M3 HHX He sBJsieTCSl NPOU3BOJHLIM OTHOCHTEJIBHO
OCTAJIbHBIX. .

IMepsasi akcHOMaTHuecKas CHCTEMa HCUHCJEHHs Npel-
JoxeHui 6ba nocrpoena ®pere. B cBoeft crarhe nox Ha-
3BaHHeM «M3 HCTOpHH JIOTHKH MpeisoxeHui» ! JIykacesuu
tak nuiner o6 srom ¢akre: «M1 BOT MBl HEOXHIaHHO CraJ-

1 B nopsmuunuke: «Z historii logiki zdans, — ITpun. nepgs.
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KHBaeMCsi C siBJIeHHEM €IMHCTBEHHBIM B CBOEM pOJe B HCTO-
pun Joruku. Bes kakoro-1m6o nocpeiHHuYecTBa, TaK 4TO
HEBO3MOXKHO 1Jis1 ce6si HaliTH HCTOPHYECKOe OGBSICHEeHHE
3T0r0 (aKTa, MEsBJISETCS] COBPEMEHHas JOTHKA mpepJoxKe-
HU# B COBEDIIEHHOM MOYTH BO BCEX OTHOINEHMSIX BHIE M3
reHHaNbHOH TOJ0BH. ['oTn06a Ppere, 3TOro BHIAAIOUIErOCH
JoTHKa Hamero BpeMeHH. B 1879 roxy ®pere my6aukyer
HeGOJBIYI0, HO BaXXHYI0 O CBOEMY COAEPXKaHHIO PaGoTy
nox HasBaHueM «Begriffschrift, eine der arithmetischen
nachgebildete Formelsprache des reinen Denkenss. B atoii
pa6oTe BCsl JIOTHKA MNPENIOKEHHA MNPENCTaB/JeHa BHepBhIe
B CTPOTO aKCHOMAaTH4YecKod ¢dopMe Kak [JeAyKTHBHAss CH-
cTeMay,

Cucrema ®pere, B KOTOPOH HCXOIHBIMH TEPMHHAMH SIB-
JSIIOTCSl 3HAKM HMIVIHKAanMM W OTPHIAHHS, UMEeT MIeCThb
aKCHOM, NPAaBWJIO NOACTAHOBKH M NPAaBHJO OTHAEeJEHHS.
AkcuOMaMH SIBJISIOTCS mpHBeleHHHE B § 3 Teopemm T10,
T6, T5, teopema {p—(g—r)}>{(p—>q)—(p—>r)], HasLBaE-
Mast CHIoTH3MOM Dpere, a Takke 3aKOH KOMMYTaTHBHO-
cru (T3) B uMnaukatuBHOM dopMe. DTy nocaenHIOM Teope-
MY, Kak nokasaa JlykaceBuu, MOXKHO [0Ka3aTh ¢ NOMOLIBIO
OCTa/NbHBIX aKCHOM, KOTOPhIEé 06pa3yloT HE3aBUCHMYIO CH-
CTEMY AKCHOM HCUHCJEHHS] NpEeIJOKEHHH.

B «Principia Mathematicas Yafitxena u Paccena muc-
UHCJIEHNE NMPENJOKEHN ! HMeeT B KayecTBe HCXOIHBIX 3HAKOB
3HAKH IM3BIOHKUMH M OTpunaHus. OCHOBHIBasCh Ha PE3YJlb-
tate Illeddepa, cocrosimieM B onpemeseHHH OCTaNBHBIX
HCTHHHOCTHHIX ()YHKTODOB yepe3 3HaK HECOBMECTHOCTH, Hu-
KO MOCTPOWJ CHCTEMY, HMEIOIIYI0 B KayeCTBE MCXOMHOTO
3HAaKa 3HaK HECOBMECTHOCTH H JHIIb OJHY akcuoMy. Omnm-
CaHHasl B 3TOM naparpade cucrema JIykaceBuua, KoTopasi
oTHOCHTCS K 1924 romy, — oAHa M3 MHOTHX aKCHOMATHYe-
CKMX CHCTEM HCUHCJEHHS] NpeNJIOXKEeHHH, NOCTPOEHHBIX 3THM
aBTopoM. Cpefit HHX UMEIOTCS TaKXKe MMIJIHMKAaTHBHO-Hera-
THBHHIE | CHCTEMBI C OJHOH aKCHOMOHM.

Kak MBl BHIUM, aKCHOMAaTHUY€CKHE CHCTEMBl HCUHCJEHHS
BO3HHUK/HM DaHbINE, YEM CHCTEMBl, HCHOJB3YIOLIHE IOmYlie-
HHsI, KOTOPble — KaK MBI YK€ TOBOPHJH 06 3TOM B HauaJe
§ 2 — BO3HHK/IM TOJNBKO B TPHANATHIX TOAaX HAIIEro CTO-
JetHs. DToT GakT MOXHO OOBSICHHTH TeM, YTO aKCHOMAaTH-

’

' To ecth CHCTEMBI, HMELIHe B KayeCTBe HCXOXHBIX 3HAKOB 3HaKH
HMINTHKAUUH U OTPHIIAHHA, — HpuM. nepes.
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YECKH# METOJ NOCTPOEHHS] CHCTEM OB JAaBHO H3BECTEH H
NPHMEHSIICS B JIOTHKE M MaTeMmartuke. [lepso#t B Hcropuu
YEJOBEUECKOH MEICAH aKCHOMATHUEeCKOH CHCTEMON SIBJASET-
s, Kak 3To moKasan JIykaceBHy, CHJJIOTHCTHKa ApucroTte-
Js, cnepyiowmes —reomerpusi Esknuna. B nacrosimee Bpe-
Msl BCe MaTeMaTHYECKHEe HAyKH, HAa COOTBETCTBYIOLEM 3Ta-
ne PasBUTHSA, CTPOATCS B BHAE AKCHOMATHYECKHX CHCTEM
(XOTsl PH 3TOM MAaTeMaTHKH CONEPXKATeIbHO HCHOJB3YIOT
METOJl TOCTPOEHUsl [0Ka3aTeNbCTB NOCPEACTBOM JOMYyIIe-
Huit). Kpome TOrO, METONOMOIHYECKasT CTPYKTYpa aKCHOMa-
THYECKOH CHCTEMBl B NMPHHUKMOE MPOIle METOLO0JOTHUECKOMH
CTPYKTYDHI CHCTEM, HCHOJNb3YIOIKX AOMYIUEHHS, XOTS — KaK
MBI YXKe paHee 3aMeTH/IH — METO/bl J0Ka3aTeJbCTB NoCpes-
CTBOM JONYIUEHHH 3HAYHUTENBHO MNpPOUIE METOIOB [0Ka3a-
TeJbCTB, KOTOpble APHMEHSIOTCS B CHCTEMax, MOCTPOEHHBIX
HCKJIIOYHTENILHO aKCHOMATHUECKHM METOOM. ‘

Vicyucienne mnpensioxennuit, npeiacrasientoe B §§ 3—5
C MOMOUIBI0 MeTOAa AOMYIUEHHH, MATPHYHLIM H AKCHOMAaTH-
YECKHM METOJaMH, Ha3blBAETCsl KNAaCCHYECKHM HJH ABY3HAy-
HBIM HCYHCJIeHHeM mnpendoxenuit., Cranucias JlecbHeBCKUM
(ymep B 1939 r.), BHImaowuiicst, Hapsgy ¢ Jlykacesuuew,
MOJNBCKUA JIOTHK, BB&JI B HCUHCJEHHE NPEJIOXKEHHH nepe-
MEHHBbI, MpPEeACTABIsOLNEe! HCTHHHOCTHBIE (YHKTOPH, H
NOCTPOUN GoJiee OOILYI0 CHCTEMY, HAa3BAHHYIO HM HPOTETH-
KO#H. DTy CHCTEMY MOXHO ‘ MOCTPOHTb Ha OJHON aKCHOMe,
KOTOpasi sIBJIsIeTCSl aHaJOrOM NPHHIMNA [BY3HAYHOCTH
(cp. Boimre, cTp. 61).

KpomMe K/1aCCHUECKOro .MCUHC/IEHHs NpeaJOKeHHl, B Ha-
CTOsilllee BpeMsl MOCTPOEHBI HEKJaCCHYECKHE CHCTeMEBl HC-
UHCNeHHs1 npeanoxenuil. Cpens HHX Han6oJee H3BECTHBHI:

1) MonanbHble CHCTEME, B KOTOPHX (HUTYpH-
PYIOT MOJaNbHEIE (DYHKTODDI, TaKHe, K4K, HANPHUMEp: «HE06-
XO[IUMO, UTO...», KBO3MOXKHO, 4TO...» H T. 1. B KoHie § 4 MBI
YIOMHHAAN 06 oAHON M3 Haubosee U3BECTHHIX CHCTEM 3TO-
TO pOZa, a UMEHHO O CHCTeMe CTPOTOH HMIVIMKANUU JIbIoH-
ca. Buavane ata cucrema 6nlia NOCTpPOEHa AKCHOMATHYe-
CKMM METOZIOM, 3aTeM [Js Hee OblIM HafileHb MaTpHYHbIE
Ta6JUIb (KOTOPble OKa3alueb GEeCKOHEYHO MHOTO3HAYHbI-
MH), HaKOHeW, B NMOC/JeJHEe BPeMsl 3Ta CHCTeMa Ghiia Mo-
CTpOEHA TaKXKe M MeTOAOM ACTYIUeHHH,

2) MHorosnauHbe cucTreMn Jlykacesuua. Ha-
unHast ¢ 1918 roma JlykaceBud MaTpHUHBIM METOZOM HO-
CTPOMJI TPEX3HAUHYIO JIOTHKY, 4 3aTéM H MHOTO3HAUHLIE
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Joruku. [TocTpoeHHe MHOTO3HAYHBIX JIOTHK OTHOCHTCS K
BaXKHEHIUMM OTKDHITHSIM B o6JjactH Jorukn B XX Beke.
Tpex3sHayHyl0 JOTHKY JIYKaceBHY NOCTPOMJ KaK MOAalb-
HYIO CHCTEMY, JOTHKY 6€CKOHE€YHO MHOTO3HAYHYIO MHITaIoT-
cs cBsizaTh ¢ Teopueil sepositHocreil. HesaBucumo ot Jlyka-
ceBHYa aMepHKaHCKHi JOruK ITocT mOCTPOHJ TaKXKe MHOro-
3HayHHe JIOTHKH, HE MPHBOAS, OJHAKO, AJs HHX HHTepmpe-
Tanuu. ‘MHOrosHauHble CHCTEMBbl HCUHC/IEHHs MPEAJOXKEHHH
6blIM MOCTPOEHH CHayaja MAaTPUYHLIMH, a NOTOM aKCHOMa-
THYECKHM METOLAMH.

3) CucteMa HHTYHUHOHHCTCKOTO HCYHC-
JEeHHUS NMpenNOKEeHHH noCTpoeHa aKCHOMAaTHYECKHM
MeToIO0M I'eATHHTOM B COOTBETCTBHH C MIE€SIMH TOJJIAHICKO-
ro Matemartinka bBpayapa.

JIast GYHKTOPOB HHTYHIMOHHCTCKOTO HCUHMCJIEHHS! Tpen-
JIOXKEHUH He MMEIOT MecTa aHaJOTH 3aKOHOB KJ1aCCHYECKOTO
MCUMC/IEHHS] NPENJNOXKeHHH, KaK, HanpHMep, 3aKOHbBl HCKJIO-
YEHHOTO TPETLETO, TEOPEMBl ~ ~ p—p, (~p—>p)—p K T. NI
VIHTYHIHMOHKCTS MOAHGHUKPYIOT HCYUHCIEHHE NPENJIOXKEHHK
¢ TeM, YTo6H ¢ NOMOUIbIO JIOTHKH, OCHOBaHHOH Ha 3TOM
HCUMCJIEHHH, HeNMb3sl ObJI0 N0Ka3aTb CYLIECTBOBAHMS HApe.-
METOB TA4KOTO pOJa, IpUMepPHl KOTOPHIX MBI He MOXeM HpH-
BeCTH (CKOHCTPYHpPOBaTh). MIHTYHIIHOHH3M SIBJSIETCS ONHHM
M3 HampapJeHHi B 06JaCTH OCHOBaHHA MaTeMaTHKH. HH-
TYMIMOHHCTCKOE HCUHMCJEeHHe NPENJoXeHHi ObJo BROC/IeN-
CTBHH NOCTPOEHO TaKXKe W METONOM JONYIIEeHHH, a MaTpHY-
Hble TaGJauilbl, KOTOpble ObLIM HafAeHbl AJs 3TOR CHCTEMBI,
OKa3aJHChb GeCKOHEYHO MHOTO3HAYHLIMH.

Caenyer nomuepKHYTb, YTO NOCTPOEHHE HEKJIaCCHUECKHX
CHCTEM MBI He JOJ/IKHH CBSI3bIBAaTb C <«OTGpachHIBAHHEM»
Kaaccuueckoft cucreMbl. I60 B KaxIOoH H3 YHOMSHYTHIX
HEeKJacCHUeCKNX CHCTEM MOXKHO MOJYYHTb — NOCJe BBEIe-
HHSI COOTBETCTBYIOLIMX ONpeJeNeHHHi — B KayecTse YacTH
STOH CHCTEMBl KJACCHYECKOE HCUHCJIEHHe NpPeNJICKEeHHH.
CnenoBaTesbHO, MOXKHO MHTEPHNPETHPOBATL NOCTPOEHHE Ta-
KHX CHCTEM, KaK JONOJHEHHe KJaCCHYECKOH CHCTEMEI, IO-
crpoenue GoJiee OGMKPHON CHCTEMH. B 4aCTHOCTH, ecau MBI
XOTHM BBECTH B HCUHMCJEHHE MoOJajbHble (DYHKTODH, MBI
JOJKHBl — KaK 3TO noKasaJ JIykaceBud — BHIHATH 3a mpe-
ZeJBl KJ1aCCHYECKOTO HCUHCJEHHS] NPEeNJOXKEHHH, B KOTOPOM
3TH (YHKTOpHI HeJb3sl BHPA3HTh.



Pa3zdea II.
Hcuucaenune npeduxamos'

§ 1. Cumeoas: n 8oipasxcenus y3K020
ucHucACHUL nPeourKanos

HcuucieHne npeaukaToB, KOTOPOE YacTO HAa3bl-

BalOT TakXe (YHKIMOHAJBbHBIM HCUHCJEHHEM, HJM HCUHCJIe-
HHeM KBAHTOPOB, MBI CTPOHM Ha OCHOBE HCUHCAEHHS Mpef-
JOXeHHA B TOM CMBICJ€, YTO BC€ CHMBOJIBI [OCJEIHEro
BKJIOYAIOTCS B 3amac CAMBOJIOB HCUHCJEHHS NPEeIHKATOB,
KOTOpHIH, pasyMeercsi, CONEPKUT TaKKe U HOBHIE CHMBOJIBL
CxoaHblM 06pa3oM npaBusa (Kak OCHOBHbBIE, TaK H MPOH3-
BOAHBEIE) HCUHCJIEHHs NpEeNJOXKeHHH, MPUHHMaeMble HAMH B
MCUUCJIEHHH NpeIHKaTOB, He HCUYEPABbIBAIOT BCEX APABHJ
3TOTO HCYHCJIEHHS.

B HCuHC/IeHHH NpenuKaTOB, KDOME CHMBOJIOB HCYHCJIE-
HHSl TpefJoXeHUul, GUIYPUPYIOT CJeNyIouiHe CHMBOJIBI;

1) UMeHHb e (MHOAMUBHAYyaJbHLEIE) mepe-
MeHHBE:

X, Y, 2, xl) yl) 21, LR
Ilpn npumeHeHHH GOPMYJ HCUHMCIEHHS NPEIMKATOB K KOH-
KPETHOMY pAacCyXAEHHIO BMeCTO 5THX MEepEeMeHHBIX Moj-
CTaBJSIIOTCS COOCTBEHHbIE HMEHa 2, TO ecTb HMeHa, 0603Ha-
Jalonue JUIIb OAUH npeaMer. CaenaHHOe 3aMeuyaHHe 4acTo
BbIDAXKalOT TaK: HMEHHLIE NMepeMeHHbIe TIPeACTaBJSIOT CO6-
CTBeHHbIE HMeHa. BooG6uie 6ynéM roBopuThb, UTO NepeMeHHas

! B nmoanuunuke: rachunek kwantifika toréw (mocsmoBmo: ucuucse-
HHe KBaHTOpoB). B panbHefimeM nmozoGHuIX NpuMeuaHufi Mbl He GyneM
nenatb — ITpum. nepes.

? B noaaunHuke: nazwy jednostkowe (6yKBajbHO: eRMHHYHBIE
umena), — ITpun. nepes.
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NPEACTABAsSET HEKOTOphle NMOCTOSHHBIE, €CAH 3TH NOCTOSIH-
Hble MOXHO MOICTaBJSITh BMeCTO JaHHOfi mepeMeHHOM.
VIMeHHO B 3TOM CMBIC/IE MPOMO3UIHOHAJNLHLIE NepeMeHHble
NPeCTaBJASIOT NPeNJIoKEHNS.

2) IlepeMeHHBle, nNpencTaBAgIOLIHEe IIPoO-
NO3HMUHOHaAbHLIE (GYHKTOPH OT HMEHHB X
AapryMeHTOB, TO €CTb BHIPaXKeHHsi, KOTODble BMecTe C
HEKOTOPOM - COBOKYIIHOCTBIO HMEH 06pasyioT NPONO3HIMO-
HaJbHbIe BbipaxKeHus. DTH (YHKTOPH Ha3bBAalOTCS TPeH-
katamu. [IpenukaThl noApasfeNsIOTCS] Ha OAHOAPTYMEHT-
Hble, IByXapryMeHTHHEe U T. 1. OXHOapTyMEHTHBIMH Npeau-
KaTaMmu, Hanpumep, SBJISIOTCA:

. CJIOBO ¢«CBeTHT» B mpepJoxenud «CosHLe CBETHT»,
BbIPAXKEHHE «UETHOE UYHCJO» B NPeNJIOXKEeHHH
(1) «4 — yeTHOE YHCJION.

JByxapryMeHTHbHE NpPERHKAaTH, HanpuMmep, NpeacTaBJs-
10T coboil:

CHMBOJI ¢ >» B HIPENJOXKEHHN

(2) «5 > 3»,

BHIPaXKEHHE ¢KPaTHO» B TpenJsoxeHuH «15 xpaTHO 5»,
BHIPaXKEHHE «OTell» B mpepsoxenuu «SIH oren Tlerpas.

TpexapryMeHTHbBIMH TNpeJHKaTaMH, Hamnpumep, sBJs-
IOTCS: ’

BhIpaXKeHHe «PACTOJIOKEH MeXAy ... H ...» B INpeAJoxe-

uun «TapuyB pacnonoken Mexay Kpakosom u Ilepembiinsem»,
BbIpaXKeHue «OoOlul JeJuTeab ... H ...» B NPENJIOXKEHHH
(3) «4 — ofuyh " pemiteab 12 u 20».

B kauecTBe mepeMeHHBIX, MNPEACTABJSAIOIIAX OXHOApPTY-
' MEHTHBIe TIpeJ¥KaThl, Mbl GyIeM MoJb30BaThC GyKBaMH:

Ayl B; C1 Al! Bl!rcla L

B kauecTBe NnepeMEHHbIX, NMPeRCTaBJAAIOIINX npeguKaThl

OT IBYX H Gojee apryMeHTOB, Mbl OyleM MOJb30BaThCs
6ykBamu: -

P; Qv R1 Sa Ply Ql! Rla Sls---y

mpHYeM W3 KOHTEKCTa Bcerfa GyneT SICHO YHCIO aprymeH-
TOB NpeN¥KaTa, NPeACTaBIsieMOro NaHHOH NMepeMeHHOMH.

3) Toctossuuwe: II, . DTH noCTOsHHBle Ha3biBa-
IOTCA KBAaHTOD aMH, a UMeHHO: cuMBos II HasbiBaercs
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KBaHTOPOM OGIIHOCTH, a CHUMBOJ X — KBAHTOPOM CyLIecT-
BoBaHus. CumBos II unTaeTcsi: «IJas BCeX»; CHMBOJ X UH-
TaeTcsi:- «[Js1 HEKOTOPHIX» WJH «CYLIECTBYeT TaKoe...».

'TlepeunicieHHble CHMBOJIBI BMECTE C CHMBOJIaMH HCUHC-
JIeHHs] TIPeNJNOKeHN A UCUepNbBalOT 3anac (HCXOAHBIX) CHM-
BOJIOB TOM 4acTH HCYHUCJIEHHs] TNPERMKATOB, KOTOpas Hashl-
BaeTcsl. Y3KHM HCYMCJeHHeM NpeluKaToB NepBOTo Nopsika.
B §§ 1—3 3toro pasgena mb 6ymeM paccMaTpHBaTh y3Koe
HcuHCJIeHHe NPelIMKaToB.

CdhopmyanpyeM HHIAYKTHBHOE ONpefeJeHHe I p oI o-
3HIHOHAMNBHOTO BH paXeHHUS Y3KOTO HCUHUCJIECHHUS
pefuKaToB: ‘

la) npomo3uuHoHaNbHAs MepeMeHHasl ecTh MPONO3HIHO-
HaJbHOe BLHIpaXKeHHe Y3KOTO HCYHCJEHHs NPeIHKaToB;

16) Bhipa)keHue, NOCTPOEHHOE W3 INe€PEMEHHOMN, Ipen-
CTaBJsIOLLEel n-apTyMeHTHHEe NMPeJHKaThH, U cenyiolle 3a
Hell mocJefoBaTeNbHOCTH U3 n (n> 1) MMEHHHIX NepeMeH-
HBIX, 3aKJIOUEHHOH B CKOOKH, €CTb NPONO3HIIMOHAJNbHOE
BHIpayK€HHE Y3KOTO MCUHCJEHHs NMPeRUKAaToB. DTH BHIpaxe-
HHS Ha3biBAlOTCSl 3JeMEHTapHbIMH !. DJeMeHTapHBIMH BHI-
pPaXXeHWsIMH, CJAEIOBATENbHO, fBJAAIOTCS, HanpuMep: A(x),
A(y), B(x), R(xi, ... x»). B c1yyae IByXapryMeHTHHIX TIpe-
IVKAaTOB MH mHieM «xRy» BMecto «R(x, y)»; «xSy»> — BMe-
cto «S(x,y)» u 1. I

2a) Ecin @ ¥ 1 — nmponosuuuoHaJbHBE BHpPaXeHHs
Y3KOTO HCUHCJNEHHMs NpennkaToB, To u ~ (9), (9) A(P),
@ V®), (@), (¢)= ($) — nponosuumona:KLe
BHpaXKeHHsl 3TOTO MCYMCJEHHS.

26) Ecau ¢ — nponosupHoOHaJbHOE BHIpaXKeHWe Y3KOTo
HCUMCJAEHHsl NpPeNUKaToB M o — HMEHHas nepeMeHHas, TO
T(p) u Z(p) — npono3uuvoHaNbHBE BHIPAXKEHHs 3TOTO
a a .

UCYUCJTEHHS. .

3) MHoXecTBY NPONO3UIMOHANBHBIX BHPaXeHHN y3KOTOo
" MCYHUCJIEHWs] NMPefRUKaTOB NMPHHALJIeXaT TOJbKO Te BhIpaxe-
HHUs, KOTOPHIe SIBJSIOTCS NPONO3NIMOHAJBLHEIMH NepeMeHHH -
MH WJH 3JeMEHTAapHBIMH BBIPAXKEHHSAMH WJIM NMOCTPOEHH U3
3THX NpoCTeHINNX BHIPAXKEHHH mNOCHelOBATENbLHLIM INIpHMe-
HeHWeM npaBua 2a) u 26).

! B noanunnHke: atomowymi lub molekularnymi (6yksanbHo: aTo-
MapHLIMH HJH MOJEKYJNPHbIMH). B nanbuefiuieM nodbcKoe npHiaratelb-
Hoe «molekularny» nepeBoZUTCH Ha PYCCKHA H3HIK KaK <«3JeMEHTap-
HHlfi», — ITpum. nepes,
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U3 nynkros la) u 2a) crnenyer, uto Jio6oe BbipaXKeHue
HCUHCJIEHUST TIPEANOMKEHHN sIBJsAETCS M BRIpaXKeHHeM HCYHC-
JIeHHs] TIpegUKaToB.

BrLipaxkeHusi, TNOCTPOEHHbie COTJIacCHO NYyHKTY 206), co-
CTOAT M3 TPexX vacreil:

1) xBaHTOpa «II» Han «Z>»,

2) ¥MeHHOM NepeMeHHOMH, BXOJsled MOX KBAHTOD,

3) NpomO3WLHOHANBLHOTO BhIPAXEHHs ¢, NOMEIIEHHOTO
B ckO6Kax, KOTOpoe HaabiBaercs 00/1aCTbl0 NeHCTBHUS . KBaH-
TOpa, MPeJUIecTBYIOIIEro 3TOMY BHIpPaXKeHHIO.

Cko6KH MH ONYyCKaeM, €ciHu ¢ — dJIeMeHTapHoe BhHpa-
XeHHe, a mosToMy, Hanpumep, BMecto «II(A(x))» numem

x

<I[IA(x)»!. OnyckaeM Takxe CkOOKkH, eCiH @ B CBOIO oOye-
x

pefb HauMHAeTCs KBAaHTODOM, a NMO3TOMY, HampHMep, BMe-
cro <II(ZxRy)» nuwmem <IIZxRy».
x y xy

IMpuMepaMy BhipaXKeHH#l Y3KOTO HCUHCJIEHHsI TpPENHKa-
TOB SIBJSAIOTCA CAEAYIOIIME BhHIPaXKeHHs:

(4) [1xRx;
(5 [1Y *Ry;
x y
(6) I1T1 [ny —92 (xRz N\ zRy)];
x Yy z

m M1 JRe. %
x y =z

Ha 3Tux npuMepax MBI TNPOHJAJMIOCTPHPYEM BBeIEHHOE
BHIle TMOHsITHe 06JaCTH HENCTBHS KBaHTOpa. Tak, Hampu-
Mep, B Bpaxenuu (4) o6nacTb JeficTBus KBaHTOpa «II» —
BHIpakeHHe «¥Rx»; B BepaxeHnu (5) ob6aacTb HeACTBHUA
KBaHTOpa «X» — BhIpaxeHHe <«xRy», a o6nacTb [EACTBUs
kBaHTOpa <II» — BHpaxenne «ZnRy»; B BepaxeHuu (6)

y

0621acTh [JeHCTBHS KBaHTOpa «X» — BHpaxeHne «xRz A
A\ 2Ry», a o6nactp nefictBus KBaHTOpa «II» c mepeMeHHOH
«y» BHH3Y — BhHIpaXKeHHe B KBaJpaTHHX CKOOKax, a 061acThb

! 910 BHpaxeHHe uHTaerc: AAs Bcex XA (x); Bhpaxenne ZA(x)
X

;l]ﬂTae’l‘B:Sl: IJ1s HekoToPHX xA (x) (WaM cymecTByer x Takoe, yto A (x) —
epea.).
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nefictBus kBaHTOopa «II» ¢ mepeMeHHOM «x» BHH3Yy — BHpa-
wenue II [xRy—2 (xRz A\zRy)]».
Y z

ByneM roBopuTh, UTO JaHHasl nepeMeHHas, He BXOAAULAs
noj KBaHTOp, CBSi3aHa B BHIPAaXeHWH ¢ TOTAA, U TOJBLKO
TOTHa, KOTJa B ¢ RaHHasg NepeMeHHass HaxoguTcs B o6aa-
CTH JeHCTBHS HEKOTOPOTO KBaHTOPa W COBMAjaer C nepe-
MeHHO/, Bxofsilllei NOX 3TOT KBaHTOp. BymeM roeoputhb
TaK¥kKe, YTO KBAaHTOD CBfA3bIBaeT Ty MepeMeHHYI0, KOTopas
BXOJHUT NOJ RaHHHN kBaHTOp. Hanpumep, B Bripaxenuu (4)
nepeMeHHasi «X», HeNOCPeNCTBEHHO MpeRLIecTBYIOIas mne-
peMeHHO# «R», cBfi3aHa.

Bynem roBopuTh, uTO faHHasi nepeMeHHasi, He BXOMS-
Ias nox KBaHTOp, CBOGO A H a B BHPaXKeHUH ¢ TOTHA, H
TOJIBLKO TOTJa, KOTZa He HMeeT MecTa TO, YTO B BhIpaxe-
HHH ¢ JaHHas NepeMeHHasl CBs3aHa.

Hanpumep, nepeMeHHasi «x» CBOGOIHA B BHIpaXXeHHH
«Z xRy». B Boipaxenuu «II A (x)—A(x)» nepemennas «x»,

¥ X

BXOAsIAsl B KOHeEIl 3TOTO0 BhIpaXKeHus, cBoOOAHa, a mepe-
MeHHasl «X», MNpeNlIecTBYOLlasi B 3TOM BhHIpaXKeHHH 3HAKY
UMIJIHKaLYH, CBs3aHa.

IlpunuMas Bo BHHMaHHe myHKTH 26) u 16) onpenene-
HHsl MPOMO3WLHOHAJNBHOTO BLIpAXKEHHS Y3KOTO HCUHCJEHHS
NPEeNUKaTOB, 3Ty CHCTEMY MOXKHO OXapaKTepHu3OBaThb KaK Ty
4acTb UCUHC/EHHS NPEANKaToB BoOGIle, B KOTOPOH KBaHTO-
Pbl CBfIBHIBAIOT JIMIUb MMEHHHIe NMEepeMeHHble W JeMeHTap-
Hble BHIpaXeHHs1 M3 (YHKTOPOB COMepXKaT JHIUb MPOMO3H-
IHOHANbHbIE PYHKTOPH OT HMEHHBIX apryMeHTOB (M He CO-
iepXKaT NpPono3nlMOHaJbHbIX (YHKTOPOB, HMEIOIHX B CBOIO
ouepenb Cpenu apryMeHToB QPYHKTOPH).

BBenem Teneph BaXHOe NOHATHE — MOHSTHE NPOMNO3H-
IHOHANBHON (QYHKIMH: NPONO3ULMOHANBHOM (YHKIMe Ha-
3bIBA€TCS BHIPaXK€HHE, KOTOPOE COmepKUT CBOGOIHbIE nepe-
MEHHBIE H H3 KOTOPOTO MOJHO MNOJYYHTb IpPeAJOXKeHHs,
NOACTAB/AS NMOCTOSIHHbIE BMECTO BCEX 3THX IE€PEMEHHbIX.

Cpeny nponosuuuOHANbHHX (QYHKUMH pasnHyalor mpo-
NO3MIHOHANbHBE QYHKUUH OT ONHOM CBOGOLHOM mepeMeH-
HOMl HanpuMep, <X — YETHOE.HHCIO»; OT ABYX CBOGOZHBIX
MEpEMEHHbIX, HapUMeP «X>>Y»; OT TPex CBOGOIHBIX mepe-
MEHHBIX, HanpuMep «x — OGIIUN AeNuTeNb ¥ M 2» 1, U T. 1.

1
B nopjuunuke: «x — pequrens Y ¥ 2» (No-BHAMMOMY, OneuaTka).—
IIpum. nepea.
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IMoncrasasis B 3TH NPONO3HLMOHAJNbHbEE QYHKIHH BMECTO
lepeMEeHHbIX HMEHa COOTBETCTBYIOUIHX YHCeJ, Mbl NOJyyaeM
NpHBeJieHHble B Hauajle JaHHOTO naparpada nmpeinoxeHHs
(1)—(3). Xopouio H3BECTHHIMH NpPHMEPaMH MNPOMO3HUHO-
HaJbHBIX QYHKUHA ABAsIOTCS ypaBHeHus. [lisi 0603HaueHus
NpPONO3MUHOHAMbHBIX QYHKUHMA 4acTO MNOJL3YIOTCA TepMH-
HOM <YCJIOBHEY. _

OueBHAHO, CAEAyeT pasJuyaTh MOHATHE MPOMO3HLHO-
.HaJbHOM (PYHKILMHK ¥ NOHATHe QYHKUHMM B MaTeMaTHYECKOM
cmbicae. [IpomosuuuoHaNbHBE (QYHKUHM — 3TO HEKOTOphLIE
BHIPAXEHWsl, B TO BPeMsi KaKk (QYHKUHH B MaTeMaTHYECKOM
CMBICJIEe SBJAAIOTCS He BRHIpaXKeHHsIMH, a HeKOTOpPbIMH OTHO-
wenusiMu (cp. u. II, pasa. I, § 5).

dopMyJIbl MCUHCIEHHS TIPEAUKATOB MHTEPNPETHPYIOT Ta-
KIM 06pasoM, uTo, HanmpuMep, Bhlpaxenue «A(x)» npen-
cTaBJseT TNpPONO3MLHOHAJBHYIO (QYHKUHMIO, COAepXkKallyio
«X» B KauecTBe CBOGOJHOM nepeMeHHOH, a BbIpaXkeHHe
«R (%1, ..., Xa)» — TPONO3HLUHOHATBHYIO (YHKIHIO, COAEp-
KaIILYIO €X1», ..., €Xp» B KauecTBe CBOGOAHBIX NepeMEeHHBIX.
Jlpyrumu cioBaM#, BMecTO «A(x)» MOXHO MOACTaBJIATH
MPOTNO3HLIHOHANbHEE (YHKUHMH, CcOJepXKalllie «x» B Kade-
CTBe CBOGOIHON nepeMeHHOH, BMecTo «R (X, ..., Xp)» — NIPO-
NO3WLMOHAJbHBIE (PYHKUHH, COAepKalllhe <«Xi», .., «Xp» B
KayecTBe CBOGOIHBIX MepeMeHHbIX !,

Tak, Hanpumep, u3 BhipaxeHus (5) MOJACTAHOBKOH BMe€-
CTO BHIpaXeHHWss <«xRy» Npono3nuHOHaALHOR  (QYHKIHK
«x=y+1» MBl noJyuaeM npeinoXeHHe :

[MYx=9+1,
LI

a u3 BoipaxeHus (7) NOACTAHOBKOM BMECTO BhIpaXKeHHs
«R(z, x, y)» NPONO3HLHOHANbHON QYHKUMH «Z=X-+Y» MBI
nojyyaeM npeajoxkeHHe ’

[ S =x+9).
x ¥V 2 )
Yacto nannmaeTcn caenympias HHTepnpeTaunﬂ HCYHUC-

JIeHUsl MpeJuKaToB:
O/JHOapryMeHTHble TPeAHKaTh O0GO3HAYyaloT CBOMCTBA
(npusHaku), ABYX- WJH MHOTOApTYMeHTHbie TNpelHKaThl

1 Tounast QoPMYJNHPOBKA STOrO NpaBHJa NMOACTAHOBKH, KOTOpoe Ha-
3HIBAETCH TPAaBHJOM MOACTAHOBKH BMeCTO (YHKIHOHAMBHHX BHIpaxKeHRH,
nana B § 5.

96



0603HAUYaAIOT ABYX- WM MHOrOY/ieHHble OTHOUieHHsT (COOT-
HoweHus). Torga sneMeHTapHHe BeIpa)keHWsi BuAa «A(x)»
YHUTAIOTCSA: «CBOMCTBO (mMpHu3HAK) A MpUHAAJEXHT NpeaMme-
Ty X» HIH XKe: «npeamer x objanaeT CBOHCTBOM (TpH3Ha-
koM) A»; BepaxeHus Buia «R(xi, ..., Xp)» UATAIOTCS: «OT-
HOIIEHWe R HMeeT MECTO MeXAy MpeiMeTaMH Xi, ..., Xn»;
BLIPAXKEHUs] BHIA «XRYy» YHTAIOTCS TaKXe: «X HAXOIUTCS
B oTHoweHUH R K y». Ilpu 310l MHTEepnpeTauud TEPMHUHE
«CBOMCTBO», «OTHOLIEHHE» MOXKHO TMOHHMAaTh CTOJb LIMPOKO,
yro Ja106as nponosuuuoHanbHass (QYHKUMSA C OJHOH CBOGOA-
HOU MMeHHOH nepeMeHHOH ompefensieT HEKOTOpoe CBOHCTBO,
a no6asg npono3uUHOHaNbHas ¢yHKUUSA oT n (n>1) cBo-
GOMHHX MepPeMeHHEX ONpejenseT HeKOTOpoe A-ujeHHOe OT-
HOlIIeHHe. .

KpoMe 0GBIYHBIX KBAHTOPOB, O KOTOPEIX T'OBOPUJIOCH BHI-
e, B HCYHCJEHHH NPeAHKATOB (PUT'YPHPYIOT TaK HasblBae-
MEBle OTpaHHYEHHble KBAaHTOPHI.

IIpumepamu BHpaxkeHHH, cofepkKaulMXx TaKWe KBaHTO-
DB, SIBJSIIOTCS CJeAYIOU[fe BHPaXKeHUs '

(8) [Tix|=x
x>0

9) Sax=a.
x7£0

Beipaxenue «II» uwraercsi: «ans kaxgoro x Gosbtue Oy,
x>0 '

BBIPXKEHHE « 3 YATAETCS: «JJI51 HEKOTOPBIX X, OTJIHYHHIX OT O»,
X:

0
Boipaxkenne (8) — cokpamenue Boipaxenus «1(x>0-—>

=>|x|=xp. _
Beipaxcenne (9) — cokpawenne Beipaxenns «X (x40 A

Aa x=ap.
BooGue:
BHI pakeHHe I"{ Y (@) — cokpaurenne soipaxenuss I1[g (a) —
o(a) a

- ‘P(“)L :

-

BbIpaXkeHue ; )11, (@) — cokpémenne BeIpaxeHus Y [¢ (@) A
Av@r, )

rie ¢(a), Y(a) — nponosuuMOHadbHbBe GYHKLHH, B KOTO-
PBIX @ -— cBOGOAHAs nmepeMeHHasl.
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Ecau seipaketine ¢(a), Bxoaslilee nom orpannqem{mn
KBaHTOP, ‘coJepXHUT GoJee 0fHOH CBOGOAHOM NepeMeHHOH,
T0, BOOGIlle TOBOPS, He SCHO, KAKYI0 H3 HUX CBSI3HBAET /laH-
Helfi KBaHTOp. Hampumep, He ACHO, SIBJSIETCS JIM BHIpaxe-
Hue

(10) [1=>¢

%> g} .
COKpallleHHeM BHIpaX<eHHs H (|x|>y|—=*t> ), W

e OHO siBJsIeTCs coxpamenneM BEIpaXKeHHUs H(Ixi>
>|y|—= 2> y)?

Jas yerpaHeHusd nono6m,1x HEesICHOCTEH MBI 6y11eM CUH-
TaTh, YTO OTPAHWUEHHBII KBAHTOP CBS3HBAeT Ty I€pEMEH-
HyI0, KOTOpasi HalHcaHa HEMOCPEICTBEeHHO Noj HuM. A mo-
TOMy, HanpuMep, B BuipaxkeHuu (10) cBsizaHa mnepemeH-
Hasg X, 2 B Bblpamenm} |HI Ix2 >y? cBsi3aHa NepeMeHHas Y.

¥l<|x

KBaHTOpE, 0COGEHHO OTpaHWYeHHble KBAaHTOPHI, YacTo
HCNIOMB3YIOTCS TIPH 3aNMMCH MAaTeMaTHYeCKHX OmpelleeHuH
u TeopeM. IlpuBeneM HeCKOJBKO TNPHMEPOB TaKOro poja.
B stux _TIPHMEpax TepeMeHHHe X, Y, 2 npoGeraT MHOXe-
CTBO IeAACTBUTENLHEIX YHCE, a IepeMeHHble B, m, 1 — MHO-
JKECTBO HATYpaJbHEIX YHCEJ.

i>y=Jr=y+z
. >0
r<ly= Q<2<

m/nzzm=n-k.
- ,

Onpenenenve npejena Nocjen0BaTelbHOCTH:

lima, =g =1 X1 e, — ¢l <.

fimoe e>0 mn>m
Onpenenenyre HenpepuBHOA QyHKIMH:
f — nenpepriprast pynkups =TI Y (|x —y|<d—
e>0x y 8>0

=) —f®)1<8).
98



OnpeflefieHHe PaBHOMePHC HENPePHIEHCH (DYHKIHH:
f — paBHOMepHC HenpepoiBHas ¢yHkuus = IT 3 ITTI(|x—

e>08>0x y
—y|<¥=>|f () —F )] <e).

IMepBEHIM JICTHKCM, KOTOPHIH BBeJ KBAaHTCDPH, GuJ Ppe-
re. Ho Tpyn ®pere or 1879 roaa, uHTHpPOBaHHHII B mpel-
wecTBYIOIleM pasjiesie, CCTANCS He3aMeUeHHBIM (BO3MCIKHO,
BCJe[CTBHe CYeHb TPYAHCH CHMBOJHKH). Oxoao 1885 ropa
IMupc BBoauT cumBoau II u 2 ansa kBanTopoB. IMupe Takke
3ameuaert, 4To npeanckenue IIA (x) moxHo paccmarpuBaTh

X

KaK KOHBIOHKIHIO:
ACGOANACINA(x)> ...,

‘a npeancxKeHHe I A (x) — Kak AH3BIOHKIHIO:
X

A VAR VA Y ...

OnHakc cH NMPH 3TCM NOAUEPKHBAET, UTC Pedb HAET 37eCh
TOJBKC 06 aHAJOTHH, TaK KaK NpPelMeTCB MOXET GhITh Gec-
KCHEYHC MHOTC (a, Kak M3BeCTHC, KCHBIOHKIHS H AH3BIOHK-
UHsl CTPCATCA JIHILIb H3 KOHEYHOrC YHCJA YJeHOB).

Tepmun «nponcsuumonanshas ¢yHkuus» Been Paccen
(1903 r.), eute paHpme NPONO3HUKMOHATBHBIMH OYHKUHAMH
OT MHOTHX TepPeMeHHHX 3aHMMaJuch Ilupc u Ppere
(B 1892—1893 rojpr).

O6mupHoe u O6CTOATENBHOE H3JACKEHHE HCYHCIEHHS
NpelHKaTCB OblJIC faHe B I ToMe «Principia Mathematica»
Yaiirxena u Paccena (1910 r.). Tam sTor pasjen Hashl-
Baercsl Teopueit Kaxyulefics MepeMeHHOH, OTOMY 4YTG CBsi-
3aHHbIe TepeMeHHble HA3KBAIOTCS. TaKKe KaXKYIHMHCS Tie-
PeMeHHEIMH (a cBCGONHEIe MepeMeHHble TOMa Ha3bBAlOTCS
AeHCTBHTENbHBIMH nepeMeHHBIMH).

Ynpaxuenus:

1. 3anumpre, HCIIOJNb3Ysl KBAHTODH, CIEXYIOLIHEe INPeAJoKeHHs:

a) Yucna 3 u 10 ue HMeIoT O6WHNX JpenuTesnell, OTIHUHHX OT 1.

) Hu oguo HaTypaJbHOe YHCAO™ He MeHblie 0.

¢) HNus mo6oro HATYPAJIBHOTO HYHCAA CYIECTBYET HATYpaJbHOe
YHEIO0, KOTOPoe GoJblue ero.

CymectsyeT takoe HaTyPaJlbHOE YHCIO, MeHbLIE KOTOPOrO HeT

HATYPaJbHEX uHces.

e) CucreMa ypaswennui

x+2=5
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x4 4=26

HeCcOBMeCTHa.

f) Kaxpbiit yueHMK 2-ro KJacca MpoOuMTasg XOrst 6Bl OHY KHHTY.

g) Cymecrsyer Takas KHHa, KOTOPYIO TPOYHTANT KaXAbIH YYeHHK
2-ro kJjacca.

2. 3anuuiuTe, HCNOJAb3Yst KBAHTODHI, ONpejelleHHs:

a) HelpepEBHOCTH (GYHKUKK Ha MHOXecTBe Z;

b) paBHOMepDHOU HempephIBHOCTH (YHKUMH Ha MHOXECTEe Z

c) cxoauMOcTH ToOCHefoBateJbHOCTH Gyskuni {fn}. B kaxpoi
TOUKE MHOXKecTBa Z;

d) pasHOMepHOU cxounmocw nocjaefosatessHOCTH GyHKuRl  {fn)
Ha MHOXecTBe Z.

3. ¥YxaxuTe, KakHe NepeMeHHBle CBOGOJHBI H KakHe nepeMeHHbIe
CBA3aHHl B CJHEJYIOUIHX BHIPaXeHHsX:

[TAx) - Bx); TTAx) —Bx)y;

X

[T (xRy) > (yRx)};  TT1A(x) v A )]s

x ¥y xRy

[T (A% V A
xRy

4. Mepennumirre crefylomKe BHPa)KeHHs, He NMOJb3YSACh OFpaHHYeH-
HBIMH KBaHTOpaMH: .

T JUm-=8; X IT xRy

A(x) B(y) xPy yQx

“§2 OcHosubie npagurd’y3K0zo ucHucaenus
npeduramos

OCHCBHEIMH MpaBWJIAaMH Y3KOTC HCUHCJIEHHS
IPEeAUKATOB SIBASIOTCS:

1) Bce cCHCBHBIE MmpaBHJIA HCUHCAEHHSA
npenycXKeHHH, pacnpocTPaHeHHHE Ha NPCNC3HIHC-
HaJlbHBlE BHpaXXeHHsl HCYHCIeHHs npennkarcB. CJenoBa-
TeJIbHC, MH noJjiaraeM, uto B cxemax npasua 110, BK, YK,
BI, VI, B3, ¥3 cumBosel ¢ H ¢ c6C3HaYal0T NPCH3BOJb-
Hble MPCNO3HIHOHANbHEE BBHIPAXKEHHs HCYHCJEHHS] MpejiH-
kKaroB. CXONHHM 006pa3cM HCTCIKCBHIBAIOTCS KOMIICHEHTH
@1, --- , @y Beipaxkenus (I)!, o xoTopoM peun HIeT B cmpeje-
JIEHHH TNpAaBHJIA [OCTPCEHHS KOCBEHHOI'C J0Ka3aTesbCcTBa
(cp- pasn. 1, § 2, crp. 21—24). IlpaBuic npHcoeIHHEHHS K

1 To ecTb BHIpaKeHHs
¢ {P > [@P3— ... > (Pa—1 = @) ...1}. — Mpun. nepes.
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70Ka3aTeNbCTBY paHee JIOKa3aHHBIX TEOPEM Mbl yCHIHBAaeM
TeM, 4TO PACIpOCTPaHseM €ro H Ha TeopeMbl HCUHCIEHHs
NpeIHKATOB.

9) MMpaBuna BBeJeHHs M ylaleHHs KBaH-
TOpOB OGMHOCTH H CYIIeCTBOBaHHUS.

JINs1 3amMCH CXeM NPaBHJ BBeJeHHS H ylalleHHsl KBaH-
TOpPOB Mbl GyJleM MOJb30BaThCsi CHMBOJOM ¢ (a/E), 06o3Ha-
qalollHM BhIPaXKeHHe, MoJydeHHoe H3 ¢ NOJCTAHOBKOH BMe-
CTO HMEHHOH MepeMeHHOH a BhIpaXKeHHs § NPH BHIOJHEHHH
cJeqyoIHX YCIOBHH:

1) B BhIpaXeHHH ¢ 3aMeHa MepeMeHHOH a NPOH3BOJHT-
sl JIHHIb Ha TexX MecTax, IJie oHa cBoGonHa. Ecau a BXOOHT
B ¢ HECKOJBKO Pa3 B KauyecTBe CBOOOJHOH MepeMeHHOH, TO
CTOJIBKO XKe pa3 OHa 3aMeHsieTcsl BhIpaXKeHHeM E.

2) Ecau B @ mepeMeHHasi ¢ HaxoJHTcs B o0jacTH Jel-
CTBHS KBaHTOpPa, CBA3BIBAIOLIEr0 mepeMeHHylo B, TO BMecTO
nepeMEeHHOH a He MOACTABJSIOTCS BbIPaXKeHHsA, colepxa-
mue B B KauecTBe cBOGONHOK mepemeHHoH. Kopoye rosops,
NOJICTAHOBKY CJe/lyeT MPOH3BONHTb TakK, YyTOOb CBOOOIHEIR
nepeMeHHble MOJACTABJASEMOr0 BEIPaXKeHHs] He OKa3HBaJIHCh
CBSI3aHHLIMH B BHIpaXKEHHH, TMOJy4eHHOM B pe3yJbTare
MOJCTAaHOBKH.

Bropoe ycaoBHe He0OXOAHMO, MOTOMY 4TO HHaye mnpen-
JIOXeHHe, MoJlyueHHOe B pe3yibTaTe NOJCTAHOBKH B HMCTHH-
HOe mpelsoXKeHue, MOXKeT OKa3aThesl JOXKHBM. Tak, HanpH-
Mep, BHpaxeHHe «Z m>n», TJie nepeMeHHele m, n npobe-

m

FaloT MHOXKEeCTBO HaTypaJbHBIX YHCeJ, HCTHHHO, TaK Kak
03Hayaer, 4TO 1Jisi NPOH3BOJBHOrO HaTypPasbHOro 4HCAa N
CylecTByeT YHCJIO m, npeBocxoisulee n. B 310 BEpaXxeHue
HeJb3sl, OJHAKO, MOACTAaBHTb BMECTO CBOOOJHOH mepemeH-
HOH «n» BhipaxkeHue «m -+ 1», motoMy 4To cBOGOAHAs mepe-
"MEHHasi 1aHHOTO BHIpaXKeHHsi OKa3ajach Obl CBSI3aHHOH B
pesysbraTe mOACTAaHOBKH, TO €CTh B MPENJOXEHHH «Im>
m

>m+1». OueBHAHO, YTO 5TO MNOCJE[Hee MNPeNNOXKeHHe
JOXHO.

ITpaBuno ynanenus KBaHTOpa OOGIHOCTH MOXHO 3afy-
CaTh B BHAE CXEeMbl ’

yI Mo
P (a/§} )
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Tlpumep paccyxneHns no npasuay YIT:
nx=x
X

2=2

.

[TpaBuno BBeNeHHS KBAHTOPa OOLIHOCTH

BI ?
ITe

)}

'IPUMEHATCA JIHWb NPH YCIOBHH, YTO NePeMeHHas a He BXO-
JAUT B KauecTBe CB060}1HOH HCPEMCHHOPI B nonymelmﬂ J0-
Ka3aTeJleTB

OT0 orpaHHYeHHe Mbl NOSICHHM Ha NpHMepe CJIeAyioulel
TeopeMbl apH(PMeTHKH AefCTBHTE/bHBIX YHCEN:

x>0->x4y>y.

IMpeanoaoxum, 470 AOKA3aTENbCTBO 3TOH TEOPEMbl Mbl Ha-
qaJi BBeJAeHHEeM [JONYyLIEeHHS:

x>0,

B c/ledcTBHAX M3 3TOro [ONYIIEHHs, HAanpHMep B CAEACT-
BHH, NOJyueHHOM mo npaBuay BJ,

x>0Vx=0

HepeMEHHaﬂ npoﬁeraeT JIHIIb ITOJOXKHUTEJNbHbBIE, HO He npo-
H3BOJIbHEBIE ﬂeﬁCTBHTeﬂbHHe YHucaa. nOSTOMy CJeaCTBHE,
L)
' [Tx>0V x=0),

x

6bIJI0 6Bl NOJNYUEHO HEKOPPEKTHO.
Ipumep paccyxneHus no npasuay BIT:
x-l=x

' H (x-1'=x)
IMpaBuno sBeneHHs KBaHTOpa CYWIECTBOBaHHs Ompese-

JseTca cxeMoH
BX o/t

de
a
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Oro npaBu/O, Kak M npasusio YII, MoXHo npumeHsaTh Ge3
orp aHH4YeHHH. . :
[TpuMep paccyXNeHHs 1m0 mpaBHIY: o

2 — geTHOE M NPOCTOE YHCJIO

.

'\ (x— uerHoe 1 mpocroe wHCAO) - )
- .
IpaBuno BE npumeHsercs B QOKa3aTesbcTBax CYLieCTBG-
BaHHs NPEJMETOB HEKOTOPOTro poJa mOCPeACTBOM NPHBEe-
HHS NIPHMEpa TAaKOTO NpeaMera.

DopMyJIHPOBKY NpaBH/Ia yAaJeHHsi KBAHTOPA CYLIEC?-
BOBAHHA Mbl NPEJBAPHM Da3bsiCHEHHEM €ro COAEpXKareb-
HOro cMbicia. B stom npapune Haxoaur csoe popmadnsa-
BaHHOe NPe/]CTaBJeHHe HEKOTOPHf mar paccyxaeHus, ya-
CTO NPHMEHAEMBII B MaTeMaTHYECKHX J0Ka3aTeNbCTBax.
B 5THx [0Ka3aTeqbCcTBaX 4YacTO NPOBOAHTCH Cleayioliee
paccyxjeHHe: H3BECTHO, UYTO CYIIECTBYeT XOTSl Gbl OAHH
npeiMeT, YAOBJETBOPAIOMHUHA ycjaoBUHIO ¢. OG6Go3Hauum ue-
pes a omuH (NPOHM3BOJIbHBI) M3 Takux npeaMeros. TeM
CaMbIM @ YIOBJIETBOPSIET YCJOBHIO . 3[€Ch CHMBOJI «a» —
He nepeMeHHas, a MOCTOsIHHAs, 0003HAYalowass HEKOTOPhIH
Onpel¢/eHHEH NMpeAMET H NPHTOM TaKOH, KOTOpHIl yIOR-
JIeTBOPAieT yCJ0BHIO @. [aa (opMalu30BAHHOTO NPeNCTaB-
JIEHHs IaHHOTO 1lara paccyXXAeHHs MH NpeXje BCero BBe-
A€M, KPOME€ HMEHHBIX NepPeMeHHHX X, Y, 2, ..., ellle H UMeH-
HbIE NOCTOsIHHbIE a, b, C, ..., KOTOpHE GYAyT BXOAHTb JHULb
B CTPOKH 1I0Ka3aTe/NbCTB, HO He OyAyT BXOAHTb B TeOpeMbl
HUCUYHCJIEHHS] TIPEJHUKATOB. . ‘ ' o

IlpaBuno ynajenns KsaHTOpa CyLIECTBOBAaHHS {¥YZ)
TI03BOJIAAET IPHCOEAMHUTD K J0Ka3aTeNbCTBY, HanpHUMep, Bbi-
paxeHne «A(a)», eciu B [0Ka3aTeJbCTBE HMEETCS BbIp a-
XeHne «Z A(x)». Ho 310 npaBuio npumensercs o6s3a-

p .

TE&IbHO C HEKOTOPHIMH OTpaHHYeHHSIMH, cojepxkarefbHbli

CMBIC/T KOTOPbIX Mbl cefiyac BHISICHUM. MIMeHHO, eciiy B [O-

Kasarenbcrse wumelorcs crpoki: (1) Zo(x) u (2) TY(x)
x X ’

(unu %w(y)), H Mbl, IpHMeHsis npaBuao YI k (1), moay-

QMR @(x/a), To, npuMeHss 3aTeM npaBuwio YT K (2), Mbl
HE MOXEM npucoequHATb K 10Ka3arTesbCTBY Y(x/a). B ca-
MOM nente, B cTpokax (1) u (2) yTBepxaaercss Juwb TO,
4TO CywmecTByer npenmer, YAOBJIETBOPSIOUHA  YCIOBHIO ¢,
H 4TO cymiecTByer npeaMeT, YAOBJETBOPAIOLWINH YCIOBHIO .

N t
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STu npenMeTs, OYEBH/(HO, MOTYT OHITh PA3JHUHBIMH, H flaxe
MOXKeT CJYUHTbCA TaK, UYTO OHH 06GA3aTeJbHO PasJHYHHL,
ecaIM yCJqOBHS @ M ¢ HckalodaloT apyr apyra. Caenoa-
TeJbHO, NTPUMEHAS NOCJAeN0BaTeJbHO NPAaBUI0 Y2 B TOM XKe
CaMOM JIOKa3aTeabCTBe, Mbl JIOJMKHH KaXKJBH pa3 BBOJHTH
HOBYIO NOCTOSIHHYIO, He (PHTYPHPOBABIUYIO paHee B JOKasa-
TEJbCTBE, ,

J1s MOHHMaHHsA CONepIKATENbHOTO CMbIC/AA eille OJIHOTO
OorpaHH4yeHHs, 0643aTeqbHOTO NpPH NPHMEHEHHH MNpaBHJa
¥, MBI 06paTHMCA K caelyloLleMy NpPUMEpY:

Bripaxkenne (3) 2 y>x, rie nepeMeHHble X H y npoGe-

14

raloT MHOXKEeCTBO HAaTypaJbHBIX YHCeJ, O3HauyaeT, 4TO MAJf
NPOU3BOJILHOTO HaTypPaJbHOTO 4YHCJAA X CYLIECTBYeT HaTy-
. paJbHOe 4YHCJ0 Yy 6Gogblue x; TakUM obOpasoM, (3), oueBHI-
HO, HcTHHHO. Ho 3neck Mbl He MOXeM H3 (3) BHIBECTH BbI-
paxeHHe «a>X», TaK KaK 3TO INOCJe[Hee O03HAYajo Obl:
HEKOTOpOe OnpelleleHHOe HaTypajbHOe UHCJ0 a GoJblie
NPOH3BOJBHOIO HAaTypaJbHOrO 4YHCJAA X, YTO, OUYEBHIHO,
JOXKHO. UTOGH M B 3TOM CJaydae HMeTh BO3MOXKHOCTH TpH-
MEHHTb NPABHJAO Y, Mbl OTMETHM «a» HHXKHHM HHJIEKCOM
«X» H U3 BbIpaxeHHa (3) BHIBENEM BBIPAXKEHHE «d;>X».
OHo 03Hauaer, YTO /1 MPOH3BOJNBHOrO HATYpaJbHOrO YHC-
Ja x HMeeTcsl HEKOTOpPOe OnpejleieHHOe YHCJO, 3aBHCsllee
KaK-TO OT X (3TO YHCJO-MOXKeT ObiTh, HanpHMep, YHCJIOM
x+1).

CxonHpiM o6pasoM H3 BopaxeHHs (4) Z L(x, y, 2),

, PR

O3HAuYarollero, 4To AJs NMPOHU3BOJBLHBIX /BYX (pa3/JHUHBLIX)
TOYeK 2 H Y, CyLleCTBYeT TOYKA 2, Jexallas MeXly X H Y,
"MOXKHO BBIBECTH BbipaxeHue L (X, a., z), O3Hauawouee:
MeX]ly IBYMfl NMPOH3BOJIbHBIMH TOUKAMH X, 2 JEXHT HEKO-
TOpas omnpelejeHHas TOYKA dy,, 3aBHCALLAsA OT TOUEK X H 2.

ITpuHuMasi Bo BHHMaHHe NMpPUBEJEHHbIE Bbllle 3ameya-
HHA, MBl 3aMHIIEM NMPAaBHJO ylaJeHHs KBAHTOpPAa CYyLIECTBO-
BaHHSl B BHUJE CXEMBI

P (a/"pl, e 3,,)

’

rae By, ..., Pn — Bce cBOOONHBIE HMEHHHE NMepeMeHHble Bbl-
paxeHHs ¢, OTJIHUYHBIE OT NepPeMeHHOH @, a BHIPa*KeHHe
¢(a/os, , ..., B,) — P€3yNbTAT MONCTAHOBKH B BHIPAXKEHHE @
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NOCTOSIHHOH G, OTMEeUEHHOH HHIEKCaMH Bis ... s Pn, BMECTO Q.

3aMeTHM, U4TO TepeMeHHbie By, ..., Br, BXOAfLlME B BhIpaxe-
HHE OB, .. » Bp» PACCMATPHBAIOTCA B KauecTBe CBOOOHBIX.
[To3TOMY BBIpa)KeHHe Op, ,..., p, MOXNKHO TIOACTABJATH B

BHIpAXKeHHE ¢ BMECTO nepeMeHHOH o TOTAa, H TOJIbKO TOFIa,
KOoPJla 3Ta NepeMeHHasi He HaxoAMTcsi B 06J1acCTH NeHCTBHA
KBAHTOPA, CBA3HIBAIOLIEro NepeMeHHbIe Bis ... s Bn.
OrpaHHYeHHbIE KBAHTOPBH MOXKHO BBOAHTb HJIH C NOMO-
IO ONMpeNeJeHHH HJH Xe ¢ TNOMOLLbI0O OCHOBHBIX NpPaBHJ
BBEJEHUA H ylajeHHs, CXeMH KOTOPBIX:
YIT* Ty (e
o(a) .
@ (/) =P (a/f)
BIT* e@)—v(o)
[Ty
o(a)
(ec/lH @ He BXOJMT B KauecTBe CBOGOJHOH NepeMeHHON B
JONyLIEeHHs] 0Ka3aTelbCTBa).
BX* o (a/§)
Y@/l .
b

D@

o(a)

vz 3 v(@

o(a)
(p(a/dﬁl, ceuy ﬁn)
1l-’(‘f‘/%l, celsy ﬁn)

(npu orpaHHueHHsX, aHAJOTHYHBIX OTpAHHYEHHAM [I/is Npa-
BUI1a YIX).

YnpaxHeHHs:

1. TlycTh uMeHHBle TepeMeHHble HCYHC/AEHHS NpPeIHKAroB NpeacTaB-
JFI0T JHIb TPH NOCTOSHHbie 4, b, ¢. Torga BoipaxkeHne II@(x) MOXHO
X

HHTEpl’IpCTHpOB@Tb KaK KOHDBIOHKIIKIO Bblpa}KeHHﬁ

o (x/a), @(x/b), @(x/c),

4 BbipaxkeHwue %(p(x) — KaK JH3DIOHKIHIO 3THX BbipaxkeHHi. [TpoBepbre,

KAKOH CMEICA TpH 5Tol WHTepnperanuu noayyawt npasuaa YII u BE.
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2. Tloabsyscy npasraam1 YII*, BIT*, YI*, BS*, noxaxure 3KBHBa-
JIEHTHOCTH: :

@ I )«p(a) = [Tig @) —» ¢ (o))

(a

M Y Y@= Se© A v @l
. %) @

- - 3. TlpunumMast B xauecTBe ompepmeseni skBuBadientHoctH (1), (II),
HPHBEACHIbIE B TIPEABAYIIEM YNDAaKHEHHH, KOKaXHTe npaewia  YII¥,
BIT*, Y2+ B3*,

§ 3. Teopemovr u npouszsodnovie npasnaa
Y3K020 ucuucaenus npeduxamos

U3 npuseneHHoro B Hauyase npeAbIAyLIero ma-
parpada 3ameuaHnsi, 4TO BCe OCHOBHHE NPaBHAA HCUHC/IE-
HHS NpelJIOXKeHH! — ONHOBPEMEHHO M OCHOBHEIE NDaBHJIA
UCHUHCJIeHH: NPEAHKATOB, CJEAYeT, 4T0 KaxJas Teopema
HCUHC/IEHHS! NPeNJIOKEHH] sBIAeTcs U TeOpeMoil HCcYHCJe-
HH5 NPEHKATOB, a KaXJ0e NPOH3BOAHOE INPaBHJIO HCUHC-
J€HHA NPelJIOXKEHHH ABJSETCA B TO XK€ BPeMs IPOH3BOA-
HBIM JIPABHJIOM HCYHCJEHHS NpeJuKaToB.

IIpoussonnbie npasuia ucuHcleHHs NpeanoKeHu pac-
IPOCTPAHFAIOTCA HA NPONO3HUHOHAJbHbIE BbIPaXKeHHS HC-
IUCJEHHA NPEMKATOB TaK XK€, KaK B HauaJe npelblAylero
naparpaga 370 OBJIO CHENAHO C OCHOBHBIMH 1P aBHJAMH.
3decb caeyeT NOAYEPKHYThb, 4TO B cjlyuae npHMEHEHHS
npasuia BII x H06aBOYHBIM [ONylMeHHSIM AOKA3aTeNbCTBA
HJIH K BbIPpaXK€HHSIM, NOJYYEHHbIM HAa OCHOBAHHH 3THX MO-
NyMeHH#, HeNb3sl NPHUNMCHIBATL K HHM CJeBa KBAHTOP
OCIHOCTH, CBA3BIBAIOMIHI NepeMeHHY0, BXOJALIYIO B A06a-
BOUHOE JIOflyIleHHe J0Ka3aTeJbCTBA B KaueCTBe CBOGOMHON
IepeMeHHOH.

TL . [lAw-4A@.
Hdok. .(l) T4 {monym.}

o Al vy
T2 . AG-YAW,
. *
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lok. (1)  A(y) {monyn. }
YA@x {BZ:1)
x
Taxk xe Kak B HCUHC/IEHHH NPENJOXKEHHH, B 3TOM napa-
rpade Mbl NIpHBeleM TeOPeMbl HCUHC/EHHs NpPeAHKATOB, CO-
OTBETCTBYIOIIHE HEKOTODPBIM MeTaTeopeMaM, J0KasaTeJbCT-

BO KOTOPBIX @HAJOTHYHO [0Ka3aTeNbCTBY JaHHBLIX TEOPEM.
Teopemam T1 u T2 cooTBeTCTBYIOT MeTaTeopeMel

MIL. FTTe— 9 (k).

M2. e @g)— Yo

Hx nokasaTenbcTBa MOMHOCTBIO aHAJOTHUHBI [0KAa3aTelb-
crBam T1 u T2.

[To M2 Teopemamu cuuTaloTCsi, Hanpumep, cledylOlIHe
BLIPaXKEHHA: ‘

A(")"’EA(");
~A(x)——>E~A(x) HT. I

Jlenas cceIKH B daibHeAmHX JoKasaTeabcrBax Ha T1 H
T2, Mu Gynem uMmeTh B BHAY TakXke H BbIDaxKeHUsl, KOTO-
pbie sIBJAIOTCS TeOpeMaMH B CHJy MeTateopeM Ml uau M2.

T3, [MA@=Y~A@.
Iox. (a) (1) ~ﬂA(x)x {nonym.}
@ ~¥V~A4() {romym. x. .}
®f~uwa§~Am {12}

4) A(x) {Ton. :3; 2}
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©®) [TAx) {BIT : 4}

n;Tqu. {1; 5

(b) (1) Y ~A4A(9) {zomym.}
@ T4 {oym x 1)

(3) ~A(a) {yzu}

4 A(a) W IT:2
HpTBpY. {3; 4}

[Tpucoenunsas crpoky (5) uacTu (a) nokasaTeabcTsa,
MDI KOPPEKTHO NpHMeHH/H npasuio BII, notomy urto mepe-
Me€HHas He BXOHHT B KauecTBe CBOOOJIHON mepeMeHHOH B
JlonyLeHHs NOKa3aTeJdbCTBa.

Teopemy T3 mMoxHo npounraTs Tak:

Hesepno, uro kaxdvii npedmer obiadaer Oaunoim
c80lcT8OM TO20A, U TOAbKO TO20a, K02da CyujecTsyioT nped-
MeTbl, He obaadarowjue 3TUM C8OUCTEOM. :

[TIpusenenncie B 3tTOM- maparpade TeopeMmbl, HauHHas C
T3, o6nanaoT Tem CBOHCTBOM, Y4TO HH B O/IHY M3 HHX He
BXOAAT 3JIeMEeHTapHbLle BLIPAXKeHHs, KOTOPhbie HMeIOT OJH-
HaKOBLIe NPEeHKATLl H B TO XK€ BPeMA Pa3JUyaloTCsd HMeEH-
HLIMH NepeMeHHbIMH (3aMeTHM, uTo TeopeMsl T1 u T2 He
06J1a/1a10T 3THM CBOHCTBOM, NOTOMY 4YTO B KaXKAYIO M3 HHX
BXOASAT JiBa 3JeMeHTapHbIX BupaxkeHus A (x), 4(y), conep-
JKallhe ONMHAKOBLIA NpEAMKAT, HO NPH 3TOM pasuyalo-
IHecs HMEHHbLIMH NepeMeHHLIMH — apryMeHTaMH HAaHHOTO
npelnKara). OTH TeOpeMbl MOXKHO NOAPasfelHTh Ha JBa
THna. B rteopembr mepeoro Thna, x KoTopoMy OTHOCHTCH
T3—T10, a takxke T19—T25, He BXomAT NPONO3UIIHOH A b-
Hple nepeMeHHble. B Teopemul BTOporo Tuma, Kk KoTopomy
oTHOcsATCs TeopeMmbl T11—T18, BxoaaT nponosunnoHanpHbie
nepeMeHHbIe,

s TeopeMbl mepBOro THHA, cXeMa BLIPAXKeHHs, BXO/Id-
LEro B COOTBETCTBYIOLLYIO ME€TAaTeopPeMy, CTPOHUTCA CAeNyIo-
muM o6pasom:
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JIMeHHbIE TIepeMeHHble, BXOAALLME B NaHHYIO TéopeMy,
3aMeHSIIOTCS TIePeMEHHbIMA a, B, s - 3JeMeHTapHble Bbpa-
sKEHHS HCUHCJIEHHs TPEIHKAaTOB 3aMEHATCA nepeMeHHbLIMH
@, P, X TPHYEM OINHHAKOBLIE nepemeHHble  (ONHHAKO-
Bbie 3JEeMEHTapHbIe BbLIPAXKEHHsT) 3aMEHAIOTCA ONMHAKOBDI-
MM T€PEMEHHbIMH, & pa3/HyHble MEPEMEHHBIC (pasanuHbie
5J1eMEHTapHDIE BHIPaXKeHHs) — PasJIMHbIMH nepeMeHHbIMA.

Teopeme T3 COOTBETCTBYET B CHJY copMyIHPOBAHHOTO
BbILIE ONpefieseHHs MeTareopeMa

M3. F~TTe=Y)—w

TeopemMe A(x)—>3A(x) CcOOTBeTCTBYyeT — MeTareopema
X

¢ — X9
Mo T3 (M3) caenymoluue ycJOBHS SKBHBAJICHTHbL:

~[Tx+3=5,

2~(x—|—3=5).

X

Jloka3arebCTBO YTBEPXKIEHHSA, UTO 1A KaXIOH Teo-
peMbl paccMaTpPHBaeMOTO THIA MOXHO N10Ka3arb COOTBET-
CTBYIOLLYIO el MeTareopemy, MpOBOIHTCA HHJyKUHeH aHaJo-
FHYHO JOKAa3aTeJbCTBY COOTBETCTBYIOLLErO YTBEPXKIACHHA
NI HCUHCJIEHHS TPEeJIOXKeHHH.

Tak e Kak H B cJyyae MPOH3BOMHBLIX NPaBHJ HCUHCIE-
HHUSI BbICKA3bIBAHHH, B HCUHCJEHHH NPEIAHKATOB Mbl 6yneM
TOBOPHTb O TPOM3BOJHBIX MPaBHJaX OTHOCHTEJNLHO ~ METa-
TEOpEM, COOTBETCTBYIOLIHX 3THM TeOpEMaM. Takum ofpa-
30M, Mbl 6yaeM TOBODHTb, HaNpHMEp, UTO CJeiyiollee npo-
H3BOJHOE OTHOCHTEJbHO M3 mpaBujio OTPHLAHHA KBAHTOPA
OBIHOCTH

oIl ~Tle
a

D ~9
a

NpOoM3BOJAHO OTHocHTeabHO T3.
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Teopema T3 nasuBaercs 3axoHoM OTPpHLANUSA
KBaHTopa O6GMWHOCTH. Caenywouas TeopemMa $B-
JAETCA 3aKOHOM OTPHUAHHUS KBaHTOpa cyume-
CTBOBAaHHUA. (3aKoHbl OTPHIAHHS KBaHTOPOB Ha3bi-
BalOTCsl TakXKe 3akoHamu [le MopraHa aas HCUHC/IeHHUS
NpeaHKaToB.)

T4. &ZA(x)——_-ﬂ~A(x).
Hoxk. (a) (1) ~EA(x)' {monyu.}
@ A®-Y 4w {T2)
B) ~Aw {Ton.; 2; 1}
[1~A® {BIT:3}
® @ JI~4w {nomym. }
Q2 ZA(x) {momym. x. x.}
(3 A {yzﬂ}
(49 ~A@ {yﬂ;q
NPTBpY. {3; 4}
[To T4 cnenyomue YCIOBHSI 3KBHBAJEHTHHI:
~ 2 x4 2 =z,
[MT~@G+2=x.

x

C nomowmio Teopembi T4 MOXHO 06OCHOBAaTh NpPaBHJIO
OTPHLAHHSA KBAaHTOPA CYLIECTBOBAHHS:

o) ~Se
@ —
M~
a
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Ha ocHoBauuu TeopeM T3 u T4 Mbl ycTaHaBJAHBAeEM, UTO
OTpHILaHHe BBIpaXKeHHs, HAUHHAKOIWErocs HEKOTOpOH menou-
Kol KBAHTOPOB OGIIHOCTH H CYLIECTBOBAaHHsA, 3KBHBAJEHTHO
BHIPaXKEHHIO, KOTOpOe MOJydaeTcss M3 JAHHOTO TaK, HTO
KaX/blll KBAaHTOP OGLIHOCTH 3aMeHsIeTCss KBaHTOPOM CyIle-
CTBOBAaHHS H Hao6OpOT, a BHIpakeHHe, caelylouiee 3a laH-
HBIM KBaHTOPOM, orpuuaercs. Hanpumep,

~ﬂZﬂR(x, !/,Z)EE[—[E~R(x,y,z).

Tenepb MBI NO3HAKOMHMCSl C TaK Ha3blBaeMbIMH 3 d KO-
HaMH pacupejeleHHs KBaHTOpOB. OTH Teope-
MB TNO3BOJSIIOT OmNpenelJeHHbIM 006pasoM pacnpenejsTsb
KBAHTOPbI, HAaXOMsLIHeCs Tepe/i CJIOKHBIMH BbIpaXXeHHAMH,
110 UJeHaM 3THX CJOXHBIX BbIpaXKeHHH HJIH 2Ke BbITaCKHBATh
KBAaHTOPH, HaXojslHecs Nepe]l UJeHaMH CJIOXKHBIX BbIpa-
JKEeHHH, W NoMellaThb HX INepel BCeM CJOXHBIM BbIpake-

HHEM.

T5. 1) —B @) (1 A®)~(IT) B
Hoxk. (1) [TA®—B(x)
¥ {zomym.}
@ [14(
(3) A(x)—>B(x) {YII: 1}
(@) Ax) {YII: 2}
(6) B(x) {T10: 3; 4}
[1B(» {BIT: 5}

[IpuMep paccyk/eHHs Mo NPaBHAY NPOH3BOAHOMY OTHO-
cuteapHo TO
[Tx=x—x<%)

x

I_Ixzx

X

Mx<x
X
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T6. [T(A(x) = B(x)) —» (2 A(x)—>§_|‘ B(x)).

X

Hok. (1) TIA@x) —Bx)

* {zomyn.}
@ YAw®
(3) A(a) L {ys: 2
(4) A(a)- B () (VI 1
(5) B(a) {HO: 3; 4}
Z B (x) {BX: 5} J

[Ipumep paccyxieHHs: N0 NPOM3BOJHOMY OTHOCHTEJBHO
T6 npasuay:;

[Tx+2=5-x4+2<5)

dx+2=5

Mx+2<5 ‘
T7. ['[(A(x)/\B(x))En A AT1B(»-

ﬂOKaS&TeJIbCTBO 3TOH T€OpEMbl MBI NpeAOoCTaBJisseM 4YHTAa-
TEJ10.

Ha ocroBauuu T7 cienyioune yclioBHS PaBHOCHJBHEL:

[TGx)=0Agx=0),

I;If(x)=0/\l:[g(x)=0.
T8.  [1A®VIIBx—TT1A®V B(x).
Hok. (1) [TA®V [1B(x) {momym.}
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1.HJ1A® {no6. momymt.}
(1.2) A(x) (VIT: 1.1}
(1.3) A(x)\/ B(%) {BII: 1.2}
14 [TA®VB®® (BT 1.3)

@2.1) [1B(x) {no6. nomyux.}
(2.2) B (%) (YIT: 2.1}
@2.3) A()VB® {BI: 2.2) )

24 [1TAxV B(x) {BI :72.3}

[MTA®VBE) {l1-14; 2124 1}

[Tpumep paccyKAeHHsi IO NMpPaBHJY, NIPOM3BOJHOMY OTHOCH-
teqbHO T8:

T8. [Mfw>ov ITfx<o

[T(f@>0V f(» <0

Wmnaukauus, o6parHas K T8, 10XkHa, 4YTO JIETKO YCMOTDPETh
H3 CJIeYIOLIero BhipaXKeHHs:

[Tx=0Vx#0) >[]x=0V [Tx<0,

rje aHTeleJeHT HCTHHEH, a KOHCEKBEHT JIOXKEH.
T9. YARABE) 2 VAW A Y B®-

! IpaBuso BIT amech MOXHO GBJIO NPUMEHHTb, MOTOMY 4TO B [0-
6aBouHoe jomyiieHde aokasaTesdscTBa (1.1), Ha OCHOBAHUM KOTOPOTO
MBI mostyunsd (1. 3), «x» He BXOOHT B KauecTBe CBOGOZHOM NepeMeHHOH
(«x» Takxe He BXOJHT B KauecTBe cBOGONHOM NMepeMEHHOH M B jomyile-
HH€ [10Ka3aTe/ibCTRa), '
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Nok. (1) Z(A(x) AB(x))  {momym.}

2 A@AB() {YZ: 1}
(3 A _

(4 B(a) } VK 2}
(5) ZA(x) . {BXZ: 3)
(6) Z B (%) {BX: 4}

}jA(x)/\}jB(x) {BK: 5; 6}

IIpumep pacCyXJeHHs MO NpaBHJy, NPOH3BOJAHOMY OTHO-
CHTENBHO

DE+2=5A0<x<4)

dx+2=5AD0<x<4

O6paTtHas Kk T9 UMN/MKanus J0XKHA, 4TO JIErKO yeMarpu-
BaeTCs M3 CJIENYIOUero npuMepa:

Z(x+l—10)/\z(0<x<4)—>z +1=10A0L

.<x<4).

B camom neJie, aHTEUENEHT 3TOr0 BLIDAXKEHUA HCTHHEH, a
KOHCEKBEHT JIOXKEH.

T10. AV B =Y AxV TB®.

Hok. () () M (A(®VB(x) {nomym.}

2 A(a) Vv B(a) {(¥Yz: 1}
(1.1) A(a) {no6. momyus.}
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(l.é) EA(x) : {BZ: 1.1}

(1.3) ZA(x)\/z B(x) {BO: 1.2}

(2.1) B(x) {no6. pomymnt.}
(2.2) zB(x) {BZ: 2.1}

23) AWV X B(x) {BIL: 2.2}
ZA(x),\/ zB(x) {1.1 »1.3; 2.1 >2.3; 2}

® 1) FA®V Y B () {xomym.}

(1.1) zA(x) {n06. momym.}
(1.2) A@) (YE: L1
(1.3) A(a)\/ B(a) {BO: 1.2}

(1.4) Z(A(x)VB(x)) {BZ: 1.3}

X

2.1) 2 B((x) ' {no6. momyut.}
2.2) B@ . Vs 2y
(23) A@V B {BO: 2.2}

@4 N(A®VB®  {B 2.3

VARVEE@ {l1-14 21524 1)

[To Teopeme T10 cienyiomne ycioBHs SKBHBANEHTHEL:
Z 242 < 0;
X
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Yot <oy Yoxt=o.

Tenepb Mbl MO3HAKOMHUMCSH ¢ HECKOJbKMMH 3aKOHaMi, B
KOTOpbI€ BXOAAT NPONO3UIHOHAJNbHbIE NepeMeHHble. BMecto
9THX TNE€PEMEHHBIX MOXHO TOJACTaBJSITE MPOU3BOJILHEIE
NPONO3UUHOHANbHBEIE BbIPAXKEHHs, HO NPH COOJHIONEHHH CJle-
Ayoulero orpaHHYeHHs, aHaJOTHYHOTO YCJIOBHIO (2), OTHO-
CAUIEMYCHl K MOJCTAHOBKE BMECTO HMEHHBIX II€PeMEeHHDLIX:
€CJIM JlaHHag MPOMO3HUUOHAJMbHAs TepeMeHHasg HaXOAHTCH
B 00J1aCTH NEACTBHsi KBAHTOPA, CBA3LIBAIOLIETO HMEHHYIO
NEepeMEHHYI0 «, TO BMECTO JaHHOH MNPONO3HLHOHAJABHOH
[IepeMEeHHON He/b3s1 NMOJCTABJAATL TPONO3HIMOHANBHBIX BbI-
paxeHu#, comepkaumux « B KayecTBe CBOGOJHOH mepeMeH-
HOH.

Teopemsl, KoTOpEIe MBI cefiyac chopMynupyeM, Ha3bi-
BalOTC] 3aKOHAaMH NMPOHECEHHsST KBAHTOPOB.

Ti11. [Te—Ax)=p>[]AW.
Mu npuBesem Todbko yacth (b) DoKazaTeabcTBa:
I ok. (b) A(l) p—~>[14() {momyur.}
(1.) p ’ {no6. nomyur.}
1.2) 14w {rio: 1, 1.1}
(1.3) A(x) {¥YII: 1.2}
2 p—oAWX {1.1—1.3}
Me-Aw) (B 2,

Ias BeijenieHHbIX Ha crp. 109 Teopem BTOporo THna, K
KOTOPHIM OTHOCHTCA H T1l, cxeMmbl BbIpaxkeHHH, BXOASIIIUX
B COOTBETCTBYIOLIME HM METaTeOpPEMBI, CTPOSITCA 10 TOMY
Xe MJaHy, 4TO H AJig YIOMHHAEMBIX TaM ke BhIpaXKeHHH
NEePBOTO THNA, C Te€M, OJHAKO, OTJAMYHEM, YTO MPONO3HIHO-
Ha/ibHble TI€PEMEHHHE 3aMEHSIIOTCA IePEMEHHBIMH @, 1,
X -, HE COBIANAIONIHMH C NEPEeMEHHBIMH, KOTOPBIMH 3aMe-
HSIIOTCS BXOJsIIHE B JAHHYIO TeOpeMY 3JeMeHTapHble BhIpa-
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sKeHUsl HCUMCJIeHHs MpEeIAHKaToB (pa3/MyHBEIE TPOMO3HUHO-
Ha/lbHblE TIepeMEeHHble, OYEBHIHO, 3aMEHAIOTCs pa3JHIHBIMA
nmepeMeHHbIMH, H OJHHAKOBble IPONO3HUHOHANbHbIE MNEpE-
MEeHHble — OJHHAKOBBIMH NE€PEMEHHBIMH).

KpoMme TOro, mpHHHMaeTcst Ciefyioliee OrpaHHYCHHE:

Ecau Kaxas-1u60 TpONO3HUHOHA/NbHAs [€peMeHHad,
HanpuMep p, B JaHHOH TeOpeMe HaXOIHTCsS B of6nacru ged-
CTBHsI KBAHTOPA, CBsI3bIBAIOLIEr0 NEpEMEHHYIO a, a-B MeTa-
TeopeMe efl OTBeyaeT nepeMeHHas @, To K COOTBETCTBYIOIIEH
MeraTeopeMe Mbl ° AOJKHB TNpPHCOEIHHHTb YCJIOBHE: @ HE
BXOJMT B KauecTBe CBOGONHOH NEPEMEHHOH B BbIDAXKEHHE @
(motoMy uyTo 10 CHOPMYNHPOBAHHOMY BbILE OrpAHHUEHHIO
BMECTO IPONMO3MUHOHANBHON MEpeMEHHOH p HeJb3s TMOM-
CTaB/ATb BbIpAXK€HHH, COAEpXKaUMX a B KauyecCTBe cBOGO-
HOH TepeMeHHON).

B cuny stHx 3amevanuii Teopeme T1l cOOTBETCTBYET
MerareopeMa

MI11. }—n(cp —>y)=¢ ][]y ecm ane c;ao6onHOB Q.

«a «a

[To Teopeme T11 (Ml1l) cuenytomue yCJaOBHsL 3KBHBA-
JIEHTHBI:

[T@>0-1x4+y>0)

y>0—-[]lx|+y>0.

T12. X(p—éA(x))Ep—éZA(x)
Mu npuBOAMM TOJBKO yacTb (b) N0Ka3are/bCTBa.
Hok. (b) (1) p— EA(x) {momyn. }
1.1 p - {noé. fomym.} |
(1.2) ZA(x) {f1o: 1; 1.1}

(1.3) A V2 1.2}
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@ po A (1.1 1.3)
Y (o> A(x) (BZ: 2)

Takum o6pasowm, YCAO0BUS

Z(b”—4ac>0-—>ax2+bx+c =0)

b —4ac>0- Z(axz-{— bx 4+ c=0)
5KBHBAJIEHTHE,

Hokasarenbctsa caenymomux ABYX TeOpeM Mbl Mpejo-
CTaBJ/igeM YUTATeJNIo, :

T13. n(A(x)ap)EZA(x)ep.

Takum oGpasom, ycaosus
[T@x*>0-a>0),

Zax”>0—>a>0

SKBHBAaJIEHTHHI.

Ti14. . Z(A(x)->p)sﬂA(x)—>p.

X

ITo Teopeme T14 CleAyI0IHe YCJIOBUSA:
Z(ax”+bx+c # 0 - b — 4ac < 0),

[1 (@x®+bx+c5£0) > b2 —4ac<< 0

SKBHBAaJIeHTHHI.

Tis. [Tevam)=pv [14w.
Tok. @ (1) [T(pVA®)  {onyum.}
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@ pVA® {VIE 1
an p {no6. momym.}

1.2) pVI1A® {BI: 1.1}

2.1) ~p {no6. nonypx.}

2.2) A(»n {Ya: 2; 2.1}

2.3 [1Ax) {BIT: 2.2}

@4 rVI14® {BI: 2.3}
pVITA®) {1.1 »1.2; 2.1->2.4}.

Yacrb (b) nokasaTelbCTBA AHAJIOTHYHA 10KAa3aTe/bCTBY T8.
Jloka3daTeJqbCTBA CJEIyIOUIMX TPex TeopeM Mbl Ipero-
CTaBJseM YHTATEe/IAM:

T16. TeAA@=pA T AG.
T17. » n(p/\A(x)Ep/\nA(x).
T18. YV Ay =pV T AE.

Mbl no3HaKOMHMCS Tenepp C 3aKOHaMHu mepe-
CTaHOBKH KBaHTOPOB.

T19. 1171 Ry =111 *Ry.

Tok. (3 (1) 1 lf]ny i {mortym.}
@ I xyRy {VIL: 1}
(3 xyRy (VTL: 2}
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#4) TRy {BIT: 3}

[11] xRy {BIT: 4}.

Hacrtp (b) dokasarenbcTBa aHanoruuna,

T20. ZZ xRy = Z Zny.
- x oy X

7

Hoxk. (a) (1) zszy {momym. }
£y
2 ZaRy {(YZ: 1}
Y
3) aRb vs: 2
(4) Y xRb {B: 3)
Ry {BE: 4
oy

Hacrb (b) ZokasaTesbcTBa aHanOrHuHa,
Teopeme T20 COOTBETCTBYET MeTaTteopeMa

M20. }——;;cpz ;;‘P

ITo M20 Teopemoit cunraercs, HanpuMep, clenymouiee Bbipa-

XKeHue:
ZZRW%@EZZR%%&
x oy Yy x

Hacte (a) nokasarenbcTBa 3TOro BLIDAXKEHHs] HMeeT CJe-
OYIOUIMHA BU:

Hok. (a) (1) ZZR(X, Y, 2) {nomyur.}
Xy
2 YR(a. y, 2) (V= 1
Y

(3) R(az: bz‘» 2') {yE 2}
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4) ZR(x, b,, 2) {BZ: 3!

ZZR (%, 9, 2) {BZ: 4}

B 3TOM A0KAa3aTeabCTBe MLl BIEPBBIE BOCIOJIB30BaMUCh

JMEHAMU, 3aBUCALIMMH OT Te€PEeMEeHHbIX (IOCTOSHHBIMH C

MHJEKCaMH), 4 HMEHHO BHIPDAXEHHSIMH «a», «b,». JIBa no-

cAeJHHX 1uara A0Ka3aTeJbCTBA KOPPEKTHBI, MOTOMY 4TO

Bhpaxenue <«R(a;, b, z)» — pe3yibrar INOJACTAHOBKA B

Bepaxenne «R(x, b, 2)», a Boipaxenne «ZR(x, b;, 2) —
X

pe3yJbTaT MOACTAHOBKH B Bhipaxenne «ZR(x, Y, 2)».
P :

T21. Z[I xRy —~ HZ"R-‘/‘
X Yy y X

Box. (1) YIT+Ry - {momymt.}
2 I_I:Ry vz 1}

(3) aj?y {yz: 2}

4 Y xRy {BZ: 3}
ﬂZny : {BIl: 4}

[Tpumep paccykJeHHs MO TNpaBusly, NPOM3BOJHOMY OTHO-
curessHo T21: )

Enx-yzy

X Yy .
MY xy=y
y x

HMmnauxanus, o6patHas T2T, noxHa, 4To HETPYAHO YCMOT-
PeTb M3 cJENYIOWEro BhIpaxKeHHsi apu@METHKH HaTypajb-
HBIX 4uceJ;

[y x>y-YIlx>v.
¥y x X ¥y
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9710 BHIpaXeHHe JIOXKHO, IOTOMY YTO €r0 aHTEeHEeNeHT HCTH-
HeH (B caMOM [leJle, OH O3Hayaer: A/s JIOGOT0 HaTypalb-
HOro uHCJa Yy CYIIECTByeT HaTypasbHOe UHCJIO X, Takoe,
YTO X GOJIbLUE Y), a KOHCEKBEHT JIOXKEH (B CaMOM JeJe, OH
03HA4aeT: CyIeCTBYeT HaTypasbHOE YHC/IO, KOTOpPoe GOJb-
we JM060ro HaTypaJbLHOro 4Mcia).

Wmnaukanuo, o6patuyio T21, Helbssi foKazarhb nyTeM,
aHAaJOTMYHEIM J0KasarenbcTBy T21, BeseicTsue orpanmye-
HHH, HAJOKEHHbIX Ha NPaBH/a ONEPUPOBAHHS KBAHTOPAMH.
U3 nonywenus <«IIZxRy» MH nodyuum mo npasuay YII

X

¥
BhlpaxXeHHe «ZxRy», a 01Ciofa MO MpaBuIy YZ MH mOJy-
X

uaeM «ayRy». IIpuMenss K 3ToMy BEIpaxeHHI0 npasuio BII,
Mbl nonyyaeM «IlayRy». 13 mociepHero BepaxeHus, 0Ha-
¥

KO, HeJb3d no npasuay BY BhiBectu BHpaxenne «ZIIxRy»,
. x oy

NOTOMY 4TO B BhIpakeHue «IIxRy» BMecTo nmepeMeHHOH «x»
¥

HEJb35 NOACTABHTbL BHIPpAXKEHHEe «a,», TaK KaK BXOjJdllasg B
HEro B KayecrBe CBOGOIHOH mMepeMEHHOH HHAEKCHas nepe-
MEHHad «y», oKasaJjach OLl CBA3aHHOH B pe3yJbpTate Takoh
NOJACTaHOBKH. '

T22. n(A(x)EB(x))->(nA(x)En B(x)).
Hox. (1) [[(A(x)=B(x)) {momym.}

(2) A(x)=B(x) {¥TI: 1}

3) A(x)—>B (¥ }
(4) B(x)— A(x)

6 [TAx -8B gx)) {BIT: 3}

{¥3: 2}

6) [TBx—->A(x) {BIL 4}
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™ [1AG) -[1B® {O0: T5; 5p
8 [[Bx-]]A(x) {IIO: T5; 6}
MA@ =T]B(x {B3: 7; 8).

[lpuMep paccyXKIeHus N0 NpaBuJay, NPOHU3BOLHOMY OTHO-
CHTEJLHO

T22. [Tex+3)—5>2c=2c+1>2)

[mex+3—s>20=IT@Ec+1>2

X

T23. [‘[ (A(x) =B (x)) - (Z A(x) EZB(x)).
Hok. (1) ﬂ (A(x)=B(x)) {pomyw.}

2) A(x) B (x) {¥IT: 1}
3) A(X)-*B(X)}

(4) B(x)—>A(x)
(5) I—[(A(X)-*B(X)) {BII: 3}

{¥3: 2}

(6) I‘l (B (X)—*A(x)) {BIT: 4}

(7) EA(x)—azB(x) {TIO: T6; 5}

®) éB(x)ExEA(x) {[10: T6; 6}
E:A(x)EéB(xg {B3: 7, 8}

! 3nech Mbl DOJB3yeMcA NPABUJIOM MPUCOERHHEHHS K JOKA3aTelb-
CTBY paHee /iOKa3aHHHX TeopeM. Ho B LesdXx cOkpalieHHs 3alHCH Mbl
He BNUCHIBA€M B [i0Ka3aTeJbCTBO TeOpPeMy, KOTOPOi MHI MOJb3yeMcd,
4 MWL yKaspiBaeM B (UIypHHIX CKOGKax ee HOMep.
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[Tpumep paccyXjeHusi 0 NPaBuJy, NPOU3BOJHOMY OTHOCH-
TeqabHo T23: )

HEE—D+1=2(x—3)=x+4=0)

J@E—D+1=2(x—3)= D (x+4=0)

X X

Ha ocHoBaHWY NpaBW/la 3KCTEHCHOHAJNLHOCTH H3  HCUMCIe-
Hus npefjoxenuti! u Teopem T22 u T23 MoXxHO aHaJjoruy-
HbIM TIyTeM [0Ka3arb NPaBWIO 3SKCTEHCHOHAJbHOCTH B HC-
yHCJeHUH NpeauKaroB, [laHHOe MpaBWIo MMeeT Clelylollue
CXeMbl: '

I[My=9
x = x (9//¢)
ITe=v

— X
x (9/19)

M3 rteopem T3 u T4 Ha OCHOBaHWM 3aKOHa JBOMHOrO
orpuuanus (Tob, § 3, pasn. ) u 3akoHa, MO3BOJAIOLIETO
NPHUNKCHBATh OTPULLAHUA K 00€MM CTOPOHAM 3IKBHBAJIEHT-
Hoctu (T33a, § 3, pasa. I), Mbl noslyyaem TeopeMbl:

T24. [TA@ =~V ~4W.

T25. 2A(x)s~[—[~A(x).

Orciofa BHIHO, YTO KBAaHTOP OOLIHOCTH MOXKHO ONMPeNesHThb
yepes OTpPHLAHHE U KBAHTOP cyllecTBoBaHus. CXOQHBIM
06pa30M KBaHTOP CyLIeCTBOBAHUS MOXHO ONpe/eUTb Yepes
OTpHI(aHHe ¥ KBAHTOP OOLIHOCTH. :

MHorue u3 npuBeleHHHX B 3TOM naparpade TeopeM
HMEIOT MECTO B aHaJoruwyHo#t ¢opMme u AJNA OrpaHWYeHHBIX
KBaHTOpOB, Takue TeopeMbl [/ OTPaHHYEHHbIX KBAHTOPOB
Mbi GyJeM 0G03HayaTh TeMHU JKe HOME€PaMH, KOTopble HMeloT
COOTBETCTBYIOLIME MM TeOpeMbl AJsl OOBIYHBIX KBAaHTODPOB,
oTMeYas CBepXy JaHHble HOMepa 3Be3louykamH. [lokasa-

' Cp. crp. 57.
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TeAbCTBA THX TEOPEeM, POBOAMMbBIe ¢ noMolibio YII¥, BIl*,
y3* BX* oTuacTu aHaJOTHYHBI J10Ka3daTeNbCTBaM COOTBET-
CTBYIOIIMX HM TeopeM, C(HOPMYJTMPOBAHHBIX C IOMOLIBIO
o6bIUHBIX KBaHTOpPOB. [IpuBeneM 3dech AJs npuMepa JOKa-
3aTe/IbCTBO TeopeMbl, cooTBeTCTByIOmeH T21:

T21%, Eﬂ xRy —[] Eny

A(x) B(x) B(x) A(x)
L oxk. 1) z n xRy {momy.}
A(x) B(y)
(2) A
@) [aRy {yz*: 1}
B(y) :

(4) B(y)—aRy {YII*: 3}
(1.1) B(y) {no6. pomym.}
(1.2) aRy . {I1O: 4; 11}
(1.3) xRy {BX* .2

() B — Y «Ry  {1.1-1.3)

A(x)
[T Y <Ry, {BIT*: 5}

B(y) A(x)
IIpumep paccyXjeHusi MO Npasujy, MPOU3BOAHOMY OTHO-
cureabHo T21:

2 . 11 y npouurtan x

X — KHAra Yy — YYeHHK 2-ro Kjacca

I1
Y — yueHHK 2-r0 KJacca) x—zxﬂnra y npouuTal X

Wnaue rosops, u3 nocwlaku:,«CyuectByer KHura, KOoTopyio
npoyuTa] KaxKAblii yUeHHK BTOPOro KJaacca», Mbl MOXEM
BuiBecTu caencrsue: «Kakablii y4eHHMK BTOPOro Ksacca
npouutasa xorsi Obl OOHY KHHUTY».

Wmnaukanus, oopatuas T21, noxHa, YyTo J€rko ycMmoT-
peTe u3 cJjenyiolero npuMepa.
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I 2 Y cToJMHa x —
X — rocyJAapcTBO Yy — rOpOX

cTO/MUA
- I1

Y — TOpOX, X — rocyzapcTBo

AHTeneleHT 3TOH UMIVIMKAUMH HCTHHEeH (TaK KaK OH 03Ha-
qaeT: KaxJoe rocyfapcTBO HMeeT CBOIO CTOJIHLY), a KOH-
CeKBEHT JIOXKeH (TaK KaK OH O3Hauaer: CYIIeCcTBYeT rOpOA,
KOTOPEIfl fIBASeTCA CTOJNHIEH KaxXKJI0ro rocyaapcrba).

K ualle Bcero nmpuMeHsieMbIM TeopeMam [Jsi OTpaHHYEH-
HEIX KBaHTOPOB OTHOcATcH, Kpome T21%, reopemn T3*,
T4*, T19* T20*, T22* T23*, Kotophe mpHBeAEHH B CBOJ-
Ke TeopeM.

B onuceiBaeMmo#i 3aech cucreMe chelyolllHe NpaBHJA
NPOH3BOJHHL;

1) IlpaBuso BBeleHHs KBAaHTOpa OGIIHOCTH B aHTEUENEHT
HMIJIHKAIMH; '

IT1. ?—v

[To-vy

a
2) IlpaBuso BBeJeHHsi KBAHTOpPA OOIUHOCTH B KOHCEKBEHT
HMIIJIHKAQllHHU:; -

I12. PV
p—-ITv
a
(eciM a He BXOAHT B KauecTBe CBOGOZHOH mNepeMeHHOH HH B
¢, HH B JONYIeHHS XOKa3aTeJbCTBa).

3) ITpaBuio BBeleHHsi KBAHTOpA CYILECTEOBAHHA B KOHCEK-
BeHT HMIIHKALHU:

I13. -y )
>N
a

4) IlpaBuno BBeleHHs KBAHTOPA CYIECTBOBAHHA B AHTe-
IeEHT UMIJIMKALHHU:

I14. o=
ooy
a
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(ecu o He BXOAMT B KauecTBe cBOGOAHOM IepeMeHHOH HU B
¢, HY B JONylleHHe AOKa3aTeJbCTBa). '

5) IIpaBuio yaanenus KBaHTOpa OGIIHOCTH H3 KOHCEKBEH-
Ta UMIIHKalUH: :

1. p—-IIv
_ e
-

6) IlpaBuJo ynaJjeHuss KBaHTOpA CYLIECTBOBAHWA H3 aHTe-
HEeeHTa UMIIHKALUK: :

H3'. Z(p—»'\p
.
¢
HecsoxXHble AOKasaTeJbCTBa 3THX npaBuJa MBI NpEeAOCTaB-
JAeM YuTartello.

7) TlpaBuio nNOACTAHOBKH BMECTO CBOGOAHBIX HMEHHBIX
nepeMeHHBIX:

Eom | ¢, TO | @ (ajE).

Hok. (1) o _
@ FIle {BIL: 1}.
R 3] {VIL: 2}

8) IlpaBu/o NMOJACTAHOBKM BMECTO NEpPEMEeHHBIX, MpeacTaB-
JSAOLUX NpPeIUKAaTH: :

Ecuwm o, T0 | @ (9./9,),

Tle ¢y U (o — NEepeMeHHbIe, NPEACTaBAIOIHE NPEIUKATEL
Hoka3zaTeJbCTBO 3TOrO NpaBUaa NMPOBOAUTCS WHIYKLHEH
1o panry teopemsl. JIJs TeopeM nepBOrO PAHTa MBI CTPOUM
AI0Ka3aTeJIbCTBO TEOPeMH ¢ ((1/p2), 3aMeHsss BCIOAY B [10-
Ka3aTeJbCTBE TEOPEMBl ¢ MEPEMEHHYIO @) NMEPEMEHHOH o
3aTeM, 10NyCTHB, YTO 5TO NPABUJIO UMEET MECTO /IS TeOpeM
PaHroB MeHbIUMX, YeM 7, Mbl JOKA3LIBAEM 3TO MPAaBUJIO IJS
TEOPEM N-T0 paHra aHaJIOTHYHO TOMY, KaK Ha IepBOM luare.
9) IlpaBuio nepenMeHOBaHuS CBSI3aHHBIX NEPeMEHHEHIX.
OTO NpaBu/Io MO3BOJIAET B KAXKAOM BHIPaXKeHUu ¢ NpH
ycsoBuu, YTO § He BXOAUT B KauecTBe CBOGOAHOH mepeMeH-
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Hok B, 4) 3aMeHuTh (Ha HEKOTOPOM MecTe) BbIpAXeHHE
Il BeIpaKeHueM
a

[1v@B);
[

b) 3ameHuTh (Ha HEKOTOPOM MeCTe) BbIpAXeHHe 4 BBIpa-
kR

KeHueM

Y v @B).
B

[TosTomy, Hanpumep, Boipaxenue «ILA(x)» MOXHO 3aMme-
HuTb BhIpaxenuem <IIA («y)», Bblpa;KeHHe «IIxRy» MoXKHO
3aMeHHUTb Bblpa}KeHHzBM «IIzRy». CxomHBIM g6pa30M, Ha-
npuMep, Bhipaxenue «2A (zx)» MOXKHO 3aMeHHTb BHIpaxKe-
Huem <«<A(y)>», BbI[;a}KeHHe «2xRy» — BHpaxXeHueM
«XzRy». ! ’

2

Venosue, uTo nepeMeHHas  He BXOAMT B KayecTBe CBO-
GoaHON nepeMeHHOH B P, 3[eChb CYLIECTBEHHO, TakK KaK B
IPOTHBHOM CJyYae MOXKET OKa3aTbCfl, 4TO BhlpaXeHue,
OJMyYeHHOe B Pe3y/IbTaTe 3aMeHbl, He SKBUBAJEHTHO HCXO-
HOMY, YTO, Hampumep, UMeeT MecTo B CJayyae BHIpaxKeHuh
«IlxRy» u «IlyRy» uny Xe BbIpaxeHUH «2xRy» u «ZyRy».

X Yy X ¥

310 NnpasuJo MbI oOKaXxeM C IMOMOIIbIO MpaBwia 3KC-
TeHCHOHAJbHOCTH U MeTaTeopeM:

() FTTv=[1v(p), ectn p ne BXOAUT B Ka-
a B .
yecTBe CBOGOJHOH NepeMeHHOH B 1;
(b) |—- 2 Y= zlp(a/ﬂ), ecqd P He BXOAUT B Ka-
o g

yeCTBe CBOOOJHON NepeMeHHOH B 1.

[TpuBenem 10Ka3aTeNbCTBO METATEOPEMBI (a). M3 Bripa-
Kenuss 1y ™Mbl Tomydaem no mnpasuay YII seipaxeuue

1
y(a/B), a oTcioga Mbl NOJayyaem BbIpaxeHne f{Ilp(ot/fi)
no npasuny BII, koTopoe 3/€Chb MOXKHO NMPUMEHHTB, IOTO-
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My uTO — 1o ycaoBuio — B He BxomuT B Bhipaxenne Iy
[4]

B KauecTBe CBOGOJHOH nmepeMeHHOH.
C apyro#i cTopouH, u3 BHpaxenus IIy(a/B) mo npasu-

ay YII .mu nonyuaem Buipaxenne (V(a/B)) (B/a), xoTo-

poe Npu yCJIOBHH, YTO P He BXOMMT B Y B KauecTse CBOGOJ-

HOHl mepeMeHHO#, coBnajaer ¢ Bupaxenuem Y. Orciona xe

MH noaydaem BHpaxenue IIY mo npasuiy BII. 3mech sTo
[4]

MpaBuJO MOXKHO INPUMEHHTb, NOTOMY 4YTO B BHIpaXeHHE
Iy (a/B) mepeMenHas a He BXOXMT B KayecTBe CBOGOLHOH
B

nepeMeHHOH.

Merarteopema (b) nokasbiBaeTcs aHaJOTHYHO.

[Tpou3BoAHO ¥ TaK Ha3hnBaeMoe MPABHJIO MOJACTAHOBKH
BMeCTO (YHKUHOHAJbHBIX BhIpaxenui. Ho 1okasaresbCcTBO
10 WHAYKUMH 5TOTO NMpaBuJa AOCTAaTOYHO CJIOXKHO. Bouee
MPOCTHIM SIBJISIETCS €ro JA0Ka3aTeIbCTBO € NMOMOLUBIO IIpa-
BUJIa BBEJEHHs oOnpeneJeHUd B AOKAa3aTeIbCTBO, KOTOpOe
Mbl paccmotpuM B § 5. Tam xe Mbl chopmynupyeM u mon-
po6Hee paccMOTpHM NpaBHJIO MOJACTAHOBKH BMECTO (yHK-
[MOHAJBHBIX BBIpaXKeHuH.

[TepeuncieHHble BHLIE NPaBuJ/ia UIPalT POJb OCHOBHHX
npaBu/ B HEKOTOPHIX MPEICTABJEHHAX Y3KOTO HCUMC/IEHUS
npeinKaToB, 0 KOTOPHX MBI CeH4ac KOPOTKO YIOMSIHEM.

V3koe ucyucleHHe MNpeIuKaToB MOXHO, COOGCTBEHHO,
nocTpouTh, 10GaBAAS K aKCHOMAM U NMpPaBHJaM HCUHCICHUA
npemoxenui B § 5 pasa. 1 npaBuio NMOACTaHOBKH BMECTO
cBOGOAHHIX HMEHHBIX nepemenHbix u mnpasuaa I[11—II4.
[Tpu srom Bmecto npasua IT1 u II3 MoXHO nmpuHATHL mnpa-
Buaa I11" u I13.

V3Koe ucuucjeHHe MPEeIUKAaTOB MOXKHO HOCTPOMTH TaK-
XKe ¥ aKCHOMAaTHYECKHM MeTOA0M, 100aBJisAs K akcuoMam
¥ OCHOBHBIM NpaBuWJaM MHCUMC/IEHHs mnpemJoxenuit B § 5
pasi. I, B KauecTse aKCHOM HCYUCJIEHHS NMPEIAYKATOB TEO-
pemul T1 u T111!, a B KauecTBe UCXOAHHEIX NP aBUA—IPAaBHIO
BBeJIeHHs] KBaHTOPA OOLIHOCTH B T€OPEeMBl, NPaBuJIO MOACTA-
HOBKHM BMECTO CBOGOJHEIX WMEHHBIX [I€DEMEHHBIX H (yHK-
IMOHAJNBHBIX BhIpaxKeHuH M, 1aKOHEL, NPaBHJIO MepexMeHo-

1 To ecrs (1) [TA(x)—> A r 2)T1(p — A(x)) = p—I1 A(x); npu s10M
smecto (2) MO)IfHO paATh Golee éla(ioe BhipaKeHHe I_Ix(P -4 -
~>(p— [1A(x)). — IIpun. nepes. *

X
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BAaHHA mepEMEHHLIX, CBfI3aHHBIX KBaHTOPOM OGHIHOCTH.
KBaHTop CyuleCTBOBaHHs1 BBOOAUTCA mO OnpeneieHHIO

| EQ?NGNQ

(cp. T25).
[TocTpoeHHEIE TaKUM MYyTEM CHCTEMBI 3KBHBAJEHTHH CHCTE-
Me Y3KOro HCYHCJIEHHS npenuKaTos ONHCAaHHOH B 3TOM
yuéOHUKe.

B cBsizau ¢ cucremo#t yskoro HCHHCIICHHS l'Ipe,lIPIKaTOB
BO3HHKAIOT ~— TakK Xe KakK H B CBA3H C JCYUHUCJIEHHEM IpeA-
JIOXKEHHH — npo6JieMbl HeNmpOTHBOPEUYHBOCTH, HE3aBHCHMO-
CTH, HENOMOJHHMOCTH H MOJHOTHI, KQTOPLIM MBl cefiyac
MIOCBSITHM HECKOJIbKO 3aMeuyaHHil.

MoxHo nokasaTth, YTO JaHHAasi CHCTEMa HeNpOTHBOpe-
YHBA U YTO €€ OCHOBHHIE NMpaBuJa He3aBUCHMBI, B mporuBo-
MOJIO2KHOCTb MCYHCJIEHHIO NMpelJIoOXKeHHH y3Koe HCUHCAeHHe
NPEIUKATOB He SIBJISETCS HeNONmoJHHMHIM. VIMEHHO, MOXHO
TMOKas3aTh, 4To Jo6aBJeHHe, HampuMmep, BbIpaKeHHS
<2A (x)—+l'IA (*¥)» X akcuoMaM Y3KOro HCYHCJEHHsl mpeiu-

KaTOB He npuBonm K NMPOTHBOPEYHIO, XOTSl JaHHOe BHIpa-
)KeHHe He siBJseTcs TeopeMoH. ONHaKO y3Koe HCUHCJEHHE
NPeIHKATOB MOJIHO, a MO3TOMY KaXJ0e HCTHHHOE Bhiparke-
HHe NaHHOTO HCUHCJIEHHS eCTh ero TeopeMa. DT0 yTBepiKie-
HHe nokasan K. I'egenr B 1930 rony.

HcnonbayeMoe 31eck nOHsATHE HCTHHHOCTH ONpeensierTcs
yepe3 MOHATHE BHINOJHUMOCTH. CoxepxKaTenbHBIH CMBICT
3TOr0 MOCJEIHEr0 NMOHATHS MB Pa3bSICHUM Ha CJIEAYIOUHX
npuMepax.

I'oBopsT, uT0 ypaBHeHMe x-+3=5 BHINOMHsETCA NJs
yHcaa 2, ycloBHe x4 y=4 BHIIOJHSIeTCH HOJs yucea 1 u 3.
Ho ypaBHenune x+3=>5 He BuimosHsiercs: /s yucaa 1, a ye-
JIOBHe X-+y=4 He BbINOJHAeTCS A uyucea 1 u 2. Ecan nan-
HOe BHIpaXKeHHe BBLINOJHSETCS A5 JI0GOH MoC/aefoBarelb-
HOCTH NPEeIMETOB HEKOTOPOrO HEMYyCTOr0 MHOXKEeCTBa HJIH,
Kak OOBIYHO T'OBOPSIT, HEKOTOPO# 06JacTH, TO TOBOPST, 4TO
IllaHHOe BhIpaXKeHHe HCTHHHO B JaHHOH o6aactu. Hanpumep,
BhIpakeHHe <«X<Yy-»2x<2<y» HCTHHHO B 06GJacTH RCeX

z

pPalHOHAJBHBIX YHCEJ, HO He HCTHHHO B 06J1acTH BcexX HaTy-
paJBHBIX YHCEJ, MOTOMY YTO 3TO BbIpaKeHHe He BHIIOJHSET-
csl /11 HaTypaJbHHIX uucesd 2 u 3. BripaxeHue, HCTHHHOE
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B JI060fi HemycTo# o6aacTH (UHaue roBops, B o6JaactH, B
KOTOpoll uMeeTcsas xoTs Gkl ONMH TNpeiAMeT), Ha3bBaeTcs
HCTHHHHIM BhIpaxeHueM!. B 3TOM cMbic/le KaxAas Teo-
peMa Y3KOTO HCUMC/IeHHsl MPEIHKATOB MCTHHHA, 4 Kaxloe
HCTHHHOE BHIpaXKeHHe JaHHOrO MCUHCJEHHS ABJAETCS B HEM
teopeMmofi. OrpaHHueHHe, OTHOCSAILEECs K HemycTore o6Ja-
cTH, cyllecTBeHHO. 1160 HEKOTOpbIe TeOpeMEl y3KOro HCHHC-
JIeHHsI NPeJIMKAaTOB He HCTHHHEI B MYCTOM o6aactu. Hanpu-
Mep, BHIpaxeHue «~3 ~A(x)—>ZA(x)» — TeopeMa, HO B
X X

nycroft 06JacTH OHO JI0XKHO. B camom nese, B nycroit o6s1a-
CTH aHTElUeJEeHT IAHHOTO BHIPaXKEHUsi HCTHHeH (Tak Kak
KOJb CKOPO He CyllecTByeT NpeIMeTOB, MNpHHa/IeXallnx
06/1aCTH, TO He CyIIecTBYeT Takxke B 3Toit o6JacTd H npel-
MeTOB, He 006JaJallluXx CBOHCTBOM A), a KOHCEeKBeHT
JIOXeH {Tak Kak OH O3Hayaer, 4To B laHHO# 06JacTH Cyle-
CTBYIOT NpeAMeTH, 06/1alaiollue CBOHCTBOM A).

XoTa AJA KaXJIOro MCTHHHOTO- BBIPAXeHHs Y3KOro
HCYMCJIEHHS] MPEIUKAaTOB eCTh [0Ka3aTesJbCTBO 3TOro BbIpa-
eHHsi, HO He CyllecTByer OGILEro MeToja, MO3BOJSIOUIEro
KOHEYHBIM UHCJOM OIIpelesNeHHHX WIaroB pPewHuTh A
JI06Or0 BHIPAXKEHHsT 3TOT0 HCUHCJEHHs, HCTHHHO JH OHO.
V3Koe HCUHCJeHHe NMpeIUKaToB, TaKuM 0GpasoM, — B Mpo-
THBOMOJIOKHOCTh HCUMCJAEHHIO MpelJIOXKeHHH — Hepaspe-
muMasi cucrema? TlosToMy MBI He CMOXKeM [Aarbh MJs
" Y3KOrO HCYHCJEHHs NpPeAHKaTOB TaKoro MeTo/la TTPOBEDPKH,
KaK HyJb — €JMHUYHLIH MeToJ /sl UCYHC/IEHHs Npel/oxe-
uuii. Ho HekoTOpHIe YaCTH paccMaTPHBaeMO# CHCTeMBI, KaK,
HanmpuMep, y3Koe OJHOapryMEHTHOe HCYHC/IeHHe KBaHTOPOB
(K KOTOPOMY OTHOCSITCSl BC€ TEOPEMbI, NPHBEAEHHbE B 3TOM
naparpacde, 3a HCKJIIOUEHHEM 3aKOHOB NepecTaHOBKH KBaH-
TOPOB), paspeilMMbl, H IJasi HHX B GoJjee 06CTOATENbHBIX
Kypcax ONHCHIBAIOTCS METONE paspellleHHsi (NPOBEPKH).

Kak mbl BUfeJH B pa3d. I, § 3 u B naHHom naparpade,
TEOPeMHbl HCYMCJAEHHs NpPELJOKEHHA HJIH Xe HCYHCIEHHA
NPeIHKAaTOB MOI'YT GHITh CHOPMYJIHPOBAHEI JBOSIKHM CIIOCO-
G6oM: 1) B KauecTBe TeopeM CHCTeMH H 2) B KauecTBe

1 CTporoe onpenenesne NOHSTHS BHTOJHMMOCTH H HCTHHH fnprMe-
HUTEILHO K (DOpMaiu30BaHHBIM s3bikaM.— [Tpum. nepes] pan A. Tap-
ckHl B pa601:e «I:IOHKTHG HCTHHBL B A3LIKAX NENVKTHBHbLIX Hayk», 1933
(A. 'J'arskl, Pojecie prawdy w jezykoch nauk dedukcyjnych, 1933).

D710 yTBepxenue mokasan A Uepu B 1936 roay. TlonsTtue paspe-
IIHMOCTH YTOYHSETCH C NOMOLIbIO NOHATHS PEKYPCHBHBIX GyHKuHA.
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YTBEpPXK/JIEHHA METACHCTEMBI, YCTAHABAUBAIONIMX, YTO BhIpa-
KEHHUs1 ONPEeNeNEHHON CTPYKTYPHl SIBJSAIOTCA TeOpPeMaMH.
10T BTOPOH CIOCO6 MBI 6yNeM HA3bIBATH METAJQrHUECKHM.
[TosToMy, npuMeHss HcuucaeHne IPEeNJIOKEHUH WJIH XKe
Y3KO€ HCUHC/EHHe MPeIUKATOB B KAaKOH-Mmbo 06aacTu
3HaHHs, MBI MOXEM TaKXXe MOCTYNAaTb JBOSIKO.

ITepBhift cnoco6 cocTout B TOM, uTO B OCHOBY CHCTEMH
YTBEPXKIEeHHA NaHHON 06/1aCTH 3HAHMS KNANyT HCYHCJTEHHe
NPENJIOKEHHH HJH e Ha Y3KOe HCUHCNEHHe NpPeAHKATOB
TaK K€, KaK Mbl OCHOBBIBAJM Y3KO€ WCUHCJIEHHe NpelHKa-
TOB, Ha WMCUHCJEHHH nNpensoxkennfi. B sToM cayuae Bce
CHMBOJIBl MCUHMCJIEHHS] NMPENJIOKEHHN WM XKe Y3KOTO HCUHC-
JIEHHs] IPENUKATOB, B YAaCTHOCTH MPONO3HLUHMOHAJLHEE Tepe-
MEHHEIE WM 2XKe NepeMeHHble, TPENCTABIAIIINE TPEeIHKATS,
CUMTAIOTCA MPHHANJEKAMMNMH NAaHHOH CHCTEMe, a BCe TEOo-
PEMBl UCYMCJIEHHS TPENJIONKEHUN WJIM e Y3KOTO HCYHCJe-
HHSl NPENUKATOB OTHOCATCS K TEOPEMAM NAHHOH CHCT@MBL.

IIpu npyrom cnocobe M MOJb3yeMcs MeTaJOrHYECKON
(POpPMYIHPOBKOA TEOPEM HCUHCJEHHS MPENNOMKEHHN HIH KE
Y3KOTO HCYHCJIEHHS] MPeIHKATOB. TeM CaMBIM MBI He BBOIHM
B CHCTEMY HH NMPONO3ULMOHAJLHLIX MEPEMEHHBIX, HH Tepe-
MEHHLIX, IPEACTABNAIOMMX NPENHKaTl. I'peyeckne GYKBH
®, V., ¥, .., BXOASIIHE B METAJOTHUECKYIO bopMyIHpPOBKY
TEOPEM HCUUCJIEHHUS] NPENJIOKEHHH WJIH Y3KOTO HCUMC/CHMS
NpeNHKaTOB, 0603HAYAIOT TOTA NPOM3BOJIBHBIE BHPAKEHHS
IaHHOH cucTeMbl. B TakoM mpencTaBieHwM uCuHC/IeRHE
NpennoxeHnii (Y3Koe HCUHC/IEHHe NMPEIUKATOB) HA3bIBAIOT
MHOTLA NPHUK/IAIHbIM HCYHC/JEHHEM INpeNJIOKeRui (mpu-
KJaTHbIM Y3KHM HCUHCJIEHHEM NPeIuKaToB).

OcHOBHEIe IPaBH/Ia HCUHCJEHHS TPENJIOKEHHA TaK xe,
KaK M y3KOrO HCYHC/IEHHSl NPEIUKATOB, KOTOPHE MH NpH-
BE&JIH B 3THX paslenax, NO3BOJSAIOT HOCTDOUTEL 3TH HCUHCIIe-
HHA KaK NEpBHIM, TAaK H BTOPHIM CHOCOGAaMH.

ana)K_HeHuﬂ:
1. Hokaxurte TeopeMsr:

a) 3, (A(x) > B(x) = TTA(x) > N B(x);

il

b) XTT(A(x)>B) = TN (4 (x) > By
X oy Yy x
o) I(4(x) > p)— (TTA(x) - p);
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d) (B4 ->p) -~ XA —p)

[MokaxuTe Ha TIpHMepax, YTo HMIIMKauuy, obpathbe c) u d),
JIOHHBI.

9. JlokaXuTe c/eAyIOUIHe 3aKOHbl OTPHIAHHSA, PacrpeesieHHs, TPo-
HeceHHS W TIePeCTAHOBKH OTPaHHYEHHBIX KBaHTOPOB:

a) ~ 1 B = Y ~Bx;

A(x) A(x)
~ Z B(x)= I1 ~ B(x);
AR A®)
o I (B(x)—aC(x))—-»(nB(x)—a Mcw)
A(x) A(x)
& I BH-Ccw)-(3X Bw—> Y C);
A(x) A(x) A(x)
e [IBxV Il cw— TTB® v )y
A(x) A(x) A(x)
H NBEVCE)= I BV Y B
A(x) Alx) A(x)
g) D BHACKH)— X BOA X Cx
A Afx) A(x)
hy IT(p—>B(x)=p-I1 B
Alx) A(x)
) N (p>BE)-(p—~ X BM®);
A(x) A(x)
D II@w-p= Y BE-n
A am
k) AE (B(x)—ap)—»(n B(x)—p);
5
) IT IT xRy = TT1 I xRy;
A(x) B(y) B(y) A(x)
i m) Z ny = R '~
L A(x)s%) B%)A%)x Y

Tlokaxute Ha mpumepax, uTo UMnHKanuH, o6pathble K i) u k), He

ABJSIOTCA TeopeMamy. JiokaxkuT
e 3TH o6paTHbe HMIIMKAuAu TpH
ycioBun Z‘.A (x). P . P

133



§ 4. Tooxcoecrnso

K Jjoruueckum TepMHMHAaM, KpPoMe NOCTOSTHHBIX
HCUHC/IEHUS] NPEJVIOKEHHH M HCUMC/IEHHS NpeJUKATOB, OT-
HOCAT TaKXke 3HAK «=>», KOTOPHH Ha3hBAIOT 3HAKOM TOX-
JleCTBa, HJHM paBeHCTBA. C- HOMOIIBI0 3TOTO 3HAKA 3A4MHCHI-
BaeTcsi GONMBUIMHCTBO MaTteMaTHueckux Gopmyna. Bripaxe-
HHE «X=Y» YUTAETCHA: «X TOXKIECTBEHHO Y», HJIH XKe «X pap-
HO Y». ) :

BBois B MOTHKY 3HaK TOXKIECTBA, Mbl NPHHUMAeM aK-
CHOMY

Al, X=X

ITO e/IMHCTBEHHAs aKCHOMA, KOTOPYIO MBI BBONUM B JIOTH-
UeCKHe CHCTeMH, pa3BHBAeMBble B 3TOH KHHMre. Ta aKCHOMA :
Co/lepKaTesibHO MOJHOCTHIO OYEBH/IHA.

CToJib ke CofepKaTebHO OUEBH/IHO H MPABHJIO NPHCOE-
JIMHEHHS] HOBBIX CTPOK K JOKA3aTeJbCTBY, CXEMa KOTOPOTO |

3T a=§f

—*

o (B/fa) ‘
BykBel @ ¥ B — MMeHHHe nmepemeHHhe, ¢ — IPOU3BOJIbHOE]
NPOMO3HITHOHANBHOE BHIpaxkeHHe, ¢(B//a) — BhipaxeHue,

HOJyyeHHOe 3aMeHOH CBOGOAHON nepeMeHHOH «, He Haxo-
AsueRcs B 06/1acTH JeACTBUS KBAHTOPA, CBS3bIBAIOMIErO
nepeMeHHylo B, nepemenHo# B. Eciu nepemenHas a BXOIuT!
HECKOJIbKO Pa3 B @, TO He 00s13aTesIbHO 3aMEHATH ee BCIOJy
nepemenHol B. Takum o6pasom, eciu ¢ 0603Hauaer BIpa-'
KeHHe «Xx=y—y=x>», 1o @(f||x) o6o3Hauaer kKak BHIpaxKe-}
HHe «f=y—y=1I», TaK M BHPAKEHHA «f=y—>y=x» ]
«X=y—y=1>. BBelleHHOe NMPaBUIO HA3LIBAETCS IPABHJIOM |
3KCTEHCHOHANBHOCTH JJs1 ToXkAecTBa. OHO AaHANOTHUHO |
NPaBUIY 3KCTEHCHOHAJIbHOCTH /M8 3KBHBAJEHTHOCTH. OnHa- |
KO €CJH 3TO BTOPOE NPABHJIO NPOM3BOJIHO B HCYHMCJEHHH
NPeNJIOKEHHH, TO NMPABHJIO 3KCTEHCHOHAJBHOCTH ISl TGXK-
JeCTBA — OCHOBHOE NP aBHJIO, : ‘
ITpucoennuss K y3KOMY HCUHMCIEHHIO NPEJIHKATOB aK- |
ciomy Al, npasuno.dT ¥ OXHOBPEMEHHO pPacIpPOCTpaHss
NpaBHa 3TOTO HCUHCJEHHS HA BHIPAXKEHHs, 3aMHCaHHHE C.
NOMOIIbIO 3HAKA TOXKJECTBA, Mbl OJTyyaeM TaK Ha3blBACMOE |
Y3KO€ HCUHC/eHHe NPEJMKATOB C TOXKJecTBOM. IIpuBejeM !
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HECKOJIbKO INPHMEPOB HpOCTeI‘/’IIHHX TE€OpEM 3TOro HCUHCIE-
HHUA:

Tl. X=Yy->y=x.
Ook. (1) x=y {nomym.}
2 x=x - {Al}
y=x - {9T: 1; 2} -

Caenylolee npaBHJIO, KOTOpPOe Mbl Takxe GyaeM 060-
3Hauath cuMBoJIoM IT, npoussoano otHocurensho 3T u T1.

3T a=p
-
@ (a//B)
T2. x=yANy=z->x=2
Jdok. (1) x=y }
0 y=1z tomym.}
x=2 {3T: 1, 2}

Axcuoma Al u teopems T1, T2 ycTaHaBAHBAIOT, YTO TOXK-
NeCTBO pedIeKCHBHO, CHMMETPHYHO ¥ TpaHauTusHO !. U3 T1
u T2 caegyer - .

T2a, x=zA\y=z->x=y.

.IIpumenenne npasuna skcreHcHoHansHocTH T orpanu-
UHBAETCA ABYMS YCJOBHSMH:
1) 3ameHsoTCs TOMBKO CBOGOAHBIE [epeMeHHbIe,
2) 3ameHsieMas B @ NMepeMeHHas o He HaXOAMTCs B oGJa-
CTH JIeACTBHS KBAaHTOpa, CBA3HBAIOIIET0 MepeMeHHyIo,
KOTOpasi BCTaB/sieTCs Ha MECTO NMEPEMEHHOH .

Mer nokaxewm, yto 06a 3TH OTrpaHHYEHHs CyI[ECTBEHHBL"
C 3Toft yenbio MBI 3aMeTHM, YTO BHIpaXKEeHHs

(@) [1x=x;

X

(b) [[x=y—2z=y

-

—— .
i . .
Orhowernne R pethexcusro, ecin J[IX Rx; oHO CHMMETpHUHO, €CJIH

EI [IxRy—>yRx)u Tpaﬂamuaﬂo,xecnu ITIT I(x R y A\ y Rz—xRz).
Yy ‘ N ) -

X Yy 2
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— TeopeMBl Y3KOTO MCUHCJIeHHs NPEIHKATOB C TOXECTBOM.

BripaxeHHe a) Mbl moayyaeM u3 Al, npumeHss 1P aBUJIO

NPHIHCHIBAHMS CJIeBa K TeopeMaM KBaHTOpa OGIIHOCTH,

BhIpakeHHe b) Mbl mosyuaem mo npasuiay YII :
BripaxeHHe

x=y—>z=4y,

Tle TIepeMeHHbIe NPeACTaBAAIT HATypajbHBIE YHCIa, Oye-
BHIHO, n0oxHO. Ho, He coGuiofiast orparuuenufr 1), 2), Mbl
MorJu 6Bl JI0Ka3aThb 5TO BHIpaXKeHHe.

Hok. (1) x=y {momynt. }
@ [lx==x {a}

@) [lx=y—2=y (b}

X

(4 [Jrx=x-2=y {IT:1; 3}

2=y {f10: 4; 2}

IMoayuas BelpaxkeHHe (4), MBl 3aMeHHJIM BOIDEKH OTpaHH-
YeHHIO 2) TIepEMEHHYIO «y», BXOASILYIO B 06/1aCTh HefcTBHS
KBaHTOpa, CBs3BIBAIOLIETO TIEPEMEHHYIO <X, 3TON XKe
nepeMeHHOH.

TIpuBemeM Apyroe (TakXke HEKODPEKTHOE) JOKa3arelb-
CTBO PacCMaTpPHBAEMOro BhIpaXKEHHS:

Hok. (1) x=y {nomynt. }
@) Tr==x {a}
@) [Mx=y—2z=y ®
(4') ﬁx:y {3T: 1; 2}
z;y {T10: 3'; 4'}
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[Monyuas BeipaxeHue (4’), MB 3aMeHHJH BONPEKH Orpa-
HHYEHHIO 1) CBA3aHHYIO NMEPEMEHHYIO «Xx» NMEpPeMeHHOH «y».

T3, x=yN\Ax) > A(y).

HecnoxHoe noKa3aTeIbCTBO 3TOH TEOPEMBl MHl NpPE€IOCTaB-
JIT€M YHMTATENAM.

[lo omHOMY H3 3aKOHOB CJIOXXKHOH KOHTPAIO3HIHH MHI
noayyaem u3z T3

T3a. AX) N\~ A(y) —» x#y.

Bripakenue «xsy» ynorpebiserca 3aecb B KauecTBe CO-
KpallleHHsi BhipaxeHus <«~ (x=y)». Teopemy T3 MOXKHO
npountath Tak: Ecau kaxkoe-aubo ceolcTeo npunadierur
HEKOTOPOMY npedmeTy, TO OHO NPUHAOAEHUT U npeomery,
TOXCOECTBEHHOMY NnepeoMy.

Tlo T3a, ecau Kaxoe-ubo cgolicTeéo npunadsexur npeo-
MeTY X U He npunadiexcur npedmery y, TO npedmeTo. x U Y
PA3AULHDL,

Hekortopsie ¢opmynupoBku teopem T3 u T3a Ml Haxo-
oMM yxe y ApucToTensi, KOTOpHI chOpMy/THPOBad TaKke
ele HeCKOJNbKO IPYIHX YTBEPKACHHH, OTHOCALIHXCH K TOX-
nectBy (cpemu HuX, Hanpumep, T2a).

T4. A(x) = EA(y)-
. y=x
Dok, (a) (1) A(x) ) {momyuL. }
Q2 x=x {Al}
YA {BZ*: 2; 1}
y=x
b) 1) Y AW {momym. }
=x
@ a,=x
¥3#¥: 1
o A@] - P
A(x) {3T: 2; 3}.

Teopemy T4 T. Illosby HasBan o606U€HHOR OC-
HoBHo# Teopemoi#n Jlexapra B cBoeM H3BECTHOM
pPacCyXneHuH, HMMEIOIEM LeNbl0 MOJYYHTh YTBEPXKIEHHE,
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KOTOpOe He MOXeT ObITh NOABEPTHYTO COMHeHHIO, [lekapT
OPUXOAUT K 3aK/IIOUEHHIO, UTO TAaKUM YTBepXKAEHHEM sB-
JsieTcs: «f MHICHAIO». M nanee oH 3ak/I0ugeT: «s MBICIIO,
cleloBaTeNbHO, a1 cymécTBylo». TIo Teopemé T4 mpeanoxke-
HHMe «s1 MBIC/JIO» 3KBHBAJEHTHO INPEeNJIOXKEHHIO <«CYIIecT-
ByeT X, TakKoe, YTO X TOXIECTBEHHO MHE M X MBICJHUT»
(MHaue TrOBOpS, <«CYIIECTBYET MEBICAANNA HHIWBHA, TOX-
JecTBeHHBIH MHe»). Ho W3 storo mocnefiHero mpeamoJioxe-
HHs ClellyeT mpeijioXKeHHe: «CYIIecTByeT X, Takoe, uUTO X
TOXKAECTBEHHO MHe» (HMJH «s cymecTByio»). CoGcTBerHOMH
ocHOBHOH Teopemoil Jlekapra Ilouskl, HasbiBaeT Teopemy
A(x)—>Zy=2x, Ha OCHOBaHHMH. KOTOPOH MOXKHO Hemocpen-
P . .

CTBEHHO INPOBECTH PAaCCMOTPEHHOe 3[eCh pacCyXAeHHe,

Ilpennoxenue Buia «A(x)», B KOTOpOe Ha MecTe Tepe-
MEHHOH «x» BXOJHUT HEKOTOpPoe COGCTBEHHOE HM#, Hazbl-
BaeTCa eAMHHYHHIM npejioxeHneM, Teopema T4 nmosBoaser
3aMeHHTh eJAHHHYHOE NpeJIOKeHHe JOTHUECKH SKBHBAJEHT-
HBIM INpelJioKeHHeM, HauyHHAIOIIMMCS KBAHTOPOM CYIIEeCT-
BOBaHH4.

Caenylonias Teopema, [OKa3aTeJbCTBO KOTOPOH MBI
INpeJOCTaB/IsEM UYHTATENIAM, I03BOJsET eQuHuuHoe npedao-
JHCeHue 3AMEHUTb A02UYECKU IKBUBANEHTHbIM eMy npedao-
HeHueM, HALUHAIOWUMCA KBAHTOPOM OOU{HOCTU.

T5. Ax) =[] AW).

B mpHMeHeHHAX Y3KOrO HCUHC/IEHHS NPEJHKATOB C TOX-
IleCTBOM K CHCTEMAaM, B KOTOPBIX BMECTO MMeHHBIX NepeMeH-
HBHIX MOXHO IOACTaBJATH CJOXKHble MMEHHBlE BbIpaXKeHHs
(manpumep, BhipakeHHs a-+b, a+-b u T. 1.), MBl NOJB3yeEM-
Csl MPOU3BOJAHBIM IPABHJIOM KCTEHCHOHANBHOCTH ISl TOXK-
JecTBa, KOTOPOe MO3BOJISIET 3aMEHAThb CJOXKHble HMEHHBIE
BoipaXKeHus. 31ech Mbl NpPUBEAEM OJHY H3 (POPMYJHPOBOK
3TOro NMPOH3BOIHOIO MpAaBHJIA. ‘

Ilycte § W 1) — OpOU3BOJbHBIE HMEHHBIE BEIpaIKEeHHSsI.
IlpaBuso, cxemMa KOTOPOro :

E=n
.

oM/t

N03BOJSIET 3aMEHsATb BhHIpaXKeHHe & BHIPAXKEHHEM 1), €CJH
BBINOJIHSIIOTCS CJeAyIOIHe JBa YCJIOBHs (0606LIEHHs YyCJIO-
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A

\
Buil 1) ¥ 2), npuBeneHALX B GopmynupoBke npasuna IT):
1) Hu onHa cBoGoHas mepeéMeHHas BHpaXeHHs § He CBs-
3aHa B (¢ Ha TOM MecTe, Ile 3aMeHsieTcs BeIpa)keHHe &;
2) Hu onHa cBOGOHAas nepeMeHHaﬂ BHIpaXeHHs 1] He MO-

JKEeT OKasaThbCsl CBA3aHHOH ‘B @(n||[E) Ha Tom Mecre,

rae £ 3aMeHsieTcs Ha 1} (TO e6Th BHIpaXKeHHe § He HaXo-

IUTCS B @ HAa TOM MeCTe, TIe OHO 3aMeHsercs, B obJa-

CTH JeHCTBUA KBaHTOpA, CBSA3HBAIOLIETO HEKOTOPYIO

nepeMeHHyIo, K0opas cBOOOIHA B BBIPAXKEHHH 1)).

JIokazaTeqbCTBO 3TOTO IpPAaBHJA ME penocTaBisem
YHUTATENIo,

ITo 3TOMy mpaBuJy, Hampumep, Ha OCHOBAHHMH- TeOpeMbI
(a+b)2=a%+2ab+b> mbl u3 BHpaxeHus «(a+b)2=x»
nonyuaeMm BHpaxeHue «a’+2ab+b%=x».

B y3KOM HCUHCJEHHM NPEJUKATOB C TOXIECTBOM MOXHO
OmpeneuTb KBaHTOP €NHHCTBEHHOCTH:

DI. ThA() = 2A<x)/\l‘l [Mx=y.
* Al AW
Boipaxenne «Z;A(x)» uuTaercs: CyllecTBYeT B TOYHOCTH
X
OnMHO X, Takoe, uTo A(x).

C nomowmbi0 KBaHTOPa €IHHCTBEHHOCTH CJENYIOLIEMY
YTBEPXKIEHHIO apHPMETHKH NEHCTBHTEJbHHX YHCeN

sz ATl Tl 2=y

X3==2 Y3=2

MBI MOXeM npuaath 6osee MpocToil BHI:
2 B=2,
1
X

ITo 3aKOHY OTpHIAHHS KOHBIOHKIME H 3aKOHY OTpPHIAHHS
OrpaHHYEHHOTO KBAaHTOpa OOGILHOCTH H3 ompefnenedus DI
MEl MOJIy4aeM TeopeMy

T6. ~Z A(x)—~2A(x)\/2 Zxaéy.
T Alx) A(w)

ITo T6 npedroxcenue «neeepno, 4TO CyujecTsyer 8 TOH-
HOCTU 0Our npedmer, obaadarowuil ceotdcreom A» skeu-
BUNEHTHO  NpedAONCEHUID «He CcyuecTsyeT npeomera,
o6aadarowezo ceoticreom A uau e cywecrsyror dea pas-
AUUHBLX npedmera, obiadaoujux ceolicteom As.
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Ynpaxueuus:
1. Jokaxure TeopeMnl:

a) I_[Ex= ¥ /,/"
x Yy /
b) x=yEI'I(x=yEny2):
gu=zAv=t=[Illx=upAy=v=x=2Ay=1);
x y :

u=zAv=t=[lllx=uVy=v=x=2Vy=1)
x ¥

e) xRy = X\ Y zRy;

2=X U=y

f) xRy=I1 II zRu.

=X U=y

2. okaxure 3KBHBAJEHTHOCTH: ) R

a 3 Ax) = X Il y==

Ax) A(9)

b 4 = 2IT@=1x=A@)
X x y

TTokaxute, 4TO, NpUHEMas JMOGYI0 U3 STHX SKBHBAJIEHTHOCTEH B
KauecTBe ONpENeNedus KBaHTOpa €AHHCTBEMMOCTH, MOXHO H3 ‘Hee Bbl-
BECTH 3KBHBAJEHTHOCTb, npuBedeuuywo B DI, :

3. OnpefennTte YHCJAEHUble KBAHTOPH, BXOASIULHE B C/ENylONIHe KOH-

TEKCThI:
a) CyHIECTBYIOT B TOUHOCTH ABa X, Takmx, uto A(x),
b) cyumiecTByoT He MeHeée ABYX X, TaKHX, 4TO A(x),
¢) cymecTByiOT He Gosnee ABYX X, TakHx, uTo A(x),
d) CymecTBY®T B TOUHOCTH TPH X, TaKuX, uto A(x).

f

§ 5. Onpedenenune

B cucreMax, B OCHOBE KOTOPHIX JIEXKHT Y3K0e
HCUMC/IEHHE MPeAMKaToB (C TOXKAECTBOM), OOGBIYHO MNOJh-
3yIoTCs ellle OfHHM NPaBHJOM, A0 CHX NOp elle He ONHCaH-
HBIM: NPABHJIOM BBELEHHs ONpeleseHHH B J0Ka3aTeJbCTBO.
®opMyIHPOBKE STOTO NMPABHJIA MBI NPEANOUIJIeM HECKOILKO
o61ux 3aMeyaHuil 00 OnpeJeseHUsAX.

[louTy B KaxAo# HayKe BBOJATCA OIpeJeJeHHs1 HOBbIX
TEepPMHHOB Uepe3 TepPMHHbI, 3HaueHHe KOTOPBIX Gblio paHee
ycTanoBeHo. [1pH MOCTPOEHHH aKCHOMAaTHUYECKOH CHCTEMBI
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Mbl CTPEMHMCSI K TOMY, \UTOOBI YHC/JIO HCXOJHBIX TEPMHHOB
6610 BOBMOXKHO MeHbliNM. OcCrajbHble TEPMHHH TakoH
CHCTEMBI MBI ONpejleisieM Wepe3 HCXOJHble TePMHHEL

HMcnonb3ysi ompelesieHH, MOXHO A/l KaXJOoro Bhipa-
JKeHMs, COJIepXKalllero OnpenensieMbli TEpMHH, NPHBECTH
3KBHBaJIEHTHOE Bblpamenue,z\%e coliepxkalllee 3TOro Tep-
MHHA, HJIH — Kak HHOTJa FOBOPAT — MOXHO 3JHMHHHPO-
BaTb ONpeJeNisieMblil TepMHH B JHOOGOM KOHTEKCTE.

Onpenenenuss GOpMyJHPYIOTCA W/IH B KayeCTBe NPaBHJ
(OTHOCAILMXCS K MeTacHCTeMe), MO3BOJIAIOIIUX 3aMeHATh
HEKOTOpOe BhipaX{eHHe CHCTeMbl JAPYTHMH BbIpaXXE€HHSMH,
HJIH B KauecTBe BhIpa)KeHHi CenuansHOrO BHAA, IPHYHC-
JasieMblX K TeopeMam cuctembl. O mepBoM crmocoGe TroBO-
DHJIOCH B CBA3H C ONpelieJIeHHsIMHM B aKCHOMAaTHYECKOH
cuCTeMe HCuHC/TeHHs npemjoxenuit (pasa. I, § 5). U3 on-
pejesieHHii BTOPOrO THIIA MBl PAacCMOTPHM 3]1€Ch BKparTie
HOpMaJibHble ONpejieJIeHHs], YCJIOBHLIE ONpejle/leHHs U MH-
JYKTHBHEIE OTpejiesIeHHs.

HopMasibHble OnpefleNeHHs: HMelOT BHJI 9KBHBaJEHTHO-
cTefi WM paBeHCTB. B JieBoM uacTH TakHX ONpejeseHH
urypupyer omnpenensieMblfi TepMHH. UneH HOpMaJbHOro
onpejiesieHusi, CojiepXKalluil onpejesseMbii TEPMHH, Hashl-
BaeTca ONpepeJsseMB M, a BTOPOH ero ujeH Hasbl-
Baerca OompeJesslollHM.

[TpumepaMu ompejeNeHHHi TAaKOro pojila ABJAITCA Cle-
JlyloLlie OnpejleseHus:

(1) Prim(x)’_=_x>l/\r](y|x-—>y=x);

y+1
2 x>y=x>y\Vx=y,
3 ' 1 = seq (0);
4 seq(n) =n-+1;
Bl xl=y=20Ay=xVr0Ay=—2x)
(6)  x—y=z=zty=u=x

B onpenenenuax (1) m (4) nepemeHHble mnpoGerarmor
MHOXKECTBO BCEX HaTypa/bHBIX YHCeJ, a B OCTAJbHHIX —
MHOXKECTBO BCeX JIeHCTBHTE/BbHBIX YHCE.

B onpenenennn (1) onpenedsiemblii TEPMHH — OJHO-
apryMeHTHbIl mpeAMKar, B ompejesneHud (2) — JByxapry-
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MeHTHBIl npeaukat, B onpefeiepin (3) onpelenseMLM
TEPMHHOM sIBJIAETCH NOCTOSHHOE pMs, B ONpELe/eHUsX (4)
u (5) — uMeHHo# ! QyHKTOp OT/OAHOTO HMEHHOTOo apry-
MeHTa, B onpejeieHud (6) — yMeHHOH QYHKTOpP OT ABYX
HMEHHBIX apryMeHTOB. :

Ilns TOro 4ToGhl HOpMaJyHOe ompejeseHHe GBIO KOP-
PEKTHbIM, JOJKHBI BBINOJHFTBCSA CIENYIOUHe yCMOBHA: .
1) B onpepeasiouee MOIyT BXOAUTb JHIIbL MCXOAHbIE

TEePMHHBl HJH paHee KOPPEKTHO OTNpele/NeHHble TepMH-

Hpl. OnpefenseMulli fepPMHH 0JXKeH ObITh OTIHYHLIM OT

BCEX TEPMHHOB, Y€ GUrypHPYIOIWMX B cucTeMe. TakuM

06pasoM, B ONpefeIsionlee He MOXKET BXOLUTh HH Olpe-

HeJseMblil TEPMHH, HU TePMHH, KOTOpHIH Ompee/seTcs

yepes omnpefieJisieMbli TEPMHUH.

Ecau 3T0 mocjefHee yCJIOBHe He BHINOJHAETCS, TO rOBO-
PAT O «IOPOYHOM» KpYre B ONpPeJeseHHH.

2) B onpeneasemoe Jobasi nepeMeHHas MOXKeT BXO-

IUTh JHULIb OAMH pPa3s.

Ecau 370 ycloBHME He BBIMOJHAETCH, TO ¢ MOMOUIBIO Ol-
pefle/leHns HeJb3s 3JMMHHHMPOBATH ONpeje/NsieMbll TepMUH
B HEKOTOPHIX KOHTEKCTaXx.

Hanpumep, ¢ MOMOLIbIO 3KBHBAJEHTHOCTH

log,a =b=a’=a,

He yAOBJIETBOpsAIOUIeH yCIOBUIO 2), HeNb3fl SJMMHUHHPOBATH

3HaK «log», Halipumep B KoHTeKcTe «logiol100=2».

3) YcaoBue oAHOPOMHOCTH: Jio6as cBOGOAHaA mepe-
MeHHas, BXOAsdlllas B OAHY 4acTb OonpeJesneHus, A0MKHA
BXOAMTb B KauecTBe CBOGOJHOM nepeMeHHOH ¥ B APYryio
€ro 4acTb.

Ecan 370 yCJIOBHE He BHIMOJHSETCA, TO OnpeaensHue

MOJKEeT NpHBecTH K nportupopeunto. Hanpumep, us ompene-

JIEHHUS:

) al|b=a u b nexar Ha IJIOCKOCTA G M He
MMeIOT OOIIed TOUKH

MOXKHO CJAeLyIOLIMM 06pa3oM MOJyYHTh IPOTHBODEUHE:
IlycTb @) M @, He HMeIOT OOLIEll TOYKH, Jexar Ha mIo-

CKOCTH G, ¥ He JeXaT Ha NJOCKOCTH ap. [loacraBass B (7)

alay, b|b,ala, ¥ npuMeHss NPABUIO OTAEEHHS OTHOCH-

! B nogjmuEEKke: nazwotwérczy (6ykBaibHo: o6pasylouuit HMe-
Ha). — ITpum. nepes.
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TeJLHO TPaBOil YaCTH Pexy/bTaTa AaHHON NMOACTAHOBKH, Mbl
noayuaeM ai||b;!. Ho, noxcrasass B (7) a |ay, b)by, &0y,
orpunas ofe 4YaCTH pesyNpraTa NaHHOW NOJCTAHOBKH H
NpUMEHsis OTHOCHTEJBHO MPaBoH yacTH 3TOil 3KBHUBAJEHT-
HOCTH NIPaBHJIO OT/JeJIeHHs, MYl HoJyyaeM -~ (airl|b1)2.

Veaosus 1), 2), 3) — nocTaroynble YCIOBHS KOPPEKTHO-
CTH TaKHX HOPMAJbHBIX onpezkte}mﬁ, B KOTODHIX B Oilpe-
JesisieMoe, KpoMe ONpeleNseMOro\TepMHHA, BXOAAT TOJBKO
nepeMenHble (KakK, Halpumep, B ONpeleJeHH:AX (1)—(4)).

B onpenenenusx (5) u (6) B\ompelensemoe, KpoME
onpefie/sieMOro TePMHMHA, BXOLHT dule 3HAaK paBeHCTBA.
O6wuil BUA TakHX ONpefeneHHd celylomui:

(a) f(xl’ AL xﬂ) = yE'q)'(leq' R | xﬂ’ y)’

e «f» — onpefelseMblii HIMEHHOHN GYHKTOP OT N MMEHHHX
win GYHKTOPHHIX apryMeHTOB, a omnpeleddioulee — Mpono-
3UNMOHAJNbHAA (PYHKIHSA,B KOTOPYIO B KaueCTBe cBOOOHBIX
NepeMeHHBIX BXOAAT X1, ..., ¥n, Y M TONBKO 5TH NepPEMEHHLIE.

HopmaabHoe onpefesnenne BHAA (a), kpome ycaoBuit 1),
2), 3), MOMKHQ elle YAOBJIETBOPATH TaK HA3bIBaEMOMY
YCJIOBHIO CYLIECTBOBAHHS M €IHMHCTBEHHOCTH. ToBopsT, 4TO
HopMaJbHoe onpeJielieHne YAOBJIETBOPAET STOMY YCJIOBHIO,
eCJIM BHIPaxKeHHe

(8) n...nzlw(xl,...’,xn,y)
x3 , ¥

— TeopeMa.

Ecan ke BHpaxkeHue (8) JIOXHO, TO Onpele/neHne BH-
Aa (a) MoOXKeT NpPHBECTH K NPOTHBOPEUHIO. Hanpumep,
onpejiesieHne ‘

9) Vi=y=y=x

He YIOBJETBOPSET YCJOBMIO CYIUECTBOBAHHA M EIMHCTBEH-
HOCTH, Tak Kak HeBepHo, uto IIX;y?=x. OcyumecTsiss CHa-
X

P

yana B (9) moAcTaHoBKY */4, y/2, a 3areM. NMOACTaHOBKY
x/4, y/—2, Mb BHIBOAMM CJeICTBHe 2=-—2, NPOTHBOpeua-
uiee TeopeMe 2 5—2,

! B nopauuumke: a|| b (mo-smauMoMy, oneuaTka).— [Tpum. nepes.
2 B nopauuunke: ~ all b (mo-suzuMoMy, oneuatka). — Ilpum. nepes.
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Yenosus 1), 2), 3) u ycnoBue/CyliecTBOBAHMA H €IMH-
CTBEHHOCTH ABJAIOTCA JOCTAaTOYHAIMH YCJOBHAMM KOPDPEKT-
HOCTH HOpPMaJIbHBIX onpeneneHu¥ Buaa (a).

[TpumepoM yC/IOBHOTO ONp@iesieHds SBASETC CcJefylo-
llee onpejeeHue:

(10) 40 (f;—:zsy-z.':x).

Ecau 6bi B onpenenenuy (10) Mbl ONyCTHAM aHTEHENEeHT, TO
OHO npuBeJo Obl K NPPTHBOPEUMIO, TAK KaK ONpefelsionee
He yJOBJETBOPSAJO GBI TOrJa YCJOBHIO CyIUeCTBOBAHHA H
e[IHHCTBEHHOCTH (B caMom Jene, 0-2=0 u 0-3=0, a cie-

noBare/ibHO, HeBepHO, yto Xy -2z=x).
Xy z
OGmwmit BUA yCJNOBHBIX ONpeIeNeHHH CJeayIOnIH:

(b) Y8y 1) Sy e, £ =Y =

—— ™

= q)(xh sy Xy, y)]a
TAe NepeMeHHble X, ,.., X, — HEKOTOpLe (MHOrJ1a Bce)
Cpell NEpeMEHHBIX Xi, ..., Xn; P (%1, .., x;,) — IpONO3H-

IHOHAJbHOE BLIpAXKEHHME, B KOTOpPOe B KauecTse CBOGOIHHIX
NIEpEMEHHBIX BXOIAT JUIIL NepeMeHHbIe x,l, v X i a KOH-

CeKBEHT BbipaxeHHs (b) sBaserca BeipameHueM Buaa (a).
Onpenenenve Buia (b) KOPPEKTHO, €c/M €ro KOHCEK-
BEHT y[IOBJeTBOpseT ycJoBusaM 1), 2), 3), npenbaBaséMbiM
K HOPMAJIbHbIM ONpe/ie/ieHHAM, a TaKkKe YCJIOBHIO CyLIecT-
BOBaHUA U €MHCTBEHHOCTH [JIfl NIPeMETOB, yIOBJETBOPIIO-
HMX aHTeneleHTy onpeneneHus. ITosToMy 3aech ycaoBue
CYILeCTBOBAHHA M €JIMHCTBEHHOCTH HMMeEET BHI;

anfiy...T [q:(x[l,...xik)azqu(xl, ...,-xn,y)],
Xy y

*n

Hanpumep, mns onpenenenus (10) 310 ycioBHe HMeer

BHUI:
r[r[zly-z=x.

X y+0 2

Onpenenss TepMHHbI C NOMOLIBIO YCIOBHBIX ONpeneJe-
HU#, Mbl [IDHHUMaeM TeM CaMbIM HEKOTOpble OrpaHHYeHud,
OTHOCANIMECH K OCMBICJIEHHOCTH BBIpaXKeHHH, codepKallux
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5TH TepPMHHBI. VIMEHHO OCMBIC/EHHBIMM CUHTAIOTCSl BCe T€
H TOJBKO Te BhIpaxKeHHs, \M3 KOTOPHIX ompelensieMblii Tep-
MHH MOHO 5JHMHHHPOBAT c NOMOIIBIO YCJIOBHEIX ONpese-
JIeHHH,

B 4aCTHOCTH, OCMBICJEHHB\BhBIpaK€eHHUs, NOJyYyeHHbIe U3
BhIpaXKeHus: «f(Xi,..., Xn)» NOASTAHOBKOH BMECTO MepemeH-
HBIX Xy ..., X ;, TaKHX 3HauYeHuH, {lm{ KOTOpPbIX HMeeT MeCcTo

ycJ0BHe JaHHOTO OlpeleseHus.

HanpumMep, Korna TepMHH onp\agenﬂeTc;l c nomoubxo

. 6
onpenenenus (10), ocMEICAeHHH Bblpa\}KeHHH. T’?H T.IL,
HOTOMY 4TO ycaoBue y=0 umeer Mecto mnas 3.

OcMbiC/IeHHBl TaKXe M BHpPaXKeHHs, HMelue BHI
HMIJIMKAliMH, T1€ KOHCEKBEHT COAEpXKHUT JHIIb TOT De3yib-
TaT NOACTAHOBKM B BhipameHue «f(Xi,.., Xn)», B KOTODOM
Ha MeCTaX HEKOTODHX M3 MEPEMEHHBIX X, ,.., X ; COLep-

XKaTcsl BbIpaxKeHHd C NEPEMEHHBIMHM, a aHTeUeAeHT MOoJaYy-
yaercqd COOTBGTCTByIOLU,el’I HOlICTaHOBKOﬁ M3 BBIpaxKeHUs

Y (X, Xy ).
Hanpumep, B paccMaTpuBaeMOM npuMepe BhIpaXkeHHE
at+b+£0—-»——+1=
OCMBICJIEHHO.

Ecin B KOHCEKBEHT OmpelessieMbli TepMHH BXOJIUT He-
CKOJIbKO pa3 B pas3juuHbIX KOHTEKCTax, TO aHTelelNeHT
IOJXKeH OBbITb KOHBIOHKIMEH COOTBETCTBYIOUIMX YCJOBHMH
WM BHIpaXKEHHEM, M3 KOTOpOro CJeAyeT TakKas KOHBbIOHK-
.

Hanpumep, B paccmMaTpuBaeMoM [IpuMepe BbIpaXKeHHs

_x 1
a b
OCMBICJIEHHHI. -
OIHaKO OCMBICJIEHHBIMH He CUHTAIOTCA Teé BBIpaXKeHus,
KOTOphble [OJy4YeHbl M3 BhIpaXKeHHs «f(x1, .., Xy)» MOACTA-

HOBKO#l BMECTO NepPeMEeHHBIX X, ..., X ;, TAKHX NOCTOSHHBIX,
KOTOpHe He YIOBJIETBOPSIOT YCJOBHIO NAaHHOTO Ompejele-
HUSL.
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Hanpumep, B paccMatpuBaeMOM npuMepe BhIpakeHue
X
€-,"=2» He ABJIAETCA OCMBICTEHHLIM, IOTOMY UTO 0 He ynos-

JeTBOpAeT YCJOBHIO y=%=0,
[TpuMepoM HHAYKTMBHOTQ ONpejie/ieHUs ABJsETCA OTHO-
cameecd K apudMernke HafypajbHbIX YHCEN ONpefeseHHe:

a-1=a
a-n+1)=a-n+t+a

3To- onpejeNeHue COCTOMT M3 JBYX paBeHCTB. B mepBom
paBeHCTBE OnpejeNsdeMbifi TEepMHH BXOJMT TOJBKO B OIHY
4acTb OlpeJeseHns, a OHUM M3 €ro apryMeHTOB ABJAETCA
nocTosiHHasA «l». B ApyroMm paBeHCTBe OmpelensieMeiii Tep-
MMH BXOAMT B 06e 4acTH, HO B NpPaBOf 4acTH OJHHM M3 €ro
apryMeHTOB SIBJIA€TCA «n», a B JEBOH YacCTH COOTBETCTBYIO-
Ml apryMeHt — «n+ 1»,

UHayKTHBHbIE ompele/ieHHs MOTYT HMeTh Takke u 6o-
Jlee CJOXKHBEIA BHI.

UHnykTuBHOe ompeje/eHHe MOXKHO NpPHUBECTH K HOp-
MajbHOMYy BHAy!, Hanpumep, ana onpeienenus (12) ra-
KMM BHJIOM SIBJISIETCSI KaX/0€ M3 BbIp aXKeHHi:

(13)a-b =c= Y {[Tf (e, 1) = a A [T (@, n+-1)=
. f a a n

(12)

=f(a,n)+a]/\f(a,b)=c};

(139 a-b=c=[]{[1f@ 1=
f a

=a AT @+ 1) =F@,n +a] > f(a,b) =<,
- a n

Buipaxkenue «f(a, 1)=a Af(a, n+1)=f(a, n)+a», Bxona-
wee B (13) u (13’), MBI noanyyaeM, o6pasys KOHBIOHKIHIO
ABYX paBeHCTB, COCTaBJsAlOIHUX onpexenerue (12), u 3ame-
HAA TepeMeHHOH onpelenaseMblii QyHKTOp «-».

CxoaHEIM 06pa3oM Mbl NOCTyHaeM H B [APYTHX NpHMe-
Dax.

! To ecTb kK BHAY HOPMAJLHBIX onpene/eHuft. — ITpum. nepes.

2 ToxkasarteancTBo, uto H3 dopmya (12) caeayer kaxpas H3 dop-
Mya (13) u (13) u, o6patHo, uto U3 Kax ol u3 3THx ¢opMys cjenyioT
dopmyas (12), Mbl onyckaem.
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B Bupaxenus (13) w (13’) BxomaT KBaHTOpHI, CBA3HI-
palolIMe lepeMeHHyw, npeiacrasisiomyio (yakropn. Cie-
JI0BATeJbHO, 3/1echb MBI BHIXQIHM 33 PaMKH Y3KOro MCUucJe-
HHA NpPeIuKaToB.

K HHIYKTHBHBIM Ompefe/eqHsiM OTHOCHTCA M ONpejelne-
HHE TeopeMbl n-ro paHra Ha wrp. 27. CxoaHbiM o6pasoM
MOXKHO COpPMYJHPOBATL ONpEeNeNeHHe NPOMO3HUIHUOHAJb-
HOTO BbIPaXKeHUs N-TO paHra. DTH ONpe/ieleHHs TaKKe
MOKHO NpPUBECTH K HOpMaJjbHoMY Buny. Ha npumepe ompe-
fle/leHHsi IPONIO3MUHOHANBHONO ~BBIDaXKEHHS — HCUHC/eHUs
npenJoxenuii (cp. oime, cTp. 10) Mbl‘IO3HAKOMHM 37€Ch
YyHTaTe]s ¢ HEKOTOpOi q)opmynupoaxoﬁ HOpMaJIbHOFO BHZA
IJs TaKuX onpeaeneHufl, 4acTo NpUMeHsAeMbX B aHaJOrny-
HHX caydasX. B 371ofi (QOpMYyJHpOBKE Mbl MOJAb3YyEeMCS
NOHATHEM MHOXKECTBa 3aMKHYTOTO OTHOCHTEJIbHO HEKOTO-
pBIX omepanuil, ¥ NOHATHEM HaHMMEHbIIEro MHOXKECTBA,
o6aanatoumero aaHHeiM cBofictBoM. Cdopmynaupyem ompe-
JeJleHusl 3TUX NMOHATHH.

MHoxecTBo Z 3aMKHYTO OTHOCHTeNbHO onepanus O
TOrJa, M TOJAbLKO TOTAA, KOraa npuMeHenue onepamuu O
K 3JeMeHTaM MHOXecTBa Z jJaeT B pe3y/bTare CHOBa 3Je-
MEHTBl MHOXecTBa Z.

MHoxecTBo Z — HauMeHblee MHOXKeCTBO, o6Jajarouiee
cBofictoM W Toria, M TOJbKO TOTAa, KOrJ4a MHOXKeCcTso Z
ob6aagaer cBofictBoM W ¥ MHOXKeCTBO Z COIEPIKUTCA B KaXK-
JIOM MHOXecTBe, oGjanaiomeM cBoiictBom W. .

C noMoupio 3THX NOHATHH omnpeaejeHue, [JaHHOe Ha
crp. 10, MOXHO cOOpMYJIHPOBATbH TaK:

MHoxecTBo NPONO3HUHOH AbHBIX BLIpaXKeHUH HcauciIe-
HHA NpeNJIOXKEeHUH eCTh HauMeHbllee MHOXKECTBO, KOTOpOMY
npUHALJeXaT NPONO3UIHOHANbHbIe NepeMEHHblE H KOTOpoe
3aMKHYTO OTHOCHTEJBHO - ongpanuii 0oOpasoBaHUs OTpHIa-
HHs, KOHBIOHKIMH, [U3BIOHKIHMH, HMMIJIHKAaUMH H 3KBUBA-
JIEHTHOCTH.

AHaJOrHYHO onpejeNsieTcsi MHOMXKEeCTBO TeopeM [daHHOH
aKCHOMAaTHYECKON CHCTeMbl KaK HaMMeHbllee MHOXKeCTBO,
comepxKaniee akCHOMBI 3TOH CHCTeMBbl M 3aMKHYTO€ OTHOCH-
TeJbHO ee MpaBHJ BHIBOAA., '

Ecnu 6bl MBI 3a0Hcaiy 3TH Onpene/eHHs B CHMBOJIHUeE-
ckoél (popMe, TO HaM NpPHIJIOCH OBl MCHOJb30BaTh KBaH-
TOpHI, CBA3LIBAIOIME NepeMeHHHIE, NpEACTaBidlolHe YyXKe
He MHIMBHIbI, B KaueCTBe KOTOpbHIX (HUIYPHPYIOT B 3TOM
" Clyyae .BbIpa)KeHHsi, a MHOXKeCTBa TaKMX HHIMBH/OB,
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[paBu/io BBeleHHS ONpeleNeHyl MO3BOJALT: )

1) BBOAMTb B KauecTBe TeOpeM LHUCTEMBl KOPPEKTHO [0-
CTpOEHHbIE ONpefleleHHs HOBPIX TEPMHHOB yepe3 HCXOA-
Hble HJM paHee KOPPEKTHO ¢fipefe/ieHHble TePMUHBI;

2) mpUCOeIMHATb K [OKa3apeJbCTBY B KaueCTBe HOBBIX
CTPOK KOPPEKTHO NOCTPOgHHbIE ONpe/ie/ieHHs HOBhIX Tep-
MMHOB uepe3 (MCXOAHB HJHM paHee KOpPEKTHO ompe-
Je/eHHble) TepMHHbI CICTEMbl /M Yepe3 MNOCTOsAHHbLIE,
BBe/leHHbIE B JAHHOE/[0KAa3aTeJIbCTBO MO NpaBuiy Y.
B npuBeneHHO# Bhigie (GOPMYJHPOBKE Mbl HE [€JaeM

HHKAKHX OrpaHMueHHH OTHOCHTEJBHO BHJa ONpeNeNeHHH, a

MO3TOMY MBI MOXKeM BBOIHTL B [I0K23aTeJbCTBO He TOJBKO

HOpPMaJibHble ONpe/fe/NeHHs, HO ¥ YCJIOBHble MM HHIYKTHB-

Hble onpeneieHus. Hanpumep, BBels B IO0Ka3aTe/bCTBO NO

npasuly Y2 NOCTOSIHHbIE ¢a» M «b», 0603Hayalollne HEKO-

TOpble YMC/Ia, Mbl MOXKEM OnpeleluTb MHIYKTHBHO mocJe-

J0BaTeNbHOCTb {Cp}:

Cl=a’
Cptr = C,b.

PaccMoTpenune onpeieleHHil W NpPaBUJ BBENEHHs Ompe-
aeneHu#l oGyCc/OBJEeHO TJaBHbIM O0pasoM TeM, YTO BO BTO-
po# uacTu 3TOro yuyeOHMKa Mbl OyleM NOJB30BATbCs ONpe-
JeJeHHAMH ONMCaHHBLIX 371ech BHIOB. KpoMe TOro, yxe B
JaHHOM yacTM yuyeOHHKa MBI BBOJAMM pasjiMyHbie Ompese-
Jenus. [TosToMy Heo6x0auMO OblI0 MO3HAKOMHTBCSA C YCJ10-
BHUAMM Ha KODDPEKTHOCTH.

[IpaBuioM BBe/leHHs oOmpefeNeHHii Mbl OOBIYHO MOJb-
3yeMCsi B CHCTeMax, B OCHOBE KOTOPbIX JIEKHT y3KOe MCUHC-
JieHHe NpeauKaToB. B paMkax caMoro MCYMCJeHHs NpeaH-
KaToB HeT HeoGXOAMMOCTH [pPHMHHMMAaTh 3TO MNPaBHJO B
KayecTBe HOBOTO OCHOBHOTO NpAaBHJIa, HOTOMY UTO NEpevuc-
JeHHbIX paHee NPaBHJ [0CTAaTOYHO [JIs [10Ka3aTe/lbCTBa
BCEX MCTMHHBIX BhIpaXKeHHH 3TOH CHCTEMBI.

OnHako 3Jechb Mbl MOKaxeM, Kak ¢ MOMOLLbI0 NpasHia
BBeJeHHs OnpefeleHull MOXHO 00G0CHOBaTh NpPaBWIO 11OA-
CTaHOBKM BMECTO ()YHKIMOHAJbHBIX BhbipaxkeHHH, KOTOpoe
OTHOCHTCA K HauGoJsiee CJOXKHBIM JOTHYECKHMM MpaBUIaM H
MHIYKTHBHOE J0Ka3aTeJbCTBO KOTOPOro TaKKe SHBJAETCA
cJ0XHbIM. [TyTh, KOTOpBIA Mbl BbiGEpeM, NO3BOJsET NMOHATH
Heo6XOIMMOCTh BBeJ€HHS OrpaHHuyeHHH, QUrypupylomux B
dbopMyJIHpOBKE pacCMaTpPHBaeMOro mpabuJa.
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A
OCHOBHasi MBICJb\IpaBUJia NOACTAHOBKH BMeCTO (QyHK-

LMOHAJbHBIX BHpaXKenyil CBA3aHa C MHTepnperanued sJe-
MEHTapHHX BbLIPaXKEHHN Y3KOTO MCYMC/IEHHs NpelHKaros,
COMJIaCHO KOTOpOH, HampuMep, BbipaxeHHe «A(x)» mnpen-
CTaBJsieT POM3BOJIbHHEE, COJepkKanlue «X» B KauecTBe CBO-
GoNHOM NEepeMeHHOH NPONOSUIHOHA/IbHbIe (QYHKIMH, KOTO-
phle MOXHO MOACTaBJIsTh \BMECTO BhipaxeHus «A(x)»
(cp. Buime, cTp. 94, 95). Ho npu TouHoil (opMyaupoBke
3TOr0 MpaBWjia MB [JOJXKHH MNPHHATL BO BHUMaHHe, BO-
nepBbIX, TO OGCTOSATENBCTBO, YTO B JaHHOH dopmyie,
nanpumep B Teopeme T1 (§ 3, pasa. II), nepeMenHas1, npea-
CTaBJsIONlAsl MpeJUKaThl, MOXKeT BXOAMTb Ha pa3HbIX
MecTax C pasHHIMH apryMeHTaMH; BO-BTODBIX, Mbl JIO/KHbI
BBECTH HEKOTOpble OrpaHMUEeHHsl, OTHOCSIHEeCs K CBOOOA-
HEIM M CBSI3aHHBIM [epeMeHHbIM, 6e3 COOJIIOIeHHs] KOTOPBIX
npUMeHeHHe [aHHOTO NpaBuJa MOIJIO Obl OT HCTHHHBIX
BbIpaXKeHHil NpPUBECTH K JOXHBIM BbipaxeHHsM. Tak Kak
dbopMyaHpOBKa 3TOr0 MpaBHja — BCJEICTBHE lepedyHCJIeH-
HblX 06CTOSITE/IbCTB — JOCTATOYHO CJOXKHA, MH THpHBedeM
CHauaJa np¥Mep NpUMeHeHHs JaHHOTO mpaBHJa.

Ipumep 1. ITo sToMy npaBusy u3 TE€OPEMBI

) [TAx) - A®)

Mbl MOJy4aeM Teopemy

@) [IR(z x,u) >Rz 4, u),

ocyulecTasis B (1) caenyronve noACTaHOBKH:
A(%) IR (2, %, u);
ARz, y,u).

[ToacTaBasieMble BhHIpaXKEHHS OTJAHYAIOTCA JHIIb TEM, YTO
B BhIpaXkKeHHe, NOACTaBJsieMoe BMecTo «A (x)», Ha HekoTo-
pPOM MecTe BXOIMT «X», a B BbIPaXKeHHe, MNOJACTaBJsieMoe
BMecTo «A (y)», Ha TOM XKe MecTe BXOIUT «y». UT0o6H 060-
3HayuTh B obuiedl Gopme BTy MOACTAHOBKY, MH BbIOHpaeM
nepeMeHHyI0 «f», He BXOISLIYI0O HH B TeOpeMy, B KOTOPOH
OCYLIECTBJISAETCS] MOJACTaHOBKA, HH B MOJCTaB/sieMble Bblpa-
xenusi. OcylecTBAsieMyIo NOJCTaHOBKY Mbl 0G03HaYUM TaK:

At)/R(z ¢, u).
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Ceityac Mbl npuBOAUM 06mYIO o MYJIHPOBKY NpaBuJia-
NOJCTAaHOBKH BMECTO (YHKIHMOHAJBHbIX BbIp aXKeHHI.

ITycTe @ — npoM3BO/IbHAsA TEOpEMA Y3KOTO HCUHCIEHHS
NPeIHKAaTOB, B KOTOPYIO BXOJAMT He€peMeHHas ¢, [peacTaB-
Jfiomas npeaukarthl. Mbl onpesenuM, KakMM MNyTeM MH
noJlydaeM M3 TEOPEMbl @ HOBYJO TEOpPeMY, 3aMeHss B ¢ BCe
BbipaXKeHHsd, NOCTPOEHHble HF NPeIMKaTa ¢ M KAKHUX-JIHGO
€r0 apryMeHTOB, BhIpaXKeHUAMH, OTIAHUAIONIMMHUCH OT HEKO-
TOPOrO BhipaXKeHHs Y JMIUbL TepeMeHHBIMH. B npuBeseH-
HOM Bblllie TIpUMepe pPOJib BbIpaXKeHHs Y Hrpajo Bbipaxe-
Hue «R(z, 1, u)».

Iyets  @(B1,..., Br) —uacTb BHIpaKeHMs @, W NYCTb
P (01, ..., @) — NPOH3BOIbHOE BhIpaeHHe, COJEpIKalLee
B KayecTBe CBOGONHBIX MepPeMEeHHHIX qj, ..., G, KOTOpHIe He
BXOJIAT HM B KauecTBe CBOGOAHBIX, HM B KayecTBe CBA3aH-
HBIX nepeMeHHux B ¢. IlepeMenHble ay,..., ar HE06A3aTeNb-
HO BCe NMepeMeHHbIe, BXO/slIHe CBOGOJAHO B BhIpaxKeHHs V.
Mgl BcTaBsieM Ha MecTo BblpaxkeHus @ (B, ..., Pr) BhIpaxke-
HHE, KOTOpOe moJydaetrca u3 Y (ay, ..., az) NOACTAHOBKOIL B
BMECTO @, B2 BMECTO ag,..., Br BMECTO ax. AHAJOTMYHO IO-
CTynaeM C KaxaoH 4YacTbio BbIpa)KeHHs @, MMeoumeil BHI
(Y1, -oes V&)

ITpu 3ToM npemmosardercs, uTo:

1) Hu ogna u3s nepemeHHbX ay,.., ax He HaxoguTCs
B P B 06JaCTH [eACTBHA KBAaHTOPA, CBA3HLIBAIONIETO Nepe-
MEHHble, KOTOpble MBI [IOJICTaBJisieM B BhIpaXKeHue ¢ BMECTO
NepeMeHHBIX ay,..., Op, 8 3HAYHUT, — KBAHTOPA, CBA3LIBAIO-
LIero, HanpuMep, nepeMeHHbie Py, ..., Br UIH ¥y, ..., Yh.

2)Eciu omHo u3 BipaxeHu# @(By, ..., Br), @ (Y1, Y2)
M T. 0. HAXOAUTCA B @ B 06J1aCTH JeHCTBUA KBAHTOpA, CBS-
3bIBAIONIET0 HEKOTOPYIO NEPEMEHHYIO Y, TO B BBIpaXKeHHe
Y (a, ..., ar) NepeMeHHas Y He MOXeT BXOJUTb B KauecTBe
cBOOOMHON mepeMeHHOH. - .

Tenepb Mbl npuBeneM NpuUMep HEKOPPEKTHHIX MOACTaHO-
BOK, NP OCYUIECTBJIEHHH KOTOPHIX He cOGJI0JaeTcs OnHO
M3 orpaHuuenui 1), 2).

Mpumep 2.
(1) [TA(x) - Aw),

A(®) 1Y iRy,
="
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) [T} *Ry — ¥ 4Ry
x-¥ : Y o _
IMpu ocyuiecTBNeHHH LaHHO# MOJACTAaHOBKH HE cob1101a10Ch
orpaHHueHHe 1), MOTOMY YTO MEpeMeHHas «f», Haxoldumas-
cf B BhpaxKeHuH «ZfRy» B 006JacTH AeHCTBHS KBaHTODA,

y
CBA3BIBAIOLIEr0 NMEPEMEHHYIO «y», KOTOPYIO MBbl NOACTaBHJH
(BONpeKH OGLIMM OrpPaHHYEHHAM NpABHJIa MONCTAHOBKH)
BMECTO TepeMeHHO# «f». Bripaxenue (2) JI0XKHO, 4TO MOXK-
HO YCMOTpeTb M3 CJeAYIOIEro pesyilbTata NOACTaHOBKH
B (2)r

MY r<y->Yos<v,

x Yy y
rae aHTeleleHT UCTHHEH, a KOHCEKBEHT JIOXKEH.

ITpumep 3. ‘
(1) [TA® = A@).
A/ xRt,
2 [T xRx — xRy.

X

I1py faHHOM MOACTaHOBKe He co6/i0faeTcss orapHuYeHue 2),
NOTOMY uTo BhpaxeHue «A(x)» HaXOgUTCi B BbIpaxKe-
uuu (1), B KoTopoe ocymecrtsisiercss noJACTaHOBKa, B 06Ja-
CTH MeHCTBMA KBAHTOpa, CBA3BIBAIOLIETO NEPEMEHHYIO «X»,
BXOJAILYIO OJHOBDPEMEHHO B KayecTBe CBOOOJHOH HepeMeH-
HOH B BHpaxeHHe «xRt». JIOXXHOCTb BbIpaXeHHs (2) MOXK-
HO YCMOTpeTb U3 CJelyIoLlero pesyJbTaTa MNOACTAHOBKH B
JlaHHOEe BbIpaXKeHHe:

Jlx=x>x=y,
. .

-

rie aHTenedeHT NCTHUHEH, a KOHCEKBEHT JIOXKEH.

[TokaxeM, KaKk B npumepe | u3 Boipaxkenusa (1) MOXHO
BLIBECTH BbipaxKeHHe (2) no nmpaBujaM NOACTaHOBKH BMe-
CTO NEepPeMeHHbIX * (MMeHHBX H NpPEeACTaBJ]fAIMX Npelu-
KaTbl) M BBeIEeHHs Onpeie/eHHH.
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B 3TO J0Ka3areJbCTBO BBOAHM onpeneJseHue
fl(R’ 2, u)(t)ER(Z, t, u)'

B nanHoM onpenesieHHH BhipaxkeHHe «f, ( R, 2z, u)— oxHo-
apryMeHTHbI npenukar. Buipaxenus tuna «f; ( R, z, u )»
Ha3plBAOTCA MpPEAHKATAMH, 3aBHCAILIHMH OT NapaMeTpoOB.
B paccmatpHBaeMoM npuMepe mnapaMerpaMH SBJSIOTCS
nepeMeHHbie «R», «2», «u». . .

ITpumep 1.
(1) [TA®) — A@),

@) [T1F(R 2,u) ®)=R (2, ¢t,u) {Di}
t
@) TTA(R 2z, u) () —>f1(R, 2 u) )

{(1): A1f1 (R, z, u)}
(4) f1(R, 2,u) () =Rz, x, u)
(5) fi(R,z2,u) () =R(z,y,u)
[1R(, x, u) >R (2, y, w) {T13:3; 4; 5}

{¥I1:2}

AHanOTHYHO MbI NOCTYNaeM B APYTHX INPHMEPAax TaKOro
pola: BBONHM ONpeJie/ieHHe MpPeAHKara, 3aBHCALIETO OT
napaMeTpoB, NOACTAaBJsfeM €ro BMeCTO NepeMeHHOH, npef-
CTaB/fIOlell NpeduKaTh, a 3aTeéM pe3yJbTar NOACTAHOBKH
B JIEBYIO YaCTb ONpe/eseHHs 3aMeHsieM pe3yJbTaTOM MOJ-
CTaHOBKH B NPaBYI0 YacTh,

I Toro utoGH yACHUTb DOJIb OrpaHuuenni 1), 2),
NPHBEJEHHBIX B (OPMYJIHPOBKE NpaBHJia IIOACTAHOBKH BMe-
CTO (YHKUHOHAJbHBIX BbIpaXKEHHH, Mbl PAacCMOTPHM, MOye-
My B npuMepax 2 H 3 He yZaeTcs IPOBECTH AaHAaJOTHYHOE
JI0Ka3aTelbCTRO.

! 3mece MBI MOAB3yeMCst MPABHAOM SKCTEHCHONANBLHOCTH HCYHCJIEHHA
NpeaHKaToB (cM. cTp. 124).
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Tpumep 2. .
1 - [MAw—-Aw)

@ ThH®O=NtRa (D)
@) T1H(R) @ —h(R) (&) {(1):A/f(R))

@  AR@=YsRy (Y2

Jadnblile q0Ka3arejncTBO OOpbIBaeTcsi, MOTOMY YTO MOZ-
craHoOBKa B (2) «y» BMecTo «f» Hapymaja Gbl OrpaHHYEHHE
npaBHsa IOACTAHOBKH BMECTO NE€PEMEHHHIX, TaK KakK CBO-
GooHas nepeMeHHas «y» OKasdaljachb Obl CBSI3aHHOH B pe-
3yJbTare MmOACTAHOBKH. ‘

IIpumep 3.
(1) [TA® - AW
@ [T11fs(R, x) (t) =xR¥] {Di}
t

Hanbume N0Ka3aTelbcTBO OOpHIBaeTcs- yxke Ha 5TOM MECTE,
notoMy uro B (1) Henb3ds noAcTaBuTh «fs<R,x>» BMe-
cto A, Tak Kak cBOGOAHAA nmepeMeHHas «x» oKasajach OH
CBA3aHHOM B pe3yJbTare NOACTAaHOBKH.

BooGie:

Ecin orpaHuuenne 1) He BHINOJIHSIETCA H MO3TOMY, Ha-
npHMep, mepeMeHHas d; HaXOAUTCS B P B o0JacTu AeHCTBHA
KBAaHTOPA, CBfA3HIBAIOLIEro, HanpHMep, NepeMeHHYI0 f;, TO
B onpejeseHHe

f(bh "'6m>(a1""1ak)“=—lp(61’ ""6m1 ali""yak)

BMECTO NepeMeHHOH «; HeJib3s NOACTAaBHTb IepeMeHHYIo P,
H TaK e, Kak B npHMepe 2, MH He CMOXKeM 3aMEHHTb
Boipaxenue @(Pi,..., Pj ..., Pr) BbIpaxenueM P (by, ..., Om,
61’ ooy Bj’ sy Bh)-

Ecnu orpaHnueHHe 2) He BBHINOJHAETCH H TO3TOMY, Ha-
npumep, @(Pi, .., Pr) Haxooutrcsa B @ B o6JacTH AeHCTBHA
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KBAaHTOpA, CBA3LIBAIOLIEr0 MepeMeHHYIO y, # MepeMeH-
Hasi y cBOGOJHA B BEIpaXKeHHUH w(al, ..» G2), TO NIOCJIE BBEJe-
HUS OmpezeJieHus

f(y 611 e ,6,")((11, e 1ak) E‘P(au e vak’Y)bly 0'-g’6m)
B. BEIpaXeHHe ¢ BMECTO IMepeMeHHOH ¢ Heab3s — KaK B
npuMepe 3 —NOACTaBHTb BhIpaxeHWe «f<y, 8i,.., Om>»,
NOTOMY H4TO cBo6ofHas nepeMeHHas y OKasajacb Obl cBsi-
3aHHOH B pe3yJbTaTe NOACTAHOBKH.

Ilocse 3THX 3aMeyaHUll CTAHOBHTCS MOHSITHHIM, YTO €CJIH
BHIIOJIHEHH OrpaHHyeHus 1), 2), To TeopeMy, KOoTopas IO-
JYYyaercsi N0 NpaBH/y NOJACTAHOBKH BMeCTO (DYHKLHOHAJb-
HHIX BHIpaXKeHH#l, MOXHO TaKXe IOJNYYUTb C MHOMOIUBIO
COOTBETCTBYIOILEr0 ONpefesyeHUss H IMOACTAHOBKH BMECTO
nepeMeHHHIX. B caMoM JeJe, eciid BHIIOJMHsETCS YyCJIOBHe 2),
TO [0CJIe BBeleHHs] COOTBETCTBYIOILIETO 'OnpeaeeHHss MOXKHO
OCYIUECTBHTh MOACTAHOBKHM BMECTO IlepeMeHHHIX, IIPEACTas-
JAIOWUX NpeJHKaTH, W eCc/H INPH STOM BHIOJHEHO elle
ycaosHe 1), TO BCIOAY MOXKHO 3aMeHHTh JIEBYIO HacTb pe-
3yJbTaTa MNOACTAHOBKH B COOTBETCTBYIOlLee OnpejeJieHHe
€ro npaBod 4acThio.

[IpaBU/IO NMOLCTAHOBKH BMECTO (YHKIHOHAJLHHEIX BHDA-
JKeHUAi MBI MOAPOGHO OnHCa/M mpeXie BCEro NmoToMy, YTO
IpH NpHMeHeHHH (OpMyJ HCUHCIEHUs NPeJHKaToB B HEKO-
TOpOH oO6JiacTH 3HaHHUsT MBI OCYIiecTBJIsieM COOCTBEHHO
IOJCTAaHOBKH BMeCTO (DYHKUHOHAJbHBIX BbIpaXKeHHH.

TakuM o0pasoM, HYXKHO SICHO NpeCTaBJaATb cebe cyle-
CTBO TeX OrpaHHYeHHH, KOTOpPHE INpPH 3TOM HeOGXOIHMO
co60aaTh..

3aMerum eine, yTo BHpaxeHue (2), KoTOpOe no.nyqeﬂo
(koppekTHO) B mpHMepe 1, siBisierca TeopeMOH no Mera-
teopeme M1 (cp: Bhime, crp. 107), coorseTcTByIOLLEH TEO-
peme (1), Tak KaK BHpaxeHHe «R(z Y, U)» MOXHO noJy-
YHTb H3 BHpaxeHHs <«R(2, x, u)» NOACTAaHOBKOH «y»
BMECTO «X». '

OnHako BeipaxeHHs (2), KOTOpHE Mpl NOJydYaeM (ue-
KOPPEeKTHO) B npHMepax 2 H 3, He NOANAnawT [0 CXeMy
MerateopeMbl M1, notomy 4TO BHIpaxeHHe «ZyRy» Helb3s

¥

HOJIy‘{HTb M3 BBIpAaXKeHHA «Zny» HO}ICTaHOBKOH «y» BMe-

CTO «X», U TOYHO TaK xKe Bupameﬂne «xRy» He saBIseTCH
pe3yJ/bTaTOM NMOACTAHOBKH B BHIpaXKeHHe «XRx».
Kak B 3TOM, Tak ¥ BO MHOTHX JPYTHX Clyyasx npHMe-
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HeHMe METaTeopeM MCYHC/IEHHs TpPEIHKAaTOB sBJsercs
nesoM GoJiee JIETKHM, YeM NpHMeHeHHe COOTBETCTBYIOIHX
TeopeM, KoTopoe 'TpeOyeT HCIOJNb30BAHHS MNOACTAHOBOK
BMecTO (YHKUHOHAJIbHBIX BbIPaXeHHH.

YnpaXHeHH:

1. YlpusemuTe OnpefieseHHs CJIOKEHHS H BO3BelleHHsT B CTENEHb HATY-
paNbHBIX YMcel, a 3aTeM mpeobpasyfiTe MX B HOpMaJbHble ONpENETEeHHA.
2. B Teopeme: ZHR(x, y) —*ZR(x, X) OCYUIeCTBHTE NOJCTaHOBKY:

R(ty, tz)/ZR(tl, z, tz, u) Bbmenme Teopemy, rlo.nyqel-mylo U3 JaHHOA

nonCTaHosxn, ¢ MOMOIIBIO COOTBETCTBYIOLIEro onpene.nex-mn
3. B Teopeme, NPHBENEHHON B YMPaXXHEHHH 2, OCYIIeCTBHTe NOJ-
CTaHOBKY:

R, t)t=1tt.

§ 6. Hcuucaenue npeauxamoc svicuiux
nopsaoxKos

B mnpeamaymux mnaparpadax 3TOoro pasieia

GblJI0 OMHCAHO Y3KOe HCYHC/IeHHe TNpelHKaroB, KOTOpoOe
Ha3bIBAIOT TAKXKE HCUHC/JEHHEM MpeAHKaroB l-ro mopsaka.
HanoMHHM HeKOTOpLIE CaMble CyllleCTBEHHHIE ero CBOACTBA,
ITepeMeHHBIMH Y3KOTO HCUMCJEHHs NPEIHKaroB, KpoMe
NPONO3HUHOHAJIBHBIX NEPEMEHHHIX, ABJAIOTCA JIHIIb HMEH-
HHe MepeMeHHbIE W MepeMeHHbe, MPelCTaBdioillHe npeay-
KaTthl. B BhIpaXeHHsX 3TOrO HCYHCJIEHHS KBAHTOPHl CBA3HI-
BAlOT TOJILKO HMEHHEIE .epeMeHHble. DJleMeHTapHbe BhIpa-
MKEHHs] Y3KOrO HCUHC/IeHHs TNpeIuKar —— 3TO MPONO3HIHO-
"HaJIbHBIE TIepeMeHHbe W BHIpaXKeHWs, NOCTPOEHHEIE H3 Tpe-
I¥Kara! H ero apryMeHTOB, a 3Ha4YHT, TAKHE BHpaXeHHs, KaKk

A(x), B(y), xRy, R(x, 4, 2).

Mu BBezem GoJsiee obliee NMOHsATHE 3J1EMEHTapHOroO BHI-
paxenus. Onpenesnenye 3TOro NOHATHA JOCTATOYHO CJIOXKHO,
MO3TOMY Mbl NpelnouvieM eMy HecKOJbKO NpHMepOB. Cae-
Ayloinasi 5KBUBaJIEHTHOCTb,

DI. G A_'(x),

! ToyHee roBOpsi, U3 NPENUKATA HJIH IepeMeHHON, npeacTaBsomel
npeaukaTel. THM M aHAJOTHYHLIMH COKPAIUleHHSMH Mbl GyleM NOJb30-
BaThCsl HEOJHOKPATHO B NaHHOM maparpade. -
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onpejeJser cHMBOJ d. [IpH HHTepIpeTalHH OTHOAPTYMEHT-
HbLIX NPeIHKATOB KaK BHIpaXKeHHH, 0603HaualoUHX CBOACTBA
npeameros (MHAHBHIOB), BhIpaxeHHe a(A) MOXHO UMTATh:
A ectb CBOHCTBO, MpHHANeXalllee TOJILKO OJHOMY Npen-
MeTy.

DIL. AB=~Y (A(H =B(x).

Bripaxenue ApB MOXHO YHTATh: HE CYIECTBYeT NMpPEIMera,
KOTOPOMY CBOACTBO A NMpPHHANJEXHT TOJNBKO B TOM CJyuae,
KOrfa eMy NPHHAaNJexXHT H CcBolictBo B.

CuUMBOJIBI @ H p OTHOCATCA, MONOOHO mpefHKaraM, K
IPONO3HUIHOHAJIBHEIM (YHKTOpaM, moToMy 410 00pasyioT
BMeCTe CO CBOHMH apryMeHTaMH MpPOTO3HIHOHAJIbHbIE BhIpa-
KeHHsa. Ho aprymeHTsl 3THX (YHKTOpPOB — He HMeHa, 4
NpeXHKAaTHI.

IIpusenem elte ompenesieHHe:

DIII. xoA= A(x) A\ a(A).

OnpenensemMoe BhIpaXKeHHe YHTAeTCH: X — €IHHCTBEHHBIN
npenmMer, obGaanamoliuii cBoficrBoM A. IlepBbifi apryMeHT
(yHKTOpa 6 — UMA, a Npyroit — mpenukKar.

INpennkarsl HHaue HaseiBawoTcs (yHKTOpaMH 1-ro mo-
pANKa, a 3jJeMeHTapHHe BHIPAXEHHs Y3KOro HCUHCJIeHHA
NPeIUKaroB — 3JIeMeHTapHEIMH BHIpaxeHHsAMH 1-ro nopsii- .
Ka. @OyHKTOpH 2-r0 mOpsifKa — 5TO TNPONMO3HLHOHAJBHBIE
(yHKTOpBI OT apryMEHTOB, KOTOPBIE SIBJASIOTCH HMEHAMHU HJIH
dyHKTOpaMH 1-ro mopsiiKa, npuueM XOoTA Onl OUH apTYMEHT
sBasercs ¢GYHKTOpoM l-ro mopsaka.

BripaxkeHus, mocrpoeHHble H3 (YHKTOpa 2-r0 mopsaka
H apryMeHTOB, Ha3HBAIOTCH 3JEMEeHTaPHBIMH BhID aXKEeHHAMH
2-ro nopsanka. OnpenesieHHble Bhillle CHMBOJIH @, P, O fBJf-
10TCce, c/eroBaresibHo, DyHKTOpaMH 2-ro mopsifKa, a BeIpa-
xenns a(A), ApB, x0A — 3/1eMeHTapHBIMH BbIP aXX€HHAMH
2-ro mopsnka.

Bynem cunrath, yTo «XHpHHIe» GYKBH A, B, C,... npen-
CTaBJAAIOT ONHOAPTYMEHTHble (YHKTOpH 2-ro mopsAlKa, a
6ykeel R, S, T — ¢yHKTOpH 2-r0 mMopsiaka ot OoJbluero
YyHcJIa ‘apTYMEHTOB.

Cilenyioie BuIpaXeHHsi OTHOCATCH K 3JeMeHTapHbIM
BbIpaXKEHHAM 2-TO MOPSANKa, 3aMHCAHHBIM HCKJIIOUHTEIBHO
¢ MOMOMILIO MePEeMEHHBIX !

A(A)9 B(A)9 AR39 xRA, S(A9 x9 y)‘
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IMono6HO TOMY KaK Y3KO€ HCUHCJEHHe NPEeNHKaToB 6bl-
JIO HAaACTPOEHO HAJ HCUMCIEHHEM NPENJIOKEHHH, MBI MOXKEM
Hal Y3KHM MCUHCJIEHHEM NpPEeIHKaTOB HAACTPOHTH 6oJee
Goraryio CHCTEMY, 3JeMeHTapHBIMH BbIp &XKEHHAMH KOTOpOH
SBJSIIOTCS TPOTIO3HLHOHAJbHEIE EPEMEHHbIE, a TaKXe 3J€-
MeHTapHble BEIPaXeHus 1-ro H 2-ro NOpsiiKkoB. DTa CHCTEMA
Ha3blBaeTCs PaCIIHPEHHBIM HCUHC/ICHHEM NPENHKaToB, HJH
HCUMCJIEHHEM INPELHKAToB 2-r0 Nopsika.

B 5TOM HCUMCJEHHH KBaHTOPH CB3bIBAlOT HMEHHbIE II€-
peMeHHblE H [IepPEMEHHbIe, NPEACTaBJIAIolHe NPEIHKATE], HO
He CBSI3BIBAIOT NEPEMEHHBIX, MpPEACTaBJISIOHX (YHKTODEI
2-ro nopsjika.

Mbl npuBefEM HECKOJBLKO TEOPEeM PacIIMPEHHOro HCYHC-
nenus npenukaros. Ilepsbie TPH M3 HHX ABJAIOTCA aHa/lo-
raMH HEKOTOPHLIX TEODEM Y3KOro HCYHC/IEHHs NpeIHKaros,
B yacrHoctd, Hanpumep, TIII COOTBETCTBYET TEOPEME T21
(§ 3, pasn. IT), TII cooTsercTByer npAMONA HMINVIHKALHH,
conepxaueiics B T7 (§ 3, pasn. ).

TI. MA@ -Y AWM.

' A A
TIL. TTIAAAB@A-[TAAA [1B(A).

A A A
TII. T [1(4RB) > T1Y (4RB).

A B B A
TIV. VA ).
3

Teopemy TIV MOXKHO 4YHTaTh: dan at0bozo npedmera
cywecTeyer ceoilcTeo, npuradiexcaujee STOMY npeomery.
B 3Ty TeopeMy He BXOJAT SJEMEHTAPHbE BbIPAKEHH 2-ro
NOpPsifKa, HO TEM He MEHee OHa He OTHOCHTCH K Y3KOMY HC-
YHCJEHHIO NPEeIHKAaTOB, IOTOMY YTO KBAHTOP CYIIECTBOBA-
HHsl CBSI3bIBaeT B Heil NepeMeHHyIo, IPeNCTaB/AolLyio Ipe-
JIHKaTHI. :

TV. 2 (ny*.=_ yRx).
R

o 57T0#f TeopeMe CyIECTBYeT OTHOIUEHHE, KOTOpOe HMEET
MECTO MeXAy NpeiMeraMH X H Y TOr1a, H TOJBKO TOTAa,
KOrna OHO HMeeT MecTO MeXay npeiMeraMu Y H X.
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IlpaBuia onepHPOBaHHS KBAHTOPAMH, CBS3bIBAIOIIHMH
nepeMeHHble, TPEACTABJASAIONIHE MPEeJHKaThl, MOJHOCTbIO
aHaJOTHYHH NPAaBHJIaM Y3KOTO HCYHC/IEHHs INpeIHKaTOB.
9710 3aMeyaHHe Mbl NPOHJJIOCTPHPYEM Ha NMpHMepe AOKasa-
tesnctBa TII:

Iok. TIL (1) [TIA A AB(A) {nomym.}
) .
@) A(AHAB(A Sy
3) A4 {¥K:2}
) B (4)
6) [1A 4 {BIT: 3}
A
(6)- [1B(A) {BI1: 4}
A
[TAMAATIB A - {BK:5; 6}
A A

B nokasatesancTBax TeopeM PaCIMPEHHOrO HCYHCJ/EHHS
NpefHKAaTOB YacTo MOJB3YIOTCH ONpeaeNeHHsiMH. Tak, Ha-
npuMep, nOKasareabctBO” TIV OCHOBBIBaeTcss Ha CJenyio-
1UieM ompeaejieHHH:

(@ Y (D W=x=y.

BBelleHHOe STHM ONpeJe/eHHeM BHpaxeHHe <P <L>»
ABJISIETCST OJHOAapTYMEHTHHIM (YHKTOPOM, 3aBHCAIIHM OT
napamerpa «x». ITO BblpaKeHHe MOXKHO HHTEPIPETHPOBATh
KaK BblpaxkeHune, o603Hayaoliee CBOHUCTBO, MPUCYILEe Npe]-
MeTy TOr'Aa, H TOABKO TOTAd, KOTla OH TOXJECTBEH IpeaMme-
Ty X, — XapaKTepHCTHYECKOe CBOHCTBO NMPEAMeETa X.

U3 onpenenenns (a) H akcHoMu Al, mpuBemeHHOfi B
§ 4 pasn. I, nerko caenyer

(b) Y (%) ().
Srtoil GopMyJIoOfl MB BOCMOJIb3yeMCs B HajbHeHIIHX NOKa-
3are/IbCTBAX.

Iok. TIV. (1) (%) (%) {b}
@ > A {BZ: 1
A
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@) T13A® {BIT: 2}
x A

TV HOKasbiBaeTcs Ha OCHOBAHHH TEOPEMBI: X =Yy==y=4x.
JlokaxeMm eile caelyioUIyl0 BaXKHYI TeopeMmy:

TVL x=y=[] (AKX =A).
A .
Hoxk. (a) (1) x=y {momyu. }
@) Ax)=A(x) {T1la, §3, pasa. I}
®3) AX)=Ay) {3T: 1; 2}
[TAx=A4@) {BIT: 3}
A
® @ [TA®=Aw) {nomym. }
A
2 Y (X)) =y (¥ @  {Y:1}
3 ¥ (*} () {I105 : 2; b}
x=y {I105 : a; 3}

B coorsercrBun ¢ TVI npedmerot x u y roxdecrsennst
ro2da, u ToAbKO TO20a, Ko2da atwboe c80iicT80, npuHadie-
aaujee OOHOMY U3 HUX, NPURAOAEHUT TaKdice U OpYyeomy.
TakuMm 06pa3oM, HH OJHO CBOHCTBO He MOXeT NMpHHauJe-
J)Katb NPeAMeTy X, He NMpHHaJJ/eXxa B TO Xe BpeMs TOXKIe-
CTBEHHOMY €My NpeIMery Y. .

Teopemy TVI moxHO paccMaTpuBaTh Kak OmNpeAe-
JeHHe ToxaecTBa. Ee ocHOBHasi MBIC/Ib HMeeTcsl yXKe
y ApucroTessi, KOTOPHIH CYHTaJ, YTO TOJBKO TOXAECTBEH-
HBIM IpeJMeTaM NPHCYLH BCe OAHHaKoBLle cwoiictBa. ITo
onpejnenennio Pombl AKBHHCKOrO (alll Bek), mnpeaMetsl
TOXKJECTBEHHH TOTZAa, KOr[a Bce, YTO NPHHAAJIEXKHT OIHO-
My H3 HHX, NpHHanJexHuT H ApyroMy. Han6osee H3BECTHO
onpenenenne Jleit6uuna (XVII Bek), mo KOTOpoMy TOXKZe-
CTBEHHEBIE NMpPeJMETH He PasjHyaloTCs HH OJHHM CBOHCTBOM
(principium identitatis indiscernibilium). CamBo/inyeckyio
¢dopmysnposky teopembl TVI B KauecTBe onpee/eHHs
ToXnecrsa naJd snepBue [Tupc B 1885 roay. 1o onpenesne-
HHe TOJIYYHJIO PacnpoCTpaHeHHe IOC/e NMOMEeLIeHHs €ro B
«Principia Mathematica» Yaitrxena n Paccena. Ero HHor-
Ja Ha3blBalOT PAcCCEJOBCKHM HJIH JeHOGHHIEBCKO-PaccesoB-
CKHM ONpeJesIeHHEM TOXKAECTBa. '
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®dyHkTOpaMH 3-TO MOPAAKA HAa3HBAIOTCA IMPOMO3HLHO-
Ha/JibHbie (YHKTODH, apryMeHThl KOTODHIX — HMeHa HJIH
¢ynkTOope 1-ro M 2-r0 nOpAAKOB, NpHYEM XOTA Obl OJHH
apryMeHt — obs3areabHo ¢yHKTOp 2-ro nopsaaka. Ilopo6-
HO TOMY KaK MBbl ONpeNeJH/]H 3JeMeHTapHOe BhIpaXeHHe
2-r0 mopsziKa, Mbl ONpENeJHM 3JeMEHTapHOe BhIpaXeHHe
3-ro mopsaka. :

‘HcuncieHHeM mNpeauKatoB J-ro NMOpsAAKa Ha3blBAeTCs
CHCTEMa, HaJCTPOEHHAs HajJ pAacIiHpPeHHBM HCUHCIEHHEM
NpeIHKAaTOB TaK Ke, KaK pacliHpeHHOe HCYHC/IeHHe Hal-
CTPOEHO Haj y3KHM HCYHCJIEHHEM NpeIHKaToB, TO €CTb CH-
cTeMa, 3JeMeHTAapHHIMH BhIPaXKEHHSIMH KOTOPOH ABJAITCA
NpPOMO3HLHOHAJbHbIE NMEPEMEHHKIE, 4 TaKXe 3JIeMEHTapHhIe
BHpaxeHusa 1-ro, 2-ro H 3-ro NOpsiAKOB. B 310M HCUHC/IEHHH
KBAHTODPH CBA3LIBAIOT HMEHHbIE TEpeMEHHbIe, a TaKXKe Iepe-
MeHHbIe, npeacrasasioniie ¢yHkropel 1-ro u 2-ro nopsan-
KOB, HO He CBf3bIBAIOT MNepeMeHHble, IpeJCTaBJsIOLIHE
byHkTOpH 3-r0 mopsnka. CXomHBIM 00pasoM CTPOATCH HC-
YHCJIEHHs TNpeauKaros 4-ro, 5-ro W 1. m. nopsaakos. ITonar-
HO, YTO YeM BHIIEe MOPSAA0K HCYHC/JIEHHs NpefHKaToB, TeM
MeHbllle NPHMEHEHHH HMeIT B PacCyXIEHHAX OTAEJbHBIX
HayK T€ TeOpPEeMBl 3TOr0 HCUHCJIEHHs, KOTOPbe He OTHOCHTCS
K TeopeMaM HCYHCJeHHil HH3WuX mopsakos. OaHako pas-
BHTHE COBPEMEHHOH MaTeMaTHKH OMHpaerca Ha TO, YTO B
OCHOBY €e OTHEJbHBIX Pa3fieJoB KJaaayT HCUHCJEHHs Mpe-
JIHKAaTOB BCe (oJiee BHICOKHX IOPANKOB.

Ha ocHosanuy teopeMul TVI MBI 3ak/ioyaeM, 41O TOXK-
JIeCTBO HHAHBHAOB MOXHO ONpeneJHTb B paMKax pacIuH-
PEHHOTO HCYHCJEHHs TPEeIHKaTOB. AHAJOTHYHO OTHOIIEHHE

A=B,

KOTOpQe MOXHO TMPOYHTATh: CBOHCTBO A TOXIECTBEHHO
cBo#icTBY B, MOXKHO ONpe/eJIHTh B HCUHCJIEHHH NMpPEIHKATOB
3-ro nmopaaka. Ho Mbl MOXeM OTHOLIEHHE TOXJeCTBa JIf
CBOMICTB BBECTH B paCWIHpEHHOe HCYHC/IEHHe MNpeJHKaroB,
NPHHHMAas aKCHOMY

Al¥, A=A,

aHaJIOTHYHYI0 akcuoMe Al, M mpHHHMas MpPaBHJO, aHaJo-

ruyHoe npasuay IT.
K paccMOTpeHHI0 BONPOCOB, 3aTPOHYTHX B 3TOM MNapa-
rpade, mb Bepuemcsa B § 3 «IIpusoxeHus».
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YnpaxHeHH
1. JJokaxXHuTe TeopeMbl:

) XM [MTA®-B@) A TA® >~ B@);
A B «x x :
b) NITA(x);
A x
) DT~ a0
A x
d)A(x)E%][H(A(x)EB(x))/\B(x)]. :

2. TlpunuMas TeopeMy TVI kak onpepesienHe TomKaecTBa, NOKAMKH-

te Al u npaewio IT.
3. IokaxuTe, 4TO 3HaK TOXJECTBA MOXKHO TaKKe BBECTH C IOMO-

b0 CAEIYOMHX OCHOBHBIX NPABWJ BBeJEHHS M YHaJleHHS:
X ==
vT —=4 .
Ax)=A@)
Ax)=A
pr _A®=A46)
x=y
B BT npepnosraraercsi, uto «A» He BXOJHT B KauyecTBe CBOGOMHOM

nepeMeHHON B JONYIIEHHS [J0Ka3aTesbCTBA.
Hokaxure ¢ momompio npasun YT u BT teopemy TVI, a ¢ mo-
T

mombio TeopeMbl TVI pokaxkure npaswna YT u BT.
4. lloxaxurte skBHBaJeHTHOCTL TeopeMu TVI u Teopembl

x=y= I}(A(x)—oA(!/))-

5. JlokaxkHTe TeOpeMEHI:

a) x#y= %(A(x)/\ ~A@GVAG A~ AR
by x£y= ;(A(x)/\ ~ A@).

§7. Mpumeps: hopmaruzosannoix
MamemamugecKkux 00OKA3Amenbcma

ITpumep L.
Hlokasare/nbCTBO TEOPEMBI O CYLIECTBOBAHHH Jie-
BOTO MOZY/si YMHOXEHHs Ha OCHOBe C/eNYIOUHX aKCHOM

TEOPHH TPYNIL:
Al x-(y-2) = (x-y)-2.

All. z(y-z—_:x),
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AllL

Teopema:

Hok. (1)

@
)
@
©®)

(6)
M
®)

ITpumep 2.

E(z-y=x). '

STw-x=».
v X

Dy=y)
ral
a,-y=y
y.bx'” = X

a, (Y-bey) = (@ ) bey
a, x==(a,y) buy
ay‘x=y'bx'y
a, x=x

n (ay'x=x)
D IE-x=»
y x

mm

{¥YZ:1}
{YZ: All}
AT}
{3T:3; 4}

{3T:2; 5}
{3T:3; 6}
{BIT: 7}

{BZ:8)

JloKa3aTe/qbCTBO TEOpPEMEl O CYIIEeCTBOBAaHMH GHCCEKTpH-
cul !. MBI BBeZeM cJefyioliHe COKpaIleHHsl, C IIOMOIIbIO KO-

TOPBIX 6yILET 3anuCeIBATbCA A0Ka3aTeJdbCTBO:

Byksa X — cokpaienue ajs HaGopa nepeMeHHux O, A,
A’, B, B’, npeicTaB/SAOIMX TOUKH, YKa3aHHbIE Ha PUCYHKE.

! Cp. A. Mostowski. Logika matematyczna, 1948, str. 68—68. ,
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BuipaxkeHnune «@ (X)»—cokpalleHne NpeNJIOXEHHs «TOU-
xiu A, B aexar Ha ogHOM Jyue yraa, Touku A’, B’ jexar
Ha Apyrom Jayde yrJa, a orpesku OA, AB, OA’, A’B’ Kou-
TpPY3HTHBI>.

Brupaxenne «W¥ (X, C)» — cokpauieHine MNpeNJNOKEHAS
«Touka C qexut Ha npsaMbix AB’ u A’B>».

Brupaxenne «O(C, k)» — cokpalleHHe MpENJIOKeHUs
«k — npamas OC».

BripaxeHnune «A(k)» — cokpaiieHne npeasoReHus «nps-
Masi k — 6ucceKTpuca JAaHHOTO YTIJas.

TIpuMenss B NOKasaTeabcTBe NpaBuiao Y, mbl Gynem
HCIIOJb30BaTh B KauecTse nocTosiHHbIX 6YkBbl X, C, kB ¢
HUIKHUMH HEAekcamu, To ectb Xi, Ci, B

Mpur 6e3 mokasaTeJbCcTBa NMPHHUMAEM CJeayioumme yTBep-
KIEHUs:

I M [qn X) - }:Ttr (X, C)].
D¢ c

Cuosamu: npu yeaosun @ (X) npsamuie AB’ u A’B_nepece-
KaloTCs " ’

II. [T ATX CABC, K —~ARK)]

X,Ck

(B yeaoBusix @ (X), ¥(X, C) u 6(C, k) yrasr COA u COA’
KOHTPY3HTHBI) .

1. - Yo
X

(Ha KaxXIOM W3 Jydefi.VrJa MOXHO OTJIOXKHTb KOHTDYIHT-
Hee orpesku OA, AB, OA’, A’B).

. nyec.»
c k

(uepes Toukn O u C Bceria mpOXOIMT MPAMasn).

Teopema:

ZA(k) (cymecTByeT GHCCEKTDHCA NAHHOrO yr.né).,
k -~

Mok. (1) ®(Xy) (s 1m
2) ©(X) - 2 ¥ (X;, C) {YI: 1}
[+
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® I¥x, 0 10 2; 1)
c

@ ¥Y(X., CG) - {YZ:111}
) ¥ 6(Cy, k) {VIT: IV}
3 .

(6)8 (Cy, &) {¥2:5}

() DX)AY Xy, C) A B(C, ky) — A (Ryy {YILII}
®) OX)A ¥ (X,,C;) AB(Cy, ky) {BK:1;4;6}

(9) Ak {I10:7; 8}
3 A {BZ:9}
k
[Tpumep 3.

IlokasarenbcTBo 06GHIUHOrO NPUHLHIA HHAYKIHY:

I. A(O)/\ﬂ[A(a)_>A(a+1)]->A(a).

3nech npeamosaraercs, 4To nepeMenHele a, b, ¢ npoGeraior
MHOXKECTBO HaTYPaJIbHBIX UHCEN, K KOTOPHIM OTHOCHTCH H
uncao 0. B nokasartenbcrBe M NOJIb3yeMCsl CJIeIYIOLIMH
TeopeMaMH: .

IL ]:[{[bll A(b)] —->A(a)} —+ A(a)
T1. . at+b=b+ta.
T2. a+0=a.
T3. aF=0Nakl -1 <a.
T4. - a<b52a+c=b.

c+0
Ts. 1 +0.

! 9Ty TeopeMy uacTo Takxke HasbBaloT NPHHUHKIOM HHYKUHH.
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Teopema:

AO)ATTA@ - A@+ D] — Aa).

Noxk. (1) A(0)
@ [114@ —A@+ 1) {nomyn.}

(3) ~A(a) {monym. k. X.}
(4) A0)—~A(0+1) {VII: 2}
(5) 0+ 1=1 {T1; T2}
(6) A(1) {710, 3T :4; 1; 5}
(7) ~ﬂ{[ﬂ A(b)] _>A(a)} {Ton. :1I; 3}

a b<a

(®) Z{[E A-(b)] A~ A (a)} {OT1, T21, §3, pasn. I:7}

@ I1 A(b)]
b<ay {YZ, VK:8)
(10) ~A(ay)
(11) a, 50 {10; 1; T3 a,§4, pasn. II}
(12) a,5=1 ‘ {10; 6; T3 a,§4, pasn. II}
(13) 1 < q {I0: T3; 11; 12}
(14 2 (l4+c=a) {T105 : T4; 13}
. c£0 . :
(15) 14+6,=aq, x
(16) ¢; 0 } WVET: L
(17 e, +1=aq {3T:TI1; 15}
(18) < q, {TIOs, BZ*: 17; T5; T4}
(19) ¢, < al—> A(cy) N {YIT¥ : 9}

(20) A(c,) {no 19, 18}

@1) Ao —» A(c, + 1) {¥TI: 2}

(22) A(ay) {110, 3T: 21, 20; 17}
NpTBpY. {10; 22}



HACTh II

IJIEMEHTBHI
TEOPHH
MHOJKECTB

Pa3zoeal
Obuasn meopus muosxcecns

$§ 1. Anzebpa mnosncecns

TTonsiTHe MHOXe€CTBa OTHOCHTCA K TeM MO-
HATUAM, KOTODHIMH MOJIB3YIOTCS B DA3/HUHBIX HAayKax TaK
K€ IIHPOKO, KAK M NOCTOSIHHHIMH HCUHCJ/IEHHS NpPeJoxKe-
HUH ¥ npenukaToB. M3naBHa 5TUM MOHATHEM HO/Nb3OBAJHCE
H B JIOTHKE, XOTS B TeYeHHEe NOJrOr0 BPEMEHH OHO He MOJ-
BEPrajocr TOYHOMY aHanu3y. Tak HasblBaeMble O6GBeMb
TEPMHHOB (MOHATHH) — 3TO MHOMKeECTBa npeaMeros, 060-
SHAYCHHBIX NaHHBIMH TEPMHMHAaMH (MOANMAfAIONIMX MO JaH-
Hble MOHATHS), a OTHOLIEHHS MEXIy 0GbeMaMH — 3To He-
KOTOpbIE OTHOIUEHHS MeXAy MHoxKecTBaMu. OCoGeHHO ua-
CTO HMCIOJIB3YETCA NMOHATHE MHOXKECTBA B PAa3JHUHBIX pas-
Aellax MareMaTuxkd. Hampumep, B ananuse paccmarpuBa-
I0TC51, B 4aCTHOCTH, MHOXECTBA yHcea U GYHKUUH, B anre6-
P€ — MHOXKEeCTBa MHOIOYJIEHOB H YPaBHEHHH, B reoMer-
PHH — MHOXEeCTBAa TOYEK, NPSIMBIX M mJaockocTefl. Paspmed
MaTeMaTHKH, B KOTOPOM H3Y4YalOTCsi CBOHCTBA MHOKECTB,
HE33BHCHMO OT TOTO, KaKOBbl 3/IEMEHTHl 3THX MHOMECTB,
HasblBaeTcsl TeOpHEH MHOXecCTB.

OCHOBHLIM NOHSITHEM TEODHH MHOMECTB ABJSETCS MOHS-
THE MPUHAJJIEKHOCTH 3JleMeHTa MHOXKeCTBY. B Kauecre
0603HAaYeHHs] TOrO, 4UTO MpeiAMET @ m PHHAOJMEXHUT
MHOKecTBY A, muuyT

ac A,

Hacro sra dopMyna raxxke uuraercsi: MHOMectBo A co-
A epPXUT 3JEMEHT @, UJH KPaTKO: @ ecThb A.
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Eciu R, 8, R 0603HaYal0T COOTBETCTBEHHO MHOMKECT-
Ba BCeX HATYDANbHHIX (HMHaue roOBOPS, MOJOMKHUTENbHbIX IL€-
JbIX), PAUMOHAJNBHLIX ¥ JeHCTBHTEJNbHBIX UYHCEJN, TO CJe-
aytouine GopMyJIb:

2¢ R, 1069?,—5—6533, V2eR, ne R

HCTHHHBL, a2 (QOPMYJIH
—2e®M, 0eN, 2—;—692, V2e®, )V =5eR.

JIOJKHHI.

B paccy®IeHHSIX, OTHOCAIMXCH K Pas/HUHBIM KaK Je-
AYKTHBHbIM, TaK H €CTECTBEHHHIM. HayKaM, OGHIUHO (HKCH-
DYeTCA MHOXKECTBO NPEIMETOB, CBOHCTBA KOTOPHIX HCCJENy-
I0TCSL B A1aHHOH Hayke. DTO MHOXKECTBO Mbl HA30BeM I O J-
HBIM MHOXecTBOM! u 0603HauuM cumBojom I.
B apupmernke NEHCTBUTENbHEIX UHCEN MOJHBIM MHOMKECT-
BOM $IBJISIETCH MHOXKECTBO BCeX NeHCTBHUTENbHHIX UHCeJ, B
apumeTHKe HATYpaJbHBIX UHCEN — MHOXKECTBO BCEX HaTy-
PaJ/IbHBIX YHCeJ, B aHTPOMOJOrHH — MHOXECTBO BCeX JIOAEeH.

B Teopuu MHOXKECTB MOKHO OMpeaeNUTh — uepes MOHH-
THE MHOXKECTBA — IUHPOKUH KPYT BaXKHBIX MaTEMATHUECKUX
TNOHATHH, TAKHX, KaK MOHATHe QOYHKIMH, MOC/AEI0BATEbHO-
CTH H T. [I. 31€Cb e GblIO NOABEPrHYTO TOUYHOMY aHaJu3y
nonsTHe uucia. CienoBaTe/bHO, TEOPHS MHOMKECTB SIBJSET-
Cs OCHOBHOH MAaTeMaTHYeCKOH AUCLHUIJHHON.

B pasHbiIXx pasmenax MaTeMaTHKH uyacro pasJauyaioT
MHOXECTBa, conepxalue .GeCKOHEYHO MHOTO 3JIEMEHTOB.
B reopun MHOxects paccmarpuBaioTes XapaKTepHUCTHKU
TakKHX MHOXeCTB M HMX pasjuudble BHAH. COGCTBEHHO, BO3-
HHKHOBEHHE M Pa3BHTHE TEOPHM MHOMKECTB CBS3aHO ¢ HCCJe-
AOBaHHEeM OGECKOHEYHHX MHOXecTB. Co3paTejeM 3TOro
pasiena marematuku Obi1 Teopr Kanrop (1845—1918).
Ilepsrie pa6orni Kanropa BCTPETHJM HEMOHHMaHHe ¥ CO-
POTHBJ/IEHHE CO CTOPOHBI MHOTHX COBPEMEHHBIX eMy MaTe-
MaTHKOB, H0O faXe BHITAIOIHECS MAaTEMaTHKH CUHTAJH,
4TO GeCKOHEYHOCTb He BOHAET HHKOTAA-B COCTAB MAaTeMaTH-
d€CKuX nomaTHH. DToT B3TAAK, HampuMep, pasaensa aycc,
HaydHOe TBOPYECTBO KOTOPOr® OTHOCHTCA K NMEpHOLy, He-
CKOJMIbKO  MpeliuecTByiONleMy MOSBJEHHIO NepBHX paGoT

! TlonHOe MHOXeECTBO HA3HBAIOT TaKXKe YHHBEPCAJbHEIM KJACCOM. —
Hpun. nepes,
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Kanrtopa. Ognako atu npormosw oxasasmcs HEOCHOBaTe/Ib-
HHIMH, 2 TEOpHA MHOMKECTB GBICTDO Pa3BHBAJACh, CTAB B
KOPOTKOE BpEMs OCHOBHOH MaTeMaTHYeCKOH AMCLHMIHHON
M MOJyudB NDHUMEHEHHE B Pa3/IMUHBIX pasfenax MaTeMa-

THKH.

BO3HHUKHOBEHHIO © Pa3BUTUIO KaHTODOBCKOH Teopuu
MHOXECTB Mpe/mecTsOBasa paspaboTKa HEKOTOPHIX MOHA-
THH, OTHOCSALIUXCH K MHOXeCTBaM, B TaK Ha3bIBaeMOl aJ-
re6pe MHOXecTB!. B sTom naparpage npu ‘HOCTpOeHHH
ajare6pbl MHOMKECTB MBI [IpHHUMAaeM B KauecTsBe ee HCXOI-
HEIX TEPMHHOB CHMBOJI €, 0603HAYalOMKi OTHOIEHHe npu-
HalJIEXXHOCTH 3JIEeMEHTa MHOXKECTBY, H CHMBOJI 1, o6o3Ha-
YaAIOUIUH MOJIHOe MHOXKECTBO.

Mu npuHHMaem CJeAYIoIye COTJalleHMs, OTHOCSIIMe-
Csl K CHMBOJIHKE:

Maube OGYKBEI JIATHHCKOTO ajnpasuta

x4y 2tu,...
6yAyT 0603HaUaTb MpPOU3BOJILHBIE npeaMeThl, He SIBJSIO-
ILMECs MHOXECTBAMH. DTH NpeAMeThl Mbl GyleM Ha3biBaTh

UHIMBHAAMH. I1pOuM3BO/IbHBIE MHOXECTBA HMHAMBHMIOB MBI
6ynem oGo3HauaTh GykBamu

X,Y,Z, T U,....
«KupHBME» GyKBaMu
X, YV,Z T,U,.

MBI 6yZeM 0603HAuaThL MHOXKECTBa, BCe 3JIEMEHTHl KOTOPBIX
ABJAIOTCS MHOXKECTBAMH. TaKue MHOXKeCTBA HAa3bIBAIOTCS
ceMeldCTBaMH MHOXKecTB. Hamu NPUHUMAETCA aKCHOMa

ALl xel.

Takum o6pasom, Mel paccmartpupaem aumb Te HHIHBH-
Abl, KOTOPLIE OTHOCATCS K 3JIEMEHTaM HEKOTOPOTO (DHKCHPO-
BAHHOTO MOJIHOTO MHOXecTBa. [lajbHefilne akCHOMBI Teo-
PHH MHOXKECTB MH GyneM BBOIUTHL HOCTEHNEHHO.

! Anre6pa MHOKeCTB 6bl1a OCHOBATENbHO HCCJIE[IOBaHA aHTJIHACKAM
MateMaTHKOM [JIxkopmxkeM Bynem. ITepas paGora Byns B atofi o6nac-
TH nosBHNack B 1854 ropy. MuorHe teopemsl anre6pbl MHOXKECTB Ghl/IH
paHee uspectHH Jleii6uuny (XVII pek).
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CtopMyaupyem OnpereseHHe ABYX OCHOBHBIX NOHATHH
aare6pbl MHOXKECTB:

DI.1. X=Y=[](xeX=x¢Y).
x

Bripaxenune X Y unraercs: mMHOKeCT80 X pasroobs-
emno muoxcecrsy Y. Takum o6pasoM, BCAKMA UHIMBHI, KO-
TOpHIf AABJSACTCS 3JEMEHTOM OJIHOTO U3 pPaBHOOGBEMHBIX
MHOYKECTB, SIBJSETCS TaKXKe U 3JEMEHTOM JPYroro.

D1.2. XcY=[](xeX—>xeY).
x

Bripaxenue XCY uuTaeTcsi: MHOM#ECT80 X codepacurca
(sxatouaerca) 8 muoxcecrge(o) Y, uau xe: muoxecréo X
ecTb uacTe mHuodxcectéa Y, WM elle: MHOKecT80 X eCTo
nodmroxcecTso muoxcecrsa Y. :

Takum o6pasom, X —uyacTb MHOXECTBa Y Torma, u
TOJIBKO TOTJIa, KOT/Ia BCAKH 3J1eMEeHT MHOXecTBa X sBJ/IsieT-
csi 5J€MEHTOM MHOXecTBa Y; NPH 3TOM MHOXKeCTBO Y MO-
KeT cojepxaTbh (HO He 06s3aTeJbHO comepxkut!) 3JeMeH-
THI, He TpHHANJEXallie MHOXecTBY X. ,

MBI J0KameM HeCKOJBKO TeopeM aJjreGpbl MHOXKECTB.
Jloka3aTesqbcTBa 3THX TeopeM Mbl OyjneMm 3amHuchiBaTbh Tak
e, KaK Y J0Ka3aTesbCTBA JIOTHYECKUX TEOpeM, HO, Boobuie
roBopsi, He OyneM yKasbiBaTb B (UTYPHBIX cko6Kax JIoTH-
yecKUX NpPaBHJ, KOTODHIMH MBI ToJb3yeMcs. B noxasaredb-
cTBaX Mbl GyfeM MOJb30BaTbCsl HEKOTOPLIMH COKpaIICHHA-
Mmu. OfHako 3anoJHeHHe B COKPalIEHHBIX J0Ka3aTesNbCTBaX
npoGesioB He JOJKHO NPeNCTaBIATb TPYAHOCTeH A/ UHTa-
TeJeH.

T1.1. XCl.
Drta GopMysaa o3HAUaeT, YTO 21060 MHOHECTEO uHousudos
eCTb nOOMHOINCECTB0 NOAHOZ0 MHONECTEA.

Noxk. (1) xel »(xeX —>x¢€l) {p—(@—>p}

(2) xeX—>xel {1, Al.1}
@) [T(xeX »xel)" {2}
Xc1 {D1.2, 3}

! BMecTo HOMepa MLl NPHBENH camy TeopeMy. AHAJOTHYHO Mbl 6y-
IeM IOCTynaTh H B AaJibHeftmem.
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Tl. 2a. X=X.
b. X—&Y—aY-;X.
c. X=YAYZzox_7

LIeHHe paBHOOGBEMHOCTH MHOMKecTR pedaekcuBHo, cumMer-
PHYHO H TPaHIUTHBHO.

bl IpHBENeM b foKasarenberso bopmyan ¢, npeno-
CTaBJIsIA 0OKA34aTeNLCTRO OCTa/lbHBIX QOPMYJa uuTaTenio,

Hok. (1) X =y }

. {momym.}

@Y=z
@) [T(xeX=xeyy {DI.1,1}
@ I (xre¥ =xe2) {D1.1,2}
() xeX=1xeV {3}
(6) xeV =yxeZz {4}
(7) JCBXEJCBZ‘ {(pE(])—>[((]Ef)—>(pEf)],5,6}
@ [1(xeX=xez) {7}

X=z {D1.1, 8}

T1. 3a. X=YoXxcv.
b. XCYAYCXsXxy,

Mbi nokaxeMm aums bopmyny a, npenocrasup YHTaTe-
M0 NoKasaTenberso hopMyam b,

Hok. a. (1) X=y {momym,. \
(2) xeX=xeyY {D1.1,1}
(B) xe X xeY {2}
@ [TxeX >xev)y 3y

! Bnech H HHKe £ 0603HAYACT € llpum. peg,
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XCY {D1.2, 4}
T1. 4a. XCX. {T1. 3a, T1. 2a}
b. XCYANYCZ->XCLZ.

TakuM o6pa3oM, OTHOLIEHHe  PEQJIEKCHBHO W TPaH3H-
THBHO, HO OHO He SIBJSeTCS CHMMETPHYHHIM, TaK Kak, Ha-
npuMep, MHOXECTBO MPOCTHIX UHCeJ CONEPMKHTCA B MHOXKeE-
cTBe HATypaJbHEIX uHce], HO He HaoGopor. Hecioxnoe
JI0KA3aTeJbCTBO 3TOl TEOPEMbl MBI MPELOCTaBJSEM YHUTA-
TEJIO.

L1.1. x=y-] F€X=yecX). = -
x] L I Y €
Hok. (1) x=y {monym.}
(2 xeX=xeX {p=n}
B) xeX=yeX {3T:1,2}
[](xeX=yeX) {3}
X
DI1. 3a. xe{yy=x=y.

b. xe{y, thy .- Uul =x=4VE=8V...Vx=y,

Takum o6pasom, cumBoa {y} 0603HauaeT MHOXKECTBO,
€IUHCTBEHHbLIM 3JIEMEHTOM KOTOPOTO SIBJSIETCS Y, CHUMBOJ
{41, Y2, ... , Yn} — MHONKECTBO, 3JIEMEHTAMH KOTOPOIQ SIBJISI-
I0TCS  HUHIWBHABL Y1, Y2, ..., Yn, U TOJBKO STH UHAHUBHUIHL
MmuoxecTBo {y} Ha3biBaeTcsi ONHO3JIEMEHTHBIM, HJH €[H-
HUYHBIM, MHOXECTBOM.

L1.2. [l](eX=yeX)—-x=y.

x
Hok. (1) [ (xeX=yeX) { momyu. }
x
(2) xe{y}=yeiy} {1}
@) x=y=y=y {D1. 3a, 2}2
X=y > {y=y,3}
T1.5. r=y=[](reX=yeX) {LL1, L1.2}.

X

! 3mech MBEl BOCIOJL3OBAJNHCH NPABHJIOM SKCTEHCHOHANBHOCTH IS
HCYHC/IeHH A BhicKasbiBaruil (cp. u. [, pazn. I, § 3).
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Takum 06paaoM, ABa WMHAUBHIA TOXAECTBEeHHLI- TOornaa,

H TOJILKO TOTrZa, KOTAa OHH WJIH 06a ABJAIOTCS, HIM 06a He
ABJIAIOTCS  3J1eMEHTaMH  IIPOH3BOJILHOTO MHOXecTBa. T1.5
MOXET CJIyKHTb Olpe/ieieHHeM TOXIecTsa ueauBHIOB. Of-
HaKO yacTo 3HaK TOXKIecTBa paccmarpuBaercs B aire6pe
MHOXECTB KaK MCXONHBIH TepMHH, Teopema T1.5 ABHO aHa-
Joruuna treopeme TVI, npusenernoi g § 6 pasnmena II mep-
BOM uacTH. JTH TeopeMmul pasyuqanTes JuubL TeM, 4TO B
OIHOH H3 HHX TOBOPHTCH. O MHOXeCTBax, a.B Apyroi o
CBOMCTBaX. MeXay HuMM CymecTByer u GoAee TecHas
CBA3b, TAK KaK KaXAyl0 M3 HHUX MOXKHO N0Ka3aTh ¢ NOMO-
mpio Apyro#t (cp. § 5, crp. 202—203).

TL6. X=v-oxiy,
Hok. (1) X =Y {Bomnym, }
X=y {dT:1, T1. 2a}

Takum o6pasom, ecou MHOXECTBA TOXK/ECTBEHHBI, TO
OHH M DPAaBHOOGBLEMHLI.

Bosuukaer sonpoc, BEPHO Jin Takxke oOpaTHoe yTBepi-
A€HHE, TO eCTb TOXKAECTBEHHE! JH PaBHOOOGbEMHEIE MHOKe-
crBa. ComepxartenbHo 3To YTBEPXK/E€HHE He BHI3BIBAET CO-

BYIO aKCHOMY:
Al.2. X.=Y->X=Y.

ITo s1oii 4KCHOMe, Ha3bIBAaeMOH aKCHOMOH 3KCTEHCHOHAJIb-
HOCTH IJISi MHOXKECTB, MHOXKECTBa, colep:Kallfe OIHH ¥ Te
XK€ 3JIEMEHTHl, TOXKIECTBEHHDL, Orciona MHOXecTBO mOMHO-
CTBIO OmNpelesisieTcsi yKasaHHeM Tex ‘IpeaMeTos, KOTOpHIe
€My IIpHHAlJIex aT.

Takum o6pasom, umeer MECTO SKBHUBAJIEHTHOCTS:;

T1.7. X=Y=X=VY {AL.2, T1.6)

Tem camum M060oe BbIpaxkeHue Buiia X =Y mul MoxeMm
5aMEHUTL BHIDaX<eHHWeM Buia X=VY, Benencrsue sroro B
AANbHEAHNX PACCYXKACHAAX Mbl 6yleM NOJL30BATLCS HCK-
JIIOUUTENILHO CHMBOJIOM « =3,

Mg ofpamaeM BHHMaHHe: u3 TL.7 u 3ameuannus, yro
OTHOLIEHHE TOX/AECTBA ped)leKCHBHO, CHMMETDPHYHO M TpaH-
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3uTHBHO, HemocpeacTBenHo ciaenyer T1.2. Ho eciu 6wl 3Ta
reopeMa He GbJIa paHee NOKa3aHa, Mbl HE MOIVIH Gbl IpH-
usaTh akcuomy Al.2 Ge3 omaceHus cpasy HOJYYHTb IPOTH-
BOpEUHe.

BBeaem apyrue HOHATHA ajre6pbl MHOXECTB. Hasa ux
3amucH Mbl GyZeM TOJb30BaTbesi CHMBOJIOM € . Bhipaxkenue

xe X paBHO3HauyHO BbipaxeHuio ~ (x € X).

D1.4. xeX+Y=xeXVxeY.,
DI1.5. xeX.Y=xeX A xeY.
D1.6. reX—Y=xeX/\xeY.
DI1.7. xeX =xeX.
DI.8. xe0=zxel’.

B nepBhiX Tpex M3 3THX ONpeneJeHHH MBI BOCIOJb30BaA-
JHCb CHMBOJIAMH, B3THIMH H3 apHpMeTHKH. Mpl COXpaHHM
TakXe H COOTBETCTBYIOLLyI0 TepMHHOJOTHIO. Tak, HampH-
Mep, omepaiuio, omnpezeennyio B D14, mb Gyxem Hasbl-
BaThb CJOXE€HHEeM, pe3yJbTaT 3TOfl OlepauuH — Cy M-
MOH, a ckJaiblBaeMble MHOXKECTBA — CJ araeMhbl MH.

MuoxectBo X/, onpenenennoe B D1.7, HaswiBaercss [ O-
noJHeHueM MHOXectBa X; MHoXxectBo 0, ompeieJeH-
Hoe B D1.§,—nDycTH M- MHOXECTBOM.

Mbl BHIHM, YTO CyMMe ABYX MHOXECTB NpHHAJJIexaT
T€, W TOJBKO Te, 3JEMEHTH, KOTOpble IpHHAAJ/IEkKAT XOTd
66l OJHOMY M3 cJaraeMblx; IPOH3BENEHHIO ~— 3JE€MEeHTH,
NpHHAAJeXalllie OJHOBDEMEHHO OOOHM COMHOXHTEJAM,
PA3HOCTH — 3JIEMEHTH YMEeHbLIaeMOro, He IpHHAaLJIexamue
BBIUHTaeMOMY; MAONOJHEHHIO MHOXECTBA — 3JIEMEHTHl, HE
npuHaIeXkallHe JaHHOMY MHOXKECTBY; H, HaKOHeH, IMyCTO-
MY MHOXECTBY — 3JIeMEHTH, pHHAJJIeXalllHe AONOJHEHHIO
MOJIHOr0 MHOXECTBA.

s nmpumepa MBI NpHBEIEM [BE TeOpEMbl, B KOTOphiE
BXOJAT OmpejenseMble TEDMUHBL:

T1.8. {xh Xy .+ - - 1xn}= {x1}+{xl}‘+ e +{xn}
{D1. 3a, b, D1.4, D1.1}.
T1.9. x€0.
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ITo stoii Teopeme mH oaum NpEIMET He SIBJISETCS 3JEMEeH-
TOM IIYCTOrO MHOXeCTBa,

Hok. (1) xe0 {momym. k. x.}
(2) x81’ {D1.8, 1}
@) xel {D1.7, 2}
npTBpY. : {Al.1, 3}
T1. 10a. 0=1",
b. 1=0.

Takum o6pasom, MuoxecTBa 0 u 1 stBasloTCS KOMOsTHe-
HUSMHA 1O OTHOLIEHHIO IpYr K Apyry.

Hox. a (1) [T(xe0=xel’) {D1.8}
@ 0=1 {DL1, 1}
0=1’ {AL.2, 2}

B nanpmefimnx jgokasarenncrsax MBI, ONyCKasi YacThb
AOKA3aTeJIbCTBA, BEAYLLYIO OT BbIpaXKEHHs Buaa X=Y x
BHIpaxeHuio Buja X=Y, Gynem Cpasy mucaTh CJeACTBHE:

Hok. b (1) xe0’ {D1.7, T1.9}
@) xel=xe0 —=lg—(p=gq), AL.1, 1}
1=0 {DL1, 2}
Tl. lla. X4+0=X
b. X-1=X
c. X+1=1
d. X.-0=0.

®opmyna a oamauaer, yro yCTO€ MHOXKECTBO — MOJyJIb
C/IOKEHUsI MHOXeECTB; QopMyJaa b 03HayaeT, YyTO NOJHOe
MHOKECTBO — MOJyJIb YMHOXKEHHsI MHOMKECTE,
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ok a. (1) (xeXV xe0)= xeX {~g—I(pVa)=p], T1.9)
(2 xeX+0=xeX {D1.4, 1}

x+O=X {D1.1,2}
JloxasaTenbCTBa OCTaJbHBIX ¢dbopMys aHaJOrMYHbL, NPH-
yeM B JIOKa3aTeNbCTBE

dopMyJibl b Mbl roJb3yeMCs Al.l, D1.5 u Teopemoit

g~ (P N\q=p);
OpMyJIBL C MEI MOJIb3YeMCst Al.l, D1.4 u Teopemoil
g\ a=49;
¢opMmyJiel d MBI TOJIB3YEMCH T1.9, D1.5 u TeopeMoil
~qg->(pNg=4).
Beenem elle OJHO ONMpefeeHHe H3 aareGpsl MHOXKECTB:
DI1.9. XQgY=XCYAX#Y.

OnpenensieMoe OTHOLIEHHE YHTAETCs: X ectb cO6CTBEH:-
Has yacTh MHOXecTBa Y.

3amerum eie, uto BMecto ¥ € X Aye X Mbl o6LiyHO 6Y-
JieM THCaTh, 4TO X, y € X, a MHOXKECTBA, TPOH3BENCHHE KO-
TOPHIX NMyCTO, Mbl Oy/ieM Ha3eBaTh Hemepecexalo il -
MHC .

Mbl onuieM ofHH rpaduuecKHH METOR NPOBEPKH ¢dop-
MyJ anre6pbl MHOXECTB. TO TaK Ha3biBa€MBIH METOJ OHa-
rpamm Benna. MHOXecTBa — 32 HCKJIOYEHHEM [OJHOTO
MHOMXECTBA — Mbl OyJieM CHMBOJH3HDOBaTh C MOMOLILIO
kpyroB. Korna Mbi HMeeM feno C JByMs MHOXECTBAMH
X, Y, pucyeM 1Ba TNepeCEKalOUMXCAd Kpyra, H3 KOTODBIX
ONMH CHMBOJH3HpyeT MHOXecTBo X, @ npyroit — Y. Tem
caMbIM MBI [1OJyyaeM AHarpaMmy

(A)
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Ilpouspenenue XY CHMBOJ/IHSHDYETCSI YacTbI0 IJIOCKO-
¢t I, pasHocts X—Y — gacroio miockoctu II, a cymma
X+Y — yacroio IJIOCKOCTH, o6pasoBanHof I, II, III.

s cumBosMyeckoro IIPEACTABJIEHHS] NONOJHEHHS MHO-
eCTBA MH BBOAHM INpPSMOYTOJBHHK, COOTBETCTBYIOLIHI
NIOJIHOMY MHOXecTBy. [Tomemas B stom HOPAMOYTrOJIbHUKE
Kpyr, CHMBOJIM3HPYIOWIHI MHOXKECTBO X, MBI IoJy4aeM JAua-

rpamMmy
r" .

xl

- (B)

T1€ 4acTb NPSAMOYTrOJIbHHKA, HAXOASIIASICS BHe Kpyra, co-
OTBETCTBYIOILEr0 MHOXecTBY X, CHMBOJMYECKH IpeIcTaB-
JA€T JONOJHEHHE STOr0 MHOMKECTBA, TO €CTb MHOMKe-
cTBO X', '

MuoxectBo X comepxurcs B MHOXecTBe Y Torja, u
TOJIbKO TOTAd, KOTAA 4aCTh IJIOCKOCTH, CHMBOJIH3HpYIOMIAs
X, HaxomuTca B uactu IJIOCKOCTH, CHMBOJIH3HpyIOILef Y,
HJIH Xe COBNajaeT ¢ NoCJenHei.

VMesi B BHLy ckasaHHOe, MBI JIerko, cMomxenm «IIPOYH-
TaTb» N0 anarpamme (A), uto BepHHI, HanpuMmep, cjenyio-
wue ¢opmyan: X-YoX, X-YcV, XX+ Y, YcX+Y,
X—YcX. A

MroxecrBo X pasHo MHOXecTBY Y Torma, W TOMBKO
TOTa, KOria OHM CHMBOJIM3MPYIOTCS OJHON H TOfi Ke ya-
CTbIO IJIOCKOCTH. [losToMy u3 amarpammmbl (A) ouesumno,
4TO BepHB PopMYJIBl

XY=YX X+Y=Y+X,
a U3 auarpammel (B) oweBuzHO, uTO BepHBLI (hopMyJIBI

X1=X, X+X =1.
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Bupax&eﬁne -
X4+YV-Z=X+Y)-(X+2)

MBI IIPOBEpsieM, HapHCOBAB AMArpammy
@
X Y
€

¥ 3alITPUXOBAB Ha Hell CHayaja YacTb IVIOCKOCTH, CHMBO-
Jusupyollyio mHOoxectBo X+Y-Z, a 3arem yactb IIOCKO-
cti, cumBoausupyiomyio (X+Y) . (X+2).

Jlns JeBoi yacTd mpoBepseMOro paBeHCTBA MBI IOJY-
yaeMm TeM CaMbIM JHarpammy

4
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Tl€ 3aITPHXOBAHHAS 4YaCTh IVIOCKOCTH CHMBOJIH3HPYET
MHOoXxecTBo X+ Y. Z.

JJist mpaBoit CTOPOHBI 3TOr0 paBeHCTBA MBI noJIyyaem
Ruarpammy

)

HacTb NJIOCKOCTH, 3aIUTPUXOBAHHASL TOPH3OHTAJBHLIMH
YEpTOUKAMH, CHMBOJIU3UPYET 3/ieCb MHOXKEeCTBO X +Y, yacTb
IJIOCKOCTH, 3aIUITPUXOBAHHAS BEPTHKANbHHIMH YEpPTOYKa-
MH, — MHOXKeCTBO X +Z, ux o6Ias yacTh, 3alITPHXOBAHHAS
ABaXNibl, ~CHMBOJIMYECKH  MPEACTABJSET NPOH3BELEHHE
(X+7Y)-(X+Z). Tak kak 4acTH MJIOCKOCTH, CHMBOJIH3H-
pywomne muoxectBa X+Y-Z u (X+Y).(X+2), coBnana-
I0T, TO 3TH MHOXECTBAa PaBHbI, a IOTOMY IPOBEPSEMOe BbI-
paxeHue UCTHHHO.

B nanHoit mpoBepxke MBI NOJIb30BANHCh MPEPHIBHCTHIMH
JIMHUSMY, NOTOMY YTO HENpepHIBHBbIE JIHHHH HCIOJb3YIOTCS
Assl 0603HAYEHHsl TYCTOTH MHOXKecTBa. Taxk, Hampumep,
MCTHHHOCTb BbipaxkeHHs XY ormeuaeM Ha Auarpamme
(A), sawrpnxoBhiBas vacte II miockoetu HenpepuBHBIMH
JIHHUSMH.

B cuny npuBeneHHBIX BBIE pa3bACHEHUH BbipaXKeHHE
XY wucTHHHO TOrnA, M TOJBKO TOrZAa, KOTNA YacTh MJIOC-
KOCTH, CHMBQJIM3HPYIOILAs MHOXecTBO X, HAXORUTCH B ya-
CTH NJIOCKOCTH, CHMBOJIH3HpYIOlLEH MHOXKecTBO Y (miu co-
Bnajiaer ¢ 3TOH mnocjenHelt yacTbio miockoctH). To xe
HMEeeT MECTO TOrJa, M TOJBKO TOrAA, KOrAa MHOMKECTBO
X—Y, cuMBoJMueckH npepcrapJiseMoe yacTbio Il mJocko-
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cri, nycro. Takum 06pasoM, HCTHHHOCTb BBIPAKEHHs
XcY MB CHMBOJIM3HPYEM C IOMOIIbIO XHArpaMMbl

Tx Y
) _

(A

B To e BpeMs JOXKHOCTb STOTO BHIPAKEHHs Mbl 060-
3HayaeM ¢ NOMOUIbI0 AHAarpaMmbl

X |4

(Az2)

IMocpencTsoM 3HaKa «-», MOMELAeMOro Ha HEKOTOpOk
YacTH INJOCKOCTH, MLl 0003HAayaeM HemyCTOTy MHOXKECTBA,
CHMBOJIM3HPYEMOTO [JaHHOM 4YacTbio MJOCKOCTH.

B cuny stux 3ameuanuit B D1.9 HCTHHHOCTb BBIp aXKEHHA
XY cumBonu3upyeT Auarpamma
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Buipaxenus: anre6pu MHOXKECTB, HMEIOLIHe BHJ HMILIH-
KalMH, ML MDOBEPAeM INpH NOMOLIM JMarpamm Benna,
TO/Ib3YSICb NMPH 3TOM COKpAlEHHBIM HYJb—€eIHHHUHBIM Me-
TOAOM NPOBEPKH BLIDAXKEHHH HCUHCIEHHS IpelJIOXKeHu .
ITostomy, momyckas, HampuMep, YTO aHTeNEe[eHT MMILIHKa-
UHH HCTHHEH, Mbl rpaHuECKH CHMBONH3HPYEM HCTHHHOCTD
dHTENE/IeHTa Ha COOTBETCTBYIOLIEH AMArpaMme M HCCJe-
AYEM, MOXKET JIH ObITb B 3THX YCAOBHAX KOHCEKBEHT JIOK-
HHM. B npyrux mpumepax mm IONYCKaeM, uTO KOHCEKBEHT
AaHHOH MMITHKALMH JIOXKEH, H rpaduuecKH CHMBO/IU3HPYyeM
JIOXKHOCTb 3TOTO KOHCEKBEHTa Ha COOTBETCTBYIOLUEH AHa-
ThaMme, a 3aTem HCC/efyeM, MOXKET JH ObITb HCTHHHBIM
aHTeNENEeHT NaHHOA MMIIMKALHH.

ITHM CnOCO6OM MHI nposepuM, Hanpumep, T1.4b ¢ no-
MOIIbIO AHaTpaMMbL

P4

(Cs)

N3 nuarpammer (C;) BuaHo, uto eciu aHtenenent T1.4b
HCTHHEH, a cJefoBaTeNbHO, ecan XY u Y=Z, 10 Toraa
BEPHO, 4TO M MHOXKeCTBO X ColepXuTCi B MHOXecTBe Y
(Tak Kak mnpu rpaduuecKoll CHMBOJH3ANUH HCTHHHOCTH
aHTeHENeHTa BCA YacTb Kpyra X, HaxoAsI[asci BHe Kpy-
ra Z, okasanach 3alTpuxoBanHO#). U nostomy topmy.ia
T1.4b ucrunna.
Ha noxuocts BHIpaxenus

YKasbiBaet cJaeayouias AunarpaMmMma:
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(C4)

M3 KOTOPOH BHIHO, YTO IPH HCTHHHOM aHTeleJeHTe 3TOH
MMIVIHKAHMH ee KOHCEKBEHT JIOXKEeH, TaK KaK MHOXeCTBO
X—Y Henycro.

BrlpaxkeHdsi, coJepxallhe YeThipe IepeMeHHbIe, Mbl
npoBepsieM C MOMOLILIO CeRYIOIIeR nuarpaMMbl, MOCTpOEH-
HOH M3 yeThipeX MepeceKalolHxcsl JUTHICOB ':

~(D)

1 O6o6ienne rpagHYECKOTO MeTOfLa POBEPKH C MOMOLILI0 JHArpaMM
BenHna paetcss B craTbe mpod. JlymueBckoi-Pomanosoft (cm. S. Luszec-
zewska-Rohmanowa, Analiza i uogélnience metody sprawdza-
nia formul logicznych przy pomocy diagramow Venna.—«Studia Logi-
ca», t. I (1953).
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Ha ucrunnocts dopmynn

Xcz/\YcT—aX.YCz.T




YnpaXHeHH s

1. JNokaxure caenymomne (Gopmyssi:

a) X' =1—-X;

b)) X—Y=X.Y"

) 0CX;

d X=Y=X =Y

) XC Y=Y (CX)

DXCY=X4V=X;

HXCYr=XY=X;

HhXCY=X-Y=0

2. TloxaxuTe Ha TPUMepax JOKHOCTh ClefylUHux (opmy.:

a) (X—Y)+Y=X;

b)) ( X+Y)—Y=X.

3. TTposeprte, uto T1.11 ABAsETCS NMPOCTHM CJEACTBHEM H3 tdopmyn
c), f), g) ynpaxuenns 1, T1.1 u crepyiomux ABYX (opMyJ, AOKasares-
CTBO KOTOPHX 6yger AaHo B § 3:

X+Y=Y+X, XY=Y-X.

4, CymMmmy W TpOU3BEJEHHE MHOXECTB MOXKHO ONpefefHTh TakK:

Z=X4+Y=XCZAYCZAIIXCUAYCU-ZCVU)
174
Z=XY=ZCXrZCYAllCXAUCY-UC2).
" 174

B cuny 3TMx ompefiefieHuli CyMMa ABYX MHOXECTB ABJSETCS «HauMeHb-
LIMM» MHOXECTBOM, COfiepXKaliuM o6a cJjaraeMulX; NpoH3BefieHHe IABYX
MHOJKECTB SIBJSIETCS <«HAHOOJBLIIHM®» MHOXKECTBOM, COAepxKaliuMcsi B
060HX COMHOXHTENAX.

a) Ha ocHOBaHMM 3TMX ompefie/leHuil HIoKaxute (OPMYJbl, NpuBe-
IeHHble B ynpaxKHeHHH 3, a Takxke (opMyJul

X+YV+Z=X+(Y+2), (X-V)Z=X-(Y-2)
(X+Y)Z=XZ+Y-Z, XY +Z=X+2)-(V+2)

b) Tloxaxure SKBHBA/MEHTHOCT: TpPHBeJEHHHIX 31ech onpeneneHHi
cymMMbl H mpousBefienns: onpefenennsm D1.4 u D15,
5. TlpoBeprTe C moOMOLILIO fuarpamMm Benna creayomue GopMyss:

XCZAYCZ--X+Y(CZ;
XCYanxXCz-xCvy-z
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Y-Z=0/\X~Z#0-—>X—-Yaé0;
Y-Z=0/\X—-Y=0—»X-Z=0.

6. Beena nocrosiHHbie CHJNIOTHCTHKH  ApdcToTens ¢ TIOMOIIEIQ
onpeneneHui

SaP =S P;
SeP = S.P=0;
SiP = S:P + 0

SoP=S8S—P+0;

TIPOBEPLTE rpaduuecku CefyOIIne 3aKOHEL HeTIOCPEICTBEHHEIX yMO3aK-
MOYEHHA M CHIOTHCTHYECKHE MOZYCH:

SaP — ~ SoP;

SaP — ~ SeP;

~ SiP — SoP;
MaP A SaM — SiP;
MeP A SiM ~ SoP;
MaP A SeM — Sep;
PeM A SaM — Sep;
PaM A SeM — SoP.

Kakue u3 stux saxkomop BepHLl MWL TPH HONymEeHUn HenycToTHl
PaccMaTPHBAaeMBIX MHOXeCTBP .
7. TlpoBepute rpaduuecknu tdopmyust

XCIZAYCToX+YCZ4T:
XCYATCZIAY+ZCX+TAXY=0AZTCY o
>X+Y+Z+T=Y.2.T—X;
XCYANZCTAX+Z=1IAYT=0-YCXAT 2

ITpu mposepke mocaenues (hopmMyns — ananora zakoma o 3aMKHY-
TOll CHCTeMe YTBepXAeHHE u3 UCUHCJEHUS] BLICKA3HIBaHHU} — aAuarpam-
My (D) caenyer momecTuts B NPSIMOYTOMLHAKE, CHMBOMU3UDYIOMEM TOJI-
HOe MHOXeCTBO,

8. Tokaxure, yto BepHH C/eYIOlHe TeopeMbl:

YT Xo(X—~Y)+Y=X;

b) XY =0->(X+Y)—Y=X;

c) YC:X/\Z=X——Y-»X=Y+Z;

d) X(,tY/\Y-Z=0-—>X+Z¢Y+Z;
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e Z=X—Y-Y-Z=0;

N XCYAYZ=0-X-Z=0;
g XEY Y —X+0
WXEYAYCZaXE2Z.

TpoBepsTe 9TH (GOPMYJH C NOMOLbIO AHarpamM Benna.

9. ®opmyna X—Y=(X—Y)+(Y—X) onpeneiaser onepanyio Ha
MHOKECTBaxX, OTJIHYHYI OT paHee BBefekHbIX. MuoxecrBo X—Y HasH-
BaeTcs CHUMMeTpHuHONl pasHocThio MHoxkectB X u Y.

Jokaxure GopMyas:

a) X=-X=0;

b)) X=-Y=Y-=X;

) X=-Y=(X+Y)—X'Y;

dX—-Y=X-X.Y,

) X+Y=(X=Y)=X.Y.

IMocTpoliTe AuarpaMMmy AJisi CHMMeTpPHYHOR paanocm‘ U TpoBephTe
¢ ee noMompl (opmyas by—d).

10. lokaxuTe CJefyIOLiHe TEOPeMHI:

a) xeX =Y = ~ (xeX = xgY);

b) X=Y=X=-Y=0;

) XY=0—-X+Y=X4Y;

dXCY-»Y-X=Y—X.

§ 2. Ces3p mexncdy ucuucsennem
npedaoscenui u ar2e6poii mnodcecms

B paccyxnenusx srtoro naparpada yaoGHO
CYMTATh, YTO NMEPEMEHHBIMH HCUHCIEHHS] TNpPEeLTOMEHHH SB-
JISIIOTCSI CHMBOJIBI

pl’ pﬁ’ pa, e
ByneM takxke cuMTaTth, 4TO
Z,, 24, Zy, ...

0603HayaloT NpPOH3BOJbHHE MHOXECTB3, a CHMBOJH «, B,
Y — NPOU3BOJbHbIE BHIPAXKEHHSI HCUHCJIEHHUS npelJoXKeHHH,
B KOTOpbIE€ M3 NMOCTOSHHHIX BXOJAT JIHIIb CJENyIOUIHe:

V’ /\."’
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I. Uepes ¢ * Mbl 0603HauHM BbIpaXKeHHE, KOTOpOE NOo-
JyuyaeTcs M3 o TOJACTAHOBKOH BMECTO IepeMeHHBIX
P1, P2, ps,.. COOTBETCTBEHHO BHIpaXKEHHH x €Z;, x € Zs,
Xe Z, ...

II. Yepes Z, MBI 0603HauuM BHIpaXKeHHe, KOTOpOe 1O-
JIy4aeTcs U3 BHIPAXKEHHs1 o 3AMEHOH NePEMEHHbIX Py, P2, Ps,...
COOTBETCTBEHHO CHMBOJaMHU Zj, Zy, Zs, ... © CUMBOJOB VA,
~ COOTBETCTBEHHO CHMBOJAMH +, -, ’.

IMpumepn:
a o® Z,
PV P xeZy\/ xeZ, Z,+ 2,
~(p1 A\ pa) ~(xeZ, \xeZ,) (Z,-2y)
L2. la. ' (a\/ﬁ)&E a® v/ p¥.
b @APF=d® AP
c. (~a)¥ =~ (%),

STH (QOPMYJH HENOCPeNCTBEHHO CAEyIOT H3 MNPaBHJ
o6o3Hauenus I.

L2. 2a. Zovp = Za + Zp.
b. Zopp = Zq- 2
c. Zoo=(Z4).

OTH GOPMyJIBl HENOCPENCTBEHHO CJENYyIOT M3 TpaBHJ
o6osHauenus II.

L2.3. 3xeusasrentrocte
(1) a*e=xeZ,

eCcTb Teopema- anr2ebpo. MHONMCecTs.

Hoxk. Jlemma 6ymer mokasanma nyTeM HHIYKIHH O
YHCJy BXOXKIEHHH B 0 CHMBOJIOB JIOTHUECKHX MOCTOSIHHBIX.

Eciu B o He BXOZAT CHMBOJBI JIOTHYECKHX MOCTOSHHBIX
H TI03TOMY @ €CTb OTIe/IbHAsl NMEpEeMeHHasi, HanpuMep Nepe-
ME€HHasA pj, TO Ha OCHOBAHHH NpaBHJ 06Go3Hauenus | u Il
Mbl yCTAHABIUBAEM, YTO B pPACCMATPHBAEMOM CJyyae Kak
BolpakeHHe o¥, TaK M BHIpaXeHHe X €Z, TPHHEMAIOT BHJ,
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xeZ; CnenoparelbHO, B paccMaTpHBaeMoM ciyyae ¢op-
myna (1) umeer BHIL.

er,-Eerj

H, OUYeBHJHO, HCTHHHA.

Tenepb MBI JONYCTHM, 4TO B 0 BXOLHT k (k>0) cuMEO-
JIOB JIOTHUECKHX MOCTOSIHHBIX M UTO JJIsi BHIPAXKEHHH, B KO-
TOpHle BXOIMT MEHbILE, 4eM K, STHX CHMBOJIOB, GopMyJia (1)
HCTHHHA.

BuipakeHue o HMeeT OJHH H3 CJELYIOUWHX BHIOB!

a) BV
b) B AV
c) ~B.

B kax/oe U3 BHIDAXKEHHH P H y BXOJAHT MeHbINE, ueM R,
CHMBOJIOB JIOTHYECKHX IOCTOSIHHBIX. OTCi0/la M M3 HHAYK-
THBHOTO NpPEJIIOJOXKEHHS CJAenyioT GopMyJIHl

@) B* =xeZ

Mbl [IOKaXeM JeMMy [Js caydas a.

4) F=@V VN =p*V~* {L2. 1a}
(5) ¥ =xeZg\/ xeZ, {4, 2,3}
P e=xeZytZ,=xeZpyy=xeZg {5, D1.4, 1.2, 2a}
B Y BVY

TakuMm 06pa3oM, 1Jas cayyas a opMysna HCTHHHA. Hokasza-
TeJNBCTBO JEMMBl AJs cJAyyaeB b H ¢ aHaJOTHYHO.
T2.1. Ecau svipasxcerué

a. o =P ecms meopema ucuucrerusn npedroxcenud, mo Zo = Zg;

b. a—fp » » » » . » ZaCZg;
c. o » » » o » Zg=1,
Hok. a. (1) a=f N {monym.}

2) a*=p* {1, 1}

» ! Bupaxenne = = ¥ — KOHBIOHKUHS BHpaXeHuii @ = Y u
=9%.
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(3) xeZo=1xecZg {L2. 3, 2)

Zo=23 {D1.1, 3}
Ooxk. b. (1) a—p { xomym. }
@) o® > p* {1
) xeZy—>xeZp {L2. 3, 2} .
Z.C2 - {DL.2,3)
Hoxk. c. (1) a { momym., }
@) o* {1, 1)
(3) xez, {L 2.3, 2}
(9) xeZo=xel {p—i(p—(p=g)), 3, A 11}
z, =1 {DL.1, 4)

HokasaHHas TeopeMa ykasmHBaeT Ha TECHYIO CBfI3b
MEXNy HCYHCIEHHEM NPENJOXEHHH H anre6poli MHOXKECTSB.
OHa 1no3Bo/isieT NOMyyaTh HENOCPECTBEHHO H3 TEOpeM HcC-
IHCJICHHS NPEJIOKEHHHA TeOpeMb aiareCpbi MHOXKECTB, 06-
Pa30BaHHbIE M3 IBYX BbIPaXK€HHH, 3aNHCAHHEIX C IIOMOIIBIO
3HAKOB ONepaldii Ha MHOXeCTBAX K CBSI3aHHBIX 3HAKOM
PaBEHCTBA HJIH BKIIOYEHHs !.- DTH TeopeMb NpeiCTaBAAIOT
CO00H COBOKYNHOCTb yamie BCEro NPUMEHAEMBIX GopMyJ
anre6psl MHOXecTB. B crepyiomeii Teopeme NPHBOJATCS
dopmyas anre6pe MHOXKecTS, PALOM C KaXKJIOH M3 HHX
[IOMELAeTCs1 TeOpeMa HCUHCIEHHS] NPeINOKeHHH, H3 KOTO-
poit Ha ocHoBaHHH T2.1 cieayer naHHas dopmyna,

T22a X4+Y =Y+ X PV a=q\Vpl.
b. X.Y=VY.X {pAg=qAp}.
¢. (X+N)+Z=X+(¥Y+2) {(p\V oV r=pV (@\Vr).

{
. (X-¥)Z=X-(¥-2) {(bA@Ar=pA@GAT).
e. X-(Y+2)=X-Y4+X-Z {pA@@VN=pAq\/q\/r).
L X4Y-Z=(X+Y)-(X+2) {pVa\r=(0\/ 9\ (p\/ ).
g X4+ X=X {pV p=p}.
! To ectb 3nakom (. — Hpun. nepes.
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h, X- X=X ‘ {PAp=p}
L (X+Y) =X"Y’ {~PVo=~pA~aq}

. (XY)=X"4¥" {~eAD=(~pV ~q)}.
k. XCX+Y {p—pV g

1. X.YCX {p \Nq—v}.

m X+'X' =1 {prV ~np}.

VnpaXHeHH A:
1. Ha oCcHOBaHHH KakHX TeOpeM HCYHCJAEHHS NPeJOMEeHUfi MH 10-
ayyaeM chefyiouie GopMysanl afre6psl MHOXKECTB:

a) X'y =X;
b) XY+ X=X;
c) X+Y)X=Xx.

2. IlpuBepute opMYNH afreGpsl MHOMECTE, KOTOPhle HOMYYAIOTCS
Ha OCHOBaHHH CJAEAYIOLIMX TEOPEM HCUHC/IEHUs TNpeoKeHHi:
aA~(~pV~q9=prAag
p— N .
b~(~pAN~b=pVg
grAg—pVaq.
3. OGo6uuTe TeopeMbl W JeMMHl 3Toro naparpada Tax, 4ToGH OHM
OTHOCHJIMCh U K OIePalHH BHIYHTAHUS MHOXKECTB.
4, BoipakeHue p = ‘g UMeeT C/efiyioLiee OnpesieseHue:
[ —
='g=~(p=q).
daf
Hononuurte pesyastaTsl 3T0oro naparpada Tak, 4TO6H OHH OTHOCH-
JIHCh He TONBLKO K JorudeckuM nocrosuueiM. \/, A,~, Ho u x mocro-
AHHOW =', ConocTaBasia 9TOM NOCTOSHHON 3HAK CHMMETPUUHON pa3Ho-
ctH - (cp. ynpaxHenuwe 10 npegmiayitero naparpacda).
5. TlokaXuTe, 4TO ecJH BHpaXeHHe ~ 0 — TeOpeMa HCYHCJAEHHS
npeAnoXeHui, To :

Z,=0.
6. Hokaxure dopmyay:
X-X'=0.
§.3. Anzebpa Bysrs?

ITouTn BO BCe TeopeMBbl NMPEALIECTBYIOUHX JBYX
naparpaoB BXOJHJH NepPeMEHHbIe, NPEICTABJSIONHE MHO-
XKeCTBa, HO He BXOJUJHM NepPEMEHHLIE, INPEJCTaBJSIOUHE
WHAMBHAB. B 3TH TeopeMbl He BXOJHJ, ClelOBaTeNbHO, H

! Qopmyanl i u j Ha3bBaOTCR 3akonamu Jle-Moprana /s MHOXKECTB.
2 B ocTameHBIX 4acTAX y4eGHHKa MHl He 6yAeM 10Jb30BATLCS Onpe-
JeNeHHSIMH ¥ TeOpeMaMH, NpUBeleHHHIMH B 3TOM naparpade.
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CHMBOJ « € », ONHAKO B HHX BXOJIHJH 3HaKH onepauuit Ha
MHOXKECTBAX H 3HaKH OTHOIUEHHH MEXAYy MHOXKECTBaMH.

Ho nns onpeneseHus 3THX Onepauuit © OTHOINEHHH TakK
Ke, KaK H [Js1 10Ka3aTelbCTBA TEOPEM, FOBOPSIIHX O CBOH-
CTBax 3THUX ONepauuit U OTHOmEHHUHl, TPe6OBAJNOCH MOHATHE
NPHHAAJEXKHOCTH TIpeaMeTa MHOXeCTBY. BosHHKaer BO-
NpPOC, HeMb3sl JH NOCTPOHTH TEOPHIO, COAEpPKallyio BCe Teo-
pembl aiare6pbl MHOXKECTB, KOTODHIE HE HMEIOT APYLHX Me-
PEMEHHBIX, KPOMEe NepPEMEHHBIX, NPeACTaBJISIOIHX MHOXKe-
CTBa; npuueM AJs o60CHOBaHHs HaHHOM Teopuu He Tpebyer-
Csl TIOHSATHSI NMPUHALJIEKHOCTH 3JE€MEHTa MHOXecTBY. MmeH-
HO Takyio TeopHio M cos3gan JIxkopax Byab (cp. moacrpou-
Hoe npumedyaHHde X cTp. 168). Ona 6niia Ha3BaHa Mo UMEHH
ee apropa agare6poft Byasa. 3HaueHnue 3710ft TEOPUH COCTOUT
npexjae BCEro B ee MPHJOXKEHHAX. Mbl maluM KpaTKoe
ONMUCAHHE 3TOH TEOPHH.

UcxonHbiMH TepmuHamHu aire6pul Bynag sasisiiores CHM-
BoJbl- +, -, u B. TlepBble TpH — 3T0 3HAKH CJOMKEHHS,
VMHOXEHHS M JONOJHeHHs MHoxectB, CumBon B o6o3Ha-
yaeT CeMeHCTBO BCeX INOJMHOXKECTB HEKOTOporo GHKCHpO-
BaHHOro Hemycroro MHoxecrBa. Cumraercsi, uTo nepeMeH-
HBle '

-

u, v, w, ...

NpefcTaBJsAOT MHOXxecTBa cemeficrBa B. Ilanee npHHH-
Maercs, 4YTO CyMMa, MPOH3BEJEHHE M ONOJHEHHE 3JEMEeH-
TOB MHOXKecTBa B npuHaniexar B. 3amuceiBas TeopeMbl
ajare6pel MHOJKECTB, MBI NOJB3yeMCSl JIOTHYECKHMH CHMBO-
JaMH, B YaCTHOCTH 3HaKOM paBeHCTBA.

Mu npusenem akcuomsl anre6pul Byns, omyckas ycJao-
BHSl, OTHOCSILIIHECS K MHOKeCTBY B, xoroprle OBbLIH BHIIIE
chopmyaupoBansl  caoBecHo. Cnoco6 HymepauHH TeOpeM
3TOH anre6pel BHIICHHM HHXKeE,

f1. utv=v+u

11. u- vt =uvtuw.
1. utvw=wu+v utuw).
1. utu-u =u.
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V. utu =v4uv.
IV®, u-u' =vv.

dopmyan I, I 1 1I* Oblin 10Ka3aHbl B § 2 xak Teope-
vbl T2a, e, f. AHAJOrHUHO MOXKHO J0Ka3arb GOPMYJbl 111,
IV u IV¥,

[Ipex/ie BCEr0 3aMETHM, UTO M3 NPHBEIEHHEIX AKCHOM
BHIBOIATCS cJefyiouue (OpMyJb, OTHOCHTENbHO TPYAHBIE
JI0KA3aTeNbCTBA KOTOPHIX Mbl ONYCKaeM:

I*. u-v="0vu
I, u-(utu')=u.

HerpyaHo 3aMeTHTb CBSI3b MeEXIy dopmynamu, 060-
3HaueHHLIMH TOH e camoil puMCkoil umdpoi (omMH pas
6e3 3Be3NlOYKH, a APYrofl pas CO 3BE3IOUKOH). Kaxpaa u3
takux GOPMyJ] MoJyyaercss H3 JAPyro#i dpopmyJbi JlaHHOH
napsl 3aMEHOM 3HaKa + 3HAaKOM + H 3HaKa - 3HAKOM +.
O dopmyJax, yIOBJETBOPSIOWHEX JaHHOMY YCJOBHIO, IOBO-
PAT, YTO OHH JBOHCTBEHHBI.

Takum 06pa3oM, /s KaXAOH aKCHOMbI aJre6pel Byas
cyuiecTByeT [BOMCTBEHHas eff akCHOMa HJH TeopeMa. Or-
crofla CJelyeT, 4TO H Kaxjuas TeopeMa aare6ps Byas
o6aamaer 3TuM cBoicTBoM. Ilocnexnee 3aMeyaHHe MBI
IPOHJTIOCTPHPYEM TPHMEpPOM: :

V. u=u-tu.
Hok. (1) u=u+u-u {1}
@ utuu =@u+u)@t+u) {1Ir+}
B) @wt+uwyutu)=utu {11}
u=u-tu {1—3
V&, u=u-u.
Hok. (1%) u=u-@m+ud) - ' {1I1%}
2% u-@u)=uwutu-u {1}
(3%) wu-utuu =uu {111}
u=u-u {1% —3%}
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3aMeTM, YTO COOTBETCTBEHHBIE CTPOKH 3THX A0Ka3aTe/bCTB
cojepxKar ABOHCTBeHHBIe HOPMYJIBL. )

TepmuHaMu aire6pbl MHOXKECTB, BBeLeHHbIMH B § 1 H
He OTHOCSILIMMHCS K MCXOJHLIM TE€PMHHaM aJire6pwl Byus,
apasiores: 1, 0, —, < (TepMHH = MH OIyCKaeM, NOTOMY
YTO ero 3aMeHsieT CHMBOJ =). DTH TEPMHHH MOXHO Cle-
AyIQUIHM 06pasoM onpeleanTb B aare6pe Byas:

VI. l=utu'.
VI%, 0=uu.
VIL. Uu—ov=u-v.
VIII. uCuov=u-tv=u.

3aMeTHM, UTO BhIpaKeHHs, Bxoisuue B ¢opmyan VI H
VI* cnpaBa oT 3Haka paBeHCTBa, JABoHcrBeHHb. OTcCroAa
clefiyer, 4To JJIS MOJYYEHHs M3 BhIPaXKeHHs o, B KOTOpoe
Hapsily C MCXOXHBIMH TepMHHaMH ajre6pel Byas BxoasT
TepMuHEl 0 H 1, ZBORCTBEHHOrO BhIpaXeHHs1 HYXKHO 3aMe-
HHTb B o cMMBOJ | cumBosom 0 u cumBoa 0 cumsosoM 1.

Tenepb Mbl MOXeM 3ameHHTb dopmyan III, III*, IV u
IV¥* Gonee nmpocThiMH popMysaMH: :

IX. ut+0=u.
IX*. u-l=u.
X. : utu =1.
X*, u-u' =0,

B KauecTBe NpPHMEPOB Mbl IIPUBEAEM ellle J(BE€ TEOPEMHI
aare6pe ByJas.

XI. =u-v4u-v.
Hoxk. (1) u=u-(u4u’) , {11%}
@ w-@+u)=u@+0) {Ivy
@) u-w+ov)y=uov+uv {i}
u=u-v4+uv {1—3}

B crpoke (2) mokaszareJbCTBa MBI BOCHOJb30BaJHCh
NPaBHJIOM SKCTEHCHOHAJBHOCTH AJs TOXKIECTBa. -~
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I[BOﬁCTBeﬁnoﬁ no otHowernnio K XI sBasiercs popmysa
XI%, u=u+vu+v).

B crenywouryio TeOpEeMy BXOAAT TEPMHHbI HCUHCIEHHS
npenJOXeHH:

XII. utv=1Au4+v=1-u=v',

Hok. () ut+v=1 } F—
@2 u4+v= '
@B u=utvv _ {III, TV*}
@) u+0-0' =@t 0)@+0) {11%}
G @w+v)@ut+vy=utv X%, 1, ¥}
6 utv =0 +u- - 4+u) {IX*®, 2, 1}
D E@+uw)-W+u)y=0 {XI#}

=v {3—7}

Teopemo#i, nBoficTBenHO# kK Teopeme XII, sBasercs
XI=, uv=0Au"-v"=0>u=10'.

Anre6pa By/isi MMeeT HHTepNpeTaluio BO MHOTHX pas-
JHYHHIX TEOPHAX. DTO H COCTaBJsieT ee HauGOJbUIYIO TeO-
PeTHYECKYIO 11eHHOCTb. BhisicHuM, uTO moHMMaeTcs nox 060-
pOTOM: HEKOTOpasi TeOPHsS MMeeT HHTEepIpeTalHio B APYroi
TEOPHH.

[Tyetb @y, ..., 7p — BCe HCXOLHBIE TEPMHHH HEKOTOpO#R
teopun T; nuf’, ..., & — HCXOAHHE MM onpenessieMbie Tep-
MuHb Apyro# Teopun T*. Eciu akcuomwr teopun T B pe-

3yJbTaTeé 3aMEeHbl B HUX CHMBOJIA 7T CHMBOJIOM :l'l?, CHMBO-

Jla 3t CHMBOJIOM :I'C? H T. 4. CTAHOBSITCSI AaKCHOMAaMH HJH

TeopeMaMH Teopun T#, To roBopsaT, uto TeopHss T uMeer
HHTepnperanuio B TeopHH T ¥ MeHee TOUYHHIM, HO, MOXeT
ObiTh, 60Jlee MOHATHHIM ONpeReJeHHeM 3TOr0 NMOHSATHS fB-
JseTcs clenyiollee:

Teopus T umeer wuHTepnperauuio B Teopun T %, ecam
aKCHOMH TeOpHH T OCTaHYTCA HCTHHHHIMH IPENJIOXKEHHSIMH,
KOrZa BXOASIIIMM B HHX HMCXOAHBIM TePMHHAM MNpPHAAETCS
CMBICJ TEDMHHOB Teopuu T*.
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Taxum o6pa3oM, eCJH MBI HHTepnpeTHpyeM aJjre6py
Byns B Hekoropo#i Teopun T#®#, TO MBI [JOJNXKHBI HpeXAe
BCEr0 M3 BCEX ee MOHATHH (MCXOAHBIX HJH ONpelessieMbiX)
BHI6PATh HEKOTOpPOe MHOXKecTBO B¥, nmeroiiee xota 6u ABa
3JeMeHTa, a Takke onepamuu + %, %, ‘¥ y3 KOTOpBHIX
nepBble JBe — [BYXapTyMeHTHHE, a TPeTbl — OJHOAPry-
MEHTHAs Omnepanuu. DTH OMepanHM JOJXKHE 06JafaTh TeM
CBOMCTBOM, YTO pe3yJbTaThl HX NMPHMEHEHHSI K 3JEMEeHTaM
MHOXKecTBa B® Bcerna npHHajA/IeXaT K 5TOMY MHOXKECTBY.
3aTteMm cJenyeT MPOBEPHTb, CTAHOBATCH JH AKCHOMB aJre6-
pet Byasi, eciu 3aMEeHHTb B HHX CHMBOJIH +, +, 7 COOTBETCT-
BEHHO CHMBOJaMH + ¥,-, ¥, '¥ akcHOMaMmu HJH TeopeMaMH
Teopun T %,

OueBHAHO, YTO ecJH Teopusi T HMeeT MHTepNnpeTalHIO B
teopud T*, To BcAikag Teopema TeopHH T MMeeT aHAJOr
cpenn teopem Teopuu T#. Takum o6pasoMm, pesyJabTaTH,
nonyueHHbie B T, MOXKHO aBTOMATHYECKH NMEPEHOCHTHL B JIIO-
Oyio Teopuio, B koTopo#i T mmeer MHTepnperauuio. B yacr-
HOCTH, B JIIO60# TEOpHH, B KOTOPOH MOXKeT GBITb HHTepIpe-
TMpoBaHa aareGpa DByas, cymecrByer ¢parment, c ¢op-
MaJbHOM TOUKH 3peHHsT He OTJHUalInuiics oT 3Tod aJ-
re6phl.

Ilpocrefinyio uHTepnperaunio anre6pul Byns Mb nosay-
YMM, KOTZa 3a CHMBOJaMH -+, -, / COXpPaHHM HMX CMBICI, a
cuMBOl B GyneM mMOHMMAaTb KakK IPOH3BOJIbHOE TeJlO MHO-
JKECTB, TO €CThb KaK CeMeHCTBO MHOXKeCTB, HaCUHTHLBAIOIIEE
He MeHee JBYX 3JIEMEHTOB H O6Jajaioliee TeM CBOHCTBOM,
YTO CyMMa, NpOH3BeJeHHe M JIONOJHeHHe NPHHALJIeXalHX
TOMY CeMEHCTBY MHOMKECTB MNpPHHAJJeXaT TaKXe ITOMY
cemedictBy. OueBHIHO, ceMefiCTBO BceX NMOJAMHOXECTB MpO-
M3BOJILHOrO HEMyCTOTO MHOXKECTBAa fBJSETCS TeJOM MHO-
JKeCTB, HO He o6paTHO. IIpuMepoM Tesla MHOXKeCTB, KOTOpOe
He sIBJAsIeTCSl CeMeHCTBOM BCeX NOAMHOXECTB KaKOro-jJH60
MHOXECTBa, CJYyXKHT ceMeHCTBO MHOXKeCTB, He COlepxKaliee
IPYTHX 3JeMeHTOB, KPOMe NMYCTOr0 MHOXECTBa M MHOXeCT-
Ba BCEX HATypaJbHBIX YHCEJI, DaccMaTPHBAEMOro B Kaue-
CTBE MOJIHOIO MHOXKeCTBa.

3HauuTeJLHO BaxKHee CJeAyIOllas HHTEpnpeTauus alj-
re6psl By B TeOpHH BeposiTHOCTel: myctb B — MHOXKecT-
BO BCeX BO3MOXKHBIX COOBITHH; NOX

a+t b, a-b, a
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MOHUMAIOTCS COOTBETCTBEHHO COOBITHSI, KOTOpble HMEIOT Me-
CTO, KOTJla XOTs 6bl OJHO H3 COOBITHH, a miu b, HMeeT Me-
CTO, KOTJla HMEIOT MecTo 06a 3TH COGBITHS, KOrja He HMe-
eT MecTO COOHITHe a.

CyumecTByer Takxke HHTepnpeTanus ajre6psl Byas B
TEOPHH 3JIEKTPHUECKHX CeTell. DTa WHTepmperanus HMeeT
6oJblIOe MPAKTHYECKOoe 3HaueHwe. B nasnpHefiimux mapa-
rpadax Mbl GyaeM rOBOpHTh eule 06 OZHONH HHTepmpeTa-
uuu anrebper Byas.

YonpaXHeHHA:
1. TlpuBenute BbIpaXKeHWs, IBOHCTBEHHBE CJAELYIOUNIMM BHIpaXKe-
HHSIM:

a) (uto) =u.v;

by utu =1;

c) 0 =1. :

2. IMokaxurte, uTC eCH BHPAKEHHS o¥ u B"} COOTBETCTBEHHO

IBOMCTBEHHH BHIpaXeHHAM o u P, To Bopaxkedus aC Pu f Coa
IKBUBAJIEHTHHL,

§ 4. Beckoneunsvie onepayun
Ilycrs
1 X5, X5, X, ...
— NPOH3BOJIbHAS NMOCJAeN0BaTEJbHOCTH MHOXKeCTB, H NYCThb

Y=0¢X

— (yHKIHA, onmpelieJleHHas MJIS KaXJOr0 WIeHa MOCIeN0-
BaTeNbHOCTH (1), 3HaueHHs 3TOH (YHKIMH — MHOMKECTBA.

D4.1.  xe UeX) = X xeq (X)L

=1 ie®) )
D4.2. wNeX)=1Il xe@ (X)).

i=1 ey
MHokecTBO U @(X;) Ha3biBgeTcss CyM MO ¥ WIEHOB MO-
=1

ClenoBaTebHOCTH:
(2) q) (Xl)’ q) (X‘Z)’ q) (Xs)’ seey

! Hanom«maeM, yto cuMBos N ob6o3nauaer MHOXKECTBO BCeX Harty-
PaJIbHBIX yHCeJ.
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- .
4 MHOXECTBO ﬂ ¢(X;) —npou3BelleHHEeM WuICHOB

aToﬁ nocnenosarenbnocm Takum o6pa3oM, MHOXKeCTBY

U @(X;) npHHamiexar JHIb Te 3/7eMEHTH, KOTOPHeE HpPH-

Halmema'r XOTs1 661 OZHOMY M3 MHOXecTB (2), a MHO)KeCTBy

ﬂq>(X)-—Jmmb T€ 3JIEMEHTHl, KOTOPHE NpHHaAAJexaT
i=

o0
KaxnoMy u3 MHOXecTB (2). B uactHOCTH, CHMBOJIblU X, u
f==1

n X; (B cnyuae, korna @(X)=X) o6osHavaloT cyMMy H
fum]

00 00
npousBefeHne MHoxecTB (1), a cHMBOJM UX; = N X;
=1 =1
(B cryyae, korna @(X) =X’) 060sHaualOT CyMMy H IpOH3-
BeJleHHe YJIeHOB MOCJEeLO0BaTeJbLHOCTH

X1, Xs, Xs, .

Cienyomue 1Be GOPMYNH ABASIOTCS 0GOGLICHUAMY 32-
KoHOB Jle-Moprana:

T4. 1a.

EEsﬁ
>
r
C8 T s

el

23

e
I

b.’ (1

—

Hok. a. (1) xe(g D=~ (xe | X‘)E
E“’(erXz)E H"\-'(xBXi)E IMyeX; =
lew iy 113

= xe ﬁX} {D1.7, D4.1, D1.7, D4.2}
@ e (UX) =x Nx] {1}

(gx,)' = _ﬁx,’- {DL.1, 2}

=
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JlokasarenbcTBo (GopMyAb b aHaJOrHYHO.

ITycrb X — npousBoJIbHOE CeMeHCTBO MHOXECTB. Bynem
cunTaTh, uTo QyHkuua Y=¢(X) onpenenena njs Kaxaoro
snaemeHTa ceMefictBa X MHOXECTB M UTO 3HAUYeHHSIMH STOH
(GYHKUHH SIBJSIOTCS MHOXKECTBA.

CllenyiolliHe [Ba ONpeaeeHHs ABAIOTCA 0GOCLIEHHIMH
D4.1 u D4.2:

D4.3. re JoX)= X xep(X).
: XeX XeX

D4.4. xe () o (X) =11 xeq (X).
XX XeX

B uacruoctn, cumsoas |J X N X (8 cayyae, KorAa
XEX Xex

¢ (X)=X) o603HayaloT CyMMy H NpPOH3BelileHHe BCEX MHO-

KeCTB, NpHHaMIexaunx cemefictsy X.

YnpaxHeHHs:
1. Jokaxute cnepywoiue GOpMyJbl:

a) J&xvy=x {Jv;
=1 =1

b &x-v)=x (s
{=! i=]

o U xi+vy= ile,+ Urs

i=l (25

00 o0 ¥oo
d N&xevy= [ X [\
f=1 =1 . =l

2. Noxkaxute dopmyJet i

2 (U %"= X

} xex
b (X=X
XeX XeX

3. Iokaxure chenywoline TEOPEMEI:
0o o0

ay M, CBy—» JacC U s
ien =l fe=1

I DTH hopMyJIH TaKKe HaswBaioTcs 3akonamu [le-Mopraua naa
MHOKeCTB,

197



DI ¥ ECY- Uxc yr )

XeX Yey XeX Yey .

4. Tlokaxute, yTo B cyuae, korza X — nycToe MHOXeCTBO, MHO-

KeCTBO U @(X) TakkKe mycTo, a MHOXKeCTBO n ¢ (X)—nosmoe MuOXKe-
XEX XeX
CTBO_HE3ABUCHMO OT TOF0, KaK OnpefensieTcsi (byHKius Q.
5. HNokaxure, uto B cnydae, Korga X = {Z, U},

UoeX)=9@)+o)
XeX .

= (2) - ().
Xg{tp(x) ?(2) o)

6. Haitte onpenenenua | ] Xu N X, anajoruuHbie onpeneNeHUIM
XEX XEX
CYMMB M NPOU3BeJeHHS MHOMeCTB, HaHHBIX B ynpaxHenuu 4, § 1. Ha
OCHOBaHHH TOJYYEHHBIX OnpeneNeHMH HoKaXKHTe (dopmyabl, npupegeH-
Hbl€ B NpelBINYIIHX yNPaXKHEHUAX, a TaKXKe NOKaXKHTe 9KBHBaJIEHTHOCTD
9TUX onpeneienult D4.3 u D4.4.

§ 5. Hdexapmoso npousgedenne
MHOCecms

Mer BBOZMM HOBOE HCXONHOE MOHATHE — MOHS-
THE YMOPSIOYEHHOH maphi !. Ynopsinouennyio mnapy c nep-
BBIM 3/IEMEHTOM X H BTOPHIM 3JEMEHTOM § Mbl 0603HATHM
uepes (¥, y). KommiaexcHsie unciia — 310 yIopsi JOUEHHbIE
Napbl, ~ 5M€MEHTHl  KOTOPBIX — JefiCTBUTENbHbIE UHC/A,
OcHoBHOe CBOHCTBO ymopsfoueHHbIX nap onpepaénasercs
CIeAYIOleR aKCHOMOM:

A5.1. ((, )={(z,t)=x=2\y=t.

Takum o6pasom, ynopszouennsie Napel TOXKIECTBEHHBI TOT-
Aa, M TOJNBKO TOTAA, KOTA TOM/ECTBEHHbI HX nepBbie H
TOXKECTBEHHB HX BTOPHIE 3JEMEHTHL, IMoatomy, ecan a = b,
To napel (@, b) u (b, a) pasamumel. Bumecto (%, y), 2)
MH GyneM mucaTb (X, ¥, 2), CXOXHBIM o6pa3oM BMecTO
({*,9,2),t) mm 6ymem mucars (%, 9,2, t). Boobme
YNOPsIIOMEHHYIO 71-Ky NPEAMETOB, 0603HAYEHHBIX CHMBOJIA-
MH Xy, ..., Xn, MBI OyJleM 0603HauaTh uyepes (X1, ..., x,).

! TlonsTue YNOPSIMOYCHHO! naphl He06A3aTeNbHO OTHOCHTD K HC-
XOIHBIM TIOHATHSAM TEOPHH MHOXKECTB: €ro MOXKHO BBECTH C NOMOLIBLIO
onpenenenus. Onpenenenue YNOpsAIOYeHHOR napsl HOPMyNHpYeTCs B § 4
<«[Ipunoxenus»,
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/13 3THX NPEIMETOB HEKOTOPHE HJH [axe BCe MOTYT OHITh
TOKIE€CTBEHHHI.

D5.1. (%, y)eX XY = xeX A yeY.

TouHast ¢opmyJa 3TOro onpejeneHus CIAeLyIOIas:

oeX X YE]EE(L = (x, y).

xeX yeYy

MuoxectBo X XY HaspiBaeTcst fe€KapTOBHLIM TN poOHa3-
BeleHHEM, HWIH TFT€OMETPUYECKHM INPOH3Be-
neHHueM, MHOxectB X M Y. OueBHJIHO, uTO AJS JIOOBLIX
ABYX MHOXECTB CYLIECTBYeT HX FeOMeTPHYECKOoe NpPOH3Be-
JIEHHE. '

Ecin yepes & Mb 0603HAUYMM MHOXKECTBO BCEX IEJBIX
yHces, a uepes M, Kak M BhHIe, — MHOKECTBO BCeX HarTy-
paJbHBIX 4HCes, To TMpousBefeHne & X N 6Gyger MHOXKecT-
BOM BCeX YNOPSANOYEHHBIX mNap, IepBhie 3JEMEHTH KOTO-
pHIX — LeJIHie YHCJa, a BTOphHle — HaTypaJbHHe YHCJA.
B teopernueckofi apudmeTHKe yepes 3TO MHOXECTBO Ompe-
JelisieTcs TOHSITHE PalMOHAJBHOrO YHCJa.

Caenywoiueit TeopeMoli Mbl 6yzem MOJNB30BAThCS B Aab-
Helimux naparpadax:

T5.1 a. X+YVXZ=XxZ+4+Y xZ.
b. X.Y=0-(Xx2) (Y xZ)=0. ‘
c.{l,2,..., ) x X={I}xX4+{2}xX+...
- oo {n) X XL
d. XCY-»XXZCY xZ.

Ml npuBeneM JMIIb J0KA3aTeNbCTBO GOPMYJH C, Mpe-
AOCTaBJIAsl YUTATENIO HECJOXHble AOKA3aTeabCTBa (OpMYJI
a,bud

Hox. c. Jlas nokasaTenncrBa GOPMYJE ¢ LOCTATOYHO
3aMETHTDb, UTO YNOpsiloueHHas napa (i, x) sBaAsercs 3Je-
MeHTOM MHOXKecTBa {1, 2, ... .1} XX TaK Xe, Kak U 3JeMeH-
ToM MHOXecTBa {1} XX+ {2} XX+ .. +{n} XX, Toraa, u
TOJbKO TOTHA, KOTJAA [ — HATypaJdbHOE YHCIO <7, a aJe-
MEHT X NpHHAAJEXHT MHOXeCTBY X.

Ilycte @ (x) — npousBosbHOE YCJIOBHE, 3amUCaEHOe C
HOMOLIBIO CBOGONHON NMepeMEHHOH X; B 3TO BbIPaXKEHHe MO-
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YT BXONHTL M JPyTHe CBOGOAHbE nepeMeHHbie. Uepes @ (q)
0603HaYUM BBIpaXKeHHe, nojsyyenHoe u3 @ (x) moACTaHOB-
KOM BMECTO ‘' IepeMEHHON X MepeMeHHOH q. AHanoruyHeIi
CMBIC HMEIOT cUMBOJIE D (2, £) u @ (q, b). :

BBenem nBa onpenenennus, nossoJsiomie NPOCTBIM CHO-
co60M 0603HAYaTb MHOXKECTBA, 3JEMEHThI KOTODLIX yIOB-
JIeTBOPSIIOT NAHHBLIM YCJIOBHSAM: ’

D5.2. %eE® () = @ (»)L.

Taxum o6pasom, MHEOXKecTBO ED (a) — 3TO0 MHOXKecTBO Bcex
a _

NPEAMETOB, YNOBJETBOPSIOWMX YCAOBHIO @ (x).

C momoumbio D5.2 MOKHO [0Ka3aTh SKBHBAJEHTHOCTE
T1.5 u TVI (u. I, pasz. I, § 6). Mmenno us npaBoi cTopo-
Hbl SKBHBA/NEHTHOCTH T1.5 MBI mosyuaem neByio cTopomy
skBHBaneHTHOCTH TVI, noacraeass Bmecro «X» BHIpaXe- -
e «EA (a)» u ucnonsays D5.2. Us npasoix CTOPOHBI 3KBH-
BaenTHOCTH TVI Mbl monyyaem Jepyio CTOPOHY 3KBHBa-
JIeHTHOCTH T1.5 ¢ moMOIbI0 MOACTAHOBKY 2: AN JtE X.

D5.3. aef:b (@, b= 22 2, [a=(z2,t) \ D2, 1)].

Cwmbicn 3TOTO MOHSATHSI pacKphiBaeTcs: Teopemol
T5.2. (%, y) eli(D (@, b)=d(x, ).
Q,

Takum o6pasom, MHOXKecTBO E® (@, b) — 370 MHONKECTBO
’ ab

VNOPANOYEHHEIX Map, 5JEMEHTH KOTOPHIX y[OBJETBOPSIOT

yeaosio @ (x, y).

Hoxk. (l.1) Ax ) eﬂb(a, b) {mo6. momymy.}
(1.2) ¥ % y) =(2,6) AD(z ] {D 5.3, 1.1}
z ¢
(1.3) (% Y) =(2, ;) S
(1.9 oGy |
(1.5) =z ANy=t, {A 5.1, 1.3}

! Byxsa E — nepsas 6ykBa ¢pannysckoro ciosa ensemble (Mné-
HECTBO).

- % 35ecb MM NpHMeHSeM MPAaBHIO MONCTAHOBKH BMECTO ¢dyHKuHO-
HAJBHEIX BHpaX(eHHH, onucanHoe B u. I, pasp. II, § 5.
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(1.6) D (x, y) {1.4, 1.5}

2.1) D(x, y) {#06. pomyu.}

22 (ry)=(x,y) ND(xy) {2.1}

@3) IXUxy)=(z1) ND(1) {2.2}
2 ¢

(2.4) (x, y)eE:D(a, b) {D 5.3, 2.3}

TeopeMa {1.1 - 1.6, 2.1 » 2.4}

B coorBercTBHH ¢ D5.2 MHOXKeCTBO BCeX IOJOXKHKTE/Nb-
HBIX JeHCTBUTENbHHIX YHCeJ MH MOXKeM OGO3HayHTh depes3
E(a>0 Aa€R), wmHOXKeCTBO BCeX KOpPHeHA MHOrowjeHa
a
W (a) — uepes E(W(a)=0). Ilo Teopeme Xe T5.2 mHoxKe-

a
CTBO BCEX YHNOPSLOUEHHBIX NMap, B KOTOPHIX MePBbIi 3JeMEHT
paBeH BTOPOMY, Mbl MOXeM OGO3HAuHTL yepes E(a=b),
b

a,
MHOXKECTBO Bcex peurenufi ypasHemns x*+y?=10— uepes
E (a2+b2=10). .

a, b
YnpaxXHeHHA
1. Tokaxure, 4ro
(#1, g, )=k, yas Y == Apn=nNa=2%
2. JlokaXuTe 3KBHBaJEHTHOCTb
(x, ) =(g. x)=x=y.

3. Hoxaxure (HopMyJsl : .

a) (X-Y)XZ=(XXZ)(Y XZ)

b) (X—Y)XZ=XXZ—Y XZ.

4. TlokaXKuTe Ha NpUMEpe JOXKHOCTH (OPMYJIH

XXY=YXX.
5. Ilokaxure cJefyiouiHe (GOPMyJbI:
a) {3 @@V Y@= f¢ (@) + EY (a)
b) E[®(a) A ¥ (a)l=ED(a) EY (a);
a a a .

9 [T®(x) = ¥ (W] = £ (@) = EY (@)
d) I"[[d>(x)—->\1’(x)]zE¢(a)cg‘\1’(a).
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§ 6. Baemenmes meopun OMmHOwWeHul

Teopus oTHOweHHUi CoCTaBJ/IsieT OAMH H3 BaXK-
HeHLINX Pa3/ielioB MareMaTHUeCKOH Joruku. Ho 3mech Mt
OTPAHHYHMCS DACCMOTPEHHEM JIMIIbL TeX NOHATHH 5Tof Teo-
PHH, KOTOpble HEOOXOAUMEI AJs1 0GOCHOBAHHS TEOPUH MHO-
KecTs, :
Ilpexne Bcero mMul onpenenum ocHoBHOE LI MaTeMa-
THKH NOHAATHe QYHKIMU:

D6.1.  Re dyuku=[][][](+Ry A xRz y=2).

X ¥y 2

Taxum o6pasoM, oTHOweHHe ecTh bynxnusa torna, u TOJD-
KO TOr/a, KOrAa NpOM3BOMBHEI NPeIMET MOKET HAXOLHTH-
‘Csl B 3TOM OTHOLIEHWH He GoJiee, yeM K ONHOMY NpelMeTy.
Tem caMbM X dyHRUHSIM OTHOCATCS, HanpuMep, CJeayio-
IIHe OTHOLIEHUS:

*Ry=y=|x|;
XRyy =y = 12,
M3 T5.2 u D6.1 crenyer:

Cnenctaue 6.1. Omuowenue R ecrmv dynxyus mozda, u

moasko moeda, xoeda muoxcecmsy E (aRb) ne npunadrescum
) a,b

dsyx ynopadouennsix nap, nepevie 9remenms. Komoperx odu-
HAKO0BbL, @ 6mopsle pPasAutHe,.

D6.2a, xeD,(R) = 2 xRy.

14

b. yeD,(R) = 2 xRy..

X

Mmuoxectsa D;(R) wu Dyp(R) HasmBaloTcsi eBoOf u
nNpaBoit o6nacTaMu oTHowenns R!. Ecau HOJIHbIM
MHOZKECTBOM SIBJSIETCS MHOXKECTBO BCeX HATyPaJbHBIX UH-
Cell, TO JieBast 00/1aCTh OTHOLIEHHsT «GOJbIIes — MHOKECTBO
BCEX HATypasMbHBIX YHCea >1, a npaBast 06/1aCTh — MHOMKE-
CTBO BCEX HaTypaJbHBIX unces. Jlesass 06/1aCTh OTHOLICHHS:

! Hacto JeBy1o 061acTh HaswBalOT 06/1aCTHI0 OTHONICHHH H 0603Ha-
uaT cumeoaoM D(R), a npasyio 06/1acTh — 06paTHON 06sacTbi0  H
o6o3uauaiorT ¢ (R).
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x oTell ¥ — NMOJAMHOXKECTBO MHOXeCTBa BCeX MYXuMH, a
npaBasi 06/1aCTh — MHOXeCTBO BCeX JIOAeH.
V3 teopeM T5.2 u D6.2 a, b cnenyer:
Caencrteue 6.2, Mrnowecrnso D,(R) ecmv mHoNecmeo
cex nepevix saemernmos, a mroxcecnso D, (R) ecmo miodice-
CIMBO 8CEX BIMOPLIX SNEMEHITOB YNOPAGOHEHHOIX Nap, npurad-
NENHCQAUUX MHOICECTBY l*i (aRb).
a,

D6.3. Re ¢ynru A xeD,(R) — [y = R (x) = xRyl.

daement R(x) HasbBaercsi 3HayueHHeM (¢ yHK-
nuu R ana aprymenrta x. 3aMeTHM, uTO B CJlydae, KOraa
R He ecTh QyHKuus uiau Korna x€ Dy(R), cumBoa R (x) me
HMeeT OMNpeAe/JeHHOTO CMBIC/IA.

M3 D6.2 a, b u D6.3 nerko cienyer:

Caeacrtsue 6.3 a. xeD;(R) = 2 xRy.
yeD(R)

b. yeD,(R) = 2 xRy.

anl(R)
c. Re pynkn, AxeD;(R)— R (x)eD,(R).
D6.4. yeR (X) = 2 (xRy).

xeX

Mruoxectso R(X) HaseiBaeTcsi R-06pa3oM MHOXeCT-
Ba X, a B c1yuae, korna 'R ecTb QyHKUHA, — MHO X e CT-
BOM 3HauYeHHU 3Tofi QYHKUMH [Js aPryMeHTOB, NpH-
Hagnexamux X. Ecin X — MHOXKeCTBO, € IJHHCTBEHHEIM 3J1e-
MEHTOM KOTODOrO sIBJAsIETCS HYJb, a R — OTHOLIEHHe
«MeHblIe», TO R(X) — MHOXKecTBO BCeX HOJOXKHUTENbHHX
yHces. 3aMeTuM, uTo cuMBoJ R(x) o0o3HauaeT HEKOTOPHIH
uHauBHA, a cuMBoa R (X) — Hekoropoe muOXecTBo. Ilep-
BLIHl M3 THX CHMBOJIOB MMEET CMBICJ TOJbKO TOr[d, KOria
R — ¢yukuusa u x € D;(R), a Bropoli HMeeT CMBIC/ BCeraa.

IIpumMepoM TeopeMbl, B KOTOPYIO BXOAHMT OINpejeJIeHHOE
BLIllle NMOHATHE, sIBJISETCS

T6.1. XCY-R(X)CR().

Hecnoxnoe JI0Ka3aTeNbCTBO 3TOH TEOpEMBI MBI IIpeNOCTaB-
JiIsieM 4YHuTarTeJIo.

Ionatue mociemoBaTeNbHOCTH — YacTHLI ciayvyali mo-
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HATHA QYHKUMH. A HMEHHO: GeCKOHEYHasi NOCJeJ0BaTeNb-
HOCTb eCTb (DYHKLHA, JeBasi 06/1aCTb KOTOPOH — MHOKECTBO
BCeX HaTypaJbHBLIX 4MCes, a n-ii YjeH JaHHOH IOCJef0Ba-
TeIbHOCTH — 3HayeHHe 3TOH (QYHKHMH [Js apryMeHTa f.
Beckoneunylo noc/efoBaTeILHOCTb Gy, g, Qs, ... MBI GyaeM
0603HayaTh yepes {a,}. :

KoHneunas n-uneHHas noc/e/loBaTeNbHOCTh — 3TO (PyHK-
nusi, nepass 06/acTb KOTOPOil — MHOXKECTBO HATyPaJbHBIX
yhCesl < M. -

D6.5. xR-y=yRx.

OrHowenne R~! Ha3biBaeTcsi KOHBEpPCHEH OTHOLICHHS R.
KoHBepcusa oOTHOLIEHH <€CTb OTHOLIEHHE>> M O06paTHO.
KoHBepcHSi OTHOILIGHHS X — MyX y €CTb OTHOUIEHHE Y —
XKeHa X.

‘Cnepcreue 6.4. (x,y) efb(aR—lb)E (y, x) eﬁ(aRb)
{T5. 2, D6.5}.
L6.1 a. D;(R) =D, (R).
b. D,(R)=D,(R™).
Hok. a. (1) xeD,(R)EZnyE EyR—lJCE
¥ ¥

= xeD,(R™") {D6.2a, D6.5, D6.2b}
D,(R) =D, (R-") {DL.1, 1}
JlokasatenbcTBO GOpMyHl b aHaOrHYHO.
D6.6. Rel —1 =R, R-'e dynxu.

Bripaxenue R € 1—1 yuTaercs: oTHomeHHe R B3 a H M-
HOOJHO3HAa4YHO, WIH: OTHOmeHUe R — oaHoO —
ONHO3HayHO. TakuM 06pa3oM, OTHOIIEHHE B3aHMHO-
OJIHO3HAYHO TOT/4, M TOJIBKO TOT/a, KOT[a OHO M €ro KOH-
BEPCHA SBJIAIOTCS QYHKHUSAMH.

IIpuMepam¥ B3aMMHOONHO3HAYHLIX OTHOLICHME SABJS-
I0TCA cleflyloliie apupMeTHYECKHE OTHOLIEHHS:

XRyy=y=2x A\ x, ye®;

Rye=y =12\ x, yei;

xR,ysy= £ A x, yeR,
204



s caenctbui 6.1, 6.4 ¥ D6.6 caenyer:
Cnenctaue 6.5. Omuoweriué R 63auMHROOOHOSHAHHO MMOE-
da, U MOAbKO mozda, Ko2da mHoxcecmsy E (aRb) He npurad-
a.b
qepcam Huxaxue 0se (pasauuroie) ynopAdouennbie napol, nep-
guie UAL 8MOpbie SAEMERMbL KOMOpoLX moadecmeerHbL.
16.2. Rel —1 »Rlel — 1.

I1 o k. K3 ToOrO, 4TO R e 1—1, u caejncteus 6.5 caenyer,
uTO MHOXECTBY Eb(aRb) He DNpHHAJJeXaT HHKaKue /Be
8,

(pasiHuHble) yNOpANOYEHHbIE Haphl, nepBbie WJIH BTOpHIE

5/eMEHThl KOTOPHIX TOX/eCTBEHHBI. O1cio[a B H3 CleCTBHS

6.4 caedyer, 4TO H MHOXECTBY E(aR-'b) He npuHanjexar
a,b

nse Takue napbl. Eme pas ccblaadAch HA caencreue 6.5, Mbl
yCTaHaBJIHBAEM MCTHHHOCTD JEMMbI L

1L6.3 a. Rel —1 A xeD(R7)— x=R (R~ (x)).
b. Rel —1 A x, yeD;(R) /\x:;éy-aR(x)r,&R(y).

Iok. a. () Rel—1 } {10 \
@ DR o
(3) R, R'e pyHkL {D6.6, 1}
(4) R'(xn=
— R-(x) = xR—'R-! (%) {D6.3, 3, 2}
(5) xR'R7(x). ' {4}
(6) R' (x)Rx {D6.5, 5}
(7) R~ (x)eD(R) {D6.2a, 6}
x = R[R— (%)) (D6.3, 3, 7, 6}
Iok. b. (1) Rel —1
@) x, yeD;(R) { morrynt.}
@) x#Fy

1 JjokasareabcrBo L6.2 aBED MeHee JeTajbHO, ueM MpeIBAYIIHE
IOKasaTelbcTBa, HeTpyAHO TakiKe MOCTPOHTE IOKa3aTeNbCTBO  JIEMMH
16.2, sanHcaHHOe HCKJIOYHTEJIBHO C nomonisio dopmys. Ho Takoe Ro-
KasaTelbeTBO He CrocoBGCTBOBaJIO 6Bl BHACHEHHIO nedopMmaJibHOR CTOPO-
HH paccyXfeHus. B KajbHeHIIHX HacTiX yueOHHKa MH 49acro 6ynem
dopMy.EpoBaTh A0Ka3aTeJbCTBa CIOBECHO.
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4)'R(x)=R () {monym. k. 1.}
() R, R—'e ¢yukn {D6.6, 1}
{

(6) xRR (x) A\ yRR (y) D6.3, 5, 2
(M) R()R'x A R(y) R—ly {D6.5, 6}

@ x=y {D6.1, 5, 4, 7}
NPTBpY. {3, 8} -

T6.2.  Rel —1 AXCD,(R)»R~'[R(X)]=X.

HeCJ'IO}KHOe, HO [OCTaTO4YHO AJHHHOe A0Ka3aTeabCTBO 5TOH
TE€OpEMBI MBI NpenocTaBisseM YUTaTeJIo,

D6.7. XRxy = xRy N\ xeX.

OtHomenne Rx HasmBaercs OTHOIIEHHEM, OrpaHHu-
YEHHBIM MHOXEeCTBOM X.
W3 D5.3 u D6.7 clenyer:

Cnencrtsue 6.6. M-rosxcecney 1.2 (aRxb) npunadarescam me,
a

U moabKo me, ynopadouennvie napes, Komopete npunadrexcam
Mroaicecmey E (aRb) u nepesie snemermp Komoperx npurnad-
a,b

sexcam X,
16.4. Rel — 1 — Ryel —1.

I ox. Hs toro, yto R ¢ 1—1, u w3 cnencreus 6.5 cue-
AYET, 49T0 MHOXecTBY E(aRb) He npHHamiexar HuMKaKHe
a,b

AABE DASNHIHbIE YNOPSIJOYEHHBE NAPhl, B KOTOPHIX nepBbie

WJH BTODLIE S/€MEHTHl TOXAECTBeHHH. OTCIOAa W M3 Clej-

CTBHsl 6.6 clexyer, 4YTO TakKe MHOXecTBy E(aRxb) ne
a,b

TNpHHALJeXaT fBe Takue mapul. OTciofa W u3 caencrBus
6.5 cienyer nemma:

L6.5 a. XCD,(R) - D, (Rx) = X.
b. X CD,(R)~ D,(Rx) = R (X).
Hoxk. a. (1) XCD,(R {monyu. }
(1.1) xeD, (Ry) {mo6. momymt.}
(1.2) xRxy, {D6.2a, 1.1}
(1.3) xeX {D6.7, 1.2}
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(2.1) xeX ~ {mob. nonyu,. }

(2.2) xeD;(R) {1, 2.1}

(2.3) xRy, {D6.2a, 2.2}
(2.4) xRxYs {D6.7, 2.3, 2.1}
2.5) xeD,; (Rx) {D6.2a, 2.4}

D,Rx)=X  {DI, L1->13, 2125}

JlokazareabcTso GopMyis! b Mbl OpefocTasjseM HHTA-
TeJI0. ’

D6.8. xR; Sy= 2 (xRz N\ 28y).

Orpomenne R; S HasplBaeTcs OTHOCHTEMDLH Bl M
npou3BeNeHHEM ornomenuit R u S. OTHOIIEHHE I€p-
eHAHKYASPHOCTH NMPAMBIX B NpOCTPAHCTBe €CTb OTHOCH-
TeJlbHOE NPOH3BEIEHHE OTHOLIEeHHH napa/ielbHOCTH nps-
MbIX M IE€pIEeHIHKYJIsPHOCTH NPAMBIX Ha OJ0CKOCTH, HOTO-
My u10 mIpsmas [ nepneraHKyaspHa B NMpOCTPAHCTBE Nps-
Moii 7 TOTA@, H TOJBKO TOMIa, KOTaa CYUIeCTBYeT napsmMas,
napannenbHas [ ¥ ONHOBPEMEHHO nepecekatomas m noi
npsiMpiM  yrjiom. OTHOmERHe X TECTb Y — OTHOCHTENbHOE
npousBefeHHe OTHOLIHHS X — OTEH 2 M OTHOLIEHUS] Z—
XKeHa Y.

s T5.2 u D6.8 crenyer:

CaexcrtBue 6.7. ¥Ynopsdowennas napa (%, y) npunad-

nesicum mroxcecmsy E (aR; Sb) moeda, U moako mozda, Koe-
a.b

da O mekomopozo z— hapa (X, 2) eE (aRb) u o0rvepemer-
1o napa (2, y) eE (aSb).

16.6. R, Sel —1—>R; Sel — 11,

I ox. [HonmyctuM, uTO orgomenue R; S He sABJIsETCA
B3AMMHOOHO3HAUHbIM. Torxa no CJeACTBHIO 6.5 cyuiecT-
BYIOT TaKue X, Y, 2, 4TO y#zZ "

a. (x, ¥)> (}, 2) eEb(aR; Sb)

! Hamomumaewm, uto R, S € 1—1 ect® COKpallieHHe BHIPAXKEHHT
RE1—1AS € 1—1.— ITpun. nepes.
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b. (W, %), (2, %) <E (aR; St).

Paccmotpum cayuah a. M3 caeactsus 6.7 caenyer cy-
IIeCTBOBaHueE !y H f5, TAaKHX, 4TO.

(l) (x' tl)’ (x’ tﬁ) Eﬂﬁ(aRb),
H
(2) <t11 !/) ’ (th Z) eaE.b(aSb).

Ecin ty=f;, 10 dopmyna (2) npoTusopeunt YCJIOBHIO, YTO
S€ 1—1. Eciu xe £+ £, T0 QopMmyaa (1) nportuBopeyur
ycnoBuio, uyto R € 1—1. ITostoMy cayuali a He MoxerT
HMeTb MecTa. CXONHBIM 06pa3oM Mbl MOKA3LIBAEM M HEBO3-
MOXHOCTL caydasi b. CrenoBaresnbho, JomylleHue, 9TO

R; S€1—1, NPUBOJIHUT K NPOTHBOPEYHIO.
L6.7 a. D,(R)=D,(S)—D,(R; S) = D,(R). -
b. D,(R)=0D, (S) = D,(R; 8) =D,(S).
Hox. a. (I) D,(R)=D,(S) {momym.}
(1.1) xeD;(R; §) -  {no6. momym.}

(1.2) xR; Sy, {D6.2a, 1.1}
(1.3) xRz, {D6.8, 1.2
(1.4)7xeD, (R) {D6.2a, 1.3}
(2.1) xeD,(R) {no6. momym.}
(2.2) xRz, {D6.2a, 2.1}
(2.3) 22D, (R) {D6.2b, 2.2}
(2.4) 2,eD,(S) {1, 2.3}

(2.5) 2,Sy, {D6.2a, 2.4}
(2.6) xR; Sy, .{D6.8, 2.2, 2.5}

(2.7) xeD,(R; S) {D6.2a, 2.6}
D,(R; S)=D,(R) {DL.1, 1.1 1.4, 2.1->2.7}
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Jloka3aTeJbCcTBO HOPMYJI. b aHANOTHUHO.

JloKa3aHHHIMH JeMMaMH MB Oy/eM NOJb30BATLCA B
caefyioleM naparpade.

D.6.9. O6 OTHOLIEHHH TOBODSAT, YTO OHO €CTb OTHOLIEHHE
rufa SKBHBAJEHTHOCTH! Torja, # TOJbKO TOTAa, KOrjAa OHO
pep IEKCHBHO, CHMMETPHYHO H TPaH3HTHBHO,

[IpuMepaMu OTHOLIEHHWH THra SKBHBAJEHTHOCTH ABJA-
JOTCSI: OTHOLIEHHE pPABEHCTBA, NMOAOOHMS MHOrOYroJbHHKOB,
paBHOBEIHKOCTH IJIOCKHX (QHIYp, paBHO3HAYHOCTH BRIpaxe-
Huil, HaJHuMsl KPOBH TOH e CaMO#l FpYyNIHL.

Cuenyiouiee onpefeienne — anajor D1.1:

D6.10. -R=S=[][](*Ry = xSy).
x ¥

Buipaxenne R=S uuraercs: oTHOeHHe R paBHOOGBEMHO

OTHOLIEHHIO S.
Ananorom T1.2 saBasercsa Teopema, HECJOXKHOe J0Kasa-

TeJbCTBO KOTOPOH MBI ONYCKaeM.

T6.2 a. R-R.
b. R-_S->S-R.
c. R_SASaT—->R_T.
Ananorom T1.6 sBasercs
T6.3. R=8-+R-S.

AHAaJOroM aKCHOMBI SKCTEHCHOHAJBHOCTH [UJI1 MHOXKECTB
(A1.2) siBAsieTCS] aKCHOMA SKCTEHCHOHAJNBHOCTH I OTHO-

HIeHui:

A6.1. R._S—>R=S.

Vs T6.2 u A6.1 caenyer
T6.4. R-S=R=S.

TakuM 06pasoM, Bepaxegue BHLAa R=S MB MOXeM
BCerJa 3aMeHMTh BepaxenueM Buia R=S. Bcaencraue
5TOro B AajbpHeRuux naparpadax Mbl GyleM YHOTPeGaATH
TOJBKO 3HAK =.

1 OTHOWIEHHs THIA SKBHBAJEHTHOCTH 4acTo TaKXe Ha3bIBatOT OTHO-
ILIeHHAMH THIa paBeHcTBa. — ITpum. nepes.
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ITpuBesieM ellle OfHY JeMMY, KOTOPO# Mbl GyfeM MHOJb-
30BaTbCs B JaJsbHefimux maparpagax:

L6.8. X=D,(R)—Rx=R.
Hok. (1) X=D,(R) {p;onym.}
(1.1) xRy {mo6. momym.}
(1.2) xRy . {D6.7. 1.1}
(2.1) xRy {mo6. momym.}
(2.2) xeD,(R) {D6.2a, 2.1}
(2.3) xeX {2.2, 1}
(2.4) xRyy {D6.7, 2.1, 2.3}
Rx =R {D6.10, 1.1—1.2, 2.1->2.4}

Ho cux mop MBI rOBOPHJM JHIIb O OBYyXapryMeHTHHIX
OTHOLIeHHsX. B HcumcieHHH OTHOLIEHWH paccMaTpHBAIOTCS
TakKe OTHOUIEHHS, UMelolIne GOJIblIee YHCIO apryMeHTOB.
Tak, HanpuMmep, MOXHO OOOOUINTL NOHSATHE (QYHKIHH OO
TMIOHATHA (QYHKIHM OT MHOTHX NepeMeHHbIX. Mul cQopMynu-
pyeM JMLIb omnpejejeHHe (QYHKIHMHM OT [IBYX NEpeMEHHBIX:

R ecTh QyHKUHS OT ABYX HEpPeMEHHbIX == l'Il'Il'IH (R (x v, 2N\
AR (%, y, u) =2z =u].

Takum o06pa3oM, QYHKIHH OT IBYX NepeMeHHBIX — 3TO
HEKOTOpble TpexapryMeHTHBe OTHOIIEHHs. BBelem eme no-
HATHE OTHOIUEHHS, ONpeNeNeHHOr0 M OCYyUleCTBHMOro 3
JaHHOM MHOJKeCTBe, ONATb Xe orparmtha;ICB cayuaeM
TpexapryMeHTHBEIX OTHOLIEHHH:

R — oTHOWeHNe, onpefe/ieHHOE H OCYILIECTBHMOE B MHOXKe-
cree X=I111 X R(x, y, 2).
XEX yeX 2€ X

Te onpele/fieHHblE M OCYLIECTBHMBIE B MHOXecTBe X
TpexuJieHHhle OTHOLIEHHS, KOTOpble OTHOCATCS K (QPYHKUHAM,
Ha3hLIBAIOTCS JIBYXAapryMeHTHHIMH ONepauHsIMH B MHOXKecT-
Be X. Tak, HanpuMmep, CIOXeHHe H YMHOXeHue — AByXap-
rYMeHTHHE ONepalii B MHOXeCTBe HaTypaJibHBIX YHCeJ,
BbIUMTaHHE — ONlepalusl B MHOXECTBE LEJBIX YHCes, Jee-
HHe — onepanusi B MHOXeCTBe DalHOHaJNbHBIX YuCes, OT-
JuuHBIX oT 0.

210



KpOMe JABYXapryMeHTHbIX, paccMaTpHuBalTCA TaKXke
onepallyi OAHOAPTyMEHTHLIE, TpexaprymeHtHbole U T. .

ynpaXHeHHS:
1. Onpenenute, KaKue W3 CJEAYIOUIHX OTHOUICHHH —— QYHKUHH:

Ry =pPr=x\x, ¥€&;
Ry=r=xA\x, e Ay>0;
Sy=x<y<x+1l Ax,yeN;
*Sqy=x<y<x+1Ax,yef

X — CHH ¥;
x —oren y.
2. Hokaxure ciexywouine GopMyJsl:
a) Rel—1 AxeDy(R)—»x=R-1(R(x));
b) Rel —1 A xeDp(R) > x= R(R-1(x));
c) Repyuky A xe D;(R)—~[xe X = R(x)e R(X)];
d) R(X+Y)=R(X)+R(Y); '
e) R(X-Y)CCR(X)-R(Y)
f) Re dymxn = [] Zny;

xeDy(R) v
g Rel—1= JI S, xRyA II i *Ry.
xeDyR) v yer (R) x

TMokaxure Ha npumepe, 410 dopmyaa R(X) -R(Y) T R(X.Y) ne
BepHa.

3. Yxaxure JeByl0 H OpaBylo 06JACTH OTHOLIEHHH, INepPeuHCIeHHbIX
B ynpaxuenny 1. Kakue u3 3THX OTHOINEHHH B3aHMHOOJHO3HAUHBIP

4. Vcrunda jm gopmyna Ry€1—1—-RE1—1?

5. Vs kakux OBYX OTHOILeHHH 06Pa30BaHHl CJERYIOLIHe OTHOCHTEJb-
Hble [POH3BEeEHHS:
X —39Tb Y, X — LWYpPHH y?
6. Tlokaxxure Ha npuMepe JOXKHOCTL HOPMYJbI
xR; Sy —xS; Ry.

-
7. TlpuBepuTe NPHMepHl OTHOLICHHI:

a) pe¢JIeKCUBHBIX U CHMMETPHUHBIX, HO He TPAH3HTHBHBIX,
b) pedJieKCHBHBIX W TPAHSHTHBHBIX, HO He CHMMETDHUHBIX;
C) CHMMETDHYHBIX M TPAH3HTHBHBLIX, HO He pPedJeKCHBHHIX.

8. Iokaxute opMyJbi:
) R=(R-)%
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b) (R; S); T=R; (S; T);

¢ R; §)-1=8-1 R4

d) R cumMeTpruHo = R = R—l.-
9. Hokaxure GopMyay:

Dy(R)CC X - R(X)= D, (R).

10. [Toxaxxute Ha mpuMepe, uTO CJeAyolllee BhIpaXKeHHe He ABJAfET-
CSl HCTHHHEIM:

Rx=R—->X=D/R)

$§ 7. Pasrouucaennocms MHONCECMSE.
Kapounaaonsie uncaa

TloHATHS, KOTOpPBIE MBI ONpeJieJIUM B 3TOM Napa-
rpade, OTHOCATCS K BaXKHEHIIMM H CaMBIM OCHOBHBIM IIO-
HATHSAM TEOPHH MHOXKECTB.

D7.1. X~g¥ =Rel —} AX =D,(R)AY = D,(R).

Bripaxxenne X ~grY untaerca: oTHomeHHe R yCTaHaBJH-
BaeT paBHOYHCJEHHOCTb ! MHOXecTB X M Y. OTHOmeHue

xRy = x=2y N\ xR

yCTaHABJMBAeT, TAKMM 06Pa3oM, DABHOYHCJEHHOCTb MHO-
JKECTBA BCEX HATYPaJbHLIX U MHOXKECTBA BCEX MOJOXKHTENb-
HBEIX YEeTHBIX YHCEeJ; OTHOIIEHHE

xRy =x=y% N\ xeR

yCTaHaBJMBAeT PAaBHOYMCJEHHOCTb MHOXXECTBA BCeX Hary-
paJbHBIX YHCeJ M MHOXKECTBAa BCeX KBAaJpaTOB HAaTypalb-
HBIX 4HCeJI.

Eute onun npuMmep: nyctb K; u K; — 1Be KOHHEHTpHUe-
ckue OKpyxHocTH. Touke okpyxHocTH K; MBI NPUBOIHM B
COOTBETCTBHE TOUKY OKDPYXHOCTH Kj, €ClM 3TH TOUKH Jie-
XaT Ha TNOJYynpsMol, BBIXOAAMLIeA W3 OOlIero IHeHTpa
okpyxHoctelt K; u K, JlaHHoe COOTBETCTBHE YCTaHAaBJIH-
BaeT PAaBHOYHCJEHHOCTb MHOXECTBA TOYEK, JeXallHX Ha
3THX OKpYXHOCTAX. Kak BHAHO H3 NPHMEpPOB, MHOXKECTBA
MOTyT ObiThb PaBHOYHC/JEHHBIMHM, HECMOTDPS Ha TO YTO OMHO
M3 HHX eCTb COGCTBeHHasi yactb Apyroro. OueBHIHO, 3THM

! YacTo BMeCTO BHPAaXEHHS <«DABHOUMCJEHHOCTb MHOXKECTB» IOJb-
3yIOTCA TaKXe BHIpaX{eHHEeM «5KBUBAJEHTHOCTb MHOXecTB». — ITpun.
nepes. ‘
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CBOfICTBOM MOTYT 06/1afaTbh TOJbKO GecKOHeUHble MHOXKe-

CTBA. .
Uz T5.2, D7.1 u caencrsuit 6.5 1 6.3 caenyert:

CnenctBue 7.1, Omnowenue R ycmanasausaem pasHo-

qucennocms muoxcecms X u Y mozda, U mMoAbKO moaoa,

woeda muoscecngy E (aRb) He npunadiedcam HuKaxue Oae
b

a,
(pasausrbie) ynopsdoderHbie Napol, nepeve ual emopote 3ae-
Menmbl KOMOpbLX MONIECMBEHHbL, NPUdeMm nepevie SAEMERIbL
ynopadoueHHolx nap, NPUHAONEHAUUX  MHONCECTBY E (aRb),
ab

o6pasytom MHONCeCmso X, a emopoie 3/eMeHIMbL — MHONCE-
cmeo Y.

D7.2. X~Y=VX~gY
R

BupaxeHue X ~Y uuraerca: MHOXeCTBa X u Y paBHOuYHC-
feHHb. Takam 0o6pasoM, [Ba MHOXKECTBA PaBHOYHC/IEHHbLI
Torna, ¥ TOAbBKO Torfa, Korla CYLIECTBYeT OTHOIIEHHE,
yCTaHaBJHMBAIOLIEE MX PABHOUHUCIEHHOCTD.

OueBu/HO, UTO 1Ba KOHEYHHX MHOXECTBa paBHOUHC-
JEHHB TOT[a, ¥ TOJMbKO TOTAA, KOTAa YHCJIO 3JEMEHTOB
O[IHOTO M3 HHX PaBHO UHMCJY 3JIEMEHTOB [pyroro.

B paccyxneHusix 3TOro naparpada Gyner yRoGHO o6o0-
3HayaTh OTHOIIEHHE TOXKIECTBA CHMBOJIOM I. Takum obpa-
30M, BMECTO X=y Mbl GyJeM ImHucaTh xly. Takasi CHMBOJIHKA
NOCTATOYHO YacTo NpUMEHsieTcss B JIOTHKE. 3aMeTuM ellg,
uyro x/x ecTb Joruueckas Teopema.

L7.1. X = I(X).

Doxk. (1.1) X {n06. momym.}
(1.2) yeX A yly {1.1}
(1.3) 2 xly {1.2}
(1.4) yel (X) {D6.4, 1.3}
2.1) el (X) {mo6. momym.}
(22) X Iy {D6.4, 2.1}
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(2.3) x;eX
(2.4) x,y }
(2.5) yeX {3T: 2.4, 2.3}
X =I1(X) {DL.1, 1.1 » 1.4, 2.1 2.5}
T7.1 a. X~ X.
b. X~Y=>Y ~X.
c. X~YANY~Z->X~2.

DTy TeopeMy CJNOBECHO MOXKHO CGhOPMYJIHPOBATb TaK:
OTHOWIEHUE PABHOYUCAEHHOCTU MHOXNCECT8 pehaexcusHo,
CUMMETPUYHO U TPAN3UTUBHO, a TIOTOMY OHO €CTb OTHOLIe-
HHE THIA 3KBUBAJEHTHOCTH.

{2.2)

Hok. a. (1) /e pynxkn {D6.1}
(2) I-'e pyHKY {D6.5, D6.1}
@3) Iel —1 {D6.6, 1.2}
4) Ixel —1 {L6.4,3})
(5) xeD, (/) {D6.2a}
6) D,()=1 - {DL.1, 5, AL1}
() XCD,() {T1.1, 6}
(8) D,(Ix) =D,(/x) =X {L6.5a, b, 7, L7.1}
@ X~ X {D7.1, 4, 8

X~X {D7.2, 9}

Hoxk. b. (1) X~Y {momym,. }
@) X~gY {D7.2,1}
() Reel —1 } {D7.1, 2
(4) X =D, (R) AY=D,(R)
(5) Ri'el —1 {L6.2, 3

(6) D, (RT")=Y A D,(R") = X {L6.1a, b, 4}
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Jlok. c.

(T) ¥~ X {D7.1, 5, 6}.

Y~ X {D7.2,7}
1N X~YAY~Z { momymi.}
2 X~rYAY~s2Z {D7.2, 1}

(3) Ry, Siel —1

(4 X=D,(R) A\Y=D,(Ry=( P71, 2}
—D,(S) A Z=D}(S)

(5) Ry; Siel—1 {L6.6, 3}

6) X=D,(Ry; S) AZ=D,(Ry; S, {L6.7a, b, 4}

(7) X ~r;s.Z {D7.1, 5, 6}
X~Z {D7.2, 7}

CaenyomuMH ABYMS JleMMaMH Ml Oynem IIOJIbSOBaTb
cA B OMHOM M2 JaJbHeHUIHX naparpagos.

L7.2. X ~gY¥ Y =R(X).

Ook. (1) X ~RgY {Jomymt.}
(2) X =Dy(R) D71, 1)
() Y=D,(R)

(4) D,(Rx) = R(X) {
(5) Rx =R {L6.8, 2
(6) D,(Rx)=D, (R) {

L.7.3

Hoxk. (1) Rel —1

L6.5b, 2}

5}
Y =R(X) {3, 6, 4}
‘Rel —1 AXCD,(R) = X ~ gyR (X).

@ XcD®) | romy}
(3) Rxel — 1 (L6.4, 1}
(4) D,(Rx) = X (L6.52, 2)
(5) D, (Rx) =R (X) {L6.5b, 2
X ~ g, R (X) {D7.1, 3, 4, 5}
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MB BBOAMM HOBOE MCXOJHOE HNOHATHE — MOHSITHE MOUI-
HOCTH MHOXecTBa !, o

Momuocts MHoxkectBa X o6osHauaercsi uyepes X. Cos-
faTeqab Teopuu MHoxkecTB ['eopr KaHTop cuural, 4TO MBI
NPHXOAMM K TOHSITHIO MOIIHOCTH MHOXKECTBA, OTBJEKasACh
OT TOrO, Kakue mpeaMeTbi 06pasyioT [JaHHOe MHOXKECTBO H
KaK 5TH NMpeIAMeTs B HeM ymopsjcueHbl. [[Be 4epTOUKH B
0603HAUeHHH MOIIHOCTH MHOXKECTBAa H JOJKHBI, COGCTBEH-
HO, CIIMBOJIM3HPOBATh 3Ty ABOHHYI0 a0CTPaKUHIO.

K cucreMe TeOpHM MHOXECTB Mbl NPHCO€IHHSEM HOBYIO
aKCHOMY, B KOTOPYIO BXOJHMT BB€J€HHbI/l HCXOJHBHIH TEPMHUH:

A7.1. , X=¥Y=Xx~Y.

3ameuanue 7.1. Byaem cuurarb, 4YTO MOIIHOCTb
NyCTOTO MHOMECTBA €CTh YHCJO HYJb, a MOIIHOCTb KOHed-
HOTO MHOXEeCTBa — HaTypaJbHOoe 4YHCJO, YKasbiBalollee,
CKOJMBbKO 3/JeMEHTOB HaCYMThIBAaeT JaHHOe MHOXKECTBO.

TakuM 06pa3oM, MOIIHOCTH [ABYX MHOXECTB TOXIECT-
BeHHBI TOrZa, H TOJbKO TOTAa, KOrja 3TH MHOXECTBa paB:
HOYHCJIEHHBI.

3ameruM, uto u3 A7.1 u u3 pedeKCUBHOCTH, CHMMET-
PUYHOCTH H T’pansmuanocm TOX/IECTBA HENOCPelCTBEHHO
cnepyer T7.1%

I7.3. me KU = 2m=7.
X

Buipaxenne meKY unraerca: m ecTe KapAuHaJbHOE
ymcio. TakuM 06pa3oM, MaTeMaTHYeCKHH OGBEKT — Kap/u-
HaJbHOE YUCJO TOF/a, M TOJbKO TOTAa, KOria OH eCTb MOIL-
HOCTb HEKOTOPOro MHOXecTBa. V3 3ameuannus 7.1 u D7.3 cie-
NlyeT, YTO HaTypaJbHbie YMC/Ia U YHC/IO HyJb—KapAuHaJ/bHbIe
upcsaa. B manpHedimmx  maparpadax Mbl NOKaxeM, 4YTO
CylIeCcTBYIOT HepaBHOUYHC/IEHHHE GECKOHeYHhEe MHOMXECTBA.
Takum 06pasoM, CyILIECTBYIOT pas/HYHbie KapIHHaJbHbIE
yucJa, KOTOpbie He SBJASIOTCA HH HATypaJbHbIMH YHC/IaMH,
HH HyJeM. [Ipou3BO/IbHbIE KapJAHHA/IbHbIE YHC/IA MBI GyzneM
0603HauaTh MaJABHMH FOTHUECKHMH GykBamu m, i, £

U3 D7.3 nerko caeayer

1 B MareMaTHueckON TeDMHHOJIOTHH YTBEDAHJIOCh Ha3BaHHe «MOII-
HOCTH MHOXECTBa», XOTSI, BO3MOXKHO, Jjyullle 610 OB MOJIB30BATECA Tep-
MHHOM «UYHC/JEHHOCTb MHOXKeCTBa.

2 Cp. sameuanne nocte T. 1. 7 (ma crp. 172).
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T7-2 a. ) ) —X_S Kq.

b. 1 21m=7.

X mex4

c. HZm-:}—{:.

meKy X

9ra TeopeMa MMeeT C/elyIollylo CIOBECHYIO bopmyH-
OBKY:
a. MOIIHOCTb NMPOU3BOJLHOrO MHOXECTBA €CTb KapAMHa/b-
HOe YHCJIO.
b. Il BCAKOTO MHOXKECTBA CyIIECTBYeT TOYHO OJWHO Kap-
IMHAJbHOE UHCJO, PABHOE MOIIHOCTH 3TOro MHOXECTBA.
c. Tlasi BCAKOrO KapIWHAJbHOTO YHC/IA CyILECTBYeT MHOKE-
CTBO, MOIIHOCTb KOTODPOro paBHa JaHHOMY KaplHHaJb-
HOMY 4HCJY.

1.7.4. Ias atoboix mroxecre A u B cyuwecrsyor MROMCE-
crea A, u By, Taxue, uto A\~A, B, ~ Bu A, -B,=0.

Jlok. MnoxectBa A, u By Mbl ompelensieM Caelyo-
npM obpasom:

(1, a) e A, = aeA;
(2, b) e B, ==beB.

Jlerko Buaerb, uto A; M B; YIOBIETBOPAIOT YCJOBHIO
JE€MMBI. ) R e 4

B paccyxaeHHAX O KapAMHaJbHHX 4YHCIaX 6e3pas3any-
HO, KaKOe M3 pacCMaTPHBAeMbiX paBHOUHCJEHHBIX MHO-
*ecTB Mbl npuHuMaeM Bo BHuMaHue. Ilo L7.4 MB MOXEM
Bcerna JaHHbE JBa MHOXECTBa 3aMEHHUTh HemepeceKaio-

UIAMHCA MHOXKECTBaMH.
L75a A~BAA~B NA-A=B-B=0~-
'—9A+41~B+Bl.
b, A~BAA~B, —>AXA~BXB,.

I ox. a. Jonyctum, 4to OTHOuIEHHE R yCTaHABIHMBaeT
PaBHOUMCJIEHHOCT MHOXecTB A m B, a orTHomeHne R, —
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PABHOUHC/IEHHOCTh MHOXecTs A; u B;. Hetpynno Bumers,
YTO OTHOIWIEHHe S, omnpefedsiemoe GOpMy.Iof

x8y = (xRy \/ xRyy)*,
YCTaHaBIHBAET DABHOYHC/IEHHOCTb MHOXecTs A+A, u
B+ B,. :
3ameTuM, uTO ycnoBHe: MHOXecTBa A H A, a Takxe B

M B) He mepecekaloTCA CyIIECTBEHHO, KAaK MOXHO BUETH U3
CJIeAyIONIETo NpuMepa:

A=(1, 2, 3), 4,=(, 2, 3, 4),
B=(1, 2, 3), By=(1, 4, 5, 6),

IlokasaTenbCTBO wacTH b JeMMBl Mb npejoCTaBasieM
untareno. Jlemmamu L7.4 u L7.5 Mb 6yleM NoJb30BaThCH
B ClefyiomeM naparpade. ,

3aMeTHM elle, YTO MOIIHOCTD MHOXKECTBA BCex HaTy-
PaJbHBIX ynCes 0Go3Hauaercss yepes Ng2, MOIHOCTD MHO-
XKeCTBa BCeX AEHCTBUTEJNbHBIX uHcea — yepes f.

Taxum o6pasom, umeior mecro paBeHCTBa:

9=1=No;
R=r.

MHoxecTBa, MOIIHOCTb KOTOPBIX €CTh 4HCIo N 0, Ha3LIBAIOT-
CA CYETHBIMHM, a MHOXeCTBa, MOIIHOCTb KOTOPhIX €CTb
YHCIO  f, HA3HIBAIOTCA MHOXECTBAMH MOIIHOCTH KOHTH-
HyyMa.

D7.4. MuoxecTBO A ecTh 3aniac nocnen0BaTeNbHOCTH {a,} =
=Il{aeA=Ya = g/].
a n

ie '

! TaK, onpefe/eHHOe OTHOlIeHHe S Ha3BIBaercs CYMMOHR OTHOLUEHHI

R, Ry H o6r1yHO 06o3Havaercss uepes R+R). ITpoH3BeNeHHe H IONO/MHeHHe
OTHOLICHHH ONpENeNSIOTCs CAeLYIONHM 06pasoM:

xR-Sy = xRy A xSy,
xR’y = ~ (xRy).

MoxXHO MoKa3aTh, 4To OnpefenseMble ONePAUHH HAK OTHOLICHHSIMH yIOB-
JIETBOPAIOT aKCHOMAM ajre6pel Byas, npHBenennuM B § 3. TeM caMuM
MEL Tlo/lydaeM eille OJHY HHTEPNPETalHIO 5ToH aire6pH.

*3nak N (aned) — nepBas 6ykBa eBpeiickoro andaBuTa. ST0
oGosHauenHe BBen Kanrtop, ChMBom No umTaercs: aue G—HYyaAD
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T7.3 A=N,= 3 (I (i  j — @, + a;) /\ MHOXKeCTBO A ecTb
{ayv i1
sanac nocjefoBarebHOCTH {a,}l.

TakuM 06pa3oM, HeOOXOAHMBIM H JOCTATOYHBIM YCJO-
BHEM CUeTHOCTH MHOXecTBa A #ABJAeTCA CylleCTBOBaHHE
GeCKOHeuHO#l INoc/JefoBaTeJbHOCTH, HE HMewIne# IOBTO-
PAMIOIIHXCS UJEeHOB, 3amac KOTOPO# eCTb MHOXKeCTBO A.

HOoxk. Tlyers
a,, @, Qg,...

— GecKOHeuHass NOCJIeJOBATEJbHOCTh, He HMelias NOBTO-
pAIOIIMXCA UJIeHOB, 3anac Koropoit — muoxectso A. Ilpu-
Be/leM B COOTBeTCTBHE KaxAOMy UJeHy 3TOH IocJenoBa-
TEJBHOCTH €ro MHJEKC, TO eCTh UJeHy a; — YHCJO 1, uleHy
@y — gdca0 2 ¥ T. 1. Jlerko BHAeTb, 4TO JaHHOe COOTBET-
CTBHe yCTaHABJHBAeT SKBHBAJEHTHOCTb MHOxKecTB A u 9.
OTcioa caefyer JoKa3biBaeMas TeopeMa.

Hy:KHO 3aMeTHTb, YTO NOUTH AJA BCEX T€OPeM O MOILHO-
CTX CYILECTBYIOT SKBHBAJeHTHble HM TeOPEMH, B KOTOpble
BXOAMT He 3TO IIOHATHE, a IOHATHE DAaBHOUHCJIEHHOCTH
MHOXecTB. TakuiM 06pa3oM, HCK/IOUeHHe IOHATHS MOILHO-
CTH MHOXKeCTBa H3 IepPeyHs HCXOAHBIX MNOHATHH TeOpHU
MHOKeCTB (OUEBHJHO, OJHOBPEMEHHO HYXHO Obl1o OBl
HCKJMIO4HTh M A7.1) He mnpuBeso O6bl K CYyIIECTBEHHOMY
o6eJHEeHHIO 3TOM TeOpPHH, HO BBI3BANO Obl 3HauHTE/bHBIE
TPYAHOCTH B (POPMYJIHPOBKE MHOTHX €e TEODEM.

YnpaxHueHU:

1. [Toxaxute PaBHOYUCJEHHOCTH CJAEAYIOUIMX MHOMKECTB!

a) MHOXECTBA BCeX INOJOXKHUTENBHHX JeHCTBHTEJBHBIX YHCET U
MHOXKECTBA BCEX OTPULATENBHBIX HEHCTBUTENBHBIX HHCEN;

b) MuoXecrsa BCeX HATYPaJbHBIX HHCEN H MHOXECTBA BCEX HATY-
paNbHHX 4YHCeN, MPEROCXONSIIUX AaHHOE HHCJIO 7

¢) MHOXKecTBa AeHCTBUTENBHHIX uncen B unrtepeane (0,1) u Muoxe-
cTBa AeficTBUTENBHBIX YuCeal B HHTepBane (&, k+1);

d) MHOXKeCTBa BCeX TOYEK, JeXKalIMX Ha XOPHe OKPYXKHOCTH, H
MHOXeCTBAa BCEX TOUYEK, JEKAIIHX Ha Ayre, KOropas CTATHBaercs 3TOH
XOpHoH.

2. [loraxnure, 4To Clefyiolied onpepefeHHe SkBusanenrHo D7.2:

-

X~Y= 3 XC DR ARX)=YI
Rl
3. Ilokaxure Ha MpuMepe JIOXHOCTb YTBEPKACHUS

X ~ Y/\Xl ~ Yl—PX'Xl'N Y-Yl.
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4. Nokaxure caepyiouue GopMyan:
R+8=8+R; R-S=S-R.

5. Tlokaxure HeTamHO, uTo MHOXKectsa {x} ® {y} paBHOUHC/IEHHH.

§ 8. Apugpmemura KapOurnasvrbix HuCen

OmnpenenuM cjloxeHne, yYMHOXEHHe H BO3Belle-
HHe B CTemeHb KapAMHaAbHHX umcel. s 0GO3HaueHMs
KaX/JO¥ M3 3THX omepauuft Mbl 6yJeM.NOIb30BAaThCS CHMBO-
JlaMH, KOTOPBIMM OHH 0GO3HaualoTcsi B apudmernke «0GbIY-
HBIX» 4uceJ, HanpuMep B apHdMeTHKe HaTypaJbHBIX dHCEN
UM B apudMeTHKe AEHCTBUTEJbHBIX YHce]. Mbl COXpaHUM
TaKxe TEPMHHOJIOTHMIO 3THX apudMeTHK, HasbIBas, HampH-
MEp, pesy/JbTar CJAOXEeHHs KapAHHAJbHBIX YHCEeJ CY M-
MO#, a ckJaipiBaeMble KapAuHaJbHHE YHCAa — CJI a-
raeMbBl MH.

D8.1. XY=0X4+Y=X+7.

D10 cokpaileHHas dopMa onpe/ieieHHs CIOXKeHHs Kap-
IMHAJBHBIX yuced. TouyHasa dQopMa Takoro omnpeineseHus
clenyiomas: .

miyp=t=Y E(Y.:m/\?:n/\X-Y:
X Y -

=0At=XT1Y).
OnpejiesieHns OCTaJIbHBLIX ONEPAUUil Mbl NPHBEIEM TOJBKO
B COKpaileHHO# dopMe,
D8.2. X.Y=Xx?Y.
CéopMynupyeM BCHOMOTraTe/bHOe ONpe/ie/eHHe:
D8.3. ReYX=Redyurkn A D,(R)=X A R(X)CY.

Bripaxenue ReYX uuraercsi: ¢yHkuua R ecTb oOToGpaxe-
HHe MHOXkecTBa X B MHOXecTBO Y.
Uz D8.3 caényer: .

ANAIABWBl'—)BANBA‘.

JlokazareabcTBe 3TO# (GopMyJibl, aHAJOrHYHOE N0Ka3aresb-
crBy L7.5a, MB mpefocTaB/IsieM YHTATEJIO.

! Cp. noacrpoynoe npuMeuaHue Ha cTp. 218.
220



W3 D8.3 serko cneiyer TaKxe:

CnepctBHe 8.1. ZCY »ZXCYX.
D8.4. X' =T,
TakuMm 06pa3oM, MOIIHOCTb MHOZKECTBA X, Bo3BeJleHHas
B cTenmeHb, PaBHYIO MOLIHOCTH MHOXeCTBa Y, paBHa MOI-
HOCTH BCEX OTOGpakeHmii MHOXecTBa Y B MHOXKECTBO X
IMokaxeM, uto D8.1 — KoppeKTHOe ONpe/eJeHHE. C sToft
11e1bI0 HyXHO J0Ka3aTb, YTO /s JI06LIX ABYX KapAMHalb-
HLIX uMCeJ M M B CyIIeCTByeT TOYHO OJHO KapAuHa/bHOE
4yucJao, paBHOe HX cymme. '
_ Tlo T7.2¢ cymecTBylOT Takue MHoxkecTBa A u A, 4TO
A=m u A,=1n. ITo L7.4 MB MOXeM CYHTarTh, H|TO 3TH

MHOXecTBa He nepecekatorca. Ccbliaach Ha T7.2b, MH
yCTaHABJMBaeM CyIIeCTBOBaHHe —KapAMHAIBHOTO qyucaa

® =A+A,!. CiefoBaTe/bHO, /I JIOOHX ABYX KapAxuHAJb-
HBIX YMCeJ CyLIeCTBYyeT MX CyMMa.

Tycts Tenepp B u By — MpOH3BOJIbHBIE MHOX€eCTBA,
y0BJETBOPSIONIHE YCJIOBHAM

B=m, B,=n, B-B=0,

u nycthb & =B+B,. Us 17.5a Jerko cJenyetr, 4YTO
A+A,~B+B,. Orciona u us A7.1 crenyer, uro t=1.
TakuM 06pa3oM, CyliecTByeT elMHCTBEHHAs CyMMa JaHHBIX
KapAMHAJbHEIX 4Hce]. AHAJOrMYHO MOXHO nokKasatb KOD-
PEKTHOCTb ONpeleJeHHH OCTa/IbHBIX onepauui.

[okaxeM Tenepb, YTO ONepaluy Ha HATypasbHbIX THC-
7ax — 3TO YACTHbIE CJAydyau onepanmii Ha Kap/AuHaJbHBIX
yHCTIax. : ; LoE R

Iycts ; »

X'—:{xh x27 ey xm}) Y = {!/1, yz, see y yn,}a'
Torzna
X=m n Y=n

onycTuM Jajiee, YTO KaX/bil 3J1€MEHT MHOXKECTBA X
OTJIMYEeH OT KaXJOoro 3JeMeHTa MHOXECTBa Y. QueBHujHO,

1 B moaJuuHuKe: 1 (MO-BHAHMOMY, oneuatka). — ITpun. nepée.
2 TIpeanosiaraeTcsi, YT0 CPENH SAEMEHTOB X1, X3, ..., Xm MeT TOXEeECT-
BeHHbIX, a TAKKE, UTO CPERH Y1, Yz, -, Yn HET TOXKAECTEEHHBIX 3/EMEHTOR.
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X+Y=m+n. Takum 06pas3om, CJOXKEHHE HaTypaJbHEIX
yHCceJ — YacTHBIH clyyail CJIOKEHHs1 KapAMHAJbHBLIX YHCEJ.

IMoxaxem sarem, uto XXY=m-n. JlekapToBy. npous-
BefeHno XX Y npuHainexut /o6ast ynopsiioueHHas napa
<x;, y;>, vhae i=1, 2,.., m; j=1, 2,..., n. OueBuzgHO, 4TO
Takux nap m-n. Takum o6pasom, yMHOXEHHe HaATypalb-
HBIX YHCEJ — YaCTHBIA Clyyall YMHOXKEHMsI KapAHHAJbHBIX
ynces. Jlaree Mbl 3aMeTHM, UTO BCSIKOe OTOOpa<eHHe MHO-
xkectBa Y B MHOXKecTBo X ONHO3HAUHO ONpeJeNseT f-yjeH-
HYIO NOCJeJOBaTENbHOCTD

(1) xly xZ, ey xﬂ’

YJIEHB KOTOPOH — 3JieMeHTH MHoxkecTBa X!. Jlerko Buzers,
UYTO TaKHX mnociaenoBaTtenbHocrefi m®. Takum o6pasom, H
BO3BEJIEHHE B CTeNeHb HATYPaJIbHLIX YHCEJN — YACTHHE CJIy-
yall BO3BE/E€HHS] B CTeNEeHb KapAHHAJbHBIX YHCEJ.

B xauectBe npuMepoB Mbl npHBENEM HECKONLKO TEOpeM
apuMeTHKH KapAWHAJbHBEIX YHCEN.

T8. la. X+V=V+X
b. XY= X

STy TeopeMy MOKHO 3alHCaTb TAKXE B BHJE:
a. m-tn=n-tm
b. m-p==n.m

"Joxk. a. Ilo L7.4 mbl MOXeM CYUHTATh, YTO MHOXKECTBA
X u Y He nepecekatorcsi. Torna umeer mecto pasenctso (1).

(1) XY=Y.X=0

(2) X+¥Y=X17 D811

3) Y+X=Y1x LSLL

(4) X+Y=Y4+X 1T2.2a)

(5) X+Y=Y+X {4}
X+¥=7Y+X {5, 2, 3

! OYeBHIHO, YTO UMNEHH MOCAEAOBATEBHOCTH (1) ¢ pasanupbiMH HEH-
HEKCaMH MOryT GBITh TOX/ECTBEHHEI.
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ILox. b.ITo D6.2 nMeioT MecTo C/leAYIOIHe PABEHCTBA:
1) XY=XxY, 7. X=7xX.

Onpene/uM OTHOLIEHHE, KOTOpoe noTpeGyercs naiblie B
JI0Ka3aTe/1bCTBE:

(%, ¥) R, (2, he=x=tAy=2NxeX A\NyeY.

OueBHHO, YTO 5TO OTHOLIEHHE YCTAHABJHBAET PABHOUHC-
nenHOCTb MHOXKecTB XX Y u YXX. Otciona us D82 u A7.1
CJIeflyeT DaBeHCTBO

2 XxY=Y XX.
Hs (1) u (2) caenyer

T8.2. X+V-Z=X.Z+Y Z

HNoxk. Tlo T7.4 Mb MoOxem cuuTaTh, 4to paBeHctso (1)
HMEET MECTO.

(1) XY=0
2 X4+Y=X+7 {D8.1,1}
6 X4P.Z7-XTV.Z-XFVXZ {2D8.2}
(@) (Xx2)(Yx2)=0 {T5.18,1}
6) X Z1Y.2=XXZ+Y XZ=XXZ+YxZ
{D8.2, D8.1, 4}
6) X+Y)XZ=XXZ+YXZ {T5.1a}
) (X+Y)><Z—X><Z+Y><Z {6}
X+VNZ=XZ+YZ {7, 3, 5}
T8.3. _==+"72+ X

n

Hoxk. INycts R,={1,2,..., n}. Orcriona R 1=n. O6o3Ha-
unM uepes X;(i=1, 2,. n) ,aeKapTOBO npousBepeHue OJHO-
SJIEMEHTHOTO MHOMXECTBA {i} u mHOXecTBa X.
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Jlerko BHIETb, YTO HMEIOT MECTO CJefyloliye paBeH-
cTBa:

X, =X,=...=X,=X;
i#tj—>X,-X;=0.
W3 stux gopmya, Th.1c u D8.1 u D8.2 caenyor paBeHcTBA
X=X X=X+ X F ... T X, =
=X 4K 4. X, =X+X+...+X.

n

Takum o6pasoM, Teopema BepHa.
T8.4. Xr=XX...-X.
= n
Hok. IMyers ® ={1,2,..,n}. Orciona N ,=n. U3 D8.3 cae-
LYerT, YT0 MHOXKeCTBO X “1 eCTh IOAMHOKECTBO BCEX OCAEA0- -
BaTeNbLHOCTEN Xi, Xy, ..., ¥n, UJIEHBI KOTOPBIX — 3JIEMEHTHl MHO-
xkectBa X, a mo D5.} MHoxectBo XXX X .. XX —ato
————— me——— -
n
MHOXKeCTBO BCeX yIOPAAOYEHHBIX 11-0K <X, Xg, ..., Xn>>, IPH-
yeM Xy, Xs,..., ¥n€X. OueBHIHO, YTO OTHOIIEHHE, CONOCTAB-
Jsouiee MOCAeN0BATeNbHOCTH X, X, ..., Xn YNOPSLOYEHHYIO
n-xy <x1, Xg,.., ¥n>, YCTaHaBJHBaeT PaBHOYHCJEHHOCTb
1
MHOxKecTB X 1 XX XX ... XX. Otciona u us D8.2 u D8.4
N —— cr———
n

CJIeNyeT TeopeMa:

T8.5. XY+Z =X¥.XZ,

JloKa3aTeqbCTBO, KOTOPOE MbI NMPHBOAMM, COAEPKMUT MHOTO
COKp allleHH . 4
Hok. Ilo L7.4 Mbl MOXEM CYHTATh, YTO

(1) Y.-Z=0.

ITycte R — mpousBosibHasg ¢yHKUMA, OTOGpaxkalouias
MHOXecTBO Y+Z B MHOxecTBo X. Orciofa u u3 dopmy-
Jbl (1), a Taxxke D6.7 u D8.3 caenyior gpopMyanl

Ry € XY;
Re€ X2
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[TycTb OTHOLIEHHE S CONOCTaBJsIET (QYHKUHH R ynops-
noueHHylo napy <Ry, Rz>. OTHOmenne S yCTaHaB/HBaeT
paBHOUMCJEHHOCTh MHOXecTB XY+2 u XY-XZ. Otciona yxe
JIerKO CJIENYET TeopeMa. '

CJaenyouyo TeopeMy Mbl NPHBOAHM Oe3 /0KasaTesb-
cTBA:

T8.6. X2 =X"2,

Teopembl apudMeTHKH KapAMHAJbHBIX YHCEJ, KOTOpble
MBl TpHBEJH B 3TOM naparpade, aHaJOTHYHBI TEOpEMaM
apuMeTHKH HaTypasbHBIX yncen. OpHako B JlaJIbHEHIIH X
naparpadax Mbl TO3HAKOMHMCsl C TeOpeMaMH, HEe MMCIOLIH-
MH 3TOrO CBONCTBA. 3aMeTHM elle, yTo He OblIo JaHo ompe-
AeJeHMB OOpaTHBHIX ONEpalui: BLIYMTAHHS H Je/eHus.
[IpuuuHbl, 0O KOTOPHIM B TEOPHH MHOXKECTB 3TH ONEpaluH
He ONpEAENSIOTCs], Takke GyayT BLICHEHH B JaJbHEHIIHX
naparpagax.

YnpaxXHeHHS: '
1. Jokaxure caexyomue GopMmyms:
a) m+ 0=ml;
by m.1=m;
c)m-0=0;
d) ml=m;
e 1M=1;
X V) Z=X (Y2

§ 9. Hepasencmsa
L9.1. . X~X, AY~Y:A Z(X~Z) - 2 (X, ~U).

zcy UcY,

H OK. (1) X ~ Xl ]

9 Y~vV, |

@ } {nomym.}

@ Yx~z|

zcy J -
4) Ryel—1
o YRy, | {p7.2.2

I HanomuuaeM, yT0 0 — MOLIHOCTb TyCTOTO MHOXKECTBa.
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6) Yy= Ry (¥) {L7.2,5)
7 Z Y
® X~z tor
(9) Ry (Z)CT R, (Y) {T6.1,7}
(10) R (ZyCY, 19,6}
(1) Y=D,(R) . {D7.1 5}
(12) Zy=D,(R) (7,11}

(13) Zy~r,, R (Z) {L7.3,4, 12}

(14) Z, ~ R (Zy) {D7.2, 4, 13}

(15) X; ~R,(Zy) {T7.1b, ¢, 1, 8, 14}
Y Xi~U {10, 15}
UegYy

OmnpeneJuM OTHOIIEHHs] cNa60ro M CHJABHOTO HEpaBeH-
CTBA. JTH OTHOWIEHHs1 ME OyneM 06O3HauaThb CHMBOJIAMH,
3aMMCTBOBAHHLIMH H3 apH(METHKH «OOBLIYHBIX® UHCEJ.

D9.1. X<¥V= Y X~z

Zcy .
Takum 06pa3oM, HeOOXOJUMHIM H JOCTATOYHBLIM YCJIOBHEM
TOro, yto6bl MOLIHOCTL MHOXKecTBa X Obijia MeHblle HJIH

paBHa MOUIHOCTH MHOXeCTBa Y ABJIIETCSI PaBHOYHCJ/IEH-
HOCTb MHOXecTBa X u HEKOTOporo HO,ELMHO}KBCTBH MHOXe-

crBa Y. 3amerum, uto u3 L9.1 caenyer: Ecan X= Xl, Y= Yl-

n X<Y, 10 1 X; <7
Tounas dopma ompeneneHus D91 clefyrouasi:

RS EE

X=m V=01 zcy

W3 D9.1 u T7.1a caenyer:
Caencteue 9.1;

XCY-XKY.
3aMeTHM elle, YTO 3aMeHa IOJ KBAHTODOM BHPaXKEHHs
ZCY BupaxeHueM Z¢Y He nosBoausaa OB 3aMeHHTD
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3HaK << 3HaKoM ‘<<, MDOTOMY 4YTO, Hampumep, MHOXKECTBO
BCeX HaTypaJbHBIX YHCeJ], PEBOCXOASLIMX HEKOTOpOe ompe-
JeJleHHOe YHCJ0, eCTh coOCTBEHHass 4acTh MHOXeCTBa BCEX
HATYpaJNbHBIX 4Hces, HO MOIIHOCTH BTHX MHOMXECTB paBHBbI .

D9.2. X<V =X<Y AX=+Y.

Jlerko BHaeTb, UTO ofa OmpenessieMblX OTHOLICHHs SB-
JISIOTCST 0606IIEHHSIMH COOTBETCTBYIOLINX OTHOLIEHHUH apug-
METHKH HaTypaJsbHBIX YHCEJ.

L9.2, X=Y->X<KY.
Iok. (1) X=Y {momym. }
@ X~Y A7.1,1}
@) YCY {T1.4a)
@ Yx~z {2,3}
A= 4
XY {D9.1, 4}

D9.2 u L9.2 MoXHO 3amucaTh Tak¥ke B cjaenylouleir popme:
nr=m<n AnEy
m=n->m<n.

Ha ocHoBaHHM 3THX ()OpMYJ M TEOpPEMbl HCUMCJICHHs1 MpPE.-
JIOXKEHHU I .
(repAN~@—->lg—p)—>pP=9V
Mbl YCTaHAB/JIMBAaeM HCTHHHOCTDb
T9.1. m<r=m=n\/mn
Cnenylollas Teopema Ha3LBaeTCsi TEOPEMOH Kanropa—
BepHinrefina:
"T9.2. m<rAs<<mom=mn.

Me1 He GyzeM NPHBOAHTE*TPYLHOIO JOKA3aTeJIbCTBA STOH
TeopeMmbl, a OTPaHHYUMCs JIHIIb YKa3aHHEM, B YeM_COCTOMT
OCHOBHasi MBIC/b 3TOTO JIOKa3aTeNbCTBA. Ilyctb X=m u
Y= 1. W3 ycjoBuii TeopeMbl CJeAyeT CYyLIlecTBOBaHHE MNOX-

! Cp. ynpaxnenue 1b, § 7.
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MHOXeCTBa Z, MHOXecTBa X u noaMuoxecrsa U wmHoxe-
cTBa Y, a Takke OTHOIEHHH R u S, rakux, uro X~gUn
Y~sZ. Ha ocHoBanuu 3TUX AONYIIEHUH MOKHO NOKa3arThb,
4TO CYIIECTBYeT B3aMMHOOAHOSHAYHOE OTHOLIEHHe T, neBas
o6sactb Koroporo — X, a npasas obaacte — Y.

T9.3a. m<n—->m=£y,
b. t<<m->m=£y,
c. mM=1t-~mn).
d. M=t -~ (1 <m).
e. m -~ (n<m).

Hoxk. ®opmynn a u b cneayior us D9.2. Us stux bopmyn
C NOMOIIBI0 KOHTPANO3HIHH MK nonyyaem dopmyaw ¢ u d.
IlpuBomum noxasaresberso bopmyanl e:

(1) m<n {momym.}
(2) n<m {momym. x. x.}
3) m£np
((4)) m<n } {D9.2; 1}
(5) m—=an : {T9.2; 2,4}
npTBpY, ' {3, 5}
T9.4. m<eV nKm,

Mg croBa onyckaem AOKa3aTeNbCTBO 3TON TeOpeMbl H
OrPAHUYHUBAEGMCSl YKA3aHHEM €r0 OCHOBHOL Mbican. Tlycre

X=mu VY=n. Yto6n aokasath T9.4, .CJIelyeT noKasarb,
UTO BCETa WM CYIIECTBYeT Taxoe noamuoxecrso U myo-
KeCTBa Y W Takoe oTHOWIeHme R, uto X~ pU, unu Cyllecr-
BYET Takoe noAmHOXecTBo Z MHOMKecTBa X H Takoe OTHO-
weHue S, yto Y~ 7, Onnako s JOKa3aTeJbCTBA 3TOrO
HEOCTATOYHO NPHHATHIX JO CHX NOP AaKCHOM; BO3HHKAaeT
Heo6X0AUMOCTL B IPHHSITHM HOBOH aKCHOMHl — TaK Hasbi-
BAEMO#l aKCHOMBI BLIGOpa, dopmyiuposka KOTOopoit Gyaer
JAaHa B § 14.

U3 T9.4 u T9.1 CIEAYeT, UTO M5 JIOGHIX ABYX Kapau-
HA/JIBHBEIX YHCEJ HMEeT MeCTO OfHO u3 CIEAVIOMUX COOTHO-
LIeHuH:
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m<n lm m==un

s T9.3 caeayer, YTO MOXKET HMETb MECTO He GoJiee OJHOTO
43 STHX cooTHomieHmil. DToT dakr Mbl copmyaHpyeM
KPaTKO: /s KapJAMHAJBHBEIX UHCET HMECT MECTO I PHHIHI
TPHUXOTOMHH.

U3 Toro, uto Ny =R u F=R, a TaKXKe H3 CJIeICTBHS
9.1 u D9.2 cnenyer
T9.5a. Ny <.

b. Ecau n— xarypassroe 4ucio, 10 1< Rg.

Cuenyomefi JeMMoii Mbl Gyaem nosb3oBaTbcs B 1a/b-
Hefiiux maparpadax:

L9.3a. m<nomi<n b
b. m < 1 —mt << ¥,
OHok. a. (1) m<mn {nomyui.}
@ X,=mAY,=sAT,="!
{T7.2¢}
B Z,CY ANXi~Z, {D9.2 D9.1, 1,2}
(4) Z,=m {A7,1, 3, 2}

6y Z,xT,CY,xT, {T5.1d, 3}
(6) Z,xT, <Y, xT; {crexcrsue 9.1,5}

mt<n-t {D8.2, 2, 4} _

B anajorHuHOM AoKasaTenbcTBe (opMysan b mcnoabsyercs
cneacrsue 8.1.

YnpaxHeHHS -
1. Hoxaxure GopMysl
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) m<nAn<Pom<p
d) m<nAniom<e,

TToxaxuTe Ha NPHMEpax, YTO B KOHCEKBEHTe d) Hennsa 3aMennts
caGoe HEpPaBeHCTBO CHUILHEIM HEPABEHCTBOM.
2. JlokaxHTe CERYIONYI0 TeOpeMy:

Ny <X =DV =N,
. YCX

§ 10. Cmenennoe mnoscecmso
D10.1. Xe¥=XCVY.

Mmnoxectso 2¥ HasmiBaeTcs cTen €EHHBIM MHOXKECT-
BoM. Takum o6pasom, siemeHTamu CTeNEHHOTO0 MHOXKe-
cTBa 2¥ SBJAIOTCS BCe MOAMHOXKECTBA MHOXecTBa Y.

L10.1. M < (2,

Ioxk. Ilycrs M, — cemeiicTBo BCex OJTHO3JIEMEHTHLIX MHO-
KecTB {m}, enHHCTBEHHHI 3/eMeHT KOTOPHIX M TpHHajJe-
XUT M, v TobKO Takux mHoxects. Torja -

{mleM,=meM.

OuepusHo, uto MI060€ U3 MHOMKeCTH {m} ectb noammoxe-
CTBO MHOXecTBa M. Orciona

(1) M, C2m,

O603naunm uepes R, OTHOILEHHE, CONOCTABJSIOIIEe JI060-
My SJIEMEHTY m MHOXecTBa M OfHO3/eMEHTHOe MHOKECTBO
{m}. Jlerko Bunerb, uTo 3T0 OTHOWeHme yCTaHAaBJIHBaeT
PaBHOYHC/IEHHOCTb MHOXecTB M u My. Otciona us tdopmy-
ast (1) u D9.1 cnenyer snemma.

Ilycts R — npoussosibuas byHkIMsA, conocTaBasiOmAan
WHIMBH1AM MHOXECTBA MHAMBHAOB. MBI ONpeIeJHM MHO-
xectBo Z(R), 3aBucsiliee oT GyHKuuM R:

D10.2. Redynku—-[xeZ(R)=xe D,(R) A\ xeR(%)].

‘Taknm o6pasom, s/emeHT % J€Bof o6iacTH OTHOLIEeHHs
HPUHANUIEKAT MHOXKecTBY Z(R) TOria, W TOJNBKO TOTia,
KOT1a X He sBJISIeTCS] 3JIEMEHTOM MHOXECTBa, KOTOpOe eMy
CoTocTaBasierT QyHkuust R. DTuM onmpeneneHHeM Mbi 6ynem
NOJIb30BATLCA B [10KA3aTENbCTBAX AJbHEHIIHX JIEMM.
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L10.2. ’ Req_)}'HKIJ.—-)Z’(R);DP(R).
Ook. (1) RsdyHki {nomym.}
(2) Z(R)eD,(R) {momym. k. A.}

U3 dopmyan (2) caeayer cymecTBOBaHHE 3/1EMEHTA Xy Je-
BOl 06MacTH OTHOUIEHHs R, KOTOPOMY COIOCTaBJISETCs
uHOxecTBo Z(R). Takum o06pasom, ¢opmyJisl 3), (4)
HMEIOT MECTO.

3) x8D,(R)

(4 Z(R) =R(x)

6) meZ(R=xCR() {DIO2 1,3}
6) xeZ(R)e=x,€ZR) {54}

OuepHaHO, uTo H3 dopMyas (6) cieayer MPOTHBOPEUHE.

L10.3. M == (2M).

Hok. (1) M=@"M
2) M~pg2¥
3) R,edyHKn
(4) Dz (R1) =M
(6) D,(R) =2
(6) Z(R)CD,(Ry)
(N ZR)CM
(8) Z(R)e2™
9) Z(Rye Dp(Rl)
(10) Z(R)eD,(R)
npTBEpY.
T10.1. M2

{monym. K. A.}
{A7.1, D7.2, 1}

{D7.1, 2}

{D10.2, 3}

{6, 4}

{D10.1, 7}

{8,5}

{L10.2, 8}

{9, 10}

{D9.2, L10.1, L10.3}

Taxkum 06pa3oM, MOIIHOCTb NMPOM3BOJLHOTO MHOZKeCTBa
MEeHbIlle MOIIHOCTH MHOXKECTBA BCEX €ro MOAMHOXECTB.

Coopmy/upyeM onpefe/eHHe, KOTOPOe notpebyercss B
JOKa3aTeJbCTBE CJAENYIOIeH TEOPEMBL.
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D10.3. Iyers M — IPOU3BOILHOE MHOXKECTBO, H MycTb
ACM. ®yukuus 4™ Ha3biBaercs x a pakTtepHcTHYe-
CKOH GyHKUHe} MHOXecTBa A TOrZa, H TOJIbKO TOT/ia,
KOoria sra QyHkuus aas kaxjaoro meM YIOBJIETBOpsIET
YCJOBHIO .

1, ectu m € A4

(m) __

Q4" =
T10.2. oM — (o),

TEpuCTHUeCKan QyHKUMsST HeKOToporo NOAMHOXECTBA MHO-
kecta M. Ilpusenem B cooTsercTpie Kaxomy oroGpaxe-
HHIO MHOXecTBa M B MHOXKecTBO {0, 1} 10 HOJAMHOXKECTBO,
X4paKTEPUCTHYECKOH  yHKuKe]: KoToporo 6ymer st0
oroGpaxenune. Jlerko BHAETb, 4YTO JaHHOE COOTBETCTRHE
YCTaHAB/IHBAECT PaBHOYHC/IEHHOCTb MHOKECTBA {0, 1} pcex
oTo6pakeHHll MHOXkecTBa M B MHoxkectBO {0, 1} u MHOXe-
CTBa 2™ BCexX NOAMHOKECTB MHO)KecTBa M. Takum o6pazom,
dopmyaa (1) umeer mecro.

(1) {0, 1}~ o

@ 10, T/ = 27 - {A7.1, 1}
@) {0, T}7=10, 1\%— oH {D8.4}
oM — (g {2, 3}
T10.3. M< om {T10.1, T10.2}
3Ty TeOPEMy MOXHO 3anucartp B BHe
m < 2,

T104. Cywecrsyer Geckoneuno muozo (pasauuneix) kap-
OurasbHbLx “ucen, cpedu Kotopeix Her HatypasvHox wucean,
Hoxk. dns H0Ka3aTeNLCTBA 3TOH TeopeMel JOCTAaTOYHO 3a-
METHTb, uyro 1o T10.3 kaxnapi 3JIEMEHT MNocCJ/JenoBaTe b-
HOCTH

Ny, 2No, 20N,

MeEHbIne CIEAYIOUIETO 3a HHM.
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YynpaXHeHHA
1. HokaxuTe MHIYKUHMeH CJELYIOLLYi0 TEOpeMy:

neM An=M—28=(@%.

2. Iyctb
nm, Mg, ...
-— TaxKas HpOHBBOJIbHaﬂ nocjieJOBaTeJbHOCTD Kap}lHHaJIbelX yuceds, 4TO
LIS KaXJoro imp<lm, ., u mycrb M;, Ms, ... — nocsieI0BaTeJILHOCTL MHO-

XKeCTB, AJis Kaxjaoro i ynosnemopmoumx YCJIOBHIO! Mi=my. D,oxaxm-

[
Te, UTO MOUIHOCTD MHO)KeCTBaUMiﬁoJIbuIe moforo u3 uyHces My,Mg, ...
i=l

§ 11. Mrodxcecmsa GecKOHEUHbLE
8 cmbicae lHedexunoa

O6biuH0 NOHSITHE OGECKOHEYHOCTH NOHNUMAeTCAd
TaK, 4T0 GECKOHEUHBIMM CUHTAIOTCS Te, M TOJBKO T€, HEmly-
CTble MHOXKECTBA, MOIUIHOCTb KOTOPHIX OTJHMYHA OT n1060ro
HaTypaJbHOrO YuCaa.

Mur copmynupyem onpeneneHue 6eCKOHEUYHOro MHOXe-
CTBa, He NOJb3ysCh NOHATHEM HaTypaJlbHOro gucnal. AT0
onpejelienne  NPHHALIERKUT  HEMEIKOMY MaTeMaTuKy
P. JlenexuHny.

D11.1. X ecrr GeckOoHeUYHOE B CMbICIHE Hene-
KHHAAa MHOXECTBO = 2Y~X.

YEX

Takum 06pasoM, HEOOXOAMMbIM M AOCTaTOYHLIM yCJI0BHEM
GeCcKOHEYHOCTH B cMmbicie JleneknHAa MHOXKECTBA SIBJISETCS
paBHOYMC/IEHHOCTb [AHHOrO MHOXKECTBA Y HEKOTOpO¥l €ero
coB6CTBEHHON YacTH. '
D11.2. Momuocts GecKOHEYHHX B CMBIC/E IenekuHpa MHO-
JKECTB HASHBAIOTCA TPAHCOUHUTHBIMH KapAHHAJb
HBIMH YHCJaMH.

OueBHHO, YTO MOIIHOCTb NPOU3BOJBHOTO 6eCKOHEYHOTO
B cmbicse JlefekuHAa MHOXECTBA OTJIHYHA OT HyJd H J10-
60oro HaTypa/JbHOrO 4YHCHA. ~Bosuyukaer BoONnpoc, BepHO JH
o6parHOe, TO €CTb fBNAETCH JH IIPOU3BOJIHOE MHOXKECTBO,
MOILI[HOCTb KOTOPOrO OTJIMYHA OT HYJId H mo6oro HaTypafb-

| 3pauenme Toro $aKTa, uyTO NMOHATHE GECKOHEUHOro MHOXECTBA MO-
JKeT 6biTh ONpefesieHo Ge3 CCHUIKH Ha TMOHATHE HATypaJIbHOro uucsa, ae-
7atoT oueBUAHEIM paccyxaeHus § 6 «[Ipuioxenus».
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HOr'O 4xCl1a, GeCKOHEYHBIM B CMHICJIe Henexkununa. dra rteo-
P€Ma npelCTaBJseTCs: BNOJHE OYEBHAHOIN. Ho nas ee noka-
3aTe/NIbCTBA HEOGXOAHMMA HOBas aKCHOMa (Tak HasbiBaeMmas
aKCHOMa BBIGOpa), 0 KOTOPO# peus Gyner uath B § 14,

B nokasarenncrae CIeRYIOLElH JeMMBI MBI BOCIIOJIb3yeM-
€Sl 9ETBIDbMS TEOPEMaMH alre6pbl MHOKECTR (cp. ympax-
HeHus 8¢, d, e, f § 1):

I YCXNZ=X—-YoX=2z4YV.
IL. XEYAY Z=0Z+X ¢z 4y,
11 Z=X—Y-Y.Z=0,
Iv. XCYAY-Z=0->X.Z=0.
L11.1, PCXA?£NV+2X~Y.
Ygx

Hoxk. (1) PCXJ p—

@ P=N,

M3 (2) u T7.3 caenyer CyluecTROBaHHe GECKOHeuHON nocJe-
JOBaTeNbHOCTH

(a) p].v pﬂv ps, stey

3anac KOTopoH — MHOXecTBO P 1 B KOTOPOk HH ONHH w/eH
He noBropsercss. OGosHauum uyepes P, sanac nocJjieioBa-
TeJNbHOCTH

(b) Py Ps; Do, ... .

OueBuano, uto
(3) - Py &P,

Jlerko BHpers, uTo OTHOLIEHHE, CONOCTaBJAIOIIEE KaXKAOM)
SJAEMEHTY NOC/TeNOBATENLHOCTH (a) sJeMeHT nocJeoBa-
TeNbHOCTH (b) ¢ MHAekcoM B aBa pasa Goabuium, ycraHas-
JMBAET PABHOYHCJEHHOCTh MHOXecTB P i P;.
Takum o6pazom, BepHa bopmyna (4)

4) P~P

5 Z=X-—pP

) {oGo3Hauerns }

(6) X1 =Z+4 P,
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7 X=2Z+P i, 1, 5)

(8 P-Z=0 {111, 5y
) P,-Z=0 {Iv, 3, 8
(10 Z+P~Z+PR, {L7.5a, T7.1a, 4, 8, 9}
an xX~X, {10, 6, 7}
12 X,¢X . {1,386, 7
2 X~Y {11, 12}
YEX
L11.2. E(X~Y)—->2(§=No).
YaX PCX
Jox. (1) 2 X~Y 4 {momyur.}
YgX
@ YVi¢X |
(3) X~Y1} { }
@ X~zY {D7.2, 3}
(5) Rel—1 A X =D;(Ry) AYi =Dp(R.l)
D7.1, 4
(6) R, e dyHKY {D6.6, 5}

3ameTuM, UTO [Js KamAoro xe X cumBoa R (x) wumeer
emeiea {D6.3, 5,6}.
OG6o3HauuM uepes p; IPOU3BOJbHBIN NEMEHT, TakoH, YTo
(7 preX A pety.

CyliecTBOBaHWe AaHHOTO 3JeMeHTa [apaHTHpPYeT dopmy-
na (2)

(8 xeD;(R)~ R (x)€ Dy (Ry)
~  {caencrsue 6.3c, 6}
Q) xeX—->R (»eY, {8 5}
I'IocneuosaTem;Hocn '

(a) P, Pa; Ps - -
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MBL ONpenessieM Tak:
WIEH py yxe OblI ompesienen {cp. N}
(10) &>1-sp, = Ry (Pp—y)-

Us dopmya (7), (9), (10) u (2) recnoxnoi UHAYKIH el
MBL niostyyaem (11). .

(1) p€X i=12 3 ... .
(12) r > sAs=1 =p,#p:{7, 9, 10, 11}
(2.1) r>sAs>1
@2 qé\ Py } {06, ponym.|
@3) Ri(p—) # Ry (p—y) {L6.3b. 11, 5, 2.2)
(24) p,+#p, {2.1, 2.3, 10}
U3 (12) u us roro, uto us dopmya (2.1) u (2.2) cne-
nyer ¢opmyna (2.4), mbi noJlyyaeM WHAYKLUEH

(13) r>s->p,=p,.

Takum o6pasom, B NIOCJIeI0BATENbHOCTH (a) YJeHb He
noBropsiiorcss. O603HaunM vepes P samac 51of nocJef0Ba-
TeJbHOCTH. TeM cambiM 1o T7.3 My HOJY4UM

(14) P=R,
(15) PCX {11}

P=R 14, 15

Pg( 0 { }

Muoacecrnso X Gecxoneuro 6 cmoicae Jledexunda =

T11.1. 4
Y P=R, {L11.1,L11.2, D11,1}.
PCX

Il

Takum oﬁpaBOM, HEOOXOJMMBIM M [OCTATOYHBIM ycao-
BHEM TOro, 4TOOBI MHOXKECTBO 6bLIO OECKOHEUHLIM B CMbI-
cne Jenexkvnna, siBasercs HaJqyyue B HEM CYETHOIO NOJ-

MHOJKECTBa.
Us T11.1, D11.2 v caeacreus 9.1 cJenyer:

Caexncrnue 11.1. Kapounanoe wucro m mpancurum-
HO =N, <<m.
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Orciona u us T9.4a caenyer:.

Caencrsue 11.2. Kapdunamnvie ducra Ny 4 | mparcegu-
HUMHbL.

L11.3. X=Y =R, >X+Y =N,

JIOK. D,JIH JA0Ka3sareJbCTBa JEMMbI JAOCTATOYHO INPUHATD,
yto X — MHOXEeCTBO BCEeX HEYETHbIX HaTtypaJabHbIX quced,
a Y — MHOXeCTBO BCeX 4YeTHBIX HaTypaJbHBIX 4YHCEJ.

L11.4. X=R, ANY =n->XFY =R,

Jok. Jlas n0oKas3aTelbCTBA JeMMbl [OCTaTOYHO HNpPUHATD,
4TO 3JIeMEeHTH MHOXecTBa Y —umcaa 1, 2,..., a 3M€MEHTHI
MmHOKectBa X —uucaa n+1l, n+2, ..

T11.2. Ecau X — Geckonedroe 8 cMbicae JedBexunda MHOXe-

ctBo, Y =nt um Y =R,, 10 ¢
(1) X+Y=X.

JTok. M3 TIl.1 cnenyer cyuiecTBoBaHHe CueTHO¥ 4a-
ctu P muoxecrsa X.
Mz L11.3 u L11.4 caenyer, uro

(2 P~P+4Y.
OueBH/IHO, HMeeT MECTO TaKXKe COOTHOIUEHHE
3) X—P~X—P.

MBl MOKEM LUHuTaTh, YTO

4) X.Y =0.

us popmyn (2), (3) u (4), a TaKxke u3 L7.5a caenyer, uTo
(X—P) +P~X—P)+(P+7).
Orciofia JIeTKO CJefyer, 4To '
X=X+7.
Takum ob6pasom, popmyaa (1) nMeeT MeCTO.

T11.8. Ecau ¥ =n® um Y-=R, u X =Y ecmo Oecroned-
noe & cmbicae Jledexurnoa mHooicecmeo, mo

(1) X—v=X

1 p oGo3Hauaer 3Jech NPOU3BOJIBHOE HATypaabHOe YHCIO.
2 5 ofo3HAuaeT 3/€Ch NPOU3BOJbHOE HATypaabHOE HHCIO.
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7

Mok Ha T11.2 4 COOTBETCTBYIOMIHX nonywenuit cieftyer,
4TO Y

@) XV FY =X=V
Ouesuano, uto

XCX—1)+v.
Orciona u uz caencreusg 9.1 MBI nosyyaem

X<E=DT7.

Wz stoit popmyas: u ua dopmyan (2) caenyer, uro

(3) X<X—V.
Ceblnasce eme Pa2 Ha caencrsue 9.1, mul noJayyaem
X—r <X

Orciona, a Takxke ua dopmyast (3) u T9.2 mu noJyyaem
paBeHcTBO (1).

IMocnennue age TEOPEME MOXKHO CJIOBECHO ChOpMyau-
poBaTh Tak: ,

MowHocTs Geckonegroro B CMbIcae [lenekunna MHOxke-
CTBA HE M3MEHAETCHl, eClU K Hemy nobaBnsieTcs KoHeuHoe
W/ CYETHO® MHOMKECTBO 3JI€MEHTOR,

MowHocTs MHOXKecTBa He M3MeHeTCs B peayJabrarte
HELATHS M3 HEr0 NPOUIBOJLHOH KOHeuHO UM CYETHOM
9aCTd TIpu yC/I0BHM, YTO MOMyYeHHOe Takum ITyTeM MHOXe-
CTBO GE€CKOHEUHO B CMBbICJe Henexkunsa.

OueBuano, uto Torpga m MHOXECTBO, W3 KOTOPOro
M3EIMAeTCs1 KOHeYHAast WJM CYeTHas 4acTb, GeCKOHEYHO B
CMbIcae Henekunna, S

§ 12 I{apatmaﬂbuwe uucaa Ny u

Benomuum, yro KapavHaJbHble yncaa Ry, u f on-
peneasiorcst popmynamu

, —
Ny = R,
=3
rie ® — MHOXecTBO Bcex HaTypa/nbHBIX yuceda, R — mHo-
HECTBO BCeX NEHCTBUTENbHBIX yyce.

238

B



N

AN

. N

BcroMHuM TaKXe, 4TO UHCIAA N, u | TpaHCOUHUTHBI
(cnenctare 11.2). .

Caenywoiias Teopema, npuHaLIeRK Al a5 Kasnropy, —
oIHA W3 CaMblX XPOHOJOTHYECKM paHHHX TeopeM TeOpUH
MHOXeCTB. B J0KasaTe/lbCTBE 570# Teopembl, nouTH HE
oTAMyaueMcs OT [AOKa3aTe/lbCTBa Kantopa, mb Oylem
[10/1b30BATbCA TEOPEMaMH TeopeTHIECKOH apudMeTHKH.

Ti2.1. N~ 1.

Ook. (1) No=1{ {momym. K. A.}
Orciona u u3 T17.3 caenyer cymiecTBOBaHUe MOCJ€10Ba-
TEJNBHOCTH

(a) Xy, Xz X3 oo

yJleHbl KOTOpO# He NMOBTOPAIOTCH, 2 sanac—wmHoxecTeo K.

Vi3 Teopem TEOPETHUECKOM apudmeTHKH Cclenyer, 4TO
mo6oe JeHCTBHTeNbHOE UYHCJIO HMEET eIMHCTBEHHOe CO0-
cTBeHHOe pasfioxeHne! B BHIE 6eCKOHEUHOH [LeCTHYHOMN
apo6u. OueBUaHO, BCE nudpH pasioxeHus, HauHHaA C HE
KOTOPOTrO M€CTa, MOTYyT COBNAAaTh € uudpoi 0.

[umem cOOCTBEHHblE Pa3JIoXeHus GHCE noc/aefoBa-
TeabHOCTH (a):

X =c¢, Yu Y2 Y3 --- Yin -+
Xy =0Cp, Ya1 Yaz Yo3 - Yon -+

Xy =2Cg, Ya1.Ysz Yaz .- Ysp -« -

« e+ v v v . « » v v v v

xn::Cm ynl yn2 !/ns ynn e

P S . « o o s e P

CHUMBOJIBL
C, Cas -+

0603HayaloT 37ech Leble YacTH TUCeN X1, X2, ... CuMBOJ Yij
o6o3Hayaer j-10 mocie 3anatoit nuGpy AECATHIHOTO pasJo-
JKeHus yucaa Xi. ‘

| HecoBCTBeHHHIM HasHBaeTcst pasJoxeHue, B KOTOpOe, HauuHas ¢
HEKOTOPOTO MeCTa, BXOMMT JHIIb uudpa 9. CobCTBeHHBIM pasJoxeHueM
HasLBaeTcs M06oe PassiokeHHe, eC/H HeBEPHO, HTO OHO HEeCOGCTBeHHOE.
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ye
Onpenenum nocne,uoxsa'renbﬁoc/rb

1, eem  y, 1

= |
2, ecmu Ynpn =1

Ouesunno, uro
(2) 0, 22,2 ...

910 cneacTeue NPOTHBOpeYUT NIOIYI€HHOMY paHee cief-
CTBHMIO, 4YTO 3apac TOCJACAOBATENLHOCTH (@) — MHOKe-
ctBo R . Takum o6pasom, Aonymenve (1) npusoaur npo-
THBOpPeyuIo,

M3 D9.2, T9.5a u T12.1 CJelyeT HepaBeHCTRO N, <.

T12.2. XCUAX=R T =1.

Takum o6pasom, MOIIHOCTb MHOXKECTBa Bcex HeldCTRU-~
TCILHBIX yHCeNl He mameHsgercy B pe3yJjbTare U3BLATHS w3
HETO CYeTHOH yacry.

Hoxk. (1) Xc#&
Q) X=n,

U3 T73 wu (1) u (2) caenyer CYyIleCTBOBaHYe nocaeno-
BaTeJbHOCTH

{nonym. }

(a) xl; x:h x37 o

Zyef—X.

HeficTBurenproe JUCJI0 23 MBI OmpemenuM Kak 4UCI0, OT-
JIMIHOE OT JI06Oro yucaa NOCHEI0BATENbHOCTH

21, x17 xz» eve
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N
N

» * \\
[Tocrynas nanee TakuM e 06pasoM, Mbl NoJyuaem GeCKO-
HEUHYIO NOCJIeJ0BaTeNbHOCTE

N
21, 22’ \\33, e
N

pasJMuHbIX JAeHCTBUTE]bHBIX UHCEN, H3 KOTOPHIX KaXKaoe —
sieMeHT MHoxXkecrBa ® —X. Takum o6pasom, no T7.3 u
T11.1 panmoe MHOXecTBO OeckoHeuHo B cMmbicne J[ene-
kunaa. Orciona us gopmyan (2) u T11.3 crenyer

F —X=%=1.
Takum o6pasom, Teopema UMeeT MECTO.
L12.1. E(—1<x<])~8Kt

X

Lo k. PaBnouncienHocTb MHoXecTB E(—1<x<1) u
X

® onpenensiercsi OTHOLIEHHEM
Y
= eR.
1+ 191 A
L12.2, a<b—E@<x<b)~E(—1<y<L]).
x ¥

Jlok. PapHouucneHHocTh MHOXKecTB E(a<x<b) u
X

5(—1 <y<1) ycraHaBnuBaercs OTHOLIEHHEM
x=l§i—ﬂ+-bjaA—l<y<L
T12.3. a<b »Tm =1 {L12.1, L12.2}.
‘ Takum oépas):)M, J1060H HenycTod WHTepBasj NEHCTBH-
TEJbHBIX YMCEJ €CTh MHOXECTBO MOILHOCTH KOHTHHYyMa.

B cnepyomux ¢opmynax OykBa n o6o3Hauaer Ipows-
BOJIbHOE HaTypaJjibHOe 4HCJIO:

Ti2.4 a. Ry+n=N,
b. Ny+ R, =N,
c. f+n={
d. f4Ry=1 A :

! Cumeont ¢E (—1<x<1)» o6o3nauyaer uHTepBaJ c KoHuamu —I1
X

{cnexcrsue 11.2, T11.2}

H |, HaM MHOXKeCTBO Bcex AeficTBHTENLHBIX YHCEJI, cOJepKaumuxcs Mex-
Iy 5THMH YHCJIaMH, TO €CTb MHOXeCTBO, KOTOpoe 0ObUHO 0603Hauaer-
cst cumBoJiom (—1, 1).
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/

e. f4+f=1. /

Hok. e (1) a<b<c/\a,b/c/;zﬁ {o6osnavenys )
@ §<%a<x<b)4{b}+§<b<x<c>=
=f(a<x<c) {l}_
@) F@GTD+ o +Eb<r<o =

=W+{}+m

{D8.1, 2
(4) T=i+147. {T12.3, 1, 3}
f+f=1. {T12.4c, 4}

Hs T12.3 u T12.4c cjaenyer:
Chnezcraue 12.1a. a<‘b—->E(a\<x<b)=f.
x

b. a<b-E(@<x<b)=T{.
c. a<b—aE(a\<,x\<b)=f.’

T12.5. Oycre
2y, Z,, Z, ..

— npous3sossnas nocnedoeare/tbnocrb nonapro Henepece-
Kawwuxcas mroxcecrs.

Ecin
Z‘ == NO’ 1= l, 2, ,
TO
?:
L_Jl Z=1y,
Hoxk. Ilycre
20, &),
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AN

N AN
— GeckOHeuHas nOCJIelIOEBQ‘eJIbHOCTb, YJieHbl KOTOpOﬁ HE
[IOBTOPAIOTCA, a 3anaC—MKO7KeCTBO Z—i. Jlerko BHIETH,
4YTO UJIEHDI HOCJIelIOBaTeJIbHOCN\
M @ ) B 1 4
2, F4) ), 22)$ z(l ), 22’)\ ZQ), z(l)

3 s e

He MOBTOPAIOTCA H UTO 3amac 3ToH nocJeloBaTesJbHOCTH —
[

MHOKECTBO U Z,. Orciona H H3 T7.3 cneayer Teopema.
i=1

L12.3. Ecau cuernas cymma KOKHEHHblX mroxcecre becko-
He4wna, TO OHA CHeTHA.

Jloka3aTeJbCTBO 3TOH JeMMbl, aHaJOrHiHoe Jl0Ka3a-
resbetBy T12.5, Mbl NpeloCTaB/sfeM UHTATEIIO. _

L12.4. Mrnoojcectso 6cex KOHEHHbLX noc.edo08aTesbHO-
cTell, 4AeHbl KOTOPbIX — 4UCAA

(1) 0, 1,...,m
CHEemHo.

Nok. Mycrs Zi(i=1, 2,..) — MHOXKECTBO BCEX i-3J1eMeHT-
HEIX MOCJeAoBaTeJbHOCTEH, uJeHBl KOTOphIX — 4HC/IaA (1).
OueBHjIHO, UTO 115 mo6oro i MHOXKECTBO Z; KOHEUHO, a CyM-
Ma BCeX TaKMX MHOXKECTB OeCKOHeuHa. Orciona ¥ u3 L12.3
cJenyer JeMMa.

T12.6. Ry R =R,

I ok. OG6osnaunm uepes P MHOXeCTBO BCEX yrops/oueH-
HeX nap <m, n>>, 9JeMeHThH KOTOpHIX — HaTypaJbHbIE
yHcaa, ueped Pi(i=2, 3,..) — MHOXECTBO TaKHX Xe map,

H yIOBJETBOPSIONIMX, KpOMe TOTO, yCJOBHIO m-+n=i. Oue-
BHJIHO, UTO

p={]P
i=2

i MmHoxecTBo P GeckoHeuyHO. Jlerko BHAETh, HTO MHOXe-
crBa P, Ps,.. KoHeuHb. OTciofa H H3 L.12.3 caenyer, uTO

1) =R,

C npyrofi CTODOHHI, H3 ONpeleleHH: MHoOXecTBa P u H3
D8.2 cnenyet, uTO

(2) F':No'No

ol
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s
NO-N(,:NO/ {1, 2}.
T12.7. Ecau L — HATYparenoe wucao > 2, 1o n Mo — .
Hokasarenbcrso mp; UpOBeNeM 1/ cayuas, Korna
n=10. O6uiee AOKa3aTe/bCTBO CYLIECTBEHHO He OT/IHUaeT-
¢S OT 110Ka3aTeNbCTBA HTOTO wacTHOrG Cayuast.
Hox. O603nauny uepes R, MHOXecTBO HEOTPHLATENbHbIX
OeIbX uncen < 9, a noromy ®; =10. Orciona H u3 D84
MBI NOJyyaem

(1) () = 0%

U3 D83 caenyer, yrto oTo0pakeHHe MHOXecTBa R
B MHOXecTBO &, oaHO3HauHo onpenenser GeckoHeuHyio
HOCENOBATENbHOCTD, uJIeHp] KOTOpPO#i — uncaa 0, L., 9.
O603Haunm uepe3s C MHOXKeCTBo Bcex TaKHX TIOCJen0Ba-
TeJBHOCTEN.

U3 dopmyan (1) mostomy caenyer

() C=10M,

O6o3Hauum nasee uepe3 C; MHOXeCTBO Bcex NpHHAANEX a-
wux C TI0C/Ier0BaTesbHOCTEH, MI060f utey KOTOpEIX, Hauy-
Has ¢ Hekoroporo, pasen 9. Uz 1124 claenyer, uto

3) G =N,
OuesunHo, nmeer mecto Takxe COOTHOIIEHHe
4) ¢, cc.

M3 Teopem teopun uncen C/enyer, uto J060# nocsaeno-
BaTe/NbHOCTH, MpHHAL/IeRallel c—C, COOTBETCTBYET TOUWHO
OIHO 4HCJIO MOJMYHHTEpBasa E(0<x<), Orciona u wus

X

crencrsus 12.1 mbl nosyuaem

! 910 uneso ecrn Tak HasklBaeMast GeCKOHeYHas NecsaTHYHag IPO6h,
Ue/Ias yacTh KOTOPOR — wncno 0, a CACLYIOLMMH APYT 33 ADYIOM moc-

GeCKOHEUHYI0 Zpo6h B 0G0 CHCTEME CUHCJIEHHS C OCHOBAHHeM > 92,
TO €AHHCTBEHHHIH MYHKT, B KOTOpOM HpHBeEHHOE 10KA3aTENLCTRO T12.7
(npu n=10), ormyaeres or O6LIero JOKasaTenncTBa,
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(5) “ TG =1.
Ua dopmya (2)—(5) u T12.4 caenytor Takue paBeHCTBa:
10Ne=C= (C—C1)+C1=C—C1+TC_TI =
== f +Ro= f

Takum 06pasoM, 10Ka3aTeNbCTBO TEOPEMbl IJs Cayuas,
korza n=-10, 3aKOHY€HO.
YactHpiM cayuaeM T12.7 asasercs

T12.8. Mo =T,

3aMeTHM, 4TO H3 3TOH TeOpeMhl H T10.1 HenocpeaCTBeH-
no caexyer T12.1. JlokasaTeabCTBO IaHHOH TeopeMbl, KOTO-
poe Mbl MPOBEJH Bhbille, HHTEPECHO, OAHAKO B TOM OTHOIIIE-
HHH, 4TO B HeM NpDHMEHSEeTCs TaK Ha3blBaeMbld /HaroHajb-
BB Meton. C MOMOIIbI0 3TOr0 Merona OBIO JOKa3aHOo
MHOIO BaKHbIX MareMaTHYeCKHX TEOPeM.

B caexyomnx (opmysiax n o6o3Hadaer MPOH3BOJLHOE
HaTypaJbHOe 4YHCJIO:

T12.9 a. n'No=No.

b. N* = R,.
c.n-{=H.
d. {-1=1.
e. "=1.

f. No=1.
g. No-f=1.
h N}e=1{.

JLok. a. n-Ng=Ro -+ Ny ...+ Ry =N, {T8.3, T12.48}

n

ILok. b. RE=Ry-Rg-. .. Re =Ry (18.4, T12.6}

n

Hok. c. a-f=14+T4+ ...+ =1 {T18.3, T12.4¢}
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HOK. d. - =02N. 2N — Notho IMo—f (T10 8, T8.5, -

- T12.48}
Hok. e fr=f.f-....f=j {T8.4, T12.9d}
n
ox.f. fre = (2N = MM — 9N — 7 (T12.8, T8 6, T12.6}
Hok. g. () n< R, < § ' {T9.4b, T12.1}
@) n <N F<T-f {L9.3a, 1}
@ F<N-f<f - {T12.9¢, d, 2}
Ro-f=f {T9.2, 3.

B ananornunom nokasatenscrse opmyast h MBI moss-
3yemca L9.3b.

Hs reopemn T12.9d CJENYeT, 4TO MHOXECTBO yNOpSAO-
HEHHbIX Nap AeACTBHTENBHBIX unce PaBHOUHC/IEHHO MHO-
KEeCTBY JNeACTBHTEJbHBIX uncea. Kak H3BECTHO, MHOXKECTBO
TOUEK: IPAMOH P aBHOUHCIEHHO MHOXXEeCTBY JNeACTBHTENbHbBIX
UHCEJ, a MHOXECTBO TOueK MJOCKOCTH PAaBHOYHCJ/IEHHO MHO-
?KECTBY YNODSJIOUEHHBIX Nap AEHACTBHTENBHBIX uHCes (koop-
AHHAT 5THX TOuek). B pesysibrare mpl nosnyuaem CJejCTBHe,
0 KOTOPOMY MHOXECTBO TOUeK MJOCKOCTH PaBHOUHC/IEHHO
MHOXKECTBY Touek mpsMoi. Takum o6pa3oM, cyuiecTpyer
B3aHMHOOJIHO3HAUHOE OTOGpaKeHHe MHOXKEecTBa TO4EK MJIO-
CKOCTH Ha MHOXKECTBO TOUEK MpSMOM, Kanroposckoe “noka-
3aTel1bCTBO TeopeMbl T12.9d, koTopas xasanace napanox-
Ca/llbHOH BBHAY 3THX CJAEACTBHH, CKJIOHHJO MaTeMaTHKOB K
UCC/IeI0BaHHI0O OTOOpaXKeHHi MIOCKOCTH Ha npaMyw. Yxe
U€pe3 HECKOIbKO JIeT MOCJe A0Ka3aTe/bCTBa T12.9d 6nino
NIOKa3aHO, 4TO He CyWIECTBYeT B3aHMHOOAHO3HAUHOrO oJ-
HOBPEMEHHO HEMpEPHIBHOTO OTOGDAaXKEeHHS MHOXKECTBA To-
4€K MJOCKOCTH Ha MHOXECTBO TOUK MNpPSAMOM.

U3 T129h caenyer;

CaencrBue 12.1. Muosecrso 8cex beckoneunvix no-
caedosaressvrocred, urens KOTOpbLX — HaTypaashble yucaa,
UmeeT MOUHOCTb KOHTURyyma,

CxomupiM 06pasom u3 T12.9 f caenyer:

Crnencreue 12.2. Muosecrso 8cex 6GecKoHednsLx nocae-
dosaressnocTed, urens KoTopolLx — dedcreutessnoe wucaa,
UMEET MOWHOCTL KOHTUHYYMG.

3ameTHM, uTo H3 T12.4a, b caenyror pasencrsa:
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No""‘l==No"‘“z==No""'3"== .o o =Ro 4Ry,
a ua T12.4c, d, e caenyior paBeHCTBa:
(11 =ft2=f+3=.. =T+R=1+1

TakuM 06pa3oMm, CyMMBb KapAMHAMbHBIX YHCET MOTYT ObITDH

paBHbl, KOTla paBHEI HX nepBble cjaaraembie, HO HepaBHbI

propele. TloaToMy ofparHas K CJIOXKEHHIO KapAHHaJIbHBIX

yuces omepalus HeONHO3HAuH4. BeseacTpue 3TOrO Mbi HE

RBOJMM B apH(METHKy KaplMHaJbHBIX yuces BHIYMUTAHHA.
Vs T12.9a u T12.6 crenyior paBeHCTBa:

1'N0=2'No=3'N0= PR =N0'No.
s T12.9¢, d, g caeayioT paBeHCTBa:
1.§=2-{=3-1=... =Ry f =11

[Tostomy obpaTHas K YMHOKEHHIO KapA¥HaJbHBIX UH-
ces1 onepallisl TaKke HEOJHO3HAUHA.
3amerum ele, uto 3 T12.7 1 T.12.9f, h caenyer:

2No=3“o=4“0= Ve =No°=f"°.

TakuM 06pa3oM, Mbl BHIHM, HTO o6parHas omnepauusi K
BO3BE/IEHUIO B CTeNeHb (H3BJEUeHHE KOpHs1) KapAWHaJbHBIX
uxces HeOJHO3HAUHa.

3 gMeruM, HaKoHell, UTO M3 T12.9b caenyloT paBeHCTBA:

RE=Ng=Ne=...,
a n3 T12.9e, f creayor paBeHCTBA:
f=p=p=..=M
TosTroMy H Apyraf o6pariiasi K BO3BELEHHIO B creneHb
onepauyu (norapmbmuposanue) HeOJHO3HauHa.
T12.10. MHoxcecTso 8Cex KOHedHblX nocaedosaresbrocTel
yeablx 4ucen C4eTHO. :
Il ox. OGo3HauuM Hepes Zi; (i=1, 2, 3,...j=0,1, 2,..)
MHOMKECTBO BCeX i-3/1eMEHTHbIX noc/ea0oBaTeNbHOCTEH, B
KOTOPbIX Han6oJbIIKH N0 26CoMOTHON BesqHUMHE uJIeH pa-
peH j. OueBHAHO, UTO N5 NpPOK3BOJIbHBIX § H j MHOXeCTBO
.Z; ; xoneuno. Ha L12.3 Jgerko cJenayer, 4TO MHO2KeCTBO
o0

Z,= UoZi,]- cuero. Orciona ¥ us T12.5 caenyer Teopema.

j=
T12.11. Mroxcecreo 8cex OTPULATEAbHDLY  Yeablx ducel,
MHONMCECTBO BCEX YEAblX U MHOMCECTEO acex pPAyuUOHAALHbLY
quces cderHol. MHoxcecT80o 8cex KoMnAeKCHolX duces umeeT
MOUHOCTb KOKTURYYMA.
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Hox. Ipusenem B COOTBETCTBHe Kama0My HaTypaJjp-
HOMy uHCay paBHOe emy mo a6CoOMIOTHON BesHunHe OTpH-
HlarelbHoe uHeno. OueBHiHo, uro NaHHO€ COOTBETCTBHe
YCTaHaBJHBAET DaBHOUHCIEHHOCTS MHOXeCTBA. Bcex OTpH-

YHCEJI CUeTHO. .
O‘lEBPIJ.IHO, uTo MHO}KECTBO_ BCEX LEJLIX uHcesn €CTh CyM-
Ma Bcex HaTypanbHBIX YHCeJI, MHOXKEeCTBa BCe€X OTpHIlaTeNDb-

KOTOPOro — uncno 0. Otciona u us T12.4a, b clenyer, uro
MHOXKECTBO BCeX WLeNbX uHces CUETHO,

3aMeTum, uro us D82, T12.6 u us TOT'0, 4TO MHOKeCTBO
BCeX wHenLIx umces ‘cuerno, CHENYET TakXkKe C4ETHOCTH MHO-
KECTBA BCEX YNOPAMOUEHHBIxX 1ap, mepBble 3Je€MeHTH KoTo-

HeCOkparumoli npo6u, B KOTOPOH uHCAHTENnp — neJoe, a
S8HaMeHaTenb — HarypannHoe unca10 . Orciona cnenyer,
470 JH060MY PallHoHaNbLHOMY wHeny COOTBETCTBYeT TOUHO
OLHa ynopsiaoueHHas llapa, B KOTOpO# nepBrIfi sgemeHT —
nemnoe, a BTopofi — HaTypajbHOe wMC/IO, mpHueym NaHHEIe

HbIX uHcen <<N,. C APYro#t CTOPOHHI, umcso No MeHbIze
HJH PaBHO MOUIHOCTH MHOXKECTBa BCeX DallHOHANbHBIX wy-
C&Jll, NOTOMY 4TO MHOMKecTBO R €CTh NOAMHOXKECTBO nay-
HOro MHOXectBa. Otciona u u3 T9.2 CIeNyeT, uTO MHOXKe-
CTBO BCeX DauHOHAJLHBIX uHCes CYEeTHO.

Hannuue Y MHOJKECTBA BCeX KOMIJIEKCHbIX YHCEJ Mouj-

YnpaxHenns
Hoxkaxure dopmyay:
of = Ng = ff .

0
! Yueno 0 moxmo NIPeJICTaBHTh B BH e T
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§13. Kanmoposckoe 00Ka3amensbcneo
CYULecme0Banis MPAHCYEHOCHMAHbLX HUCER

B Bhicuieli aire6pe a/nre0paHyeCKHMH YHC/IaMH
Ha3LIBAlOT Te, H TOJNbKO T€, KOMIJIEKCHbie 4YHCJId, KOTOphHI€
ABASIOTCS KOPHSAMH MHOTOU/IEHOB C LEMbIMH KO3((HIHEH-
ramMu. KoMILIeKCHble 4HMCJIa, KOTOpbie He SIBJASIOTCA ajre-
6paHyeCKHMH, Ha3bLIBAIOTCS TPaHCUEHIEHTHEIMH.

CyliecTBOBaHHE TPaHCUEHEHTHBIX YHCET GbiJIo BIEpBbHIE
JOKa3aHO (PaHIy3CKHM  MareMaTHkoM JlnyBuanem B
1851 rony. B 1873 ropy Kanrop mokasas, 4To MHOKECTBO
BCeX TPAHCUEHAEHTHBIX UHCEN HMeeT MOUIHOCTb KOHTH-
HyyMa. Mbl IpHBefieM 3TO /I0Ka3aTelbCTBO B KayeCTBE IpH-
Mepa KJaCcCHYeCKOro perieHHs MaTeMaTH4eCKoil mpobJeMbl
METOLaMH TEOpPHH MHOXKECTB.

L13.1. Muosecreéo ecex OeticTeuTenvrolx arzebpaute-
CKUX 4uces CHEeTHO.

ok HMa T12.10 jserko ciaefyer, 4T0 MHOXKECTBO MHOrO-
QIEHOB ¢ LeJAbiMH Ko3(duuueHTamu cuetHo. OTCiofla H H3
TOrO, 4TO Ji060H MHOTOWIEH HMeeT KOHeuHOoe YHCIO npencr-
BUTeNbHBIX KOpHe#l, u3 L12.3 H H3 TOro, 4TO MHOXK€CTBO BCEX
NefiCTBHTE/NbHBIX a/re6panyeckHx vHCen GeCKOHeUHO (rax
Kak Jao6oe palHOHANbHOE UYHCIO €CTb anre6panyeckoe
4HCJI0), JEerKo CAelyer JeMMa.

T13.1. Mroxecrso ecex OelicT8UTEAbHbLX TPAHCYeHOeHTHbLX
qucen umeeT MOULHOCTL KOHTURYYMA.

Hoxk. Teopema ecTb HeNmOCpeACTBEHHOE CJEACTBHE H3
T12.2 u L13.1.

§14. Axcuoxa ébtﬂopa

B 1904 ropy Hemeuxuit mareMarHk 3. Llepmeno
chopMyaHpOBaJ  CAelylol{yilo - aKCHOMYy, Ha3biBaEMYIO
akcHoMo#i BhiGOpa, HJIH 1O HMEHH ee aBTOpa — aKCHOMOH
Llepmedo.

Alal. Z+=0A [T M=0A ] [1(P#Q—>P-Q=0)—

MEZ PEZ QEZ
> V1Y, (6F MY).
Y MEZ

TIpHBOJHM CJOBeCHYl0 (HOPMYTHPOBKY 3TOH aKCHOMBL:
Iycte Z — ceMefiCTBO MHOXECTB, Tako€, 4TO
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(1) Z — nenycro, .

(2) kaknoe MHOXKECTBO, NpHHajTexKamee ceMeii-
CTBY Z , TakKke Hemycro,

(3) moGble nBa (pa3nHuHBIE) MHOMKECTBA, NpHHAMJe-
Xauue cemeicTBy Z , He nepecekatorcs. ITo akcuome Hep-
MEJI0, B 3THX YCJIOBHSIX CYyLIECTBYeT He MeHee ONHOTO MHO-
XKecTBa Y, HMeloLlero ¢ KaxabM MHOXecTBoM MeZ eJHH-
CTBEHHbIH OOUIHI 3/eMeHT.

B xauecre mpuMepa jnokasaresbcTBa, rie HCTIOJIb3YerT-
csi Al4.1, Mb npHBeleM 10Ka3aTeNbCTBO CJlefyioliledi Teo-
PeMEI, KOTOpYIO Mbl yXe ynoMuHa/tH B § 11.

T14.1. X<£0A [] (?q’:n)—’z F =nry).

neR YCX

Ilo sToit Teopeme, npouseossroe wenycroe mHOKCECTEO,
MOUROCTH KOTOPO20 OTAUYHG OT 4106020 HATYPa.Lb6HOZ0
“4UCAG, COOEPIHCUT CHETHOE NOOMNONCECTEO, a NOTOMY — 8
cooreercreuu ¢ T11.1 — Geckoneuno e cmoicae Hedexunda.

Hox. Ilycte m — npousBo/ibHOE HaTypalbHOE YHCIIO.
OGosnaunm uepes C™ MHOKECTBO BCeX M-3J]eMEHTHBIX MHO-
C/e/I0BAaTE/bHOCTEH, u/ieHbl KOTOPHX — Das3jIHuHbIe 3Jle-
MeHTHl MHoxecTBa X. [lokaxkeM ¢ mnoMolbio HHAYKILHH,
Y4TO AJIST NMPOH3BOJIBHOTO HaTypa/JbHOro k MHOXectBo C*)
Hemycro.

Ilo ycnoBuio muoxecrBo X Henycro. Ilostomy cymiect-
BYeT 3/1eMeHT Xi, NpHHa/JJleXKalmuil [aHHOMY MHOKECTBY.
IMocaenoBarenbHOCTD, €HHCTBEHHBIH /el KOTOPOU ecTb Xi,
npuHajexur mHoxecrBy C). Takum oGpa3oM, MHOXKeCTBO

() Henycro.

Ilyers k£ — nponsBosbHOe HarypasbHoe umcao. Jony-
CTHM, Y4TO [/ kK BHIOJHSETCS [OKa3HBaeMoOe CBOMACTBO
MHoxkecTB. [TosToMy cymiecTByer noc/esoBare/bHOCTh

(1) ¢, gy o vy Cy,

4jleHbl KOTOPOH — pa3JjiHuHble 3JeMeHTH MHoxectBa X.
Ecnn 6n B MHOxecTBe X He CyLIeCTBOBaJo 3JeMeHTa, OT-
JIMYHOro or Jwoboro useHa mnocaenoBarensHoctH (1), ToO
MOIHOCTL MHOXecTBa X paBHs/lach Obl umcay k. Ho sro
3aKJ/IOueHHe MPOTHBODEYHT BTOPOMY YCJOBHIO [OKa3biBae-
MOl TeopeMH. TakuMm o6pa3oM, CyLIeCTBYET 3JeMEHT MHO-
xKecrBa X, OTVIHUHBIH OT J11060TO u/leHa NOCJed0BATeNbHO-
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cti (1). O603HauHM 3TOT 3JEMEHT YEPE3 Cpii. Tlocnenosa-
TeJILHOCTD

C’_, Cg, .o -,Ck, Ck+1

NpHHAMJIEKHT, OUeBHAHO, MHOKECTBY CG#+h, TlosToMy AaH-
Hoe MHOxecTBO Hemycro. OueBHAHO TaKKe, 4TO IpH is=j
C®.CM=0,

MHokecTBa

(2) CO, CA, CO, ...

yAOBJETBOPSAIOT, TAKHM o6pa3oM, yCJIOBHAM Al4.1. Creno-
BareJbHO, cyllecTByer MHoxectBo C, KoTOpoe ¢ Kam[bIM
H3 MHOXecTB (2) HMeer eIMHCTBEHHbIN OOIMA 3JEMEHT.
ITycrs moc/ie10BaTe/bHOCTD {c{™} — elHHCTBEHHbIH oGmui
siement mHoxecre C u C™.

BbiuepkHeM B IOCJ€L0BATEIbHOCTH

o, ¢,7cf, o, &, gga), ...

Kamabifl uieH, A4S KOTOPOro B LaHHOM MOC/IeN0BaTe/IbHO-
CTH CyILeCcTBYeT npeulecTByOUHE H paBHbIA €My 4JeH.
O6o3HaunM uepe3 {yn} MOJYUeHHYIO TaKHM IIyTEM nocieno-
BATEJNbHOCTb. JIONYCTHM BPEMEHHO, YTO 3Ta NOCJE0BATENb-
HOCTb KOHEUHa H HaCuHTbHIBaer r 3/EMEHTOB. QueBHIHO,
Tor4a B MOCAENOBATedbHOCTb {1} 06s3aTelbHO BolieT
xoTs 6bl OJMH uJeH, OTJIHUHBIH OT KaxJoro ujneHa IoC1e-
nosateabHOCTH {yn}. OAHaKO 3TO 3aKJiOUEHHE pOTHBOpE-
‘yyT ONpEJEJeHHIO MOC/I€e0BATENbHOCTH {yn}. TlosTomy
JlaHHas I[0C/1e10BaTeJbHOCTDh GeckoHeuna. OueBHIHO TaK-
e, uTO uJeHbl 3TOH HOCJI€I0BATENbHOCTH — pasJ/HUHbIE
snemenTsl MHOxectBa X. Takum oGpasom, Teopema T14.1
BepHa. _
3ameruM, uto 6e3 Al4.l us yeaopuit T14.1 Mbl MOTVIH
b1 BBIBECTH JIHLIb TO, 4TO AJIs J060ro HarypalbHOro HHC-
Jla n CyliecTBYeT f-3JleMeHTHas [HOC/1e0BAaTeNbHOCTD, UJIe-
Hbl KOTOpO# — pasJ/IHuHble 3/1eMeHTbl MHOKECTBA X. Opna-
KO MBI HE MOTJIH Obl IOKa3aTb CylleCTBOBaHHE 6eCKOHeuHOH
nocJe0BaTelbHOCTH, o6aafaioleli 3THM CBOACTBOM.
AxcHoMa BbIGOpa, moxaayi, — uaile BCEro ocrnapHBae-
Mas B MarTeMaTHKe akcHOMa. DTO BbI3BaHO TeM, UTO, C on-
HO#l CTODOHbl, HA OCHOBAHHH JlaHHOH aKCHOMbl [0Ka3blBaioT
BIIOJIHE OUeBHAHbIE TEOPEMBI, KOTOpbIe HeIb3d N0Ka3aTh Ge3
JaHHOH aKCHOMbI( HampHMep, T14.1); a ¢ Apyro# CTOPOHBI,
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TEM, HYTO CPeM CJNEICTBHH 3TOH aKCHOMB HMeEIOTCH napa-
AOKCaNlbHbIE TEOPEMbI, HE COOTBETCTBYIOIIHE COJlepIK aTelb-
HBIM npejcrasnenusiM. Orcioga xe cpenn MaTeMaTHKOB, U
NPDHTOM OY€Hb BHIHBIX, MOXHO HaHTH Kak CTOPOHHHKOB,
TaK M NPOTHBHUKOB NPHHSATHS aKCHOMBI BHIGOpaA.

Yxe B 1902 rony Benno Jlesnu o0paTu/ BHMMaHHe Ha
TO, UTO J0Ka3aTe/IbCTBO TeOopeMb <«MOIHOCTh CYMMBI Cce-
MEHACTBA HenepeceKalMuXcs u HENYCTBIX MHOXECTB G0Jb-
Hi€ H/H paBHA MOUIHOCTH 3TOTO CEMeHCTBay TpebyeT BO3-
MOXHOCTH BbIGPATh 1O OHOMY 3JIEMEHTY U3 Ka¥XJOTr0 MHO-
KECTBA  5TOTO  ceMelicTBa. CXOLHEM 06pasoM BBeeHue
ONpPEJE/NEHHsT CYMMBI GeCKOHEYHOH INOCJeN0BaTeNbHOCTH
KapAuHAJMBHBIX yncen (o6oOileHHe onpeaeseHus CYMMEBI
ABYX KapIHHAJbHBIX YHCEN) NpeAnoJaaraer aKcuomy BHIGO-
Pa, kak samerun B. Cepnuuckuit B pabore 1918 roma 06
3TOH aKcHOME,

Takas xe curyauus umeer MECTO U B ONpeJeseHuH Ipo-
U3BE/IeHHs1 GECKOHEUHOH mNOoC/eN0BaTeNbHOCTH KapauHaJ/b-
HBIX YHCE€J U JPYTHX onepauuii Ha KapAUHAJNBHBIX YHCJIAX,
4 TaKxKe NOPANKOBBIX THIAX H YHCJAX, O KOTOPIX peub
Oyner uaru B pasaene 11, npu pacnpoctpaHeHuH onpejede-
HHHl 3THX onepanuii Ha GECKOHEYHOE MHOMXECTBO SJIEMeH-
T0B. M3 NaHHBIX nmpumepoB BHIHO, 4TO yXe IpH BBEJEHUH
OTHOCHTEJILHO 3JIEMEHTAPHBIX INOHSITHH TEOPHH MHOMECTB
HeoOXONMMO 06palaThest K- aKCHOME BhI6Opa.

Takxe u B npyrux pasgenax MaTeMaTHKH, Hanpumep,
B aHalu3e, anreGpe, TONOJOTHH aKCHOMA BHGOpa (MM ee
HaCTHBIE CJyYaH, WJIM XKe 3KBUBAJEHTHHE eff TEOPEMBI) He-
obxolMMa 1/l J0KAa3aTeNbCTBa TEOPEM, HCTHHHOCTL KOTO-
PBIX He BBI3LIBAET COMHEHHII. '

M3 MHoroumcneHHHX npuMepoB 3Toro pona Mbl mpuBe-
BeM onuH. B ananuse uaBecTHBI nBa onpeneseHus Helpe-
PrIBHOCTH GYHKIME f(X) B TOuke Xx,. B omHOM onpeneJe-
HHH CONlepKaHHe JlaHHOTO MNOHATHS PaCKPhIBAETCA Yepes
ycaoBue ‘

@ TT Y (12— 50| <8—|F (1) — F(x0)| <el,

e>0 §>0

a B JIpyToM — 4epe3 yCJOBHE

() lim x, = x, > lim F(xg) = f (x0).

koo k-
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U BOT B J0Ka3aTe/bCTBE SKBHBAJEHTHOCTH 3THX onpeaene-
Hufl, 4 UMEHHO B JI0Ka3arTe/bCTBE TOTO, UTO U3 (b) caenyer
(a), HEOOX0MUMO OOpaTHTHCA K aKCHOME pbiGopa.

OTpuIaTe/bHOE OTHOILIEHHE K aKCHOME Bbi6Opa BHI3BA-
HO TJ1aBHBIM 006pa3oM ABYMSI MOTHBAaMH:

1. ¢ MOMOIIbI0 3TON AKCHOMBI JIOKa3bIBAETCs CYIIECTBO-
BaHHEe NPEJMETOB HEKOTOPOro poja, Xord HE yaaercst yKa-
3aTh. HU OJHOTO INpHMEpa Takoro npeaMmera (Tak HasbiBae-
Mble Hes(GhEeKTHBHBIE J0Ka3aTeNhCTBA CyILIECTBOBaHHUA) ;

9 ¢ NMOMOLIBIO 5TOH AKCHOMBI JOKa3bIBAIOTCA cojiepxa-
TeJbHO HEOUeBHIHBIE TEOpPeMbl (B HaCTHOCTH, HEKOTOpHIE
reoMeTpHYECKHE TEOPEMBI), H3 KOTOPbIX ganboJsiee U3BECT-
Ha teopema Bamaxa—Tapckoro o napafoKcaJbHOM pasio-
xeHun mapal.

3BecTHb MHOTOUHCJIEHHBIE TEODEMBI, KOTOpble SKBHBA-
JIeHTHB aKCHOME BhIOOpa Ha OCHOBAHHH OCTJIbHBIX aKCHOM
Teopu MHOoXecTB. OJHa U3 TaKHX TeopeM — 3aKOH TpHXO-
TOMHM [JIs1 KapAHHaJbHbIX YHCEJ:

m<n\/m=n\/m>n
[Ipo6iema He3aBUCHMOCTH AKCHOMBI Bpi6opa OT OCTafb-
HLIX AKCHOM TEOpHH MHOXECTB He pemeHa 10 CuX nop
(umeeTcs JHUIb J0Ka3aTeNbCTBO HE3aBHCHMOCTH JJIs TaKoH
AKCHOMATHKH, B KOTOpOH TNPHHHMAETCH CyLIEeCTBOBAHHE
6ECKOHEYHOTo YHCJIa IPEAMEToB, OTJIHIHBIX OT MHOKECTB) .
JIymwb B yacTHOM cJyuae, Koria cemeiictBo Z, 0 KOTO-
pOM TOBOPHUTCS B Al4.1, KoHeuHo, yAaercs A0Kas3aTh Al4.1.
VMeHHO CHayala JOKasblBaeTcsi STO YTBEPK/CHHE JJ1S1
cayuasi, korfa Z = {Xi}, crefylouum 06pa3oM:
[lo ycaosuio Al4.]l MBI HMEEM

(1) ExeX1

(2) a1€X; {1}
3) a;€Xy-{a,} {2}
(4) 21 (x€X1'{a1}) {3}

221 (xeX;-Y) {4}

\

1 Cp. K. Kuratowski i A. Mostowski, Teoria mnogosci
(TIpu/IOKeHHE)
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3areM HHAYKLHeH JOKa3HBaeTCd 3TO K€ yFBepKIEHHE
ana caydas, koraa Z={X,, X,, .., X,}. Onuako ecnu ce-
MmeiicTBo Z cueTHO, To Al4.1 He ynaercs DOKasaTh yXe AJs
cayuasi, KOrga 3JeMeHTh ceMefictBa Z-— IBYX3/eMEHTHHIE
MHOXeCTBa.

YnpaxXHCHHA:

1. Cnepylomee npefnoxeHHe Ha3HBaercsi OGLIHM NPHHUHIOM BhHi-
6opa: ecnu Z — Henycroe CeMefiCTBO HEMyCTHX MHOXECTB, TO CYIIeCT-
ByeT (DYHKIHS, CONOCTABAAIOMIAs KaXKAOMY MHOXECTBY 3TOTO CeMeAcT-
Ba NPOH3BOJILHHIE 3JIEMEHT 3TOTO MHOMKECTBA.

ITokaxnTe, 4TO M3 3TOro MPHHUMNA CledyeT aKCHOMa BhiGopa.

2. lokaxmuTe, MOJIb3YACh AKCHOMOH BEIGOPA, CJAEAYIOUIYIO TeopeMy:
ecin Z — Hemycroe CeMefiCTBO HeMyCTHIX H HeNepeceKaloLHXCS MHO-

XEeCTB, TO
< U Z.
zeZ

N



Paszodean Il.
Ynopsoouennvie MHONCecmsa

§ 1. H3omopgpusn

PaccMOTPEHHIO BONPOCOB, OTHOCSUIHXCS K YNO-
PSAIOYEHHBIM MHOXKECTBaM, Mbl MpelnollseM Kpatkue 3a-
MeuaHHs o MOHATHH H3oMopduaMa. DTO MNOHSITHE — OJHO
M3 BaKHeHIIMX JOTMYeCKHX MOHSATHH, OHO NMPHMEHSeTCs BO
MHOTHX pasjenax Maremartukd. CHayana MBI chopmyn-
pyeM BCIOMOraTeJbHOE OnpeleeHHe:

D1.1. P(R)=D,R)+ D,(R).

Onpe,ue.nﬂemoe MHOXKeCTBO HashiBaeTcs IoJieM OTHOILIEHHS.
U3 srtoro onpenenenns He[lOCpeACTBEHHO cJjenyer

T1.1. xeP(R) = xeD,;(R)\/ xeD,(R).

C 1esbio yIPOLLEHHs] 3alHCH Ceaylollero OnpefeseHns Mbl
6yneMm CYHTaTh, UTO

X=P(©) u Y=P().
CHMBOJIH

(X,8) u (Y, T)

0603HayYaT, TAKUM 06pa3oM, ynopsinoueHHbie Maphl, B KO-
TOPHIX BTOpbie 5J€MeHTH — OTHOILUIEHHs, a NepBhie — M0/
5THX OTHOLIEHHi. DTHM CorjalleHueM O CHMBOJax THOA
<X, R> Mn Gynem NMoJb30BaThCS TakXe H B JaJbHeHmuX
paccyXeHHSIX 3TOro pasjena.
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DL2. (X, S) wor(¥,T)=R¢1—1AD,(R) = ~
=XAD,R) =Y ATITITTITixRz A yRu—

X Yy 2z u

= (xSy = zTu)].

OnpenensieMoe BbIpaXKeHHE YHTAETCS; OTHOWEHHe R ycra-
HaBauBaeT usoMopduam mHoxkectB X u Y no oTHolmeHHIO
S u T. Takum o6pasoM, st TOrO, YTOGH OTHOLIEHHE R
ycTaHaB/IuBano usomopduaM muoxects X u Y mo orHoume-
HuAM S u T, Heo6X0oouMO M JOCTATOYHO BHIIOJIHEHHA CJie-
AYIOIHUX YCJIOBUI;

a) OTHOUIeHHe R B3aHMHOOJHO3HAYHO;

b) muoxectBa X u Y nons orHowennit S u T cooTper-
CTBEHHO;

C) JeBast 06/1aCTh OTHOWIEHHS! R COBNA/AET C MoJeM OT-
HOIWEHHs1 S, a MpaBasi — C MoJeM OTHOWeHUs T

d) mBa mpesMeTa HaXOHATCS B OTHOUIEHHH S TOT/la, H
TOJBKO TOT[a, KOTJA CONOCTABJEHHBIE HM OTHOIIEHHEM R
npeAMeTH HaxXOASITCA B OTHOWIeHuW 7.

Korja u3 KoHTEKCTa sICHO, O KaKHM OTHOLIEHMSIM JBa
MHOXXECTBA M30MOPOHE WM 3Ke 3TO He CYIeCTBEHHO, TO
Mbl OObIyHO OyneM TOBOPHTB NpOCTO 06 nsomopdusme
MHOXECTB, He OroBapusBasti 0co00, MO KAKHM OTHOIIEHHSIM
3TH MHOXECTBA H30MOPQHHL.

OueBHHO, YTO €C/IM OTHOWIeHHE R YCTaHABJIMBAeT H30-
MOpdH3M [BYX MHOXECTB, TO OXHOBPEMEHHO OHO YCTAHAB-
JUBAET U HX PaBHOUMCJIEHHOCTD.

I[Ipumep I. Ilycte Rt— MHOXKECTBO BCeX MOMOKH-
TEJBHBIX JEHCTBUTENbHBIX YHCEN, R~ — OTPHUIATENbHBIX.
Jlerko mpoBepHTh, UTO CJIELYIOIHM 06pPa30M ONpeIeNeHHOE
OTHOUIEHHE '

xSy = xRt A\ yeR— A | x| =] y|

ycraHaB/iuBaer uzomopdusm muoxects R+ u R— no otHo-
LUIEHUSIM «MEHbLIe» H «6OJbIIe»,

ITpumep II. ITyctb X — MHOXECTBO BBIpaXKeHHH He-
KOTOPOTO sI3bIKa, ¥ — MHOXECTBO BbIpaXKeHHH APYroro 3bl-
Ka. Byjem cunraTh, 4TO 3TH MHOXKeCTBa NEPEBOJAHMBI, HHA-
4e roBOpsi, AJs KaxkJ0ro CJ0Ba OJHOTO M3 3THX MHOXECTB
CYIeCTBYET PAaBHO3HAYHOE €MY CJIOBO JAPYrOTO MHOMKECTBA.
Bynem cunrath Takxke, yTo B KaxAOM u3 MHOXectB X u Y
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HeT paBHO3HauHbx cioB. IlycT OTHOWeHHe S MMeeT MeECTO
MeXJy CJIOBAMHM MHOXecTBa X Torjaa, H TOJMBKO TOria, Kor-
Ia 3TH CJOBa NpHHAaJAJeXaT OJHOH M TOH JKe YacTH DEuH,
¥ mycTh oTHOmeHHe T MeXAY BHIpaXKEHHSIMH MHOXecTB3 Y
HMeeT aHAJOTHYHBIH CMBICI.

OueBH/IHO, YTO OTHOIWIEHHe R, comocrasJjsioliee CJIOBaM
MHOXecTBa X paBHO3HauHHE CJIOBAa MHOXecTBa Y, ycTa-
HaBJMBAaeT M30MOP(DH3M 3THX MHOXKECTB.

DI.3. (X, S) mo (V,T)=Y (X, S) mor(¥,T)).
R

OnpeflensieMoe BbIpaXKEHHE yYHTaeTcsi: MHOXectBa X m YV
usomophHel mo oTHoweHusMm S u T.

B D12 u D1.3 peur muaer o6 otHoweHusx S u T OT
IOBYX aprymeHToB. Jlerko, oiHako, Tak 0GOCIHTL 3TH Ompe-
JeJeHHsi, 9T00bl OHH OTHOCHJIMCh K OTHOIIEHHSAM OT 0OJb-
mero yucaa apryMmeHToB. HeTpyAHO TakXe ONpeNeNHTb
H30MOP(}H3M IBYX MHOXeCTB 1O 6oJiblleMy YHMCJy OTHOIIE-
uil, B wactHocTH, 0600IIeHHbIe Onpefle/ieHHss MOI'YT OTHO-
CUTbCA K MHOXKECTBaM, B KOTODHIX ONpelesieHHl TakKHe ome-
paluH, KaK HampuMep CJIOXKeHHe H yMHOXeHHe !.

IMycts @ o603HAyaeT MPOH3BOJNLHOE BHIpaXKEHHE, B KO-
TOpOE, KpOME CHMBOJIOB HCYMCJEHHS NMpPENJOXKEHHH H mpe-
IHKATOB, BXOAAT JIUIIL CHMBOJIBI

M xy...,u X, S

Bynem cumraTh, 4YTO NepeMeHHHE X, Y, ..., U TNpoGeraioT
(HUKCHPOBAaHHOE MHOXECTBO X, — MOJIe OTHOIIEHHS S H YTO
B BhIpaxeHHH @ KBAaHTODHl MOTYT CBA3HIBATH JIHUIb 3TH Ie-
peMeHHble, HO He nepeMeHHYI0 S. OTHOCHTEJBbHO NeEpeMeH-
HOi X Mbl JOMycKaeM TakXe, 4TO OHa MOXeT BXOJMTH B
BeipaxeHue @ JIMIIb B KOHTEKCTax I1, >, I, ...
. XEX x€X pEX

OGo3uauum yepes M BelpaxKeHHe, KOTOpOe MOJNyYaeTcs
U3 BepaxeHuss @ 3aMeHOHl cHMBOJIOB (1) COOTBETCTBYIOLIH-
MH CHMBOJIaMH:

X% y®, L, uR XR SR
OTHOCHTENILHO 3THX CHMBOJIOB MBI NpHHHUMAaeM aHaJo-
rMYHBle JONYIIEHHS, YTO M OTHOCHTENbHO CHMBOJOB (1).

1 BCnOMHHM, YTO ABYXapryMeHTHHI€ ONEpaluH — YacTHHE ClyyaH
TpeXu/eHHHX OTHOIIEHHH.
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JlauHbIME 0603HAYeHHAMH MBI BOCHOJMB3yeMCSt B (Bop-
MYJHMPOBKEe H [0Ka3aTeNbCTBE CJAEAYIOLLEH JIEMMBI:

L1.1.(X, S) n3og (X%, S¥) A\ xRx¥* A\ yRy*A\.../\ uRu® —
> (D = D¥).

Hox. (1) (X, S) nsog (X%, S*)
(2) xRx® N\ yRy* N\ ... NuRu*
JI0Ka3aTebCTBO JIEMMbI MBI pasbuBaeM Ha TpH YacTH.

a. JlonyctuM cHauaJsa, 4yTo B BhIpaxkeHne (D He BXOIST
KBaHTOpH. OueBHHO, TOTa KBAaHTOPHl TaKXKe HE BXOIAT M
B Broipaxenue ¥, _

W3 ponywennit (1) u (2), a Takxke D1.2 crenyior sk-
BHBAJIEHTHOCTH

} {nomym. }

xSx = x*S§%* x%;

xSy = x¥S%y*,;
xSu = x*S*y*;
YSx = y¥S*x%;
uSu = u*S*y*,

M3 s1ux sKBUBaNeHTHOCTEH, a TakXke U3 Jonyuenui
OTHOCHTEJNBHO BhIpakeHuit @ u @O * nmo NpaBU/y 3KCTEHCHO-
HaJbHOCTH ISl BBIpAXKEHHH HCUYHCJIEHHS MNPEIJIOKEHHH !
ClellyeT yTBEPKIEHHE JIEMMBI. ,

b. onycthm, uro B Bhipakenne ® W3 KBAaHTOPOB BXO-
AAT JMIOb  KBAHTOPH CyllecTBeBaHus. JlokasareanCTBO B
3TOM CJlydae NPOBOJAMUTCH MHIAYKHHEH MO YHCIY 3THX KBaH-
T0poB. Ecim ux umeno pasHO Hymo, TO B cuay uactu a
JeMMa BepHa.

Honycrum, yto anst Belpaxennst ¥ (x) u UH(x%)? gem-
Ma BepHa.

1 Cm. § 3 neppoti vacTh.

* B oTH BHIPaXeHHS, KPOMe MEPEMEHHHX X HX%, MOTYT BXORHTH
TaKXKe JPYrHe nepeMeHHbie,
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OGo3HaunM uyepe3 y KOHBIOHKUMIO BCex JONyIIeHHH,
kpome xRx* nokasciBaemoit Jemmbl. OueBHAHO, UTO JEMMa
AJs clydasi, KOrJla OHa OTHOCHTCSI K BhipaxenusMm ¥ (x)
u ¥*(x*), sKBUBAJIEHTHA BEHIPAXKEHHIO

%~ [xRx% = (¥ (x) = W% (x¥)].

[TosTOoMy eciin BLIMOJHAIOTCS JONYINEHHS AOKa3hiBaeMoH
JIEMMBI, TO HCTHHHO H BBIpaXKEHHE ‘

XRx* — (¥ (x) = ¥ (x¥)).

Orciona u u3 TOro, YTO B BbIpa>Ke€HHWE 9§ HE BXOIST Mepe-
MEHHBIE X U x”*, CJIedyeT BhIpa>KeHue

@) [T 1 [xRx¥ — (¥ (x) = T% (x¥))].
YEX oNex

Honyctum, yTo HCTHHHO TakXke Bhipaxenue (l.1).

(L.1) 2 ¥ (x) {mo6. momyur.}
x€X
(.1.2) x3X } ()
(1.3) W (xy)
(1.4) D;(R) =X A\ D,(R) = X* {DL.2, 1}
(1.5) x,D,(R) (1.2, 1.4}
(1.6) 2 *iRx? * {caenctBue 6.3a, pasn. I, 1.5}
XZ}EDp(R)
(1.7) x¥eD,(R) } 1.6)
(1.8) x;Rx¥
(1.9) x¥eX* (1.7, 1.4)
(1.10) W% (x%) {3,1.2,1.9, 1.8, 1.3}
(1L1) § wEem) o {1.9, 1.10}
ex
4 V¥H—> ¥ v {L1- L)
€X o RexR
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Anajoruyno Msl AOKa3blBA€M HMIJIMKAIIMIO:

YOwE () - 3 V().

XI;‘EX}; xeX

Takum 06pa3oM, 3KBHBaJIEHTHOCTh

E‘I’(x)-— DN AIC)

xex®

HCTHHHA.

Orciofa no NpaBuly 3KCTEHCHOHAJNLHOCTH JAsSI BhIpake-
HUH MCUHC/EHHs] NpelJoXeHul yXKe JeTKo CJedyeT, YTO B
paccMaTpuBaeMOM cJyuae JieMMa BepHa.

c. ITycte @ u @* — npou3BOJIbHBIE BBIpAXKEHHSI. DKBU-
BaJEHTHOCTb 3THX BHIpaXKeHHH CcJefyeT M3 YacTu b H H3
TOTO, YTO KBAHTOp OOLIHOCTH MOXKHO 3aMeHHThb NOCJAe[0Ba-
TEJBHOCTBIO U3 [BYX 3HAKOB OTPHLAHUS, MeXJy KOTOPBIMH
HaXOJMTCSl KBAaHTOP CylIlecTBOBaHHUsl. TakuMm o6pa3som, JeM-
Ma BepHa.

3amerum, uto K L1.1 MBI MoXeM cjeBa npunucats I

x€X

u II. Ecau B Boipaxenuu @ nepemeHHas x cBA3aHa (Torma
x e x% .

H nepeMeHHas x¥ B BelpaxeHuu D* Takxke cBfizaHa), TO

Ha ocHoBaHuu T13% y T16% Mbl nosyuaeM B aHTeneneHTE

L1.1 BmecTo BHIpaxKeHHs x¥Rx* BrIpaXxeHHe

XRx%,
X xex¥

KOTOpOe MCTHHHO, €C/i TOJNbKO MHoxectBa X u X* Hemy-
cti. OTciofia JerKo caedyer, yto B gonyileHusix L1.1 MH
MOXKeM BHIYEPKHYTH Ji06oe BhIpaXkeHue BUAa XRx¥, eciu
TOJILKO TlepeMeHHHEe X U X¥ cBsi3aHbl B BblpaxeHusx O
u O%
HoaTOMy, B YAaCTHOCTH, UMEET MECTO:

Canenpcrtue l.1. B cayuae, ko2da 8 svipaxenusx @ u
Q% Her csobo0Huix nepemennsix, 11.1 npunumaer sud:

(X, S) usog (Y, T) — (D =0D%).

B cnenyiomelt TeopeMe COXpaHSIOTCA JONYLIEHHs OTHO-
cuTeNbHO BhIpaxKeHuit @ u (D¥ Tak Xe, KaK M JONYyLIEHHE,
uyto MHOXKecTBa X ¥ X*¥ HeNmyCTHI.

260



T1.2. Ecau
(X, 8) w0 (¥, T)

u svlpaxcetue. D UCTUHHO, TO UCTUHHO W BbhipaxkeHne D%

H ok Ecau B Beipaxennsix @ u ®* umeiorcs cBoGOX-
HEle TNIEPEMEHHble, TO MBI NPUMHCHLIBAEM CJeBa K AAHHBIM
BhIpaXKEeHUsIM KBAHTODH OOILIHOCTH, CBSA3BHIBAIOIIMe BCe 3TH
nepemeHHbie. IloJyyeHHble TakuM ImyTeM Bpra}KeHI/ISI MBI

0603HaYHM CooTBeTCTBeHHO uepes @; u @F. U3 monyme-
HHSl, 4TO BhIpaxkeHHe @ HCTHUHHO, CJEAYET, UTO HCTHHHO H
BoipaxeHue @;.

HonycTuM Tak¥Ke, YTO OTHOLIEHHE, YCTaHaBJAHBaIOIlee

u3omopthu3m MHoxects X W Y, ecTb OTHOWEHHe Rl. Or-
cloaa

(X, S) wog, (Y, T).

13 s1oft dopMysBEl, a TakKe U3 HCTHHHOCTH Bblpa)xerma

@, u crepcteusi 1.1 creayer MCTHHHOCTH BhipakeHus @r .
Omnyckass B Hayaje 3TOr0 BHIPAXKEHHSI MPHNHUCAHHbIE KBaH-
TOpPH OOIIHOCTH, MBI TNOJYy4YaeM CHOBa Boipaxkenne M¥,
Takum o6pasomM, Teopema BepHa.

HlokazaHHasi TeopeMa Ha3bIBAeTCSI OCHOBHOM Te O-
pemMo#i 06 nsomoepdusme.

OHa Moxer ObITb 0606ILIeHa B pas/MYHLIX HanpapJe-
Husix. Hanpumep, oHa Moxer OHITh pacnpocTpaHeHa Ha
BHIpaXKeHUsl, KOTOPble COJAepKaT He OJHO, a HEeCKOJBKO OT-
HOWIEHHHA. DTH OTHOIIEHHUS] MOTYT HMETb MPOH3BOJBHOE YHC-
Jo aprymenTtoB. OcHOBHas Teopema 06 H30MOpdH3Me NpH-
HaJJIeXXUT NOJbCKUM Jorukam A. Jlunpen6aymy u A. Tap-
CKOMY.

U3 310l TeopeMbl cllefyeT, YTO JABe TEOPHH, H3 KOTOprX
neppasl OTHOCHTCSI K JeMeHTaM MHoXecTBa X — MOJIO
HEKOTOPHIX OTHOIIEHUH, a Apyras K 3JeMeHTaM MHOXECT-
Ba Y — noxo Toro ke uucaa oTHoweHu#, dpopmanbHO He
pasauuaroTcs, ecad MHoxectBa X u Y usomopdHb mo maH-
HbIM oTHOWeHHsAM. Ecuu, Hanpumep, HEKOTOpPOe MHOXKECT-
Bo Y, B KOTOpOM ompeje/eHb [Be ABYXapTyMeHTHble Olle-
pamuu u oJHa OJHOApPTyMeHTHas omnepauusi, u3oMophHO 1Mo
3THM omnepaunusm aJjrebpe Byas, To Teopusi, oTHocAIIasCH
K npeameram MHoxecTBa Y, dhopMalibHO He OTIMYAETCS OT
3TOH aJreGphl.
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YnpaxkHeHHs:

1. O6o6mute D12 Ha cayvail, KOrla Kaxjaoe M3 MHOXecTB X H
Y — nosne AByX oTHOLeEHHI.

2. O6o6unte D1.2 wna ciywait, xorma S u T — TpexapryMeHTHHIE
OTHOIUEHHS. ’

3. Tlycts B MHOXecTBe X OmpefiefleHH M OCYLUECTBMUMBI JABYXapry-
MeHTHble OnepaluH, o603HaueHHble CHMBOJAMH «+» H «-», a4 B MHOXe-
cTBe Y — AByXaprymeHTHble onmepaliun «» U «(D», TlycTh Takxke MHO-
xectBa X ¥ Y n3oMopdHH mo 3TUM omepauusM. [lokaxure, He o6pa-
Iasich K OCHOBHOIl TeopeMe 06 u3omopduaMe, uTO :

a) ecqM _omepalMH «+» M «» KOMMYTaTHBHB M aCCOLHATHBHBl, TO
onepaiuu «P» n «(O» TakkKe KOMMYTAaTHBHM H aCCOLMATHBHEL,

b) ecan mns omepauuii mepBoll Maphl CYIECTBYIOT MOAYJNH, TO Cy-
IIeCTBYIOT MOJYJIM H JAJs1 ONepauuii BTOpoil mapsl;

C) ecau A omepauuit NepBoit mapH CYILECTBYIOT OGpaTHHE ome-
pauuu, TO CyILeCTBYIOT M oOpaTHHle OmMepalMu JJsi Onepauuil BTOpoi
napHl,

d) ecan onepauusi «+» AMCTPHOYTHBHA OTHOCHUTEJBHO OMNepalUu
«», TO M onepauust «P» AUCTPUOYTHBHA OTHOCUTENBbHO omepaluu «(O)».

4, Tloxaxure, uTo CleAyiOlllee onpejeeHHe

<X,S$> o<V, T>=X~pY A
ATTT11xSy = R(x) TR ()]
x ¥

SKBKBAJIEHTHO onpejesenuo D1.2,

§ 2. I[To006Hbte MHOMNCecmBa.
ITopsidxosste munoi

Teopust ynopsiioueHHbLIX MHOMXKECTB BG MHOTIMX
OTHOIIEHHSX aHaJOrMyHa oOllel TeOpUM MHOXKECTB, KOTO-
poil OBl mMOCBsillieH NpeauIecTBYIOIUHA pasnen. Hanpumep,
coflepaHue 3Toro naparpada aHaJOrMyHO COJEpIKaHHUIO
§ 7 pazgena I. '

CHayana MBIl npuBefeM HECKOJBKO NPOCTLIX BCHOMOra-
TeJbHBIX ONpejeseHul.

D2.1 a. Re ce(A)=][] []1x=y— (*Ry\/ yRA)].

x€EA yEA
b. Re tpans (A) =[] [1 ] *Ry A yRz - xRz).
XCEAYEA 2€A
¢. Re acum (A) = [] [] (*Ry — ~ (yRx)1.
XEA yEA
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OnpenensieMble BHPaKeHUs YUTAIOTCA:
A. OTHOWIeHHEe R CBA3HO B MHOXKecTBe A;
b. » » TPAH3HUTHUBHO B MHOXeCTBe A;
c. » » aCHMMETPUUYHO B MHOMKeCTBe A.
Takum o6pasom, Kamabii u3 CHMBOJIOB: ©B (A4),
tpan3 (A), acum (A) — oGosnauaer HEKOTOPOe MHOKecCT-
BO OTHOLUEHWH, 3aBUCAIHUX 0T A.
HanbHefimye onpeneleHusi MMET yxe OCHOBHOE 3Ha-
YeHHe NJI51 TeOPUH YNOPSIAOYEHHBIX MHOIKECTB,

D2.2. Re nop (A)=A=P(R) A Re cB (A)-Tpaus (A) -
- acuM (A).

OnpenensieMoe BbIpaMeHWe UMTAETCA: OTHOLIEHWE R
ynopsinouusaeT MHOxectBo A. Ilostomy pmist Toro,
YTOOBl HEKOTOPOe OTHOLIEHHE YNOPSAOYHBANO MHOMKECT-
BO A, HEOGXOMMO ¥ JOCTATOYHO BBINOMHEHHS ClenyIOLIHX
YCIOBUA: MHOXKeCTBO A — noJle otHomwenust R u R CBsA3HO,
TPAH3UTUBHO U aCUMMETPHUYHO B 3TOM MHOKECTBe.

THnuYHBIME OTHOWEHWAMY, YHOPSALOUHBAIOMMMH MHO-
HECTBO [NEACTBUTENbHBIX YHCe], SBJASIOTCS OTHOLICHHS
«MEeHbllle» U «GoJbLes. ' :

Tunuunm H JIBa CJAenYIOUUX OTHOLIEHUS:

!, paubwe f,, £, noaxe f,,

KOTOpbleé yNOpsiLOYMBAIOT NPOU3BOJLHOE MHOXKECTBO MO-
MEHTOB BPEMEHH. :

D2.3. (A, RYe ynopsimouennoe MHOKECTEO =Re nop (A).

Taxum o6pasom, ynopsigouennbie MHOKEeCTBa — 3T0 na-
Pbl, €pBLle 3/1eMEHTbl KOTOPBIX NMPOH3BONbHEIE MHOKECTBA,
4 BTOpbl€ — OTHOLUEHHS, YNOPSAOYMBAIOIIUE NaHHBE MHO-
XKecrBa. [l TOro 4to6bl  BBISICHUTb coxepiKaTebHbIK
cmeict D23, snements x u Yy MHOoxecTBa A, ymoaJe-
TBOpAIOle yCNOBUIO <«XRy», Mbl [IOroBOpPUMCS  Ha3bi-
BaTb! X — NpEeIWECTBYIOIIUM 3J€MEHTOM, a Yy — caenyio-
UM sneMeHToM. Temepb MBI MOXKeM Bhipazuth D2.3 B
CTeNyIollell HECTPOrof, HO 3aTO COJEPKATENbHO SICHON
bopme: .

MHOKecTBO ynopsI04eH0 TOT/a, ¥ TOAbKO TOra, KOrma

a. st MOObIX ABYX (Pas3iuyHBIX) 3/J€MEHTOB paccMmar-
puBaeMore MmBOKeCTBa YCTAQHOBJIEHO, KOTOPHIH M3 HHX
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npeAIIecTBYIOUIUH U KOTOPBIA U3 HUX mocjedyiomui (ycao-
BHe CBS3HOCTH); NpPHUEM

b. eclu 37€MEHT X nHpeauIecTByeT y U Y NpPERIIECTBYET
2, TO X mpejumecTByeT 2 (yCJOBUE TPaH3UTHBHOCTH);

C. HU OAMH 3JeMEHT X He MOXeT ObITh NpelecTBYIO-
IMM 4 OJHOBPEMEHHO CJAeAYIOIHM N0 OTHOLIEHWIO K 3Je-
MeHTy y (yc/loBHE acCHMMETPUYHOCTH). )

IMpumepamu ynopsiIOUEHHEIX MHOXKECTB SIBJSIOTCA TNa-
pr: (R, <), (R, >)1, (R, <), (R, >). Ua Al4 npe-
IOBIAYLIEr0 pa3fiena cjaefyer, yTo yNOpsAOYEHHEe MHOXKe-
crea (R, <) u (R, >) pasnuuHe, TaK KaK OTHOLIEHHS
«MeHbllIey U «BOJbIIe», OUEBH/HO, Pa3JiHuHH 2,

Beesem Tenepb HEKOTOpHE TepMUHOJOrMYecKue COrJa-
IIEHUs] ¥ HEKOTOpble YNPOIUEHHS] MPUHSATOH CHUMBOJIMKH.
Corslacumcst TpexkjJe BCero HasblBaTb MHOXeCTBO A 3ama-
COM ynopsZOYeHHOro MHoxectBa <A, R>. 3amerum Aa-
Jjee; 0 mpeAMere a Mbl FOBOPUM, YTO @ €CTb 3JIEMEHT YNOo-
PSIIOYEHHOT0 MHOXKECTBA TOrZa, M TOJNbKO TOrAa, Korja a
ecTb 3JIEMEHT 3amaca [JaHHOTO MHOXecTBa. B kauectse
0603HayeHust TOro, yTo @ npuHaanexur <A, R>, Mb nu-
weM: a € <A, R>. TakuMm 06pa3oM, UMeeT MecTO cJedylo-
11asi 5KBUBAJIEHTHOCTD: '

ae (A, R) =acA.

CuMmBoJ € ynortpebasieTcsi 34ech B ABYX Pa3JUYHLIX
CMBbICJaxX: B OJIHOM cJyuyae OH 00603Hauaer NpuHaA/eRHOCTb
npeaMeTa yNopsAOYeHHOMY MHOXECTBY, a B JPYroM —
NPHHAMERHOCTh HeynopsiiloueHHOMy MHOxKecTBy. OjHako
U3 KOHTeKCTa Bcerja GyaeT sICHO, B KaKOM U3 3THX CMBIC-
JIOB ynoTpelJIsieTcsl CUMBOJ €,

INpu paccMOTpeHHH YNOPSAMOYEHHHIX MHOXKECTB 4YacTo
¢ukcupyercsi, Kakoe OTHOLIEHHE YNOPSIAOYMBAET MAaHHOe
MHOXXecCTBO, /M e OblBaeT Ge3pasjuyHO, KAaKOBO 3TO OT-
HoweHue. B nocnefnem ciayuae BMECTO TOro, 4To6bl NMOJb-
soBatbcsi cuMBodoM <A, R>, wmbl OyaeM MNoJb30BaThCs
cumpoJsioM A Takum o6pasom, cumsoasl A%, B, C9 ... o6o-
3HayaloT YNOpsiOYeHHble MHOXECTBA, HMeIoulde 3anachl
A, B, C, ... QueBu/IHO, YTO ec/u B KaKoH-1u60 dopmyse uiu
A0Ka3aTenbeTBe HECKOJbKO pa3 noropsiercs cumpoa A9, 1o

1 B cOOTBeTCTBHH C COTMAleHHEM, BBefeHHHM B § 1 H oTHOCALIHMCH
K cuMmBosaM tHna <X, R> otwomweunmsa ,,<” ¥ ,,>>" OrpaHHYeHbl 3MeCh
muoxecTBoM N (MuomkectBo N — mosle STHX OTHOLIEHHH),

2 Cp.D 6.10 paspena I,
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Al

KaXIblil pa3 3TOT CHMBOJ 0GO3Hauaer MHOXKECTBO, ynops-
JIOUEHHOE OJIHHM W TeM }K€ OTHOLIEHHEM.

Euwe ofHO coriameHue: B Kalecrse 0603HaueHUss TOT"
yTO 3JeMeHTH X U Y MHOXECTBa <A, R> ynoBneTBopsioT
YCJIOBHIO «XRY», MBI GyneM MUCATh:

) xS Y.

D70 OTHOLIEHWE UWTAeTCs: 3JeMeHT Xx npellecT
ByeT B MHOXECTBE A9 snementy y. Takum 00pasoM,
MeeT MECTO Cjelyolias 3KBHBaJeHTHOCTD:

x—3 ay = x,yeA N\ xRy.

3ameruM, 4to B Bbipaxenuu (1) Mbl HMHOTZIA GyneM
omyckatb HHAEKC A.

[onb3ysicb BBeAEHHbLIMH 0603HAUGHHAMH, Mbl MOXEM
yHopsiIoueHHOe MHOMKECTBO ~ONPEIeIUTb KaK MHOXKECTBO,
NpOM3BOJIbHEIE JEMEHTH X M J KOTOPOro yIOBJETBOPSIIOT
YCJAOBUSAM:

a. x#EYy->(x=3yV Y= %
b. x3yNy=3x—>x32
c. x=3y—>~(y-=34)-

Cuaenyiouiee onpejieseHue — aHajor D7.1 pa3nena I:

D2.4. A0 = zB% = A~zB A [1]11x=3ay =R (x) 3R ).

x v

Bhipaxenue A%=¢gxB® uuTaeTcs: OTHOIIEeHHe R yCTaHaB-
JAuBaeT nofao6ue ynopsaoYeHHbIX MHOXKECTB A% u BO, TakuM
o6pasoM, A1d Toro, 4yto6ul OTHOIEHUWe R yCcTaHaBJAUBaJO
nofo6ue MHOXeCTB, HeOOXOAHMO BbINOJHEHUE caefyiolero
ycnopusi: R ycraHaBauBaer paBHOYHMC/IEHHOCTb 3anacoB
STHX MHOXKECTB, a NOTOMy R B3aUMHOONHOSHAYHO H
D,(R)=A, Dy(R)=B.

Jpyroe ycloBHe, KOTOPOMY MOJ/IKHO yIOBNETBOPSTb OT-
HouieHWe R, MBI MOXeM BbIpa3uTbh TaK:

sneMeHTH MHOXecTBa BP, conocrap/eHHbIE OTHOLLEHUEM
R sjeMeHTaM X U Y MHOXKECTBA A, HaxoisTCsl B MHOXECT-
ge B® B TOM K€ OTHOLIGHWH NOPsJAKa, B KaKOM HaXOoAsTCsA
'3JeMeHTH X H Y B MHOXKECTBE A,
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D24 mu moxem 3aMMCaTh Takke B CleAyiouIem BUJIE:
Se nop (A) A Te mop (B) - (A4, S) ~p(B, T) =
= (4, S) usox (B, T).

O6o3nauum uepes C; MHOXecTBO OTPHULATENBHBIX LELIX
ducen. Jlerko sugers, wro OTHOWEHUe Ry, onpenensiemoe
3KBUBAJEHTHOCTLIO

nRic=n=|c| A\ nen A ceCy,
YCTaHaB/uBaeT noaobue MHOKecTR (R, <) u (Cy >).
D2.5. A"~ B0 = XAO = pBo,
R

Onpenensiemoe ornomenye UHTAETCA: yNOpsiiOYeHHble MHO-
xectsa A% u B pogo6up. Ao OTHOIIEHHE — aHAaNOr OTHO-
IICHAS] PaBHOYMCJIEHHOCTH MHOXecTB (cp. D7.2 pasgena I).
OueBuaHo, 4T0 momsTye NONOGUS YNOPAXOUEHHBIX MHO-
eCTB — YaCTHHI cayuaf HU30MOppusMa !,
Hs D25y D24 clenyer:
CnencrBue 29

A'=~pBo._, A _R.
Takum o6pasoM, 3apace NOXOOHEIX MHOMXecTB paBHo-
1ACTeHHbl. OOpaTHasa uMnaukamus He MMeeT Mecra, moro-

MY 4TO, HampuMep, MHOXetTpa (R, <) u (R, >), oue-
BUIIHO, He NOAO6HLI. ’

T2.1 a. A0~ go,
b A~ B0, Bs~ o,
. A= PBIABO~(0_, g0~ o

Takum 06pa3oM, oTHOMIeHHe NoA00UsT MHOXKECTB ecTb
OTHOLIEHHE TUNA SKBUBAJIEHTHOCTH.

Hoxk. T21— ananor T7.1 pasgena I Hoxkasateancrpa
3THX TEOPEM TaKMkKe CXOHEL Mostomy mui OTp AHUYUMCS
CJAENYIOUMMHE KPAaTKUMY 3aMeYaHusIMu

B JlOKasaTteJbeTBe HOpMYNH g CllelyeT BOCHOJb30BATh-
€ OTHOLIEHHEM  TOXKZecTBa, OTPAHMYEHHLIM MHOMeCT-
BOM A;

_—

! Cp. ynpaxuenne 4 npeablayliero naparpada,
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 ecau OTHolieHHe R yCTaHaBJHBaer nofobue MHOXKECTB
A% 4 BO, To u oTHOweHHe R~! ycTaHaB/IUBAET nonobue MHO-
xects B u A°;

ec/li OTHOLIeHHe R ycTaHaB/luBaeT MOf0GHe MHOKECTB
A% y BO a oTHOueHue S — NOLOGHE MHOXECTB By C° 10.
OTHOCHTENbHOE NPOM3BelleHHe STHX OTHOIIEHH# yCTaHaBJH-
paer noao6ue mHoxects A° u C°.

BBelleM HOBOe HCXO[HOe MNOHSTHE, aHaJOru4HOe MOHs-
THIO MOIIHOCTH MHOXeCTB. DTO NOHsiITHe NMOp s AKOBO-
FO THN A YNOPSJOYEHHOr0 MHOXKECTBA. [TopsiAKOBBIH THI
mHokecTBa A9 oBosHauaercs yepes A% Ilo Kanropy, KOTO-
puifi Gbla co3flaTesleM He TOMBKO o61eli TeOpUH MHOXKECTB,
HO W TEOPHH YNOPsiIOUEHHHX MHOXKECTB, K NOHATHIO nopsa-
KOBOFO THIA JAHHOTO MHOMeCTBA Mbl NPHXOAMM, OTBJE-
KasiCh OT TOrO, KaKue NpeAMeTsl 00pasyioT NaHHOE MHOXKE-
ctBo. Ueprouka B 0GO3HaueHUH MOPSAKOBOrO Tund H Jpon-
JKHa CHMBOJU3HPOBATb COGCTBEHHO 3Ty €JMHCTBEHHYIO ab-
CTpPaKUHUIO.

CMbICJ BBeIeHHOTO NOHSTHSI PacKpbiBaercs B CJaelyko-
el akcuome, aHajtoruuHol A7.1 pasnena L.

A2.1. A =Bo= A =~B°.

TakuM 06pasoM, MOPSIKOBbie THNBI ABYX yHOpAAQuEH-
HbIX MHOECTB TOMJECTBEHHBI TOT/a, H TOJbKO TOrAa, KOI-
Jla 3TH MHOXeCTBa MOJOGHEL

3ameTum, 4T0 M3 A2.]1 HemocpeACTBEHHO CJIeLyeT T2.11%
D2.6. aellT = Ea = A9,

. 4
Bripaxenue a€ [IT yuraerca: a ectb NOpPSIAKOBBIA THI.

[1pou3BO/bHbIE MOPSIIKOBLIE THIbI MBI Gynem 0003HAYaTh
ManbiMu GYKBaMHu Ipedyeckoro andasura.

Uz D2.6 serko ciaelyer

T2.2 a. AvellT.
b. n 21 a =—Ao.
A° wcTIT
c. [T Ya=2A"
aEHTg

D2.6 u T2.2 — ananory D7.3 u T7.2 pasaena L.

! Cp. aameuanne mocae T1.7 172—174,
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U3 A7.1 pasgena I, a takxke us caencTeus 2.2 y A2.1
JIeTKO ciemyer: '
Cnemcreue 23,

ZO = EO -> Z = §i
O6patHast uMmnaukamusi pe HUMeeT MecTa, YTO MOKHO
NOATBEPJATD NPUMEPOM A°=(§R, <)u B°=(§R, >H. .

B nocrenneit yacy § 7 mpenninywero pasnena mu 3a-
METUIH, 4TO 3HAYMTeNbHOe 60/bUIKHCTRO T€OpEM O MOLIHO-

JICHHOCTH MHOXecTB., CXOAHBIM 06pa3oM Teopembr 0 nopsia-
KOBBIX THNAX MOXHO 3aMeHHUTHb T€OPEMaMHU, B KOTOphIe
BXOMHT NMOHsITHE NMOMOGKHA MHOMeCTR, Takum o6pasom, uck-
JI0UEHME U3 CMUCKA UCXOMHBIX NMOHATHE TEOPUN MHOMXKECTB

HueM akcuombl A2.1) He npuseno 6k CyUIECTBEHHOMY
o6eHEeHUIO 3TOM TEOpHU NOAOGHO TOMY, KaK He BHI3BIBdeT
CYLIECTBEHHOTO ee O6eNHeHus UCKJIOYeHHe NOHATUS MOp-
HOCTH.

Crenyomei JIeMMOH, aHasnoruyuoy L7.4 npeabIayuero
pasnena, mb GyfeM mnoab3opaTbhes MHOTOKpaTHO,

L2.1. Jas a1066ix Yynopadosennsix muonecre A y BO

cywecTsyor Takue ynopadouentsie mHoMecTaq A u BY,
“ro A=A B)~ po A B, =0.
Il o k. MuoxecTBa A; u By mu onpefeNuM Tak:
(1, a)ed, = aeA;
(2, b)eB, = beB.
Mel npunuMaem TAKKe, YTO
- (1,a1>"<.4x(l»az>Ea1"<Aaz;
<2v b1> "{B. <2v b2> Ebl—'%Bbr
Jlerko Buieth, 4TO Tak OnpefiejieHHble  ynopsifOYeHHbIe
MHOxectBa A y BY YAOBJETBOPAIOT TpeGyeMBIM yCI0BUAM.
ITpu paccmorpennu TNOPANKOBBIX THNOB GespasauyHo,
KaKOe M3 MOAOGHBIX MHOXKECTB Mpb| NPUHUMAaeM BO BHUMa-

Hue. ITo L2.]1 mbr moxem BCeria paHHHE ABAa MHOXeCTBA
3aMeHUTb HenepecekamwmuMucs MHOXeCTBaMu.
Yopaxkuenus:

L. Tlpusenure mpumep oromenus R, raxoro, uto PR)=D; (R) =
=Dp( ).

2. MNoxaxure, yro P(R)=p(R™Y,
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3. anBenHTé npuMep otHolIéHMs, ¢BA3HOTO (TpaH3uTHBHOTO, acuM-
MEeTPHUHOT0) B MHOXECTBE 9, Ho HecBs3HOro (HETPAH3UTHBHOTO, KE-
acMMeTPHYHOro) B MHoxecTBe R . -

4 Tlokaxure, uTo CJeAy/OlIHe OTHOLIEHHS YNOPAAOUUBAIOT MHOXe-
:180 R:

a) xRy = <4

b) xRy = 2 <P A x-y>0V x<0 ANy>0;

o) xRy = | x1<lyl V1ixl=15l Ax<O0Ay>0.

5. CopmyanpyiiTe OTHOLIEHHE, YNOPSAOUHBAIOILEE MHOKECTBO BCEX
KOMIIJIEKCHBIX UHCEJI.

6. Kakoe OTHOLIEHHE YNOPS/IONHBAET MHOXKECTBO BCEX ¢J0B B CJIO-
papsax? [lo ofpasily 3TOro OTHOLICHHS cthopMynHpyiHTe OTHOLIEHHE,
yIIOPsAIOUHBAIOIIEe MHOMKECTBO BCEX KOHEUHBIX TOCJIe0BaTeNbHOCTEH,
37EMEHTAMH KOTODHIX SBJSIOTCH HaTypajbHble dMCId <9

7. TposepbTe, MOJOGHH JIH YNOPSAAQUEHHEIE MHoxkectBa <R, Re>,
<R, R;>, xorja OTHOIIEHHSA R, 1 R, ompenensioTca TaK Xe, Kak B
ynpaHEeHHH 4.

8. IloxkaxuTe, YTO NPOH3BOJbHOE OTHOLIEHHE pedeKCHBHO, acHM-
MeTpu4HO H TPaH3UTHBHO B NYCTOM MHOXeCTBe.

9, [lokaxure, UTO ornomenye (_ He ynopsjaouuBaeT ceMeHCcTBO
BCeX NOAMHOMKECTB MHOMecTBa A, HACUNTBIBAMLIero He MeHee ABYX
3/1€MEHTOB.

10. JMokaxurte QopMyJy:

R €Emnop (4)— R~ € nop (4).

§ 3. Apugpmemura nopAa0K08bLX MURO8

CJIeILlelIII/Ie JBa omnpeaesaenus packpuiBAIOT Cco-
JepxKaHue NOHATUH CyMMBl H NPpOH3BEACHU ST ynopsiioueH-
HblX MHOXKECTB:

D31, A.B=0—{A0+B =C=C=A+BA
ATITT == =4V x=3 5y \V xeA A\ yeB)l}-
x ¥

D3.2. A.B=C0=C=AxBVIT[TI1[1a.8) 3

a b x ¥

=<c{% ¥ ==y Vb=yNa=<ax)l
Jlerko BueTb, UTO YCJOBHE
x=2ayV x =3y V x€A N\ yeB

onpejensier OTHouleHHe Ry, KOTOpoe ynopsA0YHBaeT MHO-
wectso A+ B, ecin Tonpko A-B=0.
CxoaHbIM 06pa3oM ycCJoBHE

b=py\/b=y Na—<ax
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onpefensier oTHomwehue S, KOTOpOe ynopsiouyuBaer Mito-
*KectBo A X B. Takum o6pasoM, cymMa y NPOM3BELeHHe
YOOPAZIOYEHHBIX MHOXECTB  SIBASIOTCS YNOPSANOYEHHBIMH
MHOXeCTBaMuy,

3ametum panee, yto OTHOWEHHe R ynopsmoyusaer Muo-
xectBo A+ B rak, yro NPEXJe BCEro MAYT BCe 3JeMeHTH
MHOXKecTBa A° B meusmenennom NOPAIKE, a 3a HUMH —
BCe 3/eMeHTE MHOXKecTBa B® Takke B HEU3MEHEHHOM f0-
psnke !, . :

YTo6bl BEISICHUTD COLEPKATENbHEA CMBICJ OTHOIMIEHHS
Si1, MBI paccMoTpum cilemyrommuii npumep:

ITycte MuOKeCcTBA A0 3 BO MHOJKECTBa Bcex IeliCTBU-
TENbHBIX 4HCeJl, ynopsimoueHHbIX OTHOLIEHHEM «MeEHbpLIey,
Takum o6paszoM, umenT Mecto Clellylollide pPaBeHCTBA:

A=B0— (R, <.

TOPH3OHTANBLHBIX NPAMBIX (CM. PHCYHOK), npeuIecTByIO e

SIBISETCS Ta TOYKA, KOTOPAsl JIeXKUT Ha npsMmoi, pacnoJo-

JKEHHOH HHXKeE, a u3 ABYX TOUeK, JeXalluX Ha ONHOH U

TOH Ke npsMoi, npefmecTsyomell Gyzer Touka, pacnoJo-

JKeHHas JeBee 2, .
OTMmeuennbe na PHCYHKe

A, As

! CM. chocky 2.

2 O6pasubie’ B HeToynpie BBIDAXKEHHSI, UCHOJIb3yeMEle 3Jlech, Ompas-
ABIBAIOTCS 1ENBI0, KOTOPOH MuI PYKOBOACTBOBAHCh: Peub wisia HCKJTio-
UHTEIBHO O BRIACHEHMH HedopMasbuoro CMBIC/Ia paccMaTpPHBAaeMOro or-
HOWIEHHS MOpsaKa,
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TOYKM [O3TOMY YNOPSIIOUEHH! C/EAYIOLIHM o6pasoM:
A=SA=4

Caepyiomas JeMMa aHajloruuHa L7.5a, B pasgene L:
13.1a. A=B A Al~BI\NA-A=B-B=0->A+
4 A} =~ B4+ B
b, A0~ B A A = B}—> Av. A) ~ B B\,

Dok Mu mpuBelleM JHIUb JA0Ka3aTe]bCTBA HACTH b
JeMMbl, TOTOMY YTO J0Ka3aTeJbCTBO 4YaCTH 4 aHaJOrH4YHO
nokasareabctBy L7.5a pasjena L

JlonycruM, YTO OTHOLIEHHE R ycranasauBaer nopoGue
vuo)kecTs A0 u B, a oTHomeHHe Ry — nono6ue MHOMKECTB

0 0
A? wu Bj. Jlerko BHJeTb, YTO OTHOLIEHHE S, onpenensemoe
5KBHBaJeHTHOCTBIO

(x, x1) S(y, .’/1) = xRy N\ %R,

0
ycTaHAB/IMBAET NMONOGHE MHOXKECTB A°. A% u BB

OnpejenuM Tenepb CyMMy H NpPOH3BE/CHHE NOPSKOBHIX
THIOB:

D3.3. A-B;:O—-)—AT"_{..—B‘O:—_AO_‘_BO;
D3.4. A0.B° =A% B°.

3ameru™, uto D3.3 u- D3.4 Mbl MOTJIH 6b1 Gosiee TOUHO
3anucarth Tak:

atp=y= 2 Z(A-B=0/\Y=A°+B°).

Zﬂ:a F:B

a-p=y= 2 2 (Y=W°)_-

.F:a E"::ﬂ

[MokaxeM, yto D3.3 KOpPEKTHO. s sToro HyXHO H0-
Ka3aTh, YTO AJs JIOObIX ABYX MOPSAKOBLIX tunoB ! a u P

CyLIECTBYET TOUHO ONHH TNOPAMKOBBIK THn 2, paBHbIH HX
cyMMe.

1 B nopnHHgHKe: uHces (m0-BHIHMOMY, oneuatka).— [Tpum. nepes.
2 Cp. mpebILyILylo CHOCKY.— Mpun. nepes.
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Mo T2.2¢ cywecrryior YNOpsiIOYeHHble MHOKecTBa A8 ¥
BY, rtakxe, yro Z°=q u BO=B. Tycts A u B! — NpOoH3-
BOJIEHEIE  YNOpsiAOYEBHble MHOMXeCTBa, YAOBJIETBOPSIOLHE
VCIOBHSAM: A?=A°, B)~Bo Ha OCHOBaHHHK L2.]1 Mbl MoxeM

Ronyctutb, uro A-B=A;-B;=0. Orciona u us L3.1a cie-
Iyer, 4ro .

AL Bo~ A0 4 B,

Orciona B cBow. ouepens Ml noJiyyaeM Ha OCHoBaHuu A2.1
u D3.3:

A4 B2 1B

Taxum o6pasom, moxer CyWeCTBOBATh JIMUIb OQHA CyM-
Ma JIByX NaHHBIX NMOPsAKOBLIX THNOB. TO, YTo Takas cyMMa
BCerja cywecrsyer, clenyer u3 L2.1, D3.3, T2.2b u 3ame-
YaHHd O TOM, YTO CyMMa NBYX YNOPSZOYEHHBIX MHOMKECTB
€CTh YNOPAJOYEHHOE MHOXKECTRO.

CxonHelM 06pasoM MoXHO . IOKa3aTb KOPPEKTHOCTb
D3 4.

T3la @+B)+v=a+@B+v).
b. (@-f)-y=a-B-y).

Takum o6pasom, cioxenne u ymHOXeHHe NOPSAKOBHIX
THIOB accounaruBHo. ONHAKO 5TH ONEpalyH, KaK Mbl yGe-
AHMCS HHXKE, HEeKOMMYTaTHBHbI.

N ok. okaxeMm mumb tdopmyay a.

IMTycrs A9, BO, C® — ynopsgoueHHsie MHOX€CTBa, YHOB-
JIETBOPSIOUWIHE YCAOBUSIM:

(1) A=q, Bo=p, 00y,

CyuecTBoBaHUHe TaKHX MHOXeCTB rapanrupyer T2.2¢c. Ha
OCHOBaHHMH L2.1 MBI MoxeMm JONYCTHTD, 4TO

(2) AB=A.C=B.C=0.
BBenem 0603Hauenus:
(3) D° = A0 4 B°, Ev — Bo{.Cv,

X0 = (A9 4 Boy 4 Co, Yo — A°+ (B°+ (),
a2



A3 D3.1, (2) u (3) caenyor paBeHCTBaA:
X=(A+B)+C, Y=A4+(B+C).

Orciona

4 X=Y.

Ha D3.1, (2) u (3) crenylor Takxe paBeHCTBaA:

x=xy=x<py\V x=3cyV xeDA\yeC=
=x=<ayV x<py\V xeAANyeBV x=<cyVxeA+
+BAyeC=x<4yV x<yV x=<cyV
VxeANyeB\ xeAN\yeC\/ xeB A yeC;
x=wy=x=<4yV x<y\/ xeAN\yeE=
=x=<4yVx<pyV x=<cyV xeBAyeC\
VxeAAyeB\/ xeAA\ yeC.
Orciona
B) *<[xy=x=yy"

M3 D2.4, a takxe u3 (4) u (5) caemyer, 4TO OTHOUIe-
HHe TOXJeCTBa, OrpaHHYEHHOE MHOXecTBOM X, ycTaHaBJH-
Baer noaotue MHoxectB X° u YO, Orciona, us D2.5 u A2.1
clenyer .

(6) X° =70,

C npyroit cropousl, us D3.3, (2) u (3) caenyor paseH-
CTBa: '

Xo = (A0 459 + T, Fo— 0+ (B0 -+ 9.

M3 stux paBeHCTB, a Takxe u3 dopmya (6) u (1) caenyer
tdopmyna a. IlpuBenem eie caenyiouylo Teopemy:

T3.2a. @+ Pf)y=0ay+B-.
b. y-(@+B) =y-a+ y-p.

! B nopnunnuke: BMecto (5) —X <] xy = X <xy (mo-BUAUMOMY,
oneuatka). — Ilpum. nepes.
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Takum 0o6pa3oM, yMHOXKEHHE MOPAAKOBBIX THIOB LHu-
CTPUOYTHBHO OTHOCHT@JBHO CJOXKEHus. HekoMMyTaTuB-
HOCTb YMHOXEHHS MOPSAKOBBIX THNOB INIPHBOIMT K TOMY,
YTO PUrypupyIOT 1Ba 3aKOHa AHUCTPHOYTHBHOCTH.

HokaszareancrBo T3.2 mul onyckaewm.

§ 4. Ceuennsn. IMaromnoie u Henpepoil8Hbie
MHONHCECMBA ’

TloHsiTHEM ceueHHSIT MHOXKECTBA BCex paiHo-
HaJbHBIX YHCEJ MMOJB30BAJCA HeMelkuii Matematuk [lene-
KHHA !, cTpOosi apuMETHKY LEeHCTBHUTENBHBIX UHCE, Ompe-
IesieMOe HHUKe INOHSITHE CEUEHHS MABJAAETCS OO006IIeHHeM
NOHSITHS, BBEAEHHOro JleoeKunaoMm.

D4. 1. (A° B®) ectb ceueHHe yNOPAJOYEHHOTO MHOKECTBA
CO=A%0AB#*0ANAB=0A A+ B =

Takum 06pasom, ceueHHs — 3T0 ynopsaAOYEHHHE Naphl
YIODANOUYEHHHX MHOXECTB C HENYCTHIMH H HEEpeceKaio-
mumMHucs 3amacami. MHoxecTBo A° Ha3biBaeTcs BEpPXHHM
KlaccoM ceueHusi, a B® — uuxHuUM KaaccoMm. M3 D4.1 u
D3.1 nerko cnenyer, urto

xe A" NyeB'— x<3cy.

[TostoMy ceuenune onpenensier pasbHeHHe Bcex 5J1€MeH-
TOB NaHHOrO yNOPAJOYEHHOrO MHOXKECTBA Ha [BAa TAKHX
KJacca, YTO KaxKIblH 3/IEMEHT NepBOro Kjaacca Npeauect-
BYET KaXXJ0My 3/J€MeHTy BTOpOro k.jacca.

D4. 2a. x ecTb mepBHH 5/71€MeH T yNOPSJOYEHHOTO MHO-
xectBa A'=xec AN[] (x#y—>x=<Uy).

yEA

b. x ecTb mocneAHUNE 37€MEHT YNOPALOUEHHOTO MHO-
xeetBa A'=xe AN [](x #y-—>y=ax).
yeA

Yucno 1 ecTh mMepBBIH 37€MEHT MHOXKecTBa (R, <), a
NOCAENHEr 0 BJEMEHTa B JAaHHOM MHOXKECTBe HeT.

! B mpensifyuiemM pasiene Mbl MO3HAKOMHIHCH ¢ onpeneneHHeM Gec-
KOHEUHOr0 MHOXecTBa, C(OPMYNHPOBAHHHM STHM MaTeMaTHKOM.
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D4.3a. Ceyenne <A°, B%> ecth ¢KadOK TOrta, H
TOJBKO TOTLA, KOTLA CYLIECTBYET NOCJAELHHH 97eMEeHT
MHOXecTBa A® W mepBH H 371eMeHT MHOXecTBa B°.

b. Ceuenne <A° B> ecTb mp o6 e TOrLa, H TOJBKO
TOrja, KOrfa He CYyUECTBYeT MOCJAe€LHEro 3JleMeHTa
MHOXkecTBa A® 1 He CyIlecTBYeT NepBOT O 3JeMeHTa MHO-
KectBa BC.

Jlerko BHLETD, YTO 1060 ceyeHHe MHOKecTBa (N, <) —
CKayoK. MOXHO TakXKe IOKasarth, 4TO ceueHHe <A°, BO>
MHOXKECTBA BCEX MONOXKHTENbHBIX palHOHAJBHHX YHCE,
YNOPALOYEHHOTO OTHOLIEHHEM <MEHBIUE», KOTOPOEe Ompere-
JIAETCS 3KBHBAJEHTHOCTAMH

xeA=x2<L2, xeB=x2>2,

ectb npo6en. CyilecTBYIOT, OUEBHAHO, CEYEHHS, KOTOPHE He
ABJSIOTCH HH CKauKaMH, HH npoGenamu. K takum ceueHusm
OTHOCHTCSI, Hanpumep, ceueHHe <A® BO> MHOXKecTBa
<&, <), B xoTOpoM MHOXKecTBy A° npHHaz/lexar Bce He-
NOJIOKUTENbHBIE, a MHOXeCTBY BO — Bce NMOMOKHTENBHBIE
yntna. Ilocaennuit snemeHT MHOxkecTBa A° ecth umcao 0,
HO MHOXecTBO B® He HMeer mepBOro 3/jeMeHrTa.

D4.4a. YnopsLoyeHHOe MHOXKECTBO NJAOTHO TOTLa,
H TOJBKO TOFLa, KOTLa HH OFHO €ro cedyeHHe He ecTh CKa-
YOK.

b. ¥YnopanoueHHoe MHOXECTBO HenpepH BHO TOI-
5a, U TOJNBKO TOTLAa, KOria HH ORKHO €ro ceueHHe HE eCThb
HH CKayok, HH npobed.

MHuoxectBo (M, <) He sABJAAETCHA, OYEBHLHO, HU MJOT-
HbIM, HH HenpepbhiBHHIM. MHOXKeCTBO BCEX palHOHANbHBIX
uHces, ynopsifOYEHHOE OTHOUIEHHEM <«MEHBUIE», IJIOTHO, HO
He HENPEpBIBHO, MOTOMY 4TO, KaK CJAELYET U3 NPHBEXEHHOTO
BHIUE NPHMEpa, CYLWIECTBYIOT €ro CEYEHHS, SIBJAIOUHECH
npoGenamu. Onnako MHOXkecTBo (R, <) HempephiBHO.

BBeneM moHsTHE BKJIOYEHHS L yIOPAKOYEHHHIX MHO-
KECTB, KOTOPHIM Mbl B HaJbHeluieM G6yneM M0Jb30BaThCA
HEOLXHOKpAaTHO.

D45, ACB =ACBAF [[x=8ay=x=y).
xeA yeA
Takum o6pa3om, ynopsizoueHHOE MHOXKecTBO A® BKaIo-
yaercst (COLepKHTCS) B ynopsinouyeHHoe (M) MHOXkecTBO
(e) B torna, w TOABKO TOrha, KOrja 3amnac nepBOro H3
3THX MHOXKECTB BKJ/IOYAeTCs (COREPIKUTCH) — B CMHCJE
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YCTaHOBJIEHHOM B afre6pe MHOXeCts — B 3amace (e) BTO-
POro n Koria s/J€MeHTh MHoxecTBa A° ynopsLoueHsl B HeM
TaK ¥Xe, KaKk U B MHoxecTBe B TeM caMbiM CHMBOJ «C=»
uMeer 1Ba cMbicna. Ho 310 He rposut nyraHuuedl, notomy
YT0 0GO3HAYEHHSI AaPryMEHTOB 3TOTO CHMBOJIA GYLer BCerjia
yKaselBaTh, B KAKOM CMHIC/E€ OH YNOTpebAsieTCs. 3aMeTHM
ewe, uyto ecin A°<B° 1o MHOKecTBO A° HasbiBaeTCs Y a-
CThIO, HIM MOLMHOXECTBOM, MHOXecTBa B,

W3 D4.5, D3.1 u D4.1 HenocpencTBeHHO CJlefyeT:

CaencrBue 4.la. A° 4+ BO =C"-» A"CC A\ BCC.
b. (A° B°) ecrnv cewenue muoscecmea
Co—s A CCOA B .
T4. 1. AACB*A\B°CC*— A0 Co.

Takum 06p330M, OTHOUICHHE BKJ/IOYEeHHS ynopsaLio4eH-
HBIX MHOXECTB, KaK H OTHONIEHHEe BKJIOYEHUH Heynopsaxno-
YE€HHbBIX MHOXECTB, TPAH3UTHBHO.

Hoxk. (1) AACB* AB°CC® { momym. }
(2) ACBABCC {D4. 5, 1}
(3 ACC . {2}
(1.1) x, yec A {no6. momym.}.
(1.2) x,ye BA x,yeC {1.1, 2}

(1.3) x<[ay=1x-=3py
(1.4) x<py=x3cy

(1.5) x<py=x-<y {L.3, 1.4}
AcCcee . {D4.5, 3, 1.1 » 1.5}

{D4.5, 1, 1.1, 1.2}

T4.2a. Ecau A'~ B u cywecrsyer nepsoui ssement
mrosmecrea A, TO cywjecteyer u nepsoil siemenT mHOXMCe-
crea B,

b. Ecau A%~ B° u cywecrsyer nociednuii ssement mHo-
aecrea A°, 10 cywjectsyer u nociednuid ssemenr mHONCe-
crea B,

¢. Ecau A°=~B° y muomecrso A® niotno, To niotHo u
MHOxMCecTso BO,
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d. Ecau AS=B% y muoxecrso A® nenpepviéno, TO He-
npepuleHo u MHoxcecreo BO.

Hok. dra Teopema — HENOCPEACTBEHHOE CJ/eJCTBHE
OCHOBHOH TeopeMbl 06 H30MOpOhH3Me, CHOPMYNHPOBAHHOH
B § L :

OnHako 5TO AOKAa3aTeNbLCTBO TEOPEMHl SBJASETCS TPYA-
HeM. [losToMy MBI pHBOAMM AoKa3aTesnsctBa T4.2a, b, ¢, d,
He ONHpAIolHecsi Ha OCHOBHYIO TeopeMy 06 H30MOp(pH3ME;
5TH [0Ka3aTelbCTBAa He NMpeAcTaBasioT TpyAHocred. Jloka-
JKEeM cHayaJja 4acTb a TeOpEMHI.

JonyctHM, YTO B3aHMHOOJHO3HAayHOe OTHoeHHe R
ycraHap/auBaer nojfoGue mHoxectB A° u B° a Takxe, 4TO
@) — nepBbiii  snemeHT MHOoxectBa A°. IlokaxkeM, uTO
by=R(a;) — nepBHlii 31eMeHT MHOXecTBa B®. B camom ne-
e, ecn OBl CyLIECTBOBAJ TaKOH 3/71eMeHT by MHOXecTBa BY,
uto by <3 pb;, TO cylecTBoBaa OB TaKXKe H 3JE€MEHT Qy MHO-
xectBa A9 ynosiaerBopsiolHil yca10BHIO be=R(az); npu-
yeM no D2.4 umena 6b MECTO 3KBHBAJEHTHOCTh

a3 <404 =R (a,)<pR(a)-

TakuM 06Gpa3oM, 3/7eMeHT a; He Obl1 6Bl — BONPEKH YC/0-
BHIO — NEpBbIM 3/1€MEHTOM MHOxectBa A°.

JlokasatenbcTBO YyaCTH b Teopemsl aHa/loruyHo. Jloka-
KEeM Temnepb YacTh C TEOPEMHI.

HdonycTM BHOBb, YTO B3aHMHOOJHO3HAYHOE OTHOLIE-
nue R ycraHapjuBaer nojoGue MHoxectB A® u B a rak-
xKe, 4T0 MHOXecTBO A° maoTHO. JonycTHM Takxke — BOmpe-
KH TOMY, YTO MBI XOTHM NOKa3aTh, — 4TO HEKOTOpOe ceye-
Hue <X9 Y°> mHoxecrBa B® — ckauok. O603Ha4yHM uepes
Z% y U° nongmHOXKeCTBAa MHOXKectBa AP yrOBJETBOpIOLIHE
YCJIOBHSIM

R(Z)=X, R{U)=Y.

Jlerko Buneth, uto Z°=~p X° [J9=<pY% 4 ytO YNOpsAAOYEH-
Has mapa <Z° U°> — ceuenne MHOxectBa A° Ilostromy
H3 JONnylleHus, 410 ceyeHne <X Y0> — CKauok, u H3
T4.2a, b caenyer, uTo B MHOXKecTBe Z° HMEETCs NOCJAENHHH
sJeMeHT, a B MHOxecTBe U® — nepBuiit snemeHt. [lostomy
ceyenne <Z% U%> — ckayok. (OJHAKO 3TO 3akJ/IO4YeHHE
NPOTHBOPEUHT AOMYLIEHHIO, YTO MHOXeCTBO A° mioTHo.
Hoka3zarenncTBo yacTu d TeOpeMHbl aHaJOTHYHO.
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T4.3. Ynopsdouennoe mroxecrso A° niorno =
= I}IEZ(x%A!/—* x5 a2 apy).
= .

Hox. Honycrum BHavasne, 4yto MHOxecTBO A° mioTHO,
H IyCTb X H y — €r0 NPOM3BOJIbHBIE 3JIEMEHTHI, YLOBJET-
BOPAIOLINE YCJOBHUIO

(1) x<ay.

Ilycts monmHOx®ectBa X u Y0 muomectna A0 YLOBJETRO-
PAIOT YCJOBHAM.

@ e X =t84xVi=x;
B tEY =yt \/t =y.

Ecnu 661 He cymecTtBoBaso saementa 2, YAOBJIETBOPSAIOUIETO
YCJOBHIO

4) x<az-34y,

TO — KaK JIerk0 BHAETb — yIOpAKOUeHHas mapa <XO, Y>>
Gb1a Gbl CeueHHEM MHOMKECTBa, u IPHTOM CKaykoM. DTo
3aKkJI04EHUE, ONHAKO, IPOTHBOPEUHT LONYLIEHHIO, YTO MHO-
KectBo A° m0THO. 3HAUHUT, U3 3TOrO LONYIIEHHA CJefyer,
4TO LJ1 JIOGBIX JABYX 3JIEMEHTOB X, ¥ MHOKECTBA A° yros-
AETBOPAIOWHX ycaoBuio (1), cymecTsyer saement, ynos-
JIETBOPSIOWIHKE yc10BHIO (4).

. Honmycrum Teneps, uto MHOKecTBo A° He MAGTHO. ITo-
STOMy cyinectsyer ceyeHHe <X° Y°> storo MHOmXecTBa,
ABJAIOILEECs CKAYKOM. Jlerko BuLeTh, 4TO TOrZa cymect-
BYIOT 3JI€MEHTbl X M Y MHOXecTBa A°, yroBAETBOpAIOLIHE
ycnosusim (1), (2) u (3). Ecau 66 HEKOTODBIH 3JEMEHT 2
MHOxXecTBa A% yroBMeTBOpAA 6B  yC/IOBHIO (4), To sToOT
SJACMEHT HE NPHHaLJexan Gbl HU MHOXKecTBY X0, HH MHO-
xectBy Y u ynopszouennas napa <X° Y°> He 6bin1a 65—
BOINPEKH MONMYLIEHHIO — CeYyeHHeM MHoxecTBa A°. Tem ca-
MbIM [OKa3aTe/lbCTBO TEOPEMbl 3aKOHYEHO.

Ynpaxuenus:
1. Coopmynupyiite Takoe ortnomenue R, yTo6ni ynopsiilouenHoe
MHOXecTBo <, R> He uMeno uu fIepBOTr0, HH MOCJEIHEro 3JeMeHTa.
2. Copmyaupyiite Taxoe oTHowenHe R, YTOGH HEKOTOpoe CeyeHue
MHOXecTBa <R, R> 6blio cKaukoM, a Ipyroe npoGesoM.

! Boipaxcenne x < 42 < y — KOHBIOHKUHS Bhipaxennit X< 4z u
2 4y.
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3. MuoxectBo X? HasblBaeTCsl OrpaHMYEHHBIM CBEpPXY B MHOXECTBe
A% Torja, U TOJMbKO TOTAA, KOrja

oA [Mx= a.

a x€X

Bepxneit rpanbio MHoXectBa X°(TA® mnasmBaeTcs Takoil 3JIGMEHT 4
mHoxectBa A°, uro

IMe=x,40ev e =AM, 9

xEX y x€EX
—@= 49V a=y).

a) CdopMynupyiiTe amajoruuHoe ONpeJeseHHe MHOXKECTBA, Orpa-
HUYEHHOI'0 CHM3Y, W HMXXHeH rpaHu.

b) Tlokaxure, uTo M0G0e NOJMHOMKECTBO HENPEPLHIBHOTO MHOXe-
CTBa, OrPAHUYEHHOrO CBEPXY, UMEeT BEpXHIO TpaHb, a OrPaHUYEHHOro
CHU3Y — HHHIOIO.

c) TToxaxuTe, YyTO MNepeyucJCcHHLIMH Bhbille CBOHCTBAMH, He obJa-
Jai0T YNOPSIIOYEHHbIe MNJIOTHBIE MHOMECTBa, KOTOPble He SIBJASIOTCH He-
HpepPbIBHHIMU.

4. Joxaxure (hopMyJbl:

a) AV A
b) AV BY A BO(_ A0 — A= B9,
5. Tlyctb X — mpoH3BOJIbHOE HENMYCTOE TNOJAMHOMeCTBO ceMeficTBa
BCeX MNOJAMHOXecTB (B cMbicje D4.5) ynopsmouennoro MuoxecTsa XO.

Cnenyoumast cdopMysa — HexoTopoe 0600UIEHUe MOHATHS CyMMbL yrio-
PSLIOYEHHBIX MHOMKECTB:

2=\=z=r A

YeX YeX
AIT TI (x,-%zyzx_gxy).
xeZ yelZ

TMoxaxute, 4TO €c/MM HU OJiI0 M3 MHOMECTB, NPUHAAJMEKAUUX ce-
MeficTBy X, He UMeeT Iepeoro (IOCJe[HEro) 3JeMeHTa, TO U MHOMKe-

CTBO U Y ne uMeer nepsoro (uju HOC/MeHEr0) 3JeMeHTa.
YeX

6. a) TTokaxure, 4TO, U3LIMAS U3 ILIOTHOTO MHOMKECTBA -IPOM3BOJIb-
HO€ KOHEUHOe MHOXECTBO 3/I€MEHTOB, Mbl ITOJYYHM MJIOTHOE MHOXKECTBO.

b) TloxaxuTe, yTo aHAJOTMYHBIM CBOHCTBOM He 06JafaloT Hempe-
PLiBHble MHOJKECTBA.

$ 5. Koneunoie ynopsaoouernnoie MHOMCecmBa.
ITopsoxossie munot o, n,h. OGpamroie munot

Byrem roBopuTb, UYTO YNOPALOYEHHOE MHOMKECT-
Bo A® HMeer MOIIHOCTb M TOTLA, M TOJNBKO TOTLAa, KOrKa
3anac JaHHOTO MHOMKeCTBa €CTh MHOXKECTBO MOIIHOCTH M,
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TO ecTh Korfa A= m. Cxoaubim o6pazom MHoxecTo A°
Ha3bIBA€TCsl CYETHBIM, KOHEUHBIM HJH NMYCTHIM, KOTAa COOT-
BETCTBEHHO MHOMKECTBO A CUeTHO, KOHEUHO MJIH ImYCTO.
3ameTuM eile, YTO yNOPALOUYEHHHE MHOKECTBA MH HAa3bl-
BaeM DaBHOYHC/NEHHHIMH TOrAa, U TOJNLKO TOTJa, KOTJ4a HX
3anacsl paBHOYMCJEHHE.

L5.1. Jloboe koneuroe ynopadowenHoe muodcecTso
umeer nepsuiil INEMeEHT. .

Hok. Ilycts HatypaibHOe uHCIO 7 — MOWHOCTH ymoO-
panouendoro mHoxectBa A% Ecau n=1, t0o nepsmii 3.e-
MeHT MHOxecTBa A% ecTb ero emuucTBeHHbill siement. Jo-
IyCTHM, YTO JleMMa BepHa AJisi HaTypaJbHOro yucaa £ ¥ uto
A=Ek+1. TlycTh a — NpOU3BONBHEIE 3/1€MEHT MHOKECTBA

A°. O6o3HauuM uepes A] NOAMHOKECTBO MHOKECTBA Ao,
3amac KOTOpOro — pasHocTs MHOXKecTBa A W 0LHO3/IEMeHT-
Horo mHoxectBa {a}. OueBuaxo, uro A;=~k. 3Hauur, no
HHAYKTHBHOMY INPENNOJIOXKEHHIO CYIIeCTBYEeT NepBhIil 3Je-
MEeHT a; MHoxecTBa A . IlepBriM 3/1€MedTOM MHOKecTBa A°
GyZeT TOT 3/eMEHT M3 NapH 4, aj, KOTOPHIH IPENIeCTByeT

Apyromy. [loKasaTenpCTBO JeMMBl NyTeM HHIYKIHH .TeM
CaMBIM 3aKOHYEHO.

T5.1. Ecau koneunsie ynopadouennvie muoxcecrea A® y
B® pasrouucaenns, To dannsie mHoMecTea nodobroL.

H ok [HonycruM, uro

A=B=n, neM.
OnpenennM MHAYKTHBHO KOHEUHYIO NOC/AELOBATENLHOCTD
(1) a, a,, ...,a,.

ITycTe mepBEIM 4Y/€HOM nNOCAeIOBATENBHOCTH (1) 6yner
nepBLId 3nemedT MHOKecTBa A°, CylnecTBOBaHHE TaKOro
snemedTa rapadtupyer L5.1. Bynem cunrate, uto Mul ompe-
JeNUNH YJIeHbl:

(2 ay, a,, ... y a4, B n

nocnenosareasHoctd (1), O6oznmaunm uepes A; pasHocts

MHOXecTBa A M 3amaca nocaenoBaTeNbHOCTH (2). Mycts
o 0

Qry1 — NEPBHIH 3/1eMedAT noamHOXecTBa A; MHOxkecTBa A0 !.

Takum cnoco6om mnocnenoOBaTeNBHOCTD (1) noaxocThIO

! CyuiecTBOBaHHe TaKOTO 3/IeMEHTA ONATHL-TAKH rapantapyer L 5.1,
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onpenenena. AHaJlOTHIHO MBI OIpene/sieM MOC/TeN0BATeb:
HOCTb

(3) bl’ b2’ sy bm

y/eHbl KOTOPOH — 3/1eMEHThl MHOXKECTBA B.

[lycTe OTHOIIEHHE R uMeeT MeCTO Mexny 4/leHaMH no-
cnenosatensrocredl (1) H (3) Toraa, u TOABKO TOTAa, KOT-
Ja MHAEKCH QaHHBIX YJIeHOB pPaBHEI. Jlerko mokasarb, YTO

Rel—1
D,(Ry=AAD,(R)=B

I
I1ri [x=ay=R(x)—=RHI
x ¥

Takum obpasoM, R yCTaHaBJ/HBaeT nogo6He MHOMKECTB A°
u BO.

U3 T5.1 caenyer:

Cnencraue 5.1. Joboe ynopadouentoe n-dAeMenT-
Hoe MHOXecT80 nodobHO MHOXECT8Y 8cex HATYPAAbHBIX
wuces <n, ynopsan0YeHHBIX OTHOIICHHEM «MEHbIIEe>.

W3 T5.1 caegyer Takxe, 4TO KOHEUHBIE H paBHOYHCJIEH-
Hble YNOpAZOUEHHble MHOKECTBA HMEIOT TOT Ke caMblii 10~
PAOKOBHIA THIL Dru THIH Mbl GyAeM 0603HauaTh CHMBOJA-
MH, KOTODHIMH Mbl 0003Haua/lH HaTypaJ/bHble YHCIA. Tak,
HanpuMep, NOPSAKOBBIH THII ISITH3/eMEHTHOT0 MHOXKECTBA
Mbl 0603HaUaeM CHMBOJIOM «5». DTOT CHMBOJ B COOTBETCT-
BHH C COTVIAIIEHHSMH IpeAbAyliero pasiena OJHOBpEMEH-
HO 0603HAUaeT MOLIHOCTb NATHIJIEMEHTHOTO MHOXECTBa.
DTa HeCTPOroCTb HE TpPO3HT NPOTHBOpEYHEM, NOTOMY HTO
cBOfiCTBA MOPSIAKOBBIX THIOB H KapAHHANbHEIX YHCE] KO-
HeuHbIX MHOXECTB OfMHaKOBH. B 4aCTHOCTH, 3aKOHBI Ome-
pauuii Hal TMOPSAKOBEIMH THIAMH ¥ KapAHHANbHbBIMH YHC-
7aMH KOHEYHbIX MHOXECTB OJHHAKOBHI. TakuMm 006pasoM,
apudMETHKY HaTypa/bHBIX dHCEI MBI MOXKE€M CTPOHTb Kak
apHpMeTHKY KapAHHa/JbHBIX yHcesq KOHEYHBIX MHOXKECTB
WnM e Kak apH(MeTHKy TOpAAKOBBIX THIIOB KOHEYHBIX
MHOX€CTB.

B kauecTBe WIMIOCTpAlHH CAENaHHbIX BHIIIE 3aMeyaHHH
MBI IIpHBOJHM:

T5.2. Ecau m u n— nopadkogble TUnbl KOHEe4HbIX MHO-
aecrs, TO .
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Dm4n=n4 m;
(2 mn=n-m,
Hox. Ilycrs
(3 A=m, B'=n, A.B—y.
Ouesuano, yto MuoxecTRa A°+ B0 y Boy 4o KOHeUHE! K
PaBHOUHCNeHHbL. [laHHOe 3ameyamme OTHOCHTCSH "paBHBIM

06pasoM u K MHOXecTay A%.Bo y Bo.Ao. Orciona u us
T5.1 crenyer

A®+ BO= Bo | 4o,
0B — B Ao,
Otciona us D3.3, D34 y dopmya (3) caenyor GopmyJn
(1) 1 (2).
Paccmorpum Tenepp GoJiee noAPOGHO MHOXecCTBa, yAO0B-
JMIETBOPSIOLIHE CEAYIOIHM Tpem YCIOBHSAM:
a. Ynopsjpouennoe MHOXKeCTBO X uMeer mepsmi auie-
MEHT.
b. ¥nopsnovennoe MHOXeCTBO X° He uMeeT mocsiennero
3JleMeHTa.
¢. Jlio6oe ceuenne MuomecTna X° ectb cxauok.
T5.3. Ecau ynopadouennoe MHoxecTsa A° w B yjog-
AETGOPAIOT  YCAOBUAM a—¢;, TO Oannoe MHOXCecT8a  no-
006HbL. ’

Hox. Onpeneanm HHAYKTHBHO GECKOHEYHYIO0 moc/eno-
BaTeJbHOCTD

(1) ay, a4, q, ...

0 YZOBJIETBOPSET YCJAOBHIO a, Honycrum, yro yXKe onpeje-
JIEHBL YJIEHBl @y, @y, ..., ap nocrenosaresnsHocTn (1). Core-
AYIOLIHE 5KBHBAJEHTHOCTH ONpENesdIoT ABa NOAMHOMKeCTBa
YIOPsI0YEeHHOTO MHOXKecTBa AO:

xeA?Exﬁaka=ak;

red=a,<x.

! Kak yxe ynomunamnocs BEIIIE, CNIOXEHHE H YMHOXEHHe [1DOH3BOIDL-
HHIX NOPSIAKOBHIX THIOB He KOMMYTATHBHO.
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13 TOro, uTo MHOXeCTBO A yI0BJETBOPSAET yC/NOBHIO b,
o ]
clefyeT, uTo MHOXecTBo A Hemycro. JIerko mpOBEPHTD,

yTO YNOpsiIOUeHHas mapa <AY, AY > ecrb ceueHHe MHO-
;kecrBa A9, U3 TOro, uTo NaHHOE MHOXKECTBO YAOBJETBO-
psieT YCJIOBHIO € CJEJYET, UTO MHONKECTBO AS uMeeT nepBbIi
sneMent. T1ycTb aTor aseMenT 6yner (k+1)-M uneHOM mO-
caenoparebrocTH (1). CxofHbBIM 06pasoM Mbl ONpeae/sieM
GeCKOHEUHYIO T0CJIe10BaTeNbHOCTD

(2) bh bz’ b8a LR}

uJleHbl KOTOPOH — 3JeMEeHThl MHOXecTBa BO.
OnpenenuM elle OTHOMEHHE R.

(3) aRb = Z(a =a, ANb=b).
Een
IMokaxxem mpexie BCEro, 4To

(4) D,(R) = A.

N3 (3) crenyer, 4TO MHOXKECTBO D;(R) paBHO 3amacy
nocaenoareabioctH (1). OueBHIHO TakKXe, 4TO JM060H
wjeH 3TOH IOCJef0BATENbHOCTH €CTb 3JEMEHT MHOXe-
crBa A°. Jlas nokasarenbcrBa Gopmysb (4) [0CTaTOuHO
[103TOMY OKa3aTb, UTO JIIOOOH 3JeMEHT MHOKECTBA A% ecTb
ONHH M3 uieHoB mocaenosarenbroctd (1). [omycthm —
BOINPEKH TOMY, UTO Mbl XOTHM Jl0Ka3aTb, — 4TO HEKOTOPHIH
3JeMEHT o MHoXecTBa A° OT/IHUEH OT JMIo6oro usieHa noc/ae-
nosateapHocTH (1). OTCIOa JIETKO CJAENYeT, UTO JIEMEHT &
VIOBJETBOPSAET OAHOMY H3 TPeX YCJOBHH:

a. a<$aa.

. Y @=40=381)-
KEN

Y- [1a,=ae.
€N

Ho cayuail a HEBOSMOXEH, NOTOMY YTO ) — NEPBHIH 3J€-
menT mHOx)ectBa AC. Ec/in 651 HMea MecTo cayuai f, T0 —
K4K JErKO BHIETb — 5JM€MEeHT a He NpHHaj/iexan Obl HH

0 0
onHOMY M3 MHoxecTB A] M Az, ONpeleJieHHBIX B Hauale
J0Ka3aTeNbcTBa, UTO HEBO3MOXKHO, TaK Kak Iapa <A,
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0 .
Az > ecrb ceuenue MHOXKecTBa A% onycrum Tenepb, Y10
HMEET  MeCTo cayuah y. Clefyiolune SKBHBaJIEHTHOCTH
ONpeNe/sioT 1Ba NOAMHOMXKECTBA YIOPALOUEHHOTO MHOXKe-
crBa Ao

xe A3 =Y x=3aq; |
€N

xedi=[Ta, <4 x.
€N

0
Jlerko Bupers, uto napa <Az, A$> ecTb ceuenme wmuo-

KecrBa A% npuuem MHOMKECTBO A He umeer NOCJ/IeIHErO
sjemMenTa. ONHAKO NaHHOe 3aK/IIoueHue [IPOTHBOPEYUT [0-
nylenuio, uro A% ynosnersopser ycaosuio c. ITostomy cay-
uail y TakXe He MOXET HMErb Mecra. Takum o6pasom,
¢opmyna (4) Bepha.

Hokasareabcrso Toro, uro

D,(R) = B, .

aHaJIOTHUHO.

Hecnoxuoe nokasarenncrso TOTO, 4TO OTHOUIEHHe R
YAOBJIETBODSET OCTaJbHBHIM YCJOBHAM I, chopMyIHpoBaH-
HHIM B Jl0KazarenbctBe T5.1, MBI npefocraBasiem unraredio,

M3 roro, uto orHOmenue R YAOBJIETBOPSIET 3THM YCJIO-
BusM, H u3 D2.4 cnenyer: A°~pB° Orciona u us D2.5 cae-
AyeT Teopema. : ’

D5.1. 0=A%= wmuox)ecTBo A° VAOBJIETBOPSIET YCJIOBHAM
a—c, :

OueBunHO, uTO MHOXECTBO <R, < ) yiosaersopser
- yeaoBusim a—c. Orciona: - ‘
Canencrsue 52

0=(R, < ).

dra dopmysaa moxer HrpaTh pOJib OTpeNeNeHHs] NOPS-
KOBOTO THIA ®.

Takum o6pasom, mo6oe YIOpAOUEHHOE MHOMXKECTBO,
YAOBJIETBOPSAIIOLIEE YCAOBUSIM 4—C, CYETHO. [Tostromy xap-
AMHAILHOE UHCJIO Ny MOXKET GHTb ONpe/IeJeHO He3aBHCHMO
OT NOHSITHS HAaTypaJsbHOro uuciaa. OIHAKO eClH M CTPOUM
TEOPHIO MHOXKECTB, He NOJb3YACh MOHATHEM HaTYpaJbHOrO
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yHCJIA, TO Mbl JIOMKHEL TPHHSTh aKCHOMY, I'apaHTHPYIOLLYio
CyLIECTBOBAHHE XOTs Gbl OIHOTO CUETHOrO MHOKECTEA.
Tlanee Mbl PAaCCMOTPHM MHOXKECTBA, YLOBJIETBOPSIOLME

YCJIOBHSIM:

a’. YnopsiJOueHHOE MHOXKECTBO X0 He uMeer HH IIE€PBOro,

HH MOCJEIHEro 3JEeMEHTA.

b’. YnopsaAouE€HHOE MHOXKECTBO X0 cueTHo.

c. » » X% nnotHO.

T5.4. Ecau ynopsadoueHHble MHOMECTEA A° y B° ydosaergo-
pator ycaosusm a’'—c’, TO OaHHble MHOXCecTsa no-
006HbL.

Jlok. UMs monyuleHHsl, YTO MHOKECTBA A® y B° ynoBJaerBo-

pstior yesosuio b, w u3 T7.3 pasnena I caenyer CyUECTBO-

BaHHe GECKOHEUHBIX MOCJEJ0BAaTEIbHOCTEN

(1) al’ az’ as’ RN
(2) bl’ bz’ bs» « e
yAOBAETBOPSIOWIHX YCJIOBHAM:
samace  nocaenosareqprocteit (1) m (2) — cOOTBET-
creeHHo mHoXecrsa A u B; :
ecan ij, 10 ai +a; u biFb;.
OnpeneluM HHILYKTHBHO GEeCKOHEUHYIO IOCJAEN0BATEb-
HOCTb

(3) bl'l» bl'z» bt'a’ v

ITyctb uien b;, =by. JlonycThM, YTO Y/I€HBl bi,, by o b,k

yxKe onpenec/acHbl. H.OHYCTHM TaK¥xe, uTO MJs NPOH3BOJIb-
HbIX HAaTypaJbHBIX yycea m H n, HE [1PE€BOCXOASAUIHX k,
HMeeT MeCTO COOTHOIIEHHE

(@) a,<aa,=b; <sb:,

OueBLHHO, UTO UJIEH Qp4 NMOCIEL0BATENBPHOCTH (1) noJ-
JeH YIOBJETBOPATb OLHOMY H3 YCJOBHH:

a. 141349

i<k

-

B. ;=4 a1 =%t 1 <<k
v. [12; =342+

i<k
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IMycts B kamaom us stux CJiyuaeB ujieq bzk+1 nocJaenoBa-
TEJIBHOCTH (3) paBeH useHy b, — NEPBOMY UJIEHYy NOCJAENO-
BaTeJIbHOCTH (2), KOTOpBI YIOBJIETBOPSIET COOTBETCTBEHHO
YCJIOBHSIM

a’. nbl —<B b[']..

i<k
ﬁ’_ bij—<3bi—<3b"j+1‘
Y’. n b,'].—<3 bl'

I<k

CywecrBoBanue unena b, ciaenyer
B c/lyyae @’ M Y’ H3 TOro, 4TO MHOXKeECTBO B0 YIOBJETBOpSIET
YCJIOBHIO a’;

B cayyae B’ u3 TOro, 4To MHOMKecTBO B° YILOBJIETBOPSIET
YCIOBHIO €/, H H3 COOTHOUIEHHS (4).

OueBHHO, uTO COOTHOWIEHHE (4) ocraercs BEDHLIM,
KOrjla m ¥ 7 npuMyT 3HaueHue 2+ 1. Takum o6pasom, 1aH-
HOE COOTHOIIEHHE BEPHO /Ui BCEX U/IEHOB IOC/JE0BATEN -
Hoctel (1) u (3).

Caenyomas  5KBHBaJEHTHOCT OnpejesisieT OTHOUIE-
HHUe R:

aRb = Z (@a=a, \Nb= bs,).
R -

IMoxaxem, uro 060 uaen NOC/eI0BATENbHOCTH (2),
4 NIOTOMY H KaxX[blil 5J€MEHT MHOKeCTBa B siBisieTcs Of-
HUM H3 WICHOB TI0C/I€10BATENLHOCTH (3). Bpemenno wmul
6yleM noJjaraTh, uTO 3T0 HEBEPHO, H MyCTb b; — mepBhIi
WIEH NOCJEN0BATENBHOCTH (2), KOTODLI He BOwmesa B MO-
CIe0BaTeNbHOCTE (3). TakHM 06pa3oMm, KamIbli H3 uJe-
HOB by, .., b, coBnagaer c HEKOTOPEIM 4J/IEHOB NOCJEef0Ba-
TeIbHOCTH (3). O603Hauum uepes bir, 4JIeH 3TOH MocJaeno-

BaT@IbHOCTH, yA0BJIETBOPSIIOIIHH YCIOBHIO

b"r,=bf’ riet=1,...,1—1.
ITycrs & — mauGosnbmee w3 wmcen Tty ey N1 JoOnmycrum
Aasee, uTO b; ylOB/IETBOPSIET YCJAOBHIO of H uTO Qs — NEepBHIH

‘IEH NOCAe10BaTeNbHOCTH (1), npemmecTByOWHE B MHOKE-
crBe A® KaXaoMy H3 wienos

(5) LTI 8

286



nocaenoarenchocty (1), IlostomMy KaXAHH H3 UJIEHOB
Qpi1y -y @s—1 CAEOYET X0Ta OB 3a OJHHM H3 UI€HOB (D).
3HAUHT Qs NpEeIIecTBYeT KaXJAOMY H3 WJIEHOB aj, ..., Ts—1.
U3 rToro, uto cooTHouleHne (4) BHIOJHSETCA AJIs BCEX uJie-
HOB nocJaefoBarenssocrei (1) n (3), Mbl 3akJI04aeM: KaxK-

aub W3 uiewos by, ..., b, ciaenyer B mHoxecrse B
X0Tsl OBl 32 OJHHM H3 u/eHoB by, ..., b, . TlosTomy uieH b
NPENLIECTBYET KAaXKJIOMy H3 UJEHOB b[,, ooy by s mpHueM

b — nepBbIﬁ yJeH [OCJAef0BaTeNbHOCTH (2), _yRoBJIETBO-
pmouum JaHHOMY YCJIOBHIO, IOTOMY UTO KaXK[blH H3 U/I€HOB
, by coBmajaer ¢ omHuM H3 uieHoB by, ...,b; .

OTcxona H H3 ONpeJeJNeHHs nocaenoBaresbHocTH (3) Cae-
nyer, uto by=b, . AHalOrHuHbHe J0Ka3aTeJIbCTBA TOTO, UTO
b, sBAsieTCs OQHHM H3 UIEHOB IIOC/I€J0BaTeNbHOCTH (3)
B CJyuae, KOrAa JaHHBIH UJIeH YIOBJETBOPSIET yCJOBHAM B’
HaH v’, MBI IIpefocraBiasieM uHTareaio. s npemnecmylo-
HIEr0 pacCMOTpPEHHsI yXKe Jerko caenyer, uro Dy(R)=B.
YcraHoBJIEHHE TOTO, UTO HMEIOT MECTO OCTaJbHHIE H3 YCJO-
BHH I, chopmynnpoBaHHHE B JoKa3areabcTe T5.1, He mpen-
CTaBJ/sieT TPYyIHOCTEH.

Takum o6pa3om, oTHOLUIeHHe R ycTaHaB/lHBaer nojobue
muoxectB A® u B Orciona yxe caenyer T5.4.

JlokasaHHas TE€OpeMa INO3BOJISIET INPHHATH CJaeayloulee
onpeneJieHue:

D5. 2. 1= A® = mHOKecTBO A° YIOBJETBODSIET YCJOBHSM
a' —a'. '

OueBupHo, uto MHoXKectBo (%, <) ynoBaerBopsier
ycaoBHAM a’'—c’,

Cnepncreue 5.3:

= (B, < ).

Dra dHopMysa MOKET CAYKHTb ONpEEJEHHEM NOPSAKOBOTO
THIIA 1.

Tenepp MBI pacCMOTPHM MHOXKECTBA, YAOBJETBOPSIOLIHE
yCJIOBHﬂM

. YnopsinoueHHoe MHoXectBO X° He HMeeT HM nep-
Boro HH IOCJIEHEro 3J1eMeHTa.

b”. YnopsinoueHHoe MHOXKecTBO X° HempephiBHO.

<. ;{Woc)@/\? =Ny A\ l:[[;[ [x=xy -
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- Z (X%x-w%xy)]}-

weWw

Cunosecro ycaoBue ¢” hopMmy/aupyercs: Tak:

CymecTsyer cyerHoe noAMHOXKecTBo WO MHoKectBa XO,
Taxkoe, YTo AJs JMIoOHX ABYX (Pas/MYHBIX) 3/J1€MEHTOB MHO-
xecrBa X0 cymecTByer cpelHul 3J€MEHT, IPHHAAMEK AU
noamHoxectsy WO,
T5.5. Ecau ynopadouennvie mnoxcecrea A° u B ydosaer-
80pAOT Ycaosuam a”—c”, 16 dannvie muoxcecTea nodobHbL.

Hox.! Ilycrb W) m W)— coorercTBeHHO  CuerHbie
noaMHoxectsa MHOXectB A° m B, ynosaersopsiomue
YCIOBHSAM:

[r [x <Ay > Z (X%Aw%Ay)];
x Yy weW,
[TI1[*=3s9> Y, (x=3sw=sy)].
oy wEW,

CyuiecTBOBaHHE TaKHX NOAMHOMKECTB FapaHTHPYETCs A0-
nymenueM, uto mMHoxectsa A° u B° yaosJaerBopsiioT ycJao-
BHIO ¢”. JIerko Buaers, uro Muoxecrsa WS u W3 yaOBJIET-
BopsitoT ycnosusiM a’—c’. Takum o6pasom, no T5.4 oHu mo-
RoGHb. IlycTh OTHOWEHME S ycTaHaBAMBAaeT NONOOHME MHO-
xects Wi n W3, | -

ITyctb x Gyser nmpoM3BOJILHBIM 3J€MEHTOM MHOXKECTBA
A°. OGosnaunm uepes A] noaMHOXKecTBO MHOMecTBa A°,
KOTOPOMY NpHHAAJeXaT BCEe 3JMEMEHTH HaHHOTO MHOMKe-
CTB3, NPEAUIRCTBYIOWME B HEM 3JEMEHTY X, yepes Ay —
IIOMHOKECTBO MHOXKecTBa A% KOTOpPOMY NIpHHAAJEeXAaT BCE
OCTajIbHple 3JE€MEHTH JaHHOTO MHOXKeCTBa. JIerko BHAETH,
YTO YNOpsAOYEHHAass napa - (A?, A3)  ecTb ceuenue MHO-
xectBa A° M uyT0 X — nepBHIl 3/MemMeHT MHOXKecTBa A,
O6osnaunm yepes C° npoussenenne muoxecrs Wi u A,
yepes B} — noaMHOXECTBO MHOXKeCTBa B°, rakoe, yto B
CONEPKHUT JIOGOH 3JEMEHT @, KOTOPHH NPUHAINEXHUT MHO-
2KectBy BO u ns1s1 KOTOPOTO CymiecTByeT s/eMeHT MHOMKe-
crBa S(C), caenyiomuit Bo - MHOKecTBe B° 3a a. O603na-
YHM eme yepe3 B) NOAMHOXKECTBO MHOMKECTBA B, raxkoe,

)

! Ml IPHBOZUM COKpallleHHOE 0KA3aTesbCTBO.
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uro B3 CONIEPXKHT BCe 3JE€MEHTH MHOXKecTBa B9, KoTtophle
HEe MPHHAAJ/EKAT MHOXKECTB BS. Jlerko Buzers, uTo yno-
psgouenHas mapa (B], Bj) ecth ceuenme muoXecTBa BO
M UTO MHOXeECTBO B] He HMEeT NOC/IENHEr0 3JEMEHTa.
13 Toro, uto A] He HMeEET MOCAEHEro 3/eMEHTa, H H3 ¢op-
myJanl (1) serko caenyer, uro MHOKecTBo C° KOTOpOE €CThb
MOAMHOXKECTBO MHOxecTBa A, He HMeeT moOCJefHero sJe-
menra. [Tostomy u B mHOXKectBe S(C), KOTOpPOE €cTh MOA-
MHOXECTBO MHoXecTBa B, TakxKe Her mocjenHero sJeMeH-
ra. OTcioa yKe Jerko CcJefyeT, u4To MHOKecTBo Bl He
HMEeT INOCJEeIHEero 3JeMEeHTa.

Orclona H H3 AonylleHusi, 4T0 MHOXKecTBo BC ymosJjer-
BOpsieT ycJoBHIO b”, cienyer cyulecTBOBaHHE MEPBOrO 3Je-
MeHTa MHOXKecTBa Bj. 0603HauHM yepes y S5TOT 3JEMEHT
H NMPHBEJIEM €r0 B COOTBETCTBHE 3JE€MEHTY-X. TakuM myrem
KaxIoOMy 3JemeHTy A° npHBEeNEeH B COOTBETCTBHE TOYHO
ONMH 3JeMeHT MHOoXectBa B9 Ecan paHHOe COOTBETCTBHE,
KOTOpPOE, OU€BHAHO, €CTb HEKOTOpPO€ OTHOLIEeHHE, 0603Ha-
YHTb 4Yepe3 R, T0 Mbl MOJAyuHM HOPMYJInI

@) Di(R) =4
(3) Redynky.

CxonHbM 06pa3oM MLl MOXKEM MDHBECTH B COOTBET-
CTBHe INPOHM3BOJILHOMY 3JIEMEHTy y MHOXecrBa B° TOuHO
onuH sneMeHT mHOXKecrBa A°. Jlerko BHmeTs, yTO mpHBe-
JleHHbI€ B JaHHO€ COOTBETCTBHE 3JEMEHTH X H Y HaxoHsTCs
B oTHOmeHHn R. Orciona

(4) D,(R) = B;
(5) R'edynkn.

Hs dopmya (3) u (5) cnenyer, uro R e 1—1. Tlposepky
TOr'O, YTO BHINOJIHAETCS TaKkKe TPeThe H3 ycaoBHil I, chopmy-
JHPOBaHHBIX B J0KasaresabcTBe 5.1, MBI mpenocraBiaseM
YHTATENIoO. -

Taxkum o6pasom, muoxKecrsa A° u. B nogo6HH.

JlokasauHnas TEOpEMAa IMO3BOJISET NPHHATH CJACAYyIOLlEE
onpene/ieHue:

D5.3, A = A4° = mHoxKecTBO A° YHOBJETBODAET  YCJOBHSM
a” — C”.
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Jlerko BHJETh, YTC MHOMKECTBO (R, <) ynoB1eTBOA
psier ycaoBusiM a”’—c”, npuyeM MHoXecTBo W, 0 KoTOpoM
TOBODHTCS B yCJIOBHH C”, ecTh MHOXKecTBO B Bcex paiuo-
HaJbHRIX YHCEJ. :

Orciona:

Canegcrsue 54.

A=1(8, < ).

Ota dopMysa MOXKeT MIDaTh oMb ONpedeseHHs nopsia-
KOBOro THIIA A. :

Cpenu ceuenmit QaHHOrC YNOPSIZOYEHHOTC MHOXKECTBA
A%, KoTOpHle He OTHOCATCH HH K CKaukaM, HM K npobesam,
HMEIOTCS Naphl CeYeHHH, pasiHyalomuecs JHIb TeM, YTO
HEKOTODEIH 3JIEMEHT @ MHOXKecTBa A° eCTh MOCAeNHUI 3ie-
MEHT HHXKHEro KJacca OJHOTO M3 3THX CeueHHHi M OJHOBpe-
MEHHO NePBHIl 3JIEMEHT BepPXHero KJjacca APYroro CeueHwus.
TakuMn_ceueHMsIMH, HanpUMep, SIBASIOTCS CEUEHHs MHOMKe-
ctBa (R, <), B OHOM M3 KOTOPHIX BEPXHMIl KJacc —
MHOXKECTBO BCeX IOJIOKHTENbHBIX YHCeJ, a B JPYyroM HHK-
HHH KJIAaCC — MHOMKECTBO BCEX OTPHLATENbHBIX YHCEJ.

YerpaHuM M3 MHOXKeCTBa BCeX CeueHHit MHoXKecTBa A0
Teé NpUHaLJeXamMe K TOMBKO YTO OXapakKTepPH30BAHHHIM
llapam CeyeHHs], B KOTCPhIX HUKHHUI KJ1acC UMeeT Noc/eHui
s/1eMeHT. [loJlyyeHHOe TaKUM IyTeM MHOMKECTBO MEI OyneM
HaspiBaTh MHOXKECTBOM BCeX COGCTBEHHB X CeUEHH
' MHOXectBa A°. .

U3 sroro onpenenenns u D4.4a caenyer:
Cnencrsue 55 Hu g odHom us cewenud, npunadiesca-
WYUX MHOKCECT8Y COOCTBEHHbIX CeYeHul NAOTHO20 MHOXNCe-
CT8Q, HUNMCHUL KAQCC He UMeeT NOCAeOHEe20 31eMeNTd.

Jlerko BHIeTh, UTO OTHOLIEHHE, onpepensieMoe Gopmyoit

1. (A}, B]) R(43, Bl =A, ¢ A,

YNOPsIACUMBAET MHOXKECTBO BCEX COGCTBEHHBIX CeueHHH
MHOXKecrBa A9

L5.2. Ecau ynopadouennoe muoncecrso A% naorno, o muo-
scecreo Y° gcex e20 cobcreennbix cewenudl, ynopsaoo4en-
Hoe oTHowenuem R, koropoe onpedeasercs gopmyarod 11,
TaKx#e NAOTHO.

Hoxk. HykHo nokasaTh, uTo Hu OIHO CeueHHe (2[?’
B)) MHOKecrBa  Y° He ecTh ckauok. ITycTh — Bompeku
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TOMY, u4TO Tpebyercsi A0KasaTh, -~ CEYEHHE (A?, B?)
mHOKecTBa A° ecTh mocaenuuit saemenr kaacca U3, a ce-
uenne (A3, B}) MHokecTBa A°— mepBHII 3J€MEHT
xaacca B). OueBHaHO, uTO ‘

(A, BY) < (43, BY).

Orcrona u u3 dopmyan 11 crnenyer, uro A, ¢ A,. [Tostomy
CYLIECTBYET TaKOH 3/JeMeHT a MHOXecTBa A, uTo

(1) ae A, \ a€ A,.

W3 caegcrBus 5.5 Mbl BRIBOAMM TakKe, UTO CYIIECTBYET
3JIEMEHT @), YAOBJETBOPSIOIIHA YCJIOBHIO

(2) a=<aa, A\ a,eA,.

Cnenywinpe GopMyJrl ONpeReNsiOT NOAMHOXECTBAa MHOXKe-
crBa A% :

(3) xeAd=x<a;
stgz—al—{Ax\/x=a1.

OueBuiHo, uTo ynopsiioueHHas napa (A3, B3)  ects
snemeHnT MHoXectBa ¥. Onrako usz dopmya (1)—(3) u II
caenyer :

(A}, BYY < (43, BY) < (A3, BY). ;

0
[lostomy ceuenne (A3, B3) He NpHHALNEXHT HH

0
Kjaaccy %0, Hu knaccy %Bj. JlaHHoe 3akJ/IOueHHE [IPOTH-
BODEUMT [OmyIIEHWI0, YTO ymopsifoueHHas napa (%9,

B}) ecth ceuenne muomectBa 0. Takum  06pasom,
JAHHOE MHOXECTBO MJOTHO. \

T5.6. Ecau ynopadouennoe muoxcecrso A° naoTHO, TO MHO-
acecreo YO scex e20 cobcreennbix cewenull, ynopadouen-
HoLx oTHOWeHuem R, xoropoe onpedensercs ycaosuem I,
HenpepoleHo.

0 g0 ' ‘
Hoxk. Mycts ynopsizouennan mapa - {(¥i, Bi) — npo-
H3BOJIBHOE CeueHue MHOXKectBa Y°. JlomycTHM, uTO [aH-
Hoe ceueHne ecth npoGen. Ciueayouiie SKBHBAJEHTHOCTH

0
onpenensitor noxmHoxectsa A u B} ynopsnouenHoro
MHOxkecrBa A9: '
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(1) xeA?EZZ (X0, YO) e R} A\ x€ X); .
XY
yeB?EZZ (X%, Y°) e B A yeV). .
XY

JIorko BHAETB, UTO  YNOPSIOUEHHAs napa (Al, Bl) ecThb
co6CTBEHHOE  ceyeHHe MHOXKecTBa A92, ﬂ,onycmM 4TO

0 0 0 0
(A, B))€¥%i. Hs nomywenns, uto cevenne (%3, 87)
ecTh npoée.n CJIEflyeT CyLIECTBOBAHHE TAKOrO CeueHHs

(Az, Bj) MHOxecTBa A°, 4to

(A2, B3) U] N\ (A, BY) <4 (AS, BY).

Otciona v u3 yeaosus 11 crenyer A; ¢ As. OxHako nKas-
HOe 3aK/oyeHHe npoTHBopeuHT (1). CxomHeIM o06pasom
'MOKHO TOKa3aTh, YTO JAHHOE CeueHHe He MPHHALJIEXKHT
Knaccy Y. IMostomy uH oaHO ceuenue knacca U° He ecTb
npoGe.

M3 15.2 cnenyer, uTo HH ORHO ceueHHe MHOxecTBa 9O
He eCTb CKa4oK. TakuM 06pa3oM, MaHHOe MHOMKECTBO He-
ApPepEIBHO.

B Teopun neficTBHTeNbHBIX uHces [leneKHHJa, KOTOpas
YIOMHHAZACh B HauaJe NMpelblAylLero naparpadga, fefcTeH-
TeJIbHble YHCJIA ONMPEREeJSIOTCA KaK COGCTBEHHblE CeyeHHs
MHOX€eCTBA PAlMOHAJBHBIX YHCEJN, YNOPANOYEHHOTrO WX OTHO-
lleHHeM «MeHblie», YciaoBHe [l OnpeneJisieT OTHOLIEHHE
«MeHbllle» /Il TaK TMOHHMAeMblX JeHCTBHTEJNBHBIX 4HCel.
N3 T5.6 ciexyer, 4TO MHOXeCTBO BCeX AeHCTBHTENBHBIX
YHCeJ, yNOpsANOYeHHOe OTHOUIEHHEM <«MeHblle» Hempe-
PBIBHO.

D5.4. p—a* —-zz@z—(X R) AB= (X, R)).
Wy
3to onpeneneﬂng Kopoqe MOXHO 3aHHCATb B BHJE:
= (X R) > o*= (X, R
HJIH Xe B BHRe:
(X, R)*= (X, R™).

! TakuM 06pa3oM, MHOKeCTBO A,— CyMMa BCeX HHMKHHX KJaccoB
ceyenuit, npruapnexamux kaaccy N, a Muox(ecmo B;— cymma Bcex

BEPXHHX KJIacCOB CeyeHuil, IpHuajIeKamux Kaaccy .81.
2 Cp. ynpaxuenue 5, § 4.
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[TopsAAKOBHIN THI 0* Ha3pIBAeTCH 06paTHBIM K MOPSAKO-
oMy THNy a. Ecin o — MNOPSAAKOBBIH THI MHOXECTBA X,
yNoPsiKOUYEHHOTO OTHOLIEHHEM R, 10 o* — NOPAXKOBEIA THI
MHoxecTBa X, YNOPSAJIOYEHHOTO OTHOLIEHHEM, 0GpaTHHM
k R, WM KOHBepCHeH OTHOIIEHHS R. U3 onpenenenns D5.4
u clencTBHA 5.2 ciexyer, uro o¥=(%, >). Takum 006-
pa3oM, MOPsAKOBBIA THI ©* — 3TO MOPALKOBHIH THI yNops-
JIOUEHHBIX MHOXECTB, KOTOPbie He HMEIOT nepBoro 3JIeMEHTa,
UMEIOT MOC/TeIHHi 57eMEHT H KaxkJoe ceueHHe KOTOPBIX
ecTh cKauok. Kak Jierko 3aMeTHTh, 3T0 — NOPSAAKOBHIA THI
OTPHUATENbHBIX UEMBX WHCel, yNOpsiXOYEeHHbIX OTHOMWIE-
HHeM <. o

Ha 5ToM npHMepe Mbl BHAHM, YTO THN a* MOXeT He
coBnanatb ¢ THNOM a. OfHaKO B HEKOTOPBIX cayuasx. THI,
06paTHHIl MOPSAKOBOMY THIY O, TOXAECTBEH THIY Q. Tax,
Hanpumep, H3 T5.1 caenyer, 4TO n*=n (tRe n— nops iKo-
BB THI KOHEUHOro MHOXKecTBa); H3 T5.4 M T5.5 caenyer,
yro n*=1, A*=A. MOXHO TaKXe NOKa3aTh, 1IT0 (0*+w)*=
=o0*+ 0.

TMopsaakoBblil THN ©*—+© —3TO MOPANKOBbLIH THI MHO-
JKECTBA LeJBIX YHCE, YIOPANOUEHHbIX OTHOIIEHHEM <. ¥Ymo-
psiIOUEHHEE MHOXECTBA JQAHHOTO THNA He HMEIOT HH mep-
BOTO, HH NOCJIeJHET0 3JEeMEHTa, a mo6oe HX ceueHHe €CTh
CKaYCK. o .

VYrnpaxHeHHN: _

1. TlpuBenure NpHMepsi YNOPALOYEHHEIX MHOXKECTB, YAOBJIETBOPSIO-
[EX TOJLKO ABYM H3 YCJIOBHf a—C, O KOTOPHX TOBODHTCA B T5.3.

[lpomenafiTe aHaJOTHYHOE YNpaXHeHHE, HMed B BHAY YCJIOBHS
@’—c’, 0 KoTophix rosopurcs B 15.4, a Takxe yC/I0BHA a’—c", 0 KOTOo-
puix rosopures B T5.5. :

9. TToKaMuTe, YTO TOPAIKOBHA THN G TNPOH3BOJLHOIO CHETHOrO
IVIOTHOTO MHOXeCTBa YAOBJETBOPSAET OAHOMY H3 YeTHpex yCJI0BHI:

a=1, a=1+1, a=n+1, e=1+n+1l

3. Tlokaxurte, 4TO0 AN NPOH3BOJLHOTO MOPAAKOROro THNA o HMEeT
MeCTO COOTHOUIeHHE

a-2=a+4a.
. 4, Jdoxaxure QGopMyJH:
do=14+0=2+0=.0.=n+o;

b)eo=20=30=...n-0;
gn=n+n=n+1+1=11"7
dA=A+14A

e)(oe+l)+o=0+o0.
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5. INokaxure noxuocrs CHENYIOWHX dopmya:

) o=@ 1;

b) 20 = & + o;

<) N=n1+2+4ny;
DA=r42+4;

&) A=A4A;
m=n;

g A=3-A.

6. Hokaxure dbopmyner:
2) (a¥)*=g;

b) (@ +B)¥ = p¥ 4 o,
c) (a‘. ﬁ)&":(ﬁ? . ﬁ&‘*;
d 0¥ =¥ 41,

7. Mokaxure JIOKHOCTL bopmya:

2) 04 0¥ = p¥ 4 o
b) (a-By¥=p* . o¥,

8. ITokaxure, yro ABa  YNOPSAOYEHHH X MHOXECTBa, H3 KOTOpHX
Kaxpoe nono6uo TOAMHOXKECTBY Apyroro, MOTyT He GHTb NOKOGHHIMY,

$§ 6. Broane ynopsaooueunsie
MROMHCecmea. 110psdkossie uucaa

D6.1. ¥nopsouennoe MHOXecTBo A° ecTh Boj-
He ynopsijioueHHOoe MHOXKecTBy = I 2 (b ectp
: - 0£BCA  p
MEePBbI 3JleMeHT MHOXeCTBa BY).

Takum oGpasom, MuOXKeCTRO BIIOJIHE yropsinoueHo Torya,
H TOJBKO TorAa, Korxa Kaxmoe ero Henycroe noaMuoxe-
CTBO HMEeT NepBLIf 3JeMeHT.

U3z D6.1 u L5.] HENOCPENCTBeHHO cllenyeT, yro JM060oe
KOHEUHOe ynopsimoueHHOe MHOXKecTBo BIOJIHe ynopsinoyeHo.
Muoxectso (R, <) Takke BroJHe ynopsinoueno, oxua-
Ko HH (W, <) uu (X, <) He OTHoCHTCSH K BIIOJIHE
YIOPANOUYEHHBIM MHOMXeECTBaM,
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W3z T4.2a nerko cienyer:
CanenctBHe 6.1. Mroxecreo, nodo6roe enoaxe ynopado-
4eHHOMY MHOXCECT8Y, TaKMe 6noAxe ynopadouero.

D6.2.aellU = 2 (A° ecTb BHOJIHE YNOPSAIOUEHHOE MHOXeCT-
Bo /\ o == A0).

Bripaxente o € [TH unTaercs: a €CTb nopsAKOBO€ YHC-
70. TakuM 06pa3oM, MOPANKOBEE YHC/IA — 3TO NOpAAKOBbIE
THIbl BIOJHE YNOPSAOYEHHHIX MHOXECTB.

U3 npeAnRyIHX 3aMeyaHHii M CJeJCTBHH 5.2—5.4 cJe-
AyeT, 4TO H3 TMOPSAKOBEIX THIOB ©, 1] H A TOJBKO ® €CThb
NOPSAKOBOE YHC/IO. 3aMeTHM flajlee, uTo ecJH paccMaTpH-
BaTh HATypaJbHble YHCAA KaK MOPSAKOBLE THIIL KOHEYHBIX
MHOXKECTB (Cp. 3aMeuaHHsi NMpeAbIAyLIEro naparpada), TO
HaTypafibHble uHC/la OyAyT YacTHHIMH cJyyasiMH TMOPSIAKO-
BEIX unces1. TakxKe H UHCJIO HyJb, IOHHMaeMOe Kak nopsifi-
KOBBIl THI NyCTOTO MHOXECTBA (cp. ynpaxHuenue 8 § 2),
no onpejeiernio D6.1 1 D6.2 ecTh NOPAAKOBOE UYHCJO.
T6.1. JIro60e nOOMHONECTEO BNOAHE ynopAOOUEeHH020 MHO-
secTéa 6noAHe ynopado4eHo. A
ok Ilycte B%— npoH3BOJbHOE HOJAMHOXECTBO BIOJIHE
YNOpsOYEHHOTO MHOXKECTBA A% a C° — npou3BOJIbHOE HE-
mycToe INOAMHOXKECTBO MHOXECTBA B9, Jlerko BHIAETb, 4TO
MuoxectBo CO ecTh MOAMHOXKECTBO MHOXECTBA A0, TlosToMy
MHOKecTBO CO HMeeT MepBhlH SJIeMeHT. TaxuM o6pasoM, MBI
nokasajH, uTo JI0Goe Hemycroe NOAMHOXECTBO MHOXe-
cTBa BY HMeer nepBHit seMeHT. OTCIONA H M3 D6.1 caenyer,
yTO NaHHOE MHOXECTBO BIOJHE YMOpsA0ueHO.

T6.2. Cymma u npoussedenue 6noine YnopaodoUenHblx MHO-
wecT8 — BNOAHE Ynopadodennbie MHONECTEA.

I ok. Iycrs A° m B%— npoH3BOJbHLIE BHOJIHE YyNOPAKRO-
wenHble MHOXKecTBa H mycTh CO — NpOH3BOJILHOE HenycToe
OJMHOXKeCTBO MHOXKECTBa A°+B°, Ecan A-C=£0, To MH
MOXeM NPHHATDH, YTO JE€MeHThbl MHOXECTBA DY, 3amac Ko-
TOPOrO €CTh MHOXeCTBO A.C, ynopsjioueHsl Tax Xe, Kak
u B MHOXecTBe A% OueBHJHO, UTO MHOXECTBO DY — Hemny-
cTOE NOAMHOXKECTBO BIOJIHE  YMOPAAOUEHHOrO MHOXKe-
cTBa A9, a MOTOMY HMeeT MepBEIH SJIEMEHT. Jlerko BHIETh,
YTO JaHHBIA 3JeMeHT eCTb ORHOBPEMEHHO H nepBbf 3JE€MEHT
noamuoxectsa C°. Ecn ke A - C=0, TO MHOXKECTBO C° ec1b
OAMHOXECTBO BIIOJHE YMORSNOYEHHOro MHOXKECTBA B°
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H TIOTOMY HMeCT nepBulii 5ieMenT. TeM caMbiM My HoKasa-
JH, UTO B OGOMX BO3MOXKHEIX Ciayyasx NPOH3BOJILHOE
HENYCTO@ MOJAMHOKECTBO MHOMXecTBa A0+ BO HMEeeT MepBbij
SleMeHT. TakuM o6pasom, MHOXecTBo A%+ BY pronge yno-
psinoueHo. : 3

IMycrs Tenepy CO — TNPOH3BOJILHOE HEMyCTOe MOXMHOMe-

CTBO MHOXecTBa A°. B, O603nauny uepes A7 noxMHONe-
CTBO MHOXKectBa A°, ssieMenTh KOTOpoOro — Te, W TOJBKO
T€, SJEMEHTH MHOXKecTBa A°, KOTOpHIE OTHOCHTCS K ‘TIePBBIM
/IEMEHTAM YNIOPSANOYEHHBIX Map, NMPHHANIeKAHX MHOXe-

0
crBy C. Auasoruuyno OnpefesiserTcss NOAMHOXKecTBO Bj

MHOXectBa B Jlerko BHIETb, YTO MHOXecTBa A H B}
Henyctel. Ilycts ap u b, GYLYT COOTBETCTBEHHO HepBBIMH
SJIeMEHTAMH 3THX MHOXKecCTB, OueBuano, uto napa (a,, b,)
€CTb NepBEIA 3/eMEHT MHOKecTBa CV, Takum o6pasom,
MHOXecTBO A°- BY Takke Bmosme YIOPsiioueHo.

Hs nokaszaunnoi TEODEMBI ClleflyeT, 4TO OmepanHu Ha
TNOPALKOBEIX YHC/IaX. Mbl MOXEM ONpedelHT, KAk JacTHHIE ©
C/y4aH, COOTBETCTBYIOIIHX ONMepauHii Ha HOPAJKOBBIX TH-
nax. Otciona HenopeacrsenHo CTEAYeT, 4TO TeopeMul aphd-
METHKH NOPAAKOBLIX THIOB, JOKa3aHHble B § 3, ocrarorcs
BEPHEIMH U B apHdMeTHKe NOPSAKOBBIX YmCes.

3aMeTHM ellle, 4TO 32KOHEI KOMMYTaTHBHOCTH CJIOMKEHHS
H YMHOXEHHS He HMEIOT MecTa He TOJIbKO MJIsT mopsifiKo-
BBIX THIIOB, HO ¥ /ISl NOPSIAKOBHIX yHces. DTo MOXHO BHAETH
H3 CJeAYIOUIMX HepaBeHCTB: )

O+ 1£14o;
0-2+£2.0,

HEC/I0XKHOE NOKAa3aTeNbCTBO KOTOPBIX MBl TNIpefoCTaBJIsieM
YHTaTeIo.

3ametHM eme, 4TO BHOMHe YHOPSIOUeHHOe MHOXKEeCTBO
¢ 3anacos A Ml Gynem o6osmauary A+,

YnpaxHeunus:

1. Tlokaxure, yro Clefyiolee onpenenente sKpuBadenTHo D6.1:

Ynopsanouennoe MHoxecTBo A0 BIOJIHE YNOPAOYEHO oiB"nq:A'*%
(b ectb nepsuit smement MHOXecTBa BY).

2. Tlokaxure, 9T0 HE ogHO CeYCHHE BIOJNHE YNOPAAOUCHHOTO MHO-
XKECTBa He eCTb NIpoGed. .

3. Tlokaxdre, yTo Hy ONHO BIOMHE YNOPANOYEHHOE MHOMKECTBO He

CONEPXKHAT TMOAMHOXECTBO THIA (04'
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§ 7. Hauassnoie ompesxn enosne
YROpAOOUEHHO20 MHONCECMBA

D7.1. X* =A@ =Xt C AT A[](xe X = x=ua).

MuoxectBo A(a) HasLBaeTCs HAYANLHLIM OTpE3KOM
BIIOJIHE yNOPSAZJOYEHHOTO MHOMKECTBA, ONpEeNeJAEMEIM 3Jle-
MEHTOM a4 3TOro MHOXecrBa. TakuM 06pasoM, HauajbHBbIi
0Tpe3ok A (a) — MHOKECTBO BCeX 3JEeMEHTOB MHOXKECTBA
A+, npefuIeCTBYIOLIHX B NAHHOM MHOMeCTBe 3J1eMeHTy a,
IpuYeM 3JIeMeHThl HayajlbHOro oTpeska A(a) ymopsimoueHb
B HEM TaK XKe, Kak H B MHOXecTBe A+, ‘

M3 D7.1 u T6.1 cnenyer:

CnencrBue, 7.1. ITpoussorshoui Hauarbrel OTpe3oK
8nOAHE YnopadO4enHo20 MHONECTBA ecTb 8NOAHE Ynopsaodo-
4EHHOEe MHONecTso.

3aMeTuM ellle, 4TO HayaJdbHLIA OTPE30K, ONMpexesieMblil
NepBbLIM 3JIEeMEHTOM BIIOJIHE YHOPAMOYEHHOTO MHOXKeCTBa
A+, ecTb mycTOe MHOXKECTBO.

D7.2. a,, a,e AT > [A(a) < A(a,) = a; <4 a).
OnpenensieMoe OTHOWIEHHe MEI GyZeM HAa3HBATh OTHOLIE-
HHeM «MeHblie». [Jojle 3TOro0 OTHOINEHHS eCTb MHOXKECTBO
BCEX HAYa/lbHLIX OTPE3KOB [JAHHOTO BNOJHE YIOPSHOYEH-
HOTO MHOXeCTBa. _ .

T7.1. OrHowenue, conocrasasroujee r06omy JAEMEHTY @
muoxcecrea A+ nauareroul orpesok A(a), ycranasausaer
nodobue mrogcecTsa A+ 1 MHONMeECTBa Bcex e20 HAUaAbHbLX
OTPe3K08, YNnopaOOUEHHbLX OTHOULEHUEM <KMEHbULE>. .

HecioxHoe nokasaTenbcTBo 3TOH TeOpeMbl MBI NpeJo-
CTaBJIsieM YHTAaTeJIo. o '

M3 T7.1 u caencreus 6.1 HemocpencTBeHHO ciiepyer:
CnencrBHue 7.2. MuoxecTeo ecex HauanbHbLx OTpe3Kos
muoocectea A+, ynopadouennoe OTHOULEHUeM <MeHbules,
eCTb BNnOAHe YnopaldOueHHOe MHONCEeCT8o. ‘

L7.1. AT =BT ] Y 4@ = B @)
GEA BEB -
oK. lomycTHM, 4TO OTHOLIEHHe R yCTaHaBJIHBAeT MO-
no6ue mHOXecTB A+ u B+ M 4TO @ — NPOH3BOJILHEIN 3Je-
MeHT MHOXecTBa A. ByneM cuurtath Takke, uto b=R(a).
Jlerko Bunets, uto A(a)=<zB(b). TakuMm o6paszoM, Jemma
BepHa. , :
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B onpenesnenne, KoTopoe Mul CHOPMYJHDPYeM, BXOIHT
cuMBOA BHRa YX, OmnpepeneHHe JaHHOrO CHMBOJIa — 3TO
D8.3 npexnxyiiero pasjena.

D7.3. ReBd(AH=ReA* A
AT =84y Rx)=ZaR @)
x ¥

Broipaxenne RE BM(A+) uuraercs: R ecTh Bo3pacramoias
¢yHKIHSA, onpefeseHHas Ha MHOXecTBe A+,

L7.2. Re B® (AT) > ~[R (@) < a].

Taxkum o6pa3som, Bo3pacramoumas (yHKHs, OnpeneseHHas
Ha HEKOTOPDOM MHOXeCTBe, He MOXET COMOCTaBJATb HH OJX-
HOMY 3JeMEeHTYy MHOXeCTBa MNpefleCTBYIOUIHA 3JeMeHT
JaHHOTO MHOXecTBa.

Hox. ITycth — BonpekH ToMy, yTo TpebyeTcs HOKa3aThb,—
AJs HeKotoporo a €A+

() R(@)<aa.

OGo3HaunM yepes A" moaMHOXKecTBo MHOMXecTBa Aty Af
NpHHAJJIeXKaT Te, H TOJbKO Te, BJeMEHTH MHOXecTBa A+,
KOTOpble YROBJIETBOPSIOT ycioBHIO (1). ITosToMy MHOXe-

CTBO AI*' HenycTo. ITycTh @p-— mepBHIH 3JeMeHT 3TOI‘O MHO-
x)ecrBa. Orciona

(2) R(ap) <400,
a TakKe s JI060T0 X

(8) ¥=48—>~[R() =4
IMonaras, uro x=R(a;), Mbl noaydaem H3 ¢opMya (2) H
(3) craenywoumyio GopMyay:

(4) ~[R(R(a)) <aR(a))].

C npyro#t cTopoHs!, u3 dopmyas (2) H HomylleHHS, YTO
dbyHKIHa R Bo3spacramoilas, MH NojJyyaeM

R(R (a0)) S4R (ay).
Ho nannas ¢opmyna nporusopeunt ¢opmyde (4). Takum
o6pasoM, ponyuienne (1) NMPHBOAHT K NPOTHBOPEYHIO.

L7.3. ~[AT =~ A(a)].
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TakuM o6pasoM, BHOJHE YHNOPSAJOYEHHOE MHOXKECTBO He
NOJO6HOC HH OJIHOMY H3 CBOHX HauajbHBIX OTPE3KOB.
Hok. Ilycte — BoOmpekH ToMYy, 4To Tpebyercst AOKa3aTh,—
JJIsS HeKoToporo aed+

() AT = A(a,).

O603HauuM uyepe3 R OTHOIIEHHe, yCTaHABJHBAMOILEe MOJNO-
6ue atHX MHoxecTB. M3 D24 Mul noayyaem

(2) <4y - R(x) <@y R (v).

Ornomenne R ecTs nosToMy Bo3pacramouas (QyHKIHs, on-
pexeneHHas Ha MHoXectBe A+, Otciofa u u3 L7.2 cnenyer,

YTO
() ~(R(a)=<aa).

Ho wu3 roro, uro A+=~pA(ai) u aed, caenyer, uto
R(a)) <aai. lanHoe cjlefcTBHE HPOTHBOPEYHT (opMyJIe
(3). Takum o6pasom, jponyuienue (1) NPHBOAHT K NMpPOTH-
BOPEYHIO.

L7.4. a,, aye AT A A(a) =~ A(ay) ~ a, = a,.

Hdok. HomyctuM, uto @) #*a,. Orciona, us L.7.3 u 3ame-
YaHHA, 4YTO H3 JABYX (Pa3/jHYHbIX) HAYaJbHBEIX OTPE3KOB
OJHOTO M TOIO XK€ YMOPANOYEHHOTO MHOXKECTBA OJHH €CThb
BCErZia HavyaJbHBEIfl OTPE3OK APYIOro, Clexyer

~[A(a) = A(a,)].

Takum o6pasom, neMma BepHa.

L75. [T ¥ 4@=B@ENA

acA+ bept
AT Y 4@ ~ B (b)] » AT =~ B™,
beBt acat

Taxum o6pasoM, ecaH mias Jd1060TO HaAyalbHOTO OTpe3Ka
MHOXecTBa At cymectByer meJoOHLII eMy HauajbHbIH OT-
pe3ok MHoxectBa B+ um o6parHo, To MHoxectBa At u B+
NI0XOGHHI.
I o k. [TokaxeM, yto HoJo6He MHOXKecte A+ u Bt ycra-
HaBJHBAaeT OTHOLIEHHE R, onpenelseMOe 5KBHBAJIEHTHOCTHIO
(1) aRb= A(a) = B (b).
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H3 ycnosnit nemmul 1 dopmyanl (1) Jerko ciaeayer
(2) D,(R)=A, D,(R)= B.
JlomycTuM, uto
aRb, u aRb,.
Orcona u u3 dopmyant (1) caeayror GopmyJasi: .
A(a) = B (b,), A(a) = B (by).

B cBowo ouepeanr orciona ¥ u3 T2.1b, ¢ ‘caefyer, 4TO
B (b, = B(b2). Ha ocHoBanun L7.4 MBl 3akjaiouaem, 4YTO
by=b,. CxoaHHM 06pa3oM MOXKHO NOKa3arh, YTO H3 JLONY-
mennit a;Rb v axRb cnenyer, uto a;=a,. IlosTroMy oTHoLIE-
HHe R B3auMHoonHO3HauHe. Otciona H H3 dopMmyn (2) cie-
ayer

(38) A~rB.
JlomyCcTHM Temneps, qu
(4) a1 <44,
a Takxe, 4TO
(5) a,Rb;, u a,Rb,.
U3 dopmya (1) u (5) CﬁenyeT:
(6) A(ap =B (5,
(7) A(az) =B (by).

U3 dopmyanl (4) Jerko cienyer, uro aed(az). Otciona,
u3 L7.1 u dopmyanl (7) caedyer CyumleCTBOBaHHe 3JeMeH-
ta b’, Takoro, 4TO

(8) b'eB(by),

(9) A(a) = B ().
U3 dopmyn (6) u (9) mul BeiBoauM, uto B(bi) =B (¥').
CaenosarennHo, no L7.4 b;="58'. Orciona u u3 dpopmyasl (8)

cnenyer, uto b,eB (b2), a moromy

(10) by =35 by.
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Us toro, uto H3 dopMya (4) H (5) MBI nmoJaydnaH GopMy-
ay (10), a Takke H3 ¢opMmysnl (3) clexyer yTBepKIeHHE
JeMMBL. :

L7.6. Ecau by — nepaoiii saement mHoxcectéa B+, ydosaer-

sopaowuil ycaosuro _
[1 ~4@ =B,
aeAt
u ecau aeA, beB, a TakKe
(1) A(a) =B (b)),
TO
by € B (bo)-
J ok. [Tyctb — BOINpPEKH TOMY, UTO tpebyercs 1O0Ka3arh, —
(2) by € B (by).

OTCIOfa JIETKO CJIeJYeT, YTO HJIH bo= b, HIH by—<gsby. B nep-
BoM cayuae popMysa (1) mpHHHMaer BHI

A(ay) = B (by)-
Onnako 5Ta (oOpMyJaa TPOTHBOPEUHT NEPBOMY YCJOBHIO
nemmbl. [TosTomy momyctuM, uto bp—3gbi. Orciona, us L7.1

u ycaosus (1) ciepyer CyllecTBOBaHHe 3JEMEHTA a’ MHO-
xecrba A4 (a;), Taxoro, 4To

A(a’) = B (bo)-

JlanHOe 3aK/TIOUeHHe ONATb-TAKH HPOTHBOPEUHT IEPBOMY
YCJIOBHIO JIEMMBI. TakuM ‘06pa3oM, KOCBEHHOE AOKa3areJib-
CTBO JIeMMBbI 3aKOHYEHO.

177, 1 ¥ 1A@=B@V[] Y 14(@)=BO)

aeAt beBT beB+ aeA T+

JLok. Ilyctb — BONpPEKH TOMY, YTO tpebyercst 10Ka3aTh, —
CyleCTBYeT TaKOH 3JIeMEeHT aeA+, uro

O[], ~@=20n
be
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a Tak¥XKe CyI[eCTBYeT TaKoi sjeMeHT beB+, uto

@) n+ ~[A(a) = B (b)].

agA

OGosHauum uepes Ao — mepBhIll 3/eMeHT MHOXecTBa A+,
yAaoBJeTBOpsiolui ycnosuo (1), uepes’ by — nepsuilt - sue-
MEHT MHOXecTBa BY, yIOBJeTBOPAIOWHME YCIOBHIO (2).
Honycrum, uto ared (ay). Orciona a;<ao. Us ONpejeseHus
SJIEMEHTA 4y CJIeAyeT CyllecTBOBaHME 3JieMeHTa b; MHOXe-
crBa B+, rakoro, uro

A(a,) = B (by).

Orciona u us L7.6 Mbl 3akJouaeM, uto bieB (b).
Takum o6pasom, Me mokasadu, uro

@ [T ¥ t@=Be).

aeA (a,) beB(bo)

CxonubiM 06pa3oM MOXHO IOKa3aTb, uTO

@[] ¥ @=5e
beB(b,) aeA(a,) .

M3 dopmyn (3) u (4), a takxke L7.5 CJeAyerT, uTO
A(as) = B(bo). Onmako 310 3aKJIOYeHye IPOTHBOPEUUT
ONpELE/IEHUIO 3/IeMeHTa dp (TaK Xe, KaK H ONpeieseHHIo
s/iemenTa bo). TakuM 06pasoM, KOCBEHHOe HOKa3aTeNbCTBO
JIeMMBl 3aKOHUYEHO.

T7.2. At =~ Bty Y Af=BENvV Y BT =A(a).
seBt+ agAt

Taxkum o6pasom, aBa BmOJIHE YNOPSANOYEHHEIX MHOXKECTBa

HJIu HOllOﬁHbI, HJ/IH OAHO U3 HHUX II01106HO HayaJibHOMY OT-

pe3ky apyroro.

I oxk. U3 L7.7 cienyer, uto BHIOJHSETCS XOTSI 6Bl OAHO
U3 CJIeAYIOLIUX YCJOBHI: :

M ¥ [T 1A@=Be);

) agAt beBt
(2) [A(a) = B ().
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Ecaiu BHIIOJHSIOTCSA 06a 3TH YCJIOBHs, To no L7.5
(3) At =~ Bt,

JlomycTuM Tenepb, 4YTO BLINOJHsETCst ycaosue (1), HO He
BBINOJIHAEGTCS ycjaoBHe (2), a MOTOMYy CyLIeCTBYeT 3Jie-
MeHT b MHoxecTBa Bt, ynoB/ieTBOpsilOIIME COOTHOIIEHHIO

[1 ~14@=B0)
aeAt

OGosnauuMm uepes by mepBblil 3MeMeHT MHoXecTBa B,
yIOBJETBOPAIIIMI AaHHOMY COOTHOuleHuio. Dynem rakxe
CUHTATh, YTO

(4) CT = B (by).
M3 onpenenenus sjemeHta by u dopmyan (4) Jierko cie-
ayer )
GJ] ¥ U@=cel
ceCt+aea™

Mlycts ajeA+. U3 QomylieHHst, 4TO BLINOJHSETCS YyCJOBHE
(1), cienyer cylecTBOBaHHE TAKOrO 3jeMeHTa b; MHOXe-
crBa B+, uro

A(ay) = B (by).

Orciona u u3 L7.6 caenyer, uto 8eB(bs). Orcrona u u3
dopmyJsl (4) caenyer, uto b1eC+, a TaKkKe, 4TO MHOXKECTBO
B(b,) — nauanbubi oTpesok mHOoxectBa C+. Takum obpa-
30M, Mbl IIOKa3aJH, 4TO

(6) !;[ﬁ §c+ [A(a) = C(c)]-

Us L7.5, dopmya (5), a Takxke (6) cuaenyer, uTO A+=C+,
Orciona u3 QopMyJbl (4) Mbl nojayyaem

(7) AT = B (by).

-

CxoIHbIM 06pasoM MOXXHO NOKa3aTb, YTO A/l HEKOTO-
poro a;eA+

(8) BT = A(ay).
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3HauuT, XOTa Gbl OZHA H3 (bopMle (3), (7) u (8) Bepna.
Takum o6pasom, T7.2 JOKa3aHa,
Jokaxem euge

L7.8, At~ 4t A B* =B AV [A*~B(t) -
beB
— ¥ 4" =B, (o).
B o
Hox. Ilycts ortnowenne R yCTaHaB/IHBaeT noxoGHe

MHOXKecTs B+ u B Us TPETBErO YCJOBHsI JIeMMB! CJlefyeT
CYIIECTBOBAHHE TAKOrO 3JleMEeHTa H’ MHOMecTBa B, uro

(1) 4t = B ().

ITyctb b, — sneMenT MmOMecTBA By, ymosnersopsiowwuii
YCJI0BHIO

by = R (b").

Orciona u us 3aMeuaHMs, 4TO OTHOINEHHe R ycraHaB/HBaeT
nopo6ue MHOXecTs B+ u BI", JIETKO CJIeAyeT

(2) B(¥') =g B, (by).
U3 nepsoro ycaosus JeMMbl, Gopmyn (1) u (2), a Takxke

M3 3aMevyaHHsl, YTO OTHOHIeHHe = TPaH3HTHBHO H CHMMeT-

pHuHo, cnenyer A= B, (b1). Otciona yxe CJIeLYeT yTBEPHK-
IeHHe JIEMMBI.

Teopemamu u nieMMaMH, 0Ka3aHHBIMH B 5TOM naparpa-
te, MBI GyleM 1O0JIb30BaThes B ClefyoleM naparpade.

§ 8. Hepasencmsa. Ipedersvusie wucaa

Paccyxaenns sroro naparpada aHaJOrHYHEI BO
MHOTHX OTHOIUEHHSIX pacCyXAeHHsaM § 9 npeabAyinero pas-
Ieja.

D8.1. A+< 7§+EZA+ = B (b).
b

Takum 0o0pasoMm, IJii TOro, 4TO6H NOPsSIAKOBOE YHCJIO MHO-
XKectBa A+ 6blJI0 MeHbIue NOPSIAKOBOI'O YHCJA MHOMECTBA
B+, Heo6x0aMMO M HOCTAaTOYHO, YTOGBHI MHOXecTBO A+ 6h1j10
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nog06HO HEKOTOPOMY HAYaMbHOMY OTPE3Ky MHOXecTBa B+,
?_aMeTEM, YTO HS_D&I H L7.§_ clelyeT: ecJH A+=A1+,
Bt =Bt u At < B, 10 Af < Bt -

U3 D8.1 u T2.1a cnenyer:
Cunencreue 8.1.

A(a) < A+

,D,JIH YOpOIUEHHs1 3anMCH JaJibHeHIIHX J0Ka3aTeJbCTB
Mbl BBEOEM CJeayIOLIHEe o003Hayenus:

(l=z+, ﬁ=§+: Y=E+‘

Takum o6pasom, GyksH @, B, y 6yayT 0603mayaTh mo-
psIIKOBhBIE YHCJIA, .
Ua D8.1 u L7.3 cienyer:

L81.  a<P—ap.
L8.2. a#Pp—a<pVPp<a.
Jlemma serko caenyer u3 T7.2 u D8.1

[83. a<PAB<y—a<y.

I ox. U3 D8.1u ycaosuil neMMB CIeayeT, YTo A5 He-
KOTOpOro 3nemMenTa b MHOXecTBa B+ u HekOTOporo s/eMeH-
Ta ¢ MHOXecTBa Ct HMEIOT MeCTO COOTHOIIEHHS:

(1) A+=B(b);
(2) B+=C(o).
Ha L7.1 u (2) caenyer cyluecmosaﬂue TaKoro sJeMeHTa

MrOXecTBa C*, uto B(b) = C(c;). Orciona u u3 (1) cue-
oyer

At =C(c).
Takum o6pasom, 0 onpenesnenuio D8.1 a<y.

L8.4. a<f—~@P<a).

N ox. TIlyctb — Bonpeku ToMy, uto TpeGyercs aoKa-
3aTh, — B<a. Orciona u us L8.3 cuenyer, uto a<a. [lan-
HOe 3akJlo4eHHe, ONHAKO, MPOTHBOPEYHT JeMMe L8.1.

11 3ak. 834 305



W3 nemm L8.2, 1L.8.3 u L8.4 cnenyet: :
T8.1. OTHowenue «mervuies ynopadouusaer MHONecT80

nopaoKosslx 4ucea.
T8.2. Ecau muoxecrso Et; (p<a)! ynopadoueno orxowe-

HUEeM <MeHbule», TO

a=6E(ﬁ<oT)7

Hoxk. Ilycrs a=A+. Jia nokasaTenncrsa TEeopeMsbl A0-
CTaTOYHO MOKa3aTb, 4TO

At 255(5<a)~

OrHollende, ycraHaBiHBaWee NONOGHe NAaHHBIX MHO-
XKeCTB, €CTb OTHOLIEHHe R, omnpepe/seMoe 3KBHBAJIEHTHO-
CTBIO

aRp =Pp = A(a).
JeranbHylo npoBepKy 3TOrO Mbl NPEJOCTaBJAsieM YHTATEJIO.

M3 T8.2 u cneacrsus 6.1 caexyer:
CnencrBue 8.1. Mnoxecrso %‘(B<a) ecTs ynops-

O0oueHHOe MHOXMCeCcTao., :

T8.3. IlIpoussorvroe nenycroe mroxecreo W nopsdxo-
BbLX 4UCeN, YnOpaOOUeHHOe OTHOWLEHUEeM SMEHbLULEY, UMeeT
nepesil IAeMenT 2,

J ok. ITyctb — BonpekH ToMy, urt0o Tpebyercs OOKa-
3aTb, — MHOXkecTBO W He HMeeT mepBOro JeMeHTa, H NyCTh
@ — MPOHU3BOJILHEIA 3JIeMeHT JAaHHOro MHOxectBa. -OTciona
JIETKO CJlefyeT, 4YTO MHOXKECTBO E}E‘(ﬁé ¥ A B<a) menycro.

JIonyCTHM, 4TO DaHHOe MHOMECTBO YIOPSAAOYEHO OTHOIIe-

HHeM «MeHblile». IT03TOMy OHO eCTb HenyCTOe MOAMHOXe-

¢tBO MHOXectBa E(B<a) u no D6.1 u caeacreuio 8.1 uMme-
8 .

eT nepBHH 3jeMeHT. JIerko BHIAETb, UYTO JAHHLIH 3JeMeHT
€CTb OJHOBPEeMeHHO H nepBhill 3jeMeHT MHoxkectBa W. Ta-
KHM 00pa3oM, AomylueHHe, YTO AAaHHOe MHOXECTBO He HMe-
€T NepPBOro 3JeMeHTa, NPHBOAHUT K NPOTHBOPEYHIO.

T8.4. IIpoussonvHoe mHONCECTBO nOPAOKOBbIX 4ucea,
YnopadouenHoe OTHOUWEHUEM <MeHbule», eCTb 8noAHe Yyno-
PAOOUEHHOE MHOIMeCT8o.,

! OueBnano, uTo 3/ech mepeMeHHble ¢ H B Npo6eradT MHOXKECTBO

HOPSIAKOBBIX YHCEI.

t ITannyo TeopeMy MOXHO COPMYJIHPOBATH TaKkKe CJAedYIOIIHM 06-
pasoM: B KaXAOM HEMYCTOM MHOMKECTBe NMOPSAKOBBIX UHCEJ CYIlecTBY-
€T HaHMeHbilee NOPSAKOBOE YHCIIO,
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Ilok. Teopema nenocpeicTseHHO cJaenyer u3 D6.1 u
T8.3.

Coraacumcss 0603HAa4aTbh MHOXKECTBO BCeX NOPSAAKOBBIX
qycels, YNopsifloyeHHOe OTHOLIEHHEM <«MeHbHIE», CHMBOJIOM
[T+, a Haua/JbHLIH OTPE30K NAHHOTO MHOXECTBaA, Ompeje-
JsieMBId 3J1eMeHTOM a, — cuMBoJaoM ITU(a). Takum o6pa-
30M, T8.2 Mbl MOKeM 3anucarhb:

aellU+ —IT4 (¢) = a.

D8.2. acllpU=aelld Aaz=0A [Joa-p+1.
perm
Bripaxenne «a € ITpU» uuraercs: a ecTs mpelenbHoe
uncio. Hanpumep, npenenbHbie yncia—sTo yucaa o, ©+ o,

®-®, HO HH OJHO HaTypaJbHOe YHCJIO, a TaK¥ke HH OJHO
YHCJIO BHJAA w+n, TAe n€EMN  He eCTb NpelesbHOE YHCJIO.

T8.5. a0 A aellpUA aeht — E 2‘a=§+n.

Bellp4 nesip

ok Tlycrb
(1) a0 A aellpd A aen,

4 TaKXe — BONpPEKH TOMY, UTO Tpe6y€TCH J0Ka3arb, —

@ [TITarp+n

Bellpd 1e5%

OGo3Hauum uepes ao HaHMeHblUee NOPSAKOBOE YHCJIO, YIOB-
Jersopsioiiee ycaosusaM (1) u (2). CyumiecrBoBaHHe TaKo-
TO 4HCJa rapaHtupyercst teopemoit T8.3 ¥ mpUHATHIMM JO-
nymeHusiMu. [103TOMYy cymiectTByer Takoe MOpPSAKOBOE UYHC-
70 o, UTO

®) o =B+ 1.
Ecan 6u Bo € ITpY, 1o uncno ao He yAOBJIETBOPSNO Gbl —

BONPEKH NONYUIEHHIO — ycaoBuio (2). ITostoMy umeer Mme-
CTO COOTHOLIEHHE

4 B, elTpU.
N3 (1) u (3) nerko cienyer, uro
(5) Bo7= 0 A Boem.
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Hs dopmyan (3) u D8.1 cienyer, uto Bo<ao. Orciona, u3
JNONYIIEHHSl, 4TO Op — HaHMeHblIee TMOPSAKOBOE YHCJIO,
yAOBJETBOpSIOlee OJHOBpeMeHHO ycaoBHaM (1) u (2), a
tTakxe H3 ¢Gopmya (4) u (5) cienyer CylecTBOBaHHE Ta-
KOTo HpefesIbHOro YHcjaa B; H TAKOTO HATypaJbHOrO UHCJ/A
fy, 4TO :

ﬁo?‘-ﬁ1+n%- o
W3 stoit dopmyanl, dopmyasl (3) u T3.1a caenyer:

oy =Py + (n + 1).

[Tonyuennas ¢opmy/sa NPOTHBOPEUHT AONMYLIEHHIO, YTO Qo
yaosJjersopsier yciaoBhio (2). KocseHHoe HoKa3aTenbCTBO
TeopeMbl, TAKHM 06pa3oM, 3aKOHUYEHO.

YnpaxHeHU s: ]
1. Tlokaxute, uTo cJjelyolliee ONpefe/eHHE OTHOLICHUS «MeHbIIe»
JUI MOPSAAKOBLIX YHCesl 3KBUBasteHTHo D8.1:

a<B=Dp=a+y.
Y%0

Ha ocHoBauuu 3roro ompegenenus aokaxure L83
2. Hokaxure ¢opMyJs:

a) e<Poyta<y+h;
b) a<B—>a-y<ﬁ-y.
3. TlokaxuTte JOXKHOCTH (GOPMYJL:
3 a<Pp-oaty<P+y
b) a<<fpoy-a<y-p.
4. Jlokaxute dopmyn: /
a) Be IMpY — a+Pe Ip4;

b) fe ThhY — a - Be IMp4..

§ 9. punyun undyxyun

B stoMm nmaparpade Mbl 0GOGLIMM NpPHHLHI HH-
HYKUHH, KOTOPHI ABJSETCS 3aKOHOM apH(pMEeTHKH Harty-
paJbHBIX uHcen !,

! Tlogpo6uylo uHGOPMALHIO 0 GOJBbIIHHCTBE YIOMMHAEMBIX 3J€Ch
TEOpeM apH(PMeTHKH HaTypadbHBIX UMCE] YMTATeNb HaHAET B KHHTe:
W. Sierpinski, Arytmetyka teoretyczna.
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[IpuHIHOD WHAYKUMH GOPMYJHpYeTCs HJIH B KayecTse
apudMeTHYECKO# Teopembl, HIH B KayeCcTBe NMpaBHJia JIOKa-
3artesjibcrBa TeopeM. B mepBoit opMyJHPOBKe 3TOT NPHH-
uun uMeer BHA :

(1) ez A+t o0z

keZ

IIpu dopmynHpoBke NpHHUHNA HHAYKLUHA B KayecCTBe
npasH/a UCnoJab3yercss cumeoa W (n), xoTophlfi 0603Hayaer
1pOoH3BQJIbHYI0 hopMmyJy (HaH, 6osee oOLIO, TPOH3BOJIBHYIO
TEOpeMy), 3amHCaHHYI0 ¢ TNOMOILBI0 NepeMeHHoH, npobe-
raioueld MHOXEeCTBO BCeX HaTypaJsbHBIX yucea %. [Ipasuio
HHOYKIHMH Mbl 3alHlIeM Tak e, KaK Mbl 3amHCHIBaJH JO-
rHYecKkHe nmpasuja B yactH I:

I. W(0)

IMw®->wE+ 1)
keN

ITww
ne

IMoab3ysick npasuiom I, MoXHo Aoka3ath Teopemy (1),
H oOpaTHO: Ha ocHoBaHHH (1) MOXHO moKasaTh, YTO npa-
BHJIO | NpOM3BOJHO OTHOCHTE/ILHO JIOTHYECKHX NpaBHJI.

B nokasartesnbCTBAX MaTeMaTHYECKHX TEOPEM 4acTo IpPH-
MeHsieTCsl MPaBHJIO, OTJHYHOe OT npaBuia I, HashiBaemoe,
O[IHAKO, TaKXe NpaBH/IOM HHAYKUHH. Cxema 3TOro npasH-
Ja HMeeT BHI:

IL I [I1 (k< m—>W (&)W (m)]
mesy ket
ITw@
nedft

ApudmMernyeckasi Teopema — aHaJjlor npasuia II B TOM
cMbicsie, B KakoM Teopema (1) ecrb aHajor mpasHJa I,--
HMeeT BHJ: -

©) I (l—[kez—ameZ)-—amCZ. |
meZ k<m

2 B paccyxpaeHusx 3Toro naparpada yAOGHO HyJb OTHOCHTb K Ha-
TypaJbHbIM YHCIAM.
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B apupmernke HarypanbHeix wmcen npasmiaa I u 11
skBHBaJleHTHH. Ho Tosbko mpasuio I1 mMoxHO pacmpoctpa-
HHTb Ha apuQMETHKY NOPSIAKOBHIX YHCEJ BCJAEACTBHE TOTO,
YTO He BCfIKOe MOPSIIKOBOE YHC/IO MOXHO NOJYYHTb H3 Hy-
Js1 npubaB/ieHHeM eIHHHLUbI, B TO BPeMsl Kak Ji06oe HarTy-
paJjibHOe YHCJIO, OYEBHIHO, MOXHO NOJYYHTb TaKHM CHOCO-
6oM. K nopsiikoBbiM 4WHCIaM, KOTOPbIe HE/b3si NMOJYYHTH M3
HyJisl NPHOABJIEHHEM e[IHHHLBI, OTHOCATCS, HAalpHMep, YHC-
aa o, o+1, o+, 0-o. ’ ‘

Cxema 06OGILEHHOro MpaBH/a HHAYKUHH MMeeT BHA!:

1. I Twe)-w)
o f<a
w9
[

Iasi Toro 4TOGHl yCTAHOBHTH, YTO hopMyJaa W (¢) Bep-
Ha JJst MI06Oro mOPsiAKOBOrO WYHC/IA ¢, JOCTATOYHO MOKa-
3aTb, YTO faHHAas QopMyna BepHa AJIs NPOHU3BOJBLHOTO YHC-
"J1a @, €CJH TOJIbKO OHa BepHa mJs Jioboro B<a.

T9.1. IIpasuro undykyuu, cxema KOTOPO2O ecTb cxe-
ma I, npouzsodno oTnocuresvro s0zudeckux npasua.

Hox. Iycrs W(p) — npousposbnas dopmylna, comep-
XKalasi nepeMeHHYI0 ¢, KoTopasi mnpoGeraer MHOXKECTBO
BCeX NOPSIAKOBbIX 4Hced. ITycTb

0 [[Ive-vae].
a p<a
H NyCTb — BONPEKH TOMY, 4TO Tp&(’)YETCH. Jlokasatb, — op-

Myna W(g) He BbINOJHSETCS VIS HEKOTOPOTO MOPSAKOBOTO
YHCJA @), @ MOTOMY HCTHHHO NpPEJIoXKEeHHe

@ ~W ().

O6osnaynM yepes @ MHOXECTBO BCeX MOPSIAKOBLIX 4HCEJ,
AJIs KOTOPBIX He BbInoJiHsiercs dopmyna W(p). Us (2) cae-
AyeT, YTO JAaHHOe MHOXECTBO HenycTo. 3HayHT, no 18.3

! B s70M naparpade Mbl cOXpaHsieM COTJIAllCHHe, MPHHATOE B npe-
AbIAYLEM Tlaparpade, 4To NepeMeHHBIE d, B, vV, .., @ NPOGEraloT MHEOXKECT-
BO BCEX NMOPAAKOBBIX HHCEJ,
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B HEM CyLIECTBYyeT HaHMeHbllee YHCAO qo. Takum o6pasoM,
HMEIOT MecTo GOpMYyJIHL:

®) ~ W (90); _
) [Tv®. .
B<®o

Y3 dopmyn (1) u (4) cnenyer W (qo). OnHako 3To 3akJio-
ueHHe npotHBopeyHT ¢opmyse (3). Takum ob6pasom, Koc-
BEHHOE JIOKa3aTe/IbCTBO TEOPEMbl 3aKOHYEHO.

JlokasaresbcTBO, KOTOPOE MBI MPOBENH, AHAJOTHYHO A0-
Kaszare/bCTBy npasHaa Il Ha OcHOBaHHM Tak Ha3bIBAEMOTrO
NPHHIHNA HAHMEHbIIEro YHCJa, KOTOPbIH HMeeT clefylo-
IyI0 CJIOBECHYID (DOPMYJIHPOBKY: '

NPOH3BOJILHOM HENYCTOM MHOXeCTBE HaTypaJibHhX
UHCEN CylleCTBYeT HauMeHbmHE sJjemedt. O6o6uieHHeM
STOTO MpPHHIMNA sIBJAsieTCss Teopema T8.3.

ITonoGHO ToMy Kak B flaHHOM maparpade GblH .06061e-
Hbl HEKOTOpble TeopeMbl apHOMETHKH, MOXKHO 060GLIHTDL
METOJ OmpejeJieHHsl, KOTOPHH Ha3bIBAETCSI METOAOM OIpe-
ACJIeHHs] N0 MHAYKUHH H 4acTO NMPHMeHsieTCss B apH(MeTH-
Ke M JIPYrHx pasfenax MareMaTHKH.

34ecb Mbl OrPaHHUMMCS HECTPOTHM ONHCaHHeM onpeje-
JIEHHS 3TOrO MeToja.

HekoTopoe cBOfCTBO, KOTOPEIM 06J/1adaeT Kaxabii npen-
MET JaHHOTO BIMOJIHE YNOPsJOYEHHOro MHOXEeCTBa, Ompeje-
JISICTCA TaK: CHaYala 3TO CBOHCTBO ONpejensercs AJs mep-
BOTO 3JIeMEHTa PacCMaTPHBAEMOTO MHOXKECTBA, a 3aTeéM B
NpeNnoNOKEeHHH, UYTO CBOHCTBO ONpeJeNeHO yXKe AJs BCeX
3/IEMEHTOB, NPEeAUeCTBYIOUIHX HEKOTOPOMY NPOH3BOJILHOMY
SJIEMEHTY 4 JaHHOTO MHOXeCTBAa, CBONCTBO Ompejessercs
JUISl 3JleMeHTa Q.

IIpumMepoM HHAYKTHBHOTO Ompeje/ieHHs! SIBASETCS OIpe-
NlejleHyie BO3BEJEHHS B CTeNeHb MOPSAKOBLIX UHCEJ:

D9.1 a. ' a =1,
b. abH —ob.q,

c. B cayuae, xoraa y € IIpY, a sHauut, B cayuae,
Korja y Hesb3st mpeAcTaBuTb B BHAe B+1, a¥ onpexe-
J€TC KaK HaHMeHbllee NOPS/IKOBOE HHCIO, KOTOPOE
Gosibiie JioGoro uncna abf, rae B — nmopsAKOBoe UMCIIO
MeHblle y. :
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Mn MoxeM Takke O000OLIMTH TNOHATHE OGeCKOHEYHOH
nQclef0BaTeNbHOCTH:

D92, TpanchouHHTHaAA nocJaeaoBaTedb-
HOCTb THHAa o ecThb QyHKUHs, JeBass 06JacTb KOTOPOH —
MHOXECTBO BCeX MOPSAJKOBBIX YHCEJ MeHblle g, Ile a>o.

B cayyae a=w MB nojyyaem OOBIUHYI0 OGECKOHeUHYIO
NOCJIe0BaTeNbHOCTb. .

HHpekcH 4/1eHOB TPaHCHHHUTHOH mOC/]e10BaTeAbHOCTH
THIIA o — 3TO NOPSAKOBbIe YHCJIA MeHblue yHcaa a. [Tocie-
JOBATeJbHOCTh THNA ¢ 0GO03HAYaeTcs:

O, Gy, Oy, ...,0, ..., T §< q,
HJIH e KDATKO:

{ogh<a.
Onyckass B onpeneiseHud D9.2 ycioBue a> », MBI IOJY-
yaeM HauboJee obliee NMOHSATHE NMOCJAeIOBATENbHOCTH, TaK-
e COfepXallee B KauecTBe YaCTHOTO cJyyasi NoHsitHe Gec-

KOHEYHON mocJenoBaTeJbHOCTH.
TpanCcpUHUTHBE NMOCJHEN0BATEJbHOCTH YacTo Ompeaes-

I0TCA HHAYKTHBHO.

YunpaxHeHUu:
1. Hokaxure GopMysy:

Il LI‘I BED — a€O] - U C @',

a p<a

2. Hcnonbaya ¢opmyny (1), mpHBefeHHyl0 B Hadajge 3TOro napa-
rpada, MOKaMHTE, YTO OTHOLIGHHE <«MeHbll!ie» BIOJIHE YINOPAZOYHBAET
MHORECTBO BCeX HaTypaJbHBIX YHCes,

3. Jokamxute dopMmyny:
=1,

la

§10. Teopema Llepmeno.' Anegot.
I'nnomesa xonmunyyma

Caenyomasi BaXHasi H HMelolllass NpHUMeHeHHe
BO MHOTHX pasjielax MaTeMaTHKH TeopeéMa HasblBaercs
Teopemoii Llepmedo.

! 3ra ¢opmyna — anasor npasuia III B ToM ke cMbicie, B KakoM
dbopmyna (2) — auanor npasuaa II.
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T10.1. das awbo2o mHoxecTsa A cyuecTéyer 6noiHe
ynopadouenHoe MHONCeCT80, 3anac KOTOPO20 eCTb MHoxce-
creo A. —

Huaue 3Ty TeopeMy MOXHO copMmymaupoBarh Tak: Hasg
2106020 mHoxecTéa A  cywecteyer Takoe OTHoulenue R,
4to ynopadouennas napa <A, R> ecro snoane ynopado-
4eHHOe MHONECT80.

Jlannyio TeopeMy uacte (POPMYJHPYIOT B KDaTKOH, HO
HeTOUHOH (opme: JI1060e MHONECTBO MOXCHO 8ROAHE Yno-
pPAGOHUTS.

TpyAHoe [0Ka3aTeJbCTBO 3TOH TEOpEeMbi Mbi ONYyCKa-
eM. 3aMeTHM JHIIb, YTO B ee J0Ka3aTeJbCTBE HEo0XO0-
AHMO BOCNOJb30BaThcs akcuomoit Llepmeno (cp. § 14 pas-
mena I), u oGpatHo: 3 TeopeMs! llepmeno caeayer akcHo-
ma Llepmeno. JloKa3aTeJbCTBO MOCJHEJHEr0 YyTBEPKACHUA
MBI TaKKe ONYyCKaeM.

D10.1. a=At=aqa = AH,

310 ompejeseHHe KODPEKTHO, MOTOMY UTO B CHIYy CJel-
cTBUA 2.2 MHOKECTBa, MOPAJKOBble THIBI KOTOPBIX PaBHYI,
HMEIOT OAHHAKOBYIO MOIIHOCTD.

Takum o6pasoM, CHMBOJ a 0603HayaeT MOUIHOCTb BIOJ-
He YINOpPSAOYEHHOTO MHOMEeCTBa, HMeEIOLIEero NOpsiAKoBOe
YyHCJI0 o. ByleM roBOpHTb, YTO O — KapAuHa/JAbHOE WHCJO
NOPSAAKOBOTO YHCJA .

Hs DI10.1 u cneacrsus 5.2 cienyer:

Canenpcrsue 10.1. -

0= (R, <) =N,
D10.2. aeZ(m)=a =m,

TakuMm o6pasoM, MHOKeCTBO Z(#) eCTb MHOXeCTBO
BCeX NMOPARKOBBIX YHCeN, KapAHHa/JbHOe YHCIO KOTOPBIX
paBHO m.

T10.2. meKY — Z (m) 0.

Jok. M3 T7.2c pasmena I cielyer CylieCTBOBaHHE
MHOK€eCTBa, YAOBJETBOPSAIOLLEro yCJIOBHIO;

A=m.

! Mbl coxpaHsieM COrJIalleHHe, 4TO MaJjbie rpeueckie GyKBI — fe-
Remepqme,,npoéeramgne muoxectso I1H.
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W3 T10.1 crepyer cyumiecTBoBanue BnosHe YO P JOYEHHOTO
MHOoKecTBa A+ ¢ 3amacom A. Us T2.2b ClIeflyeT CyIIeCTBO-

BaHHE€ NMOPSIAKOBOTO YHC/Ia @, Takoro, yro a=A+. Orciona,

a Takxe u3 D10.1 u ycnosus (1) mp monyuaem, uto o= m.
Tem cameim no D10.2 aeZ(m).Takum 00pa3oM, MHOXKEeCTBO
Z (m) nenycro. '

DI10.3a. a ectb HavadbHOe yucao MHOQ2KeCTBa
Z (m) Toraa, H TOJBKO TOrAa, Korga m>N, U a eCcTb Hau-
MeHbllIee NOPSANKOBOE YHCIO MHOXKeCTBa Z (m);

b. a ecrb HauaNbHOE YHCIO TOTHA, H TOJMBKO TOrZa, Kor-
Aa CyllecTByeT Takoe Mt , YTO ¢ eCThb HayaJbHOE YHCJIO MHO-
KectBa Z(m).

W3 T10.2 u T8.3 cnenyer:

Caencreue 102. Ecaum>N,, 10 cyujectsyer Ha-
4QAbHOe 4uca0 mHOxcecTea Z (m).

D10.4. a=w: TOrza, U TOMBKO TOrZa, KOrja ¢ ecTb Ha-
YaJbHO® YHC/IO, U MHOXKECTBO BCeX HayaJbHHIX yucea <q,
yNopsilOYeHHOe OTHOLIGHHEM «MeHbIue», UMeeT THI E.

JIerko BHIeTb, YTO ® — Haya/MbHOE YHCIO MHOKECTBA
Z(Ry). DTo — HauMeHbllee HayadbHOe YUCIHO. TaKHUM o6pa-
30M, 3 D10.4 u B cuny 3amevanus, yrto HYJb €CTb MOpSI-
KOBBI THI NyCTOTO MHOKECTBa,

(1) - m:mo.

3ameTHM ellle, YTO HayaJbHOE YHCIO 1 0603Hayaercs
OCBIYHO CHMBOJIOM Q (6oJbuias GykBa omera).

D10.5. m =Nt Torga, u TobKO TOra, KOrga HayaJbHOe
UHCIO MHOXKeCTBa Z (M) ecTb .

Kapnunanohbie uyucia, KoTopeie MOXHO 0GO3HAUHTH
OykBo# N ¢ UHIEKCAMH, HA3BIBAIOTCS 4 J1 e $ amu.

Paccmotpum, cornacyercs am cMbica cuMBosa No, cJe-
Aywowni u3 D10.5, ¢ ero npexunm cMbiciiom. 1o D105 Ha-
HYalbHO® YMCIO MHOxKecTBa Z(N;) ecTb uHCI0 wo=ew. Ta-
KHM o6pasoM, nmo D10.3a u DI10.2 v=R,. Otciona u u3s
crenctBus  10.1 caemyer, 4YTO CMBICA, KaKO#t CHMBOJ No
umeer no D10.5, corilacyercss ¢ ero mpeKHHM CMBICIOM.

T10.3. daa 2106020 kapOunarsnozo wucsa m>Ny cyuge-
CTBYET TaKoe nopadKkosoe 4ucao g, 41o

m="Ne.
Wnaue 31y TeopeMy MOXHO COHOPMYMHPOBaTh Tak:

JI1060e TpancunutHoe Kapdunasenoe wucio ecTe azreq. .
Hoxk. Tlycrb a — HavadpHOe YHCIO MHOXKECTBa Z(m).
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CyiuiecTBOBaHHe 3TOTO uMCJa TapaHTHPyeTcsl CJAEACTBHEM
10.2 u ycnosueM, uto > N, OGosHauum yepes § mopsi-
KOBO€ YHCJIO MHOXKECTBA BCEeX HayaJbHBIX UHcea << d.

[To D10.4 a=ow:. Orciona 1 u3 D10.5 m =N . Takum
o6pa3oM, TeopeMa BepHa.

U3 D10.2, D10.3a, D10.4 u D10.5 nerko cienyer:
Canencrteue 103,

N = ;Jg.
T 10.4. R = E (a < 0p).
a

Takum o6pasoM, KapAHHAJIbHOE YHCAO Ng MOXKHO OIpe-
JNeJUTh KaK MOILHOCTb MHOXKECTBA BCeX NOPAAKOBBIX YHCeN
-
<we. :

I ok. JonyctuM, uto MHOXecTBO E(a<wy) ynopsmo-

a

YeHO OTHOWIeHHeM «MeHbie». M3 T8.2 ciaexyer noatomy
tdopmyaa

m;:f(a<mg).

Orcona u us D10.1 Mb nmonyuaem

_5a =E(a<ay).

W3 stoit popmyant u caenctsus 10.3 caenyer teopema
T10.5. Ng < Nepi.
JLok. Ws D104 crenyert, uto o2 E (o < wgyy). O1crona
a

(1) Ela<on) CE(@ o).

N3 dopmyan (1) u crnenctus 9.1 paspena I criepyer

f(a <o) <E@< o).

Orciona u u3 T10.4 cieayer B cBolO ouepelb

Ng < Ngi
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Ecan 66 Ny =Neyy 10 mo D105 unco & passsnocs 6h
E+1, uTo, oueBHAHO, He MOXKeT MMeTh MecTa. Takum o6pa-
30M, BEpHO HepaBeHCTBO

Ne <R
T10.6. N, <.

JoKasaTensCTBO 9TOH TEOpEMH MBI omyckaem.

IIpoGieMo#i KOHTHHYyMa Ha3hIBAIOT BONPOC, pPaBHBL JH
uucna Ny M f HaM Ke mepBOe M3 HHX MeHble BTOPOTO, a
TUIIOTe30H KOHTHHyyMa Ha3biBAlOT MPEANOJOXKeHUe, uTo
HM€eT MeCTO nepBasi u3 3THX BO3MOXKHOCTel. OueBHIHO, 4TO
AaHHas THNOTE3a CJeAyeT W3 AONYLIEHUs CyIUeCTBOBAHHS
OTHOIEHHA R, BHOJIHE YNOPAAOUYMBAIOLIEFO MHOXKECTBO K
BCeX AeHCTBHTeJBHBIX ! UHCeJ M TaKOTro, uTo

®R =Q=o0,

3ametuM eime, uTo npoGieMa KOHTHHYyMa SKBHBAJNEHTHA
BOIPOCY, CyIleCTBYeT /i KapAHHAJbHOe YHCIO 1, yAOBJeT-
BOpsilolilee HepaBEHCTBY

N0<m<f1

4 TEM CaMBIM BONIPOCY, CYLUECTBYeT JH GECKOHeUHOe M He-
HECYETHO® MHOXKECTBO JeHCTBHUTE/LHbIX YHCEl, HepaBHOUHC-
JIeHHO® MHOXKecTBy &.

IIpo6aema koHTUHYyMa 6blia copmyanpoBana Cosna-
TeleM TeOpHH MHOXKecTB Kantopom. Hapsiny ¢ mHorumu
BBIAAIOLIMMUCS MaTeMaTHKaMH AaHHy0 npo6JjeMy HCCae-
Rosaj npo¢. B. Cepnunckuil, Ho 3Ta po6JaemMa A0 CHx HOP
He pemena. HssectHo quwb (K. Ténenn, 1940 roa), 4T0
THIOTE3a KOHTHHYyMa He MOXKeT ObITb HCTOUHMKOM INPOTH-
BODEYHH B TEOPUH MHOMKECTB.

! OueBHHO, uTO OTHOMeHHe R DOMKHO GHITh OTJHUHO OT OTHOIIIe-
HHSI «MeHbLIe»,



np u N 06 KEH U E

§ 1. Anmunomun meopun MHONCECME

[TocuinKH, Ha KoTOpbie onHpaJscs KaHrop, cTpos
TEOPUI0 MHOXKECTB, NPeJCTaBJSAIOTCA BIOJHE OUYEBHAHBLIMH.
Bckope, 04HaKo, MaTeMaTHKH, pa3BHBasi 3Ty TeOPHIO, Ha-
TOJNKHYJHCh Ha TNPOTHBOPEUHs, HUCTOYHHKH KOTOPBIX OHH
BHayajle He CyMeNH YyKa3aTb. PaccyxleHus, Ha MepBbi
B3IVIfLJ BIOJHE COOTBETCTBYIOIHe COAepXKaTeJbHbIM Mpel-
CTaBJIeHHAIM, HO TNPHBOASIILHE K NMPOTHBOPEYHIO, HOCAT Ha-
3paHue aHTHHOMHI. OTKpBITHe aHTHHOMHH BHI3BAJNO HHTEH-
CHBHBIE HCCJeJOBAHHS OCHOBaHHI MaTeMaTHKH. T HCCJe-
JOBaHHsl NMOKa3ajH, UTO HEKOTOpble MOHATHS MaTeMaTHKH,
Ha TepBHIl B3MVIAA COBCEM NPOCThe  ACHHIE, JOJAKHBI ObITh
NOZABEPrHYTH AETAJLHOMY H OCHOBATeJIBHOMY aHaJIH3y. 3Ha-
YHTeJbHblE TPYAHOCTH AOCTABHJH, ONHAKO, TaKHe OCHOBHbLIE
MOHSATHA, KaK TOHATHE MHOXKeCTBA M MOHsATHe NpHHAJ/IEK-
HOCTH 3JeMeHTa MHoxecTBy. O TOM, YTO HCNOJb3OBaHHE
3TUX TNOHATHH 6e3 HalJeXallero yTOYHeHHs MOXKeT npHBe-
CTH K TNpPOTHBOPEUYHIO, CBHETENLCTByeT Cielyioulee pac-
CyKJeHHe: '
[Tycts R ceMefCTBO TeX, H TOJNbKO TeX, MHOXKECTB X,
KOTOpbIe He fIBJSIOTCS CBOMMH 3JEMEHTaMH, a TMOTaMY
ynosJersopsiior  ycosuio. X € X. Takum 06pasoM, HMeeT
MECTO Clefylouasi SKBHBAJIEHTHOCTb:

XeR =XeX.

Tloxcrapisis B Hee Bmecto mepementoit X cumBoa R, Mbl
NOJyYHM

ReR = ReR
OnHako 3Ta (opMmyJa NPHBOAHT K NPOTHBOPEUHIO.

ITpoBefeHHOe pacCyx/eHHe HOCHT Ha3BaHHe aHTHHOMHH
Pacceana. -

Ilajlee MBI pHBEJEM AHTHHOMHIO MHOXKECTBA BCEX MHO-
KecTB, uaBecTHywo yxe Kanropy. Byaem cuuTath, 4T0 Kax-
J0oe MHOXKECTBO eCThb 3JeMeHT ceMellcTBa MHOXECTB Z.
OTkyAa '

2CZ,
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HOTOMY YTO KaXAoe MOAMHOMKECTBO MHOKecTBa Z siBJjsef-
Cdl, OUYEBHLHO, MHOXeCTBOM. M3 3Tolt GOpMyJnl Ha OCHOBa-
HuH caenctsus 9.1 u T10.1 pasnena I caenyior bopMyaL:

@)<Z, Z< (2.
OnHaKo M3 yTBEpXKAEHHMH, NO0KAa3aHHBIX B § 9 paspena I,
C/IELyeT, UTO S3TH (POPMyJbl HE MOIYT OBITb OAHOBPEMEHHO
HCTHHHBIMH, i

IToHsiTHeM, TPHBOASIIMM K NpPOTHBOPEUHIO, ABJSETCA
TaKXKe TNOHSTHE MHOXKECTBA BCeX MOPAAKOBHX YHCEN. B pas-
Aene I MBI O0O3HAYHIH 3TO MHOMKECTBO CHMBoJoM I14 u
nokasaaun (T8.4), uTo OTHOWIEHHe «MEHbLIEe» BIOJHE yno-
PANOUHBAET 3TO MHOXKecTBo. OGO3HAaUMM uyepes ¢ ero mo-
P1lKOBOE 4HCI0, a moToMy @€ ITH. B cuny T8.2 umcio ¢
PaBHO TOPSIAKOBOMY YHCJy HayaJbHOrO OTPE3Ka MHOMKeCT-
Ba [1Y, onpeneasemoro anementoM ¢. CienoBaTtenbHO, MHO-
xecto ITH nonobuo cBoeMy oTpesky. dTo caeactsue, of-
HaKo, mpoTtuBopeunt L7.3. [laHHasg aHTHHOMHS SIBJSETCH
XpOHOJIOTHYECKH NEePBOA aHTHHOMHeEN TeODHH MHOXKEeCTB.
Brieppoie ee chopMyaHpoBanm uTaAbSHCKMEI MaTeMaTHK
Bypanu-®optn B 1897 rony, Ho oHa yxe B 1895 rony Gelia
usBecTHa Kantopy. K nmpoTHBOpeunio mpusoiuT TakXe Tmo-
HATHE MHOXeCTBAa BCeX KapAWHAJbHBIX yucea. das Toro
YTOObI €ro MoKasaTh, TPEGYIOTCA TEOPeME o KapAHHAJbHEIX
YHCJaX, KOTOPble Mbl He NOKAa3HIBAJH.

CylecTsyeT HeCKONIBKO CNOCOGOB MOCTPOEHUS TeOpHHU
MHOXKECTB, He CoaepxkaiweH npotuBopeuns. [IBa’ M3 HHX
IBHO MOJB3YIOTCS GOJBIIMM NO CPABHEHHIO C OCTAMbHBIMH
pacnpocTpaHeHHeM B JIOTHKe H MaTeMaTuke. Ilepsmiit cro-
C00 HashHBaeTCA TEOPHeH JOrHueCKHX THMOB. CoajaTeneM
aTOH Teopuu asasercs BepTpan Paccen, ¢ aHTHHOMMeH Ko-
TOPOro Mbl MO3HAKOMUJIHCh B 3TOM naparpade. Cospate-
7eM JApyroro cmoco6a ssasercss D. Llepmedo.

Ynpaxuenue:

[Tokaxure, 4To HY B OHHOM CeJeHHH HeT XKHUTE/s, KOTOpmil Gpui
6bl Tex, U TOJBKO Tex, XKHTeJeH JaHHOTO CeJleHHsl, KoTopbie He GpeloTcs
camu. CpaBHHTe HpoOBejeHHOe paccyxkzaeHne ¢ aHTHHoMHel Paccesna.

§ 2. Cemanmuueckue xamezopun

Tenepb Mbl paccKakeM 0 TEOPHH JOTHYECKUX TH-
MOB M JafMM OYEPK TEOPHHU MOApPa3feNeHHS JOTHUECKUX
BEIPAXKEHHI Ha TaK HasblBaeMble CEMaHTHYECKHe KaTerOpHH
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(kaTeropuu 3HaueHus)'. DTH TeOPHH HAXOLATCA MEXKIY
co60l B TeCHOH CBf3H.

OCHOBHbIMH CeMaHTHYECKHMMH KAaTEeropusMH SBJSIOTCA
KaTerOPHH TPENNoXKeHuH U uMmeH. IIpensoXeHUsIMH B JIO-
rHKe Ha3bBaTCA (pasbl, KOTOPLIE UM HCTHHHDI, HIH JIOXK-
Hol. [Ipen/ioKeHHsIMH SBJSIOTCS, HampHMEp, BLIPAXEHHS
«Bapmapa pacnoJoxeHa Ha Buciae», «Hucno 373 nenurcd
Ha 3», IOTOMY YTO MEPBOE€ M3 3THX BHIPaXEHHH MCTHHHO, a
BTOpOE JIOXKHO. K ceMaHTHUeCKOH KaTeropuH npeasoxeHHi
OTHOCSITCS TaKKe MPONO3HIHOHAJIbHbIE GYHKUHH, a 3HAYHT,
TaKHe 3amHCaHHbIe C MOMOLIbI0 TEePEeMEHHLIX BhipaxeHHd,
KOTOpble MPeBPaIlaloTcsl B NMPelJIOKeHHUs, eC/H BMECTo ne-
peMeHHbIX MOJCTAaBHTL MOCTOSHHbIE TEePMHHEL

[IpumepaMH HMeH SIBJAIOTCA BLIPAMEHUS «UHCIO 7>,
«BapuaBa», «HaHOOMLUIHA OOLIMA NeMHTENDb YHCE 12 n
18». TIpuBeneHHbIE HMEHA OTHOCAT K COGCTBEHHLIM HME-
HaM, TO ecTh MMeHaM, 0003HayalolllUM TOYHO OJAHH Tpel-
mer. Hapsiny ¢ coGCTBEHHLIMH HMEHAaMH BbLANAIOT ob1ue
uMeHa, o6o3Havawline GoJee OTHOrO NMpeaMera, M MyCThie
uMeHa, He 0603Hayalolne HH OnHoro mpenmera. [pumepa-
MH OGILIHX HMEH SIBJSIOTCH BbIpaXKEHHS «UeJOBeK», «HaTy-
pajibHOE YHMCJO», MPHMEpaMH NMYCTLIX MMEH ABJSIOTCA Bbl-
pakeHHs «30J10Tasi ropa», «HauGoJbluee HaTypaabHOE
yuca0». B cucTeMax MaTeMaTHUYeCKON JIOTHKH OOBIYHO
GuUrypupyloT TOJMLKO COOCTBEHHble MMEHa; rOoBOpsi B laJb-
HelilleM 06 MMeHax, Mbl Takxe OyaeM HMeTb B BHIy JHIIDL
Takue uMeHa. K xaTeropuu UMeH OTHOCATCS H NEPeMEeHHBIE,
BMECTO KOTOPHIX MOXKHO ~MOACTABJATL 3TH TMOCTOSHHLIE
uMeHa. BooO6ille ecJH HEKOTOpbie MOCTOSIHHbIE TePMHHDLI OT-
HOCSITCS K JAHHON CeMAHTHYECKOH KaTeropu, TO K Hel
OTHOCATCH TaKXe M IepeMeHHble, BMECTO KOTOPBIX MOXKHO
HNOACTABJATL 3TH TEPMHUHLL

Kpome npensioxeHHd U HMeH, CPeIH BLIpaXKeHu# H JOo-
I'MYECKHX TePMHHOB BbIIEJSIOT TaK HasbiBaeMmble QYHKTODBL.
C npumepaMH (YHKTOPOB MLl yKe NOSHAKOMHJIHCD B Ha-
ctu 1. Tam roBopHJoch O GyHKTOpax HCUHC/IECHHS NMPELJIO-
JKeHHH (3HaKH OTPULAHHs, WMIVIMKALHH H T. m.), a TaKxe
0 QYHKTOPaX HCUHC/IEHHS MPeIHKaTOB (cumsoan 4, B, C, ...,
R, S, T,..). OTu QYHKTOPH OTHOCSATCHA K NMPONO3HIHOHAJb-

1 CosjaTeneM 5Tofl TeopHH fBJsieTcs MOJbckHA sorHk Crammcrias
JlecbHeBCKH. 3aMeuaHHs, KOTOpble Mbl 3/eCb CeslaeM, YaCTHYHO HOBTO-
psioT 3aMeuapHs pasgena I.
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HBIM byHKTOpaM, TOTOMY 4TO OHH 06pasyior BMmecTe CO
CBOHMH - apryMeHTaMH BBIpaKeHust KaTeropuu npemjoxe-
HUH. B MartemaTuke rakke 41acCTo BCTPEYAIOTCH - HMEHHbIe
byHKTOpEL ITpumepamu Takux dynkTopos sBaAsiorcst ama-
KH apudMeTHUecKHX onepamnud. Bripaxenue, NOCTPoerHOe,
Hanpumep, U3 3HakKa «+» ¥ umen ABYX 4YuCe], Hanphmep
uhcesa 3 u 5, To ecTs BEIDAXEHHe BHAA «3+5», ecTs B
CBOIO Ouepenb ums uucaa, GoJee npocroe 0003HaYyeHHe KO-
TOPOTO — CUMBOJ «8». ' '
Aprymentamu byHKTOpOB MOTryT ObITh BHIpaXKeHHs ca-
MLIX PasHOOGpasHbIX Tunos. Tak, Hanpumep, aprymeHramu
dyHKTOpPOB MCUUCTEHHS NPELJIOKEHHH SBJAIOTC BhIpake-
HHA KaTeropuu npepsioxenuf, aPryMeHTaMH (QYHKTOpPOB
Y3KOr0 HCUHCJIeHHs NPeNHKaTOB — BhIpaXKeHus KaTeropuu
umeH. Ilponosunuoranpupe $yHKTOPB  OT nponmosuuuo-
HA/MbHLIX apPryMeHTOB OTHOCATCH K OfHOH i TOH Ke ceMman-
THYECKOH KaTeropum TOraa, u TOMBKO TOrfa, KOrJa OHH
ABJAIOTCA QYHKTOPAaMH OT OAMHAKOBOTO YHC/la apryMeHTOB.
3HaKH MMNIHKauuy, KOHBIOHKINH, NU3BIOHKIHK H SKBUBA-
JI@HTHOCTH OTHOCSTCS, CJI€N0BaTeNIbHO, K OAHON M TOH e
CEMAHTHYECKOH KaTeropu, HO K 3TOf KaTeropuu He oOTHO-
CHTCl 3HAK OTPHIAHMA, TaK Kak CH — OHOAPTyMeHTHBI
bYHKTOP, a BBIwE Gputy I€pEYHCIeHbl NByXapryMeHTHbIe
yukropur. Cxonupim o6pasom nonpaszensorcs ma ceMaH-
THUECKHE KaTeropuu QyHKTOPHI OT MMeHHmX apryMeHToB. -
B Gonee cnomubix JIOTHYECKHX CHCTeMax durypupyior
$yHKTODEI, aprymentamu KOTOPBIX ABMSAIOTCA He mpeJoxKe-
HHA, HE WMeHa, a BhpaxeHus, OTHOCALLIHECS K KaTeropuu
¢yHkTOpOB. B KauecTme PHMEDa Mbl npuBelleM ABa ompe-
AeJleHHsi QYHKTOPOB OT $yHKTOPHBIX aprymenTos: '

DI.I. 0@ =[]~nrw.

X

D1.2. Pepat (R)=[] xRz

IIponosuunonanbure byukTOpE «O» 1 «Peda» orno-
CATCS K PAa3/MYHBIM CeMaHTHYECKUM KaTeropusiM, notomy
UTO apryMeHToM nepaoro dynkropa sBasercy OJHOApry-
MEeHTHHI# QyHKTOp, a 2PryMeHTOM BTODOro byHkTOpa —
ABYXapryMeHTHbI!  (yHKTOP, CJI€N0BATEJbHO, apryMeHTHI
ynkTopos «O» u «Pedur» oTHoCcsTCH K pasauYHbIM CeMaH-
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THUECKHM KaTeropusM. Boobile 0sa npono3uUyUONALbKbLX
(pyHKTOpA OTHOCATCA K 00HOU © TOU e CemaHTudeckou
karezopuu T020G, U TOAbKO rozda, kKo2da OHU ABAANOTCA
¢pynkTOpamy oT 0OUHAKOB0Z0 4UCAG apeymentos U K020
Ux COOTBETCTBYIOUUe apeyMerTol OTHOCATCA K odHot u Tol
sce cemanTudeckol karezoput. CXOXHHIM 00pasoM neJ0
06CTOMT U C MMEHHBMH ¢GyHKTOpamu. OueBHAHO, 4TO 1B3
¢byHnkTOpa, H3 KOTOPBIX OJIMH — TPONO3HIHOHAJIbHbIH, a
npyroﬁ—nmeﬂﬂoﬁ, He MOTYT OTHOCHTBCA K olHOH H TOH
Ke cemaHnTHueckoll Kareropuu. C/eloBaTeqbHO, AIF Kax-
JOit CeMaHTHYecKofi KaTeropuu ONpeleJeHb! 4YHCJIO apry-
MEHTOB H CeMaHTHUYECKHe KaTeropHu IOCTEIHHX. Oueguaso,
YTO OCMBICJECHHBI T€, H TOJbKO Te BbipaKeHHs, B KOTOPHIX
KaX bl QYHKTOD HMeeT CBOHCTBEHHOE €ro ceMaHTHYeCKOH
KaTerOPHH YHCJIO apryMeHTOB, NPHYEM STH apryMEHTEHI oT-
HOCSITCSL K COOTBETCTBYIOLIUM CEMaHTHYECKHM KaTEropHsiM.
Tak, HanmpuMep, BbIPaXEHHE, o6pasoBaHHOe H3 (QYHKTOpa
W JByX HMEH —ero apryMeHTOB, OCMLICJEHHO TOrfa, H
TOJBKO TOTAA, KOTAa 3TOT GYHKTOP OTHOCHTCA K CeMaHTH-
yecKOH KaTeropHu AByXapryMEeHTHBIX (GYHKTOPOB OT HMEH-
HBIX apTyMeHTOB.

OvyeBHIHO, YTO BHIpAXKEHHs, OTHOCSIHECH K PasIHIHBIM
ceMaAHTHYECKUM KaTeropHsM, He MOTYT 00JajaTh OAHHAKO-
BEIM CMLICIOM, XOTs, KaKk Mbl yOeluMCsi B STOM TOSXKE,
GyHKTOPHl Pa3JHYHBIX KaTeropuif MOT'yT HMeTb fIBHO aHa-
JorMyHble CBOfCTBA. CJeI0oBaTeNbHO, B KOPPEKTHOH CHCTe-
Me o6o3HaueHHH TepMHHBI PasAH4YHLIX ceMaHTHYECKHX Ka-
TeropHii A0/IKHH OBITb Pa3JHUHBLIMH. B paabHefmux 3ame-
yaHUsIX AaHHOTrO naparpada Mpl GyfeM CYHTaTh 3TO yCJO-
BHE BhINOJHEHHBIM.

OGparum BHHMaHHE Ha BhHIpaXeHHE

(1) 54 3.

3amenss B HeM CHMBOJ «+» — MMEHHOH QyHKTOp OT
MMEHHBIX apTyMEHTOB — CHMBOJIOM «—>, KOTOpHIH €CTh
TaKKe UMEHHOH (YHKTOpP OT ABYX HMEHHLIX apTyMeHTOB,
Mbl TIOJyYaeM BbipaxKeHHe -~

a 3HAYUT, BbIpa*KeHHe, HMEIoNiee onpeneseHHBH CMBICT.
EcJay e CHMBOJ «+» 3aMeHHTb QyHKTOPOM Ipyrofi ceMan-
THYeCKOH KaTeropuu, HallpUMep NpPONO3KHIHOHANbHBIM $YyHK-
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TOPOM «\/», TO TOJYYHTCS BbIpaXkeHHe, JHLIEHHOE CMBICIa.
CxozmHHM 06pa3oM, 3aMeHsisi B BolpaxkeHHn (1) cuMBoJ «5»
NPOU3BOJILHEIM BHIDAaXKEHHEM ToOH e CaMOi ceMaHTHye-
CKOHl KaTeropuu, HanpuMep BbipaxkenueM (1) mau (2), MBl
NOJYYHM OCMBICJIEHHOE BbIpaXKeHHe, a 3aMeHAsl 3TOT CHM-
BOJ BblpaKeHHEM ApPyrofi ceMaHTHYECKOH KaTEropHH, Ha-
npUMeEp BLIPAXKEHHEM <«p—-g» WJIH BHIpaXKEHHeM <«+», MbI
NOJYYUM HeocMbICJeHHOe BhipaxeHne, O606mas 5T 3aMe-
YaHMsA, MbBl OJyYaeM CAeIYIOUIYI0 TEOPEMY: '

Teopema 1. Ecau 8 no2useckom svipasceruu, umero-
wem onpedeseHHbLl CMbICA, 3AMEHUTb NPOU3BOAbHbLE Tep-
MUK TEPMUHOM, OTHOCAWUMCS K TOU e CaOMOLl CemaHTute-
CKOLl KaTe2opul, TO NOAY4EHHOe ebipaXcerue Taxsce Oyder
OCMbICACHHbIM BbLDANCEHUCM; eCAU Je ITU TePMUHbL OTHO-
CATCA K PA3AUYHLIM CEMAHTUYECKUM KATE20PUAM, TO NOAY-
4eHHoe sbipadcerue Oyder auuwleHo cmoicaal,

HMeer Mecto U obpaTHas TeopeMma:

Teopewma II. Ecau 0sa Tepmuna ob6radarwor Tem
CB0ICTBOM, 4TO 3AMEHAS 8 NPOU3BONLHOM OCMbICAEHHOM
sbipaNCerul OOUR U3 3TUX TEPMUHO8 Opyaum, Mol NOAYLUM
OCMbICAEHHOE BLLPAYCEHUe, TO 3TU TEePMUHbL OTHOCATCA K
o0wOLl u TOL %e cemaHTu4eckol Karezopuu.

TMpuBeneHHbIE TEOPEMBl HENOCPEACTBEHHO CJENYIOT M3
cMblcJa, NPHAAHHOTO TMOHSTHAM, O KOTOPBIX B HHX HIET
peub.

Tenepb Mbl BBEZlEeM CHMBOJH, 0603HaualollHe HEKOTO-
pble CeMaHTHYEeCKHE KaTeropuH, 0co60 BaxKHble MJs Najb-
Hefimero usJjoxenusa. Ilycrb K° o6o3Hauaer KaTeropHIO
uMen, K! — xaTeropuio npono3uHOHANbHBIX (GYHKTOPOB OT
OJHOTO MMEHHOro aprymeHta, K2 — kaTeropuio npomnosu-
IMOHAJbHHX (GYHKTOPOB OT ONHOTO apryMeHTa, OTHOCALle-
roca kK Kareropud K!, u 1. 1. CrenoBaTenbHO, CHMBOJI
Kit! (i=0, 1, 2, ...) o6o3HayaerT KaTeTOPHIO IPONO3HIHO-
HaJbHLIX (DYHKTOPOB OT OJHOTO apryMeHTa, OTHOCSLIErocs
k Ki. Ilycro x G6ynmer nepemenHo#l kareropuu K° Xi— me-
peMeHHof Kareropun Ki. OueBupHo, uto BHpaxkenue Xi(x)
OCMBICJIEHHO TOTJla, H TOJNBKO TOTAa, Koraa {=1, a BbIpa-
Kenne X?(XJ) ocMbICNIeHHO TOTAa, H TOJBKO TOTrAa, KOTAa
i=j+1 (j >1).

! TeopeMa TpeSyeT HEKOTOPOro NONONHEHHS: OYEBHIHO, UTO KaK B
BeIpaxeHHH II, Tak H B BbipaXKeHHH 2 NePeMeHHYIO O He/b3fl 3aMEHAThb

a a
[ICCTOGHHOM TOH e ceMaHTHUECKOf KaTeropHHy.



$ 3. Teopus sozuueckux munod

B koHile npenpiayumero naparpadga Mbl BBEJIH
HEKOTOpLI crnoco6 0603HayeHHs BbHIPAaXKEHUH HCUHCIEHHs
NpeNHKaToB, OT/IHUaLMiics oT cnoco6a, BBEEHHOTO B Ya-
cru I: BMecro A (x), A(y), B(x), ... Mbl COTVIACHIUCh IUCATb:
X (x), X'(y), Y'(x), .. OcymecTBuM AajJbHEHLIMEe H3MEHE-
HHS CHMBOJIMKH, 3aMHCHIBasi BblpaXKeHHs

(1) X, X*(XY), X*(X9),...
caenyoimuM o6pasoM:
(2) xe, X1, Xle,X?, X%4X3, ...

OTH BbIpaXKEHHs YHUTAIOTCH: NpEAMeT X fABAAETCs 3Je-
MeHTOM MHoXectBa X!, MHOxecTBo X! sBJA€TCS 3J€MEH-
TOM ceMmelicTBa MHOXecTB X2, ceMeficTBO MHOXecTB X2
ABJsieTcs 5JeMeHTOM MHoXecTBa cemeiictB X° u 1. n. Cae-
noBaTeJlbHO, 6YKBa x 0603HAuaeT INPOM3BOJILHBIH MHIHBHI,
CHMBOJ X! — NmpOM3BOJIbHOE MHOXKECTBO HHAMBHIOB, X? —
N POM3BOJNbHOE CEMEHCTBO TaKMX MHOXKECTB W T. 1.

3anuimeM ¢ NOMOLIBIO BBEAEHHOH 37eCh CHMBOJHKH JBE
TEOPEMbl HCUHCJIEHHS NPEeIHKaTOB:

@ [1 (e, X" - xe, V) A\ [Teexy = [T (reuy.

(4) [Teexn - [T e XtV xegy.

OTH BbIpaXKeHHUs, 3anuCaHHble C MOMOIIBIO CHMBOJIHKH,
KOTOPO#l MBI MOJb30OBaJUCh B 4YacTH I, HMeIOT BHI:

@ [la@-8A[]JA®-]]B®.

(4)) [Taw-TT14x AB®I

-
PaBHbM 06pasoM, ompefefeHHsi H TEeOpeMbl ajre6phbl
MHOXECTB TaKXe MOXHO 3aluChiBaTb C NMOMOWIBIO CHMBO-

1 Bo3MOXKHO, UHTATes1s1 YAMBHT H3GLITOK BBEJCHHBIX HHIEKCOB. Mel
CKOpO y6eIuMCsl, YTO OHHM HTPAIOT CYLIECTBEHHYIO PONb B TEOPHH JOrH-
4eCKHX THIOB, .
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JiMKH, BBelleHHOH B YACTH I, WiH ¢ NOMOMNIBIO CHMBOJHKY,
BBefeHHON B sTOM maparpade. Mel nmpuBeAeM NpHUMEPH
TAaKUX TEOPEM U omNpefeNeHufi, noMeuas psAnOM ¢ HHMH
COOTBETCTBYIOLHE TEOPEMBH M ONpPENENEHHS] HCUHCJIEHHS
NpeIHKaTOB, 3alUCAHHbEIE ¢ MOMOIIELI TO# M Apyrofi CHMBO-

JIKH:
X= Han Xt =111 nxsl

x

A== []Am

Xcv =[] weX »xe¥); X1,V =[] (xe, X1 xe,Y1);

i 1 X

Ac,B=[]1Ax) - BW;
x
xeX 4+ Y =xeX \/ xe¥; se, X1 4 Y1=xe, X'/ g}
[A+1Bl(x) = A(x) V B(x).
Ucnosb3ys 5TH SKBHMBANEHTHOCTH, Mbl MOXKEM BEHIpaxe-
auam (3), (4) npupare BHI:
(3" XICYVAX =115V =1}
@) X1= 11 X4 V1= 11,

ITH BHIpaXKEHHs — aHAJOTH CJAEIYIOMIHX TeopeM anare6-
pPbl MHOXKECTB:

XCYAY=1-Y=1,
X=1oX4V=1.

Bosnukaer Mbic/ib, YyTo aare6py MHOXKECTB MOXKHO pac-
¢MaTpuBaTb B KayectBe (hparMeHra HCYUCJEHUs NpeIHKa-
TOB, COJAEPIKAUIECro JHIIb T€ TEOPEMbl, B KOTOpHIE HE BXO-
gt dyskrope 6oJee yeM OT OAHOTO MMEHHOTO apryMeHTa.
Yno6Ho (Ho He 0653aTeJBHO) CYHTAThb, YTO B CHCTEME JO-
rUKH, dparMeHTOM KOTOpOH HOJXKHA OBITH anarebpa MHO-
JKECTB, TEPMUH TOXKAECTBA OTHOCHTCS K HCXOJAHBIM TEpMHU-
HaMm,
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UcxonHbpiMi TépMuHAMU CHCTEMB! anreGphi MHOKECTB,
npuBelieHHOl B pasfene I, OblIM OTHOLIEHHe NpPHHANJIEX-
HOCTH 3JIEMEHTa MHOXKECTBY M TOJHOe MHOXECTBO MHAHBH-
J0B. AHaJloroM BoHpaxKeHHs X € X anre6pel MHOXKECTB fB-
AsieTcsl BoipaXkeHue x €, X! HcuncieHns npeaukaros. Oanako
3TO BhIpaXkKeHHWe SKBUBAJEHTHO BhpaxeHuio X!'(x) win Xe
poipaxeHuio A (x). [ToaToMy MBI MOXeM TeOpeMbl paccMalt-
pUBaeMOH CHCTeMbl 3aTIMCHIBATD, HE MOMb3YsICh CHMBOJIOM €.
JlaHHBI CUMBOJI Mbl BBEJM B HUCYHC/IEHHE NPETHUKATOB IJs
TOro, 4To6bl 110Ka3aTh OUEBHAHOCTb CBSI3H MEXKIy 3TOH CH-
creMoit u aare6pofi MHoxecTB. [TOHsTHE HOJHOFO MHOXe-
CTBa MOXKHO ONpPEIENHTb B JIOTHKE CJeLyIOLUHM 00pasoM:

xe 1l = x = (x,.
W3 3Toro ompeesieHus: HEMOCPENCTBEHHO CIEZYET TeOPeMa
xe, 13,

KOTOpasi ABASieTCS aHAJOrOM akCHOMbl Al, NaHHOK B pas-
nene 1.

Opyroft akcuoMofi, KOTopo#i MH ROJb30OBaJIHUCh, CTPOSt
aare6py MHOXKECTB, SIBASETCS aKCHOMAa 3SKCTEHCHOHaJIbHO-
CTH:

[]ex = xe¥) > X =V.

AnasioroM 3TOH akCHOMHI fIBJAsETCsS CJAeAymliias TeopeMa
HCYHCJIeHHS NPESUKATOB:

(%) l—[ (xe, X = xe, V1) - X1=Y1,

X

KOTOPYIO MOXKHO 3alHiCaTb TakxKe " B CJenayrouieM BHIAE:.

[f1ax) =Bx1—4=8B.

X

Buipaxenne (5) OoTHOcsAT K~aKcMOMaM JIOrHKH. Bes sroit
aKCHOMBI B JIOTHKE Mbl' MOIVIH 6bl OCTPOHTD JIMIIb HE3HAUM-
TeNbHbIH (parMenT TeopHM MHOXKecTB. CyLIECTBEHHO Tak-
JKe H TO, YTO B paccMarpuBaeMod JIOTHUECKOH cHCTeMe
¢urypupyior onpenenenusa. Eciu 66l Mbl CTPOMJIH TEODPHIO
MHOXECTB Kak (parMeHT JOFHKH, B KOTOPOH He GHUIYpH-
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pyioT ompefiestenns !, To nHam norpe6opanocs 6bl MpuHATh
eite oAHy akcHoMmy. K JornueckuM akcHomaM OGBLIYHO OT-
HOCAT TaKXKe aKCHOMY GeCKOHEYHOCTH, TapaHTHPYIOILYIO
CYI{eCTBOBAHHE GECKOHEUHOTO MHOXKECTBA HMHIAUBHIOB.
C noMol1ibi0 CHMBOJIOB 3Ty aKCHOMY MOXHO 3amucaTth B
CJELYIONIEM BUJE:

Xt~ 11,
Xig, 1

OTa akcHOMa 3amHcaHa C MOMOIIbI0 TEPMHHA pPaBHOUUC-
JeHHocTd MHOXKecTB. Ho B caenylonieM naparpade mbl yGe-
AHUMCSl, YTO 3TOT TEPMHH MOXKeT ObITb OnpejeNeH CpejiCTBa-
MH JIOTHKHM. 3aMeTHM e€liie, YTO [0KAa3arTejbCTBA TEOPEM
anre6pbl MHOXKECTB M MX AHAJOTOB B HCUMCJEHHH TpefHKa-
TOB NOJMHOCTbIO CXOAHHL. B 3TOM untatenp mMoxer y6eautb-
¢ Ha npuMepe TeopeM, NpUBeleHHbIX B § 1 pasgena I.

Heckonbko noapoGHee Mbl 0XapakTepusyeM CBS3b MeX-
Ay anre6poil MHOXKECTB M HCUHCJIECHHEM NPEAHKATOB M IO-
KaxeM, 4TO 3Ty aare6py MOXHO NOHHMAaTb Kak ()parMeHT
JIOTHKH. B caeayroiieM naparpage Mb nokaxeM Takxe, 4TO
M JpyrHe pasiessl TEOPHM MHOXKECTB, Hampumep apugme-
THKY KapAMHAJbHLIX W NOPSAKOBBIX UHCEJ, MOXKHO IOHHU-
Marb Kak ()parTMEHTHl JOTHKH.

CumBoJsiom 1! Mbl 00603HAUH/MM MHOMKECTBO BCEX MWH.IH-
BHAOB, TO €CTbh NPEAMETOB, KOTOPHIE He SABJIAIOTCH MHOXKe- -
CTBAMH. DTO MHOXECTBO MH OYJE€M HAa3bIBaTh NOJHBLIM
MHOXKECTBOM MEPBOTO THNA, a €ro 3JeMEeHThl — npeaMera-
MH HYJeBOro Tuna. ITocTossHHbIE CeMaHTHUECKOH KaTerophu
K® — 3T0 uMeHa omnpefeNeHHbIX NMPEAMETOB HYJEBOTO THIIA,
C NOMOIBIO MEPEMEHHbX [JaHHOH KaTEerOpUH Mbl TOBOPHM
O CBOHCTBAX NPOM3BOJNBHBIX NPEIMETOB PACCMAaTPHBAEMOTO
THna. Bolpaxenue, HauWHaIOIleeCs KBAHTOPOM OOIIHOCTH
HJIH CYILIECTBOBAHHS, CBSI3BIBAIOIIET0 NEPEMEHHYIO KaTero-
puu K° osHauaer, 4To BCe WJH HEKOTODbie NpeAMETH HYy-
JIEBOTO THNA 006/Jafal0T CBOHCTBOM, YIOMSHYTHIM B Bbipa-
JKEHUH, KOTOpoe caelyer 3a kBaHTopoMm. OGo3HauuMm npaJjiee
yepes 12 MHOXKECTBO BCeX NOAMHOXKECTB MHOXecTBa 1l
OTH MHOXECTBA Mbl Ha30BEM npeAMEeTaMM (MJH MHOMKeCT-
BaMu) mnepBoro tuna. IlocrosHHble KkaTeropun K! — 310

! JlorrgeckHe CHCTeMH, B KOTOPHIX (HFYPHPYIOT ONpefleJIeHH, B H3-
BECTHOM OTHOWeHUM GoJiee YLOGHHI, 4eM CHCTEMBI, CoZepiKalllie Onpe-
JeJIeHH T, H [I03TOMY 4acToO NPHMEHSIOTCS.,
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pUMeHa onpeleeHHbIX 3J1eMeHTOB (NaHHble 3JEeMEHTH, Ove-
BUIHO, — MHOXKecTBa) MHOXecrBa 12.

C noMoubio nepeMeHHbIX 3TOH KaTeropuH Mbl FOBOPHM
0 cBOHCTBAaX NPOM3BOJNBHHIX IPEAMETOB MAHHOrO MHOXeE-
crBa. DJeMEHTaMH MHOXECTB NepBOro THna Moryt OblTb
JMIIb TpeAMeTbl HyJeBoro TtHna. BooGme CHMBOT 1+l
(i=0,1,2,..) o6o3Hayaer MHOMKECTBO BCEX NOJMHOXKECTB
mHOXectBa 1i. MHoxkecrBo 1¥+! HaspiBaercs MOJHBIM MHO-
®ecTBOM (i+1)-ro THma, a 3JeMeHT 3TOr0 MHOXECTBA —
npeaMeroM i-ro tuna. IlocrosiHHEIE KaTeropuu Ki— 310
MMeHa onpelleJeHHHLIX 3JeMeHTOB MHOXKectBa 1#+! (npenme-
TOB i-F'0 THNA), C NOMOWUIbIO IEPEMEHHBIX NaHHOH KaTeropuu
MBI TOBOPHM O CBOMCTBaX NPOM3BOJbHBIX 3J€MEHTOB pac-
CMaTpHBaeMOr0 MHOXKECTBA. DJleMeHTaMH MHOXecTB i+ 1-ro
THa MOTyT ObITh JHUIL NPEAMETHl i-0 THNA.

PaccMOTPHM HECKOJbKO MOApPoGHee ompeseseHust GyHK-
TOpOB, OTHOCSUIUXCA K ceMaHTHueckofl kareropuu Kit!
(i=0, 1, 2,..). CxeMma onpenenenus Ttakoro ¢QyHKropa
UMeeT BHI:

X (X9 = (X9,

rie cuMBoa Xit!l o6o3Hayaer NOCTOSHHBIA GYHKTOp KaTero-
pun Ki+!, gkoropbifi BBOAUTCS NAHHBIM ONpeleNeHHEM, CUM-
Bon X! — nepemeHHass kareropun Ki, HakoHen, CHMBOJ
@ (X?) o6o3Hauaer MPOH3BOJIbHOE BbIpaXKeHHe, colepxallee
B KayectBe CBOGOLHON NepeMeHHOH TOJbKO mepeMeHHyro X'

Bynem cuurarb, uto cHMBOJI X 1 __ yMsi onpemesneHHOro
MHOXKecTBa i-1-ro THIA, 37€eMEeHTAMH KOTOPOro SBJAIOTCA
AMIIb IPeAMETHl {-[0 THNA, YAOBJETBOPSIOUINE NPONO3HUIHO-
HanbHofi dyHkuuu @ (X?). Bynem cuurarp Takxke, 4To JaH-
HOe MHOXECTBO CYIIECTBYeT TOTNa, M TOJbKO TOrAa, KOraa
@ (X?) — ocMBICJI€HHOe BhIpa)KeHUE.

IMonpasneneHue NpeAMeTOB Ha MHIMBHIBI, MHOXeCTBA
MHIMBHIOB, ceMelicTBa MHOXKECTB MHIMBHAOB M T. N. HOCHT
Ha3BaHHe TEOPHM JOTMYECKHX THNOB, JTO NOJPa3le/eHne
o6Jajaer CAeLYIOIIAMH CBOMCTBAMH:

1) sneMeHTaMH MHOXeCTBAa NPOM3BOJNLHOTO THNA MOTYT
6biTh JHLIb MPeAMETbl, THI KOTOPBHIX Ha €IMHHIY MEHbIIe
THIA JaHHOTO MHOXeCTBa;

2) mo/nHOe MHOXECTBO MPOM3BOJNIBHOrO THUNA, 33 MCKIIO-
yeHHeM MHOMKECTBA NEPBOrO THNA, €CTb CEeMeHCTBO BCex
NOAMHOKECTB IOJHOTO MHOXKECTBA, THI KOTOPHIX HA €lH-
HHUIy MEHblIe THMA JIOJTHOTO MHOXECTBA,
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Yacto MHOXKECTBA OTOXKAECTBJASAIOTCH CO CBOHCTBAMH B
TOM CMBICJIE, B KAKOM O6GOpOT peuH, Tae TOBOPHTCA, UTO
npeaMeT NPHHAIJIEXKHT HEKOTOPOMY MHOXECTBY, CUMTAETCSH
PaBHO3HAYHLIM BHICKA3LIBAHHUIO, UTO mpeaMer obJafaer Co-
OTBETCTBYIOIIMM cBoficTBOM. Hamnpumep, o6opor peun
«X €CTb 3JIEeMEHT MHOXecCTBa OeJlblX NpeIMeTOB» paBHO3HA-
dyeH o60poty <«x obJjajgaer cBOHCTBOM OGeJu3HbI». B 3TOoM
C/lyuae HHAMBHIbI DaCCMaTPUBAIOTCS KaK IPeAMETHI, 'KOTO-
pbie 06J1aqaloT CBOHCTBAMH, HO CaMM He SIBJSIOTCS CBOHCT-
BaMH, MHOXeCTBa NPEIMETOB — KaK CBOHCTBA 3THX mpen-
MeTOB, ceMmeficTBa MHOXKeCTBA — KakK CBOHCTBA TakKHX
cpofictB ¥ 1. n. O TOM, YTO CBOHCTBa MOTYT B CBOIO Oye-
peAb o6JanaTb CBOHCTBAMM, CBUIETENIbCTBYET, HanpuMep,
BHICKA3bIBaHHE, YTO HEKOTOpPOe CBONCTBO MaJj0® BEPOATHO.
Takum o6pasoM, Malas BepOATHOCTb B HAHHOM cJjydae
ecTb cBOficTBO cBoficTB. OueBHIHO, YTO NPH TAKOM NOHMMa-
HHH MHOXKECTBA, OTHOCSIIMECH K pPas3JUYHBIM JOTHUYECKHM
TUNAM, ABJASIOTCS CYWIECTBEHHO pa3JMYHHIMH NpeIMeTaMHu
TaK ¥Xe, KaK HH OJMH MHIWBHJA He eCTb MHOXKeCTBO. Takum
06pa3oM, MHTEpPNpeTanusi MHOXKECTB Kak CBOWACTB corJa-
cyerca ¢ teopHell Joruueckux TtunoB. OIHAKO 3Ta HHTEp-
nperanyus CTaJKHBAeTCss C HEKOTOPHIMH TPYIHOCTAMH, O KO-
TOPHIX MB!I 37ech He OYIeM TOBOPHTb.

PaccmoTpuM Tenepb, Kak B TEOPHH JIOTHUECKHX THIOB
ynaercs 136eKaTh BOSHUKHOBEHHs] H3BECTHHIX AHTHHOMHUM
Teopuii MHOXecTB. HMcTounukom anTHHOMHHM Paccéna Gwu1o
onpeneneHue’

XeR EXEX.

OnHako 310 omnpefeleHHe 3anHCaHO HEKOPPEKTHO, MO-
TOMY YTO €ro npaBas 4actb He OTHOCHUTCHA K OCMBICJIEHHBIM
BHIpaXkeHHAM TEOPHUH JIOTHUECKHX THIOB, €CJAM TNepeMeH-
Hylo X 1o o6e CTOPOHH OT 3HAKa « € » OTMETHTb OAHHMM H
TEM e HHIEKCOM «i». B To Xe BpeMsi B TeopHH Joruue-
CKHX THIIOB BHpaxkeHHe

Xi€1_|_1 R"‘l'l =_=X’e;+;X’+‘
ocmbicyaenHo. Ho 310 onpeneneHue HEKOPPEKTHO, NOTOMY
4To nepeMeHHas Xit+!, He comepkamascs B JEBOH wYacTH

NaHHOTO omnpejeseHHsi, BXOAUT B €r0 NpaBylo 4acTb B Ka-
yecTBe cBo6OAHON nmepeMeHHOM 1.

! KoppekTHoe onpefeftenHe NOJIKHO YAOBJETBOPSTh YCJOBHIO OAHU-
poasoctH (cp. u. I, pasn. I1, § 5).
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B Teopun JOTHYECKHX THNOB MOXKHO OTpEAeTuTh JHlith
MHOJKECTBa BCEX MHOXKECTB OnpeaesleHHOr0 THOA, HO He
MHOXKECTBO BC€X MHOXECTB, UTO He NPHUBOAUT K MPOTHBO-
peunto. TakuM 06pa3oM, B TEOPHH THNOB He/b3sl CKOHET-
PYHpOBaTb AHTMHOMMH MHOXECTBA BCEX MHOXECTB, HeJb3s
¥ CKOHCTDYHpOBaTb B 3TOH TeOpHM aHTHHOMHIO Bypauau-
dopTd H Opyrue aHTHHOMHM TEOPHHM MHOMKECTB. .

CKka)keM elle HEeCKOJbKO CJIOB O TEOPHH MOJApa3eJeHHs
OTHOILIEHHH Ha JIOTMYeCKHe TUmbL. ByneM cuHraTh, 4TO mpo-
NO3ULHOHANbHLIE (YHKTOPH GoJiee 4eM OT ORHOTO apry-
MeHTa — MMEeHa HEKOTODHIX MHOXEeCTB, NpHYEM [ByXapry-
MEHTHbIE (PYHKTOPH — HMEHA MHOXKeCTE YNOpSAAOUEHHBIX
nap, TpexapryMeHTHbe (PYHKTOPbl — MMeHa MHOXECTB yno-
PANOYEHHHIX TPOEK M T. A. MHoXKecTBa YHOpPsJOYEHHBIX
n-K Ha3blBAIOTCS OTHOLIEHHSIMH. DJeMeHTaMH YNOpsIOYeH-
HHIX 7-K, O6pasyiollnX OTHOLIEHHe, MOTYT GHITb NpeIMeTH
NPOM3BOJNBHBIX JIOTHYECKHX THNOB. Teopus noxpasaeleHus
OTHOIUEHMHI Ha JIOTHUeCKHe THOH 6oJiee CJI0XKHA, YEM Teo-
pHS TOApa3fieNeHHs] MHOMKECTB, KOTOPbie He SIBIAITCA OT-
HOLIEHHSIMH, HO CYIIECTBEHHO He OTJHYaeTCsi OT MOC/e[Hei.

§4. Onpedesnenne HeKOMOPHIX NOHAMULR
meopun MHOJXCECm8 8 A02UKe

Kak Mbl yXe TOBOpHJIH, BC€ MNOHATHA TEOPHH
MHOeCTB MOTYT GHITb onpeneneHsl B Joruke. Ho nng onHo-
TO U TOTO e MOHATHS TEODHH MHOXKECTB B JIOTHKE HMEeTCs
He OIHH, a GeCKOHeYHO MHOro aHaJoTOB., DTH 3aMeuaHHud
G6osee noapO6GHO MH pasbsCHUM Ha [pHMepe NOHATHS
$yrKUMH, KOTOpoe OblIo onpeneneHo B pasjele | yepes

BLIpaXKeHHe
[TITIT Ry A xRz 5 =2).
x ¥ 2
B Joruke amanoTH 5TOro BhIpaXKeHHs CJelyIolune:
[TITIT*Rw A xRz y = s2);
x ¥ z

[T &R+ A XRHZi s Y= 120G =1, 2, ..0).

xt vyt zi
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Takum o6pasoMm, umeéercs GeckOHeYyHass NOCJENOBaTENb-
HOCTb (PYHKIHH, OTHOCAIIMXCH K Da3HHIM JIOTHUECKHM TH-
naM, KOTOphle, OJHAKO, ONpPENeJdloTCs AaHAJOTHYHEIM CIo-
cobom W 06NafalOT AaHAJOTHYHHIMU cBofictBaMu. O TaKux
NOHATHUAX TOBOPAT, UYTO OHH 06JafalT «THNOBOH MHOTO-
3HAYHOCTbIO®». THIOBOH MHOTO3HAYHOCTHIO 06JafalT U NHO-
HATHS NpaBoil M JepoH o6Jacrefi OTHOLIEHHs, a TaKke
NOHSITHE B3aMMHOOJHO3HAYHOTO OTHOHIEHHST ¥ OTHOLIEHHA
PAaBHOYUCJIEHHOCTH MHOXECTB. '

BcioMHuM, YTO €IMHCTBEHHBIE MCXONHBIE NOHSTHS, BHI-
XOIsAUIME 33 mpefensl aare6psl MHOXKECTB, — 5TO MOHATHSA
MOIIHOCTH MHOXKECTBA, NOPAAKOBOTO THNA M YNOpPSIOYEH-
HOH naphl. JlaHHBIE NOHATHA MOTYT OHTH OmpefeNeHsl B JO-
THKe, HO ¥ OHH 06JlafaloT THNOBOH MHOT'0O3HAYHOCTBHIO.

Mpbr orpaHUYHMCA ONpefesNeHHeM S5THX NOHATHH B Npo-
crefimuux cayyasx. OnpeneneHus mnepBeX ABYX TNOHATHH
OTHOCATCA K TaK Ha3blBaeMbIM OmnpefejeHHsM uyepes aber-
pakiuo. Mbl BKparie OnuimieM 3TOT BH ONpeneseHHs.

ITycre R! — npou3BOJIbHOE OTHOLIEHHE THNA 3KBHBaA-
JeHTHOCTH (ompejesneHue 3TOTO NMOHsSTHA AaHo B § 6 pas-
nena I). JlaHHOe OTHONIEHHE VAOBJETBOPSET CJAEAYIOLIHM
YCJIOBHSIM

L, XR'x;

1L ¥Ry - yRx;
I11. xRy N\ yR'z — xR'2.
D4.1. Y& [%]lpm = xRYy.

MnuoxecrBo {x]g: HaswBaercs KJaccoM aGCTpPakilMH, 3a7aH-
HBIM OTHOIIEeHHeM K; uepes sjeMeHT X,

ChopMyaupyeM HeKOTOphlE CBOHMCTBA BBELEHHOTO BHILIE
NOHSITHs, ToJaras, 4ro R! — oTHOmIEHHe THIA SKBHBAJIEHT-
HOCTH.

L4.1. xe,[x]p {D4.1, I}
L4.2. [x]re=[y]r— xRy

Hok. (1) [x]r =, [4]r {monym. }
(2 y&r [yl {L4.1}
®) v e {1, 2}
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xRty {D4.1, 3}.

L4.3. xRy — [X]r C 1 [Y]r:
Hox. (1) xRy { momyr. }
(1.1)  2& [¥]m {mo6. momymt.}
(1.2) xRz {D4.1, 1.1}
(1.3) zRy | (L, 1, 1, 1.2)
(1.4) 2¢;[ylne
[X]r: Cy [Y]Re {1.1>1.4}

L44. xRy - [yl Clxlrn {143, 1T}
T4.1. [¥]g =, [ylre = xRy {L4.2, L4.3, L4.4}

Takum xe cnocoboM MH Morju 6ol HoKasarb
T4.1a, [Xl]Ra =, [yl]Rz = X1R%*,

Teopemu T4.1 u T4.la pasauuanrcd Juillb CEMaHTHYe-
CKMMHM KaTeropHsiIMM BXOISILHX B HHX NEPEMEHHHIX H I0-
CTOSIHHBIX.

Brisicaum Hedopmanbubiii cmbica D4.1 u T4.1. JloGoe
OTHONIEHHe THNA SKBHBAJICHTHOCTH O3Hayaer, YTo Napel
npeAMeTOB OILMHAKOBH CO CTOPOHEI HEKOTOPOTO CBOHCTBA.
Tak, HanpuMep, OTHOLIEHHE NOJ06HS reoMerpHuecKux ¢u-
I'yp O3Hayaer, YTO Napnl 3THX (QUryp HMEKT ONHHAKOBYIO
dbopMy; OTHOLIEHHEe KOHIDYSHTHOCTH O3Hayaer, 4YTo naphbl
¢uryp umeror ofuHakoByio $dopMy u pasMepu. Takum 06-
pa3oM, MHOXeCTBO [x]gt eCTb MHOXeECTBO BCEX NpPEIMETOB,
He OTJIMYAIUIMXCA OT X CO CTOPOHbI HEKOTOPOro CBOMCTBA.
Ecau R! — orHomeHue nofo6usi reoMerpHyeckux ¢uryp, a
X — PaBHOCTOPOHHUH TPEYroJbHUK, TO NaHHOe MHOXKECTBO
ABJSIETC MHOMKECTBOM BCE€X PABHOCTOPOHHHMX TPEYrOJbHH-
koB. EciM MHOXKeCTBAa OTOXKAECTBHTb CO CBOficTBaMH, TO
[x]rp — cBoficTBo, KoTOpHM 06/sanal0T X M BCe INpPEAMETH,
He OTJHYAIOUIMECsS OT X CO CTODOHBI 3TOr0 CBOHCTBA.

Teopema T4.1 rosopur, uro ceodcrea {xlz ¥ {y}r: TOX-
Oectgetnsl To20a, u TOALKO TO20a, Ko20a X U Y He pasiu-
4QIOTCS CO CTOPOHbBL 3TO20 C8OUCTSA.

Mebl 3HaeM, YTO OTHOLIEHHE PAaBHOYHCAEHHOCTH MHO-
JKECTB eCTh OTHOLIEHHE Tuna SKBuBaneHTHOCTH. ITycth X! —
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TNPOH3BOJIbHOE MHOXKECTBO WHAMBHIOB. MOIIHOCTb (YHCJIEH-
HOCTb) MHOXecTBa X! MBI NOHHMaeM KakK CBOHCTBO, KOTO-
pbiM o6.1analoT MHOxecTBo X! W BCe MHOXECTBA, PaBHO-
yucjaennbie X!. TakuMm o06pa3oM, MOIIHOCTbL MHOXKECTBA
X! — gnacc a6cTpakiipH, 3afaHHBIHE  OTHOINEHHEM paBHO-
YHCJEHHOCTH MHOXECTB Yepe3 JaHHOe MHoxecTso. Orciona

M Xt =, [X]..

OueBHJHO, YTO NIPH TAKOM NOHHMAaHHH MOIIHOCTb MHO-
KecTBa ob6JafaeT THNOBOH MHOTO3HAYHOCTHIO.

EnuHCTBEHHOH aKCHOMOH, KOTOpPYIO B paszede I Mbl 1o-
JIOXXHJIH B OCHOBY TEODHH paBHOUHCJEHHOCTH MHOXECTB,
6blia caenyiollas akCHOMa:

X Fr=XiVL,

Hcnonb3ys dopmyay (1), Mbpl MOXeM 3amucaTbh 3Ty aKCHO-
MY B CJelyIOllleM BHJE:

(XY=, [V].= Xt ~Y1,

[MonyuenHoe BhIpaXkeHne — yacTHHl cayyalt T4.la u moro-
MYy MoXeT ObITb JOKa3aHO B JIOTHKE.

3aMeyaHus O MOIIHOCTH H PaBHOUHC/IEHHOCTH MHOXKECTB
Ge3 CylIeCTBEHHBIX H3MEHEHHH II€PEHOCATCS Ha INOHsATHE
THIIa H NOXOGHS YNOPSIAOUEHHBIX MHOXECTB.

Ham ocrajoch ellle pacCMOTPeTb NOHATHE YNOpsiiouyeH-
Hoit naphl. ITapy <x, y> B JIOTHKe ONpEJEJSAIOT KaK CeMed-
CTBO MHOMKECTB, 3JIEMEHTAMH KOTODOTrO SIBJSAIOTCS OLHO3JIe-
MEHTHOe MHOKECTBO {X} H JBYX3/JeMEHTHOE MHOXKECTBO
{x,y}. Takum o6pa3oM, HMEET MECTO PaBEHCTBO

@ (x’ y) =={{JC}, {JC, y}}'

EnuHCTBEHHAs aKCHOMA, OTHOCAIIASiC K YNOPSIOYEHHBIM
napam, KOTOpYIO Mbl NPHHSJIH B TeopuH MHoxXecTB (§ 5
pasnena 1), umena Bunx:

&) (5, ) =(z th=x=2/\y=t.

Ha ocHoBanuu ¢opmyasl (2) Kak onpeneseHHs ynops-
JOYEHHOH Mapel Mbl MOXEM 10KasaTb dopmyay (3).
W3 pasencrts

4 =zuy=¢
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n D1.3a pasnena I nerko caenyer, uto

&) {x} ={2} u {x, y}=={z, t}.

M3 sTux paseHcTB U GopMyJaH (2) ciaenyer paBeHCTBO
(6) (x, y) =z, t).

TMokaxem o6paTHOe, TO eCTb YTO H3 paBeHcTBa (6) cie-
nyer paseHctso (4). PaccMotpum cHauasda cayva#, Koraa
x+ y. Torna ua dopmyn (6) Ha ocoBaHuH opmyant (2)
caenyior dopmyabl (5), H3 KOTOPBIX B CBOIO OY€pelpb CJe-
nyotr dopmyast (4). Ecin xe x=y, 10

(x’ y) = {{JC}, {JC, y}} = { {JC}, {JC, JC}} = { {JC} }'
Orciona ¥ H3 paBeHCTBa (6) JIerko CJaenyer, uto 2=F u YTO
(z,t) ={{z}} = {{x}},

a noromy 2=x=y== CJenoBaTeqbH0, B OGOHX BO3MOX-
HHIX cayuasx n3 dopmyasl (6) caexyior dopmyant (4). Ta-
KuM o6pa3oM, dopmyna (3) HCTHHHA.

" OnpHaKo 3aMETHM, UTO aKcuoMma BeiGopa, 0 KoTopol 60-
Nee monpo6Ho rosopudoch B § 4 pasmena 1, He Moxer
6bITb JOKAa3aHa B JIOTHKE.

§5. Axcuomamuneckas meopusn
MHOJCECM8

Mgl yke yNOMHHAMH, 4TO CO3/1aTeNeM aKCHOMa-
THUeCKol Teopun MHoxecTs sBasercs . Llepmeno. Cdop-
MYJHpPOBaHHbIE WM AaKCHOMBI TNOJABEPIVIHC MHOTOUHCJEH-
HbIM, HO HE OU€Hb CYIIECTBEHHbIM H3MEeHEHHAM. AKCHOMBI,
KOTOpbie MBI 31€Chb NpHBEJEM, NOYTH He OTJHYAIOTCS OT
aKcHOM, cozepxamuxcst B «Teopun MHoxecTs» ! mpodecco-
pos Kyparosckoro 1 MocToBckoro. K HCXOZHBIM TEPMHHAM,
BXOASIL[AM B 3TH AKCHOMEI, OTHOCATCS IOHSITHE MYyCTOrO
MHOKECTBA H OTHOLIEHHE NPHHAJJIEeXKHOCTH NpeiMeTa MHO-
KEeCTBY. ‘
TIpu 3amucH aKCHOM TeGDHH MHOXECTB Mbl GyneM MOJb-
30BaTbCS TOH e CHMBOJHKof, yto B B yactu II. B akcuo-
MAaTHYECKOl TEODHH MHOXKeCcTB (GHrypHpYIOT INE€pEeMEHHbIe
JUIIb OAHOH CEMAaHTHUECKOH KaTteropHH, B KauecTBe KOTO-

! Umeercs B pupy pabota: K. Kuratowski i A, Mostow-
ski, Teoria mnogosci, Warszawa — Wroclaw, 1952. — IIpun. nepes.
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pBIX HCIOJAb3yIOTCA GYKBH X, Y, 2, %, ... OCHOBHBIMH BHIpa-
JKeHHSIMH pacCMaTpPHBAaeMoO#l CHCTEMBI SBJSAIOTCS BhIpaXke-
HHS BHJIA:

xXey, x =y.

B 9TH BhIpaKeHHs BMECTO NepeMeHHbIX MOXKET BXOJHTb
cumBoa «0», o6o3Hauaomui nycroe MHOXKectBo. K BhIpa-
JKeHHSIM TAaKOro BHJAA MOXKHO NpPHIHCHIBATH CJl€Ba 3HakKH
OTpHIIaHHS — KBAHTOPhHI, 4 TaKkXke CBA3LIBATb AaHHble Bbl-
paxkeHHs] 3HAKAMH HMIJIHKAUHU, KOHBIOHKUMH, AH3BIOHK-
MK W 3KBHBaJeHTHOCTH. Haj mosyuyeHHBIMH BbIpaXKe€HHSIMH
CHOBa MOXKHO OCYLIECTBJISITh INepeunc/eHHble Bhille omepa-
n¥d U 'T. 1. TToayyeHHBIe TaKUM NyTeM BbipaxkeHus Mbl Oy-
JeM Ha3blBaTb OCMBICJEHHbIMH BEHIDaXKe€HHSIMH TEOPDHH MHO-
JKeCTB. ‘ Lo

3HakK TOXKZeCcTBa MOXKHO pPacCMaTpHUBaThb KakK JOTHUe-
CKH CHMBOJI; TeM CaMbIM JIOTHKA, JieKaliasi B OCHOBE Teo-
PHH MHOKECTB, €CThb Y3KOe HCUYHCJEHHe NMpefHKaToB C TOX-
gectBoM (uacto B Meragornueckolt Qopmyanposke). Ho
CHMBOJ TOXJECTBA MOXKHO OIpEIeJHTb Yepe3 CHMBOJ €.
3To ompejeseHHe MOXKeT MMeTb BHJ CJeAyiollell 9KBIBa-
JIEHTHOCTH

)] x=y= n (xez = ye2).

B akcHnoMaTHueCcKOH TeOpHH MHOXKECTB 3ITa 3KBHBAJEHT-
HOCTb, HECMOTpPSI Ha TO YTO OHA AaHAJOTHYHA SKBHBAJIEHT-
Hoctd TVI (u. I, pasn. II, § 6), orsuuaercs or TVI cemas-
THYECKHMH KATErOpPHsMH CBOMX IepeMEHHHIX, a HMEHHO:
B (I) nepemeHHass 2 OTHOCHTCS K TOH Ke CeMaHTHYeCKOH
KaTeropu, 4To H X, Y, B TO BpeMs Kak nepeMeHHasi A, Bxo-
nauas B TVI, OTHOCHTCA K CeMaHTHUeCKO# KaTeropui, or-
JHYHOH OT CEeMaHTHUECKOH KaTeropHH NepeMeHHHIX X U 4.
Yto6bl NpPHAATbD aKCHOMaM TEOPHH MHOXKECTB XOpOIIO
0603pHMBbIli BHJA, Mbl BBEJAEM HECKOJbBKO OIpejeleHHi.

DI. Z(x)EE (yex) \/ x = 0.
)

Bripaxkerne Z(x) uutaercs: x ecTb MHOXecTBO. Takum 00-
pasoM 06BeKT X eCTb MHOXeCTBO TOTJa, M TOJBKO TOTAZ,
KOrja CyllecTByeT NpeaMeT, fIBJASIOLHACA ero 3JeMeHTOM,
HJH X — NyCTOe MHOXEeCTBO.
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D2. R{x};=_Z{x}/\nZ(y).
yex

OnpenensieMoe BhpaXXeHHe YHTAETCSA: X €CTb CeMeHCTBO .
MHOXecTB. TakKuM 06pa3oM, o6beKT £ ecTb CeMelCTBO MHO-
JKeCTB TOrja, M TOJbKO TOTJa, KOTJAa ¢aM OH eCTh MHOXe-
CTBO M KaXALIH ero 3jJeMeHT — TaKkKe MHOMXeCTBO.

3ameruM, uto Bhipaxenus Z(x), R(x) sBAsOTCA JHIIb
COKpaLIEHHsIMH BbipaxeHuii, xogsauux B DI, D2 n D3
cnpaBa OT 3HaKa 3KBHBajeHTHOCTH. CilenoBaTesbHO, QYHK-
TOpH «Z» U «R» He clenyer MOHHMAaTh KaK HMEeHa KaKHX-
Ju60 MHOXKECTB.

OcranbHbie OnmpejesNeHHsi He OTJHYAIOTCA 1O COAEpKas
HHIO OT COOTBETCTBYIOIHX ONpejeseHHH pasfena I, Ho 3a-
MHCHIBAIOTC B MHOH CHMBOJIHKe. PsfOM ¢ KaXabeiM H3
IPHBOJHMMBIX HHXKe OIpene/eHHil Mbl MOMelaeM B CKOOGKax
HOMEp ero aHaJjora B pasjede I,

D3. xCys=ZWNZWA]]@ex—2zy)  ©1.2).

2

D3a. x¢ y=xCy N x£y | (D1.9).

Di. x=Uz=TIl[tex = X teu] (D4.3).
_2EY t uey

D5, x=2=]](ex=2Cy) (D10.1).

D6. x=y-z=]](tex tey A\ tez) (D1.5).

t

D7. x=l{y, 2} En[texs(tzy\/tzz)] (D1.3b).
t

_ 3ameruM eme, yro BMeCTo. ~ (x & y) Mb OymeM mucatb

xey. ‘
IlpuBOaMM aKCHOMBI TEODHH MHOXECTB.
Al ”n[n(zaxzzay)ax=y].
Z(x) Z(y) =
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Sra aKCHOMA Ha3biBAETCS AKCHOMON SKCTEeHCHOHaJbHO-
cri. ITo colepXKaHHIO OHAa He OTJIHYAeTCs OT Al.2 n3 pas-
neaa L. .

A2. [ Jx<0).

X

IIo sTofi aKCHOMe HH OJHH IpeAMET He eCTb 3JEMEHT
IyCTOrO MHOXKecTBa. : -

A3. FITTY 2= tx o

Taxum o6pa3oM, AJs JIOOGHX IByX OCGBLEKTOB X M § Cy-
LECTBYeT MHOXKECTBO, 3JeMEHTaMH KOTOpOro SBJSIOTCA
JHMb AaHHBE OGBEKTHI.

Y
A4, Ry - X(x=U2).
Z(x €y
TakuM o6pasom, Ajs J060ro ceMeACTBa MHOXecCTB Cy-
LeCTBYeT MHOXKECTBO, KOTOPOE eCTb CyMMa 5JIEMEHTOB 1aH-
HOro ceMeHCTBa.

AS, Z(y) - 2 (x=2).
R(x) -

TakuM o6pa3oM, s KaXJ0ro MHOXKeCTBA CylLeCTByeT
ceMeficTBo BCeX ero IOAMHOXECTB.

A6. E(x;&O/\nEycz).

R(x) yEX 26X

[lo sTofi aKCHOMe CyLlecTBYeT XoTsi Gbl OJHO HemycToe
ceMeiCTBO MHOKECTB, TaKoe, YTo JIsl JI060ro MHOXECTBA Y,
NpHHA//IeXKAILEr0 [aHHOMY CeMeHCTBY, CyLIECTBYET MHOXe-
CTBO 2, KOTOPOE €CTb TakKXke 3JeMEeHT NaHHOro ceMelicTBa
H CONEPKHT B KauecTBe COGCTBEHHOM 4aCTH MHOXECTBO y.
3aMeTHM, YTO 3TOMY YCJOBHIO YJOBJETBODSAET, HaNpHMED,
caefylollee ceMeACTBO NOAMHOXECTB MHOMKECTBA BCEX Ha-
typaabHbix uncena: (1), (1, 2), (1,2, 3),..(1, 2, .., n), ..
Ec/u 651 Mbl 06paTHJNCH K PACCMOTPEHHIO KOHEUHOro MHO-
eCTBa, HanpHMep MHOXKECTBa HaTypaJbHHX YHCE] < 1000
W NPOH3BOJBHHOTO HENMYCTOTO CeMeACTBA ero NMOJAMHOMKECTB,
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TO CPelH 3THX NOAMHONKECTB Bcerga 6bl HAULIOCH MOAMHO-
XeCTBO, KOTOpoe He 6bl10 6bl COGCTBEHHON YacTbio HH Of-
HOTO TMOJIMHOXKECTBA, NPUHANEKAIIET0 PACCMATPHBAEMOMY
ceMeifictBy. Takum o6pasoM, A6 rapanTHpyer CyllecTBOBa-
HHe GeCKOHEYHOTO YHMCJa IPeAMeTOB. DTa aKCHOMa Ha3bi-
BaeTcsi akCHOMON 6ecKOHEuHOCTH.

A7, R(x) A\ x # 0 A Ozx A
A\ l—[ l—[ +2->y.2=0)— Z”El"vehu.
yex zex Z(t) uex o

910 — akcHoMa BbI6Opa, 0 KOTOpO# Gonee mNOAPOGHO
roBopusioce B § 4 pasnena I.

' Iyets” x — nponssosbHOe MHOXKectBO, @ (2) — npous-
BOJIbHOE OCMBIC/JIEHHOE BbIpaXK€HHE AaKCHOMATHUYEeCKOil Teo-
PHH MHOXECTB, B KOTOpOe 2 BXOAHT B KauecTBe CBOGOLHOMN
TNIepPeMEHHOi, HO HH X, HH Y He BXOAAT B KauecTBe CBoGoj-
HbIX nepeMeHHbIX B @ (2).

A8, zm»E]’[ [zey = zex A\ D (2)].

Z(y) z .

HeTpynHo BHIeTb, 4TO MHOXKECTBO Y, CYILIECTBOBAaHHE
KOTOPOro yCTaHap/uBaercss B A8, eCTb MOAMHOXECTBO MHO-
xKecrBa x. TakuM o6pasoM, no A8 pas KaXaoro MHOXKeCT-
Ba x B Kaxnaoro ycioBus D (2) CymecTByeT MHOXKECTBO
NpeaMeTOB, YAOBJETBOPSIOIMX 3TOMY YC/IOBHIO C TeM, Ofi-
HaKoO, OrpaHHYeHHeM, 4TO JaHHOE MHOXKECTBO eCTb NMOAMHO-
‘KEeCTBO MHOXKecTBa x¥. A8 — co6CTBEHHO, He OTaeJbHAsN
aKCHOMa, a cxeMa GeCKOHEeYHOTO UYHC/IAa aKCHOM, KOTOphle
nonyyaiotcsi u3 A8 Bcraskoh Ha Mecto @ (2) ompeneseHHO-
FO OCMBICIEHHOTO  BbipaXkeHHsl, HanpHMEp BBIPAXKEHHS
@ = 0». TlonyueHHOE TaKUM NyTeM BbIpaxeHHe

Z(x)—aEn(zeyazex/\zaéO)

Ly =

-

OTHOCHTCS K TeOpeMaM AaKCHOMAaTHYeCKOH TeOPHH MHO-
XKECTB. | K
AkcyoMa A8 HasblBaeTCsi aKCHOMOM IOJAMHOMKECTB.
Kak yxe oTmeuanoch Bbille, TEOPHIO MHOXKECTB MOMKHO

CTPOHTb, HE MOJIb3YSCh MOHATHAMH MOIIHOCTH H nopsakKo-
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Boro Tuna. s 3Toro AOCTAaTOYHO OrPAHHUUTBHCH JHILL [O-
HATHSIMH PABHOUHCAEHHOCTH H mnoRo6Gusi MHoXKecTtB. Ecau
JKe Mbl XOTHM, 4TOGBl 5TH NOHATHS (QUrypUpPOBadd B aKCHO-
MaTHYeCKOfl TeOPHH MHOXKECTB, TO Mbl AOJKHBI OTHECTH HX
K HCXOJHBIM NOHSTHUSM NaHHOH TEODHH, TaK KaK B Heil 3TH
MOHATHS He MOryT ObITb ONpejeJeHbl; 3THM akKcaoMarudye-
CKasl TeopHs MHOXECTB CYUIECTBEHHO OTJIHYAETCS OT Teo-
pud Joruueckux TunoB. OJHOBpeMeHHO cJenyeT A06aBUTb
K aKkCHOMaM TeopHHd MHOXKecTB akcHombl A7.1 u A2.1, us
KOTOpbIX mnepeas cdopmynupoBaHa B pasfieqe I, a BTO-
pas — B pasgeae II.

PaccMoTpuM Temepb, KaK B AKCHOMAaTHUECKOH TEOPHH
MHOXKeCTB yaaeTcs #36eraTb aHTHHOMYH. DTOT BONPOC MBI
noapo6Hee pacCMOTPHM Ha mpumepe aHTHHoMuu Pacceaa.
Mbl 3HaeM, YTO HCXOJHBI{I NMYHKT 3TOH AHTHHOMMH — 3KBH-
BaJEeHTHOCTb

(1 XeR = XeX.

[To comepxkaHuio K Heil 6au3ka cJejyiomas 5KBHBAJIEHT-
HOCTb:

@ R (x) = xex,

KOTOPYIO MOXKHO OTHECTH K OIpeeseHdsIM aKCHOMaTHUeCKoi
TEOpUH MHOXKEcCTB, NOTOMY UTO-B HeH B OTIHYHE OT JIOri-
yeckKOH TEOPHH THIIOB BbIpaxKeHue «x € X» ocMblcaeHHo. Ho
Bhipaxkenue R (x) - ecTb JHIUb COKpAaUIEHHE BHIPAXKEHHS
«X € x», cAMBOJ Xe R 37Jecb He gBJAETCA Ha3BaHHEM Ka-
KOro-Ju60 MHOXEeCTBa, MO3TOMY Mbl He MOXEM MOJACTasB-
JaTb ero BMecTo mepeMeHHol x. Takum 06pasoM, BhHpaxke-
Hyue (2) He NPHUBOAUT K NPOTHBOPEUHIO.
PaccmoTpdM B CBOIO oYepefb BEIpaXKeHHe

(3) Z(x)— E l—[ (zey = ze2),
Z(y) 2

colepKaHue KOTOPOro Takxke GJH3KO K COAEPXKAHHUIO Bbipa-
xenusi (1). ITokaxem cHauasna, 4To BhpaxkeHue (3) NpH-
BOOYT K NPOTHBOpEUHIo. Pe3yapTaT NOACTaHOBKH B 3TO BbI-
paxeHHe eCTb BbIpaKeHHe '

(3a) Z(0)— 2 [1(zey = 2e2).
Z(y) =z
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[To D1 aHTenemeHT 3TO# HUMINJIMKAUU{d HCTHHEH, CJeL0Ba-
TeJNbHO, HCTHHEH TaKKe U ee KOHCEKBEHT, 3 KOTOPOro Io
NpaBHyY yAajeHHds] KBaHTOPA CYIIECTBOBAHHUS MBI MOJyYaeM
BbIp aXKeHUe

n (28y, = ze2).

OTkyla clefyeTr BhIpaxKeHHE

(4 heéyh = V!/1_3_y1,

¥3 KOTOPOI'O HeNMOCPeACTBEHHO CJeLyeT NMPOTHBOpeyHe.
3amer#M, OHAKO, UTO BhipaxeHue (3) He ecTb TeopeMa

akcHOMaTHyeckodl Teopud MHOXKecTB. B camom mese, A8

NO3BOJISIET NPACOEIUHUTD K CHCTEME BLIpaXKeHHe

5) Z(x)— E n (cey = zex \ ze2),

Z(y) 2

TO €CTb Bhipa)KeHHe, HMelolllee CTPYKTYPY CXGAHYIO, HO He
COBCEM TY, KOTOPYIO uMeeT BbipaxeHue (3). U3 BhpaxkeHus
(5), paccyxpast Tak e, KaK IPH BBIBEJEHAH U3 (OPMYJIbl
(3) BbipaxkeHus: (4), MBI moJyuaem BHpaXKeHHe

hey, = y80 A !/1‘—3_.‘/1-

Ho 1o Bhipaxenue He npusogut x mpotuBopeunio. Ta-
KUM 006pa3oM, Mbl BHAMM, YTO aHTHHOMHs Paccesa He Mo-
XKeT ObITb CKOHCTPYHPOBAHA B aKCHOMAaTHYECKOH TeopuH
MHOXECTB TaK e, KAK d B TEOPHH JIOTHYECKHX THIOB.
AHAJIOTHYHO JIeJI0 OGCTOUT U C APYTHMH H3BECTHHIMH AHTH-
HOMHSIMH TEOPHH MHOMKECTB.

Ho Bosnukaer Bompoc, He mpuBefeT Ju HeKOTOpoe pac-
CyX/eHHe, N0OKAa HAKEeM elle He c/eJaHHOe, K MPOTHBOPEYHIO
E aKCHOMAaTHYeCKOHd TEOPHH MHOXKECTB HJHY B TEOPHH JIOLH-
YECKHX TUIIOB?

Ioka aumb noKasaHo, uro 06e 3TH Teopuu 6e3 akCHO-
Mbl GECKOHEUHOCTH HeNPOTHBOPEUHBLL. Y6exkIeHHe B Hempo-
THBOPEUUBOCTH 3THX TEOPHH BMECTe C akCHOMOH GecKoHey-
HOCTH Mbl BbIHYXK/EHbl OCHOBBIBATb JIHIIb HAa ONBITHOM
(akTe, 4TO MPOABHHYTOE OYEHb [aJeKO pPa3BEPThIBAHUE
3THX CHCTEM He NPHBEJO K NPOTHBOPeydio. BosHukaer Tax-
e BOmpPOC: TIoueMy 06e PacCMOTPEHHBIE TEOPHH H3GeraioT
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anTuHOMUH? IIpHunHa 3TOro kpoercs B TOM, UTO B KaxJof
H3 HHX HaJOXEHBl OrpaHHYeHHUs Ha NMOCTPOEHHE MHOXKECTB.
B TeopHu /MOrHyeckHx THNOB NPHHHMAIOT, YTO AJs KaxaoH
NPONO3HIMOHAbHON (YHKIMH  CYIIecCTBYeT MHOXKECTEO
NpeaMeToB, yAoBJeTBOpslouMx stoii QyHkuMH. OIHAKO
CTPYKTYpPa TIpONO3UNMOHAJBHEIX (GYHKIHIA  oOrpaHHyYeHa
YCJOBHSIMH, KOTOPHM JAOJKHBEI YIOBJETBOPSITH CEMaHTHYe-
CKHe KaTeropuH BHIPAXKEHHH, CTOSIIHX Neped U NOcjle 3Ha-
Ka « € », KOTOPHH TakxXe B 3TOl TeopHH ob6JajfaerT THNOBOH
MHOTO3HAYHOCTbI0. B akcHOMaTHUecKo#l TeOPHH MHOXKeCTB
HeT TakHx orpaHHueHufi. OfHAKO B 3TOH TEOpHH He NMPHHH-
MaeTcst TOro, YyTo AJ9 Ka)KAo# NpPONO3UIHOHAJBHON (PYHK-
IIMH CYIIECTBYET MHOXXECTBO NpeJMeTOB, YAOBJIETBOPSIONINX
JNaHHON (PYHKIHMH, a NMPHHHAMAaETCA JHIIb TO, UTO s KaxX-
JOf NPONO3HIHOHAJbHONH (YHKIMH H KaXJ0ro MHOXecTBa
CYIIEeCTBYeT NOAMHOXKECTBO MHOc/JelHero, o6pasoBaHHOe M3
NpeJIMeTOB, YIOBJETBODPSAIOMIHUX JaHHOH MNPONMO3UIHOHAJb-
Hoft dyHkuuH. BcnencrBHe 5TOro HM B OJHOHM M3 JAaHHBIX
TEOpHHN HeNMb3sl YTBEPXKAAThb CYLUIECTBOBAHHS MHOXKeCTBa
BCEX MHOXECTB HJH e MHOXecTBa Bcex MHOXKecTB, KOTO-
pble He SIBIAIOTCA 3JeMEHTaMH caMHux cebs.

HecMoTpst Ha TO uYTO cojepKaresbHble NpeACTaBAeHHS,
Ha KOTOPHe ONHPAIOTCs paccMaTpHBaeMble TEODHH, CyIecT-
BEHHO DAa3/HYaloTCsl, COBOKYNHOCTH HX TeODeM IOYTH OJH-
HakoBH. '0BOPS TOUHee, BCAKOH TeopeMe aKCHOMAaTHUecKOM
TEOPHH MHOXECTB COOTBETCTBYET COBOKYIHOCTb Te0peM
TEOPHH JIOTHYECKHX THIOB, HMEIOMHX TO XKe caMoe HJH
oueHb 6/1H3KOe HedOpMaJbHOE COJAEpIKAaHHe, UTO H JaHHas
TeopeMa aKCHOMATHUYECKOH TeOpPHH MHOXKECTB, PHYEM Teo-
peMbl 5TOH COBOKYNHOCTH pasJjHYaioTcs JHIIb TeM, YTO B
KaxJao#l M3 HHX peub HJeT O MHOXKEeCTBAax APYrux Joruye-
ckux tHnoB. Y1 o6paTHO: BcAKOR Tako#i COBOKYINHOCTH Teo-
peM TeOpPHH JIOFMYeCKHX THIIOB COOTBETCTBYeT TeopeMa
aKCHOMATHUYeCKON TEOpHH MHOXecTB, HMEIOIas Takoe Xe
HIH OoueHb 6JH3KOEe cONep:KaHHe, YTO U COBOKYNMHOCTb TeO-
peM TeOpWH JOTHYEeCKHX THIIOB.

Ha Bomnpoc, xoTopass U3 paccMaTpUBaeMblx TeOpu#t Jyu-
le, OTBeTHTb TpyZAHO. HU oJHA M3 HHX He siBJAseTcs COBep-
IIeHHOM, KaXJas HMeeT CBOH HeJOcTaTku (opMasbHOTO H
COJepKaTeJbHOrO Xapakrepa. BeaesncTsue atoro B H3J0XKe-
HHH TEOPHH MHOXKecTB, JaHHOM B uactd lI, Mbl He mpuzep-
JKHBaJHCh MOCTEROBATENbHO HH ONHOH H3 HHX. Tak mocry-
HalT U B ADYrHX PYKOBOJACTBAX, JaxXe B DYKOBOACTBAX,
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HaMYCaHHHIX HA BBLICOKOM TEXHHYECKOM YpOBHE, HanpHMep
g knure mnpod. B. Cepnuuckoro. JleraibHoe H3JIOKEHHE
AKCHOMATHUYECKOH Teopdd MHOXKeCTB WYHTATE]Ib HalijneT B
kuure npodeccopo KypaToBckoro u MocroBcKoro, a 04epk
TEOpHM JIOTHYECKUX THIOB — B «MareMaTHuecKol JOr#akes
npod. A. MocToBCKOTo.

§6. Teopus mHON*CECTMB U apugpmemura

B Teopus uuce] lefble UYHCIA ONPENEJSIOTCH
yepes HaTypa/bHble YHCIa, apHpMeTHKA ¥XKe UEJILIX HHCel
JeXHAT B OCHOBe apudMeTHKH HATypa/bHBIX UYHCE]. B Ta-
KOM JKe OTHOIIEHHH HaxoauTcs apudMerdka panHOHaJbHBIX
yyucea K apudMeTuke LEJIHIX YHCeJ, apudMeTHKa NeHCTBH-
TeJbHBIX YHCeJ K apA(MeTHKe PanYOHANBHBIX 4ACe] H, Ha-
KoHell, apd®MeTHKa KOMIVIEKCHBIX YHCEN K apudMernke
NeficTBUTEIbHBIX ynces. 3HAUHT, HEONpe/lesieMEIMH OCTaloT-
¢ Jumb HaTypaJbHble YHCJAa, TOJNBKO MNpPH MOCTPOEHUH
apudMeTuKA NOCTeIHHX TpeGyeTcsi BBEeleHUE CIIeLHAJbHBIX
‘akcuoM. XPOHOJIOTHUECKH IIepBOfi # HauGosee H3BecTHON
akCHOMaTHKOH apudMeTHKH HATyPaJbHBIX UHCET SBJISIETCS
akcuoMaTuka, chopMyJHPOBAHHAS HUTAJbHCKAM MaTeMa-
tuxkoM ¥ JorukoM JIx. IMeaHo. K HCXOMHBIM NMOHATUSIM €rO0
AKCHOMATHKY OTHOCATCA: UHCJAO HYyJb, MHOXeECTBO BCEX
HaTypaJbHBIX yucea ¥ GYHKUUA

x=seqy.

DTo BHpaXKeHue yHTaeTCs: X Cjaedyer U3 Y. IlanHOe BHIpa-
JeHUe paccMaTpHUBaeTCss KaK paBHO3HAUHOE BBHIPAXKEHHUIO

x=y+1

IMpu 3anucu akcuoM ITeaHo Mbl Gy/leM MONb30BATHCH 060-
3HayeHUsIMH, BBeleHHbIMY B yactu II:

I. Oent,

II. xeN — seq xeN.
III. x, ye‘)t/\secix=seqy—>x=y.
IV. xeM —seqx + 0.

1 B apudmernke Ileano Hyab, TakuMm 06pasoM, Takke OTHOCHTCH
K HaTypaJbHEIM UHCAM.
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V. OeX/\n(xeX-—»seqxeX)-a‘JtCX.

I_IOCJIGHHHH aKCHOMAa HAa3bIBaeTCsl akCHOMOMH HHIAYKIHH.

UpesBniualiHO BaxKeH /s OCHOBAHHH MAaTeMAaTHKH TOT
¢axT, 4TO HCXOIHBIE NOHATHA apHOMeTHKH IleaHo MOKHO
ONpeNe/]HTh Yepe3 MOHATHS TEOPHH MHOXKECTB, 4 aKCHOMBI
I—V — nokazate B nanHo# Teopun. Taxkum o6pasoM,
apupmeruka IleaHo ectb dparMent Teopun MHoxectB. Ho
Mbl 3HaeM, YTO O60CHOBaHHe NPYrHX apH(PMETHK, HanpHMeEp
apudMeTHKH JeHCTBUTENbHEIX UHCeJ, He TpeGyeT HH BBeje-
HUS HOBBIX HCXOIHBIX NOHSTHH, HH NPUHSATHA HOBBIX aKCHOM.
[TosTomMy apudMeTHKa BCEX BMIOB YHCEN, a T€M CAMbIM H
MaTeMaTHYeCKUH aHaJ/H3 ABJAITCA (parMeHTaMM TEOPHH
MHOKECTB,

Onpenenennst TepMHHOB «0», « M» U «seq» B TEOPHH
JIOTUYECKHX THIOB H 4aKCHOMATHUYECKOH TEOpPHH MHOMKECTB
B NIPUHUHIE CXOAHH H PA3JHYAIOTCS TOMBKO (DOPMaJbHBIMH
AeransMH. UToOwl u36exaTh CBSI3AHHBIX C 3THM HeCYIIECT-
BEHHHIX YCJIOXKHEHHH, Mbl IPHBEAEM JIHIIb CJIOBECHHIE, a
NOTOMY HEOOXOAHMO HeTOUHble OIpENeNeHHs pPacCMaTpH-
BaeMbIX NMOHSATHH.

Hyab onpenessiercs Kak MOWIHOCTh NyCTOrO MHOMKECTBA,
MHOXECTBO BC€X HATypaJbHHIX UYHCEJ — KaK MHOMKeCTBO
BCeX KapAMHAaJbHBIX YHCEJN, KOTOPble He OTHOCATCS K TPaHC-
bunuTHBEIM yncaaM ! UTo6bl onpenenuTs NOHATHE «cJegyeT
3a», Mbl BBENEM BCIOMOraTe/]bHOE OTHOLIEHHE ¢, KOTOPOe
HMEET MECTO MeXJy ABYMS MHOXECTBAMHM TOT[ZA, H TOJBKO
TOrZla, KOTZa IepBOe H3 HUX COAEPXKHUT APYroe, a X pas-
HOCTb €CTh OJIHO3JIEMEHTHOe MHOXKecTBO. [ToHsATHE «caeryer
3a» ompefeasercs TakK: X CJAeLyeT 3a Y TOTAA, H TOJBKO
TOTZa, KOTNa X H Y ABJAIOTCS MOUIIHOCTSIMH MHOXKECTB, KO-
TOPHE HAaXOASITCS B OTHOWIEHHH ¢.

Mpul He 6yneM OPHBOOMTH JAOKa3aTeNbCTB akCHOM [—V
B TEOPHH MHOXKECTB, a OrPAHHUHMCH JHilb 3aMeyaHHeM,
4TO A/ OOOCHOBAHHSI apHGMMETHKH HAaTypa/bHBIX YHCEN
KaK B TEOPHH JIOTHUECKUX THIOB, TaK H B aKCHOMAaTHue-
CKOM TEOPHH MHOMKECTB HYXKHO K 3THM TEOPHAM AOGAaBHThb
aKCHOMY GeCKOHEUHOCTH.

! Cp. § 11 paspmena I.
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§ 7. Punocockne 3amenannn o nonsmun
MHOINCECMBA

IlonsiTHe MHOXeCTBa, €C/IH He BXOIHTb B CTpO-
ruil aHa/U3 MOC/NEeHero, NPeACTAB/SAETCS COBCEM IPOCTHIM
M ACHBIM. Ho MBI 3HaeM, 4To HCHOMB30BAHHE 3TOrO MOHATHS
6e3 HanJexaumero yrOYHeHHs: NMPHBOAUT K MPOTHBOPEUHSIM,
H 3TO He eJMHCTBEHHas TPYAHOCThb, CBA3aHHAS C NMOHATHEM
MHOXKeCTBa H DOJCTBEHHHIMH €My NOHATHAMH. B Hacros-
uiee BpeMsi B OOCYXIeHHH (HIOCODCKHX H COep:KaTelb-
HBIX NPHHIHIOB TEOPHH MHOXKECTB NPHHHMAIOT KHBOE yua- .
CTHE MHOTHe QHJIOCO]E], TOTHKH H MaTeMaTUKH. To 06CyX-
JeHHe 1O CHX NOp He NPHBENo K BHIpaGoTKe oxHoll, Gec-
CIIOPHO, NPHEMJIEMOH TOYKH 3peHHs. 37eCh Mbl OI'DaHHUHM-
Csl M3JIOXKEHHEM HEKOTOPHX BaXKHEHUIMX B3MVIANOB Ha 3TH
BOIPOCH, I'MIaBHHIM O06Pa3oM B BH/JE LUHTAT U3 BHICKA3HIBa-
HUH COBPEMEHHBHIX JIOTHKOB M MAaTe€M aTHKOB.

[Ipexxne BCEro MBI OTMETHM, YTO CJOBO <MHOMKECTBOY
B OOHIYHOM fI3BIKE MMEET [Ba SIBHO Da3JHYHBIX CMBIC/I4, H3
KOTODHIX OJMH Ha3HBAaercss COGHUpaTeNbHHM, a ApPyrol —
pasnenutesibHbIM ! B coGupaTenbHOM CMBICAE MHOXKECTBO
HEKOTOPBIX IPEIMETOB — 3TO LEJOCTHAsi COBOKYIHOCTb, OG-
pa3oBaHHas JaHHBIMH NPEIMETAMH TaK e, KaK Lelb CKJIa-
JBIBAETCH K3 3BEHBEB MJIM Kyua MecKa M3 MECYHHOK. B 3ToM
CMBIC/IE MHOXECTBO KOHKPETHBIX UYBCTBEHHO BOCIPHHHMae-
MBIX NPEIMETOB SIBISETCA TaKkKe KOHKDPETHBIM, AOCTYNHBIM
BOCOPHATHIO mnpeaMerom. Kornma mnodm3yooTcs TepMHHOM
«MHOXKECTBO» B 3TOM CMBHIC/IE, TO BHIpaXKEHHE <X eCTh 3Je-
MEHT MHOKeCTBa A» MOHMMaeTcs KaKk CHHOHHMHYHOE BhIpa-
KEHHIO «X €CThb 4YacTb MHoxkecTBa A» (B TOM 3HaueHHH
ClI0OBa «4acTb», B KaKOM HOXKAa CTOJIa SBJSETCH YacCThiO
crosia). Teopust Tak MOHHMAaeMBIX MHOXECTB GhlIa IOCTpOE-
Ha Ct. JIeCbHEBCKHM 1O H43BaHHEM M epeOoJIOTr U H.
Korpa TepMHH MHOXKeCTBO ymorpe6asieTcsi B pasfesHTelb-
HOM CMEIC/Ie, TO B 3TOM C/ydyae npenjoxeHue «Mapc ects
3JeMEHT MHOXecTBa IlaHeT COJIHEUHOH CHCTeMH» pac-
CMaTPHBAeTCsl KAaK 3KBHBAJEHTHOE NpemIoXeHuio «Mapc
ecTb nyadera CosHeuHofi THcTeMbl». O pasiuunH 06oHx
STHX CMBIC/IOB CBHIETEJLCTBYET TO, YTO HEKOTOpHE Mpeso-

'Cp. T. Kotarbifiski, Elementy teorii poznania logiki formal-
nej i metodologii nauk, wyd. 11, str. 23, 24. (Ects PYCCKHI nepeBoj.
Cu. T. Kotap6uubckuii, Hsbp. npouss., Magatesbcreo HHOCTpaH-
Ho#t nuteparypel, 1963, crp. 197—352. — Mpun. nepee.)
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JKeHHsl, HCTHHHBIE NMPH OJHOM CMBIC/IE TePMHHA «MHOXKECT-
BO», JIOXKHBI NPH APYroM ero cmeicje. Hanpumep, eciu Tep-
MHH «MHOKECTBO» IIOHHMaeTcss B COOGHPaTeJbHOM CMBICIE,
TO BEpHO, UTO fiecsiTass yacTh Mapca ecTb 3/1eMEHT MHOXKe-
crBa nsaner CoJIHEUHOH CHCTEMBl, NOTOMy uTo Mapc sB-
asercs uyactbio CoOJMHEUHOR CHCTEMBI, HO €CJH TEPMHH
«MHOJKECTBO» [OHHMAaeTcsi B pPa3feJHTEeNLHOM CMEIC/Te, TO
yTBepXKIEHHe, uTo AecsATas yacTb Mapca siBJsieTcsi. s/eMeH-
TOM MHOxecTBa mJaHer COJHEUHOH CHCTEMBI, JIOXKHO, IHO-
TOMy uTo AecsiTas yacth Mapca He ectb niaHera Coiineu-
HOH CHCTEMBI.

HerpyaHo BUAETb, YTO B TEODHH MHOXKECTB TepMHH
«MHOXKeCTBO» ynoTtpe6asercs He B COOHpaTeNbHOM, a B
pa3fe/MTE]BHOM CMHIC/IE, H, TaKuM 06pasoM, OTHOUIEHHE
3JeMeHTa K MHOXKECTBY He NMOHHMaercs 371eCh KaK OTHOIle-
HHe YacTH H LeJoro. To nociefiHee OTHOUWEHHE HMEET Apy-
rHe OCHOBHbBIE CBOHCTBA, HalpHUMep OHO TPAH3HTHBHO, B TO
BpeMs KaK 3aKOH TPaH3HTHBHOCTH He HMeeT MecTa JuIA
«e». B 3ToM HeTpyZHO y6edUThCA Ha CAEeLyIOlieM IpHMepe.
Hs dopmyn 0e{0}, {0}e{{0}}, Oe{{O}} nmepmuie nBe
MCTHHHBL, a TpeTbsl (3KBMBanentHas ¢opmyae 0={0})
noxua. Kak 3ametun Paccenm, ecam 661 MBI MHOXKECTBa
NOHMMAMH KaK arperarhbl, MM KOHIVIOMepaThl (TO €CThb Kak
MHOXKeCTBA B COGHpPATENBHOM CMBIC/E), TO «HEBO3MOXKHO
6bII0 6Bl NMOHATb, KAK MOXeT CYIleCTBOBAThb TaKoe MHOXKe-
CTBO, KaK IyCTO€ MHOXKECTBO, KOTOpoe BoOoOlile He HMeeT HH
ONHOTO 3/JEMEHTa W KOTOpOe HeJb3si paccMaTpHBaTh B Ka-
yecTBe arperaTas, «TpyJHo ObJIO TaKXe NOHATb, IOYEMY
MHOJKECTBO, HMelilee JUIL OJHH 3JEMEHT, He TOXKAECT-
BEHHO 3TOMY 3JeMeHTy» L.

V. B. O. Kyaiin numer: «PaKT, yTo MHOXeCTBa ABJAOT-
csi a6CTpaKTHBIMH - OGbEKTaMM, MHOT[A' 3aTEMHAETCs pac-
CyXKIeHHeM O MHOXKECTBax KaK arperaTax HJIHM COOpaHHAX,
BC/AIECTBHE Yero, HalmpHMep, MHOXECTBO KaMmHel ynono6-
Jsietcsl Tpylie KamHelt. [pyfa B A€HCTBHTENBHOCTH ABJSET-
csl KOHKpPETHbIM IpeIMETOM, CTO/b K€ KOHKDETHBIM, KaK H
KaMHy, o6pasyolilue IpyAy; HO MHOXECTBO KaMHe#l B Ipy-
Jie HeJb3si OTOXKAECTBJIATb C 3TOH TpyJOH. B camom nedne,
ecain 6Bl 5TO 6BIO TakK, TO M ApPYyroe MHOXKECTBO MOXKHO
6110 GBI OTOXKAECTBHTb C 3TOH Xe TpyloH, a UMEHHO MHO-
JEeCTBO MOJIEKYJ B HaHHOH rpyle KaMHe#t ¢ camo#i rpynoH.

! B. Russel, Wstgp do filozofii matematyki, str. 268,
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Ho mo cylecTBy 5TH MHOXeCTBA CJELYeT Dasyudarh.
B caMOM feie, Mbl TOBODHM, UTO OJZHO M3 HHX HMeer, Ha-
npHMep, CTO 3/JeMEHTOB, B TO BpeMs KaK Jpyroe — TpHJI-
JHOHBEl 3aeMeHToB. TakuM 06pa3oM, MHOXKECTBA SBJIAIOTCH
aGCTpaKTHHIMH IpeaMeraMH .

[Ipo6emMa, CyECTBYIOT JH H KakKUM o6pasoM cCylecT-
BYIOT MHOXECTBA B DPa3/IeHTENbHOM CMBICIE, HMeeT MHOIO
o611ero ¢ M3BeCTHHIM B HCTODHH ¢uocodpun cnopom o Cy-
111eCTBOBAHHK yHHBEpcaauil (06uiux NOHATHI) 2,

YHuBepcaluH — 3T0 aGCTpaKkTHEE INpPEIMETH, TaKue,
KaK, HampuMmep, «4eJOBEK BOOGIIE» HJAH <«KOHb BOODIE».
BMmecTo TOro uTo6n TOBOPHTH O UeJOBEKE pooGie H O KO-
He BOOGIe, MOXHO TOBODHTb O poje Jiolei H poAe KOHefl.
OTnenbHBIX JA0fedl HIAH OTAGAbHBIX KOHeH MBI MOXKeM BOC-
IpPUHHMATh, HO YeJOBeK BOOGIIE M KOHb BoOGIe (H/IH POX
monei u pon KOHelt) — 0O'beKThl, MOCTHr aéMble JHIIbL B To-
HATHSAX.

O cnope 06 yHHBepCalHAX, OCOGEHHO OXKHUBJEHHOM B
cpeHHe BeKa, HAMETHJHCh Clle/ylolie HamnpasIeHHs.

1. Kpaiinu#t peanusm, c(hOpPMYIHPOBAHHBIH Tlnaronom,
PHIHCHBAET YHHBEPCAMHSAM CaMOCTOATE/bHOE CYLLEeCTBO-
BaHHe BHE eNMHHUHHX mpeaMeroB. BHe OTAe/NbHBIX mone
CyluecTByeT Haes yesloBeka, OTIHYHadA oT JI060T0 YenoBexa
M CylIECTBYIOLLasi HE3aBHCHMO OT CYLIECTBOBAHHA oTae/b-
HBbIX Jioned. )

2. YMepeHHBIH peasu3M, copMyaHpOBaHHEHA ApHCTOTE-
JleM, CUMTaeT, YTo YHHBEPCAJHH He HMEIOT CaMOCTOATE/NbHO-
ro CyIECTBOBaHHsA, a CYUIECTBYIOT B KaueCTBe CyLLeCTBEH-
HEIX CBOHCTB €IMHHUHHIX mpeameroB. Takum 006pasoM, «ue-
JO0BeK BOOGILIe» — 5TO CBOHCTBO HJM Ke COBOKYIHOCTDH
CBOHCTB, MPHCYUIHX OTHENbHHM JIONAM H XapakTephsylo-
LEX MX, HapHMep TaKoe CBOHCTBO, KaK HAJHYHe pasyma.

3. KoHuenTyanuam OTPHIAET CYLECTBOBAHHE YHHBEpCa-
Auit BHe yMa, NPHIHCHBAsg HM CYLIECTBOBaHHE TOJBLKO B
yme. Takum 06pasoM, «Ues0BeK BOOGIIE» CYLIECTBYET JHIIb
Kak IOHSTHE O YeJIOBEKE.

4. HoMpHAaJH3M OTpHLACT CYLIECTBOBaHHE yHHBepCatiit
B YK43aHHBIX BhIUIE CMBICJA2X H OrpaHHYHBAeTCs] NPHHA-
THEM CYIIECTBOBAaHHA OOLIMX TEPMHHOB. Takum ob6pasom,

1W. V. O. Quine, From a Logical Point of View, p. 114.

2 TIpuBeneHHbIE ajee 3aMeuaHHs 06 yHHBEpCAJHAX CJEAYIOT 3aMe-

yaHHaM AfifyKeBHua, HMEIOLIHMCA B €ro KHHTE K. Ajdukiewicz,
Zadadnienia i kierunki filozofii, str. 120—124.
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CYLIECTBYET He H/es YeJOBEKa, He MOHsTHE o 4eJIoBeKe, a
TONLKO OGUIME TEPMHH «4enoBeKy.

«Crapmnrit bunocodcxkui CIIOp O CYLIECTBOBAHHH YHHBEp-
canuit, — numer K. A#inykesny s «lIpobremax u nanpas-
AeRUAX purocoduus 1, — IPOSIBNSETCS B HOBeHwiel duso-
CODHH B HECKONLKO HHOM dopme. Cospemennas dopma
3TOH NpobJeMH BHpaxaercs COGCTBEHHO B NMOCTaHOBKe BO-
IPOCa, H3YYalOT /M anpHOpHHe HayKH — TakHe, Kak, Ha-
[IpUMep, MaTeMaTHKa, — BIOJHe peanbHH#, XOTA M moJHO-
CTbIO OTJIMYHBIA OT MHPa JaHHOrO HaMm B 4YBCTBEHHOM
ONBITe OCOGHIH MHD Tak HaskBaeMbIX HACANbHHX OGBEKTOB,
Kak, HanpuMep, YHC/1a, MaTeMaTHYeCKHe byHkuME ¥ T. 1.,
KOTODHIH CyLIECTBYeT HE3aBHCHMO OT Hawero yMa, HJIH XKe
T4KOr'O MHDa BoOGLIE HE CYLeCTBYeT».

. Mul 3Haem, uTo noHsTHs UHC/a, QYHKIMM Tak e, KaK
H Apyrue marematuueckue [IOHATHS, MOTYT OHITh CBeIeHHI
K NOHATHIO MHOXecTBa. IIpoGiemy, Takum 06pasoM, MOK-
HO OrpaHWUHTL BOMPOCOM, CyiIecTByoT Ju MHOXeCTBa H,
€C/IH CyIIECTBYIOT, TO B KAKOM CMBICJE,

Ha ananoruio mexny npoGJeMOR CYIIECTBOBAHHST MHO-
KECTB M Npo6NeMON CyLlecTBOBAaHUS YHUBepcanuit o6paTu-
/1 BHUM3HHE He TOMBKO (HI0CODH, HO TakwKe JIOTHKH H
MaTeMaTHKH. _

B tpyze, NOCBALICHHOM OCHOBAHHSIM TEODHH MHOKECTB,
4BTOPaMH KOTODOTO gBJAAOTCA A. A. DpeHkenn, onuH
U3 cosfartesell akCHOMAaTHUYECKOl TEODUH MHOXKECTB, U
H. Bap-Xuanen, mbl unTaem:

«ITockonbky MHOMecTBa B 06EuHOM cMhICTe 2 ABAAIOTCA
TeM, YTO QHAOCODH Ha3HIBAIOT YHHUBEpCA/USIMH, TO npobie-
Ma CyLIEeCTBOBAaHHS MHOXKECTB €CTh UacCTh XOpOIIO H3BECT-
HOM H MMPOKO O6CyXAaBmefics NPOGJIeMH CYIIEeCTBOBAHHS
YHHBepcanuit. Tpu rMaBHHIX TPaNHUHOHHHX OTBETa Ha STOT
obuwuit Bonpoc, Gepymux Hauano B CPeIHEBEKOBHIX Cropax,
M3BECTHBl KaKk pea/siu3M, HOMHHAJAHU3M H KO H.
LE€NTyanusM.., a HX COBPEMEHHHE AaHAJOrH — KaK
IMTaTOHH3M, HEOHOMHHANH3M M HEOKOHI e o-
TyaJusM»3,

OTH COBPEMEeHHHIE HanpaB/eHus aBTOPH XapaKTepH3YIOT
caenywomuM o6pasom:

! Cwm. sbie.— Mpunm. nepes.

? To ecTb B Pa3feJHTENLHOM CMEICHe.

# A A Fraenkel and Y. Bar-Hillel, Foundations of Set
Theory, p. 333.
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[InatoHuk ybexpaeH, uTo naJas JIOGOr0 KOPPEKTHO
c(opMy/JTHPOBAHHOTO (OJHOAPTYMEHTHOrO) YCJIOBHA CYuI€-
CTBYET MHOXKECTBO BCEX T€X, M TOJBKO TE€X, NPeIMETOB, KO-
TOpble YIOBJETBOPSIOT 3TOMY YCJAOBHIO M KOTOpOe SIBJfAET-
csi 0COOBIM OOG'BEKTOM, CYUIECTBYIOIIHM Tak K€, Kak H €ro
saeMeHTH. [l ycTpaHeHHs] aHTHHOMHH NJNaTOHUK NPHHH-
MaeT HEeKOTOpble OTpaHHYEHHs 3TOTO NpPHHIMIA B BHIE TEO-
PHH THIIOB MJM aKCHOMBI NOJAMHOXKECTB; OJHAKO OH yOex-
JleH, 4TO paHO WJM HO3JHO MOXKHO 6yner chopMy/aupoBaTh
MeHee palHKaJbHble orpaHuieHus. HexoTopele njaTOHHKH
yGexXAeHE, 4TO NpPEAMETHl MHpPa, B KOTOPOM MH IKHBEM,
peaJbHO NOAPa3eNAIOTCS Ha THINBL, H IPHHUMAIOT TEO-
puto THIOB He Kak ad hoc BBeneHHoe cpencTBo (/s ycTpa-
HEHHs] aHTHHOMHIE), HO KaK BHpaKeHHEe pe3yJbTaTa IO3Ha-
HHA 3TOro (akra.

HeoHoMuHaduCT 3asaB/sieT, 4TO HCHNOJNL30BaHHE
npefJoXeHHl 0 MHOXKEeCTBaX OH pacCMaTpHBaeT JIHIIb Kak
HEKOTOPHIHI COKpAIlEHHRIH Crnoco6 BHIpaXKEHUA U 4TO 3TH
npenJoXKeHHs] MOXHO HHTEepPIPETHPOBATh KaK IIPeNJOXKeHHs
06 uHpuBHAax. OH CUMTAET OCMBLICJAEHHBIMH TOJILKO Te 3JIe-
MEHTapHbIE€ NPEeAJOXKEHHS, B KOTOPHIX aprymMeHTramu sBJs-
I0TCSl UJH COOCTBEHHHIE UMEHa, MJAH HHAUBHIHBIE NEpeMeH-
Hble. BripaxeHus,, comepxkamue CBOOGOAHBIE IepeMEHHEIE,
IpeacTaBJAONHe NMPEeNUKaTh, OH pacCMaTpHBaeT Kak CXe-
MBl COOTBETCTBYIOIIHX BHIPAXKEHHH, B KOTOpPHIX Ha MeCTax
5THX NEpPEMEHHHX CONEpXKaTcs NOCTOsSIHHKHE npefnkars. OH
OrpaHHYHBAaeT NPHMEHEHHE KBAHTOPOB JIHIL HHAMBHIHHIMH
nepeMeHHHIMH. JleficTBUTETHLHO, MHOTHE NpPEeNNOKEHHS O
MHOKECTBaX MOKHO NepeBeCcTH B NpeNJOXKeHHs 06 HHIH-
BHJax, HampuMmep mnpenjoxkeHue «MHOXeCcTBO Jwnaell eCThb
TOMHOXKECTBO MHOXKECTBA NI03BOHOUHBLIX» MOXKHO NepeBeCcTH
B npensoxeHue «Ilas mo6oro x, ecau x — yeJOBeK, TO X —
no3poHo4dHoe». Ho Bo MHOrmx cayuasx Taxkoif mepeBoj He
ynaerca noayuuts. Orciona: «TpynHocry nepedopMmyaupo-
BaHHMA BCell KJaCCHYECKOH MaTeMATHKH B HOMHHATHCTCKHX
TEPMHHAX IPEACTABJSAIOTCA HENpPeoNOJHMBIMH, U IpaBHoO-
NONOGHO, 4TO OHH TAKOBBHIMH H SIBJASIOTCA». B 3TOf CHTya-
KK, He ¥keJas OTKa3aThCs OT T€X yacTell MaTeMaTHKH, KO-
TOpBIe HaxOJAAT NPUJOKEHUA B APYTHX HayKax, HEOHOMHHA-
JHCT NOJXKEH BHIOpaTh OJHY M3 ABYX BO3MOXKHOCTeH: HJIH
TelmuTb ce6s Hagexaol — BuopoueM, caaGo o60CHOBaH-
HOH, —uTo B 6ynymem yracrcs IOCTHYb IepedopMyaupoB-
KH MaTeMaTHKH B HOMHHAJHCTCKOM sI3bIKe, MJH Xe pac-
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CMaTpPHBATh BCIO BBICUIYI0O MaTeMaTHKy KaK HEHHTepupe-
THPOBaHHOe Hcuuc/aeHHe. Ho rorma TpyaHO mNOHATH, KakK
HEHHTEpnpeTrHpoBaHHOe (M HENOCPENCTBEHHO He IOAJAI0-
leeCsi MHTEPNPETANMM) HCUHCIEHHE MOXKeT IMPHMeHATh-
Cd K HHTEPNPETHPOBAHHBIM 3MIHMPHYECKHM IpeJioxKe-
HUSAM. _

HeoKoHmenTyasHCTH BMeCTo CTaporo NpPOTH-
BONOCTaBJIEHHs] CYIleCTBOBAHMA B yMe H-Cylle-
CTBOBaHHS BHE yMa — B MHpDE peaJbHOM
HJIK HAEANbHOM — IOJL3YIOTCA MeTadopUUeCKHM
NPOTHBONOCTABJIEHHEM KOHCTPYHPOBAHHS H OT-
KpH THA. OHH yTBePXKIAIOT, YTO MHOXKECTBO CYLIECTBYET
TOr[a, U TOJIBKO TOTAa, KOrAa AaHHOEe MHOMKECTBO MOMKHO
CKOHCTPYHPOBAThb M3 MHOXKECTB, CYILIeCTBOBaHHE KOTOPHIX
HHTYHTUBHO OUEBHIHO MJIH KOTOPHIE paHee OBUIM CKOHCT-
pyupoBaHb. HO OHH He NPHHHMAIOT aKCHOM HJIM TEOpPEM,
KOTOpble- 3acTaBlisiii 6bl HX HOJaraTh CYLIECTBYIOMIMMH
MHOXKeCTBaMH, He NMOALAIOLIHMHCA KOHCTPYKTHBHOR Xapak-
Tepusanuu. [JiaBHBIMH mpencTaBHTENsIMH 3TOro HampasJie-
HUA SIBJSIOTCA CTOPOHHHKH TaK Ha3blBa@MOTO HHTYHIHO-
HH3M4a, OCHOBaTeJieM KOTOPOro siBAsieTcs TOJJaHICKHE Ma-
TemaTHKk Bpaysp.

B npusenennoM o630pe OTCYTCTBYeT yIOMMHaHHE CO-
BPEMEHHOIO aHaJiora YMepeHHOr'0o peanusMa. DTOT B3TJAL
NPHHHUMaeTcsi TOrAa, KOrja ONHOApryMeHTHble NpenHKaThl
HHTEPIPETUPYIOTCH KaK COGCTBeHHEHIE HMeHa CBOMCTB, TO
ecTb TOTAa, Korja BeipaxkeHnue «A(x)» uuraercs: «x obJa-
naet cpoiictBoM A». Takas uHTepnperanus BbipakeHHi
BuAa «A(X)» 4acTo NPUHHMaercs, H YacTO TaKXke BhHIpaxe-
HHe «X €CTb 3JIeMeHT MHOXECTBa IpeaMeToB, o6Jiafatolnx
cBofictBoM A», paccMaTpHBaeTcsi KaK paBHO3HauHOe BHIpa-
XKeHHI0 «x obnapnaeT cBofictBom A», Tem caMbiM moHATHe
MHOKECTBa CBOAMTCA K IOHATHIO cBoficTBa (arpubyra).
B HCUHC/IeHHH NpefMKaTOB HMeeTcsi NPHHLHMI SKCTEHCHO-

HanbHoCTH: INA (x) =B (x)]—>A=B. Ho cBoiicTBa, npHHAa-
x

Jexalilne OIHHM H TeM Xe IpeaMeraMm, He 06f3aTeJIbHO
TOXAecTBeHHbl. Hampumep, cBOCTBa PaBHOYTOJIBHOCTH H
PaBHOCTOPOHHOCTH NpPHHajJieXar - OfHHM M TeM Xe Tpe-
YFOJIbHHKAM, OJHAKO HX He CYHTAIOT TOXKJAECTBEHHHIMH
CBOMCTBAMH TPEeYroJibHHKOB. TakuMm 06pa3oM, HHTEpUpPETH-
Pys HCUHCJIEHHE NpPeJHKaTOB KaK HCUHCJIEHHEe CBOHCTB, MBI
JOJIKHBl OTHaBaThb ceGe OTYET B TOM, UTO HEKOTOPHE €ro
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3aKOHB HMEIOT MECTO JWub IJs TeX CBOHCTB, KOTOpHI®
YAOBJIETBOPAIOT NPHHUHIY SKCTEHCHOHAIBHOCTH.

XapakTepuaysi nepBoe H3\YNOMSHYTBHIX HanpaBJ/eHHH B
OCHOBaHHSX TEOPHH MHO}KeCTBYKaK NJaTOHU3M, MHI HE IIpen-
pelaeM BONPOCA, MOXKHO JH NMaTOHOBCKHE MAEH OTOXKJe-
CTBHTb ¢ MHOX)ecTBaMH !. OnHako [ofoGHO Tomy, Kak Ilra-
TOH CUMTAJ, UTO, HalIpUMep, HMEHH «UEJOBEK» COOTBETCTBYET
Jies UeJoBeKa, NMOJ KOTOpYIo MOAnafaloT OTAE/bHEIE JIOLH,
TaK M 3TO HampaBJieHHe OCHOBLIBAETCs Ha TOM, UTO HMEHH
«4EJIOBEK» COOTBETCTBYET MHOMKECTBO BCEX JIOAEH, 3/eMEH-
TaMH KOTOPOTO SIBJSIOTCA OTAE/bHbIE JIOLH.

[IpuHHMas, YTO CYIECTBYIOT MHOXKECTBA 'H UTO OHH
OTJIMYHBEl OT €JHHHYHBIX NPEeAMETOB, fABASIOMXHCA HX 3J€-
MeHTaMH, NpPHHMMAKT — nofo6xo IlaaToHy — CywecTBO-
BaHHe NPeAMETOB, OTJIHUYHBIX OT EJMHHUHHX HpEIMETOB.
STOT B3I pa3fe/seTcsi MHOIMMH BBIAAIOIIHMHCS COBpE-
MeHHbIMH Jorukamu. Hampumep, K. 'expenb mnHmer, 4To
«IpU3HaHHE CYIECTBOBAHHS TaKHX TNPEAMETOB, KaKk MHO-
ecTBa, ONpaBjaHo B TOH ke Mepe, 4TO H NpH3HaHHe CY-
[1€CTBOBaHHsI (DM3MUECKHX TeJ, H HMeeTCs CTOJMbKO XK€
OCHOBaHHfi A/ BepH B HX cyulecTBoBanue» 2. HerpyaHo,
10K aJyil, IPHBECTH H3 TEOPHH MHOXKECTB OCHOBaHHf, CKJO-
HAIOIMe K IPHHSTHIO 3TOro Barvisfa. BoipaxeHnue «x €4»
yuTaeTcs: «X €CTb 3JEMEHT MHOXKECTBa y», NMpHUYeM — Kak
Mbl paHee 3aMETHJH — TEPMUH «MHOKECTBO» HE/b3f 31€Ch
NOHMMATb B COGHpaTeJbHOM cMbicie. Cpean akCHOM H Te€O-
peM TeOpHH MHOXECTB HMEIOTCs NPEeAJIOXKEHHs, B KOTOPBIX
TOBOPHTCS O CYIECTBOBaHHH MHOXECTB, YAOBJETBOPSIOIIHX
onpefeseHHbIM YCJIOBHAM (HampHMep, axCHOMa MyCTOro
MHOKECTBA, akCHOMa GEeCKOHEYHOCTH, aKCHOMa BH6Opa), H
5TH NpeAJOKEHHs HeNb3si NepeBeCTH B npeAoXeHus 00
WHIMBHAAX. B 4acTHOCTH, B IpEeAJONKEHHs 06 HHAMBHIAX
. HeJb3sl TEPEBECTH NpeIJOXEeHHs, B KOTOpbl€ BXOAAT KBaH-
TOpHI, CBA3bIBAIOUINE NEPEMEHHEIE, MPEACTaB/siolHe coboit
MHOXKeCTBa.

Kak MHTYHIMOHH3M, TaK M HOMHHA/JH3M INpPHBOIMAT K
ofenHeHHI0O MaTeMaTHKH M JOTMKH. B Maremarnke, NocTpo-
EHHOl WHTYHMIHOHHCTaMH, BHIIAJAIOT DA3/MYHBIE TEOPEMbI
kaaccuueckoll MateMaTHkH. OcOGEHHO CHJ/IBHO 3TO CKa3hl-
BaeTcsi B TEOpHH MHOXecCTB. HOMHMHAJHCTBl AO/IKHBEL OTKa-

1Cp. A A Fraenkel, Y. Bar-H illel, Foundations., p. 333
2 K. G6del, Russel’s Mathematical Logic, B ki.: «The Philosophy
of Bertrand Russel», p. 137.
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84TbCA OT MHOTHX Pe3yJbTaToB/ COBPEMEHHON JIOFHKH. M
MaTeMaTHKH, rje CyLlecTBeHH 06pasoM HCnoJL3yITCS
[IEPEMEHHLIE BEICIIHX NOPAAKGA M KBAHTODHI, CBA3HBAIOMHE
S5TH nepeMeHHbie. Hanpasaepie, HastiBaemoe IJ1aTOHU3MOM,
He CTaJKuBaercs ¢ TaKUMWY TpyAHOCTAMH. OfHAKO OHO BbI-
3bIBACT BO3paMeHHA (uTocopCKOro xapakTépa Kax Ha-
NpaBJ/ieHHe, NpU3HaWIlee CyLIeCTBOBaHHe IpeaMeToB, OT-
JIMYHBIX OT MPEAMETOB KOHKPETHHIX !. .

! Bonee o6crosiTenproe 0fCyKaeHHe paccMaTpPHBaeMoi npo6JieMs
H THaBHBIX COBDEMEHHBIX HanpaBJeHHH uHTaTesb HafijleT, Hanpumep, B
paGotax: A. A  Fraencel and Y. Ba r--Hillel, Foundations of
Set Theory, Ch. IV, 8, «Philosophical Remarks», p. 332--347; P. Ber-
nays, Sur le platonisme dans les mathématique, «L’Enseigment Mat-
hématique», XXXIV (1935); W. V. O. Quine, Logic and Reifica-
tion of Universals. On What There Is, B kn.: «From a Logical Point of
View», 1953; N. Goodman and W. V. O. Quine, Steps towards
a Constructive Nominalism, «The Journal of Symbolic Logic», 12
(1947); A, Grzegorczyk, O pervanych formalnych konsekwencjach
reizmu, «Fragmenty Filozoficzne», 1I; E. W. Beth, Foundations of
Mathematics.
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XY=

IT (xeX = xe?).

»XCY = 1 (xeX — xe?).
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xeX+Y = xeX \/ xeY.

xeX-
xeX —

X¢tY =

Y = xeX A\ xeY.

Y = xeX )\ xeY.
xeX’ = xeX.

xe0 = xel’.
XCYANX+Y.

xe U (X)) = 2 [xep (X))

i==l1

xe ﬂ ¢ (Xp) = I [xep (X))l
N
xe |JoX) = Z[xecp X1
XeX
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D6.1.

D6.2 a.

D6.3.
D6.4,

D6.5.
D6.6.
D6.7.

D6.8.

D6.9.

D6. 10.

D7.1.
D7.2.

D7.3.

D7.4.

D8.1.
D8.2.
352

Re ¢ynxn = [TITIT (yRy A xRz —y=72).

x y z

xeD; (R = ZxR y.
ys/D/ (R) = ZxR!/

Re ¢ynkd \ xeD;(R) — [y = R (x) = xRy].
¥eR (¥) = ) xRy.

xeX
xR~1y = yRx.
Rel —1 = R, R~ ¢ynxu.
XRxy = xRy N\ xeX.

xR; Sy = D\ (xRz ) z8y).

Ornowerne THNA SKBHBAJIGHTHOCTH — 9TO pedyIeKCHBHOE, CHM-
METPHYHOE H TPAaHSHTHBHOE OTHOIUEHHe, NPH TOM:

OTHomeHRHe R pedekcHBHO = n *Rx;
X

orsomenne R cummerpuuno = [1I1(xRy — yRx);
'y

ornomenne R rpansurueno = [1[1IT (xRy A yRz — xR2).

X ¥ z
R_S= I'Il'I(ny_xsy)
X~pY= Rsl—l/\X==D,(R)/\Y D, (R).
XNY..ZXNRY.
R

meK4= Ym=X.
: X

MuoxecTo A ecTh samac MOC/eOBATENBHOCTH {a,) =

__n[asA Za=a‘]

e
XY=0-X4+V=XT|V.-
X.Y=Xx7.



D8.3.
D8.4.
D9.1.

D9.2.

Di0.1.
D10.2.

D10.3.°

Dil.1

Di1.2.

Di.2.

D1.3.

D2.1,

D2.2.
D2.3.

\

ReXY=Re q)ynﬁx/\u,(R)—Y/\ RY)CX.
xY \'(x_—v)

X<¥?= Z\X~Z.
icy
X<V =X<PTAX+Y.
Xe2V =XCY.
Redyngu ~ [xeZ(R) =
=xeD;(R) A*xeR ()]

OYHKUHA Py (m) ectb xapakTepHCTHuecKan QYHKIHA MHOKECT-
pa A(CC M= zaa kaxporo me M:
(m) 1, ecu me A
= -1
Pa 0, eciu me A.

X ecTb GeckoHeuHOE B CMuicae JlelleKHHAA MHOKECTBO =

= 2 X~Y.

Y&X

TpancdnHUTHHE KAPAHHAJIBHHE YHCIA CYTh MOIGHOCTH Gecko-
HeuHHX B cmucae lleflekHHIa MHOXKECTB. .

YACTBb Il  PA3JEJ Il
P(R)= Dy (R) + Dy (R).
(X,8) msog (v, Ty =Rel— L ADi(R)=X A
ADp(R)=Y A
A ITITIIT - 2Rz A yRu ~ (xSy = 2Tu)).

X ¥y zu

(X, Sy mso (¥, Ty = N(X,S) usop ¥, T).
R

a. Rece(A)= II Il [x+#y—(xRyV yRx)].
xeA yeA

b. Repans (4) = IT IT I1(xRy A yRz— xR?).
xeA yeA zeA

c. Reacun (4) = IT1 Tl(xRy— ~ (yR¥)].
xeA yeA

Remop (A) = A= P (R) A Rece (A) - tpans (4) - acum (A).
(A, R) ecTb YNOpAAOuEHHOE MHOMECTBO = R & nop (A).
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D2.4. AoczRBoEA~RB/\xl;l[x_gAyzR(x).gBR(y)].

D2.5. - Aoz~ PBo ?‘ﬁ (Ao ~p Bvy.
R
D2.6. we T = Za=Z°.
Ao
D3.1. A-B=0-—{A"} Bo= (0 =

=C=A4+BA nn[x-gcyz (x <49V x<gy\ xeA \yeB)]}.
%y

D3.2. AVBO=C0=C=AXBA
A l;II;II'II'I[m. 5) ek y) = (b=L55 vV b=y \ a3, 7).

xy

D3.3. A-B=0—-A04 Bi= Ao Bo.

D3.4. Ao . Bo= A0 B,

D4.1. (A®, B%) ectb ceueHHe ymopsifOYEHHOTO MHOMecTpa C0 =
=A+0AB+0ANA-B=0A\ A4 Bo= (o,

D4.2a.  x ectb neppuii s;eMeHT YNOpAAOYEHHOrO MHOMecyBa A0 =

=xeAN Il = Fy—x<L,49)
yeA :

b. x ecrb nociepHnui sseMeHT yNOpsAOYEHHOro MHOXKectsa A0 =
=xcAN\ n(xaéy-»y_gAx).
yeA

D4.3a. Ceuenue (A, BO) ecTb ckauok = CYymecTByeT NOCJAEAHH aJe-
MeHT MHONKecTBa A0 M NepBulii 3JeMEHT MHONKecTBa BO. -

b.  Ceuenne (A°, BY) ectb mpobenm = He cylllecTByeT noc/iegHero
asieMeHTa MHOXKectBa A% H mnepBOro asJeMeHTa MHOMXKectsa BO.

D4.4a. YnopsmoueHHOe MHOKECTBO IVIOTHO = HH OfHO ceueHHe JlaH-
HOro MHOXKeCTBA He €CTb CKAauoK.

b.  YnopsjoueHHOE MHOXKECTBO HENpEPHBHO = HH OAHO CceueHHe
JaHHOrO MHOXeCTBA HE €CTb HH CKauoK, HH mpoGe.

D4.5. ACB=ACB<IIII x5,y =23,

xgA yeA
D5.1. @@= A® = mHoxectBo A0 yjoBieTBOpSET YCJIOBHSAM a— ¢
Teopemsl T5.3.
D5.2. n= A® = MHOKecTBO A0 YAOBJIETBOpsAET YCJIOBHAM a’ — ¢’ Teo-

pemer T5.4.
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D5.3.

D5.4.

D6.1.

D6.2.

D7.1.

D7.2.
D7.3.

D8.1.

D8.2.

D9.1a.

D9.2.

D10.1.

D10.2.
D10.3a.

D10.4.

D10.5.

A,

\
\

% = A0 = MHOXeCTBO \ynoa.ne-rnopxe-r yesiopHsM a” — ¢’ Teo-
pemut T5.5. i

\ —
p=a* = I (@=(X,R) APp=(X,R™)).
X R .

Ynopspouennoe Muoxecto A ecth BHOJIHE YMOpsAOYEHHOE

uuoxectBo = I] Z(b ecThb NMepBHH 3/eMEHT MHOXKECTBA
0+BYCA® b
By,
aelld = Z:I(A0 ecTh BNOJHE YNOPAAOueHHOE MHOXECTBO
Ao
A a= AY%.

Xt=A(a) =xtC At ANll(xe X = x <, 0).

o, st AT > [A(a)<A (@) = a1 <4 @l
Repp(AT)= Re A4 NTTx<,9— R (H<4RW).
Xy

At <BT =Dt =B0).
b

acllpd =aelld Aa£0 A Il etp+1.
Bgelid
adt=1.

= a.

Ecam yeTlpd, TO oY ecTb HauMeHbIIEe NMOPSAKOBOE YHCJIO, KO-
Topoe Gosibuie Jo6Oro 4HCJIA oB, rge P — nopsnkoeoe wHCIO
MeHbLIE Y.

Tpanc¢HHHTHAS OC/IelOBATENBPHOCT THNMA @ €cThb (yHKIUA,
JeBas 06JacTb KOTOPOil — MHOXKECTBO BCEX [OPSNKOBHIX HHCET
MeHbIIE O, The & = O.

a=At=za=12T.

aeZ(m)=a=m.
o ecTh HauajbHOe GHCHO MHOxectBa Z (m) = m >N, A o ecth
HaHMeHbIIee MOPSAKOBOe GHCO MHOXecTBa Z (m).

@ ecTb HauaJbHOE YHCIO = Z[a ecTh HauyaJbHOE YHCJIO MHO-
m

xkectBa Z (m)].

0= @; = ¢ eCcTb HauajbHOe UHCJO, H MHOXECTEO BCceX Hauallb-

HEIX UHCeJ < 0, YNOpSfOueHHOe OTHOUICHHEM «MEHBIIE», HMeerT
THI §.
m= N = @ eCTb HauaJbHOE HHCJIO MHOXECTEd Z (m).
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Tl.
Tla,
T2b.
T3.
T4.
T4b,
T5b.
T6.
T7.
T8.

Ti0.
TI1.

Tlla,

Ti2.
T13.
T14.
T15.

T1ba.
T15b.
T1bc.
T15d.
Ti6b.
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TEOP@Mbl
/
4

/
.

/

© YACTDb 1

Hcuncaenne npensoxennii
P=dAN@—=n—-(p-r).
P=9)—>(g—>r) - (p—r).
PAg—r=p-(g-r).
P {g—r)=g—(p-r).
PV g—(~qg-p).
~prVg—(p—g).
~~p=p.
P—,=~qg—~p.
PAG—=r=pA\~ron~q.
P>\ ~qg—~p.
p—(~p—g).
g9—(p—q).
p—p.

p = p.
P=9)—>(@=p).
=g A@g=r)>(p=r).
P=g=(p—-9) Ag~Dp).
(p—~p)—~p.
(~p—>p)—p.
P—>gA~q—~p.
(~p=gA~q~p.
P=9)Alp—> ~g)— ~p.
P=gAr=(—9 Ap—r).



T17.
T18.
T19.
T20.
T21.
T22.
T23.
T24.

T95.

T26.
T27.
T28.
T29.

T29a.

T30.
T3l1.
T32.

T33a.

- ® & 0 o

T34.
T35.
T36.

@ﬁd\ﬁjnszqﬁn

(p—>n AgxApVg—r.
~PeVeo=~pA~g
~(pAgy=~pPV ~9.
~(P—=>9=pA~q.

~(@ A ~p).
pV ~p.
(P—9)=>PAr—gAr).

. = A=) (P Ar—g ).

p—=q)—=>@Vr—gVr).

P> A==V r—gV59)
PP A=AV I—qVs.

~pVg=p—g.

p\Vg=~p—yg. .
pA@VD=prAaVrAr.
pVaAr=@VO APV

=)A= APVAIA~@GAI=>@—=>P A7)

p=g—(~p=~9).

== Ar=qAr).
p=g—rAr=rA9.
(p=q)—>(pVr=qVr).
(p=gq)—=(rVp=rVo.
(p=q)—(p—>r=q-7).

(p=q)(r—>p=r—y9).
p=9—lp=r)=@=1)
@EﬂﬁW?MEVEm-

pAhg=~(~pPV ~9.

PVoVr=pV@Vr).

PADAr=PAGAD-

357



TI.

T3.

T4.

T5.

T6.

T7.

T8.

T9.

T10.

T11.

T12.

T13.

T14.

T15.

TI16.

T17.
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¥Y3koe ncqncneﬂny'hpennxaros
I;IA(x)—iA(y).
A(y)*gfl(x)-
~I;IA(x) 5§~ Ax).
~§A(x) = I;I ~ A(x).
I;I[A(x>_,3(x>1_>[1;1,4(,;)-4;13(@].
I;I[A(x>—>B(x>1—e [§A(x>—>§3(x>].
I;I[A(x> AB@®)] = I}A(x)/\l;IB(x»
I}A(x) vl;IB<x>—>l;I[A<x> V B(x)].
;m(xn\B(x)]—@A(x)/\gB(xy
leAm V B (%)] z@A(x) Vv §B(x>.
I;I[p—>A(x>lzp—>I} A»).
glp—n&l(x)l = p—>§A(x)-
I;I[A(x)ﬁpIEZxA(x)*p-'
;mm—w]sl;m(x)—w.
I;I bVA®I=pV I;IA(x>.
xz [P AA®I=p A §A(x>.

ipAa@i=p AT A,



T18.

T19.

T20.

T21.

T22.

T23.

T24.

T25.

T3*.

T4*.

T13*.

Ti6*.

T20*.

T21*.

Al.
Tl.
T2.
T2a.
T3.

SV A@i =V DA
[IT1xRy = T1T1xRy.
y x

x ¥

S5 ek = ST eR
Xy T
ST xRy — I1 X xRy.
Xy y X

T4 = Bl - [[TA@ =11 B(x)].

MA@ = B@l—[2A@W = 3 B(x)]-

MAaw =~ Z~ A(x).

X

SA@E) =~ 1~ A@).

~T1 B(x)= D) ~B(*).

A(x) A
~NB) = 1~ B).
A(x) A(x)

TAx)—p = DA@~p.

B(x) B(x)

ZmAMmEpAgAm.
B(x

B(x)

3 3Ry = 3 SR

A(x) B(x) B(y) A(x)
3 M xRy—11 > xRy.
A (x) B(®) B(y) A (*)
ToxpecTso
x=21x.
X=Yy—y==x.

x=yNy=z2—x=2.
x=2\Ny=2—x=y.
x=yNAEX—AQ).
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T3a. ‘ CADA~AY) oty

T4. A(x) =3 A).
frases
T5. A =TT Aw).
y=x
T6. ~ AW =~ DAV S Nrry.
- x x A(x) A(y)
TVI. § 6. x=y59[A(ijA(y)].
YACTD It
OGwiasn TeopHs MHOXecTs
AllL xel .
T1.1. XC1.
T1.4a. - XCX.
b. XCYAYCz->XC 2.
T1.5. x=y =1 (xeX = yeX).
X
Al.2. X=Y—-X=Y.
TL.7. X=Y=X=Y.
T1.9. xe0.
A5.1. (B, y)=(2ty=x=z\Ny=t.
T5. la. X+Y)XZ=XXZ+Y XZ.
b. XY=0-(XX2Z)-(Y x Z)=0.
¢ (L2 ..., n)XX={() XX+ {2 XX+ ...+ (] x X.
d. XCY—»XXZCYXZ. '
T5.2. (x, y)efbtb(a, b) = D(x. y).
T6.1. XCY->RX)CR(®).
L6.1a. D;(R)y=D,(R™).
b. D, (R)= Dy (R™Y).
L6.2. Rel —1-»R el —1,

L6.3b  Rel—1Ax yeD;(R)Ax+ y—R(x) + R(y).
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L6.4.
L6.5a,

L6.6.
L6.7a.

A6.1.
T6.4.
16.8.

T7.1a.

L7.2.
L7.3.

A7.1.

T7 2a.

L7.4.

L7.5a.

T7.3.

T8.3.

T8.4.

Rel —1—-Ryel — 1.
X C Di(R)—Di(Ry)= X.
X D (R)— Dy (Rx) = R(X).
R, Sel —1—>R; Sel — 1,

Dy (R)=Dy(S)— Dy (R; S)= Dy (R).
D, (R)=Dy(S) = Dy (R; S)= Dp(5).
R=—S—->R=S.
R=8=R=S.
X=D;(Ry—»Rxy=R.

X~ X.
X~Y->Y~X.

X~YANY~Z-X~Z,
X ~g¥Y »Y=R(X).
Rel—1 A X C Di(R) =X ~ RyR(X).

A B A By .
A~B/\A1~31/\A~A1=B~Bl=0—>A+A1~B—|-Bl.
A~BNA ~B —Ax A ~BXB;.

A=No= D) [HH(t:;ej—»aH&a;)/\A ecth samac mocJe-

{a,b ¢ ] .
JOBaTEJbHOCTH {a,,}]. -
AX=X+X+..+X (nel).

i
|

n—=X.X....-X (neM).
\—'~

n

361



T8.5. XVHZ = XV. X2,
T8.6. XZ=%x"2
L9.1. X~Xi AY ~YI A D (X ~ Z)—»Z(X1~U)
zCy, ucy,
Caencreue 9.1, XCvr—-X<VY.
T9.1. m<n=m=n\ym<n.
T9.2, m<nAn<m—om=n,
T9.4. 'm<nVn<m.
T9.5a. No <f.
b.’ neft — n<<N,.
L9.3a. m<n—-m-f <nf.
b. m<n—nnf <nf‘
T10.1. M< (2™,
T10.2. oM _ (o).
T10.3. M<2M.
L11.1. PCXAP=N— Y X~Y.
; xXcy
L11.2. D X~Y)> D P=N,.
Yecx PCX
T11.1. Muoxectso X 6eCKOHequ B cMuice [efekuHaa = Z P=N,.
PCX
L11.3. X=Y=R—=X TV =N, .
L11.4, X=NAY=n—->XFV =N (nem).

Ti1.2.. Ecau 1 X — GeckoneyHoe B eMbicae JlefekuHa MHOXECTBO | VY=n
WHY =Ny, 0 X V=X (neM).

TI1.3. (Y =n\ Y = N)AX—Y ecTh GecKoHeyHOE B cMhuicae [lese-
KHHJ3 MHOXecTBO —»X —Y =X (neh).

Ti2.1. No = f.
Ti2.3. a<b‘—~>E(a<x<b)=f.
X
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T12. 4a. No + 1 —No (REM).

b. N+ No=Ng,
f+n=f  (n€M.

d. f+No=f. '

e. f+f=".
T125. [1Z =R ATIC#i>Z:2i=0~ ]z =N,

eMN &y =1

Ti2. 6. , No-Ng=Nog.
T12.7. FEcau n ecTh HaTypaJbHOE YHCJO > 2, TO nNo — f.
T12.9a. n-Ng= Ny (nEM).

b. N =Ny (nEN).

. nf=f (neN).

d. f-f=f.

e. fr=1f (neMN).

f. o= f,

g. No'f=f~

h. ) NNe = f.
Al4. 1. z=0N0EZA Tl Tl P#£Q->P-Q=0)—

.PEZ Q€Z
- IT Y, xemy).
Y MEZ x
T14.1. X£0A I X-m— X @ =No).
ngey YCX

YnopsiioueHHbIE MHOXKECTBA

T2. la. Aoz A0,

b. Avec BO s Boa= 4o,

c. A0~ B0 A\ Booc (O — 4025 CO,
A2.1. Av= B0 = A== Bo,
T2.2a. Av€ETIT.
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1-[ Zl o= 71-0. )
A o€lIT

I Sa=2e.
aCllT Ao

L2.1. TIIT 3 3 (A==cd0 A B)==Bo A\ A,-B,=0).
A° B* Ao, B,
L3la. A= B A A== BO A A-Ay=B-B;=0—
Ao 0 po 0
—A'+ A== B0+ By,
L3.1b. A0=2 B0 A AY == B9, 40. 4% >= Bo. B
T4.1. AYCBY A\ B Ct— A0 C Co.
T4.2a. Ecan A°~=B® u cymecTByeT NepBHit SAEMEHT MHOXeCTBa A°,
TO CYWIECTBYET M NEpPBHI 3JeMEHT MHOXecTBa BO,
b. Ecmu A%=c B® u cymectByer NOCTEAHNN S/eMEHT MHOXecTBa AP,
TO CYMIECTBYeT M NOCJAEAHHI SJIeMEHT MHOXecTBa BO.
c¢. Ecm A%==Bo y MuOXecrso A® IJIOTHO, TO TJIOTHO H MHOXe-
cTBO BO.
d. Ecau A%==BY g MHOXecTBO A’ HEMpPEPHBHO, TO HEMPEPHIBHO H
MHOXecTBO BO.
T4.3.  Yrnopspouernoe wmroxecrso A° miorno = [III N(x < 49—
x ¥y z
1= 42 49). )
T5.1. Ecan xoHeuHuE yrnopsifiouerHue MHOXectBa A% u B® papmouMc-
JICHHH, TO JaHHHIE MHOXECTBA NOJOGHHI.
T5.3 Ecmu ynopsigouernule MHOXKecTBa A M B® yHOBJIETBOPAIOT YCJIO-
BHSAIM:
a. YNOpSAOYEHHOE MHOXKECTBO X©® HMeeT NEpBHI SJEMEeHT,
b. yNopsAfiOYeHHOE MHOXKECTBO X° HE HMeeT MNOC/IefHEro 3JeMEeH Ta
c. Jo6oe ceyeHHe MHOXKecTBa X° eCcTb CKAuyoK,
TO JAHHHIE MHOXeCTBA MOXOGHHL. ,
Cnexcreue 5.2 o=(M, <).
T5.4. Ecm ynopsipoueHHBle MHOXecTBa A® W B® yRoBJETBOPSIOT YCJ0-
BHSAM:
a’,  ymopsapoyeHHoe MHOXecTBO X® He HUMEET HM NIEPBOrO, HH IOC-
' JIeIHEro SJeMeHTa,
b’.  ynopszoyeHHoe MHOXecTBO X® cueTHO,
¢’.  ynopspoyeHHoe MHOXecTBO X® IJIOTHO,

TO - JaHHHIE MHOXECTBA NMOJOGHHI.

Caepcreue. 5.3. = (MW, <).

T5.5.
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Ecnu ynopsapoueHHue MHOXecTBa A® U B yAOBJETBOPOT YCJIO-
BHAM:



YIOPAZOUEHHOE MBOMEcTBO X® He UMeeT HH NMEpBOro, HH rocie-
JHEro sJIEMEHTa,
yNopAZOYeHHOE MHOMECTBO X HenpephiBHO,

,@{Wocxo/\fﬁﬂo/\ﬂmxﬁya
x ¥

— Z (x<xw‘<x!/)]}-
\'4

TO JAHHHIE MHOMECTBA IOJOGHH.

Cnexcreue. 5.4 A=(%, <)

~ Tb.6.

T6.1.
T6.2.
T7.1.

L7.1.

L7.3.
L7.4.
L7.5.

L7.6.

L7.7.

L7.8.

Ecau ynopsifovensoe MHOXecTBO A® IJIOTHO, TO MHOXECTBO a°
BCBX 6ro COGCTBEHHKIX CEUEHHi, YNOpsAOueHHOe OTHoweHueM R,

xotopoe onpefensiercst ycaosuem (A}, BY) R (A%, BYy = AiqtAs,
HEnpepLIBHO.

Jlio6oe NOAMHOMECTBO BMOJHE  YMOPSAOYEHHOTO MHOXKECTBAa
BIIOJIHE YMOPSXOUYEHO.

CymMMa H TpOHSBEJIEHHE BIIOJHE YMOPAJOYEHBHX MHOKECTB —
BIOJIHE YNOpsiiOYEHHHIE MHOXKECTBA.

OTHoWEH e, COMOCTaBAsAomee JI060MY SJEMEHTY BIOJHE YMOp#-

nosennoro Mokectsa AT mavanwmuit otpesok A (a), ycranae-

JIHBaeT I0J06He MHOXKECTBa A+ H MHOXeCTBa BCeX €ro Mavajb-
HHIX OTPE3KOB, YNOPAROYECHHOIO OTHOIEKHEM ¢MEHbLIe».

at=pto T Y (A@=B0)
. acA BEB

~[At=A(a)].
a1, € AT )\ A(a) = A(ay) > a1 = aa.

I Y 1A@=B®)IA I Y A@=B0®1-
acAt peBt beBt acat

- At = Bt,
Ecm by — nepstil sement Muoxectsa BT, yuosrersopsiomudt
yenosmo 1 ~ [A(a)==B(b)], uecn :€A, bhEB, a
acAt
takxe A (@)= B(b1), 10 b1 € B(by).

I Y i@=spiv I1 3 4@=B0)
acAt veBt - pcBt acat
At=afF A Bt=B} A 3 at=B®)]->
bEB

- D [AF=B.()]
be By

365



T7.2.

T8.1.
T8.2.

T.8.4.

T8.5.

Tl0.1.

T10.2.
T10.3.

T10.4.

T10.6.

at=pty Nat=peyy D BT=4()).
bER a€A

OrHolueHHe «MeHble» YNOPSAOUMBAET MHOKECTBO IIODSIAKOBHIX

uHcel.

Ecnn muoxectBo E (B << @) ynopsasoueHo OTHOLIEHHEM «MeHbILES,
ﬁ .

TO a=l‘;2(ﬂ<a) (a, pEY).

TTpoHSBOJILHOE MHOMECTBO MOPSJKOBHIX UHCEJN, YMOpSZOYeHHOe
OTHOLIEHHEM ¢MeHblle», €CTb BIOJHE YNOPSHOYEHHOE MHOXKe-
CTEO.

a+0ANa€EMPY AagN—

— Z Z a=f-+n,
pelpd  neh

Jns moGoro MHOXKecTBa A CyIIeCTBYeT YMNOPSJAOUEHHOE MHOMKeE-
CTBO, 8amac KOTOPOro eCTh MHOKecTBO A.

mEKY —»Zm +£0.

Jas moforo KapAMHAJLHOTO yHesaa m > N,y cyllecrByer Takoe
NMOPARKOBOE YHCAO §, YTO M= NE-

N~ TG<a

N1<f.
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