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OT ABTOPA

KHura npeaHasHaueHa IJisi CTYAEHTOB H IpenojaBaresel me-
JIaTOTHYECKHX BY30B.

OHa moxXer OBITb HCNOJb30BaHa Kak yueGHoe nocobHe 1o Kyp-
Cy MEeTOIHKH MaTeMaTHKH H B ceMHHapaXx, MOCBAIIeHHBIX aKTyaJb-
HBIM npobJeMaM TIpenojaBaHUsi MaTeMaTHKH B CpejHeil .IIKOJe,
C LeJbl0 MpHBJEYEHHsI CTYAEHTOB K HayUHO-HCC/eN0BaTENbCKOH
paGore B 06JacTH MeJarorHKH MaTeMaTHKH.

HccnenoBanue ‘paccMaTpuBaeMblX B 3TOH KHHre npo6jeM Mo-
JKeT CJYXKHTb TeMOH KypCOBBIX H AHMIVIOMHBIX paboT CTYAEHTOB,
a TaKXe MaTepHaJoM /s TNpOBeleHHss HMH IeJarorHyeckHx
3KCTepHMeHTOB.

Kuura Moxer GbiThb HCIIONb30BAHA H YUHTENISMH B HX NpaKTH-
yeckoii pabore. . '

YuactHeM B HCCJEJOBAHHH 3THX INpo6JeM, CBOHM TBOpYe-
CKHM TPYJAOM YUHTEJb MOKer BHECTH CVILIeCTBeHHbIH BKJajl
B pa3BHTHe COBPEMEHHOH meJaroruku ‘MaTeMaTHKH, B MNOBHILIE-
HHE YPOBHSI MaTeMaTH4YeCcKoro o6pasoBaHHs.

* ABTOp cuMTaeT CBOHMM ' JOJTOM BBIPa3HTh rayBokywo 6Jaro-
JapHocth mnpodeccopy, AOKTOpY (H3HKO-MaTeMaTHUECKHX HayK
A. Y. MapkyleBHYy 3a MOJIe3HbIE COBETHI, CT. HAyYHOMY COTPY-
uiky AH CCCP, kaunaunary ¢pusnocopckux Hayk b. B. Buplokosy
M CT. HAYUHBHIM COTPYIHHKaM ATTH PC®CP, kanmugataM nefa-
roruueckux Hayk K. Y. Hemxosy, A. JI. Cemymnuy H A, A, De-
THCOBY 3a INPOCMOTDP DPYKONHCH H IEHHble 3aMeyaHHs.



ABtop Gymer Guaromapes BceM, KTo MOXKeJaeT COOGLIHTD
CBOH OT3BIBHI M 3aMeYaHHs o HacTosAlneH kuure, OT3HIBH H 3aMe-
UYaHHs CJelyeT HampaBasTb mo ajgpecam: BCCP, r. Morunes,
ya. Jlenuna, 35, Ilemaroruuecknii HHCTHTYT, Kadenpa MeTOLHKH

MarteMaTHkH; r. Munck, yn. Kuposa, 24, UsnarensctBo «Bhcinan
HIKOJ1a%, .



BBEJIEHHE

PasBuTHE MaTeMaTHKH B IIOC/e/Hee BpeMs NPHBEIO K BECH-
Ma IJIOJOTBOPHOMY BHEJPEHHI0O MaTeMaTHUYeCKHX METOJ/I08 neesae-
foBaHus B HOBbie 00jiacTH HayKH H TEXHHKH. Paciuupenue moJs
TIPHJIOKEHHS] MaTeMaTHKH MPOJOJIKaeTCs YCKOPEHHBIMH TeMIla-
MH, TIOBBIIIIAS €€ POJIb B XKHU3HH COBPEMEHHOTO oGuiecTBa.

TIporpamma KITCC crpaBeliiMBO Ha3biBAET MATEMATHKY nep-
BOH B pAAY BELYLIHX OTpaciel eCTeCTBO3HAHHA, pasBHTHE KOTO-
pHIX OmpejeJsieT JalbHeilne NepCrIeKTHBb HayYHO-TeXHHYECKOTO
nporpecca. ’

B 5THX YCJOBHSIX COBEpIIEHHO HENOMyCTHMO 3HAUHTETbHOE
OTCTAaBAHHE CPEJHEro MaTeMaTHuecKoro o6pasoBaius OT pasBH:
THSI MaTeMaTHUeCKOH HayKu M ero peopma CTaHOBHTCH zajgauei
60JbIIOT0 IOCYAapCTBEHHOro 3HaYeHH .

dra pedopma OpeanoJaraer Jpa HampaB/eHH:: a) Mojnep-
HH3aIMIO MaTeMaTHyeckoro o6pasoBaHus, T. €. €ro npHGIHKEHHC
K COBpeMeHHOH HayKe, H 6) YKpeIJeHHe €ro CBA3H C cOBpEMeH-
HOH NPAKTHKOH, T. €. TPHO/IHXEHUE K KH3HH. (Mmeercs B BUAY
yKpensieHHe CBSI3H 00yUeHHsl MaTeMaTHKe HMEHHO C COBpeMeHHOH
NIpaKTHKOH, Tak KakK TpaJUIHOHHOE o6yyeHHe BKJIKUaer JHUIb
BechbMa NPHMHTHBHbE TPHJOXKEHHs MaTEeMAaTHKH H HE JaeT yua-
UIEMCSl HHKaKoro NpejcTaBjieHHs 00 ee COBPEMEHHBIX BaXKHeH-
[HX MPHJIOKEHHSIX, JOMYCKAKOUIHX 3J1E€MEHTapHOe onHcaHue.)

B cBsizH ¢ HEOGXOJIHMMOCTBIO MOJEPHH3ALHH CDEIHEro Mare-
MAaTHUECKOTo O0Gpa30BaHHsi BO3HHKAET D5l BaXHBIX Mejaroritie-
cKHX Tpo6JeM, KOTopPble MOTYT OBITh YCJIOBHO OTHECEHBI K IBYM
KaTeropusaMm. _

1) xacamwuuecs cofepxKaHus MaTeMaTHIeCKOro o6pasoBaHus,
o6 beauHseMbie OJHHM OOIIHM BOMPOCOM «HYEMY YUHTB?»,

2) Kacaioluecss MeTOJoB INpenoiaBaHHus, o6beiHHsIeMble BO"
IPOCOM «KaK YUHTb?». .

Hacrosiiasg paGoTa MoCBsllleHa HCC/IeOBaHHI0 HEKOTOPBIX
BaHBIX MpOGJeM, KacalolHXCs JOTHYECKOro acmexkra mnpenoja-
BaHH§ M Ha3BaHHBIX HAMH JMNOTHUYEeCKHMH npo6ireMaMH
npenojfiaBaHHsi MaTeMaTHKH.



TlpenmeroM Haumiero HcciefOBaHHsI SBJIAIOTCS clenylolne
npo6JeMbl:

a) ompejesieHHe 3amaca JOTHYECKHX 3HAHHH M HABHKOB,
OBJIaJIEHHE KOTOPHIMH HEOOXOJAMMO WIKOJBLHHKAM H AacT Olpeje-
JIeHHBIH 3((eKT Kak B YCBOGHHH HMH CaMOH MaTeMaTHKH, TaK
H B Da3sBHTHH HX M03HABATEJbHBIX CIOCOGHOCTEH BoOGIILe;

6) paspa6GoTka METOAMKH MpenojaBaHMsl, BKJIOUAOIIefl H3y-
HYeHHe JIOTHYECKOTO si3blKa MAaTeMaTHKH B KauecTBe COCTABHOM
yacTy 06yueHHs MaTeMaTHKe;

8) TpHMeHeHHe JIOTHUECKHX 3HAHHA § HaBBIKOB, MPHOGpETEH-
HBIX YYallUMHCSl B MPOILECCe U3YYEHHs] MaTeMaTHKH, [/ YTOuHe-
HHSl M BBISICHEHHs] JIOTHYECKOH CTPYKTYpHl aKCHOM, ONpejeeHuH,
TEOPEM H N0Ka3aTeNbCTB;

2) NMpUMeHeHHe anmapaTta COBPEMeHHOH JIOTHMKH B MeTOiHUue-
CKHX HCCJIeJOBaHHUSAX [JIsl JIOTHYECKOTO aHAa/IH3a YueGHOro Mare-
pHaJsa u OThiCKaHHs HaHboJsee 3¢ dEeKTHBHHX CIIOCOBOB ero HaJo-
JKEHHs; ) :

0) mpHBelleHHe IIKOJBHOH TPAKTOBKH MaTeMAaTHUECKHX YIOHS-
THH B COOTBETCTBHE C HX COBPEMEHHOH HAayyHON TPAKTOBKOIM;

e) ompeeNeHHe NeNarorHYecKH Iel1ecoo6pPasHOro COOTHOIIE-
HUS SKCTIEPHUMEHTA H NEeNYKUHH HA Pa3JHYHBIX 3Tanax o6yuyeHHs,
a TaKxe onpelesieHHe PA3JHUHHX YPOBHEH CTPOrocTH;

O1) Ompefe/ieHHe MearorHYeckH Ie1ecooGPasHOro COOTHOI e-
HHSl KOHKPETHOro M abCTPAaKTHOrO Ha pas/IHYHBIX 3Tamax o6y-
YEHHs, Pa3JHYHHX ypoBHell aGcTpakuuy;

3) H3yuyeHHe OOLIMX JIOTHUYECKHX OCHOB COBPEMEHHOH Mare-
MATHKH, 3J€eMEHTOB TEODHH MHOMXKEeCTB H MaTeMaTHUuecKoil JIOTH-
KH B KJaccax- (U3UKO-MaTeMaTHYeCKOTo NPodmIs cpemHeit
WKOJIH ¢ AH(depeHIHPOBaHHHM O6yueHHeM; :

4) uccleoBaHHe BO3MOXHOCTH Da3bsCHEHHS YUAIHMCs 3THX
KJIaCCOB CYIIHOCTH AKCHOMATHYECKOrO MeTojJa H €ro OCHOBHBIX
npobJew; . _ ‘ )

K) IOATOTOBKA YYHTeJeH K DELIeHHI0 JIOTHYECKHX H JPYrHX
aKTyaJbHBIX Mpo6JeM MpernojaBaHHs MAaTeMaTHKH B IIKOJIE,

IMepeuncienHbie TPo6GIeMBl HCCAENYIOTCS BO B3aHMHOH CBSI3H,
HOO OHH HE SBJAIOTCH HE3aBHCHMBIMH M PellleHHe HeKOTOPHX H3
HHX OTKPBIBAeT MYTH K DeIleHHI0 APYrHX.

Hacrosias kuura cocTouT s AByx uacreil. B mepBoil uacru
-{«JIOTHYUECKHH $I3HIK MATeMaTHKH H MeToJHKa IIPernojaBaHUs»)
uccaenyloress npobaeMer a, 6, 8, 0 Bo BTOpo#l («AkCHOMaTHue-
CKHA MeTol H oOyueHHe MaTeMaTHKe») — IPOGJeMbl e, X, 3, U.

Hapsany ¢ o6muM uccinenoBanieM yKasaHHBIX BBILIe npobaem
B Hacrosilled pabore comep:KaTcsi yNpaxkKHEHHs] H H3JOXKeHHe
OTJIe/IbHBIX (PArMEHTOB MaTeMaTHYeCKHX TEODHH B IIKOJbHOM
NpeNoJaBaHHH B KauecTBe HJJIIOCTPALHH TIPEAIAaraeMoro iIpoeKTa
HX pelleHHs],
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Wnrepecyloline HaC NpoGaeMbl, XOTd H KacaloTes -MeTOJOB
npenojaBanus, T. €. OTHOCATCS K KaTeropud npobieM, obpenu-
HSeMBX BOTIDOCOM <«KaK YUHTb?», HE MOIyT paccMaTpHBaThbCsA
B OTPHIBE OT COJEPXKaHHs npenojaBanusi, OT TOTO, yeMy MBI
yunm. [lostromy nepep TeM Kak NPHCTYNHTb K HOCJIEI0BaHHIO
srEX npoGJeM, CjaelyeT pacCMOTpETh xoTsl 6Bl B OOLIMX HepTax
.Bompoc 0. COIEpMaHUH MIKOJbHOTO MATEMATHIECKOTo o6pazo-
BaHHS. . - ’

Mpl O6BUHO TOBOPHM, UTO B IIKOJE H3yyaercs <«3JeMeHTap-
nas MareMaTHkay. Ho TepMuH «3J€MeHTapHas MareMarTHkKay
npuMensieTcs: 1Js 0603HauEeHHs ABYX pa3NUUYHBIX TOHSTHH:

1) «...COBOKYMHOCTH TaKHX pasieJos, 3aja4 M MeTOJ0B MaTe-
MaTHKH, B KOTOPHIX He MOJb3yIOTCA O6LHMHA TOHATHAMH {epe-
MenHoH, (yHKIHH, npeaesa H TeEM GoJiee OOLIHM TNOHSITHOM
MHOXKECTBAY»,

2) «...COBOKYIHOCTH MaTeMaTHUecKHX JHCIMIUIHH, H3ydae-
MBIX B cpelnHeH 0611106 pa30BaTeNBHON mxoJae».! '

DjeMeHTapHYl0 MaTeMaTHKy B [€pBOM CMBICJe Has3oBeM
B JaJpHeHIneM «TPaJHIHOHHOH» H p603HAYAM  COKDalLIEHHO
«T. 3. M.». OJIeMEHTapHYl MaTeMaTHKy BO BTODOM CMBICJIE,
T. €. KaK TpeIMeT LKOJIbHOTO ofyuenns B COBpPEMEHHOM [I0HHMa
HUH, Ha3oBeM «coBpeMeHHOH» H 0003HAaYHM COKpal[eHHO
«C. 3. M.>. . : o

TIponsBenem CpaBHHTE/bHBIA aHANH3 STHX TIOHATHH.

1. Bcio ucTOpHIO Pa3BHTHS MaTEMAaTHKH ycJaoBHO pa3buBalOT
Ha UeTHpe OCHOBHBIX Mepuoaa.’ HauaJsio KaX)aoro HOBOTO IEPHO-
7a 03HAMeHOBaJOCh BblAAIOUHMCH HayuHBIM JOCTHXKEHHEM, OTpe-
JeJMBIIHM TEPEXOJ MaTeMaTHKH B HOBOE KayeCTBEHHOe COCTOSHHE.

Tak, 3a MepHOJOM HaKOIJIeHHs: nepBHYHBIX (PaKTOB, MEPHO-
JOM 3apOXKJIeHHs] MaTeMaTHKH, JJIMBIIEMCA C JIpeBHeHIIHX BPEMEH
10 VI—V BB. 10 H. 3., TIOCJIEL0BAJ nepuon 3JeMeHTapHOH Mare-
MaTHKH (T. 3. M.), HayajJoM KOTOPOro MIOCJYKHJIO TIOCTPOEHHE
reoMeTpHH Kak caMOCTOATEJbHOH HaykH. DTOT MepHon IJIHICH
#0 XVII B., Korja co3JjaHHe HCUHCJIEHH GecKOHEUHO MaJblX
_ompejenuao Haualo HOBOTO, TPETbEro nepuoja — Mepuoja Knaac-

cHyecKoil BHICIIel MaTeMaTHKH, HJH aHaJH3a.

Haxkonern, cosnanne H. U. JloGauesckuM nepBoil HEEBKJIHIO-
pofl reoMeTpHUYEeCKOH CHCTEMB (1826) siBHJIOCH HauajoM 4YeTBEp-
Toro nepHoja — MepHoaa COBpEeMEHHOH MaTeMaTHKH.

O6beM MOHATHS T. 3. M. COCTaBJSIOT H3BECTHBIE paseJibl
MaTeMaTHKH: apHdMeTHKa, reoMeTpHs, anire6pa W TPHTOHOMET-
pHusA, B OCHOBHOM copMHPOBABILHECS BO BTOPOM nepuone, T. €.
B Teuenne GoJiee IBYX rpicsuenetnii, go XVII B. Pasymeercs,
B 3To JKe Bpewms, B Hegpax T. 3. M. yKe pa3BHBAJNHCh HIEH,

) . . *

| BCD, uza. 2-e, T. 48, cTp. 648.
2 A H. KoaMoropoBs. MareMaTnka. BC3, uaa. 2-e, T. 26, cTp. 465.
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IIOCYKMBIIHE TOATOTOBKOH K CO3IaHHIO MHupdepeHuranbHOro
Y HHTerpajsbHoro wucuucienut. Ho mo XVII . pasBHBaJiach
MMEHHO Ta MaTeMaTHKa, KOTOPas BUOCHENCTBHH CTaja HAa3bi-
BAaTbCsl «3J1EMEHTAPHOH» B OTJIMYHE OT MATEMATHKH CJIeNYIOLero
lI€pHoNa, KOTOpas CTajla Ha3bBAThCA <BHICIIEH», C Apyro# cro-
POHBI, T. 5. M. TPOJOJKAET PA3BHBATLCS B HacTosiliee BpeMs,
HO 5To PA3BHTHE HE HAXOLHMTCA HA IJIABHBIX HATPABJEHHUSX MaTe-
MAaTHKH 3TOTO MepHOJa H CYUECTBEHHOTO BAHSHHUS Ha caMy T. 3. M.
He OKasblBaer,

Takum o6pasoM, o6veM monsitHs T. 3. M, BIIOJIHe OTpefeJieH,
XOTSl CTPOTOTO ONpENEJEHHS] 5TOr0 MOHATHS He CyLIeCTBYeT
M BDsAL JIH BO3MOXKHO. YKa3aHHe, UTO B T. 3. M, «He TOJIb3YIOTCS
COLIMMH MOHSATHAMH NE€pEMeHHOH, QyHKUuH, npedena u Tem 6Go-
Jlee OOGLIHM MOHSATHEM MHOMECTBay, HECOMHEHHO - XapaKTepHuayer
B HEKOTODOH CTelleHH MOHATHE T. 3. M., HO He MOMeT CIYXHThb
€ro ompengsenneM XoTa 6bl MOTOMY, YTO OHo OTPHLIATENBHO
(ykasbiBaercs To, ueM pe NIOJIb3YeTCsl T. 3. M., a He TO, YeM OHa
M0JIb3YeTCs ),

Ilepuon snemenraproii mMaTeMatuku Ha3bIBaIOT elile H MepHo-
AOM MaTEMATHKH IIOCTOSIHHBIX BEJHYHH B OTJHUHE OT Clenyo-
UIEro 3a HMM NMEPHONA MaTEMATHKH IIePEMeHHBIX BEJIMYUH, ITo
HE O3HAUaeT, 4TO T. 5. M. COBEPIEHHO HE HMeNa efa ¢ nepeMeH-
HBIMH BelHuHHAMH. JlOCTAaTOUHO NPHBECTH B KayecTse npuMepa
TPHTOHOMETPHIO, OTHOCAILYIOCH K T. 5. M. H H3Y4aloUlyIo ompeje-
JieHHble OyHKunn. Korma FOBOPAT 00 3JieMeHTapHOH MaTeMaTuHKe
KaK 0 MaTeéMaTHKe MOCTOSIHHBIX BEJHYHH, HMEIOT B BHIY, YTO OHa,
H3yuas HeKOTODble KOHKPeTHHIe GYHKUHH, He HMeNa CBOMM npen-
METOM H3yuenue oOllero MOHATHA GYHKIHH., Oua He 110J1b30Ba-
J1aCb M He MOIJIa MOJIb30BATHCS TeM MOULHBIM anmapaToM, KoTo-
PHI OblT paspaBoTaH B MaTeMaTHKe CJenylollero nepuona Ha
Gase H3yuenns obLIETo MOHATHS G yHKIHH, .

Tepmun «aneMentapuas marematukas He BXOIHT B COBpeMeH-
HYI0 HayuyHYI0 MaTeMaTHUecKyio HOMEHKJIATYPY, HO OCHOBHBIE
AHCUHMIUIMHBEL T. 5. M. BKJIIOYAIOTCH B OIpeeleHHble paszesl
MATEMATHKH: apHMeTHKa — B TeopHio uHCen, 3jleMeHTapHas
TEOMETPHs — B reOMeTpHI0, 31eMeHTapHasl anrebpa — B asire6py,
SJICMEHTapHAsl TEOPHS TPHTOHOMEeTPHUECKHX GyHKuuli — B ana-
JIH3,

Takum o6pazom, TEPMHH «3JleMEHTapHasi MaTeMaTHKa»
B CMBICJIE T, 3. M, HMEET B OCHOBHOM HCTOPHYECKOE 3HaueHue,
0603Hauas MaTeMaTHKY OIpeeneHHors nepHona. :

II. Hac wuutepecyer 5JIEMEHTapHAsl MaTeMaTHKa BO BTOPOM
CMbic/ie. MaTeMaTHKa KaK penMeT MKOJIbHOM o0yueHHs1 ¢ Teye-
HHEM BDEMEHH HEeH30eXHO MeHsieT CBoe cojepiKaHHe 1oj BJIHfA-
HUEM DA3BHTHS MaTeMaTHUYeCKOH HayKH, 0CTaBasiCh, OJHAKO,
«3JIEMEHTaDHOMH Y, o

8



DJyeMeHTapHasi MaTeMaTHKa Kak NpeiMeT UIKoJbHOTo obyue-
HHSI XapaKTepH3yercsl ABYMsl CYLIECTBEHHBIMH IPH3HAKAMH:

A. Ona foaXHa GHTbL 3JeMeHTapHOH B CMBICJIe HauassHOH,
cocTaBJAKLIEH OCHOBEE COBPEMEHHOH MaTeMaTHUeCKOH HayKH.

* B. Ona [noJ:KHa OHTbH 3JeMeHTapHOH B CMbICJe JOCTATOYHO
NPOCTOH, AOCTYNHOH AJs yYallMXcA CPeEHEH LIKOJIBL.

DTo NOHATHe 3JeMeHTaPHOH MaTeMaTHKH KaK I[pelMera
LIKOJBHOTO O6YueHHs] HHUKOTAAa He ObLIO aJeKBATHHIM MOHSATHIO
T. 3. M, Jlaxke go XVII B., Korza T. 3. M. COCTaBJsJa [0 Cylie-
CTBY BCI0 MAaTe€MaTHKY, IIKOJbHAs MaTeMaTHKa BKJOuasna B Ce-
651 JHIIb YacTb €e Pe3yJbTaToB, XOoTs OB MOTOMY, uTO jAaje-
KO HE BCe, YTO OTHOCHTCS K T. 3. M., o6iajaer mpH3HakoM B, T.e.
ABJsIeTCs] JOCTYNHBIM [AJisi yYallHXCS, He FOBOPs YyXKe o TOM, UTO
poo6lie BCA T. 3. M. He MOXeT YKJIaAbBaThbCA B PAMKH HIKOJIb-
HOro mpexaMera.

He kacasicb HCTOPHHM pPAa3BHTHs 3JE€MEHTaPHOH MaTeMaTHKH
KaK IpeiMeTa IIKOJbHOTro oGyueHHs, OyaeM TroBopuTb o6 ee
COBPEMEHHOM COCTOSIHHH, HMesl B BHJy He CTOJbKO TO, UTO Ipe-
1ioflaeTcsl, CKOJIbKO TO, UTO CJefoBalio Obl NpenoaaBaTh 8 COBpe-
MEeHHOH LIKoJe. DTHM ONpPaBAbIBAETCS] M IIPHHATOE HAMH HasBa-
HHe COBpeMeHHOH 3JeMeHTapHOH MaTeMaTHKH (C. 3. M.).

FlpusHakn A u B B HEKOTOPOH CTENMEHH XapaKTepH3YOT
MOHATHE C. 3. M., He SBJASCH, pa3yMeercs, ero CTPOTHM Olpeje-
JIeHHEM. DTH NPH3HAKH Pa3HOPOJHBI Mo CBOeMy Xapakrepy. [Ipu-
3HaK A, TpeOylouwii, uTo6b K MOHATHIO C. 3. M. Obllo OTHECEHO
BCe, COCTaBJsIOLIee OCHOBH COBpeMeHHOH MaTeMaTHKH, HMeeT
JIOTHKO-MaTeMaTHueckuii xapakrep. [lpusHak B, Tpebylouui,
4yTo6bl BCE, OTHOCHMOE K C, 3. M., OblIO J0CTaTOYHO IPOCTBIM
H TIOHSTHBIM JETSIM H MOJAPOCTKAM IIKOJBHOTO BO3pacTa, HMEeTr
SIPKO BbIPAXKEHHBIAl MICHXOJIOro-NelaroTHYeCKHH Xapakrep.

B nacrosiumee BpeMmsa Bolpoc 006 o6beMe MNOHATHS C. 3. M,
T. . 0 TOM, YTO H3 COBpE€MeHHOH MaTeMaTHKH [IOJXKHO COCTaB-
JSTh NPEeIMeT. LIKOJbHOTo OOYUeHHs, HIHpOKo OGCcyXpaercs
B MEXJYHApOLHOM IIaHe.

He kacascb pasiuuHBIX NpesloXeHHH (HX OUEHb MHOTO),
OrpaHHYMMCSl NpHBEeHHeM JABYX TPHMEpOB COBDEMEHHBIX H3[a~
HU, JalOLUX HEKOTOpPoe MpeicTaBjeHHe 06 OOLIMX KOHTYpax
o6beMa mousiTus <. 3. M. Ciefyer oroBOpHTbCs, uTo o6a H3[a-
HHsl, O KOTOPHX GYJeT HJATH peub, aAPecOoBAHBI HENOCPENCTBEHHO
VUHMTENSIM, ¥ I03TOMy OHH COJep¥KaT Mo Ka)JAOMy pasjeny 3Ha-
yHuTeNbHO 6OJbLIE TOTO, YTO MOXKHO NIPeNnojaBaTh B LIKOJE, H H3-
JOXeHHe MaTepHaja B HHX He MPHCNOCO6JEeHO K LIKOJbHOMY
IpenojaBaHuo. =

B kauectBe mepBoro npuMepa BO3bMEM DHIMKJIONENHIO DJe-
MeHTapHoii Martemaruku (DIM). K coxanenuio, xopouuit 3a-
MBICEJ BBIMYCKAa DHUMKIONEIHH He OBI MOJHOCTBIO OCYIIECTB-
JIeH: M3 3alJIaHHPOBAHHBIX CEMH KHHI BBIUUIH TOJbKO MEPBLIE
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yerbipe.! Ciefyer OTMETHTb, UTO KPHTHKa BBIIEAIHX KHHT DM
HCXOJHWJa B IOCHOBHOM M3 MOHSTHA T. 3. M., B TO BPeMs KakK
pellakuioHHAs KOJJIETHSl, B KOTOPYIO BXOJAHJH BHAHBIE yUYEHbIE
mateMaTukd ¥ neparord I1. C. Anexcanapos, A. K. Mapxkyme-
Buu H A. f. XuHUMH, MOCTaBHJIA 3a[aUy «AaThb CHCTEMaTHUeCKOoe
H3JI0XKEHHE HAYYHBIX OCHOB IIKOJLHOTO NIpeiMeTa MaTéMaTHKH>»,
T. e. HCXOHJIAa H3 CBOEro MOHHMAHHA ¢, 3. M.

B npeaucnoBuu kx mepeoil kKHure DIM? paerca caenyoumii o6wuil naaH
H3JaHHUSA, KOTOPBIH HECKOJbKO XapaKTepH3yeT €. 3. M.

«Kuura n g,p’B a 1. Apudmernka

Hponcxomneﬂne cHcTeM  cuucieHusa. TloHaTusa MHeOKEcTBa, TCpyNnhl,
KOJblla H N0/, TEOPeTHUECKHE OCHOBBI aqu)METHKH. SJIEMevHTbI TEOPHH YHCEeJ.
YcTHBT H NHCbMEHHBI CYeT, BCMOOMOraTellbHble CPEaACTBa BBIYHCJAEHH .

KHura sropas. Anarebpa

BekTopHble NPOCTpaHCTBA U JHHelflHBle Npeo6pasoBanusA. Koabuo MHoro-
4JIEHOB M MoJie palMOHAaNbHBIX (yHKUMA. UncieHHble u rpadHueckue MeTOMRbI
‘PElICHHA ypaBHeHHH.

KHura Tpertb 1. AHanus

DyHKUHH W TNpeleAbl; palHOHaJbHaf, CTENeHHas, NMOKasaTeJbHas M Jora-
pudMmHueckas (YHKIHH; TpHrOHOMeTpHYeckHe (yHKUHM M oOpaTHbie UM. JJe-
MeHTH IH(GdEepeHuHaNpHOro H HHTErpajJbHOrO HCYHC/IeHHH. DJeMeHTapHbIe
«hYHKIHH KOMNJEKCHOrO NepeMeHHOro. ’

Keura uversepTasd. Teomerpus, uacts I

Tonoaoruyeckue noHATHA. OcCHOBaHHA reoMeTpHH. ITIoHATHE © HeeBKJH-
JIOBBIX TeOMeTpHAX. DJeMeHThl aHAJHTHUECKOH M HPOEKTHBHOM reoMeTpHH.
Teomerpuueckne npeoGpasopanus. Vamepenne mnjowafelt, JHH, 06BEMOB
M TOBEPXHOCTEH. -

Kuura narasa Teomerpus, wacrs Il

" Muoroyro/ibHHKH H MHororpaHHukd. Kpyru u cdepnl. IlpumeHeHus B reo-
Je3HH H acCTPOHOMHM. 3ameuaTe/bHble KPHBbIE H INOBEPXHOCTH. 3amauu Ha
mocTpoeHHe. MeTonbl rpadHuecKux H3o6GpaxKeHuil. .

KHura wecrTasna Pa3iuyHsie BONpoOCH

KoM6uHaTopHKa. DJeMeHTH TeOopUM BepoATHOCTEH M MaTeéMaTHuecKol
<TaTHCTHKH. 3HaMeHHTHIE MaTeMaTHuecKHe 3ajaud. MareMaTuueckue mnapa-
JOKCH M cousMbl. MaTeMaTHuecKHe Da3BJEYEHHS M HIpBL :

Kreura ceagpMasn MeTolo/loTHs M HCTOPHA MaTeMaTHKH»

B kauecTBe BTOpOro mpuMepa H3JaHHS, XapaKTepH3YIOLIEr0O
B HEKOTOPOH CTeleHH MOHATHE C. 3. M., BO3bMeM BHILIEANIYI0 BO

! UersepTas kHura Bolmia B 1963, r. mocae modroro mepepeiBa B 11 Jjer.
3 23M, ku. 1. Apudmeruxa. M., 1951, ctp. 6—7.
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®pannun  kuury Jl. Denaukce «CoBpeMeHHOE H3JI0XKeHHe 3Je-
MeHTapHO} MaTeMaTHKH».'! XOTs aBTOp 3TOro TPyAa aKUEHTHPYET
CBOe BHHMAHME HA MOJEPHH3AIHH H3JIOXKEHHA M CHCTEMaTHSANHY -
TOr0, YTO TPAJUIHOHHO BKJIOYAETCS B 3JIEMEHTApPHYIO Mmartema-
THKY, B KHHTe H3JIOXKEHBI M BONPOCHI, He OTHOCALLKECH K T. 3. M.,
1 KOTOpBIE, CJIeI0BATE]NLHO, OTHECEHB! ABTOPOM K C. 3. M.

O6 5TOM CBHIETEJbCTBYET GerJiblii IpOCMOTpP Ha3BaHHi OCHOB-
HEIX pa3jeoB H ryaB. Huxe npuBOJAMTCA 3TOT NeEpEUEHb.

«Kuura nepsas PyanaMenTajbHbe CTPYKTYpbl

I'a. I. CroBaps H CHMBOJIBI TEOPHH MHOKECTB. OnepaiHH.

Tn II. Yncna.

Ia. II1. BexkTtopHble NpoCTpPaHCTBA.

Tn IV. Oto6paxkenne MHOKeCTBAa B MHOMKecTBO. Toueunme npeo6pasosa-
nusa. Yncaosne GyHKUHH. :
, Tn V. Bsegenne MeTpHUECKOH TeOMETPHH.

Tn VI Amre6pa Byas ma muoxecTsax. Mepsl BeposTHOCTH.

Kuura BTOpas ApubmerHka H anre6pa

Yacre nepsas. Teopus ducea.

I'n 1. Ueabe yncaa. .
Ta. II. dpo6n. Paunounaibhsle uncna. JlecsiTHUHble YHCIA.
I'a. I1l. BemecTBennbie 4HCJIA.

Yacro eropas. Aazebpauueckue eovipaxenus, Pewenue ypasnenud.

In . Muorounens.. Panuonansubie Apo6H.
Ta. 11. Peluenne ypaBHeHHH.

Kuura TpeTbs. Avamus

Tn 1. JlokannHoe H3yUeHHEe YHCJIOBOA GYHKUHMH OLHOM nepeMeHHOR.

[a. 11, Tno6albHoe H3yueHHe YHCJOBOH (YMKUHH OLHOH nepeMeHHOR.
Ia. III. I'paduku.

Ta. IV. INpunoxenns: OGIIKX TeopeM.

T'n. V. Iepsoo6pasgbie. .
Tn VI. KoMmiekcupe uHcaa (¢ saeMeHTaMH TeopuH GYHKUHA KOMIJIEKE-

HOrO TEpPEeMEHHOro).

Kuura ueTsepTas TleoMerpus .

Yacrs nepsasi, AdHHHAs H NMPOEKTHBHAS TEOMETDPHS. .

Yacts, BTOpasi. MeTpHuecKas €BKJHIOBA TeOMETpHs. (TTousiTHST O METpH-
yeCKUX HEeBKJHAOBBX TEOMETPHSX.)

Yactb Tpetbsi. KoHHKH».

Ecau nopsf0K, 06beM H TPaKTOBKa BONMPOCOB B I2M u Kuure
JI. desuKC. BO MHOrOM pas/JHYHB, TO COBOKYMHOCTH pasieJoB
MaTeMaTHKH, BKJIIOUaE€MBIX B OJIHOM ‘M B JPYIOM cjyyae B IOHA-

1 Lucienne Felix. Expos¢ moderne des mathématiques élémentai-
res. Paris. 1959. ;
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THE C. 3. M., B I'VIaBHOM, T. €. B TOM, YTO MOXKET COCTABJIATh npen-
MeT IIKOJIbHOTO OOYUeHHs, COBNAafalor.

MHorounc/iensble npeNoKeHHs, BHIBUTaEMble y Hac u 3a
PYGexKOM 1o BONPOCY O TOM, UTO CJeNyeT BKAIOYATL B C, 3. M.,
B OCHOBHOM HE BEIXOAST 32 DaAMKH ABYX NPHBEICHHBIX IIepevHed.

ITo nameMmy Muenuio (3T0 MHeHue BBICKa3bIBAe€TCSH MHOIMMH),
K C. 3. M. NIO/KHEl OBITb OTHECEHHl W Hayala MaTeMaTHYeCKOIk
JIOTHKH, T@K KaK OHHM BXOJAT B OCHOBH COBPEMEHHOH MaTeMaTH-
KH ¥ JIOCTATOMHO 3/eMEHTapHBbI, YTOGH GbIThb NMOHATHIMM ydallH-
MHCs, T. e. ob6nanaror npusHakamu A u B. dro npeasoXKeHHe
HalleT HuxXe Gosiee NeTasbHOE 0GOCHOBAHME K KOHKpeTHOe Me-
TOMMYECKOe pemieHue, ) :

[Tpoussesenublll ananaus nousTuit T. 3. M. H C. 3. M. NOKa3Hbl-
BA€T, YTO OHM HAXONATCS B OTHOIIEHHH Nepecedyenus. Muorue
BONPOCE! T. 3. M. He BXOAST B IUKOJIb-
HHIH TIpEIMEeT MaTeMaTHKH, Tak Kak He

/ Cobpementian YAOBJITBOPAIOT NPU3HaKy A wam npu-
MOmEMAMUKD 3HaKy B, wim o6ouM npusHakam (ua-
.///X/X-XX 06) TIDEMED, pas/HYHbIE BOIPOCH reoMeTpui:

% TPEyroJibHUKa, 3a HCK/AIOUYeHHeM Haubo-

Jie€ TIPOCThIX ee pesyabTaToB). C apy-

4 .
///r//gccu‘/ecxaﬂ roil CTOPOHBI, MHOTHe ‘BOIPOCH, KOTOpHIE

0 ObICWaR XKe BXOAAT B HAIIH IIKOJbHBIE IIDO-
MOAMEMAMUKa y A p

TPaMMBl  (3/IeMEHTH TEOPHH NpenelioB,
auddepeHuMaILHONO HCUUC/IEHHSA), U
T€, KOTOPbie CTOMT B HHMX BBecTH (3Je-
T A M MEHTBI HHTErpajJibHOrO0 MCYHC/IEHHS, Teo-
730 ,ry//ﬁ)\ PHH BePOSITHOCTEH, MaTeMaTHYeCKOH JI0-
N _THKH H JIp.), HE OTHOCATCH K T. 3. M.

B cBsA3n ¢ aHanM30M MOHATHA C. 3. M.
Puc L BO3SHHKA€T M HeOOXONMMOCTb B YTOuHe-
HUHM CBOHCTBA 3/1@€MEHTaPHOCTH y4eGHONO

MaTepuasna.

DNeMeHTapHOCTh B CMBICJIe NPOCTOTHI, NOCTYNHOCTH 3aBHCHT
HE TOJIbKO OT H3J1araeMoro MaTepHasia, HO M OT NPHHATOrO CIIO-
coba uanoxenus. ITpocroit MaTepuas MOXKET OKa3aTbCs TpyA-
HEIM W HeNOCTYNHBLIM JJI y4YalUMXCs B De3yJbTaTe HeYHauHO
BbIOpaHHOro crnocoba H3JIOKEHNS, U, HAo60pOT, CJAOXKHBII MaTe-
PHAJ MOXET GHITb H3JOXEH NPOCTO M MOCTYNHO AJs yuaumxest
Ha COOTBETCTBYIOIUEM MX NOHUMAHHIO JIOTHYECKOM YPOBHE,

Takum o6pasom, mocae Toro kKak oTo6pan Matepuan, yaoB-
JETBOPAIOIINIA NPU3HAKY A, T. e. COCTaBJAIOIINN OCHOBHI COBpe-
MEHHOH MaTeMaTHYeCKOM HayKH, BO3HMKAeT BAaXHAs I€14arory-
deckas npoGseMa NpHBENEHHS €r0 K TaKOMy BHAY, 4TOOHI OH
6bl1 OCTYNEH ydyaluMmcs, T. e. 4TOGB OH YAOBJIETBOPSJ U NpPH-
3HaKy B, !
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Wccienopanye H pelleHHe 3TOH mpoG/eMbl TpeGyeT COCpeno-
TOYeHHs] YCHAMH MaTeMaTHKOB, YUEHBIX M [€aroros u npoBeje-
HUs LIKPOKMX IeJarOrHYeCcKuX 3SKCIEePHMEHTOB.

Unrepecytoluse Hac NpoG/IeMBl He MOTYT peliaTbes 6es3 yvera
[ICHXOJIOFHUECKOro (paKTopa, B OTpHIBE OT TOrO, KOro MBI 06y-
4aéM, TaKxe Kak OHM He MOryT pelaTnCsd 6e3 yuera coaepxa-
U O6yuenusi, T. €. B OTPbIBe OT TOrO, YeMy MbI obyuaeM.

TIpu ompeneJeHMM CONEpXKaHUA M METOLMKH ofyueHnsl Ha
Kaxj0M 3Tale JOJ/KHB YYUTHIBATbCA M JOTHKA COOTBETCTBYIO-
eli HayKM M TNCHXoJorus peGeHKa JaHHOro BO3pacra.

B o6sacTH KaxkJ0# HAyKH, B HYaCTHOCTH H B o6aacTu Mare-
MATHKH, MOXHO MBICAMTb Ha Da3JMYHbIX YDOBHAX. Kaxani
ypOBeHb MHILIJIEHHS] BKJIOYAET B cefs onpefeNeHHHH ypOBeHb
06061ueHns u aGCTParnpoBaHKs, BBHITOJHEHHE ONpPENSJEeHHBIX J0-
rHYECKHX onepauuH.

Tak, HanpuMep, B JOK1ane «Meiluienue peGeHKa M reomer-
pusi»,' IpPeACTaBJIeHHOM MeXIyHapOAHOMY KOHrpeccy MareMaTH-
KoB B dnuubypre (1958), I1.-X. BaH Xuse BRIABAAET NATH YPOB-
Hell Mbllsienust B o6aacTn reoMeTpun. ITpuMepHO CTOJBKO K€
ypoBHEl MBILIEHHS BBHIABJIAETCA H B o6aactu anreGpl. (Mbl HX
paccMOTpUM BO BTODOH UacTH RHHMIH B CBSI3M C MCCJEeIOBaHHEM
npo6aem e, a.)

BaKHO OTMETHTb, YTO Iepexoj OT OJHOrO YPOBHS MBILIICHHSA
B JaHHOH 06JacTH K CJAeAyoIIeMYy, 60Jiee BLICOKOMY, 3aBHCHT HE
TOJAbKO OT BO3pacta. MBI paccMaTpuBaeM IpONECC, BeAYLIHH
K 6oJlee BHICOKOMY YPOBHIO MBILITIEHHSA, KaK NpoIecc oGyueHus
U BOCIMTAaHHS.

MEHOIOUHCJIEHHBE [CHXOMOr0-IIejaroruyeckie SKCIEepUMEHTEL,
. mpOBOJMMBIE B NOCJE/HEe BPeMs Kak y Hac, TaK U 3a py6exoM,
NIOATBEPKAAKT HENPAaBOMEPHOCTb  MPHUIHCHIBAHUS yyalumes
. ONpeJieIeHHOTO BO3PAcTa ONpeJeNeHHOro YypOBHA MBILIJIEHHUS.
ITyreM cnenuaJsibHO HNPOBOJUMOHR OArOTOBHUTE/IBLHONH paboTHl
MOIKHO 3HAUMTENHHO PaCIIMPHTh BO3MOKHOCTH y4alluXca K 0606-
IIeHHK W a6CTParHpOBaHHMIO, K  BBIINOJHEHHIO onpeeaeHHbIX
JIOCHYeCKHX omepauuii, T. e. oGecneduTb Gojee paHHHi nepexon
Ha GoJee BHICOKHH yDOBEHb MBILUJIEHHS.

Ecsn, HanpuMep, elle He[aBHO CYHTa/IOCh npexaeBPEeMEeHHBIM
u3ydenne anre6pel B V Kjacce BBUAY TOro, HTO ypOBeHb MbILIJIE-
HHS B CBA3Y C ONEPHPOBAHHEM IPOM3BOJBHBIMU UHCIaMU B 6yK-
BeHHOM 0G03HaUeHHH IPeBbIlaeT KOGl BO3MOXHOCTH ydalHXCs
JAHHOTO BO3PAcTa, TO Cefyac NMCHXOJIOrO-NeAaroruieckne 3KcIe-
puments I1. A. llleBapesa, B. B. [laeegosa, [1. B. DubKOHHHA
¥ IPYTFHX TMOATBEPXKNAIT BO3ZMOKHOCTD H3YUEHHS HayaJbHOH aJj-
re6pe yxe B [—lII kaaccax.

1 p.H. van Hiele. La pensée de l'enfant et la géometrie. Bulletin
?gsgA?\rsoclia'éion des Professeurs de Mathématique de 1‘Enseignement Public,
, Ne 198. '
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YuuTHBasi pesyJbTaThl 3THX 3KCIIEPUMEHTOB, MBI MPHXOIHM
K BLIBONY O BOSMOM(HOCTH NOCTHKEHHSI B CTapIUNX K/1accax
CpenHell WIKOJB 60/iee BHICOKOrO YPOBHS MBILIICHHS B obaactu
anre6pel, YeM TOT, KOTOPHIl [OCTHraeTcs IpH TPaaUIHOHHOM
NpenofiaBaHuu. ME MMeeM B BHAY BO3MOMKHOCTD nepexoga oT
OGbIKHOBEHHOH a/are6pHl, M3ydaeMoil B KOHKDETHOH HHTepmnpeTa-
UMH, B KOTOPO# OYKBH 0603HAYaIOT  Uucsia M3 onpenesieHHoOro
MHOXeCTBa, K a/nre6pe Kak GYKBEHHOMY HCUHC/IECHHIO, rpe 6yK-
Bbl 0003HAYAOT OGBEKTH NIPOU3BO/ILHOH, Heonpee/eHHO! npH-
PO/Ibl, NOMYCKalolle# pa3iuuHble KOHKPETHble HHTepnpeTaiyH.
Bo BTOpO# wacTu KuMHIH MBI MOKameM 3TOT nepexoj Ha npHMe-
- Pax aGCTPaKTHOH TEOPHH KOMMYTaTHBHOI rpynmnsl, a6cTpakTHOM
OyseBoit anre6pnl M MX pasAUUHBIX KOHKDEeTHEIX MOAeJeH,

B cBasu ¢ uccnenosanneM npo6iemsr NPHUBEAEHNS HIKOJMLHOM
TPaKTOBKH MaTeMaTHYECKHX MOHATHH B COOTBETCTBHE C HX COB-
PEMEHHOH Hay4yHOH TpPaKTOBKOH u dopmupoBanusa pus 3TOro
Y yHammxcA TeOpPeTHKO-MHOMXKECTBEHHBIX MOHATHI () MH mosxk-
HBL YUHTBIBATh Pe3y/IbTATH, NOJIYYEHHBIe B HCC/IENOBAHUAX npog.
I1. d. Tanbnepuna u ero COTPYAHHKOB, pa3pabaThIBAIOLINX TeO-
PHIO YMCTBEHHHIX NeACTBHH KaK OCHOBH (DOPMHPOBAHHSA MOHSATHI.

Onepanun Hajg MHOXECTBaMH M OTHOIIEHUS MEXIY HHMH OT-
PaxawTCA COOTBETCTBYIOIIUMHE YMCTBEHHBIMHU NeACTBUSAMH, KOTO-
PLIE JIEKAT B OCHOBE JIOTHYECKHX OMEPALHil U TPaKTOBKH pasany-
HBIX MAaTEMATHYECKHX MNOHATHH Ha 6ase TeOPETHKO-MHOKECTBEH-
HBIX uped. IlpuBenennas B ra. 2, u. I cucrema YOpaxkKHeHuH ausa
(GOpMHpPOBaHHS TEODPETHKO-MHOKECTBEHHEIX TIOHATHH paccuyuTaHa
Ha BHIDaGOTKY Y yYalUMXCHl BasKHEIX YMCTBEHHHIX AeHlcTBuil, co-
AeHCTBYIOIMX UX Gojee GLICTPOMY JIOTHYeCKOMY Da3BUTHIO,

- Takum 06pasom, yueT nCHXOMOTHUECKOrO ¢akTopa mpu perme-
HHM JIOTMYECKHX M APYTUX npobseM npenofaBanus MaTeMaTHKH
HE O3HAYaeT MPOCTOr0 NMPHUCNOCOG/IEHHS NpPEeNoaaBaHHs K ICHXO-
JIOTHH peGeHKa NaHHOrO BO3pacTa, a NpenmmosaraeT Takyw Me-
TONHKY, KOTOpasi nmpuBesa 6bl K MaKCHMAaJabHO BO3MOXKHOMY Ha
A2HHOM STane PasBUTHIO YYaIIMXCS, K YCKOPEHHIO nepexona Ha
Gosiee BHICOKHA YpOBeHb MblUIJEHUS, : : :



YACTbB I

JIOFH‘IECKHI?I A3bIK MATEMATHKH H METOIU/]KA
NPENOJABAHHUA

Taasa 1. SI3bIK MaTeMaTHKH W sSI3bIK 00yYeHHS

§ 1. MaremaTuky pmor}la CpPaBHHMBAIOT C coopy;xe}meM npu
3TOM HM3yuaeMble el MHOXKeCTBa 00bEKTOB CO CBOMCTBEHHHIMH UM
OTHOLIEHHSAMH M ONepalHsMH CPaBHHBAIOT C KHPNHMYaMH, a JIOTH-
Ky — CO CBSI3bIBAIOIIMM BELLECTBOM, ILE€MEHTOM. DTHM cpaBHe-
HHEM XOTAT MONYePKHYTh pOJib JIOTHKH B NOCTPOEHHH MaTeMaTH-
YeCKHX TeopHH.

Korga roBopsT, uTO MaTeMaTHuecKas TeOpHs CTPOHTCS
AaKCHOMAaTHYeCKH, MIM AeAYKTHBHO, HMEOT B BHLY,
B Y4CTHOCTH, 4TO MPEJJOKeHHs 3TOH Teopuu (TeopeMbl) BEIBO-
JATC UMCTO JIOTHYECKMM TyTeM M3 HECKOMbKHX NpeJIOKeHHH
3TOi Ke TeOPHH, NPHHATHIX 332 MCXOJHbIE W Ha3bIBA€MBIX aKCHO-
MaMH. : _

Ho uTO 3HAYUT «BHIBOAATCS YHCTO JOTHYECKHM NyTeM»?

SI3plK MAaTEMaTHKM (COBOKYIHOCTb BCEX TEPMHHOB, CJIOB:
W CHMBOJIOB, M3 KOTOpbIX COCTOAT MaTeMaTHYeCKHe NpeJoxKe-
HHUA), A3BIK KaXI0H MaTeMaTHYeCKOH TEOPHH €CTh A3BIK JIOTHKO-
MateMaTuueckHil (S, ). S cocTOMT M3 JBYyX KOMIIOHEHTOB —
ﬂ 4 H«'l‘ T '

$1,, — A3BIK MaHHOH MaTeMaTH‘{eCKOH TeOpHH, COCTOAILMH M3
cneun(pnqecxnx TepMHHOB M CHMBOJIOB, 0603HAYalOIUX OOBEK-
THI, CBOHCTBA M OTHOILIEHHS 0OBEKTOB MHOXKECTBA, CTPYKTypa KO-
TOpPOro ONHKChIBaeTCs 3TOH TeopHed, a §1, — JMOTHYeCKHH SH3BIK,
COCTOSIIMI M3 TGPMHHOB H CHMBOJIOB, 0603HAYalOLHX JOTHYeC-
KHe OflepallMH, HCNOJb3yeMBte MUl KOHCTPYHPOBaHHUS HpeJoxe-
HUii ¥ JJF BHIBOAA OAHHX INpelJOXKeHMH u3 APYrux, T. e AJs
pa3BepTHIBAHUS TEOPHH Ha 6a3e NMPHHSATOH CHCTEMbI aKCHOM.
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Iea kKommoHnenta $,, TECHO mepeleTalOTCd B KaxXJIOM
TIpeJIOKEHHH TeOpHH. DTO Jerko OGHAapyKHThb NMyTeM aHaau3a
JHOGOro MpefJoXKeHHs JMo6of MaTeMaTHYeCKOH TEOPHH MJIH XKe
paccyJeHHsl, NPOBEAEHHOT0 B paMKax TEOPHH.

BosbMeM B KauecTBe IIpHMepa cJeaywollee MpelsoXeHHe
sneMeHTapHOH reoMerpuu: «Ecam amaronasnu napaJsiesorpamma
‘B3aHMHO NepHeHAUKYISIPHB HJIH CyTh GMCCEKTPHCH YIVIOB, TO Ma-
pajsiejorpaMM ecTb PoMG».

B 3TOM npeasoXeHHH CcOAep:KaTcA: .

@) MaTeMaTHuUeCKMe TepMHHH (3JeMeHTH $l,): AHaroHasu
napa/jjesorpaMma, B3aHMHO IepleHAHKYIsAPHBI,  GHCCEKTPHUCH
yIJIOB, mapaJjenorpaMm, pomo;

6) JorudeckHe TepMHHB (3JeMeHTH §1,): ~ecau., TO, HIH,
CYTh, €CThb. ’ -

B KauecTBe Apyroro nmpumepa Bo3bMeM CJeAyIOLUEe PacCyX-
neHue: «Ecan a win b pesuresa Ha 3, To a-b geaurcsa Ha 3; HO
a-b We geauTcs HA 3, clefoBaTe]bHO, HH @, HH b He meaurcs
Ha 3»,

10 paccyXIeHHe COCTOMT H3 TpPeX MpeNTOXKEeHHMH:

1) ecau a uau b peaurcs Ha 3, To a - b menurca Ha 3;

2) a- b He genutcd Ha 3;

3) mp a, HM b He pmeauTCA Ha 3, MpHYeM H3 NEPBHX JBYX
BHIBOJHUTCA TPeTbe, UTo ¥ 06G03HaUaeTCsl TEPMHUHOM «C/e0BaTelb-
HO». Takum o6pa3oM, B 3TOM PaCCyXKJIeHHH MMEIOTCA:

a) MaTeMaTHueCKHe TepMHHBI (371eMentn $,): a, b, 3, ne-
JIMTCA Ha, - (3HAK yMHOXEeHHS);

6) JorMuYecKHe TEPMHHH (3JeMeHTHl 51,): ecau.., TO, HJH,
HO, He, HH.., HW, CJel0BaTe/bHO. '
- § 2. C mepBHX NMONMBITOK aKCHOMAaTHYECKOTO IMOCTPOEHHS reo-
MmeTpuH B ApeBHed ['pemuu (V B. A0 H. 3.) M MOYTH OO pelleHHs
970t npobiemb [ab6eprom (1899) B 3THX MOCTPOEHHSAX MOJB3O-
Basuch HedOpMaTU30BaHHBIMU JIOTHUECKHMHU CPeCTBAMH BHIBOAA,
©OGLIYHOR CcOAepKATENbHOR JIOTHKOM.

C TeueHMeM BpeMeHH MaTeMaTHKa A06OuJach BHICOKOH cTele-
HM (GopMasM3anmMK CBOEro ammapara, 4YTO BeCbMa IOJIOKHTENbHO
TIOBJHUSJIO HAa ee jaJbHeHmiee pasBuTHe. Ho B To BpeMsi, Kak
MaTeMaTHKa pagBHBaJja CBOH coGcrBeHHbIN A3BIK (51,), Jorudec-
KUl fA3bIK ($1,), Hcnosb3yeMblfl €10, OCTaBaJsCsi HEYyTOUHEHHBIM.
[Tosnyunsock HecoOTBeTCTBHE MeXAy KoMIoHeHTaMu Sl ,,— cob-
CTBEHHO MaTeMaTHYeCKHM SI3LIKOM, JOCTHMIIIHM BBICOKOTO YPOBHS
COBEPIIIEHCTBA, U HEeCOBEPIIEHHBIM JOTHYECKHM SI3BIKOM.

Tlepen mMaTemaTHKOH BO3HHKJa npo6jemMa YyCOBepILEHCTBOBA-
HHMA JIOTHKH, pa3paGOTKH ageKBaTHOro JOTHUECKOro f3HKa. DTO
CTaJI0 BO3MOXKHO B pe3y/bTaTe MPUMEHEHHS MaTeMaTHUecKux Me-
TOMIOB K JIOTHKE.

Naewo BO3MOXKHOCTH H 1eneco006pasHOCTH MaTeMaTH3alHH
JIOTMKH BbICKAa3aJl ellle M3BECTHHIH HeMEUKHH MaTeMaTHK M JIOTHK
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Jleit6uuy, (1646—1716), oqHAaKO OH €€ He ocymtectBua. Hauasna
HOBO MaTeMATHUeCKOHl JOTHKH GhUIM paspaGoTaHbl B XIX B.
B pa60oTax aHIMACKOro y4€Horo Ix. Byas (1847, 1854), HeMer-.
xoro marematuka 3. Ilpénepa (1895), pycckoro MaTeMaTHKa
I1. C. Topeukoro (1884) u ap. B paGoTax HeMeLUKOro MareMa-
tuka . ®pere (1879, 1884), uTa/pfHCKOro MareMaTHka [Teano
(1894) BnepBele ammapar MaTeMaTHUeCcKOH JIOTHKH NMPHMEHSJICs
IS TIOCTPOEHHST MaTeMaTHYeCKHX TeOpHH.

CyuiecTBeHHBIA BKJIaJ B pasBHTHE COBpeMeHHOH MaTeMaTH-
yecKol JIOTMKH BHECJH M BHOCST BH12OLIHeCs COBETCKHe MaTe-
vatnku W. W. Keramzkum (1869—1947), B. W I'nuBeHKO
(1897—1940), A. H. Koamoropos, 1. C. Hoerukos, A. A. Map-
KOB M MX MHOTOUHCJEHHbIE YUEHHKH. .

Coajanue (OPMATH30BAHHONO JOTHYECKOTO s3blKa SIBJSETCH
BasKHBIM JOCTHXKEHHMEM COBPEMEHHOH MaTeMaTHKH. Pazsuuue
Mex 1y eCTeCTBEHHBIM H (POPMAJM3OBAHHBIM A3bIKAMH, pa3yMeeT-
s, He SBJSIETCS MPUHLHIHAILHBIM. DTO JHIIb pas/IHite B CTENE-
HH (opMasusalii. MoxHO cKa3aTh, YTO CTeNeHb (hopMasn3alu
JIOTHUECKOTo sI3blKa MaTeMaTHKH Oblia TpHBeJeHa B COOTBETCT-
BHE CO CTEeNeHbI0 (HOpMaau3alii COOCTBEHHOrO MaTeMaTHIECKoro
g3bKa. DTHM [OCTHFHyTa, B YaCTHOCTH, YEeTKOCTh H TOUHOCTB,
OJHO3HAUHOCTb CMBICJA JIOTHUECKHX TEpMHHOB.

§ 3. fIsbik o6yueHusi MaTeMaTHKe B cpeasefl mKoJae (B gajb-
HefireM OyJaeM TOBODHTb KPaTKO «sI3bIK o6yueHHs» UJIH 0603HA-
yaTh CHMBOJOM «$,»)' He coBnajgaeT Hu no ¢opme, HH MO CO-
JepKaHHIO C sI3BHIKOM H3ydyaeMoH MaTeMaTHUeCKOH TeopHH.

a) Tlo ¢opme $l, He uMeeT CTOJb BLICOKOH CTemeHH ¢(opMa-
Au3anun, Kak Sy COOTBETCTBYIOILEH MaTeMaTHUYeCKOH TeOpHH,
HO IIpeBbILAeT IO CTeleHH (GopManu3aiuy eCTeCTBEHHBIH S3HIK.
OG6L1en3BecTHO, YTO B LIKOJLHOM [PENOJaBaHHH M3[1aBHA IMpH-
MeHSieTCsi MaTeMaTHuecKast CHMBOJIHKA, YacTHYHO (OpMasu3o-
BaHHBIA MaTeMaTHueckuil anmapat. XoTs noj GyKBaMH B LIKOJb-
HOH asre6pe MBI HEH3MEHHO MOHAMAeM YHMC/Ia M3 ONMPELETEHHOTO
MHOXECTB2 (HATYPalbHBIX, IeJblX, PaUMOHAIbHBIX, BEILECTBEH
HBIX UKCeN) H, NPUMEHsisi KOHKDeTHbie UMC/IOBble NMOICTaHOBKH
B GyKBeHHble BhHIpaxKeHus, He TepseM CBs3b ($OpMaJM30BaHHOTO
anmapaTa ¢ €ro CoJepXKaTeJbHHM HCTOJTKOBaHUEM, npeoGpaso-
BaHHEe aJre6panyeCKUX BHIpaXKeHHH Mbl BHIIOJHSEM IO ompeje-
JeHHBM (OpMaJbHBIM NpaBHIaM, He yMmas MpH 3TOM O KOH-
KPEeTHOM YMCJI0BOH HHTEpIpeTalnH BHipaxeHHH H O KOHKPETHOM
CMbIC/Je HCMOJb30BAaHHBIX CBOHCTB olepalHi.

6) Tlo comepKaHHIO 1aJIEKO He BCE B S3bIKE 0o6yueHHs] OTHO-
CHTCSl K f3BIKY HajaraeMoi TeOpHH.

Hanpumep, .npeoxenHte . «<MpeICTaBICHHE O npsMOi JIMHHH
HaeT TYyro BHITSHYTAss HHTb» He sIBJSETCS NPEeJIOKCHHEM

! [ousitne $l, ellle B MeHbIUefi CTEMEHH YTOYHEHO, UM T Ans A
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FEOMETPUYECKOH TEOPUH, TaK KaK OHO COMAEPIKUT TaKue TepPMHUHH,
KaK: «Ipe/CTaBleHHe», <«TYTO BHITAHYTAasl HHTbY, KOTOpHIE He
ABJISIOTCS. HH F€OMEeTPHYECKUMH, HH JIOTHYeCKHMU. TaKum obpa-
30M, 3TO MpeJJIoKeHHe OTHOCHTCS K SI3HIKY OGy4YeHHs reoMeTpuH,
HO He OTHOCHTCS K sI3BIKY CaMOl FeOMeTpHYecKOj teopuu. OmHo
IpeHasHauYeHo [J1s1 ONMCAHUS OCHOBHBIX OGHLEKTOB TON KOHKpeT-
HOH MoJiesnu, B KOTOPOil 3Ta Teopus CTPOMTCSI B IUKOJILHOM 0G6Y-
YeHHuH, :

O6bsicuenne, papaemoe B npouecce o6yveHHsi, B CBSI3H
C SKCNEPUMEHTA/TbHBIM YCTAHOBIGHHEM WCTHHHOCTH KaKOTO-HHU-
OyIb MpENNOXKEeHHS TEOPHH TaKXKe He OTHOCHTCS K SI3BIKY 3TOH
TEOPHH.

Hanpuwmep, caepyromuii texer: «BbipexbTe-u3 Gymaru Tpe-
yroabuuk ABC. Oropsute-yrabn B u C u MPUJIOKHUTE UX K yIaIy
- A» — oTHOCHTCS K sI3BIKY 06y4enust FeOMETPHH, HO HE OTHOCHTCS
K sI3HIKYy reOMeTpHH,

HacTo u TeKCT, COCTOSIUMH M3 OIHHX MaTeMaTHYeCKHX H JIO-
THYECKUX TEPMHHOB, OTHOCUTCS K SI3BIKY OGYUeHHsi, HO He OTHO-
CHTCA K S3BIKY HayYHOrO M3JIOMKEHHs! COOTBETCTBYIOLLEH TEOpHH."

Hanpumep, 8 npouecce o6yuenus wacto 06HapYXKUBAIOT He-
KOTOpblE MaTeMaTHYeCKHEe MCTHHB MHIYKTHBHBIM nyteM. [oso-
pAT, HaNpuMep, y4yaiuMCs ‘HadaJbHEIX KAacCoB: «2 + 3 = 3 + 2;
4+5=5+4;6+3=23+ 6». OueBnino, uTo BOOGUIE AIS J1O-
6bIX JBYX uucen a ¥ b umeer Mecro NepeMeCTHTENbHBIH 3aKOH
CIOXKeHMs, T. e. a + b = b + q.

OTOT TEKCT, XOTS H COCTOMT M3 OJHHMX apudMeTHYeCKHX H JIO-
THYECKUX TEPMHUHOB, H® OTHOCHTCS K COOTBETCTBYIOLLe Hay4HOU
TEOpHH, NIOTOMY 4YTO B 3TOH TEOPDHH KOMMYTATHBHBI 3aKOH CJIO-
XKeHHsl (ec/IM OH He NPUHAT 3a aKCHOMY) YyCTaHaB/JIHBaeTcs 6e3
TOMOILUM  KOHKPETHBIX JIPUMEPOB M HENMOJHOH WHAYKIMH, He
SIBIISIOLEHCS METO/IOM [I0KA3aTebCTBa, @ APYTHMHU JOTHIECKAME
cpenacreaMu. Takum o6pasoM, JIOrHKa B o0yueHHH MaTeMaTHKe
1acTo OTIMYaeTCs] OT JIOTHKM H3y4aeMoil MaTeMaTHKH. DTO OT/IH-
uyre o6yca0BaEHO 06CTOATENBCTBAMHU NICHXOJOTHYECKOTO TMOPsiaKa.

SI3bIK OGyueHHs COAEPKHUT OMUCAHHE Pa3JIMYHBIX TMPUMEPOB,
SXCIEPUMEHTOB, MHAYKLHH, ananoruil, pasguuRble NPUJIOKEHHS
TEOPHH, Da3bsICHEHHs], BOOOLIE BCE TO, YTO AOJKHO OGECHeUHThb
YCBOGHHE Y4allUMUCS M3/1araeMoll TEOpHH: Paspa6orka conep-
KaHUA A3HKA OGYYeHHS — OJHA M3 UEHTPANbHBIX 3a7ay MeTO-
JMKHM NpernojaBaHHst MaTeMaTHKH, '

§ 4. PaccMoTpuM HeKoTOpHe cepbesnbie HedeKTh Tpaauilu-
OHHOH METOJMKH NpenojaBaHhsi MaTeMaTHKH.

a) Slabk o6yuenus, paspaGoTaHubilt TPaJMUMOHHON METOJH-
KO, OTHOCHTCsi JIMLIb K OJHOMY KOMIIOHEeHTy u3ydaemoro ..,
a UMeHHO K fly, T. e. Bce PasbsCHEHHS, TPHMEDHI, LPHJIO XK SHHMS,
NPHBOJMMEE B Npoilecce OO0yYeHHs!, HMIOCTPUPYIOT JHLIL MaTe-
MaTHiecKue MOHsTHs (BellM, CBOHCTBA, OTHOLUEHHs, ONepaLyH).
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Heo6Xx0MMMO OTMETHTD, YTO H B 3TOH 4acTH A, CONePXHT cepb:
esubiit mpo6en. TpaauiHOHHAs METOAMKA ynelser INIaBHOe BHH-
MaHHe JIMIIb ONMUCAHHI0O MaTeMaTHYEeCKHX TIOHATHH, OTpaKaUKx
cBoficTBa MpeMETOB. '

[lonyuaeTcss HEMpaBHIbHOE COOTHOLICHHE MEXIY TEM, Kak
MaTeMaTHKa M3yyaeT CBOM OOBEKTB U Kak MBI HX H3ydYaeM
B LUKOJE.

MaTeMaTHKa M3yuyaeT He OTAeNbHble OGDBEKTH, a MHOXKECTBA
06bEKTOB, NPHUEM NPEIMETOM H3yYeHHS SABJIAIOTCS CTPYKTYPHI
STHX MHOMKECTB, OIpejelseMble OTHOLUEHHAMH MeX1y HX 3J&-
MEHTaMM ¥ olepalaMy Hax HUMH, T. € 3aKOHAMH KOMIO3MIHH
5/EeMEHTOB, C IOMOILILK KOTOPHX M3 [ABYX [aHHBIX 3/IEMEHTOB
MHOXKECTBa Oo6pasyercsi HOBH 3JeMEHT 3TOro MHOXECTBA.

DTa TpPakTOBKa NpeiMeTa MaTeMaTHKH, 0COGEHHO fIPKO BbIpa-
KEHHAS B COBPEMEHHOM ee PasBHTHHM Ha 6ase TEOPETHKO MHOXe-
CTBEHHBIX H/EH, He NPOTHBOPEYHT, a HaoGOpOT, MOATBEPIKAAET
M3BECTHOE ©ONpejeseHNe NMpeaMera MareMaTHKH, AaHHOe durenb-
coM OkoJio 90 JeT Hazaj DHresbC yxe TOraa TOBOPWJ,' UTO Ma-
TeMaTHKa H3y4aeT «POCTPAaHCTBEHHble (OPMBI M KOJIMYECTBEH-
HEle OTHOLICHHS AeHCTBUTEJBHOTO MHPa».

MaTeMaTHka u3y4aeT HMeHHO (GOpMBI, @ He OGBeKTHl, HME-
lHe 3TH (HOPMbI, KOJHUECTBEHHbe OTHOIIEHHA, a HE NPEAMETH,
HAXOMANIMECS B 3THX OTHOHIeHMAX. MHOXKecTBa 06bEKTOB Pas-
JMYHOM NPHPOJE MOTYT WMeTh OJHY M Ty XKe CTPYKTYypy, Ompe-
JeNSeMYI0 OJHHMH M TeMH K€ OTHOLICHHAMH MEXIy 3JeMeHTa-
MH 3THX MHOXKecTB. MareMaTHKa H3Yy4aeT 3TH ‘otHowednd. O6b-
eKTHl Pa3/MYHON KOHKDETHOH IPHUPOABEl MOryT HMETH ONHYy H TY
e IPOCTPaHCTBeHHY0 ¢popmy. Enuncrso ¢dopMbl XapakTepusyeT
5T0 MHOKECTBO OGBbEKTOB., MaTemaTHKa HM3yyaeT 3Ty $OpMY.

CoBpeMeHHass MaTeMaTHKa 3HauYMTeNLpHO pacllupHiaa noje
CBOMX [IPHJIOKEHHH 6Jarojapsi TOMy, YTO B Ipollecce €e pasBH
THSl CYHIECTBEHHO pacCIIMpHICA Kpyr H3yuyaeMbIX OTHOLIEeHHH
u ¢opm. KpoMme KOJNHUECTBEHHBIX OTHOLUEHHUH H TpOCTPaHCTBEH-
HHX (GOpM B TPaJHIMOHHOM NOHMMaHHH, OHa CTala M3y4aTh -
M JpyTHe OTHOLICHHS M (QOPMBI [eRCTBUTENbHOCTH, JIHIb CXOIHbIE
¢ nepBbiMu. OGHapyXKenHas IVyGOKas aHaTOTHS MEXILY HEKOTO-
PHIMH HEKOJIHYEeCTBeHHBIMH OTHOLIEHUSAMH ‘H TPaJHUHOHHEIMU KO-
JMYECTBEeHHbLIMH OTHOLIEHHAMH TO3BOJMNA Pa3paboTaTe M TpH-
MEHHTh MaTeMaTHUecKHe MeTOAsl K HOBbIM 006JacTAM HayKH
M NPakTHKH (GHOJIOrMs, MENHLHHA, ASBIKOSHAHHE H ap.).

VeTanoBuBLIASICA  METOQMKa IIpernojaBaHHs MaTeMaTHKH
B [IKOJie, aKUEHTHPYs CBOe IJ1aBHOe BHHMaHHE Ha H3YYCHHH OT-
AeNbHbX OGBHeKTOB B HeJOCTAaTOYHO H3yuas OTHOLIEHHMs H Ole-
palyy B pPasIHUHBIX MHOXKeCTBaX (4Hcel, TOUYEK), 'He MOXET J0-
CTUrHYTL IOHMMAaHHs YJYalMMHCA COBPEMEHHBIX NPHJIOKEHHH

1 ®, Durensc Awrn-Jopuur. M., 1950, erp. 37. -
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MaTeMAaTHKH U HEeNOCTAaTOYHO TOTOBUT HX JIOTHYECKH K IOHHMa-
HHIO STUX NpuIokKenui B nanbHeiimem. Do BMOJIHE MOHSATHO, H60o
JIOTHYECKOE PAa3BHTHE YYAUIUXCH Kak pesyJbTaT BoCHHTaHus Cy-
ILECTBEHHO 3aBUCHT OT TOTO HATpPaBJEHHUS, KOTOpoe jpaercs emy
B Tpoilecce oGyueHus, :

B Tperbelt rnase Gyzmer paccMmoTpen BONPOC 06 HBYYEHHH OT-
HOWIEHHA W omepauuii B YHCJIOBHIX MHOXEeCTBAaX.

6) Bosuukaer BOMPpOC: KaK M3yyaeTcs BTOPAs yacTh JIOTHKO-
MAaTEMAaTHYECKOTO f3BIKA, T. €. JIOTHYeCKMH SI3BIK MaTeMaTHKH
(5,)?

On BoOGwe me M3yuaercs. Tpaznumonnas Meronuka npeno-
aBaHHs MaTeMaTHKH He [IpelycMaTpUBAET U3yUeHHe JIOTHYECKO-
TO 513bIKA MaTeMaTHKM B {Ipomecce ob6yuenus.

Cosepiienno oueBnano, uTo €C/IM sA3bIK H3yuaeMoH Teopuu
€CTb JIOTHKO-MaTeMaTHYeCKHH S3BIK, COCTOSINME M3 IBYX yacTey
(As u 4,), Ton COOTBETCTBYIOIUMH SI3BIK O6yueHHs (4,) Tak-
e JOMKEH COCTOSITb M3 NBYX uacTeil: S, M Hon, rme A, —
A3BIK 06yueHUst co6CTBeHHOMN MaTeMaTHYecKOH yacTH H3yuaeMoi
TeopuH, a flo; — A3BIK OGyuenHs ee JOrHUSCKOR YaCTH, ee JIOTHKH,

B ycranosuseiics IDAKTHKE MpeNnojaBaHMsi BTOPOH KOMIIO-
HeHT fl, orcyrctayer. [Monyuaercs TlapajoKcaibHOe TOJMOXKEHHe,
KOTJIa B OJHOM M TOM e MaTeMaTHUECKOM NpeasoXeHHH Tou-
HBIH CMBICT ONHHX TepPMHHOB (MaTeMaTHUECKHX) pas3bscHsETCS
yualuMesi B npouecce o6yYeHHs, a TOUHBIN CMBIC IDYTHX Tep-
MHHOB (JIOTHYECKHX), He MeHee BaKmbli 7151 TOHUMAaHHsST CyLU-
HOCTH BbIPAaXKEHHOTO 3THM INPerJIoKeHHeM ¢baxra, ne pasmbsc-
HSIETCH.

B mkoJabHOM 06yuenun mocrostumo OJHH NMPeJJIONKEHUS BBHIBO-
ASATCS M3 APYIHX, HO HH Ha ONHOM S5Tame o0yuenHs He passp-
ACHSCTCS, 4TO 3HAYMT «ONHO WIPENJIONKEHHE JONMYECKH caenyer
M3 APYroro (MM APYrux)s. '

Yuaumecs monumarnoT cpoficta BBIOJIHSI@MBIX HMM MaTeMa-
THYECKHX ONepauui, HO COBEPIIEHHO HEe 3HAOT (Bcenctene To-
ro, 4T0 MM 3TO He Pa3bsACHsETCS) CBOMCTBA He MeHee 4aCTO BhI-
MONHACMBIX MMH JIOTHYECKHX ONepaumil. DTo HesHamue 4acTo
AABJISIETCS] MPUYHHOR 3aTPYyJHEeHUH B yCBOGHHH yyallUMHUCA yue6Ho-
ro Mmartepuana. HemonmManme Joruku H3yuaemoro d¢parmenta
TE€OPUH MPUBOJUT K HENOHHMAHUIO BCErO 3TOTO ¢parmenra.

Tpaznuuonnas Mertoguxa CTPEMHUTCST YCTPAHUTL TH TPYIHO-
CTH NyTéM YBeJMYEHHS YHC/IA MPHUMEPOB M MHOTOKPaTHOro pasb-
SICHEHHS MaTeMaTH4YeCKol 4acTH HemoHsTOH JIOTHKO-MaTeMaTHye-
CKOH . KOHCTPYKUMH, XOTS MPUYHHOH BOSHHKIIMX TPYIHOCTeX
ABJNSETCST HEMOHMMAaHHe ee JIOTMYeCKON YacTH. Hpeanaraercs
H TPDEHHPOBKA YYaLIMXCSl C MOMOLIBIO CHElHaNbHO nojxo6panubix
YMPaXKHeHWH B BBHINOIHEHUM 3aTPYIHSIONMX HX JIOTHYECKHX Olle-
pauu#i, no 6es PasbsCHEHMS MM CMBICJA M CBOHCTE 3THX Olle-
pauM. .
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OueBHIHO, YTO TaKOH MeTOA OOYYEeHHs 3alep:KHBAET MPOXOK-
JeHHe Kypca u pasBHTHe yuyalluxcs, Mel 3/ieCb He CKIOHHBI He-
JOOLEHBHBATh 3HaueHHe MOBTOPEHUs] U TPEHHPOBKH, HO TAKOE ITOB- .
TOpeHHe, KOTJa MH He 3HaeM, YTO I[OBTOPAEM, B HEKOTOpO#
CTelleHH MMOXOkKe Ha omucaHHbl TopHIa#KoM' omelT BblUEpUHBa-
HUS C 3aKpHITHIMH raasaMu 3000 oTpeskoB AJMHOH B 4 Aw0HMa,
B Ipomecce KOTOPOT'O HCHBITYeMbl HHYEMY He HayYHJICs. Cam
TopHAalK NpH3HAeT, YTO ecH Obl MOJONBITHBIM pPa3pelanoch
OTKpHIBATh IJ1a3a MOCJe KaXKAOTo UCIBITAHUS H H3MEpATh OTpe3-
KH, TO Y HUX G BHIPa60TAJIOCh yMeHHe YePTHTh OTPE3KH MTHHOMN
ot 3,8 no 4,2 moiMa.

OueBHIHO, ecJH YUYallHMCs «OTKpBIBAThH Wa3a», T. e. pasb-
SCHATb CYUIHOCTb BBHIMOJHSEMBIX HMH JIOTHUECKAX OIepamuf,
MOMKHO YCTPAHATb MHOTO TPYJAHOCTEHd Ha MYTH YCBOGHHs HMH
MaTeMaTHYeCKUX 3HaHHH.

TpaauuuOHHBIE METONB MpernojaBaHus, MOYTH He YYHTBHIBAs
JOTHYECKOTO sI3bIKAa MaTeMaTHKH, HELOCTaTOYHO 3(p(PEeKTHBHBI
Kak B obecrmeueHHd yyaliuxcs TJ1yOOKHMH MaTeMaTHY€CKUMH
SHAHHSMM, TaK U B JOCTHXKEHHH HMH HeoOXOAMMOTO JOTHYECKOrO
pa3BuTUg. PasyMmeeTcs, 3TH METOJbl NPHBOAAT K I0MPEAETEHHOMY
Pa3BHTHIO JIOTHYECKOTO MBILIJIEHHs YYallUXCs, OJHAKO He B Ta
KoH Mepe, B KaKOH 3TO HeOOGXOJAMMO H B KaKOH 3TO MOXKeT 6HITh
JIOCTUTHYTO TPH OCO3HAHHOM BHINIOJHEHHH JOTHYECKHX OmepauHi.

IMonbITKa BOCHIOJHUTE Ipo6es B JOTHUECKOM BOCIIHTAHHU yya-
IIAXCSl BBefleHHEeM JIOTHKH B KauecTse CllellHaJbHOro MpeaMera,
KAaK H3BECTHO, HEe YBeHuasnach ycrmexoM. Helbas uayyaTs B LIKOJE
JIOTHKY B OTPBIBE OT ee IPHMeHeHHs, 0COGEHHO B OTphHiBe OT Ma-
TeMaTUKH, TJe OHa IIHPOKO HCIOJB3yeTcs.

BosunKaeT BONPOC: MOMXKHO JU H3YUHTh MaTeMaTHKy B OTPHI-
Be OT JIOTHKH, ¢ KOTOpPOH OHAa TecHO MeperJeraerca? YCTaHOBHB-
liascH MPaKTHKA NpeNofaBaHHsl JaeT yTBEpAMTENbHbIH OTBET Ha
3TOT BONPOC, HO CJEAyeT OTMETHTb, 4TO 3(PEKTHBHOCTb TAKOro
0o6yueHHs] HeJOCTAaTOUHO BBICOKA.

[Tpo6aemMa H3yyeHUs! S1€MEHTOB JIONUKH B CBA3H C U3yUeHHEM
MaTeMaTWKH JaBHO OGCYKAaeTcs B. METOAUKO-MaTeMaTHYeCKOH
JUTEpaType, Ha Pas3JHYHBIX KOH(EpeHUHsX H Che3[ax mo mare-
MaTHYeCKOMY O6pasopaHHio, V3BecTHbl U pas/HdyHblE MONBITKH
pelllenyst 5TOH npobjeMbl, KOTOpPbE, 0JHAKO, HE 6BLIA BHEJIPEHH
B IIMPOKYK NpPaKTHKY TpenofiaBaHds. OTH Heylaud YKpEmHJIH
MHEHHe TeX, KTO CUHUTaeT, YTO HeJb3s M He cjelyeT H3ydaTb JO-
THKY Ha ypoKaxX MaTeMaTHKH, YTO He TOJbKO ydaluuecs, HO M MBI
caMy TpaBWJBHO paccyxnaem Ge3 3HAHHS JIOTHKH. Uro Ka-
caeTcs 3TOTO AOBOMAA, TO OH SBHO HECOCTOATEJNEH: M3 TOro, UTO
yyalidecss TIPaBHJbHO paccyxjaalT 0e3 3HAaHHA JIOTHKH, HE
cJlleflyeT, 4yTO 3HaHHe JIOTHKH He NOBBICHT HX KyJbTypy MblIllJIe-

' Cm. 3. JI. Topupaank [posecc yuenus y uenoseka. M., -1935.
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HRsA, HE TOBOPS yXKe€ O TOM, UTO CaMa MOCHUIKA (xyyaiuecs npa-
BUJIBHO DaCCyXKAAlOT») BPsl JH MOXKET OhThb 6€30roBOpouHO
HPUHATA. 34 HCTHHY. :

Mb IeHCTBHTENBHO He MOXKEM H He JOJIKHLI H3y4yaTh BooGuge
JIOTHKY Ha ypOKax MaTeMaTHKH, HO MBl MOXKeM H JOVI3KHbI usy-
1aTh HEKOTOPHIE U3 TEX JIOTHYECKHX onepauuil u CPeACTB BHIBOJA,
KOTOPBIMH MBI MOJIb3yeMCSl NIPH U3yYeHHH MATeMATHKH.

Heynaun B pewenun mpoGremsl o6bsacHsiomcs B OCHOBHOM
TEM, UTO [Ba KOMIIOHEHTA JIOTHKO-MAaTeMATHYECKOrO $3BIKA —
gy 1 A, 6but PASHOPOJHBIMH, Tak Kak fI,- B cBoeli Tpamu-
UMOHHOH (opMe 3HAUMTEBHO OTIHYAJNCS OT 1, H 3t1a ero dop-
Ma TpeboBasia pa3pabOTKU A3bIKa obyuenns: (5I,,), 3HAUMTENBHO
OTIHYANOLIErocsi OT 53BlKa O6yuyeHus COGCTBOHHO MaTeMaTHKe
(ﬂom )

B nacrosimee BpemMs, korma Joruka MaTeMaTHKH caMa cTaJja
BETBLIO MaTeMaTHKH U SI, mo cymecTsy sBasercs Pa3HOBUHO-
CTBIO fl), MO-HOBOMY CTaBHTcs megaroruueckas npobJjeMa paspa-
GOTKH BTOPOTrO KOMIOHEHTa 1o, a umenno — 9, Temeps, usyuas
JIOTHKY MaTeMaTHKH, MBI 110 CyWIECTBY H3yyaem MaTeMaTHKYy.

Mel npuxoaum K BHBOLY, 4TO JIOrHUECKUI SI3BIK MaTeMaTHKH
MOKET U NOJIKEeH U3yuaTbCsi B COBPEMEHHON ¢dopMe, Tak Kak:

1) maTtemaTuueckas soruka paspaGoTana BecbMa yAOGHHIM
pabounii ammapaT MareMaTHKu, KOTODHIA MOXKeT 3(h(eKTUBHO
NPUMEHSTbCA B LIKOJbHOM npenofiaBaHuy;

2) mMaTeMaTHYeCKas JIOTHKA [O3BOVISET 3HAKOMUTb Yy4auHXCsl
€ BaXHBIMH ‘€€ NMPHUJIOKEHHAMH B COBPEMEHHON TeXHUKE;

3) MaTeMaTHueckas JOTHKa TIOJIOKUTeNIBHO BJHsET Ha (hop-
MHDPOBaHWE YEeTKOrO, CHOTO M TOYHOTO MBHLJIEHHS yuaumuxces.

Kak BugHO, H3yueHne seMenToB MaTeMaTHYeCKOH JIOTHKH He
TOJIBKO yCTpaHseT Tpo6es B JIOTHYECKOM BOCIUTAHHU yyammxces,
HO M PaclMpsieT MOJUTEXHHUSCKYI0 HANPABJEHHOCTD MATeMATH-
UeCKOT0 -06pa3oBaHusl. -

IJTo U3yueHHe MHICJATCA He B BHJE CleUHANTBHOTO TpeamMera
HJIH TIPHIOKEHHS K H3YYeHHIO MaTeMAaTHKH, a KaK HeoTLeMe-
Masl 4acTb ero. ‘

§ 5. Ipumenenne noruueckoi CHMBOJIMKH B IIKOJBHOM 0G6y-
YEHHH NOJIKHO ObITh TI(ATeJNBHO MPOLYMaHO. CuMBo/IM3anus He
O3Ha4aeT eue MOMHOH (OPMaNM3aAUUN  JIOTHYE CKHUX onepanui.
Taxas dopmamusanus BPAM J1 TIpHBeJa OBl K KeJaeMoMy Jio-
TFMYECKOMY Pa3BUTHIO yYalIHXCH.

MBl [I0/KHBl HCIOMB30BATh BAKHEE KayecTBa CHMBOJIHUe-
CKOTO A3hHIKA MaTeMaTHYECKOH JIOTHKH: ero TOUHOCTS, KPaTKOCTh,
UETKOCTb, CHOCOGCTBYIOHE (HOPMHPOBAHHIO AHAJIOTUUHBIX Ka-
HECTB MbIlUIeHHs y yyawuxcs. Ho soruyeckne cuMBomb 1o/l
BBOIMTLCS HE Kak JIALIEHHHIe CMBIC/]A 3HAKH, KOTOPHIMH Ollepu-
PYIOT 1o onpejie/ieHHbIM hOpMadbHBIM mpaBunam. Kak g maTe-
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MaTHueckas, JOrHueckas CHMBOJHKA MOXKET ObITh BBEJEHA TOJb-
KO B COep:KaTeJbHOM IJIaHE.

OcHOBHasl nejarorudeckast mnpobJema, KoTopas CTaBHFCH
3/1eCh,, COCTOHT He BO BBeJeHHH CHMBOJHKH, & B U3yYEHHH JIOTU-
4ecKOrO s13bIKa MAaTeMaTHKH. BBefeHHe e JIOTHYECKOH CHMBO-
JIHKH — JIMIIb 4acTh 3TOoH MpoGseMbl, KOTOPOH HHOTAA CTpeMsITCs
noAMeHsTs BClo nmpobaemy. Tak, B cBsisu ¢ 0GCYMXIeHHEM npo6-
JeMbl MOJEPHH3aUWH MaTeMaTHyeckoro oGpasoBaHus 3a pybGe-
JKOM® BBIABHTAIOTCS [PEJONKeHHs O BBeJeHHH B IIKOJbHOE
npenojaBaHue JOTHUECKOH CHMBOJIHKH. Takasi mocTaHOBKa IpoO-
GaeMBl W IpejJaraeMble pellieHust BpsA Jd MOryT cofeficTBOBATH
nporpeccy B O0yYyeHHH MaTeMaTHKe.

[Ipeaaraemblit B HacTosileit paGoTe MPOEKT pelleHHs npoo-
JIeMBbl HCXOIHT W3 TOro, UTO TIVIABHOE COCTOHT B H3Y4€HHUH HeoO-
XOMUMBIX 3/J€MEHTOB JOTHYECKOro si3bika MaTeMaTHKH, B NOCTH-
KEHHH MOHMMAHHs YYal[UMHCsS TOYHOTO CMBIC/A BBHIMOIHAEMBIX
VMU JIOTHYECKHX ONepamuil. DTHM IeNaM MOJYHHAETCA U BBEIE-
Hue JOruyeckoil CHUMBOJMKH. ['JlaBHOe 3aK/MOYaeTCsd HE B ¢dop-
MaJbHOM OlEPHPOBAHHH JIOTHYECKHMH CHMBOJIaMH, 3 B IIOHMMA-
HHH TOT'0, UTO UMH o6o3Hauaercs. PasymeeTcs, yuauiecs J0/KHLI
MpHOGPeCTH H HEKOTOphle HAaBBIKH (BOpMaJIbHOTO onepupoBa-
HHSl JIOTHUECKHMH CHMBOJIAMH, HaBBIKH B «JIOTHYECKHX BBIUHC/IE-
HHSIX». DTO BAXKHO, B YACTHOCTH, AJd pelleHHs 3ajad, CBs3aH-
HEIX C TEXHHUECKUMH IIPHJIOXKEHHSIMH COBPEMEHHOH JIOTHKH.
Ho ¥ 5TH HaBBIKM AOJIKHBl OMUPaThCs HA cojepKaTeNbHOe I10-
HUMaHHe JOTHMUYECKHX omnepanuii U HX CBOWCTB.

TpaguuuOHHAs MeTOAHKA MpefycMaTpHBaeT usyuenue JHIIb
cozlepKaHus (MaTeMaTHUeCKOro) paccyxkJeHu#, He Kacasch HX
dopMbl, HX JOTHUECKOH CTPYKTYpHI. B pesyJabTaTe Taxoro 006y-
yeHHs] JOTHYeckasi CTPYKTYpa paccyxJieHuss OKasbplBaeTcs B CO-
3HAHUA YYal[UXCSl HEPa3pHIBHO CBSI3aHHOH C ero OonpejeseHHBIM
collepxKaHHEM, UTO He MOXeT cONedcTBOBATb Pa3BHTHIO yMEHHS
NPAMEHSTh 3Ty Xe JOTHUeCKYIo CTPYKTYPY PacCyXACHHA K ApY-
roMy COJepKaHHIo.

AHAJOTHUHOE SIBAEHHE BCTpeyaeTcs W B APYTUX o6jacTax
06yueHHsl, HAmpuMep B HauYaJbHOH apu(MeTHKe, TIje HHOrJA
B pesyJbTaTe HEIPaBHIbHOM MOCTAHOBKM NPEMOAABAHUS crnocob
pellieHdst 3aJaud CBSI3aH B CO3HAHMM YYAUIWXCs C ONpe/e/CHHLIM
KOHKpeTHHIM ee cojepxaHueM. Tak, ofHa ydyeHHua 1I1 knacca
3anJakajsa BO BpeMsi KOHTPOJbHOA paGoThl MOTOMY, 4TO el npea-
JIOMUAM 3a7auy «Ha s6J0KW», a 10 3TOTr0 OHHM pellaty 3anady
«Ha KOH(}eThI». : :

Jlnsi BbIAEJEHHSI W W3YYEHHs JIOTHUECKOH CTPYKTYpBl MarTe-
MaTHyeCKUX NpeAaoxeHdd U paccyxAeHu#i HeOOGXOAUMO Bapb-
MpOBaTh HMX COJepXXaHde, T. €. paccMaTpuBaTh MpelJIOMEHHs
W PacCyXK/eHHusl pPa3/JHYHOrO MaTeMaTHYyeCKOro COAEpKaHHd, HO
O/IHHAKOBOH JIOTHYECKOH CTPYKTYDHI, 3aTeM 3aMETUTb TO o6uee,
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dTO HMEETCA B 3THX NpPeNJONKEHHAX K PacCy:KAeHUAX, T. e. ux
JIOTHYECKYIO CTPYKTYpY, u aGcTparuposath ee or KOHKpeTHOro
CONACPKAHHSA 3THX TIPEANOKEHHH u paccyxKaeHuH.

Taxum o6paszom, wmbl PacCMaTpHBaeM JOruYecKylo bopmy

H HaNlOJIHEHA HOBBIM, Da3JIHUHBIM CoJepKaHueMm.

§ 6. Boanukaer BOIIpOC O mporpamme usyyenus JIOTUYECKOT0
fA3blKka MareMatuku. [Ipexkme Bcero NIPH ONpeneNeHuu 3Toi mpo-
TPaMMbl HEOGXOAUMO HCXOMHUTH W3 TOTO, YTO coCTaB/sieT o6inue
JIOTHYECKHE OCHOBBI COBPEMEHHOI] MaTeMAaTUKH,

HazBectHo, uTo K koHny XIX B. TEOPHA MHOXKECTB CTasa 0gHOM
H3 OCHOB MaTeMAaTHKH, CoBpeMennas HayyHas TpaKTOBKa MaTe-
MaTUYeCKUX MOHATUH CTPOHTCA Ha 6asze TEOPETHKO-MHOXKECTBEH-
HBIX uned. Ho npu NOCTPOEHUH CaMOM TEOPHH MHOXKECTB O6BIU-

CUHTAIOT JIOTHKY BHICKA3bIBAHUM NepBOHAYAJNBHOH JIOTHYECKOH
CUCTEMOH,

AJIL TIOCTPOEHHA APYrUX O6LIHX (ofmas aarebpa, o6uiag TOMO-
JI0THsA, 06Wwas Teopus BEKTODHBIX H MeTpHUYecKHX NPOCTPAHCTB)
H CHeNHANBbHHX MaTeMaTHYeCKHX TEOpHH.
Ionyyaerca CAENylollasg cxeMa OGWIHX JIOTHYeCKHX OCHOB
COBpPEMEHHOH MaTeMAaTHKH: '
YacrHele (cnennanbube) MaTeMaTHYecKue

" TEOPUH 3
O6wue maremaTuueckue TEOPHH
1
Teopus MHoxecTs Jloruka npemukatos
1

Jloruka BEICKa3HIBAHHUI

Onpenensis wmamy MPOTPAMMY H3YYEHHS JIOTHYUECKHX OCHOB
Y CPEACTB MaTeMaTHKH B cpeaHeii IIKOJI€, MBI JOJIKHBI UCXOAUTD
U3 TeX Xe NpH3HakoB (A yu B), xotopbie 6oy chopmyauposa-
HBl BO BBEIEHHH B CBA3U ¢ PaccMOTpeHHeM Bompoca o cofiepxa-
HHU COoBpeMeHHO! saeMenTapHoi MaTEMaTHKH, T. €. Mbl JOJKHLI
0TOGpaTh TO, YTO cocTaBisieT Hadajda jnoruku (A) u mocratouno
SJIEMEHTApHO, T. €. IPOCTO U AOCTYNHO yyawmmes (B), u, Kpome
TOTO, HAXOAUT NpPUMEHEHHe B camol WIKOJIbHOH MaTeMaTHKe WJH
UMeeT Jpyrue BaiKHble MPUJIOKEHHS, JAOCTYNHblE MOHUMAHHIO
yYaIuxcs.

Hexons us stux IPU3HAKOB, TPHUXOAHUM K BEIBOAY O HE06X0-
AHMOCTH H3YYEHHS 3JEMEHTOB JIOTMKM BBICK23LIBaHUH, Teopuy
"MHOXKECTB U JIOTHKM NpefHKaToB.
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Jlornka BbicKasbiBaHWit — HaHGOJee SJEMEHTapHAs W BMECTE
¢ TeM ¢yHAaMeHTajJbHas 4acTb MaTeMaTHYeCcKOH JIOTHKH, Urparo-

masi B Hefl TAKYI0 e BAXKHYIO POJib, KaKylo HIpaer, HaNmpUMep; - - -

apudMeTHka HATypajbHbIX UHCEN B YUeHHH O ypcae. CpelcTBa
BLIBOJA, KOTOphle AAeT HaM JIOTHKA BbICKA3bIBAHHH, HAXOAAT ILH-
pokoe IpHMeHeHHE B IIKOJNBHOH MaTeMaTHKe H, Kpome TOro,
{MeHHO amnmapaT JOTHKH BhICKA3BIBAHHA HAXOMUT BaKHEIE Tex-
HUYeCKHe IPHJOXKEHHs, BIOJHE AOCTYIIHBIE OHUMAHHIO ydYa-
LIHXCSL, ,

Hauaja JOMMKH BBICKa3bIBAHUA MOTYT GBITb H3JO0XKEeHbl JA0-
CTYNHO, HA KOHKDETHOM MaTepuane [LIKOJBHOH MaTeMaTHKH, y4a-
mumesi 14—15 jer, T. e. we paHbilie, yeM B VII—VIII kxnaccax.
DjeMeHTapHas JKe yacTb TEOPHH MHOXKECTB, noJiyyuBlias mepBo-
HauaJBHOE PA3BUTHE II0Jl HA3BAHHEM JOTHKH K1accoB U no <y-
1eCTBY 3KBHBAJIEHTHAs JIOTHKE BbIcKa3blBaHHH (Xax jaBe MOJeu
a6cTpakTHOH OyneBoi aareGpel), JOCTYIIHA YiKe ydalliMcs Ha-
yanbHbIX KJaccoB, AeTM 7—10 JeT, TaKk Kak OCHOBHbIE TeopeTH-
KO-MHOJKECTBEHHBIE I[IOHATHS OTPaxaloT mpocTefILui, yxe JO-
CTYMHBIH JeTsiM 3TOro BO3pacTa JKH3HeHHbI onblT. [loaToMy
B IIKOJbHOM O06yueHHH (POpMHpOBAHHE TeOpPETUKO-MHOKECTBEH-
HBIX TOHSITHIl ZOJKHO MpeALIeCTBOBATh H3YUEHHIO SJEMEHTOB Jo-
MKW BblckaszbBazuil. Visyuende 3/1eMEHTOB TEODHH MHOZKeCTB
CTYKUT JIOTHUECKOH Tporee BTHKOHA. Opnako Hamk uead He Oy-
AYT JOCTUTHYTBHI, €CJH Mbl OrpaHHIAMCA H3yuyeHHeM Hauajg Teo-
pHH MHOXKECTB M JIOTHKH BbICKasbiBaHuil. Kpaiine HeoGXOQUMBI
W HEKOTOpble 3JeMeHTapHble CBEJIeHHs H3 JIOTHKH TIpeuKaToB.
Hauana JOMMKA [peJdKaTOB AOCTATOUHO 3JIEMEHTApHB H 10-
crynubl yuawmmest [X—X KJ1aCCoB.!

§ 7. Kaxpaeifi pas, Koria npepnaraercs H3yuaTb B LIKOJE
4TO-TO HOBOE, UTO JO CHX IOp He H3yyasoch, BO3HHKAeT BONPOC
0 BpeMeHH, HeoOXOZHMOM JJsi 3TOro U3yuYeHHs.

IIpexnae Bcero ciefyeT OTMETHTH, 4TO TO HOBOE, UTO Ipen-
naraeTcs M3yuaTb- B JAHHOM cjydae, JEXUT B OCHOBE yXKe H3y-
yaeMoro. Peub HeT O NOCTAHOBKE [IKOJbHOH MaTeMaTHKd Ha
coBpeMeHHble OCHOBBIL. ’

V3yyenue 5J1eMeHTOB JOTHUECKOTO s3bIKa MareMaTHKu Hpel-
JaraeTcsi OpraHd30BaTh CJAEAYIOLUHM o6pasom: B I—VIII knac-
cax u3yueHHe BeleTCs MOCTENeHHO, Kak HeoTbeMJjieMasi 4acTb
o6yueHUs1 MaTeMaTHUKe, Ge3 BbiAeJeHUs ClendaJbHbIX TeM H Yypo-
koB; B IX kjiaccax (U3MKO-MaTeéMaTHUECKOTO npoduas (mpH
v ¢epeHIUPOBAHHOM o6yueHHH) MpejaraeTcs BbIAEJIUTH CIE-
MAJbHYI0 TeMy «DJeMeHTbl TeOpHH MHOXKEeCTB H MaTeMaTHYe-
CKOll Joruku» (mpuMepno 20—25 uacos) Aad cucTeMaTU3anun
M pacuhpeHHsi yKe HMeoLlHXcs y Ydaulaxcs TEOpeTHKO-MHO-
JKECTBEHHBIX H JOFWUECKHX 3HAHMH M PaccMOTPEHHs HEKOTOPBIX

| Hameuaemas HaMU NporpaMMa H ee peajusauis OMHUCAHBI B TOCJAeNyH0-
wux raaax (wactb 1, raasm 2, 3, 4,5 7).
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BAXHBIX NpUJIOKeHHH. B kaaccax APYrdx mpoduseir (IX, X)
MOXKHO OTrpaHHYHBATHCA HEKOTOPHIM pacuinpendeM cBegmenui,
TNOJNYYEHHBIX yYamuMucs [—VIII KJlaccoB, Ge3 BHIfieJIeHHS Clre-
HHANbHOH TeMHl. '

Ho u 8 stom Clydae U3yuyeHHe 3/JeMEHTOB JIOTHKH Tpebyer mo-
TIOJIHUTENIbHOH 3aTpaThl BpeMeHu Ha ypokax MateMaTukd. [je
B3Tb 3TO BPeMs NpPH HAJUYHK NEperpysku mporpamm?

Pewenne Bonpoca mano HCKAaTb B YCOBePLIEHCTBOBAHHH Me-
TOJOB NpenojaBanus. BosHukaer npo6GJjemMa paspaboTKu Mero-

HBIX 3HAHHA NP GoJlee WHTEHCHBHBIX TeMINax IpPOXOKIAeHUSA
Kyipca. 1o BO3MOZKHO, eCJIM TJIaBHOH [e/bl0 npenonasanus 6yger

HeoGX0MMa cllennasbHas IOCTAHOBKA MpenojaBaHus, uG6o Ma-
TEMaTHYECKOe Da3BHTHE He sABJseTCs IPOCTBIM Pe3yJbTaTOM
NPHOGPETEHHBIX 3HAHHH W HABBIKOB, N

Meronuka npenofaBaHus, YUATHIBAOLIASA JIOTHYECKHH $N3BIK
H3Y4aeMOH TeOpUM U Jorvyeckye 3HAHMS yyauuxcsl, NPHBOIUT
K SKOHOMUHM BpeMeHH He 3a cuer HCKIIOYEHHA H3 NIPOrpaMMbl
KaKAX-HUOYb ClenHasbHBIX TeMm (BO3MOKHO M 9TO, HO MHI 37ech
HE paccMarpuBaem stor BOmpoc), a sa cyer Gonee GrlcTporo
TIPOXOXKIEHUST Kypca, JOCTHraeMoro Ganarogaps JyulleMy [OHH-
MaHHIO y9amMMHCsl H3y4aemoro Marepuana U JAeJa0LUero Ha3-
JMIIHAMH JIOTIOIHATE/bHble PASBACHEHHS U MHOMOKpaTHOe pelle-
HHE ONHOTUNIHBIX mpuMepos. IMocaennee ge Hajlo NMOHHUMATb Kak
‘OTPHIIAHHE 1es1eco06pasHOCTH TPEHHAPOBKA yyalmuXcs ¢ [eblo
TIPHOGPETEHHS BAKHBIX JJTs NPAKTHKH HABHIKOB BBIYHCJIEHHH, H3-
MepeHuil, yepuenus u ap. Peup HIET JIMIIb O BO3MOMKHOCTH 3Ha-
HTEJIBHOTO COKPALIEHHS YHCJAa Tex OAHOTHIHBIX NPUMEpPOB, KO-
TOpBIE YaCTO pelaTes ¢ Hebko AOCTHKEHHUST JIYUIIero MOHHMA-
HUST TeopHd.

Taasa 2. ®opmuposanue TEOPETHKO-MHOXECTBEHHbIX HOHATH
Y YYallHXCsi HaYaJdbHBIX KJacCoB '

§ 1. Cosepuienno OUEBHIIHO, YTO HENb3s yCHeWIHO HCMIONb30-
BaTb TEOPETHKO-MHOMKECTBEHHBIE MOHATHS B o6yyeHud maTema-
THKe 6e3 10cTaTounoi IpeaBapUTENBHON MOATOTOBKH yyamuxes,
cocrosimedl B (GopmrpoBanuu Y HHX 3THX MOHATHA H yCBOEHHH
HMH T€ODPETHKO-MHOKECTBEHHOTO SI3BIKa. JTa NOArOTOBKA OKa-
XEeTC TeM OCHOBaTeJIbHee, yeMm PaHbllle OHAa HauHercs,

®opMupoBanme NEPBRIX TEOPETHKO-MHOKECTBEHHEIX IOHSITHI
Ha BO3MOXKHO GoJiee paHHeH CTyNeHH OCyYeHUsT uMeeT 061uieol-
Pa30BaTesqbHOE M BOCIHTATE/bHOE SHAYEHHEe, BHIXOAsSIEe 32 paM-
KH HX [PHMeHeHUs K TPAKTOBKe APYrMX MaTeMaTHYeCKHX MOHS-
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cuil, OTHOLIEHHs. MeXAy MHOXeCTBaMH H omepautd Haj HHUMH
TIpeACcTaBasiioT co60i KOHKDETHYIO MHTepNpEeTAlHI0 JIOTHUECKHX
OTHOILEHUH M omepauui: : : :

OTpHILaHHEe BbICKA3bIBAHHS — JOTIOJIHEHHE MHOXKeCTBa,

JH3DIOHKIHS BbICKA3bIBAHHA — 06beJHHEHHE MHOXKECTB,

KOHBIOHKLHS -BblcKAa3hIBaHU — mepeceyeHHe MHOXECTB,

MAMIJMKAIAS — BKJIIOUEHHe OJHOro MHOXECTBA B ApYToe,

IPaBUJO CHJJIOTH3MA — TPAHSHTHBHOCTD BKJIOYEHUS H T. L.

HecOoMHeHHO, YTO TpajuL{si OrpaHHyHBaTBCH B HauyaJbHBIX
Kjaccax JHIIb OOyueHHEeM yyaulHxcd aJqropUTMaM  UeTHIPEX
apu(pMeTHIECKHX omepauuil B HacTosiee BPeMs BBINIALMT apxa-
‘uamoM. C COBpeMeHHOH TOUKA 3peHHsd o6yueHHe JIOTHYECKHM
onepaiusM B HX NpocTeHIleM TeOpeTHKO-MHOXKECTBEHHOM HCTOJ
KOBAHHH SIBJSETCS He MeHee BaKHOH 1eJbIO.

HacTosiasi TJaBa TOCBSILIEHA OMHCAHHIO CHCTEMB ynpaxHe-
Hufl 14 GOpMHUPOBAHUS NEPBBIX TeopeTHKO-MHOKECTBEHHbIX T1O-
HsITHH, KoTopas Oblia TOJBeprayTa asTOpOM SKCepUMEHTab-
Holi mposepke B IV kiacce. . ,

Pesy/bTaThl  POBEJEHHOTO SKCIIepUMEHTa  NMOAKPEnJsioT
TIpe/NoNIOKEHHE O BO3MONHOCTH elle Gosee paHHEro HavaJja
3T0i paGoTHL

§ 2. Cucrema ynpaxHeHHAd paccudTaHa Ha peaJi3aiuio cJje-
ayiowel mporpaMMbl  (GOpMHPOBAHUA nepBhIX npeicTaBaeHuH
H TOHSITHH.

«MHOMKecTBO (KOHeuHOe, HCKmouad mycroe H eIMHMYHOE MHOMKeCcTBa).
OTHOMeHHe TPHHALJIEKHOCTH 00beKTa K MHOIKeCTBY H €ro OTpHI2HHE. 3a-
LaHHe MHOMECTBA IepPeuHCIeHHeM SJeMeHTOB H omucanHeM (C TIOMOILBIO Xa-
paKTepHCTHUECKOrO cBoilcTBa).

OTHOMmIEHHe BKJIOYEHHS H €ro OTpHIAHHE. TlogMHOXKecTBO. PaBeHCTBO
MHOKeCTB. BhifeleHHe NOAMHOXECTBA C TOMOMILIO CBOHCTBA.

Tonoanerue Muoxecrsa. OGbelHHEHHE H niepeceyeHHe MHOXKeCTB.

CocrapieHHe MHOXeCTBa BceX YTODALOYEHHBIX 1ap 3JleMeHTOB JAHHOro
MHOMecTBa. BhinedeHHe MOAMHOXeCTBA YHOPALOUEHHHIX TIap, YAOBJETBOPSIO-
muX HEeKOTOpoMY OTHOLIEHHIO >, = <)»

IpeanaraeMasi cucTeMa yhpaMHeHHH cocTaB/]eHa TakAM 06-
pasoM, 4TO Kaxjoe HOBOE MOHATHE cHauaja pasbscHseTcA Ha
KOHKpETHBIX NPHMepax, B3sfTHIX H3 YKE 3HAKOMOro ydauiumes
‘K{3HEHHOTO OMBITA, 3aTeM STH TOHSTHA 3aKpemAnTCH npu pe-
IleHHH yOpaxKHeHHHA ¢ YHCJIOBBIMH MHOK€eCTBAMH. '

Bce ympaMHEHHsl COCTaBJIEHBl HA MPHMEPAX IHCKpEeTHHIX, KO-
HEUHbIX MHOMECTB (HATYpaJbHBIX YHCEJ). Ato no3posseT AeTAM,
NOJIb3YSICh 3aAaHHEM MHOMKECTBa C MOMOLIBIO niepeurc/IeHUs] 3JI€-
MEHTOB, (hAKTHUECKH OMpeJe/NHTb, NPHHALJIEKHT HJHd HeT TO HJH
HHOe YHCAO JAHHOMY MHOXECTBY UHCEJ, BK/IOYaeTcs 1 HeT OJHO
MHOMecTBO B Apyroe. Ouu B COCTOSHHH ¢pakTHUECKH BBHIIOJHATDH
omepaidd OGDbeIHHEHHs M TepeceueHis MHOXKECTB, COCTaBJsATh
JIOTIOJIHEHHe OJNHOTO MHOXECTBa A0 APYroro.
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YcBoenne 3THX oTHOweHufi u Onepaudii Ha KOHEUHBIX MHO-
KECTBAX SIBJISETCA MOATOTOBKOH K HX VCBOGHHIO B JaJibHedem
Ha GeCKOHEUHHX MHOKECTBAX.

OKcnepUMeHTaNbHA S pOBEpKa CTpounack mno ciexywoumel
METOJHKe: .

@) YCTHOE pelleHHe YIpaxKHeHUHA ¢ pa3bsACHEHHEM NOHATHH
Ha ' XKU3HOHHHX NpHMepax (pasymeercsi, Ges olnpeneseHui) ;

6) YyCTHOe M mHChbMeHHOe pellende yrpaxKHeHHH ¢ HCHOJb30-
BAHHEM YXKe Da3bsICHEHHBIX NOHATHH Ha IpUMepax UHCJIOBHIX
MHOZKECTB;

8) TPOBEPKA YCBOEHHA C TOMOLIbIO CAMOCTOATEBHOH pa-
GOTHI. .

Pesyabratel  cepun CaMOCTOSITE/IbHBIX NPOBEPOYHBIX pPaBoT
CBHIETE/ILCTBYIOT O XOPOIIEM YCBOSHMH yYallUMUCS BCed mnpo-
TPaMMBHI.

§ 3. Huxe npusoantca cucrema ynpaxHenu#t (mo aBa-Tpu
YIPAXKHEHUA U3 KaxJAOTO THMA) CO BCeMH Pas3bsACHEHUSAMH, KO-
TOpbI® 1aBaslich yuyamuMcsa B mpouecce PEIIEHHUS, U HEKOTOPBIMH
METOAUYECKHMH KOMMEHTApHUAMH Y BEIBOJAMH, CAEAVIOIUMH H3
HMPOBEAEHHOTO JKCIepHMeHTa.

01. Bam yxe BcTpeuanoch, HaBepHoe,/ C/IOBO «MHOXKECTBO» (MHOMKECTBO
HEro-TO WJH MHOXECTBO KOro-to). MHOXKECTBO uero BBl BuauTe B Jjlecy, Ha
HOYHOM Hebe, Ha nruuedepMme, Ha NnepBoMalicKod IeMOHCTPALKK?

B kiaccHOll KoMmate TaKke WMelOTCS npuMepe MHOXKecTB. Kakue?

IIpuBesute ele mpuMepH MuOXecTB. -

Kakue npuMephi MHOXeCTB WMelOTCS Ha 3aBOJe, B IOJIe, HA A3POAPOMe,
B MOpPCKOM nopry? Uro BH BHAMTe ma nperywel s6aome B cany?

01.1. Otu BompocH He BCTpeTHJIH 3aTPYAHEHUH y YyYaluxcs.
Tak, B secy onmu ormetnan me OJHO, & HECKOJbKO MHOKECTB:
MHOXKEeCTBO rpH60OB, MHOKECTBO AT0M, MHOKECTBO AepeBbeB, MHO-
ZKECTBO MTHI, MHOXKECTBO JIMCTbeB, UFOJNOK (B XBOHHOM Jecy).
Ha Bompoc, kakue NpUMEPEl MHOMXKECTB HMEKWTCS B KJACCHOM
'KOMHATE, OHM HA3Ba/J¥ MHOXKECTBO HapT, MHOXKECTBO- YUEHHKOB,
MHOXKECTBO TeTpajedl, pyueK, JiaMIIOUeK.

02. B pycckom A3bIKe, KaK W B JAPYrux $3blKaX, HMeTCs ClenHaNbable
CloBa, o0603Hayamouye HEKOTOPBIE Ompe/e/ieHHble MHOMXEeCTBa. Hanpumep,
MHOXKECTBO KuTeJell OJHOr0 ropoja Ha3LBAIOT HACeNTeHHEM 3TOro ropoja,
MHOXKECTBO NTHI, IePXKALUKXCS BMeCTe,—CTaell, MHOXECTBO CTAHKOR OJHOro
3aBOJa — CTAHOYHHIM MapPKOM 3TOTO 3aBOjA.

He 3naere u Bol eme CN0Ba, 0603HAYAKIIKE ONpeeTeH ke MHOXecTBa?
Kak nasbiBaior MuoxecTso IIMOHEPOB OAHOro Kiacca? MuoxecTBo MHOHEPOB
OMHOH IHKOJBI? ’

Kakumu ciosamu 0603HAYAIOTCA  MHOKECTBO ABTOMAUINH WJIHW TpPaKTO-
POB, MHOXKECTBO KOPOB, MHOKECTBO OBell B KOJX03e?

03. Mu rosopuM, uro KaX[10e 1epeB0 B Jecy NpHHAa AJe XK U T MHO-
_XKECTBY [lepeBbeB 3TOro Jeca. Eciu ke KaKoe-HHOYIb JepeBo He HAXOAHTCS
B 3TOM Jecy, TO oHO He mp HHAXMEXUT MHOKECTBY [EPEBbEB 3TOTrO
Jeca.

28



Kaxpauil Xuresb ropoia MoruieBa TDHHALJEKHT MHOXKECTBY Kurteaen
sTOro ropofia (HaceJeHHio ropoga). Ecan xe KTo-HHGYLb XHUBET B I MuHcke,
10, pasymeercs, OH He TNpHHAAJEKHT K HACEICHHIO ropofa Morunesa.

KaKoMy MHOXeCTBY TIpUHALJEXHAT kaxapi yuenuk 1V-Il Kjacca?

CocraBbTe NpelJoXeHue, B KOTOPOE BXOZUJH OBl -

a) mMs yueHHKa IV-] knacca W cjoBa: «TIPUHALJENKUT» H «MHOMKECTBO»;

6) ums yuyeHHKa IV-I Kjaacca M CJIOBa: <«HE NpHHALJERKUT» H «MHO-
7KecTBO>.

04. 3anuileM HECKOJbKO 4ices: 5, 2, 8, 17, 13.

Yro 06pasyioT 3TH yucaa?

O603HauuM 3TO MHOXKECTBO 6YKBOH A u sanuilem €ro Tak:

A:5, 2 8 17, 13.

Ugcno 5 NpUHALJEXHT MHOXKECTBY A, udcao 3 He TpPHHALJCKHT 3TOMY
MHOXKecTBY. B AajbHediieM I 0603HaueHHsT TpPHHALJEKHOCTH ypeaa
K MHOXKECTBY UHce] TpPUMEHHM TaKofi 3HAK: «€», TaK 4TO TpeAJoKeHHe
«uHeA0 5 TPHHALIENKHT MHOMXECTBY. ,A» Gynem mnucatb Tak: «5 ¢ As. Has
o603HAYEHHS HENPHHALNEKHOCTH, T. e. s OTPHUI@HHS TPHHAJENHOCTH yHc-
na K MHOXECTBY uHCeN, TIPHMEHUM TOT Xe 3HaK, TOJbKO TiepeuepKHy THIf

/
« € », Tak uTO TMpeAJOXKEHHE «upeao 3 He NPHHAMJIEKHT MHONKECTBY A» 3a-
[MmeTeA CAeRYIOUIMM 06pasoM: «3¢ A».

3amumuTe, NPHHAAJNENAT UTH HET MHOXecTBY A uHcaa: 3, 4, 8, 10, 13,
14, 15.

04.1. Mb BO37epKaauch 0T 0603HaueHHs1 MHOXecTBa C IO
MOIIBI0 UTYPHBIX cKOGOK TIOTOMY, YTO SKCTIePHMEHT 6bL1 OrpaHH-
YyeH BO ‘Bpemex-m, U Mbl onacaJiuchb KOH].leHTpa].lH'I/I 60JIBLIOTO yycaa
HOBHIX CHMBOJIOB, K TOMY Xe npuMeHeHHe QUIYPHBIX cKOGOK BBI-
3paqo OBl H3JHIUHIOW 3aTpaTy BpeMeHH. B OOBIYHBIX yCI0BUAX
MOJKHO BBOJHTb OOCIIENPUHATOE 0603HaUeHHE. BpefeHHHH XK€
3HakK' npuuamemﬂocm U eno OTpPI].laHPIH Jaet KOHOMUIO
B 3alUCH. aT1o CBOHCTBO CUMBOJIOB yqaumec;l 6bICTpO 3aMeTHJIHd
g, Koraa npu H3Y4YeHHH OTHOLIEHH S BKJKOUEHUS MBbL BO3JEepKa-
Juch OT BBeJEeHUA COOTBeTCTByIOHLeI‘O cUMBOJIA, yqaumec;l o6pa-
THJHCh C BO]'IpOCOM, HeJnb3d JH BKJIIOUeHHe OJHOTIO MHOXeCTBAa
B Apyroe )O6OSH3‘-IPITI> 3HaKOM ]'IpPIHalUIe)KHOCTH. KOI‘.ILa UM
00 bACHANH, 4YTO OTHOllleHHe ]'IpPIHalUIe)KHOCT‘H obbekTa K MHO-
JKeCTBY H OTHOIIIeHHE BKJIIOUEHUS ‘OJHOTIO MHOXeCcTBa B apy-
roe — paSHbIe OTHOWIEHUA H no3TOMY HeJab3d HX o603HauyaThb
OfHUM H TEM JXe 3HaKOM, HEeKOTOphIe yqaumecyl npe;mommm
0603HAUUTL BKJ/IOUEHHE KAKHM-HAOYAb APYyrdM 3HAKOM.

Yuampuecss yxe 3aMeTUuJd OJHO Hsp‘eHMyIILeCTBO CUMBOJIUKH —
KpaTK‘OCTb 3alucH, aJawinyro 3KOHOMHIO MeCTa H Bpemel-m. OHu
XOpOiIo BOCHPHHSIH npuMeHeHHe CHMBOJIHYECKUX o6o3HaueHHH,
3alOMHHJH HayepTaHHE U CMBICJI CUMBOJIOB.

Meul Takxke Bosnep)anme Ha 3TOM 3Tale OT BBeJEHUs TEep-
MHHa «3JeMEeHT MHOXECTBa».

05. B mpeapiaymleM ynpaxHeHHH (04) Mbl 3a1aiy MHOMecTBO uuces Te-
peuncienueM Bcex 4yuc&n STOro vuoMxecTa. MoXHO Takxe s3alaTb MHOXeCT-
BO umMces, HasBaB CBOACTBO, KOTOPLIM ob1afaloT Bee yMcaa 3TOro MHOXeCcTBA
% He o6aagalT HHKakHe ApYyrue 4Hcaa. Hanpumep, BMeCTO TOro, yTOGHl TE-
peuncauts umcaa: 1, 2, 3, 4 5, 6, 7, 8, 9, MOXHO CKa3aTb, 4TO 3aJaHO MHO-
KecTBo BCEX OJHO3HAUHBIX uYHCea H, 06paTHO, 1O CBOHCTBY OJHO3HAUHOCTH
MOXEM TepeuHCIUTh Bce YHCAR, 06/1a7a0IIHe ITHM CBOWCTBOM.
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* 3aNHHIHTe BCE UNC/A, HPHRALAEIKAHEIE:

"@) MHOMECTBY YeTHBIX ©AHOSHAUHBIX qHCe;

6) MHOXKECTBY HeUeTHHX OXHOSHAUHHX 4yucer;

6) MHOXECTBY OXHOSHAUHBIX UMCEd, AeTSMAXCS Ha 3;

2) MHOMECTBY YuceJ, MeUbLIMX 30 K Lensiiuxcsa Ha 4;

0) WMHOXKECTRY ABY3HAUHHX MHCET, Mensiuuxcs Ha 5

€) MHOXECTBY OCTaTKOB, KOTOpBIe MOTYT NOJYYMTBCA NPU JeJdeHuH Jio-
Goro uHcna Ha 5, Ha 6, Ha 10.

06. BosbMem KaKoe-HUYIb uucho, -Hanpumep 18. Jlo6oe 4HCII0, Ha KO-
TOpoe 4YHCIO 18 penutca Ges ocTaTKa, Has3blBaeTost JenuTtenewm uucaa 18.

3anumnTe MHOXeCTBO BCeX ReuTenel YHCIA 18, uncna 24, uynena 48.

07. Kak MOXHO HasBaTb (¢ MOMOLIbIO KaKoro CBOMCTBA MOMHO ONMCATB)

MHOMEecCTBa:
A4:1,2,34,5,6,7, 8, 9;
B: 1,357 09;
C:2 4,6, 8;
D:1, 2,3 4,5, 6

07.1. Bonpoc 07 pomyckaeT HeogHO3HAUHEIE oTBeThl. Ha-
IpUMEp, MHOXKeCTBO D HeKOTOphle yualnuecs HA3BAMU MHOMKeCT-
BOM NEPBBIX IIECTH OJHO3HAYHBIX YHCEJ, APYIHE — MHOKECTBOM
BCEBOSMOMKHBIX OCTAaTKOB, KOTOPEIe MOTYT NMOJIYYHTHCS IIpu Aele-
HUH m060ro yucna Ha 7. Mpl 3aMeTuJsiM, 4To oba oTBeTa mpa-
BUJIbHBL, TaK KaK TPH [eJeHHH JIOGOro 4hcaa Ha 7 OCTATKAMM
MOTyT OHITb NepBble IIECThb OJHO3HAYHBIX YHCEI.

08. Kaxnui yuennk IV-J Kracca sisasercs TaKXe H yuenukom CIII
Ne 2. flBnsieTes Ju Kammpiil yweHuk CIH Ne 2 yuennkom IV-J kaacca? [lowe-
MY He fBJSIeTCA?

Ta4KOM Cilyyae roBODHM, UTO MHOXKECTBO YUEHHKOB IV-O xnacca
BRIKYAETCA B MHOKECTBO yueHHKoB CII Ne 2, a MHomecTBO Y4YEHHKOB
CII Ne 2 He BRKTWOUaAaeTCs B MHOXecTBO yueHHKos IV-II Kiacca.

To wmuoxecTBo, KoTopoe: BKMOUaeTcs: s APpyroe, HasbIBAE€TCS TaK¥Ke ero
MOAMHOXecTBOM. Takum 06pasoM, MHOMKECTBO yuenukos IV-I Kiacca
ABJIAETCS NMOAMHOXKECTBOM MHOXKeECTBAa yueHukos CIII Ne 2

PaccMoTpum TakHe gBa MHOMKecTBa: MHOXeCTBO XuTeJeH ropoga Moru-
7eBa M MHOXecTBO xuTelefi BCCP. Kakoe us sTHx IBYX MHOMECTB BKJIO-
UaeTcs B APYroe WM SIBISIETC ero NOLMHOMECTBOM? B Kakoe IPyroe MHO-
KECTBO BK/IIOUAETCS MHOMECTBO IKHTelef BCCP? ¥Yxkaxute KaKoe-HHGY b
TOAMHOKECTBO MHOKECTBAa KuTelel ropofa Morusesa.

[IpuBeaute npumepsl nByx MHOXECTB, YTOOB OXHO BKMOYAlOCh B APYroe
(uT06bl OfHO 6BIMO NOAMHOXECTBOM JAPYyroro).

09. Haubl gsa MHOMKeCTBa uHcen:

A: 1, 4,2 3,6, 74u B: 3, 1, 4, 7.

Kakue uncsa H3 MHOxecTBa B NpHHaJTexar u MHoxectBy A? Ecrp i
B MHOXecTBe B uHcna, He mpuHagIexame MHOXecTBY A? EcTb in B MHO-
HecTBe A uuClIa, He NpuHaLTIEXKamue MHOXecTBY B? MoXHO au cKasaTb,
YTO KaKoe-HHOYAb H3 3THX MHOMKECTB BKIIOUaeTcs B Lpyroe? Kakoe HMeHHO?
[louemy Henbsst cKasaTb, uTo MHOXecTBo A BKIOYAeTCS] B MHOXKecTBO B?
Kakoe u3 sTux MHOXKeCTB siBaIsieTes NOMHOXKECTBOM Jpyroro?

10. Yxaxute, Kaxkoe u3 ABYX MHOMECTB BK/IOUAeTCSI B JPYyroe:

a) A: 3,5, 1; B: 1,2 8,65, 8:
6) A: 2,3,7,6,5, 1: B: 1,425 8, 9;
8) A: 5,1, 2 4, 3: B: 1, 2 3,4, 5.

B nocnegnem cayuae (8) wmmomectso A BKJIOUAeTCd B MHOXecTBO B
¥ MHOMXeCTBO B BKiwouaeTcss B MHOKeECTBO A,

D10 3Hauut, MHOxecTBa A H B COCTOAAT H3 OLHHX W TeX e uHcel.
B rtakoM cayuae omu HasmBaoTes PaBHBLIMU, H Mb numeM A = B,
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[lpuBenuTe NPHMEPH [BYX MHOXeCTB HHCE], qTOG6HI:

@) nepBoe BKJIOYAJIOCh BO BTOpOE, HO BTOPOE He BKIIOHANOCH B NepBoE;

6) HU ONHO He BKJIOYZJOCh B NPYroe;

8) mepBOe BKIOYANOCh BO BTOpOE W BTOpOE —B NEPBOC. R

11, JlaHH ueTHIpe MHOXeCTBA: MHOHepCKas ApYyXKuHa CII Ne 2, nHoHep-
ckuft orpsa Ne 17 IV-JI wiacca, MHOHEPCKas OPraHH3auus BCCP u nuoHep-
cKas opraHusanusi ropoja Morunesa. HasoBuTe 5TH MHOXecTBa B TaKOM
nopsiiKe, YTOGH NepBOe BKJKOYAIOCh BO BTOPOE, BTOPOE —B TpeTbe H TPeTbe —
B ueTBepTOe.

12. Jaubl ueThipe MHOMKECTBA YHCEN:.

12, 1,3,4,5,6, 8
, 3, 2, 4
:5,6,8 291,34
D: 5, 4,3 2 1.

PacrnoJoXHTe 5TH MHOXKeCTBa B TaKOM IOPAIKE, yto6p mepBoe GBLIO
OAMHOMKECTBOM BTOPOrO, BTOpOE — NOAMHOXECTBOM TPETLEro H TpeThe —
MOJMHOKECTBOM YeTBepTOro.

13. Maup nBa MHoxectBa: A: 1, 2,3 # B: 1, 2, 3, 4, 5: Kakoe u3 sTHX
MHONKECTB BKJIOuaercs B apyroe? IOmycTHM, YTO KaKOe-TO Tperbe MHOMeCT-
Bo C TaKoBO, UTO MHOMXKeCTBO B BKJIWOYaeTcss B MHOXECTBO C. Uto eule TOrI-
71a MOMKHO CKasaTh O MHOXKeCTBaXx A u C? Kak BH HallIH, YTO U MHOXKeCT-
Bo A BKIIOuaeTca B MHOxKecTBO C?

Wmeercsl HekoTOpoe MHoXecTBo E, Takoe, UTO HU ONHO HHCIO U3 MHO-
wecTsa B He mpuHajiaexut wmuoxecrsy - E. Uro Toraa MOXHO cKasaTh
o muoxecteax A u E? Kak 8bl y3Haiad, YTO HH OZJHO HYHCJIO U3 MHOXecTBa A
He mpHHALMeXHMT MHOXecTsy E, XoTa Bb He 3HaeTe, U3 KaKHX uHcesa cO-
cTouT MHOXecTBO E?

- 14, Jlaupl nBa MHOXeCTBa YHCEN:
A4:2,1,8, 5 4,7,96,8;
B:1,3,09 4,8

Kakum SIBISIETC MHOXKECTBO B 1o OTHOMICHMIO K MHOXKECTBY A?

CoctaBbTe MHOXecTBO C BCeX uHCeN, KOTOPLIMH HYXKHO JOMOTHHTH MHO-
KecTso B, uTOGH TMOJYUHTh MHOXecTBO A

MuoxecrBo C HaspBaeTcss AONMOJHEHHEeM MHOXKeCTBA B no MHo-
xKecrBa A i

ITpusenuTe NMPHMEPH ABYX MHOXKECTB HHCE A u B, uTo6s MHOKecTBO A
BKJIOUANOCh B MHOMXKECTBO B H COCTaBbTe [OMOJNHEHHE MHOXECTBA B no
mHoXecTBa A.

15, [ano muoxecrso uucen: A; 1, 4, 3, 9, 5,9, 8, 12, 15. Byksofi «x»
0603HAUAM BCAKOE YHCIO 3Toro MHoxectBa. CoCTaBbTé MHOMKECTBO B Bcex
uices1, KQTOpble YNOBAETBOPAIOT YCIOBHIO X < 5, T. e. NpH TOACTAHOBKE KaX-
70T0 M3 HUX BMECTO X TOJydaeTcsl HCTHHHOE BbICKa3hIBAaHUE (sanpumep, 1 < 5).
Uem sBIseTCS MHOMKECTBO B 1O OTHOMIEHHIO K MHOXKECTBY A? CocraBbTe
JoTMoJHeHHe MHOXKecTBa B 10 MHOXKecTBa A.

Bbije/HTe U3 MHOMXECTBAa A MOJAMHOKECTBO TeX UHCEN X, KOTOPHIE yIOB-
feTBopsioT ycioBHio x < 7. CocraBbTe AONOJHEHHE STOrO NOAMHOXKECTBA 10
muoxectBa A. Kakum cpoficTBoM 06/1afaloT YHC/aIa 3TOrO JONOJHEHHS?

O
.S)'li—t

LY

15.1. Vuamuecsa He ObLIH 3HAKOMBI CO 3HaKaMH OTHOIIEHHH
«MeHbpIle» H «O6oJblue». Ilepenx pelieHHeM YNpaXKHEHHs 15 MBI
CPaBHUJHM HEKOTOpHIE UHC/IA, YCTAHOBHJH, KaKoe H3 ABYX UHCE]
MeHbIe, KaKoe Gojplle, H BBEIH CHMBOJIHYECKHE o603HaueHH S
«<» H «>» YualuMcs Takxke ObIO NMPEIJOXKEHO MOCTaBHTH
OTCYTCTBYIOUIMH 3HaK B MpeJOkKeHHAX:

a) eciu 3 < a, 10 @...3; 6) ecau 5> b, 10 b..5; 8) ecu a < 3
13<b, 1oa.b;2) eciu x>7u7>Y, T0 X..Y.
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16. MmMeroTess 1Ba crucka: cnucok yuamnxes IV-I1 kiacca, KoTopee xo-
POIIO MOIOT, HA30BeM ero cmuckoM A, u cIucoK yuamuxea IV-I1 kaacca, Ko-
TOpbl€ XOpOWIO TAHUYIOT, HA30BEM €ro CHHCKOM B, ’

a) TpebyeTcsi cOCTABUTH CIIMCOK ydamuxes IV-JI Knacca, KoTopbie motoTt

WK TAHOYIOT (XOTS 6Bl OOHO 13 #ByX). Kak Bb cocraBute stoT CITHCOK, uMest
ciucku A u B?

6) Tpe6yeTca COCTABHTL cmucok yuamuxea IV-J  kiacca, KOTOphIE
H TOT M TaHNYIT. Kak BH cocTaBute 5ToT CIIHCOK, uMest crmucok A yua-
WHXCH, KOTOphle MOWT, u cnucok B yuamixes, KOTOpHIE TaHIYIOT?

16.1. OrBeyas ua Bonpoc 16 a, yuamuecs TOBOPHJIH, 4TO AJS
COCTaBJICHHS CIHCKA TeX, KTO MOET WU TaHLYeT, Hafl0 BLITHCATD
BCe (paMUNH u3 cnucKka A U 106apHTL K HAM GaMHIHY yyal[ux-
¢ u3 cnucka B. Ha Bonpoc, ckospko pas 3amulIyT B HOBOM
CIHCKe ()aMHJMIO YYeHHKa, KOTODHA YHCAUTCH W B chHcke A
H B CnHCKe B, yuammecs: oTseTunn NPaBUJbHO M, TaKHM 06pa-
30M, GBI/ YTOUHEH TIOPSIAOK COCTABJICHHMSI HOBOIO CMHUCKA: BBITIH-
CBIBAIOT BCe (DAMUNHH YYEHHKOB u3 cnucka A u JOTIOJIHSAOT UX
TeMH (aMHIUAMH u3 CNHCKa B, Kotopeix Her B A. Ha BOIIpOC,
HENMb3A JIH HHaye COCTABHTL HOBBIN CIHCOK, y4Yaulvecs mpejso-
KHUJTH BBIMUCATH CHAayasla Bce ‘(haMHUIMK H3 CIACKa B H J06aBUTEL
K HUM Te (DaMHJIHH U3 cmucKa A, KOTOpHIX HeT B B.

Orsevast na sonpoc 16 6, yuammecs FTOBODHJIH, 4YTO /s CO-
CTABJEHHS CIHCKA TeX, KTO H MoeT g TaHUYET, OHH BBIMHLIYT Te
¢amunH, KoTOpHIE YHCIIATCA U B CnHCKe A U B criHcKe B. Ha Bo-
NPOC, KaK HaHTH BCe TaKue bamuanu, yyammecs NpeAJI0XKUIH
B3ATL MO NOPANKY KaXAyio HaMHAHIO u3 crmcka A u NIPOBEPHUTD,
HET Jn ee B cnucke B. Ecan ects, 10 ee samuchpaior B HOBHIA
CNHCOK (TexX, KTO moeT yu TaHUYeT), ecnu 5TOH (GaMHAHH Her
B CIHCKe B, TO ee He 3aMHCHIBAIOT B HOBBI CITHCOK. 3/lech Takxe
BRISICHHJIACh BO3MOXKHOCTH NPOBEPUTHL MO MOPANKY KaXkayw ¢a-
MHJIHIO W3 CNUCKa B, Her /i ee B crucke A.

17. NaHm gBa MHOXecTBa quceN:

A:1,2,5,6,4HB:8,2,6,9,5, 10, 7.

a) COCTaBbTe MHOXKeCTBO BcCex yuces, NpuHapJaexkagiux MHO}KeCTBy A
WM MHOXecTBY B (XoTa 6m ONHOMY U3 HUX), NpHYEM, eCIH YHCJO NpUHA -
JIEXKUT U MHO}KeCTBy A H MHO}KECTBy B, 3anumuTe ero OI0UH pas.

210 HOBOe€ MHOXeCTBO Ha3hIBaeTtcs o6be AUHEeHUEeM MHOXKECTB
A v B u o6osnauaercs 3nakom «A U By,

6) COCTaBbTe MHOXKEeCTBO BcCex yuceJ, NpuHapJeXKamux u MHO}KeCTBy
A u muoxecry B. ’

DTO MHOXKECTBO HasbBaercs NeépeceyeHuneM MHokectB A u B
H o603Hayaetcs 3HakoM ¢A(]Bs».

18. MiMetotess mBa crmncka yuamuxes: cnucok A yuyamuxcs IV-II knacca,
ABJAMHKXCA YATATENAMY IIKOJbHOf 6u6anoTeKn, u crucok B yyamuxcs
IV-II knacca, spaswomuxcs UNTATENAMY TOPOACKOH GUGIHOTeKN.

a) Kak MoxHO osaraaButh CIIACOK, COCTABJIEHHBIl C NMOMOMIBI O6benu-
HeHUs] MHOXectB A u B?

6) Kak MoXHO 03ariaBut CITUCOK, COCTABJEHHHI C NMOMOWbBIO mepece-
YeHuss MHOxectB 4 u B?

8) Kak ysnats, Kakue yuenuku IV-]I kjacca ue GepyT KHHI HY B IIKOJID-
HOll, HH B TOPONCKOH GuGMHOTeRax? Karnmu crnoco6ami MOXHO cocTaBUTE
STOT CHHCOK? . e
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19. 3anumuTe MHOXKecTBo A Bcex aenuTesefl uMcia 18 u MHOXKECTBO B
scex AeauTeseit uMcaa 24. )

CocTapbTe nepeceueHHe 3THX JBYX MHOXKECTB.

Mp TMOJYUHJAH MHOMKECTBO Bcex OGuHX neauTtedein uucen 187
4 24. Haszosute nHanGoabmuii oGmufl JeauTe]b 3THX IBYX HHCE.

20, Nyctb A — MHOXecTBO feauTeneft uucaa 18,

B — MHOXKecTBO feauTeneil uncna 24,
C — MHoXecTBO AenuTenedt uucaa 30. R

Hafiqure Muoxecreo (ANB) N C, T. e cHauana HaliluTe NepeceueHHe
sioxecTs A u B, 3areM mepeceyeHHe 3TOT0 MHOXKeCTBA C MHOKECTBOM C.

Hafiqute muoxectso A N (BN C), T. e. cHavana HafiluTe NepeceyeHHe
muoxkecTs B u C, 3aTeM mepeceyekue MHOMeCTBa A W 3TOr0 MHOXKECTBA.

Uro MOXHO CKasaTh o muoxkectsax (A1 B) NC u AN (BN C)? Kak
MOKHO Ha3BaThb 370 MuoxectBo? (C moMompio Kakoro cpolicTBa MOKHO
OnHCaTh 3TO MHOXKECTBO?P)

HasopuTe HanGoabmmit obmuit petureas uucen 18, 24, 30.

21. Tlycth gaHo MHoxecTBO uHced A: 1, 2, 3, 4, 5, 6, 7, 8. Brenure u3
5TOF0 MHOMKECTBAa TMOJAMHOXKECTBO B uucesa x, YHOBJETBODSIOUUX yCJO-
BHIO x> 3. HasosuTe Bce uHc/la, MpHHAM/IeKalHe [OMOMHEHHIO MHOMKECT-
pa B o MHOXKecTBa A. '

BbijenuTe W3 MHOXKecTBa A MOAMHOXKeCTBO C uMcen x, YIOBJETBOpAIO-
uux ycaosuwo x <7.

Kak HaiiTH MHOMKECTBO YHCe], Y/JOBJETBOPAOMHUX XOTH 6el OIHOMY H3
yeaosuil x> 3 wm x <72

Kak HafiTy MHOXKECTBO UHCeJ, YAOBJIETBOPSIOMHX 060oUM YCJOBHAM®
r>3ux<?

21.1. Tlpu pemenud ynpakHenus 21 Mbl TPUMEHHJH CIEAy-
IOLIYIO 3anHCh: -
A:1,2 3,4,56,7, 8.
B (x>3): 4,5 6, 7, 8
C (x<7):1,2 8, 4 5 6
BUC (x>3nmx<7): 1,234,567 8
BnC (x>3ux<T7):456.
3areM 6bla TIOCTPOEHa TeOMeTPHUYECKasr MOMENb MHOXECTB
A, B, C, BUC u Bf1C ¢ nomoupo MHOXECTB TOUEK Ha npsiMoil.

A 12 3 04 5 0 74
@y 4 5.6 7 8
cep) 12 3 4 59
gc 12 34 9 0 7 ¢
one 4 5 0
’ Puc. 2. '

Or HayadpHOH TOYKH Ha NIpsaMoH OTKJIaJbiBaeM BIpaBo
(puc. 2) orpesku B 152, 3,4, 5,6, 7 u 8 cu U OTMEUaeM mnoay-
YeHHble TOUKH COOTBETCTBYOIMMH uHcaaMH. Ilomyuaem MHoOXe-
ctBo A Touek Ha mpsimoi. (FoBopuM: Touka 1, Touka 2 u T. o).

[TogmHOXecTBY B mpuHajsexaT BCE Te TOUKH 3TOTO MHOXKE
CTBa, KOTOpPHIE JIeXKAaT l1paBee TOYKH 3. BoissicHsieTcsi, KakHe TOYKH
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MHOXecTBa A npuHaANeKaT noaMHoXKecTBy C, Kak moJay4uTh U3
MHoXecTB Touek B u C ux o6befuHEeHHe H mepeceueHHe,

21.2. Heo6X0aMMO OTMeTHTb 0co6oe 3HaYeHHe yIpaXKHeHuH
tTuna 21. B ynpaxHeHusax storo Tumna: @) YCTAHABJUBAETCS
CBSI3b OODbEIMHEHHS MHOXECTB C [AH3DBIOHKLHEH BLICKA3bIBAHHA,
BBIDAXKAIOIHX X2DAKTePHCTHYECKHe CBOMCTBA 9STHX MHOXKECTB,
NIEPECEUCHHA MHOXKECTB C KOHDBIOHKUHEH 3THX BHICKA3bIBAHMIL:
6) BbipabaThiBaeTCs TOHMMaHue pelleHUss HepaBeHCTBA M CHCTe-
MLl HEPABEHCTB B 3aJlaHHOM MHOXECTBE UHCel; g) reoMeTpuye-
CKasg MOJE/b, 3aMEHSIOLas MHOMKECTBO YHCEN MHOMKECTBOM TO-
' YeK NPAMOH, copmeficTByer JAY4lleMy MOHUMaWHIO onepauuii 06b-
€MHEHNs] H [epeceyeHHs MHOIKECTS,

22, laHo MHOXecTBO, cocTosiee us Tpex nudp (OMHO3HAYHBIX qgces) :
1, 2, 3. CocraBbre BCEBO3MOXHBE NBY3HAuHBIE 4YHCJTIa, KOTOpbie MOXHO 3amH-
CaTb C NOMOWbI0 3THX nUpp. CKOAbKO B MONYYHIH TaKHX [ABY3HAuYHBIX
yHcen?

Uto6m He owu6HThCH H NONYYHTL BCe TpeGyeMble NBysHauHble uHCia,
BLIMHINEM 5TH 4HCJA B CTOJIGHKAX B ClelyiomeM TOpsiike: B NMEpPBOM CTOJAGH-
Ke 3amulueM BCe ABYSHauHLIE YHCTA, HMEIONIHe uHbpy necsiTkoB 1, Bo BTO-

~. POM — BCe uncna ¢ nHGpPoi fecATKoB 2, B Tpe-
TBEM — BCe uHMCIa ¢ UHppo# AecaTkos 3. Ilamy-
aeM TDH CTOJNIOHKa 10 TPH 4YHCAAa B KaX[OM,
24 13 144 T. e Bcero 9 nBysHauumx umcen, 06pasoBaHHbLIX

14
q < < 7 us nudp 1, 2, 3.
o lo v |

CocraBeTe TakuM Xe Cnoco6oM Bee IBY-
Mowplo wudp 1, 2, 3, 4. Ckoabko ux?
4 42 [MokaxeM eme ogud cnoco6 COCTaBJIEHH
2

N

3HauHble YHC/IA, KOTOpBle MOXHO 3alHCaThb ¢ 1O~
BCEBOSMOXKHLIX  [IBY3HA4YHEIX YHCES, KOTOpHle
MOXHO 3amHCaTh C NOMOMBI UHGP H3 NAaHHOrO
MHOXeCTBa, Hanpumep 1, 2, 3, 4,
ITpoBeneM nse mpsMbie mopg NPAMBIM YIJIOM:
12 3 4 - DMy TODH3OHTAaJLHYIO, NPYryi0 BEPTHKAJLHYIC
. (puc. 3). IlepByw HasopeM TOPH30HTAaMLHON
Puc. 3. OCBIO, BTOPYIO — BePTHKAJMBHON ocbio. OT TOuKkH
TepeceueHnss OTMETHM Ha KaXAoH M3 3THX ocel
H2 DaBHBIX DACCTOAHHSAX B | cM (Ha TOPH3OHTANBHON ocu BIIDABO, Ha Bep-
THKAJbHOH — BBepx) ToukH 1, 2, 3. 4. Uepes orTMeueHHme TOYKH Ha TOPH-.
ROHTAJBHON OCH NPOBeAEeM BepPTHKA/bhble npsAMble, a 4Yepe3d OTMeyeHHbIe
TOUKH HA BEPTHKANbHOM OCH — rOpH3OHTa/dblLe MpaMble, Kaxioi BEPTHKA b~
HOH M TOpH30HTANBbHON NpAMONl NPHCBOMM HOMep, PaBHBI OTMeTKe Tojt TOY-
KH OCH, yepes KOTODYIO MPOXONUT 3Ta NpsiMas. [onyuunace peserka. Touku,
B KOTODBIX NMEPeCeKalTCs BePTHKAJbHBIE H FOPH3OHTAMbHLIE npsiMble, Ha3oBeM
y3naMu pemerku. KaxnoMmy ysny npucsomM uMs, naimm Ha3BaHHe B BHJe
ABYSHAYHOrO HHCHA, COCTABJIEHHOTG CIEAYIOWHM 06pasoM: nHppoit HecATKOB
CITYyXHT HOMEp BEPTHKAJBHOH NPAMOH, a mudpoi €[ HHHIl — HOMEep TOpH30H-
TaJbHOH MPAMOH, NMPOXOASIAX uepe3 JNaHHBIA ysel.

OtMeTbre Takum cnocoGoM Bee Y3Jbl pelleTKH (NMOCTaBbTE OKOJMO Kax-
JOro ysna ero ums).

23. Hapucyiite pemeTKy nas MHoXKecTsa uadp: 1, 2, 3, 4, 5. Ckoawko
Y3108 MMeeT 3Ta pelerka? CKoJBKO BCET0 ABY3HAUYHBIX YHCON MOXHO 3amu-_
CaTbk C TOMOwbI0 3ajaHHblXx 1ubp? OTMernre Y3/l DEIIETKH COOTBETCTBYIO-
IWMMH [BYSHAUYHEIMH YHCJAMH, :
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HapucyiTe elte OAMY TaKyl e DelIeTKy H OTMEeTbTe Ha HeH TOJbKO Te
yaJIbl, MMEHa KOTODBIX COCTaBJEHBI H3 OMMHaKOBEIX uHpp (4HCIO HAECATKOB
paBHO UYHCIY eMHHLL) . R

HapucyiiTe elue OQHy TaKyi e peIleTKy H OTMeTbTe Ha HeH TOJBKO
Te y3JBl, B KOTOPBIX:

@) UYHMCIO [ECATKOB MeHbLIE YHCJa eMHHHI(;

6) 4HCJIO JeCSITKOB GOJbllie UYHCJZ €NHHHUIL,

8) nudpa RecaTKoB — |;

2) nudpa enununy — I;

0) mH(ppa NeCcATKOB WIM nHdpa eAnHHn — l;

e) uudpa necsaTKoB W uubppa enmHnn — 1.

o

Uro mpeAcTaBiasier co6Ofi MHOMXECTBO OTMEUEHHEIX y3JIoB B mnpHMepe (0)
10 OTHOLIEHHIO K MHOXecTBaM OTMeueHHBIX Y3JIOB B npuMepax (8) u (2)?

Uro mnpeacrariser cofol MHOMXKECTBO- OTMEUEHHHIX y3J0B B npuMepe (e)
10 OTHOHIEHHIO K MHOXECTBaM OTMeueHHBIX y3JIOB B npuMepax (8) H (2)?

24. Ha pemeTKe, cOOTBETCTBYIOWeH MHOXecTBY uudp 1, 2, 3, 4, 5, 6,
OTMETHTE: ’

@) y3Jbl C YETHHIMH Ha3BAHHAMH;

6) y3Jibl C Ha3BaHUAMH, AeJALWMMHCA Ha 3.

KaK H3 3THX [ABYX MHOXECTB MOJYYHTb MHOXECTBO Y3JIOB, Ha3BaHHS KOTO-
polx nensarcs Ha 67

22—24.1. B ynpakHeHHAX THna 22—24 3ajnoXeHa BaXHad
ugess o6pa30oBaHHsT MHOXKECTBA BCEBO3MOXHBIX YHOPSAMOYEHHHIX
nap 3JeMeHTOB JaHHOPO MHOXeCTBa (ecaM [1aHHOe MHOMKeCT-
BoO — M, TO MHOXECTBO BCEBO3MOMKHBIX Nap 3JeMeHTOB H3 M
o6biuno obo3navaerca cumposom M X M u Ha3bBaercsd JeKapTo-
BHIM MHOXKECTBOM, COOTBETCTBYIOUIHM MHOXeCTBY M) u Bhlaeje-
HHS [TOAMHOXECTB 9TOI0 MHOXeCTBa Iap C NOMOIIbIO Pa3JHYHBIX
OTHOLIEHHA. JTa Hies JEXHT B OCHOBe TEODETHKO-MHOXECTBEH-
HOH TPAKTOBKH IMOHATHH OTHOIIEHHS H (YHKIHH.

Hcnosp3oBanHas B 3THX yHOpaXKHeHHsX pellleTKa MpeacTaBJsl-
er co6oil mo CyuecTBy pPe3yJbTaT IPHMEHEHHA KOOPIMHATHOTO
TIPUHIMIA [Js1 TOYEK IJIOCKOCTH ¢ HaTyPaJbHBIMH KOODJAHWHATAMH
H3 JaHHOro KOHEYHOTO MHOXKeCTBA HaTyPaJ/bHHIX HHCeJ.

[IpencraBieHde o KOHEUHOH pelleTke COLEHCTBYIOT (POPMH-
POBAaHHIO MOHATHS 0 GECKOHeYHOH pellleTKe, COOTBETCTBYIOLIEH
BCEMY MHOKECTBY HATYPaJbHBIX UHCEJ, a 3aTeM H LeJblX yHces.
C BBeJeHHeM HOBBIX 4YHCeJa pellleTka OygeT yIJIOTHATHCS
M B KOHIle KOHLOB B3aMOJHHT BCH IIOCKOCTb, KOrja KaXJoH
TOYKe MJOCKOCTH OYIeT COMOCTaBJieHa YNOpAAOYeHHas Iapa Be-
ILeCTBEHHBIX YHCEJ, HIH KOMIJIEKCHOe YHCJIO.

Brifesnentie pas/jMyYHbBIX MOJMHOXKECTB Y3JOB pelleTKH couep-
JKHMT B cebe BaKHble HjeH rpaduueckoro H3obpaKeHHsa (yHKUHH
H rpaduueCKOTO pellleHHs HepaBeHCTB. HamnpHMep, oTMeuas y3ibl,
B KOTOPBHIX YHCJIO JECSITKO§ PaBHO YHCJAY €NMHHI, MBI MO Cylue-
CTBY HAaILTM rPadHK (PYHKUHM y = X, ONPEJEJEeHHOH Ha MHOXKe-
crBe yHcea: 1, 2, 3, 4, 5; oTMeuas y3/bl, B KOTOPBIX YHCJIO He-
CATKOB MeHbllle YHCJIa €XHHHL, MBI pellUJd HepaBeHCTBO X <Y
B MHOXKecCTBe uyHcea 1,2, 3,4,D5, Tak Kak HalllI BCe TOYKH, KOOp-
KUHATHL KOTOPBIX YIOBJETBOPSIOT ITOMY HEPABEHCTBY. -

3* 35



25. Cyenyet OTMETHTb, YTO TpUBENEHHAS CHCTeMa ynpax-
HEHUH XapaKTepHU3yeT HauajbHBIH 3Tal pa6otel mo ¢opmupoBa-
HHIO TEOPETHKO-MHOXECTBEHHBIX NOHATHA Y WIKOJBHHKOB, Ilo-
STOMY MBI BO3JEPXKAJHCh Ha 3TOM 3Tale OT BCEro, YTO MOTJIO
Obl 3aTPYMHATH YUAUIMXCH OBOMM OTJHYHEM OT OGBIYHOTO NMOHH-
MaHHs Belllel, HANPHMED OT PACOMOTPEHHs eIHHHUHOrO j nycTo-
T0O MHOXeCTB, HOO 3TH NMOHATHS NPOTHBOPEUaT O6bLIYHOMY TOHH-
MaHHIO TEPDMHMHA «MHOXKECTBO», Ha KOTOPHIl MBI CCHIJIAJHCE.

25.1. IlpuBeneHHbIll  NepeyeHb ylpaXKHeHHH, pasymeercs,
HE HCUCPNLIBAET BCE TUMBI YIIPaxKHEHHH, KOTOPBIE MOXHO pemIaTh
Ha STOM STame, a COREPKHT JHIIb OCHOBHHE. D heKTHBHOCTD
IpHOGPETEHHBIX YUALIHMHCS CBeJAeHUi 3aBHCHT OT TOTO, KaKoe
OHH NpHUMEHEHHE H paCHIHpeHHe NOJyYaT NpH JajbHelimeM o6yue-
HUH B V—X Kiaccax. :

§ 4. B HeKOTOPHIX U3 MPHBEXEHHHIX BHILle (§ 3) ynpaxme-
HHH NpHMeHsieTCs 6YKBa X NS 0603HaYeHHs TPOHIBOJBHOTO
4HCJa M3 HEKOTOPOTro 3aflaHHOrO MHOXecTBa. ITo cymecrsy 6yk-
BOit 0603HaUAETCA HE CAMO UHCIO, 4 TO MECTO B MATOMATHYe-
CKOM TEKCTe, KyRa MOXHO TNOJACTABHT HMS TPOH3BOJIBLHOIO
UHC/Ia M3 HEKOTOPOTO MHOXKecTBa. B Takom ciyuae rosopum, uto
OykBoit 0G03HauaeTcss mepeMeHHas ais YHCeJ, HJAH Y H C-
JOBasg MepeMeHHa .

- K RmocTHxeHHSIM COBpeMeHHON JIOTMKH HeCOMHeHHO OTHOCHT-
€1 H yTOUHeHHe TIOHATHS NEPEeMEeHHOH, ee POJH KaK BaxKHODO
CPEACTBA MAaTeMAaTHYECKOIO I3bIKA JJIS BEIDAXKEHHS OBIIUX npex-
JIOKEHHUH, OTHOCALIMXCA KO BCEM 3JeMeHTaM HEKOTOPOr0 MHO-
XecTBa. '

- Hepocratounocts usyuemus MartemaTHuecKOro ssnka Kak
ONHH H3 CYLIECTBEHHBIX Ae(eKTOB TPaRHUIHOHHONH METONHKH npe-
NOAaBaHAsT COCTOMT, B YaCTHOCTH, B TOM, YTO HEe NOCTHIaeTcCs
opmHpoBaHHS y yualuXCs NPaBHJBHOTO TOHSTHS o nepe-
MeHHO. '

Pa6ora no ¢opmuposanuio sroro mousTHs JOJI)KHA BeCTHCH
flapaJsenbio ¢ paGoTodl Mo (HOPMHPOBAHHIO MEPBBIX TEOPETHKO-
MHOXXECTBEHHBIX MOHATHH Y YyYalllUXCsl HAYAJbHBIX K/AACCOB.

Huxe npusoxutcs onucanue OXHONO H3 BO3MOMKHEIX BapHaH-
TOB Hauaja 3To#l paGoTHL. - :

01. PaccMoTpuM [Ba BhICKasuBaHuA: «Yuennk Mpamos TIOJIYYHJT Cerofiua

OueHKY 5» (1) u «Yuennx Ilerpenko moayuua cerofus OLEHKY 4 (2).
Uto Moxere cKasaTh 06 3THX BbICKA3EIBAHUAX?

TepMHH «BBICKa3bIBaHHE» MBI MpPUMEHseM 3Jechb 0Jsi 0603Ha-
YeHHsI HHTYHTHBHO SCHOrOo INOHATHUSA NpenJyoXKeHus1, B KOTOpOM
«YTO-TO O KOM-TO HJH O UEeM-TO BBICKA3BIBaeM».

OmnebiT TIOKa3blBaeT, YTO ellle 0 INOCTAHOBKH BOIlpOCa, KXak
TOJIbKO YUHTeJIb 3amHcaJl Ha JOCKe o06a NpenJoKeHus, YUEHHKH
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cpa3y e roBOpsT «HeBepHO, 0 ITeTpeHKo MmoayuHI 4y, «a Iler-
eHKO HE TMOJYYHJ 4», «ero He BLISBIBATH» U T. I

TakuM 0oO6pa3oM YCTaHaBJIHBAOT, UTO phICKa3biBanne 1)
pepHO, HIM HCTHHHO, 2 BblcKa3biBaHMe (2) HeBepHO, HJH
10X HO. (TepMHUHBEl «HCTHHHO» M «JIOKHO» KaK CHHOHHMBI JAJIS
«BEpHO» H «HEBEDHO» MOTyT 6biTh BBeJEHH W HEMHOro Mo3Xe.)

02. YuuTedb 3aNHCHIBAET Ha JOCKe cleayloune BBICKa3BIBAHHUSA:

3+5=28 (3)
+
u copamuBaer: «Uto MOXHO CKa3aThb 06 3THX BEICKa3HIBaHHAX?»

OueHb BaXKHO HAyYHTh y4alUXC# BHACTH B zanucax supa (3)
u (4) H HPYrHX HMEHHO BbIpaXeHH: BHICKA3BIBAHUH Ha MaTeMa-

THUECKOM si3blKe, TaK Xe KaK B 3alHCAX BHIa (1) u (2) —BH--

pakeHHst BBICKA3LIBAHHH . HA HeMaTeMaTHYeCKOM f3bIKE.

TlocJe Tono, KaK yualinecs (pasyMeercs, fe3 BCIKHX 3aTPynh-
Henuil) OmpexessT, YTO BBICKa3blBaHHE (3) mcrunHo, a (4) n0X-
HO, YYHTeJb 3amucChiBaeT HalpOTHB (3) cJ0BO «HCTHHHO», Ha-
GPOTHB (4) — «JIOXKHO>.

03. Ha nocke mosiB/sieTcsl 3amHchb:

«YUEHHK . ... .... TONYUHI CErOAHA OIEHKY 5» (5).

Ha Bompoc yuHTeJs, HCTHHHO HJHM HET 3TO BLICKa3bIBaHHE,
yyaliHecsi OOBIYHO OTBEYAKOT:! «A Kakoll yueHHK?», «BHl He 3amH-
canu (paMuHJIHIO yY€HHKa» H T. O .

Takum 06pa3oM, OHH IPUXOAAT K BbIBOAY, UTO O TaKoM Tpejn-
JIOKEHHH C «TYCTBIM MeCTOM» HeJib3sl CKasaTb, 4TO BHIpaXKeHHOe
B HeM BEPHO HJH HeBepHO (HCTHHHO HJM J0XHO). B HallleM CJIY-
yae (5) MBI 3HaeM, YTO BBICKa3blBAeTCH («roJTy4HJ CePORHS OLeH-
Ky 5»), HO He 3HaeM, O KOM BBICKa3bIBAETCA. TlosToMy mnpenJo-
keHue (b) mpencraB/f€T coGoll He BBHICKa3blBaHHe, a JHLIb
«(popMy» A BBICKa3bIBaHHA. Ecau B 3108 (opMme 3altOqHUTD
nycToe MecTo, MOACTaBHB haMUIHIO Kakoro-gHOyab YyueHHKa,
MOJYYHM BHICKa3biBaHHE HCTHHHOE HJIH JOKHOE, CMOTps IO
TOMY, HAeHCTBUTENbHO JIH TMOJNYYHJI OUCHKY 5 yYeHHK, (aMHJHIO
KOTOpOro MOACTaBHJIH.

04. VIcTHHHO HJM JOXHO paBeHCTBO: 3 + .. = 8 (6). -

HOI.ICTaBbTe Ha NyCcTOE MECTO YyugJI0 Tak, yTO6H 110JIY4YHJA0Ch HCTHHHOE
BHICKA3BIBAHHe (WCTHHHOE DAaBEHCTBO), JOXKHOE BEICKasSHBaHHe. MOXHO JH

NOACTABHTh KpoMe uHciaa 5 Apyroe 4HCIO, yTo6K MOJAYYHTb HCTHHHOE BHI-
cKasbiBaHHe? :

TakuM oGpa3oM, BeipaxkKeHHE «3 + ... = 8» ToxXe NpeACcTaBJ/Ii-
et coboli, kKak # (5), aulib Gopmy A phickasbBanus. [locue
TOro Kak MONCTABJAsSEM Ha Iycroe MecTo HHCJIO 5, mojsy4aeM
HCTHHHOE BbICKA3LIBaHHME: «CyMMa uHces 3 H 5 paBHa uHCIy 8»;
ecy e moACTaBHTh Apyroe YHCJO, HanpHMep 6, mosiyuyaeM JIOXK-
HOe BHICKa3hIBaHHE: «CyMMa uHcesa 3 W 6 paBHa 4HCITY 8».
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05. Onyctum B POpMe ANA BHICKa3BIBaHHg (5) wudpy <«bs.n HOCTaBUM
BMecTo nee Touku. ITomyyum HOBYIO (OPMy 1Sl BhICKAShiBAHHS c ABYMst
IIyCTBIMH MecTaMu:

" «YUeHHK ... HOJIYYHJST ceromus OLIEHKY ..... > (7).
Hs cnos, koTopse octammes B 3TOH dopMe, noHaTHo, Kak ce Hajo sanoJ-
HATB: Ha NEPBOM NycToM Mecre Paspeluaercs 3anucaTh (haMuiHIo YYeHHKa,
Ha BTOPOM — OAHO H3 uHcej 1,2 3, 4 5, 0603Hauaomux OLIEHKH, KOTOpble
YHEHUKH MOTYT NOJYYHTb 3a CBOM OTBeTL| WM TIHCbMeHIBle PaGoTsl, [Ipu sTOM
MOTYT MOJYUHTECA KaK HCTHHHBIC, T4k i JIOXHBIE BHICKA3bIBAHHSI.

3anonusiite 3Ty HOpMy TakK, uTo6bI NOJYYHIOCE HCTHHHOe BBICKa3bIBaHHe,
JIOXKHOE BHICKA3LIBAHHe.

06. Urpa «3anonuenne GOPMEl ¢ 3aKpBITHIMH Tnasamu». Jlng stoit urpw
MOXHO HCHOJIb30BATE POpMy a5 BBICKa3HIBAHHg (7). 3anonueuue (hopMbl
«C.33KPHITEIMH TJIa3aMH> COCTOHT B TOM, 4TO OJMH Y4YeHHK ‘3anojuser nep-
BOE myctoe MecTo, a BTOpOf, He SHas, KaK 3anofHeHO mneppoe MeCTo, 3anoJ-
HAET BTOpOe MycToe Mecro, :

Ty Xe HIpy 3aTem luenecoo6pasuo npoBecTH u pa MaTeMaTHYeCKOM
TPEAJIOKEHHH C TyCThIMK MECTAMH, Hanpumep: 3 4+ .. = .. rpge ya nepBoe
MecTo (cleBa OT 3HaKa PABEHCTBA) paspeluaeTcst NopcTaBHTH M06oe uueso

H3 MHoXectBa A: 5 6, 7, 8, 9, 10, a na BTOpOe MecTo — /m060e uucno ns
MHOXecTBa B: 13, 12, 11, 10, 9, 8.

ITo oxoHuanuu sroj HIDBl MOXKHO 3aMeTHTh, 4TQ M3 mosy-
HaCMBIX 3amo/iHeHHeM (GopMBl «c 33KPBITHIMH I'1a3aMH» BLICKA3bI-
BAHHH TONAB/IAIIIEe GONBIIHHCTRO J0XHbI, [TostoMy nng nomay-
HCHUS1 MCTHHHOIO BBICKA3bIBAHH$ dopmy sanonmaTs nomoGHBIM
o6pa3om Hesb3s. :

07. Ugo MOXHO CKasaTb 0 KaX[OM BEICKA3HIBAHHE:
3+4=14+43; 3+5=5+3; 3+6=6+4+3;,3+7=7+3> Brinxiem
CHauaJla obuee mJs BCex 3THx 3anucef, a 1o, yeM ouu OTJIHYAI0TCA, OMyCTHM
H 3aMEHHM TOYKAaMH.

Monyuaem CAEDYIOWYI0 GOPMYy AN BEICKA3BIBAHHI:

3+ .. =..+3.

Ecmn B stoit dopme noscrasutn m060e 4HCIO, OfHO H To Xe cJeBa
H ClipaBa OT 3HAKa paBeHCTBa, TO HOJYYHM HCTHHHOe BEICKA3bIBAHHUE, BepHOe
paBeHCTBO.
“ OuesumHo, eciu BMecTo yucsa 3 noacraBuTL M06oe Apyroe uucno, nosy-
1AM pepnoe paBencTso. Ho ecam u BMecto YHCIa 3 OCTaBHTH «TyCTOe Me-
CTO», TO nONyunM ¢opmy: «.. + .. = .. + ..» U He Gynem 3HATh, Ha Kakue
HyCTHE MecTa Hajo MOACTABIATE ONHO U TO XKe 4uCIo, a Ha KaKue — pas-
JHMUHEIE upcna. [losToMy syume M0-pasHOMy H306pasuTh NyCThle MecTa,
Ha KOTOpHIE MOACTABJMIOTCS pasHulble uncna, Hanpuwmep, NOJIY4EHHYIO Bhlllle
$opMy MoxHO M306pasuTh TaK:

he B myCToli «KBajpaTHOl KOpoGKe» mojcTapisercs OLHO KaKoe-MH6o wyucio,
TOILKO OLHO M TO Xe B KamIofi KBajmpaTHOf KOpoGKe, a B Kaxnoi «KpyT-
Joit KOPoGKe» — Toxke ONHO H TO e YHCJIO, HATIPHMep:

5]+ @ =0 +[5].
B matemartnke mas Gosblero YROGCTBA BMECTO mycThIX «KOpoGOK» pas-
HOH  (DOPMEI MpHMeHAIOTCs pasHre OykBb. Hanpumep, NONYYEHHYI0 BHILIE

GOPMy nns1 BBICKa3bIBaHU{ 3aNHUCBIBAOT TaK: @ + b = b + g iy ¢ MOMOLLBI0
KaKHX-HHOYAb Npyrux GyKs, HAaTpUMep: X + y = y + x. Byksm g, 0, .., x, y, ...
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yaspiBalOTCs nepeMe HHBIMH, @ YACIa, HA3BAHHA KOTOpPBIX MOXHO 1O~
cTaBHTb BMECTO STHX 6ykB,— HX 3HaUYeHHAMH

08. PaccMoTtpum GopMy 414 BRICKa3mBaHufl (MpelJoXKeHHe C MepeMeH-
woil) 7+ x= 12 Ha muoxectee A: 6, 7, 8,9, 10, T. e. 3HAUEHHAMH nepeMed- -
pofi X SIBJISIOTCS YHCHA H3 MHOXECTBa

O6pamiaercss Ju 3TO NpelIoKeHHe npu KaKoM-TuGo 3HAUEHHH nepeMeH-
Holi X B HCTHHHOE BEICKaspiBanne? Eciu Ke paccMaTpHBaTh 3TO npenjaoxKe-
e Ha MHOXKeCTBe B: 1, 2, 3, 4, 5, 6, To mpH KakoM 3HAueHHH TepeMeHHOH X
oHo OOpaTHTCSl B HCTHHHOE BHICKa3BIBaHHE?

09. PaccMoTpuM Npe/yioKeHHE «x < T» Ha MHoxecre A: 3, 4, 5 6, 7,
g, 9, 10. 3amoaHuTe CIERYIOMYIO ta6auny, 0603HAUHB «HCTHHHOE BbICKa3blBa-
nme» uepes «M», a «jI0xHOE BBICKa3biBaHHe» uepes <«JI»,

Kakoe 4HCHO Kakoe BbCKa3blBaHHE
nonpcraBisercs PeayabTat MOJACT2HOBKH noJyyaercsi — HCTHHHOE
BMECTO X? HJIH JIOXKHOE?
3 3T n
4
5
6
7
8
9
10 10<7 JI

10. 3anoqHuTs Takyo ke Tafauny, Kak B 09, pas TpeRJIOXKeHUud
«x > 3» na mHoxecTBe B! 1, 9,3,4,5,6, 7.

Kak BHAHO, BMeCTe C HaualOM (hOpMHPOBAHHs TOHATHS Me-
peMeHHOH omucaHHas paBora COLEPKHT H Hadalo (opMHpOBa-
HUS TIOHATHA o6 ypaBHeHHH H HepaBeHCTBe, HO 3TO JHIIBb HauaJo,
KOTOpOE NOJKHO HaWTH B MPOLECCE jafbHeliliero ofyueHus mpa-
BUJBbHOE pa3BHTH€.

Taasa 3. TipuMeHeHHe H NadbHefiniee pacliupeHnHe TeOpeTHKO-
MHOMECTBEHHbIX TOHSTHI NpH M3YYEHHH YHCIOBBIX MHOXKEeCTB

§ 1. Usucno — DCHOBHOE [OHsSTHE MaTeMaTHKH KaK HayKH
u Kak yuye6HOTrO mpeiMera B HIKOJIE.

PasputHe MOHATHA 4YHCJaa B CO3HAHHH yuauuxcs B HEKOTO-
polt cTemeHu IOBTOPHAET ucTOpHUeCKoe pPa3BHTHE, KOoTOpO€ 3TO
MOHsITHe MpOILJ0 B TeueHHe THICSUE/EeTHI, HayHHag C MEPBBIX
MIaroB MpaKTHUeCKOH [eATelbHOCTH aooneit, korxa (popmHpoBa-
JI0Ch TIOHSTHE HATYPaJbHOINO yHCIa, Kak oTpaxkeHHe TpOoCTEHIIHX
norpeGHoCTe#l 3TOMH eATeJbHOCTH.

BrosHe ecTecTBeHHO, 4YTO H COBPEMEHHOE yyeHHe O YHCIE
GasupyeTcs Ha apH(MeTHKE HaTypaJ/bHBIX HHCE.

MHOXeCcTBO HATypPaJbHBIX UHCE] OMHUCBHIBAETCS aKCcHOMaTHye-
ckn. (Akcmomaruka apH(MeTHKH HaTypaJ/JbHBIX UHCE] 6yner
PACCMOTpEHa BO BTOPOIl 4acCTH.)
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Hanbueitinee PA3BEPTHBAHHME YUEHHS O UHCJe COCTOMT B no-
CIGLOBATENLHOM DaCIUHPEHHH MHOXecTBa HaTypaJIbHBIX yuCes
o crenywoei cxeme: NoiC R D cK,

rre N — MuoxecTo HaTYPaJbHBIX WHCes;
C — MHOXecTBo LeJIBIX YHCes;
R — muoxectso PaunOHaNBLHEIX YHceJT;
D — muoxkecrso BEIECTBEHHBIX YHCes;
— MHOXECTBO KOMTJIEKCHBIX YHCeJ.
(CoBpementoe yuenne o UHCJIE He OrpaHMUHBAETCS MHOMECTBOM
KOMIIEKCHBIX yHCel, PaceMartpuBasi ellle H TUNEPKOMMJIEKCHBe
CHCTeMB.) .

Muoxecrso HATYDANbHBIX  uHCeJ  CJIyKHT ¢bynaamenTomM,
Ha KOTODOM CTDOSITCH BCe ADPYIHe MHOMKeCTBA.- 310 mocrpoenue
YAOBJIETBOPSIET YETHIPEM YCJOBHSIM. : ’ '

Iycts MuoxkecTso A pacCluupsiercss 1o MHoxecrBa B, Torza
9TH HeTHIpe yC/oBHs CHOPMYIHPYIOTCS CHeAYIOIHUM 06pasoM;

1. Muoxecrso 4 ectp NOXMHOXKECTBO MHOXecTBa B (A CB).

2. Bce onepauuu yu OTHOLICHHS 3JIeMeHTOB u3 A onpenesenp

HMeJaH B MHOXecTBe A 10 PacUIHpeHus,

3. B Muoxecrpe B BBINIOJIHAM2 omepalusi, KOTOpasi HeBhImoJ-
HHMa WJIM He BCerxa BHIMOVIHAMA B MHOXectBe A. (B s10M yemo-
BUH 32K/IOYEHa OCHOBHas IeJp Pacmiupenuss MHoxXecTBa A)

4. Pacuripenne B AOMXHO GBITb MHUHHMAaJbHEIM cpenu Bcex
Pacluvpenuit MHoXectBa A, YAOBJIETBOPAIOLUIUX YCIOBUSIM 1-3,
T. €. TakMM, YTOGHl He CyIecTBOBaJ HHKaKOe MOJAMHOXecTBo B,
collepxkaiiee A U ynosnersopsomee TeM XKe ycanosusMm. (Mcxons
MMEHHO U3 ycloBHs 4, oTpaxarwomero JIONHYECKYI0 3aBepHIeH-
HOCTL CXEMH! PaclIMpeHHs!, MHOMECTBO HATyDaJIbHBIX YHcea pac-
ITHPACTCS 00 LeJHIX, a He 0pasy I10 PaUHOHAMBHBIX K JeficT-
BUTEJBbHEIX YHCeJ.)

Koncrpykuus PaCIIMDEHHsi 4HCIOBOTO MHOMKeCTBA MOXKeT
OHITb OCYINECTBJIeHa PasIMYHBIMU nyTamu. Ofna us Hue#, Jexa-
IIHX B OCHOBe 5THX KOHCTPYKUHMH, TOMyyHsIa HA3BaHUe T e OpHHU
map. ,

Cornacho stof HIee, Lemoe yHCIO onpededsercs Kak mapa
HaTypaNbHBIX Yncenm (ux Pa3HOCTB), pauHOHABHOE YHCII0 — KaK
fapa uneablx yucesa (ux YaCTHOe), BellleCTBeHHOe YHCJI0 — KaK
apa K1acCOB DalMOHAJBHBIX wHces (ceuenne), Kommiekchoe
UHCJI0 — KaK Napa BellleCTBEHHHIX upces (@, b) =a + bi (Bcio-
Ay non «napof» uMeercy B BHIY «ynopsiioueHHas napax).!

§2 B YCTaHOBUBIIeHCH MKOJAbHOM NpaKTHKe 10 cHX mop
COXpaHseTCs UCTOpHYecKas TNOCIEN0BATENBHOCTD PA3BHTHS T1OHS-

'U. B. IIpoc KypsKoB. [Tousrus MHOXKeCTBa, rpYNNbl, KOAbLA U NO-
A5, Teopetnyeckue ocropys apudMeTuku. M, Ku. 1, M., 1951.
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THfl uMcsa, OTHYaolancd, oT NpHBEIEHHON Bblllle CXEMBI TeM,
yro APOOH HCTOPHUECKH TNOSBUMHCE HAMHOTO paHbllle OTpHIA-
TeNbHBIX udces]. YKe IpeBHerpeueckne MaTeMaTHKH NONb30Ba-
JHCh [OMOKUTENbHEIMH JAPOGAMH, B TO BpEMsl KaK MHOTHEe Mare-
maTHky XVI B. He TpPH3HABAJH elle OTPHUATEJBHBIX HHCE.

VicnpaBnieHHeM HCTOPUYECKOH CXGMbl Pa3BHTHS TIOHSITUS UHC-
Ja JOCTHTHyTa O0sbluas JorHueckas CTPOHHOCTb € TOUKH 3pEHHSA
anre6paHueckod CTPYKTYPHI, ompefensieMOil B _UHCJIOBBIX MHOXKE-
CTBaxX OMEPalHsMH CJAOKEHHS M yMHOMXKCHHI. IepBasi BBENECHHAA
B MHOMKECTBE HATypajbHbIX UHCEN OTepauus — CAOKEHHE. Pac-
LIMpeHHEM MHOXKECTBA HATYpaJbHBIX HHCe] [0 MHOKeCTBa le-
nbix uMcen mosyuaem rpymmy (C,+] mensx umcen OTHOCHTENb-
HO. CJIOKEHH . : .

BoO3HHKAeT BOTPOC: HeJlb3sl JiH MPUBECTH B COOTBETCTBHE cxe-
My pasBHTHA TOHATHS 4HCia B HIKOJLHOM Kypce C pa3BHTHEM
5TOTO TIOHSITHS B COBPEMEHHOH Hayke?

IllkoapHAs cXeMa OObIYHO OGOCHOBBIBACTCH feJaroruyecky-
MH COOGParKeHHsIMH, HCXOASUIMMA M3 TOTO, HUTO noHsiTHe ApoOH

(T10M10KHUTENBHOM) JOCTyNHEE TOHMMAaHHUIO yyallHXcs, deM TOHA-

THe OTPHLATEJBHOTO 4HCIA. Boo6ule, cooOpakeHHsl [ICHXOJ0N0-
neaToOrMyeckoro NMOPAAKa, Kacalouluecs NOCTYNMHOCTH yueOHoro
MaTepHajia, MOTYT HECOMHEHHO CIyXKHTb JOCTaTOUHBIM OCHOBa-
HWeM W [AAs OTKJIOHEHHs! B IIKOJbHOM MpeEnoiaBaHHH OT JIOTHKH
Hay4yHOH CHCTEMBL.

OfHAaKO B JaHHOM Clydyae Bpsj JH Takoe OTKJOHEeHHe ofpaBs-
naso. Ero MOXHO onpaBiaTh, €ClH TJIaBHOE BHMMaHHe B 00yue-
HUH YAENSATb OTHeJbHOMY dYHCHy, a HE CTPYKType UHCJIOBOTO
MuOXKecTBa. HempaBHiIbHOE ONpEAEJCHHE Gosnpweil DOCTYMHOCTH
xpobeil cBA3aHO 34eCh C TeM, UTO TpafUUMOHHAs METOJNKA CUH-
TaeT MpeAMeTOM H3y4eHHs IpoGH, a HE MHOXKECTBO MONOKHTE/b-

"

HBIX pallMOHaJIbeIX ypceJ, OTpHLATEAbHBIE yHcJa, a He MHOXKeE- )

CTBO LeAbIX uucen. B IeACTBHTENBHOCTH e, u3yuds OTHOILCHHE
nopsifika M ONepaluH, Mbl H3ydaeM CTPYKTYypy MHOKeCTBa M J0-
CTYITHOCTb OMpeAensaeTcs NpOCTOTOH 3TOH CTPYKTYPBL. .

B uameM cayyae CTPYKTypa MHOXKECTBA LEJbIX HHCE] npoule
CTPYKTYPhl MHOMECTBA MOJOKHTENbHBIX palMOHAJBHBEIX YHCEJ,
TaK Kak nepBoe — AHCKPETHOE MHOKECTBO, 2 BTOpOE — IJIOTHOE.

Korma roBopsTt, uro Apobb Jerue mpeACTaBUTh HarJsoHO
C TOMOLIbIO PA3JHUHBIX MOCOGHH, TO YMECTHO CIPOCHTE: yTo Ha-
IiisijHee H300pa)kaerca € MOMOUIbIO TOUEK npAMOii — JHCKpeT-
HOe MHOMKECTBO ILeJbiX UHCEJ HJIH JKe IJIOTHOe, HO He HenpephIB-
HOEe MHOMECTBO pAalHOHANbHBIX uYHCea? K ToMmMy e caenyeT
UMeTh B BHAY, YTO AMEHHO H300pakeHHe uHcen TOUKaMH TPAMOW
siBAsieTcsl Haubojee BaXKHBIM HarJsLHBIM noco6ueM NpH H3yUe-
HHHM YHMCJIOBBIX MHOKECTB.

B nocsieiHee BpeMsi paspabarbiaercs METOANKA U TIpOBOMMT-
st 3KCNepHMeHTanbHas padora mo BBEACHAI B IIKOJIbHOM
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0V6YYEHNN OTPHIATEJNBHBIX Upces panbuie apoGeil. BecbMa uute-
PECHBIH 5KCNepUMEHT IPOBOIUTCA B Hacrosulee Bpems K. M. Hew-
KoBbiM B CII Ne 444 r. Mockswl, rae B IV kinacce OTPHLATEJb-
HBI€ UnCJIa H3YYAlOTCA paHblue ApoGei. '

§ 3. YcosepuenctsoBanue METOIHKH H3YYyeHWs UHCJOBHIX
MHOXKECTB MpEATNoNaraeT NPUMEHEHHe H naJbHelllee paciupe-
HHE TEOPETHKO-MHOXKECTBEHHBIX NOHATHH, HMEIOIINXCS yxKe
Y YYalluXca B pe3y/bTaTe MNPEeNIIeCcTBYIONe! MOATOTORBKH.

PaccmorpumM caepyromme Bompock:

A. PasbscHenue uien pasBUTHS MOHSTHS YACHA,

B. Msyuenne CBOHCTB CTPYKTYPH UHC/IOBBIX MHOXECTB.

B. M3yuenue orHowenui MEXAY pasJuYHBIMU YHCIOBBIMH
MHOXECTBaMH, )

A. Onucannas Buuwe (§ 1) o6uas cxema pacliupeHus AaH-
HOTO 4HCIOBOrO MHOMKECTBA MpPEANOJaraer MOCTPOEHHE HOBOLO
MHOXECTBA, COJAEPKAILEr0 B KAauecTBE MOAMHOXKECTBA [aHHOE
MHOXKECTBO (BOOGILE MHOXKECTBO, H30MOp(hHOE [aHHOMY).

OTOT NyTb PAaCIUHPEHHs UYHCIOBOrO MHOMKECTBA HALLes oTpa-
KCHHE B CMOCOGE MOCTPOEHHS] MHOKECTBA PAallHOHAIbLHBIX qpced,
H3/10KeHHOM B yueGHuKe A. TI. Kucesema.! Buauase cosmaercs
BIIEYATJCHAE, YTO H OTPHLUATEJNbHBIE M MOJOXKHTEJbHLIE YHCa
CYTb HOBBIE UMCJ/IA, U TOJbKO BIOCJENCTBHH MOMOKHTEILHEE YHC-
Jia OTOM/ECTBJAIOTCH ¢ PAHEE H3BECTHBIMH. Opnnako 370 nepsoe
BIEYATIEHHE CIOCOGCTBYET (hOPMHPOBAHMIO Yy ydammuxcs Hempa-
BHJIDHOI'0 MPEACTABJIEHHS O TOM, YTO [OJOXKHTEALHbIE YHCIA
OTJIMYHLI OT M3BECTHHIX U3 apUBMETHKM YMCesJ, MHOrAa Hemnpa-
BHJIBHO HA3bIBAEMBIX «UHCIAMHM Ge3 3HAKa». WIAH «apHdMeTHue-
CKHMHU»., (31eChb CKa3HBaeTCs u HCKYCCTBEHHOE, COBEPIIEHHO He
ONnpaBAbiBaoniee ce6s HH ¢ HAy4YHOH, HH C nefarornyecKol Tou-
K 3pEHHA, TpAIMUMOHHOE paslieJieHHe YUYEHHs O YHCJAe Ha JBe
HacTH, BKIOUaeMble OJHA B apudMETHKy, Ipyras s anre6py.)

Ilenaroruueckne coo6paxeHuss MNONCKA3LIBAIOT HaM HHOH
NYTE PACIINDEHUS NOHATHS O YHCJAE B UIKOJALHOM OGYYEHHH.
Bmecro Toro, uto6m o6pasosaTts HoBOE paclIupeHHOe YHCIOBOE
MHOKECTBO, COLepKalllee JAHHOE B KAUECTBE MOJMHOKECTBA, Mbl
AOTIOIHAECM M3BECTHOE HAM YHCJIOBOE MHOMKECTBO HOBBIMH UM CJia-
MR, 10Jydas TaKuM OGPa3soM HOBOE DACIIMPEHHOE MHOMKECTRO.

HMHaue rosopsi, BMecTo Toro, 4To6n KOHCTPYHPOBAThL PAaCIUH-
PEHHOe MHOMKecTBO B, a 3aTem mokasaTs, uto A G B, rae A —
HCXONIHOE MHOMKECTBO, MBI [ONOJHAEM MHOXECTBO A MHOMKECT-
BOM A u o6pasyeM pacClINpPeHHOE MHOMKECTBO B = AUA. Tlosro-
My MBI He TOBODHM, HaNpPUMED, <BBE[IEHHE LeNblX YHCEN»,
8 YNoTpeGiisieM «BBeJleHHe OTPHILATENbHBIX UHCE» H «o0pa3osa-
HHUE MOHATHUSA O MHOMXECTBE LENHIX YHCeJ>,

"A Il Kuceaesn. Aarebpa, U. I. M, 1954, cTp. 15.
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Bakue#dlluM MOMEHTOM . npouecca paclIHpesds MOHATHA
o upC/e B IIKOJbHOM OOYyUeHHH ABJISETCA pa3bACHEHHE OCHOBHOH
(&M 3TOTO pacLIMpeHHs, T. €. IPHCOe/IMHEHHA K MHOXECTBY A
\iHOXKecTBa A HOBBIX WHCEJ.

Mbl He MOKEeM OPpaHHUMBATLCA B OOYYEHHH UHCTO dbopmaJib-
WbIM OBOCHOBaHHMEM HEOOXOIHMOCTH BBEACHHA HOBHIX uHces A/
obecneyeduss BLITOJHAMOCTH onmepauuii, Yuamumcs oul10 OHI
HENOHATHO, MoyeMy Mbl HoGHBaeMcH, yTo6bl, HATpHMED, Omepa-
(i BHIYMTAHHS BCET/A BEITOJIHSAAACE. MoxeT ObITb, NMPAKTHKA,
-KU3Hb HHKOTZA He Tpebyer, yTo6b MBI yMeJH BBIUHTATH H3
menblliero yncaa GOoJbLIEE. B TakoM cJjayuyae pasjuyHbIEe pacliH-
pEHHsS] UHCIOBOTO MHOKECTBA_BHITsAAeAH Obl fjisl y4alluxcs HH-
CTO TEOPETHUECKHMH YBJIEUEHHAMH, HE BHI3BAHHBIMH | IOTPEGHO-
CTAMH TIPAKTHKH.

TlosTomMy B8 IIKOJbHOM oGyueHun Tiepel BBEAEHHEM HOBBHIX
ynceJa MPUBOASTCA OCBHIYHO IPAMEDDI MpaKTHYECKHX 3anad, He-
pa3pelulMbIX HJIH HE BCEria pa3peliHMbIX B H3BECTHOM MHOX€-
orpe umces. UroObl clesaTh 3TH 3aladn Beerja paspelinMbIMH,
Mbl H paCIIXpseM HMeElleecd MuOxecTso uyHcesa. Onnako 3TH
oTpeGHOCTH MPAKTHKH 0GBUHO HE NEepeBOAATCS Ha MaTeMaTH-
yeCKHil A3BIK, T. €. He MOKa3BIBAIOTCA, UTO OHM PABHOCHJIbHBHI BbI-
OJHHMOCTH OTpeJeJIeHHOH MaTeMaTuueckoit onepauuu. Hampn-
Mep, HEOOXOJAMMOCTb BBEICHHA ownuaTeanblx' ypcea 000CHO-
BLIBAeTCS OGBLIUHO ¢ TOMoMbio 3afad, B KOTOpHIX (urypHpytoT
HanpaBJeHHbIE BEJHUYHHDL, W3MeHsmoMeCs B ABYX MPOTHBO-
[ONOYKHBIX HANpABJIEHHAX, OAHAKO MpH STOM He NOKa3LBawT,
YTO HEpA3pelnMOCTb STHX 3a7ay B MHOXECTBe HeOTpHLaTeJb:
HLIX 4HGes OOYCJOBJEHA TeM, UTO BHUHTAHHE HE BCEria BHINOJ-
HHMO B 3TOM MHOXECTBE.

Wnorna B LIKOJbHOM OOYUEHHH HeOoOXONMMOCTh BBEICHHS
HOBBIX umcesa oObacHsaercsd, < OJ(HOM CTODOHBI, moTpeOHOCT IMHY
NPAKTIKH, & C ApYroi CTOPOHBI, KaK GyATO He CBA3AHHBIMHM C HH-
MH noTpeGHOCTAMH MaTeMaTHKH.

B sToM pacCyXAEHHH CONEpKUTCA MeTOHOJIOrHYecKast OuK6-
xa, u6o B HeM MOTPEGHOCTH MATEMATHKH paccMaTpHBaloTCH
B OTpbIBE OT noTpeGHOCTEN MpPAKTHKH. Pasymeercs, B MaTeMaTH-
Ke WMEKTCH BHYTpeHHHe NOTpeGHOCTH, KOTOpbIe HEenoCpeNCTBeH:
HO He 00YCJIOBJEHH npakTHkOH. [IpuMepoM MOTYT CIyKHTb MHH-
Mble upc/ia, KOTOPblE BO3HHMKIH HCKJIIOUHTEILHO W3 BHYTDEHHHX
norpe6HOCTER MaTEMAaTHKH. Onuako B KOHEUHOM HTOI® norpeb-
HOCTH MAaTeMaTHKH O00YyCJ/IOBJEHDI nOTpe6HOCTAMA  NPAKTHKH.
MERMBle umcia MOJYUYHJIM BIOCIEACTBAH — BECHMA peasbHOe
HCTONKOBANME H BAXKHBIE MPHIOKEHHA.

Ha npuMepe pa3BHTHS MOHATHA O HYACIE MBL ¥ AOJKHBI IO-
Ka3aTb, KakK MaTeMaTHKa pasBuBaeT W COBepIIEHCTBYET CBOH
annapar Noj BJAHSHHEM' norpeGHOCTEH MPAKTHKH.
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Honyuaerca crepyoman cxema o0yueHusi: or morpebHOCTEl
TPAKTHKH B PA3PEIIMMOCTH 3alad K TOTPeGHOCTSM MATeMATHKH
B BBITIOJTHUMOCTH ONepauuit ¥ OT 3THX NMOCAENHHX K HOBBIM qpc-
71aM, BOODYXKAIOIIMM MAaTeMaTHKY CPeNCTBAMM /sl YIOBJIETBO-
penusa nmorpebHOCTEH NpaKTHKH. .

IeranbHas peasnsauus 3Tol cxeMbl He BXOJHT B INpeaMer
Halero uccJefloBaHHS,

B. 1. Bce nayuaeMble umcioBbIe MHOXKECTBA YIIOps0YeHkt
OTHOLUEHHEM «MeHbile» (<) may «GoJblIey (>). OueBugno,
UYTO HMKAKHX 3aTPYAHEHHH He BHI3BIBAET H3YYeHne CBOHCTB 5T0-
TO OTHOWIEHHS. ¥YKe B HauaJdbHBIX KjaccaX Ha MHOXKecCTBe HaTy-
PAJIbHBIX YHCENT MOXKHO MOKa3aTh, YTO /IS JIOGBIX IBYX pasJ/uy-
HBIX uncen @ u b nMeer Mecro: 1) a < b wnm b <au 2) ecan
a<b robda (b>a) n3)emma<bubz<c roa<c.

Pasymeercs, 6ykseHnas sammucs TocJenyer mociae AOCTaTOu-
HOTO UHc/Ia KOHKPETHBIX TPHMEPOB. DTH CBOKCTBA JIErko nepe-
BOMATCA CAMMMH Y4aI[MMHCS HA TEOMETPUUEOKHH S3bIK NpH H30-
OpaxKeHuu HATYpaJbHBIX Unces ToukaMu nosynpsimoit. (MUs meyx
PasJHUHEX TOueK a W b: 1) @ nexur neBee b win b memur Je-
Bee a, 2) ecsM a JeXHT JeBee b, To b He JeXuT Jegee a (b ne-
AT npaBee @) u 3) ecau a JeKuT JeBee b u b JEXHUT JIepee c,
TO a4 JIEXKHUT JeBee -C. .

Lenecoo6pasuo Pa3bACHATL, UTO OTHOIIEHHE <MEHbIIIe» ycTa-
-HaBJNBACT ONpe/le/IEHHHH MOPANOK B MHOKECTBe ‘HaTypaJbHBIX
ducen. 910 MOXKHO cleJaTh, Npeasaras ydallluMcs ynopsfio4uThb
¢ TOMOIIbIO 3TOrO OTHOIIEHHS 3aJlAHHOE KOHEUHOe MHOX€ECTBO
HaTypaJbHbIX uHces. 3aNuch IOACKa3biBaeT HaMm npaBOMepHOCTL
TOBOPHTb «b cJeflyeT 3a a» win «a npenuiecTByer b», ecaum
a<b.

Ha 6ase ornowenus TNOPANKA («MEHbIlle») MBI pasbscHsieM
6osiee C/IOKHEIE OTHOLUGHHS <«JIEKHT MEXAY» H HeNocpeiCcTBeH-
HO CJiefiyer 3a», _

OrHowenne «iemur MEXIy» CJIOXKHO B TOM CMBICJe, YTO
BLICKa3bIBaHue, BHPaXKalollee 5TO. OTHOLIEHHe 4epe3 OTHOLLEHHE
«MEHDIIE», HMEET CJOXKHYIO JIOTHYECKYIO CTPYKTYPY: «C JIEKHUT
MeXIly a u b» 03HauaeT «a < cu C<b Mau b < c u ¢ < a». Ero
Ha3BAHHE 3aWMCTBOBAHO M3 FeOMETPHUECKOTQ A13blKa, HaTJISATHO
n306paxaercs B reoMeTpHUECKON HHTEPNpETAlNH YHCE TOUKAMHU
NpSMOH. ‘

OtHouleHne «HemocpencTBenHo cJIellyer 3a» CJO0XKHO B TOM
XK€ cMbicse: «b HemocpeAcTBEHHO CAENyeT 3a a» O3Hauaer «a < b
H HE CyUleCTBYeT umcsa X Takoro, 4ro a < x yu x < b» uay,
HCTIOJIb3ysl OTHOLUEHHE «JIEKUT MEXKAY», «a < b H He CyHIeCTByer
UHCIa X, JeXalmero Mexny a u b». Ero TPYy/AHee HCTOJIKOBATH
¢ IOMOIWIbIO TeOMETPUYECKOH WHTepTpeTaluy.

HefictBuresbro, uto Touka 3 JEXKAT MeXAY (B O6BIUHOM
CMbice) ToukaMu 2 u 4, scHO KaxaoMy yuenuky (IV—V knac-
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ca) W3 HaboleHus NpAMO ¢ NMOMEUEHHBIMM TOUKAMM, HO HTO
rouKa 4 HENOCPEJCTBEHHO CJAENYeT 32 Toukoil 3 He OyHeT NMOHATO
yuallUMHCA H3 OJHOTO Ha6.n.1011eunﬂ npsimofi 6e3 MOMOJTHHTE b=
HBIX pa3bACHEHHH.

Ha npsMoil MeXjy Toukamu 3 ¥ 4 nMeTcs H Jpyrie Toi-
. TIPHXONUTCS pPasbsCHATh, YTO CPeNd STHX TOYEK HET HH
0O, COOTBETCTBYIOIIEH HATypaJbHOMY HHCIY. QOueBnpHoO, Jer-
ye pasbCHHTb OTHOLICHHE HEMOCPEACTBEHHOrO c/ef0Banus 6e3
[JOMOII[H TeOMeTPHUECKO# HHTeprpeTallu («4 HemocpeaCTBEHHO
caenyeT 3a 3, TaK Kak HeT TakKoro 4Yucia, KOTopoe 6bl10 OB
GoJpllie 3, .HO MeHbIIe 4»).

3HAHHE PACCMOTPEHHBIX BhIIIE OTHOLICHHH HeoOxonuMo AJs
u3yueHus CBOACTB CTPYKTYpPH MHOMKECTBA HATypaJbHBIX YHCEJ.
Heo6X0MuMO PaCCMOTpeTh CAeLylollHe CBOACTBA, NpHHHMaeMBble
OGLIUHO 32 OCHOBHBIE, NIPH aKCHOMATHYECKOM TIOCTPOCHHH apuo-
METHKH HaTypaJbHBIX UHCEeN: .

@) MHOXECTBO HATypasbHBIX UHCET HMEET HauaJjIo (1). 310
HAaIO TOHAMATb TakK: €[WHHIA HE CIeLYyeT HH 3a KakKuM [pyruM
HHCJIOM,

6) 3a KaX<IHIM HATYpaJbHHIM YHCJIOM HEMOCPEJCTBEHHO CIe-
AyeT OJHO M TOJBKO OJHO HaTypa/ibHOEe HHCIO (m1s BCAKOrO
ypcaa @ CyIecTBYeT TOJbKO OJHO HHUCIO (a + 1), nemocpexcr-
BEHHO CJIeiylollee 32 HHM);

) Kaxjoe HaTypaJpHOe uucao (Kpome 1) HenmocpeaCTBEHHO
cefyeT 3a OJHEM H TOJBKO 38 OJHHM HaTypa/bHBIM YHCIOM.

CpoiicTBa a, 6 B Tpe6GoBaHHe eINHCTBEHHOCTH M3 8 COCTABHIIH
coepKaHue TePBBIX TPEX H3 UETHPEX aKCHOM apudMeTHKH Ha-
TypaJbHbIX UHCEN, NPeNTONEHHbIX IMeano (1891).

IIpouecc (GopMuHpOBaHUs TIOHATH O CTPYKType MHOKECTBa
HATypanbHBIX UYHCeJ NOJKEeH MPONOJKAThCA B CTAPLIMX KJjlac-
cax. B uyacTHOCTH, aKCHOMa HHAYKUHH, BBIpaxaiollas OLHO H3
XapaKTepHCTHUECKHX CBOMACTB 9TOf CTPYKTYpBl, MOXKET 6BITh
paccMOTpPeHa B CBS3H C H3Yy4EHHEM MeETOld MaTeMaTHUeCKOH
HHJAVKIHH, (p-opma.nbu-oﬁ OCHOBOH KOTOpPOI0 OHa ABJAETCA.

CBoficTBa 6 M 6 BHIPaXalOT IUCKPETHOCTH MHOXKECTBA HATy-
paJbHbIX uncea (A5 KaXKZOro YMCIa MOXKEM YyKasaTh HENOCpea-
CTBEHHO cJeylolliee 3a HAM UHCJIO M YHCJIO, 32 KOTOPhIM HeMO-
CpeLCTBeHHO cieiyeT fanHoe). TepMuH «IHCKPEeTHOE MHOXKECTBO>
MOKeT GHTb cOOOIIeH yuallMcsl B CTApUIMX KJIaccax; BaXHO HE
3HaHWe TepMHMHa, a MOHMMaHHe CYIIHOCTH cBoiicTBa, o603Hauae-
MOTO 3THM TEePpMHHOM.

MHOKeCTBO 1IeJABIX YHCeJ, TMOJYUYEHHOE Moc/e NMPHCOEAHHEHHS
K MHOKECTBY HATYpalbHEIX uHCes, HyJIs M OTPHUATEJIbHBIX (ue-
JbIX) unces, obJazaer Tod Ke CTPYKTYpOHl MOpsAKa, KaK H MHO-
JeCTBO HATYPAJbHBLIX UHMCE], 33 HCKJIOUEHHEM Haua/JbHOro SJ¢-
MeHTa (mpejllecTBYIOILEro BCEM ocCTaJbHEIM), KOTOpHIH OTCYTCT-
BYeT BO MHOXECTBe LEJBIX YHCeJ, ;
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MHOXKeCTBO  palHOHANBHbIX YHCET, MOJyYeHHOE myTeM
HOMOJHEHHs] MHOMKECTBA LENBIX YuCed APOGAMH, yiKe He 0Gaa-
AaeT CBOMCTBOM NMCKPETHOCTH, a SIBJASETCS NJIOTHBIM, T. €. MEX-
Ay JI0ObIMH JIBYMS UYHCIAMH JEXKHT YHCIO (a caemoBsaTenbHo,
OeCKOHeUHOe MHOMKECTBO UHCEN) 5TOT0 MHOMKECTBA, . (Mcnonbays
JIOTHYECKHH annapat, MOMXKHO MOKa3aTh, YTO BBICKa3bIBaHHE, BHIpa-
Karollee CBOACTBO MJIOTHOCTH MHOXKECTBA, €CTh TOUHOE OTpHIaHHE
BbICKa3bIBAHH S, BHIPAXKaIOUIEro CBOHCTEO IHCKPETHOCTH. )

Ilpencrasienne o maOTHOCTH MHOXecTBa palMOHAJbHLIX YH-
CeJl MOXHO 00pa3oBaTh y yyalllUXCs, MOKA3LIBAS HM B reoMeTpH-
UECKOH HHTEpNpETallu, Ha KOHKPETHbIX npuMepax, 4To TOYKa,
COOTBETCTBYIOWIAsl CPEAHEMy APHMETHUECKOMY NBYX -yHCeJ, Jie-
KUT MEXJy TOYKAMH, COOTBETCTBYIOLMMH 3THM YHCaaM. Tak,
HANpHMED, MEXIy TOUYKaMH, COOTBETCTBYIOUIMMH uHc/IaM 2 u 6,
JEXKAT TOUKH, COOTBETCTBYIOUIME CPENHHM apH(DMETHUECKHM Ui~
CEJI2I/I6,’I_‘.€.4;2I/I4,T.E.3;2H3,T.e.2,5;3H4,T.e.
35 4nb5 1.¢e45 5u6,T. ¢ 55, 2mn 25 1. e 225 urT. 1

Pasymeercs, npopo/kaTts sToT NpOLUECC KaK YrOAHO HAJEKO
NMpakTHIECKH HEBO3MOXKHO. OTPE3KH ¢ palHOHANbHEIMH ,KOHI[A MU
IDA NOC/IENOBATENLHOM JeJIeHHH HX TOMOJAM CTAHOBSTCH CTOJD
MaJIbIMH, UTO C HEKOTOPOTO IIAra MX KOHLB KaXKyTCs COBNANAI0-
UMMH, a8 MBI JIOJUKHBI yOEIMTb YYALMMXCA B TOM, uTO MEX Y
STHMU DallHOHAIBHBIMA TOUKAMH CYIIECTBYET elle palMOHANbHAS
TOUKa, W JlaKe He OlHA, a OeCKOHEUHOEe MHOMKECTEO.!

31eCh SIBHO BHICTYNAET CJAOMKHOCTD CTPYKTYpH MHOXKECTRa
PALIHOHAJIBHBIX UHCEN M0 CPABHEHHIO CO CTPYKTYpOH MHOMecTBa
UEMBIX 4yuces, 0 YeM Gbllo ymoMsiHyTo Bhiwe (§ 2).

Ilpu u3yuennn MHONKecTBa WEJHX YHCEA HaMm BCTpeyaercs
OIHH THM GECKOHEUHOCTH — GECKOHEUHOCTh MHOMKECTBA Boex ne-
JBIX uuces. IIpu H3yyeHHn e MHOXKECTBA PANMOHANbHBIX UHCEN
HaM BCTPEYAIOTCA JiBa THNA OECKOHEYHOCTH: a) GeCKOHEeYHOCTD
MHOXKECTBA BCEX ‘PALMOHAJbHBIX YHCEN U 6) GeCKOHEUYHOCTL MHO-
KECTBA PAUMOHABHBIX YHCEN, JEXALHX MeXAy JIOGHIMA OBYMSI
PAllHOHANBHBIMA UHC/IaMH.

Hasi GopMHpOBaHHS MOHATHS OECKOHEUHOCTH, KaK H3BECTHO,
KOHKDETHLIC BOCHPHATHSI ¥ OCHOBAHHBIE HA HUX MpPEeLCTABACHHS
YK€ HEJOCTATOYHBL, ¥ OHM MOJIKHH' JONOJHATBCH JOTHYECKHMH
accounauusMn. Ho B nepBoM cayyae noHATHe GeCKOHEUHOCTH
MHOXKECTBAa BCEX PAallHOHAJbHBIX Yucesa (KaK W BCEX WENBIX YH-
CeJl) TOMKPervisieTcss TOHATHEM GeCKOHeYHOCTH TIPAMOH JIHHHH,
B TO BpeMsl KakK BO BTOPOM C/lyuae MOHATHE GECKOHEUHOCTH MHO-
JKECTBA DALMOHAJIDHBIX UHCEJ, JeXallHX MeXAY ABYMSI DAaLHo-
HAJIbHBIMH YHCTAMH, He NMOXKpenasiercs, a, HaoBOPOT, 3aLepiKH-

! IlpuMenseM oXHY M3 OCHOBHBIX a6CTPAKUME MaTEMaTHKH H JOFMKH—
aGCTPaKUMIO MOTEHUHANBHON OCYLIECTBHMOCTH: OTBIEKASCH OT TOro, YTO C He-
KOTOpOro wiara MpPOXOJKEHHE MpOUECcea CTAHOBHTCS MPaKTHYECKH HeocylLiecT-
BHMEIM, CUHTaE€M €ro MOTEHLHANLHO OCYLIECTBHMEIM HEOr'pDaHUYEHHO.
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paeTcsl KOHKDETHbIM BOCTPHATHEM KOHEUHOTO OTpe3Ka, CONEp-
JKallero 3T0 MHOXECTBO.

AToT NpHMep sBJIAETCS XOpOLUIeH HJIocTpanueff K BHIBOAAM - -
yalllMX TICHXOJIOTOB O TOM, UTO BOCIPHSATHE HALJIAAHONO MaTepHa-
1a MOXKET MrpaTh B mpolecce MOHHMAHHs HE TOJBKO MOJOKH-
TeJbHYI0, HO W OTPHIATENbHYIO POJb.'

31ech, KAK ¥ BCIOAYy, NI€ MOHATHA CBS3aHbl C KaTeropuett
GecKOHEUHOCTH B J1060M ee MpOsIBJIEHHH, KOHKDETHBIE BOCIPHA-
THs M OCHOBAaHHbIE Ha HHX MpEJCTABJIEHHS HE CIOCOGCTBYIOT,
4 TPENATCTBYIOT NMOJJIMHHOMY TIOHHMAHHIO, TAK KaK OHH BCErN&
KOHEUHbl, B 3THX CJyyasx TJIABHYIO POJb B OOyYeHHH HIpaioT
JOTHYECKHE TPOLECCHL.

ITpn n3yueHuu CcBOHCTBA MJIOTHOCTH MHOXKECTBA PAlHOHAJb~
HbIX UMCEJ MBI HE JOJKHBI OrPaHMUMBATHCS YACTHBIMH MpHMeEpa-
vi. TTocjie 03HAKOMJIEHHS YYAlMXCs C pelleHHeM i J0Ka3aTeJb-
CTBOM aJireGpanueckuX HepaBeHCTB NOJIKHO GBHITH JAHO H obee
10KA3aTeJbETBO TOTO, UTO MEXHy JIIOOBIMH ABYMs PalHOHAJBLHDI-
Vi UHCJAMH @ M b CyliecTByeT pauuOHajbHOE uucio. (1o CBO-

o a-+b
JIMTCS K JIOKa3aTeJbCTBY JBOHMHOI'O HEPABEHCTBA a < ;r < b,

ccim a < b)) TakuM 06pasoM, yUHTBIBasi CJOXHOCTb CBOHCTBA
JIOTHOCTH, . [€J1ecO06Pa3HO PACCMOTPETb €ro MBAXK/ADbL NMepBbIH
pa3 — nocJie BBEAeHHs Jpobell B CBA3H ¢ (OPMHPOBAHHEM IMOHA-
THS O MHOMKECTBE pALMOHAJbHBIX uHMCesd, BTOpol — Ha Oojee
BBLICOKOM JIOTHUECKOM ypOBHE, B CBfi3H C (POpMHPOBAHHEM IMOHSA-
THSI O MHOMKECTBE BEILECTBEHHBIX HHCEJ.

Yyammecss CKJOHHB CUMTATb MHOXKECTBO PAalUHOHAJDbHBIX 4H-
ceJl He TOJIbKO MJIOTHBIM B cebe, HO M IOJIHBIM, T. €. TIOKpBHIBAIO-
WM npsMylo 6e3 mpo6esos. ITo OWIKOOYHOE MOHMMAHHE TOXKE
06yCJIOBJIEHO HATJAAHBIMH NpPeiCTaBieHHaAMH. TOUKH, COOTBETCT-
BYIOLIAE PAlHOHAJIBHBIM YHCJIAM (/11 KPaTKOCTH ynoOHO BX Ha-
3pIBATH, KaK MBIl 3TO y¥Ke€ CJejalii BbllUe, PalHOHAJbHBIMU TOY-
KaMH), PACIIOJIOKEHbl Ha TPAMON HACTOJBKO INIOTHO, YTO KaXKer-
Csl, 4TO OHM YK€ He OCTaBJIAOT Ha NpPAMOH HMKAKHX MyCTHIX
MECT, T. €. YTO OHHM WCUEPNBIBAIOT BCe TOUKHM npsMoil. Omposepr-
HYTb 5TO HEMPAaBHJIbLHOE NMPEACTABJEHHE MOXKHO TOJIBKO JIOTHKOH,
710Ka3aTelbCTBOM CYIIeCTBOBAHMS Ha NPAMOM TOYEK, He COOTBET-
CTBYIOIIMX HMKAKHM PAlHOHAJbHBIM UHCJIAM. JTO J0Ka3aTejbCT-
BO, KaK M3BECTHO, MOXeT OBITb OCHOBAHO HA HECOM3MEPHMOCTH
JMaroHaJj| KBaJpaTa C ero CTOPOHOH.

Ha orpeske OA, rae A-— panuonaibHas Touka (pHC. 4), CTPOMM KBai-
paT W nuaroHadb €ro OTKIainBaeM Ha npsmoil or ToukM O. IloaydenHas
Touka A’ He sBJSeTCS RALMOHa/ibHOH, HGo AuaroHanms KeaipaTa (OA’) Heco-
H3MepuMa c ero cropouoit (0OA). Tak Kak panHOHaJbHBIX TOYEK A Ha nps-

1H A Menunuckas CoBerckasg NCHXOJOTHi 06yuenus, «Bonpoch
HcHXOJOTHH», 1957, Ne 5, crp. 130—192.
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MO# GecKOHEUHOe MHOXKECTBO, TO M TOueK A’, KOTOPHM He COOTBETCTBYIOT
HHKaKHe palHOHANbHElE YHCNIA, TaKkKe GecKOHeuHoe MHOXKecTBO. (34ech, pasy-
MEETCH, He OTPAKAETCHA TOT (aKT, UTO STH MHOKECTBA HEPABHOMOIHHI.)

Hro6b HMETh BO3MOXKHOCTH TIOCHe BBELEHHS HMPpalHOHANb-
HBIX UMCeJ TIOKa3aTh, YTO MHOXECTBO BEIIECTBEHHHIX UHCeJ
3anoJIHAET TONHOCTLI0 0e3 mnpoGesloB NPAMYIO, T. €. UTO OHO
00/1aziaeT CBOHCTBOM MOJHOTHI, HEOGXOAMMO B KypCe TeOMETPHH,
KpoMe aKCHOMH ApxuMena, pacCMOTpeTh u akcuoMmy Kawuropa
O CTATHBAIOLINXCS OTPE3Kax.

ST0-NO3BOJIMT O3HAKOMHMTH YYAIUXCSH C H30MOPDHIMOM MHO-
ECTB BEIIECTBEHHBIX YHCeJ U Touek npsimofi. (IToustre usomop-
¢$usMa paccMmaTpuBaercs pajsiue, u. 11, ri1. 4.)

2. Mu paccmorpenn BOmpoc 06 H3YuEHHH CTPYKTYpH UHCJIO-
BBIX MHOXECTB TOJNBbKO C TOYKH 3PEHHs OTHOIIEHHs MNOpAAKA

(mopsimKOBEIE CTPYKTYpH). Pac-

CMOTPHM BONpPOC 06 H3yYEHHH

CTPYKTYPHl UHCHOBHIX MHOXKECTB

C TOYKH 3peHHs BBEIEHHBIX

1 _ B HuX onepaumii (asnreGpanue-
0 T CKHEe CTPYKTYpH).

Tpannuuonnas meToxuKa mpe-

Puc. 4. nojiaBaHus He yjaesaser Heo6Xxo-

IUMOTO BHUMaHHUsl OHATHIO OTIe-

pauun. IToryuaerca popmasibhoe ycBoeHWe yualMuCs OTHENb--

HHIX CBOHCTB Onepauni 6e3 NOHUMaHUs UX 3HAYEHHS. B uacTHOCTH,
3HayeHHe CBOHCTBA aCCOUMATHBHOCTH OCTAeTCsl HEBBIICHEHHBIM
B NpaKTHKe OCYueHHs, XOTA yvallHecs W (OPMYJHPYIOT 3TO
CBOHCTBO i MPUMEHAIOT ero. B mkoabHOM mpakruke se npUMeHs-
€TCsl 1 TEPMHH «omepannsa». OueBHIHO, Yepes HEKOTOpOe BpeMs
noce BBEJIEHHS] TepMHHa «nedHcTBHe» (apudMeTnueckoe nelcT-
BHE) Uenecoo6pasHO BBECTH M TEPMHH «ONEPALUs» KaK CHHO-
HAM TepPMHHA <«JeHCTBHE», a B CTApIIMX KJAacCax IOJHOCTHIO
TIepeHTH Ha NpUMEHEHHe TePMHHA <«ONepalHus.

OcraHoBHMCST KPaTKO Ha COBpeMeHHOH Hay4YHOH TpaKTOBKe
o0IIero NOHATHS onepauuu, ¢ KOTOpO# 1esecoo6pa3Ho 03HAKO-
MHTb Yy4YalIMXCsl CTapUIMX KJAaccOB (PH3NKO-MATEMATHUECKOTO
NpoduIsA nocjae TOrO, Kak OHH Y¥Ke IOZHAKOMHIHCH ¢ PALOM
onepauu, OTJIHYHHIX OT apudMeTHuecKux (omeparuit aareGpsl
MHOKECTB, aJire6psl JIOTMKH). .

B coBpemenHOl MaTeMaTuKe MOHATHE Omepauyu B HEKOTOpPOM
MHOXKECTBE TPAKTYercst Kak 3aKOH KOMIIO3HUHM 3JEeMEHTOB 3TOro
MHOKECTBa, T. €. KaK 3aKOH WJM NMPABHJIO COCTABJEHHS M3 ABYX
SJIEMEHTOB MHOXKECTBa HOBOTO 3JE€MEHTa 3TOro Xe MHOXKeCTBa.

Ecan B Muoxectse M:={a, b, c,...} BBenena mexoropas onepa-

uug (k), 3T0 3HauuT, yTo AJH MOGHX IBYX 3JeMeHTOB (a, b)

STOTO MHOXKeCTBa onepauus (k) BHIMONHHMA, T. €. CylIecTByeT
€[MHCTBEHHEIH SJEMEHT m B 3TOM MHOXeCTBe, SABJISIOUIMICS pe-
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3yJIbTATOM NPHMEHEHHH 5TOH omepauuy (3akoHa KOMMO3HIIHH)
X sMeMeHTaM a # b, uTo 0603HAYAETCS 06bluHO Tak: aXb = m.

HpHMEHﬂEMbIﬁ 37eCh 3HAK paBEHCTBA HANO MOHHMATL KAaK 3HaK™ *~

coBNa/eHHs seMenTa aX b ¢ 1eMeHTOM M NaHHOrO MHOKECTBA.
Tax HMEHHO HANO NMOHMMATb, HANPHUMEp, PABEHCTBO 3+1=4
Pe3yJbTaT CJIOXKEHHs uuces 3 H 1 cosmajaer ¢ uuciom 4.

Ecau omepauds () KOMMyTaTHBHA, TO H bkg=m, 1. €
axbh = bXka.

KOMMYyTaTHBHOE, HJIH NEepeMecTUTEJBHOE, cBOHCTBO OOBIYHOTO
cJOKEHHS H YMHOMKEHHsS JOCTATOYHO MPOCTO M HE BBISHIBAET
3aTpYMHEHHH Y YYaIHXcsl HayaJjbHBIX KJACCOB. OpnHaKo caeno-
Ba/10 Obl NMPHMBECTH YYAILUMCsA H MPHMEPHl onepauui, He ABJISAIO-
HXCs KOMMyTaTHBHbIMH. HamnGosee GIH3KMMH HM NPHMEpaMH
4BJIAIOTCA ONepaluu, OOpaTHBIE CIOXKEHHIO H YMHOXEHHO, T. €.
BLIUATARME W feseHHe. MOXHO MpPHBECTH M TIpHMep npyro# ome-
pallfiH, -HeKOMMYTATHBHOCTb KOTOPOH HENOCPENCTBEHHO cjenyer
U3 ee OMPEAEJEHHUS].

[Mycrb niis J0OBIX 3JIEMEHTOB a4 H b NAHHOTO MHOXECTBA
uneeT Mmecto akb s b, Torma corjacHo OINpenReJeHHio onepa-
nuy K bka = a u [ mo6blx @ ¥ b Takux, 4To a == b, T. e. I
pA3JHUHBIX 3JEMEHTOB 4 U b nHMeeM akb+bXa.

Ecau onepauusi K MOHAMAeTCs Kak 3aKOH COCTABJICHAA 43
JByX 3JIEMEHTOB MHOXKECTBA HOBOTO 3JIEMEHTA, TO BO3HHKAeT
BOMPOC: KaK Haj0 NMOHMMATb BEIPAXKEHHE @k bk ¢? JTo BHIpaxe-
HHe He MMeeT MOKa TOYHOro cMeicia, ubo omepanus > no ompe-
JeJEHHI0 TpPHMEHHMa JHIIb K JBYM 3JIEMEHTAM. HHTyATHBHO
SCHO, UTO MMEIOTCs JiBa NYTH pacnpoCTpaHeHxs 3aKOHa KOMIIO-
3UIMM HA TPH 3JEMEHTa, 4 HMEHHO, HJ ONpENEeJHTbL 3JEMEHT
m = ak b, 3aTeM sjeMeHT n = m>Kc, T. €. MOHMMATDH BEIpaXKe-
une a>k b3k ¢ xak Ha3BaHHe 3jeMeHTa (@ b) ¢, HJH XKe ompe-
eHTb 3JeMeHT p = b, 3aTeM 3ieMeHT g = a>kKp, T. € TOHH-
MaTh BhIpaxkKeHue axb>*(¢ Kak Ha3BaHAE 3JEMEHTA a* (b*c).
AcCcoUMATABHOCTh ONEpalH yCTAHABJIUBAET COBNANEHHE 3JEMEH-
TOB n u ¢, T. e. {(a*b)*c=a*(b>*c), u 5TUM CaMbIM BBIpa-
JeHHe @k b% ¢ moJyyaeT onpeneeHHbIH cMbIci. ACCOUHATHBHOCTD
NMO3BOJII€T PACAPOCTPAHHTL 3AKOH KOMIO3WUHH HA a1060€ YHCIIO0
5JIEMEHTOB.

CienyeT pa3bACHATh YYaUMCH, [04eMy MOXKHO ONyCKaTh
ckoGKn B BbipaxeHuu (a + b+ ¢) + d m moueMy MOXKHO MpoO-
H3BOJbHBIM 0GDPA30M pACCTABJATH CKOOKHM B BhpaXeHHd a +
+ b+ ¢+ d Takum o6pa3om, acCOUMATHBHOCTb HIrpaeT Bax-
Hyl0 poJip, ofecreudBasi OJHO3HAYHOCTb NMPHMEHCHHs OMNEpall
K 11060My KOHEUHOMY u#CJy 3J€MEHTOB MHOMKECTBA.

IMpu u3yueHun apuHMETHYECKHX omepauuit Mbl IOJIKHBL M0~
CTElleHHO TOTOBHTH YUALIHXCS K BO3MOMKHBIM 00OOWIEHHAM I
nepexona Kk aGCTPAKTHOMY NOHATHIO ONEPALMH ¥ H3YUCHHIO NPY-
PHX KOHKDETHHIX OTepaldi, OTJHUHBIX OT apH(METHUECKHX.
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C 3Toft uetbio BecbMa BaXKHO TIOAYEPKHYTh AHAJNOTHIO
B CBOWCTBAX CJIOMKEHHS H YMHOKEHHS: '

a+b=0b4a ab=b-a
a+ (b+c)=(a+b) +c¢ a-(b-c)=(a-b)-c,

AHAJIOTHIO B POJIM HYJSA IO OTHOLUEHUIO K CJIOXKEHHIO U eJINHHIB
10 OTHOWIEHHWID K YMHOXKEHHUIO:;

a+0=a a-1=a

0 — HefATpa/MbHLIA 3JEMEHT UMCIOBOrO MHOX€eCTBa MO OTHO-
IIEHHIO K CJIOXKEHHIO, | — M0 OTHOLIEHHIO K YMHOKEHHIO. TepMun
«HEHTpa/bHBIA 3JIEMEHT onepauuu» BecbMa HarJIsiHO Xapakre-
PH3YET COOTBETCTBYIOIIEE CBOHCTBO: MPH CJAOMKEHHH HYyJeM
H TIPY YMHOXKEHUH HA eIuHULY J1I060H 37eMeHT ocTaeTcs Gea H3-
MEHEHHUS], HE TIePEeXOUT B APYTOfl 3JeMEHT MHOXKECTBA.

Hapsny co cxoncrsom Hano MOIYEPKUBATL U pasJIHuue.

B MHoxecTBe uenmX uwncen B OT/IMume o MHOXKEeCTBa Ha-
TYPA/IbHEIX YHCEN JUIS KAXKIOTO YHC/IA @ CYIIECTBYET eIMHCTBEH-
HO€ TIPOTHBOIIOJIOKHOE €My YHCIO (—a), TaKoe, uto a-+ (—a) =0,
HO HET aHaJOTMYHOrO CBOMCTBA I10 OTHOWIEHHIO K YMHOKEHHIO
Ha l.

B mHuoxecrse panuoHanbHbBIX 4HCeN, KPOMe 3TOTo CBOHCTBA,
HMEETCs aHaJIOTHYHOE CBOHCTBO M IO OTHOLIGHMIO K YMHOKEHHUIO:
ATt BCAKOrO PAUMOHANBHOTO UMCaa @ (OTJIHYHOTO oT 0) CYIILEeCT-

. 1
BYeT eIMHCTBEHHOe 00paTHOEe eMy YuC/IO 2 Takoe, uTo @-— =1.

Onepanun CI0KeHHS M- YMHOXKEHHS He H30JIMPOBAHE], OHH
CBA3AHLl MeXJy COoGO# CBONHCTBOM pacmpesienuTeqbHOCT] (nam
IUCTPUOYTHBHOCTH) : «IJS JIOGBIX Tpex uuces a, b, ¢ umeer Me-
cro: a-(b+c)=a-b+a-c. Baxuo OTMETHTb 3HECH OIXHOCTOPOH-
HOCTb 3TOrO CBOHCTBA, HAaMMUHE [THCTPHOYTMBHOCTH yMHOMKEHHS
OTHOCHTEJIBHO CJTOKEHHS M OTCYTCTBHE - JUCTPHOYDHBHOCTH CJIO-
JKEHHs1 OTHOCHTENBbHO YMHOMKEHHS,

Ecin umena 6m Mecro AHCTPUOYTHBHOCTD CJOMKEHHsS] OTHO-
CHT€JIbHO YMHOXKE€HHsl, Mbl Obl 3alHCATH 3TO 'CBOACTBO TakK: « s
JoObIX Tpex uucen a, b u ¢, a 4 b-c = (a +b)-(a+ ¢)». Oue-
BHIIHO, N/l J0OKa3aTe/NbCTBA JIOXKHOCTH 5TOTO BHCKA3bIBAHUS
AOCTATOYHO J0Ka3aTb HCTHHHOCTb €ro OTPUL@HHS: «CYIECTBYET
TPH 4uC/Ia @, b u ¢ Takux, uTo a + b-c#(a + b)- (a + ¢)». Ha-
npumep, npu a =1, b =2, ¢ = 3, a+bc=7a(a+b)-(a+
+ ¢) = 12, (VYmenne GpopMyIupoBaTh TOUHOE OTpHLIaHUE JaHHO-
O BBICKA3bIBAHHS IIPH PA3JMUHBIX JIOTHUECKHX CTPYKTYPax €ro
sdexTuBHO BEHIpaGaTBHIBaeTCH NPHMeHEHHeM anmapara CcoOBpe-
MEHHOH JIoTHKH. DTo GyNeT Mokazano maJjblie (ra. 5).)

Hayuenue uMclOBOro MHOXKECTBA NOJKHO BKAOYATL B CeBs
BbISICHEHHE BOTPOCA O BBUTOJHHMOCTH ONepauuii B NAHHOM MHO-
KECTBE, T. €. O 3aMKHYTOCTH 3TOr0 MHOXKE€CTBA OTHOCHTEIBHO
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onpeneNeHHbIX omepauuil. Bes 3T0ro HEBOSMOXHO pasbACHHTD
yyalliiMCcsl HIe0 PaCIIMpEeHHsi TMOHATUS 4Yucaa.
" llesecoo6pa3Hbl HEKOTOpHIE YMpaxKHeHHs, B KOTODHIX BONpee-
0 BHITOJHHMOCTH Ofepalyii CTaBUTCS JJI YHCJIOBOrO MHOMKECTBA,
cOCTaBJISIONIEr0 HEKOTOPOE TOJMHOXKECTBO H3BECTHOrO ydalluM-
cst HAa JAHHOM 3Tamle O6yueHus MHOXectBa uuces. (Hanpuiep:
KaKHe Ollepallid BHUMOJHHMBL B MHOXeCTBe UETHBIX 4HCel, He-
WeTHbIX UHCeJ, OTPHIATENbHBIX UHCeJ, TPaBHAbHBIX ApoGeH
T I) ,
Llesecoo6pasHbl U TaKHe YIPaXKHEHHs, B KOTOPHIX paccmar-
PHBAIOTCS OTIepalliH, OTIHYHEIE OT OOBIYHBIX. Huxe npuBoasaTcs
HECKOJIbKO THUTIOB TaKHX YIpaXKHeHHH (MX MOXKHO paccMaTpu-
BaTh B PasJHUHHIX KJaccax, MPEHMYIIECTBEHHO B CTAapWIHX). °

1) B MHokecTBe, COCTOsLleM M3 ABYX 4HCE] 0 u 1, BBeleHBl ABe omepa-
i €-» U «V» Tle «-»— ofbuHoe yMHOXKeHHe,"a «V» omnpelenserca cie-
AyioluM o6pasom: x VY =X + y —x -y, TAe «+», «—» U «+»— 3HAKH OOBIU-
HBIX OMEpALMil CIOXKEHHS, BHIUHTAHHS H YMHOXEHHMS COOTBETCTBEHHO.

a) HoKasaTh, 4TO ONepalHH «-» U «V» BHMOJHUMb B JHHOM MHOXECTBE
1 KOMMYTaTHBHBL

6) JlokasaTh, 4YTO HMEIOT MeCTO [Ba cBOifcTBa JAHCTPUGYTHBHOCTH:
2 (yVz) ="(x-4) V (x-2) — qucTpUGYTHBHOCTb ONEpalHH «-» OTHOCHTEJbHO
onepauun «V» u xV (y-2) = (xVy)-(x V2) — nucTpuGyTHBHOCTL OMepanuy
«V» OTHOCHTEJbHO «:». ) .

8) CocraButh Tabauuy AJs BBHIMOJNHEHHs OMNepaluy «V» B 3aJaHHOM
MHO3KECTBe.

Ecau B 3ToM ynpaxsenud 0 u 1 MHTepnpeTHpoBaTh KaK 3HAUEHHS HCTHH-
HOCTH BbicKashBaHHil (1 — McTHHHO, 0 — JIOXHO), TO Oomepauus «-» HHTEpnpe-
THpyeTCs KaK KOHBIOHKIHA, a «V»—- KaK AH3BIOHKLHS BHICKa3bIBaHHH.

2) B HEKOTOPOM MHOXKECTBE BBeJeHbl [BE ONepaluu:

xOy=yux0Oy=x

IlokasaTb, YTo 0o6e 3TH OmepalHH HEKOMMYTATHBHBI H aCCOLMATHBHBL.

3) B wmuoxectse Tpex umcen 0, 1, 2 BBeleHB IBE OMeEpalui: x4+ y—
OCTATOK OT AeJeHMs CyMMBl 4UMCEN X M Y Ha 3 U X-y — OCTAaTOK OT [EJeHUA
npousBefleHHs UHcea X H Y Ha 3. ! .

a) CocTaBuTb TaGaUIBl VIS BBUIOJHEHHS 3THX omepauuit B 3aJaHHOM
MHO3KeCTBe YHcel.

6) BLIMONHMMBI JIH 5TH ONMEPalMK B 3aJaHHOM MHOXeCTBe?

8) BuisicHHTb, SBJASIOTCS JHM STH ONepalMHd KOMMYTaTHBHRIMH, aCCOLH-
aTHBHBIMH.

4) BoimojgHMMa JM B MHOXeCTBe LEJBIX WHCeJ Oonepauus

a+b

axb=—5—

BuimosiduMa JIM 3Ta omepalus B MHOXKeCTBE YETHbIX, HEUETHHIX, panuo-
HaJMbHBIX UMCeJ, BellecTBEeRHBIX uMceld, MeHbIIMX 1?

[To okoHyaHWy cpeiHeH IIKOJbl YydyallHecss [OJKHH YyMEThb
OXapaKTepH3oBaTh H3BECTHbIE MM YHCJIOBBIE MHOXKECTBA NMpHMEp-
HO cjenyioliumM o6pasoMm:
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a) MuoxkecrBo N HaTypanbHBIX YHCeN — GeCKOHE4HOe, yno-
padouennoe, OuckpeTHoe, ¢ HA4AAbHBIM 1y 6e3 KOMEdHO2o HAe-
MEHTQ, 3aMKHYTOe OTHOCUTEAbHO CAONMCEHUS U YMHONCEHUS U He-
3AMKHYTOE OTHOCUTEAbHO BbIMUTAHUA U OeneHus.

6) MuoxectBo C Henbix uHces — 6eckoneuroe, yropsadouer-
Hoe, OuckpeTHoe, 0e3 HA4AAbHO20 U Ge3 KOMEYHO20 3AeMeHTa,
BAMKHYTOE OTHOCUTEAbHO CAONCEHUS, YMHONCeHUS U BOLUUTAHUA,
HE3AMKHYTOe OTHOcuTesbHo Oenenus. (Bompoc o BBemeHuu Tep-
MHHOB «TPyNMNa», «KOJbIO», «IOJSI» He HMeeT MPUHLUHUIHAILHOTO

3HaYeHHUS.) .

8) MHoxecTBO pallHOHANBHBIX YHCesn — GecKonedroe, ynopsi-
OouenHoe, Ge3 HAHAALHO20 U KOHEUHO20 3LeMeHTH, NAOTHO® 8 ce-
Oe, 3aMKHYTOe OTHOCUTEAbHO CAOXCeHUS, YMHONCEHUS, BblYUTANUS
u Oesenus (3a WCKJIIOYeHHEM, pasyMeeTcs, iejeHds Ha 0, KOTopoe
HCKJOYaeTcs).

2) MHOXecTBO BeleCTBEHHHIX YHcea — GecKoHedHoe, ynops-
JoderHoe, 0e3 HAHAALHO2O U KOHEUHO20 JAeMEHTQ, NAOTHOE
8 cebe, noaHOe, 3aMKHYTOE OTHOCUTEALHO CAOMCEHUS, YMHONCEHUS,
BbI4UTANHUA, OeseHus u onepayuu onpedesenus npedesa Aw060L
cxo0auwelica nocaedo8aTeAbHOCTY BeliecT8eHHblX HuceA,

B. B npouecce H3syueHHs pasiHuUHBIX UHCJAOBBLIX MHOMKECTB
BO3HHKaeT HeOOXOAHMOCTb BHISICHEHHS] OTHOILIEHHH MexX1y HUMH
H BLIMOJIHEHHsI Pa3JMUHBIX Omepauuil Haj HUMH.

- B ¢cBfI3M ¢ 3THM 37€cCh, €CTeCTBEHHO, MPOAOJIKAETCs Halla CH-
cTeMa ynpa)XHEHH#, HauaJo KOTOPOH ONHCaHO B TJ. 2, 3amoJ-
HSISICb PA3JIHYHBIM KOHKPETHBIM MaTepHaJ/ioM, 3aBHCSIHM OT H3y-
YaeMOro 4YHCJOBOTO MHOMECTBA.

B 3To#l cucTeMe ynpaKHeHHi NpecjeylOTCs TpH LEJH:

1) nanabHefiliee H3yyeHHe 3JeMEHTOB TEOPHUH MHOXKECTB,

2) npHMeHeHHe 3THX 3HAHHH AJIs JyYLIEro NMOHHMAHHS H3Y-
yaeMblX YHCJOBBIX MHOKECTB,

3) NMOATrOTOBKa K BBEIEHHIO B JIOTHKY BBICKA3bIBaHHI.

Ha kaxnaom sTame paciidpeHHsi MOHSTHS UHMcCJIa, MOJYYEHHO-
ro B pe3yJbTaTe AONOJHEHHS paHee H3BECTHOTO MHOMKECTBAa HO-
BHIMH YHCAAMHU, PaCIIMPEHHOE MHOXKECTBO 4HCeJa CAYKHUT V H H-
BepcaJJbHBI M MHOXECTBOM, T. €. MHOMKECTBOM BCex uHcel,
H3BECTHBIX YYalUMCS Ha 3TOM 3Tamne o6yuyeHHs. _

B nonosxenne x TOMy TeOpPETHKO-MHOXKECTBEHHOMY CJOBapIO,
C KOTOPHIM YK€ 3HAaKOMbl yuyallMecsi B CBfI3H C peLIeHHeM
yNpaxXHeHHH, OMHMCAaHHBIX B M. 2, B JaJbHeHIIeM MOCTENEeHHO
BBOJSATCS: TE€PMHH «3JIeMEHT MHOMKECTBa», CHMBOJ AJs1 0603Ha-
UE€HHSA yXe M3BECTHOIO YUAIIHMCH OTHOLUEHHS BKJIOUEHHS, HOHS-
THS €NUHHYHOTO H IYyCTOrO MHOXKecTBa, cUMBon «M[Pl»> nas

X
0603HaYeHHs] MHOXKECTBA 3JEeMEHTOB X, 06Jagawmux CBOHCT-
BoM P.
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Huxe npHBOAHMTCSA NMPOAOJMKEHHe CHCTEMb ynpaxHeHHuH, pac-
OJIOXKEHHBIX 110 3TalaM paclHpeHusi MOHSTHA UHCAA.

1. YuuBepca/bHOe MHOXeCTBO — MHOXECTBO C ueablx umMced

01, TlpenMeThl, MpHHALIEKALIUE K HEKOTOPOMY MHOMKECTRY, Ha3BIBAIOTCA
sJeMeHTaMn 5TOrO MHoxectsa. HampuMep, KaXjoe HaTypa/bHoe YHCI0 —
5JeMEHT MIOXKeCTBa HATypPabHBIX YHCE. Kaxapiil yueHUK KJjacca — SJMeMEeHT
MHOXECTBa YUEHHKOB 3TOTo KJjacca.

Kakomo pasjuuie MeXiy MHOXKeCTBOM yYeHHKOB HAlero Kjaacca H MHO-
;KECTBOM BCeX HATyPa/bHBIX UHCEN?

MoxeM JH Mbl OMpENeJUTL UHCAO 3JIEMEHTOB MHOXECTBa yHCHHKOB
wiacca? A HUCJAO SJ€MEHTOB MHOXKeCTBa HaTypaJbHBIX ypces?!

02. O603HAUUM YHCJIO 3JIEMEHTOB KOHEYHOTO MHOXKECTBa A cumMBOJIOM
p(A). TlycTe naHbl 1Ba KOHEMHBIX MHOKECTBA quced:

A={—1, 2, —3, 0, —4, 6, —8, 10} u B={4, 25, 6, 28, 2, 0}.

Mo uMeeM p(A) =8 n p(B) = 6. Onpeneture UuCI0 SJEMEHTOR MHOeCT-
sa ANB. CocraBere obbenunedue A UB. CKOJNBKO 3JEMEHTOB B STOM MHO-
JKecTpe?

Kakyio CBfi3b BE 3aMeuaeTe MeXay HHCIAMH: p(A), p(B), p(ANB)
u p(AUB)?

TpuseinTe TpHUMEPH ABYX JAPYLHX KOHEUHHX MHONECTH H MOKaXHTe,
wto 3T e coorTHowenue mexay p(A), p(B), p(ANB) un p(AUB) coxpa-
HAeTCS.

Kak 10Ka3aTb, HCXOAsf M3 cMbicla onepauuii oGbejmHEHUs i Nepeceue-
Hus, uTo aas JMOGHX ABYX MHOxects A u B uMeeT MeCTO COOTHOUIEHHE
p(AUB) = p(A) + p(B) — p(ANB)? '

03. Mbl u3yuaeM MHOMKECTBA, 3JIEMEHTE KOTOpHX CyTh HHCIA. DTH MHO-
WecTpa HA3LIBAIOTCA TIOTOMY YHCJAOBHIMU MHOXECTBAMI -Tlpume-
PaMH UHCAOBHIX MHOXECTB SIBJSIOTCS: MHOXKECTBO HATypaJbHEIX ypces, MHO-
JECTBO OTPHUATENBHBIX HHCeJ, MHOMXECTBO UeJBIX WHCE. BrlsicHuM OTHoLlIe-
uysi MeXJy STHMH MHOXECTBaMH.

Besikoe JH HATYpaJbHOE UHCAO SIBJAAETCS UeJIbiM?

Bosikoe JM LEJN0E UUCIO SABJAAETCs HATyDATbHEIM?

Kakoe u3 AByX MHOMECTB, HaTypajbHEX H UEJbIX HHCET, BKJIIOUAETCH
B apyroe?

O6o3nauum Oykpoit N MHOXeCTBO BCeX HATypafbHBX HHCET:

N={l1, 2, 3, 4, 5, 6..}

Tpy TOUKM «..» O3HAuUalT «H T. A.» H CIyXaT B 3amHucH A1 ofo3Haue-
Husi 6ecKOHEUHOCTH MHOXeCTBa (B HallleM cJ/yuae N), Tak Kak NepeuncaHTh BCe
sleMenTh MHOMKECTBa, KAK MH 3TO JA€JaJH B CJlyvae KOHEUHBIX MHOXECTE,
31eCh HEBO3MOXKHO..

Tpu Toukn (uau BOOOILE HECKOJIBKO TOueK) TPUMEHAIOTCA H JJs 3anuCH
KOHEUHOro MHOXECTEa HATypaMbHBIX HJH JAPYTuX HHCE. Korga uuces MHOTO
U BHIACHIBATH HX BCe HeygoOHO, TOra 00s3aTeJbHO HCNOJB3YIOT TOUKH H 3a-
MUCHEBAIOT TOCIENHee uncio. Hanpumep, MHOXKECTBO BCEX HATypalbHBIX upces
oT 1 no 100 moxuo 3anucaTb Tak:{l, 2, 3,.., 100}, Muoxectse xe N Bcex
HaTypaJbHEIX YuCes MNOC/IEHEr0 UHC/a HET.

! Mayuasi GeckoHeuHble MHOMECTBA, MBEl OTBJEKAEMCs OT HEBO3MOMKHOCTH
nepeuucaeHus BceX 5IEMEHTOB MHOMKECTE (OT HesaBepIIMMOCTH Tpouecca HX
o6pasoBaHus) H paccyxpaeM O HHX Tak Xe (mo Tem Me JOTHYECKHM
3aKOHaM), Kak M O KOHeUHHX MHOXecCTBaXx. (B 3ToM CyIIHOCTH OJHOH H3
OCHOBHBIX a6cTpakuuii MaTeMaTHKi M JIOTHKH, aGcTpakuuH aKkTyalbHOH Gec-’
KOHEYHOCTH, KOTOPYI0 HYXKHO DPa3bsCHHTh yUallHMCs Ha omnpejie/ieHHOM JTane
obyueHust.) '
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O6o3nauum 6ykBoit C MHOMXECTBO Beex LeJIbIX YHCes:

C={ =5 —4, —8 —2,—1,0,1,2 3 4 5,..)

Kak Buano, Muoxectso N umeer nepBoe (HaMMeHbllee) yucso (1), Ho He
HMeeT mociaenHero (Hauboablero) umcaa. Muoxectso C HE HMeeT HM mep-
BOro, HH TOCJEHEro Yucha (B 3aMHCH MHOXKecTBa C Mbi ABaXfibl MPUMEHH-
JH 3HEK «..»). .

O6oznauenuamuy N u C 6yleM mosb3oBaThes B LanbHeHIllleM, NMOHUMas
Be3Jle MOJ HHMH COOTBETCTBEHHO MHOXECTBO HaTypPaJbHBIX M MHOXECTBO
HENBbIX gHCel.

Lns o6osnaueHus oTHomeHus BKJIIOYEHHS] IPUMEHHM 3HaK « C ».

3amuiKuTe ¢ MOMOMBIO 3TOrO 3HAKA W 6yks N u C BHICKasbIBaHHe «MHO-
J€CTBO HATyPalbHBIX YMCeNl BKJIOUAETCH B MHOXECTBO WENBbIX YHCEN».

03.1. BaxHo pasbscHUTD PasjuyHe MeXAy OTHOIICHHSMHU
NPUHAJNEXKHOCTH O06beKTa K MHOXeCTBY ( €) U BKIIOUeHHS
OHOTO MHOXeCTBa B apyroe (=), YTOGH ydauigecst He myTaJu
3HAKH «€» U «CI», NOXOXKHe 110 ‘HayepTaHHUIo.

Crnesa oT 3sHaka «€» cTouT HasBaHHe TMpeaMeTa, CMpaBa — Ha3BaHue
MHOXECTBA, 3/IEMEHTOM KOTOPOIO siBJIfeTcs (amu  He sBagercst) aToT
npenmer. Tak, uampumep, le N, 2 ¢ N — uctunnble BBICKa3HIBAHUsS, Tak Kak
1 v 2 peficTBHTeMBHO IPHHALNEKAT MHOXKECTBY HATYPAJbHBIX uynces; —3e N,
—5€ N — noxubie BLICKA3blBaHMSAl, TaK Kak —3 u —5 me sBasIOTCH HaTy-
PaJbHBIMH 4HcAaMu; «Ne C» — BeceMbicentoe BBIDAXKEHHE, TaK KaK B HeM

cleBa OT Hero, a HasBaHHe MHOXeCTBa — cnpaBa, W60 oH 0603HauaeT OTHO-
IIeHHE MpeMeTa K MHOXKecTBY.!

Cpenn samucauubix HUXKe BLIpaXKEeHUH yKaxXuTe Te, KOTOpHe a) o6ozHa-
Ual0T HCTHHHOe BBICKa3BIBaHHe, 6) 0603HAYAIOT JIOKHOE  BBICKasbiBaHHe,
8) TpeicTaBASIOT coboi GeccMBICIeHHOE BhIpakeHHe:

5eN, —TeN, 3¢C, —5¢C, 2¢6, Ce—7, 15¢C
CeN, —10eN, Ne5, —9eN, —9¢C, 0eC, —IeN.

04. BeccMbicleHHEIM GyleT TaKxe Bblpaxkenne 1CN, Tak Kak B Hem
HETIDABHIILHO MPHMEHEH 3HAK «C»? KOTOPHI# MOXKer CTaBUTBCA TOJNBKO MeX[y
HA3BAHHAMH JIBYX MHOXKECTB, a He MeXJy HasBaHHAMH ‘TIpeiMeTa M MHO-
KecTBa, Bhpaxenue ke {l}) CN —ncTnunoe BbickaspiBatme -

bl YXe 3HaeM, 4T0 BhicKasbiBanme NCC HCTHHHO, Byner am Ttakxke

HCTUHHLIM ¥ BhicKasbiBanne CCN, T. e, EkmouaeTcs Ju H MHOXecTBO C
B MHOXecTBO N?

Tax xax MHoXecTBo C He BRmMoOuaeTcs B MHOXKecTBO N, Mbl 3To 3anumem

/ /
TaK: «C/CJN» (nepeuepkuBaeM suak BKJIIOYeHHs) . BhlckasbiBanne «CCN»
(«MHOXKecTBO C He BKMOuaeTcs B MHOXecTBO N») wuctunno. Oxo smasercs

«He» TiepeJ] CKasyeMbIM.
OGpasyiite oTpunaHue BHckasmpanus N CC. 3anumute ero ¢ momompio
3HaKa BKmouenus. Kakum 6ymer sto BBICKA3bIBAHHE, UCTUHHBIM HJH JIOKHBIM?
Takum 06pasom, ecan BhicKasbiBaume HCTHHHO, €ro OTpHUAHHe JOXHO,
€CIN 3Ke BbICKasblBaHHe JIOXKHO, €r0 OTPHNAHHe HCTHHHO, .

1 PasyMeeTcs{. H MHOXECTBO MOXeT ObITh 3JIEMEHTOM APyroro MHOXeCT-
¢
Bd, HO MBI Takue Cllyyau He paccMaTpHBaeM.
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05. Tak KaK MHOXecTBo N BKJIOUaeTCss B MHOXKECTBO C, To ueM fBJSA-
eTc MHoXkecTBo N ans Muoxectsa c»

Ornomenue mMuoxects N u C MoXeT H306paxaThCsl C MOMOIIBIO HalJAl-
4ol cxembl. [ls 3Toro mpeicTaBjiseM Kaxjoe W3 MHOXKECTS N u C c noso=
{Ibl0 MHOXKECTBA TOUEK HEKOToporo Kpyra. Kpyr, nsofpaxaiouuii MHOMXECT-
s0 N, HazoseM kpyrom N, a KpyT, usobpaxaiomuit MHoxecrso C, HasopeM
KpyroM )

Kak HOJXKHBI ObITh PacClONOXKeHB 3TH KpyrH, uToGLl OHH TPaBHJIBHO H30-
6pa3uy OTHOIIEHHe MeX]y MHOMXECTBAMHU Nu

Kakoe MHOXecTBO uncesJ H306paxaercs Toit uacthio kpyra C, Koropas
4axoLuTCs BHe Kpyra N? ‘

05.1. B ri1. 4 paccMaTpuBaercs BONPOC O neJiecoo6pasHoCTH
NpOBEACHUS C yUaIIHMHCS I—I11 kmaccos paGoTHl 1O onpenee-
HHIO OOIIMX W He OOINUX yacTedl reoMeTpHUECKHX ¢uryp, pasauu-
HBIM 06pPa30M PACIOJOXKEHHBIX Ha MJOEKOCTH.

B pesyJabraTe 3TOH NOArOTOBHTEJbHOH palboTHl, Yyualluecs
IV—V kiaccos yke Jerko Hafiyr uactb kpyra C, Haxopsuiyo-
cst BHe kpyra N.

06. TTycts N’ — MHOXECTBO BCEX OTPHUATEIBHBIX HHCET.
N={—1, —2, —3,..} '

06.1. MBI He TOBOPHM <«IeEJBIX OTpHIiaTeIbHEIX» MOTOMY, UTO
MHOKECTBO LeJbIX UHcesJ — YHHBepcaJbHOe MHOXKECTBO Ha 3TOM
sTane, yyalilHecsl APYTHX YHCeJ He 3HAIOT.

Hwmeer au MecTo pasenctBo NUN/ = C, T. e. COCTaBJseT JH o6beauHe-
e MHOMECTBA HATYPANbHBIX UHCEJ H MHOXKeCTBA OTPHUATEJIBHBIX qHces
muoxecTBo C BCeX LEJBIX UHCea?

s kakux UMce] COCTOMT JomojiHenue MuoxectBa N 1o MHoxkectsa C?

Tak KaK HaTypaJbHble YHCJa Mbl HA3BAIH TAKXKe MOJOXKHUTEND H b M H,
TO uHcJa, COCTABJSIONIHE JONOJHEHHe MHOXKECTBa N no MHoxectBa C MoOXeM
4a3BaTh HEMOMOXK HTeJdbHB MH, TaK KaK OHM He TPHHAMMERKAT MHO-
JECTBY NOJOXHTENbHbIX unces. Ho nonofnenHe MHOXKECTBA N 1o MHOXeCT-
Ba C, KAK MBI BBISCHHJH, COCTOMT M3 BCEX OTPHIATE/bHBIX UHCEN M HHCIA 0
W [O3TOMY HA3LIBAETCS MHOXECTBOM HEMOJOXKHTEJbH bl X uHCcel.

M3 Kakux 4HCeJ’' COCTOMT [OMOJHEeHHe MHOXKECTBA N’ 1o muoxectsa C?
Kak eme MOXHO Ha3BaTb MHOXECTBO, COCToslee H3 BCEX MOJMIOXK UTENbHBIX
yucen u uucaa 0?

07. MBl yXe sHaeM, 4TO MOJIOXHTEeJbHbIE HHCIA Goablie HyJs, a OTPHLA-
TeJlbHble — MEeHbLIe -HYJI.

KakuM MoXeT GBITh UHCJAO X, €C/IM M3BeCTHO, 4TO OHO HETIOJIOKHUTEIbHOE?

Mu noayuuan, uto-<x < 0 wan x = O». DTo 3amHchiBaeTcss KpaTKo Tak:
«X< O» ¥ UATAETCH «X MeHblle WAM paBHo (», 4TO PABHOCWIBHO <X HE MO-
JI0KHTEJLHO». : :

KakuM MoxeT ObITb YHCIO X, €CJH OHO neorpuuatenproe? Ilpeimoxe-
HHe «x >0 WiM X = O» 3aNHCHIBAIOT KpaTko «X > 0» W UHTAWOT «X Goaplie
UK paBHo O» HAH XKe, YTO TO XK€, «X He OTPHUATEILHO». :

08. Jlnsi oGo3Hauemwyss MHOMXECTBA YHCeNl X, OGNajalolHX HEKOTOPEIM
CBOHCTBOM P, MpHMeHHM CJeLyOmHH 3SHAK: «M[P]». Hanpumep, Mix> 0]

X X

0603HaYAET «MHOXKECTBO BCeX uucel (medbX), GoAbUIMX HYJs, T. €. MOJMOXKH-
TeNbHBIX». DTo MHOMKECTBO, KaK HM3BECTHO, €CTh MHOMECTBO BCeX HATypaib-
X umcen, T. e. M[x> 0]= N. Ananornuso, M{x <0] = N,

X

X
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3anuuuTte ¢ noMowWb BReEeHHOrO OBOSHAYEHHS MHOKECTBO BCex qHCedI,
aGCOMIOTHAS BE/IMUHHA KOTOPHX MeHblle 9. Tlepeuncaute Bce sements sroro
MHO3KeCTBa.

Kax nposepnts npunaptexuocts KaKOro-HHGYab uHCaa K MHOXKeCTBY
M[|x| < 2> Hano nopcraBuTs 310 HHCIO BMECTO X B MNpeAJioKeHHe «abco.
X

JIOTHAR BEJHYMHA 4MC/Aa X MeHblule 2», T. e, (x| <2, ecau.p pesyJabTare
STOH MOACTAaHOBKH MOMyuaeTcsi HCTHHHOe BBICKA3LIBAHHE, TO [aHHOE WYHCJIO

[0JyYaeTcsl JIOXKHOe BBEICKA3BIBAHHE, TO JaHHOe yYHCJIo He TpUHHALJEKUT JAaH-

HOMYy MHOxecTBy. Hanpumep, ecan nopcrasuts BMECTO X uucao —1, nody-
uaeM «|—I|< 2 T e wucruuHoe BLICKa3bIBAHHE («aGCOMIOTHAS BeJHuHNA
UHcHa —| MeHblue 2»), ecim e NOACTABUTD BMECTO X HHCIO —2, modyuyaeM

«| —2/ < 25, T. e. n0XHOE BBICKasbiBaHHe («aBCoMoTHAS BeJIMYMHA uHCJa
—2 Menbe 2», B peficTBUTeNBHOCTH e OHA paBHa 2).
[Tepeuncaute Bee snementsr MHOKecTa A M [1x=2], B = M[ix|<2].
X

MoxHO M mepeuncauTh Bce SAEMEHTBI MHOXKecTBa M[|x | > 2Jp
X
Hs ueTbipex mHoxecrs

Milx < 2], M{lx| < 2], Mijx| > 2), Mljx| > 2]

YK2XHTE Naphl NOMOMHSIOWMX ApyT APYra MHOXKECTB ¥ H306pasuTe 5TH MHO-
’KeCTBA C NOMOWBIO TOYEK Ha OIHON mpsAMoil.
09. Kakoe wMHOXecTBO uucen ABJISIETCA [IONOJIHEHHEM NI MHOMKECTBA:
a) M[x > 0] — nonoxureapasx YHCeI,

X

6) M{x > 0] — HeoTpuuaTebHLIX uHCed,
X

8) M [x < 0] — oTpunarespunx HCeJI,
X

2) Mx <0]— HEMOJIOXKHUTENbHBIX upces?
X

Hetpyano sameruts, wro CBOHCTBA, XapakTepusymluue jnpa LONOJHSA-
WHX APYT ApYra MHOXKECTBA, OTPHLAIOT OAHO npyroe. Hanpumep, csoiictso,

PaBHO 0», UTO PaBHOCHJIbHO NPENJIOKEeHUIO «YHCJO X He 6oJiblie O», T. €. OTpH-

Tlouemy Mmpr TOBOPHM 3/lech, 4TO mNpeAsioXeHHe <«UUCIO ¥ MeHblIEe HJIH
paBHO O» (x <) PABHOCHJIBHO MPEMIOKEHUI0 UHCIO X He 6oqbe O» (x1>0)?

Hnsi Besikoro wuena x UMEET MECTO OIMH H TOJbKO ONHH W3 ClIyyaesn:
X>0, um x = 0, wau x<0. Ecau x =0 uay ¥<0, 10 xP 0, u o6partHo,
ectd x B0, To x = 0 piy x<<0, T e x< 0.

Ecau Basthb KaKoe-HHOYb MOJOKHUTENbHOe HHCJIO, HanmpuMep wuucio 3,
TO OHO ofpaimaeT mepsoe mnpexoxenme {x > 0) B HCTHHHOe BLICKA3bIBaHHe
(3>0), a BTOpoe (x < 0) —B J0XHOe BRICKaspiBanne (3 < 0). Ecau xe
B3ATb KaKoe-HHOY[b YHCIO W3 JOmOJMHeHHs MHOKECTBA MOJOKHTEJNbHbIX Y-
C&JI, T. e. HEMOMOKHUTENbHOE, HanpuMep —3, T0 oHO ofpawaer nepBoe npes-
JIOKEHHE B JIOXKHOE . BHICKA3HIBAHMUe (—3>0), a BTOpOe, €ro oTpuuanue,
B HCTHHHOE BHICKa3biBaHMe. (—3 < 0 — uctunHOE BHICKa3bIBaHHe, MOTOMY 4TO
—3<0—HucTHHHOe BBICKA3bIBAHHE, a CJIOKHOE BHICKAa3biBaHHe «—3<0 uau
—3 = 0», o6pasoBannoe ¢ NOMOIIBIO COI03a «HJIH» MOHHMAETCH KaK HCTHHHOe,

A2HHOM CJIyyae HCTHHHO NePBOe W3 STHX BBICKa3bIBaHul: —3 << 0. Bricka-
3pIBaHHE 3< 0, T. e. 3< 0 yumy 3 — 0, m0xHO moTOMY, uTO JOKHL o6a BH-
CKasbiBaHHsi 3< 0 u 3 = (, COCJMHEHHEIR COI030M  «MJIH>».)

56 AN



10. ITycTe faHBl JBa MHOXECTBA:
A=M[x<0] u B=M[x>-—5]
X X

Ms Kakux uuCes COCTOHT OObelnHeHHe 3THX MHOMKECTB AUB? Kaxk nokasath, < -
yto J060e LeN0e UMCIO MPHHALIEKHT MHOXKECTBY AUB? Ecau B3siTh, Ha-
npuMep, uHCAO —8, TO OHO MpHHANIEKHT 3TOMY MHOXECTBY, TaK Kak MpH-
HaIJEeXHT MHOXKECTBY A (—8 < 0— ucrunHoe BeICKasbBaHue); uucio 30 npu-
HalJIeXXHT STOMYy MHOXeCTBY, TaK Kak OHO NpHHAJJIEXHT . MHOXKEeCTBY
B(30 > —b — ucruHHoe BHICKA3bIBaHHE); UMCAO —3 NpUHAJJIeRKHUT STOMY MHO-
KECTBY, TAK KaK MPHHALIEKHT H MHONKECTBY A u mHoxectBy B(—3 <0
i —3 > —b—o06a UCTHHHBIE BLICKa3bIBaHHA).

Ecnu B3fTb Temepb Ji060e YuCIO X, KAKHM OHO MOXET GBITb OTHOCHTEJb-
4o umcaa 0? EcJM OHO OTPHLATENBHO, TO OHO MDHHANLICKHT MHOXecTBy A,
a smauut u muoxectsy AUB. Ecin e OHO HEOTPHUATEILHO, TO KakuM OHO
6yjeT OTHOCHTEJBHO 4HHC/A —5? B asrToM cayuae KakoMy MHOXECTBy IpH-
WafJIeXKUT YHCAO X?

K kakoMmy BBIBOJY MBI NpULLIN?

Kak BbipasuTh CBOMCTBO, XapakTepHsyiollee mHoxectBo AUB wuepes
cBOliCTBa, XapaKTepH3YHOIlHe MHOXECTBA A u B?

Mer noayuaem AUB = Mlx <0 wiw x > —5].

X

B 5Toil 3aMHcH COI03 «HJIH» HMEET TaKOH CMBICIK: MPEIJIOKEHHE «x < 0 uau
x> — b» npeacrapaser coGoii HCTHHHOE BbICKaskBaHHe, KOTd XOTsi Gbl OJHO H3
npeanoxednt «x < 0», «x > —5», COEJIHEHHBIX COI0O30M «HJIH», NPECTaBJALT
co6ofi HCTHHHOE BHICKashBaHHE.

11. BosbMem Te ke MHoxectBa A u B, uTo H B yRpaXHEHHH 10. Us
kakux uncen cocrout nepeceuenne AN B atux MHoxecTB? MoxHO Ju mepe-
yHCaUTH BCe 3JeMeHTH MHoxecrBa A[l B? Uem oTianuaercs B STOM OTHOLIle-
unu MHoxecTBo ANB oT MHOXeECTBa AUB? ,

Kak BEIPa3UTh CBOCTBO, XapaKTepH3yiollee MHOXECTBO AnB, uepes
cBOICTBa, XapakTepH3YIOLIHE MHOXKECTBA Amun B?

M noayuaem ANB=M[x <0 n x> ~5].

X

Coloa «u», COeNHHSOWMH 1Ba NpeLIOKeHHs, HMEET caeyIOMHil CMBICT:
cnoxHoe mpenoxenue «x <0 u x> —5», o6pa3oBaHHOe C MOMOIIbI0 3TOTO
coi03a, mpejcTaBaseT cOGOH HCTHHHOE BbICKasblBaHue TOrAa H TOJBKO TOTAQ,
xorna o6a mpensoxerus «x < 0», «x > —5», coeJiUHEHHEIe ITHM COIO30M, Mpel-
CTaBAAIOT 000l HCTHHHBIE BHICKa3BIBAHHS.

Kaxkpoe us uncean —I1, —2, —3, —4 TNpuHALIEKUT mHoxectBy ANB.
TaK KaK ofpaiaer mpeioxenue «x <0 u x> —b5» B HCTHHHOe BBICKa3BIBAHHE.
Jlio6oe apyroe uucao He MPHHALICKUT STOMY muoxectBy. Hanpumep, uucio 0
He NMpHHAMJIEXHT 3TOMY MHOXKECTBY, w60 BrckasmBanne «0 <0 u 0> —5>
70JKHO, TaK Kak J0XHO BhickaseiBaHue «0 < 0»; umcio —6 He MpHHALJEKUT
3TOMY MHOXECTBY — BHICKasbIBaHHE «—6 < 0 u —6>—b» J0XKHO, TaK Kak
70MHO BHICKa3bBaHue «—6 > —5».

12. B Buje OGBLeIHHEHHS HJHM MepeceueHHs KaKuX MHOXKECTB MOXKHO
npeicraButh MHoXectBo: a) Mlx >0 u x <5} 6) Mlx>0nam x < 5}?

X X

Kakoe u3 JaHHBIX MHOMXECTB KOHEuHO?
13. Tiycte umeem M [x >—3 n x < 3]. Vs xakux umces COCTOMT 3TO MHO-
X L

XKeCcTBO?

CocTaBbTe BCEBO3MOMKHHE Maphl 3JeMEHTOB STOT0 MHOMECTBA (umeroTCs
B BUAly yNOpsSAOUEHHBI & Napel, T. € Ppa3lHiHbIMA GyayT cuHTaTbCs He,
toabKO napu Buaa (—2; 0), (—2 —1), (—1; 2), oTauuarpiluecs XoTs 6bl
ONHHM 5€MeHTOM, HO M Takhe napbl, Kak (—2; 0) u (0; —2), kotopele OT-
JHUAKOTCH TOMBLKO HOpsaKOM sjiementoB). CKOJbKO BCero nap NOJIyYHJIOCh?

Halilem Bce 5TH Napbl TEOMETPHYECKHM MyTeM, ¢ NMOMOILLbIO DEIIETKH, KO-
TOPYI Mul yXe yMeeM cTpouth. (PaHbllie Mbl CTPOHJH DEIIETKH IS KOHeu-
HEIX MHOMECTB HaTypa/IbHBIX YHCeJ H MPHUCBAUBAJH KaXIOMy Y31y pelleTKH
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TIO TOMy Ke TMPABWIY, 10 KOTOPOMY Ml 3aNHCHIBANH NBy3HauHble YHCJa € Mo-
MOwb nHP H3 AaHHOrO MHOXecTBa.)

1. Yuupepcanbuoe muoxecto — MHOXecTBO R pauHOHaIBHEIX Yuces

14. Beskoe a1 nenoe uneno ABJISETCA palMOHaIbHEIM? Besikoe sp parnHo-
HalbHOE YUCIO siBnsfeTcs medbiM? Kakoe ua ABYX MHOXecTB C M R BKmMoOuaeTcs
B Jipyroe, sB/AsieTCA MOAMHOXECTBOM Apyroro?

Takum o6pasom, oTHomenne MeXAy mHoxectBaMu C M R MoXHO 3amu-

/
caTb creaylowuM obpasom: «Cc R u R;C».

I/Iaol?/paswre STO OTHOWIEHHE C MOMOWbLIO KPyroB. JlomosHure 3Ty cxeMy
Kpyrom N, uso6paxalomuM MHOXKecTBo HATypa/lpHbIX yucel. Kakoe MHOMecT-
BO uMCen M30GpakaeTcs yacThio Kpyra R, pacnonoxentoii e Kpyra C?

m
MHOXeCTBO HecOKpPaTHMBIX Apobeilt —, rxe n+1 (1. e. He sBAAOWHXCS

n
LeJIbIMH YHCTaMu), o6o3Hayum — Dp.
Uto npeacraBiser coboit Muoxectso CUD,?
Hs kakux uwucea cocrout Aonojinenne MHoxecTBa C [0 MHOMecTBa ‘R?
H3 kakux uncen coctour AlonosHenne MHoXecTBa N [0 MHOMKecTRa R?

H [OMOKHUTE/BHBIX YHCEA C MOMOMBIO Kpyros C. u P, rue P — xpyr, usobpa-
KaoWHil MHOXECTBO MOMOMKHTeNbHEIX yHCed,

Uto mpeacraBiaser coGoil NepeceueHHe 3THX MHOXecTB: CAP  wam
M[xeC u xeP] unm e MlxeC w x > 0]?
X X

Kakoe MHoxecTBO unces 1306pakaeTcs uyacThio Kpyra P, pacnosoxen-
HO#l BHe Kpyra C; uactbio Kpyra C, pacnonoxensoil Bhe Kpyra P; obuwei
YacTbl0 3THX KpPyros? : .

16. H3obpasute oTnomenue MEXAY MHOMECTBAMH LEJBIX M OTPHUATED-
HBIX YHCeN C moMowpio Kpyroe C u O, rae O —xpyr, U306paxaomui Muo-
2KECTBO OTPHIATENbHBIX YHCel,

Yro mpeactasaser co6oii 1o OTHOLICHHIO K 3THM MHOMXECTBAM MHOMKECT-
Bo MlxeCu x < O] Kakas 06JacTh Ha cxeMe u300paxaeT 3To MHOMKECTBO?

% .

Kakoe MuomecTBo uncen H306paxaerca yacTelo Kpyra O, pacnosoxeHHol BHe
xpyra C? vactsio Kpyra C, pacrnonoxexHo#t BHe kpyra O?
17. Mycte A = M[|x] <2}, 1. e. A— MHOXecTBO BCeX (pamMoHa/bHHIX)
x .

qucesa, aéCOJIlOTHaﬂ Be&JIHYHHA KOTOPBIX MeHbile 2. Kaxkoe H3 CIEeAYIOUUX BhI-
‘CKasblBaHH# HCTHHHO: i .

. . 5
Ocd, —leA, 24, l1e4, _2—614, TGA?

B KakoM orHowennn wuaxonmres MHOXKeCTBO A u MHoXecTBo B =
= MI[|x|<2]? . :
X

IMepeunciure Bee snmeMenTh AOTNONHEHUs MHOXecTBa A 0 MHOkecTBa B.
18. B KakoM oTHOweHuH HaxoaaTCs MHOMXKeCTBa:

a) M [xeNu x<5] un M[xeC u x < 5];
X X

6) M [xeN u x>5]uM[xeCnx>5];
X X

M [xeC u x > 5] u M[x > 5],
X X
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2) MxeC u |x|<2] n Milx| <2
9) MxeC u x| =2]'n M_[l.xl =2]?

19." BpificHHTe OTHOUIEHHE MEXIY KamABIMH JBYMs H3 TpeX MHOXeCTB:

A — MxeC n x< 5], B=M[xeN u x <5] u E=M[x <5
x ) : x x .

Nso6pasnTte 3TH UHCJOBbie MHOMKECTBA C [OMOLIbI0 TOUeK MPSIMOiL.
20. B KaKoM OTHOIIGHMH HAXOASATCA MHOMECTBA

M{x < 2] u M[lx| <1]?

Hatinute -o6beanHéHHe M Nepecederne STHX muoxects, Msobpasute 3TH MHO-
KeCcTBA C TOMOLIBIO TOUEK NpsMOH. .

21. MB y®e 3HaeM, UTO pelieTKH, KOTOpBI€ paHbllle CTPOHJH AJISt HEKO-
TopHIX KOHEUHBIX MHOMKECTB HATypajbHbIX HJIM LeJBIX UHCeJ, MOJNyYeHBl B pe-
syJbTaTe MpHMeHeHHs MeTOAAd KOOPMHHAT, a MMeHHO:

rOpH30HTaJbHAs OCh — OCb a6cuuce,

BEpPTHKaMbHAs OCb — OCb OPAHMHAT,

ynopsioyeHHas napa dHcel, COOTBETCTBYIOLIAs Y3Jy PelIeTKH,— a6cnucea
¥ opauHara (KOOpAHMHATBl TOUKH HaH  y3Jia).

[Mofo6Hble pelleTKH Ha3oBeM KOOPAMHATHBIMH.

Muoxectsy N Bcex HaTypalbHBIX HUHCEN cooTBeTCTByeT OecKoHeyHas Ko-
OpAMHAaTHAs pelleTKa, pacnoloXeHHas B MepBOM KOOPAHHATHOM Yriy, Y3Jbl
KOTOpO#l CyTh TOUKM C HaTypaJbHBHIMH KOOp AMHATaMH.

Uro npencrasister coGoff KOOpAMHATHASA pellleTKa, COOTBETCTBYlOWAS
muoXectBy C?

Uso6pasuTe KoHeUHbl# y4acTOK aTOll peleTKH (HampHMmep, A MHOXeECT-
pa umcen A={—3, —2, —1, 0, 1, 2, 3}).

OTMeTbTe Ha 3TOM YydacTKe pelIETKH y3Jbl:

a) KOOPAMHATH KOTOPBIX DABHEI MexkAy coGoft miM, 4To TO XKe, Haiaure
M[xeA n yeA n x=y], T. e <MHOXECTBO BCeX Nap UHCel (x, y) u3 4,
x,y : . -
TaKHX, UTO X = Y»;

6) abcuucca KOTOPHIX MeHbIIE OPAMHATH Mxed u yeA ¥ x<yl;

(%, y)
B) abcuucca KOTOPHIX Gosblie OpAHHATHI (M f:,ceA n yed u x>y].
x,y)

Kak BHIISAHT KOODAHHATHAsS pellleTKa, COOTBETCTBYIOULas MHOXKECTBY R?
Moo JH H306pasHTh Bce Y3/bl KOHEUHOro ydacTka sTolt peieTku? Beaen-
cTBHe KaKoro cBOfiCTBA MHOXecTBa R 3To MPAaKTHUECKH HeoCylIECTBHMO?

111. YuuBepcanbHoe MHOXECTBO — MHOKECTBO D BeleCTBeHHBIX YHCeEJ

22. Begkoe JM  palHoHajJbHOE 4HéNIo — BellecTBeHHoe? Besikoe JH  Be-
LIeCTBEHHOE yucao — panMonaibhoe? Kakoe Ha  ABYX muoxects R u D
ABAsieTCs TOAMHOXKECTBOM Apyroro? Kak aanucaTb OTHOIIEHHE MeXJy 3THMH
JIBYMsI MHOXeCTBaMH

/
-~ (RSDuDGR)?

W3o6paszuTe 3TO OTHOlIEHHe C MOMOLILIO kpyros. [onoausiite STy CcXeMy
kpyramu C u N. ’

KaKoe MHOMecTBO HHcel HM3ofpaxaercs 4acTbio Kpyra D, pacnonoxex-
Holt BHe Kpyra R?
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O603HauUM MHOXKECTBO HpPpPANHOHAbHBIX uUCEN Gyksoit /. Uto npemcrap-
afeT cobolt MHOXKeCTBO RUI?

Hro mpencrasaseT co6oii JONOJMHEHHe MHOKECTBA R 1o muoxecTBa D,
MuoxectBa C o MHoxectBa D, MHowkecTa'! g0 MHOXecTBa D, MHOXeCT-
Ba N 10 MHOxecTBa D?

23. Hso6pasuTe ¢ noMowplo KPYrOB OTHOLIEHHS] MEeXAY MHOXKEeCTBaMH:

a) UEJBIX, PALHOHA/bHBIX, MOJOXKHTENBHBIX H BElLeCTBOHHLX" upcel,

6) HATYPaJbHBIX, OTPHNATENBHBIX, PANHOHAIBHBIX M BEIECTBEHHBIX UMCEJ..

WHorna ya1o6HO u306pasuTh 3TH OTHOWeHHS, NPeACTaB/AA MHOXECTBA He
¢ TOMOWPBIO KPYrOB, a C MOMOWBIO MHOXECTB TOUEK MPOH3BOAbHbIX 3aMKHY-
TBIX (HTYP, PACMNOJNOKEHHBIX BHYTpPH HEKOTOPOTO MPSAMOYrOJbHHKA, MHOMKECT-
BO TOuEK KOTOPOro H306paxaer HauGojiee «IIHPOKOE» MHOMKECTEO 0GLEKTOB,,
H3yYdeMOE HAMH M HA3HIBAGMOE Y HHUBEPCAMALHBIM MHOXECTBOM,

BLISCHHM, B KakoM cMbicie Mbl 3flech MpHMeHsieM C/IOBO  «LIHPOKOE,
MHOXKecTBO BelieCTBeHHBIX uHCes SBASeTCH HanBoee UIHPOKHM MHOXKEeCTBOM

UHCEJ, KOTOpoe Mbl 3HaeM, B ToM
CMBIC/IE, YTO BCe APYyrHe H3BECTHHIE
HaM UHCJIOBEIE MHOXeCTBa SHBJSIOTCH
€ro0 moAMHOXecTBaMH. Tak KaK MHO-

XECTBO BeleCTBEHHBIX wHcesn cojlep-

KHT BCe uHC/Ja (KOTOphie MEI 3HaeM),

OHO SIBJISETCS JJI1 HAC YHHBEpPCaJbHBIM

HHCJIOBBIM MHOXecTBOM. (Jlo Toro, kak
*  BBEJH HPPAUHOHAMbHBIE UHCHAA, YHHBEp-
Ca/JIbHBIM HYHCJIOBBIM MHOXKECTBOM OBLIO

MHOXECTBO pANMOHAJBHBIX uHCEd, [0

BBEJEHHS 1poGeli — MHOMECTBO MeJbIx

UHCEJ, 4 110 BBENleHHs] OTPHLATEJbHBIX

UHCEJI — MHOXECTBO HATypPajbHBIX YH-

cetL)

CxeMy oTHowenuf Mexly MuoxectBamu N, C, R, D MoxHo u306pasuThL
TaK, KaK MOKasaHo Ha puc, 5.

OtTaenuTe Ha 3Toll cxeme 06./1aCTh, H306PaXKa0WyI0 MHOKECTBO MO0 I-
- TeJbHHIX uncea (P),

YKamute Ha cxeMe, Kakas 06n1acTh H306paxaer:

a) MHOXeCTBO IeJhix OTPHIATeNbHBIX wuHCe;

6) MHoxecTBo TOJIOKHTELHEIX HPPAUHOHANBHEIX UHCe:

B) MHOXECTBO PallMOHA/IbHDIX OTPHUIATeJbHLIX YHce.

Koria MB roBopum «iesste OTPHUATEIIBHLIE UHC/Ia», HMEEM B BHLy MHO-
KECTBO BCex uMcCes, KOTOPHE SBJASIOTCS OHOBPEMEHHO LENHIMH H OTpHIa-
TCJABHBIMH, T. e. M [xeC m * < 0], MHOXeECTBO NOMOKHTENBHBIX uppanuo-

Puc. 5.

X
HAILHBIX wucen — M[x >0 W xe /], MHOXECTBO pPalHOHaNbLHBIX OTPHIIATEIh-
X

HEIX wucen — M [xeR W x < 0).

24. B xakoM oOTHOweHuH HAaXOMATCA CJENYIOWHE MHOMXKECTRA:
- Ay =M [xeN n |x] < 3;
x

Ay =M [xeC n 2] < 3];
X
A3 =M [xeR W |x| < 3]
X
Ag= M [x < 3]. (3necs, pasymeercs, u xeD.)
X

Wsobpasute st MuomecTa TIOMOILIbIO TOYEK MpsSMOiL,
Kakue u3 sTux Muoxecrs KOHEUHbl, KakHe GecKOHeuHp?
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25. Mel paccMaTpuBaeM KOHEHUHBIE H GeckoHeuHble MHoXecTBa. MHoXecT-
sa N, C, R, D — GecKoHeuHbIE. MpoxKecTBO [eJuTesell NaHHOTO 4HCJa — KO-
HeuHoe. B mpejblAylieM NpHMEpe Ar n Ap — KoHeuHble MHOXeCTBA, As H Asr—.
HecKOHeUHbIe. "

KoneuHoe MHOXECTBO MOXET conep¥aTh, Gosblioe HIH He6oJbIIOE YHCIO
snemenToB. Hanpumep, A1 COAepXMT JHIIL ABA smementa: 1 u 2. Ecau u3
MHOKeCTBA, COAEpKAUlero [Ba 3JeMeHTa, YAAJHTh OIHH 3JIeMEeHT, TO OCTaB-
[IHiicsl BJEMEeHT yXKe He COCTABJISIeT MHOXECTBO B 06LIMHOM CMbICJIe 3TOTO
ciaoBa. TeM GoJsee, ecli HET HH OJIHOTO sleMeHTa, Mbl CUMTaeM OOLIUHO, UTO
HeT HUKAKOro MHOXeCTBa.

[okaxeM cefiuac, uTO HEKOTOpOe pacliipeHHe HAIIEro MOHSITHS MHO-
ecTBa BecbMa yA0GHO.

Bosbmem apa muosecrsa: A = M[xeC u x> 2] =(3, 4, 5,6,..) u B=

X

= M[xeC u x<3]=(3,2, 1,0, — 1,...}.
X

HaiizeM Hx mnepeceueHue ANB={3}. B pesynbrate 3TOH onepanuu noxay-
qHIOCh ONHO UHCAO (3); HO Mbl 3HaeM, 4TO MepeceveHHe ABYX MHOKeCTB
eCTh MHOXKECTBO. DTOT NpHMep MOKasbiBaeT HaM 11eJ1ec006pa3HOCTb PaCIIH-
peHHsl TMOHATHSI «MHOXKeCTBO», BKJiouasi B HErO M MHOMECTBO, COCTOslliee H3
ONHOTO 5JeMeHTa, KOTOpoe Mbl HasoseM € LHHHYHBIM MHOXECTBOM.

BosbMem apyrofi mpumep. [1ycts A =M[xeCux>2u B=M [xeC u

p p

x < 2]

Haijigure nepeceueHue 3THX MHOXECTB. ANB He cofepXKHT HH OJHOIO 3Je-
verta. Ho ANB- No ONpefeleHHI0 €CThb MHOMXECTBO H, Kak BMHO, Mbl 3a-
paHee He MOMKeM 3HATh, GeckOHeUHOe JU 5TO MHOMKECTBO HJIM KOHEUHOE, 2 eCJIH
OHO KOHEeuHOe, TO CKOJbKO COJAEePXKHT 3JIEMEHTOB U Boo6ile COREPXKHT JIH OHO
9JIEMEHTHI.

[MosTOMY BCTpeyaloTCsl CJAyYaH, KOria Ham MPUXOJMTCS PACCMATPHBATD
i MHOXeCTBO, HE cOfepainlee HH OXHOTO 3SJEMEHT3, KOTOpPO€ HasBBawT
mycTHM H 0003HaUAOT 3HAKOM «QD». : :

Feiu IBa MHOXKeCTBA He HMEOT HH OJHOTO ofutero 3JeMeHTa, TO HX
NMepeceueHHe ecTh [ycTOe MHOMKECTBO H OHH HasbiBatloTcsl HelepeceKalo-
muMucs Tak, HanmpuMep, OTHOIICHHE ‘Mexly MHOMecTBaMH R u I moxer
6LiTb 3aMMCaHO CJAefYIOLIHM o6pasom: «RUI'=D u RNI= O».

VKamuTe elle Mapbl YHCIOBBIX MHOXKeECTB, HaXONALWXcs B aHaJIOTHYHOM
oTHOWeHHH. Ecau 2Ke NepeceyeHHe [BYX MHOMKECTB HE nycro, T. €. 3TH MHO-
WecTpa HMeoT OGllHe 3JEeMEHThl, TO OHH Ha3bBAIOTCA nepecek aiwLlH-
MHC . .

Haiinure mnepeceueHHss CJEAYIOLIMX MHOXKECTB:

ay M[x>0] un Mlx < 0),

X

X B
6) M{x>0] u M [x<0} Kakne u3 STUX Nap MHOXKECTB nepecekawoumuecs,
X X

a® Kakue HemepeceKawoLlHecs?

.26, M3o6paxasi MHOXKECTBO palHOHAJbHLIX yHceJ C TMOMOIIBIO TOYEK Mps-
MO, KaX/A0MY PallHOHATbHOMY YHCTY COMOCTABJIAeM TOUKY MpsIMOH., DTH TOUKH
HasbiBAeM PAlHOHAJLHBIMI. ’

B KakoM OTHOIJeHHH HaXOXHTCSl MHOMKECTBO palHOHAJbHBIX TOUEK npsiMoH
¢ MHOMKECTBOM BCeX TOUeK MpAMOW?

Mbl yKe 3HaeM, UTQ KOODAHHATHAs peleTKa, COOTBETCTBYIOLLASA MHOXe-
cTBy R, OueHb TycTa, T. €. Y3Jbl 5TOH pewieTKH (TOUKM TUIOCKOCTH € pauuo-
HaJlbHBIMH KOOpPAMHATAMH) OUeHb Gau3KH APYT ApYry. MMeeT Ju CMBICT roBO-
pUTh 3Jech euie 0O «peizetKe»? He siBasercs JH Kax/jaasi TOYKa ILIOCKOCTH €¢
y370M?

O6pa3syeT JH MHOMXECTBO TOUYEK MJIOCKOCTH ¢ BellleCTBeHHBIMH KOOpAMHATA-
MH «pelIeTKy» HJH e MOKPbIBaeT MOJHOCTHIO MLJIOCKOCTB? -
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27. Tak Kak npw 3amaHHON CHCTeMe KOOpAMHAT KaxAo#l ynopsaoyeHHoi
flape BeuleCTBEHHBIX YHCEN (X, y) COOTBETCTBYeT ompefeseHHas €HHCTBEH-
Hafg ToYKa IVIOCKOCTH (C abCIHCCOl X H OPIHHATON y) M, 06paTHO, KakAOik
TOYKEe IUIOCKOCTH COOTBETCTBYET ONpefeeHHas H eqWHCTBeHHas ynopsifoyeH-
Hag napa BeINeCTBEHHBIX YHCEM, MB MOMEM, YVUHTHBAS 5T0 COOTBETCTBHE,
HasblBATb Tapy BeIeCTBEHHBIX 4HHCed (X, y) — TouKofl (x, y) naockocth,
@ MHOXECTBO Map BEueCTBEHHHIX 4HCEJ, yAOBJETBOPSIOLIHX HeKoTopoMy oT-
HouleHHio K }M [*Kyl),— mHomecTBOM Todex IJIOCKOCTH,  YAOBJIETBOPSIOLIHX

Bad } - -
3TOMY OTHOLIEHHIO. : y :
Hanpumep, M) [* = y] — MHOXecTBO Touek miocKoeTH c PaBHBIMH Koop-
%Y,

S
Aunaramu. Hso6pasute 3To MHOMeCTBo Touek. Moen JH Mbl H306pasHThb
BCe 3T0 MHOXecTBO? I'padHK Kako#lt YHKUMH Mbl MNOJMYYHM? .
Hsobpasute muoxkecTBa Toyexk: M [x=—y], M[x=2y4), M [x=—24].
(%,y) %y) . (xy)
YTo npenctaBasioT cofoft MHOMECTBA TOYEK:

Mix<yl, Mlx<y], M[x>y], M[x>y]?
(x,y) (%,y) (x,y) (xy)

28. CpaBHHTe cJaenyoLlBe "MHOKECTBa TOYEK NJOCKOCTH:
ay M 5x <yl

6) M[xeR u yeR n x < y);
(x,y)
8 MixeC u yeCu x < y].
(x.y) 4
B kakom OTHOLIEHHH HaxoAfaTcs Kaxaple ABa H3 3THX Tpex MHOXeCTB?

29. Uro npencrasasier co6oii Clelyiojilee MHOXKECTBO TOYeK MJIOCKOCTH:
a) M{x<1luy<l
(x,y)

0) Mix<lmy<l];
(%:y)

O Mx>1luy>1);
(x.y)

Mx>1uny>Ip
(%y)
30. Hajigute nepeceuesne CIeNYIOLIHX MHOMXKECTB TOYEK MJIOCKOCTH:

a) My=x?] u M[y=1];
(x,y) . (x,y)

6) Mx2 4 y2= 11 u M[y=x].
(x,y) (x,y)

[Tepevens ynpaxuenui (1—30) He sBasercs, pasymeercs,
HCUEPNLIBAIOWIHM, HO OH COJEPKHUT HAaHGOJEe BAMKHBIE THIIEL
YOPaxKHEHHA TeOPETHKO-MHOXKECTBEHHOTO Xapakrepa, KOTOphle
HEOGXOHMO pellaTh HAa MaTepHaJe YYEHHS O UHCse

Trasa 4. Tipumenenwe u nanbHeiiwee pacwHpeHdHe TeopeTHKoO-
MHOXECTBEHHBIX 'MOHSTHA B Kypce reoMerpuu

Napannensro ¢ dpopmuposanuenm u NpHMEHEHHEM TEeOpPEeTHKO-
MHOXECTBEHHBIX NOHSATHA B yUEHHH O UHCJE HEOGXOMHMO HCHOMb-
30BATh HMEIOLIHeCs] B Kypce TeOMETPHH IMHPOKHE BO3MOMKHOCTH
NPUMEHEHHS H AaJjbHefllero pacillApeHHst STHX MOHSITHI
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Mbi paccMOTPHM TPH OCHOBHBHIX HampaB/ieHHs Da3BHUTHS TeEO-
PEeTHKO-MHOXECTBEHHBIX H/eH B Kypce reOMETPHH.

[lepBoe HampaBJ/eHHE CB3aHO C TPAKTOBKOM reoMeTpUYeCKeH
(HryPHl - KAK MHOXECTBA TOYEK, BTOPOE — C IOHSTHEM TEOMET-
prueckoro npeoGpasoBaHHs, TPeTbe — C Pa3bACHEHHEM OTHOILE-
HHA Mex]y PAa3NHYHBIMH MHOMeCTBaMH (KJ1aCCaMH) FeOMEeTpH-
yeCKHX (HTYp H HX NPHMEHEHHEM K aHAJH3y OHJJIOTHCTHYECKHX
VMO3aKJ/IIOUeHHH, H3 KOTOPHIX CTPOSATCS 10Ka3aTeNbCTBA TEOMET-
PHYECKHX TEOpeM.

§ 1. IIpumeHeHue OJIHOA H TOH XKe TeOPETHKO-MHOXECT BEHHOH
KOHIETIHH KAK B YYEHHH O YHC/IE, TaK U B TEOMETPHH COJH-
KaeT 3TH 06JacTH H YCTPaHSET H30JSUHMIO FeOMETPHH B IUKOJb-
HOM OGYuYeHHH: Haj YHCJOBBHIMH MHOXECTBaMH H Hajl MHOXECT-
BAMH TOYEK (reOMETPHUECKHMH (HIypaMH) BHIIOJHSEM OJHH H T€
ke omepanuH. Ycxons u3 HeGOJBIIOTO 4YHCJAa TEOMETPHUECKHX
(uryp, paccMaTpHBAa€MBIX KaK MHOXECTBA TOUEK, IyTeM 06%-
eIMHEHHS M IePeceueHHs STHX MHOXKECTB TNoJyyaeM GoJbluoe
pasHoO6pa3ne HOBHIX eOMETPHYECKHX (HTYP. PaGora c reomer-
pHUECKHMH (HIYPaMH, KaK CO MHOXKECTBAMH TOUYEK, BHO HEJO-
OLlEHHBAETCSl YCTAHOBUBLUEACSI METONMKOA ' NpernojaBaHusl. dra
pa6oTa IOMHOCTBIO OTCYTCTBYET B HayasbHHIX K/accax, rie oHa
0cOGEHHO HyXHa MJisl MOATOTOBKH yYallHXCs K H3Y4€HHIO CHCTE-
MaTHUECKOro Kypca reoMeTpuu. K sToMy Bompocy Mbl elle BO3-
BpaTHMCs BO BTOPOfi YacTH B CBsI3H C PacCMOTpEHHEM Boiipoca -
0 pPa3NHYHBIX YPOBHSAX B OOYYEHHH T€OMETPHH.

3jech MpHBeAEM JHIIb HECKOJbKO THIIOB yNPaXKHeHHH, KOTO-
pHie Teieco06pasHo pewarh ¢ yyalluMHCS HaYaJbHEIX KJaccos,
IpH 3TOM NpEAIOoJaraeM, YTo OHH PaclO3HAIOT IO ¢dopMe KpJyT,
TPEYroNbHUK, KBAAPaT, NPSIMOYTOJIbHHK, napaJjienorpaMm, poMo,
3HAIOT, YTO 3HAYHT TOYKA JIEXKHT <BHYTPH» H <«BHe» (UIypHL.
(MlHTepecHbIfi SKCIIEDHMEHT IO I1epBOHAYaJbHOMY O3HAKOMJE-
Hmo yuammuxcss 1—III KnaccoB ¢ 3THMH H APYTHMH F€OMETpHYE-
CKHMH TOHSITHSIMH TPOBOJHTCS yX€ B T€YeHHe HECKOJbKHX JET
A. M. IInwkaJo.)

01. Haueprure KBaipaT. HayeprhTe BHYTPH ero ellle OIHH (MeHbLIHT)Y
KBajpar.

OrMeTbTe KaKyo-HHOyAb TOUKYy BHYTPH MeHblIEro KBaapara. Kak ona
JeHT OTHOCHTENLHO GOoJblIero KBajgpara (BHYTPH HJH BHe ero)?

OTMeTbTe KaKyi0-HHOYAb TOUKY BHe GOJbLIEro KBappara. Kak ona pacmoJo-
eHa OTHOCHTeJbHO MeHbllero Ksaapara? :

Henp3si JH HafiTH Takyio TOUKy, KoTOpas Jjexala 6bi BHYTPH MeHbLIEro
KBajapara, HO BHe GOJIbLIET0? '

Henp3si nM HafiTH ‘PaKyio TOYKY, KOTOpas Jjexana 6bl BHYTPH 6OJbLIETO
KBajpatra, HO BHe MeHbLIero?

OTMeTbTe TaKyio TOYKY.

02. HayepruTe 1Ba KakKHX-HHGyIb KBajpaTa, OIMH MOMHOCTLIO BHe JApY-
roro.

OrMeTpTe TOUKy, Jexallyio BHYTPH nepsoro (OfHH H3 KBajpaTos HAa30-
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BEM MEpBbIM, a APyroif — BTOPLIM) H BHe BTOPOro, OTMeETbTE TOYKY, Jekailyio
BHYTPH BTOPOro Keaipara. Kak oHa pacnoJioxeHa OTHOCHTENLHO MepBOro?

CylecTByeT JM TOYKa, Jexalasi BHyTPH OGOHX KBaApaTOB?

03. HauepTuTe QBa KBaApaTa TaK; 4TOOB GHUIM TOYKH, Jexallue BHYTpPH
06OHX KBAJPAaTOB, TOUKY, JeXKallHe BHYTPH NEPBOTO, HO BHe BTOPOrO, H TOUKH,
Jlexalue BHYTPH BTOPOTO, HO BHE TMepBOro. N )

3aKpachTe 4acTb MEPBOTO KBAAPATa, JEKALIYIO BHe BTOPOrO B KpacHI,
4acTb BTOPOro KBajipaTa, Jemallywo BHe MepBOro,— B CHHHH M OGIIYIO 4acThb
ABYX KBaJpaTOB — B 3IKeJTH{ I(BeT.

04. HauepTuTe ABa OAMHAKOBHIX Kpyra pajuycaMi B 6 cu TaK, 4TOObI
paccTosiHHe MexXAy MX IeHTPaMH paBHSJOCL 9 CAM.

O6osnaubTe omuH Kpyr OykBoit A, a mpyroi — Gyksoii 5.

Kak pacnosnoxeHH 3TH Kpyru?

OtMetbTe TOUKY:

a) Jnexawyoo BHyTpH Kpyra A u BHyTpu Kpyra b, -

6) sexamywo BHYTpu kpyra A, Ho BHe Kpyra b,

8) JNexalyl BHYTpH Kpyra 5 u BHe xpyra A;

2) Jexawyio BHe Xpyra A u BHe kpyra b.

04.1. TTocsie pemeHHs ynpaKHEHHH, NPHUBEIEHHBIX BO BTOpOH
TJaBe, B YaCTHOCTH TeX, B KOTOPBIX y4alllHecs 3HAKOMSITCS ¢ I10-
HATHAMH JONOJHEHHST MHOXECTBA, OOLeIHHEHHs U NepecedyeHHs

- MHOXKECTB, MOXKE€M pellaTb H Ha TEeOMETPHYECKOM MaTepuaJe
YNpaxKHEHHUS, 3aKPemydlollne NpeJCcTaBJEHHst yYallluxcs B 9TOH
obJacty.

05. B pesyabTaTe Kakoji Omepalui Hal MHOMKECTBAMH TOYeK Kpyros A
1 b noayuaercsi MHOXKeCTBO ToueK oGLuell 4acTH 3THX Kpyros? (MmetoTcs B BUAY
kpyrn A n B u3 ynpaxuenns 04.) )

Urto npexcraBasier co6oit o6beauHeHne AUB?

PackpacbTe: B KpacHHi 1BeT MHOXecTBo ANB, B ChHUl — goNoMHeHHe
MHoxkectBa ANL 10 MHokecTBa A, B KeNTHH — JONOJHEHHe MHOMKECTBA
ANB no wmHoxecTBa 5.

06. Haueptute nBa Xpyra A u B TaK, 4To6H Bce TOYKH Kpyra A nexany
BHYTPH Kpyra 5, HO He BCe TOUKH Kpyra 5 Jemajdn BHYTpH Kpyra A.

Kakoe u3 mByx MHOXKecTB TOYeK A n 5 BKIHOUYAETCH B apyroe? YKaxute
ZononHenne MHoxecTBa A g0 MHomectsa 5. UTo npexcTaBiasieT coGoil
B 3TOM ciyuae nepeceuenue A[15, ob6vemunennme A UB?

07. Haueptute aBa Kpyra A u 5 Tak, 4To6b w4acTb Kpyra A Jnexana
BHYTPH Kpyra b, a uacTb BHe ero. UTo npexcTaBiasieT OGO B 3TOM cllyude
nepecevetne A1 5? Uro mpeactasaser co6oii oGbenunenne AUB?

HaueptnTe mpsiMOYroNbHuK Tax, 4ToGm 06a Kpyra OKa3aJIiCb BHYTPH ero.

YKkaxure:

@) NOMONHEeHHEe MHOXecTBA A 10 MHOMKeCTBA TOueK NpPSIMOYrOJbHHKA;

6) nononHeHHe MHOMECTBA 5 10 MHOXECTBA TOYEK NMPSIMOYTOMLHHKA;

8) mHomosHeHne MHOKecTBa A(15 1O MHOXKeECTBAa TOYEK MPSMOYrOJbHHKE;

2) nmonostenue MuomectBa AUB 10 MHOXeCTBA TO4YeK NMpsiMOYTOJbHHKA.
(Hago crenaTh ueTbipe weprexa NpPSIMOYTOJbHHKA W BHYTPH €ro IBYX mepe-
CEKAIOWMXCSl KPYTOB M HA KaXIAOM 4epTexke 3aKpacuTb TpefyeMble AOMOJ-
HeHusl.)

08. MonycTum, 4TOo KakKOH-TO Kpyr A JIeXuT MOJHOCTbIO BHYTPH APYroro
kpyra B, a Kpyr 5 NOJHOCTbIO JNeXHT BHYTPH TPeThero Kpyra B. Urto MoxHO
CKa3aTb O pacnojioxKeHun KpyroB A u B?

Hauepture tpu xpyra A, B u B TaK, uTo6um kpyr A nexan BHYTPH Kpy-
ra b, a kpyr 5 — BHyTpn Kpyra B.

YkaxuTe IONONHeHHe MHOXKecTBa 5 10 MHOMecTBa B, mHOmecTBa A 10
MHOxkecTBa b5, g0 MHOXecTBa B.
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09. MonyctdM, yto Kpyr A JeXHT MOJHOCTLIO BHYTPH Kpyra b, a xpyr
_B nexHT moJHOCTLIO BHe Kpyrd B. UTo MOXHO CKasaTb, He IJA4s Ha 3TH Kpy-
TH, 0 pacnoJoXeHHd Kpyros A u B? : o

Haueptute Tpn Kpyra A, B u B taK, 4T0o6hl Kpyr A Jexas BHYTPH Kpyra
B, a xpyr b — BHe Kpyra B. :

10. Haueptute TpH Kpyra A, b u B rtaK, 4t06nl y HHX OblJia o6IMas 4acTh
H y KaxkHoro Kpyra OMJa 4acTb, Jexallas BHe JApPYrHX KpyroB. (MoxHO
NI0COBETOBATb yYalMMCSl HAYepTUTL paBHBle KPYrH pajHycoM; HampHMep,
B 4 cM, a HX LEHTPB PACMOJNOXHTL B BepLUIHHAX PABHOCTOPOHHETO TPeyroJb-
HHKa CTOpOHOH B 6 cM.)

3arotoBbre 4 TaKHX yepTexa. :

Vkaxute mMuoxectsa ANL, BNB, ANB. Uro Moxere cKasaTh 0 MHO-
wecrBax ANBS u BnA? BNB u Bnb? ANB u B A?

Hajignte MHOxectBo A (1 5, a 3aTeM fiepeceueHHe 3TOr0 MHOXKeCTBa
¢ MHoxecTBoM B, T. e. mHoxectBo (A (1 5)NB. 3akpacbTe 3TO MHOXeCTBO
Ha OJHOM H3 BalIHX yepTexefl B KpacCHbifi lBeT.

Haiigute MHOXecTBo 5B, a 3atem nepecedyeHHe MHOxeCTBA A ¢ 3THM
MHOMKECTBOM, T, e. MuoxectBo A (BNB). Packpacore (#a BropoM Hep-
Tee) 3TO MHOMKECTBO B CHHHH IiBeT. .

CpaBHHTe 3aKpalleHHBle MHOXKeCTBa.

My nonyynan: (ANG)NB = AN(BNB).

- Ykaxute ofbegHHeHHe MHOXKectB A H B, T. e. MHoxkectBo AUD, a satem
ofbeHHeHHe 5TOTO MHOXeCTBA ¢ MHOXecTBoM B, T. e. muoxectso (AUB)UB.
3aKpacbTe '9TO MHOMXKeCTBO (Ha TpeTbeM uYepTeXe) B KpacHblil nBer.

VKaxkHTe o6beauHedHe MHoxects B u B, T. e. MHoxectBo BUB, a 3a-
TeM oObeAMHeHHe MHOXKecTBa - A ¢ STHM MHOXECTBOM, T. €. MHOXKeCTBO
AU(BUB). 3akpacbTe (Ha YeTBEPTOM HYepTee) S5TO MHOMKECTBO B KeJTblil
IBeT. ‘ '

CpaBHHTe 3aKpalleHHble MHOMXECTBa,

Ml noayyuan (AUB)UB = AU(BUB).

10.1. C noMolplo JBYX NEpeceKalwllHXcsi KPyros JIErKO BBIsIC-
HSIETCs1 KOMMYTATHBHOCTb oOnepandfi Hax MHOXKeCTBaMH, ¢ IO-
MOILbIO TPeX IONapHO IepeceKkalollHuXCss KPyroB — aCCOLHATHB-
HOCTb 3THX omepamuii. OueBHAHO, 5TH YIPaXKHEHHs uenecoobpas-
HO pellaTh, KOrJa yuyallHecss y»Ke 3HAKOMH € OJIHOHMEHHBLIMH
cBoOficTBaM# apH(GMeTHUeCKHX onepauuii. B TakoMm ciayuyae yua-
muecss 6e3 Tpyna oGHApYKHBAIOT CXOACTBO B CBOHCTBAX omepa-
IHiA Hajg MHOXECTBAMH W HaJl YHCJIaMH. T

B nasbHefmeM ¢ MOMOLIbIO TpeX TONAPHO IepeceKalolHXCs]
KPYroB MOXKHO HJIIOCTPHPOBATb H JABa JHCTPHOYTHBHLIX CBOMCT-
Ba omepandfi Haj MHOXECTBAMH, IIOKAa3HiBass NPH 3TOM, 4YTO
OGbIUHbIE ONMEPAlHH CJIOXKEHHs H YMHOXEHHs] uHceaq o6janaior
JHIIb OJIHHM JHCTPUGYTHBHBIM CBOWCTBOM (YMHOMEHHsI OTHOCH-
TeJbHO CJO0XKEHHS).

11. 3aroToBbTe YeTHpe OAHHAKOBHIX YepTerka, Ha KaXKJOM H3 KOTOPbIX Ha-
YepTHTe TPH PaBHbIX Kpyra paguycaMH B 4 ¢ C LIeHTPAMH, PACHOJOXKEHHBIMH
Ipyr OT Apyra Ha paccToaHMM B 6 cm. O6o3HauHM 5TH KpyrH OyksamH A, b
H B cooTBeTCTBeHHO. :

Ha onsom depTexe sakpacbTe mMHoxectso A[1(BUB), T. e: nepeceye-
HHe MHOXecTBa A ¢ o6beauHeHHeM MHOxecTB 5 M B, Ha ApyroM — MHOMKECTBO
(ANB) U (ANB), T.e. ofbenuHenHe nepecedenufi muoxectsB A U 5 u MHo-
XKectB A u B. '

CpaBHHTe 3aKpalleHHbie MHOXeCTBa.

Mu noayyunx A (5UB) = (ANB)U(ANB). . -
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3akpaceTe (Ha TperbeM 4eptexxe) MuoxkectBo AU (BNB), 1. e. ofbe-
IHHeHHe MHOXeCTBA A C nepeceyedHeM MHOXecTB B # B, a na apyrom (4er-
BepToM) uyeprexe 3akpacbre MuoXectBo (AUB)N(AUB), 1. e. nepeceuenue
obbennHenti MHOKecTB A H 5 u mHoxectB A 'H B. CpaBHHTe 3aKpalleHHble
MHOXeCTBa. :

Met ftonyunnn A U(BNB) = (AUB)N(AUB).

‘§ 2. Msyuasa reomerpHueckHe (Hrypel Ha IJOCKOCTH, MBI
AOJKHBH HX pacCMaTPHBAThb Kak MHOXECTBA TOUEK, IPEACTaB-
JsoumHe co60H NOAMHOXECTBa YHHBEPCAJbHOIO MHOXKECTBA —
MHOXECTBa TOUEK IJOCKOCTH.

TepMHH «TIOCKOCTbY (KaK H TEPMHH (IPSIMAsi») HpHMeHseT-
cs Ji/i1 0603HAUEHHS] Otpeie/IEHHOTO0 MHOXKECTBAa TOUEK, a TaKKe
H /151 0603HaYeHHS] HOCHTeJSI 3TOr0 MHOXECTBa. B nmpoeKTHBHOM
reoMeTpHH 0603HAYalOT 3TH NMOHATHS PAa3JHUHBIMH TePMHHAMH:
MHOXECTBO TOYE€K NJOCKOCTH Ha3biBalOT IIJIOCKHM I0JIEM, a Tep-
MHH <«IJIOCKOCTb» TIPHMeHsleTcsl fA/51 0603HAUeHHs HOCHTess
3TOr0 MHOXeCTBa. (AHAJIOTHYHO MHOXKECTBO TOUYEK NpSIMOH Ha3hl-
BAlOT NPSIMOJIMHEHHBIM PSZOM TOYEK, a TEPMHH <«IpsMas» 060-
3HavaeT JIHIIb HOCHTEJSI 3TOro psapa.) Takoe pasiauueHHe ypo6-
HO B CBSI3H C PacCMOTPEHHeM reOMeTPHUECKHX npeoGpasopaHHii
Ha IJIOCKOCTH, KOr[a YCTaHABJHBAETCS COOTBETCTBHE MEXKAY
IBYMsl IJIOCKHMH MOJIIMH C O6GIMM HOCHTeNeM (HJH B CBS3H
C paccMOoTpeHHeM Inpeo6pasoBaHHH Ha HpsMOH, Kofna ycraHaB-
JIHBAE€TCSl COOTBETCTBHE MEXHAY IBYMS PSfaMH TOUeK C OGLIHM
HOCHTeJIEM) . .

B. mKo/nbHOH mNpakTHKe HeT ClNeNuasbHHX TepMHHOB IS
0003HaueHHs] MHOXECTBA TOUYEK IJIOCKOCTH M MHOMKECTBA TOUEK
NpSIMOA H I03TOMY 4YacTO TEPMHHBI <IIJIOCKOCTb» H <«IpsMasy»
NPHMEHSIOTCS B npouecce o6yueHus a/s1 0603HaYEeHHSI COOTBETCT-
BYIOLIHX MHOXeCTB ToueK. OpHako B TPafiHUHOHHOH NpaKTHKe
3TO fe/1aeTcsl B HESIBHOM BHJE, Mbl NpejiJaraeM 3TO IOJUepPKH-
BaThb B npouecce o6yueHHs.

IIpuBeneM HeCKOJIbKO NMPHMEPOB.

- 1. Tlpu aKCHOMATHUECKOM IIOCTPOEHHH TeOMETPHH OGHIYHO
HCXOAAT U3 TPeX KaTeropHii reoMeTPHUYECKHX 3JEMEHTOB (OCHOB-
HBIX OGBEKTOB): TOUEK, NPAMHX H MJOCKOCTe.!

Kak BHaHO, TOYKH, NPsSIMble H IJIOCKOCTH 3afaloTCsl Kak ca-
MOCTOsITE/IbHbIE TI€PBOHAYa/bHBle 00BeKTE reoMerpuu. OHH MoO-
TYT HaXOAHTbCA (MJH He HAXONHTbCS) B OTHOIIEHHH <«IPHHAJ-
JIEXXHOCTH», ONHCAHHOM COOTBETCTBYIOLUefi rpymmoii akcHoM.?

C noMombl0 aKCHOM MPHHAJ/MEXKHOCTH H NOpPSAKa YCTaHaB-
JIMBAETCH, YTO Kaxjas npsimasi (IJOCKOCTh) HAaXOAHTCS B OTHO-
IIEHHH NPHHANJIEKHOCTH ¢ GeCKOHEYHEIM MHOXKECTBOM TOUEK.
Kaxpass M3 3THX TOUYeK Ha3blBaeTCs TOUKOH NpsAMO# (mJ0CKO-
CTH), H 3TO HaJ0 MOHMMAaTb B TOM CMBIC/JE, UTO 3Ta TOUKA MPH-

V. Tane6ept. OcHoBauusi reomeTpus. M., 1948, ctp. 56.
2Tam Xe cTp. 63.
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HAaAJMEeKAT (B TEOPETHKO-MHOMCECTBEHHOM CMBIC/E) MHOXKECTBY
TOYeK, HAXOASIIHXCH B OTHOLUEHHH NMPHHAIEXKHOCTH (B reOMer-
DHUECKOM CMbIC/Ie) C 3T0# MpAMo# (n0cKOCTRIO) . '

W3 nanpHedInero NpHMeHEHHS, KOTOpOe MNOJy4aloT TE€PMHHBI
«TOUKa», «NpsMas» H «IJOCKOCTb» NPH Ppa3BepTEIBAHHH F€OMeET-
pHUeCKO#l TeOpHH, C/efyeT, UTO «TOUKa» — HasBaHHWe AJs MpO-
CTeHIIHX 3/JEeMEHTOB, H3 KOTOPHIX T€OMETPHS CTPOHT CBOH 06pa-
3B, a <«IpsMasi» M <IJIOCKOCTb» — Ha3BaHHA .1/ MHOXeCTB
TOUEK, CBOHCTBA KOTOPHIX OffHCHIBAIOTCS AKCHOMAMH M JIOTHYeCKH-
MH CJeNCTBHSIMH H3 HHX (TeopeMaMu). M3 3THX coo6paKeHui
HCXOAAT, Koraa aJisi o60o3HauYeHHsi FeOMEeTPHYECKOro OTHOLIEHHS
NPHHA/1/EXKHOCTH NPHMEHSIOT 3HAK OTHOILUIEHHS BKJIOYEHHS W NH-
IIyT, HaNpUMep, «@ Ca» [Js BBIPaXKeHHS TNpPEeIJIOXKeHHs «npd-
Mas @ TNPHHAJIEKHT IJIOCKOCTH @». ITy XKe 3alHCh BNOJHE
€CTEeCTBEHHO HHTEPIPETHPOBATh H KaK BbIpaKeHHe CJelyloiiero
(paKTa: «MHOKECTBO TOYeK NMpPSMOH @ BKJIOYaeTCsi B MHOXECTBO
TOUEeK MJOCKOCTH & (HJH sIBAsieTCS] TIOAMHOXKECTBOM 3TOr0 MHO-
JKeCTBa) ».

O/HaKo, HCXOASl H3 TeX e TeOPETHKO-MHOXKECTBEHHBIX CO-
06paxKeHuit, NPHHALIEKHOCTb TOUKH K MNPSIMOH HJIH NJIOCKOCTH
clenoBaJso 6Bl yxe 0603HauaTh He 3HAKOM BKJ/IOUEHHS, KaK 3TO
O6HIUHO 71€Jal0T, 2 3HAKOM OTHOLIEHHS] MPHHAJJIEXHOCTH OGBEK-
Ta K MHOXECTBY, T. €. ucaTh Aéaq, Aeéa, BMecTo ACa, ACa,
yToGBl He Ne30PHEHTHPOBATH YUALIMXCS, 3HAKOMBIX C OTHOLUIe-
HHSIMH BKJIOYeHHS OJHOr'0 MHOXECTBAa B APyroe M NpHHAIJIEXK-
HOCTH O6BbeKTa K MHO¥KecTBYy. (MOXKHO, pasyMeercs, IPHMEHSATH
H chnenHaJbHHIH 3HAaK A/ 0603HAUeHHS reOMeTPHUYECKOro OTHO-
INeHHS [PHHAJJ/EXKHOCTH, HO BpAj JH IeJecoo6pasHo 3TO Je-
Jath B IIKOJE, KOrja MBI CTPEMHMCSl PacKPHITh TEOPETHKO-MHO-
¥KeCTBEHHBIH CMBIC/I 3TOr0 OTHOLUEHHS.) :

2. Korjla MH .TOBOPHM <«TOUYKa [€JHT NpPSIMyl0 Ha JABe IOJY-
npsiMble» HJH «IpsIMas [eJHT IJIOCKOCTb Ha JBe [MOJYyIJIOCKO-
CTH», TOUHHIH CMBICJ 3THX BBICKa3bIBAHHH SIBHO He BEIpaXKeH,
XOTSl OHM HHTYHTHBHO SICHBl H He BBI3BIBAIOT 3aTpyiaHenuit. [las
JOCTHXKEHHS TIONJHHHOIO [OHHMAHHS CYLIHOCTH CBOHMCTB, BHIpa-
JKEHHBIX 9THMH BBEICKa3bIBAHHSIMH, HeO6XOJHMO, OJHaKo, pac-
KPHITh HX TOUHBIH CMBbIcJ. MbI npenJiaraeM He CTporoe 060CHOBA-
HHe B IIKOJIBHOM KypCe 3THX CBOHCTB, a HX pa3bsiCHEHHe HA Teo-
peTHKO-MHOMXKecTBeHHON 6ase. HanpuMep, «npsimas peaur IJjoc-
KOCTb HA JBe IIOMYIUIOCKOCTH» O3Hauaer «npsiMasi pasbuBaer
MHOXKECTBO TOYeK TMJOCKOCTH Ha ABa TMOXMHOXECTBa».

31ech BOSHHKAET BaXKHBIfi BOMPOC, UTO O3HAYaeT «pasbHeHHe
MHOXeCTBa Ha MOAMHOXeCTBa»? '

HonycruM, MHOXKECTBO TOUEK @ Pa3bHTO HA JBa MOAMHOXKeCT-
Ba a; ¥ ao. Ilog 3TM Hajo NOHHMATh, YTO ’ g
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a) BCsAKas Touka A MHOXKECTBa ¢ NPHHAAJIEKHT @i HIH as
M o0paTHO, T. e. Aéa, ecim u ToabkKo ecan Aeéa; HaM Aeay,
nan oyUay = a; _

6) Kaxpoe M3 MOJAMHOMECTB @i H &3 COLEPKHUT TOUKH (1. e
HE fIBJISETCS NMYCTHIM), HHAYe, eC/H, HAPHMEp, Ay=(J, TO @ = a;
H He HMEET MeCTO HHKaKoe pa3CHeHHe, .

8) HE CYIeCTByeT TOUKH MHOMECTBa a, KOTOpas IpHHaje-
Xana Obl H @ ¥ @&, T. €. HEe CYLIeCTBYeT TOUKHU A(Aea) Tako#,
uro Aex; M Aén,, HHaue TOBOPS 3]0z = .

Takum o6pasoM, Tpn yciosus, ompepensiomue pasbueHue
MHOXKE€CTBA @ Ha [1BA [IOJIMHOXKECTBA ] 1 &2, MOTYT GHITH KPaTKO
BhlpaxKeHpl cepylomuM obpasom: a) o Usp=a; 6)a + O
M a5 5 8) ay(]a = JF. _ ’

Pas6nenne MHOMXeCTBA Ha [Ba MOJMHOXECTBA OCYLIECTB-
JIS€TCsT C NOMOUIBIO HEKOTOPOrO CBOHCTBA, KOTOPOE HMEeTcs
Y ONHHX 3JIEMEHTOB 3TOr0 MHOXECTBAa M He HMEETCs y IAPYIHX,
H/IH C TOMOLIBIO OTHOLIEHHS, KOTOPOMY OIHH napsl 3J€MEHTOB
JIAHHOTO MHOXKeCTBA yJOBJETBOPSAIOT, APYTHE He YAOBJAETBOPSIOT.
. B namem ciayuae pasGuenue oCymWECTBASETCS € MOMOLILBIO
C/eYIOUEro OTHOLICHHS MEXK]Y NapaMH TOYeK TJIOCKOCTH: OTpe-
30K, COEIHHSIOWHA AB€ TOUKH MJIOCKOCTH, He NpHHaJAeXKaliHe
NpPSIMOii @, MOXET CONepkKaTh H/IH He CONEPKATh TOUKY 3TOH ps-
Moii. B mepBoM ciyuae nBe TOUKH CUMTAIOTCSI NMPHHALIEKAIIHMHU
Pa3/HYHBIM TNOJAMHOXKECTBAM, BO BTOPOM — OLHOMY H TOMy I¥Ke
TIOIMHOXKECTBY. .

Hnes pasGuenHs MHOXKECTBAa Ha. NMOJMHOMKECTBA HAXOIHT
IIHPOKOe NPHMEHEHHE, B YalTHOCTH IPH ONpPEJEJCHHH H KJaCcCH-
hHKaLHH TeOMETPHYECKHX IIOHSATHH, DTy HIel0 MOMHO pPasbsic-
HHTb B TAKOM acCmeKTe, KaK 3To CAeNaHo BeIUe, yuamumes IX
KJ1acca, yxKe 3HaKOMBIM (10 MpefsaraeMoil HaMu CHCTeMe) C He-
O0GXONMMBIMH TEOPETHKO-MHOXECTBEHHBIMH TNOHATHAMH., OnHAKO
H B Hauaje Kypca T€OMEeTpHH HeoGXOIHMO Pa3bsICHATL yYalHM-
Csl CMBIC/I BBICKAa3bIBAHHS «IpPSIMast [AEJNHT IVIOCKOCTb HA [BE {10-
Jaymnockoctd», Ha arom srane (IV—V knacc), ocHoBeiBasich Ha
KOHKDETHOM BOCIDHATHH pas3fie/IeHHs MJIOCKOCTH MPsIMOfl JHHHeH
Ha JB€ NOJYILIOCKOCTH, JIETKO MOKa3aTh y4YalIHMCS, KaKHM Treo-
METPHYECKHM CBOHCTBOM XapaKTepH3yeTcst 3To aelende. Ilpen-
Jlaras yyaulMMcst B3STb JBe NPOM3BOJIbHBIE TOUKH «IIO OJIHY CTO-
POHY» OT TIPSIMOH H I0.«pasHble CTOPOHH OT NPSIMOfi», MHl MO-
MoraeM HM OGHapyXKHTb 3TO CBOHCTBO.

3. B crapmmx xnaccax NOHsTHE yIyia MOMeT GHTb yTOUHEHO
caenylomum 00pasoM: HMeeM aBe IPsIMBle a@ H b, mepecekalo-
wHecst B touke O (216 = 0); Touka O onpenensier .Ha NPSIMOi a
ABa Jiyua a; M Qg Ha NpsMoit b — nBa syua by u by Ilpsamas a
ONPeNe]seT Ha INIOCKOCTH [Be MOJYINIOCKOCTH @ H @;, NpsMas
b — coorsercTBeRHO @3 H ..
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- TlpsaMble a © b pa36HBAOT MHOKECTBO TOHEK TIJIOCKOCTH - Ha
yeTelpe ©671aCTH (mogMHOXKecTBa). Kaxjaoe M3 ITHX NOJIMHO-
JKECTB TOUEK TIJIOCKOCTH (nepeceueHue ABYX NMOMYNIOCKOETe) -
BMEeCTe C OFpAaHHUMBAIOLIMMH HX JyYaMH Ha3bIBAeTCs YI/IOM.

(MoxHO paccMOTpeTh H cayualt ABYX TapasjeNbHbIX IIpA-
MBIX, OTIPEAENSIOUUX Ha MJOCKOCTH TPH o6JsacTH: JIBe MOJYILIO-
CKOCTH H T10J0CY.) x

4.  MHOTOYTOJIbHHK OOGBIUHO oOnpeaensioT Kak ¢urypy HJH
4ACTH TJIOCKOCTH, ODPAHWUYEHHYIO 3aMKHYTOH JoMaHofl JHHHel.!

Llenecoo6pasno BBECTH BbipaXeHHe «IOJIMHOXKECTBO TOUYEK
JOCKOCTH» KaK CHHOHHM BbIPAXKEHHH «4acTh MJIOCKOCTH> H «hH-
rypa». [a yyallHXcs, 3HZKOMBIX ¢ 3JeMEeHTaMH TEOpHH MHO-
ecTB, 3TO BEIpa)KEHHE HMEeT TOUHO onpejeeHHBIH  CMBICJT
W [05TOMY Jyullie cofeficTBYeT NPaBHJBHOMY MOHHMAHHIO onpe-
JeJIEHH . :

B cBsisH ¢ (pOPMHPOBaHHEM IOHATHA MHOrOyroJbHHKa B Ka-
yecTBE MOATOTOBKH Leneco06PasHo jpaccMOTpeTh BONpac O pas-
GHeHHH 3aMKHYTOH JIOMaHOH JuHHel MHOXKeCTBa TOUEK MJIOCKO-
CTH Ha 7(Ba NOJAMHOXKecTBa. ITO - pasbueHHe OCYLLECTBJAETCS
CJeNYIOIIHM OTHOLIEHHEM: OTPE30K, CoeqHHSIOIIMH JBe TOYKH
JIOCKOCTH, He MpHHAJJIexalHe JoMmaHOH, MOXer cojepxKarb
HeueTHOe MJH yeTHOe (B ToM uHcie H 0) uHCIO TOUEK JIOMaHOH.
B nepsom C/iyuae 3TH ABe TOUKH CUHTAIOTCA TIpHHAMTeXalMH
pa3MHUHBIM TIOAMHOXECTBAM, BO BTOPOM — OJHOMY H TOMy Xe
noaMHoxecTBy. CJe1yer OTMETHTb, YTO 31€Ch Mbl HMEEM 0606~
[eHHe cayuas pa3OHeHHs] MHOXeECTBA TOYEK ' [JIOCKOCTH NPAMOH
TuHHEll HA nBd NMOAMHOXecTBa (m. 2).

OnHy Hu3 JBYX o6macreil, onpene/seMbx 3aMKHYTOH JTOMaHOH
JHHHe}l, HasbiBaeM BHYTPeHHeH, Apyrylo —BHEIIHE f.

MIHTYuTHBHO COBEpLUEHHO SCHO, Kakas H3 o6saacreli cuHMTaer-
csl BHYTpeHHel, KaKas puemrueli, Ho 3Ta «<MHTYHTHBHAS SICHOCTDY,
nopoxaenHast HaGMIONEHHAMH H OTILITOM, €I HE MO3BOJISIeT yua-
umMcst cpOpMyJIHPOBaTh Ha fA3bIKE T€OMETPHH XapakrepHCTHYe-
CKOe CBOHCTBO (TIPH3HAK), OTJHYaloUiee BHYTPEHHIOWO o6.sactb OT
BHeIIHeH. -

TToMCK TAKHX CBOMCTB, XapaKTepH3YIOUHX HMHTYHTHBHO SC-
siple, HO He c(pOpPMYyIHPOBAaHHEIE elle MOJOXEHH:,— BaXHOE yII-
pajKHeHHe, TOMOTalpulee YTOUHHTb u TOUHO copMyTHpOBATH
TO, UTO MOJNYUYEHO ONBITHBIM NMyTEM HJH o6HapyXKeHO B pe3yJb-
TaTe HaGJIOJeHHH. .

B HameM ciayuae MB HAXOJHM TaKOe XapaKTEpPHCTHUECKOE
CBOMCTBO: PACCTOSHAE MEXKY JIOOBIMH JBYMs TOUKAMH B OIHOH
061aCTH OTpaHHYBHO, B  APYrofl — HEOrpaHHUEHO (MokeT OBITH
CKOJIb yTOJHO - GOJIBIIHM — MHOXECTBO pacCTOSHHH He HMe€eT

{ H H. Huknurtun Teoverpus. Yuebunk mas VI—VIIL xaaccos. M,
1961, crp. 42. : - . .
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BepxHed rpanu). Ilepsyio o06sacTh y HasLIBAIOT BHYTpeHHeil,
4 BMECTe C OrpaHHYHBAaKOLIEd ee JOMaHOH JIHHHEH — MHOro-
YTOJILHHKOM, .

Hawe paccyxnenne ecrecmBeHHO npMBOmHT Hac K BaXKHOMY
MOHATHIO 1M aMeTpa MHOTOYrOJbHHKA i BOOGLIE YUIYPH Kak
HauGONBbIIEr0 H3 OTPESKOB, COEIHHSIOMIHX IPOH3BOJIbHBIE JIBE
TOYKH (HTYPBI, KOTOPOe B IIKOJE He paccmarpuBaercs. Beene-
HHE STOTO NOHATHS B INIKOJBHOM NpPENOJaBaHHU NIPECTABMASETCS
11e/71€CO00PA3HEIM U HE BCTPETHT HHKAKHX TPYyIHOCTEH.

5. OTpesok mpsiMOH, MHOTOYIO/BHHK, MHODONpaHHUK — MHO-
Kecra touek. Ha pasanunbix sramax o6yuenmg Mbl H3yuaeM
MOHATHA NJIMHBI OTPe€3Ka, IVIOWaJH MHOrOYTroMbHHKA, oGbeMa
MHOrorpanHuka. Bce sTh noHsTHs — KOHKpeTHble Momenn oGuie-
ro, abCcTPakTHOTO TNOHATHA M ephH MHOXKECTBA,

TTosToMy 1enecoo6pa3Ho CONOCTABHTL 5TH MOHNTHS ISl BHI-
ABJIGHAS OOGIIMX CBOHCTB, XapaKTePH3YIOWHX OOmee NOHSTHE
MEpPBl MHOXKEeCTBA.

Nnomanp O6bem

Jauna orpeaka

1. Nonoxureabtoe ync-
10

2. KoHrpyeurubie  or-
pe3kH HMelT pas-
Hble JUIHHB

3. Hauna cymmbr  or-

Pe3KOB PpaBHa CyMMe

AMHH 3THX OTPe3KOB

4. CyinectByeT oTpe-
30K, IMHHA KOTOPO-
To paBHa eIHHHIle

MHOroyrojibHHKa

Honoxureasnoe yu-
cno

KourpyeutHsie Muo-
TOYTOMbHHKH  HMeIT
paBHbie NAOIIALH

HNromane  muoroy-
TOJbHHKa, COCTOAIIEro
H3 yacTeH (Hemepece-
KaIOIHUXCs MHOro-
YJrONLHHKOB),  paBHa
CymMe maomaneif aTux
yacTeH

CymiecTBYeT MHoOTO-
YTONbHUK, NIOIAAb KO-
TOPOTO PaBHa eIHHHIle

-~

MHOTOrpaHHHKa

Honoxurenvhoe yucno

Konrpyentnnie  MHoro-
TDaHHHKH HMeIOT paBHble
06beMBI

O6beM MHororpaHnuuka,
CoCTOsIller0 H3 yacTeil
(HemepeceKalIMHXCA MHO-
TOTPaHHHKOB), paBeH CyM-
Me 006beMOB 3THX yacTeil

CymecTByeT MHOTOrpaH-
HHK, o6beM KOTOpOTO pa-
BeH eJlHHHIle

Herpynuno sameruts, uto nepeuncieHHBIMH CBOHCTBAMY o6Ja-

Jaer H

«HHCJI0O 3JIEeMEHTOB KOHEUHOro

§ 3, 02). HedicrurensHo,
a) nJs J1060ro MHOXKecTBa A, OTAHYHOIO OT @,p(A) >0;
6) ecin A = B, 10 p(A) = p(B);

B) ecin ANB = &, 10 p(AUB) -

MHOXKecTBa»  (ra. 3,

p(A) + p(B);

I) CyulecTByeT MHOXecTBo A Takoe, uTo p(A) = 1.

§ 3. T'eomeTpHueckoe mpeo6pasoBaHHe y YHCAOBag ¢yHK-
IH5T — B KOHKPETHble MOJENH OGLIEro TeOpeTHKO-MHOMKeCTBEH-
HOrO TOHATHS OTOOPaXKEHHS OJHOTO MHOXECTBA B JIpyroe,

B camom o6uiem u aGerpakTrOM BHJIE NOHATHE OTOOPaXKEHUs

MHOXecTBa M B HeKoTopoe MHOXecTBo M’ (KoTopoe, B uacTHO-
CTH, MOXET COBMajaTh C MHOXeCTBOM M) ompepensiercs Kak 3a-
KOH, HJH NPABHJIO, MO KOTOPOMY KaXKJOMy 3J€MEHTY X MHOXKe-
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crBa M comocraBisieTcs (CTaBHTES B COOTBETCTBHE) OMNpejeseH-
HBIf, eAMHCTBEHHBIH 3JE€MEHT Y mHoxecTBa M’

Dnemenr y HasnBaercs o6pasoM d/MeMeHTa X B TOM -
0TOGpaXKeHHH MHOXKEeCTBa M & muoxecrso M'. Eciu 310 oro6pa-
sKeuHe 06o3HauuTh GykBofi F, To 3amuchb «F (x) = y» umMeer
¢MBICT: «o6pa3 3JeMeHTa X B oro6paxenun F cosnajaer ¢ 3/e-
MeHTOM Yy MHOXecTBa M'»>. MHOXeCTBO 06pa3oB BCeX 3JEeMEHTOB
MHOxecTBa M B 3TOM oTo6paxenuu o603HAYaeTCs CHMBO-
oM F(M). DTo MHOXeCTBO MOXeT COCTaBIATH NOAMHOXeCT-
8o M’ WM coBMajaTh € 3THM MHOXECTBOM. B mocaenHeM ciaydae
roBOpST, UTO MHOXECTBO M oro6paxkaercss Ha MHOXECTBO !
(He TOJBKO B MHOXECTBO M.

.Ecau, KpoMe TOro, 4to KaxXJoMy 3JEMEHTY x MmHoxectBa M
COMOCTABMAETCS €IHHCTBEHHBIH 3/eMEHT MHOXKECTBA M’, pas-
JTMYHBIM 3JeMeHTam MHoOXKecTBa M cOmMOCTaBJAAIOTCA pasiHyHbe
SIeMeHTH MHOXKectBa M, T. €. Kaxjblli SJMEMEHT Y MHOKeCT-
pa M’ comocTaB/seTCs €IMHCTBEHHOMY SJEMEHTy X MHOXKeCT-
Ba M, To COOTBETCTBHE, KOTOpOE ycTaHaBJHBAeTCsl B 3TOM OTO-
GpaKeHuH, ABJISETCs B3aMMHOOJAHO3H ayHBL'M U HMeEeT
MECTO TaKikKe Takoe oGpamHOe OTOGpaXkeHue MHOKECTBA M’ Ha
muoxecteo M (F—1), uto ecimu F(x) =y, TO F-1(y) = x.

dt0 ofllee NOHsSATHe OTOGParKeHHsl OJHOTO MHOXKECTB B apy-
roe He JOJKHO H3y4aTbCsg B IIKOJE. Ho, usyuasi KOHKpeTHbIE
'MOJEJHU ITOrO TIOHSITHs, FeOMEeTPHUECKUE npeo6Gpa3oBaHus M YuC-
70Bble GYHKIHMH, MBI JOJKHB NOAYEPKUBATD TO rJaBHOE, UTO HX
XapaKTepusdyeT Kak BHJbI oro6paxenus. Kaxpoe KOHKpETHOE
reoMeTpuuecKoe mnpeoGpa3oBaHHe XapaKTEPUIYETCs 3aKOHOM,
HAM TIPAaBUJIOM, COOTBETCTBHA H JBYMS MHOXKOCTBAMH TOUEK,
W3 KOTOPHX OJHO mpeoGpasyercs B Apyroe mo 3TOMy @IPaBHJY.
D10 MOHSTHE OTAHUAercs OT Ofliero NOHATHA otofpaKeHHs TEM,
4TO BMeCTO aGCTPAKTHHIX MHOXKECTB 3JIEMEHTOB HeomnpeeeHHol
npupoAn M a6CTpakTHOro 3aKOHaA COOTBETCTBHSI MBI HMMeeM
KOHKPETHHE MHOXeCTBa TOUeK H KOHKPETHBI/l 3aKOH COOTBET-
CTBHSL.

CsiefyeT OTMETHTb, UTO HMelomascs y Hac npakTHka Tpeno-
NaBaHHA reoMeTpHYECKHX npeo6pasoBaHuii fBHO HEAOCTATOUHA
BBULY TOTO, YTO HALIA MPOTPAMMbI 2O HEAABHENO BpeMeHH HeJO-
OlEHUBAJH MX 3HAUEHUE.

B HejaBHeM IPOLLIOM TIEITANHCh HECKONbKO HCMPABHTH NoJIo-
JKeHHe BKJIOUEHHEM CnennanbHoi TeMbi B IX xnacce. OnHa-
KO ¥ 3TO peilieHHe Bompoca 06 OTpaxeHu# B HLIKOJbHOM TNpeno-
NaBaHHH HJAEH reQMeTpHUYeCKHX npeo6pa3oBaHuil Helb3A CUATATH
yIOBJeTBOPHTENbHBIM, Hbo ecaH reoMeTpHYeCcKHe TpeobGpasopa-
HHSl M3ydyasauch Obl paHbule, 4eM B IX xiacce, # He BCe B OAHOM
MecTe Kypca, OHH MOIJH Obi MOCHYXHTH ocHoBOH aJssi Gonee
pauHOHAJLHOTO NOCTPOEHHS Kypca reOMeTpHH KaK B TeoperHye-
CKOMi, TaK M B €ro NMPaKTHYECKOH 4aCTH. -

71



He xacasicb ®omkpeTnoli MeTomuku H3YYCHUST TeOMeTpHue-
CKHX npeoGpa3oBaHuil, He BXoAAuel B HpenMeT HacTosImel pa-
6OTHI, OTMETHM JHLIb HEKOTOpHIE TPYAHOCTH B YCBOGHHU OBGINEro
NOHSITHSI TE€OMETPHYECKOro npeoGpasoBaHus, KOTOpbie Habmona-
H0TCS B HMEIOINEHCS NPaKTHKE, W BHISICHUM NPUYHHBL 3THX 3a-
TPYyILHEHUH.

I. Mol usyuwaem reomerpuueckue npeo6pa3oBaHus  (BHbI
* IBMXKEHHS| M TOMOTETHIO) HA MJOCKOCTH. ITO 3HAUHUT, yTO Npeo6-
Pa30BAHUIO TOJBEPTaETCs MHOMECTBO TOYEK MJIOCKOCTH (Mb
FTOBOPHM MPOCTO NJIOCKOCTb, HO MMEeTCs B BUJY HMEHHO MHOKe-
CTBO TOYEK MJOCKOCTH, 31eCh ABOHCTBEHHOCTh B MOHAMAHHK Tep-
MHHA <«MJIOCKOCTb» OTHIOAbL HE [OMOTaer BbISICHEHHMIO CHTYauuu)
H. pe3yJbTaTOM 3TOro NPeoOGPasOBaHUs SIBJASETCH 3TO Ke MHO-
KECTBO TOUEK NJIOCKOCTH. '

Korza Mbl rosopum o npeo6pasoBaHUy «ILIOCKOCTH», .3T0
BbI3biBaeT Henommaﬂ?ue HMEHHO NOTOMY, uTO yyamuecqd MOOHHU-
MAIOT- MOJ MJOCKOCTBIO HE MHOMKECTBO TOYEK, a HOCHTENH 3TOrO
MHOXKE€CTBA, KOTOPHI He mojpepraercs. HHKaKoMy mpeoGpa3oBa-
HHI0, OHM OTHOCST npeo6Gpasoeanue JHMIIb K TOH OTeNbHO ¢bu-
T'¥pe, KOTOPYI0 - npeoGpa3oBbIBaJIH. , ) ~

Heo6xoaumo YTOUHHTDb, 4TO peyb MAET O npeoGpasoBaHuu
MHOXECTBA TOYeK IIOCKOCTH, YTO KaXKJOH TOUKE [JIOCKOCTH
CONOCTAaBMASAETCS TOYKA 3TOH e TJOCKOCTH no 3aJlaHHOMY 3aKo-
Hy UMM TipaBHay. . . . ‘ SR ,

Tlocne Toro kak yuammecs osmakomugnch ¢ noHATHeM (YHK-
LW, 1eneco06pasHo. NOKa3aTb, YTO MOHSTHS «reoMeTpuueckoe
NpeoGpasoBaHue» M «PyHKUHA» COBNANZIOT ¢ TOYHOCTBIO JO TIpHU-
POJBL 3/ICMEHTOB MHOXKECTB M, CIOCO6A 3aJaHUA 3aKOHA COOTBET-
CTBHs. Kaxjoe reomerpuusckoe npeo6pa3oBaHue 'yCTaHABAUBAET
HEKOTOPYIO PYHKUHIO, TOJBLKO - 06/1aCTH ONpPeNeNeHdss 1 H3MEeHe-
HUs1 3TOH QYHKUUK SBASIOTCH He 'YHCJOBBIMH, @ TOYEYHBIMH MHO-
KECTBAMH, 4qHuC/IOBAs ke OYHKUHA <«npeo6pasoBbBaeT» OJIHO
MHOXECTBO (UMCes) B IPYroe (Waum B 5To Ke) Mo OnpegeseHHo-
My 3aKOHY,

Takoe conocraBnenue CMOCOGCTBYET: BHIACHEHHIO 110JI0KEHUsI
O 'TOM, 4TO B TEOMETPUYECKOM mMpPeoO6pa3oBaHHH HA MJIOCKOCTH
MHOXECTBO TOUYEK IUIOCKOCTH MrpaeT posb o6aacTel OfpeneNeHus
H H3MEHEHHs (pYHKUMH, YCTAHABIMBAEMO# B RAHHOM npeobpaso-
BAaHHHU. ) P
Taxkas cBsasp mexny TMIOHATHAMH. «T€OMeTpHYeCcKoe npeobpaso-
BaHUE» # «(YHKUHA» B OOyueHHH OTpaxaeT CBA3b B COBpe-
MeHHOH TPAaKTOBKe 3THX. MOHSTHH Kak Mojes# 6ojee o6mero
M aGCTPAaKTHOTO TEOPETHKO-MHOKEeCTBEHHOro TOHATHA oTOGpaKe-
HH51 ¥ ONOCOGCTBYET JyulleMy YCBOEHHIO 3THX IIOHSITHI yua-
INMMHUCH.

2. Habawpenus IOKA3LIBAIOT, , YTO yyalluecs 3anpyaHsOTCs
OTBETHUTL HA BOMIPOC, YeM OMpejesieTCs NaHHOe reoMeTpuyecKoe
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npeo6pasoBaHue, ‘MM KO[@ MOXKHO cuuTaTh TeOMEeTpHUeCKoe
npeo6pasoBatue 3adaHHBIM. ' ‘ T :

AHAJIOTHYHBIL BONPOC CTABUTCA M B YUEHHH O GyHKUMAX < ;
D yHKIHS CYATACTCH sajauHol, ecau 1) 3ajfaHa o6aactb ompenae- -
JeHHs ¥ 2) KaKUM-TO CnocoGoM YKasaHo TPaBUJIO, MO KOTOPOMY
AJ5 KaKJOro 3HaueHdHsi aprymeHra H3 3aAaHHoi 06;1acTH OmMpe-
feneHus (PYHKIHH MOXeM ONpefequTh COOTBeTCTBYyIOLIEE €MY
3HayeHHe GYHKUHH. ‘ .

OueBUAHO, TaKXe YETKO HEOOGXOMMMO BBIICHHTD STOT BOTIPOC
OTHOCHTEJbHO TeOMeTPHUYECKHX npeo6pasopanuit. Hro ‘ponKeH
[OHMMATb yuYeHWK, HampuMep, MOJ BHICKA3HIBAHMEM «HA J0CKO-
CTH 3ajaHa CHMMETpHs OTHOCHTEJbHO OCH x»? On JoJ2KeH To-
HHMaTb, YTO TOABEpraeTca MpeoGpasoBaHUio MHOMXKECTBO TOYEK
ITOCKOCTH W uTO KaXaofi Touke A MIOCKOCTH CONOCTABNAETCH
rouka A’ »sroli Ke IJIOCKOCTH MO caeayiolleMy NpaBHaY:
a) AA’| x;.6) A u A" nexat no pasHbie CTOPOHBI OT MpAMOH X
¥ 8) Ha paBHBIX PACCTOAHHAX OT Hee. (Ecnu Touka A mpHHAX-
JIeXKHT OCH X, OHa copnajgaer C COOTBeTCTBYIOILEH eil TOUKOH.)

3. Tlpu usyueHud GyHKIHH HAC HHTEpecyeT yMeHHe HaXOMHTh
AJs1 KaXJOro 3HaueH#s apryMeHTa (u3 obaactu onpejeieHHs)
COOTBETCTBYIOIlEE 3HAUEHHE oyukuuu. [Ipy H3yueHHH 2Ke T€O0-
MeTpHUYeCKUX NpeoGpazoBaHuii HAaC MHTEPECYET He TONbKO Mpe-
o6pasoBanue OTAEILHBIX TOUEK NJIOCKOCTH, HO U npeoGpasopanue
Onpe/leIeHHbIX MOJMHOKECTB TOUEK MIOCKOCTH, ¢uryp (orpeska,
npamof, TpeyrolbHuKa, Kpyra 1 T. A.). B cBsi3n ¢ 3THM TaKXKe
BO3HHKAIOT HEKOTOpHle TPYAHOCTH. Yyalluecs 3aTpyAHSIOTCA OT-
BEeTHTh Ha OUeHb BAXKHbIH BONPOC: KAKHE cBoficTa Quryp co-
XpaHSAIOTCS HEH3MEHHBIMH (MHBapHaHTHb) B NAHHOM npeobpa-
30BaHUH, a KakHe MEHSIOTCH. .

C 5TOli TOUKHM 3pEHHS BAaXHO KiacCHQUUHpOBATH pacCMaTpH-
paeMble TIpe06pa30BaHUA MO HHBAPHAHTHLIM cBofictBaM GHUTYD.
BaKTUUECKH Mbl HMeeM Jen0 B LIKoJe ¢ TpeMs IpynmaMu npe-
o6pa3oBaHHi: - . : : .

a) npeoGpasoBaHHs, He pedopmupyoue GUrypel, T. € pas.
JIMyHble -BUAH JABHXKeHUH, nepeBOisliHe mo6byto Gurypy B pas-
HylO efl, BpU 3TOM JIHIIb OCeBast CHMMETDIHs MeHseT OpHUEHTaLKIo
duUrypsl; .. \ .

6) npeoGpasoBaHus, H3MeHsOIME pasMepbl, HO COXpaHsio-
e dopmy Guryp, T. e. nepesojallue awbyio Gurypy 8 nono6-
Hylo- efi (roMOTeTHs), H BoOGIe npeoGpasoBaHus MOLOCH: (KoM~
NO3HIMA TOMOTETHH U JBHMKEHH:); : .

8) npeo6pa3opaHus, U3MEHsOWAE 1 pasmepbl, H dopMy (H-
ryp, COXpaHsioliie JHUlb npsAMOJUHEHOe PACNOJIOKEeHHE TOUEK
¥ napajiielbHOCTb TNPAMBIX; 370 — aduHHEe NpeoGpa3OBaHus,
KOTOpHle TIOKa MpOrpaMMoil He MpefyCMOTPEHBI, HO Mbl C HHMH
Hen36eXXHO BCTpeyaeMcsi MpH H306paxKeHHH NPOCTPAHCTBEHHDIX.
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T Ha IVIOCKOCTH (M306paxkasi, HanpuMep, NPABHJBHYIQ HICCTH-
YTOJbHYIO NHPAMHAY C NOMOINBI0 NapajsiesbHOre IIPOEKTHPOBA-
HHd, MBl YEDTUM B OCHOBAHWH IIECTHYTONBHHK, BOOGIE Herpa-
BUJIbHLIHA, HO He MPOM3BOJBLHbI, I1POTHBONOIOKHbIE CTOPOHLI €r0
JOJKHBEL OBITb mapasiesHh). Ouesunguo, urto a(uHHble TIpeo6-
PAa30BAHNUA NOJKHBI HAHTH cefe MECTO B LIKOJbHOl nporpamme.

BaxmHo, yto6bl yuyamuecs NMOHHMANH, KakKoe <«BO3AeHCTBHE»
Ha. pas/uuHble (PUTYPHl UMEET KakKJOe H3yuaeMoe TeoMeTpHye-
CKOe npeobpasoBauie. .

§ 4. B reomerpuu Mb uMeem JEJ0 ¢ KjaccaMHu HAH MHOMKe-
CTBAMH OG'BEKTOB, CBOHCTBAMH M oTHOWeHUuAMH, CBOHCTBA OHUX
00BEKTOB YacTo BHIPAXKaIOTCs UEPE3 OTHOLIEHUA MeXKIy APYTHMH
o6bekTamu. Hanpumep, ceoiictso PaBHOGEIP@HHOCTH TpPeyrosb-
HHKA BLIDAXAETCsl Yepe3 OTHOLIEHHE paBeHCTBA ABYX €ero CTOpOH,
CBOHCTBO npsiMoro yrja — yepe3 OTHOLICHHE DPABEHCTBA CMeX-
HBIX YryIOB. BoisicHuM, B kKako#i cBsau HaXONATCs CBOHCTBA (MM
OTHOLUEHHS]) C MHOMKECTBaMuU (xkmaccamu) 06beKToB, 06manao-
IHUX STHMU CBOMETRAMH (HJIU HAXOASINMXCS B ITUX OTHOLIeHUAX).

lonsmie coemumsier B cebe 'MHOXKECTBO 06bekT0B (06BHeM
STOTo MOHATHs) M XapaKTEPHCTHUYECKOe CBOWCTBO 3TOr0 MHOXKe-
CTBa (couepxkauue TIOHATHSI). DTO CBONCTBO MOXKET GHITD CIIOMK-
HOH JIOTHYeCKOf CTPYKTYpHI, Hanpumep Buga «P; u Py u P, u..
u P.» nostomy wumorna FOBOPAT BO MHOXECTBEHHOM YHCje
0 CBOHCTBAX HJIH CYINECTBeHHBIX MPUsHaKax Py, P, ..., P,, xapak-
TEpH3YIOIHUX NAaHHOE MHOKECTBO OGBeKTOB.

Ecnu B mMHOXecTBe A uMeloTCs 3JIeMeHThl, O6Jajalomue He-
KOTOpEIM  CBO#iCTBOM P, W 3jeMeHTH, He ofnajamume 3THM
CBOUCTBOM, TO cBoOHCTBO P OCYINECTBJIIET pa3bueHHe MHOMKECT-
Ba A Ha 1Ba noAMHOXKecTBa:

B=M[x¢An P(x)) u B =M[xeA u P (x)],

THe P(x) o6o3nauvaer «smement x obnajmaer cBoOficTBOM P>,
a P(x) —«3nement x ue ob6nafaer csoficTsom Ps.

dro pasbHeHue YAOBJIETBOPAET BCOM YCJIOBHSM TpaBHABHOLO
Pas6HeHHs MHOMKECTBA Ha RONMHOMKECTBa (§ 2). HeficruTrens-
Ho, BUB=A, BNB=y. a B#2 u B+, tak kax  muo-
xKecrBe A no ycnoBHio uMeloTCH 37eMeHTH], ob6aajamime U He
obnapawmue cpoficrsom P.

C nomombio ¢BOfictBa P Mbl ONpefeNUuId MHOMXKECTBO B Kak
NMOAMHOXKECTBO MHOXKecTBa A. B TpaanuuoHHod norHke TOBOPAT,
UTO onpejiesieHHe NMOCTPOEHO YKasaHUeM pona (A) u BUAOBOroO
NpH3HAKA WAH OTaHuHs (P).

Mbl He CKJIOHHBI NMOJIB30BATBLCS 3TOH TEePMUHOJOTHEH AJjs
Pa3bACHEHHA yyalMMCH JIOTHYECKOH CTPYKTYpHI ompeeneHusl.
Konerpykiuio OMpeNiesIeHHs] MOXKHO Jierko OGBSACHUTL na Teope-

74



THKO-MHOMECTBEHHOM si3biKe (MM Ha s3bIKe JOTHKH npeau-
KaToB).

Iycts Ay — MHOXECTBO MHOrOTPaHHKKOB, Pj— CBOHCTBO, -
cOCTOsIILee B TOM, YTO BeCb MHOTOTPAHHHK PACIOJNONKEH MO OJHY
CTOpPOHY OT MJIOCKOCTH moGoii ero rpanu. C momolibio 3TOTO
CBONCTBA ONpenenseM MHOXKECTBO A, BHIIYKJBX MHOTOTpaH-
HUKOB:

Ag = M[xeAl H Pl(X)].

Tlycrs Py — CBOMCTBO, COCTOsIIEE B TOM, UTO ABE rpaHyt MHO-
rorpaHHAKa — paBHble MHOTOYTOJbHHKH € COOTBETCTBEHHO Ta-
pajIe/bHBIMH  CTOPOHAMH, @ OCTaJbHBIE rpaHd — napajieno-
rpaMMel, MOMAPHO MEPeceKaAloHnecs no napaJjijieJbHEM NpPSMbIM.

C nomolbio CBOficTBa Py ompejiefisieM MHOXKECTBO A, npusm:

Ay=MixeAs n Pl

IMycrb Ps— CBOHCTBO, cocTosileée B TOM, 4TO B OCHOBaHHH
NpU3MBl — NapaJiieNorpamMM. C mOMOIIbIO 3TOTO CBOMCTBA OMNpe-
JiessieM MHOXeCTBO A, mnapannenenuneaos: .

A4 = M[xeAa H Pg(X)]

Ilycts P,— cBOMCTBO, cocTosiliee B TOM, yTo GOKoBble pedpa
napajiefenunena neprueHanKyIapHbl IOCKOCTAM OCHOBaHHH.
C MOMOLIBIO TOrO CBOACTBA OMpejensieM MHOXECTBO As npsiMBIX
napaJJesenuneos:

A, =Mlx éA4 H Pyx)l
X

[lycth Ps— cBOHCTBO, cOCTOALEE B TOM, 4yTo B  OCHOBaHHH
npsiMOTo napaJjienelunesa — pAMOyr obHUK. C noMoUbi0 3TO-
ro cBOficTBa ONpejpensieM MHOXKECTBO Ag TIpAMOYTOJIbHEIX Mapast-
JieJIeMATEe10B:

Ag#M[x6A5 H Pa(x)]. —

Hakonen, nycTh Pgs— CBOHCTBO, cocrosulee B TOM, 4yro H3-
MepeHHs! PAMOYTOJBHOTO MapaJleentne/a paBHbl. C NOMOIIKLIO
3TOro CBOMCTBA OMpeneNseM MHOXKECTBO A7 Ky6o0B:

-

A, = MlxeAs n Py(x)].

Mbl NIOJIYIHJIH CeMb MHOMKECTB, OTHOLICHHs MEXJY KOTOPBIMY
BELPAKAIOTCs ClIeAyIoled uenoukodt BKmouenut: A7 CAgC A
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CA,CAa,cA,C A, Henecoo6paszno 3tH OTHOWEHHS HILTIOCTPH--
poBaThb € MOMOMIBIO Kpyros (puc. 6). ‘

Herpyano mokasath na atom TIPUMEDE, UTO MHOXKECTBO Ky-
60B MOXHO ONpefeNHTb HE TOMbLKO Kak NOJIMHOZKECTBO MPAMO-—
YTOJIBHBIX NapajijieNieNuneioB, HO U KaK NMOXAMHOMKECTBO I060ro:
H3 MHOXKeCTB A1 — A5, HO B 3TOM Cilyuae MOJYYUTCH TPOMO3IKOE:
onpejeNeHue:

A =MlxeAs n Py(x) u Pyx)] wan

Ay =MlxeA; n Py(x) m Py(x) n Py(x) n Pg(x)].

Kak Bumno, nau6onee ripocroe OnpeiesieHHe 'CoAepXKHUT Hau-
Gosiee npocToe (Mo cBOeH JorMYecKoR CTPYKTYpe) XapaKTEepHCTH-
©  UECKOoe CBOHCTBO. ITO [OCTHraeTcs
TEM, YTO ' ONpenesseMoe MHOMKECTBO
BBIPAXKACTCSH KAK NOJMHOMKECTBO M H-
HUMAaNlbHOrO MHOMXKECTBA, T. e.
TaKOTO MHOXECTBA, HHKaKOe Ipyroe
NMOAMHOKECTBO ~ KOTOPOTro, COfmepiKa-
miee oOmpenenseMoOe MHOMKECTBO, pa-
Hee He onpeneneno (Gavxafwuil pog,
Ha fA3blKe TPaJHLUUOHHOH JIOTUKHM).

Mbl nomxubl  Bcerpga CTPEMUTbCSH
CTPOMTL _Hambosee mpocTble onpepe-
gendd. Toabko Takue ONpeaeNeHust
CUMTAIOTC MeTONMYECKH Ge3ynpeunbi-

Puc. 6. MH, €cqd, pasymeercs, OHU He CTpaja-
. - 10T ApyruMHU nedexramu,

C TOH e TeOpeTHKO-MHOKeCTBEHHOR TOUKH 3DEHHS MOKHO
Pa3bACHUTL YYaIMMCS M CYHIHOCTDb HEKOTOPHIX WIMPOKO pac-
NPOCTPAHEHHBIX OWIKOGOK B OUpemeseHusx.

Hanpumep, ecnu csosicreom P He obnajaer WM OauH 3je-
MeHT MHOXecTBa A, To ompenenenne wmuOXecTa B, B=
=M [xe Au P (x)] uuvero ne onpenenser (KpoMe nyCcToro MHO-

X

xecra). Ecnu, Hanpumep, poMGOM Ha3oBeM «KBAaJIpaT ¢ Hepas-
HBIMH yrJlaMHU», TO HUKAaKONo pom6a He ONpEJleNHM, TaK Kak cpe-
A KBaJApATOB HET HH OJHOIO, 06/1a1a0LIero YKa3aHHbIM CBOHCT-
BOM. Mel-onpenennan mycroe MHOXK€ECTBO,
IMostomy B cBsisu ¢ onpenenenneM Mx e A u P(x)] Bo3unka-
X

€T 3ajaya «JA0KasaTejbeTBa CyllecTBOBaHHS»., IDTa  3ajaua
COCTOMT HMEHHO B J0Ka3aTeJbCTRE CYHIECTBOBAHHS B 'MHOMECTBe
A snementos (Xots1 6mi OIHOr0), 06MafAIMHX CBOMCTBOM P.

Hanpumep, OTPENCNAST NPAMOYrONbHBIA TPEYrONbHAK Kak
TPEYrOJIbHUK ¢ NPAMBIM YIJIOM, MbI AOKa3bIBAEM €ro CymlecTBO- .
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‘BaHUMe HEeNmOCpeJCTBEHHBIM. MOCTPOEHHEM TaKOro TpeyroJIbHHKA.
‘Ecnu Ke Mbl OIpeesuM «IBYIIPAMOYTONIbHBIH» TPEyroJbHHK KaK
TPeyroJbHUK ¢ NBYMS MPAMbIMU yrJIaMH, TO HETPYAHO LOKA3ATh,-
4TO B MHOMECTBE TPEYTObHUKOB HE CYIIECTBYET HA ONMH TaKOH
TpeyroJibHUK, H 3TO onpejesieHne JOJIKHO 6GHITb 0T6pomeuo,,u6o
OHO OTpejieNser TO, UTO He CYIIECTBYET. . . . -

[IpuBeseHHbIH BbILIE MPHMED ompejeseHHs BUAOB MHOTOTpaH-
HHKOB MOMET HCIOJb30BaTbC M AJA PasbACHEHHA HEBO3MOXK-
HOCTH TAKOrO ONpeneleHHs JJis YHHBEpCAJILHOrO MHOXKeCTBa
(OCHOBHBIX OG'BEKTOB).

JeflcTBUTEbLHO, MHOKeCTBO A1 MHOTOrpaHHAKOB MOXKET Ompe-
qenaTbCsi KAK MOJAMHOMKECTBO MHOXECTBA A reoMeTpHUECKHX
Tes ¢ mOMOIIbIo coiicTBa P, cocrosiiero B TOM, HTO reoMeTpH-
wecKoe TeJ0 OPaHHYeHO MNJIOCKOCTAMHU:

A= MlxeA n P(x)l.

Torza BO3HMKAeT BOMPOC, a KAk OMPEISJHTb yuoxecrso A
TeoMeTpHUEeCKHX Ten? ['eoMEeTpHUECcKoe TeJO MOXKHO ONPENEHTb
KaK MOJAMHOMeCTBO TOUEK TMPOCTPAHCTBA, orpaHHyeHHOE KaKHM-
T0 06paszoM B MPOCTPAHCTBE (He 06s13aTeNbHO MJIOCKOCTAMH,
MOMXKeT ObTh KaxkoH-HHGYIb KpHBO# rnosepxuocn,;o), T. €,
ecan Y — MHOXKECTBO TOUEK NMPOCTPaHCTBA (yunsepcaJjibHOe MHO-
KectBo) u P’ — cBOMCTBO, BHPAXKAIIIEE OrpaHHYeHHOCTb MOM-
MHOKECTBA TOUEK IMPOCTPAHCTBA, TO OMPEASJIEHHE MHOXeCTBa
reoMeTPHUECKHX TeJ TOoJyuaercss B BHC

A=M[xCY n P'(x)

CoBepuleHHO OUEBHJHO, UTO Aajblie HITH TaKUM NyTeM He-
Bo3MOXHO. MHOoXecTBO Y BCeX Touex mpocTpaHcra (yHuBep-
canbHOe MHOMECTBO) HeNb3sl Yxe ONpeleHTh 'KaK - IO IMHOKe-
ctBo Apyroro (Gosee IHMPOKOro) MHOXKECTBA reoMeTpHUECKHX
5eMEenTOB. MHO)KecTBo Y KOCBEHHO ONpPENeAETCs € MOMOILLbIO
AKCHOM. . '

§ 5. B jpokasaresbCTBaX reoMeTPHUECKHX TEOpeM LIUPOKO
TIPUMEHSIOTCS  CHJLIOTHCTHYSCKHE GopMbI ymosaknioyennil. Ho
JJIsi TOro, uTOGH HAayuHTb y4allHXCs (VIII—IX xaaccoB) mpo-
H3BOAMTH JIOTHYECKMH aHaju3 3THX VMO3aKJIOUEHHH ¢ UeJIbIO
BbIICHEHHS .MX 6€30IH60YHOCTH HJIH o6GHapyKeHHs OWUOKH, HET
HAOGHOCTH HM3yuyaThb B LIKOJE apHCTOTENEBCKYIO CHJIJIOTHCTHKY.

B 3TOM MBI VDENUJIHMCh Ha ONbiTe B MPOUECCE npOBEAEHHOI'0
skcrepuMeHTa. le mpasujia BLIBOIA, KOTOpbie  BBIPAXKaKTCH
CpemcTBaMu JIOTHKH BLICKA3HIBAHHUH, YA0OHO pasbACHATL yda-
1UMCs HA A3biKe 3TOM JIOTHKH (I 5), Apyrue e npasusa JOoru-
qecKoro BHBONA, NpeACTaBisiomye coGoi passHdHbe MOJLYCBI
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KAaTEeTOpPUYECKOro CHJJIOrU3Ma, MOryT TO/(BEPraThcs aHau3y Ges
CNeUHANIbHOrO M3YYEHUS CHJMOTHCTHKY, Ha Gasze TEOPETUKO-MHO-
JEeCTBEHHBIX HeH. _

Karteropuueckuii  cupgorusm ¢ TEOPETHKO-MHOXKEeCTBe HHO
TOUKH 3peHHsl IIpelCTaB/seT co6ol pemenne ciaenywowme sanauy’
TPEX MHOXECTB (WM Tpex Knaccos). Hasecray OTHOIlieHH 51
MeXJy MHOXKecTBamu A u B (AR\B) u MeXay MuOMecTBamu
B u C (BRyC). Tpebyercs onpenennts OTHOIIeHUE R3; MexnIy
MHOXecTBaMH A u C,

Monych cunnorusma najor 3aKJIOUEHHEe 06 OTHOmIeHMH R,
Mexny Muoxectsamu A u C Bo Beex Tex u TOJIbKO B Te€X Cjyua-
X, KOTZ2 H3BECTHble OTHOLIeHHs R, u Ry mexny A u B u mex-
ny B u C coorsercrBenHo OZIHO3HAYHO OMPENeNsIOT OTHOIIeHUe
MexXny mHoxecTBaMu A u C. B tex xe Cllyyasix, KOTAA OTHOLIe-
HHe R3; He onpenensiercs OIHO3HAYHO OTHOWIEHHAMH R, u R,,
T. €. MHOXecTBa A M C MOTYT HAXOMHUTbLCS B 'PA3JHYHBIX OTHOLIE-
HUAX, NONyCKaeMbIX OTHOWeHUsIMU R, u R:, xareropuueckuit cus-
JIOTUSM HUKAKOrO 3aK/MIOUEHHS! He Jjaer (13 moceinox AR,B
H BRyC He cnepyer umkakoe 3axioyenre tuna AR;C).

TloxaxkeM Ha meckombKHX KOHKPETHBIX TMpuMepax, Kak MOXKHO
TIOCTPOUTL aHANH3 CHUJJIOTUCTHYECKUX paccyxpenut, ucnoabays
JHID  3EMEHTAPHBIE TEOPeTHKO-MHOKECTBeHHLe THOHSITHSI.

1. Paccmorpum B kauectge pHMepa ciefyiouee paccyxe-
HHe: «Ky6 ecTb napansesnenunesn, a napansesendnen — npusma,
Cle10BaTeNbHO, Ky6 — npuaMay. )

B stom paceyxpennn TIPUMEHEHO HEKOTOPOe MpaBHJO BHIBO-
Ad, O YeM CBUAETENbCTBYET CJIOBO «CI€I0BATENbHO», OTHENSIO0-
nee MOCHIKH oT 3akmouenus. Uto6y BBIICHUTb JIOTHYECKYIO
CTPYKTYPY BbIBOAA, CYLIHOCTD TIPHMEHEHHOIO 3/leCh MpaBuia, He-
06XOIMMO OTBIEUBCH OT CONEPKAHHA 3TOTO  pacCyxmeHus.
[Ipexne Bcero 3aMETHM, YTO KOrja TOBOPHM «Ky6 — mapase-
ACIHNCN», «Napajienenunes — npusma» u r. A. MMeeM B BHAy
«BCE KYyGH CyTb Tlapaesenuness», «Bce TapaJjJenenunens —
fIPU3MBbI» U T. 1,

O603HauuM: muoxecTso Ky60B 6ykBOii A, MHOXecTBo napaj-
Jejenunenos 6ykeoi B M MHOMXKecTRo npusM 6ykBof C.

Torpa B mochinkax YTBEPKNIACTCSt 06 OTHOIEHUH BKMOUEHUN
MHOX€eCTBAa A B MHOXKeCTBO B(A ©B) u Muoxectsa B B MHOXe-
ctBo C (BC), a saxmouenue YTBEpKIAET, 4TO MHOXKeCTBO A
BRJIIOYaercss B muoxecrso C(A <C), 1. e. npuMeHenHoe B HaleM

PaCCyXIeHHH MPaBUJIO JIOTMYECKOro BLIBONa MMeEeT C/eyiouLyio

AcB, BcC
cxemy: AcC (cxema TIpaBUjia BbIBOJA 3aNHCHIBAETCS

OOBIYHO Tak: Haj YepPTOH 3anuCHBAIOTCS TOCHINKH, TOJ yepTol
3aKJIouente), '
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Kak nokasaTb, uTo oTHOWeHHe AC € JelicTBUTENbHO ClelyeT
u3 ornomenuit ACB u BCC, T. e. eCIH HCTHHHBL IOCHLIKKE
ACB u BCC, To ucTHHHO M BbicKaspiBanue A CC? P

T0 JIerko MNoKasaTh, n3o6paxkas MHOXKeCTBa A, B u C Kpy-
ramMd (MBI yXe O3TO CHeJaH TNPH peleHHH yripakHeHHH —
ri 4,§ 1).

JleficTBHTE/ILHO, eC/iH U306pasHTh (MHOKECTBA A, B u C xpy-
raMH Tak, uTo6u Kpyr A JexaJs BHYTpH Kpyra B(AcC B), a xpyr
B — suytpu kpyra C(BCC), To OKaxercs, uTO Kpyr A JEKHUT
u BHyTpH kpyra C (puc. 7). TakuM 06pa3oM, 3aKJOueHHe AEHCT-
BUTEJIbHO CJIeAyeT U3 MOCHUIOK H Haule pacCyXJeHue npaBHJbHO.

[IpumeHeHHOe 37leCh MPABHJIO BbIBOAA OCHOBAHO HA cBoficTBE
TPaH3UTHBHOCTH OTHOLUEHHS sxJouenusi: «ecau ACB u BCC, TO
AC C», KOTOPOe HANISAHO HJUIOCTPHPYETCS C MOMOMIBIO Kpyros
(B 1. 5 GymeT MOKa3aHO, KaK MOMHO He-
CKOJIbKO HHaue CcGOpMyJupoBaTh pac-
cyXjeHue, TOn0GHOEe HALIEMY, 4TOOHI
CBeCTH €ro K MpasHJy BbIBOAA, Bbpa-
KaeMOMYy OpeACTBaMH JIOTHKH BLICKa3bl-
BaHUH).

2. B KauecTBe BTOpOro npumMepa BO3b-
MeM cJaenymoiee paccyxnuenne: «[lapas-
JeJJorpaMM eCTb YeTHIPEXYTOJIbHUK C MO-
napHo  MapajuleJbHBIMH - CTOPOHAMIL.
PomM6 uMeeT NONApHO mnapaJuiesbHbIe
croponbl. CuefoBaTeNIbHO, pPOMG  eCTb
napaJiiesiorpaMms.

[Toctynas Kak B n;;emgn%uéeg mpuMepe, nojlyuaem Clelyo-

=B :
Iy cXeMy BbIBOJA: o=y
JeNorpaMMOB, B — MHOKECTBO UeTHIPEXyrOJIbHHKOB € nonapHo
napaJijieslbHEIME CTOPOHAMH, C — MHOXeCTBO POMGOB.

HerpyiHo 3aMeTHTb, YTO 3aKJIOueHHe C cA ue crepyer H3
TOCBLIOK.

JlefiCTBUTENILHO, eCaH M306Pa3HTh MHOKECTBA A, B u C kpy-
ramMu Tak, uro6u kpyrd A u C Jjexanu BHYTPH Kpyra B(ACB
u C CB), To 3THM B3aHMHOE DacnoJoXeHue AByX Kpyros AucC
OJHO3HAUHO He OMPEIENSeTCs, OHH MOTYT GBITh PACMOJIOKEHDL MO
pasuomy (puc. 8 @, 6, 8, 2). (Ecnm uCXOMMTbL H3 TpagHHOHHOA
KiaccHUKAUMH CH/UIOTH3MOB, TO STOT CHJJIOTH3M NOCTPOEH no
BTOpO#l (Urype, CpeIHUH TepMUH B une pacnpejelsied HH B o HOH
OChLIKe KaK TMPeAfKar B OGlIeyTBEPANTE/bHbIX BEICKA3BIBAHUAX
¥ MO3TOMY He CBS3BIBA€T IOCBLITKH.) ,

BhickasbiBaHHe «POMO €CTb NapaljelorpaMM», pasyMeercd,
MCTMHHOE BbICKAa3blBaHWe, HO OHO He CJeAyeT W3 MPHBEJICHHBIX
ABYX MOCBHUIOK.

Puc. 7.

, e A — MHOXeCTBO mnapaJ-
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Hcxoas M3 KOHKPETHOro -colepaHus paccyXjienus, A = B,
‘HO MBI MOXeM BLIBOJAMTL M3 NOCHUIOK JNHUIb TaKdHe 3aKJ/IOUEHHS,
KOTOpble CJIEAYIOT M3 HHUX B CHJY OJHOH MX JOTHYecKoil (QopME,
HE3aBHCHMO OT MX cojepxauus, Korja ke Mbl rosopum «A ecrb
B» B cMbiC/ie «Bce 3/eMEHTH MHOXKecTBa A CYTb' 3J€MEHTb MHO-
:KecTBa B», mox 3THM NOHUMAT BOOGIHe OTHOIIEHWE BKJIOYe-
HHsl, @ He YaCTHHA CJlyuyad — paBeHCTBO, W60, OTBJeKasCh OT

g P
c A
a 0

Puc.8.

COJePKaHHUs BHICKA3blBAHHA, Mbl HE YVBEPEHBI, UTO U BCe 3JE€MEH-
Thl MHOXKecTBa B cyTb snemeHTH MHOxKectBa A. Ilo cymecrsy,
OTBJIEKAACh OT COJEepXKaHdA paccyxkjaenus, nox A, B, C- nouu-
MaeM TiepeMeHHble, Ha MEeCTQ KOTOPBIX MOKHO (MOACTABHTbL JIO-
Oble KOHKPeTHble MHOXECTBA, JHUIIb 6Bl GblIY HCTHHHBIMH TIOCHLI-
xu A CB u BCC.

Uro6bl MCIPABHTbL IIPUBEJEHHOE HEMPaBUJIbHOE PaCCyXKeHHe,
J0CTaTOYHO BMecTo nockliku A CB B3sate BU A. Torma Ha ocHo-

BAHUU TPAH3UTHBHOCTH OTHOIIE-
. HUs BKJIIOUeHHs «ecin CCB H
BCA, To CCA» nonyunm npa<
BUJIbHOE paccCyKJIeHue,
3. U3 nocbuioxk «Bce poM-
66 — napaajenorpaMmel» U
«HEKOTOPble MPSIMOYTOJLHUKH —
poMOBI» MBI MOMXKEM  Cjle-
JaTb JUIIb 3aKN0ueHHe <HeKO-
TOpBIe NPSIMOYTOJNbBHHKA—IIapaJi-
Puc 9. JgejorpaMMbl». DTO 3aKJ/JIOUeHHE
KaXKeTcsl yyaliuMCsl HempaBUJb-
HBIM, ITOTOMY YTO UM HM3BECTHO GOJblle, a HMEHHO UTO BCe Mps-
MOYTOJIBHUKH — NapaJjiesorpaMMbl.

BaxXHO yMeTb pasiuyaTb HCTHHHOCTb BLICKa3bIBaHHUs§ OT TOTO,
CJAEeAyeT JH OHO WJIM HeT W3 AAHHBLIX IOCLIJOK.

ITyctb A — MuHOXecTBO poM60B, B — MHOXKecTBO napaJie-
J0rpaMMoB, .C — MHOKECTBO NIPAMOYTONBbHUKOB. Hamy mochLIKY
yrBepxaator: ACB u Cn A + . Pacnonoxum kpyru 4, B, C
TaK, YToOb Kpyr A jexan monHOCTbIO BHYTpU Kpyra B(A C B),
a kpyr C nepecekas kpyr A (CNA+ ) (puc. 9). U3 nauunix
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NOCHIJIOK CJAeAyeT TOJbKO, YTO HEKOTOpble npamoyronbuum —
napaJiesorpaMMel (CﬂBa& %)}

BhiCKaspIBaHHe «BCE NPAMOYTOJIbLHHKH — l1apajljlelorpaMMbly -
HCTHHHO, HO HEe QJIeNyeT M3 JaHHBIX IOCHIJOK.

MBbl 37ech NOJb30BATHCh TEPMHHOM «clefyeT» (3aKjioueHde
cledyeT M3 MOChLI0K). B ryaBe 5 6yaer yTouHeHO, YTO MBI JOJIXK-
HBl MOHHMATb MOJ, BHIpAaXKEHHEM OJHO BbICKA3bIBaHHE JIOTHYECKH
cJeflyeT U3 Apyroro (MM W3 APYTHX)>», a B I 7 6yJeT AaHO onpe-
JleJleHHe 3TOr0 BaXHOTO JOTHYECKOTd OTHOIIEHHS ME}Kﬂy BH-
CKa3bIBaHHAMH,

F 1a8a 5. HsyueHue W MPHUMeHEHHe JIOTHHECKHX onepauui
H NPaBHJ BLIBOJA B KypCe reoMeTpHH

B Hacrosedl raaBe PaccMATPHBAETCS METOAMKa NOCTETEH-
HOTO O3HAKOMJIEHHs YYalllHXCSl ¢ HEKOTOPHIMH JIOTHYECKHMH ome-
panugMy ¥ TIpaBHJIaMH BbHIBOAA, KOTOPble NPUMEHSAIOTCS [IPH H3Y-
YeHHH TEOMETPHH.

HiMeercss B BHAY, 4TO JIOTHYSCKHH MaTepHall, ¢ KOTOPBIM 3HA-
KOMSATCS yyaliyecsi, He Gyfer CKOHIIEHTPHPOBaH B OXHOM MecTe
Kypca, M3yuenue s/eMeHTOB JIOTHUECKOTO A3biKa T€OMETPHH I10-
HHMAaercs M CTPOHTCS He KaK NPUJIOKEeHHe K NpenojlaBaHHIO reo-
MEeTPHH, a KaK ero HeoTheMJeMas YacTb H MO3TOMY OHO JOJKHO
6HITL HaAJdexkalldM o6pasoMm pacnpeneneHo Ha GOJBIIOM Y4acT-
ke kypca reometpud (VII—IX kmacchl).

AtuM 06yC/IOBIEHO pa3feleHHe H3J0XKEHHOTO HHXKe JiorHyec-
KOTo MaTepHaja Ha HeGoJblHe [03bl, KOTOPBle MOTYT paccMar-
pPHBAThCH HA PA3THUYHBIX yPOKax, B paaHoe BpEMH Ha Pas3IHYHOM
reoMeTpUYeckoM MaTepuale,

B mpHBeleHHOM HU3J0XKEeHHH Mbl He YKashbiBaeM, Ha KaKHX
ypoxax ClleyeT M3ydaTh Te WIH HHble JOTHYECKHe Omnepauuu

U npasBHuia BbiBOJAA. MCnoNb30BaHHBIE HaMH FeOMeTPHYECKHH Ma-
TepHaj ‘MoKeT GbITb COOTBETCTBYIOIMM 06pPa30M 3aMeHeH APYTHM
KOHKPeTHBbIM <reome'rpuqecxy1M MaTepHaJoM TOH 3Ke_JIOTHYECKOH
CTPYKTypbl. B Hacrosie#t ryiaBe NPHBOASATCA HEKOTOpHle NpHUMe-
pbl TIPMMEHEeHHsI JIOTHYeCKHX 3HaHHH YyyalluxXcs B Kypce Treo-
METpHH. : ‘

OnucaHHoe HHUXe O3HAaKOMJeHHe YJYalllUXcsi ¢ JIOTHUeCKHMH
ONepalHsMH M NPaBUIaMH BLIBOJA B Kypce NeOMETpPUH nepenJe-
TaeTcs C aHaJOTMuHOH paGoroit B.Kypce anrebper (ra. 6). Ira
pa6oTa 3aBepuIaeTcs CHCTeMaTH3alHed U o6o6lleHHeM yXke NpH-
OOGpeTeHHBIX YYalUMMHCH 3HAHHH B OGNACTH JIOTMKH H TEOPHH
MHOXKecCTB (T71. 7)., :

01. B reomeTpHH, Kak U B apudMeTHKEe u ajreGpe, Mbl HMeeM
Jen0 ¢ Pa3NUYHBIMH BbICKa3BIBAHHMH.

Bcesikce  BhICKashiBaHMe BhIpaxKaeT Kakoe-HHOyAb CBOHCTBO
npexMeTa WM OTHOLIEHHe MeXKjay npeiMeramH. Hanpumep, BH-
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CKasblBaHHe «JIaHHBIH TpPeyrojbHHK — paBHOOGeApEHHHI» BbHIpa-
J)KaeTr CBOHCTBO AAHHOTO TPEYToJIBHHKA, COCTOSIIEE B. €FO MpH-
HAJJIEXKHOCTH K MHOXKECTBY PAaBHOGENPEHHBIX TPEyTOJbHHKOB;
BbiCKasbiBaHHe «allb» («npsiMas a napajsienpHa npsiMoi b»)
BBIPa’KaeT OTHCLIEHHE (flapajJleJ]bHOCTH), 'B KOTODOM HAXOJST-
Cs iBe MpsIMble @ ¥ b; BbICKa3blBaHHe «BCSIKHH poMG eCTb mapas-
JeJorpaMM» BHIpaXKaeT OTHOLUeHHe BKJIOYEHHS, B KOTOPOM Ha-
X0JATCA MHOXKecCTBa poMGop H mapal/esorpaMMOB,

Kaxjoe BbicKa3biBaHHE MOKET GbiTh HCTHHHBIM HJHM JIOMHBIM,
HO He MO¥KeT GHITh OJHOBPEMEHHO ¥ HCTHHHBIM, H JoXKHuhiM. Ha-
IpHUMED, ecTH TPEyTroNbLHHK, ¢ KOTOPOM HIET peub B BHICKAa3hiBa-
HHH «JAHHBI# TpPeyroJbHUK — paBHOOEApEHHBIH» AEHCTBHTENBLHO
NPHHAJMEKHT MHOXKECTBY 'PaBHOOEAPEHHBIX . TPEYTOJbHHKOB
(uMeeT mBe paBHble CTOPOHHI), TO 3TO BHICKa3hiBaHWe HCTHHHO,
B TPOTHBHOM cJayyae OHC JcxHO. KpoMe TOro, Tak Kak OJIMH
H TOT Xe TPEYroJbHHK HE MOXKeT W MmpHHAJJeXaTb U He NPHHAJ-
JexaTb MHOXKeCTBY paBHOOeIpeHHBIX TPeyreJbHHKOB, TO 3TO BhI-
CKa3piBaHHe He MoxXeT ObITb OJHOBPEMEHHO W HCTHHHBIM,
H JIOXKHEBIM,

HcruHHOe BbicKasbiBaHHe 0603HaumM [Jdsi ymoGCTBa cokpa-
meHHo 6ykBo#l «H», joxkHoe — 6ykBo# «JI». «M» u «JI» GymyT
TaKxXe Ha3bIBATbCS 3HAYEHHSIMH HCTHHHOCTH BHICKA3bIBaHHS.

02. C TouKM 3peHHs rpaMMaTHYecKOH BLICKasbiBaHHME Mpen-
craBaser coboii mpeanoxenne, OfHaKo He BCAKOE TIpelJIOKeHHe
SBJISIeTCs BHICKa3biBanueM. [loa BhicKa3biBaHHEM MOHHMAaeM JHIIb
Takoe TpeJJIoxKeHHe, 0 KOTOPOM MOXKHO CKasaTb, YTO OHO HCTHH-
HO HJH JIOXKHO.

C 5TOH TOUKHM 3PeHHS BONPOCHTENbHLIE M BOCK/JIHIlATENLHLIE
NPENJIOXKEHHS He ABAAI0TCH BbicKasbiBanusMH. He siBasiorcs Tak-
K€ BLICKA3bIBAaHHSMH H NPeJJoXKeHHs, B KOTOPHX MNojJexaliee
npencrasjsier cofOd He Ha3BaHHe KOHKPETHOTO O0beKTa H3 JaH-
HOTO MHOXKECTBA, a NOPEMEHHYIO, HA MeCTO KOTOPOH MOXKHO IIO-
CTAaBUThb Ha3BaHHe NPOH3BOJLHOIO OOG'BEKTA M3 3TOTO MHOXKECTBA.
Hanpumep, npejnoxenue «ropox x — croauiia DBCCP» ne
ABJsieTCA BbiCKa3biBaHHeM, MO0 Mbl He MOXEM 0 HeM CKasaTb,
HCTHHHO OHO HJIH JIOXHO (B HeM IMojJjexallee COAepKHT lepe-
MeHHyl0 X). Ecin ke moacTaBuTh BMECTO X HasBaHHe KOHKpET-
HOTO TOpoXa, 3To NpeajoxkeHHe obpallaeTcss B HCTHHHOE HJH
JIOXKHOe BHICKa3biBaHue («ropon Munck — croauita BCCP» —
HCTHHHOE BBICKa3hiBaHuWe, «ropon MoruaeB — croauiia BCCP» —
JIOXKHO€ BHICKa3blBaHHE).

AHanoruyHo npemsyioXeHHe <«X — PaBHOGEAPEHHBIH TPeyrofb-
HHK», TJle ¥ — nepeMeHHas, Ha MeCTo KOTOPOH MOXKHO NOJACTa-
BHTb Ha3BaHHE NIPOU3BOJBHOTO 3J€MeHTa MHOXKecTBa TpeyroJb-
HHUKOB, He siBJsieTcs BbicKaspiBaHHeM. OHo obpaiaercss B HCTHH-
HO€ WJH JIOXKHOE BLICKa3blBaHHE NMPH NOACTAHOBKE BMECTO X Ha-
3BaHHsl ONpeJesNeHHOlp TpeyroibHHKa, Hanpumep A ABC.
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02.1. ITousiTHe BBLICK43KIBAHHA y3Ke NOATOTABJHBAJIOCH B IIPO-
1ecce penieHds ynlpaxmeﬂuu Ha YHCJOBHIX MHOXecTBax (ri. 3)
¥ [OAYWMT jajbHeiillee YTOUHEHHE B YUEHHH 06 ypaBHEHHAX
u Hepasencrax (rai. 6). IlosTomy paccMoTpeHHe 3TOTO MOHATHS
B Kypce TeOMeTpHH SBJIAETC JHIIb IPOMEXKYTOUHBIM 3BEHOM
npoiecca ero (GpopMHpOBaHHA.

03. Kaxnoe u3 mpuBegenHbix poitie (01) BbiCKasbIBaHUR Ta-
KOBO, UTO HHKAaKaf yacTb ero yXXe He COCTaBjfeT BbICKa3blBaHHE.
Takue BHICKA3blBaHMS HA3BIBAKOT 3JE€MEHTAaPHBIMH.

B GospluikHCTBE CBOEM T'eOMETpHYECKHe TIpeNJIoXKeHHs (aKCH-
OMBI, TEOPEMBI, OTIPE/ieIeH!s) TPeACTaBJIAOT COGOH CJI1 0 XK H bl €
BbICKA3bIBaHHUs, ONpeeenHbiM o6pa3oM cOCTaBjieHHbIE H3 3Je-
MEHTapHHIX ‘BbICKa3biBaHHH.

Hanpumep, mpenioxenue «Ecau /\ ABC — paBHoGepeHHbIH
(AB=BC) u BD—Bricora (BD_|AC) uau BD — Menunana
(AD = DC), to /ABD = /DBC»— cloXHoe BbICKa3blBaHHe,
cOCTOsIIee H3 yeThipex 371eMEeHTaPHbIX BbicKasbiBanu#: «/\ ABC —
pasuoGenpennnifi» (1), «BD — BhicoTay (2), «BD — menuana»
(3), «/ ABD = / DBC» (4), onpepnejeHHblM 06pa3oM CBSI3aH-
HBIX MeXOy COGOH ¢ IIOMOLIBIO CJOB: «H», «HJH», <E€CJIH, TO»
(«Ecam uMmeer Mecto (1) u umeer Mecto (2) uau (3), To HMeeT
Mecto (4)».)

ClioBa «He», «H», €HJIH», «ECJIH, TO» UTPAOT POJIb. JOTHYECKHX
CBAI30K, WJHM ONepaTopoB, 0603HAYAIIHX OIpeJieJeHHble . JIOTH-
yecKHe Onepalldy Haj 3JeMeHTapHBIMH M CJAOXKHBIMH BHICKA3bI-
BaHUSAMH.

B uacTHOCTH, B HalleM NpUMepe YTBEPXKAAeTcf, YTO BHICKA-
3biBaHMe (4) caepnpyerT U3 BhickashiBanua « (1) u ((2) uau
(3))}». Ho uto 310 3HauuT? KaxkoB TOYHBIH CMBIC/ YTBEpXK/IEHHS
0 TOM, YTO OJHO BHICKA3bIBaHHE CAEAYET H3 APYroro?

H3yuas reoMeTpuio, Mbl Ha KaXK[OM LIAry BCTPEYaeM TaKHe
U JpyTHe JIOTHUeCKHe OTHOIIEHHA W ONepaildH, HO BHIIIOJHAEM
3TH onepauyyd B HeSIBHOM BHAE, T. €. He BHAeJAeM HX H He BH-
scHSIeM MX TOUHBIH CMBICJA. BOCIIOJHHM B HEKOTOpO# Mepe 3TOT
npo6ea. IlonMMaHHe TOYHOrO CMBIC/JA BBIIOJHAEMBIX HAMHU JIOTH-
YeCKHX omepaildii NoMOoXKeT HaM Jyylle YCBOUTb KypC FeOMeTDHH
H [OHHMATL €ro IOCTPOEHHE,

04. HauGoJiee npocroil Joruyeckodl onepariuet, BLINOMHAEMOf
HaJ ONHHM BBbICKA3LIBAHHEM, fIBJISETCA OTp HIU AHHE.

B o6blgennoil peyd OTpHIIAHHE OCYUIeCTBJSETCS C NOMOLIBIO
yacTHUBE «He», HaupuMep, oTpHIlaHHEM BLICKA3bLIBAHHS «Touka A
NpHHAJICXKHUT npsMoll a» («A éa») saBasercsi BbICKAa3blBaAHHE
«Toyka A He NPHHAJJIEXHT npsMoll a». OueBHIHO, €CH NepBoe
BbiCKa3bIBaHHE® MCTHHHO, BTOPOE€ JIOXKHO, €CJH nepsoe JIOXHO,
BTOPOE HCTHHHO, .
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- Mu npuxomum k chemywomemy onpenenensio ofpHmaHHS:
OTPHUAaHHEM JaHHOTO BLICKA3bIBAHHs HA3LIBAETCH TAKOE Bbi-
CKa3plBaHMe, KOTOPO€ HMCTHHHO, KOT/[a JaHHOE BHICKA3bIBaHMe
JIOHO, H JIOXKHO, KOTa JiaHHOe BhiCKasbiBaHue ncruuuo. (Ilox
OTPHUAHHEM [IOHHMAaeM Pe3yJIbTaT OJIHOHMEHHOH omepalH. )

OrpHiaHHe HEKOTOPOro BLICKA3HBAHUA «X» 0GO3HAYUM CHM-

Bosiom «X» (X ¢ ueproit). Hanpumep, orpuinanue BBbICKa3bIBAHHUSI
«/} € a» o6osHaunM cuMBOJOM «A€a» (paHblle M nHCAIH
A/Ga), OTpHIlaHHE BHICKasbiBaHUsi «alles — cuMBosoM afé». .

Onpenenende oTpullanus MOXKeT GBITh 3aNHCAHO B BHIE CJe-
Ayolel Ta6GaHIbL: \

S
=]

|

2=
==

B Heil ykasano, Kakue 3Hauenus ucrunsoctd (U, JI) npunu-
Maer orpuniaide X B 3aBHCHMOCTH OT 3HAYeHUil HCTHHHOCTH BbI-
CKasbiBaHHA X. S

Herpyano saMeruts, uto BricKasnBanHe X siBAsieTcs OTpH1a-
HHEM BBICKa3blBaHHsi X (YHOBJIETBODsieT ONpENEJEeHHIO OTPHIlA-
uus1). Takum 06pas3oM, HBaXAB NMOCJIEOBATENbHO BHIMOJHEHHAS

Hal BbICKadbiBaHHeM X omepauusi oTpuuanus (X) OpHBOLHUT
CHOBa K 3TOMY e BbicKasbiBauH©. Hanpumep, orpumas, uyro
«TOuKa A He NPUHAJISHHT NPSMOH G», Mbl NIPHXOHM K NEPBO-
HavyaJbHOMY BLICKa3HBAHUIO «TOUKA A NpUHAIJIEXHT NPSIMOH a».
05. B 0GbIIeHHON peul COI3 «HIH» TPHMEHSIeTCS B IBYyX pas-
JIMYHBIX CMBIC/IAX: B CORLUHHTENBLHOM, KOFla CJOMKHOE BHICKAZbI-
BaHHe, 06pa3oBaHHOE C MOMOLIBIO 3TOTO COI03a, CUHTAETCS HCTHH-
HBIM, KOT'la MCTHHHO XOTS 6H OJHO M3 COCTABJSIONINX BbICKA3HI-
BAaHHH, M B Da3fe/HTENbHOM, KOTNla CJO0XKHOe BbICKa3bIBaHHe
CYHTAETCS MCTHHHBLIM, KOTla HCTHHHO TOJbKO OIHO U3 COCTABJSIO-
UIMX BBICKA3HIBAHHH (B 3TOM -Clyuae rOBOPAT «HJH..., HIHY).
Ilyctb, HanpuMep, MMeeM fBa BhICKAa3bIBAHHS: '

«Aea unu Aes» (1) u '
«uu Aea, unu Aee» (2).

' BruickasmBan#e (1), B KOTOPOM COI03 «HJIH» TIPUMEHEH B CO-
eMHATEJIbHOM (Hepas3fle/IHTeNIbHOM) CMBIC/AE, HCTHHHO, €¢/H
'HCTHHHO XOTsi ‘6Bl OJHO M3 COCTaBJSIONIMX €ro SJeMEeHTapPHbIX
BEICKA3bIBAHUH, T. €. ecAud «A é a» UCTHHHO H «A € 6» JIO3KHO, HJTH
eciin «A€ a» N0XKHO H «A € 8» UCTHHHO, HIH «A € a» U <A é6»
HCTHHHHL, _— . ‘ S
-BbicKasbiBanne (2), B KOTODOM COK3 «H/IH» IPHMEHEH B Das-
JAeMUTENbHOM CMbIC/e, HANO TIOHHMAThb KaK HCTHHHOE, ecJii HOTHH-
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HO TOMBKQ, ONHO M3 COCTABJFIOUIMX €T0 3/eMEHTapHBIX ‘BbICKa-
3RBaHHM, T. €. -eclH «A € a» HCTHHHO H <A € 8> JOXKHO, HJIH ecn
«Aeay oXHO U «A €8> HCTHHHO. ' s

_OmnpefiesM JIOTHYECKYIO OTI@PAIIHIO HAJl BbICKAa3bIBAHHAMH, CO-
OTBETCTBYIOLLYIO CBS3KE «HJIH> B COEIUHATEILHOM cMuicae, Pe-
3yJabTaT 3TOH JIOTHYeCKOH omepaumuu Hajx ABYMs - (usm -6o1ee)
BBHICKA3HIBAHMSIMH HAa3bIBAeTCss A M3 DbIOHKIHUEH 3THX BbICKa-
3bIBAHHM;

Takum 06pasoM, [U3BIOHKIHEH HBYX BEHICKA3bIBAHMH Ha3bl-
BdeTcss - TAKOe HOBOE BhICKAa3biBaHHE, KOTOpOE HCTHHHO - TOTAa
H TOJbKO TOTAA, KOIJA HCTHHHO XOTsi Obl OJHO H3 3THX BhHICKa-
3bIBaHuH, : C :

JlusbionKiHio BhicKaspiBanuii X u Y 0603HauUM CHMBOJOM
«XVY» (1. e. 3HaK «V» 3aMeHsET COIO3 «UIH> B COEAHHHUTE/b-
HOM CMBICJIE). ’ ‘

Onpenefenne NM3BIOHKIHH MoXeT OBITh 3amHCaHo B BHAE
caenymomel TaGaUIIbL: '

-

X Y XVY
JI J J
J U "
4! J "
|4 " |4

B nepBhIX cJeBa IBYX cToJ61ax TaGaHIlbl BbUTHCAHBI 'BCEBO3-
MOMKHBle KOMOMHAIMM 3HAyeHHH MCTHHHOCTH ABYX JAaHHBIX BbI-
CKa3LIBAHME, a B TpPeTbeM CTOJGIle pasMelleHbl COOTBETCTBYIO-
[I{He 3HAYEHHs HX JU3DBIOHKIIHMH. , '

Kak BHiHO, DU3BIOHKLHS JIBYX BLICKA3BIBAHHH JOXKHA TOJb-
KO B TOM C7lyyae, Korga o6a 3T BBICKa3bIBAHHA JIOXKHBI .

Onpefienenne TH3BIOHKIME PACMPOCTPAHSETCA HA moboe yuc-.
Jo BhIcKaspiBauuil, HampuMmep, AH3BIOHKIHSA XVYVZ ucrunHa
TOrJa H TOJNBLKO TOLJA, KOTNa HCTHHHO XOTsl OBl OJIHO M3 BBICKA-
spBanuti. X, Y wiau Z, ¥ JloXHA, KOrja JIOXKHbBl BC€ 3TH BBICKAa3bl-
BaHHA. '

06. Jloruueckasi onepallusi, KOTODYIO MBI BHIIOJHAEM HAX
JBYMs BEHICKa3bIBAHHSMH, COeJHHSS HX COIO30M «H», TPUBOLUT
K HOBOMY BHICKA3LIBAHHMIO, HA3bIBAEMOMY HX KOHB IO HKIHE .

HanpuMep, u3BecTHas TeopeMa O CPeRHel JHHHH TpameuHn
(cpenHss JMHHS TpaNeluy napajielbHa OCHOBaHHSM M paBHa
MX nOAYCyMMe) Npe/cTaBisier co0oil CJ0XKHOe BBICKAa3HIBAHHE,
cocrosinee U3 ABYX 3JEMEHTAapHBIX BBHICKA3bIBAHUH, COEIHUHEHHBIX
COIO30M «H», T. €. IpeJcTaBiasieT co00H KOHBIOHKIHIO ABYX BbI-
CKasBiBaHHY («CPENHAs JHMHHA Tpanelys mapajielbHa OCHOBA-
HHUSIM» M «CPeJHsis JHHHs TpaNellWH paBHA NOJycyMMe OCHOBA-
HHH»). DTO -CI0XKHOe BBHICKA3bIBAHHE HCTHHHO “TOrga M TOJBLKO
TOr[la, KOTHA HCTHHHE 06a coCTaB/siollHe ero 3JM€MEHTapHLIC
BLICKA3LIBAHHs, KOKA3aTeJbCTBO 3TOH TEOPEMBI, T. €.- yCTaHOBJE-
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HHE€ HCTHHHOCTH 3TOTO C/IOXKHOTO BhICKA3LIBAHHS, COCTOHT H3 ycra-
HOBJIEHHS] HCTHHHOCTH KaXXJOT'O M3 COCTAaBJSIONIHX 3/eMeHTap-
HBIX BbICKa3blBaHMA. Ecau ke xorst 6Bl oo m3 stux BHICKA3bI-
BAaHHUHA JIOXKHO, TO JOXKHA H HX KOH'BIOHKLH S,

Taxum o6pasom, Hcxoiss M3 OGBLIYHOTO CMBICTIA €OK03a «H»,
NPHXOAMM K CAEAYIOUEMY ONpeae/]eHHIo COOTBETCTBYIONLEH JIOTH-
UYECKOH omepalyu: KOHbIOHKIHel JABYX BbicKa3zbiBaHuéi X u Y Ha-
SBIBAETCS TaKoe HOBOE BLICKA3bIBaHHE, KOTOPOe HCTHHHO TOr1a
H TOJbKO TOT/a, KOTJa HCTHHHBEI 06a BbicKasbiBanus X # Y. O6o-
SHAUHM 5TO HOBOE BbICKa3bIBaHHe CHMBOJOM «X AY»> (3Hak « A>»
3aMEHMET COI03 «H»). . ‘

Onpenenenvie KOHBIOHKIHH MOMXKeT GbiTh 3afiMcano B BHIe
caenymouen TabauLbl;

X Y XAY
J J J
J n J
7 J J
U u U

Onpenenenne KOHBIOHKLUH, KAK U onpenejeHde QU3 BIOHKLUH,
pacnpocrpanserca Ha J1060e YHCJIO BLICKA3BIBAHMIL Hanpu-
Mep, KonbioHKuHa (Aea)A(Bea)A(Cea) wctunna B  Tom
H TOJMLKO B TOM CJyuae, KONIA WCTHHHBI BCe 3/leMeHTapHbIe
BbiCKasbiBauusd Aé a, Be a, C ¢ a, 1. e. Korma Bce TPH TOYKH
A, B, C npunapnexar npsiMoii a.

07. Ecau, nanpumep, 6yksamu X u Y 0603HavaIOTCs Gripefe-
JICHHDbIC BLICKaSHBAHHS, TO H NU3BIOHKUHA XV Y U KOHBIOHKIHS
X A 'Y npeacrasiasior co6oi Oltpefie/IeHHbIe BhICKa3biBaHus. Ecin
®e OykBamu X u Y o6osuauarorcs NepeMeHHB € BMECTO
KOTOPHIX MOXHO NOJACTaBHTb NIPOM3BOJbHEIE BLICKA3bIBAHUSA, MO-
ROGHO TOMY Kak B ajre6pe Mbl IpUMeHseM NepeMeHHBe, BMECTO
KOTOPLIX MOXHO NOACTAaBHTb NPOH3BOJbHBIE YHC/IA W3 HEKOTOpO-
TO MHOXeCTBa, To AH3BIOHKUHS X VY u Koubionkuus X A ¥ To-
K€ NDPEeICTABNAIOT COGOH nepeMeHHble, KOTOPHle obpamaores
B BBICKA3LIBAHUs (MCTHHHBIE HJH JOXHble) B 3aBHCHMOCTH OT
3HAYEHMH HMCTHHHOCTH TiepeMeHHBIX X u Y, 1. e. OT HCTHIHOCTH
HIH JIOXKHOCTH NOACTaBJsIeMbX BMecTo X u Y KOHKDPETHRIX BhI-
CKasbiBanui. Takum o6pasom, X VY i X A Y, rae X u Y — ne-
PeMeHHbIe, NPEeACTABAAT CO6Oi JUWb (OPMBI 1/ BHCKA3HBA-
HHHA, obpamaromyecs B BHICKA3BIBAHUS IpPH NOACTAHOBKE BMECTO
IEPEMEHHBIX KAKHX-TO ONpe/leNeHHBIX BLICKA3hLIBAHHIE, M 6ynem
TOBODHTb HHOTJA «BBICKA3LIBAHHE» B CMBICJIE «bopMa ajg BbI-
CKa3bIBaHH .

3Kecb HMeeT MecTo TO Xe, uTO B ajrebpe. Bripaxenus
X =+ Y», «X-Y» Dle X § Y — UHCIOBbIe TIePeMEeHHble, TIPECTAaB-
JAI0T c0060H TaKxKe UMCAOBbLIE nepeMeHHble, GOpPMBI AJIA YHCE,
obpalarouHnecs B yucaa mpu TIOACTaHOBKE BMECTO X H: ¢ WX
3HAYEHHH U3 NAHHOIO YHCJIOBOTO MHOZKECTBA,
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CJI0XHOE ' BHICKA3HIBAHHE, COCTABJIEHHOE M3 3JEMEHTAPHBLIX
¢ IIOMOIIbIO JIOTHYECKHX Omnepailid, Ha3oBeM dhopmyaon. o

HerpynHo 3aMeTHTb, UTO M3 ONpPEE/eHHs AU BIOHKIHH Heno-
CPEJCTBEHHO CJIeyeT, 4TO (HOpMYJIbl XVY u YVX npu mo6bx
3HAUEHUSX HMCTHHHOCTH NepeMeHHLIX O06pallaioTcs o6e JHGO
B HCTHHHBIE BBICKA3HIBAHHS, JHG0 B JOXKHbE, T. €. 06e NpHHH-
Mator suauenre W unu 3nayenue JI. Takne GopMyJH HA3LIBAIOT-
51 paBHBIMH HJIH 9KBHBAJEHTHBIMH. DKBUBAJEHTHOCTL 0603HAYHM
CHMBOJIOM « <—> » (MM OOBbIYHBIM 3HAKOM DaBeHCTBA « = »}.

TakuM o6pa3oM, HMeeT MECTo 3KBHBAJEHTHOCTD XVY=Y VX,
BHIpaXKallas 3aKOH KOMMYTATMBHOCTH JHM3BIOHKIHH, TaKxe
KaK B ajre6pe TOXKAECTBO X + Y =Y + x BBIpa)Kaer 3aKOH KOM-
MYTATHBHOCTH CJIOKEHHS.

Eme paupme (04) ™Mbl yCTaHOBHIH SKBHBAJICHTHOCTH X=X
BHIPaXKAOUIYl0 3aKOH JBORHONO OTPHUAHHS, MOXOXYKI HA TOXK-
nectBo «— (— X) = X», BpIpaxaiolliee CBA3b MEX/Y MPOTHBONO-
JIOKHBIMH YHCJIAMH.

DKBUBAJEHTHOCTb (OPMYyJ], BBHIPAXKAWUIUX CJOXKHbIE BbICKA-
3bIBAHHS, HMEET TAKyIO e CHIY, KaK ¥ TOXJEeCTBEHHOCTb BbIpa-
Kenuii B aiaredpe. Touno TaK e, KaK, HalmpuMep, BBIpAXKEHHE
a2 - 2ab + b? MOXHO BCIOLY, e OHO BCTpEdaercH, 3aMeHHTb
TOXIECTBEHHBIM eMy BhipaxenneM (a + b)? i, HaoG6OpoT, Kax-
Jl0e B3 [ABYX SKBHBAJEHTHbIX BHICKA3bIBAHHH MOXET 6LiTh 3aMme-
HeHo APYTHM BCIOAY, TI€ OHO BCTPeYaercs B pacCyXACHHAX. Ha-
npHMep, BHCKasbiBalHe «HEBEPHO, UTO TOUKA A He npuHamie-
JKHT NpPAMOH @» Mbl MOXKEM 3aMEHHTh B HAIIHX pacCyXISHHAX
SKBUBAJEHTHHIM €My BBICKA3LIBAHHEM <«TOUKa A MNpUHANIERKHT
npsiMoii @» Ha OCHOBAHHH 3aKOHA NIBOIHOTO OTPHIlAHHs, TaK Kak
Ae¢ a=Aea.

KpoMe 3aKoHa JBOHHOTO OTPHIlaHMS H 3aKOHA KOMMYTATHB-
HOCTH JH3DBIOHKIHH, HMeeTcsi A APYTHX 3AKOHOB, BHIPAXNKAMOIIHX
CBOMCTBA JOTHUYECKHX OIepailui. ~

B najpHefilieM MBI PacCMOTPHM HEKOTOPBIE H3 3THX CBOHCTB.

08. Ecau, nanpuMep, BbICKa3bIBaHHE «4 ¢ a» HCTHHHO, TO
ero_orpuuande «A € a» JOXKHO, eCIH XKe «A € a» J0XHO, TO
«Aea» uctuuHo. CuemoBaTebHO, AU3IBIOHKIHA (A e a) V

—_— [ A——

(Aea) Bcerga HMCTHHHA, a KOHBIOHKIHA (Aea A(A e a)
Bcerga JoxHa. - '

Ecii 3aMeHHTb BbicKaspiBanue «A € a» MPOH3BOJBHBIM BbI-
.CKa3pipanHeM X, NMOJYUYHM: :

N XvX=HU, )
XNANX=J. 2

IloKasaTelbcTBO 3KBHBaneHTHOCTeH (1) H (2) cocrour B HX
TIpoBepKe L5 JIOGHIX 3HAYEHHH HMCTHHHOCTH MNPOH3BOJNLHOTO
\
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- BbICKa3biBahMsg X. DTO JOKa3aTelbCTBO MOMKET ObITb 3amycaHo
B BHJE cjeAyiouleidl TaGJaULBI:

X X . XVX XAX
J " /| 1 T ,
" 1 U J

Cornacuo (1), Tak Kax musbionkuus X V X Bcerna HCTHHHA,
OJHO U3 NBYX BbicKasbiBanui X wid X (e X) Bcerma ucrummo
(3aKOH HCK/IIOYeHHOTO TPeThEro). _ .

Coraacuo (2), Tak Kak xoubionkuusa X A'X Bcernaa JIOXHa,

OAHO H3 BhICKasbiBanki X uau X Beerna Joxuo (3akon NPOTH-
BOpeyHs). ‘ )

3aKOHbl HCKJIIOYEHHOTO TPEeTBero H TIPOTHBOPEYHsST HAXOAAT
IIUPOKOE TNPHMEHEHHE B NDAKTHKE MATeMaTHIECKHX IOKa3a-
TelbCcTB. B yactHocTH, B KocBenHOM IlOKasaTeNbCTBe (TpajH-
LHOHHO HAa3bIBaeMOM [0Ka3aTeJbCTBOM «OT TNPOTHBHOTO», XOTA
ClefoBaNo Obl Ha3BIBATb JOKA3aTeNbCTBOM <«OT IpOTHBOpEYa- -
LIEro»), BMECTO TOTo, 4TOGB N0KA3ATh HCTHHHOCTb BHICKA3bIBA-
Hust X, noKasblBaeM JIOXKHOCTL BHICKA3BIBAHUS X ‘M O 32KOHY
HCKJIOYEHHOTO TPeTbero TPHXOAHMM K BBIBOAY 06 HCTHHHOCTH BbI-
ckaspiBanuss X. (Tak kKak X VX=U u X = JI, To, 3amensns
B XVX=U Buickasbisanne X uepe3 SKBHUBAJIEHTHOE €My Bhl-
CKaspiBaHHe JI (/0XHOe BbiCKasbiBanue), noryvyaem X VJI=H
H, COTJIaCHO ONpeNeseHHI0 AUSBIOHKIKMH, X = H.)

Ecau nam nyxno OTIPOBEPTHYTb HEKOTOPOe BBICKA3biBaHHue X,
T. €. ZloKasaTb, 4O OHO JIOKHO, HHOTMA JeTye JOKA3aTh, YTO ero
otpunanude X ucrunxo. Torma mo 3aKOHY NPOTHBOPEYHS UPHXO-
AHM K BLIBOLY O JIOKHOCTH BhicKasbiBanus X. (Tak xak X A X= JI
1 X =M, 10, nopcrasiasis BMecTo X 9KBHBANEHTHOE €My BLICKa3hl-

Baude U (HcrHHHOE BbiCKasbiBanue) B XAX = JI, noayuaem
XAH = JI u no onpenenenuio KOHBIOHKIHH X == JI.)

09. OueBupmHO, BHICKAa3bIBaHHe «HEBEPHO, uTO ToyKa A mpm-
HAJIEXKUT NPAMOH @ MAH ToyKa A NpHHALJEKHUT npsiMmoit b»
SKBUBAJIEHTHO BLICKA3BIBAHHIO «TOYKa A He NpHHAmTexUT npst-
MO# a W Touka A He NpUHALJEKHT mpsMo#t b» (momuepkuBamUe
JIOTHYECKUX CBA30K OGJ/Ieryaer Iepexof OT C/IOBECHOH K CHMBO-
JMUECKOH 3aNHMCH BHICKA3biBaHMH)!, T. e. MUMeeT MecTo IKBUBA-
JIEHTHOCTD:

(Aea)\/ (Aeb) = [(Aea) A\ (A eb)].

! Cnopamu «neepro, uro» 0603HauaeTcss OTPHUAHHE BCero Crenyoliero
3a HHMHU BHICKAa3LIBaHHA. ' .
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BhICKasbiBaHHE HEBEPHO, UTo ToyKa A npHHAIJIEXHT Nps-
Mofi @ M Touka A npHHALJEXKUT NpsAMO# b» SKBHBAJEHTHO -BhI-
CKA3LIBAHHIO «TOYKa A He NPHHANJIEKHT NPAMOH @ MAM TOUKA
A He npHHAAJeXUT npsamoii b», T. e. HMeeT MeCTO 3KBHBAJIEHT~
HOCTb:

@Aca) N (Aeb) =[(Aea)V (Aebd)].

Herpymuo noKa3aTb, YTO 3TH KBHBAJEHTHOCTH HE-3aBHCAT OT
CofepKaHHs (UTYPHPYIOWIHX B HHX 3/€MEHTAPHBIX BBICKA3HI-
BaHHH.’ ) ‘ ,

3aMeHHM 3JIeMEHTapHOE BblCKa3blBaHHE A € a npOU3BOJbHbIM
BLICKa3biBaHHeM X, a 3/eMeHTapHOe BBICKA3blBaiue A € b upo-
H3BOJbHOM BhicKasbiBanueM Y!. Torma 3Tu 9KBHBAJEHTHOCTH
NPHMYT ¢JelyIolHA BHI

XVV=(XAY) (1)
XANY=(XVY) 2y

STH SKBHBAJEHTHOCTH JErKo YCTaHAB/JIUBAIOTCH, HCXOAA H3
onpejiefieHnil OTPHIlAHUSA, AH3BIOHKIHH U KOH'BIOHKIIUH.

Ilokaxem sKkBuBajenTHOcTh (1). :

Iusbioukuus X VY joxHa, a, CIef0BaTe]bHO, ee OTPHIAHUE
X VY wucrunyo, Toraa 4 TOJBKO TOTAA, KOTAA 06a BHICKa3bIBa-
gust X u Y JoXHH, T. €. KOTJa MX OTPHIAHHA X u Y HcTHHHEBL
4 B 3TOM e H TOJbKO B 3TOM Cjyyae HCTHHHA H KOHBIOHKIHS
XAY.

Iuzbionkuuss X VY ucTuHHa, a, cl1ef0oBaTeNbHO, ee OTpHila-
HHe XVY JIO}KHO, TOTAA H TOJbKO TorAa, Korja XOTd 6Ll
O/IHO H3. BbicKasbiBanuil X miu Y MCTHHHO, T. €. KOTAA XOTH 6br

OAHO H3 BBI'(_IKaE}bI'Ba'HI/Iﬁ X uau Y J0¥KHO, ¥ B 3THX K€ U TOJbKO®

‘B 3THX CJIy4asiX JOXKHA H KOHBIOHKIIUSA XAY.
Takum o6pa3oM, HMEET MeCTO 3KBHBAJEHTHOCTD!

XV Y=(XAY).

JToKa3aTeJbCTBO SKBHBAJEHTHOCTH MOXKET 6GbITh OCyHIECTBJIE~
HO C MOMOMIbIO TaGJHIb], B KOTOPOH I/ BCEBO3MOXHbBIX KOMOH-
Haluil gHayeHH#l MCTHHHOCTH 3JI€MEHTapHBIX BbICKa3bIBaHHH
ONpene/sioTCs COOTBETCTBYIOUIHE 3HAYeHH HCTHHHOCTH VI
CJI03KHBIX - BBICKa3pIBaHH#, 06pasyiolluxX JEBYK H NpaByio yacT
J0KasbiBaeMol sKBuBajeHTHOCTH: Ecim 3TH 3HayeHHs OJHHAKO-
BH BO ‘BCeX CTpoKax TaGJHIbl, TO 9KBHUBAJEHTHOCTD * IEACTBH~
TeJbHO HMEET MecTo. -

1 X n ¥ — nepeMenHble /151 BHCKa3BIBAHHH. ' -
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Huxe npusomurcs Ttabauua, JOKasHBaomass 3KBUBAJIEHT-
HoCTh (2): :

v

D¢ Y XAY XAY X Y XV
b)| J B % 4| U u
J U J U 14 J 4
U J 1 14 J " 1%
1% " 7 J J J a

»

10. Ouenb uacTo B MaTeMaTHKe, B YaCTHOCTH H B reoMeTpHH,
AAs1 GOPMYJIHMPOBKH TeOpeM Mbl NOJb3YeMCSl CJAOMHBIMH BhICKA-
3bIBAHHSIMH, COCTOSIIMMH H3 IBYX BbICKa3blBaHY#H (3/1eMenrap-
HBIX HJIH, B CBOIO OuYepelb, C/IOXKHBIX), COEAHHEHHBIX CJAOBAMH
KECJIH ..., TO>. : »

IlpuMep TaKOro CJ0OXKHOTO BBHICKA3BIBAHUS NpHBEIdEH BbI-
e (03). X

Takue cioxuble BHICKA3bIBAHHSI MBI OGBIYHO NoHUMaeM Kak
BBLICKA3bIBAHHS O JIOTHYECKOM ClefoBaHHH. Tak, BeICKasHBaHHe
«ecnd X, to Y», Koropoe Mbl B fadbueliuieM 0GO3HAUUM CHMBO-
JoM «X — Y» mouumaercs KaK BbICKa3blBaHie 0 ToM, 9T0 Y JIo-
Tuveckd caenyer us X. Ho uro sro 3mauur? IToxg 3THM o6biuno
MTOHKUMAIOT, YTO €CJHH TOMbKO X UCTHHHO, To ¥ Y MOMNKHO OHITb
HCTHHHO, MHAUYe BHICKA3bIBAHHE 0 TOM, 4TO Y JIOTHYECKH cJefyer
3 X, J0xHO.

B BhickasbiBaHuM X — Y, nasniBaemoM o6biumo YCJHOBHH M,
X HasBIBAeTCI OoCHOBaHHEM, a Y-—ca eICTBHeM,

Jloruueckasi cBsi3b OCHOBaHHS M CJIeNCTBHS XapakKTepusyercs
TEM, YTO MCTHHHOCTbL OCHOBAHHS ONpENEISET HCTHHHOCTD CJIENCT-
BHSl, HO HCTHHHOCTb CJIEAICTBHS He ONpENEIsieT OAHO3HAYHO 3Ha-
“€HHe HCTHHHOCTH OCHOBAHHSI, KOTOPOE MOXKET GBHIThL B 3TOM CJy-
Yae KaK MCTHHHBIM, TaK M JIOXKHBIM. JIOXKHOCTb CJI€ACTBHs omnpe-
ACJIACT JIOKHOCTb OCHOBAHHsI, HO JIOXHOCTb OCHOBAHHS HE OMpe-
JCJIAET OJHO3HAUHO 3HAYEHHe HCTHHHOCTH CJIEJCTBHS, KOTOpOe
MOXeT GBITh B 3TOM (CJ1yYae KaK HCTHHHHIM, TAaK H JIOMKHBIM. _

Paccmorpum B Kauecrse TNpUMepa BbICKA3bLIBAHHE «eCJH MHO-
TOYTOJNbHHK — TIDABHJIBHLIA, TO OKOJNO HEr0 MOMHO ONHCATH-
OKDYXKHOCTb». Jl0Ka3aTe/bCTBO HCTHHHOCTH 3TOTO BBHICKA3BIBAHUS
COCTOHT B TOM, 4TO, MpPEANOJarasi HCTHHHBIM OCHOBaHHe (<MHO-
TOYTO/IbHUK ~— NPaBHIbHBIA»), NOKA3BIBAEM, UTO IIPH STHX ycJ1o-
BHUsAX HCTHHHO H C/eJcTBHE («OKOJIO HEro MOMKHO OMHCATH OKPY K-
HOCTb»). OnHAKO, €C/H MHOTOYTOJBHHK He SBJSETCS ApaBHJIb-
HbIM (OCHOBaHHE JIOXKHO), HEMb3s yTBepXKAaTh, UTO OKOJIO HEro
He/b3sl ONHMCAaTb OKPYXHOCTb (T. €. UTO CJeaCTBHe JIOXKHO) .
Ecnu ke, oxono mannoro MHOTOYTOJILHHKA HEeNp3sl ONHCAThb
OKDYXKHOCTb (CJIENCTBHE JIOKHO), TO MOXKHO C YBepEeHHOCTLIO
YTBEDKIATH, UTO 3TOT MHOFOYLOJBHHK HE €CThb TpaBHJbHBIH
(ocuoanue no0xkuo)., Ho ecnu okoio MHOTOYT'OJbHHKA MOMKHO
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ONHCATb OKPYKHOCTb (CJIEACTBHE HCTHHHO), HENb3sl yTBEPKIATD,
YyTo OH TPaBWJIbHBIH (T. € UYTO OCHOBaHHE HCTHHHD).

VeioBHOE BHICKa3hiBaHHE JIOXKHO TOJBKO B TOM CIY4ae, KOTha "
OCHOBAaHMe MCTHHHO, a CJeJACTBHE JOXKHO. Tak, HanpHMep, JOXK-
HOCTb BHICKA3HIBAHHS «€CHH B YeTHIPEXYrOJIbHHKE [uaroHaju
B3aHMHO NEPNEHAUKYJIAPHE], TO 3TOT yeTHIPeXyroJbHUK — POMOG»
JIoKa3eBaeTcss O6GBIYHO NMOCTPOEHHEM UYETHIPEXYroJIbHHKA, auaro-
HaJH KOTOPOro B3aHMHO MePNeHAMKYJSAPHBI, HO KOTOpHIH He
siBJIsieTcsl poMGOM, T. €. 10Ka3eBaeTcd, UTo HMEET MEeCTo cayyai,
KOTJa OCHOBAHHE HCTHHHO, a CJEJCTBHE JIOXKHO.

Ilna onpeneseHHs CJOXKHOrO BBICKAa3bIBAHHA X->Y BoC-
TI0Jb3YEMCA JIOTHUECKOH XapaKTEPUCTHKOH YCJIOBHOrO BHICKA3BI-
BaHHs, T. € TeM, YTO OHO JIO}KHO TOJbKO B TOM CJyuae, Koraa
OCHOBAHHE HCTHHHO, a CJeJCTBHE JOXHO; NpPH BCeX XKe ApyruX
KOMOGHHAUMAX 3HAYEHHH HCTHHHOCTH OCHOBAHHA H CJIeICTBHS OHO
HCTHHHO. :

' 1o onpeneseHne MoxeT OblTb 3aNHCaHO B BHIE caenywouneit
TabJHIBL:

X Y X->Y
J J 1%
J 1% |4
U J J
141 1% 141

BoickaspBande X — Y, yaOBJeETBOpsIOlee 3STOMY ONpeaese-
HHIO, HA3HBaeTCd MMNJHKalHel.

CJeayer OTMEeTHTb, YTO He BCAKas MMIVIMKalus NpeacTasssl-
eT coGoil yCJIOBHOE BLICKA3HBAHHE B o6biuHoM cMblicse. lefcTBH-
TeJbHO, NAHHOMY ONpENeJeHHI0 MMIUIHKAUHH OAWHAKOBO Y/OB-
JICTBOPAIOT H BHICKA3biBAHHE <«eCIH AABC — paBHOCTOPOHHHU,
TO €ro YIJIbl PaBHbI», KOTOPOE fABJIAETCA HCTHHHBIM YCJOBHBEIM
BLICKA3HBaHHEeM B OGLIYHOM CMBICJTE, H BbICKasbiBaHHue «eCIH
AABC — paBHOCTOPOHHHH, . TO YHCJIO 5 — npocroe», KOTOpOE
SBISIeTCS HCTHHHOH HMIJIMKauuell (TaK Kak CJIEICTBHE <HHC-
70 5 —IpoCTOe» — HCTHHHOE BBICKa3biBaHHE; 3Ta HMILTHKAUHA
HCTHHHA HE3aBHCHMO OT 3HayeHHS HCTHHHOCTH OCHOBaHHA — 2-a
H 4-s1 CTPOKH TaGJHIBI), HO He ABJAETCT YCJIOBHHIM BBICKA3bI-
BaHHeM B OOBIUHOM CMBICJIE.

B yCJOBHOM BHICKA3LIBAHWM OCHOBAHHE M CJEACTBHE CBfI3aHbI
MeXy CoGOH He TOJNbKO TOH JIOTHYECKOH CBA3BIO (CBA3DIO MEX-
Ay 3HAYEHHSIMH HCTHHHOCTH), KOTOPO# OTpeessercs HMILIHKa-
s, HO M no coaepxanuo. TakHM o6pa3oM, YCJIOBHOe BBICKA-
3bIBAHHE — OCOOBIl BHA MMILVIHKAUHH (MHOXKECTBO YCJOBHBIX
BBICKA3LIBAHHUH — MOAMHOXKECTBO MHOXKECTBa umniukanui). Ilo-
3TOMY BCe, YTO, OTBJIEKASCh OT COJEpKaHHs OCHOBAHHA U caen-
CTBHS, y3HaeM O JIOGOH HMILIHKAUHH, HMEET CHIy H VA yCJI0B-
HOTO BHICKA3LIBAHMS B OOLIYHOM CMBEICJE. g
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Hcxons U3 onpeneneHus MMIIMKALEY H OOHIYHOTO MOHUM aHH S
YCJIOBHOrO BHICKA3HLIBAHMSA, Kak BHCKa3bIBAHHA o JIOTHYECKOM
C/1el0BaHHH, MOMKHO CKa3aTh, YTO ec/JH BhICKa3piBauHe Y joruye-
CKH CJI@AYET U3 BHICKa3piBaHHA X, TO uMMIHKanus X - Y HeTHH-
Ha. Ecin xe X— Y ucruHHa, To Y Moker u He "CJIeN0BaTh
u3 X B OObIYHOM cMbicTe, TaK Kak X u Y MOIYT GBITH Pa3HYHOTO
conepxkanus. Hac spech untepecyior qums ciyuan, xorna oo
BRICKASbIBAHHE CJle/lyeT M3 APYroro B CHJY JIHHIb CBOEH JIOTWYe-
CKOH CTPYKTYDPH, HE3ABHCHMO OT COAEPKAHHS. '

Hanpumep, u3 BbicKaskBaHHA «naHHHI TPEYTOJBHUK IIPSIMO-
YTONbLHHH HIH TYNOYroJbHE» ClefyeT BHICKA3LBaHMe: « MAHHHIH
TPEYTO/IILHUK TYNOYrOJNBHEIA WM NPAMOYrOJBHBI», Tak e Kak
U3 BBICKasblBaHUA «a >0 maum a =0» cilefyeT BHIOKA3HIBAHHE
«a =0 umn a > 0» B CUIy UX JOrHYecKol CTIPYKTYPH, TaK KaK
aMnukanus XVY — YVX ucTuHHa, HesaBHCHMO oT COOEPKaHus
3JIeMeHTapHBIX BHICKa3elBauufi X u Y. '

(K NOHATHIO 0 JIOTHYeCKOM CJIEOBAHUH M ero CBSA3H C HM-
IUIMKalued ellle BepHEMCS B jaJbHefilieM.) « T

"10.1. EcJ¥ - HCTHHHBI UMOIHKaIHH X — Y u ¥V — X, To 'BH-
cKa3biBaHUA X M Y 3KBHBaJIEHTHLL

HeficTBUTeNIbHO, ecaH HCTHHHA AMIVIMKauus X--> Y, 1o e
MoXeT GBITb X MCTMHHO M Y NOXKHO; ecam ucTHHHO Y - X, 10
He Moxker GbHITb Y HMCTHHHO M X JoXHO, T. . X u Y o6a HCTHH-
HBl HJIH o6a JIOXKHEL.

Takum o6pasoM,BricKasbiBanue X <—s ¥ PaBHOCHJIBLHO KOH'L-
oHKIHE (X - Y)A (Y > X). (Orcrona u TIPOHUCXOXKJIEHHe 3Ha-.
Ka «<=—», HallOMHHAIOILIET0 O ABOHHOH HMMMIMKanuyu X 2Y.)

I1. Tak kak BhickashBaHue X — Y JI0XHO B ToM M TONBKO
B TOM CiyYae, KOTAa X HCTHHHO ¥ Y JIOXKHO, TO B 5TOM H TOJNBLKO

B 3TOM CJlyyae UCTHHHO ero oTpHuaH#e X — Y. B 53ToM H TONBKO
B 3TOM cayyae HCTHHHa Takxe Koubionkuust X AY, Chenosa-
TEIbHO, BbICKasbiBaHHe X — Y SKBUBAJEHTHO BHCKA3HBAHHIO
XAY, 1. e ‘
XSTYe(XAT). ,
Ecau nBa BHCKasmBauus SKBHBAJNEHTHH, TO H MX OTPHIAHHS
TaKXKe 3KBHBAJIEHTHH, T. €. 4
X=YoXANY.
Ilpumensis 3akon mBoHHOrO OTPHUAHHA H cBoficTBo 09 (2),
noJayyaem: ' ’ \ I
(X->T)eo(XVvD).
OTy 3KBHBANEHTHOCTb JIETKO [0KA3aTh U C NOMOILBIO COOT:

BeTcTBYylome#t Tabnuusl. (Llenecqo6pasuo NPeVIOXKHTDL YUaLiuMes
COCTaBHTb 3Ty Tabauuy.) :
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[TonyueHHOe BBIpaXKeHHe HMIIMKAlHH HEDEs OTpHLAHHE
i AM3BIOHKUHH HAXOAMT IUIHPOKOE TpHMeHeHHe INpH pEMIEHHH
pa3JMuHbIX JIOTHYECKHX 3aAad. B pmajipHefiieM HaM BCTPeTITCA-
TakHe 3aJauH.

12. OnucaHHBIA BHIIE JOCHYECKHH ammapaTr OKashiBaercsd HE-
JOCTaTOYHBIM JUIsl BhIPaXKEHHsS MaTeMaTH4eCKHX npeoKeHH .
B 4acTHOCTH, C MOMOLILIO 3TOIO annapaTa Mbl HE MOXEM BhHpa-
3HTb TO JOTHYECKH CYIIECTBEHHOe, uTO pPa3J/HuaeT, HalpuMep,
TpeaJoXKeHHe: '

Bce TOUKH NpAMOfl a TpPHHALJIEXKAT IUIOCKOCTH a» X)
OT MpeisiOXKeHH ! '

«CyIIECTBYeT TOUKAa - MpPAMOH @, NpHHALJIEXKAMmad IJIOCKO-
ctd a» (Y). 7

JTlas BRIpaxKeHHs TaKHX npeasoKeHull BBefieM KBAHTOD K
o6muoctHu (4), (a), (¢) ¥ KBAHTOPH cyurecTBOBa-
nua (FA4), @ a), H9Y. -

Cumsonamu (A), (a), (a) 0003HAUWM BBIpAKEHUS: <
scex Touek A» (MM «mast JIOGOH TOUKH A»), «ana Bcex mnps-
MBIX @», «JJISl BCEX MJIOCKOCTEH @» COOTBETCTBEHHO. :

Cumsonamu (g A4), (ga), () obozHaunM BHpaXKeHH:: «Cy-
mecTByer Touka A TaKas, uTO...», «CyUIECTByeT mpsamad a Takaf,

- YTO...», «CyUIecTBYET MJOCKOCTb @ Takad, uTo..» COOTBETCTBEHHO,

MpHueM TMOA «CYLIECTBYeT» TMOHHMaeM «cymecTByeT Xors. Gl
onHa...» ’ :

C ToMOWIbIO KBAHTOPa OOLIHOCTH MpELTOXKeHHEe (X) samu-
cHBaeTcsl caeayouuM 06pasoMm: :

(AA ea) > (Aea)]. -

{(«JTroGas TOUKa A, ecnu oHAa NPUHAAJEKHT npsMoil @, To OHa
NPHHALJIEKHT H TLIOCKOCTH a». DTo M 3HAYHT, UTO «BCE TOUKH,
npAMOH @ MPHHAAIEXAT MJAOCKOCTH a».)

I[Ipennoxenye (Y¥) ¢ MOMOUIBIO KBAHTOpa CyLeCTBOBaHUA
3aMHCHBAETCH CJAEAYoUHM 06pasoM:

(3A)NAea) A\ (Aea)].

{«Cymectsyer Touka A TaKasi, 4TO OHA TIPHHAJIEKUT NPAMOH &
U TIOCKOCTH a».)

Boobie, ecam Kakoe-HHOYap CBOHCTBO P uMeeT MecTo IJaf
pcex 3/eMEeHTOB X HEKOTOpOro MHOXKECTBAa, Mbl 3TO 3amHCEBaeM
Tak: «(x) P (x)» («m1a Bcex x MMeEET MECTO cBoiicTBo P»).

BHICKA3LIBAHAE «HEBEPHO, UTO /s BCEX X WMEET MecTo cBO#-
180 P», T. e. OTpHIlaHHE BEICKa3blBAHHA (x) P (x), obosHauae-
wmoe cumsosoM(x) P (x), OueBHAHO, PaBHOCHJIBLHO BBHICKa3BlBa-
HUIO «CyLIECTBYeT X, /il KOTOPOTO He HMeeT MOCTo cBoiicmso P»,

o6osnauaemoe cumsosoM (gXx) P (x).
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MM ﬂOJIy‘IHJIH paBHOCHJIbHOCT'bZ
(X)P(x} & (32)P(x), )

BHIDAaXAIOUIYIO NPaBUIO nPeo6pasoBaHus OTPHUAHUS BHICKA3HI-
Banud, HauMHalOWerocst ¢ KBaHTOpa OOGIIHOCTH. T
Ananorsuno, oTpuias BHICKasbiBanue (g x) P (x), r. e, YT~

(35) P(x) > (x)B{(x). o 2

Hanpumep, OTpHUAA CYILECTBOBaHHe obleii' Touku npsamoii a
H IVIOCKOCTH @

@A Ae a) A (Aew),

Mbl yTBEPXKaeM, uTo i M060i TOYKH A He sBASIOTCH HCeTHH-
HBEIMH OJTHOBDeMeHHO BbICKa3biBanus Aea u Aga», 1. e.

@A)Aea) A (Ae i) o (AIATHA (Aea)]

HJIH, NpHMeHsisa csBoiicTBo 09 (2), nonyyaem
@AUAca) A (Aea)] o (A)Aca v Aea)

T. €. BHCKasbiBaHHE «HEBEPHO, 4TO CyllecTByer oflas TOuKa
NPAMOH @ M NJIOCKOCTH a» SKBHBAJIEHTHO BBLICKA3LIBAHHIO <JI1O-
6as Touka A He npuHALTERUT NPAMOH @ MJIH He NpHHALIEXUT
IUIOCKOCTH @» (/M He MpHHALJAEKHT Hy npsMot a, au mio-
CKOCTH a).

13. Teomerpus CTPOHTC aKCHOMATHYECKH, HIH ne-
AYKTHBHO. JTo 3HauuT, uro NIPENJIOXKEHHSI TE€OMETPHH B bi-
BOAATCA JOrMyecKHM myTem wus HEKOTOPBIX HCXONHBIX Tipef-
JOMEHHH, Ha3HIBAEMBIX AKCH O M aM K. (CroBo  «pemyxuns»
NPOHCXOMUT OT JaTHHCKOro «deductios, 03HAYaIOllerc «BhIBee-
HUe».) ,

Ilponece noruveckoro BbIBOAA OHMX MPEJIOKEHHH U3 apy-
THX Ha3biBAeTCH JOKAa3aTEAbCTBOM,

Akcrombr F€OMETPHH NpPencTaBJSAIOT co6oil pe3yabTaTnl npo-
CTeHLIero ONbITa, HX HCTHHHOCTL TIOATBEPKAAETCA TOJNBKO Npak-
THKOH. AKCHOMBI JIOrHYecKH HEN0Ka3yeMel, IOTOMY YTO OHH SIBJISI-
I0TCA  HCXOAHBIMH, NEPBOHAYANLHBIMY, TNPENTOKEBHIMHE  aHHON
TeOpHH, HeT B 3TOH Teopuu TPEAUIECTBYIOIUNX HM TPEN0XKEHHI,
U3 KOTODBIX MOMHO GBUIO Gbl MX BBHIBECTH JIOTHYECKHM MyTeM.

Takum o6pasom, HENOKA3YEMOCTD NIPE/IIONKEHHS, NPHHSTOrO
B KaUecTBe aKCHOMH, He siBJsieTcs CBOHCTBOM, NpHCYIHM ITOMY
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MPEJIOMKEHHI0 HE3aBHCHMO OT TOro, NPHHUMAEeTCs OHO HJH HET
B KauecTBe aKCHOMBL .

ATo Jerko MOKasaTh Ha CJAeAyIOLleM IpHMeEpe.

HssecTHa cjaeayiomas akCHOMa TeOMETDPHH: :

{11 Yepes mo6bie nBe TOUKH IPOXOAMUT OAHA M TOJIBKO OJH&
npsamMas (moJ BHIPaKEHHEM «JBe TOUKM» NOHHMaeM <«JIB€ pas-
_ JIMYHBIE TOUKH»).

HerpynHo 3aMeTHTb, yTO 3Ta aKCHOMa INpeaCTaBJser coboi
KOHDBIOHKIHIO [ABYX BHICKasbiBaHMil' BhICKasmiBanus (11) o cy-
[ECTBOBAHHH NMpPSAMOH, NPOXoasiuiell uepes JioObe jBE TOUKH,
¥ BEICKa3hiBaHus (1) 06 €IMHCTBEHHOCTH TaKOH mpsMOM:

(A)(B)(da)(4, B e a), ()

rae (A, Be a) — coxpamenHasi 3amuch KOHBIOHKUMH (A € a) A
A(Be a) («ans no6bix AByX Toyek A u B cyumiecTsyeT nps-
Masi @, IPOXoAAmiasl yepes HHX»),;

(A)(B)(@a)(@b) (4, Be a) A\ (A, Be b)) (1)

(«pasi mo6biX AByX ToueK A u B He cymecTByer ABYX NpPAMBIX,
NPOXOASIIUX Yepe3 HHX»).

[MTokaxeM, 4To npejjioxkenue 13 SKBHBAJEHTHO NPELJIOKEHHIO:
«/Be TpsAMble He MOTyT HMeTb 0oJee OfHOH OOmwieH TOUKH», T. €.

(0)(b)(@A)EB) (A, Bea) A (4, Beb)].

£ -

OG6o3HauuM /151 KPaTKOCTH 3TO NpenoxkeHHe uepes X. Bel-
ckasniBaHHe (lz) PaBHOCHJIBHO BHCOKAa3hIBAHHIO «JIsl JIOGHX ABYX
touek A, B ® mo6HX JAByX TPSAMBIX a, b He HMeeT MecTo
konbronkuws (A, B ¢ a) A (A, B € b)», um (uro To Xke)
«1J16 JIOGHIX ABYX OPAMBIX @, b H ada JoObx AByX Touek A, B
He uMeeT Mecto KowbioHKuus (A, B ¢ a) A (A, B e b)», 1. e
(a) (b) (A) (B) (A, Be a) A (A, Beb), a 3T0 BHCKa3bIBaHHE,
corsacHo 12 (2), 3KBUBAJEHTHO BHIGKA3BIBAHHIO «IJIA JI00BIX
ABYX IPAMHX a, b He cymiecTByer HByX Touek A, B TakHx, uTO
(A, Bea) A (A, Beb)». .

Mu nonyuaem

(12) « ()(6)(3A)@B)I(A, Be a) \ (A, Beb)],
T. e. (1) & X wm (19— X) A (X = (La)).

Takum ofpasoyM, ecau TPHHATH NpeATOkKeHue (1) 3a akcuo-
My, TO H3 Hero JIOTHUeCKH C/elyer Tpejloxkenue X, T. €. Mpex-

1 Ua uetunnoctu (11) u (l2) caemyeT, 4To @ M b — pasiuyHbie MpAMBIC.
IleficTBuTeNbHO, ecid @ H b coBnagaor, 1o (lz) — orpunanue (l1) u omHO
H3 3THX BBICKa3hBaHHH JIOXKHO.
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JioXeHHe X [0KasbiBaeTcst KaK TeopeMa. ECaM e Tpemnoxe-
HHe X TIDHHATb 32 aKCHOMY, TO mpemoxenue (ly) CTaHOBUTCS
AOKasyeMbIM MNpeLJOXKeHHEM, T. €. TeOpeMoil. o

13.1. PaGora M0 pa3bsACHEHHIO MOHATHS AKCHOMBI ¥ CYUIHO-
CTH aKCHOMAaTHYeCKOTO0 METONA HEe HCUYEPNBIBAETCH MNPUBELEHHBIM
3/lecb npuMepoM. Jta paGoTa OJNKHA BECTHCH B TEYEHHe JJIH-
TEJbHOr0 BPEeMEHH B cTapmIMX Kiaccax. O Helt 6osee moapoGHoO
TOBODHUTCSI BO BTOPOH YacTH HACTOAUIEH KHHIM, Co

14. Kaxaoe 10Ka3aTeNbCTBO COCTOHT M3 NpHMeHeHHsI K aK-
CHOMaM, ONpeJesieHHsIM H paHee yxke JOKA3AHHBIM MpejJIo0Ke-
HHAM (TeopeMaM) OMpPENENEHHBIX TP ABHJ JOTHUECKOTO
BHBOAA (yMO3aKiioueHHit).! '

XoTs TmpH H3YueHWH I'eOMETPHMH JOKA3HBAETCS OueHb MHOLO
TEOPEM, B 3THX JOKA3ATENLCTBAX MBI A0 CHX TIOD HHTEpECOBa-
JHCH JHIIb TeM, H3 KAKHX paHee M3BeCTHbIX NpPENTOXKeHHH (aK-
CHOM, Olpe/le/IeHHH, TEOpeM) BLIBOAHTCS ~AOKAasHBaeMoe Ipe-
JIOXKEHHE, HO KaK OHO M3 HHX BLIBOJMTCH, HA OCHOBE KaKHX
NpaBHJ BBIBOJA MNOCTPOEH NPOLECC AOKA3ATENHCTBA — He BBIsC-
Hs1H. MiHave roBopsi, Mbl He H3yYasH JIOTHUECKOH CTPYKTYPHI IpO-
BOJHUMBIX HAMH [0Ka3aTeNbCTB.

Bocnosismum B HEKOMOPOH CTeNeHH 3TOT Ipobel.

- JlokasatenbcTBo BoOGuIE HMeeT CJAOKHYIO CTPYKTYpyY, Tpen-
cTaBjAss_cobofi OmpesesieHHYIO, CTPOTYI0 NOCAEJ0BATENbHOCTD
waros. KaxKIplii mar 10KasaTe/NbCTBA COCTOMT H3 NPHMEHEHHs
HEKOTOpOro MpaBH/ia BbIBOJA K AKCHOMAM, ONPE/eJEHUsIM, paHee
YK€ JIOKa3aHHbIM TeOopeMaM HJIH TPeATONEeHHSAM, NOJydeHHBIM
B pesy/bTaTe NpeAHIECTBYIONIHX HIATOB JAHHOTO JOKA3aTeJbCTBA.
Taknm 06pasoM, Kaxabiii Mar K0KA3aTelsCTBA B CBOIO ouepenb
NpeACTaB/seT COGOH HEKOTOpoe A0KA3aTeNbCTBO, COCTOsmEe U3
IPHMEHEHHS OHOrO KaKOro-HuOyap NpaBHJa BHIBOAA (H3 HMEO-
lgerocs 3anaca Takux npasui). Takoe J0Ka3aTelbCTBO, HMeOUEe
TPOCTEHIIYIO  JIOTHYECKYIO CTPYKTYPY, 'HA30BEM T p OCT H M;
/l0Ka3aTeJbCTBO, HE SBJAAIOMIEECS MPOCTHIM, HA30BEM . CJI O K-
HBIM, HIH COCTAaBHBH M.

JloxasaTenbcTBa reOMETPHUECKHX TeopeM BOOGmie ABJAIOTCS
COCTaBHBIMH, T. €. COCTOSIT H3 OMNpPeAJNEHHOH NOCJAeNL0BATeILHO-
CTH, WJIM LENOYKH, MPOCTHIX JOKA3aTebCTB.

ITox nornuecKHM aHaNM30M N0KA3aTeNbCTBA HANO NOHHMATDH
BLISICHEHHE €ro JIOTHYECKOH CTPYKTYpH, T. €. NpejcTaBJeHHE
AOKa3aTeNbCTBA B BHJAE NOC/IEAOBATEJIbHOCTH IIATOB HJH MpPO-
CTHIX I0KA3aTeNbCTB H BHIICHOHHE CYMIHOCTH KaXAOTo Hiara:

@) KakHe MPEeJJIONKEHHS NPUHHMAIOTCS 32 WCTHHHBIE (mo-
CBUIKH) ; , : ’ ' ~ '

6) Kakoe MPaBUJIO BHIBOAA NpHMEHSeTCA K IIOCBUIKAM;

! B nanbueiimem GyleM TOBOPHTH' HPOCTO «MpaBHJia BHIBOAA»,

96



'8) Kakoe HOBOe HCTHHHOe NpeNJoXkeHHe (3aK/JIOyeHHe) Io-
Jy4aeTcsl B PesyJbTaTe 3TOT0 NPHUMEHEeHHUSI.
CXeMaTHUYeCKH NPaBHJO BHIBOJA, YTBEPKAAIOLIEE, YTO <ECJIH
BeicKasbmBauusa X, Xo, ..., X (nocwmu) WCTHHHH, TO HCTHHHO
H BHICKa3BIBaHHE Y (sax.moqemle)» ‘3aNHCHIBAETCS CJIEYIOLHM.
o6pasom: _
Xh XZ’ cev gy Xn.
Y

CaMbIM CylLIecTBEHHBHIM $fIBJSIETCS TO, YTO B IPABHJIAX BHIBOAA
YKasblBaeTcsl JIHWb BHJ TIOCHUIOK M 3AKJIOUEHHS, HX CTPyKTypa,
H HHMKOI[a He YIOMHHAaeTCsl HX COJep:KaHHe.

Hiuxe paccMoTpUM P NPOCTHIX JIOKA3aTeNLCTB € LEJIBIO
M3Y4YEHHs HEKOTOPHIX HIHPOKO NPHMEHSEMHX MPABUJ BHIBOAA.
Ha sTux mnpHMepax HarisHO BHAHA He3aBHCHMOCTp IIPaBHJI
BHIBO/IA OT QOAEPIKAHUS PACCYK/ISHUH.

14.1. TlycTh Ha WIOCKOCTH AB€ npsMbe a H b nepeceueHH
TpeTbefl TIPAMOI ¢ u O6pPasyloT C Hell Napy COOTBETCTBEHHBIX
yraios /1u /2

TIpu H3yueHWM napajiefbHBIX NPAMBIX MB /JOKas3ad /Be
B3aHMHO 00paTHHE TEOPEMH:

(L1=42)—>(allb), (1)
(allb) > (L1= £2). - @

W3 Teopemnl (1) serko BEIBOZUTCS TeOpeMa, MPOTHBONOJIONK-
Has ofGpatHo#i: -

allb- /1= /2. . 3)
AnanornuHo u3 TeopeMbl (2) BHIBOAMTCH TeopeMa:
Ll=/2>alb. (4)

IIpaBuso BbIBONA, KOTOpOE 3/eCh NPHMEHsETCH, OCHOBAHO Ha-
SKBHBAJIEHTHOCTH NPSAMOH H IPOTHBONOJOXKHO-06paTHOH, o6paT-
HOH ¥ NPOTHBOMOJIOXKHOH TeopeM.

Hro6bl 10Ka3aTk, 4TO 3TO MPaBHJO BHIBOAA AONYCTHMO H 3a-
BHCHT He OT COAeP:KaHHsl PpaccMaTPHBAEMBIX BHICKA3LIBAHHI,
a8 JIMHb OT HMX JIOTHUECKOH CTDYKTypH, 3aMEHHM BHICKA3hiBa-
HHe «a|lb» TpOU3BONBHLIM BHICKasbiBaHHeM X, a BHICKA3BIBAHHE
«/1 = /2» —npou3BOJIbHHM BHICKa3HBaHHeM Y, T. €. KOH-
KPeTHble BHICKA3bIBAHMS 3aMEHHM NEepeMeHHBIMH JJIs BhICKa-
3LIBAHHH. -

[Mycts X— Y — npsimas Teopema, Toraa

Y X — of6patuasn teopeMa,
X— Y — 0poTHBOMONOXKHAS TeopemMa H

Y— X —npotuBonosokHast o6paTHOH TeopeMma.
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[IpaBu/i0 BBIBOXA, O KOTOPOM HAET 3[eChb peub, COCTOUT
B TOM, UTO €CJH HCTHHHO BbicKasbiBanue X — Y, To yTBepiknaer-
cfl, YTO MCTHHHO TaKXKe BbICKasbiBanwe Y — X u obpatHo. (Ana-
JIOTHYHO, ecJIH MCTHHHO BhicKasbiBanue Y — X, 10 yrBep:Kaaercs,

YTO MCTHHHO W BBICKA3HBaHHe X —> Y M 06PaTHO.) -
D10 MPaBUIO IHA3BIBAIOT NPABUIOM KOHTP aNMO3HUIHH.
OHO 3amHcHiBaeTcsl CXeMaTHYECKH C/1eyIOuHM 06pa3oM:
X->Y

o Y>Xx

O6parnoe mnosyuaercs OT TPHMEHEHHS 3TOro XKe Ipasu/a
K BbICKasbiBaHuio Y — X; o

4

Y>X Y>X
= = HWIH .
X7 X—>Y

Iokasatb }IOI'lyCTHMOCTb 3TOr0 ynpamma BbIBOIIa 03Hayaer
N0KA3aThb HCTHHHOCTb BBbICKashBaHudA: «Ecaum uetHHHO X ~ Y,

TO HCTHHHO Y - X, 7. e. HCcTHHHOCTH HMIJHKamuu (X — Y)—
(Y—>X) npy JIOOBIX  3HAYEHHAX - HCTHHHOCTH  BBICKA3hbiBa-

aut X u Y
DT0 M0Ka3aTebCTBO MOXKHO BBIMOJIHATL PA3/JIHYHBIMH TIyTH-

MH. YKajKeM HEKOTOpble H3 HHX.
a) MOXKHO HeNOCPECTBEHHO AOKa3aTb, HCXOAs H3 Ompele-

JeHHs HMIVIHKALHH, yTo ecau Hetuigo X — Y, 1o HCTHHHO H Y-
- X Jlns 3TOTO, OUEBHHO, IOCTATOUHO NOKA3aTh, yto ecau Y
HCTHHHO, X He MOXeT ObiTh JOMHBIM. Ileucmmenbﬂo ecan Y

HCTHHHO, TO Y JIOXKHO, W €CJH MPH 3TOM X 6bin Gpl JIOKHBIM,
X 6bi1 6bl HCTHHHBIM M HMMUIHKamusg X—>Y Oblia OBl JIOXKHOI.

6) Jlerko [0OKazath 3KBHBaJeHTHOCTh (X —> V) <«— «> (Y >
— X). JleficTBHTENLHO,

X-—>Y<—*_)—(\/Y

Y->X<-*Y\/X<-*X\/ Y.

HoxasaHHa;{ SKBHBaJIeHTHOCTb O3HauyaerT, 4yTo HCTHHHa KOHB-
IOHKIHA

[(X > ¥)~> (7—>)_()] AY—>X)—> (X V)],
a cJjegoBaTtesqbHO, H /Ka)K'IIan H3 HMHJIHKaILHﬁ:
(X>7Y) (> X),
¥- X) > (X=> D).
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" g) WcrunHocts WMmaHKamuH (X — Y) » (Y > X) npu
JIOGLIX 3HAYEHHSX HWCTHHHOCTH BhicKasbiBamuii X MY, moxrsepix-
fapouas NPaBHIO KOHTPAMOSHIHH, JIETKO MOXKeT ObiTh ROKd3d-
Ha ¢ IOMOLIBIO COOTBETCTBYIOUIEH TaGIHIEL:

'

X Y - XY X Y Yo>X (X—>Y)>(Y>X)
na M M W W
JI |2 U 12! Ji 1% U
U Ji JI JI |2 JI U
U U %4 Ji JI %4 U

[IpuBeseM MpuMep TNpPHMEHEHHs NPaBHIa KOHTPAMOSHIUK
B JI0KA3aTeJbCTBE OMHOH TEOPEMHI.

Ha mJocKOCTH AaHbl fBe mpsiMble: a U b.

CyuiecTByeT TeopeMa: ecld BCfAKas TpAMas C IUIOCKOCTH,
nepecekawomas npsMylo a, NepeceKaer H NPsAMYIo b, To npAMHe
a U b napaJjejbHH.

(O)l(c X @)= (¢ X b)]=> (a Il ),

rie cumBoioM (c)Xa) o603HauaeTcs BbICKAa3bIBaHHE «IpAMEIE C H 2
epeceKaloTCsa». :

Uro6bl [A0Ka3aTh 3Ty TeOpeMy, [AOCTATOYHO, II0 NpPaBHIY
KOHTPANO3HIHH, A0KAa3aTh SKBHBAJEHTHYIO eH TeOpeMmy:

276 > (©)l(c X a) = (¢ X b)l.
Ilpeo6Gpasyem 3Ty <pop.MyJiy:
alb—@lcXa)>cXbl=alb->(d)cXa)~>(cXb)=

=alb>Ec)(cXaV (c X b)=a i b @)k X ) A (¢ X D)1

KpoMe TOro, Tak Kak mpsiMble @ ¥ b JiexaT B OIHOH IIOCKO~
CTH, TO €C/H OHH He MapaJjJjelbHbl, OHH IepecekaioTcs. Mubl mo-
JyuaeM CJeLyIOUlyl0 3KBHBAJEHTHOCTb: ’

©)l(e X a)—> (€ X bl — (a1 b) = (@ X b} (@e) (¢ X @) A ¢ X bl,

T. e. cOpMy/IHpOBaHHAS BHIIe TeOpeMa 3KBHBAJEHTHa CJEAYiO-
mell; ecaH ‘mpsAMble a H b mepecekalorcs, TO €yWIeCTBYET OpiA-
Masi ¢ Takasi, YTo OHa TNepeceKaeT NPAMYI0 @ H He IepeceKaer
npsaMoli b (unu, HaoGopoT, mnepecekaer b, HO He mepeceka-
er a). -

Dra TeopeMa oueHb NMPOCTO AOKaspiBaeTc. [LocTtaroyHo B3ATh
Ha OpAMOH @ NpPOM3BOJBHYIO TOYKy A, He jexamyio Ha fps-
Mo#i b, 1 uepe3 Hee Ha INIOCKOCTH, ONpPELENseMOi NPAMBIMH aub,
NPOBECTH NPAMYIO ¢, HapaiielbHyio mpamo# b. '

7* “ B,



B sTom npumepe bl ocymecTsunm mnpouecc, aHaNOrHUHBIA
NPOLeCCy peHieHHs ypaBHeHHs. Pemas yPaBHEHHE, MBI €ro - Io-
CJIE[0BaTeJbHO NPeoGPa3oBLHIBAEM, NPUMEHSS NpaBHJa npeotpa-
SOBaHHsd, HE HapyHIAIOLMe PAaBHOCHIBHOCTb YyPaBHEHHH, (10Ka
He NPHXOAHM K YDaBHEHHIO, KOPHH KOTOPOTO Jierko HafitTh. Tak
KaK NOCJIE[HEE YpaBHEHHE PABHOCHJbHO NAHHOMY, TO KODHH €ro
OGYAYT KODHSMH [aHHOTO yDaBHEHHS: HaHnyio Teopemy Mbl BI-
pasuau ¢ noMmowpio (Gopmyasl. 3aTeM: MB NOC/IEL0BATENBLHO
NEpEXOMUIH OT 3TOH (OPMyJNEl K APYTHM, NDHMEHssi MpPaBuJa.
npeo0pasoBaHuil, He HADYIIAIOWHE SKBUBAJEHTHOCTD dhopmya, no-
Ka He NOoNyyunH (OpMyJly, 3HaUeHHe HCTHHHOCTH KOTODOH
JIETKO ONpEeNeNHTb. IJTO 3HAYEHHE SBJSETCS 3HAUEHHEM MCTHH-
HOCTH ¥ HCXOAHOH (opMyJsbl, BHpaKaworei JIOKa3BEIBAEMYIO TeO-
pemy B Toil (OPMYJHPOBKE, B KOTOPOH OHa NpeioKeHa.

14.2, TIpaBuJ0 KOHTPaNO3HUHH JAONyCKaeT pacHIUpEHHsI.

BosbmeM, Hanpumep, MCTHHHOE BBHICKA3LIBAHHE

(Aea) \'(a Ca)—> (Aea), ~
H3 nero cienyoT BbiCKasbIBaHHS:
(Aea) AN(Aea)—> (aCa) wu
(Aea) \(aca)> (Aca).

B OﬁIHEM BHAE cXeMa NMPHMEHEHHOI'0 30€Ch npaBHJia BHIBOAA
3alnuuieTcsda Tak: ’
XANY>2Z

XANZ>Y, ZAY X

YTto6B nOKas3aThb AONYCTHMOCTbL 3TOrO npaBHJa BLIBOZA, HA-
3bIBAEMOTO TIPABHJ/IOM PACHIMPEHHOHl KOHTDANO3MIMH, A0CTATOY-
HO 10Ka3aTb UCTMHHOCTL HMIJIHKAIIHI:

(XAY)>ZI>[(X AZ) > 1], (1
(XA Y)>Z]>[(ZAY)-> X]. @

OueBHHO, JOCTATOUHO NOKA3aThb HCTMHHOCTH OMHOH M3 STHX
AMIVIHKanMd, H60, ec/au, HanpuMep, JloKaxeMm HcTuHHOCTB (1),
3aMeHuM B Heil GykBy X OykBo#i Y u 06patho U NpHMeHHM CBOii-
CTBO KOMMYTaTHBHOCTH KOHDBIOHKLUUH (HENOCDEACTBEHHO CJefy-
omee H3 oNpe/esieHHs] KOHDBIOHKIMH), MOJYYHM, YTO H HMIJIHKA-
uHs (2) ucTHHHa. (MoxHo, pasyMeercsi, u HENOCpeICTBEHHO
JlI0Ka3aTb HCTHHHOCTb HMIVIHKAUHMH (2), MOATBEpKJas 3THM ca-
MBIM MPABOMEPHOCTb NPHMEHEHHOTO 3[eCh INPAaBHJa NOLCTAHOB-
KH. 3TO NPaBHJIO 1eJeco06pasHo paccMOTPeTh B CBA3H C aHAJO-
THYHBIM PaBHJIOM OOBIKHOBeHHOH anreGpel. 1. 6.)
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 UcTuHHOCTL MMIJIHKauUHH (1) cieayer H3 3KBHBAJEHTHOCTH
XAY)>ZI=U(XANZ)-> T,

-—

KOTOpéH JIerKo JOKa3blBaeTcd. » ,'
JleficTBUTENBHO,
XAV >Z=(XATYVZ)=XVTV2y;
(XAZ)>VI=XAZVP)=(XVZVY)=(XVTV2.

S

CienoBaTelbHO,
(XAY)>ZI=(XNZ)->T]

(Bonpoc o npaBHJAbHOM ynorpeGiieHHH CKOOOK GyLeT pacCMOTpeH
B CBSI3U C aHaJOTHYHHIM BompocoM B aarebpe. I'n. 6. Ha nan-
HOM 3Talle MOXXHO YCJOBHTLCSI He 3aK/MI0YaTh B CKOOKH CJIOXKHLIE
BBICKA3bIBaHMs, CTOAILME MOJ 3HAKOM OTPHIAHHSA HJIH COeNHHeH-
Hble 3HaKOM 3KBHBAaJEHTHOCTH.)

[TpaBu/io paclIMpeHHON KOHTPAMO3HIUH HMeeT Boobuie Gosee
06IIMi BHI, YEM TOT, KOTOPHIH PaccMOTpeH BhILIe. Y Hac MOCHLIKA
(X \)Y —> Z nmeer B OCHOBaHHM KOHDBIOHKUHIO H3 JBYX BBICKA-
3hIBAHMA. B caMoM o6lieM caydyae 3Jechb MOKeT ObiTb KOHBIOHK-
IHS B3 JI060ro YMCAa BHICKAa3blBaHHM:

(X]/\Xg/\Xs/\-../\Xn)—)Y
(Xl/\Xg/\Xs/\.-./\Xk_l A XkH/\.../\X”/\.}’)_)-)—(k *

14.3. TlpouspenemM JOTHYECKHH aHaJM3 CAeAylollero paccyx-
nenusi: «ECAn HaHHBI MHOTOYTOJbHMK MPAaBHJBLHLIA, TO B HErO
MOXHO BIHCATb OKPYKHOCTb; HAHHBIH MHOTOYTOJbHHK — IMpa-
BWIBHBIH; CJef0BaTeJbHO, B HEr0 MOXKHO BIIHCATb OKPYKHOCTL».
B 3TOM paccyXJeHHH NTPHMeHEHO HEeKOTOpOoe NpaBHJIO BBIBOJA,
O yeM CBHIETEIbCTBYET CJOBO <«CJELOBaTeJbHO», OTAEJALIee
MOCBUIKH OT 3aKJIOYEHHA.

I s BHIICHEHMS CYIIHOCTH NMPHMEHEHHOTO B 3TOM paccyxie-
HHM TIpaBHJa BbiBoJa OTBJeYeMCsl OT COMAEpXKaHHs (QUIYpHpYIO-
IIHX B HEM 3JeMEHTapHbIX BHICKa3bIBaHHH,

3aMeHHM 3JeMeHTapHOe BbiCKa3biBaHHe <«JaHHBIi MHOro-
YrONbLHHK — TIPaBRIbHBIA» nepeMeHHOH X, a BBICKA3bLIBAHHE
«B Hero (B JaHHbIi MHOTOYTOJBHHK) MOXHO BIHCAaTb OKPYXK-
HocTb» — mepeMennoll Y. Torma mccienyemoe pacoyXjeHue 3a-
NHIIeTcs cXeMaTHYECKH CJeAyollHM 06pa3om:

X->Y X
Y 1]

T. e. U3 NMOCHJOK X— Y u X BbIBEJI€HO 3aKJ4YeHHne Y.
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» DT6 NpPaBHJIO BHBOAA HA3LIBAETCH NPABHIOM 3 aKJII0U e-
H U, WIA NPaBUJIOM OTJAeJeHHs (C MOMOIWIBIO MOCHAKH X
U3 umnaukaunu X — Y «orgenserca» Y). (B TpaaHuHoHHON
JIOTHKe 3To NPaBHJIO Ha3LIBAaeTCsl YTBePKIAIOIIHM MOAYCOM yC-
JIOBHO-KaTeropHyeckoro cuiajoruama — Modus ponens:)

[IpaBusO 3aKia0YeHHs HemnmocpPeACTBEHHO CJefyeT M3 Ompee-
JIeHHs HMIJHKauuH. [JefCTBHTENbHO, ecld HCTHHHA HMIJIMKAUHMs
X —Y u uctuuHo ocnoBanHe X, T. e. HMeeT Mecto U — Y =U,
TO Y J0NXHO GHTb MCTHHHHM, HHaye U->JI = JL.

14.4. PaccmoTpuM ceiiuac cjaenymoollee paccyxuaeHue: «Ecau
JAaHHEH MHOTOYTOJbHUK — NPABUJIBHBEIA, TO B HEr0 MOXHO BIH-
CaTb OKPYJXHOCTb; B [AaHHHIH MHOTOYTOJbHHK He/Nb3sl BIHCATH
OKPYXHOCTb; CJ€A0BaTelbHO, AAHHBIH MHOT'OYTOJBHHK He ecTb
NPaBUJBHBIH». ‘ A

Hcnonbays BBeneHHble Bhiue (14.3) nepeMeHHble, NMOAYYHM
CJIelYIOIIYI0 CXeMy 3TOTO PacCyMIeHHs:

XY 7
X

B TpaauuuonHo# JorMke 3TO NpaBHIO BEIBOJA HA3LIBAETCS
OTPHUATENbHEIM MOJYCOM YCJIOBHO-KaTeropHYECKOro CHJIJIQIH3-
Ma — Modus tollens. o .

Herpynso nokasaTh 3akOHHOCTb Takoro BuBofga, [le#ictBu-
TelbHO, TaK Kak X—Y=Hu Y =H, ro Y = JI u, uro6n aAMes0
Mecto X — JI = U, ponxuo 6uth X =J1, a caepoBaTtesibHo, X=H.

OTO mpaBHJO BHBOAA MOXeT GHTL CBeleHo K paccMoTpeH-
HbIM BHIlle NMPaBHJIaM 3aKJIOYEHHS H KOHTPaTO3HLHH.

XY

2 3 (TpaBHJIO KOHTpamo3uumH), - (1)
Y>X Y ‘
—:7(_— (npaBuso 3akioyeHus). 2)

Takum o6pasoM, nocienoBaTeNbHOe NPHMEHEHHe STHX IBYX
npaBWJ JaeT HaM HOBOE MPAaBHJO: : '

, XY, 7
X

Ecin He BOCIIONBb30BAaTBCA 3THM HOBHIM NDAaBHJOM, TO HCCJe-
JAyeMoe paccyXaeHHe yxKe npejcraBiser co6oi CI0KHOe AOKa-
8aTeJabCTBO, COCTOsIlee H3 ABYX LIATOB,

Paccmorpennbie Bhiie 4Ba ‘npaBHaa BHBOZA MO3BOJSIOT
B HCTHHHOR MMIJIMKAUMH H3 MCTHHHOCTH OCHOBAHHS CeJaTh
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BHIBOL 06 HCTHHHOCTH CJeNCTBHSA. U H3 JOXKHOCTH CJENCTBUA
caenaTb BBIBOL O JOXKHOCTH OCHOBaHHA. 9TH npasHJa, KaxK Mbl

BHEJIH, HenocpenCcTBEHHO cJeayoT H3 onpeneseHusA HUMIVIHKaAUBH. - -

B cBs3H ¢ omnpejesieHHeM ummankana (10) MBl Takxke BBISC-
HUJIH, YTO M3 JIOXKHOCTH OCHOBaHHs HEJb3s cpesaTh BBIBOA
0 JIOKHOCTH CJeJICTBHS M M3 HCTHHHOCTH CJIeCTBHS HeJb3sa Cle-
7aTb BBIBOJ 00 MCTHHHOCTH OCHOBaHH#, T. €. paccy:fleHHs, Npo-
BeJleHHEE MO CJAeNyIOLIHM CXeMaM: C

: XY, X XY, Y
# " x

He SIBJASIOTCA BEPHBIMH. . A .
Herpyaso mokasaTb, YTo MMMJIHKAINH

[M»HAm»?HM»HAY»X

He WBJSIOTCA HCTHHHBIMM TPH BCeX 3HAUEHHAX - MCTHHHOCTH
X u Y u, ciefoBaTelbHO, TaKhe NPaBHIA BHIBOfA HENOMYCTHMBL.

¥ Y XoY X (XoNAX YV [(X>Y) A X]>Y

1 1 v WU u u - ou
mn U u U U o n

Jlanpuie cocTaBieHHe TalJHIB MOXKHO HE NPOJOJIKATh.
TocraTouro HafiTH OfuH Ha6op snavennit uctuHnoctd X u Y,
pH © KOTOPOM paccMaTpHBaeMas MMIIMKALHS JOXKHA, YTOGHI
clesaTh BBIBOZ, YTO QHA He sBJAETCHA BCeraa HCTHHHOM.

14.5. [Ipou3BeneM JOTHUECKHH aHagM3 cJepymoollero paccyx-
JIEHHSA: «ECTH TPeyroJbHHK paBHOGePEeHHEIi, TO JBe ero CTopo-
HEl paBHbI, ec/ JBe CTOPOHBI TPeyroJbHHKa pasHhk, To ABa yrJa
ero paBHEI, CJ€J0BaTeNbHO, eC/H TpEyroJbHHK paBHOGEPEHHbIH,
To B yIJa ero paBHbl». B 5TOM paccyXiCHHH U3 ABYX MOCHIJIOK
BbIBELEHO 3aKJIYeHHe, . ,

Jlnsi BbIACHEHHs JOMYCTHMOCTH NMPHMEHEHHOrO B STOM pac-
CYKIeHHH TpaBHiIa BBIBOJA 3aMEHHM durypupyiolue B HeM
KOHKPEeTHbe dJeMeHTapHble BBICKa3bIBAHHUS nepeMeHHbIMH. 3ame-
HHUM . BBICKa3bIBaHHE «Tpe‘yro.nbmdx—paBHo6e11;peH.HbIﬁ» 6yxBO#H
X, BbiCKa3biBaHME «JBeé CTOPOHDBI TpeyroJbHHKa paBHbl» GYK-
pofi Y, a BbICKa3bBaHHE «JBa YIJa TPEYroJbHHKA PaBHLI» OyK-
poit Z. Torga mepBas MOCHIKA 3amuuIencs B BHE HMIJIHKALUH
X—Y, BTopasi — B BHIE Y—Z, a 3akmouenne — X—> Z.

Ham npencToMT 0GOCHOBATh CJCAYIOUIEE npaBHJIO BBIBOAA:

-

X->Y Y>Z
X>2Z '

Ha3blBaeMoe INpaBHJIOM CH JagorvuamMa H Haxojaglee WIHPO-
KOe TpHMeHEeHHE B MaTeMaTHYeCKUuX JdoKa3aTejJbCTBaX.
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- OueBnpano, uto ajs 060CHOBaHHS 3Toro TIpaBUJIa JOCTATOUHO
AOKa3aTh MCTHHHOCTb MMIIHKANHY :

(X > YA (Y5> 2Z)=> (X Z)

“(npH  M06BIX KOMOMHALUUAX 3HayeHHH HCTHHHOCTH NepemeH-
HBX X, Y, 7). _ . _

HeficrBuTensro, ecnu sra HUMIJINKAUMsA HCTHHHa, TO npu
YCTIOBHH HCTHHHOCTH NOCBUIOK X — Y HY—> Z a cjefoBaTeb-
HO, H MX KOHBIOHKUWH, cOcTaBasomel OCHOBAaHHe HMIJIMKALHH,
OyaeT HCTHHHO u CleAcTBHe X—Z, & _

HoxasaTenncrso HCTHHHOCTH NaHHOH HMNIMKanuu npu Jio-
OBIX KOMOHHALMAX 3HAYEHU HCTHHHOCTH X, Y u. Z moxHo npo-
BECTH ¢ mOMOWBIO COOTBeTCTByOmeN Tabauue. (B ra, 7 Gyner
A2HO J[I0Ka3aTeJbCTBO € NOMOIIbIO Tipeo6pas3oBanusg ¢dopmys,
BbIpaxaiomeii sty HMIIMKaLHIO. ) :

Y Z xovy K»Z(X»HAWQZ)X»Z(X»ﬂAW»&»MA&

SNSSSSSS N
SEENSSay
SoEaSaSYy
SNaSSSST
SeSSNoST
SonasasS
SaIoNEcc
SSXSSsST

Paccyxnenne, umenomee JIOTHYECKYI0 CTPYKTypy mnpaBusa

CHJITIOTH3Ma, HO BBIpaXKeHHOe B HHOH ¢opMe, MOXKeT 6biTh npu-
BelleHO K ¢opwme, COOTBETCTBYWOLIEH 3TOl CTPYKType.
"~ Hanpuwmep, Paccyxnenne «pom6 — NapaJjJuenorpamm, a B na-
Pa/IeoTpaMMe AHaroHAaAM AejsiTes TOYKOH nepeceyeHus mnomo-
J1aM, CJIefl0BaTebHO, B pombe JUATOHAIM JENATCS TOUKOH nepe-
CeYeHHs] MOmoJaM» MOXHO BBIDA3UTL B Ciefyiomej dbopwme;
«ECIH YETHIPeXYrONbLHHK — POM6, To oH Tlapajiesiorpamm, ecau
quupexyroanmx—napannenorpaMM', TO €ro mAMaroHaju messr-
€ TOUKOH Tiepecevenys nonoJam, ClefloBaTeNbHO, e/ YeTbipex-
YTOJIbHHK ~-- pOM6, TO ero NMaroHaJIn JeNaTcs TOYKON nepeceye-
HHSl nonojiams», B KOTOpO# Jlerko ycMaTpHuBaercs cxema npaBuaa
CHJLIOTH3Ma. '

Cymecrsyer, OIHaKO, MHOTO pa3sHOBMIAHOCTE} CHJLJIOTHCTHYe-
CKHX dopm paccyxaennii (B KOTOPLIX M3 ABYX 'IOCBLIJIOK ‘BLIBO- |
AUTCS 3aK/IIOYEHHE), He CBOLUMBIX K PaCCMOTpeHHOMY Bbiute mpa-
BUJIy cuinoruama. 3mech Mbl He PaccMaTphBaeM TpaBHJa BHIBO-
Aa, Jlexaile B oCHoBe 5THX paccyxaeHus. .

14.6. B UMIIMKauuy X — ¥ mpr FOBOPHM, YTO OCHOBaHHe X

HMeJl0 MecTo .X.
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HocratoynocTs X scHA ¥ HENOCPeACTBEHHO OODBACHAETCH ca-
MHM TOJKOBAHHEM HMIVIMKAalMM KaK BbICKAa3bIBAHHA O CJeJ0Ba:
HHM: '6CJTH MMIUIMKauus X => Y UCTHHHA, TO MCTHHHOCTL X T 0-
CTaTOUHa s HcTHHHOcTH Y (uHaue, ecod npu X HCTHH-
HOM Y Gbli Gbl JIOXKHBIM, TO H BCsl HMIJIMKaUsA X - Y 6bma 65l
JIOXKHOH) .

BrisicHHM, KaK Hajo NOHUMATb Heoﬁxommocn OnHolt M3
dopu ‘Bripaxkenns Heo6xogumoctn Y maa X sBasercs, Kak GblIo
yKa3aHO' BhIllle, HCTHHHAaf ~HMMJAHKanusa X « Y, 1. & ciaenoBa-
une Y u3 X. MoXHO® HaliTH AIs BbIPaXKeHHs HEOOGXOXMMOCTH
EpyrHe, Gojlee HarisjHble (OPMBHL. HaanMep, HCMOJb3ysl KBH-
pasenTHOcTs X — Y = ¥ — X, mofnyuaem creayioLlyio GpopmyH-
pOBKY HeoGXxomuMocTu: «Y He06xonHM0 AN X» o3Hayaer «eciH
Her Y, To Her H X>».

Hpeoﬁpasyﬂ MMIJIHKAILHIO '

VX = YVX Y/\X

noJyyaem emie OAHY TpaKmBKy HeOOXOHUMOCTH: «Y HeoﬁxolmMo
s X» o3HayaeT «He MOXer Oblthb X Ge3 Y».
Mu pokasaan (14.1) Teopemy

@) 1(c X a)=> (¢ X b)l—(allb)

Moxem cKasaTb, uTO BHICKasbBanue (¢){(¢Xa)—> (e X b)]
(«BcsiKas mpsMas, nepecekarollas NPAMYylO g, lepecekaer ¥ nps-
Myl b») BHIpaxaer AOCTAaTOYHOe yCJIOBHe napamenbﬂocm nps-
MbHIX a H b. C npyroil cropoHsl, BbICKa3biBaHHe alb BbIpaxaer
ycJIoBHe, Heo6XOMuMOe AJs TOTO, YTOOb HMEJO MecTo CBOHCTBO,
BhIpaxKeHHoe BhickasmBanuem (¢)[(¢Xa) — (¢Xb)], Tak Kak

allb = (©)(cXa)—> (cXb)], T. e, ecan npﬂ\bee a u b Hema-
pa/jieJbHb, He HMEET MecTO 5TO CBOMCTBO. .

Bo3sHuKaeT BONPOC: SIBJSETCsS JIM yCJIOBHe (c){(c)(a) -(eX
X b)] Takxke M HeOOXOAHMMBIM YCJOBMeM MapaJjelbHOCTH Nps-
MBIX @ U b?

Yro6H OTBeTHTh Ha 5TOT BOMPOC, HEOGXOXMMO PaccMOTpeTb
o6paTHyIO TeopeMy:

(@1 b)= (e)l(e X @)= (¢ X )]

Ddra TeopeMa TaKXKe BepHa, H, CJleJ0BaTeJbHO, yKa3aHHOe
Bhille HOCTATOYHOE YCJIOBHe MNaPajijlelbHOCTH NPSAMBIX @ M b
ABJseTCs TaKXe H Heo6xomuMbiM. IT03TOMY 3TO ‘ycioBHe Ha3bl-
BAalOT TaKXKe NPH3HaKOM TNapaljelbHOcTH mpambix. (Oue-
BH/IHO, HMEHHO TaKoe YCJIOBHe — HEOGXOAHMOe M A0CTaTOYHOE —
1leslecoo6pa3Ho Ha3bBATh NPH3HAKOM.) -
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O6nbenurus 1Be B3aUMHO oGpaTHHE TeOpPeMH], BbIpaxKalolHe
COOTBETCTBEHHQ MJOCTATOYHOCTb H HEOOXOJHUMOCTh IIpH3HAKA
napaJJelbHOCTH ABYX TPSAMHX OAHOH NJOCKOCTH, B OfHY, MOXeM
3Ty TeopeMy c(hOpMYJHpPOBAThH CJAEAYIOIUM oOpasoM: «[las TOro
yToOBl JB€ NpPsAMble OJHOH MJOCKOCTH OBJIM T1apaJJesbHbl,
HeoOGXOIHMO U AOCTATOYHO, YTOOH BCSIKasi mpsiMas 3TOH .ILWIOCKO-
CTH, Nlepecekamouas OLHY U3 HHUX, Nepecekana. U APYTYOo», HJIH
e «JIBe mpsAMble ONHOH NJOCKOCTH mapaJljiefbHbl, €Cld H TOJb-
Ko eciu (Torja M TOJbKO TOTAa, KOraa) BCsAKas npsaMas 3TOH
NJIOCKOCTH, NepeceKkaplas OAHY H3 HHX, llepecekaeT H APYIyio».
Kax BHIOHO, BBIpaMeHHs <«HEOGXOAMMO H' JOCTAaTOYHO», <«eCsH
H TOJBKO eCJH», «TOTAa M TOJbKO TOra, KOrga» — CHHOHHMH.

[Ipu M3yuerHH reoMeTPHH HaM BCTPEYAIOTCS MHOTHE YCJIOBHS,
TPH KOTOPHIX HMEIOT MeCTO PasjiHyHHe reoMeTpHYecKHe CBOHCT-
Ba M OTHOLIeHHs. HeKoTopble U3 3THX YCJOBHH IBJASAIOTCS AOCTa-
TOYHBIMH, HO He fBJSIOTCA HEOOXOQHUMEIMH, Jpyrue — HeoO6Xonu-
MBIMH, HO HEJOCTATOUHBLIMH, TPeThbH — HEOOXOOAUMBIMH H J0CTa-
TOYHBIMH (NIPH3HAKH).

[TpuBeneM npuMepbl YCJIOBHH, OTHOCAIMXCA K Kamaod H3
3THX KaTeropui: ’ _

a) IlpaBUIBLHOCTD MHOTOYTONBHHKA SBJASETCS AOCTATOUHHIM,
HO HE HEeOOXOJMMBIM YCJIOBHEM MJsi TOro, YTOGbI OKOJO HEro
MOXHO OBLIO OMHCATL OKPYXKHOCTD.

JIeACTBHTE/IbEO, 5TO YCJIOBHE AOCTATOYHO, 'TaK Kak eCJH MHO-
TOYTOIbHUK NPaBUJIBHBIH, TO OKOJO HEro MOXKHO ONHMCATH OKPYHK-
HOCTb. DTO YC/IOBHe He fABJSETCsl HeOGXONMMBIM, Tak KaK Teope-
Ma «eC/id MHOTOYTOJBHHK HEPaBUIBHHIM, TO OKOJIO HEro Hejb3s
OMHCaTb OKPYXKHOCTb» HeBepHa, W60 CYIIECTBYIOT H HeNpaBHJb-
Hblé MHOTOYFOJIbHHKH, OKOJI0 KOTOPHX MOXHO ONHCATh OK-
PYXHOCTB. ‘

6) TlpomopuMOKAJbHOCTE CTOPOH SBJAETCH HEOGXOAUMBIM,
HO HEJIOCTaTOYHbIM YCJIOBHEM NOAOGHS ABYX UETHPeXyroNbHHKOB.

JlefcTBUTENILEO, 3TO yC/IOBHE HEOGXOMMMO, TaK Kak eCJH
YETBIPeXyrofbHUKH NMOAOOHH, TO COOTBETCTBEHHHE CTOPOHBLI NPO-
MOPUMOHAJIbHEI, /M 3Ke, YTO PaBHOCHJILHO 3TOMY, €CJH COOT-
BETCTBelHble CTOPOHBI HENPONOPUHOHAJbHDBI, YETHPEXYTOAbHHKH
HEemoJO6HH, ‘ o

OTo yclOBHE HELOCTaTOYHO, TAaK KAK TeOpeMa <«BCSiKHe ye-
THIPEXYTONbHHKH, CTOPOHBl KOTOPHX COOTBETCTBEHHO NPOMOPLHO-
HaJIbHBI, NOAOGHLI» HeBepHa, HGO CYIIECTBYIOT YeThIPexyrodb-
HHKM, y KOTOPHIX CTOPOHBLI COOTBETCTBEHHO NPONOPLHOHAMBHEI,
HO OHH He MONOGHBI, HampHUMep KBaApaT H DOMG (HempsMO-
YTOJIbHBIH) . ‘

.8) YcaosHe mnpepHayuiero npumepa (6), NPONOPLHOHADb-
HOCTb CTOPOH, SIBJSETCH HEOOXOAMMBIM H JOCTATOUHBIM YCJOBH-
eM (MIPH3HAKOM) noao6Hsi TPeyrOJbHHUKOB, | :
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Heo6xoouMocTh 3TOrd  yCJIOBHS ©60oCHOBBIBaeTCS TakK X6,
KaK H B TNpeJbiAylleM NpHMepe. . - - » o

JloCTaTOYHOCTb 3TOTO  YCJIOBHS 0Ka3bIBAETCs TeopeMoi:
«EciiH CTODOHEI OJHOTO TPeyroJbHHKa COOTBETCTBEHHO NPONOP-
HOHAJbHEL CTOPOHAM JpYroro TpeyrobHAKa, TO 3TH TpeyroJib-
HUKW [10OGHbI>, H3BECTHOM TOJ Ha3BAHHEM «TpeTbero IpH3HaKa
nono6ua TpeyroJbHHKOB>.

(Heo6xonuMo OTMeETHTD, HTO B YCTaHOBHMBINEHCS NPAKTHKE
TpenofaBaHHA [0Ka3biBaeTCs TOJbKO JOCTATOYUHOCThL NMPH3HAKOB
nono6Hus TpeyroJbHHKOB. OnHako BCe STH NPH3HAKH SBIAOTCH
Heo6XOMMMBMHE ¥ JOCTaTOUHBIMH yCAOBHAMH, HX Heo6X0aUMOCTh
HenocpeACTBeHHO CJeAyeT H3 onpejesieHns MOAOGHSA Tpeyroab:
HHKOB.) o

Herpyato HaMeTHTb obllylo CXeMy JAOKa3aTelbCTBa:

@) JOCTAaTOYHOCTH, HO HE He06XOIUMOCTH;

6) Heo6X0ZUMOCTH, HO HeJOCTATOYHOCTH;

. 8) HeOGXOZMMOCTH H JIOCTAaTOUHOCTH HeKoTOporo YCJOBHA.

HaBecTHO, UTO X — mocTaTouHOe yCJoBHE IJIA Y, eciu HCTHH-
ua ummaukampg X = Y, X — HeoGxOAMMOe yciIoBHE AJA T,
eclM VCTHHHA MMIJIMKAHs ¥ —> X, WM e SKBHBAJEHTHA el

umnankauus X—¥.

CremoBaTelbHO:

a) X — mocraTouHOe, HO He Heo6X0AMMOe YCJOBHE 1A Y,
eCJH HCTHHHA KOHBIOHKLHA (X - Yy A\Y = X WJIH 5KBHBa-
jenTHas efi KoHbioHKuHA (X->Y) ANY NX). o

6) X — Heo6xoguMoe, HO HELOCTaTOuHOe ycnosue Zas Y,
eC/lH HCTHHHa KowbioHkuua (Y — IAX—Y nm (Y- X)N
AXNAY. |

6) X — Heo6xoauMOe H 10CTaTOUHOE ycioBue (MpH3HAK) AJIHA
Y, ecau HCTHHHA KOHBIOHKUMS (X — NAY = X) umn (X —>

* *
*

BBe/eHHbll B HacTodAlleH riaBe JIOTHYeCKH# annapaTr MOXeT
pecbMa 3(P(PEKTHBHO. MPHMEHATBCS B H3TOKEHUH HayaJ CTepeo-
merpun (4. II, ra. 3), cnoco6eTBys JydlleMy YCBOEGHHIO MOHSA-
THY, TIPeMJIOXEHHH H HX J[0Ka3aTelnCTB, NOBLILIEHHIO YDPOBHA
CTPOrocTH mpenojaBaHHs. Dror anmapaT MOXeT MNOJYYHTb
W jJajbHeiillee pasBHTHe B Npolecce H3yHEHHA cTepeoMeTpHH.
Hanpumep, npH aHaaH3e HEKOTOPHIX J0Ka3aTeJbCTB MOTYT 6LITh
paabsACHeHbl HOBHE IIpaBuja BbIBOAA. . - :
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T'jiasa 6. Hsydenue n NPHMEHEHHe JIOTHYECKHX onepanuii
H NPaBHJ BBIBOJA B Kypce adreGpH )

Jloruyeckue 3Hanus, npHoOpeTaeMble yyamumucs B Kypce
TEOMETPHH B pesysbTaTe PaGOTH, ONHCAHHON B ru. 5, HaxomsT
TIpPHMeHeHHe N daibHefillee pasBuUTHe B Kypce ajreGpsi.

B nacrosmeit riase TIOKa3aHO, KaK 3TH 3HAHUS NPHUMEHSIOTCH
K YTOUHEHHIO MOHATHH MIKOJBLHOR anre6pel W Kakoe B CBSI3HM
C STHM NpHMeHEHHEM OHH TONYYaOT AajbHelillee pasBHTHe.

Mu pacemorpum OCHOBHBIE MOHATHSI YYeHHHl O TOMXAeCTBeH-
HBIX npeo6pasoBanusax, 06 YPaBHEHHSX M HepaBEeHCTBaXx.

01. Ananornuno Tomy, Kak B OGBbIYHBIX S3BIKAX W3 6yKB, B3s-
ThIX M3 JaHHoro angasura, COCTaBJIAIOTCS CJIOBA, NPeACTaBJIsIO-
.1IiMe co60H OCHOBHBIE H3BIKOBbIE 06pa3oBaHus, B aarebpe H3
OykB 4, 8, C, ..., X, y, ... 3HAKOB onepamui «+», «+», .. U CKOGOK
«()», o6pasyomux ©BOEOOPa3HbIi andaBuT aJre6pel, cocTas-
JAKTC  aare6paHdyecKue BBIDaXXEHUs, OCHOBHEIE 0Gpa3oBaHHs
anre6psl, NpeACTaBAsOLHe COGOH CBOEOOpasHble CI0Ba 3TOro
«S13bIKAY.

Iono6ro ToMy kak me Bcgkas KOHe4YHasg [oc/en0BaTeh-
HOCTb GYKB PycCKOro angasura oGpasyer CJIOBO PYCCKOTO sI3bIKa,
He BCsiKas KOHeyHas NMOCJeNOBaTeNbHOCTDL CHMBOJIOB M3 an¢aBH-
Ta anre6pul o6pazyer anreGpanyecKoe BLIpaXKeHile.

ITonstue anre6pawnueckoro BhIpaXKeHHs MOXKeT GHITb yTOYHe-
HO C NOMOWIBIO C/eNyIOIero onpeneseHHs:

(a] Byksut a, b, ¢, .., %, Y, ... —CyTb anre6pauvecKkne BLIpa-
XKeHHq,

{6] Ecnu A u B — anreGpanyeckie BHIPaXKeHUs, To U (A+B),

(A—B), (A-B), (A :B) (uan —T';—) TakXe ajre6paHyecKHe Bbi-

paxenus. : ,

{6] Hpyrux, kpome Tiepeunciennbix B [al u 6], ajrebpaunye-
CKHX BbIpaxKeHHH Her. 3arjapHble OykBbl A, B, ... He npunapue-
Kar anpaBuTy anre6pu u IPUMEHAI0TCS 3lech JHIIb A5 COKpa-
INEHHOTO 0603HaYyeHHs GoJee CIIONKHBIX 06pa3oBaHuii U3 6ykB
sroro andasura. (Boobume M cuMBOaL HEKOTOPBIX Onepauui,
UHCJIOBEIE KOXMP(HLUMUEHTH, noKasaTeldd u PamuKajel He npHHan-
JexaT andasuty anre6pn u ABMAIOTCA JIMIIL CPeACTBAMH AJig
COKPAIUEHHOH 3alHCH ONpefeieHHbIX KOHCTPYKUHHA M3 CHUMBOJIOB
3Toro-asnpasura.)

" B npusenennom poimte OMMPEAENEHHN CONEPKUTCA CXOMa KOH-
CTPYKUHH  ajre6pauyecKHX BHIPaXKeHHH: YKa3aHbl HCXOAHBIE
anreGpanyecKie BhIPaiKEHHs [a] u npaBuia, mocpencTBOM KOTO-
PBIX U3 NaHHBIX BBIPAXKEHHH MOXKHO MOJY4HThb HOBHIe {6]. (Takoe
Onpejleiende Ha3blBaeTcsi HHAYKT U B H bl M.)
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Hcxoas M3 3TOro ONpejejeHHs, HETPYAHO YCTAHOBHTb IJIA
JI06Ol 3aJaHHOH KOHeuHoH MOoC/Iel0BaTeNbHOCTH CHMBOJIOB, (CO-

CTaBJdgeT JU OHA HJH HET aJII‘eﬁ‘paHlleCKoe BEIpaxKeHHue. JP
HaanMep, nocjiea0BaTeNbHOCTh CHMBOJIOB

(@bt+N—06:) 0

obpasyer aireGpauueckoe BhPaXeHHe, a MOCIENOBATEIbHOCTH

@+ @)

H' (@+0) e

He 06pasyioT - aJre6paHyecKHX BLIPaXKEHHIL.

IleiicTBUTeNbHO, TaK Kak a, b, ¢ — ajre6panyeckde BLIpaxe-
uusi [a), To (b + ¢) u (b:c) — anre6paHyeckHe BBIpaXKEHHS [b].
CnenoBartenbHo, M (a-(b 4+ c)) — anre6panyeckoe BbIpaxe-
une [b], a moromy [b] u ((a - (b +c)) — (b:c)) (1) rTakxe
anre6panyeckoe BbIPaXKEHHE.

Tak Kak a aiareGpamueckoe BhipaxeHue, To (a.+ ) He eCTb
anre6panyeckoe BbipaxkeHHe, H60 cpeny ajireGpaHyeCKHX Bbpa-
JKOHHI, MepeuucJeHHBX B NMyHKTe [0] ompeje/leHHs, HeT TaKOro,
a Apyrux ajreGpaHyecKHX BHIpaxkeHuii Her [8).

Tak xak b, c¢— anreGpanmyeckue Boipaxenus [a], To (b +
+¢) — anre6panueckoe BepaxenHe [b]; Tak Kak a H b+ c)—
anre6panyecke Buipaxenus, To (a-(b + c) ne ecrp anreGpan-
yecKoe BhIpakeHue (HeLOCTaeT OJHOH NMPaBOH CKOOKH).

Kak BHIHO, PHBEAEHHOE ONpejeeHde aare6paHyeckoro Bhi-
paxkeHuss COfepKHT B ce6e mpaBHjia TPABOMHCAHHA CJIOB
anre6panyeckoro s3blka H Hrpaer, TaKUM 00pa3oM, POJb CrElH-
¢uueckoii «opdorpaduu» 3TOro A3LIKa.

BBuny TOro, yro NpH 3anucH Goliee CIOXKHBIX anreGpanue-
CKHX BHIPaX{e€HHH B COOTBETCTBHH ¢ JAHHBIM ONpeje/eHHeM NpH-
XOIOMTCS NMPHMEHAThL MHOrO CKOGOK, MPHHMMaercs psn corjauie-
HHUJ /151 YNPOILeHUs NPaBONUCAHHS aare6panyecKux BbIpajKeHHH.

OTH cOorjallleHHs COCTOAT B CJepyloleM:

1) OmnyckaioTca BHelllHHe CKOOKH, T. €. Te CKOOKH, KOTOpHIe
3aKJ04aloT B cebe BCe OCTajJbHBle CHMBOJBLI BhIPaxKeHHd.

B COOTBETCTBHH ¢ 3THM COrJalleHHeM Bbipaxenwe (1) 3amu-
cbiBaeTcs TakKy

(@-(b+c)—b:o).

2) CuHTaloT, YTO 3HAKH YMHOXKEHMs H JefleHHs CBS3bIBAIOT
cH/bHEee, YeM 3HAKH CJOXKEHHs y BLIYMTAHHA, .T. e. ONEpauHH
YMHOKeHHs1 M JAeJeHHs BBHINOJHATCI PpaHblle onepanuil ciaoxe-
HHs ¥ BbLIYMTAHHMS B NAHHOM BLIPa’KeHHH, eCiH TOJBKO CKOOKaMH
He onpeleleH MHOM MOPSLOK BLIMOJHEHHs ONEepalHi,
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B coorsercrBuM ¢ 3TMM cornamesMeM npuBeneroe Bbile
BeIpaxenue (1) 2anuchiBaercs Tak: '

a-b+c)—b:c.

OG6biuHO enle onyckaercss aHak YMHOXEHHs H, eciM B BhIpa-
HEHHH TNPHMEHSETCH HECKONIbKO mnap CKOGOK, DPachoJIOXKEHHBIX
Oia BHYTPH APYIOH, NPHUMEHSIOT CKOGKM Pa3iHYHOM ¢hopMBI
(kpyranle, KBajgpaThHbie, GuUrypHBle) A 6oslee HATJISALHOTO pas-
JUYEHHS 06/1acTedl PACNPOCTPAHEHHS paZTHYHBIX nap CKOGOK.

Hanpumep, sripaxenne o .

a-((a-(b+cy—b).c—a-b) .
3aNMUCbIBAETCH (B YACTHOCTH, B LIKOJBHOM NpaKTHKe) TakK:
aflab+ o —blc—ab).

01.1. B yue6no-Meronnueckoi JINTEpAType U B OCHOBAHHOMH Ha
HEH NpPaKTHKe NpenofaBaHHs He yAeNsieTcsl AOCTATOYHOE BHH-
MarHE OTpeleJIeHHIO, PABONUCAHHIO H UTEHHIO aJAre6pauuecKux
BbIpaxcerini. CoMepxKaIascs B NPHBEAECHHOM BbILIe onpeseseHnH
CXeMa KOHCTPYKUHH ajre6pavyeckKHX BBIDAXKEHHH HallJa oTpa-
XKenne b 8 KHure B. JI. TonuapoBa «Hayasphas anrebpas.!

Heo6x01uMO OTMETHTb, UTO pazbsicHeHHe 5TOH CXeMHl yua-
IHMCS HE NPEACTABJAACT 3aTPYAHEHHH U NMOMOraeT MM pacnoana-
BaTb TPABUJLHO COCTABJCHHble ajire6paHyecKue BbipaXKeHHs
H NOPANOK onepaunuil B HHUX. -

Hesnanue npasun mnpasomucarnus anre6panyeckux BHIpaxe-
HHH TMPHBOAMT K TOMY, YTO YYAamIHECH YAaCTO He CTABST CKOGKH
TaM, TJle OHH HYXHBI, H CTaBAT MX TaM, Ie He HYMKHBL 3aTpya-
HAIOTCA TNPOYMTATh aJdrebpanyeckoe BbIPAaXKeHHE W 3aNUCATD
B CHMBOJ/IaX NPOYHTAHHOE BBHIPAXKEHHE, .

Heo6x01uMO pasbacHHTh yuamumes Ha KOHKDETHBIX NpHMe-
Pax NmpaBu/IO UTEHHs aJreGpaHuecKuX BHIpaIKEHHH.

Bozbmem B kauectse npumepa BhIpaxeHHe

(@ —b)(a® + b%).

Ipouasenem ananuz nopsigxa Onepauu, ONpeessioulero cTpyK-
TYPY STOTO BBIpAXKEHHS. 3aNuIleM N0 NOPSAKY Pe3yJabTaThi STHX
onepauui: 1) passocrs uncen g u b; 2) KBajapar; 3) KyObl umces
a v b; 4) cymma; 5) npouzsenenne.

s cocrasnenus caosecrof bopmynupoBKu aanHOro anre6-
PaNyYECKOTO BBIPAKEHHS IOCTATOYHO YKa3aTh Ha3BaHHA Pe3yJb-
TATOB BBLIMOJIHEHHBIX Onepauuit B 66paTHOM mopsiixe. [Monyuaem:

'B. /. T'ouuapos. Havamnas ‘anreGpa. M., 1960, ctp. 16, .
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«npousBejeHue CyMMB! xy6oB uucea a ¥ b Ha KBajpaT HX pas-
HoctH». (dta GOPMYIMPOBKA NOSBJATETCH JUIIp TOCTe COOTBET-
CTBYIOLIEH CTHJIMCTHYECKOH 06pa6oTki (GOPMYJIHUPOBKH: «IPOH3-
BejieHHe CyMMBl KyOoB uucesn a H b ma KBaApaTr pasHOCTH YHCEJ]
a u b») Ecau crauana BBHMIOJHHTB onmepamuMi BO BTOpOH mape
cKOOOK, MBI TpHIEM K caeaylomes, P aBHOCHJIBHOH nepBo#, ¢op-
MyJIMpOBKE: «NpOU3Be/lenue KBaipara Pa3HOCTH UHCe] a H b Hna
CyMMY HX KyGOB».

02. Mpr yKe 3HAKOMBl ¢ HEKOTODBIMH JIOTHUECKHMH oOmiepa-
[IMSIMH, BHIMOJHAEMBIMH Hal BRICKA3biBaHUAMH, HacTb JOTHKH,
MMelollas CBOMM NpeAMeToM H3yueHHe STHX H APYTHX OlepauHi
Haj BbICKAa3bIBAHUSIMH, HasbiBaeTcs JAOTHK ofi, unu anreo-
poit BbICKa3bBaHHU' N

Jra HeoOblKHOBeHHas anre6pa BO MHOTOM noxoxa Ha OOBIK-
HOBEHHYIO, HO BO MHOTOM OTJIHUAETCs OT HEE, B ueM Mbl yOeduM-
cs1 B janpHedieM. 3aeCb MBI paccMaTpuBaeM JHIIb OJHO MOH:-
THe H3 aare6pH BHICKA3bIBAHHH, AHAJIOPHUHOE TOHATHIO anred-
pauuecKoro BbIPaXEHHS U3 OGBIKHOBEHHOH anreGpHl.

B anreGpe BbICKAa3biBaHMH, KakK H B OOBIKHOBEHHOH aJre6pe,
HMeeTcsl OBOH aji(haBuT, cocrosmuii u3 6yks A, B, c, .., X
Y, ..., 0603HaYaIOUMX JEMEHTapHBIE BBICKA3bIBaHUS, 3HAKOB O1ie-
panuit «—», «V», «A», —> H cko60k «( )». CnoxHble Bbl-
CKa3bBAHHS BHIPAKAIOTCS € IOMOLIbIO  KOHEUHBIX ToCaeLOBATENb:
HOCTEH CHMBOJIOB 2TOr0 angasura, Ha3bBAEMBIX dbopMyaa-
M# anre6pH ppickasbBanuil. Onnako He BCKad
KOHEUHas TOC/IeOBATENBHOCTD CHMBOJIOB STOTO andgasura o6pa-
syer dopmyay. [lagum onpeneneHue dopmyapl anreGpul BbICKa-
3piBaHUH aHaJIOrH4HOE NpUBEJEHHOMY BBIIE (01)" ompeneJie-
HuIo anre6padueckoro BbIPAKEHH:A 06LIKHOBEHHOH aare0pHl, T. €.
MHIYKTHBHOE ONpejeienne, COCTOALLER W3 Tpex yacred: B nepBOH
yacTH yKasaHbl HCXojHble QOpMYJEL, BO BTOpO¥ — NpaBuna, mno-
CPeJCTBOM KOTOPHIX H3 JaHHBIX dopmys ofpasyioTcsi HOBBHIE,
B TpeTbell yKasbiBaeTcsi, 4TO MepBbie JABE YACTH HCUEPNBHBAIOT
BCeBO3MOXKHBIE (POPMYJDL,

Onpenenenne: (a) DJeMeHTapHbIE BBHICKA3bIBAHUSA

A B C . X Y.

cyTb (HOPMYJIBL, B :

(6) Ecnu f u ¢—dopmyast, TO H f (uau o), (fV9), (fae),
(f—¢) Toxke GOpMYJbL.

(8) Hdpyrux ¢popmyJ, KpOMe Tiepeyuc/IeHHbIX B (a) u (6), HeT.

Mcxons M3  3TOTO ONpejelieHus, HETPYLHO yCTaHOBUTb MJf
7060l 3a/aHHOH KOHEUHOH [ocJie[0BaTeIbHOCTH CHUMBOJIOB H3

1 B pasbHefimeM GyjleM mojab30BaThCA TepMHHAMH «IOTHKA BEICKA3hIBA-
uuli» B «anre6pa BBICKa3bIBaHHI» KaK CHHOHMMAaMHU.
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ajldaBUTa JOTHKU BDICKa3biBaHHH, 0Opas3yeT Jiu OHA WJH Her
GopMysNy Ha sI3blKe 3TOH JIOTHKH. .

Bosbmem ais npumepa CTEAYIOUYIO NOC/Ie/J0BaTebHOCTh H3
OYKB, 3HaKOB onepau#ii ¥ CKOGOK: : ‘ '

(ANB)VC)>@ANBY)

H JOKaxkeM, UTO OHa NpencTasisieT co6Goil dbopmy.ty. .

HelicTBuTtensHo, Tak kKak A u B — dopmysl (a), ™0 Au B
TaKXe Gopmynsl (6), aycaenosarensho, (A AB) u (A B) —
bopmyaer (6); Toraa u ((ApAB) V C) — dopmyaa (6) u, naxo-
Hen, ((AAB)VC — (AAB)) — popmyna (6). .

Takue e NOC/IeN0BAaTEe/IbHOCTH, KaK, Hanpumep, (AA ) win
((CVA - (BVC()), ue smasiorcs bopmynamu.-

HelictButensHo, B (6) Her Caydasl, KOTAa npaBas cKoGKa
CJACNYET 32 3HAKOM onepanuu, Kak B (A A), a Apyrux Qopmya
Her (8). Bo BTopoM ciyuae Hemocrder OJIHOH NpPaBOf CKOGKH.
HefictBuTesinHO, C u A dopmyant (a), Ho (C V A He sBasercs dop-
MYJIOH, cle10BaTesqbHO, H BCe BHIp akeHHUe

(CVA—> (BVC()

HEIIpaBUJIBHO CKOHCTPYHPOBAHO, T. e. He o6pasyer HOpMyJIHL.

(Heo6xomumo o6paTuth BHUMaHUe Y4almMxcsd Ha TO, ' YTO
B TNpaBUIBHO CKOHCTPYHPOBaHHOK (OPMyJe, cOrmacHo onpeje-
JeHu10 (6), MOMKHO GHITH CTOJBKO Ke IpaBHX CKOGOK, CKOJMBKO
JeBbiX. Takoe XKe «CUHTaKCHUeCKOey NpaBUJI0 HMeeT MeCTO M B
OGBIKHOBEHHO} anre6pe.)

Hast ynpowenws npasonucanus (popMys anre6pr! BbICKashi-
BaHUH NPUHUMAIOTCH CAENYIOLiHe CONIAMOHHS:

1) Onyckaorcs BHewnue CKOOKH, T. €. Te, KOTOpBle. BKJIIO-
HaloT BHYTPH Ce0s BCe OCTaJIbHBIE CUMBOJIE, 06pasyomye dop-
MyJ1y. :

B coorsercrBuu ¢ stum cormamenuey bopmyay

(LAANB)VC)—> (A A B))
c.nenyeT nucarTy Tak:
((AAB)VC)— (AN B).

2) Cuuraercs, 4To 3HAK «A » CBs3bIBAaeT cuJibHee, 4eM 3Ha-
KH «V» H «>», a 3HaK «V» — CHJIbHee 3HaKa «—> »,

B coorBercTBuM ¢ 3THM CoryiallieHHeM TIPUBEJEHHYIO BHIIlE
popmyny 6yaem nucare Tak:

'
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B nmaibhefimiem B ‘3amucax (opmys ajreGpsl BbICKa3blBaHHUH
6yeM MpPHIEPKUBATLCH ITUX COTJIalleHuH, TaK Xe Kak B OOHIK-
HOBEHHOM ajrefpe MBI NpUIEePKUBAGMCSH aHAJOTHUHBIX COrJiamme-
HUH, . KacalOmMuXCs fpaBoOmHCcaHus aJjre6pauyeckKuX BhIpaxe-
uuit [01]. -

TIpaBusio uTeHUs anre6paHuyecKHX BbIPpaXKeHUH H3 OOBIKHOBEH-
Ho#t anre6pnl {01.1] mpuMeHUMO U AJis UTeHus dopmysa anreCpbl
BbicKasbiBanuii. Hanpumep, ¢opmysa

AN (BVT) | (1)

TIpeJIcTaBJiseT cOGOH KOHDBIOHKIUIO BbICKa3blBaHUst A U JU3IBIOHK-
muio B ¢ orpunanuem C, dopmyna :

AABVC (2)

npefcrapiser 060N M3 BIOHKIHIO KOHBIOHKIHMH A u B ¢ otpu-
tanuem C. . -

VlHTepecHo OTMETHTh, UTO XOTs (opmyasl (1) u (2) cocrosaT
W3 OJHHMX H TeX e OYyKB, MepeMeHHBIX IJs BbICKa3biBaHUM, H U3
OJIHUX ¥ TeX e 3HAKOB omepaluil, pasjiiuHas paccTaHOBKA CKO-
60K OIpee/sieT B HAX pas3JuuHbIi MOPANOK onepauui. dtu dop-
MyJbl BBIPaXKaloT CJOXKHbBlEe BbICKAa3BIBAHMS PAa3JUYHOH JOTHYe-
CKOH CTPYKTYpHI, MpHueM He3KBUBAJeHTHble Mexay co0oi. Ha-
npumep, npu A=JI, B=W u C=JI dopmyna (l) Bepaxaer
JIOXHOe BbBICKa3hlBaHue, a.popmyaa (2) — UCTHHHOe.

3anuch JIOKHBIX BbICKasplBaHU#l B Buie (opMya ajreCpsl
PHICKA3BIBAHMH HMeeT BaXHOe 3HaueHHe MIJIsi YTOUHEHUS JIOTH-
UecKOH CTPYKTYpbl BBICKa3bIBaHUMH, (QOPMYyNUpDYeMBIX Ha ecTecT-
BeHHOM f3bIKe.

BriBaloT ciyuyau, Korja cJoBecHOe BolpaKeHHe Ha €CTECTBEH-
HOM $3blKe He OMpefeseT OAHO3HAUHO JIOTHUECKYIO CTPYKTYpPY
BBICKA3BIBaHHS.

BosbMeM ‘B KaueCTBe NMpuUMepa BbiCKasbplBaHHe: «Bcskoe uer-
HOe WMCJIO JeJUTCSH Ha 3 ¥ JeJUTCS Ha 2 MJM He JeJuTCH Ha 6>

O603HauuM 3JieMEHTapHOe BbICKA3bIBAHHE «BCSAKOe UYeTHOe
yHCa0 AeTdTCA Ha 3» 6ykBol A, BbiCKaspiBaHHe «(3TO 4UCJO)
fAequTcs Ha 2» — 6yKBOH B, a BbICKasblBaHHe «(3TO YHCJIO) Je-

Jurcs-ua 6» — Gyksolt C. Torna Hanle BbicKa3blBaHHe BBIPa3HUT-
¢ popmysioi

) ANBVC). (1)

310 BHICKA3BIBAHHE, HCXOASA H3 ero KOHKPeTHOIO CoJepiKaHud,
J0xkHO. Unobsl yOeauThCS B 3TOM, TaK KaK OHO OTHOCHTCS KO
BCEeM UeTHBIM UHMCJaM, JOCTATOUHO HaliTM XoTa OBl OJHO 4EeTHOe
U§CJ0, A KOTOPOTro OHO JoXHO. Hanpumep, ans umciaa 4 BH-

CKasbiBaHHe A JIOXKHO, a Clel0BaTeJbHO, H BC KOHBIOHKIHSA 1)
JIOXKHA,

8 A. A, Croasp ‘ 113



OnHako BO3MOXKHO, UTO B NMPUBELEHHOM BbIlIe CJIOMKHOM BhL-
CKa3LIBAHWM HMEeTCs B BUAY NPYyras CBs3b SJE€MEHTADHHIX Bbi-
CKa3LiBaHMH, a UMEHHO:

AANBVC. )

B atoM canyuae mosyuaercs ucTuHHOe BbiCKa3biBanue, [eficr-
BUTEJIbHO, €CJIM BO3bMEM UETHOE UHMCJIO, JeNsuieecss Ha 3, Hanpu-
Mep 12, To koHbionkKuus AA B ucTHHHA, a cJlel0BaTeNbHO, BCA
IH3BIOHKIUSA MCTHHHA. Ecou Xe B3ATh wenHoe uucao, He jens-

uteecst Ha 3, To C MCTHHHO M, CJILOBATEJBHO, JUIBIOHKIUS CHOBA
HUCTHHHA.

Kak BUIHO, uMelomuiics y HAC JIOrHUECKHUH annapar ajareGpnt
BLICKA3bIBAHUH MO3BOJISET HAM YTOUHHTDb JIOTHUECKYIO CTPYKTYPY
BbIpa)aeMHIX CJOBECHO BBbICKA3bIBaHHUH.

03. Mbl pacemorpenu {01] moHsiTHe aireGpamyeckoro BHIpa-
HKEHUS UMb ¢ GOPMANBbHOH TOUKH 3peHHs, KaK KOHCTPYKIHIO U3
OyKB, 3HaKOB Onepauyil H CKOGOK, COCTABJIEHHYIO 110 OnpeneseH-
HHIM npaBuiaM. Ho ansreGpanueckoe BHpakeHHe MOXKHO TPAKTO-
BaTh H ¢ QYHKUMOHATLHOH TOUKH 3DEHUs, Kak BHpaxKaiomee He-
KOTOPYIO (DYHKIMIO OT BXOASILIUX B Hero GYKB.

Hapsny ¢ nsyyennem KOHCTpyKUuu anre6pauveckux BHIpaKe-
HUH C caMoro Havaja Kypca ajre6phl HeOGXOIUMO BBISCHUTD HX
(QYHKIUOHAMBHYIO CYLIHOCTb, DTOH IeNM CJIYKaT, B YaCTHOCTH,
YOpaXKHEHUsT Ha Onpejle/ieHHe YMCIOBOrO 3HAUeHHs ajrebGpauve-
CKOTO BbIpaKeHUS TIPH. Pa3JHUYHBIX CHCTEMAaX YHCJIOBHIX 3HAUEHHH
BXOJSAIHMX B Hero GYKB.

B pesysbrare pemlenust Takux ynpaskHeHHH NPHXOZMM K Cle-
AYIOUIMM BHIBOIAM:

a) BCsKoe anqre6pauueckoe BbipaxKeHHe MOMKET MPHHAMATD
Pa3UYHBEIE YUCJIOBble 3HAUEHHS (SABJISETCS NMepeMeHHOM);

6) uucnoBLIe 3HAYEHHS a/ireGPauueckoro BHPAKEHHs 3aBHCAT
OT UMC/IOBBIX 3HAUEHWH BXONSLIMX B Hero GYKB (anreGpaunueckoe
BBIPAXKEHHEe BHIPAXKAET HEKOTOPYIO (QYHKIHIO);

8) He IpPU BCAKMX CHCTEMaxX UMCIOBHIX 3HAUEHWH GyKB aJrel-
pauueckoe BbIpaXKeHME HMMeeT UYHCJIOBOe 3HaueHHe (HEKOTOphle
CHCTeMBl 3HaUeHUH OYKB He SBJASIOTCS JONYCTUMBIMH).

B nanpHefimeM, mocie ycBOeHHS MOHSATUS dYHKIUY, yUamiue-
Csl IOJIKHBl BHIETb B KaXKJOM ajre6pauyeckoM BbIpaXKeHHH 3a-
lanue KakoH-to Qynkuuu. IIpuMeHsis GYHKUMOHANLHYIO CHMBO-
JIUKY, MBI MOXE€M NHCaTh

ab+c)

=5 = f(a, b, C).

3HaKy PaBeHCTBA npHjaaerca 3jech c.nenyxoumﬁ CMBbICJI: BHI-

‘ifzg_i._i'on-pene.nneT ‘HekoTOpylo QyHKuHio f OT apry-

paxkeHue 5
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MeHTOB @, b, ¢ Tak, 4uTo KaxkjoMy Habopy (MiM KaxKIOH cucTe-
Me) uX 3HaueHuH (o, bo, Co), B3ATHIX U3 00JACTH ONpENEJICHHS,
COOTBETCTBYET oOInpelelieHHoe 3HaueHue f(ao, by, co) ‘STOM
(yHKILUH.

04. Kaxpass dopmyna anre6pnl BEICKA3bIBAHHIL onpenenHeT
HEKOTOPYI0 (YHKUHIO OT NepeMeHHBIX AJsS BbICKa3biBaHUH, BXO-
ASWUX B 3Ty (opmyny. Eciu BMecTo NepeMeHHHIX MOJICTaBHTb
KOHKPETHble BBLICKA3HIBaHUA, TO U (QYHKLMS, ONpefesnseMas JaH-
Ho#t dopmysiol, o6paTurca B BHCKAa3biBaHHE, HCTHHHOE WM JIOK-
HOE B 3aBUCHMMOCTH OT 3HAayeHHH WCTHHHOCTH TIOACTABACHHHX
BLICKa3biBaHUH, NpuuYeM 3HaueHWe (DYHKIHUH 3aBHCHT TOJbBKO OT
3HAUeHUA UCTHHHOCTU BBIOKAa3BIBAHUH — apryMeHTOB W He 3aBH-
CUT OT UX COIepIKaHUS.

31ech UMeeT MeCcTO CXOACTBO ¢ (PYHKUMOHAJbHOH TOUKOH
3peHus Ha anrebpauueckoe BEHIpaxkeHHe B OOBLIKHOBeHHOH asreo-
pe. Tax xe Kak uuca0Bas (QYHKIUS OT UYHCIOBHIX apPryMEHTOB
NPUHHMAET Pa3NUyHble YMCJIOBhle 3HAUEHHs B 3aBHCHMOCTH OT
YMCJOBBIX 3HAYe€HUH apryMeHTOB, QyHKUHUs, ompeneiaseMas Qop-
MyJioH anre6pbl BLICKA3bIBAHUI, MPUHUMAaeT pa3juyHble 3HaUe-
HUS MCTUMHHOCTM B 3aBHCUMOCTH OT 3HAYEHUH HCTHHHOCTH BHI-
CKasnBaHuil — apryMeHToB. Tak KakK 3jech M apryMeHTHl U GyHK-
LHs TIPeJCTaBAAIoT cO00H nepeMeHHble, MOTYLIHEe TIPUHHMATD [Ba
3navenus: (M — ucTunHHOe BBICKa3biBaHWe WM JI — JIOXKHOe BBI-
CKa3biBaHue), TO Takue QYHKIMM B OTJIHYME OT 3HAKOMBIX HaM
YUCAOBBIX (GYHKIHA Ha3bBaloT GYHKNOHUSMHU-BHICKa3H-
BaHUSAMHU UIM JOTHUYECKUMHU QYHKHUSAMHU.

Tak xe kak B OOBIKHOBEHHOH ajre6pe TepMHUH <«3HaueHHe»
NIPUMEHsIeTCs KaK COKpallleHHe TePMHHA <«UHCIO0BOe 3HAUeHHe»,
B ajrefpe BBHICKAa3blBAHUH TePMUH «3HAUeHHe» IIPUMEHSeTcs Kak
COKpaleHHe TePMHUHA «3HAUeHHe UCTHHHOCTHUY.

OTMeueHHas aHaNOTHs TMO3BOJIsIeT TPUMEeHAThL B anrebpe BhI-
CKa3blBaHHA (YHKIIMOHAJBHYIO CHMBOJMKY M IHCATb, HalpuMep,
uTO

A/\(BV-C)VZ/\E=f(A, B, Q).

3HaKy paBeHCTBA TpPHUAAETCH 3[eCh CAeAyIOLMH cMBICa: (op-
MyJaa

ANBVCOVANAB

oTnipejie/iieT HEeKOTOPYIO JIOTHUECKyIo (YHKIUIO OT apryMeH-
T0B A, B, C tak, 910 KaxjaoMmy Habopy (@i, @2, @s) 3HaueHH
3THX TIepeMeHHBIX, rae «; = KM uau JI(3gech 3HAK «=» TpuUMe-
HSeTCs B CMBICJe COBIAjeHHUs), COOTBETCTBYET ONpejeeHHoe
3HaueHne f(ai, @z, @s) o10ll QyHKIMH, KOTOPOE TOKE MOKET OHITH
TONbKO I/I unu JI -
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Tak+xax Besikas GopMy/Ta COXEPMHT KOHEUHOe UHCAO nepe-
MEHHBIX, -4 KaXJasg U3 HUX MOXKeT NPHHHMATh JHUIb [Ba 3Hae-
rus (M uau J1), To 4ucia0 BCEBO3MONKHBIX Hab0poB 3HaueHUH Ie-
PeMEHHBIX — apTyMeHTOB BCErJa KOHeUHO, i JIOruuecKas QyHKIHS
B OTJIMYHE OT OOBIYHBIX UMCJIOBBHIX (DYHKIHH, apryMeHTH KOTOPBIX
MOTYT TPUHUMATb GeCKOHEUHOE MHOXKECTBO 3HAUEHHHE, .MOXeT
OBITh MOMHOCTDIO 3aAaHHOH C IOMOLIBIO TabaunEl, B KOTOPOH na-
HEL €e 3HaueHHs], COOTBETCTBYIOIUME - BCBBO3MOXHLIM HaGopam
3HaUeHUH aprymeHToB. B uacTHOCTH, JoruyecKue onepauuy, KO-
TOpEIE MHl 3HAEM, ONPENENSIOT JOoruueckue dyskuud (X = f;(X),
XVY = fy(X, Y), XAY =fo(X, ¥), X> Y =F,(X, Y)), kotopsie
MBI 3afaj¥ COOTBETCTBYIOLMMHU TaGHUIAMH.

Ecnu Joruveckas ¢yskuus sagana bopmyJIoH, TO HeTpymHO
no 3Tof (opMmyse COCTABUTL TabJHLy 3HAYEHHI $yHKIMU
(B manbHeAMleM MBI HAYYHMCS TAKKE I10 3ajaHHOl Tabjauue sHa-
UeHHH JIOTHYECKOH (PYHKIHHU COCTABJATD bopMmyay, BEIpaxaomyio
3Ty GYHKIMIO). :

ITosichuM Ha npumepe npuBefeHHOH Bbille bYHKUUU

flA,B,C)=AANBVC)\VANAB

METOJl COCTaBJIEHHSI COOTBETCTBYIOUIEH TabJuubl, Ha3blBaeMOH
TabJaunedl ¥ CTUHHOCTH. . :

1 2 3 4 5 6 7 8 9

A B _C BVC ANBVC) A B ANB  AABVCOVAAB
A a1 a & J U U U u

I 1 U WU J U U U u

I U a1 WU B MU a1 1 J

I U U U J B G J

MU J a1 1 J I U 7 J

M 1 U U U JI U. 7 U

UM U a1 U U J Ja 71 U

MU U U U U a a1 1 U

B nepBhix cieea Tpex cTO6IAX BEHIMUCEIEAEM BCEBO3MOMKHbIE
HaGopbl 3Hauenu#i Tpex mnepemeHHnx A, B, C (ux Bcero 8).
B uerseproM croI6ue BHMUCHBAEM B3HAUEHHS UIBIOHKIHH
BV C, cooteerctByiomue Ha6opaM 3HaYeHHH TepeMeHHbIX B u C
B cronbuax 2 u 3 Ha OCHOBAHMH ONpefeNeHHS JH3BIOHKIHH.
B nsarom croa6ue BHIWCHEaeM 3HAUeHHs KOHDBIOHKIHE A A
A (BVC), coorBercrByiomue 3HaueHusim A u BVC B cronbnax 1
4 4 10 ONpefeeHUI0 KOHBIOHKIHH, B cTosbuax 6 u 7 BHMUCHEAeM
SHA4YeHWs OTPHULAHMA BEICKa3bipaHuit A M B, COOTBETCTBYIOLIHE
SHAUEHMAM STHX BBICKA3blBaHHH B crosibnax 1 u 2, a B cTon6-

ue 8 — 3HaueHUs KOHDBIOHKUHH A A B, COOTBETCTBYIOLIHE 3Haye-
HUusM A H B B cron6uax 6 u 7. Hakonen, B messtom croJabue
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onpefieisieM 3HaueHWs Halled (YHKHMHE - KaK AUSDIOHKUHH: QJI0XK-
HEIX ‘BBICKAa3blBaAHHMH, 3HAueHHsi KOTOPBIX JaHEI B cToabuax 5 u 8:

04.1. TloHsTHe JOTHUECKOH (QYHKIHMH, KaK H IOHsTHe TeoMer-
pHUeCKOro mnpeo0pa3oBaBus, NPeACTaBIAET co60ll HHTepeCHbIH
ZAs yUaIIHXCs TIPHMep HeuHCIOBOH (GyHKIUM OT HEYHCJIOBOTO
apryMeHTa M IIOITOMY CroCOGCTBYeT paclIMpeHHIO MOHATHA yua-
MEXCs O QYHKUMM M HX JyyHleMy NOHUMAHHIO obmeft ugeH, 3a-
JOKEHHOH B 3TOM MOHATHH. ) ‘

05. Kak u monstue <«aiareGpauuecKkoe BBEIpaXeHHE», NOHATHE
«TOKJIeCTBeHHble ajrefpanuecKue BblpaxKeHHs» NONyCKaeT [BE
TpaKTOBKH: GOPMalbHYI0 ¥ (PYHKIUOHAILHYIO, KOTOPHIE JIOJIKHBI
HaXOIHTb OTpayKeHue B LIKOJLHOM OOYYeHHH. "

C ¢opmaapHOH TOUKH 3peHHs [Ba aJjire6pauyeckuX BhIpaxKe-
HHSI CUMTAIOTCSl TOMXKJECTBEHHBIMH, €C/TH TPUMEHEHHEM. CBOHCTB
omepanuii K ONHOMY M3 HHX MOXHO TIONYYHTb IPYrO€. C oro#t
TOUKM 3peHus Bhipamenue a(b + €) TOXK/ECTBEHHO BBHIPAXKEHHIO
ba + ca, TaK KaK OQHO M3 STHX BBIPaMeHHH MOXKeET GBITH TOJY-
YyeHO M3 JAPYNOro ¢ MOMOIIbIO NPHMEHEHH JucTpuOyTHBHODO
CBOJCTBA YMHOMKEHHs OTHOCHTEJILHO CHIOXKEHHS H KOMMYyTaTHB-
HOTO CBOHCTBA YMHOXKEHHS.

C (yHKUHOHANBHOH TOYKH 3pEHHA [BA anreGpanyeCKuX BhI-
paKeHUs CUHTAIOTCA TOMKIASCTBEHHBIMH, €CTH OHH IPHHAMAIOT
paBHble UMCJOBble 3HAUSHUs MpH A10661X  (OIMHAKOBBIX) CHCTe-
MaX JOTMYCTHMbIX YHCTIOBBIX 3HaucHUH GYKB,

C sTofi TOuKH 3peHus Bbipamenus a(b +¢) ba + ca TOXK-
JleCTBeHHBI, TaK KaK NpH MOACTaHOBKE B ‘HMX JI06BIX OJHHAKOBBIX
TpoeK uHcel BMecTo OYKB 4, b, ¢ COOTBETCTBEHHO OHM TPHUHHU-
MaIOT paBHble UHMCJOBble 3HAYEHHS.

ToxaecTBO BYX ajre0panuecKux BhHIpaKeHHuH 0603Hauaercs
o6bIuHEIM 3HaKOM paBeHcTBa. Ho uMeercs NPHHLMIKANBHOE pas-
Juude MeXKIy 3HAaKOM DaBeHCTBA, O0GO3HAuAIOMUM coBMajeHue
IBYX 3JEeMeHTOB, HalpuUMep 3+ 4=7, # 3HaKOM paBeHCTBA,
0603HavalomuM ToXAecTBo A = B 1BYX anrebpauyecKux BhIpa-
xenuit A u B.

B nmepBoM «cjiyuae HMeeM NPOCTO HCTHHHOE BLHICKa3bIBaHHUE, BO
BTOpOM — GOJee - CTOKHYIO ‘JlorHueckylo KOHCTPYKLHIO, TO-pas-
HOMY TIOHMMaeMylio ¢ ¢dopmasbHOH H (pYHKIMOHAJNbHOH TOUEK
apenusi. C popMasbHOH TOUKHM 3pEHHA 3HaK «=>» ‘B TOXKJECTBE
A — B osHauaeT, uTO CyHICTBYeT KOHEUHas TOC/eNOoBATeIbHOCTD
mwaroB (IeAyKTHBHad nemnodk a), No3BOJSAKOIIAs IEpeXo-
JIuTh OT BHpameHns A K BbHIPaXEHHIO B, mpuueM KaXubli H3
5THX LIAr0B COCTOUT B TIPUMEHEHHH KaKoro-HuOyjab CBOHCTBA
onepamui. . ‘

Hanpumep, B TOXKIECTBE .a(b + c) = ba + ca JNeAyKTHBHAA
[ernoukKa COCTOMT U3 JABYX ILIaros. ITepBbliil COCTOMT B TPUMEHE-
HUE K BHpaxenwio a(b +-¢) - AMCTPHOYTUBHONO CBOHCTBA YMHO-
JKEeHUs OTHOCUTENBHO CAQKEHHd, T. €. B 3aMeHe STOR0 BHIp aXKe-
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HHs BhlpaXKeHueM ab + ac, BTOpol — B NpuMeHeHuUU K KaXjaoMy
U3 npousseneHuf ab u ac B BHpaxenuu ab + ac KOMMYTATHB-
HOro CBOHCTBA yMHOMXEHUS, T. e. 3aMeHe 5Toro BbIP AXKEHHU S
BupaxenueM ba + ca. |

C OyHKUMOHAJLHOH TOUKM 3PCHHST 3HAK «==» B.TOXJecTBe

Fl(a, b, pee ,C) = Fz(a, b: reey C)
03Ha4aeT, 4¥o UCTUHHO ‘BbICKA3LIBAHUe

(d’ bl 1oy C)[Fl(a, b, ey c ) = Fz(a’ b, erey c )]’
rae cumBoa «(a, b, ..., €)» — KBaHTOp OGIHOCTH: «JJIsT BCAKOTO
Habopa HonmyCTUMBIX 3HAYeHH OyKB @, b, ..., ¢», T. €. UTO UCTHHHEHI
BCe YHUCJIOBHIE DPaBeHCTBA:

Fl(ab bb cery ci) = F?(ab bi 3 eaey Ci),

rae  a,;, b,.., ¢; — npousBoBHMI Habop IOMYCTUMBIX 3HaueHuI
GYKB, a CJI€I0BATENLHO, HCTUHHA U HX KOH'BIOHKIIHS,

Taxum ofpasoM, ¢ GYHKUHOHAILHOH TOuKH 3peHUsI 3HaK pa-
BEHCTBA B TOXJECTBe

Fl(a, b, veay c)= Fz(a, b, ey € )

0603HaYaeT He OJHO, 4 MHOMKECTBO pasencTs tuna «3=3», co-
€IMHEHHBIX KOH'BIOHKTUBHO.

Ecan sro MHOMXecTBO KOHEYHO, T. e. CYIeCTByer KOHeyHoOe
MHOXKECTBO HabOpOB 3HaueHult Gykn (xaK, HanpuMep, B JM0BON
dbopmyne anre6pu BLICKasblBaHHH), TO BOSMOXHO 10Ka3aTesbeT-
BO TOXNECTBa NyTemM TPOCTOH NPOBEPKU HCTHHHOCTH BCex pa-
BeHCTB. Ecm ke 310 MHOMeéTBO OeCKOHeUHO (KaK 3T0 uMeeT
MeCTO BOOOILIE. B OGHIKHOBEHHOM anrebpe), TaKoe 10Ka3aTeJbCr-
BO TOX/eCTBa He MpencTaBJsercs BOSMOXHEIM, B 3Tom cayuae
MOXeM TIPOBEPUTL TOXKIECTBO NOJACTAHOBKOA OTHEJNbHEIX Ha6o-
POB 3HaueHu#t 6YKB, UTO fmaeT nam NpaBo Jullb Ha MPEARONOKe-
HHE O NPaBUJIBHOCTH TOXKLECTBA, HO He MOXKET CJYXKHUTb JA0Ka-
3aresibeTBOM. Ho ecaim Toxpmectmo HEBEPHO, (PYHKIHMOHANbHAS
TOUKA 3peHHsT [JaeT HaM MPOCTOH CHOcob ONPOBepPXKEHUS 3TOro
TOXKJlecTBa.

HeficTBUTeNbHO, TaK Kak HMEeT MeCTO 3KBHBAJEHTHOCTD

———

@5,...,0)[Fa,b,...,c) = Fua,b,..,c)lo

“(H(a,b, ..., ) [Fi(a,b,....c) = Fy(a, b, ... o)),
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TO JOCTATOYHO HafiTH XOTs Obl OXHH Ha6op ao, bo, ..., Co 3HAUE-
Hufi GykB, IIpH KOTOPOM

Fyae, bo, ..., Cd) # Fa(aq, bo, ... , Co).

Hanpumep, 3THM CIOCOGOM Jierko OIpPOBEPraercs yacro
MCTIONb3YeMOe YUANMMUCA OWHGOUHOe TOKILCTBO

(a, (Va2 + B2 =a +b).

JlocTaTOuHO TIOACTABUTL 4 = 3 ub=4 u noayuum 5 =7,

T. €. JIOXKHOe paBeHCTBO. Mpl n1okaszajau HCTUHHOCTD BbICKa3bIBa-
HUA

I3

(q(a, b)(Va2 + b2 =a+b),
yro sksupajentHo (@, b)(Va?+ b2 =a 4+ b),

T. €. OTPULAHHMIO IAHHOTO TOXKIECTBA.

Mpbl IPUXOJHM K BBEIBOAY, YTO JOKa3blBaTh TOMKJECTBO IBYX
ajreGpaHdyeckuX BHIPAaKeHHH MOMKHO TOJbKO ¢dopMaJbHO, HA
OCHOBE CBOMCTB Omepaluif, OmnpoBepraTb TOXIECTBO MOKHO
1 ¢ (QYHKIUMOHAJbHOH TOUKH 3PEHHUS.

O6ulas Joruyeckas cxeMa 10Kas3aTesnbCTBA TOXKAECTBA A=B
MOKET GBITh MPeJCTaBlieHa ciaelylomuM 06pasom:

1-ft mar A=A

9-if mar A; = A;

(ﬂ — 1)-171 mar An;g = An_ )
’ n-§ mar As-1 =B.

~ Hcxons u3 cBOACTBA TPAH3UTUBHOCTH TOKAECTBA (37O CBOHCT-
BO HENMOCPeICTBEHHO CjieJyer H3 ONpeleeHus TOXKAECTBA KaK
¢ (opMasbHOH, TAK U C (YHKIMOHAJIbHOH TOUKH 3peHus), MoJy-
yaeM CJeAylollde HCTHHHblE HMIIHKALHH:

(A=’A1)/\ (A1=A2)—’(A=A2), s (1)
(A=A N (A = Ag)—> (A= Ay, ' (2)
(A= An1) A\ (Ape1 = B)y—> (A =B). (n—1)

Tak kak A = A; u A; = A, UCTUHHBI, TO HCTHHHA H UX KOHDB-
ronknus (A = A) A (Ay=A4;) (n). Us (1) u (n) HO mpaBumxy
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SAKJIIOUCHUS MONywaeM, YTO. HCTHHHO Takke A = A, Tak Kak
HCTHHHHL A =A; u Ay = A;, 10 HCTHHHA HX KOHBIOHKIUS
(A= A4) A (A= A3) (n+1). Us (2) u (n+1) mo npasuny
SaKJIIOUeHHs TONYHaeM, YTO UCTHHHO U-A = As g 7. 1.

05.1. B wmkogabHOl NPaKTHKe J[0OKA3aTeJbCTBO -TOXKIECTBA
A = B 3amuceiBaercs B Buae nenouku A=A4; = A,..= B. Kak
BUIHO H3 NpPEABIIyIIero, aTa NPOCTas 3amlHCh 0GO3HAuaer 1o-
BOJIbHO CJIOXKHYIO JIOTHUECKYIO KOHCTPYKIUIO U B yCTaHOBUBLIe-
Cfl IPAKTHKe OGYUEHHS CYIIHOCTD ee He PasbACHSIErcs yyanmmcs.

OueBumHa nesecoo6pasHocTs TIPOBEIEHHS JIODHUECKOro aHa-

71323 J0Ka3aTeNbCTBA TOXKIECTBA (B CTAPIINX Klaccax), 4To

3HAYUTENbHO OObJervaercs Guaropaps NPUMEHEHHI0 3HAHUH Ha-
YaJ JIOTUKH BBICKA3bIBAHHE. :

06. B axre6pe BBEICKAa3bIBAHUH MMeeTcsi MOHSATHE, aHAMOTHY-
HOE TIOHSATHIO TOX/IECTBEHHbIX BBIPAXKEeHHH OGHIKHOBEHHOH ajire6-
Phl: SKBHBAJIEHTHBIE, WJIM DaBHEIE, (DOPMYJIEL

Papencrso dpopmyn are6pbl BHICKA3BIBAHUH, KaK M TOXKIECT-
.BO BLIpaxeHu# B OOLIKHOBEHHOH aJjre6pe, AONYCKaeT ABe Tpak-

- TOBKH: (QOpPMasbHYI0 U byHKuHOHANBHYIO.

C ¢opmanbHOll TOUKM 3peHus JBe GOPMyJbl PaBHHL, ecaur
IIPUMEHEHUEM CBOHCTB JIOTHUECKUX onepanui K OOHOH W3 3THX
opMys MOXHO TmOMYyuHTH Apyryo. '

C dyHKIMOHANBHON TouKy 3peHHs1 1B€ OPMYJIBl paBHHI, ecau
NPUHUMAIOT PaBHble 3HAYEHHs (UCTHHHOCTH) Tmpu Mo6eX (omu-
HAKOBbIX) Habopax 3HaueHui (MCTMHHOCTH) BXOZSIIMX B HHUX
OykB. Takum 00pa3oM, paBHble GopmysEL. BHpaxaor B pasJuy-
HOH dopme oxHy u Ty e JIOTHYECKYIO DYHKIUIO.

B orauuue or OGBIKHOBEHHOH anre6ph B ajre6pe BHICKa3bl-
BaHU# (yHKuWOHAJbHAs TOUKa 3peHUA Jaer HaM omoco6 moKa-
3aTeJbCTBA PaBEHCTBA (DOPMyJ, TAK KAk MHOMKECTBO BCEBO3MOXK-
HBIX HaGOpOB 3HaueHUR OYKB B J0GBIX (popMysax KoHeuHo.
Hanpuwmep, pasencrso opmyn AA (BVC) u Ap BVA A C nerko
AOKA3BLIBAGTCS C TOMOILBIO TaG/IMI Bl UCTHHHOCTH, NOATBEPKIaI0-
meH, uto 31H HopMyJEl BHIDAXAIOT OJIHY M Ty XKe JIOTHYECKYIo
byHRIMIO B Pasmuunolt dopme. (CocrabieHue Tabammer Moxer
OHITb mIpepoXKeHO yuamuMcs B KauecTBe ~CaMOCTOATeNbHON |
paboThL.) ‘

Hergynuno sameruts, uto mokasanmoe PaBeHCTBO BEIpaXKaer
CBOHCTBO IUCTPUGYTHBHOCTH KOHBIOHKIIMH OTHOCHTEJNLHO IH3 b~
IOHKIMY ¥ COBEPIIEHHO aHaJOMMuHO Toxjpecmsy a(b +¢) =
=ab + ac, BBIpaXKaKIIEMy CBOHCTBO JUCTPUOYTHBHOCTH YMHO-
KEHHS OTHOCHTENIBHO CJIOXKEHHS B OGBIKHOBEHHOl ajrebpe. Ho
B OGLIKHOBEHHOH anreGpe HeT cBOHCTBA JUCTPUOYTHBHOCTH CJI0-
KCHUST OTHOCUTEJLHO YMHOXEHHS, T. e, HeT TOXAECTBA @ + bc=
=@+b-(atc), a'B -anre6pe BLICKa3HBAaHUH HMeeT MecTo
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H CBOHCTBO AUCTPHOYTHBHOCTH NMH3BIOHKIHH OTHOCHTEJbHO KOHD-
IOHKLIHH, T. €. PaBEHCTBO

AVBAC=(AVBAAVC).

(MOXHO TPEeNIOKHTh Y4aLWMCS - JOoKasaTb 3TO PaBeHCTBO,
a TaKXKe paBeHCTBa, Bbipaxkaiollue CBOHCTBA KOMMYTATHBHOCTH
H aCCOMMATHBHOCTH KHIBIOHKIHMH H KOHDBIOHKIIHH.)

Llenecoo6pasHo COMOCTABHTL CBOHCTBA CIOXKEHHS W yMHOKE-

HHSI B OOLIKHOBEHHOH

anre6pe O CBOHCTBAMH JH3BIOHKIHH

i KOHDIOHKIHH B aireGpe BbICKasbiBaHMil. DTO CONOCTaBJIEHHE
croco6eTBYeT JydlileMy YCBOCHHIO afmapata KaxmoH M3 3THX

anrebp.

‘CBORCTBA CJIOXKEHHA H YMHOXe-
usis B oGhiKHOBEeHHOR anrebpe

at+b=bb+a
COXEHHS);

ab = ba (KOMMYTaTHBHOCTb YMHO-
WKEHHA),
at+@b+e)y=(@+b+c
HUMATHBHOCTh CJIOXEHHS);
a(bc) = (ab)c (accouMaTHBHOCTD yM-
HOXEHHS);

a(b + ¢) = ab + ac (nucTpuGyTHB-
HOCTb YMHOXeHHS OTHOCHTEJbHO
CNOWEHHSA);

(KOMMYTAaTHBHOCTD

a+0=a
a-0=0;
arl=a,

a+ a=2a
a-a=a¥

(acco-‘

CpoficTBa AHZBIOHKIHH H KOHBIOHK-
LuH B-aare6pe BoiCKa3biBAHHH

AVB = BVA (KOMMYT4THBHOCTH JH3B-
IOHKIIHH);
ApB = BAA (KOMMYTAaTHBHOCTE KOHB-
IOHKIIHH);

AV(BVC) = (AVB)VC  (accounaTus-
HOCTb IHM3DBIOHKIHH);

AA(BAC) = (AAB)AC  (accouuaTus-
HOCTb KOHBIOHKIHH), g
AA(BVC) = AABVANC  (mucTpHOy-

THBHOCTb KOHDBIOHKIMH OTHOCHTEIBHO
LH3DBIOHKLHH); ‘

AVBAC = (AVB)A(AVC) (nuctpu6y-
THBHOCTb JH3DBIOHKIHH OTHOCHTEJIBHO
KOH'BIOHKIHH); .

AVl = 4;
Apl=JL
ApN =4
AVA=4;
ApA = A

(MoXHO NMpeNJOXHTb YYallMMCs JOKa3aTb T€ CBOHCTBA JIOTH-
YecKMX ONePAIHMi, KOTOpble elle He JOKa3aHHI.)

C NmOMOLIBIO CBOHCTB JOTHUECKHX ONMepaiuid Mbl MOXKeM Ipe-
06pa3oBbiBaTL HOPMYJbl aNreGpEl BbICKa3bIBaHuil, MOXOGHO TOMY
KaK Mbl NpeoOpasoBbiBaeM BbIPAXKEHHS OGBIKHOBEHHOH anre6GpHl,
HCIIONb3Ys CBOKCTBA ee onepaiHi.

[peoGpasyeM ¢ ile/ibl0 yIPOILEHHS], HAPUMeEP, tdopmyay

. ANB\V ANAB.

[TocTpoHM CJeAyIOULYI0 -HemouyKy PaBeHCTB, OCHOBAHHBIX Ha
H3BECTHBIX HaM CBOHCTBAX JIOTHUECKHX OIepaiui:

ANBVANB=AN(BVB=ANU=A
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Yuamumess Moryr GuTh npemnoKeHbi VIpaxKHeHUs Ha mpe-
oGpasoBanne GHOPMyJ M JOKA3aTENbCTBO PaBeHCTB.
Ynpocturs hopmysini:

AV AN B;
(AVB) A (AV B),

(AVBVC)A@AVBVC)
(A-B)AB—-C)-»(A>C) urt 1.
Hoxasarb paBencTBa; / .
. AVAAB=A
AVB/\C/\D—_—(AVB)/\(AVC)/\(AVD);
ANB->C=(A->C)V(B->C)ur n.

07. ToxnecTBeHHble anre6panueckue BHIpaxkeHus 06JanalT
Ba’KHbIM CBOHCTBOM, KOTODHIM MBI YacTo TMOJNb3yeMCsl B NpaKTHKe
TOXJIECTBEHHbIX NPeo6pa3oBaHHil, HHOLA B HESIBHOM BHE.

D10 CBOHCTBO COCTOMT B CJIEAYIOLIEM: ©C/H B IBYX TOXKIECT-
BEHHHIX BBIPAXKEHHSAX NMOLCTABHTh BMECTO KaKOH-HHGYIp 6yKBH
(unn BHIpaxkKeHuWs) BClOAY, The OHA BCTpedaercs, Apyryw Oyksy
(W1n BHpaxeHHe), TO CHOBa NONYYHM TOXKIeCTBEHHbIE BHIpaxKe-
HUA.

Ilycts, nampumep, Tpebyercs npeoGpasoBaTh B TPOU3Bede-
HHe Tpexuliey

(m + n) + 2(m + n)b + b3, (1)

Hro6u Ha NepBHIX MOPax MOMOUL yYaUIUMCS paclo3HaBATh
B Bhlpakenun (l) ®BagpaT CyMMH ABYX uHCen, NomcTaBiseMm
BMECTO BhIpa)enus m + n (BCOAY, TIe OHO BCTpedaercs),
Hanpumep, 6yKsy a.

Torna ywammecs cpasy paonosmator uasecTHOe TOXKIECTBO

a*+ 2ab + b* = (a + b)?

H, TONCTaBAss B 5TO TOMIECTBO BMECTO GyKBH @ Bhipaie-
HHE /M + 11, MONY4aloT (COIVIACHO YKa3aHHOMy CBOMCTBY) Toxe
BEpPHOE TOXKAECTBO

(m 4 n) + 2(m + n)b + b* = [(m + n) + b,

08. AHanorHyHoe NpaBMIO0 HOACTAHOBKH HMeeT MecCTo
U B ajreGpe BHICKA3LIBAHHWH: ecid B PaBHHIX (OopMynax BMecTO
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kako#-uuOGyab GYKBHI, BCIOAY, Ile OHa BXOIHT B dopMyJibl, TOA-
CTaBUTb ApYryw GykBy HIH (opMyJy, MOJYy4MM CHOBA PaBHHIE.
tHopMyJbL. ’

HanpuMmep, ecnu BpasHbix dopmynax X — YuY— X Bme-
cro 6yksbl X moxcrasutb popmyny AA B, moayuuMm cHOBa pas-
HBle (OPMYJIBI, T. €..

AANB->Y=Y—>AAB
HJIH

AANB->Y=Y->AVB.

B uacTHOCTH, eciH (opMyJa TOXKAECTBEHHO-HCTHHHA, T. €.
TIpH BCEBO3MOXHHIX Habopax 3HAUEHHH BXOAALIMX B Hee OyKB
OHa npuHHMaer 3HaueHue U, M eclH BMeCTO KaKoi-HHOyIb
GyKBH BCIOAY, Tie OHA BXOAMT B 3Ty (HOpMyJy, NOACTABHTL ApY-
rylo 6ykBy uam ¢GopMmyJy, TO CHOBA TOJYYAM TOMICCTBEHHO-
HCTHHHYIO opMyny,’

[IpuBeneM npuUMep NpPHMEHEHHs IPABHJIA MOACTAaHOBKH KTOXK-
JeCTBEeHHO-HCTHHHOM (opMyJse. Jlns OGOCHOBAHHS 3aKOHa pac-
IIHPEeHHO! KOHTPATO3HIUHK [11. 5, (14, 3)] HeoOXOAHMO HOKA3aThb
TOXKIECTBEHHYIO HCTHHHOCTb CJIEIYIOUUX ABYX (pOpMya:

XAY>2)>(XANZ->7), (1) -
(X/\Y—>Z)—>(Z/\Y—>_)_().. 2

OfHaKo JOCTAaTOYHO [J0Ka3aThb TOXKIECTBEHHYIO HCTHHHOCTD ¢dop-
My/is (1) ¥ 3amenuts ® HeHl GyKBY X 6yxsoit Y u ob6parHo,
TOUHEe — NPHMEHHTb MpPAaBHJIO NMOACTAHOBKH. Ho Kak MpHMEHHTH
agech 3To mpasuno? Eciu BMecto X MOACTAaBUTD Y, noayuurcs
TOX ZEeCTBeHHO-HCTHHHAs (opMya

(YAY—>2Z)>(Y NZ->T)

H eclu B 3TOH (GopMyJe NOACTAaBUTb BMECTO Y 6yksy X, Takxke
NOJYYHTCS TOXKAECTBEHHO-HCTHHHAsST (opMysia

(XA X—>2Z)>(XAZ—>X),

HO He Ta, KOTOPYIO Mbl XOTHM IOJMYYHTb. 31€Ch NPUXOAMTCS
TpPHKIbl TIPHMEHHTb MPaBHJIO NOACTAHOBKH (xoTss MBH 3TO Je-
JaeM OBLIYHO B yMe OU€Hb OBHICTPO):

sMecto X NOACTaBUTH I:

(TAY=>2Z)-» (TANZ-7);
BMecro Y nogctasuTh X:
(TAX—Z)— (T NZ— X);
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- sMecro T-moxcrasure ¥:o - o -
| (YAX—>Z)> (Y AZ> )

u, nppmerms CBOUCTBO KOMMYTaTHBHOCTH KOH'BIOHKIHH, HONyYuM
dopmyny : -

MAY»aféAY»Ef : ©)

Tak xak sra dopMyna nonyuyeHa W3 TOKIECTBEHHO-HCTHHHO
dopmynn (1) ¢ nmomoubio mpaBmIa NOJCTAHOBKH, TO OHA TaKKe
TOK 1€CTBEHHO-HCTHHHA. :

Cnexyer OTMeTHTb, 4TO NpaBHIO MOJCTaHOBKH — OZHO U3
OCHOBHBIX NPABHJ BBIBOJA HA SI3bIKe JIOTHKH BBICKA3bLBAHHIL.

09. B maTtemaTHueckoll u MeromHueckoil JuTepaType BCTpe-
Jal0TCsl MHOTOUNCJICHHBIE BADHAHTELI TOJKOBAHHS M ONpeJeieHust
NOHSATHH ypaBHEHHS M HEpaBEHCTBA. _

MsBecTHa Touka 3peHus, ComiacCHo KOTOPOH TOKAECTBO, Kak
PABeHCTBO, CNPABENNIMBOE, T. €. BEPHOE NPH BCEX JOMYCTHMbIX
SHAUYCHUAX BXOASIIMX B HEro GYKB, NPOTHBONOCTABISETCS ypas-
HEHHIO, KaK DaBEHCTBY, CIPaBEeIJHBOMY He IOpH BCEX JAOTMYCTH:
MBIX 3HaYeHHUSX GYKB-HEH3BECTHBHIX.

Ecin npuHATL 5Ty TOUKy 3peHHs, Mb He CMoMKeM OTBETHTH
Ha BOTIPOC, 4UTO mpelcTasiser co60f samuck f(x) = @(x), ypas-
HEHHE WJIM TOXKIECTBO, NOKAa HE BBIACHHM, TIPH BCEX MJH He
NPH BCEX [NONYCTHMHIX 3HAUCHHSX HEH3BECTHOTO HMeeT MecTo
pasenctso. Eciu nauo, manpumep, ypasnenne ax = b, 10, coraac-
HO 5TOH TOuYKe 3peHus, NMpH a0 310 — ypasHenue, a npH a =
= b = 0 s1o0 yke He ypaBHeHue, a TOXKJECTBO. ,

WsBectHa jpyras Touka 3penwms, coracho KOTOpo# TOXKAe-
CTBO HE NPOTHBONOCTAB/ISETCS YPAaBHEHHMIO, a TPAKTyeTcss Kak
€ro YacTHHA Cay4yal, mpHyeM ypaBHeHHe paccMarpuBaeTcs Kak
PaBEeHCTBO 3Ha4YeHUH ABYX GYHKHHIL

Pasencrso f(x) = g@(x) (Mb OTPaHHYMMCS PaCCMOTpEHHeM
YPaBHEHHH C OJHUM HEM3BECTHBIM) MOMKET OKA3aThCs BepHHIM
IpH BCEX AOMYCTHMBIX 3HAUEHHAX HEH3BECTHOTO X, H TOrga 3TO
YPaBHEHHE Ha3blBaeTcs TOXAECTBOM. OHO MOXeT GHITb BepHHIM
TOJIbKO TIPH HEKOTOPEIX 3HAUEHHSX MHEU3BECTHOIO, Ha3HBAeMbIX
KODHAMH ypaBHEHHsl, HO BO3MOXHO, YTO He HalleTCs HU OAHOrO
3HAUCHHs HEH3BECTHOTO, YAOBJETBOPSAILIETO 5TOMY paBEHCTBY.
B srom nocremmem cayuae TOBOPAT, UTO YpPaBHEHHe He HMeer
KopHe#t (pewenuit). Ho cymecrsyer nm camo ypaBHeHHe, eciH
MO ypaBHEHHEM IIOHHMATb DaBEHCTBO, a PABEHCTBO He MMeeT
MECTO HH NMPH KAaKHX [NONYCTHMbBIX SHAUCHHSIX HEH3BECTHOIO?

Ilpu @ =0 u b +0 uu npu KakMx 3HAYEHHSX ¥ He HMeeT
MECTO PaBeHCTBO ax = b. MoxkeM 1M MH TOBOPHTb B 3TOM Cay-
Yae 06 ypaBHeHHH ax = b, ecsu. MOx YypaBHEHHeM NOHHMATh pa-
BEHCTBO? ‘ . e
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- 'OueBH/HO, UTO TIOHATHS «ypaBHEHHE> H «paBeHCTBO» Heallek-
BaTHBL ) _

B meTonaMuecKoill JuTepaType BCTpeHaeTcs M MHEHHE O TOM,-
yTO .ypaBHeHHEe — 3TO HE CaMO paBeHCTBO, a JHlIb BONPOC O Cy-
1eCTBOBAHUH PABEHCTBA HJH O CYILleCTBOBAHHH 3HAUYEHHH HEH3-
BECTHOI0, TIPH KOTOPHIX HMEET MeCTO paBeHCTBO. STa TO4YKa 3pe-
HHA OWLMGOYHA, TaK KaK OTOXKMIECTBJSET IMOHATHE «ypaBHeHHEe»
¢ TOHSATHEM <«PeIlUTb YpaBHEHUE>. Il eficTBHTE/BHO, PEIIUTb ypap-
HeHHe — 3HAUHT OTBETHTb HA BONpPOC, CYLIECTBYIOT Ju (a ecnd
CYILEeCTBYIOT, TO CKOJIBKO H KaKue) 3HaUeHHs HEH3BeCTHOro, KO-
TOpHIE YIOBJIETBOPSIOT YPaBHEHHUIO, HO IpH 3TOM -BONPOC O TOM,
410 TaKoe CaMO ypaBHEHHE, OCTaeTCs OTKPLITHIM.

A. ®yue p cBoeil «[lefaroruke MaTeMaTHKH> THIIer: «Ypas-
HeHHe — PaBEHCTBO, KOTOpOe ellle He HCTHHHO H KOTOpOe CTpe:-
MATCA CAenaTh MCTHHHBIM, 0e3 TOrO, ytro6bl OHITL yBEpPEHHBIM
B TOM, UTO 3TO JOCTHXHMO».!

Bpsin nm 31O TONIKOBAHHE TOHSTHA YPaBHEHHS 4TO-HHOYAb
‘pa3bsCHSET. '

TpyAHOCTH, BOHMKIINE B CBA3H C yTOUHEHHeM OOIilero MOHs-
THs ypaBHEHMs, a TaKxe HEpaBeHCTBa (anre6panyeckoro), oly-
C/OBNEHE TeM, YTO 3TH NOHATHSl CTPEeMHJHCh CBECTH TOJIBKO
K MaTeMaTHYeCKHM. B JeHCTBUTENBHOCTH K€ MNOHATHS «ypaBHe-
HHe» M <«HEPABEHCTBO» OTHOCATCA K KaTeropuu JIOTHYECKHX
< yHKLHH.

"7 10. V3pecTHO, 4TO BCSAKOE 3JeMEHTapHOE BHICKa3HIBaHHE BbI-
paxkaeT CBOHCTBO NpeaMera HJH OTHOLIEHHE MeXAy NpeaMmeTa-
MH. CBOHCTBA M OTHOLIEHHSI HA3HIBAIOTC MpepHKaTaMH.

IMpeaukaThl NpeACTaBJSIOT co6ol NOrHuecKHe QYHKIHH H TO-
" aTOMy 0G03HAYaKTCs ¢ TOMOLILBIO (YHKIHOHAJILHOH CHMBOJHKH.
Hanpumep, eciau 0603HAUMTL NPELHKAT (coficTBO) «eCTb MpO-
cToe UKCIo» CHMBOJNOM «P ( )» — GYHKIHOHAIbLHBIM 3HakoMm P
¢ ONHHM NYCTHM MeCTOM,— TO CHMBOJIOM «P (B)» BHIpasUTCA
MCTHHHOE BBICKA3biBAHHE «YHCIO 5 — NMPOCTOE YHCIO?, CHMBOJIOM
«P (4)» — 10XKHOe BBICKa3bIBaHHE <«IHUIO 4 — pocTOe YHCIO»,
A cUMBONOM &P (x)», Ime X — HaTypajbHOE UHCIO, OTJHYHOE OT
1,— mpepukar, WM JOTHYECKas GYHKLUS «UHCIO X — MPOCTOE
YHCaI0», 06pallAoNlasgcs B HCTHHHOE HJH JIOKHOE BHICKa3biBaHHE
B 3aBHCHMOCTH oT 3Hauenus x. Ilocnenuee Hano NOHMMaTh TakK:
pH NOLCTAHOBKE BMECTO X HATypaJbHOTO yypcia, OTIAHYHOro OT
1, P(x) obpamaercs B HCTHHHOE HJIM JOXHOE BHICKa3bIBaHHE.

Mbl DONYyUHIH TIPUMED JIOFHYecKoll (PYHKIKMH, OTJHYaKoLIeHcs
oOT JOrHYecKux (YHKIHMH, BbHPaXKaOIHXCA € NOMOLIBIO dopmyn
JIOTHKH BBLiCKasblpanuil. B 3THX JIOTHUECKHX (YHKIUAX apryMeH-

1 A. Fouché. La pedagogie des mathématiques. Paris, 1952, ctp. 60.
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TaMH CIyKaT MepeMeHHble BBICKAa3LiBaHUS,! npenukar P(x) npen-
CTaB/IsIeT coGol JIOrHYeCcKyio GYHKIHIO oT YHC/IOBOTO apryMeHra,
T. €. OT nepeMeHHOH, Ha Mecro KOTOPOH MOXKHO NOACTABJSATH
4ucna.

O6nacTbio onpegenenuss sroi JIOTHYECKOH GYHKUUK sBJASET-
€A MHOXKECTBO HATypasibHbIX UHCEJ, OTJIHUHBIX or 1 ‘(Mbl ompe-
ACTHIH mpeankar P(X) uMeHHO Ha 3moM MHOZKeCTBe, 4T06L! ero
OTPHLAHHE COBUANO C NPEJUKATOM <«@cTh COCTaBHOE YHCIO»),
a 06/acTbI0 3HAUEHHH 3TOjH byHKIMH — MHOKeCTBO {H, J1)}.

[penukar P(x) pas6usaer 06/1acTh ONpejeNeHHs ma IBa
TOAMHOKECTB, HAa OJHOM H3 KOTODLIX OH obpamaencs B WCTHH-
HOE BhICKa3blBaHHE (KaX[I0€ YHCIO X H3 5TOro NOJAMHOXKecT8a
06palllaeT ero  HCTHHHOE BBICKa3bIBAHHE), HA APYTOM — B J1OK-
Hoe. To M3 moaMHOXKecTB 06aacTy Orpenesenns, Ha Koropom P(x )
0o0palnaercss 8 HCTHHHO BBICKa3bIBaHHE, HA30BEM MHO K eC T
BOM HCTHHHOCTH 3TOH JOrHYecKOH GbyHKIMH.

Mer npusenu np¥Mep OJHOMECTHOTO Openukara,
Bblpaxkaiomero csOHCTBO mpenmera. EcrecrBennbiM 0606mennen
OZHOMECTHBIX NMPENUKATOB ABJSIOTCT MHO IO M e CTHBIE mpe-
AUKATH, € NOMOIbIO KOTOPHIX BBIPAKAIOTCSA OTHOHIOHHS MeiK-
Iy mpexmeTaMH.

Hanpumep, ecin oTaomenue «MEHbILE», BBEIEGHHOE B ONpe-
[AENEHHOM YHCNIOBOM MHOMKeCTBe (LenbiX, panMOHANBHBIX WK
BELIECTBEHHBIX UYHCeN), OGO3HAUYHTL ¢ TIOMOIIbI0 (PYHKIHOHAN -
HOro 3Haka «< (,)» ¢ ABYMS nycThIMH MECTaMH, To CHMBO-
JIOM «< (2, 3)» BHIPA3UTCH HCTHHHOE BLICKa3biBaAHHE «UYHCAQ 2
MEHDBILE YHClIa 3», CHMBOIOM «< (3, 2)»— JIO2KHOE BBICKa3blBaHUe
«UHCNO 3 MeHbLIe uHcada 2», a CHMBOJIOM «< (X, y)» — moruye-
CKast GYHKIUS ABYX UHCHIOBBIX NEPEMEHHBIX X W y, faowas mpH
M0G0 IOACTAaHOBKE BMECTO X i Y Dapbl yucen M3 3aAaHHOTO
MHOKECTBA MCTHHHOE MMM JIOXKHOE BHICKA3bIBAHMUe,

[pemukar < (x, y) Onpefe/ieH Ha MHOXKECTBE BCEBO3MONK-
HbIX YNOPAMNOYEHHBIX NMap 4uceJ W3 AAHHOIO MHOXeCTBa, U TO
MOAMHOXECTBO Map HMCEJI, Ha KOTOPOM OH 06paIiaeTcs B HCTHH-
HOE BLICKA3LIBaHHE, SIBISETCS €0 MHOMKECTBOM HCTHHHOCTH.

11. Tlox ypaBHeHuem f(x) = @(x) cnenyer NOHUMATh JIOTH-
UECKYI0 (PYHKIHIO: «UHCIOBbIE 3HAYCHUS f(x) u @(x) naxomarcs
B OTHOMIEHUH (CBSI3aHbl TIpeINKaToOM) paBeHCTBa». Ecnu IIpuMe-
HUTb CHMBOJIHUECKOE 0603HaueHHe IIPEIMKATOB C MOMOLIBIO yHK-
LHOHANbHBIX 3HakoB {10], T0 ypaBHenne f(x) = ¢(x) cnemosano
OBl 3amucaTh ClenYIOmUM o6pasoM: « = (f(x), @(x))». B 37108
SallHCH TOJYEPKHYTO, UTO CAMO PABEHCTBO ABASETCS (yHKUMelt
OT apryMeHTa x.

—_———

1 Bblpame}me «NepeMeHHble BBICKA3LIBAHUSY NPHMEHSIETCST B CMBICTe ne-
PEMEeHHBIX aJs BBICKa3bIBaHui, T. e, NMepEeMeHHbBIX, Ha MecTo KOTOpPBIX MOXHO
NMOACTABJISITh BBICKA3bIBaHHUS,
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3HayeHHe HeM3BeCTHONO, NPH MOJCTAHOBKE KOTOPOTO BMECTO X
B UMCIOBBIX (DYHKIHAX f(X) K @(x) noruueckas Gynkinus (ypas-
Henne) f(x) = @(x) NpUHAMAeT 3HAYeHHe HCTHHHOTO BbICKA3pL-.
Ban¥s, Ha3blBAeTCs pell eHH €M, HIH KOpPHEM ypaBHEHHA.

Ecau npu Ji060M AONyCTHMOM 3HAueHHH HEH3BECTHOI'O X JO-
ruyeckasi ¢pyHKUusi ob6pallaercss B HCTHHHOE BbICKa3blBaHHUE, T. €.
ecau ¢opmyaa )

(Rf(x) = ()]

BHIPA’KAaeT MCTHHHOE BBICKAa3biBaHHe, TO JaHHOE ypaBHEHHe Ha-
3bIBAETCS TOMKAECTBOM.

Ecnu npu Beex AONYCTHMbIX 3HAYEHMSX HEH3BECTHOro JIOrd-
yeckasi ¢ynkuus f(x) = @(x) obpauiaercss B JOXKHOE BbICKA3kI-
paHue, T. €. popmyna

(0)f(x) = ¢ ()]
(ax)lftx) = ¢(x)]

BBIDAJKaeT UCTHHHOE BHICKA3bIBAHHE,TO TOBOPHM, UYTO ypaBHEHHE
He mMeer pellleus. (MHOXKeCTBO HCTHHHOCTH JOTHYECKOH (ByHK-
IIMH NMYCTOe.)

[Tyctb M — MHOXeCTBO, Ha KOTOPOM PacCMaTpHBAETCs ypas-
nenne f(x) = @(x). C 3THM ypaBHEHHEM CONOCTABJAETCS MHOXKe-
crBo E pelnenuit (KopHe#t), T. €. MHOXKECTBO. HCTHHHOCTH JIOTHYE-
ckoft dyHriuH f(X) = @(X).

TaknM 06pa3oM, MHOXKecrBo M pasGupaercss Ha JBa TNOA-
muoxectBa E u E (M = EUE), npuuem

E = M[f(x) = ¢(x)],

HJIH

E=Mflx) = ¢(1) ]

Ecnu BMecTo X B ypaBHeHuH f(x) = @(x) moacrasuth moGoe
uncao u3 E, mosydum MCTHHHOE BhICKa3blBaHHE, eCJH XKe MOACTa-

BUTb BMecTo X Jio6oe uuciao u3 E, moJyudM JI0XKHOe BbICKa3bl-
BaHHe.

Ecau E = & u, cnexosarensHo, E =M, ypaBHeHHe — TOX-
necrso. Ecin E =& u, cneposarenso, E = M, ypaBHenne He
HMeeT pellleHHH. ‘

Pemwurbh ypaBHeHHeEe—3HAUHT OTHIOKATh MHOXKECTBO E
ero pemesuit (MHOXKECTBO HCTHHHOCTH JIOTHYECKOH GbyHKIHH) ,
eClIH OHO KOHEYHO, WM K€ YKa3aTb, UTO 3TO MHOXKECTBO GecKo-
HEUYHO HJIH IIYCTO.
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Hanpuwmep, ypaBhenue «x? + 3x = x — 1» npepncrapiaser co-
6ot soruueckyio ¢yHKumio («uncaa x2 + 3x u x — | HaxomsTes
B OTHOLICHHH PABEHCTBa») OT UMC/JOBOIO aPryMeHTa X (B JIOTH-.
Ke 3T0 Oofo3Hauaercs W Tak: « = (x2+ 3x, x —1)»). Dra Joru-
YecKas OyHKUMs o6pamaercs B HCTHHHOe BBHICKa3hIBaHHe IPH
TMOACTAaHOBKe ¥ = —1 («—2 =—2»), npH mojcraHOBRe Ke BMe-
CTO x JOGOro APYroro 4ucaa (U3 JaHHOrO MHOMKECTBa, HalpH-
Mep, pallMOHAJIbHBIX WM BEUIeCTBEHHBIX UHCEeJ) OHa oOpalmaercs
B JIOXKHOE BBICKa3HIBaHHe.

%

x x2 + 3x x—1 x2+3x=x;l
-2 —2 . -3 JI
—1 —2 ) —2 U
A 0 0 =1 J
1 4 0 J
2 10 ’ 1 J

B npuBemenHOM yuacTKe GeCKOHEUHOH TaGJIHILBI HaIJIsi HO
BUIHO, 4TO B OTJIHMYHE OT NEPBbIX TpPexX CTONOLOB, KOTOpHIE CO-
CTOSIT M3 YHCeJ, TMOocjaeJHult cronaber 'COCTOHT K3 CHMBOJIOB M
(«uctuHHO») H JI («10XHO»). DTo noJYepKHBaeT NPHHAAJIENK-
HOCTb YPaBHEHHS K KaTeLOPHM JIOTHYECKHX (DYHKIIHH.

Takum o6pasoM, Kaxmoe H3 CHSAYIOIIHX CHMBOJHYECKHX
BbID aXXeHHUH

XL 3x=x-—1, ¢))
T r+e, T
. 1 5 —

Stimr=5= @)

JIBJSETCS YPaBHEHUEM C OMHHM HEH3BECTHHIM X, T. €. JJOrHYeCKoil
DYHKUHER OT YHUCIOBOTO APryMeHTa X, HE3aBHCHMO OT TOTO,
ur0 (1) ofpamiaercs B HCTHHHOE BHICKA3BIBAHHE TOJBKO npHu
AQIHOM 3HAYEHHH apryMeHTa (HEH3BECTHONO ypaBHeHHsi), (2)
O6paliaercs B UCTHHHOE BbICKa3bIBAHHe NMPHU JI060M JONMyCTHMOM
3HAUEHHH apryMeHTa (X+2), a (3) npH NOLCTAHOBKE BMECTO X
JIIO6OTO MONMYCTHMOTO 3HaYeHHs (X% 4) ofpaiiaeTcs B JIOXKHOE
BHICKa3bIBaHHe. _

O6 ypaBuenun (1) roBOpHM, 4TO OHO HMeeT OXUH KOpeHb WJIH
ONHO pemenne x = —I, 06 ypaBHeHHH (2) TroOBOpHM, 4TO OHO
SBJAGTCS TOXKASCTBOM HJH yNOBJIETBOPAETCS TOXKIECTBEHHO,
a 00 ypaBHeHHH (3),— 4TO OHO He HMEeT |pelIeHHs. :

12, AHaJIOrMYHO YTOUHSIETCS H TIOHSTHe HepapeHCTBa, copep-
Kauero OyKBH.

Hon nepabencrsom f(x) >@(x) (mam f(x) < @(x)) Hamo
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NOHMMATh MpeJHKAT «GoJblues (MM «MeHblle»), OTHECEHHHLIH
K IBYM mepeMeHHHM (uucaam) f(x) ¥ @(x), T. €. JOTHYECKYIO
(YHKIMIO <YHCIO [(X) HAXOMHTCS B OTHOLIEHHH «GOMblle» (T
«MeHblle») ¢ YHCIOM @(X)». :

Hepasencray f(x) > @(x), Kak H ypaBHEHHIO, CTaBHTCs B CO-
OTBETCTBHE MHOXKeCTBO E HCTHHHOCTH 3TOR JIOTMUeCKOH (YyHK-
MK, T. €. MHOXECTBO BCeX TeX 3HaueHHH X M3 MuoxectBa M,
Ha KOTODOM paccMaTpHBAeTCs AaHHOe HepPaBeHCTBO, NPH TNOA-
CTaHOBKE KOTODLIX BMECTO X 9Ta Jormyeckas (yHKUHs OGpaiia-
ercs - B MCTHHHOE BhICKasbiBaHHe. MuoxecrBo E HasblBaeTcs
MHOXKECTBOM P ellle HMH JJaHHOrO HEepaBeHCTBA.

PelMTh HepaBEHCTBO — 3HAUHT OTHICKATb MHOXKECTBO ero
peleHHH.

Kak ¥ npu pelleHHH ypaBHeHHs, 34eCb MOIYT BCTPETHTHCH
TPH Cayvasy ,

1) (E M) AMCE, 1. e. MHOXecTBO E maxoaurcs B OTHO-
IIeHHH BKJIOUEHHS ¢ MHOXKeCTBOM M, Ha KOTOPOM paccMarpH-
paeTca JaHHOe HEPABEHCTBO. B 3TOoM ciayyae nomoJHeHue E MHO-
)ecrBa E 1o MHOXecTBa M sBisieTcss MHOXKeCTBOM HCTHHHOCTH

JOruyeckol (yHKIHH T(x) > e@(x) uan f(x)< @(x), 1. e

E= Mf(x) > o)l = MUf(x) < (] —

MHOXKeCTBO pemeHuil HepaBeHcTBa [(x) < @(x).

2) (EGM)A(MC E), 1. e. E=M. B s1OoM Ciyyae Hepa-
BeHcTBO (%) > @(Xx) YAOBJETBOPSIETCA TOXKIECTBEHHO (E — my-
CTOe MHOKECTBO), a HepaBeHCTBO f(X)< @(x) He HMeeT pelleHHH.

3) E—nycroe MHOXectBO. B 3TOM ciyyae HepaBeHCTBO
F(x) > @(x) He umeer pemennii u° E=M, 1. e. HepaBEHCTBO
f(x) < @(x) ynOBIETBOPAETCs TOXKIECTBEHHO.

13. Omucannasg Bhilie (11—12) TpaxroBxa O6LIUX . TOHATHH
ypaBHeHHs M HepaBeHCTBA BIOJNHe NOCTYNHA Y4allMMCs CTApLIHX
KJaccoB NpH TNpeiJiaraeMoil HaMH MeTOJuKe MPENOapaHus,
BKJIIOYaollell M3yueHHe 3JeMEHTOB JIOTHYECKOro s3blka Mare-
MaTHKH. ‘

dra XKe TOUKa 3peHHs MoxKer ObITb OTPaXKeHa YiKe fIpH Tep-
BOM O3HAKOMJIEHHH Y4YalMXCs ¢ ILPOCTEHIIAMH YpaBHEHHAMH,
KOTOpPOE OCYIIECTBHMO B HadalbHbIX Kiaccax. Ha.-srom srame
HeOGXOIUMO COMOCTABJATH PABEHCTBO, He COMepKalilee OyKBEH,
C pPaBeHCTBOM, COJlepXKallkM GYKBBI.

O papencrtBe 5« 8 = 13 MOXKeM CKasaTb, YTO 3TO HCTHHHOE
(unH BepHOe) paBeHCTBO, o paBeHcre 9+ 7 = 15 MoxeM CKa-
3aTh, UTO 5TO JOXHOe (HJH HEBEpHOE) PaBEeHCTBO, HO O PaBEH-
crBe x + 7= 12 MH He MosKeM CKa3aTb Hu TO, HH Apyroe. OHO
MOKeT 6bITh UCTHHHBIM PaBEHCTBOM, HO MOXKeT OblTb M JIOXKHBIM.
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B wacrnocry, npu x=75 [I0JIy4aeéM HCTHHHOe PAaBEHCTBO 5 + 7 =
= 12; ecau ke BMeCTO X MOJCTABHTHL 71060e Jpyroe 4HcaO, Ha-
npumep 4 (4 +7 =12) unu 8 (8 + 7= 12), noayuaem soxkuoe
PAaBEHCTRO. : :

Insa pasbscHenus MOHATHS YpaBHEHHS Ha 3TOM 3Tane MOXKHO
HCIO/Ib30BATL U Tabaunsl. Ilyers, nanpumep, umeem ypaBHeHHe
3x + 2= x 4+ 8. Cocrasisem Tabauny, B KOTOpOH, naBas x
PA3JHYHBIE YHCIOBblE 3HAUEHHS, ONperesigeym COOTBETCTBYIOIUE
3Ha4eHusl NIeBOH M MpaBOi uacTelt YPaBHEHHS U yCTaHaBJHBaeM,
B KaKHX CJyuyasix IO0JYYaeTCs MCTHHHOE, a B KaKHX — JJOXKHOe
PaBeHCTRO. .

Kakge pasencrso nony-

x x4 2 x+8 3 +2=x48 waercs?
0 2 8 2—8 J
1 5 "9 5=9 A
2 8 10 8=10 JI
3 11 11 11=11 U
4 14 12 14=12 JI
5 17 13 17=13 J

Heo6xomumo TMOYEPKHYTB, YTO HH NpH KaKHX APYTHX 3Haye-
HUAX X, KpOMe X = 3, MBI He TOJYYHM MCTHHHOIO paBencraa.
3nauenne x = 3, mpu KOTOPOM [aHHOE ypaBHeHHe obpauiaercs
B HCTHHHOE paBeHCTBO, Ha3HIBaeTCs KODHEM WIH pemieHHen
3TOr0 ypaBHEHHS,

TakuM nmyTtem Mbl rotosum yUalnuxcsa x NPABHABLHOMY MOHH-
M2HHIO OYIUHOCTH OOIUMX MOHATHH VpaBHeHHs u HepaBeHCTBa.!

14. Ucxona us Touku 3penHs Ha ypaBHenHe (HepaBeHCTBO)
Kax Ha JIOrMuecKy0- i) yHKIHIO, HETPYJHO 3aMeTHUTb, YTO OTHOIIe-
HHE DABHOCWIBHOCTH ypaBHeHHH (HepaBencts) COBlNAnaer ¢ OT-
HOLIEHHEM SKBHBAJIEHTHOCTH JIOTHUECKHX byHKiIni,

HeficTBHTENBHO, ecnu nBa YpaBHEHHS PABHOCHJBbHBEI ¢ TOUKHU
3PEHHsS] TEOPHM YpaBHEHUH, OHH MMeIoT OIHHM H Te Xe pelieHwus,
T. € MHOXKEeCTBAa MX pelleHWH COBNAZAOT. 1o 3HAUUT, YTO
COBMAJAIOT MHOXKECTBA HCTHHHOCTH JIOTHYECKUX tyHkuul, Koro-
pble TpeACTaBAoT cO60ft 3TH ypaBHeHus, T. e. IPH OZHHX M Tex
K€ 3HAYeHUSAX apPyMeHTa OHM 062 MCTHHHBI HIM 06a JIOXKHEI,
2 GIIEN0BATENIbHO, 3TH JIOTHUECKHe DYHKIHU 3KBHUBAJIEHTHBI,

Himeer Mecto m obpartHoe nosoxene, Ecnu nse noruueckue
$yHKuMH, NpencraBasiiomue co6ol YpaBHeHHs] WJIM HepaBeHCTBA,
SKBUBAJICHTHDI, T. €. TIPH OJHHX M TeX K€ 3HAUCHHSX aprymesra
06e HCTHHHB WJIH 06e JIOXKHB, TO 3TO BHAYMT, YTO COBMANAIOT
HX MHOMKECTBa HUCTHHHOCTH HJH COBNAJAIOT MHOMKECTBA perenuit
AAHHBIX YpaBHEHHH MM HEPABEHCTB, CaenoBarenbo, st ypas-

! TlpuMepnl ynpaskuenui, NpeNHa3HAYeHHHX [/ TaKOM MOArOTOBKH, TnpHu-
BeJ(eHHl B . 2, § 4. !
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HeHUS (HepaBex-nCTBa) PaBHOCHILHBL M C TOUKH 3DEHHs TEOpHH
ypapHeHHH (HepaBeHCTB).

VuHTHBas TOXK/AECTBEHHOCTh TOHATHIH «PaBHOCHIBHOCT ypaB-'
Henpii (HEPaBEHCTB)» H <«3KBHBAJEHTHOCTb JIOTHUECKHX (YHK-.
uuii», A/ o603HaueHHs] PaBHOCHIBHOCTH YpDaBHEHHH WM Hepa-
BEHCTB IIPHMEHHM 3HaK « <> » SKBHBAJEHTHOCTH JIOTHYECKHX
GbyHKUHH.

Hanpuwmep, pellesne ypaBHEHHS 3x+ 2= x4 8 MoxeM 3a-
nucath B BHAE CJAeAyIOUled LENOYKH PaBHOCHJbHOCTEH:

Bx+2=x+8) o (Bx —x=8—2) o (2x = 6)« (x =3).

Takasi 3allich BecbMa HArAsiJHAa 4 MNO3BOJser OOOCHOBAaTh
TPOIECC DElIeHHs YPaBHEHHs, COCTOSIIMI U3 I10CJAE0BATENbHO-
CTH 1IAaroB, KaxKAplid U3 KOTOpHIX o6patuM. Hcxomsa us cBsisd
SKBHBAJEHTHOCTH ¢ HUMIIJTUKAUHeH, mosyuheM, yTo HCTHHHA KOHb-
IOHKIHA

(Bx+2=x+8)—>(x =3 Al(x=3)>Bx+2=x+8).

DTo 03HAYaeT,.uTO UHCIO 3 H TOJBKO 3TO UHCIO SBJISAETCH
KOpHEM NAHHOTO YpaBHEHHUS. Co

15. O6ulas s3ajmaua PpelleHHs YpaBHEHHs1 COCTOHT B OThiOKa-
HHH MHOXKeCTBA HCTHHHOCTH JOTHYECKOH (YHKIHH, BHpaxKaeMOK
5THM ypaBHEHHeM, HO 3TO MHOXECTBO MOXKeT H3MeHATbCs B 3a-
BUCHMOCTH OT TOPO, Ha KaKOM MHOXeCTBe pacCMaTpUBAETCs
nannoe ypaBHenue. [To3ToMy 3ajaua oCTaeTcs Heollpeje/eHHOH,
eclH He YKa3aHO TO MHOXECTBO, HAa KOTOPOM pacCcMaTpHBaeTcs
JaHHOE ypaBHEHHe.

Ecnu MBI pewiaeM ypaBHeHHe f(x) = q;(x) B MHOXKECTBe pa-
IHOHAJbHBIX UHCel, T. e. TpebyeTcs HalTH pallHOHAJbHble KODHH
3TOTO ypaBHEHHsl, MBI ONpe/esIieM MHOKECTBO pelIeHHH

=M(xeR) N\ (fx) = ¢ (x))]f,

Ecnu xe peﬂuaeM 3TO YpaBHEHHE B MHO}KGCTBC J.Iel/ICTBHTeJ'[beIXV
yuces, MH olpenessieM MHOXKeCTBO pememm

Ey= Mlxe D) A (f(x) = ()],

npu sroM MHOXKectBa E; u Ez MoryT BooGule He COBHanaTh.
[Tycth, HapuMep, JaHO ypaBHEHHe

22+ x—1=0.
E,=/Jlt/l[(xeN)/\(2x2+x—1=0)]5=®.
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' '3T0 ypaBHeHHE He Hmeer HaTypaJibHble KOPHH,
E,=/Jlt/l[(xeC)-/\ 4+ x—1=0)]=M[x=—1]= {—1}.
X

OT0 ypaBHeHHe HMeeT OJUH LeNbil KopeHb x = —I.

=/y[(xeR)A(2x2+x;l =0)]=

=il 4 (14
OTo ypaBHEHHe HMeeT jBa panHOHaJleblx Kopx-m —1lu —;—
16. Tlox cucremoit ypaBHeHuii
{ Fl (x’ }’) =0
Fy(x,y)=0
NOHHMAIOT KOHBIOHKIHIO
[Fi(x, y) = O] A\ [Fafx, y) = 0],

4 PEIIMTL CHCTeMY — 3HAUUT OTHIOKATb IMHOXKECTBO HCTHHHOCTH
3TOH KOHBIOHKUWH, T. €. MHOMKECTBO Tap uHcen (X, Y), Opu Ko-
TOPBIX 3Ta  JIOTHYeCKas (YHKUHA OGpallaercs B HCTHHHOE
BBICKA3LIBaHHUe.

AnanorHuHO mon CHCTeMOH HepaBeHCTB

f1{x) > o1(x)
fa(x) > @a(x)
NOHUMAIOT KOHBIOHKIHIO |

[F1(0) > @1(x)1 A [fa(x) > o5(x)},

a pelldThb STy CHCTEMY HEPABEHCTB 0O3HAuyaeT OTHICKATL MHOMKe-
CTBO HCTHHHOCTH .3TOH JIOrHUYeCKOi (I)YHKIIHH T. €. MHOXeCTBO
BCeX TeX 3HAYeHHH X, TIPH KOTOPBIX 3Ta KOH’bIOHKH}IH npeacras-
JisieT coBo#i MCTHHHOe BbICKaBbIBaHHe

E = MI(f1(x) > e:(x)) A (Fa(2) > ¢a(x)).

Ecin E| = M (f1(x) > @i1(x)], T. e. E;— MHOXeCTBO peleHuil
nepBoro HepaBex-vana CHCTEeMBl, a Eq = M[fz(x) > pa(x)], 1. e

E; — MHOXeCTBO pelmeHuit BTOPOro Hepa'BeHCTBa CHCTEMEI, TO

E\NE; = /y [fi(x) > ea(0) 0 /r! [f2(x) > @a(x)] =
= ML) > () A () > wa(e)] = E
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1. e. MHOXECTBO [PelieHHH CHCTOMbl HEpaBEeHCTB €CTh Iepecede-
HHe (MHOXKECTB pellleHHH HepaBeHCTB CHCTEMBI. . .
X X sy

PaceMOTpHM HEPaBeHCTBO BHJA {';((—x); > 0(1) naun %—})'< 072).
OG6LiuHO FOBOPSAT, UTO PellleHHe KaXKa0ro H3 nepasencts (1), (2)
CBOJMTCS K pelleHHI0 JBYX CHCTeM HepaBeHCTB, B_JefCTBHTE]b-
HOCTH e pellleHHe KaXKJOro U3 5THX HePaBEHCTB OBOMMTCA K Per.
HMIeHHIO AH3BIOHKUHH JBYX CHCTEM. . o

MHoxXecTBo pellieHuit HepaBeHcTBa (1) ecTb MHOXKECTBO
HCTHHHOCTH JIOTHUYecKOH (YHKUMH:

[f(x) > 0] A le(x) > 0] V [f(x) <O A [¢(x) <O,

MHOKecTBO pellleHn#i HepaBeHCTBa (2) eCTb MHOMKECTBO HCTHil-
HOCTH JIOTHUeCKOH (yHKIHH: '

[f(x) > 01 A [e(x) < 01V [f(x) < 01 A\ [o(x) > O1.

DTH JOrHYecKHe (GYHKIHH SIBASIOTCS TOUYHBIMH BBbIpaXKeHHs-
MH CJIe[YIOUIHX PacCyK/ACHHM:

1) Hepasenctso (1) ynoBJeTBOPSETC BCEMH TEMH H TOJIBKO
TeMH 3HaUeHHSIMH X, IPH KOTOPHIX YHCJHTEJb M 3HaMeHaTe]b M0-
JIOKHTebHbl MM UHCJHTEJb H 3HaMeHaTesb OTpHUATEJbHEL,
~ 2) HepaBeHCTBO (2) yIOBJIETBOPSETCS BCEMH T€MH H TOJIBKO Te-
MH 3HAQUeHHSMH X, NpH KOTOPBIX YHCJHTENb MOJOMKHTENZH
W 3HaMeHaTeJb OTPHIaTeJeH MJAM UHCIHTeNb OTpHIATe/eH
H 3HaMeHaTeNb MOJIOXKHTEJEH. ,

17. IIpu pellieHHH HEpPaBEHCTB THNA (1) nan (2) yvamuecs
YacTo JONYCKAIOT OUWIHGKH IPH ONpeJleleHHH MHOXeCTBa pelue-

unfi. Hampumep, IpH pelleHHH HePaBeHCTBA ———7 > 0 pema-
JO0TCS JBe CHCTEMBbI HepaBeHCTB

x—5b>0 x—5<0

x—1 > 0 x—1 < 0:

MeXJy KOTODbHIMH He CTaBHTCs HHKaKOH 3HaK, XOTsl B JeHCTBH-
TeJBHOCTH OHH COeJHMHeHH Ju3bloHKTHBHO. (Ecim naxe rosopAr
«H» HJH TOBOPAT «HJH», TO He ofpallaloT Ha 5TO Heo6X0MHMOTO
BHHMAHHs, KaK BooOlLie He o06pallaioT B yCTaHOBHBIIEHCS Mpak-
THKe NpeNojaBaHHs HeoOXOJAMMOro BHHMAHH: Ha JIOTHYECKHE
omnepanuH.) _

ITpu onpenenchud MHOMKECTBA pellieHHA JAHHOTO HepaBeHCT-
Ba yacTo Jomyckaior oumbKy, COCTOALLyi B TOM, HUTO .BMECTO
06 LeHeHHs] MHOXKeCTB PellleHHH JBYX CHCTEM GepyT HX Tepece-
YeHHe M JIPAXOJAT K .HENPaBHIbHOMY BBIBOAY, 4TO JIaHHOE He-
paBeHCTBO He MMeeT pellenHH, TaK Kak HeT Takux 3HaveHHA X,
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TIPH KOTOPHIX HepaBeHeTBa x> 5 u x < I 66 6B HCTHHHBIMH
BBICKA3BIBaHHSIMH. : e .

HUcnombays  uMeromuecs Y YUallHXcs JIOrMYecKue 3HaHHA,
1esecoo6pasuo HaPARY C TPAJUUHOHHBIM CIOCOGOM pelieHus ra-
KHX HEepPaBEeHCTB NIPUMEHHTL H npyToii cnocof, CBOMAIINA 3agauy
PellleHNs] HepaBeHCTBa K 3ajlaye OTHICKAHHS MHOXeCTBa HCTHH-
HOCTH COOTBETCTBYIOILEH JIOrMyeCKOH byHKIHH. -

ITOT ¢noco6 CocToUT B CIEAYIOUIEM: :
¢ 1) HanHoe HepaBemerso (Mnu cucrema HepaBeHCTB) wmpes-
CTaBJISIETCs] ‘B BHJE JIOTHYECKOH GbYHKIHH, cocTosimIe] H3 GoJiee
TIPOCTBIX . HEPAaBEHCTB (0GBIYHO JUHeHHBIX), COENUHEHHBIX 3HAKA-
MU OCHOBHBIX JIOTHYECKHX Omepamnui (mU3BIOHKIHH, KOHBIOHKIHH,
OTpHIAHHS). o

I9To npescrasaenue KOHCTPYHpPYeTCsl TakHM 06pasoM, uyTo6mn
MHOXXECTBO HCTHHHOCTH TOTYYEHHOH JOTHYECKOH DYHKUUH COBa-
710 €O MHOXECTBOM (peflleHull HepaBeHCTBa. - .

2) Jloruueckas GyHKuHs, comocraBnsemas NaHHOMY Hepa-
BEHCTBY, Npeo6pasoBhiBaeTces ¢ MOMOMDbIO HEeMOYKH SKBHBAJEHT-
HOCTeH ¢ 1esbio NpuBemeHus k HanGosee mpocromy BHAY.
< Ilpu mocrpoenuu sroi HETIOYKH fI0/Ib3yeMCcsd  CBOMHCTBaMH
JIOTHYECKUX oNepauuii m, KpoMe TOro, CJIEAYIOLIAMH PaBHOCHIIE-
HOCTSIMHU: .

Ilpu a < b: : _
’(x>aw\u>byﬂx>bx (1
(x<a)/,\(x<,b)f+(x<a); 1 2)
V(x<a)/\(x>b)<->.H. | 3)

3tu PaBHOCHJIBHOCTH Jierko yCTaHaBIUBAIOTCS,
Tax xak a < b, 10

Mm>m:@h>qg
N03TOMY S o

Mix>a) A (>0 = Mlx>a10 M [x> ) = M1x > ).

Tax kak MHoxecTBa HCTHHHOCTH  JIOTHYeCKHX  (pyHKuuil
(x>a)pA(x>b)u (x>b) paBHbl, 31H GYHKUHN 3KBHBAMEHTHDI,

OKBHBAJIEHTHOCTH (1)—(3) marasmuo TIONTBEPKNAIOTCH ¢ 110-
MOILBIO TEeOMETPHYECKOH - HHTEPIpETauUd MHOMXKECTB peleHu
MHOXKECTBAMH TOUEK TIPSIMOl (puc. 104q, 6, g, o). Hampuwmep,
Ha pHc. 106 nBosiko SalITPHXOBAHHOE MHOMKECTBO -TOUEK (3ua-
YeHHH -~ X) — MHOKeCTBO HCTUHHOCTH - KOHBIOHKUHH (x.< q) A
AX<b), a ato— MHOMECTBO HCTHHHOCTH x¥-<<a.- - - .



Ha puc. 108 Her IBOsSKO 3aIITPUXOBAHHOIO MHOXKECTBa TO-
yeK, MHOMKECTBO HCTHHHOCTH KOHBIOHKIMH (x<a) A (x<b) —
[IyCTOe MHO2KECTBO, 3Ta KOHBIOHKUHA TOM/ECTBEHHO JIOXKHa. {(3)-

Koubionkuun (x> a) A (* <b) apu a<b (puc. 102)
0603HaualoT cokpaueHHo «a < x < b». ‘

3) OumpejessieTcsi MHOXKECTBO HCTHHHOCTH npocrefimel ¢op-
MBI JJOTHUECKOH (YHKUHH. DTO MHO-
JKecTBO H OyHeT MHOXKECTBOM pe-
[reguil HAHHONO HepaBeHCTBA. & .

sl MAJIOCTPAlMH OMHCAHHOTO
MeTOJla TIOKaXKeM ero lnpumeHeHHe 8

B HECKOJbKHX KOHKPETHBIX c/aydasX. 'sssssssssssssaasasssaaisssazzzzz2222222222
1) BospMeM B KauecTBe IepPBO- eSS
ro . IpEMepa NpHBEJEHHOe BbIIE puc 10
HepaBeHCTBO
x—5
—1 >0
x—5

P >0<—>(x——5>0)/\(x——1>0) V(x—5<0) A x—1<0)e
cxSHAESDHVESHAESDe(E>HVES 1.
CrenoBaTelbHO,

ﬂﬂxi?>0}ayux>5w¢@<1n=

£ 1 X

=M[x>5]UMIx<1].

2) Ilycrs Tpebyercs OTHICKATDH obJgacTh ONpeleeHHs dyHK-
11HH :

) i x
=

COCTAaBHM JIOTHUECKYI0 (YHKIHIO, UCTHHHYIO Ha TOM' MHOMKE-
CTBe 3HaueHHil aprymeHra, Ha KOTOpPOM 4HCI0Basd GbyHKUHSA
ompejieneHa, T. €. TaKylo, 4ToGbl ee MHOXEeCTBO HCTHHHOCTH COB-
Mano ¢ 061acTho ONpeeneH s JaHHOH GYHKIMH, H YIIPOCTHM €e:

(=250 A(F2>0VE—2<OA (x+2<OIA
' AL+ x>0A(1—x>0)e
[EZDAE> -2V E<IN(E<—2)] Ax>—DA
RN Ar<lo = |
o>V E<—DAAE>—DAE<De
ollt=2) VIIA (<)ol
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Tak xak cocraBjennas JIOTHYECKAs (ByHKUHS BCloAy JIOXKHA,
TO NaHHag (QYHKUHA HUTHE He onpeneseHa.

18. O6mewussecrno, yro PellleHHe ypaBHEHHH u HEpaBeHCTB,
copepxkamux  abcoMOTHbIe BEJHYHHE, BCTPeYaeT y ywamuxcs
GonblliMe 3aTpyRHeHus. ATH 3aTPYAHEHHS OTYACTU BHI3BAHH TeM,
UYTO B Pe3yJabTaTe OCBOGONKIEHHS YPaBHEHHS] WM HepaBeHCTBa
OT 3HAaKOB aGCOMIOTHON BeJHYHHBI OHO Pacnagaercss Ha HECKOMb-
KO ypaBHeHHA H HepaBeHCTS, ONpeNeNeHHbIM 06pasoM CBsI3aH-
HBIX MeXIy o600l JOrHYecKuMH cBsAskaMu. HesHnanue goruye-
CKHX OnepanH#, 0603HauyaeMbIX 3THMK CBfBKaMH, BJISIeTCS] ONHOM
U3 MPHYUH BO3HUKAIOLIHX 3aTPYAHEHUL. : ,

IMpuMenenue JIOTHYECKUX Omepanuii p ABHOM BHJe NO3BOJsleT
HaM TOYHO 3amHCaTh JIOTHYECKYIO byHKUHIO, SKBHBAJIEHTHYIO JaH-

UM HepaBeHCTBa.
Ipuseneym npumep. Ilycrs Tpebyercs PelliTs ypaBHeHHe:

=2 —]x— l|[—1=0.
Hns xpatkoctu 0603HaunM JIeBYIO YaCThb ypaBHeHHS gepes f(x),
" o) =lx—2—|x — 1 1.
Hawm mpebyercs: pemmrs 'YPaBHeHHe f(x) = 0, ACHYCTUM, B MHO-
}KEeCTBe BEINOCTBEHHBIX YHCe.T.

s ocBoGoxnenus YPABHEHHS OT 3HAKOB a6COMIOTHON Beau-
HHHEL COCTABHM CJIEAYIOLIYIO Tabauiy:

x —C0 . 1 2 —+co
x—2 2—x I 2—x 0 x-2
— =1 x—1 0 I—x —1 F—x
. =1 . -1 -1 1 _ 1
Sx) 0 0 2—2r —2 2

B sr1o#t Tabauue ONPENEJIEHE! C1aTaeMble CyMMbi, KOTOPOii BhIpa-
Kkaercq f(x) B poMexyTkax (—oo, 1), (1, 2) u (2, + ), a Tak-
XKe mpH x =14y x=2 ¢ BEIpaXeHHe caMOH (yHKuuu f(x)
B 3THX XKe NMPOMeXYTKax,
Henonbays sty TabnuIy, Nerko COCTaBHTH JIOTHYECKYIO BYyHK-
LH10, SKBHBAMIEHTHYIO NaHHOMY ypaBHEHHO:

[f(x) =0lex<DAO=0) V(I <1< A 2—2x=0)V
V(x>2)/\(—2-=0)<->(x<l)/\l/lVJTV(x>2)/\J1<->
SESDVIAV o<,
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CJe10BaTeNLHO, .
Mifp)=0]=Mx<1]. - Uy

MHl y3Haju, 4TO NaHHOe ypaBHEHHe HMeeT GecKOHeUHOe MHO-
JKeCTBO pellleHuil; M1060e YHCAO, He IpeBLIlialoUlee 1, ynosjer-
BOpsSiET 3TOMY YPaBHEHHIO.

19. Jlns Jywinero NMOHMMAaHHs YYaUIHMHCH CYUIHOCTH ypab-
HeHHS M HEPABEHCTBA KaK JIOTHYECKHX (QYHKIMHA nesnecoobpasxo
npenjaraTh WM BOIPOCH B HHXKeCTIeqylollel, HenpuBLITHON
B yCTaHOBHBILIEHCS NPAaKTHKe NPernofaBaHus, NOCTaHOBKE.

1) Ilpu mnojCTaHOBKe KaKHX 4YHCEN BMECTO X YypaBHeHHe
x2 + 2-+=3x ofpaulaercss B HCTHHHOE BbICKA3bIBAHUE, B JoXHOoe?

2) Ilpu moxcTaHOBKe KaKHX 4YHCEN BMECTO X HePAaBEeHCTBO
x2—3x +2>0 ofpamaercs B HCTHHHOe BbICKa3blBaHHE,
B JIOXKHOe? ,

3) Ilpu kakux sHaueHHs X a u b ypaBueHHe ax = b npencras-
fsier coboll TOXKJAECTBeHHO-HCTHHHOE BBICKa3blBaHWE, T. €. IpH
NOJICTaHOBKE BMECTO X JioGoro umcia obpamiaercs B HCTHHHOE
BHICKA3bIBaHHe; TpeCTaBiser co00i TOXAECTBEHHO-JIOKHOE BBI-
cKasblBaHHE, T. €. NPH TOJACTaHOBKE BMeCTo x Ji0Goro uyucia
ofpauiaercs B JOMKHOe BEHICKasblBaHHE?

4) Tlpum KakHX 3HaAYeHHsX @ HEPaBEeHCTBO 2+2ax+1>0
NpeAcTaBaseT co60i TOK/eCTBEHHO-HCTHHHOE BLICKA3hIBaHHE?

5) Kakue omepauuu HeoOXOJHMO BHIIOJHHTL Hal MHOXECT-
BaMH pelneHuii HepaBenctB ¥ + 2> 0u x—3 < 0, uto6hi 1OJY-
4UTh MHOMKECTBO pellleHHH CHCTEMBl HEPaBEHCTB. -

a){x+§zg 6){x+§>8 8){x+§§8 2){x+§<8
X — X—3> X — x—32 0.

6) CocraBuThb JIOTHYECKYI0 QYHKUHIO, MHOXECTBO HCTHHHOCTH
KOTOPOH ecTh 06/1acTb ONpeJieieH s YHCIOBOH dbyHKIHY

. B—bx+4
y=V ax+10 °

H OTpele/NuTh 3TO MHOXECTBO HCTHHHOCTH.

7) COCTAaBHTb UHMCJOBYIO (YHKIHMIO, 001acTb OTpEeLeNeHH
KOTOpPOH eCTh MHOXECTBO HCTHHHOCTH clleLytouel JOTMYecKkon
GyHKIMH:

E>SDAE>SYIVEL<DA (XL,
8) Uem OTAHYAIOTCH MHOMKECTBA; N

Ex=ﬁ;1[(xeN)A(lxi<2)]. :
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Ep = 114 [(xeC) A (x| < 2)],
Es = M[(xeR) A (16 < 2)].

I'za6a 7. Cucremarusauus u 00001enHe JOTHYECKHX 3HAHHI]
yyamuxcs

Ilpennaraemas tema «dnementy MaTeMaTHYeCKOH JIOTHKH
H TeopuH MHOxecTB» (IX Kaacc dusvko-MaTeMaTUUEeCKOTO npo-
$uns npu IuddepeHEpoBaHHOM O0yyeHHH) TPH YCAOBHE Tpo-
BEICHUs PalbOThl, ONHCAHHOH B TIiaBax 3—6, nomxHa GbITH
HCIIO/Ib30BAHA JIIsl CHCTEMATH3ALUH yiKe HNpHOOpeTeHHbIX yua-
WHMHACS JIOTHYECKHX H TeOPETHKO-MHOMKECTBEHHLIX. 3HaHHH, H3y-
UEHH5 51€MEHTOB MaTeMaTHUeCKOH JIOTHKH H TEOPHH ‘MHOXKeCTBa
B Gosiee o6uieM BHje c OMHCAHHeM HEKOTOpbIX NPUJIOXKeHH{l. -

Huxxe npusongurcs IPHUMEPHOE H3/I0XKEHHE TOH TeMbl, a Tak-
K€ HEKOTOPBle THNBI ynpamKHEHH§i u KPaTKHe MeTOAHYeCKHE
3aMeyanus. :

01. Maremaruueckas Jnoruka BO3HHK/IA KaK Pe3y/JbTaT BeCh-
Ma IUIONOTBOPHOTO NPHUMEHEHHS] K JIOTHKe MaTeMaTHYeCKHX
MeTOJIOB. , . ,

- HasBanne stoit orpacnu HayKH (MaTeMaTHuecKas JIOTHKA)
BABOHiHe ompaBpaHo. C onHoi CTOPOHEI, pa3pabareiBasi JIOTHYe-
CKHH #3bIK MaTeMaTHKH, OHa peACTaBasgeT co6OH NOoTHKYy
MaTeMaTHKH, ¢ APYroi — cama CTPOHTCS Kak MaTeMaTHye-
CKasl TeOPHs H C 3TOH TOUKH. 3peHuUs npencraBasder co6oii mare-
MaTHKY JOTHKY (cM. . 1, § 2).

Hapany ¢ npuMenennen TEOPHH MaTeMaTHYECKOFO J0Ka3a-
TE/IbCTBA; K YCOBEPIICHCTBOBAHHUIO 2KCHOMATHYECKOTO - MeToja
HOCTPOCHUST MAaTeMAaTHYECKHX TeOpHH MaTeMaTHuecKas JIOTHKA
Nonyuusia g mocje/iHee BpeMsi HOBOe 3aMeuaTesibHOe MpPHJIOKE-
HHe BHe MareMaTHKH. COBercKuMm yueHsiM B. M. IllectakoBbim
1 aMepHKaHCKUM yuyeHbM K. [llenHoHoM B 30-x rofax GblI0 OTKPHI-
TO BaXHOe NPUMEHEHHe ~aNNapata MaTeMaTHyecKofl JIOTHKH
K aHaJH3y M CHHTE3Y pefelHO-KOHTAKTHBIX CXeM, WIHPOKO HC-
TIOJIb3YEMbIX B aBTOMaTHYECKHX yCTpOficTBax. B HacTosllee Bpe-
M5l MareMaTHyecKasi JIOTHKa HaXONHT PHMEHeHHe B paspa6orke
KOHCTPYKUUH COBPEMEHHBIX 3/eKTPOHHbIX BBIYHCIUTENBHBIX Ma-
IIMH, B TEOPUH NPOTPAMMUPOBAHMS (MOLrOTOBKe 3a7ay K pelle-
HUIO Ha 5THX MawMHax). B xauecrBe cocraBuoj YacTH KH 6 e p-
HETHKH, H3yyawoulei mpoueccs YUPAaBJIEHUS U CBA3H B KHBLIX
OPraHM3Max M MexaHH3MaX, MaTeMaTHueCKas JIOTHKA HAXOJHT
HPUMEHEHHEe B MeIHUMHE, JHHTBHCTHKE H B APYTHX 06/acTsx
HayKH H MPaKTHKH, Besjle, Lie CTaBHTCH 3ajaya BOCCO3/1aHH A
JIOTHKO-MaTeMaTHYeCKOH MOLENH - mpomeccos YNpaBJeHHA Ha
SJIEKTPOHHBIX BBIYHC/UTENBHBIX MAIIHHAX.
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02. Mbl yxe 3HAKOMbl C HAayaJaMH ajareGpel BBICKA3bIBAHUH.
TlpuBegeM HaIlH 3HAHHS B CHCTEMY. ’

Aunre6pa BhICKa3bIBAHHH HrpaeT B MaTeMaTHYeCKOH JOTHKe
TaKyl Xe poJib, KAaKylo Hrpaer, Hampumep, apHdMeTHKa HaTy-
paNbHEIX YHCeN B yyeHHH O uHcie. OHa cocTapisieT HaHGosee
3/IeMEeHTapHYI0, HO BMecTe ¢ TeM (yHIaMeHTaNbHYIO YaCTh Mare-
MaTHYeCKOH JIOTHKH.

B aareGpe BhICKA3LIBAHHH 3JeMeHTapHble BHICKA3bIBAHHUS
pPaccMaTpPUBAIOT KaK LeJble, OTBJEKAIOTCS OT HUX COMNEpKaHHA
W BHYTPEHHEH JIOTHYeCKOH CTPYKTYPbl H CYHTAIOT, YTO KaxJ0e
‘BbICKA3bIBAHHE HCTHHHO HJIH JOXHO M He MOXeT OBITb OJHOBpe-
MEHHO H HCTHHHBIM U JIOXKHBIM, '

O603HayuM, KakK ¥ padbHle, NPOH3BOJNbHBIE BBICKA3bIBAHHA
GonbmuMH GykBaMu Jatusckoro angasuta 4, B, C, .., X, Y, ..
unM oxHofl 6ykBoii ¢ uHnekcamMu X1, Xo, X3, ..y Xpu!

M3 sneMeHTapHHIX BbHICKA3bLIBAHHH B NPAKTHKe PaccyXIeHHH,
B YAaCTHOCTH B MaTeMaTHKe, COCTABJSIOTCS CI0XKHbIE BbICKA3bIBA-
HHUSA NPU TOMOLIM PA3JHYHBIX JOTHYECKHX OlepauHi.

ATH JIoOTHYeCKHe Ollepallii Haj 3JeMEHTapPHBIMH H CJA0XKHBIMH
BBHICKA3biBAHHAMH H COCTaBJIAIOT NIpeJMeT JOTHKH, HJH ajare6pui
BBICKA3bIBAHUH. ,

03. KaxxjgoMy HCTHHHOMY BBICKA3bIBAHHIO TIPHIIAIlIEM B Kaye-
CTBE 3HAUYeHHs HCTHHHOCTH CHMBOJ «l», KaxXAOMy JIOXHOMY
BBICKA3BIBAHHIO — CHMBOJ «0».

3HaueHHe HCTHHHOCTH, COOTBETCTBYIOLIEe NAHHOMY BbICKA3HI-
BaHHIO, HA30BeM JJisl KPATKOCTH MPOCTO 3HAYEHHEM 3TOro
BoicKaabiBanus. C cumBonaMu «1» u «0» 3mech He CBfI3bIBAaeTCs
UX OOBIUHBIH CMBICJ, OHM TIPUMEHSIOTCS JAHUIbL KaK CHMBOJ HCTHH-
HOFO W JIOXKHOTO BLICKa3biBaHuii- (BMecto 6ykB M u JI, koTophie
Mbl TIPUMEHSIIH [0 CHX IIOP B TOM Ke CMBbIc/Je) U Ha3BIBAKTCSA
TaKKe JOTHYECKHMH KOHCTAHTAMH (MOCTOSTHHBIMH).

_ Jloruka BhICKa3biBaHUH NpeicTaBisieT co00H anre6py, onepu-
pylomyw nepemedsniMd A, B, C, .., X, Y, .., Kaxnas U3 KOTO-
PEIX MOKeT NpHHHMaTh [Ba 3HayeHus —1 (uctHHA) H 0 (J10XKb),
H HasbiBaeMylo GyjeBO# anre6p ol Mo HMEHH aHIIHACKO-
ro yuenoro JIx. By s1s, BuepBsie paspaGoraBuiero Hauasna 3To#
anre6pel B cepenune XIX B, ' L

03.1. Heo6xoguMo o6paTuTh BHHMAaHWe Yy4YalIHXCs Ha leJje-
CO06pa3HOCTh COXPAHeHUs] O003HAUEHHs] 3HaueHHH MCTHHHOCTH
6yxkeaMi M u JI B npuMeHeHHsIX JOTHKH BEICKA3bBaHHH B OOBIK-
HOBeHHOH aJire6pe, 60 3uaky 1 y 0 MOTyT BCTPeyaTbCs B OLHOH
U TOit ke (GOpPMyJe B PasaHYHEIX CMBICTAX: KaK 4HCiAa H Kak

! 9t GykBHl 0603HaYalOT MO EYIMECTBY He CaMH BHICKASHIBAHHA, a Tle-
peMeHHble [Jisl -BHICKa3blBaHHM, Has3biBacMble TaKke MPOMO3HIHOH adJb-
HBIMH TNepeMeHHHMH (OT JIATHHCKOTO ' propositio — npelJioKeHHe, BLHICKA3hl-
BaHHe). A B L. . T e IR . . .
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‘3HaueHusT HCTHHHOCTH. Hanpuwmep, ecau xorum 3anucarp, 4TO-
KOHBIOHKIHSA (¥ < 0) A (x> 0) ToxmecrseHHo JOXKHA, TO Jyq-
me nucathb (x < 0) A (x > 0) <> JI, uyem (x <0)A(x > 0) «—> 0,
XOTA-H B TNOCHeAHEH 3anuCH Jerko OGHAPYXKHTD Pas3uYHbI}
CMBIC/T HyJIeH: 3HaK 3KBHBAJEHTHOCTH CBS3LIBAET BbICKa3bIBaHHS,
CII0BATENBHO, MOCAEAHHH HyJb 0603HAYAET JIOXKHOE BBICKA3HI-
BaHMe, a 3HAaKH OTHOLIEHHH «MeHbllie» ¥ «GOJblle» CBA3BIBAIOT
duCJa, CIeLOBaTeNbHO, TePBble aBa MY/ OGOZHAYAIOT = YHCIO
HYJIb. - )

Bosuukaer Bompoc: ompaspam Ju METOIHYECKH TMepexon,
K TpHMeHeHHi0 cuMBOJOB | u 0 mns o6o3HayeHus 3HaueHufi
HCTHHHOCTH, €C/IH yXKe TPUMEHSJIHCH Oyksel M u JI?

Ham kaxkercs, uro aror NEPexoa ONpaBAbIBAETCS METOdHYe-
CKH TeM, 4TO CHMBOJBI 1 u 0 Gosee yaoGum s abcTparupoBa-
HHA, T. €. I JUIEHHS HX KOHKDETHOTO CMBICJA HCTHHHOLO
H JIOXKHOTO BbICKa3bIBAHUS TIPH Mepexone oT KOHKDeTHOH MoJenH
GyJseBoil anre6pu B Bume anreGpbl BHICKA3bIBAHHI K abcrpakTHO#
GyneBoit airebpe, u aas NPUNHCHIBAHHSA MM JPYrOro KOHKper-
HOTO cMbiC/la TpH nepexolie OT abCTpaKTHO GyneBoii anre6pr
K NpPyroil ee KOHKPeTHOH Momesw. Kpome Toro, cumBoan 1 y 0
YAOOHBI JJIS COMOCTABJIECHHS JOTHYECKHX omepauui ¢ omnepauus-
MH ABOHYHOH apHMMETHKH, B NPHIOKEHHSX anreSpel BLICKA3bl-
BaHUH K CHHTe3y cXeM YCTPOHCTB, paGoTaloOmuX B NBOHYHON CH-
cTeMe CUHCJIeHHS.

OsnakoMineHne yuyamuxes c PasnuuHbIMH  0603HAYCHUSIMH
3HAYeHHH HCTHHHOCTH BHICKA3LIBAHMI (1 BOOGIE ¢ pasaUUHBIMH
BapHaHTaMU JIOTHYECKOH CHMBOJIMKH) NO3BOJsfeT B Pa3TUYHBIX
NpHJIOKeHUAX BHIGpaTL HauGoJee YAOGHYIO CHMBOJIHKY y MOMO-
FaeTr UM B CaMOCTOATEILHOM YTEHHH JIUTEPaTyphl, TAe BCTpeya-
I0TCS1 pasJyHyHBle CHCTEMBI OGO3HaAueHHI.

04. OcHoBHBIMH onepanugmyu anre6pbl BrICKAa3bIBAHUI 6ynem
CUHTaTh yXKe  U3BECTHHle HaM Omepaluu: OTPHIAHYE, QU3 BIOHK-
UHI0O H KOHBIOHKIHIO. '

04.1. Caenyer TNOBTOPHTb ONpeNe/eHUs ITHX ONepaluil, 3amy-
CaTb 3TH ONpeJeNeHUs C TOMOIbIO .COOTBETCTBYIOIUX TabJIHI]
HCTHHHOCTH, C NPHUMeHeHUEM CHMBOJIOB 1 u 0.

MoxHO co0OIWuUTL yyamuMest, yTo IJa 0603HayeHus KOHDL-
IOHKIIHY, KDOME 3HaKa « A », NPHMEHSIOT 3HAK OGLIYHOrO yMHO-
KEHUS, KOTOPHIH MHOTJA OmycKaercs (XY umun XY).

Iusbionkumio X,VX,V ...V n OyleM 06G03HauaThb COKpareH-

n .

HO cuMBoJIOM VX, aHanoruyHo KOHBIOHKIHIO X1 A X3 A ... A X,
i=1 '

u .
OyneM 0603HauaTh CHMBOJIOM A X;. MoxHO Tpensoxurs yuya-

i=1 ’
IHMC B KayeCTBe yNpaXKHeHus! ONMpefetuTh CTPOTYIO JH3BIOHK-
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1Mo (COOTBETCTBYIOMIYIO . Pa3IeTUTEbHOMY «HJ¥M») H 3anucarb
37O Onpefie/ienue ¢ AOMOUIbIO TaGJHMIbBl HCTHHHOCTH.

04.2. i3 Tpex OCHOBHBIX ONEPALUil TOJBKO JU3BIOHKIUA
¥ KOHDIOHKIHS NOAXOAAT NOZ OnpeieaeHHe o6I1ero NOHATHSA
omepalMy KaK 3aKon Komnosuuuu. OTpHLaHUe XKe HE NDEACTaB-
JisieT co6Olt 3aKOHA KOMIIO3HIIMH, TaK KaK OHO JIPMMEHHMO K OZ-
HOMY BHICKA3biBaHHIO. [l03TOMY B HEKOTOPBIX DYKOBOACTBAaX
OTpHIlaHHE OTHECEHO K KaTeropuu npeo6pa3oBaHuil BbICKA3bIBa-
uusi. OJHAKO GOJNBIIMHCTBO aBTOPOB BKJIOYaeT OTpPHUAHHE B Ka- '
TErOpHIO JIOTMYECKUX Ornepalui,

05. ITepeurcauM CBOACTBA OCHOBHBIX onepauui:

{1 A=A (3axon ABOAHOTO OTpPHLAHUA) ;

9] AVB = BVA (KOMMYyTaTHBHOCTb AH3BIOHKIHH);

3] AAB = BAA (xoMMyTaTHBHOCTb KOHDBIOHKIMH);

4] (AVB)VC = AV(BVC) (accou#aTuBHOCTb U3 BIOHKIIMH);

[5] (AAB)AC = AA(BAC) (accounaTuBHOCTb KOHBIOHKIIVH);

[6] AA(BVC) = AABVAAC  (aucTpHOYTHBHOCTb KOHBIOHKIMH
OTHOCHTENBbHO JU3BIOHKIIUH);

{7] AV(BAC) = (AVB)A(AVC) (1MCTPHGY THBHOCTb AM3BIOHKIHH -
OTHOCUTEJIBbHO KOHBIOHKIHUH);
[8] AVA = 4; } (3aKoHBI

[9] AAA = A; | u1eMIOTeHTHOCTH);
10] AVO = A;
12] AAO = 05

f13] AVI =1;

[14] AVA = 1;

[15] ANA =0;

[16] ANB = AVB;
[17] AVB = A\B.

B nanpuefimeM GyfieM 4acTo CChIATBCA HA CBOWMCTBA, BHIpa-
xennvie papencrsamu [1]—{17], HaspBas ux COOTBETCTBYIOIHMHA
HOMEepaMH.

05.1. 1lesecoo6pasHo HaNOMHHTb O CMbIC/Ie 3HAKa DaBEHCTBA
B BHpaxenuu coficTs [1]1—{17]. dopmyabl, cBA3aHHBIE 3THM 3HA-
KOM, NpH JMOGHIX OJMHAKOBbIX HaGopax '3HayeHMH TNepeMEHHBIX
NPHHUMAIOT PaBHble 3HaueHus. MiMeercs nonHas aHaJlorud C TOX-
JeCTBEHHEIMH BBIDQXKEHHSMH OGBIKHOBEHHOH aare6pbl.  Caox-
Hble BHICKA3HBaHWs, BHIpaXxaeMble pPaBHBIMH  (OpMYJIaMH,
OJHOBPEMEHHO MCTHHHBI MY JIOXKHEL, HE3ABHCHMO OT 3HayeHuH
MCTHHHOCTH BXOJAIIMX B HHUX NEepPeMeHHHX, T.e. 9KBHBAMEHT-
H Bl

05.2. Ilps cocraBieHuH TaGJHL HCTHHHOCTH HaGopEl 3Haue-
nuii MepeMeHHBIX MOXHO MHCaTh B. JIOGOM NOPSKE. Onnaxo
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AJIA - YCTPAHEHUS BO3IMOKHOCTH TIOTEPH HAGOPOB YCJOBUMCS pac-
TIO/Iarath UX B TaG/HIle TakK, 4TO eCJM KaXKIbi Habop U3 HyJeir
M eIMHMIl CTaq# OBl PacCMaTPUBaTh KaK JBOMYHOE YHCJI0, 3TH
YHCJId 0KA3a/UCh 6bl PACNOJOKEHHBIMA 10 BEJHYHHE — OT HAH-
MEHBIIEr0 K HauboJblIeMy. .

Hanpumep, na6opel snauenui TPeX NepeMeHHHX PacnoNOKIM
Cefyr UM 06pasoMm:

—_——_——_—0 000 b
—_——_—O O =00 w
OO = O - o

05.3. Ynpamcnenus:

lf COCTaBHTH TabaHUbl HCTHHHOCTH ISt Zl0KasaTeqsCcTBa CBOfCTB [6],
(71, [16], [17].

2) YnoGen au Meron Tabmi HCTHHHOCTH. A/l JIOKa3aTeJbCTBA PaBEHCTB,
B KOTOpEIE BXOAHT GOJIbLIOE YHCIO MepeMeHHbIX? Onpenenuts uncio Bcepos-
MOXKHBIX HaGOPOB* 3HAYEHHH 1 TepeMeHHbIX (MMM YHCO CTPOK TAGMIBI HCTHH-
HOCTH, COOTBercTBYIOmed dopMyte ¢ n niepeMeHHBIMHU ),

3) Ceoiicra [16] u [17] pacnpocTpausiores Ha J060e YHC/AO0 TMepeMeHHBIX.
3amHcaTb COOTBETCTBYIOUIHE paBeHCTBa i1 N IMepeMeHHBIX M [0Kas3ath HX'
HHAYKUHER 10 4YHCy NepeMeHHEIX.

N L4

06. BuumaTtesbHoe paccmorpenre pasencts [2]—I17] - no3go-
JisieT OGHAPYKUTbL BeCbMa HHTEPECHYIO «IBOHCTBEHHOCTb> B KOH-
CTPYKuMu ¢opmya. Ecau B mo06om w3 5THX PABEHCTB 3aMEHHUTD.
cumBoanl V, A, O, 1 coorBercTBenHO yepes A, V, 1, 0, nonyuum.
APYroe U3 35THX PaBeHCTB. C

OxasuiBaercs, B ajre6pe BHCKAa3WBauMil MHMeer MeCTO TaKOH
IPUHIMN IBOACTBEHHOCTH (KOTOPHIH, pasyMeercs, JIOKa3HBaeTcs,
HO MBI €ro mnpumeM Ge3 noKasaTenbcTBa): us paBeHcTBa, o6e
YacTH KOTOPOTO COCTABJEHB U3 3JIEMEHTAPHBIX BbICKA3LIBAHUIT,
MX OTPULLAHUH M JIOMMYECKHX KOHCTaHT (0 u 1) mpu momouu 3Ha--
KOB JNH3DBIOHKIUA H KOHBIOHKIHME, MOMKHO TIOJIyYHTb HOBOE pa-
BEHCTBO MYTEM 3aMEHBl 3HAKA QUIBIOHKUHMH 3HAKOM KOHBIOHKIHH, |
HYJIS1 equHULEeH ¥ 06paTHO. :

OTOT MPUHUMN NO3BOJAET U3 yXe JN0Ka3aHHOTO paBeHCTBa
NOJY4UTH elle ONHO, NBOHCTBEHHOE €My, He Tpebylolee crne-
HUAJBHOTO LOKA3aTeqbCTBA. -

06.1. Ynpaxcuenue,
Ykasath cpepu pasencts [21—[17] napu B3aumozBoficTBeHMBIX.

07.. Cpoiicra [11—{17] CJIyKaT OCHOBOH AJ/15 Npeo6pasoBanus
ONHMX (OPMysN B ADYIHe, paBHHe WM, TaK e KaK B OGLIYHOMN
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ajqre6pe CBOHCTBA ONEpauuil CJAOXKEHHS U YMHOMXKEHUS CJyKAT
OCHOBOH TOXKJeCTBEHHBIX IpeoGpa30BaHuUi.

07.1. ¥npaxcrenusn: \
1) IokasaTh ¢ NOMOILULI0 @) TAaGMHI HCTHHHOCTH H 6) TOXKIeCTBEHHBIX
npeoGpa3oBanHii CielylOliHe PaBeHCTBa:
[18] AA(AVB) = A (3akoH NOTJolEeHHA);

[19] (AVB)A(AVB)= A (3aKoH cKJAeHBaHHA).

danucath ABOACTBeHHble HM pAaBEHCTBA. _

2) VYnpocruts dopmyas: AV AAB; (AVB)A(AV B), (AV B) A (AVB)
H 3anucaTh [BOfiCTBeHHble paBeHCTBA,

3) Mbl npuuAIH B KauecTBe OCHOBHBIX ONepALHfi anrebpbl BEICKa3bIBaHHH
OTPHLaHHe, OHIBIOMKLUHIO H KOHBIOHKLHIO, BaBaj KaXJIoff M3 MHX caMocTos-
TeJbHOe OINpelesieHHe, He3aBHCHMOe OT JApyrix. Heapsft M Kakyo-HHOYIb
H3 3THX ONlepauHil oNpeleJHTh Yepe3 ABe. ApyrHe H, CJAeJOBATENbHO, OTpauH-
YHTBCA [JBYMS OCHOBHBIMH ONepauHsAMH? .

08.. Mu yxe 3HaeM, KaKoe Ba)XHOe 3HAaUeHHe B NpaKTHKe pac-
CYXKJIeHUIl UMeeT HMMILTMKANUA,

08.1. 31ecy NOBTOpsAETEs Onpejlie/ieHHe HMILIMKAIMH, ee COIo-
CTaBJIEHWE C YCJOBHBIM BBICKa3bIBaHHEM B TPAaAUIMOHHOM CMBIC-
Jie, ee BHIpaXeHue yepes OCHOBHHle omepaunuu (ra. 5, § 10, 11).

~ Llenecoo6pa3no yTOUHUTbL, YTO MMIIMKAUUSA NpelCcTaBjAer
co6oH JIOTHYeCKYIO OnepalHio, T. €. 3aKOH KOMIIO3HIHH, II0 KOTO-
pOMy M3 JABYX BhiCKasbiBaHui X M Y moJyyaeM HOBOe BHICKa3bl-
Banve X— Y, rue yuuThIBaeTcs JHMIIb CB3b OCHOBAHHUS H CJIENCT-
BHA TNO 3HAaYeHWIO UCTHHHOCTH M He NPUHUMAETCS BO BHUMAHHE
UX CBfA3b 10 COJEpPIKAHHIO. .

Jlorvueckoe c/ieI0BaHMe BbICKa3biBaHus Y 43 BHICKa3bIBaHUSA
X mpencrasaser cof0i He ollepallHio, a OTHOLIEHHE, B KOTOPOM
HAXONATCA STH JBa BBICKa3nBaHUA. [l03TOMY HHMKaK He/b3s
cMelllaTh OTHOLIEHHE JIOTHYECKOTO CJIeIOBAaHUS € HMIJIMKaLHeH.

B JorHKe BbICKa3blBaHUI paccMaTpuBaercsl OTHOILEHHe CJelo-
BaHMA ONHOM (DYHKUMH-BHICKA3blBAHHS H3 JpPYrof (MM OIHOH
¢GOpMyJBl U3 IpYroil), He3aBHCHMO OT COJepIKaHUA (UTYpHUpYIO-
UMX B HUX 3JeMeHTapHBIX BHICKa3piBaHMd. Mubl rosopuw,
yTo (OpMyTa @ ABIAeTCA CJaelcTBHeM H3  dopmya [y,

n

fa, vy fa, Ha3BIBAEMBIX NOCHITKAMH, eCJH UMIUIMKamua A f; — ¢
\ i=1

HCTHHHA (TOXIecTBeHHa). ITO OlpelieieHde COOTBETCTBYeET
OGLIYHOMY TIOHMMaHHIO chaencTBusa. JleAcTBUTeNBbHO, TaK Kak
5Ta UMIVIHKALXS MCTHHHA, TO MCTHHHOCTb MOCBUIOK [, T. e. HX'
KOHBIOHKIHUsA, Onpenejser UCTHHHOCTb CJISNCTBHA ¢.

08.2. ¥npascnenusn:
1. JlokasaTh paBeHCTBa:
a) A->(A— ) =A— B;

6) ANB=A—B;

B) A—>B=AAB; ,

r) A>(B—>C)=AANB-C;
x AVB=A-B.
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2. lanm gpa BHICKA3HBAHHS: a) €CNH YHCNO JEAHTCA Ha' @ M AefmTes
Ha 3, To ono AenuTcA Ha 6; 6) UHCIO Me DeJMTCA Ha 2 MAH He AEJUTCS HA
3, Han penutca wua 6,

Ioka3aTh SKBHBAJEHTHOCTL 3THX BHICKA3HIBAHHi, OTBJEKafACh OT MX KOH-
KPETHOrO COAEpXKAaHHA, o

3. Jlanbl gBa BHICKa3bIBAHHS: a) eCIH «a AEJUTCA Ha c», TO0 ¢ab peaurcsa
Ha ¢» M ecliH «b jemutcss na ¢», TO «ab feauTcA Ha c»; 6) eciM «a HeqHTCH
Ha ¢», WaH «b fequTcs Ha c», TO «ab feNHTCA HA C». :

Ioxa3aTh 3KBHBANEHTHOCTb STHX BHICKA3HIBAWHM, OTBAEKAACh OT HX KOH-
KDETHOTO - CONepKaHH, : .

09. U3 npyrux Joruyeckux omepanuif OTMeTHM CTPOryIo
JH3DBIOHKIHIO, COOTBETCTBYIOILYIO Pa3fAeTUTENbHOMY «HJIH» H Ole-
paumio - Illeppepa (HecOBMECTHOCTb JBYX BBICKa3LIBAHHI),
HaXOAAWYI0 IIMPOKOE MNpPUMEHeHHe B TEOPHH 3JEKTPOHHBIX
BBIYHMCTHTENBHBIX MaIIHH,

Crporas AM3BIOHKIHUSA, MCXOAA M3 OGBIYHOTO CMBICTA pasne-
JIMTENBHOTO «HJIM», ONpeje/serca Kak Takas JOTMuecKas onepa-
LHs1, B pe3yJsbTaTe KOTOPOH M3 AByX BHCKa3blBaHui X u Y 06pa-
3yeTcs CJOXKHOe BhICKasbiBaH¥e XV'Y (3Hak AM3BIOHKUMH C TOY-
KOH), HCTHHHOE TOTJa M TOJBKO TOTJa, KOTAA TOJBKO OJHO H3
BBICKa3biBaHud X wam Y uCTHHHO, T. e. Korza «X MCTHHHO u Y
JIOXKHO» WY «Y UCTHHHO U X JIOKHO».

Onepauns Illedpdepa onpenensercs xax Takas onepaunys Hax
ABYMs BEICKa3bIBaHHAMU X u Y, B pe3yJbTarte KOTOpO# 06pasyer-
<51 C/I0XKHOE BhICKasbiBaHHe «X/Y», JIOXKHOe TOT/Ja ¥ TOJNBKO TOTAA,
gorza X u Y o6a HCTVHHH.

09.1. Ynpaxcrenus:

1) HMcxoma u3 ompesedenusi CTporoft NMSBIOMKLUHH, COCTABHTb COOTBET-
,CTBYIOILYIO 3TOMY OTpefeNeHHi0 TaGNHLy HCTHHHOCTH H BHIDa3HTh CTPOTYIO
JAU3BIOHKUMIO Uepe3 OCHOBHEIE OMEpaLHH,

2) Hcxons na onmpenenenns onepaumun Illeddepa, cOCTAaBHTH COOTBETCT-
BYIOYIO TaGJHLy HCTHHHOCTH ¥ J0KasaTb CJEAYIOUIHE PaBEHCTBA:

a) XJY = XV¥:
6) XY =X,
B) XY = XAV,
1 X|Y =Y/X:

e) X/Y = XpY.

3) Nokasats, uro omuy onepaunio Ileddepa MOXKHO NpHHATL 3a OCHOB-
Hylo onepauHio aireGpl BEICKA3biBaHHil, T. €. YTO BCe OCTaJbHEIE JIOTHUECKHE
ONepaunH MOXHO BHIpa3uTh uepes omepauuio Illeddepa,

10. Mbl yxe 3HaeM, 4TO Besikas OpPMyJsia anre6phl BbICKA3bI-
BaHHH BBIDAjKaeT HEKOTODPYIO (YHKLUHIO OT NepeMeHHBIX /s BHI-
CKa3blBaHMH, KOTOPYIO Mbl Ha3BaJ¥ JOTHYECKO i b yHK-
nued wiM GYyHRKUHed-BHICKA3BBaHHUE M. .

Oco6oe 3HauYeHHE MMEIOT Te JOTHYECKHE GYHKUHM, KOTOpHIE
TIPHHAMAIOT 3HaYeHHe MCTHHHOCTH | mpu MoG6bix HaGopax 3Haye-
HHUH WMCTMHHOCTH BHICKa3bIBaHMH-apryMeHTOB, T. e. obpalanoTcs
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B HCTHHHOE BBICKAa3blBaHHe MNpH JIOG0H KOHKPETHOH MOACTaHOBKe
BMeCTO NepeMeHHBIX OrpeJe/eHHbX BHCKA3bIBaHHH. o

dopMyaa, BEpaKawmas Takyio GyHKUHIO, Ha3bIBaeTCs BC e I-
JaHCTHHHOH HIH TOXILECTBEHHO-HCTHHHOH QopMy-
JoH aare6phl BHICKA3BIBAHHH H CJYXKHT BBIPaXKEHHEM 33aKOHA
JIOTHKH Ha f3bIKe 3TOH aJre6pol.

Ecau dopmyaa f(X,Y, .., Z) TOXKHecTBEHHO-HCTHHHA, MBI NH-
weM f(X, Y, .., Z) = 1. .

HanpuMep, ToxknecTBeHHO-HCTHHHAA dopMyra XV X (MBL 10-
kazaau, yto XVX = 1, ri. 5, § 08) BHpaxaeT 3aKOH. HCKIIOUYEH-
HOFO TpPeThero, a TOXKIECTBEHHO-HCTHHHAs (opMyJia (X—=Y)A
AX—Y BblpaxaeT 3aKOH, Ha KOTOpDOM OCHOB2HO TPaBHJO 3a-
KJIOUeHHU . A

11. CieayeT MOBTOPHTb YKe H3BECTHble yYamMMCS NOMYyCTH-
Mble TpaBHJa BBIBOJA, BHIAACHAS IpH 3TOM, Ha KaKHX 3aKOHaX
JIOTHKH, BHPaX<aeMblX TOXKIECTBEHHO-HCTHHHBHIMH (OpMyJIaMH
anre6pbl BHICKA3HBaHU{, OCHOBAHBl 3TH NpaBHJa BLIBOAA.

11.1. ¥npaxuenus:

1) JlokasaTh TOXIECTBEHHYI0O HCTHHHOCTB (HOPMYJIEL X—=>Y)IAY->Z)>
->(X—>Z). Kakoe NMpaBHIO BHBOJA OCHOBAHO Ha 3TOH TOXKJ1eCTBEHHO-HCTHHHOM
dopMyne anreSpbl BHCKA3bBAHHMA?

- 9) Iokasarh, 4To H3 mochilok A—>B, B—C u C—»Dcnenyer 3sakmoue-
une A-D.

PacnpocTpaHHTh 3T0 NPABHIO BHIBOJA Ha Caydall n MOCHLIOK, T. €. JoKa-
3aTh, UTO M3 NMOCHIOK X—>X1, Xo=>X3, - X,_—> Xpcienyer sakmovenne X —
—X,.. (D70 J0Ka3aTENLCTBO MOKHO OCYIIECTBHTh HMHAYKIHeR MO 4HMCTy MOCH-
JIOK.)

3) IlokaaaTh TOXIECTBEHHYIO HCTHHHOCTH HHIKECJIELyIOUHX dopmy:

a) (X> YAX—>Z)y>(X>Y7AZ);

6) (X>YAZ—>T)—>(XAZ—>YAT);

B) (X > Z)A(Y = Z) > (XVY > 2Z);

) X>YAZ—>T)> (XVZ->YVT).

INpuBecTs NpHMephl paccyXjeHufi, B KOTOPbIX MPHMEHAIOTCS OCHOBAHHEIE HA
atHX ¢opMynax [NpaBHIa BbIBOJA. :

4) Jlokasath, 4To M3 Mochllok X—>Y u X—>Y credyer sakiovenne Y.

5) HokaszaTb, YTO H3 MOCHUIOK X—>Y u X Ycaexyer sakmoyeHue X.
6) Iokasats, uro M3 nocbliok X—>YAZ, Y, Z crenyer sakJoueHne X,

7) IokasaTs, uTo H3 mochiiok X—>Y u X He clelyer 3akiouenHe Y u uro
H3 nochliok X—>Y u Y He caeayer saknoveHne X

8) Ilokasars, uro Hs mockwiok XVY, XVY u X caenyer sakmouenHe Y.

9) JokasaTh, 4TO H3 MOCBLIOK Xi—> Y1, Xa— Yo, X4 VXou YIAY, cae-
AyioT 3akmouedus Y1—>X1 H Yo>rXo.

10) CrefyeT JM M3 MOCHIIOK: eciH X¥=2, To ¥’=4 u x2£ 4 3aKJII0YeHHE
x# 2? Cuhenyer JH H3 NOCBUIOK: ecliH X=2, TO x2=4 u x=2 3aKkjoyeHHe
x254? -

12. PaBuble QopMyasl aare6pbl BHICKa3blBaHHH, XOTd H pas-
JHUUYHBIE TIO Q)opme, HMEIIT ONUHAKOBOE pacnpeneJIeHHe 3HAYeHHH
IICTUHHOCTH B Ta6JI‘I/IHe H, cJenoBaTeJbHO, onpenessioT OOHY
H Ty Xe Q)YHKU,I/I}O. OTC}OlIa caenyer, 4To Kaxxnad Jjoruueckas

10 A. A. Croasp 145



GYHKIHA MOKeT BBIPAXKAThCA B Pa3/juyHON. GOpMe C MOMOIIBIO
paBHHIX dOpMyJI.

Baxnoe 3HayeHHe B NPUJOXKEHHAX HMEIOT TaK HashiBaeMple
HOpMaJsibHble (POPMEI, B KOTOpHIE NpeACTaBHMA J106as GyHKIHUS
asnre6pHl BHICKA3LIBAHHH.

PaccMoTpHM NpOU3BOJIBHYIO DYHKUHMIO A TepeMeHHBIX

f(Xy, Xgy .oy Xp).

(Tak xak 3nech uier peub TOAbKO O (PYHKIHUAX-BHICKA3BLIBAHUAX,
MHAaye HaA3blBaEMBbIX TaKke 6y EeBH MU Cl)yHKIlHﬂMPI 6ynem ro-
BOPHTb NPOCTO «(PYHKUUH».)

YcnoBumes 0 CIEAYIOIUX OGO3HAYEHUSX:

Xt [X ecau a =0;
X, ecau a= 1.

YcnoBuUMcs TakxkKe I/ YHPOIEHUS 3anucH (HOpMyJ OHYCKAThb
3HAaK KOHBIOHKIHH, T. e. BMecto XA Y nucats XY Bciony, rae
3TO HE MOXKET NPUBECTH K HEJOPa3yMEeHHSIM B CBf3H C TIpUMEHe-
HHMEM 3TOrO XK€ 3HaKa I/ 0603HayeHUs OGBIYHOTO yMHOMKEHHs.

KoHbioHKIHIO BUIA X3t X%.. X%, COCTABJIEHHYIO U3 /1 BIEMeH-

TapHbIX BBICKA3BIBAHWH MM HUX OTPULAHMI, HA30BEM 3 J€Me H-
TApHOH KOHBOHKIHNEH n-ro paHra.

Hepasnasa toxnectsenHo 0 GyHKUMS 7 apryMeHTOB mpei-
CTaBMMa B BHAE IH3IBIOHKIMH 3JEMEHTAPHBIX KOHBIOHKIHH 7-TO
paHra, KoTopasi ¥ Ha3blBaeTcd COBEPIIEHHOH JHH3'BIOHK-
TUBHOH HOpMa/abHO# dopMOH 3T0f dyHKuuM (COKpa-
IEHHO C. 1. H. §.)

ITpexne Bcero nokaxeM, 410 yHKLUHUA f(X,, Xs ..., X,) MoO-
JKeT GHITh NPEJCTABICHA B cnenylomeM BUTE:

f(le X’!"’ n) =V X ’ 2!"" Xn f(al,aiy"'ya’n)’ (l)

(all aal hiad } an)
roe cuMBoJ \/ 0603Ha4YaeT IUIBIOHKIUIO, pacnpoCTpaHeHHY10
(21, @3, ..., ap)
HAa BCEBO3MOMHEI “HAaGOpH (%, %, ..., &,) U3 HyJEH U €TUHUI

(ux Bcero 27,

IMokaxem, 4T0 X% =1 TOrza ¥ TOJBKO TOTAa, Korpa X;=
= a,. JlefictBUTENbHO, ecl X;=a,=0, 10 X} =X, =0=1
neun X;=a;=1,10 X8 =X;=1. Eeqim xe X; =1 u ¢,=0,
10 X% =X, =1=0 e X;,=0uag;=1, 10 X =X=0.

Takum 06pa3oM, sjeMeHTapHas KOHBIOHKUMA X% X% ... Xon
He obpalllaeTcs B HYJb TOJBKO B TOM CJy4yae, KOTJA OJHOBpEMEH-
HO BBHIIOJTHAIOTCA CJIeAYIOINe n paBemctBa: X, =a, (2) npu
=12 .,n1eXi=a, X2=ay .., X,=a,. Bciu xe xora
6bl ONHO M3 STHX PaBEHCTB He UMEeT MeCTO, 3Ta KOHBIOHKLUSA
o6pamaercs B 0. :
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Jlna mokasaTenbcTBa paBeHcrBa (1) BO3pMEM NMPOUSBOJLHBIA
HAGOp (&g, % ..y a,) HyJed U eIUHHL, T. €. 3HAUeHHH apryMed-
10B. JleBas yactb paBenctsa (1) obpatutcs B f (%), @y ..., G, )
B npaBofi uacTH Te UIEHH AMIBIOHKUHH, B KOTOPHIX HE BEINOJ-
HAIOTCS Bee paBencTBa (2) (He mist BeeX i« = a;), o6paTaTcs
B 0. Ocraercs oJuH u/eH, B KOTOPOM &, =&; st BcexX i ¥ KOTO-
pulil o6paTurcs B 1, T. €. NOJAy4aeM PaBEHCTBO f@, ag v 2=
=f(au Agy aeey an)'

PaBenctBo (1) A0KasaHo.

DT0 paBeHCTBO MOXKHO 3aNHcaTh npome. Tak KakK [ (a1, @z, ..., @)
paBaa Ju6o 1, au6o 0, TO cTosAmas B NPaBOH YacTH paBeH-
crBa (1) MM3BIOHKIMS CONEPKHUT JHLIb Te YJEHH, AJA KOTOPBHIX
[ (ai, ag, ..., @,) = 1, T. . umeem: -

f(Xl, Xg, cray Xn) = \/ X?‘, X;’,...,X:n

f(ag, cgr voe an) =1

. @)

3[ech IUMIBIOHKIUA COCTOUT U3 3IE€MEHTAPHHIX KOHBIOHKLHUA,
COOTBETCTBYIOIMX TOMBHKO TeM HaGopaM 3HAUYEHMH apryMeHTOB,
JJIS1 KOTOPBIX

. flag, a, .. a,) = 1.

Mul moayunay ¢. A, H. &. [3] oyuruuu [ (X1, Xa, .., X,).

Ecnu ¢yukuus 3afaHa Tabauues, Jerko aanucarto ee C. 1. H. i 8
HOns sroro or6upawr Bce HaGOPH 3HAUEHHH apryMeHTOB, Ha KO-
TOPHIX (YHKUHA PaBHA 1, COCTABJAIOT COOTBETCTBYIONIME ITHM
Ha6opaM 37€MEHTapHble KOHBIOHKIHUHA ¥ COEJHHSIOT UX JH3BIOHK-
TUBHO.

[TpuBeseM B KauecTBe MpUMepa cocTapjenue C. A. H. . GYHK-
u¥H, 3aJaHHol cieayomed Tabauned:

X - Xz X5 X Xa, Xy)
0 0 0 0
0 0 1 0
0 1 0 0
0 1 1 1
1 0 0 0
1 0 1 - 1
1 1 0 1
1 1 1 1

o Otr6upaem Bce HAGOPHl (@1, @2, @3) 3HAUEHHH NEpEMEHHBIX,
Ha KoTopeix dymkumsa pasua 1: (0,1,1), (1,0,1), (1,1,0) m (1,1,1);
COCTABJIsIEM COOTBETCTBYIOIME MM 3JeMeHTapHble KOHBIOHKIHH
3-no panra Buxa X@ X2 X3 ¥ cOeNMHSAEM HX IUIBIOHKTHBHO:

f(Xl, Xz, X3)= Xl Xz Xs\/ Xl Xz X3\/X1X2}_(3\/X-1 Xz Xs-
10* 14?’



* (OueBunno, B c. 1. H. . He/Ib3s1 NPEACTABUTDL (BYHKIMIO, TOXK-
JdecrBeHHO paBHyw 0, 6o He HaAULIM 6B HH OLHOrO Ha6opa 3Ha-
YeHHH mepeMeHHBIX, Ha KOTOPOM (GYHKIMSA paBHa 1.) ‘

Ecau ¢QyHKUHMA TOXIEeCTBEHHO paBHAa 1, To ee mpejacTaBieHHe
B BHIE C. I. H. (. C n-mepeMeHHEIMH COIEPKHUT BCe 27 UJeHOB.
Hanpumep, B Buze c. 1. 1. ¢, GyHKUAM ABYX nepeMeHHHIX 1 npen-
CTaBasiercst caenyiowum o6pasom: f (X, Y) =XY V XYV XYVXY.
(Herpynno yGemuThcss B ToM, 4To 3Ta (YHKIHS TOMXIECTBEHHO
pasHa 1.)

Eciu nepesects 1oka3aTe/bCTBO NPeICTaBUMOCTH  (hyHKIHH
B C. 1. H. ¢. [0 MPHHUMNY JBORCTBEHHOCTH, MOJYYHM JOKa3aTeb-
CTBO NpPeJCTaBUMOCTH QYHKUMM B COBEPIH e HHYIO KO HBIOHK-
THBHYIO HOPManapHYylo popMy (c K. ©H. ¢.), mBOACTBEH-
HYIO C. O. H. §.:

F, Xy ooy Xp) = A(Xs X/ LV Xon ),

f oy, 22, vuny an) =0,

e 7 — { 1, ecn a, =0,
A€ 4= 10, ecin a,= 1.

ns Gysxuuy, s3agaHHOB BHUIE Tabauuel, Jerko HaHTH
c. K. H. ¢. Jlocrarouno BHGpaTh Bee HaGOpHl (a, Qs @3) 3Haue-
HMA apryMeHTOB, Ha KOTOPHIX Gbynkuysa pasHa 0, cocraBuTh
COOTBETCTBYIOLLME UM NH3BIOHKUMH BHga X5tV X4V X% u coenu-
HHUTb UX KOHBIOHKTHBHO. [losyuum:

FX, Xa, Xs) = (X2 V Xa V Xa) (X1 V Xa V Xo) (X1 Ky \/
\/VXs) (—Xl V XV Xs).

12.1. ¥npaxnenus.

1) Tlpusectu ROKa3aTeJbCTBO NPEACTABHMOCTH M0GOH JOTHYECKOR ¢dyHK-
IIHH, HEPaBHON TOXIECTBEHHO 1, B C. K. H. .

2) 3ajarb ¢ MOMOIUBIO TaGJHUl HCTHHHOCTH BCEBO3MOMKHEIE GYHKUHH OBYX
nepeMeHHbIX (MX Bcero 16, BKoyast W Te, KOTOphle CYIECTBEHHO HE 3aBHCAT
OT ABYX NepeMeHHBIX). 3amucarh A THX (YHKuMA C. 4. H. ¢. ¥ C. K. H. .

3) 3anucars QyHKuHIO, 3aaHHYIO HHXeCIefylomeil Tabauuedl, B c. 1. H. .
H c. K. H. ¢. [lyrem npeoGpasopanufi Monyuyurs M3 C. K. H. ¢. 3Tofi ¢dyHKyUU
ee ¢, A, H ¢.

X1

3
&3

?(Xli Xﬁ- Xs)

————— OO OO
—_——D Ot OO
_,O O = -
OO OO0
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13. 3anuch GyHKUUH B BuIE C. 1. H. &. (uam c. K. H. .) He
qBJSeTCS CaMOM «3KOHOMHYHOM». JIeHCTBHTENbHO, BO3bMEM
c. . H. ¢. NpUBELEHHOH BbIlUE DYHKIUH SR

F(Xyy X, Xo) = X1 Xa X5V XaXaXs V X1 X X3V X1 X2 Xs. (@)

Ee MOXKHO YIpPOCTHTb Pa3/JHYHBIMH CIOCOGaMH. Crpynnupo-
BaB MOCJEIHHH UJeH C TePBbIM, HJIH CO BTOPBIM, HJIH C TPETHHM
u npuMenus csoicrBa 05(6, 14, 11), noayuum eme TpH HOpMBE
nangoll QyHKUHH:

f(Xl,Xs, Xs) =X2X3\/X1/_\72X3\/X1X2)?3; (b)
FXaXoXs) = X XaXa V XaXs V XaXaXsi (c)
f(Xh Xz, X3)=X-1X2X3VX1)?2X3\/X1X2- (d)

Sti  ¢GopMbl  (HIH3BIOHKUHH 3JEMEHTAPHBIX KOH'BIOHKIHH )
HA3BIBAIOTCH NH3BIOHKTHBHBIMH HOpMaJbHHIMHA (pOpMaMH (x. 1. §.)
nanHoi ¢yukuuH. Kak BHIHO, BooGiuie ONHA H Ta Xe (QYHKIHS
MOIKeT GHITh NPEICTABNEHAa B PA3NHYHBIX X. H. . CoseplueHHast
IH3BIOHKTHBHAS HOpMaibHaf (opMa OT/IHYAETCS CPeiH BCEX
L. H. ¢. TeM, YTO BCE €€ YIeHHl — 3JIEMEHTapHBIC KOHBIOHKIIHH
OHOTO M TOTO e paHra, PaBHOTO YHCJAY apryMCHTOB naHHOR
(pYHKLHH. .

B npuioXeHHAX anre6pbl BHICKAa3blBaHHH K CHHTE3Y KOHTaKT-
HHIX H SJEKTPOHHBIX CXe€M BaXKHOE SKOHOMHYECKOE 3HAUCHHE
dMeeT OTHICKAHHE MHHHMaabHOH GOpMB (YHKUMH, T. €
takoll, Hanpumep, A. H. ¢., KOTOpas couepKaja 65l HaHMEHbIIEE
ypcJo GYKB W 3HAKOB Onepauui (BOOG1LlE CHMBOJIOB ajgaBuTa)
0 CPABHEHHIO C IPYTHMH L. H. ¢. 370 YHKUHH.

B npuBeieHHOM BHIUE NpHMEPE H3 BBIMHCAHHEIX YyeTHpex
A H. ¢. naunoil ¢ymnkumu (a), (b), (c). (d) xaxnasa u3 Tpex
NOCJAEMHHX COLEPIKUT MEHblIee YHCTO OYKB, 4eM C. Xl H. o. (a),
NpHYeM ONMHAKOBOE, HO OTCIONA HE CJAEAYeT, YTO Kamnas u3 dopm
(b), (c), (d) spasencs MHHMMAJbHOH /s JaHHOH (YHKIHH.
MoxeT CylleCTBOBaTb N/ [aHHOH ¢ynkund A. H. §., OTIHYHAL
OT BHIMHCAHHHIX BHIIE H coOpepxKallas elle MeHbIIee YHCI0 GyKB.

OKa3blBaeTcsl, YTO I/l JaHHOH (QYHKIMH CyIIECTBYET L. H. b.
¢ yHcJaoM GYKB MeHbIUHM, YEM B qo6oit npyroft A. H. ¢. aTOR
G yHKIIMH. : )

[IpucoenuuuM: K c. 1. H. . (a) IH3DBIOHKTHBHO elle IBe
koubioHKIHH X1X2X3 (Ha OCHOBaHHH CBOHCTBA HIEMMOTEHTHOCTH
05{8]) u BOCMOJB3YEMCs CBOHCTBAMH koMmMytaTuBHOCTH 05[2]
u guerpu6yrusrocty 05 [6]. [Tonyunm:

f(xl: Xz, X3) = szs()_(—l vV Xl) vV XIXS()—(Z vV Xz) vV

V X1 Xo(Xs V Xa)s
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Henonbays ceoitctea 05{14]. u [11], nonyunm wmuHEManNbHYIO
A. 4. @. ranHOA QyHKUMH - .

f(Xu Xy Xo) = X0 Xa V XiXs V/ XiXo.

B marteMaTuyeckoli JIOTHKe Pa3paGOTAHH PAsNHUHBeE METOLHI
MAUHHMHU3AUUY (OTBICKAHHS MHHHMAJBHBIX dopM) byuxumi
anreGpbl BHICKA3bLIBAHMA (METOXbl MHHMMH3HDYIOLUX KapT, He-
onpeneJeHHbIX Koa¢punuentos, Buaska-ITopenkoro, = Henpcoua
H 1p.) , _

Paccmorpum opun w3 HHX — Meton - Baiska-Tlopeuxoro, npu-
MEHHMBIH K (QYHKUHMH, 321aHHOH B JI060# 1. H. ¢. [Ipexne Bcero
Heo6X0IMMO JI0KA3aTh CJAEAYIONee MPe oK HUE: eCld B I, H. o.,
KOTOPYIO Mbl 0GO3HAuUMM yepes D, BXOLAT KOHDBIOHKIHH BHia AX
¥ BX, 10 3Ty a. H. . MOXHO 3anHcaTh clenylomuM o6pasom:
D = DVAB. '

CrnpaBefMBOCTD 3TONO PABEHCTBA YCTAHABJAMBAETCS OYEHb
npocro: ecsiu D = 1, To u DVAB = |, He3aBHCHMO OT 3HAYEHMS
AB, ecan xe' D = 0, 10 TaK Kak D — JOHU3BIOHKIIHSA, TO B HYJIb JOJIK-
Hbl 06pamarbcs Bee ee wieHH, B TOM uncie AX u BX, a 310 BO3-
MOXHO TOJIbKO_TOT[1a, KOTHa Ju60 A, 1n6o B o6pamaerca B HyJb,
TaK Kak X ¥ X onHoBpeMeHHO He MOTyT GuTh paBHm 0. Toraa
KOHBIOHKUMA AB =0u DVAB =0, ,

Meron Biizka-Tlopenkoro coctoMT 8 ciepyoueM:

1) BoinuceBaloT Bce riaps KOHBIOHKuME suga AX u BX
H TIPHCOQNMHAIOT K JaHHOH A. H. ¢. NH3BIOHKTHBHO KOHBIOHKIMH
BuIa AB, cooTBeTCTBYIOMME BceM 3THM napaM. P

2) TlpuBonAT «MOKOGHBIE» UJIEHH HA OCHOBAHHH 33KOHA HIEM-
noredTHocTH 05 (8]. .

3) INpuMeHsIOT Be3xe, rjie 3TO BO3MOXKHO, 3aKOH fIOT IO eH usl
05[18] u 3akoH ckneusBanusa 05[19].

B npuBeneHHOM Bbille MpEMepe P HAXOXKIEHHH MHHHMAJb-
HOH JI. H. (). Mbl BBHIONHUJIM PHMEPHO TAKyIo e MpOUenypYy.

Ecu TOYHO npumepXuBaThCs MeTOna Baska-Tlopeukoro, mbi
JOJIXKHBl CHeNyIOUHUM 00Pa3oM BHITOJHATE 3TO NpeoGpasoBaHue:

1) BeImMCHIBaTL Bce napnl KOHBIOHKUHE Buga AX u BX B 3a-
JNaHHOH c. A. H. ¢. (a):

()?1X2Xs, XleXs); (XIX-ZX& X1X2X3); (X1Xs~’\73, XleXs);

2) mpucOeNMHMT, K JAaHHOM C. 1. H. ¢. IUIDIOHKTHBHO
KOHBIOHKIIHH

X2 X, X1Xs. X1Xzi f(Xh Xz, Xs) = XleXs V Xl-’_\,sz \V4

V X1Xo X3V XX X3 V Xa X5\ X1 X5 V X1 X,
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3) npUMeHUTh 32KOH NOT/IOWIeHHS:
f(Xy, X3y X3) = X X3V X1Xs V X1 X | N
13.1. Ynpaxcnenue. Haiiti MHHHMaJbHYIO A. H. &. OYHKIHH
fXa Xa, X) = XXV ETXV XK KV E XV XK

13.2. 'Mbl nocTpousid Hayana anreGphl BbICKa3bIBAHUH B BHIE
KOHKPeTHO!l TeopuH, B KOTOPOH COAEpPKATe]bHO HCTOJIKOBAHHI
Kax o0beKTh (MCTHHHBIE H JIOXKHBIE BBICKAa3hIBaHM), TaK U Olle-
paluy, BHIONHSIEMble Hal 3THMH 06'BEKTaMH.,

TTokaskeM, KaK MOXKeT GblTb MOCTpOeHa abCTpakTHast HyneBas
aare6pa, ofHON M3 MOJesedl KOTOPOH SABJAETCS OMUCaHHas BBHlIE
anre6pa BHCKA3bIBAHWH, H.YTO APYTHMH MOASJIAMHU a10#l Ke ab-
crpakTHOfl anreGpbi SABASIOTCA anre6pa MHoXKects # asareGpa
KOHTAKTHBEIX CXeM. - ' ' ‘

Bompockl, Kacaioluecss yTOUHeHUs NOHATHS MOIEH H aKCHO-
MaTHUECKOro MOCTPOEHUs * TeOpHH, GyAyT paccMaTpuBarthes BO
BTOPOH YacCTH KHHUTH. ) R

14. OTBieueMcsi- OT KOHKPETHOH NPHPOAB OGBHEKTOB H KOH-
KPETHOTO CMHIC/1a Omepalyi anre6pbl BHICKA3bIBAHUM.

Tlon A, B, C, .+, X, Y, .. 6yneM TOHHMATb CeHuac IpoCTo
nepeMenHbie 51 3eMEHTOB HEKOTOPOTO MHOXKECTBA, KOHKpeTHas
MpUpoJa KOTOPHIX He ompeyiesieHa. -

IIpeanonaraeM OMpe/eNeHHBIM B 3TOM MHOXKECTBE OTHOLIEeHHE
paBeHCTBa, 0603HauaeMoe 3HAKOM «=> U obnajfaioliee CBOH-
cTBaMu: peduexcuBHocTH (X = X s BCAXOrO X), cuMMeTpHy-
Hoctd (ecmu X =Y, To ¥ =X) # TPaH3UTUBHOCTH (ecru X =Y
HY=Z2Z r10X=2). '

B 5TOM MHOMKECTBE ONpeNeseHbl [Be ONepallid: OLHY W3 HHUX
0603HauAM CHMBOJIOM «@ » ¥ Ha30BEM CJIOXEHHEM, IpPYyrylo —
cuMBosioM «(9)» ¥ Ha30BeM YMHOXKEHHEM.

DTu omepauuH YAOBJETBOPSIOT YCIOBHAM, BhHIPAKEHHBIM
B HIXKeCJeLYIOUMX aKCHOMaX: ,

[. CyuiectByer 3J1€MeHT, o6o3nauaeMmbii cuMmBogoM «0»,
takoii, uro X0 = X ansa Bcsikoro X. (9nement 0 — HelTpasbHBIH
57EMEHT MHOKECTBA OTHOCHTEJBHO CJIIOXKEHHS.) :

II. CyuiecTByer 3JIEMEHT, 0003HauyaeMblii CUMBOJIOM «1»,
rakoii, uto X®O1 = X nas Bcsxoro X. -
(dneMeHT 1— HeHTpaNbHBIH 3/eMEHT MHOXECTB2 OTHOCHTEJIbHO
YMHOMXEHHS.) :

I XDY = YDX (KOMMyTaTHBHOCTD CJIOXKEHUS ) ;

IV.XQY =YX (koMMyTaTHBHOCTb YMHOKeHHUS) ;

V. XOQ(YQZ)=(XOY)D(XOZ) (muctpubyTHBHOCTb yMHO-
JEHUS] OTHOCHTEJBHO CJIOKEHHH).
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VL XS(YOZ) = (XBY) O (XD2Z) (mucTpuGyTHBHOCTD
CJ0XKEHHSt OTHOCHTEJBHO YMHOMeHHUS).

Ins Beskoro X cymecmsyer X, Taxo#t, 4To

VII. X 697(_: I;

VIIL. XOX = 0.

AneMent X HasbBaercs HHBepcHed sneMeHTa X ¥ NMOJHOCTBIO
Xapakrepusyercst akcioMamd VII u VIII,

3aMeTuM, uTO Ka}0f# aKCHOMe U3 [ — VIII, 8 xoropoit ¢u-
TypUpyOT cumBonb «@, (O, 0, 1» MOMXHO COMOCTaBUTL <«IBOI-
CTBEHHYIO» aKCHOMY H3 TeXx e akcuoM I — VIII, moayuaemyio
U3 NEepBO{i 3aMeHOH YKAa3aHHBIX CHMBOJIOB COOTBETCTBEHHO CHM-
BonaMu «{7), & 1, 0». Kax oMy noKasaTenncTBy Gyner cooTBeT-
CTBOBATh JBOMCTBEHHOE /JOKA3aTeJLCTBO B TOM K€ CMBICIIe.

ITpuBenem mpuMep ABYX B3auMOIBONCTBEHHBIX [OKA3ATE/bCTB:

) XOX)OXBX)=XBXQOX; (VI)
XPX)O1=X+0, (VIL, VII)
XOX=X; (L, 1)

2 XOXBXOX=XOXDX); (%]
XOXp0=XQO1; (VIII, VII)
XOX=X. (I, I

Mbr 1oKasami 1Ba HOBbIX CBOHCTBA ONEPALHH  CJOMKEHHS
H yMHOXeHUS: XX =X u X (OX = X (3axoHBl HIeMIOTEHTHO-
cri). Ilokaxxem, uTo anre6pa BLICKa3HBaHU SABASETCH ONHON W3
MoJiesnieli aGcTpaktHolt GyneBoit anre6pel. ITpewpe Bcero ipH
nepexofie OT aGCTPAKTHOH anreGpel K ee MOJENH HEOGXOMMMO
COOTBETCTBYIOIMM O6Pa3oM HCTONKOBATh OOGBLEKTH H ONepauuu
a6CTpakTHOH anre6pel, T. €. COCTABHTH CBO€OOPa3HbIN CJ0BAPh
AJisl TIepeBOia TEPMHUHOB C SI3biKa aGCTPaKkTHOH anreGphl Ha A3BIK
€e MoJesd. . '

Asbik , H3bik
a6cTpakTHo#t GyneBod anare6Gpul BbicKa3bIBaHH#
anreGpol
Mepemennwe A, B, C, ... ITepemenHble 1as a/ieMeH-
TaPHBIX BHICKA3BIBAHUH A,
» 3 o

PaBeHCTBO BeIpasceHuit OKBHBANEHTHOCTh BBICKA-
‘ 3bIBaHKH :

CroxceHue Ju3pronkuusa

Y MHOMeHHe = ‘Konbronkuus

) , JloxHoe BhICKa3bIBaHHE

1 . HcTunHOe BbICKasbiBanue

Husepcus Otpuuanue
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Ilpy TakOM HCTONKOBAHHH OCHOBHBIX noHATHH (0OBEKTOB
W omepauuit) a6crpakTHOH GyneBoi anre6pbl Bce €€ aKCHOMH
yrosnetBopsiiorcss B _anreGpe BLICKA3BIBAHUM, MBl UX HAXOAUM
cpemu csoicrs 05 ((11—{17]) omepatuit anreGpsl BLICKA3bIBaHUH
(110}, W—(11], W— 21, tv—1I[3], v—I6} VI =1[7],
VIl —[14], VI — [15]).

OcTajbHEIE CBOHCTBA JOTMUECKHX OMNepaluil CJAelyloT M3
axcom 1 — VIII. Cgoiicrsa (8] u [9] MIEeMIOTEHTHOCTH Mbl YK€
J0Ka3aJlu. :

s axcuom 1—VIII nerko snBoAsitess TaOJHUbl TH3BIOHKUHY,
KOHBIOHKIMM 1 OTPULIAHMSA, @ C TIOMOIILI0 Tal/ull AOKAa3HIBAIOTCA
Bce ocTajbHble CBOHCTBA (Kak 3To AeNaeTcs, Mbl yie 3HaeM).

B KauecTBe mpHUMepa BLIBEJEM H3 aKCHOM Tabnuuy AU3BIOHK-
1.

Uz 1 caenyer IVvo=1,

ovo = 0.

Us 111—1V0 = 0V1, caenosateasto, 0V1 = 1.

U3 yXe J[0KAa3aHHOrO BBIUIE 32KOHAa WAEMMOTEHTHOCTH —
(XVX=X)—1Vl = 1. '

Tak KaK mepeMeHHBIe sl BHICKA3HBAHUH MPHUHUMAIOT TOJILKO
nBa 3Hauenust (0 u 1), MBI MOJIYUHJIH MOJHYIO TaGMHlIy IH3BIOHK-
L[HH:

X Y XVY
0 0 0
0 1 1
1 0 1
1 1 1

14.1. ¥npascrenue. COCTaBHTD TaOJHIB KOHDBIOHKLHH H OTpHLAHHS, HCXOAR
u3 akcuoM I[—VIIL .

15. OnpenenuM oObeKTHl W omepauuH anre6pel  MHOXECTB
W MOKaxeM, 4To 3Ta anreGpa TaKKe SBJACTCA Moaenbio ab-
cTpakTHOH Gyneso#t anreGpsl.

Kaxas HayuHasi TEODHsl H3yuaeT HEKOTODOE MHONKECTBO
06beKTOB H pasjuuHbe ero TOJAMHOXEeCTBa. MBHoXKecTBO BCEX
06beKTOB, W3yUaeMbIX JaHHOH TeopHel, Ha3pIBACTCH yHHBEDP-
CaJbHB M MHOXECTBOM, COOTBETCTBYIOIHM sroft Teopuu. Tax,
HampHMep, MHOXXECTBO BCeX UMCeJ SBJAETOH yHHUBepCaJbHBIM
MHOXECTBOM, 'COOTBETCTBYIOLIMM apHdMeTHKe. VHuBepcabHOE
MHOKECTBO, COOTBETCTBYIOLIEE HEKOTOPOH' (GeapasMuHO KaKoH)
TeopHH, 0603HaunM cuMBoJoM 1. Byksamu A, B, C, ... o603HaUuM
MHOKECTBA OGDBEKTOB TOH e TEOPHH, SBJAIOLINECs MOJMHONKC-
CTBAMM YHUBEPCAJbHOIO MHOXECTBA. TMpuxomuTCs Tak#ke BBOAUTD
B PacOMOTpeHHEe MAOKECTBO, He Cojlepiallee HH ORHOIO 3JIeMeH-
Ta (TycToe MHOMECTBO), KOTOpOe oGo3naunM cumsogoM 0 (paHb-
e 06o3Haua Iy CHMBOJIOM ).

[lpousBo/ibHble OGBEKTH TEOPHH o0603HauuM MansiMu OykBa-
MH a,b,¢, ..., X,.. BoCKa3biBaHHe «OOBEKT X MPUHAMIENKUT MHO-
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kecTBY A» MM, YTO TO XKe, «OOBEKT X — JIeMeHT MHOXKecTBa A»
0603HauuM, KaK W ‘paHblie, cuMmBosoM «x € A» DBymem mucare
«A = B», ecqu BCAKHHE 3JeMeHT MHOXecTBa A €CThb 3JEeMEeHT
MHOXecTBa B u BcAKMH aneMeHT MHOXectBa B ecTh 3jeMeHT
MHokecTBa A. Onpesendm Haj MHOXKeCTBaMH ClelyloliKe omepa-
IIMH, MOPOXKJAIOllHe HOBBIE MHOXKECTBa (3TH OMEpauuH HaM yXke
3HAKOMHI, 3aMUUIEM 3/1€Ch JHIIb HX TOYHBIE OMpENeseHus).

a) O6benunerinem AUB mHoxects: A ¥ B HasbiBaeTcs
MHOXKeCTBO, ‘COflepKalllee BCE T€ U TOJBLKO Te OOBEKTHl, KOTOPHE
NpHHALJeXAT X0oTs 66 ORHOMY U3 MHOXKecTB A unu B, 1. e, MHO-
KECTBO MCTHHHOCTH AU3BLIOHKIHH (xeéd) V (xeB).

- AUB“’M[xeA)V(xeB)]
(3HaK «» 06o3HayaeT «paBHO MO onpeneneumo» «df» ot na-

‘THHCKOrO definitio — onpepenenue.)

6) Ilepeceuenuem Al B MHoKectB A ¥ B HaswBaercs
MHOXKeCTBO, ‘COfepKalllee BCe Te H TOJbKO Te OGBbEKTH, KOTOpHIE
NpHHAANIEXAT U MHOXKecTBYy A u MHOXKectBy B, 1. e. MHO)KECTIBO
HCTHHHOCTH KOHDBIOHKIUH (XeA)A (x€B)

AnB# M[(xeA) A (xeB).

8) Jomonnenuem A MHO)ecTBa A HasbBaeTcs MHOXKe-
€TBO BCeX TeX U TOJIBKO TeX 00beKTOB (M3 YHHUBEpPCAJbHOTO MHO-
KeCTBa), IKOTOpHIE He TIPHHA/IeXKAT MHOXKECTBY A, 1. e.

. Ad M [xeA]

Ilps cooTBeTCTBYIOIEM UCTOJIKOBAHHH OCHOBHBIX OGHEKTOB
¥ onepaiyi 6y/neBoil anreGphl C MOMOIULI0 OGHLEKTOB U ONEpalUil
aJareGpbl MHOXKECTB B IOCJEHEN BHITONHAIOTCS BCE aKCHOMBI [—
VIII, a cnepoBatensHO, ¥ Bce TeopeMul GyJesoit m‘eépbl
IDTo W o3HayaeT, YTo aareGpa MHOMKECTB — OfHA M3 MOZENeil
abcrpakTHO# GyseBoii asreGphL. ,

CocraBuM c/n0Bapb [Jsi TEpeBOJa TEPMHHOB C s3bKa a-
CTpaKkTHOH OyJsieBoli anre6pnl Ha S3bIK aJre6pE MHOXKECTB.

A3bik : S3bix
aGcTpaxTHoOll GyJseBoii anre6pbl MHOXKECTH
aareGpoi
ITepemennnie A, B, C, ... ITepemennnie A,BC, ..

A TOAMHOXECTB OJHOTO
YHHBEPCAJMBHOIO MHOKECTBA

PaBeHCTBO BbipakeHuit PaBeHCTBO MHOKECTB
CrnoxeHne O6benuHeHre  MHOXECTB
YmuoxeHue ITepeceuenne MHOMXECTB
ITycroe MHOXeCTBO
1 YHuBepcanbHoe MHOXe-
- : . CTBO :
HuBepcus * JlonoJsiHeHHe MHOXeCTBA
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15.1. ¥npascrenue. 3anucath B CHMBOJAX anre6pH  MHOXECTB aKCHOMH
1— VIII. HoxasaTh BHNOJHHMOCTb aKCHOM, MCXOAS W3 COep¥KaTeNbHOro
HCTOJIKOBaHHs omepauuil anreGpel MHOXKECTB.

15.2. Jlerko 3aMeTUTb, YTO JaHHble HAMH ONpeJe/eHus oriepa-,
uit *anre6pel MHOMECTB YCTaHaBJIHBAIOT MEXIY 3THMH Ollepa-
LUSIMH ¥ ONEpauysiMH  anreGphl BHICKa3bIBAHU# COOTBETCTBHE,
nepeHocsiiiee BCe CBOMCTBA 05[1—17] onepamuit anreGphl BHICKA-
3LIBAHH{ HA OMepauyy anre0phl MHOXKECTB.

TlokaskeM 3To AJs cBoHcTBA [17:

AUB=M[(xeA)\/(xeB] =MixeA) N (xeB)] =A_DB_'.

15.2.1. Ynpascrenus:

1) BbiBecTH CBOHCTBA onepauuii ajre6pbl MHOXECTB, HCXOAR H3 HX onpe-
nenenuit [15] u ceoficte 05 [t—17] onepauuit aareGpsl BbICKA3LIBaHH.

2) Hcxons us ABYX cioBapeil MepeBOAa TEPMHHOE C S3kiKa a6GcTpaKTHOR
Gynesoft anre6pel Ha SA3HKH anre6pn BBHICKa3LiBaHHA H aareGpbl MHOXECTB,
COCTABHTH CJIOBaph AJIsi NMepeBOAa TEPMHHOB ¢ S3hIKA asre6phl BHICKA3LIBaHHI
Ha S3HIK aJre6pbl MHOXECTB. ‘

15.3. CeoficTa omnepauuil aare6pbl MHOXKECTB [0Ka3hBalTCH
H ¢ TI0MOIIIbIO BECHMA Ha‘I‘JIF!LLHOﬁ I‘EOMET‘pH’HeC!K()ﬁ H-HTepineTaU,PIPI.
anBEIL_eM TakKoe JoOKa3aTelsb- .
ctBo mas csoiicrsa (16]. 7/ 744 72252,

H3o6pa3uM  yHHBepcajbHOE
MHOXeCTBO C IMOMOILbIO MHOXKeE- (

cTBA TOYEK HEKOTOoporo MpsAMO- /
ANB

yrombHMKa, a €ro IMOJAMHOXKe-
cTBa — C IIOMOILbI0O MHOXKECTB 2z
TOYeK KPYroB, PpaCrHOJOKEHHbIX a

BHYTPH 3TOTO INPSIMOYTOJIbHHKA. H A
OnpepenyM Kaxjaoe H3 MHO- -
wecrs ANB u A U B. Kak Bua-
HO, 3alITPUXOBAHHEIE MHOXKECTBa
Touex Ha pHc. 1la (ANB) u 116 ™
(A U B) cOCTOAT U3 OJHHMX U TEX
e TOUeK NPSMOYroJbHUKa. JTH
MHOXKE€CTBA PaBHHL Puc. Il

15.3.1. ¥npaoswenenue. Jlokasath ¢ NOMOLUIBIO reoMeTpHUeCKOH MHTEPTpETALKH
cBofictBa [6] u [7]— AmcTpHOYTHBHBIE cBoficTBa. . MepeceyeHns  OTHOCHTEJBHO
o6 benHEHHS H OGbENHHEHHS OTHOCHTEJBHO nepeceueHus.

16. CTpykTypa KOHTAKTHBIX CXEM, COCTOSIIIMX H3 3aMbIKalo-
[AX ¥ Pa3MBIKAIOIMX KOHTAKTOB, coeMHEHHBIX TOC/€e10BaTe]bHO
H NapanjelbHo, OMUCHIBAETCA anreOpol, TakKxke aBJsouEeics
MOLENbIo (GyeBoil anre6pel. (KoHTakt pene Ha3blBa€TCA 3aMbl-
KalOUAM (Pa3MBIKAIOIMM), eclId IpH B036yKAeHUH OOMOTKH
pene OH 3aMbIKaeT (pasmbiKaer) uems.')..

! [IpegnosnaraeTcs, 4TO YHAIIHECH 3HAIOT O pene u3 Kypca (HIMKH.
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Bmecro s3brka abGerpakTHo#l GyJesoil asireGpel 6ymeM mOJb-
30BaThCsl A3bIKOM aireGphl BHICKA3bIBaHHH. DTO YAO0GHO fOTOMY,
YTo ajre6pa KOHTAKTHBIX CXeM, K&K W aare6pa BBHCKA3LIBAHUI,
aBJsiercd MOAesbio OyneBoll anrelpn, B KOTOPOH [epeMeHHble
MPUHUMAIOT TOJBKO ABa 3HaueHus. CocTaBuM CJ0Bapb JJs mepe-
BOJA TEPMUHOB C 513bIKa a/reGpHl BHICKA3LIBAMHMEA HENOCpPeICTBEH-

HO ‘Ha A3bIK aJII‘e16pr KOHTAKTHBIX CXEM.

Slsbik aareGpbi BbicKasbiBaHHii

1. A, B, C, ...— snemeHTapHLEI € BLI-
CKa3blBaHH$, KaxI0e H3 KOTO-
PBIX MOXET GBITh HCTHHHGLIM HJIH
JIOXHBIM. McTHHHOMY BHICKa3hi-
BaHHIO TNPHUNHUCHIBaeTCs  3Haye-
uue 1, JoxHOMY — 3HaueHue 0.
2. usbvionkuus AV B ucruHHa
TOrZa K TOJABKO TOTIa, KOTIa
X0Ts GBI OZHO H3 BBHICKAa3bIBaHHf
A wuan B wuctuHHO.

JA
g

Puc 12

3. Kownioukuus AAB HcTuHHa
TOrZla H TOJBLKO TOTZa, Korza oba
BbiCKasuiBaHug A u B HCTHHHBL

4. OTtpuuanue BhicKa3biBaHus A
HCTHHHO, KOrJa A JIOXKHO H JIOXK-~
HO, Koraa A HCTHHHO.

v——_d
.——-—-.-—o/ A
: A
O )
Puc l4.
5. CnoxHble BBICKA3bIBaHHSA
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(¢$yHKUMK-BbICKA3LHIBAHHS) S5KBH-
BaJIeHTHE, e€CJH TNpH  J0OHX
ONHHAKOBRIX HabOpax 3HaueHHH
BXOOAUMX B HHX NEPEeMEeHHBIX
OHH NPHHHUMAIOT PaBHLIE 3HauEeHHs,
T. €. OJHOBPEMEHHO HCTHHHH HJH
JIOXKHHL.

Slablk ajare6pbi KOHTAKTHBIX CXeM

1. A, B, C,..—KOHTaKTH, KaX-
OBl H3 KOTOPHIX MOXeT GHTb 3a-
MKHYTBIM HJIH Pa3OMKHYThIM. 3a-

MKHYTOMY KOHT3KTY NpHIHCHI-
BaeTcs 3HayeHue 1, Da3OMKHYy-
TOMY — 3HaueHne 0.

2. TlapaanenpHoe coednHeHHE

KOHTakToOB A u B 3aMkHyTO
TOrZa ¥ TOJMBKO TOTAa, KOrjia
XOTst OBl OIMH M3 KOHTakKTOB A
uiau B 3amguyT (puc. 12).

A 8

Puc 13

3. TlocaenoBaTenbHOE — COeIHHe-
Hue KOHTakKTOB A m B 3aMKHYTO
TOTZa ¥ TOJBKO TOrJa, KOria
06a KOHTaKTa 3aMKHYTBHl -(puc.
13). o
4, PasMbikawuiuil koutakt A pe-
Jie 3aMKHYT, KOTla 3aMbIKalouHki
KOHTakT A 3TOro pefe pasoMk-
HYT, W Da30OMKHYT, KOrJa KOH-
takT A 3aMkHyT. KoHTakT A Ha-
3niBaeTcs MHBepcHell KOHTakTa A
(puc. 14).

5. KoHTakTHHE cXeMbl 3KBHBa-
JIEHTHBI, €C/TH TMPH JIOOBIX OfHHa-
KOBbIX Ha6opax 3HaueHuii (co-
CTOsIHUI) BXOMASIIAX B HHX KOH-
TaKTOB OHH NPHHHMAIOT DaBHbIE
3HayeHHH, T. €. OLHOBPEMEHHO
3aMKHYTHl WJH Da3OMKHYTHI



BrmosmnMocTs ogoficts 05[1—15] s anre6pe KOHTAKTHBIX
cxeM OueBHHA, DTO CJefyer H3 TOro, 4TO nocJeroBaTeNbLHOE,
napaJjnenpHOe COeIWHEHHs] KOHTaKTOB H HHBEPCHs] KOHTAKTa Xa-
paKkTepH3yIOTCs, KaK 3TO BHJHO U3 cjoBaps, TeMH XKe TabauLaMu,
4TO ¥ KOHDBIOHKLHS, NM3BIOHKUMS ¥ OTpHLAHHE COOTBETCTBEHHO.

MoOKHO, pasyMmeeTcsl, 4 HEMOCPEACTREHHO y6enuThcs B Cnpa-
BeJMBOCTH 3TMX cBoficTs. Hanpumep, mis 0Ka3aTebCTBa BHI-
nonRuMocTd ceoiiertsa (7] A V (BAC) = (AV B)A(AV C) no-
CTATOYHO TOCTPOUTL CXEMEl, COOTBETCTBYIOLUHE JeBOil M TpaBOH
4acTM 3TOTO PABEHCTBA U yOemHUThCA B SKBHMBAJIEHTHOCTH 3THX
cxem (puc. 15).

16.1. OnucaHHOe Bhille COOTBETCTBHE COMOCTABJSET KaXAylo
JIOFMUECKYI0 (YHKIHIO, BHIPAXEHHYI0 ¢ MOMOLIBIO 3JleMeHTapHBIX
BBIOKA3bIBAHUH, HX OTpHLAHHH, -

3HAKOB [JU3BIOHKUWH # KOHbB JA &
IOHKIUH, € K?HTa\KTHOfI cxeMoH, o= AVIBAC) |
COCTaBJIGHHOH M3 KOHTAaKTOB H L-/H b =
UX MHBepPCHHl ¢ MOMOLIbIO Ma-
panseJbHHX W TOCA€10BAaTE]b: AT \Avg A AVl 4}
HBIX COeJMHEHHH.

Takue CXeMbl Ha3bBAIOTCA s €
«[l-cxeMaMu», MM CXeMaMH Puc. 15

«xknacca Il». Takum OGpas3oM,

oueBHAHO, KaxXJoH cxeme KJjacca [1 coorBeTcTBVET (opMyJa
anreGpbl BBICKa3bIBAHHUI, COCTABJIEHHAS M3 3JEMEHTapHBIX BBI-
CKa3bIBAHME W HX OTPHILAHWH C IMOMOLILIO 3HAKOB U3 BIOHKIHHA
¥ KOWbIOHKuMH. Drta QopMyJa Ha3BBAGTCH CTPYKTYPHOH
dopMYyJTQH CXEMBL -

OnucaHHOe COOTBETCTBHE SIBJISETCA OCHOBOH TMpHMEHEHHs]
aTe6pHl BHICKa3biBaHUi (MK BooGIme Gynesoit anreGpbi) K pe-
JeHHIO 3a7a4 aHaNH3a, YNPOLLEHUs M CHHTE3a KOHTAKTHHIX CX€M.

AHaJu3 CXeMHl, T. €. OIpeJe/eHue ycnosu#t paGoThl (3aMbIKa-
HUs W pa3MbIKaHHS) JaHHOH CXeMBI, CBOMHUTCH K onpeeseHUI0
3HAYEHHI JOTHUECKOH (YHKIUH, BBIpaXK aeMou CTPYKTYpHO# op-
MyJOi, TpH BCEBO3MOMKHBLIX naGopax 3HAueHWH apryMeHTOB,
a ympoLUeHHE CXeMbl —K yNPOILEHHIO CTPYKTypHOH (OpPMYJbL.
CuHTE3 CXEMHI, T. €. KOHCTpPYHPOBAHHE CXEMBI IO 3a/laHHBIM YCJO-
BHSIM ee paboThl, CBOAUTCH K cOCTABJIEHHIO CTPYKTYPHOH GopMy-
Jpl Mo ee Tabmuue.

[1puBefeM NpHMep CUHTE3A CXeMHI.

3anava. i3 Tpex KOHTaKTOB A, B, C cocTaBuTh CXeMy C OfHUM
BXOJOM H ONHHUM BBIXOIOM €O caeyIolHMH YCJIOBUSMH paboTsl:
Ha BHIXOJe TOSBASETCs CHrHaJu (3aropaercs JaMIouka), ecsu
xoTs1 6B OBa M3 TPeX KOHTaKTOB A, B, C 3aMKHYTHI.

[IpakTHyeckoe MNPUMEHEHHE 9TOH CXeMbl BO3MOJXKHO, HalpH-
Mep, MJIsT KOHTPOJIS 32 paGoTol KaKoro-aubo ycrpoHcTBa, COCTOs-
[iero M3 TpeX arperaros, KaXkblli M3 KOTOPBIX, €CIH paboraer,
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3aMBIKaeT 0HH H3 KOHTaKToB A, B, C, a ecau He pa6otaer, pas-
MBIKA€T €ro, MpHYeM Mo yCJAOBHAM PaGoTh ycrpoiiemsa TpeGyercs,
4TOOH BCeraa AEHCTBOBANH XOTs Gh ABa H3 Tpex arperaros,

ITo 3amaHHBIM yC/I0BHAM paGoTH cXeMbl MOMKEM COCTAaBHTH
TabJHLYy 3HayeHH COOTBETCTBYIOLIEH JIOTHYECKOH (YHKUMH uan
BEIpaxkawmieit ee popmyss — CTPYKTYPHO# (POPMYJBI CXEMH.

-

B C J(A, B, C)

_—_——_O 000
=HOHQOmO=O
_———m D= OO0

—_——_—OD - —O o

<
Hcxons w3 tabnmunoro 3amanus (yHKUHH, MoxeM 3amHcaTb
ee C. A. H. p.— cTpyKrypHyo dopmysy cxembr:

f(A, B, C)=4BC\/ ABC \ ABC \/ ABC.

Ouesugno, yro HauGomee SKOHOMHUHYIO CXeMY MOJYYHM, eCjH
HCXONHTE H3 MHHHUMAJBHON (GOPMH 3TON ynxuim. Ias nannon
QYHKUMH MB yKe HaXOMMIH MH-

p—7 HHMaJBHYIO A H. dopmy [13]:

AL-Eﬁ : f(A, B, C)=BC\/ AC \/ AB.
Lo ,

BhiHecenneM 3a cko6xu Mo-
Puc. 16. N KEM ellie YMEeHbIUHTb YHCA0 GyKB
Ha OxHYy:

J(A,B,C)=BC v ACv B).

Ilonyuaem cenyomyio cxemy (puc. 16).

168.1, Ynpascrenue. Y3 Tpex KoHTaKTOB A, B, C 1 ux uHBepCHHl COCTABHTDH
CXeMy C OJHHM BXOJOM H OJHHM BBIXOJOM TaK, 4TOGH OHa 3aMEIKajach Torma
H TOJIBKO TOTAa, KOT1a 3aMKHYTH He GoJee IBYX H3 TPeX KOHTAKTOB A, B, C.

17. OrpoMHble CKOPOCTH BBINOJIHEHHS Pa3JHYHHIX omepauui
B COBPEMEHHEIX 3/IEKTPOHHBIX BHIYHC/IHTENbHBIX MalUgHAX JO-
CTHTHYTHI 32 CueT NPHMEHEHHs 3JeKTPOHHBIX OXeM, PaGoTalolHX
B TEICSUH Da3 GBICTpee, YeM COOTBETCTBYIOLIHE PesleftHO-KOHTAKT-
HBIe CXeMHI,

B anekTponHbIX cxeMax mnpHMeHsOTCS 3JIEKTPOHHBIE JIaM(IbI
HJIH  TOJYMPOBOJAHHKOBbE TPHGOPH, DPEANH3YIOUHE OCHOBHEIE
JIOTHYECKHE OMep allHH. -
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He kacasice (QH3HYECKHX OCHOB H CTPYKTYPHI 3THX YCTPOHUCTB,
HasnBaeMHX (G YHKUHMOHAJbHBIMH 3JNeMeHTaMH, OMU-
eM UX JHIIb ¢ QYHKUHOHAJIBLHOM TOYKH 3peHusl. B 3THX ycTpo#-
CTBaX 3HaUeHHsl UCTHHHOCTH MOJEJHUPYIOTCH C IIOMOLIBIO CUTHAJIOB
JIBYX COpTOB. | — MOJIOKHUTENBLHBIH WMIYJbC, HIH YypOBEHb BBICO-
KoTo HampsieHus, 0 — OTPUIATEJbHBI UMIYJBC, HIM YPOBEHD
HH3KOro HamnpsxKeHHus. _

YerpoiicTBo, peanusyioliee  OTpHLAHUE (0603HayUM €ro
YCJOBHO CHMBOJIOM « —>l ne ‘—» »), HMeeT OJIHH BXOJ H ONMH BBIXOJ.
Ha BbiXoje mofiBJSIETCS HMITYJIbC (MOJIOKHUTENBHBIA MM OTpULA-
TeJbHBIH), ec Ha BXOJA MOJaH HMIYJIBC (oTpHLaTeJbHHH HIU
MOJIOKHUTENBHBIN) .

VerpoiictBo, peanusyoliee JHIBIOHKUHIO (0603HayuM €ero

——

YCJIOBHO CHMBOJIOM « 3 |HJIH |—> »), uMeeT ABa MU Gonee BXOJOB
¥ omuH Beixof. Ha BHIXoje MOSBISETCH MMIYJbC TOMAA H TOJBKO
Torga, KOrja Xors Obl Ha OAMH U3 BXOJOB IOCTYMAET HMITYJIbC.

VYerpoiictBo, peanusyioliee 'KOHBIOHKIUIO (0603HauYuM €ro .
YCJIOBHO CHMBOJIOM «3!_14_|——> »), iMeeT gBa uaH Gosiee BXOJOB M
ofuH BbIX0A. Ha BBIXOZE MOSIBASETCS HUMMYJbC TOrAa W TOJBKO
TOraa, KOrja Ha BCe BXOJAB TOCTYMAiOT MMIYJbCHI.

B KkauecTBe NpHMepa MpHMEHEHHs aireGpHl BHICKa3bLIBaHUH
K CHHTe3y 3JeKTPOHHEIX CXeM U3 YKa3aHHBIX Bhblllle GyHKUMOHAMD-
HBIX 3JEMEHTOB pacCMOTPUM 3ajauy

CHHTEe3a OJHOPA3PsIHOrO JBOHYHOTO is '
cyMMaTopa Ha TpH BXoja. P c
CymmaTop (rnaBHasi yacTb apud- —

METHUECKOro YCTpOHCTBa 3JIEKTPOR-

HOH BBIYHCJMTEJLHOM MalIWHBI), Bbi- ‘ ’
OJIHSIOLIHH CJIOKeHHe MHOIO3HAUYHBIX A |B
MBOHYHHIX YHUCEJ, NMPeaCTaBAeT coboii Prc 17

nocJefoBaTellbHOe CoelHHeHHe OIHO-
paspsHBIX ABOUYHBHIX CYMMAaTOPOB, OCYIIECTBJSIOLIAX CIOXKEHHE
‘B KaX/0M pa3psje W NepeHoC B CTapIIHWd paspsf, ecJa TaKoH
NepEeHOC BO3HHKAET. _

3ajaua COCTOUT B KOHCTPYHPOBAHHH C TOMOLIBIO QYHKUHO-
HanbHBIX 3JeMEeHTOB TaKOH CX€MBHl € -TpeMsl BXoJaMH A B, C
¥ IByMs BhixomaMu S u P, urToGbl mpH Tojpave Ha ABYX BXOAAX,
Hanpumep A ¥ B, cursajos, H306paxKarmolIxX nBOUUHBIE LUHGPHL
(MOJNOKUTEbHBIA HMIYJIBC —1, orpuuareipupiii —0), T. e. cra-
raeMble JaHHOro paspaja, a Ha Bxoje C cHriana — mnepeHoc
H3 eoceqHEro MJajHiero paspsaa, MOJNYYHTh ‘Ha BbIXOAE S 3Ha-
yeHHe CyMMH B JaHHOM paspsiie, a Ha BhHXOAE P — 3Hauenue
nepeHoca B COCEQHUH CTapuIMii paspsn (puc. 17).

Bocronp3yeMcsi TaGJaHLEH CIOXKEeHHA B IBOHUHO# cHCTeMe
CUUCJIEHH !

159



e
o
O
(7}
v

--oooo\
——.O O ——O O
—_O OO —~O
— OO O ——D
———D —~ OO O

Tak xak A, B,C mpuHHMaOT ToAbKO 3HaueHuss O u 1, a S
4 P npuHuMaioT 3TH XKe 3HAueHWd, TO, KaK BUIHO U3 TAGIHLE, S
u P Moryr OLITh BhIpaXKeHml Kak JOrMuecKne GpyHxkuud or A, B
¥ C. C moMouiplo NpHBeIEHHON TaGMUUE Mpl JETKO COCTABJASEM
C. I. H. &. 3TUX GYHKIMH: ‘

S(A, B, C)=ABC\/ ABC \/ ABC/ ‘ABC, (1)
P(A, B,C)= ABC \/ ABC\/ ABC \/ ABC. ()
HAas (2) Mbl yXe 3HaeM MHHEMAJLHYIO (OPMY:
P(A, B, C)=BC\/ AC\/ AB.

BBuny toro, uto cxeMy HEOGXOZHMO COCTAaBUTbL M3 (BYHKLHO-
HaJIpHBIX 5/IeME@HTOB, BO3HHKAET 3aJaya TaKoro YIPOILEHHs dop-
MyJel S, MPH KOTOPOM OHA colepKajia Ob KaK MOXKHO MeHblIe
3HaKOB onepauud. OueBUAHO, yMeHbIUEHHE UMCIA OTPHIAHHI
MOXHO TIOIYYUThb MpHUBEIEHHEM (QOPMYJBl K TAKOMY BHAY, 4TOOHI
3HAKM OTPUIlaHHS PACNPOCTPAHAMMCL Ha Gosee JJUHHBIE BHpa-
xewust. Tak, vucnonpsys cpoiicta 05(16), (17], monyqaem

S(A4,B,C)=ABCV(AVBVC)(AV BV C)AVBVC).

Jas ynpoumenus BHpaXKeHHs, CTOSIIEr0 TOX 3HAKOM OTPHIAHHS,
npeoOpasyeM ero 8 AH3DBIOHKIMIO, T. €. PACKPOEM CKOGKU. DTo
MOXKHO BHIMOJIHUTL CJAENYIOMIHM o6pasoM: GepeM Kaxayio GyKBy
U3 MepPBOH mMaph CKOGOK U COCTaBJfEM C Hell OTJHUYHHIE or 0
KOH'BIOHKLUH, COLepKale Mo oJHO# GyKBe U3 BTOPOH H TpeTber
napsi ckoGok. Ionyuaem: ABCV ABCV ACV ABV BC V ABC
H, NpUMeHAs 3aKoH cKneusanus 05719),— AC VAB V BCV ABC.

S(A, B, C)=ABC\/ ABC\/ AB\/ AC\/ BC = ABG \/
VAV BV C)AB\/ ACV/ BC.
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Takum o6pa30M NpHHEMast

S= ABC\/(A\/B\/C)AB\/AC\/BCH
P= BCvAC\/AB

noJqyyaem CJIeIyIOILyI0 CXeMy’ onﬂopaapﬂnﬂoro IBOHYHOTO CyM-
maropa Ha TpH BXoza (puc. 18).

18. Pa3bacHHUM Ha OZHOM npHMepe TMNpPHMEHEeHHe JOTHKH
BLICKA3bIBAHMH TIPH . pelleHHMH 3ajayd TOCTAHOBKHM. JAHMAarHO3a
B MepuuuHe. Ilpumep, koropeifi Mbl TIPMBOAMM HHXKe, CPaBHH-

e [PV | 1 v
| um [ H K A)
A .
). /”
B
0P
c
Puc. 18

TeJIbHO TIPOCTOH, ¥ 3amaya TIOCTAHOBKH JHArHO3a B MOAOGHLIX
ciyyasix (c TpeMs GOJIe3HAMM M TPeMHI CHMITOMAMH) peliaercs
6e3 ocobbix 3aTpyxHeHuit spayoM. Ho ananms soruyeckofl cTpyk-
TYPbl pacCyXaeHHd Bpaya [IPH [IOCTAHOBKe AHaTHO3a K ee 0606-
nieHue (Ha cayya#t n 6oJe3Hell H m CUMITOMOB, CBSI3aHHBIX OIpe-
IeeHHBIMH JIOTHYECKHMH CBA3SIMH) MO3BOJSIOT NOJYYHTh OOLLYIO
JIOTHYECKYI0 CXeMy TOCTAaHOBKHM JHanHo3a [Jisl GOJIBIIOTO YHCJa
Gosie3Hell U CHMIITOMOB, [KOTOpasi MOXeT OBITH 3amporpaMMUpPe-
BaHa [IJf TOTO, YToOBl 3ajady NOCTAHOBKM AMArHO3a mepeaTh
IJsl pellleHHs 3/18KTPOHHOH BREIYHUCIHMTENBHOH MallHHe.

Paccmorpum enenyomyit npumep, Ilyers mmetorcs caenyio-
Imye cBefeHHs o Tpex Gone3Hsax by, bz M bz U Tpex cHMNTOMAax
Cy1, Co H C3! .

1) y 6oabHoro, cTpajamuiero mno KpafiHell Mepe OXHOH H3
Gonesnelt by, by, bs, UMeercs XorTd Obl OOMH H3 CHMIITOMOB
€1, Cg, C3;

2) ecau GoabpHOH cTpamaer GoJse3Hblo by, HO He crpajmaer
60/1€3HbI0 b3, TO OOHAPYXKHUBAIOTCH y HENO CHMIITOMBL €] H €3 HJIH
He o0HapyXuBaeTcd Cy;

3) y GosmbHOrO, CTpajfamliero 6oJesHpo by, Ho He crpaaan-
mero 60Je3HBIO bs, oGHaPYXHMBAETCA CHMIITOM Cg; -
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4) y 6onbHOro, crpajatouiero GonesHpio b;, Ho He CTpagalo-
mwero 6os1esHbIO by, O6HAPYKMBAETCS CHMITOM Cz HO He OGHapy-
KHBaercs CUMITOM Cy; -

5) ecan y 60sbHONO OOHapy:XKMBaercs CHMITOM ¢; U OH CTpa-
paer GOJIE3HBIO by MM He CrpajgaeTr HM OmHOH U3 6osesHell
b1, by, bs, T0 y Hero oGHapyKMBaAeTCSl 1 CHMIITOM C2. 3aj1aya ompe-
IOeJeHNsl JyMarHosa CTaBiTCA Ha OCHOBE CHMIITOMOB €, Ca, Cs
1 ycnoBui 1—5. .

Pemenne mocraBieHHOH 3ajaud COCTOMT B TOM, YTOGBI M3
OnpefeneHHbIX MOCHIJIOK, COCTOAIINX W3 YCJIOBMH 1—5 u BBICKa-
3bIBAHNA O CHMITOMaX, oOHapyXeHHHX y JAHHOrO GOJBHOTO,
BbIBECTH 3aKJIOUeHNe O TOM, KakoH 60/1e3HbIO MJM KaKHMH BO3-
MOXKHBIMY 60J1e3HAMN OH CTpajgaer. '

IlepeBenem mocrasienHylo 3ajady Ha SI3HIK- aire6pbl BEICKA-
3bIBaHMUH. .

Ilyere B; (i= 1, 2, 3)— BhicKa3biBaHNe «GOJBHOM CTpajaer
6onesnbio b;»,.a C; (i =1, 2, 3) — BuiCKa3bBaHNe «y GOJBHOTO
o0HapyXHBaercsd CUMITOM C;». .

Torma ycnosus 1—5 BeIpassres -CleAyIOIAM 06pasoMm:

B,V By B - CVCyVCs; (1)
By:By > C,C;\ Cy; (2)
B, B; — Cy; 3)

Bs B, — C,-Cy; (4)

(B; \V By-B;-By)-C,— C. (5)

Kaxnoe u3 BbickasbiBalnii (1)—(5) cunraercs HCTUHHBIM (3TO
JaHO TIO YCJOBHIO), CJ€NOBaTeNbHO, M MX KOHBIOHKIMS TOXKe
MCTHHHOE BHICKa3bIBaHNE, T. €.

(31\/32\/33 i Cl \/ C,V Ca) (3233 i Clcz\/él) (3153* Cz}
[(31\/ §1§2_B3) Ci— Gy = 1.

BpraSH‘B HUMINTHKaNN  4Yepe3 [H3BIOHKIHIO M OTpULaHHe
1 pOM3BeASA BO3MOXKHBIE YIIPOIIEHNA, T0o/IydaeM:

(3_13;33 V CiV CyV Cs) (Bz VBV GV 51) (El V B3V Cp) X

X(Bs\/ By \/ C1-Cs) (BiBy \/ BiB3 \/ C, \/ Cy) = 1.

IlonyyeHHOe paBeHCTBO Wrpaer poJb  «IHMArHOCTHYECKOTO
YPaBHeHUst» JJIsl NaHHOTO caydasi Tpex Gouesnelt by, by, by n rpex
CHUMIITOMOB €y, Cg, C3, CBA3aHHBIX ycaoBuaMu (1)—(5). .
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[MocTanoBKa AMArHO3a COCTOHT B DEILUEHHH 3TOTO JIOTHYECKOro
ypaBHEHHs OTHOCHTE/IbHO BhICKa3miBaHME B, By, B; npu 3anan-
HBIX 3HAYEHUAX MCTHHHOCTH BhickasmBanuii Ci, Cy, Ci. - -- -

IycTb, HampuMmep, y GONBHOrO OGHAPYXKEH CHMITOM ¢, HO He
oGHapyXeHbl CHMITOMH ¢z ¥ C3. Ilojcrasiss B ypaBHEHHE 3Ha-
yenns uctuaHoctd C, =1, C; = C3 =0, noayuaem:

(B2 Bs) (B, V Bs) (B, Bs)(BiBa \/ BiBs) = 1;
(Bs BTB:) (B2 V Ea) (B:Bz Vv ElBa) =1;

(B2Bs \/ BiB;Bs) (B,By\/ B1Bs) = B1ByBs = 1.

HUs B\By;B3; =1 cnenyer By=0, By=B3 =1, 1. e. OoubpHOK
crpanaer GoJesHsiMu by i1 by, HO He crpajfaer GOJe3HbIO by.

B 3rom cayuae mpH 3ajaHHOM Ha6ope 3HAUeHHH HCTHHHOCTH
BuickasbiBauuit Cj, Cy, C; MBl MOJYYHJIH TOYHHIH [JHArHOS3.
OmHako 3To BO3MOXKHO He BO BCeX C/IydyasX. B oraenabHBIX ciy-
yasix pellleHHe AHaNHOCTHYeCKOro ypaBHEHHs TOJy4aercss B BHAE
AM3BIOHKUHM (Hampumep, GoabHOH crpamaer GoJiesHblO b; Han
6one3nbio bp). B Takux cnydasx rpefyercs yrouHeHHe AMArHO3a,
KOTOpPO€ NOCTHTaercsi yXe APYTMMH CpeACTBaMH, B YacCTHOCTH,
NpUMeHeHHeM TeOPHH BeposTHOCTEH M CTAaTHCTHYECKHX MeTOJ0B.

19. Mbl yKe 3HaeM, 4TO JIOTMKA BBHICKa3blBAHMH OKa3bIBaercs
HeJOCTATOYHOH B (KAUECTBE JIOTHUECKOTO SI3blKA AJIS MaTeMaTHKH.

Hns  ofecneuenuss moTpeGHOCTel MaTeMaTHKH B COOTBeT-
CTBYIOIIEM JIOTHYECKOM SI3bIKE B MAaTEeMaTHYeCKOH JIOTHKE CTPOHT-
ca GoJsiee MIHPOKasi JIOTHYECKash CHCTeMa — J1OTHKa NpeJHK a-
TOB, coAepallas BCIO JIOTHKY BhHICKAa3HBAaHHA B KauecTBe CBOeH
YacTH.

910 pacmiHpeHHe JOTHYECKOTO afnapara AOCTHraercs B pe-
3yJbTaTe NPOHHKHOBEHHS BO BHYTPEHHIOI JIOTHUECKYIO CTPYKTYPY
3JIeMEHTapHBIX BBICKA3LIBAHHH, HMX pacujeHeHHs Ha COCTaBHBIE
4acTH. ) .

19.1. 3aece HeOOXOAMMO MOBTOPHTb IOHSTHS IMpelHKaTa
(0MHOMECTHOrO M IBYXMECTHOr0), KBAHTOPOB OOLIHOCTH u CYIle-
CTBOBAHHS, MPABHJIO OTPHLAHHS BLICKa3BIBAHHA BceoOUIHOCTH
H cyurecrBoBaHus (ru. 5, § 12; ra. 6, § 10).

ATt cBefleHHsT MOTYT ObITh [ONOJHEHBl MPHMepaMH MpoCcTed-
KX [IPABHJ BHIBOAA!

- (x)P(x) u (x)P(x)
(3%)P(x) P(a)

(@ — nasBanne o6bekTa), KOTOphIE JIeTKO 060CHOBHIBAIOTCSA, HCXO-
IS M3 CMBICJIa KBAHTOPOB.
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- 19.2. ‘B .paMKax JIOTHKH NpPeIMKATOB MOXHO YTOYHHTb OTHO-
IIeHHe JIOrHYECKOro CJeI0BaHUs AJs CAydass 3JeMeHTaDHHX BH-
ckaspiBaHUH. OTrpaHMYMMcCSl 3J€MEHTAPHBIMH BHICKA3bIBaHHSIMH,
BBHIDaXKAIOLIUMH CBOHCTBAa NpPeAMETOB (OZHOMECTHHIMH IpefH-
KaTaMp), - .

Jloruyeckas - pyskums - Q (x) caenyer usz P (x), ecau Jobast
NOACT@HOBKA BMECTO X HAa3BaHHsS ONpEEJIEHHOTO OGbeKTa,
ob6pamampomas P (x) B HCTHHHOe BEHICKashiBaHWe, obpamaer
H Q (x) B HCTHHHOE BBICKA3hiBaHHE, HHAUe TOBOPH, €CJIM MHOXKE-
CT-?O)HCTTH!HHOCTH P ¢x) Bxmovaercs B MHOMXECTBO HCTHHHOCTH
Q(x). :

B 3ToM B TONBKO B 3TOM ciaydyae HCTHHHa HMIVIHKALHUA

(%) [P(x) > Q (9],

MO3TOMY MCTUHHOCTb 3TOM HMIVIMKALlMH MOXKHO NIPHHSITH 3a ompe-
AeJjieHne ciaenosanus Q (x) us P (x).

Hanpumep, U3 QyHKUNH-BBHICKA3bIBAHUS «4ETHIPEXYTOJbHHK X—
pom6» (1) cnexyer GYHKUHS-BHICKA3HIBAHUE <UETHIPEXYTOJb-
HHK X — mapaJ/uieJorpaMMy (2), Tak KaK MHOXKECTBO HCTHHHOCTH
(1) (pom6oB) BKIIOUAaeTcst B MHOXKECTBO HCTHHHOCTH (2) (na-
paJiesorpaMMOB).

U3 ypapHenus «x—1=2» (3) caenyer ypasuenue «(x—1)X
X(x+1) =2(x+1)» (4), TaK KaK MHOXKECTBO HCTHHHOCTH
Joruyeckodl ¢yHkuuu (3) BKIIOYAETCS B MHOXKECTBO HMCTUHHOCTH
Jgorudeckoit pysxknuu (4). Tak Kak

Mlx —1=2] c:/y[(x—l)(x+ 1) %2(x+ DI,

TO UMIJIUKAL NS
F—1=2=>l(x—NE+1)=2(x+1)

~

TOXKJIECTBEHHO HCTHHHA.



YACTDH 1l

; AKCUOMATHYECKHHN METOA U OBYYEHHE
? . MATEMATHKE
T'aasa 1. O noruueckosi cTpOrocTd B MaTeMaTHKe
4 B NpenojaBaHuy

01. ITousiTHe JIOrMYECKOH CTPOroCTH BO3HHKJIO H DPa3BHBAJIOCH
B MaTeMaTHKe BMecTe C aKCHOMATHYECKHM METoIO0M, OT KOTOPOro
OHO HEOTEJIHMO.

“Tlepsas u3 MaTeMaTHYeCKHX TeOPHH, KOTOpas moJMydnia
JIOTHYEeCKOe ToCTpoeHne, 6bl1a, Kak H3BECTHO, T€OMETPHA. OcHoB-
Hble TPeGOBaHHS K MOCTPOEHHIO TeOMETPHH KakK JNEeNYKTHBHOH
Hayku Obin COPMYJHPOBAHBEl pEBHErpedecknM dunocobom
Apucrotenem (384—322 rr. mo #. 3.), OCHOBOMOJIOXHHKOM tdop-
MaspHOB Joruku. Ilo cxeme ApHcroTenss TreoMeTpus [OJKHA
HAUHHATBCS C YCTAHOBJEHWs - CBOMCTBEHHBIX eH KaTeropu#, T. e.
OCHOBHHX OOBEKTOB, HE MOJJIeXAaLUX ONpefeJeHHI0, H HCXOAHBIX
WCTHH, aKCHOM, He NMOJJIeXalluX N0Ka3aTebcTBy. Bee ocranbHOe
B TeOMETPHUH NOJKHO OBHITh T0JyYyeHO JIOFHYECKHM BBIBOJOM H3
3THX MCXOAHHIX mpexnocHoK, OmHaKo OCYyWEeCTBUTH TakKoe IO-
CTpOeHMe OKa3aJoch 3afaued BecbMa tpyasoii. Hecmorps Ha
MHOTOYHC/IeHHble TIONBLITKH, 3Ta 3ajaya TOJyYnsaa yaO0BJAETBOPH-
TeJbHOE pelleHHe JHImb Yepe3 ABa THICAYENETHS. ,

IMo RexykThsHOH cxeMe ApucroTenss CTPEMHJICS MOCTPOHUTH
TeOMEeTPHIO OJMH M3 BBIAAIOUIMXCS ApEBHErPeIEckHX MaTeMaTHKOB:
Esxana (okoso 3Q0 r. 10 #. 3.) B CBOUX 3HAMEHHTHIX «Hauanax».
B Teyennue 6oJee ABYX Thicsu JeT «Havana» EBkaupa cunraiuch
HenpeB3OHEHHHIMH MO CTPOTOCTH OGOCHOBAHHSI ~TEOMETPHH.
Taxum o6pasom, Bmaote a0 XIX Beka 06pa3ioM, 3TanOHOM
JIOTHYECKOH CTPOTOCTH B MaTeMaTHKe CIYKHJO H3J0XKeHHe TIeo-
MeTpHH B €BKAHJOBHIX «Hauamax». ' -
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Onmmaxo 3agauy akCHOMAaTHUECKOTO MOCTPOEHHS TeOMeTPHH
EBKauA M0 CymecTsy He PelN, TaK KaK NPUHATAs UM CHCTeMa
HCXOMHBIX HCTHH (TIOCTYJIaTOB H aKCHOM) 0KAa3aJach HemocTa-
TOYHOH 6a30f /151 YUCTO JIOTHYECKOTO PasBepTHIBaHKS TeOMeTpH-
ueckod rteopu. ITosToMy eBkIMAOBBI MOKa3aTenbemBa, MHOTHe
H3 KOTOPBIX BOCHIPOMSBOASATCS H B COBPEMEHHBIX IUIKOJBHBIX yye6-
HUKaX TeOMETPHH, MPEACTABJSIOT cO6O0M MecTpy0 oMech HHTYHIHH
H JIOTHKH.

XIX Bek 03HaMeHOBaJCA BHAAIOIMMCH NOCTHXKOHHEM B OG-
Jactd - reoMerpuM —co3nanneM H. M. Jlo6GauesckuM HOBOH,
HEEBKJIM/IOBOH, TeOMETPUYECKOl CHCTEMB. BBHAY TOrO, 4To moso-
XKEHHSl 3TOH CHCTEMBI B OTJHYHE OT NOJOXKEeHM €BKJIU10BO
T€OMETpHH MPOTHBOPEYAT TIPHUBBLIYHBIM NPOCTPAHCTBEHHBIM Npef-
CTaBJICHHAM, €CTEeCTBEHHO BO3HHKJA mMpobjeMa JOKA3aTeNbCTBA
€€ BHYTPeHHedl HenpoTHBOpeunBocTH. Hayka mepBOH MOJOBHHBI
XIX Bexa eme He Biamena cpeacTBaMHM s OCYILEeCTBJICHH 1
TAKOTO MOKa3aTeNbCTBA. JTO MOCAYKHJIO CTHMYJIOM K TIyGOKHM
UCCICIOBAHUAM B OGNACTH OCHOBAHHA TEOMETPHH, NPHBEAIIUM
K HOBOMY 3Tany B8 Pa3BUTHH aKCHOMATHYECKOTO METOHa, K HO-
BOMY 3TaJIOHYy JIOTHYECKOH CTPOTOCTH B MaTeMAaTHKe. STajoH
JIOTHYECKOH CTPOTOCTH, CJOXKMBIIHICS K kouny XIX Beka, roc-
MOACTBYET H B COBPEMEHHOH MaTeMaTHKe.

OTH HCCJENOBAHHA TIPHBENH, B YacTHOCTH, K PELIeHHI0 I[po-
GeMbl aKCHOMATHYECKOrO MOCTPOEHHS OBKJIHLOBO reoMerp Hu
Hasunom Tuas6eprom, BIIEPBBIE TIOCTPOMBUIMM B CBOEM Tpyie
«OcunoBanust reomerpuns (1899) cucremy aKCQHOM, MPHTOIHYIO
B KayecTBe 6asbl [JIs JIOTHUECKOrO Pa3sBePTHIBAHAS eBKIHIOBON
T@OMETPHH M YKa3aBIIUM OCHOBHBIE MPHHIMIE [0KAa3aTeJbCTBA
STOH NPUTOLHOCTH. :

02. CoBpeMeHHbIi aKCHOMAaTHYeCKHH MeTOA H CBS3aHHBI
C HUM 5TajlOH CTPONOCTH B MareMaTHKe OCHOBAaHHM Ha Hjesix
H MeTonax, pa3pabOTaHHBIX MareMaTHYECKOH JOIMKOH H TeopHel
MHOXKECTB. ’ )

02.1. Or Esxiuna no I'mab6epra CUHTAJH, YTO AeLyKTHBHOE,
HJ1 aKCHOMAaTHY€CKOe, TIOCTPOEHHE TEOPUH ONMpelessercs 3aga-
HHEM CHCTEMBI aKCHOM STOH TeOpHH, H He 3a60TUJHCh 06 yTOUHe-
HHH TeX JIOTHYECKHX CPeCTB BHIBOAA, KOTOPBIMH MBI NOJIb3yeMcs
B DasBepTbiBaHMM TEOPUM Ha Gase 3aflaHHOH AaKCHOMATHKA.
Korma rosopusu, uto Bce TPeAJOXEHHs] TEOPHUH BBIBOASITCS H3
HEKOTOPBIX MOJIOXKEHHH, TPHUHATHIX 3a AKCHOMBI, <YHCTO JIOLHUe-
CKUM IyTE€M», HE 3HAJIH, KAKOB TOYHBIH CMBICJ BBIPAKEHHS UHCTO
JIOTHIECKHM TNyTeM», CYUHTAas ero MHTYMTHBHO siCHBIM. OnHAKO
COCTaB BBIBOAMMDbIX H3 AKCHOM MpPe[JIOXKEHHH TeopHH (Teopem)
CYWECTBEHHO 3aBUCHT HE TOJbKO OT 3a[aHHOH CHCTEMBI AKCHOM,
HO M OT T€X CPENCTB JIOTHYECKOT® BHIBOAA, KOTOPHIMH MbI TIOJIb-
3YyeMcs B OKasaresbcrTBax TeopeM. OZHC W TO Xe MpefnokKeHue,
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BEIPAKEHHOE B TEPMUHAX IaHHOH TEODHH, MOXKeET 6biTh He BBHIBO-
JMMBIM H3 JaHHOH aKCHOMATHKH C NOMOIIbIO ORHUX ~CPEACTE
! BBLIBOAMMBIM C [OMOMIbIO APYTHX CPEIACTB JOTHIECKOro BHIBOAA.

MareMaruyeckas JOTHKAa BOCIOJNHKIA 3T0T mpoben. Ona pas-
pa6orajia COBpeMeHHOe MOHATHE A €A YKTHBHO fcucreMe,
BKJIIOYaolIell HapsAAy ¢ CHCTEMO# CrellHpHIECKHX aKCHOM passH-
BaeMOil TEOpPHH CHCTEMY JOTHYECKHX aKCHOM H MCXOIHBIX MpaBHI

BBIBOZA, OMpEeAe/IsONHX JOTHIECKHH A3bIK 3TOR TeOpHH.

TakuM 06pa3oM, COBpPEMeEHHBIH aKxCHOMaTHUYECKHH MeTo[ Mpen-
nosiaraer 6oJiee BHICOKYIO CTyNeHb (ropMasId3alti. Ecnu panbiue,
B JOTHJILGepTOBCKUi mepnoi, (opMalU3aLMH B aKCHOMAx noAaJIe-
sand JHIIb OCHOBHbIE CBORCTBA CMeltH(HYeCKHX OTHOIIEHHI
06bEKTOB, H3y4aeMbIX JaHHOH teopHel, TO TeMepb MOAJIEXKAT top-
MaJIM3al#H H CpelCTBa, KOTOPBIMH #3 OIHHX CBOMCTB 3THUX OTHO-
uieHHH, COCTaBJSIONMX COfepKaHHe AKCHOM, BBIBOMATCH ApyrHe
CBOMICTBA, COCTaBJsIONIHe COAepKaHHe TEOpeM 310f1 TEOPHH.

BripaXKeHHe «YHCTO JIOTHYECKHM MyTeM» LI KaxIaod AeldyK-
THBHO [OCTPOEHHOH MAaTeMaTHYECKOH TEOpHH IMOJydaer TOUHBII
cMbica. Teopusi obopmisiercs B BAfe JOTHKO-MAaTeMaTHH &
C KOT O HCUMCJEHHs. B Hefi MOXHO pas/juYaTh ABa COpTa TEpPMHU-
HOB: MpHHALIEKAIHe JOTHKe (JONMYecKue TEpMHHBI) H TMpHHAI-
Jexanide IaHHON TEOpHH (crenu(HUYecKue TepMHHBI). Jloruye-
CKMEe TEepPMHHB CHAGXKaloT MaTeMaTHYECKYylO TEOpHIO tbopMoH,
S3BIKOM, CHelHnpHIecCKHe — coAepKatueM.

02.2. B mombITKax aKCHOMATHYECKOTO MMOCTPOEHHs TeOMETpHHU
or EBkiuaa o 'min6epra ycMaTpUBaIOCh JHUIbL CTPEMJICHHE
K JIOTHYeCKOll OpTaHHM3allMu 3TOH TEOPHH, T. €. K NPEACTaBJIEHHIO
ce B BHIE NMOCIEA0OBATEILHOCTH MPeNJIOXKEHHH, KaXyoe U3 KOTO-
pHIX 06OCHOBBIBAaeTCS MPEAbIAYIIUMH H BMECTe ¢ HHMH 06OCHOBEI-
Baer nocienyiolue. AKCHOMAaTHYECKHA METON, BO3HHKIIHH B reo-
MeTpHH, BIOCJEJCTBHH pacipoOCTpaHH/ICH M Ha LApyrue MareMa-
THUGCKHE TEOpHH, HO NpH 3TOM He OrPaHHYWICS TOJMLKO
JIOTHYeCKOl OpraHH3alHued TeOPHH. :

Bropasi CTOpOHa COBDEMEHHONO aKCHOMATHYECKOro [MOCTPOe-
HHS| MaTeMaTHIeCKHUX TeOpHil OCHOBaHA HA TeOPETHKO-MIOXKECTBEH"
HBIX Hpesix. C TeOperHKO-MHOMKECTBEHHOH TOUKH 3pEHHA Kaxaad
MaTeMATHUEOKAast TEOpHs ONHCHBAET HEKOTOpPOE — MHOXKECTS0
06beKTOB, MpHYEeM 3TO ONHCaHHe Kacaercs He \KOHKpEeTHOH TpH-
poxn o0beKToB, a OoTHOWIeHWH  Mexay HumH. Hexoro-
pHle CBOHMCTBa STHX OTHOLIEHHH, He 3aTparuBaiollMe  HX
KOHKDETHBIl CMBICI, (UKCHpYIOTCS B BHAE aKCHOM, Apyrie BbI-
BOJASATCS H3 HUX JIOFHUECKHMH CpEACTBaMU.

BBHAY TOTO, UTO NpPH TAKOM TIOCTPOEHWH TEOPHH He y4HThI-
Baercs HM KOHKpeTHas MpHpofa 00beKTOB, HA KOHKPETHBIA CMBIC/I
OTHOLIeHH MeXIy HHMH, B PE3yJbTaTe MoJydaercs a6 cTp aKT
Has TeOpHs, ONHChBaollas MHOXKeCTBA 06'bEKTOB Heolpene-
JIeHHOH MpPHPOABI MJIH, TOUHEe, MHOXKECTBA 06bEKTOB Pa3JHIHOH
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KOHKDeTHOH. 1pUp ofbL, HMeIoLHe omHy U Ty XKe CTPYKTYPY, KOTO~ -
Pasg u. asnserca npegmerom AaHHOH - Teapun. Kaxnoe 3 srux
MHOXECTB . O6LEKTOB KOHKDETHOH mpupoxsl HasblBaercss Mo-
Aenbro Wiy Peanusaunuen srof abCTpaKTHOH] TEOPHUH.
(UBorma mog KOHKDETHOH MOAesbIo a6eTpaxTHO: TEOPHH IOHH-
MaIOT He MHOXKeCTBO 06beKTos KOHKpeTHO#l npuponsl, a TEOPHIO0,
ONHUCHIBAIOILYIO 3TO MHOKeCTBO.) .

Onna u Ta xe abcTpakTHas MaTeMaTHyeckas Teopus mMmeer
Pas/HYHble KOHKpeTHBIe Momeny i o 3TOH TOYKH 3peHus OHa MHO-
TO3HaYHA, WM [OJHBaMeHTHa, Tak, Halpumep, pasaHuapiMy
MOZReNAMH. abeTpakTHOl 6yaesoit anre6pel  ABJAsHOTCH anre6pa
BLICKasbiBaHMi, anreGpa MHOXECTB, a/ire6pa  KoHTAaKTHBX
cxem. -

Cuna u 3¢ dexTUBHOCTD abcTpakTHOM MaTeMaTH4ecKoll Teo-
PHH— B ee MHOrO3HAYHOCTH. Axcuomb u T€opeMbl abCTpakTHOM
MaTemaTuyeckoi Teopunu NIEPEBONATCH B HCTHHHBIE BBICKA3HIBA-
HHA B 11060#1 Momean sToji Teopuu. [lokasas oguy pas teopemy
B abCTpakKTHOM TEOPHH, ME MOXeM HCTOJB30BaTh ee B pasaui-
HBIX MOZJENAX TeopHH. !

B muOX)ecTBax, ONHCBIBAEMBIX OJHOH H TOH Ke a6CTpakTHOM
TeOpHei, HO BHeWHe pasauiHkx TI0 MpHpoAe 06LEKTOB u CMBICTTY
OTHOWIEHHH MeXAy HHMHY, o6HapyKHBaercs riay6okas anaso-
THA — 3TH  MHOXeCcTBa H30MOPGHDBI, OHH HMelOT OJMHAKOBYIO
CTPYKTYPY.'Ha 3Tom ray6Gokom CXOACTBE OCHOBAHO fIpHMeHeHHe
anmapara oaHo# a6CeTpaKTtHoil MaTeMaTHYecKo TeOpHH (Hanpu-
Mep, GyJaeBoi aire6per) B PA3MUYHBIX 06MACTAX HAYKH M TeXHHKH
(B noruke, B TEOPHH MHOXKeCTB, B Teopuu u NPaKTHKe KOHCTPyH-
POBaHHA. aBTOMaTHYECKHX YCTPOHCTS U ap.). :

Tlonarus MOfeH, iasoMOp(pHsma, MHOTO3HAYHOCTH Jle¥KaT
B OCHOBe BHeIDeHHsT MaTeMaTHuecKhx METONOB BO BCE HOBHe

aKCHOMATHYECKOTO MeToja.

03. Korna peub uper of OCHOBAHHAX M -MeTofe NOCTpoeHHs
HayKH, HeNb3q o6ofitn dunocopekue BOTIPOCHI .

Kaxk Bcsikoe HoBoOe AOCTHKEHHE HAYKH, DA3BUTHE AKCHOMATH-

WaTKHe MO3HUMK ® Bompoce HCTOJKOBAHUA MpeaMeTa maTe-
MaTUKH.

Eme co BpeMmeH Jleii6uuna HIeamucTHYeCKas  duaocohus
NILITA/IaCh 10KasaTh, 4TO MaTeMaTHYEOKHe HCTUHB ABJAIOTCA MO
CYLIECTBY MCTHHAMH OOILIEJOrHYeCKOro XapakTepa, a He ¢akTH-
HECKHUMH MCTHHAMH, DOBOPSAIUMHE 4TO-To 0 Bemax OKpy K aroLero
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mac mupa.. [IpeacraBieHng COBPEMEHHLIX aKCHOMATHYECKHX TeO-
puil B CHIbHO (POPMANHU30BAHHOM BHIE JIOTHKO-MaTeMaTHIeCKHX
HCUMCJIEHH TOCJTYXHJIO CTHMYJOM K BO30OHOBJIEHHIO STHX . HO=
NBITOK . B ¢usocodokoll  IKoJe JOTHUH3MA, BO3TJ1aBJIsIEMOH
Beprpanom Paccesom. CBoe HAEAMHCTHIEOKOE HCTOVIKOBaHNe
mpeaMeTa MaTeMaTHKH JIOTHUHCTB CTPOSAT Ha OCHOBE TIOTIBITKH
CBeJeHHsi BCEeil MaTeMaTHKM K JIOTHKE H HAeaJUCTHISCKOMY
HCTQIKOBAHUIO TOCeNHEH. ,

OnHaKo MOCTHKEHHs HayKi ONPOBEpraioT JOBOJbI JIOTHIH-
cTOB. Pe3y/bTaThl, NOJyYeHHbIE B HCCAEA0BAHMAX TIO OCHOBaHHAM
MaTeMaTHKH aBCTPUACKHM YueHnM [eneneM (1932), nokasbi-
BAIOT, B YACTHOCTH, HEBO3MOXKHOCTb CBENEHHS apudMeTHKH Ha-
TypaJbHbIX YHCEJ K JOTHKE. C mpyrofi CTOpOHHI, £aMa JIOTHKa —
IpOAYKT Hailiero onbita. OHa TOArOTOBICHA ThicAYeNeTHel mpakK-
THKOH UeJOBEYecTBa, U eCJIH ceffuac MPU3HAHO NOJIE3HBIM H JIOTHKY
CTpOUTb AKCHOMAaTHYECKH, TO ee aKCHOMaTHKa (kak U B APYTHX
HayKax) MoxeT GbITb (COCTaB/e€Ha TOJBKO Kak cxeMmaTH3alHs
MOYEPIHYTHX U3 TIPAKTHKH TPaBHJ paccyxpaenni. B. WM. JleHun
rosopur: «IIpakTHUeCKas JeATEJbHOCTh UeJI0BEKA MUJLTHA DB
pa3s mo/kKHa Gbla IPHBONMTH CO3HaHHE yesoBeKa K TIOBTOPEHHUIO
pa3HBIX JOTHUECKHX (HUTYD, na6el 3TH GHUCypH MOIH NOJYYHTB
3HaueHHe aKCHOM»!

[Mapuxckuit npodeccop Jlopan Ilsapu, npuHalIeXalui
K TpyTme BbLIAKIIUXCS MaTeMaTHKOB, 06 beJUHUBILIMXCS 0] KOJI-
JeKTHBHDIM NCeBAOHHMOM Byp6akH, He MpH3HAaeT 3a HACTOAILYIO
MaTeMaTHKy Bce TO, YTo ObLIO CO31aHO N0 Tuab6epra, T. €. UTO
He COOTBETCTBYET COBPEMEHHOMY YPOBHIO CTPOTOCTH. On cuutaer
MaTeMaTHKy HTpOf, ONpeneiseMOH upaBHIAMH, (HKCHpOBaH-
HEIMH B aKCHOMax, KOTOpble MaTeMaTHK MOXKET BLI6paTh TPOH3-
BOJIbHO, [0 CBOEMY BKYyCy, cOGMIOAas JHIIb TpeGoBaHHE HENPOTH-
BOPEUMBOCTH, YTOOB MOTOM HrpaTh MO 3THM IpaBHjIaM.’?
Sy BHICKa3bIBaHHs [POTHBOpeJaT €ro COGCTBEHHOH HAeATeNb-
gocrd. Hapsny ¢ akapemukom C. J1. Co6oaeBbIM OH — OMH H3
cosmaTteqeil TeopuH 00OOCILIEHHBIX ¢dyHKIHA, BHI3BAHHON. K KH3HH
noTpeGHOCTAMH (PH3HKH. '

CH/b6epT, TPOBOSTJIACHBLIHHA HOBBIfI 3TaJOH CTPOrOCTH, GBI
BLIHYKJI€H IPU3HATb, YN0 aKCHOMbI IeOMETpHH BHIPAXaloT «Olpe-
feJIeHHbIe, CBA3aHHbE APYr C JPYroM OCHOBHBIE pe3yJbTaThl
Hallero onbira».’ , ‘

O6pa3iuom WIeaJUCTHIECKON TMyTaHHUIp MOXKET CIYXKHTb CMe-
XOTBOpHOE HCTOJKOBaHHE MaTeMaTHKY, cojepiKalieecs B BhI-
CTYNJIEHHH OJHOTO M3 Y4aCTHHKOB cocrosiBmierocss 8 Ilapuxke

-

1 B. U. Jleuunn ourocopckne TeTpaiH. M., 1947, crtp. 164.

e Tyro Hlrednrays. O maTeMaTHYecKOH CTPOTOCTH. «MartemaTHKa .
B wmKoJe», 1960, Ne 1. . .

3] Tunb6epTt OcHoBaHHA TEOMETPHH. M., 1948, crp. 56.
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B 1955 r, Mexaynapoanoro KO/UVIOKBHYMa M0 MaTeMaTHYecKoi
JIOTHKe Ha TeMy: «Paccyxaenue B MareMaTHKe U B IKCHepUMEH-
TaJbHBIX Haykax».' [TopTe 3asBuu, 4TO «...MATEMATHKA — 3T0 MHp
$uknHi. MOXHO CripocUTS, no4eMy 3TH DUKIHH IOJe3ubl bH3uKy
AJisl TIOHHMAaHHsl peasisHOrO Mupa. [leficTBHTeNbHO, HMeeTCs omnpe-
AGJIEHHas] «aI€KBATHOCTb», ONMPENe]eHHOe CXOLCTBO MeXIy ¢HK-
TUBHBIMH  OOBLEKTAMH MaTeMATHKH W peanbHBIMH 0O6BEKTAMH
¢usuxkn. Otkyna sta agexsatnocTs? B OCHOBHOM OT TOTO, 4TO
QUKUMH BBIIYMaHH ¢ 3TOf uenbio». OueBHAHO, 371paBOMbICAS-
ILEMY YeJIOBEKY TPYJIHO MOHSTb MOXOGHOE «o0bscHeHHe». B neii-
CTBUTE/ILHOCTA aJleKBATHOCTb a6CTPAKTHBIX MATeMAaTHUECKHX I10-
HATHH KOHKPETHBIM (DH3HYECKHM O6beKTaM IPOUCXOIUT OT TOTO,
4TO MCXOJHbIE, nepBOHAYANbHBIE MATeMATHUECKHE IIQHSTHS a6-
CTParHPOBaNbl OT KOHKPETHBIX (DH3HYECKHX OGBEKTOB, MO3TOMY
H OCTa/IbHblE NOHATHS M NOJOMXeHHS pa3BepThiBaeMoft Ha Gase
HCXOIHBIX aB6CTPAKTHOH MaTeMaTHYeCKO TEOPHH  COTVIACYIOTCS
C peasbHbIM MHPOM.

Marematuku 3ameuaror, uro HEKOTOpble KOHKpETHBHE CH-
CTeMBl (MeXaHHYecKHe, S/ICKTPHYECKHe, GHONOTHYECKHE U T. 1.),
KakuMH OBl Pa3/JM4HBIMH OHH HH Ka3aJmch, HMEIOT Ol PeNe/IeHHOe
CXOACTBO B CTPYKTYPe M CBOACTBAX OTHOIICHHH MEXIV O6bLEKTa-
MH. 3aTeM HaYHHAIOT aGCTparupoBaTh W H3y4athb CTPYKTYpPY
CBfI3efl B MHOXECTBE, JIHIIEHHOM YaCTHLIX XapaKTePUCTHK pas-
JIHYHBIX HCXOAHBIX KOHKDETHHX cHcTeM. Tak poxpaaercs a6-
CTPAKTHAST TEOPHUS, CHCT@MATH3HPYIOLIAS MHOXKECTBO KOHKPETHBIX
CHCTEM, CTAHOBSILHUXCS ee MOAeNIMH. JIOrHuecKH MOJeJb HOSB-
JIACTCS [TOC/Ie TEOPHH, ICHXOJOTHYECKH OHA TIpemuecTsyer a6-
CTPaKTHOH TeopuH. (Pasymeercs:, MmaTeMaTHueCKas TEOPHUS MOXKET
TIOJy4HTBCSl M KaK Pe3y.bTar aGCTPakuuu OT OHOM KOHKpeTHOI
CHCTEMBI, KaK HampuMep, a6CTPaKTHAs CcHCTeMa €BKJHI0BOMH
reoMeTpHH.)

IlpuBenennbie Bbiue u ApyrHe HeNPaBH/IbHBIE HCTOJIKOBALHS
MaTeMaTUKH OOBACHAIOTCH, B YACTHOCTH, TeM, YTO B HUX Mare-
MaTH4eCKas TeOPHUA PacCMATPUBAETCs OrPaHHYEeHHO, B OLHOM
JIHIIb ACHEKTe, JIOPHYECKOe TIOCTPOEHHE OTPHIBAETCS OT peanbHoi
OCHOBBI, Ha (KOTOPOH OHO BBIPOCJIO, M .OT MPAIOXKEHHH.

Dpanny3CKHii MaTeMaTHK Opewe B cBOeM noknage «O6wui
anajnns u BONPOC 06 OCHOBAHMAX»2 MPHUHC/AsET cebsi K Tem Ma-
TEMaTHKaM, KOTOpbie IIPaBHJIBHO OLEHHBAIOT 3HAYeHHe KOHKpeT-
HbIX 3ajad, NIOCTaBJIEHHBIX TIPHPOAOH M TEXHHKOH MaTeMaTHKe,
OH pasnuyaer B Kaxoil MaTeMaTHYeCKOH OTPac/i yeThbipe aciex-
Ta: 1) naxonnenme ¢axros, KOTOpO€ ON HasbiBaeT HHAYKTHBHBIM
CHHTE30M; 2) Bblie/eHHe M3 HAKOMJIEHHOTO MaTepHana fepsoHa-

1 C6. ,Le raisonnement en mathématiques et en sciences expérimenta-
les“. Paris, 1958..

2 C6. ,Les Entretiens de Zurich sur les fondements et la methode des
sciences mathématiques. Zurich, 1941.
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yaJbHBIX TIOHSTHI M CHCTEMBbl 2KCHOM; 3) AeayKTHBHOE MOCTpOE-
HHe TEOPHH, OCHOBaHHOe Ha ITHX nepBOHaYaJbHBIX NOHATHAX
1 akcuomax, u 4) mpoBepka TeOpeM 3TOH TeOpHH Ha KOHKPETHBIX
MOZEeNsX.

To e caMoe aMepHKAaHCKuH MaTeMaTHK V. dennep! BrIA-
AbIBaeT B TPH acrleKTa Teopuu: 1) MHTYMTHBHYIO OCHOBY, 2) ¢dop-
MaNbHOe JIOHUECKOe COfepKaHHe H 3) MPHIIONKEHHS.

CoBepIIEHHO SICHO, YTO HMEHHO TIOJMEHa BCeil ‘MaTeMaTHKH ee
OfHHM (OPMaJbHEIM, JIOTHYECKHM  COLEpKAHHEM MO3BOJHIA
Paccely npHATH K CBOEMY H3BECTHOMY ajopuamy, 4TO «B MarTe-
MaTHKe Mbl He 3HaeM HM O yeM TOBOPHUM, HH BEPHO JH TO, UTO
MBI TOBOpHM». PacoMaTpuBasi MaTeMaTHKy Kak COCJMHEHHE BCEX
yKa3aHHBIX BBIIIE aCMeKTOB, MBI MOXEM C MOJHBIM npasoM CKa-
3aTh, YTO B Hell Mbl 3Ha€M M O UeM TFOBOPHM, W BEPHO JH TO,
YTO MBI FTOBOPHM,

04. Bompoc 0 JIOrHYeCKOil CTPOroCTH B IIKOJBHOM o6yueHHH
MaTeMaTHKe, 06 OTPaXeHHH aKCHOMaTH4eCKOro Meroja B IIKOJb-
HOM NpenojaBaHHH yXKe JABHO ABJAAETCA NMPEIMETOM JHCKYCCHH
KaK y Hac, Tak H 32 pyOemoM.

He nmes BO3MOMKHOCTH A€TAJNbHO H3JOXKHTb 31€Chb HCTOPHIO
BOMpOCa, OrpaHMYUMcs JHLIb KpaTKO#l XapaKTepUCTHKOH OCHOB-
HBIX BBIBUTAeMBIX NPELTOKEHUH. :

04.1. Tlpexme BCero CJefyeT OTMETHTb, UTO Tak XK€, Kak
B HayKe, BONpoc 06 aKCHOMAaTHYECKOM METOLe B IIKOJIbHOM
06y4eHHH Kacajcsi HCKIIOUMTENbHO npenojaBaHusl TeOMeTPHH.
J10 cHX MOp TpenofaBaHue aareGpbl B IIKOJIE BEAETCH Ha Goaee
HH3KOM JIOTHUECKOM YpOBHe, ueM TMpenojaBaHHe TeOMETpHH,
K TOMY e TMpH HCCJeJLOBAHHH npo6JieMbl pa3BUTHS JIOTHYECKOTO
MBIIIJTEHKS] YYaIIuXcsl B Ipollecte H3yYeHHs MaTeMaTHKH Ha nep-
Bl TMJaH B CHJY YCTAapeBIUHX TPajuLHil BBIIBHraercsa reo-
MeTpHSl.

JlucKyccusi 1o BOMPOCY O BHEAPEHHH AKCHOMaTHYeCKOro Mme-
Tola B IUKOJbHOM OOY4EHHH TeOMeTpHH CBeJnach B OCHOBHOM
K TpeM MpeLJOKEeHHIM:

1) cpenatb cHcTeMaTHYeCKMH KypC FeOMeTPHH aKcHoMarnie-
CKHM, YeTKO OTHEJHB €ro OT NMPOmejeBTHYECKOro Kypca ¢ WHpo-
KHM HCIOJb30BAHHEM OMBITA H OCHOBAHHON HA HEM HHTYHMIHH,

2) He OTAENATH JIOTHKY OT MHTYyHUMH HH Ha KakoM 3ramne
ofy4eHHsl, a NPaBHJIBHO coyeTaThb HX, IO-pa3HOMY Ha pasHbIX
CTyneHsiX o6yueHus; '

3) NOCTPOHTb B aKCHOMATHYECKOM ctusre HeGosiblION par-
MEHT reoMeTpHYecK®il TeOpHH B CTapLIHX KJaccax, yro6Hl HAa 3TOM
MaTepHajie 3HAKOMHTb ydallluxXcs € AKCHOMATHUECKAM METOJOM,
a Becb KypC reoMeTpuu CTPOHTb Tak, Kak npejnaraercs ‘B

1 W. Feller. Introduction to Probablity, vol. 1. New-Jork, - 1957.
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BTOPOM npennoxenuu. Creayer OTMETHTb, YTO NEPBOEe M3 HHUX
HMEeT HaMMeHblliee YHCIO CTOPOHHHKOB,
04.2. AHanoruunne OpenoxXeHus: mo paccMaTpuBaeMmoit

T'OB, YHCJIO CTOPOHHHKOB. , -

05. Paccmorpum YCTAaHOBHBIUYIOCS Y Hac NPaKkTHKy npenopa-
BaHH{l C TOYKH 3PEHHS JIOrMUeCKO CTPOTOCTH H OTpaxKeHHs
2KCHOMaTHYeCKOro MeToaa B 06yYeHHH.

05.1. B o6racru TeOMeTpHH, ¢ oxHOH CTOPOHEI, O6IIEeH3BeCTHLI
SaTPyIHEHHUs, BCTpeYaloUIKecs yYallluMCcsl B HavyaabHOH craguu
00yueHHs! B CBSI3H C OBH/HeM JIOTHYECKUX NOKA3aTe/bCTB, KOTO-
PHI€ OHM BLIHYX/IEHB 3ayuHBaTDb, He NIOHKMas eile HU Heo6Xxoau-
MOCTH B JOKasaTeNbCTBE, HH wujer CaMOIM0 J0Ka3aTebCTBA.

€S JIOTHYECKOH CTPYKTYpm Kypca. Mmeercs HeJloCTaTouHoe pas-
JWINE B METONAX ¥ yDOBHe MpenoaBanus reoMerpuu B VI—VII
H IX — X knaccax, 4 stor YPOBEHD CJIHIIKOM BBICOK M Hejocrynen
A5 yyamuxes VI — VII knaccos (43-3a oTcyTcTBHS npeasapu-
TEIbHOH MOATOTOBKH) H C/KIIKOM HH30K AN ydalluxcst cTapuinx
KJ1accos.

XOLUT caMa no ceGe, noHuMaHHe 5Tof notpeGHOCTH siBaseTCs
P€3yJIbTaTOM BOCIUTAHuUS,

B neparoruveckux KPyrax roBopsT, 4to Ha BOIPOC «YeM BH
3aHHMaNUCh Ha ypoke reomeTpun?»> yuennk VI knacca OTBETH.I:
«YuuTenb HapHcoBan Ha AOCKe 1Ba DpaBHHIX TpeyrosbHHKa
H LOJTO NOKa3biBas, YTO OHH PaBHHY. DToT OTBET OYeHb XOpOIIO
XapakTepusyer AedeKkT HulHe AeHCTBYOWEH Opranusamuu y Me-
TONMKH 0GyueHHns reoMerpum.

o cymectBy MBI Haunnaey H3yuatb reoMetpuio B VI kuac-
€€ BMECTO TOro, 4to6h HauuHaTb B 1 Knacce, Pa6ora, nposoan-
Mas B paMkax HblHe AeficTByomes NporpaMMel no apudmeruxe
B HavampHHIX KJjaccax, COBepILIEHHO HeJOCTaTOYHA, [Mostomy
B VI knacce mpr npoBoauM paGory, COOTBeTCTBy}omy}o TPeM pas-
JHYHBIM YPOBHAM: :

1) sHakomuM yuamuxcs c T@OMETPHUECKUMH (HUTypamu, jo-
OuBasich, 4TO6H OHy HX pacnosHaBanu no BHelHeMmy BHAY, MO
dopme;

2) wuayuaem caoficTsa duryp, no6usasice, yroGu yuauuecs
pacnosnaBasu GUrype no ux CBOHCTBaM; :
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3) JorMuecKH BBHIBOAHM, OJHH CBOMCTBA K3 JPYTHX M JaeM
COOTBETCTBYIOIHE OMNpefeNeHuss urypam. g

He C/MIIKOM J¥ MHOTO «OGPYLIHBAeTCS» HA TOJIOBH IIECTH-
KJIaCCHHKOB? : '

Ilas uccaenoBaHHs Bompoca o Jydmefl opraHusanuu obyue-
HHS TEOMETDHH K YCOBEpIIeHCTBOBaHHH METOJMKH IpENnoaBaHui
Heo6X0MMO HCIIOJIb30BATh NOHATHE YPOBHS MBbIIIIEHHS B o6Ja-
CTH TeOMETpHH. DTO — CJO0KHOE MNOHATHE, BKJIIOUAOLee ONpeje-
JeHHBIA YPOBEHb OGIIHOCTH, a6CTPAKiNK H CTPOroCTH 060CHOBA-
HHS H3yuaeMoro mMarepuana. KaxjoMy ypOBHIO MbIIIJEHH:A CBOH-
CTBEH CBOfl #3BIK, COCTOSIIMI M3 OMpEJeNeHHbIX reOMEeTpHue-
CKWMX W JOTHUECKHX TepMuHOB. IIpn mepexoje OT OJHOTO YpOBHA
K APYroMy, BhICIIEMY, 3TOT f3bIK paCIIHpAETC, N03TOMY ' JIIOJIH,
paccyxjapumue 06 OJHOM W TOM e, HO Ha DaSJHIHHX YPOBHSIX,
He MOTYT MOHATH APYr ApYra, Tak Kak TOBOPAT IO CYILIeCTBY
Ha pasJMYHbIX A3blKaX. PasBuTHe, BEAYUleE K 6oJiee BEICOKOMY
YpPOBHIO, MPOTEKaeT B OCHOBHOM KaK mpolecc o6yuenus. Iloatomy
BO3MOXHO K Heo6X0AMMO, UYTOOHl IMpenojaBaHHe 6bl10 Ha-
npaBjieHO HAa YCKOpPeHHe 3TOro pasBHTHA. Meron npenojpaBaHus
' MOKET YCKODHTb NIEpeXOji OT OJHOTO YPOBHS K CIIELYIOLEMY,
HO He MOXKeT OCYLUECTBHTb NEepeXoj OT OJHOro ypOBHS K Apyromy
C NPONYCKOM MPOMEXYTOUHOro ypOBHS. B TakoM cayuae yuuresb
W YYeHHK GYAyT MBICIHTb Ha Pa3/HYHBIX YPOBHAX H HE noAMyT
ApYr Apyra. '

OueBHIHO, METOJ NPeNojaBaHus MOXKET H 3aJ1ePXKHBATh I€pe-
XOJ K 60Jiee BHICOKOMY YPOBHIO MBILIIEHHS HJIM NPHBECTH K TOMY,
yTo yuaiuecs BOOGIie He JOCTUTHYT €ro. Takum o6pa3oM, NpHU-
MeHsieMble Ha STOM YDOBHE CIIOCOOHI MbILIJIEHHS OCTaHyTCSl He-
JOCTYNHBIMH YYEHHKaM. '

B 06,1aCTH reOMETPHH pasiHyaioT MATb ypOBHEH MBIILIeHHs. !
Camblfi HH3KHE ypOBEHb, HYJIEBOH, XapakTepusyercs TeM, HTO
reoMeTpHueéckre (HIypHl 371eCb DPacCMaTpHBAIOTCA KaK neJble
M pasnMyaloTCs MO CBOEMY BHeLIHEMY BHIY, 1O dopme. Ecau no-
Ka3aTb NepBOKNACCHHKY pomG, NpsIMOYFOJbHUK, KBAipaT, napaJ-
JeOrpaMM ¥ COOGLIHTb eMy COOTBETCTBYIOLUHE HA3BAHU, NMOC/IE
HECKOJIbKHX TOBTOpPEHHH OH CMOXET 6e30IIH60YA0 pacCnoO3HaBarb
9TH (Uryphl HCKJIIOYHTEJbHO MO HX ¢dopme, He BHAsS NMpH 3TOM
B pomG6e napajjejorpaMMm. M B KBajpare npsgmoyronbeuK. Ha
370M ypoBHe pPOMO NPOTHBONOCTABJIAETCA napaJejaorpaMmy,
KBajpaT — NPAMOYTOJIbHHKY.

Ha caeayomeM ypoBHe, MepBOM, NPOUCXOAHNT aHAJIA3 BOCIPH-
HuMaeMbIX (QHIYp, B pe3yJbTaTe KOTOpPOro BBIABJAIOTCA HX CBOH-
crBa. Ha atoM ypoBHe reomerpuyeckde (GUrypbl BHICTYNAIOT KaK

1 p-H van Hiele. La penseé de l'enfant et la_géometrie. ,Bulletin
?gsl‘Als\zociastion des Professeurs de Mathematique de ‘Enseignement Public®,
9, 198.
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HOCHTEJIH OTpeje/IeHHbIX CBOHCTB U PaCmO3HAKOTCSA MO 3THM CROIi-
CTBaM, KOTOpbIe JIOTHYECKH eIle He yMOPSLOUEHBl. DTOT yPOBeHb
MBILIJIEHHS] HE BKJIOYAaeT B Ce6sl CTPYKTYPY JIOTHUECKOFO CJeNO-
BaHus. @UIYypBl TOJIBKO .OMHCHIBAIOTCSH, HO He OTIpeeNISI0TCA,
CBOMCTBA HX YCTAHABJIMBAIOTCS MCKJIIOUHTENbHO 3KCNePUMEHTAJIb-
HBIM NYTEM. )

OueBuano, 4TO 3T 1Ba ypOBHS JAOCTYTIHbI YYalllHMCSl HAyaJjb-
HBIX Ka1accoB (7—10 net). ATo HEO6XOAHMO yuecTh NPH COCTaB-
JIEHHH NPOrpaMMbel H pa3paboTKe METONHKH TIPenojaBaHusl Ha-
YaJIbHOH reoMeTpuu.

Ha crenyiomem, sropom, yposue OPOUCXOJHT JIOTHYECKOe
ynopsiioueHHe CBOHCTB GHULYp M caMux ¢uryp. Omno uam He-
CKOJIbKO CBOHCTB NMPHHHUMAIOTCH 3a onpeaesasioniue Gurypy, apy-
Tue CBOACTBA 3TOH UIYpPHl yCTAHABJIMBAIOTCS JIOPHYECKHM nyTeM.
FeoMeTpuueckne durypsi BBICTYNAIOT YK€ B ONpefeseHHOH JIOrH-
YECKOH CBSI3H, YCTAHABJMBAEMOH C NOMOIIBIO  ONpemeseHni.
Ho co6crennoe 3navenne JEAYKIHH HA 3TOM YPOBHE €llle He MNo-
cTuraercs yvamumucs (11—I4 ger) BBHLY TOro, 4To oHH eme
HE B COCTOSIHHM OXBATHTb CBOMM NOHMMAHHEM JAEIYKTHBHYIO CH-
CTEMY B LEJIOM. 3eCb yYalUMCsSI MOXKET GbITb Pa3bsCHEHO JHIIb
SHAUCHHE NENYKUHH <B MaJlOM», HJIH <«JIOKAJbHO®, T. €. B 06Jia-
CTH HM3yYeHHs] OXHOM (HUIYPE, a HMEHHO TO, YTO JeAyKIHS
TMO3BOJIAGT HAM COKPATHTb 3KCEPHMEHT, OGHADYKUB 3Kcnepu-
MEHTAJIbHO OJIHH CBOHCTBA M BBIBENA APyrHe u3 0GHapyKeHHBIX
NyTeM pacCCyXJeHHH, YTO JIOTHYECKHH BBIBOA SIBJISIETCS o6UIuM,
TOYHBIM H OGBEKTHBHBIM, YeM OH KOPEHHBIM 06pa3oM oTJiuyaeT-
€A OT BBIBOJA C MOMOLIBIO 3SKCIEPHMEHTA.

Ha cnenyroumem, tpetnem, YPOBHE NOCTHraercsi 3HayeHue ne-
AYKIHH «B LIEJIOM», T. €. OT MOHUMAHHS €e B MAaJioM NepexoasT
K TIOHMMAHHIO €€ 3HAYEHHs] KAK COcO6a MOCTPOEHHS pasButus

'BCeH reOMeTpHYecKOi TEOpHH. ITOMY mepexoay cnoco6eTByeT

PASBACHEHHE CYHIHOCTH aKCHOM, OMpENENeHHil, TeOpeM, JorHye-
CKOH CTPYKTYPBl [0KA3aTejbCTB, AHANU3 JIOTHYECKOW> CBsi3n
TNOHATHA M TPEJIOXEHHH. DTOT yPOBEHb BHOJIHE JOCTyneH yua-
wumest VIIT — X knaccos (15—17 ner). _

Ha camom BEIcCOKOM (B wmacrosimee BPEMs), YeTBEPTOM
(B MEACTBUTENILHOCTH NATOM, TaK KAaK CYeT C HYJIEBOTO), ypoBHe!
OTBJIEKAIOTCSA OT KOHKPETHOH NpHUpOAb OGHLEKTOB u KOHKPETHOro
CMbIC/Ia OTHOLIEHHH MEXNy HHMH, T. €. Pa3BHBAIOT TEOPHIO BHE
BCSIKOH €e KOHKPETHOH MHTepNpeTaunu. ATOT ypOBeHb MbILIJIeHHs]
B 06J1aCTH reOMeTpuH COOTBETCTBYET COBPEMEHHOMY (THJIbOEPTOB-
CKOMY) 3TaJ/IOHy CTPOTOCTH.

Heo6xoanmo OTMETHUTb, YTO- HA KaxKAOM 3Tame obyuenus
MOXKHO BEISIBATD OCHOBHOH ypOBeHb, Ha KOTOpPOM Bejercs o6yye-

! B ynoMmsnyroM gokiage Bam Xuae OMHCHIBAET TOJBKO MepBHeE
4 ypoBus. .
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HHe, a TaKxXe 3JIeMeHThl COCeHHX B 7 aHHOH MOC/eI0BaTeJbHOCTH
ypoBHE#. DTO OGBACHSIETCS TEM, YTO NMEpexoi oT OJIHOTO YPOBHS
K CJeAyIoleMy MPOHCXOAUT MOCTENEHHO, T. €. SJMEMEHTH GoJiee,
BHICOKOTO YPOBHS MOSIBJSIOTCS 7O TOrO, Kak OCYIIECTBJCH nepe-
X0 K ITOMYy yPOBHIO, M NOCJe 3TOrO Mbl 4aCTO BO3BpaliaeMcs
K GoJiee HU3KOMY YPOBHIO C Le/bi0 OfecneuyeHus Jydllero noHH-
MaHHA. .

BepueMcst ceiyac K aHaJu3y yCTAaHOBHBILEHCS Y HAC MPAaKTH-
KH TPEnojaBaHusi reOMETPHH. B Heli o6yueHHe Ha BCeX 3Tamax
BejeTcsl Ha BTOPOM YDOBHE, C 3JIEMEHTaMH [M€PBOro ypOBHI
8 VI — VII Knaccax H HEKOTOPBIMH 3JI€MEHTaMH TPETbEro ypOoBH#
B crapimux knaccax. TpeTuil ypoBeHb MOJMHOCTBIO HE JIOCTUTAeTCH.
OKaHUMBAIOLIHE CPEAHIOK UIKOJAY HE 3HAWT, B UeM CyIHOCTL
JeAyKTHBHOTO IIOCTPOGHUS TEOMETPHH, HE NOHHMAIOT pPOJIb AKCHOM
W onpeleseHHH B 3TOM IOCTPOEHHH.

Mbi onpocuau okoJo 200 -yyamuxes X xaaccos. Ha sompoc,
YTO OHH NOHHMAIOT IOJ AKCHOMOH, Bce ONpailHBaeMble OTBETHJH
npuMepHO TaK: «AKCHOMAa — HCTHHA HJIH NpensioKenne, He Tpe-
fyromas 10Ka3areabCTBa. Ha Bompoc, moyeMy akcHoMa He Tpe-
fyeT [MOKa3aTeJbCTBA, ydyamuecs oTBeTHan: «IloTOMy, YTO OHa
oueBHaHAa». Korjpa Xe UM HasBaJjH HeJH psj TeopeM, He MeHee
OUEBHHBIX, YeM HM3BECTHBIE HM AaKCHOMBI, HO KOTOpBHIE, OJLHa-
KO, «TpeGyloT» J0KAa3aTeJbCTBA, YUAILMeCs HHUEro He MOI'JIR
OTBETHUTb. ,

Ha BOTIPOC, MOKHO JIH ONpPeAeJsTh BCe IeOMETPHUECKUE TOH:-
THsl, yYalliecsi OTBeTUJHM YTBEPIHTEJbHO, a B KaueCTBE onpeje-
JIeHHs] IPSMOH NPHBEJIH H3BECTHOE OMHCAHHE. «ITpsimast — JIUHUA,
KOTOpasi HMeeT BHJ TYro HaTSHYTOH HHUTH».

Mbl NpOH3BEJH CpPABHHTEJbHBIA ~aHAJH3 J0Ka3aTeJbCTB,
NPOBOAMMBIX B IUKOJIBHOM Kypce TIEOMETpHH Ha pasJHYHbIX
sranax o6yuenns. OOLIEM3BECTH), UTO MOJ JIOTHIECKH CTPOTUM
J0KA3aTeJbCTBOM NOHHMAIOT Takoe 10Kas3aTelbChso, B KOTOpOM
HA KamJOM H3 .ero IIaroB @) TOCHUIKH TNPEICTaB/sIOT co6oi
AKCHOMBI, ONpeNeeHHs, paHee JOKa3aHHBIE TeopeMBl, YCJIOBHS
JOKa3biBAeMOH TEOpeMbl HJH Xe 3aKJIoHYeHHd, NOJIyyeHHbIE
B NpeUIECTBYIOMIHX IIarax AaHHOro JA0Ka3aTenbCcTBa, H 6) 6€3-
OIIHGOYHO MNPHMEHSIOTCS NMPaBHJa JOrMYeCKoro BHIBOAA.

Takxe H3BECTHO, YTO ILIKOJbHBIE JOKa3aTeNbCTBA HE ABJAIOT-
Cs1 JIOTHYECKH CTPOTHMH, TaK KaK B HHX MMEETCs MHOMKECTBO Jo-
IMYecKHX NMPOGEJOB B BHAE HESBHBIX CCHIJIOK Ha HaCJISITHOCTD
yepTexa WIH HA MHTYHTHBHO SICHBIE NpelJoKeHHsi, KOTOpble HE
TOJIBKO paHee He JOKA3aHbl, HO faXe He c(hOpMyTHPOBAHBI, TIPH-
yeM HEKOTOPHE M3 OSTHX TpPOGesOB, OYEBHIHO, Hen3GeXHbl
B LIKOJIHOM IIPEernojaBaHui, Apyrue xe MOTJH 6B GHITH yCTpaHe-
Hpl npH 6oJjee COBepLIEHHOH MEeTOMHMKE, oco6eHHO B CTapIINX
Kjaccax.
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‘OnHako mpu cpaBHeHMH MOZOGHBIX JOKA3aTeNbCTB npaBoMep-
HO CUMTAThb HAXOAALUMMCH Ha 60Jee BBHICOKOM YPOBHe 'CTPOrocTH
'TO, B KOTOPOM 3HAUHTEJBHO MEHbIUE JOTHYECKHX npo6eJioB.

[lpoBeneHHblil aHanu3 MNOKaskBaeT, 4TO B yCTaHOBUBLUEHCS
TIpaKTHKe MpenojaBaHHsi reOMeTPHH MOJ, BJHSHHEM y4eGHHKOB,
HaNHUCAHHBIX B CTHJIe eBKANA0BEIX «Hauans, 8 VI — VII n B IX —
X Kaaccax J0KasaTesbCTBA NPOBOASTCH HA ONHOM H TOM 3Ke
YPOBHE cTporocTH. K TOMy Ke, C/lefys NMPOYHO yKOpeHWBLIeficS
B NPeNoJaBaHWH TeOMEeTPHH «eBKJMAOBOHY TPamuIMH, YUHTEJNs
4acTo BBIJAIOT LIKOJbHBIE JOKA3aTe/bCTBA 3a o6pasisl Joruye-
'CKOr0 COBEPINEHCTBA U CTPEMSITCH BOCHTATD y YYaLIUXCs MPeKJIo-
HeHune Nepey JOrHUeCKHM JI0Ka3aTeIbCTBOM H HeJOBEPHE K OMBITY,
K TpaKTHYeCKOH MpOBepKe HCTHHHOCTH TPemJOXKeHuid Ha
TAKOM 3Tane 06yuyeHus, KOraa omeT Gonee y6eauTeen ams yua-
InuXcs, YeM JIOTHUYECKOe 0KAa3aTeJbCTBO. DTHM CaMBIM JIOTHYE-
‘CKHHl CM0CO6 06OCHOBAHHS HCTHH MPOTHBOMOCTABJISETCS KpHTe-
PHIO TpPAKTHKM BMECTO TOro, YTO6bl 3TOT KpHTEPHH MONOKHTH
B OCHOBY JIOTHYECKOro cmoco6a. Jloruueckass cucTeMa IIKOJbHON
TEOMETpHH, KaK H BCsKas JOrMYecKas-CHCTeMa, yOeluTe/ibHA He
‘TOJIBKO ¥ He CTOJIbKO NOTOMY, UTO €e MpeaJoXeHHs O0GOCHOBLI-
BAIOTCS JIOTHYECKHUM - IyT€M, HO W MOTOMY, YTO 3a JIOTHYECKOil
CHCTEMOH HAaXOAHUTCS OMBIT, 06ecHeYHBaKOLHM y6enuTeIbHOCTb
HCXOJIHBIX MOCHIJIOK CHCTEMBI, €€ aKCHOM.

05.2. Kak u B o6nactH reoMerpud, B o06;gacTH anre6pbl,
BKouas apuMeTHKy (B yUeHHSX O uHCHe, 06 ypaBHeHHAX
H HEepPaBEeHCTBAX), MOXKHO BBISIBUTb pAas/HUHblE YPOBHH MBILI-
JICHHU A, R

Ha camom muskoM, mysnesom, yposme uncso HEOTHENIUMO OT
MHOKECTBA KOHKDPETHBIX NPeIMETOB, KOTOPOe OHO XapaKTepHayer,
a apdupMeTHyecKue omepauuu NPOBOJSATCA  HENOCPEACTBEHHO
» Haj MHOXECTBaMH NPeIMEeTOB.

Ha cnenyiomewm, nepsom, yposre uncaa (HaTypasbHble, HeJble,
ApOGH) OTAENEHB OT TeX KOHKpPETHhIX 06'bEKTOB, KOTOPHIE OHU
Xapakrepusyior. Ha 3toM ypoBre omepupyior KOHKDeTHBIMH
“UHCIaMH B UH(POBOM BhHIPaXKeHHH, a CBOHCTBA ONepauuii o6Ha-
PYXHUBAIOTCS C MOMOLIBIO HEMOJHON MHAYKIHH. -

Ha BropoM ypoBme ocymecrsasercs nepexoj OT KOHKPETHHIX
“UMCEJI, BBIDAXKEHHBIX UHM(ppaMu, K a6CTPAKTHBIM, GYKBEHHBIM Bbi-
'PaxeHHsIM, 0603HAYAIOWMM KOHKpPETHbE YHC/Ia JIHIUb IpH ompe-
AeNeHHOM HCTOJIKOBaHMH OykB. Ha stom yposme npoussomurcs
dacTuunoe ynopsijoveHue €so#cTs. HekoToprle cBofictBa B BHje
MpaBusl Npeo6Gpa3oBaHus anre6panyecknX BoIPAKEHHH JOTHUECKH
-BBIBOMATCSL U3 JAPYTHX CBOMCTB. ‘

Ha TperbeM ypoBHe BHsicHseTCH BO3MOMKHOCTD JAeLYKTHBHOIO
"TMOCTPOEHHsT BCeH a/re6pHl B 3aJaHHOM KOHKPETHOM HHTEpnpera-
I, T. e Korma OykBel, 0603HAuaIIHe OGBEKTH HCUHCTEHHS,
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BHIPA’KAIOT YHCJA M3 HEKOTOPOrO 3aflaHHOr0 MHOXKeCTBa (HaTy-
paJibHBIX, LEJbX, PALHOHAJNbHBIX HJIH BEI[ECTBEHHBIX), a omepa-,
UM HMEIOT OGBIYHBIH CMBICJL. T

HakoHel, Ha YeTBEPTOM YDOBHE, OTBJIEKAasiChb OT KOHKPETHOM
NPHPOAbl OGBEKTOB HCUHC/JEHHS H OT KOHKPETHOIO CMhIC/a Orne-
pauui, cTposT ajre6py Kak aGCTPaKTHYIO AEAYKTHBHYIO CHCTEMY,
BHe BCAKOH uHTeprnperauud. Ha 3TOM ypoBHE NPOHCXOAMT HE
TONLKO TEePexofl OT H3BECTHON KOHKPETHOH MOJeJH K abGCTpakT-
HOH TEOPHH, HO H Tepexof OT aGCTPaKTHOH TEOPHM K APYTHM ee
KOHKPeTHHIM Moje/ssM. Ha 3TOM ypoBHe MOCTHIaeTcst i BO3MOXK-
HOCTb CYIIECTBOBAHHS Pa3JHUHBIX anare6p.

Mgl yxKe ropopusi panbue (4. I, ra. 3) O HEKOTOPBIX HeJLO-
CTaTKaX B YCTAHOBMBLIEHCS MpaKTHKe NMpenojaBaHusi apHPMETHKH
1 aare6psl, C TOUKH 3peHHs] YPOBHS, HA KOTOPOM BeJleTCs Mpemno-
JaBaHue, nojyyaercs, YTO B TeUeHHe NEPBBIX MATH JET OGyueHue
BeJleTCSl Ha TEepBOM YPOBHE C OUeHb CJa6bIMM 3JeMEHTaMH BTO-
poro (BBeieHHe GYKBeHHBIX 0603HAUeHHH B Kypce apHMETHKH).
B Teuenme Ke BCeX OCTaJbHBEIX JIeT OOyUeHHs NpenojaBaHue
BeJIETCS HA BTOPOM YPOBHE C 3JI€MEHTaMH NepPBOro.

Kak BHAHO, B OTJHUHE OT NPENojaBaHUs [E€OMETPHH, KOTOpOe
JIOCTHTaeT, XOTS U HENOJIHOCTBHIO, TPEThEr0 YPOBHS, TPAAHIHOHHOE
npenojaBaHue ajnre6pbl He NMOABIMAeTcsl Bhillle BTOPOro, MpHYEM
B YacTH JOrMYECKOTO YNOPSAOYeHHUsT CBOHCTB M 3TOT YpPOBEHb
JOCTHTAeTCS] HeMOJIHOCTBIO.

[To ycrapeBuieii TpajHIHK B IIKOJbHOH anre6pe He MpHMeE-
HSIOTCS TEPMHHB «aKCHOMa», «J0Ka3aTeJbCTBO», XOTS 31eChb Mbl
JIOKAa3bIBa€M He pexe, YeM B IeOMeTPHH, M yYau(Hecs NoJayyaior
npejcrasienne o6 anreGpe, Kak O CBOJe NMPaBHJ, HE CBSI3aHHBIX
Mexy co60fi, HO KOTOpBIE HYXKHO 3ayYHBATh JJISi TOTO, YTOGHI
NPHMEHSITh K PelleHHI0 «IPHMePOB» OnpeJesieHHbIX THIIOB.

-~ 06. Usyuenne npoGieMpl JOrHYECKOH CTPOrOCTH B LIKOJIBHOM
NpenojiaBaHHM MAaTeMaTHKH NPHBOAHT K BHIBOAY O HEOOXOMH-
MOCTH pacujieHeHHs 3TOH npo6jaeMbl Ha JB€ YacTH:

1) BbIsICHEHHe 1€1eCOO6PAa3HOro ypOBHS CTPOrOCTH Ha KaX-
JOM 3Tane oGyueHHs] TaK, YTOGHl STOT YPOBeHb ObLI JOCTyNEH
yyamuMcsi JaHHOrO BO3pacTa H crnoco6cTBOBaj HX  GoJjee
GLICTPOMY JIOTHYECKOMY Pa3BHTHIO, JOCTHXXEHHIO 60Jiee BBICOKOTO
YPOBHSI MBILLTIEHUS] B JAHHOH 06.JacTH; :

2) BbISICHEHHe  BO3MOXKHOCTH  O3HAaKOMJIEHHSl  yYallUXCs
C aKCHOMAaTHYECKHM MeToJOM (Ha KaKOM KOHKPETHOM MaTepuaJje
H B KAKOM acneKTe 3TO OCYLIeCTBHMO).

Hama Toyka 3peHus M NPeJoKeHHs MO 3THM ABYM npobJe-
MaM CBOAATCA K CJeyIOMeMy:

1) B o6nactd reoMeTpun HeoGXOAHM HayYaJbHBIA KypC, KOTO-
pHE 3HAKOMHJ Gbl yYallMXCsl HAYaJbHBIX KJACCOB C LIMPOKHM
KPYTrOM reoMeTpHuecKHX GUryp ¥ X CBOHCTBAMM HCKJIIOUYHTEJIBHO
Ha 3KCepHMeHTaJIbHOH ocHoBe. (Mbl yxe ynomuuanu B 4. I,
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1. 5 06 UHTEPECHOM NeAarorHyecKoM JKCIIEPHMEHTEe B 3TOM Ha-
NpaBJIeHHH, MPOBOAUMOM HAYYHBIM COTPYAHHKOM CEKTOpa 06yye-
HHs MaTteMaTuke HayuHo-uccaenoBaTenbckoro HHCTUTYTA 06uiero
H MOJHTeXHHYecKoro obpasosanusi AITH PCOCP A. M. Ipm-
Kajo.) .

2) B cucremaTHyeckoM Kypce reomerpud B VI — VIII knac-
cax (MoxeT OBITb, 1€7ecO06PAa3HO HAYHHATH ero ¢ V KJacca)
AOJ/ZXEH UINPe MHCTOJb30BATLCSI ONBIT M OCHOBAHHAS Ha HEM
UHTYHUHS yYEHHKOB - B COYETAHHH C NOCTENEHHO YCHAHBAIOMIK-
MHCS SJEMEHTaMH NeAYKUHH MO Mepe BOCIHTAHHS Y yyaiuxcs
C NOMOIUBIO CMENHANbHO CO3AaBAEMbIX CHTYAIHil 4yBCTBA norpe6-
HOCTH R - JIOTHYECKOM J0KA3aTeJbCTBE.

Ilon 6onmee mHPOKMM HCMOMB3OBAHMEM OMEITA MbI NOHUMaeM,
B HaCTHOCTH, TpPHHATHe ‘6e3 NOKasaTeJbCTBa (B HauaJe Kypca)
Hapsily ¢ TPAAUUHOHHBIMH AKCHOMAMH, MOJIOKEHHBIMH B OCHOBY
Kypca, ApYrux MHTYHTHBHO SICHBIX NPEAJNOXKEHHH, XOTA OHH JO-
TMYeCKH J1OKa3yeMbl Ha Gase akcuoMm. HenpaBusbubl yTBEpXK Ie-
HUs, UTO MPUHATHE 6e3 0KA3aTe/bCTBA HEKOTOPHIX TPaAHLIHMOHHO
ZOKa3bIBAEMBIX B LIKOJIE TPEAJNOKEHHH paspymiaer JIOTHUECKYIO
CHCTEMY LIKOJIbHOH reoMeTpHH. JIoruuyeckas CHCTeMa He TOJIBKO
HE€ paspymaercd, a ykpemjsercsi, 60 BMeCTO TOro, YTOGEI CO-
3/aBaTb HJ/IMIO3HIO CTPOTOCTH 3aMaJIYMBAHHEM JIOMHYECKHX npo-
GesloB, OTKPHITO obpaiawrest K ONBITY yyYamIuXcsl, co3mamsas 6o-
J1ee TIPOUHYI0 6a3y AJs 3TOH cHcTeMbl. TIpuHsTHE 63 [OKA3aTew.
cTBa 6OJbLIEr0 YHCJA NPEJIOKEHHH, YeM 3TO MPHUBLIKJIH Ienarh,
CACAYS €BKIHIOBLIM TPaJAHUHAM, 06JIEryaeT yyammMcs yCBOEHue
Haual TeOMETPHH, YKPeIUISIeT CBSA3b TEOMETPHUECKHX 3HAHH{
C MPAKTHKOH, C KU3HDBIO, BOCIHUTHIBAET Y JeTell JOBEpUe K MOCTe-
TNEHHOMY JIOTHYECKOMY Pa3BepTHBAHUIO TEOPHH. .

Merton reoMerpuueckoro 3KCMEePHMEHTA B HAYaJbHOH CTajnu
0OYueHHsI TeOMETPHH H B CHCTEMATHUECKOM KypCe COCTOHT B CO3-
AaHHH CHEUHAJIbHBIX CHTYauuél M NPefOCTABJEHHH YyYailuMcs
BOSMOXHOCTH H3BJIEYb H3 HHX OUEBHJHbIE F€OMETPUYECKHE (AKTHI.

OKCNEePHMEHTA/bHBIM MEeTOJ0M, CBONCTBEHHBIM busnke, Mol
u3yyaeM aGCTPaKTHbIe PEOMETPHYECKHE OGHEKTH H MONOKEHHS Ha
KOHKDeTHOH (DH3HUYeCKOH MOMesH. OueBnpHO, MCKHO HATH Ha
TaKyl0 XKEepTBY, HAa ONpPeJeJeHHOM 3TaNe 3aHUMATLCH U TAKOH
busukof, yTo6GHl B AajbHelinmeM KOCTHYDL JIyULIero MOHUMAaHHUS

MaTeMaTHKH. A

leomerpusi, kak U BOOGIIe MaTeMaTHKa, He SABJSETCS 3KCITe-
PHMEHTA/IbHOH HAyKOH, M, C/ef0BATEJbHO, 3KCEPHMEeHTaNbHOe
NOATBEPK/JEHHE HE MOMKET CJYXKHTb JOCTATOUHHIM OCHOBAHHEM-
HCTHHHOCTH €€ Mpe/JIOXKeHHH. ITo BepHO, ecM MOJX reoMeTpHei
NOHHMATb TOJBKO OJHY ee a3y — JefAyKTHBHYIO TEOPHIO, HO Teo-
METpHsl HMeeT eme JBe (asbl — NpeAuIecTBYIOMYIO JeAyKTHBHOM
Teopun (asy HakomeHHs: (HAKTOB (MHTYHTHBHYIO 6a3y, MO Bbi-
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paxennro Pessrepa, HIH MHIAYKTHBHBI CHHTE3, MO BHPaXKEHHIO
®pewe) H CAEAYOWYIO 32 AEAyKTHBHOH Teopued dasy npuJo-
Keuuit. B WKOJIbHOM 06yuyeHuu 3TH JABe (asbl HrpalT BamHYIO
pOJib: NepBas, B YaCTHOCTH, /s TOHHMAaHHA NelyKTHBHOH TEOPHH,
BTOpas — JJIl €€ ONpaBlaHhs. YUYHTeNb NOJKEH 3a060THTbCS
0 TOM, YTO6H cleJaTb H3yyaeMoe MNOHATHLIM, He MeHblle, YeM
0 ToM, uTo6Hl JOKa3bBaTb Ha AOCTATOYHOM YPOBHE CTPOTOCTH.

3) Bce, yTO cKa3aHO BO BTOPOM NYHKTE, OTHOCHTCS K TpemNo-
JlABaHHUIO TeOMETPHH B BOCbMUJeTHe#l mmKoJje, Jlornuecku#t ypo-
BeHb TPENnojiaBaHUsi FeOMETPHH B CTApPIIHX KJacCax AO0JKeH OLITH
3HAYHTEJbHO BhIIE TpaguuuHoHHOro. OAHAKO H 31€Ch reOMeTpus
He MOMKET CTPOHTbCS Ha CAMOM BBICOKOM YpOBHE B BHJIe aG-
CTPaKTHOH TEOPHH, BHE BCAKOH KOHKDETHOH MHTEpnpeTaiHy. Peup
HIET JUIb O 60J€e YeTKOM pasrpaHHYEHHH JIOTHYECKHX H MHTYH-
THBHBIX 3JIEMEHTOB, 06 yCTpaHEHHH M3 [0Ka3aTeJbCTB psAjia JIOTH-
yecKHX npoGesoB H O NOCTPOEHHH B AKCHOMaTHYECKOM CTHJIE,
HO B KOHKPETHOH HHTeprnperauuH, He6ombIIOro QparmMenTa
TEOPHH. oo

HocTuxenuo 6oJiee BHICOKOTO JIOMYECKOTO YPOBHS Npenoja-
BaHUSI TeOMETPHH B CTApLIMX Kjaaccax cnoco6CTByer npuoGpere-
HHE YYALIHMHCS OTPee/IeHHBIX JOTHUECKAX 3HAHHA B pe3y/brare
pa6oThi, onucaHHOH B raaBax 4-—7 nepsoii YacTH HacTosed
KHHrH. PasiuyHBI ypOBeHb npenojiaBaHusi reomeTpun B VI—
VII u B IX — X Knaccax HJUTIOCTPHPYETCS] B OYEPKAX M3JIONKEHHS
OT/leIbHBIX (PpParMeHTOB TEOPHHM B 3THX KJaccax, COCTAaBJIONIHX
CcOflepKaHue CJAeAYIOHX ABYX IMaB (ra. 21 3). :

4) Mo yxe ykasamu (u. I, ri. 3) Ha Heuesecoo6pasHOCTb
YeTKOro OTAEJEeHHS aireOpbl OoT apu(PMeTHKH H Ha 3KCHEpHMeH-
TaJbHO MOATBEPKJIEHHYIO BO3MOXKHOCTb 6oJiee paHHEro nepexoja
K M3yueHHI0 cOGCTBeHHOH ajre6pbl Ha TOM YPOBHe, Ha KOTOpPOM
B HAcCToOsllee BpeMsl OHa H3ydyaercsi Tosbko B VI kiacce.

5) B crapumx kjaaccax JOTHYECKHH YpPOBEHb MDENoaBaHys
anre6pel MOXKeT H JOMKeH ObITb 3HAYHTENPHO Bblllle YCTAHOBHB-
mrerocsi. O BO3MOXKHOCTH MOBBIILEHUS] YPOBHS NPENOAABAaHHUs yue-
HHsl 06 ypaBHEHHSX M HepaBEHCTBAaX TOBOPHJOCH B T 6 (4. I).

B aare6pe ecTb BO3MOXKHOCTb I10Ka3aTb NMEPEXOA OT KOHKPET-
HOH MOfesH K a6CTPaKTHOH TeOPHH H OT Hee K APYruM KOHKpeET-
HBIM MOJeJSIM, pPacKphiBasi 3HaueHHe COBPEMEHHOr0 aKCHOMATH-
YeCKOr0 METO/a, CMBICA MHOTO3HAYHOCTH AaKCHOMAaTH3MPOBAHHOM
TEOPHH, 3HAUeHHe MOJeNeHl B COBSI3H ‘MAaTEMAaTHUYECKOH TeOpHH
C TIpaKTHKOH.! »

TakuM 06pa3oM, XOTsl B HACTOsilee BpPeMs JIOTHYECKHH YPO-
BeHb TNpenojflaBaHHs anare6pbl HHKe YPOBHsS MpenonaBaHH
reoMeTpu, B o6jacTu anre6pbl MOXKHO HOCTHYD HAHBBHICLIETO

! ME 3To yKe MoKasanu Ha npuMmepe Oyxesolt aarebpu (4. I, r1 7)
H moKaxeM fAajbliie Ha TpHMepe KOMMYyTaTHBHo# Tpymmsl (ra. 4).
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COBDEMEHHOTO YPOBHS, pa3yMeeTcs, He CTPEeMsICb CTPOHTb Ha HeM
of0yueHHe 3HAUMTEJbHOH 4YacTu ajre6pbl B CTapIIMX KJaccax.
Peub uper o toM, uTo6H HJITIOCTPHPOBATh CaM MPOLECC aKCHOMa-
TH3aLMH TEOPHM Ha NMPuUMepe HeGOosbWIOro (parmenta agreGpa-
YecKo# Teopuu. ['eoMeTpusi Menee moxgXouuT a5 3TOH LieJIH, XOTA
TPaJUIHOHHO AKCHOMAaTHYECKHH MeTOid B OOGYYEHHH HEeH3MEeHHO
CBS3bIBAJICSI HMEHHO C reoMerpued. B ocHoBe reoMerpuu nexur
TPOMO3/Kasi aKCHOMATHKA, M HET BO3MOMKHOCTH NPHUBECTH NpH-
MEpBI CKOJIbKO-HHOYb HHTEPECHbIX KOHKPeTHEIX MOJeJel, OT/IHY-
HBIX OT KJaCCHYECKOH MOJE/NH, Ha KOTOPOH CTPOHMTCS B IIKOJE
Tpenofasanne reoMeTpud. Dysesa anre6pa u Teopus KoMMyra-
THBHOH IPYNNbl OTIHYAKOTCS NPOCTOTOH AKCHOMATHKH H OGHJIHEM
MHTEPECHBIX KOHKPETHBIX Mojesel. Teopurd KOMMYyTaTHBHOM
TPYNNLl NpeAJsaraer HCHOJb30BaTh M/ PACKPHITHS CYIUIHOCTH
aKCHOMATHYECKOro MeTojga (GpaHUy3cKuil MaTeMaTuk MOHKajieH
B CBOG{l MHTepeCHOH KHHMre «Bpejenue B coBpeMeHHYK MaTeMa-
THKy».! OHaKoO OHA mnpejcTaBiasieTcs HaM MaJIOAOCTYIHOH sl
yyYanmxcs. . .

B o6nactH yuenns o yHKUMSIX IIKOJIbHOE npenojaBanue
MOXKET W JOJIKHO JOCTHYD COBPEMEHHOrO YyPOBHSI IOHUMAHHS
nien ¢yHxuuu.? OGBIYHO CUHTAIOT, YTO MOHATHE dYHKLHH B mpo-
necce o6ydYeHHs JOMKHO PAaCCMAaTPHBATHCA HA TPeX YPOBHSAX:

a) Ha CaMOM HH3KOM YPOBHE OVHKUHS OTOM JeCTBISETCS
C anreGpanyeckuM BbIpaxeHHeM, ¢ GOPMyJoil (PYHKLHOHAMD-
Hasl NIPOMeEJeBTHKA), W 3TOT YPOBEHb yiKe AOCTYNEH yYaliHMCs
IV — VI kaaccos;

6) ua caenyromem ypose (VII— VIII ki) mousrue DyHK-
i} NOCTEMNEeHHO OCBOGOXK MACTCS OT OTOXK JIECTBJCHUS € bopmy.of,
KOTOpasi CTAHOBUTCSA JIMIIb OJAHHM H3 CIOCOGOB BEIpaXeHHs DYHK-
IuH. 31ech QYHKIMS yCBAMBAETCS B €€ KJACCHUECKOI TPaKTOBKE,
npuYeM TEPMHH «(DYHKLHUS» NpUMeHsieTcsl 6oJblue s 0603Haye-
HUSl 3aBHCHMOH NepeMeHHOH BeJMYMHBI, YeM CaMoOH 3aBHCHMOCTH
MexX Iy NePEMEeHHbIMH BeJIMYHHAMH;

8) Ha TpetbeM ypoBHe (IX —X ki) mnoHsTHe byHKIHH
HOJIKHO H3y4aThCSl B €€ COBPEMEHHOH TeOPEeTHKO-MHOMKECTBEHHON
TPaKTOBKe. : :

Ounuako GoJburero spdeKkTa MOMKHO HOCTHUB, €CJIH OTKA3aThb-
Csl OT TAKOr0 UCTOPHYECKOro MoAX04a M € CAMOro HayvaJa HCIoJb-
30BaTb COBPEMEHHYIO TPAKTOBKY, Pa3yMeeTcsl, IPH COOTBETCTBYIO-
1eH ee AMIAKTHUECKOH 06pa6oTKe.

leoMerpuyeckie npeo6pasoBaHHs W 3J€MEHTH MaTeMaTuye-
CKOH JIOTHKH, TJle BCTPEYaloTCsl JIOTHYeCKHe (DYHKLUH, JaiOoT npu-
Mepbl HEUUCJNOBBIX (PYHKIMH, ¥ 9TO mMpuOIMKAET VYAIHXCH K

L' A. Monjallon. Introduction aux mathématiques modernes. Paris,
1960. ’

2 A 4 Xuumuuu OcHoBHBE JIOHSITHSI MaTEMAaTHKH B CpefHeil IuKoJe.
[Tenaroruveckne craren. M., 1963, crp. 77.
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OHHMaHHIO oBIiell HieH OTOBpaXKeHHsi OJIHOTO MHOXKeCTBa B JpY-
roe, Jexalleil B OCHOBE MOHATHS (PYHKIHH. N

07. B malell o6leo6pa3oBaTe/bHON WIKOJe HET ellle nocra-
TOUROT'O ONBITA MpEernojaBaHHsl HayaJ MaTeéMaTHYECKOro aHasH3a
(nuddepeHIHaTbHOTO ¥ HHTETpaJbHOrO ucuncaennii). OueBHUAHO,
B 3TOH 06/1aCTH, YUHTHIBasI CJIOXHOCTb MaTepHa/la, Mbl HE JO/IKHbI
CTaBHTb LEAbIO AOCTHXKEHHEe CKOJbKO-HHOYIb BBICOKOro ypOBHS
CTPOrocTH. 3JeChb IJ1aBHas LeJb-— JOCTHKEHHE MONIHHHOrO Mo-
HEMAHHS, J1aXKe eCJH AJs 3TOr0 MHOTJa NMPHXOAHTCA XKEPTBOBATH
CTPOTOCTbIO H3JIOKEHHS.

" T'aasa 2. IKcnepHMeHT M JOTHYECKOE J0Ka3aTeJbCTBO

st MAMIOCTPAllHH OTHOIIEHHs 3KCMEePHMEHTaslbHOro M JIOTH-
YeCKOI'0 METONOB B HauaJle CHCTEMaTHYECKOro Kypca reoMeTpHH
(VI — VII k.) Mbl MPHBOJMM HHXe OMHCAHHE M3YUCHHS OTAE/b-
HbHIX (parMeHToB 3TOro Kypca. [IpuMeHnsieMasi METOAMKA Xapak-
TepU3yeTcs CJeAYIOIHMH OCOGEHHOCTAMH:

a) TpH BBeJEHHH HOBBIX TOHSTHH H YCTAHOBJCHHH HOBBIX
MCTHH IIMPOKO MPHMEHSIETCS 3KCIEPUMEHT — CIEUHalbHO MOCTaB-
JCHHDIf ONHT B BHJE MPAKTHUeCKOH paGoTH, BHINOJHsIEMOH BCEMH
y4allAMHCH, _ .

6) pesynbTaThl OMBITA CHAYKAT MOCHIIKAMH LS ofHapyXHBa-
HHUSI MHAYKTHBHBIM IyTe€M OOILHX 3aKOHOMEPHOCTEI;

6) HeKoTOpble M3  OOHapyXKeHHbHX ~ SKCNEDHMEHTAaJbHO
CBOHCTB MOTYT GBITH IOJYYeHBI C MOMOILBIO pacCyxX/JeHHH H3
JPYMHX CBOHCTB, UTO COKpallaeT 3KCMEPUMEHT;

2) BeleTcsi pa3bsiCHeHHe 3HAUEHHs W HEOCTATOUHOCTH OINbIT3,
WHAYKTWBHBIX BBIBOJOB, UTO TOCTENEHHO TOABOIHT YHAIHXCH
K TIOHMMAaHHIO HeoOXOAHMOCTH JIOTHYeCKOro (e VKTHBHOTO) AO-
Ka3aTeJabCTBa;

0) paspabaThiBaeTCsi IKCIEPHMEHT, MOACKA3HBAOIHA HALIO
JIOPHUECKOTO J0Ka3aTeabCTBa, MM XK€ CaMO JIOTHYeCKOe foKasa-
TeJbCTBO TPOBOAHTCS B BHAE 3KCIEPHMEHTA.

Ms yxe nokasaau (4. I, rai. 4), Kak pagbsCHSIIOTCSA Ha TEOpE-
THKO-MHOXKEeCTBeHHOI OCHOBE HEKOTOpbie BaXKHbIe MOJOXKEeHHd,
KOTOpble B TPa/HLHOHHOM KYpPCe FeOMETpHH HE paccMaTpHBaloTCA
(npsiMasi pa36HBaeT IJIOCKOCTb Ha JBE MOJYIMOCKOCTH, 3aMKHY"
Tast JoMaHas ONpelessieT Ha IJIOCKOCTH JBe 06JacTH, pasiHuHe
BHYTpeHHEH 06/1aCTH OT BHELIHEH ap.).

PaccMOTpHM 37ieCh BBEJIleHHE OCEBOH CHMMETDPHH H HEKOTOpbIE
BOIPOCHI F€OMETPHH TPEYrOJbHHKA.

1. Ocesas cummerpus

YyampmMcs NoKasbipaercs psii GHUryp, H3 KOTOPBIX HEKOTOPBIE
06/1a1a0T, a JApPYyTHe He 06/1aJalOT OCEBOH cumMmerpHeil. 3ame-
yaercs, yTo KaxAas M3 «CHMMETPHUHBIX» QHTYP AETHTCS HEKO-
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TOPOH. HpAMOH HAa JABe paBHBIE yacTH TakK, 4YTO €CJH COTHYTb
¢urypy no sToif npsiMmo#, ofxa uacrb OUrYpBl HAMOXKHUTCA H MOJ-
HOCTBIO COBNAALT ¢ APYro#. [nas KaxKaoH xe U3 «HECHMMeTPHY-
HBIX» GUTYD TaKofl NpSIMOH HAfTH Hesb3s.

B mpupone, Bokpyr mac Berpewaercs MHoro Pas/HYHBIX CHM-
METPHYHBIX (HIYP — apXHTEKTypHbie YKpalleHus, CTPOHTENbHEIE
W Jpyrue QeTafy, HeKOTOPblE 3/1aHHsl, HEKOTOPHE JHCTb Ha Je-
PEeBBSIX H T. L. )

Tlocne Takoro He60bIIOr0 BBELEHHS TepexXofsiT K AeTajabHoO-
MY H3YYEHHIO OCeBOH CHMMeTpHH. KaXnoMy yueHnky npeaJaraet-
. Csl COTHYTb JIMCT 6yMaru Tak, 4yroGbl OJHa YacThb JHCTA ynaja Ha
APYTyI0 B 06pa3oBanach JHHHS CTHG6a. 3aTeMm mpejsaraercs
BBIIPSAMHTL CHOBa JIHCT M OTMETHTb Ha HeM TPOHU3BONBHYIO TOY-
Ky A, He jneXamyo HA JAHHHH cru6a, saTeM CHOBa COTHYTb JIHCT
MO TOH e JIMHHH CrHOAa M ONpeLeaHTb, IJIsiAs HAa CBET uyepes
COPHYTHIH JIHCT, C KAKOH TOUKOH COBMaMa MIPH 5TOM TOUKA A. Tlyerb
sTa Touka — A;. Yuamumcs co06maloT, uro Toukn A u A, Ha3bi-
BAIOTCA CHMMETD HUHB MH OTHOCHTENBHO TIPSIMOH ¥ (mrHHE
cru6a), HasblBaeMOH OCBI0 CHMMeET PHH 3THX TOouek. [lasi
JAPYro# ToukH B, nexameii mo APYTYIO CTOPOHY OT JIMHHH Cruba,
yeM Touyka A, npeasaraercs ONPENETUTL CHMMETPHUHYIO € TOYKY
OTHOCHTEJIbHO" TOH Ke OCH ¥. 3aMeuaeM, uTo ecH B3ATh Touky C
Ha JIMHHM cruba, oHA OCTAaeTCs (HeMOABHIKHON mpH crubanun
JUCTA, T. €. He COBMANaeT C KakKol-AH60 NPYroH TOUKOH JHCTa.
Mbi roBOpHM, uTO JTI06asi TOuKa ocH CHMMETDHH (JIMHHH Ccru6a)
CaMa cefe CHMMeTpHuUHA. A

PaccmatpuBaorcs cBoficrsa PacnoyioKeHHsi OTHOCHTEIBHO OCH
ap CHMMeTPHuYHBIX Touek (4, Ay), (B, B).

[Tocne moBropennus - BONPOCa O BO3MOXKHHIX pPacClONOKEHHAX
ABYX TOYEK OTHOCHTEJIbHO NMPSIMOH Yyuyamipecs 3aMeualoT, YyTO CHM-
METpHYHLIC TOUKH BCeTla JeX aT MO pasHble CTO POHH
OT OCH CHMMETpPHH.

Ilpennaraerca coexunuts CHMMETDHYHbIE TOYKH OTPE3KOM
NPSAMOH. Yyamuecs BBICKA3HBAIOT TIPEAIIONOKEHHE, YTO CHMMe-
TPHUHBIC TOUKH JIEXAT HA PaBHBIX PACCTOSHHSX OT OCH CHMMe-
TPuH, T. €. uto oTpeskn AA;, BB| KensiTCS MONONAM OCbIO CHM-
MeTpHH. JTO MNPEeINOOKEHHe YKDEMNAeTes TMOMOILIBI0 H3Me-
penust.

Ecan yuennkn ne 3sameuwaior NEePNEeHANKYISIPHOCTb OTPE3KOB
AA; u BB; k ocu CHMMETPUH (OGBIYHO PABEHCTBO YIVIOB He Tak
OBICTPO 3aMeuaeTcst MMM, Kak PaBEHCTBO OTPE3KOB), GepyT aBe
TOUKH, PaBHOOTCTOSAIIHE OT OCH, 1O PA3HbIE CTOPOHBI OT Hee, HO He
Ha O/HOM NepHeHAHKYJspe K HeH, H 3a[ai0T BOMpOC, 6yayT Jau
STH TOYKH CHMMETPHYHBI OTHOCHTENBHO TOH Xe OCH. Conocrapass
PACIOJIOXKeHHe 3THX TOYeK C PaoNoJIOXKEHHEM CHMMETPHYHBIX TO-
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yeK, yualHecsi OOHApYXKHBAaIOT H MOC/IEfHES CBOHCTBO: CHMMe-
TpHUYHbIE TOUKH JI€&XKAaT Ha OJHOM MepNeHiuKyAspe K OCH CHM-
MeTpHH. DTO [OKa MPENOJOKEHHe, KOTOpoe TaKxXe YKpeIIserci
C MOMOIIbIO H3MEPEHHS.

Bo3HEKaeT BONpOC, Heb3sl JH YGeAHTbC B MPaBH/IBHOCTH
HAlUKX MpEINONOXKeHHH, He MPOM3BOLS H3MEDEHHH. Yuamuecs
NpearaloT COTHYTh JIUCT GyMark mo oCH CHMMETpHH, TOT/a TOY-
xa A cosnamaer ¢ Toukoit Aj, a OTpPesoK AM — ¢ orpeskomM AM
(M — Touka mepeceueHHust OTpe3Ka AA; ¢ ocbwo); 3TO PaKTHUECKH
nosyyaercst npu cru6anny. OTCIOAa 1 N30T BBIBOJ 0 PABEHCTBE
orpeskoB AM u AM n yrnoB, 06pa3oBaHHBEIX ITHMH OoTpe3KaMH
C ocbi0 cHMMeTpHH (pHc. 19). '

Yuamwumcst TpeaJaraercst yCTaHOBHTb HCTHHHOCTB IpPEroJo-
XeHHH, He MPOM3BOAsS crubaHue JUCTa SyMart (MBIC/IEHHO TIpef-
crapasisi ceGe, uTo ero coruyam). Ha
5TOM 3Tame OGYyueHHs y4eHHKH OGBIYHO
TaK He pacCyXkJaloT, H YYHTeJb CAEAYIO- : A
¥M 06pa30OM HABOAHT HX HA NMyTb 10-
Ka3aTeJbCTBa.

[TpencTaBuM ce6e MBICJEHHO, HTO » T
AMCT GyMard COTHYJR 0 MpsAMOH x. UTo &M
npousoiiner ¢ Toukamn A u A.? Ilouemy
oun coBnaayr? (Yacro Ha 3TOT.BOMPOC 4,
yual(uecsi OTBEYAIOT HempaBHJBHO, YT-
pepxaasi, uto Toukn A u A; coBnamyr
MOTOMY, UTO COBMAaayT OTDE3KH AM Puc. 19
n A;M. Heo6xonuMo UM HANOMHHTB, H3
yero MB HCXOAMM, YTO HaM H3BECTHO O TOUKaX A uA| B KaK TOHH-
MaTb, YTO 3TH TOYKH CHMMETPHUHBI OTHOCHTEJIBHO JlaHHOH OCH.)-
Uro mpousoiifer ¢ Toukolt M? Uro npousoiier ¢ OTpe3kKaMH AM
u A,M? Tlouemy onu coenaayt? Hro TIPOH30HAeT C yraaMu, obpa-
30BAHHBIMH STHMH OTPe3KaMH C OCbI0 CHMMETPHH? N

Kakue 370 yrJibl? IloueMy oHu TpsiMble?

HHTepecHo CPaBHHTh TOC/HELHEe pacCyXAEHHE C paccyxpe-
HEeM, MPOBEJEHHBIM MpH (PaKTHYECKOM cruGaHHM JHuCTa GyMard.

lpu cruanuu JucTa GyMmard Ml HenmocpeACTBeHHO YCTaHo-
BHJH COBIIAJeHHE OTPE3KOB M YIJIOB. B mociejneM Xe paccyx-
JeHHH, uToGbl MOMYYHTb BBHIBOJL O COBMajeHHH OTPE3KOB AM
n A;M, Mbl CChITaHCh Ha: @) OmnpejeJeHne CHMMETPHIHBIX TOUYEK,
KaK COBNALAIOMMX TiPH CrEGAHHH THCTA MO OCH; 6) CBOMCTBO TOUEK
OCH, OCTAIOI[MXCSl HENMOABMXKHBIMH TIpH TakOM CrHO6aHHH, H
8) cBOHCTBO €IHHCTBEHHOCTH mpsiMoii, npoxo,n,ﬂmei’a uepe3 ABE
JaHHble TOYKH.

Bor npuMep TOro, KaK SKCIIepHMEHTAJIbHEIH BBIBOJ| 3aMEHSIeTCH
JIOPHYECKHM BBIBOJOM, BBITEKAIOIUHM H3 paHee yCTaHOBJACHHBIX
HCTHH.
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Taxum o6pasom, IPHXOMAT -K BEIBOAY, YTO- Be CHMMETPHYHBIE
TOUKH yIOBIETBOPAIOT CJeRYIOWHM TPeM YCIOBHSM: 1) onu Je-
KaT MO PAa3HBle CTOPOHBI OT OCH, 2) Ha ogHOM TePTeHANKY Asipe
K OCH M 3) Ha PaBHOM paccTOSHHK OT Hee,

EcrecrBenno Bosnukaer BOMDOC: €CIH [BE TOYKH VAOBJIETBO-
PAIOT TpeM ycnoBusM (1—3), GYAYT /M OHH CHMMeTpHYHH? Kak
MOXHO B 9TOM Y6eUTbCS ¢ MOMOMIBIO Paccyxnenuii, He npousBo-
Af HENOCPEACTBEHHO CrHGaHus JucTa? 3jech HeoGX0ANMO YeTko
BLUICTHTD yC/IOBHSL, U3 KOTOPBIX Mb HCXOUM, H TO, YTO MBI HOJIK-
HBl yCTaHOBHTDb. MMeioTcs nBe Touky A u Ai, yroBersopsioune
YCA0BHAM 1—3. Mubr xoTuM YOENHTBCSA B TOM, 4TO 5TH TOYKH CHM-
METPHUHDI, T. €. YTo OHHM cOBmaayT NPy CrHGaHUU JHCTa MO ocH,
HE NpousBoast caMoro cruGamusi. B pacoyXaeHMH yyaurmecs
006bIUHO AOMYCKAKT owHEKY, YTBEPXKNAsd, YTO M3 COBMALEHHS
yraos 1 u 2 (puc. 19) CJAELYET CoBNaneHHe oTpe3koB AM u AM
BMecTo nyuet MA n MA,. Yuawuecs: cann oGHapyXaT omHEKy,
€CM MM 3ajaTh BONPOC, COBNMAMHK JH Gbl 9TH OTPE3KH, eCJIH OHH
He GblH 6Bl PaBHBI 110 VCI0BHIO?

Takum o6pasom YCTaHaBJMBAIOT, YTO:

a) ecqaM aBe TOUKH CHMMETPHYHEI OTHOCHTENIbHO MpsiMOii (nmn
OCH), OHH YIOBJIETBOPSIOT YCIOBHAM 1—3;

6) ecnn npe Toukm YMOBJICTBOPSIOT YCIOBHAM 1—3, OHM cuy-
METPHUYHBI OTHOCHTE/IBHO MPSIMOA.

ITosromy cBofictBa 1—3 ONPOAEAIOT CHMMETPHYHOCTD TOYEK,

Yuawnmes o006 AIOT, YTO Korja HCTHHHOCTb KaKoro-HHGYHp
- BPICKASHBAHHSA (WM npefnoxeHus) yCranaeamuBaercas ¢ po-
MOLLLIO PACCYXKJeHHH, B KOTOPBIX HANOJMb3YIOTCS] H3BECTHBIE HCTH-
Hbl, TO TOBOPST, YTO NOKAa3BBalOT 3TO  NpeasOXKeHwue,
4 Camu STH pacCyX/JieHHS! Ha3BBAT 10K a3 a TEABCTBOM
91070 MPENIOKEeHHS.

B nanbuefimeM ocepas CHMMETDHS OnpeesieTcsi Kak nmpeo6-
PA30BaHHE MHOXECTBA TOYEK TJIOCKOCTH B caMoe cebs, mau mpe-
o6pasoBaHH¢ NJIOCKOCTH B cebs,

Hcxonsa n3 IIEPBOro MpPeACTABJACHUS 06 3TOM mpeobpasosanuy,
HEMOCPE/NICTBEHHO CBS3aHHOrQ ¢ $usnueckuM sxeneprMenToM —
crubaHueM JsHCTa Oymaru, Mu mnocrememno o NOMOWWIBIO  3,1€-
MEHTOB IeNyKIHH 0CBOGOXAaeMca 0T 3Toro 3KCIIEPHMEHTa (XOTsi
" HE NOJHOCTBIO, TaK KaK NIPH HeoBX0IHMOCTH MOXeM BEepHYTb-
Csl K HEMY) H NMPHXOAUM K OGLIENPHHATOMY Onpefeennio 0CeBO#
CHMMETDHH, Kak reOMeTpPHYEcKOro npeo6pasoBanus, B KOTOPOM
KaMIOl TOUYKE I/IOCKOCTH COOTBeTCT BYeT ompejeneHnas
TOYKA 3TOH »Ke IJIOCKOCTH, TaK YTO JI06ke JBe COOTBETCTBYIOUIHE
TOUKH ~ YIOBIETBOPAIOT ycnoBHSIM 1—3  pan € COBNMajaimoT
C TOYKOH OCH.

Onpenenenne ¢ momoubio TIOCTPOCHHS ' TOYKH, CHMMETpHYHOI
MAHHOH TOYKE OTHOCHTEJIBHO HAHHO MpSAMON, He BcTpeuaer
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y ydamuxcsi 3aTpy[AHEHHH, TaK Xe Kak H ob6paTHasl 3ajflaua Io-
CTPOEHHsI OCH CHMMETDHH M0 3a/iaHHBIM J(BYM COOTBETCTBYIOIHM
TOUKaM. : ..

IIpn nepexoje K |PacCMOTPEHHIO CHMMETDHUYHLIX OTDE3KOB,
NpsIMbIX, TPEYTOJIBHHKOB M BOOOILe GUTYP MBI HEH3MEHHO OChlla-
eMCsl Ha CBOMICTBO (Telepb yxXKe CAelylollee U3 Onpejie/ieHns ), €O-
cTOSIEe B TOM, YTO CHMMeTPHUHHE TOYKH COBMAAAIOT MPH cruba-
HUM TJIOCKOCTH Mo OcH. ®aKTHYeCKH MOXKHO 3TOT KCNEPHMEHT He
NIPOH3BOJUTb, a JIOTHUECKH 1OKa3aTb, UTO OTPE3KH, KOHLEI KOTO-
pbIX CHMMeTpPHUHbI, COBNIANyT TIPH cru6aHuH JHCTA MO OCH.

Vyamuecss AOMKHBI 3HATh, YTO OCeBasi CHMMETpHs Ha IJI0C-
KOCTH OTIpEfeNsieTcs 3ajlaHieM OCH CHMMETPHH. Ona Takxe ompe-
jeseHa B TOM Caydae, eC/H jaHa Napa CHMMETPHUHBIX TOHeK
WK Napa OMMMETPHUHBIX MPAMBIX, TAaK KaK B 9THX CAyHasXx JETKO
onpefeasieTcss 0OCb CHMMETPHH. -

HyskHO, 4TO6bl yyaluuecsi TaKkKe IMOHSAMH, UTO 3HAUAT OceBas
CHMMETpHSl «OTpejiefieHa» HJH «3ajaHa», HHauYe 3HaHHe TOro,
YTO OHa OTPEJeNSAETCs OChbIO, MM Tapoi CHMMETPHUHBIX TOUEK,
HJH TMpsSMbIX, 6yfeT uucTo GopMaabHBIM. Mbl pa3bsCHAEM: TOBO-
ST, UTO OCeBasi CHMMETPHsl «OmpejiesieHa» HIH «3alaHa» B TOM
cayyae, eca JJisl KaXAof TOUKH MJIOCKOCTH MOXHO HaHTH CO-
OTBETCTBYIOLLYIO eH (CHMMETPHUHYIO eff) TOUKY.

9. CsoiicTéa. pasHObeOperno20 TpeyeorbHUKA

VuamuMmes mpeysaraercss HauyepTHTh paBHOGEIPEHHBIH Tpe-
YrOJbHHK, NPOBECTH B HEM C NOMOILbIO TPAHCNOPTHPA 6uccek-
TPHCY yIJia NPH BEPIIHHE, OMYCTHTb C MOMOLIBIO HEPTENHOTO Tpe-
yroJIbHHKa BbICOTY Ha OCHOBaHHe, PasAeNHTh C fIOMOLIBIO JIHHEH-
KH Cco IHKaJiofl MonoJaaM OCHOBaHHE H TIPOBECTH MEJHaHy.

Y 6OJbIIMHCTBA YYalluXcsi OOGBIUHO GHCCEKTPHCA, BBHICOT2
¥ MeJiHaHa COBIAJalOT, OMHAKO y HEKOTOPHIX YUECHHKOB 3TH JIH-
HHH OYeHb OJIM3KY HJH COBIAAAlT TOJNBKO [ABE JHHHH.

Co3paercss yaoGHasi CHTyalHst AJsd TOro, 4yTo6b OOpaTHTDL
BHHMaHHe yYalllUXcsi Ha 3HauYeHHe H HENOCTaTKH OTIBITHOT'O
TIOATBEPK IeHHS] CBOKCTB (Hryp. )

T[TpoBefieHHbIil ONBIT MPHBOJAHT YYEHHKOB K OTKPHITHIO BaX-
HOTO CBOHCTBA pAaBHOOEJPEHHOrO TPEYrOJNbHHKA. Ho MoxHO JH
Ha OCHOBAHHM 3TOTO OMbiTa YTBEPXK/AaTb, YTO BO BCAKOM paBHO-
GenpeHHOM TPEYroJbHHKE HMEET MEeCTOo 3T0 csoiicTBo? Benp y He-
KOTOpPHIX YUEHHKOB ONbIT He TOATBEpAH/ HAMHdHE STOTO CBOHCTBA.
Te, y KQTOPHIX JIHHHH COBNAJH, YTBEPAKAIOT, 4TO Y HHUX NpaBHIb-
Ho NpOBEJEHbl STH ~IHHHH, Te, Y KOTOpbIX JHHWH He COBIAJH,
YTBEPMKJAKOT, YTO Yy HHX TOXe BCE TIPaBHJBHO. Kro xe mnpas?
Ha ocmoBaHWM NpOBEIEHHOTO OMbITa MOXHO JHeaarb Mp € AT O-
JO0KeHHEe o HAJWUHH yKa3aHHOTO CBOHCTBA B Ao60M paBHO-
GefpeHHOM TPEYrOMbHEKE. DTO MPenTonoxkeHne CTaHeT yTBepX-
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ACHHEM, T. €. HCTHHHBIM BbICKA3hIBAHHEM, B TOM C/y4ae, eCJH Ml
CMOXEM €ro /0Kas3aTh, YCTAHOBHTh HAJIHYHE YKA3aHHOIO CBO#i-
CTBAa B JI0GOM DaBHOGENPEHHOM TPEYro/bHHUKE ¢ IOMOUWBIO pac-
CYXISHHHA (0Ka3aTeNbCTBA), HCXOAS M3 paHee H3BeCTHHIX HCTHIL,
Kak nposectu 310 10Ka3aTesbeTBO, NOACKAKET OMbIT. .
YuamuMmes apepsnaraercs COPHYTb BbIpe3aHHbi M3 GyMarm
paBHOGe/ipenHbIli Tpeyrossuuk ABC TaK, YTOGbl PaBHBIE CTOPOHBI
AB u BC cosnamu (puc, 20). OrMeuaercs, yro nBa TPeyroJb-
HHKa, Ha KOTOpble JHHHA cruba BD Pasneanna rpeyronsuuk
- ABC, monHOCTbIO cOBNanaor. Takum o6pasom YCTaHaBIKHBAIOT,

g 8 P UTO JuHust cruba BD gBasercs
: OCbIO CHMMETPHH — TPEyroJbHH-
Ka ABC,

3apaorcs crenyowme Bor-
pocel: Kakne yrim COBINAJIH MPH
CrHOAHHH TpeyrolbHuka? Yem

4 C A D A D ¢ ABasercs BD  gaas  yrma B
TpeyronbHuka ABC? Kakue or-
Puc 20. P€3KH coBmasiu npu 3ToM cruba-

HuK? UHeM siBasiercs orpesok BD
ans Tpeyronbiuka ABC  (mcxoms w3 Toro, yro orpeskn AD
# CD copnann)? Yro CACAYET O PACMONONKEHHH npaMbix AC
# BD m3 toro, uto Touky A m C CHMMEeTPHYHbLI OTHOCHTENbHO BDD.

Ipuxoasar BLIBOAY, 4TO: @) OCb CHMMeTpHH paBHobGefpen-
HOTO TPeYro/bHHKA SIBASETCS GHCCEKTPHCOM yria npu BeplinHe
W Ha Hefl JlexaT BEICOTA M Mejpana, TPOBEJIeHHble H3 3TOH Bep-
WHHBL, # 6) Yribl IPH OCHOBAHHH PaBHOGEPEHHOTO TPEYroJMbHH-
Ka paBHBI.

Bosumkaer Bonpoc, Henpss sm JAOKa3aTh 9TO CBOHCTBO, He
npuberasi K cru6aHuo TpeyronbHuka? [IpoBeneHHbl ONbIT MOKA-
3bIBAET, UTO GHCCEKTPHCA yria mpH BepINHe paBHOOenpeHHOro
TPEYTO/IbHHKA ABJSETCS OCHI0 CHMMETPHH 3TOTO TPeYroJbHHKA
H TEM CaMbIM TIOJCKA3bIBAET HEI0 J0KA3aTe/bCTBA. ITposenem
Guccekrpucy BD yria B npu BepminHe. OHa SBISETCH OCHIO CHM-
MeTpuu yra B (sTo yuaummecs yxke RO/XHB 3HATH M3 MPebily-
wero), u Tak kKak AB = BC, 10 orpesku AB u BC CHMMETpPHYHbI
OTHOCHTesbHO BD, ciienosatensHo, u Toukn A u C CHMMeTPHYHBI,
1n03ToMy AD = DC u BD_|_AC. Yrau TIPH OCHOBAHHH TAKKE CHM-
METPHUHLL OTHOCHTeNbHO BD u, cllefoBaTeboO, paBHHL.

3. Pasencrso Tpeyzonrvnuxos

Iasi Toro 4to6bl MOKasaTh, Kak H3y4Yaercsi paBeHCTBO Tpe-
yroabHukoB B VI Kiacce, mpusegeM onmcanme mpouecca H3yue-
HHSl OJLHOTO M3 NMPH3HAKOB. ;
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VyamuMcsl Tpeasaraercs Hau€pTHTB pa3HOCTOPOHHHH Tpe-
yronbiik ABC, 0603HaUUT CTOPOHY AB uepes ¢, BC-—uepes a,
AC—uepes b M BHUIOJHATb CHEIYIOILYIO paboTy: ~ OCTPOHTS - -
CyMMBl OTPE3KOB a -+ b, b+ c, ¢+ a n OpaBHHTH KaXIylo H3
STHX CyMM C TpeTbell CTOpOHOH TpeyrosibHHKa, [locse BHIIOJIHE-
HHs 9Toji paGOThl yualuMcsi 3a1aeTcs BOTPOC. KakoBa CyMMa
JBYX CTOPOH TpEyroJbHHKa IO OTHOLICHHIO K Tpetbell CTOpOHE?
B 5TOM e TpeyroibHuKe NMpejnaraercs cpaBHHTb pasHOCTb ABYX
CTOPOH C TpeTbefl. [locne ycTaHOBJICHHSA cBoHcTBAa CyMMBbl ABYX
CTOpPOH  TpeyroJbHHKa  ydalluMci npepsiaraercs  yOeMHTbCS
B MCTHHHOCTH 3TOTO TYTEM paccykeHHH, HCXONA M3 yXe H3BE-
CTHOTO JpYroro TreoMeTpHiecKoro cBolicTBa. Yuyammecs 6e3
3aTpYJHEHHs] HAXOJSAT OCHOBAHME I 3TO-
ro BBHIBOJLA — XaPaKTEPHCTUUECKOE cBOHCT- L c
BO OTpe3ka TpsMOii. »

[lo 3amauui0 NpenojaBaTels yYCHHKH
H3TOTOBJSAIOT K yPOKY HabOpbl H3 TpeX MNa-
Jouek ¢ OTBepCTHSIMH Ha KOHLAX AJs MO-
CTpOeHHsl H3 HHX TPEeyro/JbHHKOB. B mpo-
pecce 3Toft paboThl OHH 06HapyXHBAIOT,
4To He BCerja M3 Tpex MajoueK MOMHO 4 T8
CTIOKHUTb TPEyTOJbHHK, W OBICTPO HAXOAT
obnsicHenme 3ToMYy. CKOHCTpYHpOBAB Tpe-
yTOMEHUK H3 MaJOUeK, YyHallHnecs C TOMO-
mblo yunTenas oGHapyXHBAlOT H crnoco6 TMOCTpOeHHs TPeyroJb-
HEKa 110 TPEM CTODOHAM UUPKyJeM H JIWHEH KOH.

JleficTBATENbHO, CBSI3aB MaJOUKH AC u BC B konnax A u B
¢ nasoukoin AB (puc. 21), BpamtarT HX poKpyr Touek A H B.
[Ips 3TOM HX BTOpbe KOHIbI OMHCBIBAIOT JAYTH OKDYXHOCTEH
c nenrpamup A u B n pajmycamy, paBHBIMH COOTBETCTBEHHO AC
u BC. B Touke, TA€ 3TH AYTH TepeceKaioTcd, CBSI3BIBAIOT BTOpHIE
koHup nanouek AC u BC u mosydanoTr TpeTbio BEPLIHHY C tpe-
yronbhuka. Ecin Tenepb Jatb BMECTO MaJoueKk TPH OTPe3Ka
(MOKHO B3fITb OTPE3KH KOHKPETHO# JJTHHbI, HalpUMep ¢ = 10 cm,
b="5 cm a=7 cm) H monpeGoBaTh MNOCTPOUTH TpPEYTOJbHHK,
CTOPOHHBL KOTOPOTO 6uiH OBl PABHBL 9THM OTpE3KaM, TO LU pKYJEM
¥ JHHEfIKOl MO CYILECTBY MOBTOPAEM TO XK€ IOCTpPOEHHE, KOTOPOE
MBI OCYIIECTBHJIH € IOMOILBIO TaJI0UEK.

Kak npoBepHTb, 4TO MOCTPOEHHBIH TpeyroJbHIK ABC — ucko-
MBIH?

[To 3THM XKe J@HHBIM Ha JIHCTE Gymaru CTPOHMTCH elle OAMH
tpeyrobhuk AiBiCy. DTOT TpeyroJbHuK BEIpE3aeTcs M HaKjajbl-
paercs Ha MNepBHi Tak, 4TOOBI Kakas-HuOyab CTOpOHa, HamlpH-
mep AB,, cosmana ¢ paBHO}l efi CTOpOHOH AB TpeyroJbHHKa
ABC. Tpeyro/ibHHKH COBMAjakoT.

OleY

Puc. 21
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IMonsTie pasupix TPEYTOJbHUKOB, Kak TaKKX, KOTOpHEe nph
HaJloXeHHH COBNaNaloT, yiKe H3BecTHO YYalllUMCS M3 paccMoTpe-
HHS CHMMETDHYHBIX TPeYTO/bHHKOB, TIO3TOMY OHM NPHUXOMAST K Bbl-
BOLLY, 4TO STH TPEYroJLHUKH PaBHbI, 3amMeuaencs, uto MPH COBINa-
ACHUH TDEYroJIbHHKOB COBNANH He TOMBKO CTOPOHBI, HO M YIJIHI.
3anaercs Bonpoc: «Kak MOXHO ' y6eUTbCSt B paBencTse yrios,
HE HAKnaneiBast ONMH TPEYLrONBHEK Ha Apyrofi»? Yuamuecs npo-
BEPAIOT DABEHOTBO YIi0B C MOMOIIbIo TPaHCIIOPTHPa,

Tak kak TPCYTOJILHHKH, NOCTPOSHHHE 1o TPEM CTOpOHaM,
OKa3aMuCh DaBHLIMH, NpoBeneHHbI ONBIT [IOATBEPIKNAET, uTO
€CIH B BYX TpeyrofibHMKax CTOPOHB  COOTBETCTBEHHO paBHBI,
TO H TPEYTOJbHUKH paBHBI, Lenecoo6pasno COOOWHTD yuauiuMmcs,
4TO 3TOT nNpu3Hak pasencrsa TPEYTOJNIbHUKOB MOXKET 6hiTh
AOKa3aH, HO MbI*€ro NPHMeM moka Ges A0Ka3aTeNbCTBa, yA0BJIe-
TBOPAACH MOATBEPIKACHHBIM ONMBITOM, Ha naunom srane nokasa-
- TEJIbCTBO 3TOTO NMpH3HAKA MOKaXeTcs TPYAHBIM M HENOHSTHHIM,

¥ Takoro cnoco6a IEPBOHAYAJILHOTO yCTAHOBIEHHS IIPH3HAKOB
PABEHCTBA TDPeYro/BHHKOB uMemoTes POTHBHUKH, Tpebymousue,
YTOGH 3TH npH3HaKy AOKAa3bIBAIHCh MPH NEPBOM XKe O3HaKOMJle-
HHH ¢ HAMH yyammxes. Tlpenmaraempe JloKazaTenbcTBa ¢ no-
MOILIBIO «MBICJI@HHOTO HAMOMKEHHTS TpeSYIoT YeTkoro pasauyeHns
YCIIOBHH HaNoXeHHs oT TIONY4aeMbIX CNNCTBHH, YTO, HECOMHEH-.
HO, MeHee NOCTyNHO aas IICCTHKIACCHHKOB B Hayaje Kypca, yem
(aKTHYecKoe HaJIOXEHHe BBIDE3aHHBIX M3 GyMary TPEVTO/IbHHKOB,
BeCbMa Yy6elnTeNpHo MOATBEPKNAIOlIee HX PABEHCTBO, K Ttomy
K€ TIDU3HAK, KOTOPHH mpHBeen BHILIE B KauecTBe mpuMepa,
AOKa3LIBAETCH B IIKOAbHOM yuebHuke! HECOCTOSATeNbHO, H6o n3
TPEX BO3ZMOXKHBIX Cayyaes (BB; mpoxoaut Uepes BHYTPeHHIOO
TouKky orpeska AC, uepes KOHELl ero W uYepes BHeWHIOW0 TOYKY )
PaccmatpuBaercs amwp -ompp, Takum o6pasom, anecy Hapy-
WaeTCs MNOJHOTA AMSPIOHKUMH, KOTOpYIO A. SI. Xupumg CUHTAd
OIHOH M3 XapaKTepHbIX 0CoGeHHOCTe NpaBHIbHOrO MaTeMaTuye-
Ckoro muiutenns.? On roBopua: «B MaTeMaTHKe HeT H He MoxKeT
OBITh «HAllONOBHHY ~ NOKA3aHHWIX® M  «ouTH NOKA3aHHBIX»
YTBEPKIeHH{I» 3

TpamnunonHoix TPaKTHKe NOYTH HEH3BECTHO, YTOGK YUHTENb
FOBOpHJ yyenukaM: «3To cBojicTso AOKasbBaeTcs, mo BBHIY

3aTeNbCTBA (MM NOKaskeM ero T03Xe, korna Gynem Gosee nopro-
TOBJIEHB K TIOHHMaHHIO AOKasaTesbcTBa)». BMecro storg cTpe-
MATCA «KakK-HHOYNb NOKA3aTh», 4TOGK Co3aTh npencraBIeHpe

I'H. H. Hukurtun TeoMerpus. Yue6nux ans VI—VIII knaccos, M,
1961, crp. 54.

A 5. Xunwun O BOCIHHTATebHOM 3dekTe YPOKOB MaTeMaTHKH.
Tenaroruveckue CTaTeH. M, 1963, cTp. 135, .

® Tam xe, crp. 131, c
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O TOM, UTO MBI «BCE€ [OKa3biBaeM», 3a HCKIIOUCHHEM JHIIb He-
CKOJMbKHX NEepBOHAYaNbHbBIX fipeoKeHni, akCHOM, PHHAMAaEMbIX
6e3 NOKAa3aTeJbCTBA, T. €. CO3JAIOT TY XKe HIIO3HIO JIOTHYECKOTO |
COBEPLICHCTBA CHCTEMBI, KOTOPYIO 0313 cefe U CBOHM 4YHTaTe-
asM BBKIHI.
B nanbHefimeM MoXeT ObITb JAaHO JOKa3aTe]bCTBO yKa3aH-
HOro NpH3HAKA C HCNOJb30BAHHEM CHMMETDHH, ocBoboxaalomel
" Hac OT Heo6XOAMMOCTH paCCMOTpeHHs TpeX caydaeB.!

4. CooTHOWeHUA MeHOY CTOPOHAMU U Yeramu TpeyeorbHUKA

[IpuBeneM B KauecTBe NMPHMEpa ob6HapyKeHHe M JoKa3areJb-
CTBO CNEAYIOLEro CBOACTBA: BO BCAKOM TPEYroJbHHKe MPOTHB
GoJiplliero yria Jexut 60/blias CTopoHa.

Vuauuecss 4epTAT Pa3HOCTOPOHHHH TPEYroJbHHK, H3MEpSIOT
Ba KAaKHX-HHOyAb Yri1a H TPOTHBOJEXAIlHe WM CTOPOHLI Ha
BOTPOC, UTO OHH OOHAPYKHJIH, Yydalluecs GbOpMYJHPYIOT Hpen-
OJIOKEHHE «TIPOTHB OOJbIIEro yraa JeXHT 60sbllas CTOpPOHA».
BosHHKaeT BONpOC: BO BCSIKOM
JH TPEyroJbHHKE MPOTHB 6OJb- A
mero yraa JexHT 60abiuad M M
CcTOpOHA? N

Coszfaercsi MOJNOKEHHE, y106- £ AN
HOe AJS pas3bsSCHEHHs] 3HAUEHHS ——

ONBITA M JIOTHYECKOTO JOKasa- a 5
TeapCTBa. B pe3yJbTaTe ONLITA :
MO¥KHO BBICKa3aTb JIHIb Mpex-
IOJIOKEHHe O TOM, uTo o6Hapy- -

KEHHOe Ha HECKOJbKHX TPeYToJbHHKaxX CBOIICTBO XapakKTepHO /51
BCAKOTO Tpeyrosbuuka. UToGH 6bITp YBEPEHHBIMH B OGLIHOCTH
9TOrO CBOHMCTBA, MBI JOJ/KHB €ro j0Kasarb. VuampMcsl mpejsa-
raeTcsi CJIOXHTH BBIpe3aHHblii W3 Oymart TPEYroNbHHK ABC,
B KOTOpOM yroai B Goubilie yriaa C, Tak, uto6hl Bepunia C COB-
najana < BepummHoit B (pmc. 22, ). Tak kak yroa C Meublie
yraa B, TO OH TMOKpOeT JIHWib 4acTb yraa B u cropona AC mpe-
Bpaluaercs B nomanylo AMB, Koropasi Gofbule OTpe3Ka AB.
TakuM 06pa3oM’ NOJYYH/IH, UTO CTOPOHA AC, nexaiiasi MpOTHB
Goabliiero yraa B, Gosbliie CTOPOHBI AB, nexaiueft NpOTHB M€Hb- -
mero yraa C. : :

JToKa3aTeNbCTBO TPOBEACHO B BHIE =Hpa'KTH‘{eCK'Oﬁ paboTHI.
Bo3HHKaeT BOMPOC: Heab3si JH 3TO K€ N0Ka3aTeJbCTBO OCYyUle-
CTBUTb Ge3 crubaHusi TpeyronbHuka? Ilepexoa K TakoMy Jl0Ka3a-
TeJbCTBY YK€ He NPeACTaBJseT 3aTpyaneHuil. [eHCTBUTEJBHO,
nanoxende yrna C Ha yroa B Moxer 6LITh 3aMEHEHO IOCTpoe-
HueM yraa CBM, paBHOTO yriy C (puc. 22, 6). Beuay TOTO, 4TO

Puc. 22.

' H A Taaroaes. DleMedTapHas reoMeTpus, naauaMerpus. M., 1954.
crp. b3.
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yron C Menbute yria B, ayu BM. npoiizer BHYTpH Yyraa ABC
H mepeceyer cropony AC B HekoTopoii Touke M. Tak Kak YTJbI
7npu ocHoBaHWH BC TpeyronbHnka BMC paBHBL, 3TOT TPEYroJb-
HYK paBHOGeApenHbii 1 BM = MC. CnegoBatesbHo, CTOpOHa
AC=AM +MC wmoxer 6biTb 3aMeHeHa CYMMO#l  OTpe3Kois.
AM + MB. Ho nomanas AMB Gombuie orpeska AB, COeIHHSAI0-
IIETO €€ KOHIUbI, CI€A0BaTeNbHO, U cTopoHa AC Goabuie AB.

IIpuBerenHoe fokasaTenbcTBO, MyTH KOTOPOTO PACKPHIT B MpPO- -
LLECCE BLINONHEHHs] BCEMH YYAIUUMHCS TNPAKTHYECKOH paGOTHI,
Gonee MOCTYNIHO UM Ha 3TOM 3Tame, yeM coaepxaiueecss B yue6-
HHKe JI0Ka3aTesbCTBO «OT NMPOTHBHOTO».! KpoMe Toro, mpupeseli-
HO€ J0Ka3aTeNbCTBO TEOPEMBl, (UI'YPHPYIOLIEH B yueGHHKE Kak
o6paTHasi, CONEPXKHT B ce6e aHANOTHIO ¢ 10KA3aTeNbCTBOM nps-
MOH Teopembl. IIpH moOKazaTenbcTBe NpsIMOH TeopeMbl Ha 60,b-
el CTOPOHE OTK/MAJbiBAIOT OTPE3OK, PaBHbI MeHbIel CTOpOHE.
B npuBefeHHOM Bbillle fOKAa3aTe/lbCTBe o6paTHO#l TeopeMbl Ha
GoJblueM yriie OTKAAABIBAIOT YTOJ, PaBHBIA MeHbLIEMY.

PackphiTHe aHalOrMH B MyTSX JOKA3aTENbCTBA MpENCTABISET
coboit ahdekTHBHOE CPerCTBO 06yueHus] 0Ka3aTeqbCTBY.

Lenecoo6pasno mpoananusupoBath Haum paccyXpeHus,
BBISICHSISI, KAKHE paHEe HM3BECTHBIE HCTHHBI MbI B HHX MCIOJb-
30BaJIH.

K takomy aHanusy paccyxpmeHui Heo6X0MHMO NpHyyaTh yua-
LLHXCA C MEepBLIX WATOB JOKa3aTelbcTBa. TpeGoBaHHe MepeuH-
CINTE BCE NPENIONKEeHHs, NPHHAMAaeMble B KayeCTBE TOCBLIOK
B JOKA3aTEeJbCTBE, MO/IKHO YAacTO MNPEABSB/AATbCA  YYaIUMCS.
OTO ONMH M3 BaXKHBIX 3JE€MEHTOB MeTONHKH ofyueHHss poKasa-
 TeNbCTBY.

5. Cymma snyrpennux yeaos TPeY20AbHUKA

JKCIEepHMEHTaIbHO 06HAPYXKHTb, YTO CyMMa YIJIOB TPEyroJib-
HHKa paBHa 180°, MoXHO cpa3y ke, Kak TOJbKO yuaiuecst
HayIHINCh H3MEPATb YLVl C NOMOIIBI0 TPAHCMOPTHPA.

YuenukaM npennaraercs wusMeputh TPAHCNOPTHPOM  YTIJIb
Hau€pUCHHOr0 B TETPAJH TPEYrONBHHKA M CJOXKHTb Pe3y/bTaTh
H3MEpeHHs. ¥ HEKOTOPHIX yyalmuxcs cymma YIJIOB TPeYroJbHHKA
nosnyuaercs Menblue 180°, y apyrux — 6osbuie, Ho y Beex pesyab-
TaTh 6au3kn K 180°, a y HEKOTOPBHIX NOJMYYAeTCs JaxKe «TOYHOY
180°.  Yuammecs jgorafpBalOTCs, uYTO = AOMKHO [ONYYUTbCH
180° u papyroil pesynbTaT oOGBsCHSETCS TOTPEUIHOCTSIMH ~ H3-
MepeHHs. :

Taknm 06pasoM, B pesysbTaTe MEPBOTO ONMBITA BHCKA3bIBAST-
€1 IPEANONOKEHHE, HTO BO BCSIKOM TPEYTO/IbHHKE CyMMa BHYTpei-

!H. H. Hukutun TeoMerpus. Yue6uuk aas VI—VIII kaacco. M,
1961, crp. 67. ’
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Hux yraos pasHa 180°. Ecau 3ToT ONBIT HE MPOBENEeH DaHblle
W3yUeHHs [AaHHOM TeMbl B CHCTEMATHIECKOM Kypce, TO 1eJeco-
06pa3Ho ero MPOBECTH B Hauane YpoOKa, MOCBSIIIEHHOTO 3TOH
TEMeE.

BLIOK23aHHOE Y¥Ke MPEANOJOXKeHNe MOAKDEnasercs BTOPEIM
ONBITOM, PaCKPHIBAIOIIMM HJEI0 0Ka3aTe/bCTBa. Y Kaxporo yue-
HHKa 3arOTOBJIEH BHIpe3aHHBI M3 OyMaru TPEyroNbHHK. Yyurenb
npejsiaraer «OTOpBaTh» ABA yria H TMPUNOXKHTh UX K TPeTbeMy
TaK, Kak OH 5TO JeJlaeT caM Ha GOJbIIOM TPEyroJbHHKE
(puc. 23, a). Yuauuecs 3aMeuaioT, HTO MOJYYHAH TPH Yyrja
¢ obueit BepmmHO# A, pacnoo-
JKeHHble TI0 OJHY CTOPOHY OT MHps-

4 M A
moit. CaenoBaTeNbHO, CYMMa 3THX
yraos pasHa 180° ( \\
Ho MoxeMm JH Mbl OHITH YyBE- = \N
& cB
a . ]

K

peHbl B TOM, 4YTO JBa Jy4a, CXO-

asmuecss B Touke A, 06pasyiorT

npsmylo Jaunuio? Beap OHH MOTYT Puc. 923.
ofpasoBarh JOMaHyilo, TaK .Majlo '
oTAMyamlylocs OT mpsiMO#, 4YTO

ML 3TOFO He 3aMeTHM. Yualliuecs MOHMMAIOT, HTo BHLOJIHEH-
Has HaMmu pabora ellie He npejxcTasiser coBGofl  JoKasaTedsb-
cTBa, HO OHA TNOJCKasbBaeT MYyTb X pemy. JleACTBUTENBHO,
BMECTO TOTO, UTOGHI OTpHIBATH™ ABA Yria H NPUKAAABBATE HX
K TpeTbeMy, HauepTHM TPeyro/bHHK ABC (puc. 23, 6) u B BEp-
wune A mnposenem ayy AM, o6pasyiomuil yroa MAB, paBHBblit
yray B, u ayu AK, o6pasywoouui yroa KAC, paBHBH# YTy
HyxHO H0KasaTh, 4TO JY1H AM u AK o6pasyioT OAHY HPSMYIO.
Tlox PYKOBOACTBOM yuHTeJs yuallHecs Jerko 0GHapyxHUBaIT,
yro AM||BC u AK||BC, u T1aK KaKk 1o aKcHoMe MapaJsJe/bHblX
yepes TOUKY A He MPOXOLHUT Gosee OJHOH MPSMOH, napanieybHoit
BC, 1o ayun AM.u AK oGpasyioT ONHYy npsimyro.  Orciona
u caeayer, uro /[ MAB + / A+ /KAC=180° win £ A +
+ /B4 /£ C=180. '

TIpuBesentoe 710Ka3aTeJbCTBO TEOPEMEL 0 CyMMe YTJIOB Tpe-
YTOMbHUKA COJEPHHUT OCHLIKY HeMOCpPEJCTBEHHO Ha aKCHOMY
0 mapajJie/IbHBIX M B 3TOM OTHOILIEHHH 3aCJayKHUBAeT Mpeanoure-
HUs mepej APYTHMMH JOKa3aTenbCcTBAMH, B KOTOPHIX COJAEPIKHTCA
CcCBIIKA Ha TeopeMy 06 yriiax IpH napasfenbHbX, SIBJSIIOLIYIOCS
c/eCTBHEM 3TOH aKCHOMBI.

HernocpecTBEHHAsA CChiKa Ha dKCHOMY O napaJJiesbHbIX 00-
Jleruaer pasbsCHeHHE CB3H TEOPEMHl O CyMME VIJIOB TPEYrosb-
HEKa C 3TOH aKCHOMOH NpPH O3HAaKOMJEHHH yuamuxes (B cTap-
mmx Kjaaccax) ¢ mpoGaemo#i mATOro mocrysara ¥ HauaJamu
reomMeTpun Jlo6aueBCcKOro.
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laasa 3. Havana crepeemerpuu AKCHOMATHYECKOM CTHJE

ITpuBenennoe Huxe u3nOXKeHHe Hauan CTepeoMeTpUn (Teo-
PHUsl NPHHANNIEAKHOCTH M Napa/VIeILHOCTH B eBKJAMIOBOM npo-
CTDAHCTBE) HE SBJAETCH aKCHOMATHUECKHM B COBPEMEHHOM
CMBICJI€ 3TOTO CJ10BA, TaK KaK OHO NPEACTaBJSET COBO nocTpoe-
HHe He aGCTPaKTHOH TEOPHM, a JHIb ee KOHKDPETHOH Momeny.
INostomy Ml u roBopuM o TIOCTPOEHUH «B  aKCHOMaTHUECKOM
CTHNIE», @ He 06 aKkCHOMAaTHUYeCKOM MOCTPOEHHH Hauaj cTepeo-
METpPHH.

Lenr Takoro usnoxenus 4actu mkonbHON TE€OMETPHH COCTOUT
B TOM, YTOGbl [aTh yualiMMCs NpeACTABJAEHHE O CTPOroH JIOTH-
YeCKO¥ OpraHM3aluy aKCHOMAaTHUYeCKON TEOPHH, O NeAYKTUBHOK
ChcTeMe. BTopasi cTopona akcmoMmarmueckoro MeTo11a — nocTpoe-
HHe albCTPaKTHOH TEOPHH BHE BCSIKOM HHTePHpeTalyy — paccma-’
TPHBAETCs B 4-i TJ1aBe Ha npuMepe TEOPUH KOMMYTATHBHOII
TPYIIEL _

PopMyNHPOBKY ONpenenenui u TE€OPeM, H3JIOXKEeHUe uX AO0Ka-
3aTENbCTB CONPOBOXKIAAIOTCS HUX KPATKOH 3alHChI0 C NPUMeHEeHHeM
TEOMETPUYECKOH M JIOTHUECKOH CHMBOJIHKHY, :

Jloruueckuit annapar npuMensercs ANs aHa/Iu3a U YTOUHEHHS
CTPYKTYDH aKCHOM, ONpENeJIeHUH W TeOpeM, A/ BHSICHEHUS JIO-
TUYECKOH CTPYKTYPhl 10Ka3aTelbCTs, NO3TOMY MOUTH BCE HOKa-
3aTeNpCTBa Pas3bUTH HAa OTAEJbHBIE yacTH. TouTu BCIOJYy NPHUBG-
AATCS 1B (QOPMEI U3/NOKEHHs: OGBIUHAS U CUMBOJIMYeckasi, He-
06XOMUMO yuYecTsb, uro NPUMeHEeHNe JIOTHYECKOH CHMBOJNUKH M
JIOTHUECKUX ONepaiui B SBHOM BH/E BO3MOKHO JIMIIb B TOM ciayuae,
€CJH yuallHecss XOPOUIO OCBOMJINCH C JIOTHUECKOM CHMBOJIUKOH,
TNOHHMRIOT TOYHBIH CMBICJ KaXJONO CHMBOJIA,

Y Hac uyacro BHABHFAOTCS BO3DAXKEHHs] HE TONBKO NpPOTHB
HPUMEHEHHS JIOTHYeCKOH CHMBOJIMKH, HO M NPOTHB NpUMeHEeHUs
OJIHOH TEOMeTPHUECKOH CHMBOJMKH. Muorue VUHTENS ¥ MeTOnqH-
CTEL HE IPOABJSIOT AOCTATOYHOTO NOHUMAHUS 3HAUCHHS TOUHOI'0
A3bIKa’ CHMBOJIOB, B TO BPeMsl KaK MATEMaTHKa BCe LIHPE MOJIb-
3YETCs 5TUM sA3bIKOM. Bnaromapst cpoeli ToumocTH W sicocTH
{OZHO3HAUHOCTH CMBICA2 KaXKJ0T0 CHMBOJIA) CHMBOJHMUYECKHEH
ASBIK TIPH YC/IOBHH NPABUIBLHOTO NPUMEHEHHS] W MOHHMAHHS npu-
o6peTaer BOCHHUTaTENbHOE BO3/eHCTBHE, BHIXOAsILIEE 32 pamMku
MaTeMaTHueckoro obpasosanus. A. SI. Xunuun, otMeuas BOCIIH-
TaTe/IbHO® BO3/EHCTBHE CBOHCTBEHHON MaTeMaTHKe TOUHOCTH CHM-
BOJIUKH, YKa3blBasd, YTO CTPOrasi NPaBHILHOCTL MAaTeMaTHUECKOM
CHMBOJIMKH [OCTENEHHO CTaHOBHTCA MPHBBLIYKOM yualierocs, mu-
wert: «Ho Takoro poma npunuxa, npuoGpeTeHHas B KakoH-1u60
OIHOH chepe MBIUIIEHHS, Heu3GexHO TNPUBOJUT X BOCIHTAHHIO
¥ OOILero CTUMS MBILIEHHS yuaiienocsi; OH HauMHaeT TOUHee BH-
PaxaTbCs M B yCTHOH DeUH, U B NHUCbMEHHOM U3JIOKEHUH; B ya-
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CTHOCTH, OH yAesser Gosbuie BHUMaHUA NDPABOMHUCAHMUIO, ‘opdo-
rpaduyeckye oWMOKY IepexKUBAIOTCH HM C Tako#l ke OCTPOTOH
¥ TaKUM e GecIIOKOMCTBOM, KaK MaTeMaTHueckue. Mgyl HeH3MeH-,
HO HAGMIOAAEM, UTO YUEHHKH, HayuuBIIHecss TpeGOBaTeNbHO OTHO-
CUTBhCS "K TOYHOCTH MaTeMaTHUeCKOd CHMBOJHMKH, Jerde H 6l-
cTpee mepecTaloT AettaTh opdorpadHueckue owr6Ku».! .

CkasaHHOe MOJIHOCTHIO OTHOCHMTCS ¥ K JIOTMYECKOH CHMBOJIH-
Ke, TaK Kak OHa IO CyLIECTBY $IBJSETCSH mMaTeMaTuueckoi. Ilpu-
MeHsieMble JIOTHUeCKHe ONepaudy MUPOKO BCTPEUaloTCsl HE TOJNBKO
B MaTeMaTHKe, WX 3HaHMe IOBHIIAeT OGILYI Ky/JbTypy MBILLIE-
HHUA ydaluXcs. A

ITpuBeseHHOE HUXKe W3JIOXKeHHEe CONPOBOXKAAETCS METOoAMHe-
CKHMH KOMMEHTapHSMH, aHaJM30M OTIAEJbHHX npeANOKeHHH,
J0Ka3aTeJIbCTB. DTH OTKJOHEHHS OT HEMOCPEeACTBEHHOro H3J0XKE-
HYS MaTepuana BhlEJEHbl B OTe/IbHble IYHKTHL. '

BBupy TOro, 4TO Hac WHTEpecyeT JHIb JIOTHYECKMH ypOBEHb
M3JI0XKEeHUs] MaTepuaa, Mbl IPUBOAUM TOJILKO HEKOTODHIE 3372t
Ha JoKasarenbcTBo. Ilpeamosiaraercs WHPOKOe IPHUMEHEHHE MO-
Jeset ¥ yeprexeil. :

B orgenbHHX caydasx lejecoo6pasHo HAMIOCTPHPOBATH N0-
Ka3HBaeMoe NpelJoXKeHHe Ha ueprexe HJIH MOJENH, HO JOKa3bl-
BaTb ero cjejyer 6es3 ueprexa, YToGE POPMHPOBATH y yHaALIMXCH
npaBuUsbHOE NPeJCTaBJIeHHe O €ro PoJH B 10Ka3aTeJbCTBE. OnHa-
KO 3J0yNOTPe6GAsATE TaKUMH J0Ka3aTe/IbCTBAMH HE/b3H.

MH He GyleM yKa3HBaTh, e Lenecoo6pas3yo MPUMEHSATH MO-
feab, TOE TOJBKO UepTex, a Tle ¥ TO, ¥ APyroe BMeCTe. Aty
BONPOCH OTHOCATCA K BaxKHOH NeAarordyeckoit npo6nemMe BhIpa-
GOTKH y yYalUXCA NPOCTPAHCTBEHHBIX npejcTaBieHud ¥ BoOGpa-
JKEHHS, KOTOPYIO MBI 3[leCb He pacCMaTpuBaeM.

® ®
®

01. JIns XpaTKO#i 3amMcd W BbIACHEHHS TOYHOTO CMhIC/A
BLICKA3blBaHUil O TeoMeTpHUecKHX o0O6beKTaXx U OTHOLIEHHUSX
npefcTaBAsiercsl 1eneco06pa3HBM  YIOPANOUATL  H JOTONHUTE
reOMeTPUUECKYI0 CHMBOJIUKY.

YeoBuMea 0603HaYaTh TOUKH GOJbLIMMU JaTHHCKUMY GyKBa-
ma A, B, C, .. ; mpaMble —MaabIMd JIaTHHCKUMH GyKBaMH
a b, ¢, ...; IOCKOCTH — rpeveckumMu GykBamu @, B, 7, ..

KpoMme W3BeCTHBIX M3 IUIaHUMETPHH CHMBOJOB OTHOLIEHHH
napaJnenbHOCTH, PAaBEHCTBA, BBENEM CHMBOJB A5 0603HayeHHs
OTHOLIeHM# IPUHALNEKHOCTH, TepeceueHys, coBnajeHns. Bricka-
3LIBAHUA «TouKa A TPUHALNEKUT NPAMOH a», «Touka A Jexur
Ha NIpAMOH a», «PsAMas a MPOXOJUT uepe3 TOUKY A»— CHHOHH-

1A, . Xununu O BocnuTategbHoM 3(¢eKTe YPOKOB MaTeMaTHKH.
Ienarornueckue crathu. M., 1963, ctp. 145. :
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MBI, TaK Kak OHH BBIPAXKalOT ONHO # TO Ke OTHOLICHHE MeXIy
TOUKOH A u mpaMoit a. [Tocko/bKy mpsiMas @ MOXKeT.pacCMaTpH-
BaTbCsl KaK MHOXECTBO TOYEK, TO TPHHAIJENKHOCTb TOUKHU A
K OpAMOE a 0G03HAYMM CHMBOJIOM UIPHHANJEKHOCTH OGBHEKTa
K MHOXeCTBy —«é». [lpuBelieHHble BhIllle BBLICKA3LIBAHMS 3allii-
IWyTCs KPaTKo Tak: «Aea». AHaJOrHuHO <«Aé€a »— CHMBOJIMUE-
CKasl 3aNHCh BHICKA3bIBaHHH-CHHOHHMOB: «TOUKa A NPHHANJIEKUT
MJIOCKOCTH @», «TOYKa A JIeXUT Ha IJIOCKOCTH @», «IJIOCKOCTb &
APOXOJHT Uepe3 TOUKy A».

Kpome reomerpuueckoii CHMBOJUKH, MPHUMEHHM TaKxKe H3Be-
CTHYI0 HaM JIOTHYECKYI0O CHMBOJHMKY. OTDHIIAaHHS BHCKAa3bLBaHHUI
«Aéa», «Aea» o0603HaunM cooTBercTBeHHO Aéa, Aeéa. Bricka-
3bIBaHHe «TOYKa A He JIe)KHT B IJIOCKOCTH @» DABHOCHJBLHO BHI-
CKa3BBaHHIO «TOuKa A JlexXuT BHe maockoctd a». Ecam cuMBo-
JOM @ 0003HauuM [OMONHEHAE MHOMXKECTBA TOYEK IJIOCKOCTH &
JO MHOXKeCTBAa TOYeK NPOCTPAHCTBAa, TO BBICKA3bIBaHUS A € a

1 A éa DPABHOCHJIBHHI,

[IpuMeHUM TakKe 3HaKM JMSBIOHKUHH «V», KOHDBIOHKLHH
» A ‘5 IMIUIHKAUME « — »; KBAHTOPH obuHoctH (A), (a), (a);
KBaHTOPHI cymecrBoBaHusi (dA), (da), (Hoa).

Kouvionkuuio (A €a) A (Bea) A(C ea) 06Gosnauum coxpa-
meHHo cumBosioM (A, B, C ¢ a), a xonuvlonkuuio (A € a) A (A ¢b)A
A(A € c)— cumBonom (Aéa,b,c). TlocnegoBaTenbHOCT,  KBaH-
TopoB (A) (B) (C) o6o3nauum cumsosom (A, B, C),! aHanoruuHo

OrroiLeHHe COBMAfeHUss OO6O3HAUHM CHMBOJIOM «=». Torza
BBHICKA3bIBAHUS «TOUKH A u B coBnamalor», «npsiMbie ¢ U b coB-
NajgalT», <IJOCKOCTH & ¥ § COBNAAaloT» 3aMUiIyTCs COOTBETCTBEH-
HO TaK: «A= B», ca=b», «<a =p», -

02. OcHoBHBle MpOCTEHUINE 3JIEMEHTH, U3 KOTOPHIX TeOMeTpHs
CTPOUT CBOM 06pasml, CyTh TOUKH, NPSAMEIE H IJOCKOCTH. DTU HO-
HATHS TIPUHUMAIOTCS 3a TEPBOHAYaJbHBIE, [103TOMY OHH JIOTH-
UecKM HeonpejessieMbl uepe3 ApyIHe NOHSTHS.

Touxu, npsMble ¥ NMJIOCKOCTH MOLYT HaXOMUTHCS B HEKOTOPOM
OTHOIIIEHHH, Ha3bIBAEMOM OTHOIIEHHEM T PHHA AJEX HOCTH.
HekoTophie cBOMCTBA 3TOr0 OTHOMIEHHS TPUHHMAIOTCS 33 HCXO-
HHE W COCTABJAIOT ICOAEpXKaHHe aKCHUOM MPHHALJIEKHO-
CTH, JAPYrHe Xe BHIBOMATCS M3 HHUX JIOTHUECKHMH CPeACTBAaMH,
T. €. C TIOMOIIBIO TIPABUJI JIOTHUECKOTO BHIBOJAE, H COCTaBJSAIOT CO-
Jep¥KaHHe TeopeM. AKCHOMBL IPHHAMJIEKHOCTH COCTABASIOT 4aCTh
CHCTEMBI aKCHOM TF€OMEeTPHH, T. €. CUCTEMEI TeX [I€PBOHAaUa/IbHAIX,
NPOCTEHNINX MCTHH, TOJATBEPKAEHHBIX ONBTOM H NPHHHMAaeMBIX

! Byksnl ns 0603HaueHHs ToueK GepeM ¢ Hauajia andaBuTa. BoabuiMu
JJaTHHCKUMH OykBaMu KoHLa andaBura — X, Y, ..— GyleM o6osHauaTb Tpo-
H3BOJIbHEIE BBICKA3bLIBAHHUS.
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Ges 0Ka3aTeNbCTBa (MOCKONBKY OHH TmepBoHauasbHbIE, HCXOI1-
HBlE), H3 KOTODHIX BCe MApYyIHe TeOMEeTpPHUECKHE TPEANOKEHHA'
(TeopeMbl) BEIBOAATCS € MOMOIIbIO NPaBUI JIOTHYECKOTO BHIBOAA. "

AKCUOMbL NPUHABACHCHOCTU

1.1. Uepes Jiio6ble [Be' TOUKH NMPOXOAHMT OJHA H TOMBKO oJH&
npsMas.

02.1, HeTpyaHo 3aMeTHTb, YTO 3Ta aKCHOMa, M3BecTHasi M3 NJaHUMeTPHH,
npefcTaBJsieT co00H KOWBIOHKUHIO JBYX BHICKa3biBaHuit: | - -

(A, B) (da) (4, Bea)—

«uIs moBHIX ABYX Touek A um B cymecTByeT mpaMas 4, Takad, yto A u B
npuHajJIeKar ef» u

(A, B) (d(a, ) [(A, Bea)p(A, Beb)] —

«1aA MoBLHX JBYX Touek A m B He cyllecTByeT ABYX NPAMEIX a u b, Takux,
yto Toukn A u B npuHaasexaT uUM>.

[lepBOe M3 5THX BLICKA3bIBaHWil BHPaKaeT CYLIECTBOBAHMUE, BTOPO€ — elHH-
CTBEHHOCTb IPSMOH, NPOXOAAlledl Yeped moObe XBE TOUKH.

Ty aKCHOMY MOXKHQ 3alMcaTh CHMBOJHHYECKH elle H clIenyiouM obpasoM:

(A, B)(3a)A, Bea)A(b) [(A, Beb) > (6=a)].

B >sToit (opMe eIMHCTBEHHOCTbL BHpaMaeTcs UMIVIHKallneR: «ecld TOUKH
A u B npuHapjexart IIPOM3BOJIBHON IPSIMOI b, TO OHa coBI@faeT C NPAMOH @»,

AxcwoMa 1.1 maer HaM BO3MOXKHOCTb OGO3HAUMTH CHMBOJIOM
«AB» npsAMYyl0, MPOXOAAWLYIO Yepe3 TOUKH A m B, Tak Kaxk Io
5TOH aKCHOME TaKas mpsiMast CyIIecTBYeT M OHa €IMHCTBEHHA.

1.2. Ha nio6oit nmpamMoii HMeeTcst GeCKOHeUHOe MHOMXKECTBO
royek. CyecTByloT, IO KpaiiHeli Mepe, TPH TOUKH, He Jexalune
Ha OJ(HOM NpPAMOH.

02.2. DTa aKCcHOMa COREPKHT B nepsoil cBoeit yacTH JHlIHee TpeGOBaHHE.
ﬂOCTaTO‘{HO IOCTYJ/NPOBATh CleIECTBOBaHI/Ie JABYX TOUeK Ha Ka)KILOﬁ I'lp;lMOﬁ'
HB ILaJIbHef;II.UeM nocJe BBeJeHUA aKCUOM nopsiaka A OKa3blBaeTcs, YTO nx Gec-
_KOHe‘{HOE MHOKECTBO. OILHaKO H3 nefaroruyeckux COO6Da)KEHI/I171 MBbl HE CTaBUM
cefe 1eb MOJMOKHT B OCHOBY H3JIOXEHHS MUHMMATbHYIO aKCHOMaTHKy. 31O

3HAUNTE/]BHO YCJAOKHWIO OH pa3BepTHBaHHE TEOPHH.
Bropasi uacTe aKCHOMH 1.2 MOXeT 6HThL 3alycaHa Tak:

@A(A, B, C))(a)(A, B, Cea) umn (4(4, B, C))(da)(A, B, Cea)

1.3. CyuiecTByeT OAHa ¥ TONBKO OAHa IJIOCKOCTS, npoxoasmani
yepe3 TPH TOUKH, He NpHHAJ/IENKAIIHE OnHO# TIPAMOH.

02.3. DTa aKcuOMa JIpefcTaBjseT COOOH KOHDBIOHKLHIO IBYX BLICKa3blBa~
Hufi, OJHO M3 KOTOPHIX BHIpa)aeT CyLIeCTBOBAHUE, a’ gpyroe — e€IMHCTBEH-

1 [Tox BHpaXceHHeM «ABe TOUKHM (IpAMbE, MJIOCKOCTH) » TOHHMAaeM «JBe
pasJuyHble TOUKM (TIPSIMEIE, IJIOCKOCTH)» U 0603HAa4YaeM HX PasauiHBIME 6yk-
BaMHL.
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HOCTb TIOCKDCTH, TIPOXOAsiiell gepea soGhe TPH TOYKH, He JiexKaliMe Ha ORHOM
1pAMOil (TakHe TPH TOYKH CYLIECTBYIOT BCJENCTBHE aKCcHOMH [.2). .

(4, B, O)[(3a)(A, B, Cea) > (3a)(A, B, Cea)AB)(A, B, CeB) > 8 = a))].

Axcuoma 1.3 paer Ham BO3MOXKHOCTD OGO3HAUHTH CHMBOJIOM
«ABC» nnockocTp, MpOXOISIILYIO yepes Tpu Toukd, A4, B, C, He
Jiexale Ha ONHOM NPSMOH, TaK KaK 110 3ToH aKCHOMe TaKas
TJIOCKOCTh CYIIECTBYET ¥ OHA €JHHCTBEHHA. .

14. Ecnu gBe touku mpsimoit NpUHaAIeXaT IJIOCKOCTH, TO
BCE TOUKH 3TOH NMPAMON NPHHAAJEXKAT 3TOH XKe MJIOCKOCTH.

(@) (A, B) [(4, Bea)—> (C) ((Ce AB)—> (Cea))].”

Onpedenenue 1. Ecnu Bce ToukH NpAMOH NpHHaAJAeXKAaT MJ0C-
KOCTH, TO H CaMa MpsAMasi MPUHAAJEKHT ITOH NJAOCKOCTH,

Beuay roro, uto mo cMuicay 3m0r0 Onpepenenus NpHHA AJeXK-
HOCTb MPAMOM K NJIOCKOCTH MOXHO MCTOJKOBATh M KAK BKAIOUE-
HHe MHOXeCTBa TOYEK NPAMOH B MHOXECTBO TOYEK IJIOCKOCTH
(mepBoe  MHOXKECTBO — MOAMHOKECTBO BTOpPONo), 0603HaYUM
NPHHANNIEXKHOCTb NPSMOH K MJIOCKOCTH y:Ke H3BECTHHIM HaM CHM-
BOJIOM OTHOLICHHS BKJIIOUEHHS] ONHOTO MHOXKECTBA B IPYTOe H BH-
CKasblBaHNe «MpsiMasl ¢ MPHHaIJNEXKHUT J0CKOCTH a» 3aluiieM
CHMBOJIHYECKH TaK: «a Cox.! -

Onpeneselne 1 MoxeT GhITh 3amHcaHo clenyiomuM o6pa3som:
ar '
(2 C a)e—> (A)[(Aea) —> (Aca)].
af
CuMBONl «¢—>» HaMm yXke amakoM. OH o3Hauaer, 4TO 39Ta SKBHUBAJEHTHOCTb

YCTaHABJMBAETCA CAMHM OmpeflesieHHeM. B 3Toll 3anHcu HarIffiHO BLICTynaer
POJIb ONpeRe/ieH s, KaK COKPAIIEHHS CJIOXKHOM KOHCTPYKIHU

(A)[(Aca) - (Aca)]
U3 OOBEKTOB H OTHOLIEHHH 3aMeHON ee HOBHIM OTHOLICHHEM

aCa.

[.5. Ecin gBe maockoctH HMelor 06wy TouKy (T. €. TaKym,
KOTOpas JEXKHUT Ha KakIOH H3 HHX), TO OHH HMEIT elle OfHY
06IYI0 TOUKY: :

(O (AA)Aca, B (3B)Bew §)].

L.6. Cymectsylor no kKpaiineit mepe YeThpe TOYKH, He NPH-
HajJJexamye OQHOH MJOCKOCTH:

(3 (4, B, C, D)) (T4, B, C, Dea).

T MoXHO, Pa3yMeeTC}, NOJIB30BATHCH H CHMBOJIOM a €a; cudTas mpH
STOM, UTO NPAMas @ NPHHANIENKHT MHOXKECTBY MNPAMBIX, 06pasyIolux MnJoc-
KOCThb a, :
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03. TIpucTynuM K BHBOAY CJIEACTBHH M3 aKCHOM MpPHHAaIJIEK-
gocTH I.1—6, T. €. K JIOKa3aTeJbCTBY NEPBLIX TEOPEM. L

[Ipu 10Ka3aTe/NLCTBE TEOPEM Mbl MMeeM MpaBo NONb30BATHC
T0/bKO TEMH CBOACTBaMH MPHHA/JEXHOCTH OCHOBHBIX 06beKTOB
(TOueK, MPSMBIX H_NJIOCKOCTel), KOTOPEIe BhIpAXKEHH B AOpHHATHX
HaMy akcuoMmax. I1o3ToMy MBI MOXeM BHUIONHHTbL 3TH AOKasa-
TeNbCTBA M Ge3 uepTexka, 0COGEHHO ec/ii OHH He CBsI3aHBI C JUIHH-
HEIMH pacCyXAeHHsMH. X0Ts B Gojiee CJIOXKHEIX JI0K2a3aTeNbCTBaX
yepTeX MrpaeT BaXKHYIO BCIIOMOTATE/bHYIO POJib, MbL HUKOTIA He
JOJIXKHHE CCHLIATHCA Ha KaKoe-HMOYAp MOJCKa3aHHOE HYepTeXOoM
CBOMCTBO, KOTOPOE He CONEPIKHMTCA HH B aKCHOMax, HH B pahee
NMOKa3aHHBIX TeopeMax. :

Cpeny TeopeM, KOTOphle MEI Cefiyac JOKaXKeM, HeKOTOPbIE yxe
M3BecTHHl HaMm M3 nuaHuMerpud. Ho Hac uHTEpecyeT, Kak OHH
BHIBOAATCS W3 MPHHATHIX akocHoM. TeopeMsl GyreM 0603HayaTh
6ykpofi T c cooTeTCTBYIOIIMM IOPAJAKOBEIM HOMEPOM,

T.1. [lse npsiMble MOTYT HMeTh He Gojee OIHOH ofefi TOUKH.

(a, B)E(A, B)) [(A, Bea) N\ (A, Beb)l.

JlonycTuM, 4TO KaKue-HHOyLb Be NpsiMere a H b umeror ase 06-
e Toukn A W B. Dro ABAAETCA TOUHBIM OTPHUAHHEM NOKaskl-
BaeMOr0 MpelJOXKeHHs:

(a, B)(A(A, B)I(A, Bea) A (A, Beb)] <
> (ala, H)(EA, B)(A Bea) A\ (A Beb)l.

MBI MOJYUHH, YTO CYLEECTBYIOT 1B€ TOUKH A u B, uepe3 KOTOpHIE
NPOXOAAT ABe (pasiuuHble) MpAMEE 4 H b:

@A, B)ata, b4, Bea) N (A Bed,

v .
YyTO NPOTHBOPEUYHT TPEGOBAHHIO e/ MHCTBEHHOCTH, BBITEKAIOLIEMY
H3 akcuomsl L.1: -

(@ (A, B)(H(a, BIA, Bea) A4, Beb)l—s
«—>(4, B)(ala, B)((A, Bea) \ (A, Beb)].

(pyroii, HemocpeACTBEHHbIH BHIBOX T.] nyrem npeoGpa3oBaHHs
dopMyJEl, BhHpaXalolliell BTOpY 4acTb akcuomul 1.1 mokasaH
panpite (u. I, ru. 5.13), rae A0Ka3aHa SKBHBA/JEHTHOCTD T. 1 BTO-
po#t uactu L1.) : :

“03.1. MokHo, pasymeercs, Gojlee A€Ta/bHO PadbACHHTL HA MpHMepe Mpu-
Be/leHHOFO * 7{OKA3aTEJBCTBA, KaK [OMyueHHoe «NPOTHBOpEuHE JOKA3LIBaeT
TeopeMyy. . )
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Tak Kak akcuoMa NPHMHHMAaeTcd 33 MCTHHHOe BLICKa3bIBaHHe, TO MOJYUYeH-
HOe OTpHUAHMe aKcHOMH! .1 JOKHO (3akoH mpoTuBopeuns). Ho 3to oTpuua-
HHe, KaK Mbl II0KAa3a/]H, SKBHBAJEHTHO OTPULUAHUIO JOKA3bIBAEMOro npelJoKe-
Hua. CieloBaTeJbHO, OTPHLIAHHE JOKA3plBA€MOTO NpelJIOXKeHHS JIOXKHO, Io-
3TOMY CaMmM0 [0KasnlBaeMoe [peNJoskeHHe HCTHHHO (32KOH HCKIIOYEHHOro
TPETLEro). N

Caredcrgue, [IBe pasiuuHbe NpsiMble JH60 He MMEIOT 06miel
TOUKH, JTHGO MMEIT TOJbKO OAHY OOIIYI0 TOUKY.

Onpedenenue 2. [IBe npsiMele, HMEOWHKE TOJLKO OAHY OOGILYIO
TOYKY, HasblBAIOTCS NepeceKalol U MHUCA.

BrickaspiBaHHe «NpsiMble @ H b — nmepeceKalomuecs» 0603Ha-
ydM cHMBOJIOM <«aXb». O6mas TOYKa ABYX INepeceKalomHXCs
OpsIMBIX Ha3plBaeTCsd HX TOUKO# NMepeceueHnuda Ho c re-
OpeTHKO-MHOXKECTBEHHON MO3ULHH TOUKA MepecedeHHsl ABYX Ops-
MBIX — MpeceyeHHe ABYX MHOXECTB TOUeK, MO3ITOMY BHICKa3bIBa-
HHe «TOYKa A eCThb TOUKa NepeceyeHHss NPAMHIX a H b» MoxeM
0603HauuTL cuMBosioM A =afb.

T.2. Ecin Touka C He gnexur Ha mnpamoil AB, To TOuKH
A, B, C He npuHamiexar OJLHOH NpPSMOH, T. e. He CYILIECTBYeT
npsiMoH, npoxoasuiedt yepes Touku A, B, C:

(A, B, O)[CeAB=(Fa)(A, B, Cea)].

HeficTBUTeNbHO, €CJH CyumiecTBoBajia Obl TaKas npsaMas a,
TO OHa.6bla 6bl oTyIMuHO#M or AB, Tak kak npsMas AB He mpo-
xoput yepes touky C. Torma mas gByx touek A u B cyumecrso-
BaJaHd Obl [Be mpsiMble (pasnuunvie) AB u a, npoxojsiye uepes
HHUX, 4TO NpOoTHBOpeuuT l.1:

TeAB A (A a)A, B, Cea) > a=AB,

#o no I.1: _
(4, Bea)— (a = AB).

Mu npumax K NpOTHBOPEyHto, CIeJOBATeJIbHO, XOTH Obl OJHH U3
yjleHOB KOHBIOHKUMH JoxHHH. Tak kKak CéAB — nocbliKa, T0O
JIOXKHO

(da)(4, B,Cea)
HJH HCTHHHO

Fa) (4, B, Cea).

T.3. CymecTByer egMHCTBEHHas MJIOCKOCTb, NpPOXOoAsfilas de-
pe3 a100yi0 NMPSAIMYyI0 H TOYKY BHe ee.

BripaxeHHe «cyllecTByeT eNHHCTBEHHasi (HJH CYILECTBYeT
OJlHa H TOJIbKO OfHa) MJIOCKOCTB» MOKa3blBaeT, YTO (OPMYJIHPOB-
Ka TeopeMhbl NpeacraBiaseT cO60# KOHBIOHKLHIO OBYX BBHICKa3Hl-
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paHHil, OLHO U3 KOTOPHIX BHIpaXKaeT CylLlecTBOBaHHUE, a APYroe —
eJMHCTBEHHOCTb [JIOCKOCTH: .

(@, .C)iCea— @a)C, aex) N BN, aef) > (E=a)l

(«Jlas BCsAKOH npsAMod a H TOUKH C BHe ee CylleCTByeT IJIOC-
KOCTh @, MPOXOAsilas uepes mpsAMywo a H touky C, H BCsKad
aocKocTh [, objapjaromias STHM K€ CBOICTBOM, COBMajaer
C IJIOCKOCTbIO a», T. €. Gonee OJHOH Takofi NIOCKOCTH He Cy-
1I[eCTBYET.)

Ilyctb naHa npsAMas a M TOUKa C sue ee. Tak Kaxk 0o aKCHOME
* 1.2 Ha BcAKO# NpSMOU CYILECTBYET GeCKOHEUHOE MHOXKECTBO TO-
‘yex, BO3bMEM Ha MpsMO#l a JiBE TOUKH A u B. Tax xak Touka C
He MPHHALJIEXHT npaMoil a, HJH AB, To TOUKH A, B, C ue ne-
sxat Ha onHofl mpamoit (T.2), u coraacHo [.3 cyuiecTByeT €JHHCT-
BenHasi MJOCKOCTb @, TIPOXOJfllas uyepes 3TH TPH moykH. Tak
xak Toukd A ¥ B mpsMo#l a NpHHAAJIEXaT. NJ0CKOCTH &, TO HO
1.4 Bce TOUKH NPSIMOH @ NpHHAAJNEXKAT 3TOH MJIOCKOCTH, H IO OMpe-
jefienuio | mpaMas @ MPHHAJJEXHT MJIOCKOCTH @, HJH NJOCKOCTD
@ MPOXOJHT yepes MpAMYIo &. Besikasi MaocKocThb B, nmpoxonsulast
yepes a B C, Tpofijer uepes A, B u C u cornacho TpeGOBaHHIO
eNMHCTBEHHOCTH M3 1.3 coBNAneT ¢ [JI0CKOCTBIO &.

I[IpuBeseHHO® JOKa3aTeNbCTBO CHMBOJNHYECKH 3aMuuiercs cJje-
AyIOLWHM 006pasoM:

(34, B))(A, Bea); (I 2) ()

Tea (A4, Bea)— (Ab)A, B, Ceb); (T 2 2
(@b) (4, B, Ceb)— (Aa)(A, B, Cea) A

A BIA, B,Cep)— (E=9); (L. 3)° 3)

(4, Bea) N (4, Bea)— (a a); (I 4, omp. 1)’ 4)

Tea-(qa)a, Cea) A(Bl(a, Cep)>B=a)l. (5)

T. 4. Jns MOGHIX ABYX MepeceKaiomMHuXCs MpAMBIX CyLIeCTBYET
OLHA H TOJBKO OfHa MJIOCKOCTh, MPOXOoAsilas yepe3 HHX.

(@, bi(a X b) = @a)(a, b =a) A E)((a, bcp)—>E=a)l

Iycts a X b uanb =M. BepeM Touky A Ha mpsMOH a H TOY-
Ky B na mpsamo# b (1.2), oTnuyHbIe OT M. Tak xak B otnnuHa
or M, T0 B He NeXHT Ha mpsAMOi @ (T.1), u TPH TOUKH A B, M
He nexar Ha onHoit npsmoit (T. 2). CJaenoBatesbHO, CYMECTBYET
enMHCTBEHHas MJockocTs ABM, MpoxXoaflas Hepes 3TH TOUKH
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(1.3). 'Kaxpas u3s NpsAMBIX a # b JexuT B 3TO# NJIOCKOCTH, Tak
KaK MMeeT C Hedl 1Be o6mue Touku (1.4, onp. 1). ‘
Beskas nuockoets 8, npoxoasimas uepes npsMele a K b, mpo-
XONHMT TaKxXe yepe3 Touku A, B, M u, CJ1eI0BaTeNbHO, COBIAagaeT
¢ nyockocteio ABM (1.3).

03.2. Conocrapiienne 310ro H Apyrux TIPHBEJIEHHBIX 3[eCh J0KA3aTeNbCTB
¢ OGLIYHO TPHBOJMMLIMH B IUKOJBHON NpaKTHKe OOHApYKHBaeT, YTO OHM Ha-
XOMATCA Ha GoJiee BHICOKOM JIOTHUECKOM YPOBHE, B HHUX MEHbllIe JIOTHYECKHX
npoGesos. B uactHocTH, B  KOKasaTeincTme nociefHeil Teopemn (T. 4)
B INKOJILHLIX yueGHHKAX OOHIYHO He JOKA3BIBAaeTCS, UTO Touka B He JIEKHT
Ha mpaMoil a u uto Toukn A, B,M He nexar Ha OlHO# TpaAMOI, 3TO0 Bce
«OteHh XODOWIO BHIHO U3 uepTexas, Takum oGpasom, YepTeXk MrpaeTr He TOJb-
KO MOJIOXKHUTENBbHYIO, HO M OTPHUUATENBHYIO POJb B JOKA3aTeJbCTBe,

Onpedenenue 3. [Ipe npsivble HasuBaOTCS NI apanijedbHu-
M H, €CJIM OHM JIeXKaT B ORHOH NJOCKOCTH H He HMEIOT o6iwei
TOYKH.

BrickasuBaHHe «npsmas a NapaJienpHa NpsMoit b» 3amuCh-
BAeTCsl CHMBOJIHYECKH TakK: «al|b». , _

03.3. BripaxkeHue «npsiMble @ u b nexat B OJXHOH MJIOCKOCTHY
Hand NOHHMaTh B CMBIC/E «CYILECTBYET IJIOCKOCTB, B KOTOPOIi Je-
Kat obe mpsiMble @ M b»: /

Ha)a, b ca).

Bripaxenne «npsmele ¢ ¥ b He HMeoT obuell TOUKH» Hamo
TIOHHMATL B CMBIC/e «He CYIeCTBYeT TOYKH, NpHHAAIEKALeH
NpsAMO# a H npsaMoii- bs:

@A)Aea, b).

Tak xak mo onpemeneHHmw NpsiMBle @ U b napajyenbHul TOTa
H TOJILKO TOTA3, KOFJa YAOBJETBOPAIOTCH 06a YCJOBHSA, TO 5TO
onpenesieHHe MOXKeT ObiTh 3alHCaHO CHMBOJIMUECKH CACAYIOUWHM
obpasom: :

@by (qaya, b ca) A ,@)(A éa, b)-

Kaxnoe u3 aByx ycsosui, BXOAAWHKX B ONpefesieHHe MapaJ-
JIGILHOCTH, ABJIACTCH HEOGXONMMBIM yCIOBHeM T1apaJie LHOCTH:

[(a lb) > @a)a, b ca)] A [(@) b)> TG A)(Aea,b)],

H OHH TOJILKO BMeCTe (T. €. MX KOH’bIOHKlLPIH) COCTaBJAIOT J0oCTa-
TOYHOE YCJIOBHUE:

“@o)a, b ) N (@A) Aea, b)> (allb).
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Tax Kak [apajieJbHOCTb ONpeAeaAETCs KOHBIOHKIHEH ABYX
yCJIOBHH, TO NpAMbE HE napaJlieJbHel, KOrja He yAOBJIETBOPSET-
cs xoTs 6Bl OEHO U3 3THX yCJIOBHI:

TTbo@a)a, boa) A @AAea, b«
o (@o)a, bea)V (@AAead).

(3mecp npuMeHAETCH NpaBHJO OTPHILAHHS KOWBIOHKIIHH: OTPH-
IlaHHe KOHDBIOHKIHH JABYX BHICKA3bIBAHHI SKBHBAJEHTHO JHIBIOHK-
IIMH OTpHIL@HHA 3THX BbICKa3bIBaHHI.) '
Bo3HHKaeT BOMPOC O CYIIECTBOBaHUH ABYX NpsMBIX, HE JeXKa-
MHX B OJHOH MJOCKOCTH, T. €. TaKHX, ISl KOTOPHIX HE CYIEeCT-
ByeT IJIOCKOCTH, npoxoAsmlefi yepes HHX. Ha mopensx BOKpYyr
Hac Mbl BCTpeuaeM MHONO TakHX map npsMBIX. Hac xe HHTE-
pecyer H BOIpOC O TOM, KaK CyHlecTBOBaHHe TaKHX NpAMBIX, BbI~
BECTH JIOTHUECKHM MyTEM H3 aKCHOM H JOKa3aHHBIX PaHee TEOpeM.
T.5. CyluecTByIOT ABE npsiMble, He Jexaiue B OIHO# TJIOCKO-
CTH,-T. €. TaKHe, 4YTo HHKaKasd MJIOCKOCTh-He MPOXOAHUT uepe3 HHX.

(H(a” b))(g 9)(a’ b c a‘) HJIH (g (a” b))(a‘) a, b ce
JleficTBUTENBHO, MYCTD A, B, C, D — ueThipe TOUKH, HE Jexa-
l@e B OXHOM MAOCKOCTH (CYLleCTBOBaHHE TAaKUX YETHIPEX TOUEK
obecneunpaercs akcruoMoi 1.6). Toraa He CyIIeCTBYeT TJI0OCKOCTH,
npoxojsilefi uepes NpsMbIe AB u CD. Ecau 6bl Takas IJOCKOCTD
cyllecTBOBaJa, TO MO onmpejeneHHI0 1 TOUKH A, B, C, D nexan#
6Bl B—-3TOH IMJIOCKOCTH:

(32)(AB, CD —a)— (3 a)(A, B, C,Dea).
Otciofa To NMPaBHIy KOHTPaNOSHIHH noJy4yaeM:
)4, B, C, Dea)—> (F9)(AB, CD ca).

Caedcreue u3 T4. JiBe npsMble, He JeKallHe B ojHol nJoc-
KOCTH, He HMelT oO6led TOUKH.
. JleicTBHTEJIBHO,

@A) Aea, b)— ()@, bcd) (T. 4

¥ 1O NpaBHAy KOHTPANO3HIHH:
G o), b c o)~ (@A) Aea, b).

Onpedenenue 4. IBe npaMble, He JexallHe B OJHOH TNJOCKO~
CTH, Ha3BBAIOTCA CKPEULHB aloilUMHCH,
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BrickaseiBanne «npsiMble @ M b CKpemuBalOTCS» 0603HAUHM
CHMBOJIOM «a > b>.  Onpepenenne CckpemuBalomuxcs NpsIMBIX
MOXHO CHMBOJHYECKH 3alHCaTh Tak:

(@xb) ¥ (Fa)(a, b ca).

03.4. MoXHO 37ech MOCTABMTH Mepes, yyaUIMMHCH BOMPOC, NOYeMy B 3TO
onpelleetue Mbl He BKJIOYa€M YCIOBHe OTCYTCTBHMS ofLIeH TOWKH, a B onpee-
JIEHHE NapasIeNbHEIX NPSMBIX MBI BKIIOUHIR 3TO YCIOBHE.

Mbl nosyunsH B pesyiabraTe JOKA3AHHHIX BBILIE T€opeM mOJ-
HYIO KapTHHy B3aHMHBIX DACMOJIOMEHHH JABYX NPAMBIX B Mpo-
CTPaHCTBE H MOXeM KiaaccHuuHpoBath HX. Kaaccupuraunmio
NPOU3BOAHM {10 ABYM OCHOBAHHAM:

1) cymecTBOBaHHEe MIOCKOCTH, KOTOpOH mnpHHajpjexar ofe
npaMble (0G03HAUMM BbicKa3wiBanHe (Jo)(a, bCa) uepes X);

2) cymecTBOBaHHEe OOIIEH TOYKH IBYX NpaAMbIX (0603HauuMm
BbicKasbiBaHue (HA)NAea, b) uepes V). :

Honyuaem crenyomyio cxemy:

IBe npameie

(a, b)
!
[ I
X X
(nexar B oauoii mrockoctn) (He JMexaT B ofHOH maocKOCTH)
! €
Y Y
{UMeT o6myio (He uMeioT (npsvble a 1 b cKpewmBaoTCs)
TOUKY) obuielt Toukn) axb
axb allb -

BHACHUM BCEBO3MOXKHBIE B3aHMHBIe pacnosioXenus npsamMol
U IJIOCKOCTH. )

T.6. INnockocrs u npsMas, He Jexamas B HeH, He MOryT
HMeTb 60jiee OAHOH OOLIEH TOUKH.

(2, @)@ ca—> (3 (4, B))((4, Bea) \ (A, Bea)]r.

JlefiCTBHTENbHO, €M MIIOCKOCTb H NpsiMasi HMedH b JBe
ofuike TOUKH, TO NpsiMas Jexana Gbl B 5TOH TUIOCKOCTH (I. 4
onp. 1), 4TO NPOTHBOPEUHT YCJIOBHIO.

CumBosnHyeckn 3TO AOKAa3aTeJbCTBO 3alHIilercd Tak:
H3

(e, (2 (4, B)(A, Bea) A (4, Bea)— (a < o]

! Npyroi Bux sammck: .
(2, a) [aCap(FA) (Aca, a)—> (B) (Bea, a) - (B= A))).
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10 MpaBHIY KOHTPaTO3HIKH .cnenyer

@, a)|ac o~ @A B)A, Bea) A (A, Bea)l. -

Onpedeaenue 5. TIIOCKOCTb H MpsMad Ha3bBAIOTCA Me€p ece-
K210 1L HMHCS, €CIH OHH HMET TOIbKO ofHy OGILIyl0 TOUKY.
ra 06mas TOYKa HasblBaercs HX TO UKO fi nepeceueHHs.

BhickasbiBaHHe «ILVIOCKOCTb & M NpAMas 4 nepeceKkaoTeA»
0603HAYHM CHMBOJIOM «aXa» HIn «a)xo» (cHMMeTpHYHOCTb 3TO-
o OTHOIIEHHSI HEMOCPEACTBEHHO CHelyer H3 onpepenenns). Tax
KaK [JIOCKOCTb H TpAMas NpeAcTaBlsior co6ofi [Ba MHOKECTBA
TOUEK, TO HX TOUKa fnepecedeHus apasercs obmefi 4acrblo. 3THX
MHOIKECTB, T. €. HX NepeceueHHeM. TlosTOMy BBICKa3bIBAHHE «A —
TOYKa NepeceyeHHsl MIOCKOCTH & H npsMoil @» MOXXHO 3amHCaTh
rak: A=aNa.

JlanHoe OmMpeAe]eHHE MOXHO 3amucarh CHMBOJHUECKH TaK:

@x a) % @AAea,a A B [(Bea, > (B=A).

Onpedeaenue 6. 1110CKOCTE H npsiMas, He HMeloIlne o6uieft
TOUKH, Ha3HBAIOTCA MapaaaelbHL M H.

BricKasblBaHHE «IIOCKOCTb @ H mpAMas a napajielbHbl» 060-
snaunM <al|@» WK «a||a> (CHMMETPHUIHOCTD 3TOr0 OTHOLIEHHS HE
OCPEJCTBEHHO CJIeAyeT H3 onpefeNeHHs) .

Onpeneienne napajielbHOCTH npsAMOl M MJIOCKOCTH MOXKET
GbITb 3AMHCAHO CHMBOJNHYECKH TaK:

(a9 Y (@A)Aea, a).

Tlonyuaem CJeAylOLYIO KnaccH(HKALHIO B3aUMHBIX pacrnono-
eHHH MpsAMOH H NMJIOCKOCTH TI0 ypcsly o6IHX TOUEK:

’

MipsmMas H NJOCKOCTD

(a, a) :

He UMeloT o6mei TOUKH uMeloT ofuyio TOUKY
alfe - |
(npAMas mapalIeibHa ) |
NIOCKOCTH) {

J— A d

AMEIoT TOAb- HMeloT BoJee
ko ofHy 00- OIHOH obmeit
mylo TOYKy TOYKH: aCa

- aXxa (npsmast ne-
(npsiMas Te- KHT B TiAOC-
pecekaer KOCTH)
MAI0CKOCTb)

BRISICHUM BCEBO3MOXKHBIE B3aHMHBIE PAacCIOJOXKeHHs JBYX
NJOCKOCTEH.
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T.7. [IBe nJI0CKOCTH JHG0 HE HMEIOT o6u1ell TOUKH, JH60 UMeloT
O6IUYI0 MpPSAMYIO U Bce O6LIHE TOUKH 3THX TJIOCKOCTEH JeXKaT Ha
3TOH NpPSAMOH: -

. @ BIEA)(Aeq, BV @e)e o, B) A C)(Cea, B = (Ceq))].

JleficTBUTEMIbHO, J106HE ABE MJIOCKOCTH o H B u6o He UMeIOT
obuiedl TOUKH, JHGO HMEIT o6uLyio Touky A. B-mocaenuem ciy-
Jae OHH MMEIOoT elle oAHy obutylo Touky B. Torma npsmasi AB
IPHHAMJIEHKHT U TJIOCKOCTH o M miaockoctn B (L4, onp. 1), T. e.
fABJsieTcst o6wed npamoit. Ecau niockoern o u B uMean 6b Ka-
KYI-HHOYIb 06iyio Touky C, He Jexaiyio Ha.npsaMo#t AB, To
uepes npsimyio AB u Touky. C BHE ee NIPOXOLHIH GHl 1Be pasauu-
Hble TMJIOCKOCTH & H B, uro mpotusopeunt T.3.

Onpedensenue 7. Jipe TJIOCKOCTH, HMeEolHe O6LIyI0 NpsAMYIo,
Ha3bIBAIOTCA NMepeCeK AW HMHUCA, a ofluas NpsAMas — HX
JUHHEH mepecevyeHHdq.

BbickasbiBanne «mmockoctH « M B mepecekaTcsy 0603HAUMM
CHMBOJIOM ,a’XB“ nau ,BXa“, a BHICKasHBaHHe «@ — JHUHHA Te-
peceuenns maockocre#t a H f» — cuMBosoM «a=0o[)B>.

JlanHo€ onpeneneHHe MOXHO 3alHCATh Tak:

(@XB) & @)e <o, B

Onpedesenue 8. JIpe niockocTu, He HMeoIHe o6uieli ToukH,
Ha3bIBAIOTCA MapajjeJbHH MH, -

BrickasbiBanne «mockocTH a B nmapannenbHer» 0603HaUHM
»al|B* mim ,Blla* (B TeopernKo-MHOXKECTBEHHO CHMBOJIHKE 3TO
MOXHO 3anucaTh u Tak: ,afIB=“).. Onpenenenne napainenn-
HOCTH TJIOCKOCTEH 3anuulercs Tak: : : ,

(@1 B 4a(C)Cea, ).
HNoayuaem crenyromyio KIaCCHHKAIMIO B3AHMHBIX PaCIIofio-
JKeHHH [ByX mNjockocreft:

JIBe naockocTH
(a

' !
He HMelT o6imeld ToykH HMEIOT 06IyI0 TOUKY

(napaanenshbie Bnnocl(ocm) (mepecexalnomuecs naockocty, T, 7)
alf ' . axf

04. Mu paccMaTphBaeM MHOXECTBO Touek npsiMOl Kak ymo-
PANOUECHHOE MHOXecTBO. OTHOIIEHHe MOpSALKa TOueK Ha npsMoi
0G03HaUHM TEPMHHOM <«IpEIIIECTBOBATbY H CHMBOMOM 4T e
BRICKasblBaHHe «Touka A npepuecrsyerT Touke B> yCJoBHMCS 3a-
NHCBIBAaTh TaK: «A-— By,
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D10 OTHOLIEHHE XapaKTEPH3yeTcs CJeAyloL¥MHA aKcHOMaMH,
KOTOpble MBI Ha3biBaeM aK'CHOMaMH NOp AL Ka:

" I11. Oas q106bIX ABYX pas3jHYHBIX TOYEK A, B au6o A = B,

nH60 B = A, H TOJBKO OAHO H3 JABYX. o

’

(A, B)[A=B—> (A='B) V (B= A)l.

HpellCTaBJIﬂﬂ 0060ﬁ cTporylo AH3DBIOHKIHIO, 3Ta aKCHOMA MO-
KeT OBITh BbIpaxeHa B BHAE KOHDIOHKIUH ABYX BbICKa3bIBaHUH:

(A, B)[A=B—> (A= B)V (B= A A (A= B) A (B A),

npuyeM BTOPOH ujeH 3TOH KOHDBIOHKIHH BbIpaXKaeT aHTHCHMMeT-
PHYHOCTb OTHOUIEHHS NPeMLIeCTBOBAHUS.

11.2. [lns mo6bix Tpex Touek npsamoit A, B, C, ecnn A= B
u B —%) C, to A=t C (TPaH3UTHBHOCTb OTHOIIEHHS NpPENUIECTBO"
BaHuA):

(A, B. C)[(Ce AB)— (A~ B) A (B= C)— (A= O)].

11.3. nsa mo6bix ABYX pasjHYHBIX TOUEK A, B na npsimoiit AB
cymecrsyer Touka C rakas, 4TO A mpemwecrsyer C u C npen-
wecrByer B unu B npealrecTBYeT C u C npemwectsyer A.

Konbionxkuuio (A -2 C)A(C = B) OGymem nHcatb cokpa-
mento A- C= B. Torpa akcuoma [1.3 szanuuercs CHMBOJH-
yeCcKH CAeLyloIHM 006pa3oM: - ‘ .

(A, BJA=B - (G C)(CeAB) A (A= C= B)V (B= C= A)].

Onpedesenue 9. Ecau mouka C ynosreTBOpsieT OJNHOMY H3
coornowenuii A = C = B umm B —= C—= A, Mbl TOBOPHM, 4TO
nouka C TeXHUT MEXAY TOYKAMH A u B. :

1.4, Ha npsAmoll HeT TOUYKM, KOTOpas MpEAIlecTBOBaja (0}
BCEM OCTaJbHBIM, H HET TOUKH, KOTOpOH NpeniecTBoBali 61l BCE
ocrafbHbe, (MHOXECTBO TOUEK NpPSMOH HE HMEET HU nepBoro HH
OCJEAHENO 3JIEMEHTA.)

@IGAE)A~ B A EDEE= Ol

Axcuombl 11.1—4 xapaKTepH3YIOT CTPYKTYpy NOpsiika B MHO-
JecTBe TOUEK NpSIMQi, YCTaHOBJIEHHYIO C TMOMOLIBIO OTHOILUEHHUA
npeaiecTBOBAHHA, :

Onpedenenue 10. MHOXECTBO TOUEK, JeXalHX MeXay TOuKa-

vi A 1 B Bmecre ¢ ToukaMH A u B HasbiBaerci OTpe3KOM
AB.
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Touku, nexamue mexny A H B, Ha3bIBAIOTCA BHY TP €H H H-
MH TOYKAMH HUJH NPOCTO TOYKaMH oTpe3Ka AB, ToukH
A u B—ero KoOHI a MH, :

Kak BHIHO, NMOHATHE OTpPe3Ka OMPENEeNeHO ¢ MOMOLIbI0 OTHO-
IIEHHs «JeXaTb MEXAy», a 3TO OTHOLIeHHe omnpeje/eHo ¢ MO-
MOILbIO OTHOLIEHHA «OpelllecTBOBATH» (Onp. 9); OTHOlLIeHHe XKe
«NpPeAUEeCTBOBAaTL> NPHHATO HAMH 3a OCHOBHOE, NEepBOHAYAJbHOE,
H -TI03TOMY Heompeje/sieMO Yeped ADYTHe OTHOILUEHHs, OHO MOJY-
YyaeT KOCBEHHOe onpefe/eHHe ¢ IIOMOLIbI0 XapaKTePH3YIOMHX
ero akKCHOM.

I1pu oMoy NOHATHS OTPe3Ka MBI OGOCHOBLIBAEM YACTO NPU-
MeHsieMble BbIPAXKE€HHS «I0 OAHY CTODOHY» H <0 pasHbie CTOPO-
HbI» OT NaHHOH TOYKHM, T. €. NMOHATHE MOJYNPSMOM,

T.8. 13 Tpex Touek {mpsMOHl OJHa M TOJBKO OJHA JEXKHT Me-
XAy AByMsl APYTHMH. (DTo npeisoXKeHHe He MeHee OUYEBHIHO,
UeM aKCHOMBI, HO T4K KaK OHO He CONEPIKUTCS B CIHUCKE AKCHOM,
OHO [OJIKHO ObiTb MOKa3aHO. TakoB 3aKOH aKCHOMATHYECKOTO
NOCTPOEHHST TEOPHH.)

[lycrb Ha npsimolt naubl Tpu Touku A, B, C. [IpuMeHHM K TOU-
kam A 1 B akcuomy II.1 u monycTHM aas ompefeseHHOCTH, UTO
A - B. BosbMeM fasee Toukd B m C M NPHMEHHM K HHM Ty XKe
akcuomy IL1. BoamoxHubl nBa cayuas: a) B—= C H Tak Kax
A= B, To_B nexur mexay A u C; 6) C-: B. B atoM caiyuae
paccMOTpHM OTHOlIeHHe Mexnay ToukaMH A u C. Axkcuoma II.1
Aaer nBa cayuasi: 6;) A= C u Tak Kak C - B, To C Jnexur Me-
xay A u B; 65) C— A u tak kak A - B, clenoBatenbho, A Je-
XUt Mexay B u C.

Mbl noKkasamu, 4TO BO BCeX C/yYasix OJHA M3 TPEX TOUeK Mps-
MOH JIeXKHMT MeXKNy IBYMsl ADYTHMH, H TaK KakK no akcuome II.1
C/yyaH @ W 6, a Takxe NMOACAyYaH 6; U 62 HECOBMECTHMBI, TO CJie-
IyeT eIMHCTBEHHOCTb T4KOH TOUKH.

T.9. Jlio6ass Touka O mpsiMOit pa36HUBaeT MHOMECTBO TOUEK
3TOH NpsAMON Ha ABa MOAMHOXKECTBa TaK, YTO JIOGble HBe TOUKH
npsamoit A, B, oramunbie or O, AHGO NpUHALTEKAT OAHOMY H3
3THX NOLMHOMKECTB, ec/JH oTpe3ok AB He cogmepxur Touky O,
J160 NMpHHAN/IeXAT PA3HYHBIM NOAMHOMNKECTBAM, €ClH OTPe30K
AB copmepxuT Touky O. :

BosbmeM ABe npoM3BOJIBHEE, OT/IHYHBe OT O, TOYKH MPAMOIL
A u B. Tlo T.8 BO3MOXHbI C/IEAyIONHE CAYyYaH:

a) O nexur mexay A u B, 1. e. O — touka orpeska AB, 3Ha-
yuT A 1 B npUHALIeXaT Pa3qMUHEIM NOAMHOXKECTBAM TOUYEK;

6) B aexur mexay A u O;

8) A nexur mexay B u O; B mocjesHuX ABYX CIydYasix IO
T.8 touka O He sexuT Mexay A H B, T. e. He sIBJIAETCH TOUKOI
orpeska AB, sHaunT A n B npuHal/exaT 0AHOMY MOAMHOMKECTBY,

HecoBMectumocTs 3mux cayuaes (T.8) sBasercs moKas3aTelb-
CTBOM TOTO, YTO KaXKAas TOYKa NPAMOMH, OTJIHUHass oT ToukH O,
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NpUHAJJIEKHUT JHUIIb OLXHOMY H3 STHX MOAMHOMECTB, u60 TOUYKa
B He MOXET OJHOBDEMEHHO- PUHANJIEKATD TOMY K€ MOAMHOXKeE-
CTBY, UTO ¥ TOUKa A, u gpyroMy, 3TO O3HaYao 6Bl, UTO CayyYan
@ COBMECTUM C OJHMM H3 CIydaeB 6 wam 6.

OnpedeaeHue 11. JIBa nmOJMHOMXECTBa TOYEK, onpepessieMblX
Ha MPAMOH TOYKO# O, Ha3pBaloTC NOJNYNpAMEMH wa ny-
yaMu 9TOH mpsiMoii ¢ HaUalOM '

Ecnu nBe TOYKH npsMo#t A w B npunagjexar O[lHOH M3 3TUX
NOMYNpPSIMbIX, TO TOBOPAT, UTO OHH «JIeIKaT Mo OJHY CTOpPOHYy OT
rouku O», ecnu XKe OHU NpuHAJJIERAT pasIMyHbIM NOJTYNPSIMBIM,
rOBOPAT, UTO OHH «JIEXAT IO pasHble CTOPOHBI OT TOUKH O».

04.1. T.8 u T.9 nokasbiBaioT yJawHuMmcd, 9TO OYEBHHOCTb 3THX Npeao-
JKeHu#i B AKCHOMATHYECKOM MOCTDOEHHH TEOpHH HE npHHUMAaeTcs B KauecTse
70BOAA AJIf OGOCHOBAHHS MX HCTHHHOCTH. Mbi 376ch, pasymeercs, He MOKEM
yCTpaHHTh BCE T€ JIOTHUECKHE npo6evibi, KOTOpbie HMEMHCh B nOCTpOeHHH nJa-
HHUMeTPUH H KOTOpbie Hen3GeXkHbl Ha  ONpejlefleHHOM  3Tane o6yueHHus.
Mbi u 37ech NajeKo He BCe JOKasHBAEM (HanpuMep, Mbi He JOKasaid, dTO
MHOZKECTBO TOUeK Jioforo OTpeska GeckoHeuHo, XOTSl Mbi NOJb3yeMes Mo-
npeXHeMy 3THM MOJOXKEHHeM, Kak WHTYHTHBHO sICHbIM) H He JOJUKHb CO-
31aBaTh y YUallMXCs H/IO3HI0 JIOTHUECKOro CcOBepIIEHCTBA HAIIEro nocTpoe-
wist. Mbl OMYKHBI TOBODHTb ydaliMcd, 4TO sl npenoKeHn# Mbl HE JOKA3bi-
BaeM, XOTsl OHHM JOKasyeMmbi B nameli cucreme. Hama uenb, Kak yxe 6H1710
paHee pasbfCHEHO, AaTh yYaWHMCA npeacTaBlieHne 0 JIOTHYeCKOH OpraHH3aluy
TeopHH NpH €e aKCHOMAaTHUeCKOM nocTpoeHuH.

Kak Mbl yKe TOBOPHJIH, aKCHOMbI [1.1—4 xapaKrepu3yloT Mo-
pAIOK TOYEK Ha npsmoit. s ONpeneeHus nopsiaka TOYEK Ha
ILTOCKOCTH BBOLUTCS €Ille OfiHA dKCHOMA.

11.5. Beskas npsiMas @ [JIOCKOCTH pa3buBaeT MHOMKECTBO
Bcex TOUEeK 9Tofl IJIOCKOCTH, HE npuHaIexammx efi, Ha JBa
KJacca (HOLLMHO)KQCTB&), o6nanamomye cieryomuM CBONCTBOM:
ec [qBE TOYKH MpHHALIENKAT pasiuyHBIM K1acCaM, TO OTpe30K,
oupene/feMblil STUMH TOuKaMH, nepecekaercs npsIMOit @; eCJIH XKe
JBE TOUYKM MNPUHAJJENKAT OLXHOMY Kjaccy, To OTpesOK, ompene-
NsieMbll ¥MH, He Me€peceKaercs npsMo# a.

[Mog «pa3bueHvieM MHOMECTBA Ha mBa Kjacca (uau MOQMHO-
JecTBa)» Hajo MOHMMATD, YTO, BO-IIepPBbIX, Kamjas TOUKa STOTO
MHOKECTBa MNPHHAIJENUT OJHOMYy H TONLKO OJHOMY H3 3THX
KJI4CCOB H, BO-BTODBIX, KaXJbli Kiaco He myct, T. €. CONepXUT
TOYKY JAHHOTO MHOXKECTBA (anauve, eciy ONUH U3 KJaaccoB Obla
6Bl myCT, Mbl HE NOJY4HJIH 6b1 pa3buenne Ha 1Ba KJaacea).

Onpedeaerue 12. IBa KJacca TOYeEK, ompejenseMbix npAMOH
Ha MJIOCKOCTH, HasblBalTCA MO Y UJIOC KOCTfAMH 3TOH ILIO-
cKoctH ¢ pebpom a.

O jByX TOUKAX, MpHHAAJENKAIHX OMHO#l M3 3TUX MOJNYMI0C-
KOCTEil, TOBOPST, YTO OHHM «Je€XKar o OJHYy CTOPOHYy OT mpsAMoi
a». O JByX TOUKax, npuHaaiexaux pasnMYHbIM 101y IJI0CKO-
CTAM, TOBOPAT, YTO OHH «/IeXKaT o pasHEe CTOPOHBI OT nps-
MOl a».
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T.10 (npemmoxenne IMawa). Iycrs A, B, C.— TPH TOYKH, He
JIeXxaiye Ha oaHoH mpsamol. Jlo6as npsimas a niaockoctu ABC,
HE NIPOXOAALlas HH Yepes OAHY u3 Touek A, B, C, 1160 He nepece-
Kaer Hu ofuH U3 otpeskoB AB, BC, AC, nu6o nepecekaer asa
H TOJbKO /1Ba H3 STHX oTpe3koB. (Korza mbl roBopum, Hanpumep,
«npAMas a nepecekaet oTpesok AB», T0 310 afaumT, UTO MpsAMas
a mepecekaercs c mnpsimoit AB B Touke otpeska AB, T. e. B TOU-
ke, Jexaume mexay A u B.)

Ha ueprexe (puc. 24) wucrunnocrs T.10 oueBuana. IIpuse-
JIEM  JIOTHUEeCKOE [LOKa3aTelbCTBO, He MOMb3YACh UYEPTEKOM.
(MoxHo, pasyMeercsl, monb30BaTbes H gyepTe-
HOM, HO TaK KaK OH (QHKCHpYeT ompeneseH-
HOE pacrnoJioXKeHHe NPsSMOH @ OTHOCHTENbHO
orpeskoB AB, BC, AC, To ne nmomoraer 3mech
O6LIMM pacOyKACHHSM.) ,

[lpamas a n1ubo me mmeer obwiefi TOUKH
. Puc 24 HH C ofuuM H3 orpeakoB AB, BC, AC, nu6o

uMeer OGIUYI0 TOYKY ¢ OJHHM M3 3THX OTpes-

XoB. B mepBom ciyyuae TeopeMa JgoKaszama.
Jlokaxem ee Bo Bropom cayuae, T. €. KOrna npsimasi @ umeer o6-
LLYI0 TOUKY ¢ OfHUM U3 oTpe3koB AB, BC, AC. ITycT, HanpuMep,
npamasi a nepecekaer orpe3ok AB. Toraa coriacao akcuoMe IL.5,
ToukH A H B TpHHALNEKAT PasIHTHBIM MOJYNJIOCKOCTAIM, OMpe-
AeaseMbIM mpsaMoi @ na naockocts ABC. Tak Kak mo TOH e
akcuome (I1.5) Touka C mpumamnexur 60 TOH TOJYIJIOCKO-
CTH, B KOTOPOH JIeXHT Touka A, aubo JPYTroH, B KOTOPOH JIEXHUT
TOuKa B, H TOMbKO ONHON M3 MHX, To mpsiMas @ NepeceKaer eie
qu60 orpesok BC, mubo orpesok AC u TOABKO OIHH M3 mHX. Ta-
KUM 00pasoM, NpsiMast @ Ju6o He mepeceKaeT Hu OJAH H3 OTpe3-
xoB AB, BC, AC, nu6o mepecexkaer npa u TOJIBKO ABAa M3 HHX.

Teopema mokasana. B sTom jgoKasaTembcTBe Mbl CChINAHCE
Ha IL5, ' .

Ecan yreepxnenne, cocrasasioniee ColepKaHue MOKa3aHHOR
TeOpeMbl, IPHHATb 32 aKCHOMY, TO mpegnoxenue 1.5 Moxer
GbITb /I0KA3aHO KaK TeopeMa. DTo 10KA3aTeIbCTBO MOKET GbiTh
TIPENIOKEHO YYyaKuMCH Ha BHEKJACCHBIX 3aHATHAX.

Takum o6pasom, mpennoxenns 1.5 u T.10 9KBHB aJIeH THBL

04.2. B mpoctpaHcTBe HMeer MecTo TpeaJioXKeHNe, aHAJNOTHUHOE aKCHOMeE
I1.5: «Besikast niOCKOCTh & HEMMT MHOXECTBO BceX TOYEK TPOCTPAHCTBA, el
He TIpMHanJeXallMX, HA OBa Kjacca TaK, 4TO €C/JM QB TOUKH TPHHAAJIeNKaT
PasJMYHBIM K7JaccaM, To OTPe3OK, ompefeSdeMH HMH, nepecexkaercs  fJ10-
‘CKOCTBIO &, "€C/IM e [Be TOUKM TMPHHALJENKAT OTHOMY KJAcCy, To onpenense-
MbIi UMH OTPe30K He TePeceKaeTcsl 3Tol MJIOCKOCTbIOY.

OTH 1Ba kJacca TOYEK HA3HBAIOTCH M O J1 ynpocTpaHCTBaMHu ¢ o6-
iue#l rpaHbi0 @, .

XoTs 9T0 mpensoXeHHe fBJSETCH TEOPeMOH, OHO MOXKeT TIPHHHMaThbes Ges
JOKa3aTe/bCTBA, HO 06 3TOM HaA0 CKa3aTh ydalliMMes. Wnmoctpauus storo
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ﬂpeﬂJIO}KeHI/ISI Ha MoJenu BecbMa yéenmenbﬂa. Iloxasa'renbcrso Moxker ObITh
npeu.no:rxeﬂo KaK CaMoCTOATeNbHAg paéo'ra Ha BHEKJACCHBIX 3aHATHAX.

05. TTapaenbHOCTh TROMETPHUCCKUX 371eMEHTOB B NMPOCTPaH-
CTBE paccMOTpUM B caepyionieM IMOpsiTKe:

1." IMapannensHOCTb ABYX MPAMBIX.

2. [NapannensHOCTb TPsSMOH HJI0CKOCTH.

3. TMapaanenbHOCTh IBYX nJI0CKOCTE!.

05.1. Mbl y:Ke yTOUHHJH BhIlIE (03) ompenesnenye napaniesb-
HOCTH MNPSMBIX. )

05.1.1. B yueOHo#t 1 HaydHOl! JHTEpaType BeTpeyaeTcs u Apyras TpPakToB-
Ka OTHOLIEHWS NapannensHoCcTH (ABYX NpAMBIX, npaMoil ¥ IJIOCKOCTH, ABYX
nnockocret).! CorniacHo 3Tol TPAKTOBKE, COBMALEHHME 3/€eMEeHTOB paccMarpi-
paeTcs KAK UACTHbIH C/yYalt napassielbHOCTH. Tlocne onpefeneHuss nepece-
KAIOWUXCA NPAMHX, KaK TAKHX, KOTODHIE HMEIOT TOJBpKO OJAHY ofuiylo TOHUKY,
gapajsiesbble NpAMbE ONPEIeNsTIOTCH KaK npsMble, KOTOpHlE nexXaT B ogHoM
MJIOCKOCTH H He nepecekaiorcst, TakmM 06pa3om, mapajienbHoOCTb BO BTOPOM
CMbiC/le BKJIOUAeT NMApajienbHOCTh B NEPBOM CMbICAE H coBnajeHue.

[lpu TakoM GoJjee IUIHPOKOM MOHHMAHHHA napaJelbHOCTh OKa3blBAETCH
BHIOM OOLiETOTHYECKOro OTHOLIEHHS SKBHBANCHTHOCTH, u6o obnajgaer cBOM-
ctBamu pedaexcuBrocTH (alla, TaK Kak a=a), CAMMETPHYHOCTH ((a)] b)—>
—>(b | @)) n TpaH3HTHBHOCTH (@l YA T Y= {al c)). [lapannenbHoOCTb
B [epBOM CMHCTE, T. € He BKJiouaiouad coBnajieHus, He obnagaer cBOMCTBOM
pedeKCHBHOCTH.

TonsTHe NapannesbHOCTH BO BTOPOM CMHCIE, Kak BHJAHO, JIOFHUECKH
GoJlee BHLIEPKAHO, KpOME TOrO, ynpouiaer {OpMynHPOBKH HEKOTODBIX TeOpeM.

OnHako NPH M3yYeHHH NJIAHHMETPUH 06biuHO (1 BNOJHE NPAaBOMEPHO) na-
pa/eNbHOCTb TPAKTyeTcst B NepBOM, Gosee y3KOM CMBIC/IE, NMO3TOMY BpSA JH
CTOMT NepeyuHBaTh YUaIWHKCH CTApLUIMX KJacCoB §3-33 ynpolieHus (QopMy.H-
POBOK HEKOTODHIX TEOPEM.

Mpl 3HaeM M3 IUIAHUMETPHH, KaK MOCTPOHTH NPAMYIO, napan-
NenbHYI0 AAHHOH NpsMOi a ¥ MPOXOAALLYIO yepes AaHHylO TOU-
ky C BHe 3TOfi MPSIMOH.

BosHMKaeT BOMPOC: CKOJNbKO MpPSAMBIX, HE nepecekaomuxca
c IpsMO#l @, NPOXOAST uepes TOUKY C B MJIOCKOCTH, ONpEAessieMOi
npsAMOil @ u TOUKO# C? V3 npuHATbIX paHee aKCHOM, OKa3blBaet-
cs, He CJGLYeT eiMHCTBEHHOCTD takoil mpsiMoii. B Takom CJy4ae,
OUGBH/IHO, OJMHAKOBO JOMyCTHMb JBE BO3MOMKHOCTH. a) am6o
MPOXOAHMT TOJBKO OfiHA NpsMasd, 6) nu60 mpoOXoauT Gosee OA-
HOH MPSAMOH.

05.1.2, 31ech yuaimuecs MOryT BO3pasuTh: yepTeX HArIAHO IOKA3bIBACT,
yro BTOpOH Bo3MoXHOcTh HeT, Ho ueprex aroro He nokasnBaer. JlefictButenb-
HO, ecH OOBIYHBIM CMOcOGOM NMPOBECTH Huepes TOUKY C, HOCTaTOYHO yJa/eHHYIo
oT npsMolt @, napamnenb K npaMoll @, 3aTeM MpPOBECTH uepes TOUKY C eme
ONHY NPSMYyI0 NOJ OUEHb MAjbIM yI/OM (HanpuMep, NopsiKa 0,0017) x sToH
napajsenu, TO Mb Ha uepTexe HUKAKHMHU MOCTPOEHHSAMH HE CMOXEM Ha#TH
TOuKy nepeceueHus STQH npsiMoit ¢ npsmoit a. Taxkum o6pa3oM, ONBIT He ONpo-

1 Tycras Woke O npenonaBaniy 3J1eMEeHTapHOH ‘reomerpuu. C6.
«[IpenojaBaHne MaTeMAaTHKH>. Mep. ¢ $paHLy3CKOro A. U. derucoa. M,
1960; Giinter Pi ckert. Ebene inzidenzgeomeirie. Hamburg, 1958.

14 A. A. Cronsp 209



Bepraer BTOPYI0 BO3MOXHMOCTb. Ee Takike HeNb3s ONMPOBEPTHYTH JOTHUECKHM
TyTEM, HCXOAS M3 TIPHAATHX HaMH aKCHOM.

[lepBasi BO3MOXKHOCTb, M TOJIBKO OHa, GbLIa yuyTeHa EBKIH-
NOM, KOTJa OH MPHHAJI CBOIO aKGMOMy NapajulelbHBIX, H3BECT-
HyI0 HaM H3 MNJaHHMEeTDHH. .

Axcuoma napasresvroix. Uepes TouKy BHE HaHHOH npsAMOH
NpoXOnuT He Gosee oxHOM NMpsMOH, HapasieNbHOH HaHHORM.

(@, C)[Cea— (F(B, ONCeb, YA (B I a) At a) A b=d].

(Ecin BMecro «napansienbHOH» rOBOPHTb «He Iepecekaioureiis,
TO HEo6X0AUMO J06aBHTb «B MJIOCKOCTH, OMpeNeasieMOl AaHHOH
npsAMo# U TOYKOH BHe ee».) :

05.1.3. 3nech yMecTHo paccKasaTh ydampmcsl, YTO BTOPaf BO3MOKHOCTb,
cocTofmas B TOM, YTO uepe3 Touky C BHe TMpsSMOH @, B TJOCKOCTH, onpemese-
Mol mpsiMolt @ n Toukolt C, mpoxomuT Goslee OmMOM TPAMOI, He nepecekao-
el Jaunylo MPAMYIO @, OCTaBajach HEHCC/eNOBAHHOM 60Jee JBYX THCSY JET,
or Eskmiia fo JloGauésckoro. Bosee Toro, yuenne 3TOro mepHofa Guim yBe-
pensbl, uTO BTOPOH BO3MOMMOCTH BOBCE HET, H CTPEMHJHCH BHBECTH EBKALIO-
BY @KCHOMY Tapajiie/IbMbiX KaK CAEACTBHME M3 OCTANbHHX aKCHOM, T, €. JOKa-
3aTb ee Kak TeopeMy, Ho Bce 3TH momuTKM OKasanmch Ge3ycremlHbMH.

Besukuit pycckuit yuenw#t H. M. JloGaueBckuit (1793—1856) oGumapyxun
BTOPYI0, PAaBHOTIPABHYIO ¢ TEPBOH, BO3ZMOKHOCTD H, YUHTHBAS €€, MPHCOSAMHHL
K OCTaiLMBIM aKCHOMaM COOTBETCTBYIOUIYIG 3TOH BO3MOMKHOCTH aKCHOMY
napannefbuHiX: «Yepes TOUKY BHe MAMMOM TPSMON, B TJIOCKOCTH, OMpeesi-
eMoii 3TOfl TOUKOH M MpAMOM, IPOXOXHT GoJiee OXHMOM TIPSMOM, He TepeceKamel
Jaunyio». ; )

Ha Gase sro#t cucremu akcnom JloGaueBckufi pasBH/ HOBYIO, M €€ BK J H-
L OBY reoMeTpuio. OTa reoMeTpHs HasBaua ceffuac ero MMEHMEM — T €O M e-
Tpueft Jlo6bauesckoro.

OsnaxoMJenne ydaluXcst ¢ XKH3Mbio R gestenabHocteio H, Y. JloGauep-
CKOr0 M C MEKOTOPHMH TOJIOKEHHSMH €r0 TeOMETPHH SBJASETCS HHTEPEecHOM
TEMOH ISl 3aHATHH MATEMATHYECKOTO KPyXKa M ]S MaTeMaTHUeckoro Beuepa
yUauxcs CTAapMX KJaccoB. ,

BBHRy TOrO, uTO 3TOT MaTepHas AOCTAaTOYHO IIMPOKO OCBEMAETcs B paa-
IMUALIX M3JAAHMAX HAyUHO-TIOMYJASPHOH JHTEpaTypH, a TakKXKe B CTaTbiX H3
OTbITa BHEKAACCHOR pabOTH, Mbl He OCTAaMaBAMBAEMcS 3[eCh Ha H3JMOKEHHU .
cOJepKauusg 3THX BOMPOCOB.

Mbl yXKe BBIACHMJIM, YTO [B€ NpPsIMbIE B NIPOCTPAHCTBE JHGO
CKpeIuBaTCe, JH60 nepecekaiTcs, Ju60 NapaebHb:

(@, b)[(axb) \/ (a X b)V (a |l b)].

Vs onpenenenns napaieNbHOCTH HEMOCPEACTBEHHO CaeLyer.
CHMMETPHUYHOCTb 3TOTO OTHOIIEHHS:

(@, b)[(a 1l by~ (b Il a)].
CHMMETPHYHOCTbIO OGNafiaeT M OTHOLIGHHE NepeceweHHs

(@ B)[(a X b)—> (b X a)],
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¥ OTHOlIEeHHEe CKpelHBayus
(a, b)[(axb)—> (b~a)].

PacoMOTPUM XapakTepUCTHYECKOE CBOHCTBO OTHOLICHHUS Ta-
paJleNIbHOCTH, T. €. TaKoe cBOHiCTBO, KOTOpEIM O6JajaloT napaJ-
JefbHble OpsiMbE, HO He 06najaloT HU Mepecekawluecs, HH
CKpeIIHBaloLecs: NpsamMbie. JT0 CBOHCTBO COCTaBJsieT COJepHKa-
HHE CJedyoLUX JBYX TeOopeM.

T.11. Eciu OBe npsMble NapajjelibHbl, TO BCAKas MJIOCKOCTD,
nepecexaioulasi OIHy M3 HHUX, epeceKkaer u Apyrylo:

(a, b)[(a Il b)— @)((= Xa) - (a Xb))].
Jloka3aTedbCTBO

1. (@1 b) » @P)a, b h). 1. [lycth UMeeM mapy napad-
JeJIBHBIX NPAMBEIX @ U b, KOTO-
pHie (MO OmpejeNeHuio) JesKar
B omHOH muockoctd § (pHc. 25).

- . i Puc. 25
2. (e Xa)—= HA(Aea,a); 9. TlonoxmM, YTO HEKOTOpas
(Aea) \(a =B)— (AeB). JIOCKOCTh ¢ [epeceKkaer nps-

Mylo a B Touke A.
3. (Aéa, B)—> 3. [TnockocTd @ ¥ § HMEIOT
- @D za, B A (A€l obulylo Touky A, cienoBaTeNbHO

(T.7), umeior u ofwyio mps-
Myl0, OPOXOAALLylo uepe3 3Ty
TOUKY.

4.(Aea, )— (a XI). 4. Tax xak Touka A npuHan--
JIeXKAT TPAMBIM @ H [, TO 3TH
TpsAMBble TIepeceKaloTcs.

5.:(a, b, L cB) A\ 5. Tak KaK TpH npsiMbe @, b

AUXa)A(@ib)— (I Xb); wul nexars ofHO#1 NJIOCKOCTH P
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- 4
(!X b)—> (4 B)Bel, b). ¥ mpsMas [ mepecexaer ogHy u3
. napamjJeNbHHX IPIMBX (@), TO
OHa nepecexaer H apyrywo (),
u60o MHaue uyepes Touky A mpo-
xonuiay Ob ABe Pa3JHUHBIE NPsi-
Mble a U [, 06e mapajsenbHBIE
npsiMofi b, 4TO NPOTHBOPEUHT

aKCHOME TapajlileJbHBIX.
6. Bel) AN(l ca)—> (Beua). 6. Tak kak Touka B mpuman-
JeXUT npamoli [, a npsamas !
JEXMHT B ILIOCKOCTH @, TO TOU-
Ka B JneXHUT B MNJOCKOCTH «

. (omp. 1).
7. (Beb, a)— (a X b). 7. Tax kak Toyka B mpuHam-
JIEXKHT TJIOCKOCTH & H NPsAAMoH b,
TO TUIOCKOCTb ¢ IepeceKkaer H
npamMyio b.

Tax Xak MBl B35JIM NPOU3BOJBLHYIO INIOCKOCThL a, Nepecekalo-
uIylo NPAMYK @, ¥ A0Ka3ajy, YTO OHAa NepecekKaer # NpsaMyio b,
TO TeopeMa J0KasaHa, A

DTa TeopeMa BHIPaXKaeT HEOGXOOMMOE YCJIOBHE Napafelb-
HOCTH JIBYX NpsIMbIX. Boslee HarnsigHO 310 OGHAPYKHBAETCs, €CJIH
3aMEHHTb ee 1O NPaBHJy KOHTPANO3HLIHH TEOPEMOH NPOTHBONO-
JIOXHOH — 06paTHOMH:

@[@X a)—> (@Xb)]—=>alb,
win (Fa)[(a X a)— (« X b)] - a | b,

wid (Fa)[(a X a) AaXbl—>allb pas mobux a u b.

(Ecnu cyumiecTByer miocKOCTh, Nepecekalouiast OfHY u3 [OPSIMBIX
a UM b ¥ Hemepecekawoliasl APYyIrylo, To NpsiMble Hemapajeldb

HBL.) ‘
T.12 (o6parHas T.11). Ecau Bcakas miockoCTs, mepecexao-

was OJHy U3 ABYX NPAMBIX (IPOU3BOJBHELIX), NepeceKaer u BTO-
pylo, TO 3TH TpsAMBeE napajJjelbHH.

(a, B)[(@)((2 X @)= (2 X.b))—> (a Il B)].

JoKasateabCcTBO

1. alb—> 1. 3amenuM no npaBuNy KOHT-

. panosuunuu AOKa3HBaeMylo Teo-

—’(E{“)b[@ X @)= (a2 X b)]; pPeMy PaBHOCHIBHOH €N mpoTH-
alo- (Hi)_l(ix a) A\ [BOTIOJIOXKHON — OOPATHOH: «ecyau
A (« X b)]. mpAMEE g M b HemapaJJenbHH,
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TO CyUIeCTBYeT JIOCKOCTb, Te-
pecekaiolasi OfHY H3 THX Tpsi-
MBEIX M HE nepecekalwouias Apy-

TyIO».
2. allb—> ' 2. Ecnu mpsiMeie a 4 b Hema-
: pajljiefibHbl, TO OHM JIHGO Tepe-
~ llaXxXb) VvV (@x0)]- ceKaloTes, AH6O CKPeLBaoTCs.
3. (a Xb)—~ 3. Ecau a X b, To nwobas njio-
- (ga)[@Xa) AaXDb] CKOCTb, MpoxoAsilas  uepes

npsMylo b, oTanuHas OT maoc-
KOCTH, ONpenesieMod NpsIMBIMH
a u b (T.4), nepecekaer 4, HO
' ne nepecekaet b (onp. 5).
4. (axb)y— 4. Ecam a X b, TO MI0CKOCTD,
> @a)[(@X a) AaXb]. gpzx‘onﬂmaﬂ yepes mpsmyn b
pOM3BONIbHYIO TOUKY A mps-
Mo#i a, mepecekaer TpsSMylo a H
He mepecekaer b (omp. 4).

5. (aX bV (axb)— 5. Mu gokasajH, 4TO €ClH
- (@9 X a) A & X b]; rai?r?&MgllfpeamﬂpllsagT:cgepTeoceg{yal;J,oeTgi
(3,_‘1) M%) N aXb] - ByeT MJIOCKOCTD, NepeceKaionlas
- (axb A axb); OIHy W3 HHX H He TepeceKaio-
(@f{a X a)— © mlas APyryo, a 3TO O3HAuaer

- (@X b)] - (= Il b). (COracHO TIPHHIMIY KOHTPAro-

3HIMH), ecau TaKoH IJIOCKOCTH
HeT, T. €. ecJW Kaxknas njaoc-
KOCTb, Mepecekaloilas OJHY U3
NpSAMHX, NepecekaeT U Apyrylo,
TO 9TH TpsiMBIe HE TIepeceKaloT-
¢ M He CKpellBalorcs, T. €. fla-

] paliyielibHHL. )

Dra TeOpeMa BHIpAXKaeT AOCTATOUHOE YCJIOBHE napanjefb-
HOCTH ABYX IPSMBIX.

Takum ofpa3oM, yCIOBHE, Heo6 X0 IMMOCTh KOTOpPOro J0KasaHa
T.11, a O0CTAaTOUHOCTb — T.12, sapasiercs HeO 6XOQUMB M
H HJOCTATOUHHM yCIOBHEM, HJH TN PH3HAKOM, napai-
JIeJbHOCTH TNPSMHIX.

T.11 u T.12 moryT GBITH c$HOPMYJIHPOBAHMI 06 LeJHHEHHO CJie-
IyIOLIHM 06pasoM: «Jlas Toro 4TOOBI ABE MPSIMBIE 6ulau napad-
JeNbHE, HeO0OGXOAWMO H JQOCTAaTOHHO, yTO6BLl BCSIKAd
ILIOCKOCTh, TEpeceKaollasi OAHYy U3 HHX, nepecekala M APYTYio»
HJM <«aBE TpsiMble NapajJlesibHbl, €CcJaH H T OJNBKO €ClH
BeAKasi IJIOCKOCTh, Tepecekaloulasi OAHy H3 HHX, nepeceKaet

H JApYyTYIO».
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dta obbenuHenHas popMysmuposka mpencraBiser co6oii
KOHBIOHKUHIO :

'[mwxm»wxm»MMNAwuw»@mxw»
= (2 X B))],

HJIH 3KBHBAJIEHTHOCTb

@(2X ) (X )] > (a1 b).

0.5.1.4. Kak wusBecrHo, XapaKTePHCTHYECKOE CBOMCTBO O6BEKTa HJIH OTHO-
IIEHHA MOXKET CAYXKHTh AJIA ONpENENeHHs 5Toro 06bekTa WK OTHOINEHHS,

MoxHo npessioxuth yyammmes CTEAYIOMYI0 3ajauy: . ABe MpsMbie Gymem
CIHTaTh, NO OMNpele/eHHIO, Mapa/JNeNbHbIMH, eCTH BCAKAR IJIOCKOCTDb, Nepece-
Kaiolllag oMy H3 HHX, mepecekaer W Apyryio. Mcxons H3 3TOro onpenenenus,
AOKasaTh, 4TO: 1) BCAKHE ABe NMapasuIebHble NpsAMble JeXXaT B OAHOH mJIo-
CKOCTH H 2) ue uMelor obuiei TOYKH, T. €. HCXOAS H3

@1 @) [ X @) > (a x 1),

Rokaszate: 1) (a | b)— (7 a) (a, b a);
2) (allb)—> (g A)(Aea, b).

HlokasaHHB#  Buime NPH3HAK  MapajsesbHOCTH  NpPSAMBIX
(T.11, T.12) nosBonsier BecmMa TIPOCTO I0Ka3aThb CBOHCTBO TPaH-
SHTMBHOCTH napaJJje/d3Ma B IPOCTPaHCTBE,

Caedcreue. Ecnu mpsimasn a napajnenpia npsaMo#i b u nps-
Masi b mapannenbHa npsAMol ¢, TO npsiMasi @ napaJJespHa npsi-
moft ¢. - ' :

@5, 9[@iby A ® I c)—(allc).
HokasarteabcTBo

Bosbmem npoussonbnyio miaockocrs @, TepeceKaloWyo nps-
MYIO a,

@10 A X @) (xXb) o0 T. 11),
&1 ON(@Xb)—>(aXc) (mo T. 11).

Mul pokasanu, uro NPOM3BOJIbHAS NJIOCKOCTD, nepecekanuas
NPAMYIO @, nepecekaer H NpsAMYyo ¢, T. e.

@[@Xa)—> (aXx 0)]-

H3 storo npepnoxenus u T.12 no NPaBHJy 3aKJIIOYEHHS CJIe-
ayer a | e,
~ 05.2. Ml yxe onpepenunu NapaJJIebHOCTL NpsiMOH ¢ TIOC-
Koctd (onp. 6). CymecTsoBanue NPsIMO#, mapanjenbHOHl NJOC-
KOCTH, J0Ka3biBaercs cienymouet TE0PEMOH, BhpakKaiomel npu-
SHAaK NapanjieNbHOCTH MPAMOH M MJOCKOCTH.
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T.13. Jlast Toro uro0H npsimas BHE nockocTH Gpiia nmapad-
neJbHa ILIOCKOCTH, HeoGXOOHMO ¥ A0OCTAaTOUHO, yTo6Bl
ona Owula napaJuielbia KaKoli-HUOYIb NpsiMO#, MpHUHALIEKA-,
medi  310H IJIOCKOCTH. o

Toka3aTeabCTBO

1) HoxaxeM 0CTAaTOYHOCTD cpopMyaHpOBaKHHOTO  yCJIO-
Busi, T. €.

(a, G)Fl?a A@lib) AN ca—>(al a)] (puc. 26).
a

Puc. 26.

o ITycts a i @ -
1. acaAalla—>(aXa); |, Tak kak aCa u alla (1O
JONYLEHHI0), TO aXa (ucxond
M3 KaaccHOHKaMM B3aWMHBIX
pacmoJioKeHu# npsiMOE M IJ0C-

KOCTH) .
2. (aXa)/\(allb)—>(°‘><b,); 9. Tak xak a X a u aljb (no
(@aXb)—>bca YICJIOBHIO), TO aXb (T.11), 1. €.
bCa. ‘

Met TOJYYHJIH!
aca/\(allb)/\alla»bca.

Orciofa N0 fpaBHIy pacuIHpeHHOH KOHTPaNO3HIHH NOTyuaeM:

dcaA@ib) A cay—>(alia)

1. e. To, uTD TpeGoBajOCh A0Ka3ATh.
2) HoxaxeM - Heo6XOMUMOCTb  CHOpMyJIHPOBAHHOIO yci10-

Busd, T. e.
{a, )@l a)—> (@b)b.ca) A (@l b))
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Hasi noxasarenbeTBa mocTaTouno Hafith TakKylo NPSIMyI0, KO-
TOpast JiexaJsa Obl B IVIOCKOCTH @ M 6bliI1a Gbl napaJjuie/IbHOH Npsi-
MoOH a.

1. Aeq; 1. BosbMeM Ha miockoctn g
TMPOH3BOJNIBHYIO TOYKY -A.
2. (blla) A\ (Aeb); 2. IlpoBomum uepes Touky A
npsiMyto b, mapasienshyio npsi-
MOH a.
3. (Aea,b)>b [l a; 3. IlpsaMass b u msockoeTs g

HMEIT OOILYI0 TOUKY, NOSTOMY
OHH HeNapaJiie/bHbi.

4, b oa— (bXa)\V (b ca); 4. Ilpsimast b nepecekaer f110-
) CKOCTb @ W/IW TIPHHAMJIEKHT e,
5. (@ XOANB]a)=(ax a); 5. Ho ecan nuockocts o mepe-
CeKaeT mpsaMyw b, To mnepece-
KaeT M NapajliebHylo eff mnps-
Myio a (T.11), uto mporusope-

. YUT VCJIOBHIO, :
6. bla ANbXa— b ca). 6. Tak xak npsmas b Hema-
pannenbHa @ M He NepeceKaer

€e, TO OHa NPUHAMJIEKHUT ef.

Mbr nokasanu, uro

(a,a)[(alla)> (3 b)(b =a) A (b} a)l.

05.2.1. Ilesecoo6pasuo PELINTh HEKOTOpble 3allauH Ha [0KA3aTelbeTBO,
TpeGyiolue NPHMeHEHUs NpH3HAaKa Napa/lle/IBHOCTH NPSIMOR M IVIOCKOCTH, KaK
HanpuMep:

1) Ecan npsimas napannensua TIJIOCKOCTH, TO 3TOH Ke MJIOCKOCTH MapaJ-
Je/bHA H BCAKasl Apyras npsiMasl, napajienbHas AaHHoR npsiMO#t H He npu-
HajaJ/exalnas 3Tof IJIOCKOCTH. ’

2) CymectByeT ofiHa H TosbKO ofHa [I7I0CKOCTb, NPOXOASILIAS Yepes OAHY
M3 CKPEILUBAIOINMXCS NPAMBLIX H MNapasvebHas Apyrof.

(3anauy 2 uenecooGpasno H/UIIOCTPHPOBATE HE TOJILKO Ha YepTexe, HO U HA
Molesn, H6o u306paXKeHHe CKPeIHBAIOMIHXCS NpsAMbIX He oGnajaer AocTaTou-
HOH HarJIAAHOCTHIO.) :

05.3. CyuecrsoBanue NapaJ/iyiesIbHBIX MJIOCKOCTEH MOKa3biBa-
€TCA  CIEAyLIeHl TeopeMof.

T.14. CywecrByer enuHcTBeHHas MJIOCKOCTh, TNapadJeipHast
AaHHOA IVIOCKOCTH ¥ TIPOXOISALIAs uepe3 JaHHYI0 TOYKY, He NpH-
HaQJeXauyo NaHHOH TJIOCKOCTH. '

ATa TeopeMa NpencTaBAseT cOGOH KOHBIOHKIHIO [ABYX BBLICKA-
3bIBaHMUM; OJHO BHIPAXKaeT CyINECTBOBAHME IJIOCKOCTH ¢ yKasaH-
HEIMH CBOHCTBaMH, APYroe — eMHCTBEHHOCTb 3TQf [IOCKOCTH:

(o, Q[(Qea— (TB)(B I o) /\((Q eﬁ@)ﬁ AGHE ) AQep)—>
- @'= )
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a) JokaszaTenpCTBO CYyMECTBOBAHUA

1. Pea;

2. (m,n o) N\ (Pem, n);

1. BepeM Npou3BOJNLHYIO TOY- .
Ky P Ha mJOCKOCTH -

-2. TlpoBoHM uepe3 Hee B ITOH
NJIOCKOCTH JiB€ TIPOH3BOJIBHBIE
npsmeie m u n (puc. 27).

Puc. 27.

3¢WHMAMWMA
N (Qem'n');

4. (m' X ') > (@ B)m’,
)

5 (axp—>@hlca b

6. m B A (mllm)A
A (m” cB)—> (m 1l B);
ncBA(rln) N\
A @ o) =1 f)-

7. 0B A (B> mxL;
(I8 ACch—>aXL

%}c@A
ArRXINn=1=>(n])).

3. IlpoBofuM uepe3 TOUKY Q
npaMeie m’ U 7', COOTBETCTBEH-
HO NapaJiiesibHble m u 1.

4. CyuiecTByeT TJIOCKOCTh B,
NpOXOAsILasi uepe3 Nepecexalo-
mwecst npsimbie m’ u n’ (T, 4).
Ilokaxewm, uto 8 I a.

5. Ecau 5TH TJOCKOCTH Tepe-
CEeKaloTCsl, TO OHH HMEIOT OOLLYIO
npsmyto [ (omp. 7).

6. Tak KaK IpsiMble m 4 n CO-
OTBETCTBEHHO NapaJjjieipHbl ps-
MuM m’ W n Taockoctd §, TO
OHH TapajiiefibHbl 3TOH MJIOCKO-
ctu (T. 13).

7. Tak Kak npsiMple m U 1
napaJjieipHpl  MJOCKOCTH B, a
npsiMas [ nexuT B 3TOH NMJOCKO-
CTH, TO M ¥ N HE NepeceKaioTcs
c npsimodi I (omp. 6, onp. 1).

8 Tak Kak npsiMbple m H nHE
nepeceKaloT mpsaMylo I, jexar ¢
Hell B OmHONW NJIOCKOCTH 2 M HE
COBNANAIT ¢ Hell, To OHM Ma-
panjesbHEl €H.

Mpi DoyuW/IM, 4TO B IJIOCKOCTH @ JBE MpsMble m 1 7t npo-
XoaAT uepe3 TOuKy P u 06e napa/JebHEl npsiMo#i I, 4ro MpOTH-
BOPEUHT aKCHOME Mapaie/ibHbIX. CaepoBarennHo, aflf. Tak Kax
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{XVY)AX > Y 10K 1eCTBeHHO-HCTUHHAS Gopmyna, To umeer me-

I
XVY, X
‘CTO IMpaBUJIO BBIBOJA - » KOTOpO€ MH 31ecCh H npuMe-

HWIH:

(aXB) V (allB), ax B
a8 ‘

6) 1oxas3aTenbCTBO €QHHCTBEHHOCTH

L @' )Qep) A B Ila). 1. ITycte uyepes' Q mpoxomur
eule oaHa maookocTh B, mapan-
’ _ JeJIbHast IJIOCKOCTH 4.
2. (@ lla) A (m Ca)— 2. Torna mpsiMbie m u n Gy-
) - (m |l §); ) OyT mapajjenbHbl TWIOCKOCTH
FNIA (R cay>@Ip).  §lomp. 1, omp. 8).
- 3. (Qem’, B)— 3. Tak Kak npsiMble m’ u n’

— (m’ X §') V (m' op); TPOXOJAT uepes TOUKy Q mJo-
, (Qe,n 1 B),_’ ckoctu B, oHu Moryr mepece-

= XPF)V (M cB). . Karh 3TV MI0CKOCTD MM SeRaTh
4, @ Xm') A 8 He#l (TONBKO OAHO w3 n‘l’ayx).
A (m” | m)— (& X m); 4. Ho ecmu niockocrs B me-

' Xn'y N0 | n)— (8" )X n). Ppeceuer npamuie m’ # n’, To OHa
- nepeceuer W mapanielibible HM

5. FXmA npsimeie m u i (T.11).

A(m' I m)y—> @ X m); 5—6. CrenosatensHo, 10 yKa-
T o ’ 8" /.  3aHHOMY Bhlllle TNIPABUAY BHIBO-
P Xn—,/Ln,” n)—>’ﬁ X,n. na, npaMele m’ uw n’ Jexar

6',9 X m —>,(m c’::i'l); B maockoctH P, _

7 B, sz’ = (n ’c:@). A 7. Ho uepes nBe nepecekaio-
’ /\(r(nm’xnr’z)/\p(,;n _;'(lp,c:pg) - ggecss mpsimble m’ u n’ gpoxo-
G "' OMT emMHCTBeHHAs MJOCKOCTb

(T 4).

Caenosarensto, B’ =B.

U3 noxazanHoil Beile TeopeMsl (T.14) HenocpencTBeHHO BHI-
BOOSITCSI BaxXHble CJEACTBHUS.

Caedcreue 1. (Ilpusnax nmapamressHocTy IOBYX TIOCKOCTEH.)
Iast Toro uto6bl gBe MIOCKOCTH GbLK napanneibHbl, Heo6X0auMO
¥ JLOCTATOYHO, 4TOGH [BE NepeceKalomuecs npsIMBEle OOHOH IIJIOC-
KOCTH OBLIY COOTBETCTBEHHO napajjefbHbl JBYM NPSIMBIM APYTofi
TIJIOCKOCTH.

HocratouHocTh 3TORO TIPU3HAaKa HenoCPeNCTBEHHO CAENyeT
M3 nokasareabctBa T.14, Tak Kak B HeM MbI OCTPOMJIY HABE Iepe-
CeKamwyecss npsMele OOHOHM ILUIOCKOCTH, COOTBETCTBEHHO napaJ-
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JleJIbHBIe JBYM TPSMbIM JAPYTO# IVIOCKOCTH, W IOKA3aJH, UTO aTH
IJIOCKOCTH TapaJJesbHBL. :

Heo6x0AMMOCTh 3TOFO NpH3HAKA OUCBHAHA. JTelCTBUTENBHEO,
€CJIH _IVIOCKOCTH @ M f§ MapajlelibiEl, TO BCsKas npaMas OLHOH
W3 HAX MapajjeibHa Apyrofi. Ilosromy ecid B3SATH IBE nepece-
Kaloldecsi MpsiMble m H A NJockocTd @, TO (m1B)A(IB).
Tlo T.13 (Mcmoab3ysi HeOGXOAMMOCTb IpH3HAKA- nap ajJjeJbHOCTH
npAMOfi M IIOCKOCTH) TNOJYyuaeM: ‘

@', W) ' n' <) A m i m) A (il 2]

05.3.1. B cpa3u ¢ TPH3HAKOM TNapaeJbHOCTH ABYX IJIOCKOCTeH BO3HH-
KaloT TaKHe BOMPOCHL:

1) He aocratouHo JH, yToOH OfHa MpsAMas OAHOM M/IOCKOCTH 6bijIa ma-
pajiiesbHa TIpAMO# JApYyro#l MJIOCKOCTH, 41o6bl STH IJIOCKOCTH OBUIH Ta-
paJlIebHE?

9) CyliecTBeHHO JH YC/IOBHE TepeceueHus AByX TpAMBIX?

Puc. 28 . ‘ Puc. 29.

Uro6m OTBETHTb Ha TepBHIl BOMPOC, AOCTATOUHO B3ATH ABE nepeceKaln-
mpecs miaockocrn o H B (puc. 28) u B ONHOH M3 HHX, HanpuMep P, MpoBeCTH
npAMylo M, NapalIeqbHyIo JHHHH MepeceueHns I, Mbl TOJTyYHJTH:

(mCBAmIDA IS ATB,
mCHAmIDAUC)> (@B

Jlas oTBeTa Ha BTOPOH BOMpOC JOCPATOUHO OMyCTHTH yCJIOBHE MEpeceueHus
ABYX TpAMBX, T. €. notpeGoBaTh JHIIb, yTo6H gBe TpAMble (m, n) onHO#
[OCKOCTH GHUIH COOTBETCTBEHHO Mapa/lle/bHbl ABYM MpPAMBIM (m’, n’y npyroi
JUiocKoCTH. B aToM cayuae, ecau m || n, TO TJIOCKOCTH & H B He 06A3aTeNbHO
papa/inensHbl. [eficTBHTe/bHO, B3AB ABE fnepeceKalolinecsi MIOCKOCTH & H B
(puc. 29) u mpoBeAs B MJIOCKOCTH B mpAMble m H 1 Napa/uIIbHO JIHHHH Mepe-
ceyedus [, a B WIOCKOCTH &-— MpsAMbIE m’ W n/ Takke mapajieabHo !, mo-
Jyqaem:

gT0 3KBHBAJEHTHO!

(m, nCBA(m', " Ca)A(miim') Anl) AYAal B

TaxkuM 06pasoM BHISACHAEM, YTO HE/b3A ocnabuth TpeboBaHHe, colepka-
ileecsi B MpH3HAKe MapaJiebHOCTH maockocTell. DTO pazbsCHEHHe Ie/eco-
©06pasHD HTIOCTPHPOBATh Ha MOAEJH.

Caredcreue 2. Ilna mob6blX TpeX PasIHYHBIX JIOCKOCTE R
a, B, y uMeerT MECTO

@IRAHAEBITN—=>@IT

{cBoficTBO TPAH3UTHBHOCTH).
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HefictBurensno, nycrs a || y. Torma (gC) (Cea, ¥) 1 MBI noay-
UHJIH, YTO Yepe3 Touky C NPOXONSAT [ABE pa3JuWuHblE HJIOCKOCTH
(¢ u 1), mapannenbHble NACCKOCTH f, YTO nporuBopeunt T.14
B TOA 4YacTH, Ile OHA YTBePMKAAeT eIUHCTBEHHOCTb TAKOH TJOC-
KOCTH. S

Credcreue 3. Ecin mBe NMIOCKOCTH napaJjJjeabHbl, TO BCSKas
TIIOCKOCTD, Nepecekarollasi OAHY U3 HHUX, epeceKaerT W APYryk:

(o B)[@ 1 B) = (1)1 X @) = (v X B))].

HeficrButensho, ecau 7X@, To 7{lB, u6o no cBoiicTBy Tpam-
3UTHBHOCTH (CJIEACTBHe 2) B

GIBABID— (11 a)

05.3.2. HerpynHO NOKa3ath, uTO HMeeT MeCTO o6paTHOe npenJioKeHHe:
@ B (1 X ) > X B) > (2| B)].

HOKa)KeM 3TO MNpeAJIOKEHHe CrnocoGoM «OT NpOTHBHOIO», T, €. 3aMeHHM
€ro rno nNpHHIHNY KOHTPANO3HUUH SKBHBAJEHTHLIM npeayioXKeHueM:

B> (@ [(7 X @) > (1 X B)] wan
(a X B) = (37) [(y X 2)AT X BI-

BepeM nBe nepecekawoumuecs nio-
ckocti a u B (puc. 30). Ha oxuoi
U3 HHX, HanpuMep a, GepeM NpPOH3-
BOJIBHYIO TOUKY P u depes mHee
NPOBOJAHM  NJIOCKOCTb Y, mnapadf-
JIeIbHYI0 TJIOCKOCTH B,

Puc 30. - Mul noayuaem:

(2 X B) = (av) [(v X 2) A ¥ XBI.

Takum ofpasoM, uMeeT MecTo mpH3HAK napa/enbHOCTH IVIOCKOCTel, aHa-
JIOTHYHBI NPH3HAKY NapasnienpHoctH mpambix  (T. 11, T. 12): «Idas toro
4TOGb JBE IVIOCKOCTH ObIM Napasife/bHbl, HeOGXOAHMO H JIOCTATOYHO, YTOGHE
BCAKAs IVIOCKOCTD, MepeceKalouiasi ONHY M3 HHX, NepecekKala H APYryioy.

DT0T npH3HAK HeOGXOAMM BCJIEACTBHE HCTHHHOCTH NPEJIONKEHHS;

@18 —> (1) [(y X 2) > (7 X B)]
H A0CTaToOUYEH BC/AeACTBHE UCTHHHOCTH oﬁpamorq npennome}mﬁ:
M (7 X 2y (r X B = (=11 8).

Moxuo NPpeAJIOKHTD YYAINHMCH CaMOCTOSTENbHO JOKa3zaTtb ellle OAUR
NPHU3HAK Napa/JieJIbHOCTH IJIOCKOCTE:

(@1B) <> (a) [(a X a) > (a X B)].

06. B cBssm ¢ u3yueHueM B3aHMHOTO pacnoyioxeHus ABYX
IJIOCKOCTeH 1eslecoo6pasHo paccMOTpeTh M B3aHMHOe pacmoJgo-
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JKeHue Tpex Miockocredl, Bce cyyan B3aUMHOTO PaCIONONKEHU5
Tpex IIOCKOCTed MOTYT 6LITh TOJyuYeHbl B pe3ysabraTe OGOCHO-
BAHHOTO HCCJIEIOBAHMS U HJMIOCTPUPOBAHBI Ha MOAEIAX H yep-
Texax.

Huxe NPUBOAMTCA 3TO HCCAELOBAHHUE.

ITycTh uMeeM TPU pasauyHbIe TUIOCKOCTH @, B, 7.

Pasnauuaem  fABa caydas:
A. Kakue-nuGynp aBe U3 Tpex
nJockocTel napaJJesbHBl,
B. Hukakue jiBe IIOCKOCTH He Na-

e L~
passieNbHBl, T. €. JIaHHBIE ILIO-
CKOCTH IIOMAapHO I€PeCceKaoTes. ﬁ , /
7 /s

PaccMoTpuM OTAEJbHO KaxK-
JBIH U3 3TUX CJAyYaesB.

A. Tlycts allf. Torna mpen-
CTABJAIOTCS  CJAEAVIOllHe BO3-
MOXKHOCTH:

1) |l u rtax xak Blla, TO
2|l (mo cBoficTBY TpaH3UTHBHOCTH). B 3TOM ciydyae monayyaeMm
TpH ITapaJiie/ibHble IJIOCKOCTH (puc. 31).

2) 1 X B, torna (1 XB)A(BIa) = (yXa) (O CACACTBUIO 3
us T.14) u (@) (aCB,7), (Ab)(bSa, 7).

Herpymso nokasath, uto allb. [leficTBHTENBHO,

’ ] @bcn—-@xyvaidm
BT 7 @xp-@ocean ©

(Cea) A\ (@acB)—~(Ce); ()
(Ceb) Ao ca)—> (Cea); (4)

Puc 3l

(Cea) A (CeB)—>allB, (5)

YTO TIPOTHBOPEYHT yCJOBHIO al|f.
CaemoBareabho, aXbu M0O3TOMY
a|lb. B sToM cjydae moJyyaeM
JABe mapaJiejbHbe IJOCKOCTH
{a u B), mepecekaeMbie TpeTbefl 1O MapajJeNbHBIM MPAMBIM
(puc. 32). -

‘B. TlycTp HUKaKde JBe H3 TpeX miockocredl a, B, y He napaJ-
JeabHBl, T. e. o X B, BX 171, v X

Torma qu60 Kakie-HHOYAp ABe U3 TPeX JUHHUI mNepeceueni:
coBmamaioT, Ju60 HUKaKue [Be He COBIAAAIOT.

Puc. 32
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1) Myers (@Sa, B)A(aCB, 1), orcioma caepyer, uro
(aSa, 17), T. e. BCe TPH NAOCKOCTH UMEIOT o0LIYI0 TIPIMYIO-
(puc. 33). .

2) Mlyers a ©B, v u b S, o ucSa, B, npuuem a, b, ¢ — pas-
JIHYHBIE TPsIMBIE. PacCMOTPHM KakHe-HHOY.Ab ABe H3 HHX, HalpH-
Mep, a ¥ b: .

@b - @XbV(alb)

: a) Tyers aXb.
a ‘ (a X by~ (g AAeca, b); ’ (1)
/ﬁ (Aea) /\.(a B> (Adep); @
P (Aeb) A (b <) > (Aea; )
pnc_d33, (Aea, By A (c ca, B)— (Aec). @)

B 3TOM Cciiyuae BCe TPH NJIOCKOCTH HMEIOT OIHY H TOJBKO OLHY
oburyio touky: (Aea, B, 1) (puc. 34).

6) Ilycrs alb.

B stoM ciyuae uMeem H b||c. HeficTBUTE BHO,

b, cqa)y—>[(bXc)V (@),

Ho ecyH b X ¢, To 1o npebAymeMy (a) umeer mecTo M a X b, uto
NPOTHBOPEUHT YCJIOBHIO.

Taxum 0oGpa3oM, B 3TOM CJy4yae TPU NJIOCKOCTH, MOTAPHO Tie-
pecekasicb N0 napaaieJbHbIM NPSIMBIM, He HMEIOT O6LIed TOYKH
(pme. 35).

06.1. K aHa/OTHYHOMY HCCJI€IOBAHHIO NMPUBOJUT HacC HOKa3a-
TeJBLCTBO TeopeMbl Jlesapra B npocTpaHcTBe. JTa TEOpeMa MOKET
OBITh NPeJJIOKEHa yYalluMes B Clenyioleili GopMyHpPOBKe.

ITycre panwbl gBe pasnuuHble nuockoctd ABC u A;B;C, (310
3HauuT, B yacTHoCcTH, yto TOukH A, B, C, Tak Ke KaK TOUKH
A, By, Cy, He nexar Ha OfHOH NPSIMO#).

HokasaTte: ecau npsimble AA,, BB, u CC\ npoxonst uepes oHy
TOYKY WJIH NapaJienbHbl, T0o napel npameix AB u A(B,, BC#a B,C,,
AC u A,C, nepecekaiorcsi B TOUKax, JeKallHX Ha OFHOH NPSIMOii,
HIH e napaJjJesbHel, H o6paTHO.

07. Ha sroM Mbl 3aBepuiaeM Halle H3J0XKeHHe,

OueBnzHo, 11e/1eco06pasHO pasgbsiCHUTL YUalUMCs, YTO TIPHHS-
Tele HaMu akcHoMbl (I.1—6, I1.1—5 u akcuoma mapaJ/iesbHOCTH )
elle HeJZOCTATOYHHl A/ OOOCHOBaHHSt BCeil reoMerpud. B wacr-
HOCTH, Ha 6ase TOJBKO 3THX AKCHOM MBI He MOXeM CTPOTO 060-
CHOBAaTb TEOPHIO pPABEHCTBA TIEOMETPHUUECKHX GHUIYD, TEOPHIO
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nozo6usa, TEOPHUIO M3MEPEHHS TeOMeTPHUYECKHX BEJHYHH (LuHbL,
wiomany, o6bema). )

Jlna crpororo 060CHOBaHHS ITHX Teopuii He0OXOAMMBI HOBHIE
aKCHOMBI, KOTOpbie BMecTe C NPUHSITHIME HaMH COCTaBJISIOT CH~

A N
- . /y
a
b
| c
i
Nﬂ
Puc 34 Puc. 35,

CTeMy aKCHOM, MpPEACTaB/IAIOWYIO co6oit reomerpuueckyio 6asy,
Ha KOTOpOH pa3BepTHIBAETCA BCs €BK/IMAOBAa TEOMETpHs ¢ TO-
MOIIBIO CPELCTB BbiBOLA, B3ATHIX H3 ONpeieJIeHHON JIOTHUECKOR
CHCTEMBI, 06pa3ylouiell JOTHUECKHH $3bIK FeOMETPHH.

VuamuMmest Heo6X0AUMO cOOOLIKMTD, UTO HE CIEAyeT 3aHHMaTh-
csi peKOHCTpyKuyell Bcefl yxe H3y4eHHOH UaCTH reOMeTpHH (n1a-
HUMETpHH) Ha aKCHOMAaTHUECKOH OCHOBE M 4TO 6yzeM TNOJb30-
BAaTLCS B CTEPEOMETpHH BCEMH HMMEIOLUMHCS Y HAC CBEACHHAMH
M3 TJaHHMETPHH.

T'aasa 4. KoHKpeTHbie MojenH H aGCTPaKTHas TEOPHS

01. Mbi yXe FOBOPHJIH O [BYX CTOpOHaX aKCHOMaTH4eCkoro
METOZA NOCTPOEHHS TEODHH: @) JIOTHUECKOH OpraHu3aluH TeOpHH
¢ HCMOJb30BaHHEM ONPENSNeHHOr0 JIOTHUeCKOTo s3bika H 6)
a6CcTparupoBaHUH TEOPHH OT KOHKpETHOH TNpHPOAbl pacCMaTpH-
BAEMBIX OGDEKTOB H KOHKDETHOTO CMBIC/IA OTHOLIEHHHA MEXIY
Humu (ra. 1). ‘

Mgt Takxe nokazaau (u. I, ro. 5 u u. I, ro. 3), KaK B IIKOJIb-
HOM o6yueHuH MOXeT ObiTb pa3bACHeHa NepBasi CTOPOHA. B Ha-
crosimeli [aBe paccMaTpHBaeTCs BONPOC o BOIMOMHOCTH 03Ha-
KOMJIEHHST YYalHXCsi CO BTOPOH CTOPOHOH COBpPEMEHHOr0 aKCHO-:
MATHYECKOTO MeTofa Ha TNpHMEpe Tepexona - OT KOHKPETHBIX

223,



mojenell K aGCTPAKTHOH TEOPHH H OT Hee K JPYDMHM KOHKPETHBIM
MOZEJISAM.

EcrectBeHHO BO3HHKaeT BONPOC: AOCTHXKHMA JH BOOGIIe
B ILIKOJIbHOM OOGyueHMM Takad <CTyneHb alcTpakuuH, Koropas
CBOHCTBEHHA COBPEeMEHHOH aKCHOMATH3UDOBAHHOH Teopuu? B rTa-
KoM o0lieM BHIE BpSA JU MOXKHO OTBETHTb 'Ha 3TOT Bompoc. Bcee
3aBHCHT OT IpejlIecTByolIeld MOATOTOBKM yuallUXcs, oT BeIGOpa
TEOpHH, HAa IpHMepe KOTOPOH MBI peaJiu3yeM Nepexoji OT KOHKpeT-
HOfi MOJe/H (MJIH KOHKPeTHbIX Mojejedi) K aGCTpaKTHOH TeOpuH
H OT Hee K JPYIrHM KOHKDETHBIM MOJE/AM, a TaKiKe OT MEeTOJHKH
OCYLIeCTBJEHHS 3TOTO Mepexoja.

CuyefyeT OTMETHTB, UTO peub HAET JHIIb 06 03HAKOMIEHHH
yuamuxcd ¢ ypoBHeM aGCTpakiHM COBPeMEHHOH MaTeMaTHye-
CKOH TeOpHH, a He O JOCTHXKEHHH 5TON0 YPOBHS B LIKOJBLHOM Tpe-
NMOfaBaHUH MaTeMaTHKH. 3TO O3HAKOMJEHHEe JacT BO3MOMKHOCTb
pPackpHTb 3HAYeHHe MHOTO3HAYHOCTH COBPEMEHHBIX MaTeMaTHye-
CKMX TeopHi, 0 KOTOPOH MBI yxke ropopuau (ri. 1).

TIpexae Bcero BLIACHUM, B KaKOM acleKTe MOTyT ObITb Pasdb-
sICHeHbl yuallluMCcsl CTApIIMX KJAaccOB BaXKHble TMOHSTHS H30MOp-
¢usma u Mojesy, 6e3 KOTOPBHIX HeJb3s MNOHATHL CYUIHOCTh COBpe-
MEHHOTO aKCHOMaTHYECKOTO MeToja.

02. B TpaAMUHMOHHOMH JIOTHKe aHAJOTHS paccMaTpUBaeTcsd Kak
BHJl YMO3aKJIIOUeHHs, B KOTOPOM OT CXOJ[CTBA NpeAMeTOB B ONHHX
NpH3HAKaX 3aKJI04alT O CXOACTBE 3THX IIPeIMeTOB B JAPYTHX,
TIpHYEM 3TO 3aKJIOUeHHe fABJSETCS JHUIIb BepPOATHHIM, a He MO~
CcTOBepHBIM. [103TOMYy aHaJIOTHSI He MOXKEeT CHAYKHTb MEeTOJOM
JI0Ka3aTe/ibCTBa, OHA MOXKEeT NPUMEHATbCH JIHLIb Jjig OGHApYXKH-
BAHMsA HOBBIX HCTHH, KOTOpbie NOAJeXaT [A0Ka3aTeJbCTBY yiKe
JIPYTHMH CPEeICTBaMH.

B OCHOBHOM K 3TOMY CBeleHa POJib aHaJOTHH B TPaAULHOH-
HOH TIpaKTHKe NPENofaBaHUAd MaTeMaTHKH, NIpHYeM ee NpHMeHe-
HUe BecbMa OIPaHHYeHO. B 5TOM TaKXe BBIpaKaercs pasphiB
MeXJy YCTAaHOBHBLIeHcCS fIPAaKTHKOH NpenojaBaHusd U COBpPeMeH-
HOH MaTeMaTHKOH, NPOHH3aHHOH AYXOM aHaJoTHH.

Ananorun ciyxart 6asoil npouecca 06oGuIeHnss H aGCTparupo-
BaHH#A, OCYILECTBJSEMOrO B CBSI3H C aKCHOMaTH3alHell TeOpHH.
3akJoyeHHs N0 aHAJOTMH, OTHOCHMIHECS K H30MOP(HBIM MHO-
KeCTBaM, NPH HEKOTOPHIX YCJHOBHAX JOCTOBEPHBI, :

Ham npexcrasnsercs, 4To NOHATHE H30MOPGU3Ma IOJKHO
H MOXeT GbITb Pa3bsACHEHO YYAlIHMCH CTapIIMX KJacCOB Ha He-
KOTOpHIX BaXKHBIX INpHMepax.

B KkauecTBe NepBOr0 TAKOrO TNpUMEpPa PacCCMOTPUM H30MOP-
¢H3M MHOXeCTB BeULeCTBEHHBIX YHCeJ H TOYeK NpsMOf.

IIyctb D — MHOMKeCTBO BelIECTBeHHBIX uHcea, 4, b, ¢, ..
X, Y..— BeUleCTBEHHble Yucia, T. €. @, .8, C ..., X, Y, .., €D,
H «<»—3HaK OTHOIIEHHs «MeHblIe», yCTAaHOBJEHHOTO B 3TOM
MHOKECTBE.
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[Tycrb T — MHOXKeCTBO TOUYEK npsimoi, A, B, C, ...— TOUKH
npamo#i, A, B, C, .. éT u «-»—3HaK OTHOIIeHHs <«mpejlle-
CTByeT», YCTAHOBJEHHONO B 3TOM MHOMKECTBE. N

DTH MHOMKECTBA C BBEIEHHHIMH B HHX OTHOLICHHIMH D, <1
[T, = ] o0HAapyXHBAIOT ry6OKOe CXOJACTBO, XOTs BHEUIHE OHMH
pA3MHYHBL: 3/EMEHTH 'OJHOTO ':MﬂomeCTBa—qH-c.na', Apyroro —
TOUKH, OTHOLICHHS HMEKT DPasaHYHbIH KOHKDeTHBI CMbICI. DTO
CXOZCTBO BHIPAXKaeTCsi B BO3MONKHOCTH YCTaHOBJEHHA TaKOoro
B3aHMHO-OJHO3HAUHOTO COOTBETCTBHSI MEXKIY SJeMeHTaMu ITHX
ABYX MHOXECTB, KOTOpOe COXpaHseT OTHOLICHHE nopsiaKa.

JHanblie MBl Pa3bsCHHM, UTO HAJO MOHAMATD MO, BHPaxkeHHEM
«COOTBETCTBUE COXpaHseT OTHOIUeHHe NOpAAKa>.

VeTaHOBEM COOTBETCTBHE MeXKAY MHOXKECTBOM BEllECTBEHHBIX
yHces H MHOXKECTBOM TOUeK NpsAMOH C/elyIOLHM o6pasoM. Boab-
MeM Ha TPSAMOH NMPOU3BOJbHYIO TOUKY 0. Jra ToOuKa ompenesser
Ha MpsMOH JBe TOJNyNpSiMEIE, ONHY H3 KOTOPBIX HA30BeM IN0JO-
JKUTETHHOH, APYTYI0 — OTPHIATEJbHOH.

TIpou3BoJbHOH TOUKe npsMofi M mocTaBHM B COOTBETCTBHE
BeLIeCTBeHHOe YHCIO X TaK, 4TO | x| paBHoO AnHHE OTPE3KA oM,
npH BEIGPAHHOH eIHHHLE QJIHHBL, x>0, ecain M npHHAAJNEKHT N0~
noxurenproil moaynpsamol, n x<0, .ecqid . M TmpHHALJIEXKHT OT-
pHILATebHOM TOJTYNpsiMOH.

Ecan M = O, 1o npunumaercs x=0.

O6ocHOBaHHE CYLIECTBOBaHHA H B3aUMHOH OJHO3HAYHOCTH
TAKOFO COOTBETCTBHSI TpeGyeT NMpHMeHeHHsd, KpoMe o6bluHo pac-
cMarpuBaeMoll B HIKOJIBHOH reoOMeTpHH aKCHOMBI Apxmmena, ele
u akcuombl Kanropa. PasbsicHeHHe yyallMMCs CTapuIMX KJ1aCCOB
CYW[HOCTH 3TOH AKCHOMbl HE BLISBIBAET OCOGEIX 3aTpPYyAHEHHH.
310 MOXKHO CLENATh HMEHHO B CBS3H C YCTAHOBJEHHEM TOTO, uTO
BCSKOMY BelLIeCTBEHHOMY UHCIY NpH sbi6ope Toukn O (nauana),
HanpaBJieHdss M eJIMHUIE JUIHHBEL (COOTBETCTBYET onpezeeHHas
(emMHCTBeHHAsS) TOUKa TPSIMOH.

Cayuail, KOTZa JaHHOE YHCJIO PAUHOHANBHOE, HE tpebyer npH-
MeHeHnHs akcHoME KaHTOpa H pelraercst mpocto C MOMOLIbIO
3JeMEeHTapHOro JIOCTPOEHH . Cuyuaii, Korfa AaHHOe YHCIO Hppa-
LHOHAJbHOE, MOXeT GhiTb PaccMOTpeH B CJAELYIOLIEM acnekTe.

ITycTs, Hanphmep, BellieCTBeHHOe UHCIO X BHIpaXKaercs cie-
Lyouies GeCKOHEUHOH, JeCSTHUHOH, HenepHOHYECKOH Ipo6bio
x=2,34152...

Ecom cyulecTByer TOYKa M, COOTBETCTBylOWlad STOMY queay,
to mauHa orpeska OM gHojKHA PaBHATBCA X.

Mpl MOxeM HafTH (1O NepBOMY CJyHalo, KOTOpHIfi MBI 30€Ch
He paccMoTpesid) TQUKH Ap i Bi, COOTBETCTBYIOLLHE panHOHaMb-
HpIM uHciaaM 2, 3 H 2, 4, T. e. NpUOHKEHHBIM 3HAUGHHSAM X
¢ TouHOCThIO 10 0,1 ¢ HeOCTATKOM H ¢ H3GHITKOM COOTBETCTBEHHO.

-Ecau Touka M cyuiectrByer, TO 0A,<OM<OB;, T. e. TOUKa
M nexur BHYTpH oTpe3ka AiBi.
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Mb moxeMm TakxkKe HafiTH ToukH Ay M B, coorTBercTmylOlME
ypcaam 2,34 u 2,35, T. e. NpUG/IHKEHHBIM 3HAUEHHUAM X C TOU-
HocTeio 10 0,01 ¢ HemoCTaTKOM M ¢ H3GBITKOM.

Ecnn touka M cymectByer, 10 OA;<OM<OB,, 1. e. Touka
M nexutr BHYTpH oTpeska AjpB,.

HeorpanuueHHo npoaoJiKas 3TOT NPOLECC, MBI TIOJydaeM, 4TO
ecnd Touka M cylmecTByeT, TO OHA JIEXKHT BHYTPH KaxKJOTO H3
OTpe3skoB OeckoHeyHOH mocsenoBaresbHOCTH: A B;, AyB,...
A,B, ..., o6nanamowmel cleiylOIMME CBORCTBAMH:]) KaXKAblii OT-
Pe30K, KpoMe NepBOro, JIeKHT BHYTPH MpPEAbIAYIIero u 2) AJHHH
OTPE3KOB CTPEMATCH K HYJIO (MM Ke HeT OTpe3kKa, JeKallero
BHYTPH BC€X OTPE3KOB 3TOH NOCJEN0BATEJNLHOCTH).

CywiecTBOBaHHE TOUKH, Jiexalulell BHyTPH BCeX OTPE3KOB 3TOH
nocJe0BaTe/NbHOCTH, MNOCTyaHMpyeTcs: akcHoMofi KaHtopa.

Axcuoma Kanropa. Eciu Ha npsaMoii naHa GeckOHeuHasi ro-
cefoBaresibHOCTb oTpe3koB ABy, AgBs.. A,B,, ..Takas, uTo:
1) KaxaH# OTPe30K JeKHUT BHYDPH NPEABIAYLIEr0o H 2) AJHHBI
OTPE3KOB CTPEMATCSA K HYJIIO (HJIH HET OTPe3Ka, JieXKallero BHyTPH
BCeX OTPE3KOB IOC/EJOBATEJIbHOCTH), TO CYIECTBYET TOYKa, Je-
)Kauasa BHYTPH BCeX OTPE3KOB 5TOH MOC/e10BATEIbHOCTH,

EmMHCTBEHHOCTh 3TOR TOUKM HENOCPEACTBEHHO CJeAyeT H3
aKCHMOMBI. JleficTBHTENbHO, €C/IH CylecTBOBaJdH Gb JBe TakHe
TOUKH, TO ONpejessieMbli OTPE30K Jexas Obl. BHYTpPH BCEX OTpe3-
KOB 9TOH MOC/eI0BATe/NbHOCTH, YTO NMPOTHBOPEUHT BTOPOMY YCJIO-
BHIO, HCKJ/IIOYAKOUIEMY CYLIECTBOBAaHHE TAKOrO OTpPe3ka.

HokasaTenbcTBO TODO, uTO KaXKIOH TOUKe MPAMOH COOTBET-
CTBYeT ONpe/e/ieHHOe BeIEeCTBeHHOe YHCJO, Ha UIKOJLHOM YpPOB-
He He BbI3bIBaeT 3aTPyJHEHHH, H MBI €ro 3jech He paccMaTpH-
BaeM,

Takum o6pasom, ycraHaBAHBaeTCsi, yTO OrpedeJeHHOe HaMH
COOTBETCTBHE MEXKJY MHOXKECTBOM BelIeCTBEHHBIX UHCEJ H MHO-
KeCTBOM TOYEK NPAMOH B3aMMHO-0AHO3HauHO, Ho sTO coOOTBeT-
cTBHe 06GJajaeT eule OJHMM BAaXKHBEIM CBOHCTBOM.

Bri6pas Ha npsaMoil Takoe HanpasjeHHe, IPH KOTOPOM JH06as
TOUKa OTPHULATENbHOH TMOJYNPAMOH mnpeaulecTBoBasa Gbl JH0OOOMH
TOYKE TOJIOXKHTeNBLHOH TOJYNMpAMON, TOJyuaeM, uTo ecJjH
M;-2 My— HMCTHHHOe BbICKa3HIBaHHE H X; COOTBETCTBYeT Mj, a X3
coorBercTBYeT My, To H X;<X3— MCTHHHOE BLICKA3bIBaHHE, eCJH
xe M2 My—10:KHOe BBICKa3bIBAHHE, TO HX;<X; TakKiKe JOXKHOE
BLICKa3bIBaHUe, T. €, UMEeT MeCTO SKBHBAJEHTHOCTD:

(My -2 My) o (%1 < x9).

Takoe cooTBercTBHe Ha3HBAeTCI H3OMOP PU3IMOM, CO-
XpaHAKWIMHM OTHOMmMEHHe NOPSAAKA, a MHOXKectBa D
M T c BBelleHHHIMH B HHX COOTBETCTBYIOL[HMMH OTHOLICHHSIMH
Nopsiika —H30MOP PHBIMHU,
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OTBJIeKasfCh OT MPHPOAbl 06GHEKTOB MHOXKECTB M KOHKDPETHOTO
oMBIC/IA OTHOUIEHHH, MPHXOJAHM K CJelylolleMy ONPENNeHHIO.
. MuoxecTBo M ¢ oTHOLIeHHEM (HJH npeaukatoM) R(x, y) uso-
MophHO MHOMKecTBY M’ . TMpe1uKaToM R (¥, ¥'), ecin Mexay
saeMeHTaMHd M u M’ MOXHO YCTaHOBHTb TaKOe B3aHMHO-OMHO-
aHAUHOE COOTBETCTBHe, uTO JAJasi JoGbX ¥, y U3 M TpeiuKar
R(x, y) umeeT TO e 3HaUeHHe HMCTHHHOCTH (A wuau JI), uyro
uR(x, y) 1.e. R(x, y) < R (¥,Y), ecn X' COOTBETCTBYeET
x U Y’ COOTBETCTBYET Y.

D10 COOTBETCTBUE HA3BIBAETCSE H3OMOp GH3 MOM, COXpa-
psolMM oTHoleHHe R.

Mbl pacoMoTpesH ciayyait H30MOp(H3Ma MHOXKECTB C OJHHM
npeiMKaTOM. DTO OMpeje/ieHHe eCTeCTBeHHBIM o6pasom pacmpo-
cTpaHsiercss Ha Gojee OOLIHH cayyail MHOXECTB C HECKOJbKHUMH
OTHOIMIEHHSIMH (HJH TPEAHKATaMH).

B rakom GoJee oblieM cayuae H30MOp(HU3M CTaBHT B COOTBET-
CTBHe KaxOMY OTHOLIEHHIO OJHOTO MHOXECTBa OMpEIeJ]eHHOE
OTHOIIEHHE APYrOr0 MHOMKECTBA M TEPEBOJHMT SJIEMEHTE OLHOTO
MHOMKeCTBa, HAaXO/MIIHecss B KaKOM-HHOY[b OTHOLIEHHH, B COOT-
BETCTBYIOIU[HE 5JEMEHTBl APYroro MHOXECTBa, HaxX0s1IHeCs
B COOTBETCTBYIOLIEM OTHOLIEHHH.

03. Ec/ii MHOMKECTBO BMECTE€ C YCTaHOBJIEHHBIMM B HeM [pe€-
JMKATaMH Y/JOBJETBOPSiET HEKOTOPOH CHCTeME aKCHOM, TO MEf
FOBOPHM, YTO 5TO MHOXECTBO CO CBOMMH NpEJHKATaAMH SBJISIETCS
MOJEJbI0 CHCTEMBI AKCHOM HJIH TEOPHH, TIOCTPOGHHOH HA sTolt
cHCTEME AaKCHOM. '

VimeeT MecTo BaxkHOe ToJoxenue. EciH 1Ba MHOXKeECTBA ¢ He-
KOTOPHLIMH TIPEJHKAaTaMH H30MOP(HLI H €CJIH OLHO U3 HHX BMeCTe
CO CBOMMH TIpeqHKaTaMH YIOBJETBOPSET HEeKOTOpOH cHcTeMe aK-
CHOM, T. €. SIBJisteTCs ‘MOJEJBIO TeOpHH, TNOCTPOEHHOH Ha 3TOH
CHCTEMe, TO H APYTOe MHOMKECTBO C COOTBETCTBYIOUIHMH UpeaH-
KAaTaMH YJOBJETBOPSET TOH e CHCTeMe aKCHOM, T. €. ABJACTCH
MOJeNbl0 TOH e TeOpHH.

TIpOMJTIOCTPUpYeM 3TO TIOJIOMHKEeHHe Ha pacCMOTPEHHOM BBILLIE
npumepe Hsomopousma (02) MHOXKECTB C ONHHM npesHKaToM
nopsAKa

[D, <] u [T,=].

Hawm ussectHo (ra. 3,04), uto {T,-:] (MHOMeCTBO TOYeK mpd-
MOfi C YCTAHOBJIEHHbIM B HeM OTHOLIEHHEM «TIpeECTBYeT>)
yAOBJETBOPSET aKCHOMaM TOpsAKa 11.1—4. Paccmotpum I1.1—4
KaK OTIeJbHYIO CHCTEMY aKCHOM.

M3 ycTaHOBJEHHOTO H3OMOpdM3Ma CJeAyeT, 4TO H [D, <]
(MHOKECTBO BELECTBEHHBIX UHMCEJ C YCTaHOBJEHHLIM B HEM OT-
HOLIEHHeM «MEHbIIe») YAOBJIETBOPSET 3TOi XKe CHCTeMe aKCHOM,
chopMYJIHMPOBAHHEIX, PasyMeeTcs, B TEPMHHAX TEOpHH, OTIHCHI-
Batoleii crpykrypy [D, <}
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Ilpexnae Bcero pnsi mepeBoja aKOHOM C OIHOTO A3HIKA,
2 HMEHHO C sI3E'KAa TEOPHH, OMHCHIBawWed crpykrypy {T,-2 ], Ha
APYro# s3HK, f3bIK TEOPHH, OMHCHIBAIOLIEH cTpykTypy [D, <], Mul
TTO/JIb3YeMCsl  YCTaHOBJCHHBIM H30MOP(GH3MOM 3THX MHOMKECTB,
KOTOPBIH ¢ 3TOH HeNbl0 YAOGHO BEIPA3HTb C MOMOILBIO cJI0Baps,
HIpaloIero 31ech poJib TaGJAHYHOTO 3aJaHHs COOTBETCTBHSI.

B namnoM ciyuae csoBapn oueHb mpPOCT, OH 3ajaer nepeBoJ|
BCEr0 JIHIUb JABYX TEPMHHOB:

Asbik [7, -2 Asbik [D, <]
Touxu A, B, C,... npsamoit BemecrBenHble uncaa a, b, c,...
IlpenmecrByer (,= “) Menpme (,<“) -

ITepeBoasi ¢ momommpio 310TO cjoBapsi akcHoMbl 11.1—4 Ha
a3plK [D, <], moayuaem: 4

IL1. Ins mo6BIX ABYX pasiuuHbIX BellleCTBEHHHIX 4Hces a, b,
160 a<b, 1460 b<a u TOJILKO OJHO M3 ABYX.

@bla=b-((a<b) V(b <a)).

112, Ina mo6blx Tpex BellecTBeHHHX uHCcea a, b, ¢, ecaH
a<bub<c 10a<c (cBOHCTBO TPAaH3UTHBHOCTH).

(@ b, c)[(a<h A (b < 0)—(a<c)l.

IL.3. [{aa mo6biX ABYyX pasjHuHBIX BEIECTBEHHBIX UHCEJ
a, b cymecTByer BellleCTBEHHOE UHCJO ¢ TaKOe, YTo a<C<bh HIH
b<c<a: '

(a,D)a=b—>Fo)a<c<b) Vv (b < c<a))l.

I1.4. HeT BelecTBEHHOrO 4YHCJIa, MEHBIIETO BCEeX OCTAJbHBIX
(HaHMeHbLIEro BELIECTBEHHOTO YHCJa), M HET BelleCTBEHHOTO
UHCJa TAKOTO, 4To BCe OCTa/IbHble MeHblie ero (HanGoabLIero
BeILleCTBEHOI0 YHCIA). '

@ a)b)(a <b) A @B < c).

Mul 3HaeM, UTo Bce 3TH aKCHOMBI AeHCTBUTEJBHO YI0BJIETBO-
psitorest B [D, <]. Ho nac unrepecyer apyroe. OxasslBaeTcs, BHI-
TOJTHUMOCTD BCeX 3THX akcHOM B [D, <] caeayer M3 HX BHINOJHH-

moctd B (T, ] u u3 usomopousma muoxkects [T, ] u D, <.

HokaxeM, nis npuMepa, BuimomauMocts 11.1.

Ilyctb @, b— fBa nNPOU3BOJBHBIX -BEIECTBEHHBIX YHCA.
B usBecTHOM H30MOpH3Me UHCIY @ COOTBETCTBYeT Touka A, uuc-
ay b— rouka B.

Ilo II.1 pmsi [T, -2 ] umeer mecto qau6o A = B, m6o B-— A
H TONBKO ONHO H3 [BYX.
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BcesenctsHe H3oMopduzMa °
(A= By—> (@ <)
(B= A)— (b <a).

CienoBaTeNbHO,

(A= B) V (B= A)—>(a<b) V (< a), T. €. HMEeT MecCTo
6o a<<b, 1u60 b<a H TONBKO OLHO H3 HByX.

Mbi noxasaan BuinomauMocts 111 B [D, <], ncxois M3 H30-
mophusma wmexny (D, <] u [T,=], u BBHIMOJHAMOCTH I1.1
B [T;—* 1

AHAJOTHYHO [OKa3biBaercsl M BBIMOJTHHMOCTD 1.2 u IL3.
(3TH mOKa3aTeJbCTBAa MOTYT BHIMOJHATLCSA CaMOCTOSITEIBHO yya-
LA MHCS. ) _

. Buinosnumocts 1.4 Jerko ycTaHaBJHBaeTCA cnoco6oM «OT

npotupHoro». ITycTs cyulecTByeT HaHMEHDLIEE pelllecTBeHHOe UHC-
710, T. €. TAKOe, YTO OHO' MEHblIe BCEX OCTaJbHBLIX BeleCTBEHHBIX
uuces. Tormga no ycTaHOBJIEHHOMY M30MOpP(HU3MY 3TOMY BElLECT-
BeHHOMy UYHCJy COOTBETCTBOBaJa 661 TOuka, oGJazalollas aHaJao-
IMYHBIM CBOHCTBOM, T. €. TpeALIeCcTByollasd BCEM ocTaJbHBIM
TOUKAM MpAMOH, HO TAKOH TOUKH HET B Mmuoxkectse 7 COrJIacHO
114 gna [T,= 1}

AHaJIOTHUHO HCKJIOYaercss BO3MOXKHOCTDb CyluecTBOBaHUS
HAHGOMBLIErO BELIeCTBEHHOrO YHC/IA. _

04. Ha npuBeIeHHOM Bbillle NpAMEpe Mbl MOKa3aJjiy, YTo eC/IH
OZHO MHOXKECTBO C TpeJHKaTOM (uau npeaHKaTaMH) SBJASAETCH
MOZEJbI0 CHCTEMBI aKCHOM, TO H H3OMOphHOE eMy MHOECTBO
¢ COOTBETCTBYIOHMIMM TpeiHKaToOM (MM TpemMKATaMH) TakKe
qBJISIeTCS MOZEJbIO 3TOH e CHCTeMBbl aKCHOM. :

Bo3HHKAeT BOTIPOC: €CJid [IBd MHOXeCTBa C HEKOTOpbIMH Ope-
AMKATaMH SIBAAIOTCS MOLEJSAMH omuofi ¥ ToHl e CHCTeMbl aKCH-
oM, OyLyT JiH OHH usomopupMH? OkKaspiBaercs, He BCETAa.
B uacrHocTH, {R, <] (MHOXKeCTBO pallOHAJLHBIX yuces C BBeIEH-
HEM B HEM OTHOLIGHHEM KMEHbIIE») TaKkKe FBJAETCS MOJeJbI0
cucrempl akcuoM 11.1—4, HO 9TO MHOXECTBO C NpeIHKaTOM
«membiey He HaomoptHo (D,<], MexAy STHMH MHOXK@eCTBaMH
HeJb3si HaXe YCTAaHOBHTb B3aHMHO-OJHO3HAUHOTO COOTBETCTBHS.

Cayuail, KOra BCe MOJEJH CHCTEME! akcHOoM H3oMop¢HBI, GY-
JeT paccMOTpeH B cnenyloueii raase (DU 5).

05. Mbl paccMpTpeJaH npHMep uzoMophuamMa, COXpaHsiolers
otHowenue nopsinka. [loHsTHE p3oMopdU3Ma pacnpoCTpaHaeTCs
¥ HA CJyuyaH, KOTAa B MHOXKeCTBaxX onpejiesieHbl Onepaluy.

Ecau B MHOXecTBe M BBefeHa onepalusd «O», a B MHOXKeCT-
Be M’— onepauus «H», T, yTO6Bl COOTBETCTBHE «f» MEXIY 3J€-
MeHTAMH STHX MHOMXeCTB OblIO H30MOPHUIMOM H OTHOCHTEJILHO
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BBE/IHHOH onepaluH, TpebyeTcs, yTOGH OHO COMOCTABJISLIO pe-
SYJbTaTHl COOTBETCTBYIOIIMX ONEpaluii Haj COOTBETCTBYIOLMMHU
SJIEMEHTAaMH, T. €. YTOGBI 1151 JIOOBIX JBYX 3JEMEHTOB X, Yy, us M

HMeJI0 MeCTO:
fx O y) = flx) O f(y).

Ilpusenem wunrepecumiis NPUMEp M30MOpGu3Ma, ycraHaBAM-
BAEMOTO -C IOMOLIBIO 3/I@MEHTaPHO GyHKIMY, TpaguHOHHO H3y-
Harouelcss B IWKOJbHOM kypce, PaccmoTpum MHOXKecTBO D Beex
BEIIECTBEHHBIX YHCEJ C OTHOLIEHHEM nopsinka «<» (Mewblie)
W omepanuent «+» (cmoxenue): [D, <,+] u MHOX)€CTBO D+ m0-
JIOKHTEJIDHLIX BEIECTBEHHEIX YHCEN ¢ TeM JKe OTHOLIEHWEM TIO-
psinka «<» (meHbuie) (M omepauuedi ' « - » (YyMHOXKeHHe) :
[D+y <9 . ].

Onpenennm coortBercrBHe MEXKIy 3/NeMeHTaMH MHOxects D
u D+ crenyomum o6pasom: KaX10My MOJIOXKHUTENTBHOMY Belle T-
BEHHOMY uMeny x(xeD+) comoctaBhM BemectBemmoe 4HCII0
y(y € D) tax, uroBmnl Yy=log,x, rne a — onpenesnennoe, dbukcupo-
BAHHOE YHCJIO GoJbiie |, ‘

CoorsercrBue, onpenensemoe bynkuuess y=log,x npu a>1,
ABJIACTCS] U3OMOPQHIMOM, COXPAHSIOLIAM OTHOLIECHM® «<» ¥ ne-
PEBOLAINM Onepauuio «-» B D* B onepanmio «+» p MHOXKeCT-
Be D,

Helicreurensno, nanfoe cooTBeTcTBHe:

Q) B3aUMHO-ORHO3HAYHO:

() [(xeDH)>@y) (ye D) A (y = log,x)] A

A (1, Xa)[x1 = 4y > Tog = log,x,];

6) coxpansier ‘OTHOWeHHe NOpsifika (MeHbIIEMY YHCHY COOT-
BETCTBYET MEHBILIHH JOTapudM, Tak Kak a>1):

(21, X2)[(1,05 € DFY A (%7 < ) > (log,xy < log,x,)]:

6) TIPOM3BENEHHIO uucen u3z D+ COMOCTABJISAET CYMMYy HX JIO-
rapupmos (. e. COOTBETCTBYIOUIMX 3JieMeHTOB) B D:

(x1, x5) [(x1, %, eDt) > (IOga(xl'xa) = log, %, + log,x,)].

Takum o6pasom, sorapudmuueckas bynkuus onpenenser
H30MOpDHOe oToGpaxenHe MuoxkectBa DF ma D. Ecnu Basthb
a<l, To ykasaHHbIH H30MOphH3M NiepeBeleT OTHOLIEHHEe «MeHb-
LI€> B OTHOLIeHHe «Gonblue» i 06paTHO, [TokaszaTenbHas byHKIHS
Onpenessier usoMopdHoe oTro6paxkenne MHOXKecTBa D Ha D+,

STOT npuMep noxasbiBaer, YTO TPAJMIMOHHOE NPenogaBaHue
HE HCIOMb3yeT M3yyaeMble B IIKOJE 3eMEHTapHble byHKIMY Kak
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1iCTOUYHHK COBpeMeHHbIX uneﬁ.

Mpbl HHYero 3Jecb HE 110631314.)114

K TOMY, YTO TpPaJHIHOHHO H3ydaercs O norapudMHueckoil QyHK-
qun. Ho BbIpasuB CBOHACTBA 9TOMN (PYHKLUHH Ha A3bIKE coBpeMeHHOH.

MaTeMaTHKH,

MBI- IOJYUHJIH BO3MO2KHOCTDb HJJIOCTPHPOBATD Ha

5TOM TpHMepe BaXXHYIO HIE0 naoMopdHu3Ma.

06. Vsomopdu3M No3BOJIAE

Hble BBIBOJBI. Ecau cXOACTBO

T cjaenaarb o aHaJIOTHH [TOCTOBEP-
MexXay OTHOILIEHHSIMH H onepauus-

MH YCTaHOBJEHO BO BCEX TeX HX cBOHICTBAX, H3 KOTOPBIX MOTYT
6LITh BLIBEIEHBl OCTaJIbHBIE cBORCTBA OTHX OTHOIUEHHH H OMNe-
pauuii, T. €. CXOACTBO yCOraHoOBJIGHO MEXAY aKCHOMaMH TEOpHH,

ONKChIBAIOIIHX CTPYKTYPH

yeHgue MO aHaJOTHH OT CXOACT

JIBYX MHOXKECTB M
Ba MEXJy aKCHOMaMH K CXOJCTBY

u M’, To 3aKjaio-

MeXIy TeopeMaMH 3THX Teopuii AB/SAETCS JOCTOBEPHLIM. Sra

aHaJOrus U JEeXHT B

OCHOBE TOCTPOEHHS OJLHOH aGcTpakTHOU

TEOPHH, 3ame1—1mou1.e13’1 KOHKPETHBIE TEOpHH, onHceBaolllHe CTPYK-

TypH MHOXKeCTB u M.

[TokaxeM 5TO Ha MpHMepe TEOpHH KOMMYTATHBHOH TIDYIHIEL.
PaccMOTPHM JiBe KOHKDETHHIE TEOPHH, OJHA M3 KOTOpHIX ONH-
CHIBAET CBOJCTBA CJIOXKEHHs] B MHOXKECTBE C 1enblX yHces, a ApYy-

rasi — cBoficTBa YMHOXEHHS B
soxHuTenbHbIX ynces. TakuM 06

6y11€M [10Jb30BaThCA TOMIBKO C

B 5TOM MHOXKECTBE BBIIIOJHAETC
NMOJIOKUTEJbHBIX paIlPIOHaJ'IbeI

MHOXKecTBe P pallHOHaJIbHBIX 1O~
pasoM, B MHOXKECTBE LeJbIX qHCE
JIOJKEHHEeM, XOTSl HaM H3BECTHO, YTO
S W YMHOXEHHe, a B MHOXECTBE
X uyucea OyjaeM [0Jb30BATbCA

TOJIBKO YMHO}KGHPIGM, XOTH ‘MBI 3HaeM, 4TO B 3TOM MHOXKeCTBE Bbl-

NOJIHUMO U CJIOKEHHE.

[lepeuncuM psiji H3BECTHBIX

ulP,:] (npennioxenut
Typbl) M BBHIY TOrO,

uam ceoiicts” crpykryp {C, +]

JBYX TEOpHH, ONHCHIBAIOWHUX STH CTPYK-
yro Hauia lleib — BBIABHTE CXOACTBO

B CBOHCTBAxX 3THX CTPYKTYD, BRIMKIIEM HX B IBE KOJIOHKH.

Ceoiictea [C, +]

OGo3uauum uepes &, b, ¢, ..
neJble 4UCaa. ’

[1] B muoxecre C onpefiesieHa
omepauus CJIOXKEHHs. Dro Hapo mo-
HuMaThb TaK: M Kaxjofi mnapbl
(a, b) uesnx ducel cyulecTByer,
TPHTOM eJMHCTBEHHOE, leJoe HHCI0
¢, Takoe, uro a + b =c.!

{2] Das mo6bix TPeX WeJbIX HH-
cen a, b, ¢ umeer MeECTO
a+(b+cy=(a+b ¢
(coxenne aCCOLMATHBHO).

[3] Ons moBeix ABYX LeMBX fH-
cen a, b vmeer MecTO @ + b=>b+
+a (chroxenue KOMMYTaTHBHO).

Caoiicrsa [P, -]
O6o3uaunM uepes X, Y, & -
WUTeJbHble paudoHaJbHBIE UHC/Ia.
[1’] B mHOXecTBE P onpepenena orme-
pauysi YMHOXEHHS. D10 HALO MOHUMATDH
Tak: JUIsl KaxjoH mnapbl MOJOXKHTEb-
HBIX PalMOHAJBHBIX UHCE] (x, y) cyuwe-

noJio-

. CTBYET, TNPpUTOM eIMHCTBEHHOE, MOJIOXKH-

TesbHOE UMCIO 2, TaKoe, 4To XY = 2.

[271 Oas moGHX Tpex MOJOXKUTEb-
HBIX PALMOHAJBHHIX 4HCeN X, Y, 2 MMEET
mecto - (y-z) = (x-9)2 (ymuoxe-
HHe acCOIHATHBHO).

[3] Oas mo6bX ABYX MOJIOKUTENb-
HBIX palMOHAJNBLHEIX UHCET X, J HMEET
MecTo x-y =y-Xx (yMHOXEHHE KOM-
MYTaTHBHO).

1 3jech ¥ B JajbHeiilileM 3HAK «=2» 06o3HauyaeT TpeIHKaT «paBeHCTBa»,

foHMMaeMBlii B CMBIC]IE CcOBMajaeHusa H

o6/analoluil CBOACTBAMH pedIeKCHB-

HOCTHM, CHMMETPUUYHOCTH H TpaH3PITPIBHOCTPI.
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[4] CymecTeyer uenoe queao, [41 Cymectsyer TOJIOXKHTe/IbHOE pa-
0603HaYaeMoe CHMBOJIOM 0, Takoe, uuoHaNBHOE HHCTIO0, 0603HaYaeMoe cuM-
4TO LA moGoro  uenoro umena g BoJloM «I», Takoe, uto s Jo6oro mo-
uMeer Mecto 0+ g =g (0— meit-  noxuTensroro PauMOHaNBHOro " 4yyena x
TPAJbUBIL  37eMENT MuoXKecTpa C  umeer mecTo 1+ % = « (1— ueltTpanpum

OTHOCHUTEJILHO CJIOXKeHHs ). SJIEMEUT MHOKecTBa P OTHOCHTEJIbHO
YMHOXenus),
(51 Mns kamporo wenoro YHena (57 Das  mo6oro TOJI0KHUTe/bHOrG

@ CylulecTByeT emy NPOTHBONOJIOK-  PAUHOHANBHOrG uncna  x CyllecTByer
Hoe uenoe 44 () (s (_a), Takoe, 4To '06paTHOG ﬂOJ‘[O)KHTEJ'IbPloe pauuouanbﬂoe

YHCIO ? » TaKoe, y1o JC'; = 1.

A0 HasBaHUH s/eMeHTOR MHOXKECTB U ONepanuit), U3 stux AKCHOM
BHIBOZMMBl ONHH H Te e TEOpeMH (B TOM e CMBICJIE «OIHH
H Te Xe»), HHaye roBOps, onepanus CI0XKeHHSI B MHOMXKecTBe

ABAKIEl, IPUMEHHTENBHO K Kaxnoi uz npyx KOHKDeTHBIX KOMMY-
TaTHBHBIX Tpymm, Iostomy, orsaexasics OT KOHKDETHOH Mpupoph
SJEMEHTOB MHOXeCTB U KOHKPETHOIr0 cMEicaa oniepauui, crposit
OAiHy aGeTpakTHyIO TEOPHI0 KOMMYTaTHBHOR rpynmg

3910 pmenaercs HPHMepHO Tak. Paccmatpusajor MHOXecTBO G
06bekToB DOU3BOIEHOM, HeonpepeneHHO NpUpOABL. DjeMeHTH
STOTO MHOXecTBa 0603HayaioTCy a b c ., xy .. dm 6yKBHI
NPHMEHSIOTCH  Kak TNepemeHHpe AJIS 371eMEHTOB  MHOmKecTRa
G, 3a uckmouennem OIHOH OGyKBHI, HanpuMep <«e», 0603nayap-

JCHUST TOHATHSMH TEOPHH, KOTODYI0 cOGHMpPAOTCH aKCHOMATH3H-
bobate, sBAsIIOTCH MHOXKecTBO G 1 onepanusa * .

Crasurcst caepyomas Sajlaya: cpOpPMyaUPOBATD aKCHOME
abcTpakTHOM TEOPHH, onHuchIBaOWed CBOCTRA CTPYKTYypHl {G, ]
TaK, 4ToGHl /1Be paccMOTpeHHbie BhIlle KOHKDETHble TEOPHH, ONH-
ChIBAIOLIHEe CBOMCTBA ctpyktyp [C, +] u [P, -], 6bun ABYyMs1 pas-
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JIHUHBIMH MOJENSIMH WJH peanusalusiMH 3TOH a6cTpaKTHoIt
TEOPHH.

'Ha sa3pike JOTHKH TNpeJHKAaTOB ¢ PABEHCTBOM 3TH aKCHOMBE
3aNMHIYTCS CIefyIomuM 06pasom:

Al (%, )E)lx « y=2] A (@)[(x » y=1)~>@=2);
A2. (x, 9, 2)[x = (y = 2)=(x % y) = 2];
A3 (X, )[x = y=1y = x|
A4, (x)[e = x=x];

) A5, (HFX)[x = X =¢€].

AxkcuomatHka Al—A5 cayxut 6a3ofi s JOrHYECKOro pas-
BepTHIBAHHS a6CTPAKTHOH TEOPHH KOMMYTaTHBHOH rpymusl. B 10-
KA3aTEJILCTBAX TEOPEM 3TOf TEOPHH MOXKHO NOJIB30BATHCS TOILKO
akcnomamu Al—AD u mpaBHIaMH JOrHUECKOro BHIBOIA, paspa-
6OTAHHBIMH B JOCHKe NpeJMKaTOB (CpefM HHX HMMEIOTCs H BCE
npaBHJa BBEIBO/A, BEIpaXKaeMble Ha s3blKe JOTMKH BbICKA3bIBA-
HH) .

Huske TIPHBOAATCS [OKA3aTENBCTBA MEPBBIX HECKOJIBKHX TEO-
peM 3TOH TEOpHH. :

T.1. (x)[x% e=x].

TlokazaTeabcTBo: IlpuMenuM K A3 1paBHJIO T0JICTAHOBKH
—(i;)—(Pa()—x) W MOJCTABHM SJEMEHT € BMEeCTO NEPeMEeHHOro 3/JeMeH:
ta y. Cumsoaom S, (A3) o6o3HAuUMM «peaysIbTaT TI0/ICTAHOBKR
s A3 s1ementa e Bmecto y». [loaydaem:

SY(A3): ()[x» e =ex x]. (1)

B JoruKe NpPEJMKAaTOB C PaBEHCTBOM HMeeTCsl M Takoe IIpa-
BHJIO TIONCTAHOBKH: Ha3BaHHE o6beKTa (IIOCTOSTHHOTO HJH TI€pe-
MEHHOT0) MOXeT 3aMeHATHCH HasBaHHEM PaBHOro eMy oObeKTa
BCIO/Y, ['/le OH BXOJHT B dopmyJ1y, HJIH He BCIOAY.

Ha ocuoBanuu A4, ymepxmaxom,eﬁ PABEHCTBO 3JEMEHTOB
e * X U X, NOACTaBHM B {1] x BMecTO € * X!

“Sfe ()i (0)xe e=x].
T2, (()[x'+ x= el.

SYA3) 1 ()[xx X =X+ x| .
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Sk (A5) 1 (D@ X)X = x = e].
T3. (%, 9, 2)[(x=y)> (2% x =24 .

Hcxoas us pepaekcusHocTH PaBeHCTBa, Z * X=2 * X, 3aMe-
HilSl X Ha Y TOJNBKO BO BTOPOM HJIeHe 3TOTO PaBEHCTBA Ha OCHOBE
X =y (ycroBHe TeopeMpl), ToNIy4aem

2% X=2Z % y’
T. e.

(3. 9(x = > x=z4 y)].
Ynpaxcuenue, I[oxa?;afs caeacrsue u3 T.3:
¥, [(x=y)>(xx 2=y 2)].

T4 (x,9,9)[(z% x =24+ y)> (x =y)].

Tloacrasum B T.3 2 BMecto 2, 3aTeM Z 4 X BMECTO X, a BMECTO
PaBHOro emy sjeMeHTa y (MO YCIOBHIO T.3) noacraBum z = y,
YUMTBIBAsT DaBEHCTBO Z# X=Z+* y (ycJOBHe T.4).

Coraacuo A2:

SEiA2):2 s @5 X)=(2 % 2)w x;
S04 7 » (2« V=@ = 2)s y,

T.e. (%22 x=(%2=« v,
#o mo T.2 -

Si(T. 212’ % 2=,

Tonydaem e # x=e * y u, yuntoiBass A4, noayuaem x=y,
Takum o6pasom, MBI TIOJYYHJIH:

(5,9, 2)[(z% x=24 y)—= (x =y)].

Ynpaxrenue: Jlokasath caeqcTBHS U3 T.4:

3, [(xx 2=y 2) 5 (x=1y)]. (1)
(Y, 2)x=y—>zs x=24 y]. )
(69, 2)[x=y—>xs 2=y« 2]. )

T. 5 (x, Y[(x=y)> (v = y)].
Hs T2:x'« x=e. (1) SY(T.Qiywy=—e (2

SEPY)ix' s x=y s y. (3)
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B nepsoM uneHe paBeHCTBA (3) sameHuM x yepe3 y Ha OCHO-
BAHMH NOCHJIKH x=y: X' # y=y Yy (4).
U3 nepsoro cieactsus u3 T.4 u (4) no npaBuJy 3aKIOYEHHH
nonyuaeM: x' =y’

T.6. HefiTpaJbHblil 37€@MEHT € OTHOCHTEJIBHO onepanud eIuH-
CTBeHHBIH, T. €.

(e’ Yx)e = x=x)—> (¢ =¢e).
Si(T. 2):e' = e=ce, )
SE(T. 1):e'x e=¢€. (2)

TloncTaHoBKol B nepBoit wacta (1) BMECTO ¢'* e paBHOT'O eMy
sJeMeHTa ¢ Ha OCHOBaHHH (2) mojyyaeM e=e.

T.7. () = 1.

Tlo A5: x* x'=e. | (1)
SE(T.2):(x) = x' =e. )
See v Q: )+ ¥ =x= x. (%))

U3 nepsoro ciaeactsus T.4 u (3) (mo mpaBuay 3aKJIOYeHHus) no-
ayuyaem (x)'=x.
Ynpaoxcnenue. Ucnonssys T.5 u T.7, nokasatb Teopemy 8.

T.8. (x, W[ =y)—=> (x= W]
JlokaxeM ellle OJHY TeopeMy, BbIpaxaiollyio sneMeHT, 00-

paTHBI SJEMEHTY X* y UYepes 3JeMEHTH, ob6paTHble 3JIEMEH-
TaMm X 4 Y.

T. 9. (x, Yix= yy =%+ y'].
Ee U(T. 2)s(x# y) = (x= y)=e. (N

3anuuieM Tenepb LENOUYKY PABEHCTB C ILeJbIO ynpolleHHs Bhpa-
wennus (X = y) = (x* y):

(s y)s (ks B s y)e (0 )Y [y= (ve 01 L
A2 s [y ) » 4] T2 ¥ (en X) M = x12¢.
Hrak, MBI NONYYHJH

(s y)s (xs y) =e . 2)
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Toncrasass B (1) BMecTo e paBHbIH eMy 3JeMeHT u3 (2), moay-
yaem: ' :

(e 9) s (xxy)=(x=y)s (xs y). 3

U3 nepsoro caencreus T.4 u (3) (no npaBuy sakaioueHHs1) mo-
Jyyaem: ‘

(x+ y) =x"%y,

Tlpusenem npumep KomkpetHOH momenu cTpykrypsl [G, %],
OTJIHYHOH OT J1BYX PacCMOTPeHHBIX HAMH [0 TOCTPOEHHS ¢ppar-
MeHTa aGcTpakTHOH Teopuu. PacemoTpum MHOXKecTBO V Bpalle-
HHi Ha IVIOCKOCTH ¢ UEHTPOM B (DMKCHPOBaHHOH Touke O. Of-
AeIbHEIE BpalUeHHs C HEHTPOM B 3TOH TOUKe, T. €. SIEMEeHTH MHO-
KecrBa Vo, 0603HAUHUM: Uy, Vg, ..., Up,... .

B mHoxecTBe Vo onpesienum onepanuio «-» (ymHOMeHHe) Clle-
LylOUIHM OGpasoM: NPOH3BeJieHHE Uy + U €CTh Pe3yJbTar HOCAe-
J0BATEIbHOTO OCYUIECTBJEHHUS BPAaLleHHH U; W Uy, IpUYEM CHAYa-
Ja v, 3aTteM Us.

Pacemorpum crpykrypy [Vo,-], onpenensemyio onepanueil ym-
HOXeHHa B MHOXectBe Vo. [lpexpe Bcero sicHo, uto V, samk-
HYTO OTHOCHTEJNBHO ONEPAaUHH <«+», TaK KaK NOCJAef0BATeJbHOE
BHINOJIHEHHe NBYX BpalleHHH OKOJO OJHOTO M TOro e nentpa O
(nanpumep, Ha yroa @; u @, COOTBETCTBEHHO) MOKeT ObiTh 3a-
MGHEHO OJIHAM BpallleHHeM OKOJIO TOTO e HeHTpa (Ha yroa
@1+@2), T. €. 115 MOGBIX KBYX 3JEMEHTOB U; U Uy U3 Vi cyurecr-
BYeT 3JeMeHT Uz u3 Vo T'axoﬁ,/ YTO U -U;=U3 W BHIOJHAeTcs Al

Llesiecoo6pasio MNpensoXHTL ~ yyalluMcA  BBISCHHTD KOHKDETHRIH CMBICA
OCTaJbHLIX 2KCHOM, MHAYe TrOBOpPs, MepeBECTH HX C A3bIKA a6CTPAKTHON TeopHH
Ha A3bIK TEODHH, OMUCHIBalOWe# cTpYKTYpPY Vo, |, monbaysich npu sroM crenyo-
UM CJIOBapeM: '

1) mHoXectBO G . 31eMeHTOB He- 1) MHOMecTBO Vo Bpallenufi niockocTh

onpeneieHHO# NpPUPOLHI, ¢ nentpom O; .

2) a, b, ¢, .., X, y, ... — 37eMeHTH 2) vy, Vs, .., Up, ...— DJEMEHTBl MHOXe-

MHOXecTBa G ctBa Vo, T. e. BpalleHHs - MJIOCKOCTH
¢ uentpom O;

3) onepanus « * »; 3) omepanus «-»,

4 TaKXKe ROKA3aThb BHIMONHHMOCTb akcHoM B [V, - |.

Tak xak Bce akcnombl A1—AS, XapaKTepHU3yiollHe CTPYKTYpyY
KOMMYTaTHBHOH I'DYINBl, BHNOMHAOTCS, T0 [V, -] TakkKe ABAAET-
€1 MOJICTbI0O KOMMYTaTUBHOH IPYNNE H BCe TeOpeMml abCTpakr-
HOW TeOPHH NPUMEHHUMBI K 3TOH, Kak u K J060H dpyro#i, Mojieny.

HHTepecubiM 4151 yuammxcs ynpaxuennem siBjsercs BHISICHEHHe KOHKpeT-
HOTO CMbICJA B 3TOH MOAeNH HEHTPaNLHOrO 5/7eMeHTa OTHOCHTENDHO OnmepanHu
€, 37eMeHTa, 06PaTHOro AAHHOMY, MepeBOX.HA A3BIK 5TOH MOje/ 1 MepBHIX
TeopeM a0CTPAKTHOH TeopHH. :

Britenum teneps u3 muoxecrsa V, Beex BpAaIlleHH| ILTOCKO-
CTH ¢ UeHTPOM O HeKOTOPOe KOHEUHOE MOJMHOMKECTBO TAKUX Bpa-
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uleHHil # J0KaxKeM, UTO OHO TOXKe o6najaer CTPYKTYpoH KOMMY-
TaTHBHOf Tpymmbl (ABASETCA noarpynnoft rpynnst {Vo, -1).
PacoMOTpUM MHOXKECTBO V3, cocrosllee HX TPeX 31EMEHTOB:
v;— BpalleHHe C UeHTPOM O ua yroa ¢1=120’, ‘
Us— BpallleHHe C HEeHTPOM O Ha yron @a=240°,
v;— Bpaulenue ¢ uestpom O Ha yroa @3=2360".
"Onepauuio «-» GyjleM TOHUMATb B TOM e CMBICJe, 4TO H B
mHoxkectBe Vo.
BBuLy TOTO, 4TO YHCJIO 3/IEMEHTOB V2 KOHeWHO H K TOMY Xe
HeGobLIOe, JOKA3aTeNbCTBO BBIIOJHHMOCTH 2KCHOM JIETKO ocy-
LleCTBASIETCA HEnocpe ICTBEHHOR MPo-

BepKo# ¢ TIOMOLIBIO ta6aunpl onepa- . | 1 | v, ‘ g ’
HHH YMHOXKeHHS. o
CocTaBuM 3Ty TaGauLy, HCXOAA vi | v l g l v
W3 ollpejiesieHHs ONEPALHH YMHOXKE- ,
nust B MHOokecTBe Vo. U2 1 Us | U1 \ U2
W3 Tabaunpl cjelyer, 4TO: '
1) Onepauusi «-» He BHIBOLWT HAC Us \ U1 \ Yt ‘ Us

13 MHOxecTBa Vo. T. €. 3T0O MHOXKECT-

BO 3aMKHYTO 10 OTHOLICHHIO K 5Toli onepamuH; s KaxKAbX
JBYX BpalIeHHH H3 V3 cymecrsyer BpalleHHe B 3TOM Xe MHO-
xecTBe V3, ABJslouleecs pe3yabTaToM HX TOCJEe]0BATeJbHOrO

ocyulecTBieHHd, T. €. HX npoussefienueM. CieloBaTeNbHO,
B [V3, -] BBIIONHACTCS Al.

2) Onepauus «-» AaCCOLHATHBHA, 3TO YXe YCTaHOBJIEHO
8 MHOKecTBe Vo. ACCOLHATHBHOCTD JIETKO /10Ka3aTh H ¢ MOMOLIBIO
tabaunpl. Hanpumep,
(V1 V2)- V3 = Vs Us = Us,

vy (Vg Us) = Uy Vg = TUs,

0y - (V- Us) = (V1 Va) Vs

3) Onepanusi «-» KOMMYyTaTHBHZ B Vs, caemnoBaTelbHO,
4 B V3. HerpyZHo 3TO HENOCPE/ACTBEHHO MPOBEPHTE. HeificTBH-
TEJIbHO,
02‘01‘ = vl'vz;
Vy-Us =U3-U);
U, U3 = Vs Vs,
. e. Bunoansiercsi A3.
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4) B MHOXecTBe V2 cymecTByer HefTpaqbHEE saeMeHT OT-
HOCHTE/ILHO OIePalHK «-», a HMEHHO Us. JlefiCTBATEBHO,

Vs' Uy = U1; U3Uy = Uy} Vg U= Ts,

T. €. BHIIOJHsAeTcs A4, .
5) [lns Kax0r0 a/eMeHTa MHOXKeCTBa V} cywectsyer B 3r0M

MHOXKeCTBe O6paTHBIfl 3JeMeHT:
ViU =g, T. € U= U 0;=70,

Ug:U3 =103, T. €, V3= 7.

CaepnoBatesbHo, BHIOMHSIeTcsi AS.

BruinonnamMocts akciom Al—A5 s [V§, -] aBaserca pokasa-
TEILCTBOM TOTO, YTO MHOXeCTBO Vi ¢ BBejeHHOH B HeM omepa-
UHe# «-» (YMHOXKeHHA) uMeer CTPYKTYPY KOMMYTaTHBHOH
TPYIIE, )

MuoxectBo V? MoXeT GHITb HCTONKOBAHO H KAk rpynna
BpaIUeHUH IUIOCKOCTH, OCTABASIOUMX HeH3MeHHBIM (uHBapHanT-
HBIM) JI0GO# PaBHOCTOPOHHUH TPEYrOABHHK C neHtpom O. [eit-
CTBUTEJILHO, KaXJ0e H3 BPAIUEHHH Uy, Uy, U3, a CJe0BATENBHO,
H HX NPOM3BENICHUS, NePEeBOAUT 060K TaKOH TPeyroJbHHK B ca-
MOro celsl, T. e. He MeHsSleT ero HoJokKeHue,

3zech yMecTHO o6paTHTL BHHMaHHe yuamuxcs Ha BecbMa BaxKHOe 06CTOf-
TeJLCTBO: pa3/iuHe B NPUPOJE S/EMEHTOB MHOMXECTB (LeJble UHCAA, MOJOMKH-
TEJbHbE panHoHafbHble YHCJA, BPAUIEHHS) H B KOHKPETHOM CMBICJe onepauui
(CloxkeHHe, yMHOXeHHe, MOC/eZOBATEJbHOE OCyulecTBJIeHHe BpalleHHH) He
OGYC/IOBIMBAIOT DA3JHYHA B CTPYKTYPax 3STHX MHOJKECTS, HecMoTpss na stu
BHEIUHHE DPa3JMuHs, MHOXKECTBA, KaK BHAHO M3 NpHBENEHHBIX NpHMepoB, MOryT
UMeTb OIHHAKOBYIO CTPYKTYDY, ONUCHIBAEMYIO OZHON abcTpakTHo#l Teopwetdl,
MOZEJSIMH KOTOPOH 3TH MHOXKeCTBA C BBEHEHHBIMH B HHX onepauusaMd M siB-
JISIOTCSI. - ’ :

B kavecTse mosessoro ympaxuenus 11eJ1eco00pa3no MPERJOKHTh YUaIuM-
Cil _ONPEReNHTb TPYNNY BPalleHHH MJIOCKOCTH, OCTABJSIOLIHX MHBaPHAHTHHM
M060# KBAaZpAaT C UEHTPOM B AanHON Touke O (a1 mo6o#t  npaBHAbHBbI
LWIECTHYTOILHUK C LeHTPOM B Touke O) M NoTpeGOBATH NMpoOBexeHUs paccyx-
AeHUH, aHAJOTHYHBLIX TeM, KOTopble GLLIH NMPOBELEHb B CBA3H C paccMoTpeHHeM

rpynmnbl [Vg’, 1.

07. Tlepexon OT KOHKpeTHOH MOmeaH K a6CTPaKTHOM TeopHH
H OT Hee K [PYrUM KOHKDETHBIM MOJIeJNSM MBI TaKikKe MOKAa3aJH
Ha npuMepe GyseBot aare6per (4. I, ra. 7).

CXONI1 U3 CONEPKATENBHOIO UCTONKOBAHMS a/re6phl BHICKA-
3HIBAHHI, C IOMOIIbIO aGCTPATHPOBAHHUS OT KOHKDeTHO! NpPUPOJIH
06DbEeKTOB 3TOH aare6phr (BbICKasbiBaHMA) H OT KOHKDETHOrO
CMLIC/IA  JIOTHYECKHX ONepauuii  (ILMSBIOHKNMH, KOHBIOHKIHH,
OTPUUAHHSA) MBI TIOKA3aJH BO3MOXKHOCTH aKCHOMATHUECKOIO MO-
CTpoenusi aGetpakTHOR GyaeBoit aqre6per Ha Gase aKCHOMAaTHKH,
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coctosieii U3 BochbMH akaom (I—VIII). 3arem c nomouwbio
KOHKPETH3alHH Mbl [EepellIH OT a6cTpakTHO# OyJieBol anreGphi
K IPYTHM ee MOjeiaM — ajre6pe MHOXKECTB H anre6pe peseiiHo-
KOHTAKTHBIX CXeM. ' .

3pech MMeeTcs elle OJHH SAPKHA TNpHMep, KOTAa pasjHuue
B KOHKPEeTHO#l mpHpoje OOGBEKTOB (BHICKa3BIBAHHSA, MHOXKECTBA,
57eKTpHUeCKHe KOHTAKThl) M B KOHKDETHOM CMBbICIE omnepanui
Hajg 3THMH O00DBeKTaMH (JM3BIOHKIHA BHICKa3bIBaHHH, 06nelH-
HeHHe MHOMKECTB, MapaJlieJbHoe COe/lHHeHHe KOHTaKTOB) He BJH- '
seT Ha CTPYKTYPY MHOXKECTB.

Dta CcTpPYKTypa OIpejienseTcs He npupojol 0OBLEKTOB H HE
KOHKDETHBIM CMBIC/IOM OTHOLIEHHH H onepauuii, a GopManbHHIMH
CBOfICTBAMH IIOCJeqHHX, KOTOpble OKashlBalOTC OJMHAKOBRIMH
B 3THX MHOXKecTBaX, BHEILIHE CTOJib pa3iHYHBIX.

DTuUM, B YaCTHOCTH, OGbACHSeTCS NPOHHKHOBEHHe COBPEMEH-
HOMl MaTeMAaTHKH B pasiuyHble 06/1acTH HayKH H TEXHHKH, 3Ha-
yhTe/bHOE DACIIMpEHHe Knacca 3ajiay, peliaeMblx MaTeMaTHue-
CKHMH METOJaMH.

‘08. MBIl TOBOPHJIH BHILE O KOHKPETHBIX «MOJEJAX> abcTpakT-
Hoil Teopud. Takoe NpHMeHEHHe TepMHHA «MOAE/Ib> HeOoOBIYHO
JUis TPaJMUMOHHOTO MIKOJBHOTO IIPernojaBaHus, B KOTOpOM 2TOT
TepMHH IIpHUMEHfieTCs B OJHOM JHIlb, BECbMa Y3KOM, CMBICJIE
Mojiesiell TeOMeTpHUeCKUX (Hryp, T. €. Jisi 0603HaueHHs reoMer-
pHUECKMX Tesl, H3TOTOBJIEHHBIX M3 [I€peBa, CTeK.a, TNIPOBOJICKH,
KOTOpHE MBHl TpHMEHsieM B CTePEeOMETpHH Kak HaljsjiHble IOCO-
6us A MJVIIOCTPalMH COOTBETCTBYIOUIMX NIOHATHH.

D10 npHMeHeHHe TEPMHHA <«MOJe/Nb» BIOJHE INPABOMEPHO,
TaK Kak He NpOTHBOpPeuHT ero OGosee oblleMy MNOHHMAHHIO.
JeficTBUTe/IbHO, Ky6, MHpaMupa ¥ T. JA. NPeacTaB/sior cobo#t
aGCTpaKTHBIE TOHSATHS, OHH OIpEJEJSIOTCA Yepes NpYrue, Takne
e a6CTpaKTHble NOHATHS. KOHKpEeTHElg Tesia, H3rOTOBJIEHHbIE H3
onpe/e/eHHOrO MaTepuana, OKpaileHHbe B ornpefieieHHBIH HBeT,
o6nanamouiuil cBORCTBaMH, XapaKTepH3YOUMMI 3TN aGcTpaKTHBIE
TIOHSITHS, FABJASIOTCH HX MOJIENSMH.

OnHako B LIKOALHOM OOYYeHHH Mbl IO CyWeCTBY 4YacTo 3a-
HEMaeMCst B «KOHCTPYHPOBaHHEeM» Mojielleli Ipyroro BHJA. Peus
unet 06 a6CTPaKTHHX MaTeMaTHYeCKHX, a TOYHee JIOrHKo-MaTeMa-
THUECKHX, MOJeNsiX KOHKPETHHIX 3ajau. B stom cayuae B OTJIH-
ude OT MOJENH TEOPHH MoJelb HaXojutes Ha Gosee BBICOKOH
cTyneHH aGcTpaKiHMH, yeM 3ajaua, KOTOpOH OHa COOTBETCTBYET.
3anaun PasNUYHOTO KOHKPETHOrO COJEPxKAaHHs MOTYT HMETh Ol-
HYy H Ty e JIOTHKO-MaTeMaTHYeCKyi0 MOMEJb.

Tak, HarpuMep, CelyIOUUM IBYM 3a1ayaM:

1. JlBe MaLIHHKCTKH NeperneyaTaly PYKONHCh 32 @ 4acCOB. Bo
CKOMbKO BpeMeHH Morza Obl IlepeneyaraTh DPYKONHCh Kaxjad
MallHHHCTKa, paGoTas OJHa, ec/u IepBasi 3aTparuia 6pl Ha 3Ty
pa6oty Ha b uyacos Gosbile BTOpPOH?
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2. Ilsa Hacoca HamonHsoT Gaccefih 3a @ wyacoB. Bo CKONBKO
BPEMEHM MOT' OBl HAaNONHWTH Gaccefin KaXjblii Hacoc, pa6oras
OJIMH, eC/iH NePBEI 3aTPaTHa 6bl Ha 3Ty paBOTy Ha b yacoB 60/ib-
we?
~— COOTBETCTBYeT OJHA M Ta e JIOTHKO-MaTeMAaTHUYeCKash MOJeb:

e e Ae>),

TIPHYEM YCJIOBHSA OGEHX 3a/1ay NepeBOJASATCS Ha A3BK 3TOH Mojen
€ TOMOWMbIO C/OBaps (COCTOSILIEr0 W3 ONHOH CTPOKH): «BpeMs
(B uacax), saTpaunBaeMoe NmepBOH MAaLIHHUCTKOH,— x» H «BpeMs
(B uacax) pa6oThl OJHOTO MEPBOr0 HACOCA — X»,

(Ecnu orpaHMuMBaTBCS OJHHM ypaBHEHHeM, KaK 3TO TpajaH-
LUMOHHO JenaeTcs B LIKOJe, INI0JyYaeTcs HeMOoNHbiN nepesoy yc-
JIOBHS1 3a[1aYH, YTO NPHBOLHT K 3aTPyIHEHHSIM B IIpOllecce pelie-
HH$l, @ 4acTO H K OowHGKaM.)

Pagymeercs, Mbl MOT/iM 6Bl MOJYYHTD U JPYTYIO MOjieNib, eCJIH
HCXOJIATH M3 JPYroro CJoBaps.

Taxo#l e mepexo; OT KOHKpeTHOHM, IpaKTHUecKOH 3ajmauy
K ee aGCTPaKTHOM MaTeMaTHYeCKOH MOJENH MMeeT MecTo M IpH
PeLIEHHH TeOMeTPHYECKHX 3ajay.

Ipencrasnsercs nesnecoo6pasHbIM B CTApIIHX Kiaccax cpen-
Hell WIKOMBl Hapslly ¢ TPAaAULHOHHON TePMHHOJOTHel (coctaBae-
HHe YpaBHEHHsi, OmpejefieHHe MONMYCTHMbIX 3HAYeHH{i HEH3BECT-
HOrO, OGO3HaUYeHHE HEM3BECTHOrO) I[PHMEHATh H CJe/LYIOUIHE
TEPMUHBL; COCTaBJeHHE MaTeMaTHYeCKOU (WM JOTMKO-MaTeMAaTH-
Yeckoff) MOJenH 3ajayd, COCTABiEHHE CJOBAPS /s nepesoja
YCIOBHS 3aJayd Ha s3bIK €e JIOTHKO-MAaTeMaTHYecKofl MojenH
HT. . ' ,

XoTa paccMaTpHBaeMHIl 37ech BOIPOC HMeeT JHIIb TepMH-
HOJIOTHYECKHH aCNeKT, OH 3ac/yXKHBaeT GOJjiblilee BHUMAaHHe, yeM
3TO MOXeT Ka3aTbCsl Ha MepBHA B3rasa. Beap peub uger spmech
HE NPOCTO O KAKHX-TO HOBBIX HA3BAHHUSAX, a O IIOCTENIEHHOM BHefIpe-
HAK B LIKOJIbHOE OGyyeHHe BaXKHHIX H/leH COBpeMeHHOH MarteMa-
THKH. He Hano 3a6uiBath, 4r0 TepMUHBI IPH NPABHIBLHOM HX
YCBOGHMH He NyCTHle C/IOBa, OHH OOO3HAYAIOT MOHATHS, HIeH. -

Ilnsi HEeKOTOPOH NMOATOTOBKH yYaIIMXCS B TOH 0671aCTH BOBCe
HeT Ha/l0GHOCTH BKJIOYATh B WIKOJBHBEIA KyPC ClellHa/ibHble TeMLL.
TpapuuuonHeIll yueGHBI MaTepHan COJEPIKHT JOCTATOYHO 3Je-
MEHTOBMAaTEeMAaTHYECKOTO MOAEJHUPOBAHHUSA, UX HAZO
[0AYEpPKHBATL H Pa3bACHATL B mpoliecce o6yyeHus.'

T'nasab. Tloustue 06 OCHOBHMX NPOGieMax aKCHOMAaTHKH

CoBepLueHHO OUEBH/IHO, YTO HeNb3S JATh YYAIIHMCS [PELCTaB-
JIeHHe 06 aKCHOMAaTHYeCKOM MeTOfie Ge3 PasbiCHeHHs HM CYILHO-

1 3nech uMeercs B BHAY HMEHHO MaTeMaTHYecKoe MOJeJHPOBAHHe B CO-
BPEMEHHOM CMBIC/Ie, & He TPagHIHOHHQE TreOMeTpHUECKOoe MOJEeJNHpOBaHHe,
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CTH OCHOBHBIX MpoGseM akcHOMaTHKH. OJHAKO TaKxkKe OYEBHIHO,
4YTO B ILKOJE, Jaxe Ha NMocjaefHeM Nofy oOyueHHs, HeBO3MOXKHO
CKOJILKO-HUGYIb JeTajbHOe H3yueHHe 3THX NpoGJieM, BKaAOYas
JOKa3aTeJbCTBa HEMNPOTHBOPEUHUBOCTH, HE3aBHCHMOCTH M IOJHO-
TBl KaKoH-HHOynb aKCHOMATHKH.

[TosToMy HeOGXOZHMO OrPaHHYHTBCA JIHIIL PasbsACHEHHEM
TOT0, UTO O3HAUAIOT CJAeAYIOIlHe NOHATHS: aKCHOMAaTHKa HENpo-
THBOPEUHBA, He3aBHCHMa, NOJHA, M KaKHUMH METOJaMH AOKa3hl-
Baercs, YTo JaHHAs aKCHOMaTHKa 0G/ajder 3THMH KauyeCTBaMH.

Huke TIPUBOJHUTCS OJHH H3 BO3MOXHBIX BapHAHTOB TaKOro
pasbsiCHeHUs, NPOWEIUIHY IKCIIEPHMEHTAbHYIO NPOBEPKY B XI
KJacce CpelHed IUKOJAbBI C MaTeMaTHUeCKOH ClellHaju3amnued.’
B u3/10:KeHHH NPUMEHSAIOT JOTHUECKHH annapart, HCXo4s H3 Npel-
MOJIOXKEHHS, YTO yyallldecsi XOPOLIO YCBOHJIH €ro B pe3y/bTaTre
hpemwectByolieli nogroroBkd. Ho u3anoxeHHe MoxkeT OBbITo
OCYyLIecTBJEHO U 6e3 MPUMEHEHHs STOrO anmapara.

01. Mu yKe pacCMOTpE/H CHCTEMBI aKCHOM (HJIH aKCHOMATH-
KH), Jexaliie B OCHOBE HEKOTOPBIX TeOpHH: -aKCHOMaTHKY
Al— A5 TeopHH KOMMYTATHBHOH  TIpynmbl, aKCHOMaTHKY
[—VIII Gynesoit anre6pri, akcuOMH npuHajgnexHoctd (I.1—6),
nopsigka (I1.1—5) u akcHomy mapansieqbHOCTH, COCTaBJSOIIHE
YacTh aKCHOMATHKH €BKJIHAOBOH IeOMETPHH.

B cBsisn c BhIGOpOM aKCHOMATHKH IJs1 OEAYKTHBHOrO IOCT-
pOEHMsI TeOpHH BO3HHKAIOT TPH OCHOBHble mpo6jemnl. Ilpu pac-
OMOTpeHUH 3THX Npo6aeM GyaeM MoJb30BaThCsl CAEAYIOIUMH 060-
3HAUEHHSIMH: aKCHOMBI BBIGDAaHHOH aKCHOMAaTHKH 0003HaUHM
cumBosaMd A;, A, Aj; .., A,; NpOHU3BOJNBbHBIE MpeNJOXKEHH,
BBIpaXKEHHbIEe B TEpMHUHAX TEOPHH, IOCTPOECHHOH Ha 3TOfl aKCHOMa-
THKe, 0603HauuM uepes X, Y, ;

YToyHHM nNOHsiTHE BHIBOAMMOCTH NPENJIOKEHHS H3 aKCHOMa-
THKH., [lpemsoKeHHe x¥ BBIBOLHMO U3 JaHHOH aKCHOMAaTHKH
AL A, .. A,, ecI¥ HCTHHHA HMIIHKAIHS

AA - X (1)

i=1

Tak kKak Kaxpas axcnoma CUHTAETCS HCTHHHOH, TO HCTHHHA
H HX KOHBIOHKIHUS AA,, W H3 HCTHHHOCTH HMILIHKauu# (1)

caenyert, uto 4 X HCTHHHO CnenoaaTeano ecqd npeasoxenue X
BLIBOJHMO, TO OHO .HCTHHHO,

IIpennoxeHue, BrIpa)KeHHOe B TepPMHHAX HAEINYKTHBHOH TEO-
pHH, CYUHTAETCA WCTHHHBIM, €CJH OHO — aKCHOMAa HJH BBIBOJHMO
H3 aKCHOM, T. €. TeopeMa,

1 CHI Ne 444, r. Mocksa.
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Takoe ¢opma/bHOe TOJNKOBaHHE HCTHHHOCTH NPEAJOXKEHHS B JeAYKTHB-
HOH TeOpPHH He MPOTHBOPEYHT OGLIYHOMY NOHHMAHHIO HCTHHHOCTH KaK COOTBET-
CTBHIO AEHCTBUTENBHOCTH, TAK KaK OHO CBOAHT BOMPOC 06 HCTHHHOCTH OIHOTO
NPeAsIoNEeHHs. K BONPOCY 06 HCTHHHOCTH APYTHX MpPEANOXKEHHH — Tex, KOTophie
NPHHATH 32 4KCHOMBI. VICTHHHOCTBL MOC/EAHHX NMOATBEPKAAETCA MPAKTHKOM.

02. IlepBas u rnaBHasi u3 npo6JeM aKCHOMATHKH — Npobie-
Ma HEMIPOTHBIOPEYHBOCTH, WIH COBMECTHOCTH.

AkcuoMaTHKa HasBIBaeTcsi HENpPOTHBOPEUHMBOH, WM COBMeECT-
HOH, eclM B CHCTEME BCEBO3MOXKHBIX CJICACTBHH M3 3TOH aKCHO-
MaTHKH (CIOZa BXONST, pa3yMeercsi, 4 CaMH aKCHOMBHI, TaK KakK
n

A A, — A;) HeT HYU OfHON Mapsl BHICKasbiBaHHE- THNa X U X,
=1

HHaye rOBOPs, aKCHOMAaTWKa HeNpPOTHBOPEUHBA, €C/IM M3 Hee He-

BBIBOIHMO HH OJHO BLICKA3HIBAHHE BMECTE C €0 OTPHIaHHEM.
Takum o6pa3oM, onpejeneHHe HEMPOTHBOPEUHBOCTH HEKOTO-

POl aKCHOMAaTHKH 2 MOXHO 3aMHCath CEAyIOUIUM 06PasoM:

|E — HenpoTuBOpeunBa|

ERAA>X) A A>T

BrisicHuM, nouemy Tpe6GOBaHHe HENPOTHBOPEUHBOCTH SIBJASETCSH
Ba*KHeHIUM H3 Tpe6oBaHHM, NpeNbABASEMBIX K aKCHOMATHKE, M0~
yeMy ero HeBBHINOJHEHHe Je/aeT aKCHOMATHKY HEeNpHIroJHOH B Ka-

yecTBe 0ashl [Js1 pa3BepThIBaAHUS TEOPHH.
Ecnn TpeGoBaHHe HENPOTHBOPEUMBOCTH He BBINOJHSETCS,
T. €. aKCHOMaTHKa NPOTHBOPEUHBA, TO HCTHHHO BRICKA3HIBAHHE

n- n o —
(3 X)[(‘/=\1A1L> X) N\ (‘/=\1A1—> X)]
HJNX 3KBHUBAJEHTHOE€ €My BBICKa3biBaHUE
@X)[AA—> X A X]

(«cyllecTByeT NpensOKeHHe, BHIpaXKEHHOE B TepMHHAX NaHHOH
TEOPHH, KOTOpOE BBIBOAHMO H3 aKCHOM BMECTE CO CBOHM OTPH-

nannem») u tak Kak (Y) [X A X - Y] — TOXIeCTBEHHO-HCTHHHAS
n
‘popmyna, to noayuaem (Y) [AA4,—= Y], T. e B Takol TeopHH
i=1 : '

(ocHOBaHHOM Ha TIPOTHBOPEUHBOH aKCHOMATHKE) BBIBOLHMO JIO-
60e npensoxeHHe (HCTHHHOE WJH JOXHOE) — B 3TOH «TEOPHU»
MOXHO [0Ka3aTb 4TO YI'OJHO, OHa He pasjHuaerT BHYTpH ce06s
HCTHHY H JIOXKb., .

Bosuukaer Bompoc: KakK pemaercs npo6jgeMa HempOTHBOPEUH-
BOCTH, T. € KaK J[OKa3blBaeTcs, YTO BHIGDaHHAS aKCHOMAaTHKa
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HenpoTtuBopeunBa? OueBHAHO, AOKAa3aTENbCTBO C NOMOLIBIO He-
NeCOpeICTBEHHO nepe6opa BCEBO3MOXKHBIX CJEJCTBHH H BBHISICHEHHA
OTCYTCTBUSI CPeIH HHX ABYX npenjoxkenuii tuna X u X HeBos-
MOIKHO XOTs OBl TOTOMY, YTO MBI Heé MOXKeM OBbITb YBEPEHHI B TOM,
YTO @) H3BecTHble K MOMEHTY OCYIIECTBJEHHs TaKoro nepe6opa
CMEeACTBHS — BCEBO3MOXKHEIE U 6) 0pU JajibHEflleM pPa3BHTHH
TEOPUH He BCTpeTsitcs ABa caencrsus tuna X u X.

B coBpeMmeHHOH HayKe HENPOTHBOPEUHBOCTb OIHOH aKCHOMa-
THKH CBOAHTCS K HelPOTHBOPEUHBOCTH APYIof aKCHOMATHKH.

JJsi mokasaTejbCTBA HENPOTHBOPEUHBOCTH HEKOTOPOH aKcHO-
MaTHKH J CTPOHTCS ee MOJEb B MHOXeCTBe OGBEKTOB H OTHO-
IIeHHH Jpyrofi TEOpHH, OCHOBAaHHOH Ha aKcHOMaTHKe X', DTHM
CaMBIM BONIPOC 0 HENPOTHBOPEUHBOCTH AKCHOMATHKU X CBOIHUTCS
K BONPOCYy O HeNpOTHBOPEUHBOCTH JPYyrofl akcMoMatuku 2,
a 3TOT BOMNPOC TAKHM Ke CIOCOGOM CBOJMTCS K BONPOCY O HENPO-
THBOPEUHBOCTH Tperbell akcHOMAaTHKH 2/, QueBHAHO, 3TOT IpoO-
1eec CBeNEHHS HE MOxeT ObITh GeckoHeuHhIM, Henporusopeuu-
BOCTb HEKOTOPOM, JOCTATOUHO IIPOCTOH, OATBEPKIAEHHOH THICAYE-
JeTHEH NpPAKTHKOH ueJOBEUeCTBA, TEODUHM NOJKHA NPHHHMATHCS
6es poKasarenbcTBa, Kak akcuoma. M 3mece o60MTH NpaKTHKY
KaK KpDHTepH#l HCTHHBI HeBo3MOxHO. Hanpumep, HenpoTHBOpEUH-
BOCTh aKCHOMATHKH €BKJHIOBOH reoMeTpHH CBOJHTCS K HENPOTH-
BOPEUHBOCTH apH(PMETHKH BELIECTBEHHBIX YHCEJ NyTeM IOCTpoe-
HHS MOJEJNH 3TOfi aKCHOMATHKHM (MM TEODHH, OCHOBAaHHOH Ha
3TOH aKCHOMATHKe) B MHOXeCTBe OGhEKTOB M OTHOILIEHHH apud-
METHKH BEIeCTBEHHBIX uHceJ (T. €. TEOPHH, ONMHCHIBAIOLIEH MHO-
JKEeCTBO BELECTBEHHBIX uHcesa). MHOXeCTBO BellleCTBEHHBIX UHCEN
MoXeT ObiTh NOCTPOEHO KaK pacllHMpeHHe MHOXKECTBA panuo-
HaJbHBIX YHCEJ, MHOXKECTBO PalMOHAJBbHBIX YHCET — KaK paciiH-
peHHe MHOXKeCTBa LelbiX YHCEJ, a 3TO MHOXKeCTBO — KaK pacllH-
peHHe MHOXeCTBa HATyPaJbHBIX uHcesa. ApupmerHKa HaTypab-
HBIX YHCEJ CTPOHTCS AaKCHOMAaTHYeCKH M, TAKHM 06pasoM, BONPOC
O HEMPOTHBOPEUHBOCTH AaKCHOMATHKH €BKJHIOBOH Te€OMETPHH
CBOJHTCH B KOHEUHOM HTOTe K BONpPOCY O Henpomaopeqmocm
aKCHOMATHKH apH(QMETHKH HAaTYPaJbHBIX YHCEJ.

K Bompocy 0 HenpOTHBOPEUHBOCTH apH(PMETHKH HATypafb-
HBIX 4MCesN CBOAMTCA B KOHEUHOM HTOr€ H BONPOC O HENPOTH-
BOPEUMBOCTH MAPYIHX MaTeMaTHueckKHX Teopui. Hampumep, He-
TPYZHO BHIETh, YTO BONPOC O HENPOTHBOPEUHBOCTH aKCHOMATHKHU
A1—AS5 reopuu KOMMyTaTHBHO# rpynmel (IM. 4) Takxe CBOIHT-
csl B KOHIe. KOHIIOB K BONPOCY O HENPOTHBOPEYHBOCTH aKCHO-
MATHKM HaTypaJbHBIX uuces. [edCTBUTENIBHO, MBl pacCMOTPENH
B KauecTBe OJHOH M3 MOJejeHl TEOPUH KOMMYTATUBHOH TPYNNH
MHOXeCTBO Lesblx yHcen C c BBeIeHHOH B HeM onepauued CJo-
eHHs,, H TaK Kak MHoxectBo C onpemeasiercss Ha 6ase
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MHOXecTBa N HaTypaslbHBIX YHCeJ], TO aKCHOMaTHKa Al—A5 He-
MPOTHBOPEYHBA, €CJH HENPOTHBOPEYHBA AKCHOMATHKA HATYpalb-
HBEIX YHCEJ.

Hatypanbnoe uHci0 — 0fHO M3 HCXOMHBIX NOHATHH MaTeMa-
THKH. OHO BO3HHK/IO KaK OTpaKeHHe npocTediux norpeGHocTei
TIPAaKTHYECKOH [eATENbHOCTH Ha 3ape Pa3BHTHS UeN0BEUECKOrO
obuiecrBa. [Tonoxenns apuMeTHKH HATYpaJIbHBIX 4HCeJ, B 4acT-
HOCTH npocreifline, NPUHUMAaeMble 0GbIYHO 3a aKCHOMH, a6erpa-
TMPOBAHEI H3 OIBITA, OHH MOATBEPKNAIOTCH THICSYETETHEH TpaK-
THKOH ueJjiloBeyecTBa. :

02.1. TTokaxXeM ONHH M3 BO3MOMKHEX CNOCOGOB AKCHOMATH3A-
UMM apHGMETHKH HATYPaJbHHX  YHCEl. ’

Hcxonubie noustus

MHoxecTBO HaTypanbHbiX umcen N: a, b, c, .., x, Y, ... Onpenenennoe
HaTypaJbHOe YHCJIO (HHAMBHAya/bHb 06bext). 1. TIpegukat PaBeHCTBA «=»,
JlByxXMeCTHBI/l NMpenHKAT (OTHOLIEHHE) <HENOCPEACTBEHHO crenyer sas. Yucao,
HENOCPENCTBEHHO C/leflylolilee 3a X, 0603HAaUUM yepea x’. :

Onepanun «+» (cnoxenue) u «- » (ymMHOXeHpe).
[Ipennonaraetcs yme HMeloWHMMCS BeCh anmapaT JOTHKH npeJHKaTOB.

Mepeuens akcuom

[1] (a)la = a] (pedrexcuBHOCTDL paBeHCTBa);
[2] (a, b).(a = b)—>(P (@)~>P (b))], ecn @ paBHo b, To BCsiKoe CROBCTEO
UHcaa @ umeeTcs U y uyncaa b. Ma akcuom [1—2] BuiBomMMB cHMMeTpHu-
HOCTb H TPAaH3HTHBHOCTb PaBEHCTBA;

[8] (a) [@ = 1] wmu (2 (@) [a’ = 1] (I—HenocpeacTBenno e clelyeT HH
33 KaKHM YHCJIOM);

[4] (@) (D) [(b =a’) A (c) ((c = @)~ (c =1b))]

(Ans mo6oro yKCa CyLECTBYET, NIPHTOM eIHHCTBEHHOE YHCIIO, HeNoCpeICTBEHHO
clefypollee 3a  HHM); -

[5] (@, b, )[(a=b)A(a=c)> (¥ =¢))

(/11060€ UHC/IO HeNoCPeACTBEHHO C/lefyeT He GOJMee ueM 32 ONHHM YHCNIOM) ;

(6] (a) [a + 1 =2a’]; :

[7] (a, b) [a + &' = (a 4 b)’] ([6 — 7] — akcHOMBI CHOXKEeHHS);

[8] (a) [a-1=a) .

[9] (a, b) [a-b" = (a-b)'+ a]; ([8 —9] — axcHOMB YMHOXKeHHS);

[10] P(1) A (a) [P(a)—> P (a’)]— (b) P (b)! (akcHoMa WHAYKUHH).
Axcnoma uHpykuuu («Eciu cBoiicTBo P umeercs y uucaa 1 M M3 Toro, urto
OHO MMEETCA y NPOH3BOJILHOTO &, CelyeT, YTO OHO HMEEeTCS M y HeloCpes-
CTBEHHO CJIefyIOLlero 3a HHM YHC/IA @', TO 3TO CBONCTBO HMeeTcs y J060ro
ydeaa b») cayxHT GOPMATbHON OCHOBOH OJHOMMEHHOTG METOAA JOKa3aTelb-
CTBa (MeToJa MaTeMaTHYeCKOH HHIYKUHMH), IHPOKO NPHMEHSEMOTro, B YaCTHO-
CTH, DK Pa3BepThIBAHHH apH(METHKH HATYPaJbHBIX YHCEN Ha Ga3e TpHBefeH-
HOM aKCHOMAaTHKH.

HunykTuBHOE [0Ka3aTe/bCTBO, KAK H3BECTHO, COCTOMT . H3 JIByX 3TaloB.
IlokasblBalOT TeopeMy, BO-MepBBIX, MJs uMeaa |1, BO-BTODBIX, IpenoJaras,
UTO OHA BepHA JJ/Ifl YHCJIA 7, JIOKAs3blBAlOT, YTo OHA BepHAa M MJA YHCIa, He-

1 Axcuoma [10] comepxuT NpelHKaTHYIO mnepemennylo P (), BmecTo
KOTOPO# MOXHO IOCTaBHTb Jil0GOH KOHKPETHHIE OJHOMECTHBIN HpeauKaT
(cBolictBO). IloaToMy maHHAs akCHOMA 0 CYWECTBY fIBJISIETCS CXEMOJ aKCHOM,
BKJIIOYAKOLIeH GeCKOHEUHOE MHOMKECTBO aKCHOM.
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10Cpe/ICTBEHHO Clefylollero sa n. Tlocie 3TOro Teopema CUHTaeTcsl JOKasaH-
HOM ans Jwo6oro yMciaa. B INKoJbHOH NpaKTHKE STO 060cHOBBIBaeTCA OOBLIYHO
Tak: TeopeMa BepHa Aas 1, a 3HAUMT M IAd 9, Tak Kak oHa BepHa Aad 2,
To OHA BepHa M AJs 3, H3 TOrO, YTO OHA BepHA AJIA 3, c/lelyeT, YTO OHA BepHA
U aaa 4, u T. A. * :

OnHaKo, 4TO O3HAayaeT «H T. A.»? MoxeM /i Mbl, paccyXjas Tak, nepe-
6paTh Bce HATypallbHbIE YHCJIA? PaaymeeTcst HeT, H6O MHOXeCTBO HATYpPaJ/bHBIX
unces GeckoHedno. [1osTomy npHBeleHHOe OGOCHOBAHHE HECOCTOATEJBLHO.

Tl0Ka3aTebcTBO METOJIOM MaTeMaTHuecKol HHIYKUHH HMeeT cBOell OCHO-
BoH akcHoMy HHAYKUHM, [lefiCTBHTENBHO, MyCTh cBOHCTBO P o3nauaeT mpHHAA-
TEXHOCTb K MHOMKecTBY M Tex HATYypalbHBIX YHCel, I/l KOTOPHIX BEpHA JOKA-
amBaemast Teopema. Torma P(l) osHauaer leM; P@y\—a eM u 1. A
IlokaspiBass TeopeMy LSl 1, Mpl yCTaHaB/IHBaeM HCTHHHOCTH BbICKa3bIBAHHSA
P (1); npenmonarasi ee BepHoil adA uHCaa @ H 0Ka3biBasi, YTO OHAa B 3TOM
cyuae BepHa H JJis1 @', Mbl J0Ka3blBaeM HCTHHHOCTB BLICKa3bIBAHHSA

’ (a) [P(a)—>P(a')]-
CrenoBaTesbHO, HCTHHHA H KOHBIOHKIHS:

P (1) A (a) [P (@)~ P ()] (1)

s akchoMsl HuAyKumH H (1) 1O mpaBHIy 3aKJUOUEHHS TMOJyHaeM:
(b) P (b), T. e. IOKasbiBaemasi TeopeMa BepHA A qo60ro  HaTypaJbHOIO
qpcsa.

[lpu BHGpaHHOH aKCHOMAaTHKe [11—[10] cBoficTBa omepauui (xoMMyTa- -
THBHOCTb, ACCOI[HATHBHOCTb CJIOXKEHHS H YMHOXeHHS, IHCTpHOYTHBHOCTL YMHO-
JKEHHS] OTHOCHTENbHO CJOXEeHHs M Ap.) fABJSIOTCA BHBOJHMBIMH.

[IpuBeseM B KauecTBe NpHMepa J0Ka3aTelbCTBO aCCOLMAaTHBHOCTH CJIO-
KEeHHS:

(@ b, c)lat(b+c)={a+b)+cl

BosbMeM TNpOH3BOJbHblE 4 H b H JOKaxXeMm Teopemy HHAYKUHeH 10 ¢,
r. e. M — MHOXecTBO BCeX TeX dHCe] ¢, s KOTOPbIX NPH IPOH3BOBHEIX
a u b Teopema BepHa (cBoiicTBO P U3 OpMyJIHPOBKH aKCHOMBl HHAYKLHH
03HAYAET NPHHALNEKHOCTb K 3TOMY MHOXECTBY).

JlokaxeM cHauaJja, 4To:

(@b) la+ (b+1) = (@a+0b) +1]
IelicTBHTeNbHO,
a+(b+1)y=a+t =(a+b)=(+0b +1

STuM caMBM Mbl f0KasajH, uto P(1)— HCTHHHOe BBICKa3bIBAHHE.

TIpenosokum, 4T0 JJA HeKOTOPOTo C HMEET MeCTO DPaBeHCTBO: a+ (b+
+¢)=(a+b) +c T. e uTO P (c) — HCTHHHOe BHICKasbiBaHHe, U LOKaXeM,
4To B 3TOM caydae H P (¢’) — HCTHHHOe BHICKAsblBaHHE, T. €. HMEET MecTo pa-

BEHCTBO
a+ (b)) = (a+0b)+¢.

Hetictaurensuo, a + (b +¢’) =a+ (b +c) =a+ [(6+c¢) +1]=la+
+ (b+c)]+1=[(a+0b) +cl+l=(a+b)+(c+1 = (a+t b) + .

[lo akcuoMe HHAYKIHH, Tak KaK CuOHCTBO P umeeT mecTo Aas | n u3
TOrO, YTO OHO HMeeT MecTo H LJfl ¢, CleflyeT, YTO OHO HMeeT MecTo H AJd d,
CROUCTBO P HMeeT MecTo AJs JIOBOro HaTYpajbHOrO 4HCIA, T. €. PABEHCTBO
(1) mokasaHo.

} 245



ToBops, uto akcwoMbl HaTyPaJbHBIX YHCEN MOATBEPKIAOTCS
TIPAKTHKON; MBI HMeeM B BUJY, uTo B peanbHOl JefiCTBUTebHOCTH
BCTP@YAIOTCH MHOI'OUHMC/IEHHBIE, Pa3JIMYHBIE MOJE/NH 3TOH aKCHO-
MaTHKH, H BINOJIHE €CTECTBEHHO NPHHATH HETIPOTHBOP EUHBOCTE
apHOMETHKH HaTypaJbHBHIX wHCesn 3a aKCHOMy,

Me yxe ormerunu (ru. 1), uTo crpemaenus HEKOTODRIX MaTe-
MaTHKOB H ¢HI0c0DOB cBecTH apHPMETHKY HaTypaNbHBIX usCesN
K YHCTOH JIOTHKe 0Ka3aJjuch GesycnewHniMu. Beskme nonoGHbIe
TIONIEITKH, HMEIOUIHe KOHEYHOH ILeMbio AOKasarb, uTo apHdMe-
THKa HaTypa/lbHBEIX YMceN H BCH MaTeMaTHKa ABJAIOTCA NPOLYK-
TOM HYHCTOTO pasyMa M HHMYEro He OTPAXKAIOT B JefiCTBHTeIbHOM
Mupe, o6peueHH Ha NMpOBaJ Tak K€, KaK H, HalpUMep, NOMbITKU
CO3MaHHA BEYHOTO [ABHraTes. )

ITpakTuyeckoe NIOATBEPKACHHE HENPOTHBOPEYHBOCTH OJIHOf
H3 NPOCTEHINHX MATEMAaTHYECKUX TEOpHii HeH3GexKHO, yCTpaHeHHe
TaKOTo MOATBEPKAEHHS B 0GOCHOBAHMH BCejl MaTeMaTHKH HeBO3-
MOXKHO,

03. Bropas npo6yemMa, BO3HHKaIOLlasg MpH aKCHOMAaTH3aLHU

TCOPUH,— Npo6iieMa MO HO T bi. _
"~ Ecnn akcnomaruka HENDOTUBODEUNBA, TO OHA yXKe «XOpPOIMIa»
B TOM CMBICJ€, YTO MPUTOLHA B KauecTBe Gasp I8 pa3BepTH-
BaHHA TeopuHd. Ho torma Bosmukaer BONIPOC, HACKOMBKO OHAa «XO-
POWIa», T. €. HACKOJLKO MOJHO 3Ta aKCHOMATHKA ONHCBHIBaET
CTPYKTYPY MHOXeCTBa OGBLEKTOB, ABJISAIOWYIOCH NPEAMeTOM HaH-
HOH TeopHH.

ITOT BONPOC MOKHO YTOUHHTBL C NOMOIIBID MOHATHH MOJHOTH
aKCHOMATHKH. AKCHOMATHKA HA3HIBATCS 110 JI HO i, eciu m060e
NMPELIOKEHHE, BEIDAaXKEHHOE B TEPMHHAX NAHHOMN TEeOpHH (T. e.
TCOPHH, NOCTPOECHHOH HAa HAHHOM AKCHOMAaTHKE), MOXKeT GBITb
AOKa3aHO WM ONPOBEPTHYTO Ha Gase 3TOH akcuoMartuku., Muaue
TOBOpfl, aKCHOMaTHKa MOJHA, eCaH J1060e npejsioxKeHue, Bbipa-
KEHHOE B TepMHHAX NaHHOH TEOPHH, WJH BBIBOJIHMO H3 JAHHOK
AKCHOMATHKH, MJH €ClIH He BHIBOIHMO CaMoO, TO BBIBOZMMO ero
OTPHLIaHHe., A

I T — noanan , (X)[(i/:'\llAl—> X)\/gi\:Az—’X)]-’

(O6a uneHa TH3BIOHKIMY He MOT'YT ObITh HCTHHHBIMH B CHJy TOTO,
YTO MBI paccMaTpuBaeMm HEMPOTHBOPEUHBYIO aKCHOMATHKY. )

Henporusopeunsocts # nosnora aKCHOMAaTHKH MOTI'yT ObiTh
BHIpaKeHn 0GbeauHeHHO crielyomum o6pasom:

A A~ 2) A (A 4> ) A
A A A= 2V () A~ X))
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NI )
(X)[i/:lAt“" X) \/ ({\zfAl_) )_()]

[JonuoTa aKCHOMATHKH NOHHMAETCS H B JPYTOM CMBIC/IE.

B st060fi MOmedH JAHHOH aKCHOMATHKM YNOBJIETBOPAIOTCS HE
TOJBKO aKCHOMBI, HO ¥ BCe CJEeNCTBHS 3THX aKCHOM, T. €. BCE TeO-
pPeMbl TEOpHH, MOCTPOEHHOH Ha 3TOfi aKCHOMATHKe.

Ec/iH aKCHOMATHKA He SIBJSETCS MOJHOH, TO CYLIECTBYET XOTH
6Bl OfHO TmpeAsoxeHHe X, BEIpaXKeHHOE B TEPMHHAX JaHHOH TeOo-

pHH, TaKoe, UTO HH X, Hu X He BBHIBOJHUMBHI:

@X)[A A~ X AN A>X].

B 3ToM ciyuae B OJZHHX MOMENSX NAHHOH aKCHOMATHKH X
MOKeT 0Ka3aTbCsl HCTHHHBIM, B IpYTHX — JIOXKHHIM.

Ecau e akcHOMAaTHKAa [OJHA, TO BCAKOE TpeNJONKEHHE X,
BBIpajKEHHOE B TEPMHHAX JAHHOH TeOpHH, HJH BBEIBOJHMO —-
¥ TOrZa YAOBJAETBOPSIETCS BO BCEX MOJEIAX IaHHOH aKCHOMATHKH,

WJIH JKe BHIBOIHMO X — M TOrAa npeajoxenne X He YAOBJIETBO-
psieTcsi HH B OJHOH MOZENH aKCHOMATHKH. CrnepoBaTenbHO, BCe-
BO3MOXKHBIE MOOETH TIOMHON aKCHOMATHKH XapaKTepH3yloTcH
OIHHMH H TeMu e CBOMCTBAMH OTHOIUEHHH H onepauuii, QHry-
PUPYIOLLHX B JaHHOH aKCHOMAaTHKe, T. €. OHH H30MOP(QHHL.

Mel npuma K caemylolleMy, APYroMy CMBHICTY MOJHOTEL
AKCHOMATHKM: aKCHOMAaTHKa HasblBaercsl MOJHOH, eClH Bce ee
Mopzend H30MOpPGHH.

JIBa cMbIcJa ITOJHOTH aKCHOMATHKM He DPaBHOCHJbHHL Us
TIOJHOTH B NEPBOM CMBICJe, KaK Mbl BHAE/H, CJAEAyeT MOJHOTA
BO BTOpOM cMbicie. Ho M3 MOJHOTEI BO BTOPOM OMBHIC/IE He CJe-.
Zyer monHOTa B nepBoM ombicie. Tak, HanpruMep, AOKa3aHO, 4TO
AKCHOMATHKAa HATYpaJbHBIX. UHCeJ, ABJAACH IOJHOH BO BTOPOM
CMBIC/Ie, He SBJSETCH NMOJMHOH B mepBoM cMeicie. Tak Kak H3 moJ-
HOTHI B IEPBOM CMBICJIe CJle[yeT MOJIHOTa BO BTOPOM, TO (o mpHuH-
LNy KOHTPANO3HIHK) H3 OTCYTCTBHS NOJHOTEl BO BTOPOM CMBIC/IE
clelyeT OTCYTCTBHe TIOJHOTHI B NEPBOM CMBICIE.

Hanpumep, axcnomatika Al—AS TeopuH KOMMYTaTHBHOH
ppynnsl (0. 4) He ofaafaer TMOJHOTOH BO BTOPOM CMBICIE, TaK
KaK gBe ee mogenu [Vo, -1 u [V3, -]. He nuaoMop¢HEI, nepBas MO-
Je b — 6eCKOHEUHOE ‘MHOXKEeCTBO, BTOpasi — KOHEUHOe, MeXIy HH-
MH HeJb3s YCTAHOBHTh HHKAaKOIo B3aHWMHO-OJHO3HAYHOro COOT-
BerctBHA. OTCIOfa ~c/I€IyeT, UTO 3Ta aKCHOMATHKa He HBJSETCH
TIOJIHOH M B nepBoM cMbicsie. HanpuMep, Ha Gase aKCHOMAarTHKH
Al—AD5 Heawn3s HH AOKas3aTh, HH ONPOBEPrHYTh MNpPENIOKEHHE
«MHOXecTBO U GecKOHeYHO>.
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OueBnpno, ecau TpeGOBaHHE IMOMHOTH He YIOBJIETBOPSHET-
Cs, aKCHOMATHKA BCE-TaKH NPUTOfHA JJis NOCTPOEHHS] TEOPHH.
Onnum us npumepos TEOPHii, OCTPOCHHBIX Ha HEMOJHON AKCHO-
MAaThKke, sBIAETCA TEOPHA KOMMYTATHBHOM TP yMIEL,

04. Tpetbs npoGaema, Bosuukaomas s cBsizy ¢ aKCHOMAaTH-
3anel TeopuH,— npobieMa Hes3 aBHCH M OCTH.

ITycte nama akcuomarnka A,, A, s Ay (Ee MoXHO 3aMe-
HHTb ONHOH akcHOMOH, npeacraBasOmel co6oi KOH'BIOHKIIHIO

n

BCEX 3THX akcHOM: A\ A,.)
i=1 .

Yepes 3, 0603naunm AKCHOMATHKY, COCTOSILIYIO U3 KOHBIOHK-
LHH JaHHBIX aKCHOM, 32 HCKJIOYEHHEM OJHOH Kakoi-i1u60 aKcHO-
MH A, :

Ee=ANA N Nk A AN A,

ITpoussoabHas akcuoma A, Ha3BBAeTCH HE3aBHCUMO i,
€C/IH OHa HEe sABJIAETCA JIOTHYECKHM CIEACTBHEM U3 OCTaJIbHBIX
aKkcHoM A, A,, oA, AkJrl,...,A,1 JaHHOH aKCHOMAaTHKH, T. e.
€C/JIH HCTHHHO BLICKA3BIBaHHe

Zk"’ Ak (1)
HIH DaBHOCH/IBHOE €My BBICKA3BIBaHHE
I, N\ A (2)

Y106 K0Ka3aTh, YTO akcHOMAaTHKA He3aBHCHMa, Heo6xoauMo
AOKasaTth, uTO Kax/Jas ee aKCHOMA HE3aBHCHMA.

Ilycte HaM HyxHO no0KasaTh, uro akcioMa A, Hes3aBHCHMA.
Tornpa cocrasisem HOBYIO aKCHOMAaTHKy I, A A,, H ecid 3ra
aKCHOMAaTHKa HENpPOTHBOPeuHBa, To A, HesaBHCHMA,

HefictBuTeNbHO, AonycruM, 4yrto 3, - A, HCTHHHO, T. e, A,

3asucuMa. Torna u 3 ,AA, — A, HCTHHHO, i TaK Kak Z\NA,—~ A,

TakXe HCTHHHO, T0 A, U A, BHBOZMME H3 ZrAA,, a aro

SHauut, akcuomaruka I, A A, npoTuBOpeuusa, uro NPOTHBOPEUHT
YCJIOBHIO, .

Ipakruuecku, Hexons us dopmyan (2) HesaBucuMocTH ak-
CHOMBI A,, 148 KOKasaTelbcTBa HE3aBHCUMOCTH 3TOfi AKCHOMBt
AOCTATOYHO MOCTPOHTH TaKyl0 MOA€Jb, B KOTOPOH BCE 0OCTAb-
HBIE AKCHOMBI JaHHOH aKCHOMATHKHU YAOBJIETBOPSIOTCS, a AKCHO-
Ma A, He ynosaersopsercs.

B xauecrse mpumepa paccMortpum akcuoMu I11.1—4 (ra. 3.04),
Xapakrepusywimue CcTpykrypy [7,—= ] MHOXecTBa Touex NpAMOH,
YCTAHOBJICHHYIO ¢ NOMOILbIO OTHOIIEHHS NpefliecTBOBAHHSA, H AO-
KaxeM HesaBucHMOCTb akcuoMbl 11.4. (Ha NpSIMOi HET TOuKH,
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KOTOpAasi MPellecTBOBala Obl BCEM OCTA/bHEIM, H HET TOUKH, KO-
TOpPOH NpefecTBOBAIH 6Bl Bce OCTaJbHBIE.)

TlocTponM Mofenb, B KOTOPOil akcHOMBL 11.1—3 BHINOMHSAIOTCS,
a akcuoMa I1l1.4 He BBHIMOJHAETCSH. DTy MOIEJNb Mbl OTPEALIHM
¢ MOMOILBIO CJAEHYIOIIEro CJ0Baps:

1) MHOXeCTBO TOUeK HPAMOI; 1) MHOXecTBO  BelECTBEHHBIX

4HCeN X, YAOBJIeTBODSAWUIUX yCI0-
o 0<x;

2) npesmecTBYeT. 2) MeHblle,

Herpymno 3ameTHTb, YTO B ONPEJENEHHOH 3THM CJ0BapeM
momeau akcHoMbl 11.1—3 BBIMOJIHAIOTCS, @ aKCHOMA 11.4 He BH-
MOJIHSAETCS, TaK KaK B 3TOH MOJE/H MMEETCs HauMeHbllee 4HC/I0
0, T. €. 3JEMEHT, NPeJIIeCTBYIOWHUH BCEM OCTATbHBIM, H HaHGO/Ib-
mwee umcao 1, T. €. 3J€MEHT, KOTOPOMY MpellIecTBYIOT BCE
OCTaJIbHBIE.

DTUM M OOKA3aHA He3aBHCHMOCTb aKCHOMBI 11.4.

C npo6aeMoii He3aBUCHMOCTH CBA3aHA H3BECTHAA B HCTODHH
reoMerpuu npo6jemMa NsTOro NOCTyJaaTa. B TeueHHe ABYX
reicsueseTHii or EBkmmaa A0 JIo6aueBckono Gblid NMPEANpHHATH
MHOTOUHC/ICHHbIE TIOTIBITKH PelIeHHsl 3ToH mpoGeMsl. Ho Bce OHH
0oKa3aJuch Ge3yCHellHbIMH.

Dra npobaemMa cocTOsAa B A0Ka3aTeIbCTBE TOTO, YTO axkcuoma
napaanenbHsix EBknupa (B cucreMe EBkaupa OHa 3aHMMaJja Me-
cTO IISTOrO MOCTyJaTa) sBJASETCA JIOTHYECKHM CJCNCTBHEM
oCTaJbHBIX AKCHOM F€OMETPHH, T. €. YTO OHa He sABJSETCs He3a-
BHCHMOH aKCHOMOH.

B nefiCTBHTEJbHOCTH 0Ka3a/0Ch, UTO aKCHOMa NapailIe/bHBIX
HE3aBHCHMA, H 3THM OGBSCHSETCs 6e3yCNeUHOCTh BCeX MOMBITOK
peuleHHsi 3TOH MPOGaEMbL.

He3aBHCHMOCTb AKCHOMBI NMapajJeJbHbIX Gblia JOKasaHa OX-
HOBPEMEHHO C HEMPOTHBOPEUHBOCTHIO .TeOMETPHUYECKON CHCTEMbi
JloGauesckoro Bo BTopoil mosopuHe XIX -Bexa. AkcuomaTHKa
reoMerpuu JI0GaueBCKOro OTJIHYAETCH OT AKCHOMATHKH €BKJIH-
JIOBOiH r€OMETPHH JHIUD OJHON aKcHOMO# NapaJJeJbHbIX. Akcuo-
Ma napaJjieabHbX JI0GaueBCKOro NpeACTaB/AAEeT co6oif orpHUa-
HHe aKCHOMBI nmapasiensubix EBknupa. Ecan uepes 2 oGosHa-

YMTh KOHBIOHKLMIO BCEX AaKCHOM €BKJIMJOBOH TEOMETpHH, 3&
MCKJIIOUEHHEM AKCHOMBI TapaJieJbHBIX, 8 aKCHOMY NapaJleIbHBIX
Epkauna 06o3Haunth uepes I1, 1o I Al — akcuomartnka €BKJM-
noBoll reomerpuH, a Zq A TI — akcnomarnka reometpuu JloGa-
“yepckoro. OTciofia cpasdy e BHIHO, UTO HENpOTHBOPEUHBOCTD
aKCHOMAaTHKH 2 ATl [OKasblBaeT He3aBHCUMOCTb aKCHOMBI n
OT AKCHOMATHKH Ly, HA3BIBAGMOH TaKXKe aKcHoMaTHKO# a6coJioT-

.HOHM reoMerpuH (oOlueil YacTH €BK/HIOBOH FEOMETPHH H TE€OMET-
puu JIo6aueBCKOro, mpeicTaBJsollel co6ofl cHCTeMYy BCeBO3-
MOKHBIX CJI€JCTBHI U3 AKCHOMATHKH Zp).
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HenpoTusopeuusocts akKcHOMATHKH 2 A1 reomerpun JloGa-
YeBCKOro Oblsia JoKasaHa (Benbtpamu, Kieiinowm, IMyankape)
C TNOMOIIpIO PA3/IHYHBIX MOJeJelf, NOCTPOEHHBHIX B MHOXKECTBE
O06BEKTOB H OTHOLIEHHH eBKIHZOBON reoMeTpHH. DTHM CaMbIM
BONIPOC O HENPOTHBODEUHBOCTH reOMeTpHH JI06aueBCKOro Ghij
CBEJLEH K BOIIPOCY O HeNPOTHBOPEUHBOCTH eBKJMILOBON reOMeTpHH,
a, C/Ief0BaTe/NbHO, B KOHEUHOM HTOTe K BOMPOCY O HelmpOTHBOpe-
YHUBOCTH apH(MeTHKH HATypaJbHBIX YHCEJ.

B Kkax[ofi u3 3THX MOZesell yHOBIeTBOPseTCS aKCHOMATHKA
2, HO He yNIOBJIETBOPSIETCA aKcHOMa NapanfenbHbx EBkanga I1,
C/I€A0BATe/IbHO, 3T AKCHOMa He SIBJISETCSH JOTHYeCKHM CJleCTBH-
€M H3 aKCHOMAaTHKH X aGCOJIOTHOH reOMeTpHH.

Monkikn n0KasaTenbCTBa NMATOrO MOCTyJiara NIPOJOMKANHUCD
¥ nocse TOro, kKak yxe OHJa [0Ka3aHa HeNPOTHBOPeEUHBOCT
reoMetpuu JIoGauesckoro, u npoaS/MKalOTCS B HacTOAMIee BpeMsl.
Ho stn nonkitku, Bo-MepBHIX, KOBOMBHO pefKHe, BO-BTOPBIX, yXKe
He NpHHaj/Mexar, Kak paHblile, BUAHBIM MaTeMaTHKaM. VX aBTo-
PBl HE3HAKOMBI C JOCTHXKEHHSIMH HayKH B 3TOH 06JacTH M MO3TO-
My He TOHHMAIOT COBeplIeHHYI0 Ge3Hafe’KHOCTb 3THX MOMBITOK.

AKCHOMaTHKa, He yNOBJeTBOPAIOMAS TPeGOBAHUIO He3aBHCH-
MOCTH, MOXeT, pasyMeercs, CAYXHTb 6a30i A/ NOCTPOEHHS
TeopuH. Takue C/lyyau 4acTo BCTpEUAlOTCS B IIPenOLaBaHHH. Tak,
HanpuMep, B Hauasle Kypca reoMetrput, B VI Kiacce, MBI MpUHH-
MaeM Ge3 NOKa3aTelbCTBA, T. e, 32 AKCHOMEI, H NPeLJONKeHHS,
BbIBOAWMble U3 gApyrux. Ho 310 menaercs 3 mnegaroruueckmx
€o06paxeHu#, YToObl OGMerydTh HAYHHAOIUM yCBOeHHe Kypca.

3AKJIOYEHHUE

Hacrosimas Kuura He COmepXHT, pasyMmeercs, HCuepnLIBalo-
LIero pelleHHs BCeX C(OPMYJHPOBAHHHX BO BBENEHHH NpoGieM
H BpSAA JH TaKoe pellleHHe BCeX 3THX NpoGJeM MoOxeT GbITh H3-
JIOXKEHO B ONHOH KHuTe. :

Hekoroprie BaxHble BONpOCH, Kak, HanpuMep, NpHUMeHeHHe
alnapaTta TEOPDHH MHOXeCTB M ajareGpbl BHICKA3BIBAHHH K BHI-
UHCJEHHIO BepOATHOCTeH, COOTHOLICHHE H CBSI3b TeOPHH H NMpaK-
THKH B NpenojaBaHu MaTeMaTHKH, MOATOTOBKA yuHTesell K pe-
IIEHHIO JIOTHYeCKHX MPoGJeM MpenojaBaHHs MaTeMaTHKH B Cpel-
Hell IIKOJe W APYTHe, BOBCe He paccMOTpeHB B Hefd.

OZHaKO MBI CUHTaeM HEOGXOMHMBIM CHENATh HECKOJBKO 3aMe-
YaHHH, KacaloUIMXCH TOC/JeJHEr0 H3 YTIOMSIHYTHIX Bhillle BONpO-
COB — IOArOTOBKH YyuMTesNd.

Bcesikasi ckosbKo-HHGY b CyliecTBeHHas petopMa, Kacarouias:
Csl CONepXKaHHs UM MeTOROB OOyueHHs MareMaTHKe B CpefHeil
LIKOJe, BCTPeUaeT cepbe3Hble TPYAHOCTH, IPeK e BCelO CBA3aHHbe
C MOArOTOBKOH yuHTe/s. DTO BNOJHE MOHSTHO, HOO BHEAPATb HO-
Boe B LIKO/MbHOE MpeMofaBaHHe MOXKHO TOJNBKO UYepe3 yuHTeJs.

.
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PeleHne JOTHUECKHX H APYTHX BaXKHHIX npoGJeM npenoja-
BaHMs, CBA3aHHBIX C NOBBIIIEHHEM YDPOBHA H MOaepHH3alHeH
MaTeMaTHueckoro oGpa3oBaHusi B CpelHed mKoJje, TpeGyer yiyd-
[IeHUsT MTOATOTOBKH YuUHTeJIs, B YAaCTHOCTH €ro MaTeMaTHUeCKOH,
JlorHueckofi M Meromuueckofi momroroBku. He paccmarpHBas
3jlecb AETaJbHO 3TOT BOMPOC, OTPAHHUHMCS JIHIIb HEKOTOPHIMH
3aMeyaHHSIMH. .

1. CoBepieHHO OY€BHIHO, UTO MOJEPHH3AIHUA IIKOJIBLHOTO Npe-
NofaBaHusi MaTeMaTHKU HeBO3MOXHa 0e3 MOJepHH3ALMH Mare-
MaTuueckoro o6paszoBaHusi camoro yuureas. OJHaKo npouecc
NpUGIHKEHHsS MaTeMaTHYeCKOro 06pasoBaHMsA yuHTeJsl K COBpE-
MEHHOH MaTeMaTHuecKoli HayKe NpOTeKaeT oueHb MemjeHHo. [o
CHX NMOp B yueGHBIX NJIaHaX (PU3NUKO-MaTeMaTHUECKHX ¢daxkyJibre-
TOB Ne[arONHYeCKUX HWHCTHTYTOB ¢urypupyer OGIIMPHBIA KypC
_T0jI Ha3BaHueM «DjeMeHTapHasi MaTeMaTHKa», BKJIoYaomui pas-
Jesibl KJaCCHUeCKoH sjeMeHTapHofi MateMaTHKH. Hekoropbie cun-
TAIOT HTOT KYpC OUeHb BaXKHHIM [JIs MaTeMaTHYyeCKOH NOATOTOBKH
yUMTeJIs, OUEBHM/HO, He NPEeICTaBJiAs PA3JNHUUHBIN CMBICJ TEPMH-
Ha «3JeMeHTapHasi MaTeMaTHKa», O 4eM rOBOPHJIOCH BO BBEICHHH.

Hawm npexcrasisiercs, 4TO HOMEHKJaTypa MaTeMaTHYeCKHX
TMCUMIVIMH B TeJarorHYeckOM By3e JOJDKHA GblTh NpHBEJEHA
B COOTBETCTBME ¢ HayuHOH HOMeHKJaTypo#. Pasnesnb Kypca die-
MEHTapHOH MaTEeMAaTHKH NOJKHBI BKJIOUAaTbCA B COOTBRTCTBYIO-
I[He HayuHble QMUCHMIIMHBL apu(MeTHKa — B TEOpHUIO UHCeJ, Je-
MeHTapHas FeOMETPHS — B T€OMETPHIO, 3/IeMEHTapHasi ajrebpa —
B ajre6py, yueHHe O TPHTOHOMETPHUYECKHX (YHKIUAX — B Mare-
MaTHYeCKHH aHaJu3. ,

D10 — He TpPOCTO TepMuHojoruueckufi sonpoc., Ilpu TakoM
pacrpefe/ieHuH MaTephajia KiacCHuecKoH sJeMeHTapHOoll MaTeMma-
THKY paCIIUPsIeTCsl BO3MOXHOCTb €ro OCBEllleHHs ¢ COBPEMEHHBIX
nosunuf. - )

Io noc/eaHero BpeMeHH B yueGHBIX NJaHax (HU3MKO-MaTeMa-
THUECKHX (PAKyJbTETOB, B UACTHOCTH, TOTOBSIIMX YuuTeJe#l IO
WHPOKOMY TPOGHJII0 «MaTeMaTuka ¥ (H3HKa», He BCTpPEHa/HUCH
Ha3BaHUS «TEOPUSl BEPOSTHOCTEH», - «<MaTeMaTHYeCKas JOrHKa»
(OHM TIOSIBWJIMCH TOJBKO B NPOeKTe y4eGHOro TJiaHa Ha 1963/64
yueGHBIf TOA), © 3TO B TO BpeMs, KOTa UAET mipokoe 06Cyxae-
HHe BONpOCAa O BKJIOUEHMH 3JIEMEHTOB TEOPHU BEpOSTHOCTEH
W ‘MaTeMaTHUeCKOH CTAaTHCTHKH B LUKOJIbHBIH KypC, KOTJa B IOHO-
[HIeCKHX MaTeMaTH4eCKHX IIKOJIaX ydyallHecs, 3HaKOMATCS ¢ 3Jje-
MEeHTaMH MaTeMaTHYeCcKoH JIOTHKH. :

CoBepIIEHHO OYeBHJHO, UTO OTCTaBaHHEe MaTeMaTHYeCKOro
06pa3oBaHysl YUMTEIs] OT COBPEMEHHOH HayKH He crnocoGCeTByeT
Pa3BHTHIO CPEIHET0 MaTeMaTHUeCKOro 06pasoBaHus, a TOPMOMT
ero. PasBuTHe MaTeMaTHUeCKOro o6pas3oBaHMs YUHTEJs JOJIXKHO
onepexXaTbh pas3BUTHE ILUIKOJBHOTO NPENOJABAHHA MaTeMaThKH,
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4TOGBl 06ECTeUHTh IUKONY GYAYIEro NOArOTORJEHHBIMY yuuTe-
JIIMH. . :

2. B Teuenne MHOMHX JieT Ha (H3HKO-MaTeMaTHUECKUX tba-
KyJIbTeTax He UHTAJIC HH KyPC MaTeMaTHUeCKOf JIOTHKY, HH faxe
KypC 3/IeMEHTapHO# TPaJHUHUOHHON JIOTHKH, KOTOpHIl mpe-
NofaeTcs Ha (HUIONOrHYECKHX (aKyJbTeTax. ABTOpH yue6HBIX
[JIAHOB, OHYEBHIHO, DPACCYXIAIT Tak: «MarTeMaTHKa COZEpPKUT
B cebe CTOJIbKO JIOPHKH, YTO CTYI@HTHI-MATEMaTHKH H Ges Clie-
IHMAJbHOTO H3YYEHHs] JIOTHKH HAayyaTCsl JIOTHUECKH MBICIUTDY.
Tax paccyxpaloT MHOrHe, OIHAKO OHHM OWIHGAIOTCS.

Yuuresb nosxKen 061afaTh BHICOKOH JIOFHUECKOS KYJIbTYpOH,
KOTOPO# He MoKeT 6biThb 6e3 CO3HATENbHOM TPEHHPOBKH B JIOTH-
UECKHX N0Ka3aTeNbCTBAX, 6€3 3HAHUS BBHINOJNHSIEMBIX JOMHUECKUX
onepauyil ¥ NPUMEHSEMBIX CPEACTB JIOTUYECKONG BbIBOJA.

Baxunoe snauenne B 06i1acTH JIOrMUECKOH MOATOTOBKH yuHTe-
JIs UMEIOT KyPChl OCHOBaHHMH apH(METHKH M OCHOBAaHUH reomer-
PHH, OHAKO HX H3YyYEHHE B MNEJArOTHYECKHX BY3axX ¥ WMeIOUIasiCs
yueGHasi JIMTepaTypa MO ITHM KypcaM He OTpaaioT COBPEMEH-
HOro COCTOSIHHSI HayKH 06 OCHOBAHMSX MaTeMAaTHKH.

Takum o6pa3oM, B 06J1acTH JIOFMUYECKOH MOANOTOBKY YUHTEJS
MaTe€MaTHKH BO3HHKAIOT CJEAYIOIHE NPOGJIEMBI:

a) paspaGoTka Kypca MaTeMaTHUeCKOH JIOTHKH C yueroM Io-
TpeGHOCTeHl 061ero 06pasoBaHisl YUHTENs] U LIKOJIbHOTO nperno-
JaBaHUsl MaTeMaTHKH; :

6) npuBefeHYE KyPCOB OCHOBAHHH apupMeTHKu U OCHOBaHHMH
TEOMETPHH B COOTBETCTBHE C COBPEMEHHBIM COCTOSIHHEM HayKH 06
OCHOBAHHSIX MaTEMATHKH WIH € 3aMeHa 3THX ABYX KypCOB
OAHHM KYpCOM OCHOBAHHH MaTeMaTHKH, NOCTPOEHHBIM B COBpe-
MEHHOM CTH.IE, . _

3. Ciiaboii siBIsieTcs W Meroguueckas NOJArOTOBKA, TIOJIyUae-
Mas ydquTeJeM B NeaaroruvyeckoM Bysde. OIuH M3 CyIIECTBEHHBIX
AedeKTOB 3TOH NOATOTOBKH COCTOMT B ee OTPBIBE OT MaTeMaTy-
4eCKOH noAroToBkH. C OJHOM CTOPOHEI, B Pa3JHYHBIX MaTeMaTHYe-
CKMX KypCaX, UHTa€MbIX B I€JaroTHYeCKOM By3e, HEIOCTATOUHO
YUHTBIBAIOTCA NMOTPEGHOCTH IUKOJMBHONO TpPErofaBaHMs, ¢ Ipy-
TO#l — 3HaHHUs, TMPHOGPETEHHBIE CTYIEHTaMH NpH HU3YYEHUH paa-
JAHYHBIX MaTeMaTHYeCKHX IUCHMIVIMH, HEeJOCTaTOUHO HCIIONb3Y-
IOTCA B KypCe METOAHKH NpenojaBaHUs MaTeMaTHKH.

Onna ¥ Ta ke nmporpaMMa MaTeMaTHUECKO JUCHHIVIMHE MO-
KeT GbITb N0-PA3HOMY HM3JIOMEHA B 3aBUCHMOCTH OT Hesaes, npe-
CICLYEMBIX ee H3yueHHeM. BbisiBjieHHe CBsi3eil €O IIKOJBHBIM npe-
IONaBaHHEM TNPEACTaBJIsieT COOOfi BaXKHYI0 M [aJeKO eme He
peleHHyio Npo6ieMy npenoflaBaHus MaTeMaTHUECKHX NUCLMILIHE
B IENAarordyeckoM Bya3e.

OueBupHo, cCloXuBWIHHCSH KypCc METOOMKH IpenojaBaHH:
MaT€MaTHK{ B N€JaroruyeckoM By3e HYXKAAETCS B 3HAUHTENbHOM
YCOBEPIICHCTBOBAHHH W MOJEPHH3aUMH, [J1aBHOH HeNpio 3TOrO
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Kypca ROJKHO OBITb pasBHTHE ¥y CTYIEHTOB TBOPUECKOTO MOJAXOAA
K IIKOJbHOMY TNpenojaBaHHIO MaTeMaTHKH Ha 6ase NMOHHUMaHHs
ero cpssell ¢ COBpEMeHHOH MaTeMaTHUecKoji HaykoM, memarort-
KOfi, JIOTHKOH H neuxoJordefi  ydaniuxcs. CTymeHTbl [OJIXKHBI
WIHPOKO NPHBJEKATbCS K MEAArOTHIECKUM 3KCIIePHUMEHTaM.

4. Hyxna 6Gousbluas pagora mo yCOBEpIIEHCTBOBAHHIO H TO-
BbIlIeHHI0 KBaAX(HUKALMK yXKe paGoTarouux yuutejefi ¥ 0COGEH-
HO TeX, KOTOpble OKOHUHJIH neparornueckuil By3 10—15 et Ha-
3a7. 37eCb BO3HUKAIT TPYRHOCTH NCHXOJOMHUECKOTO xXapakrepa.
YunTeasM, yXKe HaBHO paGOTaioLIMM H XOPOLO yCBOMBINHM Tpa-
QUIMOHHYIO METOAHMKY, TPYAHO NPEACTAaBHUTH ce6e, yTO TNpEno-
JaBaHue MaTeMaTHKH MOXeT ObiTb HMHBIM, HTO npenJiaraemble
‘U3MeHeHUs HeoOGXOmMMBI MJIsl YCTpaHeHHs OTCTaBaHMs o6pa3oBa-
HHS OT Iporpecca Hayk#u H UTO OHH JIefiCTBUTENBHO NPUBEAYT
K TOBBIEHHIO 3(PGHEKTHBHOCTH OOCYyUeHHS.

V Hac BHXOJHT MaJjio JHTEpaTypH, Heo6XOJUMOH 1Jis MOBBI-
mieHus KBamudHKalud yuuTeleH. He orpuuas sHaueHHs pas/ud-
HBIX METOIMUYECKHX pa3paGoTok, onMcaHUH olbiTa NpenojaBaHHdA,
0Ka3bIBAOIIMX HECOMHEHHYIO MOMOLIb B paGore yuuTeas u Cro-
COG6CTBYIOLIMX MOBBIIEHHIO €ro KBaJM(HUKalHuY, Heab3sd, OYEBHI-
HO, OrpaHHUMBATHCS ITHM. Vuutenp HyXKAA€TCsi H B TaKOH JHTE-
partype, KOTopast oMorza 6bl eMy yCBOMTb BaXKHbie HJEH COBpE-
MEHHONH MATeMaTHKH H TOHATb BO3MOXKHOCTb HX OTpaxKeHHsl
B LIKOJbHOM INpenojaBaHUH.
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