A I'.CremnukoB, A.H.TuxonoB
TEOPHS ®YHKIIUIA KOMILIEKCHO MEPEMEHHOMN
H3 CEpHH
KYPC BBICIIEA MATEMATUKHA U MATEMATHYECKOUN ®HU3UKU
IToo pedaxyueii A. H. THXOHOBA, B. A. UJTbMHA, A. I'. CBEIITHUKOBA
BBIITYCK 4
OTJIABJIEHUE

Ot penakropoB cepuu 8
IIpenucnoBue k TpeTheMy U3JaHUI0 9
IIpenucnosue k nepeomy u3ganuio 10
Beenenune 11
I'maBa 1. KommekcHas

nepeMeHHas U GyHKIIUN

KOMIUICKCHOM NTepeMEHHOH

§ 1. KommexkcHoe 4ucno u 12
JIeHiCTBUS HaJl KOMILIEKCHBIMHU

qHCIIaMU

1. ITonsATHE KOMILIEKCHOTO YHCIa

(12).

2. JleticTBUs HaJl KOMILUICKCHBIMU
gucnamu (12).

3. 'eomeTpuueckas

HMHTEpHpEeTays KOMILUIEKCHBIX

qucen (14).

4. U3BnedeHue KOpHA U3

KOMITIeKCHOTO yucna (15).

§ 2. Ilpenen nocnenoBarensHOCTH 17
KOMILJIEKCHBIX JUCeT

1. Onpenenenue cxoaamencs
nocneaoBareasHoct (17).

2. Kpurepuii Komu (19).

3. beckoHe4HO yaaneHHas TOYKa

(20).

§ 3. IlonsaTue pyHxIMH 21
KOMIUIEKCHOM NTEPEMEHHOH.
HenpepriBHOCTH

1. OcHoBHEIe onpenenenus (21).

2. HenpepriBHOCTH (23).

3. IIpumepsr (26).

§ 4. Jluddepennuporanue 30
(GYHKIIMH KOMITJICKCHON

MIEPEMEHHON

1. Onpenenenue. YcnoBus

Komu—Pumana (30).

2. CBOHCTBa aHATUTHUYECKUAX
dbynxnuii (33).

3. 'eomeTpuueckuii CMBICT
IIPOU3BOIHON (PyHKIIMH
KOMIUICKCHOM repemenHoi (35).
4. TTpumeps! (36).

§ 5. MaTerpan no KOMILIEKCHO#M
MIEPEMEHHON

1. OcHoBHEBIe cBoliCTBa (38).

2. Teopema Komu (41).

3. HeompeneneHHbIil HHTETpAl
(43).

§ 6. MuTerpan Kommu

1. BeiBog popmynsr Komu (46).
2. CnenctBus u3 popmynsl Kommu
(48).

3. IlpuHnMn MakcUMyMa MOAYIIS
aHanmuTHYecKol GpyHk1MH (49).

§ 7. UnTerpansl, 3aBUCSAIINE OT
napamMeTpa

1. AHanuTHYeCKas 3aBUCUMOCTD OT
napamerpa (51).

2. CymiecTBOBaHHE IPOU3BOHBIX
BCEX MOPAAKOB y aHATUTHIECKON
dbynxnuu (53).

I'maga 2. Pl aHaTMTHYIECKUX
byHKIII

§ 1. ParHOMepHO cxoasmuecs
pAabI GYHKIIUH KOMITTIEKCHOM
MIEPEMEHHON

1. Yucnossie paasl (57).

2. OyHKIIMOHAIBHBIE PS/IBL.
PaBnomepnas cxoxumocts (58).
3. CaolicTBa paBHOMEPHO
CXOAIIUXCA PAAOB. TeopeMsl

38

46

51

57

57



Beitepmrpacca (61).

4. HecoGcTBEeHHBIE MHTETPAIIH],
3aBUCANINE OT mapamerpa (65).

§ 2. Crenennsle psaabL Psj
Teiimopa

1. Teopema Abens (66).

2. Pan Teitnopa (70).

§ 3. EXMHCTBEHHOCTH OTNIpEACICHUS
aHAJIUTHYECKON PyHKIINH

1. Hynu ananutudeckoit GpyHKImu
(74).

2. Teopema exuncTBeHHOCTH (75).
I'maBa 3. AHanutu4yeckoe
IIPOJIOIDKEHHE. DIIEMEHTapHEIC
(GYHKIIMH KOMITJICKCHON
MIEPEMEHHON

§ 1. Onemenrtapusie GyHKITIN
KOMILIEKCHO IEPEMEHHOM.
IIponomxenue ¢ IEUCTBUTEIBHON
ocu

1. IIporomxkenue ¢
JeicTBuTENBHOIM ocH (79).

2. Ilpogomxenre COOTHOIICHUMN
(83).

3. CaoiicTBa dIeMEHTapHBIX
bynknuii (86). 4. OTobpaxeHus
aneMeHTapHBIX GyHkiuii (90).

§ 2. Ananutudaeckoe
npoxomkenue. [lonarue
PUMaHOBOU MMOBEPXHOCTH

1. OcHoBHBIe puHIMNEL [IoHATHE
pUMaHOBO#M oBepxHOCTH (94).

2. AHaIUTUYIECKOE MPOTOIKCHIE
yepe3 rpanuily (97).

3. IIpumepsl nocTpoeHUs
aHAJTUTHYECKOTO MPOOIDKEHHSL.
IIpomomkenue gyepes rpanuily (98).
4. ITIpumepsl TOCTPOCHUS
aHAJTUTHYECKOTO MPOOIDKEHHSL.
IIpomomkenue ¢ MOMOIIBIO
creneHHBIX psjoB (103).

5. IlpaBunbHEBIE U OCOOBIE TOYKH
aHanmuTHaeckor pynxmuu (105).

79

79

94

6. Ilonarue noaHOM
aHanmuTHaeckor pynxmuu (109).
I'naBa 4. Pax Jlopana u
H30JIUPOBaHHBIC 0COOBIE TOUKH
§ 1. Psag Jlopana

1. O6nacTh CXOUMOCTH psfia
Jlopana (111).

2. PaznoxxeHne aHATUTUIECKOU
¢byuknuu B pag Jlopana (113).

§ 2. Knaccudukanus
H30JIUPOBAaHHBIX 0COOBIX TOUEK
OJTHO3HAYHOH aHAJIUTHUECCKOM
GyHKITIN

I'maBa 5. Teopus BEIMETOB U UX
TIPUIIOKECHUS

§ 1. Beruer ananmuTu4IecKou
(YHKITUU B H30JIMPOBAHHOMN
ocoboit Touke

1. Onpenenenvie ¥ GOPMYIIBI
BEIMHCICHUS BeIYeTa (123).

2. OcHOBHas TeopeMa TeOpUHU
BEIMeTOB (125).

§ 2. Beraucnenue onpeieIeHHbIX
HWHTETPaJIOB C TOMOMIBIO BENETOB

1. UaTerpansl Buja

2n
| R(cos6,sin6)d6 (128).
0

2. Unrerpans! BUa I f(x)dx
(130).

3. UuTerpans! BUa Iei“x f(x)dx.
Jlemma YXKoppnana (132).

4. Cny4ait MHOTO3HaYHBIX
bynknuii (138).

§ 3. Jlorapudmuyeckuii BEIYET

1. ITonsarue norapudpmMuveckoro
BhIuera (143).

2. lloacuer uucna Hynei
aHanmuTHIecKor pynkmu (145).

111

111

115

123

123

128

143



I'naBa 6. Koudopmuoe
oToOpaXkeHue

§ 1. OOmue cBoiicTBa

1. Onpenenenuie KOHGOPMHOTO
otoOpaxkenus (148).

2. Ilpocretimue npumeps (152).
3. OcnoBHBIe npuHIUNH (155).
4. Teopema Pumana (160).

§ 2. JIpo6Ho-nuneitHas GpyHKIMA
§ 3. Oynkuus XXykoBCKOTO

§ 4. Uurerpan [lIBapna—
Kpucroddens. Orobpaxenue
MHOTOYTOJIFHHKOB

I'naBa 7. Ilpumenenue
AHATUTHYECKUX (PYHKIIMI K
PEIIEHHIO KPAaeBBIX 3a1a4

§ 1. O0mue monoKEHUS

1. Cs13p aHATUTUYECKUX U
rapMoHudeckux GyHkiuit (184).
2. Coxpanenue oneparopa Jlamnaca
py KOH(POPMHOM OTOOPAKESHUN
(185).

3. 3agaua Tupuxine (187).

4. TToctpoenue pyHKIIUU
ucrounuka (190).

§ 2. Ilpunoxenus k 3aga9am
MEXaHUKU U QU3UKU

1. IInockoe ycTraHOBUBIIEECS
JBrDKeHue KuakoctH (191).

2. IInockoe dIEKTPOCTaTUIECKOES
nore (203).

I'maBa 8. OcHOBHEIC TOHATHS
OTIEPAIIIOHHOTO UCIUCIICHUS

§ 1. OcHoBHBIC CBOMCTBA
npeoOpazoBanus Jlannaca

1. Onpenenenue npeoGpa3oBanust
Jlarnaca (212).

2. U306paxkenue dieMeHTapHbIX
bysknuii (216).

3. CroiicTBa uzobpaxxenus (218).
4. Tabnuiia cBOMCTB U300pakeHUi
(226).

5. Tabnura usobpaxenuii (226).

148

148

163
173
175

184

184

191

212

212

§ 2. Onpenenenue opurnnanano 227
U300 paKEHUIO
1. ®opmyna Mennuna (228).
2. YcnoBus CymecTBOBaHUS
opurunana (231).
3. Briuucaenue uaTerpana
Mennuna (234).
4. Cny4aii perynspHoi Ha
6eckoneunoctd GyHKIUH (238).
§ 3. Pemenue 3ama4 s muHeHbx 241
mubdepeHIualbHbIX YpaBHEHHH
OTICPAITMOHHBEIM METOIOM
1. OGBIKHOBEHHEIE
mubdepeHuaIsHbEIe YpaBHEHUS
(241).
2. YpaBHEHHE TEIUIONPOBOAHOCTH
(245).
3. KpaeBas 3aaqa 111 ypaBHEHHS
B YaCTHEIX MPOU3BOIHEIX (247).
IIpunoxenne 1. Meton nmeperana 249
1. Broausie 3ameuanus (249).
2. Meron Jlamnaca (258).
3. Mertop nepeBaia (259).
IIpunoxenne 2. Metox Bunepa— 267
Xondga
1. Broausie 3ameuanus (267).
2. AHanuTUYECKUE CBOICTRA
npeobpazoBanus Oypre (271).
3. UHTerpanbHble ypaBHEHHUS €
SIIPOM, 3aBHUCSIIAM OT Pa3HOCTH
aprymeHToB (273).
4. O6mras cxema merosia Bunepa—
Xomda (278).
5. 3agaun, IPUBOIAIINE K
WHTETPATHHBIM YPABHEHHSM C
SIIPOM, 3aBHUCSIIAM OT Pa3HOCTH
aprymeHToB (283).
5.1. BeiBox ypaBHeHus Munna
(283).
5.2. UccnemoBanue penieHus
ypaBHenus Munna (287).
5.3. Tudpaxius Ha TIOCKOM
akpane (290).



6. Pemenne kpacBBIX 3a/1a4 I
YpaBHEHUH B YaCTHBIX

IIPOM3BOIHBIX MeToIoM Bunepa—
Xomda (291).

IIpunoxenne 3. @yHkiuu MHOTHX 296

nepeMeHHbIX (297).

3. ®opmyna Komm (298).

4. Crenennsle psjas! (300).

5. Pan Teitnopa (302).

6. AHaTUTHYECKOE NTPOTOIDKEHUE

KOMIUICKCHBIX TIEPEMEHHBIX (303).

1. OcHoBHEIe onpenenenus (296). ITpunoxxenue 4. Merox Barcona 306

2. llonaTne aHATUTHICCKOU Jlurepatypa 314

(GYHKIIMHM MHOTHX KOMITIEKCHBIX IIpenmetHBI yKa3zaTenb 315
MIPEJIMETHBIA YKA3ATEJIb

Abens Teopema 66

Anrebpanyeckas (popMa KOMILUIEKCHOTO
gucna 13

Anrebpsl ocHOBHas Teopema 147

Anamutnaeckas GyHKIUsA B obmactu 32

— —nonHag 109

— —, CYIIIECTBOBaHHE IIPON3BOIHBIX
BCEX MOPSAKOB 53

Ananutudeckux (QyHKIuii coiictea 33

Ananurugeckoe nmpojaomkeHue 94

— — "enocpeacTseHHoe 110

— — C JeUCTBUTEILHOM OcH 79

— — COOTHOIIEHUH 83

— — C MOMOMIBIO CTETICHHBIX PAJIOB
103

— — 4epe3 rpanuny 97, 98

Ananutudeckont pynkuuu Hynu 74

— — oco0sle Touku 106

— — pUMaHOBa OBEPXHOCTH 91, 96

— — TeopeMa eTMHCTBEHHOCTH 75

AprymMeHT KOMIUIEKCHOTO uucna 14

Acumnroruyeckas Gopmyiia
nonuHoMOB Jlexannpa 264

— — ¢ynkiuit Xankens 263

Acumnroruaeckoe pasnoxenue 249

— — ramma-¢ysaknuu 258

— — ¢ynkiun Xonda 286

beckoneuno ynanensas todka 20

Beckoneunonucrras ¢pysknus 92

Beccens ¢pynxmuu 240

Barcona meton 306

Beiiepmrpacca nmpusHak 60

— Teopema 62

— — BTOpasa 64

Bersnenus Touka 29

BerBr MHOTO3HaYHOM PyHKIHN 29

Bunepa — Xonda merona obmnias
cxema 278

Brenmss Touka 21

Bnyrpennsas Touka 21

Beraer 123

Brraer norapudmudeckuii 143

— OTHOCHUTENIbHO OECKOHEUHO
yaaneHHo# Touku 126

BrraeroB cymma Ha monHOH
KOMIUICKCHOHM INIOCKOCTH 127

— TEOpUH OCHOBHas TeopeMa 125

Brraucnenue nHTErpagoB ¢ NOMOIIBIO
BbIUeTOB 128

— — OT MHOTO3HauHBIX GyHKIMH 138

Brrauranue KOMIUIEKCHBIX gucen 13

Tl'amma-pyHKITHMH aCUMIITOTUYECKOE
paznoxenue 258

I'apmonudeckoit pyHxium u
aHATUTUICCKOI CBA3h 184

I'aycca Teopema 205

I'eomeTpuyeckas uHTEpHIpETALHS
KOMILICKCHBIX qucen 14

— — (YHKIIUN KOMITJIEKCHOM
IIepeMeHHoi 23

I'eoMeTpuyeckuii CMBICT IPOU3BOAHON
35

Tunep6onuaeckue Gpynakinuu 81

I'panuna o6nactu 22

I'panuanas Touka 21

Janam6Gepa npusnak 58



JIByyronsHauka oToGpaxkenue 171

JleiicTBuTenbHas oCh 14

— 9acTh KOMILIEKCHOTO uncia 12

JlelicTBUS HaJ KOMILIEKCHBIMA
qucnamu 12

Jlenenue KOMITJIEKCHBIX uucen 13

Jupuxne 3anaqga 187

— — a4 kpyra 188

— — — nonymiockoctu 189

Judpaknus Ha miockoM dxpane 290

JuddepennmpoBanue nzobpaxeHus
224

JIpobHo-nunelinas gpynxius 163

— — —, KpyroBo¢ cBOMcTBO 165

EcrecTBeHHas 061acTh CyIECTBOBaHUS
MOJTHOW aHaTUTUYECKOH (QyHKIIUU
109

Kopnana nemma 132

XKyxosckoro Teopema 202

— ynknus 173

3ana3neiBanus Teopema 219

H3Bneuenue KOpHA U3 KOMILUIEKCHOTO
gucna 15

N3o6paxkenue no Jlamnacy uarerpana
222

— Opou3BoAHOU 221

— cBepTkH 223

— ¢ysaknuu 215

M3omuposannas ocobas Touka 115

HuBepcus 27

Hurerpan /lroramens 245

— KOHTYpHBIH 41, 249

— Komm 48

— HEOoNpe/IeNeHHbIH 43

— HecobcTBeHHbIH 40

— MO KOMILIEKCHOM nepeMeHHOH 38

— IlIBapnia—Kpucroddens 175

— oymunTUdeckui 182

Hurerpana rnaBHoe 3Ha49eHue 49

— n3o0paxenue 222

— Mennuna Beraucnenue 234, 238

— 10 KOMILIEKCHOHN IIEpeMeHHOU
cBoiictBa 39

HuTerpansl, 3aBUCAIINE OT TapaMeTpa
51

—, — — — HecoOCTBEHHEIE 65

HHTerpanbHblie ypaBHEHHS C SpOM,
3aBUCAIIMM OT Pa3HOCTH apTyMEHTOB
267,273,282

HuTerpupoBanue uobpaxenus 224

Hcrounuk 195

Knaccudukanus u30J14pOBaHHBIX
0coObIx TOUek 115

KowmmnekcHas nepemennas 21

— MJIOCKOCTH 14

— — nomnag 20, 26

KommnekcHoe uucno 12

KowmmnekcHoro gucna anrebpandeckas
¢dopma 13

— — aprymeHr 14

— — Moaynsb 14

— — moka3arensHas gopma 15

— — TpuroHoMetpudeckas ¢opma 14

KommnekcHo conpspxenHbie uncna 13

Kommnexcuplii morenuan teuenus 192

— — DIIEKTpocTaTuiIeckoro momns 204

KommnexcHbix uncen Berautanue 13

— — reoMeTpudecKas MHTepIpeTaus
14

— — nenenue 13

KomnnexcHbIx qucen
TOCIIEOBATEIHHOCTE 17

— — paBeHcTBO 12

— — cioxenue 12

— — ymHOXx¢eHHe 13

Kontyp 3amkHyTHIH 41

KontypHsiii unaterpan 41, 249

Kondopmuoe otobpaxenue 36, 148

— — B OECKOHEYHO YAAJICHHON TOUKE
152

— —, B3aMHO OJIHO3HAYHOE
cooTBeTcTBHUE 155

— — BTOporo poxaa 151

— —, OCHOBHBIC IPUHIUIEHI 155

— —, IpUHIMN cuMMeTpud 159

— —, COOTBETCTBUA rpanu] 157



Komwu unrerpan 48

— KpUTEpHi paBHOMEPHOI
cXoauMocTH psaga 60

— — CXOJTUMOCTH
MOCIIEOBATEILHOCTH 19

— MpHU3HaK 58

— teopema 41

— — JI7Is1 MHOTOCBSI3HOM o6nactu 43

— TeopeMsbI Bropas GopMylIUpoBKa 42

Ko — A namapa dpopmyna 69

Komu — Pumana ycnosus 31

Kpurepuii Komu paBHOMEpHOI
cXoauMocTH psaga 60

— — CXOJTUMOCTH
MOCIIEOBATEILHOCTH 19

Kpyr cxogumoctu 67

Jlannaca nzo6paxxenue ¢pyaknuu 215

— METOJ] aCUMIITOTHYECKUX
paznoxeHuit 252

Jlemma XKoppana 132

Jluneiinas ¢pynxius 26, 152

JIunms Toka 192

JIucTel puMaHOBOM MOBEPXHOCTH 96

JInysunns teopema 55

Jlorapudmuueckas pynxius 46, 88,
102

Jlorapudmuaeckuii Beraer 143

Jlopana psag 111

Makcumyma Moayns npuHIUD 49

Mennuna uHTETpania BEMUCIeHHE 234,
238

— (opmyma 228

Mepomopdnas ¢pyraxnus 136

Mertox Bunepa — Xonda 267, 278

— Jlaninaca 252

— HauObIcTpeinero cmycka 252

— nepeBaina 259

Munna ypasraenue 283, 287

Muumas equamniia 13

—ochb 14

— 9acTh KOMILIEKCHOTO 4ncia 12

MHorux nepeMeHHBIX psJi CTEICHHON
300

— — — Tetinopa 302

— — ¢yHKIUA aHamuTH4YecKas 298

— — — HenpephiBHas 297

Msnoro3naunas pyaxus 23

MHOX€eCTBO 3HaYCHUN HE3aBUCUMOM
nepeMeHHoi 21

— — ynxiuu 23

Monayns koMIIeKCHOTO uucia 14

Mopepa Teopema 55

HaubricTpeitmero cnycka metoy 252

— — HampasneHue 260

Heo6xoaumMoe U 1ocTaTOgHOE YCIIOBHE
aHanmuTHaHOCTH QyHKIMH 33, 185

— — — — CXOAUMOCTH
MOCIIEOBATEILHOCTH 19

————— JUCIOBOTO paja 58

HenpeprsiBHOCTE QyHKITUY B
OeCKOHEUHO yIaIeHHON Touke 25

— — — TouKe 25

— — Ha MHOXECTBE 25

HepasenctBa Tpeyronasauka 15

Hynu ananutudeckoit pynxuuu 74

Hynsa ananurudeckoit pyHkimu
MOPSAOK 75

O6nacts 21

— 3aMKHyTas 22

— HEOTpaHW4YeHHas 22

— OrpaHuvcHHAs 22

O6parnas ¢ynxus 23

O6tekanue kpyrororo muauaapa 198

— IPOU3BOJILHOTO 3aMKHYTOT'O
koHTypa 200

O6xo/a nmonHo#M rpaHuIlsl 00IacTH
MIOJIOXKUTEIBHOE HallpaBlieHue 42

OnnonuctHasg pyHknus 23

OxpecTtHOCTh TOUKH 18

OrnepaliuOHHBIN METOJ JJIsS TUHEHHBIX
JuddepeHMATEHBIX ypaBHeHUH 241

Opurunan-pysaxmus 215

OcHoOBHas TeopeMa TEOPHH BBIUCTOB
125

Ocrarox psga 57

Orobpaxenue konpopmuoe 36, 148



— — B OECKOHEUYHO YAaJICHHOH TOUKe
152

— — BTOporo poxaa 151

OTto6paxeHus dIeMEHTapHBIX (YHKITUH
90

Ortpaxenue 3epkansHoe 27

ITepBoo6pasnas dhynknus 45 IlepeBana
Meron 259

IInockoe moTeHIUAIIEHOE TEUCHUE
xuakocty 191

— JIIeKTpocTaTudeckoe noiue 203

IInoTHOCTH pactpeaenenus 3apsaa 207

ITosepxuOCTH PuMana 91

ITokazarensHas (opMa KOMILIEKCHOTO
qucaa 15

ITone 6eckoHEUHOTO MJIOCKOTO
KoHJIeHcaropa 209

ITonnas koMIuiekcHas miockocTsb 20, 26

IonoxurensHoe HampasieHue 00xo/1a
KOHTypa 41

— — — TIOJIHO¥ TpaHuIlbl obnactu 42

Ilomoc 117

Iopsaaok HyIs aHANTUTHIECKOH
dbysaknun 75

ITocnenoBaTeNTEHOCTE KOMITICKCHBIX
qucen 17

— HEOTpaHUYEeHHO Bo3pacTaromas 20

— orpanuvcHHas 18

ITocToguCcTBa pacTskeHH# CBOUCTBO 36

ITorenmnuan koMIIeKCHBIH Teuenud 192

— — DIIEKTpOocTaTUIeCKOro momns 204

IToTok BekToOpa ckopoctu 193

IIpenen nocaenoBarensHOCTH 18

— ¢ysaknuu 24

IIpenensHoe 3HavueHUE GYHKITUH B
OeCKOHEUHO yIaIeHHON Touke 25

IIpeo6pazoBanue Jlammaca 212

— @ypre 268

— —, aHAINTAYECKHUE CBOicTBa 271

— — obpatHoe 272

— XeBucaiiga 215

IIpusnak Beitepmrrpacca 60

— Jlanam6Gepa 58

— Komm 58

IIpuanun makcumyma Mojys 49

— MHMHHMMyMa Moayns 51

IIpomomxenue ananuTHIeckoe 94

IIpousBoanas GyHKIIMH KOMILTIEKCHON
nepeMeHHoi 31

IIpousBonHoi H306paxkeHue 1Mo
Jlannacy 221

— (YHKIIMH T€OMETPUIECKUI CMBICI
35

PaBeHCTBO KOMILIEKCHBIX dncen 12

PaBHOMEpHAS CXOAUMOCTE paja 58

Pamuyc cxogumoctu 67

PasBerBienus touka 29, 101

PesonsBenTa 269

Pumana nosepxHocTh 91, 96

— — OeckoHeuHOMCTHAS 93

— —, TUCTH 93

— teopema 160

Pymie reopema 146

Psan Jlopana 111

Psix paBHOMEpHO cxoasamuiics 59

— cTeneHHoH 66

— Teitnopa 70

— (yHKIIMOHATBHEIHN 58

— 9UCNOoBOH 57

Caeptku u3obpaxenue no Jlannacy 223

CeoiicTBa aHanmuTHICCKUX PyHKIIMHA 33

— n300paxenus 218

— MHTErpasa o KOMIUIEKCHOH
nepeMeHHoit 39

— HenpephIBHBIX QyHKIMI 26

— paBHOMEPHO CXOAANMXCS paioB 61

— peMeHTapHBIX QyHKIMit 86

CBOMCTBO NOCTOSHCTBA pacTsHKeHUU 36

— COXpaHeHus yrioB 36

Cuta BO3/IEHCTBHS IOTOKA HA
obrekxaemoe teno 201

Cucrema pemenuii hyHaaMeHTaIbHAsA
241

CrnoxeHre KOMILIEKCHBIX gucen 12

Cwmemenus Teopema 225



Coxonkoro — Beiiepmrpacca Teopema
118

CoxpaneHus yrioB CBOMCTBO 36

Cpennero 3Hauenus gopmyna 49

Crenennas ¢pysaxnus 103

Crenennsie psaas! 66

Crupnunra ¢popmyna 250

Crok 195

CymMma psna pyHKIMOHATEHOTO 59

— — 9ucnoBoro 57

CymectBenno ocobas Touka 118

CymecTBoBaHME MPOU3BOIHBIX BCEX
MOPAJIKOB y aHATUTUIECKOU
dbyskim 53

Tabmurna uzobpaxenuii 226
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OT PELAKTOPOB CEPUU

Hacroqmas «kuura npencraBaser coGoit uerBepThiit
BRINycK cepun «Kypc BhiClel MareMaTukw W MareMarH-
4yecKoH (PU3MKU» U TOCBALIEHA H3J0XKEHUI0 OCHOB TEOpUH
(GyHKLAA KOMIJIEKCHOH mnepeMeHHO# W ONEePalUuOHHOTO
ucuucieHus. B KHure rakxke mansl mpuMepsl IIDHMEHEHHUs
METOJM0B  Teopuu (YHKUMA KOMIIEKCHOH rnepeMeHHOH
K 3a7auaM TFUAPOIMHAMUKM U 9SJEKTPOCTATHKHM H pa3ol-
pPaHpl HEKOTOPhIE BOMPOCH MeTOJa IepeBasa W METOJa
Buuepa — Xondga.



NPEOUC/IOBHE K TPETBEMY H3IAHUIO

B TperbeM M34aHUH KHUFM YCTPAaHEHB! 3aMEUEHHbIE He-
TOYUHOCTH U3JA0KeEHHs, Ho0asjieH psl NPUJIOKEHHU TEOopuu
(YHKIAHE KOMIIEKCHO# nepemeHHOH (HecoOCTBEHHbIE HHTET-
panel, 3aucsline OT mapaMmeTpa, npeobpa3osanne Batcona
o T.[.), 2 TaKXKe JaHO MPEACTaBJeHHE 00 OCHOBHBIX IOHS-
THAX TEOPHM (PYHKUUA MHOFHX KOMIIEKCHBIX NEPEMEHHHIX.

Mpr rayboko 6aar0gapHbl  PEAAKTOPY STOH  KHUIH
C. . Cekepx-3enbxoBuuy, padora KOTOPOro ClOCOGCTBO-
BaJa YJAYyULIeHUIO ee CONepKaHus.

Asmopet



NPEJUCHOBHE K NIEPBOMY HU3JAHHIO

CopepaHie 3TOFO  BHIIYCKA B OCHOBHOM COOTBETCTBYET KypCy
JeKiuitt no rteopuu (PyHKuui KOMIJAEKCHOH mnepeMenHoH, uynraBUIEMyCs
aBTOpaMI B TeyeHne psza jer na ¢usnueckom ¢axynsrere MIY.

Hsncuenne oCHOBHOTO marepnania AOCTaToO4HO OMM3KO K TPaAMLMOH-
roMy. Opllako Mbl HE TIPOBOANM CHEnHaJbloro PacCMOTPEHHS 3/eMeH-
TapHeIX (PYHKIUH KOMIJIEXCHOH nepemenHofl B caMOM RaualJe Kypca, Kak
2T0 jAeJaeTcs B GOJABIUMHCTBE yYeOHMKOB, 2 BBOAUM 3JEMEHTapHbIE (PYHK-
BIH KOMIJICKCHOM NepeMeHnol Kak HEeNOCPEACTBEHHOE aHAMUTHYecKoe
NPONOMKEHHE JAeMEHTAPHRX PYHKIME AellcTBUTeabHOR MepeMenHolt, Te-
OopeMbl- 00 aHANNTHIECKOM MPOJO/IAKEHHH COOTHOLICHUH NO3BOJAIOT €au-
Ho00pa3Ho NIePEHeCTH B KOMILIEKCHYI0 0041aCTb W3BECTHHIE CBOHCTBA 3Jle-
MEHTapHbIX (yHKIMH geficTBuTe bNOH nepeMenriof.

Ecrectoeuno, 4To CTPEMJEHHE K 11eJbHOCTH U3JOXKEIMs 3aCTaBH/IO pac-
CMOTPETH OTASIBHBIE BONPOCK HECKOALKO mnoapoOHee, ueM  OOGBIUHO
yaaercss B paMKax CKarofl sgekuumonuo#d nporpammsl. B nepsyio ouepenp
710 oTHOCHTCS K OOMYM ppuHIMIaM KondgopMHOro OTOOpaKeHHs W Opu-
MCHEHHSM METOL0B TeOpUM (QYHKIMHA KOMIJIEKCHOU mepemenHofi K peuie-
HHI0 KDAaeBBIX 334au THUAPOAMHAMHUKM H 3JeKrpocTaruku. Kpome ro-
ro, B KHHMr€ MMCIOTCA [ABA NPHJOMKEHHS, MOCBANICIHBIE H3JOXKCHHIO Me-
ToMa meperata n Mmeroaa Bunepa — Xonda, KOTOPHMH (QUSHKH OOBIUHO
pechbMa IUMHPOKO MOJB3YIOTCS.

Ilpu pabore Hag KHUrOH MBl NOJMH30OBAMUCH COBETAMH MHOMHX HallluX
Topapuileli no kadenpe, B nepryo ouepens B. A. Masnna u I II. Koc-
ToMapoBa. DBOJLImIYyI0 nOMoOmb OKa3aaw MHOTOUMC/ICHHBIE ¥ BaKHble 3a-
meuannd, caenannsie I'. JL Jlysuem n M. B, ®enopioxowm, npounrtasminu
KHUTY B DYKOINCH, @ TAKKe TOlaTeAbHOE PEeNaKTHPOBAaHHUE TEKCTa KHHrN,
nposesennoe C. f. Cexepx-3enpxosuuen. Bcem 5THM JumilaM MBI Bhpa-
XaeM CaMylo MCKPeHoio §JaromapHoCTh.

Asmopet



BBEJEHHUE

B HacTosieM BHIIYCKE H3MAraloTCs OCHOBHBIE MOHATUS Teopunt (yHK-
il Komrzekcno#l nepemennofi. IToHsTHe KOMNIEKCHOro 4MCJ/a BOSIUKIO
B NEPBYIO ouepeab B pe3yabrate norpebHOCTel aBTOMAaTH3alMM BBHIYM-
ciaenun. Jlaxe npocreiiine aﬂre6panuecxue onepauuy Hax AeHCTBUTENb-
IBIMK UHMC/JAAMU BBIBOAAT 32 DNpeaebl 06JacTy HEHCTBHTEJBHBIX UHCEN.
Kak wu3BeCTHO, He BCAKoe anredpamyeckoe ypaeHeHHe MOweT OBITH pas-
peuieno B JACHCTBHTEJABLHBIX uMcJax. TeMm caMelM Hajg0 WM OTKA3aThCH
OT aBTOMATHYECKOTO MNPUMEHEHWS YCTaHOBJENHbIX METOAOB [PEIICHHS
U KawAbfl pa3 NPOBOAUTL MNOAPOOGIIcEe HCCACAOBANNE BO3MOMKHOCTH HX
NpUMEHEnNs, M4 pacupurb 00JacTb AEHCTBUTENLHEIX 4YHCEd C TEM,
yroOBl  OCHOBHBle aJurefpavveckue orepaiud BCErga OBIAM BBIIOJHIMEL
Taxnm  pacnmpennem o0aacTa ACHCTBUTENLHBIX UWCEN aBJAIOTCT KOM-
ITICKCHBIE 41t€/1a. 3a)euaTesnbHbIM CBORCTBOM KOMIIEKCHBIX YUCEJ AIB/ISIETCSI
TOT haKt, yTO OCHOBHME MATEMATHUECKHE ONCpalui Haj KOMIACKCHBIMH
HAC/AAME  HE BLIBOAST M3 00JacTH KOMIJIEKCHBIX YHCEJ.

BBeneHue KOMIJEKCHBIX 4ucead u QyHKUMHd KOMINIEKCHOH NepeMeHHO#H!
y100HO TakXe NpH HITErpUpOBaHHM 3JEMelTapHbIX (YHKIMH, npu peiue-
uuit guddepeHinalbHBX  yPaBHEeHUH W T. O, TAE vacTO 1PHXOLUTCH
BOIXOAHTL B 062aCTh KOMIICKCHBIX uucesn KommiexcHass Gopma 2aincu
OKaspBaCTCA yHOOHOH © HpH MaTemMaTHyeCKo# (JOPMY.IUPOBKE MHOIUX
(dhu3nuecKux noJoxeHutl (HanpuMep, B 3JEKTPO- M PAAHOTEXIHKE, IJIEKTPO-
qunaMuKe u 1. 4.

OnguH 13 OCHOBHBIX KJaaccon (QyHKHMM KOMIJIEKCHOR nepemenHof —
aHasuTuueckne QyHKUHMHM — HAXOZUTCH B TECHOH CBA3M ¢ PEHICHNSAMH ypaB-
nenns Jlanaaca, K KOTOPOMY UPHMBOASITCY MHOrHME 3a/aud MEXaHuKud U
bnzukn. Ilostomy Merombl Teopun (GYHKUNH KOMIJIEKCHOH NepeMEHHON
HalJI BeChbMa WIHPOKOE N 3(PdEeKTUBHOE NPUMEHEHne npu peleHun 607b-
Woro Kpyra 3azad ruapo- d adpoJUHaMUKH, TEOPUM YIPYrocTH, 3JeKTpo-
AUHAMUKY ¥ APYrux eCTEeCTBEHHBIX HayK.



I'TABA 1

KOMIIJIEKCHASl NTEPEMEHHAS]
U ®YHKIUM KOMILJIEKCHON TEPEMEHHOI

§ 1. Komnaekcrnoe uucio
H Ne#iCTBUA Hal KOMIIEKCHBIMH YUCJIaMu

1. [loHATHe KOMIJIEKCHOrO uucaa. Mbl cunTaeMm, UYTO C IOHATHEM
KOMILIEKCHOFO HYUCJ/Ia W ONpenesieHueM apudMeTHuecKkux HeHcTBHH Han
KOMIJIEKCHBIMH ~ YMC/IaMH  yuTaTe€ab Yxke 3HaKoM. Kowmnuekchnlie unciaa
v JCHCTBMS HAalL HUMU H3JMO0WEHB B NPEILAYWIUX BBITycKax Kypca ¥).
OpHako u3 cooOpaweHull LEABHOCTH W3JOWKEHUs HMEET CMBICH elle pas
HAalOMHUTb OCHOBHbIE MOHSTHSL

Komnaexcrom wucaom 2z Ha3el8aemcsi napa OelicInsumensHux
yucea (a, b) ¢ ycmanosareHnbiM nopsdKom caedosawus 4ucea a v b.
910 yCJaOBHO 3amuchiBaercs B Bume 2=(a, b). Ilepsoe uucno a napu
(a, b) HasbiBaeTcs delicrmBumensHoli 4Qcmbsil0 KOMILIEKCHOrO 4YUCH3 2
n o6o3Hauaercd CUMBOJOM a = Re z; Bropoe uucno b napsl (a, b) Hasbl-
BAeTCd MHUMOL wacmel KOMIIEKCHOFO YuUC/Ia 2 B 0003HAYaeTCs CHM-
BosioM b=1Im z.

IlBa KommiekcHBIX umcaa 2y =(ay, b;) u z2,=1(ay b,) paBHB TOraa
U TOJbKO TOrjipa, Korjga paBHBI U UX AeUCTBUTEALHBIE U HX MHUMBIE 4yacTy,
T. €. 2y =2y JUllb NPpU @ = Qs, by = b,.

2, JlelicTBus Haxm KOMIUIEKCHBIMU uucaamu. [lepefinem k omnperne-
JeHuo airebpavueckux Onepanuil Hag KOMIJIEKCHBIMY YUCJaMU.

Cymmoidl KOMIJEKCHHIX uuced 2y=(ay, by) 4w 25={(ay by) Hasb-
BaeTCHd KOMINIEKCHOe umcao z=(a, b), rie a=a;+a, b=>b -+ b,
Jlerko BueTb, 4TO NpPU TAaKOM OMNDPEIEJNEHHUH COXDPAHHTCH MepeMECTH-
TEJAbHHH U COueraTeJbHLI 3aKOHBl CJAOWKEHHS, T. € 27+ 29=Z29+2; U
21+ (22 +23) = (21 + 23) + 23 Tax xe, kak 1 B 06J1aCTU AEACTBUTEABIIBIX
yyces, HyJEeM Ha3blBaeTCsl TaKoe KOMIJIeKCHoe uucao 0, cyMMa KOTOporo
¢ MmoOBIM KOMIJIEKCHBIM YUCJIOM 2 paBHa 3TOMY 4uCay 2, T. e. 2+ 0 =z.
OueBnaHO, YTO CYUIECTBYET AUHCTBEHHOE KOMIIEKCHOe uyucao 0= (0, 0),
obnagawouiee 3TUM CBOHCTBOM.

*¥) Cm. Bbim. 1, cTp. 195—199.
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[pou3sedenue.st  KOMILIEKCHBIX uucea 2y=(ay &) n zs={(ay by)
11a3LIBAETC  KOMILMICKCHOE 4HCaA0 2= (@, b) TaKoe, uto @ == ayQ,~—01b,,
b=aiby -+ asby. llpn takom oupesesennd NPOU3BEICHAY BHIMOIHSIOTCS
NEPEMECTUTENBHBIN: 2129 = 2927, COUYETATEJbHBIH: 21 (2-23) = (21 22)23
§ pacupejenuTeabHut: (2y - 22)23 = 2123+ 2223 3aKOHbL

BxawounM  fgeficTBUTEAbHBIE YMCIa B MHOXKECTBO KOMILIEKCHBIX UHCEJ,
paccMaTpuBas IEHCTBHTENBIIOE WYHCIO @ KaK KOMIUIEKCHOE 4MCI0 a =
= (a, 0). Torma, kak cxeayer u3 onpereaeHnst ACHCTBAH CIOKEHHT U
YMHOMKEHHs, I8 KOMIIEKCHBIX UHCEJN COXPaHdTCH H3BeCTHbiE NpaBHza
jeitctBu#l  Hax AefictBurensHeIMM uncaamu. IlosTomMy wMnowkecrso KoM-
MJAEKCHBIX YWCeN PaccMaTPUBAeTCsd KaK pacliMpeHHe MHOKecTsa JeHcTBH-
TeAbHBIX uuces *). 3aMeTHM, uT0 YMHOMXCHHE Ha JEHCTBHTENbHYIO €1H-
mwiy (1, 0) He MeHser KOMIJEKCHOro uuchaa: z-1=z.

KomnaekcHoe wuwucao Buga z=(0, b) HasbiBaeTCd 4uCcmo MHUMBM W
ciMBOJMueckn obognavaercs 2=ib. Yncro wmimmoe uncao (0, b)=ib
MOMIIO paccMaTpuBaTh Kak npousseneHue MHuUMOH egunuubl (0, 1) u
peticreurespioro uncaa (b, 0). Muumylo eaunuily o6biuno 0G03HAYAKOT
cumBosom (0, 1)=1i. B cuay onpenenenus npomusBeieHMs KOMIJEKCHHBIX
qicesn CrpaBefsnBO COOTHOWeEHHe {-§==i?=—I1. OHO no3BosseT NPUAATH
npaMo#t asreGpavyeckufl CMBICT TaK Ha3biBaeMOH aszebpauyeckoll ghopue
3anNyUcy KOMIIEKCHOFO 4HCJa

z2=(a, by=a-}+ib (1.1)

I NPOWU3BOAUTH ONEPALiNK CJAOKEHHS ¥ YMHOXKEHHS KOMIJEKCHBIX 4uces
no OOBbIYHBIM OpaBusaM ajare0pbl MHOPOUYJIEHOB. ’

Komnnekcnoe uucio Z=a —ib 11a3bBACTCd KOMNACKCHO CONPSICEH-
Hotat qucay 2=a-+ib.

Onepanng BBYUTANNA KOMIJIEKCHBIX YHCEJ ONpPEEJsercs KaKk onepa-
uns, obpaTHas caoxenunio. Komniekcnoe umcao z=a-ib HaswiBaercs
PA3HOCMEH0  KOMIUVICKCHBIX 4YuCeNl 2y =a;-+iby u z,=a,-4ib, ecau
Q=ay—ay b==>by—b,.

Onepauvs ge/aeHyus KOMIIEKCHBIX UHCEa ONPeAensercs KakK onepaiud,
oOparHas yMmHoxenuto. Kowmnnekcrnoe uncio 2z=a-}+ib HasbiBaetTCs
HACHIHOIM KOMILIEKCHBIX YHCEN 2y=a;-}-ib; u Zy=ay-+iby, 50, ecan
zy=2-2y. OrTcl00a caeayer, 4TO HAEUCTBUTEJBIAS @ W MHUMag b yacTu
4aCTHOFO 2 ONPENeAI0OTCH U3 JUHEeHHON cucTeMsbl anredpanyeckux ypaBHEHRH

Ao — bgb = ay,

boa -+ ab =0,
¢ onpepeaureneM aj -+ bj, oTANYHBIM OT HyJIs. Pelus 31y cucteMy, nojyunm
z aay+-b1b by —ad
erl: 12:%‘ 102 +l 120 {)2. (1'2)
2 az+b3 a3 +0b;3

*} Kak 6yner cregoBaTe M3 JalbHEHIIHX PacCMOTpeHHIl, MHOMXKECTBO KOMILIEKC-
HBIX UMCeJl, B OTVIHYHME OT MHOMKECTBA NefiCTBHTENbHBIX YHCEJ, He OBJafaeT CBOMCT-
BOM YHOPAJOYEHHOCTH, TAaK KaK He CYUIeCTBYET PAlMOHANBHOH CHCTeMbl CPABHEHHS
KOMIIGKCHEIX 4HCeJl.
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3. FeomeTpuueckas WHTEpOpPeTaHUs KOMIJIEKCHBIX uucesa. Ilpu
U3YyUCHUU CBOUCTB KOMIJIEKCHBIX 4HCEJ BeCbMa y1106HOP1 ABJIETCAd UX
reoMerpuueckas uHIeprperanus. [1oCKOJbKY KOMIJIEKCHOE YHCJAO Olipe-
JenseTcd KaK rapa ACHCTBHTEJbHBIX UHCEJ, TO €CTECTBEHHOH# reoMeTpH-
yecKOH wuHTepnperauvedt gBaseTcd H300paxeHHE KOMMJEKCHOrO 4YHCJa
2=a-+ib Ttouko# mnmockoctn (X, y) C AEKAPTOBHIMU KOOpAMHATAMU
x=a un y=>b Yucno z=0 craBuTcd B COOTBETCTBHE Hauady KOOPIAH-
HaT JaHHO# mMaockoctH. Takymw NJOCKOCTb Mbl B jajpHediiem Oylem
Ha3bIBaTh KOMHACKCHOI RAOCKOCHBI0, OCh abClUucC — delicmetmensHoll,
a OCb OpAMHAT — MAUMOI OCbIO KOMIJIEKCHOH mniockoctu. Ilpu 3stom,
O4EBH/JHO, YCTAHABJMBAETCS B3aHMHO OJHO3HAUHOE COOTBETCTBHE MEXAY
MHOXECTBOM BCE€X KOMIIJICKCHBIX 4YUCEJ W MHOXXECTBOM TOUEK KOMIIJICKC-
HOH NJIOCKOCTH, a TaKKe MEXAY MIIOKECTBOM BCeX KOMILIEKCHBIX uuces
z=a--ib n MHOXeCTBOM CBOOOAHLIX BEKTODPOB, NPOEKIHA X B Y KOTO-
pHIX Ha ocu aGCHMCC ¥ OpAMHAT COOTBETCTBEHHO paBHH a u b

BecbMa Baxuo# sBjAgercd Takwe npyrad (OpMa NpeACTaBJCHHS KOM-
IJIeKCHhIX  uucen. LA onpeneneHus NOJMOKEHUS TOUKM Ha IJICCKOCTH
MOXHO MOJIb30BaThCd NOJAPHBIME KOOpAnHaTaMu (p, @), rie P — paccros-
HUE TOUKH OT nauajsa KOODAMHAT, a @ — YroJ, KOTOPH# COCTaBjseT
pPagMyC-BeKTOP JaHHOH TOUKM € MNOJOKUTCABHBIM HaNpaBJCHUEM OCH
adcutcc. TlonoxutespHbBIM HANpaBJACHHEM H3MEHEHHd yraa ¢ CuHTaercs
HanpaBJieHNE npPOTHB YacOBOH cTpeskn (— oo < ¢ < c0). Bocnoaszosas-
LIHCh CBA3BIO ACKAPTOBLIX U NOJAIPHBIX KOODAUHAT. X =pCOS @, y:p sin o,
IIOJIyUNM TaK HA3bIBAEMYIO MIPU2OHOMEMPUHECKYIO ¢HOpAMY 3aAMUCH KOM-
MJIeKCHOrO 4ucaa;

z=p(cos@-+isineg). (1.3)

IMpr 3TOM p OOLIYHO RHABBIBAIOT MOOYALH, A — AP2YMEHNIOM KOM-
MJIEKCHOrO YHCHa 1 0003HauawoT p==|z|, @¢=Argz. Ilpemmecrsyomue
(gopmyaBl  JAIOT BBIpAXKENue JAeHCTBUTEAbHOH U MHUMOH uacre#l KoMm-
MJIEKCHOTO 4uc/a 4epe3 €ro MOAyJAb H aprymeHT. Jlerko sBhIpasuth

MOAyJAb W APFyMCHT KCMIVICKCHOFO 4wucJsaa 4depes €ro lleﬁCTBPITEJIbHYIO
b

n MunMyto uactu: p =)/ a® B2, tgcp-——z (npu BeIGOpe U3 penreHuf
IOC/IEJHErO YPaBHeHNs 3HaueHus ¢ CJAeAyeT yuecTb 3Haku a u b). Orme-
TUM, YTO apFyMEeHT KOMOJEKCHOI'O YUCJAa onpeleseH He OHO3HAYyHO, a
C TOUHOCTHIO JO afAMTHBHOTO CJAaraeMoro, KpaTHoro 2ri. B psaage cay-
4aeB yA0GHO uepe3 arg 2 0603HauaTh 3HAUCHUE APTYMEHTa, 3aK/IOYEHHOE
B mpejenax @y =< arg g << 2m-- g, FIe ¢y — NPousBosioe GpuKcHposas-
Hoe uucao (Hanpumep, g, =0 wmm ¢, = —mn). Torna Arg z=argz - 2kn
(k==0, =1, =2 ..)). AprymMeHT KOMIJIeKCIoro uncia z =70 poofiue ne
ONpEAEJIEH, a €ro MOAy/]b paBeH Hy0. JlBa OT/IMYHBIX OT HyJs KOM-
MJEKCHBIX 4YHC/Ja paBHBL MeXAy co00i{ B TOM M TOJBKO B TOM CJjyuae,
€CJIM PaBHBl UX MOIYJH, a 3HAUEHUA aPFYMEHTOB UJM PaBHbI, WM OTHAH-
YaloTCad Ha 4uciao KpatHoe 2m. KoMIJIEeKCHO conpsikenHble unucaa UMErT
OIMH ¥ TOT XK€ MOJYJ]b, 3 3HAUCHWS WX apTYMEHTOB NPH COOTBETCTBYIO-
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neM BeIGOpe obnacTefi WX M3MEHEHHS pasauvalorcs 3HakoM. Hakorer,
1ICTIOMB3YST U3BECTHYIO QopMyny Staepa ) e =cos ¢ - sin ¢, moayuaem
TaK Ha3bIBAEMYIO HOKQ3amensHylo (hopiy 3alucy KOMIIEKCHOTO YHCia:

z = pe'®. 1.9

OTMEUEHHOE BLIIIE COOTBETCTRME MEXKAY MHOWKECTBOM BCEX KOMIJICKC-
WX YUCeT W NJOCKUMHA BEKTOPaMH MO3BOJMCT OTOXKACCTBUTH OlNEpaluu
CJIOKEHUS B BBRIUMTAHHS KOMIJIEKCHHIX
WHCENM € COOTBETCTBYIOMIMMU Ollepaus- y z+z,
wu Hap Bexropamu (puc. L.1). Ilpnm
STOM JICTKO YCTaHaBJMBAKTCH HEPaBeH-
CTBA TPEYTOJ/bHUKA:

21+ 2=z |42,

21— 25| =|21|—] 2| (1.B)

Moayap pa3tiocTd ABYX KOMILIEKCHHIX
ypces HMEeT FeOMEeTpPHUECKU CMbICT
PACCTOSHUS MEWIY COOTBETCTRYIOIUMA
TOUKAMA Ha KOMILIEKCHOM mnaockocTs. OTMeTuMm, KPOME TOrO, OueBHI-
Hnie HepaseHcIBa |2|==a, |2 |==0.

Jng BemosHenus onepalnv#  yMHOXKEHus yHOOHO MOJB30BATHCH TPU-
roHOMEeTPHUECKOH GopMOH NMpeacTaBeHus KOMIJEKcHRX duces. CornacHo
npaspaaM yMHOWKeHUs noaydaenm *¥)

2=p(cosQisinQ)=2;+2y=
=Py (cos @y - £ 5in @q) P (COS @y - i sin @,) =
= 0102 (COS (py COS Py — Sin Qg SiN (o) - iP1 05 (SIN @y COS Py + COS g SiN y) =
= 0102[C08 (@1 -+ @2) - £310 (Qr + y)| =y - pp - € (079D,
Orcioga p=p1-0s Q=0Q1-+¢y T. € MOILyJb HNPOM3BEACHUA pased
NpOU3BEACHNIO MOAYJEH, a apryMeHT — CyMME apryMEHTOB COMHOXKHUTEJEH.

B canyuae pesneHus KOMMJIGKCHBIX YRCEJ NPpU P70 MMeeT MecTo aHalio-
THUHOE COOTHOIUEHUE:

Zi P pigi—ag
29 P
4, W3BreuyeHue KOpHA W3 KOMIIEKCHOr0 4uciaa. TpuroHomerpuue-
CKass n noKa3saTreJibHad CpOprl 3alnucu KOMHHGKCI!OFO 4yucaa y,ZIOGHbI npu
paccMoTpeHun aare6panvecKux onepanuit BO3BeIeHUs KOMIJIEKCHOrO 4uc/ia
B Y0 NOJOXKUTC/AbHYIO CTENEHb W U3BJCYCHHS KOPIUS M3 KOMILIEKCHOIFO
uncaa. Tak, ecmt 2 =27 10 p=p% n @=ng,.

*) D10 BpoipakeHHe Mbl NOKa OyeM paccMaTpuBaThb KAk COKPALIEHHYIO
(GOpMy 3amMCH  KOMIVICKCHOIO uHMCJa Z=cos ¢ sin ¢. [Toanslit cmsicn  s10r0
0003HayeHUa OyJieT YCTaHOBJIEH B JalibHeillcM.

¥*) Bra dopmysia MOKasbiBaeT, yTO BBelleHHas BLIUE (yHKUHA ¢/P obnajaeT
cBoficTBOM ¢/t . o/Pe — pf (P17 @2),
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n ~—
KomnaekcHoe 4uciao 21=1/z HA3bIBACTCH KOpHeM n-i CTeneHu u3
KOMIVIEKCHOFO 4icaa 2z, ecan 2 = 27 M3 storo onpesenenus cienyer, uro

n
o=V u ¢ = (P . Kax Ons0 oTMeueHo BhINE, apTYMEHT KOMIJIEKC-

HOro 4ucJaa onpeaenen e OIMHO3HAUIl0, a3 € TOYHOCTBIO X0 aAJAUTHBHOTO
caaraemMoro, kpatHoro 27t. 1losTOoMy M3 BbIpameHus A4 apPTYMeHTa KOMI-
JEKCHOr0 YHCaa 2y

— 9 20k
_n+n’

rA€ (¢ — OAHO U3 3HAUCHUH aPryMEHTa KOMIJIEKCHOTO YHC/AA 2, [0JAYyuuM,
YTO CYHIECTBYIOT Pa3/JHuHble KOMIEKCHBIE UHCJa, KOTODHIE NPH BO3BeE-
IEHUH B H-10 CTENEHb PaBHBI OJHOMY M TOMY e KOMINIEKCHOMY 4MCIy 2

o~ —
Moaysu STUX KOMIVIEKCHBIX UHMCeJ OAUHAKOBH H DAaBHE )/ p, a apryMe-
v THl Pa3JAMYaloTCd Ha YHCJO, KPat-

. T 2
i Hoe “—, Hucno pasmuubplx  3Haue-

e T\\\ uni KODHH n-4 creneHu U3 KOM-
7 N iff  IIEKCHOTO Yuc/a 2 PaBHO #. Touku
Ha KOMIIEKCHOH NAOCKOCTH, COOT-

\ BETCIBYIOHLME DA3JNUUHBIM 3HAUCHUAM

\ KOpHS 7-#i CTeneHu M3 KOMIJIEKC-

I HOro uucaa 2z, pacroJIOXKeHsl B Bep-

z=0 / z WHHAX INIPaBHJIBLHOTO 7-yTOJIBHUKA,
/ BIUCAHHOIO B OKDYXHOCTb Dajuy-

5 y ca I{/p C HEHTPOM B TOHKe z=10).
Z=€ ( =-Z, J/ COOTBETCTBYIOLIME 3HAUEHHS @y TIO-
~ - JAy4alTcs npu R, NPUHUMAIONIEM
sHavennsd k=0, 1, ..., n— 1.
Puc. 1.2 Knaccnueckut ananus nocrabun
3a]auy TaK pacliMpHTh MHOKECTBO
AeHCTBUTEIBHBIX UYUCeJ, 4TOOH HE TOJBKO 3JEMEHTapHbe anrebpandecKue
onepamHy CJAOXKEHHS W YMHOXEHHS, HO M ONepallus M3BJACUEHUS KOPHS He
BBIBOAAMJA U3 ITOF0 PACIIHPEHHOrO MHOXKECTBA. KaK MBI BUAMM, BBEAEHHE
KOMIJIEKCHBIX YHCeN pelaer 3Ty 3aaauy.
Mpumepu: 1) Hatru sce snauenns }/L 3anwcas B r10KasaTeapHOMH
LT
(pOpME KOMIIJIEKCHOE UYHUCJIO 2=i=¢ 2, NOAyUnM A7 3HaUeHUH KBaupaT-
‘)nlz

+
HOTO KODHS M3 HAaHHOTO KOMIJIEKCHOTO YWC/a BHPAXEHHS zk——e 4
k=0, 1 (puc. 1.2), ou<y11a

3

— V24,

zo_e 4_—_cos~—|—zsm

¥
PRl

1 /5
=€ 4 :-——el4 :_!22(1_i_l)'
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P
2) Ha#ttn sce snauenns 3/ 1, rae p >0 —uenoe uncno. Bocnosbsso-
BaBIIUCh MPEACTABJICHUEM 1 =¢ Tak ke, KaK W B NpeabAyHIeM [pu-

e .
Mepe, moayumm zp==¢€ P , k=0, ..., p—1, orkyna
om
; i 2, ... 2%
Zp=¢6e0=1 2zy=e P =cos=---isin—,
p p
2 om
iZip-n it 21 on
p = e

P = COS— —{sin —.
p p

To ectb KOpeub p-i cTenenu u3 1 HMEET POBHO p PAIIMUHBIX 3'1auenuil.
DTH KOMIVIKCHbIE UMCJAA COOTBETCTBYIOT BEDUIMIIAM MPABUABIOTO P-yTOlb-
HUKA, BIUCAHIOTO B OKPYKHOCTh €IMHMUIIONO pagmyca € UEHTPOM B TOY-
ke z=0, upuyeM OmHA W3 BEPIINH JCKUT B TOuKe 2= 1.

3) Ha#itu Bce 3Hauenus Vl——i]/g. Tak Kak z2=1—i)3 =
LT

L
= 2¢ 3, T0 ans 3HAYEHHH KBAAPAaTHOTO KOPHS M3 AAHHOIO KOMIIEKC-
w | ,omk

R , k=0, 1, oTkyna

HOTO YHCJa NOJYUYHM BBIDAXKEHHA zn=1)2e

=V2 _5%’—]/5 (cos * —isin L) = ys—t
2'0_ e = \CO E 6 - l/2 3
S 5
SU Va—i
21 = 2 e 6 :-———-/T—:—'—Z .
1 V V2 0

Wrak, nnag ussiaeueHus Kopng p-f CTENENM M3 KOMIJEKCHOTO 4iCJa
Hago nepedTH K NOKasaTebHOU (POpME 3alucH  KOMIJEKCHOro 4Yucaa,
M3BJE€Yb KOpEeHb 7n-fl CTENE€HW M3 MOAYJA JaHHOr0 KOMIUJEKCIIOro uucja
(Geperca apudmeTHUeCKOe — ASHCTBUTEABIIOE M NOAOKUTENbIIOE — 3HANE-
HHE KOpHS), a apryMeHT AaHHOIO KOMIMIEKCIOrO 4Kuc/ja pPasaesuTh Ha A.
(Ilng noayuyenus pcex 3HaueHUit KopHs Hal0 HMETb B BHAY MHOFO3lay-
HOCTb apryMeHTa.)

§ 2. llpegen mocaenoBaTe bHOCTH KOMILIEKCHBIX YHCeEJ

1. Onpenenenue cxoxsimeiics mocjegoBaTedbHOCTH. ILas mocTpo-
€HHg TEOpHW (YHKIUK KOMIJNEKCHOR nepeMedtol O0JAbIIOE 3sHaueiide
UMEEeT nepeuecenve OCHOBIMNX HAeH amaausa B KOMIJEKCNYH 00JacTh.
Onmmy u3 QyspaMentTaipHBX NMOUATHHA aHaiM3a SBISETCS NOHSTHE lipe-
Jena ¥, B YAaCTHOCTH, MONATHE CXOAsuledcs uncJa0BO# mocaeaoBareblio-
cru. ApaJOrmuHyto pOJb MIP2IOT COOTBETCTBYIOULME NOHSTHE U B 064aCTH
Komnzexcusix upcea. Ilpm s1oM MHOrMe onpesesnenusi, CBs3aHHbIe C npe-
ACJBHBIM NEPEXOAOM, MOJHOCTHIO NMOBTOPSAIOT COOTBETCTBYIOUIME oOlipene-
Jenus reopurd QyuKuuit gedcTourespliol nepemMenioil.

Ilocaedosameab HOCMBIO KOMNACKCHBLX YlICeA HO3BIBACHICH NEPEH)-
MEPOBAHHOE OECKOHEHHOE MHONCECMBO KOMNACKCHBLX dliced. B nann-
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neilieM MOCAELOBATEIPHOCTh KOMIICKCHBIX uHCea Mbl Oynem 0603Hauath
CHMBOJIOM {2,}. KomniekcHeie unciaa 2, o6pasyioline M0CIeL0BaTEb-
nocts {z,}, na3eBalorcy ee snemenramy *).

Hucao z Ha3vigaemcs npedeson nocaedogameasrocmu {2,}, ecau
0451 2100020 NOAOHCUMEALHO20 HUCAA & MOJHCHO YKQA3QAMb MAKON HOMep
N (g), rauunas ¢ KOMOPO20 BCe 3NEMERMEL 2, IMOE NOcaedosamens-
HOCMIL YO0BAEMBOPSION HEPABEHCEY

lz—2z,|<Ce mpu n=N(e). (1.6)

TMocaedosamersrocmes {z,}, umenuas npeden 2, HasvBaemcs cXo0s-

wetica ® wucay z, 4mo 3anucsibaemcs 8 suce lim z,=z.
n-»>oo

Hast reomerpuueckoil MHTEPUPETAUHN NPEACABIOr0 NEpexoaa B KOM-
NAeKCHOH 06Jacty yIOOGHHM OKa3blBaeTCs MOHSTHE E-OKPECTHOCTH TOUKH
KOMIIJIEKCHOR TJIOCKOCTH.

Mruooicecmgo mouex 2 KoMNACKCHON NAOCKOCIMI, ACHCQUUX BHYINPU
OKpYHCHOCHUL paduyca & ¢ ueHmpoxm 8 moure Zo{i 2 —2z,|<C &), Ha3si-
BAEINCS &-OKPECHOCINEID MOYKU 2.

W3 sroro onpepesenus chaeayer, uro TOUKA 2 SBJSETCS NpeaeaoM
cxoAsuefics nocrenoBatespHocTH  {2,}, ecan B moGoO# e-oxpecTiocTH
TOYKW 2 JIEWAT BCE SJSMEHTH 3TOH MOCAen0BATEILIIOCTH, HauuHad ¢ He-
KOTOPOT0 HOMEpa, 3aBHCALLEr0 OT €.

IlockonpKy Kakpoe KOMILIEKCHOE uMCAO Z2,==a,-}-ib, xapaxkrtepu-
ayercsl Tapoi JeHCTBHTEJBHBIX 4YHCEeN a, W b, TO MOCAEeI0BATE]LHOCTH
KOMIEKCHBIX unces {2,} COOTBETCTBYIOT [BE MOCICAOBATENLHOCTH AEHCT-
BureapHBIX uucen {a,} v {b,}, cocraBaennsie COOTBETCTBEHHO W3 AEHCT-
BHTEJbHBIX W MHUMBIX 4YacTEH SJEMENTOB Z, INOCJENOBATEALIOCTH {2,}.

Himeer mecTo cjaenymoiee yTBEDKAEHME.

Teopema 1.1. HeoOxolumpnw U QOCHQAMOLHEM YCAOBUEM CXOU-
Mocmu nocaedo8aniensHocmu {z,l} SABASTeMCST CX00uUMOCHLE NOCAE)O-
sameasnocmeil Oelicmeumensnox wuces {a,} u {b,} (2,=a,-}ib,).

HdoxazatennrcTB 0. B camoM Ieae, ecim NOC/AEA0BATeNLHOCTS {2,}
CXOOMTCH K udcay z=a--ib, 10 ans moboro e>0 |a,—a|=
=|z,—zl<<ew |b,—bj<e npu n=N(g). IT0 ¥ KOKA3BIBALT CXO-
AMMOCTb nocaenosaresbHocredt {a,} u {b,} Kk a u b coorsercr-
Beno. OGpaTuoe yTBEpXKAeHnwe CJeAyeT U3 COOTHOWCHMS |z, —2z]|=
=V (a,—aP+(b,—0b)% rpe a u b gaBasiOTCH npefieSaMH NOCJAENOBa-
tenpHocTedl {an} u {b,} n z=a--ib.

[Tocaedogamensnocms {2,} Ha3e8aenics 02PAHUMEHHON, ecAll CYiuye-
ciByem maxoe ROAOHCUNIEAbHOE HUCAO M, 4no 0asl 8cex sneMeHmos
2, Mol nocaedosameAbHOCHIL UMECENT MECIO HEPABEHCMEO | 2, | < M.
OcHoBHOE CBOHCTBO OrPAaHHUEHHOH NOCJENOBAaTEJABHOCTH XapakTepuayer
caefylonas reopema.

*) Onpefe/ietnie NOCJAeAOBATEJIBHOCTH He HCK/IOMAET BO3MOXKHOCTH [OBTOPAIO-
LHXCS 5/JeMEHTOB, H, B 4aCTHOCTH, BCE 3JIEMEHTBI [10C/eJ0BATE/ILHOCTH MOTYT COB-
najaTh Mexay coGoil.
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Teopema 1.2. H3 scarkoll ozpanuienHoll nocaedogamensHocmu
MOJMCHO Bbideaums CX005IULYIOCA HOONOCAC008ANIEABHOC MY,

Hoxasarenbctso. Ilockonsky mnocnegoratenstocts {2,} orpa-
HHYEHa, TO ¥CHO, YTO COOTBETCTBYIOUIHE €fi AEHCTBUTE/bHBIE IOC/ELOBA-
teabnioctn {a,} n {b,} Takxe orpanuuens. PaccMOTpHM TOC/eNOBATEb-
noctb {a,}. Tak Kak 3Ta NOC/JEI0OBATENBHOCTb OFPANHuEHa, TO U3 HEe
MOKHO BHIIETHTh CXOAAULYIOCA TOANOCJELOBATENBHOCTE ¥) {ani}, npenen

koTopo#t oBosnaunm a. IlocaenosarensuocTn {ani} COOTBETCTBYET NOCJe-
JIOBATEBbHOCTD {b"i}’ TAKKE ABJSIONLAsCS orpaHuyenno#t. [Tosromy u3 nee

MOWKIIO B CBOK OYEpEAb BHILEANTh CXOASILYIOCS TNOANOC/AEL0BATENBIOCTD

{b"k}’ npenen xotopo# o6osnauum b. Ilpu aTom cooTBeTCTBYIOIMLAS TOC/IE-

JOBATENBHOCTD {ank} no-npexueMy cxoautrcs Kk a. OTciona CAELYET, HTO

NIOCAEA0BATELHOCT KOMIIEKCHBX YHCes {an}:{ank+ib } TaKKe $B-

aserca cxomsuiefics, npudem lim z, =z=a -} ib, uto ©u JOKa3bIBAET
M=o

TEOpEMY.

2. Kpurepuit Komu. Ilpn uccaepoBanun cXoauMoCTy NOCAELOBATE Tb-
HOCTH BO MHOTMX CJy4assXx YAOOGHHM OKa3sBaeTCs HEOGXOTUMBIR M A0OCTa-
TOUHHH NpPu3HaK CXOAUMOCTH NOCAEAOBATE/JIBHOCTH, U3BECTHBIH MOM HasBa-
HueM Kpurepus Kouwmu.

Kpumepuii Kowu. [locaedosamersnocms {2,} cxodumes mozda
w moavko mozda, ecat 041 Awbo2o &£>0 MOMHO YKa3ams mMaxKoe
N (&), umo

l Zp— Znem ‘ <& (1-7)

npu nz=N(g) u dasg awbozo Howmepa m ==0.

HokasateabcrtBo. Jas 10oKazaTeabcTsa kputepust Ko Mbl
OUSATL BOCTOABL3YEMCS SKBHBAJNEHTHOCTHIO CXOAMMOCTH TNOC/ISLOBATENBHO-
et {2,} w nocrenosaTesbHOCTEN HEUCTBHTEABIBIX uncen {a,} 1n {b,},
a Takke TeM 06CTOATENbCTBOM, yro Kpurepni Kour ssaserca neoOxoan-
MBIM H JOCTaTOUYHBIM NIPH3IAKOM CXOAMMOCTH IOCIEN0BATENBHOCTH AEHCT-
BuTeAbHBIX uuces *¥), Haunem ¢ moxasarenbcTBa HEOOXOAMMOCTH KpUTEpHS
Koum. Tak kak mocneipoBatesbHOCTh {2,} CXOAMTCA, TO CXOAATCA M NOC-
NIEL0BATEALHOCTH IEHCTBUTEIbHBIX YuCen {a,} 1 {b,}. Otcrona caeayer, 4To

nas moboro € >0 u swboro HoMepa m >0 |a,— Qpim|<< —;— npu

n=Nj(e) u )bn~—b,z+mj<% npu nz==N,(e). Bubupas B Kauecrse
N (e) nanGonpiee u3 Ny u Ny, B CHAYy HEPaBEHCTBA TPEYroJbHAKA NOJY-
UaeM | 2y — 2n4m | << € npu n>N (g).

IlepefineM K [0Ka3aTeAbCTBY [AOCTATOMHOCTH mnpusHaka Kowwu. Vi3
cootnowernna (1.7) npu nZ==N CcIeAyOT HEPABEHCTBA |@,— ntm | <<
|2y —2nim| <& U |by—bpim|=<<|Zp—2n4m| <&, ABAAIOLUECS

*y Cm. Boin. 1, crp. 82.
**) Cm, Bwin. 1, crp. 85.
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LOCTATOUHLIMK yCJAOBHAMU CXOAMMOCTI Hoc/ienoBateapnoctett {a,} u {b,},
T. € CXOAUMOCTH lochefosatensuocti {z,}. Tew campM goxasano, uro
AJISL CXOAMMOCTH IIOCAEA0BATENBIIOCTH {2,} € KOMILIEKCIIHME SJEMeHTaMu
HeOOXOAUMBIM U JOCTATOUHBIM $IBJISIETCS BHIOJHEUHE Kputepust Ko,

3. beckoHeuHO ynajeHHasi TOYKAa. BeeneM noHgTHe OGEeCKOHEUHO
YAaICHHOH TOUKA KOMIJIEKCHOW MJIOCKOCTH, CYLECTBEHHOE MAJs [ajblieli-
pero. IlycTh jaHa noc/enoBaTeablnoCTh KOMIVIEKCIMIX uncen {z,} Takas,
yTo s MOOOro NOJ0WUTEARHOrO uucia R naifizercs Homep N, naunHas
C KOTOPOIO  4JeHbl TOC/AEA0BATENbHOCTH  YHOBJETBOPSIOT  YCAOBUIO
[z2,|>R npu nz==N. Taxkywo nocreioBare/bloCTh Ha30BEM HEOrpaHu-
yeno pospacratonteil. Corzacllo BBEAENHHM paHee ONpelLeJeHnsiM naHHas
[IOC/IEI0BATE/IBIIOCTh, TaK Xe€ KaKk M BCSKas ee MOANOC/Ae10BaTe/ bH0CTD,
npefesa He umeer. Takoe oco0oe moJ0KeHHE HEOrDaHUUEHHO BO3PACTANO-
ulel Noc/aeLoBaTeNBIOCTH BH3bBaeT pax 1eyaobcrs. YUroOw u3bewarhb
5TOI0, BBEIEM KOMILIEKCHOE uMCJI0 2 ==CO KU OYUEM Cuurath BCAKYIO
HEOPOHUYEHHO BO3DACHMAWMYI  NOCACI0BAMEABHOCH CXO0SelCs
K 3moay HucAY, KOTODOMY Mbl IOCTaBHM B COOTBETCTBUE OeCKoHeyHo
yIaJeHHYI0 TOUKY KOMIJIEKCHOH IJIOCKOCTH. DBBemeM nonarue noarol
KOMNAeKCHOU naockocmu, coctodailed u3 OOBIYHOH KOMIJIEKCHOH njoc-
KOCTH, U €AHHCTBEHHOrO GECKONedno YyHaJleHIIoro 3JeMenTa — 6eCKoHeUHO
yaanennofl rtouku ¥) z=oco. Eciu M OyleM nO/Ib30BATLC TreoMerpuye-
CKOH wmocTpalivell, crass B COOTBETCTBHE 3JEMEHTaM HEOrpaHuyeHo
BO3PACTAKLICH T0CAE10BATENLHOCT {2,} TOUKH KOMIJIEKCHOH IMIOCKOCTH,
TO OGHaPYKHM, YTO TOUKM DPACCMAaTPUBAEMOil 1OC/IENLOBATEMBIIOCTH C BO3-
pacTaHueM ©X HOMEPA PpacHOoJaraloTcst BIIE KOHUEHNTPHUECKHX KpPYyroB
C LEHTPOM B navaje KOOPAWNAT, PAMMyChl KOTOPBLIX MOrYyT OBITH CKOJD
yroano Ooupmumu. OTMETHM, W0 TOUKM JAAINIOf I10C/AEL0BATENBHOCTH
CTPEMSITC K TOUYKE OO He3aBUCUAMO OM HANPABACHUS 11a TIOJHOH KoM-
MJIEKCHOW IJIOCKOCTH.

B cBa3n ¢ BBeaeHUBIMK IIOHATWAMYW ECTECTBEHHO Ha3HBaTh OKpeCT-
HOCTHI0 GECKOHEUHO YHaJelol TOUKH MHOXKECTBO TOYEK 2 IMOJHOH KOM-
IEKCHOM 1I0CKOCTH, YIOBAETBOPSIIONMX yCaoBulo | 2 | > R, rie R— xoc-
TaToOuHo OO0J/BLIOE NOJOKUTENbHOE UYHCIIO.

Onpenenum anrebpanueckne CBOHCTBA umcaa 2= oo. Mz anemenros
HEOrpaHUYEHHO BO3PAcTalolied MOC/IeN0BATENLHOCTH {2,} cocTaBuM nocie-

1
HOBATECJbHOCTDH {T} Ita NOC/HE0BATENBHOCTh CXOLUTCH K TOuKe 2 =0.
n

JleficTBUTENBHO, U3 NPEABIAYUIMX DPACCMOTPEHMH caemyer, uTO Aas na:000-
1

ro £ >0 MOXKHO yKa3aTb Tako#l HoMmep N, uTo ‘—z——I<s npu n>=N.
n

OueBuiHO 1 0OPaTIIOE YTBEPKIUEHHE, T. €. ec/n 110CAe10BaTeNbHOCTh L ,}
CXOAUTCSA K HYJI0 B COCTOMT H3 OT/MYHBIX OT HYJs 3/EMEHTOB, TO NOC-

I
JEL0BATCABHOCTD {*} CXOAUTCS K OECKOHEUHO y;‘_'La.TIEHHOﬁ TOUYKE.

En

*) 3ameTuM, 9TO apryMeHT KOMIVIEKCHOTO 4YWcaa oo He ONpefefteH, Tak e
KaK U ero jelCTBUTC/bHASL M MHHMAs Y4CTH.



§3] MOHATHUE $VHKIIMY. HENNPEPBIBHOCTD 21

1 1
B csgsn ¢ srum  11osaarator = =0 u 0 = 00, BOO6[!L€ ans becko-

11eUHO  YAAJEHHOH TOUKM YCTaHABAUBAWOTCSH CJGHYIOULNE COOTHOMIEHUS:
P4

z-co=00 npu 2=%0 u 2+00=0c0, —OE—:O npu 2 =00, KOTOpHE

eCTeCTBEHHB! C TOUKH 3DEHHsl MPEJEJLHOro MNEPEeX0aa B ONepawisx CJao-

€CTECTBEHHO,

(oe]
wenna u ymHowenus. C 9To#l TOUKH 3peHus onepauus 5

ABJASETCS HeonpeueeHHoM.

§ 3. MongTHe GYHKUUH KOMNJIEKCHOH nepeMeHHOI.
HenpepsisHoctn

1. OchHoBHble onpexedeHus. lleanio HacTOAUIErC NYHKTA ABAACTCH
BBEeJeHHEe NOHATAA (PYHKUHR KOMIJEKCHO# mnepemenHof. DTO nOHaTHE
BBOJHMTCA TaK K€ KaK M MOHATHE (PYHKilkd AeHCTBUTEAbHOR nepeMeHHOM.
ByneM roBOpuTh, UTO Ha MHOXKECTBE £ KOMIJIEKCHON [JIOCKOCTH 3amgaHa
(PYHKLUNSG KOMILJIEKCHOH nepeMeHHOMH, ecau 3alaH 3aKOH, CTaBIuIMi B COOT-
BETCTBHE KaXJOH TOUKE MHOKeCTBa £ HEKOTOPOe KOMIIEKCHOE YUCJAO.
Muoxecrso E Gynem Ha3biBaTb MHOWECTBOM 3HAY€HHH HE3aBUCHMOH mepe-
meHno#. CTpyKTypa 5TOro MHOWECTBA MOWeT ObiTh BECHMa CJIOXKHOH N
pa3noobpasinoi, oMHako B Teopuu yHKUUE KOMIJIEKCHOH NEpPeMeHHOH
PACcCMaTPUBAIOT MUOKECTBA CNenHanbHol crpykrypel. Jas majasnedwero
naM norpebyercss psi BCIIOMOraTebHBIX NOHSTHIL

Touka 2 Ha3blBaeTCs BHympeuHeil mouKoll smuoxcecmsa £, ecau cy-
HECTBYET &-OKPECTIOCTh TOUKH &, BCE TOYKH KOTOPOH NpUHAAIEKAT MHO-
wecrBy E. Haupumep, Touka 2 MHOMectBa |2 |<I 1 gB/IsETCS BHYTpEH-
nedt, ecan |2{<C1; rouka z=1 1e sBAFETCA BHYTPEnHEH TOYKOH [aH-
HOrO MHOXKECTBA.

Muoacecmso E Ha3vi8aemcs 004aCMbI0, €CAl BHLIOAHAIOMCSA CAe-
dywouwue ycaosusa: 1) wancoas mouxa MHodcecmea [ — sHympennsas
HOUKQ 3M020 MHOMHCecmEa;, 2) A 0bie 08e mouru mroxcecmea E oou-
HO coeQuHUmMYy AOMAHON, 8ce mouKu Komopol npuxadiexcam E.

B gauHom onpeuenexunn ofsnactu BTOpoe TPEGOBAHWE fABJSETCS YCJIO-
Buem cBs3HOCTH ofsactu. Hanpumep, mMHOxecTBO Touek |z | <C 1 oGpasyer
o6aactb. TOUHO TaKKe M e-OKPECTHOCTb TOUKH 2y (| 2 —2,| < &) obpa-
ayer 00.acT. MHOXecTBO TOueKk |z |=<<1 He sBagercs o0/acTbio, Tak
KaK HE BCE €ro TOUKH SBJSIOTCS BHyTPEHHWUMuU. Takwe He ABJAIOTCH
06acTAMI MHOXECTRO TOYEK |2z |5~ 1 u Mumoxecrso |2 (<1, |2 —4|<C2
(puc. 1.3), NOCKOJBKY OHH II€ SBJASIOTCA CBS3HBIMH.

Jlns oGosnauenus ofbaacTd OObMHO IpuMeHsioTcs Oykeol ¥, G, D.

Touka 2 Ha3wlBaeTCH BHeulneil moukol obsacmu ¥, ecam cywecr-
BYeT TaKasi &-OKPECTHOCTb TOYKM Z, BCE TOUKH KOTOPOH He pHHAJIexar
obnactn 9.

Touka 2z uasHBaeTcsd 2paxutnoll moukoil obracmu ¥, ecau B moGoi
g€ €-OKPECTHOCTH COAEPHATCAd KaK TOYKH, MPHHAAJeKAue 06aactu &,
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TaK W TOYKH, He npuuassexamume obaactu ¥. Haupumep, Touka z=1
SBJISETCA IPAHAUHON TOukoH ofnactu |z |<<C1. Cogowynwocms 8cex
2panud el X movex obpa3yem epanuyy oliacmu. B navnefiniem rpai-
1y ofiactu mMbl OymeMm o0wui0 0bo-
snavuatb Oyksamu p, 1, C. Ipocreft-
MM IpUMepoM rpanuitst obaactu,
OUEBHIHO, 5B/SETCH KDPiBas; 0IHAKO
rpanulia  00.aCT!l MOWET COCTOATh
M 143 AUCKPETHOrO MHOMXECIBA TO-
uek. Harnpumep, MHOKECTBO TOUEK
|z] =0 ofpasyer Ha KOMIAEKCHOH
IJOCKOCTH 00sacTh, I'Panuned Ko-
TOpod sBagercd Touxka z=0.

Mruooicecngo, noayennoe npu-
coedunenuem K obaacmu Bcex ee
2PAHUMHbLX MOYEK, HA3LBACMCS 3AMEHYMONL 0064acme0. 3aMKHYTYO
o0aacts 0O»un0  Oyaem oO0o03Hauath, CTaBd 4€PTy HaA CHMBOJOM CO-
aactu, Hanpumep: &, G, D.

B nanprefimiem mbl Oynem paceMarpusaTh T CAYUaH, KOrAa TCPaHHiLa
ofaacTy Npeicrapaser co0oit OQUY uJdn HECKOJbKO KyCOUHO-TAaIKMX
KpuBBIX ¥), KOTOpBIE, B 4aCTHOCTH, MOIYT BHPOKAATHCA B OTAE/bHLIE
roukn. Tlpu sTOoM OynyT paccmarpusarhCst Kak OMIOCBH3HBIE, TaK H
" mnoroceasuple  obGaactu *¥), Manpumep, obuacts |2 —i|<<2 qpaserca
04HOCBS3HOH  00NacTblo, rpaHniedl  KOTOpofl  SBJSETCS  OKPYWHOCTL
{z—i]|=2; xpyropoe komuo 1<l z|<C2
(puc. 1.4) npexucraaser coGol  LBYXCBA3UYIO
00/1aCTh; MUHOXECIBO TOUEK 2 == (U NpencrTaBJser
cobofl onHOCBH3HYK O8JAACTD © T. A.

Ecan obaacts & unennkom JemuT nuyrpu He-
KOTOPOI'0 Kpyra KOHEUHOrO paadyca, TO olla Ha-
3LBACTCA O2paHuyernoll. B nporuBHoM cayuae —
HEO2PAHUYEHHOIL.

Mbr GyaeM paccmMarpuBath B OCHOBHOM 1€
C/y4aH, KOTAa MHOXECTBO £ 3HaueHuH KOMILIEKC-
HOW nepeMeHHON npeacrasaser coboh obaacte G Puc. 1.4.
uan 3aMKHyTyI0 obaacte ¥ KomnaekcHo#i mioc-
xoct. Torma odwo3naunas yHKUUST KOMIACKCHOL nepeitenHoll z, 3a-
daunan 8 obaacmu Y, onpedensiemcss 3ax0HOM, CMABAMWHMN KAHCOOMY
3navenu z u3 obaacmu Y & coomsemcmeue onpedeaennoe KOMNAEK (-
Hoe Hucao w. CuMBOJMUYECKH YKa3aHNnoe COOTBETCTBHE OYIEM 3alliiChi-
BaTb B BHIE

w=f(2). (1.8)

*) TlonsiTHe KyCOYHO-IJIafKol KpUBOA cM. BbM. 2, cTp. 150.
#*) IlonATHe MHOrOCBA3HOH ofnacTd cM. Beil. 2, crp. 117.
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MHOKeCTBO KOMIJEKCIIBIX HIICEA W, COOTBETCIBYIONUX BCEM zeY,
HA36IBACTCA MIIOWECTBOM 3Hauennit ¢yvukunn f(2). ockonsky Kawaoe
KOMILIEKCIIOE 4NC/O XaPaKTepU3yeTrcs I1apoil AefdCTBUTEIbHBIX 4YHUCe], TO
3a1aHue KOMIVIEKCHOH dyukinn @ =u-iv KOMIJEKCIION NepeMeHHOH
2 =x -}y SKBUBAJEHTHO 3al1aHUI0 IBYX LEHCTBHTEAbHBIX (MYHKUMH HABYX
JEHCTBATENbHEX NEePEMEHHBX, YTO MOXeT ObITbh 3amiHcaHO B BHAEC

w@)y=u(x, ¥)+iv(x, y). (1.9)

dynkuun u(x, y) u v(x, y) onpexenens B obiactn G miockocTd feii-
CTBUTEJBIBIX HEPEMEHIBIX X, ¥, COOTBErcTBYyIONieH o6aactu & KOMILEKC-
1ofl  maockocTH 2. DyHkuwA @ (X, y) Hasuvaercs QelicmBumeasHoil,
a dynkuns v (x, y)— muaofl vacToio GyHkund @ = f(2). B naapued-
1IeM, ecJm 3T0 He orosopeno oco0o, Mel BCeraa OyaeM T0Jb30BATHC
npencrasieHneM (1.9), obGo3wauag -nelcTBUTENLHYI0 uYacTh (GyHKUMN f(2)
CHMBOJIOM I, MHUMYIO — CHUMBOJIOM 7.

Yacto paccMaTpHBAIOT MIIOro3nauiible (QYHKIHU KOMIJIEKCHOH nepe-
MEHHOH, KOrAa KauIoMy 3Hayenuio 2 €9 crasarcd B COOTBETCTBIE
HECKOJbKO KOMILIEKCHHIX vucen. B nacrosmieit rnape mbl 6yseM paccmar-
pHBaTB TO/JIBKO OJHO3Maumble (ynKUMW Koyrexciiof nepemexnof. Ilox-
pobioe paccMOTPEHHE MHOMOSHAUHRIX (YHKIuHE Oyaer 1POBEAENO HHKE.

Muokecrso 3mauenui @ (ynxunn f(z) 1a KOMLIEKCHOR MJI0CKOCTH @
MOWET HMeTb CaMylo pa3HoobpasHylo CTPykrypy. B wacrmoctu, 310
MoweT Omrh obaacts @ uau 3amxHyrtas oGaacte G. B pasbtediueM Mbl
OyneM pacCMaTpuUBaTh TOJBKO TaKde CJayuau.

3aganveM (yHKUAM @ = f(2) YyCTaHABAMBAETCS COOTBETCTBIE MEWKIY
toukamun 00JacT & KOMIVIEKCHOH IIIOCKOCTH 2 n Toukamu obaactu G
KOMIIEKCHOR MAOCKOCTH w@. ['oBOpYT, 4r0 npu 3TOM 3azaiio orobpaxe-
nne obaacrn ¥ na obmacts G. Owesnpno, ycramanamsaercss u obparHoe
COOTBETCTBHE — KawA0H Touke w e ( CcraBurcd B COOTBETCTBUE OnIIA
WM HECKOJBKO TOueK z obaactn &. B nocsenmen ciyuae MOXNO ToOBO-
putb, uro B oOunactu ( 3ajada MHOTO3HAUHad (PYHKUAS KOMIVIEKCHOH
nepemenHo#t w. ®yHkuwus, ocymecTeaswouias ortobpaxenune obmactn (G
KOMILIEKCHOR TA0CKOCTM @ Ha 00aacrs ¥ KOMIIEKCHOH MJIOCKOCTH Z,
naseidaercs obparuol ¢ywvximn f(2). B sroff riaBe Mb B OCHOBHOM
Oylem paccMaTpuBarb TOT cayuail, koraa oOparHas (yHKLuS

z=0p(w) (1.10)

gpaseTcs oasosuaunofi B obaacrn G. Toria dymxkuns w = f(2) ocy-
{ilecTBJaseT B3aUMHO OANO3HAauloe orobpawenne obaactu ¥ na obaacts G.

Dyuryun f(2) Hassgaemes odnoaucmHoll pynryueil 8 odiacmu G,
ecat 8 PA3AUMHLIX MOUKAX 2 MOl 004QCIL OHA NPUHUMAen. Pa3-
AUMHbBIE 3HAYCHUSA.

WUs sroro onpenenenns ciedyer, 4To OQAUOMUCTIAN (YNKUAS oOCy-
IIECTBJET B3ANMIIO OHO3HAa4YHOE OTOGpaKetue.

2. HenpeprieHocth. IlepelizeM K noHsTHIO HENPEPHIBHOCTH (DYHKLUMA
KoMmneKcHof nepemennoft, Ilycts dyunkuus f(2) onpenesnena Ha HEKOTOPOM
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mnoxecrse E. PaccMOTpEM  pas/uuHble  MOC/IE10BATENBHOCTH  TOUEK
STOrO MIIOKeCTBa {2,}, cXoasyecs K HEKOTOPOR TOYKE 2, M COCTOSILHE
M3 TOUEK &, OTJAMMHBIX ¥) OT TOUKU Zy(2, 5= 2,), # COOTBETCTBYIOUIHE
UM TIOC/EAOBATENLHOCTH 3nauenndt yukuwun {f(z,)}. Ecau ne3asucuito
om 8ubopa nocaedogamessHocmul {2,} cyuecmsyem  eQuncmeeHnsL
apedea lim  f(z,)=wy, mo 3smom npedes HA3bBACMCS NPedeibHbl
Zn—*ZO
3Hadennes, wal npedeso, pynruyuu f(z) 8 moure z, 4mo 3anicol-
saemcs 8 suode
lim f(2) = w,. (1.1
22,

Yacto ynorpebasercss ¥ Apyroe **) onpefesenne TUOHATHS HPEREb-
HOTO 3Hauenust (WM Npefesa) (pyHKIUMA.

Hucao w, Hazwisaemcs npedersHest 3nadenuer @yuxguu f(2)
8 mouxe 2z, eca 048 Awboz20 &€ >0 MoaucHo yraszames maxoe & >0,
ymo 048 8cex modexk zZe&L u yidosaemgopsiouily  YCA0BUIO
0<<|z—2,!<C8, uneem mecmo pasencmso |f(2)— wy|<e..

JlokaxeM skBuBajseHTHOCTb dTHX onpeaenenufl. Ilycrs dyukuns f(2)
YAOBIETBOPSET BTOPOMY Onpefenedno. Bo3abMeM NpOHM3BOJbHOE NOJIOWHU-
TeALHOE unca0 & ¥ BhidepeM Ajs HEro coorBercrBywoulee & (g). Pacemor-
DHM MPOM3BOJLHYIO TOCAEROBATENBHOCTs {2,} — 2, 1 Haltnem N[0 ()] =
= N(g), nauunas ¢ xotoporo 0<C|z,—2z,|<C6. Toraa no ycaosuwo
|f(zn) —w,|<<e ans n=N(e); a Tak Kak & >0 —moboe, TO 5TO
B CWIY TPOUSBOJBHOCTH BHOOpa mnocienosatenbhoctu {z,} u osmavaer,
uyro lim  f(2,)=w,, T. €. Oynkuna f(z) yIOBIETBOPSET U NEPBOMY ONpe-

zZ —Z
neneu’;m.oTeM CAMBIM U3 BTODOrO OIPENE/eHUs CJELYET NEepPBoeE.

JlokaxeM Tenepb, UYTO U3 NEPBOTO ONPENE/]EHUs BLITEKAET BTOPOE.
[IpeanogoxuM, 4yT0 370 He nMeeT MecTa. Torma MOKHO yKasath Takoe
go >0, uro pas moGoro 8,>0 wnaiinercs Taas TOUKA 2, & E, uTO
npu 0 << | 2, — 2| << 8, OyneT BHIIOIHEHO HEPABEHCTBO | f(2,) — Wy | > &,
BriGepem cTpeMaulyiocss K HYJIO N0CAe10BateabHoCTh {0,} — O u coorset-
cTBylomtyto el Moc/nenoBaTeAbHOCT TOUEK {Z,}, YLOBJIETBOPAOUIMX npH-
pegeHisiM Beiie nepaselictsam. Ouesmuno, {2,} — 2o, a NOCAEROBATEND-
nocts {f(z,)} He cXOuUMTCA K uncay @, TaK Kak BCe uiellbl 3TOH
110C/EL0BATENBHOCTH OTJAHYAKTCS OT W, Ooabise ueM 1a g, Ho noayuen-
Hblli pe3yanbTaT IPOTHBOPEYUT NepBOMY onpenedenuo. Tem cambiv cpe-
JaHHOE HPEeNTONOKEHHE HE HMEET MeCTd, T. €. M3 HEPBOTo ONpene/eNnus
BHITEKAET BTOPOE. IJKBUBANEHTHOCTh OOOMX olpenesneHuil noKasala.

Taxk xe, kKaK u B cAyuae AEHCTBHTEABLNION IIEDEMEHHOHN, BAXKIYIO POJb
HTpaeT lOHATHE HenmpepeiBHOCTH Gynkuuu. Haunem ¢ nousrus nenpepsis-

*) I1pu 3ToM Npejnosaraercsi, 4To TOYKA 2, ABJSETCS TOUYKONR CPYILEHHS MHO-
KecTBa E, T. €. CYILECTBYIOT INOCJACHOBATE/ILHOCTH {2,} TOYEK 3TOFO MHOMKECTBA,
CXOASILMECH K TOYKE 2.

**) 3ametuM, 4To 3TO ONPCACJCHHE, B OTJIHYHE OT MCPBOIO, HMECT CMBICJ JIHLIL
ISl KOHEYHBIX 3HAueHuHl 2, M Wg.



5 3l MOHSITHUE ®YHKIIMH. HEMNPEPBIBIOCTD 25

noctu 8 Touke. Ilpu 3rom Oymem cuntarbh, YTO TOUKA 2y, B KOTODOH
OllpeAeSeTCs 9TO NousTHe, 0043aTeNbHO NPHHAAJEKHUT MIOXecTBY £ 3ata-
1 PyuKiun,

Oynryusn f(2), 3adannas na smuogxcecmse E, nHas3sigaemces Henpe-
poisroll 8 modke zy= E, ecan npedeasnoe 3naueHie 3moil gyHKyuu
8 MOUKE 2, CYWecmeyem, KoHe4Ho u cosnadaem co 3uavenuem f(zy)

gyuryun f(2) 8 mouke zo, m. e. lim f(2)=7f(zy)
z2—2

3710 onpegesetine HENMPEPHIBHOCTH PAaCMPOCTPAHAETCH KaK Ha BHYT-
pEHHHE, TaK M HA TPalMUHBIE TOUKH MHOWeCTBa *).

Ecau dyuxuwns f(2), 3amannas Ha muoxecrse F, HENpepbIBHA BO BCEX
TOUKaX 9TOFO MHOWECTBa, TO roBopsar, uro ¢yukuus f(2) nenpepsisHa
na wmHoxectse E. B uactHocTn, M Oyunem paccMarpuBarb (QyHKILHH,
HenpepsiBlbie B 00/aCTH, B 3aMKHYTOH ofOaacry 1 Ha KpusoH. ITonuepknem
elle pas, 4TO B CHJY AAHHBIX BHILIE ONPENENEHHH CJELYyeT paccMatpu-
BaTbh NpefeabHBble 3Havelius (YHKUUH f(2) JUlb Ha NOCAeL0BATENbHOCTAX
TOUEK, NpHIALIeKAILUX JaHHOMY MHOXECTBY (B NOC/AENHUX CJyuasX S3aMK-
nyro#t obsacty, KpusoH U T. I.).

C nomourpto  &-— 6-onpefeneHus NpPeLeNbHOrO  3HAUEHHST  YCJAOBHUS
HenpepuBHOCTA GyHKuuU f(2) B TOUKe 2, MOWHO TakKe CHOPMYAMPOBATH
cnenyomuM  obpasom. Dywrxuus f(z) HenpepvisHa 8 moure z, eca
dag awbo20 &€>0 wmoxcrHo yradams maroe 0 >0, 4mo 048 8cex
mouex z < E, ydosaemsopsiouux nepaseHcmsy |z —zy| <<, umeem
secimo Hepasencmso |f{z)— f(zy)|<Ce. T'eomerpuueckn 310 oO3Hauaer,
UTO  (DYHKLHS KOMIJIEKCHOH liepeMeHHOH, HenpephlBHags B HEKOTOPOH
Touke **) 2o, CTaBUT B COOTBETCTBHE KawaIoH Touxke u3 8-oxkpecrnocru
-TOUKH 2, HEKOTOPYIO TOUYKY, NPHHALJEKANLY €-OKPECTHOCTH TOUKH
Wy = f(20).

M3 nenpepsiiocTn  GyHKUHM KOMMJIEKCHOH 1epementolt f(2) =
=u(x,y)+iv(x, y) cielyeT HENPEPHIBHOCTL €€ AeHCTBUTENBLIHON U (X, ¥)
¥ MiuMoOR v (X, y) uacreil IO COBOKYIIHOCTH TNEPEMEHHHX X, y ##%),
Mmeer mecto m oOparHoe yrBepxkaedue, T. e. ecan u(x, y) u v(x, y)
CYTh HENpEpbIBHBEE (BYHKUMH NO COBOKYIHOCTH NEPEMEHHBIX X, J B HEKO-
TOPOH TOuKe (X, Vo), TO [f(2)=u(x, y)-+iv(x, y) apagercs pyHKkuned
KOMIIJIEKCHOH mnepeMeHHOH 2z = x --iy, HEenpeprBHOH B TOUKE Zy=X; |
-1y, Jasuble  yTBepxmeHus  SBJSIIOTCS  CJAEACTBUEM  TOLQ, uTO

*y Eciu Touka 2, sBAsieTcsl M30/HpoBaHHOH ToukoH MHOXKectea E (T. e. cy-
IIeCTBYET TaKas &-OKPeCTHOCTb TOYKH 2o, B KOTOPOil HET APYTHX TOYEK MHOKe-
crtBa F), To GyHKUHa [ (2), MO ONpefesieHUI0, CYUTACTCS HENPEPHLIBHOR B TOUKE 2.

¥¥) 3amMeTuM, 4TO JAHHBIE ONMPCACNEHHS! MOHATHS HEMPEpLIBHOCTH Py HKUHA f(2)
B TOUKe 2, CHpaBeﬂJlHBbl He TOABKO B CJyyae KOHCUHOH TOYKM 25, HO H B CJyuae
GeCKOoHeYHO YJajleHHO TOYKH zg==co. [Ipu 3ToM Noj npeie/lbHEIM 3HaueHHeM QyHK-
Uud f(2) B Touke ©O, B CUly ONpejeseHuss Ha cTp. 24, HAZO INOHWMATHL IIpeses
nocsiegopatensuocth  {f (2,) }, rae {z,}—mobGas HeorpaHWYEHHO BO3PACTAOILAA
noc/eA0BaTe/IbHOCTb. Bo BTOPOM onpefie/ieHHH HENPEPLIBHOCTH YCJOBHE |2 —2Zp | << 6
a0 3aMeHHTb Ha YCJIOBHE |2 | > R.

##*) Onpegesienye HeMPEPLIBHOCTH (DY HKLUUH ABYX AEHCTBHUTENRHLIX NepeMeHHEIX
10 COBOKYIIHOCTH NepeMeHHHX cM. Boll. 1, crp. 471
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HeoOXOIUMBIM U AOCTATOUHBLIM YCJOBHEM CXOUMMOCTH HOCJENLOBATENBHOCTH
KOMILIEKCHHX UHCEA 4BJASETCS CXOAUMOCTb TNOC/ACAOBATEJNbHOCTEH X Jeii-
CTBUTEJbHRIX H MHHUMBHIX uyacreil.

ATO 103BOJSET IepeHecTH Ha (YHKIMH KOMILIEKCHON IepeMeHHOH
OCHOBHblE CBOHCTBA IeNpPePHBHLIX (YHKUKH [ABYX AEHCTBHTE/NBHLIX IEpe-
mennnx ¥). Tak, cymma u nmpoussesesne IBYX (YHKLEH KOMILIEKCHOH
nepemenHol  fy(2) u fo(2), HenpepuiBHbX B obaacty ¥, Takwke ABAd-
10TCS  HenpephBHEIMH  QYHKUMAMH B 9T10d obGaacrh; PyHKuus ¢(2) =
_ f1(2)

f2(2) =
nung f(2), HenpephiBHAas Ha BaMKHYTOM MHOXecTse £, OrpaHuueHa no
moayno Ha E m 1. A

3. Ilpumepsl. PaccmoTpuM HECKOABKO NPOCTEHINHAX IPUMEDOR.

1. B xauectBe nepBoro npumepa (pyHKUHK KOMIJIEKCHOH NEpeMEHHOH
paccMOTpUM JAnHelnylo @yHKilnio

f@)=w=az+b. (1.12)

HENpephBHA B TeX Toukax obaacta &, rae f3(2)==0, ¢ynk-

3uech @ n b—3azaHHbIE KOMIJIEKCHBIE NOCTOSHHBIE. DyneM cumTarh, 4TO
a==0, Tax Kak B nporusiom caydae ¢ysxuns (1.12) crasur B coorser-
CTBHME BCEM TOYKAM 2 KOMIIEKCHOHW INIOCKOCTH OO U TO ke KOMILIEKC-
noe uncao b. Pyukums (1.12) ompexenena npm BCeX 3HAYEHHIAX HE3aBn-
cumol nepemenno#t 2. OOGnacTeio  ee 3ajauns  fABAAeTCs  noanas #¥)
KOMIIJIEKCHAS MJOCKOCTh 2. Kaw oMy 3HaueHHI0 2 COOTBETCIBYET TOJLKO
OJAHO 3HaueHne @, T. €. f(2)— onnosuaunas ¢ynxuua z. OueBuTHO,

obpaTHas GyHKuuda ¢ (w)=2z= o O = aw -+ by obOnanaer rTeMi

Ke cBoitctoamu, uto n f(2). Tem campM f(2) — oanonucrHas ¢yHkuns 2z
Ha NOJIHOH KOMIMIEKCHOW MJIOCKOCTH, YCTaHapJuBaowlast B3aUMHO OI1O-
3HAUHOE COOTBETCTBHE MEXIY IIOCKOCTSIMH 2 u . B cuay Henpepeis-
HOCTH DEeHCTBUTENBHOW U MHUMOH uacTH f(2) 1O COBOKYMIOCTH nepeMeH-
HBIX X, ¥ 9Ta (DYHKIHA HENpephBlia Ha BCed KOMIIEKCHOH NJIOCKOCTH
(npu MOCHIX KOHEUHBIX 3HAUEHMHX X, V). YTOOB BBEIACHNTH Te0MeTpiuec-
Kl CMBIC/ JaHHOFO COOTBETCTBUS, PacCMOTPHM BCIIOMOTaresbHyt0 (yhK-
uno §= az. Ha ocHoBauun npasu/ia yunoxenus KOMIJIEKCHBLIX UMCET UMEEM

g=|al-| 2| {cos(arg a+arg 2)+isin(arg a4 arg 2)}.

Orcrona caepyer |§|=la|-1z| arg{=argztarga To ecrs dynruug
{=az mo0oMy KOMIJEKCHOMY YHUCAYy 2 CTaBWT B COOTBETCTBUME KOMiI-
JEKCHOE uuca0 {, MOyJb KOTOporo B |a; pas Ooablie Momyss gz,

*y Cm. BbII. 1, cTp. 474.

**) B panpHefimem wmbl OyZeM TOBOpHTH, 4TO (YHKLHMA KOMIUIEKCHOH nepe-
MeHHOH f(2) ompepeseHa HA BCEHl KOMIJNEKCHOR IJIOCKOCTH, €CJH OHA olpene/eHa
IJIsl BCeX 3HAYeHUHl KOMIIEKCHOTO apryMeHTa 2z, OFpaHHUEHHHLIX 110 MOAYJO, ¥ GyacM
FOBOPHTb, UYTO f(Z) oONpejesieHa Ha TONHOM KOMILIEKCHOH IWIOCKOCTH, €C/M oHa
3ajaHa W Opu z=o00. B nawewm npumepe f(co)= co.
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4 apryMeHT T[OJY1aeTCd U3 apPryvMeHTa 2 NpPUOABIEHUEM IOCTOSHHOTO
¢1araeMoro — apryMeiita KOMIJIEKCHOTO umcaa 4. ['eomerpuueckuit cMbIci
9TOr0 1peo6pa3zosaliis OuUeBHIEH: IO0J00HOE pacTMKeHue MAO0CKOCTH 2
g 'al pa3 u NOBOPOT STOH IJIOCKOCTH KaK LEJIOro BOKPYF TOukH 2 =0
pa yroa arg a.

Bosspawascs k ¢yukuun (1.12), Kotopyo Tenepp MOXHO 3anvcathb
p Buge w=7[,-}b, suinM, UTO TEOMETPUYECKHH CMBICJA NOCJEIHEro mnpe-
006pa3oBaHns COCTOWT B CABWFE IMIOCKOCTH 2, XapakTePU3YEMOM BEKTO-
pox b.

Urak, sauneftnas ¢yHKuns npeolpa3yer KOMILIEKCHYIO MJIOCKOCTL 2
B KOMINIEKCHYIO [IOCKOCTh 7 NyTeM NOHOOHOIO DacTSKEHHd, [TOBOPOTa
I caBura.

2. B xauecrse cieayoniero npumepa paccMoTpuM PyHKILA0

, w=f(2) =

4
Sta (bynKUHA TaKKe ONPeaeseHa HAa nOMIOH KOMIIEKCHOR IMIOCKOCTH,
npuseMm f(0)=oco u f(co)=0. Kak u B 11epsoM npumepe, yCTaHaB/IUBAEM,
uro f(z) spaserca OANO3HAYHOH M oaHOMMCTHOH dyHKuUMeR 2, orobpa-
KAIOHIEH TOANYI0 IJOCKOCTL 2 Ha TOJHYI 1JOCKOCTh . Jlerko ycra-
HOBHTB, UTO (PYHKILUS f(2) 9BJAETCH HelIPePBIBHOM 11a NOJIHOH KOMIIEKCHOH
IIAOCKOCTH, 32 HCKJAouenueM touku 2==0. Jag reomerpuueckoit umrtep-
npeTainy  Aanno#t  QynkiMi  BOCNOML3YEMCH  NOKasaTeabnlo#d  QopmoH

(1.13)

) 1. o
3alMCU KOMILIEKCHBIX UYHCEN: ‘wzre“l’z-? e '@ (2 = pe'?). 10 paBeHCTBO
. !
03ilauaer, uTO arg W= -—arg 7, | @ |=——. llosyuenuric ~cooruowenus
12|
1IO3B0AMI0T PAcCMaTpUBaTh 0ToOpaxeiile, OCYIUECTBAIEMOe AalHoi QyHK-
imell, KaK COBOKYIHOCTb aBYX oTobpawennitt [=7[(2), rme'{|=z2}|,
1
argl=—argz, u w=w({), rae iwllz—_—‘—(:—‘, argw==arg {. llepsoe
Oro0paXeHHe HMEET TeOMETPHUECKHH CMBICA 3ePKAbHOIO OTPAKEHHSs
OTHOCHTEJIBHO HEHCYBUTEJBHON OCH, NIpH KOIODOM TOYKA 2 NepeXOIuT
B TOYKY 2, @ BTO[iO€ — HHBEPCHH ¥) B €IMHUYHOM KpYyre, NepeBojsiied

rOUKy 2 B TOuKy W= —,~ (puc. 1.5, 1.6). Ilpu sTOM TOUYKM HIOCKOCTH 2,

JewKame Bl €IMUHYNOT0 KPYTa, IEePeXOAST B TOUKH, JeKallie BHYTpU
¢UTHUYHOTO KPyra IJOCKOCTH W, 1 11a000pOT.
3. Paccmorpum dynkumio

w=f(2) =22 (1.14)

STa QyNKUHR 4BAAETCS 0an03Haunofl (yHKuued KOMIJIEKCHOH NepeMer-
noil 2, onpejleseHHoll 11a NoMHOH KOMILIEKCHOH MocKocT 2. s ndyuenus

*Yy Hrugepcuerd (uau mpeobpaszopaineM oSpaTHBIX pajuycoB) B Kpyle pajauyca g
HA3BIBACTCS Takoe TpeoBpa3zoBaiie, MPW KOTOPOM KawKpoil TOUKe BHYTPH (BHE) Kpyra
CTaBUTCS B COOTBETCTBHE TOYKA BHE (BHYTpH) Kpyra, JieKalllas Ha Jyde, MpoBe-
JeHHOM H3 LEeHTpa Kpyra B JaHHYIO TOYKY TaK, 4YTO IPOM3BEJCHHE PaCCTOSHUH OT
3THX TOYCK A0 HCHTpPA Kpyra paBHO KBajpary pajuyca Kpyra.
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ee CBOHCTB ONATb YJAOOHO IPEACTABUTh KOMIJIEKCHBIE uuc/Ia B IIOKa-
3ateqpHofl opme: 2 = pei?, w = rei = p2i?. OTCioga JErKO 3aK/KYHTD,
YTO TOYKHM IMIOCKOCTH 2z, J€iKallde Ha Jyue, COCTaBJsolLEM yroa @
C NOJOWHTEJbHBIM HanpaBsJeHHeM ACHCTBUTEIBLHOH oOCH, 1lIepexolsT B
TOUKH ILIOCKOCTH ), JeWallde Ha JAyue, COCTABJSAIOMEM C IOJOKHTE/b-
HBIM HanpaB/ieHneM fefctBuTenbniofi ocn yroa 2¢. Ilostomy Touxam 2
W —2, apryMenTbl KOTODHX pa3JHualoTcs na I, a MOAYJAH ORHIAKOBEI,
COOTBETCTBYET OJHO M TO We 3HaueHne w (e = cos 2m -+ isin 25w = 1).
Tem cambim oOpaTHas (ylKUUS OKa3wnBaeTcs MBOrosuaunofl. Paccmorpum
noapobyee oTOOpaKENMe, OCYUIECTB/ISEMOE (yHKUHEH @ ==22 Bepxuan
HOJYIVIOCKOCTh 2 BMecTe C AEHCTBHTEBHOR OCbIO 1IEPEXOZHUT B IOJHYIO

4!/ 7
z P
} /// \\\
{ L L= \‘, £
z=0 { Z \ 7”=;=“ZL
! N 4
| e
=z e
Puc. 1.5. Puc. 1.6.

naockocte @. [osowum A onpegeseHHocTH, YTO B BepxXHEH noay-
MJIOCKOCTH apryMeHT 2 3akJioueu B npenenax O<Co<Cm. Torma pas-
JNYHBIM TOukam o6aactu 0 << I COOTBETCTBYIOT DasjuyHbIE 3Haye-
nus . Takag o0sacts u3Meilenusi 11€3aBIHCUMONH nepemMennol, pazauuyiibiv
TOUKAM KOTOPOH COOTBETCTBYIOT pasJuuHble 3HaueHust (DyHKIUH, HA3bI-
Baercd oO6naCTBIO OANOMUCTHOCTH (yHKUMM. B npensinymux npuamepax
06aCTh10 O/IHONUCTHOCTH SABJAAACH BCA 004acTh 3ajaiug (OyHKIUY; B KaH-
HOM cayuyae 8 QyHKUuKH @ = 22, 00sacTbo 3afaHus KOTOPOH sBJAdeTCH
NOJHAA  KOMIJIEKCHAS IJIOCKOCTh 2, 00/aCTblo OXHOIMCTHOCTH CAYHOAT
noayna10ckocT. OTMeTHM, YTO B PacCMaTPUBAEMOM  CJyda€ DaHHILBI
06/1aCTH  OAIIQMUCTHOCTY — Ayun ¢ =0 u ¢ =JT-—NepexoaaT B Oauy #
Ty XK€ NPIMYIO — T0J0KNTENBHYIO 4acTh AeHCTBUTEALHON OCH IIOCKOCTH .
ITponomkas namig paccMOTpenus, Nerko I0Ka3aTk, U4TO (PyuKUUd @ = 22
IIPOU3BOAUT OTOOpaKeHne W HIXNKHEHR NOJNYIIOCKOCTH Z BMECTE C HeHCTBHU-
TeAbHOH OCblo Ha MOJIYI0 TIOCKOCTh w. Tem camwiM oOpaTHad (yHKiius

2=V w, (1.15)
onpeneneHdas Ha noJHOH NJIOCKOCTH W, YXKe He ABJSeTCsS 0AHO3HAyuol —
OLHO# U TOH We TOuKe IJIOCKOCTH W COOTBETCTBYIOT JBE Da3JuyHble
TOUKW MNJOCKOCTH 2: ojlla~— B BepxheH, jgpyras—B mKHel noxaynmio-
CKOCTH.

Yr1oOm  m3yunTh oToOpaxenne, ocynmiecTsasemoe aauHo#  dynxunued,
BOCHO/IL3YEMCS ONATb ToKaszaTeabno#dl (popModl  3ankcu .KOMINIEKCHOTO
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ypcJsa: w = re'v, Torna, COr'JIacHO TIpaBuJy U3BJICYEHHA KOPHS N3 KOM-
1IJIEKCHOI'O 4uc/sa, MB TIOJyUaeM [Ba pPasaMyHBIX 3HAauenud q)y[{}(]_u/l[/]

LA
z (w): 2p=Vre? k-2 (k=0,1) (sameruMm, 4TO arg 2y — arg 2, = ).
PaccMOTpHM Ha TJIOCKOCTH @ 1IEKOTOpYl0 3aMKHYTyio Kpusyio C, ne
eIy camonepeceuenui. QPuxciupyem na He#l TOUKY @, KOTOpOH
HpHIMLIEM OMNpeleseHHOE 3rnauelue apryMmenTa \p,, Haituem 2, (w), 2y (@)
n OyaeM caJepuTh 3a u3Menenwem ¢Qynkuuit z,(w) 1 2 (w) npn Henpe-
PHIBHOM [IBHKEHHH TOUKM @ 1o kpusof C. ApPryMmenT TOYKu @ Ha Kpu-
pofi C usMensercs nenpepsisHo. [Tostomy, Kax Jierko BHIETb, (DYHKIuN
2o(@) n 2y (w) SBJAAIOTCS HENpephBHBIMKM QYDKUMIMH @ 1a Kpuso# C.
ITpr 3ToM BO3MOXHBI ABa pas3/uulibIX cjaydad. B nepsom cayuae xpu-
Bas C He comepxuT BHYTpH Touky w=0. Torma nocne obxouga xpu-
soit C apryMeHt TOYKM W, BEPHETCS K I11€DBONAYa/JbHOMY 3HAUEHUIO
arg wy, =1, CunenosaregsHo, u 3HaueHns ¢ynkuuit zo(w) u 2y (w) 8
TOUKE W =W, nocie o0xoia kpueofl C OyiAyT PaBHE HMX NEPBOHAYAJL-
HLIM 3HadeHusM. TeM camMbiM Ha KpuBoH C B 3TOM CJyyae olipeieseHsl
JBe pas/nuHble OAHO3HAYHBIE (YUKUHM KOMILVIEKCHOH lepeMeHHOl w:

. B L@

zo=Vre? u z =) re? (}p w3mensercs HENpepb»IBHO Ha Kpu-
soii C, Haumnas OT 3Hauenus P, B Touxe w,). Ouesumio, ecan obaacts D
1A0CKOCTH @ obnamaer TeM CcBOicTBOM, uTo /Mobas 3aMKHYTas Kpupas
B 3T0H oOsactu He comepkuT Toukn w =20, TO0 B D omnpeneacHH gpe
pa3nuYibe OAHO3HAYHBIE HENPEPhIBHBIE (QYHKUUM Z4(Ww) un 2y (w). Pyuk-
nun 2 (@) u 2z (W) HA3BIBAIOTCH BEMBAMU MHO203HALHOL HYHKyIN
z(w):]/w.

Bo Bropom cayuae kpusas C comepxut BHyTpu Touky @ =0. Toraa
nocae o6xoaa Kpusoit C B NOJOKUTENbHOM HAIIDABJACHHH 3HAUEHHE apry-
MEHTa TOYKU W, YK€ [e BepHETCS K NEPBOHAYAJBHOMY 3HAYeNuw 1P,
a uaMeHnTcs Ha 2m: arg wy, =Y, + 27. Tlostomy u 3HaueHus Qynxuui
Zy(w) 1 2;(w) B TOUKE W, B pe3y/bTaTe MX UEHIPEPBIBHOIO H3MEHEHHS
nocne obxona kpuo#t C ywe He OynyT paBHbl UX NEDBOHAuaJIbHHIM 3Ha-
uennsM. Bosee TOUHO, MOAYUHM 2o (Wo) = 2 (W) e, 21 (wy) = 23 (w,) '™
To ectp Qyukuus 2, (w) nepeliner B Gynxuuto 2; (@), 1 HA060POT.

Ecau mag Touky 2z, MOXKHO YKasdaTb TaKyl €-OKPecTHOCTb, YTO IpH
OIHOKPATIIOM 00X0a€ TOUKH 2, MO JIOOOMY 3aMKHYTOMY KOUTYDY, IeJu-
KOM JEKaHIeMy B 5TOi €-0KPeCTHOCTH, OXIa BETBb MHOro3uaunofi ¢ymnk-
LMK 1IEPEXOANT B JAPYTYIO, TO TOUKA 2, Ha3HBaeTCs MOUKOL passemsie-
wusg  (Bemssenust) KAHHOW MHorosuaunoff ¢yuxkunun. B okpectHOCTH
TOUKYM Pa3BETBJEHUS OTHAE/bHbIE BETBM MHOr03nauiol GyHKIHY YKE HEAb3s
paccMATPUBATL KaK DPa3J/iM4Hble ONHO3NAuHbBle (DYHKIIMH, [OCKOJBKY NpH
00x0Je TOUKM DPAa3BETBJEINS UX 3llaYeHus MelsioTcs. B paccmaTpuBaeMoM
llpuMepe TOYKOH pa3BETBJEHHs gBJseTcs Touka @ = 0.

3ameruy, uto 00X0A OKDPYKHOCTH |z |=R cKkoJb yroano G60blioro

1
paduyca COOTBETCTBYET 00XOAy Ha INIOCKOCTA { == .~ TOuKH =0 o
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1
OKPYKHOCTH 1§)=p=—R—. Cornacno nyukry 2.3 uMeer MecTo COOTHO-

1
LWIEHNE - == OO. [Mostony Gynem cuutath, uTo OOXOL OKPyKHOCTH Oec-

Koneuro GoJabwioro paauyca (R— co) ectb 00X01 OGeCKOHEUHO YHaJeH-
0K TOYKM 2 ==o00. Kak serxo suiers, B pacCMaTpusaeMOM NpuMEpPE TMPH

06X0€ TOUKH W==CO OfHA BETBb (YHKUHW 2z = /W nepexomut B Apy-

ryto. Taknum oGpa3om, BTOPOH Touxkofi passerhaeuus (QYHKMIUM z—]/w
Ha KOMILIEKCHOH NJOCKOCTH W dBJgeTCs Touka @ =o00. O6aacteio D,

B KOTOPOH OMpEene/eHs ONHO3HAUHbE BETBH (DYHKIHUH z.—_]/w, ABJASIETCH
mobas 06sacTh NJAOCKOCTH W@, B KOTOPOR HEBO3MOKeH O0XON 110 3aMKHY-
TOMY KOHTYDPY TOu€K passersienns @ = 0 u @ = co. Taxo#t 06.1aCTbr0 98,19
eTCsl, HalpuMep, BCY MJOCKOCTb @ C [PAa3spesOM BAOJb HOJNOKHUTENbHOH
vactu peficTeutespuoll ocu. Ilpn aTom Gepera paspesa sIBASIOTCH rpaHuLed
ganHoft o6sacty, TaK UTO NP HENPEPHIBIOM ABMKEHHM BHYTpu oO0JjacTu
Mbl HE MOXEM TepeceKaTh paspe3 (rpaduiy obaactu).

Ecau cuuTaTh, UTO apryMeHT TOUeK w N4s NEePBOH BETBU H3MEHSeTCH
B npefenax 0<Carg w <27, a 4715 BTOPOH — B npenesax 25 << arg w <<
<Z 4m, TO nepsas BETBb (QYHKLHH z:’l/w NPOU3IBOAUT OTOOpAXKEHNE
LJIOCKOCTH € pPa3Pe30M Ha BEPXHIOW MOJYIIOCKOCTh &, a4 BTOpast BETBb
AAHHOH (YHKILHK 0TOGPaXaeT Ty Ke 00/JacCTh Ha HUKHIOIO MOYHIIOCKOCTh 2.

AnanoruunsiM 00pasoM JErKO [0Ka3ath, YTO PYHKUNA W= 2"? (1 >0 —

2k
[e/0e uuca0) BPOM3BOAUT OToOpaxenne ma0BOro cexropa - <arg 2 <

2n (k-+1

/<-J——(ﬁi~) (=0 , 1—1) AA0CKOCTU 2 Ha TOAHYIO MJIOCKOCTb ),
Pa3pe3aHHyio Mo MOJOXKUTENbHOR uacTH AefcTBuTenpHON ocu. Tem cambim
9TH CEKTOPBI HPEACTaBAsiioT CoOOH 064aCTH OMHOMUCTHOCTU AANHOH PYHK-

n —
g, OGparHas (yHKuus 2=1/ @ ABJIYETCA MHOrO3HAUHOH, M TOUYKH
w=0 u w=00 npeAcTaBaANoT COOOH €e TOUKH pasBETB/IECHNS.

§ 4. Juddepenunporanne yHKUHY KOMIUIEKCHOHW mMepeMeHHON

1. Onpepeneunue. Ycaorus Komu—Pumana. o cux nop reopus
(yHKUMH KOMIMIEKCHOH TNePeMEeHHOW CTponsack B MOJHOH aHAaJIOTHUU
¢ Teopuel (yHxuni gedctsutesbHol nepemenHod. Opuako moHsitue Aud-
depenunpyenoft QYHKINN KOMHJIEKCHOH NEpeMeHHOH, BBEIEHHOE IO anano-
riy ¢ COOTBETCTBYIOUIUM NOHATHEM T€OPUN (PYHKILUA HeHCTBATENLHON nepe-
MEHHOH, NPUBOAUT K CYULECTBEHHBIM Da3/JuuusiM.

Hanum onpegencHie NPOU3IBOAHON PYHKUIKN KOMIJIEKCHOH nepeMeHHOH.
[lycts B obsacti & KOMMJEKCHOH MaOCKoCTH 2 3amaHa dymims f(2).
Ecan das mouru zge= % cywecmayen npu Az — 0 npedea (npedensnoe
3HAYEHIE) PASHOCHMIHO20 OMLHOULEHUS]

[ Fo-FA82)—] (29)
Az ’



§ 4] JIUPPEPEHUHMPOBAHHME SYHKIMH KOMILIEKCHOM NMEPEMEHHOM 31

mo amom npeden na3sisaemcsi npoussodxoll dywxyuu f(2) no Komn-
AeKcHOll nepemennoll 2 8 moike 2, u obosznaraemes f'(zy), m. e.

f ()= tim [t 81 @) (1.16)
Az—~0 z

dyukuns f(2) B 9TOM clyyae HasbiBaerca dughgheperyupyetoll B TOUKE Zo.
IToavepkHeM emnle pas, 4to ecau cymiecrsyer npenen (1.16), o oH He 3saBu-
cur oT cnocoba crpemaenus Az x Hymo, T. € or crnocoba npubimie-
A TOuKn 2 =24+ Az x Ttouke 2, TpeGopauue auddepeniupyemoctu
(YHKILUE KOMILIEKCHON IePEMEHHOH B TOUKE Z, 1aK/JalbiBAeT BEChMa Baxk-
HBIE YCJOBUS Ha noBeaeHne AeHCTBUTENbHOH M MHUMOH uwacrtefl sTO#
(PYHKUHH B OKPECTHOCTH TOUKH (X, V,). ITU yCAOBUS H3BECTHH IOA
naszpanueM ycaosuil Koum—Pumana, xotopele Moryt Obith CHOpMYyHpO-
paupl B BUAE CJAEAYIOUIAX TEOPEM.

Teopema 1.3. Ecan ghynrgua f(2)=u(x, y)+iv(x, ¥)ougdhepen-
yupyema 8 mouxe 2zy=Xx,+iy, mo 8 moure(x,, I,) Cymecmsynom
yacmuele npoussodrnvie Gyrnrgui u(x, yyu v(x, y) no nepeMernsim x,y,
npuder UMEM MeCcHo cAaedywuue coomuouienus ¥)

Ju (Xg, Yo) — 0v (X9, ¥o)  Ou (X9, ¥o) _ Jv (X, ¥o) (1 17)
O0x ay 4 dy dx ’

JLoxasatreanctso. Ilo ycraosumo Teopemsl CyulecTByer npeuen
(1.16), nwe saBucamuit oT crnocoda crpemaeHus Az K nymo. Ilonoxum
Az ==Ax ¥ paccMOTpUM BHIPANKEHHE

’ i U (A yg) —u (X0, Yo} | : 1: Ulxo+Ax, Yo)—v (%, ¥o)
1" = Alxl o Ax - ZALITO Ax :

M3 cymectBOBaHHA NPEAEaa KOMIJIEKCHOIO BBIPAXEHMsT Cjenyer Cyule-
CTBOBAHHME TPEIEJNOB €ro AeiicTBuTenbHON - m MHAMOR uacreit. ITostomy
B TOUKE Xy, Vo CYUIECTBYIOT 4aCTHbIE NIPOU3BOAHBIE NO X pyuKunit u(x, )
u v{x, ¥Y)u uMeeT Mecro (opMmyJa

S (z0) =1 (%9, Yo) +ivx (X0, Yo)-
[Tonaras Az = iAy, naxognm
F(zp) =

= — lim Y0 Yo AV) —u (5, Yo) lim 2o YorAY) —2 (x0, Fo)
Ay—0 Ay Ay 0 Ay

= —i[l), (x()) }’0)"{"% (xO) yO)

CpasnuBas nBe nocaenHue GoOPMyJH, yOemAaeMcs B CAPaBENJIUBOCTHU
cootHomeHu# (1.17).

Teopema 14. Ecau 8 moure (x, y,) @yxrgun u(x, y) u v(x, y)
ongbfepenyupyemsl, a UX 4acmHsle APOU3BOOHLIE CBS3AHbL COOMHOULE-
musian (117), mo ynryus  f{2)=u(x, v)-+iv(x, y) ssasemcsa

*) CootHottieHus1 (1.17) 06bIYHO # HA3bIBAKOTCHA cooTHOWedusamMH Koumm — Pumana.
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dugbgpepenyupye ol PYHKUUEN KOMNACKCHOL nepesennoll z 8 mouke
2 == Xy 1Yy i

Noxasarteancrro. [To onpexenennio nudpdepenuupyemoctu ),
npupanienust pynkunit 1 (x, y) u v(x, ¥y) B OKPECTHOCTH TOUKH (X, Vo) MO-
ryr GbITb 3anucaHsl B BHIE

u(xo+Ax, yo+Av)—u(x, yo)=
= ity (%o, Vo) AX 11, (%o, Yo) AV +E (¥, ¥),

V(X +Ax, yo4-Ay)—v(xy yo) =
= 0 (X, Yo) Ax 11, (X0, Yo) AV + (%, ), (1.18)
rue ¢yukunn E(x, ¥) v M(x, y¥) CIpeMdrcs K HYJIO TPH X — X,

¥y, Obicrpee, ueM Ax u Ay< lim £ =0, lim 1Y)
A

\ 2|—0 142 jaz|—0 |AZ] ’
\Az[:V(Ax)L}—(A_v)Q). CoctasuM  Tenmepp Da3HOCTHOE  OTHOLIEHHE

[ (2o-+A2)— (20)

rne Az =Ax-+iAy, n ucnonssys (1.18) u (1.17), npe-

Az
o0Gpa3yeMm ero K Buly
Az) — Ax-FHiA [Ax—A
LA BT — oy (o 30) T + e (o, 90) o
+ E0o )4, 3) (x,Ayx)i;E;x, N Uy (Xo, Vo) + 10 (X0, Vo) + QA(_?

C@)=E(x, »+in(x, ¥)

3aMeTHM, YTO Npu CTpemieHnd Az K HYJK0 NOCJAENHEE caaraeMoe 3TOH
QOpMyJIBl CTPEMUTCH K HYJMO, a NepBble OCTAOTCH HeusMmeHHbMU. [lostomy
cyuiectByer npegmes lim [t82) =) _ f(20),
Az =0 Az
auddepennupyemocts dynkuun f(2) B TOUKe 2.
Ecau gpynryus f(z2) ougpdbepenyupyessa 80 8cex MOHKAX HEKOHIO-
poii obaacmu &, a ee nPou3BOIHAS Henpepsl8Ha 8 dmoli oOaacmil, HO
dynryus f(2) Hazwsaemes aHasumudeckoln gaynrynell **) 8 obaacmu 9.
Kak wussectHo **¥) HenpephiBHOCTb UaCTHBIX [POMBBORHBIX ABJSETCH
JAOCTaTOUYHBIM YCJIOBHEM CYUIECTBOBAHUS nepBoro auddepenuuana (audie-

UTO # JAOKa3bIBAET

*y Cm. Beim. 1, cTp. 479.

**) TlpupegeHHOe 31CCh ONpeNC/ICHHE AHAJUTHUECKON (QYHKIHH OT/IHYaeTcsl Of
OGLEIYHO NPHHATOrO B JHTEPATYpe AOMOJHUTEALHBIM TpeGoBaHUeM HeNpepbIBHOCTH Npo-
H3BOQHOA. ITO CACIAHO C Hesbi0 OOJICrYeHHs MOCJeLYIONMX AOKasaTenbcTB. Kpome
TOrO, K4K 3T0 CJcAyeT u3 Gosee MoApoGHOro HCCJCLOBAHMA, MATEMAaTHUECKOe Comep-
“KaHue MOHATHA aHaJuTHUECKOll yHKLIHY Npu 3TOM Iic McHseTcst. B qacTHocTH, MOXKHO
HOKA3aTh, 4YTO NPH JOMOJHHTC/LHOM TPeOOBAIIHH HENPCPHIBHOCTH (yHKHHH f(2)
B ofnactn ¥ BemofHenue ycioBuii Kowrn —Pumana (1.17) Bcrogy B 310l oBaacTu
ABJiseTCs HeoGXOMUMLIM ¥ JZOCTATOUHBIM [J5 aHANUTHIHOCTH [ (2) M HenpepblBHOCTH
BCeX ee Npou3BOAHLIX B odaacTy &. CMm. moapoGree A. M. Mapkyme Buy, Teopusa
anasvTnyeckux ¢ynkauit, M., Toctexusgar, 1950.

*E*) CM. Bm. 1, cTp. 483.
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peHippyeMoctn) pynkiun mMuorux nepeseunsix. ITosromy us reopew 1.3
u 1.4 crenyetr, uTo HeoOXO0O0UMBM U QOCHAMOUHBM YCAOBUENM AHAAIL-
mugHocmu yaxgun f(2)=u(x, ¥)-+iv(x, y) 8 obaacmu 9 sgasemcs
cyuecmsosanie 8 smoll 00AQCII HENPEPLIBHELX HACHLHY X NPOUIBOOHHX
pyuryuid u(x, y) uw v(x, y), cea3annpx coonHouwenusmu Kouwu —
Puxmana (1.17).

TMonsiTvie aHaAUTUYECKOH YHKUUE ABJSETCA OCHOBHBIM NOHSTHEM TEO-
pri QYIKUME KOMIVIEKCHOW TNepeMenHoil B cuiy 0co0od pofn, KOTOpyio
nrpaeT KaAacC anaJuTU4eckux (QyHKIMH Kak npu pelleHud MHOTOYHC/eH-
HBIX  MaTemaruueckux npobieM, TaK U NPH Pa3IUUNBIX  MPHIOKEHUTX
(PYUKUAR KOMIMEKCHOH NepeMennofi B CMExHBIX 00/1aCTSIX eCTeCTBO3HAHNA.

Coornomenus Kouin — Pumana uacto ucnosn3yoTcs npu ucciaenona-
MM Pa3fM4MbIX CBOMCTB aHaiuTuueckux ¢ynxkuuid. Ilpun stom pasencrea
(1.17) ne sABASIOTCH ERMHCTBEHHO BO3MOXHOH Qopmo#t coornomenuit
Komn — Pumana. Kak Mower yCTaHOBHTb CaM UHTATeNb, AeHCTBUTE/bHAS U
MIIMMas wacTi aHajuTuueckoit yukuma f(2)=u(p, ¢)-}-iv{p, ¢) Kom-
HIeKCHON nepeMenno#t z = pe'®? ¢Bg3aHB COOTHOIICHUSIMH

u__ 18 10u__  ov (1.19)
dp  pdg’ pdy  Jdp’ '
e O W @ — NOJsIPHBIE KOOPMUMHATH TOUKM (X, ¥). AHasornunsiM oGpasom
JErKO  YCTaHOBUTB, YTO MOAYJAb U aprymMenT aHaJIuTHUecKoH QyHKunu
f(@)=R(x, y) e!®* ) cpazausl COOTHOEHUAMY

OR o0 OR
R R R (1.20)

Ormernm Takike, uro coornowenns (1.17) nosBoamoT mOAyudThH pas-
JU4UBIE BHPaXeHus A48 IPOU3BOANOH PYHKUMN KOMIMIEKCHOH nepeMeHHOH

Fr @ =ue(x, Y)+ive (%, ¥) =0, (%, ¥)+ive (¥, ¥)=
=y (x, ¥)—iu, (x, ¥)=v,(x, y)—iu,(x, y). (1.21)

Ipn »TOM Kawab# pas npoussoaHas f' (2) BEIp@KaeTcs yepe3 4acTHhIC
IpousBoaHbIEe QyHKUUH # (x, y¥) H v(x, ¥)

2. CpoiicTea anagutuyeckux ¢ynkuui. Onpesenenne npousso-
o (1.16) 103poJger NepeHeCTH HA AHAJIUTHYECKUE (YHKUMU KOMIIIEKC-
11o# mepeMenyoil psig, cBOHCTB Mud(PepeHInPYEMBIX QYHKUUHE AeHCTBHTE Th-
HOH TnepeMeHNof.

I. Ecan dynxuns f(2) sBagerca aHaauTHuecko# B obaactu 9, To ona
nenpepsiBHa B 3T0H 00saCTH.

2. Ecm f1(2) n fy(2) cyts aHamuruueckue dyuxumu B o6jaactd F,
T0 MX CyMMa M HNPOU3BENEHHE TaKke ABJMIOTCH aHAANTHYECKUMH (YHK-
[1(2)
F2(2)

ungmu 8 061acTH G, a pyukums ¢ (2) =

uitet Bcoay, rae f,(2) == 0.
3. Ecmm w=f(2) sapmsercs anasutuyeckoll ¢yukuued B 06Jaa-
cru J NAOCKOCTH KOMILIEKCHON TepemeHHoR =z, npuyeM B objactd ee

ABJISETCA aHAMUTHUECKOH PyHK-
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snavenmt G Ha IJIOCKOCTH @ OHpefesneHa aHajurTHueckas (QyHKuus
=0 (w), 10 dyukuus F(2)=q[f(2)] sasagercs ananmutuyeckofl Qynx-
el KOMNMEKCHOH uepemenuoil z B obaactu 9.

4. Ecin w = f(2) aBasercs amaautaueckod ¢yskuue# B obaactu F,
npuuem | f'(2)| £ 0 B oKpecTHOCTH HeKoTOpofl Touku 2o € F, 10
B OKpPeCTHOCTH TOuKM w,=f(2y) oOnactu G 3nauemn#t ¢ynxunu f(2)
onpeneneHa obpatnHag QyHKUUS 2 == @ (@), SABJAACLLAACT AHAMUTHUECKOH
dbynkunet KoMmeKCHOR nepeMeHHOH w. Ilpw 3TOM UMeeT MeCTO COOTHO-

wenue f'(2y) =

1
@ (@)

Jokasatenbctso. s cymecrsosaHus o6patHoit ¢yHKUMM He-
00x0auMo, yToOL ypaBHeHus w=u(x, y) 1 v = v(x, y) MOKHO OHLIO
paspemuTh OTHOCHTENBHO X, J B OKDECTHOCTH TOUKH w, Jlasg 3Toro

10CTaTouHO *), uTOGBl B OKPECTHOCTH TOUKH 2, BBIIOJHSNOCH yCAOBHE

u, u
V= u,vy — uyu, £ 0.

Uy Uy

B cuny cootHowenuit (1.17) 5T0 ycnIoBHE MOXHO nepemucath B BHIAE
u;+vi 7= 0. Ho npu ycaosuu | f' (2)| £ 0 nocnennee umeer mecto. Tem
CaMBIM CyHmecTBoBaHHE o6parHoll ¢yHkumn 2=¢ (w) aoxaszano. Cocra-

BNB DPAa3HOCTHOC OTHOIUEHHE JIETKO [10Ka3aTh CyuleCTBOBaHUE

z —
Aw T Aw’
Az
¥ HENpepHIBHOCTh TpoussoiHol ¢ (w,) npu ycaosnn | f' (24)] 7 0.

5. Mycrs B obaactn & mnockoctTu x, y sagaHa Qyskuus u(x, y),
SIBJIMIOUIAACA ACHCTBUTEIBHON HaCThio aHaanTudeckof dyuxuuu f(2). Torna
MHHUMass 4acTh 3TOH (YHKUHH OnMpejensercd ¢ TOYHOCTbIO [0 aJiNTHBHOH
noctosiHHON. HefictBuTensHO, B cuny ycaosuit Kouw — Pumana no samau-
Hoft pyHKumK u (X, y) ONHO3HAYHO ONpeje/feTcs MOJHBEH muddepeninan
HEUsBeCTHO! (yHKun# v(x, y)

dv=v,dx +vydy = — u,dx + u.dy,

YTO W [OKa3biBaeT BBICKA3aHHOE yTBepkaeHue *¥),

6. Iyctb dynxuus f(2) qBASeTcss aHAANTAYECKOH B obaactn 9. Pac-
CMOTPHUM B COOTBeTCTBYyIOmIeH 06/aCTH NJIOCKOCTH X, y ceMeHcTBA KpH-
Boix u(x, ¥)=C un v(x, ¥)=C, npeacrasjswoiiue co6oil JAUHHA ypPOB-
Hell feficTBUTEMbHON U MuuUMON dactedt ynxunn f(2). C nomouso CooT-
nowenu#t (1.17) serxko nokasarb, uYTO BO BCEX TOuKax nanuol obaactw
grad u - grad v =u,v, +uyv, = — teu, +uu, = 0. Tak Kak rpaguent opro-
FOHAJEH JVHHH YPOBHS, TO OTCIOfA CJELyeT, UTO CeMEeicTBA KDHUBHIX
u(x, yy=C n v(x, y)=C B3auMHO OPTOrOHa/JbHLI.

*) O6 yc/oBHAX CyIECTBOBAHHS HeABHBIX ¢(yHKuui cM. Bhm. I, crp, 538.
*#*) Onpenenenne (QyHKUUH ABYX RECTBUTE]bHBIX NepeMEHHBLIX MO ee NMOJHOMY
audbepeHIHaly cM. Bbil. 2, crp. 174
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3. leomerpudeckuit CMbICH NPOU3BOAHON (YHKHHH KOMILIEKCHOM
nepemeHHOH. Ilycts f(2) asndercd aHanuTHueCKoH (yHKUnEH B HEKOTO-
po#t obnactn §. BuGepem rakywo-muGo Touky z,&¥ u nposeseM uepes
Hee TIPOM3BOJBHYIO ¥) KPHBYIO Yy, LeMHKOM gexauyo B 4. dynxima f(2)
1IPON3BOAAT OTOGpaweHne o6jacTd & KOMIMEKCHOH MJIOCKOCTH 2 Ha
nekoTopyo obaacts G KommiekcHo# Tuockocti w. [lycth Touka 2, nepe-
XOAUT B TOUKY @, @ KpuBas y; — B NPOXOAsILYI0 uepes @, Kpusywo [
(puc. 1.7). Tlo ycaoruio cywecTsyer npoussonHas f' (2) dyrkuun w = f(2)
B Touke Zzp Ipemnonowum, uro f'(2,) % 0, U UPEACTABUM KOMIIEKCHOE
uncao f'(2y) B NOKasaTEAbHOR dopme *#):

' (zo)=lim 52 = pein. (1.22)
Az—0

Briepenm takoi# cnoco® crpemiaeHns Az K Hyd0, IPH KOTOPOM TOYKH

2 == 2y~ Az nexar na kpusoi ;. OueBHAHO, COOTBETCTBYIOIHE HM TOYKH

7 % v
14
Z — 7%
G
z={ - w=0
z B z

Puc. 1.7.

w = w, -+ Aw newxar ua xpusoit I'y. Komnnexcusie uncna Az u Aw nso-
OpamaloTcad BEKTOpaMM CeKyulHX K KpuBBIM Y; # I'y COOTBETCTBEHHO.
3ametnm, uYTO arg Az W arg Aw uMeT TEOMETPHUYECKHH CMBICA YrJOB
COOTBETCTBYIOIMX BEKTODOB C MOJOKUTEJNbHBIMH HANpaBJEHUSIMU OCedl X
uu, a |Az| n |Aw] npegcrasasior coboH AauHE 3TUX BekTOpoB. Ilpn
2~ ( BEKTODHI CEKYIULUX MEPEXOAAT B BEKTOPH KacareJbHHX K COOTBET-

crsyomuM KpuseiM. VI3 (1.22) caeayer, uto
a=atg f (2o)= lim arg Aw — lim arg Az =Dy —¢q;, (1.23)

Az—0 Az—~0

T. € apryMeHT o NpOH3BOAIOR HMEET rEOMETPHYECKHNH CMBICA Pa3HOCTH
yraa ; sektopa KacarenbHOW K Kpuso#t I’y B Touke @, C ocbo 4 u
yria ¢, BEKTOpa KacaTeJblofl K KPUBOH 9y B TOUKE 2, ¢ ocbio x (puc. 1.7),

[——

*y 3gece M B JanbiiefimeM, ec/id 310 He OyACT oroBopelio 0co6o, MOA Mpo-
H3BOMLHOH KPHBOH Mbl NMOHMMaeM TJA4JKYI0 KPUBYIO.
**) YcnoBue [’ (2¢) 5% 0 HeoGXORUMO LN15t BO3MOKHOCTH TaKOTO NpelCTaB/eHH .
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Tak xax npouwssoasas f'(z,) He 3aBucuT OT cnocofa NpefenpHOro mepe-
X0ja, TO 3Ta Pa3HOCTh OyMeT TOH Ke M mast mobo#t APYrofl kpuso#, npo-
xogsuiell uepes TOUKy 2, (xoTs 3Hauenns camux yrios D; u @ Moryr
usmenutbes). OTclona caenyer, uto npu OTOODPaXEHHH, OCYLIECTBJAAEMOM
aHaauTHUeCKOR  ynxumuel  f(2), yaosaersopsomelt yeaosuo f(2,) 7 0,
YLOJA ==y — (py MENKAY JMOOBIMU KPUBBIMH Py, Py, HEDECEKAOILMMUCH
B TOUKE Z,, paven yray O =@, — D, mexny ux obpasamu (kpusbiMu [y
n ['}), nepecexaioniuMucs B TOUKE wG——f(zo). 3aMeruM, 4To TIpU 3TOM
COXpaHsierTcs He TOJbKO abCOoMIOTHAsS BENHUUHA YIJIOB MEXILY KPUBBIMU Y,
v, 4 ux ofpasaMu, HO ¥ HANpPaRJEHUES YIJIOB. JTO CBOUCTBO JAIHOTO
0TOOpPaKEHNT HOCHT Ha3BaHWE CBOICMBA COXPAHEHUS Y208.

Adantornuno us cootnomenns (1.22) noayuum

— | f' (29)] =lim ’_‘Xjf.

Az—0

1
i

(1.24)

To ectb ¢ TOUHOCTBIO 10 BeauunH 00Jiee BLICOKOFO INODPAAKA MaJjo-
CTH HMeeT MecTo paBeHcTBO |Aw!|==k|Az| 3ameruM, uto W 370 COOT-
Hollenne He 3aBUCUT OT BHGOPa KpuBofl ;. '€OMETPHUECKHH CMBICH 3TOrO
COOTHOLIEHHSI COCTOMT B TOM, YTO IIpU OTOOPaXKeHUH, OCYILECTBJAECMOM
aHa/nTHYECKOM (YHKIMEH, ynoiersopaiouledt ycaosnwo f'(zy) £ 0, Gec-
KOHEYHO MaJIble JHHEHHBIE 3JeMenTH 11peo0pasylorcs nofodubm o6pasom,
npuueM | f’(24)| onpegeaser kosdduunent npeobpasoBanns nonodus. Jro
CBOHCTBO JAHHOTO OTOODaXEHUsi HOCHT HA3BAHUE CBOICHIBA NOCIMOSH-
cm8a pacmsucerus.

Omobpasicenue OKpecmHocn MoK zo HQ OKPECHOCHy MOLKI W,
ocymecmeAsgesmoe anaaunueckoll hyHryuell w=f(2) 1 obradawmyee
8 MOUKE Zy CBOUCMIBOM COXPAHEHUS Y2A08 U HOCHOSHKCHBOM PACHLS-
aceniul, Hasvlgaemess KOHPoOpMHBLM omobpadceruen. T1pn kKoHbOPMHOM
0TOODAKEHUN OKPECTHOCTH TOUKH 2y Ha OKPECTHOCTb TOUKM W, OeCKo-
HEUHO MaJjble TPEYroJbHUKM C BEPWIMHOH B TOUKe 2, NpeoGpasynorcs
B 10/00Hbe UM GECKOHEUHO MaJbie TPEYrOJbHUKY C BEPIUHHON B TOUKE W,
Bosee noupobHoe H3I0KEHHE OCHOBHHIX TOHATHH Teopnn KOH(OPMHOro
orobpaxeHus Oyuer xaHo B ria 6.

4. Hpumeprl. B 3axmouenne paHHoro naparpada OTMETHM, 410, Kak
JETKO TPOBEPUTb, JuHEHHas GyHKOHs 1 QyHKuus @ = 2%, BBeneHHble
B NpebiylieM maparpade, sBASIOTCS aHAMMTHUECKHMH (QYyHKUHAMH Ha

1
BCEH KOMIJIEKCNON NAOQCKOCTH; (pyHKllHﬂ w:; ABAAETCS aHAJUTHUECKOH

BCIOAY, 3a HCKJIoueHneM Toukn z=0. Taxk kax onpeaenenve nupoussoi-

no#t (1.16) aHanoruuno onpeaenennid npons3so ol YHKUuM OMIOH neii-

CTBUTEJBHOH NepeMeHnod, TO s NPOM3BOANHX AANHBIX (DYHKUMH KOM-
IWIEKCHOH nepeMentnof HMEeIoT MecTO BHIDaXeHust:

1 ’

(@z--b) =a, (2% =2z, <z~> -1 (1.25)

PaccmorpaM  YHKIMIO KOMILIEKCHOH TNepeMenHol w = e°, HINpOKo

NpUMEHSIomyocs B npujoxenusx. Onpepesum 5Ty  PyHKUMIO, 3a1aB
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aHaaHTUUECKUE BBIpAXKEHUsd ee AeHCTBUTEJNBbHOU 1 MHUMOH vacreit:
u(x, y)=e*cosy, v(x, y)=-e*siny. (1.26)

Ha pedcTBuTebHOH ocH  »Ta (yHKIMg CconnajaeT ¢ JeHCTBHTENBHOH
Qynkunedl e peHCTBUTENBHOTO apryMenta X M, Kak OyZeT NIOKa3aHo
B jajabHeflleM, B KOMIJIEKCHOHR 0O0JacTH cOoXpaHsieT OCIIOBHHIE CBOHCTBA
skcroHenTol. Ilostomy i nee ecrecrsenHo coxpauuts o6o03nauene

f =e*(cosy-isiny)=e"-e¥. (1.27)

[MokaxewM, uTO €° gaBasieTcs alaJNTHUECKOH dyHKImed 1a Bced Kom-
ieKciol  naockocTd 2. [ 9TOTO npOBEPUM  BBINOJIHEHUE YCJAOBUH
Komut — Pumana (1.17)

aLf~wf,>"c05\}*(zz{ U e¥sing = — %
= Y= oy V= ox

I 3aMeTHM, uTO BCe NPOM3BOJHbIE B STHX DABEHCTBAX HEIPEPHIBHBI 110
COBOKYIHOCTH apryMeHTOB Ha Bce#t mrockoctn X, y. Ilposoas Bhuucie-
uue npoussoaHo# € no dopmyaam (1.21), noayuaem

) =u,+tiv,=e*(cosy+isiny)=¢e"
Ananoruuiio
(%) = ae™, (1.28)

rae oo—Ipoun3BOoJbHAsA KOMIIJIEKCHAS HOCTOAHHAS.

Paccmotpum ewe jase QyHxkuun fi(2) u fy(2), onpepenensnie ¢ no-
MOIILbK) COOTHOIIEHUH

A@=5E e, A=, (@ —e ). (129)

Kak 7nerko Buperb, A AEHCTBUTEJbHBIX 3HAYEHUH KOMIIEKCHOH nepe-
MeHHOW Z==Xx 3TU (QYHKIAH COBMNAMAIOT C COSX H SillXx; NOITOMY NJA
IIUX €CTECTBEHHO COXpaHuTh NpewHue o003HaueHus. B manbueninieM Mul
10apoOHO u3yunrm CBOHCTBA STUX (YHKUMH, a ceflyac Jullb OTMETHM,
u10, Kak CAOXKHBIE (DYHKUMA OT aHadUTHYECKOH @yuruny, cosz u sinz
IBAAIOTCS AHAJMUTHUECKHMA Ha BCeH KoMMIeKcHOH niaockoctd. Henocpen-

CTBEHHOM NPOBEPKOH Jerko yBenurbes, uto (cos 2) = —sin 2. JleitcTu-
Teapno, ¢ nomomsio (1.28) nonyunm
fi() =5 (" —e )= — f(2). (1.30)
Ananoruuno upsMOe BHIYUC/ICHME AdeT
fiey+fi)=1, (1.31)

TaK Kak COrJacHO MNpaBHJIy BOSBELEHHUS KOMIIJIEKCHOTO UYHC/AA B IEJYIO
crenens u3 dopyyant (1.27) nosayunm

(%) = 2%, (1.32)
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§ 5. UnTerpaa mo KommieKcHOil mepeMeHHOH

1. OcHoBHubie cBoitcTBA. TlycTh Ha KOMIJIEKCHOR TMJAOCKOCTH 2 3aja-
Ha KycOuHO-rnafkas kpusas C Koneuno# Aauusl L. Mcnoapays napame-
TPHUECKOE npeacrasienve Kpusod C, 3aganuM KOOPAHHATH &, 1] KauioH
ee Touykm ypasheHusmu E==E(f), n=n(f), rue E(¢) u 1 (f) — kycouno-
raajkne  QyHkuun - IefCTBHTENBIIONO MapaMerpa  f,  H3MEHAIOHIErocs
B npelenax o<<t<=<f (@ u f MOryr cooTBETCTBEHHO NpUHHMATL 3a-
uennsa 7 ©0), yrosaetsopsiomne ycaosao [E (]2 -+ [0’ (£)]? 5 0. 3ananne
KOOpAHHAT §, 1] ToueK 3To#l kpuBo# C 3KBHUBAJEHTHO 334aNHI0 KOMII-
aekchoh ¢yukuuu §(£) =& (f)+ in(f) neilctBurensHoi TmepemenHo# f.

[Iycty B kawpo# touke { xpusoit C ompemeneno 3HaueHue (QyHK-
wun f(L). BawubiM nonstuem B Teopum QpyHKuui KOMIIEKCHOH nepemen-
HOU sBAsiercst mousitue muterpana ot ¢yuxumd f(L) no kpuso#t C. 3710
NOHATHE BBOAUTCA caeayiomum o6pa3om. Pasobvem xpusyw C Ha n ua-
CTUYHBIX AYT Toukamu genenus §y, &y, Lo, ..., T, cOoTBETCTBYIOULNMY BO3-
pacTalouNM 3HaueHusM Iapamerpa ¢ (¢4 >+¢;). O6osnauum AL; =§; —&; 4
U CGCTABUM CYMMY

n
S tH= D fEHAL, (1.33)
i=1
rie §f —npousBoabHas Touka - wacTHyHOH Ayru.

Ecau npu max |AL;|— 0 cymecmsyem npedea cymae (1.33), ne 3a-
sucsiyil Hu om cnocoba pasbuenns wpugoid C, Hu om gubopa mo-
yerw L}, mo smom npedea nasw8aemcs unmeepaioss om @yurgun f ()
no kpugoiét C u obosnavaemcs

{f@daz (1.34)
c EY

Bonpoc cywecrsosauua unterpasa (1.34) csoanics K Bompocy o
CyWIECTBOBAHNM HEKOTODHIX KPUBOJUHEHHHIX MHTErpajoB OT geHcIBUTENDb-
HOH @ n MHUMOH U yacTefl dynxuun f(2). B camom aene, sanucas f({}) =
=g (P§)+iv(P}), AL = AL +iAn, roe P; Ef, n}) — rtouxa xpusolt C
Ha IJIOCKOCTH X, ¥, Mbl MOXEM MpeacTaBuTh Bhipaxenue (1.33) B Buae

S = D {uPHAL —ov(PH AN} +1 3 u (PH) Ay + v (PFAE).
i=1 11

Hefcteurenbuas v muuMas vacte S(§;, LF) npencravmsior coGo# unre-
FpaJbHBIE CyMMBl KPUBOJUHCHHBIX MHTErpaJoB BTOPOTO pOAa

§ud§——’0dn n fudntvadg (1.35)
¢

COOTBETCTBEHNO ), OTKyNa W chAeiayeT BhicKazauuoe yrtoepxaenue. Iloa-

*) Onpenesienne KpHBONHHEHHBIX WHTErPaJoB M TeOpeMy  CYILIeCTBOBAHMSI
oM. BRI 2, crp. 160.
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yepKieM, UTO [ CYHIeCTBOBaung Kpusosuuefiunx unrerpaios (1.39), a
tem cambiM u unrerpana (1.34) no KomiieKCHOH nepeMeniiol moCTaTouNo
JHUIb KYCOUHOW nenpepusioctu Qynkuwfl # v o neHCTBUTEJLHBIX Mepe-
MeHHHX. DT0 O3HauyaeT, uro uurerpan (1.34) cymwecrByer u B cayuae
HeaHaJHTHYECKON dynkunn f(2), ecau ara QylKkuns [BJASETCS KyCOUHO-
HenpepHIBHOM.

Wrak, uurerpan (1.34) npeacrasum B BHIE

\f©dt=udt—van+i{udn+vdt. (1.36)
C C C

D10 COOTHOWICHHE MOXKET CaMO CJAYXKUTb ONpEAEJNeHHeM HHTerpaia ofT
dynkunn f(2) no kpuso# C. M3 nero caeayer psa CBOHCTB, SBJIAIOHIUXCA
QUEeBHIHBIM CJACACTBHCM COOTBETCTBy}OIuI/lX CBOHCTD KpHBOJII/IHeﬁHbIX HHTE-
rpasos:

L. § F@di=— { r©dt (1.37)
AB BA

2. {roda+ {roda= § rod (1.38)

C, C, Ci+C,

3. Ecan a — komnjaeKkcHas MoCTosHHasd, TO
Vaf@dt=al @ dt (1.39)
) )

4, VIAQ+AO={ A d§+§f2 (&) . (1.40)

C C

5. Sf(c>d§|<g f@©\ds, (1.41)

C

rie ds-— auddepenunan AamHel Ayru Kpuso#h C, a mHTErpaj, CTOALUUHN
cripaBa, BJAETCH KDUBOJUHEHHBIM MHTErDanoM nepsoro poga. HeiicrTeu-
TeJbIi0, B CHJAY HEDAaBEHCTBA TPEYTOJbHUKA HMEEeM

Z FEHAL <

i=1

< 1:'\? 21f<c,)HAc,l—§tfws
max | —=0;,=

—

& l

Ecau max | f()|=M n L —pausa ayru xpusoit C, TO
feC
‘Sf(é)déiéML. (1.42)
)

6. Mmeer Mecro crenyomas (opMmy/aa 3aMeHH MepeMeHHOW HHTerpH-
poBanus:

{f(2)dz = flo©]¢" ©d (1.43)
C I
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rae z = ¢ () —anaaurnveckas Qyukuns {, yCTaHaBJIHUBAIOWAA B3aUMHO-

o1HO3HauHOE cooTBeTcTBHe Mexay Kpusbimua C u . B wvacrmocrn,

B
\f(2)dz=\flz(®)] 2 @) dt, (1.44)

C o

rae z=z(f) ectb napamMerpuueckoe 3amanue kpusoih C, a z(a) u 2 (B)
CyTh HauasbHas W KOHEUHAd TOUKM TOCAeAleH.

[Mpumep. B kayecrse CymecTBEHHOro [OJs jaablieilliero npumepa
BBIUHCJCHUsST MHTErPaJa 1O KOMIIJIEKCHOH MepeMeHHOHd pPacCMOTpUM  uHTe-
rpan

_\ 4 1.45
§§_%, (1.45)
‘o

rae xpupag C, mpeacTapiaseT co6OH OKPYKHOCTL paanyca P C LEHTPOM
B TOUKE 2, OOXOINMYI0 NpOTHB UacOBOH CcTpeaky. Bocnoapsosasimuchk
napamerpuueckoi Qopuo#t saxaung xpusod Cp L=z, pe® (0<C@=<<
=< 2IT), NoAyYuM

21 . 21
T
] \ %?gfe: i g d¢ = 2mi. (1.46)
0 0

Otrcroma caenyeT, uro unrerpaji (1.45) me saBucHT HH OT O, HU OT 2.

3ameuanue Popmyaa (1.36), B cuny KOTOpOH HMHTErpas Mo Kou-
MJIeKCHOH TepeMeHHOl npeacrasiuser co0OH KOMIIEKCHOE uucJjao, nek-
CTBUTEJNLHAST ¥ MHUMAg 4aCTH KOTODOIO SIBJSIOTCS KPUBOJIMHEHHBIME HilTe-
rpajaMi BTODOrO poia, a rtakxe coorHowenue (1.44) nossossior wHeno-
CPeACTBEHHO MEPEeHeCTH MOHATHE HeCOOCTBEHHOTO MHTErpajia oT YHKIMH
AefcTeuTE LHOR MepeMeHHOH ¥) Ha chayualih KOMIJEKCHOH nepemenHod.
B namem kypce Mb OyieM r/aasHbHM 00pPa30M HMETb HEJO C HECOGCTBEH-
HBIME RITErpajaMyu IepBOro poja — uHrerpajamu no Oeckoneunofi xpu-
ol C. HecoGcrenHuift nnrerpan nepBoro poja no 6ecKoHeuHOd Kpusol C
HA3HIBAETCS CXOMANLMMCH, €CAN CYLECTBYET TMpefea NOCACLOBATEILHOCTH
UHTerpasion g f(©)df no moGoi nNOCAENOBATENLHOCTH KOHEUHHX KpH-

Cﬂ
ehix C,, coctasJistonux yacts C, npu C,, cTpemsmuxcs K C, IPHUEM TOT npe-
Jen ue sasucut OT BhiGopa nocaeposatrensuoctu {C,t. Ecan anws npu
onpenesentoM Buidope nocaegopareasnoctn {C,} cymecTByer  npemen
N0CAEI0BATEABHOCTH HHTErPAJIOB Sf(@)d@, TO HeCOOCTBEHHBIH uHTErpan
CIL

HA3bIBAETCA CXOIAMIMMCA B CMBICJE TJIABHOTO 3HAYeHuA.

B nanpHefiiem Mbpl OyleM paccMarpuBaTh HHTErpabl OT  (yHKiLuii,
aHAJAMTHYECKUX B NEKOTOPOH OrpaHnueHHoH o6aacT, npUYeM HAC B OCHOB-
HOM Oy[eT uHTepecoBaTh TOT CJayuail, Koraa rpauudilefl obnacrtu sBasercs

*) Cm. Bum. 2, cTp. 358.
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KyCOUNO-T1alkas  3aMKHYTas KpMBAasd, HE uMewodlas caMolepeceyenud.
Kycouno-2aa0KY10 3QMKRYPLYI0 KPUBYIO, HE UMEIOWYI0 MOYer caMo-
nepecederus, Oydei HA3BLEAMb IAMKHYMHLM KOHMYpoM. Ecnu QyHk-
unsa 2 (1) (<<t =<f) 3amaer napamerpuyecKkd 3aMKHYTHH KOHTYD, TO OHa
YA0BJETBOPSET yCA0BUI0 2 (£;) 7= 2 (£,) nupu f; 7, 3a UCKITIOUEHUEM CJyyast
t,=a, t,=§. Huarerpan (1.34) no 3aMKHYTOMy KOHTYPy 4acTO Ha3bi-
BAa€TCH KOHTYPHBIM HHTETPaOM.

2. Teopema Komu. Ilockoabky 3HAaueHHE KOHTYPHOIO HHTErpasa
3aBIICHT OT HANpaBJeHHS HHTETPUPOBAHUA, YCJAOBHMCH B KayecTse n0.40-
JUMEABHO20 HANPABAeHUS 00x00a KOHTypa MNpHHUMATh HalpasJjeHue,
npH KOTOPOM BHYTDeHHsid 0064acrh, OTPaHUYEHHAd AAlIHBIM  3AMKHYTHIM
KOHTYPOM, OCTaercs c.esa OT HanpasjcHus nBuaeHns, MHrerpuposanue

B TI0JIOWHTENLHOM HampasaeHunu OyaeM 0003HauaTb CHMBOJIOM Sf(z) dz
C+
i npocme(z) dz, VHTETPUPOBAHUE B OTPHILATEIBHOM HaNPaBIEHUH —
¢
CHMRBOJIOM S f(z)dz.
C-

CsoficTBa mHTErpasoB Mo 3aMKHYTOMY KOHTYpPY OT (yHKuu#, ananu-
TIMecKAX BHYTpH 06JaCTH, OFPAHHUEHHO!l HAHHBIM KOHTYDOM, BO MHOTOM
ONPEIESIOTCS 3BECTHRIMI CBOACTBAMYU KPHBOJAUHEHHBIX WITErPaoB BTO-
poro poga *). Kak wussecrho *¥), a9 KpUBOJMHEHHLIX HHTErPanoB 110
3aMKHYTOMY KOHTYDY HMEET MecTo cjeaylolee yTBEpHACHNe: ecall (hyHK-

me P(x, v) u Q(x, y) Henpepsisrol 8 3amkHymoid obaacmu 2, oepa-
HIieHHOl KYcouHO-2a00KuM Konmyporm C, a ux wacmusie HPpou3soo-
Hble Nepeo2o NopIOKQ wenpepuisuel 8§ ¥, mo

Spdx+Qdy=SS{%§——%’yi}dxdy. (1.47)
C g .

[TepefineM Tenepb K [OKA3aTE/IbCTBY OCHOBHOTNO [10J0XKEHHd [aHHOrO
naparpada.

Teopema 1.5 (meopema Kown). [lycms 8 00HOC8A3HOE 06aQcHn &
3udana 00HO3HAUHARA axaaumuieckas yuxgus f(2). To20a unmezpas
om smoti goyuryut f(2) no awboasy 3axmxuymonmy wowmypy I', yean-
Ko aexcamesy 8 obaacmit 9, pasen Hyaw.

Hoxaszateabcrso Coraacuo dopuyae (1.36)

{ f@dt=\ uvdx —vdy+i§ vdx-tudy.
T iy r

*) Cm. BRI, 2, crp. 168. Hanomuum, 4TO [0 MPHHATOMY HAMH OlIpelelieHHIO
KOHTYPB! WHTETPHPOBAHKA BCErAa SBAAIOTCH KYCOYHO-TJIAJKHMH KPHBBIMA.

**) B puir. 2 sta TeopeMa JOKa3aHa [P AONONHUTENLHOM YCJAOBHH OfpaHH-
YCHIIOCTH YACTHBIX MPOH3BOJHBIX GYHKUHA P u Q B obmacty &, BBRejleHHOM
C Leablo o0feryenis JoKas3artesbeTBa. B caywac kycouno-raajgxoifl rpanuubl  3TO
YCIOBHC MOMET OblTb CHATO ¢ MNOMOILLIO ZONOMHHTEIBHOTO TIPCACJBLHOTO Nepexoia.
Mbr 31ech He GyneM TpHBOAUTE NOAPOOHOE NOKa3aTedbCTBO, a OF PAHHUMMCS JHIUb
AdHHBIM 3aMeuaHueM.
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Tax kax ¢yuxuus f(2) — aHasuTnueckas BCIOAY BHYTpH Koutypa I, TO
dyukuun u(x, ¥) u v(x, ¥y) B 061aCTH, OrpaHHYEHHOH STHM KOHTYPOM,
06/1a0a10T HENPEPHIBHBIME YaCTHBIMU ITPOM3BOAHBLIMH TMEPBOrO -IIOPALKA.
ITostoMy K KpuBOAuHeHHBIM HHTErpajaM, CTOAILEM B APABOH 4ACTH NO-
ClefHero PaBeHCTBA, MOHO npumeHnTs Qopmyay (1.47). Kpome Ttoro,
yacTHeIE ApOM3BOAHBIC (PYHKIMH 1 (X, ¥) ¥ v(x, V) CBA3aHH COOTHOLHE-
nusmu Ko — Pumana. Iostomy

Sudx—vdy:SS {-—%Z——~—%—}dxdy=0
r g

S'vdx—{—udy: S g {%~ g}}dxdyz(),
iy g

YTO W JIOKA3bIBAeT YTBEPWIAEHHE TEOPEMBI.

Mrak, teopema 1.5 ycranaBausaer (aKT DABEHCTBA HYJK HHTErpana
OT aHAMUTHUYECKOH (PYHKIMU MO JHOGOMY B3aMKHYTOMY KOHTYDY, LEJHKOM
JeKalleMy B OJHOCBSIBHOH oO6jgacTH ee aHaiautuuHocTd. llpuw momomnu-
TE/AbHOM YCJHOBHH HENPEPHIBHOCTH (PYHKIHH B 3aMKHYTOH 00JacTH JaHHOE
YTBEPKAEHHE CMPABeAJAMBO M fas B3AMKHYTOrO KOHTYpa, SIBASIOWIErOCH
rpannileid obaactu aHaautuyHoctu. Ilociegnee yrsepwaeHue (akTUYeCKH
ABASETCS HECKOJBKO BUAOU3MEHEHHOH dopmyuposkott Teopembl Ko,
HO BBHAY €ro BAXHOCTU s NPAKTUYECKHX TNPHUJAOKEHHH MBI BbIAENM
3TO YTBEDPXKAEHUE B OTIEABHYID TEOPEMY.

Teopema 1.6 (smopas opmyaruposra meopemor Kowun). Ecau
yuxyua f(2) sasasemces anasumudeckoid Gynxyued 8 00HOCBA3MOIL
oGaacmu &, o2panutennoll Kycouro-2aadxum wonmyposr C, u uenpe-

pui8HA 8 3aMKHYmMoOR obaacmu %, mo unmezpas om gyurxyun f(2) no
epanuge C obracmu 9 pasen nyaw:

{f@©dz=o. (1.48)

c

Teopema Kown ycraHasausaer OFHO M3 OCHOBHHIX CBOHCTB aHAJAUTH-
yecKOH (PYHKLMH KOMIJIEKCHOH nepeMennod. Ee dyHmameHtasnHoe 3Haue-
nue Oymer ClefOBaTh U3 Janblieflllero WM3JOXeHus, 34ech ke MB orpa-
HUYHMCS CJACAYIOIAM 3aMeuaHueM.

Teopema dopmymipoBaiach nJd OAHOCBA3HOH OBaacTH, OAHAKO ee
Aerko o60OIUTb M Ha CJyyaii MHOTOCBsi3HOH o6aactu. B artom cayuae
noJHast rpaHuua 06J4acTd COCTONT U3 HECKOJBKHX 3aMKHYTHIX KOHTYPOB:
BuewHero C, u BHyTpeHHux Cj, Cs, ..., C,. [Tosoocumensnsin wanpa-
saenuem 06xo00a noAHOW 2paHulyb, MHOTOCBSI3HOH 001aCTH 6yaeM HA3LI-
BaTb TAKOE HaNpaB/cHUE [ABMMEHHUS, IPH KOTODOM obaacme 8ce 8pems
ocmaemess caega. Ilpu 5ToM BHEIIHUEE KOHTYP OOXOZUTCH B IOJNOXKH-
TCJAbHOM, 2 BHYTPEHHHE — B OTPHIATE/NBLHOM HalPaB/CHUU,
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Teopema 17. ITycme f(2) snsasmemces anaaumnyecxoi @yrryiei
8 MHO20C853HOL obaacmu §, oepanuvennoll u3sne xoumypom C,,

a wnympu xoumypamu Cy, Co, ..., C,, u nyems f(z) nenpepwisua
8 samruymoli obaacmu 5. To20a Sf(@) df=0, 2de C—noanan ezpa-
o
Huya ofaacmu &, cocmoswas u3 Kowmypos Co Cy, ..., C, npusen

o6x00 epawugsr C  npoucxodum 8
HOAOHCUMENbHOM HANPABACHIUL.
HNokasarteabcrso. Ilpoeemem
IIAAKUE KPUBBIE Y3, ..., Yp COEOH-
nsiowie KoHtyp Cg ¢ kourypamu Cjy,
C, u 1. & (puc. 1.8). Torma 06-
JAacth, orpaHuueHHas kpusbnimun C,
Cp ovo Cp ¥ KDUBBIMU Yy, Vor o+ 5> Vo
NpOXOAUMBIME NBAXAB B NPOTHBOIO-
JIOXHBIX HaNpaBJeHHsX, OKasbiBaeTcH
oanocsasuolt ¥). B cuay reopemn 1.6
nHTErpan mo rpanuue 3toi obaacru
pasex nyawo. Ho unrerpans no Bcno- Puc. 1.8,
MOraTeAbHHM KPUBHIM ¥y, ..., Pn OPO-
XOOATCA ABAXCIBI B NDOTHBONOJOMKHBLIX HANPABJAEHNAX U TIPU CYMMUpOBa-
Huu uHTerpajsos Bhinagawor. I1osToMy umeer mecto paseHCTBO

Vf@de+ §r@ac+ ... +{r©de=0 (1.49)

Cﬁ- C C;

iy
(sepxuue unaekcH y C; YKa3pBawT HanpasieHue 06xoaa).

B sakmoueHue OTMETHM, UTO €CAu (yHKuug f(2) sBAseTCA aHANUTH-
yecKo# B MHOrocBsidgHOH ofaactu F u I — 0pOU3BOABHBIA  3aMKHYTEHIH

KOHTYD, HEIMKOM Jexamui B %, T0 nHTErpaj Sf(?;) d{ wmowxer, BooObuie
r
rosops, OKa3aTbCsd OTAWUHBIM OT Hyas. Hanpuwep, nycts obaactes &
1
npeacrasaser cobott Kpyrosoe xoabno 1<C|z|<<3. PyHxuns f@)=-
IBJMETCS aHaAUTHUeCKoH B 3To#t obnactu. B cuny npumepa, paccMorped-
d .
Horo Ha ctp. 40, S £=2m¢0. Haunoe 06CTOATENBCTBO CBSAS3AHO,

4

| 2z |=2
B UACTHOCTH, C TeM, YTO KOHTYp |2 |=2 He ofpasyer MOJHYIO rDaHHIY
00/1acTH aHAANTHUHOCTH paccMatTpuBaeMol (PyHKiuU.
3. Heonpenenenuslit unterpasa. Baxusiv caenctsuem teopembl Koiu
spasetcd caepywomee nosoxenue. Ilycts ¢yukums f(2) asiasercs anaan-

THYeCKOH ¢yHKuMeHd B omHocea3HOH obiactn ¥. Pukcupyem B 3T0# 06.48-
4

CTH HEKOTODPYIO TOUKY 2, M 0003HauuM uepes Sf(;) d{ wurterpaa no
20

*) Kak HerpyaHo yGenutscsl, KpHBHE Yy, ... ,Yn BCerja MOXKHO BHIGpaTh Tax,
4TOGEl OHM He NEePeceKasuch, T. €. NOJAyuuM JeHCTBHTe/IbHO ORHOCBA3HYIO 00JMacTh.
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KakoH-1100 KpPUBOH, IIeANKOM Jexallel B & u coenuHaome# TOUKH 2 U 2y
B cuay reopembr Komm 3T0oT mirerpan He 3aBUCMT Or BHIOOpa KpPHBOH
UHTErpupoBaHusg B obaacru % 1 aBagercs 0AHO3HAUHOM ¢pynxunes z:

\f(©) di=D(2). (1.50)

Teopema 1.8. ITycms hyurxyua f(2) onpedescHa u HenpepusHa

8 Hexomopoil 00Hoc8a3KOI obracmu %, a unmezpas om 3moll HyHr-

yuu no awbomy 3amxrymony woumypy U, yeaurwoat aexcamerty 8 oan-
F4

Holl o6aacmu, pagen nyaw. To2da gyuryun O (2)= Sf(@) dt (2, 2= %)

29
agasiemest anammuyeckoil hyuryuel g obaacmu 9 u D' (2)= f(2).
Hokxaszareascrso. CocTaBuM pasHOCTHOE OTHOIIEHHE

z+az { Ziaz
et 0@ L\ e\ r@oda=1 | rodc

[MocrenHee paBeHCTBO uMEET MECTO B CHAY HE3aBUCHUMOCTH 3HAYEHHUS WH-
Terpana, ompeneasiomero ¢ynkumio @ (2), or nyrM uHrerpupoBaHus u
(1.38). Buibepem B KauecTBe MyTH WUHTErPUPOBAHHS B [OCJAELHEM HHTEr-
pane npaMylo, coeauHsOuly© Toukd z u z-+Az. Takoi nyrs unrerpu-

pPOBAHUY aABAGCTCH y,U,O6HbIM, MOCKOJIbLKY HMEET MECTO ouesuaHOoe COoOoT-
z+az

HOILlEHHE S df==Az. Ouenum pHpaxeHne
F4

|2 f<>)=—~] O—r@)|<
ol me O—FOLIA = max Q@)
& P Le [z, 244Az] t e [z, 2+az]

B cuny uenpepeiBioctn yHxuun f(2) B rouke 2z i 000Oro MOJ0KN-
TENPHOTrO YNCJA & MOXeT ObITh YKasaHo Takoe sHauenne § >0, uro npu
|[Az|<<§ max |f(Q)—f(2),<<e 1. e arg awboro &>>0 MOKHO

ez, 24-22]
ykazate Takoe § >0, uro

O (21 AZ)—D (2)
————f{@)|<e npu 0<<lAz| <.

D10 U 03Hauaer, YTO CyuUIECTBYeT

tim D (z4Az)—D (2)
220 Az

=@ (2) =1 (2). (1.51)

WUrak ¢ynkuus D (2), onpesenennas unterpanom (1.50), Bo Bcex Toukax
obaactn ¢ umeer HenpephlBHY npoussoanyio (dyskuus f(z) no ycao-
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piio Teopemn nempephisna 8 %), Tem campim @ (2) asasgercs anaamrnue-
ckolt (yHKumen B obaactu F.

Jlokaszannas TeopeMa IM03BOJSET BBECTH MHOHATHE HEONpeneeHHOro
wiTerpana (PynKivM KOMIMIEKCHOH nepeMeHHOR. Anamurnueckas QyHKuud
() (2) nasmiBaercs nepgoobpaswoii Qysxunn f(z) B obaacth &, ecau
B 9TOH obaactn umeer mecro cootnowenue @D (2)=f(z). Ouernano,
¢dynkuua f(z) uUMEeT MHOXECTBO pPAa3JUUHBIX NepBOOOPAsHHIX, HO, KK
JETKO J0KAasalb, BCE NepBoo0pasHble 3TOH (YHKUHU PA3AUYAIOTCS MEKAY
cobofi Jsmwe nocTosHHBIMK caaraembimu *). CosokynHocme 8cex nep-
goobpasusix hynryun f{(2) Ha3slBaemcss HeonpedeseHHbiM UHMEPa-
a0M om ghynrgun f(2).

Tak ke, kak u B cayuae ¢yHKUNM AeHCTBUTENbHOH TlepeMeHHOH,
UMEET MECTO Qopymya

(£ dt=F (29— F (21),

21

rae F(2)—mobas nepsoobpasuas ¢yukumn f(2). [lefictBurensto, nu-
terpan, crosfuwil c/iesa, He 3aBUCHT OT MyTH uHTerpuposanus. Ilostomy
ero MOXHO MpPEACTAaBUTH B BHAE

{F@ =\ 7@y dc—\ 70 dz,

rae z,—npoussosibHas rTouka obaactu . Coranacro (1.50) Kawabiih us
unTerpasop B mpasofl yactu 3rolt ¢opmysbl npeacrasaser coOoft 3Haue-
e OnpemeaeHHOH nepBooOpasHOfl B COOTBEICTBYIOUIMX TOUYKAX, a TaK
KaK Bce nepBooOpasHble Pasiuua1Cca VWb Ha IOCTOSHHYM, To 0e3pas-
JHYHO, KAKYI0 NePBOOOPASHYIO MBI NOACTABMM B JAlHY0 (OPMYJY.

B kauecrtse CymecTBEHHOro IS JaAbHeHIIero npuMepa paccMOTPHM
(DyHKILUKO

/)= S . (1.52)
1

Tak Kak mnoabiHTErpaibHad (yHKUU gBJASETCS aHaAUTHUeCKOW Ha BCeH
KOMIIEKCHOW TMJIOCKOCTH 2, 33 HCKJAoueHuneM Touknu 2z=0, TO BBIpame-
une (1.52) nMeer CMBICA NPH YCJAOBHH, UTO KPUBAS MHTErPUPOBAHHA HE
npoxoaut uepes rtouky z==0. Ilpu stoM B M0GOH omHOCBASHOM oGaacTu
& KOMIIEKCHON MJIOCKOCTH, HE cogepwaiuiel Touky 2==0, ¢pyurung f(2)
4BASETCS OMHOSHAUHOM ananuTuuecko# ¢yHKuueR 2, He 3asncawei or

sribopa nyrtu uHrerpupoBanus B ¢Qopmyae (1.52). B kauectse rtakoi

*) HefictedresbHo, Tak Kak @’ (2)=@; (2)— D, (2) =0, rae Oy () u Oy (2)
CyTh pa3fHyHble MepBooGpa3uble ¢yuxunx [ (z), to nu3 (1.21) cregyer, uro Bce
yacTHble IPOM3BOAHBIE NeficTBHTENbHON ¥ MHHMOH uacTeft ¢yukuuuy @ (2) Toxaecr-
BEHHO pPaBHEL HYJIO, OTKy/fa NO H3BECTHOM Teopeme aHainaa (cm. Buil. 1, ra. 8)
noayyuM @ (z) = const,
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o6aactu GyneM paccMaTpHBaTh IOJHYI KOMILIEKCHYIO MJIOCKOCTh 2, Pas-
PE3aHHYI0 MO OTpHUATEbHOH YaCTH AEHCTBHTEJIBHOM ocH, T. e. 00.1acTh
— < arg 2 << 7. ByneM cuwrars, utO NYTh HHTErpHPOBaHUA B QopMY.e
(1.52) newuT ueNUKOM B 0OnacTd — Ju < arg 2 <, T. €. He MepeceKaer
paspesa u He npoxoauT uepes Touky 2=0. Torga pas OeHACTBUTENBHBIX
MNONOKNTEAbHBIX SHAYEHHH Z==x, BHIOpPAB B KAYeCTBE NYTH HHTErPUPO-
Banus B ¢opmyne (1.52) cooTBercTBYOWMH OTPE3OK JEHCTBUTE/IbHOH
oCH, ToNyYnM

.

fe=\Z=mw. (1.53)

—

To ecTh 479 NMOJOKHUTENbHEIX 3HAUEHMH CBOero aprymenrta ¢yHkuus f(2)
coBmagaeT ¢ Jaorapudmuueckof ¢yHKuued aedcTBUTENbHONH TIEePEMEHHOM.
IMostomy nmas ¢yukuun (1.52) B paccmaTpusaemolt obnacte (— <<
< arg z < M) CoxXpaHuM rnpexnee 0003HaueHUE, NOJOKUB

F4

Inz— Si"—z. (1.54)

z

Tlocneaniee paBeHCTBO (B KOTOPOM MyTh MHTErPUPOBAHUsA BHIOUpaETCH
YKa3aHHBIM BBHIIIE CIOCOO0OM) MOMHO pAcCMATPUBATL KAK ONpemeseHue
norapudmuyeckol (GyHKUMM A4S BCEX KOMIEKCHBIX 3HAYECHHH ee apry-
MEHTa, 3a HCKJIOYEHHEM B3HaueHUuH, JeWaIluX Ha OTPULATENBHOH vacTu
geHcTeuTebHOR ocn z2=x=<< 0. B nanbuefimem (rn 3) Me noapoGHo
H3yuuM CBOHCTBA 3TOH (yHkuwu, a cefivac /Ul OTMETHM, YTO B Cuay
¢opmyasl (1.51) nMeer MecTo COOTHOIUEHHE

1

PN

(inz) = (1.55)
T. €. B 00/1acTH — Ju < arg z < 7 NPOU3BOAHAS JOTapHPMHIECKOH (PyHK-
MM HMEET TO e BLIpAWEHHe, YTO W AJs ACHCTBUTEBHBIX MOJOKUTE/b-
HBIX 3HAuehu# aprymenra. Huxe Gyaer ycranosaeno, utro ¢yuxkuusa (1.54)
spnseTcs oOpaTHOH K QyHKUMM @=—e? BBefeHHOH B § 4 Hacrosuei
T/IaBHL.

§ 6. Harterpan Komnu

1. BuiBon dopmyast Komu. B npesbiaymem mnaparpade Msl moKa-
3ajin TeopeMy Komu. 2rta teopema BJeuer 3a coGOH P BaWILIX caef-
CTBUH, B YAaCTHOCTH, NMO3BO/IAET YCTAHOBHTH OMPEAENEHHYIO CBA3b MEKALY
3HAYEHNAMHM AHAAWTHYECKOH (YHKIHE BO BHYTPEHHUX TOUKAaxX 06JaCTH ee
4HATMTHYHOCTH W TPaHHYHBIMK 3HAaueHWaMKU stoft dynxkuuu. K ycramos-
JIEHVIO NAaHHOI'O COOTHOLUEHNS MH cefiyac u nepelgeM.

Ilycre ynkums f(2) sBAAETCS aHAANTUYECKOH B ONHOCBASHOH OG.a-
ctu &, orpanuueHHod KouTypoM C. BosbMeM NIPOU3BOJBHYIO BHYTPEHHIOW
TOYKYy 2, B TNOCTpOMM 3aMKHyTH# Koutyp I, ueauxkom nexawpi B %



§ 6] HHTETPAJI KOWH 47

¥ COEPMalWUi TOUKYy 2z, BHYTpu ce0d. PaccMOTpHM BCIOMOraTe/lbHYIO

(pYHKLUIO

o)=L (1.56)

Pynkuusg @ (2), OUEBHAHO, SIBJASETCA AHAJAHTHUECKOH (YHKUHEH BCOAY
B obaactu %, 3a uckioueHneM TOUKH Zo. ITosrtoMmy, ecanm Mbl B o6iacTu &
BO3bMEM TaKOH 3aMKHYTBHIA KOHTYp 7P, Jewamui BuyTpu I, uro6n TOuKa -
Z, TONAAa BHYTPb 064aCcTH, OTPAHMYEHHOH KOHTYDOM Y, TO (GyHKUHA ¢ (2)
OYJEeT aHAaJMTUYECKOW B MABYXCBA3HOH 06./acTu f/’*, 3aKJIOYEHHOH Mexay
kontypamu I' m y. Cornacno teopeme Kowm unrerpan ot dyuxunu @ (2)
no xpusoid I'-}-y pasen nyuo:

s dHS 19 g
T+

i3MeHuB Hanmpar/jeHue WHTErPUPOBAHHSA BO BTO-
pOM UHTErpaJje, STO PaBeHCTBO MOXHO mNepe-
nKcaTb B BHIE

f@ f(C)
S e g dL (157)
r YT

—2y

ITockobKy uHTErpaj, CTosuMi Ccaesa, He 3a- Puc. 1.9

BHCUT OT BbIGOpa KOHTYpa Yy, TO 3TUM CBOH-

CTBOM 00/agaeT W HWHTerpas, cTofiuil crnpasa. Has paipHeHIux pac-
CMOTpeHHH yao0HO B KayecTBeE KOHTYpa WHTErpupOBaHHA ¥ BHIGpAThH
OKPYXHOCTb Y, HEKOTOPOTO pajuyca @ C HeHTPOM B TOuKe 2g (puc. 1.9).
TMonowus =z, pe'®, umeem

2n
VL& ae=i{ r0 do
T §
ITocaegnu#t uHTerpan npeo()pasyem cilenymmuM obpazom:

on 2n

{ (D) do= S [ —f(20)) dop+ Sf(zo) dp=
0

= S (D — F(z0)] dp+2n f(z5).  (1.58)
0

Verpemum teneps p K Hysaw. Taxk kaxk f(2) — aHaauTuyeckas, a CAeno-
BAaTE/BbHO, LENpephiBHAf QYHKUUA B o6jactd %, TO Aas m0GOro noso-
KHUTELHOTO YNC/d € MOKHO YKa3aTh Takoe 3HaueHue p, uto | f (L) — f(z,) | <<
<e pma |§—ze|<<p. Orcoopa cnesyer, uto npu P — 0 CyleCTRyer

npenen
21

gm § @) —f(20)] dp=0.
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Tax xak B dopmyae (1.58) mocaennee cnaraeMoe He 33aBUCHT OT P, TO
2

g f(©)do=2mnf(2,), a crenoBareisbHo, S —Cﬂ% dl=2mif(2,), ucoraacuo
. J 6%
(01.57) 1 ’

Fe) =g ﬂ JL—CZ)Odg. (1.59)

r

Hrumezpan, cmosuwuit 8 npagoi wacmu (1.59), supascaem 3natenie
anasumudeckoll yuxyuu f(2) 8 Hexomopoll mouxe 2, 4epe3 ee 3Ha-
yenus na aobom wxouwmype L', aexcawes 8 oGaacmi aHQAUMULHOCIT
dynryun f(2) u codepycauern mouKy 2z, BHYmpi. IDTOT RHTErPad U
HasnBaercd uxmeparom Kown. Popmyna (1.59) uacto nHasmBaercs ¢hop-
ayaoi Kow.

3ameuvanue 1. B ¢opmyne (1.59) unrerpuposanne npou3BOANTCH
no 3samuyromMy KoHrypy I', neamkom aexaniemy B 06/acTy  aHaduTUY-
HocTH (QyHKiMd f(2) U cogepiauieMy BHYTDH TOUKy 2, Ilpu ponoawu-
TEeJAbHOM YCJOBMA HempepbisHocTh f(2) B 2aMkHyTod obaactu & aHaso-
ruuHas QopMmy/aa UMeeT MecTo, B cuiy Teopemsl 1.6, u npu unTerpupo-
BaHuM no rpanmie C obaactn F.

Bamevanne 2. IlpoBenennbie paccMOTPEHHS OCTAOTCS CHPABEAIU-
BHIMM Y- B CAyYae MIOTOCBs3HOHW oOaact Z. Ilpu 31oM s BbiBOJA
ocuosuoil gopmyss (1.39) cienyer paccMaTpuBarb Takoff 3aMKIYThif
kouryp I, KoTOphIf MOmeT ObITH CTAHYT K TOUKE 2, BCE BPEM$ OCTa-
Badck B o6aactu . Torma nerko nokasarb, YTO NPU YCAOBUHM HENPEPHIB-

Hocty Qyukiun f(2) B 3aMKHyTOH 061aCTH & ¢ KYCOUHO-TAAAKOH rpaHmueH
dopmyaa (1.59) ocraerca cnpaBexanBod NpPU MHTENPUPOBAHUHM B IOM0KH-
TeJAbHOM Halpas/eHny 110 nojaHo# rpanuie C GaHHOH MHOrOCBA3HOR 06aacTy.

2. Cuemcrpus us ¢opmyas Kowmwu. Crenaem psin sameuannit no

nosony ¢opmyasl (1.59).
@

L—2z

KOM JeXaleMy B 0644aCTH & aHaantudnoctd PyHsuud f(2), uMeer CMHCH
19 1060r0 M0J0Xelns TOUKH 2, Ha KOMILIEKCHOH MJAOCKOCTH NIPH YCJ0-
BUM, YTO 3Ta TOuKa ne Jjewwut na kourype I'. Ilpu srom, ecam Touxa 2z,
newur Buytpu I', To 3sumavenue murerpaia pasHo f(z,) €Cau TOuKa 2,
sexur sue I', 3navenne MHTErpana paBHO HY/IO, NOCKOJBKY B 3TOM CJy-
yae IMoABHTErpanbHad (PyHKUUS 4BAAETCA aHAJIHTHUECKOH BCiogy BuyTpu I
Wrak,

1. Murerpaa Buga »1—8 df no samkuyroMy xonrypy I, neau-

i,
T

2ni |
I

(1.60)

1 ¢ @ . | Sz, 2g—suyrpu L,
g L—z dg—{

0, zo—she I

IMpu zy T unrerpan [(2y) = ! Sg—(;}dg B OOBIUHOM CMBHICJE
)

2ai
I

HE CYLIEeCTBYET, OJHAKO [pU HONOJHHTEJAbHBIX Tpe()OBﬂHPIHX Ha TnoBeje-
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mie gyuxunn f(L) Ha kourype I' sromy nmrerpany mowmer ObiTe Hpuuan
onpenenennntl cubica. Tak, ecad ¢yukuna f({) ya0BAeTBOPSET Ha KOH-
type [ ycnosuro Téasnepa *)

|fEY—fEI=K|L—E5Y o<yl

TO CYILLECTBYET 24aBHoe 3Hauerue no Koulu nmerpana 1(2y)

V.p-L(z) =lim, ‘ g 1O g

oni Yy I —z,
PS

rae 'y nmpeacraBaser cobo#t wacte kourypa I', newamtyio BHe Kpyra
| z—zy]<<e. Ilpn stom

Vopl(z) =g /(20

2. lycrb f(2) — anaanTnueckas QyHKUWS B OAHOCBA310H ofaactu &
B 2o — HEKOTOpas BHYyTPeHHAs Touka 5ToH obGaactn. Ounmes u3 7ol
TOUKH KaK U3 Heurpa OKPYXHOCTb paanyca R, LeIUKOM JeKallylo B
obaactu &. Torma no ¢opmyte Komn noiyunm

=1 f @
FE) =gy \ £ap
CRo
Ho na oxpywxiocrn Cg, §=2¢-} R,e'®, nosromy

2n
fle)= gf(zo+Roe‘ﬂ°) dg, (161)
nJan
.f(zo)=2—n;s; S f(©®ds. (1.62)

CR o

3r1a dopvysa HOCHT HA3BAHVE (DOPMYALL CPeOHE20 BHQHEHUS W BBIPa-
KAET 3HAUEHHE AHAJIUTHYECKOH (IYHKUUHM B LEHTPE OKPYMKHOCTH KAK Cpef-
Hee 13 ee TrpaHuuHbIX 3HaueHui.

3. [lpuauun Makcumyma MOXyJasl aHaauTHYecKoil dyHxumu. /Tycms
ynxyun f(2) Asasemesn anamumudeckod 8 obaacmu G u Henpepbig-
HOli 8 3amKHymoi obaacmu 5. Toeda um | f(2)|= const, ww maxcu-
marvnbie 3Havenuss | f(2)| docmuezanmes moasko na zpanuye ofiacmi.

HelicTBurenbHas QyHKUNS ABYX OEHCTBHUTENBLHBIX NEPEMEHHBIX

Lf@) =V u?(x, y)+7%(x, )

IO YCJAOBHUIO ABJSIETCA HENPEPHIBNON B 3aMKnyrtoi obaactd. [losromy oua
JOCTUTrAaeT CBOEr0 MAaKCUMAaJbHOrO 3Hauehuss M B kakoH-anbo Touke

*} Io nosoay ycaosuit Iénpxepa cm. sem. 2.
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(xp, Vo) Hanno#t obiaactu. To ecTs

Melfel=|r@), Tt (1.63)
ze= 5.

TIpeanooKuM, 4TO TOYKA Z,— BHYTDEHHAs TOuKa 00.acTu 5. Toctpoum
B obaactu & Kpyr K, nekoroporo paguyca R ¢ LEHTPOM B TOUKE 2,
¥ 3amumwem (GOPMyay CpeiHero 3HaueHus mas 2, M R Yura (1.63),
OB VAT

21

2
2aM=| { £(©) dcp‘é V17©do < 27,
0 0

CraedoBaTenbHO,

lf(C) | dp=2nM. (1.64)

O ¥

VI3 3TOro COOTHOIUEHHS B CHAY HenpephBHOCTH ¢yHxunu f({) Ha KoH-
Type MHTErpuposanus u Hepasexcrsa (1.63) caeayer, uro

|f@Q =M npu L=zy-+Re' (1.65)

Tetictutensuo, 1o (1.63) dyukuus | f(L)| He mower 6pite Goabme M
HA B ONHOH TOYKE KOHTYPAa WHTErpHpoBaHus. ECAH MB NPEANONOKHM,
4To B Kakoi-1u60 Touke {, KOHTypa uHTerpuposanus dyuxuns |f(§o)|
crporo Mmenblie M, 1o u3 menpepmisuocTH |f(§)| caeayer, uro | f(Q)|
crporo meHbme M u B HEKOTOPOH OKDECTHOCTH TOUKH (g, T. €. MOXKHO
yKa3arb OTPE30K [y, (y| MHTErpUPOBAHUA, HA KOTOPOM

IfOl<M—e, e>0.
Toraa

~Snlf(2.;)tdcp S\f({;)ldcpﬂ{f(C)ldcthf(C,)ld(p

P1
= (M—- &) (s — (Pl) + M 25 — (@, — @1)] < 27M,

yto npotusopeunt (1.64). Hrax, coorHowenne (1.65) neicTBUTENBHO
uMeeT MeCTo. DTO O03HauaeT, UTO Ha OKPYXHOCTH pamuyca R ¢ uentpom
B TOuKe 2, (yHKuus |f(z)| UMEET MOCTOAHHOE 3HAYEHUE, DABHOE CBOEMY
MAaKCUMalbHOMY 3HaueHuro B obsacru F. To e Gymer umMeTb MeCTO W Ha
A060H OKPYWHOCTH MEHBLIEr0 PajnMyca C LEHTPOM B TOUKE 2, a CJAEHO-
BatesbHO, U BO BceM Kpyre K, Tenepn- Jerko mokasarb, 4TO 3TO Ke
snaueHne dyHkuug| f(2)| umeer n B MoGOH ApYro#t BHyTpeHHeH Touke ¥
obaactu %. JInd sTOro COEAMHHM TOUKM 2, ¥ 2% xpuBoH C, meaukom
nexamed B 064acTH § u OTCTOsNIEH OT e€e rpPaHuUBl HE MEHblle ueM
HA HEKOTOPOE TOoJOoWuTesbHOe uucao d. BosbMeM TOUKY 2z;, SIBASIOULYIOCH
nocaennel obutelh Touxolt xpuso# C u Kpyra K, (pnc. 1.10). [Tockoasky
| f(2) |=M, T0, NOBTODSIA NpOBEJEHHbIE BHILE PACCYKAEHUS, TOKAKEM,
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yto Biuyrpn kpyra K; < & ¢ uedrpoM B TOuKe 2z, pammyca Ry==d
Moaysb (ynkumn f(2) NpunEMaeT HOCTOAHHOE 3HAuelue, PaBHOE MAKCH-
MmazblioMy 3Hauenumio M. Baas Ha kpuso#t C TOUKYy 24, €BJSIOMLYIOCH
nociennelt obmett Touko# kpusoit C u kpyra Kj, M npomo/mkas RaHHHIf
npouece, Mbl B pPe3yJbTaTe KOHEYHOrO 4YHCAd IUATOB  IIOAYyYHM, YTO
BHYTpH Kpyra K,, KOTOpOMY NpPUHAANEKHT TOUKa 2¥, nMeeT MecTo pa-
BEHCTBO | f(2)|=M, ur0 n
JLOKA3BIBAET BHICKA3aHHOE YT-
BEpKIEHNE,

Vitak, Mbl NOKasaju, 4TO
ecan | f(2)] npuxumaer mak-
cuMasabHoe 3HaueHne M B He-
KOTOpDOH BHYTpDEeHHEH Touke
ob6aactu, 10 |f(2) |[=M BO
Bcelt obaactu ¥),

Takum  o6pasom, ecan
tyaxuns | f(2)| ve sBAseTcs
NOCTOSIHHOM BesnuunHo# B 06-
AaCTH %, TO OHA He MOXeT
JLOCTUraTh CBOErO MAKCHMAJb- Pxrc. 1.10.

HHOr0 3HAYCHHA BO BHYTPCH-

nmix rtoukax F. Ho Ttak kak dyHkuus, HenpephiBHas B 3aMKHYTOH 06-
JacTu, LOCTHMaeT CBOErO0 MAaKCHMANbHONO 3HAUEHHsT B KAKOH-AMOO TOUKE
aTo#l 06/acTH, TO B rocieaHeM cayuae QyHxuus | f(2)| AomkHa HOCTU-
raTh CBOEr0 MAaKCHMAaAbHONOG 3HaueHHs B IPAHAUYHBIX TOUKAX.

B xayecTBe noc/ieIHEro 3sameuauds OTMETHM, UTO ecAll QHaAumuiec-
was 8 oGaacmu § @yuxuus f(2) He pasHa HYA0 HU 8 O0HOIL Mmo4Ke

Mol 00AACHIL U HeNnpepugHa 8 F, Mo ItMeem Mecmo NpuKGun Muri-
MyMa M0OYAg smoll @yHryuu. s noxasareanCTBa 3TOrO yTBEPXae-

1
HHst LOCTaTOUHO DAacCMOTPeThb (PYHKUNIO (p(z)=f—(?)- ¥  BOCMO/Jb30BATLCS
NPUHIIUMIIOM MaKCUMyMa MOAY/Sl 3TOH (PYHKILHHM.

§ 7. UaTerpaasl, 3aBucAmive 0T Napamerpa

1. AHaauTWyecKkass 3aBUCHUMOCTBL OT mRNapamerpa. Paccmarpusas
unterpas Ko, MBI BHAMM, YTO NOABIHTErpaibHas (YHKUAS 3aBHCUT
OT NIBYX KOMIUIEKCHBIX [epeMEHHBIX: MepeMeHHOM wWHrerpupoBaHus { n
(PMKCHPOBAHHOFO 3HauenHs nepemeHHol 2o Tem cambim uHTerpan Ko-
UM fBJASETCH WHTErpajoM, 3aBUCALLUM OT MNapamerpa 2, EcTtecTBeHHO

*) Kax cneayer u3 coortnomennii (1.20), B sToM clyyae B apryMeHT aHalH-
tHYecKofl (yHKUMH [ (2) TakKe COXpaHdgeT NOCTOSHHOe 3HaueHHe B obJactu F,
oTKyJlla CAejyeT, yTo eC/ln MOJyJib aHAJHTHUeCKOH (YHKUHH MOCTOSIHEH B HEKOTO-
po#i odsiacTH, TO 3Ta (PyHKIHA TOXKAECTBEHHO PaBHAa NMOCTOAHHON B JaHHO# obnacTu.
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NOCTaBUTL BOMPOC 006 OOMWIMX CBOWCTBAX HWHTEFPAJIOB MO KOMIJIEKCHOMN
riepeMeHlon, 3aBUCHLUX OT napamerpa.

Ilycrs 3amana yHKUES IBYX KOMIJEKCHBIX nepeMmenHsx ¥) ¢ (z, {),
OLHO3HAUHO ONpeienenHas AJd 3uaueiinil KOMILIEKCHOH mepeMenHol z =
= x-}iy u3 obaacrw & W [Qa% 3HAUEHUH KOMINEKCHOH NepeMeHHOH
{=F-in, nDpHRAANEWAUX HEKOTOpOR KycouHo-rnaakoit kpusod C.
Bsaumnoe pacrnosowenne obaacru ¥ u Kpusoit C moxer OmTb CoBep-
uieHlo npoussonabHo. Ilycrs (yHKIUS OBYX KOMIAEKCHHIX NEPeMeNHBIX
¢ (2, §) ynosieTBopsier CAEAYIOUIUM YCJIOBHSIM:

a) Qyuryus ¢ (z, L) npu awbon 3navernuu { = C asasgemen ana-
Aumuueckoll ynryneil z 8 obaacmu .

6) @ynrkyus @ (2, §) u ee npoussodnasn %Z) (2, ) msaswomes Henpe-

POIBHBIMI (DYHKGUAMU RO COSOKYNHOCIMI HepeMerHsx 2, { npu npous-
80AbHOM U3MeHeHuu z 8 obaactmu ¥ w { Ha xpusoii C.
Ycnosne ©) osHawaer, 4To AEHCTBHTENbHas U MHHMad uacTd (QyHKILHHA

o
?3(5 (2, {) HenpephIBHE MO COBOKYMHOCTH MEpeMeHHHX X, ¥, & 1.

OueBnmHO, YTO MPU CAETAHHBIX MPENIONOKENNIX uuterpan or yHx-
v @ (2, §) no kpusoit C cywecrsyer npu awfom 2 = F u aBagercs
dyHnxumedl koMIIeKCHOR nepeMeHHOH z:

F(@)={o(@ 0dt="U(x, »)+iV(x, y. (1.66)
¢

EcrecrBeHHO TIOCTaBUTH BONPOC O cBOHcTBaX ¢yHkuuu F (2). Okasbl-
BAETCS, UTO NIPH CHAENAHHBX TIPEANOJNOKENUSX OTHOCHTEABHO (DYHKUHHU
©(z, ) gpynxuyun F(2) sngagemcs aunaiumuseckoi @yrryuelt womn-
ACKCHOIL nepemennoli z 8 obaacmit &, npuuer npou3sodHYIO (DYHK-
yuu F(2) amoocro Bwuticagmes npu nomowul ougbgheperyuposanust nod
SHQKOM UHMEe2Pana.

Haa toro utoOB [0Ka3aTb 3TO YTBEPWKIAEHHE, PACCMOTPHM KPHBOJH-
HelHblfl vHTErpan

lj(-x: y)::Su(x, Y E) ﬂ)dE—’U(x, Vs E’ Tl)dﬂ
C

Tax kak, N0 npeanoioxkenno, GyHKIUN ¥ U v 001a%a0T YACTHHIMHI TIPOU3-
BOAHNBIMH 10 X # J, HENPEPHIBHHEMHU MO COBOKYNHOCTH I[EPEMEHHMX,
TO uacTHble npousBoanbie ¢yHxkuun U(x, y) NMo mnepeMeHHnM x, ¥
CYIECTBYIOT 1 HX MOXHO BHIYHCAUTH NPU moMomu auddeperunposatud

*) OyHKu¥a [IBYX KOMIUIEKCHHIX IePeMeHHBIX 2z, [ ompejeJsieTcss 3aKOHOM,
CTaBsilUM B COOTBETCTBME Kaxiofi Nape 3Hauenwuil 2, { u3 obsacth HX omnpepe-
JIeHHst HeKOTopoe KoMilieKcHoe unciao w. IlogpoGHee o QyHKUMAX MHOTHX KOMII-
JIEKCHBIX IepemerHbIX cM. [Ipnioxkenne 3.
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[I0A SHAKOM uHTerpaja *):

Up (%, y) = u,dE —v,dn,
C
=
C

Uy (%, y)=\ u,d§ — vydn.

Camn dynxunn U, n U, aBASOTCS HENMPEPHIBHBIMH (DYHKUHAMH NepeMeH-
HBIX X, ¥y B obaactu F**). Ha ocHoBaHMH aHAJOTHYHBIX CBOHCTB (PyHK-
unn V(x, 3) u ucnoassys ycaosns Koun — Pumana pas ¢yukunu @ (2, D),
N0y UUM

Vy (¥, 3)= @t +aydn = {uudl —vdn = U,
; ¢ (1.67)
V(e )= (st usdn=— u,dt—vydn = — U,

¢ ¢

Takum o6pasom, nas F(z) BhnosHensl ycaosus Kowmn —Pumana (uact-
ueie npoussomubie gyuxuul U(x, ¥) 1 V(x, V) HEnpepbiBHB U CBA3AHEI
cooTHowenuamy (1.67)), uToO U [JOKa3eBaeT aHaJIUTHUHOCTL [ (2) B O6-
JacTy

3ameruM, 4TO

F (@)= Ve, )+ 1Vels, 3) =
— gzzxdg——vxdn—i—ts dE 11,0 = S Wi Haz  (168)
C C

[

Orciopa caefyeT BO3SMOWHOCTb BBIYUC/EHHS NMPOU3BOAHOK OT HHTErpaja
nyteM guddepeHInpOBaHls NOALHTErPaALHON dYHKUMH MO mMapaMeTpy.

a
ITpu aroM, ecnu —a(g YAOBJACTBOPSET TEM XK€ YCaoBusM a) U 6), 4TO U

@ (2, §), To F'(2) takike ABJASETCA aHAMMTHYECKOH (yHKuuMeR B 0baacTu £,

2. CymectBoBaHWe MpPOW3BOJNHBIX BCEX MOPAXKKOB yV aHAJUTHYEC-
Koit dyukuuu. PaccMorpenHoe CBOfICTBO HHTErPAJIOB, 3aBUCAILUX OT 1apa-
MeTpa, MO03BOJAAET YCTAHOBUTH BAXKHBIC XapAKTEPHCTHKH aHAIHTHUECKHX
dyuxuufl. Kak mbt Bumenwn, 3Hauenne ¢yHKuun f(2), aHaauTnyeckoH
B HEKOoTopo#t obaactm 9, orpaHmueHnolt xowrypom I', u uenpepmsuoi

B 3aMKIyTO# oOOGaactu %, BO BHYTPEHHWX TOYKax 3IToH oaacTn MOMKeET
OKTh BHIPAMENO Yepe3 IPAHNUYHBIE 3HAyeliud C MOMOILBI MHTerpasa Kowu:

HOES Q;ﬁ 1S g(_C)z L. (1.69)

PaccmorpuM B o6aactu ¥  HEKOTOPYKW 3aMKHyTyl mnomoGaacte &,
paccrosHue BceX Touek Koropo# or rpauuuel I' oBaacth & Goubue

*) O6 ycaosusix nudxpepeHuMPyeMOCTH flo NapaMerpy UHTerpajia, 3aBHCHILErO
OT napamerpa, cM. Bbin. 2, ra. 10.
*#) CMm. BHII. 2, ra. 10,
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HeKoToporo mosoxuteaploro uncaa d(jz—g|==d > 0). Pynxiua

_I®
(P (2’, C)‘_g — 2
ABASETCS AHANNTUUECKON dyHKuue# 2 B oGaactu F', npuuem ee uactHas
MPOKU3BO/IHAS %g = (_*f—(%—P B 9TOH 00JaCTH SB/ASETCS HENpepHBHOH PyHK-
T—

nvell cBoux aprymeutoB. Tem camsiM B cuay obmux cBoHcTB mHTErpa-
A0B, 3aBACSINX OT NapaMerpa, BO BHYTDEHHAX TOYKax 064actn &' mpous-
sonuas f'(z) Moxer OBTb NPEACTaB/JEHA B BHAE

F@r =g \ 85 4t (1.70)

o ) T2
I

Wurerpan (1.70) onare sBAMETCS MHTErpaioM, 3dBUCALMM OT Mapamerpa,
OpHueM €ero moamHTerpaipHas QyHxunsg o0/a4aeT TEMB We CBOHCTBaMy,
YTO W noamHTerpasbnas Qynxuus unrerpasa (1.69). Cnenosarensto, f(2)
SIBASETCS aHaANTUUECKOH (yHKUuel 2z 8 o6iactn &, npuveM AJs ee npous-
BOAHOHM crpasenansa (opmyaa

v 2 0 10
f (‘)—§ﬁ§md§. (1.71)

Tak kak faa moGoH BHyTpeHHel Touku 2 obaactd F Mower Guth

NOCTPOEHA COOTBETCTBYIOLAs 3aMKHyTas n0o&06AacTs &, TO gopmyan (1.70)
n (1.71) cnpasegnuBbi B moGo# Touke 2. Mmeer mecto u Gonee obuias
TeopeMa.

Teopema 1.9. [lycme gyrryun f(2) nsasemcs anaiumuiecxoi

8 obsacmu ¥ u HenpepwmsHol 8 BamrHymoli obaacmu §. Toz0a
80 BHYMpeHHUX modxax obracmu & cyuwecmayem Hpousgodras 106020
nopsioka gyuxygun f(z), npuiem daa Hee umeem Mecmo ¢hopiyaa

F@y=2 S @:’ci—%)mdé. (1.72)
r

Ilna poxasaTenbCTea 3TOH TEOPEMBI LOCTATOYHO IOBTOPHTH MPEMbI-
Ayu1ne paccyXZeHust COOTBETCTBYIOUIEE YHCIAO Pas.

WUrak, ecan dynkuus f(2) sBasercs aHaanTHuecKOH ¢yHkuue# B 06-
Jacth ¥, 10 B 9T0H oOOaacTu dynxuus f(2) obnajaeT HempepbLIBHBIMU
NPOU3BOAHKIMU BCEX MOPAAKOB. ITO CBOUCTBO AHAJMTHYECKOH (pyHKUBH
KOMIZIEKCHOH NepeMEHHON CymecTBeHHbBIM O6pasoM OT/NNYAET €€ OT (yHK-
UMK AEeHCTBUTENbHOR nNepeMeHHOH, UMEIILEH HeNPEpLIBHYIO NEPBYIO NPOU3-
BOJHYIO B HEKOTOpO#H of6aactu. B nocaegnem ciayyae u3 cyuiecTBOBaHua
nepso# nMpoussOAHOH, BOOOULIE TrOBOpPS, HE CJEAYeT CYWIECTBOBAHWE BbIC-
IIAX 11POM3BOJHBIX.
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PaccMoTpuM DA BaXHBIX C/AEACTBHH YCTAHOBJIEHHOTO CBOHCTBA aHa-
ANTUYECKOH (PYHKUUH KOMIJIEKCHOH TIEPEMEHHOM.

Teopema 1.10 (Mopepa). I[lycms ¢ynxyua [f(z) sgagemes
Henpepu8noll 8 00HOCB53HOT 00racmu § u unmezpaas om f(z) no aw000My
3AMKHYMOMY KOHMYDY, YeAuKoM npunadiexcawery ¥, pasen HyAw.
Toz20a f(z) asanemcs anammuneckoil Gynxyued 8 obracmu

doxkasarteabcTso. Briue*) 6HJI0 L0KA3aHO, YTO NPHU YCJAOBHAX
TeopeMbl (PYHKuHUs

F4
F(2) = {f©at,

2

rie z, W 2z —npou3soabHEE Toukd o6jacTu %, a wuHterpan Oepercs
1o meGomy NyTw, COEMHHAOUIEMY ITH TOYKH B 06aacTd &, sBAgeTCH aHa-
JAUTHYECKOH B 2TOH o6nactu ¢yuxuneld,, npuuem F (2)= f(z). Ho, xak
TOJBKO YTO OBIIO YCTAaHOBJEHO, MPOU3ZBOJHAS AHAJNUTHUECKOH (PYHKILUH
TAKKE ABASETCS AHAJAHTHUECKON (YHKLHEH, T. €. CYILECTByeT HelpephB-
Hast npousBogHas Qydxunu F’(2), a uMmenno QyHkuns F” (2)= f'(z), uto
U [OKA3LIBACT TEODEMY.

OrmMeru™, uyTo TeopemMa 1.10 dsadgercd B ONpeaeaeHHOM CMbICTE
obparnoit no otuomwenno K teopeMe Kowwu. Ee snerxko oGo6uiuts u Ha
MHOTOCBA3HHIE 0O0JaCTH.

Teopema I.11 (Jluysuanrs). Ilycmse Ha 8ceii Komnaexcrol
naockocmu Pynryun f(2) asagemcs axaaumuweckod, a ee Modyas
pasHosepro ozpanuden. Tozda sma Gyuxyua f(2) mosdecmserro
PaBRA HOCMOAHHOIL.

Iloxa3zarenscrno 3anuileMm 3naueHue npousdsomuo# f’(2) B npo-
u3BOALHOR TOuKe 2 mo Qopmyae (1.70)

£ @ =g { e,

201
Cr

npuueM uHTerpupoBanne OGyaeM BecTH MO OKPYKHOCTH HEKOTOPOro
paguyca R ¢ uedrpom B Touke 2z, T. e |f—~2|=R. Ilo ycrosuw Teo-
pembl cywecTsyeT Taxas komucranra M, uro | f(C)| << M nesaBucumo ot R
[Mosromy

. L ¢ @
F@l =g \ HRles=

M
R2 R*
R

Tax kak paguyc R MOXHO BHOpaTh CKOMb YrogHo G6O/blIHM, a f (@
ne sasucuT OT R, 10 |f'(2)|=0. B cuay npoussossnocTu BHGOpA
TOUKHM 2 3aK/i4aeM, 910 | f’ (2){==0 Ha Bceli KOMMNEKCHOH NJIOCKOCTH.
Orcioga caeayer, uro f(2) = const.

*) Cm. 1eopemy 1.8 ctp. 44.
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B § 4 Mp BBenw TpUroHOMeTpHYECKHE (YHKUMH KOMILIEKCHOH nepe-
MEHHOH W [OKasaan, 4YTO OuM SABASIOTCS AHAJUTUYECKHMH (DYHKUHAMH
B2 BCefi KOMIJIEKCHOW NJIOCKOCTH. B cHAY TOMBKO YTO HOKAa3aHHOH Teo-
peMH 3Th (YHKUHM HE MOryT OHTb paBHOMEPHO OrpaHWyeHH Ha Bcel
KoMmiekcHol fiockocTr. OTciofa, B YacTHOCTH, caAeAyeT, uTo HalmyTcs
TaKKHe 3HayeHUs KOMIJIEKCHOW rnepeMeHHoO# 2, nJjg KOTOPHIX

Isinz] > 1. (1.73)

OTuUM TPHUIOHOMETDHUECKHE (YHKIHY KOMIJIEKCHOH IepeMenHo# cymect-

BEHHO OTJ/IMUYAIOTCA OT COOTBETCTBYOIIUX (PyHKUMH nelcTsurenbHoit mepe-
MEeHHOMH.



TJTABA 2
PAbl AHAJJUTUYECKHUX &YHKLMI

B nacrosme#t raase OyayT paccMOTpeHbl OCHOBHBIE CBOMCTBA (DYHK-
ILMOHAJIBHBIX PANOB, uJeHbl KOTOPHIX SBJSIOTCH (DYHKUHSAMH KOMILIEKCHOH
nepemeHHolt. OcoOyto posab B Teopun (YHKUUHK KOMILIEKCHOH mepeMen-

HOY UrparT paabl AHAAUTHYECKUX Q)YHKHHH U, B 4dCTHOCTH, CTEIICHHLIE
[}

psiab BUAAd E cn (2 — 2% rne c,~ 3afaHHbBie KOMILJIEKCHBIE NOCTOSAH-
n=>~0

HHE, 29— (PUKCHPOBAHHAA TOUKA KOMILIEKCHOH 110CKOCTH. M3yuenue atnx

PSANOB OKAa3piBAETCH BEChMA CYWECTBEHHBIM Kak [Js BBIACHEHUS paga

o0IMX CBOHCTB (PYyHKUHMH KOMILIEKCHOH NepeMeHHOH, Tak W AAd pelnienus

Pa3JMYHBIX 3a7ay, CBA3AHHBIX C NPUMEHEHUEM METOJOB TEOPHu (yHKUUH

KOMIIEKCHOH nepeMeHHOH.

§ 1. PaBtHomepHo cxopsamuecss panbl GyHKuui
KOMIJIEKCHO! nepeMeHHOi

1. Yucnoesie papbl. HauneM ¢ paccmMorpenus HexoTOpBIX OOHIMX
CBOKCTB UHCJ/IOBBIX pPSI0B C KOMIICKCHBIMH UJ€HAMW, T. €. BBIpAXEHHH
BHdd

Z ay, (2.1)

k=1

rae {a,} —3ajannas YMCAOBAA TOCJACHOBATENBHOCTh C KOMIVIEKCHBIMH

yJeHAMH,
Pad (2.1) naszwisaemcesi cxolsugunmcsi, ecaul cxodumcs nociedoga-
n

measrocms {S,} eeo wacmusnsx cymm S,= Z a,. Ilpm stom mpe-

k=1
zen S nocaegosareastocts {S,} sasmisaerca cymmon pada (2.1). Pan
[o8]
Z a, HaswBaercs n-m ocmamrom psada (2.1). B cayuae cxoasume-
h==n41

rocd psfa CyMMy €10 #-To OCTaTka o0003HaualT 7, u OOHYHO TaKxe
HaseiBalT ocratkoM paga (2.1). Hus cxomsweroca psga S=S§,4r, n
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naa mwGoro £>>0 MOkHO yKazarh Takod wHomep N, uro |r,l<<e
upu n>=N. W3 onpenenenns cxoagiierocs psaga CjAeLyer, uro 1eoHXo-
JUMBIM M JIOCTATOMHBIM IIPU3HAKOM €r0 CXOIHMOCTU fBJACTCS Kpumeplil

Kown *). A nmenHo, psg (2.1) CcXOZWTCA TOrAa U TOABKO TOTAQ, €CAH
n4p
a5 jaoboro € >0 MoXHO yKasaTtb TaKkoi HoMmep N, uto E a,|<<e
k=n
npn n =N n moOoM HATYypaJBIIOM p.
Heobxodumbn ycaosuen cxodumocmu pada (2.1) asiaserca tpebo-
Banue lim a,=0. [leHcTBUTE/NbHO, M3 CXOAUMOCTH 3TOr0 D3, B CHJY

n-—-» 0
kpurepust Komm, caegyer, uro mas mwo6oro & > 0 MoxHO ykasarb Takoe NN,
uto |ay.q|=|Sp+1— S| <<€ npu n=N.
Ecan cxopurcs pag
[e]
D1l 22
k=1

C JeHCTBHTENBHBIMU TOJOWHTEABHRIMH UJEHAMH, TO, OUEBHIHO, CXOMHUTCS
v pan (2.1), KOTOpHH B 3TOM CJyyae HA3KIBAETCS aABCOAMHO CXO008-
wnnmcs. Opnum u3 Haubosee dYacto ynoTpebiadgeMblx CoCoBGOB HUCCAEA0-
BaHUS CXOJMMOCTH DP$iid C KOMILIEKCHBIMHU UJIEHAMU SBJSErCsS paccMoTpe-
HUE PsAa C AEHCTBHTEJbHBIMU UJEHAMH, SBASIOIKUMACS MOLY/AMYU UJEHOB
ucxogHoro psaa. Kak ussectHO **), 0OCTaTOUHBIMH NpHU3HAKAMU CXOAH-
MOCTH psifa ¢ ACHCTBATEJABHHLIMU TNOJOKUTEJABHBIMA UJICHAME  ABJASIOTCA
npusnaru Hasrambepa u Kown.

Cornaciio npusHaky JHanamOepa psaa (2.2) cxomutces, ecad, HauuHas
¢ Hekoroporo Homepa N, orHollenue “_r:l_u]<1<1 aas Bcex n==N.

n
OrMeruM, 4TO €C/AM, HAYMHAs € HEKOTOPOro HoMepa NN, orHOUIeHHEe

Gn+1

an
BUTEJIBHO, B 3TOM cJjyuae Bce uJjennl psaga (2.1), Hauunas ¢ ay, ynos-
JETBOPAIOT COOTHOWIEHNO |a,|==|ay|7# 0, 1. € He BHIONHEH HEOOXO-
AWMMBIH [PUSHAK CXOXUMOCTH DA

=1, 10 pan (2.1) ¢ KOMIEKCHBIMA uJeHamu pacxoaurcs. He#cr-

n
Coraacio npusnaky Komun pag (2.2) cxoaurcs, ecau 1 |a, |<<g<<1
ang scex n==N. Ecian, Hauunas ¢ nekoroporo N, ans Bcex n== N umeer

MeCTO COOTHOUICHHE 1'2/1 a, =1, ro pan (2.1) pacxoagurcs.

2. ®yuxiHoHaNbHble psanbl. PaBHomepHasa cxomumocts. Ilepeitnem
Teneph K PACCMOTPEHHI0 (DYHKUHOHAABHBIX PANOB, YJEHAMH KOTOPHIX
BT (PYHKIMM KoMmieKcHo# mepemennoit. ITycrs B o6aactu % onpe-
geneHa OeCKOHeYHas MOC/AeLOBATENbHOCTh ORHO3HAUHBIX (YHKIMH KOMII-

*) Spasiowniics NIpAMEIM ClefcTBHeM KpuTepid KoM CXOZMMOCTH HHCJIOBOH
noc/efiopatedsnocta {S,}; cm. ctp. 19.
**) Cm. BmiI. 1, T, 13.
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NeKCHOH nepeMeHHOH {u, (2)}. Bripaxenue suma
[es]

D) 1, (2) (2.3)

n=1

BynaeM HasbiBaTb (HyHKYuOHaAsHe M padost. Tlpu (QUKCUPOBAHHOM SHa-
yenun 2o = Y pan (2.3) npespauiaercs B uucaoBo#t pan Buma (2.1).

Qynryuonasrull pad (2.3) Haswsaemces cxodguurcs 8 obaacmu 9,
ecamt npu a06oM 2 & 5 coomsemcm8yOuil emy 4ucA080i pad cxo-
dumecsg. Ecam panp (2.3) cxomurca B obaacta F, TO B 3TO# oOBMacTH
MOXKHO OMpefe/uTh OAHO3HAuHyl QyHKUUI f(2), 3HaueHue KOTOPOH
B KawaoH Touxe ofnacté ¥ pasHO CymMMe COOTBETCTBYIOUIETO YMCJIOBOTO
psiga. Dr1a (yHkuas HaseiBaeTcs cyauoil pada (2.3) B obaactu F. B cuny
JaHHBIX OMpefeseHuit B 3ToM cayuae mias MoGoH ¢UKCHPOBAaHHOM TOuKy
z& & u moforo 3aAaHHOTO IMOJOKHTENLHOrO UHC/AA & MOWKIIO YKasaTb
Tako# Homep N, uto

n
[ f()— D up(2)|<e npn n=NC(, 2).

k=1

3aMeruM, 4To B o0uieM cayuae N 3aBUCHT U OT € U OT 2.

B reopun paa0oB (yHKuu#l KOMIJIEKCHOR mepeMedHOH, Taxk ke Kak
v B CJyuae AeHCTBUTEJbHOH nepemenHo#, ocobyl poab urpaer nousrue
pasHoMepHOfi cxoaumocTd. Hampumep, Kak NOMHUT uuTatelb U3 Kypca
aHaansa *), CXouduwMACA PAX HenpepuBHbIX (YHKUKHE AaleKo He Bcerma
CXOAMTCS K NenpepelBHOH ¢dynxkuud. B To we Bpems cymMma DaBHOMEpHO
CXOAsIerocd pfAja HENPEPBIBHBIX (MYIKUME BCETAa sBASETCH HENpPEpbHB-
Ho#t ¢ynxiuelt. PaBHOMEPHO cxoasuinecs psgbl (YHKUUE KOMILIEKCHOH
nepeMeniHof, TaK Ke Kak M B Caydae AeHCTBUTE/NbHOH nepeMeHHOH, oB.aa-
JaI0T PAAOM BEChMA BAXHBIX CBOMCTB, K U3YUEHHIO KOTOPBIX Mbl U Nepeii-
aem. Haunem ¢ onpenenenus.

Ecau 0ar 4100020 MNOAOHCUMEAbHO20 HUCAQ & MONCHO YKa3ams
maxotl Homep N (€), umo npu n== N (&) HepaseHcmso

n

f@— X w@|<e

k=1

BLINOAHAEMCA Cpa3y 0aa gcex mouek z obaacmu %, mo pad (2.3)
HQ3bIBAEMCST PABHOMEPHO ¢X00uuMCa 8 obracmu $.
[ee]

OGo3nauns r, (2) == Z 1, (2), ycaoBhe paBHOMEPHOH CXOAMMOCTH
k2n+l
psaga (2.3) moxem sanucath B Buie |r,(2)|<Ce npu n=N(e). Huwxe
OyjeT yCTaHOBJEH Pl CBOHCTB PaBHOMEPHO CXOMSUIUXCH DAAOB.
YKaweM Bawuni A8 NpuaoKeuuidh IOCTAaTOUHBIY 1IPU3HAK PaBHOMeEp-
HO# CXOJHUMOCTH.

*) Cu. Buim. 2, crp. 300,
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Mpusnax Beiiepwmpacca. Ecau 8ciody 8 obaacmu & 4iewst
@ByHKyuoHaabHo20 pada (2.3) moaym Opimd MANOPUPOBAHSL YACHAMU
abcoarmuo cxodguezocs 4licaogozo psda, mo pad (2.3) cxodumcsn
pasromepro 8 obaacmu 3.

NoxasarteabcTno. [To ycnoBuio umMeetr MECTO PaBHOMEDHAs OLEHKA

()| <la,) 2= %, (24)
o]

Tak kaxk psax Z la, | cxomurcs, 10 mas aoboro e >0 MOXHO yKasathb
n=1

o]
Takoe N, uto Z {a,|< e npu n==N. Ho B cuny (2.4) B obuacru
k=n-41
& umeer MeCTO HEpPaBEHCTBO
[ee) [ee] [ee)
Y om@|= D) lnm@l=s Y lal<e
k=n-+1 k=n-+1 k=n-t+1

npu n== N, uTO ® [OKasblBaeT DABHOMEPHYIO CXOAMMOCTb psaa (2.3)
B ofsactu %

Creayer wumeTh B Buy, 4TO TpH3Hak Be#iepuirpacca sIBJseTCs Jhillb
JOCTATOUHBIM IIPU3HAKOM DPaBHOMEPHOK cxopumocTd. Vmeer Mecto cie-
Aywouid#t HeoBXOAUMBIH B HOCTATOUHBIA MNPU3HAK DABHOMEPHOH CXOAM-
MOCTH.

Kpumepuii Kowu. [z mozo wmobs psod (2.3) cxoduscs pasro-
Mepro 8 obracmi 9, HeoGxodumo u 00cmamouno, 1mobel AL 4106020
e >0 cymecmsosaro marxoe N (g), 4nmo O00HOBPEMEHHO B8O 8CeX MOH-
Kax obaacmi Y BbIROAHACMCA COOMHOWEHUE

[Snim (2) —Sn(2) | <<e (2.5)
npiu n==N u 047 4106020 HAMYPAALHO20 HL.
IoxasateabcrBo. 1) HeoOxoaumocrte. M3 pasnomepuoit

cxonuMocTn psama (2.3) caepyer, uto ansg moboro & >0 MOKHO yKazaTh
takoe N (€), 4TO BO BCEX TOYKAX 2 O0iacTH & HUMEOT MECTO HEepaBeHCTBa

f@O=8@ <5, /() —Sun() <y

npy nZz=N u i a06Oro HaTypasibHOro 72, OTKyfga M caenyer (2.5).

2) Docratounoctb. M3 cootnowenus (2.5) B cuny xputepus
Kowwu mxd 4uc/oBOH NOCAEAOBATENbHOCTH C KOMIIIEKCHBIMH 4ieHamu *)
ciaegyer, uTo npu JofoM (UKCHPOBAHHOM 2 & § NOCJHEN0BATENbHOCTD
{S.(2)} aBaserca cxomsmedics. Cregosatesslio, npu Bhnonenns (2.5)
pan (2.3) cxogurcd B obaacTH Y K HekoTOpOH yHKuuu f(2) =
= lim §,(z). Ho B cuny (2.3)

1im [Spsm (2) —Sp(2) | = f(2) — S, (2) | << & npu n=N(e)

*y Cu. ra. 1, crp. 19.
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BO BCeX TouKax o0Jaactu  0aHOBPEMEHHO, YTO M [JOKAa3BIBAET DABHO-
MepHYI0 CX0ZuMoCTh psga (2.3) B oGaactu .

3. CgpoiicTea pasHOMepHO cxopsumuxcs panoB. Teopembl Beitep-
mrpacca. Ilepefizem Temepb K paCCMOTPEHHIO  HEKOTOPHIX  OOLIUX
CBOHCTB PaBHOMEPHO CXOMASUINXCS DALOB.

Teopema 2.1. Ecau yuxguu u,(2) Henpepsisues 8 obaacmu 8,
(0]

a pso Z i, (2) cxodumca 8 amoil obaacnul PABHOMEPHO K BYHKUUL
n=1 ’
f(2), mo f(2) mawoce nenpeprisHa 8 obaacmu 9.
IHoxasareasctBo. Paccmorpum Bmpawenue | f(z+A2)— f(2)),
rae Toukd z m 2 Az npuramnexar obsactn %, B cmay pasnomepHo#
[ee]

CXOAMMOCTH Dsita Y i, (2), ans aoGoro &€ >0 MOXHO YkasaTh TaKoe
n=1
N, 4TO OZHOBPEMEHHO HMEWT MECTO HepaBeHCTBA

N N

fetB— Ju+aa) <5, [f@— Y m@)|< Qo)

k=1 k=1

Aas AOHX Touek 2 M z-+ Az, npunagnexammnx oGaacty F. B cuay
HENPEPHBHOCTH (YHKUUE Uy (2), B JMi000H TOUKE 2z & 9 mas 3aHaHHOrO &€
n BHOpanHoro N MOXKHO YyKasath Takoe O =0, urto

N N

N
Y+ — Y w @)= Y lm @ +82) —u ()| <5 (27)

k=1 k=1 k=

npn |Az|<< 6. U3 (2.6), (2.7) u 43 TOro, Yyro MOLy1b CyMMBI HE Mpe-
BOCXOAHUT CyMMYy MOAyJe#f, ciaeiyer, uro aas Jiodoro e >0 MOXKHO yKa-
satb Takoe O, urto | f(2+A2)— f(2)|<<e npu |Az|<<d. Iro u noka-
SHIBAaE€T HENpPEpPHIBHOCTb (ynKuud f(z) B 06aactu F.

Teopema 2.2. Ecau pao (2.3) uenpepsisroix hyrrygui u,(z) cxo-
dumcs pasgnomepro 8 obaacmu § r gyuwyguu f(2), mo unmezpar om
amoil gyuryun no a1w060i Kycouro-2aadrol wpusoll C, geauwosm aexca-
well 8 o0aacmu 5, MONCHO BoluilcAUMb NYMEM NOYACHHO20 UHME2pIL-
posanus pgoa (2.3), m. e.

o)

{f@d= 3 (. @d

C n=1C

ILokazarteabcTBO. Tak Kak pana (2.3) CXOAUTCA paBHOMEPHO, TO
st moGoro 3agaHHoro &> 0 MOXHO yKasaTb TakOH HoMep N, 4T0 [Jjs
BCEX TOuEK { & ¥

|72 @) < [ wpu nZ=N (@),
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rae L — pauna ayra kpusoit C. Toraa
n
{fodt— X Sun@)dcl= Srn@)dc|<§1rn(;)d;l<a,
c k=1C ¢ | ¢
YTO M HOKashIBA€T TEOpeMy.

OTMeruM, 4TO CBOHMCTBA PaBHOMEPHO CXOMAILUXCH PSIOB C KOMIIEKC-
HBIMH ujeHaMmu, copMynnposaHHbie B Teopemax 2.1 u 2.2, cosepiueHHO
AHAJIOTMUHBl COOTBETCTBYIOWIUM CBOHCTBaM (QYHKHMOHAJBHEIX DSILOB C
AeHCTBUTE/ILHBIMA WIEHaMH, W NpPOBEJEeHHbe AOKasaTeJNbCTBA (PaKTHYECKH
NOBTOPAIOT HOKA3aTENLCTBA COOTBETCTBYIOULMX TEOpeM aHaiauaa *).

IepefineM Tenepb K pacCMOTPEHHIO BauHEeHIIEro CBOACTBA PaBHOMEPHO
CXOAAMIMXCS PAAOB, XapaKTEPU3YIOUIEro NOBeJleHue pAaa, uleHaMd KOTO-
poro SBJSIOTCA aHaJUTHYECKHME (yHKUUM,

Teopema 2.3 (meopema Beiiepumpacca). [Tycms gynryuu 1, (2)

[es]

ABATIOMCSL aHasmudeckumu 8 obracmu ¥, a pad Z u, (2) cxodumcsn
n=1
PaBHOMEPHO 8 I000E 3aMKHYymoll nodoGaacmu & obracmu 3 K gyrk-
yuu f(2). To20a:
1) f(2) sernemca anasumuneckoil gyunyueld § obracmu 5.
[es]

2) fA @)= D ub (2).

n=1
©

3) Psao Zluflk) (2) cxodumcs pasromepro 8 A06OH 3aMKHYMOU
n =
nodobracmu & obracmu 5.

ILoxasarenbctso. IIpoBeneM 10Ka3aTe/NbCTBO KAXAOIO H3 BHILIE-
NEPEUNCACHHBIX YTBEDWACHUH.

1) PaccMOTpuM NPOUSBOJMBHYIO BHYTPEHHIOW TOUKY 2, & ¥ u nocr-
pOMM OAHOCBA3HYI0O nomoGiacte & o6JaacTe &, coaepxallyio TOUKY 2,
BHYTpU.

B cuny teopemn 2.1 f(2) saBasercs HenpephlBHOR ¢yHxume#t B 06aa-
cru 9. Paccmorpum murterpan or f(z) no NpousBOJILHOMY SaMKHYTOMY
koutypy C, lLeJukoM jexalleMy B o6nactn 5. Ilo rteopeme 2.2 aror
MHTETPa MOXKHO BBIYHUC/AUTE NMYTEM NOWIEHHOrO MHTET pUpoBanus paga (2.3).
Torga B cuiy aHaauTuyHocTH (PYHKUME u, (2) noayunm

[es]

{fr@d= X {u,@d=o0

C n=1C

Tem cambiM BBIIOJHEHB BCe yc/0BHs Teopembl Mopepa. Cuaenopatennno,
f(2)— dyHKUus aHaquTMueCKas B OKpeCTHOCTH & TOukW 2, B cuay
NPOU3BOABHOCTH BHOODAa TOUKH 2z, OTCIOZA CJACAYET AHAIUTUUHOCTb f(2)
B obnactm F. 3amerum, uro s J0G0ro HaTypajbHOrO vucaa n Qyug-

*) Cm. Bbil 2, . 8,
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[eo)
uus r,(2) = Z u;(2)=f(2)— Z 1u;(2), upeacrasasonias coSok
j=n -1 j=1
CyMMYy KOHEUHOIO UHCJa alATMTHYECKHX (pyHKUMH, TaKxke gBJIAETCA aHa-
AuTHYECKO# (pynkuuedt B obaactn 5.

2) duxcupyeMm NPOHSBONBLHYIO TOUKY 2, & ¥ u BHOEPEM NIPOU3BO/b-
HHR 3aMKHYTBIt KOHTYp C, LEAUKOM Jewauiu#t B MOCTPOEHHOH Bhillle
nogobnacty & u comepwawud TOuKy 2z, BHyTpu. Munnmansbuoe paccros-
HUE OT TOUKM 2, A0 KoHTypa C o6osHauum uepe3 d. PaccMoTpuM psn

@ _ Nt
RGP N

Tak Kak min |2—2y|=d >0, To 3T0T pAL B CUIYy YCJIOBHH TEOPEMHI
z2¢C
cxonurcst pasuomepno Ha C. IloaTomy, IpOHHTErpupoBaB €ro NOUIEHHO
no kourypy € ¥ BOCIONb3OBABIIUCH
BHPAKEHHEM  NPOM3BOAHON  aHanuTHUe-
cxodl ¢yHkuuu uepes wuHrerpar Koiuw,
[ee]

moyunm f) (zg)= 3} u)(z).  Tax
n=1
KaK z,— IPOU3BOJIbHAS TOUKa 06jacTu 9,
TO yTBEpXJEHUE 2) J0KasaHo.
3) Paccmorpum npousBOABHYIO NOA-

obaacts & obaactw & u nocrpoum B 06-
JAacTH & 3aMKHYTHI KOHTYD C, copep- Pue. 2.1.

wamu# F BHYTpH, NpuueM Tax, uyTOOH

paccTosiHie OT INPOU3BOJBHOH  TOUKHM z2=¥ g0 moboft Toukn
{=C Obno Obl HEe MeHblie HEKOTOPOro NOJOXKHTEJIbHOro uucia d,
lz—¢|=d>0 (puc. 2.1) (ouesusHo, gas moGott nopobractu & oGra-
cru & Hadayrca coorBercrBylomue KoHryp C u uncao d). Tak kak r,(2)
SBJSTCS aHanuTUuecKolt dymnkuued B 5, TO AN MOGOH TOUKHM e ¥

HMEET MeCTO COOTHOIIEHUE ﬂ S (cr”g;,)m d{=r® (2). Ilpuuyenm, cornacuo

TOJBKO UTO [OKa3aHHOMY YTBEDKAECHUIO, riP (2) npeacrasaser coGoft
o0

ocratok psga 3, ul® (z). B cuay paBHOMepHOH CXOZUMOCTH HCXOLHOrO
n=1

o

psga Y, ,(2), ans moboro &€>>0 MOXHO yKasath Takoe N, uTO Ha
n=1

KOHTYpe kC npu n=N uMeeT MeCTO pasHOMepHas oueHka |r,(£)] <<
‘)nd +1

<e&- “k_lL" roe L — pmuna wourypa C. Toraa

@)= g § s as<e
C
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Aasg Bcex z & .9 ogHOBpeMENHO, YTO M JOKa3HBaeT yTBepxienue 3).
ITpuseseHHOe 10KA3aTENbCTBO OTHOCHTCS K CAydalw o1HocBa3iof obsaa-
cru &, Cayuaii Miorocsssno o61actd  pacCMaTpuBaeTcs  aliajiornyiio.
Vtak, reopema poxasaua.

3aMeTuM, YTO INPUMENEHHBI METOX HOKa3are]bCTsa MO3BOJSET JAOKa-
3aThb pasHOMEPHYI0 CXOAUMOCTb Df1a M3 NPOM3BOAHBIX JWIlb B JoOOH

3amrHymoil nodobracmu ¥ obracth F, naxe ecau ucxouHbiit psa (2.3)
CXOAUTCSi paBHOMEDHO # B 3aminyToi obaacru. Kak nokassisatoT npo-
CTHE INpuMeps, U3 paBHOMEpHO# CxogumoctH psaa (2.3) B 3aMKnyTOH

oBaactn ¥ He chaecayer paBHOMepHas CXOHUMOCTb B 3TOH ofjactu paja,

[ee]
2"

COCTaBJEHHOrO u3 npoussoanbix. Hanpuwmep, pan Z L& CXOmurcA pasHo-

n=1
o
MepHo B Kpyre |z |=C1, a pan 2
n=1
YJIEHOB HCXOAHOrO Psifa, HE MOXKET CXOAUIbCS PaBHOMEPHO B Kpyre | 2 | =<
<2 1, Tak kak ou pacxoaurca npu z2=1. Takum o6pasom, yTBEpKIeHHE
IylKra 3) TEOpeMhl O paBHOMEPHOH CXOXMMOCTH D#Aa, COCTaBJIEHHOIO
Y3 [POMSBOMAIIBIX, JIMIHb B 3aMKHyTOH MOR06GJacCTH HCXOJHOH 004aCTH 1€

MoOXeT OblTb, BOOOIIE rOBOPA, PacCllHpeno.

Cnenaem eume ouno saMevanme. Ilpu noxasaTenncTse teopemir 2.3
MBI MpEAIoJarain pPaBHOMEPHYIO CXOAMMOCTh Psja B Jo0oR 3aMKilyroi

nopobaacru ¥ obaactu F. Scmo, uto Teopema TeM 6oJee OyaeT UMETh
MECTO IIpU YCJIOBUU PaBHOMEDHOH CXOAMMOCTH pdaa (2.3) B 3aMKHYyTOH

obaacti B, Kak NOKaswBaeT HUKECACLYIOMAS TEOPEMa, MOCAEInee yCo-
BME MOXKET OBiTh 33aMEHEHO YCJOBHEM DABHOMEDHOH cxoanmMocta psaa
(2.3) na rpanune I' obaactu &

Teopema 2.4 (smopas meopema Beliepumpacca). Ilycms ¢byHx-
gt 1, {2) ABATIOMCA QHAMUNUYECKUMU 8 obaacmu §, Henpepoieril Ml

n-1

, COCTaBJICHHBIA U3 NPOU3BOAHBIX

fes]
8 5 u pao ¥ u,(2) cxooumcs paswomepro na 2panuge T smoii ob.aa-
n=1
co
cmu. Tozda psio Z u, (2) cxodumcs pasHomepro u 8 .
n=1
JlokasaTenbcrBO. Pa3docTb yacTUMHBIX CYMM JaHHOTO psiia,

dynxurs Spi,(2) — S, (2), Kak KoHeuHas Cymma aHAaIUTHYSCKAX (yHK-

unfl, 9BaseTCs aHaiuTUYecKOH B % u HenpepmBuO# B F. Vs pasnomep-
nHo#t cxomumoctu Ha I' creayer, uto

]Sn+p (g) —Sn (g) ‘ = i un+p (C)‘{— . '+lln+1 (C) i e

npu #z=N pas moBoro HatypaiasHoro p u scex Touex § e I' oamospe-
menno. CnegoBare/bo, N0 TEOPEME O MAKCUMYME MOAY.If aHAMUTHUECKOH
byukunn | Sy, (2)—S,(2)|<<e npu n=N ana MoGOro HaTyDaJbIOro
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p 1 4as Beex z & 9. TeM CaMBIM A/ JAHHOTO DAja BBINOJHEH KpHTe-
putt Koinu, uto ¥ JOKa3hBaeT TeopeMmy.

3ameuanne OuesnaHo, UTO BCe JOKa3aHHbE BbIILE CBOHCTBA (DyHK-
IIMOHAJIBIBIX pAAOB  ClpaBeda/IUBbl U 14 CPYHKU.PIOHaJIbeIX nocaeaoBa-
TeabnocTedl.

4, HecoGcTreHHble MHTErpaJnl, 3aBHUCHINAE OT mapamerpa. B ra 1
Mbl, paccmatpusasl CBOKCTBA MHTErPAJIOB, 3aBUCHIUX OT Mapamerpa, orpa-
HAYUJIACH JIMIIb C/iydaeM COOCTBCHHBIX WHTErpasoB no Kpuso# C KoHeu-
nott mamubl. Teopema Befiepmrpacca nossosser 0600UIMTE NOJyYeHHEIE
pe3ysbTaThl Ha Cayudalt necoOCTBEHHHIX HHTIErpanos. bymem paccmarpu-
Bathb SaBUCAMH OT Napamerpa HeCOOCTBEHHBIH HMHTErPas NEPBOro poaa

F(2)= Sf(z, {)dl no neorpanuuenno#t xpupo#t C. ITyctb dyukuus nsyx
C
KOMILJIEKCHRIX lNepeMeHHmx f(z, ), onpeneneunas mpu 2= ¢ n { = C,
yIOBJIETBOPSET TeM XKe yCJI0BUAM, 4TOo U ¢ (2, §) B § 7 ra1. 1, a uMeHHo:
a) Cynxuus f(z, ) npu mwobom 3Hauenun { & C ABAsETCA aHATINTH-
yecko# (pyHKuuel z 8 ofnacru .

g
6) dyuxuus f(z, {) u ee npoussonnas afz (2, {) 4BAAIOTCS Henpephs-
HHIMH (DYHKIHSMA 110 COBOKYIHOCTH MepeMeHunx z, {upu ze= Ju { &= C.
[Mycts HecoGCTBEHHB UHTErpan Neproro poja Sf(z, 0)dg cxonutcs
c

paBHOMEpHO NO napamerpy z B JiwoGOH samkuytoif nopobaactu ¥ o6na-
cru &, Drto osHauaer, uyro npwW Jw6OM BHOOPE MOC/EAOBATENBHOCTH
KOHeuHhX Kpusnx C, cocrasasiouiux uacte C, mpn C, — C ¢yHKuno-
HanbHasg NOCJAEI0BATEAbHOCTD I, (z)zgf(z, §)df cxomutcs paBHOMEDHO
Cn

B % k Qyuxkuun F(2).

Jlerko nokasath, uTO 1IPW BHINOJHEHWN BCEX [EPEUUCHAECHHBIX YCJIO-
Buit ¢ynkuus F(2) ABASETCS aHaAuTHYECKOR B & n

F@e=\e vd

C

He#icTentenbHo, Kak 10Kazano 8 § 7 ra. 1, cOGCTBEHHBIE HHTErPANEI —
dynkuun 1, (2):8 f(z, §)dT asasorcs anaantuueckumy QydkuusMa 8 F
Cn
, of
", (2)= & ) dl. TlocaenosareavHocts {u, (2)} cxomurcs k F (2)

Cp

pasHomepuo 8 aw6od Z. Caetosatesbuo, no Tteopeme Beitepwrpacca

gyuruus F (2) — ananuroveckas 8 & u F (2)= Sg}; (z, §dL
¢
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§ 2. Crenennpie psab. Psip Teiinopa

1. Teopema AGens. B npensinyulem naparpage paccMarpHBannch
ofuie (yHkuuoHaabHbie Paab (2.3), npuueM Bua Pynxuui u,(2) He KOH-
Kpetnauposajicst. OueHb BaXIIBIMH SBJSIOTCS TAK HA3LIBAEMBIE CTEMEIHBIE
PRIBL, AAS KOTOPHX U, (2)=1¢, (2 — 24)"% Trae ¢, — HEKOTOPHE KOMIIEKC-

1Bl YHCJa, a 2y — QUKCHPOBaHHAs TOUKA KOMIJEKCHOH MJjockoctn., UneHnl
20

psna Z cp{z —zo)* 9BAAOTCH aHanuTHUYeCKuMH QynknusMu  Ha Bcel
n=20

KOMIACKCHON IOCKOCTH, M03TOMY [JfS HUCCAENOBAHUS CBOHCTB JaHHOTO

psia MOryr GHITD npuMeHelsl obuine TEOPEMBI NPEABIAYUIETO naparpacpa.

Kak ObliI0 YCTAHOBJCIIO, MHOTHE BaXHbLIC CBOHCTBA ABJASIOTCH CACICTBHEM

pPaBHOMEPHOH CXOLKHMOCTHU. Tem cambiM npyu  UACCACAOBAHNU CTENEHHOTO

o
psa ) €, (2 — 2)* BaKHO yCTaHOBUTb 00/aCTh €rO PaBHOMEpHOH CXO-
n=20
mumoctn. Cpasy 3ameTuM, uyTO 004acTh CXOAMMOCTH CTEHNEHHOTO psiia
[ee]

onpesensieTcs BUIOM KOIQdutiuento ¢, Hanpumep, psn ) nl(z — z,)"
n=20

CXOAUTCA AUUlb B OAHOH TOuKe 2 = 2, JleiicTBUTE/NBHO, OTHOILIEHHE MOAY-
Upy

T =]z -z >1
npn moboM (UKCUPOBAHHOM 3HAUGHHH 2 == 2, HauuHas C HEKOTOPOro

N (z), uTO, COTJIACHO PaCCMOTPEHHSIM CTp. B8, CBHUALTENbCTBYET O PACXO-
anMocTu pavHoro psaaa. C Apyro#t CTOPOHBI, C NMOMOLbLIO Npu3Haka [laraM-

)ﬂ

o
Z2~—2Z
fepa Jerko yCTaHOBUTb abCOJIOTHYIO CXOAMMOCTb psxa 2 g——m"— npu

n=20

Jefl IByX NOC/AEAOBATENLHBIX 4JIEHOB PAja

JaoboM 2.

Jlasn onpepenenusi 06/1acTd CXOAMMOCTH CTENEHHOFO psja CYHIECTBEH-
HOW OKa3bIBACTCS CJAEAYIONIAs TeopeMa.

Teopema 2.5 (meopema Abeast). Ecau cmenennoill psd

oo
Z ¢ (2 — 20)" cxooumes 8 Hexomopoli mouke 2, 7 2, mo OH abco-
n=0
AIOHIHO CXx00Umcs 1 8 AK0GOl mouke z, y008ACMGOPSIOUET YCAOBIIO
[z2—zy|<<l2z1— 2, |, npunen 8 Kpyee |z —zy|<=p paduyca p, meHb-
uezo | zy— 24|, pAI cxodumcs pasHomepHo.
Hokazareansbctso. Bnbepem NPOU3BOJBHYIO TOYKY 2, YIAOBJET-
[eo)

BOPAIOLLY 10 YCAOBHIO | 2 — 24| < | 27— 2o |, M paccMoTpum psia 3| €, (2 —
n=24y0
— 2,)%. OGosHaunM |2 — 2¢|=¢q| 27— 2|, ¢<T 1. B cuny neoGxomumoro
s i
YCA0BAS CXOABMOCTR PAfa | £, (21 — 2)" €0 uJeHb CIPEMATCH K HYAIO
n=2y_
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npu n—oco. CrelosarteibHo, CymecTsyer Takas KoHcrauta M, uro
Tep 21— 2o M=t M. Ortcropa s Ko3(QuiueHToB ¢, NaHHOTO CTEIeH-

. M
HOTO Psifia MOJYUHM OUEHKY | ¢p | << i T Torna
1“1 €0
ee] [o 0} v
\' - t 4 Zy | 5
Z a2 — 20 | < 2 gcnl.|z—zu;n</w2 | 29
n=20 n=20 n=20

Z2—2;

[To ycaosuio TeopeMBl YHCHO ¢ = P
) ]

(o)
<< 1. Pax 2 q",  npejicras-
n=20

Aot cobott cymmy OeCKOHEYHOH TeOMeTPHUECKOHR NPOrpeccHd €O 3Ha-

MeHaTeseM, MEHbIIUM eJMHHMIM, CXoanTCa. Torma u3 (2.8) caeayer cxo-

JAUMOCTh M paccMmarpuBaeMoro psga. YToOwl JI0Ka3aTh PAaBHOMEPHYIO cXo-
(oo}

JAUMOCTh psiaa E e (Z—2g)" B Kpyre |2—z2y | <ip<<|&1— 2|, nocra-
n=20

TOUHO, B CHJy npM3naxka Befiepuirpacca, nOCTPOUTh CXOAAUIMACST YHCIIO-

BOH psif, MawODHpYWOILUE NaHHBIA (YNKUMOHAABHHIA Pl B paCCMa'rpu-

Baemo#t o6aactu. OueBnAHO, TaKOBHIM fBASETCH Al MZ‘Z N
=

Taxike npeacrasisioindt  cobo#f  cymmy OGecxoueutiod reoweTpuqu}(oh
1IPOTPECCHH €O 3HAaMenareaeM, MEeHbLINM egunuibl. TeopemMa MOJHOCTbIO
J0Ka3zana.

W3 teopemn AGeiss MOXKHO BBIBECTH PSi1 BOKHBIX CJAEACTBHM,
[ee]

Caedcmeue 1. Ecau crenensoit pix ) ¢,(2— 2p)" pacxomutcs
n=0

B 1EKOTOPOil TOUKE 29, TO OH PACXOANTCH M BO BCEX TOUKAX 2, y1OB-
JETBOPSIONIX HEPABEHCTBY | & -~ 2y | =12y — 2 |-

[Tpennonaras upornenoe, 10AyUlIM, YTO No Teopeme Afens psag goa-
JEH CXOMMTLCH B MwBOM Kpyre pamuyca p<<|2—2g|, B YaCTHOCTH R
B TOUKE 27, YTO NPOTUBOPEUHT YCJIOBIIO.

Pacemorpum  tounylo Bepxmioio rpane R paccroaunit |2 —z,! or

[ve]
TOUKH 2, O TOYEK 2, B KOTODHX CXOmHTCH Psx 3, ¢,{(2—2,)" Ecam
n =
R == 00, T0 BO BCEX TOUKAX 2, yLOBJCTROPAIINX YCIOBHIO | 2' — 20 >R,
Aalini - crenennoi pan pacxoantca. llyets R crporo Gosbie nyJs,
TorAa Nandoubliell  00JACTBI0  CXOAUMOCTH TAHIIOFO  pAaa  SBJARETCH
Kpyr |2 —2z, <CR. Bcoay sue 31010 Kpyra psjg pacxoidics, B TOY-

Kax rpamdiel | 2— 2, =R 01l MOXeT KaK CXOIMThCH, TaKk # pac-
XOINTBCA.
Obaacnty ' z— 2y <R (R>0) nassigaemesi wpyeosu cxodumocini

cinenenno2o pada, a 4icao R—e2o paduycon cxoduiocinit.
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Wrak, Mpl yCTaHOBUIH
Caedcmane 2. Ilas BCAKOro CTENEHHOrO psja CYILECTBYET Takoe
unciao R, 4To BHYTPH Kpyra |z — 2, |<C R pagnbiif CTeimennofi psg cxo-
LQUTCS, @ BHE ITOrO KPyra pacxoanrTcs.
B kpyre |z—2z|=Sp<CR nwboro paguyca p, MeHBLIETO, 'EM
[ee]

paanyc cXoauMocTH R, CTEneHHo# psn Z cp (2 — 2y)* cxoauTcs pasHO-
n=>0

mMepHo. OTMeTHUM, YTO PpagMyC CXOAUMOCTH CTENEHHOro psAja B 3aBUCH-
MOCTH OT BWId €ro Ko3(hUIHEHTOB MOXKET HMETh Jodoe 3Hayesne
B npeienax of O po oo. Ilepswid npemenbnbiél cayuat Oyper coOTBET-
CTBOBATh PAAY, CXOISLIEMYCS JMIUb B TOYKE 2j, BTOPOH — CXOAAMEMYCH
Ha Bce#t KomnuekcHOH naockocru. Ilpumepn COOTBETCTBYIOMX DHJOB
ywe Oblu MpuBefeHsl. Paanyc ¢XoouMOCTH CTENEHHOro psala MOxer OHTh
onpeaeneH vepe3 ero KO3PPuuuEHTH ¢,

Caedcmeue 3. BHyTpu Kpyra CXOIWMOCTH CTENEHHOH DAL CXOLUTCH
K aHasutuvyeckoi Qynxunn. elBCcTBUTENIBHO, HYJAEHB CTEneHHOro psiaa
u, (2)=rc¢, (z — 2,)" npeacraBasioT cob6off QyHKUMKM, aHaAWTHUECKHE 11a
BCEHl KOMMJEKCHO# MNJOCKOCTH, psi CXOAUTCH PAaBIOMEPHO B J10GOH 3aMK-
uytoft nogoOaactu Kpyra cxoaumoctn. CrenoBartennHo, 1o NEPBO# Teo-
peme Befiepmrpacca cymMa psipa ectb amMaJuTHueckast (yHKIHSA.

Caedcmeue 4. CreneHHod psg BHYTPH KPYra CXOANMOCTH MOKHO
NOYNEHHO HHTErpupoBaTh U audypepeHunpoBath Jo0oe uuciao pas, HnpH-
YeM pajuyC CXOAMMOCTH MOJIYUYEHIIBIX DSAOB DPABEH PaiMyCy CXOAUMOCTH
UCXOJHOTO psina. JTO CBOACTBO TaKWe SBJSETCS [PIMBIM  CJAEACTBHEM
teopem AGens u Bedepuirpacca.

o0
Caredcmeue 5. Koadgulinents CcreneHnoro psja Z € (2— 2"
n==0
BHIDaXKAOTCA wepe3 3maueHns cyMumu paga f(2) u ee npoussBoinbx
B LEHTPE KPyra CxOJHMOCTU 1O (HOpMYyJIaM

Cp= ';ﬂf(n) (20)' (29)

INonowus z=12, B BHpaKennu CYMMH CTeNeHHoro paga f(2)=
[ee]

= Z ¢, (2 — z¢)%, moayuuM f(z,)= ¢y npoaudpepeHunpoBas psg no-

qne'xla:(()) U IIOJIOXHB 2Z==2;, B BBIPAKEHAH [IJd nponssomnoht f'(z) =
oo

= Z (2 — 20)" 7Y, nonyuum f' (z,) == ¢q; alaJoOruulo, NOJOKIB 2 == 2
n=1
B BHIDAXEHHR A8 £-ff m1pOM3BOMIION
[ee]

P =3 en(n—1)... (1= k1)@ — 2,

n=/f

nonyuum JU (zg) == c¢j, - kL
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[ee]
Caedcmsue 6. Painyc cxoaumocty K creleHHoro psua Z cn(2 — 2)"
n=1g0
. 1 —
onpeneasercs dopuyJoh ¥) R:T’ rae /= lim 3/|c,| ects Bepxuut

n—

L N yeme—a—
upeien *¥) nocsuenoBaTeAbHOCTH {1fl i \}.
IMpennonoxum Buavane, uro 0<C/<Coo. Ham #Hapo nokasats, uto

” I 1
B M000# TOUKE 2y, YAOBJAECTBODSIONMIEH yC/IOBHIO ]21——20|<T, paa
CXOJMTCS, 2 B JIOGOH TOUKE Zy, YAOBJIETBOPAIOWIEHR YCI0BUIO |2y — 24| >
I
>-l~,——pacxo;mTc91. Tak Kak /— BepXHUH Npeses 10CAEA0BaTEAbHOCTH

1 pm——

{1/] c,,]}, T0 Mg aboro € >0 moxkno yxasath HoMep N, Hauunas
g

C KOTOpOro }flﬁ,l)<l-}—8. C npyro#f CTOpOHH, 1A% TOTO e & Hal-

(n 1 L
AeTC BGeCKONeuHO MHOrO YIEHOB NOCIELOBATENBHOCTH ) | ¢y |f, 6OBIINX

[ —e. Bo3bmeM NPOUSBOJBHYIO TOYKY 2y, YIOBJETBOPSIONLYI0 HEPABEHCTBY
1—1]21—2)|

l{z;—2y | <C1l, m BHOepeM B KauecTBe & UKCAO I > 0.
17 <0
Torna |
ny—, 14112, —2)]
Vel zi—z20 | <U+e) | 2y — 20| =T AZBL =g 1,

oo}
Orcroga CAGAYET, YTO DSl 3 ¢, (2; — 2,)* MAKOpPUDYETCH reoMeTpude-

n=
o
ckoll nporpeccuedt D g% CO 3HAMeHaTeseM, MEHbUIAM ELMHUIBI, YTO W
n==0
JOKa3hBAET €r0 CXOMMMOCTb. B3sB Teneph HEKOTOPYIO TOUYKY Zp, yIOB-
JETBOPSIOUYI0 1epaBeHcTsy /| 23— Zp|>>1, M BefpaB B Kauecise &
[ 2g—291—1
—]-—z—-—iz‘—‘~—>0, noJAy4nM

—2
Vl—C;—H29_‘20;>(Z"‘8)122“20'\=l

ans GeckoHeuHoro MHowectBa 3HaueHu# n. Otciona |c, (20— 25)% | > |,
4TO Ha OCHOBAHUM HEOOXOJUMOro npu3Haka CXOIUMOCTA CBRAETENLCT-
o
BYer O DPACXOAUMOCTH DA | €, (22 — 2o)™
n=0
3amevanne Mn nposean m0KazaTesibCTBO Mist ciyuas < /< oo,
PaccmoTpum Tereps NMpemesbHble C/ydau.

*) Ora dopmyla uyacTo HasblBaeTcs dopmydoli Kown — Agamapa.

**) HanomHHM onpeneleHdc noHATHS BEPXHEro Mpejesa uuc/lOBOil Hoclefo-
BaTeJILHOCTH. Bepxuun npegenoM X nocleqosaTedbHOCTd {x,) na3biBaeTcs Hau-
fo/blnas fpefensdan Touxka 3Toil noClefopatenbHocTd (cM. Belm. 1, cTp. 80).
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o0

[lpu /=0 pax D) ¢,(2—20)" cxomutcs B MoGoft TOuKE 2, T. €.
n=0

R = c0. JleficTBHTEIbHO, B ITOM cayuae mis jw0oro & >0 MOKeT ObITh

np—_
ykasan Takofi HoMmep N, maummas ¢ kotoporo V|c,|<Ce. Bubpas B
q

| 22—z [

1 0

naockoctn M 0<Cg<< 1, noayuum |c,(z2—2y)?|<<¢" uTO M JOKa3h-
oo

BAET CXOMMMOCTb PSAa 3, ¢n(z — 2o)™

n=0

KayecTse € HHCIIO rae z — Npou3sBoabilast TOUKa KOMIJICKCIIOH

o0

[pn =00 pan D) ¢,(z — 2,)" pacxoautcs B 0GOH TOUKE 2 == 2z,
n=20

1. €. R=0. [lefictButensHo, B 3TOM cayuae anas moboro unucaa M uait-

n e—
neTcsi OEeCKOHEUHO MHOro KO3(pdhUUMEHTOB ¢, TaKHUX, 4TO 1/\ Cn| > M.
PaccMorpum NpPOMSBOJIBHYIO TOUKY 2 %2, W BHOepem M Ttax, urobh
M|lz—z,|=¢g>1. Torza Oeckoneunoe MHOXKECTBO WICHOB Ds1a
[ee]

Z ¢y (2 — 2y)" yHOBIETROPSET YCJOBHIO | €, (2 — 2y)*| > 1, uro U n0OKa-
=0
3HIBAET €ro Pacxoj¥MOCTb.
1 e
Wrak, dopmysaa Koum — Anamapa R:-T, rie /= lim 1/\0,1 \, clpa-
n—co
BeAANBa NpH jgwoboM 3Hayennn /.

B xayectne npumepa, CyuleCTseHHoro mJjid JaJbHeHusero, paccMoTpuM
=]

creneniol psx 3 (2 — 2,)% Bee KoOs(PUUMEHTH ¢, KOTOpOrO pasnsl 1.
n=:0

Mo mnpussaky [asambepa Mo/yumM, YTO JAHHLIA DAL CXOAATCH B Kpyre

|z —2¢|<C1 K uekoTopoft anaanTuueckol ¢ynxung, YroGel HadTn 371y

GynKnuK, NprMeHuM TPsMOe ONpeAeseHHe CYMMbl paga Kak lipejena

YACTHYHHIX CYMM!

T o ==z 1
FE)=lim Sa ()= Im Ty = T

(2.10)
34eCh Mbl BOCIOJB30BaJUCh, OUEBWAHO, CHPABELJHBOH U B OBJACTH KOM-
INIEKCHBIX Hcea (POPMYIoH CyMMLI TeOMETPUUYECKOH NPOrpeccun ¢ Koueu-
HHIM UMCJAOM UJICHOB 1 BO3MOXKIIOCTHIO NPEAEJBHOTO NEPEX0Jd B uuCd-
TeJM ApoOH, 3HAMeHaTeJb KOTODPOH oTauuen oT Hyas. Pasencrso (2.10)
o3nauaer, uro dopmyna aas cymMMsl GecKoueuHO yOblsaloulel reomerpu-
yecko#l 1porpeccun CrHpaseAJuBa # B KOMIJIEKCIIOH 00JacTu.

2, Pan Tefinopa. Mraxk, creneHHo#l psia BHYTPH KDPyra CXOANMOCTH
onpesenseT HEKOTOPYIO alaluTuueckyio ¢ynkunwo. EcrtectsenHo nocra-
BUTh BOMNDOC: MOXHO JU (DYHKUNH, aHAJINTHUECKOR BHYTPU HEKOTOPOro
Kpyra, COTNOCTaBAUTb CTENENHOH Psf, CXOASUIHHACH B 9TOM Kpyre K OaH-
Holt ¢yHknuu? OTBET Ha 3TOT BONPOC HaeT C/edyloulas Teopema.
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Teopema 2.6 (meopema Teiiaopa). Dyuxuyus f(2), anasumi-

weckas BHympu kpyea |z—zo|<<R, Moxcem Ouime npedcmagieHa
[ee]

8 IMOM Kpyee cXO00SUUMCA CineneHroiM pstdon f(2)= Z (2 —2),
n=0
npudesr 3mom psad onpedesern O0HO3HAYUHO.

Jlokaszarenncrso. BubepeMm npoM3BOJBHYIO TOUKY 2 BHYTPH
kpyra |z2—2z,|<<R n nocrpoum oxpyxnocrs C, ¢ LUeHTPOM B TOUKe
2, pamuyca p<C R, comepxaiiylo Touky 2z sHyrpu (puc. 2.2). Ouesumno,
pist moGoH  TOMKM 2 gamio# 00J1acTH TaKoe MOCTPOEHHE BO3MOKHO.
Tak Kax TOYKA 2 — BHYTDPEHHST TOYKA
obnactu  |2—zy|<Cp, B KOTOpOH
dyukuns  f(2) s#Basercs  aHaauTHUe-
CKoOH#, 10 1O (bopmyne Komn wumeem

A
@) =gy \ 795 @21
€p
OcyulecTBuM B MOJBIHTErPAJLHOM BLI-
pamenun npeobpaszosanue
1 1 1

L2 §—20 1‘2‘20
{—2
\ )
- 1 \! (Z—2y)" g ¢
T2 Zi (L—zo)" (2'12)
n= Puc. 2.2.

3nech Ml BOCHOJb30BaanCch (opmysnod (2.10) u ouyesnaHBIM COOTHOLIE-

< 1. Mpu L=, pan (2.12) cxogurca paBHOMepHO MO {,

(o]

zZ—2
HUHEM | =
L=

12—z, |

TaK Kak OH MaXOPHUPYEeTCd CXOAAULUMCH YHCJIOBBIM DALOM 2 pnf‘l

n=0
(|lz—2y|<<p). Toacrasaga (2.12) 8 (2.11) u wHTErpupys nowieHuo,
NOJy4aeM

© e p
f@= Z oni \ (;f( 2). NG (z— 2" (2.13)

n=4

Beens oGostiauenne

1 ¢
Cp = 2*5 S (—aj‘(Z’C()))n+l d;, (214)
DA

nepenuinem (2.13) B Buxe cxoaaulerocd B BHODAHHOH TOuKe 2z cCreneil
HOro psjaa

[eo)

f(2)= D, ca(z—20)" (2.15)

a=0
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B ¢dopmyre (2.14) oxpymuocts C, MOXHO 3aMeHUTb, B CHJY TEOPEMBI
Kouy, awfuiM 3aMxiyThiM Kontypoy C, aexamuM p obnacta |2 — 2, | << R
¥ CoepauiuM TOUKY <, Bayrpu. Tak Kak 2z —npoussoibHasg TouKa
JanHoft 06J4cTH, TO OTCK0ad caeayer, 4to psan (2.18) cxomurest Kk f(2)
BClogy BHYTpU Kpyra |z —2,|<CR, npuuem B Kpyre |z —z,|=<p<<R
3TOT PAN CXOAWICA pasHoMmepHo. Mrak, dynkuua f(2), aHanuruyeckas
BHYTpH Kpyra |2 — 2y|<CR, pasiaraercfi B 3TOM Kpyre B CXOAALLHACH
crenenHo#t pax. Koaddmuumenrs pasnoxenns (2.14) Ha ocHosanun ¢op-
Myasl (1.72) pns mpousBOAHBIX aHANUTUYECKOHR (DYHKUNM MMEIOT BUI

1 g FEAL "7 (z) (2.16)

"o N T—z)tt T Al v

C

OcTtaerca 10Ka3aThb EQMHCTBEHHOCTs pasaowenns (2.15). Ilpeanoaoxny,
YTO MMEET MECTO APYroe pasioxeHue:.
oo
f@ =D cn(z—2z), (2.13")
=0
rge xots On omMH Kospuuuuer ¢, == ¢, Crenenno#t psm (2.15°) cxo-
gutcs B Kpyre |2— 2, <CR, nostomy Ha ocHosanuu QopmyJn (2.9),
, f(m (ZO)
:————'! 3

Cn YTO COBNajaer ¢ Bolpawendem (2.16) mag KosdduuueHTos

¢ TeM caMpiM €HHCTBEHHOCTh ONpejeseHns KOI(PQPUILIEHTOB IOKazana.

Paszsioxkenne yHKUAN, aHAaMMTHYeCKOH B Kpyre | 2— 23| <R, B cxo-
ASIUHCS CTeneHHOH pam (2.15) uacto HaswBaercs padqooeruem T eil-
aopa, a caM paa (2.18) —psdon Teillaopa.

HokaszaHHas TeopeMa YyCTAHABAMBACT B3aUMHO OJHO3HAYHOE COOTBET-
crBHe MeXay (yHKUueH, aHaIuTu4eCKOH B OKPECTHOCTH HEKOTOPOH
TOUKU 2 W CTCHEHHBIM PAJIOM C LEHTPOM B 3TOU TOuKe. IJTO 03HAuaeT
HKBUBAJCHTHOCTD IIOHATHH anaJnTHUYeCKOR (yHKuuy, Kak QyHKouu, Gec-
KOHEYHOE UHKCJI0 pa3 auddepeduunpyeMoli, u OQyHKUHYM, [PEACTABAMOMH
B BUAE CYMMbI Crenensoro panpa *). Ilocsiemnee wmeer He TOJABKO 6oJb-
ioe 3Havedue AJd HOCTPOEHUs TEOoPUd anaaurnueckux QpyHkunf, uo u
HAXOJMT IIUPOKOE NPUMEHEHUE NMPU DPEUICHHM MHOTOUUCICHHBIX MPUKAAL-
HBIX BOIPOCOB.

*) 3ameTum, 4To AaHaJNOrHyHasl SKBHBAJEHTHOCTb AN GYHKIM AeficTBHTeNb-
HOH nepeMeHHOIl ile uMeeT Mecta. [eliCTBHTebHO, U3 CylECTBOBAHHSA HA OTpesKe
[a, b] Bcex mpOH3BOAHBIX (QYHKUHM [ (x) ellle He ClefyeT BO3MOKHOCTb DAasvioxe-

(o]
HUA STOIl QYHKWHH B CTeNenHoii psig BHAA [ ()= D) &, (x—x0)", TAe Xg & [a, b],
n==_

cxopdmuiicst Ha BCeM oOTpeske [a, 6]. Hanpuwmep, dynkuns f(x)= npH

1
14 x2
JOGOM JACHCTBHTE/IBHOM X HMeeT NPOM3BOAHLIC BCeX MOPSAXKOB, OJHAKO NPH xy==()

oo
CTeneHHOl pAg Z (—1)"x%* cxopuTcsa X AauHOl (QYHKIMH JIMlb Ha WHTepBaJe
n=0
—1<Zx <1, a ne wa Bceil peficTeuTennHoli ocu x. [ToppofHee 0 pasioxeHHH
(hyHKOHIl ZefiCTBHTENBLHON NepeMeHHOIl B cTeneHHble pAJbl CM. BhII. 2, IVl 8.
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3amerun, Hakoien, 4to ecan Qynxuus f(z) ABASETCA ANAMUTHUECKOH
B ofnactu & U z,— BHyTDEHHSSA 'rOln(a 3T0# 06./acTH, TO PajUyC CXO-

Z,
anmocti  psaga Teinopa f(z2)= Zf (z) (2 — 2¢)" 3TOH PyHKIMM HE
n=0
MEHbLIE, YeM PACCTOWHUE OT TOUKU 2, A0 rpaHuis obnacta .
ITpumep 1. B kauecrse npocreiiliero mpuMepa paccMoTPuUM pas.io-

- 1
wenus B paa Tettnopa ¢ynknn f(z):mg. IT13 PYHKIUA gBASETCH

aHaJAuTHYeCKOl #a BCeH KOMIUJIGKCHOH IIJIOCKOCTH, 33 HCKJIHYEHUEeM
TOUEK Z1,,==_1{, B KOTOPHX 3uamenaresb ApoOn OOpallaeTcs B HYJb.
[Toatomy B nm000OM Kpyre 11a KOMIIJEKCHOH NJIOCKOCTH, HE COAepKauieM
TOUEK Z; o= X i, 3Ta Pynkuus B cnay teopemb 2.6 Momer ObiTh pas-
noxena 8 paa Tefinopa. Haunem ¢ kpyra | z|<C 1. Ilpn ycnosun |2 <1

BHIDAKEHIIE MOKET DPacCMaTpPuBaThCHd KaK cyMMma OECKOHEYHOo yOmi-

|22
Bawilied reomerpuueckofl nporpeccun. Hostomy B cuay (2.10)

(2.17)
m=0

4TO W JA3aeT WCKOMOE€ pPasaoKeHue. SaMeTHM, HTO Ppaanyc CXoauMoCtH
psia (2.17) pasen 1, T. e. onpeaesneTcs paccroduneM OT Heutpa pas-

1
JoXenus 00 rpauuibsl o0aacTu  ananuTHIHOCTH  (PYHKLAN f(z)::r]z——;.
e

Hadpem Tteneps pasioxkenne dyuxian f(z)= B pan Tefinopa

1
- | 422
B kpyre |z—1|<<}'2. Onpepenenne kosdunentos ¢, psia

o0

D cu(z—1)" 1o dopuyse (2.16) B gannom cayuae CBA3AHO C LOBOALIO
n=0

- i Ly
IPOMOBAIKUMA  BBIYUCACHUAMW. 1103TOMY, HPEIACTABUB — s == _, |———: —
p A y, hipea l4+22 20 lz—i

e .
~7-I—i} 1 BOCIIOMb30BaBIINCE  Gopmydaoil (2.10), crnipaselansod B aail-
HOM cayuae npu ycaosuin |z — 1<} 2, noayunn
1 1
— - c— 1)
Z (= [(1~z)"+l (l-w)ﬂ“}(‘ )
n=0

C romoltklo NOKa3arTeabHOH (bop’wm 3aCKH KOMIIEKCHBIX ducen | — /=
LT
—i T

=)2e 1, —|—1~V2 e 4, JerKo Tenepn NOAYUYHTh

b
@ sin (n+1) —
{ ) 1 . .
D e e CE (2.18)
=

o

0 2 2
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Kak caeayer n3 ¢opmyan Kown — Anamapa, pamiiyc CXOZuMOCTH Dsifa

(2.18) pasen }/2, 1. e. onaTh onpegeasercs PaccrosineM OT LEHTpa
pasnoKennsd A0 rpannibl  00JAacTH  aHAJHTHYHOCTH  paccMaTpuBaemoil
dynxn.
IIpumep 2. B kauecTse caegytoulero IHpumepa paccMOTPUM pas-
- ¢ dr.
aoxenne B pag Tefinopa dynxunn f(z)::lnz:% CE’
1
ra. 1 (crp. 49). Buime 6nsi0 ycTanopseno, YTO 3Ta (DyHKIMS HABJIAETCH
AHAJINTHYECKOH Ha BCefl KOMIIEKCHO# IJIOCKOCTH C pa3pesoM IO oTph-
HaTeapHof  uacTn JeHcTBHTENBIION ocu, a CaejoBaTenbLHO, M BHYTPH
kpyra |z —1]|<C 1. Honaras zy=1 n BLUNACAAL KO3(DUUHEHTH ¢, 1O
tdopmyne (2.16), noayuaem

BBeAcHHOH B

1
00:1n1=0, 61::; .

1 —y(n—Dt a1
Cn:n’f(—l)" 1 zﬂ )-L—“l =(—1)*1 -

n=2 3, ...

Orciona

mz= Y (—pt &1 2.19)

n=1

Kak nerxko yGenutbcs ¢ nomoubio npusnaka Hanambepa, kpyrom cxo-
anmocty paaa (2.19) seasercs kpyr |z2—1|<C1.

§ 8. ExuncTBeHHOCTh ONpepeseHus aHAMMUTHYECKON yHKIMHU

Yxe wusyueHnole HaMu csoHcTna Qynxuni KOMINIEKCHOH nepeMenHoi
NO3BOJIAIOT 3aKJOUNTb, 4TO AJA ONpPEAeseHHs (PYUKUNY, anaJATHUECKOH
B flanHo# OBMACTH, MOXKIIO OTPaHMUMTBLCS 3anaHHEM 3nayennit 37o# Qynk-
unn e BO BCed obnactu. Hanpumep, 3agapas 3HaY€HW aHAJIMTHUECKOH
(byHKIHM HA rpaHune o0JacTi, Mbl ¢ lOMOubIo UHTerpasa Kouin Momem
ONpejesnTL €€ 3HAUeHua BO BCEX BHYTPEeHHHX Toukax ofbaactu. Tewm
caMbiM  (PYHKUW$, alajanThyeckas B JaHHol 00JacTH, onpenessercs 3aja-
HUeM Hellonno# wHdopmanuu o ee 3Haueuussx B oroff oOxactu. Ecrect-
BEHHO MOCTaBUTb BONPOC: KAaKOBA Ta «MUIMMA/AbHAsS» HHPODMALLH, KOTO-
PYIO Hal0 HMeTh, 4TOOH IIOMHOCTbLIO ONPEeMuTh (YHKUHIO, aHAAUTH-
yecKyto B JaHHOH oGaacTu?

1. Hynan ananurtuueckoir ¢yuxuun. ITpeasapuressiio BBegeM mNoHs-
THe Hyas anaauruueckod gynkunu. Ilycts f(2) aBageTcs ananuruueckoi
dyurnnet B obaactu F. Touka 2y &= ¥ nazmBaerca nyaem f(2), ecau
f(zy)=0. M3 pasnowenna f(2) B OKPeCTHOCTH TOUKH 2, B CTelleHHOH

[ee]

pan, f(2)= 2 €, (2 — 24)% caeayer, uTO B AALHOM cAyyae Ko3(ppuiLu-
n==0
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eutr ¢o=0. Ecau ne toabko koadduuedr ¢y, o u Koddduuuenth cq,
Ca ..., Cp_q DaBlisl 1ymo, a. KO3DPHUUMEHT ), OTAMUEH OT Hyad, TO
TOUKa 2, lasbisaerce uysen k-2o nopsdxa dynsaun f(2). CoraacHo
dopmyne (2.9) B nyne A-ro nopsaka ne TOAbKO caMa (pylKils, 1o W
ee mepsbie & — | MPOUSBOAHBIX PABHBI 1YJI0, @ k-1 NPOM3BOAHAT OT/IHYIE
or Hyss. B oxpecrnoctn nyas nopspka k pasioxenne dyuxiauu f(2)
B CTEHEIIONW pPAd uMeer BHA

(e8]
)
f(g)—: L\J Cn(Z"‘:o)n::
n==/

= (2 —2p) Z Cr (2 = 20)' = (2 — 2} @ (2), (2.20)

n=0

rae ¢ (z) FBANETCH AHARNTHIECKOH (PyHKUHed B OKPECTHOCTH TOUKH 2,
[ee]

passioweniie KOTOpo# B Crenenuol psi umeer Bun @(2) == Z Cnpn (2 — 2o)",
n==0

npuuem @ (2g) = 0. OrmeruM, UYTO nOCAEHHME PAL CXOANTCA B TOM e
Kpyre, 410 U UCXOJHBIH,

2. Teopema enpuncrBeHnocTd. Ilepeiizem remeps K Qopmysnuposke
OCHOBHOTO [10JI0KeNNs AaHHOro naparpada.

Teopema 2.7. [lycme hyuryus f(2) aernenmcs anaiumiieckoll
6 obaacmu G u obpawaemcs 8 HyAb 6 PASMUHBX mMoukax z, =9,
n==1, 2, ... FEcau nocaedosameasnocms {z,} cxodumes x npedesy
a, npunadaexcauiery moil ke odaacmu, mo Gyuxkyus f{z) mosrcde-
CIMBEHHO PABHA HYA10 8 ofaacmu §.

Hokazareancrso. Tak kak a & %, ro dynkunio f(z) MoxHO

Pa3noKUTL B CTENENNOA DANX B OKPECTHOCTH jauHo# Touxkm: f(z2) =
o

= Z ¢ (2 —a)", npuuem pagayC Ry CXOZMMOCTH JAHHOTO psja He
n=0

MeHbIIe DAacCTOSHMs OT TOWKK @ A0 rpauunust obgactu. YMa onpexesenns

uenpepsieHoct  byuxunn f(2) caenyer, wro f(a)=0. Orciona caexyer,

uro ¢,=0, # passoxenue ¢GYHKUAE f(2) B OKPECTHOCTH Z =a HMEET

BUL

[es]
f@=E—=a)fi(2), re fi(R)= 3 cpaz—a)y

1n=u
Bygem npepnosaraTb, YTO BCE TOUKM N0CAENOBATEALHOCTH {2,} OT/iuyHbI
oT a. IJT10 1le yMeHblider OOIIHOCTH HamuX paccMOTpeniH, TtaK Kak
TOIBKO O[HZ M3 3TUX TOYEK Morsa ObTb paBHa a. B cnay mocaeanero
yenosust f1(2,)=0, n no onpejeneHuo nenpepsisuol pyHxuun f; (a) =0.
Orciopa ¢; =0, u pasaowenue f;(2) B OKPECTHOCTH @ TPUHUMAET BHL

fi(=(E—a) f;(2), rae fo(2)= Z Cpin (2 —@)* Awsanoruuno npegw-

n=0
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Aymemy noayuum, uro u f(@)=0, 1. e. ¢, =0. IlpogomKas Heorpauu-
YeHHMO AAHHBIA I[IPOLECC, MoJAyyuM, YTo Bce Ko3(uUuueHTH ¢, B Pasio-
wenuu f(2) B creneHHOH psag

oo
@)= 3] ez —ay
n=0
B OKPECTHOCTH TOYKH @ paBHn Hymo. Orciona caegyer, uto f(2)==0
BHYTPH Kpyra |z —a|<<R,.

O6paruvcs  Temepb &  [10Ka3aTesbCTsy *) TOKIECTBEHHOro paseli-
crBa  (ynkumn f(z) dymo o Bceit ofaactn ¥, Ilocrarouno hoka-
3atb, 410 f(2,) =0, rae z, — NpoussoJbHAas TOuKA objactv &, newauas
BHE Kpyra |z —a|<R, s sroro coeaundm TOMKI a W 2y CUPIAMIS-
eMolt KpuBoH L, ueauxom naexaueit 8 & u orctodineil or ee rpaumibl
na paccroanne d>>0. Ilockoabky moGyio TOuxy Kpyra |2 —al <Ry,
AEKAULYI0 BHYTPH obnactn &, MOXKNO pacCMaTpuBaTh Kak npenes nocue-
AOBATENBHOCTU HyJaelft ¢yukuuu f(2), 10, BHOpPAB B KAUECTBE HOBOIO
WCHTPA PA3JIOKEHWs] MOCJAEANION TOYKY 2==@; [epeceucHns Kpusoit L
C OKpyKHOCTBIO. |2 —a|=R,, noayuum, uro f(2)=0 BHYTpPH Kpyra
2=—a; | <Ry, rae R;z=d. Tlponomkas ananordunbiM 06pa3oM, MOKpoem
BCIO KPHBYIO L KONEUHHM YHCAOM KPYyros, pajlycoB, He MeHbUIMX d,
pHyTpU Xortophix f(2)==0. [Ipm 3r1OM TOUKA 2z = 2; NOMAAAET BHYTPb
nocneAHero Kpyra, teM cameim [ (2q) =0. IockoapKy 2z; — MpPoOHSBO./ib-
Has Touka obaactu ¥, orciona caemyer, uro f(2)=0 8 4.

Horaszannast TeopeMa nMeer DAL BaXKHLIX CACACTBUH.

Caedcmeue 1. Qyuxums f(2)5£0 n asanuruueckas B obaactn I,
B J0GOH 3aMKHYTOH orpanuuenno#ft nomo6mactu & obnactn Y umeer
JNUIb KOHEYHOE YHCI0 HyJefl.

Ecan mnoxecrBo Hyse#t dyHkumu f(2) B obmactn &’ Geckolleuno,
TO 710 Teopeme 1.2 H3 HErO MOXKHO BHEIHIb CXOUALYIOCT NOCJErosa-
TEABHOCTD {2,} — @, HpuYeM Hpeies @ 3To# [OCAEAOBATEIRHOCTH HIPH-
nagaexnt 9'. Orciona f(z)==0 B &, yTo npoTHBOPEUNT YCAOBHIO.

Caedcmsue 2. Eciu 10uKka 2y & & spasercs HyueMm OECKOHEUHOTO
/ xR

nopsiaxa **) dyuxunn f(2) (T. €. 8 pasnoxenund f(2)= Z Cu{z — zp)"

n=0

B OKDeCTHOCTM TOUKH 2, Bce KOI(PPHIIUeHTH cnsoj, 10 f(2)=0

{
B oBaactu G.

Caedcmsue 3. Auannruneckass (QyHKums MOWET uMeTb OGECKOHEuHOe
YHCJA0 BYJER JAdlib B OTKPHITOH WAH HeorpaHWUUEHHOW ofJaacTu.

*) 3To IoKa3aTeABCTBO IPOBOANTCS aHAJOTHUHO JOKA3aTeNLCTBY Ha CTp. 51.

) Ouepuano, npH 3Tom U cama ByHKUKA [ (2) U HCe ee NPOH3BOZHLIE B TOUKE
it
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DyHKILUS  KOMIJEKCIIOH mepeMenHoHl, anaiuThueckas Ha Bcelt KOM-
naekcHofi mocKoctu (2 =4 ©o), Hasepaercsd yeaoll ghyvuryued. Yz npegs-
AYLIHX paccMoTperilii caeiyetr, uro uesas (yuniuus B jwodol orpanuue-
110H YacTH KOMIIJIEKCHOH IJIOCKOCTH HMEET JIHUIb KOHEYHOE YHCAo Hyseft.
CregorarensHo, BCE Hyju 1enofl  (QyHKUMI MOXHO NepenyMepoBaTh
B KakoM-iuGo HopsiiKe, nanpumep B Mopsjke BozpacTanus ux abcosor-
HbiX Bespunn. Ha noanol nuockocty uedast PYHKLHS MOXKEF HMETh Jlib
CUETHOE MHOKEeCTBO HyJeH, npuueM Npene/bHON TOUKOH 3TOr0 MHOMXECTBa
ABASETCA OECKOHEYHO YHaJeHHas TOYKa KoMmiekcHoHd naockoctn. Llesbie
(YHKLHY HCPaOT BAXKHYIO POJb KaK B Teopuu (dyHKNHE KOMIJEKCHOH
nepeMenHoil, Tak U 8 €€ npUJoKeHnsx.

Teopewa 2.8. Ilycmo ghynrgun f(2) u @ (2) asagomes anaanmi-
yeckumin 8 obaacmit 5. Ecau 8 % cywecmsyem cxodsuasica k¥ Heko-
mopoil mouke a ¥ nocaedosamessHOCHIs pasMLHBX mower {2z, },
8 Komopbx 3Hadenuss Hyrrgui f{z) n () cosnadaom, mo f(z)=
=q(z) 8 5

Jlast 1OKa3aTenbCTBA TEOPEMBl AOCTATOMHO C IOMOULBID TeopeMu 2.7
yCTaloBUTh, uto Hyuxuus P (2)=f(z)—@(z)=0 B 5.

Teopema 2.8 umeeT upe3BbluaiiHo GoJbllOE 3HAUECHWE, MOCKOJBKY oHa
03Hauaer, 4TO B [AIHOM o6uacTn & MOWET CymecrBOBATb JHMb €INHCT-
BEHHAS aHaauTUUECKas PYHKUMA, NMPUHUMAIOMAA 3aiaHHBE 3HAYEHUs B I1O-
CJIe10BAaTEIBHOCTH TOUEK { 2, }, cxogsuielics K Touke a & %. 1y Teopemy
Ha3bIBAIOT /MEOPEMOIL EOUHCMBEHHOCINI ONPEOEeAeHIS QHAMIMIECKOLL
gyHrg.

HacTo nNpPUMEHAIOTCA CAEAYIOLINE  CIEACTBHS TEOPEMbl  €XHHCTBEH-
HOCTH.

Caeocmsue 1. Ecau dyuxuuu fi (2) n f, (2), anaantvueckne B 06aactu
&, cosnanganTt na HeKOTOpoH KpupoH L, mpunamiexamedl ganuol obaacty,
TO OMM TOXJECTBEHHO PasHbl B 0OJjacty .

Caedcmeue 2, Ecan dynkuun f; (2) u fp(2), aHauTuueckue CooT-
BETCTBEHHO B obnactax by w5, umeroninx obutyio nopobracts 9, cos-
NafalT 8 %, TO CYUIECTBYET EIMHCTBEHHAa® aHaAUTMueCKas (YHKUHA
F (z) takas, 410

fl (Z), FASS ‘?1»

F(a)==
~@2), 2= 5

TeopeMe eIWHCTBEHHOCTH H €€ CJEICTBHAM MOXHO NPHAATL TAKXKe
caepyionine QoOpMHL

1° Iycts B ofsactn & suGpana cXofsllasncs K TOuKe @ & ¥ nocae-
IOBATENLHOCTb PadmiHHX Touex 2z, = . Torga B 310# 06aacTH MoNeT
CYNIECTBOBATH JIMIIb €MMHCTBEIHAS aHaaUTHYeCcKas (yHkuns f(2), npuHu-
Malonias B TOUKaX 2, 3ajaHHble 3HAYEHHs.

2° Hycrs B 0GaacTn & jnana mexoropas xpmpad L. Torma B & moxer
CYIIeCTBOBATh /ML CAHHCTBEHHAs aHaJuTAUeCKas (yHKuus f(2), NpHHU-
Maloillas 3aIaHHbe 3HaueHus Ha L.
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3° Tlycrs 8 obnactn & pana nexoropas nopoGaacts 5. Torga
B o0nacTu % MOWer CyuleCTBOBaTh  Juillb  eAMHCTBEHHas  aHa-
aaTrveckas Qynxuns f(z), NpuHuMaonas 3aiaHHble 31ayeHns B 1Mo100-
nacta Y

Ecau cymecrsyer dynxuns f(z), onpesesedtas 8 oGnactu ¥, 0 KoTopo#
ropopusnoch B 1° 2° u 3% 1o OHa MOkeT OHTL Ha3Bana aHaJUTAYECKUM
NpoJOJIKEHHeM B & ¢ MHOWecTBa { Z, ), auHMM L nau nogoGaactu &

Orveru™, UYTO B3ajande 3HauCHNH AHANUTHYECKOH (PyuKUUU HA COOT-
BETCTBYIOIIIEM MHOXKECTBE TOUEK HE MOXKeT ObITh NIPOU3BEAEHO NPOU3BOJBHO,
Opnako wmul 3peck He Oyaeym o0Cy:xaath TPEGOBaHis, KOTOPLIM LOJDKHHEE
VOBJETBOPATh 3TH 3HAYEHUs, UYTOOK uX MOKHO OHJO aHAJUTHYECKH
npoaomKuTh B 00aacta 5.



r1ABA 3

AHAJUTUYECKOE MPOJOMKEHHUE. AJEMEHTAPHBIE
SYHKIMW KOMIJIEKCHONW NEPEMEHHOMN

B srto#t raaBe MH DaccMOTPUM pAx  (DYHAAMEHTAJBHHX CJeACTSHH
TeopeMs O eAMHCTBEHHOCTH ONPEAENeHHs aHaauTuueckoR ¢yuxuuu. Kak
OBII0  YCTAHOBJEHO, aHAJMUTHYECKAsl (DYHKILHS OAHO3HAYHO OMNpeensieTCs
3anaHueM ee 3fa4eHuil Ha HEeKOTOPOM MHOKECTBE TOueK B o0JacTu ee
onpeaeseHus. JT0 OOGCTOATENLCTBO T103BOJISET MOCTPOUTH aHAMHTUYEEKOE
NPOAC/RKEHNE B KOMILIEKCHYI 00/1aCTh 3/EMEHTapHHX (PYHKUHH neficTsu-
TEJbHOH HepeMEeHHON U BHISICHUTL WX CBOHCTBA B KOMIJEKCHOH MMJ0CKOCTH.
Mpr Takxe Kparko paccMOTpuM OOLMe NPHHLIUNE aHAJHTHYECKOTO MIPO-
AO/IKEHN 4.

§ 1. DaemenTapubie (PYHKUUH KOMIJIEKCHOMN
nepemennoil. llponomkenne ¢ peficTBuTeabHOR OcH

1. Nposomxenue c peiictBurenshoit ocu. Teopema o exmHCTBEH-
HOCTU ONpPEACJNCHHH aHAMNTU4ECKOH (YHKIUM TI03BOJIET aBTOMATHUECKH
pacnpocTpaHuTh Ha KOMIIEKCHYI O0snacTh 3neMeHTapHbe (YHKUUN jaef-
crauTeqbHON nepemennoll. IlpessapuyebHo OTMETHM CHPaBeN/iHBOCTh Cle-
AYIOIIErO YTBEPKAEHHUs: NYCTh Ha oTpeske [a, b| neficrsurteasHOH ocu X
3a/aHa HenpepsisHad Qynkuns f (i) KeHCTBUTENBHON MepeMeHnoH; Toraa B
HeKOTOpO# 061acTi & KOMIIEKCHOH TVIOCKOCTH, CoAepailett oTpesox |a, b|
JNeHCTBUTENBHON OCH, MOXET CyUleCTBOBaTh TOABKO OAHA aHaJAMTUUECKas
¢pyHrILEA f(2) KOMIIGKCHOH TepeMenHOH 2z, MpUHUMAIOULAan JaHNbIE 3HA-
uenus f(x) Ha orpeske [a, b| Hasosem dyuxua f(2) axasumunecran
npodoascenuer ynryun f(X) Oeiicmsumersnoll nepemennol x 8 Kom-
naekcnyo obaacms G

[lepeitneM K pacCMOTPEHHIO NIPUMEPOB NMOCTPOECHUS aHAMUTHYECKHX PO~
HOJKEHNH 3JeMeHTapHelX QyHkun#t peficrsuresipHoft nepesmennoft. Cpean
3JeMeHTapHbIX (YHKURH gedcTBUTeNbHON NlepeMeHHO 0cofyo pOJb HrpasoT
110Ka3aTe/Iblan (PYHKLKS € 1 TPHTOHOMETPUUECKHE (DYHKLUKK Sin X B COS X.
Kax uszsectnio®), atu gynxiunn mMoryr Ouith 3a0aHbl CBOMMH Da3/iOXKENNSMA

*) Onpenenenye n ocHosuible cpoficTsa 3THX PyHKUMA pcHicTBUTCAbHON nepeMei-
Hoil cm. BuIn. 1, cTp. 412.
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B pansl Tedmopa:

[oo]
N X

e* = ;1T’ (31)

n=0

. . 3 xen+L

sin x = 2 (—1)”m, (3.2)

n=y0

. x2n

COs X = Z (--1)”@, (3.3)

n=0

NpHAYEeM 3T PAAbl CXOAATCS TMPU BCAKOM 3HAUEHHUH X.
Paccmorpum Ha KOMIJEKCHOHU MJOCKOCTH CJCAYIOULHE CTENEeHHBbIC PAdbl

= (34)
n=0
i (=11 o (35)
- Gy :
(?; n 22 A
;O(—l) T (3.6)

Ipu pefictsurensiiix 2 ==x Bapaxkenus (3.4), (3.5), (3.6) u (3.1), (3.2),
(3.3) coorseTcTBENIO COBIAAAIOT.

) Kak caenyer u3 teopemnl AGens, 06/acTbi0 CXOANMOCTH psiaos (3.4) —
(3.6) siBasieTcs BCA MJOCKOCTh KOMIMEKCIIOW IepeMeutiofi, T. €. 3TH PAInl
npeacrasasiior  cobofl neaple  (yHKUAM  KOMILIEKCHQH lepemenno# 2,
WIASIONLeCs  aHAJAHTHYECKHM [IPOJOMKENNEM 11a BCIO KOMIJIEKCHYIO [1I0-
CKOCTB 7eMeHTapislXx ynxkimuit aeicTsnreaptiof nepemenyoit e, sinx u
cosx. Huast BBEAEHNBIX (YHKUUH €CTecTBEHHO COXPaHHTh lpewune 06o-
anauenust. Ionowum

L N
e = X (3.7)
1=
St an+1
. . P
sin z = 2 (— 1 G (3.8)
n=0

& pisA
€Os 2 = Z (—I)"(;—n)—!. (3.9)
n=20
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C nomoursio ¢yukunn €° nocrponM runiepGoIIUECKHe (PYHKILNAN KOMT-
JIEKCHOR nepemennofi:

et ? )
chz="TC" (3.10)

she="20", (3.11)

B cuny ofuux CBOHCTB aHaAUTHUECKHX (YHKUAR 3TA PyHKUUA TaKKe
ABJAAIOTCH UEABIMU.

AnanoruunsiM 00pasoM C NOMOIBI0 OCHOBHHX TPHUTONOMETPHUIECKHX

tpynkuuit sinz u cosz nyrem ((OPMaJsbHOFO NEPENHOCAa B KOMMNJEKCHYIO

06JaCTh  COOTBETCTBYIOMNX OnpeaeteHnii MOTyT OwTb TOCTPOEHH U

OCTajbiibie  TpUroHOMeTpuueckue dQynkunm: tgz=—= ———z, Cosec 2 =
BT L ITH (YHKIHK yKE 1@ ABASIOTCH 1eJAbIMH, I0CKOJbKY HX anani-
THYNOCTh HApylUaeTcd B TeX TOUKax INIOCKOCTH 2, TIje 3HaMmenarteau
ONpenesomNX UX BoIpaKenu#t obpauiatoTcss B HYJb.

Kak Oymer mnokasano umwie, A5 BCEX MOCTPOEHIBIX (PYHKUHH KOMII-
JEKCHOH nepemMeHnol COXpaHdAwTCs MHOTHE OCHOBHHIE CBOHCTBA COOT-
BETCTBYIOLHX 3VIEMEHTAPHBIX (YuKIul AeHCTBHTEIBIOR nepemennofl. 1o
Oyner yCTaHOBJEHO I1a OCIIOBAHMKM NEKOTOPHIX OOIMX HOJOKenu#, a celi-
yaC MH IOCTPOUM HPOAOJRKCINE Ha KOMILIEKCHYIO 00JacTe enle ABYX
sieMeHTapHbx Qyuxnnit. Paccmotpuym creayoumne CTenclsle pagbl

V(G2 (3.12)
n,:l
"
—1) g2ni1 .
x4 S‘ Le fj”qnﬁf) . (3.13)

]‘_

Kax nssecrso, nepsuii psg *) cxomntes B untepsate 0<Cx <2, a BTO-
poit — B nurepnadne —1 < x <1 K (yHKUHAM KEHCTBITE/ILIOR NEPEMen-
Hoft Inx w arcsinx coorsercrsenno. Kak Jerko ycTaHOBUTH, CTeNeH-
HBIE PsIAH

\ n— 2'—1) o1
Z( e ES (3.12')
n=l
"
1 1-3...(2n—1)z2"11 ’
24 2 T @nt) (3.13)

n*l

*) CM. Bumni. 1, crp. 275, rge npusefeHo passoxenue In(l4-y), 3amena
y=4x—1 paer (3.12).
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CXOAdTCS  nNepsHit — BHyTpH Kpyra |2—1|<C1, a sropoft — BhyTpH
Kpyra |2|<C1 # Ha COOTBETCTBYIONIMX OTpe3Kax AeHCTBUTEILHON OcH
cosragator ¢ pspamu (3.12) u (3.13). ITosToMy aHanuTHUCCKUE (DYHKIHH
KOMIIIEKCHOH IIepeMeHHON 2, olnpeaesennsie € NOMOUbI0 psinos (3.12%)
u (3.13") BHYTpH HMX KDPYrOB CXOAMMOCTH, SIBJASIOTCS AHAJTUTHYECKHM MpO-
HO/KEHHEM Ha COOTBETCTBYIOILYIO KOMIUIEKCHYI0 00JacTh 3J/1€MEHTAPHLIX
¢y Inx u arcsinxy geficteurespHOR mnepemeHno# x. [las 3THX
(YHKIMR MBI TaKXe COXpalnM npexHHe 0B03HAUSHHS, MOJONKHB

N e
Inz= Y (=111 (3.14)
17%1 "
i
. \ 3. (@ 1)
arcsinz =z 4 z 2,1_,(1!’;%_’2?) . (3.15)

n=|\

OTmerum, uto ¢ynkumn (3.14) n (3.13), B OT/1MuMe OT BBEAEHHBIX
Bhitile (pyHKnE#H (3.7) — (3.9), yKe He ABAAIOTCS LEABIMH (DyHKUHAMY, TaK
KaK onpejeistollie WX psiibl CXOASTCsl He Ha BCefl KOMIJIEKCHOM mJio-
CKOCTH, & JAulb BHYTPH KpPYyros edunnuHoro pamnyca. Csofictsa 3THX
GyHKUEH Takke OyI1yT pacCMOTPEHB HECKOJbKO nosime. OTMeTHM TOJbKO,
yto (yuxuus (3.14) B xpyre |2 —1|<C 1 cosnagaer ¢ BBEAEHHOH HHEIM

d
Zg’ TaKk Kak o0e 3Tu

cnocobom B ta. 1, cTp. 45, (yHKuREH lnz:S

i

aHaJAMTHUECKHE (DYHKUKN Ollpeie]eHs B YKasaHHO# 004aCTu ¥ COBIANAIOT

Ha oOwem unteppate geilctsureanHol ocn 0<Cx <2 c onHOH u TOH

ke ynxaped Inx. IToaromy njs oBenx (QyHKUAE MBI HCNONb3YEM ONHO
Z

dt
m TO e oGosHaueHne. Tem cambim U yHkuust f(2)= S E”,
1
Hasi Ha KOMIIJIEKCHOM IJIOCKOCTH 2, paspesaHHOl 110 OoTpuiarTe/ibHON vacTu
HEfCTBUTENBHON OCH, 4BJAAETCA aNAJUTUYECKUM MPOLOJIKEHUEM (yHK-
AKX In X Ha COOTBETCTBYIOWLYIO OO6JacTh.
B sakawuenne 3aMetuMm, uto ecau yHxuns [ (x) AedcrBuTeabHOH
nepeMeHHO# X 3aaHa CBOMM CTENEHHHIM PALOM

onpeneen-

f)= D) an(x—xy), (3.16)

n=0

CXOAAMMCS Ha OTpe3ke [a, b], TO CYLIECTBYET aHaJMTHuecKass (yHK-
unsg  f(2) KOMIJIEKCHOH nepeMeHion 2, SBJIOMAAcTd aHAJINTHYECKUM
npogomkenneM f(x) B Komnaexcnyio obaacts ¥, comepiKaliyio orpe-
30K |a, D] gelcrsurenniioil ocH. YKasalnoe 0OCTOATEABCTBO 1103BOJIAET
HasbiBarh (ynxunio geffcrsuressHON nepeMeHHOH f(x), NpencraBuMyo
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pagom (3.10), aHamurnuecko#t yuxunedt. Hanomnmm *), uro Qyukunms
IeHCTBATeNIbHON NepeMeHHOH, npelcrasuMass na otpeske [a, b] creneH-
HEIM psagoM (3.16), uMeeT Ha STOM OTPE3KE MPOI3BOAHLIE BCEX MOPSIKOB.
OueBnaHO, aHaMUTHUECKHM NPOOMKeHneM npoussoauoi fM (x) B 06-
nacth ¥ asaserca npowussognas [ (2).

2. Ilpoaomkenuve cooTHourenuit. Ilepeiinem K paccMmorpeunio jaaninb-
HefuIux C/AeACTBHE U8 TEOpEeMBl O eMHCTBEHIIOCTH OMpeAesieHns aHaMuT-
yecko# GdyHKuun. Jrta TeopeMa NO3BOJSCT HE TOJbKO CTPOHThH aHAJIMTH-
YeCKHe MPOAOKEN s 3AeMenTapHbX pynKuuit seficTruTeIbHON NepeMeHHO,
N0 W QHAAUMUHECKI NPOOOANCAMb 8 KOMNACKCHYIO 00AQCING COOMHO-
WEHIS, AMEIOIME MECTO MeXAY COOTBeTCTBYWILMMA (ByHKUnIMM aeHcTBU-
TenLHON  nepevMenHOH. B kavecTBe TUMUUIILIX IIPHMEPOB  PacCMOTPUM,
BO-NEPBHX, COOTHOUICHHS BHAA

sin? x -+ cos? x = 1, (3.17)
enr = x (3.18)
¥, BO-BTOPHIX, COOTHOINEHUS Bl
£¥1 . p¥: = p¥i T Xo (3.19)
€os (X1 + Xp) = €OS Xy - COS Xy — $in Xy - 8N X, (3.20)

Coornomenust (3.17) u (3.18) ycrauasinBaioT cBsi3b MEXAY pasJauqHbIMA
GyukuuaMe  OnHOH aeficTRETEABNON nepeMenrol; B cooTHOmeHus (3.19)
1 (3.20) BXoasT (PYyHKIHH HECKOJbKHX MEpeMennbXx. JTO OANH U3 OCHOB-
HBX COOTIOIICHHN AJs 3JeMeHTapubX (PYHKIUE ASHCTBUTENLHLIX Tepe-
MeHHBIX. EcTecTBeHIO nocTasurb BONPOC: OCTauyTCs J¥ OHH CHpaBennn-
BBIMH JLAst aHAANTHYECKHX MPOLOMKeHH SneMeTapHHX (DYyHKuult B KoMII-
JEKCHYI0 00Jacre?

Ycranosum, uto ToxaecTso (3.17) ocraercs cnpaBeAUBLIM U B KOMII-
Jexcuo# obuaactu, Ias 3TOro paccMOrpuM (hyHKILHIO

F(2)=sin? z}-cos?2—1

kovmnexcno nepemennoit 2. Corsacuo oO0imwinM CROMCTBAM aHAJNTHYECKUX
dytkant (e, a1 crp. 33) F(2) siBasiercs Heaol ¢QpyHKILueH z, npuuem
st AellcTBUTENbHBIX 3HaueHudl z=x (8 cuay (3.17)) F(x)=0. Orcwoaa
o TeopeMe eXMHCTBeHHOCTH Mbl M NMOJYYdM, YTO Ha BCEH KOMIVIEKCHOH
IJIOCKOCTH 2 BHITQJIIICTCH COOTHOUIEEe

sin®z 4cos?z=1. (3.21)

ITonoGure ke paccmoTpesus MOryT OHTh 1IPOBEIEHH ¥ JJH AOKa3aTeb-
CTBA COpaBeAAMBOCTH B KoMmmaexcHodl ofaactu seipawenus (3.18) u apy-
TMX COOTHOWIEHHH, CBA3BIBAIOIINK DA3JNUHBIC aHAJUTHYECKHE (DYUKILHH
ONHOR KOMMJIEKCHOH mnepeMeHHoH. OgHako HET HyWAB Kaxwibi# pas npo-
BOANTL CHEUNAJLHOE HCCJACHOBAHUE, a MOWHO ChOPMYIHDORATH O0ULyTO
Teopemy.

*) Cm. BoIm. 2, cTp. 328.
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Ilycrs pana dyukuus  Flwy, ..., @,] KOMIVIEKCHBX NePeMEHHBIX
wy, ..., W, AHAINTHYECKAs 110 KaXAO0# nepeMeHHod *) w; & D; u Takas,
yTO OHa CaMa U €€ UYaCTHBIE [POU3BOJHEIE %}F; HENPEPBIBHH [0 COBO-
KYIMHOCTH NEPEMEeHHBIX Wq, ..., @, O0JaJa0ly0 YKa3aHHLIMA CBOH-
crBamn Qpynxumo Flwy, ..., w,] OyLeM HashBaTh aHaJHTHyeCKON (yHK-
iMel MHOTHX KOMILIEKCHBIX nepemeHHmX. [lycte mamel s dynkunfl
£ (), ..., f.(2) KOMnIEKCHOH nepeMentoll 2z, onpeaeaeunbe B obaactn G
KOMM/IeKCHOH miockoctn z, nmpuuem f;(2) e D,.

Bynem rosoputs, wro (yHkaun f;(2) yaoBAeTBOPAIT COOMHOUIEHIO
Fl/i), .., [a(@)]=0 na wmuowectse M, ecan 310 coornowenye
yAOBJETBOpPSCTCS BO Bcex Toukax ze& M. B panvnetinem Oymem pac-
CMaTpHBaTL COOTHOIUEHUS, 3a/1aBaeMble TOALKO aldJIUTU4ecKuMi (ynK-
UMMM MHOTMX KOMNJAEKCHBIX nepeMmenuux. Mimeer mecro

Teopema 3.1. Ecau dyuxyun f;(z) s8a510MCA QHAAUMULECKUMU
yHKguAML z 8 obaacmu Y, codepycauieti ompe3ok |a, b| delicmeu-
measHoll oct X, mo u3 coomnoutentiss Ffi{x), ..., f,(x)]=0 npu
a=<sx<<b caedyem coomnouenue F[fi(2), ..., [.(2)]=0 npu z = &.

Hoxasareabcro. J[ag gokasarenscrBa TeOpeMbl AOCTaTOMHO
noKasatb, uto npu chopMmyaupopanHbix ycaosuax gyHrusg O (2) =
=F{f1(2), ..., [, (2)] siBagerca aHa uTHueCKO# (PyHKUMEH KOMIIEKCHOH
nepemennoft 2z B obaactu §. JlokasaTenbCTBO nposeneM 1Js Cjyuvas
ABYX NEpeMeHHHX w@; 1. € koraa D (2)=F(f;(2), f2 ()] Puxcupyem
B 06nactu & npoMsBOABHYIO TOUKY 2o € & n oGosHauaem fi(2,)=w) n
f2(2) = wh. Cocrapum BHIpamenue

O (2+A2) — D (2) =F [@] + Awy, wi+ Awy]— F[w), @3], (3:22)

rae Awy, Aw, cyrs npupamenus pynxunit fi (2) u fo (2), coorBercTBy0O-
mue npupamennio Az nesasucumolt nepemenno#t z. Tak kak, mo npes-
NOJIOKEHHIO, CYIIECTBYIOT uaCTHble NPOM3BOAHbIE (YHKUME F, HenpepsiB-
HRE [0 COBOKYIHOCTH NE€peMeHHBX, TO (3.22) MOXHO npeo6GpasoBath
K BULY

JF
D(zp+A2)— D (2p)= o, (w8, ©§-+ Aw,) Aw, -
oF
“+mlAw, + T, (w], w5) Awy 41, Awy, (3.23)

*} HazoBem (yHKIHIO MHOTHX KOMIIEKCHDLIX MepeMeHHbIX F (21, ..., z), onpe-
IeneHHylo s 3paucHHil 2; & D;, anaauTuyeckoii ¢yHKuUMel Kaxaofli M3 cBoux
nepemMeHHbix 2; (i=1, 2, ..., m; m<in), eciu npy gobom i=1, 2, ..., m cooT-

_ o i P} 0 X .
BeTcTByomast dynkuns @, (2)=F (2}, ..., 2}_,, 2, 2}1 1 -+-+ 2};) OLHOI KOMH
JIEKCHOI TIepeMeHHOH 2;, mo/lyyaolliasics NpHu OPOH3BONBHHIX (GHKCHDOBAHHBIX 3HA-

UYeHHSAX OCTANbHbIX TNEePEMeHHBIX zj:z‘; (j 5£ i), ABAseTCA aHAMUTHUECKON (hyHK-
unell pannoil nepemennofi. Ilpoussoguee ¢ynxuuu @; (2;) 00 COOTBETCTBYIOMHM
nepeMednLIM OyZeM Ha3biBaTh 4YACTHLIMM INIPOHSBOJHEIMH QYHKUHH F (24, ..., 2,)
s 2y)

ar (z
MHOPHX KOMIVIEKCHBIX HepeMeHHuX @ @)= ( 1 2., TMogpoGHee cM. npH-

dZi
JoxKenue 3.
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rae Gynkuud vy 1 1), GeckoHeuso Maist npu Aw; 1 Aw, cTpemsmuxcd
K Hymo, a tem campiMm 0 npn Az —0. CocTasuB tenmepb pasHOCTHOE

AD
OTHOMIEHHE Az B nepefins K npeaeay npu Az—0, B CUJy Henpephs-

NOCTH YACTHBIX IPOWUSBOAHBIX q)yHKllI/H/I F no COBOKYNHOCTH TNEePEMEHHBIX,
noJay4um

.. O Az)— 0 o
tim (204 AZZ LA aw (w], wy) f1 (Zo)+()w (@i, @) 1 (20),

Az—0

YyTO W JAOKa3hiBaer cyulecrsosanne npoussoinot M (zg) B Touke 2,
B cuay chesaunsix npepnosoxwexnit  ¢dyuxuus (D' (2) wenpepssua
B TOUKEe 2, @ TaK KaK 2,— NpPOon3BOJbLHad Touka obaacth ¥, orcioga n
caenyer anaauraunocts (Gyukumun M (2) B obaacrn F. B cayuvae Gosb-
IIETO 4YMCAa MEPEMENHbX @; AOKAa3aTesbCTBO NPOBOANTCS COBEPILENHO
anaorH4Ho.

Teopema 3.1 no3Bossier aHAJAMTHYECKH NPOAOMKATE B KOMIJIEKCHYIO
o0nacTe coOTHOWeHHs Buaa (3.17), (3.18) mexay snemeHTapHbIMi (YHK-
uuaMu OJHON nelcTBUTEILHOR NEepeMeHHOH, uTO CyEeCcTBeHHO IJsi u3yue-
HHS pas/IfUHBIX CBOHCTB 3/IEMEHTApPHBIX (YHKUEH KOMIJeKCcHOH rnepemeH-
no#t. Coorsercrsylomue npuMepsl OYAyT [PUBEAEHB HIDKE, a 31€Ch
OTpaHAYUMCS JWIUB CJAENYIOIAM 3aMeuaHnem K Teopeme 3.1

Caedcmsue. Ecau swnoawenv. ycaosus meopemvt 3.1 u ghyur-
uuu  f;(2) coomeemcmsenno pasnu: fi(2)=f(2), fo()=f"(2), ...

s Jue1 (2)=F\" (2), mo u3z coomuoutenus

FIf(x), ..., JP(x)]=0 nmpu a<<x<<b (3.24)
caedyem

FIf@), ..., [P (@)]=0, ze¥. (3.25)

D10 o3HauaeT, uto ecan dyuxuus geHcTBHTeNbHON mepemenHod f(X)
sBasercs pemlenneM auddepeHunanpioro ypasnetns (3.24), 10 ee aHanu-
THueckoe npoposkenie f(2) 8 obnacts ¥ yaosaeTsopsieT B 3TOH 06aaCTH
AngdepensnnassioMy  ypasneHuio  (3.25), ABAIOIEMYCH  aHATHTHYECKHM
nponomkennem ypasuenns (3.24) B obaacts Y.

IlepeitueM reneps K OOOCHOBAHHIO aHAMUTHYECKOTO MHPOAOJIKEHHs
cooTHowenu#t Bupa (3.19) u (3.20). Mbl He GyaeM paccmarpusarte Kawaoe
N3 9TWX COOTHOLIEHHH B OTUEJBHOCTY, a Cpa3y ChOpMyJanpyeM OOULYIO
TEOPEMY.

Teopema 3.2. [lycms dhyuruun wy=fy(21), ..., @w,=f, (2,) 8-
ASIOMCH  QHQAUMUMeCKUMI  BYHKGUAMU K OMNACKCHHLX NEPeMeHHbX
25 oor, Zp 8 OOnacmax 9y, ..., 9, codepicamux ompesiu |a; b
(i=1, ..., n) delicmeumeasnoil ocu x. [lycme hynxyusn Flwy, ..., w,]
HBASCICS  QHAAIMUYECKOl  (hYHKyueld no Kaxcdod U3 nepeMeHnsl.x
wy, ..., W, 8 odaacmu ux udmewenus. 1Toz2da u3 coomuoulenus
Flfi(x)), ..., [a(x)]=0 npu a;=<x=b; caedyem coomrnoueriie
141]1 ('21): LR fﬂ(zﬂ)Jzo npu ZiE‘(gi'
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Noxkasarenbcrpo. Jas ngokasarenbcrBa TeopeMbl (UKCHpYeM
3HaueHnsl IMEePeMEHNBIX  Xo=X}, ..., X,==Xp B pacCMOTPiM QYHKUHIO
komnaexcnolt mepemennoit My (27)=F | f1(z1), fo(xd), ..., fn(xn)] Ora
dyuKips, Kak cAoKHas QYHKIUS KOMIJIEKCHOH nepeMeHHO# &y, B Cuay
yreepspennst i 1, crp. 33, asasercd anamuTHueckod (ynkunedh Kom-
nJaeKcHol nepemenolt 2; & 9;. ITo9ToMy 1O Te0peMe O emMHCTBENHOCTH
onpeieerus  aHajAnTHUECKOH  (yUKHuH U3 coorHomwexus  F [ £ (&),

fax)), ooy fu(X0)]=0 npu ay << Xy << by caenyer F[f1(2y), fa(xy), ...
cer, Fax)] =0 npn z; =9, Bamemmz 4TO OTCIOAA B CHAY NpOU3BOJIL-
nocTu x4, ..., Xp BBITEKaer, uro F|f1(2), fa(xo), ..., fu(x,)]=0.

duxcupyem Tenepb NPOM3BOJBHOE 3HAUCHNE KOMMJIEKCHOH NepeMeHuof
2%, n pacevorpum dynxuuio My (29) =F | f1(2)), fo(za), fa(xh), ...
cory Ja(x))] KomnuexcHo# nepemennop z, & %, Tak ke xak u @ (zy),
pynxums @, (z,) ABJASETCS aHANUTHUECKOH (DYHKUKEH NepeMelnol z, = F,.
HMostomy us coornowenust F[fy (21), folxe), fo(xi), ..., fu(xn)]=0
npu a2<x2<~—b2 Caenyer F [fl (Z‘J))) f2 (2‘2)) f?(xnt)’ R fn (.X'?,)I‘:—U npu
2y =Y, B cuny npoussosbuOCTH BhOOpa 2§ MBI [IOJYYHM, 4TO COOT-
nomenne F[fy (x1), fa(xa), fo(xy), oo, fu(en)|=0 nmpn ay < xy << by,
(g =< X9 =< by BaEUET 32 c060il coornomenne F|f) (2y), fo{2a), f (), ...
ces 2N =0 npu 2, %, 2,= 9,

ITpogomkast aHajsOruulbiM  00pasoOM, MM M JOKAKEM TeopeMmy. 3ame-
TUM, UTO JIOKa3aTeabCTBO TEOPEMbl HE 33aBUCHT OT B3aUMUOLO pPacroJo-
wenus obaacredn I,

Teopema 3.2 1ozsossieT CTPONTH AHAJIUTHUYECKHE TPOAO/KENNS COOT-
Houwenn#t Buaa (3.19) u (3.20). PaccMorpum, nanpuMep, COOTHOUIEHUE
(3.19) u BBeAeM (YHKUNH W), Wy, @3 KOMIIEKCHBIX IEPEMEHHBIX 2y, 2
U 23==21 -+ 22

Wy =671, Wy=eh, Wy=eH =gt (3.26)
PaceMoTpuM (YHKILHIO TpeX KOMIMIEKCHBIX MEPEMEHHBIX
Flw,, w,, wg]=ws;— w, W, (3.27)

IMockoasky ¢yuxuun (3.26), (3.27) asasorcs neasiMi GyHKUUIMH CBOHX
nepeMennnix, a F=0 1pu 2y =Xy, 25 =Xy Z3=Xx,; (— o< x; < 0),
TO BHIUOJHEHB BCE YCJOBHsi TEOPEMEI 3.2, UTO I IOKA3BIBAET ClipaBein-
BocThL coornowenns (3.19) npu moGHX  3uaYelHX KOMINEKCHBIX nepe-
MERIBIX 27 U Zo.

3. Caoiictea anemeHTapubix ¢yukuuid. Iepeidaem teneps x GoJee
JETAALHOMY H3YUEHHIO OCHOBUBIX CBOHCTB BBEAEHHHIX BHIUE 3JeMeliTap-
HBIX (pynkum# komnnexcuo#t nepemennott. B cuay reopem 3.1 u 3.2 npn
BCEX 3HAUEHHAX KOMIVIEKCHOH NepeMeHHOH 2 HMEIT MECTO COOTHOMWE Uy

sin? 2 +-cos?z =1, (3.28)
ch?z —sh?2z=1. (3.29)

R Apyrue H3BECTHLIC TOWAECTBA AJS Pa3JUUHBIX TPUTOHOMETPUYECKUX H
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runepGo/ieckux  QYHKIMA  OaHOH KOMIVIEKCHOH nepemeHHOf. Taxkwe
UMEIOT MECTO COOTHOMIENHS

eF1t 22 — e%1. g2, (330)
sin (2; - 73) = sin 24 C0s 24 - cOS 2; sin 2y, (3.31)
€08 (21 -} @9) == COS 27 COS 2y — siN 2; sin 2, (3.32)

1 ApyrHe TPUTOHOMETPHUECKUe (OPMYL, SBJSOUIHECH aHAJIHTHUESCKHM
1IPOJIOIKEINEM B KOMIIEKCHYIO 00/13CTh HM3BECTIHIX COOTHOUICHUH s
5JEMEHTAPHBX (PyHKIlUH peficTBUTENBIION IIepeMenHof.

YCTallOBHM  CBS3b MEWIY I[OKA3aTe/bIOH 1M TPUrOHOMETPUUECK IMH
dynriuaMHE  KOMMmiaeKkcHoH nepemeitnofl. Jlasi 3TOro BepHeMmcs K BbIpaxe-
nu (3.7) mas QyHkuAum e° u caenaeM B HeM 3aMeHy NepeMmeHHOH, moJo-
#uB 2z =L Torxa

o)

eiC: 2 l"-,c_
nl*®

n=0

Pa3fuB nocaenHunit aBCOMOTHO CXOASIULMHCA PsiI Ha CYMMY ABYX DAOB
NOJYUHM

s n gZﬂ . OC; 0 C2ﬂ+1
ef= 2 (=1 gy T ZO(“U @0

et =cos {4~ isin g (3.33)

OuernaHo, 3TO TOWAECTBO MMEET MECTO g BCeX 3HaueHuil KOMNJeKCcHOH
nepeMentod .

CoorHowenne (3.33), yCraHaB/aMBamllee CBA3b MEKILy NOKasaTeabHOMH
¥ TPUrOHOMETPHUECKUMU (YHKIHAME KOMIVIEKCHOH NEpEeMEHHOH, HOCHT
nasganue dopyyas Sfaepa. Vs Hero ciefyor BecbMa BaXKHBE A
npuaoKenn# GopmyJst *)

cosz = (¢ 4 ) (3.34)

sin z = - (e — &) (3.35)

C nomomsio 31X opmys u opmya (3.10), (3.11) serko ycraHosuThb
CAGNYIOILIE COOTHOILIEHNS, CBA3HBALIINE TPUTOHOMETPHUECKHE M runep-
goanueckne (PYHKIHH KOMIJIEKCHON IMepeMeHHOMH:

sinz=—ishiz, cosz=chiz (3.36)

*) HamoMuuM, 4To B rJ. 1 MBI C MOMOUIBIO 3THX GOpMyJ onpeselunan QyHk-
LHM COs 2 M sin 2, a TakKxe QOopMabHO BBe/H COOTHOLIEHHE Jiepa.
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B uacrnocrts,
siniy=1ishy, cosiy=chy. (3.37)

YCTaHOBMM €llle HEKOTOPKIE BaX<HbIE CBOHCTBA PACCMATPHBAEMBIX PYIIK-
un#t. TIpenraputesnbHo saMeTuM, uTo B ciay (opmyast (3.30) umeer Mecro
COOTHOuIeHNE

W= % = ¥+ — ¥ . iy, (3.38)

Orcona caeayer, uro |w|=e* n argw=y.
z

Paccmorpum Tteneps  pynxkumio w=Inz = % dg, SBJIOULYIOCS  aHaJIH-
P
TUUECKUM 1IPOAOIKEHNEM In X HA KOMIIJIEKCHYIO IJIOCKOCTb, PaspesalHyo
10 OTpuIaTeJbHOH 4YacTu peHcTBHTe pHOR ocu. Taxk Kak mas neficTsu-
TeABIHX 100K UTeBNBIX X QynKuus 1n x asasercs obpaTHoli sKcHolenTe,
TO B CHJay Teopembt 3.1 B o6nactu — ;< arg z << 7 COXpangaercs COOT-
1I0IUEeHHE
elne — 2, (339)
ABJAIONLCECH dHATNTHIECKAM NPOROIKENHEM COOTHoenns el = x (x >>0)
B KOMILIEKCHYIO 00JacTh. TeMm caMbiM ¢dyurnus Inz sigasemcs obpam-
HOIL K (yrKyu ev.
OrumernM Bawnoe caeacteue Qopmyant (3.39). B cuny srot dopmyan
1 dopmyas (3.38) w3 cooTHOWeEHHs W =u-}iv=Inz caegyer

3 oW — UiV — gt piv, (3.40)

Orcwna |z ]=e¥ argz=1v, a Tak KaK u 1 |2z|— JQelicTBUTEIBHbE Nepe-
Melble, OKOHNUATeNbHO HOJYHHM

n=Injz|, v==arg 2, (341

rie civpoa In'z| osnavaer JEeRCTBHTENLHYIO JIOrapudMUIecKkylo QYKo
QeRCTBUTEILIONO T0JM0KUTENBHOrO aprymenTta. Tem caMbim 148 QyHKIiuu
KOMILJICKCIIOH nepeMenHof In 2z nodyuum aarebpanueckywo dopmy 3aiicu
B BliEC

lmz=1ln, z|-}+iargz. (3.42)

. . JU
Mz (3.42) noayunm snatenns: Ini=i-

9
In(l-4-H=I "|/§+ift4~ n T I

AnasornunbiM  00pa3oM 1ia OCHOBAHMK TeOpeMH 3.1 HeTpyaHO IoKa-
3aTh, uTO W (hyHKuus arcsinz, onpexneneias dopmyqaoft (3.19), asasercs
obparnofi K ¢yHxuun sinz, 1. e.

n(1)=0, In(—i)=—1i7

sin (arcsin 2) = 2. (3.43)

Brime ©blsia yCT4HOBJIEHZ CBA3b MEXAY MOKa3aTesbHON B TpUTOHOMET-
prveckumu PpynkunaMt. OueBuaHo, ¥ (QyHKUMH, 0OPaTHHE K AAHHLIM, Ha-
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npumep lnz u arcsinz, TaKke CBA3aHBl Mexay coBofl olpeneaeHHbINYT
COOTHOUICHUSIMH.

B cuay (3.43) u3 BmipaxeHus @ = arcsin 2z CAemyer 2==sinw, uto
cornacHo (3.35) MOXHO nepenucarb B BUIE

p= g (W —e ) (3.44)

UJn
e2¥ _ 2ize’® 1=, (3.45)

Pazpewns kpaxpatHoe ypasienue (3.45) oTHocHTeqbHO €%, mOayuiM
=iz} 1—2z2 (3.46)

Mbr we muem snak k- nepea KopHeM noromy, uto (PyHKURs Vi—z:2
KOMILIEKCHO! MNepeMEHHOH & caMa dBJAMETCsS MHOrOo3HauHo# (ynruneit
(cm. ra. 1, crp. 28). BuGop Bersn MHOrO3Hauuo# (hyHxiLuu V1T =22 3nech
Npou3BOANTCS U3  ycaOBms, 4TOOHM paccMmarpmpaemas (yHKuns @ =
= arcsin 2 sBAAJMACH aHaJUTUUYECKUM IIPOLOMKERHEM COOTBETCTBYIOILER
(hyuKuuu peidcrButesbHOd mepemenHof. V3 nocaendero ycnosng caeayer,
4TO AO/MKHO OBITh B3SITO TO 3HAUEHHE KODHS, KOTOPOE HOJCMHUTENBHO
NIpH  MOJOKUTEAbHBIX ACHCTBUTEAbHBIX 3HAYEHUsX NOJKOPEHHOrO BhIpawe-
uusd. V3 (3.39) n (3.46) caenyer

iw=n[iz4+} 1—22,
OTKYJa OKOHYATENbHO HOJyUYHM
w=arcsinz= —iInliz4+} 1 =22 (3.47)

D10 BHpaKeHHEe Ha NEPRBIA B3rJsl 10BOJLHO CJOXKHO, M HEBOJBHO BO3-
HUKAE€T COMHEHME, AAET Ji OHO, B YacTHOCTH, AeHCTBATENLHBIC 3HAUEHHS
arcsinx ajss ACHCTBUTE/NBHHIX 3H3UEHWH 2z =), YNOBJETBOPAOILAX YCJIO-
BuKw | x (=< 1. OnHako comHenine HeTpyaHo paccedtb. O603HauuM § =
:iz—l—]/l—zz. st geficrBute/IbHAK 3HAYEHHH 2 ==X, YAOBJICTBOPH-
omux  yeaosuo |x|<< 1, noayunm ¢} =V 41 —xt=1 u argl=

= arctg =arcsinx. Orciona B caiy Gopmyan (3.42) nmeen

—X
—ilng= —i|inl4iarg ] =arg {=arcsinx.

Tak xax ¢ynkuus (3.42) onpenenena ias Bcex 3Hauenuil csoero ap-
rYMEHTA Ha KOMIUIEKCHOH TJIOCKOCTIL € pazpesoMm 10  OTPuilare/bHOH
uactu pelicrpnreanHolt ocu, 1o Qopmyna (3.47) maer aHajMTHYECKOE
NpoAo/oKeHue (PYHKIHM arcsin 2z Ha HeKoropyw 00JaCTh MJIOCKOCTH 2.
Ilpu stomM toukm 2= | OKa3bIBaWICH B ONPEACJACHHOM CMBICJE 0CO-
Ommu.  Jleticrsurensno, B peayabrare oGxoga JioGo# M3 3THX TOUEK Ha
IJIOCKOCTH 2 10 3aMKHYTOH KpHBOH, NMpUHAAJeKameHd AOCTaTOYHO MaJjioh
g-OKPECTHOCTH 3TOH TOUKY, NPU HEIPEPHIBHOM H3MeHeHHuH (yukiny (3.47)
OHa H3MEHHT CBOE 3HAYEHUE, TaK KaKk NPH OAHOKDATHOM O0XO0JAe TOYKH
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z2=1nm z= —1 dpyuxius }/' 1 — 2% uaMenser csoe sHayenne *). ITostomy
B KauecTBe oO0JuacTy ogHO3Hauloro onpegenenus Gpyuxuun (3.47) mower
ObTh  BHOpaHa, HanpuMep, MoaHas IMJIOCKOCIb 2 ¢ paspesamn B1OJb
OTPe3KOB paelicTBureapHOlt ocu [ — oo, — 1], {1, ool
4. Otobpaxenus saemMeHTapHbiX GyHKuui. B zakaouenne ganunoro
naparpada, NOCBAMEHHOrO JeMeHTapiHM (DYHKLHAM KOMIJIEKCHOH nepe-
MEHHOH, paCcCMOTPUM HEKOTOphIE TeoMEeTPHUECKHE cBOHcIBa oToOpaxelni,
OCYILECTBJISIEMBIX  3THME  (pyHKUBaME. HaueM ¢ npocredmux npnmepos.
I[Ipumep 1. B ra | OGuna paccMorpena mnpocreiitas CTelieHuas
dyskuast @ =22 Paccmorpum Ttenieps orodparkenne, OCyUIECTBISEMOE
ynKuuei
w=2" (3.48)

rjle #— [NpPOH3BOJLHOE 1eA0€ YUCHA0. ITa (PYIKLLHS, OUEBHAHO, SIBASETCH
nesolt Qynxunenn. Jlag uzyuenus reomerprueckix cBoHcTB ee 0ToGpaxe-
HAg yA00l0  BOCNOAb3OBATHCH [OKa3are/nplod (HOPMON 3alucH KOMNJIEK-
cHBIX uncem z=pe'?, w=reY=p"e”% u3 Koropo# ciedyer, uro

g 2n .
Mmool CekTop **) ¢ wenTpa’LHMM YrAOM o= = WJIOCKOCTH 2 XaH-

Hoit (pynkume#t orobpakaercs Ha MOJHYIO INOCKOCTh W. Pasanuune
BHYTpennHe TOUKH 3TOr0 CEKTOopa OTOOPAKAITCH HA Pa3IuyHbLIEe TOUKH
mockocTd w. Ilpu 9roM rpanumsl cekropa HEPexoAdt B O/AuH U TOT
e Jyy Pp==1y Ha MJIOCKOCTH . [as yCcraHOBJIEHHA B3aHMHO OIHO-
3HAUHOTO COOTBETCTBUS MEK/AY 0GJACTBIO OMIOAUCTHOCTU QyHKUuM 2° @
IVIOCKOCTBIO @ OyAeM CYHTaTh, YTO Ha MJOCKOCTH W [TPOUIBEACH Pa3pes
10 Jyuy tp =1y ¥ IPaHULaM AAIHOTO CEKTOPa MAOCKOCTH 2 COMOCTABAEHH

_2n
pasnuunsie Gepera paspesa. Hanpumep, cexrop 0 = @ =< o [WocKoCTU 2

¢dyukunett (3.48) orobpawaeTcs Ha MNOJHY NJOCKOCTh @, npuuem ofe

rpaHuibl 3T0F0 cexropa, ayun I n Il na puc. 3.1, nepexollsn‘ B 110JIOKH-
4

TEJbHYI0 4YacTh AEHCTBUTENLHOR OCH 1 MIOCKOCTH W. Lemop = \(p\ "
Takke oTo0paxaercs Ha MOJHYIO MJIOCKOCTh W U T. L. Hoaromy reoMeTpu-
yecknil 06pa3 ¢yHKUuEd W == 2" npeAcTasiset COOOH MIOCKOCTh W, UO-
BTOPEHHYI0 7 pasz. TeM cambiM oToOpakeine NOAHOH MNAOCKOCTH 2 Ha
NOJIYI0 TJIOCKOCTh W, OCYILECTBJIAEMOE JaHHOH (YHKUHEH, HE sBAAETCH
B3aiIMHO 0ZHO3HauHhIM. OfHAKO, €C/IM B KauecTse reomerpuueckoro olpasa
dbyHKUuH @ paccMartpusarh 0oJee CJa0%HOe MHOrooOpaswe, ueM OObluHEA
KOMITJIEKCHas! MJIOCKOCTb, MOXHO COXPaHMTh B3AUMHYIO OJHO3HAYHOCTL OTO-
Opaxenus. DyneM cuittath, 4TO MBl HMEEM /I SK3eMIISPOB (JHCTOB) MJuC-
KOCTH @, pAa3pe3aHHoll No MOJOKUTEJIbHOH 4acTh JEHCTBHUTENBHON ocu, Ha
KaX10M U3 KOTODHIX arg @ nsmeﬂﬂelm B npejesax 27 (k— y=Carg w=<

=2k, rne k=1, 2,.., n Cexropy ﬁ(k—1)<(p< Tk mnockoctn z

*y Cwm. crp. 2930,
**) 3pech MOJ CEKTOPOM Mbl MOHHMaeM 3aMKHYTYIO 00/1acCTh BMecTe C ee rpa-
HHLAMH.
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¢dyukuns  (3.48) cTaBUT B COOTBETCTBUE R-f JACT NAOCKOCTH W, Jiy4
21 1
P= (£ — 1) nepexomut B BepxHHI Oeper paspesa k-ro Jmcra, a Jayd

2nk
¢ = —= — B HmKHU feper paspesa 3toro ke gucra. [Toctponm n3 stux
JUCTOB HENpephIBIOE TeOMeTpHUueCKoe MHOroo0pasue Tak, uToOH HenpephB-
HOMY ABHXEHHIO TO4KH Ha IVIOCKOCTH 2 COOTBETCTBOBAMO HENPEPLIBHOE /IBH-
MeHHe TOUKH W Ha JaHHOM MHOTooOpasuy. s 9T0ro 3aMeTHM, 4To HMKHUH
Beper paspesa k-ro Jaucra u sepxhuii Geper paspesa (k- 1)-ro sucra
MMEIT OAMI M TOT Ke aprymeHT P, = 2n-4. Korga touka z B cBoeM

2 dA 4
220"~ / O

\\Zﬂ’
Byy= 57 O1=1)

Puc. 3.1.

HelpepHBHOM ABIKEHNA 110 IVIOCKOCTH 2 IEPeXOANT M3 OAHOTO CEeKTopa
B JpYroil, cOOTBETCTBYOIAS el TOUKA % NepPeXOAHT ¢ 0AHOrO JCTa NJ0C-
KoCIu @ 1a coceguul smct. OueBnmiio, Y4ToBH COXPAIUTh HEIPEPHIBIOCTD
OTOODANKEHNS], MBl A0/KHB COEAMHHUTbL COCEAHHME JNCTH, CKJACHBAs HIDKHMH
Odeper paspesa k-ro Jsmcrta ¢ Bepxnnm GeperoMm paspesa (k- 1)-ro amucra,
ITpir avom ocrarorca ceoGonnnMyu Bepxinil Geper paspesa 1-ro u HuKHKI Oe-
per pa3pesa n-ro auctoB. ITycTh TOYKa 2 COBEPIUNT Ha 1JOCKOCTH 2 TOJIHbI
060pOT BOKPYT TOUKN 2 == 0, IOCNEAOBATEBIIO IPOHias uepe3 BCE /1 CEKTOPOB
3TO# MJIOCKOCTH, HAUIHAsS C HEPBOTO CEKTOPA, 11 BEPHEICST K CBOEMY lEPBO-
1aua/j plioMy noJoxeHno. Torga coorsercTsymwinas e Towka @ npoRaer
71 IMCTOB, H, UTOOH OHA BepHYJach Ha NEPBHE JHCT, HAAO CKJEHTh OCTABAB-
mecs cBo6oAHNMN Gepera pa3pesor Ha 1-M i /1-M JicTax. TeM camMpIM 1101HO#
I10CKOCTH 2 (PYHKIMA W == 2 CTABUT B COOTBETCTBYE /1 JINCTOB NIOCKOCTH W,
CKJIEeIIbIX yKasaHnelM Bbie obpasom. Taxkoe reomerpuieckoe Mioroo6-
pasue upeacrasaser coGoit wacTnuiit Cayvail Tak 11asIBaEMON  puytarosol
nogepxHocmit. Pyukils @ == 2" SBJAGETCA 1-JAUCTHOR (YHKILUEH.
IIpnyep 2. Paccmorpum oroOpaxeHne, ocyulecTsaseMoe ¢yniinet
w=¢". W13 npencrasienns (3.38) caeayeT, UTO Ira PyUKUHS KAKIOMY
KOMIJIEKCHOMY 4iCAy 2 ==X-}-iy CT4BAT B COOTBETCTBUE KOMHJCKCHOE
YHCJAO W, MOAYJb KOTOPOrO eCth e¥, a apryment y. 2T0 0sHauaer, uro
noKasate/sblias pyHKUMS W = ¢° [poussoiulr orobpakeHHe NpsMOH y=
=Y, WIOCKOCTA 2 Ha JAyY arg @ =y, IIOCKOCTH W. Kak /erko Bugers,
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noJjoca IJIOCKOCTH 2, orpannuennas upsameimp ¥ =0 n y==21, nepetiner
B MOJHYIO IMIOCKOCTH 7@, HPIUEM Tpanuuube upamble ¥ ==0 1y == 2571 6yayr
0100paXKaTbcs 11a OANH W TOT e JYyY IJIOCKOCTH W — NOJOKUTEIbUYIO
yacTy aecreaTeapnofl ocu u (puc. 3.2). Ilpn stom ycranasausaercs B3a-
MMIO  OAHO3HAHHOE O100pameune OTKPuTOH obaactn 0<C y < 2m na
[JJOCKOCTh W C BHOPONEHHON 110N0KUTEIBHOR YACThIO MefCrBuTENbHON
ocu 1. YroOe yCTaHOBHTH B3aMMHO OAHO3HAUHOE OTOOPAKElHE COOTBET-
CTBYIOIUNX 3aMKHYTHIX oOusacte#t, OyleM cuutath, 'UTO IPOM3LREICH paspes
10 NOJIOKHTENBbHON wacTH peHCTBHTENBHON OCH & H yCraHOBJEHO B3aHMHO

y
I 2 Y
I | y=2r
7 /
/ // ’{// //
7 lz=0 <z vl Vi 7
- I
e
Puc. 3.2.

OHO3HAYHOE COOTBETCTBHE - MEKAY BEpXHUM OeperoM paspes3a u npsamoi
V=0, a TakKe MeWAy HiKHEM OeperoM paspesa W NPIAMOH y =2x
naockoct 2. Wrak, noxazameavnas yHrgus ¢° npousdsodum 83aunMHo
odHO3HAaLHoe omobpadicerite noaocot 0+<X Y=< 2 naockocmi Z2 Ha HOA-
HYIO NAOCKOCHLG W, DAIPEIAHHYIO NO NOL0NCUMEAsHOIL wacmi delicmei-
measHoll ocu *). AnajornyHpiM 006pa3oM yCTaHaBAMBAETCH, YTO MOKa3a-
TeJbHAs (PYHKIS [IPOH3BOLUT B3aUMHO OAHO3HAuHOe oToOpa)keHne MoBOf
nonocH 2m-n=<y<<2n(n-+1) (n=0, ZE1,...) naockocty z Ha 1y We
HOMIYIO IVIOCKOCTb W C PA3PEe3sOM BOJbL MOJOMUTE/bION vacTu gekcrsn-
1ensnolt ocu w. Ilpu 310M TOMKN 2p=X,-+ivy U 21=X,} (Y, 2nR)
(=1, +2,..) nepexonar B OAHY W Ty K€ TOUKY INIOCKOCTH @. IJ10
C311aNAET, UTO NOKA3AMENbHAS HYHKYUR HEBATEMCS OCCKOHEHHOACINHOLL
nepuoduyteckoll (BYHKYuelk KoOMNACKCHOL nepemenHoll 2 ¢ MHUMBLAM He-
puodon 2mi. OBaacTbio ee OAUOMUCTIIOCTIL ABAseTCs Jobas noaoca ¥, <
<y << Y, -+ 2, ovobpaxkaoulancs Ha IOJIYI0 IJOCKOCTh @ C Pa3pe3om,
1O Jydy arg @ ==y, 3aMeTuM, 4TO apryMent @ Ha IJIOCKOCTHAX, COOTBEI-
CTBYIOHINX Pa3fHuHBIM nojocam 2n-n=sy=<2n(n-+1) (n==0, =1, ...)
H3MEHSIETCSl COOTBETCTBEHNO B DasiusHblX npenesax. Tem camblM Mbl 110-
Jyuaem GeckorleyHbli HaGop pa3juulKX 3IK3EMIISAPOB ILIOCKOCTH w0, pa3-

*) Tlpr 3toM rpanuna nojockl y=0 DNepeXoAUT B BEPXHMI, a TCpPaHHU]
y == 2 — B HHKHHE Geper paspe’a IJIOCKOCTH w.
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pesanHo# 110 MNOJOXKHTEJNBHON HACTH AeHcTBUTENBHOR ocH #. HTobum ne-
HIPEPBIBHOMY  [BWKEINI0 TOYKH 2 Ha ILIOCKOCTH 2, IIPH KOTOPOM Ona
NEPEeXOANT M3 OJZHOH 1OMOCH B APYFYIO, OTBEYa’AO MENPephBIOe
ABIKENNE W, COOTBETCUBYIOIINE 3K3EMINISpht  (JAHCTH) IJIOCKOCTH W
JOKHBL OHTH COEMMNENb MeXLy COOOH, NpuueM, OUeBMANO, BEpXHIH
Oeper paspesa n-TO JucTa Jo/Kel ObIThb COENHIEH C HHKINM Oeperom
pagpesa (n-— 1)ro aucTa u wknuit Geper paspesa A-TO JUCTAd—COEAH-
neH ¢ epxHnmM OGeperom paspesa (n-}1)-ro ancra. Iloayuennoe reomer-
puueckoe MHOroo0pasue oOpasyeT OecKOHEeYHOAUCMHYIO PUMAHOBY HO-
BEPXHOCTLS.

AHanoruuHsie paccMotrpenuns MOryr ObITb NPOBEAEHH W LIS TPUTOHO-
METPHUECKHUX (hYHKIUA KoMmmieKcHo# nepementiont. Cpasy samerum, uto
B cuy qopmya (3.34), (3.35) mpueonosempuiecriie (hyRKUIL ABAAIONCA
OeCKOHEH HOANC MK MIL (DYHKEGUAMI $OMNACKCHON nepeserHol z, nepuo-
dureckusu ¢ OelicmeumensHam nepuodosr 2m. Taxk Ke, KaK u B Cjyyae
GyHKIMKM €°, HeTPYHHO pacCMOTPETh reoMerpuveckue CBoHcrra oTobpa-
WMEHHH, OCYILECTB/ISEMBIX TPUTOHOMETpHUECKuMH GyHKUHAMU. Mp orpa-
HHYAMCS  Julb  dyHKuged cosz. C NOMOHIbI0 YCTQHOBJSHHBIX BbILIE
CBOHCTB TPUTOHOMETPHUUYECKHX (YHKIUHE MoJyuaem

cosz=c08 {(x+iy) = u (x,¥) --iv (x,¥) = cosx-chy — isinx-shy.

OTciona caefyer, 4To MNpsSIMyI0 X = Xg NJOCKOCTH 2 (PYHKILHS COS 2
orobpaxaer B BETBb runepbois
u? v?
— =1
c0s? x, sin? x,

(3.49)

1
na miockoctyn . Ilpu 0 <Txy<T-5 UpAMas X ==X, NEPEXOANT B NPaBYIO

BErBb THIIEPOOJIH, a HpsiMas X ==JT— X,— B €€ JeByl BetBb. Kak Jerxo
yC1aHoBUTh, BCE Trunepboam (3.49) a8as0TCA COPOKYCHBIMY, HpHUEM uX

o
toxyce nexaT B rTouxkax -t 1 meictBuTensno#t ocn u. Ilpamas x0=“—2

¢dynkiLpeft cos 2 orofpaxkaercs Ha MHUMYI OChL U IVIOCKOCTH @, 3 Npf-
Mpie Xg=0 H xg=mn-—8 ayun [l,co] u [—oo,— 1] neficrsureasuoi
oCcH 4 IJIOCKOCTH W, NIPHYEM IIPW JABWKEHWH TOYKNH 2 O Januof npsamoh
(nanpuMep, 1o npsamoRt x,=0) COOTBETCTBYIOINHH JyU TIPOXOAUTCS
aBawubl. TeM CaMbIM (OVHKQUst COS 2 OCyuecmansiem B83aluMHO 00HO-
3nauHoe omobpaxcerue noaocer 0 << X =<0 7 NAOCKOCHMIL Z HA HOAHYIO
NAOCKOCME W, pa3pe3ankyio no ayiax Oeficmenmensroll ocu [ 1,00 |
n |— oo, — 1} Tlpu atom Bepxusas noaynodsoca 0= x==<m, ¥ >0 nepe-
XOJINT B HIKHIOW 1OAYIIOCKOCTh U< 0, a ninkiisis nosynoaoca 0 ==X x == m,
y<C0—3B BEPXHOI0 MOJYNJIOCKOCTh ¥ > U, YTO OTMEUEHO COOTBETCIBY-
omei  mWIpuxoBKo#t na puc. 3.3. Kak jerko smuers, CjAeAylomas losaoca
7= X << 20 (pynxnuei cos z oroGpamaercs 1a Ty ke NOJIYI0 II0CKOCTh
© C paspesanu Ilo ayuam AelicTBuTebHON ocH [1,00] u | —co, — 1] Tax
KaK cos ( 2--7T) = —Ccos 2z, TO BEPXHSsS LOJYIOI0CA TT<C X = 27, ¥ >0
HEepPeXOAUT B BEPXHIOW IOJAYIJIOCKOCTE U >0, a HUXKHAA MOAYNO0J0CA
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ne= x==2n, y<<0—r8 amxHoL noaymiockocts v<< 0 (puc. 3.3). Ana-
JOTHUHOE TOJIOWEHNE, OUeBHAII0, HMEeT MeCTo W s Jio0o# noJocH
nt<tx=<(n-1)n. Orciona caegyeT, 4yTo 004aCThi0 OAHOJUCTHOCTH
dyuxiad  cosz saBafeTcs mnoaoca an < x<(n-41)n. Pynprums cosz
npencrasiser coboft OeckoHeunoaucTHyio (yskunio, a ee o0aacTbio 3ia-
yeHui gB/9eTCsd GECKOHEYHONUCTHAs PUMAHOBA [0BEPXHOCTh, NOJYHAIOLEACS
nyTeM CKJAEHB3HHSl HJOCKOCTEH W, pas3pesalublx 1O JAyuaM IeHCTBUTE.IB-
Ho#t ocu | —oo,— 1] u [1,00}, no coorsercrByromuM OeperaM pa3pe3os.

N\ ? \\ v

VA 7

e
7,

~£& 20N M \LZIZ N N
1 ;ﬁ V% %)
N

X i Uy, = 0052y

Pnc. 3.3.

B saxaiouesne nalux paccyMoTpeniuil OCHOBHHX CBOHCTB NOKA3aTeJb-
HOH 1 TPUTOLOMETPHUECKNX (YNKUMUHA HCCeAyeM BONPOC O HYJAX 3TIX
dynxrnit. ITokasarenpnans ¢ynkuns w==¢° ne obpattaerca B Hyab HA
NPpH KakoM 3HAUCHHM KOMIVIEKCIOH HepeMennofl 2, Kak 310 CaeayeT u3
dopuyant  (3.38). Bce wHyan Tpuronoverpuuecknx QyHkuii aexar Ha
AefictBuTe bHOH ocu. B camom gese, ecan sinz==0, 10 ¥ — ¢ % =0,
¥ == 1, Mo ecsn KOMIIZEKCHBE 4YHCJA PAaBHb, TO WX apryMelrsl pas/iu-
YAIOTCSl HA 4WC/I0, KpaThoe 271, OTKyla Z==AHJ, YTO U JOKa3bIBAeT BBICKa-
3aHHOE yTBEDWKIENne.

§ 2. Anamutnueckoe npogomxenne. IlonarTne pumanosoit
NOBEPXHOCTH

1. Ocnosnbie npunnunel. IlonsiTue puUMaHOBOH NOBEPXHOCTH.
OcHoBHO#t 3anmauell aHAJMTHYECKOTO NPOAOMKEHHS SBIACTCS [POAOJKE-
nue 3HaueHni ¢yHkuun f(z), safanHo# B nHekoTOpOH ObaacTH ¥ Ha Goab-
uryio objacts 9,
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[Tycrp Ha KOMIIIEKCHOH MJIOCKOCTH AaHH gse obaacti &y u %, umeio-
ue o0nyto uacte #) Sy, (puc. 3.4). Ilycrp omiiosHayHbie anaantHuecKue
dynkuun fi(2) n f5(2) sananm coorserciBerHo B 06aacTax $y u Fy n
TOWKICCTBEHHO COBNAAaoT Mekay COGOR B nepeceuenun 5y, Toraa dynk-
g F (z), onpemenedHas COOTHOUIEHHNAMH

hH(), ze 5,

(2, ze= 5, (3:20)

F(z):{

ABISETCS anaJuTuueckoli B pacwupeniiol obuactu b =9, -5, u cosna-
naet ¢ /1{2) 8 & nce fo(2) B 5y

Dynkuust F (2) HasniBaCTCS QHAAUMUHECKUM HPOQOANCCHUEM (BYHK-
gt f1(2) (fo(2)) Ha obaacms 9 =514 5 Oynkuno f(2) (f1(2)
TAKKe HA3HIBAIOT AHAJMUTHUECKHM MpPO-
poskennem  dyukunu  fi (2) (f2(2)
Ha 06JacTh &, ().

Kak nerko Buaerh, aHaJIMTHYECKOE
npogomkenne F(2) dynkunn [y (2)

)

Puc. 3.4. Puc. 3.5.

na obnacth ¥ =9, +%, onpemeneHo enMHCTBEHHHM 0OpazoM. [ledcTsu-
TENLHO, MPEANOJOKEHNE O CYIIECTBOBAHNK B 06JaCTH & ABYX Da3nuuHbIX
$YHKILIA, TOXKAECTBEHHO CoBnagaowux ¢ f;(2) B obaactu %, npusopur
K TNpOTHBODEYHI0 € TEOpeMO# O eAMICTBEHHOCTH ONpexe/ellns aHaliuTH-
yecKo#t (PpyHKUMM, AOKa3aHHO# B Npeablaywiedl raase.

JlaHHBI# Croco® aHA/JWTHUECKOrO NDPOXOMKEHHs ¢yHKuua f;(2) u3
ofaacti &y Ha GoJee UIHPOKYW 006/1acTb & NpeiacraBisieT COBOH Npo-
cTefryo GOPMY NpUHLUNG QHAAUNUHECK020 HPOOOANCEHIIS.

OCparnMca Tenepb K cayuaw, Koraa gyHkuma f;(2) u fy(2) TOK-
JeCTBEHHO COBIAAAIOT JMUIb Ha 4actu 5, nepeceuenns Fy, obnacreit %y
u %, (puc. 3.9). Paccmorpum ob6aacts ﬁ:&l—{—&z—&’{q, rie 5, =
= %), — ¥, — Ta yactb nepeceuenus i, B KOTOPOH (yHKmun fi (2) n
Jfo(2) pasauunel. CornacHo MpeablAyILEM PAaCCMOTPEHHEM B & onpenenena
€AMHCTBEHHA aHaMuTHueckas (QyHKuus [:‘(z), ABJASIONASACS aHaSUTHUECKUM

*) Tlpr s1oM Moryr OHTb pas/nunsle clyuad. Hanmpumep: a) obaacrs %,
CoflepiKUTCH B objactn ¥, Torma ¥,,, oueBHiHO, coBmagaer ¢ obiacTbio Fy;
6) nepecedeHHe %, sIBJAETCA OTHOCBA3HOH WM MHOTOCBA3HOI 06/acThiO; B) Tepe-
ceyeHHe &, COCTOHT H3 HeCKOJNbKHX (MOXKeT ObiTh, ¥ GeCKOHEUHOro yHesla) OTAeNb-
HBIX CBA3HBIX obJacteil.
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npojomKenneM £y (2), sagaunoft B obnactn ¥, — ), na obaacts F. dra
ByHKIUMS TOKIECTBENNO coBnajaet ¢ (ynkuueir fy (2) 8 obnacru 5y — ¥,
uc fy(2) B obmactn F,— 5], Pynxuus f“(z) MOXer OBITb aHAJINTH-
ueCKu MPOFO/KEHA HAa MHOXKECTBO F{y, ABYMsi criocobamn:

F (), z& g,
1) :{ £y 25 @31)
nJin
Fy(2) ={ Fe 2= (3.52)
f(2), & F,.

IT0 HAC, ECTECTBEHHO, MPHBOAUT K HEOGXOAMMOCTH PAcCMOTDEHUS MHO-
203HauHOl anaaumudeckoll @ynryun F(2), onpeieisennoil 8 oGaactn
5 =59, %, u npunuMarowel pasmiudnie 3nayeHns B OAHNX 1 TeX e
TOuKax yactst 5y, o6sactn %. B wacTHOCTH, B RaHHOM Cjyvyae Msl NoJy-
uaeM JRYX3HauHyw aunaintuueckyio ¢ynkuauio [ (2), NIPHHUMAIONLY O
B OAHOH U TOH K& TOUKE 2y & F), ABA pasAuuHbBIX 3HaueHHs, COBMAJAI0-
mue co 3HauenusmMym QyHxuny fi(z) nan f(2) B 2ro#t TouKe.

Onepupys ¢ MHOrosuauxo#t dyuxnme#t [ (z), umewoulefl pas/gunbe
3HayeHuss B OJHOH W TOH Ke TOUKE KOMILVIEKCHOH IJIOCKO CTH, TPUXOAUTCS
BCTPEeuaTbCsl ¢ TPYAHOCTsMH BHIOOpA ee sHaueHud B maHHOH Touke. Ilis
yn06cTBa BHOOpPA STHX 3HAYEHAH YacTO NOAL3YWOTCA IOHRTHEM Bemgil
aHaJUTHUYECKOH GyHKOMu ¥), #ABAAIOWENCT OAHO3HAYHOR U HENPepsBHOM
(yHKIMER B COOTBETCTBYIOIEH actn obaactu onpeaenesus dynkuun F (2).
Opnako Gosiee yuOOHBIM OKa3bBAeICsl HECKOJBKO HIOE NPEACTaBJENne,
NO3BOJKIOLIEE  PAaCCMATPHUBATL JaHHYO (PYHKUHIO KaK OZHO3HAUNYIO,
HO Onpele/eHHY Ha 00/ee CJ0KHOM MHOrooGpasud, ueM HCNOJb30BaB-
masicst 0 cux nop oObluHas MJIOCKOCTb KOMILIEKCHOH mepemeHnof. Tak,
BO3BpamiasCh K PacCMOTPEHHOMY BHILIE TNpPHMEPY ABYX3Hauno# ¢yuk-
wnn F(2), OymeMm cuurarb, 4T0 obaacTu 7, u F, ckaeens no obmeH
yactu ¥y, 8 KOTOPOH yukuuu f; (2) n f5(2) COBNanaoT, a ABa 5K3EM-
naspa iy, NpuHamiexkauiue o6aAacTAM ¥y 1 Yy, OCTABAEHH CBOGONHBIML

Torza na 1o/yueHHOM reOMeTpPHYECKOM MHOroo0pasuu, NpeacrasJisio-
uem cofo# ofbenunedue obaacreit ¥; n F,, cKieennnx 10 %, (tak
UTO TOUKH, NpHHajiekauiue &, NepeKpHiTH ABakAb), QyHkung F (2)
ABJIETCS OAHO3HAYHON ananuThuecKof Qynxnued.

IMocrpoenHoe TakuM 0OpaszoM MHOrOOGpasne HA3LBACTCH PUMAHOBOI
nogepXHOCMGEI0 anasumuteckoll ynxyun F(2), asasmoweics ananurd-
ueCKUM NpopoJsikenueM dynkuun f (2) (f2(2)), a OTAeIBHHE 5K3eMNJISIPHI
NOBTOPSOILNXCE  00sacTell — pasiMudBIME  AuCcmaMl PUManoOBOR nosepx-
HOCTH.

*) Hanpumep, Takoe paccMoTpeHie Mbl HPoBOZUIM B ra. | npu masyuenuu
plit
¢yexruun 2=V w.
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Takum 00pasoM, BMCCIO PacCMOTpPElHs MIIOro3HauHol  (yHKuH 1a
KOMIIJIEKCHOM TIOCKOCTH 2 MBI MOWEM paccMarpHBath OLHO3HAYHYIO (PyHK-
M0 Ha prHManoBoil nopepxuocti. Tak ke Kak M B npocrefiem cayuae,
pPAacCMOTPEIHOM B Haua/le AatiHoro NYHKTA, [1PHBEAECHHBIH CHOCOG aHa/n-
TUUeCKOoro npojgomkenns dynkina f (2) 13 obaactn Z; na Gosee wupo-
KyI0 00sacTh, MNPEACTABASIOUIYI0 C€OOOH YKe pHMAIOBY [OBEPXHOCTS,
siBJsieTcs uacTHOR (POPMOl OBINEr0 NMPuKHYING AHAAMMULECK020 NPOOOA-
ocentisz. QueBNINO, MOXKHO aHAJOTHUHBIM 00pa3oM CTPOUTL ¥ aHAMITH-
YeCKOe TIPONOKENNE ONNO3NAYNIHX  aHaJNTHYECKUX (PYIKIHY, 3a4anHbixX
na pumanosoil nosepxnocta. [Ipu 3TOM MBI, ecrecTBenio, npuieM K MIo-
TOJMCTHHIM  PUMAHOBBIM NOBEPXHOCTSIM, MPEIACTAaBAMIOIM COBOU reoMe-
TPHUECKOE MHOrooGpasue, B KOTOPOE Oilld M Ta ke 00JacCTb KOMIJIEeKC-
11o# IAOCKOCTH BXOAMT YXe He B JABYX,
a BO MHornx sksemmaspax. Coorser-
creytouige npuMeps Oyayr paccMorpernist
B NYHKTE 3 janioro maparpada, a cefiuac
pPacCMOTPHM  €lle OJH Cnocol anajnTu-
4eCKOTO NPOLOMKEHIUSL

2. AnanuTuuecKkoe  OpofoJIKeHue
yepes rpasuuny. B psage caydaes aus
anaJITIueckoro  npo;lo/Kenus  hyHKIH
f1(2), nepsouauansiio 3apaunoft B 06-
Jacriu &, HCHoAL3YETCH TAKKEe CAeayio-
it cnocof. Tlycrs obnactn & u %,
IMEIOT B KaluecTBe OOHIErO YuacTKa TpaMuibl KYCOUHOIAAIKYW KpII-
Byl I'j, (puc. 3.6) u B stux o6sacTsX 3a1aHb auajutTuieckue (yHK-
nun f1(2) u fo(2), venpephisHsie coorpercreentto 8 9, LTy u Fy--T'p
u coBnagaomue Ha ', Pacemorpum Mnowecrso touek ¥ = &y -+ 5, -+
+ T Taxk kak rouku z &= Ty 9BASIOTCH BUYTPEHHHMH TOUKAMH 3TOTO
MHOKECTBE, TO MiowecTso & spasercs oGaacrtvio. ITokaxewm, uto dyHk-
uus £ (2), onpensesiennas ¢ NOMOUIbIO COOTHOWEITHH

. “[fl(z)’ z2eE 5Ty,
F(~)“\f2(2), ze by - Ty,

gBaseTcs avanurHueckofl B oGaactun ¥ = ¥, -4 5, L', OuesnnHo, aocra-
TOUHO 10Ka3aTb, UTO A8 KLKAOH TOUKH 2, 06aacti &, sewaned 1a Kpu-
Bo# T'je, MOWNO yKa3aTh TaKyld OKPCCINOCTH, B KOTOPORK dyukuus F (2)
aBaseTca  aHaauTuueckoi. BossmeMm rnpomssosbHyo Touky 2z, Iy, u
IOCTPOHM  OKPYwHOCTL C, ¢ UEHTPOM B 3TOH TOUKE, LEJHKOM Jeka-
wyw B F. Pacemorpum nmrerpas tuma mHrerpana Kowwn

Puc. 3.6.

(3.53)

LCFO . )
® @)=, % g—f)z dc. (3.54)
Co

B cany ycraHoBneHUHX panee CBOWCTB IHTErPajioB, 3aBUCHWIUX OT napa-
merpa (. 1, ctp. 92), dyukuns D (2) aBasercs aHaTUTUHECKOH (QYHK-
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uvel z 1pu JOOOM NOAOKEHHH TOUKH 2, HE Jewaniefi Ha KpUBOH Cy.
IMokaxem, uyTO KOrga TOUKAa 2z Jexur BHyTpu oxpyxHoctu C, TO
D (2)=F (2). Heitcrsurenvto, npe;LC'raBnM MHTerpaﬂ (3.54) B Bume

2 g C~zd§ T 2mi g - 4T+ 5 2m S {_zdb, (3.33)

Co Cl—{-—?xz V12 +Co

rae Cy n Cy cyTh uactu OKpysuocta Cy, nexawne B 5y u %, (Cy = C; -+ Cy),
a y;p—vuacte Kpneo# 'y, nomasmias BHyTps oxpywuoctn C, Ecan
TOYKa 2 MpuHaaiexRnt obnactu Fq, T0 B cmxy teopemnl Kouin *) nosnyunm

m V MBa=rne, | Ea-o @59
C1+'V12 ?12+Cz

otkyna O (2) = f1(2) = F(2) npu z = %;. Ananornuno ®(2) = f(2) = F (2)

npu z = %,. B rtouke 2o, npunamnexamsell Py, B Cudy HENPEPHIBIOCTU

¢yukunit D (2), f1(2), fo(2) suyrpu okpyuxnocru C,, Takke OyaemMm UMeTh

D (z0) = fi(zo) = Ja (o) = F (2,), oTkyaa u caepyer, uro I (2) sBasercs

aHamuTuueckoi QyHruuedt B obnactu %,

W B s1OM Cayuae, TaK ke KaK M B NPEALAYUIUX, Mbl OYAEM rOBOPUTH,
uro yukuns f1(2) (f2(?)), sanausas B obnacrn %, (%), anasumutecku
npodoaxmena na obaacme Iy (&;). [ocrpoennas suime ¢byuxuus F(2)
SIBJSICTCS.  QHAAUMUYLECKUA npodoadcerues gynryuu f(2) 8 obaacms
9§ =%, 4 &, + I'js. Onncaunas KoHCTpyKums npexctasaser coboit yactuywo
dopMy obwezo NpUHLUNG QHAAURULECK020 NPOJOANCC RIS — AHAALTIL~
weckoe npodoadcerue uepe3 epartuyy obAacwmu. [lpn sTOM, Tak xKe
KaK # B NPEABAYIMX CJAyuYasx, MBl [IpA NPOJOJIKEHHW YEPEe3 rpaHHiy
MOXEM NpuHTH K HeoOXOAMMOCTH pacCMOTPEHUs OAHO3HAUHON aHaJINTH-
YecKOH (PYHKILMH Ha DUMAHOBOH IIOBEPXHOCTH B TeX CJyuaax, Korja
oGaacti &, u Fo, kpoMe 00mero yuacrka rpanuubi [y, MMEIOT Henycroe
nepeceueHne Fy5, B KOTOPOM (yHkuun f3(2) 4 fo(2) HE DaBHH TOK-
JAECTBEHHO ApYr ADPYTY.

PaccmoTpum Teneph psa NpPUNEpPOB NpUMeHeHus oOIHX MPHUHUKNOB
AHAJIMTHYECKOTO MNPOAO/DKEHHs, NPHBOAAUINX KaK K MHOrO3HAUHHM, TaK H
OJIHO3HAUHKIM (PYHKILAAM.

3. llpumepsl nocTpoehus aHanuTHueckoro npoponkenus. Ilpo-
NOJDKEeHHe 4yepe3 Tpahuuy. PaccMOTpUM HEKOTOpHIE MpPUMEPH MOCTPOe-
HUA aHAAUTHYECKOro MPOJOJKEHNs (GyHKuAU fi (2), NepBOHayabHO 3a1aH-
HOW B OoOsactu %; koMmmiexcnod naockoctn 2. [Ipu sTOM, Kak Oslio
OTMEUEHO BHILIE, Mbl B psile CJAyYaeB MPUXOANM K HeOoOXOAMMOCTH pac-
CMOTPEHHS (YHKUHH, MHOrO3HAUHOH Ha KOMIJEKCHOH NJIOCKOCTH.

B ra. 1 mb yxe umean npocreHiuuil npumMep MHOIO3HauHOR (DYHKLLIM

KOMIIEKCHOH NepeMentioft — ynkumo w =}/ z, apamoutycs #*) o6pat-

*y [lpumennmocTs Teopemul Komu K nuTerpaiam B npasoid wacTu (3.55) oue-
BHJHA B CHJy CJRJAHHOFO NOPEANOJOKCHHST O KycouHofi raajkoctu Kpubofl I'y, o
BoiGopa kpusoil Cg.

**) Mbl usMeHHJ/H 3Jech 0003HAYeHNs 3aBHCHMOH M He3aBHCHMON NepeMeHHLIX,
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HOH cTeneHyofi ¢ynkunm z=w? PaccMOTpuM Teneps 3Ty H PSL APYrUX
dpynknnit ¢ Gonee ofutell TOUKIT 3penns anajquTIUECKOTO MPOLOKEHHA.

n -

Hpumep 1. dynkuna w=1y 2. Coraacuo upasuay wussaeueuss
xopna N-# cTenenw H3 KOMILIEKCHOFO YHC/a OJHOMY 3HAYEHHMIO 2 COOTBET-
CTBYET A Pa3/uHBIX KOMIMIEKCHBIX YHCEJ W, BBIUUCACINBIX 1O (opmyne

@ -+2mnk
USRS Mt
w=re® =1y pe 7 (=0, 1,...,n—1), (3.57)

., np—
rie z=pe® u @—omHo u3 3Havenn# Argz. DPynxuus w:/z
SBAAETCA MHOTO3HAyHOH chynKinel, uMewllelt 7 pasaudyHbBIX BETBEH. ByneM
cYnTaTh, UTO ¢ W3MeHseTcs B npejenax 0= ¢ =< 2m, U BHOEpEM Ty BeTBb

dynKn w_—~1/z, KOTOpas ABNACTCA aHANUTHUECKHM NPOAOJDKEHIEeM aeti-

H —
CTBHTEAbHON pyHKILIN ll:}/x NeRCTBUTEIBIION TMOJMOKHTEABHOR nEepe-
mennoi x > 0. Ouesugno, 370 Oyner

n— i—(E

O6sacteio 7; onpefenexns (ysxkuan @; #BASETCA IJIOCKOCTb 2, paspe-
3anuas Mo HOJOKNTENbHOH uacTu geHcTBHTEABIIOR ocu x. Bepxunft Geper
paspesa COOTBETCTBYET 3HaueHo arg 2 == 0, IneKiiil — anavennio arg 2 = 2m.
Ouespano, Gyskimg @, asadioiiasca obpatHoft dynknuu 2z = w”, ocy-

eCTBAAET B3aMMHO OfHO3HAuHOE oTOOpaMKeHUe 3aMKHyTOR ofaactn g
2m
NJOCKOCTH 2 Ha CEKTOp OgargwéF naockocTy w. B cuny ofuwnx

cgoficts  auaauTuuecknx Gynkiung (em. rao 1, crp. 33) dyuxkuus @,

B of1acTd &, sABaseTcs OJHO3Maunoff anannTHUecKoll (ynKuved, npous-

. I B
poaHas KOTOPOf BelynCHSETCS 10 QopMyae w0 (2) = P == ‘w pr X

. l-n
io—

xe

PaccmoTpuM  Temeph 3aMKHYTYIO OBAaCTb Fo—Ty ke NAOCKOCTh 2
C Pa3pesoM N0 NOJOKUTENbHOH wyacTH AEHCTBHTEAbHOH OCH X, HO Ha

KOTOPOH apryMenT z HMaMeHseTcs B Ipegenax 27 <= arg z = 4m. Bepxwutt
feper pa3pesa COOTBETCTBYET 3HAUCHHIO arg~_2n, mmmm—snaqemuo
arg z=4m. PaccmoTpuM B 3TOH 06aacTh (HyHKUHUIO
(tP-I 2m)
w, (2)=)pe (0 << @ = 2m0). (3.59)

Dra YHKINA OCYUICCTBJASET B3aUMII0 OXHO3HAUHOE OTOOPAKEHUE 3AMKHY-
= 2 4x
Toft o6aactn F, Ha CEKTOP ~, =AW= — IUIOCKOCTH W U ABJACTCA

onnosuaunofl aHanuTHueckod dynxuned z B obaactn F,  3aMknyrthie
oBnactin 7y 1 %, uveor o6y uacth rpanuin 'y, — Jyu arg 2 = 2m, —
fla KOTOPOH coBnagaloT (yHKUIN @y u W, venpepmshne 8 Fq -1,

u Z,-+T'y, coorsercrenHo. IlostoMy B cuay IPHHLMNA aHAAHTHYECKOrO
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IPOJOMKEHIS 4ePes3 TPAHHLY QyNIKung @, (2) ABJSCTCA aNaNuTHYECKIM
npoosmxenveM gyukiun @y (2) v obaacrs F, C apyro#t cropomnb, 7y
1 ¥, (aKTHUECKH COBIAJAOT 1A IMIOCKOCTH 2, TaK KAk TOUKH KOMIIEKC-
HOH TIJIOCKOCTH C paBHBIMH MOAYJAMH WM OT/JAHYAOUIMMUCH 1A 27T apry-
Menramu cosnagamot. Iockoabky dvakunn (3.98) n (3.59) B onnoil u Tofi
e TOUKE 2 UMCIOT Pa3aAuyHHE 3HAUEHHS, TO COFJACIO HPeAbLAYLINM pac-
CMOTpEHUsM, AJif TOro 4ToOBl (PyHKILHs

wq (2), ze 94T,

Fi(&)=
1) Wy (2), ze& 5,41,

(3.60)

Gnlza omiosHaunofi B ofaactn onpepenenns Ry==% -4 5, LTy, wMu
JOMKHBI CUMTATh, UTO MHOrooOpasne R; SBJIACTCA PHMAHOBOH IOBCPX-
HOCTBIO, CK/CEHHOH M3 JMCTOB Jy n &, OueBupaHo, 4TO AaHNOE CKiexBa-
HHE CaesyeT npowspectd no obuiedt uacru rpanuns Iy, ayuy arg z =2,

CKJens HIKHUE Geper paspesa obnacrtn &y ¢ sepxuum Geperom paspesa
odaactu Z,. llosropns pamm paccMOTpenus, Mbl YCTAHOBUM, YTO (PyHKLNI

Ap- 25tk

weq ()=Vpe © (0=g=2m) (3.61)

onpeneseHHas B 3aMKHyTOH ofnactn Fpy (2mk<Carg z =< 2m(k+ 1)),
ABJSCTCS aHaJIMTHUECKUM HNpogoKenHeM (YUKIMY Wy (), OlpeaeseHIon
B 9, 3amerum, urto (GyuKilHs @, ;(2) TOWIECTBEHHO COBIANAET C (DYHK-
uued g (2). IlosToMy ecrecTBeHHO paccMarpusarh OJHO3HAUHYIO aHA/Il-
THYECKYIO (PYHKIHIO

(w(2), ze&d 4T,
!wz(z)» e f 4T+ Ty,

F (2)= (3.62

wn (Z), e &n + I1”71,/17

ONPECAEHHYI0 Ha pEMaHOBOH uomepxitoctn R=259, Y, L . .+ 5, +
+ Ty oo Tyli 5 CKICEHHOH YKAZAHHBIM BEIIE CIIOCOGOM 113 71 JIUCTOB,
NPEeACTARJSIOUINX COGOH IMIOCKOCTh 2 € Paspe3oM 110 NOJOKHUTENLHOM
yactn gelcreureasHoll ocu x. Ilpu 3T0M 0CTa0TCs CBODOAHBIMU BepXHui
Oeper paspesa (arg z=0) Ha nepsom Jucre 7, u Hwxnui OGeper pas-
pesa (arg z=12mn) wa n-m ancre 5, H108b COXpaunTh HEUPEPLIB-
HOCTh hynxuun F (2) Bo pcelt oGsactn ee onpeieJenivs, Mb POU3BEICM
ckJyensanue 3Tux Ocperos paspesos (puc. 3.7) *). dynxumo (3.62) Hasni-

n -
BAIOT 110JAHOH anaiurtuyeckoil (yxuueh w:1/z, a TOCTPOEHNoe yKa-
34HHBIM BBILIIE CIOCOGOM 3aMKHY roe Mioroo0pasiie R — noaHo#l pumanosof

*y st GosbIriedi Har/siIHOCTH MOXKHO TPON3BCCTH YKA3alHbIe CKJACHBAHHS HA
paspesannbix  JHerax  Gymarn.  Ilpun stom nmoctejuec  CKAGHBANHC OKa3blBACTCA
(bU3HYECKH HEBO3MOXKHBIM ¥ MOET ObITh NPOM3BCACIO JHLIL MBICACHHO,
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1oBEPXHOCTLI0O 3Tod  dhynkimw. Ha xampaoMm sncre piinaHosoil nosepx-
HOCTN ONpejesena OTAC/ALHAS BETBb AAHHOH MIIOTO3HAYNON (DYHKILHIL
OtveTny eule caepyionlee o6CIOsTebC r3o. PUKCHPYENM HA NA0CKOCTT
2 1IEKOTOPYI0 TOUKY 2, !l IIPOBEIEeM uepea Hee zamMknuyryio xpusyio C.
Tor:la, ecau arg 2 npu ABIKe-
i 110 kpusofl C HaMeHserces
HelIPEePHBHKIM 00Pa3oM 1 KpH-
pag C nepeceKkaer JHHUI pas-
pesa 1a MmIOCKOCTH 2, 10 NpH
noanom o6xoq1e kpusoit C ar-
PHOPH BO3MOXHBI [IBA CJyvas
(puc. 3.8). B nepsom cayuae
1ouKka 2 =0 JeXKHUT BHEC Kpu-
poit C. llosromy, o 3
10UKH 2 =2, (arg 2o = @,) Ha
k-3 Jgmcte ¥), Mbl nocsae oG-
XoJa 3Tof Kpupofl Bepnemcs
B HUCXOJNYI0 TOUKY 2, Ha
TOM  Ke h-M (arg 2o =1,)
JuCTe, XOTd B [IpOLEcce JBIMKEHWS Mbl, NepeceKkas JHHHIO pPaspesa,
IEPEXOAWIN U HA APYrue JucThl. Bo 8TOpoM ciyuae Touxa 7z — (0 Jaexnut
nyTpn  kpusohi C. Ilostomy, BHias n3 Toukn Zz=gz, (argz,==@,)
Ha A-M JMCTE, Mbl llocie o0xosa Kpuod C BEPHEMCA B TOUKY 2 == 2,

VA Zg . .
(2 N {2
Z=0 Z:ﬂ
N, @ @
2 c @
Puc. 3.8.

y®e He Ha HCXOJHOM £-M, a Hanpwmep, Ha (k- 1)-m amcre (arg zo=
== (p, 4+ 2m). Touka 2z, npu odxoge KOTopoH 1O moBOH 3aMKIyTOH Kpu-
BOH B JOCTaTOYHO MAaJ0fi OKPECTHOCTH 3TOH TOYKM HPOUCXOAUT NEPEXOn
C OMHOrO JHCTA PHUMaBOBOH NHOBEPXHOCTH aHaauTuueckoil ¢yuxunn F(2)
na Apyrofl ee JANCT, HaswiBaelcs Mmouxoll passemsaerus pynxuun F(2).
Kax Jerko Bugerbh, 2TO ONPeJEJICHHE TOYKH DPa3BETUJACHUA IKBUBAIEHTHO
onpexesenuio, AaHnoMy s ra I, crp. 29, OuenmiHo, B paccmaTpHBAEMOM

o
nppMepe  QyHKIan w::]/z TOYKAMU  Pa3BerRJeHNs SBJSITCI TOYKH
2=0u z=co.

*) Puc. 3.8 coorperctyer cayvaio £= 1.
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Mpumep 2. Gynknna w=1~Lnz.
PaccMoTpuM B 3aMKHyTOH oGaactn &, npeiacrasasiomui cofGo# nao-
CKOCTb 2, Pa3pe3aHHYo0 MO OTPUILaTeNbHOH 4YacTH AEHCTBUTEIBHOH OCH
— m=Zarg z =<7, QyHKUuwo Inz, 0 KOTOpoH mJa peds B NPeAblAylUEM
naparpade:
wy=1n(z)=1Inl|z|tiargz, —a=Sargz=Ca. (3.63)

Kax Mbl 3naeMm, 3Ta OJHO3HAa4HAs aHaanTHYecKas (YHKIMs sBJSETCA aHa-
JAUTHIECKHM TIPOJOJDKeHUeM JeficTBuTesnbHOR (yHKUNH #==Inx n obpaTna
pynkuun 2z =e%. Ilostromy dynkums (3.63) oroGpawkaer obGaacts 9,
MJAOCKOCTH 2 Ha nojaocy —m < Imw < nw maockocrn w. Paccmorpum

B 3aMKHYTOH ofnactn &y (7 <= arg z.<< 37) BYHKIHIO
wy=nj(@)=1n]z| +iargz, n=argz=<3m. (3.64)

OueBnaHo, GyHKUNS W (2) ABJAAETCS aHANMTHYECKUM NPOAOMKEHHEM W, (2)
B o0aacty ¥, Awanornuno ¢yukins

w_i()=ln_jE@)=In|z|+iargz, —3n=<<argz<<—m, (3.64)

onpeneneHnas B 3aMKHYToH oOnactu F_; (— 3m < arg 2 << — ), sBaserca
aHaJUTHUECKUM TNpPONO/KeHHeM QyHKunM @, (2) 8 obaactn F_y. Tawke
1 QyHKUuT @y, (2):

wp (2)=Ing (R =In|z|+iargz, mRk—1)=Cargz=<n(Rk41),
(3.65)

onpeleJieHHas B 3aMKHYTOR obaactn g, 51 2k — 1) =Carg 2z <<m (28 + 1),
SBJASETCA aHAMUTHUECKUM NMPOJOMKEHHEN MYHKIHH @Wr_q (2). Pynxuus @y, (),
0JHO3HAUHO oTOGpakammas obaacts 7, na nonocy 5t (2k— 1) < Im w <
<< m(2k 1), Takke saBaserca obpartnofl ¢ynkuun 2=e% B oTiuune
OT Npeabayuero caydas, Hu ojHa us dynxkuut @y (2) (&£ 7% 0) ne pasua
TONAECTBEHHO (yHKUNH Wg(2). Tlostomy. nmaHmblff npoumecc aHaautuye-
CKOFO TIPOMOJIKEHMS CJAELYeT BECTH HEOrpaHHyeHHO Kak mad k > 0, Tak
n g k£<C0. TeM caMbiM NOJHAa% aHaquTHYeCKas (YHKIMA

[
l w(2), 29 +T1+T5,
F@y=Lnz=ln|z|[-}FiArgz={ 0 (2), z& 5+ T +T 4
W (2), 294y 14T

(3.66)

ABaseICs GECKOHEUHO3HAUHON Ha OOGBYHOH MAOCKOCTH 2 H OJHO3HAYHOH
o0

Ha OecKOHeuHO/NMCTHOR pUManoBOH nomrepxuocTH R = Z &, COCTaB-
Heee—0

NEHHOM 13 6ECKOHEYHOrO MHOKECTBA JIUCTOB J, IyTeM CKJACHBAHUS BEpPX-
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nero Gepera paspesa kawuporo (k-F1)-ro sucra ¢ HmxknEM Geperom
pacpesa npeasayliero 2-ro Jgucra. Kak u B npeabayuieM caydae, TOUKH
z2=0 u z=00 9BAAIOTCH TOUKAMM passersienns QyHxunu Lnz.

OTmerun eule paz, uro ¢yHxknus @ =Ln z asaserca oOpaTHOH (ByHK-
il & ==e%®. 10 TO03BOASET ONPELUENNTh CHIENEHHYI GYHKUuW 2% 1
aw00ro KOMIIICKCHOTO 3HAY€HHS O, B BHIE

% = (elnF)t = prlnz, (3.67)

4. Ilpumepn MOCTpOEHUs aHAJTATHYECKOrO mpopomkenus. Hpoxoa-
JKeHHe C TOMOIBI0 CTeNeHHBIX PAXOB. B paccMOTpeHnsX npumepax
Pa3JHUHbIE BETBH aHaJMTHYECKOH (yHKINU 3adaBajuCh B ABHOM BHIE Ha
BCEH KOMMAEKCHOH IMIOCKOCTM H NOCTPOCHHE aHaJAUuTH4eCKOro NpPOAO/IKE-
HUsl MPOM3BOAMJIOCH IyTEM COOTBETCTBYIOIErO CK/enBanus obaactelt
onpejlesienuss 3THX BeTBel. PaccmoTpum Tenmepp elne OAHH METOA KOH-
KPETHOrO MOCTPOCHHA  aHAANTHUCCKOrO  NpOJOJKelHs — aHaAuTHUECKOH
(PYHKLLMH, lIepBOHAYaNbHO B8aXaHHOH B HEKOTOpOH obaactu &, xommaekc-
HOH MIOCKOCTH 2.

7

Puc. 3.9.

flycrs dynkuus f(2) aBasercss aHaauruueckod B oBaactn 1. Bue-
peM [IPOM3BOJBHYK TOUKY 2, € &, W DpasnoxmM fy(2) B CTeneHdoff psai
B OKPECTHOCTIl 3TOH TOUKU:

fr(@)= Ecn(‘—z)h Ef( ) (2 —z (3.68)

n=0

Paccmorpum paf, cTosulni B npaBodl wactu (3.68). Anpuopu BO3IMOMXKHBI
asa cayvad (puc. 3.9). B nepsom cayuae pamumyc cxozumocrn R, paia
(3.68) He npeBOCXOAMT pACCTOSHHA OT TOUKH 2y IO rpadmilbl 1'; o6aa-
crn F. B srom cayuae pasaoxenne (3.68) He BHIBOAUT 3a rpaHuubl
obaacti &; NEPBOHAYAJBHOrO ONpele/eHns auaiuTuieckoll gynkiuun fy (2).
Bo sropom cayuae paauyc cxommmoctu R, psama (3.68) Goabuie paccros-
HUK OT TOUKH 2o MO rpanuusl I'y obaacrn %, B stom cayuae obaactb &,
upeacTasigiomas co0ol Kpyr |z —zy| <R, yxe He apagsercs 1oxo6-
JacTBI OGaacTu Fy, a MUILb MMeeT ¢ Hel ofwyw uacte Jq,. B oBaactu
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, cxomsunitcs crenennoii pag (3.08) oupesenser anaauTuueckyo Qynk-
unio fy(2), copnanawouyio ¢ fi(2) 8 Gy Dra dynuuns f, (2) svasercs
ananuTHUECKuM nmpomomketuen f,(2) B obaacte &, Crnenosatesilo,
B o6nactn ¥ =9, %, onpenejcna aHaIuTaueCKas QyHKUHS

f1(2), reE by,
fa(2), ze 9,

Mrak, B paccvarpusaemoM cayuae pasioxenue (3.68) sbiBOAMT 3a Tpa-
vy I’y ofmact %, nepBoHauans!oro OlpPeNeaeHHUs alaNuTUIECKOH
dyukuuit fi (). Tlposeas ananoruunble paccMoTpennd Aas HEKOTOPOH
TOUKH 2q NOCTPOEHIOH ofnactu F,, 3aTeM [ast TOUKU 2, 00aactn &, u
T. [, MBl TOJYUUM aHaJUTHUECKOE lpojo/keHue ¢yuxuun fy (z) BIOIb
yenouxu obaacmeil 7y, 9o, ..., T, ... TIpH 5TOM BO3MONHB TaKhe B3aHM-
HHe 11a10xeHust oGsacrell Lermouxy, KOTOPHE NPHBOAIT K HeOOX0aHMOCTH
paccmarpupath Qyuxunio F(2) Kak oAHO3HAUIYIO0 aHAJTUTHYECKYIO (DYITK-
LIN10, ONPEJLNeHHYIO yxke He Ha oOhunoH# KOMNJIEKCHOR MNJOCKOCTH 2, a
Ha PUMaHOBOH MOBEPXHOCTH,

Paccyorpuy KOHKpPETHHE npusMep paszofpaHHOro cnocofa adaauTtuye-
CKOTO ITPOJIO/IKEHHSI.

ITpuvwep 3. Ilycry nepeonavansno ¢yuxuns f;(2) 3agaHa cBouM
CTEHEHHBIM PSYIOM

F(2) :{ (3.69)

INGEDI (3.70)
n=~0

'

10T pag CXOAUTCH BHYTpPH Kpyra

| z!<Cl K aHanuTuyeckoli QyHxuun
H1@)=1—3. Berogy BHe wkpyra jz!<C1 paa pacxoawics; c.jelora-

TenbHO, [ (2) He onpemesnena she kpyra 'z <C 1. Buifepem nexoropyio
TOUKY 2 BHYTPH Kpyra [z'<C1l wu nocrpouy pasjoxerue [,(2) B
[ve]

CTENeHHON Pin Y| ¢, (2 — 2¢)” ¢ ueHTpom B 310# TOuKe. Bhruncins kosd-
n=0
5 1e 1
dulueHTH ¢, 1o (opyyae (2.16), noayuum Cn =5y Jlerxo mo-
&Nt
Ka3aTh, YTO DaINyC CXOAMMOCTH JAaHHOTO psiaa o (g,) paseH | l—zq|
Kak cJenyeT u3 3J€MEHTapHLIX TEOMEIPUUECKHX CO00OpaxeHHH, B TOM
cayuae, Korma Touka Z, He JACKNT Ra orpeske aefictsurensuoi ocu [0, 1),
KPYr CXOAMMOCTH JAHHOIO psiaa BRET 33 npegesasl NeproHaYaALHoOro

[ee]
1 (2 —zo)"
(I =zt

n=0
SIBAAETCA aHAMHTHYECKAM NpoJo/kenneM ¢yHkiunn f;(2) na obaacts

|
:2—r20|<\ I—2zq
3amerTiy, YTO CTelenHoy psan, onpemensionmni dynkuno f,(2), Taxxe

Kpyra cxoammocTi | 2 | << 1. Caeorareanno, gyukima f, (2) =

1
JETKO CYMMUDYetcs, npuuem fz(z):]‘:;- [Tostonmy B39B B KauecTse
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HIOBOTO LEHTPa PasJOKeIs TOUKY 2y BHYTPH Kpyra | 2—zy| <1 — 2,

[ee]
Y (z—z)? ,
HOJYUUM  Pof Z(E ﬂ;zm, cxoadaulpica BHYTPH Kpyra |2 —z;'<C
—2z
n=0

‘ 1 .
< l—z ! k ¢yuxnun fg(z):T:—z, copnadaounit ¢ f,(2) n fy(2)

p o0WHUX wacTAX Kpyra |2—2y|<Cil—2z;] u ofnacreit onpenenenus
coorpeTCTRYOMNK (ynkuui, Tex casuy fy(2) ABasercss anaiuTiuecKni
nporoxennem f(z) na mnosywo obaacts. OrdeTum, 4T0 1UpH  J10OOM
BrBope TOUKH Zy rpainulia cooTneT-

CTRYIOUIETO KPYTI'a CXOIMOCTH IIPOH- V]
ger uepes Touky z =1 (puc. 3.10).
[locrynas  aHasoruuisiy o06pa-

30M, MOKIO TOCTPOHTh dHAJNTH-
eCKOe 1PoJo/IKeHe PYHKIHY [ (2)
112 TIOJIHYIO IVIOCKOCTh KOMITJIEKCHOMN
1IEPEMEHHOMN, 32 UCK/TIOYEHHEM TOUKH
z=1. Tlpu 3TOM auHaAHTHYECKHM
HpojpomKenueM fi(2), HOJyuenHbim
C IIOMOHLBIO CTEMEeHHbIX PSIOB, fB-
1 K -

asiercs  (hyHKuus F(z):T—_—Z, oll- 7=7 z
peaesenHas 1 aHaauTHuecKas BCiOAay,
38 UCKJIIOYEHMEM TOUKH 2 =1,
Mrak, Ham ymanock pacmupurs
00/1aCTh NEPBOHAYAJNBHOTO 32a/alud
anajauTnueckofl  gyukuun  F(2)—
kpyr lz|<C1l, B kxoropo# 6nlia
3agaHa (ynkuua  f, (2),—ua 64/b-
myro o6/4acTh. 3aMETHM, YTO, XOTd ¥ HMEIOT MECTO MHOIOWHC/IEHHHIE
B3aUMHBIC HANOXenud HNOCTPOCHHOH uenouky obJsacTed, noayuenuas ana-

Puc. 3.10.

1 .
aurndeckas (PyHKius F(z):l—_—z apJgercd OAno3navtHo#t BO BCced 00-

JACIH CBOETO OMpPEAEJeHiisi — Ha TOMIOH NJAOCKOCIU 2 ¢ REOPOIIEHHOH
Toukol z==1. Jaspuesiiwee anamrnieckoe npomomxenne ¢ynxuuu F (2)
rra 60abHIyI0 00JacTh yiKe HeposMomHO. Touxa =z =1, apasiouascsa rpa-
nuuedt obaactn awaanTnunoctw Qynkiun F(2), npejacrasmasier cobo# B
onpepeaemiom cMaicie ocobyio Touky 3t1oit dynkuunu. Ilosenenue amanm-
THecKol (YHKUMM B OKPeCTHOCTH TaKkuX TOuek 3acayxisaer 6Gosee
HoapodHoro usyuenus, uro u Oyuer UPOBEAENO B KajblieHieM.

5. Ilpapuabubie M ocoGble TOUKH AaHAJIUTHYECKON YHKUUU.
[lycrs ¢yuxuna f(2) sanana B obaacrtu &, orpanumiennofl xowrtypom I.
Touka 2y = & na3wsaemcs npasuasnolt moukol Qyuxynu f(2), ecan

o0
. ¢ TC 77 1 > ~ Y - 7
cyusecmeyent cxodsuguiics cnienennoll pso 2_‘ cn (2 —2y)', Komopuit 8
n==0
oduelt wacmu odaacmu § u csoe2o Kpyaa cxodumocmu |2 — 2y | << p (24)
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cxodumess K& Pyuryuu  f(2). Ha snanenne uncaa p(2,) HaKaaapBaercs

emUHCTBEHIIOE OrfpaunyeHue: p (2,) crporo Goabme nyas. Touxkn z & .9, ne
ABASIONIMECT NPaBUABHBIMEU TOuKaMu (yHKumy f(2), Ha3mBaOICH ee oco-
6o mouxamu. $lcuo, uro ecaum f{2) — aHaiamTuueckas B obnactn Z,
TO BCE BHYTPEHHMWE TOUKH 3TOH OOGJACTH CYyTh NpPaBHJbIIWE TOUKKH (PYHK-
uun f(2). Toukn rpanunsl I' moryT ObiTh Kax NpaBHABHBIMH, T2aK H OCO-
ObHIMU TOYKAMH aHaauTH4ecKoft dyuxunu f(2). OueBuaHO, UTO BCE TOUKH
rpaanusl I, sexamue BHYTpm Kpyra |2 —2,!<Cp(2,) ¢ uneHTpoM B He-
KOTOPOHi NpaBUJIBHON TOUKE 2, & », TaKKE ABJASIOLCA NPaBHIbBIKMU TOU-
kamd Qyskuum f(2). Tak, B paccMOTPEHHOM BBHIIE NPHMEPE BCE TOUKH
rpaHunbl | z|=1 o6JacTH nNEPBOHAYANLHOTO ONPEICJEHAs  (YHKIUNA
o0 .

@)= 2 2", 3a HUCKIIOUEHNEM TOUKH 2= 1, ABJAIOTCA NPaBH/ILHBIMA

n=0 .
Toukamu. EnnHcTBenHOH ocoGoit Toukol 3To#  (yHKumm Moker OblTh
anub - Todka 2=1. Ona ke sBigercds W o0cobOi TouxkoH QyHKIHH

1
F@=1—,

aHaNUTHUECKOTO Npomo/keHus ¢yHkuuu fi(2) Ha pacum-
peHny o6aacTh. Adajornuno Toukn 2=0, ©O dBALIOTCA OCOBBIMU

TOUKAMH (YyHKUHH Vz 1 Lnz, paccMorpennsix B nynre 3.

flycte ananutuueckas -gynkuus f(2) nepsonayatsio safaHa B of.a-
et Jy, M nycrb Bce TOUKM cpAsuoro yuwacrka I” rpanuusl I' ato# obaa-
CTH ABJSIHOTCH NpaBUAbIIBIME TOukamu (ynkuuu fi(2). Torma ns npose-
JEHHBIX BBILIE PaccMOTPEHHH caexyeT, uTo dynuitus fi(2) Moxer ObTh
anajuTHYECKM npoposmkena depes I wa 66asmyio obsacts. Moxker oka-
3aTbCAl, 4TO BCE Toukm rpanuusl I' oBnacrn & uepsonauansiioro zapannd
aHaauTHYeCKOR ynuimn f(2) aBasioTcs npasuabHEMAO. B 3TOM cayvae
dynxumio f(z) Oynem naseBath axaaumiteckoll 8 3aMrHymoll obaa-

e %1 VI3 npeamiyuiwx paceMorpenuit caenyer, WI0 (BYRKUUIO, QHG-

AUMILecKyw 8 3a.4mﬂymozi obaacmu \91, MOJCHO aHaaumiviecKit npo-

doascumsy na GOasuylo obaacmy 9, codepocawyw obracme 5.

Anamuraueckoe npoaoJIKElHe uepe3 Y4actoK [DaliHILh, COMEepPKamnil
annib ocobnie TodKH yHKiun fi (2), OUEBIAI0, HEBO3MOKHO.

[Mpupepem upiMep aHatuTHUeCKONH (YHKILIW, 3a4aHHOH B OCpaHiieH-
HOH o00.1acTH, KOTOPYW HEBO3MOXHO IPOJOMAKNTh Ha GOAbLIYK 004aCTh.

[Tpumep 4. PaccmorpuM asanutuueckylo ¢yHkuno f(2), samanuyio
CTENEeHHBIM DSI0M

o0

f@=3 2" (3.71)

n==0

Kak 7erxo onpeienanmts C NOMOLLbIO NPOCTEHNINX NMPU3HAKOB, pax (3.71)
cxonurca  muyTpn kpyra |z, <C 1. Ilpu gefictsureapnoym x — 1 cymma
(e8]

> x¥ HeorpaumuenHo BO3PACTAeT, TeM CaMBIM TOUKa 2=l asasercs
n=0



I —-m
ocoBoit touxott f(2). Tlokaxem, uro u TOUKH 2p ,=e 2 e m=1,
2,3, ..., 2%, a k— moBGoe narypaibHOE YUCJIO, ABISIOTCS OCOOHMI TOU-
L2
iL-—m

cami gynkune f(2). Jaa 9toro paccMorpuM TOUKY zp n,=p-€ 2
(0 <<p<<1) u npencrasuay 3uauveune ¢pyHxunn f(2) B 370# TOUKe B BUIE

k—1 s3]
It O T2 T2t
f(zk. m) = Z‘ <k, m+ <k, m (3'72)
n=>0 n=k
[Tepsoe caaraemoe B (3.72), gaBasgwoineecs CyMMOoil KOHEUHOro yucaa cJja-
raeMplX, no abCoMOTHOM BEANUIHE OrpaHIlueHo, a BTOPOE, B CHJAY BH-

0opa TOUKH Zp, ,, MOXKET OBbITh IpPeol[as’cBaHO K BUAY

[eo] " o0
) o2 Y n
Zoom= >, 0" (3.73)
n=p n==r

ITpu p— 1 cymma Bbpaxenus, croduiero cnpasa B (3.73), Heor paHHUEHHO
po3pacraer. IJTO M AOKA3LIBAET, UTO TOUKU Zp , ABAKIOTCH OCOOBIME
toukamd GyHkunu f(2). Ho npu 2-—>co ru TOUKM BCOAY NAOTHO ¥)
paciiosiokenns Ha okpyxsoctn | 2|=1. Orciona caegyer, 4ro (yHKuHS
(3.71) meficTBUTENHHO HENPOJO/KAMA HH 4epe3 Kakylo ayry s1oft oKpyx-
HOCTH.

1
CTpos aHaNUTHYECKOE NPOIO/MKEHHE (YHKILUM F(z)=T—_—z ¢ mo-

MOULBKO CTEOEHHBIX P4a0B, MbB BHUAC/AM, 4YTO rpaHula KpPyra CXOANMOCTH
KaXa0ro ee sjementa fp{z) NpoXoauT uepes Touxy 2z =1, ocoGyi0 TOU-
Ky sTo# Qyukiumn. Tem cambiM Ha rpaHuite Kpyra CXOLHMOCTH JI0GOrQ
113 MOCTPOEHHBIX CTEMEHHLIX PAJOB JEKIT 0c0o0ad TOYKAa aHaJHTHYECKOH
(QyHKIHY, K KOTOPOH 3TOT pal CXOAUTCH. ITO CBOHCTBO ABJASETCH OOLLUM
CAEACTBHEM CJCAYIOIEH TEOpeMbl.

Teopema 3.3. Ha epanuye xpyza cXo0umocmu cmeneHnozo psada
aescum xoms Ob 00Ha ocobas mouka anasumuieckol gyuryun F (2),
K Komopoll cxodumcs Jannsil psao.

Hoxazareascrso. llpeanosoxuMm, 4TO BCE TOUKH OKPYKHOCTH

o0

Cy kpyra K, cxogumoctd pasa f(z)= Z ¢, (2 —2y)" sasasorcs npa-
n=0
BIJIDHBIMH, T. € Jas Jwbolft Toukn 2 & Cy cymecrsyer takoe p(z) >0,
4ro B o0med uactu Kpyra K, U CBOEro Kpyra CXoAuMoctu |z — 2| < p(2)
fee]

COOTBETCTBYIOWUH PAfi Z Cp (2)(z——5)” cxoaures K f(2). Ilycrp pa-
n=0

auyc xpyra Ky ecrs R,.

*) To ectb B JM0GOH €-OKPECTHOCTH KAaMKAOH TOYKH OKPYRHOCTH |z |=1
HalifyTcsi TOYKH TOCJIEJOBaTeNILHOCTH {2p, ;).
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Pacemorpnm gyuskuiio o (), onpenenennywo ua okpyknoctu Cy. ITo-

KAKEM, 4TO I JIOOHX ABYX TOUEK &q U Zy 1d OKPywHOCTH C; BHIOI-
HEHO ycnoBue

() —0 ()| =7 — 2, (3.74)

JleHcTBuTENBHO, NPEANOAOKHM, UTO 3TO YCJAOBHE 11€ BHINOJHNEHO, Hanpi-
Mep, p(2g) —p(f1)="'21— 22|+ 6,rned > 0. Tornakpyr |z — 2| <p (2})
(o]

CXOAUMOCTH  paaa 2 Cy (31) (z~§1)”:f1 (2) Jaexur BHYTpH Kpyra
n=0

fee]
122y < p(22) cxommMocTh Pt B ¢, (29) (2 — 2)" = [, (2) (pnc.3.11).
n=0

B ofwelt uacti 3tux KpyroB # Kpyra K, ofa psda CXOAATCd K ONHOIl
v Tof ke QyHkunu  f(2). Cnenosarenniio, QgyHxuns f5(2) asaser-
€A QUaMITHYECKUM npomo/mKeHneM Qynxumn fy(2). JT0 o3Hayaer, 4to
B Kpyre |2 —z[<<p(z) 46 omn-
peneeHa ananuTauecKad Qyukiud
J2(2), cosnagaiomas ¢ f;{z) 8 xpyre
lz—2zl<<p(z). B cuny teo-
pemtl  Tetinopa orciona caenyer,
UTO  paaMyc  CXOAMMOCTH  pdia
[ee]
D en(2)) (z—21)" He meubiie yem
n=0
p (z1) -+ 8, 4TO NIPOTHBOPEUNT HCXO 1~
npiM ganusiM. Wrak, ycnosue (3.74)
YCTaHOB/ICHO.

Puc. 3.11. M3 sroro ycaosud caeayer pas-

HOMEpHAs HENPEePHBIOCTh (DYHKUNHU

p(z) wa xpusoit C, [leificrBuTeanHo, coorHotuenune |p(21) —p (22)]| <&
BLIIOJHSCTCH A4 MoGOro Hamepen 3agasHoro € >0, €cin TOJABKO Bbl-
NOJMHEHO ycaoBHE |2 — 2! <Ce. Tak kak dynxkuus p(2) >0, 10 ona
orpannyeHa CHIZY M B CH/JY HEeMpepuBIOCTH joctaraer Ha C, cBoedl Tou-
HOll mawHeR rpamu *) p(2)Z=p(2,) =p, > 0. Tlocaeniee nepaseHcTBO
MIMEeT MEeCTO, NMOTOMY UTO st BceX 2 & C, BHIIOJHAETCA CTPOoroe Hepa-
gencrso o (2) >0.

B cuay elmnicTBEINIOCIM aHANUTHUECKOTO NPONOMIKEHHs MOKHO yTBep-
KAATH, UTO B Kpyre | z-—z,, < R, p, onpegenena opnosxaunas aua-
avrayeckas Qynkuns F(2), cosnagawnias ¢ Qynkaued f(2) B Kpyre
|z — 2y, <R, Caenosareaniio, pagdyc CXOAAMOCTM HCXOLIOr0 CTenen-

[s]

HOTO pina 3 €, (2 — 2,)" nomken Gute Ro-+pg, a ne Ry Ho s10 npo-

n=>0

*} Cm. emm. 1, cTp. 250.
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TUBOPEUHT YCjoBMO 1eopemel. Mrak, npennosomenue, uro Bce TOUKH
rpaHglbl KPyra CXOAMMOCTI DIDaBIJbHBIE, NPUBOINT K [POTHBODEYHIO.
Teopedya gokazana.

M3 reopemn 3.3 caedayer, uto paduve Kpyea cx0QuMOCHUl CMENLH-
HO20 pA0a OHPe0eASICMCA PACCINOANICH O HCHPA ¢X00uMocnmi 4o
datcatiuied ocoboilt mo4ry TOH anaintTiueckolt (yiHKLHM, K KOTOPOH
CXOANTCS HalHbli pai

6. Ilousitue noanoli amannTnuecxkoit dyuxuuu. [Ipeasnyuine pac-
CMOTPeHlIst HO3BOJIMIN TMOCTPONTH aHAMHTHUECKOE Mpo/Joaxenne (yHK-
i f1(2), sapannod B obnactu Fy, na Gospwiyr obnacth § =&+ &,
1L COOTRCTCTBYIONYIO PHMAHOBY [OBEPXHOCTh. Kaxk Mul Bijeau, MOXHO
PaccMaTpHBATL aHAMUTHIECKOE UPOLO.DKENHIE BI0JbL Lenoukl ofaacrel Yy,
Fay vy Ty, muemonEx odnuwe uactu F; ;.j, B KOTOPHIX COBMIAAOT ald-
miriyeckne  ynkuan £ (2), f2(2), ..., f,(2), sananme 8 obaacrax &y,
o veny Fuo Ipn stoM My noayuum B obaactn =% 4+ 9, L. . L%,
UM H3 COOTBETCTBYOUEH prMaunoBoii noeepxHoctin R 0X103HANHYK aHa- -
JUTHYCCKYK PYHKUNIO {7 (2), ABASIONYIOCH aHATHTINECKIM NPOAOIKERTEM
dynkuna f1(2).

Ecian adanuriueckas ¢yukums Jfi () nepsonayaieno sazana g o0.a-
CTH ¥y, TO, CTPOf pasauunuie nenouxku odnactref, suxoisuue 13 odna-
CTi Gy, MBI MOKEM MOJyYuTh AllaANTHYECKoe Npojo/Kere gpyuxunn f (2)
na pasanunsie ofaactn, copepskauyie odaacth . Ilpu srom cyulecrsen-
B ABJASETCA NOHSTHE TOLOH apasuTideckoll GyHKuum.

Dyuxyua F(z), noayaenuas nymest aHAAmu1eck 020 npodoANCeHlts
8004b BCEBO3MOJCHBLX Uenover obaacmell, 8utxo0sguux u3 obaacnin
&1 nepsonayaasnoro 3a0anusa awasmmuyeckoll hynxyun f(2), naswi-
gaemcs noanoil anasumuteckol yuxyueti. Ee o6aacms onpedeaeniis
R naseteaemess  ecmecnBeHHOl 00AQCMEID  CYUICCINBOBQHISL NOAHON
aHamunueckoll hyrKyu.

Coraaciio  TOJMBKO 41O NPOBEJEHHBIM PAaCCMOTPEHHIM eCTeCTBEHHAN
o0aacth cyiectsosaHus R nonsoll ananurnueckofl dpyHxunu F (2) Moxer
OHThL PUMAHOBOH NOBEDXHOCTBIO. (JTMETHM, UTO AHAJIUTHUECKOE [POLOJI-
renne Qynruny [F(2) sa rpanuny I' ee ecrectBedHO# 00sacTH Cyuiect-
soBanng R yike 1esosvoxuno. IIpy 310M Bce TOUKH STOH rpaHuis ss-
A0TCAd ocoObMU ToukaMu dyHxnuu F (2). Iro serko poxasars. Ilpen-
HOIOWKM, uTo Touka 7y & I' apagerca npasusbnolt Toukol (yHkimu F (2).
B rakoM cayude, 10 oOmpeAesenuio NPaBHJBHON TOUKH, BHYTPH Kpyra
12— 2| << p(2p) cymecrsyer Hekoropas auaauriueckas Qyuxuns D (2),
cosnapalonias ¢ F(2) B oBuiel vactu gausoro xpyra u obxacra %, Ho
KPYr | 2— 2| << p (2,) 3asenoMo Buixoaut uz obnacru F, nostomy @ (2)
SBJAACTCS AHAAUTHUECKAM NPOAOJIKENIEM MOMIOH anagHTHYecKol (PyHKIUN
yepe3 IpaHHly €e ecrecTBellofl ofaacrit CymecTBOBAHMH, 4YTO HEBO3-
MOJKHO.

B paccmorpeHHBIX B MPeABAYUIMX NYHKTaX MpIMEPax Mbl NOCTPOWJH
DAL NOJHBIX alaMUTHUECKNX (PYIKURA M HX ecTecTBeHnpe 06/acTn Cylie-
creopanng. Tak, ecrecTBeHHMMH 06JacTAMY  CYULECTBOBAHUA  1IOJIHBIX




110 AHAJMTHYECKOE TIPOJOJKEHHE. SJEMEHTAPHBIE GYHKUIHM [ 3

aHa TuyecKux QyHkuui ’;/z n Li 2 aBag0TCH COOTBETCTBEHHO JI-JIHCTHAS
1 GecKOHeYHOJHCTIIAs PHMAHOBH MOBEPXHOCTH; eCTeCTBEHHOH 00./1acibio
CYILECTBOBAHUS [IOJHOH aHanuTHUeCKOoH QyuKuuy %___’Z—-HOJIHHH KOM-
TJIEKCHAsT JAOCKOCTb ¢ BLIGPOUIEHHOH Toukofl 2 ==1; ecrectBentoll of-
nactelo cymectBosanus Gynkunn (3.71), paccMorpeHHolt B npumepe 4, —
enunnunbli kpyr | 2| << 1.

[Tpu sToM B nOCremireM npumepe oGaacTh Fy NepBOHAYANBHOrO 3a-
IaHHsl aHanuTHuecKoH QyHKnuu fi(2) TakOBa, YTO HEBO3MOKHO aHAINTH-
yeckoe npogomkenue dyHkumn fi(2) sa rpanmny Iy obaactr Fp. 1o
W 03Hauaer, 4to fi(2)—noaHas anajaurnueckas ¢yikups H o Fy—ee
ectecTBenHas o0aacTh cyuiecrBoBanud. Ecau ke ofhacts %, Takosa, 4to
BO3MOXKHO aHaJHTHUECKOE NponomKedne f; (z) Ha OOapuryo obaacte, TO
tbynkuuio  fy(2) Ha3pBAOT 3AeMEHMOM NOAHOU AHQAUMUHECKOU (YHK-
guir F(2). Ananutuueckoe npojoskenne fp(2) dynkuun f (2), sananuoft
B oGnactu ¥y, na obaacte 9, uMewonyw ¢ ¥ obuyno uacts Sy GyaeM
Ha3LIBATL HENOCPEOCBEHHbIAN  AHAANMIHECKUM HPOOOANCEHIeM (YHK-

uun fi (2).



FJTABA 4
PSlL JIOPAHA U U30JHMPOBAHHBIE GCOBBIE TOYKH

B sToft raaBe 6yJeT H3yu€HO ITOBEAEHHE OINO3HAUHOH aHanmuTHYECKOf
(hYHKIINE B OKPECTHOCTH €€ H30JIMPOBAHHBIX OCOOBIX TO4EK. 3HAHUE ITOrO
IIOBECHHST HE TOJBKO MO3BOJNET rAy0we NPOHHKHYTb B NPHPOLY aHasu-
THYECKUX (DYHKINH, HO M HaXOAMUT IPAMOE NPAKTHYECKOE INPHMEHEHHE
B MIIOrOUYHCACHHBIX TPUJIOKeHNnax Teopun GbyHKUu#t KomMnaekcHolt nepe-
MEHHOH.

B npeabiayuiux raasaX MOl BHAEAH, KAaKY0 OOJBIIYIO DOJb UM PAOT
cTenentble Psilbl #, B 4acTHOCTH, psaa Teisaopa B n3ydeHuu CBOHCTB aHa-
JHTHYECKAX (pyHKIUH B 06/aCTH, Tae OTCYICTBYIOT 0COOHE TOYKH MCCJe-
ayembix  dynxunf. AnanorudHyo posb npu H3yYeHHH CBOHCTB aHaIWTH-
ueckuX QYHKIMA B OKPECTHOCTH UX M30JMPOBAHHBIX OCOOHX TOUYEK HIpaer
paa JlopaHa.

§ 1. Pag Jlopauna

1. O6nacte cxopumoctu pspaa Jlopana. Paccmorpum psag Buaa
oo

Z ¢, (2 —25), (4.1)

n=—aoo

rie 2o — MUKCHpOBaHHAS TOUKA KOMIVIEKCHOH IITOCKOCTH, ¢, — HEKOTO-
phie KOMILIEKCHBIE YHCJAA, @ CYMMUPOBaHUe BEAETCA KaK 110 DOMOXKUTENb-
HRIM, TaK # 110 OTpHHATe/nbHBIM 3nauennsm nnaexca a#. Psg (4.1) nocut
naspanuwe pada Jlopawa. YcTanoBuMm 004aCTh CXOAHMOCTM 3STOrO PAAd,
Ilag sroro npeacrasum Beipawxenue (4.1) B Buge

oo @ o

\! \ c_

Y at—zr=3 at-art ¥ ga (49
n == —00 n=0 n==1

OuepuaHo, obnacthio cxoaumoctn psaga (4.1) sasasercqa obulag yacth odaa-

cTelt CXORMMOCTH Kaxjaoro ua caaraemsix npaso#l gactu (4.2) O6aacrbio
o0

CXOJMMMOCTH pAja Z €n (2 —2y)" aBAFRTCH KPYr C LEHTPOM B TOUKE 2
n=10

HEKOTOpOro painyca Rj(kak Oblj0 YCTAHOBJENO B M. 2, 3HaucHue R,



112 PSAI JIOPAHA M H3O0JHPOBAHHBIE OCOBBIE TOYKH [TJ1. 4

MOKET, B udCTHOCTH, PaBHATHCA 1y win OGeckonednoctu). BHytpn kpyra
CXOAUMOCTH 3TOT DAL CXOJAUTCH K HEKOTOPOH aHanuTHuecko# dyHxiLuu
KOMIIIEKCIIOH lepemetioft

o2
L1 =Y ca(z =2, |2—2|<R: (4.3)
n==y_
[ee]
c
g onpenenenus obnacth cxoaumMocT pdaaa Z (—z—_:—f—)—,; ciesaem  3a-
n=l “0

MeHy nepemeinof, 1noJoKns { = Torga sTOT pAN  HpUMEr BUI

z2—-2y’
(o]

D cag" To ectb on upencranaser coSolt oBhuiLH cTenennoi ps,
n=1

CXOAAUIHACE BHYTPU CBOEro Kpyra CXOANMOCTH K HEKOTOPO# aHamiTii-

yeckolt  ¢yuxinn @ (§) xommiexcHofl nepemento#t L. OBoanauuM paguyc

1
CXOAUMOCTH HOJIYUEHHOrO CTEeNCHHOTO pilauepes J: ok Toraa

9@ = Zc-nﬁ i?;{<»,§2. (4.4)

==

Bosspamasice K crapo#t nepementoit u nosarasn ¢ (& (2)) = f; (2), noayunm

f2()"‘2(2:7;)n 12_20'>R2' (45)

[ee)

OTC}O,’la caenyer, 4r1o 004aCTh0 CXOIIMOCTH pdaia Z (_z_l_

))l
PHIATEIBIBIM  CTEIRISM  PasliocTd (2 — 2g) stmelcn OOJIan, BHeLIHss!
K OKpYKUOCTH [2—2¢|=R, (tax xe xak n Ry, sdaveHue R, moxer,
B YacTHOCTH, PaBHNTbCH HYJI0 W GECKOHEUHOCTIN)

Mrak, KaxIeli w3 cremeilslX pasos npaso# uactet (4.2) cxoaurca
B cpoefi 06JacTy CXOLIMOCTH K COOIBETCTBYIOMCH aHaMNTHYECKOH (yHK-
. Ecan Ry <C Ry, 10 cywecrsyer odulas 001acTh CXOAMMOCTH 3THX
psimoB — Kpyeosoe Kkoasto Ry <z —2zy| <Ry, B xoropom psax (4.1)
CXOAUTCA K anaaurundeckoll dyuxuun

no OoT-

[eb)

FQR)=fE)+)(2)= 2 Cn (2 — 2p)% Ry<<|z—2¢|<<R. (46)

n=—co

Tak xak psaast (4.3) 1 (4.4) aBasgiorcs oG WILIMY CIEHEHHBIMYE DANAMA,
10 B yKasanno#i oOaactu dynknws f(2) o6napaer BCCMIl CBOHCTBaMU
CYMMBL CreNenoro psia. J1o osunaunaer, uro pad Joparna (4.1) cxodumesn
BHYMPU  (80€20 KOABLA CXOGUNOCIIU K HeKOomopolt gynxngua  [(2),
JHQAUMNLEeCKOL 8 0AHHOM KOAbUE.
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w

Ecoin R,> Ry, 10 panw (4.3) u (4.5) oBuefi o6aactd CX0aMMoC I
ne umelor. Tem cambM B 31OM cayuae psag (4.1) nurae He cxoantrcs K
Kakoil-1m6o dynkuum.

2. Pasnoxenne ananurudeckoil pynxuuu B pan Jopaua. Teueps
€CTeCIBEHIIO 110CIaBirb  BOMPOC: MOXKIO A4 (YNKUMH, &HATHTHHECKON
B 1IEKOTOPOM KDYFOBOM  KOIbILE,
cormocrasnte pai1 Jlopama, cxons-
IMOHCTd K »Tol (PYNKIIHM B Maiio
koavie? OrBeT 11a 3T0T  BONPOC
aaeT cleayioulas Teopema.

Teopema 4.1. Pyuruyun f(2),
QHANMUYLECKAST 8 KPY20BOM KONb-
e Ry<|z—z2y|<< Ry, odno3nau-
HO HpedcmasAsicmcss 8  9moM
roasle cxodsuumcs padon Jlo-
paa.

Hdokasarennbcrro. DPuxcu-
pPYeM NMPOH3BOJBIYIO TOUKY 2 Bily-
TPU KOAbla Ry<|2—2, <Ry n
IIOCTPOUM  OKDY¥KIIOCTH Cﬁ; u Cgr;
¢ LEHTPAaMil B 2, pasuychl KOTO- Puc. 4.1.

PLIX YIOB.ICTBOPAIOT YCAOBUIM Ry <
<< Ry<TRI<<Ry, Ro<|2—20 <<Ry (puc. 4.1). Coraaciio dgopmy.e
Kourt xast muyorocsa3woit o6Jactil MMEeT MeCTO COOTHOLIEHHE

R A 4 f ()
F@ =4 \ i \ il (+.7)
CR; ‘R.,
Ha (‘R, BBIIIOJHAETCA Hepamucwo ”l < ¢ <C 1. llosromy, npencra
BB #NO0E B BUIE
(s
I 1 1 1 1 Z [2—2zy' "
[~ TG [—a | 2% (7% & i<z
R n=0

11 IPOBEAS LOWJAEHHOE UITErDHPOBAHWE, YTO BO3MOWIO B CILIY DaRLo-
Mepnoil  cxozuMocry psiaa 1o uepementoit  (moapoGuee cm. rua. 2),
Oy UHM

[ \
A =g \ £ a= Y e 2=z (+8)
C;‘( ) n=0
riae
PR T ) (4.9)

95t (C —z )nﬂ.
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TO anaJno-

=2

Tax kax na Cgy BHIOMISETCS 11€PABEICTBO

FHYHO IIpEeAbIAYUIEMY HMEEM

[ee)
1 2(@-%)”
—2z  z—z z—2) "
0

n=

B pe3ynbTaTe HOYJCHHOIO HHTErpHpOBaHHd 3TOro psia NnoayuuM

AORP S 2t (110
[Q; n=1
riae
Con= — g ﬁ F©) €~ 2oytdt (4.11)

Ry

Haveuns Hanpaesenue unrerpuposauns B (4.11), nepenuiem 1o Bhipa-
*KeHHe B BHJE

1 o
C—n=”2}az-§ gz @e >0 (x12)

3amernM, uTO noabHTerpadbhble ¢yukumn B (4.9} n (4.12) apasiorcs
aHAMNTHUECKHMH B KPYroBOoM xogsle R,<C|z—z,|<C Ry Iloatomy s
cinay Teopembl Kolin 3HaueHHs COOTBETCTBYIOUIUX HNTErPaoB HE H3Me-
HATCS 1Py TIPON3BOJILNONH neopMallil KOHTYPOB HHTErpHPOBaNHs B 00ad-
CTH aHaJUTHUROCTH NOAMNTErPasbHHX (QyUKUud. 10 no3soJser obbenu-
Hith Gopmyasl (4.9) n (4.12):

lg_f&)__dg,nzo,il,il---, (+.13)

n= o (C, — ZO)/L+1
C

rie C —npou3BOJBHKLIA 3aMKUYTHIT KORTYD, Jnaxaniufi B Koable Ry <<
<lz—zy|<CRy un cogepwxawui TOUKy 2, Buyrpu. Bossparusiunce
K ¢opmyne (4.7), noayuum

[ee) 0

F@= Y ez —zy+ 3 G = Y =z (M14)

n=>0 n-~l n==— 00

rae Kospuumentel ¢, [AT BCEX 3ayeHHW HngeKca 7 oupeneAnIoTCs
exnHoobpasnoit  dopmysoit (4.13). Tax kax z—npon3sosbHas TOuKa
BHYTPH Koaplla R, < |z — 2, |<CR;, 10 orcwoia caeayer, uro pag (+.14)
cxomuTes K dyukunn  f(2) BCIOAY BHYTPH JaHHOTO KOJBILA, I[PIUEM
B 3aMKUYTOM KOJbllE R2<R2«Jz—2o|<RI< Ry psi1  cxoapwrcs
K dyukunn f(2) pasnomepno. Ocraercs Q0oKasaTh €IUHCTBEHHOCTb pPas-
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noxenns (4.14). Ilpennosoxim, uto HMeeT MECTO APYroe pas/ioKeHHE:

[ee}

f@y= 2 a2z,

n=—0o

rae Xors Oul omuH Ko3dduuuent ¢p == ¢, Torma BCIOLy BHYTpPU KOJbLA
R, <C|2—2z¢|<CTR; nMeeT Mecto pasencrso

o oo

Z (2 — 2yt = Z Cn (2 = 2)™ (4.15)

n=—caw n=—-—00

[Mposesem okpyxuocts Cp pasnyca R, Ry << R<C R}, ¢ ueHrpom B TOYKE
zo. Pamet (4.15) cxomsrcs na Cp paBHOMEPHO. YMHOKEM HX Ha (2 — 20) ™" 7L,
rae  m — bUKCHPOBAILOE [EJ0E 4YHC/I0, M TPOMHTErPHPYEM MOYIEHHO.
Paccmorpum S (z —2))""™tdz. Tlonowus 2 — z, = Re!®,” noayunm

€r

2
0
S (z—2)) ™ lde=R""™i S e Medp =1 7 n7=m, (4.16)
CR 0 2ni, n=m.

Yurs (4.16), Haltaem, 4TO NMOC/AE YKa3aHHOTO UHTETPUPOBAHUA BhLIPAKEHUS
(4.15) oT/AMUHLIME OT HYJsl OKAXKYyTCSl JNUb N0 OAHOMY CJaraeéMoMy 3
OGECKOHEUHBIX CYMM B JIEBOH M IIpaBO# uacTax »Toro Bhpaxenns. Orciona
NOAYUUM: € == Cjp. TaK Kak # — NPOM3BOJLHOE UYHCJO, TO 3TO W JOKa-
3HIBAET eAHHCTBEHHOCTh pasnowenns (4.14). Teopema nosnocrbio nokasawa.

M3 noayuenuslx pe3y bTatoB chaeayeT, 4TO TOUHOH 00/4acTbiO CXO1U-
moctu paxa Jlopana (4.1) ssagercsa Kpyrosoe Koabio Ry < |z —z, | << Ry,
Ha rpaHuilax KOTOopOoro umeercs xors Ob no ojgHOH ocofoil Touke aHa-
AnTHyeckod QyHkunu f(2), k koropo# cxogurca pax (4.1). Ilocaeanee
YIBEDWACHHE SIBIAETCS CICACTBUEM TEopeMnl 3.3..

§ 2. Knaccuduxauns u30aMpoOBaHHEIX 0COGBIX TOUYEK
GIHO3HAYHOH aHANUTHYECKOH ¢yHKIUU

Toura 2, Ha3biaemcs U30AUPOBAHHOR 0COOOH mMoUKoil PyHKyuU
f(2), ecau f(2)— 00HO3HAHHAS U QHOAAUMUHECKAS 8 KPY2080M KOAbLE
0<}z~—zoj<R1, a mourxa 2z, A8Agemcs 0coloil mourol gyHKyun
J(2). B camofi touke 2z, (QyHxuus f(2) MoxkeT ObITh He onpeneieHa.
Uazyunm nosenenne dyukuun f(2) B oxpecrHoctss Touku 2z, CoraacHo
npenblaymeMy naparpady (GyHkuuw f(2) B OKPecTHOCTH TOUKH 2, MOMHO
pasnoxutb B pax Jlopana (4.14), cxomanumiica B koaple U << |z — 2| <<
< Ry. llpu 5TOM BO3MOXUB TPU PasAH4HBIX Cayuas:

1° Tonyuennsiit psax Jlopana 1€ COACPIKUT UJAECHOB C OTPHIATENBHBIMI
CTENEIAMI PA3HOCTH (2 — ).

2° CozepxuT KOIEYHOE YUCJAO UJAEHOB C OYTPULATENBHBIMH CTENEHIMH
pasHocTH (2 — 2p)-
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3° Copepmur GeCKONIEUIOE UHCAO TJIEHOB C OTPUILATELHBIMH CTElE-
HAMHA pagHocT (2 — 2).

B 3aBiciMOCTH OT yKasalnblx BO3MOWIIOCTCH W MPOH3BOAMTCA KJaac-
cnduKalnsg M30J1IPOBaHHKIX OCOOHX Toyek. Ilepeiigen K MOCAEIOBATEAL-
IIOMY PaccMOTPEHHIO KawKI0TO M3 YRAZANHBIN BLIIE CJIVIAED.

1° Pax Jlopana ¢yukuwmn f(2) B OKPECTHOCTH €€ H30J/MPOBauION
0coBOH TOUKIl 2, He COAEPKHT YAEHOB C OTPHUATEALHBIMH CTEHEHAMU

o]
pazuoctit (2 —2y), T. e f(2)= E ¢, (z— 2y)". Kak rerko BuICTL, NpH

n=>0
2 —> 2, CYyUlecTByer npesaeabhoe 3uauenne QyHgiun f(z), npudeMm 510
npeiessiioe 3Hauenne pasHo ¢, Ecan dynkuns f(2) ne Onisa onpeie-
Jena B TOHKe 24, TO JooupeiennM ee, notomus f(zy) = ¢, Ecair nepso-
11a4anbno 3anannoe snavenue f(z,) He cobliagaeT C ¢, TO H3MEHUM 3iHa-
uenne (ynkung  f(2) B Touke 2, noaowus f(z,)=r, Tak onpeieaen-
nas dynkoms f(2) 6yaer anannTANECKOl BCIOLY BUYTPH Kpyra |2 —— 25 <C
<Ry Tewm camwm Mpl ycTpaHuan pasphis  (ynkiun f(2) B TOUKE Z.
[Toatomy wsoanponannag ocobas Touka 2z, dynkuun f(z), amm KOTOpoH
pazaoxenne f(2) 8 psy Jlopana B OKPeCTHoCTH Z, HE CONEPMNI HJeNHos
C OTPHLATEALHLIMHA CTCHEHAMH pasHocTu (2 — z,), HasnlBacrcs yempaxi-
MOl 0cO0OIl HMOYKOIl.

[Iposegeuiirie paccMOTPpeHns HOKA3LIBAIOT CJEAYIOUYI0 TEOPEMY.

Teopema 4.2. Ecau mouxa z, SIBASEMCS YCMPAHUAMOL 0COO0L
moukoll anasumuueckoll yuxyuu f(2), mo cyuwecmsyem npedesbHoe
snauenne lim f(2)=rc,, nputes |cy|< co.

Z -2y .
3amerus, UTO B OKPECTHOCTH YCTPAauHMOH 0COB0#H TOUKH (YHKIUS
S (2) orpanuuena u MOXeT OBITH NPEACTaBAEHA B BHAE

@ =G—2)"¢ ), (.17
rae m =0 —uneqoe uncno, a @ (zy) 7 0. Ilpn stom, ecnw lim f(2)=0,
222,

10 B npeacrasacnun (4.17)uncno m >0 onpejensieT MOpAmRoOK Hy.1s PyHK-
uun f(z) B TOUKE 2

Wueer mecTo n obparHas TeopeMa, KOTODYIG MBl JOKAKCM B yCHJell-
HO#l QopmyanpoBke.

Teopema 4.3. Ecan dyuxyus f(2), anaaumiveckas 8 Kpy20604
roasye O0<'z—zo|<<Ry, oepanunena (1f(z)'<<M npun 0<|z—
— 29| <Ry, mo moura z, ecms Yempawuias ocofas mouKa (QYHEK-
yun f(2).

HNoxasareanscrso. Pazrownym pynxuio f(2) 8 pan Jopana (4.14)
u paceMorpuM Bhipaxenie (+.13) aag kosQduuueHToB 3TOro pasa

S S (S TS

Cn - . P N
i ) (G—zy)" !
C

B KauecTne KOHTYpa HHTErpHPOEAHHS BHIGEPEM KPYT C LEHTPOM B TOUKE Z,
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s
&

painyca o. Toria B cuay yc/0BHA TEOPEMBI HMEET MECTO MaXOpPaHTHAs
oleHKa

< Mp™ (4.18)

Byaem paccMatpuBath KOI(Quuentr ¢ OTpHIaTe sl nigekcom 7 < 0.
Tak Kak 3naueHne Koa(puuUenTon ¢, He 3zasucnT or p, 10 U3 (+18)
noayuunm ¢, =0 npun 1< 0, ur0 ¥ AOKA3LIBAET TEOpeEMy.

27 Pag Jopana ¢ynkunu f(2) B OKDECTHOCTH e€e HU30AHpOBalHofH

0c000il TOUKH 2y COAEPKUT KOHEUHOE 4Ic/ao 71 4JICHOB ¢ OTPUUATE/AbHBIMH
w0

creneudyn pazHocTh (2 — 2g), 1. e. f(2)= Z e, (2 ~—2y)". B sron cay-
n=-—im

uae TOYKA 2, Ha3HBAETCA NOAOCOM nopadka m gynxyuy f(2). Hosenenne

aHATITHYECKOH (YIKIMN B OKPECTHOCTH €€ M0JI0ca Onpefessercsa cle-

Ayomeld TeopeMoi.

Teopema 4.4. Ecan mouxa zy A8AAENLCS NOAKOCOM QHAANMUL ECK O
dyurgun f(z), mo npu z — zy M00YAb PYHKGUN [(2) HEO2PAHU4EHHO
603pACMaeIn He3Q8UCHMO O (NOCOOQ CMPEMAEHUS MIOMKI Z K 2

HokasarteabcTBo. llpeactasuM QyHKIUK f(2) B OKpPeCTHOCTH
TOURI &y B BHAE

f(z):ﬂ)—,ﬁﬂ}-n.Jr;%—o + M —z)"=

(z—2y =

==z M gt g (=)o (2 —2)" T
+ Doz —a = —2) "GO+ M=) (419)

n==0 n=10

dyHruna ¢ (2), OUEBHIHO, ABALETCH OrPaHUYENHOH aHaaurHyecKol Qyuk-
el B OKpeCTHOCTY TOukH 2o M3 npeacrasnenns (4.19) caepyer, uTo
npn 2z — 2, MoayJb dyuxkuun f(z) HeorpaHuueHHO BO3pacraeT HesaBH-
CnMo OT cnocoBa CTPEMJCHMA TOYKH & K TOUKE Zg 4YTO H JIOKA3bIBaeT
TeopeMy. 3aMeTuM, YTo, €C/aM LOONpPeAeauTh (PYHKUHW ¢ (2) B TOUKe 2o,
no.10KHB ¢ (2y) = _p 7 0, dopuyna (4.19) momer ObiTh nepeinucana
B BUIC

f(a) =2 (4.20)

(Z — ZU)HI ’

rue P (2) — aaautnaeckas Gynkung 1 P (2,)70; urcio m  HazwBaeTcs
MOPAAKOM 110JH0Ca.

Mmeer mecro 1 teopema, obparnas teopeme 4.4

Teopema 4.5. Ecau hynryus f(2), anaiumudeckas 8 oxpectro-
(/i cgoell u3.AUPOBAnKOIl 0COOOI MUK 7y, HEORPAHUMEHHO BO3PaACMAEn
HO MOOYAI0 HE3ABUCUMO O CHOCOOQ CHIPEMAEHUS MOYKU 2 K IIOYKE 2,
mo mouxa zy Asasiemcs noapcorm @yuxyun f(z).
Horkasareancrso. Ilo ycaonmo TteopeMsl aas A060r0 uncaa
A>0 NOKHO yKa3aTh TaKyl &-OKPECTHOCTh TOUKH 2y, B KOTOpO#H
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[ f(z) | > A. Paccvorpum ¢yukumio g(2) = B ykaszaniofl e-okpe-

1
f@)” )
CTHOCTH TOUKH 2, 3Ta (YHKuUA 4BAdeTCA aHaiuThueckofl u lim g(2) =0.

i 2->2y
flostomy na ocuosaunn TeopeMmbl 4.3 Touka 2z, ABJAfETCA yCTPaNUMOH
ocoboft Touxkoil pynxuun g(2), u dynkuns g(z) B cuny gopmyan (.17)
B OKDECTHOCTH TOUKH 2, MoxeT OblTh lpeictasjena B suje g(2) =
= (2 — 20)"'® (2), rae @ (2) — anamnrayeckas QyHkiws, npude ¢ (2y) #= 0,
a m>0. Torza B OKPECTHOCTH TOUKH 2y, AJs HCXOAHOH byHKunu f(2)

1
g@  G—z)" 9@

ycaosus ¢ () 7= 0 moxer ObITb nepenucano B Buae f(2) =

HMEeT MeCTO IipescTasieHue f(2) == Ouo B cunay

Vi)
@z
nanaomeM ¢ npencrasaeHueM (4.20), roe ¢ (2) — anasnrnyeckas QyuKiys,
OT1crona u creayer, 4To TOYKA 2, SBJSETCS TOMOCOM [0ops#ika #1 (yHK-
nnn f(2). Teopema nokazana.

3amMeTuM, 4TO TOYKa 2o, SBJAAIILAACA HyJAeM TMOps#iKa m1 aHaj urHdec-
Kot dynHKuuu g(2), 4BAACTCI HNOMOCOM TOrO XK€ MOpsaKa m  (PyHKuun

COB-

f(z):—g—rz—)—, 1 HaoGopoT. ITO yCTaHaBJINBAaeT OUEHb TPOCTYIO CBA3b

MEXAY HYJASIMH U [OJWCAMH aHAJUTHYECKHX ynKuuil
3° Pan Jlopana d¢yuxuun f(z) B OKPECTHOCTH €€ U30AMPOBAHHOH
0COBOH TOUKH Z, COMEPKHT GECKOHEUHOE YUCAO WICHOB C OTPUUATE/b-
o0

HBIMH CTENEHMU PasHOCTH (2 — 2y) T. €. f(2) = Z cp (2 — 20)". B sTom
n=—o0o0

CAyuYde TOYKA 2z, HA3BIBACTCSH CYULECTIBEHHO OCOGOI MOYKOL (PyHKGI

f(2). TloBenenne aHa/uTUYeCKON (DYHKIHKM B OKPECTHOCTH €€ CYIeCTBEHHO

0CcO00OH TOUKKM OTHUCHIBAETCH Caemylomeft Teopemoi.

Teopema 4.6 (meopema Coxoyrxoeo — Beliepumpacca). Kaxoso
6ot Hu Obiao € =>0, 8 A0O0L OKPECHHOCIU CYULLCHIBEHHO 0COOOR Mmoy-
Ku 2y Pyurguu f(2) Haidemes xoms Obi 00HA MOUKA 21, 8 KOMOPOI
3navenue @ynryu f(2) omantaemcs ont NPou380AHO 300AHHO20 KO-
naexcnoz20 4ucaa B menvute wem Ha €.

IHokasarteabcrTBo. IlpeanosoxnM, 4r0 Teopema HeBepHa, T. €.
NpH 33aJaHHOM KOMILIEKCHOM uucae B 1 3asasHoMm & > 0 uatigercs rtaxkoe
1y =>0, uTO BO BCEX TOYKAX & H3 1) -OKPECTHOCTH TOUKH Z, 3HAUEHLe
¢dyHkuun f(2) oTauuaerca or 3afannoro 5 Coablue yeM Ha &

| f@—B|>e [z2—2p <<, (4.21)

1
Pacemorpum BCHOMOrareabHyo QyHKIIHIO lp(z)zm. B cuny (4.21)
¢dyuknug P (2) onpepesena 1 OrpaHuyeHa B 1)-OKPECTHOCTH TOYKM 2.
Caegoare/lbHO, 110 TeopeMe 4.3 Touka 2, fABJS€Tcd ycTpanuMo# ocolo#

TOYKOK (QyHKUMK P (2). DTO O3Ha¥aer, 9YTO Das/IOKeHHe (yHKuud P (2)
B OKPECTHOCTH TOUKH 2, HMEer BUL

Y(E)=(E—2)" @), §(20) #O
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Torna, B cuay oupenenenus ¢GyHxuag P (z), B AaHIOH OKPeCTHOCTH
TOUKIl 2, HMEeT MECTO cJjaeayioulee passoweine Qyuxuin f(2):

f@=(E—2)"9(x)+5, (4.22)
rae asanutnueckas QyHkuus @ (2)= :% OrpaHuueHa B 1),-OKPECTHOCTH
r4

Touku 2z, Ho pasnoxenue (4.22) o3uauaer, 4TO TOUKAa 2, ABJSETCA WJIH
NOJIOCOM Nopaaka m, uwin npu m =0 npasuibHOlt TOYKOH dyHrnnu f(2),
11 paznoxeHue B psi JlopaHa nocaegHel JOMKHO COAEP:KATh JHIb KO-
HEYHOe YHKCJIO UJNeHOB, YTO NPOTHBOPEUNT yCaoBHIO TeopeMbl. IlosyuenHoe
IPOTUBOPEUHE ¥ AOK33LIBAET TEOPEMY.

Teopema 4.6 maeT credywoilyl0 XapakTEPUCTHUKY TMOBEACHHAS aHATUTH-
ueCKOH (PYHKIHA B OKPECTHOCTH |2 — 2g| <1, CyuiecrseHHO oco0oh
TOUKH: B CYLIECTBEIHO 0co00fi TouKe z, HE CYWIECTBYET KOHEUYHOTO HJH
0eCcKOoleUHOr0 TIPEAE/BbIIOro 311aUeliis anajuTuueckoi (QyHxkuud. B 3asucu-
MOCTH OT BHIOOpA IIOC/EA0BATEABIIOCTH TOUEK, CXOAsleiics K Touke 2,
Mbl MOXKEM IMOJYUUTh NOC/IEA0BATE/IBHOCTH 3HaueHuH (PyHKIHY, CXOAsIIHEcH
K pasanunbiM  npegenaM. Ilpn s1oM Bcerna moxuo BHOPATh NOCJAEROBA-
TEABHOCTb, CXOAAILYIOCH K JIOOOMY Hallepel 3agaHHOMY KOMILJIEKCHOMY
YICAY, BKJIOYAsT B OO, -

QOuesniio, 1eT HeOOXOAUMOCTH AOKA3BIBATL TEOPEMY, OOPATHYIO TEOo-
perve 4.6, Tak KaKk eciu IIpH Z->2, HE CYUIECTBYET KOIIEYHOIO wuJu
OeckoHeuHOro mpeaena ¢ynxumn f(2), 10 B cuay teopem 4.2 u 4.4
TOYKa 2, He MOWeT OBITb 11 YCTPaHUHMOH, HH 1IOJIOCOM.

3aMeTuM TAKKe, 4TO €CJAM TOYKa 2, ABJAETCS CYUIECTBEHIIO 0Co0O0H
Touko# Qyuxumn f(2), npuuem f(2)7£0 B HEKOTOpoill OKpecTHOCTH
TOUKH 2, TO #u AAs QyHKIHH g(2)= l/f(z) TOUKA 2, ABJSCTCS CYILECT-
BEIHO 0co0oit TOUKOH.

PaccmoTrpenHble TPU C1yuas HCUEPHBBAIOT BO3MOKUBIH B/ pas/oxKeHus
avanuTHuecKol PyHKIuK B psaf JlopaHa B OKPECTHOCTH €€ U30JNPOBaHHOMH
0CcOOOH TOUKYM M MMEIOT Pelualolilee 3HaueHue AJs BBIICHeHUs OOIEro Xxo-
Aa 13Merenus aHaINTHIECKOH (PYHKINA B OKPECTHOCTY €€ 0COOLIX TOuex.

M3 1posejienHplx paccMorpenu#i cieayer, yro BO3MOMKHGLI ABE Padmiiy-
Bl TOUKN 3PeHust 1a KAacCHuKaimnio 130JNPOBANILX OCOOLIX TOUEK
oano3namiol anaanTHueckofi ynxuiy, NpUBOASIHE K OAMNAKOBLIM pe-
3yapbraraM. Mpl HCXOAWAM 113 aHAMUTHUYECKOH TOUKM 3PeHHs, OCLOBalIHOH
Ha XapakTepe pasjaoxenns (QyHkitin B psan JlopaHa, W YCTaHOBHJM, KaK
BeseT cebs cama (yHKHHs 11pu CTpemJenun K ocobolt touxke. Boamoxen
u Apyroff, reomMetTpuueckufl 11oAX0A, HPH KOTOPOM B OCHOBY KJacCudpuxa-
HWWH KJIageTCs IIOBEACHWE (YHKIUM B OKPECTHOCTH €€ H30JUPOBaHHOH
ocoBot touki. Ilpu stoM, ecau dynxiug orpasuuena B OKPECTHOCTH
ocoBoil TOUKM, TO Ta TOUKA HA3BBAETCH YCTPAHUMON M, Kax CJAel1yer u3
TeopeMbl 4.3, pasnoxenue mganno#l yunxuunn B psa Jlopaua B okpecrno-
cTu 370ff 0oCO0OH TOUKI 1€ Coaep:ir OTpUNATe]bHHX crenenefl. Ecuu
HPpU cTpeMJenty K 0co00H Touke (pynkilng sreer OCCKONEUHBIH npenen,
TO 3Ta TOUKa — lIOJIOC M pas/oxenue B pad JlopaHa wMeeT KOHeuHoe
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yucao orpruatesbpx crenenefl. Y naxonell, ecau Qvixiud npu crpes-
JeHun K oco0oH TouKke Ie MMEET KOIeYyHOro in Oeckonednoro npenena,
TO 3TO — CynlecTReHno ocolast ToOUKa, pasiowerne B payx Jlopana copep-
KUT DECKOHeu10e 1nC/I0 OTPUILATENLHHIX CTEnenei.

B sakmoueune pamnoro naparpada OCTaloOBHMCA 1@ BONPOCE O lOBE-
AeHin  Ananurinyeckoli QyHKUMN B OKPecTHOCTH OecKoneuno ynajertof
TOYKU. DBeckonetno yoaaeHHass mMoOuKa KOMNACKCHOL MAOCKOCHN 56-
AREMCST 30ANPOBAHHONL 0COGOI MOUKON 00HO3HQUHON QrRAIMMULECKOL
Gpyurxyuu f(z), eca MOYNCHO YKQ3ams maroe 3naieHue R, 4mo 8ue
kpyea |z| >R dyuxyus f(2) He wwmeem ocobex mouex, Haxoos-
WUXCca Ha KoneuHoM paccmoguuit om moyku z =0, Tax kak f(z)
SBASCTCS  aNaNNTUYECKOH dynKumued B kpyrosoM kKosbile R < z|<C oo,
TO €€ MOXINO pPazioxkiuTh B psaa Jlopana

o0
fay= Y ", R<'zi<on, (4.23)
n=—00

cxomauiutics K f(z) B nmanHoM Koubie. Tak ke Kak u ad KOHEYHOH

t130JupoBalnoil 0codofl TOYKH 2, 31€ChH BO3MONKHBI TPH CJyuas:
1° Touka z ==co naspiBaercs yompawusold ocofoil mouroil ¢yik-
wun f(2), ecan pasaowenue (4.23) 1e comepKUT UJEIOB C NMOJOWKHUTEIb-

o0

oo

UBRIMH CcTENen Mu 2, T. e. f(2)= ZC—Z’;"«ZCO -+ Z Cz’n” , Wl eciu npH
n=0 n==1
2 —>CO CYLIECTBYeT KOHEYHoe IpeiespHoe 3Hauvenue dyHkuun f(2),
3asucsiiee or crnocoba npexnesbHoro nepexoga. Ecom ¢y=c_j=.
= C_m,1=0, ¢_p 7= 0, T0 6CCKOHEUHO Y/aJenHad Touka sB/Isercs nyqe\x
m-ro nopsaaka dyuxuun f(2).
2° Touka z==co nasmBaercs HoalcoM nopadxka m ¢yukunu f(2),

ecan pasaokeune (4.23) cozepmut KONEUIOE /7 UKUC/IO 4eHoB C 10JO-
m

WUTEIBHBHIMU CTENeHaMu 2, T. e. f(2)= 2 2% (m>0) nan ecaw
n=—00
s1a (PYIKHKMS Heorpaludeniio BO3pacTaeT NO MOAY/IW NpH 2 —»CO 1le3a-
BUCHMO 0T crocofa npelenblioro nepexona.
3% Touka 2==00 Ha3HIBAECTCH CYULECMBEHHO 0COGOI MOUKOl HyNK-
unn f(z), ecan pasaoxenue (4.23) comepxit GECKOHEUIIOR YMCAO UfieloB

¢ NoJOWHUTeNbHLIMH cTeneusMu 2, T. e f(2)= Z cp2", m ecau
n=—0o0

B 3aBHCHMOCTH OT BLIOOPA ITOCJAEN0BATEJIBHOCTH {3n}—>oo MOKHO 110J1y-

upTh NOCAENOBATENBIOCTh 3Hauenudt { f(2,)}, cxogsulyocs K JOGOMY

Hanepel 3aJaHHOMY Hpejieny.

Oueniano, A10Ka3aTe ILCTBO IKBABANCHTHOCTH BCEX NPHBETIENHBIX BhHILIE
onpeacaciuil xapakrepa H30Iposamiofl ocoBOfl TOUKH 2 =00 MOWKEeT
ORITL UPOBEAENO TAK KE, KaK W JJad CJIydas Kolednoli ugosnposaniof
oco00OH  rodku.
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o
2

1
Kpome Toro, Kaxk JIerkKo BHJICTb, NPeoGPas’oBaHue Z= - HEPEBOAHT TOUKY 0O
-

IJI0CKOCTH 2 B Touky {=:0, xapaxtep e ocofofi TOUKH HPH 3TOM Npeodpa3cBa-
UHH HC MeHSICTCH B CHJY CJeAyloweil obuieil TeopeMsl.

Teopema 4.7, [Tycmv mouka 2z, A6AACMCA U0AUPOBAHHOL 0c000L toukol dyHr-
yuu f(2), anuaumuueckoil 6 obaacmu 5. Ilycme anaaumuneckas Qynkyua =1 (z)
YONGHABAUBAEM B3QUMHO  00HO3HauHOC. coomsenicnmgue mexdy obaacmoro § u obaa-
cnwio G’ komnaexcrol  naockocmu T, ¢ komopoidl onpedeaeHa obpamHasf  (pyHKyua
2= (0). To20a mouxka Lo="p (2,) A819cn1ca 130AUpOBAKHHOLE 0C0BOL MOUKOL aHaAu-
mudeerod ynryur F (L) =f @ ()], nputesr xapaxmep smoii ocobotd mouxku mom
HC, MO U MOUKY 2.

JTa TeopeMa sIBJAAETCA OUCBMAHLIM CJCACTBHEM CBOfiCTBAa AHaNHTHUECKHX (PyHK-
nHil, ycTaHOBJIeHHOro B [, 1, B CHAY KOTOPOro asalutHueckad (YHKLHA OT
AHAJAHTHYCCKO (bYHKLUHK ABAASTCS aNaNNTHUECKO!, a TaKKe FeOMETPHYCCKHX CBOJICTB
AHAJHTHUCCKON (DYHKUHH B OKPCCTHOCTH H30JUPOBAHHOH OCOGOH TOUKH.

[MTpuvep. Pacemorpum dynkinw f(z) == . JlanHas MHOro-

Vite
sHauHas QyHIKUMs uMeeT aBe Touxku pazsernients 2=/ Touka 2z =
= CO — €€ NpasuapHas Touka. [ToaTomy B KpyrosoMm Kojbue 1 <!z <o
ofpeneseHsl 1Be BETBH -9TOH (YIUKILH, SBJISIONMECST ONHO3HAUNBIMH aila-
JHTHYCCKUMI (DYHKLUAMY B HAHHOM KoJblle. BriGepeM BeTBb, ABJSOILYIOCH
HEMOCPEACTBEHHBIM aHaMi THUeCKAM 1POAOKCHIEM AeHCcTBUTe/bHOH DYHK-

IHIE

1
V———Z— neliCTBUTeNbHOR  mepeMeHHol x > 1, nu nocrpoum ee pas-
14-x

joxenue B pag Jlopaua B okpectHoctd touxku 2z =oo. Jlas sroro, 1no-
1
10KuB {= —, 0TOOPA3UM NAHNOE KO.bLO HA KPYL CAUHIIUHOrO pajlyca

Ha NJOCKOCTH { (NIpH 3TOM TOYKA 2 =00 HEPeXOAHT B TOuky {==0) u
S

Sy b VIRE
// 1 + 2

pectHocTH ee npasuabHOH Touxy {==0. Ilpeasapurensio samerum, 410
dyaxuns ¢ (§) aBasercsd npoussonof yHxinu w(C):L/I—{—Qz. (ITpn
310M Hawl BeIOOpP BETBH HCXOIHOR (ymunn f(z) onpenenser BuGop TOH
etBn  (ynxuuu P ({), Aas xoropod P(0)= -t-1.) YroGH paszIoKuTh
byskunw P (L) B psal Teflnopa, nonowuym w=={* 1 paccmorpum Qyuk-
o y (w) =}/ 1 4-w. Bouncass npoussominie Gynkmun y (@), noJaydaes

pasnowumM QyHrun @ ({) = B pan Tefnopa 8 Ok-

1

1 /1 ) 1 ' G —n
(n) = e L — w)? —
Mg (w)uH0 5\ 5 1>...\2 n—{—l/c(l - w) o™

(2n—9)!
27 (n— 1)1 -
Torpa pasnowenue BuOpaHHo# Bersy QyHxuun % (@) B Kpyre |w| << |
HDHHUMAET BHJ

= (=1

O L @a—ler
Y@=} 1l4+w=14 (-1)”1(—25&——%(,1‘_)%1_;1?'



122 PSii JIOPAHA U UZOJMPOBAIIHBIE OCOBBIE TOUKH [T 4

Orciona mas Qyuximu P () upe | £ << 1 uoayunm

e ny  (n—9)lren
PO=V1+0 =14 Z(ﬁl) L=y

n=1

w nas dynxuun @ (§)

n-1 (Qrz— D1 2n -l
Z( P ot (n— )l nl gt =

ne=1

\ n- (2n—2 e (2 N
— Z(_l) 1 22n~ l)l €2 -1 2(_ )k 5o (;ﬂ)z CZk‘l.

n=1

@ =% 0=

Hakoneu, nas suiGpannodl setsu Qyuxiun f(2) B Koasue 1 <!z |<Cco
nosyuaeM pasiowenue s psa Jlopaua

3 1 \ R 1 ‘
f@)= Ve ZO(*l)‘ 5EE (k)T ZEF - (4.24)
=



I'TABA 5
TEOPUSI BBIYETOB 1 X NPUIOXEHUS

§ 1. Boiuer aHamuTHYeCKOH (YHKNMM B H30JUPOBAaHHOMN
ocofoil TOuke

1. Onpeynenenne U OPMYyJbl BbIUMCJEHHS BblyeTa. Baegem Baxiioe
JJIst TIPUJIOKEHUH MOHATHe BHYETa OJHO3HAYHOH AHANUTUUECKOH QyHKilnK
B 1304MpOBaHHOR OCOOOH TOUKE.

Iycts touka z, siBaASETCS HM30ANPOBAHHONH OCOOO# TOUKOH omosnad-
noft anaautvueckodt gyukuuu f(2). Coraaciio npeiblayniMM paccMorpe-
NHAM B OKPECTHOCTU 9TOH TOukM (yHKuus f(2) MOKeT OblTb eArilCcTBEN-
nepiM o0pasoM passoxena B psn Jlopana

fO= 3 =z 3.1
roe T
n= gy \ Tt (52)
&
W, B YaCTHOCTH,
Ci=g S F(©dL (5.3)

Beowemon anaaumuteckoil gyuxyun f(2) 8 uzoauposarnoli ocodoi
IMOYKe 2z, HQA3b6IBAENCS KOMNACKCHOE HUCAO, PABHOEC 3HAUEHUID UHIMe-

2pasa 2}:{‘- S f(Q) AL, s3gmory 8 noaoduCumMessHOM HANPABAEHIIL HO AF0-
dgoay ﬂeofczuw,uy 8 obaacmul araanmuiHocmu gyukguu f(2) 3aiKny-
momy KoHmypy vy, codepicausesty eIuHCMBEHHYIO OCOOYI0 MOYKY Z,
goyuxyuu f(2). Ins obosnaueHud BeIIET2 OOBIYHO NPUMEHSIIOTCA BHIPAKE-
g Buu[f(2), 24| nan res|f(2), 2. Mul B nanbuedimem Oyaem moss-
soBaTLCA nepsLiM oGosHaueimeM. QueB a0, 9TO e€can TOUKd 2z, SBJSETCS
HPaBRALNOH  naKM ycrpanuMmoit ocoboli  Touxol dyuxunn f(2), To Bhuer
/(z) B 310# TOuUKE pasen nyawo. [lng Buuncaenna soiuera Pynkuvu f(2)



124 TEOPH BblI'ILTOB ¥ HMX [IPIHJOREHUS [ 5

B €€ N130JIMPOBaHHOR 0COB0M Touke MOKeT ObTh lpUMeHeHa dopmyna (3.3):

Bun[f(2), 2] = Sf(z) At =c ;. (5.4)

Onnako B psile ciyuaeB Momer ObiTh yKazan 06oJee npocTofi crnocod
BHIUMCACNIS BIYera, cnoaauiics K audepenuuposannio ynxiumny f(2)
B OKPECTHOCTI TOUKIL 2y TeM caMbIM BBIMMCJIECHUHC KOITYPHOIO HIITErpana
0T anaautmicckod ynkuun MokeT ORThb 3aMeneno BhUNCAENNEeM HpPOu3-
BOAHHIX OT 3TOH (YHKHHH B HEKOTOPHX TOUKAX, JEXKAINX BHYTPH KOH-
Typa nyTerpuposannsg. Jr1o obCTOATENLCTRO ONPEAeNTeT O4HO 113 OCHOB-
HpIX npRaoxenufi reopnu seueron. Ilepeilmem x pacemorpenuio ykasan-
HBIX CJAYYaEn.

17 Ilycts ToOuka 2, ABJSETCA [OJMOCOM 1EPBOTO Nopaika QynKiui
f(2). Torna B OxpecTHOCTH ITOH TOUKH UMEET MECTO pasjomeHine

f=c(z—z) fopt o (2—z9)--. .. (5.9)

Yanoxus obe wactu (5.5) na (2 — 2z,) u llepeiias K npesegay Hpn 2 —» 2,
1Oy UM

¢_1=lim (2 — zp) f(2). (3.6)

z2- 2

3aMerny, UTO B A3HHOM cjyuae Qynkinus f(2) B OKPECTHOCIH TOYKM 2
Moxer ObIThb mnpeiacras/iena B BHAE OTHOWEHHA ABYX allaJiTHYECKHX
yHKLIH:

G4 (2) (z) -
f@ = 37)

npuiesM @ (2,) 7 0, a Touka 2, #BAAECTCS HYJEM LIEPBOrO NOpKIKA (PyHK-
wnn P(2), T. e

R L S e CLCEE R CA PR M CE

Toraa u3 (3.6)—(5.8) noayumit craeayoulyo opuyay.
Dop.uyaa BuHUCACHILL BbiMeMa § NOANCE Nepgo2o NopaiKa

(2) =
Bu [/ sl =gy S@) = (5.9)
ODpusep 1. llycm f(z):zn Ocobuimu toukamn dynkunn f(2)
C2mk
ABASIOTCH TOuKH 2p=y/ L =e¢ " (k=0, 1, ..., n—1), mpuuem Bce

5T TOUKH NPEICTABIsIOT Co0Of 1oaockl nepsoro nopsixa. Hafizem
Buiu [ f(2), 2] Coraacno dopyyae (5.9) noayuum

JAnk
z 1 Y | BT R =
Briu | f(2), :,(J:—m””_l = zh= e "t (=1 (5.10)
k




§ 11 BBHIYET PVHKIIMK B H3OJMIPOBAHHOM OCOBON TOYKE 126

2° Ilycrs rtouka 2, saBafercs nomocoyM nopsaka m dyuxiun f(2).
CornacHo npespayileMy B OKPECTHOCTH 3TOH TOUKH [IMEET MeCTo pas-
JOKEeHHE

f() = Cm(z—20) ™o (2= 2) T g (2 —2) ... (B11)
Vanowns ode uvactu (5.11) Ha (2 — 2,)™, noayuum
=2 (D =CmtCmp (F=2)F. by (2~ 2" b (3.12)

Bags npoussoanyio nopsizka (m — 1) or odenx , uacrefi 3Toro paseicrsa
1onepefias K npeneay INpH 2 —> 2, OKOHYATEJLIO MOJYYUM CJCLYIOULYIO
hopmyay.

Dopatyaa guucaeHUs Bbiiema 8 noAlOce NOPAIKA M.

4 1 . dm-1
Bru [f(2), z¢]= (m—1)1 zhr{] dz2m 1 [(z —2p)" (D] (5.13)

Kak serko suaers, ¢opmyna (5.6) sBaseTcs wacCTIBIM cAyvaeM Hocaelueh
thopmysl,

ITpumep 2. Ilycts f(2)= . OcoBuMu ToUKaMi 3TOH (PyHK-

1
(123"
ny ABASIOTCA TOUKH 2y o =17 npuuem o6e 3TH TouKH LPEACTABASIOT
cobofi noJrockl nopsigka n. Betuncaum Beru| f(2), {]. Coraacno (5.13) no-
JAyHnM

.' 1 dnt 1
B e, | = Gy 1 e | G =0 | =
. 1 I dnt n
= = Mg (z—,Li)’l ‘_
w(ﬁl)mln-(n—{—l)...(21172) o B
= (n—1)! RN
. a1 (@n—2)! 1 o . {(2n—-2)! -
S [V o 7 R (T T S

3. OcHoBHasi Teopema Teopuu BhIUeTOB. llepeiiney Tenepb K pac-
CMOTPQITHIO  BaWNEHIINX HpUMENEelNn# BBEIeHHbIX uonstuil. Jlias MHOrHX
TEOPeTHYECKIIX PACCMOTPEHHH H NPAKTHYECKHX IIPHMeHeHMH BecbMa Cy-
UIECTBEHIIOH SABASETCS CACAYIOULAst

Teopema 5.1 (ocnos8Has meopema meopun 8vivemos). [1ycms
Gdyuryus  f(2) Asagemcs  anaaumideckoill 8¢y 8 3AMKHYMOL

ofaachit T, 3a UCKAIOUCHILEM KOHEUHO20 HUCAQ UI0AUPOBAHHILX 0CO0bLY
moyer z, (k=1, ..., N), aexawux sHympu obaacmu 3.
To20a

V@ de=2n N Bun | /(). 24 (5.15)
k=1

20e U npedcmasasient cofoit noanyio epaniiy odaacmit 5, npoxodu-
MY 8 NOAOHCUINEAbHOM HANPABACHI,
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Hoxkasareanbctso. Hanomnum, uro ecan gpynkuus f(2) ssaserca
anaqiTEdeckoi B zaMxHyToH obaactn ¥, 1o sce Touwxku rpanumin I' sToft
obnactu CyTh HpaBwiblibie TOURKW Qynxnun f(2). Boneanm xawaywo na
0COORX TOuEK 2, (ynHkuuu f(2) 3aMKHYTHM KONTYPOM Yy, HE COAepKa-
IIMM BHYTDH ADYrHX OCOOBIX TOYEK, KPOME TOUKH Z.

B samxknyro#t mBorocmsisno#i o0aacty, orpanuyenHoll koutypom I' u
BceMH KoHtypamu v, (puc. 8.1) ¢ynxuns f(2) sBasercs BCOAY aHa/lu-
THYECKOH.

ITostomy no BTOpOH Teopeme Koum HOJIYUnM

Sf(t)d§+ Z { 7@ dag=o. (5.16)

Yk

Ilepenecs Bropoe cnaraeMoe B (5.16) wanpaBo, MB B cnay (QOpMYJiBI
(5.4) u noay'UnM yrBepXIEHHE TEOPEMbI:

N
VF (@ de=2ni 3\ Buuf(2), 2]
T+ k=1

BoJibiioe NpakTRUECKOEe 3nadenue 3Tof (GOPMYJBl 3aKJAI0ONALTCs B TOM,
4TO BO MHOIMX CJy4asX OKa3bIBACTCH ropPasjio Nnpoule BHYKUCAWTDL BhiUeThl
yHKirE f(2) B 0COOHX TOUKax,
JeXawnx BHYTPY oOJacTH  HuTer-
pPHPOBaHHS, YEM NENOCPesCTBEHHO
BH'UACASTL HHTErpans, CTosiunft B
Aesoft vactu (5.19). B manpneimem
Mbl PACCMOTPHM  PAA BaWHHIX 1IPH-
JoxeHuii noayuennoft Qopmyasl, a
cefiuac  BBEAEM elle OAHO  1IOlis-
THE — JIOHSITHE BHUETa B OECKOHEU-
HO YyAaJeHHON TOuKe.

ITycth TOUKAa 2=00 dBJsETCH
U30JUPOBaHHON  0co00fi  TOUKOI
ananutTrueckolt dynxuun f(z).

Boiwemon anarumuueckoll @yuxwyuun f(2) 8 mourxe z= o0 Haswi-
saemcs KOMHACKCHOE HUCAO, PGBHOE 3HA4EHUID UHME2PANL

2 Sf(C)dé;—wm Sf(g) dg,

Puc. 5.1.

20e Koumyp C — npou3gossHelll 3aMKHYMbE KOHMYD, BHE KOMOPO20
gyuryus f(z) ssagemcs anaaumudeckoll u He umeem ocolblx Ho4ek,
omandnsrx om co. OueBnIHO, B Culy OnNpeaeteHus KodPpQUIHEeHTOB
psia Jlopama umeeT MecTo (popmwa

Bua [f (2), oof=— gf<c)d§_— ] (5.17)

Oti
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Orciona, B 4acTHOCTH, CJELyeT, UTo eCJu TOuKa 2 ==CO sBJsercs
ycrpannyoi  ocoGoit Touxoi  dyuxinu  f(2), 10 Bhu[f(2), co| moxer
OKa3aThCsl OTJAMUIIBIM OT IIyJsl, B TO BPEMS Kak BHIYET B KOHEUROH ycTpa-
panoit 0co0ofl TouKe BCErAa paBen HyJlo.

dbopmyant (5.15) 1 (5.17) nozgonsior A0Ka3aTh CACAYIOULYIC TEOPEMY.

Teopema 5.2. [lycmv pynxgus f(2) ssafgemes anaaumuyeckol
Ha NOAHOU KOMMAEKCHOR HAOCKOCIMW, 3a UCKANHYeHUeM KOHEHHO20
YHCAQ UZ0AUPOBAHHHX 0cO0blx modek 2, (R=1, 2, ..., N), sxawuasn
1 z==00 (zy==00). To20a

N
Z Beru [f(2), 2,]=0. (5.18)

k=1
JloxkaszatrennbcTBOo [leHCTBUTENLHO, DAaCCMOTPHM 3aMKHYTHIH KOH-
1yp C, copepxaupit BuyTpHn Bce (N — 1) ocobbie TOUKH 2p, PACIOJIOKEH-

IBIe HA KoHeuHoM paccrosimyd ot touxku z=0. ITo teopeme 5.1

| = ZB““ @) 2

qu,
B=1

Ho, B caany (5.17), unterpan, croamwyil cJI€Ba, PaBeH BHYETY (DYHKUHA
f(2) B TOUKE Z==CO, B3aTOMYy ¢ OOPaTHBIM 3HAKOM, OTKYAZ M 10AYUUM
YIBEDPX1eHIle TeopeMH O.2.

Jloxaszannas TeopeMa MHOILA IO3BOJSET YNPOCTHTh BHIUKCJEHUE HHTE-
rpajza or (QyHKUNM KOMIIIEKCHOH IIeDEeMEHHOH MO 3aMKHYTOMY KOHTYDY.
Iycts dynxuns f(2) sBasercs OZHO3HAYHON # aHAMUTHYECKOH Ha NOJNHOH
KOMIVIEKCHOH IJIOCKOCTH, 33 MCKJUYEHHEM KOHEYHOrO 4YKC/]a H30JNPOBaH-
IBIX OCOOHIX TOYEK, W TpeOyelcs BHIMHUC/ANTD HHTErpand ot f(2) no nexo-
ropomy sameaytomy kourypy I. Ecanm Bayrpm I' comepxurcs muOro
0cO0BIX TOueK ¢yHKuuu f(2), T0 npumenenne Gopmyan (5.15) moxer
OBITh CONMPSIXEHO C BeCbMa TPyAOEMKHMU BhUYncIenusymu. ITpn stom Mowmer
okazarbes, uro Bue I dyukuwms f(2) ¥UMeer Julib HECKOJIBKO OCOOhIX
TOueK 2, (k==1, 2, ..., m), 3HAUEHHE BBIUCTOB B KOTOPHYX, a TaKxke
BhIMET B CECKOHEUHO YAAJNEHHOH TOUKE ONPENEAsIoICs 10CTaTOYHO NPOCTO.
Torza ynoGHee BMECTO INpPSIMOrO BBIUMCJEHHS WCKOMOrO WHTerpana no
tbopmye (5.19) BOCHOML30BAaTLCA OUEBUAHBLIM CAEACTBHEM (opMya (5.15)
u (5.18):

Sf@)dgw-— ZmZqu [f(2), 2x] —2mi Boiu[f(2), co]. (5.19)
=]

dopmyaa (5.19) nossoaser Jerko noayuuth oOoOuleHue GopMy L
Koutu {cv. ra. 1, § 6, dopmyant (1.59), (1.60)) na cayualf Heorpasnuen-
noit obaacrd. PaccMorpum  dyHxumo f(2), aHANUTHYECKYIO BHE 3aMKHY-
toro kohrypa I, ssnaioulerocs rpanuue#t orpaunuenHo#t obaacra 5.
Iycts Bce rouxku I' — npasuastine Toukk dynkiun f(2), a Touka 2 =

==0c —ee ycTpaHuMas ocofast Touka. OGoznaunMm lim f(2) = f(00).
Faadv ]
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J&

—2y
KOMIJICKCHON NJIOCKOCTH. Owezmmlo, HTO TOHKA 2 ==CO SBJAAETCH yCTpa-
HAMOM  ocoGoi Touko# u  Qynxuun @ (2), npauem Bru[g(2), oo] =
= — f(c0).

Ecan toiuka 2, nexur shuyrpu I, 1o dynkuna ¢ (2) apyrax ocoOmix
rouek ne umeer. Ecau rouxa z,—zrne I, 1o z==2z, suiserca nomocom
He BhHlIle NePROro NopsiiKa (pyx—muml ® (2), npruem Boiu (g (2), zo] =1 (24)-

Hocrpoun sue I' dynauno ¢ (2 )— TAe 2, — 1POU3BOJIBbIAS TOUKA

Paccyorpum uarerpan \ ¢ (0 dl= \——— df, B xotopom Kouryp I’
- Tt

obxoaurcd takuM o0pazom, uro olaacre ¥ ocraercs cjaesa. B cuny dop-
Mysbl (5.19) noayunm

1 g @) d;:{f(oo)’ 2y —suytpu T, (520

2 R f(o)—f(2y), zg—nue I

dopuyaa (5.20) n spasercs obdolwennen wirerpadsioi dopyyast Kouu
Ha cayuyafl (QyHKUHH f(2), aHaAUTHYECKON B HeOrpaHudeHHOH odaacrit.

§ 2. Boluucnenue ONpeaesICHHBIX HHTErpaJoB ¢ NOMOUILIO BbIYETOB

Jlokaszauunsie B npesnayuieM naparpade Teopembl Hax01T MHOro4uc-
JieHHbIe [IPUMENEeIIR He TOJbKO HPH  BRIMIC/AEHHH HHTErPajoB 0T (QPylK-
WHH KOMIJIEKCIIOR TepeMeHHoN, HO 1i NPIF BBIUUCACHHI PA3JHUHLIX OTIpe-
HEJICHIBIX WHTErpaJoB OT (PYHKUMH ACHCTBHTEALHOH nepeMeHHOoH, nprueMm
YyacTo yAaercs AOCTAaTO4HO MPOCTO MOJYUYHTh OTBET H B TEX cayuasy,
KOrja [PUMEeHEHHe APYFUX MEeTOJA0B aHaJM33 OKA43hiBAeTCs 3aTPyAHHUTE/b-
HeM. PaceMorpny pas THRHWILIX CAyuaes.

2m
1. Unterpansl BHIAA SR(cos 6, sinb) db., Paccmorpum unrerpan
0
21
I=\ R (cos, sinf)ds, (5.21)
8]

rie R — paunoHanasHagd (yuUKnnas cBOUX apryMciroB. MHrerpaisl Tuna
(5.21) nerko Moryr OnlTh CBEICIH K HHTErpazaMm oT aHaJUTHUECKOH
(yHKLHY KOMNJIEKCHOH IIepeMeHHoi 110 3aMKHY roMy koHtypy. JLas storo
ciesaeM 3aMeHy nepeMeliHof HHTerPHpPOBAHNS, BBEAS KOMIJIEKCHYIO llepe-
MEHHYIO 2, CBA3aHHyI0 C nepeMennofi f cootnowenneM 2 == e, Ouesnano,

dz

1! b iy 1, ] ing— 1 1
de_‘——l , cose_Q(e +-e )“2<2 g—{), sinf =, (2 —

\ 4 /’ ’
IMpu wusmenenuu 6 ot 0 A0 27 xommaekcHaa nepemennas 2 npoberaer
3AMKHYTHH KONTYD — OKPYKNOCTh | 2| ==1 B [IOM0KUTEALHOM Hanpasie-

nuu. Takim obpasom, unterpan (5.21) mepexoauT B MHIErpas 110 3aMKHY-
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TOMY KONTYPY OT (DyHKUIIl KOMIJIEKCHOH lepeMenlof:

1 : 1 1] dz 9t
el R[] 622

lz =1
B cuny o0mux CBOHCTB aHaANTHYeCKUX (PYHKUIH MomamiterpajibHas QyHk-
unsd B (5.22), aAs/sioniasncs, oYeBHINO, PanuonaILHoOA (yHKuMeH
~ ag+a2+... a2
R(e) = fotai bt (5.23)
byt-b12+...+bp2

upeacTaBaser Cofol (QYHKNMIO, aHAANTHUECKY BHYTpu Kpyra |z |=1
BCIOAY, 3@ HCKJIOUelHeM KOoHednoro MN=<m uducaa ocoObX TOUueK 2,
SBJASIONIUXCS HyasMu 3iaMenartess 8 (5.23). IMostomy B cniy Teopembt 5.1

N
I=2m Z Buu[R(2), 2] (5.24)
E=1
Toukn 2, #pasotcs nodiocamu yuxuun K (2). Ilycrs o — nopsnok
Y ‘
noaioca 2 (o%gmno, ZO% = m). Torna xa ocnosanun ¢opmyas (5.13)

k=1 i
MOKHO nepenucats (5.24) B Bune

d*e— -
[=2n ;1 e R [(z-zk) *R (2)]. (5.25)
Mpumep 1. Beruucauts nurerpan
T d
0

Honowus z =" noayunm
1 1 dz 2 g dz =
1 Ve _2 (__d 5.27)
a 1 z i az2 -2z 1a° (
lzf=1 15 <2+E'> l21=1 T

OcoBeIMM  TOUKAMHU MMOJRITET PANLHOA (pyHKllI/IH ABJSOTCH HyJT 3HaMcHa-

Tea5 21,2_—7“—#, ]/*—1 D10 momocsl nepsoro nopsaka. Tak
KaK 2y-2p=1, TO Julib OJHA H3 3TUX TOUEK JEXHT BHYTPH Kpyra
iz|=1. Kak nerko Buaers, 310 — TOUKA 2y = — T V L. ITo-
5TOMY B cuay rteopemn 3.1

=2 (598

=2z, Vi—a2

[ =4 Bpiu l—l— , 21
az?--2z+a
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oo
2, Unrterpaasi Buaa S f(x)dx. B s1oM nynkre MH pPaccMOTPuM
—co
NPUMEHeHNe TEOPUH BHIUETOB K BBHIUUC/EHHIO HECOOCTBEHHBIX WHTErPajoB
[ee)

nepsoro poaa *) Buaa S f(x)dx. Mb 6yneM paccMarpuBath TOT Cay-

—
uall, korna ynkums f(x) sagana Ha BCeH NEHCTBUTENBIION OCH W MOMKET
ObITh AUAAUTHYECKH IPOJOHKEHZ Ha BEPXHIOW NOAYMIOCKOCTh TaK, HTO
€€ NPONOMKEHUE YAOBJETBOPSET HEKOTOPHIM JONOJIIMTENLHBIM YCIOBHSAM.
It ycaosus OyayT cOpMYyJIHPOBAHBI
4 HmKe B Teopeme 9.3,
ol Has  paapHefilinx  paccMOTpPeHui
# HaM TOTPEGYIOTCH HEKOTOPHIE BCIOMO-
ratefbHble TOJOKEHHS.
Jdemma 1. [Tycme bynrygus f(2)

R ABASIEMCS  AHAAUMUYECKOI 8 8epx-

nell noaynaockocmu lmz >0 8cwdy,

z=0| 7 34 UCKAHEHUEeM KOHEHHO20 HUCAQ
USOAUPOBAHHBIX OCOOLIX MOYEK, U

Puc. 5.2. cywecmgyom maxue noA0NCUMENb-

wote wiicaa Ry, M u O, umo das
8cex mouex BepxHell NOAYNAOCKOcmU, YIOBACMBOPSIIOUNYX YCAOBUIO
|2, >Ry, umeem mecno oz;emoa

lf(<)|< 1L6’ lz{>R, (5.29)
Tozda
lim § f(2)dg=0, (5.30)

20e Kowmyp unmezpuposanusg Cr npedcmasasem coGoli noAYOKpPYH-
nocmes |2]=R, lmz>0 8 sepxueil noayniocxocmu z (puc. 5.2).
Heticrsurensto, B cuay (1.41) u ycaosn#t semmu npu R >R,

\r@at|<{ r@ e <3 =5

R1+6 RO -0,
CR CR RQOO

4TO W JAOKa3bIBACT JEMMY.

3ameuanue 1. Ecam ycaoBusi neMMbl BBIIOJHEHB B KakOM-1100
cexTope (y < arg z <, MJIOCKOCTH 2, TO dopmyaa (5.30) umeer mecro
npe uurerpuposanud mo ayre Cr OKDPYXKHOCTH, Jexamed B AaHHOM
CeKTope.

aMmeuanune 2. YcaoBus JEeMMH, OUEBUAHO, GYAyT BBITOAHENH,
ecan dydkuus f(2) ABJseTCA aHANMTUYECKOH B OKPECTHOCTH GEeCKOHEUHO

*y OnpefelieHHe HecoOCTBEHHBIX MHTerpajoB CM. BbIH. 2, CTp. 358.
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vAaNeHIOH TOYKH M TOUKAa 2 =00 MNpeicTaBiser COGolf HyJ b HE HHXKe
gTOpOro mnopsnka dyukiuun f(2). JeficrBureapio, B 9TOM CJyuae pasJo-
wenne QyHkunu f(2) B pag JlopaHa B OKpeCTHOCTH 2 ==0O WUMEET BHJ

Py =Cep Gy b0

22 28 22 ?

npugen [P (2)]| << M, orkyna u crenyer ouenka (5.29) npu 6=1.

Jlemma 1 naxoAuT WKPOKOE NPuMeHeHHe NPH  BBIUKCJEHHH Dsaa
o0

11ecoBCTBEHHBIX WHTErpasoB BuAaa S flx)ydx.
—_00
Teopema 5.3. ITycims dhynxyus f(x), 3adannasn na 8ceil delicmeu-
measHoOll ocu — 0O < x <C 00, Moxcem Oblimb AHAAMULECKT HPOJ0.A-
JeHa Ha 8epXHION noaynaockocms Imz =0, nputem ee anaumiu-
yecrkoe npodoancenue, ghyuxyus f(z), yoosaemsopsaem ycaosuszm Ae MMl
1 1w ne umeem ocobux mouex Ha Odelicmsumensnoil ocu. Toz2da wue-

o0
COGCMBERNBIL UHMe2pas nepsoz2o poda S f(x)dx cywecmayem u
— 00
paser
00 N
\ f(x)dx=2mi ¥ Buu[f(2), 2], (5.31)
—o0 k=1

20e 2, — ocoOble mouxu ghynryun f(2) 6 gepxuell noaynaAOCKoOCHL.

Jlokasareabcrso. Ilo ycnoButo teopemsl dyuxuus f(2) B Bepx-
el NIOJYMJIOCKOCTH MMEET KOHEUHOE UYHC/IO OCOGHX TOUeK 2, NpuueM
BCE OHU YAOBJETBOPAIOT YCJAOBHIO |2, | <C R, PaccMorpus -3aMkiyrerii
KOHTYP, COCTOsLIMH M3 OTpesKka AEHCTBUTENbHOH ocn — R=Cx =<<R
(R>Ry) n nonyoxpywnocru Cg,|2|=R, B Bepxue#i noJyIIOCKOCTH.
B cnny 0ocHOBHOH TeopeMbl T€OpPHH BHUETOB

R N
{ f)de+ § f(@)dz=2n 3] Buu[f(2), 2] (5.32)
—R 4 k=1

CR

Tak Kak BBINOJHEHB yc/aOBHsi JeMMBl 1, TO npeaes BTOPOro CAaraemoro
B seso#i wactu (5.32) npu R—cO pased Hy.aw; npasas 4actb (5.32)
npu R > R, ot R He 3apucur. OICiofa cieayer, uTo Ilipenes NIepBoro cJia-
FaEMOrO CyWIECTBYET M €ro 3HaueHue onpeaeasercs dgopmyiod (3.31).
Teopema noxasata.

Hpumep 2. Boluucanrs uHTErpan

¢ dx

AHanuTHUecKoe MNPOAO/IKEHWE MOABIHTErpaJbHod (YHKUHAHM B BEPXHIOH
1

241

nOAYILIOCKOCTh, Qyhkuua f(2) = O4EBHJIHO, YAOBJETBOPSET YCJIO-
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Busim  Teopemur 0.3. Ee ocofbiMm TOUKaMH B BepxHed MOJyMIOCKOCTH
L 2mE
12

ABIAIOTCH TOUKH 2y j=e€ ¢ (=0, 1), npuyuem o6e 32TH TOUKH —
noJock nepsoro nopsiaka. Iloaromy

3n

- i ]
. H N I v 4 —
[—2ﬂl{BbIl[l+z4, ]4—851{ 1+24, l}a
1 al?2
_Qm{423 ﬂ—]—&fs 53“} = (5.34)
z2=c¢ 4 z=e¢ 4

Sameuanne 1. Ecan ¢yuxuus f(x) ssasercs ueruoll ¢yuxunei
¥ yAOBNETBOPSET YCJOBHsM Teopembl 5.3, TO

oo N
{f()de=ni Y] Buu[£(2), 2] (5.35)
0 k=1

encTBuTensro, ecan f(x)— uernas QyHKUUS, TO

{reoae—t OSO fx)d,
0 — 00

oTKyna n ciaenyer ¢opmyrna (5.35).

381\16‘431![46 2, O‘{GBLIH,IIO, HUMEeT MEeCTO anaJjaoruiHas rteopeMa u
B TOM CJyYae, KOT&a aHaJuTHYECKOe Npogo/mKenne Pynukunu f(x) B HOK-
HIOK  NOJYIJOCKOCTL  YIOBJECTBOPAET YCJIOBUAM  JIEMMBI, aHaJ ornyHo#
Jemme 1.

0]
3. Muterpanu suna { e*@*f(x)dx. Jlemma XHopnana. Bhruucue-
— 0
HHE CHAEAYIONIETO BaXIIOro KJacca HecoOCTBEHIBIX HHTETPAJOB € HOMOUIBIO
TEOPHUH BBIYECTOB OCHOBANO HA NpHMENCId TaK HA3bIBAEMOR JIEMMBI >K0p-
JaHa, K J0Ka3aTeJbCTBY KoTopoft mbl ceffnac nepefizem.

Jdemma 2 (nemma opodana). [lycms ghyaruyus f(2) ssasemcs
anaaunmuieckoll 8 sepxuell noaynaiockocmu Im z >0, 3a ucKAL4eHIeM
KOHEHHO20 HUcAQ usomzpoeauubzx ocobelx nioder, U PABHOMEPHO
omuocumeavno arg z (0 =< arg 2 << M) cmpesumest ¥ Ky npu | z | —» co.
Tozda npu a >0

lim { €8 (Q) dg =0, (5.36)
e o

20e Cr — dyea noayoxpyicHocmit |z | =R 8 sepxHell noayniockocmu 2.
JokasateabcTBO. YCJAOBHE paBHOMEPHOTO CTpeMiaeHus f(2)
K NYMO 03HAYAET, 4TO NpH |2 |=R NMEeT MecTo OligHKa

fa) <wpr [21=R, (5.37)

rae pp =0 npn R—co. C novomsio coornoutenns (3.37) onenns c-
caenyemniii mirerpai. Caenaem 3aMeHy nepemeniol, nomsowus §=Re'?,
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1 BOCIOJIB3YEMCS OUEBHIHBIM COOTHOIUEHHEM
i@ 2 mpn 0= =< 5.38
Sin @ ==-—¢ p =¢Q=7. (5.38)
Torga roayunm

{ e (@) dg

b1

<pg-R{jeide=
0

k
n /2
=pup-R Se"‘aRsin(Pd(pZQHR.R S e—aRsin(pd(P<
0 0
T2 _2R
<2”RR K e T q’dq): ;;C IJ'R(I _e—aR)_>0’ (539)
o R—o

YTO M [0Ka3blBaeT JeMMy.

3ameuvanne 1. Ecmu a<C0, a ¢yuknua f(z2) ynoBnersopseT
ycaosuaM gemmsl 2Kopaana B mmgneft noaynaockoctd Im z =20, 1o ¢op-
myaa (5.36) uMeeT MECTO 1IIDH HHTErpUpOBaNMK 110 Ayre IOJAYOKDPYX-
noctn Ck B mmKknel nosymaiockoctu z. Ana-
AOTHYHBIE YTBEPKACHUS UMEIOT MeCTO M 1pu 4
a= o (a>0) npu WATErPUPOBAHWK COOT-
sercTeeHHo B npasoif (Re 2 =0, puc. 5.3) min
aescit (Re 2= 0) noayniockoctu 2. lloxasa- ,
TEALCTBA STHX YTBEPHACHHH MPOBOASATCS COBEP- 4
ILENHO alasoruyHO LpelblAylleMy, 1 Mbl lipe- R
JOCTaBJIgeM HX uHTareso. BemuiueM ToJBKO
BAKNYIO AN JaJbHEHINWX Tnpusnokenui qopyy  z=0 z
gemmbl JKopaaHa, OTHOCAINYIOCS K HITErPHPO-
BaHMIO B NpaBofl MOJYIJIOCKOCTH:

lim { e f(Qdt=0, a>0, (5.40)

CR

rae  CR—gyra NnOJAYyOKDyxuOCTH |2|=R B Puc. 5.3.
npasoii noJjyniaockocry Rezz==0. ®dopwmysa
(5.40) m psg nocaeaylomux, B 4acTUOCTH, GyAyT MIUPOKO WCHOJb30BANH
B . 8 NpW BBIYUCIEHHN DPa3IUUHBIX FHTErpasoB, HrPalomMX BaKIyio
pOJIb B ONEPALUOHIOM HCUHUC/IEHHH.

3ameuanne 2. Jlemma Kopaana ocraercst cnpapensiuBod u B TOM
Cayuae, xorga @yHKuua f(2) yAOBAETBOPAET C(POPMYJINPOBAHULIM BLilile
YCJAOBHAM B IOAYMIOCKOCTA Im 2 ==y, (¥ — pUKCUPOBAUNOE YHCIO, KO-
TOPOE MOXET OBbITh KAK IOJIOWUTEABHDIM, TaK ¥ OTPHLATE/LHBIM), & HHTEr-
prposanne MPOU3BOAUTCS 1O AYTEe NOAYOKDPYHIOCTH | 2 — iy, | = R B noay-
mockocT - Im z 2=y, JlokasatenbCTBO NPOBOAUTCS aHANOTHUNO NPEhi-
Ayulemy, TpHYeM HpH  OuelKe mirerpana CaAegyeT CHenaTh  3aMmeny
nepeMennoi unrerpuposanus = Re!? - iy,.
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ameuanne 3. Jlemma ¥opmana ocraercs crmpasedNuBOd W INpu
oCMabAeRHBIX yCA0BKAX Ha dynkuuto f(2). Mycrs dyukuus f(2) B Bepx-
uett nonymiockoctu Imz >y, npu |z| >R, pasHOMEPHO OTHOCHTEJbHO
apryMeHTa 2-—iy; CTPEMUTCS K HYJIO IIPH |2 |~—>CO B CEKTOPAaX — @y ==
<arg(z—iy) <@, N—qu=carg(z—iy;)=<n--@, U PaBHOMEDPHO
OTpaHnueHa B CEKTODPE @y =< arg (2 — iyy) << Tt — g, THE Qg Py ¥ Qg —

)
3aJaHHBe MOJOXHUTEbHbIE uncaa 0=I @y @y, (p2<—2— U Yy >3y, Torua

HHTErpa S e f(§) dg no nyre Cp oxpymuoctn |z —iy; | =R, Imz =y,
CR
cTpeMHTCst K HyJo npu a>0 u R—co.

Jas goKasaTeabCTBa DPasobbeM 5TOT mHTerpana Ha cymmy /=141 -+
+ I3+, —}—15 pnrerpanos no ayram CR (yy >1Imz >y, arg (2 —iyy) <<
<0), CRO<arg (z—iy)<y), CR(pr<]arg(z—iy)<<T—@y),

CH'(n ”“(Pz< arg (2 — iyy) < @) 1 CR' (y1 = Im 2 >y, arg (z — Lyy) >1)
¥ JAOKaXeM CXOAMMOCTh K HyJI0 KaXIOro UHTerpana B OTAE/bHOCTH.
[as wHrerpana [, noayumm |/ | << pge—%eLR, rae LR — gauna kpu-
poli CB. Ilpn R-—oco Bennumua L' ocraercs OrpaHAUYEHHOH M crpe-
MUTCH K 3HaueHnio y; — Vo Ilostomy |/; |—0 npu R—-co. Auanoruuso
I;— 0. CxoapuMocts K Hysmo uHrerpanos ly u I, ycrauasausaercs npu-
eMOM, HCIIOJb30BAHHBIM B jJ0OKa3ateabctse Jemmbl /Koppasa. Ilana unrer-
pana [z JIErko Noayunth OueHKY |/g|<CCe—eRSINO™R (;— @y — @y), Tae
| f(Q)]<<C n @*=min{@;, ¢}, us xoropo#t caepyer, uro /3—0 npu
R — co.

WMrak, nemma JKopnaHa uMeeT MeCTO NpH 3HayuTeJbHO GoJjee Caabhix
orpaHuueHusx Ha ¢ynkuuio f(2), yem B cayuae Jjemmbl 1. D10 CBfI3auO
C Ha/HYMEM B NOALINTErPaAbHOH (YHKUHH AONOJHUTENBHOrO MHOMXKHUTEJNS
€%, kotopuii npu a>>0 obecrneunBacT HOCTATOYHO OHICTPOE yObIBaHHE
noanTerpaanon dbynkunn B cektope 0<C @y =S arg (2 —iyy) =<7 — @y
npu | 2| — oo.

Jlemma 2Kopnana Haxomut MHOTOUUCCHHbIE NpUMEHEHUs NpPH BbIUUC-
JIEHIY LiNPOKOro KJacca HeCOGCTBEHHBIX HHTErpaJos.

Teopema 5.4. [lycme gynrxyus f(x), 3a0annas na 8ceil delicmsi-
menvHoll ocu ~~ 00 < X < 00, Moxcenm Obims QHAAWMUHECKU NPOOOA-
Hena Ha BepXHIOW noaynaockocms lmz =0, a ee anaiumuieckoe
npodoadcente f(z) 8 sepxwuell noaynaocKocmu y008AemsopaEm Yca0-
susAM aemmbl Jop0anHa u He umeem ocolulx mouex Ha Oelicmsumens-

[ee]
noll ocu. Toz0a unmezpan S e f(x)dx, a>0, cyllecrsyer u paseH
— 00
(o] n
{ e f(x)dx=2mi Y Buu[ef(2), ], (5.41)
—_0 k=1

20e z,—oco0sie mouxu hyuryuu f(z) 8 sepxmeld noayniockocmu z.
NNlokazareancTBo, Ilo ycnosuo rteopembl oOcobbie TOUKH 2
dyukiun  f(2) B BepXHefl MOJYIIOCKOCTH YIOBNETBOPAIOT YCJAOBHIO
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| 2 < R, Paccmorpum B BepXHeHl MOAYIIOCKOCTH 2 3aMKHYTHIH KOHTYD,
COCTOAMMA U3 OTPe3Ka AEHCTBHTENbHOW Och — R=Cx<CR, R>R, u
ayry CR TOJAYOKPYXHOCTU |2 {==R B Bepxde# noaynaockoctu z. Ilo
OCHOBHOH TeOpEMe TeopHH BHIUETOB
R n
\ e f)dx+ § e%f Q) dl=2ni 3] Buu [eif(2), ;). (5.42)
k=1

—R C;?

[To snemme Kopaaua mpejesn BTOpPOro caaraeMoro B Jesoft uactu (5.42)
upn R—- oo pased nymo. Orcioga u cleiyeT YTBEPXKIEHUE TEOpEMbl.
ITpumep 3. Beluucaurs uHrerpal

o)

J= S rmdx,  a>0, a>0. (5.43)

- 00

Urobs NMeTh BO3MOXHOCTB BOCHOJb30BaThesi Jemmon 2Koppawa, same-
TuM, 4TO B CUAY GOpMyanl Ditiepa

i giox
I=Rel,=Re S e O (5.44)

— 00

AHAIUTHYECKOE TIPOJOMKEHNE IIOABIHTErPapa/sbHOH QyHKUuU uHrerpana
ela?

/1 — yHRuusg — yZAOBJETBOpSET yCAOBHAM Teopemul 5.4 u umeer

1
o
B BEpPXHEH IMOJYNJOCKOCTY €JUHCTBEHHYIO OCOOYIO TOUKYy 2; ==ia 4BJs-
IOLLYIOCS TIOJII0COM TepBOro nopsuma. [TosTomy
—QQ e

. . e _
la]:?m————:~e aa,

Iy = 27t B [ =

2 + 2 4
Orcwoaa

I=Rel, = e—"“ (5.45)

3ameuanue 1. Ecim f(x) sisaserca deTHOH (yHKumeH, yAOBJIET-
sopsitomiell ycaoBusM teopembl 5.4, to npu a >0

Sf(x) cos ax dx = nRei Z Briu [ei%f (2),2,] =

k=l

= —nlmz Briu [€/97f (2), ;). (5.46)
k=l
3ameuanue 2. Ecin f(x) sBageTcs veuernoi QyHxuned, yaos.ie-
TROpstoLEeH ycaosuaMm teopemnt 5.4, o npn a >0
[ee]

Sf(x) sin ax dx = nRe Z Boiu [ef (2), 24). (5.47)
k=1
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Mbr gokaszasau jemyol 1 1 2, mpeamoJarad, uro Qyukuns f(x) nmeer
JUlllb  KOleylloe YHCa0 0cobLxX TOueK B Bepxuef miockocti. Oanaxo,
KdK JIErKO BUAETh, NPH 1E3naunTe/IbIOM u3Meneind QopMyipOBOK 3THX
JEMM OHM OCTAITCA CHPABEJIUBBIMI U B CIydae OeCKOINEeYHOro yuc/aa u3o-
JNPOBAHHBIX 0COORX TOuek Qynkiuu f(2). ITorpeGyem, urodH cyiecTso-
Bajla Takas [leorpanuyenio BO3PacTaolas MpH 71— OO MNOC/AEI10BaATEeb-
HOCTh umcen R, 4ro na ayrax noayokpyxiocret Cr B Bepxueil mouy-

JIOCKOCTH BBHIMONHAANCL Obl yciosust (5.29) win (5.37) coorBercrBenHo.
Torpa yrsepxaenus (5.30) uian coorsercrsenno (5.36) semy 1 u 2 6ynyr
MMETh MeCTO HDH YCJOBHM, UTO TNpeNe/bHLIH 1epexos B PaccMatpUBAeMbIX
MHTErpasax cosepluaercs no nocaenosareastioctn ayr Cr. npu n— co.

OueBnANO TaKkKe, uTO B CJyYae CYHIECTBOBANHA COOTBETCTBYIOIIHX WH-
TErpasoB Mbl MOXEM pacnpoCTPaunTb PAcCMaTPUBAEMBIE METOAbl HHTErpu-
poBauusg u nHa cayuaft ¢yHkukit ¢ GECKONEYHBIM YHUC/IOM U30/JWPOBAHIIBIX
0coBbIXx TOueK. BaknbiM xjaccom Takmx (PYHKUMB SBJAIOTCH Tak HA3bl-
BaeMbHE MepoMophrsie PYHKLNH.

DyrKyus KoMnaeKcnoll nepemenroll f(x) Hassigaemest mepouop-
Holl, ecan oOwa onpedesena Ha 8ceil KOMAAECKCHON NMAOCKOcmMU W He
uieem 8 KOHEUMHON 4acmu HAOCKOCHI 0COObLLX HIOHEK, ONMAULHBLX 0Nl
noawcosg. Kak nerko BuueTh, B M0G0H OrpaHHuenHOR 00JACTH KOMIIIEKC-
HOH mJocKkocTy MepoMmopdHas (YHKIUS HMEET KOHEUHOE UYHCJIO0 OCOOHX
TOueK. JleHcTBUTENBHO, ecan Obl YUCJAO OCOOGBIX TOUEK B OrpalinueHHOH
obnactu Guino GecKOoledHBIM, TO COraacHo teopeme 1.2 B 3TOif obuacTi
CyulecTsosana Obi Npeie/bHas TOUKA AAIIONO MHOMKECTBA, KOTOpas TeM

cambiM He Oblia OBl yxe H30JH-
4 POBaHHOHK 0COGOll TOUKOH, uTO
MPOTUBOPEUNT yCa0Bu. Ilpu-
Mepamil MepoMOPPHEIX QyHKUuH
ABJIAIOTCH APOOHO-PALMOHAIBHLE
(yHKUMH, TPUIOHOMETPHYECKHE

R dynkuun tg z, sec z.
¢ pu goxasatenncTse Teopem
/7 5.3 u 5.4 mbl npeanoJiaranu, 4TO
"y AN £z dyukuns f(x) He umeer 0coOHIX
T0ueK Ha [OeHCTBHTEJNBHOH OCH.
Puc. 5.4. Onuako 1E3HAYNTENbIIBIE [1ONOJI-

HUTeJbHblE PACCMOTPEHUs T03BO-
JSI0T NPUMEHsTh JOKa3aHHbE BBILIE TEODEMH K BHIUNCAEHUIO HecOOCTBell-
HBIX WHTErpajoB ¥ B TOM CJaydae, KOrja yHxius f(X) uMeeT HeCKOJbKO
0COOBIX TOYEK Ha AeUCTBUTENLHOH OCH.
ITponamocTpUpyeM BHICKa3aHHOE YTBEPWAEHHE Ha OPOCTOM NpuMepe.
IMpumep 4. Buuncaurs murerpan

oo

I—= S ML g, a>0. (5.48)
0
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Bocnoassosasiics  opmyolt Jilmepa W CBOKCTBOM 4YETHOCTH MOIBIH-
Terpajbioft QpyHKIMY, oCYulecTBAM (QOPMaJbHOE NPEOspa3oBanue

[=t1m O'Oemd =L ms 5.49
) S PR 1 (5.49)

-0
3amerny, UTO WMHTerpa’d /; MMeeT CMBICA JWIIL KaK [JIaBHOE 3Haueiue
neco6CTBEHHOrO uHTErpajsa Broporo popa *):

o -0 R
o ete¥ . elox -
L=V. p. S dx= lim S Cladprun (5.50)
p—0 x °
—0 R-co —R p

Paccmorpum 8 pepxnel noaynaockoctd Im z == 0 3aMKHYTBIH KOHTYD
I', cocrosimuit u3 orpeskos geficrsurensHolt ocu [ — R, —p), [p, R] n 11yr

nosnyokpysxuaocreit Cp, |2|=p, n Cg, |2|=R (puc. 5.4). Dynruns -

ABJAAOULAACT 2HAJIUTHHECKHM NPpOAO/MKEHHUEM B BEPXHIOWO HOJIYI'[JIOCKOCTb
X

Imz>0 ¢ynxuun 3a/aHHOK Ha NOJNOXKHTEJIbHOH vacTu AeHcran-

tenbiiolh ocu 0 < x <Cco, B obaacry, orpaHudeHHolf koHrypom I, oco-
6px Touek He uMmeer. ITostoMy Ha ocHosauuu teopemnsl Koun

R el d S § priete d 0
.\ P + sl o £ =0,
Y] 0 R

—p
\roac=\ -
r

(5.51)
[Mocneanee caaraemoe aesofi wactu (5.51) crpemurcs K Hymao npu R— oo
B cuay nemmbl JKopnana. Pacemorpum Tperse ciraraemoe. 3ameTuB, uTo
B 3TOM HHTErpajie noJyokpyxHocrs Cj, NPOXOLHTCS B OTPIILATE6HOM

nanpap/ienns (110 4acosofl CTpe/Ke), W CIENaB 3aMeHy NEPEMeHHOH uHTer-
puposanus { = pe'?, nonyunm

4

etod : . - -
[3: S dc:i S ezap(cosw+zsm¢) d(P' (5_02)
; 7

o

[Topsnterpansuas ¢yukuus B (5.52) aBIAETCH HENMpepLIBHOW (QyHKiUUEH
napamerpa p, 1 npu p— 0 ee npegen pasen 1. ITostomy
lim /g = — im. (5.53)
p—0
Iepetinn 8 (5.51) x npeaeny npn p—0 u R— co, cornacuo (5.50)
n (5.53) noayuum

[oe)

]1 = \'7. p. \

.
—00

el

dx =in, o>0, (5.54)

B —

*) Cm. b, 2, crp. 383.



138 TEOPHY BBIYETOB U HMX NPUJ/IOXKEHNSA [rJ1. 5

OTKyZa
@ .
S M dx =1, a>0. (5.55)

x 2

0

ITpu o0 << 0 umeer Mecto dopmyJa
@ .
S MO = — %, a<0, (5.56)
0

B ueM Jerko yOeZWTbCs NMpPH MOMOILM M3MEHeHnst 3uaka y a B dopumyse
(5.55).

4. Cayuyait MHoroswaunpix ¢ysxuuil. Bo Bcex npeiwaymnx pac-

CMOTDEHNAX MBIl (aKTHUeCKn OCHOBHIBaJuCh Ha QopmyJse Komwu, crnpasel-

JUBOH  OAad OlIHO3!Ia'{HOﬂ aHaJUTIIue-

g cxolt dyukuun. CrepoBatenbHO, pac-

CMOTPEHIIbIE METOABl MOXHO IpuMe-

Cr HSITb JIMHIbL TOTAA, KOTAd aHaJuTHYeCKoe
nponoakerne f(z) ynknun  f(x)

R ¢ geHcrBuTespHod ocu B8 00JACTD,
OrPaHWUYEHHYI0 KOHTYPOM HWHTErPUPO-

Z:ﬂf R BaHus, 4BASeTCs OMHO3HAYHOH anann-
6}7&/7 Z Ttuyeckol dyukune. B Tex wxe cay-
yasix, KOrAa TnoJHaf aHaAuTHuecKas

¢yukuua  F(2) 0Ka3plBaeTCs MHOrO-

3HauyHOR Ha MOJHON KOMIIEKCHOH NioC-

KOCTu 2, Halo Tak BmOuUpartb KOH-

UHTErpuposatins, utodht BHYTpZ

Typ
Puc. 5.5. €ro He COZEpPkKaaoChk TOUEK pPa3BETB-

aenusa Qyuxuun F (2), m paccMaTpUBaTh
UL OJHO3HAUHYIO BeTBb f(2) noauoil anaantnueckofi dyuxuuu F (2),
ABJSIONLYIOCS  HENOCPEACTBEHHBIM  aHAJIHTUYECKHUM TIPOJOJKeHueM (yHK-
uud  f(xX) B KOMIVIEKCHYIO OOJacTh. ITH COOGpaKeHus MO3BOASIOT pac-
NPOCTPAHHTh PACCMOTPEHHLIE Bhitle METOAB Ha psil  HECOOCTBEHHBIX
WHTErPasos, 4aCTO BCTPEUAONIMXCS B NPUIOKEHNSIX, PaccMOTPUM HECKOIBKO
TUNUYHBIX CJAyYaes.

1° Unmeepaas suda

[ee]
I={ x*1f(x¥)dx, 0<a<l (5.57)

0
Ilycte dynkuus f{x), 3anauHas Ha NOJOKUTENLHOH UYaCTH NEHCTBUTE/b-
HO# Ocn, MOWEr OhTb aHaJHTUUCCKH NPOJO/AKEHA 112 BCIO KOMNJEKCHYIO
niaockoctb, IlycTh ee aHanuTHueckoe npopomkedue f(z) siBaAseTCH OAIO-
BHAYHOM anannTH4ecKol ¢yHKUNEH, 3a HCKJIOUEHNEM KOHEUIlOro uucaa
UI0NUPOBAHHBX OCOOMX Touek 2, (k==1, ..., 1), He AeKaUlUX HA NOJO-
WHTEABHOW uacTn ACHCTBUTEBIION OCH, B 2 = OO ABAREICH HYJAEM HE HUXKE
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nepsoro nopsinka ¢gydxian f(2), a touxa z =0 — ycrpanumolt ocobon
TOUKON. Pynxiug

P () =2%1/(2) (5.38)

i obmactn ¥ [0<Carg z<< 2m], npeacrasasioniell coBOH NAOCKOCTh 2
C paspe3soM no IOJOXKUTEJLHOH uvacTu AEHCTBUTENLHON OCH, OUEBUAHO,
SIBIGETCSH aHATUTHICCKUM ITIPOAOIKEHUEM ITOJALIHTErPaNbHON (PYHKIAH, COB-
najaiouled ¢ Heil Ha sepxmuem Oepery paspesa (arg z =0). ®yukuug ¢ (2)
SBASETCS OAMO3HMAUHON (yHKuueHd B obaactd ¥, u ee ocobHe TOuKH
COBMARAT € OCOOBIMH TOUKaMu 2, ¢yHkuun f(2). Paccmorpum B 061a-
cru G samxnytsift koutyp I', cocTaBaeHHEI U3 OTPE3KOB AEHCTBHTEABION
ocu [p. R} Ha BEPXHEM U HHUKHCM Oeperax paspesa’ ¥ PA3OMKHYTbIX OK-
pysuocrett Cy, i 2i=p, u Cg, |2|[=R (puc. 5.5). Ilo ocxosHoili Teope-
ME TEOpUN BBLIYETOB
R

o]
lo@dp={ x> (x)dx+ {L* /(@) i+ T () dt+
r p C§ R

n
+ (7Y@ dg=2m 3 Boiu [2%71f(2), 2,).  (5.59)
Cb k=1
PaccmoTpnM Kakaoe M3 CJaraeMalX J€BOH yacTd pasencrtsa (5.59).

| @) ="

()[LQ

o=

2R = 20MR* —. 0,  (5.60)

—+0

TaK KaK [0 YCAOBUI0 B OKPECTHOCTH TOUKA 2 =00 Aas Qynxiun f(2)

z|’

crasafer COGOH MHIETpa’i 1o mecuemy Gepery paspeaa rae arg z = 2sm,
T. e 2=Xx-62(x>0) nu 2%l = x*1.e2%1) [IosToMy

M
UMEET MECTO OleHKa [f(z)]< Tpetbe caaraemoe B (5.59) npea-

4 R
{01/ () dp = —enton) { xo-1f (k) dx. (5.61)
R P
HaxoHneu,
§ e ©dg I < Myp*i2ap —0, (5.62)
C—- —
p

TaK KaKk B OKPECTHOCTH TOUKM 2z =0 umeeT mecto oiulenka |f(2)|<< M,
oo >0.

Hepefina x mpegeay B (5.59) mpu p— 0 u R — 00, Ha OCHOBaHKU
(5.60) — (5.62) oKOHUATEJBHO NOJIYUHM

co

{ e de = ,WE Bl @ 2l 58

0
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I[Tpumep 5. Bouucaurs unrerpai
O

1=\ ¥Zdx 0 1 5.64
= !\ 1—:1:—; X, <o<l. ( . )
0
Ioannterpanbuas ¢ynxuns 8 (5.64) ynOBJETBOPSET BCEM NEPedHCACH-
HeIM BhIlle ycaosuaM. [losTomy

2ni %71 ] QmietntaL b =
lzl_er'znocBbm [1—1—2’— 1J‘“ T—s2m — §inout” (5'60)
2° Hnmezpaas suda *)
i
fe 1 (1 = x)*f(x)dx, O<a<<l (5.66)

0

Iycts Qyukuus f(x), saganHas nHa orpeske apeficteutensuoft ocu (0, 1),
MOXET OblITh AHAJUTHUECKM NPOAO/KEHA HA BCIO KOMILIEKCHYIO MJ10-

cxoctb. Ilycts ee anaamtuueckoe
Y npoao/mKkenne dBJAAETCHE OJHO3HAU-
HOU aHamuTudyecKo# dynkuuet, 3a
HCKJIIOYEHHEM KOHEHHOro Yueaa u3o-
JIIPOBAHHBIX 0COOMIX TOUEK 24, (R = 1,

¢
2 " 2, ..., N), ne nemauux Ha OTpesKe
O=<x="1, a TOUKA 2=00 —
7=7 ycrpauuMas 0co0ast TouKa PyHKilHu
=0 ). Torzia wirrerpan (5.66) ser
- - f(2). Torma unrerpan (5.66) nerko
Lo 07 MOXKET OBIThb BBIUHC/IEN METONAMY,

aHaJOrMIHBIMU Pa3o0palldelM BHIIIIE,
3aMeruM, uro aHAAMTHUECKOE MPO-
Jo/XKenne NOABHTErpaisHol QyHK-
A D()=21(1—2)%f(2)
MMEET JBe TOUKY pasperBiacHus: 2 = 0
n z=1. Touka z=oco saBJisercH
Puc. 5.6. ycrpanuMoi 0co60i Touko# (yHK-

wnn D (2). JedicTeutensno, noanbi

06X0/1 O OKPYKHOCTH AOCTATOYHO GOMBUICTO Paanyca, COALPKAILUN BIIYTPU
o0e Touku passerBieHus z=0 u 2z=1, He MecHseT 3HayeHus PyHKilLu
@ (2). Pacemorpum 06aacTs &, 1PeaCTaBAAIONYI0 COGOR HOMHYIO IIOCKOCTH
2 ¢ paspe3oM no OTPe3Ky aedcTsurensHoit ocu [J, 1]. Bersp ¢yHxinn
@ (2), cosnagaiomlas Ha BepXHEM Oepery paspesa C HOAbIITErpalJsHoOi
(pyurituest (5.66) meticTBUTEABLHON NEpeMeHHON x, ABJAETC ORNO3HAUHOH
aHaauTHUeCKOH (ynkuuett B &. Bunibepem B F samxnyrtoit Kouryp I, coc-

\ x

*) Kak serxo BufeTh, ZAHHBI MHTETpa/ C HOMOIIbIO 3aMEHEI Y=y Mower
Obitb  cBefieH K unTerpaniy Ttuna (5.57), ogHako B psje CJAyuaes NPoOLIE [IpOH3BECTH
HENOCPeACTBeHHOe BhIYHCAeHHe HHTerpasa (5.66), uro W genaeTcs B 3TOM IYHKTe,
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Tosmni w3 oboux Oeperos pasdpesa |0, 1], 3aMBIKAOWHX UX OKPYHKIIO-
creit Cp, |2]=p, u Cj, |2—1|=p, Rocrarouno Ma10ro pasuyca p
i oxpyxuocry Cg, | 2| =R, conepxaieit suyrpn orpesok [0, 1] u Bee
ocoOne Touku yuxuun f(z) (puc. 5.6). Ilo ocHosuolt Teopeme Teopuu
BLIUETOB

l—p

§®<C)dc= § xo1(l — o)y ef (o) de - CS D Q) dt+
3
(8]

0
+IS D () dz+ S D () de -+ S(D(z)dc~

N p
— i Zl Boiu [2%1(1 — 2)% f(2), 24 (5.67)
b=

PaccyorpuM  Kamxgoe csaraemoe B Jepoit uacrn pasecrsa (5.67). Ilo
YCAOBUIO 2 == 0O — ycTpanumMas ocofas teuxka f(z), T. €. B OKPECTHOCTH
2 ==0CO MMEeT MECTO pasjaoxelune

f@=a+5 -+, (5.68)
rae a, = lim f(2).
Z—=0
PaccmoTpin ysunio
o) =21 (1 —2) %= L[ 2 > (5.69)
=

gBAsOILYIoCs  ykazaHno# seime serspo  pyukunn D (2)/f(2). Touxa
7 =00 SBJSETCA NPABMJbHON TOUKOH BHIGpaNNOH versy Qysxuuu ¢ (2);
[IO3TOMY B OKPECTHOCTH TOUKH 2z ==CO Qynkilua ¢ (2) MO¥KeT OhTb npea-
CTaBJE€Ha B Bujie

)= D (5.70)

rae P; (2) — OrpaHAuEHHAs aHaNMTHUeCKas QYIKUHS B OKPECTUOCTH TOUKH
z=o00. Otcropa aas pasnowxeuns Qyuxuun P (z) 8 pax Jopana B oxpe-
CTHOCTH TOUKM 2 = CO I10JIyuaeM Bbipaxelne

D (2) = gy S0 4 B (5.71)

rae (&) — orpaHuyeHHas anaanTHuecKas (Qyurlns B OKPECTHOCTH TOUKH
z=00. W3 (5.71) naxonum

By [D (2), co]= — q,e™* (5.72)
llosTomy no ¢opmyae (5.17)

§+ D (D) dl = 2niae™™ (5.73)
R
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Tak kak npu o6xone TOoukM z=1 no yacosol CTpenKe apryMeHT BbIpa-
wenng (1 — z) Mensercd Ha — 27T, TO apryMeHT (QYHKLUH @ (2) na nux-
nem Oepery paspe3a GoJiblie aprymenta Ha BepxHeMm Oepery paspesa Ha
2na. llosromy
' 0 1—p
{ ©@Qdi=—em | O (x)dx. (5.74)
1—-p 0
Kax nerxo noxasath ¢ HOMOUIbIO OilleHoK, aHasoruunsix (5.62), npu 0 <<

<Co << 1 nuTerpansl no mMaabiM OKpyswHocTsM Cp u Cp CTPeMATCst K HYJ10
npn o — 0. Torna, nepexons B (5.67) k npegeay npu p — 0, noayvaem

N
(1 — ™) [ 4-2mie ™ q, = 250 3} B [2%2 (1 — 2)-%f(2), 24},
k=1
OTKYAa
. Ny _
[=2 4 I_eWE Buiu [2%1 (1 — 2)%f(2), 2}, (5.75)

rae ag=1im f(2).
Z—00
ITpumep G. Bouncaurs nurerpan ¥)

1

[={x*1(1 —x)*dx, 0<a<<l (5.76)
0

Tak Kak BHNOJHEHh BCEe CHOPMY/AHPOBAHHBIE BBILE YCJAOBUT U ay==1,
1O,

n
= i 8.77)
3° Unmezpaav guda
(o0
I = Sf(x) Inxdx. (5.78)
g

Mycte dynkuus f(x) asasercs ueTHoH QyHKuued u MoxeT ObTb anasu-
THYECKN HPOAOJMKEHa HA BEPXHIOW MoJaymnaockoctb Im z >0, npuuem ee
aHaJANTUYECKOE NpPOJO/KEeHne yros.aeTsopser ycaosusm Jsemmbl 1. Pac-
CMOTPUM B BepxHell TNOAYNAOCKOCT® 3aMKuyTwil koutyp I, cocrosuint
¥3 OTpe3KoB Aeficteuresbhofi ocu | — R, —p), [p, R] u coeaunsouux
ux noayoxpyxuocret Cp, |2|=p, u Cpg, |z|._R Dyukuns O (2), apas-
1011129Csl BETBbIO [10/1HOH aHANHTHYECKOH (YHKUNK U coBliafaontas ¢ f(x) Inx
Ha MOJOKUTEABHON uacTH AeHCTBUTEAbHOH ocu (x >>0), Ha OTpullaTeNb-

*) 3ametuM, 4TO paccmMatpuBaeMmbll HMHTErpaj  sBASETCH YACTHBIM C/ydaem
B-pyskuny (cM. Beim. 2, ctp 434):

i
B(p, )={ Pt (1—n) 1 dx.
0
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HO# 4HacTH AEHCTBHTENBHOH OCH NpH 2=z |eT == xe'T = — x (x >0)
npmmmaer 3HadyeHue

D (2) |msein = f(x) In (x€") = f(x) [In x 4 im).

[Tosromy
R _ R
§‘I’(€)d§=§)f(x)mxdx+cg D Q)L+ £(0) [Inx - in]doe+
éf o
N
+CS @ @) de=2m D\ Bun[f(2)lnz, 2, (5.79)
i k=1
0
PaccvoTpuM BTOpOe caaraemoe B Jeo# uactn (5.79)
n 14
\ 0@t |= ity { 1mgies =g { 1R+ rorg L as =
CR’ 0 0

= 1“{,‘_ VIR F g0, (5.80)

ITposens aHaiOruuHble OUEHKH, JErKO NOKa3arh, UYTO U nocaelHee caa-
racmoe B Jaeof vactu (5.79) crpemurcs x uymo npun p— 0. lHaxoneu,
[o.e]

HecoGeTBEHHBIEE uHTEr pal Sf(x) dx cyuectsyer u B cuay (5.35) pasen
0

Sf(x) dx = mZ Boiu [£(2), 2x). (5.81)

[Mostomy, mepeitas 8 (5.79) k npeneny npn p —0 u R — oo, nmoayunu

= Sf(x)lnxdx~:rt12 Boiu [f(z)( Inz— _2v>' z,(,}. (5.82)

IIpumep 7. Bouucauts nurerpan

)
\ In x
COTJIaCHO 1IPOBEACHHBIM BbILIE paCCy)K:[eHHﬂ\X

Ir.m'Bbm[(l_'_ \lnz 2), i|=-% (5.84)

§ 3. Jlorapupmudeckuil Bbluer

1. Monatue aorapudpmuveckoro Bbiyera. Ilycrts B obsactn ¥ 3agana
onno3nauHas Gynkina f(2), anaantHyeckas BCOAY B ¥, 33 HCKIIOUEHHEM
KOHEYHOTO 4HCJa U30JUPOBAHHBIX OCOOBIX TOueK 2, (k=1, ..., p), npu-
yeM BCE 2p sABJstoTcs noaiocamu. llpeanonoxum, 4ro wa rpamuue [
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obaacty & mer wm nyaefi, np 0Co6HX Touek ¢ynKuud f(2), u paccMOT-
pUM BCHOMOraTe isHy10 (QyHKIHIO

o)=L f ((22)) . (5.85)

dynkumo ¢ (2) yacTo Na3KBAOT A02apuPAnteckoli npou3godHoll Hynx-
way f(2), a eruersl pyHkuuun @ (2) B8 ee 0cobuIx TOuKax 2, (m==1,...,
M) — pozapugbaunueckusu suemann Gyuximg f(z). Onpememim 0co-
Gole TOuKK (yHKuuu ¢ (2) B obnactd F. B cuay oburux ceoficTe ana-
JUTHUECKHX YHKIUMH 9CHO, UTO 0COOIMU TOuKaMu yHKiuu ¢ (2) OyayT Hy/1n
zp(k=1, ..., n) u nomocel 2,(k=1, ..., p) dyukuun f(2). Hatizem
3Hayedre BhlYeTa GYHKUMH @ (2) B Kawno# u3 ee ocobuix Touek. Ilycts
TOYKa 2= 2, ABJIACTCA HyJeM nopsamka n, gyHkuuun f(z). Toraa s oxpe-
CTHOCTH 3TOH Touku (PynKuus f(2) umeer Bug

F(2) =z —=z,)%f1(2), fi (22) 0, (5.86)

npU4eM TOUKA :7,2 SBJIETCS ITPaBUIBHON TOUKOH (yHKituu fi (2). Beruncaas
dyuxu#o @ (2) B OKPECTHOCTH TOUKM 2 =2, no gopmyae (9.85), noay-
qaeM
=(nf @) =n(In(z~2,)) +( L
¢ () =nf) =mln{z—2.)) +(nfi) =_—= + Z)
OTcioga CAeAyeT, uTO TOUKA 2j, SBASETCH MOJIOCOM NEPBOrO nopaaKa
¢dyaxunn @ (2), npuuem BHueT (yHKUMA ¢ (2) B ITOH TOUKE DPaBEH #y,.

Urak, 8 nyae mopsixa n, ¢yuxunn f(2) ee norapudMmuuyeckiuil sbver
pasen n,, T. €. HOPSAKY HyJst:

Bty [ ff ((j)) Nk] — 1, (5.87)

ITycte TOUKA 2, $BAAETCA NOMIOCOM NOpsaxa p, GpyHkumn f(2). Toraa
B OKPECTHOCTH 3ITOH TOUKM (yHKuus f(2) umeer Bug

1@ =g hEn 0, (5.85)

NPUYEM TOUKA 2, ABJAETCA NDPABHABLHONH Toukoi (pyHKunu fi (2). Tloatomy
aast morapndMUYeCKOR npoussomon (ynkuud f(2) B OKPECTHOCTH TOUKU
2 =2, NOJYUUM BHIPAKENHe

_ Pk fi (@)
¢ (2)= —z——z—k+ T &)

Orcroma c/aedyer, uTO TOYKA 2, TaKKe MABJAETCS IOJIOCOM [EPBOro
nopsaaxka (GyHruun @ (2), uUpuYeM BbIUET B 3TOH Touke pasen — p,. Hrak,
B NOJIOCE NOPAAKA p, (ynxuun f(2) ee JsorapudMuueckuii BHUYET pasel
NOPAAKY IOJMI0CA, B3FTOMY CO 3HAKOM MUHYC:

qu[ff (( )) . z,c} = —Pp (5.89)
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2. Tlopcuyer uyucaa Hynxeil anamutuueckoift ¢Gyuxuuu. [Toayuennme
pEe3y/bTATH TO3BOJAT AOKA3aTh CJCAYIOULYIO BAXKIYIO TEODEMY.

Teopema 55. IMycme Gynryus f(z2) asagemcs axnamiuseckold
gcrody 68 3aMKEHYmol obaacmu &, 3a UCKAIOHEHIeN KOHEw 020 HUCAQ
aexcauux BHympu G u30AUPOBAHHLIX OCOOBIX INOUEK 2y, KOMOpPbLE
gee SABASOMCA RoACaMU, 1L nycme f(2) He obpauaemcs 8 HYAb Hll
8 o0uoil mouxe epaunyst T odaacmu &. To20a pasnocms aedxncdy
HOAHBLAL HUCAOM HYACU 1L ROAHBIM HUCA0IE NOA0CO8 Byurnun f(z)
8 obaacmu & onpedersiemcs gupasiceniens

1o )
N=P=5; | o % (5.90)
I

IToa moanbiM UHCAOM HyJe# (1MoJI0COoB) MOHNMAETCH 4YUCa0 Hysaedh N
(moawocos P) € yueTOM HX KPAaTHOCTH:

n »
N=Yn, P=>pp (5.91)
k=1 =l
INokasareabcTBo. Jliusg noKazatenncTBA TEOPEMH 3aMETUM, YTO
’
4
puterpan no I' or Qynxuwuu @ (2) = % MOKET OBIThb BBIMUCJEH C IIO-

MOIILbIO  OCHOBHOH TEOPEMbl TEOPHH BHYETOB, IPHYEM TaK KAaK Bce 0CO-
fple TOUKM (PYHKURU ¢ (2) — 3TO NYJIH 11 MOMOCH (yHKUHK f(2), a BHUETHI
B 3TUX TOUKAX omnpeaeasiorca ¢opmynamu (5.87) u (5.89), 10

M n Y
‘ ¢ (§)dl=2mni Z Buu | (2), 2,]=2mni {Z ny — }_lj pk\ =2ni (N —P),
'+ m=1 k=1 k=1 J

YTO 1 AOKa3bIBAET TEOPEMY.
OTmeTuM npOCTOH reOMETPHUECKHH CMBICJ J0KA3aHHOH TEopembl, A/
uero npeoGpasyeMm uiterpas, crosuuwifi B npasol uactn (5.90):

ori \ b= \ dmf@© =g \ i F@ +iare £ ) =
s It -

_ 2J1u S din' f(Q) —Jr?li g d arg f(0). (5.92)

I I

Hetictaurensnas  dynxuns In|f(Q)| asagercs oamnosnaunoft pynkuned,
103TOMYy €e Bapuauus (u3menenne) npu obxoie Touxo# { 3aMxuyToro
kourypa I' pasna uysmo. Crexosatesbno, meppoe cJaraeMoe B NPaBoi
vactn (5.92) passo nymo. Bropoe caaraemoe npeactasaser coGol mo.-
Hyw Bapuaunioo aprymenta dyuximg /(L) npi o0xoge toukoit { samxmy-
roro xourypa I', mesennyw na 2m. Urak,

N—P =y Var farg (@)l (5.93)
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Byzem unsofpaxarb 3HaueHus (yHKUMM @ = f(2) TOUKaMd Ha KOMILIEK-
cioit miockoctn w. Tak xak dysxuus f(2) nenpepriBHa Ha xoutype T,
TO NPH noAHOM 00Xoae TOYKOH 2z Koutypa- I' Ha MJIOCKOCTH 2 COOTBET-
CTBYMOIIAss € TOUKA HA MJOCKOCTH @ OMNUCHIBAET HEKOTOPHI 3aMKHYThiH
kouryp C. Ilpu sToM TOUKa w==0 MOKET OKa3aTbC# KaK BHe, TaK
¥ BuyTpu ofjacty, orpannueiHo#t konrypom C. B nepeoM caydae Bapua-
uns apryMenTa w@ npu mnoanom ob6xone C, ouesuaHo, paBHa Hyawo. Bo
BTOPOM CJ/yudae BapualiWsg apryMenta @ OINpejensercsd YUCAOM MOAHBIX
06X0108 BOKPYT TOUKM @ =0, KOTOPHE COBEPINAET TOUKA W NP CBOEM
asuxennu no kontypy C. Ilpu 3TOM TOuKa @ MOuer OGXOZHTb TOYKY
w=0 KaKk [POTHB YacoBOH CTpeaKku (B MOJOXHTEJILHOM HANpPaBJIEHUN),
TaK W MO 4acoBOH CTpeaxe (B OTpULATENbIIOM Hanpar/enun). Mrak, pas-
HOCTb MEKAY NOJHBIM UUC/IOM nyJel u nomwocos ¢yukuun f(2) B obaa-
ctu Y onpenessercs unciom oGOPOTOB, KOTOPHIE COBEPLIAET TOYKA
w=f(2) BOKpPyr TouxkH w =70 NPH NOJOKUTEJLHOM OOXOZE TOUKOH 2
konrypa I'. Dru coobpameHus uaCTO OKA3HIBAITICHA CYIECTBEHHBHIMU NPH
NOACYETE NOJIOTO YUCA3 HyJACH aHAAUTHUECKOHW (YHKULMM B 3a71aHHOH
ob6ractu. Ilpn 5TOM BO MHOTHX C/IyUasX COOTBETCTBYIONIME BbIUHCAEHHS
MOKIIO 3HauUUTeNLHO oOJeruuth 6/arofaps CAeLywLIed Teopeme.

Teopema 5.6 (meopema Pywe). [Tycms yurxyuu f(2) u ¢ (2)
ABASTIOMCSA  QHQAUMUMECKUMI 8 3aMIENYMOL ofaacmu &, nputesn na
epanuge T obaacmu & usmeem mecmo HepageHcmso

7@ r>9@)r- (5.94)

Toz20a noanoe wucao wyaeit 8 o6aacmu G ynxguu F (2) = f(2) - ¢ (2)
PasHO ROAHOMY wucay wyaelk gyuxyuu f(2).

HJorkazatenwvcrno. Jdas dyskunit f(2) n F(2)=f()+ 0 (2)
BHIIONHEHH BCe ycaoRds Teopemsl 5.5. [eficrutensho, ¢yukuua f(z)
He uMeer oco6ux Touek Ha I' (onma amaauruueckas B 9) u ne ofpaitaercs
B gysp Ha [' B cuay (5.94). Dt yCa0BHG TAKKE BBIMOAHEHB! 145 QYHK-

wan F(2), 1ak kak [F(2)r = [f(2)+9(@)|=]f(&) ] — |¢(x)|r>0.
[Tosromy Ha ocHosanun Qopmys (5.93) noaydum

NIf(2)+¢ (@) =g Var [arg (f+ )lr 1 N[f(2)] = 5= Var [arg £ ()]

PaccmorpuM pas3HOCTb

N/ @+ o] —Nf()]=

= iVar[arg (F+o)—arg flp Var [arg ( fi\]
<arg (f+ cp)—argf—argf“;@>-
Bsenem ¢yuxinio @w =1 +(?§z; Kak snerxo Buaers, npn o6xonge ToOu-

koft z womrypa I' coorseTcTmyromas eit TOUKa W OmUIIET 3aMKHYTYIo
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kpueytro C, xotopas B cmay ycuaosud (5.94) Oymer LeavKoM JeKarh
BIYTPH Hexkoroporo kpyra |w—1|=Cpy,<<1 (pnc. 5.7). Tem cambiM
Touka w==0 aexur BHe Kpusoi C. CuerosareasHo, Var|arg w]p==0,
UTO K AOKAa3biBAET TEOPEMY.

Mpumep. Haitru nomnoe dnciao uynel gyuxuun F(2)=28 —5z5 —
— 22+ 1 suyrpu eamuuunoro xpyra |z|<C 1. Ilpeacrasum ¢yHKIUIO
F(z) 8 Buge F()=f(2)-+¢(2), norowus [f(2)= —5z°+t1 =n
@ (2) = 28— 2z. Torna

]f(z)lizl”;l)\ _525“2‘:1—1:4’
@@=t =128 12— 4] 2212 =1 =3,
orkyaa | f{(2)121=1>|9(2)]|2=1>0. Cregosare/pH0, NOJHOE YHCAO

Hyaeh B obracri |z |<C1 ¢ynxuun F(2) paBHO NOJHOMY uHC/Ay HYyJeH
dyHkunu f(2), HO NOCAEnHsS NMeeT,

OUEeBUIHO, DOBHO INSITh Hyneﬁ: 12
5 EE LQ‘TIZE
zk-:l//%e 5
A
(=0, 1, ..., 4).
w=7
Bamnnim npruiiunuaJbiLIM Caen- w=0 U

crBueM  teopeMsl  Pymie  sBasercs
Ocrosrnas meopema 8vicuiel
anzeGpoi. [Toaunoi n-off cmenenu ) i)
WALEENL HA KO MNACKCHOU HAOCKOCMmU
pesHo 1 Hysell (¢ ywemom ux
Kpamuocmit).
HJowxasareancrso. Ilpen- Puc. 5.7.
cTaBeM  moJduHoM F(2) = @2+
+ a2t ta,Beune F (2) = f(2) + @ (2),mon0xus f(2)=q,2" ¢{(2)=
= q2" 1+, .. La, Cocrasum oTHOMmIEHNE (;)((Zz)) = gi . %—}— . .—I—gﬁ "5
Kak Jserko Buaerh, npu JoObX 3afanHbBIX 3HAYeHUs X KO3QPUIHeHTOB
Qg, @y, ..., @, BCErJd HalmeTcs Takoe 3HaueHue R, uTO AAs1 BCEX 3HA-
venuft |z |=R >R, uMeer Mecro HepaBeHCTBO

9
'<17o

B cuay teopemst Pywe uz (5.95) ciemyer, yTO NOJHOE YHCIO HyJeH
¢pyukuun F(2) B Kpyre |z|=R paBHO uHuCaAy HyJel B 9TOM Kpyre
dynkuan  f(2)=ae2” Ho oyHkuna f(z)=ay,2" na BCeli KOMNIEKCHON
[IIOCKOCTH MMEeT ejMHCTBEHHBH n-KpaTHHY HyJb — TOuKy 2 = 0. Orcrona
B CUIY NPOM3BOJABHOCTH R =R, u cJelyeT YTBEDKIECHHE TeOPEMbL.

e <L (5.95)



FTABA 6
KOH®OPMHOE OTOBPAXEHUE

Kak npu nocrpoenun obuie#t Tteopun (yHKUnE KOMIJIEKCHOH nepe-
MEHHOH, TAK M B €€ MHOTOUMCJEHIIBIX NPHAOKEHHAX, B 4aCTHOCTH K pe-
IWEHUIO B31a7 MEXaHnKH ¥ Qusauxy, OOJBIIOE 3UAUCHHE UMEeT H3ydelue
TeOMETPUUECKUX CBOHCTB KOH(OPMIBIX OrofpaKenui, oCymecrBAseMbIX
aHaaurHueckumy pynkunsMu. B ora. 1 Gnvio sseaeno mnousitie kKongop-
noro orebpaxenud, odaanalonlero CpoHcrBaMu  coxpanenus yrjios U
nocrosiicTsa pacrsxenuil. Pyuramenrtaspioit 3anaqell reopun KondopMIbxX
oroOpaxeHuit ssaserca caeayromas. [anst e o0aactu  KOMUAEKCUOH
MAOCKOCTH, ¥ Tpedyercd naith (yHKILUIO, OCYMIECTBJSIONLYI0 B3aHMHO
onlo3iauoe ¥ Kolpopmuoe orobpamende OMIOH obsactn na APyryuo.
IMpu sTOM, KONEUiO, BOBIIKAIT BOMPOCH 06 YCJOBUAX CYNLECTBOBAINS
U OAII031AYNOr0 Olpee/enns Takol dyKitar.

B 3aroft raase Oyayr kpartko M3A0WeHHl OCUOBHLIE (OUSTHA TEOPHH
koudopmnoro orodpawenus. Mu Takke paccMorpiM HeKoTopLe reoMer-
puueckue cpoficrna oToOpaNeNnil, OCYIEeCTBASEMBIX PALOM aHAINTHYECKHX
dynxuni, naxopsiiux 1aubosee IIIPOKOe UPHMEHEHHe B NPUJIOKEHUAX.

§ 1. O6mue cBoiicTBa

1. Onpeneaenne KoHdopmHoro ortodpawmenus. B ra 1 npu pac-
CMOTPEHUM TEOMETPUUECKOTO CMDICJAA MOJAYAst ¥ apryMenta Nnpon3BOAHON
ObI0 BBEIENO nousTHE KOIGOPMIOro orobpauenns. BHA0 110Kasano, yro
ecay (PyHKuus @ == f(2) aBidercs OAHO3HAUNON W alAJUTUUECKOH B OKpe-
CTHOCTH HeKOTOpo# Toukn zy n f'(2p) == 0, 10 oroGpanenne, ocymect-
BJSEMOE AaNHOH (yHKuUuEH, B TOUKe Z, objasaer CBOHCTBAMHM COXpaHe-
HHg YrJOB W [OCTOAHCTBA pacTskennil. To ects yroa Mewxay aoGhMu
ABYMA T[JIAAKUMKU KPHUBBIMH, TMEepeCceKkaloiymucst B TOUKE Zgp, paBseH u Iio
aGcoMOTHOR BeAMUHHE W 110 HANPABJCHUIO YTy MeWAy uX o6pasamu
Ha TJIOCKOCTH @ B TOuKe w@,==/f(z,), a GECKOIEUHO MaJble JUHEHHbIE
SJIEMEHTEL, BBIXONAUIME M3 TOUKM Z,, Npeobpasyorcs nogoOHHM 06pazom.
JTO osHauaer, Yro INPH PacCMaTpPHUBAEMOM OrOGpaNeHuy JII000H Becko-
HEYHO MaJBld TPEYTOAbHUK C BEepIIHHOH B TOuKe 2, npeobpasyercs
B 0A00HHA eMy GECKOHEUHO MaJbelfl TPEYroJAbHUK C BEPLIMHON B TOYKE 70,
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Ormeriny,  uto B cily  oBuinx  CBOHCTB  anajntnueckux  (ynkuui )
B OKPECTHOCTH TOUKil @', onpeiesena OLNO3NauNas aHAMATHIECKad (PyHK-
uist 2= (w). TeM caMpM MEKAY OKPECTHOCISMH TOUEK 2, U W,
YCTaHOBJEHO B3aUMHO OMIO311a4N0e COOTBETCTBHE. BBegem creayroliee
(hynpaMenTaspHOe Onpeenesne.

Bsauino o0no3naunoe omobpaxcenite obaacmit & Komnaercuoll
naockocmu 2 Ha obaacms G KOMIACKCHOU HAOCKOCHI W HA3bIBALHICA
KOHEOPALHBLAL, ecAll 3O onolbpascenlle 80 Bcex moukax 2 & $ olaa-
daem CEONCMBAMI COXPAHEHUS Y2A08 1l NCCHMOSIHCIBA PACMSIHCEHIUL.
[NonuepriieM, uro pannoe ornpeaenelnue NOAPA3YMEBAET EHPEPHIBIOCTD
pPaccMarTpPHBAEMOrO OTOOpaxenusl.

Y3 npeasiayniero scio, yro npu KOHPOPMHOM orobpawenun obaactu
% na o6aacrs (G GecxoneunHo Maawe IIOCKUe Gurypsl obaacty & npe-
ofpa3ytoTcst B nojo0HBle uM GecKouewno wmananie ¢urypsl obaactu Q.
Takwe nerxo BHAETb, 4TO NPU KONPOPMHOM OTOOpaWel i Ccoxparsercs
CBOIHCTBO B3ANMHOH OPTOrOHANLHOCTH CHCTEMbl KPHBHIX Ha HNJIOCKOCTH.
Hencrsureapnto, uyctb B obnacti & miaockocTit 2 (2= x-+iy) 3asanb
ABA B3aUMIIO OPIOTOUAJBIILIX OAIONAPAMETPHUECKIX CeMeHCTBA KPUBLIX
@ (x, y)=c u P (x, y)=1c, npuueM uepes aw0y0 104Ky 0OsactTH & npo-
X0JT MO OAHOH KpHBOH Kaxioro cemeicrsa. Toraa mpu KondopmHOM
orobpaxeunn obxacty ¥ na nexoropyw obiaactb G nuockoctn  w
(w=u-+iv) oOpaspl [aHIBIX KPUBBIX 112 INIOCKOCTH W@ — KpIIBHE
M (1, v)=c u ¥ (1, v)=c¢ — na ocnopaiivu CBOHCTBA COXPAIEHUs YIJOB
Tak:Ke OyayT B3anMilo OPTOTOINAJLILL JTO 031a4aeT, 4T0 ec/u B 06.1acTy
BHEIENA HEKOTOpast OPTOroila/LHas KpuUpOJMieHHas CUCTeMa KOODAMNaT,
TO npu KxondopMUOM OTOOPAKEHHH TA CHCTEMA KOOpAHHAT nepelser
TAKXkKEe B OPTOrOHALIYIO CHCTEMY.

Brisicuum  Tenepb, KakiMu cnolicrsamu poJokia obuagars  Qynkuus
KOMIZIEKCHON — TlepeMenof aad Toro, 4ioObn oroOpaieHHue, OCylleCT-
BJiseMoe 37O (yukiiell, 00 KOUQOPMITLIM.

Unpeer mecro chaeayloilas reopema.

Teopema 6.1. [lycme yuxyus f(z) sasasemcs 00HOIHAYHOU 1
o0HOMICMAHON araAumuieckoll Gynryuel 8 odaacmu 5 u f(2)==0
npu z 9, Toz0a ¢ynicyus f(2) npouzsodum ronghopuroe omodpa-
oenne obaacmu Y wa odracms (G KoMnaexcHoll naockocmu w,
npedcmasasiougyio coboll obaacns 3natenuil gyuxgun w=f(z) npu
e

Hokazartenncrro. Helicrurensuo, B cuny ycaosust f' (2) %0
npu 2 & & orobpawxenue, ocymecrsasemoe ¢yukuueit f(z), B0 BCex
Toukax o6sactu § o6/agaeT CBOHCTBAMEU COXPaneHns yr/a0B U [OCTOSH-
CTBA PACTKENHH, YTO0 B AOKA3HBACT TEOpeMy.

Wrak, ycroBus aHaiuTUYHOCTH, OJHOJMCTHOCTH M OTJAHYMSA OT HYJs
Npou3BOAHON YyHKIUMKH KOMIJEKCHOH NEPeMEHHOH dABJAMI0TCd AOCTATOY-
HbBMH  YCIOBHAMKM KOH(ODMHOCTH OTOOpaxenns, OCYLIECTBAFEMOTO 37TOf

*) Cm. ra. 1, crp. 33.
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¢dynkuved. EcrecTBEHHO 1OCTZBMTh BOMPOC, ABJMWTCA Al 3TH YCJIOBUS
Heo6xoauMbIMU. Fla 3TOT BONpOC OTBeuaeT cCiaeiymwolnas TEopeMa.

Teopema 6.2. [Tycms hyuryus f(z) ocyiecmeasem KoHgpopiroe
cmobpagicentie obaacmu G Komnaekcnoll naockocmu 2z nHa obaacms G
KOMNAeKCHOI naockocmu w u o2panutena 8 9. Tozda gynxuns f(2)
ssasemes odHomicmHOE u anasumudeckold 8 obracmu ', nputen
' (@R)*=0 npu z= 5.

HoxasarteabcTso. Tak Kak orobpaxenue, ocyulectsaseMoe PyHk-
uvel f(z), asagercd KOH(GOPMHBIM, TO OHO SBJFETCH B3aUMHO OJHO3HAY-
HBIM, H B JI0GOH TOUKE 2y & & BHINOJHAKTCH CBOACTBA COXpareHus yrios
u nocrosiictsa pactskenult. CaenoBarenbHo, 418 MOOBX TOUEK 2y M 2y,
IPUHAANEHAAX OKPECTHOCTH TOYKH 2p, C TOUHOCThIO 10 GECKOHEUHO
MaJiblX BEJAHYHUH BBHIMOJHAIOTCH COOTHOILEHUS

arg Aw, — arg Aw, = arg Az, —arg Az; 6.1)
51
Awy | Awyl
=T =k #O, (6.2)

rie Azj=2—2, u Azy;=2,— 2, CyTb OCCKOHEuHO Majble AUHEHHBIE
SAEMEHTH, BHXOAAUINE U3 TOUKK 2,5, a Aw; u Aw, — ux obpasu (puc. 6.1);

Z w, Awy w
Az 2z !
Azz Awy
Wy
Puc. 6.1.

3amerum, uro B cuay (6.1) coOTBETCTByIOmME YT/B B TOUKAX 2, H W,
pasHbl HE TOJBKO NO aGCOMIOTHOH BeJHudHe, HO M MO HAINpaBJEHHUIO.
Aw. Aw
O003HauuB argl—z—2 uepes o, us (6.1) nafinem, uro u argﬁ:a. Heit-
2 N 1
CTBUTEJBHO,

Aw Aw
arg Hz =arg Aw, — arg Az, = arg Awy — arg Az, = arg Kz—lzoa. (6.3)
2 1
Mz (6.2) u (63) noayuum, uto ¢ TOYHOCTBIO 10 OECKOHEUHO MaJbiX
BeINYNH HMEET MeCTO COOTHOLUEeHHE

doy _ Auy

Az, T Bz ke, (64)

B cuay npousonsHocTH BBIGODA TOUEK 2; U 2y B OKPECTHOCTH TOUKH 2,
coorHoluedne (6.4) o3Hauaer, YTO CYIIECTBYeT MPEAea PasHOCTHOIO OTHO-

w
WeHus - mpu Az — 0. 10T npeses 1o olpeleNeHHIO ABASETCH HPOM3-
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poanoit ¢gynxunn f(z) B rouxke 2, Tax kaxk k== 0, To 3Ta npoussoaHan
OTJIMYHA OT HyJd:

im 2% = f/(zp) £ 0. (6.5)

Az—0 Az

Touka 2z, — npoussoasias Touxka obaacta F; nosromy us (6.5) caeayer,

uto (yvkuna f(2) apaserca anasnrTnueckolt *) B obnactu F n f1(2) == 0
upn z & %. Ognonucrnocts f(2) caeayer M3 B3auMno# OMHOBHAYHOCTH
orobpaxenus. Teopema jgoKazana.

Urak, rowughop.unoe omodparcenne obracmu % womnaexcuoii nio-
crkocmu z Ha obaacme G KOMHACKCHOL NASCKOCIU W OCYULECTNS8ASENICS
IMOABKO  OOHOAUCHIHBLMI AHAATMUHECKUMI  (DYHKUUAMU KOMNACK CHOI
nepeyieHHoll ¢ Hpou3BOOHOIU, OMAUYHOL OM HYASL 80 BCEX MOUKAX
obaacmu 3.

Ormerum, uro yeaosue f'(2) =0 scioay B obaactu ¥ ssasercst neob-
XOAUMBIM, HO [NEHOCraToUuHLIM YCJI0BHEM KOI'I(i)OpMHOCTH OTO6pEl)K€HM${
obaactn & na oGaacts @, ocywecrsaseMoro dyukuuett f(z). Ouenuaiio,
ecau pyuruua f(2) sBadercd aHaAMTHYECKOH B obaacty ¥ u f'(2)5£0
sciony B ¥, HO dymkuua f(2) ve asagercs ONHOJIMCTHOH B %, TO 0TOGpa-
JKEeHMe, OCYymlecTsaseMoe 3TOH (yHxuvet, He OyAeT B3aUMHO OJHO3HAUHDLIM,
a TeM cambiM He Oymer u xoHpopmubiM. Takum npocrefiiium puMepoM
apasercd (QyHKuUng @ = 2% 3alauHas B noaykouable 1=C]z|<<C2, 0=<
= arg 2 == g1. D12 QyHKUHUA aHANATHYHA B SAHHOH oBJacTi, n @' = 428 =£ ()
BCIOY B NaHHOM moaykosasite. OgHako 3Ta (yHKuug oTo6paxaer IanHOE
10AYKOJbIO 1a obnacts l=Ciw|<C 16, O=Carg w << 4m, 1. e. 061acrs,
ABaX /bl NMOKPLIBAWOUIYIO COOTBETCTBYWOLIEE KOJIBILO Ha ILTOCKOCTH W, UTO
I HAPyLIaeT B3aUMHO OAHO31IAYHOE COOTBETCTBUE,

WUrak, oaHOMMCTHOCTH ONHO3HAYNOH aHa/IMTHUECKOH# (yukunn 8 00-
ACTH & gBISETCS BAXKHERIIMM  yCJIOBMEM KOHPODMHOIO OTOOpaKeHus.
Kax Oyazer noxazano mmke (cM. Teopemy 6.3 — NpUHUMI B3aUMHO OIHO-
3HAUHOIO COOTBETCTBUSH), STO YCIOBHE ABAAETCS HEOOXOAMMBIM M AOCTa-
TOYHBIM yC/IOBHEM KOH(OPMHOCTH OTOOpameHus.

Kak 6rl0 oTMeueHO B8billle, CBOHCTBO COXPAHeHUs YIJIOB O3HAYaer,
4TO coxpansercd He TOoJAsKO abCoaIoTHAS BeauyuHa YIJIOB MEXKLy Kpu-
BBIMH, IIeDECEeKAIOLIAMUCT B TOUKE 23, M UX 00paszamu, HO M UX HANpas-
aenne. Orto6paxcenue, npH KOTOPOM COXPaHMIOTCH aGCOJIOTHBIE BEJAHYHHEI
YPJIOB MeXAy KDHUBBIMU M HX 00pasaMy, HO HanpaBJeHUE YIJ/IOB MEHAETCH
Ha NPOTUBOIIO/I0KHOE, HA3LIBACTCH KOHGOPMHBLM OMOCPaNeHueMm §Ho-
pozo poda. PaccmorpeHHoe Bhilile 0OTOGDaXKEHUe HA3BIBACTCH KOHPOPMHbLAML
omobpasicenner nepgozo pooa.

Herpyano noxasarb, uto KOHHOPMHOE OTOGDAaXEHHE BTOPOrO poia
ocymecTsaseTcd  (PyHKIMAMM KOMIIEKCHOH NEpPeMEHHOH, ABAFIOUIAMUCS
KOMIIZIEKCIIO CONPSIKEHHBIMY  AHANUTHUECKUM qumcumm ¢ OTAMYHOR OT
uyas npoussoanofl. JelicrsurensHo, nycrs dyukuns @ = f(z) ocyuect-
pasier KonQOpMHOEe OTOGpaXeHHe BTOPOrO poja HekoTopodl ofmactu &

*) CM. cHOCKy Ha ctp. 32.
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KOMIVIEKCHOH MAOCKOCTH 2 Ha o6aacts ( KOMIUIEKCHOH TMJIOCKOCTH .
Pacemorpum dyukunio w; = @, orobpaxatwiuyo o6aacts G na odaacte G¥
KOMILIEKCHOH 11MI0CKOCTH Wy, OUEBHAHO, FeOMETPUIECKAH CMBICA TOCAENIIETO
OTOOpakeHus 3aKJI0UaeTCs B 3EPKaAbHOM OTpaxenuu obaactu G ornocu-
TeAbHO aefcrautesbHOR ocu . maockoctn w. Ho npu 3epranbhom
OTPAXKEHHN HanpaBJeHHe BCEX YIJIOB MEHSeTCsd Ha NOPOTHBONOJIOKIOE
npa coxpasenud nxX aGCOMIOTHOH BeaMuHIIBL DTO O3auaer, yro orobpa-
Kenne obnactu & Ha obsactb G, ocymectsaseMoe (pynxunet

P =w=w=[(2), z€ 5, (6.6)

aBJIseTCd KOHPODMHBIM OTODpaweHneM neporo poxa. TeMm cambiM (yuK-
uus @ (2) 2omkHa OHTb aHaIUTHYECKOH B obaactu 9, npuuem ¢ (2) =0,

z< 5. Ho us (6.6) caenyer, uto f(2) =@ (2), 4TO ¥ AOKA3LIBAET BHCKA-
3aunoe yrsepikaenue. O CUX NOP Mbl MPEANOJAraii, 4TO NPON3BONATCS
KOH(OpMHEIe OTOGPaXEHHs oOrpamuyeHHoi ofiacty F Ha OrPaHMYEHHYIO
obmacts (. B HEKOTODPHIX Cayuasx NMPHXOAUTCH PacCMaTpuBaTh OTOGpa-
Kenne OKPeCTHOCTH TOUKH 2y Ha OKPECTHOCTb TOYKH W ==00 (HJIPI
Hao6opor). ITpu sTOM MH OyneM 11a3bBaTh AAHHOE OTOOpaKEeHne KOHPOPM-
HBIM, €CJIH OKPECTHOCTb TOUKM 2, KOH(OPMHO OTOGpamaercd Ha OKpecT-

HocTe Touku { =0, rae g:%. Ananornuso onpegensercad KOHQOpMHOE
oTOOpaKEHHE OKPECTHOCTH TOUKH 2 == 00 Ha OKPECTHOCTh TOUKH W = OO.

2. Mlpocreiimue mpumepsl. B npeablayniux raaBax Mbl yKe paccMOT-
peny HEeKOTODHE FeOMETPHYeCKue csofictBa orTobpamenuil, ocyulecrsise-
MHIX DSAOM 32J/IeMEHTApPHBIX (yHKuni. BeigcHuM Tenepb, #BISIOTCS AU 9TH
orobpaenns KOH(POPMHBIMU, W €CcaM 43, TO B Kakux O6JacTX.

Kak snerko snaeTs, JuHeHnas gpynxunsa w=f(z)=az-+b (a=£0 n
b — 11pOM3BOJIBINE KOMICKCHDIE ITOCTOSIIHBIE) OCYILECTBAAET KOH(opMHOoe
OTOOpakeHue NoHOH KOMIMIEKCHON MJIOCKOCTH 2 HA NOJHYIO NJIOCKOCTh W,
NOCKOJBKY 3Ta (YHKUMT OJHOJuCTHA u ee npoussoaHas f' (z2)=a
OT/IMUHa OT HyJd BO BCeX TOUKaX IJockoctu 2. Hrobsl yberursbes
B COXpaHeHu# KOH(OPMIOCTH OTOODPAKelns OKPECTIOCTH TOUKH 2 == 0O
Ha OKPECTHOCTh TOUKHM W =CO, MNOJOKUM (caenyd CAENAHIIOMY BHIlIE

1 I .
3aMeuanuo) t=~/z- = o Dyukuusa @ = az 4+ b nepeiger B QyHKUKIO

14
g =TT KOTOPas OCyniecTsdeT KoHhopmiioe 0To0paKenne OKPeCTHOCTH

Toukn f=0 Ha OKpectHOCTb Touku { =0 (Touxka {=0 gsaserca npa-
1 \
BUJIBHOH TOUKOH 3TOH (yukimy, n £’ (f) \txoz—d—;«&O/\.

Brie Mbl Buaesu, 4to reomerpudeckuil cmbica orofpaxenns, ocy-
EeCTsAIEMOr0 JHIeRHON (PynKilnet, 3aK/0UaeTCs B MOA0BIIOM PaCTsMEeHnu
u casure mirockoctn 2. Ilosromy mannas Qyuxuus moxer ObTs nphMme-
HEeHa S MOCTPoeHnnd KOH(MOPMHBIX OTOOpawennii MNOAOOHBIX (uUryp.

ITpumep 1. ITocrpouth ¢ynxiuio, oCyuecTsAAONLY0 KoHpOopMHOe
oroBpaxenne Kpyra |2 — 1 —7|=<2 Ha equHnunbl KPYr |w | =< 1.
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Tax kax obnactu & u G npeacrasasior cofos nosodusie Gurypsl, 10
zajaua MOWeT ObITL peliena upH HOMOmM JIIeHION QynKilin, Koropas
ocyulectsianer 1nogodnoe pacTsiKenne nioCKOCTH 2 U CABHUD ITauana Koop-
annat. Kax Jierko BugeTb, ucKomas (Gynkius uMeer BHJ

w=aqa (2 — 1 - 1),

) 1
rie la|= 5, @ apryMentT KOMIIEKCHOIO WICAd @ MOKET uMeTb M1060e
31a4eHne, Oonpenensd MOBOPOT IMAOCKOCTH @ BOKPYr Toukm w@ = 0.

Paccmorpum crenennywo Gysxunio @ = f(2)==2" rie n > 1 —uenoe

yiico. Kax  caexyer u3 pacemerpenudl, nposeaenunix B ra. 1 u 3, sra
(ynKMg  oCymecrsJseT B3aUMHO OJHO3Hawilce OToOpaykeHue o0gacTH

v
hy i
[N
2’ \\
‘#\\ <8
NC
\.D/y // ></4’
TN S N\
S AN e
zszC z w=0| u

Puec. 6.2

2n
cBoell OIHOMNCTHOCTH — CEKTOpPa P, < arg,z <P, + -, — ha noanywo no-

CKOCTb @, pasdpesaHiiyio 0o Jyuy arg @ = m, Ee npoussomnas f'(2) =
= 12"l oTauuHa OT HyJsd M OrpaHuuena BCIOAY BHYTPU LAHHOFO CEKIOpa
1 B TOYKAX €ro rpPaHuup, 33 HCK/IoUeHueM Touek 2=0 n 2=o00.
Hozromy amannas Qyukups ocymecriaser KOHpopmHoe orobpamenne
ofaactu BHYTPH YKa3aHHOTO CEKTOPAa Ha pPa3pesalHylo MNJIOCKOCTh .
Jliobag Oeckolneyno Mmamas NJa0CKas (uUrypa, JAexamas BHYTPH ZAHHOIO
CeKTOpa, NepexoanT B noaobHyio eff GeckoliedHo Maayw ¢urypy Ha njao-
cKocTy W, HampuMep mnapamienorpamm ABCD, cropoHaMu KOTOpOro
ABJSIOTCS. KOOPAHHATHRIE JAUIKKM MOJPHOK cucTeMbl Koopaunar (puc. 6.2),
nepeiner 8 noaoGHbIH eMy Geckoiieyno Maanit napaanenorpamm A'5'C'D,
CTOpPOHAMI KOTOPOro TAaKXKe sABJSIICA KOOPAMIATIBIE JAWHHU NMOATPHOH
CUCTEMBl KOOpAuHAT Ha MiaocKocTu w. OgHako B rpaHudHo# Touxke 2z =0
KOH(pOPMHOCTE OrToOpaxkeHuss Hapywaercss. JefcTBUTENbHO, PacCMOTPUM
KDUBHE Y; W Vo J€KALIME BUYTPM AAHHOIO CEKTOPA U IIEPECEKAIOMINECs
B rouke 2=0 moa yriom @, (puc. 6.3). Kak nerxo Bugers, Qyuxiue
w==2" 31M Kpusble nepesoasrcs B kpussie I'y u I'y, nepecexaiomnecs
8 rouke w=0 nog yraom @y=np,== @, Tem camein Geckoueuno
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Maabif TpEyroabHuKk ¢ BepluinHo# B Touke 2=0 pauHO#l ¢yHKUHCH
OTOOpaKaeTCqd Ha TPEYroOJbHHUK, KOTOPHH yxe lie sABiseTcs Moa0o6HBIM
ucxoanomy. Ormerny, uto B Touke 2 =0, rie napylaercs KOHPOPMHOCTD
oroGpazenns, npoussoanas yuxuun f(2)= 2" pasua nymo. IIponomkas
Hallll PacCMOTPEHHS, JETKO YCTAlOBHUTb, 4TO (yUKIHE W = 2" OCYILeCT-
BaseT KougopMizoe oTofpaxenue 06JaCTH KOMIUVIEKCHOH MJIOCKOCTH 2,
npeacTapasioniel cobol MoJHyI0 IIOCKOCTh 2, KpoMe Touwek 2=0 n
2==00, Ha A-IUCTHYI PHUMAHOBY NOBEPXHOCTb OOpPATHOH (YHKUMH 2 =

1y
= /w. ITpuuem Toukam 2=0 # 2=00, B KOTOPHX HaPyWIaeTcd KOI-
$hopMHOCTE  OTOOpaNkeHus, COOTBETCIBYIOT Toukd w@w=0 4 @ =00,
ABJISIOIMECS] TOYKAaMM Da3BerBJaeHMd OOpaTHOH (yHKiuu.

V |V

R
(W
N

z=(0,

&)
e

Puc. 6.3.

B ofmem cayuae crenenHas yuxiug w==f(z)=2% rae o >0 —
3a7aHN0e JEeHCTBUTENBHOE YMCJ/IO, OCYUIECTBJsET OTOOpaMeHue cekropa

%nk<argz<%n(k—|—l) (=0, 1, ..) cBoe#t pumMaHOBOR MOBEpX-

HOCTH (6EeCKOHeYHOMUCTHOH A/ HPPAUOHANBHOIO ¢, KOHEYHOJUCTHON
A1 PalMOHAIBHOrO ApPOOGHOrO o W OOBIUHOH IVIOCKOCTH 2 AJ LeJoro o)

/ 2n
Ha MNOJHYIO ILIOCKOCTh W \nyq argz:—ak 0TOOpaXaercs Ha IOJOXKU-

TEAbHYIO 4acTh AEHCTBATENLHOMN ocu). Ee mnpoussoaxas f'(2)=az*!

CyUuleCTBYeT M OTJMYHA OT HYJf BCIOAY BHYTDH QaHHOLO CEKTOPa, KpoMe
touek 2=0 u z=o00. Tem caMpM U 3Ta PYyHKUUA OCYWIECTBAZCT KOH-
(popmHOe orOGparelne TaHHOTO CEKTOpa Ha Pa3pe3aHHyo IIOCKOCTb .

B roukax 2==0 u 2z=o0c0, TaK Ke KaK U OI% QyHKUUH W =27,
KOH(OPMHOCTh OTOOPAKEHNS HApyUIAEeTC A :

[Ipumep. 2. Hocrpours @yHKKI0O, KOHPOPMHO OTOOpaAKANULYIO
nepebiii ksagpaut nmiaockoctu 2 (Rez>0, Im z>>0) na BepxHwio moay-
mrockocty @ (Im w > 0).

Jlerko Bugerb, uro yHKUMT

w=az?}b,
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rie a >0 u b— npousBoabHBIE ASHCTBHTEABHBIC MOCTOAHIBIE, NAET peuie-
yie 2Tofi sanaun. B roukax 2==0 u z=co KoupopmMHOCTL OTOGpaNE-
s HapyliaeTcs.

B ra. 3 me paccMoTpean orToOpaeline, OCYUIECTBJISEMOE IMOKa3a-
1eabHOH  ynkie#t w = f(z)=e¢°. DBuao nokaszano, uro 3ra (yHKUMA
OCYILECTBASET B3aUMHO OZHO3HAMHOE OTOOpameHue Jnobolt csoell obaacru
OINMOMACTHOCTH — IO0CH Yo < Im 2 <C y,-+ 201 naockoct 2 —wHa 0OJ-
HYI0 TWIOCKOCTb @, DPa3pesaHHylo No Jyuy arg @ =3, Tak Kak npous-
poiHas paccmarpuaeMoit Gdyuxuuu f'(2)=€° OT/MUHA OT HYAS BCIOAY
BHYTPH [AHHOH NOJOCH, TO 3TO OTOBpaxeHue sAs/gercd KOH(OPMHBIM,
[Kak Jerko BHAETb, NPU J[ANHOM OTOOPAXEHWM OPTOroHaJbHAas CeTKa
AeKapToBbX KoopauuaT X ==Cy, y == Cy BHYTPU PacCMAaTPUBAEMON IONOCH
NEPEXOIUT B OPTOTOHAMBHYIO CETKY IOJAPHBIX KOOpauHar |w |=eC:,
org w =C, na nnockoctn w. Iloanas anayimtuveckas pynkuus I (2) = €,
SRJSIIONIAACT UeNOH (yHKOuEH Ha MAOCKOCTH 2, OCYILECTBJAET KOH(OpPM-
116 OTOOpPAXEHUE TIOJMHOH IIOCKOCTH 2 HAa OeCKOHEUHNOJNCTHYIO pIMa-
HOBY MOBEPXHOCTb oOOpaTHON dyHKiuu ¥) z=Lnw. 3amerum, 410 KOI-
(HOPMHOCTb OTOOpAMEHUST HApyLIaeTcd B OKPECTHOCTH Touek w =0 u
70 == 00 IVIOCKOCTKH @, WBJSIOUIMXCS TOUKAMH DPa3BeTBJEHUd (PYHKUHH
jnw, rne oToOpaxeHne He ABJASETCH B3aMMHO OZNO3HAYHBIM.

Mpumep 3. Iloctpouts ¢ynxumo, KOUPOPMHO OTOGPAKALOLLYIO
nonocy 0<CRez<Ca Ha BepxXnow noJaymrockocts Imw > 0.

T
PynKuns =2 0To0paXaeT HCXOAHYIO noJocy Ha nojocy 0 <

<ZRe 2y << i, Pynkuug 2y ==i2; NEPEBOAUT NOJNYUCHHYIO NOJIOCY B NOJIOCY
1 <Z1lm 2o << 1. Haxoweu, ¢ynxuus w = e?: ocymecrBaser KoHGopmHoe
orofpaxeHne [AHHOH NOJOCH HA BEPXHIOI IOJYIJIOCKOCTH Imw > 0.
[TosToMy (yHKILHSE, OCYRIECTB/IAIONIAA 33afAHHOE KOHGHOPMHOE 0TOGpame-
e, Moxer ObITb B3ATa B BUAE

w=-e 9 .

3. OcHoBHbie MPUHUUNBL. Mbl paccMOTpenn HEKOTOpbIE MpOCTeiiine
npuMepsl  (PYHKLMH, OCYLIECTBJSOWUX KOH(MOPMHEE OTOOpaKeHus, o
C UX [OMOIIBIO pEUIHAKY OCHOBHYIO 33434y KOH(OPMHOrO OTOGpaMeHHs
Aag psaga npocrefimux obnacrett, PaccmoTpenne 6oaee COOKHBIX MpHMe-
pos TpebyeT unCrmoab30BaHug OOWMX NPHHUMIOB KOH(MOPMHOrO oTOOpa-
KEHNsl, K H3JOKEHHIO KOTOPHX Mbl nepexoznM. Ilpu 3TOM B prze cay-
yaes OrpanuuuMcst Julb (GOPMYJIUDOBKOH COOTBETCTBYIOULMX MOJOWEHHH,
He NpoBOAfA uX CTPOrOro oGOCHOBaHMS, YTO 3HAYMTENBHO BHIXOAUT 34
paMKu HACTOSUIEro Kypca.

a) Bsaumno oanosnaunoe coorBercraue Kak Obu10
OTMEYEHO, 11PN KOHPOPMHOM OTOGpaKeHun 06aaCTH & KOMIAEKCHON MJIO-
cKocTH 2 Ha 064acTs (G IIOCKOCTH W, OCYUIECTB/IAEMOM aHAAUTHUYECKOH

*) IocTpoeHHe pUMaHOBOH noBepXrocTH ¢yHkuMH Lnw, cMm. p1. 3, cTp. 102,
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B 9 dynkuued f(2), ycraHasamBaeTcs B3aMMHO OJHO3MAYHOE COOTBET-
creue 3tux ob6aactedt. Tem caMbiM yCJA0OBHE OANHOJUCTHOCTH (DYHKIMN
f(2) B obnactu ¥ ssasercs HEOOXOZMMBIM YC/IOBAEM KOH(MODMHOCTH
oroGpaxenns. Oxaspisaercd, UTO 3TO YCJOBHE fABAACTCE W AOCTATOUHBIM.

Teopema 6.3. [lycmov ‘pynxuus f(z) sgasemcs O00HOSHA4HOU
anaaumuteckoll  (hyuxguel 8 odaacmu G, ocyuecmsaniowell 83auino
odHo3HauHOe omolpadicente obaacmu § na oGiacmv G KOMAAEKCHOIL
naockocmu w. Tozda amo omolpaxcenue SIBATENCST KOHHOPINHBLAL.

Noxaszarteabcteo. Jlag poxasaTenbcTBa TEOpeMbl, OUEBMANHO,
JOCTATOUHO MOKasaTh, YTO INPU BHINOJHEHHN YCJAOBHH TEOPEMBl IMPOU3-
poanas (yHkumu f(2) oTiuuna o nyas sclogy 8 obaactu 9. Ilpeano-
NOKMM, UTO 3TO Ile HMEET MecTa, T. €. 4YTO B O6mactd & CyulecTnyer
Takas TOUKAa 2y, B KOTOpOoH f'(2,)=0. Tak Kax f(2) sBasercs anann-
THyecKO# B o0nactn ¥, TO B CHJy CAETAHHOTO NPEANOJOKEHHT €€ pas-
JIOKENNE B CTENelHON P B OKPECTHOCTH TOHKH 2y AOMKIO HMETh BHA

S =ay+ar(z—20)* +ap,1 (=21, 6.7)

npuueM £==2 n a, 0. Ecm f' (2)=£0, 10 10uKa 2 e MOKeT OblTh
npeaeabHOR TOUKOH Hyne# ¢yHRWm f' (2). DTO O3HAUAET, UTO MOKNO
ykasate Takoe 3uauenme O, uto f'(2)s£0 BO Bcex TouKaX 2 =£z,
BIYTpU Kpyra |z—z,|<C8’. Kpome Toro, ouesnano, MOKIO BHIGDATH
Takoe sHaueHme O, 4TOGH MMEJIO MECTO IEPaBEHCTBO

V(&) =ar+apa(z—z)+...50
np |z — 2| << 8"
BuiGpas 6 = min {6’, 8"}, noayuum
S (@)#0 npn 2z = 2,
Y(R)=art+ari(z—2)+...5%0

W3 nocsennero coornowienus cieayer B CHJIY HENPEpLIBHOCTI (yHK-
nug P(2), uro

} npu |z2—2z,|=<6.  (6.8)

min | (2 — 20)* P (2) || z— 2, | =6 = m > 0.

BrifepeM HEKOTOpOEe KOMINIEKCIIO® UHC/AO @, YAOBJIETBOPAIOUIEE YCAOBHIO
lae | < m. Cornacno teopeme Pyuie anagutuueckas Qynxiys

P@)=(E—2)fY()—a=[(2)—a—a (6.9)

UMEeeT BHYTPH KpYra |2 — 2y =Z0 CTOABKO He HyJei, CKOTbKO 1 (yHK-
uns (2 — 290 (2). Tocnemnsa B cuny ycaosus (6.8) umeer B 3TOM
Kpyre k£ Hyaeh —Touka z =2, $BJfeTCE ee HyJdeM k-ro uopsamka. Toraa
u3 (6.9) caeayer, uto ypasileiue

f@)=ata (6.10)

uMeeT & KopheH B Kkpyre |z — 2z, =<6, npuieM BCe 3TH KOpHM NPOCTHIC,
1aK KAaK ToUka z==2, He ABaaercs kKopueMm ypasuenus (6.10) u B cuay
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(6.8) f'(2)==0 B ocrajbHBHIX TOUKAX AANHOLO KpPyra. JTO O3HAUAET, YTO
Bk pazImuHBIX TOUKAaxXx Kpyra |2 —z,|=8 dynxuna f(z) npuuumaer
0180 u TO e 3Hauvenne f(2)=gq,4a. Ho nocreanee nporusopeunt
YCA0BHIO B3aWMUIOH ONNO3IAUHOCTH OTOOpaxenus o0gactu & Ha 0GaacTh
{, 4T0 U A0Ka3nBaeT TEopemy.

HMrax, n3 norasaniofi Teopemsl CJIeIyer, uTO HEOOXOZUMBIM # 10CTa-
TOUIHIM  YCJAOBIEM TOMO, uTOGL oanosuaynas gynxuus f(2), anaautuve-
ckas B obaactn G, OCylLecTBJIsiIa  KonopMiloe oTobpaxerne 3Tof
06aacTH 112 nexoTopyio o6aacts G IOCKOCTH @), SBJIAETCSA YC/IOBUE OAIO-
mucrioctn f(2) B o6nactu G,

6) Illpununu coorsercTensa rpaunin. [lpn pemenun xon-
KPeTHLIX 3a7au KOHMOPMIOro orofpawenus sagainofi obaacru ¥ Ha
3agannyio o6aacTs G OOBIUIIO CAEIST UMD 33 TeM, YTOOs NCKOMadg (ynK-
wns f(2) npouspoauna orofpamenue rpanniel y oonacth ¥ ua rpa-
ity I obaactu G, ne paccmarpnpasi ClEMHaNbIO OTOGPaKeNUs BUyTper-
X TOUeK. JTO MOXKHO A€JaTh B CIUIY TaK HA3bBAEMOrO IMPHIILHIA COOT-
BETCTBHS Tpailiil, [0Ka3aTeJbCTBO KOTOPOro OyAeT IIPOBEICHO HUKE.
[Ipexsaputeabio ciemaem cieaywoilee 3amenanie. Ilycts B o6sactn &
3aj1ana oano3uaunas Henpepeisuas Qyuxing w = f(2). Ouesumno, sta
dyuxang 1epesoanT JMoGYI0 3aMKIYTYIO KPHBYIO 7, IEANKOM JIEKAILyio
B ofnacri ¥, Takxe B 3aMKpyTyio xpusyio I na miockocrs w. Mu
GyZeM TOBODHTBH, UTO IpH OTOOpPaKEHHH KPUBOH 7y, OCYNIECTBIAEMOM
thynkiuelt f(2), coxpansercd uanpasienne o6X01a, €CaIM Npu Helpepoin-
HOM ABIKEHHH TOUKH B MOJOXUTEJIBIIOM 1IANpPaB/ICIMK BIOAb KPUBOH Y
cootpercrsylonias el touxa ob6xoant Kkpueyto I Takke B 10.10%u-
TesqbiioM  nanpasienuu. Ilepefinem Termepp K pacCMOTPEHHIO  CaMOro
npHniMna.

Teopema 6.4. [1ycme 8 roneunoli obracmu G, oepanttienHoll KoH-
mypos ¥y, 3a0aHa OOHOSHAYHAS aHaAmuteckas Gyuxuyns f(z), Henpe-
poigHas 8 G 1 ocymecmsasomas 83aUMHO 00HOSHAMHOE OMOOPAdICe-
Hite Konmypa y Ha Hexomopuili koumyp U xomnaexcroll naockocmu w.
To20a, ecan npu O0QHHONM OMOOPANCEHIUT KOHMYPOB COXPAHSCMCS
Hanpagaenite 00xo00a, mo Pyuryus f(2) ocyuecmsasem Koughop.atroe
omospascenue obaacmu Y, na suympenniio obaacms U, oepanuten-
uywo xoumypos I

HokasaTeasctBo. QueBuaHo, AJNT [I0KA3ATEABCTBA TEOPEMBI
DOCTATOUHO I10Ka3aTh, uT0 (Qyuxuus f(z) ycranapIiBaeT B3aHMHO OAIIO-
311a4HOe COOTBETCTBHE Mexay obaactsmu ¥ u G, T. €. Hago 110Kasarh,
uto  yukims f(2) KaxaomMy sHaueunio z & CraBuT B COOTBETCTBHE
nexoropyio Touky w & (G M pam Kaxioid roukn wy & G nadzercs, u
IPUTOM TOLKO O/IHa, TOUKA 2; & & raKas, uto f(z¢) = w,. ILna artoro pac-
CMOTpPHM ABe npoussoubibie Toukn w3 0 uw w, e G (puc. 6.4) u
nocrpouM B 0064acTH ¥ BCnOMOraTeabunie (yuKiiin

Fi@)=/@)—w. &9, ‘
Fo)=f(a)—wy 2E9 (6.11)

.
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[MogcuuTaeM uncaAo HyjeH 3Tex (yHKun# B o6xaactu &, mas uyero Boc-
noas3yemcst qopmyron (5.93). Tak Kak B cuay ycaoBuit Teopembl NOJO-
KUTEJAHOMY OOXOMAy KOHTyDa 7y COOTBETCTBYET MOJI0KUTEIbHBIA 00X0A
xontypa I, noayunm

NIFy ()] = o Var [arg (f — @y)]y = 1 (6.12)

NPy (2)] = o, Var [arg (f — w5)], = 0. (6.13)

Vs (6.13) B cuay npOH3BONLHOCTH BeIGOPAa TOUKM W, BHe obaactu G
CACAYET, HTO BCE 3HaueHus Qyukuuu f(2) npn z < F npumannexar
obnactu G. W3 (6.12) cnepyer, uro
Aas 2060H Toukn wy, & G B o6aactu G
Ha#aeTcAs OAHA M TOALKO OJHA TOY-
Ka z;, I8 KOoTopol f(2;)=wy, uto u
IOKAa3bIBAET B3aUMHYI0 OAHO3HAUHOCTh
AanHoro otToGpaxeHus. Teopema [10-
Ka3aHa.

3ameuaune. Ecmm dyuxuus
f(2) aBasercs auanuTuyeckol B 00aa-
cTH g, 33 UCKJIwUYeHUeM eIdUuHCTBEH-
HOft 0COOOH TOuKM 2, SBJATIOULIEHCH
[OJKCOM [EepBOro NOpsiAka, U mpu
oToGpamennn rpasuubl  obaactn Y,
kourypa y, na xouryp I' maockoctu w nanpasienue o6xofa MeHseTcs
Ha OPOTHUBOMONOKHOE, 10 (pyHKiug f(2) ocyulecTsaser KoHpOpMIIOe OTO-
Opaxenne obaactu ¥ ua obaacte G’ smewnon x kourypy I, Ha mio-
CKOCTH @ (pH 3TOM TOYKZ 2y COOTBETCTBYET TOUKE W == CO).

JlanHoe yTBepwaeHue AOKA3BIBAETCA aHANOTMUHO NPEAbAyIEeH Teo-
peme, npuuem BMmecto (6.12) u (6.13) moayunm coorHoweHus

Puc. 6.4,

NIF; ()] =1 = 5 Var [arg (f— wy)]y = —1 6.14)

N{Fy ()] — 1 = o Var [arg (f— wa)ly =0, (6.15)

U3 KOTOPHX M CJELyeT CHPaBeAJHBOCTL BHICKA3AHHOLO YTBEPIKICHHS,

Ilpusenem 0Oe3 noKa3arebCTBA YTBEDWAEHHE, B W3BECTHOM CMbICHE
0o6paTHOE AOKa3aHHOH Teopemé.

Teopema 6.5. Ecau ghynxuyus f(2) ocyuecmsasem Koungopmuoe
omobpascenue obaacmu G KoMNACKCHOW NAOCKOCHMI Z HQA 02PAHULEH-
Hyto obaacms (G naockocmu W, epaHuya Komopoll He codepicum
mouku w=00, mo @yuKuus f(z) Henpepusra Ha epanuye obracmu G
U OCYWeECmBASIENN HENPepuleHoe 1 83QUMHO O0HO3HAYHOE COOMBEHICHI-
sue epanuy y u I o6racmei § u G,
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B) Hpunuun cummerpuu IDTOT NPUHIMAN HAXOAWT MHOTOHHC-
JetHble TNDUMEHEHMd NP PEIIeHHH 3afad KOHPOPMHOFO oToGpaxeHus
ofaacTell, rpaunubl KOTOPHX VMET npsMoJunednue yuactiku. Ilycrs
rpammua Y obaactu Y uMeer npsmosurefunf#t yuacrox Y’ (puc. 6.5).
Obnacts ¥, nOJyUeHHYW NyTeM 3epKajJbHOrO OTpawkelns odiactn G
OTHOCHTE/BHO NDSMON, Ha KOTOPOH Jemur orpe3ox y', GyAeM HasLBaTh
061aCThio, cuMMeTpuuHOl - oGaacT Y% ortHocutemvo Y. Cl/lMMeTpl/llO

rouex obaacteft 9 u & Oynem 0GO3HauaTb CUMBOJMOM 2 <> z. Ilpunuun
CUMMeTpHN MOxKeT ObvTbh CHOPMYIHPOBAH B
BUJE CJAEAYIOULEH TEOpEeMBl.

Teopema 6.6. Ilycms 8 3aiKHYmMOI

obaracmu 4, epanuya y rKomopoii uieemn
npAMoMIHelinsll yuacmor Y, 3adana we-
npepsigras yuxyus f(2), ocyuecmeasio-
was KOHGOPpMHOe omobpacentie obaacmu §
na o6aacms G KOMIAEKCHOW NAOCKOCU W,
npu Komopox yiacmox Y 2panuysl Yy ne-

pexooum maKCe 8 NPAMOAUHEUHbIL Yia- 3

cmor T 2panuybl I' o6aacmu G. Toz20a s { y
obracmu &, cummempudnoii G omHocu- \ ///
MEAbHO ompe3ra y', MONCHO RocHpoums R
pyurguio  f(z), seagowy0cT anaumu- Puc. 6.5.

yeckum npodoasxcenuer ¢hyuxyuu f(2) u3
o6racmu G & obaacms G, 0CY U4eCMBAIOULY 10 Kongopsnoe omobpa-

scente obaacmu 9 na obaacme G xomnaexcroll naockocmu w, cui-
Mempuinyo obaacmu G omuocumeasno ompesxa I,

3aMeTHM, 4TO MOJYyyeHHas TakuaM oGpasoM 06aacTh & ?—;—.‘9 MOXET

UMETb yuacToK iy, npuHapexaidil ofHOBpemenHo objacraM F u .
Torpa noauas awanntaueckas QyHkums F (2), nosyueuHast aHaIUTAYECK UM
n

npono/mkenueM (QyHkuup f(2) B 06JacTh ¥, HOKHA PACCMAarIpuBaThEs
Ha COOTBETCTBYIONCH DUMAHOBOH NOBEPXHOCTH (to xKe otHOCUTCA H

K obaactam G u ().
[Tepeiinem Teneph K LOKA3aTeNbCTBY TEOPEMEL
IHokasareabctso. Conocrasum Kamnoﬂ Touke z &= & cummer-

PHUHYI0 €l OTHOCHTEJILHO OTPesKa Y’ TOUKY 2 & Y, a touke we G —
CUMMETPHUHYI0 et oTHOCHTENbHO oTpe3ka I Touky vl

zez, wWo. (6.16)

Onpesenny 8 oGnactu g ynxumo 7 (2), sanasan ee gHaueHus IS
KaKIOTO 2 &9 no CxeMe 2 <> 2 7> W= fe);, veow f(z)=w.
Kax serko Bupers, nocrpoensas QyHxuus f (z) ABJIACTCH AHANUTHYECKOH
B obnactu 9. Hettcteurenbro, B cuay coorsercrsuit (6.16) u3 cymect-
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Aw
BoBaHud npeieaa PasHocTIIOro  OTHOMEHs §,p Cfleayer cyulecrsonanue

a

N Aw
npenena paslloCTHONO  OTHOMIEHHS As Anamirnueckue QyHkuun f(2),
z

EE=0 f(;), Ped, COBNAAT U HeNPePHBHE HA OOMeM yuacTKe
v’ rpanu, obaacreit § n Y. IMostomy B cray NPUHUMNG QHATUTHURCKOLO
NpoAoKends PyIKILHs ]A”(Q) U SABJISICTCS aHAMUTAUECKHM IIPOAOJIKEIHeM
¢yuxuun  f(2) uz obaactu ¥ B obaactb 4. Iepsas YaCTh yTBEPHACHUS
TeopeMn aokaszana. B cuay (6. 16) orobpaxenue ob1acTH G na o6uacts G,

ocyuiecTsieMoe QyHKUneH f( ), siBasercs B3anMHO oxHO3HAylbM., Che-
JOBaTeIbl0, Ha ocHoBauuu Teopembl 6.3 3T0 oToGpameHue sABJASETCS
Kondopmuey. Teopema NOJAHOCTHIO OKa3aHa. .

3ameuanue JloxkasaHnas Teopema OCTaeTCd COpaBelIBO# H
B TOM cayuae, ecad B (OPMYJIUPOBKE TEOPEMbI NPAMOJMIEHNLH oTpe-
30K y' 3aMeHuTh na OTpe3ok ayra okpyxuocru. Ilpu srom cumMerpmio
OTHOCUTEJbIIO OTPE3Ka AYrH OKDPYXHOCTH 113J0 TNOHUMATL KaK 3€pKab-
Hoe OTpaXeHHe B AAHIOH OKDYKHOCTH, OCYLIECTBJAsieMoe npeoGpa3ona-
e wnpepcuy. Kak Gyner 10Ka3aHo HuKe, BCETAd MOXHO OCYUIECTBUTh
KoH(OpMHOE OTOGPaxenue obnactu ¥ na nosyw obaactbh ¥ Tak, yrToGH
OTPe3oK Y’ AYrH OKPYKIOCTH, SIBJSIONIHACS YacThIO TPaHULb P 061acty &,
nepemiesa B NPAMOTUleRib 0TPE30K ), ABJTIOUIMKC YaCTBIO I'PaHULbL Yy
obaactn &, D710 W HOKaKer CHPABENIHBOCTH BBHICKA3aHHOTO YTBEPHK-
Telnsl. '

4, Teopema Pumana. o cux nop msl nposoanad Haly paccMorpe-
nps, npeanoJaarasd, uyro cymectsyer @yuxkuus f(2), OCylecTB/Asonias
Kondopymuoe oroGpaikenne naHHOR 064acTH & KOMIIEKCHOH MIOCKOCTH 2
na 3apaunylo ofgacth G KommekcHo# niockocrn w. Ceituac M cdop-
MyJUDYEM YCJOBHS, rapaurupylolide CYmeCTBOBAUNE U €AMHCTBEH HOCTb
rakoro otobpaxenust. COOTBETCTBYIOWAs TeopeMa, sBJstou(asics (yiia-
MEHTaJBHOH TeopeMoH teopuu KoudopmHbIX oTOOGpaweHuil, Gplna noKa-
sana Pumanom B 1851 r. Jloxa3aTteabCTBO CyuieCTBOBAHAA KOH(OPMHOrO
oTO0paxKeHusl BBIXOAUT 3a paMK{ HalIero Kypca, MOITOMY MEl Orpai-
ypMea Juub QOPMYJUPOBKOH Teopemb F).

Teopema 6.7 (meope/wa Puzmma) Beakyio 00HOc8A3HYIO 00-
aacmy G KoanaeicHoll RAOCKOCHU Z, 2panuga KOMOPod cocmoum
Goaee wer U3 O0HOH MOUKU, MONCHO KOHPOPIHO 0moOpasums Ha
BHYMPEHHOCIE eOUHUMHO20 Kpyea |w <1 naocxocmu .

OueBnaHo, W3 JaHHOH TeOpeMH CJelyel BO3MOXKHOCTb KOR(OPMHOTO
oToGpaxkenns paHHOH OfHOCBA3HON oOaacty ¥ miaockocTd 2z Ha 3anad-
HYI0 OJHOCBA3HY10 0GJacTh (0 KOMIJIEKCHOH INIOCKOCTH W, ec/n rpaHuila
Kawgoit u3 stux oGaacrei cocrour Oosiee ueM W3 opHON TOukw., [leit-
cTBATENBHO, OTOGpasus obnactd ¥ uw (G Ha BCIOMOraTeNbHBIH KpPyT

*) [MoapoGuoe poxasaTenbcTso oM., HampuMep, A. B. Buuagse, Ocuosnl
TEOPHH AHAJNUTHYECKHX OYHKUHI KOMIVIEKCHOrO nepeMmenHoro, Hayga», 1972.
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'L <1 (uT0 BO3MOXKIIO B CHJIY Teopemnl PnMana), Msl 1 noayuum Tpe-
fyenoe 0ToOpaKeHHUC.

Veaosue omnocsszHocTn obaacred & w G ABasercst CynleCTREHHBIM,
TaKk Kak IMPeANOJNONKeHHe O BO3MOXKHOCTH KongopMIIOro oTobpameHus
wuorocsssuoil ofaactn ¥ ma omnocsssnyio obaacto G NPHBOAMT K INpO-
1usopeunwo. [leficrsurenbiio, so3bMeM 8 & zamkuyThil KOuTYp Y, BIyTpH
KOIOPOTo Jie:KaT rpanuunbie Toukn ofbaactu &. Kowryp vy oroGpawma-
Cres HAa HEKOTOPYIo 3aMKHYyTYIo kpusyio I, meauxom Jexanyio B omno-
cos3noft obnacru G (puc. 6.6). Byaem crarusars I' K HekoTopol BHYT-
penne#t Touke w, ofnacta (; TOrga B cHJy HelnpepHBHOCTH oTo0paxe-
il KOHTYD 9 TaKwKe [HO/MKeH CTArMBaTbCA K HEKOTOPOil BuyTpenneh
Touke 2, obsacta ¥, ocraBasch BCe BPeMs BHYTPM 3TOH 0OJMacTH, 4TO,

Puc. 6.6.

OUEBHAHO, HEBO3MOKHO B CHJy MHOIOCBASHOCTM ofjactn ¥ m ykaszau-
noro BbIGOpa Kontypa Y. Mrax, komdopmHoe oroGpaxeline MHOTOCBS3-
noil o6Jsactn Ha OJHOCBS3HYI HEBO3MOXHO. OLIHaKO, Kak 6ylle'r nokKa-
3310 HHXKE, B Psjfe CIyyaeB BO3MOXHO KoHdopmiioe ortobpaxenne obia-
creil OAHMIAKOBOR CBA3HOCTH.

Ilepefizem Teneps K onpeneseHulo yCJIOBHH, OJHO3HAUHO OMpenea-
101X QYHKINIO, OCYIIECTB/IAIOIYI0 3anaHnoe KonpopmHoe oTobpanenue,
$icHO, 4TO Takue ycJOBHS HEOOXOAMMEL, NMOCKOJBKY, KaK BAAHO M3 fpe-
NbIAYILUX TPUMEPOB, €AUHUYHBIA KPYr ¢ MOMOLIbIO NPOCTEAEro JuieH-
HOro npeofpasoBanusd, 3aK/IOUAKIErOCsd B MOBOPOTE KOMILIEKCHOR 11J0-
cKocTH, MOwHO Koudopmno oroGpasuts cam na cebqa. Ilosromy, ecin
dynkuna f(2) ocymecTsaseT KondopMioe oroGpawenue 3ajanuof obia-
crn ¥ Ha epuHuysb Kpyr, 10 ¥ Jiobad QyHkuus, noayyenHas us f(2)
¢ TOMOHIBI0 YKa3aHHOrO JIMHeHHOTo npeolpa3osanus, OyaeT OCYULeCTB-
asth KoHdopmuoe otoGpawexue obaactd § Ha TOT Ke eIMHHUHBIE KpyT.

Teopema 6.8. Dynxyus [(2), ocyu,ecmsasouyas KOHGOPMHOE
omoopaxcentte 3a0anHOl 00HOCBA3HOU ob6aacmu G (2panuya Komopoii
cocmoum Goaee Hem U3 OOHOU miouku) Ha edunudHsli kpye |w|<< 1
mak, wmo f(z)=0 u argf (z0)=0a, (20¢ 2,& Y u ay— 3adannoe
OellcmBumeAbHoe 4ucAao), onpedeseHa eSuUHCMBEHHHM OOPasoM.

HNoxasatensnctso. Ilpeanosomum, uro 5 obaacth 9 cyniect-
BYIOT IBe pasJinunbie QyHKuud @y = f1 (2) n @y = f, (2), ocyulecTsJsionie
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sajaimoe KondopyHoe orodpakeune, T. €.
S1(z)=0, arg fi(z)=0y /i (3)‘\‘:1:
L (zg)=0, arg f; (zg) = o, ‘f2(2) ‘w: L.

3averum, 4To B Ccuiay TeopeMbl 6.3 dyHkunu wy=ji(2) 1 ws=f5(2)
VCTAlasANBaloT B3aHMHO OXHO3uAUIIOe H  HENPEePHIBHOE COOTBETCTBHE
Meay rpaHnued y obaactu & w oxpykioctaMu [y =1 u |w,|=1
COOTBETCTBEHHO.

Tak kak npu KOHPOPMHOM OTOOGpAKEHMH YCTAanaB.AHBAETCA B3aUMNO
OJHO3IaYII0e COOTBETCTBHE, TO TEM CaMBIM YCTaHOBJENO M B3aUMiO OMIO-
3HAYHOE COOTBETCTBUE MEXKAY TOUKAMH EIMHMUHBIX Kpyros |w;!=<1 u
|w, | =< 1. 3unaunt, yCTanoBJeHibe COOTBETCTBHS ONPEAENAIOT aHATUTH-
UeCKYI0 (PYHKUHIO Wy = @ (w;), OCyUeCTBIsOULyI0 Kondopmnoe orobpa-
KeHne emuHuyHOro Kpyra |w|<C1 Ha emmmynblit kpyr |w,|<<l,
npuyeM

o(0)=0, Jo@) o, |=1=1

SHMGTHM, 4TO, KpPOME TOro, B CIJIy B3alMHO OAIO3HAUHOTO COOTBETCT-
Bust oGnactedt |wy <l 1 n |w,|<C 1 HMeeT MecTO ycaoBHe

¢(w))=~=0 npn w;=0.

dw
Boiuncaga 3navenue npowussBoaHOR 21—&)—2 [0 npasuJy OnpeleneHus IPOns-
1

BOANOH# OT CJAOWHON (PynKiiy, nosyyaem

Aw,
dq dw VYR e 4
a9 =2 = lim =—=2—=">0
dwy lw, =0 dw; lw,=0 Az 0 AW fyeVo ky

Az

dw

Orciopa chaenyer, 4YTO NPOU3BOJIAS 2o B Touke w, =0 aBasercsa noJao-
1

KUTEABHBIM  NEHCTBHTEJbHBIM  uucaIoM. PaccMoTpum  BeroMorareniyio
dyHKUUIO, oNpeieteHHylo npu |w | =<1,

Y@ =g @ @) (6.17)

Ouesrano, QyHKUus P (w,) aBJSETCS OANO3HATHOH ANATHUTHUECKOH (hyHK-
nneit B obGaacTu 0<\wv1l<1. Touka w; =0 — ycrpanumas ocobas
TOouKa 3TOoH (yukuun. Hoouperseanm Y (w;) npu @, =0 no Hempepsis-
Hocty. Pasnoxum ¢ (w;) B oxpecrioctn w; =0 B pan Teddnopa:

d d
@=q@)=¢O)+g-| _ wt..=gh| o
Ilepexons x npeneay npu w1—>0 1oJiyyaem
0)= i M e TN 6.18
v()= Jim =5 T om0 = B (6.18)




§ 2 IPOBHO-JIMHEMHAS OYHKLINS 163

dyukuua P (w,) HenpepeiBHa B 3aMKHyTOH of6aactd |w@; | << 1, npuuem
B aTOoH 0Oaactd P (wy)5=0 u

(@) | w, =1 =1 (6.19)
B cnay npunmuna MakcuMmyMa M MEHHAMyMa MOXyJsl ahamuTadeckol (ylk-
it 13 (6.19) caenyer, uyto

Pp(w) =1 mpn |w|<1,
OTKYAa B cujy 3awedanus Ha crp. 81 (ra 1) noayudm, uyro
Y(w)=const mpn |wy| =<l (6.20)

Yro6pl Halith 3Ty NOCTOAHHYIO, 3amMeTuM, uTo B cuay (6.18) omna paBua
fey
Ry’
(6.19) wmoayab 3TOro unciaa pased enunune. OTCiona caenyer, uTo
P(w,) = 1. Cuenosareqnio, @,= @ (w;)= w;. JT0 ¥ IOKagHBAET, UTO
ile CYIIECTBYEeT [ABYX PazInunblx (GyHKUWH, OCYLIECTBASIONIMNX 3aiallioe
kongopunoe 0ToOpaxeHue AanHolt obaactn ¥ Ha BHYTPEHHOCTL eAHIHU-
1oro Kpyra.

ameuanue ChopMyanpoBalHLie BHINE VCJAOBAS OIHO3NAULOTO
onpenesenust Qynkuuu  f(2), ocyuectsisiounleid Kondopmioe orobpaxe-
e 3anaHnofl OmOCBA3NOH 064acTM Y HAa BHYTPEHHOCTb €IdHHYIIOrO
kpyra '@|<C 1, MoXK1O 3aMeunTh TPEGOBAleM COOTBETCTBHS TPEX rpa-
HMUNBIX TOYEK rpanuubl y ofaacrn & tpem Toukam OKpyxHocTd 'w|=1.

Mbl orpatuumcs Juiub  (DOPMYJIHPOBKOHA JaHHOTO YTBEPIKAEHUS, HE
LPHBOAS ero AOKasaTeJabCTRa.

Mu paccmorpeay psg OCHOBHHIX OOIUX CBOHCTB KoNOPMIIOrO OTO-
Opawenua. OgHAKO NMPOBeAeHHLIE PACCMOTPENUS HE NAT OOHINX pPeuel-
TOB pelienus OCHOBHOH 3aaum noctpoenns Koudopmioro oTobpaxenus
Jamofl 06aacTH g KOMIJIEKCHOH NJOCKOCTM 2 Ha 3ajamnylo obaacts G
miockoct w. B camom ofumem ciayyae ykKasaTb TakOH peuent u He
NPEACTABSETCS BO3IMOKHBIM, ISl DEIleHHs KOHKPETHBIX 3a1au MPHXOMATCH
1ipuGeraTh K PpasaMuHBIM CreunagsHeM MeToxaM. Ilpm 3ToM Gosbiuyio
110153y OKa3bIBaET AOCTATOUHO MOJHOE NPEeACTaBJEHHE O TeOMETPHUECKUX
CBOMCTBAX psiad (PyUKLUI KOMIVIEKCHOH liepeMenHoH, 1aunboJee 4acto uc-
HOJIB3YEMBIX IIPH pelleHuy NPaKTHYeCKUxX 3a3,1au.

T. € gBJSETCH MOJOXHUTEJLHBIM. ACHCTBUTENLHBIM UYHC/IOM. Coraacno

§ 2. dpoGHo-nnHeitnas dyHxnus
Tak HazpiBaeTCsd (QYHKUUT KOMIJIEKCHOH MNEPEeMEHHOH, wuMeolas BH,

a-t+bz
w=/(z)= 21
f =5 (6.21)
rne a, b, ¢, d-—3ananHple KOMIUIEKCHBIE TOCTOSIHHIE, KOTOpHIE, OUe-
BIIIO, JIO/DKIBL YIOBJIETBOPATEL YCJIOBHIO

2zl (6.22)
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TaK KaK B IPOTHBHOM cJiyuyae QyHKuus f(2) TOXAeCTBEHHO pPaBHa NOCTOSH-
Hoi. bBes orpasuueHns OOGMHOCTH MOXKHO cuutars, uto &£ 0 wu d # 0,
u60 B NPOTHBHOM CJydyae @ MepexoiuT B Y€ H3VueHHble JnHelnyio

1
QYHKUMIO B (DYHKILAKO W= Wrak, mowxuo 3anucark (6.21) B sxBUBa-
nentrol gopme: i

w—f@)=hge, b=y, o=y, B—g, azB. (623)

dyuknusa (6.21), (6.23) sivagercs OANOIHAYHOA aHAMUTHUECKOHR (yHK-
nved Ha NHOJHOH KOMIIEKCIION MJOCKOCTH 2, HMEWme#d eluHCTBEHHY

[
0CcOBYI0 TOYKY — MOJIOC TNEPBOrO HOpSAKA 2y = -7 —B. Obpatnas
Py HKLBS
_ Aa—pw )
2= Tite (6.21)

TaKKe sBagercs apoOHo-auHelHoON (ynxuned, onpeiedeHHON Ha MOJNOH

c
naockocti @. Ilpu sTom ToUKA 20 = — — = — [ mepexoAaur B TOYKY

. b
W=00, a TOYKA 2=CO IIepeX0IuT B TOUKY w0=/»=~d-.

Hatigen npoussoanyio dynkiiun w = f(2)

e D—a _
B cuny yciaosna (6.22) npoussoiHas 1poduo-nuneliHo# (ynkuud  Of-
JAAYHZ OT HYJS BO BCEX KOHEUNHIX TOYKAX IIOCKOCIH 2. JTO  O3Hauaer,
YTo OPOGHO-AUHEHHAST PYHKUUST OCYWeCnBasient KOHPOPMHOE omobpa-
JHeeHue naockocmu z Ha naockocms w. Kondopmuocrs orobpaxedns
B 0eCKOHEeYyHO yJIaJeHHbIX TOUKAX JIETKO HPOBEPSETCS YKA3aHilbIM  BbIILE
crnocofom.

B BhpaxeHne apoOHO-iMHEHHOH (YHKHUHH BXOAAT TPU I[POHU3BOJMB-
HBIX napamerpa A, «, P, TeM caMBIM CyuwlecTByer BeCKOHEYIOe MHOWKECTBO
IpoOHO-AMHeHNBIX (DYHKUHIH, OCYINECTBAAIOWNX KORDOPMIOE 0TOGpaKEHne
MOMHON HJIOCKOCTH 2 HA MOJHYI0 INIOCKOCTb 7. EcrecTsenno nocraBuThb
BONMPOC 08 YC/IOBUAX, OJAHO3HAYHO OMNpefe siomux  APOGHO-IuiedHYIo
hyHKUHO.

Teopema 6.9. 3adanuesm coomsemcmsuss mpes pa3aliHbM Mod-
Ka. NAOCKOCIIL Z Mpex pa3AudHelx MOYex RAocKocmu w O0pobHo-
MHeRHAA PYHKYUA onpedescHa OOHOSHAUHO.

HdoxkasaredbcTs0. MH JOMKHB 10Ka3aTh, 4TO yc/aoBus

f(z)=w1, [f(z)=ws [f(z5) =13 (6.26)
rhe 2y, 2o, 2y U W;, Ws Wy— 3[AHHBIE KOMIJIEKCHBIE YUCJIA, OXHO3HAY-
HO Onpeie sioT 3Hadeuns napamerpos A, o, P. CocrasuM BHpaxenus
(2 —25) (B—o) »
w0 — e B2 (B—) 6.2

LT =AM (B ) ©.27)
(22—25) (p—) ¢
M/ -l 6.98
®12) (B2 (6.28)

'12)2—112)327\,
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Paspeans (6.27) na (6.28), moayuum
Wy —Ws &2 B2,
Wo—wWy  Zp—23 Bz ”

(6.29)

s HpOHSBOJIbHOﬁ TOUYKI 2 MOXeM 3anucath anagJgoriuytHoe COOTHOIUeHHe:

w—w 21—z Ptz

w—w -2 [tz

(6.30)

Mexmouns 13 coornowennid (6.29) n (6.30) napamerp B, oxonuareinHo
N0JY4UM
W —w W, — Wy 2 —& 2 —2,

= : (6.31)

Wy—W "Wy — Wy 23—2 " 2y—25°

Cooritomenvie (6.31) n npencrasiasier COO0H HEBHOE BBIPAKEHUE HCKO-
Mo# npobno-auiiennolt ¢yuxkunn. Ouesnano, paspewns (6.31) orHocu-
TEeJNBHO W, Mbl TOJYUHM sBHOE BhHIpaXenue Koaphuuuenros A, a, f, npo6-
HO-IHHEHHON (YHKUMU vYepe3 3alaHHble 4HCla 2y, 25 <23 Wi Wi W
YTO U AOKa3bIBAaET Teopemy.

3ameruM, 4TO NOCKOMbKY ApoOHO-AnHeHnas QyHKuus OcCyllectsiaser
KoHdopmuoe orobpaxerne nool MIOCKOCIH 2 Ha IIOJHYIO TJIOCKOCTh W,
TO Oilla M3 TOYeK 2; M OJHa W3 TOUEK wW; 3a1aiHeM KOTOpHIX onpeje-
Jasercst 1poOHO-TuHelnas QyHkuns, MOTyT OnTb OECKONEUHO Y AaJEHHBIMH
TOUKaMU.

PaccMoTpuM reovMerpuueckne cBOHCIBA  oTOGpaXenus, OCYHNeCTBIA-
eMoro npoGHo-iuneRttol yurunel. s storo iecko/sbpko npeoGpasyved
BeIpawenne (6.23), npeacraBuB ero B BHIE

f@=r{F=t+ 1), (6.32)

N BBEAEM BCIIOMOTATCJAbHEBIC (DyHKUJ/II'I

1 |
21=ﬁ+2? 22:2;, 33:}\,(@—-&)22‘]‘“}\.- (6.33)

s coornowenuit (6.33) caeanyer, uTo oOroGpawkeline, OCYLLECTBJAEMOE
ApobHo-nuueHoll (yHKIMel, npeacrasiageT co6oH COBOKYNHOCTH NpoC-
refiux 0TOGpaeHuH, OCyWEeCTBAEMBIX JNHHEAHBMA (DYHKIUHAMH 27 H 2y

1
1 (pyHKUBEHR -, PACCMOTPEHHHIMH B T 1. Tem caMhIM paccMaTpuBaeMoe

orobpaxeHue cjaaraercsl U3 NOfOOHHX pactTskKeuudl, IOBOPOTOB U CHBH-
FOB KOMIJIEKCHOH NJIOCKOCTH, a TakKe npeo0pasoBaHud HHBEPCUN B Kpyre.
Ilpu atom nganHoe oTOOpaweHwe o0JagaeT pSAOM BaXHHIX CBOHCTB, Ha
KOTODhIX MBI OCTaHOBUMCs moapoOHee.

Teopema 6.10 (xpyzosoe c8olicimo 0pobHO-AuHEHOW BYyHRyIL).
Jpobro-aunelinas GpyHKGUsT nepcgodilm OKPYICHOCHIL HA NAOCKOCHMU 2
8 okpyscnocmu Ha naockocmu w. Ilpu 3T0M Mbl BKJIOU2EM NPAMHIE B
CeMERCTBO OKPYXKHOCTeH, paccMarTpuBas NpsMbie KaKk OKDPYXHOCTH Gecko-
veuyHo 6OJALUIONO paauyca.
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JoxkagateabcTBo. OyeBUAHO, AJs AOKa3aTeNbCTBA TEOPEMBI 10-
CTATOUHO MOKa3aTh, UTO Npeobpa3oBaHue UIBEPCHH, OCyNlecTBIAeMoe QyHK-

1
uuei w=- 006J/afaeT KPyroBbIM CBOHCTBOM, TaK KakK COXPaHEeHue OK-

PYWKHOCTH TIPH JUHEHIIOM NPeoOpasOBAHNA HE MOMET BbI3HIBATh COMHENHL
PaccmoTpuM NPOU3BOJIBHYIO OKPYXKHOCTh, ypaBieHue KOTOpOH Ha Iioc-
KOCTH 2 HMeeT BUAL

Ax?+y)+Bx+Cy+ D=0, (6.34)

rie A, B, C, D— neicTBUTENbHbIE YUC/IA, YIOBJIETBOPAIOUIHE YCJIOBUAM
A=0, B>4C>>4AD.Tlpu A=0 mb, 0yeBHIHO, MNOJYYHM MPSIMYIO;
npu D=0 okpyxkHocTb (6.34) npoXoAnT uepes HayaJo KOOPAUHAT (TOU-
Ky 2=0). Ilpn npeoGpasoBaHuy, OCywecTB/ISEMOM (pyHKUHeH w0 =1

. 1
—{—11}:7, KOOpANHATH X, ¥ CBA3aHB C KOOpAWHATaM#d i, U COOTIOLIe-

HUGIMHU

x g (6.35)

u
=Ere YT T Ere
[Mostomy okpywnocts (6.34) B HOBRIX KOOpAMHATAX ITPUMET BHI
D@?+v?¥)+Bu—~Cv+A=0, (6.36)

YTO W [AOKa3bIBAET YTBEPKIEHHE TEOPEMHL.
3amerum, uro npu D=0 ypasuenne (6.36) upencras/seT ypaBHeHue
NPSIMOH, T. € OKPYXKHOCThb, NPOX0Asias uyepes Touky <=0, dQyHKuneH

1 P
W= 0TOOpaKaeTcs B MpsiMyo.

PaccMoTpenHoe ¢BOHCTBO 1POCHO-IHHEHHOH (BYHKILHHA HAXOZUT LIKPO-
KOe NpuMeHeHHe NP pelleHnd MHOTHX KOHKPETHHIX 3ajau KOH(OPMHBIX
oToOpaxeHuit, CBA3AHHBIX C OTOGpaxkeHneM oGJacTell ¢ KPYrOBHIMH rpa-
Huamy. JLeficTBUTEBHO, NYCTh HAZO OCYLIECTBUTH KOH(POPMHOE 0TOOpa-
wenue 06JacTi Y, orpaHnueHnoH OKPYKHOCTBIO Y, Ha IJIOCKOCTH 2 Ha
oGsacth G, orpannuennyio okpyxHocTsio I, Ha miocxoctn w. Kax nse-
CTHO, MOJIOKEHUE OKPYKHOCTH Ha [JIOCKOCTH IOJHOCTBIO OIpefessiercs
3apanneM Tpex touek. C pmpyroit cropomm, B cuiay Teopemn 6.9, sanas
COOTBETCTBME TPEX TOYEK 2, IVIOCKOCTH 2, JeWaluX Ha OKPYKHOCTH ¥,
TPEM TOUKaM w@j I[JIOCKOCTH @, JewauuM Ha okpywxHocta I', MBI nmounoc-
TBIO ONPEARUM APOOHO-IUHERHYI0 DYHKIHIO, OCYHIECTBISIONYIO KOH(pOPM-
HOe OTOOpa)KeHue IJIOCKOCTH 2 Ha miockocTh w. Ilpu srom cornacHo
teopeMe 6.10 oxpyxHOCTb ¢ mepeiger B oxpyxHOcTh I, Ecan 1pu atou
COOTBETCTBHE TOUEK 2, U W, BHOPAHO TAK, UTO COXPAHENO HalpaBJeHue
00x01a, 10 B cuJy TeopeMmsl 6.4 nanHas QyHKUAS OCYUILCTBASET KOHPOPM-
Hoe oroGpaxenine obaactd ¥ uwa obaacth Q. 3ameruyM, 4IO IpH 3TOM
0021aCTb, BHEWHAL OKPYKHOCTH Y Ha I1OCKOCTH 2, KOH(popMIIO oTobpa-
waercs 1ma oOaacts, ueunnol okpyxkunoctd I Ha naockoctn w. Ecawm
COOTBETCTRHE TOUEK 2 M W, yCTaHOBJEHO TaK, 4T0 HanpasJ/enus oOxola
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oxpyxuocteft y u I' npornsonoaoskns, 10 obaacts F kondopmio oro-
Opaxcaetca na o6JjacTs, BUEWNIOW OKPY)ioctd [ na 1aockocTy w.
MMpumep 1. Haita dynxuno, KOHPOPMHO 0TOBPAKAIOULYIO €X1HHY-
HHH KpyT ! 2| << 1 na Bepxumwwo noaymiockocts Im w > 0.
st pewenns noctasiaenHo#l 3anayu  YCTAHOBMM  CJEAYIOUlEE COOT-
BETCTBHE TPAaHUUHbIX TOueK AaHHbIX obOaacreid (puc. 6.7):

2= 1 ——>'w1=0, (637’)
Zy =i Wy =1, (6,37"")
2g=— 1 > w3 =00, (6.37°"")

u HaigeMm xosdduiuentsr A, o, P apobuo-auneino#t GyuKuUM, ocyulect-
Baaouleil uckomoe orobpamenne. Kax serxo sugers us ycaosuit (6.377)

1%

Puc. 6.7.

u (6.37""), cpasy onpeaensiorcs 3iadends o 1 P, mocae uero HCKOMAs
(DYHKUHS TIPUIEMaeT BuUJ

—

z__
241°
[Mocaegunit Kosddupent A onpexensercs U3 ycaosud (6.37"'):

w = A

i—1

l=A—
i+
oTKyna A= —1{. Tem camblM (YHKIHUA, OCYUL{eCTBJIAIONAA HUCKOMOE OTO-
Opaxenne, UMEET BHI
11—z .
W=l 6.38
1Tz (6.33)

OtMetny, uto Gynkuus (6.38) ocywectsaseT xoudopmHoe oTOOpaxeHue
obaactd | z|>1 Ha HIKHIO©L TOAYMIOCKOCTs Im < 0.

Kak ciaeayer u3 paccMOTPEHHOrO IpHMEPa, MOCTPOEHHE HCKOMOMH
1poGHO-1MHEeHHON (YHKUKN TPOBOAKTCH Haudo/ee NPOCIO B TOM CJayuae,
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KO3 33AaHHBIMI TOUKAMH IIOCKOCTH @ ABJASIOICH TOUKH @ =0 U @ = cO.
B srom cuayuae cpasy onpeneasiorcs siadenus ros(pduumenros o u .
Crenyoitlee CBOHCTBO 1POOIO-IUNeRoN GYNKINI 3aK.TI04aeTCa B CO-
XPAaHEHIIH TOUEK, CHMMETPINIBX OTIIOCHTENbHO oKpyxuocti. Hamoyimw,
UTO TOYKU P 1 P’ 11a3bIBAI0ICs CHMMETPINHBIMI OTHOCUTE/IBIO OKPYikiocTit C,
eCcau onit sexar Ha obmieM Javue, UpoxoisileM depe3 ueutp O OKpyxK-
nocrn C, U NPOU3BeAEiMe UX PACCTOsiii
O LEeHTpa paBHO KBAIPATy DPajaHyca Ok-
pyxuocta: OP-OP' = R2% Hueer wmecrto
Teopema 6.11. Ilpu omobpascenun,
OCYULECIMBASLEMONM 0poOHO-ANHEIHOI
PYHRYUeld, MoK, CUMMEMPULHbE OM-
HOCUMEAbHO AI000I OKPYICHOCHI, HEpe-
X00sTm 8 MOUKU, CUHMEMPUHHBLE ONIHO-
cumensno o0paza Imoil OKPYHCHOC ML
IloxaszareancrBo. Bocnoabsyeu-
c CJAELYIOULHMK BCIIOMOTaTeJbHHMU Y-
BEPKAENUSIME  3JI€MEHTADHOR TeoMEeTPHH.
Yrsepwaneune 1. JlhoBag okpyxuocts C’, npoxopsuas uepes
Toukn P u P’, oproronassna oxpymuoctu C.
IeiicTBuTeabHO, nposexst ayy OP' u paiuyc OA B TOuky mepeceue-
uust okpyxdocreit C v C* (puc. 6.8), Mu B cuay cummerpuu touek P u P’
OTHOCHTENIBHO OKPYxHOCTH C nonaydum

OP . OP' =(0Ap =R

Ho ato, cornacHo u3BectTiiof TeopeMme sJjeMelTapHOR reomerpuu *), 0sHa-
yaer, uto OA aBagercs KacateabHoH K okpyxuocra C’, mposexeHnoif w3
toukn O, orkyda u caeayer, uro C' | C.

Vrsepxpgenne 2. Jlse B3auMio nepecexkawuuecs: okpyxuocra C'
u C’, oproronaibHnie OLOA M TOH ke okpywnocrn C, nepecekaorcs
B TOuKax £ n P/, CHMMETPHUDBIX OTHOCHTEABHO oKkpyxHOCTH C.

IMposexem uepes rouky P nepeceuennst oxpyxuocret C' u C”, nexa-
wyio BuHyTpy oxpywxnocty C, ayy OP. Ilpeanonowum, uto ayu OP nepe-
cekaer oxpymuoctn C u C” B pasnuuHbiX TOuYKaX, COOTBETCTBeHHO P¥
u P## (puc. 6.9). Tak Kaxk oxpyxnoctu C' u C” OPTOroHadblibl OKPYK-
Hoctu C, TO 10 yKasamliof BHIUE TeopeMe 3JeMEHTaPHOH TeoMeTpHH
YMEIOT MECTO COOTHOLIEHUSE

OP-0P* =R?, (6.39)
0P . 0P%* = R2, (6.40)
Ho, tak xax toyku P* u P** jexar Ha OAHOM Jyuye, pasencta (6.39)

1 (6.40) BO3MOXKIB TOJBKO B TOM C/yuae, KOrjga Touxku P¥ n P*¥ cop-
nagaoT, P* = P** =" yro B [0Ka3HBaET yTBEPKIAEHUE.

*y IlpousBejenne oTpeskoB cekyllefl, NpOBeACHHON W3 BHellHeHd TOUKU OK-
PYXKHOCTH, PaBHO KBajpaTy OTpe3Ka KacaTe/bHOH, NPOBeJCHHON H3 TOll Xe TOYKH.
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Ilepefinem rteneps K noxasateancTBy Teopemul. Ilycts Toukn P u P
CHMMETPHUYHBl OTHOCUTeAbHO OKpywHocTy C. IlpoBenem uepes 3Td TOYKH
aBe BcroMoraTessHeie okpyxnoctd €' m C”. B cuay yreepxnenus 1
okpyxHoctd C" u C” oproronanbust C. Tlpn KoubopMiuoM orofpaxesny,
OCYIIECTR/AAEMOM KaKOH-1100 [ApOGHO-INHENHON (yHKILHEH, OKPYKHOCTH
C, C' n C” mnepeitayt coorercrdenno B okpywuocra K, K’ u K”, npu-
ueMm oxpyxuoctn K u K” OyayT oproronaasus oxpyxuoctn K. Touku
P n F nepeceuenns oxpyxsocre C' u C” uepetinyt B toukm Q u Q
nepeceueHns ux o6pasos — okpyxHocreit K* u K”. Ho B cuny yTBepx-
aenug 2 touxkd Q m Q moa-
KHBl OBITb CHMMETPHUHB OTHO-
CUTeNBHO OKpyxnoctd K, HUTO
Il JIOKa3bIBAaeT TEOPEMY.

OueBnano, nOKazannas Teo-
pema ocTaercd cnpaBedJUBOH u
B TOM CJyuae, KOrga paccmar-
pHBAOTCA U OKPyXKHOCTH Oec-
KOHEUHO GOJLIIOTO Paauyca, T.e.
1psiMBie.

JloxasaHHag TeopeMa HaxQmuT
MHOI'OUHC/IEHHbIE TPIMeHeH s 1P
peliesnn KOHKPEeTHHX 3ahau KO- Puc. 6.9.

(DOPMUBIX OTOOpANKEHHUH, H Ml
OyaeM B pandblefilleM HEOAHOKpAaTHO K liel npuberatb. 31eCh Ke orpa-
HAYHMCS ML JBYMS [IpUMepaMil.

[Tpumep 2. Hatirn ¢ynkuuio, KoHHOPMHO 0TOGPAKAULYIO eAnHrY-
neiit Kpyr |z |<C1 cam ua cebs Tak, uTOGH 3ajgaHHas BHYTPEHHssS TOUKaA
Z, nepelsa B LEHTD Kpyra.

OueBnuno, aas pellleHds 3a4auyd MOXIO BOCIOAL3OBATHCS APOGIO-
aunefinon pyuxuueil. ITpn sTom Touka 2z, ¥ TOuKa 2;, CUMMETpuuHas eil
OTHOCUTEJILHO OKPYXKHOCKH |2 |==1, nepeayT B TOYKH, CHUMMETPHUHBIE
OTHOCHUTENLHO OKpYxnocTH | @, =1. Ho nockonsxy rtouka, cummerpny-
Has LeNTPY OKPYKHOCTH, ecrb GeCcKOlIeYNo yHajJeHHas TOYKa, a TOUKA Z,
IOMKHA liepedTn B Touky w@ =0, TO TOUKa Z; 10JKHA Nepedtu B TOUKY
w = 0o. CaenoBatenbHo, uCKOMas poGHO-iIunedinas (QyHKuwsd uMeeT BUA

2—2,

fw:kzhzl. (6.41)
Tak kax 23 = ;1-, to (6.41) MOWHO mepemucarh B Buae
)
w=hz, 20, (6.42)
22p— 1

Ilag toro urolm npu orobpawennu (6.42) okpywmnocts |2 |=1 nepe-
maa Takke B OKPYXNOCTh | @ | ==1 emnnnunoro painyca, ,LOJmsHO BHITOJI-
HATHC s y J1OBIIC
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Orcioga A2, = €%, rie o — NPON3BOJBHOE AeHCTBUTEIBPHOE YUC/O0, U pelle-
Hpe wamieft 3apaun 110y4aeM B BUJIE

w—=eir 2% (6.43)

2Z,—1

38M€THM, YTO Mbl NOJYyUHJIU peuieHue, ONPECACJIEHHOE ¢ TOUHOCTHIO A0
OJHOro nPOHU3BOJLHOrO NapaMeTpa ¢, KOTOPBIH, OueBHAHO, onpexeJser
II0BOPOT OKpYXHOCTH | |=1 BOKpyr uexrpa. 3ajanue 3HaueHus apry-
MEHTa Npon3BOAHOH (DYHKUHH @ B TOUKE 2 =2, IOJHOCTbIO ONpeje/der
(pyHKIHIO 0.

I[Tpumep 3. Hatitu ¢ysxumo, KoHPOPMHO OTOGpaNKAWIY 3IKC-
IEHTPHYECKOE KOJBILO Ha KOHUEHTPUUYECKOE.

ITycts tpeGyercs nOCTpouTb KOHPOpMHOE OToOpawenne o6JacTy,
OrpaHUYEHHONR ABYMS OXPYKHOCTAMH C HeCOBNaAAIUMA LEHTpaMu (puc.
U 6.10), na xakoe-1mbO KOHUEHTpuue-
ckoe Koubio. Ilockosbky Mbl uMeeMm
AeJN0 ¢ JIBYXCBA3HBIMU O6JIEICT51MH, TO
TeopeMa PumaHa o CyuiecTBoBaHuu
R KotihopMHoOro  oToOpameHus  37ech

yKe He HUMeeT MeCTa W, KaK Mbl yBH-
=a 4G (2=1) JUM, HeJb3sd [POM3BOJBHO  334aTh

C
\‘L’W Z OTHOIlIeHHe PaANyCcoB OKpYXHOCTel

S

\//,(z:x,) KOMIEHTPUYECKOTO  KOJbIE, Ha KO-
Topoe TpebyeTcs KoudopMmilo orodpa-
3UTh  3ajlaHHOE  ISKCUEHTPUUECKOe
KoJab10. Jlad ynoBcrBa  AajbHeRIINX

Puc. 6.10. paccMoTpenu#t  MOJOKAM, YTO UENTP
Gosblelt  okpyxHOcTH C  HAXOANTCHA

B Touke 2z=0, ee pamuyc pases R, a neurp Meublueil oxpywxioctu C

pandyca r, JeXHUT B TOUKe Z=a Ha Jeltcreurensnoft ocun. Haftmem Touxu

Py v Py, KOTOPHIE ABASIOTCA CHMMETPUYNLIMU OAIIOBPEMENHO OTHOCHTEIbHO

obenx okpyxkuocreit C u C'. OueBuaHo, 3TH TOUKI JEXaT Ha AeHCTRU-

teqapioit ocm (puc. 6.10). Torma nx abcuncchl Xy 0 Xy JOMKUBE Y/I0B-

JIETBOPATE COOTHOIIEHUM

(¥ —a)(xs—a)=1r2 (6.44)
XX =R2. (6.45)

Wz (6.44) n (6.45) caenyer, uTo X; u Xy BJAIOTCH KOPHAMM KBapat-
HOTO ypaBHeHus

ax?—(R*P—r?4a?) x+aR?*=0. (6.46)
JucKpuMuHaHT 3Toro ypasHeuus (R2—r?2-a?)? — 4a2R? nonowureneH,

TAK KaK UMeeT MecTO oueBmaHoe cooTuowenne K —r > a. [locrpouw
ApOOHO-THHEHHYI0 (YHKLMIO

w =34 (6.47)

z2—xy’
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rae xy 1o, — abcuiccn Touek Py on Py, naiipeinisle u3 ypastenus (6.46).
Ipu orobpaxkennn, ocyuiecrnisiemos dynkuned (6.47), oxkpyxnocru C n
C’ nepeiinyt B wexoropeie okpymHoctn K u K IIOCKOCTA @, BHEH:sA
x oxpyxknoctsMm C u C Touka P,—B TOUKy @=00. CumMmerpuyHas
otHocuTe1LHO oOKkpyxnoctet C u € rouke P, Touyka P; n0axHAa 1pu
9TOM IepefiTy B TOUKY, CUMMETPHUHYIO TOUKE W ==00 OTHOCUTENbHO
okpyxuoctedt K u K'. Ho Touxa, cummerpuuuas Gecroneuno ynajienuo#
TOuKe, ecth WenTp oxkpyxHoctd. CaenosarensHo, npu oroOpaxenuu (6.47)
TOuKa [’y nepefiger B obwn# nmentp oxkpyxuocreft K u K'. Tem cameimM
MCKOMOe OToOpaeHne mnmocrpoeno. 3amernm, yro B suipawennu (6.47)
y Hac OCTaJCH NPOU3BOJ B OlfedeseHnd l1apaMerpa A, OAlAKO M3MEHeHne
[IOCJCAHEr0 NPUBOANT JHIIb K [0A00HOMY PacTsXKeHndio ILIOCKOCTH @,
UTO HE MOXET H3MEHHUTb OTHOIUEHHS PajlyCcoB OKDYXKHOCITEH NOJydeH-
HOTFO KOHUEHTPIYECKOI'0 KOJbLA.

| 7 u
<J4z) 7

A(z;) {=0 £
Puc. 6.11. Puc. 6.12.

B 3akawouenve Aannoro naparpaca paccMOTPUM BONPOC O IpUMEHe-
HUP  ApOOHO-MHEHHOR (DYHKUUM AJST ITOCTPOeHHusT KOHDOPMHOrO OToOpa-
KEHUS JBYYTOJbUUKOB. [8YY2046HUKOM HA3BLBACIMCA NAOCKAA PuU2ypa,
obpa3osannas nepecewenuen 0yz 08YX oKpyxHocmed, BOOOIE FOBODY,
pasHelx papuycos (puc. 06.11). OyeBuaHo, yran npH BeplUWHAX ABYYroJb-
HuKa pasubel Apyr apyry. Ilycrs nad O8yyro/bHHK € BeplUMHAMH B TOY-
kax A(zy)) u B(2,) ¥ yrioM o npu sepulrHe u Tpedyercsd HOCTPOUTH
kondopmHoe oTOGpakeHHe BHYTPeHHE 006JacTH AAHHOrO ABYYIOJBHHKA
na BepXHoI NOJaynaockocTs Imaw > 0. Paccmotpum BcroMorartensbHyro
(dhyHKIHIO

2, —2 .

(=2 (=t (6.48)
IlpoGuo-mnelnas Qpyuxuus (6.48) nmpoussoautr koudpopmHoe oTOGpaKeHHe
[I0/HOH TIIOCKOCTH 2 Ha MOJHYIO IIOCKOCTh , IPU KOTOPOM TOUKa 2= 23
nepexoaut B Touky {=0, a TOuKa 2 =2, —B TOUKy {=co. B cuay
KPYroporo co#CTBa ApOGHO-AHHeHHOHR (yHKunU npu oroOpaxeunu (6.48)
OKPYKHOCTH, 00Dasyioulue ABYYTOJNbHUK, IEPEXOAIT TAKKE B OKPYKHOCTH.
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Ho oxpyxiocts, npoxomsinas ueped Touxu (=0 n {=oc0, umeer Oec-
Koneuro  GosbiOH pagnyc. Jro ogznagaer, 4yro npu orobpakennu (6.48)
CTOPOHH [RBYYFOJbHUKA Mepeinyt B ayuu ([ u /), puxoasue n3 Touku
{=0, npuyen yroa MCKLY MMl JAyUAMH PABEH YIIY O UPH BepLiMHE
AByyroabhuka (puc. 6.12). Mrak, ¢ynkuna (6.48) ocymecrnaser Konpopm-
1oe OToOpaKeHue JAaHNOro JABYYroOJbIMKAa Ha [IOCKOCTA 2 Ha CEKTOP
¢ UEeHTpaJbHBIM YIrJIOM o Ha Iockoctd {, MpuyeM Jy4 / cocTraBnser
¢ TOJOKHMTEJBHBIM HANPABAEHHEM OCH & yros @ 3layelne KOToporo
onpesessiercs nojoxendeM sepmnin A u B ppyyrosabHuka. Kak Mel Bunesn
poire (ra. 6, crp. 189), dyuxuns

JT

W= %> (6.49)

ABJAAOIMAACH HENOCPEACTBEHHBIM aHAJWTAYCCKUM NDOAOKEHUEM AeHCcTBU-
T

TespHON yHkuIn X %, x > 0, ocymecTBaseT KOH(DOPMHOE OTOOpaXeHHe

fo?
00JIaCTH BHYTPH CeKTopa oy << arg { < ay—- 0o Ha NOJyIIOCKOCTDb 7&0 <

¢4
<argw << 7 - m. Ocraercss nepeBeCcTH NOJAYUEHHYIO NOJYMNJIOCKOCTh

B noAynaockocts Imw >0, g1 yero J0CTaTOYHO NMPOU3BECTH IIOBOPOT

ed
BCEHl MJIOCKOCTH Kak HEJ0oe Ha yroJa ——é’ T, 4T0 MoOXer OniTb OCylle-
CTBJIEHO nyTeM yMHOkerns ¢ynkuun (6.49) Ha KOMIJEKCHOe uMCaO

. Qg
—i%
e T, Urak, OKOHUATebHO, HCKOMast (DYHKIHS, OCYUIECTBASIONLAH KOH-
dopmHoe otoGpamenue AByyroabHuka AL Ha BEPXHIOID NOAYNIOCKOCTH

Imw > 0, npunumaer Bup

O _
hy T —2

1
w=e =)« (6.50)

2,—2)
OrmeTuM, uTo KOHPOPMHOCTb 0TOGpaMKEHHs HAPYILAeTCs B TOUKAX 2y U 2.
I[Tpumep 4 Tlocrpours xoHpOpPMHOE oTOGPa¥eHde BePXHeil MoJo-
BuaHbl Kpyra | 2| <C1, Imz >0, Ha Bepxnioo noaymaockocts Imw > 0.
Ouesunnio, fanuas o0/acts IpeicrasaseT coOoff ABYYroJbHHK C Bep-

%
HIMHAMA B TOMKaX 2;= —1 u 2,=1 11 yraom 0=y TpH BEpHIUHE.

BcenomorarensHas QyHKums

[—1t? (6.51)

OCyllecTB/IsieT KOH(pOPMHOe orofpaxkeHne 3roro ABYYroJbHHKA Ha Iep-
BBl KBafpaHT MJIOCKOCTH {, a (yHKius

_ 14z 2 .

I JaeT UCKOMOe 0To0pameHHe.
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§ 3. ®yuxnua XKykosckoro

Tak naspiBaeTcst (PYHKIUIS KOMILTEKCHOH nepeMeniion

w=/@)= (24 ;). (6.53)

!
Ara ¢yukuus Obina umpoxo ncnosbsosana H. E. XKykoscknm npm perue-
HUII MHOTHX 32718y THAPO- U a9POANHAMUKH.

Dynxuus (6.53), ouesnano, sAsjdgeTcd aHaJNTHUECKOH Ha Bcelt KOM-
MIEKCHOH MAOCKOCTH, 3a ucKkmouenwem Touxu 2 =0, npeacranswoiel
cobofi nomoc mepsoro nopsaaxa aanxo#t Qynxinum. Brupcasd npoussoa-
uyio ¢yHkunn (6.53), nonyuaem

F@=y (1=

(6.54)

Orcrona caedyer, uto npoussoanas ¢ynkuwin 2KyKoBCKOro oTipuHa ot
HyAl BO BCEeX TOYKaX IMOCKOCTH 2z, kpome touek 1. Tem cambim
orto0paxenne, OCyulecrBaseMoe 3Toll (dyuxouefi, AsgeTCs KOHpOPMHBIM
B OKpecTHOCTH Jio0offk TOMKM 2, 33 HCKAOUEHWeM 3THX [IBYX TOUeK.
Hatinem oGnactn omgmo/mictaocTd dynxunn Kykonekoro. Ilpednosoxuy,
YTO JBE Pa3AMYHBIE TOUKH KOMILIEKCHOH IVIOCKOCTH 2y 7 25 NEPEBOAATCS
dyrrnved f(2) B 0oOHY W Ty Xe TOUKy IJIOCKOCTH @, T. €.

1 1
214 2, :Zz“!‘z,
wiu
2, —2 _
2] — 2= 222 (6.55)
2, 25

Tax Kak zy 5= 29, TO N3 cooruoulexus (6.55) caeayer
21 2,=1. (6.56)

[TosyueHHoe COOTHOMWIEHWE O3HAYAET, YTO OOAACTAME  OLHOJUCTHOCTH
dypxuun JKyKOBCKOro fBJSIOTCH, B YacTHOCTH, oOaacTn BHYTpH (| 2 | < 1)
u e (|z|>1) exmuuunoro xpyra. O6e st obaactu QyHxuuen (6.53)
oro0paxalTcs KOHPOPMHO Ha OAHY u Ty ke 00JacTh MJIOCKOCTH W.
Uro6wi onpejeantb 3Ty 064aCTh, PAaCCMOTPHM OToOpaxeHne OKPYXHOCTEH
lz|=r, ocymectBasemoe dyuxmuelt (6.53). Las sT0r0 nepeitnem K noxa-
3aTeabHOH (opMe 3aMUCH KOMIIEKCHBIX UHCEX 2 =re'® — n Halizem phipa-
MeHne JedcTBaTe N bHOR W MHuUMOH uactefi ¢yHkimu (6.53):

u(r, @)= %(f +%> cosg, v(r, (p)=<;— <r—~}> sing.  (6.57)
Honoxus r=ry n uckmouns napaMerp ¢, MOJIyunM

u v2
2+1

2
1 1 1.2
T (f°+?;> (o7

—1. (6.58)
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Wz coornowenust (6.58) caenyer, uro ¢ynkuns (6.53) orodpamacr KoH-
HeNTpHUECKHE OKPYWNOCTI | 2 |==r, B 3mmmncel. Kax nerko sumern,
doxycs  peex dsmuncos (6.58) jekar B OANUX M TEX Ke TOYKAX AEHCT-
BUTEJBHOH Ocu 1

c=1. (6.59)

Tem campim  ¢ynxuus (6.53) mpoussoant oroGpaxene cemeHcTBa KOH-
LENTPUUECKHX  OKpyKHocTeH |z!=r, miockoctn 2 Ha cemeficTBO codo-
KyCHBIX 3JINIICOB Thaockocty . Ilpu srowm, ecim ry <1, TO nmonoxu-
TeALIOMY  Hampassnennio 006Xoaa OKPYWHOCTH |2 |==r; COOTBETCTBYEY

oTpullaTe/iblioe Hanpasiende obxona smmnca (6.98); ecan ro= - >1,
1

TO NOJOKHTEILHOMY Hanpasjenno 0o0Xoma OKPYXHOCTH |z |==rs COOT-
BETCTBYET NOJOKWTEJBbIIOE HanpaBienve obxoxa aaqmnca (6.58). Ilpu
r; — 1 smaunc (6.58) Bripoxpaerca B otpesok [— 1, 1] nedctsurensnof
ocu u, npoxomumbiit apaxms. Ilpm r{— 0 sanunc (6.58) nepexomut
B OKPYXIocTh Oeckolieynio 0ousbnIOro paamyca. TeMm caMmbiM gOyHKyus
(6.58) npouzsodum woHIOpAMHOE omobpadiceHue o0aacH BHympil eol-
Hu4Ho20 Kpyea |z|<C 1 Ha naockocmu z Ha HAOCKOCHIb W, PaA3Pe3aH-
wyw no ompesxy | —1, 1| delicmsumeasnoti ocu. I'pannua obnactn —
OKPYXHOCTh | 2| =1—oTOoOpaxaeTcs 11a 3TOT OTPE3OK, IpUUEM BEpPXIiss
NOAYOKPYKIIOCTE  0TOOPaXaeTcst ha INDKHNH, a [IDKHsis — Ha  BePXIMH
Geper paspesa. Auasoruuno oGaacrs | 2| >> 1 Blie eauHuuHoro Kpyra na
IJIOCKOCTH 2 0ToOpamaeTcs Ha BTOPOH 3K3eMILISD MJOCKOCTH W, paspe-
sannofl mo orpesry [ — 1, 1] meidcrsuresbHON oCH, NPUUEM BepPXhsst [10ONY-
okpyknocth |2 | =1, Im 2 >0, oToGpaxaercs na sepxuuil 6eper, a HUK-
HISL HOAYOKPYWHOCTs |2 =1, Imz<C0,—mna HWikunif Geper paspesa.
Tem camem  dynkuns 2Kyxosckoro (6.93) ocyulecreaser xotdopmHoe
oToOpaKenne MNoJHON MJOCKOCTH 2 Ha PHMAHOBY MOBEPXNocTb 006parTHOH
(pyHKIAK

z=q@)=w-+} w*—1. (6.60)

Pumanosa nmosepxuocts gyuxunn (6.60) mpencrasaser cofofl ABYAHCTHYIO
1IOBEPXIIOCTh, COCKAB/ACHHYIO U3 ABYX 3IK3EMIIAPOB [AOCKOCTU W, pPas-
pesannoit Bpoab orpeska [— 1, 1] aedcrBurensnot ocu. Hknuit Geper
paspe3a OZHOrO JMCTa CKJeeH C BEPXHUM OGeperom paspesa APyroro
aucta, u Haodopor. Pynkuus (6.60) aBaserca OAHO3HAUHOH aHaJMTHYe-
CKO# (yuxnuedl Ha CBOefl DUMAHOBOH NMOBEPXHOCTH, UMeEONleH ABE TOYKH
passerBienns @w=-t1 npu 006xX0me Kax[i0# M3 KOTOPHLIX MPOUCKOLUT
nepexoi ¢ OHOrO JUCTA 3TOH PUMAilOBON ITOBEPXHOCTH HA ee ApPyroii
JUCT. 3aMeTéM, yTo NP OJHOBPEMEHHOM 00XOAe OGEHX TOUEK pasBeTB-
aenus @ == 1 no samkuyTOl KPUBOH, He nepecekarouiell orpeska [— 1, 1],
MHl BCE BPEMs 11aXOJAMMCS H2 OJHOM M TOM Xe JHCTe.

WMrax, ¢yukunn (6.53) u (6.60) ycTanapnusaoT B3aNMHO OIHO3HAUHOE
COOTBETCTBYE MEXKAY IT0JHON MJIOCKOCTbIO 2 Y JaHHOH PUMaHOBOH NOBepX-
HocToio,  OTOGpawenue, OCyweCTBASEMOE 3STUMH  (DYHKUUAMH, SBASETCH
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Bcloay KoH(OpPMIBIM, 38 HCKJOUeHHeM Touek 2 =<t 1, B KOTOpBIX NpoU3-
poanast ¢yskind (6.53) paBna Hy/o. 3aMETHM, YTO 9TUM TOUKAM COOT-
BETCTBYIOT TOUKM @ = =1, #Basowpecs Toukamu pa3peTsieHus (yHK-
uun (6.60), oGparnoit mo oruomenuio K Qyuxuan (6.53).

B saxmouenne wafinem ofpas Jyuelt arg 2=, 1pH oToGpamenuy,
ocymecTsageMom (yukimelt XKyrkosckoro. st 3T0r0 MCKAOYNM M3 COOT-
nowennit (6.07) napamerp r u noxoxuMm ¢ = @, Torua

2 2
e — =1 (6.61)
%o S=

Cootnowrenne (6.61) osnauaer, uro npu orobpawxenun (6.53) oTpesku
aydeli arg z =@, nepexoidr B sersd runepbonas (6.61). Ormerum, uto
upun moGoM 3uaueHnnd @, QOXycw 3sTO# runepboaH  HAXOAATCH B TOY-
kax = 1. Tem camum ¢yuxuns JKyKoBckoro ocyuectsiser npeoGpaso-
BaHUE OPTOrOHATBHON CHCTEMB NOJAPIIBIX KOOPAMHAT Ha ILIOCKOCTH 2
B OPTOrOHAJLHYIO KPHBOJMHERHYIO CUCTEMY KOOPIMHAT, KOOPAWHATHHIMU
JIHUSME  KOTOPOH sABAFIOTCA CO(OKYCHHE ceMeiicrBa aJuauncos (6.58) u
runep6oa (6.61).

Kax yxe ormeunanocs, @yHkuns 2KyKOBCKOro HaxOAUT BeChbMa LIUPO-
Koe npuMeHeHnne Npu pemieHrrn MHOTUX KOUKPETHHX 32134 KOHPODPMHBIX
0oTOOpawenni, 0COGeHHO CBA3aHHbIX € MCCAEA0BAHUEM THAPOIMHAMUUYECKHX
npoGaeM. Ha 3THx BomIpocax Mbl OCTaHOBUMCS HECKO/bKO NO3XKe, a cei-
14C PACCMOTPUM euie OAHY (YHKIIO, HaXOMAULYI0 MHOTOUHCJEHHbIE MpPu-
JIOKEHU.

§ 4. Unterpan HIsapua — Kpucroddeas. Otodpamenne
MHOTOYTOJNbHUKOB

ITycts Ha KOMILIEKCHOH NJOCKOCTA W 3alaH n-yrOJLHHK C BEpIIH-
paMu B TOuKkax A, As ..., A, ¥ BHYTDEHHUMH YT/aMH [IPH 3TUX BEp-
n

INHAR O, ¢, ..., 0,7T COOTBETCTBEHHO. (OueBuiHo, Z o =N — 2,
i=1

n>2.) Tlycts Tpebyercs nocTpouth koHbopMioe oToOpaxenve BepxHef
HOJYIIOCKOCTH 2 HAa BHYTPEHHOCTH TAKOTO MHOTOYroJblinKa. Jra 3ajgaua
pemlaeTcs € MOMOM(bIO Tax iaskiBaemoro nnrerpaia lsapua — Kpucrog-
¢esst, uayuenne NEKOTOPBIX CBONACTB KOTOPOTO M COCTARJIsAET COpepKanue
nactosdiiero naparpada.

PaccMoTpuM  (PyHKUHIO KOMIVIEKCHOHR llepeMeHHOH 2, ollpefeneltyo
B BEPXHEH TMOJYJIOCKOCTH & € MOMOUIBIO BHIPaKeHus

w=f@)=C\{C—a)~'...C—a)u"d{+C.  (662)

3neck 7, C, Cp—3adaunbie KOMIUIEKCHBIE [OCTOMINILE, @y, ..., @, —
JERCTBHTE/NbHEE UUC/3, PACIOJOKCHHBE B IOPSAKE BO3PACTAUUS; Oy, ...
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<oy Olp — NMOJIOXKUTEJIBHBIE TIOCTOAHHBIC, YHOBJECTBOPAIOUIUC YCJAOBUIM

Ma=n—2, (6.63)

i=1
0<oy<<2. (6.64)

B noapiaTerpanbioM Bhipaxeruu BhIOpanbl Te eTBH pynxuui (L — a;)% 1,
KOTODHE ABJISIOTCH HEMOCPEeJCTBEHHBIM aHAJUTUYECKHM TPOAOJDKEHHEM
B BEDXHIOW IOJYIIOCKOCTb jeHcTBuTe bHBIX (hynKunf (x — @))%~ 1 nei-
crBUTeNbHOH TepeMeHHo# x >>a,. B rtakom cayuae dynkuug (6.62)
ABJAETCH OAHO3HAYHOH aHa/uTHueCKOH dynKumel B Bepxneft noJymio-
ckocrd Im 2 > 0. Touxu a;, jexamue Ha HAeHCTBUTEBHOH OCH, ABJSIOTCS
ocobeiMu  TouKaMy 3To# Qyuxunu. Pyuxuusa (6.62) n HasuBaeTCHd uHTE-
rpasoM llsapua — Kpucroddeas. Pyuxuns (6.62) npu cooTseTcIByOMIEM
BHIOOpE TOUEK @; OCYIECTBJAET KOHGOPMHOE 0TOGPaKEHHe BePXHel noy-
mrockoct Imz >0 Ha 006JacTe BHYTDPH HEKOTOPOFO #-yroJibHUKa
HA MICCKOCTH w. Dynem BHauajze CuuTaTh, YTO BCE UHCHAA @; OTPANMYEHHL
[Toxaxem, yro npu stom Qynxuud (6.62) ocraercs OrpaHHUEHHOH BCloLy
npy Imz==0. B coay ycnosus (6.64) mnrerpan (6.62) ocraerca orpa-
HHYEUIIBIM B OKPECTHOCTH OCOOBX TOUEK @; YO6emuMmcs, uTo HuTe-
rpan (6.62) ocraeTcsi OrpaHUUEHHBIM B IIpU 2 — oo, IIpeoOpasyeM noasis-
TErpasIbHY0 (YHKUHMIO, UCIOAb30BaB ycJaoBue (6.63):

R L I
\ 5

&2 t) SR
V13 nosiyueH110ro BepakeHns U CAEAYET CXOJMMOCTb UHTErpasa npu z —» oo.
Takum o6Gpasom, unrerpan (6.62), aBasiowuiics O0AHO3HAYHOH aHATHTU-
yeckoli yHkume# z B BepXHe# noaymnaockocri Im z >0, ocywectsaser
OTOGpaXKEHNE ITOH NOJYIVIOCKOCT) Ha HEKOTOPYIO OrpaHHueHHyio 06/1acTh &
IJIOCKOCTH W,

ITocMOTpUM, B KaKylo KPHUBYIO NPH STOM NEPEeXOAUT HEeHCTBUTENbHAS
och naockocTu 2. Pacemorpum BhIpaeHue npouzsonnoit dpyuxuuu (6.62):

f(@)=Clz—a) ... (z—a)0 %\ (6.66)

M3 3T0r0 BHpawenus CAemyer, 4To npoussopuas ¢dyuxuud f(2) oTauuna
OT uyJs BCWOAY B BepxHeH noaymgockoctn Im z2=0, 3a uCKIOYeHHeM
0COOHX TOYEK @;, B KOTOPHX oOua oOpamaercd B HyJb Wan Oeckoseu-
nocts. Ilpu wu3MeHenum 2 Ha KaWAOM W3 HHTEPBAIOB Qp < X < Qpiy
(=1, ..., n—1) jgefcTBuTEJbHOH OCH aprymMeHT MDON3BOINHOH HE
meusiercs. JleficTBUTENbIIO, B CHJY YKa3aHHOIO BHIUE BhGOpa BeTvel
dynkumi (z — @)% 7' apryment sTux (yHKuMR Ha DaHHBIX HHTEPBAJAX
JeHCTBUTENBHON OCH IPHITHMAET 3HaveHi

o — 1), X< a;,
O, X > ai)

(6.65)

1 // al‘\al —1 / _‘_Zg“)andl

arg (x — a;)% = (6.67)
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YTO M [OKa3blBAET BHICKAa3aHHOE YTBEpwAeHne. B cuiy reomeTpuueckoro
CMbIC/Ia apryMeHra npousBofHOH ¥) 910 03HAYyaeT, 4TO OTPe3KH ACHCTBU-
TEAbHOH OCH @, << X << Qp+q GyHKume#d f(2) orTobGpawxalTcs Takke
Ha NPAMOJKHEHbE OTpeskn maockocTd w. Ilpu 3TOM TOUKM @), neHcTBu-
TenbHofl ocn dyuxuven (6.62) nepesonsTcst B TOUKM Aj, MIOCKOCTH @ —
KOHIbBl COOTBETCTBYIOIIMX NPSAMOJIUHEHNHIX OTPe3koB A,Ap 1y, Ha KOTODHE
dynkuug (6.62) oroGpawxaeT OTpe3kH ACHCTBUTEAbHOH oOCH [Qp, apiq)
Tem cammm ¢hyuryus (6.62), nHenpeposras u o0Ho3nauHas Ha Oeilcmsu-
measHOll ocu, npouzsodum omoOpascenue Oelicmsumensroll oci nao-
CKOCIU 2 HA HEKOMOpYyio 3AMKEHYMy0 Aomanyo AjAy ... A, 3senssi
Komopoli  g8ARW0MCA  npAMoAuneldnsie ompe3ku ApAn.; (puc. 6.13).

//;P

Puc. 6.13.

IMpn »TOM, KOrja TOMKa 2 MPOXOMWUT BCIO AEHCTBUTENBHYIO OCh B [0OJO-
HKUTEALHOM HaIpasJ/eHnil, COOTBETCTBYIONAs eyl TOYKa W@ coBepuiaeT 1o0J-
npi  06xoa 3aMkHyTOod aoMaHOH A A, ... A, 3amerum, uTO, BOOGUIE
rosops, aomanas AjAs... A, MOKer wuMeTh TOUKM caMmollepeceyeHust
(puc. 6.13, 0).

OupenenauM Tenepsp BEMUMHHY YTJOB MEXKAY COCEAUUMU OTpesKaMu
noayueHiod somano#. st 3TOro  paccMOTPHM, KaK MeHseTcsl apryMeHT
npoussonnoi (6.66) npu nepexose 2 uyepes TOUKy a;. M3 (6.67) caenyer,
YTO 1IPY ABHKEHHU TOUKU 2 1O JeHCTBUTEJILHOH OCH B MOJOXKHUTEILHOM
nanpasJaelntd, Ipu KoTopom ocobas Touka a; obxondrcs 10 ayre 0ecko-
HEYHO MaJOro pajuyca B BEpPXHel NOJymIoCKOCTH, apryMeHT NPOH3BOJ-
HO!l n3MeHsieT CBOe 3HauyeHue Ha Beanuuny — 7t (o; — 1). B cuny reomer-
PHTECKOTO CMBIC/IA aPryMeHTa NPOM3BOJHON 3TO O3Havaer, 4TO BeJHuYHia

yraa Mexay HanpasjeHusMu BekTopos **) A; A, wu  A;A;+, pasna

*) AprymeHt mpousBopHoH GVHKLHM f(2) B TOYKe 2, ONpele/sieT BeJHYMHY
VIia, 118 KOTOpPLIH HYXKHO MOBEPHYTh Kacaresblyio K moboil riagkofl KpHBo# 7,
npoxoiaulell uepes TOUKy 25, 4TOOLl MOAYUHTh KacaTesbHYl0 K o0pasy 3Tofi KpH-
BOfl B TouKe wy = (2,).

#%) Ilpu 3TOM MO yIJOM ME3K1y HANPABJCHILAMI NEPCCeKAIOUIXCA NPSIMBIX by,
b, MDl MOHMMA4EM BeJU4HHY YIJId HAHKPATYaiillero MoOBOPOTA, COBMELIAIOLIErO Mps-
Myi0 by ¢ npsMoi b,.
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— m{a; —1). Ilpu sToM 1npu «; 1 nepexod OT HampasJ/JeHHd BEKTOpa
1 ()

A; _1A; ¥ nanpasaenno Bekropa A;A;i; NPOUCXOLUT B IMNOJOKUTEILHOM
=143 [l §

(puc. 6.14, @), a npn a; > 1 B orpunaressHom (puc. 6.14, 6) Hanpasaenun.
Kak snerko Bugers, B O0OHX cJayuasX BeJHdMHA VyIJa Ipn [EPEXoe
B IOJIOKUTEJBIIOM HanpaBJeHud OT Hanpasiends Bekropa A;A; 4+, K Hanpas-

JIEHUIO BEKTOPa AiAi_l paBHa ma; (puc. 6.14). Ecan savMxnyTas Josaras
AjAs ... A, He HMeeT caMomepeceueHnil, TO OHa OrpaHUuUNBAeT HEKO-
TOPHH #-yroapnuk. Ecau, xpome TOro, ABHKEHUIO TOUKH 2 B MOJN0KH-
TEJLHOM HANPaBJelndy ACHCTBUTEIBHOH OCH COOTBETCTBYET 00XO01 JOoMaHO#H

AjAg ... A, B IO0JOKHTEJLIIOM HAanDaBJEHAW, TO BHYTPEHHUH yroa
Ajsr
—ﬂ(afi—7)
/45_7 Ai+7
a) a;<] g a;>1
Puc. 6.14.

JaHHOTO 71-yrOJBHMKA Npu BepwuHe A; Ha KOTOPY OToGpaxaercs
TOuKa @; AEHCTBUTEJILHOM OCHM IIOCKOCTY 2, pasenl na;. B cuny yciosus
(6.63) npu 5TOM CcyMMa BCeX BHYTPEHHUX VrJOB JaHHOTO A-yroJbHHKA
pasHa (11— 2) T, KaK ¥ JOMKHO OBITh.

Ha ocuoBannu npunnuna coorBercTBus rpanui (Teopema 6.4) moxno
yTBEPW/AaTh, 4TO ecan Jomanad AjA, ... A, Ha xoTopylo dyHkuus (6.62)
oTOOpaKaeT AEHCTBHTENBHYIO OCh IJIOCKOCTH 2, HE HMEET TOUYEeK CaMo-
nepeceuenns n COXpanseTcd uanpasiedne o6xona, TO dynkung (6.62)
OCyLIECTBET KOH(OpPMIIOe 0TOGpaxeHe Bepxiel noaymaockocTn Imz >0
Ha BHYTPEIHOCTb H-YrOJbHHKA, OrpaHuuennoro joMaHoi A4, ... A,

Kaxk 1noxasslBaeT [AETANbLIIOE HCCACAOBAHHWE, €CAM Ha UIAOCKOCTH W
3afan NPOU3BOJbULIA A-yroabinK (M3BECTHO MOJOKeNHe €ro sepuiin Ay,
Ay, ..., A, ¥ yrapl NPH 9THX BEPIIKHHAX), TO BCErma MOXHO 33jaTb 3Ma-
yenng  nocrosunbix €, C; o TOUKM @y, ..., A, ASHCTBUTENBHOH OCH TakK,
qToGhl  COOTBEICTBYIOIMUM 00pasoM nocrpoenHas (yukuusa (6.62) ocy-
uecTBis1a KondopMioe orofpaxenue Bepxuefl noaynaockocrn Imz >0
Ha BHYTPEHHOCTb MAAHHOrO 71-yroJapHuka. Mpl ne OyaeM OCTaHaB/IMBATHCH
Ha Ji0KasaTe/bCTBE ITOrO MOJOKeHHs *), a orpaHdvuMca JUlIb HEKOTO-
PBIME 3aMEYaHUsAMH ¥ IPAMepaMi.

*) Cm., nanpumep, M. M. ITpusanos, Becaenue B Teopuio Gpyuknuil Kom-
IJIeKCHOro nepemenHoro, «Hayka», 1967.
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3ameuvanne 1. B ¢opuyay (6.62) sxomur paa nocrosuusix. O1nako
npu  HocTpoennn Kondopmioro oTodpaxkeriis BEPXIEH  MoJAYIIOCKOCTH
Imz>>0 na samanupiii Mioroyrojsink A; ... A, IJIOCKOCTH W MOXKHO
NPOU3RO/BLHO 3a[aBaTb JUUIL TPH TOUKW a;, aj, @j NEHCTBUTEBLHON OCH X,
mepexoaduiie B Kakue-1i6o Tpu  BHIGPAaHNbLE  BEDIIUHEL  MHOTOYCOJb-
nuka A; A; A, Ilpn sTom ocrasbnne nocrosuusie B dopmyne (6.62)
onpeneastores oanosnavydo. Jlerctsutensno, (6.62) onpenensier dyHKILU0

4

f(2), ceazanuyio ¢ ynciuer f (2) :S (C—a)1... (€— a)*—1dL
2o

AVHERHBIM TIpeoBpazoBalineM, MNpeacTaBasouiuM coboii npeobpaszoBanue

nono0HOTO PaCTsKEeHns, NOBOPOTa ¥ Mapaiitenshoro nepelioca. Caenoga-

TeJbHO, ecan QyHKUNS f(2) otoGpakaer Bepxiliol NOAYIAOCKOCTL [m 2 >0

Ha 3ajanHbll MHOTOYTOJBHHK MJOCKOCTH @, 10 yHruus f(z) orobpa-
KaeT 3Ty MNOJAYIIOCKOCTb HA MHOTOYroabHEHK, noaoGuuiii nansomy. Ilpu
33J1aHHBIX 3HAUEHUAX O AJ% TOro, “TOOHK /1-3BEHHAN 3aMKHYTas JOMauas,

Ha KOTtopytwo orobpamaercs (yHKUHeH f(z) AeiCTBHTENBLHAS OCh, Npej-
craBasiaa Onl coBOH MHOrOyroapHuK, nogoOHbIl [aHHOMY, HOCTAaTOuIIO,
uTOGB 77— 2 3B€Ha 3TOR JOMaHON OhIH NPONOPUHOHAILHB COOTBETCTBYIO-
LM CTOPOHAM MuOroyroJjpHuka. (IlBa KpaHHNX 3Bela NOJHOCTBIO Onpe-
Aeasiorcs 3azaHueM ux nanpasaeduit) Tewm cambiM Mbl umeem 11— 3 ypas-
HEHHA OTHOCHTEIBIIO 71 NOCTOSHBIX a;. Ecan npou3BoJiblio 3a1aTb TPH
U3 3THX NOCTOMIIBX, TO OCTaJblible M3 COOTBETCTBYIOUIMX YpasiieHuh
onpeaeadarcs opuosnauro. [aimoe o0CTOATENBCTBO AB/AETCS TAKKE Cael-
creueM TteopeMnl Pumana o6 oxHo3naunoM onpepesennu (PyHKUnH, ocy-
wecrsasioniell  kondopmiioe orodpakenne 0IHOCBI3HKMX 0o0Jacredt, npH
3aJallii  COOTBETCTBHst TPEX TOYEK Tpaiuubl OIHOH ofsactn TpeMm Tou-
Kam rpatuibl 1pyroft ofaacTd. 3aMeTuM, KpPOME TOTO, uTO MOJONKEelne
33/aiHOTO  MIIOFOyIoJbHUKa (3a/allbl AMUHBL CTOPOH ¥ BEJAHYYHA YILJIOB
Npu BepIIMHAX) HAa MJOCKOCTH OJHO3HAYHO OMNpPEIE.ISeTcs NOJOKEHNEM
TPEX €ro BepLIuH.

aveuanne 2. Mp npeanonaranm, uro BCE unciaa o; B op-
myqe (6.62) spamorcs noaowureasnsimu. [Ipn sTom nuterpan (6.62) cxo-
ourcs npn eeex 3nauennax Im 2==0. Ecan kaxkoe-nmbo uucno o, 01pn-
LaTeJblo, TO NpH 2 — a;, unrerpas (6.62) pacxoantcs. IT0 03HauaeT,
YTO COOTBETCTBYIoUIas Bepniia A, MHOPOYroJbhuka Ay ... A, Jexur
B GECKOHEUHO YNaJeHHOH Touke @ =co. Ilpu 5TOM Benuuuny yraa mpu
pepuinte A, MBl TOJaraeM paBHOH B3ITOR €O 3HAKOM MHUHYC BEJMYHHE
yraa mewiay npoposkenueMm orpeskos Ay, w0 ApApiy B KOHEYHOH
TOUKE HX nepeceuenus. Kak nerko BuaeTs, 11PU TaKOM ONPEAEAEHHN YToJ
npu Bepiuune Ay, pasen a,m (o, << 0), n B cuay ycaosns (6.63) cymma BuyT-
PEHHUX yrA0B MOJYUEHHOTO H-yrOJbliMKa C BepnHOH A, B 6ECKOHEYHO yaa-
ACHNOH TOYKE NO-NpeXHeMy pasHa (n — 2) . [lanHoe 3ameuaHue ocCTraercs
B CHJ2 ¥ B TOM CJyuae, KOI/Ia HECKOJBKO YHCENT O, OTPHILATEJBIEL

3ameuanue 3. [Tpn wuccaegropanun Qopmyast (6.62) me npenmno-
Jarajg, 4To BCe TOUKH @; KOHEuYHbl. JIerko OCBOGOAHTBLCA OT 3TOrO
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ycaoBUsA. BBeleM HOBYIO KOMIIEKCHYIO NEPEMEHHYIO f, CBA3AHHYW C 2
COOTHOHICITHEM
1

Ze=ay— g
ITpu »TOM ToOuKa 2 =g, NEPEXoAuT B TOYKy ¢=o0o0. [lamoe npeoBGpa-
30BaHKE 03HAYaET, 4TO NPU OTOOPaKenun sepxuet moaynaockocta lmf >0
Ha BHYTDPEUHOCTb MHOrOyroJsHura A;A, ... A, NI0CKOCTH W GecKoHeuHo
ynazentas Touka f=co oro0paxaerca Ha sepwuHy A, Ha komniekc-
no# nuockoctu ¢ ¢pyuxums (6.62) uveer Bun

(6.68)

1\, 1 [\ty =1/ 1%, ~1dt
'w:CS<an*a1_"f‘;/}1 ...<an-—an.—1——’r—>n 1 (\——”_E'/) n *T'Z—{-'
to ;
¢ = A S T—a)a=! ... (GT—ay_Fa1—'dt-+Cp. (6.69)

t
3nech HCnoJab30BaHO COOTHOleHne (6.63) u BeemeHnl 00O3HAYeHUA
1

a,—2’
A=C(a,—a)* ' ... (ag— Qp-1)%n-1 71 (— )%~ 1L

Coornomenne (6.69) osnayaer, 4To B TOM Cayuae, KOraa Mpu KosHGOPM-
HOM OTOGpaxeHnd BepPXHe# MOJNYNJIOCKOCTU HAa BIYTPEHHOCTb MHOTO-
yrosbHuka Ay A, ... A, GeCKOHEUHO yJaneHHas TOUKA == 00 NEePEeXOIUT
B ogHy u3 Bepuiud (A,), 2T0 OTOOGPAKEHNE OCYLECTBIALTCS MHTErDaloM
Ulsapua — Kpucrogdens (6.69), B noAblHTerpaabHOi (yuKUn KOTOPOTO
ONYILEH MHOXUTENDb, COOTBETCTBYIOME faHHOH mepuimne (A,). D10
00CTOATENLCTBO YACTO HCMOJb3YETCs Ha MPAKTHKE, MOCKOJbKY, KaK Mbl
oTMETH M Bbiule (3aMeuanue 1), npu peuieHMu 3amay O MIOCTPOEHHM KOH-
topMHOro otobpameHns sepxHe#d noaymiockoctd Im 2z >0 nHa 3azannbi
MHOTOYTOABHHK MJIOCKOCTH T NPUXOAUTCA, B cayvae GOJBIIOTO uncaa
BEPIIMH MHOrOYTOJbHKKA, OIpene/ath 0OJbILIOE YHCAO HEU3BECTHHIX.

PaccMoTpuM HeKOTOpBIE NPOCTEHLINE NPUMEDHL.

Mpuwmep 1. Halite ¢ynximuio, KoHYOPMHO 0TOGPAKAIOULYIO BEPXHIOD
noJayniockocTs Imz >0 na cekrop 0 <Targw<an, 0<Za <2

Tak kak paHHHIfl CEKTOD NpeACTaBJAALT COGOH MHOTOYrO/NbHHK € BEp-
wuHaMn Ay (@ =0) u Ay (w=100), 10 011 peuleHna 3a4a4l MOWKHO Npu-
menuTs unrerpan Wsapua — Kpucrogdeus. Ycranopum crepytomniee coot-
BETCTBUE TOYCK ACHCTBUTEABHON OCH 2 BEPUIMHAM JLAHHOTO MHOrOYTrOJbHHKA:

2, (z2=0)—= A, (w=0),

a5 (2 = 00) — Ay (@ = 00).

a;i=(a,—a;)yY, ty=

(6.70)
Torga cornacuo (6.69) oroGpaxatouras QyHKILUA NPUHAMAET BHI

w=7()=C {1 di+ G

20
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IMosowus z,=0 u wucnosvaomae (6.70), wuaiinem, uro nocroantas C
pasna nyJawo. Orciona

- ™

w=C\g1ag="C (6.71)

=2

®ynkuua (6.71) onpeneneHa ¢ TOYHOCTHIO 10 ITOCTOSIHHOTO MHOXHTENS,
onpeneJadtoniero rnpeotdpazopause noaodus. Jaumnnil npowssos CBs#3aH
c TeM, uro ycaosus (6.70) comepwxaTr tpebGOBanue COOTBETCTBUA JHLib
ABYX TrpaldUuHBIX TOUEK, a, KaK Mbl Buie/u (CM. 3aMeyanue na crp. 163),
(bynKuMs, OCYmECTB/HIoNas KondopmHoe orobpaxenue, 01HO3HAYHO OTIpe-
AENSeTcs 3a4anveM COOTBETCTBMS TPEeX rpaHuuubiXx Touvek. ITorpeGosas,
Hanpumep, yroOn napsgy ¢ (6.70) umeno MeCTo OMNOJHUIENBHOE COOT-
BETCTBUE FPAHUUHBIX TOYEK

z2=1->w=1,

onpeneM 3HaueHwe ocrasiiefics B (6.71) NpousBoJbHOH MOCTOSHHOH
C=o.
MrtaK, oxkouuarenbno, QyHxuus

@ = 2% (6.72)

ocyiectsager Konpopmuoe otobpaxienye pepxued noayniockocru Imz >0
HA 3aJaHHBIH CEKTOP MJAOCKOCTH w. IIpu 9T0M B CHJY YKa3aHUOrO BbILIE
BHIOOpa BETBEH B MoAbIHTErpaibHON (yHKuuu uxrerpansa Ulsapua —
Kpucropgens (6.62) no/mxna ObiTb B3sTa Ta BETBb MHOTO3HAYHOR (yHK-
unn (6.72), Kotopas SIBASETC HENOCPENCTBEHHBIM aHaJIHTHUECKUM IPOI0I-
weHueM aefcTuteabHOH pyHKumH X% pefcTBATENLHOH NOMOKHIebHOH
nepeMeHHol x.

Hpumep 2. Hatitu ¢ynxuuio, KoHPOpMHO 0TOCPAKAIOILYIO BEPXHIOW
noaymnockocts Im 2 >0 Ha npamoyroasHnk AyA;AzA, (puc. 6.195).

[Tycre Bepuwinmibpl OPAMOYrOJbHHKA HA IVIOCKOCTH @ PAacHOJ0KEHH!
B TOuKax Ay (w=a), Ay(w=a-+ib), Azg(w=—a-ib), A4(w=— ).
Monoxium, uro ¢ NOMOUIBIO HEKOTOPOH (yHKUMH f; (2) NPOU3BENEHO KOH-
dopvioe  oroGpawernne MNepsoro Ksaapaura nuaockoctd 2 (Rez >0,
Im z > 0) ua npasyw nososuny OA;A,0° npsyoyrosstuka (puc. 6.15),
1P KOTOPOM NOJIOKHTE/NbHARA YacTh MHUMOH OCM TMJAOCKOCTH 2z HEpeuta
B orpe3ok OC'. Toraa Ha OCHOBaHMM NPUHIMIA cuMMETPHU (cM. cTp. 109)
(PYUKILUS, ABJAAIOUIAACH aHATMTHYECKUM NpoLo/pKeHueM fi(2) B ofaacrsb
(Rez<<0, Imz>0), ocywecraser KOHPOPMHOE OTOODPAKEHHE TAHHOMH
06/1aCTH HA JIEBYIO 4acTh HUCXOAHOTO npsiMoyrosbHuka. Ilpm sroM B Bep-
winHbel Ay M A4 NepexonsT COOTBETCIBEHHO CHMMETPHUHBIEC TOUKH AeHCTBU-
teasHoit ocu 2. To e wnmeer mecro mas sepuind Ay u Az IHosromy
MOXKEM YCTAHOBHTH CJAEAYIOUIEE COOTBETCTBHE TOUEK:

ay (2=1) > A (w=na), 6.73)
ag(z=—1)—> A (w=—a).



182 KOH®OPMIIOE OTOBPAKEHHE (TJ1. 6

Kpome Toro, oueBHalio, AO/MKIIO HMETh MECTO COOTBETCIBHE
2=0—-w=0 (6.74)

Cooruomrenna (6.73), (6.74) ycTaHaBauBaloT COOTBETCTBHE TPEX rpatuy-

nelx Touek, ITo3TOMYy NpPOH3BOMBIIG 3ajaTh TOUKY @y HA AEUCTBUTEJLHOMH

OCH 2, NEepexomdulyl B BepUHHY A, NPAMOYrOJbHHKA, YKE HEJb3d.
ITonowusM, 410 B BepuinHy A, HEPEXOAUT TOUKA @, AEHCTBHTE/LHOH

1
0CH 2, UMEIOIAs KOOPMHHATY --, 3idueHHe KOTOPOH Gyjer onpeaeieHo
B panpneiiniem. OueBupno, O << k<< 1.

v
w=-a+ib Tﬂ' w=a+ib
Ay Az
Zy; a, Z, 4 w=— W=
7007000 7T 70777, y, o 4 «
7 L _ _ 7 4 7/
= Z=7 z=0 z=] Z=%
Puc. 6.15.

Virak, @QyHKumd, ocyulectasionias KOHPOPMHOe orolpamenue BEPX-
Hell 1OMyNJIOCKOCTH HA 3aAaHHbI NIPAMOYTO/MbHUK, MOXKET OLTb hpel-
CTaBJAEHA B BH[E

4 1
—1/ 1/ I

: - - .
e R Y O e T S L

d
VT (1—FD)

4
+Q=c\ 1Cp. (6.75)

2o
TMonoxur 2z,=0 mn wucnosbsosas cootnowenne (6.74), nmoayuny Cp =0.
Torza
dg

w=C e
V(103 (1 -k

(6.76)

SN

Ocraercs onpepennts nocrosuusie C W k& U3 COOTBETCTBUS TOUEK a
U ay AEHCTBUTENBHOR ocH 2 BeplimHaM Ay U A, OTMeTuM, YTO WHTErpaJ
(6.76) ne BHIpaWAETCs B SNEMEHTAPHHX (YHKUMAX. IJTO TaK HA3LIBAEMBIH
sarunmudeckutt uxmezpaa*) 1 poda, KoTOpsii 00B4HO 0003HAUAETCA

2

F@,M:S

0

ds
V=) 0 —rp)

(6.77)

*)} Cm. BEI. 1, crp. 236.
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Ycaosus (6.73) nator

— dg
a=C\ v (6.78)

o

Vurterpan, crosiuit CrpaBa, TaK Ha3bBaeMblid AoAHsLE  sasunmuteckud
unmeepas 1 poda

1
_ dg
K (k)= § e (6.79)

SBIAETCA XOPOLIO u3yueHHOH u TadyaruposaHHo# (yuxuued. CoorBer-

1 .
CTBHE TOYEK Oy (z = ‘E') <> Ay (w=a-ib) nossoaser 3anucaTb

|
&
] dg . dr
b=C T3 (1 =) e 6.80
a+l 3 V(l—g‘z)(1~—k2§2)+ § l/‘(l_:z) (l_kzcg) ’ ( )
orkyaa, yurs (6.78), nosyunm
¥
b= Cg CF<1 k> (6.81)
) VE—1 (1—#D) 1) (1 —#D) PRIE :

\

rae vepes F<~}a-, k) otoanayen unterpat B dopmyne (6.81). Uz (6.78)

n (6.81) mpy 3aIaHHbBIX BEINYMHAX @ N D MOMKEM, DEIUB TPaHCHEHIEHT-
HOE ypaBHEHHE

of <% k>= bK (), (6.82)

onpeneants suauenns nocrosHunx & u C. Tem camum dynxuuns (6.76),
OCYyILECTBASIONAS KOHGOPMHOE OTOGpaenue BepxXHell NOJYIIOCKOCTH
Imz>0 Ha 3ajaHHL# OPAMOYTOJIBHHK IJOCKOCTH W, NOAHOCTbIO Ompe-
nenena, C gpyro#t croponsl, ecas B dopmyne (6.76) saganm BeauunHb &
u C, To ara Qynkuus ocymecrsaser kondopminoe otodpaxenne Bepxiei
noayisockoctn Imz >0 na nOpSMOYrOJbIUK IMIOCKOCTH @, OTHOWEHHE
CTOPOH <2bg> KoToporo onpepeasercs dqopuyaoii (6.82), a aGcomornas
pemuuuna cropon — nocrosintHoil C. Tlpoussosnio uaMenss 3iadedne 3THx
[IOCTOSHIIEIX, MOKHO 1101yuuTh Kondopmiioe oToSpaxelne Bepxiied noty-
naockoctu Im 2z >0 ua moGo#l NpAMOYroJbHUK IVIOCKOCTH 0.



ITJ1ABA 7

NIPUMEHEHUE AHAJNMTHUYECKHX &YHKLUA
K PEINEHKIO KPAEBBLIX 3AJIAY

Meroan Teopnn (YHKUNA KOMIIEKCIOH NepeMernof BechMa HPOKO
n addexruBno npHMeHAOTCS Aad peiuenust GOJBIIOFO UUCAd MATEMATH-
YeCKUX 3d1au, BO3HUKAIONIUX B Pa3MIAUHBEIX OBNACTAX eCTecTBO3HaHug.
B uyacruocty, npumenenue ananuTHUeCKux (PyHKIMHA gaet BO MHOTHX CJy-
yagx AOCTATOYHO IPOCTHE CnocoOH peienns KpaeBmX 3ajad AJad ypas-
nenus Jlannaca, K KOTOPBIM NPUBOAATCA pa3nuuHbe 3a4aul CHAPO- U a3po-
ANHAMUKH, TEOPHN YIPYTOCTH, 3NEKTPOCTATHKY U T. 4. DTO ONPELENATCS Tec-
HOH CBA3bIO, CYUILCTBYIOUIER MEWAY aHATNTHYECKAMA PYHKUUAME KOMILIEKC-
HOR mepeMeHHOR 1 rapMONMYECKHME (PYHKUUAMHA ABYX AeHCTBHTEAbHBIX
nepeMeltbix. B HacTOSIIIEH riape MBI OCTAHOBHMCA 11da HEKOTOPHIX OOGULHX
BOMPOCAX IpUMEHENNd anaJduTHIeCKuX (PynKini K pelenuo Kpaeshx
3axav4 A8 ypasuenus Jlammaca ¥ npuseaeM pad NPHMEPOB  pellenus
(buzyuecKnx u MeXallnuecKnx 3aladu.

§ 1. O6mue nosomenus

1. CeA3bp aHaMUTUYECKMX M rapMoHudeckux ynxumii. Ilycrs
B 0GJadcTH & KOMILIEKCIION TUIOCKOCTH 2z 3amaHa aHaNuTHY4ecKas QPyHKLud
f(&y=u(x, y)+iv(x, y). Toraa sciogy B 3r0fi oOaacTu QYHKUUYN & W U
cBs3aHbl ycuosuamd Koww — Pumana:

ou _du on _ _09' (7.1

ox  dy' Oy dx
Tax Kak amaauTnyecKas PyuKuus umeer B obaacr § npoussoaiibe Bcex
NOpSIAKOB, TO U JAeHcTBHTE/NbHBIE PYyHKUUM 4 (X, ¥) u v(X, V) uUMEOT
B COOTBETCTBYWOUEH ©O0JaCTH MJOCKOCTH X, Y UACTHBIE [POU3BO/HBIE
moboro nopsiaka. Jro noszsoaser Auddepenuuposars BhipaxeHus (7.1)
no nepeMeiHsiM X, y moGoe uucao paz. Ilpoanddepenuuponas nepuoe
u3 pasencts (7.1) 110 x, Bropoe —no y 1 CJAOKIB, 10JAYUIM

0?2 a2
Oxle -+ 0_1;; =0, x,y& 9. (7.2)
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Ananornuno npoangdgepenunposas nepsoe u3 pasencrs (7.1) no y, sro-
poe — 1o X U BLIUTA OO0 U3 APYroro, HOJY9iM

#o | 0
o T o=t wyeE9 (7.3)

OTKyla chaeayer, 4ro dyuxunn u(x, y) 0 v(x, V) 18J4910TCH rapMOHn-
uecKnMm B jaaunnoil odaacTH INOCKOCTH X, V. Mrak, neticrsutensuas
n oamunyas yactin Qymkunn f(2), anaauruueckoil B odaacta ¥, asasiorcs
rapMoiuecKuMi  (PyUKIUAMI B COOTBETCTBYIOWIEH 0GsacTH  NJAOCKOCTH
x, y. Ilpun sTOM naunpie rapMonuueckne (YHKURR CBa3aibl YCAOBHAMA
(7.1). C napyro#t cropous, ecan B ofnacru & mnaockoctn x, y 3apambl
ABe rapMonuyeckue gynkiun i (x, y) v v (X, y), yA0oBJIeTsOpsIOLIE B 3TOH
obaactu yeaosusm (7.1), ro dyukuna f(2)=u(x, y)-+iv(x, y) Komnaexc-
HOH MepeMeHHON 2 = X - iy ABIMETCA aHAMUTHYECKOH B COOTBETCTBYIOILEH
obnmactd 1nockocTy 2. Tem caMbiM reobxodumbim 1 0OCHmAmMOYHbIAM
yeaosuem anaaumuinocmu yrrygu f(2y=u(x, ¥)--iv{x, y) 8 obaa-
cmu Y sgasemcs mpedosantie, 4mobe @ymxgun u(x, y) u v(x, y)
Ovian 2apmoHudeckuMu 1w yoosaemeopsan ycaogusirn (1.1) 8 coomgem-
cmeyouweld obaacmu naockocmu x, y. B ra. 1 (csm. crp. 34) Owiao
MMOKa3aHo, yTO 3aJaHKWeM JdIUb OAHOH AeHCTBUTEAbHONW (MaW OMOH MHuu-
MOH) uacTH anaJMTHIECKOH QYHKUNYN KOMIJIEKCHOH NepeMeHno#t nocaeqHas
onpenessiercss ¢ TOYHOCTBIO 10 TMocTosHoro caaraemoro. Otciona cie-
JYeT, 4YTO BCE aHAJNTHUYECKHEe (YHKLNM KOMMJIEKCHOH nepeMeHHOH, ans
KOTODHIX 3alalHas rapMonnueckas dyukuus IBYX NeHCTBHTENbHBIX TNepe-
MEHHBIX sBJadercs AeficTBurenbHOH (WJM MOUMOH) uacTbio, PA3NAYaiOTCH
TOJbKO Ha afJUTHBHYIO MOCTOSNHHYIO.

YcranopJenHas CBA3b MEXAY aHAMUTHUECKUMA U rapMonuyeckavy Qynk-
UMK [103BOJSIET KCI0/b30BATb [AJIS H3YMEHUA PasanuHbX CBOHCIB rap-
MouHuecknx (QYHKILuH CBoficTBa anaautndeckux Qynxuni. Tak, Hanpumep,
U3 QopMyabl CDEAHErO 3uaueHdst aHaautuuecko#h dynruunm (cm. ra. L
crp. 48) HemocpeacTBenuo noJayltaercd QpopMyaa CpeaHero 3HaueHusn ana
rapMOHUYECKOH (PyHKIMnN

u(xo 30 =g | & Ws, (7.4
CRo
FIe TouKa X, VY, fBaserca ueHrpom kpyra Cg, paguyca Ry ueankou
Jexaniero B 06/acTH rapMOHHMHOCTH PyHKuUUR u (X, y).
2. CoxpaneHue onepatopa Jlannaca mnpu KoHdopmHOM oTOOpa-
wenun. Ilycrs B ofnacru ¥ nuockocrn X, y 3alaHa rapMOHHYECKad
dyHkumg w(x, y) T. e

Au = gj—; 4+ 3}; =0, x,yE9 (7.5)

C IIOMOIILIO lIeBprO)KlIEHHOFO npeo6pasosaum HE3aBUCUMbBIX HEPEMECIHBIX
E=E&(x, ) n=n(x, ) (7.6)

PEW o 4 ye9 1.7)

D,y
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oTOGpasnM 0061acTh & UJAOCKOCTH X, ¥ Na HOBYIO 061aCTh & MIOCKOCTH
g 1. 3amerunm, uro 3aganue ABYX AeHcTBHTenbULX dynxuni (7.6), asyx
NEACTBUTENBHBIX NEPEMEIHX X, ¥, SKBUBAJEHTHO 3apanuio B obaactu 9
KOMIJIEKCHOR nuockoctn 2 oauoit dyukunn = f(2)=E(x, ¥)-Fin(x, y)
KoMIIEKCHO nepemennoil z==x - iy. Ilpu srom dynxuma f(z) ocyue-
cTR/SET oTOOpaKenne 061actH & KOMIJEKCHOH MIOCKOCTH 2 Ha 0GJacIb
%’ xomnaexcHodt naockoctu . B cuny ycaosus (7.7) ypasnenns (7.6)
O[HO31AuII0 PA3PEUINMBl OTHOCHTENBHO CTAPHIX NEPEMENHBIX, H TEM CaMbIM
B o6nactn &', nnockocru § 1 onpeaenena gyuxkuus U(E n) =u|x & 1),
V(§, M)} Buachum, npn kakux ycaopusix na npeobpasosanue (7.6) dynk-
uns U(E, m) Oyner rapMmouuueckoli ¢yuxkuuneidl nepemennsix g, 1. Ilpen-
nonarad, uro ¢yukuuu (7.6) ppamjabl HenpepslBHO audiepeHinupyeMsl
B 06aacTu &, BbHIPA3NM yaCTHLIE NPOU3BOAHBIE BTOPOrO NOPAAKA OT (PYHK-
unu #(x, ) MO CTaphIM NEPEMEHNHBIM UEPE3 NPOM3BOAILIE OT (PYHKIHH
U (&, 1) no HOBHIM IEPEMEHHBIM:

Ru U o 02U 92U U ouU
5/{2’ = E{;‘z‘ (E«x)2 + 2 m gxn.v +‘ Fﬁf (ﬂx)2 + 7@‘; gxx + 01{ N . 8)
% oU (7.

ot 02U o ou
o e E)*+2 JEan Emy+ T () -+ 08 &yt on e

Moxcrasus 3Tu BeIpaxedas B (7.5), nosyuuMm Clegyiollee ypasHEHHe AJs
pynkwin U (§, n):

P G+ 2 2 et )+ 25 ik v+
+ %% (Eax E)‘)') + %g] (nxx + n_v_v) =0. (79)

Ilns Toro uToOB 3TO ypasnenue OHMO ypaBHenueMm Jlanmaaca, AO/MKHBI
BHUIOJHATBCSA CAEAYIOULUE COOTHOLIEHUS:

Eux T Ey=0, MNys+n,,=0, (7.10)
gxnx’i‘gyny: 0 (7.11)

i
& e =mi+mn; #0. (7.12)

Cooruomwenust (7.10) osunauaior, uTo gpyuxnuu §(x, y¥) n 1 (x, V) L10IKHE
OuTh rapmoHnyeckumu B o6aactu . Ilepenmwen (7.11) B Buge
Ex Ey
=T =R ) (7.13)
rae W (x, y)— Hekoropas, noxka HeuspecrtHas ynxkuua. Toraa coornouue-
Hue (7.12) paet
Ei+Ey=p2[ny -+ nxd=mni+ny 7 0.

Orciona p2(x, y)=1 npu x, y =Y. Takun oGpaszom, Heuspectias PyHK-
uns p(x, y) onpeneaena: p=="1 1. Ilpu u =1 coornowenns (7.13) pgawor

="y &=—"Np
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T. €. rapMoHuyeckne B oGaacTi & yHKuuum & u 1 JOMKHB yIOBJETBO-
path B 3ToH oOnacty ycaosuaM Kowwn — Pumana. D10 031auaer, uTo
dyukunsg f(2)=E(x, ¥)-+in(x, y) gomkna GHTb aHANNTHUYECKOH QynK-
uweii B ofnactn & kommnexcnoii maockocrn z. 3ameruM, uto u3 (7.7)
u (7.12) caenyer, uro oroGpaxenne oGaactn g wa §’ pomxno GuTh B3a-
TMHO OANO3NAUHLIM, 4 npoussomias Gyukuun f(2) 10/mKna yIOBAETBOPATH
yeaosuio  f(2) £ 0 weoay B obaactm &, Tem cambiMm  oro6paxenne
obnact & miockocTH 2 na obaacts §' nsockocru §, ocyuiectsasemoe
yHKunen f(z), n0/mKI0 ObTb KOH(MOPMUBIM.

ITpn p = — 1 coornowenusa (7.13) npaiot

§x=—ﬂy, Ey:ﬂx-
Kak serko BumeTb, B 3TOM ciayuae dyukuus f(2)=E(x, ¥)—im(x, ¥)
XOJKHa ObTb anaauTuueckoft, a oroGpaxenne, oOcCymlecTriseMoe (yHK-
uvelt f(2)=E(x, ¥y)-+in(x, y), 10MKHO ObITb KOIDOPMHEIM OTOOpaxe-
nuem il pona.

Wrak, Mpl nmoayunsau OKOHUAaTeNbHBIH OTBET Ha BOMPOC, NOCTAaBJElHb
B Hauajze 3T10ro nyuxra. /lpu omoGpaxcenui odaacmu § naockocmu 2
Ha obaacme ¥’ naockocmu T, ocywecmeanesmors gynryued f(z) =
= E(x, V) in(x, V), Ypasuenue Jlanaaca dasn goynxyuu u(x, y) nepeii-
dem & ypasuenue Jlanaaca dan gynxgun U E n)=ulx (& 1), ¥ )
AUUS 8 NOM CAYHae, ecAll 0AHHOe 0moGpadcente A8AAENCST KOHGPOp.i-
Hol omobpadcentear 1 uan 11 poda. 3ameTum, uTo MPW NAHHBIX OTOGpa-
wenusx oneparop Jlannaca Ay, nepexomur B oneparop |f(2) 2A

1
NTACK,
KOH(('SOEDCMI‘IOE orobpaenne obaactn &' na obaacte F. Tem campiy maxe
pocreifuree ypaBHEHUE 3IMAUNTHUECKOrO THNA € MOCTOAHHBIMI KO3(du-
uvenramu Au--cu=0, c=const -~ 0, npm KonpopmMHOM OTOGpaNKEHKHH
nepeitner, BOOGLIE rOBOPS, B ypaBHeHWe C nepeMeHiubM Ko3(duiuenToM
Ay U-c9"(§) 2PU=0.

3. 3apmaya Jupuxne. ITonyyenHble B NpeablaylleM NYHKTE DE3yJb-
TaThl MO3BOJSIIOT NPUMEHUTHL METOA KOH(MOPMHBIX 11peo0pa3oBaHuil K perie-
HUIO KPAeBbIX 8alay [JIs rapMOHuuecKuX ¢yukuui. Paccyorpum ocuos-
Hylo WIEI0 3TOr0 METOLa Ha npuMepe peweuns 3amaun dnpuxie.

Ilycms mpebyemcs nalimi @yrxyuno u(x, 2), V0084emBopsOUYi0
Vpasnenutio Jlanaaca

&n =
A‘én’ rae 2= ({) —obparHas (QyHKuHS, OCYHIECTB/A0OMAN

Au=0

8 obaacmu 8, Henpepbisuyio 8 3awuxHymoi obaacmu F =Y 4T
U NPUHIMARIUY IO 3Q0QHHbLE 3HAUEHIUST HQ epanuye I

u(P) r=a(P), (7.14)

rae o (P)-—3apmannas uenpepnisnaa ¢yuxuns touxn P kourypa I'. Kax
U3BECTHO ¥), pelenne 3ToH 3ajaull MEerojgoM pasgeteHus HEepPeMEHIIbX

*) Cm. A, H. Tuxonos, A. A, Camapckuii, YpaBieyus MareMaTH-
yeckoll ¢u3inku, «Hayka», 1972.
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MOET OBTh TOJAYYEHO MUHIb 148 OFPaHWYEHHOro Kaacca ofBaacredl ¥
¢ goctatoyno npocro#t rpanuueit I

Merton kOH(OpMHBX mpeoOpazoBaHuil AAa€T NOCTATOMHO YIHBEPCAb-
Hell aaroput™ pewienus 3apauu Jupuxsae nad mIocknx obaacreil. Haunem
¢ pewenus 3azaun Hupuxae nag kpyra panuyca a. Bsepem nossphyio
cucreMy KOODAMHAT f, ¢ C HauaJdoM B LEHTpe Kpyra. Toraa QyHkuusa
a (P) Gyzer ¢dynknued mums nepeMennoil . ITocrapaemcs BHpasuTh 3Ha-
yeHue HeudBeCTHOH (yHKuUM 2 (r, () B IPOU3BOJILHON BHYTpEHHEH TOuKe
(re, ®o) Kpyra uepes ee rpanuunsie 3naueHns o (¢). [dasg 3TOro mocrpoum
kOH(OPMIOE OTOOPaXKEHIIE 3aA3HIIONO KPYra Ha eAHHUYHBIA Kpyr || < 1
NMOCKOCTH @, TpPU KOTOPOM TOUKA ry, @, liepedner B meHtp w = 0.
Pewenne 3TOfl 3azaum J€rko MOJAyYHTb € HOMOILULI ApoGHO-anieiiHoN

¢yurunm, paccmorpennot B ra. 6 (em. § 2). OroGpawatomas dyuxuns
UMEeT Bill

2—2 2 —rgef® -
w=f()=h—f=h—F—, (7.15)
Z—— z— -
z ro

rie Hocroay#as A BHOUpaeTcs u3 yc/JOBUf, UTOOB TPAHUYHBIE TOMKH
2z =qe'¥ 3a7aHHOr0 Kpyra TNepeuan B Ipaldyuube Touku |w@|=1 enu-

a
HIUHOTO KPYFa IVIOCKOCTA 5 NPH 3TOM ;M:rm, a arg A, omnpejesto-
0

unh noBopoT Kpyra |w|=<1 Bokpyr ero uentpa @ =0, Moxer OHTb
BbiOpaH NpoU3BOJAbUBIM. B peaynbrate Npou3Beneiioro npeoGpasoBatus
nckoman  diyukuna u (r, @) nepefiner s dynkunio U (p, P)=ulr (p, V),
@ (p, P)}, rae p, P — HOAAPHHIE KOOPAUHATH HA [IOCKOCTH W, CBA3ALHBIC
¢ Koopaunaramu r, ¢ cooTHowmenueMm (7.18). Ilpn srom 3azannas rpa-
Huunas Qyokuns a{p) nepedser B dynkunio A(P)=o|e (i, ¢)] Tak
Kak ¢ynkuns (o, ) aBAgeTcs rapMonuyeckoil (yuxkiued CBoux nepe-
MEHHBIX, TO e 3HayeHue B UEHTPE Kpyra MOXeT OblThb HaitmeHo no ¢op-
Myae cpeauiero 3xavenns (7.4), orkyna

2
w(ro @) =Ulw.o=5; S A () dvp. (7.16)
0

M3 (7.16) Ml nosayyuMm sIBHOE BhIpamenue peineHus sazaud Jlupuxae naa
Kpyra, ecam BhipazuM @ynxkunio A () uepes nepsoHauaNbHO 3afaHHYIO
dbynkuuio o (). 3aMmeruM, yTo AJAs COOTBETCTBUSA TDAlMUHBIX TOYEK Kpyra
|z}=<Ca n kpyra |w|=C1 dopmyna (7.15) paer

ip__ . Ll
pib . @ ¢ ol
’,

—, (7.17)
aete — = ¢ iPo
ro
OTKYaa
a2 ——r‘
a*4-ri—2ary cos (¢ — cpo)

dy =
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Iostomy, cnenas B uurerpajte (7.16) 3ameny nepeMeHHo# uHTErpuposa-
uusg P =1p{(¢), rae CcBA3> nepemennblXx P U ¢ onpereaserca GopmyJsoi
(7.17), nonyynm

a?—ri
a--ri—2ar, cos ((p—

2
1w (ry o) = 21'* § o () dip. (7.18)
o )
0
dopmyna (7.18) W paer ABHOE aHAJMTHUYECKOE BHIPAXKEHHE pellenns
3anayn Jlmpuxje 1J% Kpyra paauyca a 4epe3 (pyHKUUIO TPaHAUHBIX YCJI0-
Buit o (). Ira dopMyna, Hocallan Hassanne unrerpaia Ilyaccomna, Moxer
GLITb TOAYYEHA M PSIOM JAPYrUX COOCOOOB, HANPUMEpP METOIOM pa3ie-
JeNHA [IEPEMENHBIX WX C MOMOULLIO (PYUKIMH HCTOUHUKA ¥).

IToayuenneie pe3yapTaThi MO3BOJAMIOT B NPUILKIE PEUIHTH 3anauy
Tupuxae nns A000# obaacty F, KOTOPy0 MOXKHO KOHDOPMHO OTOGpa-
auTh na etunnunni kpyr |w] =<1 naockoeru w. JleficTBUTENBHO, TIPH
rontopMiioM oroOpamennu ypasnenue Jlansaca coxpaHsercs, a pelieHue
3agaun Jupuxsie miast kpyra Hamu noayueno. Cosepuins B uHTerpaje
(7.18) nau (7.16) aameny -nepeMenHoil UHTErPUPOBAHKSA, UCXOAA U3 CBA3M
rpaHMuHbIX TOUEK oGmactu & w emunuunodl oxpyxHoctd |w@|=1 npu
AaHHOM KOH(DOPMIIOM OTOODaXEHMI, MB K IIOJYYUM BBIpaXenue peiue-
uua 3agaun JUpuxJde BO BHYTDeHHUX TOUKaxX 0O0JacTH 4YEepe3 FpaHUuHYIo
yuxumio (7.14).

MMpumep 1. Pemenne sagauu Hupuxne aas nosaymiaockocru. Ilycts
Tpefyercs ONPEAEAUTb OTPAHHICHAYI0 Ha GECKOHEUHOCTH (DYHKUHIO 1 (X, I),
rapMOHHYECKYI0 B BEpXueRt noaynaockocrd ¥ >0, HENpepuBHYIO Ipu
y==0 u NPUHANMAIOULYIO 3ajalubIe 3iavenus:

u(x, O)=a(x) upu y=0. (7.19)

OToBpa3nM KOHMOPMHO BEPXHIOKW MOAYIIOCKOCTh Im2 >0 Ha BHYT-
PEHHOCTh EAMHUYHOrO Kpyra |@|<< 1 Tak, uroGH 3ajanHas TOUKa 2, =
= Xo+1yy (Vo=>0) nepemna B nenrp w=0 sroro xpyra. Kak Jerko
BUAETH, 3TO 1Peo0pa3oBaHue OCYINEeCTBASETCS APOGHO-JIMHeHHO# (yHK-

HIEH:
2—2,

m':f(Z):*h,. (7.20)
z—32,
ITpi 3TOM rpaHU4HBIE TOYKHM CBA33aHB COOTHOILEHHEM
; xX—2
v =—"2 7.21)
x—3

v rpanuudas yHxuwa o (x) nepexoant B dysxunio A (Y)=a [x (P},
rae x () onpexpeaserca u3 coorHomenus (7.21). 3ameTnM, 4TO COOTHO-
wenne (7.21) naer

— 2.’/0 ¢

*)Cm. A. H. Tuxounos, A. A. Camapckuil, YpaBHeHHe MaTeMaTHue-
ckoil ¢usuky, «Hayxa», 1972,
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3uaueHue wcKOMOH GYHKIHU © (X, V) B TOUKE Xy VY, ONpeessercs uHrer-
panom (7.16). Ilpousseass B HeM 3aMeHy MNepPEMEHHOH WHTErpuUpOBaHud IO
cdopmynam (7.21), (7.22), noayyum

1 S Yo
u(x, Vo) = _- — e a(x)dx, 7.23
( 0 )U) T, (x“‘xo)2+y5 ( ) ( )
— 00
4yro W JAaeT peuienue NOCTaBAeHNON 3amauu. Popmyaa (7.23), mawuias

pewiednie 3anauy JHpuxae [Js IHMOJAYIVIOCKOCTH, HOCHT TaKXe HAa3BallHe
unrerpana Ilyaccona.

4, Tloctpoenue GYHKUUH HCTOYHMKA. MeToabl KOHPOPMHOrO OTO-
Gpaxelns IO3BOJAIOT I[OCTPOUTh (DYHKLUIO HCTOUHHKA NEPBOH KpaeBOH
3ajauu ans ypastenus Jlannaca B nA0CKO# ofmactu &, KOTOpyo MOXKIO
condopMito  0TOGpPas3nTb Ha eanHMunbR kpyr |w|<< 1 niockoctn w@.
Rax wassectio, ¢ynknua wncrounuka G (M, M) pansoil 3agauu omnpene-
JS€TCS CACLYIOULUMH YCAOBUAMMU:

)

AuG My, M)=0 npu M =£ My, (7.29)

2) B OKPeCTHOCTH TOuku M,

1
FMoM

G (Mg M)= 5 In —— -0 (M, M), (7.25)
rae Qynkuns v (M, M) dgBasercs rapmonunyecko# ¢yuxureli rouku M
Bciony B obaacti
3)
G (Mg, M)y er=0, (7.26)

roe I' —rpannna obaactu . Mmeer mMecro caenyioumas Teopema.

Teopema 7.1. Ecau qyuxyus w= f(2, 2) ocyujecmsisem Kok-
ghop.noe omolbpaxcente 3adannoll obaacmu & RAOCKOCIL 2 HA BHY M-
pennocnts edunuiHo20 Kpyea |w|<< 1 mak, wmo mouxa z2y= 9 nepe-
xo0um 6 yenmp w=0 smoz0 Kpysa, mo PYHKGUA

1 1
G (Mo M)= g I o

(7.27)
sgagemcsl (pyHKyueld ucmounuKa nepsoil Kpaesoil 3adauu 04 ypasHe-
nust Jlanaaca & obaacmu §. 3pech koopaunatel Toukn M & cymb
X,y u z2=x-+Iiw

HorkaszareancTso. Jli1a 10Ka3aTeALCTBA TEOPEMBl 1IPOBEPUM, Y4TO
¢dbynkuun, onpeaeaennas gopmyaolt  (7.27), ynos/eTBOPSET YC/JIOBUAM
(7.24)—(7.26). dynkuma f(2, z,), OCYULECTBAAONLAA AAIIIOE KOHPOPMIIOE
oToOpaxenne, ABASETCS AHAJNTHUCCKOH (ynkuncii, npmuem f(z, z,) -2 0
npu z = z, Orclofa caenyer, uto u Qynxing

Inf(z, z)) =\ f(z, 29| tiargf(z, 2
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SIBASIETCS anaantuueckofl pynkuuei sciogy B o6aactn ¥, 3a uckmiouelten
TOUKH 2y Tak Kak melcrBuTe/blas yacTb allaMUTHUCCKOH (BYHKILIN €eCTh
ynxuus rapMmounueckas, 1o yciaosue (7.24) mouomeno. IMockosasky
' (2, 2p) # 0 Bciony B 0G1acTn 9, BKJIOUAsA U TOUKY 2 = 24, a f(2, 2y) =0,
TO TOUKa 2, SBJMETCS HYJIEM NEPBOrO NOPAiKa palioi dyuxanp, T. e
B OKDECTIIOCTH 3TOH TOUKM HMEET MECTO pasJoiKeHie

f(z 2)=(—29) ¢ (2 2),

rae @ (2, 2,) — ANaNUTUYECKAs B OKPECTHOCTH TOUKU 2, QYHKIHA, Tpuuem
¢ (2, 29) 7 0. Otrcrona caepyer Buinoauenue ycuaosus (7.25) gas PpyHk-
wnn (7.27). Hakouen, rak kak | f(z, z) r=1, to ¢yuxuua (7.27) ynos-
aersopsier u ycaosuo (7.26). Teopema nokasaHa.

ITpuseneM npumep npuMeHelns AOKA3aHHOH TEOPEMBL

ITpumep 2. Tlocrponrs QyHKUMIO HCTOUHHKA MEPBOH Kpaesoil 3a-
Jaun  paJaa ypasuenus Jlamnaca B nosoce — oo < X < 0o, U<y < m.

Corsacio T0/IbKO 4TO 1OKAa3alHOH TeopeMe /g Pellends 3ailadu Halo
NoCTPouTh KONPOPMHOE OTOOPANKEHUe [AUHOH NMOJOCH NJAOCKOCIH 2 Ha
BIYTPEHHOCTD €IMHUYHOTO Kpyra |w@w,<C 1, npan KOTOpOM 3amaunHas
TOUKAa 2, nepexojxunaa Obl B UeHTp Kpyra @ =0. Kak aerko Buiers,
dynkund, ocymecrsiasomas TpedyemMoe 0ToOpaKeHne, HUMeet Buja

4

Flay =22 (7.28)

eF — e
[Tockonbky nMeer MeCTO COOTHOIUEHHE

| 6" —e% = (e* cosy — ¥ cos y,)? + (e siny — e sin y,)2} " =
Xta o
—e 2
=e ¥ )/ 2{ch(x —x) —cos(y—y)},
TO MOCJ€ 3JEeMEHTApPHHX NpPeoGpazoBaluil MOJYUHM HCKOMYI) (YHKIHIO
B BUIE

(M, M)= -

UL ehe— ) —cos (44-40)
1[1 If(z()’ Z) | - 4 ch (x—xo)——COS (y_!/o) . (729)

§ 2. HpunoxeHus K 3ajgauyam MeXaHuxkv ¥ (PUIHKH

1. aockoe ycTraHoRUBHIEECS JBHMKEHWE KUIKOCTH. DyneMm pac-
CMAaTPUBaTh IJIOCKOE TNOTEHUHANbII0E YCTAaHOBHBLIEECH TEUEHHE HECKUMa-
eMofi upeanbno# wmiakocrd. Kak wu3BecTHo, B Cayuae NOTEHIHANBHOTO
ABwKenus B o6aacry, cBOGOLHOH OT NCTOYHHKOB, BEKTOP CKopocTu V (X, )
VIOBJETBOPAET ypasHeHusM )

rotv=0, (7.30)

divv=0. (7.31)

*y Cm. A. H. Tuxonos n A. A. Camapckuii, ¥pasieuns maTema-
THYecKol ¢Quanku, «Hayka», 1972.
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Tak kak pBwxeHue MNOTEHINANLHOE, TO CYUIECTBYET cKajsapHas (ynKids
u(x, ¥), naseiBaevas IOTEHIHAAOM CKODOCrell, cBA3annas ¢ BCKTOpOM
CKOPOCTH V COOTHOLIENNCM

==grad u (x,y), (7.32)

du dou
o YTy
Ilpu 2TOM BEKTOp CKOPOCTH V B K@KAOH TOUKE TEUEHUs HANpaBAEH I10
HOpMaau K JuHAW yposHA u (X, y)=const norenuunana ckopocredl. Ilox-
crasus (7.32) B ypasuenue (7.31), noayunm

o® 2

5t S;é =0, (7.39)
T. € B DPacCMAaTPUBAEMOM CJy4ae MNOTEHUHaJd CKOPOCTeit aABASETCA rapmo-
HHYECKOH (yHKLNEH.

IMocTponM anaAuTHYECKYIO (BYHKILHIO KOMIIEKCHOH nepemMeHtol f(z) =
=u(x, y)+iv(x, ¥), 1ad KOTOpo# moTennnan i (x, y) paccMaTpUBaeMoro
TEUEHUst aBJIETCH AEHCTBUTEAbHOH uacThio. Kax Owmao ormeueno (Cwm.
ctp. 34), npu sroM dyHKuua f(z) onpepenena € TOUHOCTBIO A0 IO-
croaunoro caaraemoro. Panee (cm. crp. 35) GOm0 mMOKasaHo, UTO JAHAH
yposus uz(x, y)=const u v(x, y)=const geiicTBATenbHOH N MHUMOH
yacrefl ananuTUyeCKOW (PYyHKUHYU B3aUMHO OPTOrOHajbHbL. 1103TOMY BEKTOD
CKOPOCTH V B KaXIOH TOYKE Teuellusi HampasJed MO KacaTeJbHOH K Ju-
Hum yposus o (x, y)= const, npoxonsue# yepes paHuymo Touky. Pynkuus
v (X, ¥), ABAKI0MAACT MHUMOH yacTbio MOCTPOEHIION TakuM oOpasoM ama-
AATHYECKOH (byuKuud f(2), HazwBaercs ¢yHkuueidl TOKa, a caMa QyHKIUA
f(2) KOMMNJEKCHBIM MOTEHUHAMOM TEUEHHS.

OGaacrb Teuemus, OrpaHuvenHas AByMs JuuusMu 1oka v(x, y)=C;
u v(x, y)=C,, na3uiBaercs TpyOkodl Toka. Taxk Kak CKOPOCTb KHIKOCTH
B MmoOOH TOUKE HANpas/JEHAa MO KacaTeJbHOH K JMHMH TOKa, TO B CUAY
HECHKHMAEMOCTH KUAKOCTH M CTaHIUONAPHOrO XapaKkTepa ABHWEHHS KOJu-
YeCTBO MUAKOCTH, NPOTEKAIOWEe 3a €ANHUIY BPEMEHH yepe3 Jnolble ABa
nonepeyHsix ceveHns S; u Sy TPyOkM TOKA, OCTaeTcsA MOCTOSHHBIM. Ta-
KuM 0GpasoM, pasHOCTb 3Hauenuid nocrosHHux C; u C, onpeaenser pac-
X0, XHUAKOCTH B NaHHOH TpyOKe ToKa.

W3 ycaosuit Kowwn — Puvana u ¢opmya (7.33) caenyer, 40 KOMIIO-
HEHTHl CKOPOCTH MOTYT OBITb BHIpaKEHB UE€PE3 YaCTHBE NPOMU3BOJHBIE OT
(ynkunn TOKa:

V,= (7.33)

_Ou __du v __Ou o
T ax T oy YTy T ox”

Kak Onao ormedeno B a1, KOMIVIEKCHOE YHCAO W =V,-IV,
MOXHO HHTEPTPETHPOBATh KaK MJIOCKHHA BEKTOP C KOMIIOHEHTaMU Vy U V.
Vmeer MecTo oueBHIHOE COOTHOLIEHHE

Ve (7.395)

. ou , ,0u Ou ,0v T N
w——-vx—}*zvy:a—i—zag:a;—/a;:f (2), (7.36)
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KOTOPOE CBA3RIBAET BEKTOP CKOPOCTH M NPON3BOAHYIO OT KOMIIJIEKCHOIO
NOTEHUNANA TEUEHHSL.

B ruapoaunnavuke CymectBeHnyo poab UrPAIOT MOHATHS LAPKYIALUA
K noroka Bekropa cropocrs. Jlaamy BhIPaKEHHE 3THX BEJIUYHH 4Yepes
KOMIIVIEKCHBIH TTOTEHILUA TEUEHHS.

Pacemorpum  Kycouno-riaikyio maockyo kpusyio C (PasoOMKHYTYIO
WM SaMKHYTYI0) ¥ BBeleM na He#l BeKTopel gudepeHnnanos ayru ds
¥ HOpMAJAn N C NOMOMbBIO COOTHOLIEHHH

ds=1idx -+ jdy, (7.37)
dn=idy—jdx. (7.38)

Myeer MecTo oueBMmHOE COOrHOWEHUE Nds=dn, rae n— eguHUYHAdA
HopManb K kpuso#t C, a ds — audepenunan AUHbB AYFH 3TOH KPHBOW.

Ilpu nonoxurenbHom ofxonme 3amkHyToi Kpusoi C dopmyna (7.38)
J3eT HalpaBJeHUE BHELIHEH HOopMas.

[TotokoM Bexkropa ckopoctd v yeped kpuyw C (Pa3oOMKHYTYIO HJH
3aMKHYTY10) Ha3blBAaeTCAd KPUBOJUHEHAHBIH MHTErpad OT HOPMaJbHOH COCTAB-
Joled CKOpoCTH

Ne =\ (v n)ds. (7.39)
c
OueBnaHO, 3TOT WHTErpajg ONpenenser KOJIMYECTBO KUAKOCTH, NPOTEKAI0-
meft uepes kpwsyw C 3a eiununy spemend. Murerpan (7.39) samuiuem
B BHIE

N, = % vdn= vady—vydx: %%dy*q
¢ c &

u do du

- e it o It

aya'xw_ Saxdx ; axdy.
19

(7.40)

Ilpu onpenenenus noXLEMHOA CHan, AedCTBYywlIell O CTOPOHbB NO-
TOKA XHUAKOCTH Ha oOrexaemoe pM 1e10, 0OJbUIOE 3llaueHue umeer cre-
neHb 3aBUXPENHOCTH [OTOKA, KOTOpas XapakTepusyerCs 3HaueHueM UMp-
kyasan. Llupkynaune#t sexropa cxopoctu Bross Kpupoih C Ha3piBaercs
KPUBOJMHEHHBIH HHTErpas OT KacareJpUO# COCTaBASAOUIEH BEKTOpa CKO-
poctu:

Pe={v-ds (7.41)
¢
Bripaxasd CKOPOCTh V uepe3 KOMILIEKCHBIH TIOTEHINAJ, NOJydny

C " Ju ou du v
- S vds = 3 Ve dsx v, dy = 3 Sidr+5idy = S X dx — 9 dy.
C o C C
(7.42)
PaccMoTpuM Ha KOMIIEKCHOH [MJIOCKOCTH HHTerpan Bromb kpsusoit C or
Hp0H3BOﬂJIOﬁ KOMIIJIEKCHOI'O 11oTeHumMasna.

, 0 d 0o . 0
Sf (2)dz — Sai;dx——gzdy—l—lgggdx»ra;dy. (7.43)

C C C
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Cpasrenune (7.40), (7.42) u (7.43) npusoxur k dopmyne
\f/(2)dz=Tc+iNc (7.44)

¢
Ora dopMyna, Aawoulas BeIpaXEHHe UMPKYASUHM W MOTOKa BEKTOPA CKO-
POCTH uepe3 MPOU3BOJHYK KOMMJEKCHOrO NOTEHIlMasta, HAXOANUT MHOro-
WICJEHHDBIE MPUMEHEHHA B FHAPOIMNAMUKE. 3aMeTuM, 4To ecau o6aacts J,
B KOTODPOil paccMaTpHUBaeTCs ABHKEHHE, ABJASETCS ONHOCBA3HOH, TO uHTer-
pan (7.44) no moGo# savkHyro#i KpusoH C, ueaukoM Jaewxaue#d B G,
paseH HyJo B cuay teopeus Kowm. B caydae asmweHus B MHOrOCBA3-
HO# OGaacTH & muTerpa’ no 3aMknyTod Kpuso#l C, UeAHKOM Jexatielt
B 9, moker OwTb OTamuen OT Hyad. IT0 OyAer uMerb MeCTo, KOria
BHYTpH KpuBo# C cogepxkurca obaacts §', ne npuHannexaias 9, B Ko-
TOpO# HAxXoAATCA NCTOUHHKH W BHXPEBRIE TOYKHM PacCMaTPHBAEMOrO Te-
yenus. B aro#t obaactu, oueBuaHo, HapywalTcs ypasrenus (7.30) u (7.31).
B yacTHOM cayuae 06aacts ¥ MOXET COCTOATb M3 OTAEABHBIX TOUeK,
KOTODBIE MPW STOM SBASIOTCR H30JUPOBAHHBIMK  OCOOBIMM TOUKaMi ana-
anTnueckoil GyHKuny f(2) — KOMILIEKCHOrO TOTeHlNa a TedeHus.

Urak, scsarwoe naocrkoe nomewyuarsHoe mevenue 8 obaacmiu, 8 Ko-
Mopoll oMCYMCmeYiom UCMOLHIKI (I 8UXDEBble MOUKI, MOXCen Oblinb
ONUCAHO ¢ NOMOULLIO KOMNACKCHO20 NOMEHUNAAQ, SBASOUE0CS aAHA-
aumudeckoll hyuxguell wounaexcroll nepemennoii. Tem campiyM 144
H3ydeHnss GAHHOFO KJacca TeyeHUd MOWer ObThb HCIO/b30BAH BECh amma-
par Teopuu aHaAMTRUeCKuX QyHKuuH.

PaccmoTpuMm psg nmpuMepoB npocreifilinx revyeH Hi,
ONUCHBAEMBIX 3/EMEHTAPHHMHE GYHKUHAMHA KOMIJEKC-
HOH nmepeMenHOMH

a) IlycTb KOMIIEKCHBHIH NOTEHHMAN TEUEHUs HMEeT BHI

f(z)=az, (7.45)
TAe a=a, - ia,— 3aiaHHOE KOMIJeKCcHoe uucao. Toraa
u(x, V)=0x —ay, V(X Y)=aX+ay
n yuHua toKa v (x, y)=C npeactasasioT coOOil npsMble, yroa HakJOHA
KOTODHX K OCH X ONpelensercs BolpaxeHueM tgo= — %—. dop-
Myna (7.36) naer
w:vx—}Jz’vy:/—‘_’—(E:_&:al—iag, (7.46)

OTKYda CJAeldyeT, 4TO CKOPOCTb TEYeHWd IOCTOAHHA R HANMpPaBJEHHE BeK-
TOpAa CKOPOCTH coBrnagaer ¢ npamuiMy v (x, y)=C. WMrak dyukuus (7.45)
OINpenenser MJIOCKONapalJe bHoe TeueHue.

6) Ilycrs koMnaeKcHHil MOTEHUHAN TEUeHHUs UMEeT BA[L

f(R)=alng, (7.47)

rae a — peficteuTeabioe uucno. Torna, nepeiias K noKasatesabHOH dopme
3anucH 2z =re'®, noayunM BBIpaXeHHE MOTEHUHaNna M (PYHKUHA TOKa



§9 NPHJIOKEHUSA K 3AHAUAM MEXAHHKH H ®UIUKU 195

B NOJSIPHBIX KOOpPAUHATAX:
u(r, @)=alnr, v(r, ¢)=aq.

Orciona crenyer, 4To JUHUM TOKA NMpPEeACTaBaAsioT co0of iyun, BHXOAMmUE
U3 Hayala KOODAMHAT, a SKBHIOTEHUHAJbHBIE JHHUH — OKPYHKHOCTH
C LEHTpOM B Hauane KoopauHar. AOGCO/OTHAA BEINYMHA CKOPOCTH MpH
5TOM DaBHa
I

lwl=1f’(z)i=%=—;, (7.48)
a BEKTOp CKOPOCTH HampasJieH no nayuyy ¢ =const. M3 (7.48) caeayer,
4TO B 1lauaJe KOOPAMHAT CKOPOCTb obpamaerci B Geckoneynocts. Touka
2==0, ocobas Touka QyHKun# f(2), B ITOM CAYIAE ABJIJETCH UCTOUHHKOM
TeyeHns ([ONOKUTENbHBIM HCTOUHHKOM npH a >0, Korga cKopocTtb Ha-
npasjela OT Hauand KOOPAMHAT, ¥ OTPHUATEIbHHIM HCTOYHHKOM WJH CTO-
koM npu a << 0, Koriaa CKOPOCTh HAIPaBJEeHA K Hauvaly koopauHar). Bass
NpOu3BOJbLHBIHR 3aMKHYTHIH KOHTYp C, cofepikamn# Touky z=0 BHyTpH,
no qopumyne (7.44) noayunu

g f(dz= g %dz:i?na:f‘c +iNe.
& ¢

Orciona Ng=2ma. TeM caMbiM B paccMaTPUBAeMOM CJyuae MOTOK XKUI-

KOCTH uepe3 000U 3aMKHYTHIH KOHTVD, COAEPWKAKH BHYTDH HCTOUHHK,

IOCTOANEH W PaBeH 27a. DTy BEARUMlY- 11a3bIBAIOT MOUIHOCTHIO HCTOUHMKA.
B) IlycTe KoOMnaeKcHHHE noreHuuas WMeeT BUl

f(e)=ialng, (7.49)

rie a— aeficTBurespHoe uncao. B sTOM cayuae JMHEM TOKA NMpENCTaB-
aa10T COO0H KOHUHEHTpUUYECKHe OKPYKHOCTH C LEHTPOM B Hauale Koop-
nuHat. M3 dopmyasr (7.44). Tak ke Kak M B NpeibAyulleM Cayuae, 1o-
ayuum Nec=0, ['c = —2ma. Touka 2=0 B 310M cayyae HasblBaercs
BUXPEBOH TOYKOH TedeHus.

r) Tlycrs KOMN/eKCHDLIH MOTEHINAT TEeUeHHsT MMEeT BHI

f@=aln(z+h—aln(z—h), (7.50)

r1e a — NOJNOKATENbHOE NeHCTBUTENbHOE 4uC/I0, @ /i — HeKoTOopas KoMIl-
nexcras nocrodunas. CornacHo NMpefbAymeMy 3TOT noTEHHuaa onpeae-
JSIeT TEYEHUE C NMOJNOKUTENbHBIM VCTOWIMKOM B TOUKE 2 = — /i I CTOKOM
B TOYKE 2= - A, IPAYEM MOMIHOCTb HCTOUYHHKA W CTOKAa OAMHAKOBA W
pasna 2ma. Ilepenumem (7.50) B Buze

n(z+b—1n(z—h)

F(2)=a2h -

¥ nepeliaeM K npeneay npe fi—- 0, monaras, YTO MOUIHOCTB HCTOYHHKA
W CTOKa NpM 3TOM BO3pacTaer TaK, YTO BeJuuuHa m=a2h ocraerca
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nocrosHuo#t. B pesyabrare noJayuum

fo@="7. (7.31)
dynkuns (7.51) npencrasaser coGod KOMMJEKCHBIH MNMOTEHUHAN AIIOJS

MOUIHOCTH 7/, NaXOoAduierocd B HayaJie KOOPAMUHAT. Jlnnun TOKa JHII04,
O4YeBUJHO, ONPEeACJ[dI0TCd yPABHEHUAMHU

my .
~ e C
UJau
C(x2+32) -+ my=0, (7.52)

T. €. NPeaCcTaBAMIOT CO0OH OKPYXKHOCTH C UEHTPAMH Ha OCH Y, Kacaw-
muecs ocu X B Hauane xoopanHar. Ilpu stom aGcoaroTnas Besawunna
CKOpPOCTH, paBHas

m m

2z 2 T oxr 2

Jw|= (7.53)
CTPeMHUTCS K HYJII0O Ha OECKOHeUHOCTH.

1) PaccmoTpuM Teyenue, KOMIVIEKCHBIH TMOTEHIHaA KOTOPOro HMeer
BHIL

(D =vez+, (7.54)

rae Ve, W M — [ONOXHUTENbHHE [eficTBUTENbHbe uncaa. OueBHAHO, 3TO
TeUeHHE NPeACTaBAseT coO0OH CYNnepnosuivnio NAOCKONapaliebHoro reue-
HUg CO CKOPOCTBIO, NMapajeNbHOR OoCu X U PaBHOH V,, M TEUeHHd, COS3-
NaBaeMOro [MIOJEM MONLHOCTH 2, HaXOASUIAMCA B Haya/le KOOPAMHAT.
JluHun TOKA 3TOrO TEUEHHS ONPENeATCA YPABHEHUSIMHA

my =
Vooy'— ~——x2+y2 :C. (7.50)
3uauennto C=0 COOTBETCTBYET JHHHA TOKA, YPaBHEHHE KOTODOH HMEET
BUI
[ m_\
I\ Vo S =0

Oua pacnagaercs Ha npamyio y=0 u OKpyxHOCTb Xx2--3y2=a2 rie
9 m
a* = — Tak Kak
Veo

, 2
F @)= Voo G =veo [ 1= ), (7.58)

TO Ha GeCKOHEYHOCTH CKOPOCTh TEUEeHUs PaBHa Ve ¥ HANpPaBJeHa BOJb
ocu x. B roukax okpyxnHoctH X2 y? = qa? apagioulelica JAuHued TOKa,

CKOPOCTb HampaBsJeHa MO KacaTeabHoH K 3ToH okpyxuoctd. [las aGco-
JIOTHOH BEJAMYMHBI CKODOCTH B TOYKAX OKPYKHOCTH 2 ==ae'® u3 dop-
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Mya (7.36) u (7.56) nonyuum
}u‘\'fiz —e=F @] 2 ma= Voo | 1 — €29 =2y |singl|. (7.37)

B paccMOTpeHHBIX NPUMEPax MBI M0 331aHHOMY KOMILJIEKCHOMY NOTEH-
1LHady onpenensad FuiponuHAMHYECKNE Xapakrepucruku reuenud. Ileped-
AEM Teneps K pemienunio B ONPENeNeHHOM CMbicae OOpaTnoil 3amaum,
3a0a4u 00 onpeldeseHult KOMIACKCHO20 NOMEHYUAAQ MCHEHUS NO €20
2u0poduUHa NI eCK UL X APAKMEPUCHIK ai. 3aMeTl, 410 HOCKOJIbKY (Giau-
YECKAs CKOPOCTb TEUEHHA BHIPAKAETCA UEPE3 NPOU3BOAHYIO KOMIIIEKCHOTr O
norenuuana (cm. Qopmyay (7.36)), To caM KOMNJEKCHHI MOTEHIMAT A5
33JaNHOr0 Teyenus ONPeesseTcs HeoaHoaHauwo. OaHAKO ero npoussol-
Haq sBJSETCS OXHO3HAyHOH ananmurnuecko#t QyHkuuedl. DTO O3HAuaer,
UTO B OKPECTHOCTH JAOOOH NpaBUJbHONH TOUKH TeyeHus VMEeT MeCTO pa3-
JOKEHNE

@)= 2 an(z—2), (7.58)
n=1|

3 B OKPECTHOCTH H30JMPOBAHION 0COBOH TOUKY — pPa3JOKEHHe

f@=3 b(z—z)" (7.59)

n=-—00

Mz (7.59) 19 KOMIMEKCHOTO MOTEHIHA/a B OKPECTHOCTH 0COGOH TOUKH 2
MOJyuuM pazJoKeHHne

F@=binz—20)+ D co(z—2z) (7.60)

B uactioctu, ecqn GeCKOHEUHO YAAJENHAA TOYKA 2o NPHHANISKHT 0OAa-
CTH TEUEHHS U KOMILJIEKCHAs CKOPOCTb

Weo = (Vi)oo 1 (Vy)eo

TeueHus B 3TOH TOYKe OrpaHunyena, T1oO pa3J0XKEeHHe KOMIJICKCHOroO 110-
TEHILHAaJd B OKDPECTHOCTU TOHKH Zo HMEET BUJ

— 7 Cn
F(2) =Tz + by In 2+ 20 & (7.61)
Otrcrona nonyuus
\ f (2)dz =2nib_, (7.62)
CR

rne Cp—oxpyxnocrs |2|=R pocraroyno Gosbmoro pamuyca R, BHe
KOTOpO#l Her 0CcOOBIX ToueK (yHKUuM f(2), 32 HCKAOUEHHEM TOYKH Zg,.
C npyroit cropons, B cuiy Qopmyasl (7.44) uurerpaa (7.62) onpenenser
NOTOK H UMPKY/AILMIC BEKTOpa cKopoctu ueped Kpusyio Cg. Tak xak
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CKOPOCTD B TOYKE 2., OFPAHMUEHA, TO 3Ta TOUKA He ABJAAETCH HCTOYHHKOM,
HO3TOMY TIIOTOK BEKTOPAa CKOpOCTH yepe3d Kpusyw Cp DaBeH HYJ0, u
dopmyaa (7.62) naer

2ﬂib_1=rm.

Brinyiem oxonuaresbHOe Pas3JoxeHUe KOMIJIEKCHOTO [I0TEeHIua a B OKpe-
cTHocTH OeCKOHEeYHO yAaneHHO# TOYKH, SBJfloUiedcs npaBu/bHOH TOYKOH
TEYEHNs::

T‘ e8]
@)=zt Szt Y T (7.63)

n=0

Paccyotpun Tenepb 3adauy oO0MexaHUs 3AMKHYIMO20 KORMYPA HAO-
cronapanredsrol . nomorxo. IIycTb NOTOK, NMEOUINH HA BECKOHEYHOCTH
3a1aHNYI0 CKODOCTb W, M mupkyasuuio [, oOrekaer Teno S, orpanu-
uennoe 3aMklyTeIM KOHTYpOM C. Tpebyercs onpeneauTs cKOpoCThb B J10G0H
TOuUKE NOTOKA 10 3aZAHHBIM THAPOAMHAMUYECKHM XapaKTePUCTHKAM Ha
BGeCKOHEYHOCTH TIPH YCIOBRH, UTO B TOYKAX KOHTYpa C CKOPOCTh TeueHus
Hanpassena no kacareasnoil K xonurypy C. IMocremiee ycaosue osnauaer,
yro kpusas C NpelcTasafeT COB0H MHAID TOKA PacCMaTPUBAEMOrO Teue-
HUA, T. €. MHIMAd 4aCTh KOMILJIEKCHOroO noTeHunasjda, OIUChIBAIOILETO AaHIIOE
Teuelne, NOJNKHA COXPaHATh NOCTOAHHOE 311ayeHue na Kpusoh C

v (x, ¥)'c=const. (7.64)

3ajnaua CBOAMTCA K OnpeneneHnio BHe KOHTYypa C Ha KOMIIEKCHOH mo-
CKOCTH avaantiyeckoil dyHrunn f{(2z), B pasaoxenun (7.63) Kotopoi 3a-
HaHbl 3Hauenns @ U I'w, a Ha xourype C Boinoaungerca ycaosue (7.64).
Tak Kak KOMOJEKCHBIH TOTEHiua/J Ofpelesell C TOYHOCTbIO [0 NOCTOSH-
HOTQ CJaraeMoro, To 3sayeHue nocroauHoft B ycJaosuu (7.64) mMoxHo mno-
JOXHUTb PABHBIM HY.IIO.

Haunem ¢ 3agzaud oOreKauus KPyroBOro unanuiapa paauyca R ¢ HeuT-
poM B Hayaste koopaumar. IlycTb CKOpOCTh MOTOKa Ha GECKOHEYHOCTH
paBHA Vo, W HAlPaB/EHA NAapa/siefbHO OCH X, a HUPKYJALUS OTCYTCTBYET,
Fee=0. Mp pomknbl HafiTH KOMINIEKCHBIH NOTEHNHAN, DPa3/NOKEHHE KO-
TOPOrO B OKPECTHOCTH OECKOHEUNO YAaieHHofl TOUKU uMeeT BuiL

F@=vez 4+ ¥ o (7.65)

n=0

W MHEMas 4actb Kotoporo ofpamaercs B Hyab npu | z|=R. Kommiexc-
HBIf [IOTEHIHAA TAKOFO THIIa OHJ HAMH YKe DacCMOTpeH B NPHMEpe 1)
ua crp. 196. ITostoMy pelnenne JaHHOR 3azaud HMEET BHL

F@A=va(z+5). (7.66)

ITpu 3TOM CKOPOCTh B TOUKAaX, JEXalHX Ha OOTEKAEMOM WUAWHApPE, OIl-
peneaserca cQopmyaok (7.57), orkyaa cjaeayer, 4ro oua 0OOPAUIAETCA
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B HyJb B JBYX KDHTHYECKHX TOYKAX: B TOUKE 2==-— R, B KOTOPOH /u-
nua toka y =0 paseers.ferca Na [Be JHHEM TOKA, COBNALaioNUE C BEPX-
Helt n HIDKHEH MOJYOKPYXKHOCTAMH |2 =R, U B TOuKe 2 =R, B KOTOpO#
3TA JMHUM TOKA CXOAATCA OmATb B Mpsmyl y=0. DTu TOUKH HA3LI-
BAIOTCA TOYKOH pa3BeTB/IEHAS M TOYKOH CX01d COOTBETCTBEHHO. 3aMeTuM,
4TO €CAH CKOPOCTb IMOTOKA 112 0eCKOHeUNOCTH He MapajiensHa och X,
a UMeeT BHJL Weo = Vy,e'®, T0 ¢ nomoubo 1peodpazoBanus { = ze %
Mbl NIPUXOIHM K YyXe paccMoTpenHod 3aiaue Ha maockoctu {. Toraa ans
pelueHns UCXOJIHOM 3alaud MOJIyulM BhIDaXEHHe

RZ

m
f(@)=wez -~ > (7.67)
Hycts reneps mupkyasiunsd [ ve pasHa nymo. Kax Mu Bnaean shie
(cM. npuMep B) Ha crp. 195), JuHUI TOKZ Y TEUEHHA ¢ KOMIAEKCHHIM MO-
TeHuuaaoM fa lnz (a-— AefiCTBUTE/IBbIIOE YNC.I0) TIPEeACcTanIa0T CO00H KOH-
LEHTPHUCCKHE OKPYXKHOCTH ¢ HEHTPOM B Hauate Koopiduar. Ilostomy
KOMIIIEKCHEI  IOTellMal  TeueHns, OOTeKalomiero KpYyroBoH —WHJIANAD
paiuyca R ¢ 3a1aHHOH CKOPOCTbIO Ha OECKOHEUHOCTH Vo ¥ 3aJaHHOM
unpryasunest I'e, uMeer Bug

R T
F(2)= Ve (\z LR AR (7.68)

Ha#inem KpHTHYECKHE TOUKH TEYEHHS, B KOTOPHIX CKOPOCTb Te4eHusd 00-
pamaercsd B Hyab. CornacHo dopmyne (7.36) umeem

/ R? r
75 == f' — [0 T O W R
w"‘f (Z) —“VOO 1 22/ + oniz

\
O1crona
T

P s — R = 7.69

Pt R=0 (769)
|

Zep = 4’w +]/ R 16m2\~' (7.70)
Opu R= I—T\:L noaxopeHHoe Beipaxexne B (7.70) nonowure bHO. ITo-
Voo

3TOMY

i T2 F_
— 2 __ Gl =
! “ep ‘ o ]/R 16a%vZ, + 16m2vz, R,

T. e. 066 KPWTHUECKUE TOUKU HAXOAATCS Ha OKpyxnoctn |z!|=R ofre-
kaemoro tmaunapa, npauem npu ['o >0 (v =>0) ofe Touku nexar Ha
pepxuet, a npu [ <0 (Voo = 0) —Ha HmKHEH [OJYOKPYKHOCTH. Tem
caMbIM Hanuuue UNMPKYAsind cOMmKaeT TOuKM DasseTsieHus n Cxoia Jd-
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r
Hufi Toka (puc. 7.1). Hpnlm\o’o 1=R o0e KpUTHYeCKHE TOUKH COBIMa-
o

a0t (¢ TOUKOH 2z =R npu [';; >0 uan toukoh z=— IR npn L'y, < 0).

[ee)
4y
KpUTHUECKAd TOuKa, Jexamas na mMHuMoit ocu y. (Kax caegyer us ypas-
nenna (7.69), upoussenresue Kopue#l 5TOro ypaBHenus paBHo — R2, mo-
3TOMY BTOpasd KPATAYECKas TOUKA JIEWUT BHYTPH oxpymuoctn | z[==R))
Hepes 3Ty 104Ky NPOXOIHT JHHHST TOKA,

OTACAIOAA 3aMKHYThiE JUHHU TOKA \/‘

TeueHus OT Ue3aMKHYTHX (puc. 7.2).

\._—’/
\-’_—//

7

Puc. 7.1. Puc. 7.2.

Haxonen, npwu >R B obaacte |z|>R ocraerca naub 0AHA

[MTonyuendble pe3yabTaThl [103BOAAIOT B APHHUMUNE DEMNTh 3a1auy 006-
TEKaHus NPOU3BOJLHOTO 3aMKHyToro kourtypa C. IlefcTBuTesnbHO, nycrs
hyusuma § =@ (2) ocymecrsaser KoHdopmioe oToOpakenue obaacti F
KoMIJeKcHoH miockocTr 2, sremned wourypy €, na oGaacte %' wio-
CKOCTH {, BHEIIHIOK enuHutuiof okpyxuoctu { =1, 1ak uro ¢ (o0) =
= oo. Toraa, oueBwaHo, paccMarpuBaemas 3a1aya OKa3hiBAETCA IKBHBA-
JAEHTHOR 3ajade oO0Texkanusa KPYroporo HUHANHADA €AWHHUUYHOIO pPajuyca.
IIpu srom ckopocth noTOKA Ha GECKOHEUHOCTH, KOTOPasd, BOOGUIE FOBOPH,
M3MEHNTCS, MOXKET ObITh JErKo onpenesena. Kommiexcuuit moreHuuan f(2)
HCXOAHOrO TeueHus MPH JaHHOM KOHMOPMHOM npeobpasomaHuu nepeiier
8 ¢yuruno F ()= flz (§)]. Hostomy no dopuyne (7.36) naiiiem

W _dF i dz dz

=z = L - = Wen o
® d; ‘,;:of) dz z:god': ;:QO Ood; ';zzgo

dz
Woo =Wy {?,
o

§ =00

B cuay dopmya (7.67) n (7.68) peuenne mpeo0pa3oBaHHOR 3apaud
uMeeT BUJ

. w, T,
F(= WooC-l-T + 57 1Ing
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Orcioga 149 pelieHus HCXOAHOH 3agaud MOJYYUM BhIpaxenue

dz
Wey o5 ~ o0 Foo
F(@)=FL()] =7 %Z Lzmcp (2)+ -—(‘zb(Ti”—jL 5o e (2. (7.71)

B rauecTBe mnpumepa pacCcMOTPHUM OECUHDKYJMIMOHHOE 0OOTeKanue
OecKkoteyHoH MAACTHIKU MJAOCKUM MOTOKOM KUAKOCTH. H_VCTb IJI0CKOCTh
X, y NepeceKkaeT NJAaCTHHKY 10 OTPe3Ky — @ <l X =<a, a BeKTOp CKO-
pOCTH IOTOKA JIEKUT B IJIOCKOCTH X, Y ¥ HA GECKOHEUUOETU WMEET 3a-
JaHHoe 3naueHve w.,. Kax cieayer n3 paccMorpenns CBOHCTB (DYHKILMU
Kyrosckoro (cM. ra. 6, ctp. 173), dynxuus

z =~§ iiC+ é) =P () (7.72)

OCYUIeCTBAAET KOHPOPMHOE 0TOGpaKeNne BHEWHOCTH ELMHWYHOTO Kpyra
MJ0CKOCTH { Ha MAOCKOCTh 2, PA3PE3aHHYI0 110 OTPE3KY — @ << X =< Q.
i gz e —g. IMosromy paccmaTpumaemas 3a-
JAaua 9KBHBAJEHTHA 3adaue OO0TeKaHMa O3 LHPKYJIIMUHd KPYrosoro Iu-
JIHH}lpa €AVMHWYHOTO palluyca Ha IIJIOCKOCTl/I C MOTOKOM, HKMEHUWHWM Ha
a .
5 Weo Komnaexkcuetit 1o-

ITpu atom P (c0) =00

BeCKOHEUHOCTH KOMIIEKCHYIO CKOPOCTh Wy =

TeHuuasa Moc/eIHeH 3a1aun HMEET BUI
a /__ woo\
F(O)= 1wt -2,
(C) 7 coc i C/
1 .
IMoxcTapum croxa BMECTO { H p Mafizenutie u3 (7.72) Beauuuusl

C_z—ﬁ—Vz?—a2 I

a ot a
31ech 1/22 —a?>0 npu z=x>>q. PazolbeyM W, Ha AEHCTBUTEJLHYIO
1 MHEMYIO YaCTH:

Weo == (Vi)oo i (Vy)co-

Torpa ass KOMIJEKCHOrO NOTEHUHANAa HCXOAHOH 3a1aud MOAYYHM OKOH-
yaTe/bHOE BbIPAaKEHUEe
() ={V)xez—i(Vy)n V 22— a2 (7.73)
B saxmouenve HafzeMm cuay, ASHCTBYIONIYI0 CO CTOPOHB [OTOKA Ha
obtexaemoe wmM teqo, Cuna AaBienus, ReACTByowas ua snement ds ayru
xoutypa C, MPOHOPLHONA/ILAA FEAPOANIIAMUYECKOMY AaBJEHHIO p B AdH-
HOH TOuKe MOTOKA ¥ HANpAB/JEHA 10 HANPABJIEHWIO BHyTPelHEl HOpMaii
—dn=—1dy-} jdx. TlosroMy aJsi KOMMOHEHT Cu/bl, AEHCTBYOULEH Ha
KoHTyp C, 110J1yunM BHIpakeHus

v=—\pdy, R,={pdx.
¢ ¢
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Onpedenvs ruIpofrHAMHYECKOe JasieHne p u3 mHrerpasa bepuyaau:

pvz

p=a—0,

rae A — nocTosiHHaf, a P — ILIOTHOCTh KHJAKOCTH, M BBEIS KOMILIGKCHYIO
peanuuHy R =R, --iR,, noayunm

2

R=—1 S v (dx—idy)=—L \ v 7.74)
R g
(Murerpan or nocrosmio A 1o 3aMruyroMy Kourtypy C, OueBHIHO, pa-
Ben Hymo.) IIpeoBpasyen unrerpan (7.74). Tak kak B TOukax Koutypa C
CKOpOCTb nampasJjieHa 1O KacaredbHol K KOHTYPY, TO KOMIJIEKCHAst CKO-
poCTb TeueHHa W CBA3ana C BEAMUMHOH (GH3UUECKOH CKOPOCTH V COOT-
HOWIEHUEM @ == Ve? rje ¢ -—yroa Mexiy KacaTeqbHOH K KOHTYpY H
oceio x. Toraa dopuyaa (7.36) naer ve ™ = f'(z). C apyro#i croponus,
dz=dse . Tlosromy v3dz=v2 2%dse’®=f'2dz, u dopuyaa (7.74)
IIpUMeT BUI
0

R=—§\ @, (7.75)
¢
3to Tak HasmBaeMas ghop.iyaa Yanasleuna, BHpaKawowas cuay, aeHcT-
BYIOULYIO CO CTOPOHB! IIOTOKA Ha OBTEKaeMOE UM TesO0, yepe3 I1Pou3Bol-
Hyl0 KOMIeKCHOro norenuuana. Mz suipawenus (7.63) maa xoMuaeKCHOro
noTedlinata BHe 06TEKAeMOro Tena noJydyum

r 1
P @)=t 555+

oni 7z
I3 EDOC I‘JO =
JRP@ = W+

CunefosaTe.1p40,

(/2 () dz =2l
C

IMogcrasus 310 seipamenue B Gopmyay (7.73) u oTaequB HeHCTBUTENb-
HYIO U MHUOMYIO yacTd, Haligem
Ry=p(Vy)xlw, Ry=—pF@els (7.76)
Orciona
|IR!=p!ve! | FTa (7.77)
dopyyna (7.77) npeacrasaser cobofi teopemy JKyKoBCKOro © nogbem-

HOH cuae: cuaa 0asaeHus 0e38UXpesoeo nomoKa, UMENWe20 Ha Gecro-
HetHOCHIL CKOpocme Vo, U o0mexanue2o Koumyp C ¢ yupkyasyuel
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U, supascaemes gopmyaolt |R|=p!v |- 'T'|. Hanpasnenue sro#t cuam
NOJMYyuaeTCs NOBOPOTOM BEKTOPA V,, HA MPAMOH yroa B CTOpPOHY, NpPOTH-
BOMOJIOKHYIO UUPKYAIUUH.

Wcnonbzosanne annmapara aHaduTU4eCKUX (yHKUni KOMILIEKCHOH Ie-
pemenno#t mossoauno H. E. Mykosckomy wu C. A. Yamasruny passutsb
METObl PEelieHud 3a3a4 THAPO- U a3POJAMHAMHKY, MOCTYKUBLIUX Teope-
THYECKOH OCHOBOH nast MPakTUKN aBuacTpoeHusd. TeM caMbiM MeTonbl
Teopud (YHKIKH KOMIJIEKCHOTO NEPEMEHHOTO CHIFPadu OTPOMHYIO DPOJb
B pa3sdTHyd COBpPEMEHHOW asualuu.

2. Mlnockoe anekTpocTaTHueckoe mnonae. Meromsl Teopnd dyHKuUHH
KOMIIJIEKCHON TEPEMEHHOMN, WCIONL30BAHMBIE B NMPEALIAYLIEM INYHKTE A5
A3yueHuda MAOCKOro MnoTEHUHANBHOTO TCUEHU] naeanbHOH KHIAKOCTH, MOTYT
OHTBP CTOJb Ke YCIIeWHO IMpUMEHEHh W IPH  UCCJAe103aHKMH  J11060r0
IJIOCKOTO BEKTOPHOrO 10Jst uHOH (usnueckoit npupoas. B srom nyukre
Mbl DACCMOTPHM DNPUMEHEHWE HAHHHX METOIOB K DELEHHI0 HEKOTOPHX
327124 3JEKTPOCTATHKH.

3anaun 3/EKTPOCTATUKK 3aKJIOUAKTCA B ONPEISNEHWH CTALHOHAPHOIO
3JIGKTPUUECKOrO N0Jf, CO313aBAEMOT0 B CPEAe- 3aRaHHHIM paclpeaeseHiiem
3apsaos. B 3aBUCUMOCTH OT MOCTAHOBKM KOHKPETHOH (U3nuueckoR 3agauu
3a03TCA WK JIOTHOCTL pacupeneseHnd 3apaiaoB Kak (pyukuuﬂ Koopau-
HaT, WM MOAHBI 3apsi, pacrpene/eHHbHl Ha NOBEPXHOCTH HACaIbHOLO
nposoanuka. B nocaeanem coayuae ocHOBHAs eAb WCCAENOBAHNA 3aAKJIO-
YAETCA B OMPENENEHHH IAOTHOCTYH DPACHPeNeNeHust 3aPal10B Ha NOBepX-
HOCTH MNPOBOAHUKA.

Hro0ul NOJy4nTh OCHOBHbIE YDPaBHEHHSt A/ BEKTOPE HaNpPHKeHHOCTH
9/IEKTPOCTATUYECKOro NoJd, GyHeM HCXOAMTh u3 OOWEH CHCTeMBl ypaB-
Hennit Makcseasna ¥) B H30TPOTIHOH cpene:

10D | 4, 1 OB
otH= 5+ 17, rotE=—_5
divD = 4np, divB=0,

D=¢E, B=uH

B cayuae cTaunoHapHOro aNeKTPOMarHUTHOrO 1049 ypaBHenns Make-
Be/1a AJas BeKtopa E HanpsXEHHOCTH 374eKTPHYECKOrO MNOJS B OJHO-
poaHOH cpesje MPUHUMAIOT BUIL

rotE=0, divE= 4_; 0, (1.78)

rIe €— AM3JAEKTphYecKast [OCTOSHHAA CPeAkl, a O — IJIOTHOCTh CTaTH-
yecKHX 3apaAoB, CO3AANNINX AaHHOe oje. B panbHeimenm 6yzem cuurath
g=1 u OyaeM paccMaTpuBaTh IJIOCKYIO 321a4y, KOT1a 3apsaibl, Cozaaiouiue
nose, pacipeneneHs B NMPOCTPAHCTBE TaK, UTO IJIOTHOCTs MX pacrpene-
feHUA He 33aBHCUT OT OAHON M3 KOOPAHHAT (Hampumep, OT KOOPAMHATH 2),
a gBafeTcss QyHKUMEH Jullib ABYX ADYTUX KOOPARHAT, T. €. p=p (X, V).

#) Cu. M. E. Tawmw, Ocrosbl Teopun anekTpusectsa, <Haykar, 1966.
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Ouepuano, npu 51oM BeKTop E wmeer avib aBe OTAnYHbBIE OT HYyJA
KOMITOHEHTE, KOTOPBIE TAKKE ABJAAOTCA (PYHKUMAME JUUIL KOOPAKHAT X, I

E(x, y)=iE,(x, ¥)+JE, (x, ). (7.79)

B cuay nepsoro u3 ypaswenuit (7.78) nose E apndercs noreHUHanbHBIM:
: - =%

E(x, y)y=—gradv(x, y), £E,= 3 Ey=— By (7.80)

IpuueM 11a OCHOBAHHH BTOPOTO H3 ypaBHeHui (7.78) dynkuud v(x, y)
yAOBJETBOPAET YPaBHEHKIO

Av=— 4rp (x, ¥). (7.81)

W3 (7.81) caenyer, uro 8 00JjacTy, CBOOOAHOH OT 3apfoOB, NOTEHUHANb-
Has Qynxuua o(x, y) asasercda rapmoiinueckoil. Ilostomy B aTO# 0GNacTH
MOXHO IOCTPOHTb AHAJUTHUECKYIO (PYHKUUIO KOMIIJIEKCHOH NepeMeHHOR

f@)=u(x, y)+iv(x, ), (7.82)
IJs KOTOPO# noTeHuHanbhasd QPyHKoud v (X, y) AaHHOTO 3/eKTPOCTaTH-
YECKOTO IO/ SBJASETCS MIIMMON 4acTbio.

Oynxuus (7.82) HA3WIBACTCA KOMAAEKCHOIM NOMEKGNAAOM saexmpo-
cmamuiecko2o noas. Jlunun yposus v{(x, y)=C Ha3biBaeTcs 3SKBUIIO-
TEeHLuaJIbHBIMU JAHHUAMU AaHuoro moas. Ma dopmyrn (7.80) caeayer, uto
BEKTOD HanpskexHoctd E B Kawnof TOuKe SKBHUMOTEHUHAJIbHOH JAHHUH
v(x, y)=C nuanpasjed 1o HopManu Kk 3To# Jaunuu. Tak Kax JuHuUH
v(x, ¥)=C u u(x, y)=C B3auMHO ODPTOI'OHA/JbHH, TO HaNpasJaeHUe
sekTopa E commapaer ¢ xacaresmsHo#t K aunnu u(x, y)=C B kaxio#
Touxe 310l kpusod. losromy ammua u(x, y)=C ABAOICE CHAOBHIMU
AUHUSMYE LAHHOrO MOJA.

Conoctasum pexropy E xomnaexcroe uncao w=E,--iE,. Toraa Ha
ocHosanuu (7.80) u ycuaosuit Komun — Pumana noayuum

- J , Ot du .0
w=ﬂ+%:*$“£=*£ e =
Qu L0 Ry T Y
zw\a—x——za =—Iif"(z). (7.83)
Orciona
|[E =1/"(2)]. (7.84)

Dopmyant (7.83) u (7.84) naor BHpaKeHHe KOMMOHEHT BeKTOpa Ha-
NPKEHHOCTH 3JIeKTPOCTATHUECKOro Moad B ob.aactu, cBoGOnHOH OT 3a-
PAAOB, 4€PEe3 NIPOU3BOAHYI0 KOMIEKCHOrO NOTEHIMAIa.

ITycTs 3apsnbl, co3naloline AaHHOE SJIEKTPOCTATHYECKOE MM0.Je, cocpe-
JAOTOYEHbl B HEKOTOPOH 06/acTu, OorpaHuyeHHOH 3aMxHyToH Kpusoh C, ).

*) DTo o3mayaer, 4To B NMPOCTPAHCTBE 3apsifipl pacnpejelieHsl BHYTPH Gecko-
HE4YHOro UWIHHAPA, KOHTYpPOM TOMEPeyHOro ceuyeHusl KOTOPOro fBJIAEeTCS KpHBas
C,, TpHYEM IUIOTHOCTb PACTpEeNeJNCHHsS 3apsiioB He 3aBHCHT OT KOOPJUHATBHI 2
Bjoab oOpasyiollell LHAHHApA, a sBiasercsa Jumle (yHKUMEH KOOpAMHAT X, ¥ B
NIONepeuHoM CeYeHHH.
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Torna unrerpan no Jawdomy samrHyroMy Kourypy C, coaepwkamemy C,
BHYTpU, OT 1OPMaJbHo# coCTaBasionieil HAlPSHKEHHOCTH 3J€KTPHYECKOro
noas, cornacHo teopeme [aycca ¥), pasenr cymmapHoMy 3apsay (othe-
CEHHOMY K €AMHHLE AJHHB LUHAMHAP3, B KOTOPOM DacrpepeseHsl 3ap sl
B NIPOCTPAHCTBE):

{E,ds=4ne, (7.85)
C

Ha ocnosanmu dopuya (7.80), (7.37), (7.38), yuutsiBas COOTHOLIEHHS
Kot — Pavana, nonyuam

g E, ds == g gde—gzdy.
¢ ¢

Tak KaK 3JeKTPOCTaTHUCCKOE TM0J1€ BCIOAY MNOTEHUHANbHO, TO WHPKY/IALASL
3TOTO IOJAA N0 /M00OMY 3aMKHYTOMY KOHTYpPY paBHa HYJio, T. €.

SEsds=— S %deiu?Edy:o.
: ¢

PaccMoTpuM HHTErPaa MO 3aMKHYTOMY KOHTYDY C OT IPOU3IBOAHOH KOMI-
JEKCHOrO MOTEeHlHa a:

, __{ou v , . Ou
S [ (@)dz = g e 0% — 5 dy i g dx -+ (7.86)
¢ é ¢
CpaBuenne TpHBENeHHHX BhIUE (OpMyn naeTr
Sf’ (a)dz = S E, ds =+ne, (7.87)
¢ ¢

T. €. 3apsd, 3AKAIOHCHHbIL 8HYMPU 06AACHI, 02PAHULEHHOIL KOHILYPOM
C, onpedeasemcsi UHMEPANOM NO SMOMY KOHMYPY ONL NPOUIBOOHOI
KOMNACKCHO20 NONMEHUNAAY INEKMPOCHAINILECK 020 HOASL, CO30A8AEM020
dannsis pacnpedesenuen 3apsda. Ecau C, npencrasaser coGofi KOHTYP
ToNEpettoro CevyeHns KaeanibHO NPOBOASILErO WMJMIIPA, TO BECh 3aPsl
COCPEIOTOUEH Ha €r0 IOBEPXHOCTH C MOBEPXHOCTHOH MJIOTHOCTBIO O (S),
npuuem

S g(s)ds=e. (7.88)
Co
Kak ussecTHo **), uMeeT MecTo COOTHOLIENHE
1 1
0 ()= g Eal, = — 47 (Erad o), | . (7.89)

C agpyro#t cropousl, u3 (7.83) u (7.89) moayunm
c) =% 4z 1/ @, (7.90)

#) CM. CHOCKY Ha cTp. 203.
*#) CM. cHOcKy Ha cTp. 203.
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3uak B Qopmyre (7.90) ompesenserca 3HAKOM CYMMapHOro 3apaia e,
pacnpeneseHHOTO Ha IOBEPXHOCTH AaHHOIO MAEaJbHO IIPOBOAALIETrO 11PO-
pomnuka. Popmyna (7.90) naxonnt MHOFOYHMC/IEHHBIe [PHIOKEHHS MPH
pemienny Pa3NuuibX 3afay 3JIEKTPOCTATHKH.

3aMerTnM, HAaKOHeH, 4TO, TaK K€ Kak H B 3a1ayaX THAPOAHHAMHKH,
npoussoaHas KoMmijekcsoro noreuunana f'(z) ma ocnosannu (7.83) ss-
AsleTcs OJHO3HAUHOH ananuTuueckofl dynkuned z. Ecau HaIpaOKeHHOCTb
OAHHOTO  JEKTPOCTATHYECKOTO NOJ4 OTpaHuyeHa Ha O0eCKOHEUHOCTH, TO
pasaoxenne f' (2) B OKPECTHOCTH TOMKM 2 = CO HMEET BHJ

/(@)= we + y z’l'

n== l

Orcxona At CaAMOTC  KOMIIJIEKCHOTO MNOTeHUHana MNoAYyYHM pasjokeHie

@ =weztetbnz+ ¥ & (7.91)

n=1

Tak kak

=i \ /@),
R

rae KRoHTYp Cgr COLEPXUT BCe 3apAibi, CO3I1aollle NaHHOE [10J1€, BHYTPY,
10 u3 (7.87) MoAyuuM OKOHYATEJLHOE PA3/0KeHHe KOMIIEKCHOrO MQTEH-
nuana B OKPECTHOCTH TOUKH 2=00 B BUie

f(2) = Weoz — 2 1n 2 - 2 o (7.92)

n=0

Kak Mbl BRAMM, KOMIJEKCHBIH MOTEHLUHMA 3JEKTPOCTaTHUECKOro HOJs
E qpesamqamio MHOTO OOWEr0 ¢ KOMIJEKCHHMIM TUAPOAMHAMUYECKHUM
noredunanom *). ITosroMy uccaesoBallie IJIOCKOTO 3AeKTPOCTATHUECKOTO
NoA% C MOMOLIbIO KOMMJEKCHOrO MNOTEHUWasa Moxer OHTb NpoBeseHo
TEMU K€ MeTOaMu, HTO K pellenue COOTBETCIBYOLIMX [UAPOAUHAMIIYe-
ckux 3amau. Tak, Bce npumepsl TeueHHH, paccMoTpeHHble Ha cTp., 194
196, nOMyCK3T NPOCTYIO 3JMEKTPOCTATUYECKYIO WHTEPHIPETaluio.

Hanpumep, paccMoTpuM  3JAEKTPOCTATUYECKOE [10J€, OMHCHIBaeMOe
KOMITJIEKCHBIM TTOTEHHHAIOM

J(@)=—1i2elng, e>0. (7.93)

") OueBuzino, TO, 4TO TOTeHUHAJbHAT (YHKUMA B 3JeKTPOCTATHKE SBAseTCS
MHHMOH 4aCThi0 KOMIVIEKCHOrO MOTEHUHA/a, & B TUAPONHHAMHKE TIOTEHUHAT CKO-
POCTH IBJASIETCH JeliCTBHTE/bHOH YaCThIO KOMIEKCHOrO NMOTENHANA, MpefcTaBAseT
000 11eCyIeCTREHHOE Pa3JHiKe, KOTOPOE MOKET OBITh yCTPAHEHO BBEJEHHUEM AO-
NOMHUTENBHOTO MHOXHTENS, PABHOrO ——i. OfHAKO Mbl NPHACPKHBAEMCS YCTaHOBHE-
LUeHCs TePMHHONOTHH, TPH KOTOPOH HMEET MECTO yKa3aHHOe pasiHuue.
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Beas noaspuble KOOPAHNATH f, @ U yuTs, 4To 2 = re'®, noayusy
u(r, @)=~2earg z=2eq.

Otcwoia caeayer, 4TO 3KBUMOTEHUHAJbHBIMU IOBEPXHOCTAMI  JAHHOTO
110157 ABASAIOTCA KOHUEHTPHYECKHE OKDYXHOCTH C UEHTPOM B H3uane Ko-
OpIAMHAT, a CHJOBBIME JHHuAMA — ayun @ = const. Bexrop E B kaxmoti
TouKke 2z 7= 0 HaupasJeH no Jayuy ¢ = const, a no aGco/THOH BEanunne
8 cuay dopmyant (7.84) pasen

Sty 2
lEi=f (~)‘r—7-

Tak Kak HHTErpan 1o nobo# OKpyKHOCTH |zZ{=r 0T HOpMaJbHOH
cocrasagoulei ManpaxeHHoCTn HanHoro noad uMeer I10CTOAHHOE 3Haue-
Hue, pasHoe 45e, TO, OYEBMIANO, 3TO NOJE CO3LAETCT TOYEUHHIM 3aPALOM
BEJMUUHBL €, HAXOAAIUMCA B Hauyaie KOOPAWHAT (B MPOCTPAHCTBE 3apsilsl,
CO31310IIKE JAHHOE [10Je, pacnpeneaeHsl ¢ MNOCTOSHHON MNJAOTHOCTHIO e
BAOJDb NPAMOH, UEPNEHAHKYAIPHOH IJOCKOCTH X, ¥ U MPoxoasuwed yepes
Hayalno KOOPAHHAT).

PaccMoTpuM HeKOTOpbHE TUNHYHEE 3aXa¥Yud INEKT-
pPOCTaTWUKH, KOTOPbe MOFYT OKTb DPeWeHH C NOMOIULB IO
KOMANJEKCHOTO NMOTeHuHHana.

a) Onpedeaenuie nAomuocmu pacnpeceserus 3apada Ha udeasbHo
nposodauen npogodnuxe. Ilycts GOKOBag 1HOBEPXHOCTh HIRAIBHO MPO-
BOAAIIErO NPOBOAHKUKA NIPencTasiaser Co00H OecKOHEUHHH WuAMHAD, nore-
peuHoe ceueHue Koroporo orpannyeno konrypom C. Ilpexnonoxum, uro
IJIOTHOCTh Paclpelenerus 3apsaia MOCTOSHHA BAOJL OOPa3youLNX WK JTiH-
Apa W Ha eIWHUUY IJUHB LuauHIpa mpuxozutcs 3apsax e. TpeOyercs
OfIpeIeuTh 110BEPXHOCTHYIO IJIOTHOCTH 3apana ofs) Ha koHType C nore-
peutioro ceuenns. QueBuaHo, pemieHue naHHOM 3azaun gaercs dopmy.of
(7.90) npu HopmuposouHoym ycaosuu (7.88). Tem cambiM 3azaya cBo-
JAUTCA K [OCTPOEHHIO KOMILIEKCHOTO [OTeHuuana f(z), sABJAIOLWETOCH
anasuTnueckod QyHkuuedt sue koHTypa (), IIpu YCJAOBWH, UTO MHuUMas
yacTh f(Z) UWMEET MOCTOAHHOE 3HaueHne Ha KOHTYpe C U B OKPECTHOCTH
TOUKHM 2 =00 pasioxenue f(2) naerca dopmyaoit (7.92), rae o =0,
a KovhuIMEeHT e PaBeH 3apady, NPUXOAAMEMYCH Ha eAMHHNY AJdHBI
TPOBO/HHUKA.

Haunewm ¢ npocrefimero caydas, KorAa NPOBOIHUK NpexcTasaser cobofi
KpPyroso#i UWAMHAD €AMHHUYHOrO paamyca. DBrinle ObI0  nokasano
{cM. cTp. 206), 4TO SKBUMOTEHUHANbHBIE JMHHUH KOMILIEKCHOrO MOTEH-
unaia (7.93) npencrasasior coGOH KOHHEHTPUYECKHE OKPYKHOCTH C UEHT-
poM B Hauaze xoopanHar. Ilosromy, uTOOB YHOBAETBOPUTH YCJIOBMIO
Ha rpaHuue MPOBOAHMKA, eCTeCTBEHHO MHCKaTh TOTEHHHAN JaHHOrO MOJs
B BHIE

J(@)=—iClng,
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rage C — nocTosihHas, nojanexaiias onpeaenenuio. M3 ycaosus wa Gecko-
neutocty (7.92) noayunm C = 2e. Toraa dopmyaa (7.90) naer oueBnaHbi#
pesyabTar

0(s)=2%.

Ecan KOHTYp MOMEPEdHOro cedenns MPOBOAHMKA NPEACTaBAfeT COBOH
NPOU3BOJILHYI0 3aMKHYTYIO KpuByio C, TO OCYUIECTBMB ¢ IOMOUIBIO
dyuxkupn L= (2) KoHdopmHOe oTOOpaMKeHue 004ACTH BHE Kourypa C
Ha BHEIIHOCTh €AMHMUHOrO KpPyra |{|>1 TaK, YTOOH YI10BAETBOPAIOCH
ycaoBue @ (00)=00, MBl CBeeM 33a4a4y K TOJbKO uTO pewiendof. Tem
CaMBIM KOMILIEKCHBIH NoTeHunan Oy1eT UMeTh BUl

f(@=—i2elnp(2), (7.99)

a Aad MAOTHOCTH NOB2PXHOCTHLIX 3apaaoB coraacho (7.90) moayuuy Bhi-
paxenue
dz |—

6(8)= g | (D)]c= dg | gi=1

B kauecrse npumepa paccMoTpum 3amauy ob OITpeAeIeHNN IOTHOCTH
3apsAia Ha [oJ0Ce IuPHHBL 2a. ITycrs pannas 1oJoca nepeceKaer mnnao-
CKOCTh X, ¥ 110 OTPE3KYy —a < x < da. CDyHKunﬂ

-5+

MPOU3BOAUT KOHGMOPMHOE 0TOOpaXeHue BHELIIOCTH eIMHHUYHOrO Kpyra
IIOCKOCTH { 113 IJIOCKOCTh 2, Pa3pe3aHiylo 1no OTPe3Ky AeACTBHTE bHOH
ocn —a < x << a. Ilosromy dopmyna (7.95) gaer

I dt
@) dzic

_ e ldc

dz

e

_ e dz |— e 1 .
o (x%)=y3: diligi=1" an ;f_lwg_l' (7.96)
Tak Kak
C_z+Vz2—a2

a
u

——e SR
;2—1:‘%(22—&—{—2]/22—-&) ———212 T (zV =),
10 dopmyaa (7.96) naer

c=2. L. L =L (7
X

% 2 iV a2 —
o Var—x lx-{—tl B—x_ L x<a 2n Var—xt

3aMeTuM, 4TO MNAOTHOCTb 3apfla HEOrPAHMYEHHO BO3DPACTACT nPu NPubIn-
WEHHH K KAl MJaCTHHBL. ITOT (MKT HMEET NMpoCcToH Qu3nuecknii CMbIC/L
Kpa#i nmnactuuel umeer OECKONEYHYIO KPUBH3HY, u AJsi TOr0, 4TOOH 3a-
pPSIANTb €0 10 HEKOTOPOro MOTEeHIMAJa, HaZo NOMeCTUTh Ha HEro 6ecko-
NEUHBIH 3apal.
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0) Onpedeaenuie noass OeCcKOHEHHO20 HAOCKO20 KOHOeHcamopa.
yctb tpeGyerca HaWTH 371EKTPOCTATAUECKOE [IOJE MEKAY NBYMA 3aphKeH-
NbpIMU A0 HEKOTOPOrO MOTEHIMANad HIeaNbHO MPOBOAAUIMME HElepeceKalo-
IIMMHUCS HIIMHAPUYECKHMN TTOBEPXHOCTAMY, 00pasytoluine KOTOPHX mapad-
Jenbibl Mexay co0OH, a HanpaB/dIoOILME TPOXOAST uepe3 OeCKOHEeuHo
VAaJeUyo TOUKY IJI0CKOCTH 2 (pnc. 7.3). B arom cayuae samava co-
CTOUT B ONpeje/]eHun B KPUBOAMHEHHOH 1010ce & KOMMJIEKCHOTO MOTEH-
nuana f(z), npeacraasioulero coGoi aHATHTHUECKYIO (YHKHUIO, MHUMAs
yacTb KOTOpPOH MNpHHUMAaeT NOCTOSHHHIE 3HAUEHHS T; U Uy HA KPUBHIX
C; u Cy Ouesnano, ananurTudeckas GyHKUHA @ = f(2) OCymeCTBASET
Koudopuiioe 0TOOPaXKEHHe NAHHOH KPHUBOJAUHEHHOH HOJOCH MJOCKOCTH 2
Ha 110J0CY IJIOCKOCTH W@, OTPaHMUEHHYIO HPAMBIMU Im @ =v;, Imw = v,.
Tenm camhiM jsq pemeHns AaHHOH 3ajayd AOCTaTOYHO NOCTPOUTh YKa3aH-
HOoe KolipopMHOE oToOpaKenue.

4

Ly z=( z

Puc. 7.3. Puc. 7.4.

B kauectse npumepa Ha#mem mno/e KOHAEHCATODPa3, U300DAKEHHOTO Ha
puc. 7.4, ecnw 3naueHun nortenmana Ha KpuswX C; i Cy COOTBETCTBEHHO
pasnbt O w 1. Tlpepsapureabno nafinem dyHkuuio 2= @(f), ocyuecr-
BJSIOLLYIO KOHOPMHOE OTOGpaXenue pepxHelt noaymaockocta ¢, Im § >0,
Ha faunyilo Kpusoauneiinywo noaocy ¥ maockocrn z. Tak Kak o6aacts &
npencraBasetr coboi Tpeyroapnux *) A;A;A; To uckomoe oTodpaxenye
MOXHO NOJAyywtbh 1npu nomoun unrerpana llsapua — Kpuctobhdeas (cum.
ra. 5, § 4). Ycranosum cieaytouee COOTBETCTBHE TOUEK AEHCTBUTENbHOH
OCH IIIOCKOCTH § M BEPUINH TPEYTOAbHUKA:

A - =0,

A'Z - C = 0,

Ag—> (= —1.
Tak Kak yrasl NpH BepHINHAX TPEyroJbHHUKa COOTBETCTBEHHO PpaBHEI
ney =0, aay=—ao U no;=7m(l4-a), ToO UCKOMBIH WHTEerpan AOTKeH
uMerTbh BUI

g

z=C {114+ dg+-Cr (7.98)
Lo

*) 3amerum, uto BepuwMHbl Ay B A, HaXolATcsAd B GECKOHEYHOCTH.
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M3z coorsercrsus touek Ag (2=ih) n {= —1 caeayer, uto npu §, =
=—1 noayuum
4
2=C S Q—Jzﬁ‘idprih. (7.99)

~1

Urobel onpedenuts nocroduityio C, 3amerdy, uro ofxoxy Toukn (=10
B BEpPXHEH MOAYNJIOCKOCTH MO AVIE IOJYOKPYKHOCTH OECKOHEUHO MaJioro
paauyca @ B Haupas/jeHHu IMPOTHB UaCOBOH CTPEJKH COOTBETCTBYET nepe-
XO# ¢O cToponn A,A4; Ha cropony AjAs lpu stom nmpupawenue z pasHo

Az=1ih

C npyro#t ctopous, u3 (7.99), nosoxus {=pe'® u nepeiias Kk npegeny
npu p -0, noayuum
fud

Az =iC 1im { (1 4 pei®)® dp = inC.
p-—+00

h
Orcrona C=—_€ H OKolluarenblloe BhpipaxeHHe 119 wnHTerpana (7.99)

1

HMeeT BHA

Tal

o=t S U0 gr i,

Dyhukuns = €% ocywecriaser KOH(POPMHOE OTOGPaKEHHE MOAOCH
0 << Im w<C 1 170CKOCTH W Ha BEPXHIOWO OAYIIIOCKOCTh §. T03TOMY (yHKILMA
enw
h ¢ a .
e=t | GRS ED dg + ik (7.100)

I

<

—1

ocyiiecTBiageT koHdopMHoe orolpawenune moaochl 0<<Imw<<1 mio-
CKOCTH % Ha AaiNyI0 KPHBOJHHEHHYK nosocy ¥ miockoctu 2. Ipu stom
npamas Imw =0 nepexoaut B HIKHIOW OOKJaiKy KOHIEHCaTopa AyA,,
a npavas Imw=1-8 BepxHiow OOKJAAKY, NPEICTABJSIONY0 COOGOH
gomanyio AyAzA;. Us dopmyant (7.100) npu v=Im w==const noayuum
napaMeTpUYecKne ypaBHEHUA NMOTEHHHAJIbHBX KDUBBIX [aHHOTO 3JEKTpo-
crardueckoro moJs. Hampusep, B uactHOM cayuae nmpd o=l uHTerpax
(7.100) Bmiuncasiercs B 3JeMEHTAPHBIX (YHKIUHAK:

z:%(l + nw + %),

Toroa napamerpuueckue ypaBHeHds SKBUIIOTEHIHAIBHOH KPUBOH U =7 =
= const (0 << v,=< 1) npunumaior BuI

h -
X = —ﬁ—r(l - nu |- cos mo, - €Y
4 — 00 < 1t <L CO,
y== (tvy 4 sin wo, - 7).
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1
B uactHocTH, ypaBHeHHe CpefHell YKBUIOTEHIHAIbHOR JMHUH <vo = —~>
UMeeT BHA
a
h h px—I1
—_ n
=4 -e .
y=5+
OKBUIIOTEHUHANbHBE JIHIK, COOTBETCTBYIOILUE PA3IHUHBIM 3HAYCHUSM T,

1
npusegesn Ha puc. 7.5. Ilpm vy>> - 7erko onpegeasercs 3aHaueHue

2
Xmax 0 dopuyne
=L v
Xmax :ﬁ_ In (_ _;._\/ . 7 y Y T2 00<2
b4 COS Iy | > // //
[Moayueriisie pesy/bTaTh R // /
JETKO MO3BOJSAIOT ONpEeAeTnTh D=/ A % 4
TO pacCcTOfHKHE OT Kpas KOH- 17 // g
jexcaropa, uso0paxeHsoro - .. ——— - /)‘ e
Ha puc. 7.9, Ha KOTOPOM HoJse A ——m ’://‘/
Konmencaropa € 3aAaHHON  ————— T - |
CTENEHbID  TOUYIIOCTH  MOXHO by
CYUUTATh MJOCKUM. v={ Z2=0 Tmoz Z
Boofiie, MeTomm  KOH-
dbopMHBIX OTOGpaweHui WiK- Pue. 7.5.

POKO HCNOAB3YIOTCSH 1pu pa-

CUeTe IJIOCKHUX 3JEKTPOCTATHUECKHX M MArHWTOCTATHYECKUX JHH3, NPH-
MenfeMpIX AJg (POKYCHPOBKH 3JAEKTPOHHBIX [YUKOB, YTO HEOGXOZMMO AAs
paGoTH MHOTUX (QU3HUYECKUX YCTPOHCTB.



FTABA 8
OCHOBHBIE TIOHATHSA ONEPAHHMOHHOIO MCYHCIEHHS

Meroasl OnepauHoHHOr0 HCYMCAEHAS [IPEACTaBAsioT cobo# CBOeoO-
pasHblil crioco0 pemteHdst pa3duuHBX MaTeMaTWiecKnX S3afaq, B IEpPBYIO
ouepenb AuddepeHuNaNbHbX YPaBHEHUH, IOAYUUBIUAA AOBO/JbHO HIMPO-
Koe pacupocrpaHesue. B ocHOBE 3Tux METONOB JEXKUT WIAES HHTErPaib-
HHIX 1PE0BPa3oBanui, CBA3a1INaA C COMOCTABJACHHEM PELIEHWIO HCXOIHOM
3anaun, dyHkuuu f(f) nefcrBuTeNbHON nepeMeHHON, HEKOTOPOH (yHKILKH
F (p) xommniekcHo# nepemenuoit Tax, uto oObKHOBeHHOE auddepeHinab-
HOe ypasHenue aas Gdyuxunu f(7) nepexonur B aarefpandeckoe ypas-
neune aas F (p). AHaJOTHUBO YDABHEHHIO B UYACTHBIX NPOU3BOAHBIX 1%
YHKUME ABYX OEHCTBHTENLHBIX MEPEMEHHBIX MOXeT ObITb COMOCTABJEHO
o0bKHOBEeHHOEe auddepeHunanbHoe ypaBHeHne H T. . JTO [MO3BOJSET
obnerunTh TEXHUKY BHUucjeHal. OCHOBHYIO pOJb B OMNEPALLHUOHHOM MKC-
uuCHCHAW HrpaeT npeobpazosaune Jlamaaca, ¢ M3yyeHHs CBOHCTB KOTO-
poro Mbl U HAuHEM H3JI0MKEHHUE.

§ 1. OcHoBublie cBoiicTBa mpeoSpasosanus Jlamnaca

1. Onpenenenue npeoGpasosanus Jlanaaca. IlpeoSpaszosanue Jlan-
Jaca CTasuT B COOTBETCTBUE dynkunu f(f) AeHCTBMTENbHOM nepeMentol ¢
yHKLHO F(p) KOMIIIEKCHO! mepeMeHHO! p ¢ [IOMOULbI0 COOTHOUIEHUH

[ee)

F(p)=\ e?f(t)at.

0

EcrecTsenHo, yto ne aas Bcaxo#l dynkuun f(f) 3TOT wuuTErpan uMeet
cubica. Tlostomy mMpl waunem ¢ onpeaeneHus Kiaacca Gyuxkuuil f(2), nas
KOTOpHX janHoe npeoOpasoBaHue 3aBedOMO peanusyemo., bBymem pac-
cmarpuBath GyHKuUwu f(f), OnpeleneHHble A4 BCeX 3HaueHuli AedcTBH-
TebHOU TNepeMeHHol ——oo < f <00 H YyAOBJETBOPAIOUINE C/EAYIONINM
yCJI0BUAM:

1. Mpn t<<0 f(H)=0.

2, Hpn =0 dyukuus f(f) na nwo00M KOHEUHOM yuacTKe ocH f
uMeeT He Cosee UEM KOHEUHOE 4YuC/I0 TOUYEK PaspeiBa MEPBOTO poja.
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3. Ilpu t—co dyuxuma f(f) nMeer orpaHuueHHyl0 CTEneHb POCTa,
T. €. AM8 KaWAOW (YHKIMH PACCMATPUBAEMOroO KJacca CyLIeCcTBYIOT TaKHe
NOJNOKUTENBHBIE NOCTOSIHHEE M u a, uro aid Bcex t >0

£(0) | = Meo, (8.1)

TouHad HNKHAA FpaHb TeX 3HAYeHAH a, 144 KOTODBIX UMEET MECTO
nepaseHcTBO (8.1), HasnBAETCA noKazamenen cmenenu pocma QyHKUNH
f(®). Jlerko, B uacTHOCTH, BHNETH, HTO IOKa3aTeJb CTENEHH pOCTa CTe-
nenHof GyHKUMK f(f)={" paseH HyO.

Oruvernm, uro dyukuus f(f) mMomer OnTb KOMIJAEKCHOH (yHKUnEH
pefcTeaTenbHOR nepemennoit £: f(t)=f1 ()1 if, (£), vae fi (D) u fu(t)—
geficTeuTenbHbIE dyHKUNH.

Beegem ocnomnoe onpenenenne,

IIpeobpasosanuern Jlanaaca 3adannoll dpyuxyuu f(f) oeiicmeumens-
HOIL nepesennoll t Ha3vigaemcess npeobpal3osaniie, cmassuwee 8 COOH-
semcemeue gyuryuu f (1) dynryuo F(p) Kouniexcroill nepeMeHHOR p,
ONpedesenHy0 ¢ NOMOUbI0 liHmeapaia

8]

F(p)=1\ e7f(t)dt. (8.2)

0

3ameruM, uro uurerpan (8.2) qB/adeTcs HeCOOCTBEHHHIM HHTErpasoM,
3aBHCAILMM OT MepeMeHHoi p kak oT napaMerpa, QOueBugHo, wunterpas
(8.2), BooOuie roBOpPs, CXOAWICSs He NP BCEX 3HaUeHWsiX Mapamerpa p.
IleiicTButenvlo, ecau Qyukuug f () crpeMurcs npu f—» oo K OTAHYHOMY
ot mnyas npeneay, a Rep <C0, 10 uurerpan sasegomo pacxoanrcs. Io-
9TOMYy €CTEeCTBEHHO MOCTaBHTbh BONPOC 00 05/aCTH CXOAMMOCTH HHTErpasa
(8.2), a Tem campm o6 obaactu onpeaeneHus gynkuvu F (p).

Teopema 8.1. Humezpaa (8.2) cxodumcs 8 obaacmu Rep > a,
20e a—noxasameas cmenewu pocrra gywxyuu f(1), npuner 04s A10-
0oeo xy>>a unmezpas (8.2) 8 obaacmu Rep>=x,>a cxodumcs
PABHOMEPHO.

HNokasateascto. Mg m000ro p=x--iy npu x >>a MOKHO
ykasare ¥) rtakoe £>>0, uto x>a;=a-¢g, npuuem | f(f)] << Me®l
Torza, BOCIONBL30BABIIACL MPUBHAKOM CPABUEHUS CXOAUMOCTH HecoOCT-
BEHHHX HHTErpasios *¥), mosayuum

e~Neat (f —

X > ay, (8.3)

x—ay’

|F(p) = Se””’f(t)dt =M
0

Clwy 3

*) D10 MO3BOASET PAaCCMATPHBATL M HeOrpaHHuYeHHble (QyHKLHH, NOKA3aTeNb
CTefleHH POCTA KOTOPBIX PAaBEH HYJO.
**) Cu. Bhim. 2, ctp. 367.
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4YTO ¥ [JaeT OCIIOBaHWE CAejaTh 3aK/ueHWe O CXOAHMOCTH HHTErpaJa
(8.2) mpn x >a. Ecan x = x,>>a, TO aHAJOTH4HAA OlUEHKA JAaeT

[=0]

F(p) =\ emenmenrgr = 2
I

Xo— 0y !

(8.4)

YTO W [JIOKa3biBaeT B CHAY npusHaka DBeiepuirpacca*) pasHoMepHYto
cxoamvocTh uHTerpania (8.2) mo napamerpy p B obaactu Rep = x, >a.

IlpuBenennoe JoKasaTe/bCTBO CYHIECTBEHHO ONMpaloch Ha YCAOBHs 2 H 3
OfipeflesieH sl paccMaTpUBAEMOrO KJaacca GYHKIME f(f) AeHCTBHTEJbLHOH nepeMeH-
Hoit {. OgHAKO MOMKHO pAaCIIHpHTL KJacc GyHKUME f (f), gomyckawoumux mpeopa-
soBande Jlansmaca. [I1a 3TOro mpegsapuTeNsHO JOKaXKeM CAEAYIOLIYIO JCMMY.

Jdemma. [ycmo dynxyusn f(f) OedcmeumenvHod nepemenrol ¢ onpedeseHa 0aa
scex 1 =0, u nycms cyuecmeyem maKoe KOMNAEKCHOE YUCAO Py, UMO CXO0UMEs uH-
meapaa

8

\ e P (f) dE < M. (8.5)

O,

To2da 0Ora ecex p, ydosaemsopaiowux ycaosuro Re p>> Rep,, cxodumea un-
mezpan

oo

\ e2f (1) dt. (8.6)
0

HoxaszaTtenscrso. O6o3naunm o (f) =g Polf (f) u BBejgeM BCrOMOraTeNb-
o]

#yl0 dyuxuuio F (t)=——§ @ (r)di. 3amerm™, uyro F’' ()= (). Kpome 7oro,
t
B CHJy CcXojuMocTH uHterpansa (8.5), ouepujHO, /14 3ajaHHOro &’ >0 MOXKHO
ykasaTb Takoe T4, uTo ; F (f); <s’Tan t="T,
2
PaccMotpuM Temepb HHTerpain \ ePf(f)dt, rae Ty u T,— NPOH3BO/bHbIE

“ 1
JeficTBHTENbHLIE YHCAA, YAOBNETBOPHIOMME YCJaOBHIO Ty > T, H NpeiCTABHM ero
B BHIE

7:z Ts . 7:2
\ e @ydi= { em P g dt=73 PP E (1)
7, g

1 1

Bhiupcads nocMeiHMIl HATErpa] no 4actaM, nosydaem

e~ P PIE (f) dE =

Thom 3

T,
—e—0—po) Tep (Ty) — e—p=p)T: (T) (P —po) 15 e~ P=rlip () dt.
1

*) CM. BHI. 2, cTp. 424.
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Orcropa npu Ty, To> Ty u Re (p—pg) > U noayuum

T
/ [ ePif (0 di | < (e ReP=r0 s = Re(o sl Ty g7y

Un

e "p—pol —Re(p—po) Ty —Retp—po T
e o —_ o 2
Te Re (p— p)( )<

P—po’ —Re(p—po) T,
<8|2+Re(p po)Je

Ouepuano, Bcerna MOXKHO TakK BblOpaTh 3HaueHue T, 4TOGH MOTYVYCHHOR BhIPAIKe-
HHe ObLTO MeHbiue MoGoro Hamepel 3alaHHOrC € > 0. ITO Ha OCHOBAaHHM NpU3HAKA
Kown *) n gokaseigaer cXogumocts uurerpana (8.6).

MoXHO ZoxkasaTb W pPaBHOMEPHYIO N0 mapaMeTpy p CXOAHMOCTb HHTErpana
(8.6) B c6aactu Re p = Re p; > Re p,.

Ha ocuopanwu J0Ka3auHOH JieMMbl MOXHO B KaueCcTB€ OCHOBHOTO KJacca
Gyurunil f({) feficTBUTEBHON NepeMeHHOH f, 4J1sl KOTOPHIX CTpOMTCS [peoBpaso-
sauue Jlannaca (8.2), paccmartpHBath Q)vﬁkunn YAOBJETBOpsKOULHE veaoBHio (8.5).
DyHKUHH, YIOBASTBOPAIOLINE JAHHOMY YCIOBHIO, OyleM HAa3bBaTh HNpHHaj/lexa-
HUMH KJIacey A {py).

HMrak, ¢ noMombio npeodpazosanus (8.2) dyHkuns F (p) KoMnaekc-
HOHl mepeMeHHOH p OlpefesieHa B TOJYIJIOCKOCTH KOMIIEKCHOH I10CKO-
cru p npasee npamo#t Rep ==a, mapasnensHoi Mmmo#t ocu.

3avetuM, uwro u3 dopmyan (8.3) caepyer, uro |F(p) —0 npm
Re p — co.

dyuxuns F (p), onpenenennas uepe3 dyHkuuio f(f) ¢ nomouisio mnpe-
oGpagoBaHust (8.2), HaswBaerca udobpayxcenuers Jlanaaca ¢yuxuna f(¢).
dynruust f(¢) naswsaercs opueuraaon pynxund F(p). Cpass dyukiui
J () n F(p) Oynem cumBoanueckn 0003Hayats caeaywuum obpasom *#):

FO=F{@) nm  F(p)=f(). (8.7)

OTMeTuM, MTO B NPAKTHYECKUX MDPUJIOKEHUTX YACTO ITOIb3YIOTCS TaK
Ha3eIBACMEIM npeolpalogarien Xesucailda:

oo}

F(p)=p\ e/ () dt, (88)
]

OTAHAOWHMCH OT Npeobpa3osannd Jlanmaca HOMOJHATENbHHIM MHOXHTE-
gem p. OueBuzpHo, 064aCThb ONpeNSACHUA (YHKLUH ﬁ(p) Ta K€, uYro #
ans yukunu F (p). B nansHefimiem Mot OyaeM paccMarpuBath TOMBKO
npeodpasosanne Jlanaaca (8.2). Cpo#icrsa npeoGpazosanus Xesucaiiaa (8.8)
JEFKO MOTYT OBTb [OJYYEHH Ha OCHOBAHHKM PACCMATPHBAEMHIX HHMNe
cBoicTs npeobpasoBanus Jlamaca.

*) Ilpuspak Kol CXOANMOCTH HECOGCTBEHHBIX HHTEIpa/oB CM. BHM. 2,

. 304.

**) B nurteparype BCTpeuyalTca ¥ APYrMEe CUMBOJAMYECKHE 0603HAYEHNS, Ha-
npumep: £ (p) — 70, £ o)1), FWIf(@) ur &
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Kak Mbl Bunesu, nanbosee BaWHBIM KJacCOM (YHKIURH KOMIIEKCHOR
ePEMENHON  SABJATICS anajduTHueckue GYHKLUuN. BoACHNM, aBASETCd Jn
dynkiug F (p) ananuruueckoi.

Teopema 8.2. Hzoopancenue Jlanraca (8.2) goynxyuu f(t) seasemcsa
aHaMULeckoll ByrKyuell KOMNACKCHOI nepeserroll p 8 obaacmil
Rep > a, 20e a—noxasamens cmenehi pocma ¢hyaxyun f(t).

HoxkasateabcTBo. B cuay reopemn 8.1 necoGCTBeHHBIH HiTer-
pan (8.2) cxonutcs B obsactu Rep > a. Pa3oGbem unrtepsas unrTerpu-
posaHus Ha OTpe3ku |f; f,,;] MPON3BOJLHOH KONEUHOH AJNMHE, MpUYEM
ty=0, {,—~>co npu n—oo. Toraa dyukund F (p) npu Rep > a npen-
CTaBAAET COBOH CyMMy CXOHSULETOCH Paia

Fp=3 | e?f@di=73) u, () (8.9)
n=01, n=o0

[ee]
3aMeTiiM, uTO MOCKOJAbKY n-#i octatok paga (8.9) paseH S e P f(t) dt,
tﬂ+1
10 corjacno teopeme 8.1 psg (8.9) cxomurcs pasHOMepHO B o6Jacth
Rep == xy > a. Kaxnag u3 dbyHxuui

tn+1

w, ()= ePf(p)dt
tﬂ

OnpefeseHa Kak MHTEerpaJs, 3aBuCANIUR OT mapaMeTpa p, MO OTPe3Ky Ko-
HeYHOH AJHMHMBl HAa KoMmmaekcHo#l naockoctn f. Ha ocuosauuu o6uux
CBOHCTB HHTETPajsoB OT GYHKHHH ABYX KOMIIJIEKCHHX HepeMellbX, 3a8u-
cauux or napamerpa ¥), dyuxuun u, (p) aBagi0TCA 1eANME QYHKILUSIMA p.
M3 nposeaennnix paccyxpaenuft caepyer, uro psa (8.9) 8 ob6snactu Rep>a
YIOBJIETBOPAET BCEM YCJA0BHAM Teopembl Bedepmirpacca #%), a swauur,
dyaxuna F(p) asaserca asaanTuyeckol B oOJactu Rep>a u ee mpo-
M3BOAHBIE MOXHO BBEIMUC/AATH, AU(HEPEHIUPYS ™ MOABIHTErPAIBHYI0 DYHK-
nuio B (8.2) mo napamerpy p.

2. H3o6pamenne anemeHtapHeix ¢yuxuumit. Ioabayace oupenesne-
niem (8.2), HakizeM m3o0paxceHne paga 3JMeMEHTAPHHX (YHKUMH aedcTBH-
TeJIbHOHW nepeMeHHOM.

a) Eanvnunaad dyuknua Xesucaiga Ilycrs

0, #< 0,

1, t=0. (8.10)

f@=%®={

Toraa

N e |
ﬂanm—éemw—p,

*y CM. a1 ocrp. 52.
*#) Cm. . 2 crp. 62.
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npuueM yukuua F(p), oueBuaHo, onpesenena B obaactu Rep > 0. Hrak,

0,10

1’{;0; D Rep>0. (8.11)

Oy (1) :l

OtyveTuM, 4To ec/iH BMeCTo npeoOpazosanus Jlanaaca (8.2) moab30BaThCA
npeodpasosannem Xesucaiga (8.8), TO uzofpakeHUeM enuHHYION (YHK-

wnn oy (f) Oymer dyukuua F (p)=1. D1umM oObacHIeTCH 10CTATOUHO Liu-
pokoe npnmenenue fipeoBpazopanua Xesucaiza, Onvaxo B cayuae npe-
obpazosanus Xesucaiaa (8.8) ycaoxudercs paia apyrux Gpopmys, B uact-
Hocty  ¢opuysa obparHoro npeoOpazoBaunsd, ¢(opmyna n3o0pakeHus
CBEPTKH (CM. Huxe crp. 223).

YcnoBuMcsi Bclony B JaJbHEHileM, eC/H 3TO He OroBOpPeHO 0co0o,
noa QyHxumedt f(f) nonumars npousseenne f(f)-o,(¢), 1. e Qyuxuaio,
TOXKIECTBEHHO DPaBHYIO HyJalo npd ¢<Z(, HE oOTMeuas “TO CHeUHadbHO
B COOTBETCTBYHOWHX (POPMYJaX.

6) lokasareabnas pyuxknud

Ft) =e*. (8.12)

Buiuncags unterpaa (8.2), noaydaem:

Rep >Rea;

p—o’

ﬂm:gf%wﬂz
g

t 1 .
el T Rep>Rea. (8.13)
B) Ctenmennas QyHKULUS

F@O =1, v>—1. (8.14)

B stom cayuae wurerpan (8.2) umeer suf,

F(p=\ e?f(tydt=\ ePt'dt, Rep>>0. (8.15)
0 0

3ameruM, uto npu v << 0 dynruus (8.14) yxe He ynoBJeTBODAET yCaO-
Buto 2 crp. 212 (rouka £=0 gBaderca TOYKOH pPa3pHBa BTOPOrO poja
3TOH (DYHKUMM) W TEM CAMBIM HE LPHHANJIEWHT OCHOBHOMY paccMaTpH-
BAEMOMY KJaaccy OYHKUME JeACTBATENbHOH NepeMenHoH, And KOTOPHX
cymectsyer uzobpaxenne Jlangaca. Oanako, Kak Jerko BUAETL, Ipu v >
> —1 313 QyHKOAq NPUNAAIEKUT PACIUMPEHHOMY KJACCy, BBEJCHHOMY
na crp. 214 (awrerpan (8.13) cxommrcs npu Rep >0 u v> 1)
TlostomMy u B cayuae —1 < v < 0 usoGpaxenne Jlanaaca gysxuun (8.14)
B ofaactu Rep >0 cyuiecrsyer u oupexeasercs gopuynon (8.13).
Jlepeiinem k shuncaennio uHterpana (8.15). Haunem co cayuad, koraa
nepeMenHas p npuduMaer AHCTBATENbHOE 3HaueHue p=x >0. Caenan
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B MHTErpane (8.15) sameHy nepeMeHHOH WHTErpHUPOBAHHS Xt = S, MOJYYUM
xR o]

Fy=\ewmat=—z Vemwas =LGED s16)
0

xV 1 xVTl ’
0

rae ['(v+1)—ramma-gpynxunsa ¥) Osisepa. Tax kak dyrkuna F(p),
onpenenexnas Qopmyaoit (8.15), dasasercs auaauTuyeckold B 064aCTH
Rep > 0, umelomiet Ha NOAOKUTENbHON UacTuH AelCTBHTENBRHOK ocH x >0
3Hauenue (8.16), TO B Uy eAwHCTBEHHOCTH aHANHTHUECKOTO MPOA0/IKEHNs
ans dyukunn F(p) B obaactu Rep >0 noayunm BbipaxeHue

(o)

F(p)= S ep Y dtzlL(:;%Q. (8.17)
0

Ipn 3T0M B ciyuae ApOGHHIX v ClelyeT BHOHDATh Ty BETBb MHOrO3HAy-

HOH (byHKLU/IVl ;{"—1’ KOTOpad ABJAACTCA HEMNOCPEACTBEHHBIM aHAMHTUYECKAM

i
npojpoxennem B. o0nacth Rep >0 neficreurensroil gynxkunn 1 Aekt-
CTBUTENLHON nepeMenHoit x > 0. Hrak,

tV;ii%’\lf#, v>—1 Rep>0. (8.18)
s wenslx v=n u3z dopmyas (8.18) noayunm
= F—%;FTQ - p’},{l, Rep > 0. (8.19)

Boluncass unterpan (8.2), MOXKHO noayunTts u3oOpaxeHue elle paia
(QYyHKUUH AeHCTBUTEABHON MEPEMEHHON, OAHAKO BO MHOIHX CAyyasix 1Js
BBIUKC/EHHsT K300paxeHus 3afaltHOf QylKiud yao0nee, oOKasbBAETCH,
noJab30Bareca oOuluMyu CcBofictBaMu u3o0paweHus Jlanaaca, K paccMmor-
pPeHHI0 KOTOPhIX MH # MepeiaeM.

3. CpoiicTea u306pameHus.

a) Jlunehnocts n3oBpaxenns. B cuay u3BecTHHX CBOHCTB
onpeieneHHbIX HHTErpaios, MUMEET MeCTO

Csoitcteo 1. Ecmu F(p)=/f;(t), Rep>aqa; (i=1, ..., n), 10

n n
N\ =\
F(p)= Y aFi(p)= Y oufi(®), Rep>maxa,  (820)
i=1 i=1
FAe o, — 3aNaHHble MOCTOSHHBE YUCAd (1EHCTBUTENLHHE UAM KOMIIEKC-
Hble), g; — [IoKa3arenu creredn pocra QyHkumit f; (£).
Jlannoe CBOHCTBO MO3BONAET MO HaHAeHHBIM u3ofpamenuaM ¢ynkuni (8.13),

(8.18), (8.19) mailTu H300paxeHHs MHOrOuMEHa, TPHIOHOMETPHUECKHX H FuHmeplo-
JHMYECKUX (yHKLUNH,

*) Onpegenenye M CBOHCTBA raMMa-gyHKHHH CM. Belll. 2, CTp. 434.
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Hanpumep, ¢ nomomsio (8.13) nonyuum

=L ot ey L1 1 \__»p
COSQ)Z—-—~2~ (e ety 7'N724“\p—im+p-J,—i(D,/_Pz‘FCl)z’
Rep> Imo; 8.21)
Ananoruyxo
. . © |
sin wt Ealrmrnt Rep> Imol (8.22)
6) Ceotcrno 2. Ilycrs F(p)==f(t), Rep > a, Toraa
1 /p\\ e o
'ng\g/t—f(OLt), o >0, Rep>a. (8.23)

IeficTBUTE/BHO,

o : ) _r, : ,
S e flot)dt =~ g e o f(r)dr:-a-Fg-g—>.
0 ./ N

B) Croictso 3 (reopewva 3anazamsanus). Ilycts F(p)=
= f(¢), Rep>a u 3azana Qyuxuus

{0 t<t, 10,
f: @) ={ Fl—1, t=t (8.24)
Toraa
fo@)=Fy(p)=eP"F(p). (8.25)
IeficTBATENBHO,
Fi(p) = cioe—f” feydt=\ e ft—T)dt.
0 k1

CrenaeM B IoOcCAedlleM HHTErpaje 3aMeHy nepeMeHHOH, MNOJOXKUB
t—t=1¢". Torna
[on)
Fe(py=\ e P9 f(t")dt' = " F (p),
)

YTO W AOKa3biBaeT cBOHCTBO 3.

B xayecTBe MepBOrC mpuMepa PacCMOTPHM u300paKeHHe CTyneH4yartodl byHKUHH
0, t<1,

t =
o {nfo, mst<(nbDT, =12, ... (8.26)
IMpexcrasum f (£) ¢ noMombio efunnuHoil gynxunn Xesucaliga oy
F{O)="Fo[0g (¢t —T) 40 (f—2T)+...].
Hcenonb3oBaB CBOHCTBO JIMHEEHHOCTH W TeopeMy 3amasiblBaHus, HOJyYyHM
e o _ 1 fo ePt
f(t) T*f(p)—‘fue P wp— ‘I"f{)e 20T b_+...=7m. (827)
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AHanOrHYHO JIETKO NOKa3aTh, YTO H300paKeHHeM NepHopuyecKoil QyHKUUK

fos 2nt <t < (2n-1)7, _
Hﬂ_{—Jm @4 1) Tt < @)1 n=0,1,2 ..., (828
aBasieTcs QyHKUUA
POy F () ="t (8.29)

Teopema 3ana3gbiBaniifi MO3BOJAET NOJYYHTH U NOBOJMBLHO OULyI0 (GopMyay a1d
u3oBpakenus nepuoguueckoli ¢yukuuu. I[lpeasaputespHo paccMmoTpim TOT cayuali,
Korja QyHRUuS f(f) DeficTBUTEJBbHOH MepeMeHHOH ! UMeeT BHE

, O=t<m,
fm:{@m =T

8.30
0, T (. (8.30)

OGosnayum wuzobpaxenus @yskuult @ (1) O (p) w @ (¢ +1) == D (p). Hepe-
nuweM (8.30) B Buge

0, 0=t<r,
fo=e@+{ _ =7

oit+T—1), It=T1.

Bocnoab30BaBUIMCh MHEHHOCTBIO H300parKeHHsT W TeOpeMOH 3anasjblBaHus, NOMy4HM

FOF (=0 (p)—e " Oy (p) {8:31)

Mvers Teneps gyuknus ¢ (f) sBasercd nepuogHueckoll GyHKUued ¢ ¢ nepuogoM T,
T. €.

¢+1)=0@). (8.32)

Torga @y (p)=® (p). u dopmyna (8.31) nospossier Bbpa3uTb uobpawenue O (p)
nepuonuyeckoll ¢yuxunu ¢ (f) uepes usoGpawenve I (p) dyukuuu f (), pasuoi
dynxuuu @ (f) Ha nepsom nepuoge 0=T /=T M HYJO BHE €ro NpH {==T:

@@hﬂigh. (8.33)

B kauectse npumepa HalieM u3o0pakeHHe QyHKIHU
¢ ()=, sin ot , o> a. (8.34)
, B
Jra yHKUMA SBAACTCH nepuoguyeckoll npu f > 0 ¢ nepuogoM o pexBapureasio

Haligem usobparkeHue QyHKIMH

[sinmz‘, Ogtgﬁ,
©
f= - (8.35)
1 0, A
©
C nomoueio gophya (8.31), (8.22) u pameHcrtsa sin © \/\t—{—%/\ =— sin of nosyyuam
® —pL g ® / —lp\
. — © . — ®
FOFW) =grmte  Carm=mraclte ).
Orcioga 1o dopmye (8.33) noayuum
n
, e 142 © o p
|sin wf | = I T, Ao oth 5. - (8.36)
[0

l—e
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r) Uso6paxenne npoussonnot Celluac 6ymer pokasaio
OZHO M3 OCHOBHBIX CBOKCTB n300pawelns, MO3BOJAOILEE 3aAMENHTh ANd-
depeHIIPOBaHNE OPUTMHAJIA YMHOKEHHEM H300pakeHns Ha HE3ABUCHMYIO
nepeEMEHHYIO.

Ceoticteo 4. Ecan dhynxgusa f'(f) yoosaemsopsem ycaosusn
cywecmeosanus usobpasncenus u f(t)=F(p), Rep>a, mo

FO=pF(p)—f(©0), Rep>a. (8.37)
HeAcTBUTENBHO, UHTETPUPYS MO YaCTsM, MOJyyaeM

fray=\e?f@dt=e?ft)| +p\e? f(t)dt=pF(p)—f(0),
0 0 0

YTO M JIOKa3blBael /aHHOE CBOHCTBO.

Ananoruyno Momer GvITh I0Ka3aifo

Croticrpo 4. Ecau pyuxgus f (f) ydos.aemsopsem ycaosusin
cywecmeosanus usobpaxcentus u f({y=F(p), Rep >a, mo

. 0) /(0 b (0
o 0= {F () LD L2 OV Rep>a (335)
dopmyaa (8.38) ocobenno yupoiiaercs B ToM cayuae, koraa f(0) =
=f (O)=...=f"V (0)=0:
™ (&) =p" F (p). (8-39)
IMonyuennn#t pedy/bTaT NAXOAUT MIOTOUHC/ICHHBIE IMpPUMEHEHHA.
PaccmorpumM, Hanpnsep, pelleHue ciaenylomedt 3agaun Komu aas 06bik-
HOBEIIHOTO  AH¢depeHiiHaJbHOro  yPaBHEHHs, JUHEAIOTO ¢ HOCTOSHHBIME
Ko3(puuineHTamu:

a4 a4 e,y () =f (), (8.40)

YO =y (0)=...=y"1(0)=0, (8:41)

rie f(f)— samavuas npu =0 d¢ynkuns f. Hoaoxns, uro f(f)=0 npu

t<<0, Mb B TOM ciyuae, eciu f(f) yAOBIETBOPSET YCJIOBUSIM CYIIECTBO-

Banug u3oGpawenns, MoxeM NOCTPouTb usobpaxenne F(p) dyuxuun f(¢).

Mpeanonoxum, uro dynxuns y (f), 9pasgonlascsa peiienneM 3atauu (8.40),

(8.41), u BCe ee NMPOW3BOAHBIE 10 7-T0 NOPsAKA YAOBAETBOPAOT YCJO-

BUAM CYLLECTBOBAaHHA M300paxenna. Toraa, ymHOXuB ofe uacTi ypasie-

nus (8.40) ma e w npomuterpnposas 1mo ¢t or 0 Ao ©o, B CHIY
JUHERHOCTH n300pameHus U HavadbHbIX ycuaosuil (8.40) noayunm

Y(p){app™ 4 arp® 4. ..+ an} =-F (p),

o0
rie uepes Y (p)={ e7¥ y(t) dt oBoanaueno n30Gpanenme MCKOMOro pelue-

0
nus sanaun (8.40), (8.41). OBosnauue P, (p)=agp*+ ayp*14-...4a,
MOJIy YuM

Y(p)= FF,%. (8.42)
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dopmyna (8.42) paer DOCTATOYHO HPOCTOE BHPAKenhe wu3oGpamenus
nckoMoro pemedns y(f) uepe3 wu3pecTHsle QyHKUMK-TOANHOM P, (p),
KO2hUILIeHTH KOTOPOro onpexeasaiorcs ypabseuueM (8.40), u usobpase-
nue F(p) sazanHol npasoft uactn ypasHenns. Tem caMmblM, €CAM MBI
CMOXKEM OnpeaeinTh HEW3BECTHBIH OpuruHal y(f) MO €ro H3BECTHOMY
uzobpaenuo Y (p), 1o 3anaua (8.40), (8.41) Oyzer pewena. Hinke mal
PaccMOTPHM pasanuHble CIOCOOB OMpENe/enus OpHrunaia no 3aranHoMmy
p3obpaxcennio, a ceHuac MPOJOKHM DacCMOTpeHue eile paza oOmwux
CBOACTB H300paKEHNs.

1) Mao6pamenue unterpana

Ceoticteo b. Ilycte f(f)=F (p), Rep>a. Torna

t

PH= g fydv= % F(p), Rep>a (8.43)
0

HetictBurénbHo, JMerko NPOBEPHTb, UTO ¢hyHKUUs @ (f) yroBleTBOpaeT
BCEM YCJOBHAM CYILECTBOBaHNA M306pawxenus, npuuem ¢ (f) umeer 10T XKe
NOKazarenb crenen pocra, yro U f(f). Briuncane usobpamenne GyHk-
uny ¢ (f) no gopuyne (8.2), noayunm

[ee)

z ¢
(f@ydv=( e dat{ @) d
0 0 4]

Menss B nocneaHeM wuHTErpaje NOPANOK HHTErpupoBauus *), nony-
uaem

11 o] o0
\rodr=\rmac e ar= 1 (er r@man=1F )
h)

. . 1Y
o] T

2 Q

yTO ¥ JOKasbiBaer opmyay (8.43).
AwnanoruunsiM 06pa3soM MOweT OBITH AOKA3aHO
Ceoiicteo 8. Iycts f(f)==F (p), Rep>a; Toraa

{ 1
gdflgdt2...
§ 3

CeoicTBa 5 M 5’ HaxXOZAT MHOrOUYKCNEHHBIE MPUMEHEHHS PN BHIYMCACHHH
H300paXKeHut PasanuHbBX QyHKUui.

1

Sftn)dt, == ;},; F(p), Rep>a. (8.44)

CLwy ™

HanpuMep, HalieM uaoopaxeﬂue nusoco6pastoll bynkuuu f (f), npeacrasasiomei
coboi TICPHOHYECKH NOBTOPSIOWNACS pPaBHOGEAPEHHBIH TPeyTrONALHUK ¢ OCHOBAHHEM
21 u BeICOTON fyT. Kax -lerko BuueTs, 3Ta QyHKUMS npejcTaBaser cofoii umerg

or 0 go f or Qynkuun (8.28), wusobpaxesue Kotopoli gaercs dopmyJol (8
INosromy

P - f" w’. (8.45)

*) BO3MOMNHOCTD H3MEHEHUS TNOPAJIK2 HHTET PHPOBAHHS cJlefyeT u3 teopemsl 10.9,
Bhill. 2, BEUMOHEHHE YCJIOBHIl XOTOPOH B [JAaHHOM CJyuae JIETKO NpoBepsieTcs.
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e) Maobpaxkenue ceeprru Cseprkod Qyuxuni f;(f) u fo ()
Ha3bIBAETCA (PYHKUUS ¢ (f), onpeiesneHHas COOTHOLUEHHEM

¢ ¢
e =\ AWt —Ddt ={fit—1) fu(x) dT. (8.46)
0 0

B crnpaBenIHBOCTH INOCJELHEr0o PaBeHCTBA Jerko YyOelinTbed, clenas
B IIEDROM WHTErPaje 3aMeHy MEPeMenilof HHTErpupoBanust ¢ —T =1,
Viseer mecto caerymouee

Croficrso 6. Ecmu fi(®)=F,(p), Rep>ay, fi(®)=F.(p)
Rep > a, 10

4

Q) = Sfl (W fot —v)di=F,(p) F(p), Rep>max{a, a}. (847)
[}

Ceeprka ¢yusuuil fi({) u f3(f) ¢ orpaHnueHHo#l cTeneHnlo PoCTa
TaKKe sBJAdeTCs QyHKUUER ¢ orpaHuuenHoll cremedsto pocra. [eictau-
TENBHO,

t t
(D) L@ —Ddt| < MM, g enT et (1 —1) (7 =
9

Mi"ifz feart _ eazt}g%eaﬂ a=max {aj, a}.
Crenenb pocTa CBEPTKH, OYEBHIHO, paBHa HanbOJbLIEH CTEmeHH DOCTa
dyuxuuit f; (t) v f(f). Jlerko Buzers, uto ¢ (f) yAOBIETBOPAET U OCTab-
HBIM YCJIOBUMSM CYLIECTROBAaNNA n300pawxenus. las BeluucaeHus n3olpa-
KeHus CBePTKH BOCHOJAb3yeMcs Qopmynoi (8.2) u H3MEHHAM MOPSAAOK
HHTErpupoBanua *):

=}

14 [«4)
VePdt\fim fat—r)dr={ fr(r)dr{ e f (1 — ) dt.
¢

T

8

(=1
(=

Crenag 3aMeHy nepeMeMHHX f—t =1/ BO BHyTPeHHEM HHTErpa/e, OKOH-
yaTeJsHO MOJTYHHM

(=]

t o«
{A@At=vdi={ e fi(nyde| e f(¢') dt' =Fy(p) F2 (),
Al 0 0

YTO U AOKa3biBaeT cBolicTso 6.

B npuaoxennsx ¢opumyiaa (8.47) vacto uCno/b3yeTcd Aas ONpeaele-
HUg OPUTHHAJNA N0 33aJaHHOMY H300pAKEeHHIo, KOrjga 3alaHHOe n306paxke-
HUE YAZeTCst Pa3buTh Ha COMHOXMTC/H, A KOTOPHX OPUrHHAAB H3BECTHEL.

Hanpumep, nycts tpeyercs HalTti opurnuad QyHKIUH

- PO
FO=G o

*) O BO3MOKHOCTH M3MeHEHHA HOPAAKA HHTEr PUPOBAHUA CM. CCBUIKY Ha cTp. 222.
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Pagee mpt Hawan (cv. copmyasf (8.21) u (8.22)), uro

=~ cos of,

14 s
T == sin wt.

9
p2 + w2
TNostomy

4
F(p)== g sin 0T+ cos © (£ —T) dT = ; sin wt,
o

PaccMmorpum eule paa oOuiMX CBOUCTB U300paweHuid.
*¥) DupdpepeHuuponanue n3obpamenns.
Ceotsicreo 7. llyers F(p)=f(f), Rep>a. Toraa

F'(p)s=—1f(t), Rep>a (8.48)

JlefictBuTensHO, BB MBI OTMEUAJM, U4TO MPOHSBOIHYIO AHANUTHUECKOH
dynknun F (p) B obnactn ee onpeienedus Rep = a MOXKHO BBIUNC/ATH,
angdepeniupys NOLLINTErpaibHY0 QYHKINIO B HeCOOGCTBEHHOM HHTErpane
(8.2) no mapamerpy. Ilponenars 3ro, noayuum

o]

F'(p)y=—{ e?tf@ydt=—1f (),

0

YTO M /IOKa3biBaeT CRBOHCTBO 7. 3aMerTus, uTo yMHOKeuue (yukimu f(f)
Ha oGyl CTernenyio (PyHKUno " He MensieT ee CTeleHd POCTd, NOJyudM
Ceoi#ictso 7. Eciu F(p)==f(¢), Rep>a, 10

F (p) = (— 1yt f (1), (8.49)

Gopmyant (848) u (8.49) moryr OwTe MPUMEHENH AJS BBIYHCIEHHUA
uzo0paxkenuss OT npoussexenns (* na ¢Qyuxiuo f(f), 419 KOTOPOH
usoOpaxenue wussectHo. B panapnediuem Mbl noayuum obmyio dopuyiy,
BBIDANKAOILY0 N300paKenne NpousBeletns ueped n3oGpakeHus COMHOKH-
TeJdel, a cefuac paccMOTpuM el OAl0 CBOHCTBO u30OpawKeHui.

3) Muterpuposanue uszobpawenud.

@
t
crpoBaHust n3obpawenns u f(t) =F(p), Rep>a, 10

Ceoticrso 8 Ecan dpyukuns YIOBJIETBOPAET YC/IOBUAM CYlIe-

S . ; @ -

[ . S er L g — \ F @) dg. (8.50)
s} P

Q6031aunM

e LD gt (8.51)

ﬁg

1(p)==

<

ITo teopeme 8.2 dyukuns /(p) dBagercs aHaInTHYeCKOH B objacty
Rep>a, npnueMm B cmly 3aMeyaHus Ha C1p. 215 [/(oo)=0. Haitgen
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nponssoanyo dynkuun /(p), nuddepenunpys parerpan (8.51) no napa-
MEerpy:

[es)

r(p)=—\ e ftydt=—F(p).

0

O1ci01a, yunTeBas ycaosune /(co) =0, noayuaem

p o
I(p)=1(c0)~ F(g9)dg =\ F(g)dg,
o P

4YTO ¥ jAOKas3blBaer CBOUCTBO 8.

. P .
B kaugectBe npuMepa HaiigeMm H306paxenne (]JYHKU.HHT sin wt.

Tak kax sin mt;‘-ﬁ—%ﬁ, e
¥
1 in ot == S pgj’_aﬁ dp= 3 —arctg 2. (8.52)
P

C nomowpio cBoficTBa 5 U3 Bhlpaxenus (8.52) nosyuaem
¢

. sin ® A _
sif= S —dt " b2 —arctgp ) . (8.53)
0

OyrKUMS sif HOCHT HAa3BAaHWE WHTErPAaJBHOTO CHHYCA.

1) Hocnennee csoficrBo M300pakenn, KOTOPOE OGyaeT paccMOTpPeHo
B [laHHOM mnaparpade, HOCUT Ha3BaHHWe TE€OpPEeMbi CMEneHu.

Cso#icteo 9. Ecsmm f(f)==F (p), Rep >a, 10 paa nwoboro Komn-
JEKCHOTO YHCIa A

F(p+M=e™f(t)y Rep>a—Rel (8.54)

JlefictButenbHo, PyHkung @ (f) = e ™ f(#), ouesuano, YAOBJIETBOPSIET YCIIO-
BHAM CYLIECTBOBAHAs H300paXKeHus, KOTOPoe 1o gopmyae (8.2) onpeneseno
B oOnactu Rep >a-—Rel, Ho

‘§° e e f(t)dt = §° e @ ft)dt =F (p+1),
0 0

YTO ¥ JOKAasbiBAET TEOpEMY CMEIeHUd.

Dopuyna (8.54) momeT OLITh MPHMEHEHA IJA onpefe/ieHus W300paKeHHA MMPOU3-
BeneHns GyHKUMH e M ga pynknmo f (£), 418 Kotopofl n3obpaKeHue H3BECTHO. Tak,
C MOMOULLIO 3TOH opMyJ/IBl H yiKe NOAYYEHHBIX H306paKeHHi MOMHO HaiiTH

fent —= (p——;a)?’ Rep>Reaq, (8.55)
{reut == (p_.:’%)ﬁ’ Rep>Rea, (8.56)
e sin of == (’;‘J‘ﬁﬁ‘))ﬁﬁ’ Re p> |Im wl —Re a.. (8.57)

HT. X
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B 3akmwouenne panHoro naparpacda npusesem Tabany paccMOTPEHHBIX
csoficT  uszobpawenntt W rtabanny u3oOpaweniit paaa JeMEHTApHHIX U
cretlnanpieIX  QYHKIHA, HanGo.1ee 4acTo NCHOAL3YEMBIX B IPHJIOKEHUAX.

4. Tabéanua cBoiicTe wusoGpawenuit. Ilycts f(f) == F(p). Toraa

n n
D M oafit)y= > aFi(p), o =-const

i=1 =1

2) flat) =, F L), o —const, o0
0, \T/>t, L
( wn—h 1)

8 f")(t)~p"{F<p) 0. 50,

?
§ F@dT == L F ()

t t
6) { f1(0) ot —v)dv=\ fr(t — 1) /(1) dT = F1(p) F (P);
0

0
7) F™ (p)=(=1y " f (e

o) S F(p)dp =12

9) F (P42 = ().

5. TaGnuua usoGpamenuil.

1) 1;;—)-0—, Rep >0

9) t*‘—,;ﬂ—r—%\]il), v>—1, Rep > 0;
3) t";'w;)-’,f—ii, n — LeJoe, Rep>0;
4) e”"’:pla, Rep >Rea;

5) sino)tél—)é—_taﬁ, Rep>iImo|;

6) cosmt—_;#m—z, Rep>|Imo;

) shioto Rep>|Rek

8) ch}.t__é-gg—ﬁ, Rep>|Reh};

9) frewt =M Rep >Rew

T =
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10) tsmwt,:'@%g&?, Rep>|Imo
1) teosat == L= Rep>lImol;
. (p2+0)2)l! p v Ihd
12)87"sinwté~(—pj%ﬁ, Rep>Rel-+iImoy
13)e“cosmt~ﬁ)~2%?, Rep > (Re At |Im o)
14) smtmt,_z‘g——arctg o Rep>|Imael
e 1, 2kt =<t<<(2k+ 11 L, Pt
5] =
) =1, @kt )T t<(2k+2)} oy, Rep>0,
k_o) 3 ) ---;
16) ;sinmt\¢ﬁfmcth§g, Rep>|lmol,
I
a2 VR g @l PO,
I e“‘\l (0N 52 )
18) et 1
Vi Veta
e—2a1/t 1 ”}2/ /o
1) e 1\1*CDJ\V=,>,
T N
.
) Jo (o) 5 TED
_ i
21) JO(QVt):‘:fLe"}T’
(P +1—p)”
22) J () == ;
) Intt) == e
l/n v
23) sit == —E\»—T——arctgp/.,
.
24y @ () at) == —L*
pr+a )
2 1_ 24 \0__._ —CLVP.
5 1= = e

[Tpu aeHCrBUTE/NBLHBIX 3HAYEHHHAX [APAMETPOB, BXOLIUIUX B YHKUHU
f(t) B dopmyrax 17)—25), usoOpaxeHus COOTBETCTBYIOHX (PYHKIWH
3aBesOMO onpeaenenbl B obaactn Re p > 0.

§ 2. Onpenesenue opuruHana o u3oOpaMeHuio

B atom naparpade MH paccMOTPUM METOAK ONpPEeAenenus OpHrHHana
M0 3aAaHHOMY H300pDKENnIo, 4 TAKKE MPHBEIEM HEKOTOPHE [FOCTATOY-
Hble YyCJOBUS, IPH KOTOPHX 3aganHas (yHKuu# [ (p) KOMOIEKCHOH nepe-
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MeHHOH p sBasieTcs n3oOpamenuneMm (yuxunu f(f) peficrsurenbnon nepe-
MeHuoR f.

Bo-NepepIX, OTMETUM, YTO UMEIOTCS pa3anynble Tab/AulL u300panue-
nuft HanbGosee 4aCTO BCTPeUaoNIUXCd B NpuaoKenuax (Pynkuu#l, Tak 4rto
npu peienuyu KOHKPETHBIX 334384 4yacro yﬂaech{ naitu B COOTBQTCTBle-
1eM CparouHuke ¥) BHPaKeHne OPUriana AN DONYUeIHOro H3o0pamenis.

Bo-sTopulx, npuseieluble B NpeABAymeM naparpade csofictsa naof-
pawennfi 1)—9) BO MIOTMX CayuasX HO3BOJSIOT pPEUINTh U OBpatiyio
3a7a4y MOCTPoenysi OPHUTHHANAa 110 3agaHyoMy uzolpamenmio. B nepsyto
ouepeab 3TO OTHOCHTCH K TeopeMe CMEILEHNs, MHTErPUPOBAHMIO i1 -
(pepennnpoBanuio ngobpaxenns 1 n3o0paKkeHnto Ceeprku ¢yRKuni. Pazx
npumepos Ovi1 yxe paccmorpen B § 1, nekoTopele upuMeps 0Oyayt
NIPUBEAEHE B JajbieleM.

Oniiako Bce 5T METOAB, 110 CYILECTBY, fBJASIOTCT MeTolaMu noadopa.
OcnoBHOlt Ueabld JaHHOTO mnaparpada apigercs wHajdokenne odilero
METOAa NOCTPOElNs OpPUTUHada 1o H30GPaweHNIo.

1. ®opmyna Meanuna. Haunem ¢ rtoro cayuas, xorma mno ycuao-
BUSM 331a4YM K3BECTHO, 4TO 3ajaHias Pynxius F(p) KOMiaekCHOH rnepe-
MeHio#i  p  aBasercs  M3o0pawenneM Kycouno-raaako#t  pyukumn  f(f)
¢ opranuuennoii cremenbio pocra | f(f) << Me®, npuueMm snauenne noc-
Tosol @ 3amano. Tpebyercs no 3azauuof ¢yukaun F(p) nocrponts
uckoMyo dynkunio f(f). JTa 3agaua pewaeTcs C IOMOUIbIO CJaeayoileit
TEODEMBI.

Teopema 8.3. Ilycins usgecmuo, wmo 3adannan gyurgus F(p) s
obaacnu Re p => a A8A5€MCA U300PANCCHNIE M KY OHHO-2AQ0K 0l (hyHK LI
f(t) Oelicmsumensnoil nepestennolr t, oosadam el cmenensio pocnma a.

Toeoa

£(t) = —— S e” F(p)dp, x>a. (8.38)

2ai )
X—100
Hoxkasateanctso. ITo ycnosuo. Teopemn dynxuna f(f) cyume-
CTBYET U HAM M3BRCTHA €e CTRNeHh POCTA. PaccMOTPWM  BCHOMOTATE/ib-
Hyio yHkuno @ () =e ¥ f(f), x >>a. Ir1a dyuxnas spasercs Kycouio-
rJIafKoH, Ha JMOOOM OrpalveriioM y4acTke OCH f UMEEeT KOHedloe 4HCJ/IO0
TOYEK Pa3phiBa 1IEPBOFO POAA U IKCIHONEHINAIBHO CTPEMHTCA K Hy/I0 HpIl
{ — 00, Ona MOKeT ObITh MPEACTaBJEHA C IIOMOLLLIO HHTerpata Pypre %)

[oe] 0]
1 » -
o= \ @t { pesc—nay (8.59)
Tt — 0

*) Hoctatouno MoapoGible Tab/IULb! UHTATE b MOXKET HaliTh B Kuure B. A. Ilu-
xuna ¥ A. [l Tlpyannkosa «Murerpanpusie npeobpazopanus u onepaunuoiHoe
ucyucnenue», Puamarrus, 1961. Tam ke npusegen u NOAPOGHBE cmucok chpa-
BOYHOH JIMTEpaTypbl 110 ONEPAUHOHHOMY HCYMCIEHHIO.

**) Onpepenenue uurerpana @ypue u oGCHOBANUS WHTRT pasibholl opmy bt
(8.59) cM. BB, 2, cTp. 510.
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Moncrasass B (8.59) Beipamenue ¢Qyukuun @ (f) yepes UCKOMyIO (QYHK-
uuo f(¢), noayuaeM

e fit) =5 \ de { empapesc—man=

o)

= -2%— S eltf d§ S e~ (- 1E) nf(n) fln, (8.60)
- 0

TaKk Kak f(n)=0 npun < 0.

O6o3nauum p = x - if u 3ameruy, uTO BHyTpeHnu#t nnterpan B (8.60)
npeacraeater coboit 3ananHoe uzobpawenne F (p) uckomon Qyuxuun f(£).
Torpa Beipawenve (8.60) npunnmaer Bug

co x4-{oo
1 " 1
f(t)=~§g— %e(eris)tF(p)d‘é:W S P! F (p) dp,
) x—iow

YTO W [AOKa3hBaeT Teopemy. 3ameruM, uto B dopmyie (8.58) uurerpu-
poBaHUe MPOH3BOAUTCA Ha KOMIIEKCHOH MJIOCKOCTH p MO NPAMOMH, Napai-
neabHOfl MHUMOH OCM 4 npoxoasumie# npasee npamodt Re p=a. 3naue-
nve uprerpata (8.98), oueBHAHO, He B3aBHCHT OT BEJAWUUHB X HPH yCJO-
BUH, YTO NpsAMass MHTETPUPOBAaHUA JEKHT npaBee npsamofl Rep =a.

dopmyaa (8.58) uacro HasniBaercs ¢popamyaol Meaauna, ona spis-
eTCd B OMNpejleeHHOM CMBIC/e oGpaTHON npeobpasosanuio Jlamraca (¢dop-
Myna (8.2)), TaKk Kaxk BhIpaxaeT OPHIHHAT Yepes 33laHioe H300paxelue.
OrMeruM, uTO MOCKOJBKY MBI B npoiecce BeiBoma (opmyan Mennuna
OT CaMOif HeusBecTHOR ¢yHKunn f(f) mepemn k ee murerpaty Pypse,
cxonsemycs K gynkunn f(f) aupib B TOYKaxX HENPEDPHIBHOCTH 3TOH
“hynkumnu, o u nurerpan (8.58) cosnagaer ¢ dyukuued f(f) amms B TOU-
KaX ee HenpephiBHOCTH.

B kauectBe npumepa npuMeHeHHs AOKa3aHIION TEOPeMbl PacCMOTPHUM
BONPOC OO onpefe/eHny U300paXKeHNs NPOHSBEJEHNS MO U3BECTHBIM
n300paXkeHnaM COMIoXKuTene.

Teopema 84. Iycms fi(H)==Fi(p), Rep>a, u f(1)==Fs(p),
Rep > a; To20a

Xx--ico
FO=AOLO=FO) =55 \ F@FRE—gd=
x——too1 fio
=57 | RO—0F@d, (61

npuiem hyurgus F(p) onpedesena n anasumuuna 6 obaacmi Rep >
> a, -+, a uxnmezpuposawue npoussodumcs noe 4000l npamod,
napaateasHoll  MHUMOR ocu, aedcaujell npasee npamux Rep=a
u Rep=a,
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HoxazateanbcTBO. Tak Kak ¢yHxunus f(Z) yaosiaerBopser BCEM
YCAOBHAM CYHIECTBOBANMS R300DPaKEHHs, TO 19 HEE HMEET MECTOo
npeodpasosanne Jlannaca

[oe]

fO=F@p= g e £, (8) f () dt. (8.62)
0

Mpenacraaas 8 (8.62) dynkuuwo fi(f) B Buie ee wpurerpana Meaanna
(8.58) u MeHAs NOPWACK WHTErPHPOBAHHS, YTO BO3IMOKIIO B CILTy DaBHO-
MEpHOH CXOANMOCTH HaHHBIX HEecOOCTBEHHBIX KHTErpasoB, 3aBUCAINX OT
napamerpa, noJiyqaem

co x4 i
1
F(p) = § er b\ er'Fylg dg=
X —ioe
X+ioo s
1 . _
—ar \ F@dg \ e 0t =
— i 0
¥ x4-foo
1
=57 | F@OF:p—pdn. (663
X — 100

3avetum, uto B (8.63) Reqg=x >, a dyuxuns F,(p—q) onpeaenena
npu Re(p—q) > a,, OTKyZa Rep > a; 4 a,. 3amenus B (8.62) dynkiuio
f () no dopmyse oOpawenus, MOXKHO TMOAYUYUTh BTOPOE DaBEHCTBO
8 (8.61). Teopema pnoxasana. OrmeTuM, YTO [OKasaiiias TeopeMa B
M3BECTHOM CMbIcje ofpaTHa CBOHCTBY 6.

Mpumep 1. Hycrs fi (f)=coswf, f,({)=t¢t Hatinem uzobpaxenne
dynxuuu f(f) =1 cos ot.

. p .1
Tak kak cosmt;m, t== i 10
| Xj'—‘iOO p
L0 __gdg
F=5g \ (@+e?) (p—a)2” (8:64)
— i

rae Rep>§1m(o{, a WHTErpupoBaHile NPOUBBOAMTICA NO AI000H NpsMOH,
napaiieqbHoft MHUMOH OCH m JeKame# npasee npsmod Reg=|Imaw |
B KauecTBe Takod npsaMOH wuHTErpupoBanus BeHOepeM MPSMyI0, MPOXO-
ISy JIeBe® TOYKH ¢ =p, W DPACCMOTPHM Ha KOMINIEKCHOH MAOCKOCTH
g 3aMkHyThi#i xouryp I', cocrosmunui#t uz orpeska |x —IiR, x4 iR] nau-
1O# MPAMOH ¥ 3aMBIKAWOUIEH ero B MPaBOfl NMOJYNAOCKOCTH AYTH MOJAY-
OKDYXHOCTH | — X |=R. Buyrpu naHHoro KouTypa nogmHTerpanbHas
dynkuus u3 (8.64) aBasercs BCIOLY aHAJIUTHYECKOH, KPOME TOUKH ¢ =p,
KOTOpasi eCTh NOJIOC BTOPOTo nopaaka naHHo#t ¢gynkumn. Touka ¢= co
SBASETCS HyJeM TpEeThero nopsaxka 3t1ofl dynknuu. Hostomy B cuay
~nemMmbl 1 1. 5 3Hauenuwe wunrerpana (8.64) onpegennercs  BHUETOM
8 0Co0off TOYKE MNogblHTerpa/pHO# GyHKunu. 3amerws, urto 00X0x
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KOHTYpa r coBepiuaeTcd B OTPHULATEIbHOM HalpaBJeHul, NoJay4YuM

A4 | _peo
FO=—4 |t |, = Grrom
Wrak,
i p2_w‘2 =
t cos ot T—m. (860)

2. YcaoBus CyMIeCTBOBAHUA OpUFMHANA. B nacrosueM UyHKTE M
paccMOTPUM HEKOTOPhIE JOCTATOUHBIE YCJAOBHS, NMPH KOTOPHIX 3aTaHHas
$pyuxkuns F(p) KOMILIEKCHOH rnepeMeHHOH p sBagercd H300pakKeHUeM
HEeKOTOpOH @yHkiun f(f) medcTBUTENbHOH IepeMeHHOU £, U MoKaKeM,
KaK HalTu NoCJeNHIoN0.

Teopema 8.5. [lycmes yuruung F (p) xounaewcnol nepemennol
p =Xy y0os1emsopsaent cAe0yOUUM YCAOBUSIM:

a) F (p)— anammuieckan dynnyus 8 obracmu Re(p) > a;

6) 8 obaacmu Rep>>a gyuxgun F(p) cmpennumes K Hyaw npu
Ip | — copasHoOMEPHO OMHOCUMENLHO ArTg p;

B) 047 8cex Rep=x>a cxodumcs unmezpas™)

x ﬁ—‘ico
\

X100

Fp)dy<<M, x>a. (8.66)

To20a ghynryug F(p) npu Rep > a geagemca u300pajxsceHiesm Pyni-
yun f(t) Oeitcrmsumensroil nepesmennoll t, rxomopas onpedeasemcs
BblpadiCerLeM

x-+ico
1 el
5 e” F (p)dp, x> a. (8.67)

x—ice

f)=

Hdoxasareascrso. Mrag, Hago Aoxasatb, uro uHrerpan (8.67)
gpaseTcs opuruHanoM Qyuxuun F(p). Tlepssim mesnoM BO3HUKAeT BOMpPOC
O CyulecTBOBaHMM 3TOr0 mecoGcTBeHHOro murerpana®*).  OueBnawo,

\ x—{r‘ioo 1 x—hfoo
o \ e Fad|so \ | Fe)| =
) x—!ioo x—ico
ot x‘iioo
=5 S |F(p)|dy<-—e, (8.68)
- x—io -

*) Murerpan (8.66) mpencTapisieT cofol HeCOOCTBEHHBIH HHTErpaJ NEPBOro Poja
no npsoit Re p=x oT jgeficTBUTEJIbHOIl QYHKIHHA ' F (p) .

##) HecofcTBeHHBlli nurterpan (8.67) BbluMcasercs BROAL NPAMOIL Re p=x
H TIOHHMaercsl B CMbIC/Ie TJIaBHOTO 3HAYeHHUH, T. €.

Xtico x+ (A
\ e’ F(p)dp= lim 5 el F (p) dp.
x—1ico A-ooyg A
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OTKyld W CJAegyeT CXOIMMOCTb wuHTerpana (8.67) npu awo6oM x> a.
Otverum 149 nanbueliisero, yrto u3 ouenku (8.68) CrefyeT paBHOMEpHas
CX0auMoCTb wmHrerpasa (8.67) no mapamerpy f Ha M060M KOHEYHOM NPO-
mexyrke 0=C¢= 7,

Has roro uroGm n0Kaszath, uTo Hurerpal (8.67) ssasercs OpUruHa-
J0M 3ajaHnoil pynkumn F(p), caexyer ycraHosutTh, uto:

1% Wurerpan (8.67) me 3aBucut or x u onpexeaser dyukumio f (%)
Julib OJHOH MepeMeHHOR #, npuueM 3Ta QYHKUns O6/IagaeT OrpaHHYeH-
HOH CTeNneHbl pocTa.

2° Hpu t<C0 f(f)=0.

3° Vizobpawennenm Jlannaca (yukunn f(f) ssasercs sagauuas yHk-
wus F(p).

Hokaem Kammoe N3 BHICKA3aHHHIX yTBepKIEHHH.

J THIR
¥ z,+1A Zp+iA P
R
p=l| r=a .
z
1]:0 I=
z
Z’]"ZA .Z‘g'-iA ‘Z’—ZR
Puc. 8.1. Puc. 8.2.

1° Paccwotpum 8 oGaactn Rep=>a 3aMKHyTHH KOHTYp T, cocTos-
wni u3 OTPe3KoB NpaMbIX [x; —iA, xy+iA} u [x;—i4, x,+i4),
Mapa/fenbHBIX MHHMOH OCH, H COENMHSIOUMNX HX OTPE3KOB INPAMBIX
lxy —i4, xp—iA), [x;+1i4, x,-+iA] napaaneibHbiXx IeHCTBHTE/BLHON
ocn (puc. 8.1). 3necs A >0, x;, Xy —NPou3BOJbHbIE UKCAa, GObIIKE q.
Tak xak ¢yHKius F (p) ABAsercs aHaTUTHYCCKOR B ;)6nacm Rep> a,v Tlg
B cuny Teopembl Koww uurerpan ot Qynkuun ef F(p) no xoutypy
pased Hyao. YcTpemuM A K OGeCKOHEYHOCTH, OCTaB/AA (PUKCHPOBAH-
HBIMH Xy, X, 1OTA2 MO yC/ioBnioO 6) TEOPEMBI HHTErpasbl Mo roprgori-
TalpHbIM OTPE3KaM MyTd WHTErPHDOBAHMA ZAXYT B TNpelene Hylb. D TO
KE BPEMA uHTerpasisl MO BEPTHKA/bHLIM NPAMbBIM NEpexoisT B UHTErpall
(8.67). Orciona

X1+ i Xy {0

| e Fpdp= § e F)dp,

X, —1 X3 —io0
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4T0 B CWJIy NPON3BOJBHOCTH Xy W X, NOKa3biBaeT yTeepwaeHue 1°.
Wrak, unrerpan (8.67) sBasercs QyHKuUne#l Julib OAHOH nepeMeHHoOR f.
OtmeTdM, uTO Npu 2TOM H3 oueHku (8.68) cpady caenyer, 4TO mHTErpas
(8.67) npexcrapaser cob6oft (yHKUMIO OrpaHAUEHHOH CTeneH:m pocTa no f,
npuueM MOKasaresb CTelleHn DOCTa 3TOH dyHKuuu pased d.

2° PaccmortpuM 3Hauenwe wnurerpana (8.67) mpu £<CO0. Has srtoro
B o6aactn Rep>a paccmorpum 3amkayrbifi Koutyp C, cocTosmii u3
oTpeska npsmott {x —iR, x+IR], ¥ > a, u 3aMbixaomedl ero ayrn C'p
noayokpywuoctu |p—x|=R (puc. 8.2). Ilo reopeme Komn nnterpan
ot dyHkunn e F(p) 1o jpadHOMy KOHTYpy paBeH Hy/awo. B cuay 3ame-
yauus K Jemme 2Koppana (cm. ra. 5, crp. 133) nmpu R -— oo wuHTerpan
no xyre C'p crpemurcs x uymo npu ¢ << 0. Ilostomy

x+ioo
- S e F(p)dp=0, t<0, Rep>a,  (8.69)
X—ic

u yTBepknenne 2° 10Ka3aHo.
3° Tlocrponm wusoGpaxkenue Jlanaaca ¢yuknuu (8.67) u paccmorpum
ero 3HaueHHe Mpu HEKOTOPOM NPOH3BOJBHOM p,, rie Rep, > a:

0 © x+ico
\er sy dt =5 \ et at \ erFeyd.  370)
0 0 x—io

Buytpennnit nurerpan B (8.70) we 3aBucut o1 x. Bubepem snauenne X,
yAOBAETBOPSIOLLEE YCAOBAIO a < X < Rep,, W u3MeHnM NOPAIOK wuHTe-
rpUPOBaHHs, YTO BO3MOMKHO B CHJY DPaBHOMEDHOH CXOAMMOCTH COOTBETCI-
BYIOLIMX HHTErPasoBs; NOJAYYHM

® 1 x4 Joo © 1 g d
ge—potf(t)dt:?a S F(p)dp S et dt = 5 S F) 555
b X~ joo 0 X — {0

(8.71)

Hurerpan (8.71) moxer ObITb BBIUHCICH € IIOMOLILIO BHIUETOB, TaK Kak
B CHJY ycJ0Bus 6) TEOPEMb MOABIHTEr PAibiias PYHKILHS CTPEMUTCS K HYJIIO

p 1
upH | p| — oo OwicTpee, ueM QyHKIuS R [Tostomy, yurs, uto exnHCTBEH-

Holi 0co00fl TOYKOH HOABIHTErPaJbHOH (PYHKIMH — HOJIOCOM MEPBOro Mo-
psiaKa — ABASETCH TOUKAa p=p,; U npu 3ambikanun (8.71) B mpasoit no-
JYNJAOCKOCTH KWHTErpHPOBAaHME NPOU3BOAUTCA B OTPHUATENbHOM HallPasJie-
HUH, MOJYYUM

o0

F@Oy=\ e f(t)dt=F (p,). (8.72)

0

IMockoabKy p,— npou3so/bHas TOuKa B 06aacTu Rep > a, TeopeMa 10Ka-
sana. Ecrecrsenno, yro uuterpan (8.67) cosmagaer ¢ gopmynoil Meaan-
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#a (8.58), BriBEAEHHBI B NPEANOJIOKEINN CYLECTBOBAHNS OpurhHana. irak,
HaM#l YCTaHOBJ/IGHbBl HEKOTODbIE AOCTAaTOUHBIC YCJOBHS, IIPH KOTODHX 3a-
nauHas @yHKueA F (p) KOMINEKCHOW MepeMeHHOR p saBJsercss u3obpawe-
HHEM.

3. Boiuucaeuue uHterpana Menanuua. Bo MHOruX NpakTUUECKU BaXK-
HeIX Cayyasx wmHTerpan (8.58), (8.67), maomu# BrpaxeHne oOpurkHasa
1o sajaHHof QryHKuMHM [ (p) KOMIVIEKCHOW NepeMeHHOH, MOXEeT ObTh BbI-
YUC/eH ¢ MOMOILbIO PACCMOTPEHHBIX BHILIE (CM. TJ. D) METOIOB BHIYHC-
Menns KOHTYPHBIX MHTErPasoB OT (DYHKIUM KOMIJIEKCHOH MepeMeHHOH.
IMycrs ¢ynkuus FF (p), nepsoHadassio 3azaHtas B o6aacte Rep > a, Moxer
ObITh aHAMMTHUECKU MPOLOKENA HAa BCIO MaocKocTh p. Ilycrb ee aHam-
THYECKOE TMPOAOJIKEHHE YIOBJETBOPSET npu Rep <Ca yciaoBusM JeMibl
XKopgana. Torza npu £t >0

\ v F (p)dp —0, R — oo, (8.73)
C/r
R

rae Cg— Ayra MOJNYOKPYKHOCTH |p—x|[=R B J€BOH MOJYNIOCKOCTH.
B srom cayudae unrerpan (8.67) moxer OblTh BBUHCASH C MOMOIBI TEO-
pun BolueTos. PaccMoTpuM paa HPHUMEpOB.

IMpusmep 2. Hatita opurnnan ¢Qysxuan F(p)_—p —}—(ol’ Rep >0,
@? > 0. Tak Kak ycnoBus TeopeMbl 8.3 BHINOJHEHH, TO
| x—l—‘z’oo
. b y 0]
F(p)’—f(t) _ 271i S eP pg+mz dP, x>0
X — ico

Anaintuueckoe npoao/kenne ¢ynkwun F(p) B JAeBYH MOJAYNAOCKOCTS
(O]
Rep <0, dynkius T YAOBJETBOPAET ycaoBusM Jaemmbl Kopaana

v Hveer ase 0cobble TOUKHM— MOJIOCH NMEPBOrO NOPsiAKa npu p , = iwm,
Hostromy npn ¢t =0

weio! e iwf

f(t)—S’qu[ept +w2,pk] o2 _sinet,  t=0,

“Diw

Venosus teopeMbl 8.5, B 4aCTHOCTH YC/AOBHE B), #BJSIOTCS A0CTaTOY-
HBIME  YCJAOBHAMYM CYUIECTBOBAHHS OpDHIHHAJMA aHaMHTHUECKOH B obaacti
Rep >a dyukuuu F(p). Herpynio npusectn npumepsl, NOKa3wBamoiyie,
YTO, €CJAM 3TO YCJOBHE He UMEeT MecCTo, (pyHkuus F (p) MOKET BCEe Ke
ObiTh uzoGpakeuneM HEKOTOPOH (ynxluu meHCTBUTENbHON lepeMeHHOH.

IMMpumep 3. Hatitu opurunan ¢yskuun F(p)= ;ﬂ, — 1l <<a <0,

Rep > 0. 91a (yHKUHT 98/9€TCS MHOTO3HAUHOH B paccmannBaeMOH o0J1a-
cTH. Myl Oyaem noHuMarb nod ynkupeil F(p) Ty BeTBb LaHHOH MHOrO-
3Haunoft QyHKLuM, KOTOPad SABASETCHA HEMOCPEACTBEHHbIM aUaJIUTHYECKUM
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1
npojo./kenueM B o6aactb Rep > 0 aeficrsurensHoi q)yHKmm —— AeHCTBH-

reabpHO mepementiof x >> 0. Ilpu srom mbl, oueBumNO, AOJI/KPlbI CUUTATDb
argp=0 npu p=ux, x >0. Oyukuus F(p) He yI0BIETBOPAET YCAOBHIO
B) Teopeyn 8.5. Ilokawewm, oaHako, uTo (PyHKuLUS

X--fco
1 1
F=, g e dp, x>0, (8.74)

x—ico

IBJISETCH OPMTUHAJIOM 3adaHHOR dyHkunu F (p).

AlamnrHyecKkoe npoxoakenne gyukuna F (p) Ha 1€BYIO NOYIIOCKOCTD
Rep < 0 sBasercs muorosnauno#i (QyHKiuefl, uverolef ToukaMu passeTs-
nenus Toukw p=0 un p=co. Byzem
paccmarpusars B o0aacth £, npencras- 4
Agioniet COG0H KOMMJEKCHYIO MIOC- | 2+iR
KOCTb p C Pa3pe3oM IO oTpHuuare/lbHOR
YyacTh HAeHCTBUTENbHOH OCH, Ty BETEb

MIOr03HauHOR (PYyHKIHN KoTopas

pCH‘l’
ABJSETCT HEMOCPEACTBEHHBIM aHaJUTH-
yecKuM npopomkenneM pyukuun F(p),
NepPBOHAYaJIBHO 3aJaHHOW B mnpasoil

noaynaockocri Rep > 0. B oBaactn & \é’;' Rep=x
paccMOTpuM 3aMKHYTHH Koutyp I, co- ) 7
crosuit u3 oTpesKa npsmot |x —iR’, =0
x+iR'], x>0, orpeskos—R <

< x<C—p Ha Oeperax paspesa u

3aMBIKAIOIAX NX Ayru oKpyxkuoctyu Cp,

|pl=p, n ayr okpyxHoctu Cg,

l[p—x|=R’, coemnnsromux OGepera

paspesa C BEPTHUKAJbHHIM OTPE3KOM

[x—iR', x4+ iR’] (puc. 8.3). Tax xak ~—Jz-ip
dyHKLIHA eP’pl B 00Jactu & 0coOhIX Puc. 8.3.

TOYEK He wMeer, To no TeopeMe Kowu
unrerpas o1 3TOH QyHkuuu no kourypy I' pasen nyao. Yerpemum R’
K OeckoHeyHocTH, a p K Hymwo. B cuay semybsl YKopaana muterpaasl no
kpusbiy Che nanyr B mpegesne Hysb. OteHum HHTErpan 10 OKPYKHOCTH
Cp, nonoKUB p = pe'?¥:

1 d T

1
\ eP? ar_ < 0 cos @,
57 S po | ST \ € de

C’ —T
o

Tak Kak — 1 <Ca<C0, 10 unrerpan no Cy TakkKe CTPeMUTCH K HYJHO
npuy 0 — 0. TeMm caMbIM OCTAIOTCS JHMIb WITErPadbl MO NPAMOJTHHEHHbIM
yd4aCTKaM KOHTYpa HUHTETPUPOBAHMA. 3aMeTHM, 4TO Ha HukHeM Oepery
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paspesa argpzwn, Ha BerHeM argpzﬂ. HOE)TOMy HOJI}"{MM
i x4 i 4
= pt 2P
FO =5 \ e 2=
X~ {00
| : d R d
. f__ax ¢ X —
= i) S“’x e T \ il
—00

1

[o¢]
= ) pinG § et 0Ly piftt \ omxf ool gl

(e
__sin (— ae) et 0 g (8.75)

S
|

o}

Cnenas B unrterpaie (8.75) 3aMeHy HepeMeHION MHTErpupoBaHud X! ==S§,
HOJYUUM

FO)=1* &ﬂm) T (— ).

Bocronb3oBasiichy paBeHCTBOM *)
IN'—o)I'd+o)y=

OKOHYaTeNbHO MOJAyYHM q)opmyny
Oﬁ'l - f(t) F (1 +a) ] (876)

apastoiLytocs ofpauienneM gopmyas (8.18), uTo 1 AOKA3LIBAET HAlUE yTBep-
KAEHUeE.

sin (— no)’

IMMpumep 4. Hatu opurunan oynkunuu F(p)= e—an, a>0,

Rep> 0. Ilpu sTOM, TaK Ke KaK H B MpeablIyuleM npwepe MBI pac-

CMaTpUBaeM Ty BETBb MHOro3HauHolt dyuxumu )/ p, Koropas ssasercs me-
NOCPENCTBEHHLIM AHATUTHUECKHM NpOAOIKeHueM B ofaacrs Rep > 0 xeii-

CTBHTEJbHOH (PyHKUWH Vx nefiCTBUTENbHON lepemeHHol x > 0. Hamowm-
HUM, UTO B 3TOM CJyyae Mbl JO/KHB NOJOKATE arg p =0 mpu p=x > 0.
AnaauTnyeckoe NpojomkeHne ¢yHKUHE F (p) B Jesywo NOJAYIIOCKOCTH
Rep<C 0 onarb umeeT ToukaMy pasBersieHus Touku p=0 u p=o0.
Bysem paccMmarpmsaTh 067acTb & — [JIOCKOCTb p C PaspesoM BAO/b OTPH-
flatesIbHON yacTu AeicTBUTENbHOH och. B 3T0# obnactu onpenesnena opno-

1 -
3HauHas aHAAUTHUECKas QYHKIHA — e—%V P, ABNAIOMAACA HENOCPEICTBEH-

HBIM aHAJNTHYECKHM mpono/keHueM QyHkunn F (p). Otmernm, uto ¢yHK-
uus F(p) npu Rep >0 ynossersopsier ycaoBusM teopemsl 8.5, a ee
anajuTHYECKoe Npomo/keHne B o6nactd ¥ B JEBOR  HOAYN/AOCKOCTH

*) CM. BBIN. 2, cTp. 441.
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Rep < 0 npu { > 0 ynosaersopsier ycaoBusm Jjemmsl 2Kopaana. [Tostomy,

prOpas TOT e kontyp uurerpuposanust [, wro u B nmpeanaymeM npu-

MEPE, W 3aMETHB, Y4TO ua BepxiueM Oepery paspesa argp =1, ut0 43T
i 4

p=te"=—% Vp= Véei 2={)E a wa HITK e Gepery paspesa

g p=— 7 10 maer p=Eeitem 8 Vp= ke = — 1) EE>0)
HO.’ly YUM

x40
—aVp
F(p)== /()= 5 § oot 0 gy
x-:ioo “
e lal-d @ J;tg g dl 1 1 pte"oﬂ/ﬁd
o S E_S E §J+ " o g e
o b c"
0
Tak Kak
n 9
1 ¥ ipe” @V e’ 2
lim o \ e £ " ipel® dg =1,
plff)? 56 pe? £rae
70
[e=] R /7
JO)y=— % g ot SNEVE ? Eaz 4 1.

CnenaeM B 3TOM MHTETPaje 3aMeHy nepeMenHod, moiowus J & = x, yu-
TEM, 4TO

oo

smxax = § cos B df,

N M3MEHUM MNOPAAOK HHTErPHpOBaHUd. HOJIYLIHM

w0 . o <)
g P Si“_“,g_l/g dE =2 S dp \ e ¥ cos P dux. 8.77)
0 § §
Buyrpennnit unrerpan 8 (8.77) nerko MoxeT OplThb BbuicAeH *). Ou pasen
oo o
5 et cos px dow = %l/-} e
0

Orciona
T¢ "
fity=1— ]/M Se 4.
0

*) Hanpumep, nuddepenunposanuem no napaverpy. CM, sbim. 2.




238 OCHOBHBIE MOHATHS OMEPALIMOHHOIO MCUMCAEHHA [rJ1. 8

p

[lonoxus ﬁ:"’ OKOHUATeJIbHO 110JyUUM

Fm=%fwkﬂ—®@&ﬁa>a Rep>0,  (878)

rae dyuxuus

N

O (5)=—2- \ e an (8.79)
Va

o

ecTh TaKk Ha3biBaeMmas (Qynkuus ownGok *).

4, Cayuait perynnpHoil Ha Geckoneunoctu dyukuuu. Paccmorpum
elle OIUH uaCTHBIfl cayyaHl, KOTA3 onpeneeHye opurunala s 3aiaHHoH
dyuriy F (p) KOMIIEKCHOH nepeMeHtof npou3soaAnTCcs 0COGEHHO MPoCTo.
Mycrs anainTAueckoe npogo/nKkenne MepPsoHaualbHO 33axaHHON B oO/actu
Rep>a ¢yukunu F(p) sasasercs oOAHO3HAYHOH (ynxumel Ha noano#
NAOCKOCTH KOMILIEKCHOH MEepeMeHHOH p, npHYeM TOUKa p = CO— NpPaBHb-
Has Touka gyHxkuun F(p). 1o 03HauaeT, 4T0 pasaokeHne QyHruun F (p)
B pag JlopaHa B OKPeCTHOCTH TOUKA pP==0O uMeel BHL

[oe)

C
HWZZ#, (8.80)
n=0
[Tpu paccyoTpennn csoticTs nzobpamenus G6b110 oTMeUeHO, uto | F(p): — 0
npn Rep — -+ oco. Tlostomy B pasaowennu (8.80) kosdduuuenr ¢, pasex
HYJIIO H
(o8]
\) ¢
F(p=Yc. (8.1
n=1
Jlerko uatity ¢ynkunio f(f) mneHCTBuTEbHON mepeMeHHOR f, A1 KOoTopo#
dynkuupsa (8.81) gapasercs u300paKeHueM.
Teopema 8.6.Ecau moyxa p=co s8asgencs npasiasHoll mouroi
gyurguu F(p) u F(co)=0, mo ¢yuxyus F (p) npedcmasgasem cobol
ugobpascenue Jlanaaca yaxyun Oeiicmaumens ol nepeMenHoll

0, t< 0,

fOH=1! % m 8.82
® Z C,,ﬂm, >0, ( )

n=0

20e ¢, cymos Koaghdbuyuennms. paszaodcenus yuxguu F (p) 8 pao Jo-
pana (8.81) 8 oxpecmuocHUl MOYKI P = CO.

") Onpepesennie n cpoficrsa Qyukmnu @ (2) om. A, H. Tuxowuos,
A A Cavapcxuil, YpasHenus maTeMaTuueckoli busuky, «Hayka», 1972,
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JlokazatesabcTBO. Bowe 60 110Ka3aHO, UTO KOY(PULLIEHTH
pa3aoxeHus (8.81) onpene.rmomﬂ dhopmyoft #)

Cn=2m % F(p)p"~dp,
Re
rie Cp —OKpPY&HOCTh [p|==R, BIle KOTOPOH II€T OCOBHX TOuEeK cbyw-
1LHH F(p) Tah $aK TOYKa p=00 aBIseTCs nyaem hyHKuun F (p),

\F(p)}< R npn 'z | > R. Ilostosy Qopuyaa aaa ¢, naer
e < MRIL

M3 s10#i omenkn caeayer cxoanmocrs psia (8.82). ecreurensio,

o
tn \ Y w

o
Achi;ﬂ'gd‘nTl\ <M2

n=0 n="0 n=90

nigin
Ruit] — MeRI1I
n!
Orcrona xe caelyer, 4T0 B Kpyre Joboro KoueuHoro paiuyca psa (8.82)
CXOJANTCHA PABHOMEPHO, TEM CaMBIM ONpENe/ds HEKOTOPYo ueayw Qyuk-
LU0 KOMIVIEKCHOHR mepeMenHol f:

[e o]
n

by t
JF @)= Z Cntl e
=0
(3ametny, uto dyurunto f(f), onpeienennyio popumyaoh (8.82), Mo Moxem
paccuarpusaTh Kak npousseienine Pyuxildn f(¢) Ha €AMHAYHYIO (DYHKILHO
Xesucaiina o (f).)
Vanoxns Qynkumo f(f) na e® i npounrerpuporas no ¢ paBHOMEPHO

cxonamuics paa (8.82) nousenno, Ha OCHOBam COOTHOWeEHHA *¥)

,on!
== e
1Oy UUM
,V. Crnel 57 il ——2 Chel Thei Pt = Z Cn'}"—n’ =F(P), (8-83)
n-0 n==0 n’=l
yTO U AO0Ka3hBacTt TEOpEMY.
Mpumep 5. Ilycts
1
F)= 'V—p—:—*:—l-— (8.84)

Dra pynKuns nMeer Ase 0COOBE TOUKH pyo= 71 1 9ABARETCH oanO3HAY-
HOH anaanTHuecKod yHKUHEH B OKpPECTHOCTH TOYKN P =00, INPHYEM
B OKpECTHOCTH 3TOH TOUKH, KaK 0blJ0 NOKasaHO BhIlle 5%y yukung F (p)
*) Cm. crp. 114,
#%) Cm. dopMyay (8.19).
*##) Cy, mpumep Ha cTp. 121,
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MokeT OHTh pa3ioxeua B psp Jlopana:

\ w1
Fo)= Y (—1) g szt -
k=0

[Mostony dopmyaa (8.83) maer
/ \2%
-

/

1 . < i 2k _ P
} .wk;o( D 2%(/@1)2*;( 1) IR (8.85)

I -

Psaa, ctosmuil cupasa B (8.85), npencrasiser coBoH pasnaoxweHue BechbMa
Ba/XHON Criennanbiiol (yHKUMM — Tak Has3miBaeMoH ¢yrkuun beccens®)
11yJIeBOr0 110PAAKa
£2%
(7)

o)=Y (=1
k=0

Wraxk,
1

Vit

== Jy (0). (8.86)

3aMeruM, 4TO, NpelscTaBuB
R
N N A

1 BOCIOAL3OBABILICH M300pakenueM dynskuuu sinf (oM. dopumyay (8.22)),
Ha OCHOBAHHYU TEOPEMB O CBEPTKE [0AyyuM

t

Vo () Jy (¢ =) dr =sint.

0

Mpumep 6. Iycrs
1

i

F)y=e 7.
ITa hyHKUWS, O4EBMAHO, YHOBJETBOPSET YC/AOBAAM TeopeMu 8.6, mpuuem
oo
1
—_— 1yt
Fir= Zl( R
n=
Torna
1 0 =) < 2 ,ft_ >2k
15Ny N 2 a
p¢ T e = L = h @V e

*) Onpegenenue W cpolictpa ¢dyuknun  Beccens oM. A. H. Tuxomos,
A. A. Camapckuil, YpasHeHus MaTeMaTHUYeCKO ¢busukH, «Haykas, 1972,
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§ 3. Pemenne 3anau naa andeiinbix auddepeHunanbHbIX
ypaBHeHHt OMepalHOHHBIM METOXOM

B stom naparpage OyAyT DPAaCCMOTPEHB MNPHMEHMEHHS METOAOB oOle-
PAaUMOHHOTO HUCUUCACHUA K pEIIeHUIO pAaa 3aiaud s JITHE WHBIX ilﬂ(p(pe-
peHilnaIpueX ypasueHnil.

1. OGvikHoBeHHble gudPepenunanpibie ypasHenus. B § I mnr ywe
BHAEL/IH, KAaK C NOMOULBLIO OnepalllOHHBIX METOMTOB MO/KHO CBECTH 3ajauy
Kown ¢ HYJIEBRIMI  HAYaJIbHBIMU ycaopuaMu st JuHernoro Il[1q)(p€p€l{-
1UadbIoOro ypasneins K npoctefinie ajaredpaudeckoil 3ajaue AJs Hso-
Opaxenus. Paccvorpum Gosee ofuiyo 3agauy Kowu:

a Y () Fay" Y (O - ay ()=, (8.88)
YO =y, YV O=y, ..., Y O)=yu1 (8.89)
e Qo @y, -«+5 Qp Voo V1o -++» Vnpy— 3212HHBIE NOCTOSHHBIE, f(f) — 3a-

Jauias pyHKuUs 1e3aBucuMoi nepeMenHofl f, KOTOpyl Mbl OyieM 1o.ja-
raTh YAOBJETBOPSIOUIEH BCEM YCJAOBHAM CYILECTBORaMUs H300pameHus ),
ITockoabky 3agaua (8.88), (8.89) sasaserca Jautefioll, MOKHO OTAENBHO
paccMaTpHBaTh peretie ONHOPOANOrO YPaBHEHNs C 11aya/bHbIMH YCJ0-
pusvn (8.89) 1 pemwenne neonHopoxuoro  ypasuenus (8.88) ¢ HyJIeBbIMH
HAUAABHBIMH Y CAOBUAMHM,

Maunem ¢ pewenns nepsoit sazaun. Kak nssectuo *#), nag ee pemie-
HUS AOCTATOYHO HOCTPOUTH (ylLiaMeHTa bllyio CHCTEMy pemenui oaio-
poanoro ypasneuus (8.88). B rauectse raxosoil sHOepeM peluenis 01ro-
pOAIOro ypaBlueHus

agBtd () +apy TV O+ e (D=0, k=0, 1, ..., n—1, (8.90)
yﬂosne*rsopmomue HayaJabllBIM yCJIOBVIFIM
=0, 1, ..., n—1,

Py (0) =8, —0

(8.91)

-t

Lo, n—1,

1 k=]
6”":{ 0, ks j.

rae

Ouesnano, Qyrkiun Py, (f) 06pasyT PyHAAMERTANLHYIO CuCTeMY, TaK Kak
X onpeneiniresin BpOIICl\'OFO 1npu t=0 3aBeAOMO OT.tMu4elH OT HnyJd.
Pewenne sanauun (8.88), (8.89) npu f(f)=0 uepe3 3ru dyukuuu shipa-
#aercqd HauboJaee MpocTo:

n—I1

yO=3 vt ().
k=0

*’f) O6 ycnoBusixX cylleCTBOBaHUs H300pamennd oM. crp. 212,
*) Cu. B, 3, crp. 99,
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Hnas onpepenenust GyHKun# P (£) npiuMeHnNM OHepalHOHIBIE METOL.
Wues B supy, uro dysxums P, (f) # Bce ee LpPOH3BOANBIE A0 A-TO [0-
PRIKA  YAOBJETBOPAIOT  YCJOBHAM  CYIIECTBOBaHHA  uzodpamenius *),
B cuay (8.91) n chopmyasl (8.38) noayuuw

b= ) W O [N -] =12

rie

0,
TN, >k
Vuuoxus ofe wactu ypasuenns (8.90) ma e™? u npounterpuposas 1o f,

[0y YHM ‘
Ve (p) Pr(p)=Pr(p), (8.92)
rae noauHomsl P, (p) u Pp(p) COOTBETCTBEHHO DAaBHBI

P,(p)=ap"+ap" 4. .. +a,

n
Pr(p)=ap" *"0 Laqp" kT2 L da, (ga) (8.93)
Us (8.92)
Py (p)

v = =0,1,..., n—1 .94
k(p) Pn(p)’ R 0» ’ , (89)

W, B 4aCTHOCTY,
Py a -
71‘1 (p) - 1(/(7’)7) = Pno(p) . (890)

dopuyma (8.95) OyaeT ucrnoapsosaHa B daibHefimier. OpurnHaisl QyHk-
auli Wy (p) moryr Obith HalaeHH no Qopmyse Menmna:
X+ i00
. 1y Py (p)
Wy (7)== e () = 5. \ el gl dp, x>0 (8.96)

X—120

rie npsvas X =a NPOXOANT NpPaBee BCEX OCOOHIX TOUEK NONBIHTErPasb-
no#t dyukuun n3 (8.96). Tax xak Qynkuus (8.94) npeacrasaser coGof
OTHOIIEHHE ABYX NOJIMHOMOB, TO €€ OCOOBLIMI TOUKAMII MOPYT OBITh JHILE
uyan gnamenarenas P, (p), nupnuem pce oHs apas0rca 1o.atocamu. Kpoe
toro, npu £ >0 noasnterpanenas Pynxius us (8.96), ouenuino, ynos-
JeTsopseT ycaosuaM JeMmbl XKopjiana B JaeBo# noaynaockocri Rep <Ca.
Ilostomy

i ()= Y Bur [e”t i: EZ; , p,.J, (8.97)
{==1

rae p; — Hyan noaunoMa P, (p).

*) Heificteuteashe, byukuun P (f), Kak peureHus vpassenus (8.90), spad-
I0TCS TJIaJKHMH (QYHKUHAMY, pacTyUldMH Ha OeCKOHEUHOCTH He ObiCTpee, ucM
SKCTNOHEHTa ¢ JAuHehHsM nokasartedeM. {([logpoCHee o CBONCTBAX peiieHuil NuHel-
HBIX YPABHEHHH ¢ NOCTOSHHBIME KO3GQALNCHTaMH CM. BBHII. 3.)
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Ecan Bce Hyanm p; noaunoma P, (p) sBASIOTCA NPOCTHIME, TO, Npei-
n
CTaBiB ero B BHIE NPOU3BEICHUA Pn(p):aO]—I(p——pj), 3  opMyIbl
i=1
(8.97) noayuny

n
e (D=3 ae"?, (8.98)
=1
rae
ayy = —a ) (8.99)
[ ﬂ {pi—py)
iFi

Ecnu  wyau p; noamnova P, (p) sBAAIOTCS KPATHHIME, TO Das/oXKeHue
n

noJuHOMa uMeet sujy P, (p):a(,I[(p—pi)ai, rae o, — Kpariocrb COOT-
i=1
ni

BETCTBYIOINErO Wyas, mpuuem Y o =7. B srom cayuae, noapsysce mpa-
=

BUJOM BHIUMCJEHMS BBHYETA B MOMOCE NOPAAKa #>>1 U BHUYHCAAS NPO-

H3BOJHYIO OT NpousseieHus 110 Qopyyae JlefGHuua, noayuaeu

m

P () =) qut (1) €77, (8.100)

i=l1

rae HOJAMHOMBL ¢p; (f) MMEIOT BHE

Gri (€)= by, it™t T by TR bo,—1, ki> (8.101)

npuuey KosPduuueHts by, , ; BHUNCAAIOICH N0 (opiyae

- ! an Pr(p)
b, bt = o T T | = ~ (8.102)
g I I (P"‘Pi) 4
i pP=p;

Otverny, uto Hy p; noauinoMa P,(p) coBmajaioT € NyJagM¥ Xapak-
TEPICTIUECKOro MHOrOUdeHa Aas ypasneuus (8.90). ITostomy dopaynsl
(8.98) n (8.100) nawT npeacraBieHHE KamkAOro K3 4YaCTHHX peuenni
ypasdetus (8.90), y10BAETBOPAOILLX HadaabibeM  ycaosudas (8.91), yepes
yacTHHEe pellerus ypasHenus (8.90), nosyuelHble ¢ MOMOULLI XapaKTe-
PUCTHYECKOrO ypaBHEHUs *).

ITpuwmep 1. PemuTs 2agauy Komn

YV boy by =0, y(O)=y' O)=y"(O)=0, ¥y ©O)=1

*) O XapakTepHCTHYECKOM ypaBHeHMH cM. BB, 3, cTp. 107.
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QOueBHJHO, peleHHeM 3ajaudl BAseTcA (YHKUMA Pg (£), KoTOpas MoXKeT OBbITh
Hafigena mo ¢opmyJe (8.96):
X - ico
dp
= = LIt R .103
YO=ta =5 \ o Sfhr. ©.103)

X— 100

Tonpwrerpansuast pynkuns B (8.103) umceT xBe ocobble TOUKH py, o=+ i, ABAA-

IOUHeCs: MoJiocaMu BTOporo nopsagka. [loatomy
d 1 d | 1

t = " T - C’pt——'—_—.'

-~ dp (pA-0) p=i+ dp | (p—ip

[Nepefizem Tenmepp K pellendi 3agaid Komm ¢ HyJeBBIMH Hayadb-
HBIMH YCJIOBHSIMH s HEOANOpOAHOro ypasieHus (8.88):

Ly®l=r1@.
B cuay HyaeBrIX HauadbHBIX yCaoBHH, mnepe#as K usobpaxennay ¥)

Y )=y (1), F(p)=r (), nonyaum
Y(@)P,(p)=F (p),

ePt

] = ; (sinf—zcost). (8.104)
p=—li

OTKYyfa

Y (p) = (p) (8.105)

Tax xax ¢ynxuns ¥ (p) ssasercs uzoOpaxenueMm, 10 €€ OPUTHHAJ B CHIY

Teopembl 8.3 wmower Obtb wuaiied ¢ nomowubio unterpasa Menauna.

Opnako B paunoM Cayyae Moxao oOo#tuce 0Oes BBIUNCJAEHHS 3TOrO Wi-
= a,

terpaja. [leficteurenbHo, coraacho (8.95) dyHxuns ﬁ)— npeacrasaser
n

coBolt uzolpawenue dyuruud §, ; (t) — peutetius sanaun Kown aan oawo-

poanoro ypaspenns (8.90) ¢ HayajabHBIMI YCAOBUsSMU CHELUAJBHOTO BUIA:

Yol (0)=8,4, Jj=0 1., n—L
Tlosromy no Teopeme o cseprke n3 (8.108) noayunm
!
1
r@=y 0= \ bt =1 7@

0

*) 3ameTuM, 4To A CyulecTBOBaHMs #3oOpaKeHus [ (p) mpaBoil uwacTu ypas-
neHust (8.88), dyukuuy [ (f), Bo Muorux clyyasix HeCyUIeCTBEHHO NOBeleHHe 3TOi
GOyEkUME 1pu {— co. JIeACTBHTeNMbHO, HAC YAaCTO MHTCPECYET peilleHHe ypasueHus
(8.88) sumk Ha orpaHnueHHOM oTpe3ke BpeMeHH 0= /< T, KoTopoe NOIHOCTBIO
onpesiesiercs 3aAaHueM QYHKUUH [ (f) Ha 3TOM OTpE3Ke M He 3aBHCHT OT MOBeJeHHs
dyuxunu f(#) npu ¢ > T. TlosaTomy Met MOkeM H3MEHsITb 3Hauenus Qynxuuy [ ({)
npu f>T Kak YroAHO, Julb Obl YCAOBHA CyHICCTBOBaHMS u3oGpawmenus [ (p)
Gynkaun f(f) 6uiin suinosnenst. Hanpuvep, MoxHo monoxuth [ (#)==0 opu ¢ >T.
([oxuepkneM, uto ana onpegetenus HzoOpamenus F (p) dynkous [ (f) AoMmKHa
ObiTh 3ajlana Ha BceM GeCKOHeuHOM npomeytke 0 =I ¢ <Cco.) Tlpu arom Mel, xomeu-
HO, BYNEeM MOJyyaTh Pa3/iudHble H300paKeHHA, ONHAKO HX OPHTHHAJbI, eCTeCTBeHHO,
coBnaaor npu f=7. Cileayer uMerb B BHAY, YTO YKa3aHHOE MOJOXKEHHE OT-
HOCHTCS He TOABKO K cllydato ypaBueHust (8.88), HO M Ko MHOIMM JApYyruM (uaHue-

CKHM 33JayaM, B KOTOPLIX pelUeHHe MILeTCs Ha oF paHUUEHHOM TPOMEXKY TKE H3MeHEeH 15
BpEMeHH.



§ 3] PEIIEHUE 3AJAY 0§ JMHEMHBIX OM®OEPEHUMAMBHBIX YPABHEHUY 245

Dyurig P, ; (£} 4acTo Ha3BIBAETCA (PyHKILUEH €IAHMYIOro TOUEYHOFO
HCTOUHUKA s ypasHeHHs (8.90) u oBosiauaerca g(f). Ipunas 310 060-
3HaueHNe, NepenulieM peleinne 3agayn Kowu ¢ HyJAeBHIMH HayaJbHBIMI
ycaoBUAME 15 ypasHeuus (8.88) B Buae

/
1 !
= g gt —1) Fd. (8.106)
g
dopmyaa (8.106) wocur nassanue unrerpana oramens ¥).
Mpusep 2. Penmrs sapauy Kowwu

y' y=sint, y(0)=y (0)=0.
Hagem dyukuio g(f):
g +g=0, g(0)=0, g@O=L

Has ee uzoGpaxenus G(p) no dopmyae (8.95) noayunm
1
G(P)—m-

Otcroga ¢ nomompo Tadauubl usobpaxennit Haxoaum G (p) ==sinf u Tem
CaMbiM

!
y(@= g sin (¢ —T)sim:d'c:é— (sinf —t cost).
0

2. YpaBHeHHe TemIONPOBOLHOCTH. PaccMoTpum npuMeHeHne onepa-
HHOHHOIO MeT0ja npu peuennn KpaesblXx 3azay AJd  ypasneHuf TeI10-
NIPOBOAHOCTA 1A INIpUMEpPE PACNpOCTPaleHud KPaeBOro pexnMa no rno.dy-
GEeCKOHEUHOMY CTEPIKHIO.

ITycrp Tpebyercs Halitu pacnpesenesue TeMmneparypst B noayGecko-
HeuHom crepwte 0 < x <C oo, eca nHaupnas ¢ MOMenta Bpemenn =0
Ha €ro JeBOM KoHiUe x ==0 noiaepxuBaercs 3aJaHHBIA TeMneparypHoii
pexknM. HawanbHas Temneparypa CTepxkHs paBHa HyJwo. Marematuueckas
3a7Jaya 3aKJI0UaeTCs B ONpejeneHnn orpanuyeHHoro s 0 =< x < co,
t == 0 pemenns u(x, f) ypaBHeHud

w=au,,, x>0 1t>0, (8.107)
C JONONHUTEABHBIME YCJIOBUAMA
u(x, 0)=0, u(0, =g @) (8.108)

rae g (t)—samannad GyHKIWA BPEMEHH, KOTOPYIO Mbl OyjgeM npeanosa-
raTh YAOBJETBOPJIOUIEH YCAOBUSM CyulecTBoBaHia mpeoGpazosanus Jlan-
aaca. IlpennonoxuM, 4To HCKomoe pemieHue u (X, t), a Takke €ro npo-

*) O npuMeHeHHu uHTerpasa [lioramens B 3ajlayaXx MateMaridecKoil (QU3HKH
cv. tTakxe A, H. Tuxonos, A A, Camapckuil, YpaBHeHna MareMarTnye-
ckoll ¢usuku, «Hayka», 1972,
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U3BOAHBIE, BXOAAUIME B ypasHenue (8.107), ynosieTsopsioT YCaOBURM
cymecTsoBanns npeobpasosanus Jlaniaca 1o f, npuveM yCaoBus OrpaHi-
YEHHOCTH CTelleHd pocta no ¢ gynkuuu u(x, {) ¥ €e NPOU3BOLAHBIX He
zapucat oT x. Torpa nosyuum

u (x) t) == U(x) p))
u(x, ty==pU(x, p), (8.109)
e (X, 1) = Uye (x, ).

Bropad 13 Qopuya (8.109) noayuyeHa ¢ yyeroM HYJeBOro HayanpHOIO
yeaosua (8.108). IMocaeanss n3 dopmya (8.109) umeer mecto B cuny
TOTO, 4TO CHEJAAHHBIX HPEAIIOJOWEHHH FOCTATOUYHO [/ BBIMUCJIEHHS [PO-
H3BOAHMK HECOOCTBEHHBIX MHTErPajioB, 3aBUCALLUX OT MapaMmerpa, nyTeM
AndpepeHLHPOBAHUS 1O TapaMETPy HOABIHTErPAAbHBIX (PYHKIHA F),
ITepexoaa k n3oOpaxenusM, smecro 3amadyn (8.107), (8.108) masa
Qysxuul 1{x, 1) noayuaem Kpaenyio 3amauy asa nzobpamenns U(x, px

Uee (%, )= 2 U (x, p)=0, (8.110)
U0 p=0@ U pi<M (8.111)

I10 —Kpaenas 3amaua A OOBIKHOBEHHOTO IH((PepeHILiaIblioro ypasne-
HHA, B KOTODPOH mNepeMeHHAs p  urpaeT poab napaMerpa. Kak Jerko
BUAETb, pemeHue 3apaun (8.110), (8.111) umeer sug

Vo

_— X

Uls, p)=Q(pe ° - (8.112)

Pewenne u(x, f) ucxopHo#t 3agayu Momer ObITb HAWAEHO MO €r0 U30-
opaxenno (8.112) ¢ nomomsio Qopmyasl Mednuna, OANAKO B cayuae
npou3BoabHOA PyHKUME Q (p) BHUMC/IEHHe COOTBETCTBYIOLLErO HHTErpalja
MOWET NPUBECTH K 3uauurenbnbiM tpyaHocrsam. Tlostomy ecrecrsenso
nonbiTaThey 000HTH NpsiMOe BeIUWCHACHUE MHTErpana Messmna aas onpe-
genennst opurunana Qysxuun (8.112). 3ameruM, y1o BHlle MbB HaUUIH
opurusad aan dyukuud (M. npumep 4, cip. 230)

w0
-i‘;e—“V”;:1~¢)f;2lj?t_\/,=r% e, (8.113)

25?

),
TMostomy, npeacrasus U (x, p)=Q(p)-p.-el @ 5 W YT, 4TO CO-

raacuo (8.113)
“Kcii"—'l o[

rid =1 - l\m:]zﬁ(x, 1), (8.114)

*y Cm. Bu. 2, crp. 416.
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Ha OCHOBaHuil TeopeM 06 1306paKeHuH NPOUSBOIHOA U CBEPTKU HOJYUIM
¢

Ux, p)==u(x, 1)= S aazG(x, t—1)¢q(1)dT.
J

TMoacrasus spnoe seipawxene (8.114) dyuxnau G(x, ) v npoussexs
audpepentposariie, NOAYUUM BhIpawedue pewlenns sagayn *) (8.107),
(8.108) B Buje

x?
e w90 g (8.115)
(t—1)’"

X

u(x, f):‘)al/%

Oy

3. Kpaeran 3amaua najasi ypaBHeHUS B YACTHLIX MNPOU3BOAHBIX.
Mss0meHnbifl B NPeAbLIYILEM MyHKTE MEeTOJ MOWKeT OLITL OpMaTbHO
nepeHeCceH 1 Ha peuenne Kpaenoﬁ 3aJ1auu  gJd  ypasHelid B 4aCTHBIX
pousBOANLX Oo0./ce 00mero sujia.

Paccuorpum ypasuenue

P, lu(x, )] — L, [u(x, ] =F(x, 1) (8.116)

rie P, [n]— anneiduni  anddepenninanbieii  onepatop € HOCTOAHHBIMH
Ko3ypuilneHTaMi Bi1a

o"u oty ou
P, |u]=a, i + Q1WT+ ce Tt T

Lo [u] — mupesinpl . anddepennnaibibli  onepaTop BTOPOro Tnopsiaka %)
BIl1a

Ly (1] = by () s 4 by () -0 () (2, ),

KO3(ppuiieHThl b; (X) KOTOPOro ABASIOTCS (PYHKIINAMY JHIIb OJHOH Hesa-
BucnMOfl nmepemenHod x; f(x, f)—3alaHias (yUKillS TNepPeMenHbX X,
f, 1OCTaTOYHO raaikas B oOuacTi pemlenud 3aigauu. Byrem nckarbh peute-
Hiue u(x, t) ypasuenus (8.116) B obaacru ¥**¥) { >0, a < x < b, y1o0s-
JICTBOPSIOIIEE 11a4aJbHBIM

ou oy
1w (x, 0)= @, (x), o (x5, =@, (x),..., T (¢, 0) =@,y (%)

*) 3ameTuM, 9TO JAHHOE BLIpAKeHNe NOJYYelo B IPeINonoKeHHH CylleCTBOBA-
HMSl pelIeHHS, TeM CaMblM IIPOBEACHHBIE PACCMOTPEHHS ABJSIOTCA (DAKTHUCCKH 1O0Ka-
3aTeqbCTBOM €IHHCTBCHHOCTH pelleHusl JdaHHOH 3agaud B pacCMAaTPHBAEMOM Kjacce
¢yukuuit. Ecy 3apadee He H3BECTHO CYHIECTBOBAHME PELIEHNUs MOCTABICHHOI 3aKauH,
TO 11€00X0AMMO TOKA3aThb, uTo (JopMasiblio Mody4deiHoe Bolpaxenue (8.115) pefictsu-
TeJbHO NPEICTaB/sSeT COO0H peINeHHe paccMAaTPHBACMOH 3a7aun.

#*) PaccmaTtpuBaeMulil METOZ 11€ 3aBHCHT OT MopsiAka nudgepepeHInanbHOro one-
patopa L, Tax e kak u P, ofHako 14 Oofblueli MarasiagoCcTy H3J0KEHHs 1 BBHLY
0Co00H BaKHOCTH 151 TIPHJIOKEHHH Mbl OrDAHHUMMCSH CJY4YaeM ofepatopa L BTOPOro
MopsAaKa.

##%) PaccmarpuBaeMblil METOZ MOKET ObiTh NPHUMEHEH M B TOM Cayuae, KOrja
@= —00 Wi b= -} 00 WIH OAHOBPEeMEeHHO a@ = — O, b == +co.
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U FPpaHHYHbBIM YCJOBUSM
I3} . 0
o5 (@ )+ By (a, = (8), oz (b, )+ Bon (b, H) =1 ().

Byaem mnpeanosaraTs, YTO Hauajblible M TPAHUYHBIE YCJOBHS 3afayd,
a takke @yuxuus f(x, f) TaKOBH, UTO CYUieCTBYIOT wH30Bpamenus
Jlannaca no ¢ dynkuuu (X, f) W BCeX €e MPOU3BOAHBIX, BXOAAIIUX
B ypasiienue (8.116):
o) [ee]
u(x, H)=U(x, p)—“—S ePlu(x, t)dt, g—:t: g "’au (o Ddt (8.117)
0 0
n T. O., OpHYEM TIIPEIANOJIOKHUM, 4TO YCJA0BHA orpaliMyeHHOCTH CTENEHHA
pocra no ¢ dynkunn u(x, {) 4 ee NPOU3BOIHBIX II€ 3aBUCHT OT x. Toraa
B CHJAy paBHOMEpHOH CXOAuMOCTM MO napaverpy X unrerpana (8.117)
noJay4uM

g_z(x: t)igi_](x’p)’ 02( ’t)ﬁdx (xp)

ok R
O (2, D) == U (%, p)— p™1 0y (0) — 2 gy (1) — . — @y ().

Kpome T1Oro, NpeanoJoKuM, UTO CyUECTBYIOT usobpaeHud 1o ¢ (GyHK-
wuit f(x, 1), Yo () 1 Py (0

fle, )=F(x, p) v (O=Y(p) 0 ="T:(p)
Toraa, nepefias B ypasuenud (8.116) K nzoGpamennn, noJy4ns oOGbIK-

HosenHoe auddepeniiuaibioe ypasHenue Mo He3aplCHMOil nepeMeHHOH X
aag gyakinn U (x, p)

— P, (DU @)+ Lo (U (x, p)l= —F(x, p)—Fy(x, p), (8-118)

n—1
Fy(x, p)= Z Py () @n-p-1 (),
k=0
a noauHoMHl P (p) onpexeasiorca dopmyaoit (8.93).
Y'pastienye (8.118) namo pelatb C rpaunulbIMH YCJIOBHAMA

OC]_(]x (a, P)+f’1U (d, p)zlpl (p),

osUs (B, p)+BsU (b, p)="Ts (p). (8.119)
Kpaesas 3agaua (8.118), (8.119), 8 Koropo#i p urpaer poap unapamerpa,
pewiaercst OORUHBIMM METOIaMi PpEUIeHUS KpaesbhX 33434 AJ% OOBIKHO-
BeHHBIX NuddepeHunansupix ypasdenutt #). OGparHpid nepexox Ot H30-
Gpawenus U (x, p) K pelueiuio ¥CX0AHOH 3a1auyn MOxeT OHTb NpPOU3BE-
A€H C IOMOIWbI0 (opmyJ/sl ofpamenns (8.67).

*) Cm. Bum. 3, ctp. 159.

rie




NMPUJTOXKEHUWE I
METO/, NEPEBAJIA

MeTox nepesasna MWHPOKO NPHUMEHSAETCS AJAf MOCTPOECHUS acHMITOTH-
YECKHUX pa3/ioweHHH *) 11leKOTOPHX KOHTYPHHIX ¥¥) uurterpa’nos ot (yHK-
UMl KOMIVIEKCHON mepeveHHOH. Mbl OyaeM paccMaTpuBaTh HHTErpaibl
BUIA

F)={g¢(x)e" @ de, M
c

rie @(2) u f(2)— QyHKuud KOMIJIEKCHOH nepeMeHHOH 2, aHaIMTHUECKHe
B Hexoropo# obaactu ¥, comepxkamed Kpusyio C, KOTOpas MOXeT OhiTb
¥ HEOrpanuyeHno#l; A — Gonbluoe nOJAOKUTEAbHOE uyuca0. Dynem npeano-
Jaratb, yro uHrerpaji (1) cyllecTsyer, W HOCTaBUM CBOEfl liedbi0 NoOJAy-
YUTh ACHMOTOTHYECKOE pasnoweHue (yikuna F (M) no oGparHbM crene-
HAM napamerpa A. C wudterpasiamu rtuna (1) yacto NPuUXOZUTC BCTpE-
yarhCd MpPu HUCCACNOBAHWE HMHTErPaJbHBIX NPEACTaB/IEHUH Psga CHEuasib-
HBIX (DYHKUKH, a TakkKe npu peleHun MHOTMX 3313y MaTeMaTuyecKoH
(HU3VKM ¥ APYTUX pa3jenoB MareMaTuKH.

1. BeoxHble 3amedanus. Hauwem ¢ HekOTOpPHIX naBogsAulux coobpa-
xennfl. Paccvorpum  uurerpas, onpepeadioumui ramma-gyHkuuio Jige-
pa ><><<)

[o.0]
D(p+1)={xPedx, @
0

1 nonpobyeM HaHTH AAs HErO NPuG/MKEHHOE BRIPAXEHHE NPU GOJbIIUX
NONOAUTENBHBIX 3HAYEHUAX p. 3aMETHM, UTO, NPEeACTaBUB XF = eP 1% MH

*) HamoMHHM, uYTO aCHMIITOTHYECKHM pasJioxeHuem (QYHKUHM [ (x) B OKpecT-
N

HOCTH TOUKH X, Ha3blBaeTcsl NpejcTaBjieHne Buga [ (x)= Z apPr (X)+0 (PN (X)),

rge ap—TOCTOSAHHbIE KOS(PUUNeHTH, a GYHKLIHU @k (X) NPH X — X, YIOBJETBOPSIOT
YCJIOBUHIO  (Ppog (X) =0 (g (X)) (MODpoGHee 00 aCUMITOTHYECKHX DA3OKEHASX CM.
BHI. 2, CTp.
**) Criepyst yCTaHOBUBIIEHCS TEPMHHOJIOTHH, Mbl 37€Ch MOJ KOHTYDPOM HHTerpH-
pOBaHUA NOHHUMAEM He 00A34TEIbHO 3@MKHYTYIO KPHBYIO.
**%) CM. BBII. 2, c1p. 434.
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npuBeaeM paccMarpusaeMplfi uirerpan (2) x suny (1). Iloabinterpasnbag
dyuxuus B (2) crpemncg K Hyaio npu X — 0 u x — co. [Toaromy Beau-
u#lla TOMO nHTEerpasia B OCHOBHOM ONpPEENAeTCs 3HAYEHHEM MOIbIHTEr-
patbHOfl (YHKHHM B OKpecTHOCTH ee MakcuMyma. [IpeoGpasyem nozsu-
TErPanpHY0 PYHKUHIO K BULY

xPe™ =P In X —x = of (0, 3)

Makcumaabnoe suavenne (gydxunn f(x) AOCTHraeIcs npn X =p, HPHYEM
1

f(P):PInP““P’ f,(x)“xzp:(); f”(x)‘xzp:—'p—. (4)

Paznowus dyurumio f(x) B §-okpecrHoctn TOUKH X =p B psa1 Teiuaopa
¥, OFPaHNYUBIINCH [EPBBLIMU 4AEHAMH Pas/OWeHId, [I0AyUiM

p+96 1 : p+o6  (x—p)p
N p—p =g (x—p) - Eh
I'pL+1D== | P 2 dx=pre-? \ e ~ % dxo
p—90 p=6
© (x — p)?
f_\:ppe-ps e v dx, )
- 00

[Mpubamxennnie pasencTsa UMET MECTO BCAEACTBUU TOTO, YTO MOJBIH-
Terpadbiian PpyuKiiia npu | X —p >0 Maaa # GbICTPO CTPEMUTCH K IIYJIO.
Cnoenaen s unterpase (3) sameily nepeMeHHOH HUTErpHPOBAHHA, MOJOKHB

1 .
]/25 (x —p)=y. Torna
. r5n ¢ 5P \P ;
I'(p-1)==V 2ppPe? g e—y'dy:]/Qﬂp\\e—/‘ . (6)

dopuyaa (6) n naer npubamkeHHoe Bepawenye nurerpajia (2) npa 604b-
IUX 3HaveHnsx p. Kak GyZeT nokasaHo HUKE, OHa NpeicTaBaserT coboi
NEPBBIA YJEH acHMITOTUYECKOrO pasaoxkeHus uHrerpana (2). dra ¢op-
MyJa 4acTO HaseiBaeTCs opmynol CrupauHra.

ITpn BHBOZE 5TOH (hOPMY/BI Ml HE OUEHWBA/IM TOYHOCTH CHEIAHHBIX
npUOMKEHUHA, NMO3TOMY HAlW PACCMOTPEHHUT HOCAT JiUIb WJJHOCTPATHB-
HB xapaktep. B npasapuediiem Oymer nposegetia ouenka touHoctn (op-
Myael (6), a cefiyac caenaeM erle HECKOJbKO 3aMeuallii, I03BOJISIOWNX
Jerye IOHATh OCHOBIYIO HAEI0 Meroda nepesata. Popmyna (6) Bepaxaer
npubIKEHHOE 3Hauenne uHTerpana (2) uepe3 SHAYCHHE MNOAbIHTErpaJb-
HOH (DYHKLUM B TOUKe ee MakcHMyMa (pPe~P) n HEKOTODHH JONOJIINTe/Nb-
HBl{l MHOX1iTeab, COOTBETCTBYIOUNH AJHMHE TOTO OTPE3Ka WHTErPUPOBAHNA,
IIa KOTODOM 3HaueHne MOJBHTErPaJbHOR (DYUKIHI J0CTATOUHO OJU3IKO
K MaKCHMaJbHOMY.

OGparumcs rteneps K wuurerpany (1), B KOTOPOM NOABIHTErpaJjbHad
(PbyHKLHS ABJAETCH aHaAUTHUECKOH B 00aactn 7 KOMILIEKCIOHA NMJAOCKOCTH
z. DT0T wWHIerpaJ Ttakike Moxer ObITb NPHO/MKENNO BBLIUHCACH uepes
MaKCHMaabHOE 3Hauenne MOAY/As HOABHTErpanblHod (yHKuMU ¢ nonpas-
KO#i Ha GBICTPOTY ee yOblBaHus na Kourype uirerpuposauns. Ecan nyts
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[HTETPAPOBAHUS, COEAMHSIONMA TOUKH 2y W 2y TAKOB, YTO Ha HeGOJb-
HOM ero yuwactke abcofioTias BeIMNa NOALHTerpaibliof  pyHKumu
JdocTHraer HanGoJbLUEFO 3nauelus, a 3areM OCTPO Chajaer, T0 ecrecT-
BEHHO NPEANOJIONKHTh, 4TO Haliaeinlias BegnUnHa 1aeT Xopouee npub/an-
werme. Tak Kax Qyaruua f(2) aBasercd anaiuruyeckoft B obaactn F,
10 B cuay Teopembl Kouwn 3navenne unterpana (1) onpenensercs Juiub
33/aBMEM HAYyaJAbHOH 2; M KOHEUHOH 2, TOYEK NyTH WHTErpupOBaHus,
a ne supoM kpusolt C. Orciopa caeayer, 4To AJs 3a4aliHOr0 WHTErpaja
(1) BO3MOXKHOCTH €0 NPHOJMMKEHHONO BHIYKC/EHNIS C [OMOMHILIO paccMart-
pPUBAEMBIX METOAOB CBS3aHAa € BO3MOXKHOCTbIO BbIOODA TAKOFO KOHTYpa
UHTerPUPOBaHUd, 4YTOOH OH YAOBAETBODAN YKa3aHHBIM Bbe tpebosa-
nvaM. Hac unrepecyior auauenns unterpana (1) npn 60ablnX NOJOKHU-
TeJBHBIX 3HAUEHWAX MapamMerpa A, CTOMIErO B HOKa3aTese y KCIOHEHTH.
[Tosromy ecTecrBeHHO OXKHAaTh, YTO OCHOBHOH BKJal B 3HAyellHe WHTe-
rpaja Jaayr Te yuacTK NyTH WHTErpupoBainus, 11a KOTOPHBIX (YHKIWs
u(x, y)— aeiicreureabHas vacrs Pynknun f(2)=u(x, y)-+iv(x, y)—
nocraraet HauGoapminx snauvenufl. Ilpn sTOM CaepyetT umeTh B BUAY, 4TO
dyHRIns 1 (X, ), IBASACH TAPMOHMYECKOH B 00MacTH &, He MOmKeT 4OCTH-
rarb - abCOMIOTHOPO MaKkCHMyMa BO BHYTPEHHHX TouKaxX sTofi ofaacry, T. e
BUYTPH oGaactu & Her touex, B KOTOpHx dynxius u (x, y) sospacrasa
Obl nan yOmBasna no scem nanpasaeHusy. [losepxHocts Qyukunn u(x, y)
MOXKET UMeib AUib ce0A08ble MOYKU ),

Iycts TOUKA 24 == X,-+ iy, ABJIsSETCA €AMHCTBEHHOH CenJoBOH TOUKOH
noBepxHocTH (X, y) B obaactu F. PaccMOTpUM IHHEM NOCTOSIHHBIX 3Ha-
venuft w(x, y) =u(x, y,)=const Qynkunu uw(x, y), npoxoisuine 4yepes
5Ty TOYKy. B cHay nmpuHiiuna MakcuMyMa A5 rapMOHUYECKHX Qyuriuf %)
5TH JIKHAA HE MOFyT O0Pa30BHIBATbL 3aMKHYTHIX KPUBBIX (MBI He paccMat-
prBaeM TPUBHATLUHE Cayuali f==const B %), 1. e. onn auGo ynmpaworcs
B rpanuny obaactn ¥, 1ubo yxonar Ha GecKOHEUHOCTH B Cayyae HEor-
panuuenHoft oBnactu. Kpuswe u(x, y)=u(x, ¥, pasdusaior oGracrs ¥
Ha CEKTOPH, BHYTPH KOTOPHX 3uauyeHusg (YyHKUMHA (X, V) COOTBETCT-
BEHHO WM MeHbIle, Wi Oo/ablue 3Hayenus u(x, V,). Ilepsnie cextophl
Gy/neM Ha3blBaTbL OMPULAMCAbHbLIIL, BMOPbIe — HONOHCUMENEHbLMIL.

Ecau rpaHuyHBIE TOUKH 27 M 29 KPUBOH WHTETPUPOBAHKA JEXKAT B OLHOM
cexTope n QPyHKruMa @ (X, y) NPHHUMAET B 3THX TOYKAX Pas/AUYHLIE 3HA-
YeHns, TO, OYEBHAHO, MOXKHO TaK AedOpMHPOBATh KOHTYD, uTOOB HA HEM
¢dynukuma u(x, y) usMeusnacs MouoToHHO. Ilpu TOM OCHOBHOH BKJaA
B 3H3ayeHHe HUHTerpasna faeT OKPEecTHOCThL TOH rpaHnuiiof TOuKM, B KOTO-
po#t 3navenue ¢yHruuu u(x, y) Hambospiee. To we nojomeHue uMeer
MECTO M B TOM CJyyae, KOrjla TOUKM 2; U 2y JEXar 0AHa B NOJOXKHU-
TeJbHOM, a [Apyrad B OTDHHATEJILHOM cexTopax. MeTox nepesasa npume-
HAETCa B TOM CJyyae, KOrja TOUKH 2y U 2y JEKAT B Pas/HUHBIX OTPU-

*) Onpege/ietse CeIIOBOH TOUKH MOBEPXHOCTH CM. Beil. 2, crp. 137.
**y Cm. A, H. Tuxonos, A. A. CaMapckul, YpapHeHus MaTeMaTd-
yeckol ¢uanku, «Hayka», 1972.
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HareJbHBIX CEKTOPAX, UYTO J3aeT BOSMOKHOCTH BHIOpaTb TAaKoOW KOHTYD
WHTErPUPOBAHNAS, TNPOXOAAUINH uYepes CelJOBYI0 TOUKY Xy, Vo, Ha KOTO-
POM 3HaueHHe (MYHKUHH u (X, V) ABJACTCH MAKCHUMAJbHBIM B TOUKE Xy, Vg
H ObICTPO Cnajaer MO HanpaB/JEHUIO K FPaHuYHbIM TOukam. OueBupHo,
B STOM CJyyae OCHOBHON BKJaj B sHaueHue murerpana (1) Oyaer nmasars
MaJblfi YUacTOK B OKPECTHOCTH CeasoBOH TOUKM, NpUYEM NOCAECIHUN MOXKHO
BpIOPaTh TeMm MeHblUe, yeM OHICTpee CNajalT 3HaueHus PyHKuuu u(x, V)
BIOJb KPUBOH HMuTerpupoBanus. Meroa nepesasia TaKkmke HUHOrja Ha3biBa-
ETCH METOAOM Haubsicmpeiiwe2o cnycka. ITa <ANbIUHUCTCKAsg» TepMHU-
HOJIOrist, OYEBUHO, CBs3aHa C ronorpaduell nopepxHoCTH PyHKMU 1 (X, V)
B OKPECTHOCTH ee CelnoBOH Touku. Ml orpaHuuuMcs 3[€Cb 3THMH
BBOJHbIMU 3aMEYaHHAMH, a CeHuac MPOBEAEM OLEHKY TOYHOCTH METOIa,
Npu NOMOWM KOTOporo Onlsa noJyueua acuMmnrorudeckas dopmyna (6).
ITpu 3TOM Oymetr ycraHOBJEH PSii IOJM0KEHNH, JeXaluluXx B OCHOBE MeTona
nepesaJna. '

2. Metox Jlannaca. [loxaxem psil BCHOMOTATEJABHHIX 10J0XKeHUH,
JekalllnX B OCHOBE TaK Ha3hiBaeMoro Meroia Jlamsacca acuMITOTHYeCKOH
OLEHKW MHTErpasnosB OT PYHKIHHA NeHCTBUTEIBHOH NEepeMeHHOH.

Jdemma 1. [lpu p>0 u A—>co umeem mecmo acuimnmomie-
ckas hopmyaa ®)

A [ —4)
Jaortede =T (p)+0 e 2" @)
0
JoxkasateabcTro. Ouennm npu p>1 wunrerparn *¥)

2} oo A

S e xPd x = e—A S e? (y+A)Ptdy <<e4 {S (24)Pedy L

a 0 0

+{ @y e tdy) = A {(2AY1 (1 —e=4) + 27T (). (8)
0

Otciona npu AP << ed’2 u caepyer (7).
B paspHeiitie G0JblIYI0 pOJb OYAYT UIPaTth UHTErpassi BUAA

D)= {o@)erdt, 0<a<<oo.

—a

Myeer MecTo cieayiomas Jemma.

*) CumBon O (¢7) wmm, OGonee obuo, O (¢Y) B pasnomenHuu Buga @ (¢) =
n—1

= Z Cptk 4O (¢7) osnauaer, uTo MpH |7 | << WMeeT MECTO PABHOMEPHAT OLEHKA
E=0

n—1
](P(f)-— > cpth

k=10

< C't ", rge C-—nocroaHuas.

*® ®
**y Ilpu 0 <p=c1 5 e¥xP idx < S e *dx=e"A,
A A
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Jdemma 2. [lycme npu |t|<<08 yuryus @(t) soucem Owms
npedcmasiena 8 8ide

PO)=co+crt+ 0 )

u 045 wexomopozo hy>>0 cxodumcs unmezpan

a

{ 1)) et dt < M. (10)

—a
Toeda 018 A > A, useem mecmo acusnmomideckas ¢hopiyaa
‘ . B
o=\ g@era=c ) F+00-5, an

—a

INokagatennbctBo. I'naBusit uned dopmyast (11) aerko moxer
ObITh NOJAYYEH U3 CAEAYIOULMX HaBoAsuX coobpawenni. Ecan dyuknns
¢ ({) orpanmyena mnpu |/ >a, TO €CTECTBEHHO OXMIATh, UTO 3HAUENUE
nirrerpana (11) vBMEHHTCA HE3HAUNTENbIIO, €CJA¥ 3aMEeHWTh IpejesH uire-
I'DUPOBAHNA — @ M @ Ha — OO, ©O coorBeTcTBenNno. Toraa nepsnifi wiaeH
pasaoxenns (9) naer raasHblf unen opmyas (11), unrterpasn oT BTOPOro
ujena B CHJIY 1EYETNOCTH MMOABIHTErpasabliOf (QYHKIHU DPaBen HY/MO H
OCTAaeTCA OHENHTh OCTAaTOUHHH wieH. IJTa OHenKa ¥ BO3MOXKHOCTH YKa-
3altHo#  3aMeHsl NpeaeJOB UHTEFPHPOBAHHUSA ¥ COCTABJAAIOT * OCHOBHOE
coxepxaHue semmbl. IlepefizeM K ee CTPOromMy aoKa3are/bCTBY.

PasoGeem uurerpas (L) Ha Tpn CjaraeMbix:

-

6 a
oM = o dt+ § 9@ et dt+ (o) et dt, (12)
] ]

— —

rae 8 > 0— nexoropoe ¢ukcnpopantoe uncao. OueHuM Hoc/ieHee Cia-
raemMoe:

Vo) e~ dt } e t—m8 ()| e~ht dt <
5 5
<< Mehd? . e=48* = O (e— 407, (13)

31ech, MbH BOCHOML30BAAMCh yCaoBneM (10) n OueBMAMBIM HEPaBEHCTBOM
ME=AB2 A (12— 8%) > A%+ Ay (22 — 02) = (A — X)) 02 4~ At2,

VMEIOIIAM MeCTO ITPU A > A, ¢ > 0. AHanOriyHO OHENHBAETCH H NEPBOE
craraemoe B (12). Otciona ciaepyer, uro Mps AOCTATOUHO BOJBUINK A
ocHoBHOK BKJaal B 3nauenne anterpaia (M) _naer sropoe caaraemoe,
B TO BpeMs Kak Kpafinue caaraeMbie B (12) 3KCHOHEHHMAJNBHO CIPEMSATCA
K Hymo npu A —>co.
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[epetinem K pacemotpennto raasnoro uyiera B (12). Ioacrasus Byecto
pyurunn @ (f) ee pasaoxenne (9), nomyyum
]
DW= { g@yedt=

-8
[ o 8

=co { e dt Loy \ e Mrdt+ (0@ e dt. (14)
) -5 -8

Bropo# unrerpan B (14) B CH/Ay HEUETHOCTH HOABIHTErPa’biod (yHK-
wnn pased Hyuto. ILas ONEHKH NepBoOro MHTerpanta CAeslaeM B HeM 3aMeHy

nepeMennot mirerpuposatus, nogsoxns Af2 =t. IToayyum
8 ] , as2
S e=rdt =2 \ et dt = —
BA . Vi .

1
1 Ze—TdT. (13)

Ho B cuay aemmbl 1 1pu A —- 0O UMEET MECTO acHMATOTHYECKas (GopMyJa
262 262

g T—;e—fd’r=r<%>+O<€_7>=VE+O<"J§—2>. (16)
0

780
Tak kak npu mo6oM ¢ukcuposanuom O dyukuna e 2 npn A—>o0
crpeMuTcs K HyJIo OblcTpee, ueMm A™32 TO MOXEM 3anucarb

e ERP A
o g e—M* dt:co]/u‘x +0 A 2). a7
6
OcrtaeTcs OueHUTb nocaegnee cuaraevmoe B (14):
8 8 8
Vo et dt <C | e dt =2C { 2e=" qt. (18)
) -8 0

B unrerpate (18) onsaTh cAesaeM 3aMEHY nNepeMeHHOHW WHTErpHPOBaHHUS,
nosoxus A2 =1. Toraa noayuyum

o} | rH?
2 S e dt = S 2= d7, (19)
0 0

Unterpan (19) t1axkwe ynosaersopsier ycaosusMm geMmMbsl 1. ITosrtomy
OKOHYATENBbHO NOJYUUM

: f(3)  w (s

S O(tz)e_Mzdt=C'—}“W'+-O<e 2 )=O<7\4 2). (20)
=8

Dopuyae (13), (17) u (20) nocae noacraHosku ux B (12) ¥ IOKA3LIBAIOT
JEMMY.

Caenaem psg 3aMeuaHndf K JOKA3aHHOH Jemme.
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Savevanue 1. Ilosropas nposegenusie paccyXIeHus, MOXKHO
[0Ka3aTh, uTo ecan (ynkuua @ (f) npu £l <8 pasnaraercs 8 CTPOKY
Tettnopa

n—I1

/ B 3% (0)
(P( ): th + (t ): Ck:_k-l_—’ (21)
k=0
TO HMEET MECTO acuMOTOTHUECKOE pasaoxenne
[”._1] ; 1
g - r m—l— )j ( ok
@(A):S(p(t)e—mdt= }_ Com —— 4027 2 ), @
e =
—a m== 2
n—1
rge CHMBOJ |—— | O3Hauaer HaubO.JblIee LEJOE yuc/a0, MEHbIUee HJH
n-—1
pasHoe —5

B uactrocrs, npu n=1, Koria pasioxenue Qyukund ¢ () umeer
BHA @ (f) = ¢+ O(f), ocratounnil uien s dopmyae (22) uveer Hopaiok
A7l nOCKOJMBLKY npu OleHKe OCTaTKa rAABHYIO POJb HrpaeT WHTerpaj

8 0 o
VOWerat<C \ |t et dt=2Cte="dt.
-9 —0 0

3avmeuaune 2. Jlewuma ocraercs cnpasennuBoll U B TOM CJyuae,
KOrja UHTErPHpOBANKME NPOBOAUTCA N0 OTPe3Ky |a;, @], rae a; <O,
a; >0 u —a; 7= a, Crepyoiiee 3aMeyalne HacTO/bKO CYILECTBEHHO 1.4
AaabHefllero, 4TO Mb  cOPMyJHDYeM €ro B BUA€ CaMOCTOSTE/BHOM
JIEMMBL.

Jdemma 3. [lycms na ompeske |t|<<8, dynryuun @) u p ()
npedcmasyel 8 8ude

Q@) =co+ it -0 (), 9

() = cst®+ O (19, (23)

u nycme npu h—oo0 ghynxyus O (A) =<8, ydosaemesopsem ycaosusn )

ABE (M) —>o0,  ABE(AN)—0. (24)

Toz2da npu h—CO uMeem MECHMO QCUMIMIOMULECKAS wop.uy/la

8(1)

I\ = \ ¢ () et —t“ru(t)]dt—«col/ —l—() A 2/’. (23)
—&m

HNoxkasateanctso. Kak jerko BujeTs, NPH BHINOJIHEHUH YCAOBUH
(9), (23) u (24) na orpeske |, =<8(A) uMeeT MeCTo paBeHCTBO

@ (f) M) = ¢ -+ 1 4 coe M3 - O (12) + O (A5) - O (MY, (26)

*) Kak aerko BuieTe, Hampumep, Qyukums O(A)=Ar"%>

yeaIoBuAM (24).

YAOBJIETBOPAET
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Torna, nOBTOPAS PacCyxAEHAs, IPOBEAEHHbIE NPU LOKa3aTeAbCTBE JIeMMH 2,
NOJYYHM, UTO IPH MONCTaHOBKE pasnoxeuus (26) B dopmyay (25) nep-
Boe csaraemoe B CHay ycaosHa (24) mact raaBmblil yjen npasod 4yactd
(25); BTopofi W TPETHH uJEeHBl NOJYYEHHOTO BhIpaxeHus oBparTaTcs B HYJIb
B CHJly HEUETHOCTH HOABIHTErPAJAbIIbIX (YUK, NOCAEIHHE TPY CJIaraeMux
HMEIOT OAMHAKOBMH nopsaok Majtoctu O(A—%2). Jlemma noxasana.

Jloxasannple JeMMBl [0O3BOJSIOT [OKa3aTh CJAEyIOUiyl0 TeopeMy,
SIBASIOULYIOCA OCHOBLOH B MeTone Jlanmaca acHMOTOTHYECKOro PasaoKenns
nHTErpasos oT PyNKUui AedcTBUTEAbHOH NEPEMEHHOMN.

Teopema L. I[lycmos hynrxyus f(t), 3adannas na ompeske [a, b,
docmueaem cgoe20 abCOANMHO20 MAKCUMYMA 8 HEKONOPOl 8HYM PeH-
Hell mouxe ty, npuer f'' (t,)<<0, u nycme cywecmayem maroe 8,0,
wmo npu t—t,! <8, umeem mecmo npedcmagaenue

£ty =7t ¢ — 124 0. @7)

Toz0a, ecau ¢hynryun ¢ (f) u p () npu |t —1t,] =<8, vdosaemsopsiom
yCa08uAM AeMMbL 3, m. e.

PO =co-+-01 (E— 1)+ O[(t — 1), ©)
p)y=cs(t—t, P+ O[(t—1)), (23)
MO WMeen Mecmo QCuMnmMomuieckas gopryaQ
3\

B [ _3
vo=\gwerna=eio () — Zoew+ouT ], e

Q>

ecall BbINOAHEHV CAedYioule DONoAHIMeAbHbLe YCAOBLS:
a) 0an OanHo20 O, O0HOBPEMEHHO BLLNOAHSIONMCS COONIHOUEHUS

1t t
mpu [t—ty| =<8, pe) <t )
mpu [t =118y f(t)—F(O)=h>0;

6) 04 Hexwomopozo Ay >0 cxodumcsa unmezpan

b
Vi@ efoat <M. (30)
a
HokazateabcTBo. Pa3obbeym unrerpal B (28) Ha CyMMy CaAedyio-
OIHX C/raraeMbix:

b 1o—8o ty—0(A)
YW={enyefdt= | q@u)eivdi+ | q@)eltdt
a a to—0y

{o‘f‘ﬁ(;») -8 b

ty
+ | eweMvdar+ { euedodtt | g@ednd, (31
to—06 (M) to4-0(A) fo-+ 80
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rae ynxkuus 8 (A) yuaosaerBopser ycaosuam (24) semms 3. Kpatisune
nHTerpansl B (31) omnenusatoTcs Taxk kKe, Kak u B Jemme 2. [eitcTau-
TEIbHO, HCMOAb3YS OUEBHAHOC lIePaBelcIBO

MUY= FO =R =2)[ft) = FDO)+- X [ fE) —f(O] =

= (b —A) Ao f (t) — Ao f (E), (32)
IMEIONIee MeCTO 1pu a=St<Sfy,— 08, n A> A, uoayyaem
fU_ 60 10 - 6[)
S @ () eM O dt | < Ml (1) S L () e M Pt =TO) gt <<
a a

to ~ 0o
<L e(}v_xn)f(tu)'—"h(}u—;m) S ‘] © (f) " ehof (D) dt <Z
a

< Me},f(lo)»k holh—T ()] p— M1 — €7‘f(t")0 (e——?,h). (33)

Tak e ouenwsaerca u uHTerpast no orpesky [{,-+ 68, 6] laa oieunxn
BTODOTO WHTErpasta BOCHO/Ab3YEMCA ycaoBuaMu (27), (29), B cuay xoro-
peIx Tpu fy— 8, =<t =<1, — O (A) MMEeT MECTO HepaseHCTBO

fty~f >0 —pp =gy (34)

HMostoMy, noBropus BBIKJIAAKK, HPOBeaeliHble NPH BbBOAE (hOpMy.H (33),
oAy UM

fo—8()

\ @) MOdt{=el 0 (e=CHm),  C>0. (35)

ty— 06,
Ho B cnny ycaosus (24) BenuynHa s nparol yactu (33) Takiwe nMeer
SKCIIOHEHUHAIbHBIH MOPSAOK Manocth ). Auanoruyneim 06pa3oM oliend-
BAETCH M YETBEPTHIH HMHTErpas.

[Tepefizem K paccMOTPEHUIO OCHOBHOrO wHTerpasia dopmyasl (31):

fo+8(n)
Y= | @0t (36)
1o—06(N)
B cuay ycnosua (27) 5T0T UHTerpas Moxem nepenncarb B Bfile
to+6(R) ’f”(?—‘o)
. A o !
Y, ()=t | (p(t)e[ Fe—tuo] (37)
1o —0(})

ITpusesem wmuterpan (37) x Bugy (25), clenaB 3aMeHy NEPEMEHHOH
{ ;
—-f—Q("—(t—tO)z::T?. Kak nerko Bulets, NoJyyeHHbIH npn 3TOM HHTEr-

pan ygoBietBOpser BCeM ycaoBuaM JeMMbl 3. IlostoMy OKoHuYaTe/bHO
NOJIy4HM

Lo =) — e oaal @)

*) Tlpn & (A)==1"2 nonyunm O (e—m‘l/s),
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[Tockomsky Wy(A) oT/mMuaercs OT OUEHUBAEMOLO MHTErpa’a Ha BeJUUHHY
9KCMNOHEHIUANBHOTO NopAaKa Manoctd, dopmyaa (38) #  ngoka3bisaeT
TEopemy.

3ameuanne 1. Teopema ocraercd crpaBeiMBod U B TOM CJyuae,
Korpga omuH uan oba npefesta HMHTErPUPOBAHUS PaBHbl OECKOHEYHOCTH,
NOCKOJBKY OlieHKa wunterpana (33) ocraercd clnpaBesaudBodf W npu a =
= — 0O,

Sameuanue 2. Mp noayuuan Juip NepBbfl YWIEH aCUMOTOTH-
UeCKOro pas/ioweHus wuHrerpanta (28). AHazormynsiM 00DasoOM  MOXKHO
NOAYYNWTb BHIpaXKEHHUE W 1Jd HOCJIelIy}OHJ.HX YJIEHOB aCUMHITOTHYECKOro
PasnoWeHNs, OJHAKO MB Ha 3TOM OCTAHABIHBATLCA HE OyneM.

3ameuyanue 3. [Tposenennoe A0Ka3aTeIbCTBO MOXET ObITb Nepe-
HECEHO U 11a TOT cayyal, KOrga MakCHMajabHOe 3HaueHue dynxunn f(7)
OCTHraeTCst B KaKkoH-IuOGO M3 rpaHuuHbix TOyeK otpeska [a, b]. llpu
3TOM B opmyse (28) noss/sercs NONOJHUTEIbHBIA MHOXKHUTENb 5

3ameuanue 4 B tom cayuae, xorna dyuxuns f(¢f) suyTpn orpeska
[a, b] uMeer HECKOABKO MAKCHMYMOB, DaBHBIX 110 BeJUUUHE, aCUMNTOTHU-
yeckoe pasjoxeHue uHrerpana (28) mno oGparHbM cTeneHsM GOJbLIOTO
napaMeTpa A MOXHO NOJYyudTb, OneHuBas uurterpansl tuna (36) mo 6-
OKPEeCTHOCTH KaXAOH Y3 TOYEK MAaKCUMyMa M CyMMHDYa DPe3yJ/bTarhl

PaccMoTpum npuMep NpuMEHEHWs AOKA3aHHOH TEODPEeMBL

Mpumep 1. Iloayuuts acuMnrToTHYECKOE PA3IOKEHUE TamMa-QyHK-
uuy Jiaepa

o]
I'(p+ 1)=S xPe*dx. %))
0
[MpeacraBuM MOAHHTErpadbHylo (yHKUUIO B Buge xPe ¥ =eplnx—x

¥ CaenaeM saMeHy nepemenno#t, nonowns x =pf. Toraa uurerpan (2)

npeo6pasyercs K BULY
e8]

T (p+1)=pr§ertn—0 gy, (39)
0

Oro uurerpan Tuna (28) ¢ ¢(H)=1 u f()=Int—*t Pyuxuus f(¢)
NOCTUT8ET CBOEr0 MaKCHMaJbHOTO 3HaueHus npu fy=1, npuyem

FO=—1 f®)a=0 f"Ola=—1 (40)
[Tostomy mo dopmyse (28) noayuaem
_ o _ —— [ p\P /1)
L1)=e? il Y pp+l — LA a1 o)
Po+D=e2{)/ Zroe-mipma=Vam (2 [1+0(1 )@
Tem caMBIM MBI TIOY4NAR ACHMITOTHYECKYIO OHEHKY TOYHOCTH NOJAYUEH-

HOH paHee M3 HaBOAAmMUX coobpawenuflt dopmyas (6). Kax Gblio yka-
32aHO BBHILIE, PACCMOTPEHHLIE METOLBI [O3BOJSIOT NOYUHTh U NOC/IELYIOLIHE
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4eHbL aCHMNTOTHYECKOro pa3noweuwns. [IpuBesem 6e3 BHIBOJA HECKOJIBbKO
nepBLx uieHoB ¢opMyasl CrupauHra:

—Vomp (PP Lo L 139 }
F(p+1)"V2”P<e) {1 Fiop T g T BTmaoE Tl (42
3. Merton mnepemana. Ilepeifizem Tenepr K pacCMOTPEHHIO CaMOro
METOAa nepesasta MOJYyYEHHH aCHMIITOTHYECKHX Pas3/OXEeHUH HHTErpasoB
supa (1)
F) =9 @) et da

[

B cuay HaBopsmuiux paccMOTPeHHH NyHKTa 1 eCTECTBEHHO MPE/TOJIONHTS,
4to ecan Koutyp C Takos, yTo Ha HeGOJbLHIOM €ro y4yacTKe 3HauyeHns
Aeficrsnteabnofl yactn u(x, y) dysxuun f(2)=u(x, y)+iv(x, )
AOCTHraloT HauGoabuiedl BeJNUnIBl WU 3aTeM ObLICTPO CMaZaloT, a MHUMas
uacTh v(X, Y) ocTaeTcs NOCTOAHHOH (UTOGL 06ecneynTh OTCYTCTBHE Hexe-
JaTenblblX OBICTPBX OCUNMJIALKEA MOALHTEr PaiblIof (PylKUNM), TO OCHOB-
HOH BKJaJ B BeJHuUMHy nHTerpana (1) u paeT uHTErpupoBaHue MO JAaH-
Homy yuactky konrtypa C. IlosTomy naas nmpubanmKeHHOTO BBIUHCJENHA
nuterpana (1) crepyer pedopmuposarts konTyp € Tak, yToOLl [OABHITe-
rpajblias QyHKUMSA 112 1leM oOsapgana ykazaunsiMn cso#icrsamu. Ilpu sTom,
KaK 6blJI0 yCTanOBJAEHO MAIIMMM [PeAbIAYUIHMH PaCCMOTDPENNsIME, HEOO-
xopumas jJedopmauns KoHTypa C oOnpemeasercs B 1IePBYI0  ouepenb
tonorpadueit nopepxHocty yposHs ¢yukumu u(x, y). B uactnocrn, KoH-
TYD HHTErDHPOBAHHS TOJOKEH MPOXOAUTbL Yepe3 Cei/IOBYI0 TOUKY MOBEDX-
HOCTH ¢yHKUAM (X, ¥) B HanpasJeHun HanOLICTpeHiiero H3MeHeHHs
3710l pyHKUUM.

OcradoBuMcst 1oApoGHee na Tonorpaduu MOBEPXIOCTH rapMONKRYECKOH
¢yHkuun 1 (x, y) B OKpeCTHOCTH ee ceatosoft Touku Mg (X, Vo). Onpe-
JEJAM HalpasJeHnsd HanOBICRpeHimero uaMeHeHnsa 5Tofl PyHKumy, npoxo-
Asiipe yepes TOyky My DT HampasaeHus, Kak M3BECTHO, OMpeAesIoTcs
vanpasienneMm Bexkropa gradw. Ilycrts gradw 2 0. Taxk Kak aas aHan-
tuueckolt Pynkunn Vi-Vu=0 (cMm. cTp. 34), TO HanpasJeHue BEKTOpa
gradu onpepeiser Kpusyw v(x, y)==const. Hrax, ecaum Ha xpusoH
v(x, y)=const, gradu £ 0, 1o ¢ynkuns u(x, y) HIMEUALTCH BIOJb
510 KpuBOH Hambosee Obicrpo. Oanako B camO#f cednoBo#t TOukKe
My (%o Vo) mosepxHocTu yHxunu u(x, y) Bekrop grad u (My) =0. Pac-
cMOTpuM moapoGHee nosefenne GyHKumd u(x, ¥) u v(x, V) B OKpecrt-
‘Hocth 3TO# Touku. OuesnaHo, B Touke M, npoussoaunie hyHKIuHA 1 (x, V)
1 v(x, ¥) no nanpasjeHno / Kacareapnod K Kpuso# v(x, y)= const,
npoxoasuiel uepes TOUKY My, PaBHB HYJO:

d 0
o o 30 =0, 5 (x0 y9)=0. (43)

Tak Kak MpoOM3BOAHAA aHAMUTHYECKON (YHKIHH He 3aBUCHT OT Halpas-
JIEHHs, TO OTCIOAA CJAEAYET, 4TO

f' (z9) = 0. (44)
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CnepoBatensno, pasioxenune (yHKURH f(2) B OKPECTHOCTH TOUKHM Zg

uMeeT Buj
F(@)=f(z)+ (@ =20 {eat e (z = 2. .}, (43)

rne p=2 u ¢y~ 0. Honowus ¢,=r,e®, n=0, 1,..., 2 —2,=pe'®,
HOJIy4UM

F@) = f(z0) =P {roe! Po0) L prietliot Do+ 014 L (46)

3anuiueM ypaBHeHAs KpuBHX u (X, yV)=const u ©v(x, y)=—const, npo-
XOAMILMX “epe3 TOUKY 2Z), C NOMOIbIo BBedeHHbX 0Gosnauenuft. Mmeem

Ulp, ¢)=rocos(pe~+8g)+pricos[(p+1)@+8;]+...=0, (47)
Vip, @)=rosin(pe+-8) Forsin[(p+1)¢-+6;]+4...=0.  (48)
3nech
u(x, V)—1u(xy Yo)=p?U(p, @),
v(x, V) —v(Xy Vo) =p"V (p, ).

Tak Kax ¢yuxing cos(pe - 8,) npu u3menenun ¢ or 0 10 27 MeHseT 3HaK
2p pas, 10 u3 dopmyasl (47) crenyer, yro OKPECTHOCTb TOYKH 2, pas3du-
BAETCS Ba 2p KPUBOJMHEHHBIX CEKTOPOB, BHYTPM KOTOPBHIX QYIK-
uus U(p, @) coxpauser 3HaK. I'paHnlbl 5TuX CEKTOPOB OIpeIe/siorcs
u3 pewenns. ypasuenns (47). Cexropbl, 5 Koropux U(p, @) <0, Gymem
NO-NpPe}HEMy  HasbiBaTh OTPHUATENbLHLIME, 4 CEeKTOPs, B KOTODPBIX
U(p, ©) >0, — nosoxureasunivu. Hanpasaenns nanosicrpefinero yonisa-
Hus (HauObicTpediiero Cnycka) ¢yHKund u(x, V), OUYEBUEHO, J€KaT
B OTPHUATE]LHBLIX CEKTOPaX M ONPEIENsoTCsl TeMH 3HaYEHHAMM yraa ¢,
IPH KOTOPHIX B OKPECTHOCTH TOUKM (Xg, Vo) V (0, ¢)=0u U(p, @) << 0,
T. e cos(p@ -+ 0y)==— 1. DTH 3HAUEHUs paBHbI

By 2m -1
Pm = — p ”%
OTMeTnM, 4T0 HalpasjeHus HanObLCTPeHuiero Cnycka COBHajawT c¢ Guc-
CEKTpUCaMpn OTPULATENBHbBIX CEKTOpOB

B nasbHelimem Mbl 6yZem paccMaTpusaTh JWiUb Caydaid p =2, Korna
f7(z¢) 7= 0. Tlpn 3a1oM c0=»§f” (zo) u B,=arg f" (z,). B s10M cayuae

HMEIOTCA JHNIbL ABa OTPHHATEJBHBIX CEKTOpa, BHYTPH KOTOPLIX IPOXOAUT
auHus HaubsicTpeliniero cnycka dyukuuu u(x, v). Hanpasaenue waca-
TEJALHOM K 2TOH JHHWM B TOYKe 2, corjacHo dopmyne (49) onpene-
JIIeTCA yTJIaMHu

n, m=0,1 ..,p—1 (+9)

Bot-m
2

— — 0 -3
@O::——_“_— 11 @l::__igt__

= @+ (50)

OuesuIHO, BHOOP yraa @, Wil , ONpefeseTcs 3afaHMeM HampaB/eHus
HHTErPHPOBaHUsd BIOJL JHHAM HauObICTpeRero CRyckKa.

[lepefinem Tenepr K [OKa3aTeJbCIBY OCHOBHOH TeOopeMbl Merona
nepenaJa.
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Teopema 2. ITycms dynegue ¢ (2) u f(2)=u(x, y)+iv(x, y)
ABASWOMCS  anaAmudeckuMu 8 obaacmu ¥ u ydosisemsopswom cae-
OyouuAL YCA08UIM:

1) Iosepxuocms hynrguu u(x, y) useem ewympu 9 eduwcmeen-
HYI0 Ce0A08YI0 MOUKY 2o==Xq-+ 1V, nputens [ (24) # 0.

2y Cywecmsyem marxoe 8>0, wmo Ha auxuu L nocmoswuro20
3Haverus pyurynn v(x, ¥)="1v(x, V), #pox0odfmeil 1epe3 moixKy 2z,
8 060X OMPULAMENbHBLX CeKmopax amoil mouku @ysxuyus u(x, y)
gne §-oxpecmuocmu mouxu 2, ydosaemsopsem YcAoBUID

1 (xp Yo)—u(x, y)=h>0. G2y

3) /lpu mexomopos 3uauenun hyg>>0 cxodumca KpusoAuHelHblll
uxHmeapai
Vg (2)| ehou v ds < M, (52)
¢

20e wpusas C geauxos seycum 8 obaacmu 5, npudes ee Hawads-
Has (z1) U KOHeuHas (23) MOUKI PACHOAOIHCEHb. 8 PASAULHBLX OmMPU-
HaMeNsHbLX CEKMOopax IMO4YKIl 2, MaK, 4MO UX MONCHO COeOUHImMs
¢ Kpusoii L wpussimi y, 1 Yy KOHEUHOI OAUHEL, HA KOMOPLLX (BYHK-
yus u(x, y) yoosaemsopsem ycaoguw (51).

To20a 04 scex b= hy uneem secmo acuMnmomuyeckas gop.iyaa

F (M — S @ (z) eM @ = oM (20) {V~rf2%m 0 (20) ele,, A O(?r 3/2)} ,
c
(53)

n—98 »
20e cpm:J—QQ—]— mr(m=0, 1) u 8,=argf " (2,). Bubop snauenuns ¢,
onpenesser 3uHak B opmyse (53) ¥, eCTECTBEHHO, 3aBUCUT OT HalpasJe-
HAA HUTErpupoBanus BAoJbL Kourypa C.

HNoxasateabctso. Murerpan (53) ne m3MEHUT CBOEro 3HaueHus,
ec/ AeopMHPOBaTs Kpusylo nuterpuposanus C B xpusyio I'= L 4+ 9, + v,.
B cuay ycrosus (51) nas pHTErpastos HO KPHBGLIM Y; M Y, HMEET MECTO
olelKa

{ ¢ (2) e @ dz=et )0 (=), (54)

Yis3

Pacemorpum unterpai
FiW)={9)eM® dz (55)
L
Bsenem uHa kpupo#t L maTypanpHuii mapamerp *) s, npuuem Gynem

CYNTATb, 4TO TOUKE Z; COOTBETCTBYET 3HaueHne §=0. YpaBHeume Kpu-
poit L samiwem B Buae 2 =2(8). Ilpoussens B uHrerpase (55) sameny

*) Tlousitue HarypasibHOrO mapamerpa cM. BbI. 1, crp. 359,
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NEPEMEHHON UHTErPUPOBAHUS, NOJOKHB 2 == 2 (S), NOAY4HM
b
Fi0)=etete 0 { @ (90 0% ds (36)
rue -
DE)=0¢[zE)), U@ =ulx(s), y©)
d<a<<oo, 0<Ch<C oo

Whrterpan (56) ynosaeTBOpsieT BCeM YCJAOBHAM TeopeMsl 1, mpuueM
¢yHkius U (S) pocTuraer cBoero M3KCHMAaJbHOrO 3HaueHus B Touke § =0,
a2U '
= < 0.
d52 s§==0
Toraa coryacho (28)

F, (,V)ze;ynzo){]/ Y (O)CD(O)z (0)+O(7~3/")} (67)

W OCTaeTCs BLIPAsuTh BXoAsinue B (D7) BENMUMUHB! YepPe3 3HAUEHUs PyHK-
it @(2) u f(2) B T0uKe 2¢ Ouesnano, @ (0)= ¢ (z,). Tax kak
d2v

a

'agg L=O, TO
aU a* [z (s)] » dz)
= f()(ds) +f()dsz. (58)
Otcona B cuay (44) noayunm
d2U ” fd2 2 _
-CEZ— s=0=f (20) [(%)s:O] * (09)

Tax Kak B OKPECTHOCTH TOUKA 2y C TOYHOCTbIO A0 BEJHUHH BBICIIErO
NOPANKa MajnoOCTH MMEEeT MECTO  COOTHONIeHHE 2 — 2,=S$e!?, To
dz

dS s=0
Boli L B Touke 2z, Ho mo camomy crocofy mocrpoenus xkpusoi L xaca-
TeJbHa K 3TOH KPUBOH B TOUKE 2, COBMNANAET C HANpPaBJeHHEM HanGLICT-
pefimero wusmenenns ¢ynkunn u(x, y). Torza ua (50) man yraa ¢,
noxyyum opMyay

= ¢i®, § OCTAaeTCs ONpPEefE/NHTL HANMPaBJIEHUE KACATEJLHOH K Kpu-

n—=0
=" bma, m=0, 1, (60)
rae By=arg f” (2,), a 3HaveHue / ONPENeNseTCs HAMPABACHUEM WHTErpH-
oBaHus. 3aMeTuM, uTo el <0mn dz =1. T
ponani. , 3% |s —o dsls—o— '+ orAa  dopuy-
ay (59) MOXHO 3anmucaTh B BHIE
dU
=1 @)l (61)

Mrak, OKOHYATENBHO MOJNYYHM

Fy=ereo )/ s gGoeomt00-2),  (62)
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TA€ 3HaueHue yraa @, naetcad ¢opmyroh (60). 3Hax raaBHoro uJieHa
B npasol wactu (62) onpenendercs BLIOOPOM 3HaueHus M M 3aBUCUT
OT HanpasJeHnus HHTErpPuUPOBaHNs BAOAbL Kpuso# C.

CrenaeM psj savMeyaHuit [0 MOBOAY AOKa3allHOH TEOPEMSI

3ameyanue 1. W3 poxasannofi TeopeMsl Cchaeayet, uTo ecau obe
rpaHuyuble TOUKH 2y W 25 KPUBOW HHTerprposaHus C JexaT B ONHOM U
TOM %€ OTPHILATE/IbHOM CEeKTOpe CelJ0oBOH TOYKH 2y, TO A4d mHTerpaja (1)
¥MEeT MeCTO omeHka (54).

3ameyanue 2. B npuaowennix ocOBEHHO 4aCTO MPUXOJMTCHA Pac-
cMaTpuBarb uHTerpaan tuna (1) B wneorpannueHHol obaactu ¢ KpuBOH
uirerpuposanua C, yxodsiliei B Occkoneunocts. Y3 npoBeneHHbIX pac-
CMOTpPEHNH OUYEBHAHO, YTO B 3TOM C/ydde [LJs CXOAMMOCTH wuuterpasa (1)
Heo0XonNMO, uTO6b KpuUBAas HMHTETPHPOBALINS ,YXOAN/AA B OCCKOHEUHOCTH
B OTPHIATENLHBIX CEKTOpax CeanoBodl Toukn z, Ilpm stom Teopema 2
v dopmyna (53) coxpaHdioT CRIY.

3ameuaune 3. Teopema 2 Gnina n0KazaHa B NPEANOJONKEHHH, YT
TOYKA Z¢ ABJAAETCA EXMHCTBEHHON CEILN0BOH TOUKOH MOBEPXHOCTH (yHK-
und u(x, y) B obaactu & u f'(2)) £ 0. Ecau 31 npepnosioxenus
HE BHIIIOJIHEHBI, TO MOryT OBITb MPOBEACHH alaJOruunsie PacCMOTPEHHs,
KOTOPLIE TMPHBOAAT K 4ACHMITOTHYECKNM pa3noxeHnsm nurerpata (1),
noxoGusiM gopmyae (53). OnHako Korga B 06/1aCTH & nmMeerca IECKOIbKO
CeANIOBBIX TOUEK, TO BHIGOP KOHTYpa HHTErpHpOBaHUA TpeGyer Crelnasb-
HOro wuccienoBaius. Ecan KOHTYD HHTerpupoBaHns [MPOXOANT depes
HECKOJILKO CEINOBBIX TOYEK, TO aCUMNTOTHYECKOE pa3J/IoKeHne WHTe-
rpana (1) moxeT cOZepkaTb HECKOJbKO CJaraeMbx THila I[epBOro
uieHa (53), nMEeUX OfMH U TOT Ke [OPIIOK, YTO MOXKET CYIECTBeHHO
H3MEHNTL OKOHYATeJbHLIH pe3yJsTar.

PaccMotpuM psi npuMepoB IPHMEHEHNS MOJYUEHHBIX PE3YJabTATOB.

MMpumep 2. Acuunmomuuecxan ghopmyaa 045 yrryun Xankes.

Kak wussectHo *), ¢ynkuns Xaukens nepsoro poga Hy'(x) moxer
OLITh TIPEACTaBJCHA C NOMOLLBIO HHTErpaJja

'1’( )_._,_ g eixsinz—ivzdz’ (63)
¢

r1e€ KOHTYp nHTerpuposannsi C Ha KOMIUIEKCHOH IVIOCKOCTH 2 MEepPeXOAnT
T b1 T 3
U3 MOJNYHOJOCH — »J2~< Re 2 <,Q_ ,Im 2 > 0 B noaynosocy f§<Rez<§n,
T
Imz<C0 uepes Touky z,= > (puc. 1). D1a TOUKA ABASETCS CeAMOBOH TOY-
. s JT
Kol ¢yukunn f(2)==isinz B nosoce 0 < Rez<m, Tak kax J’ <7> =0,

/o
I \2) — i # 0. VKazadHble BbILIE NOJYNGIOCH NPeACTaBASAIOT COOOHU

*)Cum. A. H. Tuxonos, A. A, Camapckuii, Ypasuenus MaTemMariue-
cKoit (u3ukH,«Haykay, 1972,
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oTpullaTeabHBle CEKTOPH 9TOH CEAJOBOM TOUKM, YTO, B 4acTHOCTH, oGe-
CreynBaeT CXOANMOCTb JAAHIOrO HecoOGCTBeHHOro uHTerpana. Haiinew
aCUMITOTHYECKOE 3HAYEHHE 3TOr0 HHTErpasa MpH GOJBIIHX MOMOKHTE b-
HBIX 3Hauenuax x > | v Jlanaw# unterpan,
rie f(2)=isinz, @(2)=e '%,  oueBuaHo,
yunosiersopsier ycaosnsM Teopemn 2. Ilo-
STOMY /ISl eT0 BBIYKCJIEHHUA MOAKET OLITDL npu-

4 MeHeH MeTox nepesaia. Tax kak f'(2)=
- . b 3
=0 > 2= =icosz, 10 B nonoce — 5 <Rez<C 5
4
Zf? HaxomHurcs Julilb OJHa CeAJoBas TOYKA

jus

Z=- Mpu stoM f(zo) =i [ (2)=0,

L (z0) =1, 60=§§. YyuTbBasi HalpasJe-

npe  uHTerpuposanud, u3 (H0) mosayuum

Pue. 1. T
Pp=—" 3" OTMeTuM, YyTO 3TO HAMpPABJ/CHHE

COBMafaeT ¢ OHCTEKTPHCOH OTPUILATEIBHOrO CEKTOPa CEATOBOH TOUKH
e =
=" OKoHnyaTeJ b0 Ha OCHOBAHHH QopMyab (33) Moayuum

- o .m
=L ()BT o) =

= ]/%{e i %‘>+o <%/} (64)

dopmysaa (64) naxonmT BEChbMa LIMPOKOE MPHMEHEHHE [PHU DELIEHHH pas-
JUYHBIX 34144, B KOTOPHIX MPUXOAUTCH HKCNOJL30BAaTL ACHMMTOTHYECKHE
MPeACTaBACHHS UMAMHAPHYECKAX (YHKUUH.

MMpumep 3. Acumnmomuuecxas ¢opmysa 045 noauroxsos Jle-
acanopa *).

ByneM wHcxoguThb 3 MHTEFPAJILHOIO NPEACTaBAEHHS *¥) MOJIHHOMOB
Jlewanapa

A S
1 S el\n|2>(9

P, (cosf) = —_—
n ) a2 gV cos g—cos 8

dp, 0<<O<<m (63)

Kak »nerko supern, MopbiHTerpajibHas (QyHKUAS HMeeT HHTErPHPYEMYIo
ocobenHocTs npu @ = 6. Hame# uenpio ABAfETCA MOJMyYEHHE aCUMMTO-
THYECKOTO Bopaxenns ajsd QyHKuud P, (cosB) npu GoabUWIKK 3HAYEHHAX
nHzexca n. PaccMOTPUM aHAJWTHYECKOE MPOIOMKEHNE MOALIHTEr PaJbHON

*} Onpeaenenne nonarHoMos Jle:kauapa u uxX ocHoBHete coiicrsa eM. A. H. T -
xonos, A. A, Camapckulii, YpaBHenus mMartematuueckoil dusuku, «Hayka»,
1972.

**)y Cm. H. H. JleGepgesn, CrnenuancHele QyHRKOMH M HX TpUIOKeHHs,
FCoctexusgar, 1953, ctp. 76.
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YHKILHA Ha KOMMJGKCHYIO IIOCKOCTL 2 = x -+ iy

i<n~}——127>z
N 66
S ©9

DyHKIHAS W ABJSETCA aHaJIuTUYeCKoH B Bepxnel noaynaockoctu Im 2z > 0.
Hostomy uHTerpan no /o6oMy 3aMKHYTOMY KOHTYDY, LEJUKOM JEKaUeMy
B BepxHell IOJYIJIOCKOCTH, OT 3TOfl

¢pyukiun paseH nyswo. Brbepewm 3am- v/
kuytoit Kouryp #) I', cocrosmuit us
otpeska (y =0, —0=<Cx<=I8) nefi- -g+iH 6+il

CTBHTEALUOH OCH, BEPTIKAABLHBIX OT-
peskos (x = — 0, 0 <y <" H), (x =8,
0<C y=C /), uapanjenpHolx MIHMOH
oCH, ¥ 3aMbIKaoUlero TroOpH3OHTaJb-
yoro orpeska (y=~FH, —0=Cx<=I0)
(puc. 2). Kaxk serko Bugers, Ha I0-
_CACIHEM OTPE3KE MOMY/b

_.<,l+,,;1),> H -6 Z={] 7] z
(67)

e 2
1V cos (x FiH)—cos &/ Puc. 2,

lmvi:

IKCMOHENIHAIBIIO0 CTpeMUTes K Hyaw npu H— co. [lostoMmy, nepeiis
K npeneay npn H —co, nonyunm

. 13
I et<ll+—27)[p
= \ __/_______~____(](P=[1 —lf[2r (68)
28V cosp—cos 6
rue
/ 1y o »_r/,lv‘, I,\n Y
—i ) [ A
I =ie ‘\"wﬂﬂ S (69)
0 ) cos(h—iy)—cosh ~
u
1 %3 ——‘/n"! -
o (7
12=-—zel<’“2 y ¢ i (70)

0 |} cos(8-iy)—cosh

Ilns npubAUKEHHOTO BLIMNCAEHUS UHTerpasoB /; u /, npu 6oabwix 3na-
uyeHnAX # NPHMEHMM METOX nepesana. PaccmorpuM uurerpan /; (/, BeYH-

cnserca anaiornyno). ITosoxum y=1#* u o6osnauum n-+1,=~A. Toraa

u3 (69) noayynm

@ e
WA= —ie] =2 __l_/_t_dt___ 71
*) e J V cos (6 — if2) —cos 6 1

0

*) TIpn stoM ocoBbie TOWKHM 2= § 06Xom¥M MO LyraM OKpyKHoCTefl Gecko-
HEYHO Majoro pagHyca, KOTOpLI 3ateM yCTpeMmiseM K HyJlio.
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Wurerpan (71), ouesmano, ynoBiAeTBOPseT BCEM YCJIOBMAM TeOpeMH 1,

npuuem f(f)= — ¢ u touka f,=0, B KoTOpOH GyHKumMsa f(f) nocruraer
CBOEro MakcuManbhoro aHavenus f(0)=0, coBmajaer ¢ rpaHguHoH ToO4-
Ko# unTepBajad uurerpuposauns. Ilpu stom f'(0)= —2, a
JU
—i
Q)= lim et = ¢ 72)

i—0 Vcos (8 —it?)—cos b - } sin 6

Tlostomy no dopmyae (28), B KOTOPOH HAAO BBECTH AOMOJHUTENbHBIR

MHOXKHUTEb 9 TaK KaK TOYKa fy COBMAgaer ¢ rpaHuyHodl Toukofl wHTEp-
Basia MHTETPUPOBAHAA, MOJIYUYUM
T 1 —i
Y0=) e 00, (73)
} sin 6
OTKyZAa

7 1 S — T
e ]/_%_e—‘r+o(,z_3/2) (74)
<n —}—7‘;sin9 .

!
AHanoruuHo

1
T

2

Torpa nocne npocTeix MpeoOpasoBaHml, YuTa, uTO 1
§ 1
. oy

1
yaerca OT ~— Ha BEIWUHHY MopsiKa O (n—3/3), HoayYnM OKOHYATE/D-

o1/~

YK aCHMITOTHYECKy1o HOPMYNy /s MHOrou/ieHos JlexaHnpa, crpasen-
mmsyo mpu n>1 u 0<<O<<im

Py (cosﬁ)—}/ s[5 0= G Fo@n). ao)



NPUNOXKEHUE 2
METOA BUHEPA — XOII®A

JlaHHBIE METONL HAaXOAHT INUPOKOE NPUMEHEHME NPHW PEHIEHHM HEKO-
TOPBIX HHTErpPaJIbHbIX ypaBHeunH W PasJnyibiX KpPaeBhiX 3aaady MareMa-
TU4ECKOH (M3NKM C NOMOLIBIO HITErpasbHHX npeobpasosanuil Jlammaca,
dypre u pana apyrux. Ilepsonayanbuo s1or Merom Obl npuMeHeH
B coBMectHol paGote H. Bunepa » 2. Xonda (1931 r.)) x pemenuo
HHTErpajbHeX YpasBHEHHUH C 4APOM, 3aBHCAULAM OT Pa3iioCTH apryMeHTOB,
B C/y4ae MoJayGeCcKOHEYHOro HpOMEeKytKa

[oe]
u(x)=~r{v(x—s)u(s)ds+f(x).
0
B naspuefiniem ypasHenns nono6Horo Bpaa paccmarpusaincs B. A, ®o-
koM *), BHecwnM GO/bLIION BKJAX B Pa3suTne o6IUX METOAOB UX PEHICHHS.
O6mnit MeToxn pemieHns GYHKIHOHAALHBIX YpasleHu#, noayuyusmini
Ha3saune Metona Buriepa — Xonda nan merona daxkropusauny, 6bia ¢ ycre-
XOM HCHOJL30BAH [P pEWeHNH MHOTHX 3anay AMpPaKuud U Teopuu
YIOPYFOCTH, KDaeBIX 3aiau [Js YPaBHEHUs TEMJIONPOBOANOCTH, UHTErPalb-
HEIX YPaBHEHHH TeOpuH Mepeloca u3siydyeHus (Tak HaseiBaeMas npobGaema
Mmnana) 1 MHOrEX apyruxX 3azmau MmarteMmartnueckol duanku **). He crass
CBOEH 1eJbl0 CTPOroe MareMaTuyeckoe o0ocHoBanue Merona BuHepa —
Xomnda, MM H3MOWHUM €r0 OCHOBIYKW UICKH Ha NpuMepax peluchus psaia
NPaKTHYECKH BAXKHBIX 3a7ay.
1. Bsoxgnble 3ameuanus. Haudem ¢ wHasomamnx cooGpaxkenui,
WIAIOCTPUPYIOIAX [PUMENEHAE METOJ0B MHTerpaJibiblX [1peobpa3oBani
Py pelieHun KHTErpaibHbIX ypapHenni. PaccMoTpuM nHTErpajbHOE ypas-

HEHne Bulia
5]

u(x)y==»~ S v(x —s)u(s)ds+ f(x) 48

—0

*) B. A, ®ok, O HeKOTOpHIX HHTErpaibHBIX YDABHEHHSX MaTeMaTHUeCKOH
dusnku. Mamen. cboprux 14 (1944), crp. 1.

**) Boaplioe KOJNHYECTBO MPUMEDPOB NpUMEHEHHS MeToga Bunepa — Xonga MoxHO
naittu B xuure B. Hofina, rpe npusegena poctatouno noapobuas Gubanorpadus.
(5. Ho 6, Ilpumenenne meroga Burepa — Xonda gas pelerns 1udxbe peHIHANBHEIX
ypaBHEeHHH B 4acCTHBIX Ipou3BOAKEIX, MJI, 1962.)
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C aapoM v (x —S§), 3aBHCALIMM OT Da3HOCTH aprymenTtos. Mpr He Oyaem
31eck HCCAEN0BATL YCAOBUH Pa3peliMOCTH 3TOTO0 yPAdBHEHWs W NPOBO-
auTh OOOCHOBAHHE METOLOB €ro peulenus, a Jullb YKakeMm, 4YTO 41d
ACHCTBUTEIBHBX 3HAYEHHH A MPU BHMOMHEHWH YCJAOBUH

o)

Vi f(x) 2de<< A 2 g lv()]dt < 1, )

—Co —Q0

rae A - MmpousBo/pHOE (MHKCHPOBaHHOE uHCHO, ypasueHue (1) nmeer
enuncTBeHHOe pewieHne *) u(x), uHTErpupyeMoe ¢ kBaipatoM B Gecko-
HEUHOM [POMENKYTKE

xQ
S Ju(x) 2 dx << c0. 3)
Bygem cuutarh, uTO CYmECTBYIOT npeo6pasoBannd Oypbe ¥¥) Bcex

(dyHKUMA, BXOIAmUX B ypasHenue (1):

o]

U0 =g ueeas @

V (k) = —— oiv(t) ekt gt, ()
ZJT —‘oo

Fb)=1p \f(v) £t dy., (6)

1 ikxy
Torpa, ymuoxwus (1) Ha wE e'*¥ § NpPOHHTErPHPOBaB MO GECKOHEYHOMY
21

NPOMEKYTKY, NOJYUUM

Uk) =F (k) - - \ ek \ v(x—s)u () ds=F (&) +1 (k). (T)
} Qn:w o

—
MamMeHus B MocJeTHEM CAaraeMoM NOP41IOK HMHTErpupoOBaHud, npeactaBuM
3TOT WHTETPal B BUjie

o0}

](k):r% \'u(s)ds

J L2

ety (x —s)dx. 8)

[
8/8

CrenaeM 3aMeHy repeMeHHOH MHTErpupoBanus, nojokns x —s==¢. Torna

*) TlonpoGuo 10T BONpOC H3Jd0KeH, HanpyMep, BKH.: B. T utuma p m, Beegenne
B TeopHio nuterpatos @ypee, Tocrexusgar, 1948.

**) OnpegenieHne npeoGpasosanust Pypbe H ero oCHOBHEIE CBOHCTBA CM. BBIIN. 2,
cTp. B18.
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B cuay (4) u (D)

\|>’

1) = gzz(s)e”“ds \‘v(l)e”‘”er-),]/ RUMBVE. (9

o

V

T

dopuyaa (9) @acTHueCKH 03HAUAET, uTO B CJAydae MPeoGpa3zoBaHHs
dypbe cnpaseniiba GOpMyaa npeoOpa3oRaHus CBEPTKH, MOJydeHHas HaMpy
IJi5 OAHOCTOpOMHero npeodpaszosanns Jlansaca (cy. crp. 223).

Teneps dopmyay (7) moxHO nepenucars B Brie

U(k)=F (k)--1V2n U () V (k). (10)

Wrak, ¢ nomouiso npeobpazosanus Pypbe 11aM yaanoch CBECTH pelie-
HHE HCXOJHOrO MHTerpaabHoro ypasuenns (1) K pelieHno airebpanueckoro
ypasHenns (10) maa npeo6pasosanus $Pypoe uckomoro pemenns. Peute-
HUe MOCJCIHEr0 YPaBHEHuUs HE NpPeAcTaB/IseT TPyAa:

F (k)

U(k)zl-—m AV (k)

(1

Tem cambim rpeobpasoBanue ®ypee (11) pelnenus HCXOAHOTO MHTE-
TPaJbLHOrO  ypaBHEHUs. OKJ3a/J0Ch BHIPAXKEHHhIM uepe3d Mpeobpazosaiua
®ypre 3amannbX  QYyHKUMH —41pa ¥ OPaBOH HaCTH  ypaBlEHHS. Camo
pelienne MOXeT OMTH JErKO BRIPAXKEHO yepes ero npeo6pazonanue Pypoe
C MOMOIILIO H3BECTHOW opMyasl obGpaTHoro npeobpaszosanus *):

u(x)-*—l—

)

} 1T Freit
U (k) e+ a’k = — dk. 12
Uke ) 21 _Sool—u 23V (k) (12)

é{/‘g

dopuyaa (12) gaxruueckn pelwaeTr 3ajpauy, OANAKO OlA ne Bceraa ymnoOua
/51 UCTIOIR30BaHIA, TAK KaK TpeGyeT BLIUKCICHHs ApeoGpal3osanus dypoe
F (k) ana xaxno# npasoli vactu f(x). Bo mHormx cayuasx GoJee ynoG-
HhIM OKA3HIBAETCS [MPeICTaBieHde pEIeHHs HeOXHOPOAHOrO HHIerpals-
HOrO ypaBHEHUs uYepe3 A1p0 (pe30.4s8eHNLy) NCXOLHOTO YPaBHEHIS:

u () = f(x) -1 3 g(x—3)f(s)ds. (13)

YroBel nmoJayunth tpefyeMoe npeacrasneHue, 3ameriud, uro dopumyna (10)
moxeT GelTh npeoGpasoBana K BHAY

U (k) —F (B =LV 2nF (k) G(k), (14)
rne
V (k)

Gh)=——
(%) 1—4) 2n V (&)

(19)

*) Ca. BbIN. 2, cTp. 518.
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M3 cootholenns (14) ¢ nomouisio ¢opmyasl o6patHoro npeobpaso-
Banus (12), zameuass, uto B cuay dopmyas (9) opurunansoMm QyHKUHM
V' 2n F (k)G (k) spaserca dyuKius

| g(x—9)/(s)ds,
rpe
g(t)=——,l_2,—h:_g G (k) e-* dk, (16)
Moy 4nM
u(x)=fx)+r | g(x—9)7(s)ds. (13)

Takum o0pa3oM, A4 oOnpeaeseHUs DEIeHHs HCXOZHOIO0 HHTErpalpHOro
ypasHenus (1) pocrarouHo Ha#Th dynkuio g(f), onpeaesenuyn Qopmy-
aoti (16).

dynkuns g(f) npeacrasaser coboil pemenne ypasHenus (1) npn cre-
nuanbHom sune dynxkunu f(x). HeitctBurensno, uz ¢opmyn (11) u (15)
caenyer, uro npu U(k)=G (k) dyukuus F (%) pasna V (k). 310 o3ua-
-uaet, 4ro pemenueM ypasHenus (1) npu f(x)= v(x) aBadercs QyHKIUsA
u(x)=g(x), 1. e. pe3onbBeHTa ypasueHns (1) ypoBieTBOpsieT HHTE-

FPaJbHOMY YPaBHEHUIO
o)

gx)={ v(x—9)g(s)ds+v(x). (17)

—0

Hpumep 1. Pewnts unrerpagssHoe ypasHeHne

o)

u(X)=»x1\ v(x—s)u(s)ds+f(x) (18)
—0
rae
v(f)=e %7 a>0. (19)
Hatizem dynxumo g (f), 41 Yero BHIUHCANM
o
1 Y o 1 200
Vk = == e—“”\ lktdt:—,: . 2
(k) Von _500 ¢ J 27 o2 +-k2 (20)
Torpa no dopmyne (15)
Gl=—T B L P2 1)
I—AV2nVR) Von 24-u2—2al
OTKYAa
e 1§ ekt
— —ikt g =\ %
8= SG(k)e dk = S gz, Uk (22)

—0 —00
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o
[Moaoxum, uto h<§—_ Torna wunrerpan (22) uMmeer CcMbICA ¥ Jerko

MOWeT ObTh BLIYKC/AEH C [OMOLIBIO TEOPHH BHIYETOB IyTeM NPHMEHEHUS
aemmbl 2Kopaana. ITocsie npoOCThX BLIKAAAOK Hahaem

il Va2 2ah

V a2—2ah

g)=a (23)

1, OKOHYATeNbHO,

[ee]
() = () - S e—ix—s VoI, £ (5) ds. @24)
J o2—2ah

WUrak, npumenenue pacCMOTPEHHOFO MeTONa, CBOISIIETO pelieHne
HCXOANOTO jHTerpaabioro ypaelienus (1) K peuienuro aareGpanyeckoro
yparnenus, OBIJIO  CBSI3a1I0 C BO3MOXKHOCTBIO MPpUMEHCHNA Ilp€O6DHSOBa-
Hud <I>ypbe K BXOJAIIHM B 3TO Yypasueuume (bYHKlIHﬂM Hn UCIO0/b30BaAtINAg
dopmyant  cseptki. Hamelt Gankafimeli nesislo AB/9eTcsl epeHeceHne
paceMarpyBaeMpiX METONOB HA pCIUE€HNEe MHTErpaabHbIX ypaBHCHI/Iﬁ C sSLApos,
JaBucsiM 0T pasHOCTH apryMeHros, B CJjaydae HOJI)’6€CKOH€‘IHOFO 1po-
MEeKyTKa

[oe]

u(x)=~» S'v (x—3s)u(s)ds+ f(x). (25)
0

OnHaxko AJs 3TOT0 11aM MOHANOGATCS NeKOTOPhie aHAJIUTHYECKHE CBOM -
crBa npeobpasopanus Pypbe, B yaCTHOCTH OnpeneseHue objacTedl ana-
anTHuHOCTH 1ipeoGpasosanus Pypbe dyuxuni geficrsuresbiiofl nepemen-
Hoif, kak yOBIBAIOILMK, TAK M BO3PacTaromnX la 6GeCKOMSUHOCTH.

2. Anaautnueckue cBoiicTBa mnpeoGpasopanuss Pypne. Ilycts
dyuknus  f(x) onpeaesena NpH BCEX 3HaueHusx — oo <C x < oo, Pac-
cxorpum npeobpasopanne Pypre 310l DyHKiEy

0
1 ; p
Fhy=—1_ S Fx) e dx. (26)
Von
. —c0

Tlpu srom OynmeM cunTaTh, YTO MapaMeTp £k, BXoaawui B npeoBpasosa-
nwe (26), BooGule roBOPS, MOMXET NPHUHUMATE M KOMIJEKCHBIE 3HAUEHMS.
ITocrasum Bonpoc © ceo#icTBax ¢yHkuun F (&), paccmarpuBaeMo# Kak
¢yHKIEA KOMIIeKCHOH nepeMennoft k. Ilag 3toro npeiacraBuM (yHKLUHIO
f(x) B Bume

F(X)=F () + 1= (), (27)
rae ¢yuxaun fo(x) n fr(X) COOTBETCTBEHHO PaBHbI
N f(x)) x<0; . 0, .’C<0,
f_m—{ o x—g S9= {f(x)’ =
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[TpeoBpazosane ®ypve F (k) dynkuwing f(X) npn 310M, OYEBAIHO, PaBHO
cymme npeodpagosauuii dypee F.(k), F_(k) dyukuui f.(x) n f-(x).
Mur BoisicHuM ananuruueckue csoficrsa dyuxuun F (k), yCTanoBus auasu-
Tudeckne cpoficta ynxuni Fy (k) u F_(k). Utax, paccmorpus dryHKILI0

0, x<C0, oo
Ji(x) :=I (28)
| f(x), x>0
Ee npeotpasosanuen Pypre sBasercs dyuxuns
[e=]
Fo(h) ==\ f.(x) " dx. (29)
1" 2r .

0

[ToBropss paccyxaenus teopem 8.1 u 8.2, nerko 110Ka3ath, 4TO ecC.iu
dyukuusa fy (x) yIOBACTBOPHET YCJIOBHIO

| fi () | <<Me™* npu & — o0, (30)

To yuxkuus F. (%), onpeienennas dgopyy.roi (29), aBaseTcs aHaanTHue-
CKOH (yuxuuefi Komnnekciofi nepevmennofi £=o-it 8 obiactn Imks >
> 1., npuuen- B 310# obaactn Fy(k)— 0 npu |kl — oco. C nosyoubio
paccykienuil, aHaJOTMUHBIX LPOBEIEHHBIM B Teopeme 8.3, MOKHO mNOKa-
3atb, 4to yHkuun fi(x) u F. (k) cBg3ausl oOpatiblM COOTHOIUEHHEM:

oo-iT
y

Jo(x) = F. (k) e dh, (1)

1
on
—co--{T

rJ1e MHTErpUpOBAIIME TNPOM3BOINTCA 110 /moBofd npsMo# Imkék=1t>1_,
HapannejsbHOR ACHCTBUTEALHOH OCH Ha KOMILIEKCHOH IJIOCKOCTH A.

Mpu t_ << 0 (1. e. 1as yOuIBalONINX HAa G2cKoHEUHOCTH PyHKIuH f(x))
062acTh  aHaAMTHUHOCTH (ynkiuy F, (2) cogepsur 1eHCTBUIENBHYIO OCh
u B (Qopuyse (31) MOXKHO HPOBOIUIL HUTErPHUPOBAHUE BOJb AeHCTBU-
teapHolt ocu. Ecam T_ >0 (1. e. dyuxuua f, (x) pacrer na Gecroiey-
HOCTH, HO He OLICTPEE, YeM 3KCIIOHEHTA ¢ JHIIRHHHM [MOKazaTeseu), TO
o6aacthb auaautHanocTd  dyukumu F (k) aexur uHal AeHCTBHTEALHOH
0CbI0 KOMIIEKCHOH NJOCKOCTH & (IPH 3TOM Ha OeHCTBUTCHBHOH ocu &
unrerpan (29) MOKET PacxoauTben). ANANOTHuHO, ecan (hYHKILUs

f(x), x<0,
() == 32
/- () { 0, x>0 (42)
YIOBAETBOPSIET YCJOBRIO
fo(x) << Me™* npu x — —- 00, (33)
T0 ee lipeobpasosaHue dypoe, (PyHKILNA
0
1 ks
Fo®=grz= | [ (oyetdz, (34)



METOd BHUHEPA — XOII®A 273

ABASETCS aHATUTHYRCKOH (PYHKINEH KOMIJICKCHOH mepeMenHoii & p oBaa-
et Imk<C7t.. Pynruns f-(x) BHpakaercs uyeped GyHKuHo Fo(X)
C HOMOUILIO COOTHOWIEH!S
o4 IT
Jo (%) = S F_ (k) e"i®~ dk, (35)
I,’ 231_001_}_ it
rie I mb=1<<7..

Ecan 1, >0, to obnacts avasuTuynoctd ynxunn F_ (k) cozepxur
NEeRCTBUTELIYIO OCh.

Ouesnato, 1upu T-<<Ty Gynkuua F(k), onpeaeredHas 1o ¢op-
MyJae (26), aBadeTCcd auaanTHYECKOH (YHKuHeH KOMIIIEKCHOR llepeMeH-
HOl & B nojoce T-<<Im k<< 7. Hpn aton fpynkuun f(x) n F (k) caa-
3annl obpatHuiM npeobpazosaiineM Pypbe:

oo 4-IT
»

flx) =1 F (k) % dk, (36)
Vom d
—O—+1IT

rie UHTEerPHPOBAHNE NPOH3BOAMTCA 110 Jwboil npsaMOf, MapaineabHOH
HeHCTBATE/ABHON OCH KOMNJIEKCHOHM MJMOCKOCTH R, nexaule# B noaoce
T <lmk=7<7.. B uacrnocrn, npn 1-<<0 1 1.> 0 dyuxuus F (k)
ABJACTCA aHaNNTUYECKOH B 1040Ce, codepwainefi AeHCTBUTENbNYIO OCb
KOMIJIEKCHOl TIMIOCKOCTH A.

Tak, ¢yukuns V(x)=e—** npn >0 obdsaiaer 1peodpasosa-
HueM dypbe

20

Vih)y=——. 2 (37

[ on TR

ABJSIOUNMCS  aHaAuTOdMecKo#  (yHKiel KOMIICKCHOH TepeMeHHOH £
B nojaoce — o< Im &< a, colepxauiei eHCTBHTEALUYIO OCb.
IMepeitaem Telepb K H3J0XKENUMIO OCHOBHOH Iiaew MeToaa Bunepa —
Xonda. Mbl mpoieMOHCTPUPYEM ee cHaua/ia 1id NpiuMepe PelieHus nurer-
paJbIIOro YPaBHEHHs CHEeuHasbHOro THIA.
3. UnTerpanbHple ypaBHEHHMS ¢ SIPOM, 3aBUCHILAM OT PA3HOCTH
aprymedtoB. Haunem ¢ paccMOTpeHMs o0ANOPOMIOrC  lIHTEr pajabHOro

ypaBHeHHS BHJA
(o]

w(x)=hr{ v(x—s)u(s)ds, (38)
0

SIAPO  KOTOPOro, (yHKUMsl U (X —S), 3aBUCUT OT Pa3HOCTH X —§=§ U
onpeseneHo s BCeX 3HAUCHHHA CBOEro aprymeHra — oo << &< co.-
Pelnenue 3Toro ypasHeHHd, OYEBMAIIO, 11aXOINTCA € TOYHOCTBLIO AO 1IPO-
M3BOJNLHOFO MHOXUTENS; OH MOXeT ObTb HaflieH W3 NONHOJHHTENbHBIX
ycJaoBHH  3al1aud, HaupuMep ycjaoBu#i HODMHDOBKM. bynem cuntath,
yro ypasHenue (38) onpexenser ¢yHKunio u(x) L BCEX 3Hayenni
nepemenioft X, Kaxk 1OJOKHTeJbHbIX, TaKk U OTpHUaTenbHLX. DBpexem
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QyHKUAN - U 1L

__[u(x), x <0, _{ 0, x<<Q,
ll_(x)#\l 0, x>0, uy (x) = 0(x), x>0, (39)

Quepunuo, u(x)=1u,(x)-+u-(x), n ypasHeuue (38) MOxHO mepenucars
B BUIE

tz+(x)=?»§ov(x—s) u,(s)ds, x>0, 40)
0

u,(x)::hliov(x——s)tq(s)ds, x < 0. 41
0

To ects dyHKuua 1, (x) onpenensercs U3 PeUIElUs MHTErPajibHOrO ypas-
netug (40), a Jynuxuns u_(x) BHpamaeTcs yepes QYHKUMM 4. {(X) W
v(x) ¢ uomoupio Ksaapatypuo# dopmyast (41). Tlpu stom nmeer mecto

_ COOTHOHIEHnE
oo

s () Fu- (%) =4 v(x —s)u, (s)ds, (42)

0

9KBHUBAJCHTHOE KWCXOAHOMY ypaslienuio (38).
Iycts dynxuns ¢ (§) yA0BACTBOPAET YCJAOBHAM
lv (€)' << Me™® nmpn E—>oco

43
' D<Mt mpu E>—oo, )

rae 1_<<0, 1. >0. Torna ¢yuxuus

xQ
1 \ ;
V (k)= —— S v(E) s gt 14
(B =5 | 0@ dt (44)
—0
ABASETCS aHAMUTHYECKOH B noJtoce T_<Imk < 1.
Bynem nckarte pemienne ypasuenus (38), ynosaersopsiomiee ycaosuio *)

|, (x)| << Me*™ npn x — o0, (45)

rae p<<T, llpn 3TomM muTerpannt B npapbix uacrsx CooTHoweHud (40)
u (41), Kak HeCAOXKHO IPOBEPHUTDL, SBJAAIOTCA CXOASIIUMUCA, HpPAYEM 15
dyHxuun #_(Xx) UMeeT MECTO OlelKa

lu_(x)] << Moe™¥ upn x — — co. (46)

Ua ycaosuit (43) u (46) caexyer, uro npeobpasosatine bypre U, (%) u
U_(k) dyuxunit 7, (x) u u_(x) FBAAIOTCA AHAJMUTHUECKAMH (DYHKILUAMHU
KOMIUIEKCHIOH nepemenHoli & npu ImA>p u Im k<1, coorBercTBEHHO
(na puc. 1 nis ONpENREHHOCTH IOJOKEHO W T ).

*) Msl He ocTaHaBlHBAeMCSl Ha [OKa3aTelbCTBC CYMECTBOBAHNS pelIeHHS
ypaesenust (403, ofaajaouiero ykasasHelM cBoficTBoM. [TogpoOuee cm., namnpumep,
LHTHPOBAlHYI0 Belwe CTatbio B. A. ®oka,
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Tlepefinem temeps K peHTeHRIO HHTerpajbHOrO ypasuenns (38) uam
SKBUBAJICHTHOrO eMy ypasheuus (42), nas dero BocnoassyeMmcs npeofpa-
sopauneM ®ypne. C nomowsio dopmysan (9) npeoGpasoBanusi CBEPTKR,
B CNIPaBeAJIMBOCTY KOTOPOH B paccMarphBaeMOM C/ydae no/yGecKOHEuHOro
NPOMEKYTKE Jerko yOeldnTbCs HEMOCPEACTBElHO, noayyuM us (42)

U, (k) + U_(k) = V200V () U, (B),
48051

L(R)U, (k) + U_(k) =0, (A7)
rae

L(k)=1—12aAV (k). (48)

Wrax, ¢ nomomnio npeoBpasosaiinsg dypre Mbl OMITh NEPEHLTH OT
HCXOHOTO NHTErPANbHOIO YPaBHeRHs K aare(paHyeckoMy YpaBHEHWUIo RJsi
npeoOpazosanuit. Onnako terepb B ypasHeuue (47) BXOAAT yXe ABE He-
ussecTunbie pyuxunu. Boobuie rosops, uz ognoro airebpanyeckoro ypas-
Henud HeJb3s ONHO3HAuING ONpele/uTh Ane
neussectHoie Qynkunn. Meron Bunepa — Uy (r), Lo(r)

Xonda nozpossier PeNTb 3Ty 3ajauy A
onpenejennoro knacca ¢yuxunit. Oun B nep-
BYIO O4Yepeib CBsA3aH C u3ydeiimeM obJjacreil
AHAJMTHYHOCTH  BXOIANIMX B ypaBHeHWe
(YHKUNH W chellHadbHBIM  NpeNCTaBAEHHEM
storo ypassenws. OcCloBHAS HIES MeTona
Buuepa — Xonda 3ak10uaercsd B cAenyoleM. ViK)

Ilycte ymanoch mnpeacTaBuTh  ypase-

Hue (47) B BuIe Imx=1t.

L, R U, (k)=—L_(R)U_(k), (49) U (x), L(%)

rae J€Bas 4acTh sBJSETCH aHAJIUTHYECKOH

B BepxHe#l nosynaockoctu Imk >, a npa- Puc. 1.
Bas — aHaMMTHYECKOH B HmKHell Moaynaoc-
koctn Imk<C7T,, npudeM U< T, TaK uTo CYUIECTBYeT 00Hias HOJI0CA
anajrtaanocty 3tux GyHkund p < Im & << v.. Toraa B cuny einHCTBEHIIOCTH
AHAJMTHYECKOT O NPOXO/KEHNS MOXKIO YyTBEpPXKIATh, UTO CYLIECTBYET eAnl-
cTBeilas lesast (pyHKINS KOMIIEKCHOMH nepemeHHOH, cosnajaromas ¢ aesofi
yacthio (49) B Bepxue# u npasok yactero (49) B HibKHEH NOJYHJIOCKOCTH
cootBercrBenHo. Eci npu 3TOM n3peCTHO, YyTo PyHKILMM, BXOAsiLKe B (49),
pacTyT Ha GECKOHEUHOCTH He GICTpee, YeM KoHeYHan creneHs R, T0 B cnay
teopeMsl JluyBuasIa JaHHas uenas (QYHKUUA OMPEREJAETCS € TOYHOCTBIO
10 TMOCTOSIHHBIX MHOWHMTEaeH. B wactHOCTH, B Caydyae OrpaHNYeHHOH
Ha GeCcKOoHeyHoCTn (PyHKUMH MOJYYnM

L, (k) U, (k)= — L_ (k) U_ (k)= const. (50)

Imri=17,

Imi=pe

Orcropa dyskuun U, (k) w U_(k) onpegeasorcs OXHO3HAUHO.
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Wrak, npuMenrM NaHHYI0O CXeMy K pellienuio ypasHenus (47). Y3 mpo-
BEICHHBIX BBpILE paccMorpenudt cjienyer, uTo 06JaCTH aHAJIUTHYHOCTH
Gyukung U, (R), U_(k) n L (k)=1 —71/ 274 V (k) cOOTBETCTBEHHO Npefi-
CTaBAsioT co00H BEPXHIOW MOJYILIOCKOCTh I 2 > U, HIDKHIOW [MOAYIIO0-
ckoCTh Im k<t ¥ nonocy T_<Imk<C71_. TeMm caMbiM 570 ypasilenue
cnpaseaanBo B nonoce ¥) w << Im k<< 1., aBamsomeics obulell 061acTbo
anaNUTHYHOCTH BCEX BXONANINX B 3TO ypasuenne dyuxuni. g npeos-
pasoBaHns ypasheHus (47) x Buay (49) npesnoJomuM, uTO BO3MONKHO
pasnoxenue ¢ysxunu L (k)

Loy =1, G1)

rae ynkuun Ly(k) n L_(R) ssnsorcs aHamutuyeckumu npu Imk>p
n Im k<< 1, coorBercTeeHHO. KpoMe TOro, Mpemrno/oxuM, 410 B 06sa-
CTSX CBOEHM aHaJUTHYHOCTH 3TH (YHKIMK HA OeCKOHEYHOCTH pacTyT He
OricTpee, ueM k", e 7 — HEKOTOpOe MOJOXHTENbHOE neaoe yucao, Pas-
Guenne (1) ananurtnyeckoil dyHkumn L (2) oObluno HasnBaeTcs ghakmo-
pu3ayguell. Bo3MoKHOCTL (PAKTOPH3AUMN 3aTaHHOH AHAMMTHYECKOH (YyHK-
WHH KOMRJEKCHOH repeMenHoli OyrmeT o0ocnoBaHa Hume (CM. JgeMMbl |
n 2 Ha crp. 279, 280).

Wrak, B pesyibTare (aKTopH3anmm uCXOANOE YDaBHEHHE NPHBEIEHO
K BURY

Ly (R U, (k)= — L_(B) U_(k). (49)

W3 npeamaymux paccMoTpenuit creayer, 4To OHO OMpene/seT HeKo-
TOPYIO LeJYI0 (YHKHHIO KOMIJIEKCHOH NepeMeHHo#t 4.

Tak xax U4 (R)—> 0 npu k| —>o00, a Ly (k) pactyr Ha OecKoHeu-
HOCTH, KaK KOHEYHas CTeNeHb &%, TO JaHnas uejas QyHKiHs MOXeT OblTb
JAUlb noanHoMoM P, 4 (k) ctenenu ne BwIle n— 1.

Ecmn ¢dynknun Ly () pactyr na OeCKOHeUHOCTH, JHUIb Kak Hepsas
cTereHs mepementiol &, 1o u3 cooTHouteHu# (50) B cuay Teopemsl JIny-
BHJLAS CJe[lyeT, 4TO COOTBETCTBYIOILAs neaas QyHxiis ecTb nocrosHHas C.
Torpa ang wemssectikix Uy (k) u U_ (k) moayuuMm BrIpaxeHuns

C C
Us® =g U-B=—17

(52)
onpefeaswiine npeobpazosatus Oypbe HCKOMOro peleHus € TOYHOCThIO
40 NOCTOAHHOLO MHOKUTENd, KOTOPHH MOWCT OuTh Haégen xord Oul u3
ycaoBuil HOpMHpOBKH. B o6ieM ciaydae BhlpameHus

P, (k n (K
U= U= — P

(53)

onpedensior npeo6pazosanus Oypbe HCKOMOTO peleHHd HHTEFPAibHOIO
ypasyenust (38) ¢ TOUHOCTBIO [0 HEONpeneNeHHHIX MOCTOSIHEX, KOTODHE

*) Mbl A9 onpeleJICHHOCTH MOJIOKHM I >>T_. B npoTusHoM clyuae oOuwied
062acTpi0 aHAIHTHUHOCTH OyJeT rnojoca T_ << Imk < 1.
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MOWKHO HalTH W3 AONOJHMTEJALHBLIX ycnoni sagaun. CaMmo peilleHue onpe-
JeaseTcs ¢ NoMowbl  o6patHoro npeobpasosanns Pypee (31) n (35).
Paccmorpuy npumep NMpuMeHEHHS H3/IOKEHHOTO METOJa.
ITpumep 2. PaccMOTpHM ypaBHeHHe
[o=)
n{x)=»n Se—lx—s‘u (s)ds, 34
0

21p0 KoToporo umeet sui v (E)=e—IEl
Halizen npeo6paszobanne dypoe dynxunn o (E):

=1 ¢ ikg :—~2 55
V(k)—mjmwa)e = (55)

byuxuna V(%) (55) sasasercs aHanuTHYeCKOH (YHKUKMEH KOMMJIEKCHOH
nepemeHHolt k B nosoce — 1 < Im A& << 1. Tlpeacrasum BbIpaXkeHue

L(k):l—}/%k\/(k):fez———??:%—ﬂ (56)
B Buge (91), rue
L+(k)=fi"k(_2+_.ki"‘l, L_(B)=k—i. (7)

Gynxuna L, (k) B (57) sBAfeTCS auaJnTHYECKOH M OTJAHYNOH OT HyJIs
¢dyukuvet £ B oGaactu Im k>Im} 25— 1. Tpu 0<?»<~é—- aTa 06~

AacTh onpepedsercs ycaosuem Im % =71/ 1—2), npuuem 1 —2} =<
=sp << 1. llpn ?»>~;- dbyuxuas L, (k) asasercd anajiuTHYeCKOW U OT-

JauyHol or Hyns B objaacti Im k£ >0. &ynuxuus L_ (%), oueBnaHo, mnpen-
craBisfier cOGOH OT/AMYHYIO OT HYJS aHAJIUTHUECKYIO (YHKUHIO B 06JaCTH

Im k<< 1. Hostomy mpu 0 << A< é 0o0e (YHKINH YIZOBJETBOPSOT Tpe-
OyeMbiM ycaoBuaM B roJoce p<< Imk<T L
Ipun —% < A ofuieti obsactThio asamuraunocTH dyHkuus Lo (k) n L_ (k)

sBasercs nodoca 0 << Im k< 1. Takum o6pa3om, HeoGXOAMMas PaKTOpHU-
3auns ¢GyHkuouu (56) npousseneHa.

Paccmorpnm  Beipawenus U (k) L+ (k). Tax xak Uy (B)—>0 npu
|k |—co, a Ly (k), coraaciio (57), pacTyT Ha OECKOHeYHOCTH, Kak Mep-
Bas cTeneHn k, 1o uenas yukund P, (&), cosnamaiomas ¢ U, (&)L, (k)
npu Imk>p n ¢ U_(R)L_(k) npu Imk<C 1, moxer ObITb aulIb MOAH-
HomoM Hyseso# creneHn. IlosTomy

U, (B L, (B)=C. (38)
Orcroga

ki .
U, (k)=C k2_——25:7\,£——ﬁ (39)
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u, corjaacHo (31),
c oo-{.— iT k+ .
— t —ik
u, (x)= Vo S Eo@—1) ¢ *dk, (60)

—0 -+ T

e p<<t<<l.

g souncaenns waTerpasa (60) MOXHO MNpUMEHHThL MeTOmbl IV 5.
3aMKHYB KOHTYp uuTerpuposanus npu x >0 ayroit [oayoKpyKHOCTH
B HIDKHEH NOJYIJIOCKOCTH ¥ OLENMB MHTErpas M0 STOH Ayre ¢ MOMONIBIO
seMMbl 2Kopjana, nocae 2JeMelHTapHBIX BLIYHCISHUE NOJIyynM

sin ) 2A—1 x}

ugxyzD{wsvaa1x4- . (61)

1
rae D — Hosas mocrosuuas. Hpu O,<?»<7 3TO pelleHne KCIOHEHIH-

1 : :
aabHO BO3pacraeT ¢ pocroM X, Npu »2—<7»<Oo-orpalmquo Ha Oec-

KOHEYHOCTH.

Wrak, yxe mnpumep pelseHds OJUOPOANOrO HHTErPajiblIOr0 ypaBHe-
nus (38) BHMBJSET OCHOBHYIO Wielo Meroxa Bunepa — Xolda, 3axiiouaro-
HYIOCsl B MPeACTaBJCHUN ¢ NOMOWbI0 GAKTOPU3AUNN HCXOAHOTO PYHKILHO-
HaabHOro ypasuehms (47) B sume uenoit ¢Qyuxiun (49). anuMm reneps
060CIOBalINE BO3MOXKHOCTH (PAKTOPH3ANMH dHAJINTHUECKOH (DYUKUHM KOM-
IICKCIIOH nepeMeHHOH, npuaucM OyAeM UCXOAWTh U3 HECKOJbKO Oonee
ofuiero (PyHKIMOHAJLIONO ypasHenust, yem ypasuenne (47).

4. O6man cxema Metona Bunepa—Xonda. B oGmem cayuae sa-
Jaua, peuwiaeMas metonom Buuepa — Xonda, csoautcs K chaeayouiei.

Tpe6yercs onpenesuts pyuxunn ¥, (k) n W_ (k) xomnaexcuoit nepe-
MEHHOH k&, aHAJUTUYECKHE COOTBETCTBEHIIO B MOJYMJIOCKOCTAX Im A>T
v Imk <<ty (T_<<T7T4), cTpeMsiiMecs K Hymo npu |2 — oo B cBOHX 00-
JACTSX  aHAJIMTUYIIOCTH M YAOBJETBODstomue B noaoce (t_<lImk<<7t,)
(PYHKILHOHA/IBIOMY YDaBHEHHIO

AR (k)+ B (1)) T_ (k) C () = 0. | (62)

3nece A(R), B(k), C(k)—3apannbie (PyHKuuu KOMIIEKCHOH mnepe-
MEHHOH &, anaznThueckme B nosoce T_<<Imk<{t,, npuuem A(k) u
B (k), oTanuHb OT HyJA% B 3TOH [OJOCE.

OcHoBHasg nped pelleHuss ITOH 3amayd OCHOBAHA Ha BO3MOXHOCTH
cakTOpu3aunu sbipawkenus A (k)/B(k), T. €. BO3MOKHOCTH HOPeACTABUTH
€ro B BHIAE

Al L, (k)
Bl ~ LB’ 0%)

rae dyuxnun L, (k) n L_(k) aBas10TCA anaIuTHYECKUMU H OTAHYHBIMU OT
HY7Jsl COOTBETCTBEHIIO B NOAYIIOCKOcTAX Im 2 >>T_ u lm & << 1/, npnuem
monochl T_<<Imk <<, v T <<Im k<7, umewr obmywo yacte. Torma
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¢ nomoubio (63) ypasnenue (62) mMoxkHO UepenucaTh B BHAS

L ()Y, (R)+ L () Y_ (B +L_ (&) S =, (69

Ecan nocaennee caaraeMoe B (64) MOXKHO NpeICcTaBuTh B BUAE
C(k =
LG =D, 0+ D (k) (69)

rae dyuxugn D, (B) w D_(%) aABAsIOTCS alaJuTHIecKUMH B I0J1YIIOCKO-
crax Im & >1?__ u Imk<1u COOTBETCTBEHHO, M BCE TPH MOJOCH T_ <
<imk<<t., 7 <Imk<’c+ 1l <<Imk<<th umeoT ofmyw uacrb
— nonocy T= <Imk<C1%, T0 B 3TOH NONOCE HMEET MECTO (PYHKIHO-
HaJbHOE YpaBHeHue

L)Y (B)+D, ())=—L_())V_(k)— D_(k). (66)

Jlesast uacre (66) npencrasiser codoi YHKILMIO, allATHTHIECKYIO B 10y~
WIOCKOCTH T < Im &, 11paBas — QyHKIUMIO, aHaquTHYECKyl0o B obaactn
Im k<<t W3 pasenctsa sTux Qyskumu# B nosoce T < Im & < T} cre-
AYeT, 4TO CYNIecTBYeT eAMHCTBeNHas uenaas Qynxuna P (&), copnamawilas
COOTBETCTBEHHO ¢ ZeBOH u npapo#t uacramu (66) B 067acTX WX aHa/d-
trunioctn. Ecam BCe yuxiup, BXOAsuive B mpaseie vactu (63) u (65),
pacryT Ha DECKOHEUNOCTH B CBOMX OG/JacTAX alaauTHuioCTH He ObicTpee,
uyem &% 1o uz yeaosus Wi (k)—0 npu | k| —oco caeayer, uto P (k)
sBaseTca noannoMoM P, (k) creneHw He Bbuue n. TeM caMbiM DaBeHCTBA

Pp(k)—D. (k)

Vel =~ =

(67)

V_(k)=— (68)
ONMpeNeasioT HCKOMblEe (DYHKIMHM € TOUHOCTBIO 10 HOCTOsHHBIX. [Tocaennne
MOryT OBITH UAMIEHH U3 AONOJHATE/LHMX YCAOBHH 3apaud.

Wrax, npumenenue MeToia BuHepa — Xonda ocHoBano na npencras-
nenusx (63) u (65). BosMmoxHOCTE 31X mpeacraBacHuil  odecneunsaeTcs
CNEAYIOULUMH  JIEMMaMU,

Jdemma 1. Ilycms hyuxyus F (k) seassemest anaaumuieckoi 8 no-
aoce T_<lmk<<1,, npuses 8 smoi noaoce F (k) pasrosepro cmpe-
atnest € uyao npu | k{—co. Toeda 8 OaHmnOll nosoce 803MOHCHO
npedcmagaeHue

F(k)=F, (k)-+F_(k), (69)

20e pynryus F. (k) — anarumudeckas 8 noaynaockocmu lmk =1,
a gyurxyun F_(k)— 6 noaynaockocmu Imk <7,
JoxkasarenbCtTB0. PaccMOTpUM NpOU3BOJBHYIO TOUKY Ky, JEKa-
Y0 B 1aHUOH NOJOCE, B MOCTPOUM NPSIMOYroAbHuK abced, copepaulul
TOUKY ko, BUYIDH H OFpPaHUuEHHBIH OTpe3KaMu npsmux Imk=1_, Imk =
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=1, Rek=—4 Rebk=4, rze 1. <1_ <t} <7, (puc. 2). Tlo dop-
Myae Komn

Ativ A+iv,
-1 £ 1 F )
F ko) =4 S Al S < k90T
—A it ALl
—A ir; —A it
1 ¥ @) 1 \ F(
+ omi \ R T oy \ =R (0
A+it —Ait]

Hepetinem B (70) k npereay npu A—»oo. Tak xak 1o YCAOBHIO JAeMMBI
F (k) paBuOoMepHO crpevutcs K Hyalo npu |k — oo, TO npegen BTOpPOro
W HETBEPTOro CaaraeMelx B 11paBo#t uactu (70) pasen nyuwo, u Mb 10-

JYUHM
F k) =F, (ko) +F_(ky), (71)
rae
o+t
] F
F=5m | 290 (72)
-0 T
oo—lﬁit"_
1o T
Fokg=—g 0\ C’“(‘V}\zo dt. (73)
-—oo:Hr'T

Wnrerpaaws (72) w (73), kak unrerpansi, 3aBacsuiie or napamerpa ¥),
ONPEACAAIOT aHATUTHYECKIE (YHKIUME KOMIAEKCHOH nepeMenHo# k, 1pu
YCJI0BHH, UYTO TOUKa £k, He
JEKUT 11 KOHTYPE HHTerpu-
poBanus.
Ts B uacrnoctu, F_(k,) ss-
J A ¢ AACTCH AHANNTHUECKOR (yHK-
nue B NONYIIIOCKOCTH
Imky>1_, a F_(k)—s
nosyniockoctn  Im kg << 1.
B cuay npoussosbmHocTu BHI-
a Tl b fopa TOuKH ko W NpAMBIX T_
7 u T’y cootHomenus (71)—(73)
1 HOKAa3bIBAIOT JEMMY,
ameuanue 1. 3ame-
Puc. 2. TUM, UTO U3 CXOAUMOCTH HIj-
terpanos (72) u (73) cae-
AYET OrpaHHYEHHOCTL INOCTPOCHHBIX TakuM 06pasom dynkumh F, (k) u
F_(k) npu | k| —co B ganHO#H mnosoce.
Jdemma 2. IMycmes hyuxgus @ (k) seasemes anaaumuseck ol u
omAauiHoll om nyas 8 nosoce T_<lmk<<t,, nputesn (k) pasno-

0/1’0

*) Cum. cTp. B2,
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MepHO 8 3moil noaoce cmpemumcs K eluxuye npu | k|—oco. Toz2da
8 0aHHONl nojoce umeem Mecmo Hpedcmasiexie

O (k)= D_(k)-D_(k), (74)

20e ghynkyuu D, (k) u O_(k) ssasomes anarumuieckuyn u omany-
HbLMU ONL HYAST COOMEBEMCMBEHHO 8 noayniockocmax Imk>1t_ u
Ime<<t,.

HNokazatenscTso. PacemorpuM. dyuxuuio F (k)= In @ (k), xoTo-
pasl, OUYEBHAHO, YAOBJETBOPAET BceM ycjoBusiMm aemMbl 1. Idosromy aasd
dyukunn F (k) Boamoxuo npeacrasaenne (71)—(73). Ilonaras

O, ())=exp{F.(k)}, D@_(k)=exp {F_(h)}, (79)

rie dyuxkunn F_(k) m F_(k) onpemenenst dopmynamu (72), (73), no-
Ayuaem

In®, (ky=F_(k), Ind_(k)=F_(k) (76)
Toraa dopmyna (71) naer
In® (k)=1nD_(k)+1nD_(k), 77

OTKYJa 1 caeayer cootwoinenve (74). Tak xak dynkunu F_ (k) u F_(k),
COTJIaCHO JieMMe 1, aB/AI0TCH aHAANTHUECKUMH B IOMYIIOCKOCTAX Im &2 >>1_
n Imk <71, coorsercteenno, to n gyuxupn O, (k) u D_(&), onpenenen-
uele no Qopmynam (75), Oymyr obnaagath tpeGyeMbIMH CBOHCTBaMil.
JleMya pokasana.

3ameuaHne 2. BoswoxHoctb daxropusanuu (74) coxpausercs s Tom
cayuae, xorpa ¢ynxuns D (k) uMeer Koueunoe uucIO HyaeH k£; B no-
doce T_<Imk<1,

g JoKazaTenbCTBAa JEMMbl 2 B 3TOM CJyuyae AOCTAaTOYHO BBECTH
BCAOMOTaTeNbHY0 (QyHKLHIW

(k2 b2y

F(k)=1n |t
® I (e~

@ (&), (78)

rae o; — KpaTHOCTb Hyaedl k; N —rnosHoe uuciA0 HyJZeHR € yueToM HX
KPaTHOCTH; MOJOXUTENbHAsE TOCTOsiHHAA b > T_|, |T.| BuGupaeTcs u3
ycaoBusi, uToOb (DYHKILMA, CTOsLad NOA 3HAaKOM sorapudMa, He umena
JONOJIHUTENbHEIX HYJ€R B 10J0Ce T~<Imk<1_‘r. TMocaeansas bynkums,
OUEBHAHO, CTPEMUTCS1 Ha OeckoHeuHocTH K eaunute. ITocTpoennas takum
obpasom dynxuns F (k) no-npexseMy YyIOBAETBOPSET BCEM YCJAOBHAM
neMMet 1. ‘

IloKasaHHble JeMMBl ¥ ONpejensioT BO3MOXKHOCTB npeactaBiaenud (63),
(63), coctaBasiolux OCHOBY Merosa Bunepa — Xonda.

Mbr paccmoTpenan npuMeHeHue metoia Bunepa — Xonda aas peuenus
(yrxugoNaspHOro ypasHeHus (62). Jlerko BuAeTh, Y4TO K 3TOMY ypaBHe-
HHIO CBOAWTCA M HEOJHOPOJAHOE UHTErpaAsbHOE YyPAaBHEHHE
Ha 10ayOECKOHEYHOM NPOMEKYTKE C SAPOM, 3aBHCSLLUM OT PA3HOCTH
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apryMeHTOBR!

a(x) =4\ v(x—s)u(s)ds+/f(x). (79)
0
Byaem npeanonaraTe, uTO aApo ypaBHeHus (79) u dyukuusa f(x)
YAOBJETBOPSAIOT ycaoBusM (43), ¥ OygeM uCKaTe peliedde ypaBHeHus
(79), ynosaetsopsioutee ycioBuw *)

lu (%) | << Mye'®  mpun x—>o00 (30)
(n<<t,)

Torga, MpoBoAS pacCyAeHus, aHaJOTMUHBIE PACCYKIAEHHSIM NP BhHI-
BOJe (YHKIHMONAABHOIO ypaBHeHnsa (47) AJ4 OQHOPOMHOTO UHTET PAJbHOrQ
yPaBHeHms, NOMYUaeM, YTO B clyuae ypasHenns (79) B noaoce u <<Imi<<1,
JOMKHO YAOBJAETBOPATHCS (BYHKUHOHAABHOE YPaBHEHHE

U () +U_ (=020 V(R U, (R +F, (B)+F_(k)  (81)

niaiu
LR U, (R)+U_(k)—F (k)=0, (82)

riae
L(Ey=1—12a)V (k). (83)

Ypasnenvie (82) spasercd 4aCcTHHM CiydyaeMm ypasuenus (62). ®ynk-
nus L (&) B noaoce tT_<<Imk<C T siBAsiETCA aHAaMMTHUYECKOH W paBHO-
MEPHO CTpeMuTes K emunmie npu {&|— 0o, tak kak | V (k)| — 0 npu
k| —>oo. Ecmu, Kpome rtoro, ¢yHkums V(%) uMeeT KOHEUHOE uiC/IO
Hy/Jel B 3TOH NOMOCE, TO BCE YC/JIOBHH JeMMbl 2 BLUIOJHEHB U (DYHKIMIO
L (k) mOxHO npeacrasuTe B BUAE

Ly=7-, (84)

rae L. (k) seasercs aHanuTHyecKofl (yHKUueH B BEpXHEH MOAYNAOCKOCTH
Imk>1, a L_(k)—pB Huxued nonynaockoctd Im k<< 1. Torma ypas-
nenne (82) npuHuMaer Bu

Li(R) Ur(B)+L_(B)U_(R)y—L_(R)F_(k)—F. (R)L_(k)=0. (85)

Ias npuBeieHus NOCAEAHEro ypasHeHus K BuIy (66) mocratouno pasio-
HUTH 110C/eAHee cJaraeMoe:

Fi(R)L_ (k)= Dy (k)+ D_(k), (86)

Ha cymmy dyukuui Dy (k) n D (k), SBASIOWAXCA aHANUTHYECKUMU B
noaynaockocTsx Imz2>>p 1 Im & < 14 COOTBETCTBEHHO.

*) Mui onsiTe He ocTanapinBaeMcsi Ha OGOCHOBAHHH CYIIECTBOBAHMA peLIEHHS
ypaBHensns (79), yzosJerBopsiiomiero yciaostio (80).
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Ias e6ocroBanns BO3IMOXHOCTH TaKOTO MPEACTABJIEHHA 3aMETHUM, YTO
B cuay ycaosust (43) dynxuns F.. (%) gB/isercs aHainTHYECKO# B BepXHeH
noJyniockoctd Im 2 > t_ u paBHOMEPHO CTPEMUTCS K HYMO NpH | & | — co.
dyuknus  L_(k) sapagercs  aHaJMTHUGCKOW B HUkKHEH IOAYNJIQCKOCTH
Imk<< 1, ® N0 cHOcO0Y €e NOCTPOCHHS B CHJIY JeMMbl 2 ¥ 3aMeuands
kK nemme 1 MOWHO Tak nposectdn Qaxropnsaumio (84), uroSe L (k)
ocraBajack oOrpaHuuensHoft B nonoce T <<Imk<<T. npm |k|— co.
Orciona chaenyer, uro aas ¢yuxunu Fo (&) L_ (k) 8 nosoce 1_<<Imk << 1,
BHIIOJAHEHH BCE YCJIOBHS JEMMBl 1, UTO U ZOCTaTOYHO AJsI OOOCHOBAaHUs
npeactasaeHus (86).

[TposenenHsle paccMOTpeHns MO3BOJSIOT NPH AONOJHUTE/BHBIX YCJIO-
BUAX, uTO (yHKuuu L, (£) pacTyT Ha OeckoHeuHOCTA He ObiCTpee, ueM
k", upencrtasuts npeoSpazosanus Pyppe pelleHUs HEOLHOPOIHOTO HHTEr-
panbHOro ypasHeuust (79) B Bume

n 4+ (R — Py (R)+-L_(R)F_(kR)-+D_(k
U+(k):f_(’2l;‘|z_f)_(), U (k)= (k) + L(_Zk) B+D_(k)

Camo pemenne Moxer OWTh moayueHo u3 (87) ¢ HOMOWmBIO dopmyn
(31) u (35) obparuoro npeotpasopanus Pypse.

5. 3anauy, NpUBOASIIME K WHTETPAaJbHLIM YPaBHEHUAM C ALPOM,
3aBUCSIMM OT PA3HOCTH APrYMEHTOB.

8.]. Beigod ypasuerus Muara. K WHTErpajbHLIM YPaBHEHUSM C SAPOM,
3aBUCALIUM OT Da3HOCTU apryMeHToB, CBOAMTCA ©o0/AbIOe yucao ¢usu-
yeckuxX 33gau. B KkauecTBe nepsoro npnMepa YKaxeM KJacCHUeCKyw
npodnemy MujHa, omMECHBAIOLYIO NPOLECC nepeHoca HEHTPOHOE (uan
U3JyUeHUsT) uepes BEemlecTBo.

Iycrs B noaynpocrpauncrse X >> 0, 3an0JHEHHOM OJHOPOAHBIM Bellie-
CTBOM, IIVIOTHOCTb KOTODOrO ONPEHefseTCsl UHCJAOM M, YaCTHIL B €IHHHLE
061eMa, pPacnpoCTPaHsieTcsl NOTOK HEHTPOHOB. BYIEM CUHTATh, UTO YACTHLLH
BEILECTBA SIBJSIOTCA TSHKEABIMI arOMaMH, PacCEenBalOMUMH HEHTPOHH TaK,
410 abCOoMIOTHAS BeAMYNHA CKOPOCTH HEHTPOHOB OCTaeTCsi HOCTOSHHOM,
a Meuslercd JHIIbL ee wanpasaeHue. PaccMorpum craunoHapHsl# nponecc
¥ TIPeAloJIONIM, YTO BCE HEHTPOHBI HMEIOT OHY U TY Ke abCOMOTHYIO
BEAMYNHY CKOPOCTH ¥y=1 U NJOTHOCTb UX paclpenc/eins 3aBUCHT Jnlb
oT OgHOH KoopamHATH X. Beegem dynxumio f(x, L), Xapakrepusyomywo
[J0THOCTb HEHTPOHOB B CEUYEHHH X, CKOPOCTb KOTOPHIX COCTaBJsieT
€ NOJOKUTEeAbHBIM HaNpasieHueM ocu x yroa 8, rae u ==cos8 *). Hucao
HEHTPOHOB B eiiHMIle 0ObeMa B JAHHOM CeueHuu, HANPaBIEHHE CKOPOCTH
KOTOPHIX J€XHT B npedgenax (W, w--dw), onpesersercd BeAduuHOH
S (x, w) dp.

[Tonnas n/aoTHOCTL HEHTPOHOB P {X) B AaHHOM ceuellid paBHa

(87)

I

p (%)= Sl [ p)dp. (88)

*) OueBngno, —l<p<<l npu 0=<<6<um.
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Hawett 6amkafieli uesbio SBASETCS BHBOL YP3BHEHHS 7 Y HKUUHA
pacnpeneneuns f(x, u). Jasg 3T0ro cocraBuM COOTHOLIEHHE MOJHOrO
GaJjaHca uyuc/ia HeHTPOHOB, HMEIOIMX HalpaB/JeHHe CKOPOCTH B HHTEPBaJje
(W, W+ du) B HaxOISIWUXCA B CJIOE MEKAY CEUEHHSMH X U X4 dX.
B cuny crammoHapHOCTH INpoUECCa IOTOK HEHTPOHOB, BBHIXOASIUX W3
AAHHOTO CJOsT

wf(x+dx, u)du —pf (x, p) dy, (39)

ONpeIeseTCs pa3HOCTbIO MEKAY UYHCAOM HeHTPOHOB, NPUOOPETINHUX CKO-
pocTb B 33JaHHOM HanpasaeHuu (W, L -+ dW) B pesynbTaTe PaccesHust Ha
YacTHIaX BemecTBa B AAHHOM CJ0e, U UHC/AOM HEHTPOHOB, HMEBIHHX
CKOPOCTh B 8aJaHHOM ' HalpaBJAEHHY H H3MEHUBIINX 9TO HanpaBJeHHe
nocse paccesHud. Mpl OydeM CudTaTh, UTO paccesHne HeHTPOHOB Ha
YaCTHLLAX BEILECTBA SBJAETCS M3QTPONIBLIM, T. € OHO PaBHOBEPOSTHO
BO BCEX HaNpaBJEHWUsX, W BEPOSTHOCTb PACCEAHHA HEHTPOHA Ha OJHOH
yacTuie xapakrtepusyercst 3pexkTuBHeM CceueHuem paccesuust Q. Torna
YUC/I0 HeHTPOHOB, UMEBINHUX 3aJaHHOE HaNpaBJAeHHE CKOpocTu (M, [ - dp)
H DaCCeAHHBIX B [AHHOM CJIOE, OUEBHIHO, PABHO

J (e p) du- Qydx, (90)
a uHucao 1HeHTpoHOB, NPUOOPETHINX B DPe3yAbTaTe paccesiHis CKOPOCTb

B TpeOyeMOM HanpaBJieHUH, PaBHO
1

& duQ - nydx S Flx, w)du. 1)
|

Ha ochosanun (89), (90) u (91) ypaBuesue GajaHCa 3aNHIUETCA B BHAE
wf(vA-dx, pydu —pf(x, ) du =
1
=—Q-mf (e wydpdx+-L2 dudx g flow)dw.  (92)

—1

Pasgennm ofe uvactu paseHcTBa Ha du dx o nepefiiem Kk npegeay npu
dx — 0. Yura (88), moayunM ypaBHeHHe A (YHKIHM pacupepe/eHus
HEHTPOHOB B BUJIE

of Qny

u ox _ Q”of(x’ M) + 9 p (x) (93)

D10 ypaBHEHHE uYaCTO Ha3bIBAeTCs ypaBHEHHEM MNepeHoca MM TpaHc-
NOPTHHIM ypaBieHueM. OHO CNPaBeAINBO HE TOJBKO B CAYyuae PaccMoOT-
peHHOH KOHKPETHOH (pu3uyecKoN 3agaud, HO M A4 MHOIAX APYTHX
(HU3NIECKUX IIPOLECCOB, CBSIBAHHBIX C I[IE€PEHOCOM BEIECTBA WM U3JY-
yenns *).

Hns  panpHefiiero yao0Ho nepenncate ypasueHue (93) B HECKOJALKO
MHOM BHAE, BBeAs 0e3pasMEpPHYI0 NPOCTPAHCTBEHHYK KOODAHHATY §,

*}y TlogpoGuelil BeIBOX YpaBHeHHs mnepeHoca A/s Gosee o6WUX CAyyaeB CM.,
nanpumep, Mopc u ®em6a x, MeTogsl TeopetHueckoll ¢usukH, 1. 1, HJI, 1958,
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CBA3aHHYI C X CcOOTHOWleHueM X =AE, rue k:—f;%—-cpeamm AJIMHA
0
csoBonuoro npobera. Torga ypaBHenue nepenoca npumer Bug *)
of 1
B =— /G W+500. (94)

dynkunsg  f(E, 1) nomkHa OBITb NOAUMHEHA TPAHUUHBIM YCJIOBHAM,
BLITEKAIOMIMM W3 (PHU3NYECKOH TOCTAHOBKM 3ajaud. DygeM cumtath, uto
TOTOK NEHTPOHOB U3 BHEWIHEro MoJynpocTpancTsa § < 0 paseH Hyuo,
a npu & — 00 UMeeTcs MOCTOSIHHBIA MOTOK HEHTPOHOB eAMHMYHOH MOMI-
HOCTH B OTPHIATE/JbHOM HanpasseHud ocu & (1. e. mpu § — 0o OTCYTCT-
BYIOT HEHTPOHH, Halpas/iesne CKOPOCTH KOTOPHIX COCTaBJ/sieT ¢ OTpHuila-
TEJAbHBIM HaNpaBAeHHEM OCH § OCTPBHIH Yrou, OTauuHbid oT uyas). Torma
rpaHiunble ycaosus mas gyuknun f(§, W) sanuiyrca B Buge

O, w=0,  u=0,
floo, W=0, —1<u<0.

YcraHoBuM BaxHbe caeacrsus ypasuenus (94) u ycaosu#i (93), ana
yero cHayaJa nponmerpupyem (94) no
{

e \fE wudu= Sf(a b - p(g)ﬂduz

=1 S

(95)

= —p(§)+9(§)=0- (96)

1
Tax xax nHrerpan j(§) = §f(§ W) W du paBell MOTOKY HEHTPOHOB uepes

JlaHHOE CeueHue, TO ypasnenue (96) naer

gé:o ama  j(§) == const. (97)
B cnay ycnosui mopwnposn (1pn §—>00) monyuny f(E)=— I

(enuHuuHBIE NOTOK 0pn § — -- 0O HanpasB/JeH B OTPHILATEJIBHOM HANpaB-
nenun ocu ).
Teneps ymuroxum (94) Ha p u cHosa mpomHTerpupyem or —I1 jgo 1.
1

Beens oSosnauenne K (§)= | /(& w)u?du, noayunn

F=l . KQ=KO+§ (98)

rae B cuay (93)
0

K©0)= {f(0, p)yn2dy. (99)

—1

*) Mol coxpanwmu s Gyakuun [ (E, n) crapoe o6o3Hayenue.
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Ypasuenue (94) sasasercs HuTerpo-anddepeHIttaibHbM, TaK KaK Heus-
sectasle QyHruun p(E) u f(E, W) CBSSaHBI WHTErpa’ibHBIM COOTHOIIGHUEM
(88). Omnako 7nerko MOAYYUTh HITErPaNbHOE YPaBHEHHE [ QYHKILAH
p (£). Pemas oGbikHoBennoe puddepenmuanstioe ypasuenue (94) orHocu-
reapHo dyHkmun f(§, w), B cuay (95) noxyunm

£ n=¢t
1 fe » pmydn, >0,
e w=51" _ ., (100)

—S e p(mdn, p<O.
g

Tponurerpuposas (100) mo p or —1 po 1, noayunm wunTerpaibHoe
ypaBrenne ang ¢yHkunu o (E):

p©=ég.pmn_ o (101)
0

Usmenus 8 (101) nopasoK HMHTErpHPOBAHHS, IOJYYHM OKOHYATENbHOE
ypaBHEHHE /s NJAOTHOCTH HEATPOHOB B ceueHun &:
<0
p@®={vE—mpMman (102)
0

Kak Bumum, 3170 ecTe mHTErpanbHOE ypaBHEHHE B NMOAYGECKOHEUHOM Mpo-
MEKYTKE C SIPOM, 3aBHUCSULIMM OT PasHOCTH:

Wl (103)

Vpapnenue (102) oOpiuno HasniBaeTcs ypaBHennem Musna, KoTopoiit
BIICPBRIE [OTy4uA 3ITO YPaBHEHHE NPH HMCCACNOBARMH NMPOUECCOB nepe-
HOCa M3JYUEHds B 3Be3JHOH armocgepe.

. OT™MeTuM, 4TO BO MHOTMUX CJAyuasiX yAOOHBIM OKAaSBIBAETCH HECKOABKO
nHOE ngeacrasnemae /P4, TNOJYyYawlleecs IIPH 3aMeHe B UHTErpase
L]
X(t)= S e ¥ %‘f NepeEMEeHHOA WHTErPHpoBaHNs u:%, Torna
0

[ee]
— it vy /
Xm_Se a4 (104)
1
WUuterpan (104) vacto uaswiBaerca dyHkuuedt Xondga. HMurerpuposa-
HHEM 110 YacTsM JEfKO MOXET OLITh MMOJAYUEHO €ro aCUMATOTHUCCKOS
pasnoxeHue npu OOAbIIHX IOJOKUTEJIbHHIX 3HAUEHUSX [

X@:?@-{+%—%+H} (105)
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5.2, Hccnedosanue pewenus ypasuenus Muana. Vpasrenue (102)
NPRHAAAEKAT K THIY YpaBHelnH, PacCMOTPEHHLIX B I 3, ¥ AJ9 E€ro
pewerns MoxeT ObTb NpuMeHeH ofmu# ajnroput™ Merona Bunepa —
Xondga. Mel He Oyxem 0poBOAWTL 34€Ch NOAPOBHOrO peHIeRHd 3TOrO
yDaBHEHus ¥ HUCCACAOBAHMUSA ero (U3HYECKOro CMbICAA ¥), 4 orpaHuuuMcd
JHUIb PAAOM B3aMeuaHHH.

Bo MHormx npakTHuecKmx 3ajauaX OCHOBHOH HHTepeC NpeacTaB/ifer
onpelLencHne Kb (PYHKUMH PacrnpeieneHds HeHTPOHOB, BBIXOAAINNX H3
HaHHOH cpenwl, 1. e, ¢yukunn f(0, p) npu p<<0. Cornacro (100) sra
(yHKHNS ONDEAEACTCS BHIPAKEHHEM

R R . B
S, p):—-?—ge“p(n)dn——_-Q—\e 181p (M) dy, pn<<0. (106)
MO JP‘J()

Kax nerxo Bugers, B cuiy (29) nocaesHnli UHTErpasi €CTb HE UTO HHOE, KAK
i
OJHOCTOPOHHEE NpeobpasoBaHue <I>ypbe byHkuun o (V) npu k:-l—}z—,T. e.

FO, W= VR, ( > (107)

Tem caMmpM B yKa3aHHBX 3afayax AOCT4TOYHO HAHTH HE CaMo peue-
HAe MHTErpaJjbHoro ypaeHenus (102), a smwpb ero npeo6pasosanne Oypoe.
Cornactio odwe#t cxeme Meroga Bunepa— Xonda aag pelieHus no-
cnegHeRt 3amaunm caeayeT Haitu npeobpasoBaHue Pypbe sApa HHIErpasb-
HOTO YPaBHEHNs], a 3aTeM Npoussectu akropusanuo (51) pyHkumn L (k) =

=1-—12aiV (k). B namem cayuae h=1 u

0 Py
. . —d
V/e: L ik g () 'y — J‘zkxdj'u_t"
#) j‘e v(x)dx 2‘/ { e
~— 00 0
1 1 \ 1 d 1 tg k
Se"”‘d Se }_—_ "S Joh 1 arcigR
5 5 W VQJ‘L 8 kg_i_T}‘z_ p? VQJ‘L k
R S ST b ot
= Vo ar " (109
HMosromy
L(®)=1—V2m0V (k)= £tk (109)

dyukunsa L (k), oueBugHO, ABAIETCS aHAMMTHIECKOH B nosioce —1 < Im £ <
<< 1, cTpemsimeticst K Hymo B 3To# nonoce npu | k| —oco. Touka k=0
SBASETCst HYyJEM BTOPOTO mopsaka srtoft ¢pyukuuu. Ilocnennee obcrosresb-
CTBO HECKOJBKO 3aTPyIHAET (pakropusanuio ¢yHKunua L (&)

*) ITogpoGHee cM., HanmpuMep, LIHPOKO H3BecTHyl0 padoty Xonpa: Hopf,
Mathematical Problems of Radiative Equilibrium, Cambridge, 1934.
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Cornacno 3aveuanuio 2 (ctp. 281) noCTPOUM BCHOMOraTeAbHYI0 BYHK-

Rl , 2 /
nnio —;— L (k), yRoBAETBOPAIONLYI0 BCEM YCAOBUAM JEMMb 2, H PacCMOT-

k21 arctg k
]——:ln{ :2_ \\ kg \], (110)

KoTopyto nerko npexcrasuth 8 Buie P (k) =D_(k)+D_ (&), roe dynk-

uun D_(k) u @, (k) 9BI510TCA aHAMITHYSCKAMI COOTBETCTREHHO B HIKHEH

Imk<<t <1 u Bepxuelt Imi>1_>>—1 10AyNI0CKOCTSX. Ifpu stom
oo—!—‘i‘L

D, (k) = o S GRS (1107

— oot

PHM (PyHKUHIO
2
D (k) =1n V ;’;1

a QyHkumst L, (k), asadiouascs uucanteneM B Qopvyie QakTopH3andn
(51) dynxun L (k):

/ L, (4
L®=1
MOXET OHTh BhIGpaHa B BHAE
2
L. (k)= k’;i e®-(h), (111)

$yuxnug L. (k) sBaseTcda aHaianTuueckofi B BepXHefl NOMYNNOCKOCTH
Imk>t_ u npu |k —>00 pacrer, Kak neppas CTENEHb k, TNOCKOJABKY
B cuay cxoimmocrtu uxrerpasa (110°) @ (k) orpaunuena npn |k |— oo,
Hostomy ¢ynkuus R (k) onpeneaserca no dopuyare (52):
i

R. B =1 (k)—Ak—%e—@Hkk (112)
Orcroga caefyer, uTO AJsl onpefesneHnss (QYHKUHAU paclpeieneHus HeRT-
pONHOB, BHIXOAMUUKX H3 MOAYNPOCTpaHCTBa X >0, neoOGXomuMo HaHTH
®_ (k). dro Moxer GuTh cienano ¢ novomplo dopmyae (110). Lna Brr-
YuCAEHHUsT 9TOMO UHTErpana nojoxuM T_=0 U NpuBEJEM ero K caelyio-
neMy BUAYy:

@ 9 «
1 dg 1
D (A= SCD(Q);—lk:?ﬁ‘i{ g (g)” k+§® ¢ }
(113)

Bocro/b3oBaBmuck uetHoctbio  dyuxiinn M (L) n cpenas B nepsoM wH-
Terpaie 3aMeHy nepeMeHHod wuurerpmposarus { =-—{, OKOHuaTe/JbHO
MOy UBM

OO ap (114)

k
C.0=7

St

IMocaenruit uHTErpan MoxeT GbTh Jerko TaGy/JIHPOBAH, YyTO u I103BO-
aser vahte f(O, p) npn p << O ¢ TOYHOCTBIO O MOCTOSHHOTO MHOMKH-
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teas A. Jlas onpegenenns Moc/egHEro BOCHOJb3YeMCsi YCJIOBHEM HOPMU-
poskn (97) 1 caexyonuMy coodpaseHnsMu. YmuoxuMm ypasuenme (94),

1 .
cnpaseameoe npn £>>0, Ha -‘fQ—,,e"eg 1 TNpOUHTErpUpyeM €ro no & or
r2n

0 10 co. Iycrs A& — koMmnexcHas BeAHYMHA C MATO#  MOJOKUTENBHOH
vuuMofl yacteto. Torza, npuMeHuB GopMyJay HHTErPHPOBAHUA MO YacTAM

<o

\ e Laz— — O W EL e w, (119)
0

]/ 21
NOay4HUM
. . 1
—iRRE, (b 10 = 5= O W=—Fo (b 43 R, (116)

I

E, (k, u)—[——f(o W+ 4R, (k )] (117)

—ikp
Pesyaprar sarerpuposanns (117) no p or —1 mo 1 B cuny ouesna-
1

Horo coornomenus R (k)= \ F_(k wydu u ycaosns (95) gaer
~1

1 —1 0
1 du
R+(k)=<1~§ Sl_,-k“) = \ e 19
-1
Tak kak
1
1 dp 1 14tk arctgk
2 S T—ikp 1 I—ik & (119)
-1
TO OKOHUATENbHO NOAYUYNM
0
_ 1/ arclgk\=1 {0, 0
R (k)= Vo \1—— ; ) S Lk“udu (120)

Pasnoxum npaeywo uwacts (120) B pagx Jlopama B OKPeCTHOCTH TOUKH
k= 0. Bocronp3oBasuiice paBeHCTBOM *)

0 1
§ 7O, wpdu= { f(0, mpdu=;(0)=—1 (121)

-1 —1

1 BBEICHHBIM paHee 0603Haqem1em (99), noayuum

Ro(B)=— o LK (0)- k. ). (122)

*) Papencreo (121) umeer Mecto B cuny (95) u yciaous HOPMHPOBKH (97).
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C npyro#t CTOPOHB, MOXKRO HAHTH NEPBRIC YJIEHB Pa3NOXKEHUA B PAL
Jlopana B OKpecTHOCTH Touku £ =0 (yHKuuM, CTOAWER B lpaBOH uacTu
dopmyisr (112).

Briuncamy crasana @, (0). O6parumcsa k gopmyae (110°) n suibepem
B Kauecrse nyitu UHTer pupoBaHus ,leliC[BHl'eJlele OoCh C OUXOIIOM TOYKH
{=0 no ayre NOAYOKPY:KHOCTH B HIKHEH MNOJYNAOCKOCTH., ¥ CTPeMuB
PanHyC NMOCAEAHEH K HYJAl0 W yuTs, 410 B CHJIY HQUETHOCTH MNOABIHTEr-
panbHOM (PyHKUMH HHTETpaJX MO yYacTKaM [ACHCIrBUTEALUOH OCl paved
Hy /11O, TOJYYUM

(D (O)"‘ hm]ﬂ[‘- +1 [1 arcfgg\ Z—“II]“!:, (123)
g_,o o2 ¢ |/ } 3
HUcnonszys (123), naxoaum, 4TO pagioxeHue ¢ynxuuu R, (k) B oxpecr-
HocTH TOukM A =10 umeer BuX

R, hy=A1Y3 ! L iCk4- ) (124)
Cpasuus (122) u (124), onpegeann zuaneHue I0clOsSHHOR A:
A=b3 (125)
) 2n

Hoxcrapus noayuentue pesy.isratel 8 opuyias (107), (112), (114),
OKOHYATe/AbHO I110AYy4uM 1pd W < 0

O, W= .
V3(1_Hw)exp__§ |0 (1 rtel)

YTo U JaeT (PYHKUHMIO YFJAOBOTO Dacnpefe/]eHds HeHTPOHOB, BBHIXOASLINX
H3 HOJYNMpocTpancTBa x > (.

5.3. Hudbparuyus na naockor sxpare. PaccMOTPeHRbE 0 CUX NOP
MHTerpa/dbHble YPaBHEHHA SBASIOTCA ypaBHeHuAMu @PpearoabMa BTOPOro
poga. OnHako pan Gu3nuecKuX 3a4ay eCTecTBeHHBIM 00pasoM HPHBOAUY
K HATETpajibHbLIM YDABHEHHSM TEPBOTO poJa B NOJAYOECKOHEYHOM Npo-
MEXYTKE C $siAPOM, 33aBHUCAIIMM OT DasHOCTH aprymenroB. B kauecrse
npuMepa pPaccMOTPUM  3agauy JUGBPaKu¥M 3SAEKTPOMArHUTHHIX BOJIH Ha
naockoM skpade. IlycTe B OQHOPOAHOM NPOCTPAHCTBE INOMEILEH IIOCKHil
11eaNbHO MNPOBOASMLME 5KDPaH, COBNaZawuwil C NOJYNIOCKOCTbio X >0,
y=0, —oo<Cz<Coo. Ilyctb BHe 3KDaHa PACMNOJOKEHL JOKAMBHAIE
ACTOYHUKN 2/EKTPOMArHUTHOIO 110/, CO3AAIOLIMe IEPUOANYECKHE DIEKTPO-
MarHuTHeie KoJe0aHus uacrToThl , I[OJSPU3OBAHHBHIE TaKAM 00pPa3oM,
uto BeKTOop E HanpsmxennocTH 5AeKTPHUECKOTO I0JA NapalieseH OCH 2
M HEe 3aBucuT OT KoopamHars! 2. Torma ans ammurydst i (x, ¥) BeKTOpa
E noayuum cranspryio samauy

Au’l—kzl(:_f(x) .y))
u(x, 0)=0, x>0

dz
WEEL T

(126)

(127)
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Kpose roro, diyHkuns u (x, y) A0MAKHA YAOBJAETBOPATH YC/JOBHAM N3y~
Yenud Ha OLCKOHEYHOCTH, ONPEAC/SIONNM OTCYTCTBIE BOJH, NPHUXOAAILIX

(O]
n3 OGeckoweunoctn ¥). 3pecy & —-, —BOJHOBOE 4HCAO (¢ — CKOPOCTH

CBETA B cpefe BHe 3KpaHa), f(x, y)— 3amaHHas (yHKuds, onpeiensiontas
IJIOTHOCTb  UCTOuHNKOB., Dymem wuckarb pewmenwe sagaun (127) B Buae
w{x, vy=1i,y(x, y)-+v(x, y), roe dyrxung u,(x, y)— noje, coziasae-
MOE  3aIaHiIBIMIT  IICTOMHHKAaMKH B OTCYTCTBME 3Kpana, KOTOpOe uepes
dynkuno f(x, y) BHpaxaercs B BHAE BOJHOBOrO MNoteHupana *¥)
w9 =\ \ H @ F& w dzan, (128)
. S\

rae [y (2) — pynkuns Xaugeas nepsoro poaa, r = [(x — &) 4+ (y — n)?|'7,
a HHTerpupoBaHue BeeTca 1o BCel oOaacti §, B KOTOPOH DPaCIOJIOKEHbI
ucrounuku, ag dyuxunn o (x, y) noayunm sazaty

Av-t RPou =0,

129
v(x, 0)=—u,(x, 0), x>0. (129)

Kpose 71010, v(X, y) HOKIA YIOBJICTBOPATH YCJOBIAM H3JAYyUeHUS Ha
deckoteunocTu. Peinenne zagaun (129) GyaeM HCKaTh B BHAE BOJHOBOFO
noTelunaia 1npocToro ¢Jos

o0

v (x, y)={ Ho" (kr') p (€) dE, (130)
0

rae r’'=[(x—EpR--y?}'~ a p(E)—HeusBecTHas MNJAOTHOCTb, 14 OIIpe-
AeeHist KOTOpOoil ¢ TOMOULLI Tpattuunoro yciaosus npu y==0, x>0
LOMyuMM HHTErpa’blioe ypaslieHiue Nepsoro posa

o]

| Hi (k] x—E )u (@) dE=— 1y (x, 0), x>0, (131)
0

Mb omaTh MOAYYAAH HEOIHOPOJHOE HHTErDadbHOE YPAaBHEHHE B MOAY-
BECKOHEUHOM MPOMEKYTKE ¢ AADOM, 3aBUCSUIUM OF PA3HOCTH APryMeH-
top. Opnako, B oranuue o1 (79), 3T0 y*e ypaBHeHHE NEPBOro pofa.
JlaHlioe ypaBleHHE TaKKe MOKeT ObiTh DEmeHo C IOMOMIbIO MeToaa
Bunepa — Xonga, OZHako Mbl He OyZeM OCTaHABIHBATbCH Ha JAeTatsux
5TOI0 MCCJAENOBAHHUS.

6. PemeHue KpaesblX 3ajad JAs YpaBHeHHH B 9YaCTHBHIX MPOM3-
popubix meroxoMm Bunepa — Xonda. Merox Bunepa — Xonda moxer
ORITH C }’CHGXOM npuMeHen He TOJNBKO A5 perueHus HHTETpaJdbHbIX ypaB-
HeHDH, HO W JJAS pellieHus KpaeBhlX 3ajday mas ypaslieuud B uacTHBIX

*) Tlonpobuee moOCTaHOBKY 3amau Judpaxkunn oM. A. H. TuxoHnos,
A. A, Camapcexuil, YpaBuendss mareMariueckoil dusuxu, «Haykar, 1972
**) OnpejeseHHE ¥ CBONCTBA BOJHOBLIX NOTEHHHAJNOB CM. TaM Ke.
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npousBoaHuX. Ilpu 3TOM KOHKpeTHas ¢OpMa IpuUMEHeHHs [JaHHOTO
METOAA MOWET HECKOJBKO OT/AHYATHCA OT M3NOKEHHOH Boiuie, XOTs 06uLas
npest, 3akjovanmaics B ¢akTopusanun Beipaxennt sBupa (63), (63), scerga
COCTaBAsIeT OCHOBY MeroJa. B KauecTBE THNHUHOrO npuMmepa paccMOTPHM
caeyoIyI0 KpaeBylo 3azauy pJas ypasreuns Jlamiaca.

MMpumep 3. B sepxuedt noaymiockoctn y >0 waiitn rapmouiie-

CKYI0 (yHKUHIO, ya0BJETBODpAloUiyl0 1pu y =0 CMEINaHHEIM KPaeBhIM
YCAOBUAM

u(x, Oy=e2*, a>0, x>0 (132)
d
a;(x, 0)=0, x<0, (133)

¥ CTPEMAILYIOCH K HYJI0 1PH Y — OO.

Jlns pemerus 3TOH 3a4audl Mbl BOCHOJL3YEMCH MPHEMOM, YCTO YNOT-
pebaseMbiM B MarteMaruueckod cdusuxe. Pemun cuanana xpaesyio 3agany
(132), (133) aas ypasieHus

A —»*u=0, (134)

rae ®Z=ivy, v,>0, a 3areM B NOJAyYEHHBIX GoOpMYyJax mnepeisem
Kk npeaneay npu x— 0. C noMOmb0o MeToAd Pasiesienis NEPeMeHHbX ¥)
7ECKO NOJYYUTh WHTErpaltbHOE NPECTaBJAEHHE OOIIero penleHus ypaBHe-
nus (134), yOwmiBawomero npu y —» co, B BUIe

o]

u(x, y)= g f (k) e tYeiks dk, (135)

— 0

rae f(k)— npousBosbHas (QYHKIHMs napamerpa &, a p::]/kz—',—yﬁ, npn-
yeM B3Ta Ta BeTBb KODHSA, KOTODAs FABJAAETCH HENOCPeACTBEHHBIM aHali-
THYECKUM MPONOJDKEHHEM dpPudMETHUECKOro 3HAUeHUS KOPHS | =k | npu
%=0. Ormerum, yto npu stoM Reu > 0 npn —oo< k<< oo, w10
obecrieunsaer yOnBanue Qyuxkuuu (138) npu y — -~ oco. dyuxuusg (135)
Oyner YAOBJETBODATh TDaHMYHBLIM ycaosuam (132), (133), ecan dyuxuus
f (&) ynosaeTBopsieT (PyHKIHOHANBLHBIM YPaBHEHUAM

i

fk)e** dk=e-%, x>0, (136)

|L/‘28

0
(o]

\ fL(B)er>dk=0, x<<O, (137)

-0

rie BBeAEHO 00O03HaueHHe L(k):M(k):]/kz—}—%z. Pemenue 3agaun
(136), (137) nerko mMoxer OblTh NOCTPOEHO, eCau dynkuus L (k) aBasercs
aHannTHuecKOH dyHKumelt xomnaekcHoft nepeMmenHoi & B noJaoce T_ <
< Imk<<t:(1_<<0, T+ >0) 1 B 3TOH NOKOCE MOXKET OLITh NPEACTABJ/ICHA

#y Cvm. A. H. Tuxounos, A. A. Camapckull, YpaBHeuust MaTeMaTu-
yecko#l ¢usukM, «Hayka», 1972.



METO/i, BUHEPA — XOII®A 293

B BH[E
LF)=(R*+a) Ly (k) L_(k), (138)

rne L. (k) — ¢dyHxkung, oTamuHas OT HyAs KX aHaAuTHUeCKad B Bepxueh
noaymaockocTn Im & > 1., npuyenM npu | 2| — oo L, (k) crpemutcs K Hyawo
MendeHnee, ueM k7% a Qynruns L. (k) — aHaauTHuecKas B HIDKHEH noay-
naockoctu Im & <C T4, paBHOMEPHO CTPeMANLAAcs K Hyawo Ha GecKoHeu-
HOCTH.

Ilpu BLIIOJHEHHH 3THX YCAOBUH HEHOCPEACTBENHOH IIPOBEPKOR JETrKo
ybequrscs, uro ypasHenuam (136), (137) yposaersopsier yHKUus

_ C _CL_(%)
TO=Erarw = 1w (159)
rae nocrosudas C onpeaeasercs u3 yc/joBus
C =2 L (ia). (140)

HeficreuteanHo, noiactabass B unrerpasa (136) neproe uz pasencts (139),
3aMbIKas KOMTYD MHTErPHPOBAHHA [Yro# NOAYOKDPYXHOCTH OeCKOHeYHO
6oALIIOrO paguyca B BePXHeH NOAYNJAOCKOCTH, HWHTErpal Mo KOTODPOoi
B cuiay semmbl 2Kopaana pasen Hymo, Ba ocnoBaHuu (140) nosnyuaem,
yro unrerpan (136) pased e npu x >0. AHaloruuso ¢ NOMOILBIO
semmbl Kopaasa, NPUMEHEHHOH K WHTErpasy 10 Ayre MOJYyOKPYKHOCTH
feCKOHEUHO OOJBIIOTO Paauyca B HUKHEH MOJAYMIOCKOCTH, npu x <0
JETKO YCTaHOBHTH crpaBediusoctb (137) ans ¢yHkuwun f(&), onpenenen-
ot BTopolt Qopmynon (139). Mrak, pemenne paccMatpusaeMoft 3agaun
CBA3aHO C BO3MOXKHOCTBIO npexctasaenns (138). B. maunom cayvae dynx-
wusi L (k)= k*-+%? B cuny ykasaHHOrO BElLE BHOOpa BETBH KOpHS
SIBJSETCS OAHO3HAYHONH aHAJMMTUUECKOH (PYHKUUEH, OTNMUBOH OF HYJS B 110-
aoce  Im(iw) <<Im k<< —1Im (ix) (Im{ix)<<0). Paccmorpum byHKUUIO

; Ly _VET®
Ly(R) = = . 141
() == T (141)
dra dyrxiud npu a > — lm (ix) TaKkKe gBIACTCA AHANUTHUECKOH U OT/IHY-
HOW OT Hyas B AaHHOH moJoce, npuuem L (k)—1 npn |k|—oco. Tlo-

5TOMY B cuiay JemMmbl 2 TpeOyemaa dakropusauus ¢yHxuns L (&), a cae-
LOBaresbHO, 1 L (k) BO3MOXHA. JIerko Buaerh, uTo (QyHKIMH

VETTin

_ Vie—in
k-+ia

L. (k)= Lo(h) = (142)
YAOBJETBOPSAIOT BCEM NOCTABJACHHHIM TpeGosanHusM. Torga Ha OCHOBaHHH
dopmya (135), (139), (142) nosyuuMm uurerpajpHOe IpEACTaBJIEHAE pe-

wexns ypasHerus (134), ynposneropsiowero ycaosusM (132), (133) u
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yOriBatowero npn y —-- 0o, B BULE
¢ C
u(x, = — T Wplhkx dk, 143
(. 3) % VELin (k—ia) (143)
—o
rae nocrosunas C Ha ocuosaunu (140), (142) pasua

c Viatin (144)

25

Tepetina B (143), (144) k npeneny npu »— 0, noAyunM daHTerpasbiioe
upeAcTaBienne PeIleHus UCXOAHOH 33aaun

Va B iRy .
u(x, )=y € 4 \ RS =

- V & (k—id)
- _3;‘ 2 oy T hytiks
e B L JALI W7 Sy ()
) VTR ' —ia) 3 VE (e—ia)

Cpenaem B mepeBoM uHTerpane (145) sameHy nepeMennoid HHTErpuposa-
uud, nonoxus A = —4k. Tak kak

0 o] o]
keyvik’. v ohy-ikx —ky—ikx
S Y gy —— Sf—f(}—l—/—,—dk;—ei“—g R gk (146)
Y V —k (R —ia) P V k(k--iq) 3 Vk{kia)
to (145) npuHuMaer BUI
J ; “ g hy—ikx i C‘o k) tikx
u(x, y)~—~~— S =
25 1 Vk(k—}—ta) l/ k(k—m
_[E o —~ky+riky
”Re{ i SéLdkl, (147)
) VERk—ia) j
Has Bbluncsienns unrerpasa (147) paccMorpuM nnterpan
& oy
J(a B)= S LI 148
) Ve (149)

OTOT WHTErpan 3aMeHoH nepeMeHHOH uHTerpupoBanus &P =1 Moxer
ObiTh NMPUBEAEH K BUAY

J(@, P)=e*®l(a, B), (149)
riae

an

1 B)= S ;_—ﬁ n (150)
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Wnrerpan (150) MoxeT GbITh BEUMCAEH € TOMOMIbI0 AnddepeHInpoRaHus
no mapamerpy *):

al ¢ T
e = — —p B 5]
i § o e e ]/ (131)
Tak kak
& dn i =
10, By= R 152
© B= \Wn i (152)
10, npounaTterpuposas (151), noayaum
24
I@ ﬁ)———;j"fg—VRS o= =@ (Vap)l,  (153)
rie (D(z)—.=—2—: \ e~ * dx — ynkung omudok. Orcroma
l/ﬂ o
J (@, B)= ﬁ{ @ (Vap)- (154)
Bossparusmuce k (147), noayuum
u(x, y)=Re{e[1—@ (V' =a2)]}, (155)

rae 2=x-+iy.

*) Boiunclenne HHTErpasoB ¢ NOMOMLIO JHQPEPeHUHPOBAHHA NO MapameTpy
cM. BN, 2, cTp. 409.



NMNPHUJIOXEHHE 3
®YHKIIHU MHOTMX KOMIIJIEKCHBIX NMEPEMEHHBIX

Teopua GyHKUMA MHOTHX KOMIMIEKCHBIX TEPEMEHIIBIX, ABJASIONIAsCs
€CTECTBEHHBIM PasBUTHEM TeopHM (YHKUHI OJHOH KOMIIEKCHOH nepesed-
HOMi, B MOCJENHee BpEeMs HNPEACTaBASET 3HAUMTEAbHBIH 1HTEpEC Gaaroaaps
2Q@EKTUBHLIM TPUMENEHUIM METON0B 3TOH TeOpuu B PasiHuHBIX Obaac-
TAX ©CTECTBO3HAHHSA, B UaCTHOCTM B KBAHTOBOH Teopuu noas. B macros-
IIEM [DHJIOKEHUW [aercs Kpatkui 0030p OCHOB Teopun (yHKuuft MHO-
TUX KOMIJEKCHBIX TEPEMEHHbIX.

1. OcHoBHbIE ONpexeaeHus.

Bymem paccvmaTpuBaTh N-MepHoe KoMnzieKcnoe mnpocrpadctso CV,
TOYKH KOTOPOro 2 =1(2y, 2y ..., 2y) NPEACTABAIOT COOOH yHOPHAOUEHHYIO
COBOKYIMHOCTb KOMIUIEKCHBIX NMEPEMEHHBIX Zj, = X, -+ [y, Komniexcioe npo-
cTpancTB0 CN MOXHO HHTEpNPeTUpOBaTh KaK OGBIUHOE €BKAHAOBO NpPOCT-
PaHCTBO AEHCTBUTENBHBIX NMEPEMEHHBIX Xy, Y1, ..., XN, Yy PasMepHOCcTU 2N,
Ilosromy nonsTns OTKPHTOH H 3aMKHYTOH 0O/acTd, BHYTDEHHeH, Buell-
HEH - ¥ rpaHuuHOR TOUKW, O-OKPECTHOCTH W T. Ji. BBOASICH TdK e, Kak
U B TEOpUH (YHKUME MHOTMX AeHCTBUTEbHHX mnepeMeHHbx *). Tak,
§-oxpecTHOCTRIO TOYKM 2% OyaeMm HasbiBath Muomecrso C (8, z%) Touek
2&CN, yHoBAETBOPAWOUIHX YCAOBUIO

|2e—2h| <8 k=1,2..., N

Ifon cumosom 8=(8,, ..., 8x) Mbl MOHHMaeM yIIOPsIOUEHHYIO COBOKYT-
HOCTh AeficTBuTesbHBIX uncen §; > 0. Mroxecrso Touek ze CV, ynos-
JETBOPSHOUIUX YCHOBUIO | 2p — 2% | << rg (fx >>0) naswisaercs NoauKpyrom
K(r, 2% pamnyca r=(ry ..., r'y) € UEHTPoM B Touke 20=(24, ..., 2}).

Qyuxgus w=f(2)=F(21, ..., 2§) MHOUX KOMNACKCHOLX nepereH-
Hoix 2=1{2y, ..., Zy), 3a0aHHas Hao Muoxcecmee E < CV, onpedeasemcs
3AKOHOM, CMABAWUM 8 coOmBenicmue Kaxdomy 3navenurw z&E
onpedesernoe KoMnaexcnoe Hucao w e Cl. Tak Kak KOMIJEKCHoe
YucJA0 W INpeactaBafer ¢o0OH napy NEHCTBUTEAbHBIX UHCEN # U O
(w=u<-iv), to 3aganme Qynxuuy f(2) Ha mpoxecte E < CN ectp
OJHOBPEMEHHOE 3aJaHHe HAa COOTBETCTBYIOMmEM MHOXECTBE 2/N-MEPHOTO

*y CM. B, 2.
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eBK/INI0BAa NPOCTPAHCTBA ABYX NEHCTBUTEIbHBIX (GyHKUAH o (X, vy,

o Xa, YA U(Xy Vi ... XAy Ya) OT 2N IeHCTBATENbHBIX HEepeMeH-
HBIX X1 Vi oovs XA, YN

f(Z):ll (xl» e )’N)‘*‘l"” (xi» ey yN) (1)

Py w(xy, ..., Ya) 4 v(Xy, ..., Yn) Ha3BBAIOTCH COOTBETCTBEHHO

AeRCrBHTEARHON H MHHMON uacTamu dyuxunn f(2).

Ouespauo, uro PAIl MOHATHH o CBOMCIB (PyHKIHH Muornx mefcrau-
TeAbHBIX I[epeMelHblX MOXer OHTb nNepeHecel W Ha (VHKIHH MHOTHX
KOMIIEKCHIMX nepemenublx. Tak, dyuxuus f(2), 3a1aHuas Ha MHOKECTBE
EcCV, uenpepuiBia 5 1oyke 2V < £, 110 COBOKYHIOCTH [EPEMEIMILIX

21 -eey 2y, €Cad 1A moboro & >0 MokHO yKazatb Taxoe 6 =(§, ...
ve., Oy), uro mas Bcex z & C (6, 29 uMEET MeCTO 1epaBeHcTBO
f(2) =[] <e. (2)

B naasuesimem ¢yuxuunio f(2), HENPEPHIBHYIO 10 COBOKYIIHOCIH Nepe-
MEHHBIX 23, ..., 2z, Mbl OYAE€M HPOCTO HA3bIBATL HenpepbleHoll yHKyuel.

Ecmu dynxuns f(2) HenpepmBHa B Kawao# Ttouke 2z & E, 10 OHA
Hasuipaerca nenpepnisiod ua muoxecrse £. Crpasensinba

Teopema 1. HeoOxodumbiit 1 00CMAmMoOUHbLI Y A0BUEI HeNpepble-

Hocmu pynryun f(2)=1(xy ..., Vo) -Fiv(xy, ..., YN) HQ MHONCCCMBE
EcCVN  geanemcss Henpepbi8HOCHE RO  COBOKYHHOCHIUL HEPEINMEHHbLX
delicmeumensuolx @yHEGUE 1 (Xy, ..., Yn) & V(Xy, ..., Ya) 2N deticm-

BIINEABHLIX NEPEMEHHBIX HA COOMBENCIMBY WULEM MHONCECHBe C8K.AlL-
doga npocmpancmsa padmeprocmu 2N.

Cro#icTBa HempepHBHHX GYHKIHK ONHOM KOMIIEKCHOH mepeMention
HEroCPeACTBEHHO MePEHOCATCS Ha Cayuall MHOTHX KOMIJEKCHBIX Hepe-
meudnx. Tax, pasHomepHO cxoasmufics B o6aactu (G pag NEMPephIBHHIX
(YHKIIH MHOTHX KOMIUVIEKCHBIX NEDEMEHHBIX CXOAMTCS K HENPEPLIBHOH
byuxni.

2. TlousiTne aHaJuTHYecKOW (YHKUHH MHOTHX KOMNJEKCHBIX
nepeMeHHbX. TaK e Kak W B CJyYae OHOH KOMITZEKCHOH NepeMeHHOH
B Teopuu PyHKIMI MHOTUX KOMIJIEKCHBIX [MEPEMEHHRIX OMHIM H3 OCHOB-
HBIX HOUSTHH ABJSETCS NOHATHE AHAAMTUYECKOH (yHKILIM,

Mycre B obaactu G < CV 3anana ¢yHKuns @ = f(2) MHOrHX KoMI-
JeKCHHX nepeMeHHslx. Ecan M durcupyem snauenns nepeMennsix zf, ...

. &y, Zan, oeey 2, TO noAyuuM (PYHKIUHIO

fi(zi):f(zrl’: LRI z?—-—l: 2t Z?—f—l’ e ey ZON)

0aHOfl KOMIIEKCHOHR NepeMeHHOH 2;, 3afanHyw B Hekoropol obaactu G
KOMIIEKCHOH miockocTH z;. Ilycte npu moBex (iKCUPOBAHHBIX 3Haue-
HUAX 2%, ..., 201, 25415 ..., 2% Kakdas Qydkuns f; (2) (f=1, 2, ...
..., N) sasasiercsl aHAANTUUECKOH (DYHKIMEH KOMIIJIEKCHOH INepeMeHHol
2, & G B satom cayuae ¢yskunio f(2) OYAEM Ha3BIBATb QHAAUMUMECK Ol
no Kaxcoolt nepesennot 8 obnacra (. Ilpoussogusie f;(2;) ynkuus
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Ji(z;) no nepemeHHON 2z; GyneM Ha3biBaTh YaCTHAIMH NMPOU3BOAHBIMA PyHK-

of

unn f(2) u obosnauats g OuyeBuHo,
4
of lim F2ir oo Ziigs 20024, 2igy, -0y 20)—F (21 -5 24) 3)
0z; Az;—0 Az; ’

0
YacTHble NpOH3BOAMBIE o MOryT ObITb BRIDAMEHB UEPE3 UaCTHbIE 1pPO-

02,
U3BOAHHE (MYHKUUR w(Xy, ..., Yy) 1 0(Xp ..., Yok
of odu , ,0v
a0 4
aZi axi laxi’ ( )

npuueM AJs HuX BbIIOJHsA0TCA ycioBus Komn — Pavana

u __ o ou du .

= = el 5
ox; dy;’ ay; Ox; ( )

BeegeM teneph OCHOBHOE OINPEAE/EHHE!
Dynryun f(2) MHOMX KOMIACKCHOLX NePeMEHHbX Z =(2, ..., ZN)
Oyoe.ut Ha3si8ame anaimudeckoll ) 8 ooaacmu G, ecan 8 snmol od.aacmu
gyuxyus f(2) arammuina no KaQxiooil nepesMennol 2, a 6ce ee 4acn-

Hble NPOUSBOOHBIE - HENPEPblBHbL.
14

Auanutnyeckue GyHKURH MUHOTUX KOMIIEKCHHX IEPEMEHIBX 06.1a1a10T
PALOM 3aMEYATE/IbHBIX CBOHCTB, NOAOOHBIX CBOJCTBAM AHAJIHTHYECKOH
dyHKIME OfHOR KOMIMIEKCHOH nepemeHHOR. Hmnke Oymer gam xparkui
0630p 3THX CBOKCTB, IpuueM AJd MPOCTOTH H3JIOWeHUs OydeM paccMar-
puBaTh Cchiyuaih ABYX re3aBncuMeIX nepemennwx. [las Goabmero ymcia
HepeMENHBIX BCe PAaCCYXAENusi COXPaHAT CHJY.

3. ®opmyna Komu. Ilycrs f(2;, 2,) ABAserca auanuTnuecko# dyhk-
nned B obmactu G =Gy XU, npuuem obaactn G; u G, aBas0ICa 01-
HocBsa3HHMi.  Bosemem B o6aacTax Gy n (G, npousBOJbHLIE 3aMK-
nyrole  Koutypst C; m C, COOTBETCTBEHHO # PacCMOTPHM IOBTOPHbIMA
HHTErpa

. f G &)
! —CS dCICS‘ (2, —C0) (22— L) dG, (6)

rie 2; " 2, —NPOU3BOJbHBIE TOUKH, JEWamHe BHyTDU KOHTypoB C; #
C, COOTBETCTBEHHO.

*) Tak e Kak H B clyuyae OjHOf KOMILJIEKCHOII MepeMCHHON, Mbl ¢ LeJIbio
o0/ieryeHtst NOCAeAYOIULAX J0KA3aTeNbCTB BRJIOUNAN B ONpejesieHue aHaJIHTHYECKOH
(QYHKLUY MHOIHX KOMIVIEKCHBIX TIepeMeHHBIX JIHIIHEe YC/JOBHE HEMPEepbLIBHOCTH 4acT-
HBIX TIPOM3BOJIHBIX, 4YTO, OAHAKO, He Cy¥KaeT PacCMaTPUBAEMOro kKJjacca yHKIuiL,
KaK 3T0 CJ/Ie[lyeT M3 Tak HaseiBaeMoil Teopembl [aprorca (oM., Hanpumep, B. C, B i a-

211}{6M Hp OB, MeToAt TeopHH (QyHKUHH MHOrHX KOMIJIEKCHEIX TIepeMeHHbIX, «Haykay,
964), '
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TMoawiaTerpansuas QyHkUus B (6) HempephiBHA IO COBOKYIIHOCTH TepeMeHHHX,
YTO SABJASIETCS LOCTATOUHBIM YCJOBHEM JJISl BOSMOJKHOCTH H3MeHeHHs NOpALKa
HHTCTPDHPOBAHUA B AAHHOM MNOBTOPHOM HHTerpalJe ° ) CJIeIIOBaTeJleO,

(&, &) ‘
= \ dg S——*;—dﬂ 6
S =2 ¢ @— @0 ! ©)
Tak kak Qyuxuus f(&, ;) aHaqnTHuHa 10 KawxAoOH# nepeMeHHOH,
BHyTpenun# nuterpat 8 (6) B cuay dopmyast Komwn (1.59) pasen

g f G L) dt,

f(;lv 22)
B0 @)

=2

Bocnoab3osaswnch emie paz Qopmyaott Kowrw, noayunm oKoHYatesnsHO

G &) 4 (e
Sdcl>(h S sl =(— 4 [ 2 )

YTO MOXHO IIepeHucarb B BUIE

- f G Go)
few == | 40\ g ©

1

Anasorauno B cayuae N nepemeﬂnblx MMEET MecTo dopuy.a

.

F@ =Gy o 2n) = g | Al s S foay g

o Cn 1T (2 —Ek)
k=1

r1€ TOUKH Zp JEXKAT BHYTPH 3aMKHYTHX KOHTYpPOB Cj, NpHHALIEKAUIX
oanocssizHeM  obnactam (g, u  Qynkuus  f(2) aBasercs  aHaiuTHUHOH
B obnactn G =G0y X...X0y. ®opmynsr (9) u (10) u npeacrasasior
co6oll oCGoButenns dopuyan Kown (1.59) na cayuali MHOrHX KOMimexc-
HBIX llepeMeHHBIX.

M3 »tux QopMys MOXKHO HOAYUHTb DAL BAXKHBIX CBOHCTB anaanT-
yeCKOH (YHKUHH MHOTHX KOMIMIEKCHBIX nNepeMeHnbnx. B wacruocrn, Kak
U B CJayyae OJHOH KOMILICKCHOH nepemenHolt ¢ nomouibio Gopmyas (9)
MOKHO [OKa3aTh, 4YTO aHAMUTHYECKad (YHKIUS [BYX KOMIJNEKCIHLIX
NEPEMEHHBIX UMEeT YaCTHBIE POU3BOAHBIE BCEX NOPAAKOB, K/ KOTOPBIX
ClIPABENIIBEL BBIPAXKEHUS

O ez it (G L)
- 5 dfy % Gi—)n L (z2_z—2)m+1 . (11)

azlllaz{jl 4n2

¢, Cs
AHanornyHO  yCTaHABJANBAETCH CNPABENIMBOCTb NPUHUHNA — MAKCHMyMa
Mopyas u T. AL

CooTBeTCTBYIOIHE De3Yy/AbTaThl noaydarorcs uz ¢opmyast (10) mas
alaJUTHUecKod (YHKLHM MHOTUX KOMILICKCHBIX MePEMEHHBIX.

*) Cm. BuI. 2,



300 ITPUJIOKEHUE 3

4. CrenenHble panb. B cayuae gByx He3aBUCHMBIX NEPEMEHHBIX
CTENEHHBIM DAAOM HA30BEM BBIDaMEHUe

i i Cp, m (21— a)* (23— az)™, (12)

n=0m=0

rie C, m @, @3 — 33JaHHHE KOMIJIEKCHwIC uncaa. ViMeer mecto yrsep-
KJEHHe, aHaJoru4HOe reopemMe AbGeas (reopema 2.95).

Teopema 2. Ecau psad (12) cxodumcesn abcoanomuno 8 mouke

= (2] £ @y, 285 ay), mo OH QBcOAWMHO cXO0UMCA BHYMPU NOAl-
kpyea K(r% a) paduyca r®=(jz2 —a,|, | 23— aq}), nputes 8 w060
noaukpy2e sensuie2o paduyca *y ¢ yenmponm 8 mouxe a psod cxodumes
PABHOMEPHO.

IloxasateabctBo. B cuny abcomorHoll cxomuMmoctd psga (12)
B Touke 2% BCe uJeHB pPAl1a B S5TOR TOYKE DABHOMEPHO OrPAHUYEHHL.
[TostoMy umeer mMecTo oueHka Kos(duuuentos paaa (12)

M
lcn,mlé)zg_aun.\zg_az‘m; (13)

¢ obulefi xKoncrantofh M nas Bcex KO3(puiHeHTOB. Bo3bMeM npou3Bo/ib-
HYI0 TOUKY 2 ==(2, &) BHyTpu nomukpyra K (r° &) u nonoxum

[21—011:‘1112(1’“‘11% 122—02]=Q2|23—‘f12!,

rie 0<<q, <1, 0<<gy<<1. Toraa, nojn3yscs oueHko# (13), a1 BbI-
ODAHNOH TOUKH 2 MOJYUIIM

o o
2.& ZJ Cn m(zl_al) (Zg“‘ﬂn Z Z q;1q§n=
n=0m=>0 - -
M
T U= (=) (14

4TO ¥ JOKa3blBaeT CxoanmMocTh pama (12) B Touxe z.

Tak kak z—npoussonbHag Touka nosaukpyra K(r% a), 10 orcwoaa
caenyet abcomoTHas cxomMoctb psga (12) suyrpu K (r° a). PaBnoyep-
nas cxommyocth paga (12) B mo6om nomukpyre K(r'%), a) mensumiero
pamnyca A0KaszbiBaeTCs ¢ nomouibio (14) rak Ke, Kak u B 3 caydae oanoi
KOMIJIEKCHOH mepeMenHolt (teopema 2.5).

Ilokagannas TeopeMa [03BOJSIET YCTAHOBHUTL, 4TO OGJaCThiO CXOIU-
MOCTH CTENEHHOTO pana asagercs noauxpyr K (R, a) painyca R =(Ry, Ry).
Buyrpn K (R, a) psa (12) aGCoitOTHO CXOAHMTCH, BHE JAHHOTO 110.1-
Kpyra — pacxonutcs, B 060l 3ayMkuyroit nopo6aactn K (R, a) paa (12)
cxoantcs pasHoMepno. OTMETHM, 4TO pamdycsl Ry 1 R, onpeneasiorcs
COBMECTHO U HE MOryT ObiTh, BOOOILE TOBOPs, ONPEAE/EHRI KaXALH B
OTAEABHOCTH.

*} DBygmem rosoputTe, uTo pazmyc r1' moaukpyra K (r'l’, a) MeHbllle paguyca
r'2ononurpyra K (r'2, a), ecau rt <Tr@, o, r <<rg.
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B xauecTse nmpuMepa paccMOTPHM CTENEHHOH psij
o o)
3 A 1
f(z)—_— Z Z (—nﬂl_)_ zhgm (15)

ntm! L2
n=0m=0

KO3pUUHeHTEl KOTOpPOro mpeicTaB/ifioT coGofl GHHOMHANbHBIE KO(GbHLHCHTH.
Tar xax BHYTPH CBoero TNOMAHUKPYTa CXOAUMOCTH pSX CXOZHTCH  abCoJOTHO,
TO PSR C NOJOXKHTEJALHEIMA UJCHAMH

co co
Q)
Z ’M(\zl}n.!’zz\‘m (16)

niml
n=0m=0

ABIAeTCA CXOAAIIHMCS B MOAMKpYyTe cxopumocTd pafa (15). Crpynnuposas u/IeHs
psida (16), y KOTOpLIX CyMMa CTemeHel f~-m =13, MO.IyUYUM

(e8]
2 (al+lz s, (16)
s=0
OTKyHa CjefyeT, 4T0 paiuycel Ry W R, noauKpyra cXojHMocTH paza (15) ompe-

Jeasiorcsl U3 yeaoBHSL Ry--Ry==1, T. e. IOpH YMeHpllelinn R; 3HaueHne R,
yBeJIHuUBaeTCss U HaoGopoT.

Pacemorpry paa (12) suyrpu ero moanxpyra cxoiumoctn K (R, a).
Bocrnoab3opasiixch aGco/OTHON CXOAMMOCTBIO psija, CTPYNNUPYEM Te €ro
WIEHDB], y KOTODHX CyMMa CieneHeft n—-m=s,

(e8]

FR)=f(zi, z3)= Z us (23, 29)- a7

s=0

Bripawenwe (17) maer npeiacTasjieHue HCXOJIHOIO psAla B BuUle paia

OJHOPOAMBIX MOJHUHOMOB OTHOCHUTEJNbHO MEPEMEHHBIX 2) =2y — a3, &g =
= <y Ay

s
Us (21, 25)= D, Cy s-p2kes™k (18)
k=0

Tax wak QydxUHU Uy (21, 29) ABAAIOTCS AHAMMTHUYECKHMH N0 KakKI10H
nepeMEeHHON W pax CXOmMTCH paBHoMepHO BHyTpu no/mikpyra K (R, a),
TO B cuiy Teopemsl Befiepurrpacca (reopema 2.3) dynkuua f(2) Taxxe
apasercs  aHaJUTHYECKOH 10 Kaxaod nepemenunoit suyrpn K(R, a),
npHueM ee YacTHble MPOU3BOAHBIE MOKHO BBIYACAHTH MYTEM IOWIEHHOrO
audrpeperuuposanug paxa (17). Kak Jerko Bugers, npu 3ToM  paiuyc
CXOANMOCTH MOJYYEHHOrO DAfld PaBEH PAAUyCy CXOmuMoCcTH psima (12), n

of o
YaCcTHBIC NPOW3BOMAHBIE o, Y oz nenpepsisHb BHYTpH K (R, @). Orcrona
CHENYET, 4HIO 8HYmpu HoAukpy2a cxodumocmu cinenenroli psad (12)
CXO0UMCS K AHAMIMUMECKON (HYHKYUL MHOUX KOMNACKCHbLX Nepe-
MEHHBLX,
Tak ke Kak M B Cayyae OJHOH KOMIJIEKCHOH nepeMeMHOMH, JIETKO yCTa-

HOBHTb, UYTO KOYP(QHIKUEHTH cTeneHHOro psga (12) BeIpaxawIca vepes
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SHAQUCHHsI UACTHBIX NPOM3BOAHKX €0 CyMMbl B LEHTPE MOAUKPyra €X01d-
MOCTH — TOUKe a = (a;, a,)— 10 (opmynam
1 ontm

Com= nim! c')znasz(") — (19)

5. Panm Teitnopa. IlToxamem Ttenepb, uto (YHKINH, aHAMUTHYECKOH
B HEKOTOpOM uouukpyre K(R, a), MoxeT ObiTbh COMOCTaBAEH CTEeHHOH
pas, cxopduubics K gaHno# Qyukuump BHYTpH K (R, a). Hmeer mecro

Teopema 3. Oyuxyus f(2), anasumuseckas BHYMPU HOAKDPY2a
K(R, a), eduncmesenneim obpazom npedcmasasiemes snympu K(R, a)
8 gude cyMMbl A0CONOMHO CXO05U4e20CH CHeneHHo20 psoa

()= Z Z Co, m (21— a1)" (29 — )™

n==0m=0

HokasarenbcTso. BossmeMm npoussonsHyo 10uky z & K (R, a).
[To gopmyae (9) nmeen

& Go)
f(@)=— i g dg g F‘T;(‘gﬁ_—zzyd@ (20)

)

rae C; n Cy — OKPYKHOCTH C UEHTPaMU B TOUKAX a4y U @, PAIHYCOB Ry
W R yAOBACTBOPSIOUUIX YCAOBHAM |2y —ay "< R <Ry n |z, —a,| <<
< Ry <C R, M3 npenbigyminx pacCcykpueHnil clefyer, 4TO DalliOHa.IbHas

1polb MOXKeT ObITh pa3noxeHa B a0COJIOTHO U Paslio-

(Er—2y) (Ca—20)
MEePHO cXoxguuilcs oTHOCUTENAbHO & u {, cremeHuoi pam

2i—a) (g —a)™
G—2) G—2) ((:2*‘42) Z Z G—a)t L (e—a)m i @n

n=0 m=0

TMoncrasasst pasioKeHne (21) B (20) u NOBTOPHO NPOU3BOIA [OUJIEIHOE
HHTCTPHPOBAHHE COOTBETCTBYIOUIMX DPABHOMEPHO CXOIAILUXCA  DH10B,
noJIyuaem

[eo] [eo]
f(@)= Z Z Ch, m (71 — a1)" (7o — a))™, (22)
n=0m=0
rae uepes C, , 0003HauCHB BhIPAKEHUS

Crl, "= 4n2 S d§1 g f(%lv CZ) dgg, (23)
Poud
1

& Gr—a) t (Le—aym Tt

uyto B cuny (11) MOXHO nepenucarb B BUMIE

1 ommi(y)
= Tl 021102/

(29

z=a’
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Tak kax "z —npoussoapHas touka K (R, a), to n3 dopmyast (22) u
creiyer pasloOMUMOCTb (PYHKUHH, aHAaIuTHYeCKOH B noauxpyre K(R, a),
B CXOAIINKACS CTENeHNOH psL.

Conocrasienne gopmya (24) n (19) npuBOIUT K 3aKJIIOUEHHIO 06 eanH-
CTBENHOCTH pasnokenud. Teopema goxaszaua.

[To ananorun ¢ pesy/abTartaMi, NOJAYYEHHHIMH s QYHKIHH OAHOH KOM-
IJIeKCHOM nepemenHofi (cM. Teopemy 2.6), pasnoxeHue (22) ecTecTBEHIO
Hassarb psaoM Tetizopa Qyuxuun f(2).

B sakmouenue sameTM, uto paanyc cxomumoctd RY pama (22) moxer
oKasaTeCa OoJblle paanyca R nmonukpyra K(R, a). B stom cayuae cymma
3TOro pana OyleT npenacTasasTs COOOH (PYHKIWIO, aHANUTHUECKYIO B MOJIH-
kpyre K(R® a) u coBmagaomyo ¢ HCXOAHOH aHanuTuueckod ¢yukuuet
f(2) B noaukpyre K (R, a) menbuiero pamuyca.

ITpoBenennbie PacCMOTPEHUsT HENOCPEACTBEHHO TMEePeHOCATCs M Ha Cay-
qaii MNOfHX KOMIVIEKCHBIX HEPEMEHHBIX.

6. Anajsutvueckoe npompomxenue. [lpencrasienne aHaAnNTHUECKOR
(YHKIMY MHOTHX KOMIVIEKCHBIX II€PEMEHHRIX C [IOMOILbIO CTEMEHHOro psaa
No3BoAdAeT, TAK XK€ KaKk U B Ciayuae OANOH KOMIJICKCHOW NEpeMeHHOH,
BBISICHATE BOMPOC 00 €IMHCTBEHHOCTH ONpPEeAEJeHUs aHATUTHUECKOH (YHK-
uun (cM. teopemy 2.8). Tak, ecan B obaactn (O 3agadbl aBe  aHajnd-
Tuueckne GyHKuUMUM fi (21, z2) M f5 (21, 29), coBmajawoinue B 110A064aCTH
G' obaactu G, TO JErKo TMoOKaszarh, uto f1(2y, 29) == f3(21, 2,) npu
2=(2y, #») & Q. Ha ocnoBanu 3TOro MoJOKENHS MOKHO B cleylouief
opme BBECTU

[Mpungun  anaamudeckozo npodoaxcenus. Ilycrs B o6aacrax G
n G, unveomux obulyo nogobaacts G, 3ananpl aHAIHTHUECKHE (DYHK-
unn f1(2) u fo(2), cosnanparomue B GV, Torpa sty QyHKUMA SBASIOTCA
anaJuTHIECKNM TPOIOIKEHHEM O/1HA APYTOH, T. €. B obaactn G = GV G2
CYyHIECTBYeT €NMHCTBEHHAs anannTndeckas GyHkuns f(2), copnamaionias
¢ fi(2) B G u f,(2) 8 G2

Tak ke Kak #u B CAyyae OJHOH KOMIJIEKCHOH NEPEMEHHOMH, MO¥HO
CTPOUThL AHAIUTHUYECKOE MPOJO/AEHAE NEPBONANANBIO 3a1aHHONH B HEKOTO-
pofi oGaactn GW) ananntineckoft dynkuwu fi (2) BLOMbL BCEBOIMONHUHIX
BhxoasuX w3 odaactu, G wenouek obaacreft, mieOMUX NONAPHO ofluye
YacTil.

Takoe aHaguTHUCCKOE TPOAOJIAKCHHE MOXKHO, HaPUMCD, TOJYUHTb, pasnaras
¢yrkumo [ (2) B crenennoii psg Teivopa (22) B OKPeCTHOCTH pasJ/iuHLIX TOYEK
2% e GV Eco paguyC MOMMKPYTa CXOAMMOCTH KAaKOTO-1M60 H3 3THX pasnomeHuii
oRaxkercs: Gosbule PacCcTOSHUST TOUKM 2'*) 1o rpaduusl obaactd GV, 1O MBI M IOJyYHM
agaJHTHYECKOe ApojosnKkeHue f(2) Ha Goabmylo ofnacTs G, cogepxaityio G,

ITpn sTOM MLL HPHXOAUM K NOHATHIO HOJBOH aunaJINTIIECKO# (yHK-
i F (2) 1 ee ecrecteennofl o6aactn cyuiectBoBauus U, nai, Kak roso-
par, o0JacTd aHAMMTHUHOCTH (WM, KaK WHOTAA rosopdr, o6aactd roJjo-
MoppHOCTH). Boobiie rosops, avaIdTHUECKOE IPOJAO/KEINE MOKET HpH-
pecrd M K MHOTO3HAYHOH (yuKiuy, 06/aCIbi0 aHAJIHTHYHOCTH KOTOPOH
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SB/IACTCA HEKOTOPOE HEOANOAHCTHOE MHOTO00pa3ue, NOJYyHaIoeecs nyTem
BBEJeHNs TaK Ha3biBaeMbIX 00Jacteft nanomxenng ¥).

B npusoxenax Teopun (PyHKUu# MHOTHX KOMIIEKCHBIX nepeMellbx,
B UaCTHOCTHl B KBaHTOBOH TEOPHH IOJA, CYHICCTBEHHBIM OKa3niBaetcd BOI-
poc, aBaseTca an 3ajaHnas odsacth G obmacrbio anamdriuHocTH. pyra-
MH CJ0BaMmi, Hafiaercs an takasg dyukuug f(2), anaantageckas B G, nag
KoTopoit o6aacts G apasercs ecTecTrennod 06aacTbio cymectsopanus. Ecan
oBaacte G ne dABagercs OOJACTHIO AHAANTHUHOCTH, TO BCAKAd aHAIHTH-
yeckag B G dyHkums f(2) MOwmer Obrb anaJuTHUECKH 1IPOJO/KECHA 1A
Boabuyio o6nacts G*, cogepwautyio ofaacrs Q.

Kak mut sugesn (co. npuMep 4 § 2 o 3), B cayuyae OAHOH KOMILIEKC-
go#t nepemennofl exummunbit Kpyr | 2!<C 1 aBagercs 064aCTbI0 AHAATII-
nocru. IToabdysch Teopemoit Phyana 0 BO3MOWHOCTH KOH(OPMIOLO OTO-
OpaxeHud INPOU3BOJILHOH O0MACTH Na €ANHHUNBIR KDYT, JIEFKO [OKa3aTh,
UTO 8 cAyiae OOHOI KOMHMACKCHOU nepeenHoll 8csIkas obaachiy ecins
o06aacme QHANMUYHOC L

B cayuae MHOTHX KOMIIIEKCHBIX NEPEMEHHLIX TAHHOE YIBEDKACHHE YiKe
HE NMEEeT MecTa.

Yro6ul 5TO 10Ka3aTh, 1I0KaxeM, uTo yiKe B C? o6aactb

G {z=(212) 1 <2 |=(,21 2} |2 )" <<5}

He 4RJgeTcd 00.1acTh0 aHaARTHUHOCTH ¥¥). ILag 3TOr0 A0CTaTOUHO 10KAa3aTh,
uTo BeAKas (PYHKILNA, aHannThueckas B (, MOxeT ObITh aHAAMTHYECKIH TPO-
poakena B Goapuiyio oOaacte G¥, copmepwawyio G, uampuvep B uap
lz,<<b.

Wrak, nycts f(2) —npoussonbhias (yHKuus, aHaautnueckas B G. Pac-
CMOTpHM (PYHKIITIO

9 (2) =0z, 22) = 2}_[[ Q F (G 22) dty. (25)

=
G—<
L =4

dyHxuns ¢ (2) npeacrasager cobof unTerpas, 3aBicAuLIfl OT nepeMeH-
HbIX 2y M 2y Kak oT napaverpos. Iloxodaacrs {|;'=+4,"2,' <3} npu-
naznexut G (e puc. 1). ITosTouy dynxitng ¢ (2) g8I4€TCH AHATNTIIECKOHR
Mo KawI0H mepemenHoft zy m 2 B nomukpyre K:{ 2y <4, !z, <3k
Jlerko sugeTh, UTO YaCTHHIE NPOU3BOLHBIE (QYHKILUH @ (2) NPH STOM neipe-
puiBhbl. Otcloaa cienyer, uro B nonkpyre K:{lz; <4 ' 25| <3} dynx-
uug @ {(2) 9BASETCA AUATHTHICCKOH (DYHKUUMEeH IBYX KOMIIEKCHBIX lepe-
MEHHBIX 2; U 2y B uacrnocTi, ¢ (2) ABIETCA AHAJNTIYECKOH M B 3aMKHY-

*y Togpobuee ca. B. C. Baapgumupos, Merogst Teopun dyHkunii MHOruX
KOMILIeKCHBIX Tiepemenubix, «Hayka», 1964.

##) JlaHHBIH mpuMep sfBJSIETCS] He3HaunTeJabHON MojaudHKanuell mpumepa, pac-
cmorpertoro B kuure C. Boxnepa n Y. T. MapTuua «PyHKIH MHOrHX KOMILIEKC-
HeiX nepemensbixy, MJI 1951, Cy. rakxke B. C. Buagumupos, Metogu Teopuu
(YHKUUI MHOTHX KOMIVICKCHLIX mepemendblx, Hayka, 1964.
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TO# ofaactii (70 { &y ] =T 4, 1 =<1z, ' = 3}, npiinalieraulesi 01H0BDEMEHHO
noaukpyry K u ucxomoﬂ obaactt G. B cnay qopyyast Komn (1.59)
B (G° uMEeT MECTO paBelcTBO

k/zz/

Q;Ii § ';f“’z’) Aty =f(z1, 22). (26)

JEai=1 5
Otciona caeayer, uro B @' aHaautnue-
ckne dynknnn f(2) u @ (2) cosnanaror.
Tem caMmbim B paclinpennofi ofaacrn G* J
(wape |z |<T?H), coiepkalel HCXOMHYIO
ob6aacts G, oupejesena  analiTHueCKas

Gyukuns I (2), pasnas f(2) 8 G 1 ¢(2) 7\

B ](, ABAFIOIAACT  aHa NTHUECKM 1IpOo-

noaxenneM f(z) B G¥. Yro u tpefosa- f 4 5 /2,
JOCh [0Ka3aTh,
Hrax, 8 cayiae mro2ux Koatn.iekc- Puc. 1.

HblX NepemeHHbl X He BcaKast o0Aacnis

58.a57emca 064aCMe10  QHAMMUMHOC/U. DTOT (aKT CYLIECTBEHHO OT-
JnuaeT Teopuio  QyRKmi MUOTUX KOMIVIEKCHBIX MEePEMEHHHX OT Teopuu
(pyHKIME O1HOH KOMILIEKCHOH NepeMeHHO!.



NPUJTOXEHHUE 4
ETOJA BATCOHA

Meron Barcona npumeHsieTcd TJaBHHM 06pasoM NP CYMMUIPOBAHHH
Il aCHMIITOTHUECKON anaquse panos. Ilepsonauanpno atoT MeToa OLLT Ipen-
nosxken ', H. Barconom B 1919 r. npu uccaemosaunu 3agaun o gudpax-
1un paanosoan na cepe. Meronom pasaesenns HepPeMEHHBIX JAerkO 110.1y-
UATH AHAJINTHUECKOE NPEACTABJCHHE penienns 3ToH 3ajaun B Buje paia
no co6cTrennnm  pynxnuam. Onnako npu Amine najawoiefl BOJIb, Mito-
ruM  Melbuieli pagryca cgepel, YTO HMeeT, HanpHMep, MECTO B 3a/1auax
0 AN(PAaKIUK PagroBOJI 11a HOBEPXHOCTH 3eMJad, MOJYyUYeHHbHH pan cxo-
JITTCS upe3Bhnaitno Mepaenno. Barcony ynanocs pazpaGoratbh MeTos, nMo3so-
AgONHE 1peodpasoBaTe TOT MEAJeHNO CXOAAULIHCT Pal B ApPyro#t pax,
CXOAMILMACH H0CTATOMIO OHCTPO. IDTOT METOA M MOJYUH/ BIOCAEACTBHH
Ha3Baiie Merona Barcona.

OcHoBHag uies MeToj1a Barcowa neoGmuaiiio nNpocTa u OCHOBHIBAETCA
11a TOM (paKTe, UTO NPH BHIYICJICHUN HHTErpajsa MO KOMILIEKCHOH mepe-
MEHHOH € MOMONIbIO TEODUH BHIUETOB MQOWKHO, DaziuuHbM 00pa3oM 3aMbi-
Kas KOHTY] MIITErPHPOBAHUs, 1OAYYATh [IPEACTABACHIE HCXOAHOrO HITEr-
paja B BiJIe pasmmnsnx pgaor. OLaxko, HeCMOTPA 11a IPOCTOTY OCHOB-
HOH ngen Meroaa Barcoma, ero pea/in3aund BO MUOPHX KOHKPETHBIX CJy-
uagX TpebyeT GOABIWIOrO HCKYCCTBa.

Ilpounmoctpupyen ocHOBHBIE TOJOKeNWd Meroaa Barcona na iocra-
TOYHO IIPOCTHIX npumepax™), HyCTb Tpebyercss NPOCYMMUPOBATL  Pii

S‘_’ y n-+a2‘ (1)

rjie a-— HEKOTOPOE INOJOKUTENLHOE YHCJIO.

3amerum, uTo npit a > 1 uncnesnoe cymyuposaune pgia (1) ¢ Bo-
COKOH TOYHOCTBIO MpeacTaBadeT coOOH He copceM TPHUBHAMBHYIO 3anayy.

PaceMoTpHM BCnoMoraresbHbIH HUTEr pa
1 ! ety
[== - § Vrd s
2 R Vv2--a?  sinay

Lr+L

*) TlpuseneHsbie HAMXKe NpUMepbl IPHMEHEHAST MeToja Barcona 6uiad IpepslokeHs

C. 5. Cekepx-3eHbKOBHYEM, KOTOPOMY 4BTOPH IPHHOCAT HCKPEHHION
farofapHocTDb. )

dv, (2)
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rie€ WHTErpupoBaHne MPOHUIBOAUTCA Ha KOMIVIEKCHOH MJIOCKOCTH v MO
npsvMeM L+ u L7, napanieabliniy  HeHCTBHTCIBHON OCH # OTCTOSILAM
OT Hee lla paccTosiHiN d B BepxueH 1 HmANeR MOAYILTOCKOCIAX, MpideM
d<<a (puc. 1). ITo npasoit L+ unrerpuposatie Be1ETCH CNpaBa HAALBO,

Imv
'
by
Fia
N N
A, L’ id A,
L i - 1 1 1 A Rev
e Vow Y Y g Y Y Vi Yaer
A - »
aZ A
L-ia
Puc. 1.

a no npamo#t £~ —B NpPoOTUBONOAOKHOM nanpasaeHun. HecoOctpenHpiit
unierpaa (2) asngerca abco/norno cxopgmumcd. JledcrurensHo, nyeer
MECTO OUEBIIHAA ONENKa

lay 2 2

= - L 3
| ] — ¢ 2y ; :Im\v:d = p2nd ( )

sin v

Imv=4d
Awnanoruunias oweHka mvueer mecto um npu Ilm v = —d, Hrak sropofl
COMHOXKHTEIB B NOABHTErpasibHOR (yHKUMM (2) orpaHuues, a MNepablil
CTPEMUTCA K HYyJK, Kak 1/'v % uto u ofecneyusaer a0COMOTHYIO CXOAH-
MOCTB uHTErpaia (2).

Hoxkaxem, uro unrerpas (2) pasen cymme ucxogoro psaga (1)
Hocrpouy Beriovorare/abubit uurerpad

gl ety
Iv= - \ . d 4
A J Vi@ sinav M )
Ty

no 3aMrnytoMy kourypy [, cocrabiennomy us otpeskos L un Ly
npspx L+ u L7 MeKay TouRaM

R TR / | / 1 \
N — R | N _N—~ - N | — N —
Al \1\ b d/, A) =1 N— o, d>, Al (\ N—-5, d),

V=Nt —d>

COOTBETCTBEHHO H COEIMHSIOUIMX WX BEPIHKAABILIX OTPE3KOB v (AN AN)
" yN (AYAN) (puc. 1). Buyrpn oGaacru, orpauuuennofi wourypom [y,
noapHTErpasbiag  ynkitst () nveer NoOMOCH  MEPBOro  nopdaika B
TOUKax V= £k (=0, £1,..., 2= N). llostomy, Beluncaas nurerpan (4) ¢
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NNOMOLIBID TECOPHUHU BBIYCTOB, NOJYUUM

N
QJU 1 ety ’ \ 1
Iy="C Z Briy e k= vo_1r 5
A * Vg2 simav? -~ REda?? ()
k=—N k=—N

OTKyaa caenyer, uto cymyMa S psana (1) pasua lim Jy.
N —

C apyro#t cropoHsl, npegen uHrerpaia [y npu N— co pasen nHre-
rpany (2). HeficTBurensHo, B Cuiy aGCoOTHOR CXOAMMOCTH HecoOCTRell-
HOrO uHrerpana (2) umeem

lim L S LI e 6
N oo 2t Vig sSnaveY =0 ()
Li+Ly

a WMTETPAAB MO TPAMBIM Yp W Yy CTPeMATCd K Hymo npu N — o0, uto
JETKO YCTaHOBHTH Ha OCHOBAHWN OLUEHKH

eitty e—nlmv e——nlm v
g = ‘ = < (7)
Sin v |y jsina (Rev+4-ilmv) |yy ch (w Imv) tyy
Wrak
o
1
s= X = ®
n=—oo

1 WCXoJHad 3ajada cyMmuposauus paza (1) cBOIHTCT K BHUACICHHIO
unterpana (2). Ilocneandd sazaya moxmer GHITh pelreHa OIATh € MOMO-
b0 TEOPHU BHIYETOB. 3aMETHM, uTO MOABIHTErpanbHas (QyHKUHA B (2),
KpOME OCOOBIX TOUEK Ha AeHCTBMTENBbHOH OCH, uMEeT emie xBa MoJoca
B Toukax v=_tia. Jlas BplunCAEHHA HHIErpajsa no npaMot L+ pac-
CMOTPUM B BEDPXHEH NOJYMJIOCKOCTH 3aMKHYTbi# KOHTYD Cp-, COCTOSIILIH
U3 oTpeska L 1 3aMbIKalomeR ero ayrd noayoxpyskuocru Cu. Jlerko
BUJETh, YTO Npu Im v =>d uMeer Mecro OlieHKa, aHaJjoriuas (3)

2
= g1 9

elmy

sin tv

Imv=d

OTKyJa cCaelyer, 4rto muterpad no gayre Cy cTpeMuatCa K HyJdio 0pn
N — co. TToaroMy, BHUHC/IAS WHTETPaa 1o HPAMOH £+ C MOMOLLBIO TE€o-
pPuH BHIYETOB, MOIYUHM

v ; iy
~1;- % —1—--—6,’———d\7=—-*2—§£Bblll[—-—1——-' c ia}:

2i ) w42 sinaw vi-tg2  sin oy’
-
1 oA g eme (1 O)
=T ouSnita 2 shua’
AHalorH4HO )
1 1 elmv a e
e _ 1 (11
2 veta?  sinav 2a shaa
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OTKYna ]
]:gT S —q—l-f-—.c)l—m—dv=£cthna, (12)
i vida?  sinav a
Lr+Z-
YTO M pelaer MCXOIHYIO 3anady cyMMmuposanud pgaa (1).
PaccMOTPeHHBIH TTPHUMEpP, HECMOTPS HAa €ro NPOCTOTY, COAEDKHT BCE
OCHOBHBIE 3JeMEHTB Merola BarcoHa. DToT METOX acHUMITOTHUYECKOrO HC-
CHENOBaHUA DSAOB COCTONT M3 psaja sranos. Ha nepeoyM 3rane najo no-
CTPOUTh HHTErpad N0 KOMNJEKCHOH NEpeMEeHHON, paBHBLI CyMMe MCXO0I-
noro pana. IopeHTerpanenas ¢(yHKUMS 5TOro muHlerpaia AOMKHA CO-
IePKaTh MHOXKUTENEM aHaJuTHYeCKOe NPOAO/MKEHHE ofulero 4YaeHa pana
‘B KOMIMIEKCHYI0 NIOCKOCTb ero Homepa. Crenyomm# sran 3ak/i04aercs
B HE32BUCHMOM BBMHKCJIEHNH MOCTPOCHHOro uuterpaia. Bo MHorux cuay-
yadx yAaercd NOJNyuuThb BBIDAXKEHHE HWCKOMOrO WHTErpana 4Yepes CcyMmmy
BLIYETOB NOABIHTErPAAbHOH (PYHKIUHU B OCOOBIX TOUKAX AHAJAATHUYECKOTO
npopo/mKeHua obuiero usieHa pana. Ecam uncno Taknx 0COOBIX  TOUEK
KOHEYHO, TO Mbl MOJYyYaeM SBHOC BBHIPAXEHUE AA4 CYMMBI HCXOIHOIO
pana, eCau 4uCcaA0 3THX 0coOBX TOueK OeCKOHEuHO, To Mbl NpeoOpasyem
UCXOAHBI} DAL B HOBBIH, KOTOPBIH MOXeT OKasarbCad GOJee NPOCTHIM [
acHMIITOTHUECKOrO HUCCACJ0BAHNS.
B kayecTBe caepymomiero npuMepa paccMOTpPHM 33,124y BLUHCACHUSA PAMa

FO= Y (=g (19)

n=1

rae 0=C6 <m, a o — 3aJaHHOE NOJOXKUTENbHOE YNC/IO, YAOBAETBODAIOLLIEE
ycaosuio < 1. Pan (13) sBagercs TUNWUHBIM 4/ MHOTUMX 331a4 MaTe-
MaTUYeCKOH (U3NKHM, peIUeHHE KOTOPLIX CTPOUTCA METOAOM pPasie/eHns
nepemennsix. Kax nerxko suaers, B cunty ycaopus o0 << 1 GOMbLIOE YUCIO
NEPBBIX 4JCHOB psdd WMeeT OAMH ¥ TOT ke NOPANOK (HanpuMmep, Impu
o =107 u §=0 nepssie 1000 ysrenoB paga 10 abCOMOTHOH BeaHUMHE
uamendorcs or 1 po 0,995). ITostomy npsiMoe YUCACHHOE CyMMUPOBAHUE
psaa (13) mpu < 1 oxasbiBaeTcs BecbMa 3atpyaHnTeabusim. OaHaxo,
npumenss Metrol Barcosa, moxuo npeoGpasosarh paa (13) B HOBRI pazn,
L1 KOTOPOTO JErKO MOJY4YHTb aCUMITOTHUECKOE MPEACTaB/JEHNE IIPH
a1l

PaccmoTpuM BcnoMorare/ibHbIR MHTErpan

zwz%g_ﬂﬂ_w, (14

¢h av sin vi
II

rne koHryp wunrerpuposanns Il na komnaekcHo#t naockoctm v npen-
cTaBasger coOoi OGECKOHEUHYIO MET/0, OXBATBHIBAIOILYIO IOJOKUTEABHYIO
yacTh AeHCTBUTEARHOR oOCH (PHC. 2) M NEPeCeKanIlyo ACHCTBHTENBHYIO
ochb B Touke v==1/2. Hurerpuposanue no Kourypy II mnpoussomurcs
B HOJOKUTEAbHOM HAPaBAEHHH TaK, UYTO AEHCTBHTEAbHAT OCh OCTAETCH
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caesa OT HanpaeaeHusa pemuwenus. Jlerko Buperp, uro unrerpad (14)
paBeH HCXOAHOMY paixy (13). HeficTBaTesnilo, pacCMOTDUM UHTErpadj

I (8) =, \ Loy (15)

ch av sin vt
I,

no samknytomy koutypy II,, cocroquiemy us koueunoro yuacrka nerau II
I 3aMHIKAIOULEr0 €ro BEPTHKANLHOTO oTpeska A;A, nepecexawmero nek-

1
CTBUTEABNYIO OCh B TouKe v=/1+ - . [loxsmrerpanbuas Qynwuns f(v)
B (13) siBagercd aHanuTHueCKOH (YHKUMEH KOMIIEKCHOR MEPEMEHHOH v

Imy
= Ymas
7
/]4 2.m ’4,1
=
..))/ ,4
4 4 2

4
Puc. 2.

BHYTDM KOHTYPa HHTErDUPOBAlNd, 33 MCKJIOUEHHEM KOHEUHOTO uHCaad
HB0JUPOBAHHKIY OCOOHX TOUeK V;={({=1, 2, ..., n), NpeaCcTaBAtOILIK
coboit noace nepeoro nopsixa. Ilosromy, npuMenss reopeMy B BbIUETIX,
10y 4UnM

n
\ 13 s
@)=Y (=1 (16)
b=\

OuenuM 3nauenne ¢yHxkuus f(v) B (15) na orpeske A;A4, Tak kak
Ha 3TOM OTpe3ke Rev=n-1/2, T0, BOCHONB30OBABUIHCL COOTHOLIEHUEM

SIN VU | Re ven 2 =si0(2n 4 1) IQL ch{m lmv)+

+ish (almv) cos (24 1) § = (—1)"ch(aImv), (17)
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nosayyum
|sinvm ! 4,4, = ch(m Imwv). 18)

Myeer mecro oYyepuaHagd OUEHKa

[cosVl (4,4, <z ef I TmVIl, 4, (19)
OTKy 1A
cos V8 Alimvi :
SN a0, | A <2 4, <20 Q0)
1432

C apyroft CTOpOHBI, OUEBUIIO,
|Chaw] a,a,= g o4+ VD1 p o] 0 >
>é,11_e—a<2n+1>Iea<n+1/2>_ @1

B cuiay (20) n (21) nonwinterpaastas ¢yukuua B (153) na orpesxe 4,4,
3KCnoHeHlUManbuo yobiBaeT npu n—-co. Ilostomy, nepexoas x npezeay
npu #-—00 B Bhipamennn (158), noayuuu

10= Y (=0 g =T ), (22)

k=1

YTO M AOKA3bIBAET PABEHCTBO MCXoaHOro pana (13) uurerpaay (14).
[Mepetigen renepp K Bhunciaendwo unrerpasa (14). Has sroro asaau-
TIUECKH MPONOJKUM NOAbITErpadpnyio ¢yukupo (14) na scio Komn-
JEKCHYIO MJAOCKOCTh v M onpeaeanM ocobbie Touku ¢(yukian f(v)=
cos vf

=——""" gpe nerau 1l O‘IGBHI_{HO, TAKOBBIMI  4BJIAIOTCH  TOUKH
ch oy sin vt

Vo=n (=0, —1, —2, ..), vp=1-. (2/e+1) (=0, =1, 2, ..,

npuyeM BCE 3TH 1OMKH — NOJIOCH nepﬂoro nopﬂ;ma. 3ameruy, Kpove
TOro, 4TO HOABIITErpasbiad Qyuxiung f(v) aBasercs Heuerno# gyukunet
KOMIIJICKCHOH 1epeMenton v.
[Tocrpony na KoMiieKcHOH 10CKoCTH Vv samknyThit xouryp I,
cocrosuit ua koneunoro yuacrka I, nermn IT meway tougann A, u A,
¢ " / 1 (m++Dm
(cm. puc. 2), npaMoanuefnnx oTpeskcs Ay, {/13:!\11 - 5 ( Z ) “(,
/ I (m+-Da'y, / 1 (m4+Da
A {A:E——n—r ] ‘.{A: 4 |
3y 1l \ 9 BE 7 Kﬂ.g, o )!
v xourypa A 454645 npencraBJmmmelo coBoil npaMoauiednii  orpe-
ok Ay4; ¢ odxogom TOuKH v=0 110 1yre MOAYOKPYKHOCTH A0CTATOYIIO
Maaoro pajuyca p.
Paccuorpuy wHTErpan
1 cos v
I ) = o+ —_— 2
nm (9) 2 ch o sin vt v, (29)
rf;, mn
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rie HHTErpUpOoBaHHE MTPOU3BOAUTCA B OTPHUATE/BHOM HanpapJ/JCHUH. Oue-
BIIHO,

m

1,,,,,1(9):_31{8;,11; Fv), 0]+ 3 Brat [ £(v), vk]}. (24)

C npyro#t cropolsl (cM. pHc. 2),

4, A,
b ® =5 |\ FOVav +§ Foydy +§ F v
jut 1 7
" A.4 A‘a A,
+\ roa+ {roav+ {rmavt e}, @3)
Cp As Ay Aq

B cuay HewernocTn dyukuun f(v)

4, A,
S Sv)ydv+ S f(v)dv=0. (26)
A, As
Kpome T10ro, oueBnaHo,
: cos v R B
322,8 ch oy sin v dv=—1. (27)
Cp

OuennmM OCTABIINECS HHTErpadsl. B CHAY NPOBEISHHBIX BHIUE OICHOK
(cy. dopmyar (20), (21)) dynxums f(V) 3KCIOHEHMIAABLUO CTPEMHATCS
K HY 0 1p# 72— 00 Ha orpeskax AyA; 1 Agds. Jlaa onenku gynkumn f(v)
ua orpeske AzA, samerny, uro ananornino (17)

teh oV v maju = cll(@ Re v) == 1. (28)

Kpome toro, ouesuuiio,
mun

— 8
ICOSV@"ImV;mﬂ/age “@ (29)

, 1. 1 )
15U1Vﬂ'nnv:nwwu:>'§w 1__e-anHuleana:>zremnﬁa_ (30)

Ma (29) u (30) nonyunm

L)

< de © . (31)

cos 0
sin vt

Imv=mnju

B cuay (28) u (31) sakmouaenm, uyro dyskuud f(v) Ha otpeske Azd,
SKCMOUEHIHAVBHO CTPEMUTCH K HY/M0 npu m—>o0o u < m.
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Iepexons B (25) k npemeny npu n, m—>co n p—0 1 yurs (24)
u (135), noayuuM B cusy NPUBEICHHBIX OLEHOK

1)~y =—a{Bus[f@). O]+ ¥ Bun[f@ vill.  (32)
k=0

Tak Kak
cos v ) | |
Bhiu [m u]:}? )
1
ct {OJT oh -1 1
Bb'{{ cos vh 1'1_ 2k+1)_7£ . (—Nk 1 204( l )7 5
e L QD == 13
11[-—- (2!c+1)J
2a,
TO OKOHYATEJIbHO NOAYYNM
< 2k 4 1)
; n [QCL ( -,
O=rO==5 v —1)"-———' (35)
2 o z [*~(2k¢1)]

Ouepnano, uiaeHn papa  (353) HMEIOT  aCHMOTOTHYECKUH NOPAI0K

1
e “ <k ' >(W—G) npu o — 0, uT0 1 obecneunBaer OBICTPYIO CXOAMMOCTH
pana (35) npu 6 <<m. Ilpm mocratouHo mMajzoM o AJd NPAKTUYECKUX
pacueToOB MOXKHO OFPAHHUYMTBLCA JIMIE MEPBBIMU WIEHAMH 9TOrO psijia.
Crenyer NOAYEPKHYTB, UTO KOHKpETHblE TNpuUMeHeHus MeToga Bart-
COHa B Kax/10M OTHCJbLHOM (CJaydae MOTYT OLITH pasauyYHbIMI — 10-pas-
HOMY MOXHO CTPOUTH WHTETPa/, SKBUBANCHTHHIH HCXOTHOMY psdy, pas-
JUUHBIME CIOCOOAMI MOXHO NPOBOAHTL ero BbiuncieHne. HanGosee sd-
(beKTHBHBIM NyTh peani3anuyd Merond B KaXAOM KOHKPETHOM c/yuae
LOJKEH BRIOGMPAThCs, MCXO0AA M3 Crenuduku HCCAeAyeMoro psia.
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