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NMPEAUCJIOBHUE

KHura sta BO3HHKJa M3 Kypca, KOTOpHIi s1 B TEueHHE
paxa Jjer yutan B MOCKOBCKOM HHXKEHEPHO-(DH3HUYECKOM
MHCTHTYTe, HO NOBOJBHO CHJBHO OTJHYAeTCd OT Hero: Bce
BOMNPOCHl H3JOXKEeHbl 3[eChb 3HauuTebHO modHee. OCHOBHOM
MaTtepHaJ, npefHasHaueHHBINl AJAg OOLlero Kypca MeTOLOB
Mourte-Kapaso, cogepxkutcs B raaBax 1, 2, 3, 6, 7, uckJio-
yasi meakuii wpudrt. Ilpeamonaraercs, 4To yuTaTeNb 3Ha-
KOM C TeopHell BepOSITHOCTEH B CPABHHMTEJbHO HeGOJbILOM
06beMe, NPHMEPHO COOTBETCTBYIOLIEM INporpaMMe IO BLIC-
el MareMaTHKe IJs1 BTY30B *).

3a nocnenHee necsiTHAETHE cepa MPHUIOKEHHH METO/10B
MonTte-Kapso HeoG6bluaiiHo pacuiipuiacb. Merogsl MonTe-
KapJso ncnosmeaylorest niasi pacuera 3afad QpU3UKH (mepeHoc
M3JIYUeHHs] H BelIecTBa, fjaepHas (PU3HKa, CTATHCTHUECKasl
¢u3vka U Ap.), PaLMOTEXHHKH, TEOPHHM MaccoBOro oGcay-
JKMBAHHUS, TEODUH HANEKHOCTH, XUMHH, GHONOTHH, IKOHOMH-
KM (ONTHMH3alLlus, yNpaB/ieHHe, CeTeBOe MNJAaHUPOBAHHE U
Ip.), TEOpHH aBTOMAaTOB, a3pONMHAMUKH, THIPOJOTHU —
NepeyHCcIuTb BCe HEBO3MOXKHO. B KHHre paccCMOTpeHB Moy-
TH Bce HaubGoJsiee BaKHbI€ BONPGCHI, CBSA3aHHbie C APHUMEHe-
HueM MetoloB MoHTe-Kapso, 1 MOXHO HafesiTbCs, UTO OHA
Oyzaer noJiesHa CrneuHaucTaM, UCHOJb3YIOUUM 3TH METOMbI,
HE3aBHCHMO OT 00/1aCTH HPHJIOXKEHHIL

ITo mMHeHHIO aBTOpa, COBpPEeMEHHHIH Kypc MetomoB Mon-
Te-Kapso o6s3atenbHO monKeH comep:KaTb XOTS Obl Kpart-
KO€ M3JI0XKEeHHe [eTepMHHHCTHUYECKOTO MOAX0Aa K MeToZaM
Monre-Kapso, Tak Kak Hcnosb3oBaHHe TaK Ha3bIBAEMbIX
JNEeTePMUHHDOBAHHBEIX INCEBIOCAYUYaHHBIX YHCeN MO3BOJSET
BO MHOTHX 3ajauyaX YBEJIHUHTb CKOPOCTb CXOZMMOCTH

(1/N'-e pmecro 1/YN), He Hapymasi CTPYKTYphl BBIYHCJIH-
TeJbHOTO aJropuTMa. JTHM BOIpOCaM NOCBsLeHA IyaBa 7.

*) B sexumu nas MHKeHePOB-QU3MKOB CJEAyeT BKJKYATH TaKxKe
psin BOMPOCOB M3 [VIaBbi B,



6 MPEJAWUCJAOBUE

OO6bluHo mpeofpasoBakys CAydaHHBIX BEJIHYHMH M3Jara-
I0TCA KaK CnpaBOuYHBIE MaTepuaJf: pasjHyHble Crnocobbl MO-
JeNMPOBaHUsl SKCITOHEHIHAAbHLIX BEJNHUYHH, PasHYHbIE CIO-
co6bl MOLEJHPOBaHHS HOpPMaJbHBIX BEJHYHH U T. . Bmecto
3TOro B IviaBe 2 mocTpoeHa ofmiasi KaaccHduKauus npeot-
pasoBaHuil, HCIIONb3YEMBIX JJIS MOAEJHPOBAHAS Da3IMYHBIX
cay4yaHHLIX BesnuyuH. Ha nepBuifi B3rasin npuUHUUN 3TOH
knaccuGUKanuy MoeT noxasatbest gopManabHeiM. Ho moda-
HOCTBIO €r0 poJib BLISICHAETCS B IyiaBe 7/ B CBSI3H C BBEJEH-
HbIM B KHHTE MOHATHEM KOHCTPYKTHBHOH pa3MepHOCTH aJ/ro-
putmor Mounrte-Kapao.

Hepenxo npu n3noxenun meronoB Mourte-Kapao Muoro
MecTa YAeasioT crnocobaM pemieHMs 3ajay JUHEHHOH aJ-
reGpbl. OnHako Takue crnocobbl periKo MPHUMEHSIOT Ha Npak-
THKe, THe, KaK NpPaBUJO, HCOOAB3YIOT §oJiee BLICTPO CXOAs-
uHecs Yuc/JeHHble MeTOHbl JIMHefHOH aare6pul. [losTomy
B rjaBe 5 wajaraioTces B NepBY0 ouepelb crnocoObl pelie-
H¥A JIeHHLIX MWTerpajbHBIX ypaBHeHHIl; H Jjuumb B § 5
3TOH rnaBbl KaK YACTHLHIM c1yyad paccMOTPeHbl aJjare6pau-
YecKHe CHCTeMDI.

B rsiaBe 6 paccMOTpeHbl pasJuyHble crocolbl BBeNCHUS
CTATHCTHYECKHX BeCOB. DTH CHOCOGHI HO3BOJSAIOT, OTIpaB-
JISCh OT €CTECTBEHHOTO Mpolecca, CTPOUTb MoAenn Las
pacuera, Gojee BLITOLHBIE, YeM HMHUTauus Ipouecca (CM.
meaxui wpudT, crp. 9). YcranaBauBaeTcsi CBsi3b 3THX
NIPHEMOB € METOZAMH BBIYUCJEHHS HHTErpajioB U pelIeHUsd
HHTErpaJbHBIX YpaBHeHHH,

FnaBul 4 1 8 BhIXOAAT 3a paMKH 06iLero Kypca. B raa-
Be 4 ykasaHbl Haubogee HHTEpPecHble H, BEPOSTHO, HaubGonee
NMepcrneKTHBHbIE HaNpaBJdeHHs MHCCAEJOBAaHUN METONOB Bhi-
YHCJEHHS] HHTErpaJioB, a B rjaBe 8 pacCMOTpeHbl HEKOTO-
pele 3amaud Apyrux TuUnoB. Takum o6pa3oM, 3TH riaBbl
KaK Obl HJJIIOCTPHPYIOT BO3MOXKHOCTH pa3BHTHS METOLOB
MonTe-Kapao «Briy6b» H <«BLIHDbS.

YnpaxHeHHs npeiHasHayeHH B NMEpPBYIO OYEPEedb MJIS TO-
ro, 4To6bl COOGLIHTh YHTATENIO NOMOJHUTENbHbIE CBEILEeHHs,

Sl nmomp3yioch ciydaeM, YTOGBI BLIDA3HTh CBOK NPHU3HA«
teabHOcTh H. H. Yennosy, MHOroseTHHii KOHTAKT € KOTO-
_pHIM NOBJIMAN Ha MOM B3INIAAbL Ha MeToAbl Moure-Kapuo.

H. Coboas



BBEJEHUE

0.1. Meroant Monrte-Kapao. OGuienpHHaTOro onpenene«
uusi MeronoB Mourte-Kapao noka ner. Hasosem merogamu
Monre-Kapao uucaennvie merods. pewsexus maremaruue-
cKUXx 30004 Npu NOMOWU MOOEAUPOBAHUA CAYUAUHLLY B8e-
auuun *), Tlpu TakoM omnpeleseHHH NPUXOAMUTCA K METOAAM
MouTe-Kapsao npHUHCAHTD HEKOTOpLIE ApYTHE METONH, Kak,
HampuMep, CTOXacTHUeCKHe MPHOJIKEHH WJAH CaydaiHblil
[IOMCK, KOTOpbie MO TPaXHLUMH PaccCMATpPHBAIOTCA OTAENbHO.
Onnako CHeUHanucThl, 3aHHMAIOWIHECST 3THMH BOMNPOCAMH,
HEPeIKO CaMH HasblBAalOT CBOHM IlpHeMbl MeroaaMu Monre-
Kapuo.

B To e BpeMsa B ompefeneHHU MNOAYEPKHBAETCA UTO:

a) peub HAET O YHCJAEHHBIX MeToxax (M KOHKYpHpOBATH
OHH MOTYT C KJaCCHYECKHMH YHCJIEHHBIMH MeTOLaMH, a He
¢ aHAJHTHYECKUMH METOJaMH pelleHHs 3ajfad);

6) pewatb MeronaMu MonTte-Kapsao MOXHO JioGble Ma«
TeMaTHYeCKHe 3a4a4d (a He TOJNbKO 3aJlauH BEPOSITHOCTHOrO
NPOHCXOXKACHHS, CBSI3aHHBIE CO CydYaflHBIMH BEJHUHHAMHU),

Hassaune «Monte-Kapao» npousowsno ot ropoga Mou-
Te-Kapsio (xHsizkecTBO MOHaKo), H3BECTHOrO CBOMM Kasu-
HO, H6O OAHMM M3 MPOCTEHIIMX NPHOOPOB IS TeHepupoBa-
HUS caydafiibiX YHCEJ CNYKHUT pyJeTka.

OduunanbHoil natofl poxnaeduss metonoB Monrte-Kapao
cuutator 1949 roxm, korma nosiBUJAcCh CTaThd HOA 3ar/jabu-
em «Mertog Monte-Kapao» [159]. BosuukHoBenne merona
CBsI3bIBalOT O6bIYHO ¢ uMmeHamu K. Hefimana, C. Ynawma,
H. Merponosuca, a takxe I'. Kana u 3. ®epmu; Bce oxd
B 40-x romax paGotaau 8 Jloc-Anamoce (CIIA). Heo6xo-
OHMO Cpa3y e MOJUYEpPKHYTb, UTO TEOpeTHYeCKHe OCHOBbI

*) MoxHO n06aBHTb: «H CTAaTHCTHUECKOH OLEHKH HX XapaKTepHe
CTHK»,



8 BBEAEHUE

MeTon0B MoHTe-Kapsio OblIM H3BECTHH 3Ha4YHTe/AbHO palib-
we. Bonee toro, ¢pakTHueckH TaKHe METOAB He pa3 HCNOJb<
30BajuChb [/ PACUETOB B MaTeMaTH4YeCKOH CTaTHCTHKe,
OnHako 10 MOSABJEHHS 3JeKTPOHHLIX BbIYHCIHTENbHBIX Ma-
wuH (9BM) meroasl Monrte-Kapao He MOraH cTaTh YHH«
BepcasbHbIMH YHCJEHHLIMH MeTonaMHu, n60 Moxe/HpOBaHHe
ClyuyaHHbIX BEJHYHH BPYYHYIO — BecbMa TPYHOEMKHH Mpo-
necc.

Passutuio MetoaoB Moute-Kapiao crnoco6erBoBano 6yp-
Hoe passute DBM. Aaroputmbl Monte-Kapao (kak npa-
BUJ0, o6Jafaioiine HeGOMbILOH CBSA3HOCTbIO) CPaBHUTE/b-
HO JIETKO NpOrpaMMHpPYIOTCS H MO3BOASIOT PacCYHIbIBATH
MHOTHe 3aJayH, HeJOCTYIMHBle IJ5 KJAaCCHYECKHX UHC/ACH-
HbIX MeTofoB. Tak Kak coBepiuieHcTBoBaHHe DBM npopnoa-
J)KaeTcsl, €CTb BCE OCHOBAHMS 0XHUIaThb JAaJjbHefillero pas-
BHTH MeTol0B MoHnTe-Kapso u manbHefiuero paciupenius
06JaCcTH UX NPUMEHEHHUs,

0.2. O6wuit kypc meronos Mourte-Kapao. Baxuehuui
npueMm nocrpoeHHs MeronoB MonTte-Kapiso — cBenenue 3a-
Jayl K pacueTy MaTeMaTHueckux oxupauuit. Bosee mnop-
poOHO: Ans TOro YTOGHl NMPHOJHMKEHHO BHIYHCJIHTL HEKOTO-
PYIO CKaJIipHYIO BEJHUYHHY @, HaJl0 HNPUAYMATb TaKYO Cay-
yaiHylo Beauuuny §, uyro ME=a; Torma, Buuucaus N
HE3aBUCHMBIX 3HAaueHu# Ei,..., Ey BeJH-
YHHBl E, MOXKHO CYHTATh, UTO

a= (1/N) (814 . .. +En).

[Tpumep. Tpebyerca omenuts obwem Vg
HEKOTOPOH OrpaHHYeHHONl NPOCTPAHCTBEHHOH (H-
rypu G.

BeiGepem mapassenenunes I1, comepxa-
wuit G, o6vem koToporo Vp masecien (pmc. 1).
BeiGepem N cayyafiHmx Touek, paBHOMEPHO pacs
npeneneHnnx B II, 1 o6oanaunM uepes N’ xosu-

‘o yecTBO Toyek, monasiwux B G. Ecam N seauxo,
_ e 10, oueBuaHo, N : N~ Vs 1V, otkyna noay-
YaeM OLEHKY i
Puc. 1. Vg = Vg(N'/N).

B stom npumepe cayuaiinasn senuunsa § pasHa Vp, ecan cayuafinas

Touka nonajaer B G, u § paBHa HyJIO, eC/IM TOYKa nonagaet B II — G.
HertpyaHo npoBeplTh, 4TO MaTeMaTHYeCKOoe OXHIaHHe M§=VG, a cpefi«

Hee apH(pMeTHUYeCKoe

(A/N) B+ oo + By) = Vg (N'IN).



BBEIIEHHUE 9

Jlerko BHAeTb, YTO CyLIeCTByeT GECKOHEUHO MHOro CJy-
yapnmx BeauunH § rtakux, 4ro ME=a. [lostomy Tteopus
meronos Mourte-Kapso monkHa JaTb OTBETH Ha [ABa BOM-
poca: .
1) xak BrGpaTh yNOOHYIO BeAHYHHY § A pacyera TOH
WM nyoll 3afauu? )

2) kak HaxOOHWTb 3HaueHus §Ei, E, ... MPOH3BOJILHOH
cayuaiiHoll BeNHUUHBL E?

H3yyeHne 3THX BOMPOCOB H [IOJKHO COCTaBHTb OCHOB-
Hoe cojep:KaHHe NpaKTHYeckoro Kypca MertomoB Monte-
Kapao. .

[ToutH Bce METOABI, PACCMOTPEHHbIE B HACTOSILIEH KHH-
re, OCHOBaHBl Ha pacyeTe MaTEeMaTHYeCKHX OXHuAaHuH. 3a
paMKaMH KHUTH OCTaJHChb YNOMSIIYTbie BbIlI€ METOMbI CJY-
yafiHoro noucka (KpoMe NpOCTEHIIerc) M CTOXaCTHUYECKHX
npubsauxenni.

Cpean MeronoB MoHTte-Kapsno MOXKHO BBIAGNHTH METO-
ILI, B KOTOPHIX TIOJHOCTBIO BOCTIPOU3BOJUTCS MOLE/Nb pac-
CUMTHIBAEMOTO nponecca. Takue MeTOAbl HHOT/A HA3BIBAIOT
«(hU3HYECKHMHU», XOTs aBTOpPy NpeacTaB/deTcs Gojee yaau-
HLIM Jpyroe HasBaHHe 3THX MeTOJOB — HMHTaLHOHHbIE.
HMMuTanHusl ecTeCTBEHHBIX NMPOLECCOB LHPOKO HCMNOJb3YeTCs
B CAMDBIX Pa3JHUHBIX 06JacTAX HAYKH, TEXHHUKH, SKOHOMHUKH.
Ojinako npHeMbl HMHTAaUMH B KaxKAOH 00JaCTH CBOM, U NOA-
po6uo mHanaraTh HX OoJsee wpesecoob6paslio B CleNHAIbHBLIX
PYKOBOJICTBAaX, a He B oOleM Kypce Metonos Monre-Kap.Jo.

Het ocHoBaHMil cunTalb, YTO UMHTALHS eCTECTBEHHOro mpouecca —
3TO JIyylHii CMNOCOS AJA pacuera 3TOCO Npouecca; CKopee — HaoBGopoT.
B camom ZIese, NpH HMHTaLUMH BHIYHCAACTCH BCA MHQPODHMALHS O TEYeHHU
npolecca; OfHAaKO B peatbHbIX 3alayaxX, Kak NpaBHJIO, He HYyXHa Besl
1H(pOPMALHA O BCeX BENHYHHAX; MOITOMY E€CTCCTBEHHO OXKHiaThb, 4TO CY-
LIECTBYIOT MCTOABI, B KOTOPBIX CKOPOCTb pacyera HYXHLIX BENMYHH MO-
BullIaeTcss Gnarolaps OTKa3y OT MH(OPMALHM O HEHY/KHbIX BeJHYHHAX.

C.10B0 «uHC/IeHHBIe» BKIIOUYCHO B 3arj1aBue KHHIH, YTOObI [IOAUYEPKHYTb,
YTO 37eCb pPAacCMaTPUBAIOTCH TIasHeiM 06pa3oM He HMHUTALHOHHble
MeTOLbl,



FTITABA 1
NOJNYYEHHUE CJIYYAHUHBIX BEJIMYHH HA 3BM

B aaroputmax Monre-Kapao ¢urypupyor 3HaueHus
cayuafiHBIX BEeJMUHH ¢ pPa3JiMYHbBIMU 3aKOHaMU pacrhpejene-
pusi. Kak 6yner moxkasaHo B . 2, A5l TOro 4to0bl BBIYUC-
JISITh 3HaueHus JIOObIX TAKUX BEJUYHH, AOCTATOYHO YMETb
HAaXOMUTb 3HAUEHHA KaKOH-HHOYIb OAHOH ciaydyaiiHOHN BesH-
ypHbl, 160 Bcerja MOXHO Nojao0paTh TaKylo (YHKIHIO OT
35TOH CcAyyaflHOH BeJHUWHBL, KOTOpad HMeeT TpeGyeMblil
3aKoH pacnpejeneHusl. 11c3TOMy Mbl CHayaJja pPaccMOTPUM
BONpPOC O TOM, KakK noayuaTb Ha DBM 3HaueHus ojHoii,
«CTAHIApPTHOMH», cAy4allHON BEJHYHHLI.

§ 1. Tpu cnocofa nosyvenus CjaydaiiHbiX BeJHYUH

1.1. Cayuyaiinbie yucaa u cayyaiinsie uudpol. Kak npa-
BHJIO, B KauecTBe CTAHAAPTHOH BBIOMPAIOT HENpephIBHYIO
CAyyalHYl0 BeJMUHHY ‘f, PaBHOMEDHO pacNpeleseHHYI0 B
uirepBase (0,1). HanmomHuM oOCHOBHbIE XapaKTepUCTHKI
aTOl Bemnuunbl: npu 0<<x<<I maoTHOCTL py(x) =1, a Ppyuk-
uus pacnpefenenus Fy(x)==x; MaTeMaTHYeCKOE OXHIaHUe
My=1/2, nucnepcus Dy=1/12.

3aMeTHO pexe B KauecTBe CTAHIAPTHON HCIOJb3YIOT
JUCKPETHYIO ClYyYalHYI0 BEJHYHMHY €, KOTOpas ¢ OAMHAKO-
BOM BEDOATHOCTbIO MoxeT npunuMatb 10 3Hauennii 0, 1,
2,..., 9. Pacnpenenenue & 3agaerca rabauueil

(0 I 2 ... 9 )
01 01 01 ... 01l

Mpl Gynem HasblBaTh BEJNHYUHY Y CAYHQLUHbLM 4UCAOM,
a BeJHuHHY & cayqainold yugpod. VIHOrKa & HasblBalOT Ae-
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csaTrunofl cayuafiHoft ungpo#, ¥To6H OTIHIHTL €€ OT [BO-
puHoil cayyaiHoll MHQPB — BEJIHYHHBl @ C PACIpEAe/IClilieM

0 1)
0,5 0,5/

UtoGbl YCTAHOBHTB CBA3L MEXAY Y M €, PA3MOKIN Hiic:
J0 Y B GECKOHEUHYIO JeCATHUHYIO ApO0b:

v=0, gi&2... €. (1!

[Tocaennsss 3anucb 03layaer, urto
©o
Y = ::: € IO'—k.
k=l
Teopema 1. Hecaruunoie guipet e1,..., €y ... CAY-
4aliHo20 4LCAQ | APECCTABAAOT ¢OLOU Hnesasucumble CAY-
yalinvie yugppor. O0parno, ecau €,..., €y ...— HE3ABUCU-
Mole cayuaiinoie yugipot, To Gopmyasa (1) onpedeaser cay-
qaiinoe Yucao.
Jorkasartenbcrno. Ecam BenuunHa Yy paBHOMEpPHO
pacnpeneienta B (0,1), TO g,==i TOTAA H TOJNbKG TOrNa,
Korna

0, & ov €pti KY<CO0, 8 v..rmi--0, \._“,_q_l,’ (2);
k

[pUYEM &, +.., €,—1 B (2) MOryT mpuuumMarh Jio6nle 3la-
yenua 0, 1, ..., 9. Tak xaK IJaHHa KaxKjoro I3 HIITCPBanOB
(2) paBHa 10~ u uHTepBaJBl 3TH MONAPHO HE MepeceKa-
10TCs, TO
9
Plen=1i}= X 100 =10""10""=0,1;

€1y ereylp| =0

cymMa GepeTcsl MO BCeM HITEp3aJjaM, TaK YTO €y, ..., 4.1
He3aBHcuMO npoberatoT 3HaueHns 0, 1, ..., 9.

[Tycts Temepp 1<<s<Ck. PaccMoTpHM BeposiTHOCTb OJfi-
HOBPEMEHHOTO BbIMONHEHHA paBeHcTB P {e,=i, e,=j}.
OueBupHo, o6a 3TH paBencTBa OYAYT BBIMOJHEHB TOTAa H
TOJILKO TOTAA, KOrAa BBITIOJIHEHO HEPAaBeHCTBO (2), U B TO
xe BpeMs g,=j. CnenosartenbHo,

9
Pleh =i, e, =j} = > 10—* = 0,01.

Elyreey Egan]s Eglaeeny ep—1=0
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Touno tak xe P{er,=ii, ..., 8, =i}=10"* u, Takum oG-
pasowm,
Plew, =iy, o oo, =i} = Pler, =i} ... Pleg=ish

a 3TO 03HAYaeT He3aBUCHMOCTb Eg,, « + ., Ekg-

[TepefimeM K mOKa3aTeJbCTBY OOpPATHOTO YTBEPKIEHHS.
[lpousBoabHoe uucio x u3 uHrepsasa (0, 1) sanuiiem B
¢dopme GecKOHEYHOH [ecITHYHOH ApoOH

x=0, a; as...q, ... . (3)

Ecau y<<x, To B pasnoxenun (1) nn6o e;<<ay, aub0 ;==
=@, U £9<Qy, JUBO £,=ay, ea=0q9 U £3<<0a3, U T. L. [lo-
3TOMY

Pliy<x}= kgl Ple,=ay, ..., k-1 = Qr—1, &8 < i}

Tak Kak Mo yCJOBHIO TEOpEMbl BCE €1,..., &, HE3aBHCHMBI,
TO

Plv<x}= k§1 Ple,=a;} ... P{erm1 = ap—1} P{er < i}

Jlerko Bupmetb, uto P{e,<<a,}=a,-10"!, 6o 3uavenuamu
€, B 3TOM chayuyae moryT Obith O, I, ..., a,—1. 3Hauur,
(o] [o0]
—1 —(k—1 —k
Piy<<x}= 2 al07-107% V= 3 a,107* =x,
k=1 k-1
W TeopeMa J0Ka3aHa.
1.2. O npuGanKeHHbIX cayyalHblx 4ucaax. B sorunciae-
HHfIX BCErJa HCIOAb3YIOT YUC/Ia ¢ KOHEYHBIM KOJIHYECTBOM
JECATHYHBIX 3HAKOB, MOITOMY BMECTO CJYYaHHBIX dHCesa Y

ynoTpebas0T KOHEYHble AeciTHUHBIE Apob6u y==0, e;...e,.
Hukakux cneumaJbHBIX HCCIELOBAHHI N0 3TOMY MOBOIY
Mbl NPOBOAHMTL He OYAeM: Mbl CUHTaeM, YTO 3JeCb HMeeT
MecTo oIIHGKa OKPYIVIEHHs Takas 2Ke, KaK NpH JI6bLIX
NPUOAMIKEHHBIX BBIYHC/ICHHAX.

OTtme1uM 0AHO NMPOCTOE CBOWUCTBO UICeN Y, KOTOPOe Tepsiercs npiu
TakOM NpuGnuxkennu *).

*) B xuure ncnosb3oBaubl caeayiomue oGosHaueHus: I(x) — nmenas
yactb uyHcjaa X (T. €. HanbGoJblllee LleJ0e YHCIO, He NpeBoCXoisiiee i),
A (x) — npo6uas yactb uneaa x (1. e. [ (x) =x—1[(x)).
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Teopema 2. I[lycte g— npoussoivroe yesoe nOANOMUTEALHOC
qucao. Caywadnan eeaununa v=JI(gy) pasHomepro pacnpedeseqa 8
untepsase (0, 1).

B camoMm nene, ecau x npuHaanexaT unTepsaay (0, 1), To BepoaT-
HOCTb
g—1
Pn<x)= DNPe<gy<h+x)=
k=0

g—1 g1
= JPkgT'<y<k+ng )= Dxg =1,
k=0 k=0

gto # Tpe6oBanoch A0Ka3aln

fcHo, uTo NpubAMsceHHas cayuyaiinas Benuunna y=0, & .., e, He
o6najaeT TaKuWM CROHCTBOM, Tak Kkax npn g=p2”", rae p — uenoe,
A(gy) =0.

Hnorna BLIYHCJAATENN NLITAIOTCA HCMO/ML30BaTh LHGPH €1, ..., &
yucaa Yy AJA OLUON e, 8 UHPPE €y q1y..., Eg— Aas Apyroit. Teope-
TIYECKH TaKoli mpHeM BhCJNHe OGOCHOBAH: H3 TeopeMmbl | BhITeKaeT, uToO
ONHO cJy4YaftHOe YHMC/IO Y SKBHBAJEHTHO GeCKOHeHilOf MoC/ael0BaTeNbHO-

CTH cayyadubiX BeNHUHH y:
0,81.-.8n, O,8n+l..-82n, 0,32”_‘_1..-83”, cse

TeM He MeHee ero He BCerza MOKHO PeKOMEHLOBATH Ha MPAKTHKE: Kak
Mbl YBUAUM HHKE, «KAUCCTBO®» CIYUAfiHLIX YlCel, MCHOAb3yeMbIX B pacye-
Tax, NPOBEPSETCS C MOMOLILIO CACUHANBILIX TECTOB; H HCPEIKO TJaBHbIe
pas3panbl — €, €2, € YHCEN Y GKA3biBAIOTCH [OPA3A0 Jydllie NMPOBepeHiibi-
M1, yeM GoJiee JaJieKHe paspsifbl.

1.3. TaGanup cayuaitunx wudp. [Tpennosoxum, yto Mol
ocymecTsuad N He3aBHCHMBIX OMNBITOB, B pe3yJ/bTaTe KOTO-
pblx nonyunan N cayuafiuelx uHgp €1, ..., €y. 3anucas
5TH HHQPL (B MOpsKe NOSIBJAEHHSA) B TaGJAHLy, TOJYUHM
TO, 4TO HasbiBaerca Tabauyed cayuaidnox yugp (cM.
ctp. 295, rie undpbl 06beTUHEHB B TPYONbl TOJbKO paH
yao6crBa uTeHus ).

Cnoco6 yrorpeGaennsi Takoli TaGJaHLbl BecbMa MPOCT.
Ecan B xone pacuera nexkoTopo# 3ajgaun Ham norpebyercs
caydyaidnas uudpa e, TO Mbl MOXKeM B3ATh JIOGYI0 wWidpy
€, M3 3TOH Tabuuunl. Eciu nam noHajpoGurcs caydaiiioe
YUHCJAO ¥, TO MBI MOXKeM B3ATb H3 TaOJHUULI 7 OUEPEHDLIX
UMD ¥ cuHTaTh, 4TO Y==0, &, €411 ... Es4n—1. BHIOUPATD LIID-
PH 13 Tako#l TabJjuubl B cAyialiHOM nopsigke He o6Gs3a-
TeabHo. Mx Moxuo BHGHpaTh noapsa. Ho, koneuno, mox-
HO HauyuHaTh ¢ JIO6Oro MecTa, YHTaTh B JIIOGOM HamnpasJe-
HUH, HCno/ab30BaTh JI060H 3apaHee 3afaHHBIA aJropHTM
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BLIGOpa, He 3aBHCALIMI OT KOHKDETHLIX 3HAUeHHH HHOD
Tabaunn *).

Bce ckasaHHOe BbILIE OTHOCHTCS K «HAeaJsbHOf» TabaH-
le cayyaiiHblX HMGpP U He BbI3bIBAET HHKAKUX COMHEHHH.
Mul He GymeM moAPOGHO OCTaHABJAMBATbCSl Ha TPYAHOCTAX,
BO3HHKAIOIKX NPH TNepexofie K «peanbHbIM» Talauuam, HO
OTMETHM HEKOTODBIE€ H3 HHX.

Bo-nepBeiX, H3rOTOBJEHHE XOpouiell Tab/aHLbLl — BeCbMa
CJIOKHOE [1€J10, H60 B JMIOGOM peasbHOM OIbITE BCErAa BO3-
MOXHbI owHOKH. Hanpumep, mns H3roToBaeHus Ta6/IHLbI
[166], comepxkalueil MHJAMHOH caydafinbix nudp, Gbaa rmo-
CTPOEHa M TLIATEJBHO OTJaXeHa clelHaabHasi «pyJeTkas
(¢ WcnonbzoBaHueM 3JeKTpoHHKH). TeM He MeHee mocie
HEKOTOPOro IepHoma Xopomleil paGoTel OHa cTaJja Bbifa-
BaTh, KaK IOKa3asa NpoBepKa, He PaBHOBEPOSTHbIE LHQPEL
Takum o6pasoM, MpoBepKa «KauecTBa» TaGJHIbl abCOJIOT-
10 HeoOxonuMa. Hukaxue anpuOpHBIe cOOOpaXKeHHd O Tlla-
TENbHOCTH IIOCTAaHOBKHM ONbITa He TrapaHTHPYIOT Hac OT
OMIHNOOK.

Tects npnss npoeepkHu Tabanun ciaydalHbIX nugp pac-
cMOTpeHH HHKe B § 3. 31ech TOJNbKO MOSICHUM, YTO TpOBE-
psieTcst yactora Kaxjaofl M3 pmecatu uudp, wacrora pasiauy-
HBIX COCEIHHX Nap H T. Il

Bropast TPYAHOCTh CBSI3aHA C «HE3aKOHHOCTBIO» MIOro-
KPAaTHOFO HMCHOJIb30BaHHS ONHONW H TOH Ke TabGuuubl. Bo-
YyHCJAUTEJEH ®TOT BONPOC He OYeHb OECIMOKOHT, TaK Kak
IIHTYHTHBHO SICHO, 4TO TaGJHLY MOXKHO IIOBTOPHO HCIOJb-
30BaTh NP peIIeHHH HE3aBHCUMBIX 3afay (BIOpoOyeM, 4TO
TaKOe «He3aBHUCHMble» 3aJaud — He OueHb ACHO). Bosmoxk-
HOCTb HCIOJIb30BAHHSI OJHUX H TeX K€ CAYYaHHBIX BeJIHYHH
JJIsT  pellleHHsl LeablX KJIaccoB 3aflay HAOKas3aHa HHXe B
rn 3, § 4. i

Haxkonen, oTMeTuM ellle H3BECTHbII Hmapagoxc: B 60Jb-
mo#t Ttabaune Hahxyres miaoxue yuyactku. (Hanpuwmep, B
Tabanue, cogepxkamei 10'% uudp, BnosHe BepoOsiTHO HaliTu

*a{i Tabanuet cnyyafiHeix undp oueHb YROGHH AASL OCYIIECTBJIEHHS
cnyuatinolt BuiGopkH. [lycts, nanpumep, TpeGyeTcst U3 55 mpeiMeToB OTO-
6paThb cryuaiiHo 6 npepmeroB. 3aHymepyeM HCXOAHOe MHOKECTBO TNpex-
METOB M BOCHosb3yeics Tabauieft co crp. 295. PaccMoTpyM mapbl Hugp
113 taGauubi: 86, 51, 59, 07, 95, 60, 15, 56, 64, ... 1 oT6epeM NpeaMeTs ¢ 110~
MepaMH, OKasaBUIMMMCS B 3TOi NocmefoBaTeanbHoctH: 51, 07, 15,
34, 23, 32.
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100 nyneit noapsia.) OueBHAHO, CaMOCTOSITENbHOE HCIHO.Ib-
30BaHHE TAKMX YYacTKOB HeLOMycilmo.

B nacrosiniee BpeMs Tabauub cayyaiubx nudp (min
Go.1ee pa3noo6pasHple TabGaAUILl CAYYafHLIX BEJHYHH) HC-
[0.1Lb3YIOT IJaBHBIM 00pa3oM NpH pacyeTax BPYYHYIO; LIS
pacuetoB Ha DBM uMH npakTHuecKH He MOJb3YIOTCA. Oc:
HOBHASl MpPHYHHA 3TOTO — YHCTO TEXHHYECKasi: BHYTPEHHHH
laKomuTe b Bcex coBpeMerlbix DBM cpaBuirenpuo maa u
Goablllag TaGauuna Tyaa He NoMellaercs; a oOpallleHHe K
BHEIIHIIM 3aNoMIlIaloUM YCTPOHCTBAM CHJILHO 3aMEAAsieT
cuer. Bropas npuuuna — orpanHyeHHOCTb oBbeMa cyulect-
BYIOLUIX TaGJull,— MO-BHAUMOMY, HIPaeT BTOPOCTENEHHYIO
pOJIb: MOXKHO 3aroToBUTb TaGauuy J1060ro obObema, ecau
3T0 noipedycres.

1.4. Jlaturku cayyaitHeix uucena. [euneparopamu HWIu
daruuxkamu CayualiHbIX BEJNHYHH HA3bLIBAIOT pa3/HuHbIE TeX-
HHYeCKIle YCTPOiiCTBA, BbipabaTbiBalollye cayyalHble Besu-
yunbl. Hame Bcero a/si NOCTPOEHHA NaTuHKa HCIOAb3YIOT
«lWyMALHe» pafHOJEeKTPOHHLIE NpHOOpbl (IHOZBI, THpa-
TPOHbI, rasorponbsl u np.). He BaaBasch B TexHuueckue
no1pcOHOCTH, PaCCMOTPUM OAMH H3 BO3MOMKHBLIX CHOCOGOB
HOCTPOEHHS] NaTullka, BuIpaGaTbiBaOWCro CJIy4YaHHLIE ABO-
HYHLIE UHDPH o.

Herpyano npencraButb ce6e CueTUHK, KOTOPbIE MOACYUH-
TbiBA€T KOJHYECTBO v (PAYKTyalni HaNnpsKeHHs WYMSIIEro

i

Puc. 2.

npuGopa, npesbllLalOMX 3a1aHHbIH ypoBeHb Ey 3a ¢ukcu-
posanHoe BpeMsi Af (puc. 2). Eme npome ycrpouts cuer-
YUK, KOTOphIfl BbigaBaJ Obl uucao v (mod 2), T. e. 0 npu
4eTHOM v M | mpu HeuyeTHOM v. Ec/H BeposiTHOCTH nosBJe-
Husg 0 u 1 B TakoM mpouecce paBHbl MeXAY c060f, TO MOXK-
HO CYHTATbh, 4TO YCTPOHCIBO BhipabaThiBaeT caydalinyio Ho-
CJIC0BATEbHOCTD ABOHYIBIX LH(P.
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Ecau BeposiTiOCT MOABJEHHS HY/AS OTJAHYHA OT TMOJO-
BuHbl P {0} =p=~0,5, To MOXXHO BBECTH KaKylo-HHOYIb CXe-
MY crabuausauuu BeposiTHocTH. Hampumep, MOXKHO TpyIi-
nupoBaTh HUGpPbH mapaMu U BuAaBatb 0 HpH MOJYydYeHHH
napel 01 u 1 — npu noayuenun napst 10, a napor 00 u 11
npocro onyckatb. Tak Kak P{01}=P{10} =p(1—p), 10 B
pesyJibTate MOJYUHM MOCAEL0BATEAbHOCTb HYJeH H eXIIHHIL
C PaBHBIMII BepOSITHOCTAMIL *),

OO6bIuHO JAaTYHKH CAyYaHHbIX YMCE] COLEPIKAT M reie-
pPaTopoB OMUCAHHOIO THIA, PaGOTAIOLIMX HE3aBHCHMO, TaK
4TO Ja14HKOM BbiaeTcsi NpHOJHMKEHHOe cayuaiHoe YHCJAO
v==0, & ... m, 3amucaniioe B opme m-pas3psagHoil IBOHY-
HOW gpoGu. [ns caywaliHbIX 4Hcesl OTBeJeHA cClielHaJbHas
suefika B HaKOMUTeae, H CKOPOCTb TeHEPHPOBAHHUS HX CTO/b
BeJIIIKa, YTO Ha KaxaoMm Takre paGore DBM B 370l siveii-
Ke MOJy4yaeTcss HOBOe CayyaiiHoe YHCIIO.

[IpuMeneHne DATYMKOB CaydaiHBIX 4Hces CcBOGOLHO OT
TeX HEeNOCTaTKOB, KOTOpble NPEensITCTBYIOT MIHPOKOMY MpH-
MeHeHHIO Tab.auu: He TpebyeTcss MecTa BO BIYTpPEHHEM Ha-
KONHTeJe W 3afmac 4Hce] MNpAKTHYeCKH HeorpaHuueH. Tewm
He MeHee INopaBJsiollee OOJBLIIMHCTBO 3ahay, pelleHHBIX
merogoM Monte-Kapao, cocuntano 6e3 npuMeHeHHST AaT-
yukoB. 160 JaTyuku MMET CBOH, HOBbIE HeHOCTaTKH. Bo-
nepBBIX, YyHc/a, BbIpabOTaHHBIE NATYHKOM, HeJb3si BOCIPO-
M3BECTH. DTO 3aTPYy/NHSET KOHTPOJb pacyeToB U JeJaer
1IEBO3MOXHBIM cueT Ha Takux IDBM, Ha KoTopwiXx HABO#HHOMN
nepecyer SIBJAsSETCS NpPaBuIOM **). Bo-BTOpPBIX, MPUXOAHTCS
COZepXKaTb H IKCHNYyaTHPOBATb IOMOJHHTEJNBHOE YCTPONCT-
BO, KOTOpoe Tpebyer yxola H PEeryasploid NpOBEpKH «Ka-
yccTBa» BbIpabatbiBa€MLIX YHCEJ ¢ MOMOLIBIO CHEUHaJbHLIX
TECTOB.

OcHoBHble 00.1aCTH NpPHMEHEHHS] JTaTYHKOB — CHCTEMB
aBTOMAaTHYECKOI'O DeryJHPOBA&HHS M aHAJOroBbie BLIYHCJH-
TeJbHbIE MallHHbI, a He MeToxbl Moute-Kapao.

1.5. Metox ncespocayyaiibix uuced. Mbl BUIAETH, YTO
NPUTOAHOCTh CJAYYaHIBIX YHCEJ ONpeNe/seTcst B KOHEUHOM
cueTe HE MPOUeCCOM HX MOJYYEeHHs, a TeM, YAOBJIETBOPSIOT

*) K coxkanennio BO3MOKEH Takike cJydall, XOria BeposiTHOCTh p
MCIISIETCST BO BPEMCHH HJIH 3aBHCHT OT HpeallecTBylomux undp, u toraa
APOCThIE CXeMbl CTaGMIH3ALHMH he CllacaloT NONOMKEeHHs.

**) MoXHO, KOHeuHO, 3aNOMHHTb BCe BlIpadoTaHiible 4MC/Ia, HO TOD-
Aa Mbl pakTHUecKH GyneM HCroJb30BATh TaGJHILY.
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1 OHH [EKOTOPHIM MPHHATHIM TeCTaM. Ho B takom cayuae
coBepIIEHHO 6e3pasiuyHo, KakK 3TH uMCaa TIOJYHEHBI, OHH
MOTYT ObITb HaxKe COCYHTaHb MO KaKoli-Hubyab ¢opmyJe,
AL Gbl OHH YAOBJETBOPSIIN TecTaM!

Takasi Touka 3pEHHS MHOTAA BbI3bIBAET BO3PAKEHHS,
160, BblUHCAsAA yHcaa 1Mo (popmyne, Mbl TEM CaMbIM Cpasy
0TKa3bIBaEMcsl OT HX «caydapnoctn». JI0GOTBITHO, YTO Ta-
KOTO pOJa BO3paxKEHHs dallle BbICKA3LIBAIOT HEMarTeMaTH-
KI, XOTSl, Ka3anocb Obl, MaTeMaTHKH JOJIKHBI 6oJsice peruu-
TeJbiI0 TPOTCCTOBATh NPOTHB HECTPOTOCTH. Heno B TOM,
Y10 MaTeMaTHKH Jyulle MOHHMAlOT, YTO CJOBO «C/a1y4aH-
110CTb», B35ITO€ BHILIE B KaBblYKH, MCIOJb30BaHO TaM HE B
MATCMaTHIECKOM, a cKopee B OOBIJIEHHOM CMBICJe. C TOUKH
speliis MaTeMaTliKa PaBIIOMEDHO pacnpefesieHHas Caydad-
Hast BeaMullla Y — 3TO a6GCTPAaKTHOE MOHSITHE; H TOJbKO
OIILIT MOXKCT YyOEAlTh Hac B TOM, 4TO KaKasi-J1HOO KOHKDET-
Has LOCAEA0BATENbHOCTb UHCEN Y1, Y2, - » . , Yn OOJMALAET
HITePECYIOUMMH 11aC CBOMCTBAMH HE3aBHCHMBIX CIy4YaiHBIX
qIceda v.

Uueaa Y1, Y2, ... Yn, KOTOPHIE BBIUHCJAAIOTCS MO KaKOH-
au6o sajmaHuoil ¢opMmyse U MOryT OHITh HCIIOJb30BaHB!
BMECTO CJY4alHbIX 4MCeJ NpPH pelieHUH HEKOTOpHhIX 3ajmady,
HA3bIBAIOTCSI NCE8COCAYUALHOIMU YUCAAMUL.

Hepeako cuMTaioT, 9TO TecThl, NpHBeLeHHble HUMxe B § 3, oGecneyn-
BAIOT BO3MOXKHOCTb HCHOJB30BAaHHS NPOBEDEHHBIX C/AYY4HHDLIX MJIH MCeB-
A0CIyualinblX 4uces B JOGHX 3ajxaiax. JTO HM3NHIIHHA ONTHMH3M. B
NeHCTBITEJbHOCTH Ka)KD,bII’l TEeCT CBfI3aH C KaKHM-TO JAOCTAaTO4YHO LIupo-
KHM, HO OrpaHHYCHHHIM KiaccoM 3azay (cMm. ra. 7, § 4), u npasuibHee
Gbl.10 6bl FOBOPHTbL O TabnHUaX, MAaTYHKAX HAM MCEBLOCIYHaifllbIX YHCIaX
LIS OTIPefleleHHBIX KJaccoB 3afay *).

KoHKpeTHast moc/el0BaTeIbHOCTD TCEBJOCAYUaiHbBIX YH-
cel cxonHa ¢ Tabauuel CAydailHBIX YHCea: ee MOXKHO ONHH
pas TIIATENbHO NPOBEPHTb M 3aTeéM MHOTOKDAaTHO HpHMe-
HATb, BCe YHWcJaa JErko BOCIPOH3BOJATCH; M 3amac 4dHcea
B TakoH MOCJej0BaTeNbHOCTH, KaK Mbl YBHAHMM TIO3JIHee,
ToxKe orpaHnyed. OIZHAKO MeTOJ INCEBAOCAYYaHHBIX uHCe]
CcBOOOJIEH OT [rJIaBHOTO HeNOCTaTKa TalbJHll: CYLIEeCTBYIOT
npoctole ¢GopMyabl Aas pacuera MCeBAOCAYYaHHBIX YHCel,

*) JlioGo# peasbHbit 06BEKT JMIIbL NPHOJHMKEHHO ONMHCHIBAETCS Ma-
TeMATHYECKHM MOHSITHEM, W BCETAa MOXHO YKa3aTb 3aflaud, B KOTOPHIX
NaHnas mMarteMaTnyeckasi MOIeJb Henpurogna. Hanpumep, xak Gbl akky-
PaTHO Hu Guia HayepueHa BpsIMasi, MPH AOCTATOYHO GOJIBIIOM YyBENHYe-
HHH Olla NPeBPATHTCA B BOJIHHCTYK WIH JlaXe NpPepLIBHYIO JHHHKIO,

8 U. M. CeSoms.
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Takue, UTO Ha TOJYYEeHHEe KajKIOro 9HCJaa 3aTpauliBaercs
Bcero 3—5 komaun @BM, a nporpamma pacyera 3aHMMaer
B HaKoNHTeJe JIHIIb HECKOJIbKO SYeekK.

Tonasastoiuee GONBLUIHHCTBO pacuetoB Meroxamu MoH-
T¢-Kapsio BBINOJAHEHO € TNOMOIILIO NCEBAOCYUaHHBIX UHCE.

1.6. CpasHeHMe Tpex cnoco0OB C MPAKTHYECKOH TOUKM
apcHust. TlonyTHO ¢ M3JiOXKEHHEM MeTOJOB IOJydYelus cay-
YafigLIX BEIMYHH Mhl PACCMOTpPeJH HEKOTOphle HX JOCTOHH-
ctBa U HenocraTku. OCTaHOBHMCS ellle Ha Bonpoce O OblCT-
poTe BLIPaGOTKH CJay4aliHbIX BeJHYHH.

[lpn pewenun Ha DBM GoabliMHCTBa 3ajay Ha NOJaY-
YeHHC ICCBAOCTYYalHBIX 4YHCeJ 3aTpayHBaeTcss Tropasjo
MeHbIle BPEMEHH, YeM Ha pacueT camMHux 3azad. B camonm
nene, MpaKTHKa MOKa3blBaeT, YTO B HacTosilllee BpeMs KO-
JHYeCTBO TCeBAOCAYYafHBIX YHCeJ, HCNOJb3YeMbiX TPH pe-
IICHHH OTJE/NbHbIX 3a1ay, Kak NpaBiio *), HMeeT MOPSAAOK
10*—10°% u penko. nocruraer 106—107. Ecau Ha BbIpaGoTKy
KAaMXJIOro yicjaa 3aTpayuBaTh 5 omeplauil, TO Ha HOJYyYEHHE
Bcex uucea yiger He Gosee 5-107 omepanuii. Ha coBpemen-
Hboix 9BM, cxopocrb kKoTOphIX paBHa 5-10° omepanuit B ce-
KYHY, 3TO cocTaBuT He Gosee 100 cexyHn.

Hcnoabsys pgaTunk, MOXKHO OpPraHH30BaTb «CBEPXObI-
CTPYI0» BbIPAGOTKY CIYYaHHBIX YHCeN, TaK KakK, MPUCOEIH-
nuB K OBM k& nartuynkoB, Mbl 6yneM 3a OAMH TaKT paGoTul
2BM nonysath k caydaliHeix uyuces. OAHAKO BbIMIPbILI
EpeMeHH NPH pacueTe CJOXKHOH 33a/laudl B YKA3aHHBIX BBIILE
YCJOBHSIX OKaXKeTCs MeHbLle ABYX MHHYT. Tak 4TO, HCXOAs
U3 HHTepecoB MerTomoB MoHTte-KapJso, He cTouT ruatbcs
338 «CBepXObICTPOH» BbIDAGOTKOH CAydaliHBIX BEJAMUMH *),
Pasymuo tpe6oBaTh, 4TOGEI CKOPOCTb BbIDAGOTKH Gblna TO-
ro Xe mnopsiaka, uro ckopocrb cuera IBM. Ilcepnocayuaii-
Hbi€ Yhc/la 3TOMY TPeGOBAHMIO yIOBJETBOPSIOT.

B Tabsn. 1 nepeunciaeHbl OOCTOMHCTBA H HEJOCTATKIl
TpeX METOA0B mo mwecTH npusnakaM. [ToguepkHeM, yto peun
HIET TO/bKO 06 «3KCH/IyaTalHOHHBIX» OCOGEHHOCTSIX, a He
0 <«KayecTBC» BblpabaTbiBaeMblX UYHCEJ, KOTOPOE MOJMKHO
NPOBEPSTLCA BO BCEX TPEX METOMAX.

*) Mckaiouenve cOCTaBASIOT TakHe 3ajaud, B KOTODPHIX OrpOMHLIE
MacCHBBl CJy4YalHBLIX UHceJ NOABepraloTcs odeHb NPocTol oGpaborke.
Ho Takue 3amayy BbIrOJHee pellaTh Ha CNELHANH3UPOBAHHBIX MALIMHAX,
a He Ha ynuBepcaabhbix DBM. K Tomy e, BeposTHO, A GONLIUHHCTBA
TaKUX 3a/,a4 MOXIIO NPHAYMATL JyyIllHe CL:ocOOLI PCLUelHS..,
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M3 Tabaunnl BHAHO, YTO MeETOH MCEBAOCAYYAaiHBIX Y-
ces1 — CaMblil YAOOHBI! ¢ NpakTHYECKOH TOUKH 3peHus. 1o
NOATBEPKIAETCAd TaKXKe BCeH MPaKTHKOH pacyeToB MeToja-
mu Monte-Kapao. :

Ta6nuua 1

MeTon \ JlocronncTBa ’ HepocraTiu

[TIpoBepka o;lHOKpaTHas. |3amac uucead OrpaHHueH.
Bocrpou3BoAuTh  4uCaa | 3aniMaeT MHOrO MeCTa B
Tabaun MOXKHO HaKONHUTeNe WJIH Mel-
JIEHHO BBOAMTCS.
Hy:xua pHelwnss namsTb

NaTYHKOB 3anac gucen HeorpanudyeH. | [lposepka nepuommnueckas.
Ceepx6ricTpoe mnoayyenHuc.{Bocnpoussoputs  umcaa
MecTa B HakomuTene He HeNb3s.

saniMaer TpebyeTtcs crHelnalbHoc
ycTpoiicTBO

ncesnocayvail- |[Tposepka onHokparthas. |3anac 4uces OrpaHHYeH
HbIX uHcel|Bocnpon3BORMTL — uHC/IA
MOZKHO.

BelcTpoe nonyuenrte.

Mecta B HaKkonuTesne 3a-
HHMAacT Mamno.

Buemnne ycTpoiicTBa He
HY A HBI

HeoGxonumo, oanaxo, nmpu3HaTh, 4TO He BCe pasmes-
10T 3Ty TOYKY 3peHHda. HekoToprle aBTOpLI OTHAIOT npen-
NOuTeHHE AATYMKaM, apryMeHTHPYS TEM, 4TO:

a) NceBROCayYafiHble YHCaAa BbIpaGaTbiBalOTC MeJJieH -
Hee U 3aHMMAIOT MeCTO BO BHYTPEHHEM HaKOMHTeJe;

0) HE CTOHT pacxoioBaTh pabouee BpeMs GOJbLION
IBM, Korga MoXKHO HCIOJNB30BATDH BpeMs He6OoJbWOH npH-
CTaBKH;

B) a Bce-TakM 4HC/Ia, BEIpaGaTLiBaemble 1d%uuKOM, «CITy-
yafinpie», a NceBAOCAYYalHbBIE YHCAa — HeT...

§ 2. TNcesnocayuaiinbie yucaa

OGuieit Teopuu mnceBHEOCAYYaHHBIX 4HHCeJ B HAcTOsLlee
BpeMs1 HeT. O BO3MOXHBIX NYTAX IOCTPOEHHSI TAKOH Teo-
puu pasrosop moifer B ra. 7. 3mech Mbl OrDAaHHYHAMCH H3-
JI0KEHHEM HEKOTOPbIX ()AaKTOB, IVIABHBIM 06Pa3oM 3MIHpH-
4eCKOro xapakrepa.

2*
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2.1. Anropurmbl BHAA Y,,.1=®(Y,). Boabwuncrso ana-
TOPUTMOB, HCNOJAb3YEMBLIX Ha INpaKTHKE [Js [0Jydyelins
TICeBAOCAYUaHHBIX YHCEJ, MPEeACTaBAdIOT cOB0H peKyppeHT-
Hble GopMyJsbl IEPBOro MOPfJKa

. Y1t+l=@(Yn)a (4)
rie HavaJbHOE YHCJAO Yo 3ajaHo. Jlerko noxasaTb, 410
¢ynkuusg y=O (x), u3o0paxenuas Ha pHUC. 3, HE MOXKeT

y v y=A bz
/

T ‘ A

y=lz

~Nbmme e e ==
———
.

N e TITT TS

Puc 3. Pic 4.

[OPOAUTh XOPOIUYIO NOCJAEAOBATENBIOCTb 11CEBAOCAYYAITHLIX
yucea Yi, Y2, ... B caMOM /ele, eClu MO HACTOALIUM CJy-
yafiHLIM 4YHC/IaM MOCTPOUTb TOYKH C KOOPAMHATAMH (Y1, Y2),
(Ys, 14)»+..., TO OHH PABHOMEPHO pacnpefeseHL B eIHHHY-
nom kBanpate O0<<x<<l, 0<<y<<I, B TO BpEMdA KaK COOT-
BETCTBYIOIlIHE TOUKH, NMOCTPOCHHBIE MO yHcaaM (4),

(11, (1)), (Ys D(¥3)), (Y5 P(¥5))s ..vy
pacnosaraloTcs Ha KpuBoll y==0 (x).

CuenoBaTesbHO, «XOpOLIYIO» IOCJACAOBATENABHOCTD MO-
XKeT MOPOAUTb TOJAbKO Takas ¢yuxuus y==®@(x), rpadug
KOTOPO# BecbMa MJOTHO 3aMOJiHEeT eAMHMUHBIII KBajapar.
ITpumepom Takoil QYHKUHH MOXKET CAYXKHTb GOYHKUHS Y=
=/l (gx) npu oyenb Goabiuux g (puc. 4). U neilictsuresn-
HO, 3Ta (GYHKLUHA TOCHYXKHJa OCHOBOH IJs psila METonoB
NOJY4eHH NCeBAOCIYUaHHBIX UHCEJ.

Koneuno, npuBefeHHOE YCJA0BHE TOJBKO HEOGXOLMMO,
110 JlaleK0 He JOCTATOYHO /sl TOro, 4toOnl Qopmyna (4)
NOpoXKaajia «XOpolIue» MCeBAOCAyyaliHble uncaa.

Hpyras Baxuas wepra anroputMoB Bupa (4)— To, uTO
npu peanusauuy ux ya IBM oHu BCeria nopoxpaalor mne-
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pHOMMYECKHE TIOC/]ef0BaTeNlbHOCTH. B caMoM Iene, Tak Kak
B Koze Jio6oit 9BM moxHO 3amucaTh JUIUb KOHEYHOE 4HC-
10 NV uucen, 3aK/IOUEHHBIX MeXAy HyJeM U eIHHULEd, TO
paHO HJAH TMO3JHO Kakoe-HHOYAb 3Ha4yeHHEe Yr COBMajaeTr
¢ ONHHMM M3 HpeJbIYUMX 3HaueHuii y,. Toraa B cuay (4)

Yo i=Yi41 npu i=1,2,... (5)

[lycrs L — HauMenbllee uucao, yaoBsaeTBopsiolee (9)
npa HekoTopoM [ (/<CL), MHOKECIBO YHCET Yo, Y1y ++ .5 Yi-1

L
~ é e v
772 I L-11L L+
| OO ] 14 1 1 11 L 1 1 i 1 1 1 1 J 1
+ ey \ . . i
p 7
Puc. 5.

Ha3bIBAETCH OTPE3KOM QanepuoOuuHOCTU T1OoCc]e10BaTelbHO-
cta (4), unmeno L — Oaumoli orpe3dxa anepuoduuHocty. a
P==L—!— daunoil nepuoda (puc. 5).

OuepuiHo, B pacCMaTpHBaeMOM cClydae OTPe3CK amepu-
ONHYHOCTH COCTOMT M3 pasnuuubix uucesa. M ob6biuHO N5
pacuera He pPEKOMEHIYIOT HCNOJAb30BaTh OoJbiue uyem L
unces nocaenoBarenabHoctd (4)*). SlcHo takxke, uro L<CN.

Jlns sKCniepHMeHTaJbHOro onpefiesieHnss L U P MOXHO peKoMeHjo-
BaTh cjelyloluii anropuT™M, BbhiGupaercss wenoe uucao T (B HECKOJIBKO

pa3 MeHbllee, yeM NpexmosaraeMoe sHauenue L). Bolunensiotes noapsg
uneaa Yo, Yis Yo, o - -» OPHYEM Yo, V7 Vor, -+. 3QMOMHHAKOTCSH, U BCe Y

u3 otpeska pT <<i<< (p+1)T cpaBHHBAIOTCS CO BCEMH Yo, Vs +vey Vor Kax
TONbKO OKakKeTC BBINOJHEHHHIM DAaBEHCTBO Yy = Yp,rs BBHIUHCAAETCH
AnuHa nepuopa P=iy—mT n uucno t==iy—pT.

YTo6bi BbluHCAHTL L, MO uucay Y(p—1)T BBIMHCASIETCS V(5 _1)T 41,
nocJie yero CYHTalOTCH H CPABHUBAIOTCS MexJy co6Gofi JBe nocienosa-
TeNBHOCTH 3HAYEHHN: V(17 B V(m—1)7—idj TPH =1, t+1, 142, ...
He nosguee uem mpu j={¢-+71 nponsofifier cosrajenue 3THX 3HAYEINiL
Ecau conanenne mpousoiinet npu j=jo, 10 L= (p—1)T+jo.

2.2. HekoTtopble KOHKpETHbIE AJrOPUTMBI.

2.2.1. TlepBrifi anropuT™ AJsl NOJYUYEHHs MCEBLOCAYYA(i-
ULIX gucen Owl1 mpemyoxen k. Heiimanom. Ero HasweiBaior

*) Bupouem, ucrosbzoanne L-+-P uuces, KaK MpaBHIO, HU K Kakum
OC0XKHEHHAM He TPHBOLHT, OCOOCHHO NPH PelleHHH CJI0XKHbIX 3afatd, Kor-
lla MaloBEpOsTHO, YTO MOBTOPAIOMICECS YHCJIO GyJeT BTOPHYHO HCIOJbe
30BaHO MJisi MOAEJIHDOBAHHA TOH Ke BENHYHHBI,
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merodom cepedunor ksadpara (middle-square method).
B sTOM MeTome 4HCNO Y, Tpeanonaraercs 2k-3HauHbIM:

Y-=0, a; az ... Q.
I-ITOﬁbI nonqub YHUCJHAO0 Yntls Hajao 'Y,. BO3BeCTH B KBaIlpaT
Y2=0, byb, ... b

m 3ateM oto6paTh cpefHue 2k uudp 3TOro KBagpara:

Yn+1=0’ bh+l bh+2 .. b3k.

HerpyaHo npoBepHTb, UYTO 3TOMY METORY COOTBETCTBYET
QYHKUNA

O (x) =A[10-2 1] (10% x?) ]
11714, 4TO TO XK€,
@ (x) =102 [[[10>* [ (10" x?) ].

OnpHako OT MeToZa CepeinHbl KBaApaTa BbIYAC/AHTENH
0TKa3aJ/Hch, TaK KaK B NOCJeJ0BATENbHOCTSX, IOCTPOEHHBIX
TakMM 00pa3oM, mnoJaydaercss GOJblue, yeM !'yIKHO, MaJblx
uhcesn (eM. HuXKe ynpaxHenue 4 ra. 1). Huarepecuo, uto
NpH HEKOTOPHIX Yo HAOMIONAECTCH BLIPOKIEHHE TOCAEN0BA-
TeJBHOCTH, T. €. Y,=0 1npn n>=n,.

2.2.2. HauGoabluee pacnpocTpaHeHHe TMOJNYYHJA AaJro-
puTM, nperjoxensbft 1. JlemepoM, Kotopuil Hasbipa-
10T merodom evideros (residual method) wuam merodon
cpasrenuti (congruential method). B srom metoae @ (x) =
=ﬂ(gx)r T. €. ’

A{n+|=ﬂ(g'\{n); (6):

rae g — GoNbILOe IeJ10€e YHCIO,

HokaxeM, uTo ecau 3adaro Yo 8 opme HecoKpaTUMOL
dpobu yy=mo/M, ede my u M — yensie aucia, u M 83aun-
HO npocro ¢ g, To 6ce Y, Oydyr HecoxkpaTumoimu Apobamu
suda Y,=m,/M, ede uucaureau m, onpedeastorcs op-
myaou

Mpp1=gMm,(mod M). (7)

3anuch (7) o3Hayaet, 4TO fl,.; PaBHO OCTATKY, NOJYYeH-
HOMY TIpU JeJeHHH gm, Ha M (uaH, APYTHMH CI0OBaMH,
Mpy1 — 9TO HAUMEHBIUHHA MOJOMHTEAbHLIA BBIYET gm, IO
momymio M).
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NokasatenbcTBO (no umuaykmuu). Ilyets v, = mn/M— ne-
coxpatuMas ApoCb. Tornagy, =gm,/M. Us (7) crenyer, uro gmpy=rM-
4m, 11, rae r — uenoe uncno. Jlerko BuieTh, YTO M,y | BSBAUMHO 1POCTO
¢ M B caMoM Jene, €ClH HONYCTHTb, YTO Y M, H M ectb OGWHIT
MHOXKHTENb — IIPOCTOE YHCIO h, TOgm, NOMKHO NeaUTbCA Ha h; Ho &

nenHTbCA Ha kB HE MOXET, Tax Kak g B3aHMHO NPOCTO € M; nosromy
[OJKHO NTUTbCSE Ha K 9HCJIO M, a 5TO NPOTHBOPEUHT NPELNIONOKEHHIO

o Ton, uiom,/M necokpatumas ApoGb, HTak, m,,, B3aHMHO NPOCro
cMu
Vops = A (g M) = (¢ + m, /M) = m, ) /M.

Ha npakTuke o6buHO HemoabdyioT dopmyay (7). Hsy-
YeHUIO TOCJAEI0BATeNbHOCTEH M, MOCBSILLIEHO MHOrO paGoT.
MeToaMH TEOPHH uMces YIa/n0Ch MCCAeN0BaTbh MJIHHY OT-
pesKa amepHOAHYHOCTH (CM. ynpaxHeHHe S5 rai. 1) u oue-
HIITb HEKOTOPBE BEJWUYHHBI, aHA/JOrHYHbIE KO3 pUUHEHTaM
Koppeasuun Mexny y v n== (y), Mexay yu n=0 (D (y))
u 1. 1. OlHAaKO BONPOC O NPHTOJHOCTH TAKHX IICEBAOCTY-
yafiHBIX YMCEJ B KOHEUHOM CUeTe peIIaercss OObIYHBIMU CTa-
THCTHUCCKMMH Teciamk § 3, 1. e. amnupHuecku. [Tpu Heko-
Topbix (g, M, my) noayuaioTcs yAOBJIETBOPUTENbHbIE MOC/E-
HAOBaTeNbHOCTH, NpH Ipyrux — mjoxue. (Cu. Takxe T 7,
n. 3.3.)

VI0BIETBODUTENBHAS TOCAELOBATENLHOCTh HCEBAOCHY-
yaliHBIX YHces Moaywaercd, HampuMep, npu g==57, M=2%
mo=1 (L=P==2%); pe3ysbTaTsl CTATHCTHYECKO} NpOBep-
KH 3THX 4YHceJ npuBeleHbl B [171].

OGuipHan JHTepaTypa, TOCBAUIEHHAs MeTOLy CpaBHenuii, nMeeTcs
B [69, 139, 140]. Pan cTaTelt ¢ ykasaudeM HeLOCTATKOB MeToja Mepo-
uycaen B [180].

2.2.3. B kauectBe npliMepa HEJUHE[IHOrO aJropurmMa,
HCMOJB3YIOMIEr0 HEKOTOpble OCOGEHHOCTH CHCTEMbI KOMahi
DBM, paccMOTpHM a/irOpHTM, NPELNOKEHHbIH aBTOPOM
Kuuru n1a OBM «Crpena». B 3T0OM anroputme HHCIO Y. .1
NOJYYaeTcsl U3 YHCAA Y, TPEMS KOMAHAAMH!

1) umcao y, ymHOXKaercsas Ha OGOJbLIYIO KOHCTAHTY g

2) uaobpaKeHue IPOM3BENEHHS gY. B syelike IBM
caBHraercs Ha 7 paspsanoB BJEBO;

3) BhiuMcasieTcss aGCOMOTHAS BeJIHYHHA TOJAYYEHHOTO
yHcsa, KOTOpas H €CTb Yay1 (TPH BbIYUC/ACHUH aBCOMOTHON
BEJHYHHBI YHCJI0 HOPMANH3YETCs),
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YnoBnerBoputeabHas MNOCAELOBATENBHOCTb MCEBLOCTY-
yalilblX yucea nosyyaercs, Hanpumep, npu g=107u yo=1
(L=87835, P=>53535); pe3ysbiaThl CTATHCTHYECKOH MpO-
BEPKI 3THX 4HCes NmpiBefelsl B [75].

Urobpt NOACHUTL STOT aJropuTM, HeoGXONHMO YyKa3arth, uto B IBM
«CTpena» yncna NpenCTaBJASIOTCH B HOPMaJH30BaHHOH NBOHUHON dopme
x=sgn x-m-2°, rne p=1-+1(log,|x|) — nopsiioK uucaa, a m — maH-
ticea (0,5<Km<<C1). Slueiika DBM, B KOTOPYIO 3anHCBIBAaeTCsl YHCIO X,

lilzlsl T T T T T T Tssdaslsslsriselslealarlaz)
» Menmyrcen T fgp 1o
Jgh Jran
MUHTIUCCH! ,’/ﬂﬂf" L

Puc. 6.

cOCTOUT H3 43 AEoMuublX paspsaoB (puc 6). B j-m paspsiae 3anucana
BEJHYHHA €, KOTOPAS NOXe] PABHATLCS HYJIO HAH, eIMHULE, H

35 5 .
=¥ e270, Ip|= E 942—/'21’
i =0
sgn x = (— 1), sgnp=(—1)"%

(B ABOHYHON 3anHcH
m=0, e;ey... €35 |p|=esess...eu).

Ecan npousBefieHHio gy, cooTBeTcTBYyeT siuelixa [0, e es. .. €], To moc-
JNle omepalluu cAbHra nosnyuaeMm [eres . .. e;0000000]. A6comotnasn
BC/IMYIIHA 3TOrO 4MC/aIa B JABOHYHOA 3amHucH paBHa Y4l =0, egeg...e4.

HerpyaHo npoBeputb, 4TO B Cayuae, KOTAa pasMeLleHHe MaHTHC-
Cbl M W NMOpsAKka p B sueike IBM npyroe, TO ke UHCLO ¥, MOXHO
NONY4uTb M3 gy, C NMOMOWIBIO ABYX HJH TPeX CIABHIOB H MOPaspPsiHOIrO
CJIOXKCHHUS Pe3yabTaToOB 3THX CABHIOB

2.2.4. [lns noaydyeHHs NCeBOCAYy4YailHBIX uYyceJ Ha pasjnyHeix IBM
HCMOMb3yIOT BeCbMa pa3HOOGpasiibie aJrOPHTMBI, IOLOOHBIE H3JIOKEHHO-
My B m. 223, KOTOpble HHOIAA HA3bIBAIOT CNOCOBAMU NepemMeuiusanus.
Ceenennst 0 Hux uMeiotcs B [19, 69]. K coxasendio, onucaHue ajiro-
PHTMOB 1a/1eKO He BCErfa COMPOBOXKAAeTCs yKa3aHHEM KOJHYecTBa Mmpo-
BCPEHHbIX YHCeJ H TeCTOB, KOTOPHIM 3TH YHCJA YAOBJETBOPSIOT, HAM XO-
T Ol YKasaHHeM paGoOT, B KOTOPbIX HMEIOTC JAaHHbe O TaKHX mpo-
BCPKaX.

Hanpumep, HekoTopoe pacnpocTpaHenue MNOMYYHS TPeXKOMAHIHbIM
aJropuT™, paspaboranubiit 1 K. Fonenko nas Ttou ke IBM «Crpenas.
Onuako nosmHee caM aBTop aaropurma o6uapyxua ([19], crp. 117),
4YTO NoJydaeMbie STHM METOAOM YHCJAA IJIOXO YROBJETBOPSIIOT OXHOMY H3
Ba)KHEHIUNX TecTOB — MpOBepKe nap.
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2.2.5. M3 apyrix anroputvMoB suma (4) OTMETHM MONLITKH «yJyys
WeHIIA> MeToNa BbIYeTOB (6) nytem paccmortpeHHs QyHKuuf BHLa

D(x) = A (p+g1x)
HJIR

@(x>=zz(p+2 gkx’f).

k=1 /

rae p — 3ajaHuoe D.pOﬁHOE YHUCJI0.

. 3ameTHOro pacnpocipaHeHHs STH MeTObl He MOMYYHJH.

" 23. Ouedka L pans aaroputMoB BHAA TY..1=D(¥.).
Jns OoueHKH NJHMHBEI OTpe3Ka anepHOAHYHOCTH, XapaKTepHO-
ro AJs nocaepoBatesbHoctell BuAa (4), MOXHO BOCIOJb30-
BaTbCs cleayiolledl 3jeMeHTapHOl BepOsATHOCTHOH MOJENbIO.
ITycTb MMeeTcsl KOHEUHOe MHOMKECTBO, coiaepikaiiee N pas-
JuyHBIX ducest. [IpousBeneM nocnefoBaTeNbHOCTb I1€3aBH-
CHMBIX OMBITOB, B KaXKJOM H3 KOTODHIX H3 3TOTO MHOXKECT-
Ba H3BJIEKAETCA M 3anHChblBaeTCs OLHO YyHCJIO0. BeposiTHOCTB
H3BJICYEHHs] KaXKIOro 4Yhcjaa B KaxKAOM H3 ONBITOB paBHA
1/N (BbiGopka ¢ Bospatom). OGosnauuMm yepes L cayuyah-
HyI0O BEJIHYMHY: HOMEp OmbiTa, B KOTOPOM BIEpBHE Oyaer
H3BJIEYEHO yXKe 3aIMCaHHOEe YHCJO.

Teopema 3. B yxkazannoid modeau dan aw06ozo x>0

. ry2 —x22
ImP{L/VN<x}=1—e"*" (8)
N-»oa
HODokasareabctso. O603HauMM 3aniicaHHble 4HCAA 9epe3 Yo, Vi,
Yo, ... Jlerko BbIYHCJHTL B8E€POATHOCTH TOTO, YTO L OKaXXeTcs paBHbiM 1,
rie 1<<n<<N:

N—1XN-2 N—(a—1) &

.. o —

Pll=nj=—F""% N "

TaK Kak

P {vi#vo} = (N—1)/N,
P{va7vo, e vilviz= vo} = (N — 2)/V, |
!

T T T

ECE Yo, «vu, Vn—z}zN—(n—l)
N ?

P {Y”"] F Yo vees Va1 # Yy pasnnuHbl

& BEPOSATHOCTB TOroO, 4YTO ‘Yn coBMnajeT ¢ OIHHM H3 Pa3auYHbIX ulicea
Yo Vis + ooy yge1, PaBHa n/N,
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Dukcupyem npoussonbHoe x>0, u nycTs k=L (xV'N). Torza
P {L<XV17}=
k

=§’_J P (L=n) =2<1—Ni)(1-7v2;)..-(1—”;l)§.

n=I n=1

Jlerxo BHIETb, 4TO
n—I1

AT S -

N\ n(n—1) n?
i ( + vt )=—TN‘ + 0(m)°

i=]

Tax kak n<<k=0 () N), 10 n/N=O(lVW/-); 1103TOMY

e e

H HHTEPECYICLLYI0 HAC BEPOSTHOCTD MOIKHO 3aHCaTh B (opme

In

n‘-’
TN

k
PL<xVN}= e " (Nl +0(1/VN)1 ©)
n=l

PaccmotpuM Tenepb pasfuenne uutepBana 0<<f<<x Toukamu t,
=n/yN, rae n=1, 2 .+, k (puc. 7), ¥ cocTaBUM HHTErpabHYIO CyM=

My Aas q)yHKuuu te™ "2 00 310 My pasCueHHIo:

——t /2 2
Z e Mt (Fa— b)) T e (x — ).

n=1
Us nepasenctsa x} N — 1 <k<x}'N wumuo, uto {p=~k/Y N - x npu
A
1 U fl'-’ ?-
g z t

Puc. 7.

N — co. losToMy nocnienHee cinaraemMoe B 3TOH CyMMe CTPEMHTC OpH
N — o Kk Hyno. u

lim 3 e~V £ = lim }_, e wln—ta_p) =

N>w 25 N-oo 52

x
= [te=t2/dt = | — ~*"P2,
0

Orciona n us cootowenus (9) caemyer (8). Teopema Aokasaha,
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Cnencreue. Tak Kak MareMaTHYeckoe OXHAaHHE
HEOTPHLATEJbHON c.nzyqéﬁﬂox“a BeJMUHHBL ¢ (QYHKIHEH pac-
npefenenuss 1 —e " *# pasuo V' 1/2 10 u3 (8) caenyer, uto
npu N — oo

ML~V (2/2) N. (10)

PaccmoTpennas B HacToRfueM NMYHKTe MOAeNb NpelJoXeHa B CTaTbe
[75{:l TaM ke nosydyena ¢opmyna (10), a Teopema 3 nokasana
JI. H. Boabwesniw u J. HU. Tosenxo. Hecmorps Ha rpy6octb Mopent,
ouenks (8) u (10) okasayHch NONE3HBIMH BO MHOIHMX ONBITaX, CBA3aHHBIX
cO crnocobaMH «NepeMeWInBaHus», KOrAa TeOPeTHKO-YHCJIOBAsA OlEeHKa
neprona NpakTHYeCKW HeBO3MO)KHAa. B kauecrse N Buibupaerca kostye-
CTBO BO3MOXKIIIX 3Hauenuil ¢ynxuun @(x) B KowkpetHo# IDBM; Toraa
MOXKHO OXKHMIAaTb, YTO AJIHHE OTPe3Ka aNCPHOZMYHOCTH OKaMKeTCsl Mopsii-
xa V{@/2)N.

Hanpuwmep, B MeTone n. 2.2.3 na I9BM «Crtpena» 3naveHne dysruyuu
D (x) (no Hopmannsauny) saunceiBaetrcs B popme 0, eg, €g...e4 3HAUHT,
N=2% y L~23.105% Ha npaxtuxe AN pila [OLOGHBIX aArOPHTMOB
6biNM 3KCNEPUMEHTA/IbHO OGHAPYIKEHhl OTPE3KH aNnepUONHUHOCTH NJMHOM
or 0,8-105 no 3,5-10°

3ameuanue B kuure [19] naparpad, comepxawmmii Teopemy 3,
HaspiBaeTcss «Kpurtepuil mpOBepKM NeDHOLMUYHOCTH TNOCAELOBATENbHOCTH
ncesaocaydaiinbix ynced». OQHAKO MO 9TOMY KPHTEPHIO» CYAHTb O Ka-
YeCTBE MICEBAOCAYYAfHLIX YHCe Helb3s., Y HEKOTODHIX BIOJIHE YIOBJET-
BOPHTENIbHBIX MOC/eA0BaTeNbROCTEN, NONYUEHHLIX [0 GopMyse (6), mnn-
Ha L ropasno Gonbiue, uem oueska (10) (dakriveckn L=0(N)). B 10
e BpeMa HeKoTophie mocaenoBatenboctd ¢ L =V (7/2) N ne yIOBJICT-
BOPSAIOT HH OJHOMY H3 OCHOBHbIX TecToB § 3.

2.4. O GoJee CNOXKHBIX AJrOPUTMAX.

2.4.1. Bmecto dopmyn Buzga (4), npencTaBIsIOUAX CO-
60l peKyppeHTHBIE (HOPMYJIbI IEPBOTO MOPAAKA, MOKHO Tbi-
TaTbCA HCIOJb30BATh I/ MONYYEHHS MOCAENOBATENbHOCTE
NCEeBIOCAYYAHHbIX YHCEN peKYppeHTHble (OpPMYJaL mo-
psinka r

'Yn+1=q) (Ym Yn=1y e ooy 'Yn-r+l)) (] 1)‘
CUMTasi, YTO HAYaJbHbIE 3HAYEHHS Yo, Y1, ..., Yr—1 3QAAHLL
BepostHo, MJMHa OTpe3ka amepHOJMYHOCTH Y TaKOW MocJe-
LOBATENbHOCTH Npu r>>1 ropaspo Goabile, ueM npu r==|.
Onmako Teopema, aHanornyHas TeopeMe 3, gaxe Jas cay-
yas r=2 He J0Ka3aHa.
B psame paGor paccmatpuBaguch Mertomn Buma (11),
[Tipeicrapasiomine co6oi 0600iienuss Meronos nm. 2.2.1 u

sl

Yn+1=ﬂ[ 10-% u ( 10% e "{.-—l)]
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Hu

Yo+l =ﬂ(p+g17n+g2Yn—l+‘ ses +gr'Yn—r+I).'

Bce xe npumeHsIOoTca Takve MeTOAB penko. HasepHo kKoM
neHcauus 3a CJI0KHOCTb STHX METOLOB MO CPaBHEHIIO C Me-
topamu Buaa (4) HemocraTtoyHa.

2.4.2. JIna TOJY4YEHHS TOCACLOBATEJNBHOCTH Yo, Y1, +»»
MOXKHO OIIIOBDEMEHHO HCIIONb30BaTh [Ba ajJropuUTMa THMA
(4) c pasnnunbeiMu QyHKuigMu @ (x) u ¥ (x):

D (y), ecm nz%=(0 (modM),
¥ (ys), ecmn n=0 (modM).

B cuere no merony (12) moytu Bce BpeMsi HCNOJB3yeTCA
dopMyna Yne 1= (Y.), 1 TONbKO KOTAa n KpaTHo M, mocie-
JOBaTENbHOCTb «BO3MYILAETCA»: Ynop1 =W (Y.). [lo3TOMY Me-
Tol 3TOT, mpemnoxennnlil JI. M. Tonenko, nassan merodom
sosmywerull, a nenoe yucao M — nepuodom 803myueHus.
Meron Bo3MylleHHI yBeNHuMBaeT NJHHY OTpe3Ka ane-
PHOIMYHOCTH TO CpaBHeHHIO ¢ MeToaoM (4). Bmecro onel-
k1 (10) noayuaercs ouenka (cm. ynpaxHenue 6 ra. I)

ML~V (/2) NM.

OnHako Heo0XOAHMMO NpefocTepeyb BBIYHCAHTENEH OT He-
KPHTHYECKOTO INPHMEHEHHS 3TOr0 METOHAa: KauyecTBO BceX
UCIIOJb3YEMBIX TCEBAOCAYUANHBIX YHCE MOJKHO ObITh MpO-
Bepeno. HaGalonanuce ciyuan, Korma no kKaxJiaoit n3 ¢op-
MY Yns1=0(y,) HaH Y, =W (y.) BHIUHCAAANCL YLOB-
JIeTBOPHTEJbHblE TiceBaOCAyuaiinbie yncaa (¢ L)/ (n/2) N),
a B peaJii30BaHHOM 10 3TUM QopMynam meroue (12) uuc-
Jla OKasaJ/HChb IJIOXHMH: He NPOXOAHJ mepBeIfl TecT m. 3.2

(HecMoTps Ha TO, uTo L Gblio Gausko x V (w/2) NM)

Yot = { (12),

2.4.3. PaccMOTpUM PeKyppeHTHYI0 (popMyJy r-ro mopsiika
r—1

Cptr = Z €%k (mod 2), (13)
k=0

rie eo=1, a Bce ocranbuble KO GUUUENTE €; U NepeMeHHEle @; Moryt

NpHHIIMATL JHWIL ABa 3HaueHus — 0 wan 1. Ecad HavadbHble 3navenns
Og, Oty +.. ), 3aRaHbl, TO (13) NO3BOMAET OCHCAOBATENLHO BEHIYHCIHTD

@, @ty ... Cayuait gp=a,=...=a,_; =0 u3 paccMoTpenus uck.io-
vaercs. YpaBHeHne (13) HasuiBaercs Mououutc/tuqeczcum €CJIH neprop, P pe«
LICHHS O, Oty « o oy Oy oo PaBed P= 27 —|],
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HerpyaHo ROKa3aTb, 4TO BCe pellleHWsi MOHOLHMKIHYECKOro ypaBHe-
His MMelOT OAHY M Ty 2Ke AJlHy nepHoaa P, W NepHON HX COBRajaer ¢
OTPe3KOM aTlepPHOXHYHOCTH.

Mpumep. YpasHenneo, , =a,+ &, (mod 2) MOHOUHKIHUe-
cxoe Ecau 3ajaTh HauyajabHbie 3HaYeHHsi ¢o=1, a;=0e=u3=0, TO no-
JIyYHM NOCJIe0BaTeNbHOCTb ¢ NepHofom 15:

100 010 011 010 111 100 010 ...3

ec.TH HauaTh CO 3HaueHHl (=0, =0z==03==1, TO CHOBa MOJYUHM nOCIE"
R0BaTebHOCTh € NeprHoAoM 1D
111 100 010 ol1 010 111 100 ...,

KOTopast NIUb CABHIOM HOMEPOB OT/IHUAETCS OT MpeAblnyulef.

YpasneHue Cppy =0, - %o -+ an+3(mod 2) He MOHOUMKJHUe-
ckoe. Ecan Hauath co sHavenuft do=1, a;=ay=u3==0, TO mnOJyuHM
110C/IeI0BATEIBHOCTL € NICpHOAOM 7

1000110 1000110 ...,
a ecau 3ajaTh HayaJbHbE 3HAYCHHS Oo==0=0O==03==1, TO MNOJyYHM
[10C/IeA0BATEIbHOCTb, COCTOSILYIO H3 CHHHX eMIHHIL.

B cratee H. Ilupnepa [185], rae uccenoBaubl BaxcHeHlune CBOM-
crBa ypaBHeHufi (13), MOC/ieAOBaTeNbHOCTH, MOPOKAAeMble MOHOLHKJII-
YyecKHMIl ypaBlicHHSIMH, HasblBaloTcsd M-nocaenosatenabHocTssMu. Tepmus
«MOHOLUHK/IHYECKOe ypaBHeHHe» BBelled B [82]. B [176] onucanbl 3jek-
TpOIllbie CXeMbl, peasHsymouye Gopmyisl Buaa (13); no atux cxeMam Io-
cTpoeHul (H3HMUECKHe AATYHKH HCEBROCAYYafHBIX HBOMYHBIX wHpp. Koo
pellenust Qp, G, +y.s %y, +o « MOHOUMKIMUECKHX YPABHEHHH BO MHOTHX OI-
HollenMsiX BeAyT cebs KaK ABOMUMbIE Cayuaiiubie mudpbl (CM. ynpaxkiie-
Hue 7 ran 1).

Hanpumep, dopuyna

Opi3y = % + %13 (mod 2)

nopoxAaer nocsefonateabHoctd ¢ L=P=2% — 1. TIposepka 600 000
uudp, NOAYyAIOUWHUXCST NPH HAYaJbHHX 3HAYEHHAX (Q, ..., Qg) = {100
101 100 111 110 001 101 110 101 0000), noxasana, 4To 5TH UMGPE YHROB-
JIeTBOPSAIOT OCHOBHbIM TecTaM D. 3.2, chOpPMyJHPOBAHHBIM NPHMEHHTE/b-
HO K NBOHYHBIM undpaMm (nposepka Beinoadena IO, JI. Jlepnrauom).
Onuako ecan u3 wndp oo, 0f, ... ¢, ... DONHTATLCS CTPOHTH

m-paspsALHble 3HAUEHHS CAYYalHON BelHYHHbI Y
YVo=0,ay...0, |, 71=0, Cpyoes Qo 1,
Y. = 0, Dom woe Ogypals coes
TO NPHTOAHOCTb TAKUX UHCEJ, BeDOTHO, OKAXKETCH OrpaniueHHofi: pe-

3yapTatul paGorst P. Taycsopra [172] nator ocHosamua oxupats, uro
SMOHpiyecKkoe pacnpenencdie rpymn

(70' ety YS—I)’ (Ys' ey ?23—1): (Yst veey ?33_]). coe

OyZeT 6aH3KMM K TeopeTHuecKOMy TONLKO HPH BHIIOJHEHHH yCl0BHA
m-s<gr,
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§ 3. CraTHcTHYecKas mpoBepKa CAYYAAHBIX YUCEN

Mup BHIENH, 4TO CHAyvafiHble 4HCJa, NOJYYeHHble JIOBIM
13 TpeX PaccMOTpeHHbX B § | mMero10B, HEOOXOAMMO MpoO-
BepuTh. PaccMOTPHM BaXKHeHIIHE KPUTEPHH, HCIOJb3yeMbie
OoOHIYHO NI TaKOH NpoBepkH. Bce 3TH KpuTepHu HeobXo-
OUMbl JJ1s cCAY4aHHBIX YHCEJ, HO O AOCTAaTOYHOCTH KPHUTEpil-
€B MOXXHO TOBODHTb, TOJBKO OrDaHHYUB KJaacc 3anay, Ko-
TOpble MpeAnoJjaraercsd perarb ¢ MOMOIIbIO NMPOBEPAEMbIX
cnyuafiHpIX uHces. Takas ToyKa 3peHus OyJeT pasBuTa B
ra. 7, § 4.

3.1. CraTucTuyeckue KpUTCPHH COTaacHs

3.1.1, Teopema K. ITupcouna. Paccmorpum mpous-
BOJIbHYIO CJY4ailHyI0 BeJIHYHMHY E, KOTOpas MOXeT OblTb
ONHOMEPHOH MJH MHOTOMEpHOH, NHCKpPETHOH HJIH HEeNpepLIB-
Hoii. O603HauuM uepe3 X MHOXKECTBO BO3MOMKHEIX 3HAUEHHI]
E. dukcupyeM Kakoe-HuGyab pasGueHue MHoxecTBa X Ha r'
MONAapHO HemepeceKaloluxca MHoxkecTB X, ..., X, Takux,
4TO

P{eeX}=p;>0 npu j=1,2,...,r.

Ouesunuo, p1+ ... +p.=P{tsX}=1.

BriGepem N He3aBHCHMBIX 31iaueHHi &, ..., Ey BeJHYH-
HH § M 0003HAYUM 4Yepes v; KOJHYeCTBO 3HAUEHHIl, IpUHAL-
aexamux X; Jlerko BuneTb, 4TO MaTeMaTHUECKOE OXKHAd-
HHe M'ijij*). !

B kauecTBe Mephl OTKJIOKEHHs «HCTHHHBIX» 3HAUYEHHH v,
oT «TeoperHueckux» Np; yno6uo BbIGpaTh BeAHUHHY

r
s _ g (i py)?
=2 (14),

i=1

Teopema. Kakosow Obl Hu Ooviau ucxodnas eesuuuna
t u pasbuenue X=X;+..-+X. (rakoe, uro Bce p,>0),

*) Ciayuafinasi BenanyaHa V; HONUHHSETCS OHHOMHAJbLHOMY 3aKOHY
pacnpenenenns ¢ Mv;= Np; u Dv; = Np; (1 — p;). CeBokynuocts sen-
YHH (Vi, ..., V;) NONUMHSETCH MYJILTHHOMHAILHOMY 3aKOHY pacnpeiienes
uns: npu k4. .+ &k, =N

N &
— — ok 4
P{'Vl-—kl, ev ey ’V,—-k‘}—- kll . k"pll ...p‘, .
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npu kaxcdom x>0

X
. 2 .
Im APy < x) = [ ko (x) dx, (15)
N 0

2de naothocTe k., (X), Ha3biBaemas nAOTHOCTLIO pacnpede-
senus y: ¢ m cTenenamu ¢gobodot, BbLpaKaeTcs Popmyaol

(puc. 8)
B (X) = [27 7T (my2)] = X2 e 2,

3.1.2. Kputepuit cormacus %2 Teopemy mnpensbl«
AYIEro NMyHKTA YacTo HCIOJb3YIOT B CTATHCTHKE AJIA MPO-
BEPKH TIINOTE3 O 3aKOHE paclpefieneHus CAydadHON BeJsH-
YHHBI,

" gk

PuRcHpYyeM 10CTAaTOulO GOJLIIYIO BEPOSTHOCTb B, KOTO-
pyto OyneM HasbiBaTb 006epUTEAbHOL BepOATHOCTbIO WM
Ko3ppuyuentom 006epus. BepositHocTb 1—p 06bluHO Ha-
3bIBAIOT YpoBHeM 3HAUUMOCTU. TeopeTHYECKH B KauecTse P
MOXHO BhIOpaTh J06oe uncao 0<<p<<l. Ilpakruuecku xe
BbiGop B osiiauaer, yTo (B paccMaTpuBaeMoOH 3anaue) ML
CUHTaEM COGLITHE C BEPOSITHOCTLIO =P MOCTOBEPHBIM, @ CO-
ObiTHE ¢ BEPOATHOCTbIO < 1—p HEBO3MOXKHBLIM TMDH eIHIHY-
HOM HCHBITAlNH.

[Tyctp Temepb mMeeTcs KoMKpeTHas rHNOTe3a O 3aKole
pacnpenenenus cayyafinoir Bennuunnl § B pesyabrate ocy-
luecTBaennss N He3aBHCHMBIX 3KCNIEPHMEHTOB GLLIH MONY-
uenbt N suauenuit &, ..., Ey 70f CTyyaliHOH BeJHUHHLI
(N AocraTtodno Besauko). He nmpotusopeuar au 14 N 3ua-
YeHHH Hawel runorese?

Uto6el OTBeTHTb Ha 3TOT BONIPOC, MOXHO paccyXnaaTh
CaeayoWuM obpasom. BeiGepem Kakoe-HHOYNb 4HCIO £ H
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pa3OHeHHe MHOXKeCTBa BO3MOXKIIbIX sHaueHHit X cayvaiiHofi
BeJIMYHHBI § Ha r TONAapHO HenepeceKaloL[HXCsi MHOXKeCTB
X=X+ ..+X,. Ucxons u3 namell runore3sl, MOXHO Bbl-
uicnuth  BepositHoctH p;=P{t=X;}. [lpemnonoxum, uTo
pasGuenne BbIGpaHO Tak, urto -Bce p;>>0. Torma no suaue-
HusaM gy, ..., Ey HETPYAHO BLIYHCJHTH BEJIHYHHB Vi, ..., V;
(3TOT aTan B CTATHCTHKe HAas3blBAIOT 2pynnuposrol 3nate-
Huil) u no ¢opmyne (14) — Beanuyuny 7%3%. Ecan nawa ru-

nore3a crnpaBefJuBa, To (MpH HOCTaTOYHO GoJabuwioMm N)
3ra BeJHYHHA [JOCTAaTOYHO XOpPOIIO MOAYHHSETCA 3aKouy
pacnpeneaenus y2 ¢ (r—1)-i creneubio cBoGons. M3 ypas-
HeHust

feo]
[ hede=1-8
201, 1)
MOXHO Hnalitn 3Hauenlie y2(r—1, 1-—B), o1Beuatouiee (uk-
CHPOBAHHOMY HaMH YpOBIIO 3HauumMoctH 1—pB (puc. 9).
Ecnu name snauenne ¥32 <y?(r—1, 1—8), To ator pesy.ib-
TaT He IPOTHBOPEYNT HaIMell THIOTE3e; eCHH XKe Y3 >
- =y%(r—1, 1—B), 10, B co-
¥ y=ﬁ,,,mdx OTBETCTBUH CO CHAEJAlHbIM
”7‘,»—’"““‘* corjauleueM, 3TO 0O3Haua-
€T, YTO HAacTYNHJIO HeBO3-
MOXHOe CcOObiTHE, H THIO-
Te3a N0JXKHa OBITb OTOPO-
IIe€Ha, TaK KakK oHa MpuBe-
Ja K MPOTHBOpPEUHIO.
IS RS Koneuno, BbiBOA 3TOT
] Xmi-f Z  3aBHCHT OT BHIGpaHHOA mo-
Puc. 9. BEpHUTE/IbHOH BEpOATHO-
CTH U II03TOMY He HOCHT
a6CoMIOTHOrO Xapakrepa. Yauie APYrux HCHOJAb3YIOT 10Be-
putesabHble BeposiTHoctH P==0,95; 0,99; 0,999; coorBercTBy-
lomue ypoBHH 3Haynmoctu 1—B==0,05; 0,01; 0,001 HasbiBa-
10T 5%-upiM, 1%-#eiMm # 0,1%-umM  ypoBHaMu. Ecau
¥, =x*(r—1, 1—B) npu p=0,95, To 3Hauenue y3 HasbBa-
©OT nouru 3srauumeim, npu Pp==0,99 —snavumeim, a upu
p=0,999 — suvicorxo suauumoin (puc. 10).
Ha npaktuke wHpoKO HCHOAb3YIOT TaGJaHIBl pachpese-
aedus x? (cM. cTp. 293), B KOTOPLIX NpHBeieHbl 3HAUCHHRA
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y2=y2(m, P) — kopun ypaBHeHUs

fk,,, (x)dx =P, (16)
xl

rie, ouesuano, P=1—p. Ecnu noaydennomy B sKkcnepwu:

2
MeHTe 3HaueHHI0 Xy 0OpH y
m=r—1 orBeuaer B Tab-
auie P<0,001, To 310 3Ha- 4597
yenpe %3, BBICOKO 3HAUH- F A .

mo. Hanpumep, ecau npn
r==10 nosyueHo 3HaueliHe
¥3 =94, To mo Ttabanue |

y=/ ki

£’
T
!
i
:
'
i
|
1
)

I
IpH IEBATH CTElIEHsIX CBO- Josmu nnuuneiet Borcoro
~ G8r---- SHAYUMYIE  \HAYEHUS |SHOTLNDE
Goon HaxomuM, uto P=~ _ e | s

~0,40; caenoBaTenbHO, NO-
JiyueHHoe 3HaueHue %3, Io-

nycTUMO. Puc. 10.

[ms% Xmik) Xmar%z

313. 3amevaHus o nNpUMeHCIUH KPpHTepua %2
a) O BoiGope pasbuenus Ecnu N sapanee orpanuueno, To
HeJb3si BBIGHPATh r CAHIIKOM GOJBUIMM, TaK ¥ak TorAa GyLyT MaJblMu
peaHyHAB Npj M HeyCTONYMBLIMH 3HAYCHHA vj. OGBIUNO PeKOMEHIYIT
BuIGHpaTh X; TaK, yTOGL MuHHManbhbie Npj GbliH He MeHblue yem 20,
6) O Gompwux r. B tabaunax %2 ducno creneneft cpobomb
o6biuHo He npepocxoaur 30, ITpu GoablInxX 3HAYEHNAX MOXKIIO HCIONb30-
BaTh Tabanuy HHTerpana BepositHocTeil (cTp. 293), Tak Kak pacnpenese-
Hue BeqHuuHB §=72y%— }2m 6ansko K HOpMaibHOMYy € MapaMmeTpamMi
y 1)
(o]
_ 1
P= § by () dx ~ L (1= D (),
xl

rae 2=V 2>~V 2m. B [5] umeercn Tatauua mompasok k nociexnefi
npubanzkeHHol gpopmyie.)

B) O MHOTOKpaTHOM npuMeHenun kpurepus y2 Co-
TTalleHHe O HCBO3MOMKHOCTH COGLITHS C BepoATHocTbI0 <X l—B=P cnpa-
BEAIWBO A/ €IMHHYHOro HcmblTaHua. Ecau Mbel GylleM NOBTOPATh Ham

ONBIT MHOro pas, To (B cpennem) Aast 100 P% mnonyueHHbIX sHauenuil x,gv

COOTBETCTBYIOU{HE BEPOATHOCTH OKa)KyTCA MCHblle P (NpH YCJOBHH, YTO
TUNOTe3a Hawa BepHa).

r) B HeKOTOPHX Cayuasx IHNOTETHYECKO® DACHpCAeNeHHe
BE/HYHHBl COACPIKHT HEM3BECTHLIE NAapaMerpH 4, ..., 4, W 3TH mapa-
METPhl oueHUBalOTCS MO pe3ysibTaTaM TeX ke N ucnbitamil (T. e. 10
sHauenusM §j, .,., §p). Toraa TakmKe MOXHO HCMONBb30BAaTh KPHTEPHH

3u, M. CoGoas



34 TOJIYUEHHE CJIVUAPIHBIX BEJIITYHUH HA 32BM (rJa i

42 015 IPOBEPKH COIAacH$ MekAy 3uauennsmn &y, ..., &y # runorern-

YecKHM pacnpefenenHeM C nopo0paHHLIMH RapaMetpamu. OnHako mpe-
IeNbHoe pacnpejeneHHe cielyeT paccMarpuBaTh ¢ m=r—s-—1 crene-
HAMH cBOGORbI [44].

a) O«canunmkoM Xxopomunx» snuadennsx x2 Honycram, dro

COCYUMTaHHOE 3HaYeHHe Yy OKasaloch CTO/Mb MajbiM, 9TO COOTBETCTBYIO-
mee emy sHaueHHe P>0,99 B stom cayuae 3uauenus &, ..., EN Ha-

CTOJILKO XOpPOLIO MOAYHHAIGTCA THIOTETHYECKOMY DacnpeneseHHio, 4To. ..
BO3HHKAeT COMHEHHe B HX <«C/yyaliHOCTH».

Kak Mbl yBHIAMM HEKe B [JI. 7, IJisl pellleHHs] HeKOTOPBIX 3ajay BaxK-
HO MMEeHHO Xopollee paclpefieJleHHe SHaueHHH (4 HE <«CAYYafHOCTb»),
M TaKHe «CJAHILKOM XOpOILIO» pacrpefieleHHble 3HaUeHHs NO3BOASIOT OLICT-
pee pewaTh 9TH 3alaum.

3.14. Kpurtepnit o PaccMOTpHM OfHOMEpIIYIO Cay-
yaliHyi0 BeqHuuHY § ¢ ¢pyHKumed pacnpenenenus F(x). Bol-
"y yE Gepem N He3aBHCHMbIX 3HAUCHHI

- Ey, ..., Ex 9TOH cayualHOH BeaM-
YHHBlL U TIOCTPOHM amnupuye-
ckyto (unu 8u100POUHYIO) PYrK-
yuro pacnpedenenus

Fy(x)=Sy(x)/N,  (17)

10 —_—

.
l ' rie Sy(X) paBHO KOJNHYECTBY
j 3Haueynii, menpmwnx dem x. (Ha
i i puc. Il N=5). Tak Kak
&0 & &y zr Fy (x) — 310 uacrotra COGHI-
Pre. 11, tia {E<<x} npu N ucobiTalusx,

a BepoATHOCTb 3TOTO COOBITUS

P{e<<x}=F(x), 10 F (x) cxomuTcsl Mo BEPOSITHOCTH *)
K F(x), xorna N — oo.

*
B kauectBe wMepwl orkaonenus Fy(x) ot F(x) uvacto
HCIOJb3YIOT BENUUHITY

oy =N j: [F (x) — Fy (x)2 dF (x). (18)

Teopema (P. Musec, H. B. Cmupnos). Kakosa 6ot
Hu Goiaa cayuaiinas sesutuna § ¢ Henpepolenol gyurxyued

*) IMocnemoBaTenbHOCTb CAYYARHBIX BENHUUH N1, eosy Ny, ... CXO-

dutca no 8epoATHOCTU K mocTosHIOh ¢, ecad npH JioGom k>0 BepoAT-
Hocts P {[ny—c| =} — 0, xorna N — oo,
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pacnpedesenusn F(x), npu Kascoom x>0
lim P {0y < x} = a; (%), (19)
N+

20e ¢ynxyun ay(x) or § He 3a8ucuUT.

Ha aroit Teopene ocHoBaH KpuTepuii coraacusi o2 no-
3BOJIIICIUMA NPOBEPATb THIOTE3bl O (GYIKUHH pacnpenese-
HHUS OJNHOMEPHOH HEeNpepLIBHOH c/ayuafiHOH BeJHUYMHBL E.
Cxema HCnonb30BAHHS 3TOrO KPHTEDHS TOYHO TaKas Xe,
KaK cXeMa HCnosab30BaHHA KpHTepus y2: (QUKCHpYeTcs HO-
BEpHUTEJbHAS BCPOSTHOCTb B; U3 ypaBHEHHs

ar(xp) =
HaXOQHUTCA COOTBETCTBYIOllee 3HaueHue xg (puc. 12; tabau-

na GyHxuud a;(x) wa crp. 293); mo runoreTHuecKod QyHK-
nuu pacnpenesneHusi F(x) W aMIUpHYECKOH (YHKUHH pac-

N 2
npenenenust Fy (x) Bouncasiercss ®y;  ecaum  BeaHuHHA

(0%/2)(3, TO 3TO O3HA4aeT, 4YTO HaACTYNH/IAO HEBO3MOXKHOE
cobplTHE HUAH, ApyruMu CJjJa0BaMH, Hawla runoresa npusea

J y=lsm
- 7k - —
_____ T YEaT)
# ! v /5 i
]
E PV -
| 2/5
)' {
II :_41/5_
. { . L 1 1
g Zg 10 & 5//1 W £ E(J/ z
Puc. 12. Puc. 13.

K nporuBopeunio., Komeuno, mpeanosaraercs, 4to KoJHye-
¢TBO 3HaueHU N [0CTaTOUIIO BEJHKO.

[Mo cpaBreHHIO ¢ KpHTepueM ¥2 Kpurepuii o® nMeer ox-
HO NPEUMYIIECTBO: lle HyXHa TIPyNIHMpOBKa 3HaYeHHH (H,
crano OblTh, He Hano BBOAHTb napamerp r). IlpumeHnsitb
KpuTepuil MoxHo o6eiyno yxe npu N>50. Onuako, yrolhi
BHIUHCAUTE ®2, HYXKHO pPAacloJNOXHTh 3HaueHus Ej, ..., En
B NOpsAKe BO3paCTaHHUA:

En<to<...<Ew)
8#
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(Takofi psig BHIGOPOUHLIX 3HAYEHHH Has3plBaeTcss B CTarH-
cliKe sapuayuonHoim pados). Ecan KomuuecTBO 3Hayelui
(1. e. N) npesbiwiaer o6beM BiyTpeHHero nakonureas IBM,
TO pacnoJ/ioKeHHe HX B MOPSIIKE BO3pacTaHHsl MpeacTaB.s-
eT coboil BecbMa TPYHOeMKYio mpouenypy. Ms-3a aToro npu
ouellb Gospwux N Kputepuil @? HCHoab3yIoT pPenKo.

Brisesie Tenepb.(popMysdy A4S pacuera®i,. Bo-mepsbix, HETPYAHO
npoBepuTh, 4TO
*
Fyx)= k/N napu E(,‘,) <x< g(k-l—l)’

rae k=0, 1, ..., N, u yeaosuo §gy=—00,§y 1= (puc. 13). Hanee
ycnoBHMCST A KpaTkocTH micaib Fj, smectro F(E)). Torna us (18)
Ccllejlyer, uTo

2 N Bkt
oy y PRy
W—:E 5 [F(x)—-—-l\-/-] dF (x) =
k=0 ()
N

L S G
T a|TTNT NN |y, T

3 1 3 3 k 2 2 k?
=2[€ (Fk+1—Fk)_N_'-(FIH-I—Fk)+W(ka’-l—pk)]=

Fp G=DFp (PRl 1, 2%—1p
—3- "N~ T W Vi Sty
CymMa NepBBIX JBYX KBajpaTHulX CKOGOK Jierko Bbluuciasercs. [Tocaen-
Hile 4iellbl JONOJIHAM IO JIOJAHOTO KBajpata:

O LUl kU2, (k=12 (R—1j2y
=3t |ty fet\Tw ) TV )|
k=0

[Tocne BeCMOXKHBIX BBIYNC/ICHHIT MOJYYHM OKOHYATENbHYIO Qopmyay, Ko-
TOPYI0 YAOGHO 3anHcaTh B CAeLYIOUIEM BHAE:

N
hmt 332

k=1

(20)
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3.2. Mpeeepka tabauy cayuaiinnix uudp. Jdns nporep-
KH Tabauuel cayualHwlx undp e, ey ..., ex M. . Ken-
naan v b, B, Cmur npemioxmau I1CHOJAB30BATh YETLIpE
TecTa. B KaxaoM u3 HuUX nudpbl KaaccHQHUHPYIOTCA 1O 11e-
KOTOPOMY NPHU3HaKy M 3MIUpHYECKHe YacTOTEl CpPaBHHBA-
IOTCSI ¢ MX MaTeMaTHYeCKUMH OMKHAAHHSMH TIPH MOMOILH
kputepus y2 Tecrel atu: npogepxa wuacror (Irequency
test) — npoBepsiercs yacrora pas3auuHbIX LHGpP B TabaHLUC;
2) nposepxa nap (serial lest) — mpoBepsercs uyacroTa
pPa3/MYHBIX JABY3HAUYHBIX YHCEJ CpPENH Iap &) &, &g €3,
€3€4, ..., Ex—1 Ex; 3) NpOBepra unrepsasos (gap test) —
NPOBEPSIETCS] YacToTa PAa3NHUHBIX HIITEPBAJOB MEXIYy [IBY-
Msi [OC/AeNoBaTelbHbIMH HYJAsiMH; 4) nposepka Kombuxa-
yui (poker test) — mposepseTca uwacToTa pasJUUHBIX TH-
noB uetBepok (abed, aabc, aabb, aaab, aaaa) cpemu dyet-
BENOK €1828384, €283E4E5, ...

BosbuIuiicTBO MOCAEAYIONINX aBTOPOB TaKiKe HCNOJAL30-
BaJH 3Ty CHCTEMY TECTOB, BHOCH, OHAKO, B HEE HEKOTOpPLIE
1I3MeHeHHs!, cpelid KOTOPbIX OTMeTHM ABa. BmecTo mposep-
KH HHTEPBAJOB OGBIUHO HCIOJb3YIOT nposepky cepuidl (run
test): WHQPBI €441, Exy2, -+, Enpt 00PABYIOT CEPHIO MJHHBI [,
ECAH €41 =841 2== . =&y, HO E,F=E4yl, Epiir1 7= Ensrr BME-
CTO TPOBEPKH Nap €82, £9€3, €384, ... IPEBEPHAIOT HE3QBU-
cumele napot €182, €384, €586, .. .

C. 1eTepMHHHUCTHYECKON TOYKH 3peHHUs] (OHAa H3J0XKeHa
8 rJ. 7) MpoBepKa YacTOT U NPOBEpPKA HE3aBHCHMbLIX Map —
BaxKHelimye Heo6GxonuMble TecThl, [IpoBepka cepuit 0600-
IaeT <«KPUTEpHUil CAYYafHOCTH», YacTO HCMNOAb3YyeMBIH B
cratuctuke [24]. M TonbKOo 1mpoBepKa KOMOGHHALH{ HOCHT
116CKO/IbKO HCKYCCTBEHHBIIT Xxapaktep. [ToatoMy MOXKHO pe-
KOMEH/0BaTh B KauecTBe OCHOBHBLIX HCTO/Ab30Balb CJELYIO-
LiHe Ba TeCcTa.

Mepsu @t Tect (nposepka wacror u nap). [pexnono-
KHM, 4To KoauuectBo uupp N==2N’ uetnoe. Lludput ¢, ...
..., &y pasoObeM Ha Hapbl €18y, €384, ..., Ey—1&x: 0BO3-
HauuM uepe3 vy KojguuectBo nap ij. CocuuraB MaTpuLy
(viy), 0<<i, j<<9, nerko BLIYUCIHTDL TAKKE BEJHUHHEL

0 a
! \ .
Vie = } 0\7,',', V= 4 OV[I', Vi = V. —l— Veie
j= =

CMBICT 3THX BeJHUMH OUYEBHIAEH: v; — KOJIIUeCTBO LlHq)p,



28 NOJMYYLCHIE CJYUAMHDIX BEJIMYIIH HA 3BM ra.t

paBHBIX i, cpelu LHPP €1, €3, €5, ..., Ey-1; Ve — KOJIHUE-
cTBO nH(p, paBHbIX [, CpelH umpp €9, €4, ..., Ex} Vi — 00-
llee KOJHYecTBO UH{(P, PaBHbIX I.

[lo sHayeHusIM vij, Vi, Vi H V.; MOXKHO COCYHTAThb BeJH-
UMNBl Y3 A8 HECKOJBKHX npoBepok. Camble BaxkHbie cpe-

o1 HuX (maackent N nau N’ oGBlYHO He THIIYT):

2 10 9'1 2
X =N'ZJ(VI_071N)
=0

¢ 9 creneHsaMH CBOGOJBI, COOTBETCTBYIOLIAsl IpPOBEpKe 9a-:
CTOT, H

100
z? = 2 (vij — 0,01N)?
i,j=0
¢ 99 creneHsMH csoéonbl, COOTBETCTBYIOLLAsl NPOBEpKe map.
Kpome Toro, HHOra BBIYHCASIOT BEJHYHHBI
9
1

9
2 1 N \2
Xz‘—_—.m/ f.‘:;o (’V[: "'0,1N’)2 U X*:W%O(v.j—O,IN )d’

Kaxaasi ¢ 9 cTemeHssMH CBOOOJbI, 5TH BeJHYHHBI COOTBET-
CTBYIOT TPOBEPKE YaCTOT CPEAH HHUPpP C HEUETHBIMH H YeT-
HBIMH HOMEpaMH.

v

HMcnosp3yioT Takxe KPHUTEpIil HC3aBHCHMOCTH CTPOK I CTONGLOB

MaTpuubl 'Vl i KOTOPOMY COOTBETCTBYET BeJili4liHa
2 N’ 9\ VQ”
=N ¥ s -1
nj=o0

¢ 81 crenensio cBoGonnt [44] Bripouew, mocaeann# KpuTepHuil Ha npax-
THKe OKashlBaeTcs BecbMa GJIM3KHM K NPOBepKe nap

Bropoi#i Tect (nposepxa cepuil). CocuuraeM KoJi-
yecTBa #, Cepuil AauHbl [ B NCC/e0BaTeNbHOCTH LU
€1, ..., &y npu =1, 2, ,.., m, 0 OYCTb Np41 — KOJHUE-
CTBO cepuil ¢ [=m-1 (oHH 06BLEAMHAIOTCS B ORHY TI'pyn-
ny). O6ozHauum ’061_‘.166 KOJIHUECTBO CepHH uepe3 n==
=14 q.. +m + Nmy1- Bennuuna 2 ¢ m CTeneHsMu CBO-
60Ibl BbIUHCAAETCH 10 (opMysie

’ ’ 2
2 __ *:;1 (nl_np/)2 (nnH 17 Py H)

72 = .
P L P41

rae pi=9-10~, ppn 41 =10"m).
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O6ostiauy 4epe3 A cayuafiHylo AJMHY CepHl, HaulHawuefica ¢
undph Epyy (T € €pq175€,). Ouesnmuo, p P {A=1} =P {gp =
=8k+2=. . ‘=Bk+l¢8k+l+l}= (0,1) 1_10,9=9- 10—l u ot HoMepa ce-
pHu He-3aBucHT. Takum 06pasoMm, Kaxkmasi CCpiisi MOXKeT ¢ BCPOATHOCTLIO
p; uMetb mauny Il Koauuecrso nycepnit mamnust [ cpepn no cepuft moa-
yuHsetcs 6HHOMHAMbHOMY pacnpenesetnio ¥ M, =np;.

B xauectse npumepa B Taba. 2 npiupelelo pacrnpeeacHie Mo JJHle
cepuil, mosyuennuix npu nposepke N=>50000 tucen B [75].

Ta6auna 2
»n!

ny Hy N 0 n

TeopeTnueckie sz | 4\ 500 4050 405 45 45000
qenns
2Mnupityecxiie  siia- 40568 4010 417 40 45035
yeHd
" 40531,51 4053,2 1 405,3 | 45,0 -

[To fauHulM nOCACAHHX OBYX CTpoK sbluncaev x2==1,39. [puy m=3
9TOMY 3liavelnio cooTpercreyer P=0,71

Hdonoanureabune TecTh. B KauecTsBe QOMOJHH-
TEeSbHBIX TECTOB CJelyeT B NEPBYIO ouepelb PEKOMEHA0BATh
MPOBEPKY YaCTOT HE3ABHUCUMBIX TPOEK €3411€3x42E3543, 32TEM
YETBEPOK €444 18451284r43E4re4 H T. J.— OCHOBAHHS 1JI51 TAKOil
pexoMennauuu npuBefeHs B § 4 ra. 7. Tak Kak Ko/aMuecT-
BO pPa3/JHYHBIX TPOEK, YETBEPOK U T. . BECbMa BEJHKO
(108 10% ...), TO momCueT BceX THIOB TPYIN HMEET CMLIC]
NPOBOAMTD JHIbL A8 AocTaTouHo Goabmux N. Ilpn MeHb-
wnx N rpynnel MOXHO OGBEIHHSITH MO pPa3J/IYHBIM TPH3-
nakam. Hanpumep, npu ynoMsiHyTO# Bhilie NpPOBEpPKE KOM-
OHHAUUH  YETBEPKH  €pqf...Epps KAACCHPHUHPYIOTCH MO
KOJIHYeCTBY COBNAJAlOUIMX Ludp B rpynne (OpH3HAK, Ha-
TIOMIIHAIOUUI KOMOHHALME NPH Hrpe B NOKep).

Bo MHorux paGorax npefsaralooTCs pasiuuHble JOMOJ-
untenbHbie TecTul. MMeer MecTo MaxKe upe3MepHoe yBJe-
yenHe TakMMH TectaMH. HecMmoTps Ha cnpaBemJauBOCTb
IpHHUHNA <«Kalld MacjoM He MHCOOpPTHIIbL», Hago YeTKO
fpencraBasdTh cebe, YTO BCE TaKHE TECThl TOJAbBKO He00XO-
JuMbl. [TosoxuTenbHblél pe3yabTat MoGoro tecta o3Hauaer
TOJIbKO, YTO 3TOT pE€3yabTaT HE HPOTHBOPEYHT THIIOTE38
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0 cayuadinoctd uudp €y, ..., ey, HO, MOXKeT ObIThb, KaKOil-
HHOYAbL APYTOii TECT 3Ty THIOTE3y ONMpOBEprHer... ).

3.3. Ilposepka mnceBjocayyaiinbix uuced. B kauectse
OCIIOBHBIX TECTOB [J15 NPOBEPKHU NCeBAOCAYYallHbIX HHCea
Y1, ..., Yn HCIIOJIb3YIOT T€ XK€ TeCThbl, YTO H JAJs NPOBEPKH
TaGauL: MNpPOBEPAIOTCA MNepBble AeCITHYHbIE LHUQPbI &,==
=[[(10y,). durypupywoluias B MNepBOM TeCTe BeJHYHHA
v;; paBHa KOJHUECTBY nap (Yea-1, Yor) TAKHX, UTO

0)1 igY?k—l<O’l (i+l): 0’1 i<'¥2k<091 (j_l-l)'

Bosnee pmeraabHylo npoBepKy pachpefeneHHs uHHcen
Y1, «.., Yx MOXHO OCYLIECTBHTb C MOMOIIbIO KPUTEPHA ®2,
Ecan pacnono:kuTb 3TH yucaa B BapHALHOHHBIH psl

Yo < Vo) <.V

T0 H3 (20) BBRITEKAET, UTO

N
2 1 \l k—1/2\2
mw=m+é](v(k)——1\,—)-

Onnako, KaK yxKe oTMmeuasock B m. 3.1.4, npu oueHb 6oJib=
wux N mocTpoeHHe BapHAUMOHHOrO psja BecbMa TPYARO-
€MKO.

EcrecTBeHHO, 4TO NpH NpOBepKe MCEBAOCAYyYalHBIX YH-
ceJl BCErJA HCNOJb3YIOT pas3/HuHble NOMOJHUTEbHBIE TECTBI
AJ5 IPOBEPKH MOCAEAYIOLIUX AECATHYHLIX UH(P Y. HMuorna
IecATHYHble (MM JOBOHYHBIE) LHQPBHl 4HCEJ ¥, BBIAEAAIOT
U NpOBepsIOT He3aBUCHMO. KoHeuHo, ayumie 6bLIO GH HC-
M0/b30BaTh TeCTHl M. 3.2 ¢ Gosee MeJKHM pa3breHHEM, HO
yKe TNpH COBMECTHOH NpOBepKe IBYX MECATHYHBIX LU(p
npHILIOCh Obl BBIUHCAATL MaTpuLly (v;) pasmepom 100X
X100. TTosToMy Ha npakTuke orpaHuuMBaloOTCs GoJiee Mpo-
CTBIMH NPOBEPKaMH, H jajeKHe HHPBI YHCcea 7, OBLIYHO
OKa3bIBAIOTCS XYXKe NPOBEPEHHBIMH,

B nosnb3y ykasaHHOH CHCTEMBI TECTOB MOXKHO TPHBECTH
apryMeHT IPaKTHYeCKOro xapakTepa: B JHTepaType, noxa-
JyH, HeT NMpHMepOB, KOrja 4Mcaa, YAOBJETBOPSIOUHE BCeM

*) Bonee Toro, umest koweunyio rpynmy undp g, ... ey, Bceraa
MOXCHO INpPHAYMaTb TaKOH TecT, 3Q6UCAWUL OT KOHKDETHbLX 3HAUEeHUd
€1, ..., &y, KOTODHIH onpoBepraer Hamy runotedy. Ho He Hajo Takiie

TeCThl NPHAYMBIBATl,., - '



§ 31 CTATHCTHUECKASl TTPOBEPKA CJIYUAITHBIX HHCEJ 41

TecTaM, OKasajucb Obl HENpPUTOJHBLIMH /Jf peuleHHs KOll-
KpPEeTHO! 3ajadu (B KOTODOil He MpefbsiBaAJNCh TOBBIILEH-
Hble TpeGOoBaHHUA K TOYHOCTH peUIeHHs); ecTb, OLHAKO, NpH-
MepLl HEeyaayHbX pacyeToB C IOMOLLBIO 4YHCeJ, KOTOpbIe
He YJIOBJeTBOpAAM OAHOMY H3 TecToB. B uacrHocTH, 13-3a
TOrO, 4YTO ulcjaa, YNOMsIHyThie B 0. 2.2.4, 11e yaoBJeTBOpS-
JU TECTY MPOBEPKH map, MJI0XO0 MOAEJHPOBAJOCH HOpMaJb-
HOEe pacnpeneJ/eHHe.

Taxkum o6GpasoM, CTPOro roBopsl, pa3yMHOCTb NPHUBELEH-
HOH CcHCTEeMBI TeCTOB — (akT 3sMnupuyeckuil. B mefictsl-
TEJLHOCTH 3TH TECThl HE TapaHTHPYIOT YHHBEpCaJNbHOH nph-
‘rogHocTH 4ucen. [TostomMy uHOrma nenecoo6pasHo BBOANTDL
JOTIOIHUTEJIbHBIE TECThl, CBSI3aHHbBIE ¢ XapaKTepoM peliae-
MbIX 3azau. Bmnpouem, ycnemHoe pelleHue HY:KHOH 3ajna-
4y — caMas Jydluasi npoBepKa CaydafiHbIX YHCEJ.

3.4. O npoBepke AATYHMKOB cayyailHbix yuced. Has npo-
BEepKH YMCeJ, BbIAAaBAaeMbIX AATYUKOM, MOXKHO HCIONb30BATh
Te )K€ TECThl, YTO H AJISi NPOBEPKH MCEBIOCTYYAHHBIX UHCEJ.
Oco0eHHOCTh NPOBEPKH HATYIKOB B TOM, YTO INpPOBEpSIOT-
cf He Te UHCJa, KOTOpble Hcnoab3ytoTess B cuere. IToaTomy,
KpoMe NpPOBEPKH «KauecTBa» BbIZaBaeMbIX YHUCEJ, NOJKHa
elle KaK-TO rapaHTHpOBaTbCsl YCTOHYMBOCTb pabOTH JAaT-
4HKa.

Mpr He GyIeM OCTaHABJKHBATLCS HA TEXHHUYECKHX CIOCO-
fax xoHTpoasi. OTMETHM TOJbKO, YTO OOBIYHO pacueT Te-
CTOB, BPOJE PacCMOTPEHHHIX B 0M. 3.2 ¥ 3.3, npoBOAST H
10, ¥ TOC/Ae pacuera HY:KHOH 3agauu, €CJH OHa He CJAHLI-
KOM MNpOJOJXKHTE/NbHA BO BPEMEHH.

3.5. O nposepxke OOJLWIMX MACCHBOB cJayyaiHbix uucen. Tak kak B
pacuerax 4acTo MCHOJAb3yeTlsi He BCH 'raﬁmlua, a TOJIbKO 4acTb €e, TO
HMeeT CMbICA NPOBEPHTb TakKwKe 4acTH TaGJ]Hlel. Hanpmlep, TaﬁJlHLly,

conepxamyto NV uudp, paséusaior Ha s yacreit no Ny=AN/s uudp u npo-
BCPSIOT KAaXAYI0 H3 3THX 4acred. Ecin $>>50, To BrosiHe BeposiTHO cpe-
o1 3HavyeHHH X?\’.’ COOTBETCTBYIOLIHX OAHOMY (KaKoMy-HHOYINb) KpHTe-
PHIO, BCTPeTHTb 3HaueHHe, orpevaiomee P<C0,01. dTo He o3Hauaer, uTo
BCs TaGJHUA IJIOXa: » MPOCTO NAHHYIO HacTb HE HAfo HCNOJb30BATh Kak
CaMOCTOsITe/NbHYIC TaBiHLy B pacyeTaX, B KOTOPbIX TpeGyerca =~ N; cny-
4afHBIX LHDP.

MoXHO NpOBEpUTBb, COr/IacCylOTCA JH § MOJyYEHHLIX 3HAUYECHHH X?\h
C TeOPETHYECKHM pacnpefesnenneM X2 Aas AaHHoro Kpurepns. Takas npo-
BepKa HCeDeJKO HCIO/b3yeTcsds B KaueCcTBe JOMOJHHTENbHOrO Tecta. U
C 3TOH TOYKH 3DCHHUS SICHO, UTO OTHE/bHHIC <MJOXHE» 3HAUEHHT X7,
o6s13aHbl  NOSABJAATBCA, €CJAH T[HIOTe3a CHpaBeljuBa W § HOCTATOUIIN
BEJHKO,
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Hexortopbie aBTopbl UPEAJaraioT HCHOJNb30BAalb [AKYI0 [POBEPKY
TabJaunb MO 4acTIM BMECTO MpoBepkH Tabauiwl kak uenoro. K coxane-
HHIO, STO HeBepHasi PeKOMeHJauusl. ABTOpy H3BeCTEH NpHMep, KOrAa
500 00Q wudp mpoBepASHCh U KAK liesas Tabiuua ¥ no uactam: 20 uac-
Teil no 25000 uudp. Bece uacty ynosjetBopsasu BCeM NATH KPHTEPHAM

nepsoro Tecta (m. 3.2), pacnpelenenne DOJyYeHHbIX 3HAYeHHH Xjy, AR

KAXKJI0r0 H3 KPHTEpHEeB XOPOIO COrJacoBaJoch C TeOPeTHYeCKHM pacnpe-
nenenneM ¥2 Opnako Bech MaccuB M3 500 000 uxdp He yAOBAETBOPSI
HH OJHOMY+H3 KPHTEDHEB [epBOro Tecra (mpuueM AJs OLHOTO U3 KpiiTe-
pues 6bi10 P <<0,000011)

TakoMy HECKOJBKO HEOXIJIaHHOMY pe3yJbTaTy MOXHO JaTh cJjc-
nylowmee obbsacHeRne, MozxKHO NpeanosoXHuTh, 4TO paccMaTpHpaevas no-
Cnef0BaTeNbHOCTb WP HMeeT pacnpejlesicHHe, HECKOJbKO OTJYaIoniec-
cs OT paBHOMEpPHOTo, HO AJas pacyetra no N, uuppam Taxkoe OTAHYHC
ponycrumo. OTClofa He CJeNyeT, YTO 3TO OTIHYHe No-lpekHeMy Oyner
HNONYCTHMBIM 1 pacyeTa, B KoTopoM Hcnoab3ylores N >N, uudp.
HaoGopor, eciy yBeallyeHHe KoanyecTBa UH(pP BHI3BAHO KenaHleM yBe-
JHYHTH TOYHOCTb pacueTa, TO SICHO, 4TO MAPH HOCTaTOYHO Goabiiom N
OTJHUllE TO CTaHET HeJONyCTHMbIM

Hrak, Kk GoNbLIHM MaccuBaM cayyaiiHbix uudp (HIH yucea) npedb-
ABAAIOTCA Goabluve TpeGopaHua. DTOT (BAKT XOPOMIO H3BECTEH INPaKTH-
KaM: nofofpaTh XOpOLIyH MCEeBAOCIYYaHHYIO NOCJAe]0BATeNbHOCTb, CO-
nepxauyio 10%— 10 uncen, ropasiao npoiue, YeM mono6partb Takylo ke
focen0BaTeNbHOCTD, codepxkaliyo 105— 105 uncen *).

3To CiefyeT HMETe B BUAY TaKXe NPI NpoOBepKe XATYHKOB Caydail-
HBIX YMCeJ: [eXOpOIIO NpoBepsATh AATYIIK TecTaMM, OXBaTHIBAIOWHMH
103— 10* yiicen, a B pacuete ucnoibzoath 106—107 yucen.

YnpaxueHus K rnase 1

1. Jokasatb, uTOo KO3(h(HUMENT KOppessaluHH CayuaiilblX BeJH4HI
v u n=/[(gy) npu ueaom g=1 pasen 1/g.

2. Kax ¢ nomouipio Tabmuusl cayuaitamx uudp (crp. 295) monen-
poBaTb NOC/JAENOBATENbHOCTh HEe3aBHCHMEIX JICTIBITAHHE, B KaXKIOM H3 KO-
TOPBIX BEPOSTHOCTb HACTYIVIEHHS HEKOTOpOro coOuniTusi A pasia
P{A} =0,752?

3. TpeanosckHM, YTO KOJHYECTBO V 3JeMeHTapHBIX 4YacTHL, noma-
JLAIOWKX B JeTeKTop 3a BpeMda Af, mopumusiercs pacnpenenexuio Ilyac-
coHa co cpennuM 3HadenueM Mv=aAt. TTycte £=v(mod 2). dokasars,
uTo npn aAt—» oo BepostHoctd P{E=0} u P{E=1} cTpemarca k 1/2,
Ha 3ToM npuHUlITe MOCTPOEHB! HEKOTOpHle NATYHKH CAyUaHHBIX LHOP.

4. PaccmoTpers cayuaiinyio Bennunny m=/1(gy?) c ucaeiM g H 10-
kasath, uto P{n<<x}=x+Vx/g+ 0 (x/ Vg)npux>0 u g -0
(K. O. Touep [174]).

*) ViHorza BbICKa3biBA:OT MHEHME, YTO KPHTepHH %2 HJIH @7 CHHIUIKOM
MECTKH NpH oveHb Goabliux N. OnHAKO, KaK NOKasLIBAalOT (HOPMY.bl

(27) u (30) ra. 7, AMEHHO NOCTOSIHCTBO x%, HAn @) peryjaHpyer yno-

MSHYTO® B TeKCTe NOBbIIIGHMe TpeGoBaHIii K OGOABLLINM MaccHBaM Cy-
YaiblX YyHcen, ecan Tpe6oBaTb, YTOOHI MOTPEINIIOCTH, (urypupyome B

aTHX opuyaax, yousanu kak 1/ Y 'N.




YIMPAJKHEHLS K TJIABE 1 43

U3 sroit dopMyas crenyer, uto xots P{n<<x} —-x npu g— oo
e He menee npu g=10% 1 x=10"% pepoatnocts P(N<C10™%} =~ 2.107%,
4TO B JBa pasa Gosblie, 4eM NPH PABHOMEPHOM pacnpeneleHHu. Tak kax
anroputm Vn1= J (10%y2) 6au3ox x aaroputmy cepesnHel kvampara:

y NpoH3BeleHHst y;‘; oT6pachiBaloTca % crapimux uudp chiesa, ToO 3TOT
pe3yJbTaT B Kakof-To Mepe OOGDBsCHACT, NouyeMy B MeTOde CepedHHbl
KBajpaTa noayyaercsi GoJbllle, UeM HaJl0, MaJLIX YHCeJ.

5. Hokasath, uto eciu M ¢ g u M ¢ my Bzaumiio npocTeie, TO H3
dopmynst (7) crepyert, uTo

a) m,= g"m, (mod M);

6) AJA 10CTeNOBareNbHOCTH Mg, My, +++,m, BCerga L=P;

B) MJHHA mepuofa P paBsa nanMclubLIeMy LEJOMY KOPHIO CpaBHe-
HHS gp—lEO(mod M).

6. O606wuTh Tcopemy 3 Ha cayuail Metoma BosmywieHuii (12)

lim P{L/VNM < x}=1—e %2
N-ooo

Ykazanue IIpefnosoxuTb, 4ro npu BCCX BO3MONKILIX apryMeH-
tax X Gynkuud @ (x) v W(x) He papHbl I HCOJbL30BATH BEPOSITHOCT-
Hylo moaeab M. 2.3. Posib L urpaer HoyMep onuita, B KOTODOM BIEPBbIE
V.=V, I<L, n B 10 e Bpems L — [=0(mod M) (1. M. CoGoap [79]).

7. loxasaTb, YTO eCJH MOCAEA0BATENbIOCTb Ug, Ciy v .y Xy ... YAOB-

JIeTBOpsieT MOHOUMKJAWYECKOMY ypasHeduio (13), To mpu Kaxaom S Ta-
KoM, YTO 1<{s<Cr, cpenu rpynn BHA3 (an,..., an+s_1) npu 0<<n<g

<P — | perpevatotes no 27 % pas Bce BO3NOMKIIBIE TPYTIBL, COCTOSMINE
u3 HyJae# ¥ eauHun, kpome rpynns (0, ..., 0), xoropas BCTpevaercd
2r-s—1 paa. (H. Lupaep [185]).
Ykasauwne JloxkasaTb CHayaja 3T0 AJIs1 S==T.
8. B kauecTBe Mephl OTKJIOHEHUs F’;\, (x) or F(x) (cm m 3.14)
MOKII0 HCMOMb3OBATH BENHUHHY
D= sup |F;,(x)_F(x)[.

—oo <y <

Kputepuwii Koamozoposa, €nuskuii Kk KpHTephio ®? H B HEKOTOPHIX CJy-
yasx Gosiee ynoGHLIA, ocHoBan Ha Teopeme A. H. Koaitoroposa.

TeopeMa. Kakosa Obi nu 6uaa cayuatinaa geauuuna § ¢ uenpe-
poisroil gynkyued pacnpedeaenus F(x), npu Kaxdorn x>0

lim P{}YND < x} =K (x),

N->o
~ 242
ede K(x)=142 2 (— Dyfe— 20,
k=1

(Tabauua ¢yuxkuun pacupencaenns Koamoroposa K(x) umeeTca Ha
cTp. 293)
Jokasatb, 4T0 A pacyeta D MOXKHO HCLOJB30BaTh GOPMYJY

k—1 k
o= max [|F ) =7 | |7 —F o]

1<k<N




FTJTABA 2
NPEOBPA3OBAHUS CJIYYAUHBIX BEJIMYHH

B 3r0fi raaBe paccmotpeiini npeofpa3oBaHtd, NO3BOJsE-
IOL[HE C TOMOLUBIO CAYYaMHBIX UYHCEJ Y BBLIYHCIAATb 3HaAYE-
nust Jo6oll cayuaiiol BenuuuHbl E. Takue BoluucaAenHs
11a3biBAIOT MOOEAUPOBAHLEeM CAYYAaHHOH BENHYHHB § HJH
Qopmuposanuem peasusayuli cayuahioin BeanunHn .
Bnpouem, BBLIYMCAUTENH TPEANOYHTAIOT WX HasblBaTb pa-
3vbiepoieanuem BenuuiiHbl §. Buaaneuue 3tuMH npeo6pasona-
UHSAMH HEOOXOOMMO Ka)KAOMY, KTO JKe€JaeT OBJAaleTb «TeX-
UKOH» npuMeHenus MeTonoB MonTte-KapJo.

ABrop He crapancs H3/0XKHTb 31eCh MaKCHMaJbHOC
KOJIMYeCTBO DPEHENTOB Js MOAeJHPOBaHNA pas3iHYHbBIX Be-
JHUYUH — 3TO CHeJaHO B ChelranbHON Jurtepatype (CM.
[19, 69, 111]). Ynop chenaHn Ha M3JI0XKEHHe METOLOB W HX
cucreMaTtusaiHuio. BnepBele B OCHOBY KaaccudHKauui npe-
06pa3oBaHUil MOJOMKEHO KOJHYECTBO CAYYaHHLIX uYHcel,
UCTIONb3YEMBIX TIPH pacdere oxaiioro 3HaueHus . Ilonausany
3TOT TNPHHIHUN MOXET IMOKAa3aTbCs HECKOJbKO HCKYCCTBEH-
HLIM, 110 B MOJIHO{I Mepe ero poJb BLISCHHUTCA B I. 7.

HexoTtopule u3 061iHX MeTomoB, HanOOJee BaX<Hbe C
TOYKH 3PEHHS TPaKTHKH, cHOpMYJNHPOBAHEI B BUAE TEOpEM,
3aMeyaHHsd NMpPaKTHYECKOTO Xapakrepd cM. B m. 5.7,

§ 1. Meron ofiparubix QyHKUMH
(OCHOBHO# nprem MOReNHpOBAHYUA CJAYYARHBIX BEJIHUUH)

1.1. Mopeauposanue NUCKPETHBIX CAYyHAHHBIX BeJHYUH.
PacemorpuM mickpernyio ciyyaiinylo BeaHynHy § ¢ pac-

npefeaenen
(xl Xo eee xn) (1)
Pr P: .-+ Pa
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rie p;=P{t=x}. s Toro uyTo6bl BLIUHCIHTL 3Haue-
M8 39TOH BeJUUHHLI pasfeanm unrepBan 0<Cy<<l na
HHTepBaJael  A; Takue (puc. 14), wuro 4JaH-

na A; pasna p. ¥
Teopewma 1. Cayuaiinas geauuuna &, nnpeoe-
ACHNAR Gopmyrol AI L
E=ux;, Ko2da YEA, (2)

uneer pacnpedesenue geposarrocreti (1). -

IHoxasaTenbCTBO 3awuMaeT ONHy cTpoky: 4
b

P{t=x}=P{y=A}= nmua A;=p. ﬂzt
&
s npakTHuecko# peanusaumnn popmyas (2) Puc 14.
yao6HO B Hakonurese IBM pacnonoxuth moapsin 3Haue-
Husl Xy, Xo, ..., Xo U Py, P14p2, Pr-FPetps, ..., 1. Has
TOro Yro6Gbl BBIYUCJAHUTH OuepelHOe 3HaueHue E, HaXOAHM
ouepenHoe Y. 3areM cpaBHMBaeM Y ¢ p;. Ecam y<<p;, To
E=ux;; eciu Y==p;, TO cpaBHuUBaeM Y C pi+p.. Ecan
Y<<pi1+ps, TO E=Xy; eciu Y=pi1-+p2 TO CpPaBliUBaeM Y C
Pi1-+patps, v T. L.
1.1.1. Jlerko BHAeTb, 4TO B caydae, worma & =yx; (1<ign—1),
NDUXOLUTCA OCYWIECTBHTH [ CPaBlieunfl, 4 b B Clydae, KOraa§ = Xn,

uucno cpasuenudi paBHo n — 1. [Mostomy cpesnee uncao cpapHeHHH,
3aTpayHBaeMbX NMPH NOJYYCHHH OHOrO 3HaueHus §, paeHo

n—1

t=Nip;+(n—1)p,.

i=]

Tax kak MopsmOK 3HaueHWdH X, ..., X, B (l) nNpoH3BoJeH, TO BEITOANO

PacrnosoKHUTb HX B NOpsiiKke yOLIBaHHS BepOSITHOCTell, T. €, TaK, YTOGLI
pi=p:= ... =P, Torna sesiinna § Oyner munuvaabioit (0. T. Tloa-

asx [69]).

1.1.2. Pacuer no d¢opmyae (2) 3ameTHO ympouiaercss B
cjyyae, Korga Bece 3HadueHus Xy, ..., X, PABHOBepOAT-
HbH: p=..=p,=1/n. B 3ToM ciayuae MHOTOKpaTHbIe
cpaBHeNHs He HYXKHLI: TaK Kak A;—3TO0 HHTepBaJj
(i—1)/n<<y<<i/n, To ycaoBue YEA; pPaBHOCHJAbHO YCJIO-
Buio i—1<<ny<<i, nau L (ny)=i—1. Bwmecto dopmy.asl
(2) MoXHO 3amucaThb, UTO

gE=x, rae i=I-FI(ny).
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1.1.3. Teopemy 1 nerxko o606muTh Ha cayuyafiHyio Be-
JNUYHHY, KOTOpas MOXET INPHHUMATh GECKOHEUHYI0 Moc/e<

AOBATEJbHOCTb 3I1aY€HHH X|, Xo, ..., X, ... H HMEET pac-
npefe/eHue '

O N S )

\P1 Py eee Pn ..

B aToM cayuae uMcaa X, 0 p, 3ajgaiorcs Gopmysnami, u
BLIYHC/IEHHE HX NMPH KaXAOM pacueTe & MOXET 0OKas3aibeCd
BecbMa TpyroeMKum. Torga Moxuo Bui6paTb YHCIO Ag TaK,
yTo6Bl CyMMa BeposiTHOCTEH pi--...-p, OBlIA JdOCTaTOY-
Ho 6auskoil K 1, u 3HAYEHHS X1, ..., Xp, H Pl <oy Pay
3aTOTOBUTH 3apaHee. BuluucasTh X; U p; 1o ¢gopmysam npu-
JeTCsl TOJbKO MpH {>n,, a 3T0 OyAeT AO0CTAaTOYHO PEeLKO.

1.2. Mopaeanpoeanue caydaiinbix coObiTHit. MonenupoBsa-
HUe CaydYalHbIX COOBITHH CBOAUTCS K MOJAEJHPOBAHHIO
NUCKPETHBIX Cay4alHbIX BeauuyuH. YrtoObl mokasaTth, Kak
3TO Jefaercsi, pacCMOTpPHM dYeTbipe 3ajauH, B KaxXIoH H3
KOTOpbIX TpebGyeTcsi MOIEJHPOBATh M[OCJEL0BATEJbHOCTh
OJIMHAKOBBIX He3aBUCHMBIX HCNBITAIHMH.

1.2.1. B xaxmoM M3 HCNBITAHHH MOXKET HaCTYyNHTb HJH
He HaCTYyNHTb HEKOTOpoe cobeitHe A, BeposTHOCTb HACTYII-
Jenns xotoporo P{A} =p 3anana.

Paccmorpum cayuafinyio BeauuuHy E, HasblBaeMylo HH-
IuKaTopoM coOblTHs A, KoTOopas paBHa | mpH HAaCTYNJEHIH

A u 0 npu HacTYIJIEHUH NPOTHBOMOJIOKHOTO COOBITHSA A.
Pacnpenenenne § 3agaercs tabauuef
\

(; lf)_p)-

CorsnacHo Teopeme | AJg OCYILECTBJEHHS Ka¥KJOTO HCIIHI-
TaHus Halo HalTH caydallHOe YMCJIO | U NPOBEpPHTH Hepa-
BEHCTBO y<<p. Eciu oHO BHITIONHEHO, TO coObiTHE A B 3TOM
HCHBITAHHUH NPOM30LINO0, a €CaH Y==p, TO HeT.

1.2.2. C ucnbiTanneM cBsi3aHa NoJaHas Tpynna mnonapHo
HEeCOBMECTHBIX cOOBITHEI *) Ay, ..., A, ¥ 3aaHB BepOATHO-
CTH P{A{}=p,

Ina MomennpoBaHMst TaKHX HCHOBITAaHHH pPaccMOTPHM
cayyaiuylo BeJHUHIY §— HOMep HAaCTYNHBLIErO COGLITHS,

*) 7o sHauut, uto cymma A;4...+ A, ecTb AKocToBepHOe COGHI
THE H A‘.'Aj =0 npu i#j.
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OueBunHo, pacnpenesneHue § spipaxcaercs Tabauuei
(1 2 ... n )
41 pz LI Pn
ﬂJIﬂ OCYIL[PCTBJ]eHI/Iﬂ KaxXJI0ro MUCHbITaHUusg Hajao Bb!6paTb

caydaliHoe YHCJO Yy M Mo TeopeMe | paspirpaTh 3Hauenue §.
Ecnn g=, To npousoumio cobuitiie A;.

Mpumep. CroakuyBIINCh € SAPOM aToMa ypaHa, HEATPOH MOXKeT
paccesTbcsl, OLITh 3aXBauCHHBIM HJH BbI2BaTh AencHlle sigpa. Ecau depes

T
s e Z/,oéoaﬂaqmb COOTBETCTBYIOIHE 3ITIM COOLITHAM CeueHHst

B3aWMOAENCTBUS, @ uepes Y = Zs -+ Zc —+ Zf — NOJIHOE  CCYeHHe
B3aMoJICHCTBHSI HeliTPOHA C SAPOM, TO BEPOATHOCTH TPEX BO3MOXKHBIX

) -
COBLITHH paBlibl COOTBETCTBEHHO ) /3, D /) H Z /Y Urobut paseir
paTh «cyan0y» x.empoaa TIPU CTOJIKHOBEHHIL, Bblﬁllpa}OT cayuaiinoe yuc-
a0 y; ecan y<< 3/, TO CUHTAIOT, UTO HEHTPOH paccesncsi; eciH

NO< v <X /Z)"’(Z,,c/z,) 10 neiTpon noraotics; ecau( D/ D)1
-+ (2!0 _I) <Yy, TO HEHATPOH BLI3Bas JeJeHHe sfnpa.

1.23. C ucnbiTaHueM CBS3aHbl JBa HE3aBHCHMBIX COBMECTHBIX COGLI-
i A u B, BeposTHocTH KOTOphiX 3amausi: P {A} =p, P {B} =ppg.

Beugy HesaBucHMOCTH cobbiti A W B MOXHO nOC/IeNOBaTeNbHO
MOJACAHPOBATb MX HACTyiJeHHe B KaXJOM HCIBITAHHM: CNEpBa 10 YHCITY
vi Merosom 0. 1.21 ompeaenuts, HacTynuno Ju cobbline A, a 3artem
TOYHO TaKXKe 110 YHCIY Yz ONPELEeNHTb, HACTYIHIO JIH cobuitie B.

OpHako yacto Gosee 5KOHOMeH ApYro#l cnoco6. PaccMoTpHM moanyio
rpynny MHOMapHO HECOBMECTHBLIX COOLITHH, COCTOfIYI0 M3 YeThIpex Cco-
OLITHEL:

A, = AB, A, = AB, A,= 4B, A= AB. (3)
BeposTHOocTY 3THX COOBLITHI JIETKO BBHIYHCJIHTD:
PLr=pPp Ps=pP, (I —pp),
ps=rpp(l—pu): Ps=(1—py (1 —rg)-

CnenosaTtesibHo, MeToX m. 1.2.2 nosBoaser, HCMOJAb3ys OLHO cayuail-
HOE YHCNO Yy, ONPedeNHTh, KaKON M3 3THX 4eThipeX HCXOAO0B HACTYnuJa B

MOLAeNNMpYyeMOM HCIIBITAHHH
1.2.4. C ucnbiTaHveM CBsi3aHbl ABa 3aBUCHMbLLX COBMECTHbIX COOLITHSA

A u B, u 3anaun sepostHoctn P{A} =py, P (B} = pp, P {AB} = p 4.
B sTOM ciyyae Takxke ClelyeT DacCMOTPeTh MOJIHYIO Ipynmy co-
O6biTiil  (3), TOMBKO BCPOSITHOCTH 3THX COOBITHH BBLIYMCASIOTCS HHAYe:

P1=Pggs P2=Pyg—Paps Ps=Pp—Pap p;-:l—pA-pB-I— P 4B.

BrnpoueM, u B 3TOM Ciiyuae MOXHO OCYWECTBHTL MOCJEOBATEbHOE
Mojenuposanue cobpituit A B, ucnombsys aABa cayyalHHIX UMCI3
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Y1, V2. Cnepsa 1o ancay yi (meromonm m. 1.2.1) onpeaensiens, HacTyniuio
a1 cobuitiie A. Ecan A mactynusio, To, 3Hasl YCJIOBHYIO BepOSiITHOCTb
P{B/A} = p 4p/P 4, MOKHO N0 UHCAY Y; ONpENEAHTb, HACTYMHAO JIH CO-

6biTiie B: ycuoBlieM HAacTymIelHst, B cayKIIT BLIMOJNHEHHE HepaBeHCTHA
v2<<P{B/A}. Ecau xe cobuitie A He nacryniio, To HacTymIenue B npu-

HeTcst pasbiCPbIBaTe C MOMOILIO YC/IOBHIT BCPONTHOCTH P{B/Z}, KoTopas
pasna P{B/A} = (pp—p 45)/(1 —p ).

1.3. MeaennpoBanne HelPEPbIBHLIX CAYHAHHBIX BEAUUUH.
[Tpexnonoxum, 4TO cayyaiiHas BeaHYUHA § onpeleseHa B
wHTEpBaJe a<<x<Ib u umeer maoTHOCTH p(x) >0 npu
a<<x<<b. OGosnaunm uepes F(x) QyukuHio pacrnpenesne-
Hus §, KoTopas npu a<<x<<b pasua

X

F(x) = 5 p (u) du.

a

Cayuail a=—co 11 (1) b==oo 1e HCKJIOYALTCH.
Teopewma 2. Cayuainas geauduna &, yoo64eTg0paIn-
aa YpasreHuio.

F(g) =y, (hH

uMmeeT nAOTHOCTb pacnpedesenus p(x).
HokasarteabcrtBo. Tak Kak ¢pyukuis F(x) crporo
Bo3pacraer B uutepBase (a, b) or F(a)=0 po F(b)=l,
TO ypaBHeHue (4) uMeeT e[HCTBCHHDLIM KOPeHb MPH KaX10M
y (puc. 15). I'lpu aToM paBuLI

i BEPOATHOCTH
T P{r<t<ttdr)=
Flerdojf------, =P{F (x) <y<<F(x4dx)}.

------- ! W raxk kaxk cayuafinas Beau-
ypHa Y PaBHOMEPHO pacrnpe-
naeneiia B HHTepBagae (0,1), o

b
¢ P P{r<t<xtdx}=
¢ 0 z&rdr 2 =F(x+4dx)—F(x) =p(x)dx,

Pue. 15 4TO W TPe6OBaJJIOCh N0Ka3aTb.

B Ttex cayuyasx, Korga ypaBHeHue (4) aHaJUTHUECKH
paspeinMo OTHOCHTeNbHO E, mosydaercs fBHas (ophyJaa
E=G(y) Aaa pasbirpbiBaHlsl cAy4yalHOH BeJHUMHBI §, e

ANE
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G(y) —obpatHas QYHKUHS [0 OTHOUWEHHIO K y=F(x).
B apyrux caydasax MOXKHO ypaBHeline (4) peluaTh Yuc/aeH-
10. Ecan o6beM HaKOnHUTEJS! MO3BOJSAET, TO YAOOGHO cocra-
BuTh Tabauny ¢yaruun G(y), 0<<y<<l, U no Hei Haxo-
aute 3nausenus E. Muoraa yno6uo ucnosb3oBarth TaGauuy
byukuun F(x), a<<x<<b, 1 Haxolurb 3mnauenuss E obpar-
noit uHrepnoasuueil. O HEKOTOPHIX MPHEMAX COCTABJAEHUS
Tabauu cm. [8, 9, 90].

TMpumep IDxcnoueHunanbHan cJayuyaliHass Bedls
quHa § onpeaeaeHa npi xo<<x<C©o C MI0THOCTbIO

-—a(x——xo).

p(x) = ae
Tak Kak

F(x) = Iae"“(”_x") dy =1 — g—alx—x0),
X5
TO ypapHeHie (4) npHMCT BIA
R e

OTciofa nojy4acn siBiioe BbipaXcHie Aist pacucia §
E=xo— (l/a)ln(l—y). (5)

1.4. Meroa oGpatHbix dynkuuid. Teopembl 1 u 2 npen-
CTaBJASIOT CO6GOi yacTHBIE cayyaH OoOGUIEro MeToja, KOTOpbi
ecTecTBEeHHNO Has3BaTh merodom obpaTHoix Qyukyul (HapsiLy
¢ nasBanuem inverse functions method scrpeuaercs Taxke
direct method).

PaccMoTpHM [POHM3BOJBHYIO ClyyalHYI0 BeaHYHHY E C
¢dyuxunen pacnpenenenus F(x)=P{E<<x} (puc. 16, a).
O6paTuyio no orHowenno K F(x) dynknuo G(y) onpene-
JuM caeayomum o6pa3om. Bo-mepBoiX, monoaHHM rpacdHuk
¢yukuud y==F(x) BepTHKAaNbHLIMH OTPe3KaMH B TOUKaX
paspbiBa [0 HenpepblBHOH JaunMu y==Fo(x) (puc. 16, 6);
Qyuruus y==Fy(x), BOOOUIE TOBOps, HEOAHO3HAuHa. ITY
}e JIMHHMI0O MOXKHO 3amucaTtbh ypaBHeHHeM Buia x=Ggy(y).
rae ¢yukuusag Go(y) onATb-TakH He o06g3aHa OLITh OLHO-
3HAYHOIl: HMHTEpBaJaM MOCTOSHCTBA Fy(X) COOTBETCTBYIOT
BepTHKa/ibHble OTpeskn  Go(y) H HaoGopor. [lonoxkun
G (y) =Go(y) B Toukax HenpepuiBHocTH H G (y) =G (y+0)
B TOuKax paspwuiBa (puc. 16, 6). )

[TocTpoenHasi TakuM 00pasoM OLHO3HAYHAsl (YHKUHS
G (y) ne yb6nBaer npu 0<<y<<l u denpepbiBHa cnpaBa BQ

4 1, M, CoGomp



50 NMPEOBPA3OBAHHY CNAYUAPIHBIX BEMHMUYUH [rma. 2

Bcex Toukax *). ®ynkuuu F(x) n G(y) ceasaHbl Ccleayio-
wuM cBofictBoM: G (y)<<X Torga u TONBLKO TOrAa, Korja
y<<F(x). das moxasaTejbCTBa 3TOro CBOMCTBA JOCTATOYHO
NpOBEpHUTh, 4TO KaxHoe U3 JABYX HepaBeHcTB G (y) <<x u
y<<F(x) o3Hauaer, uTO
) touka (G(y), y) pacno.o-
-y=Hz —  ¥Kena Ha JauHud y=Fgy(x)
[ / OIOBPCMEHHO H JeBee H
! nuxke rtouku (x, [ (x))
(puc. 17).
Teopema 3. Cayrai-
HA BeAUMURA

§=G(1) (6)

useer gynkyuro pacnpede-
aenus F(x).

HOns  nokasateub-
CTBa TeopeMbl HYXKIIO Bbl-
YHCIUTL (DYHKIHIO pacrpe-
JeJeHust cayuafHOH BesH-
ugHbl  §,  OmpeaeaenHoi
dopmyJoit (6):

Ple<x}=P{G(y)<x}=
=P{y<<F(x)}=F(x).

To, uto Teopema | npe-
LOCTaBJsIeT COO0l 4aCTHbIH
cayyail TeopeMbl 3, BHIHO
u3 cpaBHeHus puc. 18, na

J"" KOTOpOM H306paxeHa GyHK-

_/";"" nug x=Goy(y), CoOTBET-

CTBYIOLAs AHCKPETHOM CaIy-

g 0 Z  yafiHOHl BeJIMUYMHE, ¢ pHC. 14:

ecan Y=A; Ha puc. 14, 10

Puc. 16. Go(y)=x: Ha puc. 18

B ychaoBusix TeopeMbl 2

dyukuns G(y) cosnamaer ¢ o6biuHO# 06paTHOH dyHKUHEH
K F(x) u ypasHenue (6) paBHocuibHO (4).

*) Amanntuueckoe onpefencuue: ¢yukursi G(y) paBHa HiKHER rpas
HH MHOXKECTBA YHCEN X, ANA KOTOphiXx y<<F(x), T. e

G(y)= inf x.
{xly<F(x)}

~
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3aMeTHM, 4yTO TaK Kak cayuyafiHas BeawuHia 1—y ume-
eT TO XKe pacrnpelenedre, 4To y, 1o B dopmyaax (2), (4),
(6) MoxHO BMecTo Y HanucaTb |—y. CiegoBaTesiblo, yKa-
3aHHble cn0COOB MOJEAHPOBAaHUS HE €IHHCTBEHHO BO3MOXK-
Here. Mnorna samena y Ha 1—y HeckoabKo ynpoiiaer ¢op-
myJabl pacyera. Hampumep, Bmecto cdopmyan (5) MOXKIi0
HCNO0Jb30BaTbh (popMyny

§=xo—(1/a)Iny. (7)
Hrak, meron o6paTHbIX (yHKUMil NMO3BOAET 3alHCaTh

GopMysIbl A5 MOJeNUpOBaHUs J0G0H cayuailinoil BeaduH-
nol & Ho nepesko 3ToT meTon mpHBOAMT K CJAOMUBIM UIH

fia)p---

'/— H .

U TE R R :
Puc. 17. Puc. 18.

npocTo HeymoOHBIM aaroputrMaM. Hanpuwmep, nas Toro
4TOOBl BLIYHCAATb 3HAYEHHS TayCCOBCKOH (HOpMaJbHOMN)

cayyaliHo# BenuduHbl § ¢ napamerpamu (0; 1), npuxonur-
Csl pelwaTbh ypaBHEHHe

|
t
1

L
[ e—rredt = V.

B rakux cayuasix oGbl4HO mpuGEralT K MOMOLIM APYrHX
METOJIOB MOJIEJHPOBAlIHsi, CBA3aHHbIX C APYTHMH NpeoGpa-
30BaHUAMH CAYyUaHHBIX YHCEJ Y.

1.5. Mpeo6pasosanus suna E=g(y). [Tonuitaemes nail-
TH BCEBO3MOKHbIE PYHKUIH g (Y) Takue, uTo cayuaiiHas Be-
anuuia g(y) umeer pyukuuio pacnpenenenus F(x). Das ato-
ro Heo6XoiuMo M HocraTouHo, utobui P{g(y) <x}=F(x).

Beenem edunuunyio gynryuio
e(2) 0 npu 2< 0,
1 npu z22>>0.

4*
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Tax kax naotHocTb py(y) =1 npn 0<<y<<1, 1O
1

Pigy) <x}= f py(y) dy = 5 e (x — g(y)) dy.

{ngy)y<x) bt

Taxum o6pasoM, nojyyaem ypaBlieHHe, KOTOPOMY JOJKHA
YIOBAETBOPATh GyHKuUA g (y):.
1

Jetx—g)dy = F (). (®)

0

O6uiee pewenne ypasuenus (8), no-suuumomy, suerssectro *). Oa-
HaKO JIETKO YKa3aTb 4acTHble Knaacchl $yHkunil g(y), B KoTOphX peile-
s cymectByloT. st NPocTOTHl OFPaHHYHMCS C/yyae, KOria Mojelii-
pyemas BelNHUHHA £ NpPHHHMAeT 3HAueHHs B HHTepBase a<<x<<b M uMe-
eT [II0THOCTb BepositiocTell p(x) >0 upn a<<x<<b.

z z
i T Bl
=g
Z 2
g Hiz) 7 v iy \:7
V4 ek ",
' Puc. 19. Puc. 20.

IMyems g(y) ctporo Bospactaet npn 0<y<<l n g(0)=a, g(1)=b.
Torma u3 puc. 19 BumHo, uro e(x—g(y))=1 npu 0<Cy<<h(x), rme
h(x) — ¢ynxuna, oGparnast no oTHouwenluo K g(y). K3 (8) Buitekaer,
41O

h(x)
Fixy= [ dy=n(x. ©
0
MMepexoast kK oOpaTHLIM dyukuusM, sanuiwes, uto g{y) pasua G(y) —
o6patHoi (yuxuuu K F(x). Mol npumy, TakiM o6pason, K METOLY 06-
patHbix dyukuui E=G(y).

*) Ecin Monenupyemasq cayviafinas BseanunHa & HempepoiBHa, TO
NJOTHOCTL €e p(x) =F’(x). Jduddepenunpys (8) c yueTom ToOro, 4ro

e (z)=08(2) —-uenb'ra-(})yuxmm Jupaka, noayuiim BMecTo (8) ypaBHeHHe

[8(x—gv) dy = p(x).
0
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ITycrs Tenepp g(y) cTporo yGuBaer npn 0<y<<l m g(0)=0,
g(1)=a. Torna u3 puc. 20 BunHO, uTo e(x—g(y)) =1 nmpu h(x) <y<<l,

n u3 (8) BbITEKaeT, 4To
1

Fy= [ dy=1—h(x). (10)
h(x)
Cuenas 3aMeny nepeMeHHON y==Fi(x), nomyunm coolnoiuense F(g(y)) =
=1—y, orxkyna g(y)=G(l —y). Takum obpasoM, B 3TOM cjyyae
E=G(l—y), u MBI CHOBa IPHWIH K METOAY 06paTHBIX (GYHKUMH C 3ame-
noft y Ha I—y.

DTH ke pellleHHs ypaBHeHHs (8) MOXKHO MOJYYHTh AJs JioGoil cay-
yaHHOH BeNHYHHBI, €CaH NPENIONOXKNUThb, UTo g(y) obaajnaer cBOACTBAMU
cbpatHux ¢yHkunfi G(y) B cMuicae n. 1.4. [loMHMO 3THX [OBYX MOHO-
TOHHBIX pelUeHHH, cynlecTByeT GecKolledHoe KONHUeCTBO HEMOHOTOHHLIX
pewrenuit. OfHaKO HMCNONb3YIOICS OHH CpaBHUTeAbHO pepko. IToxkausyii,
€JHHCTBEHHbII OOLIHH Me10, OCHOBAHHLIH Ha HCNONb30BAHHH HEMOHO-
TONHBLIX GyHKUHA g(y), 3TO MOANHUHPOBAHHLIA METOJ CYMeprno3HLiH
I'. A. Muxaiinosa, n3aoxenusiii B m, 3.3.3.

Ipexne yem mepefith K npeoGpasoBaHuAM GoJgee obiie-

ro BHZA, PacCMOTPUM OCHOBHbIE METOJBI MOJEJIHPOBAHIISA
MHOTOMEpHBIX CAydalHbIX BEJHYHII,

§ 2. MoneanpoBaHHe MHOTOMEPHBIX CJAYYAAHBIX BEJHYMH

2.1, MopenupoBanue n-mepHOil cay4yaiiHOH TOYKH ¢ He-
3aBHCHMBIMH KoopAuHaTamu. Ecan KoopauHATH A-MepHOH
caysaiinoli Beaumuuuel Q= (E&;, ..., &) HE3aBHCHUMH, TO
(yHKUUA pacnpenesNeHus

Fq(xl, ey x,,)=F1 (x;)... F,.(x,.),
rne Fi(x;) — dyukuusa pacnpenenedds BeaHuuHn E,. Ecre-

CTBEHHO OXKHAATb, YTO 8 9TOM CAYHQE MONMCHO MOOeaupo-
8aTb KAXNCOY10 8eAUtURY §; HE3ABUCUMO:

F,‘(gi):'fi, i=l, 2, “eey n, :(ll)}
rae Y, ..., Y. — HE3aBUCHMBIE Cayyaliible uncaa.
Heficipnreanno, Tak Kak y; HE3aBUCHMBI, TO H &, ompe-

genenubie ¢opmynamu (11), HesaBucumbl [lostomy nx
coBMeCTHAs! (DYHKIHA pacnpeie/seHHs paBHA NPOHU3BEHEHI0

P{§1<xl:-'-)gn<xn} =111 P{§i<xi}=

n
=1

= i{-Il F;(x;) =FQ(/\‘1. e ,x,,).
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Mpumep. Cayuaitinasg Touka Q ¢ MeKapTOBLIMH KOOpAUHA-
tamu (§4s...>8,) paBHOMEpHO pacnpeneneHna B n-Mmep-
nom mapaaanenenunene lN={g<x;<b;; i=l, 2,.., n}
(puc. 21 paa n=2).

[TrotHoCTh BeposiTHOCTEH TOUKH Q nocrosiuua B II:

¢ mpH (¥4,..., x,) €10,
Py (f1eeer X)) = 0 nppu (xl,...,xn)ﬁn,

n
rze l/c= [Hl (b; —a;) — obvem II (n-mepupit o6vem). HUnrerpupys

PO BCeM NEPEMEHHLIM, KPOME X;, IETKO [OMy4HTb, 4TO MOTHOCTb &;
paBHa
. _{”(bz“’“i) apr x; € (a;, by)s
P (%) 0 o x; (a0 by)-
CienoBaTesibHO, Kaxjas M3 KOOPAMHAT &; DABHOMEPHO pacnpeicieHa B
untepBane @; < X; < b;, M KOOPAHHATHI 5TH HE3aBHCHMBI,
Cornacxo (11) sanumem ypaBHeHHs

Fi () = &B—a)/(bi—a) =1},
oTKyaa BLITEKAOT sIBHbLIC (1)0pMy.’1b[ AJig pacueta KOOpAHHAT
E=a+v (b—e), i=12,...,n.
2.2. MopeanpoBanue n-mMepHOil HenpepbiBHOM Cayyaii-
HOit TOuKM (C TNPOU3BOJbLHBIMM KoOpAMHAaTamMu). B 06-

2 nieM caydae, Korma &, ..., En
) 3aBHCUMBI, HX COBMECTHYIO [JIOT-

by ===~ HGCTh MOXKHO TPEeICTaBHTb B BHJIE
Y NPOH3BENEHHS YCJOBHBIX MJOTHO-

cTeil BEPOSTHOCTEH STHX BeJHYHH:

pQ(xl’ eeey xn)z

a,tF-

’ | : =p1(x1) P2 (2] 21) pa(x3] %1, %2)...
s
i wePr (Xn| X1, oo, Xamy).
I
I P

g z, 27, \ Bce YCJAOBHLIE€ MJOTHOCTH BEPOATHO

CTH BHIPAXKAlOTCsS 4Yepe3 COBMECT-
Puc. 21. HYIO TIWIOTHOCTb Po(X1, ..., Xu).

[TpuBopnM BbIpaXKCHHA YCIOBHBIX MJIOTHOCTeH B oO6lleM BiIe; BCe
HHTerpaanl Gepyrcs oT —oo o oco:

p1 (%) = f . .pr dxy ... dx,,
Pe(t2lx) = [ [ podiy. . dx, [py ()17
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P3 (%3] X1, X)) = y . JPdep - dx, [p1 (1) Py (%2 ] )]

-
B e e e e e e e e . e e < o . o %

Pt (xp—1 | X10 o oon Xy g) =
= f Podx, [Pr(%1). - Py_o (X _o|X1s-ves xn_s)]"'.
P (Xp | X1seoos Xy ) = P [P1 (%) oo Py (K [K1s o vos £g)]— L
Beenen ycooBHBIe GYHKUHUU pacnpesesielins

X,
L

Folxilxy, .o, xim1) = j pi(x| Xy, ..o, xim1)dx.

~—

Teopema 4. [Tycro vy, ..., y.— HE308UCUMDIE CAY-
yaiinote wucaa. CoBOKYNHOCTL CAYHAlHbIX BeAUdUH Ej, ...
vees Eny NOAYHEHHOIX npU  NOCALO0BATEALHOM pelleHuy

ypasHerui
Fi€) =,
pERm a2

e e e .

Fn(gnlgh...,gn_l):vm

uneer COBMECTHYN NAOTHOCTb BEPOATHOCTEL Pqo (X1, oo. Xn)e

HdoxkasarenbcTBO. Ecau 3Hauvenus Ey=x;, ...
evey Gim1=X;—] DUKCHPOBAHLI, TO CAYYalHYIO BeJHUHHY &,
¢ ¢yukuuei pacnpenenenust Fi(x|xy, ..., Xi—1) MOXKHO Of-
penesutb no gopmyae (4):

Fi(‘éflxl, cees Xich) =¥;.

Torna BeposiTHOCTb HepaBeHcTBa X;<<E;<<X;-+dx; paBHa
Ploa<ti<xitdxi|xy, ..., xici}=pi(x|x1, ..., %1)dx,.

CJ'IQJ.'[OBaTeJ'IbHO, C TOYHOCTBIO N0 GECKOHEUHO MaJHX GoJee
BBICOKOI'O nopfdnkKa BEpPOATHOCTb COBMECTHOI'O BBINOJIHEHHS
1 HEpaBCHCTB paBHa INPOHU3BEAECHHIO

Pl <ti<<aitdxi, ..., £, <t <Xy4dx,} =
=P <Bi<<mi+de}P{re<<Ea<<xot-dxy|E1=x}...
Pl <E<<xatdxa|Bi=x1, ..., Eoci=Xp1} =
=pi(0)daips (xo| x1)dxoe. pa (X 21, <00, Xooy)di,=

=Po (X1, « ooy Xa)dXy... dXy;
H TeopeMa Ji0KasaHa,
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[TpencraBaeHne MJIOTHOCTH pPolxy, ..., X,) B dopme
NpOH3BEeliHA YCJAOBHHX MJOTHOCTEll KOOpAnuHAT &y, ..
BO3MOxHO n! cnocob6aMiu. B gactHocTH, npu n=2

] n

Po (X1, X2) =p1(x1) pa (x| X1) =pa(X2) P (¥1] Xg).

PasHbiM NpOH3BEJEHHUSIM COOTBETCTBYIOT pas3Hbie MOPSAKH
pasbirpbiBaliug BeJuuuH Ey, ..., E,

g4 4, BOOOIle roBOps, pasHule ypas-
; Henus (12). Huxecaepyouiui
\ npUMep MOKa3BIBAET, UTO MHOTIA

. yAAuHBIY BEIGOP TOpSiAKA NO3BO-
‘ JISIeT YNPOCTHTb 3TH ypaBHEHHS.
‘ Ecnu &y, ..., &, HE3aBHCHMDI,
. TO BCE HX YCJOBHble pacnpenc-
JIeHUSI paBHBI GE3YCAOBHBIM
S Po(X1, oty Xn) =pi(x1)...pa(X5)
g 7 7 W NOPSANOK PashirpbiBaHHS BeJH-
Pic. 29. " YHH pOJIX HE HIPAeT: YpaBHEHHS
(12) npespamarorca B (11).

MMpumep Paccmorpum cayuaiinyto Touky (&, m), Kotopas moxer
OPHHIMAaTL 3HaueHHss B TpeyroabHuke x+4y<<l, x>0, y=>0 (puc. 22)
C IJIOTHOCTBIO p (X, y) =6ux.

a) BuiGepem B KauecTBe nepsoil sennuiikbl & Torna

1—x

pr ()= [ p(x,p)dy=6x(1—2x) mpu0<x<I;
0
P (ylx)=p (e, y)/pe (x) = (1 =)= npn 0 <y <1 —ux.

COOTBeI‘CTBleU.Ule 3IHM [IMTOTHOCTAM Q)yHKLlHH pacnpenc/seHus:

X

Fﬂx):é‘pg (u) du = 3x* — 248 npn 0<<x <1,

y
F,q(y\x)=fpn(v|x)dv=y(l — )7 mppo<<y<<! —x.
0

U3 dopmyn (12) nomyuaem ypaBHeHHs LJISl NOCICAOBATENbHOTO BLIYHC
JieHHs § u 1

32—283 =y, y=vy2(1—E).
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6) BuiSepem Tenepb B KauecTBe neppoii Beamuunsl 1. Toraa
1~y
Py = [ plxy)dr=3(1—y?* mpn0<y<l.
0

pe (x19)=p(x, Y/py () =2x(1 — )72 mpn 0< x < 1—y.

CooTBeTcTByIOIMe QYHKUHN pacmpefeneHus:

k
Fn(y)=£pn(v)dv=l—(l—-y)” npu 0<y<1,

X
Fe(el9=[ pg(uiy)du=x>(1—y)~% mpn 0<x<1—y.
0

Uz popmyasr (12), nenoabsya 1 — y; BMeCTo Y, NONYUHM YDaBHEHHS AJs
110C/1e1OBAaTeJIbHOTO BLIYHCAEHHS M H §

(1—=m)?P=y,  P=vy(1—n)
CpaBuum Temepb 06a anropuT™Ma Anasa pacieTa § M 1) B NepBOM H3 HIX
JIs HaXoxJeHHs § HeoGxooMMO pellaTbh XyOuueckde ypaBHeHHS, B TO
BpeMsl KaK BO BTOPOM MOKHO HCNOJb30BaTh fIBHble ()OPMYJH

3,— —3,—
1=1—V7 E=V¥V . (13)
3aMeunaHue Yyamuerqa 9YacTo AOMNYCKAIOT ou.mﬁx;y H BMeCTO
Pl¥, ¥) =P (%)p2(y] %) mumyr cootnomenie F o (x, y) =F\ (¥) Fa(y|%).
OliHako MNocjejHee TOXIeCTBO HeBepHo! B paccMoTpeHHoM mnpuMepe B
Tpeyroabunre Fo(x, y) =38x%, a
1—(1—yp

3—2x
T—x 0 Fa@ Fele9) =—g—pm +

Fe(x) Fy (9] %) =

2.3. BoaMoxHhble 0GoGmweHns Tteopembl 4. Baxuefmufi
BBIBOJ U3 TeopeMbl 4 COCTOHT B TOM, UTO MOJeNHPOBaHHE
MHOrOMEpHOH CJy4aHHOH BeJHYHHBI MOXKeT OBITb CBEIEHO
K 10C/I€10BaTeNbHOMY MOJEJHPOBAaNHUIO ee KoopauHAT. Dop-
MyJabl (12) HCMONB3YIOT A5 3TOTO METOH OGPAaTHBIX (YHK-
uuii, Ho 310 BOBCce He 06s3aTe/1blO: B HEKOTOPHIX CAYyYasiX
thopMyJIBl pacueTa OKaXyTcs NPOLIe, €CH HCHOAb30BATH AJs
MOJIeNIUPOBAHUSA CJAyYalHOH BEJHYHHBI §; C YCJIOBHOH NJIOT-
noctbio pi(x|&y, ..., &i-1) KakOH-HHOYAb M3 METOHOB, pac-
cMoTpeHHHIX B nocaenyrounx §§ 3, 4, 5.

Hanpumep, u3 pesyavrara m. 4.1 crenyer, uro Bmecto dopmya (13)

MOKHO HCIO/Nb30BaTh CAELYIOWHH AJTOPHTM, B KOTOPOM Ha pacyer Kax-
poit Toukn (E, m) saTpauuBalOTCA NfITh HE3aBICHMBIX C/YYafHBIX YHCed,

HO 3aTO He HaJl0 H3BJeKaTb I(OpHEﬁI
O0=max(y1; vz vs), 1=1—06, E=0max(vs ve).
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2.4. Ucnoas3oBaHue 3ameHbl NepeMeHHbIX. Bo MHOrux
cayyasix yhAaeTrcd YHPOCTUTH (opMyJbl  MOJEJIHPOBAHHS
MHOTOMEPHOH CJAYYaHHOH BeJHYHHB NyTeM YAayHOrO BLI-
6opa koopaHHAT.

MTpasusno npeo6pas3oBaHus uJAOTHOCTH npu MNpe-

o6pasoBanun kKoopauHaT [lycte y;=g; (x> ... %),
i=1, 2, ..., n,— 683auMHO 00HO3HAUHOE au(ptpepeuuupt/e/uoe orobpasce-
nue o6aactu B 6 npoCcTPancTee Xy, ..., X, Ha 064acTo B 8 npocTpamcrse
Yi,---.Yn. Ecau naotnocte C/l_/‘laul-LOLl rouky Q=(§,...,E,) 68 B
pasHa pQ(xl,...,x,,), TO NAOTHOCTb CAyqainod Touky Q' = (1, ..., Np)
6 B, 2de ;= g;(Er,. ., Ep), pasna
O (*1s--0s %)
Por (Bt we oo ) = P (Koo %) | 5 (T gy

8 npasoil 4actu x; GOAXCHLL O6LTb 8bLpadCEHbL Hepe3 Yi,

[[ okasateabcTBo. Ilycrs D’ — npouspoabliasi o6aactb BHYTpH
—ee ngooﬁpaa npH paccMaTpuBaeMoM oTofipaxkeHnu. QyeBHIHO,

P{QED}—P{ D'}, Tlo npaBuiy 3aMeHbl NepeMeHHBIX B HHTErpaije
d (xl, ce X,

P{QeD} = dexl j ) a(yl,” ) |dy, -4y,
D D’ "

a [0 onpejesieHHuIo Ma0IHOCTH pQ,

P{QeD’}= y Pg(Yuseees Yy) dyn - - . dy,
DI

[pupaBHHBas 3TH BEePOSITHOCIM H MPIHHMAS BO BHHMAHIE MPOU3BOJb-
HOCTb D’ noayuuM TpeGyeMblil pe3yabrar.
41. MMpumep.CanyuafiHasiToukaQpaBuoMepHo pac-
npeneneﬂa B wape x24y*+22<<R2
OGo3naunm uyepes &, 1, { nekapToBbl KOOPAHHATH ToYkH Q. Mx cos-
MecTHasi TVIOTHOCTb Pacnpeiefenls B Wape NOCTOSHHA: Py (X, y, 2) =
=[(4/3)nR3]~'. OmHARO WIOTHOCTH pACHPefe]eHHss Kax[OH H3 Koop-
AHHAT JOCTaTOYHO TPoMO3AKH (cM. Huxe n. 3.2.1). [TosTomy nepeiizem
K chepHueckUM KOOpAHHaTaM (puc. 23):

x=rsinf@cosq, y=rsinOsing, 2z=rcosh.

B HOBBIX KOOpPAHMHATAX Liap NpeBpallaercs B napasnenendne] 0<Cr <R,
0<<O<<m, 0L <<2m. Tak rax siko6HaH 1pecGpPa3oBaHUs

d(x, y, 2)/0(r, 8, ) =r*sin B,

TO B HOBEIX KOOPJMHATAX IIOTHOCTb
Po (7, 8, @) =1[(4/3) R3] r2sin 0.
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JIerko BHAETb, 4TO 3Ta IVIOTHOCTb NpejcTaBiafieT coGOl NpoH3BeneHie
TpeX MJOTHOCTEH

Py (ry 8, @) = (3r2R™3) (27 sin 0) (27) !

H, CJIEIOBATENLHO, CepHUECKHe KOOPAHHATH 7q, (-)Q, (g Toukn Q Hesa-
BUCHMBL. YpaBHeHns (l1) aas HX HAXOKAGHNS MOXKHO 3amHcaTb TaK:

r 0 @
° 3r2dr 9 sin0 6 S de
J T =n |77 =t-nf g
0

OTclONa noy9aeM WHPOKO PacPoCTpaHenHble hOPMybi
3 -
rq =RV v, cosBy =21, —1, Po = 21y3. (14)

Mo 3TuM 3HaueHHAM HETPYAHO BBIYHCIHTL H IE€KapTOBbl KOOpAHHATHI
TOuKH Q: . .
E=rgysinB, cos @y, M =r, sinB; sin Pg E=rgcosp,
242 Tlpumep. Boi6op cnyvualiHoro HampaBiaeHus B

npccTpaHCTIBe. i
OGbiuHo, TOBOPSI O «CAYYafiHOM»> HANpABJEHHH, NOLPA3YMEBAIOT

Bb160p CJ'Iy‘-lélﬁHO[‘O HanpapJjcHis B YCJIOBHAX, KOrJla BCE HanpaBJjeHHs

Puc 23 Puc. 24.

PaBHOBEPOATHH (B NPOTHBHOM cJiyyae AO/KHO ObITh 33a/laHO pacnpenene-
HHe BeposiTHOCICIl pasiuuHBlX HanpabnaeHiui). HanpasieHue ycnoBuMca
XapakTepli3oBaTh €AHHUYHLIM BCKTOPOM

0 =i+ j0r+kos,
roe m21+ 0)3«]- 0)§=1. Hac wHTepecyeT Tako#i ciyyafiHbl BEeKTOp @, 4TO

Aas Jioboro TesecHoro yraa Q
P{o=Q) =Q/4xn.
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Jlerko BHAeTb, 4YTO ecan Q — ciyuaiiHasi Touka, PaBHOMEPHO pace
npegenennas B wape x2-+y?--22<TR? To HanpaB/eHHe ee PalllyCa-BeK-
Topa 06/afaeT Hy:KHBIM HaM CBOHCTBOM. HeiicTBiTENBHO, ecall Q) U Q,—
IBa PaBHBIX TENECHLIX Yriia, 10 00beMbl COOTBETCTBYIOULHX HM IIAPOBbLIX
cexkTopoB paBHbl (pHC. 24), H BEPOATHOCTb TOTO, YTO TOuKa Q momajcT
B Kax/Ablli M3 HHX, oaHHakoBa. [Tostouy n3 (14) mnoayuaeu dopmy.iot
A5 BHIGOpA «CaAyualHOro» HanpasJeHHSI.

cos 0=2y, — 1, @ =27Y,. (15)

JlekapTOBBl KOOPJAMHATBI BEKIOpPa (@ BHIYHCAAIOTCA [0 OOLIUNBIM (op-
MyJaMm:

o, =cos Py 1—cos?0, w,=sing ) T—cos?0, ®z=-cosb.

243 Tpumep [8]. Cayvafinas Touka Q = (§15..., &)

NOAUYHHAETCS N-MEePHOMY HOPMaAbHOMY (rayCCOBCKOMY)
pacnpeledcHHIO C MaTeMaTHUECKHMH oxXufaHuAMH ME;=a; H BTO-

poinn noventamn M [(§;— ;) (§i— al-)] =bi/' OnpefenuTtesb MaTpil-
i B= (b;;) noaoxurenen: Ag> 0.
[ThoTHOCTs TaKoll CayyaiiHoil TOYKH BblpaxaeTcs GpOpMyoH

- Ac Lo . \
Po (X100 %) = Eny? exp | — i%—l ey —a) (xj—a)) ¢,

rae C = (ct.,) — maTpHua obparHas, no oTHouleHHIo K B,a A, —ee orn-

peleaHTeb.

Kak H3BeCTHO, JMHEHHBIM [peoGpasoBaHHeM KOOPAHHAT MOXKHO
NPHBECTH TOJOXKHTEJNbLHC ONpeleieHHyI0 KBaApaTHullylo hopMmy, CTod-
uiyvio B MoKasaTene, K CyMMe KBagpaToB. ¥ JOGHO NPl STOM HCIOJb30BATh
BeKTOpiible OGO3HAUEHHS: €ClH U = (Up, «ves U,) u v= (Vs ees vn) —

BEKTOPbI, TO HX CKaJjJsapHOE IMpon3BeaeHHe

n
() 0) = wu;;
=1

ecmu C = (cij) — kBaapathas marpuna (I<<i, j<<n), T0 w=Cu — 310

n
Q)
BCKTOp C KOMNOHEHTaAMH W; = Z Cinllos KBaApaTHUHASI (bOl)Ma BbIpa-

@ =1
KAETCsl UCPes CKajlPHOE UPOIBeAClHe
n
21 e (¥ —ay) (x;—ap) = (€C(x—a), x—a).
ij=

Bbi6epen HOBLle KOOPAUHATHL Yys.+.3 Y5 ¥ NycTh k—a=Ty. Toran
(C(x—a), x—a)=(CTy, Ty) = (T'CTy, y),

roe T/ — tpaucnonuposaunas vaipuna . TTocaeptee uipaykeHue oopa-
Turest B (Y, y), ecan ['CT=F — camuynas Matpnua, OTcioda
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C=(T")"'T-', a B=C-'=TT". TakuM o6pa3om, maTpuua npeobpaso-
ganust T JOJIXKHA yLOBJETBORSITD ypaABHENIIO

TT'=B. (16)

fIko6uan npeobpasosanns x=Ty-+a paBen oupelenliresio MarTpH-
usi: d(x)/0(y)=Ar, Ha (16) crenyer, uwio(A;)® =Ap, a 72K Kax
B=C"!, 10(A7)® = (A¢)~1. 3uaunr,

9 ()10 (y) = ()™ "2.

Tenepb MOKHO 3aniicath MJIOTHOCTb TOUKH Q B HOBbIX KOOpaHHATax
n 1 1 1
—_—— = — (y,Y) n _—__y2
= 2 — Z
pg Wio-- oY) =02n) %e = Hlen *e 2]
=

OTKYda BHJHO, YTO HOBEIE KOOPAHHATBl TOUKH Q HesaBHCHMB H HOP-
MaabHb ¢ napamerpamu (0; 1).

Urak, nis Toro 4to6hl BLIYHC/AHUTD
3HaueHus &1,..., &,, HalO HAWTH N He-
3aBHCHMBIX 3HaueHufl Ly, ..., §, HOp-
MaJbHOM BEJIHYHHBI € [napameTpamu
(0; 1) —kak ato cacaath, cM. 1. 3.2.2.
uau n. 4.4, u toraa

§=T¢+a.

[Ipn npakTHuecKofl peasin3auun 37o-
ro MeToja €eJHHCTBEHHCE CJOXKHOe Me-
cro — pacuer wvarpuubl T. M3 Teopnn
matpul caenyet [64], uTo cyuiectsyer
TpeyroasHast matpuna T = (Z;), ylos- Puc. 25
aetsopsitomas (16). Ecan npu j>{ Bce T
t;j=0, To (16) npepamaercs B cucremy, cocroswyio us n(n+1)/2
ypaBHeHHH

D b= by 1<j<i<n,

W BCe f;; MOTYT ObiTb MOC/AENOBATENbHO BLITHCICHB! B NOPsIAKe, CXeMa-
THuecki ykasanHoM B puc. 25, Matpuny C BBIYHCAAITL He HaZO.

§ 3. Mpeobpascsaunus supa E=g (71, v2)

3.1. Mocranoeka 3apgauu. [1ycTte y; U Yo — ABa He3aBll-
CMBIX cayyalinbix uuciaa. [lo awmanoruu ¢ n. 1.5 MOXHO
IbITaThCsl HAHTH BCEBO3MOXKIILIE (QYHKIHH g (X, Y) Takue,
yTo cayyaifiHas BeauyuHa g(yi, Yo) HMeeT QYHKUHIO pac-
npepesnenuss F(x). Tak kak caydaiiHas Touka (yi, Y2) pab-
HOMEepHO pacmpefiesneHa B eIMHHYHOM KBagparte 0<<x<Cl,
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0<<y<<l, 10, moBTOpsAA paccyxueuus m. 1.5, monyuum nsst
onpcaenenns g(¥, y) ypaBHeHlle, aHaJoruyHoe (8):

ot —y

1
ye (z—g(x,y))dcdy = F (2). (17
0

Mer He OymeM 3aHHMaTbCs MCCaAeIOBallHEM pelleHHil
storo ypaBHeHus. OHo, nmo-BuguMoMy, Oosee ynoGHO Aas
JoKa3aTeJabCTBa H3BeCTHHIX Gopmya (cM. m. 4.1), yeM nnd
noJiyueHuss HOBbIX. BMECTO 3TOro paccMOTpHM HECKOJBKO
MeTOJOB NOCTPOEHHs mpeobpa3oBaHui Buaa E=g(yi, v2).
ODTH METOHB HMEIOT MHOTO NPaKTHYECKHX NPHJIOKEeHHH.

Bo Bcex Meronax BMeCTO OJAHOMEpHOH BEJHYHHH § Mo-
Ienupyercs AByMepHasi cayyafinas Beauuusa @, mo 3Haue-
HHUAM KOTOPOil HETPYAHO BBHIYHCAHTE E. BoJabimofl npoussod
B BLIGOpe pacnpesneseHHs Q HCMOJb3yeTcss AJsl TOTO, 4TO-
66l ynpocTuTb ¢opMmysanl cuera. B m. 3.2 maIoTHOCTb
Po(%, Y) =pe(r) 3aBICHT TOJIBKO OT 7, H MOJEJIHPYIOTCS
noJsipHbie KoopAuHaThl ToukH Q. B mm 3.3 u 34 E— 310
IeKapToBa KoopauHaTa ToukH Q= (§, 1), HO cnmepBa Mo-
Jeaupyercs 1.

3.2. Ilpumenenune moaspHbiX KoopauHat. HomycTiM, 41O
K cayualHo#l BesnunHe E, KOTODYIO HAal10 MOJEJHPOBATh,
yAaJaoch 11ojgo6paTh cayyainyio BeNHYHHY 1] TaK, 4TO MJOT-
HOCTb TOYKH Q ¢ I€KapTOBBIMH KOOpAHHATAMU § H 1) 3aBH-
CHT TOJNbLKO OT PpacCTOSHHA 1O HauajJa KOOpAHHAT

r=VaTg
polx, y)=c(r) mpu R <<r<R,.

3nech 0KR;<<Ry<<oo. Torma ymo6HO MojaeaupoBath I0-
JsIpHBIE KOOPAMHATH TOYKH Q, a yiKe MO HHUM BBLIYHCAATD E.

Ecnu x=rcos @, y=r sin ¢, 10 sko6uan npeo6pasosa-
Hus 9(x, y)/0(r, @) =r U NJIOTHOCTb TOUKH Q B MOJSPHLIX
KOOpJAHHATAaX paBHa

po(r, @)=rc(r).

O6aacTb M3MEHEeHHs MOJSIPHBIX KOOPAHMHAT TOYKH @ — Ha-
30BEM HX p M 0 — npsAMOYroibHHK R)<{r<<R;, 0<<o<<2m.
ITostomy nerko mokasaTb, 4TO OHI 11€32BHCHMBI:

Po(r)=2mrc(r), po(g)=(2m)~\
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ITo dopmyane (11) nmas Beiuicnenus p u 6 noayunM ypas-
HEHHSI

°

2\ re(rydr=1v, 6(2n)~! =y, (18)

D Ay

BoiuncauB p u 6, HeTpyAHO HAATH M IEKapTOBBHI KOOPMIH-
HaTbl TOukH Q:
E=pcos0, m==psinb.

3.2.1. Tpumep. CayuaiiHas BeanuuHa E onpelesnesa B HHTepBase

—R<<x<<R ¢ miotHoCTbIO p(x) =2 (nR?)~1YRZ — x2,

HertpynHo noxasats, 410 § npeacrasiser coboi abeuuccy cay4yanson
TodKkit Q, paBHOMepHO pacnpejeneHroil B Kpyre x24y?<CR2 B camowm
nese, ecnu pg (%, y) = (nR*)—1B s70M Kpyre, TO

VR 0
pg (x) = j po (%, Y) dy =1 VR*—x*  mpu |x < R.
VR

N3 popmynst (18) npu ¢(r) = (nR?)-!, R;=0, Ry;=R noayyaeM sBHbe
dopuyas p=R ¥V 71, 0-—2ny2 Taxum oGpasom,

E=R VYl €S 271Y,e

Ecanr B 3TOM mphMepe cpaszy NPHMEHHTb MeTol oOpaTHHIX (BYHKUHA
ans MogmeanpoBaHus & To ypasuenue (4) F(E) =1y ana HaxoxieHus §
OKaKeTcs BECbMa CJIOXKHBIM:

1 | 3 ST F3
FE) = 5+ 7 arcsin 5+ v VR*—EZ=y.
322 Mpumep. Cnyuafinas BenuuuHa { HopMaabHa ¢
uapameTpamu(O 1)
‘ pp ()= (@n) TR, 0<a< @,

Boi6epeM HesaBacHMyIo OoT { cayuaiiHylo BeJHUHHY 1), TakikKe HOp-
maabiiylo ¢ nmapamerpamu (0; 1), u paccMOTpuM Ha IJIOCKOCTH X, Y Cay-
yaiidyio TOYKy Q ¢ JAeKapTORLIMH KoopAHHaTamu § u 1. Oqutho,

Po (¥ ) =pr (py (1) = @) 1T, O<r< e

ITo ¢opmynam (18), rae ymo6so BmMecTO y. B3ATb 1—7Yj, HONYYHM ypaBe
Hels

p
[rem™2dr =1—9;, 0=2ay,
0

rag uro p=} —21Iny,. CnexoBatensHo,
=V —2Iny,cos2ny, M=V —21In7;sin 2y, (19)
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®opmyas (19), noayuennsie B [107], nossossior no Asym ciyuaii-
HBIM UHCJAM y; H Y2 COCYHTATb CPa3y JBa He3aBHCHMEIX 3HAueHHus CJay-
yaiiHolt BesuuMHbl . ECHM HYXHO JHUIb OLHO Takoe 3HAUEHHe, TO MOXKHO

OrPAaHUUHTBLCA OJLHOM H3 STHX IBYX (opMyJ.
3ameuanne Ecmn caysaitnas Bemilyuna { HOpMajbHa ¢ mapamer-

pamu (0; 1), To cayuaiiHas seniriHHa
E=0l4a
HOpMaJbHa ¢ napamerpamu (a; o). -

3.3 Meroa cynepnosuuuu. [donycTuM, uto QyHKUHs pac-
npenejeHust F(x) MHTepecyiOUlell HAC CaAydaiiHON BEJMUHHBI
§ npeicraBHMa B BHJE

F(x)= él cxFr (%), (20)

rie Bce F,(x) — rakxke Qyukunm pacnpenenenus, a ¢,>0.
U3 (20) npu x— oo caenyer, uro ¢;+ ... +cn=1. Caeno-
BaTEJIbHO, MOXKHO BBECTH JHCKPETHYIO CJAy4aifiHyl0 BeaUdH-
HY 1) ¢ pacrpeneseHieM

1 2 ... m
b
€ C -vv Cm
Tak 410 P {n=~F} =c,.

Teopema 5. [Tycte vy, u y,— He3agucumoie cayual-
noie wucaa. Ecau no uucay vy, pasviepars sunauenue n==~k
cayuatinoil seaudunol v, a 3atem u3 ypasuernus F,(E) =1,
onpedeauto &, TO Gyuxyus pacnpedesenus & pasna F(x).

HdoxasateabctBo. Bocrnosbayemcs teopeMoii o nos-

HOH BEPOSITHOCTH H BBIYHCAHM (GYHKIHIO pacHpeneseHus
BENUYHHH §, NOCTPOEHHOM B TeopeMe:

P{§<x}=k§lP{§<xln=k}P{n=k}=

= éll Fr(x) e = F (x),

uTo ¥ TpeGoBaJOCh H0Ka3aTh.

Oyuknuu pacnpenenenuss suga (20) BcTpeuaroTcs Tor-
Ja, KOTAa Mbl MMeeM LEeJ0 CO CMEeChI0 CAYYaHHEIX BeJHYMH.
Hanpumep, ecnn y Hac Bcero N gmeraneil, cpeiu KOTOPHIX
Ny neraneii ¢ ¢yskuuell pacnpeneseHHs <«BpeMeHH XKH3-
am» Fi(f), k=1,2, ..., m, 10 QynKuHs pacnpereieHHs
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«BPEMEHH XH3HHU» IJIs cAydyadiHo BbIOpaHHON JeTajH parha
m
F(t) = 2 (NyN) Fy (1.

Onnako npexacrasiaenue (20) yacTo NMpHAYMBIBAIOT HCKYC-
CTBEHHO, 4YTOGH OGJEr4nuTh NpoueLypy pasbirpeiBaHuA E.

Mertox cynepnosuuun 6uia1 npefnoxen Ixx Bartnepom [110] u passut
B paborax [40, 58, 108, 109, 155, 156]. BosmoxHocTs 06OCLIGHHS €ro Ha
ciyyaft GeckolleiHOro 4ucia caaraeMuiX 8 (20) © HAa MHOroMepHnle pac-
NpeflesieHHA oyeBUANA,

331 Ilpumep [110]. Cayuaiinas Bennuuna £ onpene-
JgeHa B uaTepBagse O0<x<<l mw umMeeT pyHKUMIO pPacnpe-
LeleHHUS

(=]
F(x)= 2 ckxk,
k=1
roe Bce ¢ r=0.

Moo cuntats, aro Fy (x) = xk npu 0<<x<<1, u Bocnonb3osaTbca
MeTozoM cynepnosHiud. M3 TeopeMn 5, ucnonbsyst teopemsl 1 2, no-
aydnyM Gopayay

k—1 k Uk
ecau 21 ;<N < fo ¢ 1o § = (ys)
j= ==

(npu k=1 JjeByio 4acTb HepaBEHCTBA NOJAraTh PaBHON HYJIO).
3.3.2. [Tpumep. Cayuaiinasg BennunHa § onpeleseHa B HHTepBane
0<<x<C2 ¢ NIOTHOCTBIO

5
p(x)=T1501+(x—1*'L

Ecan 1sl HaxoX/eHus 3HaUYeHHH BeJMUHMHBI § BOCNONB30BATBCA Mee
TOLOM ofpaTHLIX QyHkuuii (4), To monydum opmyay

(E—1)5+58=12y—1,

TaK YTO MpUAETCS pellaTh ypaBHeHHe NATOf CTENEeHH.
MoxHO, 01HaK0, NpeACTaBHTb p(x) B BUAE CyNepHO3HIHHA IIOTHO-
crelt pi(x) =1/2 n pa(x) = (5/2) (x—1)*%

5 1
p (x) = g P1(x) + F Ps (2).

Ha ocHoBanuu rteopembl 5 nojayinM cieiylomiufi siBHH aArOpUTM IAas
BbIYHCJIeHHS 3HadeHui §:

{ 2y4, ecan  y; < b6/6,

1 -}-;/5 2y, — 1, ecan y, » b/6.
5 1. M. Coteas
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Caegyicinas MomnbHKALNS MeTOAa CyHepmo3HUHH NPHHAANERHT
I. A. Muxaiaosy [58]. i

333. MoantbHuHpOBAaHHBA MeTOA CYDepmnosHUHW
OkaspiBaeTcst IPU peany3allil MeToLa CyNeplo3UlHE MOXKHO OrpaHiynTh-
CSi OLHUM CHYYaHHB'M YHCIOM Y.

Teopema 5. Ecau 8 ycrosusax teopemsr 5 no 4uciy y pasviepats
3HaueHue M=~k cay4adnol eeaudunst v, a 3arem onpedeauTe § u3 ypas-

k—1
nenus Fp(E) =0, 20e 0= (v- 2 Ci) c,;", 10 ynkyua pacnpebenenus 5
=1

pasna F(x).

HOnsi nokasaTenbcTBa 5TOfi TeopeMbl LOCTAaTOYHO 3aMETHTh,
yto Pl0<<y|n==%k}=y, T e. O paBHOMepHO pacnpejejeHa B HHTepBaJje
(0, 1). TlosTomy ypasuenue F,(E) =0 onpenenser ciydaiiHylo BeJHUHHY
¢ QyHKUMeR pacnpeleseHus Fk (x) Tak xe, Kak B Teopeme 5 *).

B npumepe n. 3.3.2 pesnunna § pasua (6/5) y npu =1 u 0 pasHa
6y—>5 npu n=2. Ilaa & nonyuaem popmy.y

{ (12/5) v, ecan y < 5/6,
T+ YT =T, eem g >5/6,

Kotopas BuirogHee ¢opmyan n. 3.3.2, nGo He TpebyeT BHLIYHCIEHHUS BTO-
poro cjayuaHOro 4Hcaa.

Heo6xo11Mo oTMeTHTB, OHAKO, 4TO MOAH(HUHPOBaHHBI MeTon 60-
Jce YYBCTBHTeJleH < KaueCTBY ICEBAOCAy4alHBIX YHCEJ, HCNOJb3yeMbiX
B pacyeTe: AJs1 ycncXa OObIYHOTO MeTOAa Ba)KHO, 4TOObl yaCTOTa Iona-

LaHHsi TCeBJOCAYYaliHbIX HHCeJd B KawJAblil H3 HHTepBajoB A, =

k—1 k

= [ Z €;<x< 2 ¢; | paBHANACD Ck; AN MOAN(UUHPOBAHHOrO METOAA
j=1 j=1

BAXKHO TaKXe, 4TOGbI pacrnpejesieHHe 3THX YHCe] BHYTPH KaXJOro Ap Gbl-

JI0 OCTATOUHO XOPOLIKM.

MonnpHunpoBaHHOMY MeTOLY CYNEpNO3HUHH COOTBETCTBYET Mpeol-
pasoBanue Bura E=g(y) ¢ paspbiBHO# (pyHKuUeH g(y), KOTOpyi Npo-
ule 3anHcaThb, ecnd Beectd (ynkuun Gp(y), obparnbie K Fp(x):

k-1 \
gy =G, ((y—~ > c,-) c,:‘) npH YEA,.

i=1

[TposepuM HelOCPeNCTBEHHO, 4TO 3Ta (QYHKIIA yAOBIETBOPSET ypas-
nernuto (8). IlpenctaBuM uHTeIpat B BHAE CYMMBbI:

1 m k—1
fe(x—g(y)) dy = N f e[x—Gk((y-—Z c,.) ck_l)] dy.
0

=12p =1

*) Hoipyano nokasaTh, 4To 0 1 1) He3aBucumbr [68],
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k—1

B k-M cmaraeMoM clleJlaeN 3aMeHy MepeMeHHOR Y = Z C,~+'3k2;
j-=1

rorga Ap npeoBpasyercs B [0, 1] u

1 m 1

[ex—g)dy= ) ¢, [ e(x—G,(2) de.
0 k=1 0

Tak kak Gj (2) <x Torxa u TosbKo Toraa, Korfa z<< F (x), To

1 1
‘y e (x— G, (2)) dz =J e(Fp, (1) —2)dz = F, ().
0

CiienoBaTeNbHO,

1 m
[e(x—gwdy= 3 ciF,(x)=F (x).
0 k=1

TeM caMBbIM Mbl MOMYYHJIH HOBOE N0OKAa3aTesbCTBO TeopeMnl &,

Oyukuuio g(y) MOXKHO CHEJaTh HenpepbiBHOM, ec/u HCHOJb30BAThH
npu HeueTHoix £ ypaBHenue Fp(§)=0, a npu uYeTHbix % — ypaBHCHHE

k (E,) = 1'—'9.

3aMeTHM, HakoHel, 4TO, B OTJMUHe OT OOBIYHOTO MeTOHa CyMepilo-
3HIMK, MOAU(DUUIIPOBAHHBIE METON He MOXKeT OblTb TaK MPOCTO 0606IieH
Ha cJiyyali MHOrOMepHOI ciyyaliHofl BeqHuHHbI §.

3.4. Meton, nHTerpaibHoi CynepnosHuHH. PacCMOTPHM HENpPEphHIB-
Hylo cayyaiinylo Touky Q ¢ ReKkapToBLIMM KOOpAMHAaTaMM § M 1 Ha mJoc-
KocTi %, y. Ecau naothocte Q pasna p(x, y), To NJIOTHOCTb § paBHa

[ee]

pr ()= [ p(x, v dy.

—00

Kak otmeuasocs B 1. 2.2, MoAeIHPOBaTb KOOPANHATH TO4KH Q
MOXKHO B JI05cM mopsiike Boctonbsyemcss npeacrtasiennem p(x, y) =
=0y ()P (x|y) u 6ynem cnepBa MoaenupoBaTh W, a 3aTeM §. HMuuiMu
cioBaMmH, cepBa HaifeM 1) W3 ypaBHeHus Fy(n)=vi, a satem §—us
ypasrenust Fe(§]m)=yz. B Tex ciayuasx, Koraa rnoc/eiHue ypaBHeHHS
pelaioTest npowie, 4eM ypasHeHHe (4) meToma o6paTisiX (Qyuxuui, Ta-
KOt a1ropnTM MOXET OKa3aThCsl BLIFOAHLIM. Boofiie e MeTOR HHTe-
rpanbHoil CYyMepNO3HIKWH HCNOJb3YeTCA CPABHMTENbHO pelIKO, TIJIaBHBIM
o6pasoM TOTAA, KOTa IJIOTIOCTb Pg(x) 3alana B popMme uHTerpana 1o
napamerpy.

[Mpumep [110]. InotHoCTs Cayuafinoft Beanuunn § mpu 0<<x<<oo
NpOIUOPLUUOHE 1blia IITerpaJbHOll MOKa3aTeNbHOH (QYHKUHH 7-rO NOpALKA
{(n>0)

g

©
P (x) =n s. y e Yy,
1

5*
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Tak xax snece p(¥, ¥) = ny="e™*¥, 1o
[eo)
@)= [P, pde=ny™"  mpu 1<y< w;
0

Py =p(x, ipy @) =y~ mpn 0<x< .

CooTBeTCTBYOIHE (DYHKUHH paclipefeselins paBHbl
Fao)=1—y=" Fexly)y=1—e"",

Us ypasnenns Fy (n)=l-'—y1 HaliteM 1=(y:) —Vnsa u3 ypaBHeHUS
Fe(&|n) =1— vy, naiinem §=—n"'Iny, Hrax,

E=— (Vl)”n In yp,.

3ameuaHnue Ob6wuid merod cynepnosuyuu Moxer ObiTb ONUCAH

cnuof Gopmynon
[

pe ()= [ py(x|y)dF, (v).

—00

HMenHo B TakoM Buie oH 6uin chopmynuposan Jx. Bataepom (compo-
sition method). Ecau cayuafinas BeinunHa 7 AHCKPeTHAa, TO NojaydaeM
MerTof 0. 3.3, a eciu 1) HenpepbiBH2 — METOJA HHTerpanbHOH Cyneprnoan-
nuy, OfHaKo B NPHJOMXEHHSX Tropasfo GOJMbIIYI POJb HIpPaeT AHCKPEr-
HbIF CJy4af.

3.5. Hexoropble npuioxKeHHs MeTOJa Cyneprno3uiuH.

35.1. [TonpaBku ¥ NpubBGAHKEHHBIM pacnpe-
peneHHds M. IIpeanonoxum, 4To MAOTHOCTb p(X) cayuafl-
HOH BEeJIMUMHHE! § annpoOKCHMHDPYeTCs CIH3y HOCTaTOYHO MPO-
croil nuHuell y(x), Kak 3To u3o6pakeHo Ha puc. 26. Oue-
BUJHO, B KauecTBe NpPHOGJMKeHHd K p(X) MOXKHO BHOpaTh
NJI0THOCTb

pi(x)=y(x)/ey,
b
rae c,=f y(x)dx, 1 Haxoputb UPUGIHKEHHbIE 3HAYEHUA
a

& mo nioTHOCTH p;(X).
MoxHo, onHako, npeiacraButb p(x) B dopme cymepno-
SHLMH ABYX NMJOTHOCTEH

pi(x) =y (x)/ci u pa(x) =[p(x) —y(x)]/co,

H NOJyYHTb TAKUM O6PasoM METOMN AJs TOYHOI'O MOJAEJHPO-
panust § ANropuTM pacueTa § mo IVIOTHOCTH pa(X) MoXKer
0Ka3aTbCA BeCbMa CJOXKHbLIM, HO HAa BpeMellH CueTa 3TO
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[IOYTH He cKaxercsi, 160 pa(x) GyIeT HCHOJb30BATLCS OHECHD
perko: P{n=2}=cy=1—c; <.

Hrak, metox cyneprmosuLlid faeT BO3MOXHOCTb Y4YecTb
«TOMpaBKy» pg(X), MPAaKTHYECKH He yBeJHUYHBAsi BpeMellH
cyera, a JHIUb HEHOK YCJOXKHEHHS NporpaMMbl (BIpouew,
06bIYHO 3TO BecbMa HekeaateabHo). (:x. Mapcaass [155]).

3.5.2. Ipo6arenne obmacTu onpegeNeHus cJay-
yafiHO! BeAHYHUHB. DTOT NPUEM HHOrAA HCHOJB3YIOT
IpH MOJENUPOBAHUU CAy4YafHON BeNWYHUBI, TJIOTHOCTbH KO-
TOPOH pe3Ko pas3/iMuHa B PasJHuYHbIX 06/1acTsX.

4

y=pz

..,..~

Y

/ N, .
”'y=y/‘z'} ‘~\ ‘

Puc. 26. Puc. 27,

[lycts p(x) — nnoTnocTh caydafiHoli BemuunHbl §, ompefleneHHofl B
HHTepBasie a<<x<b. Pa3obbeM 3TOT MHTepBajJl Ha CyMMy HellepeceKaio-
wHuxcst uutepsanos Ay, tak uto (a, b) =A,4...4A , (puc. 27) un Bepo-

STHOCTH NomafaHus & B Ap TOJOKHTENbHb: Cp = Sp(\:) dx > 0.
Ap

BBeneM B pacCMOTPeHHe MJIOTHOCTH
p(x)/c, nmpn x&A,,

Pe () ={ 0 npu xe&A,.

Ouepunno, ¢+ ...+ €, =1 v npu Beex x u3 (a, b)
p(x)=cpy (%) + ... +cpp, (x).

CornacHo TeopeMe 5, aas Toro 4To6bl HafiTH 3HaueHHe §, MOXKHO
cnepsa MO YMCHy Yy pasbirpate HoMep obnacT N===Kk, a 3aTeM BblyHC-
. auTb § U3 ypaBHeHHd

3
[ pxyde=cpr., @1)
%

rhe @; — jaeBulll Konew Ap.
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Jlerko npoBepuTb, YTO C TOYKH 3DEHUsST KONHUECTBA BLIYHCJIEHH
STOT MeTo] XyKe, ueM MeToJ, o6paTHbix pyHkumit. B camom gene, ypas-
Henue (4) Anst HaxoXAeHus §

:
[ode=y
a

MOXKHO pellaTh CJeiyioluM 06pas3oM: ciepBa HaifeM HoMep k& Takoii,
410

k—1 k
<<y e (22)
TOrJla 3TO ypaBHEHHe NPeBPATHTCA B ypaBHEHHE
13 k—1
fp(x)dx=v-— IR (23)
ak j=1

pewast Kotopoe u HafineM E. ¥Ypasuenue (23) npoiue, uem (21), u cosna-
laeT C ypaBHeHHEM  MOAM(UUHPOBAHHOIO METOAA  CYNEeplo3HIUH
L1 paccMaTpHBaeMol 3ajaud.

ITonoxeHHe MOMET Pe3KO H3MEHHTbCS B IOJb3Y MeToLa ApoGJeHH:
o6sactd, ecad BMecTo (21) HcnoabsoBaTh 1A MOJENUPOBAaHMS £ ¢
IJIOTHOCTBIO Py (X), B Ap kako#-HuGyap Apyro#i crnoco6. Ilpasna, Toraa
Ha mojayyeHHe OLHOro 3HaueHHss § Oyzer saTpaunBaTbcsi 00/ble JABYX
cIyg9afiHbiX qHCeI.

Meron apoGnenuss o6JacTH NPUMEHHM TaKXKe LIS MOAEJHPOBAHHA
MHOTOMEPHBIX CaIygalinbix Besauund [19].

§ 4. Mpeo6pasosanus supa E=g(71, ..., 1n)

Mbl orpaHHYHMCSI HECKOJIBKHMH BecbMa pas3HoOOpasHbI-
MH npuMepamu npeoGpasoBanuil ykasanworo suaa. Bo Bcex
dopMysax vi, . .., Y, — He3aBHCHMBbIE CJyyailHble YHUCJA.

4.1. U3Bneyenne kopHell M3 cayvainbix uyucea. Ioka-
KeM, YTO 3HaueHHe CJayyaillofl BeJHUMHBI §, onpeleseHHOH
npu 0<x<<1 ¢ ¢yuxuueli pacnpenenenus F(x)=x", MOXK-
HO BBIYHCJATH 1O GopmyJie

E=max(y; ... ;Y- (24)

3ameTum cnepsa, 4To GQYHKUHA pacnpeleseHHs cayyail-
HOM BeNWuHHH E==g(Yyy, ..., Y») paBHa F(x) Torna u
TOJMLKO TOrAa, Koraa g(yy, . . . , Ya) YNOBJETBOPSET ypake
HEHHIO
B :
Joolet—gn .o dy .. dya=Fx), (25)
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prioJiHe anajJornyHoMy ypasHeHuio (8). 3ateM paccMOTpPHUM
BeJIMUMBY E, ompellejeHHylo ypaBHennem (24). Tak kak
max (Y1; ...; Y») <<X B TOM H TOJNbKO B TOM Clyuae, KOT-
J.a OMHOBPEMEHHO Y1 <X, . . . , Yo<<lX, TO
1 1 X x
[oo-fe(x— max g dy, ... dya=[ ... [dy ...dy. =,
0 0 I<i<n 0 0
4TO ¥ Tpe6OBaNOCh HOKa3aTh.
Ecnn a1y Xe ciayuafiHyio BelHuHHY § MOAeJHpOBaTb Me-
TOAOM O6paTHHIX (YHKIHH, TO, O4EBUIHO,

=37 (26)

CpaBuuBasi ¢opmyant (26) u (24), IpHXOAHM K BHIBORY,
4yTO 8 Ar0bOM QACOPUTME MONHO 3AMEHUTL U38AeueHue Kop-.
HA U3 c./zyqaﬁuoeo yucaa 83ATuem Hauboabuwieeo u3 He-
CKOALbKUX He3aBUCUMbBLX C./lyttalfil-lblx yucean.

Ha pannux stanmax passutus DBM ¢dopmyna (24) gacTo HCHonb3o-
Bajach fake MPU n==2, TaK KaK H3BJeYCHHE KOPHS OCYIIECTBJSIOCH 110

BecbMa rpomo3akofi moamporpamme. Hampumep, wa Boluucnenne ¥V 7 ua
3BM «Crpena» sarpaunBasock 3+24=27 onepauuii (3 onepauuu — Ha
pacuer y), a Ha BLIYMCJeHHe maX (y;; Y2) — Bcero 3+3-4-2==8 oneparuii.

O6o6uienue ¢opmyan (24) npusenello B yHpakKHeHHH
9 ra. 2.

4.2. MopeaupoBaHue ramMma-pacnpegenenusi. Bo mHorux
3ajlayax BCTpeyaloTcsl BeauuuHbl E™, ompejeseHHble NpPH
0<<x< oo ¢ MJIOTHOCTBHIO BeposiTHOCTel

pa(x) =[(n—1)1]"1x"" e, (27)

rie nz>=1—mnenoe uncno. 3akoH (27) HasbIBaeTcs eamMma-
pacnpedesenuenm *), Tak Kak

(oo}

df x"le=tdx =T (n) = (n — 1)!

(BetpeuatoTest Takke pacnpefenenus (27) ¢ ApoGHbIMH n.)
Meton o6paTHblX (YHKIHI NPHBOAUT K ABHOH (opmyJe
IJ1s1 BuluHcIeHds E Tonbko B cayuyae n==]

gV =—Iny. (28)

*) 3akony (27) NONUMHAIOTCA HHTEPBAJH MeXAYy COOWTHAMH B
norokax Spaanea (cm. ra. 6, m. 1.3.1).
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JloxkaxeM, uro npu A1060mM n 3Hauenus E™ MOMHO 8bLuc-
AATb MO popryire

W=_1n(1 ... 7). (29)

HoxasareabcTBO (no uuaykuuu). Ilpu n=1 ¢op-
mysaa (29) mnpeBpaillaeTcsi B yKe JOKa3aHHYI0 Gopmyay
(28). HonycTuM, 4TO NJIOTHCCTh BeJaHYHHBI (29) BbIpaxa-
etcsl popmynoit (27), H pacCcMOTPUM BEJHUYHHY

B =—In(n1 ... o)) =EHED.

TTo M3BECTHOMY NpaBHJYy KOMIO3HUMH IJIOTHOCTEeH He3asH-
CUMBIX CJlaraeMbIX
0 [ee]
Pyntn () = J pals = pr(t)ydt = [ pu(x—1t)e'dt
—
HCHOJIbSyeM Ternepb HHAYKIHOHHOE .ZIOl'IyU.leHHe:
x

Petnt) (*) = [(n — DI 6[ (x—t)nte~*dt =
= [al]7! X"~ = puy1(x).

Mpuwmep [56, 118]. Yacto nmpu HeynpyroM pacCesHHH HeHTpOHA
44paMH SHeprusi § pacCesHHOro HeHTPOHa NpeRcTaBiseT co6OM cayuail-
HYIO BEJHYHHY C IJIOTHOCTBIO

p(E)=(E/T?) e~ EM, 0<E< o

(2T0 Tak HasbiBaeMbIl «HCHADHTE/]bHbI CHEKTP»; napamerp T 3aBHCHT
OT BHJIA si/pa U OT SHEPTHH HeHTPOHA nepel CTOJKHOBeHHeM). Mcmoassysa
saMeHy nepemenHo#t E=Tx n dopmyny (29) npu n==2, nonyuum AJs
pacuera sHepruyu nocje paccesiHust popmyry

=—TIn(y: vo). (30)

4.3. MoaenupoBaHue ceMeificTBa GMHOMHAJBHLIX pacnpe- .
Aenennit, PaccMOoTpuM ciyuafiHylo BeqHuYHHY §E, KoTopas
nopuuHdeTc GHMHOMHAJbHOMY paclpefesicHHI0 ¢ mapaMer-
pom p, T.e.npu k=0,1,2,...,n

P{E=Fk}=Cip*(1—p)" " (31)

OTo nHCKpeTHas BeJHMYMHA, U MOLENHPOBATbH €€ MOXKHO Me-
Tomom m. l.1.

IMpeanosoxuM Tenepb, uTo IS pacuera HeKOTOPOH 3a-
Raud Heo6XOAMMO MHOTOKPATHO MOJEJHPOBaTh pacrpeje-
Jenne (31) ¢ pasnuuHBIME 3HAYSHHAMH p, NMOJYYalOMUMHCS
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B XOJie pacyera. BmMecTo TOro yTo6hl KaXAblH pa3 BHYHUCIATL
Bce BeposATHOCTH (31), MOMKHO HCHOJIbL30BATh CJEXYIOLIUF
aJTOPUTM, KOTOPbIA MNpeacTaBJsieT cOGOf ajJropUTM Moze-
JUPOBAHHA 7 He3aBHCHMBIX HcmblTaHuBl (cp. m. 1.2.1): mas
KaXJ0ro M3 4Hcesa Y1, .“. . , Yn [POBEPSETCH HepaBEeHCTBO
Y+<p. Ecau 3TO HepaBeHCTBO 0Ka3a/J0Chb BBINOJHEHHHIM R
pas, To E=*k [174].

®opmyay, BeIpazalolyo & uepes Yi, . . ., Yn, MOXKHO

3anucaTthb B BHJE
n

E=2e(p—w).
i=1

4.4. MpubaunxkeHHoe MoAeaupoBaHHe HOpMaJbHoro (ra-
YCCOBCKOro) pacnpejeiieHus. PacCMOTpUM HOPMHpPOBaH-
HyI0 ¥) CyMMy n He3aBHCHMBIX PaBHOMEPHO paclpejeseH-
HBIX BEJIHYHH:

-3' n
=y + 2 @u—1. (32)
=
CormacHO LeHTpanbHOM MNpelesbHON TeOpeMe IpH 11— 0o

P{L™ < 1} )12 | e~ (33)

CaenoBateabno, no ¢opmyne (32) npu XocTaToyHO GOJibe
IUMX 7 MOXKHO BBIYHCJISATH NPHOJIHKEHHBbIE 3HAUEHHS] HOP-
MaJibHOi caywyaliHOfi BenuuMHRl § c nmapamerpamu (0; 1).
Acumnroruka B ¢dopmyae (33) ycraHaBJIHBAeTCs BECh-
Ma ObicTpo (Ha puc. 28 uzobpaxkeHs maotHoctu § u §P),
I MO3TOMY Ha IIPaKTHKE MOXHO OTPaHHUYHMTHCS 3HAUEHUEM
n=12: .

12
12
t~ ¢ ’=2l y: —6. (34)
=
Huorga orpanuunBaiotes B (32) JAMIUb NATblo cjarae-
MbIMH, HO 3aTO 106aBJsIOT NOMPaBKy, KOTOpas YCKOpSeT
CXOIUMOCTb pacnpefieieHHs K HOpMaJbHOMY:

T~ 0015997+ (T®)?] (39)

*) CayyaitHasi BeluudHa 1)g Ua3bIBAGTCS MOPMUPOBAHHOU, eciH
Mnoe=0, Ane=1. Jlio6yio cayuaiiuyio BeJuUHHy 7 € KOHeuHnMH M7 H

Dn moxuo HOpMHpoBaTh: BeanuuHa 1o== (1 — Mn)/Dn BOpMHpOBaHa.




T4 NMPEOBPA3OBAHHY CJYYAMHBIX BEJUYUH [[J1. 2

ITocaennne nBe GOpMYJBl HEpENKO OKasbIBAlOTCH yIoGHee,
ueM (19), Tak Kak pacuer Io HUM BO3MOXKeH Ge3 obpalie-
HHA K moxmporpaMMawm In u sin.

y

Puc. 28.

O monpaBKaX, yCKOpSIOLIEX CXOAHMOCTb, cM. [4]. B [47] umeerca
npuMep, NpH pacieTe KOTOPOTO MPHILIOCh HCMOMb30BaTh n==30.

§ 5. Meroas! oT6opa

5.1. O6was xapaKTepucTHKa MeToa0B otéopa. [Ipenno-
JIOXKHM, YTO B M-MEPHOM IPOCTPAHCTBE MEPEMEHHBIX
Yi, « « + » Ym 3a0AHH CaAyuaiiHasg TOUKa Q= (M1, . . ., Nm)
¢ dyuknueii pacnpenenenus Fo, (Y1, . . ., Ym) U HEKOTOpas
o6snacTb B’. PaccMOTPHM OJHOMEPHYIO c/AyyYaiinyio BeJHuH-
Hy E, onpefieJieHHy10 ¢GOpMYyJI0il

§=¢(Q) mpn QB (36)

Has pacuera mo srtofi Gopmyse MOXKHO BbIGpaTh cayyaf-
Hy1 TouKy Q' B mpoctpaHctBe; ecan Q'eB’, To BbluHC- .
asgercs §=q¢(Q’); ecnn Q'#B’, To Touka Q' or6pachiaet-
¢ u BuOupaercs HoBas. TakHM 06pasoM, NpH pacuere IO
dopmyae (36) us cayuaiiHeix Touek Q' ¢ dpyHKuHei pacnpe-
nenenust Fo, oTGUp aloT TOUKH, NMpUHaAAeKamne B/, nno
HUM BBIYHCISIOT §. Mbl Gysem roBopHTbh, uTo opmyiaa (36)
onpefenaser uerod orbopa Aas MOJeAUPOBAHUA E (B JIHTe-
paType BCTpeuaeTCs TaKxKe TEPMHUH «METOJX OTKasoB», 6o-
Jiee COOTBETCTBYIOILMH aHMVIMIICKOMY BhIpaxeHHI0 rejection
technique).

ddpexTusnocToro Metona or60pa Ha3HBAOT BEPOST-
HOCTb 0TGOpa M/H, Gosee MOAPOGHO, BEPOSITHOCTb TOrO, YTOQ
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Toyka Q’ Gyder mcmoJb3oBaHa mis pacuera E, a He Gynmer
or6pomena. OueBuaHo, 3ddexTuBHOCTL MeTOAa (36) pas-
Ha BEPOSTHOCTH

a=P{Q'=B"}. (37)

Br6pas N Ttouek Q', Mbl noayuuM B cpeaHem Bcero 9N
-3HaueHnit E. CaenoBaTesNbHO, HA pacueT KaxkJAOro 3HadeHHs
& saTpauuBaerca B cpenHeM 1/3 Touek Q. SlcHo, uTo mMpH
MaJbIX & MeTod (36) cTaHOBHTCA mnpaKTHYecKH Hedpdek-
THBHBIM. )

Ecan na peanusanuio Kaxpoil Touku Q’ saTpauuBaercs
n CIy4yalHBIX 4HCeN Y1, . + « 5 Yn, TAE, OYEBHIHO, N =M, TO B
CpelHeM Ha ONHO 3HaueHHe § 3aTpayuBaeTcs n/3 caydaii-
HBIX yHCe/]. B BBIUHMCJAHTENBHOH IpakTHKe (NIPH MOLENHpO-
BaHUH ONHOMEpIIEIX BeJMYMH §) uallle BCEero BCTpeyadercd
caydali m=2 u n=m.

5.2. MoaenupoBaHue yceyeHHBIX pacnpepesieHuir. Pace
CMOTPHUM CJAyYallHYIO BeJUYUHY 7, onpenenen?ym B HHTEp-

)

Basie a<<x<<b c naotHocteio p(x) (tak qrojp(x)dx=l).

a
[oBopsT, 4TO cayualiHag BeqHuHHAa § HMeeT yceuen-
Hoe pacnpelesenue p(x), ecnyu ona onpefiefieHa B HHTepBa-
ne (@', b’y (a, b) # nJOTHOCTL ee NPONOPLUHOHANbHA P (X).
OuesunHo,

34 -1
pe(x) = p () [f, pleyds | >p ()

cM. puc. 29, rie a=a’'=0, b=o0,
Ecnin MBI ymMeeM BBIYHCJAATH 3HAYEHHS 1), TO 3HAYEHHSI
£ MOXHO HaXOAUTb METOJOM OTOOpa:

E=m, ecan ne(d,d’). (38)
3¢ dekTUBHOCTD TaKOro METOLA paBHA
bl

9='§:p(x) dx.”

5.3. Merop, Heiimana [163]. D1ctr Merom ouenp wyacto
HCIOJIb3yeTCsl Ha npakrtuke. MHOrZa Bce MeTombl or6opa
Ha3biBalOT MeTogoM Hefimana.
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PaccMoTtpuM cayualinylo BeJHyuHy §, onpeesieHHYl0 Ha
KOHEYHOM HHTepBasie a<<x< b ¢ OrpaHuyeHHOHN MAOTHOCTLIO

p(x) <c (puc. 30).
) Y

S
T
]
'

-
|
]
]
1
|
'
1
1
]
]
]
|
'
1
1
1
]
1
1)
]
]

’)

LN R,

&2
Puc. 30,

Teopema 6. [Tycto 1 u Yy — He3asucumbie Cay4wali-
Hole uucsa u t'=a+y,(b—a), n'=cye. Cayuainas eeiu-
Yuna &, onpedeneHHas Ycao8ueM

§=§ls ecau 7]'<P (gl) ’ (39)‘

umeeT NAOTHOCTb 8epoATHOCTel, pasHyro p(x).
HokaszateabcTtBo. Bo-mepBeiX, 3ameTHM, YTO TOY-

ka (&, n’) paBHOMepHO pacnpeleneHa B NPSIMOYTOJIbHUKE

a<<x<b, 0<y<c (cm. m. 2.1). [lanee BBIYHCIHM YCJIOB-

Hylo Bep()ﬂTHOCTbZ
P{E<a) =P <z|n < pE) ="ESHT<eEN

3HaMeHaTenb MOCAEIHETO BEIPaXKeHHs — 3TO BePOSTHOCTb MO-
nanauus Touku (&', 1) nox kpusyio y=p(x). Tak kak naot-
Hoctb Touku (&, n’) mocrosiuna u pasua [¢(b—a)]~}, TO
b p(x)
Pin<p@)}= j dx f [c(b—a)~"dy = [c (b —a)].
a

0

UucanTteab paBeH BepOSITHOCTH TOro, 4To Touka (&’, ') oka-
JKeTcsl IoJl KPHBOH U B TO XKe Bpems §' <z:
P <z 7 <p@E)=
z p(x) z
= fdx j [c(b—a)~'dy =[c(b—a)]! jp (x) dx.
0
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Takum ob6pasom, nosyuaem, 4To
PE<et=|pwadx

a 3TO Kak pas u Tpe6OoBaJOCh JOKAa3aTh. = -

Ao odexTuBHocTh MeToxa (39), coramacHo (37), paBHa Be-
poaTHocTy nonananus touku (&, n') mom Kpueyw y=p(x),
1. e. 3=P{n’<<p(E’)}. Ilocaennsiss BepOATHOCTb yie BLi-
ulCcasAaach B X04e J0Ka3aTeJbCTBA TeOpeMbl. 3HAUHUT,

a=|[c(b—a)]

spdexTuBHOCTh MeTona Hefimana 6yner nauGoJfbliefi, ecin

BLIOpaTh HauMeHbllee BO3MOXKIOe C, T. €. NOJIOKHTb C==

= sup p(x). Bnpouem, 3T0 O4eBHIIIO0 TaKkKe H3 reoMeTpu-
a<x<b

4eCKHX cooOpaKeHHil.

MMpumep. Cnyuaitnas Bennunsa § onpeneneHa npu —R<<x<<R
¢ IIOTHOCTBIO p(x) =2(nR?) =t YV R? — x2.

CornacHo TeopeMe 6 HyKHO BbiGpaThb [Ba 3HAYEHHs Y, H Yy U BbI-
upcauth E'=R(2y;— 1) u n'=2(nR)"lyy; eciu ' <p(§’), 10 E=E".
Onnako ycaosue 1'<<p(E’) B HaHHOM npuMepe BHIFOAHO Npeo6paso-
BaTh: OHO PABHOCHABHO ycaoBHIO yo<<V 1 — (27, — 1)2.Tlocne AanbHeii-
WHX ynpoIleHHA OKOHWATe/Nblio 3aniIleM:

2
E=R(2y,— 1), ecan (2y; — 1)2<<l— 1Y%
SddextupHocTs 3TOro MeTona 9=un/4. Ilo cpasHennio ¢ (opmynoi
E=R7y: cos 2y, momyueHHON B
n. 3.2.1, popmyaa Merona oréopa npo- q
1e: He Halo U3BJAEKATh KOPEHb U Bbi-
YHCJIATH KOCHHYC. .

5.4. O HekoTopbix 0606LIEHHAX
veroaa Hefimana. Bo MHorux pa-
60Tax paccMOTPeHLl caMble PasHOO6-
pasHoie 06o6uieHust Mertofa 1n. 5.3.
(nanpumep, [73, 109, 110]). Boub- 7
WIHHCTBO 0600LIEHHH, OTHOCALHNXCA K
MOZE/POBAHHIO OJJHOMEPHOMH cilyuan
HOll BesiMuMHH §, MOryT OHITb ©oJay- g 7 p - \ 7

'y=f/zi

4eHbl M3 HIDKeCHeNyIouHux Gopmyn
(40) — (41).

[peanosiomuM, 4TO HAC HHTEpE-
cyer cayyaiiHas BenwyuHa §, ompe- .
JleJieHHasi B HHTepBaJje a<x</b. . Puc. 31.

PaccMoTpuM caydaiiHyio Touky Q= :

= (&, 1) ¢ DmJIoTHOCTbIO P(X, ¥) B

nonoce a<x<b, — co<ly<<oo, M KpuBylo y=f(x), 3anamHylo npn
a<x<b (puc. 31). Onpenenunm meTox orGopa:

E=F, eum 1 <[(E). {40)

(RSN
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HeTpyano BbIYMCAHTbL MJOTHOCTb CAyYaiiHOH BedHuHHbl §, onmpeneneHHoR
Gopmynoit (40): npu a<<z<<b

Fe)=P{E<z) =P <z <f@E)} =

jz‘ ffff)
de | p(x,y)dy
PE L W<IE)N _ 7 -w .
P <1 &)} T ’
de f p(x,y)dy
a ~— 00
ripoanddepeHpoBaB No 2, MOJNYYUM IJIOTHOCTb
1(2) b )
pr@= [ oz y)dy/fdx | p(x. ) dy. (41)
—_0 a -

Ecnn TpeGyeTcs MoIennpoBaTh CAyyaiinyio BeJHuuHy § ¢ 3amaHnoif
I0THOCTBIO Pg(X), TO CYIIECTBYeT GECKOHEYHO® KOJIHYECTBO CrOCO(OB

BLIGpaTh p (¥, y) u [(X), yuooaersopsiomue (41).
5.4.1. CuepBa paccMOIPHM 4YaCTHbIA cyuadl, Koria & u v He3asli-

cumbl: p(x, y) = p&’ (X) pw(y). Torna us(41) Buirckaert, 41O

1) b J(x)
ps ()=pg (@) | Py (W) dy / [peyax | oy )ay. (12

Tlocnenusas GopMyaa sanuchiBaeTcsi 60jiee KOPOTKO, €CIH BBeCTH (yHK-
LU0 pacnpefeneHHs BeAHUlIHb! 1)/, PaBHYIO Fn, (y):

b
Py (2) = Py (2) Py (7 (3) / § Py (0) Fyp (7 () dx.

Urtak, ecin 0JOTHON T P (x) Momenupyemoill cayyaiiHOH BeJHUYHHBI
npeAcTaBHMa B (OpPMe HpOH3BeleHHs :

pg (X) = kpg’ (x) F’n' (f (x))l

rie k— mocTosiHHag, To & MOXHO MoJeMpoBaTh 10 dopmyae (40),
KoTopoll E' HMeeT MACTHOCTB pe(x), a W — Qyuxunio pacnpenenenys
For () .

5.4.2. [IpeanonoxuM pomnosHuTeNbHO, 910 0<Kf(x) <c, u BmGepem
clyyaifiHylo BenMuHHY 1), PaBHOMEDHO pacnpelelenHylo npu 0<<y<<e.
Torna py (y) =1/c u n3 (42) BHITeKaerT, uTo

Py (2) = pg, (Z)f(z)/fpg' (x) f (x) dx.

CllepoBaTeNbHo, €ciH MJIOTHOCTb pg (x) wmonenupyemofi cayuafinof
BenuuuHbl § npefcraBuMa B GpopMe npoussefeHHs

Py (x) = kpg: (x) f (x), (43)
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rae 0<<f(x) <<¢, a k — nocrosiHHan, To & MOXKHO MOHeNpoBaTh Mo ¢op-
myse (40), B KoTOpOii £’ HMERT MJIOTHOCTL Py (x), a M’ paBHOMepHO pac-
npenenena B untepsane (0, c).

A dexTHBHOCTD MeTOLa B 3TOM C/lyyae paBHa

b
s=P 0 <FE) =[dx [ pp(x)c " dy=(ck)"
a 0

[pencraBans pg (x) B ¢opMe pasaMyHBIX npousBeleHuR (43), MOKHO

[OCTPOHUTH Pas3iuuHble Meronsl BHEa (40) nas MomenHpOBaHWs BeJsn-
upHbl E. B 4acTHOCTH, TaKUM METOAOM MOJKHO MOJAEJHPOBATh ClyuaiHuie
BEJHYHHDLI, NNOTHOCTH KOTOPbIX HEOPAHHYEHBI.

Mpumep. Cayualinasg BequuyuHa Eonpenenena npiu
0<x<lcnaoTHoCTbIO

pe (x) =0 (0)[[V %,
rue 0<<u(x)<c.
Ipencrasum pg (x)B popme npoussenenus (43) c pgr (x) = (2y%)-L
3Hauenns &’ nerko BLIYHC/ASATb METOLOM OGPATHHIX (PYHKUIH, TaK KakK L3
(4) BbiTekaer, uTo Y& =v;. Caenosatensno, &= (y;)% 0’ =cy: u

=t mpn  n'<v(¥).

dddexTHBHOCTL B 9TOM NpuMepe paBHa 3==(2¢)~). SlcHo, 4TO AJs mo-
BLIIIEHHS 9 cJaeAyeT BblGparb HaMMeHbllee BO3MOXKHOe 3HaueHHe C, pas-
HOe ¢ = sup U(x).
a<x<b
5.4.3. Cuora mpenncaoxum, uto 0<<f(x)<Cc. Ccan &' paBHOMepiio
pacnpefeneHa npH a<<x<Cb, a w’ paBHOMeplio pacnpelieseHa IpH
0<<y<c, 10 &=a+vy(b—a) u n'=cy,. M3 (42) BoiTeKaer, uTO npl

a<lz<<b
Py (2) = kf (2).

3HauuT, 4ToObLI MOASMHMPOBATL CAYYallHyl0 BeJHYHHY § ¢ OrpaHHYeHHOo
IVIOTHOCTbIC Py (X), MOMKHO BHIGDATh

F(x) = pg(x).
B stom u coctouT meron Heiimana (39).

5.5. Bpibop paBHOMepHO pacnpejejeHHbIX TOYEK B CJAOK-~
HbiX obaactax. Meroant orGopa (36) Jerko o6oGLIMTL Tak,
yToGBl OTOHMpANNCh 3HAYEHHS MHOrOMEPHOH CJydaiiHOH Be-
JUUYUHB E. MBI paccMOTPHUM JIHIIL ONMH MpHEM, KOTOPbiil
HMeeT MHOTO NMpaKTHYECKHX NpuaoXKeHH#. Ero mMoxHO cun-
TaTh YAaCTHBIM CJyuaeM MeTOAa MOJEeJHPOBAHHS YCeUYEHHbIX
pacnpenenenuii (m. 5.2), ecan HMeTb B BHAY o6oblieHne
3TOro METOZA Ha MHOTOMEepHBIH ciayuaf.

Ilycts B — orpannueHHas 06J1aCTb Ha MNJOCKOCTH X, Y,
«CJI0XKHAA» C TOYKH 3PEHHs BBIUMCJAHTEJIbHOH MPAaKTHKHU:
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HanpHMep, HeBHINYKJas HIM HeCBSA3Has WM Takas, 4To rpa-
IIMUB HAa OTAEJbHBIX y4acTKax TPYAHO 3amucaTb B SIBHOM
Bune. [IpeanosoxKum JHIIb, YTO CYLIECTBYET HAOCTAaTOYHO
NPOCTOl aJrOpUTM, MO3BOJISIOIHH ONpeleauTh, NPHHALJeE-
JKHUT JM obJaacTH B nio6aa samannas Touka (X, y) HJH HET.

BuiGepem npsamoyroabtuk = {a,<<x<<b, a;<<y<<bs},
cojgepxauuii o6nacts B (puc. 32). KoopanuaTet cayuaiiHoi

4
4
b, -
B
. 7
2 {:
23 b o U z
Puc. 32. Puc. 33.

tToukn Q'==(&’, n’), paBHOMepHO pacnpexnesnexHoi B II,
JIerKO BBIYHCAUTH (1. 2.1):

V=a+y1(bi—a1), n'=as+72(ba—as).

Hnst HaxoxJeHus ToueK. (Q, paBHOMEPHO pacnpefieleH-
HBIX B B, MOXHO BBIYHC/IATL TOUKH Q’, paBHOMEpHO pacmpe-
nenenusle B II, u oT6upaTh Cpefu HUX Te, KOTOpble NMpHHAL-
nexar B. B camom pene, pas ao6of o6aacty G< B

P{QeG) =P{Q'=06} | Q' =B} =P{Q'=G|P (Q'eB}.

Tak kak Q' paBHomepHO pacnpenenena B II, To BeposT-
HOoCTh monajgaunusi Q' B JM06yi0 06JacTb TPONOPLHOHANbHA
niomanu aroii obaacru: P{Q'=G}=S:/Su, P{Q=B}=
=385/Sn. CienoBaTteJbHO,

P{QeG}=S./Ss.

HJH, YTO TO 2Ke, TJIOTHOCTb po(Xx, y)=1/S; B obnactu B.
O (eKTUBHOCTD TAKOr0 METOLA paBHAa OTHOLIEHHIO
nJomanes

3=SB/S]1.
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[Tostromy 5 Gyner HauGoJbliefi Torpa, Korja nJjoutans II
MHHHMaJbHA — Pe3yJbTaT OUeBHAIBIA TeoMeTpHYecKH. flc-
HO TakKXe, 4TO B TeX caydasx, Korga o6aacTe B xopomwro
BAMCBHIBaeTCsd, Hampumep, B kpyr C (puc. 33), Jayulle He
no/b30BaThesl NpsimoyrodbHukom II, a orGupartb Touku Q
U3 uucaa Touek Q’, paBHOMepHO pacnpefedeHHbix B C. -
(GEeKTUBIIOCTb TaKOTO MeTofa 3=S;/S; Gyner Bblue, HGO
Sc<<Sn.

NMpumep. Canyuattunme Touku Q=(§ n, {), paBHOMEp-
HO pacnpeleneHube B Wape x’+y*+22<R? MOKHO BHOHPATH
CJIefLyIOIHM oﬁpasom 1) HaxomuMm TpH cnyqauﬂux qyucaa yi, Ya Ya
2) BhUHCAsSEM 2pmmam E=2y;—1, n=2y,— 1, C’=2y3 —1;
3) ecn (E)24 (’fl') 4 (¢')2<1, 10 nonaraem E=RE/, n =Ry, L=R{"
B IPOTHBHOM ciyyae BbIGHpPaeM HOBYIO TPOHKY Yi, Yo, ¥

dddexTuBHOCTL MeTOna 2= (4/3)mR®: (2 R)a—nlﬁ Hecmmpﬂ Ha
TO, 4TO 3 GaM3Ka K 1/2, 1o nosyyeHHBIM 37ech GOpMyJIaM Caydaiiubie Tou-
KW B IIape BBUHC/IAIOTCA GhICTpee, yeM Nno hopMysaaM 1. 2.4.1, B KOTOPBIX

NPUXOLUTCS BBHIYHCISTD ?/Y_lu cos 2mys.

5.6. Aaroputmbl, COOTBETCTBYIOWHE MeTOnaM oTGopa. Popmyna (36)
He OMnpejessieT MOMHOCTHIO ajAropHTMa AJst pacuera 3HaueHuil §, Tak Kak
BHIUNCAATH 3HAYeHHs Q' MOXKHO pasiMYHLIME MeTojaMu. Ecim kaknas
TouKka Q' BHIYHC/ASETCH NO N CiydaHHBIM uMCAaM Yy, ..., V,, [le n=m,

TO BCE KOOPAMHATH Q” mpeCTaBASIOT cOBOH QYHKUEY M= &; (Y1, .., ¥,)
i=l1, 2, ... , m. IlonpcraBus »Tu BbipaxeHuss B (36), noayuum, uro
E=@(@i(¥u e v es YY) o vos &n (Yo o s V) CunenoBatenavio, &

BbIPAXKAeTCsA Yepes Yi, ... , Y, 00 dopmyne BHia E=g(vi, ..., Vo)
PaccMoTpuM Tenepp npeoGpasoBanue

Y =g;(X1r .- 05 %), I1<i<m, (44)

KOTOpoe O0To6paxkaeT eANHHYHDIH #-MePHHA KYy6

"——_-{0<x1<1,.... 0<xn<l}

Ha 06JacTb BO3MOXHBIX 3Hauenufi Q' B m-MepHOM NPOCTPAHCTBE mepe-
MEHHBIX Y1, - + . s Y,,. O603HauHM uepes B npoo6pa3 B’ npu otobpaxe-

HHH (44) (MHBIMH croBaMH, B — 3TO MHOXECTBO TaKHX TOUeK (X, ...
... ,X%,) u3 K", kotopuiM npu oto6paxkeHun (44) COOTBETCTBYIOT TOUKH
(Y . . . Y ,), WpnHaniexamue B'). Torna yciosue Q' & B, ¢urypu-
pymwotee B (36), PABHOCHJIbHO YCJAOBHIO (Y1, ..., vn)e B.

Urak, popmyne (36) cOOTBeTCTBYeT CJELYIOUHA aJATOPHTM pacueTa
Enovyy ...,V

E=2 (Vio-+os¥s) PH (Yir--. 7,)EB. (45)

dopMalbHO MOKHO CYHTaTh, 4TO (45) — 3TO wacTHp cayualt (36), Tak
6 1. M. Cogoms
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Kak BMeCTOo TOYKH Q ¢ mpoH3BOJIbHON (YHKuHel pacrnpeleNeHHs FQ,
anech ¢urypupyer Touxka (yi, . ..,%¥,), PaBHOMEPHO pacnpefeieHHas
B K" Oanako HAaIUM PACCYXJEHUs NOKa3blBAIOT, UTO peaausayus 0ol
Gopmyavt (36) 8 KOHEUHOM CHETE OCYUW,ECTEAALTCA C NOMOULBIO QAZOPUTMA

(45), rie, BO3MOXHO, nZ=m.
d¢ddekTHBHOCTL 3TOro ajropurma pasHa 8=V g o6pemy (n-mep-

HOMy) o6aactu B. Eule pa3 HanomHHaeM, 4TO KOJMYECTBO CJyyaflHBIX 4li-
ceJl, 3aTPauMBaeMblX HA DacyeT ONHOro 3HaueHHs §, caydalHO ¥ MOXKCT
OKasaTbCsl PaBHLIM 7, 21, 37, ... ; B Cpe/lHEM 3TO KOJHYECTBO PaBHO n/la.

DyHKUHIO pacnpelleieHHsi Cayuyaidiiofl BeauuuHsl §, sajauHo#t anro-
pUTMOM (45), HETPYAHO BBIYHCJHTD:

PEZ =P {g (W s ) <2|(V1r--- v,)EB} =

= P (e 1) <2 (Tees 1) SBYP (oo 1) €5
= (VB)-IJ‘ .B.. J‘e (Z_E(X1’°"’ Xn)) dxl...dxn,

ChnenoBaTenbHO, AN TOrO YTOGH anroputM (45) ompenensa cayualHyio
BequuHHy § ¢ dyukumeil pacnpepmeneHdst F(x), IOJKHO BBINOJIHATLCS
ycnoBue

T/;I = j‘e(x—g(xl,..., ) dxy ... dx, = F (x). (46)

Vpasnenue (46) MoxkHO paccMaTpHBaTh Kak o6o6lieHHe ypaBHeHus (25),

KOTOpoe nosyuaercst u3 (46) npu B== K™ i
O6wuit aAropuTM MeToloB oTGopa (45) MOMHO CUHTAThb YaCTHBIM
ciaydyaeM GeCKOHeYHOMEPHOro npeoGpa3oBaHnf

§=g(vla ooy Yis oo ~): (47)

Korja KaxKaoe 3HauyeHHe § BBIYHCJAAETCS MO GECKOHEUHOH MocaefoBaTe/b-

HOCTH He3aBHCHMBIX cnyqaﬁﬂux yucesa. Taxue npe06paaonamm BCTpeua-
I0TCA B NMpaKTHKE METO/10B MCHTe'KapJTO.

Ecmnu NpH KaxJaAOoM KOHKPETHOM Haﬁope Xiseoos Xprane q)yHK'

LHsl & 3aBHCHT JIMIIb OT KOHEYHOIO KOJIHYeCTBa apryMeHTOB X, TO pacuer

no dopmyne (47) 3aTpyAHeHHN He NpeAcTaBiseT. DTo Kak pas cnpasei-
AUBO 7151 anroputMa (45), Koria QyHKUHS g (X1, ..., X;...) paBua

g(X1seees x,)s €CHE (%1500, X,)EB,
g(xn_,_l, cees Xgu)s €M (Xy, ..., x,)eEB,
(Xn+1"“’ x2n)€B'

& (Xppgyree o Xppgn) €CHH (Xp, ..., ¥, )8,
(an—-n—l—l’ teer xkn)ﬂ:B‘
Frpgrr =00 Xppyn) €8

9 @ o o 0 ¢ s ¢ 0 e e s e s v e 4 s s e v e e
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5.7. 3akaiounteabHbte 3amedannn. [Ipm BLIGOpe asro-
pHUTMOB JJs pacyera Merofamu Mourte-KapJ/ao pasivuHbiX
3ajay BO3HHKaeT BOMPOC, KakHe Ke MNpeoGpa30OBaHHs HC-
NoJb30BaTh A/ MOJENHPOBAHUS TOH WM WHOH KOHKpPETHOH
cnydaiinoll BenuuyuHbl E. OTBETUTb Ha TaKOil BOMNPOC ORHO3-
nayHo Hesb3s. Ilenecoo6pasHocTb Tex WM HMHBIX TpeoGpa-
30BAHUI 3aBHCHT OT MHOTHX (PaKkToOpOB.

Hanpumep, 4acto cTpemsiTcs K MHHUMH3AUHH BPEMEHH,
3aTpauuBaeMoro Ha IoJyuyeHHe ofHoro sHaueHus E. OmHaxo
3a TaKyl0 MHHMMH3AlLHUIO NPHUXOAMTCH pacnjauuBaTbCs yA-
JUHEHHeM NporpaMMbl M (WJH) pPacXogoOM MecTa BO BHYT-
penHHeM Haxonurese DBM. Ecian Bo BHyTpeHHeM HaKONHTe-
Jile MECTa MHOTO, TO MOYKHO HCIIOJIb30BaTh TaGJHLY C HHTEp-
noasuuell (cM. xowen m. 1.3): takoit cnoco6 Oymer, Kak
npaBuso, caMblM OpicTpeiM. TloaTomy BeIGOP MIOGOTO ApYro-
ro cnoco6a MOAENHPOBAHUA — 3TO KOMIpomuce ¥).

Ilanee, BrIGupass npeoGpasoBaHusl, pPeIKO YYUTHIBAIOT
KauecTBO NceBjocayyaiiHelx yucea. Ho oxnomepnoe pac-
npejeseHue yuceJ y; 0ObIYHO TLIATe/NblI0 NPOBEPEHO, a pac-
npeneneHne Ipynn (Yintl, « .. Yinen) OPH n>>3 mpoBeps-
eTcsl Xy:Ke, B pesyJbTarte uero ¢opmy.aa Buga E=g(yy, ...
cvey Ya) IpH A>3 MOXKET 0Ka3aTbCsl MeHee TOYHOH, 4eM
dopmyna Buna E=g(y). [Tostomy yMeHblIEeHHe KOJHYECTBA
clAy4afiHbIX uYHceJ, 3aTpauHBaeMblX Ha IMOJYyueHHE OJIHOTO
3HaueHus E, HHOTJla NpPeJCTaBJAeTC BecbMa XKeJaTelbHbiM
(ocoGeHHO ¢ TOUKH 3peHHs I 7).

K cuacrtbio, npu pacueTe MHOTHX 3ajau BpeMs, 3arpa-
9yuBaeMOe Ha npeo6pasoBaHHe CJAydYyaHHBIX BeJHYHH, He
CJIUMILIKOM BeJMKO, H MOXKHO BHIGHpPATh caMble NPOCTHIE U ec-
TECTBCHHBIE CNIOCOGH MOJENHPOBAHHUA.

¥YnpaxHekus Kk raase 2 N

1. Buizectn siBHyl0 opMmyny nas pacueta 3HaueHH#l cayualiHol Be-

JIHYHHBI § [ (pyHKLll/leﬂ pacnpejeJ/ieHus

F(x)=1—(1/3) (2 *+e75), 0<x< .

*) Eme 6nicTpee — OCYWIECTBATh CJy4afiHylo BbIGODKY M3 3apaHce
3aroTOBJICHHON Tabnuub 3HadeHuil § JINS HeKOTOPLIX cllydafiHBIX Bemil-
uyH Takue Ta6aunsl uMelorcsi [165], omHako B pacuerax Ha DBM npu-

MeHSIIOTCSl OHH PeAKO (cp. KoHen . 13 ra. 1).
HHTepeCcHO OTMETUTBb, YTO TOYHO TaK JKe MOMKHO HCIONbL30BaTh Tal-

JlLy AN MOAENHPOBAHHS CJAyuyaHHOH BEJHYMHDBI, SHAYEHHS KOTOPO#l Mo«
JY4alOT SKCHEeDHMEHTaNbHO ¥ (DYHKUHMS pacnpeiesneHuss KOTOPOil HeH3Bes
cTHa (faxe B MHOTOMEPHOM Ciy4ae).

6*
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2. Buisectn siBHyI0 dopMyJay NS pacueTa sHaueHHil CayyaiiHON BeJH-
YHIBL § C NJIOTHOCTBIO pacnpefesenus p(x) =-cos?2nmx, 0<<x<<2; yncio

mZ=1 uenoe.
3. BuiBecTH ABHble GOPMYJH A pacuera cayyafiHBIX TOYEK, PaBHO-

MepHO paclpelieeHH X B MIocKoM Komblie R3 < x? + y® < R3.

4. BoiBectn siBHBIE (ODMYJIbI AJI5 pacueTa peaJusauufi ciydafiHod
Touxn (&, N) C IIOTHOCTBIO P(X, y) =3y, onpeleseHHON B TPEYTOJbHHUKE,
Ol paHnyeHHOM NpaMbiMp x=0, y=x u y=1.

5. BbluMCAHTD MJIOTHOCTb CAY4YailHOH BeanunHbl §==1 —Invy, ecau y
HMeeT NJOTHOCTb p(X) npu 0<<x<Coo (1) U y HE3aBHCHMEI).

6. Iloxasarb, yTo cayyalinylo BeJHuully §, onpeiaeieHHYI0 B HHTePBa-
Jje 0<x<<l, ¢ MJOTHOCTbIO

p(x) = ae~%*/(1 — ),

MOXHO MOJEJNHPOBATb C MOMOILBIO OGO H3 yeThipex GopMyd:
E=—/a)in[l—y(1—e);
E=—(la)ln[y+ (1 —y)e ¥
E=10[— (al)"" Inyl;

=—(l/a)Iny, ecmn E<LI.
7. Eciu ramMMa-kBaHT ¢ aHepruell E paccenBaeTCss B pesyJbTate

KOMOTOH-3Q(peKTa, TO ero sHeprus nocjie paccesHHs § NpeLCTaBJsieT CO-

Gofi ciyyafiHylo BeJHUHHY € [UIOTHOCTBIO p(X), NPONOPUHOHAJIbHON (YHK-
LUH

[(E, %) =x/E+E[x+(1/E — 1/x) @+1/E — 1/x)

mpu E(14+2E)-'<x<E (3akon Knaeiina — Hummuua). dokasaTh, yro §
MOXKHO BHIUHCJSITb METOJOM OTGOpa:
E=¥, ecam o[ 14+2E+ (+2E) 7] <[(E, ¥,
rie ¥ =E(142Ey,) (1+2E)~!
(U. T. Oamexun [26]).

8. DHepruio HefiTpOHa, HCMyLIENHOro NpH Henenun sapa U2B, yacro
CyMTalOT ClyvaitHoll BelHuHHON &, onpenenenHol npu 0<<x<<oo, ¢ mioT-
HOCTBIO

p(x)=ce *Tsh bV 2T,

— _
rae b n T — napamerpsl, c=) 2/ne ¥*i2 (5T) " — HopMupoBouHas moc-
TosiHas. JloKasaTh, UTO & MOMKHO BHUHCAATH O QopMyJe

E=T[(1/2) (¢+b)2—1n¥],
rae ¢ — HopmasnbHas cayyaiiHas BenumuuHa ¢ napamerpamu (0; 1); L uy
HE3aBHCHMEL,
(T. A. Muxaiuios [56!)
9. HesaBncumele cayyafinbie queaa yi, Yz - - « s Ypqy—1 Pacnosio-
KEHbl B MOPsKe BO3PACTAHNUA V() |V (2)<- + + <Y (ntm—1) JHoxasats,
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uto §= V(n) MOAUHHSETCS 63Ta-pacnpene/ieHHIo ¢ mapaMeTpaMu 7 u m:
Py (1) = [B (s m] ™' "~ (1 — x)™.

(J. C. Butcher, H. Messel [109]).
(Cnoco6u MomenmpoBaHus 63Ta-pacnpesieneHus ¢ APOGHHIME MapaMeTpa-
MH pacCMOTpEHH B cTaTthax [62, 73, 102, 103, 141].)
10. okasats, uto dopmynnt ly=1, L=, —&, u
Er= L [1 — (v)Un—i+D)], i=1,2,...,n,

3

onpefensior caydafinyo Touky (i, ..., §,), paBHOMepHO pacnpeseseH-
HYIO B n-MepHOH nuHpamuze ¥; +...-x <l >0

11. Jonycrum, uto ciaydafinas Touka Q ¢ maoTHOCTBIO P(Q (X, ¥, 2))
onpenesena B o6nactn B. OGosHauum uepes L, wactb moBepxHoCTH
@(x, y, 2)=c, npuHamaexaumyio B, u npeano/oxuM, 4TO ceMeHCTBO L,

npn ¢, <<c<<cp samoauser B. JoxasaTe, uro ecmu |grad (pch =h(c),
TO TOUKY Q MOKHO MOIEJIHPOBaTb B JBa STama: cHepBa BHGHPaeTcs Cay-
yafiHOoe 3HaueHHe MapaMeTpa p ¢ MJIOTHOCTHIO Po (©)=1[p(c)/h(c)]S Lt
rie S L, — naomans L;, a saTeM Ha MOBepXHOCTH Lp BbIGHpaeTCs Cay-

yafiHas paBHOMEDHO pacupeje/eHHas TOUKa.
(B. A. Tepman, H. M. Co6oas [17].)

12. JloxasaTh, 4To cayuafiHas TOYKa C AEKAaPTOBLIMH KOOpAHHATaMH
&/ ..., &, /n), rne§; = —Inyia n==E+. .. 4 &,, paBHomepHo
pacnpenenena B cummiekce Xj+... + x, =1,0< <1 (i=1,2,..., n).
13. Noxasatb, 4T0 cayyafiHasi Touka € AeKapTOBHIMH KOOPAHHATAMH
(&up, ... s Bplp), tme &, ...,L, —HesaBHCHMbE HOpMaJbHEE Cay-
yaiiHple BEJHuMHH ¢ mapaMetpamn (0; 1), a p=(§¥+...+ CZ)W, pas-
HOMEpDHO pacrpefie/nieHa Ha NOBEPXHOCTH €AHHHYHOA MHOTOMepHOH cdepl

x2l+...+x,2‘= 1.



FJTABA 3
BbIYUCJIEHUE HMHTEIPAJIOB

Bo BBeeHHH yKe YNOMHHAJOCh, YTO B MOAABJAIOLLEM
GoJIbIINHCTBE 3ajay, peliaeMelx Merogamu Moure-Kapao,
BBIYHC/SAIOT MaTeMaTHYecKue OXHAAHUA HEKOTOPBIX Caydai-
HbIX BeJHuMH. Tak Kak uyallle BCero MareMaTHYeCKHe OXKHU-
JlaHus NPeACTaBASIOT c000i OOblYHBIE HHTErpaJibl, TO LEHT-
panbHOe MoJOXeHHe B Teopuu MeromoB Moure-KapJio
3aHHMAIOT METOJbl BBIYHCJIEHUS HHTErpaJioB,

B wHacrosime#i rsaaBe H3J0XKEHH HanboJjee BayKHBle H
BMeCTe C TeM HauboJiee HPOCTble METOIbl, 3HAKOMCTBO C
KOTOPBIMH HeOGXOZKMMO KaXKIOMY CHeuHaucTy B 06JacTH
Moure-Kapiso. Bonee clioKHble MeTOIbI, He HMeIOLINE 110Ka
3HAYUTENbHBIX TPAKTHYECKUX NpPUMEeHeHHH, 10 HaMeualo-
mue, Kak HaM JXyMaeTcsi, OCHOBHble HaNpaBJeHHs PasBHTHS
METOXOB BBIUHCJIEHHS WHTETpPajioB, PacCMOTPEHBl B TIa. 4.

Brnpouewm, n. 1.1 ra. 4 mor Get ObITE OTHECEH K TJ1. 3: BHI-
60pKa 1o rpynnaM He pa3 HCNOJAb30Bajacbh B MPaKTHYECKHX
BbIUHCJAEHHAX. UHCneHHBII NpuMep, NpuBeNEeHHBIH B KOHLE
ra. 4 (n. 3.3), OTHOCHTCS K OLEHKaM, PacCMOTPEHHLIM B
obeux riasax.

3aMeTHM, YTO MOUYTH BCe Pe3yJbTaTH 3THX Izas Jetko 06o6maoTcs
Ha uHTerpajinl Pumana — Crunteeca (u maxe JleGera — Ctuntheca [33]).
ghi, OLHAaKO, BCIOAY paccMaTpHBaeM TOJILKO HNHTErpHpoBaHHe B CMLIC/IE

HMaHa.

§ 1. O6muii MeTon OMEHKM MaTeMaTHYECKHX OKHAaHHi

1.1. Cxoammocth MeTofa. PaccMOTPHM IPOH3BOJIBHYIO
clyualinylo BeJHYHHY E, Y KOTOPOH CyllecTByeT MaTeMaTu-
yeckoe oxujganne ME==a. (Hanomuum, 4TOo no ompeneine-
HHIO MareMaruyeckoe oxupanne ME cyuecrByer Toraa u

v
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TOJIbKO TOrAa, Korfa cyiecrsyer M |E|.) Uro6ul ounenutsb
BeJHUYHHY @, BbIGepeM N He3aBHCHMBIX peanusauui g, ...,
..., Ey cayyafiHO!l BeJWYHHBE § M BLIUHCIHM CpeJiHee apHup-
METHYECKOe

_ N
Ev = (1/N) El Ei (1

Tak Kak noc.edo8aresbHOCTb OOUHAKOBO pPAChpeOeeHHbLLX
He3AaBUCUMBLY CAYUALHBLX BEAUHUH, § KOTOPbLX CYU,ecT8ylOT
Mmaremaruveckue OKHUOAHUS, NOOUUHAETCA 3AKOHY OOAbUAUX
quces (teopema A. §l. Xununna [44]), To cpenHee apudg-
METHYeCKOe STHX BEeJHYHH CXOAHTCS IO BEPOSITHOCTH *) K
MaTeMaTHYeCKOMY OXHuAaHu1o: npu N —- oo

= P
Ev—>a.

Takum oGpasowm, npu Goabwux N BennuuHa Eya; U OLel-
Ky (1) MOoXHO ucmoJb30BaTh BO BCeX cJayuyadx, Koraa cy-
mecrByer ME==a.

1.2. MorpemwHocts Mmeropa. [lpeanosoXxum OOMONHH-
TeJbHO, YTO CJayyalHasi BeJUUYHHA § HMEET KOHEUHYI0 OHC-

nepcHio
Dg= M (&%) —(Mg)> (2)

M3 Kypca TeopHu BepOSITHOCTEll H3BECTHO, YTO 10CAe006a-
TEALHOCTb OOUHAKOBO PACNPEOCAEHHLLX He3ABUCUMbBLY CAY-
4QliHbLX BEAUMUH C KOHEUHbIMU Oucnepcusmu noduuHaercs
yeurpasorol npedeavroli Teopeme. IlocaenHee o3Hauyaert,
4yTO JJI5 JIIOOBIX X1 <Xy

N . (4
limP {x1 < (1/V NDg) gl (E—a)< xz} =
— (IVTR) | et 2.

BriGepeM xy=—x;=x. Toraa u3 moc/exHero cCOOTHOLIEHHs
MOJYYHM, 4TO

o
timP {l4/) 3} (¢~ @) < <V DIN] = @ (5,

rne @ (x) —unrezpasr sepoarxocrei, TabJaudna KOTOPOro

*) OnpeZenenyue CXORMMOCTH O BEPOSITHOCTH NPHBENEHO Ha cTp. 34.



88 BbIUNCJIEHHE WHTEIPAJIOB ra 3

npliBefieHa Ha cTp. 293:
@ (x) = (2V2) [ e=t24t.
0

CrieoBaTeIbHO, NPH 10CTAaTOYlO GOJbIIMX 3HayeHHsX NV
P{Ev—a < xVDEN} ~ @ (x). (3)

®opmyaa (3) cONEpKHUT mesioe CeMeilicTBO OLEHOK, 3aBHCS-
mee ot napamerpa X. Ecau 3anate J11060# Kosah(HLUHEHT
nosepust B (cM. ctp. 31), To MOXKHO HaiiTh (no TaGauie)
Kopenb x==xp ypaBHeHus: @ (x) =p. Torna u3 (3) BeITeKkaer,
YTO BEPOATHOCTL HEPABEHCTEA

[Ex — al < x5 V' DE/N (4)

npubausuresbro pasua .

Uame apyrux HCHoab3yloT KoddodunueHT noBepus p=
=0,997, KoTopomy oTBeuaeT xg==3, ujau p==0,95, Koropomy
orseuaetr Xxp=1,96. (3HaueHne xg==3 COOTBETCTBYET TaK Ha-
3bIBAEMOMY <«IPaBHJy TpeXx CHrM», HOO CiHyuyaliHas BeJHuH-
Ha &y npuGIHMKEeHHO HOpMaJbHA H ee CpeJHee KBaJparHy-
Hoe ykJjoHenne o=} DE/N.)

1.3. BepoatHaa omub6ka meroma. Heckonbko uMHOH mon-
XOH K OleHKe OIUMOKHM CBSI3aH C MOHATUEM BepOATHOU
owubKu

ry = 0,6745 /' DE/N. (5)

Yucnennnit MHOXHTenb 0,6745, ¢urypupyomuit 8 (5),—
9TO 3HaueHHe xp, oTBevamouee p==0,50. Haspauue «Beposrt-
Has owuOKa» BHI3BAHO TEM, YTO

Plev—al<rv=~12=P{Ex—a] > ry},

T. €. OJIMHAKOBO BEpOATHBl OHWIUOKH, OOJblIHEe YeM Iy, H
OLIHOKH, MEHBIIHE YEeM [y.

BesuuuHa ry 4acTo HCHOJbL3YeTCs HA NpaKTHKe s Xa-
PaKTepHCTHKH TMOpsiAKa OLWHMOKH: AefCTBHTe/NbHas omuOKa

|Ev—a| 3aBHCHT OT HCHIO/IB30BAHHBIX B pacueTe CJAydalHbIX
4yHuceal U MOXKET OKasaTbC B 2—3 pasa 6oJblle, 4eM 7y, HO
MOXKeET OblTb M MeHbllle. Takum 06pasoM, HCIOJb3Ys ry, Mbl
OlleHHBaeM MOpPSAIOK OMUGKH, a MCHOJab3ya (4) — BepXHIOW
rpaHuLy owuOKky (¢ Koadduuuentom AoBepus B).
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1.4. dmnupuyeckas oueHka aucnepcun. Kak npasuo,
KOrja Mbl NpHCTynaeM K pacuery ME, sHaueHHe IHCTEPCHH
DE nensBectTHO. XOpOLIYI0 TEOPETHYECKYIO OLEHKY aas DE
yaaeTcs noayuurte peiko, OmHako B GOJBUIMHCTBE 3ajfay
Beauundy DE HeTpyIHO OUEHHTb SMIHPHYECKH, B XOIe
pacueros a. B camom pnene, jpocraTtounio OZHOBPEMEHHO
¢ BBIYMCAEHHeM XE; BHIUHCASATL TakxkKe X ()2 Tak Kaxk npH
Goabiux N

N
(lz’N)gl €=M,

TO B3 (2) BUIHO, 4TO
2

N N
DE = (1/N) gul (E:)* — [(I/N) :§1 §f] . 6)

@opmyny (6) MOCTOSTHHO HCMOMB3YIOT HA MPAKTHKE.
[Mpasna, uuxe B 0. 1.7 10Ka3aHo, 4TO npu HeGOMbLINY
N Gonee touna ¢opmyaa

1N 2 ! )
Dt~ 2 () —m@ §‘>

OTIHyapIlasacsa oT npeabinyuel muoxurteaeMm (1—1/N). Ho
B pacuyeTax, BBINOJHAEMbIX MeToxaMmu Moure-Kapao, seer-
da N> 10, u pasuuna mexay (7) u (6) uesennka. K tomy
e Haxo MMeTb B BHAY, uTo DE ucnosnbsyercs TONBKO 413
OLleHKH OIHOKH, TaK YTO NOTpellHocTb mnopsinka 10% B
3HaueHuH DE posiu He Hrpaer.

1.5. Ouenka ownlku Ge3 pacwera aucnepcun. Bynem
no-npexkHeMy cuutaTh, uto Aucnepcua DE koneuna. omny-
CTUM, YTO MO KaKUM-au60 npuynHaM (MHOTAA li3-3a OT-
CYyTCTBMSL MeCTa BO BHYyTpellHeM Hakonuteie 3IBM) wMu
He MOXKeM (HJM He XOTHM) OJHOBPEMEHHO ¢ XE, RLIYHCAATD -
rakxke Z(&)2 OueHKYy NOTpemHOCTH Ey—a TeM He Melee
MOXHO MOJYYHTb.

[Ipennonoxum, uro N=mN,, roe m — HeGonpLioe Ha-
TypajdpHOe 4ucyao m>=3, a Nj HacTOJNbKO BeJHKO, YTO pac-
npefienietine CJayuyaiHol BeJHYHHBI

Ny
t=(1/Ny) 2}1 & (8)

2
L]

(7)
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(roe &, ..., Ev, — HE3aBHCHMBIe CJyyaliHble BeJHUHMNb,
pacnpellesieHHe KOTOPHIX COBNajaeT ¢ pacnpefeseHneM &)
MOJKIIO cuuTaTh OJIH3KHM K HOpMasbHOMY (MO TOH XKe IEHT-
panbHoii npeneabHoli Teopeme). OueBumHo, ME=a.

Bmecto TOro uto6H cpasdy BLIUHCANATH En, PA3AEJIHM 3a-
nayy Ha m «BapHaHTOB® U BBIYHCJAUM /1 BeJHUHH, KOTOpHIE
MOXKHO CUHTATb HE3aBHCHMBIMH peanu3alusMu §:

1
lﬁlegp §2=N:2§i+N;a-°-7

=1 i=1
1 U
= N;gl it Ny(m—tye -

Bocnosbayemest Tenepb caelyiomeit teopemoli P. @uue-
pa [24, 44].

Ecau Ty, ..., Em—Hesasucumole o0unakoso pacnpe-
JenseHnble HOpMaAbHble (2ayccO8CKUe) CAyUalHble BeAudli-
HblL C MATeMQTuuecKuM Owudanuem a, T0 CAYyualHas se-
AUMUHA

= Vm—1=8,
rae ‘ g

I m ‘ m
zkg =7,§ G —x)°,

noduunserca aaxony pacnpedesenus Crotodenra ¢ (m—1)-i
cTenenvro €80000bL *). DTO O03HauaeT, yTO ANAA  JIOOBIX
X <<Xxp

Pl <t<lx)= j’ Sm—1 (%) dx.

*) IlnotHocTs pacnpedesenus CToro0enta € r cTenenamu c80600vi
BblpaxcaeTcss GopMmyaoi
r+1

s, () = (+ )2. — @ <x< o,

tAe HOPDMHPOBOYHASA MOCTOSAHHASA

-l (2 )
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B Hamem cayuae BEJIHYMHBL §y, « . ., Em MPUOAHKEHHO
nopMagabHble; M§,=a; x=E%y;
m

= (Um (6 —T)" (9)

Bbi6pap xy=—x,=x, noayuuMm npubaukeHHOE paBeHCTBO
— - X
PlEv—al < xVsm—=1)) ~2{ sm_1 (v) dy,
0

KoTopoe OydeT TeM TouHee, ueM GJHKe pacnpelpefeHye §
K HOpMaJIbHOMY.

Ha crp. 294 npuBesena tabiuua Kopheh x="t,p ypas-
HEHHs1

2(.)[ Sm (y) d!/ = [3

Ecnu 3anan kosad¢uunent goBepus B, to no 3toi Tabanue
HETPYAHO HaHTH COOTBETCTBYIOIlee 3HAYCUHE X=l,_1p H
3anucaTb OKOHYATENbHYIO OLEHKY: BEPOSITHOCTb HEpaBeHCTBa

Exy — a]| < tmr,p V$/(m — 1) (10)

npu6au3uTeJbHO paBHa f.

Onenka (10) nomo6ua oneHke (4), HO BMECTO HEH3BeCT-
Hofl pucnepcud DE cioma BXOAUT SMAMpUYEcKasl BeJHUYHHA
s%, KOTOPYIO JIerkKo BBIYUCAUTB Mo dopmyne (9). Oxuako,
BoOGlle roBOps, ouelika (4) npuMeHHMa NpH MeHbHIAX N.

HepasenctBo (10) nosBosisseT onpeie/uThb TaKikKe Bepo-
ATHYI0 oWHMOKY MeTona (5):

vy = tm—l. 0,5 Vsz/(m — 1). (1 ])

Ouenka (10) Hcnosb3oBalach B HEKOTOPHIX pa6oTaXx aBTOpa H, HE3a-
BHucuMoO, B paote I'. Tepueass u M. Kanoca [127].

1.6. Cayvaii DE=oco. M3 n. l.l BuiTekaer, 4yTO Gecko-

HEYHOCTb NMCIEpPCHH He NPensTCTBYeT NPHOIMKEHHIO Ey K
a. OnHako mocseyIollHe ONEHKH NOTPEIIHOCTH TepsiioT CH-
ay. U3 (4) BUAHO, 4TO B c/1yyae KOHEYHOH AUCIEPCHH OLIHG-
ka y6wBaer kak N-V2 [lpu DE==oco nopsamgok yGeiBaHuA
OUINGKK OKasbiBaeTcst xyxe. IToaToMy O6LIUHO peKOMeHIyeT-
csi u3beraTb MeTONOB pacueTa, B KOTOPHIX IHCIEPCHs OC-
penHsieMC:i BeJIUUHHEI GeCKOHeyHa.
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Tem He MeHee B HEKOTOPHIX 3aladyax Takue MeTOdLl HUC-
nosbayiorcsi. Ouenku norpemtHoctH npu DE=oo umetorcs
B moHorpaduu [33] (cM. TakKe crateu [144, 176].)

1.7. 3ameuanne. O HeKOTOPHLIX TEPMUHaX, ymorpebiasembix B Mare-

MaTHyecKoil cTaTHCTHKe [24, 44].
HesaBucuMble peanusauun &y,..., &y cayuaiiHoll Beauunsn § Hasnl-

BAIOTCS 66i60pKOU. TIPENNQIOKUM, UTO 3aKOH Paclpelle/ieHus] BeJHYHHE §
3aBHCHT OT HEKOTOPOro napamertpa a. Jlio6as GyHKUHST OT BHIGOPOUHBIX
anauennit Q(Ey, ..., &y), HClONb3yeMas B KauecTe MPHGAHNKEHHS K 4,

Ha3blBaeTcs ouem«;ﬁ a. Ecin Mgp=a, To oueHka @ HasbBaeTcs Hecme-

wennotl, Ecin @ —> g npu N —> 0o, To oueHKa @ Ha3bIBaeTCst COCTOA-
reavrotl. Tlpn ueGoabmux N Gosee CyLECTBEHHO OTCYTCTBHE CMEIIEHHH,
npH GOJBbIINX — BalXKilee COCTOSITENbHOCTb.

OueBnnHo, oueHka (1) npeacraBaser co6oit HeCMEILEHHYIO H CO-
CTOATEJbHYIO OLIEHKY MaTeMaTHYeCKOro OXKHAAHHA a.

Jlerko n0kasaTb, YTO OLEHKA AHCHEepPCHH

N
um Y e -8,
i=1
durypupytomas B (6), cMelienHas B camom nene,

N
Ml(l/N) ) 5%—2%,] —MI(E) —M (B,) = D§ — DEy,

i=1

udo ME = ME,. Mz (1) cuenyer, uto DE, =DE/N. ITostomy
N
M [(I/N) > E,?—é,%,] = (1 — 1/N) DE.
)

Hecnemennyio ouenky nucnepcuu naer gopmyna (7).

Paccmorpum aBe dyuxusd ¢ (Ey, ..., &x3 B) ¥ 9" (En..., Exi B).
Uurtepsan (¢’, ¢”) Ha3biBaetcsi 008epuTeabHbIM UKTEPSaroM 048 napa-
Merpa a ¢ K0apguyuentom Gosepus P, ecaHm BeposTHOCTb HePaBEHCTBA
¢'<a<@” pasua :

Plo'<a<q”}=8.

B npusesenHblx Bbime ouenkax (4) m (10) mcrosab3oBaHbl ROBepH-
TeJbHBEIE HHTePBaJibl [/ CpefHero 3HayeHHsi @ HODMaJbHOH cayuaHHOH
BGJHYHHBL. B NepBOM cJydyae — NpH H3BECTHOH JHCHEPCHH, BO BTOPOM —

nps HeusBecTHoB. Tak Kak BeanuuHnl EN ¥ [k AuWb  NPHGIMIKEHHO
(acuMnTOTHYECKH) HOPMAJBbHEL, TO BEPOSITHOCTH HEPABEHCTB

Ev— 13 VDE/N <a <&y +x VDEN
H COOTBETCTBEHHO _ —_—
Ey —tm__,’ﬂs/]/m —1l<a<iy+t, ’ﬁs/]/m —1

Julb NpHGJIHIKEHHO paBHbI
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§ 2. Npocreiiwmuit metog MouTe-Kapao
AJs BbIYMCJEHUs HHTerpana

2.1. Npocreiimnit meros Moure-Kapao. OGo3nauum ye-
pe3 G npousBOJbHYI0 06J1aCTh (OrpaHHYEHHYIO HJIH Heorpa-
HHYEHHYIO, CBSI3HYIO MJIH HECBSI3HYIO) MJIOCKOCTH X, Y. Tou-
KH TWIOCKOCTH OyneM o6o3Hauath ogHoil 6ykBoil P= (x,Yy),
a aneMeHT miaomain dP=dxdy. Paccmorpum 3anauy o
npubJHKEHHOM BBIYHCJACHHH HHTErpaJja

I= GI f(P)p(P)dP, (12)

rie p(P) — HekoTOpasi 3ajaHHas MJAOTHOCTb BeposTHOCTEN,

onpenenennas B G, rak uto [p(P)dP =1.
G

3ameTuM cpasy, uTo m060H HHTErpal
[F(Pyap
G

Mo orpaHuuye HHON objacty G MOXHO CYUTaTb HHTET-
panom Bufa (12). HeiictBuTenbHo, ecau miomanb G 0603-
HayuTh yepes Sg, T0 p(P)==1/Ss npu P=G npexacrasnser
co00H MJIOTHOCTL BepOsITHOCTEH cayuyalHOH TOYKH, paBHO-
mepHo pacnpegesnennoi B G. Ecau BBecTn dyukuuio fi(P) =
=S¢-f(P) 1O, OUEBHIHO,

JE(PydP = [}, (P) ps (P) dP.

Uro6r noctpoutb merod Moure-Kapso mna pacuera uH-
terpania (12), paccmoTpum cayyaiHylo TOukKy Q ¢ miIoT-
HOCTBIO p(P) W BBEAEM CKaJspHYIO CIy4aiHyI0 BENTHYHHY
Z=[(Q), maTeMaTHYeCKOe OXHIaHHE KOTOPOI pDaBHO HC-
KOMOMY 3HaueHWI0 MHTerpafa

MZ=fo(P)p(P)dP=-1- (13)

Iasi pacuera MZ MOXKHO UCNOJIb30BaTh oneHky (1).

Urak, ecmn Qy, . . ., Qv —He3aBHCHMble peasu3alun
cayuaitnoii Toukn Q u Zy==f(Qi), . . ., Zy=[(Qx), TO
oueHko# uurerpana (12) cayXuT Beanuuna

N
Oy = (I/N) Z'. Z (14)
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OueBuano, MOy=I, u %c.}m cymecrsyetr M|Z|, To, coraac-
Ho n. 1.1, omenka Oy ——> [. B paccmartpuBaemMoMm ciyyae
MiZ| = é‘ IF (P)l p (P)dP.

CnenoBaTenbHo, ecau uhrerpan (12) cxoautcs abGCOJIOTHO,
TO Oy CXOLHTCS 1O BEPOATIOCTH K /.

Ilpumep. Tpe6yeTcst BLIUKHCIUTL HHTErpal
(=]
I = j' f(x) e Fdy,  tpe B>0.
]

BuibepeM maoTHOCTh p(x) =ke ¥* u pymxumo. fy=F~='f(x). Ecna
E, - s3HaueHue cayuailHOA BeJHMUMIB § C IJIOTHOCTbIO p(X), TO OLelKa

HHTEerpaJa
N N
Oy=N""3 (5= (N7 2 F(E)-
=1 =1

Haxonutb 3nauenus § mMoxiio no ¢opmyae (7) ra. 2. TTostomy dopwyay
J14 BBIYHCJeHHs | MOXKHO 3amHcaTb B BHIE

N
I~ kN 3 (— £y,

i=1

THE Vi, ..., Yy — He3aBlCHMBIE CAYyYaliHbe YHCTa.

B nanbHefimiemM BBIYHUCASIOTCH TOJBKO aGCOJIOTIIO CXO-
namueca uHrerpasanl. Onnako meron Monre-Kapao nosso-
JSeT BBIYHCAATD H YCJOBHO CXO-
Z JsIIHecss MHTerpaJbl, €cau mpe-
¢ ) o6pa3oBaTh HX HalJexalluM
z=fizyy 00pasoM (cM. ynpaxHeHue 5

ra. 3).

2.2. TeomeTpuueckuii meron
Monte-Kapao.  Ilpeanosnoxum,
uto B o6saactu G

0<f(P) <c. (15)

B TpexMepHOM NpOCTpaliCTBe X,

{ Y, 2 pacCMOTpHM UHJIHHIpPHYe-
ckyio o6anacte G=GX (0, c)

Puc. 34. (puc. 34), a B G paccmortpum
cAyualHyl0 TOUKY ¢ MJIOTHO-

cteio p(x, y, 2)=(1/c)p(x, y). OueBuaHo, MPOEKLUHUS TOU-
Ku (¢ Ha MJIOCKOCTb X, y TNpeAcTaB/dfeT coboil cayvalinyio
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touky Q=1(%, ) u3 n. 2.1 (¢ nnotHocThIO p(X, ¥)), a Tpe-
Tbsl KOOpAHHATa (), Ha3oBeM ee {, He 3aBUCHT OT § H M H
paBHOMEpHO pacnpefenena B uHTepBase 0<<z<{c, Tak uTo
ee MIOTHOCTD pg(2) =1/c.

Boibepem N HezaBucHMBIX peasusauuii Qi . . ., Qn

cayuailHoi ToukH Q; 0603HAUUM yepe3 v KOJHYECTBO TO-
yeK, OKa3aBIUUXCS HUXKe MOBEPXHOCTH 2=f(P), u cOCTaBUM
OLEHKY

By = cv/N. (16)

JnckpetHas cayuafiHas BeJHUMHA v NOJUMHSAETCS pacrpene-
nennto Bepuyaau P {v=m}=C} p"(1—p)*-"(m=0,1,. . .
..., N), rme p— BeposITHOCTb TOTO, YTO TOUKA Q OKaxKeT-
cs HuXKe mnosepxHoctH z=/[(P). Beluncautp 3Ty BeposT-
1'0CTb HETPYIHO:

(t,y

e,y
p=P{L<L]E, n>>=GIdxdy [ e, y, 2ydz = (1/0)1.

0

Tak kak Mv=Np=(1/c)NI, To n3 (16) BhITeKaer, 4TO

M8y=1. Cxomumoctb By —I cienyer u3 H3BeCTHOi{ Teo-
peMbl DepHya/nH O CXOZMMOCTH 4acTOT K BEPOSITHOCTSIM.

Brnpouem, oumenky (16) Takike MOKHO NpEICTaBUTh B
¢dopme (1). BemeMm cayuaiiHylo BeJHYHHY Z, 3aBHCSLLYIO

or Touku =(§, n, §):
7_ {c, eciu  L<f(E ),
10, ectm E>F(E, ).

Ecan ToukaM Qy, . . . , Qn COOTBETCTBYIOT 3HaueHus Zy, ...
oo, Ly, TO

N
Oy = (1/N) ;}l Zi (17)

~ ~ P
1 nostomy yTtBepxmeHus o ToM, uTo MOy=17 u Oy —> [
BBITEKAIOT TaKXe U3 pesyabTaTtoB § 1. AGcosioTHass cxo.1u-
MocTb uHTerpaaa (12) cmemyer us orpanuueniust (15).

Feomerprueckuii Meton npeaciaBisieT co6oil 0606UIeHHe METONA BHI-
YuCJeHHs 0ObeMa, PacCMOTPEHHOI'o BO BBelenHH, B camoM jJene, ecii
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obnacts G orpanuuesa n p(P)=1/S; npu P = G, 1o npu Gombumx N
v/N = Ij¢c = V/VG~,

rae V= Zf}f(P) dP — obveM uactu G, orpaHnueHHOR CBepxy MoBepX-
Hocthio z==[(x, y), a Vﬁ =cSgz—o06beM  BceMl  LHIHHAPHYECKOH

obaactu G.

2.3. CpaBHeHne TouHoctHh MeromoB Monte-Kapao.
B ouenke (14) ¢urypupyior 3HaueHUa CJAy4aiiHOH BeJHUHHLI
Z=f(Q), rie Q — cayuailHasg ToYka ¢ MJIOTHOCTBIO P (P).
Tak kak Ans cyiiecrBoBaHus pucnepcuu DZ neobxoxnisio
H JOCTAaTOYHO, YTOOB! CYLIeCTBOBAJ BTOPOi MOMENT

M(Z%) = J f2(P) p (P)dP (18)

(cp. (2)), TO ycnoBHeM NPHMEHAMOCTH OLEINOK MOrpeLl:o-
cri § 1 B paccmaTtpuBaemMoM cayyae CJAYKHT CyLlecTBOBa-
Hue uHTerpana (18)*).

Ecin uepes Ly 0603HaunTh MHOXKECTBO yiikuuit f(F),
s kotophix mHTerpan (18) cxoaurcs, To TpedopanHe CXO-
IMMOCTH 3TOrO HUTErpaja MOXHO 3amucats B opMme f(P) <
L, B Tex cayuasix, Koria Baxio ykasaTtb obaactb G u
naotHOCTh p (P), 6yneM nucatb, uto f(P)=Ly(G; p).

Urax, ecnn [(P)eLy(G; p), To nucoepcrs ocpep-
HSeMOl BeJnulHB Z B mpocrtefimeM Metode 1. 2.1 Ko-
HeYHa:

DZ=GY[“’(P)p(P) dp — I3, (19)

PaccMoTpuM Temepb reoMeTpHuecKHii  metond m. 2.2
B ouenxe (17) ocpeAHsIIOTCS 3HAUEHHS CAY4aiiHOH BeJiHYH-

Hbl Z, JJs1 KOTOpOH
M(Z%) =Pt <fE Y =cl,

TaK 4To I[PICHepCPlﬂ -
DZ = cl — I (20)

*) W3 cxopumoctu HHTerpana (18) caenyer aGcomioTHas CXORH-
MocTb uHTerpana (12), u6o

[j iF (P)lp (P) dP]‘ < JrPpP)ap.
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Cpasnum Beanuunsl (19) u (20): ecan 0<<f(P) <c, TO
JPPyp(PYAP<e [[(P) p (P AP =cl,

cJeag0BaTebHO,
DZ <DZ. (21

HepaseuictBo (21) nokasbiBacT, uto B KaKOM-TO OTHO-
wenHy npocrefimni Meron Monte-Kapsao siyuwe reomerpi-
YyecKoro MeTORA: NpH OLUHAKOBOM KoJgauuecTBe N ocpelisi-
€MBIX BeJHUHH BeposiTiiasg ownbGka ouenukn (14) Oymer e
Gosblile, yeM BeposiThas olnoka ouenku (17). Moxiio cka-
3aTh, 4TO TOuHOCT6 MeToOa Monte-Kapao 3asucur or Ouc-
nepcuu ocpedHaemol cayaiinol geauuunot. H npocredui
MeTo0 sce20a ToUHeEe 2e0MeTPULECKO20.

[Tpumep. TpeGyercss BBIUNCIITE HHTErPAA
1
I= f e*dx,
0
Ouenkn (14) u (16) B 3TONM CIyuae pasiibl

N
Oy = (/W) 3 &', By =ewN,
i=1
rae v — xoanuectso nap (7, 1;,'), e, (YN’ y,'\,) TaKkH3, 4TO ey‘f < eVt
(kax Bceraa Tiy +--s Vy» v{, ey \*_',\,— 11e3aBHCHMBIE CayyaiiHble yucaa),
ITo ¢opmyne (19) Bouncanm aucnepcuio DZ:
1
DZ = [ e®dx—I* = (1/2) (2 — 1) — (e — 1) = 0,2420.
0
ITo dopmyne (20) BeIMHCTHM AtCTEPCHIO DZ:
DZ=el—1* =e—1=1,7183.

2.4. CpaBxenue Tpymoemkoctd aaroputrMos Monre-Kap-
do. M3 pesysbraToB npeablAyulero fyHkTa HanpawuBaeT-
¢l BbIBOZ, YTo mnpocrtehwuil Mmeton Monre-Kapao Bcerna
BhirogHee reomerpuueckoro. Oniako Takoil BbIBOX GBI Gbi
CTHIIKOM MOCHEINIbIM: XOTA BeposiTias ownGKa oueHkH Oy
W MeHblie BepoOsiTHON OowHOKH Oy nmpH onauiiakoBeix N, HO
BpeMsl, 3aTpaynBaeMoe I1a pacyeT By, MONKET OKasarThes ro-
pasno GoJablile BpeMeHH, 3aTpauuBaeMoro Ha pacuer Oy.
7TH M, Coboas ‘
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11 Torpa onenka By oxaxercs npakiliuecky GoJee pPex-
1HBLOM, yeM Ox.

O6biuto roBOPAT, YTO «mocTpoen metod Moirte-Kapao»
J1s pacueta nnrerpaja / toria, Korza onpefeleHa ouelika
siuna (1), npudanxaiwowas /[:

=~ (1/N) Z

=

1pn 3ToM OOLIYHO TIpeanoJaraercd, uro Mg=/. Ycaopnmcs
TOBOPHUTb, YTO «IocTpoen aaroputm Monre-Kapao», coor-
BETCTBYIOLLHIT JalIIOMy METOAY, ecau yKasaubl Takxke (op-
MyJbl JJIS MOLEJHMPOBANHs HCHOJb3yeMbIX B 3ITOM MeTOJAE
cayvaiinelx Beauuni. Hanpumep, ouenka (14) n dopuyaa
2=[(Q) onpeneasior Mmerod Monre-Kapao; urobul noay-
upuTb aaroputmM Monrte-Kapao, najgo yxasatb eute Qopay-
JbBl s pacueta TOYKH Q HO CTaHZApTHBIM  Caydaiinbin
yncsaam. Kak ™Mbl BHaeau B IVl 2, 3TO MOXKIIO JejaTh pa3-
JHULLIME crioco0aMH, Tak YTO OJuil U TOT :Ke Meroa Mow-
te-Kapso MoxeT ObiTh peajH30BaH B BHAE PasJHUILLIX a&l-
TOPHTMOB.

Paccmotpum nBa aaropurma Moitire- Kap.'lo (6ezpasai-
HO COOTBETCTBYIOT JIM OHH Pa3HbIM METOAAM HJII O/10AY)
s Bpluncaennss  unrterpana I. Ilyers B oamom agaro-
PHTME OCpelNHslIOTCsl 3Hauenis cayuaiinoii Beanuninp &=
=& (Y1,..-, Yn’), @ BO BTOpOM E”"==E"(y1,..., Ya'), TAK
YTO COOTBETCTBYIOLLIE OLEHKH HHTErpaJja paBHLI

AI

]\7
=(I/N) X & u Oy=(UN) X E. (22)

=1 i=l

OGosiiaunM AHCHepCHH OCpPellfieMblx Beanunn uepes D'=
=Dt u D”=DE”, u nycts ' u t” — Bpens, 3aTpauiBae-
MOe 11a pacuer ojgHoro 3snauenus & u coorserctBernio g7,
EcrectBenno cuutath Gosee 3P¢eKTHBHBIM TOT AJTrOPHTM,
KOTOPBIfI TpebyeT MeHbLIUEro BpeMelll cyeTa /s JOCTHKE-
1114 3aJaHlol BCPOSITHON OWHOKII.

Has toro uytoGbl BeposiTHAs owndka A1 NEpPBOro H3
CpaBHHBAeMBLIX aJrOpHTMOB paBliflach fy, =g, KOJHYECTBO
N’ ocpennsemuix smauenuil g, cornacno (5), JONKHO pas-
HATbCS

N’=D’(0,6745/¢)2.
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ipeMs cyeta NMPH 3TOM OKaKeTCs PaBHbLIM
VN'=t'D"(0,6745/¢)%

~ust BTOpOro aanropurMa Bpemsi cyera, HeoOXoaHMOe MaJist
JOCTHKeHHs TOll Xe BePOATHOIl OWHOKH &, paBlio

1"N”=1"D" (0,6745/¢)>.

Hasosem rpydoemgocroio aaroputma Moute- l\apﬂo npo-
ussenerne (DE nucnepcuy ocpeaHseMOH ciayuaiuofi Besn-
uyuH § Ha BpeMs { pacueTa OJHOTO 3HAueHHs E. Torna Bpe-
MS cyeTa, HeOOXOAHMOe AJMA HOCTHXKEHHUS 3ajaiioll Beposi-
HOH OWKWOKH, OKarkeTcsl NMPOMNOPUHOHANBILIM TPYA0EMKOCTI!
aaroputMa. flcHo, 4to 13 ABYX anropuTMos Goaee addex-
THBEH MeHee TPY/JAOoeMKHIl.

Tak Kak TpynoeMKOCTb HCHOJML3YETCs] 00bIYII0 /1A CPaB-
HEHHA AaJITOPHTMOB, TO BBLIYHCJAATb €€ MOYKHO B JIOOBIX enlil-
HHUAX, B YaCTHOCTH, ! MOXKHO BblpaaTb B CeKyH1ax,
a MOXHO — B KoJHYecTBax 3JjeMenTapiblx omepauui. Ko-
HEYHO, HAJO0 MPeano;1ararth, 4TO CpPaBHIIBA€Mble AJTrOPHTMbI
peasl3yIoTCs ¢ NMOMOLUbIO OLHHX H TEX K€ BbIUHCAHTEIbHBIX
cpenctB. Kcratu, He HCKIlOYeHA BO3MOXKHOCTb TOTO, 4TO
fpH nepexone K APYrUM CPEACTBAM BhIUHC/ICHNS MeHee pr
JOeMKHHA aJArOpHTM cTalleT 60Jee TPYLOeMKHM.

[Mpuvep. Bouncauts wirerpan
1
5
= [Vxde= 5
0 6

Mo:Ho cuuTaTh, 4YTO MN0A MHTErpaJOM CTOHT TaKXKe IIOTHOCTh
p(x)=1 cayuailnoii Besivunuel y. Toraa npocrefiwnii Merol NpPHBOAHT
K oilctKe

N
v 5~
I~ N X v
. =1
Jucnepciist ocpefHAeMON €ayuailnoli BenyHHDI Z=(y)"5 paBHa
1
IO 5\2 5
DZ = |4 ‘dx—(-g) =555.
0
Tak Kak 0<Cx!/5<C1, TO MOXKHO BOCIIO/Ib30BATbCSl TAKIKE TeOMeTpii-
YOCKIM METOLOM:

. N
I~ 1/N)NZ,
=
rae Z; =1, ccan y; < (yi)I 5 w Z ;=0 8 nporusuom cayuac. Lucnepcuio
7'
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ocpefHseNoil BEJIUYHHBI ;181 KO BBIMHCAHTD No dopmyie (20):
y 5 5\ 5

Taxum o6pas3oM, B NOJHOM corsacHi ¢ (21), DZ<DZ.
OueHuM KOJIIYECTBO Ollepalinii, 3aTpayliBaeMbIX l1a pacyeT OLHOrO
~

svavenns Z; Wik Z;. [las pacueta Z; uajo HafiTH OfHO ciyyakinoe YHCAO

Yi — Tpu onepauliiy — u Bb]llllc./]lll‘b(’\?[)]s.ﬂa 3BM Buuncienne x'°

oCyIeCTBJsIeTC NyTeM Jjorapu()MHpPOBaHiis C IIOMOWbIO CTaUAapPTHBIX
nporpaMM Inx u exp x. Obuiee KO.JHUECTBO HCII0Ab3YyeMbIX B TAKOM pac-
yoTe 3JeMeHTapHbIX omepaul ¢~ 70.

r
Ilnst pacueta Z ;najgo HaiiTn ABa CiyvafiiplX yucaa y; M y; — wecrdb

115
)

,
onepalliil — 1 BMeCTO HepapelicTBa P; < (V;)'” NpoBepliTh pasHOCHIbHOR

’
HEepaBeHCTBO ('Vi)s < 9;- Ofiee KO.IMYECTBO 3JM€MEHTApHLIX onepauuii
B TakoMm pacuete { = 10.
3uauur, £ - DZx 1,4, IDZ~1,4 u BTOPOH aArOpHTM OKa3biBaeTCs He

GoJslee TpyLOeMKHM, ueM MepBblli, HecMOTps Ha TO, yTo Aucnepcuss DZ
B ceMb pa3 Goavue, yem DZ.

Onnako TOT e npecreiilinii Merof MOKHO pea.Ii30BaTh ¢ [OMOLULbIO
apyroro aaroputma (cm. m. 4.1 1. 2).

N
~ \1 vl e e IV
1 ~ (I/N)z‘ max (?i’ Vi’ ‘Yl:’ YL' H Vi )'
i=1
torna ta~20 ut-DZ~0,40, rak 4TO TPYyZOEMKOC:b STOI0 aAropHTMa
OKa3blBAaeTCs 3aMETHO MeHbLICIl,

§ 3. Baxneilme cnocoGel MOCTPOEHHS XOPOWIHX OLEHOK
(cnocoObl yMeHbLIEHHs! THCIEPCHH )

U3 ¢opmyan (5) BHAILO, 4TO BeposiTHasi OLIHGKA OLEH-

ku (1) mponopunounansbua YDE/N. Cropoctb yGbiBauiis 370ji
owndkn ¢ poctoMm N HeBeauka. [lo3ToMy oOueHb BaxHO
HayuuTbCsl BHIOMpATb [Js pacueTa HHTErpajoB TaKue Bbl-
YHCJIITEJbHBIE CXeMBl HJH, APYFHMH CJIOBaMH, TakKHe CJy-
yaliHble BeJHYHHBL E, A/ KoTophlX Anucnmepcus DE no Boa-
MOXHOCTH Majia. tacro crnocoObl MOCTPOEHHS TaKHX CXeM
HA3BIB&IOT CIOCO6aMU YMeHbIIeHIlsl THCTIePCHH, HMes B BHAY,
YTO MJIS 3THX CNOcoGOB AuchepcHs AOJiKHA ObITh MeHblle,
yeM Jiicnepcust npocreiimero Metoga Monre-Kapao (m. 2.1).

3.1. YactuuHoe aHaauTHYecKoe HMHTEerpupoBanue. Ecin
YacTb 3aflaud MOXKHO DEIIHTb aHAJHTHYECKH, TO, HCHOJ/b3YsA
3TO 4aCTHYHOe pelleHHe, 0OLIYHO YAaeTCs NOCTPOHTb METOM
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Monre-Kapsio jaas peileHus Bceil 3ajaud ¢ Jucrepcueil,
menbiell, uem (19). ITpaBma, BoOGUIe roBOps, NOCTPOEH-
Hble TaKUM IyTeM MeTOIbl MOTYT OKa3aThcs Oojee TPYIO-
€MKHMH H B KOHEUYHOM CUETEe HEBLIFOJHBIMH.

Mul GygeMm roBopuTb 06 aHAJWTHYECKOM MHTErpHpOBa-
HUH, XOTS1 B HEKOTODHIX CJy4asiX TaKyl0 XKe pOJb MOXKET
CHIFPATh YHCJACHHOE HUTETPHPOBAaHHE, €C/IM TOYHOCTb HTOTO
HHTErPUPOBAlINA 3HAYUTEJbLHO BEHILE, YeM TOYHOCTb METOJa
Moute-Kapao.

3.1.1. Brigeneuue raaBHoll yacTH. D10 BechbMa
OueBHAHBIH M BecbMa OOIUMI NPHHIHI, OTHOCSLIMHACT KO
BceM Merogam Monte-KapJso: ecin raasHyro gacTh 3alayH
MOKHO BBIYHCJHTH AHAJUTHUECKH, TO, KaK NIPaBHJO, BHINOI-
HO cunTaTh MeToqOoM MoHTe-KapJao He BClo 3amayy, a TOJb-
KO «IONpaBKy» — pasliHLy MeXIy Bceil 3ajaueil U IVaBHOR
YacTblo. YMeHblleHHe AUCHEepPCHH NPH 3TOM MOXKET 0Ka3aTb-
Csl OUEHb 3HAUYUTEJbHEIM.

[Tycrb, wanpumep, Tpebyercst BhluncauTh HHTErpan (12)

1= [f(P)p(P)dP,
rae f(PyeLy (G, p), n umeercs dyuruus h(P)=Ly(G; p),
«6nuskasi» K f(P), Takas, YTO 3HaUEHHE HHTErpaJa

[n(Pyp(P)dP =C
G
ussectHo. Toraa BMecto oueniku (14) MOX<HO HCIOJIBL30BATH

OLEHKY
N

By = C -+ (I/N) 2 (1@ —h @i, (23)
1160 MaTeMaTHUCCKOE OXKHIAaHHE OCpefHAEMON BeJUUMIIbI
Z'=C+[(Q)—h(Q)
paBHo MZ’=C-+/—C=1I. ducnepcus Z’ B 3TOM Cayyae
paBHa
DZ' = [ (P) —h (P)I*p(P)dP — (I — C).

G
Ecau h(P) nacronbko 6muska x f(P), uro

Gflf (P)—h(P)Pp(P)dP <,

TO, OUeBHAHO, H DZ' <e.
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[Tpusep. Beruncauts uuterpan
!
I= | e'dx,
0

paccMotpenubit B M. 2.3. Tak Kax e* =1+4x+ ..., T0 Bubepen fi(x)=x
(nocrosiniioe cjaaraemoe Ha aucrnepcuio He smuget). Coraacuo (23) noay-
YKM pacyeTHYIO Qopmy.1y

N
Oy = (1/2)+ (M) X (Vi —7v,)-
i= g
Jncnepens ocpenusieMoil seanunusl Z'=1/2-4 ¢¥ — y pasia

1
Dz’ = [(F—x)?dx— (I~ 1/2)> = (e—1)(5—¢)2—

0
—23/12 =0,04%7

U 3HayHTeNbHO MeHbiue, yeM DZ u DZ B n. 2.3.

O6mue npaBuJa BbIJENEHHS TJaBHOH YacTH YKasaTb
TPYAHO: B Pa3JjIMUHBIX 3ajayax 3TO JesaaeTcsl MO-PasHOMY.
Hanpumep, npu pacuere GOJbLIHX CUHHTHAMSUHOHHBIX Je-
TEKTOPOB HeOGXOMHMO YYHTHIBATbH MHOIOKPATHO paccesiHHble
HEHTPOHBI (HMX BKJAaJ B CBeTOBBIX0J coctasiasier po 10%).
B. I'. 3onoryxuHy c corpyanukamu [37] yzmasnoch ROGHTLCs
3HAUHTEJNbHOTO YBEeJHUeHHs TOYHOCTH MeTona Monrte-Kapao
nyTeM aHaJMTHYECKOTO yueTa BKJajda HepaccesiHHBIX H OJ-
HOKPAaTHO paccesiHHbIX HEHTPOHOB.

B psne o6aactell GHM3UKH HCMOAL3YIOT TEOPHIO BO3MY-
IleHU !, KOTOpasi NO3BOJSET OLEIHHTh DELIelHe CA0XKHON 3a-
Iayd [0 H3BECTHOMY pellelrio «OJAH3KOil» npocToll 3aia-
yn. Ecnu paccunthiBath Metonom Monre-Kapao ne Bcwo
CTOXKHYI0 3ajayy, a TOJbKO HIITerpajbl TEOPHH BO3MYLIS-
HHM, TO MOXKHO 3HAYUTEJbHO MOBLICHTb TOYHOCTb DPE3YJib-
tatoB [57].

3.12. UurterpupoBanue no gvactn obaacrti
JonycTum, 4To MBI yMeeM (allaJMTHUECKH) BbLIYHCIHTDL 1iH-
TerpaJel N0 HeKoTopoil yactu B obaact G:

(fPypPydP=C, [p(PydP=c,
B B

rae 0<<c<<l. Jloxa:xem, 410, KaK NPaBHI0, BCeria BLIFOHO
MpeACcTaBHTb HHTerpaJd (12) B Buje CYyMMbI

I = Cf f(Pyp(PydP --C (24)

13
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H BBIYACASITL NPOCTEHLIMM METOAOM TOJLKO HHTErpas mo
oBnacty Gy=G—B. (Ecan C 6au3x0 K I, TO MOXKHO CYH-
TaTbh, YTO MBI BBIIeJAseM TIJaB-
1yI0 4acTb; 110 JaHHBI I[pHeM y
BLIFOJell M Torja, Koraa obnactb | .
B samerHo wmenmbiie, uem G |
(pnc. 35); mnpapma, H TOHHXKe-
1iHe JHCIepCHH B 3TOM cJayuyae
0yeT 3aMeTHO Mellblie.)

B o6aactu G, ompexean
naoTHocTh  py (P)=p(P)/(1—c) ——
Il paccMoTpuM cayuafiuyo Betd- ©
UHHY Puc. 35.

Z'=C+(1—c)[(Q"),
rae Q' — cayuaiinas todka ¢ miaornoctsio py(P) B Gy. Jler-
Ko BlIAeTb, yTo MZ'==1/. [Tosromy pas pacuera / MOXKHO HC-
N0J1b30BaTh OLEHKY

’ N ’
Oy = C + (I/N) (1 —¢) glf(czt-), (25)

rore Qi ...,Qy  —1e3aBHCHMBIE peaNH3aluH  TOYKH
Q’. Uto6rl cpaBHHTH 3Ty OLEHKY ¢ oueHkoi (14), cpaBHHM
mucnepenn DZ"u DZ, rne Z=[(Q).

Teopema 1. Ecau cyuwecrsyer OQucnepcusa DZ, 1o

DZ'< (1—c)DZ. (26)

Hoxasarteabctno. Coraaciio onpenejeHuo Iouc-
1epcHu

DZ = [[tpdP —I*= | f?de+Bff3de—12,

G G,

DZ = (1 —c)? Gji?pldP — [(1 —0) fopldp]z =

= (1 -0 f/‘zde—[éflfder.

4

Vmuoxns DZ na 1—c¢ u puiuts DZ7, noayuun, yto
(1 —¢)DZ—DZ = (1 —¢) Bf fpdP —(1—c¢) It + (I — Q)%
Ocrapuiniics unterpad no oosacrtu B Bbipasum 4yepes HeuT-

puuareabHYIO BEJIHUYLHY
b= Bf (f = Cle)t pdP = Bf P2p dP — C¥c.
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Torna okaxercs, 4T0

(1—¢)DZ—DZ' = (1 =) b2+ (VeI — C/Ve)* >0,
uto u TpeGoBasoch JOKa3arb.

ITpeanonoxum, 4T0 3amad Kakoi-1ubo aJropHrm pacye-
ta Toyek Q B G. Torna Tpynoemxocts aaroputma (14) pas-
Ha (fe+t,)DZ, rne f{,— Bpems pacuera omHOH TOoukM Q, a
¢t; — BpeMsl pacyera ofHOro sHauenus [(Q).

Paccmorpum ouenky (25). Ecan nmkakoro Gosee ymoG-
noro cnoco6a MomeaupoBanus touek Q' B G HeET, TO MOXK-
HO or6upath Touku Q' cpean touek Q (m. 5.2 ro. 2). Dp-
¢exruBHOCTL Takoro orbopa 3=P{Q=G,} =1—c. IlosTto-
My BpeMsl pacuera oAuoil ToukH Q' B cpefHeM paBHO fo ==
= (fo+10)/(1—c), rne {, — BpeMs, 3aTpaunBaeMoe Ha 0T6Op
(t. e. Ha nposepky vcaoBus Q&G;). TpynoeMKocTb ajro-
put™Ma (25) B 3THX YycaoBUAX paBHa (fo.=t,)DZ’.

Jlerko noxasate, 4TO ecau

toZcty, (27)

TO TpyZOeMKOCTb ajropntma (25) ne 6o.ablue, 4eM TPYRO-
cMKocTh agdroputma (14). B camoMm neae,

(to + 1) DZ' < tq 4 ¢t )/(1 — ¢) + 1) DZ' < (tg + ¢ DZ.

Yenosne (27) serko mposepsiercd Ha npaxkTtHke. Ecam 006-

Jactb B «npocrasy», a QyHx-
: uns f(P) «caoxuas», TO,
r=a+hugd)  ouepunno, {1,

ITpumep. TpeGyerca Buun-
cantb o6bveM Gurypel V, orpaui-
YeHHON noBepXHOCTbIO (B chepil-
YeCcKHX KoopJliiatax)

ok r=a+thu(g, 0),

rie —1<<u(g, 6) <1 (puc. 36).
O6o3naunm uepes Vo u V,
BoucaHnubit 8 V U onucaHHbI
okono V mapul, painychl KOTOPbIX
paBHbl @ — A 1 a+4-h. O6bembl Vo,
V, Vi Gynem oGosHauaTb TeMi
Pic. 36. e OykBamu. Bocnoaesyemcs
rCOMETDHYECKHM MeTOIOM: Bbl-
Gepem cnydafible ToukH Qp;...s Qy, paBHOMEpHO pacnpenescii-
usie B V1, u ecau v U3 3THX Touck nonaayT BHYTps V, To GyneM cumtath,
4T0 06beM V npuGanikeHHo papen

By = Vi (v/N).
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Brigenum Tenepb 06beM wapa Vo. [das storo JOCTaTOUHO BHIGpaTh
cyuafiHble TOUKH Ql' cees QN, paBHOMEPHO pacnpefeseHHbHe B Wapo-
BoM cioe Vi — Vo; ecnn v/ u3 stux Touek npunamaexat V, to o6vem V
npu6JHKEHHO PaBeH

By = Vot (V= Vo) (V'IN).

Baecro cpaBHeHUS AUCHEPCHA OCPeaHseMbIX BRJHUHH CDABHYM B STOM
npHMepe IHCNEPCHH CaMHX OLEHOK. Tak Kak v H v/ NOAUUHAIOTCS GHHO-
MHANbLHBIM pacnpefeseHusiM C napamerpamu p==V/ V, H CQOTBETCTBEHHO
p'=(V—Vo)[(Vi— Vo), T0o Dv=Np(l — p), Dv'=Np’(1 —p’). To-
3TOMY DGN —-(I/N)V Vi—V), DBN = (1/N)(V — Vo) (V1= V). Oue-
BHJHO, BCerga DBN < Db N

Ecau otHomenne e=h/akl, to B ouextxe~61'v Mbl (DaKTUUECKH BHI-
nejseM TJ1aBHYIO 4YacTb 3afayd, M YMEHbIUICHHE JAHCTEPCHH DG}V no

CpaBHEHHIO C DEN ROMKHO OHITh 0coGeHHO 3ameTHHM. [eficTBuTeNbHO,
TaKk Kak Vo= (4/3)n(a— h)3, V= (4/3)n(a+k)3, TO MOXKHO Sammcars,
yro V= 4/3)n(a+uoh)°, rae |up| <l. Torma HeTpyZHO COCYMTATH, UTO

BeJanYHHA
V(V) — V) =[(4/3)7a%]23(1 — uo) 40 (2?)
NponopuyoHaIpHa €, a BeJIHUHHA
(V—=Vo) (Vi — V) = [(4/3) na®? 9 (1 — uf) € + O (&)

— BTOpOro HOpAAKa MasoCTH,

Hakomel, noKaxeM, uto ecid MoXeauposats Toukn Q u Q' B chepu-
yecKlX KOOpAHHATAX (n 24.1 . 2), TO aNropHTMH, COOTBETCTBYIOILKE
OGOHM PacCMOTPEHHHIM METOAaM, NMPHMEPHO ONHMHAKOBO CAOXHH: {RZ1'.
B camoMm gmene, B ofonx ciyuasx And i-ro HenblTaHus ,HYXHB TDH Ca1y-

uaitusiX uHCAa V;0 ;0 V;. KoopamHATH Touek Q; ¥ Q;BhiumcAmIOTCS CO-
OTBETCTBCHIIO MO opMysiaM

3 re— ~
rp=(a+h)y v, q;i=2nv:-. cos 6; =2y, —1

Hin
8 e 2 »
’,:=(a+h)]/ V{+b(1_Y‘)v q>,==2sw,, C089i=2?i—-1.

’
rae b= (a — h)¥(a+h)® Ycnosne npunapnexuocts toukn Qrunn Q;
o6bemy V nposepserca oxunakoso:r;< a+-hu (9;, 0,). Eciu 1o yenosne
BHINOJIHEHO, TO K CYETUMKY Vv (COOTBETCTBeHHO V') mobasasercs eAununa.

3.1.3. UnTerpnpoBaHue NO YaCTH NMepeMeH-
HbX (TOHHXeHHEe MOpsAAKA HHTerpaJa). Hoka-
K€M, 4TO €C/IM aHANUTHYECKH B3ATb HHTErPaJ MO HEKOTOPHIM
M3 TepeMEHHHX, a N0 OCTAJIbHBIM I€PEeMEHHBIM HCIOJMb-
soBaTh TOT XXe Meroj Monre-Kapso, To nucmepcust ymeHe-
wutcs [143]. Ilpasaa, B OTJIHUKE OT ChIydasi, paccCMOTPeH-
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Horo B m. 3.1.2, uepenko ObIBaeT, YTo MoOCJge HITETPHPO-
BaHHUA 110 HEKOTOPbIM H3 NepeMeHlBX NoayuatoTcs 0Oo.ee
CJ0XHbE (GOPMYJIBL CYETa M, HECMOTPSl Ha yMeHblLIeHue A1ic-
nepcuu, TPYAOEMKOCTb BO3DacTaer.

[Mepefinem x TouHo# ¢popmyanposke 3anaut. [Tyctb Tpe-
Oyercsl BBIYHCJANTD HHTErpal

1={apr [, P)p(p, P)aP,
G G’

rue p(P,' P’) — coBMecTHasi MJIOTHOCTb BEPOSITHOCTEH CJy-
yaiiipix Touek Q=G u Q=G Sj p(P,P)dPdP' =1.
6o

Ecnu uuterpas 3TOT BBIUHCASTH HPOCTEHILHM METOLOM, TO
ocpefHsemas cayuaiinas Beauunda Z=f(Q, Q’).

ITpennojyioXum, uto no nepeMenoMy P’ Mbl yyeeMm Bbi-
NOJHHTb HITETPHUPOBAHHE M MOXKEM BBIYUCAUTL IJIOTHOCTb
TOUKH Q:

p(P)= [ p(P,P"ydP,
&
a Takke (QyHKIHIO
Py = [ [P, P'yp (P, P")dP' (b, (P)I".
Gl

Torma, oueBnaHoO,

1=} (P)p.(P)dP,
G

11 ecy BBHIYHCAATD NPOCTEHIINM METOZOM 3TOT HHTErpal, To
npuiercss ocpelHsiTh Bennuuny Z'=f,(Q).
Teopewma 2. Ecau ducnepcuss DZ koneuna, o DZ'<<
<DZ.
HokaszateabctBo. DBocnoabsyemcs HepaBeHCTBOM
(1) na crp. 292.

(P (P) }, (P)I* = [f PVe-Vr dpfrgcf FpdP' | pdp'.
G’ ’ G’

Otciona caenyer, uto

F(PYp (PY<| (P, P')p (P, P')dP".
2

’
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[IpoHnTerpupoBaB 3TO HEPABEHCTBO MO P, MOJAYUHM, YTO
{ yp(PyaP < [dP [ (P, Py p (P, P)dP’,
G G g
nan, yto To ke, M(Z?) << M (Z2?). Tak kak MZ'=MZ =1,

TO TeM caMbIM A0Ka3alio, uro DZ’<<DZ.
[Tpuwmep. Paccmorpum nnterpan

1= ([ (1/9)dxdy, !
B

rie obaacTh nnTerpuposaiius B npencrasasiet
€o0uil TPEYronblHK, OrpalHueHHblil NpAMLIMH
y=1, x=2 u y=x (puc. 37). Hurerpan ator
.uerkg BLIYHCIACTCS:

x 2
I:j‘dxfy"’dy=“'lnxdx= 7
1 1 1

[N
&

AN
S

s
~

=21n2—1=20,38630. Puc. 37.

A. Beeacm cayugaiinyo Touky (§, 1), mioTHocTh KOTOpol p(x, y) ==2
B B. Torna /=MZ, rae Z==(2n) -, a aucnepcus

2 x
DZ=[dx[ 27y 2dy— 1 =(1/2)(7TIn2 — 1) — 41n2 2 = 0,0043.
1 1

Tak Kak MAOTHOCTb Py (§) =2(2 — y), TO U3 ypaBleHHs F,,I M) =1—v
nomyuuM, 4To ’]=2_V v, CsefoBaTesibHO, olleka WHTerpasna I paBHa

N
oy =Nt 3 )

B. TIponnterpupyeM aHamuTHYCCKH NJOTHOCTL H MOABIITEIPAJbIlyIo
dyuxuino no y:
x

2 X
P =f2dy=2(—10  pi() [0 =[(lly)dy=lnx.
1

B atom caynae ¢yuxnus pacnpenenenns § pepna Fi(x)= (x—1)2 U3

ypasuenns Fy(E) =1y caenyer, uro E==1+47Vy. Tak kax ocpenusemas Be-
anuuna Z'=[;(E) =2"1(£ — 1)~!In §, T0 ouenKa unterpana

N
Oy = @N)71X 72 In (1 4 }2).
=l

ﬂncnepcmx B 3TOM CJIyuae paBHa

2
DZ' ={ 27" (x — 1)1 In2 xdx — I = 0,15925 — 0,14923 = 0,0010.
1
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B. U3 nepsuix uudp taba. 4 (ctp. 295) obpasyem mecsTh cayyaiHLIX
yucCell H BBIUMCAHM 1O HHM 3HaueHus O u 0’5 Cayuaiinpie uncaa:
v1=0,86515, v,=0,90795, v3==0,66155, v,=0,66434, v5=0,56558,
V6=0.12332, y;==0,94337, ys=0.57802, yo==0,69186, yio=0,03393. Co-
CYHTAHHBIE MO [IHM 3HAUEHHsA:

810=0,408, 03,=0,378.

Owubku atux 3HaveHni 0jp — /=0,022 u 0/,; — 1——'-0,008 GJH3KH K COOT-
BETCTBYIOLIMM BEPOATHHIM OlIK6GKaM r;p=0,014 u r,0=0,007.

3.2. Meton, cywecTBeHHOH BbGOPkH. [lo cHX MOp Mbl
paccmartpuBaiu uHTerpanaml BuAa (12) u ucnosnzosann npi
BBIYHCJEHUH HUX CcJay4yaliHble TOYKH C mJaoTHocThio p(P).
[Tpeanonoxum Tenepb, 4o TPeSyeTcss BBIYHCAHTB aGCOMIOT-
HO CXOAALIMACA HHTErpaj

Io={f(Pyap, (28)
G

rae obaactb G MOKeT GBITh Kak OrpanuyeHiloN, Tak U Heor-
paHuuenHo#, u kBagpar Gyukuuu f(P) He 06s3aTeJbHO HIi-

Terpupyem. [Ipennoaaraercst Tobko, ato * | |f(P)|dP>0.
¢

3.2.1. I[Tnoraocts p(P), onpenenennyio B G, HasoBeM
donycrumoii no ornouteruro x f(P), ecan p(P)>0 B TcX
TOYKax, B Kotopblx f(P) 0.

Ecau p(P)>0 Bciony B G, T0 3Ta NJIOTHOCTb AOMYCTH-
Ma 10 OTHOLIEHHIO K J1100biM f(P). Boobiue ke monyctuyasn
MJIOTHOCTb MOXKeT o6pallarbcsi B 1yJb, 0 TONLKO TaM, Fae
f(P)=0. MuoxecTBo TOYeK, B KOTOphIX f(P)=0, HazoseM
Go u nycts Gt=G—G,.

BriGepem npousBosiblylo AonycTuMyto naotHocTe p(P)
H PacCMOTPHM cpyHKumo

zupy = {/ VPP mou PG
° 0 npu P & G,.

Ecnn Q — cayuaiinas  Touka, onpenenenan s G ¢ niort-
HocTblo p(P), TO

MZ,(Q) ==§Zo (P)p(P)dP = if(P) dP = I,
G

n6o BHe MHo:kecTBa G+ Qyuxuus f(P)=0.
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Coraacho 1. 2.1 aas npubaukenxoro pacuera o MOXKHO
HCTONb30BATh HE3aBUCHMble peanusauuu Qy, . . ., Qn Cly-
yaiiHoil Touku Q ¥ OUEHKY

N
By = (I/N) gl Z,(Qy).

BeposTtiiags owubka 3TOM OUeNKH 3aBUCUT OT LHCMEPCHH
DZy(Q), KOoTOpY10 HETPYAHO BHIUHC/NTD: TaK KakK

DZ, = [ Z3(P) p(P)dP — I},
G
TO

DZo= [IF*(Pyp(PYdP —I}. (29)
Gt

BennunHa 3Ta 3aBHCUT OT Bbibopa maoTHOCTH p(P) n Hawxe
e o6si3aTenblio KoHeyHa. EcTecTBeHHO MoCTaBHTL BONPOC O
Bui6ope p(P) raK, uro6sl MuUHUMH3HPOBaTh DZ,.

Teopema 3. Munumaronas ducnepcus DZy peaausy-
erca 8 cay4ae, Koeda naoTHocte p(P) nponopyuorarsvha
|[[(P)]| u pasra \

DZ, = “I[(P)[dPJ ) (30)
_G
NDoxaszateabctBo. Eciu naortnocrs p(P) npomop-
uuonaneHa |f(P)|, To ona pasua

;’(P)=|f(P)|u|f(P)]dP}_l' (31)

IMoncrasus (31) B (29), moayuum, uto DZ;=DZ,.
OcraJjoch 10Ka3aTb, 4TO, KakoBa 6bl Hil OblJia HONYyCTH-

mas maorhocth p(P), nucnepcuss DZo=DZ,. A 310 nerko
JlOKa3blBaeTCsl ¢ momolubio Hepasencrsa (1), crp. 292:

[ {inap ]’= [L lf\dPr= H |Flp=t2p! w}k

< (pp1ap [pap < [Pp-rap.
G+ G+ Gt

Crnencteue. Ecau noawurerpaneian (yuxuus [(P),
He Mensier 3naka B G, 1o, DZ;==0,
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Orme1nM, 4TO MJOTHOCTL p(P) TOXIACCTBENHNO paBna
nymo B o6aactu Go, B KoTtopoll f(P)=0. ITOT pesy.brar
corsacyetcs ¢ BbIBOAOM H3 Teopembl 1, uto ob6JaacTh, B KO-
topo#i {(P)==0, BHTOAIO NPH HUTETPHPOBAHUH HCKJIOUHTh.

B nmeficTBUTENbHOCTH MCNOAB30BATh MAOTHOCTL (31) mas
pacuera unurerpajna (28) neanss, uGo B (31) BXomuT 3Haue-
une | |f(P)|dP, Bbuncaenne KOTOpOro mnpeicTabiasieT CO-

G

6oil 3ajauy, SKBHBAJEHTHYIO 10 TPYIHOCTH HCXOLHONH 3aj1a-
ye (B ciayuae 3HakomoctosnHoil dyukuuu f(P) —B TOUNO-
CTH 3KBUBanenTHyl0). OnHako H3 TeopeMbl 3 MOXHO clie-
JlaTb BBIBOH, YTO HeAaTeAvbHO 8ulOuparTs naoTHocTe p(P)
no 8o3moxcnoctu nponopyuonasvroi |f(P)|. Takoit meroa
BbiGopa p(P) uacro NMpHBOAUT K BeauduHaM Z, c HeGoJb-
mwuMn aucnepensy. Ou 6uln npeptoxen I'. Kanom [142]
1 Has3blBaeTcs METOJOM cyIlecTBelHofl BbiGopkH (importan-
ce sampling), u6o ecau p(P) uponopunonanena |f(P)|, To
B Tex uwacTax oOmactu G, B koTopbix |f(P)| Gosbime n
BKJal XOTOpHX B [y Gosee cyuecTBeH, OyAeT BhIGHPaTbCs
6oJibllle caydaiilHbiX TOYeK.

Bo3smo:kHa u Apyras uiTepnpetauis neaecoo6pasHoCcTH
BuiGopa p(P) mponopuuonaastio f(P) (B cayuae 3nakono-
crosinHoit f(P)): uem Gaume Zo=[(P)/p(P) K nocrosHHoii,
tTeM Menblue pucnepcus DZg(Q).

Ovelib cozkHble MAOTHOCTH p(P) WCHosb30BaTh e pe-
KOMeHZyeTcs, TaK KakK TOTZa NpoLecC peasJH3damuy cayyaii-
HBIX TOYeK Q ¢ mJOTHOCTIbIO p(P) CcTaHeT oueHb TPYLOEM-
KHM. 3aMeTHM, 4TO AJs BBIYHCJEINHS HIITerpana

Io="{2,(P)p(P)dP

o

G

e 063a1eJbHO HCMOAbL30BATH OUEHKY Oyt MOKIO NpHAMC-
HUTb KaKko#-HHO6YAb U3 MeTONoB M. 3 1.

ITpuwep. Huterpan

1
I = f@de,
0

paccmorpennniit B . 23 1 3.1.1, MoKII0 NpeACTaBHTb B Biljle

1
I'=(3/2) [ e (1 4+ x7"p (x) dx,
0
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rae p(x)=(2/3) (14x). 3uauenns cayuaitnoii peauynus § ¢ MJIOTHOCTEIO

p(x) souncasiotes mo  dopuyne § =} 1 -+ 3y — 1 (Meron oGpaThbi¢
dyuxuuil), a ouenka pasua

N
Oy =@2 V'Y egi(l +E&)-L

i=1

B srom npumepe gucnepcus ocpeinscemoii seanuuinl Z (8) = (3/2) et 1+
+ &)~ !panua

1
DZ == (3/2) [ ¢® (1 + x)~'dx — 12 = 0,0269.
0

310 ropasio MeHbile, yeM B 0. 2.3, 4 meubue, uem B 1. 3.1.1.

3.2.2. MeTton cyiecTBeHHOfl BLIGOPKH NMO3BOJSAET CTPOUTH
XOp IUHE OUEHKH L.1s1 HeCOOCTBEHHBIX HuTerpajon (28).
[ipeanoaoxiin, uto obaacte G orpatiiueHa, Ho

3‘ 2 (P)dP = oo. (32)
G

B stom cayuae npoctefiwnii meron Moute-KapJo nossoss-
eT 3anucaTh OlleHKY HHTerpaJa (28)

N
Oy = (Va/V) E)lf(Qi)»

roe Toukn Q; paBHoMmepio pacmpenedenn B G, a Vi—
ooben G. Onunako oneHka atanjaoxas, u6o DOy=o0. B 10
JKe BpeMsl OlleHKa, MOoJyuyeHHasd MeTOAOM CYLIECTBEHHOM BbI-
Gopku GyjerT HMeTb KOHEUHYI0 AHCIEpPCHIO, €CaH BLIOparh
DONYCTHMY10 MJOTHOCTE p(P) Tax, ytobbl HHTErpas, ¢i-
rypupytownil B Boipaxenuu (29), cxomuacsa. Taxue njiot-
HOCTH BCeria CyulecTBYIOT. B uacrtHocrn, 3Tomy Tpefosa-
HHIO YIOBJIETBOPSET MJIOTHOCTD (31).

Ha _npaxTuke, ecan noasnterpanbias ¢yuxuus [(P)
HMEeT 0co6eloCTb, TO CTAPalOTCs BEIOpaTh MIOTHOCTD p (1)
¢ Tofi sKe 0COGEHHOCTBbIO, TaK, uTodn oThowenxe f(P)/p(P)
6b10 orpatudyeHHbIM. TIpHen 3TOT 4acTo 11a3biBAIOT BKAIU-
yenuem 0CO6EHHOCTU 8 NAOTHOCTD.

Mpeanonoxum Tenepb, 4to Gynxnna f(P) B (28) oco-
GenHocTell He HMeeT, HO odaacTb HuTerpupoBanusa G He-
orpanunuenia. HroObl OUEHHTh TaKoil HlITerpad, MOXKHO
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BHI6paTh orpanuueHHyio 06;1acTe Ge— G Tak, uTo
) dP'< e,
GG,

M CTPOHTb OLEHKY IJs HHTerpana no o6snactu Ge. Bmecro
3TOr0 MOXKHO MONBITAThCSl 3aMEHOII epeMEeHHBIX npeobpaso-
Bath G B KoleuHylo ob6aacte. Oanako Haubosiee ecTeCTBEH-
HbIM, NO-BHAMMOMY, HaJ0 CYHUTATL MHCil0Jb30BaHHEe MeTona
cyuectBeHHOll BhIGOpKH. I B aTOM cayuae Tak:Ke peKOMeH-
JAyercsl BKJOUATh OCOGEHHOCTh B ILIOTHOCTb, T. €. BBIOHPATH
p(P) Tax, utoGul ornoiwenue f(P)/p(P) crpemuaocs K 1o-
cTosiHHOM 1pu |P| — oo, P=G.
3.23.0xun Tun nuterpanos ¢ ocobennocTnio. O6o-

aHaunmM yepes G mwap x2-+y2--22<<R?% Bo MHOrHx pasgenax Qushka U Me-
XallHKH BCTPeYaloTesl HHTErpassl BHAA

{fnp, Pyp=®apapr',

GG
rae o6e ToukH P u P’ npunaancxkar G, a p — pacCTOofHUE MeX1Y 3THMH

ToukamMu: p=|P — P’].
PaccMOTPHM MHTErpaJ Takoro THIA € 0COGEHHOCTBIO

1= ({h(p)p~dPdP’, (33)
G

G
1ne gyukuus  h(p) orpanuuena u /1(0) %=0. Huterpaa (33) a6coatoTHoO
CXOIHTCS TpH a.<<3.
A. [ns toro yro6sl Belunc/Th UHTerpan (33) mpocreflmuM MeToAOM
Moure-KapJio, BeiGepeM NBe He3aBHCHMBIE chyuyafinbie rouxn Q n Q’, pas-

nomepro pacnpefetenusie B G. Tax kak maotHocTH HX pg (P) =
= por (P')=1/Vg, 10 moaoxum Z = Vi (p) p~% tre p=|Q—Q'I,
V¢ = (4/3)nR% Torna MZ=1, a nucnepcusi Z paBua
DZ = V3 ([ h% (p) p~2%dP dP' — I*.
GG

Ipn 1,6<<a<<3 nocnegnuft naterpan pacxopurcs n DZ==oo,

B. Bocrnosnb3yemcsi MeTOROM CyliecTBellHOR BBIGOPKH H BHGepeM
COBMeCTHYIO nuoTHoCTb p(P, P’) cayuafiupix Towek Q n Q' Tax, 4To6H
ola coepKana Takyio e OCOGEHHOCTD, KaK MOAbIHTErpadahbHas YHKLUS.
Tak kak p(P,P") =pq (P) po(P'| P), 1o Touxy Q 6ynem no-npexuemy
CUNTATb PaBHOMepHO pacmpenenento 8 G:  pg (P) = 1/Vg.:

Hnsi onpenencunst por (P'|P) nepenecem nayaio KOOPAHHAT B TOUKY

P 1 BuGepeM chepuyeckue koopauHaTh r/, 8/, ¢” c mentponm B P (puc. 38).
Hanpasnense (13 touky P) ycJJOBUMCS 3afaBaTh EAHHHYILIM BEKTOPOM ©,
a PaccTosHHe N0 TOMY HanpaBJjenno of TOukH P no rpanuuu twapa G
irazoseM /(o). ITycts

po(P" |P)= (4m)~ (3 — o) (/)M B, - (34)
tae r'=|P'—P|, a o= (P —P)|,
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Herpyano nposepnts, uto dopmyaa (34) meficTBuTe1HO onpeness-
er ycn}gBuy!o NUIOTHOCTb BEPOHTHOCTeH: npH Jio6oil  pHKCHPOBaHHOM
TOuKe

L w)
£ pg: (P'IPVAP" = § (4m)~'do | (3—a) ()2~ 4% s =1.
0

Paccmm'pnM CI\’aJ]ﬂpHle cnyqai'mylo BeJHUHIlY
Z(@Q Q) =4aV5 (3 — ) (p) B (w),
rae p=|Q —Q|, 0= (Q' — Qi/p. Hetpyano Bbluncants, uto
MZ = ££ Zpg (P)pg: (P |P)dP dP' = G[g h(r'y(r')~%dP dP’' =1,

a pHcnepcus 3TOM BeJIUHHbI paBsHa
DZ = (4aV)? (3 — o)™ 2 ([ 46=2%p ap P’ — 2,
GG

Tax kak dyHkuust fi(p) orpamiiyena, a ! ne npesoCcXOAHT AHAaMeTPa wapa
G, TO nocJenHiil HHTerpaj CXOAHUTCSH, M
aucnepcusi DZ koHeuHna mpu Bcex o0<<3.
B. Vs-3a cuMMeTpHH 3aayH HHTer-
pan (33) Moxer GLITb CBelleH K Tpex-
KkpaTHOMy. B pacuerHofi cxeMe METOROB
Monrte-Kapso 910T akT yunTeBaeTcs
«aBTOMATHYECKW», €CIH MpH peanusa-
wid caydafiHblX TOYEK NPHUHEMATh BO
BHHMaHHe cuMMeTpHIo. UTo6H moKasaTb
3TO BHIBEZIeM pacycTHee Gopdyib AJaf
oGoux cnocoGos pacuera /.
Cdepuyeckue X0OpANHATH TOUKH Q
B o6oux chydasX MOKHO BHIYHCASATD
no dopuyaam (14) ra. 2. OmHako u3
coo0paxeHHli CHMMETDHHM $ICHO, YTO
Touky Q MoxHo BhOpaTh Ha ocH Oz,

ITostomy mosoxum ¥Q =H¥q = 0, Puc. 38
gno3 . 38.
ZQ =z rQ - R )/‘V
B cnoco6e A Touka Q’ Tak:xe paBHoMepHO pacnpenenexa B G. Us co-
o0paxennfi CHMMETpHH SCHO, YTO MOXHO ee BHOHPaTh B IVIOCKOCTH
¢’=0 u cuuTaTh, 4TO
xQ'="rg.sin0g,, Yy, =0, zye=ry cosby,

rae cosOgr =2y —1, 1oy = R3/ 7

Moayyaem cnenympnﬂ anropuT™ Ana pacueta / metoioM A:
1) ©opmynsl mist i-ro HCHBHITAHUS

3~ —
ro =RV, cosbp =2y —1, rQ,=R$/y”.

X 2
p= l//'Q, -_— 2VQI'QI Cos te + f%'

€ U M. Cobomy
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2) Ecau p = p, —3tiaueiiie p, n0ayucnioe B i-M HCABITAHNAH, TO

N
Iy =YgV~ X (o) o7 (35)
i=]

B cnocoe B cayuailuyio Touxy Q” ¢ naotnccibio (34) momuo cTpo-
HTh Calelylolitin 06pasoM: cneppa U3 uky Q naio BHGPaTh cayuafinoe

nanpasienne o (n. 24.2 rn 2); satcv ua ayve P'=Q+r'@ bmGpaTs
c1yuaiinoe paccrosiiiie p ¢ Qpyukuiteli pacnpepciciis FD (r') == (r'/l)&)-a,
z 0<r’'<<l (rae I=I(w)); Torma Q' =

=Q+-pw.

B cavov n1ese, ycacsnas naor-
neetb Toukd Q' (npu yeaosun Q=P)
B cropryecknx Koopannarax r’, 9/, ¢’ ¢
ueutpom B P panna
Po(P"[P)r'?sin 0'=,

=[({4n)~'sin0'}[ (3—a) (r)2-7{:=?],

[TepBHlit COMHONHTEIb paBeH 0.10THO-
CTIl cayyaliHoro nanpasietus (8 cde-
pHuecKHX KOOp1HHATax), a BTOPOil —
9TO YC/NOBHAasi MJIOTHOCTb CJAyYafiHoro

. paccTosHust Ha ayde P =P+4r'w npu
YCJIOBIY, 4TO ® yiKe BLIGpauo.

Te xe cooGpamcuis cummerpun

Puc. 39. P pr,

94TO B cjyuae A, no3BoafioT BLIGHPaTh

HanpasjeHne ® B niockoctn ¢ =0. OHO onpejessicTcs OMHHM mapa-

MetpoM p==cos §’=2y" — | (puc. 39). Buumucnus *) paccrosuie [ =

=|L — QJ, nonyuum cneayioutni aaroput™M ans pacuera / metolom bB:
1) ®opmyab mas i-ro nCnHTaHUS

I'Q = R?/-‘\;, !.l=2?'—']i
l=—prg + /R = (—p}), p=1""0~;

2) Ecmul=1; u p=p; — 3uauenus [ u p, NONyYEHHHIE B {-M HCIILI-
TaHHHU, TO

N
I§=4ave 3 —a)"INTV ) h(p) B (36)
=l

B o6oux aaroputmax — (35) u (36) —na Kaxioe HCnbITalue 3a-
TPaunBaeTCsl BCEro TPH C/yyailHbiX 4HCAA, TAK YTO (PAKTHUECKH BLIUHCAS-

*) B Bektopnnix o6osnauennsx L=Q-/w. Tax kax (L, L)=R?, 10
nejyuaeM KBajpaTHoe ypashenne 2(®, ©)42/(Q, 0)+(Q, Q)=R?

B KOTOpOM (@, ®) = 1. Pemenne: {=—(a,Q+V (0, Q) - R* — (Q, Q).
Hro6er mepeiit K AekapToBLIM KoopAnHaTaM, sameTun, uto Q=(0, 0, r,}
a o={sin0®, 0, cos®}. Cuaemopateanno, (Q, Q)= r%. (@, Q)=
= 1y cos 0.
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¢1(s TPEXKpaTHblil nurerpan. B oGuweM ciyuae, xoraa oyuxuias A(P, P7)
3aBHCHT He TONbKO OT paccTosuns p=|P—P’|, a oT camux 104ek P
w P’, npuwoch Obl MOJEJHPOBATbL BCE wIECTh KOOPAMiaT Touek Q n Q.
I'. Paccmotpum yncnenH it mpumep: uuterpaa (33) 8 cayuae
nip)=n"2% R=1:
I, = (1/n*) ([ p~*dPdP’,
GG

rae G — enunmunnit wap x?-4-y24-22<<1. HekoTtopble 3nauen#si 3T0ro
unrerpana; I,=4, 1,=32/15, I_,=64/35.
3anuumem onenxn (35) u (36) masa /I, u Iy

N N
My=069 N3 o7 Iy =06/ N7 3 o7%

i=1 =l

N N
Iy =N 25 5 y=063) N7 1,
i=l i=1
[HeTpynHO 3aMeTHTb, YTO B 3TOM Cayuae ouchxka /B sasuent anump ot

ABYX CayyafiiblX yHceJ.
BoluucanM  AMCHEPCHIT  COOTBETCTBYIOIIHX 3THM METOAAaM BeJHUHH
Z oy (dopuynwi npupciens B nynktax A u B):

DZy, = (4/3)* 52 (f{{} P72 dP dP' — 12 = (4/3)2 Iy, — 12,
OTKYHA C.1e1yer, uTo DZ(’\” = 2,560, DZé) = . Jlaa ouenok Tina B
DZ[, = (16/3)2 3 —a)2n~% [[ 1572% (P, P')dP dP" — /2,
GG
[yers ' ==2a — 3, taxk uro 6—20=3 — «’. Torna

DZ3, = (32/3) 3 — o)~y — 12,

OTKy.1a CJAeLyeT, 4TO DZ(B,) = 5,201, DZ(BQ) = 6,756. HMutepeciio ornc-

THTb, YTO DZ:’” >DZ€\,). 3To1 nprMep MOKa3bBaeT, YTO HeydayHoe
1CHOAb30BAHIe CYHIeCTREHHON BLIGOPKH MNPHROANT K YBEJHUEHIIO AHC-
nepeni.

Ta6anma |
Tounvle o 1 -
auauenna 1i=2,13 L7=4,00
]
Pesyabrathr pacyera If‘=1,78 ]1132__1',‘8 l§=1.94 ]12> —3.37
Own6kn —0,35 —0,65 —2,06 —0,63
Beposartuule ommnGiu 0,34 0,49 o i 0,55
Tio |

&*
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B ra6a. 1 npuBEAEHH pe3yJbTaThl pacyeTa BceX YEThIpeX OLEHOK
npit N==10 ¢ ucrnosb30BaHHeM CayyaitHbIX ulicest, yKa3aHHbIX Ha cTp. 108,
31ech ke yKa3aHbl OMHGKH pacyeTa M BeposiTHbiE OLIHGKH rig.

3.3. Cummerpusauusi MOAbIHTErpaJbHOM (YHKLHH,

33.1. [Ipoctasa cumMerpu3auud. Ilyctb Tpeby-
€TCsl BBIUHCJUTD HHTErpal

b
I, =£f(x) dx

no KoHeuHoMy HuTepany a<<x<<b. PaccmoTpum cayuaiis
HYIO BeJHYHHY E, pABHOMEPHO pachpeleseHHYI0 B 3TOM HH=
TepBaJje, u BeauuHHy Z==(b—a)[(§). Tak kak MZ==I,, T0
npocrefiminit Merod Monre-Kapsio npHBOAMT K OULEHKE M-
Terpana

b—a 1\11
Oy = N i%'l f(&t)’

rae &, ..., Ey —le3aBUCHMBIe 3HaueHud E.
PaccnoTpum renepb cummerpuzosansyro @yrxyuio

1
[0 (x) = 5 1F () +F(a + b —x)],
HHTerpa/j KOTopoil mo-mpexinemy pasent lo, # nycrs Z(V=

= (b—a)f"(¢). BBuay Ttoro, uyto MZV=1/,, MokKHO 3a-
NHCAaTb CHMMEeTPH30BaHIIYIO OLEHKY HHTerpana

N
oF = 255~ 2 1 (&) + @+ b— L))

Taxk xak MaremMaTHYecKoe oxijaHne kBanapara Z(O)
paBHO
b

MIZOP =221 () + 2 (0) Fla+b—2) + P (a+b—

a

b b
—x)]dx = b—?—a[ff”(x)dx +ff(x)f(a—{—b—x)dx]

a a

a MarteMaTH4YeCKoe OJKHJaHHe KBajpaTa Z paBHO

b
MZ% = (b —a) [ * (x) dx,
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TO JIETKO 1OKasaTb, 4To Bcerna M[ZV]2<<MZ? u, caeno-
BatenbHo, DZV'<CDZ. Oxnako aas pacuera oAlOro siaye-
nusg ZV namo BbUMCAMTL ABa 3unauenus f(x). TTosTomy

TpyZOEMKOcTh ouehkn 0§ Gymer wenbme TPYAOEMKOCTH
Oy ToMbKO TOria, koraa DZV nmo kpafineli Mmepe BABOe
MeHbue, yem DZ. OkasmiBaeTcs, /i MOHOTOHHBIX (YIIK-
Mi 3TO BCerga BLINOJHEHO.

Teopema 4. Ecau kycouno Henpepoignas QyHKkyul
f(x) monoronna npu a<<x<b, 1o

DZV< (1/2)DZ.

Hokasarenbcro®). [13 Bupawennit maa anc-
nepcui

2DZM = (b — a)} [2(x) dx +(b — a) b( f(x)y=f(a--b--x)dx—21I3
u
DZ = (b-—a)f,ﬂ(x) dx — I3

BBITEKAeT, YTO YTBEPIKJACHHE TeOpeMbl PaBNOCHIbHO Hepa-
BEHCTBY

b
(b-—a){f(x)f(a-[—b—x)dxg]%. (37)

ITpeanono:xkum mAast onpemeselnoctd, uro f(x) me y6ui-
Baer H [(b)>f(a). Beemem Bcmomorateabnyio ¢yHKILHIO

v(y) = ([)-—a)’ff(a +b—t)dt —(x —a)l,

KoTopasi obpaliaercst B IIyJb 1ia Kolllax oTpe3ka a{x<<bh,
Mpoussoanas aroii Gpyuxunn

v’ (x) = (b—a)f (a+b—x) —I

MoHoTOHHa, v’ (a) >0, v’ (b) <<0; caenoBatesbio, v(x) =0

[ 4
*) Mu paccmaTtpuBaeMm chyuaii, korna f(x) Henpepnisia H An(de-
penuupyema. OfHaKo HeTPyAHO BHAOH3MEHHTb [0Ka3aTeNbCTBO (BBOAS
nuterpansl Ctuatheca) Tak, uTo HH Au(depennupyemocTb, HH Hempe-
PHIBHOCTB f(x) He moHapo6aTCs,
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nipn a<<x<Cb. 11 MOXIIO 3anucaTb OYEBHAIIOE HEPaBEHC1BO

b
fo(x)f (x)dx > 0.

[TponuTerpipoBaB no 4acTsM, NOMy4HM HEPABEHCTBO
b
{70 (%) de < 0.
a

IlogcTaBus clona Buipaxkenne aas o’ (x), moayunn (37).
Cayuail HeBospacranist f(x) paccmarpuBaeTcs TOUIO
Tak /Ke, Tak Kak roraa v(x) <0, {'(x) <0.

[Tpnwmep. PaccMoipin nurerpal

I =|e*dx.

Oty —

CuMMeTpH30BanHas (QYHKUHA B 9TOM Mpumcpe pasia JA) (x) =
, = (1/2) (ex +e'=%) (puc. 40), a
y COOTBETCTBYIOAS OLEHKA

N
g=¢ 95\',) = (2N)~! 21 (Vi -l
=

o . _l/=l(€$«ﬂi'$f Hucnepcus ocpentisieMoil Beluuil-
2 HLI paBHa

DZW — (1/4) [2¢ —

7 y=e'7 —(e — 1) (3¢ — 5)] =0,00392.

D10 BO MHOTO Pa3 MEHBIUE, Yei

DZ =0,2420.

3.32. O cnoxnoft cuM-
! MeTpHu3aunu Hiutepsan a<<

0 / z <x<Cb MoxuO pasGuTh Ha Ko-
HCYHOE YHCJO YacTeil H Ha KaxK-
Puc. 40. NOfl 113 HHX HCMOJB30BaTL Npoc-

TYIO CHMMeTpH3aLio.
Pacemorpuv cayuaii pasdnenns (a, b) ua ase pasuble uactd. Ilycrs
¢==(1/2) (a+0). Toraa
: b
L={fWdy+[fiy)dy =
a

(4
c
=12 (W) +/@+c—nldg+ 12 ) /)4 [le+b—yldy.
a 4

B neppovt M3 aTHX HHTErpa’oB clenaeM 3aMeHY HepeMeHHol x=2y —a,
KOTOpas upeobpasyer kHTepBana (a, ¢) B (a, b), a Bo BTOpPOM — 3a)Meny
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x=2y — b, kotopas npeoGpasyer untepsan (c, b) 8 (a, b). [MToxyuum
BBIpAKEHHE
b
1y =f f(2) (x) dx,
a
rae

2 (x) = (1/4)[f (a -2|~ x)+ i<2a+2b—x)+ i(b—;— x)_H(Z’-};_x)].

CnegoBaTenblio, 115 ouedkn terpasa /o MOMKHO HC0.1b30BaTh Bedi-
YHHY

Al
0P = /MY 722,
=1
rae Z?)—— 3Hauellst CayuaiHoll BeJnuitnLl z9 = (b — a) [P (&),
ITpumep. PaccMolpum nHTerpad

1
I =((2—3¢x—x?)dx=1/6.

0
Tak kak f(x) =2—3% — x2, To HETPYAHO BBIUNCIU D, YTO
W@ =x—2x2 [P (x)=(1/8) (1 4+ 2x — 2x?).
CpaBuuM IHCITEpCHH BeylH
Z=f@, 20 =) vz = (v

1
DZ = [(2—3x — %)% dx — 1/36 = 41/30 — 1/36 = 241/180;
0

1
DZW = [ (x— x?)? dx — 1/36 = 1,30 — 1/36 = 1/180;
0

1
DZ@ = (1,64) [ (14+2x—2x%) dx — 1/36 = 9/320 — 1/36 = 1/2880.
0

Ecau o6o3uauliTh BpeMs pacueta [ (x) uepes f, To Bpemena pacuera [(1) (x)
" }\(2) (x) npu6JH3HTEIbHO paBHbl 2f u 4L Ci/ieloBaTebHO, TPYLOEMKOCTH
Tpex cnocoGoB pacyera PaBHEI COOTBETCTBEHHO

241¢/180>2t/180>0,25¢/180.

3.3.3. K coxasnenuio, pasJjiulible MCTOAbI CHMMeTpH3a-
UMK, BecbMa Har/sauble M 3¢GQpeKTHslibie B OJHOMEPHOM
c/ayyae, CTAHOBSATCS TPOMOSAKHMH M TPYAHO OLEHHBAEMBI-
MH npy nepexofe K (YHKUHAM MHOTMX mepemeHHbIX. [laxe
mpocTasi CHMMeTpH3alus QyHKUHAN [(x, y, z) no Bcem nepe-
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MEHHBIM B €IMHHYHOM Ky6e COLAEPKUT YKe 8 caaraemblx:

[ = (1/8) [[(x, 5, 2)+f(1—x, y, 2)+f(x, 1=y, 2)+

+ix, y, 1=+ (1—=x, I—y, 2)+f(1—x, y, 1-2)+

+f(x, 1=y, 1—2)+f(1—x, 1—y, 1—2)].

HekoTopbie €nOCOGH ONHOMEPHOH CHMMeTPH3aUHH PacCMOTpennl B pabo-
rax [133, 136, 149]. Cm. Takxke ynpaxuenue 6.

Ipu pacuete Metogom Monte-Kapao psama (usnueckux sanau [29]

HCIOJAL3YIOT NPHEMBI, KOTOPHIE MO CYLIeCTBY NPEACTaBJIOT coBol yacTny-

Hyl0 cHMMeTpH3auuio (N0 OTZeibHHIM nepeMeHHeiM). Hampumep, Bmecto
TOro, yto6bl MOLEIPOBAThL Cayyaiilloe Hampas/eHHe KazKAOH YacTHIbI,

AR /74 R a7t

Puc. 41.

BolieTawollelt u3 3amanHoll Toukn O (puc. 41), no ¢opmyne cos@==
=2y — | paccMaTpHBAIOT napy YacTHL, KOTOPEIE BLIJIETAIOT 10 HanpaeJe-
nnam 0,=arccos (2y — 1) n Os==n — 0,. BriGop Hanpasaeuns O pasHo-
CHJIeH HCNOJb30BaHHIO 1 — y BMecTo 3Hauenus y. Takoii coco6 Momenu-
poBaHus ofecneyHBaer GoJiee PaBHOMEPHOE DPACMOJOKEHHE TPAEGKTOPHIl
4acTHLl B NPOCTpPaHCTBE.

3.4. lsyxaranHble cxeMbl pacyera. B HekoTophix 3ana-
yax MOXKHO YKa3aTb He OJHY «XOpDOIIYiO» OIleHKY, a LeJoe
ceMeHCTBO, 3aBHcsllee OT mapaMeTpoB. Bosuukaer Bompoc
0 HamaydyiieM BblGope mapamerpoB. OGBIYHO YC/IOBHEM BbI-
Gopa CAyXKHT TpeOOBaHHE MHHHMyMa MMCIEPCHH OIEHKH
(npu 9TOM MOJYaJHBO NpPEANOJaraercs, yTo BpeMs pacue-
Ta ONHONO HCNBITaHUA C€J1a60 3aBHCHT OT 3HauYeHHWH mapa-
MeTpOB).

AHanuTHUECKOe pelleHne B 3TOH CHTyallMH, Kak NpaBH-
J10, HeB03MOXKHO. OIHAaKO MOXKHO PEeKOMEeHJIOBaTbh YHCJEH-
HBIH TOAXOJA: Ha MepBOM 3Tamne BecbMa rpy00 BHIUHCISAIOTCS
JHCIEePCHH OLEHKM IPH pas3MHUNBIX 3HAYEHHS X NMapaMeTpos
(370 HeTpyAHO cHesaTh MeTonoM 0. 1.4 no HeGo/bIIOMY KO-
JuuectBy N HCNBITaHHI); Ha BTOPOM 3Tamne pelNaeTcs oc-
HOBHAas 3aj4aya, NpY NMOMOIIM OLEHKM C HaWjayullefi CHCTe-
Mofi napamerpoB. l3BeCTHHle 10O IMepBOMY 3Tany BpeMs
cyeta M JUCIEPCHS TNO3BOJSIOT JOBGJLHO TOUHO OLEHHTH
o6beM paGoOTH, HEOOGXOAMMBIH AJs JNOCTHKEHHS 3aJaHHOH
BepOsITHOMH OLINOKY,
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Mbl paccMoTpUM JBa nNpuMepa OZHONAPAMETPHYECKHUX -
OLIEHOK.

341. B n. 311 nmna npnbmmkennoro BHUHCAEHHS WHTerpata
I={[(P)p(P)dP
G

HCNIONBb30BANACh OLEHKA

N

i=1
rae Q,— cayuaiiubie TOUKH ¢ MJIOTIOCTBIO p(P), a h(P) — nekotopas
dynruns, «6ausxas»> xk [(P), uuterpaa koropoii uspecten: C=:
==£h (P) p (P)dP. G6e Qyikuiu f(P) u h(P) npunaanexkar Lgo(G; p).

Mo Ho BhIGpaTh NPON3BOJBIILIT MapaMeTp o U paccMOTpeTh Goaee
o6uLyto ouenKy HHTerpana [

N
8y = aC + (1/N) 3 [ (Q)) — @k (Q))]. (38)
= .

Ileficreutensto, B (38) ocpexnsercss BeaHuiHa Z(“’=aC—l—f(Q)—ah(Q),
MaTeMaTHUecKoe OXIIAanHe KOTOPOil MZ® = [. Tlo nssecthoit dopmy.ie
0 IHCIepPCHH CYMMBI

DZ® = Df (Q) — 2ar V' DF (Q) Dk (Q) + 22D/ (Q), (39)
rie r — ko3gpuyuent kopperayuu senund [(Q) u h(Q):

r=M{{f(Q — I1[h (Q)— C]} [Df (Q) DA (Q)] 2.

IMpocTLie BRIUNCIEHIA nOKa3uBaoT, uto MunuvMyM DZ ) peansyerca
npu o = o, = ¥ Df (Q)/DA (Q) u pasen

min DZ® = DZ(®) = (1 — r?) Df (Q).

[0
(Teopernueckn BosMoxken Aaxke caydait DZI™ =0, xotopuiii peanmayer-
ca npu |r|=1; onnako Ha npaktuke, ecau |r|=1, 10 cayuaiinle Bean-
uniel f(Q) u h(Q) cBssaubl JuHedinofl 3asucuMoctsio f(P) =Ah(P)+ 8B,
1 HckoMbiii HuTerpan paeed /=AC-B; Hukakie NpHOJHKEHHLIE OLEHKH

He HYXHBI).
[1pumep. TpeGyerca BHIYHCAHTL HHTErpaJ

1
1= fcxdx=e—-l.
0

Tak xe, kKak B n. 3.1.1, nonokHM A(x) =X, HO BMecTO oueHKH (23) BOCs

nosb3yemcs oueHkof (38) N

o = (/2) + (1/M) ) (e — ap,).
=l
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T.K Kak
1

1
Df == [ ¢™'dx — /2 = 10,2420, Dh = ( x2dx — (1/4) = 1/12,
0 b

1
r VDIDh = (e — 1) (x —1/2 dx = (1/2) (3 — o),
0

TO Hauayullee shiayenne 0p==6(3 — ¢) =1,6903, u co0oTBEICTB)OLICE eMy
3HaueHue AHCNEPCHH paBllo

DZ®) = (1/2) (€2 — 1) — I> — 3(3 — ¢)2==0,00393.

3to npumepHo B 10 pa3 Menvuue, yen DZ’ B n. 31 1. Iluyero yansuresn-

HOTO B TakoM pesyabTaTe HET: H3 puc. 42 BitlHO, uTo npamas y=I[4-

+as(x — 1/2) ropasno ayuuie mpuGalaeT GyuKIiNo y=e%, yeM nps-
Mast y=1I+x~—1/2.

Jh. a-c 3.4.2. Uame npyrux scipevaercs
| _x 0 Mero/l cyutectsenuofl BLIGOPKH, 3a-
4= i 4 prcanini ot napamerpa. Ecan npu

wr peex @ (H3 HCKO10pPOro MHOXKECTBA)

=] nAoTHOCTH p(P; «) ponycTuMBL 110

otnotiennio K f(P), To wuuterpai

lo={(P)dP moxu0o BLuHCAATH
G

MCTOZOM  cyulecTBenilofl  BuIGOPKH

(n. 32) ¢ nwodem a. Hanayuiee

‘\\'

7 3nauvedie a=da, — 3T0 3HaueHiie,
npH KOTOpPOM AOCTHraeTr MIIHH:\])'M&
HTerpan
2 .
! [ Pyp(P; o)) dP,
h ] Py G+

Puc. 42.

¢ury pupylownit 8 srpaxeimnt (29) nna gnenepenn. Anamntindeckoe mc-
ci1enopanile cnocoGoB Bedopa o HmeeTcs B ctatbe A Mapwaana [157].
Oanaxo na npaxtike oGbIuli0 BEIGOP @ OCYLUECTBJIAETCS IKCHEPHMElraiL-
HBIV CTIOCOGOM, yKasallllbid B Hauase m. 3.4.
ITpumep. Huterpaa
1
I={edx
0

B n 321 BomHCAAACH MCTOAOM CYIIECTBEHION BHIGOPKH C IIOTHOCTLIO
p(x)=1(2/3) (14x). PaccMOTpHM Tenepb ceMeiiCTBO HOMYCTHMBIX NJOT-
noctei

: px; a)=(1+ax)/(1+a/2), a>0.

Has  pasoirpeiBanns sHauenuit cayyaiiHoB BenuuHHH § € MJIOTHOCTbIO
p(«; a) Metonom obpatHbiX (GyHKUHA NoNyYaeM ypaBHeHHe

(&4 ag?2)/(140a/2) =y,
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peLieline KOTOPOro 1MCIpYAHO 3anicatb B ABIOM BHIE. OxkoHyaTesbHAS
OLCHKa HHTrerpasga I

N 3
0P = +a2) NTEN il at) T,
i—1

rie &; = (1) []/1 - a(a+2)y[—l].

B asToM npuMmepe ANCNEPCHSI OCPE1HAEMOIl  BEJHUHHBL
t N\ —
= (14+a,2) € (1+ak) Ipasna

Z2(H)=

1
DZ@ = [ (1 + 0/2) (1 4 o)™ eP¥dx — 12,
0

[Tocae 3anensl mepemenHoli ay==2(1--0x) 3To BbIpaXKeHHe NpeBpaTHTCA B
2+20
DZ® =2 fa ) em2% [ elyldy — 12,
2
rlle WHTerpaj BbipaxKaeTcs 4epes HMHTErpaibliylo fnokasatenbhyio ¢y sx-
umo Ei(x):
DZ — (2! 4 a~") 2 [Ei @ + 2/a) — Ei Qo)) — 2.

ITpn a==1 nomyuaem Ans pz™" Boipaxcene u3 n. 3.2.1, Kotopoe paBHO
0,0269. Omiako pacuerTsl NOKa3bIBAIOT, YTO JHCHEPCHsI Dz 6vaeT MHHII-
MaJbHoll pn a=ao = 1,81, Koraa DZ®) —0,0040.

§ 4. Unterpansbi, 3aBHcsiiue OoT napamerpa

4.1. Wicnoap3oBaHue 3aBHCHMbIX HcnbiTanuit. ITpexano.io-
KUM, 4TO TpeOyercs NPHOJHIKEINO BBIUHCIUTD 3HAYCHHC
uiTerpaaa

1) = [ [ (P, 1) p(P)dP (10)

G
Mpu HECKOJbKHX 3l1aucHHAX JAeilCTRHTEeAbHOro mapanerpa’,
Hanpuyep A=Ay, . . ., A ECIH 0pH KaxAOM H3 3THX A

ycaoBHe TpuMeHHMOoCTH mpocTeiiltero meropa Moure-Kap-
JI0 BBIMOJHENO

DZ () = | f2(P,2) p(PydP —I* (h) < o,

G
TO MOZKIIO 3auCaTh oueliky 15 [(A):
N
Oy (1) = (I/N) 2 T Qs 1), (41)

raic Q,, . .., Qy— cayuaiiHble TOUKH C IJIOTHOCTBIO p (7).
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Ouenka (41) cupaseiaHBa nmpH KaKAOM H3 HHTEpeCYio-
UMX Hac 3HauyeHu# Ay, . . ., A,. Ecau dyukuns f(P, A) He-
NpepLIBHO 3aBHCHT OT A, TO U Oy (A) OyldeT HenpephIBHOM
¢yuxuneii or A. Boruucaus Oy(A;), . . ., Ox(As) MH, KOHeu-
110, IOYyYUM 3Hauyeuus, orauydeie ot I (A1), . . ., (L), 1o
9TH 3HauyeHus OydyT pacnosoxeHnl Ha IMagKoH KPHBOIl.
Ecan N pmocrartouno Beanko, To kpuBast Oy(A) okazxercs
JocraTtounio 6aH3ko#l K /(L) u no suauenusin Oy (A,) MOKHO
Oyner Jlaxke OUEHHTb npoussomuyto /”(A) (ecan ona cyuie-
CTBYET).

Heckosbko neoxupauubiM MOKeT MOKa3aTbCsl yTBEPK-
JleHne, 410 pe3yabTaThl I. 1.2 He HalOT LOCTAaTOYHOIO OCIIO-
BaHHS Aaa lpuMeHelns oueuxkH (41). B camom Izene, u3
(4) caenyet, 4TO BepOATHOCTDb liepdaBEHCTBA

185 (A) — I (\) | < x5 V' DZ (R)/N (42)

npudausurebio pasna B (ecau N 1ocTaTouHO BesiHKO). DTO
CnpaBelsliBO MpH Kaxkaom A==hA, Ho mneib3s yTBep:Kaarh,
YTO BEPOSTHOCTb OAIOBPEMCHHONO BhINOJIHEHHS HECKOJbKHX
HepaBeHCTB (42) npu A==Ay,..., A, TOXe paBHa P.,

Dopmyna (4) no3BoJseT OUEHUTb Bee OWHOKU | 0Oy (Ay) —
—I (M) |, ecan mast Kamaoro A==x, BbIYMCAATH Oy (M) 1O
HE3aBHCHMBIM HCHBITAlIUAM, T. €. CUHTATb, YTO

N
I (M) = (V) X T (Qrer Me)s

=1

rne Qi ,npu i=1,2,...,N; k=1,2,...,s—He3aBu-
cliMble cJayyaiiHple TOYKH ¢ mioTHocTblo p(P). Oanaxo B
5TOM cjyyae NpUOIHIKEeHHble 3HAYeHHS HHTerpasa Hpaxe
npu oueHb GJM3KHX A MOIYT pas/jHyaTbcs MeXay coboil Ha
BeanyuHy nopsinka Y DZ/N u pesyabTaTh pacuera he A@iOT
BEpHOro IpenctaBaenus 0 pasHocTaX /(A1) —I(M). (Kpo-
Me TOro, MpH TAaKOM pacyere NPHUXOAUTCH BHIYUCIATL B S
pa3 Goablile ciydafiHBIX TOUEK.)

Mpumep. Boluucautb HHTErpaa
2
i) = [ cos Ax dx = A" sin 2
0

ana A==0,2, 0,4; ...; 2,6.
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Tabauyga 2

Al I o ot | refln| 1) 0° ot | ru

0,2 1,947 1,929 | 1,929 0,01|1,6 —0,0361 —0,628/ 0,196 (0,30
0,4 1,793 1,722 | 1,732 (0,041,8/—0,246 —0,851|—1,040 {0, 3!
0,6] 1,553 1,401 1,474 |0,08)2,0]—0,378 | —0,955/—0,299 0, 31
0,8 1,249| 0,997 | 0,915 0,14}2,2(—0,433| —0,939|—0,175 |0,30
1,0 0,909} 0,551 | 0,377 ]0,19)2,4/—0,415| —0,814]—0,056 (0,29
1,2 0,563| 0,105 | 0,627 |0,24)2,61—0,340 | —0,600|—0,163 0,28
1,4| 0,239]—0,300 | 0,348]0,28

ITo Gopmyae

10

01y (A) =0,2 X cos 21y,
=1

1pOBe/IeHbl IBa pacuera, peaysibTaTil KOTOPLIX Hawb! B Tabl1. 2 u Ha
puc. 43. B mepsov cayuae agas pacucra Beex 019(A) ucmoabsopainck

IiA)
a0

Puc. 13.

OlHH ¥ Te Xe Yi, ... , Yio NPHBeleHHvie Ha cTp. 108; cooTBeTCTBYIOWNE
pesynbTaTH 0603pavens kpy:xkamu: 6% Bo BTOpoM ciyuae Aas pacuera
xaxknoro 01o(A) HCHOMb30OBaJLiCh HOBbIE ClydaiiHble yHCcaa (06pasoBaHHLe
H3 nsarepox WHdp TabamuL Ha crp. 295, KOTOpHe BHIGHpanNuCh MOApsN);
COOTBETCTBYIOMHAE PESYALTATE OBC3HAYEHH KpecTHRaMu: 6+,
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Ha puc. 43 OructiiMBo BItAHO, UTO 3HayeHusi 0° pacnoioXKeHH Ha
ra1ajkoil KpuBoil, cxonnoft ¢ /(A) (HenpepbiBHast JuHus), a 3Hauenus OF
pas6pocaubl okomo [(A). DB Ttabn. 2 mnpuBeleHBl TaKXe BEpOATIIbIE
ouudKu

rp(A) = 0,675 ' Dy, =
=0,675-10"42[2 — A~ sin 24 (A" sin 24 — cos 24)]' 2.
3uauenine N=10 nHeBesIMKO, U Hesb3sl GbLITb YBEPEHHBIM B TOM, 4TO pac-

npescaenne 0o 10CTaTOYHO 6AN3KO K HOpMaabHOMY. [103TOMY HHTEpecHO
OTMeTHTb, 4TO BCe owubku O1(A) — /(M) no nopsiaky pasbi rip{k).

Ha nporaxeuun Muorux Jjet meron (41) neonHoxpaTHO
H C yCleXOM HCMOJb30BAJCS B CAMBIX Pa3JHUHBIX pacyerax,
110 cTporoe 0GOCHOBaHHe ero GblIO BnepBhle OnyGJHKOBA-
no muwb 8 1962 roxy A. C. ®ponosuim u H. H. Yen-
woBb M [92]. DTOMY K€ BOMpocy nocssillelsl pagoTsl [67,
78, 84]. B naabueiiliem 13/0KelHH MBI CIelyeM craTbe [78].

4.2. BcnomoraTtenbHas TeopeMa O MOTPELHOCTH IPOCTE-
weit kBappatypuoit dopmyast. Jouyctum, 4to mi8 npubau-
JKEHHOTO BbIUHCAEHHs HHTerpaja

1
[ = \ f(x)dx
0

Henodbsyorea N QUKCHPOBAHILIX TOUEK Xy, . . . , Xy, OpU-
Harnexauwx unrepsaay (0, 1), u upocreiiwas ¢opayia
N

[ = (I/N) “'\Qn f(x:)

ITorpemHocTs TaKoro OpHGMMZKCHIA 3aBHCHT OT (yHKIHN
f(x):
N 1
8() = (UN) X f () — [ () dx. (43)
[-=
Odosnaunym  yepes W, (L) MIl0/KeCTBO  HempepbiBiibIX

Gyukunit f(x) ¢ KycOUHO HENmpPEepLIBHbLINE [IPOH3BOLIILIMII
J/(x), Takumii, 4to

1
(17 (o dr < L2 (44)
0

[To cpabnenmo ¢ § 2 3gech Mbl CyzKaen KJacc MOJblii-
TerpajbHblX (yuxuuii: Tam TpedoBasoch TOJBKO, YTOOBI
f(x)eL,, a sgecy — [/ (x) <L,
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Od6o3naunm dvepes Sy (x) KOMMYECTBO TOUEK X; € 11OMC-
pamu  1<CisCN, yHOBAETBOPAIOUIMX HepaBellCTBY X, < X.
ideTpyano nposepurs, 4To

N
V
Sy (x) =2 e(x — x),

(==
¥ Tpexacrasaser coboil crynenuatyto ¢ynkuanio (pic. ).
Teopewma 5. Kakosw 661 Hu Oviau TOuKu Xy, . . . , Xy,
8epXHAA epanb nozpewnoctu (43) pasna
| 12
L |
sup [8())| =+ lﬁs,v (x) —NxPdx} . (45)

fEW (L) 0

HNoxaszateanbctBOo. Oyukuus f(x) MOXKET OuITb BhI-
pakeHa 4yepes CBOIO NPOH3-
BOJHYIO )
1 N}

) =i ()= [F = =8

X -

1
=F )= [" (et — » .
0 .

[loaaras 3mech x=x u
CYMMHPYSI IO i, TOJYUlM, J
4TO
N -
I 2k
N }.J [ )= .
I==] :

T

l. :_
=/ ) =5 {7 O Sxtyar.

C znpyroii cropousl, mirer-" g

‘ /T
pupysa II0 YacTsaM, Jerko
NOJIYYHTDb, 4TO
1 1

Tiwat =7y~ 7w

0 0
Briunras focseHee paBE€HCTBO M3 MNpeEIarocae Hero, nonay-
YHUM QOpMYaY AJs MOrPeIHOCTH .

1

8(f) == of I’ (t) INt — Sy (1)) dt. (46)
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M3 ¢opmyan (46), ucnons3ys  HepaBeHCTBO (N
'(crp. 292) u ycnosue (44), BEIBOAHM, uTO eCan f[(x)&E

eW, (L),

1 19
|6<f>|<—}V—bﬁf'||8~—zvt|dt<f,v—{§|s~—Nmat} :

5Ta Be.nuHHa Kak pas durypupyer B (45).
OcraJjioch A0Ka3aTb Hey yyllaeMOCTb NMOCJEJHEro iepa-
BeHcTBa. /151 3TOTO paccMOTPUM (PYHKLHIO

x 1 —172
gx)=L s [Nt — Sy (#)) dt {S. |IN¢ —Sn ()P dt‘} ’
b by
1
Tak Kax { (¢ ()Pde=L?% 10 g(x) E W (L). TMoncraBus
0

f==g(x) B (46), noayunm, 410

172
MQ—~“W¢SWWW}.

TakuM o6pa3oM, Teopema JoKasara.

4.3. Ouenka norpewHoctn merona Monre-Kapao ¢ no-
mMowbio pacnpenenenus o2, Boibepem N 1e3aBHCHMBIX CaTy-
yaliHbBIX YHCEa Y1, . . . , Yy H PAacCCMOTPHM MOTPEIIHOCTb
npocreiimero merona Monte-KapJo

N

8() =+ N1 v)—(f(x)dx. (47)

=1

B sToM cayuae BeauyHHbl, BXoAalne B (45), niyelor BecbMa
npocTOil BepOsITHOCTHBII cMbica: Sy (x)/N — 310 smaupHue-
ckaf (YHKLHS pacnpelenenus FN().) BBIOODKH Y1, « . . , Y~
{(cp. l7) ra. 1), a x —3T0 QyHKUHs pacmpenesenns F(x)
cayudaitnoil Bequunnsl y (mpn 0<<x<<1). ITostomy, coraac-
uo (18) ri. 1,

1 | 112 1 12, o1
W{uglslx'(x)—-Ndex} =‘§[F;_F]2Adp(x)} =(7vl) .
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M3 teopembl npesblayllero myHkTa BbITEKAeT, 4TO AJs
npocreiuero Merona Moirre-Kapao (47)

sup [8()| =L} wh/N. (48)

1EW,(L)

Bocnoansyemca Teopemoii Museca — Cmupiiosa, npnne-

nendol Ha crp. 34: ecau' N docrarouno eesuro, to P{ud <
<x}=~a,(x). CnenoBartenbio, MoX1i0 BLIOpPaTb JMOGYI0 O
BEPHTEJNbHYI0 BEPOSTHOCTb [ HalTH COOTBETCTBYIOWHH eil
KOpeHb X=Xp ypaBHeHHs a,(xg) =P ¥ yTBepkKaaTh, 4TO C
BEPOSITHOCTDBIO, NPHO/IM3NTEBHO paBuoil f,

sup |8 ()| <LV xp/A. (49)
fEW (L)
N3 ouenkn (49) caenyert, uto npu docratouno 60Abu0 AL
N ¢ seposrnocToio, npubau3utesbHo pasHol B, HEPABEHCTBO
16 (f)| <LV /N

cnpagedauso oduospesenno 0asn ecex (pynkyui [(x)e&
eWL).
O6parumMcsl K uuTepecyioweMy Hac Cayyalo, KOraa Bhi-
uypcageTcs HHTerpaa suna (40)
1

10y = {70 1) de (50)
0
¢ MOMOLLbIO OleHKH BHaa (41)
N
1
O (A) =— i}:l [ (i, %) (1)

113 npeawiaymero pesyabTaTa BLITEKACT, YTO CCJAH NpH BCeX

as<A<h NPOU3BOLIIas fx (x, MysL,, 10 ¢ BepOATIOCTHIO,
He Meublled yeMm P, PH BCEX ITHX A OJHOBPEMEHHO

8¢ () — T ()] <L (1) V%N, (52)
e, OYEBHIHO,

1 1/2
L) = {oj fr(x, 1)) }

9 U. M. Co6oan
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4.4. Yucnennoe nudpdepenuuposanue ouenku (51). PaccmotpuM cay-
yaii, Korfa cyuecTyeT npoussofuasi I’ (A) or unrerpana (50), u poka-
XKeM, yTO MO 3HAYeHHsM U y ()) MOXKHO OGBHIYHBIM CNOCOGOM STy MpOH3=
BOAHYIO OLEHHTh:

Oy (h -+ ) — 8y (A—h)
o~ -2 T .

IonycruM, uTo mpd a<CA<Ch CyuwiecTBYIOT BTOpble NPOHM3BOAHBIE
frxixsd) € Ly u | fiy (x, 1)| <C. Torna
1
rey={ f(xNdx,
0

a ouenka (41) anas sroro muTerpana paBHa NPOM3BOAHOR OT OLEHKH (51)3
' 1N
@ = 2 hh):
=

Ha ocnoBaunu {49) MoxuO yTBepkaaThb (MBI mNO-NpexXHEMY CUHe
TaeM, uto N J0CTaTOYHO BEAHMKO), YTO C BEPOATHOCTHIO, He MeHbluel
ueM [, ONMHOBPEMEHHO CNpaBelJMBEI H HepaBeHCTBO (52), W HepaBeHCTBO

ey W —r 3| < LaMY 5N, (53)

rae
1 ” 1/2
Ll (A):{{[ f”(x, A)]2dx} .

Hanee, B cuny cleNaHHbIX MPeRNONOMXKEHUH, npu M06bIX (GHUKCHPO-
BaHHBIX 3HAUEHHAX Yi,..., Yy Qyikuua (51) meaxab auddepenuu-
pyema mo A. U3 pasnoxenus

By (A £ B) = 0y (M) £ 4Oy (A) £ (1/2) A26), (A L)

BbITEKaeT, uTo

0y (A+h)—0, (A —h) ,
i )2h n —oy (A),<-é—€h. (54)
Hakonen, u3 (53) u (54) caenyer, uto
Oy A+ h)—0y (A—h) xg
L —ro)<nmlV 2ita,

H 35TO HEepaBeHCTBO, oNHOBpeMeHHO, ¢ (52) u (53), uMeer Mecto ¢ Be-
POSITHOCTBIO, He MeHbllell yeM f.
B stux ycnoBusx, no-BHIEMOMY, Henecoo6pasHo BHOHDPATh A nopsd-

Ka l/YN,
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4.5. O ra6avuax cayyaiubix uucea. Ouenka (49) B Ka-
KOH-TO CTerneHH ONpaBAbLIBAET MHOFOKpaTHOE HCIOJ/b30Ba-
Hpe Tabaul CaydaBHBIX uucesn, HG6O MO OZHHM H TeM Xe
ypcnaM  («no  raGauies)
MOXHO pelaTb MHOTO 3a- 4
Jau: BEIYHC/ISATH HHTErpa/hbl
OT JOOLIX (YHKUHE ,f(x), L
npuHagaexamux Wy (L). j ,—.
OueHKy, aHaJOTHYHYIO
(49), MOKHO MOJNYUUTb O
ropa3fo Gosee IIHPOKOro
kJaacca 3amgay, BKJIOYAlO-
IUX BbIYHCJEHHEe HHTerpa-
JOB OT (YHKUHA MHOTHX 1
nepemennniX. Onpnako ana 7 5, & Ly 1 T
Bcex OyHKuui f(x) us Ly
OlleHKa MOTPEelHOCTH TaKo- Puc. 45.
ro TUNa HEeBO3MOXHA.

B camom Zene, KakoBbl 6bl HH ObLIM TOUKH Xy, ..., Xy, Haigercs
byukuns f(x) (puc. 45) Takas, 4TO

a) f(x) =1(x) = ---=f(x1v)=0:

1
6) ‘ff (x)dx =L —e, rne L > &> 0— no6bie uncna;
0

1
B) [F(x)de< L2
0

Ias takofi ¢yskuun, ouesunHo, 8(f) =L —e. CuegoBatenbro, npu
JHOGLIX X1, « 4 oy Xy

sup |8 (f)|> L,
IEL,

H BeaHynua 3Ta He CTPEMHTCA K HYJIO, KOraa N — oo,

YnpaxHenus  raare 3
1. 3anucate ¢opMyabl Aaa pacuera MetosoM Monte-Kapno unurer-
pana
1={[{1x, y,2)dxdydz (55)
G

OT npou3BOAbHOA orpaHuuenHol Qyuxuun f(x, y. z). O6aactb uHTErpH-
poBanua G onpeleneHa HepaBeHCTBaMH x24-y? <<z <C2,

g*
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2. Tpe6yerca BHUMCAHTbL HHTerpan (55) OT NPOM3BOJIBHOM orpaku-
yeHuo#t Qyuxuun f(x, ¥, 2) no obnactu G, PacnONOKEHHOH Mem.1y

Z
7
J z Z z
Puc. 46.
2o Ty Yf)
23 202, Y
| |
1 1
| :
:L Zi(Zp4) E
1 ]
L A 1
g 4l Yoy g
Puc. 47,

TJIOCKOCTSIMH X=X, H X=x; (puc. 46); cevenne G MIOCKOCTbIO
X==X, H300paxKeHO Ha pHc. 47.
Cayuaitnsie Toukn Q; = (§;, 1;, §;) B o6nactn G Gynem BbIGHpPaTh

no ¢gopmynam
Ei=x+ Vi (%2 — x1),

=1 (&) +vi (% (E) — o (B
L=aE,mn)+ v [22 (5> M) — 2 (8is )1
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MoXHO JM B KauecTBe OLEHKH 1ist | wucrmo/b3oBaTh CpenHee apH(MeTH-
yeckKoe

1 N
'Tv'glf Q)?

Ecin HeT, TO HanHcaTb BEpHYIO OLUEHKY, COAEpXKAIylD 3HaueHH:

f(Ql)’ ceey f(QN)'
3. nOCTpOllTb OLEHKY ¢ KOHEUHOMH nncnepcuei’t JJist  BLIYHUCJIEHNIA
HHTErpana

[ x7%2f (x) dx
0

B cayuae, koraa f(x) ~x npu x—o0 u [(x) ~x2 upu x—0.
4. 3anucate QopMyJbl LIl pacueTa HHTerpana

1= f f(x)e*de, k>0,
0

C noMoulblo 3HaueHHf cayuafiHoil BeauuuHe &, mIOTHOCTB KOTOPOR pan:

Ha p (x) = ae~ . IloxasaTb, 9to ecau f (x) = Ax", To aucrepcna Gyner
HauMeHbluel MpU o= do=k/(n-+1).
5. Yca0BHO CXOAsIMIACS HHTErpaln

«©
I={ x'sin2nxdy
1
MOXKHO BHIYHCAHTH MeTonoM Monte-Kapao ¢ noMouisio oteHkH
1 Y .
Oy =3 2 h(v)sinay,
i=1
Tie
h(x) =D [(2% + ) 2%+ 14 0]
k=1
Iokasate, aro M[A(y) sinsty] =/, D[A(y) sin wy] << (1/2) #2(0) — I2.
6. PaccmoTpeTh cuMMeTpH3aLHH (YHKIHH

o
f(x)=ag+ ) (acos2nkx + b, sin 2nky)
k=1

Ha untepBane 0<<x<Cl wu Boipasuts Aucmepcuu Df(v), D)(l)(v) "
Df?) (y) uepes kosdpduinents Pype @ B by
7. Paccmotpers dynkuuio fG) (x) = (1/2) [f(x/2)+f(1—x/2)] n no-
kasats, 4t X0, Boobuwe rosops, [ (x) s fV (x) (rae [N (x) =
= (1/2) [f(x)+f(1 —x)]), HO no OoTHOWIeHHIO K MpOCTedileMy METOAY
onTte-Kapsio 3T (YHKUHH PaBHOCHJbHEL:

MF® (p) = MO (y) = Mf (), DF® () =D/ (y).
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8. Tpe6yercs sbiuncauts unterpan (12) or dyuxunu f(P)&L; (G; p).
Myers @ (P), ..., @ 4P)—opTOHOpPMnpOBaHHbBIE (QYHKUHH CO CPELHHMH

3HAYEHHSIMH, paBHbIMH HYyJIO, T. €.
gcp,w)cpk (P)p(P)dP =8, i(pj(P)p(P) dP =0,

PaccMoTpuM ceMelcTBO OLEHOK AJsi [

N s
0y = —12721 [f Q) — Zx %P (Qi)]’

4 i

==

rie  Q,— HesaBHCHMLIe ClyyafiHele TOYKH € TJIOTHOCTRIO p(P),
a o4,..., &, napameTphl.
JlokasaTb, 4TO AucrepcHsi STOf OLEHKH MHUHHMMaJbHa TOrAa, Koria

o -gf(P) 9, (P)p (P)dP.

9. CnyuafiHas BelHuYMHA V, NOAYMHAETC GHHOMHAJbHOMY pacmpe-
. , n,—j
nenenuio: P {v, =/} = C’,,ka (1—rp) ko, j=0,1,..., ng Cay-

yafiHble BEJHYHHBI Vi, ... , Vs HE3aBHCHMBL TpedyeTcs BHUHCAUTDL MaTe-
MaTHUECKOE OXKHJaHHe OrpaHHYeHHON BEJMIHHB N=f(V}, ..., Vs), KOTO-
poe paBHO

n.,...,ns

M= f(],,....}s)P{vl'=]1}...P{vs-:js},

l|.~~-»fs=0

Ecau Bee 1510 1 s & 20, TO KONMHUECTBO claraeMH:x B 3TOf cymMMe a2 10%,
SlcHo, 4t0 Ha coBpeMeHHHX DBM Takas cymma BuiuHCaeHa ObITh He
MOXeET.

[Moctpouts mpocrefimuir meron Menrte-Kapno ans pacuera Mn u
Kakoi-HUGYAb aJrCPUTM, COOTBETCTBYIOIMA 3TOMY METOAY,



I'TABA 4

BbIYUCJIEHHE WHTEIPAJIOB
(CJIO)KHBIE OLLEHKH)

§ 1. Meroan Monte-Kap.io ¢ noBbiweHHO#
CKOPOCTBIO CXOAHMOCTH

1.1. BeiGopka no rpynmaM. DTOT XOpOINO HU3BECTHHI B
cratucTuke npuem ([24], ctp. 218) MoxeT GbITh ¢ ycnexoM
HCIOMB30BAH /151 yMeHblueHHs pucnepcuu. [lo wuzee oH
BeCbMa OJ4M30K K METOAY CYLIECTBeHHOH BbIGODKH: 3JecChb
TakxXe npejpjaraercs BLIOHPATh GoJbllle TOYEK B Gojiee «Cy-
llecTBeHHBIX» 006JacTsX, OALIAaKO BLIGOp peryJjupyercs He
CreuHasnbHOl NJOTHOCTbIO, a YKa3aHHEM KOJHYeCTBa TOYEK
B Pa3JHUYHbIX 00J1acTsX.

Hrak, nyctb TpeGyercst BHIUHCIHTD HHTErpa

I= §f(P> p (P)dP. (1)

Paso6bem oGaacTtb uHTerpupoBanust G Ha m uacrefl
G=G+. . .+Gn

U BBeAeM 00603HaueHHs

p,=0jp(1>)dp, I]=GSf(P)p(P)dP.
i i
Quesuzno,
' pit. o Hpa=1 IF. o =L,

B o6mactu G; pacCMOTPHM CIY4afiHyl0 TOUKY Q¥ ¢
miotHoctbio p(P)[/ps M AAA OUeHKM [; Bocmosib3yeMmcs
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npocreiimum MetogoM Monre-Kapao: Tak Kak
L=M[pif(Q")],
(i

TO, BbIGpaB N; HE3aBHCHMBIX peasiu3aluii Q}’),..., N
Toukn QY MoxeM 3anucaTh oUeHKY mJas [;:

CkJagpiBasd Takue OUEHUKH [Jisi BCEX 1,, MOJIyulM HOBYIO lie-
CMCILUCHHYIO OLIEHKY

o) = ﬁ &3 Z £ (). @

O61ee KOJAUYECTBO CJAYUaiHBIX TOueK B (hopmyae (2) 0603-
HayuM [o-npexHeMy uepe3 N:

N=N;+. . .N,. (3)

3aMeTuM cpasy, 4TO OLEHKY (2) MOXHO CuHTaTh KBaJpaTypHO! CyM-
MOH €O cayyaiiHbBIMH y3naMH. B camom pese, oObluHas KpanpaTyphas
dopMyna sanuchiBaercs B popme

N
I~ k§| Cuf (Py),

rae Toukn Py;..., Py, npunaanexcamue G, HasuBaloTCA Y3naMH,
a uucna Cy, ..., Cy — Becamu. Ecan kBanpatypuas gopmy/aa TouHa ads
oyuxuuit f(P)=const, To C14 ... +Cp = 1.

Ouenka (2) maer HaMm Taxylo xe npu6auxennyio gopmyny

_,3

Ny )
> 2 (pyN) (D),

§=

-
Il

L

L

npHyeM H 37ech

m

EZ(p/N,)—Z py=1.

INpennonoxum, uro f(P)eLy(G; p). Torma rtounocth
npocreiintero merofa Monre-Kapsao ans pacuera / xapak-
TepusyeTcsi Aucnepcueil onenkn (14) rua. 3, koropas pasHa

D6éy=DZ/N,
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rne
DZ = ([ (P) p(P) dP — I*.
G

Hafinem tenepp AHMCHEPCHIO oueuKn (2). OueBunto,

DON _2‘ (p/ Nj)22 Df( (1))

W TaK Kak 34eCb TOYKH Qﬁ’) npu s=1,. .., N, HesaBucu-
MBI, TO
Doy = % (i /N;) DF (@7)- (4)

JIerko BBIYHCIHTD, UTO

; 1 I,- 2
D} (@) =5~ [ F <P)p<P>dP—(F). ®)
G.

Teopema 1. Ecau pasbuenue G=G+...+G, u
qucao N ukcuposansl, T0 Munumym evipaxcenus (4) npu -
donoanutesvHom ycaosuu (3) pasex

S icall ©)

u peaiusyeTcs npu
N,=Np,VOT@ /3, VOT@. ()
HokasatennctBo. CoraacHo (6) Beauunna by paBHa

oh = [é p,V DF@PVN,-V NN ] :

Ucnonnsys HepasenctBo Kowu — ByHAKOBCKOro, moJiyduM
2 (i)
p? Df (Q’ p?
p<S )2 2 w-DF @),
j=l1 j=l1

rae cnpasa ctout (4). Ocraercsi NpoBepUTb, 4TO NMPH MOA-
cranoske (7) B (4) moayuaerca (6).
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B peanbubix 3agauax aucnepcun Df(Q?), kak mpasm-
710, 3apaHee Heu3BeCTHH. M3BecTHbl JHIIL BEPOATHOCTH Py
OkasbiBaeTcsi, 9TOT0 yKe HOCTaroulo, 4tobbl BeIGpaTh N,
obecneynBaollie YMeHblIIeHNe IHCIEePCHH (T. €. HepaBeHCT-

*
BO DGN < DGN) .

Teopewma 2. Ecau pazbuenue G=G-}-. . .+ Gn Pux-
CUPOBAHO, TO NP

N;=Np, (8)

seauuuna (4) He npesocxodur DOy.
HdoxasaTeabcTBO. YMHOXKHUB (5) HaA p; W IPOCYyM-
MHpOBaB 10 j 0T 1 1o m, noay4nm

,21 p;Df (QW) = i f2(P)p (P)dP — ’g (12 /p)).
'ﬂa.rxee

p=(30) =[Zuvmve] <

€,~§=:'1 (112/171)21 pj= ,m (112'/17,');

=1

-

CrefoBaTebHO,
,.23, PP QD) < g f*(P) p (P)dP — I* = DZ.

IToncraBus (8) B (4), moNy4YuM BEIpaXKeHHe

DO b vy, = (1N) gl p DI (@),

i(m}\)/poe B CHJY NpPEBIIYIIEro HePaBEeHCTBA HE TPeBOCXOTHT
\(1/N)DZ=D6y. Taxum o6pasomM TeopeMa HOKa3aHa.

Teopembr 1 1 2 mokasaHel B [24] nns cayuasi BHIGOpKH
U3 KOHEYHOro MHoxkecrBa. Ecam BhimoJHeHO ycsoBue (8),
TO BEIOOPKA Ha3bIBAeTCH Tunu4eckoi.

B nmeficrButenbHoctu BeGHpaTh N o dopmyse (7) uam
(8) nesb3s, Tak Kak N; 06si3aHBl GBITb HeabiMH. OOBIYHO
BHIOHpAIOT JioGele u3 Gaumkafmux K (7) wam (8) wmeanix
ymces, JULIb OBl YAOBJIETBOPSNOCH YCiaOBHe (3).

MMpumep. Uro6u BuluucaUTD MHTErpan

1
1=5e"dx
0
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¢ nomomnio N=10 Touek, pasoGeem (0, }) na ABe paBHBIE qacm U BHI-
GepeM B (0, /) Bcero 4 paBHOMepHO pachpefieneHHble TOUKH g, ap

(Y2, 1) —6 paBHOMepHo pacnpenenensnx Towek 52, Torma py=py=
-“/2, Ni=4, Ny=6n

1 4
Bl =5 3 exp 4+ 3) exp 10,

8== s—l

@)
Jlucuepcusi aTofi OLEHKH DB;O =(1/16) DeE + (1/24)Det’ , rne

ORI L 12 2 .
Dt =2 eMdx— (2] ¢fdx| =e—1—4(Ve—1)*=0,03492,
0 0

@ 1 ! 2 -
Dt =2 je”dx_(z fexdx) =e2—e—4(e—)7)? =0,00493.

12 12
CJliefi0BaTeNbHO, Defo =0,00614, B To BpeMsi Kak RHCNepCHsl MpoCTeilie-
ro merona D0;o=0,0242. 3uauerna &V #1 §@ jerko muumcasores mo
dopmynam EV =05y n EP=05(1+y’).

1.2. OueHKH ¢ MOBBbIWEHHOH CKOPOCTbIO CXOAMMOCTH.
[lycts G — KoneyHasi 06JaacTb B N-MEPHOM MPOCTPaHCTBE
NePEMEHHBIX X1, . . . , Xn, TAK UTO HHTErpai (1) n-xpar-
Hblfi: P= (xl, « ey Xn), dP=dx,, . .., dx,. Paccmorpum

ouenky Oy B cnyyae, korga m=N u Bce N;=1:
%=§w@w ©)

OGosnauum uepes d; puametp *) obaactu G; m npexno-
JIOXKHM, YTO CYLIECTBYIOT NOJIOXKUTEJbHBIE MOCTOSIHHBIE C; H
C; Takue, 4ToO mpu Beex j=1,2,..., N

p<aill, (10
d;<<co/N'Vm, (11y
Yenosuss (10)—(11) osnavalor, uro Bce o6aactu G; pas-

HOMEpPHO MaJibl Kak MO BEPOATHOCTH, TakK U IO reoMeTpuue-
CKHM pasMmepam.

*) Huamerpom obnactu G Ha3biBaeTc BepXHsAs rpaHb PacCTOAHHR
MexAy AByMs TOUKaMH 3TO# o6aacTH:

d= sup [P;—P,|.
P“P.eal; al
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Hanpumep, ecin pasGuTb exunuunbii Ky6
Kr={0<u<l],...,0<x.<l},

B xotopoM p(P)=1, na N=M" pasiicseauxkux KyGoB ¢
e pe6pom I/M (puc. 48), To,

T oueBuao, see p;=1/N, a Bce
d;="Vn/M.
| Teopema 3. [Tpednoaso-
& okum,uto pynxyua f(P) u sce
ee 4acTHble nPOU3soOHbLe nep-
8020 nopadka 0df[ox, Henpe-
poienor 8 G u npu 8cex
I<k<n
, T . |of/ox,| < L.
Mo T Ecau 8winoamenor  yciosus
Puc. 48. (10) u (11), To das ducnep-
cuu oyenxu (9) cnpagediuso HepaserCT80
DOy < c?LEN—1-2n, (12)
efe c=nccs.

IokaszaTteabcTBo. Beibepem BHyTpn G; npouscodb-
HYI0O TOYKY S;==(Sj,1, - « - » Sjn) U BOCHOJNb3yeMCs1 HOpPMY-
Jgoii Telnopa:

n
[ (P)y=[(S; + kz_l aje (X — Sj,1), (13)

TIe @, — 3HaueHnsl TPOM3BOAHBIX Of/0x, B HEKOTOPHIX
TouKkax (3aBuCSIIHX U OT S;, u OT P), Tak uTo Bee |a;,| <<
< L. U3 (13) caenyert, uto

Dj (@7 =D é_]l a6 (8" — s0),

rre &,...,8 —koopammatel cayuaitmofi Toukm Q.
BocnosnbayeMcsi H3BECTHBIM B TEOPHH BEPOSITHOCTEl CO-
OTHOILEHHEM

n n 12
DkZ '4k<[k lVD"ik}

=]
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N 3anduieM LEeno4YKy HEpPaBeHCTB:

V' DF QD) < é] VD lae (B —s16)] <

<§.; VM s (& — s P < L Z;l]/M (& — i)

Tak kak QW &G, 1o |8 —s;,| < d;

; u, ucnoabsysa (11),
MOJYYUM

VD (@) < L}; d; < Lncy,N=m,

[Tocnenuee HepaBeHCTBO BMecTe ¢ (10) nmospoasieT ore-

HHTb menepcmo DOy u3 (9)
N

DOy = Z P2 Df Q1) < X (Laeye,N—1=1my2,
1

OTKyZa caepyet ( 12)

3ameuanne B maTemaTHucckoli CTaTHCTHKE OLEHKH, IHCIEPCHH
KOTOpbIX yGbiBaloT GObicTpee uem 1/N, nHorja  HaswiBaloT c8epxagipex-
mueHoIMU.

C NOMOIBIO TEOPEMB 3 OUCHHM HorpemHocTs Oy — /.
s atoro B u3BecTHoM HepaseHCTBe UeGnieBa
P{ln—Mn|<h}=1—(Dn/k), (14
crnpaBeIMBOM npu Jo6om A>>0, monoxum N =0y, a h=
=(l/é)]/DOK, ,rae €>0—wmanoe uncio. [Tonyunm nepa-

* ~*
senicteo P |0y — 7| < (1/) V' DOs} > 1 — 2. B cuay (12)
TeM GoJiee HMEET MECTO HepaBeHCTBO
* '

Pl oy — 7| < (cL/e) N-t=0m} > 1 —¢?, (15
KOTOpOE MOKa3EIBAET, 4TO CO CKOJb YTONHO GoJbi10fi Bepo-
ATHOCTBIO ownGKa Oy — I y6uipaer kag N~-(/2-(/n) g o
GbicTpee yem N-V2,

Kouncuno, npu Goabiux 7 3TO YCKOpeHHe MOpPSIAKA CXO-
OUMOCTH He3HauuTeabHo. Kl 1osToMy Ha mpakTHKe OlieHKa
(9) ncnonwvayercs penko.

Teopema 3 Bnepsbie 6bl1a pokasauna B. Hymauem [120] mas ciyuas

C[i=K;] p(P)=1 u pasGueuns, usobpaxenHoro Ha puc, 48. Cm. Taxke
1, 128].
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1.3. CpaBHeHMe ¢ KBaapaTypHeimu ¢opmyaamu., PDuk-
cupyeM npou3BOJbHble TOYKH S;&G; n pacCMOTPHM KBaA-

paTypuyio Gopmyay

N
zigl pif(S)). (16)

Ilas toro 4ToOBl OLEHHTH €e MOrpelHNCTb, YMHOXKHM (13)
Ha p(P) u npouHTterpupyem no G;

L=pfS)+2Z ! aj (6 —sp.6) p(PYdP.  (I7)
)

Hurerpas, crosliuii crpaBa, Jerko OLEHHTb C NOMOLIbIO
(10) u (11):

[ @1 (e — 51.) p dP
G
i

Cymmupysi pasenctBa (17) no j or 1 mo N u ucnosbsys
NOC/IEAHIO OLEHKY, MOJNY4YHM, YTO B YCJAOBHUAX TeOpeMbl 3

N
[_Elpif(si)

Cpasuenne (15) u (18) mokasbiBaeT, 4TO MOPSIZOK Be-
POSITHOCTHO! OlLleHKH morpelHocty (15) Ha N=" syumte, uem
nopsagok oueHku (18). 1o He cayuafinocts. Caenyer nox-
4YepKHYTb pasJIM4HBbIH XapakTep 06eux OueHOK: oneHka (18)
cnpaBsefsinBa OJHOBPeMeHHO I/ BceX (YHKUMII paccMmar-
puBaemoro kusacca D;(L) —c HenpepblBHBIMH YacTHBIMH
npou3BofHbIME | 0f/0x,| <L; MOXHO nepenucarb ee B BHIE

<Ld;p; < Lo, N—1-im,

< cLN-Vn, (18)

sup
fEDA(L)

[ #Pyp(PydP— ﬁl pf(S)| < cLn-m,
G =

B to ke Bpems HepaBeHcTBO (15) cmpaBensnMBO AJst OTHOM
¢yuknuu f(P) (xots u awoboit) us Dy(L).

Bonpoc o Hauayumux mnopsakax CXOAMMOCTH KBajpa-
TYpHBIX (OPMYJ, B KOTOPHIX HCNONB3YIOTCS 3HaueHus f(P)
B N 3aJlaHHBIX TOYKaX, H HeJleTepMHHHPOBAHHBIX METOXOB
BbIYHCJIEHHS] MHTErpaJjioB, B KOTOPHIX HCIOJb3YIOTCS 3Haye-
Hus f(P) B N cayuaiinbix Toukax, Heeaeposaaca H. C. Bax-
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panoBbiM [2]. I HEKOTOPHIX KjaccoB (YHKUHI, 3aLaH-
HbIX B K", 0Kasajocb, 4TO €CAy HaWJy4IUHi NMOPSNOK CXO-
IMMOCTH KBaJApaTypHBIX ¢opmys (HAa paccMaTpuBaeMOM
KJacce) paBeH N~%, TO MOXKHO NOCTPOHTb HeJeTepMHHHpO-
BAaHHbI METOJA HHTETPHPOBaHHUS, NMOPANOK CXOLHMOCTH KO-
TOpPOro (I/mM Kaxkaol (yHKUMH Kiacca) Oyner ¢ GoJablIoit
BEPOSITHOCTbIO paBeH N~%~V2 ] a10T NOPANOK CXOXUMOCTH
TOXe sBjserca HamiydmnM. (CMm. ynpaxsenue 1 Ha
crp. 159).

[TpakTHuyecKOro npHMeHeHHS TaKHe HERSTEDMHHHDOBAH-
Hble METOJbl HHTETPHPOBAHHS I0Ka He HMEIOT, BEPOATHO,
H3-3a TOrO, YTO CaMH MHOTrOMepHble KBajipaTypHrule (opmy-
JIBl, Ha 6a3e KOTOPBIX AOJKHBI CTPOHTBCS 3TH METOAB, JOC-
TATOYHO CJIOXKHBI.

Jpyroft NOAXOA K OUEHKaM C MOBHILIEHHOA CKOPOCTBIO CXORHMOCTH
ucnoas3oBad B [85], rae hasi HeKOTOPHIX KJaccoB (YHKUMi JOKasaHo,
9TO ecld HMeeTcs CeMeACTBO KBaApAaTypHbIX (OPMYJN C MOPSAKOM CXO-

" mumoct, pasubiM N™%, 0<<a<<l (ma paccMaTpuBaeMoM KJjacce), To,

BbIGpaB NMOJABIHTErpaJbHYyI0 GYHKUHIO H3 3TOTO Kjacca CayyaiiHO, MOXKHO
¢ GoJIbLIOH BEPOSTHOCTbIO FapaHTHPOBAaTb A/ Hee MOPAXOK CXOAUMOCTH

N~ 12, ocnp a-1o<<l u N7, ecan at1p>1.

§ 2. Cayuvaiinbie kBagpatypHble dopmy.ibl

2.1. Cayuaifinble KkBaapatypubie d¢opmyab. OGbIUHO
Ksadpatyproli Gopmysrod IAs BLIYUCIEHHS HHTErpasoB

BUla
1=[i(P)ppyap
npu GUKCHpPOBAaHHOA (GYHKUMK p(P) Ha3LIBAlOT BhIpaxKeHHC
N
1=3Cf (P)), (19)
rae n yaas Py, ..., Pye=G uBecaCy, ..., Cy3anann.

EcTecTBeHHO Ha3BaTb CAy4aliHol K8a0paTypHOl Gopmyrot
BbIpaxKeHue

N

I~ 2wl @), (20)

rze QW,..., Q™ —cayuaiiHple TOUKH, ompeleNeHHbE B
G (cmyuaiiuple y3abl), @ %Ki, . . . , %y — CAyYaiHbE CKa-

JiSIPHEIE BEJIHYHHBI (cayuaiiHbre Beca).,
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Paccmorpennrie B § 1 ouenku (2) u (9) npencrasasior
co6oii yacTHble ¢1y4an cyMMmbl (20) ¢ ¢uKCHpOBaHHBIMH (He
cayyaiiibiMi) BecaMu.

Hpyrofi xaacc cayyalunix KBaipatypHbIX GopMyJ, B KO-
10pbIX Beca %; SBASIOTCS (QYNKUHAMH OT Y3J0B ;==
=x%;(QY, ..., Q™), 6b1 noctpoen C. M. EpmakoBbiM u
B. I'. 3osoryxunbiM [34], HCnoAb30BaBUIMMH CTPYKTYPY HH-
TEPMOMSIHHOHHBIX KBAAPAaTypHEIX (OPMYJ, TOUHBIX AJS 3a-
panHoi cucreMbl GyHKUUE @o(P), @1 (P), 5 . . , Pm(P).

2.2, Hekoropbie CBOHCTBAa MHTEPNOJSilMOHHBIX KBajApa-
TYpHbIX ¢opmya. PaccMOTpUM INPOU3BOJIBHYIO A-MEPHYIO
obaacts G. Bee dynxuuu 6yneM cuutaTbh KYCOUHO Hempe-
PHIBHEIMHA 1 ApuHazaexamuMu Le(G; 1). Bribepem cucre-
My OpTOHOpMHpOBaUHBIX GYHKIUI @o(P), @i(P), . ..

. » @u(P) TaK, uto

“(Pk (P) (Pj(P) dP = 6ki~

G

Jlna npu6AHIKEeHHOH ONEeHKH HHTerpana’

1= 7P e (P)dP (21)
G
paccMOTPHM KBaJApaTypHYIO (popmyay

m
I~ 2}0 Cif (P)). (22)

s
®urCHpyeM NPOM3BOJbHBIE pasiuuuble yaanl Po, Py, ..., P.
u BriGepeM Beca Co, Cy, . . ., Cn Tak, uToGnl 5Ta opmyJa
Gei1a Tounoll ansg GyHKuui f=qo(P), f=q:1(P), . . . ,[=

=qn(P).
ITonyuennywo npu Takom BrGope gopmyay (22) ymofSuo
3anncath B popMe OTHOIUEHHS IBYX ONpefesuTeelt

[zu’/f(Po,..oyPm)/W'(po(P())~'°)Pm)) (23)
rie no onpefesennio )
g(P)) @/ (Py) ... Pm (Py) .
Wg(po’”.’pm)= gPy) @ (P) ... ¢n(Py) . (24)

.............
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B camoM Jene, ecain B (23) moacraBuTh f=g; npu 1<<
< j<{m, To B ompejesuTeNe W’Qi (P, « o « » Pm) OKaxyTCH
IBa COBMNANAIONUIUX CTOJOLA H OH 06pAaTHTCA B HYJb; B 3TOM

caydae [= Scp, (P)@o(P)dP=0. Ecau xe f=q,, TO uuc-

G
JUTENb U 3HaMeHareab B (23) coBmaayT, HO B 3TOM CJaydae
I = S @} (P)dP=1. Enuucreentoe orpaHHueHue NpHMEHH-

G
MocTd ¢opmyasl (23) — ato TpeGoBanue, yto6nl W, (Po, ...
..., Pn)==0. Eciiu oHO BbInoJ1eHo, TO ¢popMysaa TouHa MJs
AI06BIX JHIEAHBIX KOMOUHAuui Buma [=aopo(P)+. . .+
+anon(P), n nosToMy mnpeicrasisgeT cobofi B KaKOM-TO
CMBbICae «Pa3yMHYI0» KBaZpaTypHYI0 GopmyJy.

Jlemma 1. ITycre @o(P), ¢1(P), . . ., Qu(P) —Jmi0-
6as COBOKYNHOCTb OpTOHOpmuposanublx ¢yuxyuld 8 G.
Toeda

(o fwiap,...dPy = (m+ 1) (25)

G G

HdoxasaTedbCTBO NpoBeaeM uupykuueit no m.Ilpu
m=2

1174 P,P — (PO(PO) (PI(PO).
o (Por Py 9o (P1) @1 (Py)
Orciona
W?Du = (P% (Po) (P% (P1) — 29, (Po) @1 (Po) o (P1) @1 (Py) +
+ 93 (Py) 91 (Py),
H

({wiapap, = 141=2.
GG

JonyctuM Tenepb, 4TO AJs ONpeleauTesiell mopsiaxa m
¢dopmysia (25) cnpaBelsinBa W HHTerpaj paseH m! Pac-
cmotpuM onpefenutens (m--1)-ro nopaaka We,(Po, .
P,) ¥ pasJoXHUM €ero 1o 3jJeMeHTaM NepBOi CTPOKII:

% (P o0, (PO, (P) .0 (P

........................

®o (Pm)...(pl._l (Pm) (Dl._l_l (Pm)‘..q)m (Pm)

(26)

Y

Wo.= 3 (—1¥e, (P

1041, M. CoGoas
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Herpynno sameruTh, 4TO KaXAbifi M3 omnpelenutenell B
(26) ectb onpeneautens THna Wo, nopsaxka m: ero CToJ6-
Ub 06pa3oBaHbl 3HAYEHHAMH M OPTOHOPMHPOBAHHBIX (yHK-
UMl B m He3aBHUCHMBIX TOYKax. CorsiacHO HHAYKIMOHHOMY
IONYLIEHHIO

S @o (Pg) «ee q?l_l (P) q)i-l-l Py) ... ., (Py) |2 P P |
U I BEICIEIRRCIC EEEEEEEE R Leoe m= m
i! & 1% (Pm) %=1 Cm) @131 Prm) - (Prm)

ITostomy, Bo3Beas (26) B KBagpaT u HPOHHTErPUPOBAB
(cnepBa no Py, 3atem no Py, , .., Py,), nomyuum

(o [WodPy oo. @Pm =2 [} (Pg) dPym! = (m + 1)
G ¢4 i=0G

Jemma 2. ITycro @o(P), @1(P), < « & , @u(P), $(P) —
210603 COBOKYNHOCTL OPTOHOPMuUpOBaHHblx Gynkyul 8 G.
Toeda

éf...GfW%W.deo ve.dPp=0.

HokasarteabctTBo. BoifepeM HOBYI0 yHKIMIO Q=

= (V2/2)[go(P) +¥(P)], KOTOpas TaKXe OPTOrOHaJbHA KO
BceM Q1(P), . . ., m(P) B HOpMHpOBaHa:

=1 (e f -
Jer(Prap = 2[qu)odp +2 [ ogpdP +qu>2d1>]_ 1.

Tlo n3BecTHBHIM npaBuJaM HEHCTBHA € ONpeleNHTeNs MH

Wo = (V2/2) (Wq, + W),
Tax, 4To
Wo = (1/2) (Wg, + 2Wo Wy + W3).

Hpoumerpnponaa 9TO PaBeHCTBO MO BCEM IMEPEMEHHBIM R
HCIOJIb30BaB JIEMMY l, noJyuuM, 4TO

(m+NH=
=-;—[(m-l-l)l+2a[...GfW%W.deo...dP,,.+(m+l)!],

OTKYyHda BBITEKeeT YTBEPXKAECHHE JIEMMbl 2.
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2.3. CayuyaiiHble MHTEpPNOJsUHOHHbIE KBaApaTypHbIe op-
myabl. OGosHauum Jasi Kpatkocrd n(m--1)-MepHyio 00-
1aCTh, TOYKH KOTOpo#t T=(P,y, P,, ..., P,), uepes B=
=GX...XG u nyctb dT=dPydP,. . .dP,. Ilycts na-
Jee Bo— muoxectBo Touek T, B kotophix Wy, =0, a B*=.
=B—B,.

Onpenenum cayuafiubie Toukn Q©@, ..., Q™ B G n
B KauecTBe OLEHKH MuTerpana (21) paccmoTpuM cayuai-
HYIO BEeJIHUHHY

w; (@9, ..., Q™)

é [f] = W‘Po (Q(O): ey Q(m))
0, ecin (Q”,...,Q™)=B,.
@7)

Teopema 4. Ecau cosmecTnas naoTHOCTs pacnpedes
Aenusa cayuaiinolx towek Q0 ..., Q™ @ B pasna

1
P(Pm ...,Pm) = m [W%(Pof ooy Pm)lz’ (28)

70 048 at0b0ti gynxyuu f(P) us L (G; 1)
MO/ = [ (P) @, (P) dP, (29)

, ecmn (Q9,...,Q"™)=B",

DO [/ (PraP— B[ FPeyP)aP. @0

HokasaTteanbcTBOo. Boibepem npoHsBoJibHYIO KOHed-
nyio ynkuuio f(P) u3 Lo(G; 1) u 0603HaunM uepes c;ee

KoapPpunuentn Pypoe ¢; = Gf [ (P) @;(P)dP. Ilyctb
m 2 m
a* = f[/‘(P) -2 Cffpi(P)] dP = [[*(P)dP -3 ¢,
G =0 G j=0
Ecnn a%?#0, to, BBeas ¢yskuuo = (1/a) [f(P)—
— 20 ¢jp; (P) | moayuuM mpezcTaBJjieHHe
1=

[(P) =3 ey (P) + ap (P). (31)

=0
10°*
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Jlerko nmpoBeputb, uTo Y(P) oproronanbHa kKo BceM @;(F)
H HOpMHPOBaHa:

JueeydP =1 [v(PYgi(PydP =0, 0<j<m.

Ecau a=0, To mpeicrasjeHne (31) Takxke cnpaselJHBO:

B KayectBe P(P) MOXKHO BhiGpaTh MI0GYI0 HOPMHPOBAHHYIO

()yHKIHIO, OPTOroHaJbHYI0 KO BeeM ¢;(P), 0<Cj<Tm.
Iloncrasus (31) B (24), mosyunm, uto

W= ciWeo; +aWy = ¢, We, + alWy.
=0

C nomouipio nocaejHeil GopMysabl HETPYAHO BLIYHCIHTL Ma-
TeMaTHYeCKoe OXKuAaHHe oueHKH (27):

X 1
MBI[1= | (WiiWe) pdT = oy BJ+ WiW o dT =

B

Co 2 .
(m+l)‘ jW,uf/q,dT_( +l)!§W¢OdT+

a v
T g Vel

W3 nocnefHWX ABYX HHTerpasoB nepBulfi pasen (m--1)!
no semume 1, a Bropofi paBer Hymio no agemMe 2. Takum 66-

pasom, M(8[f]) =co, uTo paBHOCHIBLHO (29).
[TepefizeM K BBIYHCJEHHIO AHUCNIEPCHH:

MU = | 7iWar pdl = iy S WidT =

{ [cawz, + 2ac,W oWy + W] dT =

({n-l— ! Bt
2
_ ) 9 2ac,
= j WidT + 20 j'W%W‘pdT +

+(m—|—l ijdT

Tak Kak 3aech f WidT < ow dT= (m-1)!— no Toir

Ke JgemMe 1, To M(G [[])2<co—|-a2 OTKyZa BHITEKaeT
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HepPaBeHCTBO, PaBHOCHAbHOe (30):
D81f] =M @ [f])? — &< a2

Brepseie sta Teopema Gwina nokasama B [34], a yrou-
nenne K Heil — B [32]. M3 nokasareabcTBa BHJHO, 4TO 3HAK
paBerctBa B (30) peanusyercs Torza M TOJBKO TOrZa,
Korza

[Wiar =o. (32)

710 ycaoBue GyneT BBIIOJIHEHO As Mo6bX yHkuui f(P),
ecin obbem By (n(m--1)-mepHblil) pasen nyJaio. HHbMH
cnosamy, ecii We,=0 TOJbKO Ha MHOrOOGPasHHIX MEHb-
lIero yucna uaMmepeHuii, ueMm n(m--1), Kak, Hanpumep,
Py=P,u T 1

PaBenctBo (32) He GymeT BBIOJHEHO [Js1 HEKOTOPHIX
dynxunit {(P), ecnn ¢yukuuu @o(P), . . . , @m(P) nuneh-
110 3aBHCHMBI B KakOH-To o6yacti G’ G c NOJNOXKUTENbHBIM
n-MepHHM 00beMoM: B 3ToM cayuae W ¢, =0 B obGmactu
G'X. . .XG" c noaoxureabipiMm n(m-1)-MepHEIM 0Gbe-
MOM, U 06beM By noJioxuTtesex.

Jlerko mokasaTth, 4T0 06a 3TH cilyuast BO3MOXHBL B camom pene,
nycts G — nurepsan 0<x<<1, m=1, Tak uro B — kBagpar {0<<x;<<I,

0<<x;<<1}. Ecan BbiGpath @o(x) =1, ¢;(x) =V§(l-—2x), TO

1 V3(1—2x) _

- =2V 3(x — 1)
1 V3(1—2v)
H MHOXKECTBO Bo COCTOHT H3 TOYEK, PACMNOJNOKEHHBIX HA JHArOHAJJN Xo=Y¥;

kBajapara B. Ecam BuGpaTth @o(x)=1, @;(x)=sgn (!/2— x), To zerko
BBIYUCIUTD, YTO

W‘Po (Xo, xl) =

1
W, (o, %1)= (o) = 1 (x1) — 91 (%)

1 @ (x)

HWq(xo, x)=0 B IByX ueTBepTax {0<xo<ls, 0<xi<!3} m
{Va<<x0<<l, Yo<<x1<<1} kBazparta B *). .

Bepxusia rpanuua (30) mns aucnepcun DO[f] umeer npocroii reo-
MeTpHUecKHH CMBbICJ: OHA paBHA KBajApaTy paccTosHliss (B MeTpHKe
npocrpancra Ly) or ¢ymkumm f(P) 10 JMHeAHOro moanpocTpaHcTsa,
onpezenseMoro OyHKIUHAMH Qo(P), ..., @, (P).

*) B kauectBe @;(X) B 3TOM NpHMEpe HCNoJb30BaHa BTOpas ¢yHK-
uusi cuctems Xaapa [82]
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1
Mpumep. Paccvorpum murerpan I = f f(x)dx. Tlyetb m=1 u

0
3ajiaipl  fBe OPTONOPMHDOBaHHble (yHKuuH: @o(x) =1, @1(x)=
=¥ 3(1 —2x).
OGosnauum 4epe3 & u 1 ABe cnyyaiinble TOYKH (BMECTO Q@ y Q(l))
U BhIYMCIUM OMNPEJeauTeNH, BXoAsllue B (27):

Wi=FE o () —7FMm e () =V3[f ) (1—2m)—F(m)(1—28)],
W, = %o (8) @1 (W) — ¢ (1) @1 (B) =2 V3 (E—n).

U3 (27) u (29) BhiTekaer oueHKa uHTerpana I:
6 =2"1E—n~ (1 —20) [ (&) — U —25) F )],
rae § H 1 UMCIOT COBMECTHYIO IJIOTHOCTh pacnpefeneHus
Py, ) =6(x—p)?, O0<xy<l. (33)
1
Ina pacyera unterpana / = fexdx 0 ecATH 3HAUCHHAM MOABIHTET-
0

panbHOR QYHKIMH 3amHILEM OUEHKY

5 g n.
_12(1—2"];)9 —(1—2E) et
= 5 25 —m) ' 4

‘Mucnepcus srofi ouenky, coriaacHo (30), rAe uMeeT MeCTO 3HaK paBels
CTBa, €CTb

1 ! 2
Dé,o=%oéle"]=%{of e2¥dx — I* — [30[ (1—2x)dx] }=

=0,2{0,5(e® — 1) — (e — 1) — 3 (3 — ¢)?} = 0,000788.

YMeHblIeHHe NHCOEPCHH TO CPAaBHEHMIO C NPOCTEALINM METOAOM BecbMa
3HaAYHTENBbHOE,
Tak kak P, 11(x y) <6, T0 Yno6HO HaxoAuTh 3HaueHua § u MeTO-

nom Hefimana (n. 5.3 ra. 2) BbIGHpaeM TPU CAYYafHEIX YHCAA Yy, 'yi, yi
4 mpobepseM ycuosie v, < ( 'y,) Eciu OHO BHIONHEHO, TO
=9, m —-?,. Do¢dexruBrocts ot6opa 8="s. Ilpumep pacuera no

¢dopmyne (34) mpusenen B Taba. 1. Pesyastar storo pacuera 9,0—-1 731.

2.4. 3ameuanns. Merony fi. 2.3 mocesmeno Heckosibko pabot [20,
31, 137]. HccnenoBareneil mpusiekaer Gosblias OOGIHOCTb MeTOAa H
3HayuTeJbHOE yMeHbllenue Rucnepcud. OLHAKO OH HMEET H CBOH HeHo-
craTkH, Bo-nmepBhIX, moKa Her ynoéaux H JOCTAaTOYHO OGIUHX NpPHEMOB

LJIS PasbirpbiBaHHs R@UEK QY ..., Q"™ ¢ maotHoOCTBIO (28) *). Bo-BTO~

*) Eciu u3BecTHa BepxHsif TpaHHLA MIOTHOCTH p(Q©@,...,Q" <

<c¢, 10 ana pasmrpsanns touex QU . ..,Q"™ moxHo PlCllOJleOBaTb
meton HeitmaHna, s¢dekTuBHOCTD Koroporo o= i/c.
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Ta6nnma 1
i A n Ypcaurenr | 3maMenaTedb \9,[f‘]
1] 0,69186 0,03393 2,2588 0,6579 1,716
2| 0,91682 0,12904 2,8043 0,7878 1,780
3| 0,22561 0,70177 —1,6128 —0,4762 1,694
41 0,95114 0,16021 2,8182 0,7909 1,782
5] 0,40837 0,93030 —1,7569 —0,5219 1,683

puix, B dopmyne (27), BooGme rosopsi, NMPHCYTCTBYIOT OTPHLATE/bLHLIE
cnyuainbie seca (cp. mpuMep m. 2.3); a ¢opMyna co SsHaKonepeMeHHbIMH
BeCcaMH NPAaKTHYEeCKH IJIOXA, €CHH YICAO CJ1araeMbiX BeauKo. YToGul
YCTPaHUTb STH HENOCTAaTKH, HAA0 HCMOJIb30BATb JPYrHe ILIOTHOCTH
P(Po, <« s Pm), oTanumbie or (28) (cm. [33]). Haubonee mogxpoGuo usy-

wen cnyuafi, xorma sce touxn Q. ..., Q™ npencrasasior coboit
(yHKIME OT Of(HON CAyualHOM TOUKH Q9 (B. JI. Tpanosckui [20, 21]).

§ 3. Hcnoab3oBanue cMemeHHbIX OLEHOK

Bce ykasanuele B ra1. 3 H 4 oueku 6 nurerpana
I=[f(P)p(P)dP (35).

NpeAcTaBAgI0T cO00M HeCMELUeHHble OLEHKH: MO0=I. Boab-

murcTBo aBTopoB ([33, 130]) BkaOuUalOT ycioBHE Hecme-

IIeHHOCTH flaXe B onpefieleHHe caydadHOH KBaJpaTypHOH
N

dopmyan  (20), TpelGys, uTOGH 'Zl,x;f (QN=I nna Bcex
=

f(P)eLy(G; p). | MBl oTHanW JaHb 3TOM TpaiuuHH B
ra. 3, m. 2.4.

OnHako, Kak ykasano B ra. 3, n. 1.7, npu Goabmux N
(xorza KoJMUeCTBO HCNOJb3yeMbIX 3Hauenudt f(QW) enu-
KO) IJIsi NPAKTHYECKHX Iesiefi J0CTaTOYHO TPeGOBaTh TOJb-

KO, 4TOGH OleHKa OblJIa COCTOATEJbHO: 6—>1.B camMmoM
Ieqe, o6buHO nopsiaox aucnepcun DO=O(N-!) u seposTt-
Has olu6Ka ry OkasbiBaercs ry==0(N-V2). B tex cayua-
ax, korna cMemenne 0—/=O0(N-!), sicHo, uTo npu Gonb-
mux N nopsiiox OmWHGKH Oonpefensiercss BETHIHHON Iy, a He
CMelleHHeM,
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- 3.1. B3BeweHnas paBHoMepHasi BwiGopka. IlpenmmnoJo-
JKHM, YTO HAM YZAa/J0Ch HafTH JONYyCTHMYIO IO OTHOLUEHHIO
K [(P) maotHocTb p(P), npubAHKEHHO NMPONOPLUHOHAJIbHYIO
{T(P)]. . Xsnunckom6 [137] npennoxusn B KayecTBe OLEH-
KM HHTerpaJja no koueuxofi obnactu G

10=fo(P)dP

HCNnoJib30BaTb BEJHUHHY

N N
by=2f (Q‘)A % p(Q), (36);
rae Q;, e Q;v — He3aBUCHMble CJyyaliHble TOYKH, paB-

HOMEpHO pacrnpefeJeHHble B G.

EcTecTBEHHO cpaBHUTh OUEHKY (36) ¢ OLEeHKOi Meroda
CyllecTBeHHON BEIOODKH, Tle PEKOMEHAYeTCs HCHOoJb30BaTb
takylo xe njotHoers p(P). Cornacho n. 3.2.1 ra. 3 moay-
4yaeM OLEHKY cee

N
19 1(Q)
BN—N'EF"—(QT))

rae Qi, ..., Qv— He3aBHCHMBIE peajH3alHU CAYYaHHOI
touku Q ¢ maorHocTbio p(P). Cpasdy BUAHO, UTO NMPH CJIOK-
Heix p(P) pacuer mo ¢opmyae (36) ropasmo mpolue, Tak
KaK He TpebyeTcsl pasbIrpbiBaTh TOUKK Q; C 3TOH mJoT-
HOCTBIO. . :

[Tpeanonoxum, UTO (g |f(P)|dP<<oo. Torma no teope-
N
me Xunumsa (crp. 87) BeaHuuHa (VG/N)gf(Q;-) L1,

N
a BeJHUHHA (VG/N)Z, p(Q) £—1, korna N - oo (szecs

Ve—o6pem obnactu (). CieloBaTeJbHO, O H3BECTHOMY
CBOMCTBY CXOJAHMOCTH IO BepOSITHOCTH, BeJHYHHA Oy Takxke
CXOAUTCA TO BEPOATHOCTH K o, TAaK 4TO OLEHKA Oy COCTO-
ATesbHa.

Ouenka (36) nccaeposanace B pa6ore M. Iloysanna
k. Cpanna [164]. Ilpu HEKOTOPHIX MPEANONOKEHHAX OT-
HocuTesbHO f(P) u p(P) ymatoch HoKasaTb, 4TO, KOrAa
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N — oo, nncnepcus '
DUy =3¢ (1 (P) — 1,0 (P)FdP +0(3),  (37)
a cMellleHue ¢
MOy — I, =0 (Vm)

Jlerko Bunetb, uto ccan f(P) =0 u p=p(P)=[(P) /I, 10
riasHbie uleHsl B DOy u MOy—/, oGpawaiorcst B Hysan (cp.
C METOJOM CYILeCTBeHIION BLIGOpKH).

1

ITpumep. Bouncants anterpan [ = { e*dx=e—1. Iyctb p(x) =

0
== (%3) (14-x). Ouenka (36) npn N=10 pasua

_ 10 10
B =15 ¢ '/(10-[-2 Vi)‘
[=1

i=1

Tnasuuf unen JHCNEPCHH B 3TOM {IpIIMEPe JIerKO BBbIYHCAAETCA:

1
] S 1 5 28
-1_0" [e¥ —Ip (x)]* dx =Tgle— l)(—z'—--(-s- e+ 57 1) =0,00287,

0
B TO BpeMs Kak Aas npocTefiero Metora D0,o==0,0242.

3.2. Ilpocreiinit meron Monre-Kapao ¢ nonpasoutinim
muoxurtesem. [lycte tpeGyercd BelYMCAHMTBD HHTErpaJ Buia
(35), rne p(P) —3anannas IJOTHOCTL BEPOSITHOCTEH, Oil-
penenennas B G u Qy, . . ., Qv — HezanucuMbIe peajusa-
ung caywaiiHol Toukn Q ¢ miaotHocThio p(P). B Kauectne
cuelkH HHTerpana I paccMOTPHM BeJNHYHIIY

N N
Oy = [N‘ glf«zo] [-,5—:2 v(Qo], (38)

rie ¢ynkuus v(P) noxa ne onpenenena. Ecan Mu(Q)==1,
To ouenka (38) Oyzer cocrosTe/bHOH (ZOKa3blBaeTcs Tak
XKe, Kak B 1. 3.1).

Ouenka (38) cxoana ¢ ouenkoll (36), Tak Kak npu Goibniux N
¢ 6oJbLIOH BEPOSITHOCTHIO

1 N -1 1 N -1
[ﬁ%"‘] =['“ﬁ.-§1(l-”‘)] N

N N
1 1
NI-I-N-Z(l—p‘.):.IV > @—py).
i=l

=1
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B T0 xe BpeMa anas GN ropasao Jierye BHIYHCJAHTR MaTeMaTHYECKOe
OJKnjJaHHe B JHCnepcHio.

Teopema 5. Ecau f(P)ELy(G; p), v(P)eLy(G; p)
u Mv(Q)=1, 10

MBy =1 — g [f(1—0) paP, (39)
DOy =5 (I —1(@2—0)PpdP + o(ﬁ). (40)
G

NokasatenbcTBO. [as KpaTKoCTH 06O3HAUUM fi==
=f(Q:), v;i=v(Q:;). 3ameTuB, uTO NpPH ik BEJUYHHE 3TH
He3aBHCHMBI, 3aMHLIEM

N N
MOy = =M 3 o =HZM,ﬂka +3 M(fiv,-)] =
ik=1 Ak =l
= N—2[N (N — 1) M/Mv + NM (fv)]. (41)
Tak kak Mf=1, Muv=1, T0
M=B.N == I —'N_lM (f—fv):

HTO paBHOCHABHO (39).
[Tepefinem k Beuucnenuio pucnepcun DOy. Tak kax
N

MO = oM 3 fifjoo,

i,j,k,i=1

TO B CyMMe HEOGXOAMMO BLIAEJNHTb CJlaraeMble € YeThipba

Msi pasiHuHBIMH HHAekcamu (i, j, k, ), ¢ TpeMs pasiauyHbI-

MH HHJeKcaMH, Hanpumep Buna (i, i,R, [) ¢ xByMsi pasnuy-

HBIMU HHAeKcaMHu Buna (i, i, k, k) wau suna (i, i, i, [) u co

BCEMHU COBNMajalolUMH HHAekcamu (i,i,i,i). Torna Herpya-

HO TIOJIY4HTb, 4TO

MB} = NTHN (V — 1) (V —2) (N —3) (MP)* (Mo)* +

+ N — 1) (N —2) M (P (Mo)® + 4M (fo) MfMo -+
+MHN*M @) 4+ NN —1) MM @) + 2{M(fo)}* +

+ 2MM (jo?) + 2MoM (f0)] + NM (f20?)}.

2
Buuuras us MO§ xksanpar Bupamenus (41) B npuuHMas



§ 3] HCMOJBb30BAHHE CMEWIEHHBIX OLIEHOK 155

BO BHMMaHHe paBeHCTBa Mf=/, Mu=1, mnalizem BbpaKe-
HHe IJs1 QHCIepCHH

DOy =N"*{N(N—1)(—4N +6)/> +
+N(N—1) (N —2) IMP) + I’M @3] +
F2NWNV -1V —4)IM(fo) + N (N —2) [M (fo)]* +
+N N =D IMF)M @) +2IM (fo*) 4 2M (o)) +
+ MM (Po%).
B 3TOM BbIpaXKeHHH JIETKO BBIAEUTD TVIaBHbE YIEHH
DBy = N7 {— 41 + M([®) + M (+*) + 2IM (o)} +
+O(N=?) = N=MI(f — 2/ + Iv)*| 4 O (N-2).
IMocnennaa dopmyna cosnagaer ¢ (40), u Takum 06pasom
TeopeMa JOKa3aHa. _

H3 (39) BunHo, 4TO OUeHKa Oy GyIeT HecMelleHNod AJs
mo6oit dyrkuun f(P) Torna u TOAbKO Toraa, Koraa v(P)=
=1. B sTom cayuae (38) obGpaiaercss B oLeHKy npocreiillie-
ro metofna Monre-Kapso. OnHako ansi KaxKao# KOHKpeT-

Hoit f(P) cymectByer Geckoneulo MHoro Takux v(P), uro
{ f(I—=v)pdP=0.
G

U3 (40) suamo, uro ecan v(P)=2—f(P)/I, To rnasusiit
ey BbipaxeHusd DOy o6panmiaercs B Hydb H DOy=
=O(N-?). I1pn stoM cMelleHHe B HyJb He ofpallaercs H,
cornachuo (39), paBHo

M8y — I = — (IN)"' Df (Q).

B stom cMbicse oueHka Oy xyxe, uem oueHka 0y. Hesacwuo,
OJHAKO, UTPaeT JIH YyKazaHHOe CBOHCTBO KaKylO-AHGO poOJb
Ha NpaKTHKe, KOTHA BelGop p==f/l wau v=2—f/I B TOUHO-
CTH HeBO3MOXKeH. 3ameTnm, uto ¢yuknus v(P) B tTeopeme 5
He o6s3ana GbiTh 3HAKOMOCTOSHHOM, Tak 4To ecau h(P) =,
1 f(P) u 3Hayenue HHTErpaJja Mh(Q)=£ h(P)p(P)dP=

=C=~0 u3BeCTHO, TO ILeJecoo6pasHO MOJNOXKHUTb U=2—
—h(P)/C.

1
Mpumep. Bouneaurs nuterpan / = J' e*dx=1,7183. Tax kak
0

h(x)=1+x~e*, 10 nosoxum v=2—(%s) (14x)= (%) (2—x),
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Cornacuo (38) npu N=10 noayyum ouenxy

_ o /10 10
elo"—‘mkgle )(20_2 Yi)'

i=l

TnaBHbifi ujeH RHCNEPCHH TOT Ke, 4T0 B npuMepe m. 3.1, Tak uTo
D80 0,00287, u BepositHas OLHOKa ri0=0,675 De:w =0,036. Cwmemte-
HHe Ke paBHO MO;g— /= —0,1(1 — ¢/3) = —0,0094, T. €. B HECKOJIbKO
pas Menbue. (C ysemiueneM N pasiuuve 3TO elle YBelHUYHBAETCH:
wanpumep, npu N=100 BeposrtHas owmbka rip=0,011, a cMemenune
pasHo — 0,00094).

3.3. YucaenHvlii npumep. BoabluuHCTBO OleHOK B . 3 U 4 uio-
CTPHPOBAMKCh OJNHM H TeM Xe mpuMepoM: ¢opMmysofi AJs pacuera Hi-
Terpana

1
I= | efde=1,718.
0

BuinuweM Bce 3T dopMyant npu N=10 (touiee, ¢ HCHOb30BaHHEN
JlecATH 3HAUCHHH NMOABIHTErpadbHON (yIKUKH).

Bo-nepsbix, ABe rpyGbie OLEHKH:

1. Tpocreiimuit MeTox,

10

1 Y

0 = — e’
W =15 2

i=1
2. 'eomeTpuueckHii MeTOR
10

1 = -
O=1p 2% TR Z;= v
i=l1 0, ecan ey; >el.

’ 'Vi
e, ecan ey; <e’,

Bo-BTOpbIX, UETHIPE OLEHKM, COOTBETCTBYIOIIHE OCHOBHBIM METORAM
yMeHbIUEHHA AHUCIIepCHH:
3. Bbizesenue raasnoi yacta A==14x

10 ’
1 1 v
910= 7—[—'1—0;1 (e i—-?i)q

4. CymecrBeHHasi BHI6OpKa C MIOTHOCTBIO p=(%3) (1+x)
5

10
3 e
0, =55 Y7 %, =1/1=+ 3y, —1.
=g XTI, e BTV TE
5. CHMMeTpH30BaHHAs OlleHKa

= i—%il (ev‘ + el_vi).
i=
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6. BuiGopxa mo AByM rpynnam

rne
e Y ey LH Vits
i 2 0 [ 2

3atem 1Be OLEHKH, COOTBETCTBYIONME ABYXSTaNHbHIM CXeMaM pacyera:
7. Bourenenye raaBHOM yacTy h—-ao(l+x) npu ao=1,690

8y, =0,8451 +- %21 (e i ],69017[).
=

8. CymecrBennas BniGopra ¢ p=(14a,x)/(140,500) npn co==1,81
10 Vi

e
em=o,19052————l TTEE
i=1

8, =0,5525 ()/ T+ 6,896y, — 1).

Hlanee caydaiinas kBajgpaTypHas (opMyja HHTEPIONSUHOHHOrO
THnAa:

rue

(5]

£, n.
1 —2)e —(1—%)e’
9. 9 '—‘_0' E;—”’l,; »

Ie A4 pacyeTa naphl Ei, n; Hauo BuIOpaTh TPH cnydafiHeix uHcaa y;,
7:’71 U [POBEpUTH ycuosue Vt (v,—yi) . Ecan ato ycaosue B

nonHero, T0§; =y, M, = yz, B NPOTHBHOM CAyyae Hallo BLIGpPaThb HOBYIO

TPOMKY cayyafiHbiX wHcel. B cpeineM Ha mnosydendHe Kaxaoll napti
E;» M; mpuaercs sarpatuth 6 MPoG.

U, naxonen, aBe cMelleHHble OUEHKH:
10. B3BewenHass paBHOMepHas BbiGopKa

3 (10 4 / 10
010—7(‘ )(10+2. 7).
2\i=1 /| =1
11. Ipacrefian ouerka c NMONPaBOYHbIM MHOKHTENEM

ST

i=l i=1

'd
B taba. 2 cpaBHHBalOTCA TPYHLOEMKOCTH f19-D0;o 9THX oleHOR mo
OTHOlIEHHIO K BblunciauTeabHON MaiupHe BOCM-4: £, — 210 Bpemsa pac-
yeta 0)p B mMuanucekyujgax (Ilns cMeleHHbIX ouenoK B KauecTse DOq
NpUBeEHO 3HayeHHe TJIaBHOI'O Y/neHa AHCNEPCHH.)
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B Ta6n. 3 npusefient 3nauenus 0o u owubxu 0,0 — /, nonyvennsie

npH pacuere BCeX 3THX OLEHOK C MOMOMIBIO C/1yyaiHEIX YHCeJ P;, BHIHCAH-
4 ”

HbIX Ha cTp. 108, (B xauectse p; M y;, Heo6x0ZMMBIX ISl pacuera oue-

HOK 2 n 9, Bui6upannuch faibHefilune rpynne uudp us raba. 4 (crp. 295),
ymHOXenHble Ha 1075.) 3mechb ke yxasaun BeposiTHble OWHGKH rio. Jlers
KO BHIETb, YTO (paKTHYeCKHe OIIHOGKH N0 MOPALKY XOPOLUO COrMacyloTcs
C BEPOATHLIMY OIINGKaMH, XOTSl KOJHYECTBO C/laraeMbiX BO BceX OUEHKax
C/MIIKOM Majo IJIsi TOrO, YTOGbl MOMHO GbIIO rapaHTHPOBAThb NMPHMEHH~
MOCTb I1€HTPaJIbHOH NPENeJbHOR TeOpPeMEl,

¥npaxHenus K raase 4

1. ITycts G — koneunass o6aactb B n-MepHOM npocrpaHcTse. [Ipens
MONOKHUM, 4TO HaHO pasbuenue G=G+ ... + GN H Kaxjas u3 o6Jaa-

cTelt G,- LEHTPAJbHO CHMMETPHYHA C LEeHTpoM S - Tlyers QW — cayuaii-
Has TOYKa, PaBHOMEDHO pacnpejeseHHas B G,, a QW CHMMeTpUYHA QM
(OTHOCHTE/IbHO LEHTpa Si): Q") +Q(f)'= QSI. B xauecTBe OLEHKH AJA

uaTerpana I, =éf(P)dP PaccMOTPHM CHMMETPHU3OBAHHYIO GHopMyuy

N
6 = glf;-' [F @D) + F (@),

rae V,- — o6beM obnacTu G,.

Hoxasate, 4to ecnn f(P) m Bce ee yacTHble MPOM3BOAHLIE MEPBOrO
H BTOpOro TMOPSAAKOB HempepbiBHH B G, npuueM AJsd Bcex B, l=

=1,2,.,..,n

0%/ 10xdx) < L,

¥ Boinoaxeno ycaosue (11), To ans aucnepcuu 6,9) CTpaBeAJHBO He-
PaBeHCTBO

DO < cALINTI—Him,

rae c=05n? ft2,
Ilpn 3THX e YCNOBHAX OLEHHTL NOrpelIHOCTb KBagpaTtypHoR dop<
MyJIBl

N
,1., -3V (s,.)l < cLN~2m,
=

VYkasaune. [okasatennctBa awajoruune nm 1.2 uw 1.3

(Ons cnysas G=K"n Eas6ueﬂm, H306pakeHHOro Ha pHuc. 48, sTo
?iagg]n)omeune nokasano H. C, Baxsanoseim [1]; cm. Takke C. XaGep
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2. ﬂOKaSaTb, YTO MaTeMaTHYeCKOe OXHIaHHe OLUEHKH

M—1 .
§ =L htn fn - ¥n
N — Mll f M 9 ey M ,
i1y00 0y =0
BCE Y3JBl KOTOPOH 3aBHCAT OT OAHOIl cayuainoii Touku (y, ... ,y,,),

paBHOMeDHO pacnpefieieHHol B eansuunom ky6e K, pasuo
MBy = [ f(P)dP.
Kn
(B. J1. TpanoBckHit)

3. IokasaTb, YTO BeJHUYHHA VN (ON— Io) u3 n. 3.1 acumntoruye-
CKH HOpMasbHa, H BBIYHCAHTDL [aBHBIA wiew (37) aucnepcuu DO .



FTABA 35
PEWHEHHWE JIMHEVHbIX YPABHEHHWH

§ 1. HHrerpaabhnrie npecGpascsanus

- 1.1. Urtepupopannbie ¢yuxuun. PaccMoTpuM GyHKIMIO
¢ (P), onpeeneHnylo B HeKOTOpoH o6aactu G Ha MJIOCKOCTH
P=(x, y), n dyukuuio K(P, P’), onpegsenennyio npu PG,
P’e&G. MnrterpanbHoe npeoSpasoBanue

Ko(P)= [ K (P, P')g(P")dP’ (1)
G

npeo6pasyer yskuuio ¢(P) B ¢yukuuio Ko (P), KoTopyio
nasplBalor urepayuel ¢yHkuun @(P) ¢ momolubio fjipa
K(P, P’). Bropot urepayued dyuxunu ¢(P) (c momouipio
saapa K(P, P’)) nasuiBaercs ¢yHkuua KKe(P), koropas
o6o3nauaercss K2 (P).

OueBnnuo,

K*o(P) = [[K(P, P)K (P, P") @ (P")dP'dP".

Touno Ttak ke ompepensiores K3@(P), ..., K'o(P),..:

BBIUKCASATD TaKHE HHTErPaJbl MOXKHO MeTONaMH, YKa3aH-
HbiMu B . 3 B 4. OnHako 3amau, B KOTOPHIX NPUXOIHICS
BBIYHCASATL HTEPaUHH (yHKHUHA, HMEIOT CBOIO crenu(HKy:
0ObIYHO TpeGyeTcs He OXHA Kakas-HMOYAb HTepalus, a He-
CKOJIbKO HJIM Jaxe Bce HTepallid IO HEKOTOPOro MNopsiaka.
[Tostomy BeluucauTENBHBIE cXeMbl MonTe-Kapiso BhiGHpaloT
TaK, 4yToGbl BCE 3TH MTEPAlUH BBIYHCISIHCH OJHOBPEMEHHO
[0 OZHHM U TEM XKe CJAyYalHHbIM HCHBITaHHSIM.

[anee, MHOrHe MeTOHbl NPHOJHIKEHHOTO pelleHHs HHTe-
TPaJIbHEIX YpaBlieHUH HCNOJb3YIOT He caMu 3HaueHHs K'q (P),
11 K. M, CoGoas
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a Hekoropbie (Qynkuuonaanl or K'q(P), yalle BCEro--Ju-
lefinble, TnpeAcTaByUMbie B (OpPMe CKaasipHbIX [pou3ie-

JeHi.
YcaoBUMCS 3anicbLBaTh CKaasapiloe nponasefenne QyuKs
uuit ¢ (P) u P(P) B puze

(@, %) = Jo(P) ¢ (P)dP. 2)

B cacaymooueM nyuxTe Mbl paccMOTpPHM 3a7ayy O BLIUMTIE-
M uuterpanoB Buaa (¢, K'¢). 3ametum, uto ecqan 00-
aactb G n-mepHas, To uurerpan (¢, K'g) npeacrassser co-
6oil n(i+41)-xkpaTHblii uuTErpaJ.

B nagabneiimem Mbl 6yAcm upeanosaarath, 4ro

o(P)ELy(G), v(P)eLy(G), K(P, P)=ly(GXG).
STa 3anuch 03HAYaeT, YTo
c’f ¢2dP < o, [P < o, fc!‘ K?*dPdP < .
(O G G
Jlerko nokasatb, uto ecan @(P)=Ly(G) u Y(P)=

=L,(G), 10 craasiproe mpoussefeillle (2) KoHewHo. ITO
BbiTeKaeT u3 Hepaselcrsa (1) ua crp. 292:

|Jovar|< flerlap<{[ap- [P} < .

Tak Ke nerko nokasatb, uto ecau @(P)=Ly(G) u
K(P, P)eLy,(GXG), 10 Kop(P)eLo(G). B canom zene,
u3 (1) caenyer, uto

Ko (P)P <{ JIK-l dP’}2 < [P PYAP [t () dP,

Hurerpupys ato HepaBelcTso no P, noayuum

Gf |Kel2 dP < Gj Gf K2 (P, P'ydP'dP | ¢* (P')dP’ < co.

G
Orciona BuiTekaer, uto u K?q(P),. .., K'e(P), ... nopu-
Hapnexat Lo (G).

Mpumep. O6aacts G npenciasaser cobofi TpeyroabHuk x>0,
y>0, x+y <<l (puc. 49), aapo K(x, y, ¥', y’) =uxx"+4yy’. Eciu suibpath
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@(x, y)=1, 10

1 1
Ko(x,p)= [ dx’
0

[ dy (o' 4 yy) =+ (v +0),
0

1—x’

1
(e, )= [ dr' [ dy (o' +y') 4 O + ) = Lo (e + 0
0 0 :

HETPYAHO NPOBEPHTb, YTO Kig =6—1gl—¢ (x+y) npu i=1,2, ...

1.2. Boiuncienue JauHeliHbIX QYHKUMOHANOB OT HTEPH-
poBaHHbIX (QyHKuuil. [Ipeanonoxum, uro B obaactu G 3a-
nanbl ¢ynkuun @ (P)esLy(G), ¢(P)eLy(G), K(P, P =
eL,(GXG) u tpedyercss BbHIYUCAUTD HHTerpaansl (¢, K'¢)
g j=0,1,...,10

BeiGepem B G NpOU3BOJILHYIO MJOTHOCTH BEPOSITHOCIEH
p(P), nonyctuMyio no otHouweHuio K Pp(P) (cm. ri. 3, m. 3.2),
I [POH3BOJBHYI  YCJOBHYIO IJIOTHOCTD  BepPOSITHOCTEH
p(P, Py==p(P’|P), momycTHMy10 1O OTHOLIEHHIO K SADPY
KN(P, P"}y. YcaoBusa 110pMIpPOBKH

{pPydrp =1, [p(P, PydP' =1.
G G
Onpesensv B G cayuaitnyio Tpaekrtopuio Ty (puc. 50)
Ti=(Qo— Qi —. ..—Q),
rae touxa Qo HWMeer nJaotHocTb 72(P), a MJIOTIOCTL TOUKH

yAa

~

e

Puc. 49. Puc. 50.

Q, npu u3BecTHOM 3HaueHuu Q;-y paBHa p(Q;-;, P). DPyHk-
uuw p(P, P’) 4acto Ha3bIBalOT NAOTHOCTbI) BEPOATHOCTEL
nepexoda u3 Touku P B Touky P’ u o6osHauaior p(P == P’),

i
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a ¢yukuuio p(P) HasblBaloT HauaabHou naoTHocTsio. Tpa-
€KTOPHIO MOXKII0 HHTEPIPETHPOBATh KaK TOYKy B GX. . .)X
X G=G'"*'. TlaotnocTs BepOATHOCTEH 3TON TOYKH paBHa

pi(Qo, . . ., Q)=p(Qu)P(Qo, Q1). . .p(Qe=1, Q). (3)

@ynkuuio (3) HasbIBAIOT NAOTHOCTbIO TpaexkTopuu T
Bsenem B paccMoTpeHHe (QYHKUUHM OT TPaeKTOpHH, Ha-
3blBaeMble 0OLIYHO 8eCamu:

K(QO: QI)K(Qh Q‘Z) oo K (Qi—l' Q,)

Vi= p(Qgy Q)P (Qr, Q) ..o p (Q/'_ly Q,) ’ (4)

KoTopule onpeaeedsl npu j=1, 2, ..., i. lna j=0 no-
aoxum Wy=1; Torna cnpaseinnuBa pekyppelitHas gpopmyJa
W= Wj—l[K(Qj-—ls.Qj)/p(Qj—l’ Q)1 ()

KOTOpasi MO3BOJSIET MOCJAeJOBaTebHO BbluucaaTe Bece W; no
Mepe pacueTa TPaeKTOPHH.
O6o3Haunm uepes 0;[¢] cayuaiinyio BeqHUHHY

0.[%]=[9(Qo)/p(Qo) IW:ip(Q:). (6)

Teopewma 1. Ecau ycaosus, nepeuuciexnvle 8 Hauaie
NYHKTQ, BbINOAHEHbI, TO MATEMATU4eCKOe OxudaHue B8eau-
aunol 0;[¢] pasro (¢, K'g)

Mo:[p] = (¢, K'p). (7)

Jlas nokasaTeAbCTBa TEOPEMbl BLIYHCAHM 3TO Ma-
MEeMaTHUECKOEe OXKHAaHHE:

M6, [1p] =af'“af9" (%] pidQ, . . . dQ.-

IMpunsis Bo Buumanue coortHowenuss (3), (4) u (6), no-
Jyuum *)

MO:[9l = 3540 (... [Wipio (@) Q... doi=

G G

=9 (@)dQ, ... [K(Q @) K Qi1 @) 0 (@) X
X dQy ... dQi= [ (Q) dQuK'p (Q) = (i, K'g).

*) B aroii rnane nepeMeHHLle MHTerPUPOBAHHS HHOTAA 0603HAYAIOT-
¢ TOR xKe GyKBOM Q[' 4TO W cayvafinas Touka.
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Joka3zatenbcTBO TeopeMul HyMjaercd B OAuOM yTouyHeHuu. Ilaor-
woctw p(P) u (nau) p(P, P’) moryr obpaiiarbcs B HyJdb B TeX TOYKaX,
B Ko10pbiX Y (P) u (mmm) K(P, P’) oGpawaiotcs B Hyab. B Takux Tou-
Kax ¢topmyast (4), (5) u (6) He onpeneneHbl. MOXKHO HOONPENENHTb B
9THX TOUKAaX Wj u 0; [V], nonaras ux pasHbiME Hyalo. Ha sHaueHWe uu-

Terpana 3To HEé nosauser, u6o ecan mpousseserne p(Qo)p(Qo Q1) ...
v P(Q;_y, Q;) paBHO Hymo B HekoTopoli obnactt B&GX ... XG, To

npoussesienne P(Qo) K(Qo, Q1) ... K (Q;_;, Q;) Taxxke paBHO Hym:O
B B u unterpan no obnacti B pased Hymo. B nasmbHefimem Mw oropa-
puBaTL NOONpeNeNeHHe COOTBETCTBYIOUUX Beau4HH He OyleM, TaK Kak
3TO BCErna MOXeT OblTb OCYINECTBJIEHO TaKiM Ke 06pa3zoM.

Teopema 1 mosBoasier mocTpouth Meron Monte-Kapao
nas pacuera Beauuud (¢, K'g). B camom gede, ecan no
YKasaHHBIM ApaBuaaM noctpouTb N Tpaektopuil Buma I:u
IS KaXkKIOH M3 HHX BeuucauTb 0[], To mpu Jocraroutio
Goabiom N

N
(P, Klo) =~ l% 21 0; [pls, (8)
=
rae 0;[y], —s3uauenue 6;[}], cocuntanHoe ans s-fi Tpaek-
topui. Tak Kak 4yactb (Qo— Qy—>...—>Q;) tpaexropuu T
npu j<<i npeicTaBJsieT COGOH TPAaeKTOPHIO TOro XKe THna
T, TO MO TeM e TOUKAaM MOXHO Bbluncauth 0;[P], u oue-
Huth (P, Kg) mna j<<i.

Ecau TpeGyeTcsi BBIUHCJHTh HECKOJIBKO CKaJ/IIpPHBIX IpO-
ussefennit (P, K'q) ¢ pasnuuHbIMH (GYHKUHSIMH @ W ), O
3TO MOMKHO OCYLIECTBHTb C MOMOLLBIO OJHHX H TeX XKe Tpa-
ekTopu#l T, Tak Kak 3aKOH NOCTPOeHHs TpaeKTOpHH 3aBH-
cut ToabKO oT p(P) u p(P, P’), HO He OT @ M '; H €CJH Bbl-
6paTh MOJOXKHTENBHYIO IJIOTHOCTL p(P), TOo oHa Oyner Ao-
NYyCTHMOM [0 OTHOWEHHIO K J060# P (P).

1.3. BbluncaeHne 3Ha4YeHMH MTEPUPOBAHHBLIX (YHKUMIL
Ml yxaxewm Tpu crnoco6a onenku Ko (P).

1.3.1. TpaekTopuH ¢ GHUKCHDOBAHHOH Ha-
YaJbHON Toukoh opmajbHO, AaA TOro 4ro6bl BbI-
yucauth 3HaueHue K'g(P) B Touke P==Pj, MOXHO BHIGpaTh
p(P)=v(P)=8(P—P,y), rae  &(P)— menbra-QyHkuus
Hupaka *). Torna u3 (7) BbITEKAeT, yTO

M8,[8 (P—Po) ] = (8(P—Po), K'g) =K'¢p(Po).

*) Xots nenbra-pyHKuua u He npuHajjexut Lg(G), HO cKamapHoe
npoussenenne (8, K¢ ¢)koneuo,
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BriGop B KauecTBe HauyaibHO{l MJOTHOCTH NeJbTa-(QYHKUMA
O3Hayaer, 4To HayajbHas TOuKa (ukciposana: Qo=~P,. Co-
kpatuB B (6) ¢(Qo) ¢ p(Qo), Moxkno nepenucatsb (7) B BuIE

M{W.0(Q.) | Qo==Po} =K' (Po). )

Hrak, ecnn Bce N tpaektopuii T, Hauunarth ¢ ¢ukcupo-
BaHHOH TOUKH Qo= Py, TO

Kiy (Py) =~ =~y Z {(Wig (Q)IQy = Pylss (10)

rie HHOEKC S HMeeT TOT XKe cMmbica, uto B (8). Koueuno,
dopmyay (9) MOKHO BLIBECTH He MpHOCras K NMOMOILH UMb+
Ta-QyHKUHH, a paccMaTpHBas JHUIIb TPAEKTOPHH, HauHlid-
[olMecs U3 TOUKU Pg U HX NJOTHOCTD.

HanoxeHHbINl MeTOH, OYeBHAIO, HEYAGOEH, €Cad HyXKilbl
snayenusi K'q@(P) Bo MHOrux Toukax, uGo U3 Kax<aoh Ta-
Koil TOYkM npuliiocb Gbl CTpouThb «CcBou» N TpaexTopnil.
Caenyloune nBa criocoba no3BoJSIOT UCI0/bL30BATh OQHH H
Te JKe TpaekTopuu as oucniky Kigp(P) BO MIOTHX TOuKax.

132. Cpeanne 3vaueuus no o6uaactu Obos-
nauun  yepes yu(FP) nnmnkarop npoussoabHOfl o6Jaciu
Bc .

1, ecmu PEB,

7, (P) =
Tpit) {0, ecnii P B.

Iyetb p(P) — npouseoabias «secosast» Qyuxunsa. Ecan B
dopuysie (7) NONOXKUTL Y=pY%yu, TO

MO [oxsl = (075 K'e) = (o (P) K'g (P)dP. (1)
@opumyaa (11) noseoaser no N tpaexrtopusim Buaa Ty ole-
HUTb cpenHee 3HaueHne K'g(FP) c Becom p(P) no sio6oi

obaactu B:
K9)s = [0 (P)K'¢ (P)dP/ fp (P)dP,

TaK Kak CTOﬁml’lﬁ B YHCJHATENE UHTErpan
N
; 1
Jo(P)Kig (P)dP~ 5 3 6oyl (12)
s=
Hanuune cnpaBa BeJHUMHBI {5 UMEET NPOCTOM CMBICA: CyM-

mupyiotrest 0;[p], HO TONBKO MO TeM TpaekTOpHAM, AJs KO-
TOpLIX HauadbHas Touka QB
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Koiieuno, a0 uMeTh B BUAY, uTO ecan obaacTtb B oustb
maJga, To B (12) oxa:kercs oueilh MaJjo CJaraeMbix, OTJuu-
HbIX OT HYJd, U TOYHOCTb TAKOro MCTQAA pacyeTa 6Yﬂ€T He-
BLICOKOH.

O6osnaunm uutepecyioyio nac ¢yikinio uyepes u==Ki¢ (P). Me-
TOJ HaCTOSILEro MYHKTA MO3BOJAET BhlecTo 3naueHnii u(Py), ..., u(Pk)
B 3ajanHplx Toukax Py, ..., P, BbUNCAHTL CPejlHHE 3HAdellist

Upgy ees Upg N0 HEKOTOPHIM OBMACTAM By, vuvy By , copepr*aum co-
k

OTBETCTBYIOLLHE TOUKH P[, ceey P . Oucnnth norpeitocTb Takoro npH-
Gu1HKEeHHU ST HETPYNHO, €CAH TNO TMNOJYUCHHLIM  3HGUCIIIAN “B,’ cesylip
k

MOXHO COCTaBdTb cebe mpeactapaeie o nopepxnoctit u(P). Hanpumep,
NYCTb BMECTO 3HAUEHHS U (Ap) MbLI BLIUNCAMAL CpCliee sliayciile

_ XoJh xot-h
Uy = f u(\‘)x(lx/ J xdx.
xo—h vo—h
Ecnn u(x) =v(x)=a+bx? 10 omnbra 1ty — 1 (%) npiGIKCeHHO paBHa
- b (xg - M)t — (vqg— M)} 9 5
Yy — Z}()Cu) = 2 ()J() 'l‘ /I)"' - (/\'u - /1)! - bx() = bh ’

1.33. OucHka xoadpdunuentoB Pypbe. Bube-
peM B KauyectBe Y (’) B (7) HECKOALKO OPTOHOPMHPOBAH-
X Qyuxund P (P), ..., P (FP), Tak uro (P, V) =8
3neck &,;— cumpon Kpouekepa: &,;=0 npu ks%=j u Sp=1.
®opmyaa (7) 003BOISET oUEHNTL KodhpuyuenTor Pypove iy
pynxyuu K'o(P) ornocureabro g, (P):

Ciyn= ([\]'(P, '\Pk) =M ef[‘bk] .

Ecan cucrema ¢yurunil Y, ..., P BLIGPaHA JOCTATOYHO
pasyMHbiM 06pasomM, 1O
m

Kig (P) Q’/kEv ci,1Pr (P), (13)
=1
H, BHIYHCAHB NPHGINKENHLIe 3HaYeHUs
| X
v
cin =5 2 0 [bels, (14)
N s=1
nonyuum npudankenne (13) maa K'g(P) Bo Beeil oGnacru.
1.4. Cayuaiinple TpaekTopuu ¢ norjoumenuem. Tpaekro-

punu tuna T; — 1ajeKo He eIHHCTBEHHBI CIOCO6 BLIYKCIIEHHUS
urepaunii Metosiom Monre-Kapso. 3agaaum npouspoibHYIO
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¢yukuuio a(P), yrosaersopsiomyio B G yCJI0BHIO
0<a(P)<l.

Iycte s(P)=1—a(P), a naornoctu p(P) n p(P, P') —
Takue Xxe, Kak B 1. 1.2.
OnpenenuM B G Tpaekropuu Ty cayyafiHOR AJHHH v

Tv=(Q0—>Q|—>.--—>Qv)

0 CIeLYIOIHM NPaBulaM:

a) Touka Qo BLIGHPAETCSl B COOTBETCTBHH C MVIOTHOCTLIO
p(P).

6) B Touke Q; (rze j=0, 1, ...) TpaekTopHus c BepoOAT-
HOCThIO @ (Q;) 3akaHuUMBaeTcst U ¢ BepoSATHOCTBIO §(Q;) mpo-
JOMZKAETCsT;

B) e€C/IH TPAaeKTOpHS He 3aKaHYHWBaeTcs, TO Touka Qjq1
BhIGHpAETCs B COOTBETCTBUH C MIOTHOCTBIO p(Qj P).

EcrectBenHo HasBath a(P) 8epoarnocTbro nozaoujerus
cayuyaiitioil Touku B Touke P u s(P) — sepoarnocroro pac-
CeAHUA 3TON TOUKH.

BeposiTHOCTb TOJNYYHTH i-3BeHHYI0 Tpaektopuio Ty ¢ co-
OTBETCTBYIOLIMMH BEpIUHHAMH, PACNOJOKEHHBIMU B OKPecT-
Hoctax Touek Po, Py, ..., P, paBHa NPOU3BEIEHHIO

i—1
p (Py) dPgs (Po) 11 P (Pi-1, Pi)dPss (Pj) p (Pi—1, P))dPia(Py).
‘=

Bsenem o6o3nauenue
~ 1
Pi(Pgs ooy Py = p(Py) ,Ex $(Pj—1) p(Pi—1, P)) a(Py); (15)

TOTZla BEPOSATHOCTb MNONYYHTh {-3BEHHYIO TpaekTopuio Ty
paBHa

P{v=i}=df...6f5i(Po,...,P,)dP ...dP..
3anuuieM TakKe YCAOBHYH NAOTHOCTb BepOATHOCTel 1pa-
exropuu Ty TpU YCAOBHH, 4TO v=i:

Dv(Pgyvey Piv=10) = p;(Py, ..., P)/P{v =i}

Broae Tpaekropuu T, paccmorpum dyuxuuu W, (seca),
onpelleneHHble (15 j<CVv) peKyppeHTHON (opMyJoh

Wo=1 W;=W_i[K Q-1 Q)/s (Q=1) P (Qi=1,, Q)] (16)
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Cpasuubas (16) c (5), Jerko saMeTuTb, 4TO
Wi(Poy ooty P)=W;(Pyy ..., P)s(P,) ...s(Pi). (17)
O6osnauum yepes 6;[}p] cayuaiinyio Beanauny

B: b1 = [¥ (Q)/p Q) Wi [ (Q:)/a (Qu)]. (18)
Teopema 2. Ecau ycaosus, nepeuucaennvie 8 Hauaie
n. 1.2, soinoanens, 10 ycaosnoe maremarudeckoe oxcuda-

tue eaununol §;[p] pasro
M{B: [Wllv = i} = (, K'g)/P {v = i}. (19).
HoxasateanctBo. [To onpenenenuro

M{ﬁzm»nv=t}=§...§§imﬁv(czo,...,Qz|v=i)on-~

d dqQ, ... dQ,
crd@i= [ Fe @ TTK @ )o@y T =
G G j=l
_ (0 K')
T P{v=iy

Teopema 2 mosBossier chopmyaupoBaTh MeTon MouTe-

Kapno mas pacuera (¢, K'¢) c nomowbto tpaektopuit T.
B camom nene, peannzoBaB N TakuX TPaeKTOPHH, MOMy4YnM
cpeau Hux N; Tpaexkropuii, cocrosmux u3 i 3BeHbeB. Que-

BUJIHO,
NJN ~P{y=1}.
A us (19) BbiTekaer, uTo
Plvei)
(b, Kio) ~ 0= 3 6y, (20)
rae 0:[p]. —snauvenne 8;[p] Ha s-fi TpaekrTopum (M3 uncia

i-3BeHHbIX TpaeKTopuil). 3aMeTHM, YTO MNOCIeAHIOW ¢op-
MyJly MOXKHO 3aMeHHTb (GopMyJ/ol

Ny
(W, K'o) = ,%sg 0; [p1s. (21),

1.5. CpasHenne TouHoctu oueHok (8) u (20). B ouenke (8) ocpen-
HAIOTCA 3HAueHUs cayuaiHol BeaHuuHnl 0; [P], maTemaTuyeckoe oxuzna-

HHe KOTOpOH paBHO (qJ,Kltp). B (20) ocpemusiiorcs 3HaueHHs cayuafiHof
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peansnin &, =P{v=0}0; [Y], ycrosroe maTeMainueckoe OXKIanHE

KxoTopoil pasno Takxke(P, K'¢). Jas Toro uToGbl CpaBinHTbL AMCNEPCHH
9THX BEJIHYMH, AOCTATOUHO CPAaBHHTh MaTeMaTHUYCCKHE OXUAAUMs HX
kBazpatoB. B nepsom c.nytlae

MOT(Hl = T oo JOTTE1P, (@, ey Q) Qe dQy (22)

a BO BTOPOM

glv=1) =G('... fg2 20y (Qus +e e Qv =1)dQ ... dQ;=
=P {v=i) Gf s JOTTHID; (Qor oo Q) Qs - - dQ

C nomomsio dopmyn (3), (6) n (15), (18), npunas po BHHMAaUHe COOT-
nowenne (17), HETPYAUO MPOBCPHTb, YFO HMEET MCCTO 10XKAECTBO

02 (91 p; = 02 (V17,5 (Q) -+ 5 (Qu—y) @ (Q)- (23)

I/Icuonbsyem (23), 4106 npeoGpasonaTh MNOCACAlCe BuLIpaiKeHHe JIs
§2lv—t

Mg =1 = [ ... e inp o= T
G G

5@ 5 (@) e (@)

(24)

Boo6ue rosopsi, Buipaxetine (24) Moxer 6blTh KaK Meiiblle, Tak H
Gosbiue, yeM (22). Oanako B BeCbMa BaX<HOM 4acTHOM cJyyae, Koraa
MOrJIOUIEHHE MOCIOAHHO BO Bcell obnacth G uaw, APYrUMH CJAOBaMH,
a (P)=a, 3Tu Buipaxcenus paBHLl. B camom nesne, B 3TOM cayuae

P{v=i) =asléf ,..GSp[(Po, e Py dPy ... dP; = us',

u Apo6b, croawas B (24), pasna dQo ... dQ,.
Crnenosartenbto, B cayyae a(P)==a mucnepcuil paBibl

DO, [¢] =D (Ev = i}.

Jlas Toro uto6bl KOJHueCTBO caaraeMmsix B dopMynaax (8) u (20) Gouio
ONHHAKOBLIM H paBHssock N *, B NepBOM ciyyae Halo NOCTpouTh N==
=N * tpaekropuit Tuna T;, a Bo BTropoM ciyuae, utoObl N;=N 7", nano

noctpoute B cpedHeM N */P{v=i}>N* rtpaextopuil Tuna 71:. Takum

o6pasoM, ouenka (20) mas (P, Kiq)) OKa3biBaeTCs Menee BLITOALOIT.
Ha pasnuunbix apyrux onenkax semuuuuer (), K'g) ww ocrauas-
aupaThest He GyfeM. Kpome cayuaiinbix Tpaektopuit tuna T u T » BO3-

MOXHbI M ApYrue Tumsl Tpaekrtopuil. HampuMep, «noraoluenue» MoxkeT
NPOHUCXOANTb MU MEPECEUCHIH 11eKOTOPbIX 3apaHee 3aJaHHBIX JHHHUI HJH
3ABHCCTb TOJNbKO QT HampaBJeilus 3BeHAa TPAEKTOPHH U T. M.
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§ 2. Heonroponumnsie unterpaabubie ypasHeHus

. 2.1. MocranoBka 3anaun. Psn Heiimana. Paccyorpum
UHTerpajabHOe ypaslieHue

2(P) = [K(P, P)z(P")dP' - (P),

KOoTOpoOe ¢ yuetoM (1) MOXKHO 3anucaTh B BITE
z=Kz}+]. (25)

3necb 2(P) —uckomasi ¢yukuns, K(P, P’) —sanaunas
¢Gyuxkuna, HaseiBaemas sadpom ypasrenus, [(P) — 3anail-
Has GyHKuus (c800600nbil Yner),

[Tpeanonoxum, uto f(P)e=Ly(G), K(P, PYye=L,(GXG).
MoKHO monbITaThbCd HCKATb pereline MeTo10M Moc/ienosa-
TelbHbIX npubauxennit. Ilycts 29 =q¢(P) — npoussoan-
Hast ¢ynkuus u3 Lo(G). Ilyers panmec npu i=1, 2, ...

20 = Kz~ (26)
Hetpyano BHYHCANTD, UTO :
2 =f+K[+ ... +K""Df+ K. (27)

[TocnepoBaresbunie npubamkenns 2 cxomarcs npu
i— 00 K peuIeHHIo 2z ypaBHeHus (25) roraa u TOJbLKO TOT1a,
KOrZla 3TO pellenie npeacTaBuMo B Bijle psaaa Heiimaia

(oo}
z= X K. (28)
i=0
YcnoBus cxopumoctu psna IHeiiviana uxetorcs, Hanpumep,
B [63].
B wacTHoCTH, ecau
[{{ K>, PydPaP <1,
Gao

To pax (28) cxomurcs B cpenHeM:
m m )
lim [z— ) K, z2— % [\"f) =0.
m—co (=0 i=0

Ecau, kpoMme Toro, Ais Bcex PeB=G

[ K2 (P, P)dP’ <C,
¢}

10 pas (28) cxomurcs aGCOMOTHO H paBHOMepilo B B,
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Jemma. Ecau pad (28) cxodurca s cpednem, t0 Oan ar060l
dynkyuu P(P) n3 L2(G)

lim («p, by K‘f) =, 2).

i==0

HokasaTteanbcTBo. PaccMOTpUM pasHoCThb

(qji Z)—‘(ll), ZKif)=<\p)z—2Kif)o

i=0 =0

W3 nepasenctsa (1) ma ctp. 292 caenyer, yro

m 2
(w,z—z K‘f) < (¥ w)( \‘ K, z——Z Ki/)
i=0 i

—0 i=0
Korga m —» 0o,

Qopmyasl (27) u (28) nokasplBalOT, YTO BHIUACAEHHE
2™ uam 2z cBOAMTC K BHIYHCIEHHIO CYMMbl HTEpHPOBaH-
HBIX (QYHKIHH.

2.2, Ouenka JauHeiiHbiX dyHKuUHOHANOB ot Z'Y, Pesyib-
tathl § 1 mosBossitoT ykaszath Mertoawnl MonTte-Kapmo mas
BBIYHC/IEHHA CKadApHBIX mnpousBeneHuit (¢, 29), rne
Y (P) — nwo6as sagannas ¢pyukuus us Ly (G).

B camoMm gaesne, paccMoTpuM caydaliHble Tpaektopuu T,
onpefieleHHe KOTOPHIX JaHo B n. 1.2, W BBe#eM ciaydaii-
Hble BEJIHYMHB (1], 3aBHCALME OT TaKHX TpPaeKTOpHIi:

LIl = ﬁ’fg";[ZW(Q,)JrW@ (Q)] (29,

(Tlpn i=0 nosmarate KBajpaTHyI0o cKOOKy B (29) paBHo#

Wop(Qo) )
Jlerko HOKa3aTh, YTO MaTeMaTHYECKOE OKHIAHHE 3THX

BeHYHH PABHO
ME:[¥] = (. 2°), (30)

n60 Kaxnoe ciaraemoe B (29) — ato Bennunna tHna 0;[y]:

-1
- P (Qo) ) P (Q)
Mcmm-;M{p(Q,W,f(Q,>}+M{p @ Vie@) =
i—1

- Eo W, Kip) + @, K'p) = (4, 29).
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Coorsetcrayiomuii (30) meron MOHTe-'Kapao:
N
; 1
(b, 20) ~ 7 2 L, (31)

rae &i[y],— snauenne §i[p] Ha s-B TpaexTopuHu.

OueBHAHO, MO OAHHM H TeM e TpaekropusMm tuna T,
MOXHO BBIUHCISITL 3HauyeHus (P, 2) IAs HECKOJbKHX
byuxuuit $(P) u naxe 419 HeCKONbKHX ypaBHeHu# (25) —
c ofHUM H TeM xe sapom K(P, P’), Ho c pasHbiMu [(P).
Camu 3HaveHust 2”(P) MOXKHO BBIYHCISTH JIIOGHIM U3
Tpex MeTojoB, yka3zaHHbiX B n. 1.3. Ecan psn Heiimana
(28) cxomutcs, TO HPH IOCTATOYHO GOJbUINX § 3HAYEHHS
(¢, 2?) moryt cayxuth NpHOGAMKEHHIME K (P, 2).

2.3. Merog cymwecTsenHoil BLIGOPKH naa TpaektopHit T
B npepbiAyumeM nyHKTe paccMaTpUBANHCh TpaekTopuu T,
MOCTPOEHHbIE 110 NMPOHU3BONBHLIM JonycTuMbiM p(P) u p(P,
P’), Ho He 6bIIO HUKAaKUX YKas3aHuH Ha TO, KaK Jyullle Bhl-
6upatb 3TH niaortHoctd. OnHako OT HX BhGOpa 3aBHCAT
aucnepcun DE,[], onpenenstomue TodHocTh Meroxa MoH-
te-Kapsao (31). Oco6enno HexenatenpHa GoJblnas AMChep-
cusi TOoraa, KOrja HauyajbHoe mpubauxenne 20=¢(P)
6MHM3KO K TOYHOMY penreHuio 2(P), Tak Kak MOXHO «HC-
MOPTUTb» 3TO NpudanKelue.

Ecnu ¢yuxuns 29 (P) ussectna, u uuterpan (¢, zV)
BLIYUCASIETCS C MOMOIIBIO CYLIeCTBEHHOH BHIGOPKH (ra. 3,
n. 3.2), To MUHHMAaJbHAs AUCNEPCHS TaKOH OLEHKH, corsac-
Ho TeopeMe 3 ri. 3, paBHa

D; = (1], [22)* — (p, 2)*.- (32)

Teopema 3. [lpednososxcum, uro a0po ypasuenus
(25) u eco pewierue HEOTPUYATEALHDL
K(P, P') =0, z(P)=0,

a rpaexktopun Ty CTPOATCA € HAYAALHOL NAOTHOCTHIO

p(P)=|v(P) |o(P)/(]¥], ) (33).
U ¢ NAOTHOCTbIO 8epOATHOCTel nepexoda
p(P, P)=K(P, P")o(P')[Kg(P). (34)

Ecau nauarenoe npubauxenue ¢(P) pasno pewenuro z(P),
10 npu mobom j=0,1,2,...,1

D¢, [l = D;. (35),
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HdoxasateanbctBo. Ecan ¢o=Kg¢-f u Bumosaneno
paBeHCTBO (34), to

—[~[3p(Qo)/p Qo)][f(oo - K(Qo, Q) p(QL)/P(Qo, Q1) ]=
*[u)(Qo)/P((\ Qo) *f"\‘F( »o)]
=@ (Qo) ¢ (Qo)/p (Qo) =To[¥].

B T0 Xe BpeMs npu j=2 u3 (29) caenyer, uto
Lt [Y1— G [p] = ‘HQ° 5 1W 19 (Qi=1) = Wimf (Qi=1) —

—Wip Q)] = [V (Qo)/p QN W i1l (Qj—1) — f (Q]—l)
— K¢ (Q-1)1 = 0.
CaejpoBaTebHO, Npu Jwo6oMm j 3HaueHre G,[¢] sasucur

auub o1 Qo u, ¢ yuerom (33), paBHO §;[¢]=sgn {(Q) X
X (||, @). TosTomy mucnepcus ;[¢] pasHa

DZ;[9] = ML [9] — (¥, 20)* = ([, ¢)* — (, 27)%.

A tax kak us ¢(P)==z(P) cnenyer, uto Bce 29 (P)=
=z(P), 1o nocaennee Bhipaxenue aasa DE;[y] coBmamaer
¢ (32). Teopema moxasaHa.

Kak n B ra1. 3, n. 3.2.1, niotuoctu (33) u (34) ¢ (P)=
=2z (P) npaxTHYeCKH HCNOJb30BaTb HeJab3sl, TaK KaKk pelle-
uune z(P) neussectno. Oxnako, nMes «xopouec» MpHGail-
xKeHne 2o(P)=z(P), Mbl MoxkeM (B npuHuune) BulGparh
¢(P)=20(P), u nucnepcuu Dg;[y] 6yayt 6ausxku K Mi-
HHUMAaJIbHBIM.

Ecaun ¢yuxuus $(P) 31aKONOCTOSAHHA, TO OYEBHIIO,
Dj=0.

2.4. Ouenka JaunedHbIx GYHKUMOHANOB OT 2. PaccMoT-
puM GeckoHeuHble cJydyalHble TPAEKTODHH

Te=(Qo—=>Qi—>... >Qi—..)),

KOTOpble CTPOATCH NO TeM K€ NMpaBHJIaM, 4TO TPaeKTOPHH
T, Torma Jmo6ofi HauanbHbIl YyacTok (Qo—... =Q))
3TOIl TPaeKTOPHH MNpPeldCTaBasieT COOOH TpaeKTOPHIO THMA
T: u naotHocTb ero pi(Qo, ..., Q;) BrIpaxaercs popmysnoii
(3). IpeanonoxuM, yTo HavajpHasd MIOTHOCTE p(P) no-
nycTHMa 1o OTHouleHHI0O K ¢(P), a IIOTHOCTb BeposiTHO-
creli nepexoma p(P, P’) pomycTHMa MO OTHOIIEHHIO K
K(P, P’). Torpa u3 Teopembl 1 ciemyer, 4To npu Kax-

AOM i
M{[y(Qo) /P (Qo) ] Wi (Q)) } = (¥, K'f).
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Pacemotpum cayuaiing o seanuunuy §li], sasucsiyio ot
Tpaekropuy T :

i) =L > X W/ (Q)- (36)

ITpu nexoTopnix yc/a0BHsX CHpaBeAlBLI paBellcTBa

ME [] = Z ML @ )}

o 00

1 . s i =
= > (v, Kif) = (l!) 2 K (b, 2)
-0 ]
H MaTeMaTHYeCKoe OXHAaille BeaHuulibl g[q;] OKa3LIRACTCH
paBHbIM BBIYHC/IHCMOMY (pyHKHHO”aﬂy:

ME[y]= (¥, 2). (37)

Haupumep, nocraroutio norpeGosarn, 4TOGH  GBLIO K(P,
P’y =0, {(P)=0 u pan Heiimana (28) cxoausics B cpel-
tieal. Donee obuwine yenosns npuseneiint HitKe B TeopeMe 4.

Ecau (37) cnpaseminiso, 10 nd ouCika (i, 2) MOXKNO
Hcnonb3oBath N Tpaextopnil Tuia 7o, MO KaX{10H M3 HIX
BLIUMCAUTD 3iavente §[y], (S— HOLiCp TPackiopuu) 1 0C-
PeAHHTL pe3yaLTar

N
(b2~ 5 2 LIV (33)

Koneuno, noctpoudrh GeCKOHEUHYIO TPASKTOPHIO UHCIEHNO
HeBO3MOKilo. Ha ripaxTHKe TpaeXTOPHIO CTPOST O TEX MOp,
noxa caaraeveie B (36) He crano:amcn NpeHeOPekUMO
MaJBLIMH 110 CPaBlieHyio co Beefl CyMMOH, M TOrAa Tpaekro-
puio «o6puiBatoT», Yacto B kau ecTae ycaosusg o6phina lc-
1i0/Ib3YIOT HEPaBeHCT:0
W, e,
ric e>0— lenoTopoe nallepel 3aialtHoe MaJjoe YHCI,
a [ — HOMep nocaeAlicil TOUKI TPaeKTOP: H.
MoxHo o6GofiTuch 6e3 HCKYCCTBEHHOTO 0OpbIBA Tpaek-
Topuil, eciu BMecTo TpaexTopuii T HCNONB30BATH TPaEeKTO-

pHH C HOTJOUIEHHEM Ty (n. 1.4) B canom pesie, paceMor-
pHM cay4alHylO0 BeJaUUTHIlY

Co Ly = 1 (Qu)/p (Qu)) 1 [ (Qu)/a (Q)] (39)
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CO cayuafiHbiM HOMEPOM v, PaBHBIM KOJNHYECTBY 3BEHbEB
tpaexropun Th.

Tlpu HEKOTOPHIX YCMOBHSX MaTeMaTHYeCKOe OXKHIaHHe
cnyuadiHolt BeJHUHHB Gv[$], 3aBucAmIel OT cayyalHOro HH-
JeKca v, MOXKHO BBLIUHCAHTb N0 GopMyJie

M&mp=gy(§mmv=npw=g,

anasornuHoit gopmyne nosHoit eposrHocTH. Tak Kak mpH
v=i 0 [f=¢ BeanuuHa Gv[Pp]=0:[¢], To u3 -Teopemp 2
BEITEKAeT, UTO _

M{Colllv =i} = (b, Kif)/P{v=1i}

CnefoBaTenbHO,

MZV (Y] = i§0 (ﬂ)a Klf) = (\P, i§0 Klf) = (lp’ 2)
U OKOHUYAaTEJbHO _
MCy [$] = (¥, 2). (40)

®opmyna (40) Taxke Gymer cnpaBelJuBa B Ciayuae, KOr-
na K(P, P’)=0, f(P)>=0 u psn Hefimana (28) cxomurcs
B cpenHeM. Dosee obuiue ycnoBHsl CM. HHUXE B TeopeMme 9.

CoorserctBytomuit popmyae (40) merox Monre-Kapao

1w~
W, 2) g 2 Lol (41)

rie Cv[y]. — 3HaueHue Cv[¢] Ha s-fi TpaexTopum tHma Iy,
a v — HOMep NocJefHell TOUKH 3TOH TPaeKTOpHH.

2.4.1. Meron Monrte-Kapao (31) nossosisier oueHHTb (yHKUHOHAT
(b, 2), ecam Toabko pan Hekimana (28) cxopuTcsa B cpeiHeM, Tak Kak
MOXHO (HKCHPOBATHL CTOJb Gonbliioe i, YTo6k Pa3HOCTD I(IIJ, z"))—(xp, 2)|
6b1a Mebluie goGoro 3apanHoro €>>0. Kasanoch 6bi, Metoas (38) u
(41) Taxxke DOIKHBI CXOAMTHCA TMpPH 3TOM eAMHCTBEeHHOM yciaosuu. K co-
JKaJleHHI0, Tepexoll B GeckoHeynoMepiioe npoctpaHctBo GXGX ...
3acTaBjiseT HaJOXUTh HECKOJbKO Oojee KecTKHe OrpaHHuYeHHs, cBsi3ail-
©
Hble C TeM, YTO CXOAHMOCTb psija 2 Mn; He o6ecneunBaer Boo6LIe
=0
(o]
roBOpA, CYL{eCTBOBAHHS ME "M; ¥ OpuXoAuTCcs TpeGoBath, 4TOOH CXO-
i=0

0
muacs pan M|n,].
=0
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HuterpasbHoe ypaslieHue

E(P)=£lK(P,P’)IE(P’)dP’Hf(P)I ()

HA30BEM MQICOPAHTHbIM TIO OTHOWEHN0 K ypasyeudio (25). Tak kax
|KEFI<IKI |f|, To u3 cxomumoctw (B cpegnen) psia Heiimana fan
MaXKOPaHTHOTO YypaBHeHHsl ClelyeT aGCoaioTiiasi CXOAHMOCTb (B CPCA-
HeM) psina (28)

Teopema 4. Ecau pad Heidmana dia mascopantHozo ypagHenus
(25) cxodurca & cpedrem, T0 umeer mecro pasetcreo (37).

Teopema 5. Ecau pad Hedmana 0a3 maxcopanriioeo ypasreHus
(25) cxodurca e cpednen, T umeer mecro pasercreo (40).

Jlerko BuileTh, uTo B cayuae, koraa K(P, P’)=0 u f(P)=0, ma-
MOpaHTHOe ypaBHenue (25) coBnajaer c ypaBHenueM (25) m u3 TCOpeM
4 u 5 BLITEKAlOT AOCTATOUHbIE YCJIOBHS, MPHBELElHbe B I 2.4.

[MepefineM k AOKasaTeabcTBY Teopembl 4. M3 Tteopemb |
caenyer, yTo

M {1 (Qu)p (Qo) || Wif (Q0) [} = (1, [KIFIf1)-

Cymma TaKHX MaTeMaTHYECKHX OXKWAAHUH paBHa

2o 2@ z, : n
' M Wi (@)= (Wl 1K) = { 11, 3 k) )
$ w28 v @|=E oo s = (w3

n (no gemMe m. 2.1) cTpeMHTCS K KOHEYHOMY mpejeny, pasHoMy (]w].7).

Cxonnmoctb atoro psifia obecneunBacT cywecrBoBanne M{[Y]| u cnpa-
BeAJHBOCTb PaBEHCTBA
[~ <@
113 (QO) Y i
MELe] = 3] {—p @ Vil (@) =2 O K-

Euwe pas npuMensisi jeMMy 0. 2.1, noayuum, 4to

> @, &) =lim 3 (p, K'f) = lim (w,EK’f) = (,2).
=0 m->0 ;—Q m->o

=0 /

Ananornaio AokasbBaeTcs u Teopema 5 M3 teopemnt 2 sui-
TeKaer, 4To

v(Qy) ~ F(Q)

¥ ; (1l, 1K1
MUT, [l v = i} =M | 555 W‘“(Q;) RG]

= Pi{v=i} -

3aTeM ¢ nmoMomiplo JeMMbl 1. 2.1 J0Ka3kiBaeTcs CXOAIMOCTb psiia
3 M{[T 101y =i} P {v=1i} = 3 (1] [KI'[]) = (0], 2),
i=0 i=0

koTopas oGecneunsaer cymecrzonanne MC, [p] u  cnpasenansocts
- 12 K. M. CoGoap
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PaBeHCTBa
ME, 1] = 3 M{T, [9]] v =i} P {v=i) = X (¥, K'P).
=0 i=0

o
- .
To, uro >_J (P, K'f) = (), 2), bl ye nokazan.
i=0
Meroa Monre-Kapao asst pacuera (P, z), crpaBendlBbiil 1l TOIA4,
xoraa pan Heifimana nas MaopauTiioro ypaBslellds pacXoaHTcs, pac-
cMoTpen B ctatbe [148]
2.5. Cpastenue Tounoctu_ouenok (38) n (). das Toro utobur cpan-

uutb ancnepenn D] anvlll] paccMOTPIIM MATEMATIUCCKIE OXKH-
NaHHS KBaAPATOB 3THX BeaHuHu. Bo-neppbix,

MEZ (%)= 3 M{T2[41 v =i} P{
=0

~ ) = F@Q) T
=D P{v=i}f.. f[‘“g")w (([2]><

X Dy (Qur vy Qi 1V = 1)dQy ... dQ,,

Henoansys (17) u (15) maa nepexoaa o1 W, n p, x W, u p; u sseas
(zns xpatkocTH) ob6o3Hauenue

0, = [$ (Qulp (QMN W[ (Q)), (42)
3allMLIEM PC3yJ/IbTaT B BHAE
P (Qose s Q) dQy. . .dQ

122 == % ‘e 2 L 4
ME2 [1p] f‘og .(g“. S s ) ey (13)

-

Bo-p1opuix, u3 (36) u (42) sio, uio
© 2 =)
2 fak \1 N .
M}:() ej) < 310018,
i=0 i,j—0
Ilag 1010 urobbl OUCHATL 10 BLIPANKERNE, 3ALNICV CTO B BHIC

1< 3 (0] o 170)

i,j=0

rae t — moGoe unciio ng nateprana 0<<f<<l, u BOCHO./ib3yeMCA OUCBIIA-
HLIM HepaseHcl1pom 2uv <K u?+v?

o= (e
Ciley I 5+ [;I —E 03¢~ \‘ o,
=0 =
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CaefoBarteablo,

I 0
9 — Y 2 T
Clvl < = 2 62,
i=0 .
1 MaTCMaTIUuCCKOC OXKHAANHKE ITOM BCTIULILI e NPeROCXonnuT

© ,—L’
ME[o] < & [ [0 o Qo Qg Q... dQ,  (44)
G

amd J—f 3 i
(e tG

~

Teopema 6. Lcau tpaekropuu T, crpoarcsa ¢ nocrosutitetsm no-
2rougenues (t. e a(P)==a vo vceil odnacin G), 10

D5 [¥] < DT, [].

Ina nokasarteianctsa  3Tofl TeopeMmsl pocmosbayemcs  (QopMyaaru
(43) u (44). Tax kak s(Pj=1—a, 10 u3 (43) BbLITCKAET, YTO

o S (1—a) 0
M;3[1p1=20‘~a"—’-—.f...£ (25, (Quv-e s Q) dQy. -0,
= G

[lonoaum B_(44) t=1—a. Toraa (44) npespartutess B HEPaBEHCTBO
rwg?[qp]sMZf[‘P], a orciona cpasy Burekaer, uro DE[yp] << DG, [].

3ameuanne BooGuwe rosops, psasl (43) u (44) ue oGazaHbl
CXOMITBCS, W ANCHEPCHH MOIyT ObiTh GCCKONEUNDIRiH. Y CNOBHA KOHEYIOo-
cru aucnepenit DE[¢] u D2, [{] npusenenn B ynpaxuenusx 2 u 3.

Teopema 6 noxasbiBaceT, YyTO B KOHKPCTIIOM C/lyuae HOCTOSHHOrO
NONIOIEHHsT oltelika (38) nas (Y, 2) obecncuvpaeT JNyulIyio TOYHOCTD,
ueM (41) (npu omHOM 1 TOM ke KoJauuecTBe TpaexTopuil). Bmpouen,
ouenxa (41) Bce-Takm hOKLT OKasaTbCsl MeHee TPyHOCMKoIll, ueM (38).
Tak Gynzer, HanpuMep, B cayuae, Korga ¢yukuns [(P) oueHb CJ0XKHA
(o cpaBHeHHI0 ¢ (opMysamMn pacueTa TPacKTOPH), Tak Kax JJs pacuera
t[}] Heobxomumo BuiumcaaTb [(Q;) BO Beex TOUKax TpackTOpHH Teo,

a ans pacuera C.1p] mymxuo amue sHaverme f(Q,) B mocaeureil Touke
tpaexropin Ty -

2.6. Hcnogb3oBanue conpsuKeHHOro ypabuedus. He-
TPYUHO YOedHTbCH, 4TO BMECTO TOrO, U4TGOLI BBIYHCASTD
QyHxuuonan (¢, 2) OT pelueHNs 2 ypaBHeHUs

z=Kz+], (45)
MOXKHO peIlaTb COMpPSIKEHHYIO 3ajauy: BLIMICAATL (QYHK-
uvoHal (f, ) or pellleHHs u ypaBHeHus
u=K*utvy, (46)
rne K*(P, P')=K(P’, P). B camoM nene, yMHOXHB CKa-
JasipHO (45) Ha u, a (46) Ha 2, nomyuum
(4, 2)=(u, Ko)+(u, ), (u, 2)=(K*u, 2)4 (9, 2).
12+
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Tak kak*) (K*u, z)=(u, Kz), TO 13 3TUX COOTHOLIEHHH

BbiTeKaeT, uTo (U, f)==(y, z
ypaBHeHHﬂ (45) u (46) M O6yneM HasbiBaTb CONpACer-

HolmU.

Ecau mnornoctu p(P) u p(P, P’), no KOTOpbIM CTpPO-
arcsa tpaekropuu T, (n. 2.4), monycTUMbl MO OTHOLIGHHIO K
[(P) u K¥(P, P’) (cooTBercTBeHH0), TO, cOrJlacHO n. 2.4,
MOXKHO PaccMOTpeTb CJAYy4ailylo BeJHYHHY

e i1 =5y 2 3 Wiv (@), (47

* *
rae secaWo =1, W, = W; 1[K*(Q—1, Q)/p Q1. Q)
HerpyaHo mokasatb, 4TO ecaH YCJOBUS Te€OpeMbl 4 BhIMOJ-
HeHbl, TO MaTeMaTHyecKoe oxHaanne §*[f] paBHo

ME*[f]1=(F, u) = (¥, 2).

CnepoBatenbHo, npu 6onvuux N

N
(b 9= 2 10, (48)

rne §*[f]s —3To 3nauenue §*[f] Ha s-ii TpaekTopun.

Murepecho, uto naxe B ciyyae ypasienusi (45) ¢ cum-
meTpuunbiM siapom, korma K*(P, Py=K(P, P') n W, =
=W, ouenkn (36) u (47) npeacraBaAioT coGoil pasnnuiibie
OUEHKH Aas ¢PynkuHoHaAa (P, 2):

b =Y S @) ¢ =3 wpe).

OueBuiHo, pasiuyue B 0ObeMe paGOTbl, 3aTPauyHBAEMOIl
Ha pacyeT 3THX OLEHOK: nJasi pacuera G[¢] Hano onun
pas Bbiuncauth Y(P) u muoro pas f(P), a mns pacuera

*) (K*u, 2)= | K*u (P) 2(P)dP = [f k*(P, Pyu(P")2(P)dP dP’ =
=[[K(P’', PY2(P)u(P')dP dP'= [ Kz(P')u(P')dP’ = (u, K2).

O6biaHo aapo K(P’, P) HasbBalOT TPAHCMOHUPOBAHHLLM, & KOMILIEKCHO
conpsixKenHoe ¢ WuM Aapo K(P’, P) — conpascennoim (0O OTHOIIEHHIO K
K(P, P’)). Opnako aas pmedicteutenvHulx sgep K(P', P)=K(P', P),
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t*[f] —nao6opor, onun pas sbiuucauth f(P) u MHOro pas
v(P) *).
Hekoropule 3afauu cBoAATCA K ypasHeHHio (45) c ZenbTa-GyHKuH-

efi: f(P)=cod (P—P,) («ucTOUHHK» pacinosoxes B Touke Py H HMeeT
«HHTEHCHBHOCTbY €o). B Takux sajauax senuuuna

EIv] = co ¥ (Qo)/p (Qo)] 2 W}.G (Qj — Py)
=0

nas pacuera npakTHueckd OecnosnesHa. B To Ke Bpems BenuuuHy
t*[cod (P — Po)] MOXKHO ¢ yCIeXoM HCNOJB30BAaTbh, €CAH NOJOKHTH
p(P)=08(P—Py), 1. e. (cp. m. 1.3.1) ctpouts Tpaektopun T ¢ durcupo-
BalHON HauanbHOH TOuKOil Qo==P,. [Tonyyum Benuunny

tr=c¢, i;ﬂ Wi (Q)),

LIS KOTOPO#

M{Z*|Qo="Po} = (¥, 2).

2.7. YcnoxHeHHble OUEHKH JMHEHHBIX (YHKUHOHANOB OT 2. Hcnoube
sya Te ke TpaeKTOpuH T WM T, MOXKHO NOCTPOHTL pasJHYHEE Go-
Jlee CJIOXKHEIE OlLeHKH I ¢yHkuuonana (P, 2). Paccmorpum oany us
HUX, KoTopasi (akTHUeCKM O3HauaeT oueHky (, Kz) Bmecro 1§, z2).

B camom nene, 3 (25) caeayer, aro (P, 2)== (¢, K2)+ (¢}, f).
[TpeanosoxuM, uro uurerpax (P, f) Mbl yMmeeM BLIYHCAHTD aHAIUTHUE-
cxkd (mam uucaenHo). Torma pacuer (¢, Kz) noszsoant Ham Haiitu (¢, 2).
B Takux sapauax, B KoTopuix sapo K(P, P’) mano mo aGconoTHoR Be-
anunHe H 2~ f, Bunenenne (P, f) us (¢, 2) Moxer CbirpaTh posib Bbife-
NEHHsl T[J1aBHOM 4YaCTH M CYINECTBEHHO YBEJHYHTh TOYHOCTb OHEHKH
W, 2).

Jlerko ykasaTh aBa cnocoba pacueta (¢, Kz). Bo-nepBmix, Tak Kak
(¢, Kz)=(K*p, 2), TO MOXKHO HCIO/B30BATb C/ydYafiHble BeJHUUHbI
LK * $] unn 5,[K *¢]. Bo-Topbix, Tak kak (pyHkuus v=Kz ynosier-
BOpSieT YDaBHEHHIO

v=Kv+Kf

C TeM ke AAPOM, YTO y HCXOjHOro ypasHeHHs (25), To ana pacueTa
(P, v) MoxHO ucmoabsoBaTh Beanunuel ([P] u §,[P] ¢ dyuxunen Kf
Bmecto f.

B ofoux ciygasx pacuetHsle (OPMy.bl MO CPaBHCHHIO ¢ M. 24 yc-
JNOMKHATCS, TaK Kak Au6o BMecTo P (o) mpiierca Bouucasts K*§(Qy),
au6o sMecto f (Q;) npunercs Buancante Kf (Q))

*) Berpeuaiotest ypasuenns Buaa (25), B xotopux P u P’ npunan-
JexaT PasNUuAbLIM NPOCTpancTBaM Torma conpsikeHlibie ypaBHelina Mo-
ryT o6najaTh BecbMa Pa3JHUHbIMU CBOHCTBAMH,
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Merons MonTte-Kapjio, ocHOBauHble Ha HCNOJB3OBAHHH CAyHaiHBIX
TpaekTopkil, GbliM MepBOHAayaJbHO NPe/HasHauellbl AJs PEUIeHHs JNHHeil-
HbIX asareOpandyeckux cuctem (cM. Huxe § 5). TpaekTOpHH C MOMVIOLIEHH-
eM Ouan moctpoensl Jxk. Popcaiitom u P, Jleitbnepom [121] (no
nnee Ix. Hefimara u C. Ynama), a GecKoHeunnle TpaekTophu — B, Ba-
30BeiM [181]. HauanbHble M nmepexoAsble BepoOSITHOCTH, aHANOTHYHBIE
(33) v (34), 6uiin ykasannl Jixk. Kapruccom [114]. O6o6wenns Ha cay-
Yyafl JHHEAHBIX HHTErpaJbHLIX ypaBHeHIH WHMEIOTCS y MHOrMX aBTOPOB,
nauuHas ¢ pabotet P. Katkockn [116]. O Gosee CIOMKHBIX OUCHKAX AAd
(P, 2) cm. [33, 94, 170].

§ 3. Mpumep: paccesrue yacTuy

3.1. Ocuosnoe ypaBHenue Teopuu paccessHuss. Mertoam Monte-Kap-

JIO YaCTO MCHOJb3YIOTCS JAJS pacyeTa Das/HYHbIX 3a4ay, CBS3aHHBIX C
NPOXOMAEHHEeM vacTHL, (HeATPOHOB, raMMa-KBaHTOB H Jp.) 4Yepe3 Be-
ulectBo. Mir He GyleM KacaTbCsi 3/ieCh ClIELMaJbHBIX BONPOCOB, a pac-
CMOTPHM JLIb OOWIYI0 CXeMy paccesiHHf, Npeanosaras, 4TO YaCTHIUB!
1P CTOJKHOBEHHH C aTOMaMH (TOYHee, C SAPAMH aTOMOB) Cpelbl MOTYT
aubo paccenmBatbcs, JuGO norsmomwarscs. OGoszHauuM uyepes P TOuKy
inecTHMepHoro (ha3oBOro NPOCTPAHCTBA KOOPJAMHAT 7 M CKOpOCTeH ©
vactuuel. OGo3HaunM sjaeMeHT o6beMa dr du 3TOro NPOCTPAHCTBA Ye-
pes dP.
Ilycrb f(P)dP — xonudecTBo mnepBbIX CTOAKIOBeHn#, a 2(P)dP —
KOJMUYECTBO BCEX CTOJKHOBEHUil B ajemeHTe ob6beMa dP okomo Touku P
(3a enununy Bpemenu). OyHkuuo f(P) MOXKHO SIBHO BBEIYHCIHTb, €CJH
3ajlaH HcTOuHuK dacTHU., @DyHKuuio z(P), Ha3bHBaeMyl0 NAOTHOCTLIO
cToaKkno8enuti, Tpebyerca HaHTH.

Brenem 2dpo croaxnosenuil Ker(P’, P), koTOpoe onpenensercs c.ie-
nymougm ycaosleMm: Ker(P’, P)dP — 3T0 BeposITHOCTb TOTFO, UTO YacTH-
14, MCNbLITABLUIAs CTOJNKHOBEHIIE B TOuKe P/, HCHILITAeT CJEAYIOUIEe CTOIK-
1I0BCHIie B 3/1eMeHTe oO0beMa dP oxono TOYKH P (3a elHHHLY Bpemeln).
KoHkpeTHuli BIA fIApa CTONKHOBEHNH B OMHOTPYNNOBOH TCOPHH nepe-
HOCa HeliTPOHOB HMeeTcsl Ha cTp. 223.

HeTpyAno cOCTaBUTL HHTErpasblioe ypaBsliciilie, KOTOPOMY [OUIIIIf-
eTCA MJIOTHOCTb CTO.IKHOBCHHIL:

2(P)= [ Koz (P, P)2(P")dP"+[(P), (49)

160 CTONKHOBEHHE B OKPECTHOCTH TOUKH P MoxeT OHITb /1160 nepruiv
CTONKHOBEHHEM, AHGO CAEeAYeT 3a CTOAKHOBEHHEM B OKPECTHOCTII 1IEKO-
Topoft ToukH P’, a KOIMYeCTBO TaKHMX CTOJKHOBEHHMIl (32 eaMHHLY BpC-
menu) paBHo Z(P’)dP’. OGnactb uurerpipoBanus B (49) — Bce npoct-
paHcTso. BBezem conpsikentoe aapo K(P, P')y=Kc:(P’ P). Toina
ypaBHeHne (49) coenapjaer c ypasuenneM (25), a conpsixennoe ypas-
HeHue (46) MOKHO 3amucaTbh B BHJe

u(Py=[Kex(P, P)u(P)dP"+ (P). (50)

B paccmatpuBaemoM ciyuae utepauun f(P) — dynxkuuu Kf(P), K¥ (P), ..
HMEIOT TMpPOCTOH (U3MUECKHN CMBICA: 5TO MJIOTHOCTH BTOPBHIX, TPETBHX H
T. A. cioakHoBeHull. M pan Hefimana

2(P)=[(P)+K[(P)+KFf(P)+. . .



§ 3] ITPIIMEP. PACCESIHME YACTHLL , 183

SHAYART, 4TO IVIOTHOCTH CTOJKHOBCHHIT €CThb CyMMa TJIOTHOCTEl nepsobix,
BTOPHIX U T. [I. CTONKHOBEHHIL.
O6bluHo TpebyeTcst BbIUNCIHTL Kakue-HHOYAbL (YHKIIOHAAB BIAA
(¥, 2). DTO MOXKHO cAaejaTh JICOLIM M3 MeTONOB, yKasaHinx B § 2.
3.2. Hcnosb3oBanHe UCTHHHBIX TpaekTopuit. HeTpyaHO BHIUHCANTD Be-
postHocTb s(P’) Toro, uto wacruua nocac croskuobenus B Touke P’
CHOBA HCIBITACT CTOJKHOBellle

s(P)=[K., (P, P)aP.

Caenosarenbio, §(P’) —3T0  BepOSITHOCTh  paccesiinis  QacTHILI  NpH
CTONIKHOBEHHH B Touke P’, a a(P’)=1—s(P’) — BepoaTinocTs mor.olie-
HHSL.

HcTunnpivMn TpaekTopuaMu uactHU GyAyT, OueBHAHO, TPAEKTOPIN C

noryontensem (tuna T ), KOTOpble CTPOSTCA MO TNJIOTHOCTH BEPOSTHOCTEN
nepexona
p(P, Py=K¢< (P, P')[s(P) (51)

C HCTMHHOM BEPOSITHOCTbIO norjoltenus a(P)==1—s(P). [laotHocts (51)
Bcerja JONYyCTHMa N[O OTHOWIEHINO K SIPY CONPSIKEHHOrOo YpaBHEHUs
(50); mosTomy ecrecTBenHo BMecTO (yHkuHoHANa (P, 2) BBIUHCAATH
¢ynxuionan (f, u) (cm. m. 2.6).

3anumwemM cayuaiinyio Besnuuity (39) NpUMEHHTENLHO K yPaBHEHUIO
(50) n dynxumonany (f, u):

Tl =1 (Qo/p (Qu)] 775 [ (Qu)/2 (Qy)).
Herpyano, onuako, y6eminTbest, 4To npH KaxmoM i
f’ _ fl KCT (Qi—l, Q]) —
E L s (@) P QoL Q)

17 H
970 — BaxHefimee cieactsie 3akona (51). Taxum ofpasom, B paccmart-
pHBaeiloM cayuae ,

T If]’= [ (Qu)/p (I[P (Qu)/a ()],

" M{;;[f] == (P, 2). Hanomuis, 4yto v — 3T0 cayuafiHplii HOMep moc/acH-
Hell TOYKH TPAEeKTOPIIH.

3.3. Hcnoab3oBanue MCKYCCTBEHHLIX Tpaektopuit. M3 Teopemnt 6 Bbl-
TeKaeT, YTO B HEKOTOPHLIX C/aydasx ouedka anaa (¢, z) Oyner HMeTh
MEHDLIYI0 AHCIEPCHIO, €C.iH B pacueTe KCNOJb30BATb TPAEKTOPHIO (es
noraowenus (tna (Tw) *).

IMycTb MJIOTHOCTL BEPOATHOCTEH Hepexofa CHOBa ofpeleseHa (op-
mydsofi (51). Cornacio (17) u n. 3.2 B 9TOM caydae

W; =5(Qo) s(Qy) ... S(Qi—l)’

*) Orpaunuenue a(P)=a, durypupyioliice B TeopeMe 6, cTporo ro-
BODS, COPaBelINBO TOMbKO B GECKOHEUHOH OJHOPOXHOM cpele B OMHO-
TpynnoBoM npHOJINKEHHY.
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a pequunHa (36) mnpuHMeHuTesqbHO K ypaBHenuio (50) m ¢yHxumoHany
(f, u) paBHa

i HQDJ e
¢ [f1=;(—0512=‘,0tv, (@)~

U B sToM cayzae MZ*[f] = (¢, 2).

Bec W; HMeeT MpocToi (BH3NYCCKHIT CMEICI: 3TO BEPOSITHOCTL TOTO,
uTO YacTHUA yleJdeeT (T. e. He NOMVIOTHICS) TOCJAe CTOJKHOBCHUH B TOY-
kax Qo Q.+ » Qjy.

3.4. Cymecrsennas BbiGopka. Pexomenpamuu (33) n (34), ofecre-
yupatourde npH @(P)=u(P)>=0 MunumManbHble AuCnepchu oueHoK Dy
B caydyae ypaBHeHus (50) nmpuHIMAIOT BHA

P u(P)  Ker (P, P u (P
PPY="( PPV ="y -

Tak xak [(P)=0 (mo dbusuyeckoMy CMbICIy), TO 311ecbf)l. = 0. Crour

NOXYEPKHYTb, 4TO B 5TH (QOPMYJH BXOAHMT He pelieHHe 2(P) ypaBHeHHs
paccesinusi, a pelueHne # (P) conpsKeHHOrO ypaBHeHHS.

KoHeuHo, MOXHO OGeCHeuHTb MaJjble AHCNEPCHH, TaKXKe HCHONb3YS
npapuna (33) u (34) npumMeHuTeJbHO K YypaBHeHHIO (49) c sppom
K(P, P'y=K¢.(P', P). OnHako MQCTPOeHHe TPAEKTOPUA C MJIOTHOCTHIO
nepexonos (51) menaer MeTOx pacuyeTa QH3Huecku GoJjee HarJasAHBIM H
Jlerye KOHTPOJHPYEMbIM.

3.5. Paccesnue 8 oGaactu G. Yacto BCTpeualoTcsi 3aflaud, B KOTO-
pLIX CYIIECTBEHHO TOJIBKO paccesiHMe BHYTPM 3alaHHoil obaactn G: ua-
CTHLA, BolneTeBwasn u3 G, HckmouaeTcd M3 paccMoTpeHHs. Bce manoxen-
Hble BHILIE METOMbI NPHMEHHMB H K TQKHM 3ajlaiaM, [pPH pacyere KOTO-
pbIX MOXKHO CUHTaTb, YTO BCe NPOCTpancTBO BHe obnactH G 3amosiHEHO
norJoliaomuM BemecTsoM: ecnu Ker (P’, P)=0 npu P'¢ G, to s(P’) =0
ua(P)=1npn P ¢G.

OnHako, Tak Kak Hac MHTepecyloT 3HaueHHs Z(P) TonbKo BHYTpH
G, T0 BMecTO ypaBHeHHs (49) MOXHO pelnaTh ypaBHeHHe

2(P)=[Kex (P', PYz(P')dP’ + ] (P), (2)
G

rae P=G. EcTecTBeHHO 0XKHAATh, YTO, NPHMeHAs MeToan § 2 kK mocaen-
HeMy ypaBHEHHMIO, MOXHO MOJYYHTb JNy4Ilyl0 TOYHOCTb, YeM NPH pelue-
Huu ypaBHeHus (49) Bo Bcem mpoctpancree (cp. ru. 3, m. 3.1.2). JlioGuie
TPaexTOPUH B STOM Cilyuae He GyAyT HCTHHHEIMH TPAeKTODHAMH,

B npakTHuecKMX pacuerax dacTo HCHOJB3YIOT OIEHKH Q:, [f] n
C*[f1, a nnotrocts p(P, P') Bubupator nponopunonanbHol Ker (P, P’).
Hexotopsie Metonn pewenus ypasHennt (49) um (52) Rns HeATPOHOB B
OAHOTPYNNOBOM NMPUONMKEHUH IINeroTca B Ta 6, § 4).

Jlutepartrypa k § 3: [8, 25, 33, 36, 50, 51, 53, 59, 93, 105, 127,
144, 145, 153, 168].
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§ 4. OnnoponHbie uHTEerpasbHble YPaBHEHUS

4.1. Pacuer mepBoro coGCTBeHHOro 3HaueHHS ¥ MEPBOf

co6crBennoit dyukunu. Paccmorpum uHTerpajbHOe ypas-
HeHue

2(p) =1 [ K(P, P')z(P")dP",
G

rie A — HefiCTBHTeNbHLIA MapaMeTp. DTO XKe ypaBHEHHE C
yueroM (1) MoxHO 3amucaTh B BHAE

z=M\Kz. (53)

Eciu npu HexoropoM A ypaBHeHue (53) HMeeT peuieHue
2(P) =0, To 310 3HaueHHe A HasbiBaeTcs cOOCTB8eHHbLM 3HA~
uenuem ypasrenus*) (53), a z(P) — cobcreenrnoil ¢ynryu-
ell, COOTBETCTBYIOLEH 3TOMY COOCTBEHHOMY 3HAUEHHIO A.
CoGeTBeHHbBle (DYyHKIHH OyAeM CUMTATb HOPMHUPOBAHHBIMH
Tak, 4to (2, 2)=1.

IIpexnonoxuM, 4TO HauMeHbuiee MO aGCOMIOTHOR BeJH-
ynHe coGCTBEHHOe 3HaueHWe ypaBHeHus (53) nonoXHTENb-
HO A;>0, U cooTBercTByMOllaa coOCcTBeHHas (QYyHKUUA
21(P) >0 Buyrpu G.

[lpn BecbMa MIHPOKHX INPERNOOMKEHHSIX OTHOCHTENBHO
sapa K(P, P’) mns npubnuxeHHoro pacuera A; u 2;(P)
MOXHO BOCHOJb30BaThcsi MertogoM Kemmora [10, 63]: xa-
KOBEl Gbl HHM GBUIH TOJOXKHTeNbHble BHYTPH G (YHKIHH
¢(P) u ¢(P), orHomenusa (¢, K'¢): (p, K*'¢) crpemar-
Ca K 7»1

}irg (b, K'o)/ (P, KH1g)] = Ay

a 1MopMUPOBAHHble HTEPallUH ( B KaXJOH TOUKe CTpeMATCH
K coGCTBEHHOH (DYHKIHH

}im K'p (P) (K'p, K'g)~'2 =2, (P).

Pacuer Benuunn (¢, K'¢) # K'¢(P) moxuo ocyue-
cTBASATH MetoxaMu Monre-Kapao, paccmorpenneMu B § 1.
3ameruM, uTO TpaekTopuu I MO3BOMAIOT ONHOBPEMEHHO
Buiuncauts Bce (¢, K'¢) u K¢(P) mpn j=0, 1, ..., i

*) CoG6cTBenHbiM 3HadenueM oneparopa K HasmBaioT 06paTHyio Be-
auvudy: 1/A.
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Cxanspunim npoussegenvem (K'ep, K'gp) Ha mpaktuke nosb-
ayloTcs pelko: mo 3Hauenusm K'g(FP) MOKHO MNOJYuHTb
npubamKkeHHbd  peabed oGyHkuun 2;(P), a HOPMHPOBKY
OCYILECTBHTb OTACJBIIO.

Bce BhiLIEYNOMAHYTbIE NPEANOJOKEHHS BHINOJIHEHb], Ha-
npusep, B caydae, Koraa aapo K(P, P’) cummeTpHunO
K(P’, Py=K(P, P’) n noaoxurenbio onpeieneno: (Keg,
¢) >0 nmpu ¢*=0 (xoHeyHo, mpenrnojsaraercs Takxke, 4TO
¢(PYeLy(G), K(P, P)eLy(GXG) u (P)=Ly(G)).

ﬂ.’lﬂ TOro 4To0bl MOSICHHTH CyUlHOCTL MCTOla KeJmora, paccMOTpHM
cayuail (BecbMa Baxiblil), KOrna sce COOCTBCHHbBIC 3HaueHINs YpPaBHEHHA

(83) cyTb
o< <he<haS ...,

a COOTBETCTByIoULlle HM coBcTBeHHble ¢ynkunn 2 (P) >0, 2o(P), i .=
06pasyloT MONHYIO OPTOHOPMHPOBAHHYIO CHCTEMY (Z;, 2,) = §;, (CHMBOA

Kpouexecpa). [TycTb HeoTpuuatenbHas ¢yukuusa ¢ (P) papHa
(P, = E b2 (P),

m=1

rne, ouesHaHo, b= (¢, 2;) >0. 13 3t0oro paziokenns caenyer, 4to

(e o]
i ) i R N —iz
K'¢ = 2:] me 2 = }Jl hmxm me
m= m=

anuiuem ckansipHble NPON3BeleHHs, Gurypupywoiune B metofe Keasora:
[o ] oo
(p, K'g) = 3 b, A~ (4, 2), (K'e, Klgp) = 3 6222,
m==1 m—=1
11 BBLIAGJIIIM TJaBHLIE YIEHLI B !IHTG])CCY!OI[J.HX HAC BesHHax:
(9, K'p) AT (W) bd (b ) . 0( hr)
- = n - =A1] e
(b, KF@)  bATH (4, 21) + 005 (s 20) - - ke
Kl(p (P) bﬂ\fl_izl (P) + b27\,;i22 (P) + ... (p)_l 0 (‘ qlt)
—_—— = =5 —> = - IR E
V (K%, K') ]/ DI A b L Ay

OTciofna BUAHO, YTO CXOANMOCTH GyneT xopouuefl, ecan A <Ay, H nno-
xoft, ecan Ag Gausko x Ay Ilonoxuteapnocts P(P), soobine rosops, He
HYJKHa: HYXHO JIHILb, uToGul (P, 2,) 540.

3aMeruM, 4To ecau Bui6paTh @(P) Tak, uto b;= (@, 2;)=0, HO
by= (9, 23) #0, 10

(b, Klo)/(p, Kitlg) =1y, Ko (P) (K'g, K'g)™"2 = 2,(P).
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4.2. MeTton cyuecTBeHHO# BhIGOpKM A9 TpaekTopuii T
[Tpexnonoxum, uto K(P, P’)=0 u ¢(P)=0. Hurerpax

(W, K'g) = f . .Sxp(Po)K(Po, Py)...K(Pi—y, P))@(Py)dP...dP;
G G :

MOXXHO BBIYHCJAHTL MeTogoM M. 3.2 1. 3 ¢ MOMONIBIO JIO-
6ot pomycrumoit miaorHoctd p(Po, ..., P) B GX..XG.
13 teopemel 3 ri. 3 cllefyeT, 4TO ecld BBIOpaTh NJOTHOCTb

p=|V(Po)| K (Po, P} . K (Pict, Py @ (P)/(I], K'o),
TO jucnepcus 6yfeT MHHUMaAbLION, U paBHA OHa
D: = (1], K'9)® — (b, K'e)’;
IpH 3HaKONOCTOsHHOM QyHKIuH ¢ (P) MHIHMYM 5TOT D.=0.
Jlerko yGenuTbcss B TOM, YTO INIOTHOCTH p OTBeyaloT

tpaektopun (Qo— Q;—... = Q;)c BeposiTHOCTSAMH mepe-
XO/la, 38BUCSIIHMH OT HOMepa TOUKH, DTO CJAeLyeT U3 Mpel-

CTaBJicHUdA p B BHAE NpPOU3BEACHHST YCJNOBHBIX HNJIOTHOCTE i

b= P Ke(Py) KDy PYK g Py K(Piro P) @ (P)
(!, K'e) K'g(Po) U Ke(Piny)

Onuako 31ech, Kak H B I. 2.3, 3aKOHBl TOCTPOEHHA Tpa-
extopuit (33) u (34) ofecneunBalOT MHUHHMAJbHOCTb JHC-
nepcuft, ecan @ (P) nponopunonansHa 2y (P).

Teopewma 7. [Ipednoroxcum, uto adpo ypasnenus (53)
u nepsas cobcrgeHnan ynxkyus z,(P) neorpuyarenvrol

K(P, P/)>0’ ZI(P)>O’
a tpaexropuu Ty cTpoarcs rin saxkonam (33) u (34):

P eP)
PP ="mlg

. K(P, P (P)
p(P, Py =—"Fstpy —

Ecau ¢(P)=cz(P), ¢#0, 10 npu kamdom i ducnepcus
D8, [] = D..

—1
NokasazeabcTBOo. Eciu 9=cz;, 10 Ko =24 ¢z;=
=M.
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Torna nnotHOCTb (3) Tpaekropuit T; paBHa
(P @ (Py) K (Po, P)@(Py) K (Pi—i> P)@(P)) _

Pi= "l @ Mo T Ao (Piy)
— N’(Po)lK(Po» Pl) ... K (Pi—-l' Pi)q’(Pt)
ATE(L @)

; —i
A tax xak K'¢=>\A"| ¢, TO HeTpyaHO NMPOBEPHTb, UTO MJIOT-
HOCTb p TaKXe paBHa 3TOMY BbIpaKeHHIO.

4.3. O ppyrux Mmertojax pacuera Ay M 2;(P). BoablnHCcTBO MeTOn0B
Ina npHGaHMKeHHOro pacyera Ay (meron PuTua, MeTol MOMEHTOB H Zp.
[63, 60]) Tak mau uHaue TPeGYeT BbLIVMCJEHHS HEKOTODHIX HHTErpaJos.
Ecan 9TH HHTErpajbl AOCTATOYHO CJOXKHbIE, TO MOXET OKa3aTbCsa Uese-
coo6pasHBIM NpHMeHeHHe MeTtojoB MonTe-Kapno. Paccmorpum cxemy
ONHOTO M3 TaKHX METOJNOB, KOTOPBIfi HCnoJb3oBajcs B [14] nas oueHkH
a¢dexTHBHOrO K03thHIHEATa Pa3MHOXKEeHHs] HEHTPOHOB B peaKTope.

JlonycTuM, 4To Mbl MOXEM YKa3aTb HeCKOJbKO OPTOHOPMHPOBAHHbLIX
dyuxkuni P1(P), .. ., Pm (P) Tak, uTo nepsas coOCTBeHHas QYHKWISA
2, (P) ypaBHeHus (53) HOCTAaTOYHO XOPOLIO ANNPOKCHMHUPYETCH HX JH-
HefiHOH KOMOHHanuel

m

ZI(P)zE ¢ ¥; (P).

i=

Buiuncinm (meronom Moute-Kapsio) uurerpanst
bil'=(K'lpp‘Pj)v i;]=1,2, veey m,

H COCTaBHM JIHHEHHYIO ajare6panueckylo CHCTeMy YpaBHEHHi C HeH3BeCT-
HLIMH Cpy v o o o cm=

m
=% bigpp  i=1,2 ..., m.
=1

~
PewaTe 3Ty cHcTeMy MOXHG MeTofaMHM Boiciuefi anre6pul. Ecain n=p, —
HanGonblkA KOPeHb XapaKTepUCTHYECKOro ypaBHEHHUS

bll —un b'.!l cee b

ml
bys bay—p .. bomo -0
- f

T e e e e & e e 6 s s s o s o

blm bzm b bmm— u

~

a ¢, ..., C,—COOTBETCTBYyOUlee €My pelleHWe CHCTeMbl, HOPMHPO-
BaHHOE Tak, 910 ¢2 + ... + ¢2 =1, 10

m
M=/, 2((P)= E ey (P
=l
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Hneilo MeToaa Jerko o0ObsicHuTo cnepyowuM o6bpasom. Ilycrs
Pi(P), ..., 9™ (P), ... —moaHas cucrema OPTOHOPMHPOBAHHBIX

oynkumni u3 Ly(G). PasnoxuM B psap no cnmeme{@{)i} HCKOMYIO (yHK-

unto 2(P) n utepupoBanubie pyHxunn Kp; (P):
(=]

Z(P)= 2 cp (P, rae  ¢j= (2, %))

j=1

Kb, (P) = le biwi (P),  rae by = (K ¥y)°

j=

TloacraBuM 3TH BbIpa)(eHHusi B ypaBHehue (53): c OAHOA CTOPOHH,

(s8] @ o]
LKz(P) =12 ) ¢;Kp (P)= 3 P (P)A ¥} byep
i=1 i=l =1

a c apyro#

=]

2(P)= ) ¢;P; (P).

i=

[Mpupasuusas Kospduuuentsl mpu P; (P), monyuuM GeCKOHEYHYIO JH-
HEAHYI0 CHCTeMY ypaBHeHHAl [N HaxXOXACHHS BeJHYHH (i, ...
wevy Cmy oo, SKBHBAJCHTHYIO ypaBHeHHio (53),

oo
=AY byc; i=1,2, ...
i=1

Ecan B 37Ol cHCcTeMe mpeHeGpedb BeJHUHHAMH Cpyiys Cpyygs eeer TO
NpHIEeM K KOHEUHOH cHCTeMe, BBIITHCAHHOM BBILE.

4.4. Npumep: wunTerpanpHoe ypasHenue [lafiepaca. Haxoxnpenue
KPHTHUECKHX NapaMeTpOB SJePHOr0 peaKkTopa B NpOCTeHiINX cayuasix (B
OJHOTPYNNIOBOM TNPHOJHKEeHHH) CBOAUTCA K BBIUHCJICHHIO MepBoro co0-
CTBEHHOTO 3HaueHUs! A UHTErPajbHOIO YpaBHEHUS

p’
- focds

Pye ¥
n(P)=AS%‘T-n(P')dP'.

(]

(54)

KoTopoe HasbiBaeTcst ypasuenuem Iaiepaca [25, 517, Bpecs Gy — Tpex-
MepHasi ofaactb (0GbeM peakTopa), B KOTOPOH MPOHCXOAHT AHGdy3us
ueliTpouos, a(P) u B(P) — 3agaHHble NOJOKUTENbHbIE (QYHKUHH *), HH-

*) Oum Buipaxaiorcs yepe3 HeATpOHHble ceuenHs (cM. cTp. 47) H
cpennee uMcao v HefirpoHoB Acnenns: a(P)=Z. B(P) =24 VI
CwM. Takxke ynpamxHenue 5 ri1. 6.
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Terpan B MOKasaTcae GCperes mo oTpesky OpsMofi, COAHHSIOWER TOURH
P 1 P’ v pagen

p |P—p’|

fads:: j o (P -+ ws) dsy

P 0

rae 0= (P’—P)[|P'—P| — cjunnitunuii Bexton.

Ecin Ay >1, 1o oGuacts Gy noaxpnruueckas, ecin A<<l, To 06-
nactb Gy Hagkpnirdeckad. OCGgacte 6ymer kputuyeckoll npu M=1; B
910M cayyae cobcreeHHas Gyukuus n,(P) paBHa NAOTHOCTH HEHTPOINOB.

Anpo ypasuenust (54) HC CUMAETPINHO, HO CIMMCTPI3YeMO H Haie-
er caabyio ocobennocib. B. C. Bpaanmupos [10] nceienosan cxonii-
mMocTh Meroja Kestora assi ypaBeenuil Takoro THma u MeToibl Morre-
Kapao mns pacuera npubmnkennii. Oka3ajoch, uTo MeTon 1. 4.1 nvoda-
HOCTBIO NIPHMEHINM sl peluciilis ypasieHus (54), a ecan BbIGpaTh 4=
=R(")p(P), 1o upnbunxeuns Al _ (K ¢, ‘qq\)/(Kl’—l-lq}’b‘q} MOHO1OH-

110 yObIBaloT:
AOS AW 5 s> =

Pacuetot A, u 7, (P) stum merolom Gui-
an ocymectsachn B [13, 76].
; 44.1. UncanedHu i mnpumep
) 13, 82]. Ivers Go — ORHOPOAHLIT Wiap
pamuycs K=1n a=1,279, p==ha, rie
\ \{, f1==1,724.
o BuiGepem ¢(P)=1 n P(P)==f.
IMnotHocTh Fauanbioil Touku Qo 3ana-
nuM dopmyacil p== (2nRre) !, roe ro —
B pacetosune Qg ot uentpa wapa. [laot-
1iocTb BepoaTHocTelt nepexona p(P, P)
Puc 3 us Toukn P B rouky P’ BuiGepem Tak,
1e6ul B 3HaMenaTesie CTOf/a BeJnullHa
|P-—-P’|2 (cp. ra 3, m. 3.2.3). Las 9T0Or0 BOC1O.1b3yeMCsT CQEPHYECKLML
koopaunatami (o, @, 0) ¢ uenrpoM B 10uke P (puc. 51). Ilycrb

S
D

/

(};‘_

C

p (P, P') = ae~% [4np?F (P, o)},

rae F(P, ®)=1—exp(—al), a I — paccroanne PL no uanpasieHnio @
oT ToukH P 10 rpanuusl mwapa. HerpyaHo nposepiits, 4To

]
, do 0% ﬁdw
, P dP = 2dy = =1,
GSP(P P')d jﬁ f T Pidp =
(]

dni (P, o) P p?

Tax uto p(P, P’) neficTBHTe/LHO €CTh YCJIOBHAS MIIOTHOCTb BEPOATHOCTER,
Brisesem dopmynsl Ana pacuera TpPaekTopHH i ;. PaccrosHue o1 Ha-

ganbiloft Toukd Qo 110 LeHTPa wapa Buluucasgercs no gopmysae ro=R } y.
IBe npyrie KOOPJiHATHI MOMHO HE DPA3birPbIBAaTh M3-3a CLIMMETDUH 3a-
naun Hanmpasnenne cayvuaiinoro snyua P/=Q; + ow; 3 Touxn Q; on-

pedeasieTcs Beauunnauu By = cosU; W @;. IlepByio H3 HHX MOKHO Bhl-
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qncaAaTh no dopmyne [; =2y—I1, a sropyio (113 coo6paxeinii cummer-
pHH) MOMKHO noJaraTb papHoil wysio @, =0, Paccrosiiue OT ToYKH Q;
N0 HANp4BJEHHIO ®; A0 rPAHHIbI Ulapa paslio

ly=—pr;+ ]/-R2 —r? (1 — p%),
rae r, — paccroaune ot Q; no uentpa wapa. Ecan oloanaunts Fy .-
= F (Q;» ®;), 7o, oueBnauo, F; =1—exp (— al)). Ins onpenenens
C/Iy4aftHOro PacCTOsHHA ; == IQH-I —&,|, nonyuaem ypabilenne
b

§ ae—%ds = yF,,
0

otkysa cneayer, uro p;=—(l/a)In(l—y F;). Bruncaup Touxy Qi+l=

= (;+ p;®;» MoxeM HafiTH pacCTosiH}e OT Hee A0 LEHTDA mapa

=V i+l +2mor

Tak kax @(P)=1, Y (P)==P, 10 (no dopuyae (6)) Hy:KHaa HaM
seanunHa pasHa 0; = 0, [B]=2rBRro ;. Tax xak u3 (5) caeayer, uto

Wi=W, _|hF; |, a Wo=1, 10 Jerko nonyuntb pexyppeHTHyio Gopmyny
A/ pacyeTa HEllOCPeACTBeHHO 0;:
8y = 2nPRry, 0, =0,_,hF;_,.

MMonuefi Ha60p pacyeTHB X POPMY.L
1) HavasnbHas Touka TpaexkTOpIH:
ro=RV v 8,=2aBRr,.

2) 3Beno Homep j+1 (j=0,1, ... i—1I):
W= 2= 1 h=—wr+ ) R—rF(1—]);
-l
O =0hF ;s ripy =1/ 73+ 0]+ 2m0p0;.
3) Ecan 8; ; —snaueune 0;, noayuennoe npu pacuere TpaekTopin

HOMEp §, TO HYXKHLIE HaM CKajsipHble nponssenenus (K’1, B) npuban-
MeHHO PaBHbI

1
N

M=

(K71, By~ (W1, B)y = 0 ¢

i

s
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B tabn 1 npupenenn suauenns (K71, B)y, nonyucuHble npu pacues
Te MO 3THM (opMyJaaM, a B Tabu. 2 — COOTBETCTBYIOIMHUE OTHOLIEHHS
}"1(\,11) = (Kila B)N/(Ki+ll. ﬂ)N‘

[Mpn pacuere 3TOro XKe NpHMepa METOLOM XapaKTepHCTHK *) MOMYueHO
sHauenue A;=1,000.
B xome pacyera GbliM cOcuMTaHB AHCRIEpCHH DB,. KOTOpble MpH

j=0, 1, ..., 6 paBuni coorsercteenno 10,7; 21,9; 37,5; 57.,3;8l,1;
110,9; 147,0. Ecau mo sTHM AucnepcusM BHIYHCIHTL BEPOSTHbIE OMHGKH

seanuns (K/1, B) ., nanpumep, npu N=219, 1o [OMYYHM 3HAYEHHS Fop4 ==
=0,07; 0,10; 0,13; 0,17; 0,19; 0,22; 0,26 Herpynso 3ameTuts, 4TO NO-
TPElIHOCTH COOTBETCTBYIOHX BeJHYHH (x/1, B)anu N=219 5 taba. 1

Ha TOPAJOK MEHbIUE, YeM riog4 (€CAM CYAHTb MO H3MEHeHHsIM STHX Be-
JMYHH ¢ poctoM N). DTo BLI3BAaHO TEM, YTO NDPHMED CYHTAACH C MHO-
MOLIBIO AETePMHHHPOBAHHLIX [CEBAOCAYYafHBIX TOUEK, O KOTOPHIX pedb
fonfer B ra. 7.

§ 5. PeweHnne anneliHbIX anre6panyeckux CHCTEM

5.1. AnreGpauntieckas cucTeMa Kak 4YacTHblii ciaydail HH-
TerpajbHOro ypapHeHusi. Paccmorpum JuHefiHylo anre6pa-
HYECKYI0 CHCTEMY, COCTOSILYIO U3 m ypaBHeHUH ¢ m Heus-
BECTHBIMHU 2y, ..., Zpm!

n
2q = 521 Aoi2p + fon 1<a<m, (55)
KOTOPYIO COKpallleHHO OyaeM 3amHchiBaTh Kak
z2=Az4f. (56)

3anuch (56) MOXHO CcYHTaTb ONHHUM BEKTODHHIM YpaBHe-
HueM, rae 2=(2y, ..., 2m)  f=(f1, ..., fm) — m-MepHbie
BekTOphl, A= (Qap) — KBaJpaTHaq MaTpuua pasmepa mxXm
(koTopasi onpefenseT JHHeHHOoe npeo6pa3oBaHHe B IPO-
CTPaHCTBEe BEKTOPOB):

(Az)a = Bglaagzlg.

CkanspHoe npoH3BeJeHHe BEKTOPOB OyldeM IO-NpexKHeMy

*) Meron xapakrtepuctuk [11] nosoaser HaXOAMTb pellieNHs ypaa-
Henusi (54) ¢ GOMBIIOA TOYHOCTBIO, HO NMPAKTHYECKH NMPUMEHHM TOJIBKO
B CiTyuae HOCTATOTHO MPOCTOl «reomeTpuu» obaactu Go.

13 H, M. Co6oas



194 PEIEHWE JIMHEMHLIX YPABHEHUM [rja s

o6o3HauaTh CKOOKOI
m
¢ 2= 2 foza
a=1
PaccMoTpuM HHTerpajbHOe ypaBHenne suaa (25)
2(x) = JK(xx)z()ax’ +] (), (57)

rne B kauecrBe G BuiGepeM oTpe3ok ocu abcuuce 0<<x<<m.
O6Go3znauum vyepes G, oTpeskun o—l<<x<]a, Tak 4To

5 4 by
1 ] 1 t ! | !
m-1 mn b/

)
~
DS

o
n

g

Puc. 52.

G=G,4...+G. (puc. 52). B raucctBe cBOGOAHOro uje-
Ha ¥ sapa ypasHeHus (57) BoiGepeM KycOullo MOCTOSIHHLIE
(pYHKILHH

f(x)=Ffa npu xGaq,
K(x, x')=aqss npn x&G,, x'0p.

s Takoro ypaBHenus npn x&Gq

z(x) = (K )2 (¢)dx' +fo= 2 aop | 2(x') dx’ + fa.
Gp pb=1 Gp

U rtax Kaxk nocaeinee BbipaXKeHHe OT X- e 3aBHCHT, TO
peurenne z(x) nocroanHo B G,

O6o3Hauns
2 (Mlog = 2a (58)

CMOKeM MepenucaTh nocjaeHee ypaplelilie KakK

m
4d
2 = 521 Qup2p + f ae

CanepnoBatenbno, peurcliie 2(x) ypasuenusa (57) npen-
craBJjsieT co6oil (YHKLHIO, NOCTOHHYIO B KaXaoM H3 G,
8HAUeHMs 2, KOTOpOiNl Ha THX OTpe3kax YAOBJETBOPAIOT
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aareGpaunyeckodi cucreme (55). O6GpaTtHo, ecaH (21, ...
..., 2Zu) — peuwlenne cucremu (55), To ¢opmyna (58) on-
penensieT peueHHe ypaBHeHus (57).

5.2. Cayvadinag uenb ajas peweHus aarebpaudeckoil cu-
crembl. OueBuzino, Bce Metoan Moure-Kapso, npuBeleHHLIe
B § 2, npuMeHHMbl AJSl OLEHKH pelieHuH ypasHeHus (57)
i IaloT HaM BO3MOXKHOCTb OLEHHTb pellleHHe cHCTeMbl (55).
Onnako crneuucduxa ypasHeHusi (57) no3possieT YNPOCTHTL
3TH METOJbl U JaTb UM HHYIO HHTEpIpeTalHio.

Tak xak f(x), K(x, ¥’) u 2(x) nocrosunb npu xGy,
x'eUp, TO eCTeCTBEHHO BBIGHPAThb WJIOTHOCTH p(X¥) U
p(x, X') Tak¥xe NOCTOSIHHBIMH

p(x)=p, npu x=GCG,,
p(x, X')=peg mpn x=Gq ¥=Gg (59)

BeauunHel py U pap, OUEBHAHO, HLOJIKHBI ObITH HEOTpHUA-
TeJbHBIMH H YJIOBJETBOPSATbL YC/A0BHSIM HOPMHPOBKH

azﬂ Pa =1, 2 Pas = 1. (60)

fp=1

[TpaBuna (59) MOXKHO HHTEpNPETHPOBATH KaK paBlio-
MepHOe pachpefiesieHHe CIy4YafiHOM TOYKM BHYTPH COOTBET-
crBerHo G, uam Gp. MOXKHO, OIHAaKO, COBCEM OTKa3aThCsl
OT (UKCallM¥ TNOJOXKEHHS 3TOH TOYKH H TOBOPHTb TOJbKO
06 OTpe3Ke, B KOTOPOM 3Ta TOuYKa pacnosoxena. Toria
Pa,— 3TO BEPOSITHOCTb TOrO, YTO HauaJbHas TOYKA TPAEKTO-
pud nonaner B Gq, 8 Pup — BEPOATHOCTb TOTO, UTO CaAyuafi-
nas Touka u3 G, mepeiiner B Gp. [Ipn Tako#t uurepnpera-
LLMH BMECTO TpaeKkTopuu I; ciydafiHOH TOYKH JOCTaTOYHO
paccMoTpeTb MOCAeA0BaTENbHOCTb CAy4alHBIX HOMEpOB

ko—>ky—... =k, (61)

tex oTpe3koB Gg, B KOTOpbIE 3Ta TOYKa INOMAeT.

Hrak, naa peureHus cucreMbl (55) MBI GyaeM CTPOHTb
yenov cayualinelx nHomepos (61), KaXIBIl U3 KOTOPHIX MO-
JKeT npuHuMaTh 3HaueHua 1, 2, ..., m. [lpaBuna nocrpoe-
uis uenu (61):

Pl{eo=a} =pa, P{ki=B|ki-1=a}=pup, (62)
rlie HauyaJbHble BEPOSTHOCTH P M BEPOATHOCTH NepexoldoB
Pap LOOMKHB YIOBJICTBOPSATb YCAOBHUSIM HOPMHPOBKH (60).
13*
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B Teopun BepoATHOCTEH TaKkue uenu HA3LIBAIOTCS yensiu
Maprosa ¢ KOHeYHBIM uHcaIOM mi coctosnuil [71]. Beca W;
pronb uenu (61) Beruucasiores no Qopmysae

o T Tkt Tk,
W; = ! (63)
Pl Phytey * - pkl._lki

WIH MO PeKyPPeHTHOH popMyie
Wi=Wi-i(ar_p/pe, ), Wo=1.

®opmyabl 3TH — caenctsue (4) u (5).

YcaoBHMCSI TOBOPHUTh, YTO pacnpefeseHHe BepOSITHOCTeH
(P, ..., DPm) OORYCTUMO TNO OTHOUIEHHIO K BEKTOPY
v=(P1,..., Pm), €CAH LIA T€X &, AIA KOTOPHIX YaFO0,
3HauenHe Po>>0. AHanoruuHo pacnpegpesnenue (pop) Oony-
CTUMO TIO OTHOUIEHHIO K MaTpuue A== (aup), €CAU Pop>>0
a5 Tex nap (o, B), ZJas KOTOPBIX Qqp7~0.

Kak u3BeCTHO, M3 TEOPDHH MaTpull, AJAs TOr0 YTOOLI

0
pan X A/f cxommics mas Ja060r0 BEKTOpa f, HEOGXOXUMO
=0

H JOCTaTOYHO, UTOObl BCe COOCTBeHHbIe 3HaUeHHS [=|lq
MaTpuibl A, npeacTraBisioniie co6oH KOpPHH ypaBHelis
det | @aap—ndap| =0, nexanu BHYyTpU efHHHYHOro Kpyra (Ha
KOMIVIEKCHOM TJIOCKOCTH): |pe|<<1 mpu a=l1, 2, ..., m.
JlocTaToullbiM  YCJIOBHEM MOXKET CJAYXKHTb HEpaBeHCTBO
m

X ai;< 1 niu HepaseHcTBO — mMax

n
lai] < 1.
i,j=0 l<i<m j=l
ChopmynupyeM Ans cuctembl (55) TeopeMy, BHITEKalo-
myto u3 Teopemnl 4 (§ 2). Ilyctb GeckoHeuHas uene
koy—>bky—>... >ki—...

crpourcs mo npasunaM (62), rae po H Pup AONYCTHMBI MO
OTHOWEHHI0O K Y H (Qup) COOTBETCTBEHHO, W DPacCMOTPHM
CJy4alHyl0 BeJHYHHY

LIv] = (be/Pr) 2 Wi (64)

Teopema 8. Ecau ace co6cTeeHRble SHAUCHUA pg MAT-
puyst (|aep|) no abcoarcTroll 8esunune menowe eOunuybl,
TO MaTemaTuveckoe oxcudanue cayuainod eeautunor §[]

pasHo
ME[p]= (. 2). (65)
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nOBTOpHM J0KAa3aTeJqbCTBO CO CTP. 177 NpUMEHHTEJNBHO K paccMmar-
prBaeMosy ciayualo. Tak Kak
P {kO = too cees k’ = t]} = ptoptoll' .o ﬂlj_xtl:

TO, IpUHUMas BO BHHMaHIe (63), noayuuy, uto

M % {z‘ J
Pk, Wifki = > ‘l)toalot‘ vee ati—l'lf'i = (P, A’f).

o,...,tj‘:

3atem
MG (] = 20 M [(bs,/28) Wife)] = 2 (. AT = (b, 2
j= j=0

npHyeM CYIIECTBOBAHME 3TOrO0 MaTeMalllueCKOrO OXHAAHHA oGecneyyBa~
€TCA yCJAOBHAMI TeOPEMbl

Ecnu kaxkue-HHGYAb W3 3/€MEeHTOB MaTpHUBl (Qqp) pab-
Hbl HYJ10, TO OGLIUHO LieJdecooGpa3Ho BbiGpaTh COOTBETCT-
BYyIOLIYE BEPOATHOCTH nepexola pep=0 (cp. m. 3.2.1 ra. 3).
B npornBHOM cJyuae, eCqH B LleNH OKaXeTcsa INepexos
ki1~ k; KOTOpOMY oOTBeuaeT Pr,_ >0 H an_r =0,
To u3 (63) Bumno, uto Bce W;=W, = ...=0; Moxuo
CuHTaTh, YTO Iielb, IIONAaB B k;, OCTaHaBJAMBAeTCH: JIOGHE
HajbHefIne Mepexofn K;—-R;—-... 3HaueHHs BeJIHUHHbI
t[] He uamensr.

Ecan matpuma A cOpepiHT LENyI0 CTPOKY H3 HyJeil:
Qui=0ap==... =0a,=0, TO, KOHEYHO, HeJb3s1 BCE COOT-
BETCTBYIOI{HE BEPOSATHOCTH BHIGPAaTh HYJEBBIMH: 3TO HPOTil-
Bopeuwsno Gbl ycaosuio (60). Torma MOXKHO TNOJOXKHTbL
Pea=1, Pap=0 npu B=£~a, TaK 4TO Pag=~0ag.

5.3. Boluncaenue ogHoil KoMmnoHeHThl peweHud. Muorma
BCTpeYaloTCsl 3ajlauM, CBOASUIMECS K CHCTeMe (85), rne,
ONHAKO, HAC HHTEPECYET He BCe PeIleHHe 2= (21, ..., Zm),
a TOJbKO OJHA M3 HEH3BECTHBIX, Hanpumep 2, Meroan
MonTte-Kapio no3onsioT npuGIHAKEHHO OLEHHTb ORHY 3TY
KoMmnoneHty. JJ1s aToro A0CcTaTOUHO B KauecTBe v BhIGpaTh
envHHuHBIR Bexkrop e”=(0,..., 0, 1, 0,..., 0), B Ko-
TOpOM JHLb Ha r-M MecTe ctout 1. Torma ckanasipHoe mpo-
H3Befielie paBHO

m
r
(b, ?) = (e(r)’z) = 2 et(z)za = Zp
- a=1
B KauecTBe HAyaJbHBIX BEPOSITHOCTeH MOXKHO BHOpaThH
Po= € wiu, IPyrHMH CJIOBaMH, HAauHHATb LeNb C Bo==r.
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Mtak, CTpouM Uend 7—>k —>ky—.,. —>k— ..., Bul-
yycaseM BLOJb Lienell Beca
a a . a
rhy ek, o Bhy_ ik
Wi=—"= =1 (66)

PriPriky <+ Pry_1k;
H caydaliHble BeJHYHHHI

(-]
1
Llen] = Zé) W fop (67)
==
Ecan xomunuecTBo ueneft N nocmroquo BEJHKO, TO

zf ~—Z t [e( )]Sa
=1

rie ¢[e”], —sunauenne {[e™], noayyennoii ua s-ii uemn.
5.4. O6pamenue marpuupl. Ilycts 3amana xBajapaTHas
marpuna B==(bap), I1<a, B<m TpeGyercss BBIYHCIHTD

sneMeHTH oGpartHO#i Marpuubnl C= (Cqp), YLOBJETBOPHIO-
el cooTHoumenuw BC=E, roe E — enuHnuHaa Marpuia:
10 ... O
E={01 ... 0}
00 ... 1

Eciau Bce coOGCTBeHHBle 3Ha4YeHUS W, MaTpuis B ynosaer-
BOPSIIOT YCJOBHIO
I!la—‘l l < lo

TO 3ajaya 3Ta MOXKeT GbITb pelleHa METOAOM MOCaenoBa-
TeJIbHBIX NpuOAMKenuit *). B camom nmene, 0603HaunM uepes

A marpuny A—E—B (68)

Jlerko npoBepuTh, uTO COGCTBEHHble 3HaueHHs MaTpuub A
paBHB |—pg H, CJIEI0BaTeNbHO, MO a6COMOTHON BeNHYHHE
MeHbLIe eIMHULbl. B cuay 3Toro cXomuTca psn

C= A
u 7'_"’0

oc
=(E—A)C=C—AC= \’ A= Al=
t-O i=1
*) Bouee o6muit cayuah cM. ynpaxuenue 6 crp. 209.
**) Jlns 3aNOMHHAHHS MOXKHG 3aMETHTb, 4TO A (E—A)"' =
©
= 2.4' 2HAJ0I H4eH [eOMETPHYECKOA nporpecu»m (l—q)"—z g

=0 =0
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llokaxem, yTo ecnu MaTpuma A yAOBIETBOPSET yCaI0-
BUAM TeopeMbl 8, TO AAS TOro, 4To6bl BLIYHCIAHUTL JIEMEHT
C¢-." matpunsl C, MOXHO wucnosb3oBaTh uenu m. 5.3; HaLo
Juilb, KpoMe Y=e'”, BhGpats emle f=e!"",

B camom nene, Mbl Buieau, uto Mg[e”]==z, rne
2,—r-s1 KOMIIOHeHTa pelueHua ypasHeHus (56). Oanako 310
peluelHe paBHO

2=2Aif=Cf,

1==0
TaK 4TO €ro r-s1 KOMOOHeliTa eCTh

m

’
Zr = _2J Crmfa-
o=l

B uacrtHoM cayuae, koraa f=-e""’

4TO H TPe6OBaJOCh JOKA3aTh.

Moncrasus B (67) Bmecto f Bektop e, monyuum co-
OTBeTCTBYIOIUHA 3TOMY cayuyalo Metod Monre-Kapno: npu
JocraTouHo GoabmoMm N

; NOJYUHM, UTO Z2,== Crr’,

N
l B
i~ Wi .
ey 2 [(”kér,) J (69)

s=1

3lecb CHOBA S— HOMEpP IeNH, a CyMMa C YCJIOBHEM
(i]ki==r") osnauaer, uto cymmupywrca ToapkQ te W, ans
KOTOpBIX Homep k;=r".

541. YucaeHuwfi npumep: Haitu Matpuny C, ofpartnyio
K MaTtpuue

172 0 0
—1 0 1

co6CTRCHIILIE 3HAYEHHS KOTOPOM, OueBHAHO, PaBHH Pi=py=1/2, py=1.
Cnepsa no gopmyse (68) BhUHCAHM MaTpHLY

172 0 0
A=|2 12 0}.
1 0 0
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3atev pubepevt MaTpHIY BepoATHOCTefi mepexoaa, AONYCTHMYIO 1O OT-
HollenHio K MaTpuue A, Hanpumep:

1 0 0
(Pup) = 11l (70)
2 2
{1t o o
1) Uto6bl OLEHHTb 3/]EMEHTH €y, Cip M €13, HAAO CTPOHUTDH LieNH, Ha-
gugaounecs ¢ kp=r==1 Taxk Kak B nepsoil cTpoke Marpuunl (70) auwb

Pll%O, TC BCe HeNny OKaXyTC OAHHAKOBBIMH:
k0=lv kl=]: k2=lv « e

Beca BAOAb TAKOl LENN MEHSIOTCR HA MHOMXHTENb @ /pi==!/s:

1 1
W0=I, ‘V1=_2-» ‘V2=T’ oo

Ocpenuenve p (69) He HYXHO, HOCTATOYHO OJHOH LENH LA TOJTYHYEHHs
TOYHOTO pe3y/bTaTa

11
o= 2 Wy=l+5+g+..=2
(ife;=)

Al
Ge= X W;=0; ¢,

= W.=0.
(1)k;=2) (ifk;=3)

i

2) Croab Xe NPOCTO OLEHMBAIOTCS 3JEMCHTHI 3|, C3p U Cs3t llemb Ha-
yuHaerca ¢ Ro=r=3; Tak Kak B TpeTbeh cTpoke MaTpHunl (70) anws
ONMH HeHyJneBOA sneMeHT psi==1, To k=1, manee ky=1, ks=1, ...
Urak, Bce uenu O6yAyT OAHMHAKOBLIMH

ko=3, k]"—"'-], k2==l, k3=1, o o s 9

a cOOTBETCTBYOIHe Beca (C yYyeTOM TOro, 4TO Q3/ps;==1) paBHBI

1 1
W0=l' W1=ly W2="2-' Ws-——-"'z', cee

TlosTomy

1 1
= ¥ Wy=ltg+7+..=2

(ilk;=1)

1
€30 = W, =0, cp= > W=I,
32 (l'lk,;z'=2) i s 3 (l'lkA,’-,=3) i

3) U TonbKo AJs BBLIUHCJEHHSA Cpp, Co2 M Cog HYIKHO JNEACTBUTENLHO
CTPOMTH CayyafiHble lemH, HauuHaloumecd € ko==r=2, W NpPOU3BOLHTbL
pacuernl. BripoueMm, B aTOM ciyyae pasjinyHble THILI LeNeH JErko Kjaac-
cuounupytorcsi, 6o BO BTOpO# CTpoke Matpuubl (70) JHIIbL P H Poo
OTJINYHLL OT HYyJIfl.
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Lenb, Haya10 KOTOPOIl Bo==2, MOXCT HeCKO.1bKO pa3 CCTaBaThCs B
ki=ky=. . '=kt =2. Ho eccan oxaxeics, uto &, =1, T0 Raubue

yme Bee ki, =k o=...=1 Crenosareiryo, oOwnil BI1 TaKOIl
nenu (0<<i<<oo)

k0=k1:...=kt=2. kt+1=kt+2='°'=l' (71

CoOTBeTCTBYIOIHE TAKOH LelH Beca JIerKo BBIYLCINTb: TaK KaK Qg P2n==,
=1, ag/par=4, an/pu="1), 10

‘V°=W1=...=Wt=l; ‘Vt+l=4; ‘Vt+2=2' Wi+3=l”"

Hurepecyolulie Hac CyMMbl BECOB BLOJb TaKOM LeNU PaBHBI
. WV,=4+2+14+12+...=8,
A(l/ki=l)

Y wy=t+1, X w,=0.
(tk=2) (i/ki=3)
U3 3TUX COOTHOLUEHHH cpasdy CAeLYEeT, UTO Cg=3_§, Co3=0.
OcTaBIIMACS 3JeMEHT Co2 MOJKHO BbIYHCAHTbL aHAJHTHYECKH, eCcad 3a-

nucatb, YTO BEPOSATHOCTb MNOJYuHTb Henb (71) paBHa (CM. Haua.lo
crp. 39)

(P2)} Py = (1/2)' T,

B BMecTo ¢opMysant (69) BOCNOJb30BATbCS TOYHBLIM BLIPAXKEHHEM JUI1
MAaTEMAaTHUECKOTO OXHJaHHS

@
cu=M X W= ¢+t =2,

(i/ki=2) t=0
Urak, obpatHas matpuua C paBHa
2 00
C={|8 2 0].
2 01

KoHeuro, B oflem cayyae (korfa B MaTpuile A MHONO HEHYJNEBBIX
37eMEHTOB) pasHooOpasHe Uenefdl CTOJb BEJHKO, YTO 3aMEHHTb (HOpMyay
(69) aHaJIMTHYECKHM DAacyeToM HEBO3MOXHO. 3aMeTHM TakKwke, YTO MO
uensy, HaYMHAIOMWUMCS C Ro==r, MOXHO OIHOBPEMEHHO BHIYHCISTb BCE

’

¢cr'=1,2 ..., m ubo xaxnoe W, Bxonur B cymmy v
(tki=r)

crr

1pu OJHOM H TOJIbKO OAHOM r.

5.5. Pewenne auddeperunasbHoix ypasHenkit Jlanaa-
ca u Ilyaccona. B orpanuuenHofl cBa3Hoil o6Gaactu G
II0CKOCTH X, Yy C mpocroii rpanuuer G° paccMoTpuM
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I[H(I)CbepeHU.HaJleOe ypaBHE€HHe C YaCTHBIMH NPOHU3BOAHBIMHU

Puldxd+0%uloy?=F (x, y), (72)

roe u=u(x, y) — uckomas QyHkuusa. YpapHeHue (72) npu
F(x, y)=0 wuasbiBaerca ypasuenuem Jlanaaca, a npu
F (x, y) =0 — ypasnenuen Ilyaccona.

[penmonoxkuM, uto Ha rpaHune G° 3ajnaHa HekoTopast
bynkuus g(¥, y) (vacro nuuwyt g(S), rae S — nauna ayru
rpaHullbl, OTCUHTbIBaEMas OT KaKOW-HHOYAb (HHKCHPOBaH-

Hoit  Touku). Tpebyercs

oy HaWTH  Takoe  pelleHHC

" u(x, y) ypasHeuus (72),

PS N KOTOpOe Ha rpaHulle coBna-
e \r+  naer ¢ g(x, ¥):

Lt u(x, y) o=g.  (73),
=T 1L 3apauy o6 oThicKaHuM pe-
uleHust  ypaBHeHus (72),
g __ YIOBJETBOPAIOLIETrO  rpa-
Z HHMYHOMY YycJoBHio (73), Ha-
3biBaloT 3adaueti Hupuxae.
Has npubanmxennoro
pellenus 3Toil 3ajaun [63,
88] BbIGUpalOT Ha mJaOCKO-
CTH IOCTaTOYHO MEJIKYIO
KBafpaTHyl0 CeTKy ¢ mia-
Puc. 53. rom h (puc. 53). Koopau-
HaTbl y3JIOB 3TOIl ceTKi
nyere Oyayr x;=jh, y=Ih, a sHauenus u(x; y) 1
F(x;, y) nas kpatkoctn o6GosHauuM u;, u F;,. Ysea (j, |)
HAa3BIBAIOT BHYTPEHHUM, €CH H OH, U BCE YETHhIpe COCeINNX
¢ mum ysaa (j—1, 1), (j+1, 1), (j, I-—1), (j, [4+1) npunax-
aexar G--G% B mpotupHOM cayuae y3ea (j, [), nprnanie-
Kaueln G+ G° HasLIBAIOT 2PaHUUHbLM.

Bo suyrtpenneMm ysae (x;, y) ypaBHeHue (72) saMeHsier-

Csl PASHOCTHBIM YpaBHEHHEM ’

Ny 1D

i N

~Grgmperigd pora—t1
A
0 T O

T

1

T 1

U g =ty a2ty F
72 + 7 = Fin,

KOTOpoe MO2KHO HepenncaTb B BUae
U= (g tupp b g —EE ) (T4)
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B rpaHnuHBIX y3sax noJjarator
Uy 1 =gj 1. (75)

(3nauenus gj,, «CHOCAT» ¢ GamKafiwux Touek rpaHuns GO.)
Pemenune anre6panueckoit cucremnl (74)—(75) npu h—>0
npubauKaeTcsa K pelleHdio 3agadn dupuxae masi ypanHe-
uus (72).

Ecnu  nepemymepoBaTb Bce y3abl, NpHHALJexKallne
G+ G° (B npoH3BOJILHOM MOPSAKE), U MepenucaTb B TOM XKe
nopsajake ypasHeuus (74) u (75), TO MNONXYUUM CHCTeMY
puzna (55)

m
Uy = Qopitp +faw a=12,...,m
o=

—

'(m — KOJIHUYEeCTBO Y3J0B), ¢ BecbMa CBOeOGpa3HOil MaTpu-
ueit A: BHYTpeHHeMY y3/y C HOMepOM o OTBeuaeT CTPOKa
Qqly+«., Qam, B KOTOPOil 4 asieMeHTa paBHB 1/4, a ocraJib-
Hble — HYJIH; TPaHUYHOMY Y3Jy C HOMEPOM @, OTBeYaer CTPO-
KA Qa1=0ge==...=0emn==0; BCe AHArOHAJ/bHbLIE 3/JeMECHTEHI
0ae=0. (MoXHO N10Ka3aTb, YTO BCe COOCTBEHHbIE 3HaYels
TAaKOH MaTpPHLbl N0 aGCOMIOTHON BeTHYHHE Mellblle elilii-
up.) CBoGomHble uJMeHbl 3TOH CHCTEMBI paBlibl f[o=
=—(1/4)h?F,, ecan y3eq HOMED o BHYTPEHHUH, H [¢=gq,
€CJIH y3eJ HOMep o T'PaHHYHbBIH.

Bocnoabsyemcss MmeTomoM n. 5.3. M IIOCTPOMM METOL
Mosnre-Kapno aaa pacuera u, — 3HayeHHUs PelieHHs B OLHOM
(3apaHee 3amanHoM) y3nae. BriGepeM martpuny mnepexonon

OB,  €CJH y3eJ HOMEp o BHYTpEHHHH,

Pap = { o
Oupy  €CJH y3en HOMED O I'paHUYHBI

'(8op — cumBo Kponerepa: 8ua==1, 8,p=0 npu az=p).

Mpouecc NOCTPOCHHA LENH MO TaKoMy 8aKOHY OKasbiBa-
ercd OueHb HArJSAHBIM: 1) HaunHaeMm ¢ ko==r; 2) ecau ysea
k; BHyTpeHHHUH, TO ¢ OAHHAKOBOI BepOATHOCTLIO !/4 BLIGHDa-
eM B KayecTBe 2.1 HOMEp OJHOTrO H3 COCEeIHHX C HHM Y3JIOB;
3) ecan ysen k; rpaHuuHBIf, TO LENb OCTAHABJAHBAETCS:
ki=ki+[=ki+2=. .«

Pacuer BecoB W; Bnoab Takoil uenu TakiKe upessbluail-
HO NpOCT: MOKa Lenb He nomaJja na rpanuny We=W,=..,
so.=W;=1; panee Wi, =W, o=... =0.
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Tlostomy cayuafinag Beauunsa (67) okasbiBaeTcs paBHOI

E="Fegt fo,+ov Ty, (76)

rne k;— HOMep NMEPBOro BHIXOAA Lend Ha rpaunmy. B (76)
BCE fhpyeoes fk, , BHIUHCAAIOTCS 1O dopmyse  fo=—
— (1/4)h®Fo 1 uwib nocaefHee f,, paBHO 3HAUECHHUIO G

3ameuanne. Ecaiu BMecTo rpaHnuHbix ycaosuit (73))
sasanbl 6oJiee CJOXKHbIE YCJOBHS, HanpuMep:

[cru4-co(Onfox) +c3 (0u/0y)]eo=2g,
Ta ypaBieHus (75) Hapaay c u;,, OYAyT coaepKaTb Takxke

3HAYEHHs1 U, B HEKOTOPBIX COCEAHHX y3jax. M cayuainas
Llelb, NONaB Ha FPaHHly, OCTaHaB/ :iBaTbhca He Oymer.

Mpu Meg. MMyete  u(x, y) — pemerne ypasHenus Jlanjaca-
(0%u/0x2) + (0%u/0y?) =0 B emnnnunom kpanpate O0<Kx<<l, O<Cy<l,
yLOBNETBODAIOIee T[paHHYHLIM  ycaoBuaM  u{x, 0) =0, u(0, y)=0,
&(x, 1)=x, u(l, y) =y Buiuucauts sumaueune u(1/2, 1/2).

J
Vj I, 2 4 7
OG0
A | ,
BD—=) ”j@ —(D——GD3/4
O—0 ? D—@1/2
O—D——D—D—@1/+

Pic. 54.

BuifepeM B KBajpaTe ceTKy ¢ marom h=1/4 u nepenymepyem ys-
AE1 Tak, Kak 9To yKasawo Ha puc. 54. as ypapHenus Jlanaaca ¢opmy-
aa (76) eue Gosee ynpomaercs: L= 8pp TaK 9TO ¢ paBHO 3Hauenuo g

B TOM yaje, B KOTOPOM ILenb NONajaeT Ha rparuny. Boase kaxmoro
rpaHuyHoOro ysaa Ha puc. 54 mnpocraBieHo 8HayeHHe g AJjs Haulero

npuMepa.
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Ins noctpoenns menefl Bociombayesca TaGauiuedt ciyuafinbix undp,
npuselleHHol Ha cTp. 295. Ecnn cayuaiinas uudpa € okaxerca 0 mi 4,
TO OyleM Nepemelathcs B COCelHHIl ysen cnpapa; ecau € pasHo 1 miu 5,
T0 GyAeM NepeMelaThCs BJEBO; ecad € paBHO 2 Had 6, To nepeMemna-
eMCsl BBEpX; ec/Ii € DaBHO 3 MuM 7, TO NepeMeliaeMcs BHHM3; 3HaYeHNA
€, paBHble 8 w9, onyckaew,

Ta6auuna 3

6 5 1 5075 6 6 1 5 5
13—18—17—16 13—12—13—8—7—12—17—16 13—12—11
6 6 4 3 4 5 6 5 5 1
13—18—23 13—14—9—10 13—12—17—16 | 13—12—11
2332 4317 7 5 17 0 2 6
T4 - | | « - 4t ¢
13—18—13—8—13—14—9—4 13—8—7—2 [13—14—19—24
16 03 3 3 425 0 2 2 2
« t =>4 > 4 = = ¢ ot
13—12—17—18—13—8—-3 13—14—19—18—19—24 | 13—18—23
4555 317 5 1
13—14—13—12—11 13—18—-3 | 13—12—11

B ra6n. 3 npusenens 16 caysainoix uenefi. B nepsofi crpoke sanu-
CaHBl HCNONb3OBAHHBIE CJydafiHble HUQPL, BO BTOPOH — CXeMaTHYECKH
yKa3aHO HanpaBJieHHe NepeMelleHHsi, a B TpeTbedl — caMa lenp (1ome-
pa ki). CooiBeTeTBytOMmHE FTUM UensM 3HaveHus § pasum 0, 0, 0, 1/2,

i/4,0,0,0,0, 3/4, 0, 3/4, 1/2, 0, 0, 0. Cpennee apudpMeTHYECKOE STHX Be-
JUYHE RaeT HaM HPHOMIIKEHHOe 3HaueHWe peilleHHs B Touke (1/2, 1/2):

L DY lSe o
“l5 3|~ T8 §l§s= A7,
M3 sMnnpuyeckofi OLEHKH AHCIEPCHH
1 16 2 1 16 2
Dt ~ T5’;§s -1 16(?%) = 0,08
caenyer, 4To BeposiTHas omubka ris = 0,675 DL/16 ~ 0,05.

TouHoe pewenue pacCMOTPEHHOR 3ajaun u=xy, TaK
u (1/2, 1/2)=0,25, u ¢axruueckasa omubka pacuyera pasHa 0,08

qTo
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Mertoj HacToSILIEr0 MyHKTa N03BOJSET BHIYICAATL pelle-
1IN PAsHOCTHBIX yPaBHEHHIl, annpokcumupyowux audge-
penunajbHble ypaBHeHHs. CBA3b TakHX 3ajay ¢ OJyXIaHH-
AMH 1O ceTke Oblaa BnepBbie ycranosiena B [113]. B § 3
ria. 8 ykasan metol Monte-Kapno pnsi pelieHns 3apmaui
JupuxJje, He CBA3aHHLIl ¢ Pa3HOCTHHIMH YpPaBHEHHAMH.

5.6. Cayuaii oueHb GoJbWIOro yucja nepeMeHHbIX. MeTo-
nel Moure-KapJaio, nanoxennsle B §§ 2, 3, 4, yacto ucnosab-
3yI0TCSl B BLIYMC/HMTENbHOH NpakTHKe, TakK KaK KJaaccude-
CKHEe YHCJeHHble MeTOJbl pelleHHS HHTerpaJbHBIX ypaBHe-
HUH B MHOTOMEDHOM CJyuae NMPHUBOAST K BecbMa CJIOXKHbIM
pacueTHbBIM cxemaM. Metoasl HacTosulero naparpada, Ha-
NPOTHB, CPABHHUTCJAbHO PEIKO HCMNOJb3YIOTCHA, TaK KaK 3TH
3a7aud XOpOUIO pellaloTCs YHCAEeHHBIMH CPeACTBaMH JHHEll-
noft aarebpul. Iloxkanyil, Toabko B 3amayax ¢ GOJMBLIHM
YHCJIOM NepeMeHHbIX MeTofbl MoHTe-Kapsao moryt ycnmemno
KOHKYPHPOBaThb C MeTOLaMHM JuHelHO#A aareGpel [115].

IIpennonoxnn, 4to TpeGyeTcss OUCHHTb ONHY KOMIOHEHTY 2, pe-
menusi 2 cicremsl (55), y Kotopoii Bce ]aaB[<q/m, |fa]<0, ng<l.
B astom cayuae psaa z, = f,+ (Af), + (A%]), +... cxomutes Gmictpee,

yeM TeOMeTpHYecKas nporpeccusi c-+cq-+cq*+... , U npu 3agaHHO
TOUHOCTH MOXHO OFPaHN4HTLCS KaKIM-TO CNpeReseHHbIM KOJHYEeCTBOM ¢
craraeMbix:

t .
2= (A1) (77)
=0

Byaem cuutath, 4to £>=3. laa Toro 4to6e NO KOMIOHEHTaM BEKTOpa
A} gpuEcanTb Bce KommoHenTw pextopa A'T!f, Heo6xoanmo mpoge-
aath m? yMHOXKeHH[ (onepaulaMi CIOXKeHHS, Kak GoJiee NPOCTBIMH, MbI
npeneGperaem). ¥ Bextopa Al maMm wyXHa amb oHA KOMNOHeHTa
(Aff)r, CnenoBatesibro, ofliee KOJAMYECTBO YMHOXEHIH, 3aTpaunBaeMbIX
npu pacuerc no ¢popmyae (77), pasuo (¢ — 1)m?+m.

PaccmoTpum Temepn Meron m. 5.3. Ilycrb Bee Pap = 1/m; sto 3na-
YT, YTO KaxAbill HOMep ki C paBHOH BepPOATHOCTBIO MOXKCT NMPHHHMATh
sHauenus 1, 2, ..., m HesaBucuMo otk;_;. Takoii BhGOp MOXHO (cM.
cTp. 46) ocywecTBasTs no gopmyae k; =1-41[(my), rie y — ouepennoe
cayyaiiHOe YHCIO.

Jns peanusauuy Henu ¢ TAKUMM BepoOsTHOCTSIMM Tiepexoja Hajo:
1) BuOpats Ro=r; 2) BuOpaThL k) H HalTH 3MeMeHT @y ; 3) BHG-
patb kg, W HaHTH QG pH T. A 1O "k,__‘,k,. 3HayeHue cay4afiHol Be-
Janaunbl (67), tcoome'rcmy;omeﬁ (77), 6yneT BBIUHCAATbCS MO (opmy.ie

E=X Wife, rtoe Wy=Wi_ymuy_ g W, =1

i=
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Ecnn matpuuy a,g 3apasee yMHOMHTb Ha 1, TO H3 PacYeT OJHOIO
sHavenusnl Gyner satpaunBathCs Beero 3¢ yMHOXKeuuil (m Ha Y, My, 4k,

Ha W;_y 4 fr,uaW;). 1 ecom ana moctumenns tpeGyemol TouHo-
CTIf IpHIeTCA BbYHCHITL N lenefl, To obuiee KOJIYECTBO YMHOMKCIIHI
npi TakoM crnocobe pacyera pasHo 3tN4m2,

Ouennnno, pacuer mMeronodM Monrte-Kapao Gyaer sxkonomuunee, 4en
pacuer ne dopmyane (77), ecaun

(t—2)m?+{-m>3IN. (78)
Jlerko fiokasath, 4to BesqHunHa N — KonuuccTBO wdeneil, HeoGxoMii-
MOE JUIsT IOCTHXEHHST 3aLaHHOil BepoSITHOM oMKl — OrpaHHueHa pl

m—»o00 H t—o00, B camom Zejle, Kak u3secTHo, N [IpONOPLHOHAJBHO JHC-

t
nepcun DG Ho DZKME2 u tak kak 5] <¢ g‘ <cl—g)7 Y 10

i=0

D{<<c?(1—q)~2 Tlocnenusis rpanuua HH OT 71, HU OT ! He 3aBHUCHT.
KBaapatHomy HepaBeHCTBY (78) yNOB.IeTBOPSIOT BCe M Taklie, 4TO

m>[—1+VTF2FE—2NV2(¢—2)]
Tax kak N3>>1, TO 9TO HepaBEHCTBO MOXHO 3aMeHMTL Gosee NPOCTLIM
m>V 12 [F—2) N/I2(t —2)] =V 3Nt — 2)-
Hakonen, Tak Kak npu ¢>>3 ortHowenne #/({—2)<<3, To nocnensee He-
paBeHCTBO, a BMecTe ¢ HuM H (78), Gyner sLmoaHeno npH Jjo6oM t=3,

€CJIH TOJIbKO -
m>3YN.

Hanpumep, ecin N==900, To meron Monte-Kapno Buroguee, uen
pacuer no dopmysae (77), Aas cucreM nopsaaxa m>>90.

YnpaxueHus K raaee 5

1. PaccmoTpum mpoussosbhyio dyuxunio R(P, P) u3 Ly(GXG) n
pewenue z(P) ypasHenus (25), npencrasiMoe B BHIE CXOASILErocs
pana (28). Yro0n 6bluucsuTo K8aOpaTuunbil (PYHKYUOHAA (Rz, 2) me-
Tedon Monire-Kapav, MOMHG ucnoav308aTo napbl HE3ABUCUMBLY CAY-
watinoy, Tpaexropuii (J1. B. Mabopos, A. M. Cyxosoit [49]).

a) Iycts ase tpaektopun TunaT, (Qo— ---— Q—...)mn

(Qo - oQi- .)crpomca 10 NIOTHOCTAM

P (@) P (Quey, Q) 1 2 (Q0)s P (€1, QF)

cooTBeTcTBeHHO. OmnpeAenuM CHAy4afiHYI0 BEJHUNHY 1], 3aBHCAULYIO OT
napsl TaKuX TPaeKTopHii:

R(Q. Q) & ©
=00 N iy S W (Q).
Q) 1 () S i (Q) Z.JU (@)
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6) IMycts aBe TPaeKTOpHH TUNA ?v (Q—...—Qy)n (Q;, - ...
e Qv) cTposiTcs Mo 3akoHaM p(Qy), p (Qi_l, Qi)’ a (Qi) up (Q(’)),
» (Q}__l, Q}), a’(Q;-) COOTBETCTBEHHO. ONpefie/M CYUafiHYIO BeaHUIHY

ﬁv»” 3aplicAaIylo OT napbl Taknux Tpaemopnﬁ:

- R(Q Q) o [(Q)or F(ov)
YT QP (@)  Va(@) Y a(Q)

ﬂOKaSaTb, YTO €CJH BbLINOJHEHB! YC/IOBHS TCOpPEMHBI 4, T0
M'I] = MnW, = (th 2) .

2. Jlokasars, yto ecau miaotHoctd p(P) u p(P, P’), no xoropwM
cTpodATcsi TpaeKTopuy I'w, YAOBJIETBOPSIOT YCJIOBHAM

(9P (P) = (PP p(PYAP <o
G 4

n

(K P, PYF(P) p~ (P, PYIT (PP p (P, P dP << 1
G

(npu mo6om P=G), To pucnepeus DE[P] << oo,
Ykaszanue. Bocnoas3oBaTbcsi HepaBeHcTBOM (44).
3. Ilpennonoxum, 4T0 GYHKUHH
P (P) 2P ) K2(P, P)
Yo ()= "p1py o)1= atpy Ko P P)=7py,(p Py

npuHanaexar coorserctBeHno Lo(G), Ly(G), Lo(GXG), u pan Heiima-
ua s pemleHust 2, ypaBHenus 2p = Kpzp -+ fp cxomurcs. doka-
3aTb, 4TO AucnepcHsi ouenkn (39) KOHeYHa Il paBHA

DT, [¥] = (Vp, 2p) — (b, 2)?

(B. T. 3onoryxun, C. M. Epmakos [36]).
4. MHTerpanbHoe ypaBHeHue

1
3 (x+x
z(x)=-7)-s——=.,—z(x’)dx'+45x-—3
g ¥V

uMeeT peuienune z=»50x.

a) JlokasaTh, YTO Ioc/jefoBaTenbHble npubanxkenis (26) cxomsrcs,
ecsn ToNbko HHTerpas K¢ (X) KoHeuew.

6) Ilycrb Ay, . . o, A, —sajanHble HMHTépBaJH, pacMO/NOKEHHbIE
BuyTpu [0, 1], u Ttpe6yercss BhuucauTe MerofgoM Monte-Kapao m 2.2
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yucaa
z[,k

= [ mdx, Rk=1,2,...,1,
Ap
B CAyuae, Korjna HauaabHoe npubmuxenune 2(0 (x)=1 Buinucath BCE
pacueTHsle (DOPMYJIBl, eC/H HauadbHas MIOTHOCTHL p(x)==1, a TIOTHOCTb
BeposTHOCTell Nepexofa M3 X B X’ mponopuroxaasua (x + x')/V x’-
5. JlokasaTtb, 4TO B YC/IOBHSX N. 3.2 (pacueT mO HCTHHHBIM Tpaek-
TOpHAM) MOXHO InSI OUEHKH (P, 2) BMECTO CIy4afHON BeJHUHHLI

Ty 111 =1F (a0l p Q) [¥ (Qv)/@ (@)

Ha3BIBAEMON OyerKOl No N02AOWEHUAM, HCTIOL30BATh CJyYalllylo BesaH-

unny %y [[1={/ Q)P (Q] X $(Q),  nasuisacuyio oyenxod no
=0

CTOAKHOBEHUAM.
Yxasaune. IToayunB BoipaxkeHHe

<] i i
My = gof e [ (PO EO t(P) sl;ll Ke(Po_y, Pg)a (P;)dP,...dP,,

ncroab3oBaTh ToXAecTBO @ (P =1 —S Kex (Pyy Pig1) 4Py, -
6. PaccmoTpuM KBajapaTHyio Martpuiy B = (bal@), 1<a, B<Km, Bce
coGcTBeHHbBIE 3HAUEHUA [, KOTOPOIl YAOBNETBOPAIOT YCJAOBHIO

Iua—h|<h, h>0. (79)

Moctpoutb Meton Monre-Kapno naa obpauienws marpuusl B mpa no-
momu utepauuii Marpuupt A=FE — h~' B. (Ecau Bce cobcTBeHHblE 3Ha-
YeHHS Wy, +.., M, MaTPHILI B RefCTBHTC/BHEI H NOJOXKHTENbHH, TO
ycaoBue (79) Beersa BHINOMHEHO NPHA = max (Mq3 «« .} By )

7. B o6nactu G={0<<x<<l, {=0} paccmorpuM ZRupdepenuuans-
HOe ypaBHEHHe TeNJONPOBOAHOCTH

Oufot=9%u[0x?*+F (x, t).
TpeByercs HafiTh pelllenne u==u(x, f) TOr0 ypapHeHHsl, yAOBJAETBOPSAIO-
liiee TPAHWYHBIM YCJIOBHSM
u(x, 0)=g(x), u(0, 1) =go(t), u(l, ) =g (?).

BriGepeM NPSIMOYrojbHylo ceTky ¢ marom kb mo x u Af no £ Koop-
JHMHATBl Y3JI0B 9TGH CeTKH X;= jh, tl= IAt, a smauenus u (xj, tl) H
F (x;, t;) obosHaunm u;; H F; ;. Bo Bcex BHYTpeHHHX ysnax 3aMe-
HUM Au¢depeHuyranbHoe ypaBHEHHE PASHOCTHHIM

o e Y R T s N By i 1Y B
A h? + -

KoTopoe, BBeAs mapaMeTp %==At/h%, MoxHO nepemucaTb B ¢opme
ul" = “ul_'_l'l_l + (I b 2”) ui’l_l + ”ul'_l.l_l + AtFI,l—l‘

Ycnopue yCTORUHBOCTH 3TOTO ypaBHeHHsd X << 1/2.
Onpenenuth CAy4afiHyio Lenb, aHaJOTHUHYIO UenH H3 m. 5.5, Ana pacs
uera u;; MeroxoM Moute-Kapuo.

14 1. M. co6ons



T'JTABA 6

MO EJIMPOBAHUE ECTECTBEHHBIX
NMPOLLECCOB

PaccmorpuM Kakoi-HHOYIb eCTeCTBEHHBIH mpouecc, Ha
NpoTeKaHHe KOTOPOrO BJHSAIOT pasjHuHble caydalHble (ak-
TOpel. 3aKoHBl pachpeienenss 3THX (aKTOpoB OyneM
CUHTATh H3BECTHBIMH: HHOrZa 3TH 3aKOHBl MOXHO Bbl-
YHCJIATL TEOPETHUECKH, yalle — 3KCMepHMeHTaJbHO. Tak
Kak Mbl yMeeM HAXONHUTb 3HAUeHUS CJY4YailiHBIX BeJUYHH
¢ J1106biME 3aKOHaMu pacnpenenenus (ra. 1 u 2), 1o, paswir-
paB KOHKDETHHIE 3HAUeHUs CJAy4aiHbIX (aKTOpPOB, Mbl CMO-
Ke€M  pacCYHTaTb KOHKDETHYIO  CJay4afiHyl0o  peaJjusa-
uuio mnponecca. Takoil pacuer HasbBAOT umurayued (si-
mulation).

BosbuigHcTBO npuso:enuit merona Monrte-Kapao cBs-
3aHO HUMEHHO ¢ uMuTauuell. TexHHYeCKHE INpHEeMBl MMHTA-
IMH B pa3JHYHLIX 00/1acTAX HayKH, TeXHHKH, 3KOHOMHKH
noapoGHO paccMaTpHBAlOTC B clenuasbHbIX KHHrax. [Tos-
TOMY MBI OTP2HHUYHMCS JIHIIb OYeHb KPATKHUM M3J0XKeHIIeM
HECKOJIbKHX MPOCTHIX npuMepos (§ 1).

C TOuKkd 3peHHs MaTeMaTHKil Topa3fo HHTepecHee TO,
yTO AJISi MHOTHX 3aj1a4 MOXKHO MOCTPOHTH GoOJiee BBHIFOJHBIE
anropuUTMbl pacuera, ecid OoTkasaTbCsl OT HMHUTALMH ecTe-
CTBEHHOT'O TIpPoLiecca U BOCHOJb30BaTbCA HEKOTOPBIMH HCKYC-
CTBEHHBIMH MOZEJSMHU.

.HWmenno takum cnodo6aM pacyeTa — MOJENHPOBAHHIO
C HCNOJIb30BAHHEM CTATHCTHUECKHX BECOB — NOCBSLIEHA Ha-
crosmas rnasa. OcHOBHa® 00/1aCTb MPUMEHEHHST 3THX METO-
IoB (noka) — uefiTponHas ¢usuka. OpHako marepuasnsl
KoHpepennnyu [55] nokaseBaloT, YTO TaKHe METOIAbl HauHHa-
IOT IPOHHKAaTbh H B Apyrue o6/1acTH.
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§ 1. Moneauposanue nyrem UMHTAUNH

1.1. 3apaya o nornowmeHun HeiiTpoHoB, PaccmMoTpuM
OTPaHHYEHHYIO BBITYKAYIO (A8 npoctoThl) o6aactb Gy
B NPOCTPAHCTBE, HE COolepKallylo neasimuxcs sipep. Cuura-
€M H3BeCTHLIMHU CeueHHUsl paccessHus 1 moriowenusa X(r, £) =
=23,(r, E)42.(r, E) n unnuxatpucy paccesinus p,(r’, Q'; Q),
KOTOpas NpeicTaBaseT Co6Ofl YCJAOBHYIO MJIOTHOCTb pachpe-
IeJeHusl HanpapJaeHu# pacceanusa Q. B touxke roe=Gy pacmno-
JIOXKEH HCTOYHHK HEeHTPOHOB C 3Heprueit Ey u ¢ paBHOBepo-
SITHBIMM HamnpaBJeHHusIMH Qp HauajbHOH ckopocTH. TpeGyer-
csl BRIYHCJIUTH BEPOSITHOCTb ps TOTO, UTO HEHTPOH, BHIJIETEB-
WUl U3 UCTOUHIIKA, NOrnoTUiIca B obaactu G,.

3anauya paccMaTpuBaeTcs B OJHOTPYNNOBOM NpPHUOJIHIKe-
HUH, TAK 4TO 3HEepPrus HefiTpoHa Ey Npu paccesiHMH He Me-
HseTcA.

Bo3MOXHOCTbIO BO3BpallleHHsl BblJETeBLIero HeHTpoHa
o6patHo B G, npeneGperaem. [locnennee ycioBne o3Hauaer,
YTO HeHTpOH, BhlIeTeBUIHH U3 (o, mepecTraer Hac HATEpeCO-
BaTb. II03TOMYy MOXKHO BHELIHIO Cpely 3aMeHHTb J000i
norJomaiouiefi cpefoil ¢ ceueHneM Z=3,=>£c>0.

PaccmoTpuM  Kakol-HHOGYAb  HeflTpOH, NOPOKIEHHBIA
HCTOYHHKOM. BrifGepeM ciyyailHoe HanpabJieHHe £2o €ro
ckopoctd (MertomoM ra. 2, m. 2. 4.2). 3aTeM pasnirpaem
/s Hero cayuafiHyilo MJIHHY Eo cBOGOJHOrO npobera — Kak
3TO AeNaTh yKasano Huxe B § 2. [lonyuyum TOuKy cTOMKHO-
BeHHs1 HEeHTpOHa ry==ro+EoQo.

Ecau ri ¢ Gy, TO MBI cuuTaeM, 4TO HCTOPHS HEHTPOHA
3aKOHUHJACh BbleTOM H3 obsnactu Gy, M moJjaraeMm cayyaii-
HYI0 BeqHUHHY 14==0.

Ipu ri=G, paseirppiBaeM Cyab0y HeHTpPOHA (MeTOXOM
ra. 2, n. 1.2.2), Ecau HelTpOH NOIJIOTHACS, TO HCTOPHUSA €ro
sakaHuuBaercsd u noJjaraem ma==1. Ecau ke HeliTpoH pac-
cesiicsi, TO B COOTBETCTBHH C MHIAMKATPHCON ps(ry, Qo; Q)
pasbIrpeiBaeM HOBOE HanpabJjieHHe CKOPOCTH Q==Q;, 3areM
HOBYIO AJHHY CBOGOAHOro npoGera §;, U BBIYHC/siEM CJely-
IOLIYI0 TOUKY CTOJIKHOBEHHS ry==ri=+§;Q;.

Pacuer TpaekTOpHH mNpojoJKaercss HO BhlJIeTa HEHTPO-
Ha u3 obaaciu Go uau no ero noroiienns. (MoxHo noka-
3aTb, 4TO NpPH BecbMa OOLIMX YCJOBUSX BEPOSITHOCTb Gec-
KOHEYHOll nocJie0BaTeJbHOCTH paccesiuuii BHYyTpu Go pas-
Ha nymo.) Ecau HcTOpHsi HeliTpOHA 3aKaHYHWBAETCA IIOMVIO-

I4¢
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IeHHeM, TO nosaraeM na==1, B MPOTHBHOM cJyuae roJara-
eMm na=0 (puc. 55).

[lo onpeleseHHI0 HCKOMAs BepOATHOCTb pa=P{n.=1}.
Tax Kak pacnpeleseHne caydaiiHoil BEeJHUHHBl 1,4 3aJaeTcs

Ta6Jl uueu
( A)
pA [ —_ p ’

10 Mna=ps, Dna=pas—p% . Ouenxoit BeIHUHHB Pa

& by
Ty /)
=0 747
Puc. 55.
CJYKHUT Cpe/lHee apugMeTHyecKoe
N
pam - X (M), (M

rae (na).— 3HaueHHe 1,4, NOJVYEHHOe Ha S-ii TpaekTopum,
a N -—ofuee KOJHYECTBO peaJH30BAHHLIX TpPaeKTOPHIl,
[Mocenso GopMysy MOXKHO 3amucaTbh TaKKe B BHIE

pAzNA/N,

rae N, — KOJAHYeCTZO TPAeKTOPIl, 3aKOHUHBIINXCA MOrN0-
lIeHHeM HeHTpoHa.

WsnoxenHolns Meton Monte-Kapao gansi pacueta p,
OCHOBaH Ha MMHTAlLlNH IMOBeJeHHs HEHTPOHOB B cpeje. B ka-
KOM-TO CMBICJI€ 3TO CaMblii €CTeCTBEHHBII METOJ pelleHHs
sagayn. OnHako sto He ayuymuii Meron. Huxe, B § 3 ykasza-
1Ibl HECKOJIbKO BHJOU3MEHEHH STOr0 MeTOXa, MO3BOJsIOLIye
CTPOHTB CayualiHble BeJUYHHBI 1) TaKHe, uT0 Mn=p, uDn<
< Dn,. Ipu stom Gyner ucnosb3oBaHa cijelyiouas JeMma.

Jlemma. Ecau cayuadnas seauuuna v, 041 KOTOPOU
Mn=pa., yodosaersopsaer HepasercTean 0<<n<1, o Dn<<
'\g.DnAo

HNokaszarteanbcTBo. Tak kKak Mn’KMn=p,, TO

aucnepens Dy = My'— p3 < pa— ps = Dna.
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1.2. 3apaya o pasmHoxeHuu HeiiTpotos. [lpednosoxum,
yTo o6aactb (o, paccMoTpeHHass B m. 1.1, comepXurt pac-
ILETVISIOUINECs: BEILIeCTBA, TaK YTO MOJHOE CCUeHHe X==2,-}-
+3.+2;, roe X, — ceueHHe 3axBaTa, a X; — CEUEeHHe JeJe-
nus. Ilpu 3axBaTe nNOIJIOLIEHHbI!I HEATPOH «HCUYE3aeT», 2
npil AejeHHH BMeCTO MOTJIOLLCHHOrO HefiTpOoHAa MOSABJSIOTCS
v HOBBIX HEATPOHOB, Ha3blBaeMblXx HEHTPOHAMH JeJeHRf.
Pacnpenenenne cayuaiiHolt BeJuunnbl v 3agano *).

CHOBa OrpaHHYHMCSl OZHOFPYNNOBLIM NpPHUG/HIKEHHEM H
GyLeM CuHTaTh, YTO IHEeprHH BceX HellITPOHOB paBHBl Ey;
paccesiine H30TPOINHO; pacnpejeneiliye CKOpPOCTel KawKIoro
U3 HEHTPOHOB HeJIeHHA TakKe 1130TPOMHO.

PaccMOTpHM HCTOPHIO OLHOTO HEATpPOHa, OKa3aBUIErocs
B obaactu Gp. Kaxiaoe 3BeHO ero TpaeKTOPHH MOJeJnpyer-
cA Tak Xe, Kak B N, l.1: paspirpeiBaioTcs cayuyaifHoe Ha-
npapneHne Q,. ciaydadHbiil npoGer & u «cyap6a» Ipu CTOJK-
HOBEHHH B TOUKe ry=r;+EQ; (ra. 2, n. 1.2.2). Ecan npo-
M30LLJIO JeJeHHe, TO PasbirphbiBaeTcsl BeJHYHHA v, H TPaek-
TOpHs B TOUKE i) PAa3BeTBJIAETCA Ha v BeTBed, Kaxnas
H3 KOTOPBIX MOJEJHPYeTcss He3aBHCHMO MO TeM ke ¢opmy-
naMm. TTosyueHHYIO BeTBALLYIOCA TPAaeKTOPHIO 4acTO HasbiBa-
0T depeson. Cxema Taxoro AepeBa u3obpaxeHa Ha puc. 56.

*) OGwiuo, Ecan Mv=v, 3axmoueno mexay m u m-+1, 10 cunra-
ot, uro Pv=m+1}=m+1—wv, Plv=m}=v—m,
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O6aactb Gy Ha3biBaeTcs KPUuTU®eckol, ecau KOJHYeCTBO
HeATpoHOB B 3TOH 06JacTH NOCTOAHHO BO BpeMeHH. Hau6o-
Jiee pacrnpoCTPaHEHHbII METOA pacyeTa KPUTHYHOCTH — CHeT
no nokoaenuam [25, 51, 53] — cocrout B caenyiouem. Io-
MecTHM B Gy HEKOTOpPOE KOJHYECTBO 1, HEHTPOHOB, KOTOpble
GyneM CuHTaTb HelTPOHaMH 1-ro noxojeHus. 3aTeM pasbl-
rpaeM HCTOPHIO KaXKIOTO H3 3THX HEHTPOHOB HO €ro «IiCyes-
HoBenusi» (T. €. 10 Bbteta u3 Gy, X0 3axBaTa HJH 10 MO-
raoulenus ¢ gesexnem). IIpy 3ToM MBI mONyuHM HEKOTOpOe
KOJIHUECTBO My HEATPOHOB AeseHlsl, KOTOpble 6yleM CUuTaTh
HefiTpoHaMu BToporo mokoaenns. Ilocne pacuera pocrarou-
HO GOJIbLIOrO YMCJAA i MOKOJEHHH, OTHOWIEHHS Mipi/n; yCTa-
11aBAUBAIOTCS, TAK KaK My (/Ni—> Royy. BesHUHHA  Ryy
Ha3bIBACTCA APPEKTUBHOIM KOIPHUYUCHTOM PA3MHONCEHUS
redirponoe B Gy Ecau k=1, 10 061acte Gy KpuTHuHa.
(TMpu k,4p<<1 nemsas peaxuns B Go 3atyxaer, a npu
R,pp=>1 — NIPUBOANT K B3PLIBY.).

OueBnaHo, AN pacyeTa 1O OKOJEHHSIM CTPOHTb BETBf-
1Ltecst TPAEKTOPHH lie HYXKHO.

12.1.0 TexXHHKe pacuyeTa BETBAWMHUXCHA TpPaeKTO-
puii. BeTBallnecs TPaeKTOpHH BCTPEHAIOTCH BO MHOMHX 3ajiauax, CBs-
3aHHBIX C NPOXOMKJEHHEM S5JEMEHTapHbIX 4acTHll, Koria, Hampumep, ¢o-
TOH MOXeT NPHBECTH K O0Opa30BaHWIO Naphl 3/EKTPOH — MO3UTPOH HAH
K NosBIeHHIO CBOGOAHCrO siektpoHa (dorosddext). Ilpu pacuere ne-
peBbeB BoBce He 00fi3aTeJIbHO CliepBa CTPOHTb BCe JAEPeBO, a NOTOM Ipo-
H3BOAHTbL ero 06paGoTKy (T. e. OoTOOP HYXHLIX [AAHHBIX M OCYyULeCTBJC-
HHe HYXHGIX BbiUHCJeHHT). YKaxeM 1Ba OCHOBHBHIX aJropaTMa nocTe-
neHHoH o6paboTku Aepesa.

a) O6paborKa fepeBa NO NOKOJeHHAM ITOT cnocod
ynoOeH B TeX 3afauax, B KOTODbIX AepeBb# LIHHHLIE, 11O HE CIUMIKOM
cunbHo BetaTcs. Cxema pacueTa MOCTaTOYHO OUEBHAHA: NO YacTHUAM
OHOTO TOKOMEHKsi BHIUHCASEM BCE YACTHI! CJACNYIOILEro MOKOJNEHHS H
OJHOBPeMeHI0 NPCH3BOXHM 06paGoTKy NOCTPOeHHOH uacTH JepeBa. 3a-
Tem MH(OpPMamHIc O CTapoM HOKOJCHHI MOXHO YHHUIOKHTb Tak uto B
naMsiTH NPUXOJAMTCSA XPaHUTL He Gosee ABYX MOKOJMEH{H.

Boo6iiie roBOpS, K NOKOJEHNIO MOKHO OTHECTH JioOhle ABE YacTHUb,
He ABJAIOUIMECS <«NPefKaMH» ADYr Apyra (HanpHMmep, HeHTPOHLI, COelli
HenHbie NyHKTHpoM (7) Ha puc. 56). Torpa cieldyioliiee NoKoJaeHHe on-
pelensieTcss 0AHO3HaTHO (myHKTHD (2)).

6) Jlexcukorpaduueckans ob6paborka nepesa dtor
cnoco6 ynofeH B Tex 3ajasax, B KOTOPHIX JepeBbs He OuUeHb AMHHHLIE,
HO culbHO BerBATcsA. Cxema pacyeTa TakoBa: JZ[BH}KitdCﬂ no ofHol (ka-
Koii-uu6y/b) BeTBH, Npon3BoAst 00paGOTKy M 3anucHiBas BCE OTBETBJE-
Hus. JIOCTUTHYB KOHIA BETBH, BO3BpaillaeMcsi HA ONHO KOJNEHO Hasal H
HauHHaeM IBHTAaTbCS NO KaKOMy-HHOYIb H3 3aNHCaHHLIX OTBETBJEHHIL
Ecan 3anncaHHbix OTBeTBJEHHIT HeT, TO BO3BPALLAEMCsi €lle Ha KOJEHO
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paszad. CyeT 3aKOHUHTCS TOr[a, KOF/la Mbl BO3BPAaTHMC K OCIOBaHHIO
Iepesa.

Homepa Ha puc. 56 YKa3bBalOT NMOPSZOK OJHOTO M3 BO3MOXKHEIX
JIeKCHKorpaduyecknx 06X0J0B H306pa’keHHOro nepeBa. SICHO, 4TO npu
KaxIOM BO3BDALleHHH Ha OAII0 KOJEHO MOXKIIO YHHUTOXKNTb HHdopMa-
uxio 06 obpaboranuHoft uacth. IlosTomy B Ji060fT MOMEHT B NaMmsTH
9BM coxpaHsieTcs JHIUb OfHA MOJHAs HJH HENOIIASl BCTBb C 3anHCaH-
HbIMH OTBETBJEHHAMH.

1.3. Cucrembl maccoeoro oGcayxkesanusa. PaccMoTpun
MOJEJb ONHOH H3 mpocreiimux (omyodasHblX) cICTEM Mac-
coBoro ofcayKuBanns. Takaa cucreMa COCTOHT U3 N AUHLLLL
(unu KaHaa08, MU NYHKTO8 OOCAYICUBAHUS), KaXKAasl U3
KOTOPLIX MOXeET He3aBHCHMO «OGCTYKHBATbhy 3aaBKH. B Jo-
60li MOMEHT BpeMeHH JHUHHS MOiKeT OblTb JAHO0 CBOOOIHOI,
Jau6o 3aHATOH.

[IpuMepaMu TaKHX CHCTEM MOLYT CJIYXHTb aBTO3amnpa-
BouHas CTaHUHA (JHHHU — GCH30KOJNOHKH, 3aBKH — IpHE3-
Kalolye MalluHel), TegedoHHas CTaHUUA (MHHHH — KaHa-
JBl CBSI3H, 3asiBKH — BBI30BLI a60HEHTOB), MapHKMaxepckas
(nuHMM — MacTepa, 3afBKH — KIHEHTH) U T. .

B cucteMy moctynaer caydaiRblf NOTOK 3asIBOK, BEpPOST-
IOCTHBIC XapaKTepHUCTHKH KOTOPOTo NPCANOJaraioTcs H3be-
cTHHIMH. EC/IH B MOMEHT IOCTYNJIeHHs k-U 3aABKI, Ha30BEM
ero 4, HMeI0TCs CBOGOAHBIE JIMHHUHM, TO OJHA U3 1IIX (O0paBH-
JO BHOOpPAa NOMKHO OBITh 3afaHO) INPHHHEMaeT Ha celd
o6cayknBanne 3Toft 8aABKM. [1pojosKuTenbrocTh 0GC.1y-
JKHBAHNA 3adBKH i-U JIIHHeH [peactasiseT cobofl caydgaii-
HyI0 BeJIMUNIHY T, MJIOTHOCTb pacmpeneseniist KOTOpoi p;(f)
TaKk¥Ke NOJMKHA OLITL 3aZaHa.

[TpexmooXKHUM, 4TO HAlla CHCTeMA MpeAcTaBJsieT co60ii
cucTemy ¢ OTKQ3aMu: eClM B MOMEHT [, BCe JINHHH 3aHSTHI,
To cucrema Bhimaer orka3d., (Taxass moaenab romurcss aJst
TeseOHHOIl CTaHUIH, HO He MOAXOAMT [jisi aBTO3anpaBo‘l-
HOH CTAHLMM HJH MapUKMaXxepcKOi, KOoTopble 6aHXKe K Tak
[lasbiBaeMbIM CHCTEMaM ¢ OxujaHueM). Ba:xHefimas xa-
paKTepHCTHKA CHCTeMbl C OTKa3aMH — CpejHee UlCJI0 OTKd-
30B B 3aJaHHOM HHTepBaje BpeMeHHM. KoHeuHo, unciao o1-
Ka30B 3aBHCHT OT MOCTYMAIOLLEro NOTOKa 3asBOK.

AHa/nuTHYeCKHe MeTOIBl T03BOJIAIOT PacCUliThiBATh CHCTe-
MBI MaCCOBOro OGCIYXKHUBaHHS TOJbKO B MPOCTEillNX Cayua-
ax. Bo Bcex Gosiec CJ0XKHbIX 3afayax NPHXOAHTCA mpHOe-
rarb K CTaTHCTIUECKOMY Mopmeanposarino [7, 38, 43].
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1.3.1. OniicaHue noToka 3asaBoOK. -Hame npyrux
paccMaTpUBAETCS CTAYUOHAPHOBLE nyacCOHOBCKULL NOTOK, Ha-
3blBaeMblil TaKxKe npocTeliulum noTOKOM, B KOTOPOM HHTep-
BaJibl M€Ky MOMEHTaMH MOCTyNJAeHus ABYX MOCJAEN0BATE/b-
IbIX 3a5IBCK HE3aBHCHUMBI H MOAYHHSIOTCS SKCIOHEHLHAJNbHO-
My pacnpeiefeHulo: f,=="Ft,_;+0, 1 GynKuusa pacnpeneneniis
0 paBua

F(x)=1—e", 0<x<oo, 2)

Beanuuna a==1/MO Ha3bIBaeTCs] UHTEHCUBHOCTbIO IIOTOKA
3asBOK.

M3 Gosee CJ0XKHBIX CTalUlOHAapPHBIX NOTOKOB OTMETHM
TOJILKO MOTOKW IpAaHea, B KOTOPHIX BEJHYHHB O=8,—F,_;
Takike HE3aBHUCHMBI, HO NOMUHHSIOTCH OoJsiee OGIIeMY ran-
Ma-pacnpefesieHnio (cM. ri. 2, m. 4.2) ¢ NJIOTHOCTBIO

am
p(’() :mx'”“'e—“"‘, 0<x<CO.

VIHTeHCHBHOCTb TAKOTO NOTOKa paBHa |/MO=a/m.

CpaBHHUTEJbHO DEIKO HCIOJb3YIOT HECTAYUOHAPHbLLE
nYyaccoHOBCKUe TOTOKH, B KOTOPHIX (YHKIHA pacnpelescHus
0="{,,1—1, 3aBUCHUT OT #;:

F(x)=1 —exp{—fa(tk-l- s)ds}, 0<Lx< .

Herpyauo npoBeputhb, uto F(X) B mocnemHeM caydae HMeeT
TOT 2Ke BUJ, YTO (QYHKIUHS pacnpeesneHus cBOGOLHBIX mpobe-
rop (cM. HuxKe dopmyay (6)). Manoxenuwii B m 2.2.3
METOJl TIOCTOSIHHOTO CEYEHUS [O03BOJISIET JEerko MOJEIHpOo-
BaTb TaKue HeCTallMOHApHble IOTOKH, BBOASL (UKTHBHBIE
3asBKH.

1.32. AnropuTM pacyera CHCTeMBb C OTKa-
3amMu. PaccMOTpHM KOHKDETHYIO CHCTeMy C OTKasaMu,
cocrositiyto u3 n JuHui. IlnotHocTu p;(f) cuutaeM u3BecT-
yeiMu. [IpaBuio BeiGopa cBOGONHOH JMHHH cHOPMyJHpyeM
Tak: 3asgBKa MOCTYNAaeT Ha JIMHHIO, KOTOpas OCBOOOIHIAChH
padbille BCeX, a eCJM TaKHX HECKOJbKO, TO Ha Ty U3 HHX,
HOMep KOTOPOI MeHbILe.

ITycte B paccmaTpuBaeMyo CHCTEMY NOCTYIAeT NPOCTefi-
Ui NOTOX 3asBOK C HHTEHCUBHOCThbIO a. Tpebyercs ole-
- HHTb CpeJiHee YHCJ/IO OTKa30B 3a BpeMs fo<St<ly,.
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[TocTaBuM B COOTBETCTBHE JIHHHH C HOMEpOM i fuefiky
2BM, B xotopyio 6yneM 3anmHChBAaTb MOMEHT OCBOGOXKIe-
Hus 31oit uHuK T;. B HauanbHblit MoMenT, oueBHAHO, T=

=Ty=...=T,=t,. B otzenbnyio fveiiky Gyaem 3amuChl-
BaTh Bequuuny T=min T,
I<i<n

MomenT nocrynJeHus NepBOfl  3asBKH pasbirpaeM IO

Qopmyite
ti=to—(1/a) In y;.

OueBuiHO, NepByl0 3afABKY HauHeT O6CJY:KMBAThb MepBas
JuHusA. BpeMs oGcay:kuBaHHA T HaifileM U3 ypaBHeHHd

£P1 () dt =y,

Jlunus Homep 1 Oyner 3aHara 10 MoMeHTA (7)) aomee==
={;+1. CiienoBatenbHO, B COOTBETCTBYIOIIEN NEPBOM JIHHUH
siuelike Hal0 3aMEHHTb T: Ha (T))aeme K BHUHCIHTH
HoBoe T.

[Mpennonoxkum tenepb, uto «cyapGy» (k—1)-ii 3asaBxy,
NOCTYNMBINEH B MOMEHT f,-j, MBI yXKe BBIICHHJH. Torza
pasbIrpbiBaeM MOMEHT NOCTYMJeRHs k-H 3asaBKH

ti=t,1— (1/a)In Yo

1l IPoOBepsieM, ec/u JH CBOGOAHBIe JuHHU. Jas 3Toro jgocra-
104HO NPOBEPHTH HEPABEHCTBO

T<t,. - 3y

a) Ecau (3) BbimonneHo, To auHud, Aas xoropoi T,=T,

npucTyNnaer K o6CIyKHBAHUIO k-ii 3afBKH (€CJaHM JIHHUH, AAS

KoTOpbiX T¢=T, HEeCKOJbKO, TO BLIGHpaeTcs Ta M3 HHUX, HO-

Mep KoTopoil MeHblue). IIpolosKuTeNbHOCTE OGCHYKHUBa-
HHS T pasbirpeiBaeTca 1o popmye

T
g p; (1) dt = yor;

sareM BBIUHCAACTCH (T4) mosoe=={s-+T H HOBOe 3Hauenne 7.
[Nocse aTOr0 MOXHO nepefiTd K PacCMOTPeHHIO Caedylollei,
(k+1)-i 3asaBkn.

6) Ecau HepaBeHCTBO (3) HeBHINOJHEHO, TO CBOGOZHBIX
JAVHUA B MOMEHT f, HeT W CHCTeMa JOJKHA BLAATh OTKa3,
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B sTom cayyae HeoO6xonuMoO NpHGaBHTb €IUHHLY K CUETYH-
Ky OTKa30B, MOC/e Uero MOXHO NepefiTH K PaccMOTPeHHio
(k1) -it 3aaBku.

Pacuer nposonkaercs 10 Tex nop, NoKa MOMEHT IOCTY-
NJIeHHs OuYepellHOl 3afiBKM He oOKaxeTcs OoJblle, 4eM
. | A
'

AT

.
r <42

- t".

{ oy ™5a ] 7 fi */

¥ f
| r=f2

!
g

L
Hasedon T
Lcrr Lphaitas
Spitidt =y
L
[ fi }»oﬁ - lk T
¥
f =min(%...;.7;)
¥
L__ & = ~0/2)n Y1
]

b=ty
v
Puc 57.

ton. K 3TOMY BpeMeHH B cueTdlKe OTKa30B OyleT CTOSIThb
KOJIMYECTBO OTKAa30B |4 3a BpeMs Lot <lyon.

INosropus Takoft onbiT N pa3 (c pasauulibIMH caydaiitbl-
Mu uinciaMmu), noayuyum N 3naveHu# Wi, ..., {y, NO KOTO-
pPbiM MOXKHO OUEHHTb CpefHee 4IIC/JIO OTKa30B 3a BpeMs
L<<i<tes: Mp= (1/N)(m+...+pny). Cxema obpaborku
ORHON 3aaBKH M306paxena Ha PuC. 57,
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1.4. PacuetT BePOATHOCTHBLIX XapPAKTEPHCTHK CJAONKHOM
cay4afiHoil BeaMYMHBl. PaccMotpum n-MepHyio ciayuaiinyio
Touky Q= (¢! ,..., &), 3akou pacnpefesnieHHs KOTOpOit
Fo(x1,..., x,) usBecTed. Tpe6yercsi BHIUHCAHTD KAKHE-HH-
OyIb BEPOATHOCTHbIE XAPAKTEPUCTHKU CKaJsAPHOH caydaii-
HOH BeJHYUHEI .

n=[(Q),

nanpumep Mn nan P{neA}, rne A —3ananubiii untepsad.

Ecan  ¢yukuns f(x;,..., %x,) X0Tb CKOJIbKO-HUGBY 115
c/oxKHas (WIH 3aJlaHa aJropuTMOM, a He aHAaJHTHYECKUM
BblPajKeHHEM), TO aHAJIHTHYECKH BBHIYHCIHTb BDYHKUHIO pac-
npenenenusi Fy(y) He ymaerca. BecbMa ectecTBEHHO B 3TOil
CHTYalHH HCNOJb30BaTh MeTon Moute-Kapio.

B camoM pnene, npueMbl 1. 2 NO3BOJAIOT HAXOAHTDL
He3aBHCHMHE peanusauud Q; Toukn Q. [lo HuM MoOxHO
BHIYHC/INTb COOTBETCTBYIOIUHE 3HaueHHs n,=[(Q,) se-
anuuHel 1. JlocraToyHo Goabluas BHIGOPKA 7y, ..., My [03-
‘BOJISIET OLEHUTb JI0Gble XapaKTEPHCTHKH BEJHYHHB 1),
HanpHuMmep,

1 & 1
M~ 2, Pin€at=g 3 xam),

=1

-

rae xa(y) —HHAMKaTOp HHTepBana A (cm. ctp. 166). B
n. 3.1.4 ra. 1 ykasano, xak no BwiGopxke 1y, ... s, v TOCTpO-
iTb 3MIHPHYECKyI0 pyHKuHio pacrnpenenenus Fy (y), koro-
pas npu 6oabwnx N 6auska K Fqn(y) *).

*) Ans toro, uTo6b OMEHHTH MIOTHOCTb Py (y) cJayvafiHol BenHyn-
Hbl 1}, OGHIGHO CTPOST eucroepammy h p(y). Ias storo BuibupaioT HHTEp~
Baa [a, b), comepxamuii Bce BLIGOPOUHBIE 3HAUCHHA 1)y, .. oy pasbu-
BAIOT €r0 Ha 7 HHTEPBaNOB:

r
la, b) = Z [yi_]» y])v the Yo =@, Y,= b,
=

A BHIUHC/IAIOT KOJHYECTBA BLIGOPOUHBIX SHAUYEHUM, MPHHAANEKAMHX STUM
HHTepBanaM: v, ..., v, (cp. ra 1, n. 3.1.2). T'ncrorpammoit HaskBaerca

crynendatas mumns hy( )= (V,/N)/(y;—y;_\). opu g € [y;_y, v);

(i=1,2,...,r.
O rucrorpammax B n-MepHOM cayuae cm. [98].
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B ykaszaHHYI0 CXeMY YKJafbIBalOTCA CNOCOGBI pacyera
MHOTHX NpaKTHuecKux 3anau. MuTepecHO, uTo B 6OJBLIMH-
CTBe CJyuaeB NPHUXOAHUTCS BHINOJHATH CEPHH DPacyeToB, OT-
JAHYaloMUXCd 3HAYEHHAMH HEKOTOpOro mapamerpa A, Tak
uro n(A)=f(Q; A), u Metox ra. 3, n. 4.1 okasbiBaercs
BecbMa NOJIe3HBIM.

Mg OrpaHHuYHMCS TOJIBKO OJHHM NPHMEPOM.

14.1. Ouenka xauectBa npu6opos. Paccmor-
PHUM 3JIEKTpHUeCKHl Npubop, KOTOPHIIl COCTOUT U3 CONPOTHB-
aeuuft RV, R® . emxocteit CV, C?, ... u np. [Ipeanono-
KM, 4TO KauecTBOo npubopa onpepensiercs BeauyuHofl U,
KOTOpasi MOXeT ObITh BBHIUMCJEHA MO NMapaMeTpam JeTasneil:

U=f(R™, R?, .., CV, C?, .., ...)) (4)

B neficTBHTEIBHOCTH MapaMeTpHl BCeX AeTaJslel HECKOJIbKO
OTJIMYAIOTCH OT HOMHHAJbHBIX, U N03TOMY 3HaueHus U paa
pasHbIX 3K3eMIVISIpOB npuGopa OYAyT OTIHHAThesi OT (4).
MOKHO NBITAaThC OUEHHTb mpeneds u3MeneHust U, BbOH-
pas caMble HeGJaronpusTHele 3Hayenns napamerpos. Onna-
KO JaJeKo He Bcerja sICHO, Kakoil HaGop napameTpoB Gyner
nauxyamnM. K ToMy e, Kak npaBHJIO, TaKas OLEHKA 0O/L~
1IOro MPAKTHYECKOTO 3HAueHHs He MMeeT, TaK KakK B JeHcT-
BHTEJbHOCTH MaJjIO BEPOSITHO, YTOOH BCEe NMapaMeTpPhl OLHO-
BpPeMeHHO OblIM HaMXYAIHMH (OCOGEHHO eC/H HX MHOro).
[MosTomy GoJlee panMOHAJbHO CYUHTATh MapaMeTPsl BCex
neraseil He3aBUCHMBIMH CJAYYafHBIMM BeJHYHHAMH H MeTO-
goM n. 1.4 onpeneanTb 3aKOH paclpefeleHus caydailHoil
sennunnsl U.

Jlasi Takoro pacuera HYXHO 3HaTb (DYHKLUHH pacnpene-
Jeuusi napamerpoB Bcex HeTausefi. K coxasieHuio, BeposiT-
HOCTHHIe XapaKTePHCTHKU J1eTaJefl 3aBONaMH-H3TOTOBHTES-
MH noxa He BblialoTcs. KoHeuHO, MOXKHO IOJYYHTb TaKHE
JaHHbLIEe INyTeM NPOCMOTpa OGOMbLIMX TNapTHH OXHOTHIHBIX
neranef. Ho sto pososbino Goabmasi pa6ora. M uro6ui
1136eKaTh ee, HeKOTOphie HCCJAEL0BaTeNN NOCTYNAIOT Npolle:
eci yKa3aHo, YTO BEJHYHHA CONPOTHBJEHHS MOXET OTKJO-
HSTbCA OT HOMHMHaJa R #a 5%, To cuMralor, 4To BeJauuHlia
3Ta HOpMaJbHa ¢ napaMerpamu (a@; ), KOTOpble onpejens-
I0TCA U3 yCA0BHIl

a==R, 36=0,05R

(cp. ¢ «npaBuyoM Tpex curm», ctp. 88).
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3aMeTHM, 4TO SKCIIepHUMeHTaJIbHoe olpelesaeHle Bepod-
HOCTHBIX XapaKTEPHCTHUK npn60pa BO3MOKHO JIlillb TOTId,
KOorfa HMeeTcsd NOCTaTOYHO GoJbluas naprus roToBbIX IIPH-
60p0B. Meton nacrosimero NMYHKTa No3BOJSET OUCHUTH 3TIi
XapaKTepHCTHKH €Ile€ Ha CTaJiud MNPOEKTHPOBaHHUsl,

§ 2. MoneaupoBanue csoGoasoro npobera

2.1. 3akoH pacnpejeneHHs JJHHB CBOGOAHOro npoéera.
[MpeanosoxuM, 4To BROJMb ocH Ox JIBHIKETCS HeKOTOpasl
s]eMeHTapHas yactilia (HeHTPOH, GOTOH, IPOTOH H T. I.),
KOTOpas MOXKeT CTaJKHBAThCS C 4acTHUaMH (OGLIYHO € SA-
pamH aToMoB) cpellbl. Bo Bcex nccienoBanusx, sBHO HJH
HESIBHO, (GUrypHpyeT Clielylollee NpPenNnoJoKeHUue: BeposT-
HOCTb TOTO, 4TO uactuua, doseresuias 00 TOUKY X, HCIBITAET
CTOJKHOBEHHE B HHTepBaJe (X, x+Ax), paBHa

ZAx+o(Ax). (5)

MHoxHTEND NPONOPUUOHANBHOCTH 2 HA3bIBACTCH NOAHbIM
cedenueMm WJIN TNOLPOOHEe: MNOAHLIM MAKPOCKONUHECKUM
aexTusHoiM CeueHuem 83aumo0elicTeUSL 4ACTUYbL CO Cpe-
dod. 3nadenue X 3aBHCUT KaK OT COCTOSIHHS Cpelbl B TOU-
K€ ¥, TaK U OT TINAa H 3HePTrHH YaCTHLHI.

®opmysy (5) MOXKHO CUHTaTb ONpeleNeHHEM MHOJHOrO
ceueHnus *). BrosHe aHaJOru4HO ONpeneAIOTCS  CEUeHUs
pa3JMYHBIX THIOB B3aMMOJEHCTBUA (pas3/HMUHBIX peakuuii),
KOTOPHIE MOTYT IIPOM3OHTH NIPH CTOJKHOBEHHH YaCTHIIbL.
Hanpumep, X, — ceueHne paccesinus, X; — CeueHHe IeJeHHS
u ap. Taxkue ceueHMa HHOTAA Ha3LIBAIOT NAPYUAALHOIMU
ceveruamu.

| — 1 |
J z od4r o

Puc. 58.

PaccMoTpuM Temepb 4acCTHIY, BbUICTEBLIYIO BJOJb
ocn Ox u3 toukn x==0 (puc. 58). OGo3nauuM uepes &
cayuafiHylo AJIHHY CBOOOJHOro rnpoGera 3Toii yacTHubI,

*) O6uunO paccMaTpHBalOT NYYoK, comepxamnii N ofuHAKOBBIX
gacTul, JONeTeBUIHX RO ToukH X. Ecau B cpeiHeM B HHTepBane (x, v+
+Ax) wucnnTHBAKT CcToJAKHOBeHHe N’Ax yacTHI Takoro nyuka, T0
3(x)=N’/N.
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a yepes F(x) — QpyHxuup pacnpenenenus §, Tak uto F(x)=
=P{g<x}.

BeposiTHOCTL TOro, YTO YacTHlla HCOBITAET MepBOe CTOMK:
Hopenue B uHTepBane (x, x-4-Ax), paBna

F(x4Ax)—F(x)=[1—F(x)] [2(x)Ax+o0(Ax)].

(3mech |—F (x) — BepOATHOCTb TOro, YTO 4aCTHUA HOJIETHT
10 TOuKH Xx.) Pasjienus 3To cooTHoLleHHe Ha Ax M nepeiis
x npeneny upd Ax —0, noayunm auddepenunasbHoe ypas-

HEHUe
dFldx=[1—F (x) ]2 (%).

Pemenue 3TOr0 ypaBHEHHs, YAOBJETBOPAIOllee HauaJbHOMY
yeaouto F(0) =0, snerko sanucatb:

F(x)=1 —exp{—— E N (s) ds}. 6)

D10 u ecTb HCKOMaa QyHKUUS pacnpenenenus E.
x
Wurerpan [ (x) = fﬁ(s) ds 4acTO HAa3bIBAIOT OATUHECKOL
0

Oaunoid  wntepsana (0, x). H3 ycnoBus HOpMHpOBKH
F(o0)=1 cnenyer neo6xonumoe TtpeGoBanne /(oco)=o0,

2.1.1. flapo croakioBennii B ONHOTPYNNOBOA TeOpHH nepeHoca *).
B 3To#l TEODHH CKOPOCTb YaCTHIl NpeAnonaraercsi NocTosHHOH mo abco-
JIOTHOH BejuuHHe (HO He MO HANpaBJeHHIO) H He MeHAeTCs BO BpeMs
csobonHoro mpoGera. [MostoMmy dasosoe npoctpancrso (e § 3 ra. 5)
MOXHO CYHTATh NOSATHMEpPHHIM® P==(r, Q), rae r — KOOpAHHATE YaCTH-
1bl, a Q — eIAUHUYHBIA BEKTOP HaNpaBreHHs CKOPOCTH.

Mo onpenenenuio Ker(P’, P)dP — 3T0 BEpoATHOCTb TOrO, UTO moOC-
Jle CTOJKHOBeHHs B Touke P’ ¢a30BOro mpoCTpaHCTBA 4YaCTHUA HCNbITa-
eT caedyloulee CTOJKHOBeHHe B 3jeMeHte dP okomo Toukn P. Beposr-
1IOCTh TOTO, 4TO YacTHUA INpH CTOJKHOBEHHH B P’ pacceercst, pasHa
().

O6osnaunM [=|r—r’|, w=(r—r')/l, m B KauecTBe KoopauHAT
ToukH r BeiGepeM  cdepuueckHe  KOOPAHHATHI C  LEHTPOM B
r' (puc. 59), Tak uro dr=1[dldw — snemenT «dusnyeckoro» o6mwe-
ma. Jlaa Toro utolel paccesHHas 4YacTHIA MOrJa MONAacTs B 3Jje-
MeHT dr OKOJO TOYKH r, HalpaB/ieHNe ee ABHKEHHs MOC/]e PacCesHus
JIO/KHO OKasaTbCsl B KOHyce d@ OKOJO HanpapieHns ®. BeposrHocTb
Takoro COGbITUR BHPAIKAETCH Uepe3 HHIAHKATPHCY paccesHus p (r’, Q'; Q)

u pasHa p.( r’, Q'; w)do. Ecnn 3To ycnoBhe BLINOIHEHO, H 9acTH-

*) Ouxuorpynnosas (u/In OAHOCKOPOCTHAsl) TEOPHA YacTO HCMOJb3y-
erca Ans pacueta Auchdysnn OBICTPbIX HeATPOHOB, 0COGEHHO B Cpelle,
COCTOALLEl U3 TAMXeaLX atoMoB [25, 51].
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1a pacceanach MO HaNnpaBAeHHIO ©, TO BEPOATHOCTb CTONKHOBEHHA B
untepsate (L, I4-al), cornacuo (6), pasua

1
2 (r) exp {— f): (r" + ws) ds} dl.
0

Hakonen, nanpasaeHne cKopocTH Q (kak HesaBHCHMad BeJHYHHa B

Puc. 59.

¢asosoM npocTpancTe) o6s3aHa coBnajath ¢ @ H BEPOSITHOCTb 3TOrO
paBHa §(Q—w)dQ. CienoBaTesbHO, .

zZ (r —f zds

)
K (P, P)dP = T’(;y p (r', Qi 0)do (r)e O dIS(Q — w)dQ.

Bpens ciona dP=drdQ=107d!dodQ n corparus dP, nomyunm dop-
MYy

7
-jz(r'-g-ms) ds
2 (r) S(rye 9

K (P10 P) = 50 P (7 23 0) 8 (2~ 0) I ‘
0]

2.2. Moaeanposanue cBoGoaHOro npodera HeATPoHa.
2.21. B oanoponunoi cpene. Tak xak Bo BpeMs
npobera sHeprus HeHTpOHa He MeHseTcsl, TO IOJHOe cede-
nue nocrosiHHo: X(E, x)=2Z(E)=ZX. U3 ypasuennusa (6)
caenyer
F(x)=1—e"%,
M MeTol O6paTHbIX (YHKUHH NO3BOJSET 3anucaTb sBHYIO
Gbopmyay naa pacuera §
E=—(1/Z)Iny. (8.
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Jlerko BBIUHC/ITB, UTO CPeOHAR OAuHa c80600H020 npo-
6eea Mg==1/Z. Ecnu B KauecTBe elMHMUbI AJHHbl BHIOPATh
1/3, 10 §=—1Iny cpemHux AnuH cBOGOAHOrO mpobera.

222. B KycouHo onfHOpPOJAHOI cpene (MeTOn
o6paTHHX GyHKuUi). MbH paccMOTpuUM cayuai, KOr-
JIa HHTepecylollas Hac obJacTb npocTpaHcTBa G COCTOHT
U3 KOHEeUHOro yucja OLHOPOIHHIX oGmacreil. IMeHHO TakoBa
reoMeTpusi GOJBLIMHCTBA 3aJady, BCTpeualoIlHXCA Ha Npak-
THKe. B To Xe BpeMsa O4eBHIHO, UTO BCAKYIO HEOLHOPOLHYIO
Cpely MOXKHO ,C JI0GOH TOYHOCTBIO AaNNnpOKCHMHPOBATh
Takoii KyCOYHO OJHOPOXHOH cpeloi.

IToBepxHocTH, ABAAIOLIMECA TPalH-
namMu obJacTefl, Kak NpaBHIO, He
CTOXKHee, YeM NOBEPXHOCTH BTOPOTO
nopsfKa: IJVIOCKHe, cdepuueckue, LH-
JUHIpHYecKHe, KOHHueckue. [ToaTomy
He NpeiaCTaBJsieT TpPyAa HaHTH aHAMH-
THYECKH INepeceyeHue JOOOro Jyua C
JM060#f M3 3TUX MOBEPXHOCTEH.

Paccmorpum mpocrefiiinii (no cBo-
efi JIOTHKe) aJropuT™M JIJs pacuera
cBoGoaHoro mpobera B Takoil cpele,
paspaboranHblii aBTopoM B 1955 r. B
—..-» KauyeCcTBe HJIIIOCTpaluH BhibepeM 00-

0K KRR = nacte G, upencraBasiomylo coGoil

Puc. 60. TPEXCJNONHbIA KOHEUHBIH WHJIHHAP ¢

KpHILIKOA» B Gopme mnogaycdepsl.

Ceuenne G naockoctbio y=0 n3o6paxeHo Ha puc. 60, rae

uudpel O3HAYalOT HOMepa PasJHuHBIX Obsactedl. B arom
npuMepe WIECTb I'PAHUUHBIX NOBEPXHOCTENH:

N+ =Rl 4z=0;
2) 4+ y* =R} 5)z=H;
32+ =R} 6)x+ 4+ (—HP =R}

- I
= ——

w
)
~
8N
S

[TycTb HEATPOH BBLIETAET M3 TOUKH ro MO HAMpPaBJeHUIO
eMHHYHOrO BeKTopa o, Torpa ypasHenne F(§)=1—1y sa-
nuuercs B BUAe

&
1€) =]+ 0s)ds = —Iny. ©)
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UToGbl pelInTh 3TO ypaBHeHHe, HAXOAUM MepeceueHue Jyua
r=ro+®s CO BCEMH TI'DAaHUYHbIMH MOBEPXHOCTSMH, H BCE
NOJIOXKHTE/bHbIE 3HAUEHUS §, COOTBETCTBYIOL(HE TOUKAM
nepeceyeHus, pacrnojaraeM B NMOpsiiKe BO3pACTaHUS:

0=s.0)<<8$(, <SSy <+ . < S(my- (10)

BhiuncasieM JJIMHY OTPE3KOB Jay4a [iy=Sy—Su-1,, Kaxk-
NI H3 KOTODBIX NPHHAAJEXKHT ONHON 06,1aCTH, U HAXOAHUM
COOTBETCTBYIOLIKE 3THM O6GJAaCTAM 3HAyeHHs I, KOTOpbie
0603HauuM uepes oy, i=1, 2,..., m*),

OGosnauum uepes [, unrerpantt /y==1(sy,). OHu nerko
BHIUHCJIAIOTCA N0 popMyJae

k
I, = El ounl-

Herpynno nokasarts, uto ecan [, <<—Iny<</,,1, TO
E=sw+ (Vown) (—lny—1); (11)

ecny Xe —In Y=/, TO E2>Sm, U HEHTPOH BHIIETAET W3
obaactu G.

i

-——‘ 1

==

@y : '§
i

1 1 1 ]
7 S S 6 S §

Puc. 61.

B camom nene, JIETKO BHIETb, YTO S << &<Spy1y, TOTMA
H TOabKo TOrAa, Korma [,<CI(E) <<lpy1. YpaBHenue (9)

*) Ilporpamma pacuera AONXKHA comepxaTtb 6.0K, MO3BOMATIOMIMA
onpeneautb, Kakoit o6JacTH TPHHAMMEKNT Ji06as 3aianHas Touka. Buib-
paB cepeamny OTpeska/(; ~MOXKHO HailTh HOmep 06/1acTH, KOTOPOH IIpH-

wapnexut Iy,
15 U. M. CoGons
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B 3TOM cJaydyae MOXHO nepenucatb B Bune (piic. 61)
[k+05(h+l) (g—s(k)) =-—In v,

OoTKyHa cpasy BeiTekaer (11).

Ha puc. 62 nsoGpaxen npumep Takoro Jiyua ¢ yKasaunem BCEX Sy,
Jlerko 3aMeTHTb, OLHAKO, YTO MEPECeYeHUs S(g), S(5) H S(g) 3AeCh «IHIll-
nues. Uto6bl HCKJAIOYHTb <«JIHLIHHE» TNepeceyeHHs, MOXKHO, HalpuMep,
II3MEHHTb ONpejieJieHHe TPAHHYHLIX NOBEPXHOCTeH, A0GaBHB K HHM He-
paBeHCTBa (OLHO WJM HECKOJBKO), BBIAEJSAIOUIHE AeHCTBHTEJNbHbIH yua-
CTOK rpaHuubl. B npumepe, uzobpakeHHOM Ha pHc. 62, rpadiyHbie no-
BEPXHOCTH 3aMHULIYTCH TakK:

x4 y2=R}, 0<z<H; 4)z2=0 x4 2<R}
2) 4 y?=R2 0<z<Hi 5)z2=H, 2+yPP<RL
3) 22 +i2=R; 0<s<H; 6) x4y’ +(z—H?P=R] z>H.

OnpenennB TOYKY nepeceyeHiiss Jyda r=ro-+®s ¢ Kakoft-uuGyap u3 rpa-
HHYHLIX NOBEPXHOCTEH H MOJYYHB TOJIOXKUTeJNbHOEe 3HauyeHHe S, CaelyeT
NOJACTABATb KOOPAMHATHI TOUKHI NlepeceyeHHst B COOTBETCTBYIOLHE 3TOH
MOBEPXHOCTH HepaBeHCTBA. ECaH KOODAHMHATHI TOYKH INEPECEUeHHs XOTH
6bl OLHOMY H3 3THX HepaBeHCTB He YIOBJETBOPSIOT, TO JaHHas TOUKA
nepeceyeHus: uckmiouaercs (puc. 63).

Ecan KosnnyecTBO TIpaHUUHBIX [MOBepXHOCTEH B 3ajaue BEJHKO, a
¢dakTuyeckne npoberu HeATPOHOB MaJjbl, TO TakoH aJrOPHTM HEBHITOJEH:

Sl
Q

/\%\
D

&

Puc. 62. Puc. 63.  °

KaXIbifi pa3 npuuliioch Obl BEIUHCAATH OUeHb MHOTO NepeceueHud, xota
B AEHCTBUTENBHOCTH KaXKAb HEATPOH NepeceKkaeT JMILb ONHY-IBE MO-
BepxHocTH. [las mocTpoenus GoJee SKOHOMHOTO anroputMa B [46]
npeasaraercsi pasGuTb TPaHHUHble MOBEPXHOCTH Ha 3JeMeHTapHbe rpa-
HHYHble MOBEDXHOCTH, KaxAas M3 KOTOPHIX pasfeser Ase 00JacTH.
B mawewm npumepe (puc. 60) oxamxercs 10 takux noBepxmoctell (B cKOGs

¢
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Kax yKaszaubi unOeKcol MOBCPXIOCTH, T. e. Homepa o6racTedl, KoTopsle
3Ta NOBEPXHOCTb PasflensieT):

)+’ =R, 0<z<H, (15 2);
2 =R 0<z<H, (25 3);
3 xFy=R:  0<z<H, (0; 3);
4) z=0, £% 4y < R?, (0; 13
5) z=0, R{<a®4 y?< A3, (05 2);
6) 2=0, RIKx24 2 <RY ©; 3);
7 z=H, -yt <R, (1;4);
8) z=H, R} x4 42 <R (2 4%
9 z=H, RI<x*+ 42 <Ry (3; 4
10) 42+ z—H?=R:, z>H, (0; 4).

" Ecnu, Hanpumep, MCXOAHasi TOUKa ro NPHHAAMEXHT obgactH 8, To
Hallo HaNTH NePeCceYeHHst JydYa r==ro+®S TOJEKO C TeMH 3JeMeHTapHbI-
MU TPaHHUHBLIMH TOBEDXHOCTSMH, B HHIeKCax KOTOphX ¢urypupyer 3.
Ecan o6nacTe 8 BuimykJjasi, To TaKas TOuka nepeceucHHs GyleT enuH-
CTBEHHON; B OOWleM cJayyae BbiGHDAeM TOUKY MEpeceyeHuss C HAUMEHb-
KM S, TIPEBOCXOASIIHMM S(g), KOTOPOe U HaszoBeM S(jy, BTopoh mmpexc

nepecekaeMoll NOBEPXHOCTH NOKAa3LiBaeT, B Kakylo 06/1acTb NEpeXOmiT
HelTpoH. U 1. L.
B npumepe, uzo6paxennom Ha puc. 63, s(1) coorsercTByer TouUKE

TiepeceueHHs Jyya ¢ NOBEPXHOCTbIO 2, a HeHTPOH NepeXoAHT B 06JacTb
2. 3aTeM HaxXOLHM NEPECeueHHs Jyya CO BCEMU 3JEeMEHTapHHIMH NOBEpX-
HOCTSIMH, B MHIEKCe KOTOpHIX HMeercsi 2, W oTOHpaeM nepeceueHHe, KO-
TOPOMY OTBEUaeT HaHMEHbllee S, MPEBOCXOAAILee S(j). TakuM 0GpasoM,

TIOJIlyunM 3HaueHHe 3(2), COOTBETCTBYIOIIee MEPBOMY TMNepeceyeHulo Jayqa

€ moBepxHOCTEIO I, n HOMep caeaywoomedl ofiaacte — 1.
Koneuno, ycnosua /, <—Iny<</, 1, BXOJSLLKE B (11), cnemyer

NPOBEPSATb NOCTENeHIIo, N0 Mepe HaXO0MXKIEHIs
sy by @y 16 S@p Loy %y Taieee

2.23. BnpousBoabHOl cpene (MetogpmocToO-
SHHOTO ceueHHus). B nocaennue rofibl WHPOKoe pac-
npocTpaHeHue NOJay4HJ COBCEM ApYTO# MeTOJ MOJIeNHPOBa-
HUsST MPOGEroB B CJOIKHON Cpeje, NPeNNOXKEeHHBI, M0-BHLH-
momy, E. P. Bymkokom. Kycounas OXHOPOAHOCTb Cpebl
NpH 3TOM He NpearnoJaaraercs.

BriGepeM NPOH3BOJIbHYIO NOCTOSHHYIO 0, =>sup Z, # 0603-
HauuM yepe3 g PasHocTb Zo=g—3Z=0. Yc/a10BUMCA CHH-

15*
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TaTb, YTO MpPH CTOJKIOBEHNIH HeHTpPOHa C AAPaMH, KpOMe
peaxkuuil, BXOASLUIMX B X, BO3MOXKHA eLle OJIHa — PUKTUB-
HOe CTOAKHOBEHUue, IPH KOTOPOM HH 3HEprus, HU HampabJe-
HHe ABHKeHHs HelfiTpona He Meusiiorcs. CeueHue GUKTUBHOTO
CTOJIKH@BEHHS 6yleM CcunTaTb paBHbIM Zg. Ecau (cp. npu-
mep ra. 2, m. 1.2.2) £=3,43,+Z, TO BeposiTHOCTH COOT-
BETCTBYIOIIKX peakuUuii B yCJAOBHOH 3ajaue paBHb IZ,/a,
e/, Z;/o, a BepOsITHOCTb (PUKTHBHOTO CTOJNKHOBEHHsS] paBHA
Zo/o. [IpoGeru B 3TON 3agade Jierko BbIYUCJSAIOTCH 1o (op-
mynae (8)

E=—(1/a)lny, (12)"

a TUN CTOJKHOBEHHSI PasbilpblBA€TCsl C YUeTOM BCeX YeThl-
pex BO3MOXHOCTell. Huike 1Q0kKa3aHo, uTO CyMMa TakHX
npo6eroB A0 NepBOro HeQHKTHUBHOTO CTOJNKHOBEHUS HOIYM-
HSIeTCS TOMY :Ke 3aKOHy pacrpeneneHus (6), 4TO HCTHHHbIN
cayuaiiHplil npober,

Teopema 1 ([112]). Paccmorpum welTpon, eoiieTarouul u3
Touky x==0 no Hanpasaexuro ocu Ox u NOOUUHAIOWULCS 3QKOHAM Yc=
408HOit 3a0aun O6o3nauum uepe3 & KOOPOUHATY nepeozo HePUKTUBHO-
2o croaknosenun, Tozda ¢pyrkyus pacnpedesenus & 8vlpaxcaercs pop-
Myaoti (6)

JokasatenbcTBoO. OO603HauUM uepe3 v caydyaiflHOe KOJHMYECT-
BO (PHUKTHBHBIX CTOJMKHOBeHH# B uHTepBane (0, §) um paccmorpum cayuaft
v=i (i==0, 1, 2, ...). BblGepeM npon3BOJbHbIE HYHCJAA X;, Xz, ...
e+ Xy, YACBIETBOPSIOLUIHE HEPABEHCTBAM :

O<m <ty <oee <y <y,

BeposiTHOCTE TOro, 4TO (DHKTHBHbiE CTOJNKHOBEHHS OKaxXyTCH B OKpecT-
HOCTAX TOYeK X, ..., X; a Nnepsoe HeUKTHBHOE CTONKHOBeHHe — B

OKDPeCTHOCTH TOYKH X;y paBHa (cp. (I5) ra 5)

p(xeee Xipy)day e dipy =

IS B o 200 I So (1)) |
._il;[l{ I di o J/<

-0 (X, —X X
) D TCE) P

QX .
=e 1N (x)... o (%) [a Yo (xi+1)] diy oo dipy .

TTpounTerpupoBaB 3Ty BepOSTHOCTb 1O BCEM BOSMOXKHBIM Xy, . . , , Xigl
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TaKUM, 9TO  X; < X, TOJYYUM BepOsITHOCTb

x *ig1 x,
PIE<x ve=i}=[de g [ dr o[ 6(x s xppy) diy=
0 0 0

X gy ¥it1
=£e o — Do (tipr)] dxpy '(‘)‘ Mo (x) dxg e

x,.'
v | D x)dr.
0
Bce BHYTpeHHHe MHTerpajbl Jerko Buuncasiorcs. Ecan Bsectn 0603Ha-,
X
genue /g (x)=f2,¢, (s)ds, To (3ameun X;.; Ha y) MOXHO Oyaer
0

3anilicaTbh pesyJsbTaT B BHIC
/ L
1o ()] dy.

il

PlE<x, v=1} =Te"°‘y [os—-z@(y)]
0

OTCioza CIeNYeT, YTO

o X
Pli<a =N PE<nv=ij=le " [ae Ty 0] d=
i=0 0
— X
e x4 (%) =1—exp {_[ Z (s) ds},
0

yto M TpeGoBanOCh N0Ka3aTh.
Tak kak NpH YBeJHYEHHH O KOJHYECTBO (DHKTHBHBIX CTOJNKHOBEHHIT

BO3pacTaer, TO OObIYHO CTapaioTcd Bbi6paTh MUHHMAJNbHO BO3MOXKHOE
3HaueHue, T. €. a==sup 2, HekoTopble Apyrue npHMeHEHHs MeToAa IO-
CTOSIHHOTO ceyeHus ykasaHul B pa6orax [152, 169].

2.3. MopeaupoBzHue cBoGOJHOro mnpoGera 3apsiKeHHOH HaCTHUBL
PaccmoTpuM mpoGer GbICTpOl 3apSXKEHHOH uacCTHUbLl B IJ1asMe, COCTaB
¥ TeMmmepaTypel KOTOpOH (Kak (YEKUHM BpeMeHH [ ¥ KOODAUHATHI r)
sananbl. duaHyecKHe OrpaHHUeHHsi Ha NJasMy: a) He CJIMIIKOM 60Jb-
moe paspexeHue; 6) JapMOPOBCKHH paguyc 3HauuTeabHO Gonbuie Anu-
Hbl cBoGoanoro mpobera, Tak 4YTO TPAeKTOPHIO YaCTHULI MOMHO CUMTATb
npSIMOJIMHERHOH: r="ro+®s.

B pesyabraTe B3aUMONECTBHA € 3/eKTPOHAMH H HOHaMd cpelsl
YaCTHIA TEPSEeT CBOIO 3HePruio (TOPMO3MTCH). DTOT NPOUECC MOKHO
CYHTATh HENPEPbIBHBIM, Tak YTO BJOJb TPaeKTOPHU

dE[dt=—q(E, r, ).

Dopmysibl I8 PacyeTa ¢ NpeanosaraloTcs 3afaHHbIMH.

INonuoe ceuenne ¥ 3apsAKEHHOH YacCTHLB! 3aBHCHT OT €€ SHEpTrHH N
MOJI0}KeHHs:, TaK YTO B KOHeuHoM cuete Z=23(E, r, ¢). CxopocTs ua-
cruupl v==ds/dt cBfi3aHa c ee 3Heprueil cooTHowenueM E=(1/2)Mv?,
rie M — macca 4acTuunl.
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Ilns Toro uTo6bl BLIMHC/IHTE 3HaYCHUS (BYHKUHH
s(f)

1= [ Xds

0

MOJKHO YHC/ICHHO NHTErPHPOBATL CHCTEMY OOBLIKHOBEHHBIX AHddepen-
nia/jbHblX ypaBHeHHH

dl dE ds
T =V T =0 G =¢ (18)

¢ HauagbubiMu ycioBusimu [ (%) =0, E(¢))=E,, s(to)==0. Ecan npn
t="1y snavenne [, =/ (f;)<—Iny, a npu ¢=1{, , snauenne /4=
=] (fk-l-l) > —Iny, 10 3HaueHHs BCeX BENHUNH B MOMEHT CTOJKHOBE-
HUS —f =1, E= Eg 11 §=E — MOXKHO NPOHHTEPNOJIHPOBATh:

te=tyt 2t — ), Ee =Lp—2(Ep—Epyy),
&= s+ 2 (Skp1— %), e 2= (—Iy—1,)/(lpy1—1Ip).

BosmoxeH Takxe cayuall, korna mnpu f=1{, 3nauenmne [, Bpce
elie He NMPEBOCXOAUT —Iny, a vyacTHUa BblaeTaer u3 obnacth G uan ee
SHEprusi OKas3blBAaeTCsi HHKe HHTepecyloulero Hac yposHs E, <E_ ...
Torpa uacruua H3 JaJabHefilllero pacCMOTpPeHHsT HcKJ/odaetcs. I1pu pacuere
HEKOTOPLIX 3a/lad OKa3asoch YAOOHLIM BHIOpATh B KauecCiBe HE3aBIICHMOM
nepeMeHHol B (13) 3Hepruio E u uuc/leHHO HHTErpHpOBaTh ypaBlieHIIs

d 1 s ol o2
dE =" ¢ dET "¢ dET T

npu Eo=E=E ¢ HatanbHbIMH ycaoBuaMH £(Eg) =1, s(Eo) =0,
](E[))=0.

Hast MoneqnpoBanust MpoGeroB 3apsiXKeHHBIX YACTHIL TaKXe MOXKHO
11ICNOJIL30BaTh METOA TNOCTOSIHHOTO cedeHHss (1. 2.2.3), ecau Toabko B
IIHTepecyIollleM Hac AHanasoHe BEJHYHH sup X =a< oco. Torga MOXHO
IHny ceoGoaHoro mpoGera paswirpeiBaTh no Toil ke dopmyae (12);
34TeM NpIJeTcs HHTErpHPOBaThb ABA ypPaBHEHHS

dE q dt

ds T T v Tds

min

1
=

oT s=0 no s=Et (nauanbHoie 3Havenus E(0)=E,, t(0)=1,) u, Tonb-
KO BBLIUHCJHB Eg, fy U E(EE’ e tg), MOXHO OyjleT OnpenesuTh
(pasvirpaThb), QUKTIBHOE JH 3TO CTOJKHOBEHHE HJIH HET.

3ameuanne MsnoxenHsit Metop paspaboran B [81]. Muoraa
B3aUMOJCHCTBHE 3apAXKEHHOH YACTHLUHL € 3JCKTPOHAMH H HOHAMH Cpelbl
11e.16CO006pa3H0 Y4YHTHIBATH ABOSIKO: B3aHMOAEHCTBHsi, NPHBOMSILHE K He-
6OJbIMM H3MEHEHHSIM SHEPrHM YacTHlBl, OCPENHSIIOTCS H BKJIOYAIOTCS
B HEMpephlBHOE TOPMOXEHHE ¢, a CPAaBHHTEJBHO PelKHe CTOJKHOBEHHSI,
BJIeKylLllc 32 cOGOH 3HAYHTENbHOE H3MEHEHHe dHeprHH («KaTacTpodHuc-
ckie rosKioBeHuA»), BKloyaloTes B X u pasmrpuiBaiorces [39, 104].
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§ 3. Mcnoap3oBaHiie cTaTHCTHYECKHX BECOB

B ra. 5 mMbl BeTpewadancs ¢ seanuunamu W; nan W, xoro-
pbie Has3biBaau BecaMu. OJlHaKO npu peLieHHH MHOTHX (usil-
YyecKUX 3ajay Beca MOXKHO BBOAHTb, PYKOBOACTBYSCH UHCTO
(pu3nUeCKHMHI COOOpa’KeHHAMH, OTHPAaBJsISACh NPH 3TOM OF
eCTeCTBEHHOrO IIpouecca H He MNOAb3YsICh MaKpOCKOMHYe-
CKMMH YpaBHeHHsIMH (HampHMep, ypaBHeHHEM IepeHOCca).
Hepenxo ucnoab3oBanile BeCOB 3aMeTHO NOBhbILIAeT adex-
THBHOCTb pacyera.

Mbl paccMOTPHM HeECKOJbKO CIOCOGOB BBeJeHHs BeceB
Ha TpHMepe 3aJayd O MOIVIOLleHHH HeHTpoHOB (m. 1.1).

3.1. Beca, samensiiomue po3birpoiwl noraowenud. Ipes-
NOJM0ZKUM, UYTO H3 HCTOYHHUKA 7o B HAaNpaBJieHHH Qg BHLJIETE
He OJMH HEeHATPOH, & «NaKeT», COCTOSLIMH M3 GOJbIIOro uuc-
Ja Wy WASHTHYHBIX HeHTpPoHOB. PaswmirpaB anuny npoGe-
ra Eg, ONpeReJHM TOUYKY CTOJKHOBEHHMsS HIJs BCero mnakc-
1a ri=ro+&%Q. B cpeanem mnpum TakoM CTOJKHOBEHHH
[Z.(r1)/=(r1)]wy HehiTponoB mnormomaioress, a [Z.(r1)/
/Z(r1)]wo HeiiTpoHOB paccensaiorca. Iloatomy, paswirpas
(B COOTBETCTBMH C HHIMKATPHCON paccessHus) HOBOe Ha-
npaBJeHue JBHXKeHHMS naxera Q; OyneM CYHTaTb, UYTO
B 3TOM HaNpPaBJeHHH ABHXKETCs NaKeT, COCTOSIIHA H3

w, = [Zs ("1)/2 (”1)] Wy

HIEATPOHOB.

[lpaBuna mocTpoenuss TPaeKTOPHH OKa3blBAlOTC  BO
MHOTOM TaKMMH e, kaxk B 0. l.1: Tax ke pasbirpbiBaloOTCs
npoGeru §;, GYHKUMH pacnpereseHUss KOTOPbIX B COOTBETC!-
Buu ¢ (6) paBHH

Fi()=1— exp{— [Seirasds, (9
0

TaK ’Xe pasuHrpbiBaloTcs HanpasjeHus €y Onnaxo npn
CTONIKHOBEHHH B TOuKe ri,1=r;+E£; «cyabba» wHeiiTpona
He pAa3BITPLIBAETCS: BMECTO 3TOrO MPEANOJAraercsi, 4ro
W[ Za(riz1)/2(riy1)] HEATPOHOB W3 mnaxeTa NONIOTHJHCH,
a B paccesiHHOM ITaKeTe OCTalOTCs JIMLIb

Wi = |2 (ree )/ 2 (rem)] @i (15)
HeiiTponos. cTopusi makeTa 3aKaH4MBaeTCsi TOrAa, KOTAA
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ou Bulneraet u3 obmactu Go. KoauuecTBO NOr/OMEHHbIX 3a
BCIO HCTOPHIO HEHTPOHOB DaBHO
. v—1 /
= 2 [ i) [ Brgn] w, (16)
rae V— Homep mocsaelHel TOuKM TpaeKTOpuH BHyTpH Gy
(apyramu caoBami, rv.1%Go).

HaxoHel, HeTpyAHO 3aMeTHUTh, 4YTO BeJHuYHHB (15) u
(16) npomopuuoHasbHel W, IlosroMy, HecMoTpsi Ha pac-
CyXeHuss 0 «6OJbLIOM KOJUYECTBE» Wy MOXKEM CUHTATh,
uTo

w0=l. (17)

Torna BeanunHa 13 — KOJHYECTBO MOIJIOLIEHH B pacuere
HA OJUH MCUYILIEHHBIH HEHTPOH — OKaXKeTCs OLEHKOH HCKO-
MOH BepOSITHOCTH: M = pa (DopmanbHOEe NOKas3aTesb-
cTBO uMeercsd B § 4).

Ilng npubaukeHHOro pacueta P, HYXKHO peajn30BaTh
JIOCTaTOYHO GoJblioe yucJo N TpaeKTOpHH YKa3aHHOrO BH-
na (c wo==1) u NOJOXHUTD

1
rae (nﬁf))s — 3navenne M4, MOJNY4eHOe Ha TPaeKTOPHH
HOMep S.
HOKa}KeM Tenephb, YTO OLlEHKA “flfql) Bcerna e Xyxe oueil-
KH T, HCIOJMb3YyEMOH NPH HMHTALHH [OBeACHHs HeATPOLOB
(m. 1.1):

D4’ < Dg. (18)
Coraacno gemme m. 1.1, ana aToro KoCTaToOuyHO NOKa3aTh,
4710 O\<3qﬁ1”<l.
BBemem 415 KpaTtkocTu oGo3HaueHHe
si= 2 (ri) [ 2 (ra). (19)
U3 ¢opmyn (15), (16) u (17) Bbitekaer, yTo npu (=1
w[ = 5132 “ e S[,
-1
o (20)

- :
o ‘25 838 -« Si (1 — Sip)e
==
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[MocienHee BbipaKeHHE JErKO npeo6pa3oBaTh K BHAY
)
Na =1—55...58y, 1)

OTKyZHa cpasy cJjenyert Tpe6yemoe HepaBeHCTBO.

3.1.1. B GonbiMHCTBE peajibHbIX 3alad AHCNEpCHS Dnm 32MeTHO
menblue, uem DM, opHako ofuiix oueHok Ha 3toT cyer wmajo, O6-
paTHMCA K 4aCTHOMY Cjyualo — oZHoponHol obnactu Gy, Koraa

(N2 =s>0.

O6o3HaunM uepes p; BEPOATHOCTb TOTO, YTO TPAEKTOpHsl MaKera 3a-
KOHUHTCS B TOUKEe 7,4, C HOMEpOM i+1 uan, ApyrUMH CIOBaMH, p; =
=P {v=1i}. Bouncasitb 3TH BeposITHOCTH HaM He morpebyercs 3ante-

THM TOJIBKO, YTO pPo PaBHO BepPOSATHOCTH TOrO, 4TO HEHTPOH, HCNYLICH-
Hbifi MCTOYHHKOM, BbLIETHT M3 o6sacTH Gy, He HCOLITAB HH OJHOro

CTOJIKHOBEHHS.
Teopema 2. PaccmoTpum 3a0awy 0 nozioujeruu HeiTpoHos 8

odrnopodnoii o6aactu Gy (n. 1.1). Ecau
Po < (1—p4)2, (22)
TO uMeeT MeCTO HepaseHCTso
Dnf < sDv . (23)
HoxasateabcTBo. M3 dopmyas (21) BHAHO, YTO B OLHOPOL=
HOll 06JacTH ciyyafiHas BesvuMHA My’ MOXKET NPHHHUMATb TOJIBKO 3Ha=

aenns 1 — s, rae i=0, 1, 2, ... CrelloBaTe/bHO, €e pacnpefesieHHe 3as
naercst tabanuei -

0 1—s 1—s* ... 1—s& ...
[ TR S F A

MaremaTuueckoe OXHIAHHE 3TOH BCAHYUHBI PABHO
[ee] (o]
Mg =3 (1=s) p, = 3 p;— Z pist = 1—pe— 3‘ psh
=1 i=l =1
Tax Kak Mng) =p,4, TO NOAYYaEM BhpaXeHue
oo
Pa=1—py— 3 p;s- (24)
i=1

Jucnepcuio n(” sanimem B dopme

[ee] - ©o
(l) Z, (1""5 p,,""pA 22 pgsl"l‘ Z PiSw—Pi-
i=1 i=1

l——l
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Tax kax ¢ < s npu Bcex i1, To oTciona caefyer, 4To

=] [ee]
Dn{) < 1—po—2 X pis'+ s 3 pst— o,
- ~,

= =

Bxozpsmylo ciola CyMMy HCK/IIOUMM C noMolbio ¢opmyan (24). IMoay-
YiM HepaBeHCTBO

DY <1—p?,—(2—5s)(1—py) + (1 —5)po.

Hakonen, Bocnosbayemcst ycioBHeM (22) Teopembl, Nocje yero mnociei-
Hee HEPaBeHCTBO npespaTuTcs B (23):

DN < 1—ph—@—s) (1—=pg) + (1—5) (1 —pa)? =5 (py—Fl).

3.2. Beca, yuutbiBalowme Bbuler W3 ob6aactu G, CHosa
acCMOTPHUM 3ajauy O MOIJIOUIeHHH HeHTpoHOoB u3 m. l.l.
yCTh W3 TOYKHM 7; B HampaBnaeHuH $; BbLIETaeT MNaker,
COCTOSIMIUE H3 GOJIbLIOTO YHC-
Ja W; HIEHTUYHBIX HENTPOHOB.
‘O60o3naunm uepe3 [; paccTosi-
HHE OT TOYKM r; JO TpaHullbi
o6anactu Gy (Mo HanpasJaeHHIO
nojera, puc. 64). O6o3sna-
unm uepes Fi(x) dyukuuio

Puc. 64. pacnpenenenua (14) nauib

cBo6oxrHoro mnpoGera & gas

OHOTO HeHTPOHA W3 Naxera. BeposiTHOCTL TOTO, YTO HEATPOH
3TOT BBIJIETHT H3 obaacTn Gy, paBua

P{§>li}=1—Fi(li).

B cpennem u3 obnactu Go Bbuterst w;[1—F;(l)] neit-
TPOHOB makeTa, a Wf;(l;) HeHTPCHOB HCMBITAIOT CTONKHOBE-
Hue BHyTpu Go. Bylem cuutath, uTo B CaemylOUIyI0 TOUYKY
CTOJIKHOBEHHS ryy| NPHJETHT MAKET, CONepKalUi

U,-+1=w,-Ff (l() (25)

HedTponos. Toraa cBoGomublii nmpober & mas Toro nakera
Halo pasbirpeiBaTh 6HYTPU Go. DTO 3HAYHUT, YTO BEJHUH-
Ha E’ noguuHsercs yceueHHOMY pacnpepesenuio (14) na
untepBasie 0<<x<<l/; (cM. m. 5.2 ra. 2). @yHxuus pacnpe-
HeneHus &’ paBHa

F(JC) =F,~(X)/Fg(li).



§ 3] HCMOJIb30BAHHWE CTATUCTHYECKHX BECOB 235

Meton o6paTHHIX (YHKUHH N03BOJSET 3alHCaTh ypaBHeHUe
Aas pacuera §'==%’; B Bunme

Fi(8") = (1—y) Fi(L)) (26).
uau, o ananoruu ¢ (9), B Buze

14 .
1) = y D(ri+Qs)ds =— In [y + (1—?)e_l(li) ]
0

OnpefenyB TOUKY CTONKHOBEHMS MakeTa riy=r;+QE,,
pasbirpeiBaeM (OGBIYHBIM CIOCOGOM), paccesancsi JH IakeT
uayn norvotuaca? Ecau On paccesicsi, TO KOJHUECTBO Heii-
TPOHOB B IIaKeTe 0CJe paccesiHusl paBHO

Wit 1=Vt 27y

Ecau oH NONIOTH/ICA, TO KOJHYECTBO MOIVIOLEHHBIX HEHTDPO-
HOB %’ = U;¢1. OUEBHIHO, HCTOPHs NIAKETA He MOMKET 3aKOH-
YUTLCH BBIJIETOM M OPOLOJAKAETCS IO €ro INONIOUIEHHS] B He-
KOTOPOH TOUKE Fyyl.

Ecnu nonoxute wo==1, To u3 (25) u (27) caenyer, uto

w,-=Fo(lo)F1 (ll)-uF'—l(li—l), (28)‘

a cnyqaﬁﬂaa BeJHUYHHA
(2)

Na =Wy, (29)

2 o

B 3TOM caydae 7% PaBHO KOJHUYECTBY MOTJIOUIEHHBIX Hell-

TPOHOB, NPHXOAALUHXCA Ha OAMH HEHTPOH HCTOYHHUKA, U

CJIYMHUT OLEHKOfl AJst HCKOMOH BepOSTHOCTH ps. PopMmain-

HOe [10Ka3aTeNbeTBO paselictBa M7 = ps umeerca B § 4.
Pacuetnas ¢opmyna rtakoro meroga MouTte-KapJo:

I
PAzW' ;Ell (nf))s’

rne (n§)s —sHauenne m§, noayuemnoe mo TpaekTopum
HOMeEp S.
Ws dopmya (28) u (29) Buaxo, uton'4’ <1 u (mo Jem-
me n. 1.1) nucnepcus
D7’ < Dna.

(2)
Taxum o6pa3oM, TOUHOCTb OLEHKH M4 BCErAa He XyXKe, 4yeM
TOYHOCTb OUEHKH 14, TOJY4aeMOH NPH UMHTALUMH NOBEAEHHUS
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o (2
HeliTpoHOoB. IlpaBia, pacuer BeJHUMHBI 74  MOMKeT OKa-

3aTbest GoJiee TPYJAOEMKHM, €M pacueT M., U3-3a HeoOXOomu-
MOCTH BBIYHCJATD ;.

3.3. Beca, 3aMeHsI0ILNE PO3BITPLIL NOTNOWEHUA U YYH-
ThiBalowHe BblaeT u3 ¢Osaactu (. Caenyrouuii cnoco6 pac-
yeTa p,4 OOBEAUHSAET OCOOEHHOCTH ABYX NPEAbIAYUIHX METC-
JoB, Ilycte u3 TOukH r; B HanpasseHnu ; BblJIETAeT Naker,
COCTOAIIME U3 GOJbIIOTO YHCaA W; MACHTHYHBIX HEHTPOHOB.
Ecau (kak B 1. 3.2) w;[1—F;(/;)] ueiiTpoHOB nakera Bhljie-
TaloT U3 06aacTu Go, TO B CAEAYIOMYIO TOYKY CTOJKHOBe-
HUA rigy=ri+§; Qi npunetut scero v =w.Fi(l}) neiirpo-
HOB (m/uHa mpoGera E; onpelensercsa u3 ypasuenns (26)).

A rtenepb, Kak B 1. 3.1, 6yzeM CuHTaTb, 4TO

Vit [ Da (rig))/ 2 (reg )]

HeI:ITPOHOB NpH CTOJKHOBEHHH MOLJOTHAHCDL, a

Wit = Vit [ Ds (Fi1) | 2 (Fi1)]
HEHTPOHOB paccesNuch ¥ NPOAOINKAIOT NOJET IO HanpasJje-
Huto ;1. [lpu TakoM cnocofe pacueTa Bce TpaekTOpdn
OKa3blBAIOTCA OECKOHEUHBIMH W He MOTI'YT 3aKOHUHTbCA Hu
BBIJIETOM, HH MorJouieHneM. Ha npakTuke pacuer nponod-
JKaIOT IO TeX Mop, NMoKa Bec NakeTa w; He CTaHeT npeHebpe-
JKHMO MaJblM, HanpuMep MeHblle HEKOTOPOro 3aJaHHOry
uucaa .
Ecan wucnoanb3oBaTh o6osHaueHune (19), To, BhIGpap
wo=1, noayuum, 4T0
wi=Fo(lo)s;Fi(Li)sa...Fiy(Li1)s,, (30)

a KOJIMYeCTBO MNOTJIOLLEHHBIX 33 BCIO HCTODHIO Makera Heil-
TPOHOB PaBHO

7y = go vit1 (1 — siq1). (31)

3
dopMalibHOE JOKa3aTeJbCTBO TOTO, UTO I\/l‘f}fq) = P4, HMe-
ercs B § 4. @opMyJsa A/ OLEHKH Pa, OUEBHIHO, 3aNHIIETCS
Tak:
1 (@
Pa = N 2 (71/1 )37
8=l

roe (15), — snauenne 7$'na TpaekTopHM HOMEp s,
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U3 dopmyan (31) Buzmo, uto 7% =0. UToOb A0Ka3aTh,

3
YyTo n‘A’gl, NpeicTaBUM 3Ty BeJHUMHY B BHJeE
(3)
Na =

=F0(lo)—[§0F0(l(,) e Fol)1l — Fipr (g )18y oo @ Sitns

(3
Torna, OueBHAHO, Mg <Fo(lo) <1 u no Jemme m. 1.1 guc-
nepcrsit DYy < Dya.
JdokasateabcTBoO. $opmyay (31) sanuuem B BuIe

o0 (e}
3) — 2 S
n® = 510 L 2% FoooiFisyee 8y,
= =

B nepsoii cymme BLIIGJHM TEPBOE ClaracMoe, a B OCTaJbHbIX Cjarae-
MbIX 3aMEHMM HHJIEKC [ Ha (- 1:

‘E Fo.-.FiSI-.-St=F0+Z Fﬂ"'FiSl"'si: .

=0 [==

o
= F0+ ZOF‘).-.F’:_'_ISI..-SL-_'_I.
==

TloncraBuB 3TO BBIpAaXKeHHE B NpeibIlyliee PAaBeHCTBO, noayuum

oo [ee]
7123)=F0+20F0-..Fi+]$i...si+l_2-3 F‘)...Fl-sl...si_,_l:
=

=0
©

- F"_—Z‘O FoordFi(L—=Fyyy)sis;yy,
=

qT0 M TpeGoBanoch HOKa3aTh.

3.3.1. Ha puc 65 npuBeleHs cXeMbl pacdeta OLHOIO 3BeHA TpaeK-
TOpHH BO BCeX YeThipex MeToaax ouenku p 4. Homep (0) coorsercrnyer
meroay n. 1.1, womepa (1), (2) u (3) — meronam nm. 3.1, 32 u 33.
HeTpysno 3aMeTHTb, YTO OCHOBHOE DAa3juHuHe B KOJNHYECTBE BLIUHC/HENIT
cBa3aHo ¢ 1eM, uTo B Meronax (0) u (l) HYXKHO nNpOBepATb ycaosie
«rH_lGGO»,a B MeTonax (2) u (3) npuxoautcs BhuMcaaTe ;U F; (4).
Kpove Ttoro, B meromax (0) ¥ (2) Ha pacier oOnHOTO 3Beua
TpPaeKTOpHH 3aTpaunBaloTCs 4 caydaliHbix yucaa y, a B MerTofax (1) u
(3) — Tonbko 3. OcTajibHble PasiHUHf CBOASTCS K HECKOJIBKHM 3JeMex-
TapHLIM apH(PMETHYECKHM OnepaLHsM.

HekoTopble mnoscHenMss K cxemaMm Ha puc. 65. ITo ycnosuio sanaun
Touka ro 3anaHa; B Meromax (1), (2) u (3) sanmaHsl Takke wo=1, a B
metopax (1) u (3), Kpome Toro, monaraem ho=0. Benuuuna #h;— sto

CyMMapHOe KOJIHYeCTBO MNOIJIOWEHHBIX B To4Kax Tiaeeesl; HeﬁTPOHOB_
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Bo Bcex metogax o Buibupaerca cayuaiHo (dopmynaa (15) ra. 2);
Q, pasbirpeiBaercss MO IUIOTHOCTH P (ris (ST Q); BEJIHUHHA §; =

= Es (rl)/Z (ri)‘ .

B wMeromax (0) u (1) mpoGer &, onpenesseTcs H3 yPaBHEHHS
FiE)=v. arg =r;+ E}Qb B meronax (2) u (3) n;oﬁler £, onpene-
nsiercs u3 ypasHenus F; (&i) =vF;(l;), a roy=r;+8§Q; (,—pac-
CTOSIHHe OT TOUKH r; A0 rpanuusl Gy no Hanpasaenuio Q;).

3ameuvanue U3 puc. 65 BUAHO, YTO KONHUYECTBO BLIYHC/IECHHA B

merone (1) e Goabuwe, yeM B Metole (0). Ilostomy us (18) BbiTekaer,
4yTOo AJI PaccMaTpHBaeMoOfl 3afau¥ aaropHTM, HCIOJb3YIOUHA OLEHKY

1]2). Bcerza GoJiee SKOHOMHUYEH, YEM a/JrOPHTM, OCHOBAHHbII Ha HMHTa«
LMK TPOLECCa, HCNOJb3YIOUIHE OLEHKY T 4.

3.4. PasaunuHble CTaTHCTHYeCKHe Beca. Beauuunsol w,,
HCrnoab3oBaHHele B ni. 3.1, 3.2 u 3.3, naswiBalorT sgecamu
(unu crarucruveckumu secamu). VI BMecTo TOro yTtoGHI rO-
BOPHUTb O MakeTe, COJEpXKalleM W; HeHTPOHOB (YHCIO Wy
o6biuHO apoGHOoe!), roBopsAT o HeHTpoHe ¢ BecoM Wy Ilpum
JBHYKEHHH HEHTPOHA TO TPaeKTOPHH BeC ero MeHseTcs.

34.1. Pacmenanernne TpaekTopui Hcrnoabso-
BaHHbE BhIle pacCyxXAeHHs (C MaKeToM HIeHTHYHBIX Heff-
TPOHOB) MOKa3bIBAIOT, YTO TOCJE O4epeHOr0 CTOJNKHOBEHHS
B TOYKE r; BMECTO OJHOrO HEHTPOHA C BECOM W; MOXKIO
paccMaTpuBaTh M MAEHTHUHBIX HEeHTPOHOB, Bec KaXJIOro
H3 KOTOphIX paBeH w;/m. TakuM o6pa3oM, TPaeKTOpUS Heil-
TpOHa MOCJe TOYKH 7y KaK Obl paclienyifiercs Ha m Tpaekro-
pHil, KaxJas M3 KOTOPHIX JHaJjibllieé CTPOMTCS HE3aBHCHMO.

DTOT npHeM HCHOJB3YIOT IJs JNYYLIero yueTa npoxoxie-
HHSI HeHTPOHOB B HEKOTOPBIX «BaXHbLIX» 06/1acTAX.

342 CayuvaitHbléi O6GpPHB TpaekTODpHIL dror
npueM B KaKOM-TO CMBIC/J€ MPOTHBONOJIOXEH MpeibllyIle-
MY: 1ocJjie 04epeJHOro CTONKHOBEHHS B TOYKE f; I/l HEHTpo-
Ha ¢ BECOM W; MOXKHO PasbirpaTb NOMOJHHUTENBHYIO aJIbTep-
HATUBY: JUGO C BEPOATHOCTBIO P BEC HEATPOHA YBENHYHBaE!-
Csl ¥ CTAQHOBHTCHA PaBHBIM W;/p, JHGO C BEPOSATHOCTBIO 1—p
nefiTpoH «ruGHeT», W TPAEKTOpus 3akaHuupaercd. [leiicr-
BHTEJbHO, B CpeJHEM NpH TaKoli npouelype Bec HeHTPOHA
ocraercs NpeXHHM:

(wi/p) -p+0- (1—p) =w.

Cayyalinbiii 0GPBHIB TPAE€KTOPHH HCHONB3YIOT B TeX CJay-
yasix, KOrja BeC HeHTpOHAa CTAaHOBHUTCA BecbMa MaJbIM H
NpOAOMKATh PACCYUTHIBATE €r0 TPAEKTOPHIO <HEBHITOLHO»:
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BK.Iaj OT BCeX IOCJAEAYIOLIHX CTOJNKHOBEHHH CPaBHUTENbHO
HeBEJHK, a BbIYHCJIEHHH MHOTO; Il B TO K€ BpeMs NpeHel-
peyb TAKHM BeCOM HeJb3sl.

343.CucremMaTuueckas Bb 60 pxa. PaccMoTpum
HCTOYHUK HEeHTPOHOB ¢ 3Heprueil Eo # pPABHOBEPOSTHBIMH
HaNpaBJeHUsIMH CKOpPOCTeHl, pacnpeneneHHbil B obaactu Gy
¢ nJoTHOCTbIO p (r). Tpebyerca npomonenupoBath N HefiTpo-
HOB U3 3TOTO HCTOYHHKA.

BmecTto Toro uyto6bl He3aBUCHMO pPAa3birPbIBaTbh Haualh-
Hble TMOJIOKEHHS BCEX 3THX HEHTPOHOB B COOTBETCTBHU
¢ IJOTHOCTBIO p(r), MoxKHO pa3burb Gy Ha m Henepeceka-
oluxcs obaacrei

Go=0Gp1+Go+ ... +Gom

u BoiGpath B mux mo Ny, Ny, ..., N,, HauaJbHbIX MoJ0XKe-
Huft (cymma Ny+...+N, He o6s3ana pasHstbes N). [Tpu
9TOM HeHTpOHaM, y KOTOphiX ro& Gy, NpHIETCS MPUMNHCATb
Haua/JbHble Beca

woe = (N/N) | p(r)dr, (32)
Sor

Tax, yTo6B CyMMa HayaJabHbiX BecoB BceX Ni+4...+Nn
HeillTPOHOB P2aBHAJACH

leOI—H cav +wa0m=N~

3aMeTuM, 4TO Haga/JbHElE HaNpaBJeHHS IJs KakKJIoro
M3 5THX HEHTPOHOB MOMHO BHIGHpATb HE3aBHCHMO, a ILIOT-

HOCTb pacnpefesenust ro BHyTpu Gy, pasua p (r)/ 5p(r) dr.
GOIe

3.5. CratncTuyeckne Beca M CyulecTBeHHas BBEIOOpKa.
O60CHOBAHUC CTATHCTHUECKHX BECOB B NMPOCTEHIIMX 3ajaydax
MOKeT OBITb IOJY4eHO NPH MOMOLIHM METOHA CYIIeCTBEeHHOI
BeiGopku (ra. 3, m. 3.2). B camom mene, mycTh TpeGyercs
BBIYHCJAHTh MaTemaTuuecxoe oxunanue Mf(Q), rae cayuaii-
nasg touka Q= (&, ..., &) HMeEET INJOTHOCTb pPq(Xi,....
eers Xn), ONpENENEHHYI0O BO BCEM /-MEDHOM INPOCTPaHCTBe.
MoxuHo BBecTH MOGYI0O IPYrylo cayuailHyi Touky H==
= (N1, ... Na) CIIOTHOCTBIO Py (X, . ... “4), JONYCTHMOH 1O
OTHOLIEHHIO 'K NpON3BeleHuo f(X,..., X.)po(X1,.e.y Xa), H
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samenutb pacuer Mf(Q) pacuerom M[f(H)w(H)], rae
w(H)=p, (H)/pu(H), (33)]
n6o
MIF(H)w ()] = [ F (P)w (P) pi (P) dP =
= [1(P) p.,(PydP = Mi(Q):

anecb P=(x,, ..., X,). Ecau xoopauHatet 1y, ..., N, MOZe-
JHUPYIOTCS MOCJEL0BATENbHO, C HCIONb30OBAHHEM YCJIOBHBIX
naoTHocTe#l (M. 2.2 rat. 2), TO U3 TOXKIECTB
P (x1ye vy xn) = pe, (x0) pr, (Xa| X1) .o pe, (Xn] X0, .o v y Xnm1)
M Py (%1500, Xn) = Pu (1) Po, (X2 X1)« oo Py (K] X15eee, Xnmt)
BBITEKAET, UYTO «BEC» PABEH
w = po (H) P M) pe, M |M) P, (M| s e M)

T opy () T Py, () ’ Py, Ok In) Py, (", [Maovees Nn—1) ’
Briuncasitb Bec MOXKHO PeKyppPEHTHO, HCMOJb3yst (POpMyaut
P, (" , Mo e e Mpg)

P, (Gl [ Mo e s )
W=0W,.

HMumendo tak BBOAMIKCH B IV 5 Bemuuuubl Wi, KOTOPHIE TaM

Ha3blBaJHCh BECAMH.

OO6bluHO Ha MPAKTHKE CYUUTAIOT, UTO BBeOeHue 8eco8 npu-
800uT K ymervuienuro ducnepcuu, ecau w<<1. Dta pekomell-
nanusi TpeGyeT MOSICHEHHS, TaK KaK BO BCEM MPOCTPaHCTBC
HEepaBeHCTBO wW<Cl HEBO3MOXKHO: OHO PaBHOCHJBHO He-
PaBEHCTBY pPo<<Pu, KOTOPOE NPOTHBOPEUHT TPeGOBAHHUIO
HOPMHMpPOBAHHOCTH TJIOTHOCTel. B nmeficTBuTENbHOCTH XKeda-
TeJbHO, YTOGBl HEPABEHCTBO w<< 1 BHIMOMHAJOCH B TOH ua-
cTH B npocrpaHcTBa, KOTOpas BHOCHT OCHOBHON BKJaJ B Hil-
Terpaabl M[?(Q) u M [f2(H)w?(H)]; Torna

MP(Q) = | f2(P) p, (P) dng F* (P) pq (P) dP,

M2 (H)w? ()] = [ [ (P)w? (P) pis (P)dP =
= fl” (Pyw (P) pq (P) detZ\? P2 (Pyw (P) pq (P)dP <

< [ PPy pq (P dP,

B
u, caegopateasno, D[f(H)w (H)]<D[(Q).
16 H. M. Cotoas

wo=1; wi= wi I<<i<<n,
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Bo MHOrHX NpaKTHYeCKHX 3ajfauax BbLINOJHEHHE 3TOro
ycsoBusi rapanTupyercst TeM, uTo f(P) =0 TONbKO B HEKOTO-
po#i uwactu (a30BOro MNpPOCTPAaHCTBA, W KaKk pa3 B 3TOil
yacru w(P)<<l. Hanpumep, B 3anaue n. l.1 pacnpepnene-
Hle HeHTPOHOB, BblJeTeBIUMX U3 o6saacTh (o, Ha BeJHYHHY
pa He BausieT. BBens Beca, yuuThIBalollHe BblET H3 06JacCTi
(n. 3.2), MBl HCKJIOYaeM MoAennpoBaHue HefiTpoHoB BHe Gy
n TmoJyyaeM METOJ pacuera, B KOoTopom Bceraa w<<l.

3.6. Meton nopoGHbIX Tpaektopuit. Hepenko mpuxomir-
cs paccuuTeiBaTh MetogaMu Monrte-KapJsao cepuu reomerpu-
yecKH NoJo0HbIX 3agau. B Takoil cHTyaunn MOXKHO OrpaHn-
YHTbCS MOJAEJHPOBAHHEM CJYYaHHBLIX TPAEKTOPHUIl JHIIb AN
OJIHOM W3 3THX 3aJau, a TPAeKTOPHH A/ BCeX APYTHX 3aiauy
noayuaTb npeoGpa3oBaHueM moa06us. IDTOT Meron Obll
npenaoxen K. Moprouom [161], Korophlil, Moxenupys mpo-
XOXKIEHHEe HEATPOIOB Yepes OLHOPOAHYIO NIACTHHKY TOJILII-
HLl h==1, BBIUMCJIAJ BEPOSTHOCTH NpOXoXaeHnua p(h) Ans
1eJ0l Cepud OLHODOAHbIX IJIACTHHOK M JAaxe OUEHHJ Npo-
n3sonnyio dp/dh npu h==0. JlanbHedinee pasBUTHEe MeTO-
na umeercs B [8, 95]. OGocHoBaHHe ero C/lIeLyeT u3
§ 4 3.

B KkauecTBe mpHMepa paccMOTPHM 3ajauy O INOIJIOMLe-
uuu HefitpoHos u3 n. 1.1. [Ipennonoxum, uto Tpedyercs BhI-
YUCJUTh BEPOSITHOCTH TOIVIOLIEHHS! Pa(A) MJIA CepHH ONHO-
ponueix o6sacteii Go(A) € ueHTPOM TNOAOGHS B HCTOYHHKE
ro (puc. 66), A — xoap¢duuuent nomobusi. Pacuer Tpaexro-
puit T B Go(1) GymeM ocylecTB/1ATh MeTomom M. 1.1 uau
3.1., a Tpaekropun T’ B Go(A) Gynem cuutath noAo6HBIMH T.

HerpyaHo 3aMeTuThb, YTO HanpaBJeHHs 3BEHbEB TPaeKTO-
puit T/ u cyAbObl HEATPOHOB MpPH CTOJKHOBEHUSX B TOUKax
9THX TPAEKTOPHH OKaXXyTcs  pPashirPaHHBIMH NPaBHJIbHO,
Tak Kak 3aKOHbl pacCesHus M INOIJIOLUIEHHd BO BCeX TOu-
Kax oguHakosbl *). OQHaKo AJHHBI 3BeHbeB Tpaekropuii T’
GynyT pasbirpalbl HeBepHO.

B camom nene, mnuHa cBoGoxHoro npobera & mis
TpaekTopud T’ JOJMKHA BbLIGHPAThC B COOTBETCTBHH ¢
NJIOTHOCTBIO

Pe(x) =Ze~*,

*) Meton nojoGHBIX TpPaekTOPHH NPHMEHHM TakKXKe B 3alauax, B
KOTOPBIX YYHTHLIBAIOTCS NOTEPH 3HEPrHHW HEATPOHOB NPH CTOJKHOBEHHAX:
nOTepH B TOYKAX TPAeKTOPUHA T’ GydyT TaKHMH JKe, KaK B COOTBETCTBY-
loWHX TouKax TpaekTopni T,
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Bmecto 3toro Mbl_nonaraem §’ pasupim AE, rae npoer g
Last TpaekTopuu T HMeeT Ty Ke NAOTHOCTb pg(X), Tak 410
NJOTHOCTb AE paBHa

Pag (x) = (1/A) ps (x/A) = (/1) e~ /M=,

Coraacro (33) 3TOT mpousBos Haxo KOMIIEHCHUPOBaTb Be-
COBBIM MHOKHTEJIEM

Pz (AE) /psz (AE) =he!I-M=E,

[Tostomy, ecnn Ha Tpaektopuu T’ M3 TOUKH r; MO LANPaB-
JIeHHIO Q, BblIeTe] HeHTPOl C BeCOM w;, TO HAL0 CUHTATlb,

-
-,
T

GplA)
Puc 66.
YTO B TOUKY  riy1=r; QAE; NPUIETHT HEHTPOH ¢ Becon
, e (l—mRE
Vigr = wihe' MEE;
Eciu pacuer Bemercss MerofioM M. 3.1, To mocie ywera no-
rJOLeHHs B TOukKe 7;1; OCTaHeTcs HEHTPOH ¢ Becom
’ ’ 1-2)2E;
Wi = W; (23/2) Ke( ) E‘. (34)
Hna Toro uto6bl BEIpa3uTh Beca w; uepe3 Beca w; B 06.1a-
ctu Go(1), pasnenum (34) Ha (15):
e ! (1—M)2E;
Wi/ Wity = (w;/w;) At TMER
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Bui6pas wp =wo=1, noayuuMm Gopmyay
w} — w’:xie(l"7~)2(§o+.--+§[_.1).

'(Jlerko noKasaThb, YTO TOCJHedHAS QopMmysna cnpaBelJuBa
TakxKe B cayyae mMerona m. 1.1.)

Coraacio (16) KOIHYECTBO MOrJOLIEHHBIX HA TPAEKTO=
pun T7 B Go(A) HefITPOHOB paBHO
v—1
2_" w[}\lie(l—%)2(§o+...+§i_1).

z
(M (A) = =
nA ( ) 2 i==0
3.7. Bektopuuie Beca. Ilpu pacuere MHOrMX 3ajau HefTpoHHON ¢hu-
3dKH (B YaCTHOCTH, CBSI3aHHBIX C SIACPHBIMH DEAKTOPaMH) BMECTO OLHO-
rpYNNOBOTO HPHUGMHKEHHS HCNOJB3YIOT Gojlee TOUHOE MHOrOrpynnosoe
npubanxenne [25, 51, 53]: npeanonaraercs, YTO SHEPrus Kakaero Hefi-
TPOHA MOXET NPUHHMATb KOHEuHOe Yuc/ao sHaueHndt E\>E;> ... >E,,,
Takum o6pasom, B KaXKIbli MOMEHT HeATPOHBI OKAa3bIBAIOTCS pacnpeje-
JeHHBIMH Ha m rpynn. [IpH cTOnKHOBEHHH HeATPOHA € SIAPOM aToMa
cpelibl BO3MOXKHO Kak «COGCTBEHHO» paccesiHHe, MPH KOTOPOM HeATPOH
OCTaeTCst B TOH Ke rpynme, Tak H 3aMelJ/IeHHe, KOrJa HeHTPOH H3 IpyIl-
bl j MepexopuT B Ipynny &, npuuem 2>>j.
Paccmotpum sajauy o noraowennd HefitpoHos (m. 1.1) B MHoro-
rpynnosoM npubankenud. IlycTb 3ajaHsl uMcia p;— BEPOSTHOCTH To-

ro, 4TO HEeHTPOH, MCHYIUEHHBI HCTOYHHKOM, NPHUHANJEXHT TpyNme HO-
Mep j. 3azaHa MaTpHUA CeYeHHH paccesiHHs

o ..o
s={ % % ... O
sy e
A NOJIHbIe CceueHHus st HeﬁTPOHOB BCeX rpynn
S=sl+3l,+ .2+ 3

TaK YTO BEPOATHOCTb TOrO, YTO HEATPOH FPYNNBl | OPH CTONKHOBEHHH
nepeiifier B rpynny k, paBHa 2,{/2’, a Be[OITHOCTb TOrO, YTO OH NO-

IJIOTHTCS,, paBHA Zi >/, Hna npoctotsi 6yneM cuuTaTh, 4TO Ha-
p a

NPABJEHAST PACCESIHHLIX M 3aMENJIEHHHIX HEHATPOHOB (Taxk e, Kak M
HEeATPOHOB HCTOYHMKA) paclpeleNeHbl PaBHOMeDHO IO INIPOCTPAHCTBY.
TpeGyercs BLIYUCAHTL BEPOATHOCTh MOIMIONMEHUs P 4 B obiactu Go aas

OJIHOrO HEHTPOHA HCTOUYHHKA.

Jlerko Bupers, yTo MeTOR 0. 1.1 Ge3 Tpyna nepeHOCHTCA Ha Takyio
3anauy: Cnepsa pasuirphiBaeTCs SHEPrusl HCNYUIEHHOrO HEHTPOHA, a 3a-
TEM [POC/AEKHBAGTCS €ro TPAaeKTopus (RO NOrJOILeHHs HIH A0 BBUIETA
u3 obnactu Go); KOHEUHO, MPH KaXK[AOM CTOJKHOBEHHH HEHTPOH MoXKer
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nepefiTH B APYrylo sHepretuueckyio rpynmy. Meroaw nn. 3.1—3.3 rak-
JKe NpUMeHHUMbI *),

B pa6ore [80] wucnoapsoBanw craTMcTHueckne Beca Gosee CI0K-
HOTO BHIA, H CTPOMTCSl OJAHA TpaeKTOplisi AJAs HeliTPOHOB BCeX TPyillL
IpennonoxuM, 9TO BAOJb TPAEKTOPHH ABHMKETCS «GOJBLIOH Naker», co-
Zepxaiui HeATpoHs!l Bcex rpynn. [lyers Bextop @ (i) ={w:(i), . . .
««., W, ()} omuchlBaeT COCTaB maKeTa IoC/ie CTOJNKHOBEHHS B TOUKe
r;, Tak 410 wi(i) ~— KOJIMYECTBO HEATPOHOB, MpHHA/EKALHX FPynne j.

BocnosbsyeMcst BecaMH, 3aMeHSIOUMMH PO3BLIFPBILI  MOTJIOMEHHS U
YHHTLIBAIOWMME BeIeT H3 obnactd Go (n. 3.3). ®uxciupyem Homep ol-
HOH M3 Tpynm j=j, u ycaoBuMcsi cBoGoAHbi mpober &' naxketa pasbir-
pbIBaTh N0 3aKOHY (26) Aas 9Tofl rpynmbl, Tak 4TO MJIOTHOCTb &' paBHa

. —zhff —Zzjl,
]
p;‘,(x)=2'°e (1—'8 3y 0<x<l‘~f
rie l; — paccrosHue oOT TOuUKH 7; Ko rpanuusl Go MO HampaBJeHNIO
noseTa Qi **), Tak xak vcrunHas AauHa csobojHoro npofera AJds HeHT-
poHa rpynnsl j BHyTpH (o HMeeT IIOTHOCTb
p(x) =3e l—e ), 0<x< Iy

TO, corjacuo (33), HeOGXOAUMO YMHOXHTb KOJHMYECTBO TaKHX HeHATpO-
HOB Ha BECOBOH MHOXKHTENb

. —zhy,
N I S
-

KonuuecTBo HeATPOHOB TPYNNBEl j B NaKeTe IOC/AE CTOJKHOBEHHS Mbl
0603HauNIH wi(‘)' Us unx B ob6macty Gy ocranyTca  Jdlib

(35)

i)
-2,
wj(i) (l —e ‘) HefitpoHoB. C yuetom (35) Hallo CYHTATh, YTO B TOUKY

rigy=r;+§Q; npurerar scero
v; (i +1)=w; (i) @)
HelITPOHOB IPYNNH j, F/le MHOXHTeIb

~— 2l ) ~( == sl
/e

L (i) = (112F) (1 —e

*) MOXHO TakiKe BBIUHC/IHTL BCE BCPOSITHOCTH MOTJIOMIEHNST — Ha-
30BeM HX P’y — UpH yCJIOBMH, 9TO HCIYLICH HEATPOH IPYNNH j, H 3a-
1 m
TeM COCUMTATb BEJHUHHY P4 == P4P1+ « oo+ P3Py

**) Bynem nucatp £’ Ge3 uuleKkca i, 4ToOb He 3arpoMOMXAaThL H3-
JI0XKeHHe HHAEKCAMH.
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B pesysbTaTe CTONKHOBEHHS B TOUKE r; 1 W3 9THX ©; (i+1) Heiit-
POHOB YacTb, a HMEHHO v/.(i-[- 1) (2;/2’) HeHTPOHOB, NOMIOTATCH,

ay(@+1) (E;e /Zi) HeiiTponoB nepefinyt B rpynny Homep k. K3 scero
naketa B FPynny HoOMep k& monanyt

k
w, (i +1)= Zl (2%/2/) vi(i+1)
’=

HelITPOHOB, a KOJIIIYECTBO OI/OLICHHBIX HEATPOHOB PABHO
m

2 (Zafg) e+ 0.

=1
HetpyaHo mposepiiTh, 4TO ecau BBECTH /1-MepPHbIE BEKTOPHI
P={P1soes P} 0(D) = [o (N oers v, (2]
a={3% .... 37} u nuaronansuyio matpuy
Lt (i) 0
L()= : .
0 L™ (i)
TO CXeMy pacuera BeCOB MOXHO 3aMHCaTh B BeKTOPHOH dopme:

w0 =p, 0(i+1)=L()w(),
w(i4+1)=S8Sv(@i+1) (36)

mpu i=0, 1, 2, . . . Ko/nuecTBo NOrJIOMEHHbIX 32 BCIO HCTOPHIO MaKeTa
HeliTPOHOB BHIPAXaeTcsi uepe3 CKajspHble NPOH3BEeAeHUA

n&‘?) = 2 (a, 5(1 —+ l))‘ (37)
=0

B [80] B xauectBe jo BeOupancs HoMmep camoil GwlcTpoft rpyn-
nol: jo=1. BeposATiio, B HEKOTOPLIX Ccryyasix BLITOAHEE B KayecTBe fg
BbiGUpaTh HOMEp caMOH BaxHofi (MM CaMOH  MHOrOYMC/IEHHOI)
rpynnel.

dopMyssl Las pacueTa TPaeKTODHH NakeTa OT KOJHMYeCTBa TIpynn
m ue 3aBiicit. IIpH yBenvueHun m MeHsSeTCS JHIIL Pa3MepHOCTb BeK-
TOpOB u MaTpul B ¢opmynax (36).

CoBceM 7pyrofi MeTod BBelleHWS] BEKTOPHBIX BECOB IJIsl PelleHHA
HHTErpasbHLIX ypaBHeHHl npeiJjoxed B [61],
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§ 4. CratucTHyecKHe Beca M MHTerpajbHbie ypPaBHEHHS

4.1. BeposiTHOCTb p 4 — JuHElHbI (GYHKUHOHAN OT MJIOTHOCTH CTONIK-

nosenuil. [IpeanosoKuM, YTO HCTOUHHK HEATPOHOB, ONHCaHHHI B I 11,
usnyyaer | HeATpOH B eAuHHLy BpeMenu. O6osnauum uepes z(P) mnort-
HOCTb CTOJIKHOBEHHMil 32 e/lMHVIY BpeMeHH B 5-MepHOM (ha30BOM MPOCT-
pauncte (cM. m. 2.1.1) u paccmoTpum ypasHenne (49) ra. 5

2(P)=§ K. (P', P)2(P")dP’ + [ (P). (38)

OGJiacTh MHTerpupoBaHust no P'= (s, Q') B 3TOM ypaBHenuu: no xoop-
LHHaTe r'— Bce NMPOCTPAHCTBO, a Mo Q'— Bce Hampas.Jenus. Japo CTOJK-
HoBeHu#l BbinucaHo Ha cTp. 223, CsoGonuuiil unen f(P) — 3To MIAOTHOCTL
NepBLIX CTONKHOBEHHMH. §IBHOe BbipaxeHnue Aast [(P) mpuseleHO HHXKe

B IL 4.2
Vickoviasi BepOSITHOCTb MOIVIOMIEHNst P4 B o6aactH Go MOxeT OLITb

sanncaia B Qopme CKanfipHOro Npon3BefeHus P, == (2, ¢), rne
$(P) = [2a (N2 (] %6, (1), (39)

a %, (r) — unpukatop obaactn Gy (T. e. %g, =1 npu reG, %g,=0
npu r&Gg). B camom nese,

{zP)y(P)dP =Gj S/ drd z(r, Q)dQ;"

BHyTpelHiifi HHTerpaj mOpencTaBs/seT Co60f IJIOTHOCTbL NOJHOLO KOJi«
gecTBa CTONKHOBEHUM B TOUKe r 3a eAUHHIy BPeMeHH, HJH, 4TO B Ha-
ieM ciyyae OJHO H TO XKe, B pacyeTe Ha ONMH HefiITPOH MCTOUHHKA; yM-
HOXHB 3T0 KoaudectBo Ha (2a/2) dr, NOJIYYHM KOJIHYECTBO IONJIOILe-
HHUll B jeMeHTe dr OKOJNO TOYRHM r, a mpouHTerpuposas no G,, moayunm
KOMHYeCTBO TOrJoweHn# B obaacty Go— TakKe B pacueTe Ha OIMH

HEATPOH YCTOYHIIKA.
4.2. NnotHocTb nepsuix cTonkHoBemwi. OGo3HauuM

o= (r—ro)/l, I=|r—rol.
BeposATHOCTb TOFO, YTO HAMpABJElNHe CKOPOCTH HEATPOHA, HCMYIEHHOro
HCTOYHHKOM, OKaxKeTCs B KOHyCe d® OKOJIO HaNpaB/ieHHs ®©, PaBHA

do/(4n). Janee, paccykpas B TOUHOCTH TaK XKe, kak B M. 2.1.1, nmoay-
qHM, YTO BEPOSTHOCTb IEPBOTO CTOJIKHOBEHHsS B 3jeMeHTe dP okoso

Touku P paBHa
1
- fZa’s
do ¢ dis (@ daQ
f(PydP =77 Di(r)e (® —©) dQ,

”
OTKyJa ciaellyeT (opmy.a

l
j(P):Z-I%;Z(r) exp {-—ofz(ro—l-ms) ds}é(.Q—-m). (40)
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Baxuo nomuepkHyTb, YTO MpHBeleHHu B M. 1.1 anropntm pacuera
Qo ¥ nepBoil TOYKH CTOJKHOBEHHS r; NpeJcTaBjsieT coOoH cnocol- mo-
HennposaHus cayuyafiHohi ToukuM Qo= (r;, Qo) (pa30BOro mpocrpaHcTsa c
naotHoctoio (40). [l1oTHOCTL OKasbiBaeTcss HOPMHPOBAHHOH M3-3a TOrO,
YTO HCTOYHHK Haul €AMHUYHOH MOLLHOCTH:

do ¢ — J Zas
[ierar=§ T [ Jme ¢ afs@—ade=
]

1
d o —j'st d
=Sﬁ4—(£oj‘2(r)e 0 dl = £=I.

PaccmMoTpuM  Temeph  CiyyaliHble TOYKH  CTONKHOBeHHs Q=
= (r;31- ©;) B haszoBoM NpOCTPaHCTBe M BHIACHHM, KaKHE TPAaeKTo-

pur Qo> Q= Qo—. . . COOTBETCTBYIOT pPACCMOTPEHHBIM BbIlIE aJro-
pHTMaM pacuera p 4.

4.3. Umutanua nNpPOXOMJEHHS HEHTPOHOB KAaK METOJ pellieHus HH-
TerpaJpHoro ypaesHenus. Ms n. 4.2 cnepyer, uTo npH peasiHzauMu ajro-
parMa n. 1.1 nuoTHocTh HauasvHoll Touku (p(P) us ra. 5) pasua f(P).
[laotHocTh BeposiTHocTel mepexona (p(P, P') w3 ra. 8) mpu r; =G,

-paBHa
P Qg P)=pg(r;s Qg3 @)1 72F_ (1) 8 (R — ),

‘rne l=|r—r], @0=(r—r)/l. Ecau r; Gy, TO MOKHO CcunTaTh,
9TO TpaeKTOPHs OCTaHaBiHBaeTcs B Touke Q; 1, 1. e. p(Q;_y, P)=

= 8(P—Q_y) n Q= Q;_;. Taknu oGpasom,

P, P")/s(P G,
p(P,P,)={KCT( , )9( ) npu "E (3]
8(P"—P) mpu  r§G,,
npuuem s(Py= Y (r)/ > ().

Ouesuawo, Tpaektopun Qo—> Q= . . ~> (, NPH TaKOM MeToje pac-

weTa NpeiCTaBAsOT COGON TPaeKTOPHH ¢ NOT/olleHHeM THNA Iv BO
pceM npoctpanctse. [Toraouenne (a(P) us ra. 5) pasHO

a(P)= D ()2 (r). (42)

Ipu r&G, MOXKHO CUHTATh, YTO o= Y., Tax uto a(P)=1.
COIZI?CHO ra. 5, n. 3.2 oueHkolt ¢yHkunoHana (P, 2) CAYXKHT Be-
ananna Gy, [F]1 = [F (Qo)/P ()] [¥ (Qy)/a (Qy)]. KoTOpas B Hawem cayuae,

(41)

koraa p(P)=f(P), a P (P) onpenencna popmyaoh (39), pasHa
1, ectn  ry €0,

L= {0

s ecmm ryy &G
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~%
Taxum obpasom, cayuafiwas sennuuna M, 3 n L1 pasua G [f]
u My, = (¢, 2)=p,.

4.4. Beca, 3aMeHsIOlIME PO3LITPLIL NOFNOLEHHS, KAK METOH peute-
HHSl WHTErpajbHOre ypasnenus. Jlerko sugetn, yto asaropitmy mn. 31
COOTBETCTBYIOT TPaeKTOpHH Ge3 mor.owenus (Thna Tw) BO BCEM MPOCT-
paHCTBe, KOTOPble CTPOSITCS MO TOIl e HayaabHOH 11oTHOCTH p(P) =
=f(P) u nnorHoctd BeposTHocTell nepexona (41) Cormacno n. 3.3
(ra. 5), B KauectBe oueHKH (P, 2) MOkHO BuOpath Beanuuny §*[f], Ko-
TOpasi B PacCMaTpIBaeMOM CJyuae 3aluieTcs Kak

0
© .,
= ;‘\i"o Wiv (@)
npHues W; =8(Qu)s(Q) ... s (Qi—1)° Ecau r, ) —neppas  Touxa

TPpacKTOpHH, OKasapllascad BHE Gy, TO ‘lp(Ql) ==0 IpH  Bcex j==v,
v+1, ... TlosToMy CyMMy MOIKHO 3aKOHYHTb UJNEHOM C j==v—I:

v--1
Cifl= X W (2 Crp)/ )]
=0

Conocrasus ¢GopMysasl  Ads W; n U¥[f1 ¢ dopmynann (20) u
(16), HeTpymHO saMeTHTb, uTO B sToM cayuae w; =W;, W) =

=¢g*[[], cnrenosatenbHo, Mng) = (P, 2) =py.

4.5. Beca, yunTbiBalOmHe BbIIET, KaK METOJ PElIeHHN HHTErPaAbHO-
ro ypasHenus. O603Haunm uyepes G oGaactb (ha30BOro MPOCTPAHCTBA,
COCTOSILYIO 113 Takux Touek P=(r, Q), uto re&G,. Tak kax npu P'&G
s11po cToikHOBeHHA K, (P’, P)==0, 1o (n. 3.5 11 5) ypasuenne (38)

MOZKHO 3aMEeHHUTDL ypaBHemleM
z(P) =GS K (P', Pyz(P')dP" + [ (P). (43)

AJII‘OpHTMg n. 3.2 oTBeyaeT HavaabHasi MIOTHOCTL P (P) Toukn Qp==
= (r1, Q) B G raxas, uto

p(P)= (02! [Fo ()/Fy ()] 8 (2 — ),
rae lo— paccrosiHme OT HMCTOMHHMKA ro Z0 rpaHimuLt obaactu G no Ha-
npaBneniio Qo, [=|r—ro|, ®=(r—ro)/l. CpasHusas 310 BupameHne ¢
(40), BuauM, 4TO
p(P)=[(P)/Fo(lo). (44)

Herpyzuo Takxe 3amucaTbh MJIOTHOCTb BeposiTHOCTell mepcxoxa, co-
OTBETCTBYIOILYIO anroputmy m. 3.2: ,
Fi_y() ¢ (Q — o)
P Qi PY=p,(ry Q5 ) F ity ¢ .

CpasuuBas sty ¢opmyay ¢ (7), nonyuns, 4ro
p(P, Py=Kcz (P, P')[h(P, P'), 145)
17 H, M. CoGoas
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rAe, KaK HETPYIAHO BLIUHC/HTD,

25 [0 G |
h(P, P')=m[l—exp l—- ( 2("} (D'S)JSI ,
0

I(r, ®') — paccTosiHiie OT TOUKH r 10 TpaHuub Go MO HaNpPaBJEHINO BeK-
Topa ® == (r'—r)/|r’—r|
B kauecTBe norjomeHusn B 0. 3.2 BbiGupaeTCsl HCTHHHOE NOTJIOILE-
Al \]
Hue: a(P)=Za(r)/Z(r). Takim 06pa3od, paccMAaTPHBAEMONY AJrOPHT-
My COOTBETCTBYIOT Tpaektopus c¢ norsowennem tana T suytpn G.

Coraacio 1. 3.5 r1. 5 B KauecTBe OUEHKH AAS (P, 2) MOKHO BbIO-
paTh BEJHUYHHY

Ty U1=11(Qo)/p W5 [ (Qy)ia (@)1

rae (cm. (16) ra. 5)

. ! K.. (Q,’_.]- Q,) Lo (Oi“l’ Ql)
wi=1l; (©-1) P Qr ) M= ©—1)

a s(P)=1—a(P). 3necb v — nomep Toukn Qy = (ry 1+ Ry). B KOTOPO#
TPAEKTOPHsl 3aKOHUHJIACH NOJIOLCHHEM
Lot §
C yuetom Bmipaxenus fas i(P, P’) moxem samucats W, B suze

Wi =Fi(h)... F; (1)
Ipunss Bo BHHManue dopmyast (39) u (44), noayyuM, 4yTo

Ty [F1 = Fo (lg) Fy(hy) .. Fyy (L)

Hakoucn, cpasHus  GopMyssl Iast W: HZ: [f/1 ¢ dopmynamu
(28) u (29), ysummm, uro w;=F, ()W, v 2D =T, [
CrienoBaTesbHO,

MY = (§, 2) = p 4.

4.6. Beca, 3amcHAOWMe DPO3BITPHI NOIVIOLIEHHS M YUHTHIBAIOUIHE
BbLIET, KAK METOJ PEUIEHHs] MHTerpaibHoro ypaeenus. CHoBa paccmort-
pum ypaBHenue (43) Buytpn G. Aaroputmy n. 3.3 oTBEyaeT Ta XKe Ha-
YajibHas MIOTHOCTL (44) 11 Ta JKe IJIOTHOCTb BEepOSITHOCTEl nepexona
(45). OnHako COOTBRTCTBYIOWME TPaeKTOpPHH B ()a30BOM MNPOCTPAHCTBE
npeAcTaBasioT coGoit Tpaektopuu tuna 7., 6e3 norsouwieHus. das oueH-

KH CKassipHoro npouzseflenus (P, 2) ucmonbsyem ouesky &*[f] us ra. 5:

* Xa (ri-H)
AT

P UT=Foll) X ¥4 (Q) = X Foll) W
=0 =0
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OLlHaI(O, B OTJIYMe OT lipeAbl nymero nyHKTa, 31eCb

i . +

| | Ker (Q—10 Q) n/ @1 Q nZ:(r)F ’

P —_—A A . 1 .

T P ) T Q-1 @) = 3 0) i ()
= j=

CpaBHuBas nocieille ase (popvuynu c (31) u (30), HerpyaHo 3a-
METHTB, 4To U; ,H:\l/ Fo(ly) m nA —Z;*[f] Cuie 10BaTEALHO,

3
Mn( ) — = (b, 2) =py.

47 Beca n. 3.3 npu pemenun ypasneuns [Maitepaca. B n. 1.2 u3-
JIOXKeHA CXeMa pacdeTa KPHTHUHOCTH 10 noKoJeHinsm OJHaKO MOXHO
PacCINTLIBATL KPHTHYHOCTb TaKKe NO BpeMeHH, CPaBHHBAf KOJHYECTBA
nefitpono B Go vepes 3ajanuble npomexyTkd spemen [118] mam wo
npoberayM, cpaBHHBas KoJnuccTsa HeHTpoHoB B (o nocsie KaKAoOro npo-
Ocra BCeX HCHTPOHOB.

Herpyano nokasaTh, 4TO UuMC/AGHHLIE METON peLUeHHs ypaBHCHHT
MMakiepsica, ucnonp3oBanHbfi B 1. 4.4 r1 5, MOXKHO HHTEPNPETHPOBATH
KaK pacyer no npoGeram ¢ ncrionib3oBaHHeM BecoB n. 3.3. B camom 1e-
Je, nycTb Ha j-w mare B G, okasanocb N HEHTPOHOB, OAHH H3 KOTO-
puIX — HeTPOH HOMeD §— DACTIONOKEH B TOuKe r; M nmeeT Bec H;

(nHaeke § Mbl omyckaeM). PasnirpaeM cayuailHoe HampaBieHHE CKOpO-
CTH 9TOrO HEHTPOHa W; U HafileM paccTosiHHe N0 TrpaHHUbl Wapa no

—al .
sromy Hanpasnennio [;. Toraa, cornacro m. 3.3, Oie i uciitponos
BLLICTSIT U3 1UApa, H CTOJNKHOBCHHE B TOUKE £, j HCTLITAIOT  BCEro

. —al .
6;F; uefiTpoHOB, rie Fi=1—c¢ I, Uz unx 0;F; (31 />)  mefitpo-
. ) -
HOB HCMBITAIOT paccesHiue, a O,F, (Zf/Z) BLI3OBYT LeJieHlis, B e

syabTate KOTOpHX noayuntes scero  VO;F, (Z;/Z) HelitponoB. Bee-
To B TOUKe r; . TOCJE CTOJIKHOBEHHS OKaKeTCs

011 =8;F; (3/3) + 6;F; (vIy/3) = 0,F; (B/er)

Heli1poHoB. dTa ¢Qopmysa coBnalaeT ¢ COOTBCTCTBYMOLLEH (bop'uv.*loﬁ
n. 44.1 ra. 5. Jlerko Tamxe npoaepm‘b 4TO OTHOLIGHHE KOJIMYECTB HeilT-

posos B Gy, paBHoe 219 2,1 87.41,¢ | coBManaer c A,
s = s=
VnpaxHenus K raase 6

1. 3anucatb (opvyal Aas pacueTa MeTOAOM I 222 ¢B00OHOr0
npoSera  HefiTpona B MHOrOCJOHHOM wape rP<R? W+ B KOTOpOM

Sz, npn BRI <P <Rp Ry=0, Ry <Ry < ..o <Ky,

2. 3anucats Qopuyabt AAa pacueta kyqp onNOPOAHOTO Wapa r2<<R?
metcmom n 12, Tliotnocsb HCATPOHOB nCPBOrO  [OKOJEHHSI CYHTATH

Vi
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TPONOPLIIOHANbHOM 1—(r/R)? npeanonarath,*uro v=2,5, a kypq Onu-
30K K | ¥).

3. 3anucathb Qopryay Aaa pacyeta k,gq OLHOPOLHOrO luapa H3
yupaxiiieHns 2 Me10J0M NoKoJeHIli ¢ noMolbio Becos n 3.3.

4 JlokasaTb, 4To NJOTHOCTH (44) n (45) HOPMUPOBAHHI.

5 Ha ypasHenns (43) BomBectn ypasHenie [Ilafiepaca npas mior-
10CTH HEATPOHOB 1 (r) B KpHThRYeckoll obaactu Go

’ ( l _
n(r)= if_[rlz) exp{— ( 2 (r -+ ws)ds) n(r')dr’,
G, 0

rae [=|r"—r|.

YxasaHue. B kputuueckom cuaydae f(P) Buipamaercs uepes
z(P) npu momomH  HHTErpa’bHOTrO  NIpcoGpasoBaHHs € AAPOM
[v ') Y ") (r’)J Kgo (P’, P). [la1oTHOCTL n(r) TakiKe BBIPAaXKAeTCs
uepes 2(P), Tak Kak 2 (r)n(r) = §z(P)dQ‘

*) Ecan kypgp CHABHO OT/INUAETCS OT eldMuHUBl, To #; J160 GblcT-
po oGpawaercs B Hyab, 6o nepenoanser Hakonuteab 3BM. [puxo-
JHTCS HCKYCCTBEHHO HOHOJAHATH .11 PasPeXuBaTh [EKOTOPble TOKOJE-
HHUSE, W [CNONb30BATL HOPMHPOBKY uHC/1a HeATPOHOB.



F'TABA 7

HECJIYYAWUHDBIE TOYKU B AJATOPUTMAX
MOHTE-KAPJIO

B 3Toil r.1ase paccMaTpUBAlOTCs TOJALKO TaKHe METOLLI
Mosnre-Kapiso, B KOTOpBIX BbiGOpOUHbBIC Cpelilie HCMOJb3Y-
I0TCS 1A OLEeHKH MaTteMaTtHuecKux oxkupauuil. Cioga oTHO-
cATCA KaK METOJb! BbIUICJEHUS HHTErpajoB, TaK H METO.
pacuera BeJHYMH, BbipaGaThIBAEMBIX B XOIE MOIENHPOBi-
HHUS1 €CTECTBEHHBIX IPOLECCOB: Hanpumep, popmyaa (8) ra. b

N
(W, KIq) 5 3 65 (1) (n

s=1

unn gopmyaa (1) ra. 6
N
1
pAzN‘ZI (']A)s' (2)

Jna 3THX METOJO0B MOXKHO YKasaTh OecKOHeuHLle MHU-
JKecTBa 3aBeLOMO He CJYYafiHblX uiced, KOTOpble rapaHThs
PYIOT CXOAMMOCTH COOTBETCTBYIOLIHX aaroputmos Moiire-
Kap/io He MO BepOSATHOCTH, @ B OGLIYHOM CMbICJE,— ecH
[ICIOJIb30BaTh 3TH YHC/Ia BMecTo caydaiiubiX. Takue uucaa
yacTo Has3blBaIOT KBasuciyuaiinoimu. OUeBHIHO, JOCTATOUIIO
GoJIblIHe TPYNIbl KBA3HCAYyYaiHbX YHCEeJM B KAKOM-TO CMbIC-
Jie YIOBJETBOPSIOT ONpele]eHHIo MCEeBAOCAVUAAHDIX 4YHCelI,
npupesesnomy Ha crp. 17. (Ecan mposepatb Takie uucia
¢ momompio TectoB § 3 1. [, TO yacTo pes3y/bTarThl OKasbl-
BaloTCA CJAMLIKOM XOpPOLIIMA, Hanpumep P>>0,9999).

Mcnonbp3oBaHWe TaKHX YMCeN B pacuyeTax HAMCET CBOH
MuHychl # cBod mmockl. C onHO# CTODOHBI, BCPOATHAT
omnGKa nepecraer GbITb XaPAaKTEPHCTHKOI MOPAAKa OUIHD-
KM, 4licia DpUCOAILI Jlilb AJs ONDCIEICHIbIX  K/accon
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3ajlau M JOJKHB  HCIOJAb30BATLCA B ONpeneeHiioM
nopsiike.

C npyroit —rapaHTHpoBalia CXOZHMOCTb BbIYHUCJEHHI,
He HYKHBl CTaTHCTHYECKHE TCCTHl 1i, CaMoe TIJaBHoe,— BO
MHOTHX 3alauax ynaercss Ao6HTLCs 6oJiee OBLICTPOH CXOmdA-

moctu: BMecTo 1/} N110psilok ownoki 0KasbiBaeTCs paBHbIM
1/N'-¢ (rme ¢>0 kak yroxio mano). Ilpene6Gperaib Takum
BbIHNTPBILLIEM HeJb3s!

OTHOLIeHHe CHENHaMUCTOB K KBasicaydalHLIM YHCJAaM DasjauuHoe:
OIHH CYUTAIOT, UTO TOJBLKO Ha TAKOM TYyTH MOXKHO CTporo oGOocHOBAaTb
meToas Monte-Kap/io; Apyrie CUMTaioT, 4TO TaKof MOLXOX YIHUTOMKA-
et metoanl Monte-Kapao... ([70, 130, 183]). Oanaxko Bce anropHTMH,
H3iOKEHHBIE B Tl 2—6 KHHUCH, COXPAHSIOT CBOIO CUJY HE3aBHCHMO OT
TOro, Kakue NCeBAOCAYdYafiHble YHc/Ia NPeANojaraeTcsi HCNoab30BaTh.
Tak uto roBopuTb 0 rubesu Meronos Moute-Kapao Bpsd Ju cTOUT.

MoxHO He COMHeBaThCs, YTO M AJSl APYrHX MeToJoB MouTe-Kap.io
(Hanpumep, CBSI3aHHBIX C PAcYeTOM CPeJHHX 110 OJHOH 3projnuHofi Tpa-
exTOpill) OyAyT HalfeHH NOCTaTOuHO YAoOHLIe KBasucaydalfiivie uucia.

§ 1. KoHcTpyKTHBHAs pa3dMepHOCTH
aaroputmos Monre-Kapao

Tak xe kak-B Iil. 3, n. 2.4, ycJOBHMCS IOBOPHTb, UYTO
3agan Meton Moute-KapJao nss pacuera HeKOTOpPOH cKasan-
HOIl BeJMUUYIIHBl @, €cJqM yKasaHa Takasl cJyuafiHas Beauul-
Ha 1), 4YTO ee MaTeMaTHYeCKOe OXKHAaHHEe paBHO a:

Mn=a, (3)
M OUEHKOH /1 @ CHYXKUT cpefiHee apH(MeTHYECKOoe

AI
a= /—\;%’I i 4)
31€Chb M1, +. ., Ny — HE3ABHCHMblE 3HAUEHHS ).

Onnako ¢opmyna (4) He onpefensieT aaropirMa pacue-
Ta, TaK KAK 3HAUeHus OAHON H TOH Ke caydailHoil Bejauur-
Hbl 1) MOXKHO BBIYHCJIUTL PasjUuHbIME crioco6amu (ra. 2).
Tak xe kak B m. 2.4 1. 3, ycJOBUMCSI TOBOPHTb, YTO 3aaal
aszopurm Monte-Kapao pasi pacuera BeJHUHHBI @, ecnu,
kpome GopmyJnl (4), 3anana gopmyaa

n=® O, ..., ™, ), (5)

BLIpAXApOLIAsl HYJKHYIO HaM BeJMYMHY 1 dYepe3 He3aBHCHU-
Mbie caynuafiapie unea,
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Takum o6pasom, ¢dopmyan (1) wu (2) onpenensior
Anib Metoasl Mounte-Kapao ans pacuera sennunn (¢, Kigy
H Pa. A COOTBETCTBYIOLIHE MM aArOPHTMBI GYAYT 3aldaHbl
TOIBKO TOTAA, Korfa Oymyt 3anucanbl Gopmyan Ads
MOZeNHPOBAaHHs BCeX BXOAALMX B onpelenende O;[¢] u
Ma BEJHYHH NPH MOMOLIH CAYYaRHbIX 4HCeN Y.

1.1. Anroputmbl C KOHEUHOHl KOHCTPYKTHBHOI pasmep-
HOCTbIO.

Oupenenenne. Ecau ¢Qyuxuus @ 3aBUCHT OT 1
apryMeHToB

D=0y, ... y™),

TO Mbl CKA/KeM, YTO KOHCTPYKTUBHASL PA3MEPHOCTL (K. P.)
aaropnrma (4)—(5) pasna n.

B aroM cayuae mas peanmzaiin {-ro «HCHBITAHHSA» 10-
CTaTOYHO BLIOPATh 7 CAyudallHbIA uHCe] Yo B
YHCJAUTB N0 HUM CJaydaiiHoe 3Hauelile

n, =@ (v, ., 9).

KoHeuHO, MOXKeET CAYUHTbCSH, 4TO NPH KAKHX-TO KOHKPETHbiX
3HayellnsaX apryMeHToB ¢yHKuiS @ 3aBHCHT He OT BCeX
v, ™. Tak uTO KOHCTPYKTHBHAs Pa3MEPHOCTb N —
9TO MaKCHUMaJbHOE KOJHYECTBO CJAYYaHHBIX uyuCeJ, KOTopse
MOJKCT MOHAaZO6GHTbCA AJA peafdi3alyH OJHOTO HCHBITAIIA,

Tax Kak Ka)kaast H3 He3aBUCHMBIX Beauuud YV,..., y™
paBHOMepHO pacnpepeneda B nHtepsadae (0, 1),To ¢yHKuus
®(yy,..., y») onpeneseHa B eJHHHYHOM n-MepHOM Kybe

[("::: {O<y1<l, ceey O<yn< 1}’

y cayuainas touka I'==(yV,..., @) paBHoMepHO pac-
npepeneda B K" nuoTHocTb ee pr(yi, ..., Y.)=1 npa
(y1,..., Ya)=K*. CaenopaTenbno, HCKOMas BeauunHa 1
MOXeT GHITb 3arncana B (opMe n-MEpHOTO HHTerpaja
no K»:
2 p
a=Mn=Mo()= | O’u @y, ooy dyy . dys. (6)
u
Mbl npuxomnM K caelyoideit obuielt HHTepHpeTaunu
anroputMoB MoHTe-Kapsio: ec/H KOHCTPYKTHBHAs DpasMcp-
HOCTb ajJroputMa paBHa n (K. p.==n), TO 3TOT aJrOpPUTM
npeAcTasiser coGoil npno.lizKennblii MeToA  BLIMICJAEHHA
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n-mepHoro HHTerpana (6) mo cayyafiHeiM ToukaMm [==
=(y{M ..., v{™), paBHOMepHO pacnpenenedHbiM B K*  °

N
[®P)dP~ 53 (). )
Kn i=1
3ech U HUXKe AJ KPAaTKOCTH MCTIOMAB3YCTCA 3alflch
1 1
foPydP=|...| Oy, ... y)dy, ...dy,.
K" 0 0
®opmyaa (7) paBHocuabHa Gopmyaam (4) u (5).
I1puMep. BuiuncisieTcss ORHOKpaTHLIN HHTErpal

b
1={f@p () dr, 9
a

rae p(x) — NJIOTHOCTb BePOSiTHOCTEH HEKOTOPON caydaiHOM BesnylHE
&, onpepeseniofi B HHTepBaJde a<<X¥<{ b, ¢ NOMOULbIO NpOCTefillero Me-
Tola Monte-Kapao

1 N

=1
Ecmi cayualinyio Bennyuuy & MOZeaNPOBaTb METONOM O6paTHbIX (YHK-
unit (n. 1.4 ra. 2), to E=G(y). @yuxuna G(y) 3To obpaTHas pyHKIHA
X

no oTHolueHuio Kk y=F(x), rme F (x) = ‘(p (¢)dt. 3amena y=F(x)
a
npeobpasyer uurerpaa (8) x sHay

1
I=[7(Gy)dy.
0

Ouesnano, B 3ToM ciyyae ®=f(G(y)) n x p pasna .

Oxanako, BooGlie rOBOPSI, JJIsi MOIEMIPOBAHHS & MOKHO ICMNOMb30«
BaThb Kakylo-HuOGynb ¢opmyay suga E=g(yi, ... ,V,) (§ 4 ra 2),
Coraacho (25) ra. 2 (cp. cHOCKy Ha cTp. 52) B 3TOM cayuae

1 1
p(x)=j’ v (8 (x—g @y oer g, dyr L. dy,.
0 0

MNoncraBuB 10 paBeHCTBO B (8) M MOMEHSIB MOPSILOK HHTErpupoBa-
Hufl — criepBa No X, a NOTOM 1O Yy, ..., Y, — NOAYYHM, UTO

1 1
1=£ ...ojf(g(yl, veos 9)) dyy .. dy,.

Takum obpasoM, B 3ToMm caysae O=f(g(yy, ..., y,)) ¥ k. p. pas-
Ha n,
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1.2. Anroputm ¢ GeckoHeuHO#l KOHCTPYKTHBHON pasmep-
HOCTbI0. Takue a/JropuTMbl BCTpeyarTCs JOBOJBHO YacToO
npH Mojenuposanuy usudeckux 3agau. Hanpumep, B 3ana-
ye O momvoweHHH He#dTporos (ra. 6, m. 1.1) Tpaexropus
HCHATPOHA MOMXKeT (TEOPETHYECKH) COCTOSITb M3 CKOJb YTol-
110 60JbIIOro YHCJAa 3BEHLEB, TaK YTO HeJab3s yKa3aTh 3apa-
liee, cKoabko 3nadernit YV, .., 4 . pnonago6uTcs lian
A5l peanuzally TakKoON TPAeKTOPHH.

AnropuTMmbl ¢ K. p., pPaBHOil oo, moJyualoTcsl TaKikKe MpH
MOJAEC/NHPOBAHHM CJAyYaHHbIX BeJHYHII MeToHaMH oT6opa
(ra. 2, § 5), Korma KOJUUECTBO 3HAYENHil Y, HCMOJIL3YEMbIX
I/ peaju3allud OJHOTO 3HauelHs 1, cayvaino u (TeopeTH-
YyeCKH) MOJKET 0Ka3aTbCsl CKOJb YTOAHO GOJBIIHM.

ITpumep. Paccmorpnm cnosa suunctenne uxrterpata (8). [pex-
NONOXKIM, UTO p(X) <<c ¥ 3HaveHus § BblulcasioTcs MeTodoM llcfiMana
(rn. 2, m. 53):

E=a+ (b—a)y, ccan oy’ <p(at (b—a)y);
ecJin nocneagHee HEPAaBeHCTBO HC BBITIOTHCHO, TO napa Cle‘{aflllle qHCCO

(v, v') ot6pacbiBaercs 1 BLiGIpacTCs HOBas napa.
Herpyano nposepuTs, 4TO B 3TOM Caydae

By L),

§=g(v(l)’ ?(l)" oY

’ « ’
rie QyaruH & (Y1» Yys +ov» Yo Yp s +--) ONDEHENSETCH CJEAYIOUINAIT
YCJIOBHAMH:

ecay cy; > p(g)s -ees cy;e_l = p(gr_1)»

Ho ¢y, <p(g), TO g=gp

rae (Aas KPaTKOCTH) Mbl OGO3HAUH/IH ), BeTUYHHY
a+(b—a) yg$

k=1, 2, ... (KoueuHo, npu JKejaHIH MOXXHO BBECTH eJHHYIO Hy:mepa-

uuio TnepeMeHHbix). ¥ B 3TOM caydae O=f(g), TaK uTO K.p.=o00.
Samumenm (hopmanabHO; CTpOroe ornpeaenenne umeerca B [82]) un-

Terpan fo GCCKOHEYHOMEPHOMY —eLHHuuiioMy Ky6y, B KOTOPOM Bce

0< yp<l, 0y, <1

1 1
lo={ g o[ Q) dyydy; ... dy,dyy
Y
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u noxkaxkeM, uTo Jo==1. lasa sToro npeacrasim /o B BUAe GeCKOHEuHOI
CYMMbl HHTErpanos no o061acTaM, B KOTOPbIX &= gp*

p (1) n(gz)
17 ¢ . 11 ,
=[ [ /@dndy + [ | dmy y 1(g2) dyadyy + ...
0 0 0 p gy 0

¢

1 1 ,] 1 )
et dy,dy | [ dysdy, ...

0 p(g) 0p (g,
c c
p(g)
1 1 ’ 1 ck
T gy, { [ 1(g) dypdyy + ...
0p (g, ) 0 g

o

31ech KamAbli H3 HHTCIPAJIOB BlLd

p(g,)

]

{ f 7(gy) dyp dyy = (1 (a4 (b= ) y) = p(a+ (b — a) ) dy
0

JOTKO  BBIYICIACTCS € [OMOWDIO 3aMelnl X=a-(b—a) y, u pascH

1
= lm)pmm-a/

rae 3 —3ddexTHBHOCTL Mer04a Ilefinana A KaXAnfi H3 «HAPYKHBIX»
HHTErpanoB paBcH

1 1 1
{ [ dydy = '[[1 Lt o—0y) ]dyk =1—a.
0 p(gy 0 ¢
c
Cae/l0BaTenbo,

I, = \‘(x—a)k-‘ sl =1,
o]

Peanusanns anroputmoB Monrte-Kapao ¢ k. p.=oco Ha
NpaKkTHKe 3aTPyJHEHHH He BBHI3BIBAET, €CJH MPEe.IoJarathb,
YTO B pacyere HCNOJB3YIOTCS HACTOsILHE» caydailHbie yuc-
Ja y. MHorpa xaxkjoe HCnblTaHue AOBOAAT JO KOHLA, H KO-
JIYECTBO HCIOJNb30BAHHBIX CJIYyYailHBIX YMCesJ OKa3biBaercs
KOHEYHHM (XOTs u caydafineim). MHorga pacuer ucnbitaiius
npekpallaoT nocjae BLINOJIelHs HekoToporo ycaosus. Ha-
npuMep, NpH pellelllld HHTErpa/jbHOrO ypaBHeHHs MOXKHO
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OTPaNHYATLCS KOHEUILIM ((PHKCIPOBANIILIN) YHCIOM YJi2HOB
psla [eiimana, a npu ucnosbsosauniiy ajroputva m. 3.3
r1. 6 yuecTb yc/aoBue 06phiBa w,<Ce. B 3Toll cHTyauul Mbl
10 CyllecTBY annpoOKCHMHpyeM aAropHTM C K. p.==00 a.1r0-
PUTMOM ¢ K. p.==1l. BeqnunHa ny saBucHT OT HONYCTHMOIl
NOrPEeIIHOCTH pacyeTa H MOXKeT 3aBHCETb OT OOILEro KoJlI-
uecTBa UCMbITaHHi N MM Jawme OT KONKPETHHX 3liauentiil
Y, HCMOJb30BaHHBIX BO BpeMs pacyera. [ToaTomy ouenxa g
HHOTlAa BeCbMa 3aTPYAHHTENbIIA.

3Hauernne K. p. HrpaeT BaxHYIO POJib, KOTAa Mbl B Katc-
CTBE CAyYafilibix 311a4eHuH Y XOTHM MCNO/Ib30BaTh liccy iali-
Hble (1eTepMHHUpOBAHIIBIE) glicaa. B aToM cayuae anroputy
C PasaHYNBIMH K. p. IPUXOLHTCA PacCMaTPHBAThb OTAE/hHO.

§ 2. n-mepHble nceBROCHyUAiiHbIE TOUKH

2.1. PaBHomepHO pacnpepelieHHble NOCJAES0BATENHHOCTH.
Paccmotpun  npousBoabhbiii  atropura  Monte-Kapio ¢
K. D.==7 H COOTBeTCTBYIOILyI0 eMy ¢yukunio @ (41, ..., Ya.).
Kak mbl Bugean B m. 1.1, 3T0T airopuT™ CBOANT pelraemyio
3ajauy K BbluncJeHuto nurerpana (7).

EcrecTBeHIIO MOCTaBUTbL BONPOC: HEAb3ST JH YKasaTb He-
CayuailHyIo NOoC/eroBaTeNblioCTh Touek Py, ..., P; ... u3 K*
TaKyio, UTo

N
[ ®(P)dP = tim + X (P) 9)
n N->o =1
K
st Bcex dyukuuii @ 13 10CTaTOUNO LWIMPOKOro Kaacca?
Onpenenenune. IlocnenosarenbHocTh TOUEK Py, ...
..., Py, ... HasuiBaetca pasuonepro pacnpedeaenroti 8 K,
ccan cooTnoweHHe (9) crnpaBeAauBo AJAs JM1000ii QYHKILI
®(yi, ..., Ya), unrerpupyemoil B K* no Pumany #).
[MonsTue ato Gulno BBegeno B 1916 r. I'. Bedem [182],
KOTOpLIIT MOCTPOMJ TaK:Ke NMpUMepL PaBHOMEPHO paclpe/ic-
JeHUBIX N0CJaeJ0BaTe/bIoCTel.

*) Hanomuum, ulo nuterpan Pumana onpenensieTcs TOMbKO A1 Or-
paHHUeHHbIX (DYHKULIH, .
Onnako aBTOp KHIITH HCHARHO JAOKa3al, 4To ecau BLiGpain Py = Q;
(cm. 1. 2.4.2), To dopmyna (9) cnpasemnnsa Takxe nst Qyuxuin @ (P)
¢ mo6biMu  CTeneuHbIMi  oco0enHocTsnM - Buna y; o ... y;ﬁ”, rac

Bi<l,...,Ba<l (o Hoxa Al CCCP 210, Ne 2, 1573 1., 278— 281).
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Conocrasaeuue ¢opyya (9) n (7) moxasbiBaeT, 4To L15
peanusann aaropuTmoB Monte-Kapiao ¢ x.p.=n MOKHKO
NIONBITATbCsI BMECTO CAydalHbiX ToueK I'; Hcnonb3oBaTh TOY-
KH PaBHOMCPNO pacnpeneseHHOll Mocjae10BaTeabHOCTH P;.
Jlsis 3TOTO HAZO MpH peanu3auuu i-ro «HCNLITAHUA» BMECTO
cayuafiupix uncea P, ..., ¥{" Henob30BaTL NEKapTOBbLI

KOODIUHATBL Yi 1» o+., Yi» TOUKH P, Cootnowenue (9) ra-
paHTHPYeT CXOOMMOCTb Takoro cmocodba BblYHCAeNHH 119
OOJILIIMHCTBA BCTPEYAIOIHXCA [fa TNPAKTHKE aJrOpPHTMOB.

Jlerko sameTuThb, uTO paBeHcTBO (9) e napyulaeTcd, ecau
H3MEeHHTh B HOCJedoBaTedbHocTH Py, ..., P, ... Jawdoe
KOHeuyHoe 4uca0 TodeK. OHAKO CXOLHMOCTb CPepHHX K Iipe-
Jlelly MOXKeT NIpH 3TOM OdeHb 3ameannTtbes. [Toatomy namexo
1le Ka)KAyi0 paBHOMEPIIO pachmpefeneHIyio NocaeJ0BaTeIb-
110CTb Pa3yMHO MCNOJB30BaTh Ha NMPaKTIIKe B KauecTBe MCeB-
Jdocayyaitneix Toyek. Cpeay BceX paBIIOMEPHO pacnpejeneH-
IBIX NQC/JAef0BaTeJbHOCTEll CJefyeT OTOOpaTbh B IIEKOTOPOM
cMbicae (cM. HuxKe n. 2.2) «xopowues. OTbICKaHHe TaKiX
nocaenoBaTeNbHOCTe#l OOBIYHO HATANKHBAGTCA Ha CepbeslLie
TPYXHOCTH.

Hanpnwmep, eme . Befins nokasan, uto Jio6ble MocaefoBaTe bHO-
CTH TOUEK € JI€KapTUBHIMU KOOPAHMHATAMH

Py=(I(i8), ... A(i0,)), i=12 ...,

rae O, ..., 0, —aareGpanuecku He3aBHCHMble HPPALIOHAMbHBIE YliC-
> = - PO 1
0 . . .
° . .
L] * : .
. . . . . . * .
. . s "
. .
. .
L] .
. .
. A . .
L . . .
7 /50 ) 7@l V)
a 8 4) :
Puc. 67.

na, paBHOMCpHO pacnpeienenst B K™ . Ho Hu ofHOrO «xopollero» Ha-
Gopa 0,, ..., 0, npu n>2 no cux nop He uspecrno. (Ha puc. 67, a
1306paxenbl TOUKH Py, ..., Pig B KBAaApaTe, NOJAyueHHble npn ;=
V272, 8,=713/2.)
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2.2. TeomeTpuyeckast XxapakTepucTuKa PaBHOMEPHO pac-
npeje/ieHHbiX nocsienosateabHocreii. OGosnaunm uepes G
NPOU3BOJIbHYIO n-MEpPHYIO 06sactb, TplHagIexauyo K-,
a uepes Vg—ee obOmem (n-mepubiit). OGo3zaunM uepes
Sy (G) — xoauuecTBO TOYeK ¢ nomepamu |<Ti<KN mpuuan-
aexxamux G. ;

Teopewa (I'. Beiinb). Aaa toeo urtodo. nocaedosa-
TeAbHOCTL TOUeKk Py, ... | Py ... Obiaa pasnoyepro pacnpe-
denennoii 8 K*, neob6xoouso u docrarouno, 4robol OAA AtO-
boi obaactu G

lerim [Sy (G)/N) = Vg. (10)

Orciona Buano, uto npn Gosabliux N KOJHYECTBO TOUEK,
npuuame:xkamux G, cpean touek Py, ..., Py, npubausi-
TeNbHO NPONOPLUHOHANbBIO 06beMy V.

Paccmorpum cayuaiinyio Touky I', pasnomeptio pacnpefe-
Jennyio B K*, u N ee Hesaucumbix peannsanuii I', ..., Tw.
Tax kak BepostHocTs P{I'e=G} =V;, o cxoaumocts yacro-
THl NONafanus 3THX peanusailiil 8 G K BeposITHOCTH monajaa-
iU 03HAuaeT, YTo

: P
S\ (G)'N]--Va.

Cpagnenne 3toil popuyast ¢ (10) cHoBa noxaseiBacT, 4TO
TOYKH paBIOMEPIO pacnpeliefleiHofl  Mocaef0BaTeIbHOCTI
SIBASIIOTCS  aHaJOraMp He3aBHCHMBIX
peanusatii cayuaiioii Toukn T.

Mul yixe orTmeuaan, uTo He BCe
paBHOMepII0 pacnpefiefeniibe nocae- r
IOBATEJIbHOCTH  OJIHHAKOBO  XOPOLIO
pacnpefenenbl. OuennTsh <«paBHOMED- n,
110CTb» pacnpefeseliust MOXHO Npy no-
AOILH BEJAHUIHBI, 11a3bIBaeMONl OTKJO-
nenneM. Utobbl onpenenuth ee, Bbibe-
peM B K* mnponsBoabuyio Touky P 7
n o6osnaunm uepes I, mapanienen- Puc 68,
nex ¢ amaronaasio OP u co cropo-
laMH, Napanje.LHbIMI KOOPAHHATHBIM ocam (pre. 68).

Orkaonenuesn rpynnbl Touek Py, ..., Py HaspiBaercs se-
Jauunna

"

7

1

Dy = sup |Sx (1) — NV |- (11)

Per"
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Caenyioliasi TeopeMa JIerko BbiTekaeT 3 pador . Beiina:
Teopema,. s 1020 uroboL n0c2ed06aTEALHOCTL TOUCK
I «vv, Py, .o Bviaa pasrosepro pacnpedeaennot 8 K,
Heobxodumo u 8ocTarouno, urodbl
lim (Dy/N) = 0.
N-—>oo
OueBuzHO, yeM GbicTpee y6biBaer orthouciine Dy/N, Ten
Gosiee paBHOMEPHO pacnpele/eHa MOCAe0BATENbHOCTD ).
MOoxHO 10Ka3aTh, uTo 1/2<IDy<C{N, Ho liesicHO, KaKoB
Hauayumyi nopspox pocra Dy npu N —oco. B macrosmee
BpeMsi H3BECTHb JHIIb JBa KJacca [0CJeL0BaTeIbHOCTCI
touek B K", 1151 KOTOpbIX npu Bcex N

Dy=0 (In"N). (12)
Sto nocaegoBateabHocty Xoarona u Jll;-mocnenosarenbuo-

* *
cru. Tlpumepn Takux nocaenoBartesnbHocTell — P; H Qi —
npuBefiensl Huke B 0. 2.4. CylllecTBYIOT JIH 10C/A€I0BaTe/ b-
HOCTH, a5l KoTopbix Dy==0(/n"N) npu Bcex N HeH3BECTHO.

* *
Onanako ans touek Q; , ...,Qy npu N=2" oTk/IoHeHue
paBno Dy=0(In""'N).
B xunre [82] nsysaeTcs Apyras KOJHUCCTBEHHAS XapaKTCPHCTHKA
pacnonoxkenlis rpyrosl Touek Py, . .., Py, HasbiBaeMas HepasHomep-
HOCTOI0 @, = P (P1, o+« , Py). [lns Hee cnpaBedJiBa Teopema, aua-

JIOrHYHas npeiwifyiuen: 04s T020 4TO0bL NOCAeG0BATEALHOCTL TOUEK
Py, ..., PyGoa pasnomepno pacnpedesentoi 8 K", neo6xodumo u

docrarouno, urobnr lim (@ /N)=0.
N—>oo

MoxHo nokasatb, uto 1<< @ <<N. IMosTomy HauGoaee paBHOMEp-

10 pacnpefieniellibIMH CJefyeT CUMTaTh Taklie NOCAeAOBaTeAbHOCTH, Me-
PaBHOMEpHOCTI KOTOPBIX Npl Bcex N orpannuensl. CpeiH H3BECTHbIX B
nacrosiee Epemsl nocjaesoBaTenbHocTedr Touek B K™auwb JIIT -nocne-

Z0oBaTeIbHOCTH 061aJal0T 3THM CBOMCTBOM:
* *
P Q1+« QN) <O (n,7). (13)

Hns nocienosartenbHocTeli XoJATOHA TO.aydYeHa TOaLKO Gosee caaban
oOlueHKa: @4 — O (In"N),

*) B snuTepaTypce 4aco OT/IOHeHNeM HasbiBaloT oTHollenue Dy /N,
TaK KaKk 3TO €CTb BepPXHSS TIpalb OTKJIOHCINIA 3MMIPHYecKoil (yHKUHIL
pacnpenenenns Sy (T15)/N Touek Py, ..., Py  OT TeopeTHueckoil (hyHK-
unn pacnpegesnennsi cayyaiinofi toukn I, xoTopas B Touke P pasHa
Vnp. Cp. Takike ynpaxuenne 8 ru, 1.
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2.3. Yckopenune cxonumoctn. Gopmyna (9) cnpasennnsa
Ans BCeX HITerpupyemMuix no Pumany oyuxuuit © (41,..., ¥»).
Ecan paccmorpers Gonee yskue kJaacChl (yHKLHH, TO BO3-
MOXKHbI OUEHKH TOrpelHocTy 3Toit gopmynas. Hampumep,
HEPAaBEHCTBO

N
[O@P)dP— L So@) <c@® (14

K N i=]
rae ¢(®) un or N, uin ot Touex P; 1le 3aBUCHT, CIpaBedaHBO
A qobux Py, ..., Py v nas Beex oyuxiuni © (yy, ..., y.),
KOTOpLIe HeNpepLIBlbL i urpaniuelinl B K, BMECTE CO CBOHMII
YaCTHLIMHM NPOU3BOAULIMY, colepskaliumil e Gojee OMIIOTO
avdgepenuuposating no Kaxioi ncpemensoil. (Bece atH
IPOH3BOJMLIE MOXKIO 3anucats Gopayaoil 0"®/dy;, ... 0Y;,,
rie 1<<j <<jo<< ... <<j,<<n u & yoxer upuimmarh 3siaue-
Husg 1, 2, ..., n. Crapwas cpeiu 3THX NOPOH3BOAIIBIX,
0"®/dyy ... dy.).

B cnuae n=1 gokasatedbctso nepaBedHcrsa (14) ananoruyHo Ao-
Kasateabcisy TeopeMbl & i1 3. B camom geae, nyeth c¢((h) =

1
=f |@’(x) |dx. Torna, noaarast 8 (46) c1p. 128 f=@®@, nonyuum, uTo xa-
0

KOBBl Obl HU OLIJIH TOUKH Xy, ..., x, U3 diicpsana (0,1)

! 1Y c (M) (DD,
Odx—= N O, ) | <= sup  |S, (&) — Vx| = ——

i! Nf:| tx A 0<x<l|N( ! N

Onxako aaroputvbl MouTe-Kapiao Becbaa uacTo npuso-
IAT K paspuiBubiM ¢yukuuam @. [TosToMy Ba:KHO OTMETHTB,
uto ouenxa (14) cnpaseaniBa Ajas ropasfo Hosee LIHPOKHUX
knaccoB gynkumii (. Xaaska [138], M. M. Co6osb [82]).
Hanpuwmep, ecnu Bce paspuiBu pyuxuuu ®(y, ..., y.) pac-
NOJIOXKEHBl Ha KOHEUHOM UYHCJAe TrumeprJjockocrefi BuAa
yy=const (T. e. mapaajenbHBIX KOOPIUNATHBIM THIEPNIO-
CKOCTSIM), @ B OCTaJblibiX Toukax kyda K" ¢yukuua @ u sce
BBLILIEYNOMAHYThIE IPOU3BOAHBIE HEIlPEPLIBILI I OrpaHHyeliDl,
TO nepaBedcTso (14) BBInoJIHEIO.

JinTepecHo, 4yTO pasphlBbl, BO3HIIKAIOLIHe NPH MOIEJHPO-
BaHUM JHUCKPETHBIX CJIyYailbiX BeJAHYUH W NPH HCHOJb30Ba-
HHM MeTOla cynepnosnunun (ra. 2, u. 3.3) Kak pas Taxkoro
tuna. Hanporus, npu ucno.nsopanin Merofa Heiimang



264 HECJIYUAMHBIE TOUKH B AJIOPHTMAX rn 7

(rn1. 2, m. 5.3) BO3HHKAIOT pa3phiBbi, KOTOpbLIE lle 00s3aibl
pacnosaratbCs B HICPIJIOCKOCTSIX, NapadebliblX KOOPII-
HATHBIM.

Mpumep CHoBa NPCANOIOKNM, YTO BbiulCAfeTcs uHTerpaa (8),
a cayyailHad BeJqHYHHA §  MOJEJAHDPYCTCS  METOAOM  CyNeprosHLiil:

E=G,(yD), ecan ;4 oo F oy <Y< Foy

(Gk(y)—oﬁpamaﬂ ¢GyHkuna 1o ornowcHmo k Fp(x)). B atom cayuae
k—1 k
Q=f(G,(y2) mpu X ¢; << ¢
ji=1 j=1

Tax uio @ (Y, Ys), BCOOGLLE TOBOPS, HMELT PA3PhIBLL IPH y==C|, y=0C,+

S

B stom ke cayuyae meron Helivana (cM. mpumep n. 1.2) npreomut
K Qyuxunn O=[(g(y, ¥, ...))» KOTOpas pa3pbiBHa NpH  CYp =
=p(a+t(b—a) yy, k=12,...

Ecau B (14) noacraButh P,--:P:f HIIH Pi=Q,~', TO B CO-
orBercTBUH ¢ (12) mnpaBas uacrte oOkaikeTcs NOpsiAKa
O(N-'In"N). Tax kak nmpu Bcex JHocraToyHo OGoabmux N
crnpaBelauBo HepaselicTBO In"N<CNe (npu n06bIX GuKcH-
poBaHubix n>=1 u €>0), To MOXHO CKa3aTb, UTO noepeul-
Hocre (14) y6ewsaer Goiwctpee, wem N-1=2 ¢ aw066im &>0.
HanomHumM, 4T0 NOpsNOK NOrpelHocTH popmyast (7) ¢ «Ha-
CTOSILUUMH» cyYaiHbIMU TouKaMu paBeH N=Y2 1. e, 3anmerio
XyKe. .

UncseHHblil IpUMep, COCYUTAHHBIH ¢ MOMOIbIO ToYek Q;,
nneercs B ra. 5, 1. 4.4.1. Cum, takxke [13a].

3aneTHM, 4To MopAROK cxomumoctd popmyant (9) e no-
’KeT 6bTh 0(N-') maKe Ha BecbMa Y3KHX KJaccax (QyHKumil
(cm. ynpaxHeHue 5 Ha ctp. 278).

2.4, «Xopomue» ncepaocayyaiHble TOUYKH.

24.1 TlocaenoBatTeabnocTbh Xoatoua P;. Jlns
NOCTPOEIHS TOH NMOC/Ie10BaTENbHOCTH HEOGXOAUMO onpejie-
JITL YliCJOBble MoCHefoBaTeabllocTH P, (i). DPukcupyem na-
TypaJblioe YACAO r=2.

Onpcnenenne, Ecau B r-uyHON cHCTeME cuuCIenus
[==Q,@y-1 ... QoQ), TO CHOBA B r-HYHOH CHCTEME

p,({)=0, aq1as ... Qm-1Gm.

3nech nee @, — uedable r-idiibie UnGpul, T. €. PaBHE OAHOMY N3
sHatenmii 0, 1, 2, . .., r— 1. B acosnnuuoii clicteMe nocaefHHe ABE
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dbopMyaLl BHMIALAT TaK:
m m
P N s—1 : N —
i= arsTl p, (i) =) agr™*,
s=1 =]
IlepBoie 10 3uauennii ps (i) npusesens B tab.1. 1.
Ta6nnua 1

i [ 12| s|s]s]e] 7 8 9 | 10

imponsm. |1 |2 |10 |10 12|20 21 | 22 | 100 | 101
2 1lo.¢ : 9 ’
i) mpoman. [071] 0>2(0:01/0,1110,2110,02 0,12 | 0,22 | 0,001 | 0,101

pali) 1/3] 2/3] 4/9| 4790 7/9] 2/9] 59 | 8/9 | 1727 | 10727

[lycts ry,..., r,—NoONAapHO B3aWMHO MNPOCTHE yHC]Ia.
ITocaedosareasrocroio X0ATOHG 11a3bIBA€TCSl  MOCJACHOBA-
TeJbHOCTb ToueK B K" ¢ IeKapTOBBIMH KOOpAMHATaMH

Pr(D), oo Prg(D)), i=1,2, ..

Aty nocnefoBatenbHocti Oblmi noctpoedbt k. Xoarouon
[131], noayuuBium Ansi Hux oueHky (12). Bce taxue nocae-
HLOBaTeJbHOCTH paBHOMEPHO pachpefedeHsl B K=

Ha npakTtuke o6blyHO B KauecTse 7y, ..., I, BhIGHpaIOT
nepBble N MPOCTHIX yKucesd: ry=2, ro==3, r3==>5, ... U UCIOJb-
3YIOT A-MepHble TOUKH

Pi = (p (i), psy(i), ..oopr (), i=1,2,...

* o
2.4.2. JIll-nocaenosatenbnoctps Q;. Csoiictza
JlI1;-nocnefoBatenbHOCTell moapo6Ho H3yualotes B [82].
37echk MH YKa/KeM JHLIb aJTOPUTM IJs pacyeTa TOUeK

Q;=(qi,]y °'~)qi,lz)) i:1’2y'-~’

o6pasywoux JI/1-nocnefosarenbuoctb, Ilporpanina pacuc-
ta Ha OBM B3CM-4 umeercs B [86].
Onpenenenue. Ecin B IBOHUHOIl cHcTeMe cuHCaeHHs!

. (==€,Cn-1 -+. E2€], (15)
To A7 Beex j=1,2, ..., n
' (1 V(z) (m)
qi.i:@;V,' « 8V t...»e,,,Vi . (16)
3mech €y, ..., €m—IBOHYHBE HUDPB, KaXKAag 13 KO-

topbix pasHa 0 nan 1. B meeartiunoii ciucreme
i=2nz—-lem+2m-26w—l__i_ . 2(’2—}-0].

18 1. M. Cosons
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Uucaa V' mowxuo nafitn no tada. 6 (ctp. 297), kotopas
[03BOJISIET BHIYNCAUTL Godee 2- 108 Touex Q; B Kyb6e K™ pas-
meprioctd n<C13. 3Bespouxoit (#) obosnauena onepaius
NOpaspANHOrO CJOXKEHHs M0 MOAY/II0 ABa B JBOUYION
cucreMe.

Bojice monpobro, urolul BuulCANTb «CymMMy» a#b, Halo ofa caa-
raeMblX 3allicaTb B IBOMYHOIl CICTeME

a=0, aay .. .ay, b=0, bby...by;
TOrAa B ABOUYHOIT clCTeNME
axb=0,¢0,...0y,

rae ¢, = (a, -+ bk) (mod 2) wman, apyrumm  caopany, €, = 1, ecan
ar +b, uc, =0, ecnut a;, =by.

B cucreme komana mio6oii DBM nmcercd cneunaabHasi Koaawnjaa,
ocyuiecTBasomas onepauuio *. OO6LIUIO ee [1a3LIBAIOT KOMaHLOH Cpas-
HeHllsl. OHa OTHOCHUTCS K UHC/Y JIOTHUECKNX KOMAHA H BLITIOJHSIETCS
GeicTpee, ueM apuMeTHUecKlle KoMaHAB. BooOlue, s pacyeTa no gop-

Mysae (16) HyXHbl JiLib JIOTHYCCKHE KOMaHIbl (Mpol3BefleHHe P,\V}")

au60 paBHO V;.k), ecit e, = 1, n1u6o pasmo uymo, ecan ep=~0).
Tlpumep. Buuncaur, nepsoie 10 Touek Qi* B TpexMepHOM Kj0e.

Ilo Ta6a. 6 (crp. 297) HaxOAUM HYKHble 3HadeHns V¥ }"- OHH Hancann

B Taba. 2.
Botuncaennst o dopayac (16) cnedeunt 8 1aba 3.

Peaynbrater B mecsiTiunoll cleieae:
*

Q) =(12,12,12), Q5=(38,38, 58),

Qy = (1/4,3/4, /1), Q7 =1(7,8,7/8,1/8),
Qy = (3/4, 14, 3/4), Qg = (1/16, 15/16, 11/16),

Q) =(1/8,5/8,7/8), Qs =(9/16,7/16, 3/16),

Q5 =(5/8, 1/8, 3/8), Qiy=(5/16, 3/16, 15/16),

* *
Ha puc. 67, 6 n3obpaxeun Touku Q;, ..., Qg B KBamparte, a ua
pic 67, 6 — 16 «HacTOAWHX» CAYHaHHbIX TOUCK.

3ameuanune. Xorsa Taba. 6 na crp. 297 paccuyutana
Ha X.p. <<13, ee MOXKHO HHOrZa HCHG/Ib30BaTh NpPH JIOGHIX
K.p., laxke K.p.==oo, B KauecTBe 3HAuUEHHH lieqoCTaIOUInX
KOOpAHHAT NCEBAOCYHANHBIX TOYEK MOXKIIO BLIGHPATb O0hIY-
Hble NceBAOCTyYaHlIble YHCA Y, TaK 4YTO, llanpuMep,

. (1) ()
1)4' - (qi,l’ c vy qi,lS» Yi 3oy Yi P ')0
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§ 2l

Ilerecoo6pasno BLIYHCASATb MO gy, ; HauGoJiee CyLIeCTBEHHbIe
nepemennsie B O (Y1, ... , Yn, ...), a o Y’ —Bce ocTalb-
nbie. Ecay B AefiCTBHTENBHOCTH CYLIECTBEHHBIX KOOPIHMIIAT
1IEMHOTO, TO TaKoH Cnoco6 pacyeTa MOMXKET YCKOPHTb CXOJH-
MOCTb (10 cpaBHeHHIO ¢ pacuetom 1o ¢opmyse (7)). (Asy-
MepHble TOUKH, Y KOTODLIX OdHA KOOpAHHATa cJayuailnas,

a BTOpas JeTepMHINPOBaliHag ncnoasiosanich B [18].)

B nmecsruuHoi cHcieme

Taonuma 2

B nBomnuHOI clicTeMe

\ 1 2 3 i \ 1 2 3 4
1 1/2 1/4 1/8 1/16| 1 0,1 0,01 | 0,001(3,0001
2 1/2 3/4 5/8 15/16 0,1 0,14 | 0,101}0,1111
3 1/2 1/4 7/8 11/16] 3 0,1 0,01 | 0,111{0,1011
Ta6nuuwa 3
ilioB 93,5 g1 13,2 ai,3
1 1 Vg,i) 0,1 0,1 0,1
2| 10| y@ 0,01 0,11 0,01
]
31 1 prs p@ | 0,1+0,0l= 0,1:0,11= 0,1-0,01 =
J 7 =0,11 =0,01 =0,11
4| 100 7 0,001 0,101 0,111
J
0,1:0,00] = 0,4+0,101= | 0,1-0,91]—
5[ 101 pihs p(® =0, 101 —0,001 =0,01t
6| 110 p@= pd 0,01 0,00 = | 0,110, 101= 0,01+0,111=
j j =0,011 =0,011 =0,101
7| 1 ph) «py(2% 0,1-0,0t» 0,1:0,11« 0,1+0,01 -
Joa | 10,000=0,111 | +0,101=0,111 | ~0,111=0,001
V3
J .
8 (1000 y& 0,0001 0,1111 0,i011
1
9 11001 s p& | 0,1:0,0001= | 0,1 0,1111= 0,1:0,1011=
] J =0,1001 =0,0111 =0,0011
101010, @ @ | 0,01-0,0001= | 0,11 0,1111= | 0,01+0,1011=
J 1 -=0,0101 =0,0011 =0,1111

18*
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243. O6wmure Tpeb6osannsa Ecan noixoante x Bompocy 6o-
Jlee CTPoro, TO OT XOPOIIX NCEBAOC/YUAilHLIX TOUEK €CTeCTBEHHO TMo-
TpeGoBaTh, 4TOOLI:

1° acumnrotuka D, UM @y 6b1a Hauaysuledl (wau xots Obi Goris-

KoM K Haumyyluet);

2° KoHcTaHTsl B (12) nam B (13) Gburv Hauayqwumu (Han xoTs Ooo
JLOCTATOYHO MaJbIMi);

3° snavenus D, /N I (pw/N 6u1 HeGOJBLWHME  yiKe TpH He-

Go.bnx N;

4° anropuTm pacuera 3Tiix Touek ma DBM Gbla mocratouno mpo-
CTBIM.

K coxasennio, nposeputb Bce 5TH TpeGoOBaHHs B HacTosLlCE
BpeMS HEBO3MOXHO, TaK Kak Hawiayulihe 3HaueHMss KouctaHt (13)
nenssecrubl (a2 Aans Dj Hen3BecTeH JAaxkKe HauayulHi Nopanok

pocra).
OJIHaKO nepsoMy ‘rpe603aﬂmo B Kakofl-TO Mepe YJIOBJETBOPAIOT

TOUKII P H BIIOJIHE — TOYKH Qt Ipu HeGoabIIKX 1 BTOPOMY H TPeThb-
evy TpeGOBaHIIO YNOBJETBOPSIOT TOUKH Qi « Hakoneu, Bpems pacuera
TOUEK Qf TOro e MOpsAKa, 4TO BPCMsi pacyeTa CTaHNAPTHBIX MCEB-
nocayuaitueix Touek I'; (ecanm Tonpko MMeercs rotopas Tabuauia Vg."),

*
Has pacucta Touek P,

HCHIIIO CO BpeMeHeM pac'-leTa Q: BpeMﬂ pacuera P: npnmepno B N p33
Goablue.
2.5. 3ameuaHue o poau aucnepcuu. B pacuerax, Bbinoj-

lleuHblx no ToukaM Qf , daxTiiyeckas omnOKa yacTo OKashi-
BAeTCs Ha MOPANOK MeHblle BEPOSTHOIL.
Mpumep. Pacesorpuy suavenns (K°1, ) , mpu N=2", npu-

pelelHbie B Ta61. | ra. 5 (crp. 192). Yenosumcs cuutath noc/iejiHee 3Ha-
yeHIle, COOTBeTCTBylOINee N =2,
TounniM. PakThyeckue ownbkn 8, =

[(K31,5)N—K"l B):*| Bumnca-
Hbl B Tabi. 4. PaaioM npuBeAcHb ie-
posiTHbie OMWHOKH 7 p==0,675}D0s/.V,
rae aucnepeuss DO3;=>57,3. Ouwenn.1-
z)z 8,3510 0.079( 0,32| Ho, 8, 3aMeTHO MeHblie, 4eM I .
510 g:g?fé 8‘8?)3 8%5 He caemyer aymaTb, uTO
ol 82840 0/012| 0.41| €C1H AUCNEDCHS HE Onpejes-
22| 89837 0.011] 0,08 €T OWHOKY, TO BCe NpPHCMbI
21| 82770 | 0,005, 0,06 ra. 3, 4, uHanpasJeniinie Ha
20 8,2723 — 0,01 .

’ yMeHbleHHe AHCIepcHH, Te
pstiotT cmbica. Bo-nepBhix, aJ-
roOpHTMaM ¢ MeHbIUEH JHCrep-
cuellt orseuatoT pyvukinKn @ c MeHbLIIM H3IMEHEHHEM, KOTO-
puie, BooOuULe roBOpPsl, HHTErpHPYIOTCA Jayullie,

HYXXHBI JIIb 7 NPOCTLIX 4lCe]a, HO IO CpaB-

Tadaumna 4

v (K1, ‘)N 6‘\1 N
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Mpocreftmuii  pesynLTaT B 3TOM HanpasieHun Lid caysas n=|
MOXKHO NOJY4HTh C NOMOUIbIO (Gopuyas (48) ra. 3, crp. 129. B cavou
;

Zene, Aas moGoit Ppynxunu @ (y) xaacca Wo (L),
h L Yornr
éfp(y) dy——-l—v- 2-,1([)(«;[ < L], ml\,/'f\f’ (]7)
i=

rI¢ MOXKHO CYliTAaTb, 4TO
14
L? =J [ ()12 dy.
0
Kak noxasano B [78], ecan® (y) €W, (L), 10 mucnepens cayuaiinoil
Beanynnsl @ (y) yIoBIETBOPSET HEPABEHCTBY

DO (y) < LY. (18)

dukcupyeM uucaayi, ..., Yy. 3 (17) Bumdo, uto aas Tex ¢yHk-

unufi, A KOTCpuiX L Meublle, NOTPelIHOCTb IHHTErpHpoBaHHS Oyner
meHbie. Ho Takum dyHxunay, corjacio (18), COOTBETCTBYIOT TakkKe
MeHbLINe 3HAYeHUst AHCMEPCHH.

Bo-BTOpBIX, aNrOPUTMaM ¢ MeHblllell JuCnepcuet yacro or-
BeyaloT GoJee raankue ¢yHkuuu O, ygoBaeTBOpsIOLLe
oneHke (14). Hanpumep, npu pacuere 3ajauH 0 NOTJIOMEHUH
nefirpornos MeronoM m. 1.1 ra. 6, ocpegnsesas QyHKIHs Mo-
JKeT npHHHMaTh JHb ABa 3Hayenus: O u 1. Herpynuo yoe-
JUTbCS B TOM, UYTO €€ pa3pbiBbl He mapaJJesbHbl Koopaunar-
IIBIM THIEpIIOCKOCTsIM *). A npu pacuere Toil :Ke 3anauu
metofoM n. 3.3 (ria. 6), ocpennsemas GYHKUHA HempepuliBHA
1 paxe nuddepeduupyema.

Boo6iile roBopsi, MONMHO 0xudaTe 60AbUILEO0 YCKOPEHUS
CXO0UMOCTU 3@ CHET UCNOAL30BAHUA OETePMUHILPOBAHHbLY
ncesdocayyaiinblx uuces Toeda, Ko2oa UCNOAb3YOTCA O0.Ace
cosepuentole areopurmol seroda Monre-Kapao.

*) Ecau obnacts Go— wap r2<<R? tous dpopmyart ry = r; + §,Q;
caelyeT ycJOBHe BHLIETA

=2 Q) + 8§ > R

[MosTomy onua H3 moBepxXHOCTell pa3puiBa ocpeanseMofi GyHKUuH onpe-
JlensieTcsl ypaBHEHNHEM

E2+ 928, (r;, Q) + 11 — R2=0.

B canyuae msotpomHoro paccesua (r;, ;) =Irl(2y — 1), annua npodera
§; =—(1/Z) Iny’, rak uTe ypaBueHHe 3TO CBs3blBAET Y C Y's

v
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§ 3. NMouckn «yHHBEPCAJbLHBIX» NCEBAOCAYYANHBIX Ynces

B mpenminyiiem naparpade 6ol yKasaHol ACTePMHHH-
pOBaHHBIE TOYKH, KOOPAIHATEI KOTOPBIX MOMKHO HCHOJb30-
BaTb B KaueCTBe NCEBIOCAYUYANHBIX YHCeJN NPH peajH3alnu
anroputmMoB Monre-Kapao ¢ xoseunmiMn K. p. Onnako
BeCcbMa 4acCTO BCTPeYalOTCsl TakxkKe a/rOpHTMBL € K. p.= 00,
PaccMOTpHM HEKOTOpHIE NMONBITKH NOCTPOMTb AETEPMHIHPO-
BaHHble ICEBIOCAyYaiiHEle YHCJA, NMPUrOJHBIe I/ pacuera
3ajau ¢ Jo6bIMU K. p. MBl roBOpUM O IHONBITKaX, Tak Kak
HeJIb3sl CYUTATh, YTO 3TH TOHUCKH yXKe 3aKOIYeHbl: A0 CHX
TNOp HET MOC/eI0BATEIbHOCTEN, YAOBAETBOPAIOWHUX TpeGoBa-
HHSIM NMPaKTHKA (THTa omMcalHuX B 0. 2.4.3), a U caMH 3TH
TpeGoBaHHs He BMOJHE YeTKO chOpMyaHPOBaHHI.

3.1. Hcnoan3oBaHHe OGecKOHEUHOMEPHBIX TOYeK. Takofi
nogxon K npoGiaeme Obl1 mpepnoxen H. H. Yennosnim B
1961 r. [97]. Ha stom myTu yzanoch yKasaTb BeCbMa LIHPO-

kie kjaceol Gynkuuit O (yy, ooo , Yu, +..), 3aBHCAILUX OT
6CCKOHEUHOr0 UHCAa NePEMEHHBIX Y1, + « + y Y, - . . (0<<Yyn<<1)
W Takue KJacckl mnocJenoBateabHoctefi Pp,..., Pi...,

COCTOSIIMX H3 TOueK OGEeCKOHEYHOMEpPHOro eIHHHUYHOTO
Ky6a

Pi=(yi,l, '--,yi”n»"’)’

YTO AAS Kaz oM (p}'IlKU.I!Il RJjaacca
1 1 00

1 Y L1
lim TZ D (P;) = j S N (THP TP I1 dyn,
No>oo ' i=1 | k=1

Il OPANOK cXomuMocTH Jyumie, uem 1/N'-2 ¢ mio6eiv g >>0.
B yactHocTtH, 3THM KaaccaM (QYHKUHMIl NpHitagaexar jiodue
Jnocratouto raaakue ¢oyHkuuud @ (yy, ..., Y.), 3aBUcCsIIE OT
Mo6BOro KOHEYHOro Yucaa nepeMenHux 7. [lostomy npu pea-
JM3auul BceX YNOMSIHYTHX B § 1 anaroputmoB ¢ K. p.=o0
MOKHO NBITAaTbCS BMECTO MNCEBAOCAYYAHIBIX YHCEJ HCIOJbL:
30BaTh KOOpIMHATHl Touek P;

[Toka u3BeCTHBI JIUIIb JBe KOHKpeTiible GecKoneuHonep-
Hble NOCJeN0BaTeNbHOCTH ¢ GoJiee MM MEHee «XOPOIIIIMIIY
cBofictBamMu. Ofnia u3 Hux — 0606wennas Jl1I-nocaedosa-
TeAbHOCTb — BblUHCAsieTcss no ¢opmyaam (15), (16), rae
l1<<j<<oo. K coxanenulo, 10cTaToqiio NpocTblx Gopmys Aas

pacuera Bcex saementos V" wer.
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Bropas mnocseroBaTebHOCTb, BliepBbie PACCMOTPEHHAs
B [77], nasbiBaerca o06o6ujennoti nociedos8aresbHOCTLIO

o % .
Xoarona. Touku 3ToH nocaegosaresabnoctd Py, i=1,2,...,
HMEIOT KOOPIHHATBI

P:= (pr, @, pr. (), ..., Pr, @), .. ')’

e n<re<...<<r<<...—TInocJeLoBaTeJbHOCTb BCeX
NPOCTBIX uHCcel.

Ilns pacueta Touek P; Ha NpakTHKe MOXKHO 3aJaTb J0-
CTaToyHO 60JBIIYIO TAOJHLY NMPOCTHIX YHcea U (UaH) 3anpo-
rpaMMHpOBaTh Kakoil-HUGYIb aJrOpUTM HUX HAaXOXKJAEHMUS
(nanpumep, MetoX pewera). IlepBuie ABe TOukn 3TOH mocse-
JIOBATEbIIOCTH:

*
Eciiu Mbl XOTHM HCHOJIb30BATh TOUKH P; IS pacyera 3aaauf
0 MOIJIOIeHAH HeHTPOHOB (1. 6, m. 1.1), To nas nocrpoenuns
NepBOil TPAEKTOPHH HAL0 BMECTO CAYYaHHBIX YHCEN HCIMO/Ib-
3oBaTh 3Hauenns 1/2, 1/3, 1/5,..., naa sropoi — 1/4, 2/3,
2/5,..., u 1. n. Ilpumep Taxoro pacuera umeercs B [80].

3.2. Bnoane paBHOMEpHO pacnpelefeHHble MOCAER0BA-
TeJAbHOCTH YHCEJ.

Onpenenenune. IlocrenosareanliocTs uucen xj, ...
v, Xi ..., Opunagiexanmx uurepsaay (0, 1), nasniBaer-
Cfl 8nOAHE PABHOMEPHO pacnpedeseHHod, ecii TIPH KamaoM
HaTYPaJblioM 7 MOCAeN0BaTebIIOCTb TOYeK

(xl, e ey xn), (xn-(-l) ooy "V’?n)y (X21l+]) o0 ey xSn), oo (lg)

paBiiomepHo pacnpencsena B K. TlonaTie 310 Gbls0 BBede-
wo H. M. KopoGosuim B 1949 r. [41].
W3 n. 2.1 Beitekaer, uto ecan dynxuns O (yy, ..., y.)
nurerpupyema no Pumany B K*, To
N—1

lim —1' E (D('vill'{ly"”xlﬂ-l—n):: j (D(P)dpv (20)
Kn

N->oo N i=0

M COOTHOLIEHHe 3TO CIpaBeAJUBO A4 Jo6oro HaTypaJblio-
ro 1 WM, APYTUMH CAOBaMH, 1js Gpyuxnuii @ ot Jo6oro Ko-
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neulioro uncaa aprymentos. CiefoBatesbHO, BOJHE pPaBIio-
MepHo pacnpejefeliHble NOCAeL0BaTe bHOCTH YHCEN MOYKHO
(B npuHLMIE) HCNOAb30BATb /IS NPAKTHUECKOH peasusalui
aaroputMoB MonTte-Kapso ¢ moGeiMu KOHEUHBIMU K. P., a B
1IEKOTOPHIX caydasx M ¢ K.p. = oo [99]. K coxanenuio, 1o
CHX NOp HEII3BECTHO HM OMHOM BnoJjlie paBHOMEPHO pacrpe-
IeJsIeHHOll oCAef0BaTeIbIIOCTI, KOTOpast B KaKoil-TO CTeneHIt
yaoBaeTBopsna Oul TpebGopauusi 1. 2.4.3 npy pasauunblx 7.

Mpumep [126] HspecTio, uTo Cyu1ecTBYIOT GCKOHEYHO MHOrO Ta-
KHX yicesi a>>1,410 NOCJASA0BATENELOCTs APOGHbIX Aonelr ¥; = [ (e,

i=1, 2, ..., BNOJHe DaBHOMCPHO pacnpefeseHa *). Jlerko nokasarth,
uTo TakHe o 06s3aHH OBITH TPAHCUEHAEHTHBIMII uncaaMmu. Ho po cux
1OP HY OAHOTO KOHKPETHOTO 3HJUEHHs ¢ He HailjeHo.

MoxHO NOKa3aTb, YTO BLILIENPHBEAEIIHOE ONmpeleselte
BIIOJHe pPaBHOMEPHO pacmpefencHliblX nocaefoBaTelbHoCTell
IKBUBAJEHTIO CJAEAYIOLIEMY.

Onpenenenue. IlocnenosarenbiiocTe UHCEN X, ...
<.« Xi ... Opunapjexawux unrepsaay (0, 1), HaswiBa-
eTCsl 8NOAHE PAGHOMEPHO PacnpedeseHHOl, eClu TPH Kai-
IOM [1aTypaJjbHOM £ NOCJIelOBaTeIbIIOCTb TOYEK

(xl, ceey Xn), (x:g, cee X“l), (JC3, cee ,x,.+2), e (2‘)

paBHOMepHO pacnpenenena B K”.

Hs storo onpeneneunss u n. 2.1 caemyer, uto ecau
®(yy, ..., Ys) uaterpupyeMa no Pumany B K", T0, Kakoso
Obl HH OBIJIO HATypaJabHOeE A1,

N—1
im - 3 @ (g1, oo Xipa) = | O(P)dP.  (22)
=0

N—>oo N Kn

MosKeT nokasarbcsl, 4To pacdet no gopmyse (22) Buroa-
uee, ueM pacueT no ¢opmyne (20), Tak Kak OpH TOM 3aTpa-
YBaeTCA NMPUMEPHO B 11 pa3 MeHbllle 4uces X; Hecomuenno
01HaKO, YTC BHIYHC/IHTENH, HHCTHHKTHBHO CTPCMSCh K «He3a-
BHCHMOCTH» TICEBIOCAYYAHHBIX TOUEK, OTAALYT NMpeTouTeH e
toukam (19) u dopmyse (20). BrnosHe BeposiTHO, YTO OHH
npaBBl: MOXKeT 0Ka3aTbCs, YyTo A5 Toyek (21) oTkjoneHHe
Dy (npu mo6om n?) pacrer GuicTpee, yeMm Aas touek (19).
Bonpoc 3ToT Be uccnenosall.

*) Takum cpoficizom o6aanaioT noutn Bee a> 1,
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3.3. AcHMNTOTHYECKH BrOJiHe PaBHOMEPHO pacrpeneeH-
Ible NOCNeA0BATENbHOCTH ulices. PaccMOTpUM CEMEHCTBO

nocsaenosareabHocrei Xy, ..., x, ..., 3aBUcslliee OT HaTy-
paJblioro napamerpa g(g=1, 2,...):
xl(g)v x?(g)»'-n xi(g)y°" (23)‘

CemeilcTBO (23) ecTecTBeHHO HasBaTb QCUMATOTUUECKU
8NOAHE PABHOMEPHO pacnpedesenitblm, €Clu Aas Jaio6oil
Gynkuun @ (Y, ..., Ya), uHTErpHpYeMoOil no Pumany B K7,
py 11060M HaTypaJblOM N1 CHPABEAJHBO PaBEHCTBO

N—1
lim lim = 3 @ (Xus1(Q)s - . -, Xiutn (@) = | ©(P)dP,
g N ® i==0 Kn
(@4)
WY PaBEHCTBO
N1
R
lim lim —- 2 D xir1(g)s 0 Xiin () = | ©(P)dP. (25)
g>® N> i=0 Kn

Tepuun sror BBefen M. @panxauiom B 1963 r. [126].
Emy ke npuHalJexxkuT BTOpPOe YTBEP:KAeHHE CJelylolleil
TeopeMbl, NepBoe yTBepIKAeHHEe KOTopol JokazaHno B [83].

Teopewma. Cywecrsyer beckoneuHo MHO20 4uces a,
0<a<<l, rTaxux, uTO cemelcT80 nOCALAOBUTENLHOCTLILL

xi(@)y=HA(ag), i=l1, 2, ... 2
QCUMATOTUYECKU 6NOAHE PABHOMEp- Z,
HO pacnpedeneHo Kaxk 8 CMblCAe
(24), Tax u e cmoicae (25)%*).

MuTepecHO OTMETHThb, YTO MNpH
KaxaoM (HKCHPOBAHHOM g mocie-
noBaTesbHocTh X;=/] (ag’) Moxer
GbITh PABHOMEPHO paclpeleseHHol
B K', HO TOYKH (Xgi-1, X2:;) HE MO-

ryr ObiTb pPaBHOMEPHO pacmpe- 4 g
nenennbiMA B K2 B camom neie, Puc 69,

ToukH (X1, X2), (X3, X4) ... MOXKHO

samucaTbh B BuAe (%1, A(gx1)), (xs, Z(gxs)),... Orciona

BUIHO, YTO BCE OHH pacnojoxeubl Ha Jaunun y=J1(gx),
KOTOpasst COCTOHT H3 g OTPEe3KOB MNpsMbIX y=gX—k TpH

* TakuM cBOHCTBoM ofnajaioT nouTH Bee o M3 aHrepsana (0, 1),
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£=0,..., g—1 (puc. 69). Tem Gosee nocnenoBaTe bLHOCTD
X; He MOXKeT ObITh BIOJHE PAaBHOMEPHO pacHpeledeHHOH.

CoopMynHpOBaHHAs TeOpeMa B KaKOH-TO Mepe o6bAcha-
er, noueMy MeTon cpaBHeHuit (m. 2.2.2 ra. 1) nossosser
CTPOUTH «XOpOIlUHe» NCeBAOCJAYYaiHble YHCAa U NOoYeMy MpH-
konutcs BuOupath Gosbwine g: u3 (7) ra. 1 BeiTekacr, uTo
vi=Xd(Yog"). OnHako HHKAKHX BBIBOJOB O TOM, KaK Bbl-
Oupartb «xopoiuue» g, M, mg oTciofla caenath Heab3s.

Kak noxasan C. M. Epmaxos [33], ckopocTb cXoRuMGCTH
8 popmyae (24) (uo ue B (25)!) cBsizana ¢ Y DO (I)/N.

§ 4. Mposepka nceBAOCAYUAHHBIX YHCEN
C J1eTepMHUHUCTHYECKOI TOUKU 3peHus

4.1. Wntepnperanus npoctefiwux kputepues. B ra I, § 3 wu pac-
CMOTpeJIl HEKOTOPble TCCTBI, HCMOJb3yemble JAsl 1POBEPKIl 11CEBLOCTY-
qaiigbiX YHCEJ, H OTMETHJH, YTO BCE TaKHe TeCTubl TOJbKO HEeOGXOAMMUI,
O He JOCTAaTOUHBI: OHHM MOTYT ONpPOBEPrHYTb T[HIOTe3y O TOM, HTO
Y1, +++» Yy — He32aBHCHMBIE 3HAYCHHUS CAYYalHON BeJHUHHBI Y, HO He
mMOryT AokasaTtb ee. Cysum Temepb MOCTaHOBKY BONPOCA: BMCCTO «MOXK-
HO JH YHCAA YV, -..,Yy  CUHTATb HE3aBHCUMBIMH 3HAUCHHSIMU Y?»
sajajuM BONPOC: MOXKHO JIH HHCJA V1, «++y Yy HCTIONDB30BATb BMECTO
Ae3aBHCUMBIX 3HaueHH Yy B Gopmyae

1

1
.fd)(x) dx%w—
0

il4=

om) (26)

npy Jo6bix D (x) H3 JOCTATOUHO IIHPOKOTO K.1acca?

[Tpu Taxoll noOCTaHOBKe BONpPOCA DacCMOTPCHHbIE B M. | KpHTCpuH
OKAa3blBAIOTCA W HEOOXOAMMBIMM H JNOCTATOUHLIMHM — KaXK/BIH Ha CBOeM
kaacce ¢yukuufi @ (x). Bnepseie Takas nHTepnperanus Oblia H3.0xke-
Ha aBTopov B 1968 r.

4.1.1, Kputepuii 0% Mz dopuyis (48) crp. 129 soitekaer,
4To

1 N o
sup, .fCD(x) dx-—-.[v—, S o@E) =L 'L/ N, (27)
oswyw) |0 =1 | N
CreoBaTesbHO, MA/0CTh BeJIIYHHEL m?v co6XOnIMa H JOCTATOUHA JiNd
Toro, 4rolnl omubka npubamkenus (26) Oba Mana Aas Bcex () HK-
unit kaacca W;(L).

4.12. Kputepuit %2 Pasobbem uurtepBan (0, 1) Ha r uaTtepsa-
Jaos X4, . .+X, = (0, 1), nannnl KOTOPLIX PaBHLI Py, . . . , p, TaK,

uto pit...+ p, =1 u see P; >0. O6osnauum yepes V; Koamues
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CTBO 3HAaueHHI Y, npn I<i<KN, npunaanexamux Xi' Kpurepnti 2
OCHOBAH Ha aCHMNTOTHUECKOM pacnpeie/eHNH BeJHUHHbI

o N v \?
g = 12:‘1 Z(p,— -1;,’—) : (28)

KOTOpOe He 3aBHCHT OT X, . . . ,X,, a TOJbKO OT YHCJA CTeleHell cBo-

6onbl r — 1.
Bsenem wmuoxectBo ¢yuxunfi A,;(L), nocTosHHBIX Ha KaMJAOM H3
Af, T. e. pyukuuil BHAA

CD(x)Ec]. npH x € X’., I<j<r,
1i Takux, 4TO

3 < L2 (29)
[lerpy Ao Buuieaurs, yro ecan ®(x)eA4, (L), To

%‘ 1 /Yw {1 ! \rw \r—1 v,
Ddy—— > D(y)= Y pec.—— 2 ¢V, = ¢ (p —_f.).
0 N‘%‘, i = N!‘;‘l]l ]./_—__'lj iTN

I’ICHOJIb3yﬂ H3DCCTHOE HEDABEHCTBO (EUjvj)‘-’ < X{t% Zv;?, HOYYHM OLCHKY
ST A
Dde—— > O(y,) <{ p.cg} __.(p.—__l_ } <
. — - =
v vz == PNt N

npHYeM OleHKA 3Ta royHasl, Tak Kak IpH

—1/2
L "j){rw l( Vr‘>2
i p,(f N7 \Tw

nccIeHee HepaBeHCTBO ofpaiaeTcs B pasencTso. lrak,

[ N -
(O @Wdr———S @)=L XX, 30
oedin |4 ) v =, 0 N 9

=1

Orclofia BILJIHO, YTO MaJoCThb BeJHYHHBI ')(&2 Heo6XouMa U JIOCTATOY-

Ha 1Js TOro, 4ToObl own6ka npubamxenus (26) Gbia Masna Iast Bcex
dynruuit kaacca Ay(L).

Mpi. 3HacM, OLHaKo, uto K dopmyne (26) cBOAATCA JHIUbL Takue
amoputvel Monte-Kapno, y xotopux k.p.=1. Crano 6wTh, paccuor-
peHHbIe KpHTepHU (Kak W Kputepu#l Kosunoropasa, cM. ylipaxHeHue 8
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rn | u ynpaxHeHde 6 ra 7) rapaHTHPYIOT NPHMEHHMOCTb HPOBEPEHHbBIX
nceB10CHyYaiHbIX YHCRT Vi, « . » 5 Py TOALKO [JIs PacyeToB IO aaro-

putMam C K. p.=1.

4.2. MuoromepHble KpuTepuu. Ecaum MBl XOTHM HCIOAB30BATb 3TH
JKe YHeaa AJIA pacucTa mo ajJropuTMaM ¢ K. p.==f, To Heo6X0IHMO Npo-_
BepHTb UX C HOMOILbIO KaKoro-1nbo n-mepHoro TecTa. Hanpumep, pa-

306beM Ky6 K™ ua r obnacteit X;+ ...+ X,=K", o6bemMbl KOTOpHIX
DaBHE Py, ... P, Tak uTO p.+...—|—p, =1 u BCE P; >0. U3 uucea

Y « « - »¥,y OOpasyem Nn =I[(N/n) Touex ¢ KOOpAHHAaTaMH
(V15 weos Vp)s (Varr =os Vou)o +or (Vaqwp—1)410 =+ Vi)

H NYCTh V., — KOJHUYECTBO TAKHX TOYEK, NPUHALJIEXAULHNX Xl‘

Tor ke xputepuét ¥2 ¢ (r—1)-fi cTeneHbio cBoGoabl T103BOJAET
OPOBEPUTH pacnpejiesieHHe 3THX Touek B K% ¢ NMOMOIILIO BENUYHHLI

'y N v, \2
2 N\ Ty !
XN,, = .S ___,(p] 7\77,) .

OGo3HauuM uepes An(L) MHOXKecTBO (yHKuHil D (%3, ... £,)
TIOCTOAHHBIX Ha KazxaoM X, T. e. PyHKUMH BHIAA

@ (£15 weey X)) = j o (t1 o x”)EXi, I<j<gr,
H Takix, yTo BHINOJHEHO ycaoBie (29). IloBTopsin Beuucaenus m. 4.1.2,

oYUM, 4TO

N, —I

1 \ 2
su Y DP) AP — <= > D (s v Yora M= L / (n,
¢EAE(L) Ry ( N = @ Qingv oo Vingn) l N
(31)

Taxnu o6pasoM, Ma/aoCTh 7-?\',1 NefiCTBHTEILHO TapaHTHPyeT MpHMeHH-
MOCTb YHCEJ Y1, « « « , Yy AJA Pacyera no HEKOTOPLIM alrOpHTMaM ¢
K. p.="n.

KoHeyno, Kjacc ajarOpHTMOB, KOTOPHIM  OTBEYaloT  (YHKWI
@ (%, ..o, x,) W3 A (L) BechMa Y30k, OpHako ecaH 7 Beluko U
Bee X ; Maabi, TO MHOrhe (yHKUME JOMYCKAIOT XOpoilee MpHOJHKEHMNE
KYCOUHO NOCTOSIHHBLIMH (QYHKIUHAMH U3 An (L). ¥ Torna ncespocayuaii-
nble YHCaa, NPUTOAHbIE AJA HHTETPUPOB4HHST GYHKIMH U3 A” (L) oxa-
KyTesl NPHTOAHBIMH AJIST HHTCTPHPOB2HHUSE ropas3fio Gosee pasHooGpas-
HLiX QyHKIN

4.3. O cucremax TectoB. C TOUKM 3peHNst H3J0oXKeHHoro B mm. 4.1
n 4.2, cucreMa TeCTOB, peKOMeHJOBaHHas B TIJ. 1, mpeacrasasierca .1o-
TiyHOH, HO NOBOJBHO cjabofi. B caMom nene, oHa Bx./IOYaeT TpoCTeli-
lune NPOBEPKM OLHOMEPHOr0 M ABYMEpIOro DAcnpefieNeHus y; H 3a0f-
1O pacnpefleJICHHS] HeKOTOPHIX MNOMYTHO BLIYICASEMbIX BTOPOCTENEHHLIX
BequunH, Jluuib nposepka cepuii  MOKCT pacCMaTPUBATLCA KaK TeCT,
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paccunTanuuil Ha AarOpUTMBL € K. p.==0o, NpaBia, AJrOPATMM BecbMa
CriellHaibHOTO BIi1a

Ecau 6ol peub mna TOMLKO 06 HCMONB30OBAaHMH aNrOPHTMOB C JIO-
GbIMH K. P.<Cf, TO MOXKHO OBIO Gbl NPEANOMHTL OYeHb XOPOIUMA TeCT —
pacuer OTKNOHeHMAD , WAH, APYruMH cj0BaMH, n-MepHHEIH KplTephil

Koamoroposa (cm. ynpakuchue 8 ro. | u ynpaxuenne 6 ra. 7). Ilpas-
La, Boyucaenue Dy npu Goapunx N oueHb Tpynoemxo.

OG6ccreuntsb e 3MMHUPHYECKON NPOBEPKON «YHHBEPCAJbHOCTb> TCEB-
ZocnyuafiHblX uMcen, TO-BUAMMOMY, KpahiHe TpyaHo. Hanpumep, 6e3
TEOPeTHYECKHX Pe3yJbTaToB, NOMOGHLIX pesynbTaTaMm § 3, npuulioch
6Ll IPOBEPSATbL N-MePHOE paclpefiesieHye He ONHH pas, a n pa3, Tak Kak
H3 TOrO, YTO TOUKH (Y oer V) (Vrgers oo Yan)'*  xopowo pac-
NpelesieHbl, He CeLYCT, YTO TOUKH (Vj, « +sVjtn), (Vidn-+1 ++o> Vigon)r s
npu 1<<j<<n Takke xopoium. DTO BIJHO H3 CJAEIYIOUIEr0 IPOCTOro
npuMepa: B nocaedoBatesbHocTH 1111000011110000 . . . naper 11, 11,
00, 00, 11, 11, 00, 00 pacnpenesneHL HEePABHOMEPHO (TaK KaK KOMOHHa-
unii 01 u 10 coBcem HeT); OTGpPOCHB NEPBYIO E€NUHMHILY TOCAELOBATENL-
Hocti, nmoayyum mapm 11, 10, 00, 01, 11, 10, 00, Ol, . . ., rie Kaxnaas
113 BO3MOXHbIX KOMOHHALIIA BCTpeyaeTcsi OJMHAKOBO 4acTo.

PesyabraTh 3TOro naparpacda colepkartcsa B craThe [84].

Ynpaxuenus K raase 7

1. Paccmorpum mpnmep n 1.2, rae sHaycHus § BHIYHCJASIIOTCS Me-
TogoM Heiimana. Orpammﬂ,m gucno npo6 senHunHOH [ M ycaoBHMCS mO-

narath ®=0, ecan cY;=p(81), ... , cy',> p(g)- Hnsa rakoro

ajropurMa k. p.=2/,
Jlokasarb, 4TO Adsi TOro, YTOGBl HOTPEUIHOCTb TAKOro mpllbauMKe-

[ e ——
HESL He NPEeBOCXOAM/IA BEPOATHOI omubkH MeTona ry=0,675} Df (§)/N,
JOJIXKHO BBINOJIHATLCS HEPaBEHCTBO

L> 1o (ry/Iy In7' (1= 5).

2. Bubepem B ky6e K" paBnoMCpHYIO KY6HUECKYIO CETKY, CUCTOSI-
myio u3 N == M" TOUEK C KoopaHHATAMHU

((i—1/2 i, —1/2 ,
\ M ) 3 M
rne i, .« ., i”=1, 2, ..., M Ilokasartb, 4To OTK.IOHCHHE 3TOIl ceT-
Kl PaBHO D,V=0,5N’—l" (npu n=1 pemuwnna )y =0,5 munumans-
ua, Ho npi Ooapwux n ornowenne Dy /N y6GbiBaer kpafiHe MefljieHHO)
» »
3. Bouuicauts Touky Q3 B 4-MepHoM KyGe. Orser: Q3 = (11/16,

13/16, 13/16, 15/16).
4, Vcnoabsys paBeHCTBA V{’) = 2’s.npn s=1, 2, ..., loKasaTh,

9TO nepsule KOOPAMHAH §; ¢ TOUeK Qi coBmajaloT ¢ yncaaMn pa(i).




278 HECJIVUAPIHBIE TOUKH B AJITOPHTMAX ra 7

5. KakoBa Gbi nH Obl/1a NOCAEAOBATENbIOCTD YHCEI Xy ovey Xpp oo H3
uurepsana (0, 1), paBeHCTBO

1 1 N 1
[1eds—2 3 169 =o ()
0 =l
ans fe=x n f==x? onnospenenno nesosmoxHo. (H. H Uenios).
6. O6Gosnaunm W (L)  MHOKecTBO HeNpepubiBHLIX yHKIHE [(x),

onpepeneHux npn 0<<x<<l ¥ mueBUIX KYCOYHO HCIPCPBIBHBIE NPO-
uspojusle f/(x) Taxue, 4TO

1

f1F (it da s L

0

JokasaTb, 4TO AAS JMIOGLIX YHCRT Y1, « « « , Yy

1 1 N K
sup | [ @) dx— - Y o) =LK,
dsw (L) 10 i=l i VN

rne Ky=VND — pennunna, ¢urypnpyiomas B kputepun Kommoropo-
Ba (ynpaxucune 8 r1 1) (M. M. CoGou [84]).



F'JTABA 8
HEKOTGPBLIE APYI'HE 3AJAYHN

§ 1. Unrepnosuposanue GyHKUHil OT GOJILLIOrO YKuCAA
nepeMeHHbiX

B Kuure y:Ke BCTpeuaauCh 3alaui, B KOTOPBIX METObI
Moure-Kapiio okaspiBatorcst 9QQekTuBHee KNaCCHYECKHX Me-

TOROB Npyu GONBILOM YHCJE TIe-
peMeHHBIX (cM. ynpaxHeuue 9
ra. 3 u n. 5.6 ra. 5). 3necw
U3JI0JKeHa OfHa 3aaua Takoro
THII4, PACCMOTPEHHAs! BNCPBhLIE
Ox. Xammepcau [134].
1.1. TlocraHoBKa 3afa4M.
Paccmotpum ¢yukuuio f(xy, ...
<ee Xa), 3HAUEHHA KOTOPOIl
H3BECTHBl JHWIb B BepLIHHAX
eJHHUYHOTO M-MEepHOro KyGa
K", TpeGyeTtcsa 1IPOUHTEPNOJN-
poBaTb 3HaueHHe 3TOH (PYHK-
o1y B TOuKe (X, ... X,), pac-

Z
///',//{ T ﬁﬂ“}
! Bl
i
(7,2)]
.-.-__--___-__4_? ______
'
- )
0 A/
Puc 70.

noJioxkennoi Buytpu K* (puc. 70). Mutepnoasuus anueiinas

o KaxJaoMy N3 nepeMeHHbIX.

B cnyyae n=1 unrepnoasuionnas dopmyaa scem xopo-

110 3HaKoma:

f(x1) = (1=x1)[(0) +x:f (1).

Hetpynno 1ipoBepuThb, 4T0O NpU A=2 NOJyyaeTcs aHA.I0-

raunas dopmyaa:

[ (%1, xo) == (1—x1) (1—x2)[(0,0) 42 (1—x2) f(1,0)+
;—l—(l—xl)ng(O, 1)+X1X2f(l, 1). (l)
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" Yro6ul 3amicars 31y Qopayay B KomnaxkTtuoft ¢opwme,
BBeJieM HHIEKCHI BEDUIMI & U Ko, Ka:XKAblil H3 KOTOPBIX MO-
XKeT npunuMath asa 3navenns —O0 u 1. Ilyerb

l—x, 1npuk,=0,
¢ (k) = { ¢ npu ok

x; npu k=1 @

Torpa (1) moxHO nmepenvcatb B BIAe

1
[rnx) = X clk)c(k)f (ki ko).
ky, k=0

Toullo Tak Ke BBITIAAUT HHTEPNOJAALHOHIIas dopryna B
clydyae n nepeMeHIIbIX:

1
fnnx)= 3 clk).ck)f (b, enk). ()

kyy 2oy ky=0

Pacuer no ¢opmynanm (2) u (3) B npuHuUMIe BeCbMa ITPOCT.
OnHako Koa1HY4eCTBO caaraeMpix B (3) GHICTPO pacTeT ¢ poc-
TOM 7 ¥ yxke npu n=230 npessraer 10°

Moxer noxasatbcs, 4TO Ajs GoJbWIHX 1 Takas MOCTa-
HOBKA 3aJaud HepeaJblia: HeBO3MOXKHO XpauuTb 230 3nave-
niit gyukuun f. B DeficTBHTENBHOCTH 3TO M He HYXKHO: JO-
CTaTOYHO HMETb AJTOPHTM, NO3BOJAIOILUIT BHIYHCIHTL 3laye-
Husi f B BepmmHax K"

1.2. Meton Monre-KapJo. BeeneM n He3aBHCHMBIX CJIy-

yaipix Besunn gV, .. E™) KaxKaas M3 KOTOPBIX MO-
JKeT NpuHHMaTh nBa 3Hauenus —O0 u 1, i nyctb
P{E"=0}=1—x;, P{E?=1}=ux. (4)

CoBokynHocth 3THX Beauyud (Y, ..., §™) onpemeaser
cayuaiiHyio BeplunHy ky6a K*.

Teopema 1, Maremaruueckoe oxmcudanue f(EDV, ...
eon £) pasno

MFED, ..., E™)y=[(x1,..., X.). (5)

Hoxasartenbctso. la (2) u (4) HeTpyaHO 3aMETUTD,
uTo u npu k=0, u npu k=1 cnpaBelIHBO paBeHCTBO
P{§"=k}=c(k). [losromMy npaBas uacTb OGLIYHOMH
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Cb()pMy.TIbI AJIsT MaTEeMaTHYECKOro OKuaaHusd

MFGED, .., 57) =
1
= 2 [l k)PED = k..., BV =k}

Bay any k=
npeBpallaercs B npaBylo 4acTs Gopayaut (3), oTkyna cpasy
BhITeKaeT (5).

CooTBeTCTBYIOLHI qupmlee (5) merox Monre-Kap.o:
npu Go.buux N,

T( (l)’"') gll))’

k4=

1
f(xl, ey ”) ~'—1v

rae (&7, ., E7), ooy (BX, o, YY)  — HesaBucumbie pea-
Jusauny cayuafinofi Benauunnel  (EM, ..., E®)  (uan, opy-
THMH CI0BaMH, Ha06op CAy4afHBIX BepLIHN Ky6a).

B nocnenneit ¢dopmyne serxo Belpasuth Bce §(?  uepes
cayuafinple uncna v, Tak kak §¢) = e (x; — ). [Tonyunm ¢op-

MyJay
(et eee, xn)~~—f f(c(’ﬁ~vn ) e (X, — Y4, 5), (6)

TJe BCe Y; , — He3aBHCHMble cayuaiinble uncaa. Popmyaa (6)
N03BOJISIET WHTEPNOJAUPOBATh 3Hauenus f(xy, ..., X,) B He-
CKOJIbKHX TOYKaX, HCHOJBb3Ysl OAHH H Te JKe Cayvaiilible YHc-
Jaa Yi. (cp. ra. 3, § 4).

B cratesx [179] m [177] nocrpoenst metoani Monte-Kapmo mns
SKCTPAnoJIpPOBaHHs H HeJHHEHHONH HHTepnoasiunk GYHRUMH [(X1, ..
cees Xy)

§ 2. Npocreitnil cayyaiinbiil NONCK

2.1. CayuaiiHblit nouck. PaccmoTrpuMm orpaHuyeHHYIO
KycO4yHO HenpepeiBHYIO ¢yHkuuio @ (P), ompefenennyio B
3aMKHYTOM eIMHHYHOM f-MepHOM Ky6e K", tak uro K"—
310 Ky6 K" BMecre ¢ ero rpanuueil. OGosnaunm uepes P
Touky abcomornoro mMakcumyma @ (P) s “K®, 1. e. Takyio
TOUKY, 4TO O (P)=0 (P) nna BCex P=K*

Ipocreiiuuii nouck TOYKH P coctonT B Tom, 4TO B KyGe
3ajiaeTcs NMpPOU3BOJIbHAS MOCAENOBATENbHOCTb TOUEK Py, ..,

19 U. M. Co6oas
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..., Py, ..., Ha3biBaeMbIXx NpOOHLIMU TOYKAMH; B KaKI0d
113 3THX TOuek BbluucJasieTcss 3Hauenne @ (P;); U naxoauntes
Touka Pi,, B KOTOpPOIi

@ (P;) = max @ (P).
ICi<N

Touka P;, cnyXut npubaukeHveMm K Touke P,
Paccmotpum npousBoabHyo obaacth BoK™ ¢ mosoxu-

TEeJIbHbIM f-MepUBIM 06bemMoM V>0, comepxkallyio Touky P.
Ecin npu N — co xors 6bl oMa npoGHasi TOYKa nomajgaer
B B, TO roBOpSIT, UTO npoyecc noucka cxo0urcs.

IloxaxeM, 4TO ecny B KauecTBe NPOGHBIX TOUEK BLIGU-
paTb ne3aBHCUMBle CAYyYaiHble TOUKH C IJIOTHOCTBIO p (P) >0
BHYTpH K", TO mpouecc noucka cxomutcsi, Jas Hokasartedb-
cTBa (pUKCHpyeM NMpou3BoJbHylo obnacts B ¢ V>0, coxep-

XKauyw Touky P u o603HayuM uepes ps BEPOSITHOCTb TOFO,
4TO 0JHa npoGHas TouKa nomnajer B B.
OueBunno,

ps= [ p(P)dP >o0.
B

BeposTHOCTh TOro, 4To XOTsi Obl OfHa M3 N mpo6HBIX TOuek
oxkaxercsi B B, pasHa 1—(l—ps)™ u crpemurca k I, korna
N — co.

CiuenoBatenbHo, Kakoii Obl Koa¢gduuueHt nosepus B
MBl HH BbIGpaJH, NPH LOCTAaTOYHO OGosabumioM N c Bepodar-
HOCTbIO, GoJbliell yeM P, XOTd Obl ofHA Npo6GHAas Touka
nonafer B B.

Ecsan HUKakKo# npelnBapuTebHOH MHpOpPMAUHUM O pacrno-
noxennn P Her, To ecrecTsenHo BHGpath p(P)=I, 1. e.
HCNOJIb30BaTh NMpOoGHBe TouKu I';, paBHOMEpHO pacnpenesieH-
uble B K™ Taxkoii MOMCK Ha3blBAIOT NPOCTEUUiuM CayUYalHbIM
NOHCKOM (HJIM CJIENBIM IOHCKOM).

$IcHo, uTO mpoLecc MOMCcKa MOXKIO YJIYYLIUTh, €C/IH B XO-
Jle IOWCKa MEHSTh MI0THOCTb p(P) ¢ yueToM yiKe moJjyueH-
HbIX 3Hauennit. Hanpuwmep, Touky P; BHIGHpPATh IO IIOTHOCTH
pi(P), xotopas crpourcs ¢ ydyetroM 3Hauenust O (P,), ...
ve., ®(Ps1). Ha Takux GoJee coseplieHHBIX (HO H GoJiee
CJIOXKHBIX) aJrOpUTMax MOHCKA MBI 34€Cb OCTaHABJIHBATHCSA
He Oynem [22, 66, 72, 184]. OTMETHM TOJNBKO HEKOTOpPBIE
CUTYalHH, B KOTOPBIX ApocTeflnil caydaliHpll NOUMCK BeCcbMa
TI0Jie3eH.
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a) ®yurung O®(P) mocTaTOuHO raainkas, HO
MHOTOSKCTpPeMaJdbuas Ilpocrefiuii caydaiHbli
NOUCK 11e1ec006pa3HO HCNOJAb30BaTh AJs 0TOOpa 1auyanbHbIX
TOYEK, H3 KOTODPBIX MOZKHO JIOKaJbIIbIMH METORAMH (METOL
rpajiieHTOB, HAHCKODEliuil cnyck W Ap.) nonacTe B OJH-
Kafmuit MakcuMyM. Uem Tiratesbliee BLIOOp HadadbHBIX TO-
YeK, TeM MeHblile UIAHCOB MNPONYCTHTb aBGCOJIOTHBLII
MaKCHMYM.

6) TpeGyeTcss HafiTu MaKCUMyMDLl HECKOJ b-
kKux ynkuuii @ (P), ..., On(P). Ilpu nmpocrefiinem
CayqaiiHOM MOHCKE MOXKHO OZHOBPEMEHHO (10 OZHHUM U TeM
e MpoGHbIM Toukam I';) uckaTe MaKCUMyMBl (1 MHIIHMYMBbI)
BceX 3THX (PYHKIHUI.

Takas cutyauns NOBOJbHO THNHYHA JJs8 3agad ONTH-
MaJIbHOTO KOHCTPYHpOBaHMsI: OOBMHO KayecTBO KOHCTDPYK-
UMH MOXHO OLlEHHBAaTh 10 DALY BecbMa pas/juyllblX KpHTe-
pueB, H BLIGOp pelIaoiero (MaM KOMIPOMHCCHOTrO) KpHTe-
pusl ymaercsl claesarh JHIIb TOTAA, KOPAA M3BECTHO, UErO
MOKHO JOOGHTBbCS, ONTHMH3HPYS TOT WJAH HHOH KPHTEPHIi
B OTIEJbHOCTH.

2.2. JIMl-nouck. B nosHoM cornacuu e wuuesMu I 7,
MOKIIO MONBITATBCS UCIOAB30BAaTb B KayecTBe NMPOOHBIX TO-
yeK AJs NMpPOCTeiilllero moucka Jiobble TOYKHM, O6pasyiollne
paBHOMEpHO pacnpefesenlyio mnociaenoBarteibiiocte B K*
(ra. 7, n. 2.1): uem Gosnee paBHOMEPHO pacopeselielibl TOUKH,
TeM JYYIIHX Pe3yJbTaTOB MOXKHO OXHAATb OT MOHCKA.

CXomMMOCTb TAKOTO MOHCKA Jerko n0KasaTb: TaK Kak
nas Jmo6ofi o6aacty B npu N — oo ortHouienne Sy(B)/N —
— Vg (em. (10) ra. 7), To Sy(B) ~NV;; caenosaresbHo,
KOJIMIECTBO NMPOGHBIX TOYEK, MOMAaBUIHX B B, eorpanHyeHHo
pospacrtaer ¢ pocroM N (ecan Toapko Vs=>0).

JI[1-nouckom HasbBaeTCs HpOCTeﬁLLpdﬂ TOHCK, B KOTOPOM
npoGHEIMH TouKamu cayxkar Toukn  Qp , ..., Qv..., O6pa-
aywouue JIIl-noenenoarensroers (1. 2.4. rai. 7).

Cpasiienne JIIInoucka ¢ NpocTeAUInM CayyaliHbIM NOHC-
KOM NPOBOAHMJIOCH Ha MHOTHX 3ajaayax. M nensmenuo JII-no-
HCK OKaspiBaJsicsa Gosee 3 (HeKTHBHBIM.

Mpumep B rtabn | npiusciens pe3ysbTaTil MOHCKA MakCHMyMa
HekoTopo#t (moctatouHo caoxnof) éyukuun ®(P) or 9 nepeMeHHbIX
[86]. O6osnauenua:T (1), T(9)» T'(3)—Tpu Hamnyumue TOUKH, moJyden-
Hple MPH CaydaiiHOM MOHUCKe, @ QZI,, Q(‘Q), Q(E)—Tpﬂ HaWJIydIlHe TOYKH
nonyuennbie npu JIIl-noucke € TeM ke KONu4eCTBOM N npoGHbIX TOUeK
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2.3. Mouck B NpoU3BOJBLHON KOHeuHO#i oGaactu. Ecan
dbyukuusa O (P) onpenesyeHa B KOHeuyHOH 3aMKHYTO#H o6JacTu

G, To N5 peaJizaluy APOCTEHILEero caAyuyaiiHoro MNOHCKa Ha-
L0 BbIOUpaTh caydaiiHble TOukd (&1, ... , E.), paBHOMepHO

Ta6anua |

N Q)| oW,

* D(Cy) | DTz ®(T3))
o o((o(,)r ") ) )

512 48,12 47,00 37,84 42,29 39,52 38,51
1024 48,61 48,12 47,83 42,29 40,21 39,52
2048 48,061 48,12 47,83 43,52 42,29 40,22

pacnpezeneHibie B G. Jleqaercs 370 ¢ nomollbio npeo6pa-
30BaHuil M. 2, KOTOpble MOXKHO 3anucath B (opme =
=0,(Y1,..., {m), 1<Xk<Cn, rie, BooGule roBops, mz=n.

O6osnaunm yepes I'=(y1, ..., {m) CAyualiHy!0 TOUKY,
paBHoMepHo pacnpepenennyto B K™ Ilycte I'y, ..., Tn...—
nesaBucumble suauenus I'. Torma i-a npobuas rtouka B G
HMeeT KOOPJAHHATHl

(gi(Ty), ..., g.(TY)), i=1,2...,N,...

ITH XKe NpeoO6pPa3oBaHUS [03BOJSIOT OCYLIECTBUTL B 00-
aactu G u Jlll-nouck. Ipu JITl-noucke KoopAamHaThl i-ii
npoGHOH TOUKH paBHBI

(@ Q7)) ey 8 (Q), i=12 ...,N,...,

* *
rae GyHkuun g, — e xe, a Q1 ,...,Qn, ...— TOUKH M-Mep-
noft JIIT;-nocnepoBaTeJbHOCTH.

§ 3. Pewenne ypasnedus Jlannaca

3.1. MocTpoenune cayyaidubix Tpaekropuit. [1ycts 3agana
orpaHuuenuas cBsisiasi ob6snacts G u Touka Po=G. Onpene-
JuM  cayuaiiHylo Tpaektopuio Qo—>Qi—...—> Q...
caenyoluM odpazoM: noaoxum Qo=Po; Rasee, eciu TOY-
Ka Q, HM3BECTHa, ToO MOCTPOHM OKPYXKHOCTb IPOH3BOJLHOTO
paauyca [, pacnosoxelinyio BuyTpH G,  Ha 3TOH OKpyX-
HoCTH BbiGepem cayuaiinylo Touky Qn41 (puc. 71). Takum

of6paszom,
Qn+l=Qn+ln [OFAN n=0, 1, 2» veey
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rae o,== {C0s @n, sin @}, u yroa ¢, paBHOMepHO pacmpeie:
Jen B uurepsage (0, 2x).

Teopema 2. Ecau ¢pynxyus u(P)=u(x, y) yoosserso-
paer 8 obaactu G ypasuenurwo Jlanaaca

02u/0x%+0%u/dy?=0, 7y

T0 npu Kandom n u npu aobox ly, ..., l. maremaruueckoe
oocudarue Mu(Qn.) pasro 3nauenuro u(Po) 6 Hauare
TPAEKTOPULL.

Hoxaszateabctso. [Ipu-
naguM Gosee  TOYHBIT CMBICT
YTBEPXKIEHHIO O NPOHU3BOJBLHO-
ctH paaguyca [,. Byxem cuurars,
YyTO 3ajaHa HekoTopasg MJoT-
HOCTb ¢ (l), KOTOpas TOXK/ECT-
BeHHO paBHa HYJIO NpH Bcex [,
NPEBOCXOASAIIMX  MHHHMAaJbHOE
paccrosinne 0T Q, JO TPaHHLEBl
G a rakxe npu [<<0; cayuai
g. () =6(l—!,) Takxe momycka-
ercst; U BLIGOD [, OcylLuecTBJAsIET-
¢l B COOTBETCTBHH C IJIOTHOCTLIO Prc. 71.
g ().
ITycTb p,(P) — MJIOTHOCTb pacnpeledenns Touku Q, B G.
Torna marematHyecKOe OKHAaHHEe BeJHUHHB U (Qn41) =
=u(Q,+!,0.) paBHO

2%

Mu (Qut1) = é‘ pn (P)dP _‘_S‘mqn (0 di ES u(P + lw) ‘é_ﬁ.

[To u3BeCTHOI TeopeMe O CpelHeM 3HaueHHH rapMOHHYECKO
¢yuknuu [88]
2

! fu(P—{—lm)dcp:u(P).

20 g
[Tostomy
M (Qat1) = [ (P) pu (P)dP = Mu (Q0).

pu n=0 Touka Qo="Po, u(Qo)=u(Po) 1 Mu(Qo)=
=u(Py). [lpumeHsas UHAYKUHIO, OJAYYHM YTBEPKIEHHE TEO-
peMbl.
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[TocTpoenue 1paeKTOPUIl PACCMOTPEHHOro THMA B TpexX-
MEpHOM CJydyae HHOTAA HasbBalT O4ysOaHuAMU NO
cepan.

3.2. Pewenue 3anayu Hupuxsie ans ypasHenus Jlanaa-
ca. TpaekTopuio NpelpIAylero MylKTa MOXKHO HCHOJb3V-
BaTh OJs NpHGAMXKEHHOTO pEIIEHHUSs!
sagayu Jupuxae (ra1.5, n.5.5). [Tycts
na rpanune G° o6nacru G 3anana or-
paunuenHas ¢yunkuus g(P). O6osna-
uuM 4Yepe3 u(P) HCKOMOe pelleHHe,
yaoBJaerBopsioulee BHyTpu G ypaBHe-
o (7) wu obpauwaiomeecs B g(P)
npu PGl

@duKcupyeM [OCTaTOYHO MaJayio
okpecTHOCTb (Gg rpaHuubl G (puc.
72). Yto6n BhuHCAUTL U (Py), OyieM
CTPOUTb TpaekTopuu BHaa Py— Qy—
—...—Qy 10 Tex mop, HOKa CJay-
yaiiHas Touka Qv He momajgaer B Go.

Puc. 72. 1lyctp Py — Ganxkaiimas kK Q, Touka
rpanunsl G% MoxkeM cuMTaTh, uTO

3Hayenue cayyaiuol sesuuuHbl u (Qy) NPHOJHIKEHHO PaBHO
u(Qy) ~ g(Py). Moctpon N rtpaekropuit Takoro tuma, mno-
Jyuum 3HaueHHs g(Pv,), ..., g(PvN), 10 KOTOPHIM OLEHH-

BaeTCsi MCKOMOE pellieHHe
N
1\

u(Py) =~ Lf‘l g(Py).
S=

Same‘mM, YTO CXOJAHMOCTbL MO BepOﬂTHOCTPl
N
5 P
LS u@, )= u(Po ®)
N s=1 3

goria N—- oo He BuiTekaer u3 Teopemsl Xununma (crp. 87), u6o B
cymme (8) durypupyior N pasiMuHbIX CJly4afiHBIX BEJNHYMH, Pas3nuyaio-

muxcst npasunaMu BuiGopa lo, I;, . . . MOXHO, OLHAKO BOCHO/Ib30BATh-
csi Apyroit ¢opMoi 3akoHa Goubliux uxces — TeopeMoii Uebniera:
Ecau seauuwunvt 1y, ..., Mg, ... HE308UCUMOL U CYU4ECTBYIOT

Mn, =a; u Dn, <C, 10 npu N - oo
I < 1w P
‘N‘Z ns—l‘v‘élal_*o‘

(HdokasaTesbcTBo 9TOA TeopeMbl JETKO MOJYUHTh, NPHMEHSIS K BeJHYHe
He (I/N) (4. . .4 M) Hepabenctso YeGhiena, crp. 141),
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B wawem cayuae Bce Mu (va) =u(Py), a aucnepcun Du Qyy) <
<Mu? (st)<02, rue C.—.}sup |g(P)|. B camom jene, Kaxk H3BEeCTHO
Y€ Gy

[88], makcHMym M MuHEMYM rapMoHHueckofl GYHKIHH AOCTHraloTcsi Ha
rpaunue obnacru, tak uto |u(P)|<<C npu Beex P=G.

Taxkoit meton pacuera #(Pp) cuuraercsa Gojee GLICTPHIM,
yeM MeTOA M.5.5 .5, Tak xak Bmaau OT rpasuusl G° mo-
3BoJisieT JAetath Goubline wmard ([,). OGBIYHO peKoMeHayloT
BbIGHPATh MAaKCHMaJbHO BO3MOXHbe pPaauych [.. Brnpouem,
aKKypaTHOr0 YHCJEeHHOTO CpaBHEHHMS 3THX METOAOB aBTOP
He BHJIEJI.

Hsnoxenusit Meton 6uin mpennoxen k. Bpaywom [6] u oGoc-
HoBan M. Miossepom [162], KoTopuil Hokasal:, B 4acTHOCTH, YTO Be-
POSTHOCTb TOrO, YTO TpaekTopus Po—>Q—>. . .—>Qn—>. . . HuKorza
He nonaner B Gg, paBHa Hyuaio. JlanpHefillee pasBHTHE MeToaa — Op-

raHusaulis 3aBUCHMbIX HMCILITaHu#, pelleHHe ypaBHCHIT Gojee obuiero
BUJa, HCIOJIb30BAHHE BMECTO KPyroB APYrux (uryp (mas KOTOpLIX H3-
BectHbl ¢yukuuu I'puna) — umelores B paGorax [28, 30, 65].

§ 4. BuluucieHHe BHHEDOBCKHX HHTErpaloB

Pemennss MHOTHX 3aJjau TEOPHU BEepOSITHOCTEH, CTATHCTH-
yeckoil W KBaHTOBOH (H3UKH, Teopuu AHDPepeHUHaSbHLIX
ypaBHEHHUA MOTYT GBITh BBIPAXKEHBI Uepe3 TAK Ha3biBaeMbie
KolTHllyasbHble uiterpajnsl [16]. Belunciiende KOHTHHYyasb-
HBIX HHTETPasioB KJACCHYECKHMH METOJaMH BecbMa CJOIKHO,
XOTs1 HEKOTOpble «KBaApaTypHbe» GOpMYJsl A 3TOrO HMe-
fotest [12, 123]. Meroasl Mounte-Kapao ans pacuera Takux
HHTErpasoB GbliH, NO-BHAHNMOMY, BIEPBLHIE HCIOJIb30BaHH B
pa6ote U. M. l'enpdaunna u H. H. Uennosa [15].

4.1. Buneposckue unrterpaanl. Yamle Apyrux BcTpeuaor-
Csi KOHTHHYyaJsIbHble MHTerpasnl no Mepe BuHepa, HasbiBae-
Mble OGBIYHO BUHEPOBCKUMI UHTE2PAAAMU:

£F [x] dwx, 9)

rie C — NpOCTPAHCTBO BCeX HeNnpepbiBHBIX Ha OTpe3ke
0<t<<T oynxuuit x(!), yIOBNETBOPSAIOLIAX HayaJIbHOMY
yeaopuio x(0)=0, a F[x(f{)] — npousBoabHbi{i HEmpepbiB-
Hblil W orpaHHYeHHbI (YHKIHOHAJ, 3anaHHul Ha C.

Mpu onpegenenuu Mepw Buuepa apecs, kax u B [16], k03hpdu-

uuent nuddysun D nonmaraercs paBHbM 1/4: 3TOro BCCria MOXKHO J0-
6uTbca M3MeHeHHeM Macwitaba BpeMeHu. Ilycts x==E(f) — KoopAHHaTa
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gacTHuBl, coBepinaomeli 6pOoyHOBCcKoe ABHXKeHHe BROAL ocH Ox, HauH-
naiomeeca u3 Toukd §(0)=0. Ecan D=1/4, To NMJOTHOCTb BEpPUSATHO-
creit §({) paBHa

Py (X) _ (:I'Lt)—l/2 e~ (x’/t)_

PaccmoTpum cayuaitnyio tpaekrtopuio x=Eg(f) uacruuul,
copepiiawoleil 6pPOYHOBCKOe IBHXKEHHE, C HAayaJdbHBLIM YCJO-
BueM E(0) =0 (Takyio TpaeKTOpHIO Ha3hIBAlOT TaKiKe BHHe-
poBckuM npouneccoM [71]). Torma mMaTeMaTH4eCKOE OKHAA-
Hue ciaydainoil Beauunnsl F[E(f)] paBHO uHTerpany -

MF[g(t)]= g F(x]dwx.

Orciona BbiTekaer npocrefiufl Meron Monte-Kapno nas
pacueta uHTerpajaa (9)

N
£F [x]dwx ~ NLEIF [E], (10)

roe Eay(f),... Ew, (f) — He3aBucHMble peanusauuu G6po-
YHOBCKOH TpaeKTOpHH X==E({).

4.2. TpuGanxeHHOe nocTpoeHHe GPOYHOBCKHX TpaeKro-
puit. Ykaxem naBa cnoco6a npuGJHKEHHON peasn3auud
Takux TpaekTopui. B o6oux cnoco6ax orpesok [0, 7] ze-
JIUTCA Ha n PaBHBIX 4acTell abcuuccaMmu

I=fh<thi<bh<<...<t,=T, (11)
PaswIrpHIBAIOTCA CJaydYalinble 3HaueHus Tpaekropuu §(%4), u

Puc. 73.

TnoJyyeHHble TO4KH (f;, &(f)) Ha MIOCKOCTH ¢, X COEIUHSIOT-
¢ oTpeskamu mpamblx (puc. 73). Iloctpoennas Jomanast
u eCTb npubnnKeHHas GPOYHOBCKasA TPaeKTOpHus.
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B npuBenenunix Huxe pacueTHex dpopmyaax i, Lo, v..—
3TO He3aBHCHMble HOPMaJibHble CJayuaiiHble BeJIHYHHBI C Ma-
pamerpamu a==0 u o’=1.

[TepBuiii cnoco6 ocloBan HEMOCpPeACTBEHHO Ha OnpejeJe-
1idg GpPOYHOBCKOrO JBHZKEHMS: TaK KaK yc/JOBHOE paclipele-
JgeHnue E(f;) npu u3BECTHOM 3HauyeHHH §(f;—;) HOpPMaJbHO
¢ napamerpamu a=E(ti-1) u o?*=(1/2)|ti—ti=y|, TO TPH
i=1,2...,n

E() =8 Wi—)) +V T/(2n) L. (12)
®opmyna (12) ¢ HawanbubiM ycaoBueM E(0) =0 nossoaser
paswirparbh Bce 3naveHus E(f).

Bropoii cnoco6 [14, 48] ocHoBan Ha TOM, YTO ec/iH 3Ha-
ueHus §(¢') m E(¢”) M3BecTHH, TO YCJOBHOE pacnpeleseHue

] .
3HaueHus § [5— @ + »”)] TaKk:Ke 1I0pMaJlbHO C mapameTpamu

a=(1/2)[E(")+E(¢")] n d®=(1/8)["—1].

[Mycts n=2", Hcnonesys ycaosue E(0) =0, MOxKI1I0 paswir-

patb anauenne E(T)=2&(0)+VT/2%, (510 dbakruueckn

¢dopmyaa (12) npu n=1), a 3aTeM pasbIrpLiBaTh OCTaJbHLIE
3naueHun E(/;) B cepeHHax OTPE3KOB:

E(T/2) = 5 [E(0) + E ()] + VTIBL;
E(T/4) = + (8 (0) +E(T/2)] + VT/T6 &y
E(3T/4) =5 [E(T/2) + (M) + VT/I6 Ly

E(T/8) = L (80) + 8 (T/4)1 £ VT3 L,

3 5
. O

Yucaeads i npumep [8]. Buuvcaute Buueposckuil HHTEr«
paJ, TOuHOe 3HayeHHe KOTOPOro M3BECIO:

g” x[Pdyx = L

y
rne

1
1202 = [ x2 (0) ae.
0
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Cnyuafinpie TpaekTopur OyaeM CTPOMTb BTOPBLIM CrocoGoM npn
n=4¢. PacueTHble (OpMY.JIbI:

E(1) =0,707118,
E(1/2) =0,5E (1) 4-0,353558,,
E(1/4) =0,58 (1/2) 4-0,25C,
£(3/4) =0,5[E(1/2) +E(1)]-0,25Ls

3naucuHyue ¢QyHkunoHana [lx[|2 Ha JomaHOH BbLIUHCAAETCS TOYHO: HA KaxK-
JOM OTDPe3Ke MOXKHO BOCNOJb30BAThCS (POPMYJIOf

b—
512 @ + 1 (2) /() + 12 0],

b
froa-

KoTopasi TouHa Aas ¢yukuufi f(f), anHefinmx ua [a, b]. Toayunm pac-
ycTHyI0 Gopmyay

IIEN? = 112 {€%(0) + 282 (1/4) + 28 (1/2) + 28 (3/4) + E* (1) +
+EO) EW/+EW/HEQ/2)+E(1/2)E G/ +E (B4 E)).

PesyabTaT pacucra, BmmnoaHensoro B [8] mpu N=10, cayuaiino
0Ka3aJ/iCst HCKJIOYHTE/IBHO XOPOLIIM:

10
1 -
7 2 NEP =0.2587.
s=I1
B caMoM 1ae’e, TaKk Kak

D|H—S| sdgx — (L) = _
(lbﬂ)—clxﬂ wx (4)—75—ﬁ—1—-2-,

To npu N=10 BeposiTHas omubka rip=~0,675/Y120=0,062 (umenno Ta-
KOH MOPfAIOK HMeeT NOTPEeLIHOCTb, €CJAHM B35ITb BCErO JEBSITb H3 COCYH-
TaHHBLIX JAecsTH Tpaekrtopnii). KpoMe craTiicriueckoli omn6ku H3-3a Ma-
Joro 3HaueHus N, BoaMoxHa eile omnbka OT 3aMeHBl TPaeKTOpUH JiO-
MaHLIMH, T. €. H3-32 MaJIOCTH .

4.3. 3aMeHa KOHTHHYAJbHOr0 MHTEIpPana MHOTOMEPHBIM.
duxcupyem pasbuenne (11) orpesxa [0, T] u ycaoBumcs
KaxAyio HeNpephiBHYI0 KpHBYIO X(f) 3aMeHATb JOMaHOH

%(), copnanaomeii ¢ x(f) Bo BCex TOUKAX Neelus::
xt)y=x{t)==x;, i=0,1,...,n.

3nauenne QyskuuoHata F[X] Ha Takux JOMaHbIX MOKHO
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paccmatpuBath Kak ¢yHKuuio or n nepemenHuix: Flx]=
=F(xi,..., Xa). M3Becrno [16, 89], uto

n n/2 o )
gF[XIdW/X ='11LI’2(;:17> _L ..._.[ F (X1, ooy Xn)

n
n
exp {— -;]T' 2 (X, _ Xi~|)2} Xm oee dx,,.

i=1
[Tosromy aas npubamKenHoro pacuera uHrerpana (9) mox-
HO BbIYHUCJATH MHOIOMeEpIible HHTErpaJibl, CTOSLIHE crnpasa,
NpH AOCTATOUlO OONBbLIAX . MO}KHO, B 4aCTHOCTH, HCIIOJIb-
30BaTb Meroasl Moure-KapJao (ra. 3 u 4).

B cratbax [124, 128, 173, 178] meronamu Monte-Kapno suiumcns-
10TCSl KOHTHHYaJbHble MHTErpafbl, K KOTOPHIM CBOJATCSl HEKOTODHE 3a-
Nayu TeOpHH OGLIKHOBEHHHIX Aud(epeHuHaNbHBIX ypaBHeHHI H, B YacT-
HoctH, ypaBHenns UIpénunrepa (mapyrue wmertoani Moute-Kapao nas
pacuera ypaBHerus IlIpénuHrepa paccMOTpeHsl B pa60'rax [27, 119, 122,
146, 150]).



NMPUAJTO)KEHUS

BcnoMorarejabHoe HepaBeHCTBO

Iycts B o6ractn G sazada HeolpuHuaTenbHass (yHKuua p(P)=0.
PaccmoTpum ace npousBosbHbie (yHkumd 4(P) u v(P), npuHantexa-
wre Ly(G; p). Toina cnpaBennuBo HepaBEHCTBO

[5 uvp dP]2< {u2pdp [ v2p dP. 1
G G G

HokasatenbcTBo. 3anulieM OUeBHAHOE HEPABEHCTBO

(f}[fu (P)+ v (P)|2p(P)dP >0,

rae { — n06oe JeicTBHTENbHOE YNCI0, DTO HEpPABEHCTBO MOXHO nepenud-
caTb B BHAE

t’gu%dP—l-2tfuvde+fv2de>0.
G G

Kak usBecTHo, kBampaTHbli Tpexuien Af2-+2Bf+C, rne A=0, Heotpu-
IaTejieH NPy Bcex —oo < f<C oo TOrAa H TOAbKO TorAa, Koraa B2—AC<C0.
A B namewm cayuae HepaneHcTRo B2<CAC cosnanaet ¢ (1).

Hepasenerso (1) mpenciaBaser coboii o4Hy M3 M3BEeCTHHIX ¢opM lie-
paBexctBa Koy — ByHfIKOBCKOro, Ha3biBaeMOro TaKiKe HepaBeHCTBOM
[Isapua.

Ta6auunb

Tabauua 1 conepKUT HEKOTOPLIE 3HAYEHHS HHTErpasa BepOSTHOCTell
@O (x), dyHkunn pacnpefedenus a;(x) H QyHKUMH pacnpegenehus Kos-
moropoBa K(x). Onpefenenuss sTux ¢Qyskuuii cM. Ha crp. 88, 35 u 43.

TaGmuua 2 comepuT HeKoTOpLle 3HaueHHsi pacnpefenexus y2. Omn-
penenenue Benuuunsl ¥2(m, P) cm. Ha crp. 33.

Ta6amua 3 comepKHT HeKoTopble 3HaueHust pacnpeledeniis CTbio-
Aenta, Onpepenenne BeJHYHHb ¢ m,pcM. Ha cTp. 90.
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Tabnuua 4 comepxut 1000 cayuaitnuix Uudp, KOTOPLIE HMHIHPYIOT
He3aBHCHMble 3HaUeHHs caydaiHoi Beauuuusl € (ra. 1, § 1).

Ta6nuua 5 comepxut 200 HOPMaJbHLIX BEJHYHH, KOTOPbIE HAHTH-
PYIOT He3aBHCHMble 3HaueHIs HOPMaJbHO[ (rayccoBckof) caydaiinofl se-
JHYUHBL § ¢ mapaMeTpamu

a=M;=0, o?2=D{=1.

Ta6anua 6 coaepaut uncauresn seanunn V), Heo6xomumux aas
pacuera 104eK Q; (ctp 265). 3HamenaTean Bcex V}S), paBHbl 2%, TaK 4TO,
nanpumep, V{% =433/512.

TaGnuma |

Heknropsie 3Haucnns nurterpana seposituocreil M(x), dyuxkunn pacnpe-
aenenns a)(x) u Qpynkund pacnpegenenis Koamoroposa K(x).

X l D(x) a ag(\) ” x , K(x)
0,675 0,50 0,12 0,50 0,82 0,50
0,842 0,60 0,15 0,60 0,89 0,60
1,036 0,70 0,18 0,70 0,97 0,70
1,282 0,80 0,24 0,80 1,07 0,80
1,643 0,90 0,35 0,9 1,22 0,90

1,96 0,95 0,46 0,95 1,36 0,95
2,58 0,99 0,74 0,99 1,63 0,99
2,81 0,995 0,87 0,995 1,73 0,995
3,29 0,999 1,17 0,999 1,95 0,999
3,72 0,9998 1,49 0,9998 2,15 0,9998
Tabauna 2

3uavenus x2(m, P)

r| 0,99 0,90 0,70 | v,50 | 0,80 | 0,10 | 0,05 | 0,01 | 0,005 | 6,001

i | 8| o.01 0,10] 0,50 | 050 | 0,70 | u,90 | €95 | 0,09 | 0,005 [ 0,99
210,0210,2] 0,7 4,4 2,4| 46| 6,0{ 9,2] 10,6 | 13,8
310,42 0,64 1,4 2,4 3,7( 6,3 7,8| 11,3} 12,8 | 16,3
410,30 11,4 2,2 3,4 49| 7,8| 9,5| 13,3 | 14,9 | 18,5
510,55 11,6 3,0 4,4 6,4 9,21 11,1} 15,1 16,7] 20,5
610,87 (2,2| 3,8] 53| 7,2]|10,6 | 12,6 | 16,8 | 18,5 | 22,5
71126 (2:8| 47| 63| 84120 141 | 185 ] 20,2 | 24,3
81,6513,5( 55| 7,3 9,5]13,4 | 15,5 20,1 | 22,0 | 26,1
912,094,2| 6,4 8,3]110,7| 14,7 16,9 | 21,7 (23,61 27,9
10 | 2,56 |4,9] 7.3} 9,3 | 14,8 16,0 | 18,3 | 23,2 | 25,2 | 29,6
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Tab6anua 2 (npomomkeune)

P Jo.99l 0.90| 0,70 | 0,50 | 030 | 010 | 0,05 | 0,01 [o0,00] 0,000
1B 0,01| 0,10 | 0,30 | 0,50 | 0.70 | 0,90 | 0,95 | 0,99 [ 0,995 | 0,999
121 3,616,3 9,0]11,3]14,018,5]21,0] 26,21 28,3 | 32,9
141 4,717,8 10,8 [ 13,3 | 16,2 | 21,1 | 23,7 | 29,1 | 31,3 | 36,!
6] 5,819,3{12,6 15,3 18,4 23,5 26,3 | 32,0 | 34,3 | 39,2
18 | 7,0 110,9] 14,4 { 17,3 | 20,6 | 26,0 | 28,9 | 34,8 | 37,2 | 42,}
20| 8,3 |12,4| 16,3 | 19,3 | 22,8 | 28,4 ( 31,4 | 37,6 | 40,0 | 45,3
95 | 11,5 [16,5 20,9 | 24,3 | 28,2 | 34,4 | 37,7 | 44,3 | 46,9 | 52,0
30 | 15,0 [20,6] 25,5 | 29,3 | 33,5 | 40,3 | 43,8 | 50,9 | 53,7 | 59,7
35| 18,5 |24,8| 30,2 | 34,3 | 38,9 | 46,1 | 49,8 | 57,3 | 60,3 | 66,6
40 | 22,2 |29,1] 34,9 | 39,3 | 44,2 | 51,8 | 55,8 | 63,7 | 66,8 | 73,4
45 | 25,9 33,3 39,6 | 44,3 | 49,5 | 57,5 | 61,7 | 70,0 | 73,2 | 80,1
50 | 29,7 (37,7} 44,3 | 49,3 | 54,7 | 63,2 | 67,5 | 76,2 | 79,5 | 86,7
55 | 33,6 142,1f 49,1 | 54,3 | 60,0 | 68,8 | 73,3 | 82,3 | 85,7 | 93,2
60 | 37,5 146,5| 53,8 | 59,3 | 65,2 | 74,4 | 79,1 | 88,4 | 92,0 | 99,6

Ta6nuwma 3
3uauenus t m, B

\ 0,50 0,70 | 0,90 | 0,95 | 0,99 | 0,995 | 0,999
m

2 0,817 1,34 | 2,92 4,30 | 992 | 14,09} 31,60
3 0,765 125 | 2,35, 318 |58 7451 1292

4 0,741 L19 | 2,13 | 2,78 | 4,60 5,60 8,61
5 0,727 1,16 | 202 | 257 | 403 | 477| 687
6 0,718 13 | 1,94 | 245 | 3,71 4,32 596
7 0,711 1,12 | 1,90 | 236 | 3,50 | 4,03| 5,4l

8 0,706 1,11 | 1,86 | 231 | 336 | 383| 504

9 0,703 1,10 | 1,83 | 226 | 325 | 369| 4,78
10 0,700 1,09 | 1,81 | 223 | 317 | 358 | 459
12 0.698 1,08 | 1,78 | 2,18 | 3,06 | 3,43 | 4,32
14 0,692 1,08 | 1,76 | 2,14 | 2,98 | 3,33 | 4,14
16 0,690 1,07 [ 1,75 2,12 | 2,92 | 3,25 | 4,02
18 0,688 1,07 | 1,73 | 2,10 | 2,88 | 3,20 | 3,92
20 0,687 1,06 | 1,721 2,09 | 2,851 3,15 | 3,85
25 0,684 1,06 | 1,71 | 2,06 | 2,79 | 3,08 | 3,73
20 0.683 1,05 | 1,70 | 2,04 | 2,75 | 3,03 | 3,65
50 0,679 1,05 | 1,68 { 2,01 | 2,68 | 2,9 | 3,50
100 0,677 1,04 [ 1,66 | 1,98 [ 2,63 | 2,87 | 3,39
o0 0,675 1,04 1 1,6511,9 12,58 | 2,811 3,26
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Ta6auma 4
1000 coryuaitHeix uudp

86515 90795 66155 66434 56558 12332
69185 03393 42502 99224 88955 53758
41686 42163 85181 38967 33181 72664
86522 47171 88059 89342 67248 09082
72587 93000 89688 78416 27589 99528
94377 57802 52452 42499 33346 83935
91641 18867 76773 97526 27256 66447
53807 00607 04825 82134 80317 75120
12311 90316 87113 84778 45863 24520
14480 50961 84754 57616 38132 64294
79130 90410 45420 77757 75593 51435
25731 37525 16287 66181 73244 61870
45904 75601 70492 10274 23974 14783
19976 04925 07824 76044 32373 05312
15218 49286 89571 42903 59598 56774
73189 64448 31276 70795 33071 96929
28709 38238 76208 76575 53163 58481
17932 66686 64254 57598 26623 91730
94590 22561 70177 03569 21302 17381
08749 43448 28484 16325 62766 31466
91682 12904 29142 65877 64517 31466
87653 98088 75162 97496 59297 79636
79429 66186 59157 95114 16021 30890
85444 39453 67981 49687 36801 38666
85739 44326 91641 40837 93030 03675
02555 52905 84637 76154 14150 07876
74364 16796 59575 32764 91090 66515
21656 93662 81305 58846 69558 41675
50055 11244 298135 5801 23472 22700
18788 91332 32795 54313 39072 16809
41899 69207 66785 87225

05498 51512 16107 52141

88898 23775 30649 86545

39976 21279 36694 85970

22148 60102 18465 87650

-
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Ta6nuua 5
200 HopManbHBIX BEIHYMH

0,201 1,192 —0,008 0,035 1,042 —1,814
1,161 —0,669 —1,589 0,582 1,882 0,739
0,586 —0,925 0,090 1,507 ~1,115 0,278
0,143 —0,286 1,281 0,404 0,638 —0,443
0,952 —1,771 2,885 0,469 1,466 1,685
1,180 0,003 —0,586 0,857 —0,556 0,812
—0,274 1,083 1,157 0,999 —0,103 0,541
0,101 —1,357 —0,443 —0,556 —0,510 —1,193
—2,301 —0,645 —0,392 1,798 0,614 —1,360
—0,969 —0,083 0,832 0,427 —0,889 0,417
—0,268 —1,250 —1,213 1,388 0,978 —0,763
—0,602 0,009 0,212 —1,465 0,408 0,117
—0,057 —0,506 —0,156 —1,238 0,251 0,145
1,494 —0,441 —0,203 —0,132 —0,616 —1,660
—0,851 1,105 1,224 —0,700 2,196 0,837
0,396 0,515 —0,717 0,856 —1,163 1,889
0,438 0,215 0,247 1,222 —0,533 0,677
—0,107 1,516 —0,115 1,717 —0,425 —0,433
0,650 —1,139 —0,079 0,072 —2,140 —0,511
0,833 0,084 0,557 —0,847 0,006 —0,227
0,595 —0,957 —0,453 1,714 0,117 —0,304
0,888 1,440 —0,167 1,989 1,391 1,141
1,360 0,626 0,777 —0,471 —1,877 —0,332
0,396 0,317 1,306 1,775 —0,783 1,141
1,400 —0,541 —0,351 0,096 —1,298 —0,209
—0,865 —0,276 0,610 0,214 —1,765 0,887
0,141 1,110 1,057 0,086 —0,520 0.119
—0,455 0,541 —0,793 1,105 1,573 0.061
—1,232 —1,550 0,709 —0,878 —0,447 —1,697
1,499 —0,843 0,419 —1,102 —0,397 0,276
1,225 1,224 1,399 0,218
0,418 —1,338 —1,170 —1,614
2,855 0,188 —0,084 0,766
1,702 —0,054 0,750 0,389
—0,821 —2,101 0,376 0,580
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- Mgzromepuop"x cayuafiHOl TOUKH

— = — — C He3aBHCHMBEINH KOOp-
anHarama 53

— HenpepuiBHO{l cayualinofi BesH-
yilHbl 48

— HCYNpYyroro paccesiHua HefiTpo-
HOB 72

— HOPMAJLHOTO pacnpejencuus 63,
73

— paBlOMEPHOro pacnpeleneHus B
napaasenenunene 54

— — — B nupamune 85

— — — B cummiekce 85

— ——B CJOXKHLIX oOfnactax 79

— — — B wape 58, 81

— — — Ha noBepxHocTh cdepn 59,
85

— cpoGofHoro mnpobera 3apsxeH-
Hofl wactuusl 229

— — — HefiTpoHa B KyCOYHO OJHO-
ponHoit cpene 224 -

— — — — B OXHOPOAHOM cpele 223

— — — — B IpOH3BOJBLHON Cpele
227

— cnyyafiHOro HanpapJeHHs 59

— — cobbitus 46

— «cyab0bl» HeliTpOHA NpH CTOJK-
Hosenun 47

— yceyeHHbIX pacnpeseseHnit 75

— SKCNOHEHIIMaJAbHOTO  pacnpene-
aenns 49, 84

— oHeprHu HefTPOHOB MNeJeHHA 84

HavanbHas nJoTHOCTH 164
Hefitpoun denenus 84, 213
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Iepagencroo Kown-ByHakosckoro

292
— YebnieBa 141
Hepasuomeprocts 262
Oanorpynnosast TeopHs nepeHoca
222
OntHueckas aauHa 222
Orkaonenne 261
Ortpesok anepioauunocty 21
Ouenka Kauectsa 220
— KBaApATHYHOTO
207
~— HecMemenHasi 92
— no nornomenusm 209
— no croakHoBeHusM 209
— norpewHocty 87, 89, 128
— ceepxadextHsHas 141
— cMeleHHas 92, 151
— TpyaoemKocTH 99
— ycaoxHeHHas 181

(yHKIHOHANA

MaotHocTb G3Ta-pacnpefenenns 85

— peposTHOCTel nepexoaa 163

— ramma-pacnpezenenus 71

— nonycrumas 108

—- HauanbHasi 164

— NMCpBBIX CTOJKHOBEHHH 247

— pacrpeneeHus Croiogenta 90

— —%2 31

— crosiKHOBeHH# 182

INorpemnoctu ouerka 87, 89, 128

IMo1o6HBIX  TPaeKTOPWH  MeTOA
242

[ocaefoBaTeNbHOCTb TOUeK Gecko-
HeyHoMepHas 270

— — paBHOMEpHO paclpelieeHHas
259

— Xoarona 264

— — o6o6wmennas 271

— ypceJ AaCHMNTOTHYECKH BIOJ-
He PaBHOMEDHO pacrpejlesieHHan
273

— — BIIOJIHE DABHOMEDHO pacmpe-
nenennas 271

TocTosHHOro ceveHiis Meron 227

Totox [lyaccona 216

— — wecrauuoHapHuifi 216

— Dpnanra 216

paBuao «Tpex curm» 88

TIpeo6pasoBanue MJIOTHOCTH 58

Mpocrefiwnii  Meton Monre-Kap-
a0 93 .

— = =— — C NONpaBOYHLIM MIOXKI-

teaem 153
[Mposepka uurepsaaon 37
— konOunauny 37
—nap 37
— nceBAocayyalinbx
274
— cepuit 37
— gactot 37
TceBnocayuafinvie uncaa 17

ypcen 40,

PasHonepHo pacnpeneJeHias
fioc1eA0BaTedbHOCTL 259
PaswirpeiBanie cayuaiiHoil Benuuli-

Hbl 44
Pacnpenenenne ponycrumoe 196
—zmmiu cBoboanoro  mpodera
22

— Koamoroposa 43

— paBHOMepHOe B
nupamuzne 85

— — B MHOIOMEpHOM Napancic-
nHunene 54

— — — — cuMmnekce 85

— — B 1ape 58, 81

— — Ha TMOBEPXHOCTH MHOIOMe]-
Holt cdepnl 85

Paccesnue gacrun 182

PacuensieEne TpaekTopun 239

Pan Heiimana 171

MHOTOMCPHOM

Ceuenne B3aumojefictsis 221
Cumsoa Kponexepa ;5 167

Cummerpusamus 116, 159

Cucrema MaccoBoro ofcaysxiBa-
uus 216

CucteMaTtryeckas BriGopka 240

Cuyuafinaa HHTEPIONAUHOIHAS
KBaApaTtypHas dopmyqaa 146

— kBaapaTtypHas ¢opuvyna 143

— tpaektopus T; 163

— —Tew 174

— — eTBsmasca 213

— — —, JekcHkorpacuueckni o0-
xon 214

— — —, 06X0A N0 MOKOJIEHHAM
214

— — ¢ norJouieHnem 168

Cnyuafinas uenb 195

— uudpa 10



YKA3ATEJb 31

Cayuafinoe nanpaieniie 59

— cobuiTHe 46

— yueao 10

Cayyafinbii
239

— nouck 281

— NOTOK 3adBoK 216

Cayuaiinbix uugp tabauua 13, 131,
295

06pbIB  TPaeKTOPHH

— qucest AaTuuk 15
ConpskenHoe ypasuerne 179
Cynepnesuuuu Meron 64
CyuiectsenHas BuiGopka 108
CXOAMMOCTb O BepOosiTHOCTH 34
Cuet mo nokosenusin 214

TaGmuua cayvaitueix nu¢p 13, 131,
295

Teopema Konmoropoa 43

— Museca — Cmupuosa 34

— [Tupcona 30

— ®uuwepa 90

— Xunuuna 87

— YeGbieBa 286

TounocTs MeTOAA
96

Tpaekropnn Gpoyuosckne 288

— Bersimuecst 213

— ¢ noraouwennen Tv 168

—T; 163

— T 174

TpynoeskocTs anroputMa MonTe-
Kapao 99

Moute-Kap.o

YpasHenne angdeperuaabiioe
Jlannaca 201, 284

— — Ilyaccona 201

— -— Tensionposoarocti 209
— HHIerpaJbioe HeodnoposHoe 171
— — onHOpoaHOe 185

— — [laitepaca 189, 252

~— maxopaHTtHoe 177

— MOHOUHKJ/HYecKoe 28

— conpsixkeHHoe 179

— Teopuu paccesHus 182

— Ulpenunrepa 291
Yposenb 3HayumocTH 31

®yikuur ot GoJablworo uncia ne-
pevennnix 134, 206, 279

Henas uacte L(x) unucaa x 12

3\vnupuyeckass OUEHKa JUCHepCHH
89

— ¢yHKUMS pacnpelenenus 34

d¢dexTHBHOE CceyeHHe B3aHMomeli-
craus 221

SddextuBHocTh MeToaa Hefivana
77

— ot6Gopa 74
dddexTUBHHA KO3 dULEHT pas-
MHOXeHUST HeHTpOHOB 214

Anpo cronkuosenuit 182, 222
— WHTErpajabHOro ypasHeHua 171
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