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Jlekiun u3BecTHoro amepukanckoro dusuka Jx. Y nen-
6exa, noArOTOBJeHHBIe HM coBMeCTHO ¢ Jx. Popiowm,
NpencTasigloT Cco00ii Haubojaee OOCTOATEAbLHBIA 0630p
U3 HMEIOLIMXCHA B JAHTeparype COBPEMEHHBIX KPHUTHYECKHX
00630pOB HEKBAHTOROH TEOPHU ra30B H3 HEeHTpaJbHHIX uya-
cTul, PaccMOTpeHn! npuHIMNHAABHBIE BONPOCH TEOPUH pPaB-
HOBECHOTC COCTOSIHUS, KHHETHUECKOH TEODHH H THIPOLH-
HaMu4yecKoro npubamxcHus. MaTepuaa usjnomeH nocaeno-
BaTeJbHO M HA BBHICOKOM MATEMaTHYCCKOM YpOBHe. KHury
OTNMYAET UCKJAIOUYHTENbHaA YeTKOCTb NOCTAHOBKH ¢H3uye-
CKMX npobjeM H ACHOCTb M3JOXEHHL.

Hactosfimee wusganue npegHasHAYe€HO AJAd CTYAEHTOB
cTapuiux KypcoB GU3IWUECKHX W MATEMAaTHYeCKUX (PaKylb-
TETOB, AaCHHPAHTOB H HAyUHbiX COTPYZHHMKOB, HHTEpPECYIO-
IMXCA BONPOCAMH CTATHCTHYECKOH MEXaHHKH.

Pedarxqusi aumepamy pol. no @pusuxe



MPEAUCJITIOBHUE

Cpeau LOBOJbHO MHOTOYUC/IEHHBIX PYKOBOACTB NO CTaTHCTY-
yecKOH ¢usuke ,Jlekuuu no craTucTHYeCKOR Mexanuke* JIx. ¥ied-
G6eka u Jx. <Popra, HeCOMHEHHO, B3aHUMAIOT 0cCO00E MeCTO.
Byayu#s npounTaHbl 4Js MaTEeMaTHKOB, He ABAMIOLIUXCA Crelua-
JUCTAMH B JaHHO# 00/aCTH, OHH COJAEPKAT AOCTATOYHO NPOCTOE
M TIOCJeJOBaTeJbHOE H3JOXKEeHHE OCHOB K/JIACCUUYECKOH CTaTHUCTH-
yeCKO¥ TeopuM M MOITOMY HOCAT yueOHbift Xapaxkrep. Bricoxku#t
ypOBeHb NOATOTOBKM cJyuiaTe/]ed JeKUMH MMO3BOJMMJI aBTOpPaM
06CyIuTb MPUHUUIUAIbHBIE CTOPOHB CTAaTHCTHYECKOH MeXaHuKH,
BKJIOYass MHOTHe NpoO/eMHble BONPOCH, HYXAaoluecs B Adlb-
Heliwe#t paspabotke. IDTO nNPuOMMKAET KHUTY NO XapakTepy
K MOHOrpaguu.

CrpeMmsick K 0o0Jee NOCJAeAOBATEAbLHOMY W HEAOCTHOMY H3J0-
KEHHI0, aBTOpPHl ¢ OOJbIIMM BHUMAHMEM OTHECJHCh K 0TOOpY
MaTepuaja ¥ OTPAHUYMIUCH pPACCMOTPEHHEM TOJAbKO KJjaccuye-
CKMX CUCTeM HeHTpaabHbix vacTuil. Ilpu 9TOM HeCOMHEHHOH uX
3aCJyroit fiBJAsAETCA OAHOBPEMEHHOE pacCMOTpeHHe OCHOBHBIX BO-
NpOCOB KaK PaBHOBECHOR, TaK W KHHETH4YeCKOH Teopu#, H3JO-
)KEHHBIX ¢ OOJbIIMM MAacTEpPCTBOM.

B kauecrBe JOMOJHEHMA B PYCCKOe M3/aHHe BKJIOYeHa opra-
HUYECKH TpuMbIKaomas k He pabora dw. Yaenbexka u C. Ye
,2JKUHETHYECKHE fABJIEHUS B NJAOTHHIX rasax“, cojaepxauias vypes-
BLIYAHHO ACHOE ¥ MaTeMaTHYeCKH NMOJHOe MCCAeJOBAHME KUHETH-
YeCKOro ¥ THADOAUHAMUYECKOro npubJuxeHUf ¢ yueTOM MHOro-
YACTHYHbIX B3dUMOAEHCTBUM, NMPUBOASIIUX K YpaBHEHUAM BA3KON
KHAKOCTH, @ TaKxke Mod HeGOJbuias CTaToA ,¥YpaBHEHHE [HAPO«
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IMHAMUKHM B CTATHCTHYECKOH (usuKe“, He M3JaBaBILascAd Ha pyc-
CKOM f3blKe ¥ COJepKallas U3J0oKeHHe UCrnoab3yeMux k. Y neH-
6exOoM OOWIMX TNPUHUUIIOB TOCTPOEHUS THAPOIHHAMUYECKOTO
NpubHKeHHs B MUKPOCKONMUYECKOH TeOopuH.

[Ipennaraemoe wuslaHHe, HECOMHEHHO, OyaeT TNpenCTaBMAThH
MHTEepeC AJs LIHPOKOro Kpyra yurartelied: CTyAeHTOB (H3MUECKUX
M MareMaTHyeCckUX (aKyJapbTeTOB, aCNUPAHTOB M HAYYHBIX paboT-
HUKOB, CIEUUATUIUPYIOILUXCH B 00JNaCTH TeOpeTUYeCKOR U MaTe-
MaTH4eCKOH (PUBHKH.

Axao. H. H. bozoanbos



OT AMEPMKAHCKOIro PETAKLIMOHHOI'O
KOMUTETA

B nepnox ¢ 24 wwonaa no 19 asrycra 1960 r. Amepuxanckoe
MaTeMaTHyeckoe OOI1eCTBO opraHu3osajo B Kouaopaickom yHu-
BEpPCUTETE JIETHIOO IUKOJNY (CeMHHAap), MOCBAUIEHHYI0O BOIMPOCaM
NpuKJaaHoO! MarteMaTuku. B opraHusauuu JeTHeH IIKOAB NpU-
HA1d yuactue Hanuonanbubift nayuneit doun, HayuHo-uccieno-
BaTe/NbCKOe YynpaBjeHue DBoeHHO-MOpCKUX cuji, Komuccus no
ATOMHOH 3HEpruy ¥ YmnpasjeHHe HayuHHX HUcCAel0BaHuH no Goe-
BOM TexHuKe. Matepuajbnl WIKOMAb OBLIM MOATOTOBJASHBI K MeYyaTH
M H3LAIOTCA B 4YEThIPEX TOMAX, NEepPBbIM M3 KOTOPBHIX H ABJAKETCH
HACTOAIIAd KHHUTE.

B teqenue MHOrux jet sce Goqee u 6onee yBeauuunaics 6apbep
MeXAYy aOCTpakTHO#t MaTeMaTukOfi W cospeMeHHOH dusukoil.
OG6oco6aeHHoCcTs 3THX JBYX HayK HaHOCH/AA yuiepO W TOM W apy-
roik: (¢u3uyecKHe TEOPHH OKAa3a/nUChb B 3HAYMTENbHOR cTerneHu
M30JMPOBAHHLHIMH OT HOBENIIMX YCNeXOB MaTeMaTHKH, a CaMy
MaTeMaTHKK OBIIM HENOCTATOYHO 3HAKOMBI ¢ (UIMKOH, ABJISAIO-
litefics B HACTOfLEe BPeMA ONHUM u3 Haubo.ee MOLIHBIX CTHU-
MYJOB HayuyHOro mnporpecca. ONHAKO B nocCJefHHe TONbI MaTe-
MATHKH ¥ (U3MKH TIPOABHJAH SBHYK TOTOBHOCTb B3aUMHOTO
obmena Mmuenuamu. Manuwift cemunap B Kosopazo kak pas cay-
KU1 pacCIiMpeHdi0 HeoOXONMMBIX M YK€ HaYHHABLIMXCH pas3BH-
BaTbCsl CBsI3elt MeWIy HUMHU.

Lleab sroro cemmnapa Oplia riaBHbLIM 00Pa3soM MeTOAMYECKAS.
Ocoboe BHMMaHMe OBIIO VAEJNEHO OCHOBAM HePeIATHBHCTCKOM
KBAHTOBOM MeXaHUKH, KBAHTOBOH TEOpUU NOJA, TEOPUH BJeMeH-
TAPHBIX 4YaCTHL M CTAaTUCTHYECKOH (PU3MKH, a4 TaKxe (B KayecTae
AONOJHEHNH) HEKOTOPLIM CNEUHATbHBIM BompocaM, 0e3 KOTODLIX
o6mas xaprusa Onina Obt HermoaHON. MaTepuasbl LWIKOJBL MyG/M=
KYIOTCA € TOH ue/bi0, 4TOOH MHbOpMaLud, npuobpeTeHHass yyacT»
HUKaMHU LUKOJIBI, Clle/1ajach AOCTYMHOR Oo.jee WHUPOKOMY Kpyry
HayyHblX pAOOTHMUKOB, a TaKKe [OTOMY, YTO 3TH MaTepuassl
MOTYT CAYXHUTb TNOCOOHEM M A8 TeX, KTO MpOCAyIIad JMeKUud
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[TIporpaMmul Jekii#i OblMM paspaboOTaHbl uyjaeHaMH OpPraHH3a-
LIMOHHOr0 KoMuTeTa B coctaBe Kypta dpuapuxca (npeacenares),
Mapka Kaua, Menaxema Uluddepa, xoprxka Yaenbexa u Og-
xuHa Burnepa. [Iloaroroska neTHe#t 1KoAb  (COCTaB/eHUe
nporpaMm 3sacelaHuit, obecneyeHHe OTABIXAa YYACTHHKOB M T. 1.)
Oblna ocyuwectsaena npeacrasutensamu Konopanckoro yuusepcu-
tTeTa — Hapasom XartunmHcouom u PobepToM IDNJIMHTBYIOM.

[TpuaTHO# ¥ nenpunymieHHOR 0OCTaHOBKe, CHAOXHBIIeHCS
B X0le paGOTH CEMHMHAPA, YYaCTHUKH OOA3aHBI I'IaBHLIM 06pa3oM
MUBHEYTBEPXKIAIOUIEMY OINTHMUSMY M 3HTY3HasMy INpeacelaTess,
a Takxe MHOruM COTpyAHUKaM KoJOpaicKOro yHUBepCHTeTa.
Heouenumbift BKa4 B €0 yCNELIHOTO OCYILECTBJEHHA NPOrpaM-
MBl JIeTHElt LIKOJB BHECJM YeThipe yKas3aHHble Bbille OpraHu3a-
uuu  (obecrneunBiuve ¢HHAHCOBYIO MOAJEPXKKY M 3aKpeneHue
aBTOPCKHUX [paB) COBMeCTHO C OTOODPOYHBIM KOMMTETOM, BKJIO-
yarowuM beprapna <dpuamena, Buibdpesa Kansana wu Kyprta
$puapuxca.

[IpaBO OTKPHITD CEMHHApH JeTHeH WIKOJK ObIO NpenocTas-
nedo npo¢. Mapxy Kauy (dakyavrer mareMatuxku Kopheanckoro
YHUBEPCUTETA), NMpOuUTaBIeMy OOpalleHHe K Yy4YaCTHHKAM, O03a-
raasaeHnoe ,OTHOLUEeHHe MATEeMaTHKOB K (pu3uke; 4TO pa3obiua-
eT N YTO MOXeT HAc 00beAMHHUTH®, Pacnucanue sacemanuft ObljI0
COCTaBJEHO € TAaKuUM pacyeToM, uToOb COXpaHuTb CBOOGOAHBLIM
MOC/ENO0AYAEHHOE BpeMs U NpPeAOCTABUTb TEM CAMBIM YYaCTHHKAaM
IIKOJB BO3MOXHOCTD TMPOBOAUTH HeOdUUHAIbHBIE CeMHHApHI
M JUCKYCCHU Mexay coboft ¥ ¢ JIOOBIMH  LOKJaAYMKaAMU 1O
OCHOBHO#f nporpamme.

Pepakuumonunift xomurers B. bepenmas,
Loc. Yarenber,
M. Kay (npencenaresnn)



NPEAVWCJITOBHUE ABTOPOB

Oty nexuuy OblIM nMpoyuTaHsl ONHUM u3 HAC (k. YiaeH-
0exoM) B JieTHeH HIKOJEe N0 TEOopeTHyecKod dusuke, KOTOpas
Oplida OpraHusoBaHa AMepHKaHCKHM MaTeMaTHYECKHM OOLIeCTBOM
aerom 1960 r. B Konoparckom yunusepcurere. Jlekuun ny0.au-
KyIOTcsd nouytd Oe3 U3MEHeHu#, T. €. B TOM Ke BHUIE, B KOTOPOM
OHH YHTAJMUCH B JeTHeH IKone, yeM ¥ OObACHAETCHS MX LOBOJb-
HO-T4KH PAa3rOBOPHHIA CTHAb. XOTA U3JI0MEHHe 4YacTO BeleTcs
OT MEPBOTO JHUlA, 3TO He O3HAuyaeT, YTO JIEKLUHMH TPHHAIJIEKAT
TOJbKO NepBOMY aBTOpPy. Bce aexkuuu OHJIM OOCYXIEHH U TOJL-
TOTOBJIEHE K [IeYaTH HaMH COBMECTHO, ¥ OOJbIIYI0 YaCThb
CKOMbKO-HUOYAL OpPHUTMHAJABHBIX JAeTaJed HU3J0KEeHUd MOXKHO
paccMaTpPHBAaTb Kak pe3y/JbTaT MHOI'OJETHEr0 Hay4yHOro CcoOTpyd-
Hu4yecTBa 0OOHMX aBTOPOB.

Lleab neTHeM IIKOAB COCTOSIIA B TOM, YTOOHB O3HAKOMHTH
YYaCTHUKOB, TJNaBHbIM 006pa3oM MAaTeMaTUKOB, € HEKOTOPHIMH
OCHOBHBIMU MpoOaeMaMH COBPEMEHHOH TeOpeTHYeCKOH @QusuKy,
YyTO, KakK TNpeianoJarasocb, NOCAYKUT CTUMYJOM K elie OoJee
MHTEHCUBHOMY UX COTPYAHHUEeCTBY ¢ usukamd., IJo Hawemy
MHEHHIO, TaKoe COTPYAHHYecTBO OBIJIO Obl OCOOEHHO LeHHO
B OTHOLUEHUN CTATUCTHYECKOR MeXaHHKH, NMOCKOJbLKY B Hel cynie-
CTBYeT MHOTI'QO HepellleHHHIX 3a1ad, KOTOPHle MOTYT OLITh TOYHO
CGOpMYIHUPOBAHH M IO CBOEMY XAapakTepy SBJIAIOTCA YUCTO
MaTeMaTH4eCKuMu. DoJiee TOro, BBHAY HEAOCTATKd TOYHHIX CBe-
JeHUu# O MeXMOJEKYJIAPHBIX CHJAaX OOBIYHO Ol paHWYHUBAIOTCA
riaBHbIM 00pasoM OO0BsCHeHHeM KayeCTBEHHBIX OcCoDeHHOCTeH)
MaKpOCKONNWYEeCKHX SIBJEHHH, a HE TOUHBIM KOJHYECTBEHHBIM TpEn-
CKd3aHueM 3HaueHUH MaKpOCKONHMYECKUX XaPAKTEPHCTHK CUCTEMHL.
HUcnospsoBaHue TaKOro KaueCTBEHHOTO IMOAXO0L32 K TEOpHH
PacCUUTAHO MMEHHO Ha MATEeMAaTHKOB, NMOCKOJbKY JJd (PU3UKOB
OH YacTO NpelCTaBJAsSET peajbHYI TPYAHOCTb. TaK Kak camd
fiBJCHUA JOCTATOYHO XOPOWIO H3BECTHHI, TQ HEH3IOCHHO BQ3HU-
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KaeT HcKylleHHe OODBACHUTD HMX C MOMOLIbI0 Oo0Jee HIH MeHee
HEKOHTPOJNHPYEeMbIX NPHOIHXKEHHH, OCHOBAHHLIX HA MHTYHTHBHOH
apryMeHTaluu. It coofpaxkeHust 4acTo BecbMa MOJNE3HbI, OLHA-
k0, Kak TpaBWjO, OHH He HABJAAIOTCH, TAK CKa3aTh, TOUYKOH
ONOPH AJf CTPOTOTrO0 MAaTeMaTHYeCKOro paccMoTrperus. ITo Ha-
JieMy MHEHMIO, TaKOe MaTeMaTHyecKoe PAacCMOTpPEeHHe O0COOEeHHO
He0OOX0AUMO B 3ajayax CTATHCTHYECKOM MeXaHWKH, TlIe OHO MO-
}eT MpPUBECTH K 3HAYMTEJbHOMY BHJOH3MEHEHUIO CAMQro mpeji-
MeTa.

B cBA3W ¢ 9TUM Mbl VICNHJH 3JeChb MaKCHMyM BHHUMAaHUs
JAOTHYECKOMY TOCTPOEHHUI0 TEOPHH M MONBITAIUCH, TAE TOJBKO
STO BO3MOXHO, YKa3aTh Ha OCTAaBLIMECS MAaTeMATHYECKUE NPoOeH
B JIOKa3aTe/JbCTBAX HEKOTOPLIX IMOJA0XKeHuH. Kpome Toro, Ml
NBITATUCh CTPOUTH BCE PACCYXKAEHHs, HAUMHAA C CAMOro HavaJja,
u u3berarb, HACKOJbKO 3TO BO3MOXHO, {Ppasbl ,KaK 3TO MOXKHO
nokaszatb“. Jloka3aTeJbCTBA YaCTO NMPUBOAATCH OTAEABHO B KOHUE
r1aB B BHAE NpPUMeyaHUH BMecCTe ¢ CCHIJIKAaMK Ha JUTEPaTypy.
Mu HajzeeMCs, 4TO NpeRJATaeMyl0 KHUTY MOXHO MCIO/bL30BATh
KaK KpaTkoe, HO JOCTaTOYHO HOJAHOe nocobue, cozepxauiee
BBeEHHE B CTATUCTHYECKYI0 MEXAHMKY; MpPH 9TOM MBl OTHAaeM
cebe oOTueT B TOM, UTO €€ HCIOJb30BaHHe MpeAlofaraer co
CTOPOHH YyUTaTeNs CNOCOOHOCTbL KPUTUUECKU OCMBICIUBATHL MaTe-
puaJj, INOCKOJALKY pasjenb yueDHOrO XapakTepa uYepeayioTcs
B Hell ¢ pasnejamy, NOCBALIEHHBIMHM €lIE€ He 3aBEPLICHHBIM HC-
C/IeJOBAHUSIM.

Hto6H paxe TOJNBKO NpubAU3NTE/bHO YIOBJETBOPUTH 3STHUM
JNOBOJbHO-TAKU IIPOTHBOIOJIONKHBIM TPEOOBAHUAM, TIPUILIOCH, KaK
3TO HAM BCKOpE CTaJ0 fICHO, 3HAYUTENbHO CY3UTh KPYT paccMaTpu-
BaeMbIX 38a43au. Mbl He TOALKO OTrpaHHYHMIANCH NMPOCTEHIIUMH M3
BO3MOXHBIX (PU3UUEeCKHX cHCTeM (4 MMEHHO OJHOATOMHBIMH Tasa-
MH), HO Jaxe M IJA STHX CHCTeM Mbl BKJIOUHJIH B PaccMOTpe-
HUE JHIUb HECKO/JbKO TUNHYHBIX npob.aem. Haubosee cepbesHbM
M3 CHeJaHHWX OrpaHuyeHUH ABASETC PACCMOTPEHHE TOJbKO
KJIaCCUUeCKOH CTaTuCTHYeCKOH TeopuM.

Mol He xotenu cebf orpaHuyuBaTb TOJLKO B OJHOM OTHO-
MeHUuH, Y:C BOIIJIO B MPUBBIYKY PacCMaTPUBATL OTAEAbHO HJIM
TOJMBKO NPOG/AEMBl CTATHCTHUECKOMR (PUBUKU A/ PABHOBECHHLIX CO-
CTOqHUH (MHOrOa HA3HBAEMOH CTAaTHCTUUECKOH TEPMOAMHAMHUKOMN),
MM KOHUEHTPUPOBATb BHUMAHHE MCKJIOYHTENbHO HA CTaTUCTH-
YeCKOH Teopuu HeoOpaTHMBIX #BJeHUH U dBJeHU#t mnepexoca
(HHOrla HasbBaeMOH KuneTHueCKOH Teopueit). [loaaras, uyro Ta-
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KOoe pasieneHde TMPUBOAUT K UCKAXKEHHONR TOuKe 3peHUd Ha
npeaMeT, Mbl CTDEMH/INCH TOCTPOUTbL H3JNOXKEHHE Tak, YTOoOH
o0 OblJIO NMPUMEHUMBIM KaK K PaBHOBECHOHU, TaK H HepaBHOBeC-
HOH craTucTHueckOH Mexanuxe. ITO3TOMY MLl NOCBATUAU LIECTH
nekuy# (ra. I-I1II) paBuOBecHHIM mnpoGJeMaM M IUECTb JeKUHUH
(rn. IV-VII) HepaBHOBecHHIM mpof/eMaM M TOMHITAJIUCh BHISIBUTL
NPUHUUITUANBHYIO CBA3bL MeX1y STHMH JBYMs pasienaMu CTaTu-
CTHYECKON MEXaHHUKHU.

Ham ocraetcd Tenepb TOJAbKO BHINOJHUTH CBOY mnpusiybi
poar u nobaaronapuTb B HepBy ouepenb mnpod. Mapka Kaua
33 BCI0 €ro MOMOUlb U COBeThl. ECAM 3TH JIeKUMH CMOTYT BO-
OLYLUEBUTb HA HCCAEZOBAHUA MPOoGJeM CTATUCTUYECKOR MeXaHHKH
XoTs OBl ellle OAHOrO MaTeMaTHKa TaKoOro e Macuiraba, kax
npod. Kau, JetHasd wxona OGoaee deMm omnpaBpaer cebs. Yura-
TeJI0 NMpeaaraeMoi KHUT ¥ MOXHO TO/IbKO NOCOBETOBATD Napaienb -
HO C H3y4YeHHEeM 3TUX JieKUMH U3YYUTH TaKKe TPeTbl0 I/aBy KHHTH
npodp. Kaua ,BepoarHocTs M c¢BfizaHHBIE C 3TUM MOHATUEM Hu-
auyeckue teopun“ (Kac M., Probability and Related Topics
in Physical Sciences, 1957), mockoabKy ero Touka 3peHHMs BO
MHOTMX OTHOIUEHMAX CXOAHA ¢ HaweH. Mul xotuMm nobaarona-
puTh, KpoMe TOro, npogeccopa T. bepauna 3a MHOTOUYUCIEH-
Hble JHCKYCCHM M 33 €ro paspelleHue HCNOAb30BATh HECKO/BKO
yacret pykomucu, Hal KOTOPOH OH W OAuMH H3 Hac (k. Y.aed-
Oex) paGoranu B TeyeHue HEKOTOPOTrO BpeMeHH.

Hoc. Yareuber
L. Do po






FrTABA 1

CraTuCTHUYECKUIT MOAXON K 3aKOHaM
TepMOJIHHAMHUKH

1. BBenenue. B 370l rnaBe a4 mombiTaloch U3N0KUTH B 00-
KX YepPTaX OCHOBHI CTATHCTUHECKOH MEXAHUKHU, OLHAKO f AOJIKEH
M3BHHHTBCA 3a TO, 4YTO JTO MU3JIOKeHUe He Oyaer AOCTATOUYHO
NMPOCTHIM H AKCHOMATHYECKUM. IJTO 00DbACHAETCH HE TeM, YTO 4,
KaK HEKOTOpHE Apyrue (U3HKH, HACTPOEH NMPOTHUB PACCMOTpEHUA
ocHoBanu# teopuu. Haobopor, s mnosaraw, uro AanpHeHiIuH
NpOrpecc HayKH OPraHUYECKH CBA3aH C JajbHeHlIuM ysCHEHHEM
OCHOBHBIX MOHsTU#. B Hacrosuiee BpeMs, OJHAKO, HE Cylle-
CTByeT OOLIenpUHATOrO MHEHHS OTHOCHTE/]BHO TOro, B 4eM CO-
CTOT OCHOBHble TIPeANONOXeHUss TEOPHUH, TMO3ITOMYy s MOry
TOJbKO TPENCTaBHTHL CBOK TOYKY 3peHHs, KOTOpasi, KaKk MHe
KaXeTcd, S§BJSETCA B HEKOTOPOM CMbicle Tnapadpa3odl OCHOBO-
nojarawoiux uaeft boasumaHa u I'ub6ca. [TOCKOJBKY HMMEHHO
5TH uAen ObuM TAaBHBIM 00pasdoM pasBUTHl A4 OO bICHEHHS
3aKOHOB TEPMOJAMHAMMKU Ha OCHOBE MOJEKYJIIPHOrO0 CTPOEHHA
BelecTBa, A Takxe Oyly HATH B 9TOM OTHOIUEHHH MO CJeAdM
o6oux ocHoBaTteneR crarucTuyecko#t Mexauuxu (1 *,

PaapewiuTe MHe CcHayaja OCTAaHOBMThCS Ha OOWHX npobJeMmax
CTATUCTHUeCKOH U3k, Ecau CcTPpykTypa MO/EKy/l U BaKOHH
B3aMMOJeHCTBUA HX APYr ¢ APYroM 3alaHel, TO BO3HHKAET
BOMPOC, KAaKOBH ke OYAyT MaKpOCKONMYecKue CBOHCTBA Be-
1iecTBa, COCTOALIEr0 W3 9TUX MoJsexkyar [Ipu orsBere Ha Hero
OOBIYHO HAYMHAIOT TOBOPHTb YTO-HUOYIAb O MOJEKYJIAPHHIX MO-
feaaX ¥ 00 OCHOBHBIX MHKPOCKONHYECKMX BaKOHOMEPHOCTIX.
Paau npocroTnl 2 Bceraa u Be3die OyAy mnpeanoJaratbh caelylo-
lee:

JIBHXeHHe MOJIeKY/1 NONYHHAETCS 3aKOHAM KJaCCHUeCKOH
MexaHuku. HeCOMHEHHO, 4TO yyeT KBaHTOBOMEXAaHWYECKHX B3aKO-

* Iludpa B kBagpaTubiXx CkoOxaxX O0O3HauaeT HOMEP npuMeyanus.
[TpuMeuanus noMemeHbl B KOHUE KauJ0# FaaBbl.
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HOMEPHOCTEH MPHBEILET K NOABJCHUIO JOTOJHHUTEJIbHBIX OCOOEH-
HocTe#t mpoOneMbl. BosMmoxHo Jjaxe, 4YTO mpouecc HaMepeHus,
KaK yTBEPXKIAIOT HEKOTOPble aBTOPH, BBONUT ,HCTUHHYIO® He-
o6patTuMOCTb B TeOpu0. OnHako HauOOJblIas Y4acTb CYLECTBEH-
HBIX BONPOCOB BO3HMKAET YiKe B KJACCHYECKOH TeOpHH, H, HO-
CKOJbKY O©OHa Haubojee Oiu3Ka CaAyLIaTeasM, § OrPAHHYYCH
HMEHHO €€ pAacCMOTpPeHMEeM.

6. MoJieKkyasl NpeAcTaBasdaioT COOOH ToyeyHble YacTHIE!, 0OO0-
Jajamolie onpeieJeHHOR Maccod M B3aMMOJAEHCTBYIOLLUHE MEXAy
coboit mocpeacTBOM LEHTPAJbHHX CHJA AALUTHBHOIO THUMA, KOTO-
pbie OyayT uau cuaamu Bau-gep-Baaabca, Wau APYT¥MW CUIaMU
MEXMOJIEKYJSiPHOr0 THNA. IJTO 03HAyaeT, YTO TAMHJIbTOHHUAH
cucteMnl N 4acTHLL MOXHO 3alaTb B CJeAyIOlLleM BHje:

H = 2[ +U(r;)]+2 O(lri—r;) (LD)

i<

rae noTeHuwasa ssaumoiedcrsus @ (r) uMeeT THNHYHYIO (OpMY,
npeacraBiaeHHyl0 Ha ¢ur. 1. O onHchBaer nNpuTskeHue B 00-
JacTH, wuMmewowelt rxoxHedHwd pa-
& duyc ry, U CHUIbHOE OTTaJKHBaHUE
B 00/1aCTH, KOTOPYIO MOXHO MHTep-
NpeTHPOBATb KAK mBepoyw cgepy
panuyca r, 12, B Buipaxenun (1.1)
cumposioM U (7;) o603HaueH noteH-
- ry e UMaJ BHEIUHHX CHJI, JNeHCTBYHOUIUX
Ha [-10 4YacCTully, BKJIOuYasg IOTeH-
r IMaJn, COOTBETCTBYIOLIHH cuaam,
CO3LaBa€MLIM  CTEHKaMH  COCyAa
M YIepXHBAMOLIUM YaCcTHIE BHYTPH
paccMatpusaeMoro o6bvema V. dak-
THYECKH 3TOT ,MOTEeHLHaA CTEeHKHn®
OOBIYHO  CUMHTAIOT  TNPOSIBJIEHUEM
¢ur, L TOMbKO BHEIUHUX CHJ, HeHCTBYIO-

IIUX HA MOJEKYJIbl CUCTEMBI.
Crneayer oTMETHTh M3BECTHYI0 OFPaHMYEHHOCTH TAKOTO TOJ-
xofa. OcHOBHBE MUKPOCKOMHUECKHE 32aKOHOMEPHOCTM SBJSIOTCH
MCKJIIOYHTENbHO KBAHTOBOMEXAHMYECKMMU, U OTPOMHOE MHOTO-
oOpasue MaKpOCKOMUYECKUX CBOHCTB BelleCTBA MOMKHO IOHATH
TOJbKO B TOM CJy4ae, €CJW MPUHATL BO BHHMaHHe 60Jee CJIOK-
HYI0 CTPYKTYpPY MOJEKYJ H Yy4yeCTb APYrHe THIH CHJI B3aHMO-
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neticreus. Hamu ke npeanosoxenus OyAyT CHpaBel/yBHI,
CKaxeM, MJs rasoo0pasHOro WA XKUAKOro HeoHa. OnHAKO naxe
Mpu STHX YNPOWAIOI{UX NPEANOAOKCHUAX B TCOPHUN HMEeTCd elle
IOCTATOYHO HepeuleHHBIX npobaem! Tak kak pemeHne MHOTHX
BOMPOCOB, KOTOpble MbI OyieM paccMaTpHBaTh, ONpereaseTcs
TOJLKO KAYECTBEHHHIMH OCOOEHHOCTAMH MEXMOJEKYIAPHOrO B3d-
UMOLEHCTBUA, TO MOJy4YaeMble pe3yabTaTH MOITOMY OYAYT UMETh
AOCTATOYHO WIUPOKYI0 00/1aCTh INPUMEHUMOCTH.

2. Teopema JlnyBuang. Mu O6yneM npeacrasiaTbh COCTOAHHS
MeXaHUYeCcKoH cucTeMbl, UMelolnied n creneHe#t cBOOOLH, TOUYKOMH
B 2n-MepHOM (a3oBOM NpOCTpPaHCTBe, HazbiBaeMoM I'-npocTpaH-
cTBoM. B Hamem cayuyae n = 3N, rae N — 4yuC/O YaCTHIL B CH-
creme, KoopauHatamu Touku B I-mpocTpaHcTBe SBASIOTCA
Iy ..oy Fyo Prsooooy Py C TeuenueM Bpemenu 3Ta I'-Touxa
Oyner mepemelaTh¢a CONJIACHO YypaBHeHUAM JBHMeHHA [aMuJb-
TOH3

. oH . oH
Qi:W’ pt‘-— 'aqt ] Zml: 21 N N (1.2)

[TockoJIbKY 9T ypaBHEHMA SBAAIOTCA YPABHEHMSIMU NepBOTO MO-
pAAKa MO BPEMEeHH, TO SACHO, YTO M ONnpeleaeHUf TPAEKTOPUU
AsuxeHust usobpawxaiouleft Touku B I'-mpocrTpaHcTBe HEOGXOAUMO
3a04Thb Haya/JbHOE TWOJIOXKeHHe BSTOH TOouku. YToOB HArJAgAHO
NpeACTaBUTbL ceBe JBHUIKEHHE BCeX BO3MOMXHBIX HAYa/NbHEIX TOYeK,
BOOOpa3uM, 4YTO MBI HMeeM OueHb O§OJblIOe 4YUCAO KOMHMR pac-
cMaTpuBaeMolt cuctembl. Kaxjas Takas cucrema usobpaxaercs
toyko#t B I'-npocTpaHcTBe, ¥ eCa¥ KO/JIHYECTBO HX AOCTATOYHO
BEJUKO, TO MOXHO pacCMaTpPUBATL BCIO 3Ty COBOKYIHOCTHL TOUCK
kak asumxyuyiocs B I-npocTpaHcTBe KUAKOCTh, 06JAaA30WLYIO
B JMIOOOH TOYKe 3TOr0 NPOCTPAaHCTBA oOnpeleneHHOH MJIOTHOCTBHIO
(g +vos Gns Prs o o5 Ppe B). JIHHHHM TOKZ KUAKOCTH WJIEH-
THYHBl TPAEKTOPHAM 4YAaCTHL, ONpeleiseMblX ypaBHenusmu (1.2),
Cnenys TI'uO6cy, MBI HasOBeM STy CUCTEMY aHcamOsem-
HCUOKOCMBIO WAM TNPOCTO aQHcamb.ieMm MeXaHHUECKUX CUCTEM.
Crenyer 3aMeTuTh, YTO OOllee UHMCAO KONUH He MrpaeT cylue-
CTBEHHOH poJIM ¥ BROJHUTCH TOJABKO KaK BCIIOMOTaTe/nbHOE CPEACTBO
Aag TOro, d4ToOH chenaTh O0o0Jjee HATASIHBIM BCe BOSMOXHEIE
apukeHus I'-Touku. AHcam0.b-KHAKOCTb npeacTasaseT cobofl
MCTUHHBIE KOHTHHYYM, W BMeCTO TOro, 4ToObl paccMATPHBAThH
€ro TeueHHe, ObJIO OBl Jyullle FOBOPUTb O HeNMPepbIBHOM HAaJoO-
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xeHnu I'-mpocTpancTBa camoro Ha ceGsi. Mul yBHUIMM BCKOpe,
YyTO NJIOTHOCTb p $BJAETCA MMJIOTHOCTBIO BePOATHOCTH TOT'O, UTO

cucTeMa Haxoautcs B obnmactu dq, ... dp, mnpocrpaucresa I
Mb 0o603HauuM TOrjAa 95Ty IJIOTHOCTb BEPOSITHOCTH CHMBOJIOM
D@, .... ¢ Py --.. P,y £) M OydeM CcuMTaTh, YTO OHA

YAOBJAECTBOPAET YCJ0BMIO HOPMHUDOBKH

f..‘.qul ... dp,D=1.

Kpome Toro, ecau Bce N 4aCTHIL TOXICCTBEHHH, MBI OyneM
noJsarath, uro $ysxuus D dapasetrca cummem pussod Pynkuuei
OTHOCHTEJNbHO (Pa30BHIX KOOPAHMHAT (F;, p;) OTAENbHHIX YaCTHIL.

TeopeMol, uWrpawled UeHTpPaJbHYI0O pOJb B HalleM HCCJje-
noBaHuH, fABagerca TeopeMa Jluyswias B, corsacHo xetopo#
AHCAMONb-CUOKOCMY 08UZAeMCS MAK, KAK ecAalt 0o, OK Obla
HeCHCUMAe MO IHCUOKOCMDBIO.

Jng  pokasaTeabCTBA ITOMO  YTBEPXKAEHHWSA 3aMETUM, 4YTO

,CKOPOCTHY V (C KOMMNOHEHTAMH G +.+» §,s Pr1s o ++» DPp)
YVAOBJIETBOPAET COOTHOUIEHUIO

n

N S (04, | Op, M OPH \
div :;(0‘?1 l api)_;(aq£0pi—dpzaqz =0 (9

B cuay ypaBHenul I'amuibToHa. TTOCKOJBLKY BCerja MMEET MECTO
ypaBHEHUE HenpephBHOCTH

0 :
-a—i—}—dw (eV)=20

WK
D .
—D%—{—.pdlvV:O. (1.4)
rne
n
D 0 __ 0 .0 . D
pr = +V =g+ ¥ (6,5 pigy). (15)

i=1
TO u3 ypasHenus (1.3) crepyer cOOTHOIeHUE

Dp
3—5-_.0, (1.6)

KOTOpPOe O3Hda4yaeT, 4YTO BeJaH4YuHa p HE U3MCHAETCA, €CJAH IBHU-

raTbCa BMeCTE ¢ MNOTOKOM KHIKOCTH, HJAXA 4YTQ KHIKOCThL HE-
CHUMAEMA],
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Ecaun paccMarpuBaTh GUKCHpPOBAHHYIO TOuKy B I'-mpocrtpad-
CTBE, TO TOrJa p M3MeHSieTCsl COrJIaCHO YPaBHEHMIO

op —
3¢ +V.gradp=0
WJIH

n

d NV/OH 0o  OH 0p\__

W_;(dqz op, ~ 0p, dqi)'_“{H’ P} (1.7)
=1

rane cuMBoa {H, p] osnHauaer ckoOku Ilyaccowa naa H wu p.
AT0 TaK HashIBaeMHH ,3HaepoBCKUMA“ cnocob BHpaweHHd (akTa
HECKUMAEeMOCTH KUAKOCTU. [Ipu ,1arpaHxkeBOM“ MOAXOJe K ONU-

CAHUIO ABHKEHHUS KUIKOCTH KOOPAUHATH (¢4, + . +» P,) BBLACTEHHOIO
3J1EMEHTA JKMIKOCTH Onpere/fA0TCd KAaK (YHKUWH HAYAJAbHOTO
MOJIOKEHUA ITOrO d/JeMeHTa (g « - -» Ppo) ¥ BpeMeHH. 2KHAKOCTh
OyAeT HeCKMMaeMOH TNpPH YCJOBHM, YTO SKOOHaH
a(QI’ ey pn) — 1
- =1, (1.8)
0 (410, ves pn(})

3T0 YC/NOBHEe O3HA4aeT, YTO €CAu NpOCAeAHTbh BO BpEMst HBHXKe-
HUS XKHIKOCTH 32 HEKOTOPOH Bblie/eHHOH ee 061acThio, TO 00beM
aTo#f 00nacTd OyaeT OCTaBATHCH NOCTOSHHBLIM, XOTH, KOHEYHO,
Or'paHHYMBAIOllaA ee MOBEPXHOCTb OyleT uaMeHATbed. M, MHBIMH
cioBamu, TpaucdopManus I'-npocrpancTBa camoro B ce6a cBA3aHa
C JBHXEHHeM CcoxpaHsiiomuxcs o0beMOB. Jlerko BHAETH, YTO
ycaous (1.7) u (1.8) NOJHOCTHIO SKBUBAJIEHTHHI.

3aCayXKUBAIOT BHUMAHHWA [BA NPOCTHIX C/JAEACTBUS H3 TEOPEMBI
JluyBuaas:

a. Oas moGoit ¢pyuxkumy njaotHoctd F (p) MHTErpas

f fF(p)arq1 ..dp,

B3aTbift 110 BcemMy I'-mpocTpaHcTBy, HE 3aBUCUT OT BpPEMEHH.

6. Jlnb6oe pacnpeneseHde MJIOTHOCTH BepOATHOCTH p Oyner
cmayuorapuoiin (T. €. He Oyner 3aBUCEeTh ABHO OT BpPEMEHM)
TOTAA W TOJbKO TOrAa, Korna p Oyaer MOCTOAHHO BIOJb Kaxn #
JMUHMU TOKa. B wactHocTH, £000e pacnpeneaenue p(f1), koropoe
npeacTasaseT co6oft GyHKIMIO TOIBKO OT BCErO TaMH/JAbTOHHana H,
OyaeT CTalMOHAPHBIM (3TO He O3HayaeT, 4YTO CTallUOHApHbIE
pacnpejnejseHus CyLECTBYIOT MCKJIOYUTEAbHO TAKOro BUAR).

9 3ak. 617
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-

3. Ilpubaurenue K NOJOKEHHIO paBHOBeCHA; HAeH DoJib-
umana. Kax MoOxHO ,00bsicHUTH® HeoOpaTUMOe MOBeJeHUE
MaKPOCKOMUYECKHUX CHCTEM HA OCHOBE COBepIIeHHO OOpaTuMOH
MeXaHHyeckof MoZenu? IJTOT BONPOC, KOTOPHIH $i HA30By mnpo-
6seMoit BoJibIMaHa, Urpaj OCHOBHYIO POJb B HaYaJbHOM PAa3BUTHH
CTATHCTHYECKOR MeXaHUKU U Bce elle OOCyxAaeTCd H Tenepb.
B ee npocreiiuiet popMe npobiema 3ak/jio4yaeTcs B ,00bACHEHUH®
TOTO, B KAaKOM CMBICJe HM30JHPOBaHHAd (T. €. KOHCEpBATUBHAS)
MeXaHUYeCcKass CHCTeMa, COCTOfALlAs M3 oOuyeHb OOJLIIOrO yuc./aa
MOJEeKYa, npubaukaeTcs K COCTOAHUIO TENJOBOTO pPaBHOBECUS,
B KOTOPOM BCe ,MaKPOCKOMUYecKue“ MepeMeHHble HNOCTUrAIOT
NMOCTOSHHBLIX 3HAayeHH#H. ITO 0O6CTOATENHCTBO HHOTIJA HA3LIBAIOT
HYACBULM 3QKOHOM mMePMOOUHAMUKLE, KOTOPHIH BLIpaxaer
HauboJee THIIHYHOE HeoOpaTUMOe MOBeJeHHE MAKPOCKOMUUYECKHX
CHUCTEM, XOpPOIIO H3BECTHOE U3
OOLIYHHIX HaOJIONEHHUH Hal HUMHU.

[IpoTuBOpeUne ¢ MEXAHUKON BHI-
crynaetr HauboJsiee KOHTPACTHO, €CaH
BCIIOMHUTL 3HAMEHUTYIO 8038pam-
Hyro meopemy Ilyanxape. as
KOHCEepBAaTUBHOK CHCTEeMHBl JBHXE-
Hue I'-toukn Oyner NPOUCXOLUTH
M0 SHePreTHYeCKOH IOBEPXHOCTH
H(q,, ..., p,)=E. laree, 1Bu-

bur. 2. xenne I'-Touku Oyner oz2paHuuer-
HoiM (B UMIYJILCHOM TpOCTpaH-
CTBe — MoJHOK 3Heprueft E M KOHeuHO# mNoOTeHUMANLHOHR 3Hep-
rie#t MpUTS:KEHHS, 4 B KOOPAUHATHOM NPOCTPAHCTBE — OODBEMOM,
B KOTOPOM 3aKJIO4eHbl MOJekyan). Jlaa Tako# MeXaHH-
yeCKOH CHMCTeMBl, HAYyHHAIOWeR CBOe JBMKEHUE H3 TOuKH P,
HaxXoAdlllelics Ha 9HepreTHUeCKOH NMOBEPXHOCTH, TeOpeMa yTBep-
MIAeT, uro Aad awob6oli obaacTd, BKJAOuYawlUed B cebd 3Ty
TOuKy P, cyuecrtByer Takoe Bpems 1, 3a Kortopoe dasoBas
TOYKA CHMCTeMBl BO3BpaTHTCs B 3Ty oO6aactb (dur. 2), uaw,
APYTHMH CJOBamMM, ABMKeHWe OyneT KBasunepuoiuueckuM. Ilo-
3TOMY CTAHOBHTCA OYEBMIHBIM, UYTO He CYLIECTBYeT TAKOH
TPaEKTOPHH, MO KOTOPOH MOXHO Oblio Obl MPUOJIMBUTLCA K CO-
CTOSHMIO paBHOBecHs. B o01iuX yepTax NOKa3aTeJbCTBO TEOPEMHI
[Tyankape npuBefeHo B npumeuanuu U1,

[lIosBosbTe Temepb KpPaTKO PaccMOTPETh KJacCUyeckoe pas-

peuleHHe 3ITOro MNPOTHBOPEYHs, OCHOBBIBAIOUIEeCH HA HAEAX
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=

BoabuMaHa u I'mb66ca. OcHoBras uAes 3aKa0yaeTcd B TOM, YTO
yKasaHHyl0 mnpobjeMy Hami0 paccMaTpuBaTh C IBYX CTOPOH
B COOTBETCTBUHU C ABYMSA DA3JHUYHBIMU MacumaOamu HAOMOLEHHS
WM ONMCAHHA CUCTEMbl, 4 HMEHHO MOJEKYJSPHLIM M MaKpOCKO-
NMU4eCKUM. $ICHO, 4YTO Temn/a0BOEe PaBHOBECHE — IMOHATHE MAaKpo-
ckonuyeckoe. Jlaa ero onucauus Hem HeOOXONUMOCTH TOYHO
3HaTb TPaeKTOpHIO, npoxonuMyio I'-Touko#t npu ABUXKEeHUH
10 SHepreTHyecKoR mnosepxHocTH. Ero MoxHo xapakTepusoBaTth
HeOO/IbIIUM HUCJAOM (TOopasno MeHbIIMM N) ,MaKpPOCKONMMYEeCKUX*
nepeMeHHEX. Mbl YBHAMM, YTO 3TO OOCTOATE/ILCTBO OOYCJOBJEHO
TEM pa3/juuueM B XapaKTepe OMUCAHUA, KOTOPOE MOXHO IOHATH
Ha OCHOBE OYE€BHJAHOrO pasJuyud B NMOBEIECHHH CHCTEMH BO Bpe-
MEHH C TOYKH 3PeHUs ITUX JABYX MacluTabos.

Hto0Bl nouATb, B 4eM TYT LeJ10, PACCMOTPHUM CHauajaa, cJje-
ays boapuMany, caysaii udeassvrnozo 2a3a. Korma MoxHO
npeHeOpeyb MexMOJIEKYNSPHBIMH CHJIaMH, BCE MAKPOCKONHYECKHE
CBOHCTBA CHCTeMbl MOXHO OIpelejuTb, HUCX0ld U3 pacnpeneJe-
Hug N Touek (NMpencTaB/sIOLIUX KOOPAUHATH H UMAYAbCH Ka)AoH
u3 N Mosekya) B LiecTUMepHOM (a3oBOM NPOCTPAHCTBE OAHOM
MOJIeKyAbl. Mpi OyleM Ha3blBaTb 3TO pacnpele/ieHHe pacnpe-
Oeneruem 8 p-npocmpancmse. Yrobpl onucath Takoe pacnpe-
AeJIeHHe I KOHeYHO020 uucaa TOYeK, HYXKHO PasnejuTb Bce
P-NIPOCTPAHCTBO (KOTOpPOE $BJSETCAd KOHEYHBIM, TaK Kak OHO
OrpaHH4YeHO O0BEMOM COCYAA U 3aNaHHON CcyMMapHOHK 3Hepruei)
Ha Ooabiioe yucao A Maabix, HO KOHeuHHX O00/aacTel uau
AYEEK Oy, @y, ..., Wy W B 324aHHBI} MOMEHT BpeMeHu 3auxcy-
poBaTb YHCJA TOYEK 7y, Ny, ..., My, HAXOAALIMXCA B 3ITHX
auelikax. Pasmep sgueex jomkeH ObTb, ¢ OLHOR CTOPOHHI,
LOBOJbHO OOJbLIIMM, YTOOH uKcaa 7, ObIn OB 10CTATOUHO 60/1b-
LUMH, a ¢ Apyro#t CTOPOHBI, JAOCTATOYHO MaJBIM, TaK UYTOOL
BEJNHYHHB 1; AeHCTBUTENbHO AaBaau Obl mpelcTaB/eHde O NJIoT-
HOCTH pacnpejnenenns N Touek B p-npoctpauctse. MHorma srot
KoMnpoMucc ¢opMmyaupyerca Tak: sueflky ABOJKHH ObITH ,DU3NU-
qyeckM OecxKOHeuHo MaJbiMH®. DTO TO YC/IOBUE, KOTOpOe 8ce2dd
HOKHO OHTb c00/I0JeHO NpPU ONKCAHHK SMIUPHYECKOro pac-
npeAeneHnss KOHEHYHOTO 4Yuc/ia AHCKPETHHIX 3JIEMEHTOR.

OueBUAHO, YTO pacnpeneneHue 4ucea My, My, ... MO fyeHKam
Wy, ®, ... P-TIPOCTPAHCTBA OIUCHIBAET COCTOSIHUE Fa3a ropasio
MEHee TOYHO, yeM onuceiBaer ero Touka B I'-npoctpancrtse.
Kaxnoft rtouke B I'-mpocTpaHcTBe COOTBETCTBYET OMNpefeseHHOe
pacnpefielicHHe B W-NIPOCTPAHCTBE, OAHAKO OOpaTHOe yTBepMAe-

)®
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Hue HeBepHo. JlelcTBUTENbHO, HETPYAHO NOKa3aTh, 4TO 3afaH-
HOMY pacnpeie/ieHli0 B w-MpOCTpaHCcTBe coorsercTayeT B I'-mpo-
cTpaHcTBe Henas O6N-mepnas o6maacth, o0beM KOTOpPOH paseH

W= AL oMe2 ... oM. (1.9)

} ! 1 2 M
nl.n2! Tt

JloxaxeM 370 yrBep:xieHue. CoOBepHIEHHO OYeBHAHO, YTO pac-
npejeneHyue 4uces n; He U3MEHHUTCH, €CaU MBI OyneM NepelnBUTaTh
MOJIEKYJ/bl BHYTPH KaXAOH auefiku. [BuxeHue, Halpumep, OLHOH
W3 MOJEKYJ BHYTDHU NepBOH guefiku Npu yCJIOBUM, UTO BCe APYrue
MOJIeKy/bl OYAYT HENOJABMXKHLIMK, OyAeT CONPOBOXKAATbCA Nepe-
MellleHHeM COOTBeTCTBYIOILeH Touku B I'-mpocTpaHcTBe 1O MIECTH-
MepHOMy 006beMy ;. Ilockoapky B I'-mpocrpaucTtBe cocTosiHug
pa3auYHbIX MOJEKYJ MNPeACTaBAAlOTCA TOYKAMU B OPTOTOHAJBHBIX
IIeCTUMEPHBIX TOANPOCTPAHCTBAX, [IBUHXKeHHe BceX N MOJeKy.I
B COOTBETCTBYKOILIHX UM syeiikax OyneT COMPOBOKAATLCH ABHU-
eHueM Toukd B I'-HpOCTpaHcTBe MO BCeM ILECTHMEDPHBIM 00Dbe-
mam DI'-npoctpancrsa, o0mwu#t o6beM KOTOPHIX paBeH

u);zlwg2 ce wﬁdM. (1.10)
KpoMe Toro, pacmnpeneneHne uucea TOYeK n; MO suekikaMm He
H3MEHUTCS, €CAM Mbl OyneM MeHATh MeCTdMM TMaphl MOJEKYJ
M3 pas3nuyHBIX fiveek. Ilocie kamnoH TakoH mnepecTaHOBKH M
onarb noayyuMm B I'-mpoctpadcrse 0064aacTth, 00beM KOTOpOH
paBeH Toit ke Beauuute (1.10) u koTOpas He mepeceKaercd
¢ npeawmaylelt obaactoio. Ilockoabky nmeercs

NI

R f
nl.ngl N

(1.11)

cnoco6oB pasMewledus N MoJekya 0O rpynnaMm #fy, He, «..,
To obuult o6bvem B I'-mpocTpaHcTBe ONpenenUTCs NPOU3BEIeHUEM
puipaxenudt (1.10) u (1.11).

CoBOKYMHOCTb uHCeJ #; NOAUYUHEHA JABYM JONOJHHTEJbHBIM

yC/IOBUAM:
2in;=N,

v

i
2 e;n; = E.
L

ATl YCJOBHUS OTPAKAWT TOT (paKT, YTO NOJAHOE YUCJAO0 YACTHIL
W INIOJHad 9Heprua CUHCTCMBl COXDPAHANTCH. 34eCh €; O3Ha4acT

(1.12)
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SHEPrul0 YaCTHLB, Haxonsiefics B Auelike ;. baaroxaps npen-
N0JOXEeHHI0 00 HAeaAbHOCTH rasa 39Ta SHeprus, OUEBHIAHO, He
3q8ucum OT 4ucCeJl 3aMOJIHEHUS A;. 3aMeTUM TaKxe, YTO B BhIpa-
wenun  (1.12) 3snavenne a8 nosHOH sSHepruu E onpeneneHo
He COBCeM TOYHO, TaK Kak 3HaueHus & OyAYyT C/erka M3MeHATbCH
Mo Mepe [BHXEHHS TOYeK BHYTpH Kamao# u3 aueek. [ToaTomy
sHaueHue (1.12) nmag sueprum E He TNOJHOCTBIO COBIAjaeT
C BeJUYUHON 3amaHHOH sHepruu, onpeaendroleit sHePreTHYECKYIO
nosepxHocts H (g, p)y==FE B I'-npocTtpancrse, no xoTopo#t nBU-
xerca I'-touxa. Ha camoMm nene Bripaxenue ajsa dHepruu (1.12)
onpejenser ABe MOBEPXHOCTU, HAXOAAUNECA B HEMOCPEACTBEHHOH
64M30CTH K JaHHO# 9HepreTuyeckoft nosepxmocTH. O6aactb
MeXAy STHMHU DHHEpreTHYeCKMMH IOBEPXHOCTAMHM HA30BEM 3IHe -
2emudeckum caoerm. QUeBUAHO, YTO €ro TOJLIMHA 3aBUCUT
OT KOJAMYeCTBA fA4YeeK ®; B P-MPOCTPAHCTBE.

O6vemnl W (n,, n,, ...) obnacrelt, COOTBeTCTBYIOILUX pa3-
AMYHBIM paclpeneseHUsIM YHCeNX n; M0 dyeHKaMm o; B (-NPOCTPAH-
cTBe [onperensieMble GopMmydoit (1.9)], Gyayr Bbipe3aTb B 3TOM
SHePreTHYECKOM CJIo€ HUJHHADHUYecKue 00/acTH pas/H4yHHIX pas-
MepoB. MOXHO Temepb n0Ka3aTb Teopemy L°:

Ecau uucno wactury N 10cTaTOuHO BEJIHKO, TO TaK Ha3bi-
BaeMOe pacnpenesneHue MakcBesia — boJbuMana

n,= Aw,e"" (1.13)

coOTBeTCTBYET 06JsacTu ¢ 06bemoM W, KOTOpas BBHIPE3AET CAMYIO
6o/bIYI0 M3 BO3MOXHBIX yacTed 3Hepretuueckoro cjos. B pac-
npenenennu (1.13) Beauunner A u § ABAAICTCA KOHCTAHTaMH,
KOTOPhie NOJIKHE ObLITh OnpelieieHbl ¢ TOMOUIBI0 AOTOJHUTEIbHBIX
ycaosu#t (1.12). Ha ¢ur. 3 cxeMaTtuyecku NpeAcCTaBJeHO Das-
JejeHHe BSHepreTHYeckoR mnosepxHoctH B I'-mpocTpaHcTBe Ha
pasjuuHble 06/aCcTH, cooTBeTCTBYIOIIMe oObemam W (ny, ny, .. .).
BosbuMan oroxpecTBua pacnpenenesdne (1.13) B p-npocTpaHcTse
C pacnpejeseHueM JJsi  PABHOBECHOTO TEPMOAMHAMHYECKOrO
COCTOSIHMS Tasa, a 6Ce Apyrue pacnpefe/ienus B p-NpPOCTpaH-
CTBE — C MAaKPOCKOTNHMYECKH HEpPaBHOBECHBIMH €ro COCTOSHHAMH.

Eciu Mbl Tenepb npednoaoscur, 4ro npu nsmxennu I'-Touku
no SHepreTHyYeCkoft MOBEPXHOCTH A/ Hee He CYILIECTBYeT Mpej-
MOYTHTEJbHBIX 06/MacTeN HAa 3STOM MOBEPXHOCTH M YTO C TEUEHHEM
BpeMeHHu Jil06as AOCTYNMHAs 4acTb NMOBEPXHOCTH OyleT NOCTHIHYTa
9TQ# TOUKOH, TO €CTeCTBEHHO MOJIOXKUTh, UTO BpeMs ¢ (A), B Teue-
HHe KoToporo I'-Touka HaxoAuTCs BHYTpH 00JacTH A, B OCHOBHOM
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‘onpeaeadetcd BeauuynHo#t sro#t obaacru. Herpyado caeaats
M3 3TOrO CJeAYIOLlHe BBIBOIHI.

1. Ecnu ras ne naxodumcs B COCTOAHUU TeNJOBOI'O PaBHO-
Becus (COOTBETCTBYWOWIETO pacnperenenuto Maxcpesna — Bolib-
IiIMaHa), TO TOrja OH MOYTU BCerxa nepeiier B 3TO COCTOsHME.

2. B ToM caydae, Koraa ras yxe Haxoo0umcs B COCTOSIHUH
TeIJIOBOTO paBHOBeCHA, OH OyjaeT HAXOLUTbCH B HeM M JaJee,

PasrosecHoe
COCMOSHUE

Hepasrosecrsie
COCMOAHUA

dur. 3

XOTA OTKJIOHEHMS Ta3a OT COCTOAHUSI CTATHCTHYECKOrO PaBHO-
BECUs BCJEIACTBHE KBa3UNEPHOAUYECKOrO XapakTepa MABHXKEHUS
I'-Touku O6yAyT 4 LOJKHB MMeTb MECTO.

Mul paccMoTpesu OCHOBHBIe mpelctaBaeHus boabumana. Onu,
O4YEBHIHQ, TPUMUPAIOT NpeAcTaB/]eHus 00 OOpaTHMOCTH MeXaHH-
YeCKOro ABH:eHMS, BHpaxeHHble B TeopeMe IlyaHkape, ¢ pakTOM
CYLIECTBOBAHMS COCTOAHMN MaKPOCKONMHYECKOrO PaBHOBECHA.

4, O606ngemire pesyaprtaTos I'n66ca. dproguueckue Teo-
pembl. B npeaniayigeM pasiese Ml C ONpeleNeHHBIM HaMepeHHeM
usberaau awboro yroTpebaeHus TNOHATHA BEPOATHOCTH U He
ynoMuHand o6 3proauieckolft rumnortese, YTOOH MOLYEPKHYTDH
HHTYUTUBHYIO HArasaHoCTh OOIMX mnpejcrasieHuft bosabumana.
YUrob6n 06001IMTE 3TH HAEM U T0Ka3aTb HX CBA3b C HOHATUSIMHU
TEOPUU BeEPOATHOCTEH M ¢ 3proauyeckoft TeopeMOH, MOBTOPUM
npeAblAyline paccyxjiaeHus B OoJjiee abcTpakTHOH dopMe.

BMecto Toro, uToObl ONHCHLIBATL MaKPOCKOMUYECKOe COCTOs-
HHe rasa ¢ noMouipbio HabOpOB yuceJ yacTtul, #n,, Hq, ... B pas-
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JUYHBIX suefiKaX -TIPOCTPAHCTBA, MOXHO TaKxke CYATATb, 4YTO
MaKpOCKONUYEeCKOe COCTOSIHHE Ta3a onpejie/seTcs 3afaHueM 3HQ-
yenul HEKQTOpPOro Habopa MAKpPOCKOMHYECKHUX MEPEMEHHBIX

Yi=F1 (X1 Xg - 0s Xp)s (1.14)

KOTOpblE ABJSIOTCH (PYHKUMAMH KOOPAHHAT X, == (F,, Pp)BCex N
YacTHLL CHCTeMBl. Jlnd TOXIECTReHHBIX 4YacTull 3TH QYHKUuH f,;
JAO/KHBE ObITb, KOHEYHO, CHMMETPUYHBIMH (QYHKUUAMH ($aA30BBIX
TOUeK X,, JlefiCTBMTE/NbHO, B pacCMaTpUBaeMOM IpuMepe (uie-
ajbHBIRt Ta3) MOXHO BHIOpaTh B KayeCTRe 3TUX (yHKUu# Beau-
YUHBI

N
yI::kEIAL(xk)! izlv 23 t 0oy M’ (1.15)

rac

A, (x){

Torna, ectecTBEHHO, 3HaYeHUs ¥, OYAYT OTBEUATH YUC/JIAM TOUYEK A,
B suefikax w;, COOTBETCTBYIOWMM Touke P (x;, ..., Xp) B I'-mpo-
crpanctBe. Ilpu 3TOM BHOBb BO3HMKAeT BONPOC O pasMepe Bbl-
OupaeMblX s4eek ;. BMecTO TOro 4roOBl CUMTaTh UX pPa3Mepht
¢usnyecku 6eCKOHEUHO MaJIbLIMKM, KaK 3TO M0Jarajoch B pasiene 3
HacToflle# TrJaaBbl B LeJdX ,HAWJYYLIero“ OMUCaHUA pacnpere-
J€HUS YacTHL, B pP.-TIDOCTPAHCTBe, MBI MOXEM Tenepb CUHTATh
pasMepel sYeeK COBEPIIeHHO TMpOM3BOJBHBIMH M BHOMPAEMBIMU
B 3dBUCHMMOCTH TOJbKO OT XeJaeMOH TOUYHOCTH PpPacCMOTpeHus
MaKPOCKONUYECKHX XapakTepUCTuK cucTeMbl. OAHAKO NpuU TOM
OHM BCErja AOMKHH ObITb KOHE4HbMU, TaK ¥TOOLI COOTBET-
CTBEHHO 33JaHHBIM 3HAueHUAM Yy, CyLIeCTBOBaja OB HeKOTOpas
KoHeuHaa o6sacme B I'-mpoctpanctBe. [lomumo 3mozo, AId
onpele/seHHOro Habopa 3HaueHMH MAaKPOCKONHYECKHUX TMepeMeH-
HBEIX y; Np# JOCTATOYHO OouabmioM /N BCeraa JZOJIKHA CyLIECT-
BOBaTh COOTBETCTBYIONIAN 001acTh B I'-nipocTpaHcTBe, SABASIOWAACH
HauOoablIe M3 BOBMOXHHIX. B HameM caydae, KOHEUYHO, 3TO
clelyeT, Kak MBI BuJeaM, M3 #BHOrO Boipaxenus (1.9) ans
o6bema obaactu I'-mpocrpaHcTsa.

B ofmem ciyyae, KOTJa MeXMOJNEKYJSPHBIMU CHJIAMM HeJb3s
npeHebpeub, AR KOHKPETHU3ALUM MAKPOCKOMUYECKOIO0 COCTOSAHUSA
CUCTEMBI y)e HEeAOCTAaTOUHO 3HATh pacnpejejeHue B p-Npo-
crpaicTBe. Hanmpumep, HaM 4acTo NPUXOJUTCH UHTEPECOBATHCH

==1, €CJI1 X HAXOJUTCA BHYTPH 0, -A4eHKY p.-NPOCTPAHCTBA,
=0 B 11000M ApyroM caydae.
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gp—

TeM, CKOJAbKO Nap MOJeKYyJa HaxXxoAurTcd B cpepc AeHcTBHA KaxaoH
M3 MOJEKYJ, MOCKOJbKY OT 3TOTO 8aBMCAT HEKOTOpPHie MaKpO-
CKOTMYECKHE XaPAKTEPUCTUKA CUCTeMBl. TeM He MeHee Ml OyneM
BCE elle NpeAnoaaraTh, YTO0 MaKPOCKOMUYECKOe COCTOSHUE MOXET
ObLlTh OMNpeleseHO C INOMOMIBI) 3alaHUs BHAYEHHH HEKOTOpOro
yucna $asoBuix $yHkuuid y;, npuuem

a) KaxJ0e MaKpPOCKONHYeCKOe COCTOfHUE MOJKHO COOTBET-
cTBOBaTb oO0.sacmu B I'-npocTpaHCTBe, MHBIMH CJOBaMH, YacTH
OHEPreTHYECKOro Caof,

6) nas Gosbwux N JHOMKeH CYILECTBOBATb ONpele/eHHbIR
Habop 3HauyeHuH y;, COOTBETCTBYIOLIUMI MAKCHMAJbHO BO3MOXHOH
o6nactu I-npocrpauctea 1,

Kak nokasaHo cxeMaTuyecku Ha Qur. 3, AJA JAHHOTO CHO-
cofa MaKpOCKOINUYECKOrO ONMHCAHHUA CUCTEMBI, T. €. A4 NAaHHOI'O
BLIOOpa MepeMeHHHX Y;, 2HepreTuueckuft cjolt Gyner pasneseH
HA Qurcuposarrsie o0aacTy. [Ipeanonoxum remnepp, 4To B MO-
MeHT BpeMeHu f=—0 cucrema HaxOAWJaCb B ONpelLeJeHHOM He-
pPaBHOBECHOM MAaKpOCKONHYECKOM COCTOAHMU. C 3THUM HayaJbHbIM
MaKpPOCKONHYECKUM COCTOSIHHEM MBI CBA3BIBAEM HCXOAHYI0 (PYHK-
1o pacnpenesenust sepostiocty D (P, £ = 0) B I'-npocrpancrse,
KOTOpas OT/JWYHA OT HYJd MO.AbKO B COOTBETCTBYWOUER 00/1aCTH
OHepreTHYeCKOro caos. BHyTpu 3T1oH oOsacTd (yHKIMA pac-
npenesenns BepodatHocTd D (P, 0) Moxer OHTb B NpHHIUIE
NPON3BOJIbHON, €CJH He CYMTaTh, YTO OHA JOJ/pKHA OHITH AOCTA-
TOYHO rJaaakoi ¢yHkuue#t mnepemennnlx F. Hanpumep, B Kaue-
ctBe D (P, 0) MmoxHO BuOpaTh QyHKLHIO, KOTOpadg NOCTOSHHA
BHYTPH COOTBeTCTBylOWeH o6aacT U paBHa HYJMIO Be3lle BHE ee.
3aMeTHM, YTO BMeCTO (YHKUUM pacnpeneseHuss MJOTHOCTH P MHI
ucrnonb3yeM ¢yHKIUMIO pacnpeaeaenuda D, HOpMUPOBAHHYIO Ha
eAMHULLY .

CrenaHHoe npenno/oxeHue HMeeT MOALKO 8epOAmMHbLL
Xapaxkmep, OIHAKO MOXHO VTBepXKAaThb, YTO OHO HABASETCH
HauboJ/iee NMPOCTHIM M3 NPEANONOXKeHHH, COBMECTUMBIX € HalUUMU
MAaKpPOCKONMYECKUMH mpeactab/ieHusMu. C NOMOLIBI0 YPaBHeHHS
JIuyBu/Ias B NMpUHLMINE MOXHO Ha#itu Beauuuny D (P, f). Peuwe-
HUE HOCHT XapakTep npeodpasoBanus yuxkuuu D (P, 0) B D (P, 1),
C NOMOWIBI) KOTOpOH MOXHO onpeieiuTh Jo0He MHTEpecywollue
Hac BejuuuHbl, ['HOGC B mpecaoByToft ra. 12 cBoel KHUTH
pa3bsCcHAET 3Ty Npolielypy HpeoOpasoBaHHsl CAeiyKOLUM 00-
pasom. O6beM ob6aacTv, B KOTOpO# dyHkuua pacnpeneienus D
OTJNMYHA OT Hyas, ¢ TEUCHUEM BPEMCHM OCTAETCA, COT/ACHQ
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TeopeMe JIuyBu/If, OQHUM U TeM XKe, OJHAKO ¢ghopma obiactu
OyneT CYLIECTBEHHO M3MEHATbCA. OTO W3MEHEHHE B MEpPBYIO
oyepelb OOYCJOBNEHO HAMMUHEM CUJBHBIX MEXMOICKYIAPHEIX
CuJ, NMOA HeHCTBMEM KOTOPHIX aBe I'-TOYku, NMepBOHAYANBLHO Ha-
XOAUBIINECS PAAOM, BCKODE pacxoAarca Ha 00JblLIoe paccTosHue.
B pesysnbrate 3T0r0 nepmoxauanbhas o6aacTh GyAET paCTATH-
BaTbCA B OYEHb JAJMMHHYI0 M TOHKYI0O HHMTb, KOTopas OyaeT BCe
6oJiee U Oosiee BUTHCA N0 BCeMy paccMaTpuBaeMOMY SHepreTH-
yeCKoMy cuoto (dur. 4); sa-
MeTHM, YTO BCerfa clemyer
NOMHUTh 00 3HepreTHYECKOM
croe £ H<E-+AE, no-
3TOMY ,HHTbL® B HeHCTBUTE/Ib-
HOCTH fpeAacTaBaseT cobo#
TOHKYIO JIeHTY. BcaelcTtBue
9TOT0 MBI MOXeM OXHUAATb
cleyloliue ABJAEHHS.

1. C TeueHueM BpeMeHH
(yHKUMA pacnipeaesieHUs BepoO-
ATHOCTH D O6yneT CTaHOBHUTLCH
Bce 60aee nboaee ogHOpOAHOM
BJOJ/Ib SHEPTETUUECKOTO CJ04. dur. 4
KoHeuHo, 3Ty OIHOPOAHOCTDL
Hazo NOHMMATh mOAbK0O B rpyboM cMmbicae; 06aacTh, B KOTOpOH
GyHKLMA pacnpenesieHuss OTJAWYHA OT HyJs, Bceraa Oynmer npen-
CTaBJAATH COOOH TOHKYI0O HUTb, OOJee HJAM MeHee OJHOPOLHO
3anOJHAILYIO BeCb 3Hepretuyeckult caoft. Pacnpesnencnue, oano-
polHOe BHYTPDH 3HEPreTHYeCKOro CJOosi, MH, caeays [nbbcy,
HA30BEM MUK POKAHOHUYECKUM pacnpedeseruen.

2. 9ro mnpubauxeHue K ONHOPOAHOCTH OyleT ¢ TeueHunem
BpeMeHH { BCE€ BpeMf NPOAOMKATbCA, HecMOmps Ha To, UTO
kaxaad I'-touka 6ygeT aBuraThcd KBA3UNEPUOTHYECKH COIJIACHO
TeopeMe Ilyankape.

3. Bpemsa, TpeOyemoe nast aoCTHKeHHst YKa3aHHOH oLHOpOL-
HOCTH, OylAeT cyuecmseHHO 3aBUCeTb OT TOFO, UYTO NOHHUMATD
noA OAHOPOLHOCTHIO, HHaue FOBOPS OT Pa3MepoOB TeX KOHEUHBLIX
obnactef, Ha KOTOpbie MNOAPA3AEJAINT 3IHepreTHudecKu#t caoft
cornacHo BHIOpaHHOH TOYHOCTH MAaKPOCKOMHYECKOTO OMHCAaHuS.

4, Jlna xaxaoro MakpoCKONMMYECKOr0 OMHCaHHS CYLIeCTBYeT
OnpefeNeHHbI! MHTEepBaJM BpeMeHH, MO HCTeYeHHH KOTOpOro Bes
POATHOCTb KaXJOro MaKpUCKOIHUECKOTrQ COCTOSHUA ONpeaeaeTes
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pasmMepoM COOTBETCTBYIOLIER OO0JaCTH SHEPreTHYeCKOro CJos.
INockoarky B cayuyae Oosbuiux N CyllecTByeT ornpeieseHHas
06/1aCTb IHepPreTHYeCKOro CJiof, sBAgOIIascA HauboabwieH u3
BO3MOXHBIX, TO OHa OyleT COOTBETCTBOBATb HanbO0/ee BEPOATHOMY
COCTOAHHMIO CHCTEMBI M XapaKTEpU30BATb ee COCTOsiHHE TepMO-
JHHAMUYECKOT O paBHOBECHS.

Sl HalewChb, YTO CXOACTBO MexAy uieamu BoabumaHa u GoJee
obuiuM noaxoaoM I'mG6ca cTano Ttenepbr NOHATHHIM. KoHedHO,
B 000MX cCayyaax OblJI0 BHIABHHYTO HEKOTOPOE KOJHYECTBO
YyTBEpXKAeHUN Ge3 BCAKOIO AOKA3aTeJbCTBA, KOTOPbHIE MOryT HO-
Ka3aTbCA TYMaHHBLIMU M AaXe HelpUeMJEMBIMM A AOKa3aTe bCTBA.
Tak kak oHM NpeACTaBJAIOT 3HAYMTEJbHBIH HHTEpeC, TO Mo Kpai-
Heft Mepe 4acTb U3 HUX MOXeT ObiTh chHOPMyJaMPOBaHA ropazio
6oJiee TOYHO C TMPUBJICYEHUEM SProauyeckoit TeopeMnl bupK-
xodda 1. Paspeiute HanoMHWTL BaM STy Teopemy.

a. Eciu MexaHWyeckue [ABHKEHHS CHCTEMBI OrpaHHYEHHB M
ecsn mo0ad 3anaHHas B ¢a3oBOM NpoCTpaHcTBe dyHkuusa y =— f (P)
MHTErpHpyeMa BIOJb SHEPreTHYSCKOro C¢Jos, TO NOUYTH BCeraa
CYUIECTBYET CpeOHee NO 8peMeHu 3HayeHUe

T
y=tim - [dt 1 (P). (1.16)
0

T>x

CumBosioM P, Mul 0603Hauatn 31eChb KOOPAMHATH TOYKH (haso-
BOTO MPOCTPAHCTBA, Hauasllel cBoe HBUKEHME H3 TOUKH P,

Boaee TOro, y He 3aBUCHT OT BbHIOOpA HauabHOM TOUKU HAHHOH
TPaeKTOPHH, HO MOXeT HMMeTb pasHble B3HAYEHHS B 3aBACHMOCTH
oT BpiOOpa ToH WAM MHOH TpaeKTOpPHH.

s1 He Oyay npuBOIUTb AOKasaTeJbCTBA STOH TeOpeMbl, Tak
K4aK OHO uMeeT JOBOJLHO WCKYCCTBeHHHH xapakrtep. EauucTt-
BEHHO Ha YeM OCHOBAHO HOKa3aTeJbCTBO — 3TO HA NPeANoJIDXKEeHHH
00 OrpaHuueHHOCTH /[BUXEHUA W Ha TeopeMme JluyBuanga. B cBasu
C 3TUM €ro MOXHO OTHEeCTH M K BBEIEHHBIM Bbillle MaKpPOCKO-
NMUYECKUM NEePEMEHHBIM V.

6. Ina mempuuecku mpan3umugrslx CHUCTEM BeJHYUHHA
cpenuero 1o Bpemenu (1.16) He zaBuCHT OT BniGupaeMolt Tpaek-
TOPUH M paBHA CpedHemy HO ancamb o

Wy=[ ... [daQfP)sH). (117}
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Wurerpan B npasofi uactu (1.17) Oeperca no Bce# SHepreru-
yeCKOH TNOBEPXHOCTH, a BeauuuHa o(H) npeacrasager coboft
pacnpeje/ieHHe NJOTHOCTH BEPOATHOCTH BLOJb 3TOH MOBEPXHOCTH,
COOTBETCTBYIOLlEE OAHOPOAHOMY paCNpeie/cHUI0 BHYTPHU 3Hep-
reTHYECKOTO CJ0d, TaK 4TO

const
G(H)Elgradfﬂ' (1.18)

fIpiueM KOHCTAaHTa ONpeie/fieTcsd ¢ MOMOLIbIO YCJIOBHA HOPMU-
POBKH

f fa(H)dgxl.

Taxkoe pacnpenenenue o(F/) Ha3LIBAIOT MUKPOKAHOHUYECKUM
pacrnpeneysieHHEM MO 3JHEPTETUYECKOW NOBEPXHOCTH.
Mexannueckas cHCTeMa Ha3bIBAETCS METPHYECKU TPAH3UTHB-
HOH B TOM cCJyuae, KOrja JHepreTHYeCKas MOBEPXHOCTb He MOXKET
ObHITh paspeneHa Ha KOHeuHble OO0/acTH, Takue, 4TO €CJH Ha-
YaJbHafA TOYKAa KakOH-NNOO TpaeKTOpUM HAXOAUTCA B ONHOH u3
9TUX obJjacTe#l, TO M BCA TpaekTopus LeJuKoM OyIeT YyKJalbl-
BaTbCs B 9TOM oOnact, IJTo YyC/A0BUe, OueBHAHO, OoJjiee TOUHO
dopmyaupyer npeincrtaBieHHe, MCNOJNL30BAHHOE HAMU B NMOAXOLE
boabumana — ['n66ca, 0 ToM, uTO ¢ TeueHHeM BpEMEHH TpaeK-
Topus I'-TOYKM 3aNmOJHAET BCIO SHEpreTHyeckylo nosepxHocts [f,
KoHeuHo, oueHb TpPyAHO 1A0KasaTh (BO BCSIKOM clydae, 3TOrO
elie He CJeaHO), YTO JIABHXEHUE CHUCTeMbl, TaMHJIbTOHMAH KO-
TOpOH 3amaH, Oyler HMAM MeTpUYecKd TPAH3HTUBHHIM, HJAU HE
OyleT TaKOBBHIM; JAdXke NpUMEPH, KOTOPHE AONYCKAIOT TOYHOE
pelieHHe 3TOr0 BONMPOCA, BCTPedaloTcd AO0BOALHO peako Pl
Tem He Menee npeumylmectsa TouHo#t GOPMyAUPOBKU MPOGJEMDI
BCerjga Heocnopumel. OTMeTHM elile, YTO JJg TOro, YTOOH!
CpeiHHE 3Ha4yeHns MO BPEMEHM M CpelHHe 3HAYeHUd 1O (Ha3oBOMY
NPOCTPAHCTBY COBNALa/ad, B NpUHUUNE He Heo6XonuMo, yToOhl
MeXaHHYyecKas cucTeMa umesa 6onabLioe YUCAO cTeneHel CBOOOAH,
XOTsl CBOHCTBO MeTPHYECKOH TPAH3UTHBHOCTH CHUCTEMBI Ipen-
cTaBaserca 0oJiee eCTeCTBEHHHIM B caydae Goapmux N.
ITepefinem Temepb k mnpencrasnennsM Bosaprmana — 'u66ca
OTHOCHTEeJbHO NMpHOAMKeHUs Kk paBHOBecuto. TloacraBassa B (1.16)
n (1.17) Bmpaxenue mas ¢ynxuun f(P), xapaxkTepusymolief
HaXO0XJA€EHHE CUCTeMBbl B 00s1acTH A 3HepreTHUeCKOH MOBEPXHOCTY
[umenno f(P)==1, ecau P nexur Buytpu 4, u f(P)=(
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B JI0OOM JpYyroM ciayyae], noayyaeM, 49TQ M METPUUYECKH

TPAHSUTHBHLEIX CHCTEM

t(4) V(4
r — v

lim
T~>oo

(1.19)

roe ¢(A)—BpeMa, B TeueHue KOTOpPOro ¢asomas Toyka Haxo-
autcs B o6nactu A, V (A) — o6bem 3TOH uacTH 3HEPreTHYECKOro
ciod, obwu#t o6bveM kKortoporo, Bkawuas obaacth A, pasen V.
TakuM o06pasoMm, TOYHas (OPMYJMPOBKA INPEINOJOKEHHUs, HA
KOTOPOM OCHOBHIBAIOTCSI GOJIbLIMAHOBCKHE NPEICTAB/ICHHS, COCTOUT
B TOM, 4r0 BpeMsa f(A) raaBHbiM 00pasoM onpeaelsercs pas-
mepoM obaactu A 1,

Tenepp aprymentanus [u66ca Takxe MOXeT OblTh BhlpaxceHa
6osee TouHo. Ilpeanonoxenue o TOM, uTO Aaa OGoabuinx N
CYLIECTBYET TOJBKO ONHO MHOXECTBO 3HAYeHHH MaKpPOCKOIHUYECKHX
NepeMEeHHBIX y;, KOTOpPHe COOTBETCTBYIOT Hauboablieft U3 BO3-
MOXHBIX YyacTeH 3HepreTuyecKOH MOBEPXHOCTH, MOXHO 3aMEHHUTb
TpeboBandeM, YTOOBI TNepeMeHHble Y, OblIM OB KO PMAAbHbBIMU
nepemennoimu 'l Tlog sTuM MB TOApasyMeBaeM, 4TO .4
cucteM ¢ GosbmuM N BeJHUMHB Y, KOMKHB 00/afaTh CleLylo-
ILHUM CBOHCTBOM:

(O — )} << (), (1.20)

WM, HWHBIMH caoBaMH, QUYKTyaund KaxIOR nepeMecHHOH y,
HOJKHBI OBITb MaabIMM 10 CPABHEHHUIO € HUX CPelHMMH 3Hauye-
HUMH (Y,). 31ecb CpeiHHe B3HAUEHHA BCErAa TOHMMAIOTCH Kak
cpennue (1.17) mo MukpokaHoHuuyeckomy ancamO.i0. Ecau Mb Te-
nepb NPeAnoJOKUM, 4TO ABHKEHHEe aHCAMO/I51 HAUHHAETCH B MOMEHT
BpeMeHu =0 u HavanpbHoe pacnpenesenne D (P, 0) Ovli10
U3BECTHO, TO MameMmamuieckue Ooxcudarus 3HaYeHUH nepe-
MEHHBIX y; ONperessiOTCH BhIPaXKeHUeM

};;.(t)-—_:f .. fdszf,.(P)D(P, £, (1.21)

KOTOpEE OyAYT B HayaJbHLIE MOMEHT, COOTBeTCTBYIOIIMH pac-
npexejenuo D (P, 0), cosnanatb co 3HauenusaMmu y;(0), a nasa

t — 0O CTaHOBHTbCHA PaBHBHIMH Y, (co)==(y,;), T. e. 3HAUEHHUsM,
KOTOpBle aJd OoabliuXx cucreM OyayT upesBbiyafiHO OJiM3KH
K paBHOBecHbIM 3HaueHusM !'!l. drto creayer ms Tex coobpaxce-
HHH{, 4TO, COrJacHO 3proiuueckoi teopeme u Brpaxenuio (1.20),
NOYTH JJIA BCeX TpaeKTOpuft B ¢ayuae OeckoHeuHO OQabLUMX
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gpemer ¢ BEINUMHBl y; JOJKHH IPHHHMATbL NOCTOAHHLIE B3HA-
yeHusd. 3aMeTUM eule, 4TO, pACCMATpuBag B KauecTBe y; ,60.bli-
MaHOBCKHE® BeJIMYMHBI y;, ONpejeiseMble BnipaxeHuaMu (1.15),

MBI TIOJy4aeM, UYTO Y, COOTBETCTBYIOT OXHAAeMbIM 3HAUYEHHUSAM
yucJaa YacTul, %, B dYeHkax o; B MOMeHT BpeMeHH f*., Ouu
CBA3aHbl C TaK Ha3bBaeMOH OONOYacmu4nol yHKYyuel pace
npedesenusn Fi(x;, t), onpeneiseMoit BbIpameHUEM

1
171:1(«"71* t)—_-f e fde con Xy D(xy, oo, Xy D). (1.22)

JleACTBUTEABHO, €CJAH CPJIaJUTh BEJHUMHE n,;(f) mo ayeHkam ¢,
170 HA0Op 3THX AMCKPETHBIX BEJHYMH 3aMEHUTCH MJIABHOM (yHK-

wnet f(x, H)dx, riae
N
f(x, t)-—-:f o fdx1 deEB(x—-—xi)x
=1
X DXy s Xy, £) =0 Fy (%, D).

[To ananoruu ¢ ¢opmyno#t (1.22) MoxuHO omnpeaennTb AByXyac-
THYHYIO, HJIM NapHYI0 YHKUHIO pacnpejeneHus, a B 0OuieM
cyude — $-4aCTHYHYIO (YHKIMIO pacnpeneeHus:

Fs(xl,..., xs, t):st...fdxs_,_l...
v dxXyD(xy, o o0s Xps 8). (1.23)

Mp BO3BpaTuMcd K 3TUM ¢yHkuuam B ra. VIL

Paspemure MHe 3aKOHUMTb STOT Pas3Aes] HEKOTOPHIMU 3aMe-
YaHHAMH 110 MNOBOAY OIpeAe/]eHHsd IOHATHA MAKPOCKONUYEeCKHUX
nepeMeHHbX UM MAaKPOCKOMUYECKOro ,Habuaonartena“, NMOCKOJAbKY
3TOT BONPOC APHBOAUT K 3HAUUTEJLHOR moJeMUKe.

1. Tlonarue Makpockonmuueckofi mnepeMeHHOM MOXeT IMOKa-
3aTbCA HECKOJbKO TYMaHHBIM, W 3TOMY HeJb3d IOMOYL, TOKaA
oOCyxIeHUe Bomnpoca Benercs B o0wux ciaosax. B ra. VII mu
yOeanmca, 4TO OXKuLaeMble 3HaYeHHsA OOBIYHBIX MAaKPOCKOMHYECKHX

* B paspgene 3 BedAuUMHB n; NpencTapadau cobof Te 3HaueHHHA
YHCea N;, KOTOpPble COOTBETCTBYIOT MAKCUMAAGHO BO3MOXHOW obaactu
51{ePIeTHUYECKOr0 ClOst M SBJSMIOTCS pPAaBHOBECHHIMH 3HaueHuamH. [Hag
cayyas Oonbmux N OHM COBNAAAIOT ¢ BeAWyuHaMHi, 0003HauaeMbIMu

Tenepb ny (00) uau ().
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NepeMeHHbX (TakMX, Kak TEH30p HaTAXEHHs, TeMIepaTypHOe
pacnpelieseHHe M JAPYTHX) MOXHO INOJYYHTb C NOMOWDBIO HEKO-
TOPOTro 4Yucja MnepBuX ¢QyHkuuM pacnpeneenus (1.23).

2. B noHATHM MAaKPOCKONHYECKOEe ONUCAHHE CUCTEMH Cylile-
CTBYeT 3JEMEHT NPOU3BOJbHOCTH, ¥ 3TO MONKET I[OKa3aThCH
BecbMa HexenateapHbIM. OIHAKO SICHO, YTO B MPUHLUNE MAKPO-
CKONUYECKOEe ONHUCAHHEe COCTOSAHHUS CHMCTEMBI S8aBUCUT, TAK CKa-
3aTb, OT ycepausi HabJwIAaTeNs U MOSTOMY IOJHOCTBIO HE MOXET
ObiTh OmnpejeneHO B o0lieM chayyae. EXUHCTBEHHO, 4TO MONMCHO
CKa3aTh, 3TO TO, UTO MAKPOCKONHYeCKOEe OMUCAHHE CUCTEMBE
ABJAETCA COKPAU{eHHbM €€ ONucaHueM, OCHOBHIBAIOUIUMCH HA
MCMONb30BAHUY MHOTO MEHbILETro KOJMYECTBA NepeMeHHbIX, UeM TO,
koTopoe TpebyeTcs AN TOYHOH MHUKPOCKONUYeCKOR QuKcauuu
cocTofiHun cucTeMbl. Ha npaxtnke oOnuHO ObiBaeT ACHO, Kakue
BEJUYMHBI NMPEACTaBJSAIOT COOOH MAaKPOCKOMUUECKUE TepeMEeHHbIE,
NMOCKOJbKY OHU HaBfI3IBAIOTCA TeMMU SKCIEePHMEHTAaJbHBIMH fIBJie-
HUAMHU, KOTODHIE MBI NbiTaeMcs 00BACHUTh. Bo u3bexanue npo-
U3BOJAa B BHIOOpE MAaKPOCKONMHYeCKHX MNEpPEMEHHBIX MOXHO, KakK
MOCTYNAT HEKOTOpPHIE aBTODPHI, BBECTH IOHSITHE BEPOSATHOCTHOrO
pacnpejejeHus A/ BCEX BO3MOXHBIX MaKpOCKONHYeCKH Hab.a10-
naeMbix BeduuuH [l onHAaKO MHe KaxeTcs, yTO BCe ITO ele
Hosee 3amyTaetT BONPOC.

3. IlpousBos B BEOGOpe criocoba MakpOCKOMUYECKOTrO OIHU-
CaHuf CKa3biBaeTCH TaK)Ke W HA BPEMEHH, B TeueHHe KOTOPOro

OXuJaeMble 3HaueHHs y;(f) AOCTUralOT CBOMX PABHOBECHBIX 3Ha-
yeHu#t (y;), TAK KAK KOHKPETHEI# BHIOOD MepeMeHHHX y; Ompe-
AeadeT pasMep o0jaacte#f, Ha KOTOpHIE pasae/deTcd 3HepreTH-
yeCKUA cao#. IT0 0OCTOATENLCTBO 4YacTO CBA3LIBAIOT CO BpeMe-
HeM peJaKCallum K paBHOBECHBIM 3HAaY€HUAM, rOBOPS, YTO OHO
3aBUCUT OT BHIOOpa pasaMepa suyeek NpU pasOueHUU ISHePreTH-
yeCKO# TMOBepXHOCTH. § noJsaraio, 4To 3TO MMEHHO TaK, OJIHAKO,
C Jpyroi CTOpOHH, He BH3BIBAET COMHEHHH, UTO Tmpollece
pe/NaKCauuu K PaBHOBECHOMY COCTOSfIHHIO OYIET 3dBUCETb MAKIKCE
OT MMKPOCKONHYeCKON CTPYKTYpBl CaMOff cuCTeMBbl, T. €. OT BUJIA
raMUAbTOHMAHA, a4 3TO UMEHHO ma 3aBUCUMOCTb, KOTOpas npen-
cTaBageT OOBIYHO OOJbUIOR MHTepec, NOCKOJAbKY BHIOOD BeJM-
YAH y; yKe (UKCUPOBAH YCJIOBUAMH 3KCMEPUMEHTA.

4. IBoJOUUA BEeJUYMHB Y, (f) BO BpeMeHM B IpHHIMNE
BCerAa 3aBUCUT OT HAYaJbHOTO pacnpeleseHus MJIOTHOCTH BepO-
arioctd D (P, 0) B I'-npocrpancrse. 10 006CTOATENLCTBO BHOBD
MOXET TPUBECTH K BO3PaXEHHSAM, BLI3LIBAEMEIM NPOU3BOJIOM
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B onpele/leHHH HauyaJIbHOro pacrnpeneaenus. [MHaxe ecaun Mh
rosopuM, uto ¢yukuua D (P, 0) aomxHa OniTe BHOpaHa Tak,
yTOOB COOTBETCTBOBATH HAllMM HAYaJbHLIM MAaKPOCKONHUYECKHM
CBEJEHUSIM O CHCTeMe, TO BCe paBHO MBI He HMeeM BO3MOX-
HOCTH TIOJHOCTHIO ONpeAeauTb €e. BHXO0Hd U3 Takoro HoJoxe-
HUSl, i [OJaralw, COCTOMT B TOM, 4YTO B IAHHOM ciayuYae A4
BEJUYHH y; MBl HHTEepecyeMcs TOJbKO TOH 4YacTbl0 peJakca-
LIMOHHOTO Npoliecca, KoTopaa Ke 3asucum om subopa D (P, 0).
Caenosano Obl OXHMAATb, YTO COOGCTBEKHO MAaxkpOCKOMUYeCKUH
IKCMEPUMEHT COOTBETCTBYeT CHTyalluM, YcTaHOBHBLIelics moc.e
HEKOTOPOTO KOPOTKOTO ,Xa0mu3aytoino20 nepuoda*. Vi u
C/JI0BAMH, MOXHO CKa3aTb, 4YTO IOCJe TaKOTO0 KOPOTKOro Iepuoja
BpeMeHY 34BHCUMOCTb BEJHYUH 'y; OT BpeMeHu OyaeT omnpere-
JAATHCA CaMUMM STHMM BEJHYMHAMH y; C TNOMOWIBLIO YypaBHEHuH,
SIBJAAIOILUXCS YPABHEHUAMH IEepPBOro MOPsfaKa No BpeMeHu. H Ha-
30By 3TO 00CTOATENbCTBO mpeboB8aruem MAKPOCKORUHECKOU
npusurnocmu. IDTO YCJOBMe OrpaHuunBaeT BHOOpP cnocoba
MaKpPOCKONHUYECKOTO ONUCAaHUS CUCTEMBI M, eCTeCTBEHHO, MOXET
ObtTh BHINOJHEHO B HEKOTOPOM acHMITOTHYECKOM CMBIcjae. Mul
BO3BpPATHMCA K STOMY BOnpocy eume pa3 B ri. VIL

5. 3aKoHnl TepMOIUHAMHUKH., Mb ROMKHE Tenepb 06CYAHTH
CBfI3b C 3aKOHAMU TepMOAHHAMMKH (,00bACHUTH® MX). [Ipu O0OHIU-
HOft OpPMYIUPOBKE 3aKOHOB TePMOJAMHAMHKU 3TO O3HA4aeT, UTO
Mbl JLOJKHB OODBACHUTH CJelyloline HATL OCHOBHBIX NMOJOXeHUH
U TIOHATHA.

a. Cywyecmsosanue mepmooOuHamudecKoz0 pagHoB8ecHo2o
COCMOARUA OAS 3AMKRYMOLE cucmems. DTO TaK Ha3bBaeMBift
HyneBO# 3aKOH TepMOJMHAMUKH, YXKe YHOMUHABUIMHCS B pas-
fene 3 1, ByaeM cuuraTh, 4TO 3TOT Bompoc ObiJ AOCTATOYHO
ocBellleH B TIpeAbAyLUlMX pasjenax.

6. Ilonamue memnepamypst. B TepMOgHMHaAMHKEe paBHOBeC-
HOe COCTOsIHME TIpexAe BCEro XapakTepuayercsl omnpeje/eHHOH
temneparypoif. HtoOn BBecTH TeMmepaTypy KaK UMC/AEHHYIO
XapaKTepHCTHKY CHCTEMB, Cjelyer 1OKasaTb, npennoJnaras cy-
lleCTBOBAHME PABHOBECHOIO COCTOSHHUS, HTO OTO COCTOSHME
obnagaeT mpan3umuguuimu cgolicmeamu, T. e, eCJIH CUCTEMA A
HAXOAUTCA NOpPO3HL B paBHOBecun ¢ cucremamu B u C, 10

toraa cucteMbl B u C Takxke HAaXOAATCH B COCTOSHWM DaBHO-
gecust Apyr ¢ npyroM. Ilon pasHoBecueM IBYX CUCTEM B NaHHOM

Cayd4ae Mbl NOHUMAEM TO OOCTOATENALCTBO, YTO MaKpOCKONpYe-



32 I'a. 1. Cratuctuneckud nodxod & 3akonam repmoduHamuru

CKHe cBolHcTBa cucTeM He OyAYT M3MEHSITbCH, €CAM OHH BORAYT
B ,C1a00e“ CONPHUKOCHOBEHHWE JIPYyr C HOPYroM. YCTaHAB/IMBA-
Jollascd CBA3b AO/MKHA AONYyCKaTb OOMeH 3Heprueft Mexjay CH-
CTeMaMHd, OJHAaKO 3HEpPrua B3auUMOJLEHCTBUS MEXAY CucTeMaMu
AO/MKHA ObITb NpeHeOpexHUMO Maja N0 CPaBHEHUIO C SHepruel
Kaxaolt oTAeJbHON CUCTeMEl.

B. [{epeuitl 3axon mepmodunamuru. TIOCKOALKY B Kaye-
CTBE MOJIeKYJAPHHIX MOAeselt BCeraa pacCMaTPUBAIOTCH KOHCep-
BaTHBHBIE MEXaHHYCCKUE CHCTeMBbl, TO MOJHAS SHEPTrHAd CHUCTEMH
BCErJa coxpaHsieTcs. EAMHCTBEHHO YTO OCTAeTCs CAeaaTb, 3TO
pPEeLIuTb BOMPOC O PA3JMYHU MEXIY NOHATHAMM KOJHMYECTBA Telaa
M BHelllHe#i paboTwl.

r. Bmopold 3axon mepmoOunamuxy 0i58 00pamumelx
ABAeHull. 3Has UHTepnpeTauqio MOHATHH Temmnepatypel 1 U
KoJHdecTBA Temaa , HeoO0XOAMMO TMOKasaTh, 4To Ajaa ,o0pa-
TUMOro® H3MeHEHUA MaKpOCKONMUYECKOro COCTOSHUS BeEJUYHHA
8Q/T aBadeTcs nNOJHBIM AuddepeHLHaIOM HeKOTOPOH (GYHKLMUH
(SHTpOMUU) MAKPOCKONUYECKOr0 COCTOSHMHA CHCTEMBI.

N. Bmopoid 3aron meproldunanmurxuy 04 HeoO pamumslx
ABAeHIE. IDTOT 3AKOH YTBEPXKIAaeT, YTO AJd HeOOpaTUMBIX HJH
CMOHTAHHBLIX IepPeXOJ0B M3 OJHOI'0O PABHOBECHOIO COCTOAHUS
B Apyroe (HanpuMep, MpolLecC BLIPABHUBAHHUS TeMIepaTyp IABYX
ten A U B mnocae rnpuBeieHUss UX B CONPUKOCHOBEHHE) 3HTPO-
nus Bcerpga BO3pacraer.

B caeayiomux pasgenax Mbl paccMOTPHUM IOC/AE0BATe/bLHO
BCe BhIlleNpUBeleHHBIE TMOJOXEeHHS.

6. Monstue remneparypsl. Kavonuueckuit ancamGan. [as
BBCIEHUS! TIOHATHA TeMIlepaTyphl pPacCMOTPUM pPaBHOBeCHOe CO-
cTosiHHe BLIOpaHHON cucTeMbl A, KOraa oHa mpuBelleHa B ciaaboe
CONPUKOCHOBeHHE C O4YeHb OOJbIIUM ,TENJOBHM pe3depByapoM‘ B
(tepMmoctatom). Iloa cnabGpiM B3auMOAeHCTBHEM MBI IGApa3yMe-
BaeM Takol cayva#f, kKoraa NOJHHH raMUJABTOHHAH MOXHO elle
fpeACTaBUTb B BHUlE

H=H,Hp, (1.24)

xoTa cucteMsl A u B B3auMozieficTByioT H MOryT QOMenu
BaThCs sHepruelt. Mul npeanoaaraeM, uto noaHda cucteMa A B
ABASETCST PABHOBECHOH U MOAUMHAIETCS MHMKPOKAHOHWYECKOMY
pacnpejeneHuio. 3ajaya COCTOUT TelNepb B HaXOXIAEHUH BepOAT-
HOCTH TOrQ, 4TO cucTeMa A HaXOLUTCA B OMNpeJe/eHHOM 3Je-
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mente dI'y, oOGbeMma ¢asosoro mnpocrtpanctsa. Mu doxadcens,
yTo B Npefese oueHb Oo0apwIOR CHCTeMBl B 3Ta BEPOATHOCTH
O6yner paBHa

D, dl, = Ce~"agr,, (1.25)

rne nocrosHHaa C onpeaenseTcsi U3 YC/AOBUS HOPMHPOBKH H
rie [ — mapaMeTp, KOTODHI SBAsETCA XapaKTepUCTHKOH CH-
cremMbl B, HO B npejesae OoJbliux cUcTeM B He 3daBUCUT OT ee
pasmepoB. Pacnpenesnenne BepostHocTH (1.25) I'm66c HaswiBas
KAHOHUYecKum pacnpedesenien.

CyuiecTByeT MHOTO Ppa3/HuYHHX Cloco00B JAOKa3aTe/NbCTBA
stoft Teopempt I’l, M ero MoxHO npoBecTH ¢ pasnMuHOH CTe-
neuplo crporocTd. Crelywoliee npocToe A0KA3aTeNbCTBO, 1 MO«
Jaralo, yIOBJeTBOPDUT BceM (pusudyeckuM Ttpebosanuam. Ilycts
V (E) npeacraBaser coboit o6bem obaactu B I'-mpocrpancrse,
ans xotopo#h H < E. Onpeneaum Beaunuuny S (E)=dV/dE.
Oxa npeicrtaBaser cobol ,miowaib“ 3HepPreTHYEeCKON NoBepx-
HocTu H =FE 4 ee¢ MOXHO TaKxKe BbIpa3uTb B BHUJE UHTerpaia

S(E):fh;z'E'f G HT

Mukpokanonndeckoe pacmpefieaenne B I-mpocTpancTBe MOXHO
Tenepb, MCnoab3ys O-dynkuuio JHupaka, sanucatb B BHIe

S(H—E
Dyurporan (X1 -+ +» %) dT == (S(E) ) aT.  (1.26)

Ecau nase cucteMsl A w B HaxoniTcsa B paBHOBECHH Jpyr
C APYroM, NOAYMHAIOTCS MUKDOKAHOHMYECKOMY pachpele/eHHIo,
a ux o0was dHeprus paBHa E, TO Torjaa, mnoCKOJbKYy ABa
I'-npocrpaHcTBa, COOTBETCTBYIOLMX Ka¥IOH H3 CHUCTeM, OpTO-
rOHa/JbHH JAPYT APYTY, MBI MOXEM 3aMucatbh MHKPOKAHOHHMYECKOE
pacnpelesenne B 3ToM obwmem I'-nmpocrtpancTBe B BHAE

D dT', dl'y = S(IE) S(H,~Hpy— E)dl ,dls, (1.27)

npuYeM, Kak HEMOCPeACTBEHHO CJeldyeT u3d yC/JAO0BUS HOPMHUPOBKH,
E
S(E) = f deS , (8) Sz (E — ¢). (1.28)
¢

3 3ax, 817
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$yHkuus pacnpesenenus Aa9 OZHOR cucTeMH A npu  a1006HX
COCTOAHUAX CucTeMb B Oyner paBHa

dr
D,dl', = S(g)+fd1‘ S(H,~+Hpy— E) =

S(E) de Sz(Eg)d(H,+Hy—E)=

(E—H))
BS(E) il dr ,. (1.29)

Bo MHorux cnocofax JoxaszatejbctBa pacnpenesenus (1.25)
naa yaoOCTBa MOJAralT, 4YTO cucTeMa B COCTOUT M3 GOJbLIOTO

ypcaa c¢aa00 B3aUMOJEHCTBYIOLUMX APYT € JAPYrOM CHCTEM,
TaK YTO

Hy=H,+Hy+ ... +Hy.

dusznuyeck¥ I9TO O03HAY4ET, YTO TeNmJOBO# pe3depByap B cuu-
TACTCA UIiedJbHLBIM Ta3oM. ECTeCTBeHHO, B 3TOM HET HHUUETO

npepocyautesbHoro. Ho 3aro Mb MOXeM MNPeANOJOXUTb, YTO
cuctreMa B gBasercd HAEAaJbHLIM TIasoM, COCTOAWHM u3 N TO-

YeyHLIX 4YacTul, T. €.
N 9
T E 2m
i=1

JHepreTHYecKkas TMOBepXHOCTb Torna OyaeT NpeicTaBaarh coGoiH

runepcdepy ¢ pasuycom (2:*71).’5‘)'"2 B 3N-MepHOM HUMNY/IbCHOM
npoctpancrtee M Tunepkyd ¢ pebpom L (ob6bem cocyma V = L3)
B 3N-MepHOM KOOpDAMHATHOM HpocTpaHcTBe. IlostoMy, duKcH-
pyqa TOJBLKO 3aBUCUMOCTb OT E, 6yneM uMeTb

Sy (E)=C ECN-DR, (1.30)
Teneps 3anuimeM Boipamxenue nas (1.29), wucnoawsys (1.28),
B dopme

L Sp(E—H) Sp(E—¢)
Dpdly=dl,s =2~ /OfdesA(e) @)

C nomownio (1.30) ans Goabmux N umeem

EB (E—¢) m(E* t)(BN--I)/2

S, E) Y

~> e P, (1.31)
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rae

— d_mf_B, N—-————3N . (1.32)

— T dE T ZE '

Mbi uHTepecyeMCs TOJBKO TaKMMHU €, KOTOPble 3HAUUTEJbHO
MeHblle £, U 3T0 ObIIO eAMHCTBEHHOE, YTO Mbl NPeANOJOXKUIN
npu noayuenur ¢opmyanl (1.31). Ilockoavky ¢ynkuug D, no-
CTOSHHA HA 3HEPreTH4YeCKOH nmoBepXHOCTH Ff 4 =¢, TO Lid HUCKO-
MOTO pacnpejelieHuss NoayuyaeM BblpameHue

e_‘BHA
D, dl,=dl,— , (1.33)

f deS , (¢) e~ "*

0

copnanawmee no dopme ¢ BupaxenueM (1.25) U apTOMaTUYECKHU
HOPMUPOBAHHOE HA eNUHHLY, NOCKOJbKY

f...de‘ADA(H)=deeSA(s)DA(e).
0

3ameTuM, 4YTO Beauuuna /B nponopunouHanbHa cpenHelt SHepruw,
npuxoisulefics Ha OAHY 4YaCTHIY U3 TENJOBOrO pe3epByapa,
¥ [103TOMY He 3aBUCUT OT ,pa3MepOB“ caMoro pesepByapa.

3aMeTuM ellle, YTO €CIM Mbl MMeeM HeCKOJbKO cucteM A,
Ay, ..., KaxIad U3 KOTODHIX HAXOAUTCH B PaBHOBECHH C 6OJb-
LIAM TENJOBLIM pe3epByapoM B, To Toraa Ajs Kaxaoh u3 HuX Be-
POSTHOCTL HAXOJAUTbCH B COOTBETCTBYWOe#t ob6aactu $asoBoro
npoctpanctsa dI'y;, onpenensercd KaHOHMYEeCKUMH pacrpejele-
HUAMM ¢ O00HOd u moii osice Benuuunoit B. Besmunna B, Takum
o6pa3oM, obaanaer BceMu TPpeOyeMBIMH CBOHCTBAMU TEMMEPATYPHE
W AO/KHA OHTb YHUBePCAJbHOH (yHKIMeH TepMOAHHAMUYECKOH
TEMINEepaTypHl.

Hakonen, samerum, uto cucrema A Bceraa GyaeT mOn4u-
HATbCH KAHOHHYECKOMY pacnpele/ieHHI0 HE3aBUCUMO OT ee pas-
MepoB. Ona Moraa 6Ll COCTOSTh M3 HECKOJbKHX /U HaXe OJ-
HOM MOJeKyabl. TeM He MeHee MBI 6yeM HCNOJMb30BATL 3TY TEOPEMY
TOJLKO JJ9 cayuad, Korja cucreMa A uMMeeT MaxkpOCKONMHYECKHE
pasMepnl. B 3TOM cayuyae BcieactBue upesBhiyafiHO ObICTPOro
pocra S,(E) ¢ yBennuenneM E KaHOHMYeCKOe paclpejeseHue
(1.33) Oyaer B sHauMTE/bHOH Mepe COCPEAOTOUYEHO OKOJIO CpEn-

3*
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HEro 3HAUeHHWs, TAK YTO B ITOM CJyyae pPasjMyMe Mexdy KaHo-
HUYECKUM W MHKPOKAHOHHMYECKHM pacnpeiesieHuAME OYIeT HeBe-
nuko (161,

7. IlepBpit 3aKOH TePMOAMHAMHMKH. Tak Kak U NepBLId,
MU BTOPOH 3aKOHBI TePMOJAMHAMHUKM KacalOTCs U3MeHeHWH Makpo-
CKOTUYECKOTO COCTOSIHMS CHCTEMBl, TO HaM cJjaeinyeT oOpaTuThcs
npexie BCero K pPacCMOTPEHMI0 BHelIHero nortedHuuana U B ra-
MuabTOHMaHe (1.1), KOTOpPBLIA M BLI3LIBAET 3TH W3MEHEHHS B CO-
CTOSIHUAX CUCTeMBl. B oO0leM cayyae MOXKHO cKasaTb, 4TO TMO-
teduuan U (r;, a;, a4, ...), KpOME 3aBUCHMOCTU OT KOOPIHHATHI
[-# MoJexkyabl r;, OyIeT 3aBHCETb €lIe OT HEKOTOPOro YuC/d
napaMeTpoB da,, XapakTepU3YIOIIUX B3aUMOAeHCTBUE YACTHILHI
¢ BHEIWIHUMHM [OJAMHU. [IPeanmo/ioKHM, HANpHMep, YTO BHElIHee
moJsie CBA3aHO C M (PUKCUPOBAHHBIMU K HE3ABHUCHUMBIMH CHJIOBBLIMH
neutpamu. Toraa

U, a a,, ...):kgid)k(lri—Rk)l,

M napaMmeTpaMu @, ABJAATCA KOOPIMHATH MOJIOMEHUN ITUX LEeHT-
poB R,. Cuia, AeficTBylowas Ha i-10 MOJEKY.Jy,

oU
F,— (an)Rk, (1.34)

COrJIaCHO TpeTbeMy 3akoHy HeioTOHa, paBHAa U NPOTHUBOMOJIOXKHA
110 HAMPaBJEHHIO CYMMe CUJ

X, =—2 (0%) (1.35)
k=1 k=1 \ ORp ,.i'

AeHCTBYIOIUX CO CTOPOHBl [-H MOJEKyJbl Ha paccMaTpUBAeMHIe
CHUJIOBblE LEeHTpHI.

XOTsi MOJe BHEUIHUX CHJ BCerja MOMHO ONUCATb YKAa3aHHBIM
BLiie 06pa3oM, UCNOAL3YS (akT paBeHCTBA AeHcTBUS M NMPOTH-
BoJeHCTBHS, B OOlieM CJiyuyae 3Ta npoueaypa He scezda ynobHa.
HanpuMep, ecau cu/aoBbie HeHTPH R, He He3aBUCHMEBI, a XKecT-
KO CBfI3aHB APYT € IAPYroM, TO IJ]4 HX OIHUCAHHS €CTECTBEHHO
paccMaTpuBaTh 6 KOOPAMHAT, XapaKTepU3YIOLLUX PaCoJOXKeHHe
2KeCTKOM CUCTeMbl CBABAHHBIX CHJQOBBHIX LEHTPOB. B 3TOM Ci/yuae
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cuna F;, nekcTByomlas Ha {-10 MOJEKy/ldy, BCe elle CBfA3aHa
¢ 00001LeHHON CUJIOH

oU
X, = (aa,, )r', (1.36)

AeficTByI1OlIeH HAa MCTOUHUKH ,B HANPaBJIEHUM @,°, HO 3TO COOT-
Holenwe uMeeT Oo0Jee CaA0KHBIR BuA, ueM BbupaxeHus (1.34)
u (1.35). B obweMm cayuae Mb He OyaeM MHTEPECOBATbCS CBA3BIO
MEXAy CuJon

]

ap

20
or;

neHcTRyOUeH Ha {-10 MOJeKyay, u o0600leHHOR cuaolt X,
npe#icrByouelt B Hanpassenuu a,. O600uIeHHBIe CHABL X , OyAyT
onpeneasTb paboTy, NPOU3BEACHHYIO HaOd TasOM NPHU Purcupo-
8aHHOU KOH(pUIYpaLMM ero MOJEeKyJ U CBS3aHHYIO C H3MeHeHHeM
BHELIHErO IMOoad CUJ NPU W3MEHEeHHH NapaMeTpoB a,. HeHcTBu-
TeJbHO, 5Ta paloTa omnpeje/seTcsi BhIpAaXKeHHEM

W =— X3a, — Xpa,— ..., (1.37)

MpU HAMUCAHUM KOTOPOro OHJIO HenocpenCTBeHHO YYTEHO pa-
BEHCTBO JeHCTBHUA W NPOTUBOAEHCTBUI.

O6patuMcsi, HAaKOHEll, K TepPBOMY B3aKOHY TEPMOIHHAMUKH.
51 yxe oTMeuas, 4TO BBMAY TOTO, YTO 3aKOH COXPaHEHusl 3Hep-
THH, TAK CKasaTb, ,BCTPOEH® B TEOPUIO, HEDACKPHITHIM OCTEeTCH
TOJIbKO BONPOC O pa3avuud Mexay BHewHelt pabGoroit W, co-
BepInaeMOf Haj CUCTEMOHN, M KOJMUeCTBOM Temnaa (, BBEIEHHBIM
B Hee.

Pabora MoxeT ObITb cOBepllieHa Haj ra3oM TOJbKO NpH H3-
MeHeHun napameTrpos a,. C momowbio Beipaxenuft (1.36) u (1.37)
MBI BMJIMM, 4TO paboTa, coBeplleHHas Haja ra3oM, Oylner paBHa

W = — ) X, 3a,, (1.38)
k

rie
X, =[... fdP(—-—g'—%)D (1.39)

npenctasiaser coboft cuay, HAefcTBy0OILUY0 ,B HAlpaBieHWn a,”,
YCPeAHEeHHYIO MO0 BCeM KOHQuUrypaumsam dactuu rasa. Ecau B Ka-
yecTse [ BpIOpaTh QYHKUUIO, ONHCHIBAIOUIYIO MUK POKAHOHHYECKOE
pacnpeneneHye, T0 TOTAa Be/juuuHa paboTs OW no/KHA pPaBHATHES
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YBE/NMYEHUIO SHEPruu CUCTeMBbl OF, W/IH, TOBOPS TEPMOIUHAMM-
YeCKHUM $3LIKOM, O-M3MeHeHWe NapaMeTPOB CHUCTEMB SBJSETCS
anvabaruueckum. Ecau, oanako, B kavectBe D BHOUPAIOT PyHK-
LHIO, COOTBETCTBYWOLLYID KGHOHUUECKOMY DaCNpPele/eHnio, TO
TOTJa IOCJe u3MEHeHHd 04, NapaMeTpOB @, IMepPBOHAYaJALHOE
pacnpeneneHne B oOleM ciydae He OyIeT paBHOBECHHIM pacnpe-
IeseHueM TO OTHOIIEHAI0 K TeNJOBOMY pesepByapy. [TIpousoiner
nepepaciipefe/sieHHe SHePruM, W CPeNHAd SHeprusi U3MEHUTCs Ha
BEJHYMHY, KOTOPYIO Mbl U Ha308eM KOJUUECTBOM TEILIOTH 8Q,
88¢0€HHBLM B CUCTEMY

3Q =3E — W, (1.40)

B uenecoo6pasHoCTH TAaKOroO Onpene/ieHus Mbl MOXeM yOenuThCH,
paccMOTpeB H3MeHeHue cpeaHe# SHepruu NpM H3MEHEHHHU BeJU-
uuHbl 8, XapakTepuaywolledl TenaoBoH pesepeyap npu Quxcupo-
BaHHBIX 3HAYEHUSX @,; 3TO W3MEHeHWe CpelHell 3Heprum B AaH-
HOM CJy4ae COBepLIeHHO eCTECTBEHHO Ha3BaTb KOJUYECTBOM
TENJOTH, BBEJEHHOH B CHUCTEMY.

SaMeTuM, HakoHel, YTO OOBIYHO MBI paccMaTpPuBAeM B Ka-
yeCTBE BHEUIHEro MHOJs MOAsKO TNOTEHUUAJ, CO3IaBaeMblHl CcrTeH-
K4MU, KOTOPBIH XapakTepusyercsl TOJbKO ONHUM MapaMeETPOM a,,
a uMeHHO oObemoM cocyzra V. B 3TOoM cayyae COOTHOULIEHHE
(1.38) MoxHO 3anucaTb B Buie

u7:=——-p3V:

p_——f...fdP(——%{;—)D (1.41)

ABNAETCA, OUEBUIHO, NABJeHHEM, CO31aBaeMbLiM Ta3OM, U B CAy-
yae, KOraa pacnpenesneHue [) gBasieTCsl KaHOHHYECKHM, Oyner
dyukuueft oOvema V u Beanuunsl 3. MakpocKOMuueckoe co-
CTOfIHUE CucTeMbl, TakuM 00pa3oM, onpeneasieTcd 3HadeHusiMu V
u {, um B obuwem ciayyae - 3HaueHHAMH B u NAPAMETPOB a,.

rae€ BEJUUYHHA

8. Bropo#i 3axon TtepmoauHamuku. Tenepb NOKaxeMm, uTo
npyu d-U3MEHeHWH K@K BEJUYMHB f, XapaKTepusymouleHd TenaoBo#
pesepByap, max 4 NapaMeTPOB @,, NPUHYEM TPH TAKOM MejJeH-
HOM, HJH ,00paTUMOM®, U3MEHEHNH, NPH KOTOPOM CHCTEMY BCEeraa
MOXHO O0XapaKTePH30BaTb KAHOHHYECKHMM pachpeje eHueM, BeJH-
yuHa BCQ sBiseTcd MOJHBIM Auddepennnanom GyHKIUE COCTOS-
HUSl CHCTEMHl, T. €. QYHKUMU RepeMeHHBX B U 4,.
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Jlast noka3aTenbCTBA ITOTO YTBEPXKAeHUA 3aMUIIEM CPEAHION
SHEPIrui0 CHCTEMBl B BHIe

. de‘He"ﬁH P
E — — Oﬁ In Z:
fdl‘e“'BH
rae
Z= f dTe-#H (1.42)
Orciona
—_ 02 LY 0? .
E = — -5z (In ) 83“%"55871;(1” Z)3a,,

CornacxHo suipaxenuto (1.38), paboTy, coBeplueHHYI0 Hal, CHCTe-
MOH, MOXHO INpeACTaBHTb Bblpa}KeHHeM

| are -BHE
—_— oy . %‘E oln Z

f dle— PH E

da,.

[Tostomy
B3Q =B (OF — W) =

L tnz ?InZ _ 9lnZis.
=0 %P Z[B T a0 =

0 olnZ

=— 5[ 25t —nz]p— Eaak[p‘”“z in Z|3a,=
=3[ln Zz—ponZ | =3[ —p2 03(51112)], (1.43)

YyTO M MOKA3LIBAET TeOpeMmy.
[Tonaras 8Q/T =205, mojayuaem

B':"k'l"f“' (1.49)

o (1 0
S=—rp o (’"B' In z)+ const = —= (KT ln Z) 4~ const, (1.45)
rie T — abcoaoTHAA TepMOAMHAMUYECKAs TeMIlepaTypa, S — 3HT-
ponus, R — yHuBepcaibHad NOCTOSHHAA, KOTOPYHO Heslb3si onpe-
AeAWTb C MOMOILbIO BbIIIENPUBEAECHHOR npoueayphl. UToOm onpe-~
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IeNUTh BCJAWYUHY R, PACCMOTPUM WAEaJbHBIR ras, 3aK/II0YEeHHBIH
B o6beMe V. Torma

sz... fdrl...der...fdpl o dpy X
vV Vv

2
X exp (—— B> ;’; ) = VN (2zmRT)3N0C2,
i

C nomowbio ¢opmyan (1.41) moayuaem Bripaxkenue AJS JaB.ie-
HuA rasa 5

p=-—r (kT 2) =201 (1.46)
TaxkuM 006pasom, MBI NMPUXONUM K YPAaBHEHHIO COCTOSHMS MIE€a/b-
HOro rasa, eciau, & ==R/N saBasercs rasosoft nocroaHHo# B pac-
yeTe Ha OAHY MOJEKY.JY.

5l He Oyay npuBOoIuTh 60/1€e AeTaAbHOTO pacEMOTPEHUA BONIpPOCa,
CBSI3aHHOI'O C YTOYHEHHEM CMBLIC/A SHTPOMUM, onpenenaseMoft ¢op-
Myaoft (1.490), u BuisicHeHueM CBOHCTBa ee Bo3pacTaHus (KOTOPHIM
OHa AOMkHA 0o0sanaTh, COrJIacHO BTOPOMY 3aKOHY TepMOIuHA-
MMKH A9 HeoOpaTuMbIX MPOLecCcOB) NMPHU JIOOOM CaMONPOU3BO/Ib-
HOM TMepexoje M3 OJHOTO paBHOBECHOTO COCTOSIHHA B Jpyroe.
ITocKONbKY MBI yxke OODBACHUIM HY/A€BOH 3aKOH TepMOLMHAMHKH,
TO YUTATEJb JIETKO IMOBEPUT, 4YTO 3Ta 4YacTh BTOPOTO Hauya.ja
TepMoAuHaMuku, 0oJiee TOYHO BHIpaXamwuias HeoOpaTUMOe TOBe-
JeHHEe MAaKpOCKONUYECKUX CHCTeM, MOXeT ObiTh OObsCHEHA aHa-
JOIHYHBIM 00OpasoM.

Hakonen, o6patuM Hallle BHMUMAaHHE Ha TOCTOAHHYIO B ¢op-
myJe nas suTponuu (1.45). flcHo, uro, mMcmoJab3yst BhIIIenmpuBe-
HAeHHBIA cnocol ee NOJYYEHUS, HEB03MONHCHO (UKCHPOBATH ITY
IIOCTOAHHYIO W HEBO3MOXHO Ja)xe ONpeAeaHTb €€ 32BUCHMOCTb
oT yucaa yactull N B cucteMe. TepMOIMHAMuiUECKUM NYTEM MOXHO
Onpele/uTb TOJbKO Pa3HOCTb SHTPONUM /s COCTOSIHHH, KOTOpHE
MOryT OBITH CBA3aHBl OOpaTHMBIMKH nepexoxamu. Ilostomy, Tak
KaK 4ucja0 N (UKCUPOBAHO, MOXHO YC.L08umMbCs O KaKOH-aubo
gaBucuMocti surponuud oT N (Y], OpHako 3ta yca0BHOCTL Orpa-
HuYeHa TpeboBaHueM, 4TOOL DHTPONHUS TIPU ONpeNeNeHHOM B3Ha-
yeHuu 7 u mpu OGosbiiux 3HavyeHusx BeauunH N u V', HO Takux,
YTO uX OTHolueHne ¥ ==V/N ¢uKcUpOBaHO, UMeJa Obl BUI

S=Nn(v, T). (1.47)
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DHTpONUA ABJALETCA, TAKUM 00OPa3OM, TaK Ha3bIBaeMOH axcmen-
CuBHOl nepemeHnoOl, NPOMOPUMOHAJILHONH pasMepaM CHCTeMBb
Npud 3aJaHHbIX uHmMeHcusunolx nepemernstx 1T u v. [loMumo
9TOro, Oblj0 Obl BecbMa XKeJaTelbHO, 4TOOLI BCe KJaacCUYecK:e
pe3yJbTaThl COrJacoBLIBAMUCHL B npelene T — 0 ¢ pe3yabTaTamu,
nOJAyYaeMbIMU C NOMOLIBI0 KBAHTOBOH CTATHCTHUKH, €CJAM TOJbKO
chnesatb OOBIYHOE MPEANOJOXKEHUEe, YTO KAXKAHIH HEBHIPOXKICHHLIH
9HepreTHUeCKUuil ypoBeHb CHCTEMHl UMeeT CTAaTHUCTHYECKUH Bec,
paBHHIR enuHule. 3aMeTHM, 4YTO 3TO, KOHEYHO, TOXKE SBJSETCS
B HEKOTOPOM CMbIC/Ie co2aQuenuesm (MPUTOM AOBOJBHO MpH-
BJIEKATE/NbHBIM), TAK KakKk MNPAKTHYECKHH CMBICS HMEIT TOMAbKO
OTHOLIEHHWA BECOB DAa3/MYHLIX SHEpreTHyeckux yposHe#. Oba
MpuBeACHHLIE BLIIHE COOOpaMeHusds MOTYT OBITh yUTEHB, €CJIU MBI
oTOpocuM MOCTOAHHYIO B dopmyae (1.45), Ho onpeneanm yHK-
uuio Z He BHpaxenueM (1.42), a caepyomuMm o6pasoM:

1
ZV, T, Ny=——p fdre-ahrz

“Nzlml-,f“' Vfdrl drNexp<-——-,;17-: 2®(rﬁ)),

i<j
(1.48)

rie h— nocrosgnuada Ilnanka, ?\:h/(?nka)%, a BO BTOpO#t
qactu ¢opMyan (1.48) npoBeaeHO HHTErpuUpOBaHHE MO HMMYJb-
caMm. Irta ¢yuxuus Z Ha3LIBAETCA UHMEZPAAOM COCMOAHUIL.
Conocras/ienne 5TOH BeJIMUUHBI C TEPMOANHAMUYECKHMH COOTHO-
HMIEHHSIMU TIOKa3bIBAET, 4TO (QYHKIHUA

UV, T, N\N=—kTIn Z (1.49)

aBasieTca cCBOOOAHOK sHeprueit cuctemnl (morenuumanom Ienbm-
roJiblia); ¢ €€ MOMOLILI0 MOXHO BBIPAa3uThb BCe APYrue MaKpo-
ckonuyeckue cpoiicrBa. Hampumep,

oV | ow
S=—=r P=="v"
= 0w oE o 02W
E=Y—T—x, Cv_(_ar)v—"":r w7 (1.50)

# T. 4. B ra. I mer nokaxem, yro aas 6oabmux N u V npu
(UKCUPOBAHHOM 3HAaYeHUU OTHOWeHus v =V /N

WV, T, Ny=No(, T), (1.21)
OTCIOA yxke cjenyeT Bhipaxcenue (1.47).



NPUMEYAHNWNSA K TJTABE 1

1. Jdns xpuTuveckoro paccMOTpPEeHHS OCHOB CTATHCTHYECKOH
MEXaHHKH COBEPIIEHHO HEOOXOAMMO O3HAKOMHUTBLCH CO cTaThel
I, Opengecra u T. Opendect (Ehrenfest P., Ehren-
fest T., Begriffliche Grundlagen der Statistischen Auffassung
in der Mechanik, Enzyclopadie der Math. Wiss., Bd. IV, 1912),
C coBpeMeHHHIMM TOUYKAMH 3peHus, @ TaKKe C COBPEMEHHOH
JUTEPATYPOR MOXKHO O3HAKOMUTbLCA MO KHure Mionctepa (M ii n-
ster A., Prinzipien der Statistischen Mechanik, Handbuch
der Physik, Bd. III/2, 1959).

CyuiecTByeT pa3nMyHOe OTHOLIEHHE K OCHOBAM CTATUCTHUECK Off
Mexanuku. Hanpumep, martemaruku, B wactHoctu A. 1. XuHuun
(CM. ero Kuury, ,MaTemaTuyeckue OCHOBAHMA CTATHCTUUECKON
MexaHuku“, M., 1943), ck/JOHHBE paccMaTpuBaTh SProfuuecKue
TeOpeMbl bupkxopda kax HeoOXOAUMHA O6azuc TeOpUH, B TO
BpeMss KaK (U3HKM YacTO CYUTAIOT, YTO ITH TEeOPeMbl IOYTH
OUEBUIHLI WJH peanbHO He CylleCTBeHHBI. B 4acTHOCTH, Takoe
MHeHue Beipaxaior JI. JI. Jlamaay u E. M. Jluwuu B cBoeit
npesocxonHo#t xuure ,Crarucruyeckad ¢uauka“, M., 1951.
YnoManyThle aBTOPH NPUCTYNAIOT K H3JOXKEHHI0 MNpeAMeTa He
C PacCMOTPeHHS 3aMKHYTHIX CHCTeM, 4 C PACCMOTPEHHS CHCTeM,
B3aUMONEHCTBYIOIINX C OONBLIIMM TeNJOBHIM pe3epByapoM. [py-
ri2 PUsUKYU, B 4aCTHOCTU TOJIMeH, B CBOeH XOpOIUO H3BECTHOMH
kuure (Tolman R., The Principles of Statistical Mechanics,
Oxford, 1938) Tak u/in uHAYe MOCTYJUPYIOT MUKPOKAHOHHYECKUH
ancamb.b Kak NpeAcTaB/]eHue AJA 3aMKHYTOH CuUCTeMBl, HaXons-
lIedCA B COCTOAHMM TENJIOBOro pasHosecus. Koneuno, npu aio6oM
M3 9THUX JBYX IOAXOIOB MOXHO COBCeM H30exaTb 00CyxIeHus
B€CbMa 3aNMyTaHHBIX BONPOCOB, CBA3AaHHBIX C NpubauxeHueMm cu-
CTEMbl K PAaBHOBECHIO, TaK KaK B KaXJAOM H3 HUX HMeeTCH BCe
HeoOX04UMOe /8 pelleHus Npo6GJeM pPaBHOBECHOW TEOPHH.
OnHAaKO HaM KaxeTcsd, YTO le/b H3JIOXKEeHHs I0J/IKHA COCTOATh
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B NOCTPOEHHU €0UH020 MNOAX0NAa KAK K pPaBHOBECHOH, TakK u
K HEpaBHOBECHOH CTaTUCTHYeCKOH MeXaHuke. IIpu 3TOM HeBO3-
MOXKHO U30exaTbe ynoMuHaHuss 00 3proamueckol mnpoluere,
MO3TOMY U 3projiudyeckas teopema bupkxogpda npuobpetaer 3ra-
YeHHe BaXHOTO MEpBOrO 1uara, ONLHAKO OHAa He uCYepIbiBaeT
Bcel npobieMbr!

2. IlpeanonoxeHne O TOM, YTO MOJEKYJbl fBJSIOTCS TBep-
IbIMU  CepaMu ¢ OfpeAe/ieHHBIM pPalHyCOM, CHAEJaHO TOJIbKO
AJA TOro, yToOBl KMMeTb OMNpele/eHHYI0 MaTEeMaTHYECKYI MOJIe/b
IJs MOTeHUHMAJa MeXKMOIEeKyJadapHOro B3auMoneHcTBusi. CornaacHo
KBAHTOBOH TeOpHM BaH-NEP-BAANbCOBLIX CHJ, MeXIy HeHUTpaab-
HBIMH MOJIEKY/JdMH HAa KOPOTKHX PACCTOAHUAX CYIIECTBYeT OYeHb
CUNLHOE OTTAJKHBaHKHE, B TO BpeMs KakK B3auMojeHCTBue Ha
OO/MbIINX PACCTOSHUAX HMEET XapakTep C¢JaAabOro NPUTHHeHus,
nponopunoHaibHoro r~% Tak kak Teopus He NaeT HBHOTO
BLIPAXKEHUS AJA MEXMOJEKYAapHOro norteHuana @ (r), To o6bIYHO
HCNOAB3YIOT TPOCTYIO TNOJNYIMNUPHYECKYI0 GOPMYJYy, Hanpumep
TaK Ha3biBaeMblfl moreHnuan Jlensapaa — xouca (12;6):

1 1
D (r) =4 7 — T | (1)

KOTOpHI Kak pa3 oOnajaer 3TUMU ABYMS OCOBEHHOCTAMHM, Npen-
CKa3biBAEMBIMU KBAHTOBOH Tecopuelt. Mbl BepHeMcs elle K 3TOMY
ponpocy B8 ra. Il

3. Cornacuo teopeMe Jlnysuins, o6beM ($azoBOro NpocTpaH-
CTBA ABJAETCH TAK HA3LIBAEMBIM UHME2PANbHOLM UHBAPUAHMOM
ABuxeHUdA. XOpOLIO H3BeCTHO, uTo 06beM a30BOro npoCTpaH-
CTBA — 3TO TO/bKO OAMH U3 CEPHUM TAKUX HMHTerpajbHbLIX HMHBA-
puaHToB, OTKpHTHX Ilyankape. MoxHO aoxasatb, 4TO AJs
awb6oro ABueHnd aHcambasg w Oag J0OOBIX §, HO TakHX, AJd
KOTOPHIX BBINMOJAHAeTCSH HepaBeHCTBO 1 < s < n,

D |
'D_[f f E . d‘]gl dpgl dq;'2 dpi2 dqi.s dpl.S:O. (2)

(29) il, veey L

M

3aecb wuHTerpan Oepercs no Bceft 2s-MepHOH NMOBEPXHOCTH, 4
CYMMUDOBaHWe MNPOH3BOAUTCA MO BCeM ,C. pasiuyHbIM cOyeTa-
HUAM HMHAEKCOB I, ..., i, YpapneHue (2) ycraHaB/iuBaeT, UTO
YKa3aHHbIH HHTerpaJ He U3MeHsieT CBOero 3HaueHWd, ecqu 06/1aCThb
MHTerPUPOBAHUA MepelBUraeTcd BMecTe C KUAKOCTbIo. [lpu
S==n ypasuenue (Z) Bbipaxaer TeopeMy JluyBuaaa B dopme
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Jlarpanxa. Ilo 3TOMYy noBOAY peKOMeHAYyeM rnocMoTpeTh I'ia. 10
KHUrY Yutrekepa (Whittaker E. T., Analytical Dynamics,
4th, ed., Cambridge, 1960) uau B Gojee KpaTKOM H3JOXKEHUH
kHury Toapacreiina (Goldstein H., Classical Mechanics,
Cambridge, 1950, p. 247—250; wumeercsi nepesoa: ,Kaaccu-
yecKas MexaHuka“, M., 1957, crtp. 289—291). EcrecTBeHHO,
MOXET BO3HUKHYTb BOMpOC: MO K4KOH npuUuyMHe YacTHBIR cay-
vyait (2), npencrasasowuit coboft Teopemy JIlnyBuanad, wurpaer
TaKyl0 OCOGyI0 POJIb B CTATUCTHUECKOH MexaHuke? Mul 1ymaew,
yTo HaumboJjiee NMPOCTOA OTBET 3aKJKYaeTCd B TOM, YTO TeopeMa
JINyBUIJAA OTpax<aer TaKue HHBapUAaHTHLIE CBONCTBA CUCTEMHI,
KOTOpHE B/IKHAIOT HA HU3MeHeHHe MJAOTHOCTH p. TOJBKO And Cay-
yaeB CHUHTYJSIPHOTO pacnpelejeHds TNJIOTHOCTH, COOTBETCTBYIO-
Lero pacnpeneseHuio (asoBHX TOYEeK MO HEKOTOPO# IoBepX-
HOCTH, pPa3MepHOCTb KOTOpPOH MeHblie 271, OblaH Obl BaXHBI
6oJ/iee 0OwwMe CBOACTBA MHBAPMAHTHOCTH ypaBHeHHa (2).

4. JloxasaTe bCcTBO BO3BpaTHOR Teopembl Ilyankape. B usno-
XKeHUH 9STOro Bonpoca Mbl OyaeM caexosarb KHure Kaia
(Kac M., Probability and Related Topics in Physical Scien-
ces, p,» 63). Ilyctb A npexncrasaser co6oit 00aacTb Ha 3Hepre-
THYeCKOR moBepxHOocTH H =—=FE oxojo BuiOpanHo#l Toukn P
(cM. ¢ur. 2). Ecam Mb OymeMm c/e10BaTb 3a BCEMU TOUKaAMU
obnacti A 1npd HUX JABHKEHHH, TO, KaK HETPYAHO IOKa3aTb,

BeJHYHHA
qQ
”(A):f"q”f [grad H | (3)

He M3MeHseTCs C TeueHueM BpemeHU. [dad 3TOrO pacCMOTPHM IBe
sHepreTuueckue mnoBepxHocth: H—=FE w H=E-4-AE. Eciu
cuMBO.10M An 00603HAUMTb PACCTOSHHE MO HOPMAAM MEXIY 3THMHU
ABYMsl MOBEPXHOCTAMHU, TO, COTJIACHO Teopeme JInyBuJ/IAdA, LUHAKH-

npuueckuit o6beM
f. ..fdQ An

Gyner coxpausarbcs. Ilockonsky AE = |grad H| An, a Bemuuuna AE
(PMKCUpPOBAHA, TO 5TO O03HayaeT, 4TO BeauyuHa (3) ocTaercd
HenamedHoH. HasoseMm p(A) mepolt obractu A B CBA3M C TeM,
YTO 3TO TOJONKHUTEJIbHOE W KOHEYHOe WHHUCJIO, CBA3aHHOE ¢ 00-
JacTbl0 A, COXpaHAeTCA TIPH JBHXKEHMU 110 SHepreTuvecKoi
noBepxHocru. Tak kak MOJHad NJAOLAAb SHEPreTHYeCKo#H mo-
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BEPXHOCTM KOHEYHA BCJAEACTBHMe OrPAHUUYEHHOCTH [ABHXKEHUS, TO
No/HAA Mepa dHepreTHYeCKoOi NMOBEePXHOCTH OyaeT TAKKE KOHeuHa.

Ilpeanonoxum Tenepp, YTO CYWECTBYIOT TOYKH B o0jactu A,
KOTOpbie NpU CBOEM [JBHMMEHHH HUKO020a He BO3BPALLAIOTCS
oObpatHo B 00sacTb A, M UTO TaKUX TOYEK CYLIECTBYET Tak
MHOTO, YTO OHHM 3anojHswT nopobaactb B B o6aactu A, uMen-
Y0 TAKXKe KOHe4HYo Mepy. ILOKaxeM, UTO 3TO HEB03MONCHO.
[Ipocnenum 3a oOgacTbio B MNpu ee IBMKEHHH U PACCMOTPUM
nocaeaywome obasactu B,, By, ..., 3aHMMaeMble TOUKaMH 006-
nactd B no npomectsuu Bpemenu A, 24, .... Ecau spems A
BRIOpAaHO HACTOJbKO OoabliuM, 4TO oOJgact B u B; He nepe-
KPHBIBAIOTCA, TO U3 3TOr0 cjaelyeT, YTO H4 00Ha U3 obaacteit
B, By, By, ... ne Oyner nepekpbiBaTbCs. UYToOH yGenuThcs
B 9TOM, 3aMETHM, UYTO €CJ/H, CKaxeM, objactu B, u B, , uMeloT
oble TOYKHM, TOTAd BCJAEACTBME €RUHCTBEHHOCTH [IBHIKEHHS
(mepecevyeHue JABYX JHHUH TOKa HEBO3MOXHO) MH OyleM HMeETh,
oOpauias ABMXKeHHe B 0OpaTHOM HampapjeHuH, uro obaactu B, _,
u B, ,_1 DOMKHH Takxe o6aagatb oO0wuMu Toukamu. [1oBTO-
pAg 9TH PacCyXACHHUsS, Mbl NPUXOAMM K B3aKJIOYEHHIO, 4TO caMa
ob6nacte B no/mxkHa uMmeTp ofue TOUkM ¢ obaacrtblo B,; 310
03HauaeT, yTo 0O06nacTs B conepxUT TOYKHM, KOTOpHE MO Npo-
HIeCTBUM BpeMeHdn RA BoaBpauaioTcs ob6paTHo B 00aacth A. Ho
3TO KaK pa3 NPOTHUBOPEYUT HUCXOLHOMY IpPEANOJIONKEHUI0 O TOM,
yTO BCe TOYKU 004acTH B HuKorza He BO3BpaulaloTcs oOPATHO
B 9Ty ob6aacte. Ecau e o6mactu B, B, B,, ... He HUMeWOT
obuiero mnepeceuyeHud, To TaK Kak p (B)=p(B)=p(By)=...,
oCumlag Mepa Bcex 3THX obOaacrtefl Oyner OeCKOHeYHOM, UTO He-
BO3MOXHO BC/JEACTBHE TOr0, YTO Mepa NOJHO# 3HepreTudecKoH
MOBEPXHOCTH KOHEUYHa. B €BA3M ¢ 3THM MBI NPUXOLHM K BHIBOLY,
YyTO Mepa BCeX TouyeK B 00sactH A, KOTOpPHe HUKOTJAa HE BO3-
BpalwawTca B 3Ty 006/aCTh, A0/KHA OBITb paBHOH HYJIO, YTO H
aBJfeTCA cojnepxaHueM TeopeMul [lyaHkape.

b. lokasaTeabCTBO MOXKHO NPOBECTH C PAa3JHUHBIMM CTere-
HAMM ToyHOcTH. Haunpocreftuu#t Bapuant nOKa3aTenbCTBA CO-
CTOMT B TOM, uTOOH, cuaenys Boabumany u Toameny (cm. 1),
B34Tb JOrapupm BeJuuyunbl W W HCNOJbL30BaTh HepBLIE YJEHB
¢opmyan CTupauHra

Inp!=nlnn—n, (4)
TOrAa MOJYYuM

W =NInN— Qnlnn,+ 2nlno,. ()
‘ ¢
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sMenss 3HayeHue n; HA BeJUUUHY An;, NOJyyaeM

W 1 AW \
In —;7 ::2‘Ani(—1nni———1—}—lnw,;)——-

1 O Ani 2
—72‘nf(ni) Lo (6)
YyreM, uTo Bapvauun An; yAOBIETBOPAIOT HONOJHHTEIbHBIM
YCJIOBUAM
.
i 4

TAK KaK TMoJHOe 4ucjio vyacTuu /N M mojaHas 3Heprus cucremsl E
GUKCUPOBaHBI. YMHOXafd 3T COOTHOIUEHHA COOTBETCTBEHHO Ha
mHoxuTean Jlarpauxka (In A-+1) n (—B) u 3ateM ck.anbBas
MOJyYeHHble pe3yJbTaThl € BhipakeHueMm (6), MBI HaXOIUM, UTO
nepBas Bapuauus BeanundHs W oOpamaercda B HyJb, €CJH
YIOBJCTBOPAIOTCA CJAeAyiollHe COOTHOILIEHHS:

—Inn,~+1In A+ 1nwe, —Be, =0,

UJIN

HOas srtux 3sHaueHu#t z; BeauunHa W uMeeT pe3kuit MakCHMYM,
MMOCKOJNBKY NpHU n;=1n; HUMeeM

IHW_—{—WAW:_%; n’(%) __N<(Ant)> @

rae W — snauenne W npu n;==n, O1ci01a BUIHO, UYTO eCJH
N oueHb BeJMKO, TO Jaxe oqeﬂb Manoe ' CpeiHee OTHOCHTE/IbHOE

OTKJ/IOHEHHE (Ant/n) BEJMUUHBl 7; OT #; B 3HAYUTEJILHOH Mepe
YMEHbIIUT COOTBETCTBYIOLIUN Oﬁ’bEM

BuienpupeieHHOe PAcCMOTPEHHE MOKa3uiBaeT, 4To OoJee
TouHass GODPMYJAUPOBKA TEOpPEeMHE COCTOUT B TOM, 4TO paclipe-
Jnejenne Makcpeana — boJabumaHa, ecay TOJMBKO s pacCMaTpu-
BaeMLIX COCTOAHMH CHCTEMbl BHIIOJHAETCH HEPABEHCTBO

\ . (A”‘) <1,

——

cooTBeTCTByeT 00beMy W NOUTH BCero 3HEPreTHYeCKOoro cJos.
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6. TpeGopanue (1) BripaxaeT TO CBOHCTBO, KOTOPBIM JO/IXKEH
061a0aTh 20004 CrIOCO0 MAaKPOCKONMYECKOrO ONHCAHHWA CHCTEMH,
UMEHHO OHO JAOJXKHO OBITHL HEYYBCTBUTENbHO K MaJbiM HM3MeHe-
HUAM B IosioxeHuu ¢asopo#t Touku P. Ha He00X0AUMOCTb TaKOro
rpy6oro, ,kpynsosdepHuctoro“ ctpoeHus I'-mpocTpaHcTBa 144
MOMHON apryMeHTalMy CTaTHCTHYECKOro NOAX0Ja OCOOEHHO yKa-
apiBaau I1. 3peugect u T. Dpendect 1. Moxer nokasaTbcs,
yT0 Takoe rpyboe cTpoenHde I'-mpocTpaHcTBa ONpeneadeTCs
Hab/monareneM npu ero BpibOpe MaKPOCKONMYECKHUX MEepeMeHHBIX.
OnHako, ¢ Apyro#t CTOPOHBI, NPeANOJaONKeHHe (2) MOXKHO pac-
cMaTpuBath Kak TpeOoBaHMe, KOTOpOe HajlaraeT camMa CHCTeMa
(rnaBHBIM 00pasoM TO OOCTOATEAbCTBO, 4YTO 4MCAO [N OyeHb
BEJUKO) Ha BLIOOp ee MaKpPOCKONMHYECKOro OnucaHud.

7. Cm. xnuru A. 9. Xunumua U, ra, 11, § 5, uin Xonga
(Hopf E., Ergodentheorie, Berlin, 1937), unu xnury Xeamoca
(Halmos P. R., Lectures on ergodic theory, Math. Soc,
Japan, Ne 3, 1956), conepxaulywo Jna/jbHefIIME CCBHIJIKM Ha
MAaTEMATHUECKYIO JUTEPATYPY. B NMOCAEeAYIOLIEM U3I0KEHUH CIOBO
,JJOUTU® OOBIYHO 03HAYAET ,UCKJIOYAs BO3MOXKHOCTbL HMETh Mepy
HY b,

8. B ¢usuueckoit autepatype Ta Xe caMas uies Bnripaxaercd
MHOTIA Kak TpeGOBAaHUE KBA3UIPZOOUYHOCHI CHCTEMB (CM.,
HanpuMep, ra. | xaurn II. Opendecta u T. Dpendecr I,
COAEPWAWYID TaKxke OOCyxJeHHe UM KPUTHKY NepBOHAYAJIbHBEIX
spronudeckux runores boabumana). Ilox sTuM nouHsriem nog-
pa3yMmMeBalOT Takoe CBOHCTBO TpaekTOpu#l ABiKeHus B I'-mpo-
CTPAaHCTBE, KOTa TPAaeKTOpUS, NPOXOALUIas B HAUAIbHLIH MOMEHT
BpeMeHH depe3 n00yI0 TOuky £, NepecexkaeT ¢ TeueHHEM Bpe-
MeHU 406y 0064acTh OKO0JI0 40008 TOukd Q, Jexaled Ha
SHepreTuyecKoH nosepxHocTu. Merpuuecky TPaH3UTHBHAA CUCTEME
9BJIIeTCS, OUEBMIHO, KBa3HIProiudecko#f, o0JHAKO oOpaTHOe
yTBepxaeHue He 0043aTeqbHO CHpaBelnuBO. MOXeT cay4yuTbed,
YyTO SHEPreTHYEeCKyI0 TNOBEPXHOCTb MOXHO pasje/]uTh Ha IBe
o0nacTH ¢ KOHEYHOH MepoM, nepengerTeHHble HACTOJNbKO, 4TO
JIOTHOCTb TOYEK Ka)XJOH u3 ob6jacted OyAeT AOCTATOUHO BeNHKA
B /M060M MecTe MNOBEepXHOCTH. Ecau opOUTH, HayHHAIOUMeECH
B TOYKax OXHOH u3 obnacreft, ocraloTca B TOR ke 00aacTd, TO
TOrJa ACHO, YTO CHCTEMA He fIBJIAeTCA MEeTPHYeCKH TPaH3UTHBHOH,
XOT9 OYEBUJHO, YTO OHa KBasusproauyHa. YpasHenue (1.19) me
MOXeT OBITb BHIBENLEHO, HUCXONfi U3 KBA3U3ProJAWYeCKOH TUMO-
te3bl, [lonbiTka Takoro pona 6ninia cipenana Posenranem [Rosen-
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thal A., Ann. Phys., 43, 894 (1914)], a omubounocts 3TOro
noaxoxa Oninia ykasana Menamutom [Melamit A., Acta Phys,
Polon., 1, 281 (1932)].

9. HauOosee wu3BeCTHHIM NPUMEPOM TAKOTO pOAA #ABJAETCS
3ajaya O JABHXXE€HUU TOUYKY MO NMOBEPXHOCTH € NMOCTOAHHOH OTpuU-
uareqabHo#t kpususHo#. B 1934 r. Xeaayun BrepBhie A0Kasals
[Hedlund G. A., Ann. of Math., 35, 787 (1934)], uto
TaKOe NBUXCHUE, ONpeLenseMoe TeONe3HyeCKUMH JUHUAMHM Ha
NOBEPXHOCTH, OyneT MeTpPUUeCKM TpaH3uTUBHBIM. CM. Takxe
r1. 5 xuuru Xonda U, a ynpoienHoe 10xa3atensCTBO B CTaThe
Xenaynpa [Hedlund G, A., Amer. Journ. Math.,, 62,
233 (1940)].

VImeercs Ttaxkxke cratbs depmu [Fermi E., Phys. Zs., 24,
261 (1923)], B koTOpO# conep:KUTCS [0Ka3aTeJbCTBO KBa3u-
9ProAMYHOCTH TaK Ha3bIBAeMblX KAHOHMYECKH HOPMAJbHHIX CUCTEM
c Gosiee ueM IBYMS cTeneHaMu cBOGOAB. IDTH CUCTEMBl OBLIM
paccmorpensl Ilyankape (Poincaré, Les Methodes Nouvel-
les de la Mccanique, Celeste, Vol. 1, Ch. 5) u npexncraBagior
co00#l cyuleCTBEHHO BHPOXICHHLIE KPATHO-NEPHOAHYECKUE CH-
CTeMbl, BO3MYIllaeMble MOTEHIMAJIOM, NEePHOAUUECKH MEHALUUMCS
C M3MEHeHHeM YrJIOBHIX INepeMeHHBX. DBoJblioe uucjJo MeXaHu-
YeCKMX CHUCTeM fBJIACTCA CHUCTeMaMu NOAOOHOrO TuUna, Nno3TOMy
NpencTaBaseT 3HAUNTEALHB UHTEPEC BHISCHUTbH BOMPOC, MOXKHO /U
apryMenTauuio PepMud NMpPeacTaBUTb KAaK CTPOrOe LOKA3aTeabCTBO
METPUYECKOH TPAH3UTUBHOCTH TAKHUX CHUCTEM.

10. VYreepwaenue (1.19) cBg3ano ¢ TeopeMoill O cpenHeM
BpeMeHH BO3BpaTa, jNoka3danHo#t Kauom [Kac M., Bull. Amer,
Math. Soc.. 53, 1002 (1947)]. Paccmorpum CHOBa, TakK e Kak
M npu Jokasareabctse TeopeMsl Ilyankape [, auckperneift pan
BpeMeHHHX HHTepBanos A, 2A, ... u HekoTopyio obxaacts A
Ha sHepreTuuecKo# mopepxHocTu. Ilycth n (P)A Oyner nepsvin
MHTEPBAJOM BpEMEHH, 33 KOTOPH# Touka P, jexamas B 00-
nacté A, BHOBb Bo3BpatuTcs B A. Toraza ana MeTpuyecKku
TPAH3UTUBHON CHCTeMH, Kak HoKa3an Kai, cpellHee BpeMs BO3-
BpaTta ONpeLe/seTcsl BHPAXKEHUEM

EA__V?A) fA fdQn(P).

34BUCHT TOJBLKO OT pa3mepa o6aacty A u HelicTBUTENBHO PaBHO
peanuude [V/V (A)] - A. Hem Menbuie Oyner pasmep oOJactu A,
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TeM Oousbuie OypeT Be/JWYHHA CpELHEr0 BpeMeHu BO3BpaTa W
kopoue [coraacHo dopmyae (1.19)] BpemMa npeOuiBaHua Touku P
B ob6aactu A.

11, TloHsTue O HOPMAJbLHBLIX MAapaMeTpax CHCTeMBl OHLIO
BeefieHo Jhxuncom (Jeans J., Dinamical Theory of Gases,
3rd. ed., Cambridge, 1921, p. 74), a nosxe Obl.I0 PaCCMOTPEHO
daynepom (Fowler R., Statistical Mechanics, Cambridge,
1929, p. 8). Mu nonaraeM, yTo ONpeneJeHHe STOrO MOHATUS,
JAHHOEe HaMH B TeKCTe, OoJsiee TOYHO BLIpaxaeT TO, 4YTO MOJ-
pasyMeBal0T NOA 9TUM HEKOTOpPHE aBTOPHI.

12, Ity npouedypy MOXHO MNMPEACTaBUTb TaAKXKe CHACAYIOLIUM
oO6pasoM. [ockoabky pacnpeneaenue D (P, 0) coorseTcTByeT
3alaHHOMY Ha6opy 3HaueHHH MaKDPOCKOMUYeCKUX mepeMmeHHbx y{¥)

B MOMeHT BpeMenu ¢=0, TO, uHrerpupys ¢yukuuio D (P, {)
M0 pa3auyHbiM O6JACTAM SHEPreTHYeCKOrO CJa0fl, COOTBETCTBYIO-
HIMM pa3/iuHbiM HabopaM 3HaueHU# y;, MOXHO OMNpeneuThb
P(y{]y,; t)—ycloBHyi0 BEPOATHOCTb TOTO, HTO B MOMEHT

BpeMeHu ¢ pacCMaTpyuBaeMble MAaKpOCKONUYECKHe MepeMeHHbIe
MPUHHMAIOT 3HauyeHHs Y;, €CJAn B MOMEHT f==0 OHM uMeIn
suauenus y. Tlpu £—>oco umeeM

P(y(iO)] Y )= W (¥ Yy --),

rae BeauunHa W (y,, ¥y, ...) omnpeneagercd o0beMOM 3Hepre-
THYECKOTO €108, COOTBETCTBYIOWErO JAaHHOMY Ppaiy 3HAYECHHH
Yi» Yoo + ... Tax Kak B cayuae Goabuwinx N cyliecTByeT TOJIbKO
oAMH Ha0Op 3HayeHUH MepeMeHHBX V;, COOTBETCTBYIOLUUH Hau-
GosbwieMy obbeMy, ¢yukuus W (y,, ¥y, ...) Oyler umerh
OCTPHHN MakCcUMyM B 00/JacTH DaBHOBeCHLIX 3HAUeHU# Y.

[TpuBeneHHass BhILIe TpOLeNypa upe3BBIYAHHO CXOAHA C HUC-
MOJL3YEMOH B meopuu CMAyuORAPHUX CMOXacmuiecKux
npouyeccos.

13. Ito Onia0 Bnepsrlie noxasaHo He#imadom [von Neu-
mann J., Zs. f. Phys., 57, 80 (1929)]. OGcyxneHne ¥ KPATHKY
5TOlt TOYKHM 3peHud MOXHO Hafith B cTathe dPupua (Fierz M.,
Memorial Volume to Woligang Pauli, New York, 1960; nwme-
ercst nepeBond: ,Teoperuueckas ¢usuxka 20 sexa“ WJI, 1962,
cTp. 189).

14, Caenyer ykasaTb, YTO 5Ta TEPMHUHOJOTUSl He sB/sgeTcCH
obmenpunsatoil. HanpuMep, ®aynep ul'yrenxeiim (Fowler R. H,
Guggenheim E. A., Statistical Thermodynamics, Cambridge,

4 3ak. 617
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1939, p. 56; umeerca nepeson: ,CraTucTuveckas TepMOLHHA-
muka“, KJI, 1949, crp. 79) Ha3bLIBAIOT HY/JEBHIM 3aKOHOM TEPMO-
JMHAMHUKM TOCTY/JaT CYUIECTBOBAHMA TeMIepaTyphl. [loCKOMbKY
TMOHSATHE TEMIEePaTypbl ONpeLessieTcs He TOJbKO CYIIECTBOBAHUEM
B CHCTeME TE€PMOAMHAMMYECKOTO PABHOBECHS, HO TaKxKe TpPaH3H-
THBHBIMH CBOWCTBAMU PpAaBHOBECHOIO COCTOSHMSI U MOCKOJBKY
A CTATHCTHYECKOW WHTepnpeTaluy TMOHATUS TeMIepaTyphl He-
06X0AUMO MNpPUBJAEKATh KaHOHWYecKU#t ancambab, HaM Kaxercd
60/iee NMPEATNOUTUTENbHHIM COXPAHUTh HA3BAHHE ,HYJEeBOH B3aKOH
TePMOAUHAMUKHU® [ BBIPAXKEHUS OCHOBHOTO TMOJOXEHHS CTaTH-
CTHYECKOH TepMOAMHAMUKA — NPUOJIUKCHUA BAMKHYTHIX CHUCTEM
K PAaBHOBECHIO.

15. Cum., Hanpumep, paborsl boavumana (Boltzmann L.,
Wissenschaftliche Abhandlungen, Bd. 1, S. 284), Kpyrkosa
[Krutkow G., Zs. f. Phys., 81, 377 (1933)], Xunuuna [
ra. 5, § 19, T'pena [Grad H., Comm. Pure. Appl. Math.,
5, 435 (1952)].

16. IlpenacraBasercs MOSTOMY BeCbMa BEPOSATHHIM, YTO MAKpPO-
CKONHYeCKue CBOUCTBA DPABHOBECHOTO COCTOSHUA CHCTEMBI, CO-
cTosillelt U3 OOJbLUIOro YUC/Aa MOJIEKYJ, MOXHO MOJYYUTb, HCXOAS
MJIM U3 KAHOHHYECKOro, WJIM U3 MUKPOKAHOHHYECKOro aHcaMmb.g;
Npd 5TOM IMOJYydYeHHBle pe3y/JbTaThi OYAYT BCeria COBNafaTh.
C TOuKH B3peHHA TePMOAMHAMHUKHM Das/idune MEXLY 3TUMH IBYMS
MOAXOAAMHU 3aKJ/IYaeTcss mo.AbK0 B BHOOpPE OCHOBHOH TepMoO-
AMHAMUYECKOH XapakTepUCTHUeCKOR (YHKIUMU H B COOTBETCTBYIO-
meM BbOOpe MaKpPOCKONHYECKUX NepeMeHHBX. JTO YTBepkie-
HUe, OJHAKO, CTPOro ¥ coO BCe#l OOUIHOCTHIO TPYAHO HOKAa3aTh,
TaK 4YTO €ro INPUXOIUTCsS NPOBepPATh I KaXI0H KOHKPETHOH
3a1a4H.

17. Ha st0 O6bnla0 00palieHO BHUMAHUE YiKe B OCHOBHOM
pab6ore Il. dpeudecra u B. Tpxana [EhrenfestP., Trkal V,,
Ann, Phys., 65, 609 (1921)]. IlpeneGpexeHue 3TuM 06cTOS-
TeJbCTBOM TNIPHBENO K TaK HasbiBaeMo#t moJjeMuxke o6 N!“,
CwMm., Hanpumep, pabGory E. Ilpeaunrepa (Schroédinger E.,
Statistical Thermodynamics, Cambridge, 1946; umeerca nepe-
pon: ,Cratuctuyeckas TtepmoauHamuxa“, MJI, 1948) u Crepna
[Stern O., Rev. Mod. Phys,, 11, 534 (1949)].



Fr'MTABA 1l

Teopus HengeanbHoro rasa

1. O6mas nocraHOBKAa 3ajaud. B npenwminyumeit rinase Mul
NOKa3anu, YTO €CJAH B3aAaHbl MEXMOJEKY/IIPDHBEe CHJABI B3aUMO-
neficTBUsl, TO, BHIUMCAMB uHTerpana coctosuuss Z(V, T, N), M
MOXEM B IPUHLMIE ONPEAEAUTh 8C€ MAaKPOCKOMUUECKHE XapaKTe-
PHCTHKM TepMOAHHAMMYECKH pAaBHOBeCHOH cucTteMbl. JTO O3Ha-
YaeT, YTO MBI CMOXeM OODBACHUTH CAEAYIOIWHE 3KCHEePHUMEHTAJNbHO
Ha0Jl01aemMbie SIBJEHUS.

a. OTKJOHEHUA B NMOBENeHNH XaPAKTEepUCTHK rasoB OT 3aKo-
HOB HJeaJbHOrO rasa. IJTH OTKJOHeHHs Ha0./101al0TCd, KOrAa
npu GUKCUPOBAHHOH Temnepatype oObeM cucTeMbl V' yxe He/b3d
CY4TaTh OuYeHb OOJLIIHM IO CPABHEHHIO C BeauuHoH Nr?

(ry — panuyc nme#cTBUA MEKMOJEKYASPHBIX CHJ).

6. flenenua xounzencauuu. [Ipu HOCTATOYHO HUBKUX TeMlle-
paTypax BCe€ raspl ¢ yMeHblleHWeM O00beMa HAYMHAIOT KOHAEHCHU-
POBaThbCt MNpPH HEKOTOPOM KPUTHUYECKOM 3HAYECHUM TJIOTHOCTH
1/v,, 4TO nposBAseTCa B Bule Pe3KOro U3/710Ma COOTBETCTBYIO-
mie#t usorepmul (ur. 5). Ilpu panvHeRwieM ymeHblieHnu obbema
B 00nacty v < v, NaBJeHHE rasa OCTAeTCsl CTPOTO NMOCTOSHHBIM
(paBHOBECHE KHUIAKOCTh — IIap), MNOKa NpU V==, CHUCTeMa He
nepeiner NOJHOCTLIO B XKUIAKOE COCTOSHHE. B aTOoM TOUKe
HaOaonaercd BTOpOH peskuit usaoM usoTepMbl. [Ipu nanbHelfimem
yMmenbuwiennu ob6bema B objactu v < U, NaBJIEHHE PE3KO BO3pa-
CTAeT, 4TO COOTBETCTBYET MaJOM CKMUMAEMOCTH XKHUIKOCTER.

B. CyiwecTBoBanue kpumuteckold memnepamypo T, L

BCEX BELIECTB SABJEHHE KOHACHCAUMM MOXET OCYILEeCTBAATHCA
To.1bk0 npu T < Ty,. Koraa temmeparypa T nosbluaeTcd, npu-

Oamkasicb K 3HayeHnio T, TOpPUBOHTA/bHBHIA OTPE30K H30TEPMH

Ha (ur. 9 CTAHOBUTCHA BCE MEHbILIE M UCUE3aeT B KPUMUYECKOL
mouxe C. Tlpn T > T,, usorepMbl OOJblle HE UMEKT H3JO-
MOB.

4*
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CyuiecTBy1oT M Apyrue siBjeHus, o0lMe AJAs paccMaTpuBae-
Mbix cucreMm. HanpuMep, mpu nasnbhelinem ymenblieHuHn 0Obema
¥, BEpPOATHO, NpU £/0004 TeMmnepaType BelleCTBO 3aTBEpJeBaer,
M HaOJI0Jal0TC COOTBETCTBYIOLIME COCTOAHUA PaBHOBECUS TBEp-
LOe Tel0 — KUAKOCTh u TBepnoe Telo —mnap K. Opnako 06b-
ACHeHWe  9TUX siBJeHMH HA OCHOBE MccjenoBaHus oOuiedt

F

dopmyan (1.48) ana Z(V, T, N) HACTO/ILKO Ja/NieKO OT 3aBep-
weHud, u4to g He Oyny OecmOKOUTb ydTaTe/id pacCMOTpEeHUEM TMO-
106HbIX BOMpocoB. Ilpexnae ueM mnepedTH K HUBJIOWEHUIO TOroO,
UTO Voie NOALY4EeHO B TeOPUM, OCTAHOBUMCH BKpAaTLUe HA MUCTO-
pud BoIpoca.

2. Ypasuenue Ban-pep-Baagnca. [lepsuift Goabmoit ycnex
B TEODHHM KUIKOCTEH u ra3os Obln jocturnyr B 1873 .
Ban-nep-Baanbcom B ero 3Hamenurtoft Jledaenckoit aucceprauni.,
Ban-nep-Baanbc monbiTadcs yuecTb BJAUSHHE MEXKMOJEKYIIPHDLIX
cua (mputmkeHue Ha OOMBINUX PACCTOAHMAX U CHJIbHOE OTTA/KH-=
'BaHME HA MaJblX pacCTOAHUAX) HA ypaBHeHue COCTOfAHUA rasa
H TOJYYH/ 3HAMEHHTOE YpaBHEHHe

(p+V“§-)(V—-b):NkT, | 2.1

rie KOHCTAHTA @ XapaKTepuadyeT CUJbl NPUTAKEHud, a KOHCTaH-
ta b—cuabl oTraikupanus 2. D10 ypaBHeHHe ONHCHIBAET
KaueCTBEHHO BCE€ HM3BeCTHble CBOHCTBA TrasoB W XHUIAKOCTEH,
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B 4aCTHOCTH ,00bACHAET cyliecTBOBaHue ABYX ¢as mpu T < 7T,

H CYLLECTBOBAaHME KPUTHYECKOH Touku. B 3TOM MOXHO ybenurtbes
crenywouiuM oOpasoM. Tak kak (2.1) ecTh ypaBHeHWe TpeTbeH
CTeleHu oOTHocuTeabHo V, Jjerko BujeTb, YTO IPU HOCTATOUHO
HU3KOH TeMmnepaTtype M30TepMa He MOHOTOHHA, &8 MMEET MaKCH-
MyM d MuHUMyM (Pur. 6). OTpesok HU3OTEPMBI MEXIAY TOYKAMHU

P

Puacmq.

dur. 6.

A n B pomkeH npencTaBidaTb HeCTaOMIbHOE COCTOSHHE, U IIO-
oroMy Ban-pep-Baanbc yTBepxkaaer, 4ro cucreMa Oyier pas-
feaarbcs Ha ase ¢aspl. C noMOWbI TEPMOAMHAMUKHM (T. e. €
NOMOMLIbI0 MpaBu/da Makcsesaa, uau NMpaBuja paBHbLIX NMJaOLLaLeH)
MOXHO HaHTH 06beM HachlleHHOro mnapa V; u o0beM KulKO-
¢t Vo M noCTOsSiHHOE 3HayeHHMe J[aBJIeHUS HACHLILEHHOrO Mapa
Pracm- 1pu T > Ty, u30TEPMEL OY1YT MOHOTOHHBIMH U KPHTHYE-

ckass Touka C onpejenseTcs Kak TOuka mnepernb6a H30TepMb,
COOTBETCTBYIOLLE KPUTHUECKOR TeMIepaTtype, TaK uTo

3), = (3,
OV )y~ NIV '

a 8a
Vl{p:?’b’ pKP:W’ RTl{p: '2—75-- (2.2)

OTCl0a TOJyyaeM

91 He Oyay nulTaTbCs NEpPEUNCHATb BCe IpOYMe 3aMedaTebHbIe
JOCTHXEHU], CBfI3aHHBle C MCNOJAb30BAHUWEM ypasHenusa Bau-gep-
Baaanca. B camoM pene, OHM OBIIM HACTONBKO YOeILUTENbHBIMHU,
YyTO0 B TeueHHe 0oJee YEM TNATHIECATH JeT npolO/emMa Heunealb-
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HEIX Ta30B Ka3adachb pentedHo#! Ykaxy ToJbkKo, 4T0 Tak Kak
B ypaBHenue (2.1) BXoasT TOALKO JBa mapamerpa @ ¥ b, TO
U3 HEro CJaeAyeT J3QKOH COOMBEMCMBEHHHLX COCMOAHUE:
€CqU HCMOJAb30BATh KPUTHYECKHE BeJAUUMHBl (2.2) KakK eanHUUbI
uaMepenus p, V. u T, TO ypaBHeHHe cOCTOAHMA OyaeT 00HumM
U mem e Ansi BCcex Beuwlects. FMcnmoabsys srot 3akon, Kawm-
mepiauHr-OHHeC TpeacKasan Bce JAeTald OCYUIECTBJAEHHOTO HM
BIIEpBLIE IIpolecca CxukeHUda reaus. B Oosee oOmeMm cMmbicie
CIIPABEIIMBOCTbL 3TOrO 3aKOHA O3Hayana Obl, YTO TMOTEHLHAJHI
MEXMOJIEKY/IPHBIX CHJI, HallpuMep I/ BceX 6JaropoAHLIX ras3os,
MOXHO MpeNCcTaBHTb €AHMHOH (QopMyaoHt, ecau ToabKo nonobparts

eLVHUUbL! U3MepeHUs LJWHLI U dHep-
¢ ruy. Hanpumep, Xopowo npenacran-
J€T  MEXMOJIEKYJAPHHE CUJB (MBI
BCKOPE VYBUINM, KaK STO MOXHO
NIPOBEPUTH) MOTeHUuan Jlewnapna —
Hoxonca, unam. notenuuan (12; 6)

(dur. 7)

T N\E T co=«[" (2]

Eciu usMepsiTh BCE AJMHBI B €RH-~
dur. 7. ‘HULIAX ¢ M BCe TeMIeparypu B elu-

HUUAX €/, TO € TNOMOWBID NpoO-
CTHX coobOpaxeHu#t pa3MepHOCTH MOXHO CTPOTO MOKa3aTh, 4YTO
caelympouiee u3 obuwero Bupawenus aas Z(V, T, N) npuseieH-
HOE ypaBHEHUE COCTOSHHR JOJIKHO OLITb YHMBEpCadbHBIM 131,
I9TO B CBOI Ouepelb O3HAudeT, yTo OTHoWeHus V /N6® u AT /e
LOJUKHBI OLITh YHUBepcaabHbiMU. JlelcTBATENBHO, AAd 0a4aropol-
HbIX Ta30B MOJyyeHbl 3HAUYEHHS

3Vp kTyp
WW1.50, '—‘-e—--f-wl,25.

OTd GOPMYAB HAIOT BO3ZMOXHOCTb OlLEHUTb NapaMeTpLl ¢ U &
MO M3BECTHBIM KPUTHYECKUM BeJIMYUHAM.

YKaxeM Temepb HeJOCTATKH ypaBHeHus Ban-zep-Baaabca.
ITpexne Bcero OYeBHIHO, HTO 3TO YypaBHEHHE COCTOSHUA HH
B KOedl Mepe He.p3s4 pacCMAaTPUBATL KaK OKOHYATe/bHOE, Tak
KaK Mbl BLIHYXJAEHH MPUBJCKATL JOMOJHUTENbHHIE TEPMOAMHA-
MHYeCKHe cooOpaxeHusi, YyTOObl YCTAHOBUTbL 3HAUYeHHE JaBJEHUA
HachlleHHoro mapa. IlocnemoBarenbHas CTATHUCTHYECKAS TEOPHS
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HeuJeaJ bHOTO rasa ¥ XHIKOrO COCTOAHHA HE AOJKHA CONepIKaTh
noJO6GHBIX NOMOJHUTEJAbHBIX CCHJIOK Ha TepMoAMHaMuKy. Kpowme
TOr0, SICHO, 4TO, TaK Kak ¢ moMoulpio Z(V, T, N) Mbl JOJKHBI
no/ayyaTbh XapakKTePUCTUKU TEePMOAMHAMHUYECKH PaBHOBECHOTO CO-
CTOSIHUSI, HEBO3MOXHO MNpH ma060M JHOCTATOYHO OOOCHOBAHHOM
BHLIBOJE YPAaBHEHU COCTOSHUS C TIOMOIIBI0 MaTeMaTHYECKHX
onepaudi Hap Z HaHTU XapaKTepUCTUKU HECTAOMABLHBIX WU
MeTacTaOuAbHHX cocToaHu#t cucteMwnl. B ra. III Oyaer mokasato,
YToO [aBJeHHe, TOJydeHHOe M3 oOwel QopMmyas mag Z, AOKHO
OLITH MOHOTOHHOH HeBo3pacTawilel pynkuueit ob6wvema. IlosTomy
BCe ,BBIBOAB“ ypaBHeHU DBan-aep-Baasbca W aHaJOTHYHBIX
ypaBHeHUH COCTOAHMS Heu30eKHO COIEepXaT HUYEM He OIpaBiaH-
HLIe JOTOJHUTENbHBIE MpennosoxeHus 1 npubnnxkends. Haxodeu,
ypapueHue Ban-gep-Baaabca He nmpUBOZMT K NPABUJIBHOMY KOJlH-
YyeCTBEHHOMY ONUMCAHUIO SBJeHUH, XOTS OHO TIpeKPacHO ONHUCHIBAET
UX KayeCTBEHHO. JTOT HeAOCTAaTOK 3acTaBun Kammepaunr-Oxdeca
y:xke B 1901 r. oTkasaTbcs OT BCeX HOMNBLITOK HAHTH BaAMKHYTYIO
¢OpMy AJ5i YpaBHeHUSA COCTOSIHUS W MPEAJONKUTh B COOTBETCTBUN
C ONBLITHHIMM AAHHBIMM NOJb30BATLCH Pal3JONKEHHEM BHIA

|74 B (T C(T
D=1 ‘5’{ TR T (2.3)

DT0 TaK Ha3niBaeMoe supuasvHoe pasaodxcenue;, B (T) Ha3bi-
BaeTcs BTOPBIM BupHa bHBIM Ko3dduyuenrom, C (T) — TpeTbuM
u T. 1. Ilpencrapienue (2.3) OblJ0 BHI3BAHO HE TOJBKO OTUYasiHUEM,
OHO COHEepPXMUT MHTYMUTUBHYIO HOTajKy, YTO INOCJel0BaTeNb-
HBle u/JeHbl pAaa B npasolt uyactu (2.3), XapakTepusyloiue Bce
foabluiee OTKJ/JAOHEHHE rasa OT MAeaJbHOCTH, MOMKHBI JaBaTh
UHPOPMALUI0O O B3aUMOAEHCTBUY MAP MOJEKYJA, TPOEK MOJEKYJ
M T. O. JTa moraaka ObiJa MOATBEpXkKJAeHa TeopeTHueCKH B palbo-
tTax Ypcema um Maitepa, npoznenanHeix B mepuod oxono 1930 r.,
KOTOpbIE BINEPBBIE H CO BceHt OOLIHOCTBIO BHIBEIM DPAa3j0OweHHe
(2.3), ucxons u3 BHIPaXEHuUA AJA uHTerpania cocrosuuft Z U,
B HacToslee BpeMs STOT pa3feq TeOPHH HAXOAMTCHA B LOCTATOYHO
YAOBJETBOPUTEJBHOM COCTOSIHUH.

3. Meron Maiiepa u awarpamMmHas TexHuka. B xauecrse
MepBOro uiara B HccJen0oBaHuu uHTerpana cocrosuuét Z(V, T, N)
BBeJeM, caeayd Mattepy, Pyukumio

fu=rdr—rh=exp|—gpodr,—rh|—1. @&

P
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Torna seipaxenne (1.48) AaA uHTerpaja COCTOAHUE NpPUHUMAET
BUJL

N
1
Z(V, T, N)=—m5 f . .fdrl...drNH(l+fij). (2.5)
v 1% I<j=2
O6wuit Bun ¢yHkuuu f(r) npencraBaeH Ha ¢ur. 8. Tak kax
¢ynkuus f,; paBHa Hymo, KOraa |r;—r;| Ooabme paguyca

nedcTBua cual ry, TO, NMepeMHOXKasd COMHOXHTENH INOA 3HAKOM
uHTerpana (2.5), Mbl mpHAeM K PAa3JOKEHHI0 BeJHYMHE Z 1O

fir)

Pdur., 8

creneHsM V. Jlaa Goablieldl HarigaaHOCTH CONOCTaBHUM KaXIAOMY
ujeHy pasjaoxeHus (2.0) guarpammy, B KOTOPOH Kawaas 4acTdla
MPeNCTaBJAETCA BEPIIMHOM, a KaXIBIH MHOXuUTe b f;; — Jn-
Huel, coenuHswiuneh BepluuHbl { v j. Hanpumep, aaa N =3
noJiyyaem

3
H (1+fij):1+ fiotfist ST

< j=2
o/ /’ \/ 0!
e ® .
Z 3 2

®
3 J 2 3

+f12f23+f12f23+f13f23+f12f23f31’ (26)

/AN N A
23232323

e
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rAe NOA KaXALM YIEHOM pas/oXeHHs HAPHCOBaHA COOTBET-
cTBylomlad auarpaMma. B cayuae N =4 umeen
4

i<l—jI=2(1+fij)=: :+I :+I I+I :+V+

(1) (6) (3) (12) (4)

+H+Z+N+U+M+E ’

(2) (4) (2 (3) (6) (1)

2.7)

raje 4uc/a0 TOA JAuarpamMmo#t O3HAWAET YUCAO 4Y/IEHOB, TNpel-
CTaBJAEMBIX JaHHO® AvarpaMMOH ¥ OTJAHYAIOLIUXCA APYT OT Apyra
pasanuHOR HyMepaiueH BepUIMH.

TakuM 00pa3oM, KaxAOMy UJEeHy B pasJoxeHud (2.5) como-
cTaBJasfeTCd CBOS auarpamMma ¢ N NpOHYMepOBAHHLIMM BepLIHHAMH,
KoTopasa B 00lueM cjay4yae COCTOMT U3 HEKOTOPOTro uuciaa of-
JeMbHBLIX CBA3HBIX yacTed. [leficTBute/nbHO, B pasioxeHuu (2.95)
6yayT npencTaBieHbl 8ce AuarpamMMmbl € N NPOHYMEPOBaHHBHIMMU
BepUIMHAMU, HAUKMHAS ¢ M30JUPOBAHHBIX BEPIUUH KU KOHYAd NOJ-
HOH AuarpaMMoft (Bce BepuIMHBI cBf3aHBl JuHMAMU) ¢ N (N—1)/2
nuuusMd. Tenepb OyeBUZHO, YTO KAXABH YieH B PasjOXKeHuu
(2.0) Oynmer mnpeACTaB/sATp COOOH NpPOU3BELEHUE HHTErPaJjoB,
KaXI LI U3 KOTOPHX COOTBETCTBYET CBA3HON UaCTU COOTBETCTBYIO-
wek auarpamMmel. Hanpumep, BepuiHe COOTBETCTBYET HHTErpal

fdfz——V.
v

aaunu (I, J) — unterpan

[ [arar;s,
1’4

Vv

Tpeyronbuuky (I, f, R) — unrerpan

Jvafd”'i ar;drof ;i f jnf re (2.8)

n T A
Hluterpas, COOTBETCTBYIOW MY CBA3HON nuarpaMme (HasniBaeMo#
MHOTAa 2pynnof), HanpuMmep (2.8), Mu OyAeM HasblBaTb 2pyn-
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nosumM unmezpasoM. llpeuMylIeCcTBO pacCMAaTpPUBAEMOTO pas-
JOXEHUsT COCTOMT B TOM, YTO TJABHLI 4YjJeH Ka}JAoro Tpyn-
MOBOTO MHTErpaja nponopuuoHasted V, Tak Kak BCAEACTBUE KO-
HEYHOrO paauyca geHctBus cun dynkuus f,,=0 B obaactu

r > r,. VIMeHHo 9T0 CcBOHCTBO pasnoxeHud (2.5) ¥ MO3BOJIUIO
Ypceay u Maltepy noayyuTb W3 HEr0 BHPHAJIbHOE pAa3/0XEeHHE
(2.3) u sBHBIE BBHIPAXKEHHS AJAR BUPHAILHBIX KO3DEDHUUHEHTOB
yepe3 Qynkuun f,;.

4. HekoTophie NOHATHA TeOopun auarpamm. Tak Kak Ham
OyayT HeOOXOAHWMBEl HEKOTOpble OCHOBHBIE MOHATUA TEOPHM JHa-
rpaMM H TaK KaK HCIOJAb3yeMas MHOK TEPMHHOJOIUS He ABJASETCH
NOJHOCTBIO OOlenpuHATON, NMPUBELY HHXKE BCE CBEACHUA, KOTO-
phle HaM NOHAno6aTca B AanbHefitmem M,

Q )

Pur. 9. a—npocrag Juarpamma;
0 — HenpocTas AuarpaMma.

Huazpamma ecTb COBOKYMHOCTb BepUIMH M JUHUH, coenu-
HAOIHX HEKOTOpHle maph BepwuH. BooOlue rosopsd, ABe Bep-
INMHBL MOXHO cBsi3aTh OoJee 4eM ofHOR JauHUEeH, H, KpoMme
TOTO, MOTYT CYIlleCTBOBAaTh 3aMKHyThle meran. Ecau jiobad napa
BEePUWIMH JHAarpaMMbl CBsi3aHa He OoJee yeM ONHOH JuHUeH u ecau
HET MNeTesb, TO Mbl Ha30BeM TaKylo puarpamMy npocmod (ur. 9).
Mp OGymeM paccMarpuBaTh B STOH raaBe TOJBKO TIPOCTHIE AHd-
rpaMMbl. JIMHU$, NOCJAeAOBATE]LHO COEAMHAIOWAS COBOKYNHOCTb
BEpIiliH, Ha3LIBACTCA nymeMm, CBI3LIBAIOIIUM HAYaJbHYI0O H KO-
HeYHy0 Beplwiuusl. Ecau HadanbHag ¥ KOHeUHAs BePIUMHB CO-
BNajaioT, TO TakoH nyTb HaswiBaerca yuwaom. C8A3HOL nna-
rpaMMoO#t Ha3BIBaeTCH AMArpaMMa, B KOTOPOH MMeeTCs Mo KpafineH
Mepe OJuH NyTh MeXAy AByMsa Ji0ObMH BepuiMHamud. B mpo-
THBHOM CJyuae JuarpamMMa HaswmBaercd Hecgaznod. OueBnnHo,
AOCTATOYHO M3YUuTh TOJLKO CBfidHble auarpammbl. Touxol
cOYAeHeHul HA30BEM BepHIMHY, B KOTOPOH JuarpaMMmy MOXHO
pacy/leHuTb Ha JABe MAH Oojee HecBA3HBE 4acTd., Juarpammy
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6e3 TOuYKM CcoujeHeHMs HasoeM 38e300d (dur. 10). Ceasuyio
AdarpaMMy HauboJsee o0uiero BHAA MOXKHO MOCTPOHTH, COEAUHSA
TOYKAMH COUJEeHEeHUA Te WJAH HHble OTIHeJbHbe 3Be3in. Ecan
3B€3/d, BXOAAllad B AUATPAMMY, COAEPMUT TOJbLKO HPOCTHIE

. 5

¢ ur. 10. a-— guarpaMMma ¢ TOYKAMH
couJieHeHus (OTMEUYeHbl MaJeHbKUMH KPYXK-
KaMH), 0 — 3Be3Ja.

JTUHUM, Mbl OyfeM Ha3blBaTh TAKYW AWarpaMmy oOepesom Kalaru.
Ee MOXHO Takxe oOnpeneiuTh KAK CBA3HYK AuarpaMmy 6e3
uMKJI0B. Ecnm 3Be3abl, Bxoasuide B Auarpammy, NOCTPOEHHI U3

w3 S

a 6 G

¢ ur. 1. a—naepeso Ksiin; 6 — cMemadHoe JAepeBo
XycuMu;, 6 — 4HUCTOE AEpPEeBO 3BE3N.

TPEYrONbHUKOB HJU MHOTOYrOJbHUKOB, Mbl HMeeM Oepeso X y-
cumu. JTO CBA3HAA NUArpaMMa, B KOTOPOH Kaxaas JuMHUA BXO-
IuT He Oosee yem B oauH wuka (¢ur. 11). Ecam Bctpeuaiorcd
3pe3nn emle OoJsiee CJAOWKHOrO CTpPOeHMsI, Mb OyleM TOBOPHUTH
0 Oepesbax 38e30. Yucmoe Odepeso 38e30 COCTOUT U3 3Be3]L
TOJbKO OIHOTO THIIA, B MPOTHBHOM CJIyyae Mbl UMEeM CMeuaH-
Hoe nepeBo 3Be3d. PasyMmeercs, ec/qi HeT HMKAaKHX OrpaHudeHuft
Hd TOT WJM WHOH THUN 3Be3J, MOHATHS JepeBa 3Be3L W CBA3HON
OHarpaMMbl COBMANAIOT.

B dusnyeckux npuaoxeHusx auarpaMMmbel OOBLIYHO ¥CNOJb-
3yI0TCA IJ11 NPEACTABJEHUS PA3JUYHBIX WIEHOB B KakoM-aubo
MeTOLE MOCJeLOBaTeAbHBIX Npub/aMenuit, U 4YHCJIO BepLIUH
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OObIYHO onpepeaser Mopsaok npubmixkennd. [TostoMy B J1060M
TAKOM MeTOJEe MOCJELOBATEAbHBIX TNPUOIUKEHHA BO3HHKAIOT [BE
3a/1aUK:

a. KomMOunaropHaa 3sapausa. CKOMbKO uMeeTCl ,pas3jMyHBIX®
yieHOB nopsaaka n? Miau, apyrumu ca0BaMu, CKOJMBLKO NJasl pac-
CMATPUBAEMON 3alauu ¥MMeeTCs AuarpaMM C 7 BepIUUHAMH He-
KOTOPOrO CIellMaJbHOr0 Tuna?r

6. 3amauya cyMmmupoBaHus. KaxkoB BkJaaL HJAM BeC KaxXIo#
AUarpaMMbi P

B koMOunatOpHO#l 3agave cjaenyeT pas3/jdyaTb RPOHYMEPO-
BaHHble Ouazpamms. u c80000Hbie (UMM monoaozuvecKue)
ouazpamms. B NpOHyMepoOBaHHON auarpaMMme BepIIUHb OTJIH-
yalTC OZHA OT APYro#t 3sHaueHueM KakKoro-aubGo uHIeKca (UJH
HoMepa). B cB0oOOIHON nuarpaMMe BepUIMHBl PaCcCMaTPUBAKTCA
KaK HepasauuuMble. OueHb BaXHO 3HATL YHMCJAO PA3/JAMUYHBIX NPO-
HYMEPOBAHHBIX JHAarpaMM, COOTBETCTBYIOINUX JAaHHOH cBOOOIHONR
auarpaMme. HrtoObl HallTW 3TO 4YUCAO, BBEAEM IOHATUE 2pYAAbL
ouazpammsl. I'pynna JAuarpaMMbl OlNpefedeTcs Kak Trpymnna
aBTOMOP(U3MOB AMArPaMMbl, T. €. TPyNINa B3aUMHO OJIHO3HAUHBIX
oTo0paxenu#t MHOXecTBa BepIIMH AMAarpaMMbl Ha caMmo ce0d,
KOTOPblE OCTaB/AIOT CBS3M MexAy BepluuHaMu (JMHUM) HHBa-
PUAHTHBIMH. OTy TPYINNy MOXHO paccMaTpUBATh Kak TIpYIINy
nepecTaHOBOK BepIUMH jauarpaMmMbl. Hanpumep, aas nuarpammol
n-yrojbHUKa 3Ta TIpynma ecTh Tpynna Jausapa nopsaka 2n,
a J1Jl TaK Ha3biBaeMOW noO.AKHOE AMATPAMMBEL C 7 BepUIMHAMH
(T. e. nuarpaMMbl, B KOTODPOH BCe mNapbl BepIUVH COedHHEHH
JUHHSIMU) 3Ta TPyNlia €CTb CUMMeTpHYeCKas rpylna CTeNneHd A.
ITopsanok rpynnbl paBeH UHOeKCY cummempui S JHATPAMMBIL.
Ecan umeercd cBoOoaHagd pauarpaMma C p BepUIMHAMHU U C UH-
IEKCOM CHMMeTpUM §, TOTAAa, OYeBUAHO, cyluecTByeT pl/s pas-
JUUYHBIX CMOCOOOB, KOTOPHIMH MOXHO MPOHYMepOBAaTb BEPLUUHDL,
¥, TakuM o0pas3oM, uMeercs pl/s pasiuuHbBIX MPOHYMEPOBAHHLIX
AMarpaMM, COOTBETCTBYIOLIMX HAHHOM CBOOOJAHOK JAuarpamume.

b. Ilepsas Teopema Maliepa. Ilpuctynum Tenepr K BHI-
YyHuc/aeHulo uHTerpaga cocrosuutt Z (V, T, N), omnpenenseMoro
dopMmyaoit (2.5). Mp OyaeM cuuTaTh, YTO TNPOU3BEAEHHE MO
3HAKOM MHTerpaJja ymxe NpPeacTaB/]eHO B BHAC PAAa U 4TO Kax-
AOMY uJeHy pa1a B COIJACMU C YCTAHOBJIEHHHIMU paHee Mpa-
BUJIAMI COMOCTAaBJIeHa TNPOHyMepoBaHHas puarpaMma ¢ N Bep-
wuHaMu. Mol yKe Buaead, YTO KaxAblft yjeH 3TOro psja rpei-
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CTaBJsieTCd B BHIE NPOU3BEIeHUS COMHOMUTeneH, Kaumab# us
KOTOPBIX COMOCTaBJAETCHA € OTIeJbHOH, HE COEAMHEHHOR C Apy-
rYMH YacTAMH, CBSIBHOH wuacTbilo JuarpamMmsl. Kak mnokasai
Matiep, HCKOMYI0 CyMMY Npou3BeieHul MOXHO 3amucath B NpPO-
cToit ¢opMe. Byier nosesHo noayuuTh pesyibTathl Ma#epa xak
yacTHHIA cayuafi caenyroie obuet Teopemst 61,

Teopema 1. Bgedem seauuuny

Fry= > WGy, (2.9)
(GN)

20e cyMMUpOBQAHUE NPOU3BOOUMCA NO BCeM HPOHYMepPO-
ganubuiMm Ouazpanmarm Gy (ceasusim u Hecgasnom) ¢ N gep-
wunamu u 20e W(Gy) ecmy 8raad duazpammst Gy, KOmo-
puili umeem caedyoujue cgolicmsa:

a) W (Gy) ne 3asucum om cnocoba Hymepayuu N sep-
wun, m. e. s8xaa0 W(Gy) ecmov @YHKYUA MOLLKO €80000-
HOU oduazpammbl;

6) W (Gy) = I W (C)), 20e npoussedenne 6epemcs no scen
HECOeOUHCHHbBM OpY2 ¢ Opy2oMm c8A3HuM Hacmam C; dua-
epanns Gy.

Bsedem Oanee serununy

fi= 2 W(C), (2.10)
(¢2)

20e CYMMUPOBAHUE NPOU3BOOUMCS NO BCEM NPOHYMEPOBAH-
HoM CBA3HbLM Ouazpammanm. Teopema ymeepxuoaem, 4mo

14+ F(x)=e/W, (2.11)

20e F(x) u f(x) asagomca npou3soosuumu @GYHKUUAML
geaunun Fy u f, u onpedeasiiomcs KaK

N

9'3‘ !
F(x)= Y Fy55. [0)=
N=1

fl:;!_. (2.12)

i~

l

]
Pt

JLOKa3aTeAbCTBO IEPBOH TeOpeME! Mbl NPOBENEM C NMOMOLULIO
caeayiolelt GyHIaMeHTaAbHOR TeopeMbl YMHOXeHHA. ITOH Teo-
peMO#  yMHOXeHUs Mbl OyaeM 4acTO TOJb30BAThCA  TaKXe
M B AaJbHeiillieM M TMO3TOMY MHl CHOPMYJUPYEM H JAOKAXKEM ee
cefluac B camMoM olOuieM BHAE.
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Teopema ymHnoxeunud. Bo3smenm 0sa npoussosvrsie
(koneunve usu GecKoHeunve) MHoxcecmea O u & c80600-
Hbolx Ouazpamm u 06pazyem npamoe npousgederue &) X &
amuxX MHOJCEeCmM8, KOMopoe coCmoum u3 8cex B803MONCHHLX
nap ouazpamm, npudem 8 Kadxcood nape o0Ha ouazpamma
Gepemcs u3 Muoxcecmsa 9, a 0pyzas u3 muodcecmsa .
ITycmy 8xaa0 a060li Ouazpamms. u3 npamozo npoussede-
HUSL MHOMCECMB pAaBEeRn npou3dsederuro 8Kxaado8 duazpamm,
cocmasasnuux 0aunyio napy, Ecau Moo meneps npornyme-
pyem oOuazpammv 8 mHoxwcecmsax £, O u X & scenmu
BO3MOJMCHBLMU cnocobamu u 00pa3yem coomeemcmsyoujue
npou3goosnujue PYHKYUUL C02AACHO coomHoweruan (2.12)
(sepxnue npedeave mozym Ooimb KOHeuHomu usu Oecko-
HeYHbMU), MO meopema ymeepycoaem, 4mo npou3sooiuas
PDYHKGUA npam020 RPoUu3sederHusl MHOMecms pABHA npo-
usgedernuro npou3sodauux dyuxyui muoxcecms & u &.

Horxazamesvcmso. TlonHbi BKJAad BceX JHAarpaMM ¢ p
BEpPIIMHAMM B MHOXeCTBe §) paBed

__ p!
i

rie §; — MHIEKC CHUMMeTpHH, h;— BK.JIaA i-H cBOOOnHOW nua-
rpaMMbl M CyYMMHPOBAHHME NPOU3BOAMTCA MO BCEM Pa3JUYHBIM
cBOOOAHBIM JMarpaMMaM U3 MHOXeCTBA &) ¢ p BeplIUHAMHU.
AHaJOTUYHO NOJHBLIA BKJAJ BCeX AMarpaMM ¢ ¢ BepuUIMHAMM U3
MHOXecTBa (& paseH '
Gq-:: '%Tgf'

It
fIcHO, 4TO MHIAEKC cMMMeTpuM mnapw auarpamm (I, j) us  u &
paBeH s§;S;. 3aMeTMM, YTO 3TO BEPHO H B cayuae, Korja Jse
AMarpaMMbl [ ¥ j TOX/JAECTBeHHB!, TAK KaK NepPeCcTaHOBKY 3THUX
JMarpaMM He.Ab3s PaccMaTpuBaTb KAaK 3JEMEHT [PYNNbl COOT-
BETCTBYIOLLEt AuMArPaMMBl B MNPAMOM TNpPOM3BelleHUH MHOMKECTB.
Tak Kak BKJaj AMarpaMMbl B IPSIMOM TMPOU3BEJeHHUH MHOXKCCTB
paBeH h;g;, CHO, UTO MOJHBIA BKJal BCeX nuarpamM ¢ N Bep-
IIHHAMH B NPAMOM Tpou3BeleHUUM MHOmecTB $ X & paseH

__ (r+ 9!
Py= 2 plg! H,G,.
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o —

CaenoBaTenbHO, €CJaH BBECTH NPOM3BOAsLIME (PYHKLUHH
\ xP x4
H(x)—_sz-?)T’ G(JC)-—-—-EGQ—&T:
P q

N
2 : X
P()C)"—: PN' "'!"",'
N
TO MBI IIOJYYHM

P (x) = H (x) G(x).

W3 aokazatenbCcTBa CTAHOBUTCH HACHLIM, IOYEMY INPH Olpeleses
HUM NpOU3BOASHIMX (PYHKUMHA Halo BBOAHTbL (PaKTOpHAN B 3HaMe-
HaTeJb.

M3 TeopeMbl YMHOXEHHA HEHNOCPEACTBEHHO CJeAYeT LO0Kasa-
TenbCTBO NepBoft Teopembl MaHepa, 1. e. dopmyaa (2.11). Ecan
F_ (x) — npousBojsuias QYHKUKS AHarpaMM, COCTOALIMX U3 m
HecoedUHEHHBEIX 4acTelf, TO Torja

F(x)= 2 Fn(#), (2.13)
N H3 TeopPeMbl YMHOXEHHSl NOoJyyaeMm
1 m
F (%) = — f ()™, (2.14)

rne ¢akrtopuan m! BBejeH AJd ydyera TOro, 4yTo m wyacreft pac-
CMaTpUBaeMOR nuarpaMMbl BHIOUDAIOTCS U3 O0HO20 U MO20 Jice
MHOXECTBA CBA3HBIX IuarpaMMm, H no3ToMmy Ji00as nepecraHOBKA
9THX m udacTeff JaeT Ty e CaMyl0 HeCBA3HYH0 nAuarpammy. Ms
dopmya (2.13) u (2.14) cpasy xe cJaeayer CHpaBelJHBOCTb
cooTHoweHusa (2.11).

BosBpaiasich Telepb K M3yuyeHUIo MHTerpasia cocTosHuft (2.5),
MBI BHAMM, 4YTO, €CA¥ MNPELCTaBHTL CTOdAllee IMOJ 3HAKOM HHTE-
rpaja npouaBeleHHe B BHIAE pAda, TO MOXHO HANMCATDH

ZV.T. Ny=5r X, W(Gy), (2.18)
(9n)
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rne CyMMUPOBaHUE TPOU3BONUTCH TO BCEM MPOHYMEPOBAHHEIM
CBA3HHIM M HecBa3HHIM jauarpammam G, u rpae BKJal nda-
rpammbl G paBeH

1 -
W(GN):Wf... fdrl...drNHfU. (2.16)
vV % Gy

B d¢opmyne (2.16) B mnpousBeseHue BXOAST BCe Napsl Bep-
wuH (i, j), coeauHeHHsle JjuHuedl B auarpamme Gy, Taxum
006pasoM, ecad BBeCTH NPOU3BOAALLYI0 QYHKLUUIO

L, T, z):; ZWV, T, N)O3z)V, (2.17)
=0

TO 5Ta (QYHKUHS, 32 MCK/IOUeHMeM MHOXuTenas A3, BBeJeHHOrO
nas komneHcauumn ¢daktopa 1/A3N B dopmyne (2.16), oueBuino,
coBmagaer ¢ ¢yukuueit 1-4 F (x), BBeleHHOH B nepsofi Teo-
peme, ecau, kak o6wuno, nogoxuts Z(V, T, 0)=1. dyuxuus
C(V, T, 2) HasbBaeTcsa Ooablum cmamucmuyecKkum UuHme-
epasom (60abwoll KAHOHUYECKOU CYMMOL cocmosArul)
B OTJAHYMe OT OOBIYHOTO CTATUCTUYCCKOTO WHHTErpasna (KaHOHM-
yecko cymmml cocrosau#t) Z(V, T, N).

Tak kak Bkaax W (Gp). ompenensiemuii dopmynoit (2.16),
YAOBAETBOPSieT O60OUM YCJAOBUAM NPUMEHUMOCTH NEPBOH TEOPEMBI,
MoxHO Bupa3uTh ((V, T, 2) uepe3 cOOTBETCTBYIOLLYI0 (PYHKLHUIO
TOJNbKO C8M3HbLX IAuarpamm. Beejem, ucnodabays oOLLeNnpUHATHIE
0003HaueHus, BeJHYUHEL

b,(V, T)= [ ...Vfdrl drlg:l;lfﬁ, (2.18)
l l

vV

T/le B npousBefleHue BXOAAT Bce yHxuuu f;;, COOTBETCTBYIOLULUE
MMHUAM B CBA3HOM Auarpamme C,, ¥ cyMMupOBaHUe NMPOU3BOJIHUTCA
Mo BCeM NPOHYMePOBAHHLIM CBfI3HBIM JAuarpammaMm ¢ [ Bepuiu-
HaMH, M o0pasyeM (PyHKLHIO

x(V, T, Z)*—zlg bV, T) 2k, (2.19)
= ]
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-5 g . PPy PR

Teneps acHo, uto npoussesenue Vy (V, T, 2) cosnanaer ¢ dpyHk-
yued f(x), UCHojb3yeMo#t B nmepBod TeopeMe, H, CJeL0BATEbLHO,

V. T, 2y=exp[VyV, T, 2). (2.20)

[Tpencrasaenne (2.20) aaa GoubHIOro HHTErpana cOCTOSHUH GbLIO
noaydyeHo Maseponm U],

6. Ypasuenus Maiiepa. M3 coorHomenut (2.17) u (2.20)
ciaenyeT

NNz, T, N)_-__»-_Qi_fgﬁdzz—f\’-lexp Vy (V. T, 2)]. (2.21)

Tenepb 3aMeTHM, YTO BCAeACTBHE HALICTO MPEANONOKEHUS O B3aUMO~
neHCTBMM MOJEKYJ Ha MaablX pacCTOAHHAX KaK TBepAbIX cdep
panuyca ry, (cm. pasgen 1 ra. I) éywkuna Z(V, T, N)=0,

eciu N}_,V[47cr8/3]—1. [Tostomy ¢yukuus {(V, T, 2) aBrserca

NOJMHOMOM N0 2 ¢ TOJOXHUTe/bHBIMU Ko3(dduuneHTamMu, u, cie-
noBarteabHo, ¢yHkuus y (V. T, 2} GyaeT MOHOTOHHO BO3pacTaTh
NpU JBMKEHUU TOYKHM 2 B MOJOMXKUTEJbHOM HamnpasJ/jeHuM JAeft-
cTBUTESbHON moayocu. Taxk kak npu Bo3pacTaHud 2 (QyHK-
uusg 2—V-1 6ricTpo yOniBaeT, moxbiHTErpasibHas ¢yukius B (2.21)
Oyner uMeTb B npejene (korma N u V crpemsarca K GeCKoHey-
HOCTH TakuM o0pasom, 4YTO yaeabHbH 06beM OcTaeTcd NMOCTOSH-
upiM: ¥ = V/N == const) pe3ko BHIPAXEHHYIO CEAJIOBYI0 TOUKY 2,
Ha TOJOXUTeabHON peficTBUTe bHOH moOJyocu. B 3ToM npeneine
uHTErpas B (2.21) MOXHO OLleHUTb C NOMOLILI0 METOJA IepeBasna.
ITousaras

f(@)=—Iz4+vy(Nv, T, 2),

nnoJayyaeM € IIOMOLIBIO CTAHAAPTHOR npoueAypHl

. Nf(z)
NSNZ ~ ¢ ’ TR (922)
[2=N 7 (25)]"

rie sHauenme 2, ofipenenstercs us ycaosusa f/(zy)=0 nanu

1 0
=% L (Nv, T, 2)). (2.23)

3ameTuM Tenepb, ure npu OBospwux V U (PUKCHPOBAHHOM [
dyukunn b, (V, T) ne Oyayr saBucerb OT V. IDT0 NMPOUCXOAHT

b 3Jax. 617
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oo

NOTOMY, 4TO HNOJbHTerpadbHas ¢yuxkuua B (2.18) comepxur
CBA3HYIO rpynmy ¢YHKUMH f;;, TaKk 470, ecau (UKCHPOBATD,

HanpuMep r,, NOAbLIHTerpajvHad ¢yuxuusg Oymer oOpalaTbed
B Hy/Ab BHe CQEepH ¢ LEHTPOM B TOUKE F; U PajUyCOM, PABHHIM
N0 NOPSAIKY BEJHUYHHB [-KPATHOMY pajiuMycy INefCTBHSI MeXMOJe-
KyAapHHX cui. Murerpupys, HakoHew, no 7y, MB YBHIHM, YTO

BBHAY Hanuuus ¢aktopa V™' B (2.18) CyllecTByeT KOHEUYHLIH
npeznen

N>

ITpeonoroscuns renepn, uro pasnoxetne (2.19) ans y (Nv, T, 2)

MMeeT KOHeYHHI pajuyc CXOMUMOCTH, KOTOPHH npu N —» o

CTPEMUTCS K KOHEUHOMY HHXKHeMy NpelelbHOMY 3Hauenuto. Toraa

H fipesen paga (2.19)

lim y(No, T, 2)=3 (T, 2)= 2 b,(T) 2" (2.25)
=

N>

fa—ry

Takke Oyner uMeTb KoOHeuHn#t pamuyc cxozmmocru. Tax kak
u3 ypaBHenus (2.23) caeayer, uTO NPH YyBeJWYEHHM U napa-
MeTp 2, CTPEMHUTC K HYJ/I0, TO MB MOXeM BHIOpaTh U CTOJb
O0/bLIUM, UYTO 2, OKAXeTCs MeHbIle Paauyca CXOAUMOCTH (YyHK-

unt ¥ (T, 2). Torma B cayyae Gompwux N w3 ouenxu (2.22)
noJayyaem

\F:—lenZ—_—N[qa(*v, T)=- 0 (I%N)] (2.26)

rae ~
$ (v, T)=—RT {vg (T, 25) — In(A32p)}. (2.27)

It GOPMyaH CBUAETEILCTBYIOT O CHPaBeATUBOCTU CHEMAHHOTO
B KoHle ria. | yrBepxaenusa [cM. (1.51)], uto B npegeae N —co
csoGonnaa sueprua ¥ nponopuuonanbHa N, T. e. sBIfeTCH, Kak
H OXHJAMOCb, SKCTEHCHBHOM BeauuuHo#. Bxozsuwuit B (2.27)
napaMerp 2, ompefeidercd U3 yCJIOBUA

1 0 =~
AJIH

.:7:,_ N 16,(T) 2. 2.286)

Isl
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YpaBHeHHE COCTOSHHS nmpuolOperaeT TOTAAa CJAAYIOMIMA BUA:

dy 0z, 1 oz,
0z, Ov 2y OvU }'

a —
p=—-St= kT {3(T. 29+

TAK UYTO, HCMO0/b3yd ycaoBue (2.28), moJayuyaem

L=y (T, 2= Y bi(T) zb, (2.288)
[=1

VpasHenus (2.286) u (2.288) HasbiBawoTcH ypaBHenusMu MakHepa.
OHH napaMeTpuuyecKH 3ajalOT CBA3b MEXIY p M U, T. €. Omnpe-
JeJAI0T ypaBHeHHe COCTOAHUA. OTMETHM elle, YTO

p =404 pv=~KT In(A3z,). (2.29)
Orciona fcCeH TepMOJHHAMMYECKUH CMBHIC] mapamerpa z,. Beuu-

YHHA |~ HA3BIBAETCHA XUMHUYCCKHM IMMOTCHIIUAJOM.

Tak xak b;==1, 10 us ypaBuenus (2.280) pja ouenb 060Jb-
WMX ¥ Mbl NoayuaeM B8Hauenne 2,~ U;'. Torna us ypasHe-

Husi (2.28B) caeayeT ypaBHeHHe COCTOSHMA MJeaJbHOr0 rasa.
Uckaouas us ypaBaenu# (2.286) u (2.288) noao6HbIM ke o6pa-
30M, HO B COOTBETCTBYIOLIEM NPuOIMKEHNH NApaMeTp 2, MBbl
I0Jy4aeéM BHUPHAJBbHOE PA3J0XKeHHe C KOd(pdHLHEeHTAMU

B(T)=—Nb,(T)=—"2 [dryf () =

-.-—_—21er drr?(1 — e—¢ kT, (2,30)
0

C(T) = N2[— 253 (T)—+-4 (52)2]::
:——%—ffd”mdrlsfwflsf%:

o0 (8]

8nN? .
= 3 f rfdrlf rgdrgfd{-} sindf(r)) f(ry) X
0

0 0

X f ( (ri+ ry—2r,r,cos %})’/2) (2.31)

H Tl ru\'
ITH GOPMYab NMOKA3HBAIOT, KaK BHIPAXAETCH HECKOJILKO Mep-

BbIX BUPHAJBHBIX KO3(Q(ULUEHTOB dYepe3 MOTEHLUAJH MeEXMOJe-~
KYJASPHBIX CHJI.

o;g,.
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)

Bupuaibibie kKo3pduuueHTsl [0c0OeHHO BTOPOH BUPHAJIbHBIN
kosdpduuuenr B (T)] cayxaT OZHUM U3 JYylIMX UCTOUYHHKOB
HAIUUX CBeJeHWH O MEXMOJEeKYJAApHHIX WJIH BaH-Iep-BaajbCOBLIX
cunax. HYrobel noAy4YUTL HEKOTOpOe NpeACTaBjeHue O TeMmllepa-
TYPHOHN 3aBUCUMOCTH BeJauuuHbl B (T), NpeAnosokuM, 4TO MOTEH-
uvan O (r) cooTBeTcTByeT B3auMojeHcTBUIO TBepabix cdep Ha
MAa/JHX pPAacCTOAHUSX M INPHUTXKEHHI0 Buja ~ r~% Ha Gosbliux

8
¢ \

o

Pur, 12, Pur. 13.

paccrosuusax (¢ur. 12). Pasnaras B psin 9KCNOHEHTY B IOJBIHTE-
rpajJbHOM Boipaxenwun B (2.30), noayuyaeM NpHOINAKEHHO

a
B - b _— —]?7—,- '
rie b=2nNry/3, a=2xN°Ad™%[3, uto B TouHocTH coBmamaer
C pe3y/abTaTaMH, KOTOPble MNOJYYalTCA U3 ypaBHeHus Bau-nep-
Baansca. Kak u aw06oe apyroe caeacrsue ypasHeHus Ban-nep-
Baaabca, nosayueHHasd ¢opMyaa KayeCcTBeHHO MepenaeT HalJionae-
MYI0 Ha ombiTe 3aBUCHUMOCTb B oT T (¢ur. 13). K coxasenulo,
mo 3aBucuMocty B oT T Heab3ds onpeaeauts norenunan O (r)
OJHO3HAYHO, U MOITOMY MOXHO TOJbKO JeJjaTh HEKOTOpPhie Npej-
NnoJOXeHuss O ABHOM Buje morennuana @ (r), BoOupasi ero, Ha-
npuMep, B Buae norteHuuajna (12;6) Jlewnapma — xoHca u cra-
pasick 3ateM nono0paTh NMapaMeTpH € U 6 TakUM 00pa3oM, 4TOOLI
BOCIpOU3BeCTH HabJwnaeMylo 3aBucuMocTb B (7). IJToMy BOmpocy
Oblnu NOCBAlleHB MHorue pa6Gors B, u Guian noayuenn Bmoane
VAOBJAETBOPUTE/IbHbIE PE3YJbTAaThl, TaK YTO IO KpalkHe# Mepe
B Cayuae 6JaroponHblX Tas3oB MHB NMeeM XOpollee NpeacTasJe-
HYe 00 YKa3aHHBIX NMapaMeTpax MeXMOJEKYJAsApHLIX cua. McnoJb-
ays notenuuan @ (r), nosayueHnsift ¢ noMoiwpio uccaenopauusa B (T),
MOXHO 8ateM BBHIYMCAHTL Ko3pduuuent C (T) M cpaBHUTbL pe-
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i

3y/AbTATHL € 3KCHEPUMEHTAALRBIMH  JaHHBIMH. [Ipu  cpasHenun
NOJYy4YaeTcsds YAOBJETBOPUTE/IBHOE COrflacue, KOTOPOE CJAVHUT
oAHUM U3 HauboJjee CUJLHEIX AOBOLOB B MO/ib3y NPELIOJOKEHUS
O TOM, YTO MEXMO/IeKy/AApHble CU/ILl ABJAAIOTCA CUNAMH NAPHbMU.

7. Bropas Tteopema Maiiepa. Mckmouenne mapamerpa z,
u3 1BYX ypaBHeHu#t Mattepa (2.2806) u (2.28B) MOXHO NPOBECTH
B O0lieM BuJe ¥ MOJYYUTb AOBOJLHO MPUMEYATENbHYI0 OOLLYIO
bopMyJay Ais n-ro BUPHAIBHOrO Ko3(pduuuenra. IToT cnocob
npensoxeH MaliepoM ¥ OCHOBAH Ha TeOpeMe, KOTOPYI0 Mbl C(op-
MyJapyeM U JOKaXeM, Kak W IPH paccMOTpeHHH TeopeMul I,

B oOuieft Qopme.

Teopema Il. IHycms sxnad W (C)) nponyseposannol

CBA3HOU Ouazpamme. ¢ p 8BepuluHamu yo0osaemsopsem
YCAOBUAM:
a)y W(C,) ne 3asucum om cnoco6a nymepayuu 8epuun,
0) W(Cp)zﬂW(Sm), 20e 8 npousgedenune 8x004am 6ce

38e308. S, u3 womopwvx nocmpoena duazpamua C,
I[Tycme

fo= X0 W(EC,) rp= 2 W(S,, (2.32)

(Cp) (Sm)

20e CYMMUPOBAHUE NPOUIBOOUMCA NO BCEM PASAULHLLM RPO-~
HYME POBAHHBM CBASHBIM OUAZPAMMAM ¢ D BepULUHAMU U
no scem 38e3oam ¢ m sepuwuranu. Tozda meopema ymsep-
acoaem, 4mo

T(2)==2 exp {dj(rr)}, (2.33)
20e
T(2)=2z3L ) pfy3r (2.34)
Sy =N rale. (2.35)
m=2

Joraszamesscm8o. PaccMOTpUM cHayajia BMeCTO NMPOHU3BOJIb-
HOH CBA3HOH pauarpaMMbl #ucmoe JepeBO 3Be3l, B KOTOPOM
Kaxgaa obpasyiowias AepPeBo 3Be3Ad MMeeT ¢ BepluuH, Bec W
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M uHIeKC cuMMerpuu s. Torpa mnpousBopsawas ¢yuxkuus S(y)
COCTOUT TOJBKO U3 OJHOrO YJ€Ha, a MWMEHHO:

g'\W yi Wyl
S(y): S q!: S

: (2.36)

Uto651 MOJAyYHTb BCEe BO3MOXHBIE NepeBbsl 3Be3l, NpOllle Havath
C paccMOTpeHMsl TaK HA3bIBaeMHIX KOPHeB8blX NLEPeBLbEeB 3Be3l,
B KOTODHIX OJHa BepumnHa (KOpeHb) HUMeeT, Kpome OObLIYHOH
HYMepaluu, elle U cneuvanpHoe 0003HAauyeHue, HaNpUMep ApYyro#
uBeT. [locTpOMM Temepb JAepeBO 3Be3n, HCXOIdlee U3 3TOrO
KOpHd. B 3TOM KOpHEBOM nepeBe 3Be3jl Ha30BEM 3Be3[bl, COlep-
Kallune KopeHb, 2Aa8xuimu aucmoeamu. Ecan T (2) — npousso-
Asas GYHKUUS KOPHEBBIX JAepeBbeB 3BE3h, TO

T(2)= gorn (2). (2.37)

rae T,(2)— npoussonsiias QyHKINS KOPHEBLIX AEePeBbeB 3Be3]
C 7 TJAaBHLIMHM JHMCTbSIMH, & T((2)==2 COOTBETCTBYET OTHEJbHOMH
BeplluHe,

KopHeBbie nmepeBbsl 3Be3n C 7 TJIaBHBIMH JMCTbSMH MOXHO
CKOHCTPYMPORATH, BLIOUPAA 1 KOPHEBLIX HNEepeBbeB 3Be3N C OOHUM
IJIABHBIM JIUCTOM M IIpUCOeduHfis HX BCE BMeCTe K KOPHIO.
M3 TeopeMbl YMHOXEHUS CJeLyeT

T,(2)== [T' (2) ]", (2.38)

&

TaKk Kak T,(2)/z — npousBoasmag ¢yHKUUS KOPHEBOI'O AepeBa
3B€31 ¢ OJHHM TJ/IABHLIM JIUCTOM, B KOTOPOM CaM KOpeHb He VY-
ThiBaeTca. Pakrop z B (2.38) yuurhiBaerT oOmu#t KopeHb, a dax-
Top 1/n! HeoOxoauM, Tak Kak n vyacte# BbLIOpaHB U3 O00HOU
u Mmoi sce COBOKYMHOCTH KOPHEBHIX JepeBbeB 3Be3l C OLHUM
I'JIaBHBIM JUCTOM M J100asa nepecTaHOBKA 3THX £ yacTelt maer
TO e CaMOe KOPHEBOE JepeBO 3Be3lN C 7 TJaBHBIMH JUCTbSIMHU.

Jlanee, MOXKHO IOCTPOMTb KOPHEBOE JepeBO 3Be€3J ¢ OMHUM
ITaBHBIM JUCTOM, NpHcOoeAnHss (¢ — 1) NPOU3BOILHBIX KOPHEBBIX
JepeBbeB 3Be3l WX KOpHAMH K (¢-— 1) BepumiuHaM TragBHOTO

JUCTd, OTJHYHBIM OT ero KOPpHA. I/I ONATL C NOMOIULIO TEOpPEMHI
YMHOXK€HHUA T10JYy4YaeM

2qW
Tl(z)=

S

T ()P (2.39)
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dbakTop 2 Y4YUMTHIBaeT KOpeHb, a W yuuThiBaeT BKJIaJ TJIaBHOTO
aucra. Paktop ¢ HeoOxoaMM, TaK KaK MOXKHO BHIOpaTh mMo6yio
BepUIMHY €LWHCTBEHHOTO TJAaBHOTO JMCTA B KauecTBe ero KOpPHS.
Haxoneil, daxrop 1/§ yuureiBaeT TOT (aKT, 4TO BO3MOXHEL §
9KBMBAJEHTHHX pa3MmellleHn#t kopHS U (§ — 1) KOPHEBHIX JepeBbeB
3Be3]l Ha TJAaBHOM JIMCTe BCJRACTBHE €ro CHMMeTpHH.
Vcnoab3ys coorHomtenus (2.37) — (2.39), noayyaeM

T (2) ==z exp {—QL—V-T'Q"I}, (2.40)
npuyeM u3 QopMmyan (2.36) cremyer, 4TO B 3ITOM cClyuae
s — dT

DT pe3y/bTaThl MOXHO HeMmOCpeACTBEeHHO 0000LIUTL HA CJIy-
yall cMeuwaHHblx NepeBbeB 3Be3d, T. €. Ha Cjaydyall NMPOU3BOJIb-
HBIX CBABHBIX auarpamM. [leftcTBuTe/bHO, MPU MOCTPOEHUH HPOHU3-
BOJIbHBIX KOPHEBLIX NePEBLEB 3Be3Jl U3 KODHEBLIX JiepeBbeB 3Be3]
C OJHUM TJABHBIM JHMCTOM HeOOXOAMMO TOJIbKO Y4ecCTb, YTO
r71aBHBI# JUCT MOXeT OHTL 3Be3dnoH pasHoro Tuma. IlosToMy
BMecTo (2.39) moayuaem

W, -
Ty (2= Y~ T @,
H

rie CYMMHUpPOBaHMe TPOM3BOAMTCA 1O BCEM THIAM 3Be3N U The
KaXIab¥i 4JeH noa 3HaAKOM CYMMBI COOTB@TCTBY@T KOpPHEBBHIM A€~
peBbSIM 3BS34 C OLHMM TJAABHBIM JIUCTOM, SBJSIOWIHMCS 3Be3[0#
naHHoro I-ro tuna. Bmecro (2.40) nmonyuaem

W, -
T(z)-:_:zeXp{E qisz‘ 7% ’},

l

H TaK KakK
oo m lf yqt
so=3r = Y 4w,
m! S ¢ ’
m=2 i £ qi

MBl TipuxonuM K Qopmysae (2.33).
M, uakodeun, cooTHOlIeHHEe
T(Z):Z f

dz *

casbiBatoitee npoussBoiamtne dyukunun f(2) u T (2) cBasHbx
JMarpaMM M KOPHEBBIX CBA3HBIX JAMarpaMM, CTAHOBUTCH OueBH-
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HBIM, TaK KaK B CJAyYae R POHYMEPOBQAHHHIX IUarpaMM cre-
HuaabHoe 00o3HaueHHe 00O M3 BepIIMH KaK KOpHS JHAr paMMbl
JaeT Opy2y/0 KOPHEBYI0 AuarpaMMy; MOITOMY, eCJd y4ecTh, UTO
BK/I24 He 3aBUCHUT OT cnocoba HyMepaiuu, NMOJHHHA BKJIaA KOp-
HEBBIX CBSIBHHIX JHarpaMM ¢ P BepUIMHAMM JOJKEH pas-
Hateest pf, P

BepueMca Teneppr k ypaBHeHusMm Mattepa. Bkaaa cssasHoH
anarpammet C, ¢ p BeplUMHaM4 paBeH

W(Cp)—._-—%,—vf ...Vfa:r1 drp]é_[fgj (2.41)
4

u npu Goabuux V' (ctporo romops, TOALKO B mpepete V —» 00)
YAOBJASTBOPSeT YCJAOBUSM NPHUMEHUMOCTH TeopeMmbl II. Buimosne-
HUE TMepBOT0 YCJIOBUS OueBMAHO. YUTOOB N0KasaTb BLINOJHEHUE
BTOPOro ycJ/oBuf, npounterpupyeM B (2.41) cHavana mo Koop-
AuHaTaM Bcex Bepuind 3sesn B C,, Kpome TOHEK COUNIEHEeH A,
KOTOpHIE COeNMHAOT 3TH 3Be3dbl C OCTAJbHOM 4YacTbhi0 CBA3HOH
auarpamMmbl. Tak xax ¢yHkuuu f,; 3aBHCAT TOJBKO OT pa3HocTeH

|r_,;——rj|, B pe3y/]bTaTe MWHTErPpUPOBaHUA B CJayuae Ooabminx V

Mbl TIOJYYMM NPOU3BeneHNe BKJIALOB 3THX 3Be3l, KOTOPOE He 3a-
BHCHT OT KOOPJHHAT TOoueK cou/eHenus. Ilpomomxas Takum oGpa-
30M, MHl, OYeBWAHO, MOAY4YHM, uTO BKJag W (C,) paseH npous-

BEIEHUI0 BKJAAOB BCeX 3Be3fl, M3 KOTOPHIX NOCTpOeHa MAua-
rpamma C,,.

C yuetom (2.41) pesnunna 7T (2) cTaHOBUTCS PaBHOH 2 (dX/dz),
YTo B CBOI0O ouepeab pasHseTcd 1/v, COrJdacHo ypaBHEHUIO
Maitepa (2.286). BeegeM BeJHuMHBI

-~ i 1 r

* | v v ) Sp
rfle CYMMHDOBAHWE IPOM3BOAMTCA TO BCeM MPOHYMEPOBaHHLIM
8Be3laM C m BepliMHAMM; OYEBMAHO, YTO MOJHHH BKJAA 7,

paBed (m — 1)! B __, u, ciaeaosarensHo,

d N . oym 4\ Yz
SO =75 X 'nuT =3 2 o B =
m=2 m=2
== ‘E,y” = ¢ () (2.43)

y= ]
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CootHoweHue (2.34) B CBSI3M ¢ ITUM NPUHUMAET BHUIL
1 1
o = 2o eXp [go (%—)]. (2.44)

Jto U ecThb Bropad Teopema Mafiepa. MoxHO ckaszarTb, 4YTO Bhi-
paxeHue 2 ueped l/v B (2.44) sBaserTca oO6pauieHHEM IepBOTO
ypaBHenus Matiepa (2.286). Torza u3 BTOpPOro ypaBHEHHd
Maitepa (2.288) nonyuaeM (monaaras 1/v = x) BUpHAJbLHOE pa3-
JIOXEHHUe

Zp _ d_ 29
P __ — i __ LA
kT-—-x(zO)-_fdz dz_.fdzz_.
0 0

X . 4
::f ecp(y)d(ye—cp(y-))zx__f yo' (v) dy =
0 0

— YRR ew

Orcwona n-#t BUpuaJbHHIH KO(PPUIUEHT paBeH

I

n—1 =
Bn n Bn-—lz

n—;ll lim —‘17-1' fdﬁ---d”nz Hfif‘(2'46)

O (S2) Sn

I

dopmyanr (2.30) u (2.31) ans BTOPOro ¥ TpeTbero BHPHAJIbHBLIX
KO3(bUIMEHTOB [BRAAIOTCS YaCTHRIMM cayuasMu oOuwel ¢op-
Myabl (2.46). U3 (2.46) pas 4yeTBepTOro BHPHAJIBHOTO KO-
(pUllUEHTA MOJyUYdEM

1 .. 1
B4:—§—J;moo—‘-/-f... fdrl ... dry {D +Z +®}'

(3) (6) (1)

rie yucjaa nol JuarpamMmoft o603HA4alOT YKMCJIO YJACHOB, Ipen-
CTaBJsieMBIX JaHHOH aumarpaMMoft.

B sak/oueHue HeoGX0QMMO MOAYEPKHYTb, 4TO 06Iyio ¢op-
MYJAY IJs BUPUAAbHBIX KOS(MQUIHEHTOB MOXKHO BHIBECTH MOALKO
moz0da, KOTLA MEXKMOJEKY/fpHble CHAb SABAAIOTCA cuLaMl
napHolMu, T. . obnanaloT cgolicmsom addumusrocmu. Ias
HeaJMTHBHBEIX CHA (M, CJIeA0BaTeJbHO, B KBaHTOBOH Teopuu l)
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ypaBuenus Matiepa (2.286) u (2.28r) Oyayr ewie CrpaBes/Iu-

BLIMH TIpH COOTBETCTBYIOLIEM Iiepeonpele/ieHuH BEUUMH b;, HO
BHPHAJbHOE PAa3/OXeHHe MOXHO TOJNYYHTb, HCKJIOUas mnapa-
MeTp 2, TOJbKO B Npollecce MOCAeA0BATENbHEX NPUOIMKEeHUA.

8. llpo6aema CXOAMMOCTH H rayccoBCKas Mojenab. B pas-
nene 6 HacToduleH TIJaRH Mbl NPEANONOKHUAH, YTO PaLUyC CXO-
aumocti psana (2.19) ans y (Nv, T, z) umeer npu N — oo Ko-
HeUHbIH HIDKHMH 1nipelesd, KOTOPHH U AB/IgeTCA PaLiUyCcoM CXO-
auMocTH paaa Matiepa

LT, 2)= 121 b, (T) 2.

OTO 03HauaeT, YTO W BUPHAJIbHOE PA3JOKeHHE TaKKe HMeeT
KOHEYHHR pajsuyc cxoaumocTH, XOTA BeCbMa BEpPOSTHO, 4YTO BCe
9TO OOCTOMT HMEHHO TaK, CTPOrOro JI0Ka3aTeJbCTBA ClpaBel-
JUBOCTH 3TOTO MpeAno/oxenus He wumeerca U%, flcHo, uro Bce
3aBUCHT OT SBHOTO BH/A NMOTEHUUANA MEXMOJEKYAAPHBIX chua @ (r).
Ecau nmorennuan @ (r) onucoiBaeT B3auMoielcTBHe MOJeKy.a Ha
MaJblX PpPAacCTOAHUSAX KaK B3auMOAeHcTBHE TBepAHX cdep, TO
TOTAa, Kak yxe Onio mnokasano, ¢ynkuus ((V, T, 2) Oyamer
HAYMHAIOIMMCSl C MepPBOH cTermeHU NMOJIUHOMOM [0 2 C NOJOXH-
TeJbHHMH KO3 dunuentamMu. Tak Kak

x(V. T. )= N 6,(V, T) 2! = InC(V, T, 2),
=1

BuaHo, uyro ¢yukuua y(V, T, 2) Oyner umerb npu 11000M 3Ha-
yeHUH V' KOHeuHBI pagUyc CXOIAHMOCTH, KOTOpHIH onpenensercy
noJoxeHueM Oaukafiliero kK Havaay KOOpPAUHAT Hyaa ¢yHkuuu §.
HeunssecTHo, 4TO mnoayuaercs B npenene V —o00, a Takxke
B CJyuae MexXMOJEKYJISPHBIX CUJ JAPYyroro BUAA, CKaXeM, KOraa
O(r)~r~" npu Manbx r (KaK, HanpuMep, B C.Iyuyde INOTEH-
nuana JlenHapaa — Ixouca), KpoMe Toro, MHe Kaxercs, TPYIHO
pemwiuTh HTO-JAMOO, He 3HafA NOBeleHHA KO3(POHUMEHTOB b, npu
6oabmux [. T1o9TOMY MHE CHayana uccaeayeM 4CHMIITOTUYECKOE
nopereHne KO3IPPUIUEHTOB H; ¢ NMOMOUILIO CHeluaabHOH, TaK
HA3bIBaeMOU 2aycco8ck0ii moOeru. XOTH Jaxe W B 3TOH Molenu
HAM He Yy.haeTcd TOJAYYUTH ONpeleeHHOTO pe3y/jbTara, TeM He
MeHee MHe KaXeTCd, uTQ BCe 3TH MaTeMaTHYeCKHE BOMPOCH
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HACTOJLKO HHTEPECHBI, YTO 3aCAyXKHUBAIOT MO KpadHel Mepe Kpat-
koro obcyxaenns [,

Ecau B noreniuajie @ (r) yuiTeHo TONBKO OTTAJKUBAHUE YACTHIL,
T0 QyHkuus Mattepa f;; Oyaer Bceria orpuuarejbHol u Oyner
UMeTb BWJ, NMoKasaHHb# Ha ¢ur. 14. 3aMeHuM B cayyae caaboro
OTTA/JKUBAHKA (YHKUHIO f,;; HA rayCcCOBCKYWO (YHKIHUIO

- fij=—exp[—alr,—r;]? (2.47)
3aMeTUM Cpasy ke, yTo BBHIOOp QyHkuuu f,; B Buxe (2.47) Hu
B Koell Mepe He COOTBeTCTBYyeT peabHOH Quauueckofl KapTuHe,

frr)

3
Cnadoe ommanKusaHue

= - -"\ OmmanKkusarue 6 mModenu
maeposix cpep

Pur. 14

Tak kak u3 (2.47) cnenorano 6w, uto notenuuan O (r) nomxen
3aBuceTb OT TeMnepaTypbl. HO ecnu MBI uHTepecyeMmcsi TOJBKO
MOBeJAeHUEM Tas3a npu PurcuposarHHoil Temneparype, QyHk-
uua (2.47) RoJMKHA ONMCHIBATH KaueCTBeHHO 3ddekT caaboro
OTTaJKHBAHHUA.

SicHO, uTo, ecqd OyHkuua f;; umeer Bui (2.47), BCe TpyM-

MOBBE MHTErPa/bl MOMXHO HENmOCPEACTBEHHO BHYHCAMTb. ITO
MOHO Clie1aTh [laye B CJyuyde KOHEYHOro of6beMa, ecaH CuM-
TaTh, YTO a3 HAXOIWTCH B ,TdYCCOBCKOM COCYAE“, T. €. eCJH
CuMTaTbh, YTO BJHMSIHME CTEHOK COCYJa NpPelCTaBAdeTCSs TayCcCOB-
ckuM notexuuasom exp(— Br?), coorBercrByiomwuM ,06DbeMy"

3
(/) 2 W, KkomeuHO, npu ycaosun B <€ a. OnHako HAc uHTe-
pecyer TrJaBHbIM 00pasoM mnpenedbHbit cayuait V — o0, T. e.

BeauuuHbl b; (7). Jlerko mokasatb, 4TO B 3TOM CaAyuae BKJAaA
(2.41) paseH

L\ 3(p=1)2 D
W(Cp)z(—l)k(—-) g [N, (2.48)
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rae k—uncno munui# B puarpamme C,, a seanuuna d(C,) ectb
TAK Ha3HIBAeMas cmenews cA0xCHocmu puarpammsl C,, KOTOpas
onpeaeasieTcs € NOMOWbW mampuys. Ouazpamms d;;(C)).

Jra MaTpula ecTb KBaJpaTHas Matpula ¢ p CTPOKAMH u C P
CTONOLAMH, SJEeMEHThl KOTOPOH 3a4aloTcd CaenayiouuM o6pasoM:
dneMedT d;;=—1 npu I+ j, ecan aunua (I, j) BXOLMT
B muarpammy C;

DuemenT d;; =0 mpu { % j, eciu MMHMA He BXOJUT B C,

OneMeHT d;; paBeH cTeneHu Bepwudnl [ B anarpamme C,,
T. €. YHCAY JAUHUH, NMPOXOAAWMX uepe3 BepIUuHy I.
Jlerko BMAETb, YTO AETEPMUHAHT MATPHLB HHATPAMMBI [[d, ]

paBeH HYJIO M YTO BCe MHHOPH NMOpaAKa (p — 1) paBHBI Mexnay
coboit. Kx oOliee 3HaueHMe M eCThb CTelNEHb CAO0XKHOCTH HHa-
rpammbl. Popmyna (2.48) rnokasbiBaeT, uTO BKJAA AHATPAMMEI
10 aGCOMIOTHOM BeanUUMHE TeM MeHblle, 4eM CJ0XKHee AuarpaMmma,
KaK 3TOro, OuUeBHMIHO, U CJAeR0BAN0 Owuaarb. VHTepecHo or-
METHTb TaKXe SIBHYI0 3aBUCUMOCTb Bkaaga W (C,) oT uucna
BepwiyH B nuarpamme C,.

VisBecTHB MHOTHE csoﬁc'rBa MaTpyLl 14arpaMM, HO 3AeCh MHl
YHOMsIHEM TOJbKO Caelyiollue ABe TeopeMbl !21:

a. Crenenb cnoxHoctd d(C,) nauarpammn C, papHseTcs
Yyuc/a1y HPOHYMEpPOBaHHBIX JgepeBbeB Kosltnum ¢ p BeplunHamw,
KOTOpHIe BXOAAT B auarpammy C,.

6. CymMma cTenmeHe# CJHOMHOCTH BCeX TIPOHYMepPOBAHHBIX
anarpamm C,, € p BepluMHAMM W R JUHHUAMH PaBHA

1
Y d,p=pr2[ 2@ DED) (2.49)
(Cpk) R—p + 1
Koneuyno, ecan 6bl MB 3HAJM 3HAUYEHHS CTETEHHU CHOXKHOCTH AJId
BCeX CBfI3HBIX [UarpaMm ¢ p BepUWIHHAMH W R JAUHHSIMH, TO
TOTAA MBl CMOr/K Obl HAHTH sIBHBIE BHIPAXKEHUA U A/ BEJUYHH Zv;.

IleitcTBUTEbHO, ecin n(p, R, d)— 4ucno auarpaMm ¢ p Bep-
HIMHaM¥, R JIMHUAMM U CO CTeNneHblo CJAO0XHOCTA d, TO TOria
us ¢Gopmyan (2.48) u u3 onpefeneHus BeAuduHH b, Mbl IO-

Jay4daeM
p(p=1){2

Epz(Qb)p-—l Y 1)’*2 ”(P',i 9. (2.50)

k=p-1
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rjge BEJHYHUHA

1 / \%:
b= (%)

ABJAACTCA B pAaCCMATPUBAEMOM HaMU CJy4yae aHajoroM BaH-mep-

BaaabCOBOro Mapamerpa & (Tak Kak by=—-— d) u Ijfe CyMMUpO-
BaHWE M0 R MNMPOU3BOAMTCA MO BCeM BO3MOXHBLIM YUCAAM JMUHUH,
N3 KOTOPHIX MOTYT OBLITb COCTaBJieHbl CBSI3HblE QHATPAMME C p
BepliuHamu. Pasymeercss, ecau p u R NPUHUMAIOT KOHEUYHBIE
3HAYEHHUA, TO BO3MOXHA TOJbKO MUCKPETHAs COBOKYIMHOCTb 3Ha-
yeHu#t cTemeHH caoxHocTH d, TaKk uto n(p, R, d) aBaseTcq
cryneHyatoft ¢ynxuueft. IlpoaenanHnle B HAcTOdALlee BpeMa YuC-
JeHHble pacyeThl (BLIYUCJ/AEHBl BCe 3HAYeHUS CTeNeHU CJIOXHOCTH
AJs BCeX JAMarpaMM ¢ 4YMCJIOM BEPLUMH A0 p==7 BKJIOYU-
teasno ") nawr BosmoxmHOCTH mpeAnomTOXuTL, uTO TNpH YyBe-
JUYEHUU BHAUYEeHUH p u Aad 3HAueHUN £, HaAXOoLAUIUXCA B cepe-
auHe 00sacTH BO3MOXHBIX €ro 3HaueHuit, ¢yHkuusg z#(p, R, d)
CTAaHOBHUTCH JHOBOJILHO TIaaako# BOJM3HM CBOETO0 MAKCHMAJbHOTO
3HauUeHUA M BeCbMa MOXOXKA HA TAyCCOBCKYIO (QYHKLUUIO pacnpe-
lejeHnud. Duli0 Obl 4pe3sBHUANHO MHTEPECHO MOKAa3aTh 3TO Npen-
nojoxenune. K coxasneHuio, BCe, YTO HaM HM3BeCTHO B HACTOglllee
BpeMa O (QyHKUuM pacnpenetedHds n(p, R, d),—310 ee HyaeBOH
M nepBbli#t MOMeHTH. JleiCTBUTENBHO, KAk MOXHO MOKa3aThb
c moMolplo Bhipaxenus (3) (cm. npumeuanue 1), nomxxo BBI-
MOJHATLCA YCAOBHE

§n(p, k, d)y=C,,,

rae C,, — 4MCAO CBABHBIX NMArpaMM C p BepuiuHaMd u B au-
HUSIMY; KPOMe TOTO, Mbl HUMEEM

1
- =(p—D(p—2
Edn(p, k. d)ﬁppﬂz 9 (p ) P ) ’
d R—p—+1

yTO MpefcTaBiAfeT NPOCTO HMHYW 3anuch dopMmyan (2.49). Mm
He yMeeM TOKa BHIUUCIATH MOMeHTH (yHxuun n(p, k, d) Goiee
BLICOKOIO TIOPSAKA, XOTS YkKe BTOPOR MOMEHT 3acayxKubaer
TOro, 4To6On MOMBLITATLCA HAWTH erol



[IPUMEYAHHNUY K THJABE I

1. KpuBnie 3aBUCMMOCTH NaBJeHHUS OT TeMIlepaTyphHl, Xapak-
TepU3yIOlllie paBHOBeCcHe TBEPAOro Teaa ¢ napom (cyOammanus),
TBEPAOro Teja C MUAKOCTHIO (MJaBjeHHE) M KUAKOCTH € MAPOM
(ucnapenue), mepecekalTcs B MPOUHOL moixKe A M AeJAT NJO-
ckocth (p, T) Ha Tpu obaactu (dur. 15). Kpusas pasHOBecus

/'
o
&W&W 8 Kpumuveckan
COCIIOANUE ~ mouxa
T~ Tpoixas mouxa
llap
T

dur. 15

HKUAKOCTb — MAP KOHuaeTCd B KpuTHueckoil Touke. Iloatomy
BO3MOXHO, OOXOAf KPHTHYECKYI0 TOUKY, TPEBPaTUTb map
B XHAKOCTb, MUHYS ABYX(]asHoe COCTOsHUE, T. €. MOXHO cO-
BEPLINTb Henpepvi8Hbill Tepexol OT napa K KUAKOCTH. B Ha-
CTOsilllee BPeMsl HEM3BECTHO, BO3MOMEH /M TaKOH Nepexon u3s
XKHUAKOTO COCTOSIHMS B TBepAOe, M/M, UHEIMM CJIOBAMH, HE KOH-
yaeTcd JM JUHHA TaasjeHus AB BO BTOPOR KPUTHUYECKOH TOUKe.,
ITO Kaxercs MajoBepOSTHHIM, MOTOMY uTO, Kak ykasaa Jlanzpay,
TBEPAOE TEJO M KMAKOCTb NMPEACTABASIOT KaU€CTBEHHO PA3JHUHBIE
¢asn. Kupkocts npeactaBager co60# NMPOCTO OueHb MJOTHBHIf
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ras, B TO BpPeMdA KaK B TBEPAOM TeJe CYILECTBYeT YNOpsL0YeH-
HOCTb B PAcCROJIOXKEHHH MOJEKYJ, U BeCbMa TPYAHO NPENCTABUTH
cebe, xakuM o00pasoM 3Ta ynopsaAOYEHHOCTb Mor/aa Obl mocre-
NEHHO pasBUTbCA U3 CayuaHHBIX KOHpuUrypauuit MoJeky. B rase.
M3 ombiTa M3BECTHO, YTO B HEKOTOPHIX CJAyyasx JHHHUA IJaaBjie-~
HUS YXOLHT FOpa3/o BhHILE KPUTHYECKOH TeMmepatypu T,

HanpuMep, MOXHO MNOJYYHTb TBePAbIH resuft mpu OYeHb BEHICOKUX
IaBaeHusx H npu teMmneparype 50°K, uro npumepHo B 10 paz
GoJibllie €ro KPUTHUECKOR TeMIepaTypHi.

2. O6uum O1g pas/JuyYHBIX ,BHIBOJOB“ ypaBHeHHs BaH-gep-
Baasabca sBAfeTCS TO, YTO PAaCCMATPUBAITCA NO OTAEAbHOCTH
spekTHl cun orrankupaHud (,nonpaBka‘ H) u 9PdekTH CcUa
nputskenus (,nonpaBka‘ a). MoxHO paccyXxaarh, Hanpumep,
cilenymouium o0pasom.

[IpeneGperas cujJaMH npursKeHud, OyaeM pPaccMaTpHBATEH
MOJEKYJAb Kak TBepawle cdepn auamerpa d. Torxa noayunm
N5 UHTerpana COCTOSIHUA (popMyny

1
Z:Wf-.. fdrl...di]IS(lrt—-—rjl). (1)
Y vV i< j
roe
0, ecan r;;<d,
1, ecam r;;>d.

S (fij)m {

OTO 03HauaeT, YTO HAM Hano HaltTu ob6veM 3N-MepHoro kyba
(cuuras oObveM V' KyOGMUYeCKUM) M MCKJIOYUTb M3 HErO0 LMJIHHADH-
ueckue obuaactu |r; —r;| < d. Koueuro, 310 oueHp TpyIHas

sapaya! Onnaxo ecan V > Nuv,, rae vy = 4nd3/3, Torna B nepaom
NpuOAHKEHUN MOXKHO NpeHeOpeyb BO3MOXHBIM MepeKphITHEM Cdep
AeHcTBUA MOJIEKYJM U UHTerpax B ¢opmytae (1) cTaHeT paBHBIM

N-1
J=V (V=0 (V=20) . .. V—(N—1) v)=V" [] ( _-fﬁ‘l).
s=1

1%4
OTtcroaa
N-1
InJ=NlaV+ ¥ in (1 -ﬂ-i;i) o~
S:l

N2y,
2V

N
ANV — YT =NnV —

s=1

~ Nln(V —b),
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e e

ecad BeauunHa b= Nwvy/2, T. e. paBHa yueTBepeHHOMY 0OBEMY
mosekyn. Ortciona J= WV — b)¥, u MH coxpanuMm 3Ty Ppopmy
M B cayuyae, KOTAa V' He OuYeHb BEJHKO MO CpaBHeHMIO ¢ b

[Tepetinem Tenepp K ydeTy cua nputshkeHus. Ecau paauyc
AeRCTBUS 3TUX CHUJ HOCTATOYHO BEAMK, TO CPeAHAd MOTeHWHalb-
Has 3SHEPrud B3auMoleHCTBUS uyaCTHL AOPYr C ApPYyroM Oylher
paBHa — CN?/(2V) (smecy C — noJioxuTe IbHAA KOHCTAHTA), TaK
KaK KaxXAaasd MOJIEeKyJa NpUTAruBaeT Bce MOJIEKYJH, HAXOAsUiuecH
B ee chepe eHcTBUHA, M YUCIO TaKUX MOJEKYJ IPOMNOPLUUOHAILHO
maotHocTd N/V. Toraa cooTBercTByWIUMH BKJAad B HHTerpan
cocroanuit npubaumxenHo Oyuxer pased exp [+ a/{VET)], riae
a=CN?2. B urore Mbl NOJyuyaeM 0Js WHTErpanad COCTOAHUM
BBIPaXCHUE

1 a N
- —_—_—,—™_—™ . —— ’ 2
£ = Nnaw exp[VkT](V ) ®

a a9 pasiaenuss  p==RT 0ln Z/OoV — ypaBHenne Bau-nep-
BaaJbca.

3. I10 OHJI0 nokaszaHo BnepBoe ge bypom [de Boer J.,
Dissertation, Amsterdam, 1940; Physica, 14, 139 (1948)].
BaxHo OTMeTUTb, UTO BEAHUMHA MacChl MOJeKyJAbl Trasa He
BJMAECT HA ypaBHEHHE COCTOAHHUA TOJBKO B KJIaCCHYeCKOH Teopum,
paccMoTpeHueM KOTOPOH MH 3mech u orpaHuumBaemcd. B kBan-
TOBOH TEOpUH 5TO YTBEpXKAEHHE YKe HeBepHO. YpaBHEHHE CO-
CTOSIHUS B 3TOM cCJ/ay4ae, Adaxe eCJH UCIOJNb30BATH TOT XKe CaMbiit
TOTEHIIHAI MEAKMOEKYJAIPHBIX CHJI, YTO U B KJIACCHYECKOH Teopud,
OyxneT saBuceTb elle OT TpeTbel Ge3apasmepHOH NMepeMEHHOH, TAK
HasbiBaeMoro mnapamerpa ne bypa

_
s (m s)lﬂ""2 )

A=

Cwm. rmakxke pabory Jlyn6eka (Lunbeck R. J., Dissertation,
Amsterdam, 1951).

4. Ursell H. D., Proc. Cambr. Phil. Soc,, 23, 685 (1927).
Paborn Matkiepa uanoxensl B kuure Mayer J. E., Mayer M. G.,
Statistical Mechanics, New York, 1940 (umeercs mnepeBOL:
Mavep Hx., FTenmmepr-Matiep M., CrarucTuueckas Mexa-
nuxa, MJI, 1952). OOoblenns nas cayyas KBaHTOBOH Teopuu
cM. B cratbe Kanau Yaenbeka [Kahn B.,, Uhlenbeck G. E.,
Physica, 5, 399 (1938)], a makxe B pa6ore Kana (Kahn B.,
Dissertation, Utrecht, 1938). OGo0ijenne Ha caydyali KBAHTOBHIX
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ctatucTuk Pepmu uau bose c¢Mm. B cratee Jlu u flnra [Lee T. D.,
Yang C. N., Phys. Rev., 113, 1165 (1959)].

5. boabliasg yacTb TepMHMHOJOTMM B3dTa u3 xHuru Kénura
(Ko6nig, Theorie der Endlichen und Unendlichen Graphen,
Leipzig, 1936). OnHakO B TOH KHHIe HET CNELHA/IbHOTO Tep-
MHHA AJs guarpaMMbl 6e3 TOYKM COUYJIeHeHus, XOTa OblLIO O
HEMJOXO pacmojaraTh TakKOBHM. TepMHHB 38e30a ¥ Oepeso
38e30 OblIM BBeJleHH B Hauie#i cTaTbe O KOMOMHATOPHBIX IpO-
6nremax B teopud auarpamm [Proc. Nat. Acad. Sci. USA, 42,
122 (1956)].

6. IIpn wuajgoxenun Tteopuu Makepa MB cjenyeM Halei
o63opuo#t crathe (Ford G. W., Uhlenbeck G. E., B kHure
Studies in statistical mechanics, Vol. I, Amsterdam, 1962)

7. Ecan B Teopeme 1 cuurtath, uto BKAam W = y*, rme
y — NpH3BOJ/bHAS TepeMeHHas, R — YUCJAO JMHUA B JUarpaMMe
Gy uwm C;, TO Torma oueBujaHO, uTOo W ymOB/JETBOpsieT BCeM
yciaopusM npumeHuMocty Teopemnt l. Tlostomy noayuaem

1+ N(x, y)=exp[C(x, )l (3)
rEe
o p{p=1/2
N (x, y)= ﬁsz N, (4)
p(p 1)/2
Cmeﬂzg Y Gt (5)
k=p-—1

i rie N,,— uuCJ0 TNPOHYMepOBAHHBIX AHATPAMM C P BeplIu-
HAMH U R JHHUAMM:

(p— 12
V=", ) ©)

a C,, — YHCJIO MPOHYMEPOBAHHLIX CBABHBIX JAHArpaMM C p Bep-
IMYHAME U R JAuHUAMM. YpaBHeHue (3) OBIJIO MOJYYEHO BHEpPBBIE
Punneaom (Riddell R. J., Dissertation, University of Michi-
gan, 1951). C mnoMowbio (3) MOXHO BHYMCAHTL uucaa C,p,
BHIPA3UB MX Yepe3d U3BeCTHHE OUHOMHUAIbHbBIE KOIDPULLMEHTHI N

8. boJaee TOYHy oOueHKY cM. B kuare Jx. l"ﬂpm(be.nbﬂ.epa,
Y. Keprucca, P. bepana (Hirschfelder J. O., Cur-
tiss C. F., Bird R. B., The Molecular Theory of Gases
and Liquids, New York, 1954; umeerca nepesoa: ,Mouaeky-

6 3ax. 617
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nsipHag Teopus rasoB M xuaxocreh*, WJI, 1961). Ovyenb noses-
HEE 0080p TEOpPEeTHYECKHX BHIUUC/ICHHH! BHUPHAJBHBIX KO3 (e
uveHTos comepxurcad B ctaThiXx Kuxapa [Kihara T., Rev.
Mod. Phys., 25, 831(19563); 27, 412 (1955)].

9, Ilonaras, kak u B npuMevanuu [, W = y* (& — uncao
AuHUM Duarpammbl), Mbl BunuM, yto W (C,) yrosaersopseT o6ouM
yCJAOBUAM NpuUMeHUMOCTH TeopeMmbl Il. 3anuimem

p(p-1)/2

S (x, y)-——-}_} Y Su (7)

k=p-1

rae S,, — YUCI0 TMPOHYMEPOBAHHBIX 3Be3J C P BepIUHHAMU K &
JIHHHﬁMPl (MBI cuuTaeM Sy = 1). BBeneM Takxke BeJUuMHY

0
2(x, y):..-_—x-ﬁsc—.-C(x, ¥)

rae ¢yukuua C(x, y) samana ¢dopmyao#t (8). Toraa teopema Il
npubeseT KO BTOpOH ¢opmyne Punzena

~—a; S(z, (8)

C nomowpio dopmyasi (8) MoxHO BHIpasuth S,, uepes C,,

HeTpyauno nokasatb, uto npu Goabmux p 1 k> pln p uucaa
Nyw Cpp 8 S, aCHMUTOTHUECKH DaBHEI, TaK 4TO NpH 60/b-
wux p U k> pln p cpenu nuarpaMm noaasJsiolle npeof.1alaoT
8Be3Ibl.

10, Hekoropoe Bpems npobaemMa CXOZMMOCTH BLI3bIBAJA
Goabiiofi uHTepec (Raxe cpenu ¢usukos), Tak Kak Matiep, Kan

u Yaenbexk (cM., mnpumeuanuwe ) mumranuch gokasate, y4TO TMO-

noxeHne Oamkaktuiet ocobennoctu ¢yuxuuu y (7, z) Ha noJo-
XKUTEJAbHOH JeHCTBUTEJbHOH moayocu 2 (NMPU TNPEANOJOKEHHHU,

4yTo ¥ M dy/dz 0CTalTCH KOHeYHBIMU) AOMKHO ONpPeeasiTh TOYKY
KOHAeHcauuu rasa. Ha mbicab o0 3TOM BecbMa YCHJIEHHO HaBO-
AWK  pe3yJ/bTaThl, INOJYYeHHBIE AAA CJayuasi uiaeansHoro 6ose-
rasa, Xord, KOHEYHO, 3TOT IIpUMep HU B Koeft Mepe He fBAAETCSH
YACTHBIM CJyydeM paccMaTpuBaeMoH 3/eCb TeOPHH KAACCHUECKUX
HeHleaJbHBIX rasoB, TaK KaK OTKJ/OHeHus 06o03e-rasa oT UAeaJb-
HOCTH OOYC/0BJeHH KBaHTOBLIMU 3(dekTamu. OFZHAKO B CJjyuae
naeanbHOro 060se-rasa MOJNCHO BHIUUC/AUTBE COOTBETCTBYIOLLME

K03 PpunuenTsl '5; B ABHOM Buje. [eficrBurenbno, yxe 1925 r.
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DRHIITEHH NOJAYYWJa AJA WieabHoro 0$o3e-rasa ypaBHEHHUSA

o0

s = N
U A3 13/2 !
i=1

o )

= X
RT — A8 15/2 ’
{=1

KOTOpHIE MMEIOT B TOYHOCTH Ty Ke CaMmyio ¢opmy, 4TOo H ypaB-
HeHusd Mafiepa, eciu MONOKUTD

A -—

— — Al
A) = Y
x (A I_zl', o

CXOAWUTCY BNJOTHL 10 3HAueHUs A=—1, a 3TO ¥ eCTb NOJIOXKEHHE
Onvkafiuiet OCOOGEHHOCTH Ha IMOJOXUTEAbHOH JHeHCTBUTEAbHOMH
NOJYyOCH aHaAUTHYeCKOH (PYHKUUH, NPeACTaBAAEMON STUM PALOM.
Touka A=1 saBasercq TOukOH# BeTB/JeHUS BTOPOrO HOPRIKA,

M Yy u dy/dA xOHeuHbl B 3TOH TOuke. VI3BecTHO, M 3TO MOXHO
J0Ka3aTb pasHBIMM croco6aMu, 4TO MMEHHO B 3TOH TOYKe OCYy-
IEeCTBAACTCS (PasoBLI Mepexoh, Tak HasbiBaeMast 003e-sHHTeH-
HOBCKAaA KouaeHcauus. [l 3HaueHnH v, MeHbIIMX ueM

5 A3
Dt 2612,

IaBjeHue OCTAeTCs CTPOrO MOCTOSHHHIM BIIOTH MO 3HaueHHs
v=0. Kpome TOro, uccaemnoBanach CXOIUMOCTb BHUPHAJLHOTO
pasJoKeHus, KOTopoe noayyaercs usd (9) npu HCK/IIOYEHUM napa-
metpa A. $yxkcom Obi1o mokasano [Fuchs W. H. J., Journ.
Rational Mech. Anal., 4, 647 (1955)], uTo BUpHaAbLHOE pa3Jio-
KEeHHe CXOLUTCA M 8bliie TOYKH KOHAeHCauuHu. [delcTBUTEAbHO,
yiajsoch NOKasaTh, UYTO Paauyc CXOAMMOCTH BHPHAJIBHOTO pPas-
JA0xenua (B eAMHHUAX AS/U) neXuT Mexny 3HauvenusMu 12,56
u 27,73.

K coxanenuio, B HacTOfAllee BpeMs KaXeTCHd BeCbMa BEpOSiTs
HbIM, UYTO COBMAaJeHHE TOYKH KOHAEHCAUMH U OCOOEHHOCTH

pyHKUHH ¥ Ha TNOJONKHUTEJbHOH MAeHcTBHTE/BHOR MoOayocH AJs

).3 (-1
Ik

OudeBuaHO, uTO pSf

Uy

6*
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clyyast uleanbHOro 603e-rasa npeiACTaB/seT YUCTYIO CAYYaHHOCTD,
XOTd M OYeHb MPUMEYaTeJbHYIO, H 4TO AJIS C/AyYyas HeuIeadbHOro
KJACCHYECKOr0 Ia3a He CyLIecTBYeT TaKOro comaieHus. Mol eue
oO0cyaum 310T Bompoc B ra. Il

11, Hackonbko HaM u3BecTHO, rayccOBCKas Mozneab Obiaa
MCMOJb30BaHa BnepBble B pabore Monrpoana u 1p. (Mon -
troll E. W., Berlin T. H.,, Hart R. W., Changements
de phases, Société de Chimie Physique, Paris, 1952, p. 212).

12. Tleppas teopema npunaanexxut Kupxrogdy (Kirchoff,
Gesammelte Abhandtungen, 1882, p. 22). Ecan cuntats C,
MOJHOR 1OuarpaMMoil ¢ p BeplUMHAMHU, TO CTeNeHb CJAOXKHOCTH

TAKOMH JuarpaMMbl paBHA

p—1 —1 ... —l1

-1 p—1 ... —1
. . . ______pp--g.

—1 —1 ... p—1

Ata BeJMYMHA JOJKHA PaBHATbCA YUCJAY TNPOHYMepOBaHHBIX
nepeBbeB Kofan ¢ p BepLIMHAMM, YTO NPEACTaBJSAET XOPOWIO
H3BECTHBIH peayibTaT, BmepBble moJyyeHHbR Kaiau.

Bropas rteopema npuHaasexur Popiy. Ee MOXHO H0Ka3aThb
caenyouuM obpasoM. Y3 teopemn Kupxrodda soitexaer

gﬂdC)ng >,

( k):’Tp

rie meppas CyMMa B NpaBoft yacTH PaBeHCTBA GepeTcsl MO BCEM
nepesbaM Kafiin ¢ p BepuIuHaMK, a BTOpas CyMMa 10 TeM
fMarpaMMaM C p BepLIMHAMM M K JMHWAMU, KOTOpLIE cOlepKaT
nanHoe fepeBo Koslmu T,. Hucio npoHyMEepOBAHHBIX CBA3HBHIX

AvarpaMM ¢ p BeplIMHAMH M R JMHAAMH, KOTOPBIE COIEPHKAT
fanHoe naepeso Ksftnu, paBHO uucly cnoco0oB, KOTOPBHIMH

(B — p—1) nubult MOXHO pacnpeneantb Mexay (p—1) (p—2)/2
napamu BepwuH B fAepese Kotnu, He CBA3aHHBIME JMHHEN.

IToaTomy
D @~4Kn—%ﬂ>
2 o k—p—+1 °

(Cpk) > Tp
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W, TaK Kak umeeTcst pP~? pepespeB Kalau, Mb noJyuaeM ypas-
Henue (2.49).

13, Tabiuubl npuseseHnl B CTaTbe, YKa3aHHOH B mpuMeua-
nuu 81, 3ameTum Taxkxke, uyro npo6iaeMy OTHICKaHUA (YHKUUH
pacnpeneneHus n(p, R, d) MOxHO CHOPMYJUPOBATL CJEAYIOLIUM
obpasoM. TpeOyerca HaliTu pacnpege/eHue NePBHIX TJIABHBIX
MUHODPOB CAY4QUHOX CUMMEMPULHHLX KB8AOPAMHLX Mampul
#3 p CMPOK, B KOTOPHX (C paBHOH, MO OompeleyeHUI0, BEpOST-
HOCTbIO) R U3 p(p — 1)/2 HeaMaroHaAbHLIX 3/71€MEHTOB, HANPUMED
BBEDX OT TIJaBHOI JAMAaroHanau, MOJAraloTCAd paBHBIMH MHUHYC
elUHHIE, a BCe NpouMe — paBHBIMH HYJAW0. YUTOOH AOMOAHMTH
MaTpHULy, KaxIbift AMArOHaNbHBIH 5SJE€MEHT MOJAaraeTcsi PaBHLIM
CyMMe 3JIeMEeHTOB (C NPOTHBOMOJOXKHBIM 3HAKOM) B COOTBET-
CTBYIOIIEH CTpOoKe (MIH COOTBETCTBYIOUIEM CTOAOLE).



F'TABA I

3amMeyaHuss K npobJeMe KOHAEHCALMH

1. Begenue. HecMoTpss Ha TO 4TO siBJeHHE KOHAEHCAIUH
M JIpyrue pasoBble mnepexoAnl (HanpuMmep, mnaaBjeHude) obiue-
M3BECTHBI, OHHM, €CJAM BIAyMaTbCd, BecbMa 3araiQuHbl. Kakum
oOpa3oM MoJekyJs Hapa ,y3HalT“, 4TO IIpH ONpelesIeHHOM
8HaYeHHUH YOeJbHOTO O0ObeMa OHM JHOMKHB CKOHIECHCHPOBATHCA
u obpasoBaTh ABe (Ppasbi? KM moyeMy 3TOT mepexod NMPOHCXOAWT
Tak pe3ko? OueBUIHO, KOTHA yAeJbHBIHA O0bEeM ¥ He NPEBOCXOALT
KPUTHUECKOrO 3HAYeHus ¥, /A MOJEKYJ CHUCTeMBbl CYIleCTBYIOT
C HEKOTODPBLIMH 3dBUCAUMMU OT U ,BEPOATHOCTAMHU® ABE BO3MOXK-
HOCTH: MJHM OCTaTbCA B OAHOpPOAHOH ¢ase, uaru 006pa3oBaTh
IBYX(]a3HYI0 CHCTeMY. ITO IMOATBEPXKAAeTCd CYLIECTBOBAHNUEM
neperpeThiXx M MepeHaCHILIEHHBIX COCTOAHHUH, KOTOpPHE MOKA3aHHI
Ha ¢ur. 16 NYHKTHPHBIMM JIHHHSIMH, TIpeACTaBJASIOWIUME COOOM
NpOAO/KEHUS H3OTEePM MJd OJHOTO mapa ¥ OAHOH KUAKOCTH.
Ha oTux orTpeskax wn3oTepM mnap WM KUIKOCTb HAXOAATCA
B MeTacTabunbHBIX cocTosHusax. KoHeuno, nnaa Bau-nep-Baassca
CylieCcTBOBaHHE MeTacTaOu/AbHbIX COCTOSHUH OTHIOAb He MpeacTa-
BJAAJAO 3aTajiKd U, KAa3ajgochb, Aaxe MOATBEPKAAIO €ro B3raaibl.
OnHaxko ecaum OTKasaThbCd OT ypaBHenus Bau-aep-Baaabca, To
KaXeTCss COMHHTEJbHEIM, MONCHO N1 BOOOIE OOBACHUTH SIBJIEHHE
KOHACHCALMHM, HUCX0Id U3 OCHOBHOH (OpMyJb 418 HHTerpana
COCTOAHUH

. 1
B K i<j
3.1

rae B-'—.:(kT)'l.

OxHO BpeMs CYATANOCh, YTO HEeNb3s HOJYUUTR C [MOMOLULIO
BLIUMC/AeHUs uHTerpana (3.1) crabuabHyw usoTepMy, He neJas
HUKAKUX JONOJHHTEJbHHX Hnpeanonoxenuft. Illpeanonaranocs,
YTO CJeAYeT BBIYHCASTL CBOOOAHYIO oHepruio ¥ aas ABYX pas-
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JUUYHBIX CJyuYdeB: KOTJAa MOJIEKYJABl Haxoudarcd B OIMHOPOIHOH
¢ase ¥ korza oHu ob6pasyT AByXdhasHylw cucteMy, Toraa npu
QUKCUPOBAHHOM 3HadeHuH oObeMa MNOAYUUJIOCH OBl ABa 3Haye-
Hua ¥, U peaspHO cyllecTByIOlUas M30TepMa ompelensiach Ghl
HAUMCHbLIMM 3HaueHHeM cpobogHo# sHeprum W. XoTs monobHbie
pacyeTsl JaJau XOopollve pe3yJbTaTH B Caydae (a3oBHLIX nepe-
XOLOB MEXIYy ABYMA pas/uuHbiMu asaMu maepoo20 COCTOSHMA,
B HaCTOsIlge BpeMd, NO-BHAKMOMY, OOLIENPUMHATHIM SABJSETCS

p

\ flepenacsiyenroe
\ \ ﬁacmam%e |
\ o
\
\
_ Ny

N
A \
AN
! Nepezpemoe
H COCMOAHUE
U, U U
dur. 16.

MHEHHE, YTO TaKHe pacueTel B NpPHHLMNE HeKOoppeKTHH. Hute-
rpan (3.1) nonxeH sceeda pasath HauboJjee BEPOATHOE COCTOSHHE
CUCTEMBI, T. €. cocToaHMe cTabuabHOro paBHoBecHs. [loaToMy
cTaOuJbHag u3oTepMa N0JKHA nosayuatbcs us (3.1) asmomamu-
yecxku, 0€3 BCAKMX AOMOJHUTEbHHIX TpPeanoJoMmeHnH.

OaHako ¢ MaTeMaTHueCKOH TOUYKM 3PeHHs TPYAHO MNpeAncTa-
BUTbL cefe, KakuM o0OpasoM H3 HeBMHHOrO Ha BHUL COOTHOILe-
Hua (3.1) ynacrca nonyuynth Bhipaxcenue ans ¥ (a ciemoBaTebHO,
U JJad  p), COOTBETCTBYWOLlee [aJjeKO He TJAaaKOR QYHKLHH.
Brixon M3 3TOro 3aTpyAHHTENBHOTO TMOJOXEHHs B3aK/IO0uaeTcs
B TOM, 4TO MHl HIUEeM npedessrnoe 3HadeHue ¥, Tak xak 3alaua
uMeeT (pPU3HYeCKHH CMBICA TOJBKO TOrJa, KOTIa CHCTeMa OudeHb
Beauka. ITosToMy HaM HeoOXOnUMMO ucC/1elOBaTh NpelebHbH Cay-
yall: N —> 0o, V —>00, v=V/N=const. Toraa MoxHO A0Ka3aTb,
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qTO BCErja CyilueCTBYET IIpelacJIbHOE 3Ha4YeHue

b(@ T)=lim —¥ N, T, N). (3.2)
N>
Crenyer oXuaaTth, 4TO uMeHHo 3Ta ¢ynkuua (v, T) Oynmer
MMEThb PpAa3pBIBH CBOMX NPOU3BOAHLIX, U XOTHA TaKoe INOBEIeHHE
¢yHKUHM BCe elle YIUBUTENbHO (M CTPOro He HOKAa3aHO), OHO,
OYeBUJHO, BIOJHE BO3MOXHO H INOINYCTHMO MAaTeMaTHYECKH.

M nakoneu, Kax Bce ke OHITb C sIBJEGHUEM MEPEHACHILCHHA?
Ecnu wnterpan cocrosuu#t (3.1) cooTBetcTByer cTabunbhoi
M30TEpPME, TO TOTAd C €ro NOMOIIbIO KHesb3A O0ODbACHUTL fBJIe-

HUA  repeHachilleHud. Yrobu
12 CTPOrO OOBSCHUTHL 3TO ABJEHIeE,
HCXOAd M3 UHTErpaJia cCoCTOAHUMH,
Hano pacCMOTpeTh cayyal, korma
NIEPCHACDBILLEHHBIH Nap HAXOAUTCH
B COCTOSIHAM pABHOBECHUR. ITO
OCYIUECTBJISIETCH, HATIPHUMED, B Ka-
MUIAPHBIX COCYnaX, U HO3TOMY

\ .

L1 MOJHOTO OO bSCHEHHS §BJie«

\ 1 - HUS TePeHACHILIEHU HEOOXOLUMO
I = OBUIO OBl NONHTATLCH NEeTANAbLHO
\ff U3Y4UTDb BJIUSIHUE 00 P MbL COCY A,
OIHAKO B NeHCTBUTEJbHOCTH IO-

NO0OHBIE TNONBITKH HUKOTAA 10 CUX
0P He NpeANpHHUMAJIUCE.

dur. 17. 2. Teopema Ban-Xosa. Cy-
W EeCTBOBaHMe Npeneaa (3.2) 6n110
BrepBhie CTporo jpokazano Bau-Xosom ', koropmii Takke
I0Ka3aJ, 4TO JaBjaeHue p==-— 0Y/0V HBAAETCAI MOHOTOHHO
y6rBawoLelt (rounee, HeBoapactawoule#t) dynkuue#t v. dto o3Ha-
yaeT, YTO COBEPINEHHO HEBO3MOXKHO MOJYYUTL M3 UHTerpaJa (3.1)
H30TEPMY, MOXO0XKYIO HA U30TepMy Ban-nep-Baaabca, Ho, kKoHeuHo,
3TO OTHIOJb He O3HAYaeT, YTO WU30TEpMa HE JOJKHA HMMETh
y4aCTKa, COOTBETCTBYIOLIEr0 IOCTOSHHOMY JIaBJEHHIO.
Mul nmpuBeseM 3xeChb YIPOUIEHHOE NOKA33TENLCTBO TEOPEMBN,
KOTOpO€, BEPOATHO, MOXHO cCaenaTh U 6oJjee CTPOTHM.
[Tycre notenuman @ (r) (¢ur. 17) cooTBercTByeT B3aUMO-
JeHCcTBUI0 TBEPAHX cdep pamuyca ro, M Npu r > r, ONUCHBAEET
UX npuTiKeHue C PajiMyCoOM NEeHCTBUA ry, NMPHYEM MHHMMAJILHOS
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spauenne mnotenunana D(r) pasuo e. ¥ ucmOAL3YIO 314eCh ITH
yrpoianouiie IpeanoaokKeHus, X0Ta MOXHO Onyo Obl obo#tucs

-
u Ges Hux. Ilycte @ = D, @ (r;;) — sHeprus B3auMoIeHCTBHSA
i<

MOJIEeKYJ CUCTeMBl. [l npocToTh OyleM cuntaTh 0OBEM CUCTEMBI
V = L3 kyOuueckuM. Pasgenum ero Ha kyOuueckue svefiku

obbema T=d3 kaxpnad, npuueM L>>d > r,. Ilycte ® ecrtb
,HOBas“ SHeprusi B3aMMOJEHCTBUS MOJEKYJT CUCTEMDI, NPU MOA-
cueTe KOTOpPO# Mbl He OyAeM YuMTHIBATh B3aUMOAEHCTBUS MEMAY
MOJNEKYAaMH, HaXOAAUMMHUCA B pasHbiXx sueiikax. OOGpasyem
,HOBHI{* MHTErpan COCTOAHHH

, | .
~N1R3Nf coo [dry ... dryexp—pT) =
%4 vV

=exp |[— BTV, T, N)]. (3.3)

Vnes noxasaTenscTBa COCTOMT B CpPaBHEHMM ,HOBOI'O® HHTE-
rpana (3.3) ¢ UCTHMHHBIM 3Ha4YeHHeM MHTerpana cocrosHuit (3.1).
BcaencTRue Hamux npennoJoxenu#t o suge notenuuana @ (r) mo-
JeKYJH, Haxopnslivecss B pasHBX sveHkax, MNPUTATHBAKTCH,

H MO3TOMY ® > ®. Kawpan svetixa OKpyxeHa cjoeM oObeMma
6d%r,., comepxkamum BHelIHHe MOJIEKYJbl, C KOTOPBIMH MOTYT
B3auMOIeHCTBOBAThL MOJIEKYJbl, Haxondliuecs B NaHHOH auelike.
MakcuManbHoe UHCIO MOJEKYn B sToM cinoe Gymer d’r [r}

(MBlL omyckaeM BCe€ u4MCJOBHie (AKTOPbl), U Kaxaag U3 3THX

MOJEKYJ MOXeT B3anMoNeHCTBOBATbL MO KpaliHed Mepe C r?/rg

ApyruMu MoJgekynamu. Bcero umeerca V/d? sueex, u 1osTomy
Mbl T10JyuYaeM

[ i

d2r1 r? vV ~
D> —— 5 ¢+ D
ro ro 4

Otciona craenyert:
e~ L om0 L exp| — B4 7],

rae p==rye/r. U uterpupoBaHue mo ry, ..., ¥p HE H3IMEHHT
3HAKOB HEPaBEHCTB, M M03TOMy nas cBoGonHbx oHepruft W
u ¥ umeem

R SRR S L (3.4)
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rae v=V/N. Ilyctb Temepr N —> 0o npu v == const. Moxuo
1
jaxe cuutath, uto d —> 0o, HampuMep, Kak N, ¥ TOria BHAIHO,

yro Beanuunnl W/N u W/N crpemarcs Kk ONHOMY M TOMy e
npefeay, ecaud TAKOH Ipeles CyllecTByeT. 3amuulem

x 1 : N1 :
Z“—"NU@NE n,!nzl...nv!:[[_lf"'
=

(%)
fdrl dr,,iexp[——B@(rl, vy PR =

¥
4
=E exp ——BEniq)(ni, i, (3.9
(%) é=1

rae CyMMHPOBaHHE TIPOH3BOAUTCA 1O BCeM 3HAUECHHAM 4YHCEN R

yacTull B [-H Auyelike NMpH ycaoBuM (WITPUX Yy 3HAKA CYMMBI O3HA-
yaeT yuyeT 3TOr0 YCHOBUA CYMMHUPOBAHUS)

zniﬁN
i
H rhae
exp [— Br(n;, PI=
1
=—7- [ [an .. dryexp[—BO(ri. ... 11)] (3.6)
T

fzi!k 1

3aMeTUM, 4YTO MHOI'ME€ M3 uuces] n; MOTYT OHITb paBHbiMu. Ecuin
ak——qucno fiueeK, B }(oropmx YUCJIO MOJIeKyJ paBHO R, TO

Z=Y" " —exp|—8 Y kasd (k, 'r)], (3.7)
@) H“" [ k

raie ABOHHOM IWUITPHX Y 3HAKA CYMMBH O3HayaeT yueT ABYX ycCJ0-
BUH CYMMHPOBAHUA:

Zak:: , D ka,=N. | (3.8)
k k

UssectHo, uro npu Gosabumiux v u N cymmy (3.7) MOXHO npu-
6KEHHO 3aMEHHTb MAKCHMabHLIM YJICHOM CYMMbI, A1 KOTOPOTO

= Ag,2", (3.9)
g, =-exp[— PRy (&, 1)l

rae
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a A v 2z noaxHb ObTb Halnedn u3 yciaoBulft (3.8). Torna

InZ~—Nlnz-+ vinae(2), (3.10)
rje

Nz (3.8) u (3.9) caeayer
da
v= As(2), NEAZ?;,

u Tak Kak v=V/d3 = Nv/d3, nonyuyaem

v g
T Z(dejdz) (3-11)

Orcona BuaHO, yTO nNpu (HUKCUPOBAHHOM ¢ BeJHYUHA 2 3aBU-
CUT TOJbKO OT ¥, no3ToMy u3 (3.10) creayer (d PpuKCUPOBAHO)

1, = | ~
W—]an-——lnz——}—%lnc(z):———— B (v).  (3.12)

Bripawenue (3.12) BMecre ¢ HepaBeHCTBOM (3.4) IMOKa3hiBaeT,
yTo mpeaen (3.2) cyuwectByer. BoJsee Toro, us HepabeHcTna (3.4)
cleflyeT Takxke, YTO Pa3HOCTb MeXAy 3HaueHUsIMU p —= — 00/dv

H p=—0)/0U ecTb NMOCTOSHHAA BeJHMYMHA, KOTOpPAs MpOMOp-

-1
HHOHAMbHA d = M, CJAEROBATEJbHO, MOXeT OBTh CHeJaHa CKOJb
yronso Majo#t. I[losToMy B JanbHefilieM JOCTATOYHO PacCMO-

TPeTb TOJbKO BEJHUYHUHY }3 U3 dhopmyan (3.12) caenyer

~ 1
p”—:wlﬂa(z),

~ | (3.13)
op 1 dlnes(2) dz

Jdv  Bd3 dz dv '’

a u3 (3.11) nmoayuyaem
dv __ d (dc =2 Q(da 2 d ( ds ]__
iz = 7\ 7z [z dz) °% iz (z 71?)_ =

S~ (30 (305

i k

d? [ ds\ 7 \O . -
= 2z3(d:) D k— i gg2* <0, (3.14)
ke d
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Tax xak Bce g, > 0, T0 U3 coorHowenua (3.13) BuaLO, YTO 3HAK
NPOU3BOLHON O p/0v onpeaeasieTcs 3HAKOM dz/dv, OILHAKO U3

olieHkH (3.14) cneayer, yTo 05/61} < 0, u nosromy u dp/ov < 0.
OTO U COCTaBJfAET BTOPYIO 4acTb TeopeMbl Ban-Xosa [?].

3. Teopus Slura u JIin. B cBoe#t oyeHb unrepecHod cratbe [°]
flur u Jlu nmoxasanu, Kak MOXHO MaTeMaTHuyecKu cTporo 06o-
CHOBATb TEOPUI0 KOHIEHCaluu, HCXOAA M3 OCHOBHOH dopmysl
a8 uHTerpana cocrosHuft (3.1) B npenpene N —>o0, V — o0,
v =V /N =const. Onu wucnonpsyior Goabuioft CTaTHCTHYECKHH
HUHTETpaad COCTOSAHUHU

O

LV, T, z):NZO RN Z(V, T, N),

ana koroporo B ra. Il OblIO moJayyeHO caeayioulee InpencTta-
BJICHHE:

CV,. T, 2)=exp{VyV, T, 2)}, (3.15)

cnpaseanuBoe npu Jaw06oMm KoneudoM V. Ecau nmpeanosOXuTh,
YTO Ha MaJablX pAaCCTOAHMAX MOMEKYJAb B3aUMOLEHCTBYIOT Kak
TBepABe Cdephl paguyca ry, To ¢yuknua ( gomxHa ObITh, Kak
yxe OBIO MOKA3aHO, TNOJHHOMOM no 2 cremenu M = V/rd.

[lyctsb 2; — HyIM 3TOro noJauHoma. Tornaa, onyckas B AajbHel-
mwux dopmyaax temmeparypy 7, TdK KaKk paccMATPUBAETCH CJay-
yah T — const, umeem

LV, 2) ﬁ(l———), (3.16)

i=1

v (V. 2) Iil (1___,), (3.17)

i= “t

NMO3TOMY

—

dyuxuuio y (V, 2) MOXKHO MHTEPHNPEeTHPOBAaTb KaK KOMIJIEKCHEHIM]
norapudMuueckuft notennuan M TOuEUHBIX 3apsAOB, HMEIOUIUX

BEJUYUHY V™! kaxabift ¥ PacmOJONKEHHBIX B TOYKAX 2;. Tak kak
Bce Ko3pouumentn noamnoMa ((V, 2) nosoxurenbHul, TO HH
OLUH M3 HyJeH 2; HE MOXEeT HaXOAUThCA Ha NeACTBUTENLHOH
noaoxureabHodl noayocu. Ilostomy ¢yuxuumsa y (V, 2) npu ¢uk-
cupoBaHHOM V Oygmer aHaiuTHyeckoH ¢yHKuue#d 2 BLOJbL HeH-
CTBUTEJbHOHN MOJOKHTEALHON MOJAYOCH.
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Paccmorpum tenepn mpepen V —>oo. Ilpu yseaudenuun V
BEJMYMHA KAXAOTO 3apAld CTAHOBUTCA BCE MeHblUle M MeHblle,
B TO BpeMs KaK uydHcao ux M yseanuusaercsa. [Ipeonoroxwcun
Tenepb, YTC B npedene V — oo yacThb TOUEUYHBIX 3apsAdoB o0pa-
gyeTr npocmol caold AB, xomopwel nepecexaem Oelcmeu-
MeAbRYIO NOAONHCUMEAbHYIO noayocs B TOuke 2X. Pasymeercs,

o 7 finocxocrms &
C A
——
A
D 8
®
Py
Pdur., 18

KPpOME 3TOro cJos, MOryr o06pasoBaTeCi M ADYrue INPOCTHIE
ciaou, Harpumep CD, ¥ otaenbHble nodiock Py, Py, ... (dur. 18).

¢ yuxuusa ~
Y ()= lim y (V, 2) (3.18)
V-co

OyAeT M B 3TOM Cay4yae IOJHOCTbLIO OmnpeleseHa BLOJAb JNEHCTBH-
TeJbHOR IMOJ0XKHUTENbHOH NOJyocH, HO OyleT COCTOATh M3 08YX
yacTelt, ooHa M3 KOTOPHIX aHAJUTHYHA BHYTPH cjos HyJed AB,
a Jpyras — BHe 3TOro cnaod. K3 teopuu HOTeHImMasj a NPOCTOTO

CJ105 M3BeCTHO, YTO B TOuUKe mepeceveHus 2X cama QyHKIUs f{(z)
OyZeT HenpepriBHA, B TO BpeMfi Kak ee INPOM3BOAHAS TEpPNUT
B 9TON TOUKE pasphiB.

OueBupHO, 4TO 148 KOHeuHoro, Ho Ooabuwioro V, cnpasex-
JuB npuBeneHHbt B ri. Il cnoco6 nosayuenus u3 COOTHOIUE-
Hud (3.15) dopmyn mna cBoGomHoM SHEpruM W AaBJEHHS, U TO-
9TOMY H30TepMa onpexeasercs O00O0OUIeHHEIMY YDaBHEHUSIMU
Maitepa

920 (3.19)
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B KOTOpbIE TelNepb BXOAMT NpelenbHas GyHKILUA i(z). Bcnen-
CTBME pa3priBa nepBOR mnpou3BoaHOH ¢yHKUUM ¥ Ha AeHcTBU-
TCJAbHOH TOJIOKUTEJLHOH noayocu ¢yHkuuu y (2) u 2dy(2)/dz

¢ a3z

X

pHOCHU.;.
kT

dur. 20

6ynyT BHIJNfdeThb TaK, Kak TokasaHo Ha ¢ur. 19 u 20. Hso-
TepMa, KOTOpas IoJaydaeTcs NMPU HCKJIOUEHMH NapaMeTpa 2, M3
ypasHeHu#t (3.19), Oyazer uMmeTb MCKOMy0 ¢opmy (¢ur. 21).
- B s3akaioueHue CJaenyeT CIeJaTb
P HEeCKOJIbKO 3aMeuyaHuH.

a. PyHKUUH zdi(z)/dz H

y(2) Oynyr npeieibHEIMU JJd

dyuxuutt 2z oy (V, 2)/ozuy(V, 2),

KOTOpbI€ aHAJUTHYHBI BLOIbL JAek-

\ cTBuTeabHO#t ocu. Ha ¢ur. 19

¥ 20 n10Ka3aHO NyHKTHUPOM, KaKUM

o6pa3om rpaduky TUX PyHKUMH

npubIMKAIOTCA K HMX Tnpenenb-

HOMY BHAY. IJTO eule pas yka-

3bIBde€T HA TO, YTO SIBJEHUE

o ur. 2L KOHAGHCALUUU €eCTh npedesvHoe

CBOHCTBO CHCTEMHL.

6. KoneuHo, paccMOTpeHHble HaMu 3jech cooOpaxenus SlHra

u Jlu HU B KOeft Mepe He fBJIAIOTCH MOJHOM Teopuelt KOHueHCA-

uud. OHH YyKa3bBalOT TOJbKO Ha BO3MOXKHHIH (M, KaK HaM Ka-

XKETCHA, BeCbMa npaslonofoOHbN) Mamemamuneckudi ,MeXaHu3mM"

STOr0 fBJEHHMA M, KPOME TOr0, NOKa3blBalOT, HACKOJbKO TOHKOHN
H TPDYIHOR A0OJ/KHA OLITb MOJHasf Teopus.

S
i""
I
|
'
1
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B. Ecan atu npeacraBaenus flura u Jlu BepHw, TO mnpeneb-

Hag ¢yHkuus Makepa }Z(z), Kortopas Obl;ia BBelieHa B pasjede 6,
ra. II, Oymer uMeTb HeHy/JAeBOH paiHyc ¢XOZMMOCTH M Oyzer

COBNAJaTh C BHyTpeHHeH uacTbio Qynkuum y (2) A obaactu

BOKpyr Hauaia koopauHat. Onxako BM 3Ta QyHKuusg x (2), HHU
ee aHaJMUTHYECKOe INpojo/keHue #e OyAyT ONpelesnaTbh TOYKY

KOHAEHCAUMM, TAK KAaK BHeluHAs uactb QyHkuuu ¥ (2) He onpe-

AeaseTcs BHyTpeHHe#t uacteio QyHkuuu y (2).

r. [lpeanoJioxerHHe O TOM, HTO MOJIEKYJbl HA MAaJbIX pac-
CTOSIHUSX B3aMMOJEHCTBYIOT Kak TBepAbie cdepbl, MOXKeT MNOKa-
3aThCA CYUIECTBEHHO HEOOXOAMMBIM A1 Teopud HAura u Jlu, u
MO3TOMY MOXHO JAaxe NOAyMaTh, UTO MOLEJbHHH ras, cocrod-
1M# M3 MOJEKysa B BuAe TBepablx cdep, RomkeH Takke o6ia-
NaThb CBOHCTBOM KOHJeHcaliud. PasyMeercs, nocnegHee OTHIOAb
He 007a3aTesbHO. 3apsibl MOTI'YT KOHLUEHTPHUPOBATHCH B NPOCTHE
CJOH, HO, €caud npu V -—>00 9TH CJAOM He AOCTHUralT AeHcTBU-
TeJbHOR TMOJNOXKUTEAbHON NOJAyoCH 2, TaK YTO MeXAy STHUMH
CJOIMH M OCbIO 2 BCerja UMeeTcCs HeKOTOopasd Hieab, Torla Booliue
He OYIEeT NPOHUCXOAUTb HUKAKOU KOHAEGHCAUUH, TAK KaK ¢QyHK~

uust ¥ (2) Oyaer anHajautTuyHa BAOJb BCeH AeHcTBUTENBLHOR OCH.

4. Hexoropnie npumeps [*). K coxanennio, 10 cux nop
He YAaJ0Ch RBIYUCAUTL MHTErpaj COCTOAHUR Jnd Kakoh-nubo
JOCTaTOYHO peanucThuyecko# Mogenn rasa. [lostoMy, utobm cpe-
aaTh oOllee uccnenoBaHue OoJsiee KOHKPETHHIM, Mbl PACCMOTPHUM
HEKOTOpble UCKYCCTBEHHbLIE NMPUMEPH, MNPUAYMaHHblE CHEMHANbHO
Iast WTIOCTpanuy MaTeMaTuyeckux ocobenHoctelt Teopun. Pasy-
MeeTCs, He cJaefyeT AyMmaTb, 4YTO STH MNPHMepPH ONUCHIBAIOT
peajbHO CYUIECTBYIOLIYID CHUTYaLUIo.

[Tycts Goaplioft cTaTHCTHYCCKUR HHTerpan cCOCTosHufk Aas
Hallef Molejud UMeeT BUJ

i vV

LV, )=+ 2) —=, (3.20)

rae V cuuraercs uenmm uucaom. Hnaue rosopd, V ecth o6bew,
HBMEPEHHLIH B elWHMUAX 73, T. e, #BJASETCS Be/JUUMHOM, aHanO-

ruuvoft M B ¢opmyne (3.16). Craructuueckuft uHTerpas cocross
it Z(V, N) Oyner kospduuuenroMm npu 2V B pasnomeHun
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O6OMbWIOrO CTATUCTUYECKOTO MHTerpa/ja Mo CTeNeHdM 2

v

Z(V, Ny= ¥ (N VN>. (3.21)
T 0

Nc}:o

OueBupno, uto ¢yukuua (3.20) obaanaer oOUIUMH CBOHCTBAMH
60JbUIOTO CTATHCTHYECKOTO MHTErpana COCTOSIHUHM HJs peajbHOro
raza, a uMmenHo ¢yuxkuus (3.20) ectsb mosunoMm cremexHu 2V
C TMOJIOXKUTENbHBIMH KOd(hduuventamu (3.21), xoTOphe ABAAIOTCA
MOHOTOHHO Bo3pacTaiouumu ¢yukuusiMu V' npu ¢puKcupoOBaH-
HoMm N. Bce 2V nyas ¢ynkuun (3.20) nexar Ha eAMHUUHOM

OKPYXKHOCTH, TpuYeM B TOuke 2z =—— 1 ¢ynxuua (3.20) umeer
HyJb nopsaaka V, a BCe OCTa/JbHbLIE HYJM HAXOAATCH B TOYKAX,
COOTBETCTBYIOLIMX OTAMYHBIM OT 2==—1 KOpHAM cTenenu V

u3 eluHuLbl. JeACTBHTE/NbHBIX TNONOXUTEAbHHX HyJdeH byHK-
nust (3.20) He umeer. Jlerko mokasaTb, 4TO mnpeleabHas (yHK-

s i(z) OyneT paBHa

In (14 2), z <1,

X(z):{ In(l4-2)4lnz, z>L (3.22)

Ho sro ectb sorapudmuyeckuit moreniiuan pacnpeneseHus sapd-
OB cjaeayioulero BHAA: eIHHUIA 3apana noMelleHa B TOYKE
2—=——1, a ppyras ejuHULA 3apsfa pacmnpene’eHa PaBHOMEpHO
10 enqMHUYHON OKPYKHOCTH M oOpasyeT mpocToi ciaoi. PyHK-

uus y (2) HEnpepuBHA BAOAbL MOAOKUTENbHOH neficteutTeabHOH
NoJAyocH, HO ee MNPOM3BOAHAR TEPHHT pas3pHB B TOuKe 2 =1,

CienyeT MoayepKHyTb, 4TO QyHKIUA ¥ (2) BHE €AMHUUHOTO Kpyra
He ABJIAETCH AHAJUTHUECKUM NPOROMKeHHeM (YHKLHH ¥ (Z) BHYTPH

eMHHYHOTO Kpyra. dyHkKuusa i(z), BBefeHHas B pasgene 6 ra. II,
ana stoh Monenu Oyjer pasHa

¥ (2) =1n"(1 + 2). (3.23)

Oua He umeer 0CoBeHHOCTER HA MOJOKUTEeNbHOH AeHcTBUTENLHOH
MOoAyoCH, TaK Kaxk ee eJMHCTBeHHbe OCOGeHHOCTH — 3TO Jora-
pudMuyecKue TOYKM BETBJEHHA Z==--1 U & == OO
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YpaBHeHHe COCTOSIHUSA, COOTBeTcTByWulee GyHKuMn (3.22),
JIeTKO IMOJAYyuYMTb U3 ypaBHeHuidt Ma#tepa (3.19):

U 1 1 1
e —T=v tow Tyt v>2
P 2
BT In 2, 2>v>3,(3._24)
v(l—v) 2 \__1_
In G =z | oV

ITO TUnUuHAs (opMma Aad H30TEPMbBI KOHAECHCUPYIOLIEFOCs rasa.
Heobxonumo oco6o nomuepkHyTb, UTO Ta3 KOHAEHCHDPYETCA Ve
npu ¥ =2, B TO BpeMsl KaK BUPHUAJLHOE pas/oXKeHue ypaBHe-
HUA COCTOSIHUS TNPOJOJKACT CXOAWTHCA AJAs 3HaueHui v > 1.
Orciona ciaenyer, uTo, BOoOlle TOBOPS, HEBO3MOKHO omnpelne-
JUTH TOJOXEHHUE TOUKM KOHICHCAuM WM Kakue-nubo cBoMcTBa
CKOHAEHCUPOBAHHON (ashl, u3yyas TOJLKO ypaBHEHHE COCTOSHUS
CHCTEMBI, Haxolsulefica B razoBot ¢ase, T. €. HA OCHOBE TOJbKO
BUPHMAJBHOTO Ppas/ioxeHus.. IT0 Haubosee BaXHBH Ppe3yJabTaT,
KOTOPbLIX naeT. JaHHad MoOJeJb.

Crenyer OTMeTHTb, UTO MOXHO TaKXe IMOAYUYUTb YPaBHEHHUE
COCTOSAHUA, HEnocCpeldcmBeHHO BBLIUUCAAS TMpenes

— o (@) = lim 10 Z (No, N),

N>

rie ¢yukuus Z(V, N) onperenexa dopmy.aodt (3.21). B sroM
Cly4ae MOXHO He BBOJAUTHL OoabLIOf cTaTUCTHYecKuit uHTErpad
COCTOSIHUH, XOTf, KOHEYHO, 9TO OueHb YAOOHBIA mpHeM.
UntepecHo Takxe paccmorperh GoJiee WHPOKUR Kjaacc Moze-
nel, xorma BCe Hyau (GyHKuuu { nexaT HAa eLHHWYHOH OKpyHK-
Hoctu. Ilycte Vg (3)dv —uucno wuyne#t dyHkuuu 2, koropbie
Jexar Mexay v u ¥ - dV Ha emuHuyHOM OKpyxHOCTH. Toraa

npeneabHas QyHxuua y (2) Oyier JorapuPMUIecKuM MOTEHIMAAOM
3apAA0B, pacnpeleseHHbX ¢ NJOTHOCThIO g (¥) Ha eAWHWYHOH
OKPYKHOCTHU:

x(2)=| adg®)in (1 — ze~®). (3.25)

7 3axk. 617
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Tax kak ¢ysukuus { BeulecTBeHHa, ee HYJAH AOJKHEL OBITb pac-
fpefeieHbl CHMMETPHYHO OTHOCHUTEJbHO AeHCTBUTEALHOH OCH, T. e.

g =g (—). (3.26)

MoxHo BHISICHMTH cBoOficTBa g (%), pasnaras o6e uyactd (3.25)
B psaa mo cremeHsM z npu |z| < 1:

X =1 =X bz |z] <L (3.27)
[Toayyaem
4
1
by =— f ddg (9) cos 19, (3.28)

Takum ob6pasoM, xod3pduuuents b, pasnoxenus (3.27) Henocpen-
CTBEHHO CBfi3aHbl ¢ KO3(hduuueHTaMu pasnoxeHus pyHkuuu g (9)
B pan Pypre nmo kocunycam. IIosTOMy MOXKHO 3amucathb

1 1 o
g(®) =5-go —— Y, 1b,cos ¥, (3.29)
=1
+=x
go== f ddg (), (3.30)

rie g, — noJHuft 3apsn. M3 pasnoxenus (3.29) HemocpencTBeHHO

BHAHO, 4TO Ko3duuuentw b, T. e. GyHkuua x (2), He omnpe-
JensalioT MOJHOCTLI0 ¢yHkuuio g (V), Tak kKak OcCTaercs Heonpe-
KeMeHHOH KoHcTaHTa g, Mcnoaesys dopmyay (3.25), MOxHO
JerKo INoKasaTh, uTo BOOOE

X @)=y (5)+ golnz. (3.31)
[TosToMy MOMXHO Hamucathb
- 1.(2), |2} < 1.
¥ (2)= i(—;—)—{—golnz, 2> 1. (3.32)

Orciona $ICHO, uTO 3Ha4YeHus (YHKUMU Y BO BHellHel obaactu
BooOlle He/ab3fd ONPeleNuTh IO ee 3HAYEHHAM BO BHYTPeHHeH
obuactu



NPUMEYAHWUA K TJTABE I

1. Van Hove L., Physica, 15, 951 (1949). B Hamewm
M3JI0XEeHUH Mbl CjieayeM auccepranuu Puanena (Riddell R. J.,
Contributions to the Theory of Condensation, University of
Michigan, 1951).

2. D710 10Ka3aTeNbCTBO CJAelyeT CPaBHHTb C IOKa3aTeJbCTBOM
flara v Jlu [Yang C. N., Lee T. D., Phys. Rev., 87,
404 (1952)]. Hcnoab3ysa Te e camble TPenoNokeHus O NOTeH-
LiHaJe MEeXMOJEKYAPHBIX CUJM U TOT e CaMbiif, MO CYIUECTBY,
METOX, KOTOpHH npumeusn Bau-XoB, fAur u JIlu mokasanu, yto
CYLIECTBYET Npejie/IbHOE 3HavyeHHue

YT, 2)=lim — Int(V, T, 2). (1

Vow

Kpome Toro, onum mnokasamu, uro ¢yukuuu ¥ (2) u 2 0y (2)/0z
I19 TMOJOXUTEAbHEX JeHACTBUTENbHBIX 2 MOHOTOHHO BO3PacTalOT

NpY YBEJUYEHUH 2 H UTO )Z(z) HOMKHA OHITH HeNnpephBHOH
(Gynxuuei.

boabuiol uHTerpan cocrosHu#t { ecTb NMOJNHHOM C MOJOXKHU-
TEJbHBIMU KO3(PhULMEHTAMM, U3 KOTOPHIX npH 60buIuX N MOXHO
NOJMy4YuTh MHTErpan cocrosuuit Z (Nv, T, N), BOCNO/Ib30OBABIINCh
MeTOMOM nepesana (cM. paszen 7 ra. II). Ilosromy acuo, uyro

U3 yCaoBus CyllecTBOBaHudA npeneaa (1) v us cBodcTs pyHku i

W 20y/0z cnenyioT ofe wacti TeopeMbl Bau-Xosa. Bosuukaer
BOMpOC, #ABAsEeTCH Ju BepHo#t oOpatHaa TeopemMa? To ecTh,
MOXHO JIM, HCX0AfA H3 TeopeMnl Ban-XoBa, n0kasark CyuIeCTBOBA-

HUe npenena (1) ¥ noayuuTh ykasaHHble cBOHCTBA QyHKIUM z(z)?
Hecmorpa Ha TOo, uTO 3T0 AeHCTBUTENBHO KaweTcd BecbMa
BEPDOATHLIM, CTPOroe JHOKasaTeJbCTBO, KOTOPOe NPHHALJIEKUT
Kany, otHiogb He OyAeT H3JHIIHHUM.

T*
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[Tycte npu yBeanyeHun OO6BEMAa COCYA COXPAHSET CBOIO
dopmy. Torma MOXKHO BBeCTH u300paxenue 1o Jlansacy
dyuxuun G

f AVe=sV((V, T, 2)= ¥ 2V f aVe-VZ(V, T, N) =
0 N=0 0

=Ll E Nszdve—N“’Z(Nv, N), (2)

S
N=1 Q

rae V= Nv u onyuena nepemenHas 7. HMurerpan B npasoit
yactH (2) cxogurca npu Bcex § >0, Tak Kak yHKuus
Z(Nv, N)~ o™ npn ¢uxkcuposandiom N u O6oabbiux v (npenea
BAeaAbHOTO rasa). OT1Cioaa acHo, 410 abcuucca CXOIMMOCTH
nzoOpaxenus 1o Jlanaacy (2) onpeaessiercs paiuycoM CXOmu-
MOCTH cyMMbl 1o NV B npasoit vactu (2). CornacHo neppo#i yacTtu
teopeMbl Ban-Xosa, ¢yukuus Z(No, N) = exp(— NB} (v)),
ecaiu N Bequko. Ilosromy unterpaa B npasoft yactu (2) Moo
BblYMCAUTh A1 Ooabiiux N npuOaMKeHHO ¢ NOMOLBbI0 MeTosa
nepeBasna

[ avexp (— N [sv+ 8y (on) ~
0

27 e
= (W) exp {— N [svy+ B9 (v}, (3)
e CeNn0Bas TOYKA U, ONpPEie/serTcs U3 yCAOBHSA

s 2l o, (4)

du,

3mech MB Takxe yuad, uro npu v >0 dysxkunu 09/dv < 0
u ¢’ =0%/0v> > 0; 310 caeayer 43 BTOPOH 4YacTH TeOpPeMbl
Bau-XoBa u u3 TOrO, uTO HAaBJeHue p =-— 0Y/0V Bcerga no.o-
KUTENbHO, TAaK KAK OHO INOJOXUTEJbHO B Ipeje/e MAeaqbHOrO
rasa.

V13 coorHomenu#t (2) u (3) noayuaem, uto abcumcca cxomu-
MOCTH H300paxenust no Jlarnsjacy paBha NOJMOKUTENbHOMY 3Ha-

YCHUK § — ), AJd8 KOTOpOro

zexp [— [xvy+ Y (I} = 1, (5)
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rie U, onpeneasercs M3 ycaoBua (4), KOTOpoe Temepb Mbl
3aMdlieM B Bujle
0y ()

X=—F g, (6)

Ms ypasnenu#t (5) u (6) onpenensiotcs y U U, KaK QyHKuun 2.
[TokaxxeM Tenepb, ucnoab3yss TeopeMy Ban-XoBa, uro Bcerna

vy

—J-lnz

Pur. 22

CYILECTBYET eAUHCTBEHHOE pellleHHe Yy, AA8 KOTOPOro TIpH
Soabiinx V

C(V, 2)=exp [V;Z (2)],

TaKk uyto npenea Huwra u Jin cyuwecrByer. YUrtobwm ybeautbcd,

4yro y oOaanaeT HeoOXOIUMbIMU CBOMCTBaMM, 3amulleM (D),
HCNOb3yA (6) B Bune

b (Uy) — v, ‘3'%&’0) — -é—ln 2. (7)

Vi3 3Toro ypasHeHus OnpenendM BeJMUUYUHY U, KaK (PYHKUHIO 2,

mocjge uyero u3 (6) Hakinem y. YpaBHenue (7) Mnpouie BCero
HCCAIe g OBaTh rpapuueck. IlpeanosoxuM cHayana, 4TO KOHICH-
cauus He npoucxoaut. CornacHo reopeme Ban-Xosa, ¢ (v)—MoHo-
TOHHO yObiBawwas QyHkuus v, obpallleHHass BOFTHYTOCTbIO BBepX
(pur. 22). Hnaa moOoro 3HayeHHs 2 TOUYKA U, ONPeenseTcs
OJHO3HAYHO, ecJau mpoBecTH M3 Touku (ln 2)/B Ha ocu ¢ Kaca-
TEJAbHYIO K KpHBOH ¢ ==1{ (v), npuyeM TAHTEHC YyTJa HAK/JOHA

KacaTeqlbHOH K ocH v onpefesgeT (PYHKUHIO ¥ corjaacHo (6).
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IlpeanonoxuM Tenepb, uTO HMeeTcss 00/1acTh KOHAEHCalUuM,
yero, pasyMeeTcsl, He HCKJ/04YaeT Tteopema Ban-Xosa. Toraa
kpuBag ¢ =1 (v) Oyaer uMeTb NPSAMOJMHEHHBIH yYyaCTOK, TaHIE€HC
yria HaKJOHA KOTOpPOro K OCM ¥ OyAeT COOTBETCTBOBAThL laB.e-
HUI0 HaculleHHoOro napa (¢gur. 23). flcHo, YyTO B 9TOM Cayuae,
ec/d TPOBECTH KacaTeJdbHBIe, MBI TOJYYUM 3HAUEHHE Uy > U,
npu ¢ < 2X ¥ 3HaueHue v, < v; Npu 2 > 2%, B TO BPEMH KaK

L4 Y(v

dur, 23

npu 2z == 2X HEBO3MOXKHO ONpele/uTb U, OAHO3HayHO. OpHako

TAHrFeHC yTJ/id HAKJOHA KacCaTeJabHBIX H, CJACAOBATE/IbHO, ¥ ONpe-
IeJaI0TCa  OXHO3HAYHO Anas JAwboro 2, W Jerko BUIEeTb, YTO

¥ €CTb HenpepblBHAs H MOHOTOHHO BO3pacrawollag Gpyskuus 2. Ha-

xoHel, Auddepentupys y no 2z, ¢ nomouppw (6) u (7) Mu
nosiyyaem

1 oy,

—_— z ._.X_. s

Up 0z
a Tax KaK v,— MOHOTOHHO yOmBawlas ¢yHKUUA 2, He fBJfI0-
aacs raaakofh B cayyae, eC/ad HMeeTCsl KOHMIEHCALlUs, TO fCHO,

yTo )Z(z) obJjanaer BCeMU CBOMCTBAMHU, ykaszaHHBIMH HHrom u Jlu.
Crepyer OTMETUThb, YTO NPH JOKa3aTeJbCTBe 3TOH 06paTHOM

TeopeMbl OBIIM HMCNOJNB30BAHBL 00e uyacTu TeopeMbl BaH-XoBa.

Hcnonb3oBaHus 04HOTO TOJBKO MPEJENbHOrO COOTHOLIEHHS

— B4 (1) =A1me-;-,- In Z (Nv, N) (8)
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Hedocmamouno. Hanpumep, ecau B3sITb Bbipaenue naa Z,
NpUBOAsALLEe K ypaBHeHUI0 BaHn-mep-Baasabca,

1
= (V — Nb)N exp [EV‘-Z- N(N—"l)]. ()
TO Mpepen (8) cyuecTByer, XOTd AaBjeHUe
L op kT a
P="%50"v=5 & (10)

He ABJISeTCH MOHOTOHHOR ¢yHkuuet v. Eciau ¢ nomoupio (9)
MOCTPOUTb Goabluoft CTaTuCThAueCKHP MHTErpaa CoCTOsHUH, TO
HeTPYJAHO TMOKa3aTh, YTO MBI NOAYYHM ypaBHeHue Bax-pep-
Baanbca (10) nawoc npaBuno Maxceana anf 004aCTH KOHIEH-
Caiu.

3. Yang C. N, Lee T. D., Phys. Rev., 87, 404,
410 (1952). flur u JIu npumenuau obLIyI0 TEOPUI0 K TAK HA3H=
BaEMOMY pelUIeTOYHOMY ra3y. B sto#t Momenw npeanonaraercs,
YyTO MOJIEKYJ/Bl Ta3a HaXOmSTCA B y3/4ax KyOuueCKOH pelieTKH.
Kaxnwiit yzesq MoxerT ObiTh CBOOOAHBLIM MJIM BAHATHIM, HO B OJHOM
U TOM 3Ke y3ae He Moxker ObiTb IBYX MoJsekya. Ecau npexn-
NOMOXKUTb, YTO TOAbKO Oaumwalitue coceaHue MOJEKYJBl NMpUTH-
rMBATCH APYr K APYrY, MOXHO MOKAa3aTb, 4TO BCe HyJHU 60.b-
LHIOr0 WHTErpa/a COCTOAHUH MeXKAT HA OKPYXHOCTU W YTO B jaH-
HOH ABYXMepHOH cucTeMe HUMeeTCss KOHIeHCauus.

4. Tlepsufl npumep (3.20) npunaanexur Hw. dopay. dur
uJlnu [Jang C. N.,, Lee T. D., Phys. Rev., 87, 410 (1952)]
BBeJN pAacnpejeseHue IUIOTHOCTH g (V) Hynseft Ha enHHUuHOH
OKPYXHOCTH, KOTOpoe BeneT kK ¢opmyne (3.25). Buipaxe-
Hue (3.28) and §; TaKkKe MOAYYEHO MMM,



FTABA IV

YpaBueHue boJabluMana

I. Beenenne. Mbl HauuHaeM Tenepb OOGCYXACHUE HEPABHO-
BeCHbLIX CBOHCTB rasoB, T. €, BO3BpalldeMcs K OCHOBHOH npob.eme,
NOCTaB/aeHHOH boabUMaHOM: noyeMy ¥ KakuM 06pa3oM AOCTUraeTcs
C TeyeHWeM BpeMeHu paBHoBecHOe coctosiHue? Cieays ucTopu-
YECKOMY XOHLY Ppa3BUTHUA TEOpPUH, S HAUHY C TEOPHH pPa3pexeH-
HBIX 'a30B W HCHOJNB3YI0 TaK HA3biBdeMbli KHMHeTHUEeCKUH MeTon,
boabnMana, a ganee Oyany oOCyXIaTb, KaK 3TOT METOA BXOIUT
B o0myw teopuio bosabumana — I'nb66ca ycraHoB/eHus paBHO-
BeCUA, Ha KOTOPOH MBI KpPATKO OCTAHABJAMBAAUCHL B Ta. |

OCHOBHBIM  ypaBHEHUEM KHHETHYECKOTO MeToda SBJIAETCH
3HaMeHuTOE ypaBHeHue Bouabumana !

of of of
T TV T

+ [ dv, [ aQe1(e. D(f fi—7f). (4D

KOTOpO@ OITUCHIBACT H3MECHeHUEe BO BPCMCHH 4HCJAA 4YaCTHL
f(r, v, Hdrdo

B 3JjeMeHTe dr dv ulecTUMEPHOro (a3oBOro NPOCTPAHCTBA OHHOM
yacTUUB! (P-NMPOCTPAHCTBA), NpPOUCXoJfAllee BCJAEACTBUE HMEIO-
IIHXCS TMOTOKOB B P.~NMPOCTPAHCTBE U BCJELCTBUE CTOJKHOBEHUMH
MeXIy dacTulamu. Yckopenue @, Bxousiuee B (4.1), o6yci/oBieHo
JefcTBUEM NOTeHUUaNa B8HewHux cua U(r), a uieHbl

of of
Sfl=—9 - ——a-—- :
N=—2 L—a =, (4.2)
Bxonsituue B (4.1), DpeAcTaBASIOT JIOKAaJbHOE H3MeHeHue f 3a
1 cex, BLIBBAHHOE HE3dBUCHMBIMH JIBHXXEHHSIMM YACTHL B p-NpO-

CTpaHcTBe. MOXHO Takxe ckaszaTb, 410 S (f) npeacraBasieT
onepatop Jluysuaas aaa oaxoH uactuuw {H, f}, rne H=
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= (p?/2m)+ U (r). Ilocaennu#t unen B ypaBheHuu (4.1) yuu-
TBHIBACT CTOJKHOBEHHA YACTHL, WITPUXH U HHAEKC | B HeM OTHO-
cATCA TONbKO K 3HaYeHUAM CKopocTeH, HanpuMmep f,== f (r, v,, f).
Yervipe pas3/auuHBIX 3HAYEHUS CKOPOCTeH 0003HAYAIOT CKOPOCTH
YACTHL NpH TNAPHOM CTOJAKHOBeHHU: (0, ©,)<>(?’, ©), npuueM

g=|v—ao|= | 9, — | — orTHOCHTe/IbHAS CKOPOCTb, KOTOpas

npH CTOJKHOBEHUHM M3MEHSET CBOEC HaAliPABJAEHUE HA YroJ J.

Cmonxnosenus (. v, U)~(v, v,)
~ - _ Cpepa dedemeun

Jnemenmaprsie
YUAUHIPS!
CIMONKHOSENU U

P ur. 24.

boabuMan mpu mojacyere yucaa MOJEKY., BblObiBawlIuX 3a 1 cex
M3 JAHHOTO 3/eMeHTa (Pa30BOro NPOCTPAHCTBA BC/AEACTBHE N pS-
MbLX  CTOJNKHOBeHu# (O, ¥)—>(?', ©;), PACCYKAAN CAEAYIOLUM

obpaszom (¢ur. 24). PaccMOoTpUM OTHOCUTENbHOE JIBHKEHUE
MOJIEKYJ U OKPYXUM KaXAYI0 MOJEKYJAY CO CKOPOCTLIO © chepo#
Le#cTBUA C pPaiMyCcOM, PaBHBIM paiuycy IOeHCTBUA MEXKMOJEKY-
JAPHHIX cuil. Bce MOJeky/ab, KOTOpBIE UMEIT CKOPOCTh OT 9
N0 v, —+ dv{, KOTOPHE nonazanT B cepy AeHcTBUA CUI C npu-
HUEeABHOLM PACCMOAHUEM, UMEIOIIUM 3HAYEHUE OT p 10 p +dp,
H KOTOpBbIE HAXOJATCA B MAa/eHbKOM HHJAMHAPUKE oOO0DBeMOM
gpdpdedt (31echb € — NONAPHBHIA yToOJ), CTOAKHYTCS 3a mocJe-
AYIOIUMHA uWHTepBa]a BpeMeHnd df ¢ MoJaekyao#, uMewue# cko-
POCTb ©, M NPH 3TOM CTOJKHOBCHHMH HampaBJeHHe OTHOCUTEJbHOH
CKOpocTH g usMennTes Ha yroa 9. CooTHoleHWE MEKLY p, &
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ud onpeneadaercd NOTEHUUANOM MEXKMOJCKYAAPHBIX CHJ

"o

$—n—2 [ — 41 _, 4.3
e

rA¢ 7, 0O3HAYaeT HaMMEHbIIUN KOpPEHb BHIPAXKEHWA, CTOALIETO MOJA
3HAKOM pajilkaJa B 3HaMeHaTe/]e MOABIHTErPAaAbHOTO BhIpaXe-
Haa (4.3). Taxk kax Bcero B | ¢cu3 umeerca fdo Moaexkya
CO CKOpOCTbio ¥, bDosbuMan moJjyuaer AJst 4ucja MOJEKY., BbI-
6piBalONIMX 32 1 cex M3 AAHHOrO 37eMeHTa (ha3oBOrO NPOCTPaH-
CTBA BC.JEACTBUE CTOJKHOBEHUH, BrIpaKeHue

dA=gpdpde ffidvodo, =gl (g, 9)dQ ff,dvdv,, (4.4)
rae
pdpde==1(g, ¥)d<,

3necy (g, V) — nuddepenumnanpbHde ceyeHHe paccesHus B 3Je-
MeHT TeqecHoro yraa dQ =sindddde. ScHo, uro [I(g, ¥)
onpeneasieTcst ¢ noMombio GopMyan (4.3) OLHO3HAYHO uepes
NOTEHIHAA MeXMOJeKyaapHuX cua D (r).

Axanornudo BoJbuMaH MOAYYHI A YNCAA MOJEKYI, nona-
Oaiowjux 3a 1 cex B HaHHBIH 37JeMeHT (Pa30BOro NPOCTPAHCTBA
BCJEACTBHE CTOKHOBeHuH (¥/, ©))— (v, ©,), popmyay

dB =gl (g, $)dR f'f, dv’ dv]. (4.5)

Tak kak npeoGpasoBaHne NMepeMEHHLIX OT ¥, ¥, K ¥', ©, Onpe-

fesieTCsl 3aKOHaMH COXPAHEHMA MMIYJAbCa M 3HEPTUH, TO COBEp-
IIEHHO OYeBHAHO, 4TO OHO OyAeT JUHEHHBIM OPTOTOHAJAbHLIM Mpe-
obpasopanueM, u dvdv, = dv’ do;. TlosTomy ¢ noMoiusio (4.4)

¥ (4.5) MBI moJjyuaem Bxoasiuuii B ypaBHeHue bosabumana (4.1)
TaK HA3LIBAeMLIf HHTErpaj CTOJKHOBeHUH, TaK KakK CyYyMMapHOe
H3MEHeHHe 4Yuc/Ja 4YacTul, fd? B UHTEPECYIOUIEM HAC 3JEMEHTE
o6beMa $Ha3oBOTO NPOCTPAHCTBA, OUEBHAHO, ompenessercs GaJsaH-
COM MEXJY 4YUCJIOM 8bl06/8QI0OU X W3 ITOTO HJIEMEHTA U UHUCJIOM
nonadqoujux B 3TOT 3JEeMEHT YacTull.

Cootuomcaus (4.4) u (4.5) BbIpaXawT NPEANOAONKEHHE,
KOTOpPOE Ha mnepBLIl B3rafl KaxXeTcs COBEPIUEHHO OUYEBUIHHIM,
HO KOTOPOE, KOHEYHO, He CJAeAyeT U3 MEeXaHUKHU. fl OTI0XKY KpH-
Tuueckoe OOCyMXIeHHe 3TOro Inpexanosoxenus no ria. VII, a
noka OyaeM cuurath, 4YTO ypaBueHue DosabuMaHa oONUCHIBAeT
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H3MeHeHUe B 3aBUCHMOCTH OT BpeMeHM (yHKUHM pacnpeieaeHus
yacTul, f(r, ©, £) B W-NIPOCTPAHCTBE.

2. YcraHosaenue paBHoBecHs. Tak Kkak ypasnenue (4.1)
SIBASIETCH YpaBHEHUMEM IMEPBOro MOpsika MO BPEMEHH, TO OCHOB-
Hag mnpodJieMa 3ak/OuaeTcs B pellieHdAd CAeAyoilne# 3amnayu
C HayaJbHLIM YCJAOBUEM: MO 3aJaHHOMy B MoMeHT f =0 3Haue-
Hulo QyHkuud pacnpeneneHus f(r, o, 0) HaliTu pacnpenenenue
B MOCJAeAylOllde MOMeHTH BpeMeHu. OaHuM u3 Besaudahmux
ycnexoB boabiMaHa Obl0 TO, YTO €My yIaJa0Ch TOKasaTh, YTO
2/000€ Haya/JbHOE pachpeneeHne ¢ TedyeHUeM BpeMeHu npub.au-
XaeTcd K pacnpeneseHdro Makcsensa — boabumana

fo=Ayexp{—B[ T+ U]} (4.6)

A8 NOCTAaTOYHO LIKWPOKOrO KJacca BHellHMX nmoTeHuuanos U (r).
3neck Ay ¥ § — NOCTOSIHHLIE, KOTOPLIE ONPEAEASIOTCA MO 3aLaH-
HBIM 3Ha4eHUAM TMOJIHON 3HEpPruu M IOJHOTO YMC/Ja YaCTHU.

Tak kak 3TH pe3yabTaTsl bDOJbLIMaHA XOPOUIO M3BECTHH, 4
M3J0KY HMX 31eCb OueHb KpPaTKo.

[TepBbiM BaXHBIM HIATOM SBJASETCS 3naMmenutas H-meopena.
Beeaem ¢ynkuuio

H(t):ffflnfdrdv. (4.7)

TOra, HCNoaL3ys ypaBHeHue (4.1) nas 0f/0f, noayuaem
dH _ ([ 9 (4 (e
dt __ff ot In fdrdv = dt norox+ dt Jeronus'

Kak creayer us Teopembl JluyBuians, ¢pyukuusa H ne MeHsercd
BC/IEACTBHE HAJIHUHA NOTOKOB B (azoBoM mpocTpancTse. Kak yxe
yKa3blBaJa0Ch B pasgene 2 ra. I, unrerpan mo BceMy (pasoBomy
IPOCTPAaHCTBY OT A1000H dyHkuuu F (p) naoTHOCTH p aHcamO.as-
XKHUAKOCTH He 3aBUCUT OT BpeMeHH. Tak KaK ras3 He3aBUCHMBIX
MOJIEKYJ npeAcTaBaseT daHcaMOab, MJIOTHOCTb KOTOPOro pasHa f,
TO UHTerpan ot f In f no Bcemy pa3oBoMy NPOCTPAHCTBY (B JAHHOM
c/iyyae mo P.-HPOCTPAHCTBY) MOCTOSHEH BO BPEMEHH, HECMOTPH
Ha Haauuue MOTOKOB. ViaMenenue H BcaencTBue CTOJAKHOBEHuUf
MOJEKY/1 8ce20a (CBf3aHO C yMeHblLUeHHEM 9TOH (PYHKUHH, 4TO
MOXHO IOKa3aTb € MNOMOLBIO OuyeHb MPOCTHIX H XOpOLIO H3-
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BeCTHbIX npeobpasosaunut [*]:
dH 1
(—aT)CTOHKH T -Z_]: f d‘v fdvl f ds_zg{ (g’ &) ><

X (/' fi—f£f)n Lh <o.
f
Takum oOpasom dH/dt paBHO HYJ1I0 MOAbKO B cayyae, KOrjaa
fIpH BCEX BO3MOXHBIX CTO/JKHOBEHUAX

fh=1f (4.8)

U K 3TOMY COCTOSHUIO CUCTEMA CTPEMUTCS MOHOTOHHO BO Bpe-
MeHd. YpaBHenue (4.8) onpenesseT 3aBUCUMOCTb PaBHOBECHOTO
pacnpeneneHus OT CKOpOCTHU. EQHHCTBeHHOe pellieHHe PYyHKUUO-
HaJbHOTO ypaBHeHusi (4.8) uMmeer BuR

Bm

f:Aexp{————Q—(‘v—-—u)Q}, (4.9)

rie A, B u cpeanas ckopocTb # MOryT ObiTb (YHKLUAMU F
u Oaoke t. W3 ypasBHeHus bDoJabuMaHa cJaeiyer, 4TO ecC/d
dbyuxkuusg f uMeer Buf (4.9), To OHa elle AOMKHA YIOBJETBO-
pATb YPaBHEHHUIO

‘;{ 0. L 4 4. % 9 (4.10)

or 00

MoxHo mokasaTb, 4YTO AJa49 AOCTATOYHO HIMPOKOro K.Jacca
BHelWHUX moTeHuuanos U (r) (KoTopwifi BKJIOHAET, B 4YaCTHOCTH,
NOTeHUHAABHYIO $IMY, ONHCHIBAILYID 3(@PeKT HENnpOoHKIAEMbIX
CTeHOK) eduncmgenHoe peuienve ypasuenus (4.10), xortopoe
uMeeT uckomy ¢opmy (4.9), MOXKHO HAHTH, eCAH MOMOKUTH
B Bhipaxenuu (4.9) # =0, a § cuuraTb MOCTOAHHOH, He 3aBH-
caulel HU OT 7 HU OT £ U

A= APV, 4.1
raie A, -— NOCTOAHHAA.

JloKka3aTenbCTBO 3TOrO YTBEpMAeHHs JaHO B npuMeuaHuu [°],
YKaxy TONBKO, d4YTO [JIf HEKOTOPHIX BHEUIHUX MOTEHLHAJ0B
CneuuanbHOro BMAa, Hampumep aas notenunana U (7)) = or?/2,
C TeyeHHEM BpEeMEeHH He JOCTUraeTcs paBHOBECHOe paclnpe-
aeneHde B npocrpancTBe Buaa (4.11). B caywae Takux ocoOwbix
NOTEHUUAJOB HMEETCd MHOXECTBO pelieHHH ypasHenust boubl-
MaHa, B KOTOPBLIX 3aBUCHUMOCTb OT CKODOCTH BCerjia HMeeT
Bui (4.9), HO 119 KOTOPHIX BeauuuHsl A, § u & MOryT ObiTb
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¢yHKiluaAMH KoopanHaT u Bpemetu. Cam DboabumaH neraabHO
HCCAeL0Baa MoAOOHbIEe peileHus .

O/HaKO Takue pelieHHss MPeACTaBAAIOT Julllb OTPAHUUYEHHBIH
HHTEepecC.

B saxaiouenue 103BosbTe MHe CAeJdTb HECKOJBKO 3aMeYaHHH.

a. JlcHo, urto boabumMaH He TMNOJAy4YuJ HABHOTO pellleHud
3allayd ¢ HauvaJbHBIM ycjaoBueM aas ypasHenud (4.1), o koto-
po# MBI rOoBOpuUJM paHee. [leHCTBUTE/NBbHO, OH MCXOJIHT Npexie
BCEro M3 MPELNOJOXKEHUs, 4TO CYHIECTBYET €JHHCTBCHHOE pellie-
HHe 3aJayd C HAuaJbHBIM ycjaoBueM naa ypasHeHud (4.1). Ilasee
OH TnpeanoJsaraer, 4yro ecjiu npu =0 JyHKuUsa pacnpeie-
neHua  f yOniBaet B 00aCTH F, ¥ —> OO LOCTATOYHO OBICTPO,
TaK 4TO Bce HeoOXoauMble HHTerpanl (0COOEHHO HMHTerpaJbl
15t TIOJTHOH IHEPruu, MOJHOIO YUCAA YacTUL M Aasa QYHKUUU H)
CXOAATCA, TO 3TH HHTErpanbl OyAYT CXOAMTbCA M A48 JA1060Tro
nocjaenymuero MoMmenra BpeMmenHd. Takum o0pasoMm, ¢ MaTte-
MaTHYeCKOH TOYKH 3peHMsa pellleHHe DBoabimMaHa HeOesynpeuHo.
B npocrpanctBeHHO oaHopoaHoM cayuae (U=0 u f sapasercs
byHxkuue TOAbKO @ M f) 448 MoAeJd TBepAbIX  cdep
[/ (g, ¥) = const] KapaemaH nawen Tounoe peuterne [*]. 9 e 6yny
u3jnaratb 3aech Merol KapnemaHa, Tak kak OH He go0aBnseT
HUYEro HOBOTO K YyXKe 3HAKOMOH ¢usnuyeckolt KapTuHe, XOT4,
no-suauMomy, oboOuwenue Merosa Kapaemana Ha cayuyaét mpo-
CTPAHCTBEHHOT O HEOJHOPOIHOTO rasa Obio OBl BeCbMa MOJAE3HO.

0. Pewenue DosbuMana He o3HayaeT, uYTO YCTaHOBJEHHE
PaBHOBECHSI TIPOMCXOAUT B [Ba MNOCJEAOBATE/NbHBIX, PE3KO OTIe-
JeHHBIX OAHMH OT APYroro 3Tana: CHayaaa yCTaHaBJUBaeTCd pac-
npenesnenne Makcseasa B NpocTpaHCTBe ckopocteit (4.9) u auib
3aTe€M B KOOPJAMHATHOM TNPOCTPAHCTBE YyCTaHaB/auBaercd ,06apo-
MeTpuyeckoe® pacnpeneneHue (4.11). Ha camom geae o6a npo-
liecca B3aUMOCBf3aHb, M pacHpene]eHHe MO CKOPOCTAM CTaHO-
BUTCS CTPOTO MAKCBENJIOBCKUM MOAbKO TIPH LOCTUXKEHHH MOJTHOTO
paBHOBECHS.

B. OIHAKO BepHO U TO, YTO MPOIECC YCTAHOBJACHUS PABHOBECHS
B MPOCTPAHCTBE CKOPOCTeN COBEPUIEHHO OTJAMUAETCHA OT YCTaHO-
B/JIEHHUS PAaBHOBECUS B KOOPIMHATHOM npoctpaHcTBe. M3 penrenuns
boabumana ciaepyer (M 3TO BNOJHe TNpaBaonoaobHO ¢ dusiu-
YyeCKOH TOUKH 3PEeHHUA), UTO pacnpenenerue o CKOPOCTAM B JI060M

* CMm. Boltzmann, Wissenschaftliche Abhandlungen, Bd. II,
S. 83, 1909,
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iy

9/IEMEHTE KOOPAMHATHOTO NPOCTPAHCTBA MOHOTOHHO U BecbMa
6LICTPO CTPEeMUTCS K L0KaAbHOMY pacnpeleneHnio Makcsenna
suaa (4.9), KOTOpPOro OHO, KOHeYHO, HHKOTJa He HOCTHraeT,
TaK K4K BHEUWIHHE CHJAbI M HaJAMuMe NOTOKOB NPENATCTBYET STOMY,
HO K KOTOPOMY OHO N0 kpafiHeft Mepe ctpemutcsi. C apyro#t
CTOPOHbI, YCTAHOBJ/IEHHE PABHOBECUS B KOOPIAMHATHOM NMPOCTPaH-
cTBe BOOOIle NPOUCXOAUT He MOHOTOHHO M TpeOyeT 3HAYUTEbHO
6oabmiero Bpemenu. KoOHeuyHO, 3Ty KAPTUHY YCTaHOBJEHUS MMOJI-
HOro pacnpeneseHuis Makcsenna— boabumana (4.6) LOMKHO
(1 MOXHO) MOATBEpPAUTbL, ecaH TAayOxe HCC/AeLOBAThH YpaBHEHHE
BoabumMaHa, 3ToMy NOCBSLLEH METOA MOCJAeL0OBaTEAbHBIX NMPUs/IH-
weHu# (Meron Yenmena— DHcKOra), KOTophiit Mp 06cyauM B 1. VI.

3. JluneapunsopanHoe ypasHenne bojbnmana. byieMm cuu-
TaTb, YTO C TeuyeHHeM BPEeMeHM YCTaHOBMJOCH pacnpeneseHue
Maxcpenna — boabimaHa (4.6), u uccaeayeM Majble BO3MYUieHNd
STOr0 pPaBHOBeCHOro coctosHud. [losoxum B ypaBHeHuu (4.1)

f=foll +-h(r, v, &) (4.12)

M npexdeOpekeM B HeM KBaJpPATUYHBIMKM ujieHaMd no k. Mu no-
JdyuuM B pesyJbTate JuHeapu30BaHHOe ypasHeHue boJbumaHa

Oh oh Oh

—

F — % % o
+ [ do, [ dQgl(g. 9) fou (W +H;— b —h)=
= S(h)+Ch). (4.13)

PaccMOTpUM  CHaua/la NPOCTP2HCTBEHHO OJIHOPOJHBIH cayyald,
KOTJAa HET BHEMIHUX CHJ, TaK YTO BO3MYIUCHHE /i ABAAETCS (PYHK-
muefl TOJLKO © U £, a TaKxke

mu” ) (4.14)

. m ’/9e
fo=n kar) xP(‘"QkT

rie NAOTHOCTb YHMC/Aa YacTWLl 7 U TeMiepaTypa 1 MOCTOAHHHI.
IMpexne uyeM NPUCTYNuTh K pelleHuio ypaBHenus (4.13) ¢ na-
YaJbHHIMH  YCJAOBUSIMU, HHTEPeCHO Haltu coOCTBeHHBE (YHK-
K §; 1 COGCTBEeHHBE 3HaueHWa \; omeparopa cToJjkHoBeHu#t C,
onpenefsieMble ypaBHEHHEM

Hekotopsle cBofictBa ypabuenus (4.15) coBeplIeHHO OYEBMAHHL.



3. Juneapusosannoe ypasrenue borvymana 111

a. ViMeercsa nATb HYyJAeBLIX COOCTBEHHBIX 3Ha4eHu#, COOTBET-
CTBYIOIMX cOOCTBEHHBIM GYHKLMAM 1, D M V2%, TaK KaK uMeercs
MATb 3aKOHOB COXPaHeHUs MPU CTOJKHOBEHHUAX.

6. Bce ocTanbHble COGCTBeHHBIE 3HAYEHUS JOJXKHB ObITH
ompuyamesbHoMu.

JeficTBUTE/NLHO, NpeACTaBAds A; B Bule

B f dofobiC (¢1)
fd‘vfo“l’%

noayuaeM MJs yuCJAHTes ITOH npobu

| dofobC =
ﬂ-—-}r fd‘vfd‘vl fdggl(g' 8)f0f01 (4’: } ('P:I q)i q“fl)g'

3gech MBl MCMOJAL30BAAM Te Ke caMble NMpeoOpa3OBaHUA, YTO H
npu JAOKaszareabcTBe H-TeopeMsl.

B. Pasnuunspie coOcTBeHHble QYHKUUH OPTOroHaMbHbI APYT
Apyry. JTO CJAEAYeT U3 COOTHOLIEHHUS

f dofob.C (§;) = f dofod;C ($)).

r. Onepatop C dBasercs N30TPONHEIM ONEparopoM B Npo-
CTPaHCTBE CKOpOcTe#t, ¥ mo3TOMy ero coOCTBeHHble (QYHKUHH

HMEIOT BUI
brim = Ry () Vi (3, ), (4.16)

rie BBeAEHB CepuyecKue KOODAMHATHI B IPOCTPAHCTBE CKOPO-
creft, Orcloma cienyeT, uTo coOCTBeHHbe 3HaueHus A, Oyayt
no kpakHe#t Mmepe (2/—- 1)-KpaTHO BHIPOXIEHHI.

- [Ipennonaras, 4To coOCTBeHHble QYHKUWH §; 00pasyioT noJ-
HYI0 CHCTEMY, MOXHO, OYEBHIHO, MPEACTABUTL pelIeHHE YpaB-
HeHusa (4.13) nad nNpPOCTPAHCTBEHHO OJAHOPOIHOIO CJ/aydas B BUIE
pa3JaOXKeHUd 10 Y,

i ]

At
h(v, )= 2 c;e ', (), (4.17)
i
rie Kodh(pUUKEHTH C; ONpeNeasloTCs € TOMOLUbIO HAYaJbHOTO
ycaosus A (o, 0). Tax xak A; <0, us (4.17) crenyer, uro 2 —>0,
33 MCKJIOUEHHEM TMOCTOMHHLIX H3MeHEeHHH MNJOTHOCTU, CpeaHen
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CKOPOCTH M TeMmepaTypel. Beamuuns A] ', oueBuaHO, npen-
CTABAAT CHREKMP GPEMEH PEAGKCAUUU.

Pasymeercs, eme Heo6xoauMo 10Ka3aTb, YTO TakoH duck pem-
Holll CTIeKTP BpeMeH peJakcauuu cyulectByer. Hackoibko MHe
M3BECTHO, OOGEro IOKasaTeanCTBa 10ka #em. Hasectno I8, uro
oneparop crtoakHoBenuH C (#) viMeeT BHUI

Ch)y=—co(v)h+ f 4o, fou K (v, v) h(v),  (4.18)

oaHaxko sapo K (v, v,) 4BAAETCA CUHTYJAPHBIM, Tak 4To OOnu-
HBlE€ METOLbl HCCJeJ0BAHHSl HempUMeHUMBl. MOXHO AOBOJBHO
MPOCTO IOKAa3aTb, YTO, KAKWM OLl HU ObIA CHEKTpP, OH INOMKEH
ObITh OrpaHHYeH CHH3Yy, €CJAU CYLLeCTBYeT MHTErpan

J i@ = [ av | dvfof | a2l (8. B)

YTO O3HA44e€T KOHEYHOCMb BEJAUYHHBL [OJHOrO CCYEHUd pac-
CECAHNA

Qg)= [ a2l (g. V). (4.19)

a 3T0 B CBOW ouepelb CJelyeT U3 BecbMa eCTeCTBEHHOIro Npen-
MOJOXEHUSE O KOHEYHOCTH pajuyca IAeHCTBUA MEKMOJEKY/JIAPHBIX
cui. Ilo-BumuMoMy, B 3TOM cCJayyae CHOCKTp AOJXeH ObITb AU~
CKPETHBIM H MOC/€40BaTeNbHOCTh COOCTBEHHBIX 3HauyeHUH A; Oymer
UMETb KOHEYHYIO OTPHUATeAbHYIO mpelenbuyio Touky. Ho naxe
178 MoZeau TBepAblx cgep, korga /(g, ¥)==const, 370 He OBlJIO
noxkasano [l

BcaencrBue HeonpeneneHHOCTH oOwlefl CHTyauud BecbMa yTe-
INUTENBHBIM  SBJAETCH PacueT CReyuassHoll MONeaH, A KOTO-
POl MOKHO ONpeleuTb B SBHOM BHIE CHEKTP COOCTBEHHBIX
3HaueHUH U coOCTBedHBle (YHKUUH. Tak Kak C ROMOLIbI0 3TOH
MOJeau Mbl OyaeM UCCACNOBATH B CJeAYIOULlelk riaBe ONHO M3 NpPHU-
JOWEHUN JNMHeapU3OBaHHOTO YypasHeHus boJsbumana, s BbiBedy
31eChb CHAuya/1a TOYHblE (OPMYJHL.

BeeneMm B ypasuenuu (4.13) GespasmepHple CKOPOCTH

__( m )1/2
C=\27) ?

M aHajJoruuyno nas v,. Ilomoxum rakxke

"C————“‘(QkT)/zf,
,
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Torna npu a =0 (Her BHemwHUX noJaeH) ¢yHKUUA f, Bce ele
uMmeer Bun (4.14), u JuHeapu3oBaHHOe YypaBHenue Doabumana

MPUHUMAET BUJ

oh oh
St == nal (b), (4.20)

rae
J(h)=mn""h f de, exp (—¢3) X
X [aQF (g. H[n' 1 —n—m]  (421)

.
F (g, {}):(2—’-:-7—,-)/2g£‘%ﬂ, (4.22)
a 0 — NMOCTOSIHHAsg, UMeILasd pa3MepPHOCTb NMOJHOTO CeYyeHHs pac-
cesHusl, Tak uro ¢yukuus F (g, v) Oyner Oeapaamepna. §l Ha-
30By J (/) Ge3apa3aMepHBIM ONepaTopOM CTOJKHOBeHu#. PasyMmeercs,
on obnanaer BceMu cBoicTBaMu oneparopa C(h).
I[Ipednosroscum teneps, uro F (g, &) asaserca o¢yukuueh
TOABKO yriaa ¢. COOTHOIIEHHE MeX Iy CKOPOCTSMHU €, €; 4O U CKO-
poctaMu ¢’, ¢ MOC.Je CTONKHOBEHHA SBNACTCA LUHCHHbLM, U ACHO,

ytTo ecaM ¢QyHKUUA £ OyneT NMOJMHOMOM OT © CTeNeHu A, TO H
oneparop J(A) Oyaer noauHOMOM OT ¢ creneHu n. [loatomy
coOCTBeHHble ¢yHKUUM omnepatopa J OYAYT Takxe MOJUHOMAMHU
H JETKO TNpOBEpPUTh, 4TO, UCHO/b3YS CdhepHuecKue KOOPAHHATHI
B NPOCTPAHCTBE CKOPOCTeH, MX MOXHO 3anucath B BH[e

b, =N_ SO (HcY, 3 ) (4.23)

rim L+,

,
rie Sg_gtfz—rlpHCOQILHHeHHbIe noavHoMbl Jlareppa (UX Ha3bIBAOT

Takke noauHoMamu Couuna). IMoausom SU™(x) onpeneasercs
KaK K03¢pduuneHT npu £™ B pasjomeHud NPOU3BOAsiUEH GyHKIHY

(= 7 exp{— 2]

[0 CTeneHAM f, ¥ er0 MOXHO 3anucaTh B AIBHOM BHJE

S (x) = ¥ (—xy L2

ptim—p)l(n+4p)!-

B ¢opmyne (4.23) seanuunsl N, ABAAITCA HOPMHPOBOUHEIMH
NOCTOAHHBIMH. PYHKUMU Y, (€¢) 00pasylOT MOJHYIO OPTOrOHa/b-
HYI0 CHCTeMy COOCTBEHHBIX GYHKUMH C BecoM e~¢, H COOTBET-

¥ 3ax. 617
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- " —pr o -

CTBYIOLIHE UM COOCTBEHHbBIE 3HAYeHUd PaBHL!

A, =2% fd%} sindF (8)[(:032_’” % P, (cos %) -
0 | "

: 3 R
—+sin* ! = P, (sm —2-) —1— 8,0810]. (4.24)

Coornomrenust (4.23) u (4.24) 6uau noayyeHs BnepBhle Bau-
Yanom u HesaBucumo Baabamanom I, 3ameTum, uro naThio Hyae-
BHIMM COOCTBEHHBIMM 3HAUEHMSAMM, OTBEUAIOIIMMH COGCTBEHHBLIM
¢ynxunsm 1, ¢ u (3/5— ¢?), 6ynyr COOTBETCTBEHHO Ayy, Ay ¥ Ayo-
W3 dopmyan (4.24) caenyer, uro npu Gosabmiux r u I ce6GCTBeH-
HO€ 3HaueHHe A, CTPEMUTCH K NpeleJbHOMY 3HAUYECHHUIO

— 9 f dd sin §F (9), (4.25)
0

KOTODOE€ MBI MOXEM MOJOXUTb PaBHHIM — 1, noadupas CooT-
BETCTBYIOL1YI0O KOHCTaHTy o.

51 Ha3oBY 3TOT 4ACTHHIM cay4alt MHHEeapU30BAHHOTO YpaBHEHUS
bosnvuMana xeazumarcsesroscroli modessio. OHa He aBAseTCA
pcaaTucTHUECKON, TaKk KaK HeT TaKuxX IMOTEHIHAJOB MexMoJe-
KYJAPHBIX CUJ, Aas KoTopux F (g, ©) 3aBuceno 6v TOBKO OT
4 17 KOTOpHX unrerpaa (4.29) cxoauncsa Obl. Hanpumep, koraa
MOTEHU KA/ MEXKMOJEKYIIPHHIX CUa paBeH xr % (modess Makc-

1
8esnna), TO gl (g, 9)— (_2_%)/2 F o (9).

m

Tpu Manux & dynkuua Fh (%) ~ 977", tak uro mnterpan (4.25)
pacxoaurcs. ITO0 COOTBETCTBYyeT TOMY, 4t0 ©(r) umeer Gecko-
Heunblfl pamuyc fAeitctBus PBl. Opnako, no-suauMoMy, KBasuMak-
CBE/VIOBCKAs MOJAEJb JOJ/XKHA XOPOIIO OMUCHIBATH PeasbHO Cyiile-
CTByIOIIME CHJIBl ¢ KOHEYHBIM paguycoM JeHCTBMSI W 1aBaTh
Xopouyde, no kKpaiHeR Mepe KaueCTBEHHO, Pe3yJbTaTHI.

B sak/ouyenue oTMeuy, YTO cCOGCTBeHHBIE 3HAYEHUS OMepatopa
CTOJNKHOBEHUN no/(#) OyLyT, O4eBHAHO, BEIMYMHAMH MOPAIKa no,

1
YTO COOTBETCTBYET Be/JIUUWHAM TNOpPAIKa nc(kT/m)/” nast co0-

CTBeHHBIX 3HaueHu#t A; omepatropa C (%). Takum o6pasoM, ()\z)—l
Oyzer BeaMuyuHOR MNMOpPSAKA CpeldHEr0 BpeMeHU MeXIy ABYMS
CTOJKHOBEHUAMHU. ITO O3HAuaeT, 4YTO pacnpenejeHne MaxkcBenna
OyneT yCTaHaBaMBATbCA NOCJe HeGOJBILIOTO YHCJAA CTOJKHOBeHUH
MEX1Y MOJEKy/naMu, T. €. 32 BPeMsi NOPAAKa CPeJHEro BPeMeHH
MEXKIAY CTOJKHOBEHUSIMH.



MPUMEYAHUA K TJIABE IV

1. Kuura Boabumana (Boltzmann., Vorlesungen ({ibet
Gastheorie, Ambrosius Barth, Leipzig, 1912), koropas co-
NEePHKUT OueHb NMOoAPOOHOE H3J0XKEHUWE BONPOCOB, O00CYXKIAEMBIX
3Iechb, BCe ele gBaseTCA HenpeB3olaeHHOH (CM. B 0COOEHHOCTH
yactb II, ToM 1, u wacts VII, Tom 2).

2. Tlpy B3anMHOM 3aMeHe TNEPeMEHHBIX HMHTerpUpPOBaAHUA
V «> UV, UMEEM

(.%f.;.) . zfdfafd‘vlfdﬁzgf(g' Winf-(f fi—Ff)=

= [do [ ao, [a2gi(e. Hinf,-(f 1 —11))

Bo3bMeM MONYCYyMMY STHX BHIpaeHuit, npousBeleM B3aUMHYIO
3aMeHy CKOpPOCTEH N0 M NMOC/He CTOJKHOBEHHS 0 <>, 0, <> 0;

TOTAA € Y4YeTOM COOTHOUIeHHs d9 do, = dv’ do, noayunm

(%)’*‘% [ a0 [ av, [ ael (g OY(F Fi—rf)In(fr) =

r.

z%fdva do, [ aQgl (g, $)(ff,— F'F1)In(f f).

ITosycyMMa mnoc/aeAHMX JBYX BbIpaweHu# paet dhopMmyay, npu-
BeIEHHYI0 B TEKCTe.
3. 3anuweMm dopmyay (4.9) B Buze

Inf=—~hv>+}+k-09-+n,

rne B =20m/2, R=0Bmu, n=In A— Bmu?/2. Tloncrasasa sty
¢yHkuuio B ypaBHeHue (4.10) u Tpebysd, uroOb 3TO ypaBHeHHe

8*
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BBIMTOJHAJIOCHL TOXKACCTBEHHO OTHOCUTC/JABHO @, HOJYHAEM YpdB-
HEHHUA.

oh
=0, (1)
Ok; Ok; oh 3
"07,"-’* o A =" )
dki on .
on
o —+- kaaa == (. (4)

s (1) u (2) caeayer, 4to A MOXeT ObITb TOMBKO PyHKIlHeH
BpeMeHU U UTO

k= k() [Q(t) X r1+ 7 r. (5)

[TosTOMY MOXHO CK434aTh, YTO VCPEAHEHHOE ABMIKEHHE rasa MOXKET
ObITb TOJBKO 3aBucdAlllel OT BpeMeHu KOMOUHaUMeH mnapangelb-
HOTO TIepeHOCa, BpauleHUW U BCeCTOPOHHEro pacClIUpeHUss WM

cxatusi. Taxk kak ma = -—grad U (r), u3 (3) caeayer, uro
ok ’ 2h
== — grad [\n—}——n? U). (6)

[Tosromy rot(0k/0f)=0, 1. e. Bexrop & InomkeH OblTb MO-
CTOAHHBLIM, W Toraa u3 (4) u (9) caeayer, 4To

dky .1 d% ,
df 2 arr

2h
n"-,—"—?;z— U:no(t)_

[Toacrasnss 3TO BbipaxeHue Aag n B (4), noayuaem

1 0 dh ,, _dn,  d’R, U d%h
o kgdU—-— -7 U=—7 gz T o gE T (7)

[Ipeanosoxum, uto BHewHn#t notenuuan U (1) MOXHO Pa3aoKUTDH
B HEKOTOpPOH TOUKE B psl

1 1
U= A%, + 5 AyX.Xp + & AaprXaXeXy T -0 (8)

rme BeJMuYMHB A — u3BeCcTHBIE NOCTOAHHble., Yaenamu OoJee
BBLICOKOTO TIOPSiAKA MOMHO npeHeOpeub, TaK KaK OKasbiBaeTCs,
yTO TIPU MPOU3BOJbHLIX A (opma (8) yxe ABAAETCH AOCTATOUHO
o6wei. Ecan noacrasutb norexunan (8) 8 popmyay (7), TO ujeHbl
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TPeThero INopsaka Mo x; OyayT pacnojaraTbcsi TOJbBKO B JIeBOH
yacti cooTHoumeHusl (7). IlpupaBHuBasg KO3PPHUUMEHTH NPH ITUX
yJeHaX HYJA0, I0/ayyYaeM JeCsTb OJLHOPOAHBIX JHHEeHHBIX ypaB-
HeHMH Jasi 4yeTbipeX HeusBecTHbiX BesanunH @ u dhi/dt. Takum
06pasoM, B O0leM ciayyae A 10MKHO OBITh MocToAHHBIM ¥ @ =0,
PaccmatpuBas 3ateM ujeHbl BTOPOroO IOPAJIKA IO X;, HAXOIWM,
yro U RBy=0, Tak uyro U B Takxe NOMKHO PABHATLCA HYJIO.
Ws ypaBHeHus (4) caepyeT, 4TO B 9TOM Cayyae ¥ 72 HE ROJIKHO
3aBHCceTb OT BpeMmeHu, a us (3) moayvaem n—+ (2hU/m)=n,,
yTO 3IKBHBAJECHTHO ¢opmynae (4.11). | |

4, Carleman T., Problemes Mathématiques dans Ia
Théorie Cinétique des Gaz, Publ. Sci. de I'Institut Mittag-
Leffler, Vol. 2, Uppsala, 1957. HokasaTeabCTBO JerKO 0606LIMTD
Ha CJyudall ApYyrux MOTEHUHAJ0B C KOHEYHBIM PaAHYCOM JeHCTBHA.

5. Idro 6bl10 BrnepBble nokazaHo IJuckorom (Enskog D.,
Kinetische Theorie der Vorginge in Missig Verdiinnten Gasen,
Dissertation, Uppsala, 1917, S. 140). bosee npocroe nokasa-
TeAbCTBO cM. y Banbamana (Waldmann L., Handbuch der
Physik, 12, S, 366).

6. Mmeercs rtakwe caeaywiiee 3atpyinenue. Hano am Ha-
KJ1dABIBATb YC/JAOBHE, UTO HHTErpas

| dvfo? ©)

CyUleCTBYeT, AJad TOro 4ToObl BbLAEAUTb COOCTBEHHbIE 3HAYEHHS
U CcOOCTBeHHbIC (PYHKUUH JHHEHHOro oneparopa CTOJKHOBe-
i C (4)? C omHO#t cTOpoOHB, 3TO HEOOXOAUMO, €CAH MBl XOTHM
MPUMEHATb OOBIUHYIO TEOpPHUIO ONepaToOpoB B ruabO6epPTOBOM Mpo-
crpadctBe. Ho, ¢ npyroit croponst, unrerpan (9) #e umeer ¢pusu-
YeCKOTO CMbICIa B NPOTHBONOJOXKHOCTL CHUTYallHH B KBAHTOBOH
Teopuu. IDTa TpyAHOoCTh Onia orTMeueHa Ban Kammenom [Van
Kampen N. G., Physica, 21, 949 (1955)]; ocobenHo cM. 3ame-
yaHue Ha cTp. 957 sto#t paborbl. Bansaman (Waldmann L.,
Handbuch der Physik, 12, S. 365, 367) nwita;ica cBsasathb
ycaoBUe KBaapatuuHoW uHTerpupyemoctd (9) ¢ TtpeboBaHueM
TOr0, YTOOBl HTPOMHUA CHCTEMbl BCeraa CyllecTBOBAJa, OAHAKO
er0 apryMeHTH He ABJASI0TCHS MOJHOCTHIO yOeduTebHBIMMU,

7. Wang Chang C. S.,, Uhlenbeck G. E., On the
Propagation of Sound in Monatomic Gases, University of
Michigan, 1952; Waldmann L., Handbuch der Physik,
12, § 38.
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8. Moxuno nafitn (cM. Maxwell, Collected Papers, Vol. II,
p. 42), uro |
1 (cos 2¢) "2

Fu@)= 4 sin 9 sin 2¢ {cosZ¢ - K(sing) —cos2¢ - £ (sin 9}’

rle ¢ cBA3aHO ¢ ¥ COOTHOLIEHHEM

T—29

G = (cos 2q>)'/’l K (sin o).

Brecv K(x) v E(x)— nosHble 3MJHNTHYECKUE HHTErPaabi mep-
BOTO W BTOPOTO POAa COOTBETCTBeHHO. PyHKiug F y (¥) — MonHo-
TOHHO yOblBatowas ¢yHkuus ¥, KOTOpas NpuH Majauix U Bener
cebs Kak

(31‘t)1/2 T 35

5 Y 1""'??58"‘"')'

B TO BpeMs Kak npu ==

1
Fy(m)y= IR (A = 0,0727 ....

Fy®) =




FTABA V

Pacnpocrpanenue 3Byka

I. Beenenue, B kauecTBe npumepa nmpuaokKeHUs JUHEaPH3O-
B1HHOTO ypaBHeHUA DOJbUMAHA MBl PaCCMOTPHM PAacCnpOCTpaHeHue
3ByKa B rase. JlelcTBHTe/bHO, eCad a3 HAXOMUTCS B PABHOBECUH
M eCJu UHTEHCHMBHOCTb 3BYKa He OuYeHb Be/MKAa, TO 3BYKOBLIE
BOJIHBl MOXKHO pPAacCMaTpPHBATh KAaK MaJjoe BO3MYIUEHHE COCTOSHMSA
paBHOBeCHS M OMNUCHIBATL 3TOT NPOLECC C NMOMOILLIO JHHEapH-
30BAHHOIG ypaBHeHUsi BoJabuMaHa.

IIpexxae Bcero BO3HMKAeT BONPOC: KAKOBA CKOPOCTb paclpo-
cTpaHeHus 3Bykar OTBeT Ha mepBHH B3/l OYeHb TPOCT U
M3BECTEH KaXIOMY CTYJeHTy-(pusuky, KOTOpHIfl 3HaeT, YTO CKO-
poctb 3Byka V|, 3aBucHT OT aanabaTuyecko#t CHUMaeMOCTH rasa
¥ BbIpa)kaeTca QpopMmyJioH

¢, kT (5 kT\%

Jrta ¢opMysa HamycaHa AJg OLHOATOMHOTrO rasza, pacCMOTpPEHEEM
KOTOPOTO f M oOrpaHuyych B JpaabHeHwem. Oanako ecau pac-
CMAaTPHBATh Ta3 He KaK CILVIOWIHYIO cpely C HeKOTOpO# CxuMae-
MOCTbIO, @ KaK COBOKYMHOCTL IOYTH HE3aBUCHUMBIX MOJEKY.JI,
TOrjga MNpOUeCcC PpacnpoCcTPaHeHus 3BYKA CTAHOBUTCH 6oJee yeM
sarafouHuM, Kaxkum oOpasoM Ha XaoTHueCKOe ABHMKEHHE MOJEKYJI
HaKJIaAbIBACTCA YHOPAJOYEHHOE JABHXKEHHE, MU, B COBPEMEHHOMH
TEPMUHOJOTUU, KOALeKMUBHOE O8UNMCEHUEe, KOTOPHM H SIBJAETCS
3BykoBad Boana? Heo6GxoauMocTh 3aTparusath NOgoOHBE TaY-
O0KMe BONPOCH CTAaHOBUTCH COBCPIICHHO OYEBUAHOM, eCiAM MU
XOTHM OODBACHUTH 3aBUCUMOCTb CKOPOCTH 3BYKa V OT 4acTOTHI,
T. €. AUCIEPCHIO 3BYKa M COMYTCTBYyIOLlee el MOrJolleHHe 3ByKa.
Co Bpemen Kupxrodgpa u3BeCTHO, UTO NPU YBEJIHYEHUH YACTOTHI
CKOpPOCTb 8ByKa V BO3pacTaer M HOSBJAACTCA NOTJIOILIEHHE.
[Mocnennutt sdgekr elle MOKHO OTYACTH MOHATHL C TOUKU 3peHUd
TEOPUH CIVIOWIHOH cpelbl. IIpd BLICOKMX 4YaCTOTAX TpajMeHTHI
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TEMNEPATYPH M CKOPOCTH MeXILY COCeNHWMH VIIIOTHEHUAMH W
paspexeHUsMH CTAHOBATCH HACTOJBKO O0/blUUMU, UYTO, XOMA
BpeMsl MX uepeloBaHMA BCE YMEHbBIIACTCS, HAUYMHAIOT WrpPaTh
CYILEeCTBEHHYID POJb 3P@PEKTH TEMIONPOBOAHOCTY U BAZKOCTH
rasa, KOTOpbie M BHBHIBAKT mnorJaouienue. Kupxrodgd noayunna
1J8 Ko3d(pduuueura norjouleHda (no amniautyne) gopmyay

w? 19 2 mx
P — — 1 — : 5.2
0 pvg(:a” "5 k) (9-2)

rie o — yrjioBag 4acToTa, p — IJIOTHOCTb, P — KO3gdutuenr
BS3KOCTH U % — KO3(ULUKHEHT TeNJ0NnpPOBOAHOCTH rasda. Tak Kak
%~ (R/m), p~ph{(c), rie A-—cpeansis AIHHA CBOOOAHOrO
npo6era, {c¢) — HeKOTOpast cpefHsisi TENJICBAas CKOPOCTh (CJEL0Ba~
TenbHo, (cy~V,), To u3 (5.2) caenyer, uto ay~A/A2, rne
A — navHa  3BykoBO# Bosnbnl. CooTHomieHune (5.2) xopoluo
MOATBEPKAAETCA HA ONBITe, eCJd 4YacTOTa « HE OUEHb BEJHKA.

YTo mpoucxoauT, korjaa yacrora yeeanuusaerca? [puncrnen (']
npojeaas OOABIIOE YUCJAO ONBITOB € Ta3000pa3HBIM TeJiueM.
OH noab30Bajacd OOLIUHON MeTONHKOH, XOTSl, KOHEeYHO, MOoTpe-
00Ba/IMCb MHOrMe YCOBEPHIEHCTBOBAHMA M MEPBl NPeNOCTOPOXK-
HocTH. KBapuesas naactuHa A B036YXK1a.1aCh Nbe303ICKTPUUECKH
M ABJSNACh MCTOYHHKOM 3BYKOBHIX BOJH. KosneOaHus NJIOTHOCTH
NpuHKUMana Jpyrag, TOYHO TakKas e KBapuesad nJactuHa B,
U noayuaBuivecs KoJeOaHua HanpsxXKeHus yCHAUBAMUCH. PasHOoCTh
¢a3 koaeOaHUM Mexay nnactuHamu A u B onpeneaser (pasoBylo
CKOPOCThL 3ByKa, M OTHOLUeHWe aMIJIMTYA JaetT KO3(M@HIMeHT
noraowenust. PaccTosHue L MexAy TNAACTHHAMU BRIOHPATOCH
BCerna MHo20 Oo.buie cpelined AauHH cBOGOAHOrO npobera A.
PesyabTatel, no-BuauMomy, MokasbiBalOT, YTO CKOPOCTbL 3BYyKa V
M KO3D(PUUHMEeHT TMOTrJ0lleHus o MOHOTOHHO BO3PACTAT INpU
VBEJHYEHUN Y&CTOTHI. HauboJjblliee NTOCTUIHYTOE 3HAYEHUE OTHO-
wenua A/A pasuanock npubnuzutenbyHo enunuue. [Ipy stom
ckopocth V' gocrturana snaueHus 3V, a xoadduuueHT noraouie-
HUSl OKasaJjca mopaaxa 1/A, 7. e. MnorJaolueHue OBIIO YpE3BLI-
4aHHO B2JHKO.

Yro cayuurcas npu o —>oco? Hexoropwele cyurtaor, uto V
M 0 MOIyT cTaTb OeCKOHEeuHBLIMHM, TaK Kak, COrJacHO pacnpe-
AeJeHUI0 MakcBesia, MOTYT CYUIEeCTBOBATL MOJEKYJH ¢ OecKo-
HEYHEIMH CKOPOCTSIMHU. I pyrue nmosaramoT, 4To CKOPOCTh V AO/MKHA
CTaTh NOCTOAHHON, B 70 BpeMs KakK KO3PEPULUHUEHT & JOKEH Npo-
XOAWTb Yepe3 MaKCHMMYM aHAJAOTHYHO TOMY, KaK 910 HabaonaeTcs



2. Merod Bawn-Hana 121

Yy MHOroatoOMHBLIX ra3oB. Ho B HacToslliee BpeMst HeT L0CTATOYHBIX
NPUYUH A9 NPeanodTeHus TOH UM APYro#l THIOTE3H.

2. Merog Ban-UYana, Hro0w HaliTH 3aKOH jucriepcuu 3BY-
KOBBIX BOJIH, KaXeTCS eCTeCTBEeHHBIM WCKAaTb pellleHue JMHeapu-
30BaHHOI0 ypasHeHusa boasumana (cM. pasaen 3 ra. IV):

oh | Ok

ot | ¢ or

2
J(h)x..._:gfdcle*"l [d2F (g ®)[n' +ni—h—m],

= naJ(h),
(5.3)

KOTOpOe uHMeeT BHJA TMJOCKOH BOJHBI, pacnpocrpaHsiouieiicd,
CKaxeM, BAOJb OCHU 2. TloaroMy mOa0KHUM

h=hy(c)exp [i(kz — w;T)], (5.4)

rie ;== (m/?k:T)I/2 U k—2n/A — BoAHOBOE uuC10 (He cJje-
AyeT NyTath €r'o ¢ NOCTOSHHOH bosbluMana &, KOTOpad NOABAALTCA
BCerAa TOAbKO B coueTanuu RT). Pasinoxum f,(c) no co6cTBeH-
HeIM QyHKuuaM onepatopa J (&)

hy(€) = }_] a;b,(c).

QueBUIHO, MBI MOJYUYHM 6eCK0HeqHy10 CUCTEMY JIMHEHHBIX ypaB-
HeHUH

ik XM, a, —io,a, = ne\a, (5.5)
A
e
| Mlmx f dccz"[)lq)me“cz' (5'6)

Cucrema (5.5) uMeeT HeTpUBMAJABHOE pelueHHe TOMbKO TOTAA,
KOrja OeCKOHEeYHbIH AeTePMHHAHT CUCTEMbl PaBeH HYJIIO:

ik My — (i0y - nak)) Byl = 0. (5.7)

JTO yC/lOBUE ONpene/serT CBA3b MEXIAY w, U R U, CIeAOBATE/bHO
Bbl paxaeT 3aKOH Aucnepcuu rasa. OAHAKO NMOAYYUTb Kakue- 100
CBelleHUss B $IBHOM BUJA€ U3 YypaBHeHus (D.7) OyeHb TPYAHO.
Bce, uro MBI MOXEM CJleJaTb, 3TO BBIYMCJATH JAETEPMHHAHT
1noc JegoBareabHo. BospMeM cHauana B AeTepMuHante (9.7) TOABKO
epBble TPU CTPOKM H CT0/0LA, COOTBETCTBYIOLLHE TPEM HYJIEBEIM
cobcTBeHHBIM 3HaueHusaM. (CoOcTBeHHble (yHKUUMU OYAYT paBHBL
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cooTBeTcTBeHHO 1, ¢, u ¢ —(3/2), Tak uro Jerko Ha#TH COOT-
BETCTBYWOILLHE dneMeHTH M, . B pesyabrate noayuum KyOGuueckoe
ypaBHeHHe
@, (mg——g— kz) =0,

KODHH KOTOPOFO paBHH w,=0, o,= * k(5/6):/’. Hocaennue
IBa KOPHS, OYEBHUAHO, TNPEACTaBAAT YaCTOTH BOJH, ,pacnpo-
CTPaHAIOLIUXCA® B NPOTHBOMOJIOXHBX HanpaBJeHUsX BLOJb OCH Z
€O CKOPOCTBHIO

Vo=g =%\ 3w

Takum oOpazoMm Mbl noayuuau ¢opmyay (d.1). Ecau B nerep-
MuHaHTe (D.7) yuecTb OoJbllle CTPOK U CTOJAOUOB, Mbl OyieM
uMeTb aJareOpanyeckoe ypaBHeHHe OoOJlee BLICOKOTO TOpPfAAKA
OTHOCHTEJbHO w, ccaeaya panee KOpHM 3TOrO ypaBHEHud,

KoTophie npu k>0 crpemarca Kk = k(5/6)1/2 H COOTBETCTBYIOT
YaCTOTaM ,pPacCNpPOCTPAHRIOUIUXCA® BOJH, MBI MOXeM BHIACHHUTD,
YTO MPOHUCXOAUT CO CKOPOCTHIO 3BYKa HpPH yBeauyeHHH R, T. e,
MpU YMEHbIUEHMH AJMHB BOJHb. JlI9 KBasMMaKCBeJJOBCKOH
MOJEJH JIeTKO MOJYYHTb A/ CKOPOCTH 3Byka V u Ko3dduuueHra
MOrJIOUIEHUS a Pa3/OoXeHUs BUIA

V:VU[1+al(nc(!{/o)2 Fay () o]
a:ﬁti[1+bl( @ )2+ ]

na V% neV,

® g (QkT )‘/z L (5 kT )‘/z

(5.8)

rije uucjioBble KO3pduuveHTH @; U b; 3aBHUCAT OT COOTBET-
CTBYIOIUMX COOCTBEHHBIX 3HAa4yeHHH A;, ecad NMPOHYMepOBaTh A,
B NOpsAKe BO3pacTaHuAd uUX abCOMOTHON BeaHUYUHHL.

K coxaJjennio, oueBHIHO, HeJab3si HUYEro CKa3aTb O CXOAH-
MOCTH pasajoxeHul, Noayyamowuxcss B 9roM merole. Iloaromy
OCTAETCS HeBbACHeHHbM ToBegeHre V' u a npu yBeJHYEHHH
YacTOTH, KoOrja napametrp o/ncV, npubiamxaercs K eIHHHULLE.
B neficrBute/bHOCTH, KO3(QduuUUueHTH @; U D; BO3PACTAOT OueHb
GuicTpo ¢ pocToM £, TaK 4TO CXOAUMOCTbL pasjoxenudt (9.8)
Oyger oyenn maoxoit P,

3. Metoa nocaenopatedipubix npubavxenni (Meron Kana),
Kak yxe ykaswiBasocb B Hayane 3TOR raaBbl, HEOOXOLMMO
o0patuTb 0C060e BHMMAaHHe HA YCAOBHA JFKCIEPHMEHTa € TeM,



3. Merod nocaedosareavnoix npubauscerud (merod Kaya) 123

yTOOE C(OPMYJAUPOBATL T'PaHHUHbIE YCJAOBHUS U NOCTaBUTb COOT-
BETCTBYIOULYI0 KpaeBylo 3azayy. OZHAKO MaTeMaTHUYeCKU NpOLIe
HCCJAEN0BaTh pelileHne COOTBeTCTBYIOUEH 3adaxu ¢ HAHANbHHMUL
ycao8uamu. e€cau JaHo BosMyuleHue A (r, v, 0) npu =0,
TO Tpebyercas Halith QYHKUMIO A AJAs NOCAEAYIOUIMX MOMEHTOB
BpeMeHH. $ICHO, 4TO 3Ta (PyHKUMA A LOJKHA OMUCHIBATb, KpOMe
Xa0THYECKHX, TaKxXe M KOJJIeKTUBHBIE JABMXKEeHUS B rase. Iag
HCXOXHOTO ypaBHenust (5.3) moka He YIa/joCh NOJAYYUTh pelle-
HUg. ONHAKO MOXHO HAaWTH pelueHHE YMPOIULEHHOIO BAPHAHTA
ypaBHenus (5.3), ucnoubsys Meroa, npeanoxenunit Kanowm Pl
MoxHo samucarh (OMyckas apryMeHTH » H f)

Jy= [dele ephie) (5.9)

TAC
2

L ¢)= ; MY (€) 9, (e)e” 1

PaccMOTpUM KBa3MMaKCBEJJIOBCKYIO MOJENb, CHEKTP COOCTBEHHBIX
3HaueHu#t omeparopa J(k) a8 KoTOpOH mokasaH Ha ¢ur. 25,
ITonoxum tenmepy B (5.9) B Ka-

yecTBe Hyaesoro npubauxenus 0 -
BCe A;==—1, 3a HCKJIOYeHHEM

NepBHIX NSTH HYJEBLIX COGCTBeH- A4

HBIX 3HaueHu#d. B nepsBoM npu- Ay

OMKeHHH Mbl COXPaHHUM MepBoe
oTpuuareabHoe cOOCTBEHHOE 3HA-
YyeHHe A; U MOJIOKHUM BCE OCTA/lb-
Hbie paBHHMM — 1 u 1. n. Ha
KaxcOoM 9ITaNe MOXKHO PelIUTh
3ajlady C Haya/JbHLIMM YC/JIOBHAMH M TOJHOCTbIO OINHUCATH BCE
HOpMaJbHble KoOJe6GaHusi, Tak Kak B JaHHOM Clyuae JHHeapHso-
BaHHOe YypaBheHue DoJsblMaHa mnpeBpalaeTcs B HHTErpajbHOE
YPaBHEHHE ¢ BBHIPOXKAEHHBIM sapoM. HeHcTBUTENbHO, HCNOJAbL3YA
YCJAOBHE MOJHOTBHI CHCTEMBI COOCTBEHHBIX QYHKUMH ), TOJyyaeM
3 (56.3) u (5.9) B HynseBoM Npub/HKEHHH

y ==

dur. 25.

oh oh
o7 T Reh e G =

=2 [ dee™ V14200, 45 (= 3) (2 —3) ). 5.10)
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CnepyeT OTMETHTb, YTO 3TO YpaBHeHHe HOMKHO OHITh HYJAEBBLIM
npubarxKenneM Aad 40604 MOAead rasa, B KOTOpPoH pamuyc
JeNCTBHA MEXMOUIEKYAAPHLIX CHJ KOHEUEH.

Hro6bl ynpocTuTh NpeACTOSsILLIHE HAM BLIYMCJEHHH, MBl pac-
cMoTpuM BMecTo ypasiienus (5.10) ero oaHomepHHfi anajor:

+ 0o

2
5”:(2;)% fdcle*”1/2(1+cc1)h(c1). (5.11)

0x

2 fahto
ot

Ypasuenue (5.11) casano c ogHoMepHbIM ypaBHeHueM Boabiimana,
KOTopoe Takxe Oplio npepjgoxedo Kanom 1. Matematuueckn
ypasuenna (5.10) u (5.11) nosHOCTHIO alaAOTHUHEI, @HAJOTUHUIILI
H Pe3YAbTaThl, KOTOPLIE M3 HHUX IMOJYYAKTCH, HO BCe BhiYUC.Je-
HMS TOPasad npowe nposect# A58 ypasueuus (5.11).

Tak kak B ypasnenuan (5.11) wosdhduitHenTul He 3dBHCHT
OT X, TO MOXHO BCeraa TNpOU3BecTH mnpeodpasopanie dypbe.
ITonoxum

0o

he(e, D= [ dxe ™n(x, ¢, v

tToraa ypasuenue (5.11) npunumaer Bux

oh . R §
_0—:+(T+5k5);3km(2;)1/2 fdcle “f (T 4-ccp) by ey, ).
o (5.12)

ITpn pelieHnd 3anaud € HayaJbHLIMM YCJAOBHAMH A5l yYpaBhe -
Hust (9.11) MoOxHO ncnoab3oBaTh jaBa Meropa: 1) memod npe-
o0 pasosanusi Jlanaaca 1o 1, B KOTOPOM HCNOJb3YETCH
HEMOCPeACTBEHHO HAuaJbHOE 3HAUCHUE A, U 2) Memod HOpMaab-
HbtX Koaebauuid, B KOTOPOM HayalbHOE pacripejefeHde pas.ia-
raeTcd IO paccMaTpuBaeMbiM  QyHKuUUAM (NpU  YCJAOBHM, 4TO
BhiOpanible (YHKIMM HODMaAbHBIX KOoJeOaHu#t o0Opa3ylioT MOJHYIO
CUCTEMY), NOCJE 4ero CPasy NoJayyaeTcs 3aBUCUMOCTb pacripeje-
JEeHUSl OT BPEMeHU B MOC/JeLYIOHIHE MOMEHTHI.

Pasymeercs, ecaum He nenaTh OIKOOK B BLIYHCIEHHAX, 00a
METONA HOJKHBI 1aTh OMMH M TOT e peadyabTaT. J paccMoTpio
31eCb 1eTaJbHO 004 MeTOHAa TrJaaBHBIM 00pa3oM TOTOMY, uTO
B CJyyae COBepILUCHHO aHANOTHYHON NpobjeMbl Mia3MeHHBIX KoOJe-
OGaHnii B HAYUHOH JMTEPATYpPE HMEJUCh HEKOTOPbIE HelopasyMme-
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HUS, KOTOpbBIE JIUlb COBCEM HEJAaBHO TMOJHOCTbI) PAa3biaCHUII
Kastiz *. IlpeaBapureabHO 3aMeTHM TOJbKO, 4TO, YMHOMKas (5.11)
Ha exp (— ¢%/2) u uHTerpupysa no ¢, noayyaem

Op g9 __

S+ =L =0, (5.13)
riac

+co

0 (x, 7)= f dce—Rh (x, ¢, ),
o (5.14)

-+ Q0

p(x, 1)= f dce=Pch(x, ¢, 1),

Hau 1ocae npeotpasosanns Pypbe NO X, MCMOAB3YH BBEACHHBIE
BbILie Q003HaYeHH,

gp, (7))
S - ikp, (1) == 0. (5.15)

YpasteHue (5.13) urpaer po.ab cBoeoOpPasHOTO ypaBHeHUS Hellpe-
PLIBHOCTH 1Js1 Halle#l MoneJH.

4. Meton npeoOGpa3osanusa Jlanaaca. [TosoxuM Temepb
Fap (c):fdte—f’%k(c, 7),
0

toraa u3 (5.12) caenyer

(Pt 1H k) gy = hy (0 O (). (5.16)
Ho us (5.15) umeem

1
Pep == 75 1P (0) — Pyl

M, NoACTaBaaa B (D.16), moayuaewm
M CLU R U ¢

o ptydike T ik @Qm)E p4-y+ike
Yerp 1—cp/(ik)
@)t py+ike

* Case K. M, Ann. of Phys., 7, 349 (1959).

(5.17)

I
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Yuuoxum (5.17) na exp(— ¢%2) u npounrerprpyem mno c.
Bruzenss orcioaa pg,, Haxonum

+0o0 :
{ by (6, 0)+1e/lik 2r) Bl o, (0)
Per == G (o, 7) fdc pH+ike e G.19)
rae "
T 1—eplik)
L 3 '"_ —c¥2
G(p$ k) 1 (275)1/2 —_L dc p—l—‘{—-l—lkc ¢ .

IMoacranoska (5.18) 8 (5.17) onpenessier kp, NOMHOCTbIO 4epes

HauaibHOe ycaosue i, (v, 0) n p,(0). Janee, Jaerko Hafitu
u3 (5.18) ¢ynkuuio p(x, ) U u3 (9.16) uckoMoe pelieHue

h(x, ¢, t)y=e Vh(x—ecx, v, 0)4

1 5 7),/ f dve™ " [p(x—ct, t—1")Fco(x—ct’, t—1)]. (5.19)
T 2
0

Orciofa BHAHO, UTO BJHAHHE HAYaJbHOTO YCJIOBUSA CO BPeMeHeM
3aTyxaeT u nmpH OoJblIMX T QYHKUUA pacnpeneleHdss k(x, ¢, t)
3aBUCUT TOJNBKO OT ,MaKPOCKOMHYECKHX® (/OKaAbHHIX CpeNHHX)
BEJUYHH p H .

6. Metoa HOpMaJbHBIX KOJAeOaHHil. DTOT MeTON, MO-BUIM-
MOMY, ¢usnuecku OoJiee HarjsiaeH M, BO BCAKOM cJayuae, Goaee
npuBblYeH. DbyaeM HCkaTh pelueHusa ypaBHeHus (5.12) B Buue

hy(c, ©)y=hy, (c) et

dyukuua h,,(c) ectb coOCTBeHHAs (QYHKUUS WJIH ,HOPMAaJbHOE
Ko/eOaHue* g 3TOro YPaBHEHHUA, COOTBETCTBYMWIlllee COOCTBEH-
HOH wactore o. M3 ypabnenus (5.12) noayuaem

(— o= 7 zkc)hmkz-(—?l—)%—(pmﬁc%k). (5.20)

a u3 (5.15) HaxoZum

Oy == Ry (5.21)
¥Ypasnenue (5.20) 0AHOPOIHO OTHOCHTENBHO A, MOITOMY MOXHO
BCerja HOpMupoBatb h,, TakuM o00pasom, yToOHI

+ oo
— f dee=cRh,, (c)= L. (5.22)
— O



5. Metod nopmassnbix Kosebanudl 127

e

Torma us (5.20) u (5.21) caeayer

1 wc -
(—to T+ k) hoy = L (1; ) (5.23)

Hanee neoGxopuMo age#ictBoBaTh oueHb akkypatHo! M3 ypag-
HeHHS (D5.23) MOXHO MOJAYYUTH

' 1+ (wc/k)
ho. (c)= A48 [c "’+"‘) T _ ,(5.24
£ (©) ( k - (2r)% ke —io 47 (0.22)
rge xKoHctaHta A npousBosbHa. IIpH OTHICKaHHM creKTpa cob-
CTBEHHBIX 4YacTOT o cJaelyeT pa3/MuaTh [ABa CJayuas.
a. BeanumHa ¢ = (1/k)(0 4 i7) sewmyecmgenna. Torna
M3 YCJAOBUHA HOPMHPOBKH (9.22) moJyuyaem

+co
1 == Ag—¢/2 | 1 f de 1—}—((0_0_/12) e—c2,
ik (2m)" I c—¢

npuyeM HHTErpaj IMOHHUMAEeTCAd B CMLICJE TJIABHOTO 3HauyeHHS.
M3 storo ycaosus onpeneasercs BeaudnHa A. Kpome roro,
ICHO, YTO At PUKCUPOBAHHO20 8Beujecmsenno20 kR uMeetcd
HeNnpepbiBHLIA CAEKTP KOMIIEKCHBIX COOCTBEHHBIX YaCTOT, MHHMas
4aCTh KaXJION U3 KOTOPHX paBHa — iY7. B 3TOM cayuae He uMeeT
CMBbICJIA TOBOPUTb O BaKOHe LUCHEePCHH, TaK KaK ® M R HHKAK
HE CBA3aHHI.

6. Beanuwna ¢ romnaexchHa. Taxk kKak ¢ BellleCTBEHHO,
MOXHO ONyCTUTb B (5.24) ujen ¢ O-¢yuxkuumel. M3 ycaosug
HOPMHUDPOBKU MOJyYaeM

+0o0
T 1 (0t/R) 1
] G -[o dc e (5.25)

ITpu ¢uxcupoBaHHOM BelleCcTBeHHOM R mnpapas dacTh (5.25) kak
dyukuus o OyleT aHaIMTHYHA BO BCefl MJIOCKOCTH, 332 HCKJIO-
yeHueM JMHHUHM, TJe MHUMas 4acTh o paBHa — 7. [loartomy nuis
KaXJ0OTO 3HayeHnsi k& ypapneHue (5.25) Oyzer uMeTb Ouckpem-
HOe MHOXEeCTBO KOpHe# w, mpuueM, pasymeercsi, MOXeT U BooOlile
e OuiTb KopHe#t. Csef0BaTeNbHO, AN ITHX AUCKPETHHX YacTOT
cywecmsayem 3aKOH AUCMepPCUH, W OHH OyAyT 4YacTOTAMH COOT-
BETCTBYHOLIHX KOJNJIEKTUBHBEIX IBHKEHUHR, Cpeld KOTOPHIX HOJKHBI
OuTb M 3BYKOBLIC BOJHEL.
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-t —-—- N

Ceasb Mexay AByMs MeTolaMH OueBHAHA. YpaBueuue (5.25)
MOXHO 3anucatb B Buae G (—ivw, £) =0, nosroMy KOpPHU ypas-
HeHust (9.20) coBHanalT ¢ TmodcaMa  PyukuuM p,, (5.18)

(u3o6paskenne mno Jlanaacy ot ¢yphe-obpasa nAOTHOCTH p)
B. IJIOCKOCTU KOMIIJIEKCHOTO MEepPeMeHHOTro p. $1 He Oyay nostomy
pasbupaTh Jnajblie TpPOLELYyPYy PpelleHWs 3ajaud C HayajJbHbIM
YCJAOBHEM BTOPHIM METOIOM.

YpasHenue (5.25) umeer oueHb NPOCTYIO (OPMY, NOITOMY
MOXHO HaHTH YaCTOThl KOJ/JIECKTUBHBIX ABHXEHH# U BBIACHUTD MX
daBucuMocTb 0T R. [loaoxum

2= —, xx%-, C=2z+4ix,

+ 00

1 1
— — 22
FO = _£ dee=P —

M NepenullleM TPaHCHEeHAEHTHOe ypaBHeHUe (9.20) B Buie

H(x, O)=x?{{F Q)+ 1} +ix {(C+ 1) FQ+L}+1=0. (5.26)

MoxHO n0KaszaTbhb Jajee ciaenymoouiee,
1. &yukuus H(x, {) umeer cBOicTBA

H*(x, Q)=H(— x, ("= H (x, —&%, (5.27)

rjle 3Be3/0UKd O3HAUaeT KOMIIVIEKCHO CONPSKEHHYIO BEJWHYUHY,

2. Ilpu x > 0 (1. e. ipu £ > 0) dynkuusa H (x, {) He nMeer
HyJieli B HHxHelt nmoaynjiockoctu C. B BepxHelt moaynaockocCTtu
¢ynkuus H (x, {) B 3aBUCHMOCTU OT 3HAUEHHS X WJIH HMeeT
JBa HYJf, WaM He uMeeT ux BooOuie. Beuencteue cBoicTB (5.27)
byukuun H(x, {) MHUMble Yacth KopHe# ypaBHeHHs (D.20)
(ec/M 3TM KOPHU BooOLLe CYLECTBYIOT) paBHbl, a HX AEHCTBH-
TeJbHblE YaCTH PpaBHbl MO abCOJIOTHOH BeanynHe, HO HMMeEIOT
MPOTHBOIMOAOKHBE B3HAKH. IJTH KOpHM ypaBHenus (9.26) coor-
BeTCTBYIOT 3aTyXamlUUM 3BYKOBHIM BOJHAaM, pPacnpoCTpaHfio-
(1UMCfi B TIPOTHBOIMOJIOXKHBIX HAmpaBJ/eHUIX BAOJb HaueH oOxHO-
mepuo#t cucrembl. Ilpu x <0 (r. e. npu k& < 0) u3 COOTHO-
wenud (5.27) caexyer, uro peileHuss OYyAYT KOMIIJIEKCHO
CONPSKEHHBIMU ApYyr APYTY.

3. Ilpu Goabmwiux x (T. e. Maablx £ WAH OOJAbBIIKMX IJAMHAX
BOJIH) BCerja uMeloTCs JBa KOpHA ypaBHeHust (D.26); Hanmpu-
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P

Mep, AMAS KOpHSA, Jexallero B NMepBOM KBaapaHTe NJAoCKocTH §,
NOJYYaeTCSl ACUMNMOMULECKOe PA3N0KERHe
i, 1 6

x | 2x2? x3

z=—1

4 % » a

[Tonaras ®==w, — la, MBl moJyyaeM 3aKOH NUCTIEPCHHU

® R2
V p— kl == 1 } 212 '! . o
H KO3Q(PUILMEHT NOraouieHus
k2 642
a — T (l i T2 } - = n) »

Ecau 6nt Mul npuMenuan Mmeron Ban-Hana k ypasxenuio (5.11),
Mbl NMOJyYuad OB MMEHHO 3TH Pa3J/IOXKeHHs, KOTOPhHe, OYeBHIHO.
aHaJoTHYHBl pasaoxeHusaM (2.8).

Imw
Im ? Thooxocms (O
e |
Mnocrocms &
Re w
\ Re § Henpepoignsit
NenpepeigHetii CAeKmp
cnexmp
Pur. 26. bur. 27,

4. Tlpn ymenbrieHun X (T. e. NPY YMeHbIUEHNH JJUHBI BOJHEL)
BIJIOTb A0 KPUTUYECKOIO 3HaueHUs X == X,,=— 0,724 ... cko-

pocte 8Byka V' u kosdduumeHT mormouleHus o« MOHOTOHHO BO3-
pacraior. Ilpu x < x,, BOOOWE HeT NMCKPETHHX KOpHe# ypas-

HeHus (5.26). Ha ¢ur. 26 mnokasaHs B 3aBUCHMOCTH OT X
TpaeKTopuu O000MX KOpHeH ypaBHenus (5.26) Ha miaockoctu {,
a Ha ¢ur. 27 —Te Ke caMmble TPAEKTOPUH HA INIOCKOCTH w.
[TIpy yMeHblueHMH X A0 KPUTMUECKOrO 3HaueHWs BeJMYUHA CKO-
pocTH Bo3pacraeT npuMepHo Ha 109, a ko3dPuuHEHT norJjio-
LIeHUA YBeJH4YuBaeTcd JO TeX MOp, I0Ka He CTaHeT CTOAb XKe
GonbuI¥M, Kak M B CAy4ae HeNpephiBHOTO CMEKTPa YacTOT. AHa-

9 3ax, 617



130 I'a. V. Pacnpocrpanenue 3s8yra

-

JOTMYHOE MCC/eJOBAHHE MOXHO NPOBeCTH U AJs 60Jee peaJu-
CTHYECKOro TpexMepHoro ypasdenuss (5.10). B aroM cuayuae
CHIEKTP YaCTOT COCTOUT M3 HENPEPHIBHOTO CHEKTPd, B KOTOPOM
MHUMas 4aCTb o, PaBHa — no. KIMel0TCA Takke Tpu AUCKpPETHLIE
YaCTOTHI, €CAM X == fg/k NOCTATOYHO BeauKO. [IpM X —> oo 3TH
AMCKPETHBlE YaCTOTH COOTBETCTBYIOT 3HAUEHUAM 2= w, k=0,

mn (5/6)1/2, UTO COBMAJAeT C pe3yJabTaTdMU HYJEBOro NpudanKeHus
Bau-Yana nna perepmunanta (5.7). Jag MeHbluux x (T. e. MeHb-
IUMX AJHH BOJIH) 1/ PacnpoCTpaHaioulefica BOJHBL MOJYYAIOTCA
pasnoxeHns Buaa (5.8), ONHAKO Temepb VKe MOXHO J0Kas3aTb,
UTO 9TH DPas3/0oXKeHUs OyAyT acUMNTOTHUeCkuMH. TpeThs yacrorta,
Jag KoTOopoH 2 ofOpauiaercsa B HYJb NpH X —> 0O, OyaeT Bceria
yucto MHUMONH. CooTBeTCTBylOlLee el ABMKeHHe He Oymer pac-
npocTpansoueica BOJHOR, M €ro MOXHO, NO-BUAUMOMY, HA3BaThb
BOJHOM auddysuu. 3ech Takke HMeeTCsd KPHUTHUYECKOe 3Haye-
HHE X, TPU KOTOPOM KO3(PUUHEHT MOTJIOLIEHUs pacnpocTpa-
HAIOIHUXCA HOPMAJbHLIX KOJMeOaHUH CTAHOBUTCS paBHHIM nS, TaK
YTO STH KOJEeOaHWs TepPSAITCAd B HENPEPHIBHOM CIEKTpPEe 4acToT.
TpaexTopuy, 1m0 KOTODHIM MePENBUraIOTCA TPU STOM COOTBET-
CTBYIOIIME HYJ4, MO-BUAUMOMY, HMeIOT OoJiee CJAOXKHBIH Bui,
1 HeoOXonuMO natbHefiliee MX ucciaenoBaHue. MoxeT okasartbcd,
YTO CKOPOCTh 3BYKa V' Kak (yHKUUSA R NPOXOOUT yepe3 MaK-
CUMYM Mpex e, 4yeM NOCTUraercs KpUTHUeCKOe 3HaueHue K.

Ham kawxercd, yro ¢ ¢usuyeckot TOYKM 3peHus KauyeCTBeH-
Hbie OCOOEHHOCTH NOJYUYEeHHBIX pe3y/abTaTOB, a HMEHHO Cylle-
CTBOBAHHE HEINPEPLIBHOTO CIleKTpa 4YacToT (T. €. XaOTHYECKUX
ABMXEeHUH OTAeJbHBIX 4ACTHL), PaCPOCTPaHEHHe 3BYKA KAK OJHO
H3 KOJUIEKTHBHBLIX JBHXEHUHR B rase, CyWECTBOBaHHE KpPHUTHuE-
CKOM 4acTOTbl A 3BYKOBLIX BOJIH — BCe OHH NPeACTABJSIOT,
No-BUAUMOMY, BecbMa oOliue U (PU3HUECKH BIOJHE eCTeCTBEHHLIe
CHeACTBYs CYLIECTBOBAHMA KOHEYHOIO INOJHOIO CeueHusl pacceds
HHd, T. €. HHXKHEro mpejaeja ClHeKTpa BpeMeH peJaakcaiuu.
fl HameloCchb, 4YTO MMEHHO 3JTOT MNYTh NMpPHUBERET NEeHCTBHUTEJNLHO K
OOBACHEHUIO TOTO, 4eM BCe Ke A8Asgemcs 3BYK TIPH OuYeHb
00 bLIIMX YaCTOTaX, a Takwe K O0bACHEHU!O OnbiTOB [ puHCHeHa,
a4 MoxXeT OblTb, MU K NOCTAHOBKE HOBLIX OILITOB.



NMPAUMEYAHHUA K TJIABE V

1. B onwrax I'puncnena {Greenspan M., Journ. Acoust.
Soc. Am., 22, 568 (1950)] uyacrora 3Byka OhljJia NOCTOSHHOMH
U M3MeHsJ1ach cpeiHss JJIMHA CBOGOAHOroO npolera A ¢ MOMOUIBIO
M3MeHeHUs [aBJeHHs ra3oo0pasHoro renausa. Tak Kak MHTepe-
cyloulnit Hac napaMeTp paseH A/A, 3TO 3KBUBAJEHTHO H3MeHe-
HUIO YaCTOTH NpPH (PUKCHpOBaHHOM naB/ieHuu. Cuenyer ele pas
MONYePKHYTh, YTO MEl pPacCMaTpPHBaeM TOJLKO O0HOQMOMHbLE
rassl. B MHOroaTOMHBIX rasax MUMeeTcsl AONOJHHUTEJbHAA NPHYKHA
LUCIIepCHUM U TMOrJIOUIeHUS 3BVKAa BCJAeACTBHE 3alla3jibiBaHUs,
BO3HUKAIOIEr0 IHpU TMNepexOAe 3SHepPruu MNoCTynareabHOro IBH-
MEHUS MOJEKYJNbl BO BHYTPEHHIOW SHEPrHio, uYyTO OOBIYHO NHOJ-
HOCTbIO MacCKUPYET HHTEPecyIIUyI Hac 3AeCb JAUCIEPCHOHHYIO
3aBUCUMOCTb.

2. Becbma noapoOHO 3TH BONPOCH U3JIOXKEHH B JOKJafe
Ban-Yana u YnenGeka (cm. mpumeuanue Ul k ra. IV). Boiuu-
cjeHus Oblm nponeaHsl njsd monead Makcpeana. B 3ToM ciayuae
MOJIHOE ceyeHue paccedaHns ¢ OeCKOHEUHO, NMOITOMY BMecCTO Af/A
B KauyecTBe Majaoro 0(e3pasMepHOro mnapaMeTpa pasJOeHHs Mb

BHIOpann BhIpaXKeHue pw/(pV%), rae p — K03¢p@PUUUeHT BSI3KOCTH.
Briio noayuexo

1 1 { 215 ( po \2 , 4115101 [ po 4 ]
1% VO{ 72 (pvg) 'ool.gt7 (pvg) j‘
:_1_{1—2,99(”"’2)21 56,7(“““2)4 L
Vo Vo Vo i

o po? [ 7 5185 [ po \2 L
pVg 6 432 (pvg) Lo

_ ”"’2{1,17—11,9( o )Qg L

oV Vi

g*
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Orciona BHIHO, KaK CUABHO BO3PACTAIOT WYHUCJIOBHE KO3 bii-
LIMEHTEl [JAHHOTO Pas/oKeHHUd.

d. Hu ozHa w3 sTux paboT noka eme He ony6auKOBana.
['otoBuTCA K mewaTu COOPHHK.

4. Ilpennoxennnt Kamom (Kac M., Proc. of the third
Berkeley Symposium on Mathematics, Statistics and Proba-
bility, Vol. 3, p. 171—193) opnHoMepHBI# BapuaHT ypaBHEHHS
boabumana umeer Bun

of of
ot - v ox
-+ o +x
=V f dv, f dvF (3) {f(x, v, t)f(x, V], t) —

—/f(x v ) f(x, v, ) (1)

r . r___ . .
rre  v'=wcos¥+ o sind, v, =—ovsind+4 v cosd u
F (¥) = F (— 3) — GespaaMepHasa BEpPOATHOCTb ,CTOJKHOBEHHS.

Tax ke, KaK M B TPeXMEDHOM CJyyae, U3 5TOTO yPaBHEHHS
MoJyudeTcs NpejeabHOe PaBHOBECHOE pacnpeleneHue BUAA

0 == Ae_ﬁvz.

Monarag f = f,[1+4h(x, v, £)], auseapusyem ypasuenne (1)
U Mojiy4yaeM
oh , Ok
ot T ¢ox

=vAJ(h),

+co 2 b , , (2)
Jry= [ dclexP(—-Q-‘-) | a3F & (' + iy —n— m)

rle c=fv(2{.-1)l/2 U tzt(QB)V’. Jlerko mokasaTb, 4TO COGCTBeH-
Hele QyHKuuK OespasmepHOro jauHeHHoro omeparopa J(k) 6yayt
noauHoMamu IJpmuta H,(c) [MX TaKKe BanHCHIBAIOT HHOT/A
B BUle fle,(c), Tak Kak BecoBass (yHKIUS paBHa exp(— ¢%/2)]
M YTO COOTBETCTBYIOIIHE COOCTBeHHBIE 3HAYEHHUS] PABHHI

A, = (2m)" f ddF (0) {(cos )" 4 (—1)" (sin$)* — 1 —8,5}. (3)
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MoxHno BHIpasuth oneparop J(#) uepes 3t CoOCTBeHHLIe (PyHK-
Uud B BUJE

+co
Jy= [ deiL(c, )k (cy) (4)
rane o
/ N M < c?)
(e, cl)--;om o Ha @ Hy @ exp{ — ).

[TocnenHee BripaXceHue aHAJIOrMUHO ypaBHeHuwo (5.9) B TekcTe.
UcxoaHpiM MOMeHTOM TIPH  YIOPOUIEHUH JIMHEaPU30BAHHOT O
YPaBHEHUS sIBJAETCH MOJAMQUKALMA HMHTerpa/a croqxHoBeHu# (4).
IMonaras Ay==Ak; =0, a Bce npoune CcOOCTBEHHBIC 3HAYCHUS
pasubiMu — T/(VA), nonyyaeM ,McnopueHHoe ypabxeHue (9.11).
Hano samerurth, 4TO animpoOKCHMauus, KOTOPYI0 MBI COBepliaeM
B [JAHHOM OJHOMEPHOM CJjy4ae, He I110X0Xa Ha Ty, KOTOPYIO
IeJaloT B TpeXMepHOM cayudae, Tak kak u3 (3) caeiyer, 4To
Ay==Mh, =0, B TO BpeMs Kak Bce Apyrue cCOOCTBEHHHIC 3HAYCHHUS
OTpULIATEbLHBI U CXONATCS K TpelejJbHOMY 3HAYCHUIO

—(2n)" f ddF (9).

[TosToMy coraacHo mpentoxeHHoMy Kalom Meromy mociaenoBa-
TeNbHHX Npubamxenufi caeayer B (4) B KauecTBe HYJIEBOrO
npubamKeHust MONOKUTb hy==Ah,==0 u Bce Apyrue cOOCTBEH-
Hele 3HaueHus paBHHIMU — 7/(VA). ITO MPUBOAUT K YPABHEHHIO

oh oh
or Tt e =

+c0
:E%?/; f dclexp(——c?/Q){l-l——-é—(cQ—-l)(c%—-—l)}h(cl).'

OIHaKOo MOXHO IMOKadarh, UYTO 3TO YpaBHEHHE He ONUCHIBAeT
KOJJIEKTHBHBIX ABMMXEHUHM, CXOAHHIX CO 3BYKOBLIMU BOJIHAMH.



FTJTABA VI

Meton YenmeHna — JHCKOTA

1. Bpenenne. BosBpaTumcs Temeph K paccMOTpeHHIO He-
JuHeRHOro ypasHeHuss Boabumana o6uiero Buia

P toLvad = [av, [a2gle D7 Fi—rf]) 6.1

KOTOpoe Yyxe wusyuyajocb B ra. IV. Hac 6yner unrepecosath
obuwuit BOmpoc: KakuM 06pa3oM M3 ypaBHenus Boabumana (6.1)
MOXHO NOJYUYHTh OOLIUHBIE YPAaBHEHHS THAPOAUHAMHKH, ONUCHI-
BalOlMe TNOBefeHHe Tasa KaK CIJIOWHON cpenbl? DTOT BONPOC
HMeeT JOJTyI0 HCTOpPHIO, M Kak DoJbuman, Tak u Maxcseuai
yAenasami eMy MHOro BhuMmanus. [lepBoe, BHOJHe yInOBJETBOpPH-
TeJbHOE, pellieHue 3TOro BOMpoca OHLIIO AaHO B IHCCEePTAlMH
duckora B 1917 r., koropu# ucnonbsosaa uien Iuanbepra,
a Takxe He3aBuCcuMO HenMeHoM, KOTOPHI MCNOJB30BaJN APYrof
METOMH, CXOJHHH ¢ MeTonom MakcBenna, HO AaBIu#t Te e caMmble
pe3yabTaThi, 4To W Meron IuHckora M. { wusnoxy meron Yen-
MeHa — JHCKOra TOJMbKO BKpaTile, 06palas BHMMAHHE TJIaBHBIM
0o0pasoM Ha MaTeMaTHYeCKHe OCOGEHHOCTH TeOPUH, KOTOpLIe
BeCbMa INpuMeyaTeJbHH B MMET (QyHmaMcHTaJAbHOE 3HAYeHue.
C ¢usnuecko# TOUKM 3peHUs STOT MeTol NPEICTABASET OAHY
M3 HEMHOTHX YCNEWHLIX MONBITOK ONHCAHMA HEKOTOPOro KJjacca
HEPABHOBECHHIX SBJACHUH C MOMOIULIO NMOTEHLHANa MEXMOJEeKY-
JADHBIX CHJL

2, O6uiue 3aKOHBI coxpaHeHHs. IIpexje Bcero Hamo mo-
JAyunaTb K3 ypaBHeHus (6.1) rtak HaskiBaeMOe ypaBHeHuWe Iepe-
HOCa J1is1 BeauuuHsl ¢ (¥), KOTOPYIO YacTHLLI NPH CBOEM [BU-
XMEHHH MOTYT ,MePeHOCUTH ¢ cobol“. OmpeneauM JOKaJbHOE
cpejHee BeJnuuHbB ¢ (D):

b, = 7 = | v/ do, (6.2)
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rae  n(r, ) —nJAOTHOCTb 4YMCJAA YACTHLU. YMHOXast ypaBHe-
Hue (6.1) nouneHHo Ha ¢ W UHTErPUPYS MO CKOPOCTH, MOJIyYdeM

0, = 0 , — o)
57 (1) - ox, (nv,$) — na, du,

= [ do [ av, [ a2gl (g, %) (944, — ¥ —4)) X
X [f,f; “‘ff1]* (6.3)

B npaso#t yactu (6.3) mcrmoab3oBaHB Te Ke caMmble Mpeo6paso-
BaHUS, YTO W TMpU JoOKasaTeabCTBe [7-TeopemMbl Bosbumana
(cm. nmpumeuanue P! k ra. IV). Ecam B xauecrse ¢ (¥) ucno.b-
30BaTh TIOC/AEAOBATE/NbHO MATb BeauuuH: 1, © 4 ¥?, KOTOpHE
COXPaHAIOTCA TNPU CTOJKHOBEHHM, TO TMpaBass YacTb YypaBHe-
Hug (6.3) obparurcs B Hy./b, M NOCJAEe NPOCTHIX mpeofpasoBanuit
Mbl 3allMlleM IN9Tb NOJYYalOUINXCA ypaBHeHu#t B BHIe

G, 0
o5 o (1) =0, (6-42)
Du; ou; ou; 0P,
P =Dt -——p( ot “a dxa):pa’:m 0xy ° (6.46)
D 0q.4

31ech MPOUSBOAUTCS CYMMHPOBAHUE IO ABAXIbLI MOBTOPAIOIUMCS
(HeMBIM) HMHAEKCAM M BBeleHbl OG03HAYEHHA [/ JOKAJbHBIX
CpeAHUX BEJHYHH:

p(r, H)=mn — MJIOTHOCTb MAcCCHI,
u,(r, t)=—1v;, — CpelHasd CKOPOCTb,
U;=wv; — u; — oTHOCUTeJbHAsE CKOPOCTh TEIJIOBOIO
ABUMEHNA,
1 —_—
Q(r, t)= 5 pU? —nuoTHOCTb BHyTpeHHeH SHepruy,
P(r, )y=pU,U; —rensop HanpsmeHu#t (OYeBHAHO, CHM-
METPHUYHBIN),
1 ————a——
g, (r, t) == pU,U? — naoTHOCTL MOTOKA Temd,
D 1 (()ui 1 duf) |
e — ~—] " TeH30p CKOpoCTH HAedopMaluy.
479\ ax; T 0x; p p pop

Ypasuenus (6.4) BbIpawaioT 3aKoHB COXpaHeHHd Macch,
uMnysabca u sHeprud 13, Omuu CTPOTO CJEAYIOT M3 YpaBHEHHA
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Boabumana, onnako cucrema (6.4) He3aMkHyTa, TaK KakK Mbl
He 3HAcM TIOKa, KaK BeJanvuHBl P;; M ¢; BHIPAXalOTCs Yepes

CPelHIOI0 CKOPOCTb NOTOKa, MJAOTHOCTbL M TeMnepatrypy. I py-
FUMU C/JI0BaMH, HaM elue HeOOXOLUMO BbiBecTd (EHOMEHO/OIHU-
yeckue 3akoHn HbioTona n dypbe, T. e. PeHOMEHOJOrUUecKue
3aKOHE BHYTPEHHEIO TPeHUA ¥ TENJONPOBOILHOCTH.

3. Merog Yenmena — duckora. UtoOul BHNOJHUTL NOCTA-
BJIEHHYI0 3a1a4y, HAA0 CyMeTb PpEUUTb KakuM-aub0 o00pa3oMm
ypaBHeHue DosbliMaHa ¢ HAYaJAbHBIM YCJAOBHEM, TaK Kak AJd
BLIYMC/EHUS CPelHUX BHavenudA P;; u ¢; HeoOX0oZMMO B3HATDH
¢byukuuio pacnpeneneHus f. Mu ymxe ykaswmBaau B ra. IV, uro
YCTAHOB/JEHUE pPABHOBECHA MPOUCXOAUT, TAK CKas3aTh, B JBa
grana. DBc/encTBue CTOAKHOBEHMH MeMAY MOJeKyJaaMu a1060e
HauaJbHOe pacnpenenseHue O6ygeT ouenb ObICTPO [3a Bpemd
nopsiiKa cpednezo 8pemenu c80600H020 npobeza ty~

I
m)\/(kT/m)/”] NepexoduTb B L0KasbHOe pacnpejeieHde Mak-
CBeJIa

fO=n (E{%)% exp[ 2227‘ (0 ﬂ)Q]’ (6.5)

rie MaKpocKonudeckue (TulpOodNHaMUUeCKHE) nepesernbie n,
u u T sasasiorca QyukuuaMu r u f. Ha BTOpOM 3Ttame 914
MaKpPOCKONUYECKUe TNepeMeHHbIE MeAneHHO NPUOIMKAITCA K MX
PABHOBECHHIM 3HaueHusM. Mbl XOTiM AeTAa/JbHO UBYUUTb HUMEHHO
STOT BTOpO# 3Tam. PaccMoTpuM jaJjee OCHOBHBIE MOMEHTH! Mpe-
JaraeMoro IMnoJaxoia.

1. Tlpexne Bcero 3aMeTuM, YTO €CJHM MCHOJb30BATL (PYHK-
wuio (6.5) aia Beuncaenus P;; v g; TO MBl NOJYYHM

3
Qizo' Q—'—_’i-p:

| (6.6)
P;i=pd;, rae p=nkT,
TaK YTO ypaBHeHus (6.4) nmpuHMUMAIOT BHA
22 1 div (pu) =0, (6.7a)
p -%‘:— == p@ — grad p, (6.76)

(T~ =0. (6.78)
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D10 ypaBueHus OJiepa (THAPOAMHAMUYECKHE YpABHEHUS 1.4
MIeaJbHOH KHMIAKOCTH), NpHYEeM pacCMaTpUBaeMble IPOLECCH
ABASIOTCA annabaTHu4eCKuMH, a ypaBHEHHE COCTOAHHS eCTb ypaB-
HEHHE COCTOAHMS MAEAJLHOTO Trasa.

2. Pasymeercq, 06a sTana ycCTaHOBJGHMSI PABHOBECHUSI HE OT-
IeJeHb Pe3KO OJMH OT JApYyroro, TaK 4TO He CIeAYeT OXUIaThb,
4yTO NOC/]e BPeMeHH nopsaaxa f, ¢GyHkuug pacnpeieijenus Oyner
UMeTb TOYHO opMmy (6.9). Kaxercss 6ojee pa3syMHLIM BMECTO
¢ynkuuu (6.5) noacraButh B ypasHeHue (6.1) dyHKuuo

f=fOU4e(r v A (6.8)

COXpaHsil B HHTErpasje CTOJKHOBEHUH TOJBKO 4J/JeHH!, JHHEeHHHIE
no ¢. KpoMe TOro, TaxK Kak WMEHHO TOTOKH, AeHcTBya Ha =,
# u T, BbLI3BBIBAOT OTKJAOHeHWe ¢ QYHKUUU f OT JOKAJBHOTO
pacnpenesenuss Makcseana (6.5), KOCTATOYHO OCTABHUTb B JeBOH

qactu ypasuenusa (6.1) tombko f9. B wurore noJaydaeM

0 ! 0 ]
(at " gx, T %

) O =10C@,  (6.9)

rae

C(e) = [ v, fQ [ gl (g, H[¢' +9, —¢ —e}]

eCTb TOT e CaMbli JMHeapu30BaHHLIH oOmepaTop CTONKHOBEHHS,
KOTOph#A Obl1 BBegeH B ra. IV. Caenyer, onHako, HOQ4ePKHYTh,
YTO MBI JIMHEaApH30Ba/IM Tenepb ypaBHeHHe DoJbluMmaha no-opy-
2omy. YpasHenue (6.9) daBaseTca HeOOHOPOOHBM JIUHERHBIM
HHTErpaJbHBIM YpaBHEHHEM B OTJIUYHE OT OJHOPOLHOrO ypaB-
HeHHus, KOTOPOe Mbi DPacCMaTpuBa/Ju B Npelbinylielt riagse.

3. Tenepr MBI BcTpeuaeMcss € HOBOH TpyaHOCTbWO. OpHO-
ponHoe ypabHeHue C (¢)=—0 uMeer naTh pemeHu#t (KOTOpLIE
1 o6osHauy ¢;,=1, 9, v?), u nosromy, BooOuIe TrOBOpS, ypas-
Henue (6.9) He uMeeT pemeHu#. YCa0OBHEM CYLIeCTBOBAHHS
peiienust ypaBHeHUs (6.9) dABAseTCS OpPTOrOHAJLHOCTb JieBOH
yactu (6.9) BceM ;, nMpuHyeM OKa3HIBAECTCH, YTO BTH NATb YCJIO-
Bult Oyayr ypaBueHusMu Ofiaepa (6.7) ana n, # u T nupu
p=nkT Bl. C nomompio stux ypaBHenu#f MOMXHO BLIPA3HUThH
NpPOU3BOJAHEE 7O BpeMeHu OT MAKPOCKOMMYECKMX NEPEMEHHHIX
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yepes HUX TNPOUBBOAHLEIE 1O KOOPOUHAmMQM, TOCAE 4Yero Mbl
noayuum [l

0 d 0
(at Y Gy T % ava)f(m:
1 or m 5!
— rof L 5
= [ T ox, Ua(?kr U2 2)+
1
447 Dup (VU — 52,07 . (6.10)

rae, Kak W panbuie, U, ==v; — u; — OTHOCUTE/]bHAS CKOPOCTb
Tena0Boro Asuxenus. C yyeroM (6.10) ypasuenue (6.9), KoHeuHo,
umeem pelleHHe, KOTOPOe Npu 9TOM OyIeT eIuHCTBEHHBIM,
ecaM noTpe6OBaTh BHINOJHEHHS CACAYIOUIETO YCJIOBHUS;

[ vy r09=0. (6.11)

ITO yC/A0BUE (UHUECKU O3HAyaeT, YTO MAKPOCKOMHYECKHe mMepe-

MEHHBIE JO/KHB BCErJla ONpeneaaThcs ToAbKO Yepes GpyHkuuio f(0),

4. 3Hag (QYHKUMIO @, MOXHO BBLIUHUC/JIUTHL TEH30D HaNpsKe-
Hift P;; v NOTOK Temaa ¢;, A8 KOTOPEIX MBI MOJy4deM XOPOUIO
u3BeCTHble 3akOHH HbioToHa u Pypbe

1
Pij==pd; — 2 (Dij*—gsijDaa)'
T (6.12)
§i="""%%,

HO € YXKe u38ecmHbiMu 3HAYEHUAMH KOS(PPULMEHTOB BI3KOCTU .
U TemonpoBoIHOCTH x. IlonctanoBka Beauuun (6.12) B obwue
8aKOHbl coxpaHeHus (6.4) npuBoAUT K ypaBHeHusaM Hapbe —
Ctokca (TuApoAMHAMUYECKHE YPaBHEHUS LJAs BSIBKOH XKUAKOCTH).

4. Pemenne uHTErpanbHora ypaBHeHus., Haubosee ciox-
HbiIM MOMEHTOM B pacCMATPUBAEMOU TEOPUH ABASETCA OTHICKAHHE
pelleHHsl ¢ WUHTErpasbHOro ypasHenus (6.9). Utobwl aaTb Heko-
TOPOE NPeACTABAECHUE O TOM, KAK 3TO MOXKHO CHEJATh, PACCMOTPUM
OnfATh KBa3UMAKCBEJJOBCKYI0O MOJeab. TdK KakK MNpaBas uacTb

ypaBhenus (6.10), a takxke dyukuug (O saBUcAT TOABKO OT OT-
HOCUTEJbHON TemjoBo#t ckopoctu U;, ¢ynkuus ¢ Oymer Takwxe
3aBuCeTb TOJbKO OT U;. BBenem Oe3pasmepHyl0 OTHOCHUTE/BHYIO

CKOpPOCTb
m \'
c‘*(?kr) U.
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Ypasnenue (6.9) toraa mpumer BH/

1 or o \'Vz 1

7w, (=) 200 (gir ) (et — 520" =107 (@)
(6.13)

rjie

! B ,
J(cp)—-__w—ﬁ-a—/;—fdcle lfdst(%)[cp' o] —¢—a,]

Ycnosus (6.11) sxBuUBaNEeHTHH YC/IOBUAM

r 1 \
c 2 _
fd(H L [€79@©=0. (6.14)
2 __ =
kc 2 /

YpaBuenue (6.13) umeer ocobeHno NpOCTOH BMI B C/aydae MakKc-
BeJUIOBCKOH  Mojenu, Tak Kak ¢yHkuun ¢;(?/;—c?) ©

1 2
€;C;—1/38;;¢%, KOTOpEIE BXOAT B JIeBYI0 4acTb (6.13), siBasw0TCA

coO6cTBEHHBIMU  GyHKLUAMU omnepatopa J(¢). B o006osnauenusx
ria. IV onu pasHbl ¢y, (m =0, 1) u Yy, (m=0, L1, £2).
Kpome Toro, Beauuunbl 1, ¢ u ¢? — 3/, aBasiorca COOCTBEHHBIMH
GyHKIMIMA Qg0 Yo1m 1 Y100 OTEparopa J(¢). IlosroMmy muHe#t-
Had KoMOuHauua Gynkuud by n $g, OyAeT Takxe ynoBJe-
TBOPATh ycaoBusaM (6.14). OTtciona Jserko BuieTb, 4TO MO#HOE
pelucHue ypaBHenus (6.13) umeer BUI

1 19T (, 5 2 m \%
CP(C)-———— nGl“ T d.xm ca’ (C __2“)+ ﬂqloz (QkT) DGBX

X (cmcB — -:13’- 8a3c2) . (6.15)

Co6cTBeHHBe 3HaueHust Ay U Ay, MOXHO Halttu u3 obuie# Qop-
Myant (4.24), xoropad naer

M=o =—r [ d2 F ®)sin’d. (6.16)
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ITocae sToro Haxoaum

U2 = T (Q:zr)hfdce_cch(c) ¢;c? =

5 mk (ri h OT
4 Glll m ) ()x‘{

—_—

2nkT .
pij:PUin:—‘Psz f TN fdce‘ccp(c)cicj:

Orcioga caeaywor 3akoun Hbiotona u Pypne (6.12), u nas
KO3((PULUUEHTOB TeNJONPOBOJHOCTH M BHABKOCTH Mbl NOJyyYaeM
fIBHEIE BRIPAXKEHHUS

_5_ mk (QkT)‘/z m (QkT

* == 4 0}.11 m QGloz m

)"2 . (6.17)

O6a 3TH KO3 (PuilieHTa TOJOKUTEAbHB, TaK KaK Ay U Ay OTPH-
LlaTeJbHBl, M, KpoMe TOro, 006a OHU He 3a8ucAm OT MJOTHOCTH
U, CACLOBATENbHO, ABJSIOTCS QYHKUUAME TOJBKO TeMIEPaTypH.
VX He3aBHUCHUMOCTb OT NJAOTHOCTH ABJAECTCH KJACCHYECKHUM Pe3yiib-
TATOM KHHeTU4YeCKOH TeOpHH ra3oB M COIJACYETCH C ONBITHHIMU
JaHHBIMH. 3aBUCUMOCTb OT TeMMePaTypbl pasiuyHa LJd PasHLIX
MOJEKYJIAPHBIX Mojeset. IlonyyeHHas HAMM B KBa3UMAaKCBEJJIOB-

cko Mozenn 3aBucuMocTh (6.17) ~T" (ecii o He 3aBHCHT
or T) cnpaseanusa Takxe IJas Mojenu TBepibix cdep Pl u
COT/acyeTcsl ¢ ONLITOM TOJBKO KAayeCTBEHHO.

M3 (6.17) caenyeT cOOTHOLIEHHUE

= g = 2 ey, (6.18)

KOTOpPOe OueHb XOPOIIO ONPaBALIBAETCA AJSt OAHOATOMHHBIX T'd30B;
Ko3(p¢duuueHt 5/, ecTb TaKk Ha3biBaeMas MOCTOsAHHAA JHKeHa.

MoxHO HafiTH pellieHHe HHTErpaJbHOTO ypaBHeHHda (6.9) Aad
APYTUX MOJIEKYASPHHX MoJeqelt [mo cymecTBy A4 2006020
nuddepeHnanbLHOro cedenuss paccesHus / (g, 9)]. Haunywium
MeTOAOM (BHepBble MpeA/OXeHHBIM D3pHEeTTOM) ABAAETCA pasiio-
MeHue ¢ no coOCTBEHHBIM QYHKHUAM ¢, MoJean Makcseasa.
Torpa moayuaercsl OeCKOHeuHass CHCTEMA JMHEHHHIX YpaBHEHuft
07 K03 duIHeHTOB, KOTOPYIO MOXKHO pPelarth NOC/EN10BATENbHO,
CxomumocTs 9TOH npoueaypsl YCTaHOBJAeHAa NO KpakHe# Mepe
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Aad cjayyaeB, KOTJa CHJB OTT4JKUBAHMS OOPATHO MPONMOPLUO-
HaJbHbBl HEKOTOPOH cremenn rlo,

Creayer ewe pa3 noguepKHyTb, UYTO TNOJYHYEHHEHE TAKHUM
06pasom K03(dULLHEHTH % U 1 A8HO BhIPaxalorcs uepes [ (g, v),
a 3HAYHT, 3ABUCAT OT 3aKOHA B3AUMOJNEHCTBUA MEKAY MOJIEKY-
namu. IlosaToMy MOXHO mnpenckasatb BeJu4dHY KO3PPUUUEHTOB
® M P, 8 TAKKE HMX TeMNePaTypHYIO 33BUCHMOCTb, €C/JIM M3Be-
CTeH MOTEHLUAT MEeXMOJEKYJIAPHBIX CHJ, NapaMeTPhl KOTODPOro,
HaNpUMepP, COTJIACOBAHB CO 3HAYEHMSMH BTOPOT'O BHPHAJLHOTO
ko3¢pouuuenta. [upmdenbrep u Apyrue MNpousBead NOAOOHLIE
BHIYUCJICHUS U MOJYYUJIH XOpOoUIee COrjacue ¢ ONLITOM. [10-BuU-
AMMOMY, HET COMHEHHMS B TOM, YTO HA STOM NyTH MOXHO HaHTH
npaBuAbHOE OODBACHEHUE HEPABHOBECHBIX  MaKPOCKOMUYECKUX
AB/JCHUH BHYTPEHHEro TpPeHusl ¥ TeIJIONPOBOAHOCTH B rase.

5. Bricmue npunbaumenusn; obmas ¢opma pasJoweHHs.
Meton Yenmena — DHCKOTa eCTb MeTOJ MOCJELOBATENbHLIX MPH-
OmvkeHu#, uauM Teopus BO3MYIIeHHH, B KOTOpDOR JOKaaLHOE
pacnpenenenne Makcseaaa (6.5) wucnosab3yeTcs Kak HyJeBoe
npubaunkenue. ITonyyawomuecs npu 3ToM GHOpPMYyJbl OUYeHb TPO-
MOIKH, U MOITOMY § YKAXy TOJBKO, YTO B 7-M TNOpHiKe NI

nonpaBku o™ k dyuxuuu (O noayuaerca meogmoponHoe HHTe-
rpajbHOE ypaBHeHUE TOTO Ke BUAA, YTO M ypaBHeHue (6.9):

fOCEM) =L, (6.19)

roe L, 3aBucuT OT TNONPaBOK HHU3IIEr0 mopsaka. MeTon
CTPOUTCA maxKum 06pa3om, 4TO YCAOBHSMU CYUIECTBOBAHUS
pewrenust ypaBHenusi (6.19) aBasiorcd ruapoiuHaMudecKue ypaB-
HEHUS AJF MaKPOCKONMYECKHX BEJUYUH, MONYUYCHHbIE B MpEelHl-
AyleM npubauKeHUH, TOYHO TAaK Xe, HAnpHMep, KaK H ycCJo-
BUSIMH CYLIECTBOBaHUA pellieHus ypaBuenusd (6.9), KOTOpoe MOXHO

3anucaTh B BHIE
FOC (o)) = L,

ABJAIOTCH THIPOJMHAMHYECKUEe YpPABHEHHS HYJEBOrO MNoOpaaKa
(ypaBHenua OHuepa). [losToMy Hapsigy ¢ pasjoxeHneM (YHK-
LUK pacnpeleneHus

F=FOU 4o fo@ 4 , ) (6.20)

OJMYY3ETCH nOCLe008aMEAbHOCME COOMBEMCIMBYIOUUX 200 PO-
OuHGMUYECKUX YPABHEHUL: B HYyNeBOM NOPAAKE — ypPaBHEeHUS
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T

Oi;iepa, B nepsoMm nopsaake — ypasHenus Hasbe — CrToOKCa, BO
BTOPOM MNOpAAKe — ypaBHeHUd DspHeTTa u T. I.

ITo kakoMy napamerTpy mnpousBoautcs pasnoxenne? OKasbl-
Baercd, 4To pasnoxenue (6.20) MOXHO 3anucaTh TaK¥Ke B BHIe

f=FO1 4 a, (@) (0V)+ ay (1) WV - .. .],

rae )\N(no)_l—cpeﬂﬁﬂﬂ nJuHa cBoboaHoro mpoGera, a ore-
paTop TpalHeHTa AeHCTBYeT Ha MAKPOCKONUYECKHE MepeMeHHbIe
u(r, t) u T (r, t) [MOXHO CpaBHUTH, HANPHUMEP, C yPABHEHUEM
(6.15) nas mepsoro npubaumxenus]. Bo Bropoe npubauxeHue
BORAYT BTOpPHIE MDPOHU3BOJHBIE OT # W I, a TaKXe KBaApaTH
NepBHIX MMPOU3BOAHBIX, MO3TOMY MOXHO CKasaTb, YTO MapaMer-
pOM pPAa3J10:KEHHA ABJASETCH OTHOCUTEJbHOE W3MEHeHHEe MaKpPOCKO-
MUUECKUX BeJUUYMH Ha NPOTSKEHUMM CpeiHed AJuHBl CBOOOIHOrO
npobera. $1 Ha30By TOT NapaMeTp — napamempom 00HOPOO-
Hocmu 0. Toabko Torpa, Korza 3STOT mapaMeTp MaJsa, T. e.
Korzia # u T MeHdTCs MeNJeHHO, MOXHO T'OBOPDUTb O CXOAM-
MOCTH pasjoxeHusd. Hanpumep, na% 3BYKOBBHIX BOJH 0§ ~ AJA,
TaK 4TO MOXHO OXHIATh, YTO MeTO] YenMmeHna — IHCKOTa AOKEH
NaBaTb PasjoxeHus AJsi CKOPOCTM 3Byka U KO3pduuHeHTa MO-
rJI0LIeHUsl, KOTOpHIe yke 0OCyxaaauch B ra. V. [HeHcTBuTEbHO,
ecnu HalTH, HanpuMmep, Aas Monaeaun Makcse/ja 3aKOH Jucnep-
CHMM 3BYKa C MOMOILUBI FUAPOAMHAMUYECKUX ypaBHeHHH COOTBET-
CTBYIOLUETO NOPSIKA, MBI TOJNYUYUM MO JHce camoe Pas3ioKeHue, YyTo
v HalineHHoe Meronom Bau-Yana. OueBumHO, A/ CHJIBHBIX ylap-
HbIX BOJH, Korjaa 0 ~ A/d =~ 1, rae d — wivpuHa yAapHOH BOJHHI,
meTo L Henmena—3IHckora #e OyaeT AaBaTh XOPOIIUX PE3yJbTaTOB.

B 3akmawyeHue OTMETUM, 4YTO T'MAPOJMHAMHYECKHE YpaBHEHUS
COOTBETCTBYIOIEro mMopsiika OYyAyT 8cezda ypasHeHUAMH nep-
8020 TNOPAAKA OTHOCUTEJbHO TMPOU3BOIHLIX IO BpPEMEHH, HO
6yLyT COAepKaThb NMPOUBBOAHBIE Bce 0oJee 8bCOK020 ROpAJKaA
N0 KOOpPAMHATAM OT COOTBETCTBYIOIUUX MAaKPOCKOMUYECKUX ne-
peMeHHBIX. EcAu MB XOTHM nNpHUMeHATb 3TH yPaBHEHUS K 3aja-
yaM oO6TeKaHus MOTOKOM rasa TBepABIX TeJ WJM K 3ajayYaM npo-
TEKaHUs Tasa Mew1y CTeHKaMU, HeoOX0A¥MO MOCTaBUTb COOT-
BETCTBYIOIIYIO KPaeBYIO 3anauy. B kaxJAoM nopsaaxe HeEOOXOAHMMO
IPUB1CKATh NOCTATOYHOE YHUCJAO TPaHUYHBIX YCJAOBHHM, U MOXKHO
OXMAATb, YTO MBI MOJYUHM IOCJAEJ0BATEJbHYIO TEOPUIO MOrpa-
HUYHOTO CJI0Sl, AHAJOTUYHYI0 U3BECTHOH TEOpHUHU IOrPAHUYHOIO
caoq ITpanaTas, KOTOpas xapakTepusyercst npuOuKeHHOH 3aMe-
Ho# ypasHenu#t Habbe — Crokca ypaBHenusMu 00Jie€ HH3KOro
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nopsaika (ypasHeHusaMH J#jepa). OLHAKO NpPUMEHEHHE B TEOPHUH
MOTPAHUYHOI'O CJIOA YpaBHeHu# GoJiee BBICOKOTO MNOPAIKA, yeM
ypaBHenuss Hasbe — CToOkca, He NpPOBOJUIOCH CUCTEMATHYECKH,
TAK YTO YHUCJO MPHUJOXKeHUH ypaBHeHuH D3spHeTTa BecbMa orpa-
HuueHHo. OOLIMHO MNPU  PacCMOTPEHHHM MOTPAHHYHBIX SIBJACHHH
HCTOJIB3YIOT CJAelylollie, BeCbMa NpaBaoNoa00HbIE ¢ PUBHUECKOH
TOUKH 3peHHsl MNpeianoJioxeHusa. Hactb MOJeKys, MNONalaloluX
Ha CTEHKY, YNPYro OTpakaercs OT Hee, & OCTAJbHBIE MOJEKYJAH
MOTJOIIAITCA U BHOBb HCOYyCKAWOTCA cTeHkoH. Pacnpenenenne
9THX BHOBb HCHYLUEHHBIX CTEHKOH MOJIEKYN 1O CKOpOCTAM Oyner
pacnpenenenneM MakcBesa, HO TeMIepaTypa B 3TOM pacrpe-
JejeHud (a, C.ex0BaTeJbHO, W CpPelHAd CKOpOCTb) Oymer onpe-
JIeAATHCA  YCJACBUAMHM, MPH KOTOPHIX HAXOAMTCA caMa CTEHKA.
OIHAaKO He COBCeM $SICHO, KAaKUM 00pPa3OM MOXHO BBECTH 3TH
¢puanycckue cooOpaxeHuss B TPAHHUYHBIC YCJAOBHUA JAJSl THAPOJIHU-
HAMHYECKUX YPaBHEHMH, KOTOpHIe JOJKHB OOeclieyuBaTb €JUH-
CTBEHHOCTb pellleHus 3a1aqyu OOTeKaHUf.

6. O6masn xapaxtepucTuka mertosa YenmmeHna — JHCKOra.
[losposbre MHe B OOIIMX yepTax MOABECTH UTOT AOCTUFHYTHIX
HaMu ycnexoB. € NOMOIUbIO MeTOJA NOC/eL0BaTeNbHBIX NpHbIu-
KeHUH MBI NOJAYYUM pelueHHe ypaBHeHus bDoJabliMaHa B BHIE
pasnoxeHus

f=7O@, v|n, u, T)F+fO(@, v|ln, u, T)+ ..., (6.21)

rie (QyHKIUU f("’" B KAXIOM mNpHOJIHKEeHUU OYIAYT (QYHKUMAMH
¥, ¥ U MAaKPOCKOMHYECKHUX TepeMeHHHX 7, #, T U UX NpPous-

BOLHBIX MO KoopauHaraM. 3amertud, uto oyuxuuu f*) ne 3apu-
CAT OT BPEMeHM §BHO, TaK KAK B KAXKIAOM MPUGIMKEHHH MH
MCKJI0YAAM TIPOM3BOAHLIE TO BPEMEHM OT MAKPOCKOMHUECKUX
nepeMeHHLIX C MOMOILbI0 FHAPOAMHAMHUECKUX VpaBHEeHmi Golee

HHBKOTO Topsiaxa. Bcs saBucumocts ¢yukwn f*) or BpeMmenn
3aKMI0YEHA B 3aBUCHMOCTH MAaKPOCKONMHYECKHX IEePEMEHHBIX OT
BpEMeHH, KOTOpas onpeieaseTcsi FMAPOLHHAMHYECKMMU ypaBHE-
HUSMH COOTBETCTBYIOLIEr0 MOPSIKA

on 0

ot 0x, (nu,),

Wi VP @ln, w, TY VP ln, w D+ ..., (6.22)
oT

o =080 (rin, u, T)-+ 0% (r|n, &, T)+ ...
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OTH YpaBHEHUSI TOJYYalOTCH OIHOBPEMEHHO C PAasJOXEHHEM
(6.21). Hanpo ormeruth, 4TO M B ypaBHeHuax (6.22) wunedwl

VP u ¥ COOTBETCTBYIOIIEr0 NMOPAAKA B3aBHCAT OT 1, #, T M
MX MPOUBBOJHHIX NO KOOPAMHATAM, HO He 3aBUCAT OT BpEMEHHU
ABHO. MoOXHO cuuTath, 4TO B pasnoxeHun (6.21) u B ypaBHe-
Huax (6.22) uaenel k-ro mopsaka coOTBETCTBYWOT R-# cTeneHu
napamempa 00HOpoOHocmu 6, KOTOPHH sBJASETCA BeJMYUHOU
nopaaxa

A Zo

6 ~ A (6.23)

' 1
rie A— cpeiHas AjauMHa cBoGoxHoro mpobera; £y ~ MN(RT/m) h_
cpelHee BpeMsa MexAy CTOJKHOBeHuaMu; L =z {/gradd (3mech

$— g100aa MakpOCKONUUecKas NepeMeHHas); TomLVo"l-—BpeMH
MAKPOCKOMUYECKOH penakcauun (3pecb V,— cKOpOCTb 3BYKa).

Peurene (6.21) ypapnenus Boabumana obaamaer mo6onbiT-
HOH MatTeMaTuueCKOH ocobeHHOCTBLIO. Ilonyuaetcs, 4TO 804 3aBu-
CUMOCTb (YHKLUHM f OT BpPEMEHH OlpeneaseTcd MNOJHOCTHIO,
eC/i 3alaHBl HayaJbHbLle 3HAUCHUS 1, ¥ U T, KOTOpHIE, COrJIaCHO
ypasHeHusm (6.22), onpenensisor 3HaueHus n, #, T BO Bce Io-
chenywouiue MoMeHTH BpeMeHu. C Apyro#fi CTOpPOHH, OYEBUAHO,
YTO JJIS pelleHus 3aJauyd ¢ HAyaJbHBIMM YCJOBUSIMU AJA ypaB-
neuuss BosbuMana HeoO6X0AMMO 3aAaTh Haua/bHOE paclpeselieHue
f(r, 9, 0) noanocmsio, 1. e. ropazno OoJble, YEM TOJLKO
nepsuie nATb MoMenToB n(r, 0), u(r, 0), T (r, 0) dysxnuu
f(r, v, 0). Eute T'uapbept ykasan Ha 3Ty 0COOEHHOCTb pelue-
Hus B Bule (6.21), ¥ 9 HasoBy 3Ty OCOOEHHOCTb MAPALOKCOM
MuabGepra 11,

dusuyecku creayeT OWKUIATb, YTO HAYAJbHOE paclpelefieHue
f@r, 0. 0), kaxum 6. 0HO Hu Ovln0, 3a BpeMsd Topsaika £
npubanxkaercd K Buay (6.21). VIHbIMU CJ10BaMH, MOXHO CKasarh,
YyTO 8a BpeMsl Nopaika f, (BpemMs# NepBOHaua/J bHOH XaoTH3alUK)
MOXET NPOUBOUTU cOKpaujeHue criocoba ONUCAHUS COCTOSHUA
rasa, B peayJbTaTe Yero 3aBHUCHUMOCTb (YHKIUUM paclpeleneHus
OT BpeMeHH OylIeT onpelensaTbCsl 3HAUMTEJbHO MEHbUIUM YUCAOM
nepeMenHbIX. lIpuuuHa TOro, 4TO 9TUMM NEepPeMeHHBIMU ABJAAIOTCH
UMEHHO MaKpPOCKONMYECKUEe TiepeMeHHrle #, # U 1, OYeBUIHO,
COCTOHT B TOM, YTO OHM COOTBETCTBYIOT MNATH BeJUuuHaM 1,
U U U2, KOTOpHE COXPaHsATCA NPH CTOAKHOBeHHsIX. ITosToMy
NPOUCXOAALIME BCE BPEMA CTOJNKHOBEHHS He MOryT BJIMATH H2 R,
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L=l

# u T HenocpeACTBEHHO. JITH BEJUYHHB MOIyT OCTaBaThCA
NOCTOSIHHBIMU B T€YeHHE BpeMeHW NOPSAAKa f;,, U B STOM CMBIC/E
MOYXHO CKa3aTb, YTO OHHM SBJSIOTCA HHTErpajsaMu JIBHIKEHHS.
IsMeHeHye MaKpOCKONHMYeCKMX NepEeMEHHBX B 3aBHCUMOCTH OT
dpeMeHn OyaeT ,CeKYJApPHBIM®, TaK KaK IPOUCXOINHUT TOJIBKO
BCJeJCTBHe u3MeHeHusi ¢pynkuuu pacnpenenenus. CiaeaoparesbHo,
CNYCTS HEKOTOPOEe BpeMsi MaKPOCKONWUYeCKUe fepeMeHHble CyayT
MOJHOCTLIO ONpene/iaTh U3MEeHeHWe COCTOSIHHSA rasa BO BpeMeHH.

[To HameMy MHeHK10, ulesl O COKpalleHWM crnocoba omnuca-
HUSl SBOJIIOLMN CHUCTEMB BO BpeMEHH KMeeT OYeHb BAXHOE 3Ha-
yeHue. IDTO HANOMUHAET OMHUCAHME CHCTEMBl C MOMOMILIO ,MaKpO-
CKONHUYECKHX“ NepeMeHHBX ¥y, Yo, ... B TCOPHH YCTAHOBJEHUA
paBHOBecusi bonbumana— I'n6€ca, KOTOPYIO MBI M3jaaraad B ri. L.
QOnHaKo Tenepb 5TH NepPeMeHHHE He Oonpelensiorcs 6olee Uiy
MeHee MPOM3BOJbHO MAKPOCKONWUYeCKUM HabmolateseM, a onpe-
ACASIOTCA caMCH cHcTeMOff, mpuyeM MLl IOKasaJd, YTO OHH
00pasyloT 3aMKHYTYIO CHUCTEMY MNEpPEMEHHHX B TOM CMBIC/E, YTO
X Haya/JbHblEe 3HAUEHUA ONpelesiloT BCE WX MOCJAEAYIOlHE 3Ha-
YEHUS.

Koneuyno, 910 cokpamenue cmnocoba oOnucaHud, XoTd H
ABJSIETCA BeCbMa MpaBaoNOAOOHBIM, HHKOrAA He OBLJIO NO-HACTOS-
meMy aoxasaHo! Buiio O BecbMa KeJaTesbHO BHIAICHUThL, Ha-
CKOJLKO TOYHO pellleHWe 3a1ayy C HauaJbHHM YCJIOBUEM Ind
ypaBHeHHs DBoJablLMaHa annpokcUMUpYyeTcd pasnoxenuneM Yern-
MeHa — OJHCkora (6.21), a Takxe MaTeMaTU4YeCKYI0 NPUPOLY
9TOr0 pasjoxeHus. Bechma BepOATHO, YTO 9TO PasJOXKEHHE He
CXOJNUTCH, @ SBJASETC TOJNBKO aCHMITOTHYECKUM (KaK cCreayer,
HanpuMep, M3 NPHUMEHEHHUs] ero K BONMPOCY O JUCMEPCUM 3BYKa)
U 4YTO CcTpeMieHue f(r, ¥, f) k pewenuto Bujsa (6.21) skcmo-
HEeHIMAJbHO, T. €. Pas3HOCTb MeXJAy HUMH YOBIBaeT Kak
exp(— #/t;). Ha sto yxasmBawT pesyabraTh I'pena *. Bmecro
pasjoxennsd Yemmena—Ouckora I'pell MperaoXusa MeTon MNocJje-
LOBATEJbHHIX NpUOJUXKEHUH, B KOTOPOM OTKJIOHEHHE ¢ OT JIO-

KaJbHOTO pacnpeneienus Maxceenna f(0 pasparaercsa mo coor-
BETCTBYIOIMM TPEXMEPHHIM MNOJHHOMAM OPMHTA, 3aBUCALIUM OT
otHocuTeabHO#t ckopoct U. Kosdbdunuentn pasnoxenua Oyayr
COOTBETCTBYIOUMMH MOMeHTaMn (YHKUUMM pacupefeeHus f o
6yayT 3aBHCETb OT r W f, W ypaBHeHHe DOJbUMAHA NPUBEHET

* Grad H, Comm. Pure Appl. Math., 2, 331 (1949).

10 3ax, 617
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K YpPABHEHHAM B 4YaCTHBIX MPOU3BOAHBIX AJAA 3THX KG3¢duuueH-
ToB. Hanbonee mnpuMeuaTenpHo, 4to I'peny ynanoch NMOKa3aTh,
YTO BCE€ MOMEHTH, KOTOpble He COOTBEeTCTBYIOT THIPOIAUHAMUYE-
CKMM TNepeMeHHBIM 7, # u T (KOTOpBle SBJSIOTCA TEPBBIMH
MATbI0 MOMEHTaMH), CTPEMATCA KaK exp(— f/f,) K 3HaueHusM,
KOTOpHIE CJeAYVIOT M3 pasaoxeHnsa Yenmena — JHckora. Mae
KaxeTcd, 4TO 3TO MOATBEPkIdeT WU NOKA3LIBACT HILID O COKpa-
HIEHUH ONMCAHUS COCTOSHUA CHUCTEMBI,
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I. Enskog D., Kinetische Theorie der Vorgénge in Més-
sig Verdiinnten Gasen, Dissertation, Uppsala, 1917; Chap-
man S., Phil. Trans. Roy. Soc., London, A216, 279 (1916);
A217, 115 (1917).

B knure C. Yenvena u T. Kaymuwra (Chapman S,
Cowling T. G., The Mathemalical Theory of Non-uniform
Gases, Cambr, Univ. Press, 1939, 2nd, ed., 1955 — nmeercs
nepeBoxn: ,Maremarnueckas Teopusi HeoJHOpoaHuX rasos*, MJI,
1961) usnoxken Meron IHckora. Ilns cpaBHeHus ykaxem paboty
Banpamana (Waldmann L., Handbuch der Physik, Bd. 12,
S. 384) u kuury Hx. I'upmgenvnepa, Y. Keprucca, P. bepna
(Hirschfelder J. O.,, Curtiss C. F.,, Bird R. B., Mo-
lecular Theory of Gases and Liquids, New York, 1954;
uMeeTcs nepeBoi: ,MonexynsgpHad Teopusd rasoB M KUAKOCTEH,
WMJI, 1961), cm. ra. 7 u 8.

2. Ypasuenue (6.4 B) 3anmucaHo He coBceM B OOLIUHOM BHIE.
Ero MoxHO BbIBeCTH (PEHOMEHOJOrHYECKU CJAeXyIOLIUM 00pas3oM.
PaccMoTpuM HeKOTOpOE KOJM4yecTBO rasa B oObeme . Pabora,
coBepuiaeMasti 3a 1 ceéx OKpyXaoWUM 3TOT 00beM TIa3oM U
BHEIUHUMM CHJAMHM Hajx ra3oM B oObeme &2, paBHa

""ffd"apaa”a‘l‘fffdcpa“u“’ M
. Q

rie L — noBepxXHOCTb 06beMa @ U do; — 3JEMEHT fOBEPXHOCTH
c BHewHe# HopMaanlo. Mcnosabays TeopemMy [aycca, ypaBHeHue
asmenus [ypaBhenue (6.46)] u cummeTpuio TeHdopa P;;, noay-
yaem u3 (1)

[ [ [ ] = Pt ou, 2] o
e

10*
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OTO BHIpaweHue NOMKHO ObITb PABHO YBE/JIWYEHHIO KMHETHYCCKOMH
M BHyTpeHHel sHepruu rasa 3a 1 cex B obbvemMe & muawc xo.uu-
YeCTBO KHHETHYECKOM U BHYTpPEeHHEM SHepruu, BhiTekawoluei
sa 1 cex uz Q. Ilycrb & =1/,u?+ Q/p — nonHas sHeprus enu-
HHMIBI MaCCHl M MYCTb § == pell - ¢ — NJOTHOCTb HOTOKA IOJHOH
sHeprud. Torna

[ Qf [ d'c[ P,;D .+ pu, %‘;“
JﬂfJ dt———(pe)+ r.fdcfm.S'mz

z
J ffd‘[ﬁaz‘( | =
= [ [ Jaslor g+ 5=

. r De I 0q,
_‘fJ dt(P Dt ! dx,)'
2

[Tpu 3TOM MBI UCTIOJAb30BAIM yPaBHEHHE HeNpPepHIBHOCTH. T ak Kax

De Du, , D {Q
PDr = Pla ¢ +Dt(p)’
Mbl fIO/iy4aeM B OKOHYATENLHOM BuAe ypasHenue (6.48).
3. XoTa 3TO NOYTH CAMOOYEBWAHO, €CJM BCIOMHUTb, KaK
ypaBHenusi Diinepa (6.7) noayuaworcda ¢ nomourio (6.4) u3s 06-
ero ypaBHeHust neperoca (6.3), MOXHO, pasyMmeercs, HPOBEPHTD

5TO yTBepakAeHUe HenocpeAcTBeHHO. OPTOroHaIbHOCTbL JeBOH
yacTu ypaBHenud (6.9) x ¢yuxumn ¢, =1 naer

= [ avf® 42 [ dvv, s/ +a, [ do

[Tocnennuit wHTerpan paBeH HYJI0, a NMepBHe ABAa YJEHA, Oue-
BHAHO, JA2I0T YPaBHEHHE HENPEPBIBHOCTU

) 0
g;z - (r) =0. (3)

ll

f

L

of (0

=0,

Ycaosue oproroHaabHocT JeBol wactn (6.9) k v; naer

0 0 af (©
‘a_zfd“’vif(O) +~5}—;-fd‘vai@a (0)+aafdfwi o, = 0.
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HHTel‘pHpYH. nonyqaeM

57 )+ )+ (L) — e =0, @

0X; m

u 970 Oyner ypasHenueM apuxeHus (6.76), ecan ucnoJab3osats (3)
U NOJNOXUTb p==nkT. Mb npenocTaBiseM YUTATENIO NpPOBE-
pUTb, YTO YC/JOBHE OPTOrOHAJbHOCTH JeBo# wactn (6.9)
K {. == v’ npuBoAUT K ypasueuuio (6.78).

4. BosbMeM noOJHYIO JOrapHpMHUECKYI0 TNPOMBBOAHYIO IO
BpeMenn oT ¢yukuuu f9 [cm. (6.5)], Toraa monyunm

1 70 , 0 o
(dt i & { o )f

0 ox, | o,
1 0 0 —y m oT oT"
= v nT " U? o ’
nT =" (at Lo dxa)( )+ kT2 ( ot dxa) |
m Ol ou, m
|r kT (Ua “ )( —I—‘vsdxﬁ) ET aa(va_—ua° (5)

Ho us ypasHeHunit (6.7) cieayer, uto

O ¢ ome _
2 (1) = — 1, (a7,
of _ T _ 2. du
of = " %TGx, T3 ox,
ou; du; | 1 dp
ot T Mo, T4 T Ok

[ToactaBasis 3T BHPAMEHUS A9 TPOU3BOAHBLIX MO BpPEMEHH
B {(O) M HCMOAL3YS TaKKe COOTHOIIEHUS

op
—d—g_kT +k _T

6n nT'% oT

—3/; =3, 2
ax, (pT™)=T Ox; 2 x; ’

HaxoauM ypasHenue (6.10). Jlerko Takxe NpOBEepPUThH, YTO Npa-
Bag yactb (6.10) oproromanena k 1, U;, U? u, caenosaresHo,
K QyuxiuaM .

5. Cm. ra. 10 kuurm C. Yenmena m T. Kayauura M, rue
NOJYYeHH ABHBIE BbIPAXKEHHUS P U % AJiS PA3JAUYHBIX MOJIEKYJIAPHBIX
monenaett. Ias peanabHO#t Momenu MakcBeana o M x NPONOPLHO-
HAJIbHHI NepBOH cTeneHu TeMnepatyprl. LA kBa3UMaKCBe JIOBCKOH
MOZeJM MOJy4YyeHHas HAMH B8aBUCHUMOCTb 3THX KO3pPuLleH-
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TOB ~T% 00yC/IOBJEHa HCKYCCTBEHHBIM TMpPeaHoJIOXKeHHeM,
yro OespasMepuas ¢yuxuua F (¥) He 3aBUCHT OT TeMIePaTypHl.

6. Cv. rn. 7, 9 n 10 xuuru C. Yenmena n T. Kayaunra [V,
Pesyabratnt pacuera ¢ norexuuanom (12.6) Jlennapna — JxoHca
npusesensl B kanure k. Fupmdenbaepa, Y. Keprucca, P. Bepaa !l
(cm. ra. 8, § 4). Cm. Takxe crarbu Bopuerra [Burnett D.,
Proc. London Math. Soc., 39, 385; 40, 382 (1935)].

B nepsBoM npu®amkenuu B ciayuae n1000ro auddepeHinalbLHoro
ceuenus [ (g, ¥) npeanounaraloT, 4TO (YHKUMA © ecTb JuHeHHas
KoMOunaua Tex ke caMuix @Qyskuuft §y,, M $yy,,. KOTOpHE
BXOAAT B pelleHue naa wmodean Makcsedna, T. e. npeanoJa-
raiT, UTO

1 oT 5 1
o= gz, Up (207 = 7) 10+ 20D, (U, = 5 3.7 e )

rne a==m/2RT, u y;, Y, — nocrosHHele. OTCIOAA HJIOTHOCTb
MOTOKA Tela

g, = f dUU,U2f(0) —

== _’;i n (-E-)afg—l- 07;. e deUiUPLU2 (aUQ——-'S—) e—“Ui’z——x—a]—‘

T T ox 2 0)(,:

H KO3(pDULHEHT TenaonpoBOLHOCTH

5k w3 a %2
* == 4 a% n(—;) X1e (?)

AHalorHyHO, C TNOMOULBI0 BTOPOTrO ujeHa mnpaBoft 4Yactu (6)
nojaydaeM KOIPEPUUMEHT BAKOCTHU

P 3,
P= T n (i) / Ko (8)

25"l T

Kouneuno, ¢ynkuus ¢, B3gras B puge (6), MoxeT OHTh TOJbKO
npubaMKEeHHBIM pellleHHeM HHTerpaJbHOTO ypaBHeHHA JHCKora
[cM. ypaBHenus (6.9) u (6.10)]:

1 oT

——

T ox,
' ol ,
C(c,o)z_—n(%)’ [ ave™ [aggl (g 9 (¢ +¢—2—9)

U, (aU? — 5)+2aD,,(UU, — 3 3,U7) =C(®.
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M OJa8 TOro, 4To6H NOJHOCTBLIO OlipefenuTb peutenvie Bupa (6),
HeoOX0NUMO elle HAHTU MOCTOSHHBIE ¥; H ¥o. MBI norpelbyew,
4yTOOB ¥; ¥ Yy ObIM MNepBbIMM KO3(PPuUUEHTAMH PasiokKeHus
GyHKkuMM @ TO cOOGCTBeHHHIM GyHKLMIM . (Fr=1,2, ...) u

brom (r=20,1, 2, ...) nna moneau MaxcBenaa. Toraa HaXoauM
2
[ ave Vv, (aU? -—%)
L1 = . 9)
[ ave=vu, (aU? -._%) c|u, (aU? —g-)]
[ ave=v" ( UV —5 bl (U},‘U, — BWUQ)
Yo == ———— 2 . (10)
[ ave=? (UpU,,-—--g b, U ) C(Up,U\,-—§ Y )

Wurerpanu, Bxoaqwue B (9) u (10), aerko Bbiuucagiorca. Pac-
CMOTPUM, HANPUMEP, BHPAXEHHE AJfd ¥,;. HUCAMTENb BLIpaXe-
Hud (9) paseH

~ 2 8/,
4—1tf dU U4 (au2__;_) o~ :_1_5_ T
0

(11)

4 o’ )

3naMenateab Beipaxenus (9) ¢ noMowpio npeobpaszobanus,
MCROJb30BAHHOTO T1IpM BHBOAE J[fI-TECpEMBl, MOXHO 3alHUCaTh
B BHIE

e (3 faran

-
X [ a2glg. Ha[U, (w2 —5)[a]U, (a2 —35)]. (2)
rae omnepatop A oO3Hauaer

A(fU)Y=fU)+FU)— fWU)— U

OQueBMIHO, YTO UJEHH C MHOXMHTeJeM °/, MojJ 3HAKOM oOmepa-
Topa A B (12) MOXHO ONyCTUTb BCAENCTBUE 32KOHOB COXpaHe-
Husi. BBegeM Temepb CKOPOCTb HEHTpPa Macce

U= U +U)=+ (U +Uy).



152 ITpumenanus & 2n. VI

TOT a
1 , 1
U:Uu_'_?jgt U'= u+"§’g/i
1 , 1
U1=Uu'—-——'2"g’ U1=Uu""*2—g",

U+ UL =2U% 4 g% aUdU, —aU, dg,
AUUY)=(U, &)g,— (U, 8 8.

Hurerpan no U, nerko Oepercsd, W NOCAe HHTETPUPOBAHHA TIO
HANPABJCHUAM BEKTOpAa £ MBbl noJy4yaem BMmecTo (12)

5

8/, o oo
- (i) | deg’ X
0

(| 2%2q
S exp (——-——g—gz)fdg(l——cos?%)](g, 9. (13)

Mp npojenanu Bce ynpouieHHs, BO3MOXHblE NOPH OTCYTCTBUH
KaKUX-1u00 MNpeanonoxeHuit o sBHoM Bule ynkuuu [/ (g, ).
[Toacraaga (11) u (13) B (9) ¥ noayyamouieecs snaveHue y,
B dopmyay (7) nng xo3pdpuuueHTa TenJ0NpOBOLHOCTH, HMEEM

25 ! 1
%= "ig'cv (Tfka)/z o ’

f dGGTe~ FQ (g)
0

rne
3k

m \h
€o =G G‘“g(4kr)

H Q(g) — Tak Ha3nBaeMoe MEepeHOCHOE CeyeHHe —
Q(g) = 2= f a¥ (g, §)sin3$.
0

AHa/OTHYHO BBLIYUCIAIOTCH Yy U », H MBl IMOJyYaEM
1

p. — -g— (Ttka)vz -
f 4GGTe PQ (g)
0
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Taxum obpasom, cooTHoieHue (6.18) OyneT cnpaBeaJuBO B 9TOM
npudaKeHUHU,

7. Tunbbepr B pabote no xuHeruueckoih Teopun rasos (Hil -
bert, Grundziige einer Aligemeinen Theorie der Linearen Integ-
ralgleichungen, Leipzig, 1912, Ch. 22) rosoput o meopene
MaKpPOCKONMUYECKON MPHUUHHHOCTH MMEHHO B TaKOM CMBICJE.
Makpockonuyeckass TNPUYHHHOCTb O3HAYaeT, YTO COCTOSHHE rasa
onpeneneHo, ecau npu ¢ =— (0 3amaHbl pacnpeneeHud MIOTHOCTH,
CKOPOCTH M TeMnepaTyphel. I103ToMy, MO HalueMy MHEHHIO, VHO-
TpebieHue CaOBa ,TeopeMa‘ BeleT K HeLOPa3yMeHUsM, TaK Kak,
OUEBUJIHO, MAKPOCKONMUYECKAasds MPUUHHHOCTb SIBJASETCST YCAL0B8UeM,
KOTOpOe HaJjaraeTcsi ROMOJHHTENbHO M KOTOPOMY [IOJIKHO YAO-
BJETBOPATb pellieHHe ypaBHeHus Dosabumana. ChnoBo ,Teopema“,
KpOMe TOro, C0344eT BICYAT/ACHUE, YTO MOXKHO CTPOrO BLHIBECTHU
MaKpOCKOTMHUYECKYI0 NMPUUMHHOCTb U3 MeTona YenmMeHa — DHCKOra,
XOTSl 9TO, pasyMmeeTcsl, OTHIOAb M He TaK.



FTABA VI

KuneTnueckas Teopus MIOTHBIX ra3os

1. Beenenue. [lpoGiemMa BLIBOJA KHHETHYECKOrO ypaBhe-
HHA boabumaHa. McxoaHbeM BONPOCOM, ¢ KOTOPOro HayanoCh
passutue COBPEMCHHONW KHHETHYECKOH TeOpHMM INJIOTHHIX TasoB,
IBASETCS BOMNPOC O TOM, KAaK BHIBECTH ypaBHeHHe DoJblimMaHa
H3 OCHOBHO# TeopeMubl JluyBu/aa. Bouay roro uro sta npobiema
BCe ellle TMpencTaB/fgeTCsi CHOPHOR, MO3BOJBTE MHE Npexae
BCEr0 OODBACHUTL, NOYEMY He00X00UM(O BHBOIAUTH YPAaBHEHHE
boabumana.

Pasymeercq, ToT cnocof, KOTopbM caM DBoJbIMAH moayyu.n
9TO ypaBHeHHe M KotTopuit 6w omnucan B ra. IV, asasercs
9BPUCTHYECKHUM, 383 4yTO Tako#H cnoco® u moaBeprajicsi KpuUTHYE-
CKOMY aHaaudy. OCHOBHble BO3pa)ceHUS B KHHETHYECKOM METOJe
bo/abuMaHa BHI3bIBasna rJjaBHBIM o0pasoM FH-teopema. IT0 ObijIO
IBHBIM BBIPA)K€HHWEM YYBCTBA HEYAOBJETBOPEHHUS OT TOro, 4ro,
HCMOJIb3YA KaKUM-TG 00pa3oM oOpaTuMble MEXaHUMYeCKHE MOJe/H,
bo/buMaH TeM He MeHee CMOT OOBACHUTH THIIMYHO HEOODPATHMOE
ABJeHHe NMpuUOMXKeHUs K paBHOBecHI0. Kasamoch maxe, 4Tto 31ecCh
uMeeTcs kakof-t1o obman! { He Oyay oOcyxmaTh KiaaccHUyecKue
BospaxeHusa JlowMuara u LlepMeno, Tak Kak OTBET Ha HUX yxKe
OplJl DdH B paMKax CTATHCTUYeCKOro Meropa boJjbliMaHa 4 pas-
BuBlleficd u3 Hero Teopuu boabumana — 'u66ca. Opuaxo 3ta
TEOPUA OCTABJAET COBepleHHO 0e3 OTBeTa BOMPOC O TOM, KakK
KHHETHYeCKHHt MeToAd BooOlle U ypaBHeHHe DojbliMaHa B 0OCO-
6eHHOCTH cOTJacyTcs ¢ o0liel Teopuelt ycTaHOBJIEeHUS PABHO-
Becus.

KpoMe cyutecTBOBaHHI B 3TOH Teopuy, MOXKHO CKasaTh,
JAOTHUECKOR ,uieaun®, UMEIOTCA TaKXKe OueHb BecKue TpaKTuue-
CKHMe MPUYUHBI, MO0 KOTOPHM ObIO 6B BecbMa IOJE3HO BHIBECTH
ypaBHeHue DBoabumana. [leficTButenpbHo, ypasHenue Bosblimana
NMPUMEHUMO TOJILKO K JOCTATOYHO pa3peeHHbIM ras3aM, Koriaa
MOXHO VUYUTHIBATL MOALKO NAPHLE CMOAKHOBEHUA MOJEKY/L,
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BcnencTtBue Takoro oOrpaHuueHdsi TOJbBKO MNAPHBIMH CTOJKHOBE-
HUAMH KOS HUUHUEHTH TEeNnJONPOBOAHOCTH % M BABKOCTH P HE
3aBUCAT OT IIOTHOCTH ras3a. KaueCTBEHHO 3TO MOXHO OOBACHUTH
TE€M, YTO NpU yuyeTe TOJAbKO ABYXYaCTHUYHBIX CTOJKHOBeHHH MoJe-
KyJa cpelHas AiavHA cBoGogHoro npobera A Gyner oO6paThHO mpo-

NOpUMOHANBHA TMJIOTHOCTH YucJa YacCTHIL [’I‘. e. l~(na)"i], U
CJIe0BATENLHO, BO BCE€X MNPOLECCAX NEePeHOCad YHCJO NEePeHOCs-
HIUX YacTHL (IIPONOPUHMOHAJBHOE #) W 3HAUEHHE BEJUUMHBI,
NepeHOCUMOR Kaxaofh u3 3TUX wyacTull (MPOIMOPUHOHAJIbHOE A,
T. e. 1/n), GyAyT TOYHO KOMIIEHCHUPOBATL LPYT APYra, ¥ pe3y.ibe-
TaT He Oyier 3aBuceTb OT n. Ecaum XKe yuecTs TpoliHBe, yer-
BEpHble M T. I. CTOJKHOBEHHS YACTHUL, TO CJefyeT OXHAATh,
uyto AJad  cpeiaHeR AamHB CBOGOXHOrO npodera MBI NOJYYUM
BbIpaXeHHe BHaA

1

kwnc(l—}—cln—kcznz-}- ooy 7.1)

TaK KaK 4HCJa CTOJKHOBEHHH uacrtull cpasy TpoOHKaMu, 4eTBep-
KaMd U T. L., B KOTOPBIX NPHHUMAET yyacTue JaHHad BBlIEJEeHHAd
yacTula, OYAYT, OYEBHAHO, TMPOMOPUHOHAJIbHBI BeauudHaMm n?, n3
M T. A. YKasaHHas BbILIE KOMIeHcAauus yxe He OyaeT TOYHOM,
M CaefyeT OXUMATb, YTO M4l KOIPPUIHUEHTOB NepeHoca INoJay-
4yaTCd BHUPHUAJbHBIE pPa3yOXeHud CJAeAVIOLEero BHUIA:

p=po (D) Fp (M n+tp 2+ ...,

v=x )by atr@et ...,
rjie P, U %,— 3HAYEHUSl ITUX KO3(PPUUNEHTOB, HaBaeMHe TeO-
puefi Uenmena — duckora. Kpome Toro, cieayer oxumath, 4ToO
TPA  yBeJUYEeHUM IJIOTHOCTH OJaoke 8 cayiae OOHOAMOMHbBLX
2a308 TOSABUTCA Tak HasbiBaeMbil BTOPOH k03d¢uuueHT BA3KOCTH
(um k03pduueHT 060bEMHON BA3KOCTH), KOTOPHH, NO-BUIKMOMY,
6yaeT NPONOPUHOHAJEH n? (T. €. YUCJAY BUPTYAJbHBIX MAPHBIX
MOJIeKy ). VIMeeTcss 3HauMTe/NIbHOE KOJNHMYECTBO DKCIEPUMEHTAlb-
HHX CBeJeHuH O 3aBMCUMOCTH %, p H Ko3dduuneHta obbeMHON
BA3KOCTH OT IJIOTHOCTH [/ NJOTHBIX T430B, OJHAKO B HACTOS-
liee BpeMsl ellle COBEPIIEHHO HEBO3MOXHO COMOCTABUTL 3TH CBe-
AeHust ¢ teopuedt. B 2TOH CBA3M Hago OTMETHTL pAasuTe/bHbLIH
KOHTPACT C MOJOXEHHWEM Led B TeOPHH PaBHOBECHBIX HeuIeaJb-
HBEIX ras3oB. [Ipennonaraembie pasnoxenus (7.2) nOJHOCTHIO aHa-
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JAOCYUHBl BUPUAABHOMY PasiOKeHUIo YpaBHeHHA COCTOSHHA ra3sa

B(IY . C(I) . D(T
P14 28 (fz)‘l" D0 @3

HetcTuTebHO, yxe 6HI0 NoKasaHo, yro Beauuudsl B (T), p,(T)
U % (I) HemocpeIlCTBeHHO CBA3aHLl JPYr ¢ APYIrOM, TaK Kak
NPH UX IOACYETE YUUTHIBAIOTCA TOJbKO MAPHLIE B3aUMOJeHCTBUS.
[To anajoruu ciefyer OXHUAaTh, YTO TPETHH BUPHAJBHHIE KO3(]-
¢uupuent C(T) nomxen Obith cBasan ¢ py(T) u »(T) u 1. I
OnHako B TO BpeMsil KaK HAM 4382CMHbL SBHBE BHIDAXEHUS IAS
BUpHaAbHHX ko03bduuuestos C(T), D), ... u T. 4. uepes
MOTEHIHAJIEl MEXMOJIEKY/IAPHBIX CHJ, COOTBETCTBYIOLIHE BhIpa-
MEHHS1 [JIs BUPHAJLHBIX KO3(UIHMEHTOR NMePEeHOCA €08 PULEHHKO
Heu3secmmuol.

Ecin BepHyTbea K oOcyxAeHHIO ypaBHeHus bBoJabuMana, TO
ICHO, YTO MJd TOro, 4ToOH NOJYUYUTL TEOPHUIO BUPHAJbLHHX pa3-
JOXeHUA KO3(pPUIHEHTOB NepeHoca, HeoOxonuMo 06001NTL ypas-
HeHue boJbumaHa, yToOwl B HeM OBIJIM yuTe€Hbl TPOHHBlE, YeTBep-
Hble M T. A. CTOJKHOBeHus yactul. K coxanenuw, He pacnoJiarag
00JILUMaHOBCKOH MHTYuULHe#, cOBepleHHO He #CHO (nmo Kpalueft
Mepe no cux nop!l), kakum o0pa3oM ST0 cJaenyeT CHeJaTh.
HMenHo 3T0 0OOGCTOSATEBCTBO W BHIHYIHJAO CHOBAa HCCJELOBATh
BONIPOC — MOXHO JH ,BHBeCTH* OOBUHOEe ypaBHeHue DBoabliMaHa
n3 Oosiee 0OOMIMX NPEANOCHIJIOK TaKUM CrnocoGoM, KOTOpHIU mo-
3B0JIA1 OBl HAUNEATHCH, YUTO 3TOT BBIBOA MOXHO OyrerT 0000LWIUTH
BIIOCJNEACTBUU M HA Ciyda#t rasoB ¢ OOJbLIOA TJIOTHOCTHIO.

B sro#t raase s usioxy uien u Merox bBoromoGosa M.
Crenyer ckasaTh, YTO XOTS STH MIAEH, MO MOEMY MHEHHIO, OYeHb
npagrononobHLl ¥ XOTH CaM MeTOA uMeeT mo KpaliHefi Mepe TO
NPEUMYILECTBO, YTO JaeT COBEpLIEHHO uYeTku#t peuent o0oOiue-
HUA ypaBHeHuss DoJbuMaHa, cuTyalnusa #He HACTOJAbKO INpOCTa,
yTOOB 3TOT METOL TPUBOAMA K ONpPELC/ICHHLIM pe3ybTaTaM,
KOTOpble Oblinm OB HAaCTOJLKO OYEBMAHB (PU3MUYECKH HJIHM HA-
CTOJbKO TOJHO COTJAaCOBAJUCh OBl C SKCIEPUMEHTOM, UTO BCSKHE
COMHEHUS B CHPABEAAMBOCTH 3ITUX wuaefl Obiau Obl M3JAUILHAMMU.
DTOT BONPOC eule OCTAeTCHd OTKPLITHM. FlHble MeToabl BhIBOJA
ypaBHeHusi boabumana Onlay npennoxeHol KupkBynom, I'puHowM,
ITpuroxkuHLIM u pAnoM apyrux astopos Ul. Mue kaxerca, uto
BCE 39TH METOAbl HAuUHAIT COMMXKATLCA APYr C APYTrOM H, Ha-
BEpHOE, NOATBepPAAT CHpaBeAanBOCThL Hie# bBoroawbosa. Tem
HEe MeHee JajbHellliee yacHeHUe Teopuu 0e3ycJaOBHO He0OX0oAuMOl
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2. llenouxa ypasrennit bBoroaw6oBa*., Tax kak HHTYyuuus
He MOXeT IIOMOYb HAM B pelieHUHd IOCTABJIEHHOH 3aJa4u, Mbl
JOJKHBI BEPHYTLCS Has3al K pPacCMOTPeHHIO ypasaenuda Jluysumns,
KOTOpPO€E $BJIAETCH, MOXHO CKasatb, OCHOBHBEIM ypaBHEHHEM CTa-
TUCTHYECKOH MexanukKu. PaccMoTpuM cHOBa Haumy cucreMy N
yacTHY B cocyne oObemom V, npudyeM OyIeM CuuTaTb, YTO CHJIHI
B3aUMO JeHCTBUS MeXAY YacTulaMyu uaBecTHH. COCTOSIHUE CUCTEME
OMHCHIBACTCA (yHKUMeR pacnpeneneHus seposrtioctu B I-mpo-
CTPAHCTBE

Dpy(X X900 ooy Xpn )

rape x,=(r;, p;) O3HayYaeT KOOPAMHATHI M HMNY/IbC [-H 4aCTHILI
(ee ¢asy). Pyskuusa pacnpeaceHuss BEPOATHOCTH HOPMHUPOBaHA
Ha €IUHULY

[ oo [ ax o dxyDy (e 5y s 5y =1, (7.4)

Ecan uactunbn rasa ToXJAecTBeHHH, ¢ynkuras D, Oyaer cum-
MeTPUYHOH dynkuuel nepeMeHHox (X;, X4, ..., Xp). H3Mene-
Hue Qyukuud D, B B3aBUCUMOCTH OT BPEMEHM OIMHCHIBAETCH
ypasHeHueM JluyBuaas

oD
“WN‘: (Hy, Dy} EZ

oH N oD oH N oD
or

N N
op, op, Or )' (7.5)

i i

™
[

rae

N
HN:Z[%+ U("i)]“— Z‘I’(l"z—r;‘!)- (7.6)

1=1 i< ]

3aece U (r;) — noteHuuan cTeHOK cocyna (npeanoJaraercs, 4to
Apyrux BHeWIHUX noJje#d uer). Ilotenuman B3aumonefcTBud yacTuiy
® (|r, —r;|) nmeeT Bul OOLIYHOrO MOTEHLMATd MEKMOJEKYIAp-
HBIX CHUJ, KOTOPH Mbl yxe oOcyxaaau B ra. l.

* IJTH ypaBHeHHA aBTOpbl KHury HaspiBalT The B—B —G—K—Y
hierarchy -— uMepapxuei ypasHeHuél bBoromo6oBa — BopHa — ['puna —
KupkByna — Msona. B cooTBercTBHM ¢ npuHsTO# B pycCKOH HayuHOH
AUTEpaType TEPMHHOJOrHEH MBI OyAeM HCNOJb30BaTh NPHBEAEHHOE
B JAHHOM 3aroJIOBKe HasBaHue.— I1pum. ped.
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Bumecto ckobok Ilyaccona B ypaBHenun (7.5) yroGHO BBecTH
onepatop I'aMuiabToHA

N
p; O
By e =Y T N,
i=1

i< j

g _ 9% 0 | 0%y 0

t or, op, 0rj dpj ’

(7.7)

C NMOMOLILI0 KOTOPOro ypaBHeHue (7.0) MOMHO 3amucaTh B BUAE

oD,
it A— 7 Y (7.8)

ot
3aMeTuM, 47O B ypaBHeHuu (7.8) MBI ONMYCTUAM NOTEHIMAN CTe-
HOK COCYyZHa, M TO3TOMy YypaBHenue (7.8) Oymer cnpaBenuBo,
CTPOro TroBopsd, TOJbKO /i YacTull, HAXOIALUXCH BHYTPH
o6beMa V. B nanbrelimiem nHac OyaeT uHTepecoBaTh NpenebHbIH
cayuan

N-—>co, V —oo0, v:—-..-}é--_—const,

KOTJ1a BJUSIHWE CTEHOK COCYJa COBEPUIEHHO HeCyUleCTBEHHO, M MEI
MOXeM HCMO/Mb30BaTh YypaBHeHue (7.8). BpemeM s-uacruunmbie
(yHKIHM pacnpeneneHus

Fo(tp oo 20 )=V [ ... [Dydxg, ... dxy. (7.9)

Murerpupysa ypasnenue (7.8) mo X,.;, ..., Xy U yMHOXad
Ha V°, nonyuaem

%};_F@?gz«“—-—vﬁ N dxg - dry X

p, 0
—_ i
>< m 01‘5 ! 2 @U—I_
I=s+1 <8 sHIST SN
E @kl}DN(xl, o ay xN, t).
s+1<k<l

[Ipennosaraerca, uro ¢yuxuus D, yOrBaeT 10CTaTOYHO OBICTPO
npu Ooabminx p; u r;. llosTOMy nepBbHIl U TpeTul uieHH
B urypupix ckoOkax npu HUHTErpHpOBaHUM AanayT Hyuab. Ocra-
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BUIMACA BTOPO# WijeH NpH yuyere CBOHCTB CUMMETDHH (QYyHKIHH D,
MOXHO 3anucaTb B BHIE

8
Ve (N—"S)Efdxsﬂai, s+1 fdxs+2 oo dxyDy =
i=1

3
N —s O |
= V fdx5+18f, S+1F3+1 (xli s v by x3+13 t)c

I=1

U, HaxoHen, cosepuas npelensnbift nepexox N —» o0, V — o0,
v =V /N =const npu ¢PUKCUPOBAHHOM §, MO.Jy4acM ypaBHEHHUe
s $-4aCTUYHOH (QYHKLUHA pacrnpene/icHUs

OF 1 o
dts —"_%SFS::?} fdxs-l—l Z‘ @i, s+1Fs+1° (7°10)
i=1

TakuM 00pa3oM, Mbl NOJYUYHJM CHCTEMY 3aUENJSIOLIUXCA YpaB-
HeHul (,Mepapxu0‘ ypaBHeHuH) ans QyHkuu#t pacnpeneseHuns
F,(s=1, 2, ...), KOTOpyil0O Mb Ha30BeM UENOYKOH ypaBHeHUH
Boroaw6osa [,

Hac Oyayr ocobeHHO uHTepecoBaTb (YHKUMU Ppacnpejeie-
nug Fg ana caydaeB s=1 u §==2. 3anuumeM B IBHOM Buje
ypaBHEeHUd AJf 3TUX (YHKUUH:

oF oF |

5+ 2 dr: ""Tz;‘fdngsz(xl, X 1), (7.11a)
‘{3]:2 | P 0 ! P2 g —
ot ! (m ory ' m or @12) Fa=

1
= f dx3(0134 By) F5(xy, Xy, x4, £).  (7.116)

Hazo ormeruth, uro B ypaBHenun (7.11a) yme uyBCTByercs
YTO-TO II0XOXee Ha ypaBHeHue DoJabliMana, X014, pasyMmeertcd,
cBa3b (7.11a) ¢ ypaBuenuneM bDoabuMmana elle AaJeKO HE SCHa.

3. Naeu boromooé6oBa. YpapHenune Jluysuaaa (7.5), uau
SKBUBAJEHTHAA eMYy lenouxka ypaBHeHul (7.10), uMeer MeXaHu-
YECKYI0 NPUPOAY, T. €. eCau Mbl 3HaeM ¢ynkuuio Dy (0) B MO-
MeHT BpeMenu f==0, TO MoxeM c nomouipl0 ypaBHenus (7.5)
B [MPUHLUINE ONMPeReauTb ¢yHkuuio Dy Aad A060To MoCaAenyio-
ero MoMenTa BpeMend. Ho oTkyna bl BosbMeM ¢ynkunio Dy (0)?
BEX0A U3 9TOrQ 3aTpPyAHEHHA, KaK MHe KaxeTcs, 3aK/I1I04aercs
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I3

B TOM, UTO HAC HHTEPECYIOT TOJBLKO Te SIBJEeHHH, KOTOPLle BOOGHIE
He 3asucam ot sBHoro Buaa ¢ynxuuu D, (0), Hau, ToyHee
roBopst, 3aBUCAT TOJbKO OT HECKOJbKUX CPERHMX 3HAUeHUH, Hal-
IeHHHX ¢ noMowbio ¢yuxkuuu Dy (0). Tlpexae uem saHuMAaThes
3THM BOIIPOCOM, PAaCCMOTPUM OCHOBHBIE TNPOLECCH pesaKcalyuu
B HameW cucteMc M COOTBETCTBYHIOLIME WM BPEMEHa peJiaKcauui.
Mu uMeem:

a) BpeMs camM020 CTONKHOBEHUS (B3aUMOAGHCTBHUA) T ~ Io/Vp,
rle ry— paiuyc IHeACTBUS MEXMOJEKYAAPHBIX CHJI, KOTOPBIE MH
Tenepb OyneM CUHTaThb CUJAAMH  MOABKO OMMAAKUBAKUA,
Uep — HEKOTOpAd CpelHsas TemgoBafd CKOPOCTb 4YaCTHILLI;

6) cpentee BpeMs Med Oy CTONKHOBEHMSMH fy==A/Ug, TAe
A — cpenHas AnuHa cBo6OAHOTO npobera;

B) BpeMs Makpockomnuyecko#t penakcauuun 7T ,==L/V,, r1le
L — nexoropas Makpockonuyeckas AauHa, V= ., — CKOPOCTH
3BYKa.

B 0OnluHBIX YCJAOBHAX, KOTAa MAaKpPOCKOINHYECKHE BEJIUUYUHBL
MEHSIOTCA MeJJeHHO M ras He o4ens IOTHHH (MCKAIOYaA, TAKHUM
06pa3oM, KUAKOCTH, AJS KOTOPHIX ry=rA), MBI HOJYYHM

1 <&ty <& T, (7.12)

Hanee Boromo6oB HCXOAWT H3 CJAEAVIOWHX CcOoOpameHut.
MoxHO oXxumath, YTO0 Kakoid Ob. Hi Owbiaa HAuvadbHaa QyHK-
uus Dy (0), cnycra BpeMsi HayanbHOM XaoTtusauud (nopsiaka <),
cucreMa AOCTUTHeT cocToaHua (Boroato0oB HazwBaeT 3TOT 9Tal
KUHemu4secKum 3manom B TNpolecce YCTAHOBJEHUS TOJMHOTO
paBHOBeCHSA), B KOTOPOM BCH NOC/EAYIOLlasg BpeMeHHAasd 3BOIOUUA
COCTOAHUA rasa onpenensieTcs HOLHOCMBIO 3ABUCUMOCTLIO OT Bpe-
MeHd QyHKUUM pacnupeleneHust F,(x, £), npuyeM 2Ta 3aBUCUMOCTb
XapaKTepH3yeTcad ypaBHEHHEM BHIA

L A(x|Fy, (7.13)
rge seauunHa A 3aBucur 0T F, QYHKUHMOHAILHO, HO He 3asucum
ABHO OT BpeMenu. Bce ¢yHKuuuM pacnpeneneHus [ 6ojee BbI-
COKOrO TMOpsiaKa B3aBHCAT OT BPEMEHM mMOAbKO CJEAYIOUIHM
oBpasom:

Py Py oo 5| )0 (539, (114)

T. €. TOAbKO 4eped PYHKUUOHANbHBIX apryMedt fFy.
ChenaeM HeCKOJbKO 3aMeyaHui.



3. HMdeu Bozoarwbosa __ 161

a. Ypapuenne (7.13) n dopmyna (7.14) npeacraBasioT co-
Kpaujernoti cnoco0 ONMUCAHUSI COCTOSAHHUA Ta3d, KOTOPHH Bro/aHe
aHajorpyed Merony YenmeHa — DHCKOra, HCHOJAb3YEMOMY IJIA
pemieHust ypasdHedus boJbuMaHa npu ONHCAHMKM BTOPOTO, HIJIH
u0podunamutecKk020 3srana B IpoLecce YCTAHOBJIEHHA NOJ-
HOTO paBHOBccHs# B cucteMe. Tak, ypaBHenue (7.13) aHaaOru4xo
M0 CMLICJY THADONMHAMHYecKNM ypaBHenusm (6.22), a 3aBucu-
MOCTb (7.14) — peutennio ypaesHeHuss Boabimana (6.21), xoropoe
Mbl PACCMATPHUBAJAN B NipeablAyUIeH TJdBe.

6. Ha rugpoanHaMudeckOM 3Tame 3TO COKpallleHHe cnocoba
ONMUCAHHUA CBSBAHO C PA3J0XKEHUEM COOTBETCTBYIOLIUX BEJIHUUH
B psiA 1o napamerpy oasopornoctu 0 =~f,/T,. Ha xuneru-
4YeCKOM JKe STame cOKpauieHue cnoco0a ONucaHusl CBA3AHO C pa3-
aoeHueM no crernedsam 1/v (BupuaabHOe pasaoxeHue). boro-
M000B 10J1araer:

A(x | Fy= A© (x| F)+ ~ AD (x| F)+-

+—r AD (x| F)+ ... (1.15)
"

Fo==FQ(0n, ooy 2| F) o FO G oo, x| PO e
(7.16)

Hano orMeruTs, uto Ge3pasMepHbift mapaMerp pasioxenuit (7.15)
u (7.16) Oyaer BeanunnoRt mopsaka rg/fv :rgn:ro/)\, TaK KaK

)\wl/(nr%). ChenoBarenbHO, Tak e KAK WM HA THIPOJMHAMM-

YeCKOM 3Tame, MapaMeTp pasJgokeHUs MOXKHO PpPAacCMAaTPHBATH
KaK OTHOIleHWe </fy, T. €. OTHOIIeHHe [BYX COOTBETCTBYIOIIUX
BpeMeH pesaxkcauud. ONHAKO NpaKTHYECKH yaoOHee KCIO0Jb30-
BaTb B KauecTse IapaMeTpa pasjoxeHus BeaduuHy 1/ov.

B. Ha xuHeTnyeckoM 3Tame ¢yuxuus F,; sBjsercd OCHOBHOM
»CEKYMAPDHOR® nmepeMeHHOHN, KOTOpas ympapJaseT BpeMeHHO#t 3BO-
motuueft CUCTEMEI, TaAK KaK MeXMOJEeKyJAsSpHbie CH/IL He BJIHAIOT
Ha [y HemocpeacTBeHHO. To/bko 1pu § > 2 unen S€ F, B ypaB-
HeHuu (7.10) Oymer coAepkaTs MOTEHIMA] MEXMOJIEKYJIAPHBIX
cusa, Tak uyro F, (8 >2) Oymer OBICTPO MeHATLCS 3a BpPeMS
mopsgiaka t, B TO BpeMs Kak F; ocraerca mocrosiHHo#. Ha ruzapo-
JUHAMHYECKOM 3Talle MOXHO CYMTATh MAaKPOCKOonuueCKue (QyHK-
wid p, & u T upHTerpaaMy [IBU:KEHMA B TeYeHHe BpPeMeHH £,

11 3ak, 617
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8 SMOM Jice CMbicae HA KUHETHYECKOM ITamne B TeueHUe Bpe-
MEHH T MOXHO CYMTaTh HHTerpajoM [BuwxeHus Qydakumio F,.
r. Cea3p uzeit Borombosa ¢ oOwe# Teopuelt Boabimana —
'n60ca nmpubamxeHus K paBHOBeCHiO, 4 moJaraio, ouesunua. Co-
KpalleHue cnocoba ONUCAHUA COCTOSHUA CHCTEMB aHAJOr HYHO
ONUCAHUIO COCTOSAHUS € TOMOILBI0 MAKPOCKONMUUYECKHX TepeMeH-
HBIX ¥y, Y9 «.. . ONIHAKO B JaHHOM cayuyae BHGOp (yHkuuu F,
onpenenseTcs caMoi CuUCTeMOH, a He HEKUM MaKPOCKONUYECKHM
HabaoaareneM, M, TakuM o0Opa3oM, MOJYYAeTCs 3AMKHYTOE OIH-
CaHHE COCTOAHNA C NMOMOILULI0 KUHETHYECKOro ypaBHeHuda (7.13).
PasyMeeTcs, Bce ykasanHoe BbILIE €BJAETCS NOKa TOJbKO
Aumie nporpamMmoit pabotsl. Mbl npuctynuMm ceffuaCc K ee BHINOJ-
HEHHI0O M YBUIUM, KaKHE IIPU ITOM BO3HUKAIOT TPYRHOCTH.

4. Onpenenenve GyHKUHOHANOB Fff). [Toacrasaga Bupuab-
Hoe pasnoxeHnue (7.16) nag cnyuaqa s =2 B yparHeHue (7.11a),
MB MOJyYaeM

oF OF 1 0
-+ o ::?If AxBuaFy’ (v1e x| P+

+ o [ dx:8uFP (61, 22| F)+ ...

CpaBHusas ¢ KuHeTudeckuM ypasuenueM (7.13) u ucnoabsys
BUpHaJbHOe pasnoxeHue (7.15) mna A(x| F,), Haxoaum

A® (x| Fy) = P 071 . — S\ Fy, (7.17a)

m or,

AY (x1|F1)=f dxy 81 FY (x1, x| F1)  (7.176)
H B o0lieM cayyde uMeeM
AY (x| Fy = [ diey 8FY ™ (21, %3] F).  (7.178)

ITpn s> 2 o¢ynkunn F, 3aBUCAT OT BpPeMeHH TOJbKO uepes
QYHKUMOHAILHBIH ApPryMeHT F,;, NMO3TOMY NpPOU3BOJHBIE MO Bpe-
MeHd OT F, MOXHO BBIPA3UTb Yepe3 F; ¢ NOMOUIBIO KHHETH-
YecKOro ypasHenus (7.13). HeHcrButenbho, nad Jio6oro ¢pyHK-
unoHana §(x;, X, ...|F), KOTOpPHH 3aBUCHT OT BpeMeHH
TOJAbKO dYepe3 ¢yHKUMIO [, npousBoiHas O¢/0f MOXeT ObITb
BHIDAXEHA KaK HEeKOTOpHH apyrof#t dyHkimonaa ot [, ecau
¢opManbHO 06pa3oBaTb NPOUBBOAHYIO MO BPeMeHH OT ¢ U 3arTeM
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3aMeHHThb Be3le NpPOM3BOIHy0 OF,/0f na Beanuuny A(x|F,).
Ecau, KpoMe TOro, MCNoJaL30BaTh BMPHAJbHOE pasfoxeHue (7.15)
ans A(x|F,), TO, OuUeBUIHO, MOXHO 3aNHCaTh

d 1
= b(%y, X oo |[F)=DOY DDy ... . (7.18)

Bnech dopmanbhbi onepatop DY) ectb omepatop o6pasoBaHus
NPOMSBOAHOH mnoO ¢ oT ¢yskuuH ¢ c nocaeaymouel 3sameHo#t

O0F /0t BcloLy HA BEAUYHMHY A(l)(xlFl). KoHeuHo, aprymenHr x

Be TUYHUHBI A(l)(x|F1) n ¢yskuun OF/0¢ nomxkeH coBmanaTh.
Taxkum 00pa3oM, TNOACTaBJAss BUPHAJIbHOE pasioxeHue (7.16)

naga  ¢ynkuuit F, B uenouky ypasrenu#t (7.10) npu s> 2 u
NpUpaBHUBAs WIEHbH NPU OLMHAKOBBLIX CTeleHdax l/v, noaydaeM

DOFO 4+ s FO = (7.19a)
u npu [ >1

DOFP + & F9 =
l $
=— WDV [dxg, 3,80, FED. (7.196)
j=1 i=1

YpaBuenus (7.19a), (7.196) u (7.17) aBasworca $yHKUHUOHAIb-

HbIMW ypaBHEHUSIMU AJ4 FO, ecau NPennoJIOXKUTh, UTo F; €CcThb
IauHasi, BooOue ropops, npoussobHas ¢pyHKuud. [Ipeanonoxum,
yT0 MBI omnpeneauad u3 (7.19a) dynkuuio FY (B OCODEHHOCTH
BAXXHO HaHTH F(gm). Torma Mn MoxeM u3 ypaBHeHus (7.176)
nattru A%Y. D10 B cBOW0 ouepenb IMO3BOJUT HaM HaHtu DY FD
u ¢ nomownto (7.196) npu =1 — dyHkumo F®, KOTOpas

2
ONpeneauT A® w1 o1
Tenepb, HaM HanO OOCYAUTb, B KAKOM CMbICJe (YHKIHNOHAAD-

Hele ypaBHenus (7.19) onpenendioT (YHKIHOHAJHI FY. Tosromy
Mbl TIPENONOKUM, YTO NMpaBble YacTu ypaeHewiut (7.19) spagiorcs

!
H3BeCTHLIME (YHKUHOHAtaMu F,, M monsitaeMmcs Halttn FV.
Has peuieHnss GYHKUHMOHAJIBHOTO YpaBHEHHS BHIA

DOFO+ &8 FO=40 (x,, ..., x,|F).,  (7.20)

rae ) — uapecTHHA (ynkunonan or F), Boromo6oB npuMeHseT
clenyolwiuit mpueMm, CBA3aHHBIH ¢ 3aMmeHofl ¢opManbHOro omnepa-

11*
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0
TOpa D o6siuHOM NpPoOU3BOAHON MO BCNOMOraTeNbHOHW mnepe-
MeHHOH t. OH BBOAMT 1/ COBOKYNHOCTH R YacTHUL ONepPamop
cosuz2a 80 B8pemeHu HA WHTEPBAJI T

Sp(xy ooy X5 D=exp {1 (%, ..., X)), (7.21)

KOoTOpb#t peficTByer cuaenymluM oOpasoM. Ecau B HekOTOPGIf
MOMEHT BpEMeHM KOOPAUHATH i-H 4YacTUUBl HMeJIH 3HAYEHHUS
(r;, p;), TO cNycTa BPpeMs T BCJASACTBHE CMEUIEHHUS 33 ITO BpeMd
gcex R yactull B OR-MepHoM (HasoBOM NpPOCTpAHCTBE, 00YCI0B-
JEHHOI0 MX B3auMozieHcTBUEeM ApYr C APYroM, OoHY OYAYT UMETh
sHaueHus S, (1) r; S, (x)p;, T. e. Oynyr ¢dynxuue#t koopanhar

(X5 +++» Xp) 8cex R vacTUU, XOTS OOLIYHO MBl He OymeM sBHO
ykasnBaTb Ha 310. Ecam y (¥, ..., X,)— Ipou3BoAbHad (yHK-
uug ¢as kR uacruuy, TO
Sp(®x(xy + 0y Xp)=

=y (S, () x S () Xy, v SR x,). (7.22)

slcHo, uTo omepatope S, (t) 00pasyiOT aiAUTHBHYIO OXHONApa-
MeTpHUuecKkylo abeneBy rpymnny

Spt) Sy (vy) =8 (71 4 7)
Sp(—=v)Sp (=1,
S, (0)=1.

B uacTHOCTH,

S, (x: )=y (e, =y (r+Le p, 1), (7.23)

0
[Mpexne ueMm 3aMeHUTb (GOPMAJbHBIH ONEPATOP DY, Bxoasuwmi
B ypaBHenue (7.19a), nHa oOOLIYHYI0 NpPOU3BONHYIO TO MNepeMeH-

HOM <, 3aMeTUM, YTO, UCMOJb3yd COOTHOWeHue (7.17a) paqa AY,
uMeeM

0 , o
= $1(0) Fy(x, )= &7 F = F8,5,(v) Fi =

AV (218, (x) F. (7.24)
Orciona u 43 onpejieseHUd oneparopa pY CJaelyerT:

DY (Z)(xl, e .X?SISI(T)FI):
=———-P '(x10 v eer X5 S1(R) F1).  (7.25)
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Tak kak B ypasnenun (7.20) ¢ynxuua F,(x, £) npousBo.ibHa,
MOKHO 3aMeHUTb ee Ha S (t) F, u, ucnoanaysa (7.25), Hatitu, yTo

ypaBHEHHE (7.20) sxBUBaNeHTHO AU PepeHIHAIbHOMY YPaBHEHUIO
oFY (X1 -ee0 X5 | S () Fy)

ot L — SBF (x1, ..., xs| Sy (t) Fy) =
= — {0 CARTIE AN (=) F)). (7.26)

Fltak, He jesiasi MOKAa HMKAKMX JOMyLleHUH, Mbl npeoGpasopanu
(pyHKuHOHAIBHOE ypaBHeHue (7.20) B oOnyHoe guddepediiyans-
Hoe ypasHenue (7.26), wucciaenoBaTh KOTOpPOE, KOHEUYHO, 3HAUM-
TeJbHO mnpoute. OIHAKO Tenepp fCHO, 4YTO [ TOTO, UTOOH

!

naittu FY oz ypasHeHns (7.26), HeoOXOAMMO HMETb elle JO-
MONHUTEJbHBIE CBeACHUs, T. €. Tpedyercs 3aaTh HEKOTOPOTrO THMA
Ha4QAbHble WKW 2 paruirble ycaoBus, boroawndoB BBOAHUT cije-

aywiiee npednosodcernue. Ias moGoro u3 QyHKIMOHAIOB
F, (8 > 2) 10M1KHO BHIIOJHATbCA YCJIOBUE

lim S, (— ) Fy(Xqs «vvy %,]S, (%) Fy) =

T=>C0

S
=1im S;(—) [ S, (») Fy (¢, B, (7.27)
T~>C0 r=1

Heo0X0MMMO NOAUYEPKHYTH, YTO 3STO NPEANOJONKEHHe WIPAeT
(pyrAaMeHTA/bHYI0 DPOJIb BO BCeM H3jaraeMoM Meroge. CMbICA
BTOTO YC/MOBHUA JICrde BCErO NMOHATh, eCAH PACCMOTPeTh MPOCTPAH-
CTBEHHO OMHOPOAHBIA cayuall. B 3TOM ciayuae [cM. ypaBHe-

ure (7.23)] MOXHO omyctute oneparop S;(t), 4 TOria ycio-
Bue (7.27) npuMer Bujg

S
lim S (—1) Fy==1im S;(—=) [I F,(p,» B
T—>C0 T->C0 =1
Takum 00pa3oM, MBI NpeNno/araeM, YTO HUMOYAbCH S YaCTHIL
B OTAAJCHHOM TpOIIJIOM, KOrjJa 4acTHUbl BCJAEACTBUE HAJIHUHSA
CHlt OTTAJKUBAHUA MEXAY HUMH HAXOLMJIHCL OYeHb NAJEKO JpPYT
OT Apyra, OblIu HE3aBUCHMBIMM, Tak uTO (pynkuus F, sBasiach
npousseneHueM GyHkuuk F,. KoHeuHo, Taxkoe NpenmooxeHue
OTHIOLb He oveBunHO! Hanpumep, Moxuo O6uiio Obl NPeACTaBUTH
cede, YTO 3TO YCJIOBHE HE3aBUCUMOCTM OYAET CHPABEANUBO U JJs
OylyWero CHCTEMBI, T. €. fpu T-—>—co. OAHAKO MBI CKOPO
YBUAUM, YTO 3TO MPEANOJONKEHUE HENPUEMJIEMO, TAK KaK U3 Hero
¢AeAyeT Taxkoe ypaBueHue boJabumaHa, B HHTErPaAbHOM ujcHe
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KOTOPOro cJaraeMble, COOTBETCTBYWOILMEe NPUPOCTY M YOHJIH
yuc/a 4YacTHIL B paccMaTpusaeMoM (a30BoM oObeMe, NepecTa~
BJIEHBl MeCTaMH 4 AJf KoToporo H-yHkuus BospacraeT BMeCTO
TOr0, YTOOH yMeHbIlaThCH. TaKuM o0O0Opa3oM, 3anaB rpaHUuHOe
yciosue (7.27), MB TeM CaMbiM B8b0upaem NOLXOAAILHE He-
obpatumble pewteHust Buga (7.13) u (7.14) uenouxku ypasHeHu#
Boroawbosa (7.10). IloueMy B JpaHHOM cayyae HeoOXOLHMO
HAKAaJbIBATb TaKOe YCJOBHE, B TO BpeMsi KaK B COOTBETCTBYIO-
meM Metoje YenmMeHa — IJHCKOra HeT HEOOXOLUMOCTH B aHAJO-
THYHBIX YCJAOBUAX? $ mojarailo, 9TO MPOUCXOAUT HOTOMY, 4YTO
caMo mo ceOe ypaBHeHue BosbuMaHa yxe sBjsercs ,HeobGpaTu-
MbIM“, B TO BpeMs Kak B ypaBHeHuu JIuyBuand (M4 B 3KBH-
BAJEHTHON eMy uenouxke ypasHeHuK bBoromawobosa) HeoO0XOAMMO
elle 856 pams ONpeleNeHHOe HalpaBiende BpemeHn Pl
[TocMOTpUM TeTepb, HCHOAb3YSA TpaHuyHOe YCJaOBHe (7.27),

!
KakuM 00pasoM MOXHO ONpeneanTb (PYyHKIHOHAJDI Fo. ITpexae
BCET'0 M3 BUPHAJbHOTO pasiaoxenus (7.16) aas Fg caenyer, uTo
ycaosue (7.27) o3Hayaer

lim S, (— ) FO (%1, v 00 %5]S1(3) Fr) =

T>CO
)
=1lim S, (— 'c)iI[ S, (x) Fy(x;, £), (7.28a)
T—» 0 =]
imSs(— 1) FO(x1, - ooy %] S1() F)=0 (I +0). (7.286)
T—>» 00 '

PaccMorpuM ypasHenue (7.26) B cayyae [=0. Toraa ero npa-

Bas 4acTh ap“”-_—_—o [cM. ypaBHenue (7.19a)] um MB noJayuaeMm
,petiieyue’ ypapHeHns (7.26) B Bune

FO(x1, o vvr %5|S1(@ F)=S8;(3) F{ (x1, ..., x| F1),
HJIH
FOx1, o ovs x| FY)=Ss(— ) FQ(x1, ..., x| S1(x) Fy).

3aech JeBasg YacTh He 3aBUCHT OT T, TAK 4TO MOXHO HepefiTH

K npeigeny T—>CO U C Yy4eTOM TrpaHuuHoro yciaoBus (7.28a)
NOJYUYHTh

FO(x1, o ovs x5| Fy=1im S,(—x) [[ S, (®) F1(x;, £).  (7.29)
i=1

S A=)
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AHanoOrnuHO MOXHO HaWTH M3 ypaBHeHus (7.26) u yHKUHU .F‘g’
naa [ >0. W3 d¢opmasbHOoro ofuero ,peuteHus“ ypaBHe-
Hust (7.26) caenyer

(s”(xl, coor X5| F1)=85(—n1) Ff,.”(xl, covs X5|S1(7) FY)
A [ dnS,(— )90 (%, oo x,] S, (5) F)
0

ITepexons x mnpejeay t—>CO € YYeTOM TIpPaHUYHOTO YCJAOBHA
(7.280), mnoayuaeM, uYTO MNepBH ujleH B mnpaBo# uacTH obpa-
I1aeTCs B HYJb, MO3TOMY

Fﬂ”(-xl, . oy JCS'FI):'
= [ a5, (— )9 (¥ -+ s %,|S, (%) F)). (7.30)
0

C nowmouibio cootHomenu#t (7.29) u (7.30) MOxHO noc.aenoBa-

TEJbHO OMNPeAeaUTb BCE (PYHKLHUOHAJHI F® ua ocxoBHbIx ypasB-
HeHult (7.19).

5. Kunernueckoe ypaBnedue. BrinuiueM, cornacHo HalieMy
METOAY, HEeCKOJbKO NEPBHIX YJEHOB B KHHETHUYECKOM YpaBHEHHH.
BBenem AJg ynpollleHHs 3amucu o003HaueHHe kKoMOHHauui onepa-
TOPOB CABUTA BO BPEMEHH, KOTOPHIE ¥ HAC BCTPEYAIOTCH BCE BPeMs!

3
P (Xgs oens X)=1im S, (Xy ..., X —-r:)i]:[lsl(xi, 7). (7.31)

T=>00

Cootnoutenne (7.29) Torma nmpumer BHUI
FY (x1, Xo| F1)== P2 (%1, x3) F1(%1, £) F1(xa, b).

[Toacrasasis sTo BhHipaxeHue B (7.176), moayuaem
AP (3, Fy= [ dx,815 oF 1 (1, ) Fi(ty, £) =

- f f 4%y d%F, G O F, Gy 2y (2,]80 &)y (7.32)
rae
2, (%, G, ¢2)=fdx2@1205p2 (X1, X9)8 (6 —8) 8 (x,—0y). (7.33)

3zech §;=(§;, 7;) o0o3HauaeT TO ke caMoe, UTO M X; ==(r;, p;)
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OueBuaHO, 4TO ABAa BapuaHta 3amucu (7.32) SKBUBAMEHTHBI, €CJIH

ydyecTb Bblpawenue (7.33) a1 R, 3anuch BeTUYUHDI AW
B Buie (7.32) nosBoJdeT pa3Ae/qUTh 3aBUCUMOCTb OT (DYHKUHU
pacnipeneeHua F; ¥ 3aBUCUMOCTH OT MEXaHUKH ABYXYaCTUUIbIX
B3anMone#CTBUR, KOTOpAsg COACPIKUTCH UETHKOM B dynkuun .

Janee, And onpejeseHus BeJIHYUHDI AY (x1]| F,) HaM neoOxo0-

MO CHAYana OTHICKATh Fy’, WIH, MHBIMH CJIOBAMH, MBI LOMKHH,
~r NQ!
cornacno topmyae (7.30), nocrpouts dynkuionan yil). HMemoas-

aysa (7.29), nepBoe paseHcTBO B (7.32) u onpejenacHue ornepa-
TOpa DY, noJyuaeM

D(l)Féo) (x1, x2| F1) =
— Py {F1(x1, £) AV (xo] Fry+ AV (31| Fy) Fi(xq, £)) =

3
= P, (1, Q)Idx3 (0,7, (1, 3)+ 0,7, 2, 3) L Fi(x,. #.
i=1

3mech MH ONMYCTUAM CHMBOJIBI X B APTYMEHTaX ONEpaTopoB o7,
COXpaHHB TOJLKO uX Hymepauuio. Jlajsee, B COOTBETCTBUH

c (7.196) HaM HeoOXOAMM TaKxke (PYHKIUOHAJ Fgo), KOTOPHI,
coraacuo (7.29), pagen

3
FQ (x1, x90 23| F)= &5 (1, 2, -3)]]%15‘1 (x; £).

B uTore umeem

Y (x1' Xy | Fy ::fdxa [(B13+ 8y &5 (1, 2, 3) —
3

— P, (1, 2 (8,7, (1, )+ 0,7, M L] Fix ). (7.39)
i=1

[Toacrapasia seipaxenne (7.34) B npasyio vacts (7.30) npu /=1,
§==2, noJyuyaeM F (%, x9| Fy) m ¢ momoupio (7.17) Ha-
xonum A®. Hago orMeruts, uTO dp(;) H, CJAeNOBATENBLHO, F&U

ABJISIIOTCA CHMMETDHUHBIMU (DYHKIMAMH X, X,. Paslenas TaK xe,
Kak u B ¢dopmyae (7.32), 3aBUCUMOCTb OT (VHKLHH pacrpene-
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nenust Fy n 3aBUCUMOCTb OT AMHAMHKM TPEeXUYaCTHYHBIX CTOJNKHO-
BEHUH, MOJIydacM

3

Al Fy= [ [ [aaya [LF G 02t 6 6,
=1

(7.35)

R, (%] &y o C3):fdx2@12fd132(1, 2, —7) X
0

X fdx3[(13—1—23)05"3(1, 2, 3)— (L, )X
X {0 (1, 3)4- 08552, 3)}1 X

3 .
X I 81 (% 98 (%, —C)). (7.36)
i=1
9 rmosaralo, 4TO MBI YK€ NOCTATOYHO YyOeduTeIbHO Npoje-
MOHCTpHpOBBHH, KdK paﬁOTaeT MCETOA MNOoc/JeldOBdTC/AbHBIX HpI/I-
GAUMEHUA M KAK MOXHO OIDeAedHTh NMOCAeA0BATENLHO (PYHK-

! k
wionaast FY u A%, B wactaoctu, Mbl NOJIy4YaeM KHHETUYECKOE
ypaBHEHHE B BUIE

orF, oFr 1
b B — [ [0 0241 4 G Py G OF, G )

3
. ]
+H‘Z-)_z- f ffdcl dCQIdC-‘-’)QB (xll C'1’ CQ’ CS)E F] (Ci.’ 1) -+ ...,
(7.37)

3AeCh YUTCHB ABHO (PPEKTH NAPHBIX, TPOHHHIX U T. 1. B3aUMO-
aedcTpuil yactuu.

Temepb g OCTaB/IAW pasBuBaeMbili GopMaJM3M W NONBITAIOCH
BLIICHUTb, MMEIOT JH CMBICHA IOAYYEHHblE Pe3yJabTaThl!

6. OOcyxaeHne KuHeTHuecKoro ypasHenusa. Crenyer oxu-
IAaTb, YTO KHHETUYeCKOE YpPaBHEHUE NOJKHO YAOBJICTBOPATb PALY
TpeOOoBaHUR.

a. Ilpexne Bcero caenyetr oxunath, YTO MEPBHIA ujeH B npa-
BOA vactu ypaBHeHusl (7.37) 5KBHBaJEHTeH WUHTErpany CTOJKHO-
BeHult DBouabumana. ¥ nokaxy, ciaenya bBoronio6oBy, uYTO 3TO
AEHCTBUTENBHO TAK B CAy4ae NPOCMPAHCHBERHO 00HOPOOHBY
cucmen.
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B npocTpaHCTBEHHO OLHOPOAHOM cjyuae (yHkuusd F, 3aBu-
CUT TOJBKO OT p U f H MOXHO OMYCTHTb B &, OmepaTophul S;.
Omnepatop S,(— t), KOTOpPHHA meHCTBYeT Ha p; UAM Py, BKJIO-
yaeT TOJbKO OTHOCUTEJNbHYIO KOODAMHATY #yp=—F,— F;, U NO-
9TOMY JIerKO BHIeTb U3 MNepBod QopMyuaws (7.32), 4TO0 OyHK-

1
uuonan A NPUHUMAET BHI

AV (p,| F))= f dry, f dp,8,,F, (PP, t)F (PP, £), (1.38)
rae
PY = lim Sy(xy, X9 — ) p;, =1, 2

THO0O

— MOCTOSIHHBIE HAuYaJbHBIE UMIYJbCH B JBYXYaCTHYHBIX CTOJIKHO-
BeHUSX, KOTOpLIE ONpene’sioTcd raMUJIbTOHHAHOM f1,, TpuUBOAf-
I(AM KOOPJAMHATH dYacTHUl K B3HAYEHUAM X;, X, npu ¢=0.

HNMnyabcu P! Oynyt beHKU,I/ISIM;I Py Pg. Fio. FaMunbTOHMAH
BBIPAXAETCs 4epe3 MMIYJIbCHI PP crepyomuM o6pasom:

1 1
= g (P PY) + Q=g {(PY) + (P}
U TO3TOMY

tH,, Fi (PP, ¢) FL (PP, t)} =0. (7.39)

SlcHo, uTo cooTHoweHue (7.39) Oyaer HMeTb MeCTO M TOrja,
KOrja raMujabTOHuaH FH, 3amucaH KakK QYHKUUA X, Xy, TaK Kak

npeofpa3oBaHie OT X, Xy K P'?) gpiseTcss KOHTAKTHBIM Mpe-
o6pasoBanneM, a ckoOku IlyaccoHa HHBapHaHTHB OTHOCHUTE/LHO
rakux npeobpasoBanuit. Coornowenue (7.39), sanucaHHoe B nepe-
MEHHBIX Xy, X, UMEET BHI

0Py (PP, A F1(PY, ) =B BL_L (PP, ) P, (P, 1)

[MoactaBass 310 BHpawenne B (7.38) u ncno/absys nmpu B3ATHH
dHTErpana mo #;, LUUAUHIPUYECKHE KOOPAHWHATBHI € OCbIO BAOJb
HalpaB/eHUs! OTHOCHTENbHOH CKOPOCTH g ==(py— Py)/m, NoJy-
yaeM U3 (7.38)

A (p| F) =

oo 2w

= [ap, [ f gbdbdef dl— FI(P‘Q’, t)F (PP, 8).  (7.40)
0
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rae (I, b, &) — namd UMAMHADHYECKUE KOOPAUHATH: [ — KOOp-
AuMBATA BAOJb OCH, € -— MOJAPHbIH YyroJ u & — paauyc B mjao-
CKOCTH, nepneHAnKyJaspHoit ocu. Wnterpan no dl nerko Gepercs.
Tax xak mnpu /—-—0o0 zaBe HallM YaCTHUHB HAXOAATCH BHE HX
cep nefcTBUA M TaK Kak omepatop S,(— t) He COJAUKAEET UX, TO

lim PO=p., i=1, 2.

> —o0
C apyro#i croponn, npy [— -+ 0o, XOTS 4aCTHLB TaKXKe HAXO-
AATCA BHe HMX cdep npedcTBua, onepatop S,(x;, Xy, — ) MpH
T—> 00 0043aTebHO NPUBENET HX K CTOJKHOBEHUIO, U TIO3TOMY

: ) e pn' —

lim PP=p., I=1, 2,

> +oo

TAe p; — MMIYILCH mocie CToakuosenus (py, p))—>(p; P,)-

Ecnu BBectn nuddepenumanpbHoe ceueHue paccesuuss (g, ),
onpenegaeMoe (GopMyJoH

bdbde —1I(g, $)dQ,
TO ¢yukuuonan (7.40) npumer BuI
AV (py| Fyy=

= [dp, [ a9gi(e. H[F, (B ) F, (B} )~ F, (21, 1) Fo(Py: O]

T. €. OyleT paBeH MHTerpany CTOJKHOBeHu#it DBoJsbumana.

JLnd npOCTPAHCTBEHHO HEOOHO POOHBIX CHCTEM TAKOro HOKa-
3aTeJibCTBA NPOBECTH HEAb3fl, ¥ B 3TOM CJaydae WUHTerpan CTOJK-
HoseHu#t bDosabumana Oyler TOJbKO annpokcuMauuedlt QyHKUHO-

nana AV (x| F,). B HeKoTopoM CMbicAe STO SIBJISeTCS YIOBJe-
TBOPUTEJbHBIM pPe3yJbTaTOM, TAK KaK NPH HHTYUTHBHOM BHIBOJE
ypaBHeHus bDoJjbuMana ynorpeOJsauCh HEKOTOPbLIE TNpearosioxe-
HUA 006 oaHOpoAZHOCTH. HanpuMep, npenebperanoch pasauyueM
KOOPAMHAT CTaJKUBAOLIMXCA uacTull. [IpennoJaranoch TaKxKe,
YTO HBMEHEHHA (QYHKUMM pacnpeaetcHusa [y B 3aBUCUMOCTH OT
BpeMeHH, OO0YCJOB/EHHbBE UMEIOIHMHCS NMOTOKAMU U CTOJKHOBe-
HUSMH, NABJAIOTCA CTPOro ajJMTHBHBIMM M HEe BJMAIOT APYr Ha
npyra. $lcuo, uto o00a 3TH npeAnoJoKenus OyayT CrHpaBelu-
BBIMH, TOJbKO eCc/NM u3MeHeHus ¢yHkuun Fy B NPOCTPaHCTBE
HesHauuTeAbHBE. [losToMy Xopomo, yro Meron bBoroawo06osa npu-
BOIUT K Oojee oOweH ¢opme onepaTropa ABYXYaCTHYHBIX CTO/K-
HOBEHUA.
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6. dyukunonans croakuosennti AV, A®, ... noaxHm 06.1a-
14Tb 2PYNNOBLIM CBOHCMBOM, & UMEHHO OHH JOMKHB 0bpa-
ILATbCA B HYJb, €CAM YACTHUB H€ Y4YACTBYIOT B JBYXUYaCTUYHHIX,

TPEXYACTHYHHIX, ... CTOJiKHOBeHUAX. Hduaa dyuxunonasa A" sto
TpeboBaHue SBJACTCA OUCBUAHBIM, TaK KaK, €CJIM ABe YacTHILLHI
HaXoJATca BHe uX cep neilctBusa, To omeparop ©,,, AcHCTBYA

Ha &,, Jact HyJ b, M, CJEIOBATENbHO, A" rakxe OyaeT paBHO
Hymo [cM. dopmyay (7.33)]. 210 TpeboBaHHe BBINOJHSETCS H

2
aas dynkunonasa A%, B wem moxmo yOeauTbcd CAeAYIOIIUM
obpasoM. I3 coornowenus (7.36) ana K, BHIHO, UTO ec/n
|y —#y| > r,, TO wuHTerpan no X, paBeH HYJI0 BCJEACTBHE
Haauuna oneparopa ©,,. [TosromMy Hago paccMaTpuBaTh TOJABLKO
T¢ 3HAUEHUA X, JAJAS KOTOPHX |ry— #| < r, Ilasa stux das
(x,, x9) omeparop S,(xy, Xy, —T) pasjpenseT yacTHusl 1 u 2
Ha PACCTOAHME ry 3a BPeMsl INOPSAKAa BpEeMeHW CTOJKHOBEHUSH, W
NocJje 3TOT0 PAacCTOAHUE MEXAY YacTuuaMd OyJAeT TOJLKO BO3-
~ pacrars. [Tosaoxum

M 0003HauuM CHUMBOJIOM <t BpeMda, 3a KOTOpOe paCCTOSHUE
|Fo— r,| crauoBurcst Goubiue uem 2r,. OnepaTop, BXoIsIMH
B uHTerpas mo t B (7.36), MOXHO 3anucaTb TOrAa B BHIE

fde[{IS(-;El' X3) - Byg (;Cz’ x3)} & (3‘?1’ -;'2’ X3) —
——072(;61, }2){@13(;1,~x3) 0902 (;CJpng)‘i—
—+ B3 (xg X3) Fp (X, X)}].  (7.41)

pu = > 1’ BEJUUNHA 12(x1: X9)==0, a npu PUKCUPOBAHHOM X4
nan O (£, x3), man By (x,, X3) ROMKHO OBITb PaBHO HYIO,
TAK KaK X; U X, HAXOAATCS HA DPACCTOAHMU, OOJbIIEM ueM 27,

ITycts B53(x;, x3)=0, a B, (xy x;)+0. Ha onpenenenus
omepatopa ¢#; W B3Had, YTO A TakoH KoHurypaunn oig,;==

= ¥, (.;52, X3) - &6, (%), moayuaem
s (3‘;1* ;2* Xy) =&, CEAL

a TaKk KaK B 3TOM ciyuae &, (x,, Xo)==1, #cHO, uTO omnepa-
Top (7.41) poaxeH OviTh paBeH HYJII0. AHaJOTHYHBIA pe3yJbTar
MOJIYUMTCH, €can TOJMOKHTL Boy(Xy, X5)=0, a B3 (x}, x3) # 0.
OKOHYaTe/LHO MBI MPHUXOAHM K BLIBOLY, UYTO &3 OTJIHYHO OT
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HyAsl TOJIbKO B TOM CJyvae, KOTAZ B TedeHue BpeMeHH IOpsjka
BPEMEeHH CTOJKHOBEHUHd BCe TPH YaCTHLULI HAXOAATCA B cdepax
nedcTBUA JIpYyr Apyra, T. e. 00pasywoT CBA3aHHBIA KOMIIJIEKC.

DBlI0 OLl O4Yenb BaXHO, ecau OBl YAAJA0Ch ,MCTOJIKOBATH®
BhIpaXKeHNe Aad &2, TakuM e 00pa3oM, KakK ,HCTOJNKOBBIBaeTCA
uHTerpan bouabuMana aag aByXYacTHUHBIX CTOJKHOBeHuit. Ha-
nprMep, MOXKHO HAAEATbCH, YTO B NPOCTPAHCTBEHHO OJAHOPOAHOM
cjyuae MOHO npeoOpasoBaTb R, TakuM ke crnocoOoMm, kKak u L,
M N0Ka3aTh, yTo 5 3aBUCHT TOJILKO OT MMIYJAbCOB TPeX YacCTHLL
OO0 M IOCJAe TPeXuyacTHYHOro CcToAkHOBeHusa. Ham He yrajock
cleaTb 3TOro, ¥ 1 COMHEBAIChb, MOXKHO JM CAeJaTb 3TO BoOOILe.
Onilako g CcyuTaw, 4T0, nOo-8u0uUMOMY, BOZMOKHO, 1eTajJbHO
paccMaTpHBasl CTPYKTYPY [OC/eL0BATEIAbHBIX ONEpaTOpPOB CTOJK-
HoBeuu#t &y, 5, ... u 0043azad KOCTATOUHOH IPOHULATE/b-
HOCTbIO, HAMHUCATb UX MHTYUTUBHO TaK, Kaxk DoJabuMan Hamucan
CBOH HMHTErpan CTOJKHOBCHHH.

B. CrnepyeT OXHAATH, YTO KHUHETHYECKOe ypaBHeHue OyleT
ONUCLIBATL YCTAHOBJCHHE COCTOSIHUSI TEPMOLUHAMHUYECKOTO PABHO-~
BeCUA M UTO Torjaa ¢@yuxuusa pacnpenesesus £, u Bce Inpyrue
dyHKUIMA pacnpeneneHus OoJgee BBICOKOro mopsizka OyayT coBna-
JaTb C COOTBOTCTBYIOIUMH (YHKUHMIAMH A8 KAHOHHYECKOTO
ancamOada. Jlerko InpoBeputTh, YTO ecau Aad [ B3g4TO pacnpe-
nenenue Maxkcaeaa

FY™ (x) == (2amkT) ™ e~ P 1A (7.42)

10 sce pynxunonans A (x| FP*®) Gyayr pasum nymo, a pyHk-

unonanst Fg(xy, ..., x| F}*") npeppamaiorcs B COOTBETCTBYIO-
e uJeHbl BHPHAMLHOTO pPAa3nOoKeHUs PAaBHOBECHHIX (YHKIHH
paclipene/eHus § uacTul. [Ipole BCero A0KasaTh 3TO MOCEA0-
BATENbHO, HAUMHAS C HU3IIMX NOPSAAKOB, NMOKA HEe CTAHET ACHBIM
aNTOPUTM.

B uyaesom npubmnxkenuu ¢ yueroM (7.42), odeBunHo, AY

paBHO HYJIO, M TaK Kak Fi " eCTh MPOCTPAHCTBEHHO OXHOPOI-
Hag GyHKuug, Mb NoJjyuaeM u3d ypaBHeHus (7.29)

S (P2
FO (%1, ooy X5 FY™) = 2umkT) > exp { e 2 —(—l—l— ¥

rne
PE;S) = lim SS (— 1) p;

T w0
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— MMIIYJbCHl § YaCTHL, JO UX CTOJKHOBenus. [Io3TOMy raMuib-
TOHUAH AJS S YacTHL MOXHO 3amucaTh B BHJIe

5 9 S
Pi 1
Hy= X 5+ 5 Oy= g X (P,

i=1 i(j i=1
KpoMe TOro, >

FO (%10 ..y x| FP™) = 2umkT) 2 e~ Hs/*",  (7.43)

T. €. MB NOJy4YdaIn Oxuaaemyio ¢opMmy nas yHKIHM pacnpe-
JeJieHUd § 4YacTull B cJydae OuYeHb MaJOoi NJAOTHOCTH.

B nepsom npubmixedun u3 ¢opmya (7.43) u (7.176) mMu
HAXOANM

9 2
H ) pi+r Dy
AD (x1| FY*°) = (27mkT) ] f dx,8,, exp ( f;ka2 kT ) .

Ecnu BBeCTH OTHOCUTENbHYI KOOpIUHATY F=—1F,—F;, HHTE-
rpalx IO KOOpJIMHATaM B uHTerpasne no ¢ase x, OyleT paBeH

f dr __o_(?i e-—@/kT
or ’

1
T. e. pasen nymo. Ortciona AV (x| F*™)=0; sro cnenyer,
1
koneuto, u3 toro, uro A" umeer CTPYKTYPY OOJBLUMEHOBCKOTO
1
MHTerpaja cToakHoBeHu#t. Eciau ke AN —0, 1o Takxe w

DVFY =0, u us ypasHenust (7.196) u u3 onpeaenenns (7.20)
ans O npu §=2 MB noJayyaem

P (%0 leFl)z“D(l)F(zo)+fdx3 (813 83) F3.
C nomourpio dpopmya (7.30) u (7.43) naxoiaum
F§ (1. xo] FP*™7) =
= QemkT) ™" [ dxSy(1, 2, — =) [ dixy(By3— By) e~ /AT,
(7.44)

W3 coorHouenns {H,, exp(— Hy/kT)} =0 caenyer, uro
(8131 Bg3) e~ /AT =

_ (P 0 | p2 O — Ha/RT _23__‘3 —~ Hy/kT
_(m 01'1 I n 0!‘2 @12)3 ’ —i_ m 0r3 € 3 )
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TlopcraBus 3T0 BHpaweHue B (7.44), MB B pe3yabTaTe HHTE-
rPpUPOBaHUA MOCJAEJHET0 4YieHa noJayuuM Hyab. Kpome Toro,
TAK KaK

S, (1, 2, — )( 0 P 0 @12)-_-_-

m or, m Ors
—S,(1, 2, — ) §B, =
— 56,5, (1, 2, —)=— = S, (1, 2, — %),

HHTerpuposaHue no <t B npaBoit yactd (7.44) mact MHOXHTE/b
[1 —S8,(1, 2, —co)] e lkT,

YuurnBas, uro H,=H,— (p%/?m) @+ @, M HHTETPHDYS
o p,, HaxOJHM

F(zl) (xl: Xy I F?&BH) .
=2rmkT) °[1 —S,(1, 2, — co)] e—HulkT ¢
X fdr3exp( @‘3:;,@23 )

C noMouis1o -q)yﬂxuuu Matiepa f;; ==exp (— @,;/kT) — 1 MOXHO
3anucarhb |

fdr3exp_[ ¢)13+@23] fdrs(f13f23—|—f13‘|—f23—|‘1)

[MocnenHne TpU uYjeHa SBJARIOTCA NMOCTOAHHEIMHM, HE 3aBHUCALIMMH
oT (x;, X,), TaK q'ro B pesyJbTaTe IpPUMEHEHUA K HHUM olepa-
topa {1 —S;(1, 2, —co)] MH noayyaeM Hyab. [lepBuift ujen
ecTh QyHKuus ]rg—-——rlf W paBeH Hy/a0, eCau |#oq—Fy| > 2r,
U TOSTOMY

Sy (1, 2, —Oo)fd"sfwfszs:o'
Takum 06pa3oM, B pe3yabTaTe, MBI HAXOLHM

F (1, xo FfaBH) = (2emkT) ™% ¢ T f arsfiafoz=
(sl P [t 049

T. e. OBHYHOEe BHIpAXEHHE, KOTOPOe MOMyYaeTcd TaKxe C 1o-
MOWILI0 KaHOMHYECKOTO pacnpegenenus I, Anajoruugo, ¢ no-
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moubio (7.45) u (7.178) moxHo nokasath, uto A% (x| FI*™)=0
M T. O.!

r. Takum oOpa3oM, MHl IIOKa3a/Ju, UTO PaBHOBECHLIE pacrpe-
IeJeHNs ABASIOTCSH pELIEHMAMM LEeNnoYyKH ypaBHenud BoroswoGosa.
Ho neficTBuTenbHO JM 9TH pellleHus SBJIAIOTCA NPEACAbHBIMU NMpH
yBeauueHun BpeMenn? Miau, apyrumu caoBamu, MOxkHO Ju 0600-
wuTh H-teopemy bBoabumana? K HecuacTbhio, B 3TOM MecTe
B Teopuu wumeercd npobena. Jlo HacTosauero BpeMEeHH HUKOMY
He yIaJoCh JA0KasaTh 3TOro. §l ypepeH, uTo Takoe 0000u1eHue
004%cHO0 ObITb BO3MOXHBIM, HO 1O CUX IIOP STOMY OYeHbL CUJBHO
MEIIAJ0 TO OOCTOSTEJILCTBO, YTO MBI HEZOCTATOUHO HIYUUIU
CTPYKTYPY IOC/eNOBATENbHBIX OMEpPaTOPOB CTOJKHOBEHHH, TaK
YTO NOKA ellle HEeHW3BECTHO, KaKHUM 00pasoM MOXHO OblIO Ol
o000wuTh aprymeHThl boJabuMana,

7. 3amMeyadua K TEOPHH TMAPOJAHHAMHUYECKOro npubanxe-
HUs. Mbl He OyneMm noapoOGHO wuajaraTh 3nech 0000LIeHHE Me-
Tola YenMeHa — JHCKOra Ha cJayyall KHHETHUECKOro VpaBHEHUS
boroawboBa, koropoe upemtoxua Ho *. $ orpanHuyycb TOJIbLKO
HECKOJIbKUMH 3aMeuaHusiMuy 00 3TOH padore M yKaxy Ha cozmep-
»Kauieecd B HEM pasBUTHE TEOPHHU.

[TepBoiM warom 6ymeT BHBOL 0000ujenHbtXx 2u0pO0UHaMU-
YeCKUX YPABHEHuIl, KOTOPBEe NOKHL OBITh HEeltOCPeACTBEHHLIM
CIeJICTBUEM LEMOYKH YypaBHeHust boro.nodosa. Hag noaHoThH
KapTHHBL § M3J0XKY MOBOJILHO NOAPOOHO BHIBOJ THX ypaBHe-
Hult. Jasg oOjerueHust cpaBHeHHMS C COOTBCTCTBYIONHMH Pasjio-
XeHusaMu paszpesa 2 ra. VI g Oyay ucnmonp3oBarb, Kpome (pyHk-
uvk Fy, Fo, ..., Takxke Qynkuuu pacnpeneaenna fy(r, v, f),
fo(ry, Fo, 0y, Vg, £), ... B IPOCTPAHCTBE CKOPOCTEH, @ HE B NMPO-
CTPAHCTBE HMIYJAbCOB. OITH (QYHKUMU CBA3aHbl CJAELYIOLUM
o6pasom:

N
fi(r, v, f)dv:7F1 (r, p, t)dp,

fQ (?’1, r2: ‘Ul: ‘02, t) d‘Ul d‘ng

NN -—1)
— (Vz e F2(rl’ rz, P> pz, t)dpl dp2 (7.46)

H T, A.

* CM. ponoanenie I, nomewenos B Kouue KHuru. — [ pus. peo.
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Fnaponnnamuueckue ¢yHKUHE, KOTOPHe OyAYT ONUCHBAThH
MAKpPOCKONUYECKOE COCTOsIHWE Tasa, CYTh CJelylollue:
a) MJIOTHOCTb MACCH p=—nm, Tle

n(r, t)zfdv-fl (r, v, %),
G) cpeanss CKOpOCTb moTtoka u(r, 1),
nu;(r, t)zfdv v, f1(F, v, ),
B) MAOTHOCTL BHYTpeHue# suepruu e(r, £), COCTOAWAST U3 BYX

yacTen.

e (7, 1) == (r, )~ T (£, £), (7.47)
rae

S = [ avU2f,(r, v, 1) (7.472)

— CpelHad KUHeTHYeCKas SHEPrusg XaOTHUYECKOTO JBUIKEHHA;
U,==v; — #; — OTHOCUTE/IbHA TeNJ0Bas CKOPOCTh (3aMeTHM,
yTo €% B 1. VI o6osnavanock cuMpoaoM Q) u

noT 1
: :§fdvfd‘vl fdrl(IJ([r—mrll)fg(r, r1, 0. 0, £). (7.476)

C nomownio uenouk# ypasueHu#i Boromofosa MOKHO NOAYYHTH
TOYHO TaKUM Ke CrnocoboM, kak u B T©Ja. VI, rugposuHamu-
YeCKME YpaBHEHHS AJsl STHX NATH (DYHKUHH:

dp , 0

o T 5 (P1) =0, (7.48a)
Du, oP;,
Pt =— o, (7.486)
D (e 0q. _ |
PDr ('{?)+ g, = PaiDas (7.488)
I'ac
D d 0 1 dui ot ;
== Fu,——, D, == ~—-( T )
Dt = ot ' Teox,’ THTT2\ox; T ox;

Oniako Tenepb TeH30p AaBJCHHA Pe’f H MJIOTHOCTL MOTOKA Teria g,
COCTOAT M3 ABYX 4acTe#d (Tak xe, KaK M MJIOTHOCTb BHYTDEHHEH
SHEPIrUM €), 4 MMEHHO K3 ,KHHETHYeCKOH® 4YacTu M U3 YacTH,
KOTOpasi 3aBHCHT OT NOTEHUUaId MeXMOJIeKyJApHLIX cua D,
Taxkum o6pasom,

Pij=Pij" 4 Pi7", (7.49)

12 3axk. 617
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rie P;;" onpeneasercs TOYHO TaK e, Kak u B ra. VI:

Pif'(r. y=m [ doUUf\(r. 0. ), (T.493)
U The
puot P;P] ac
PY" (r, t)-—-——-——fd fd)\nq(rl, ro £).  (7.496)

3nech n,y(ry, ¥y, t) — OHHAPHOE pacnpelefeHue IJIOTHOCTH, Onpe-
IeJiileMOe BbIpaXeHUeM

o (rys Fo t)= [ [ dv duyfo(ry, 7y, v, v £), (7.50)

a KOODIHHATH Fy, Fy CBA3AaHBl C BEJIUYMHAMU p==Fy—F, U F
CAELYIOUIMMA COOTHOLIEHHAMM:

P g
rlzr~l—(}~——p)-p-. rzzr—}—k?. (7.51)
AnanoruyHo, A4 MJOTHOCTU HOTOKA TeEN/id HMEEM
9, = g™+ g} (7.52)
rue onarb ¢y onpenenaseTcd TaK ke, KaK W B TIJ. VI

gy (r, f):—g_l)—m fd‘UU,;U2f1(r, v, 1), (7.52a)
0 rie

1
grer (r, t)-———-?—fdflffd‘vd‘thu@(l"_rl')X

¢
1 0,0, aod
X fo(r rno o, )+ [ dp e [ar [ [ dv,do,x
0

XUy, o1 Uy, o) f2(F1s £ 0y, 0y, £). (7.520)

31ech KOOpPAMHATHL F,, F, BbLIPAKAWTCA uep23 ¥ H p, CO-
1> T
raacHo (7.51), u

Ui:’oi_ui, izl, 2.

B npumeuanuu ¥ Mpt ykaxem BecbMma mpocro#t cnmoco6 BHBOXA
ypasuennit (7.48) u3 uenouku ypasnenuyt boroawobosa. Herpynuq
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1o ToT
TaKXe BLIICHUTb (PU3NYECKUH CMEICJ Y/CHOB PUT U q,

L
NpeloCTaB/AeM 3TO CHeNaThb YUTATCIAM.

Teneps Hamo ucno/b30BaTH BHIPAMEHHUS, KOTOpPHE HaeT TeO-
pua boromo6oBa nas Qyukuuit pacripeieneHus [y Kak QPyHK-
uup F,. Tlocie 9TOro MOoxKHO Tak e, Kak M B ria. VI [cMm.
ypasuenue (6.21)], nonyuurs pasaoxenue pas ¢ynkuuu Fy; no
napamMeTpy OXHOPOLHOCTU B, mocTynupyss OQHOBPEMEHHO THApPO-
JHHAMMYECKHEe YPaBHEHUS B BUIE:

on

y HO MEI

—r = ONW 2N L,

ou ‘
—F =0V VP L, (7.53)
0

0_;: OEMW - 2E® 4 ..,

rae dyuxkuun NGO, VO g EG gpagiores dbyHKnusMiH 7 1 3a-
BHCAT OT BPEMEHM TOJNBKO (YHKIMOHAJILHO Yepe3 MaKPOCKOMHU-
yeCKHe TiepeMeHHble 7, W, E.

K coxanenuio, (GopMyan CTaHOBATCA OUYeHb TI'POMO3IKUMHU,
M MB OTCHJIaeM vyurateas K pabore Yo u Yaenbeka. B 3a-
KJI04YeHUe MO03BOJbTe MHe HaTh KPATKYIO CBOJAKY pPe3yJabTaTOB
pabotn Yo.

1. B nmepBoM mnopsaiake pas/aoxeHusg no § moayuaiorcs o6nu-
Hble ypaBHeHHs OHiepa (TULPOAMHAMHYECKHE YPaBHEHHd ujeaJb-
HOM JKMIAKOCTH), B KOTOPHIX JAaBJeHue p Kak ¢ynkuua 7 u p
onpenenseTcs OOBIYHBIM (PaBHOBECHBIM) BUPHAJbHBIM PasJoxKe-
HHEM, a BHYTPEHHSAS SHEPrus € — COOTBETCTBYIOLUMM TEPMHUYECKIM
ypaBHEHUEM COCTOSIHMS.

2. Bo BTOpOM mopsiike pasjoxenus no 9 mosyuaworcsi ypas-
Henuss Hasbe — CTokca, wuJaM, ADYruMH CJIOBaMu, IOJyuyaeTcs
3aKOH TenJaonposognocth Pypbe

oT
axi

g,=——x*
M 3aKOH BHyTpeHHero tpenns HbloToHa
P,= Pazj — 2p (Dij """;1;* aijDaa) — P‘QDaaaij’
B KOTOPHIHl Temepb BXOZAT 08a kKodd¢uuueHTa BA3KOCTH.

12*
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3. Has xo03¢duuueHtoB MepeHoca p, py H % MOAYUAIOTCA
BHpHWaJblible pasdJoxeHus npexgnonaraemoro suaa (7.2). K coxa-
JIEHW10, 3HaYeHust KOI(QOHIUHEHTOB pPa3JokeHud 3aBHCAT OT pe-
HieHuid HCOAHOPOAHBIX UHTECT PAJbHLIX YPaBHEHUH. TaKOro Ke BUA,
Kak u B Merone UYenMeHa — JHCKOra, Ho 3HauutTe bHO OoJee
CJOXKHBIX, TAK KAK TeMepb HEOQHOPOAHAA UAaCTh BK./IOHAeT ofnepa-
TOP B3aUMOAEHCTBUSA TpeX yacTulu. MOXKHO MOKasaTb, YTO 3TH
ypaBHEHUS HUMEIOT eJMHCTBEHHOE pellenue, HO xadmu 3T0 pelle-
HUE Jlawe [UI Kakux-aubo wmojuenel (Hanpumep, ILAsg MoJeJu
TBEPABIX cdep, ua Mojeaun MakcBeana) OKa3biBaeTCss HACTO.IbKO
C/IOXKHBIM, UTO B HACTOSINEE BPEMs He IMOJYyYeHO HUKAKHX YHU-
CJACHHBIX Pe3yJ/bTaTOB.



IITIPAUMEYAHUA K TATABE VII

1. Hame wusnoxenue ocuosniBaetcsd Ha wuure H. H. bBoro-
aobosa ,IIpoOaeMBl nUHAMHUYCCKOH TEOPHUU B CTATHCTUYCCKOH
¢usuxe“, M., 1946. HeGoabuio#l OTPLIBOK M3 3TOH KHUTH ObLI
onyO0JuMKOBaH Ha aHrJaufickoM ssplke [Journ. Phys. (U. S. S. R.)
10, 265 (1946)], a noanu#t nepesoj HAa aHTAUMCKHR S3LIK IO-
apuaca B cOopuuke ,Studies in Statistical Mechanics“, Vol. 1,
Amsterdam, 1962. Kpartkuti 0630p teopun boroswo6osa 6ria
JOJOXEH OJHAM U3 HAC Ha JeTHeM cemuHape B Dboyaznepe
B 1957 r. u Onla onyOaMKOBAH B BUAe NpPUAOkeHUst 1 K KHuUTre
Kama (Kac M., Probability and Related Topics in the Phy-
sical Sciences, New York, 1958). Hanvueituie#t pazpaborke Teo-
pun boroaio6osa nocesaiuenn padora Ho u YaeuOeka *, a takke
I'spucu (Guernsey R. L., The Kinetic Theory of Fully
Jonized Gases, University of Michigan, unpublished, 19€0).

Pabotnt Kupksyna Obliu onyO/aMKOBAaHE B CepUHM  CTarTefl,
M3 KOTOPBIX CJelyeT OCOOeHHO OTMeTUTh cTaTbu Journ. Chem.
Phys., 14, 180 (1946); 15, 72 (1947). B c6opHuke ,The Pro-
ceedings of. the International Symposium on Transport Proces-
ses in OStatistical Mechanics®, Interscience, New York, 1958
Ooiin  onyOaukoBanel nokaajn Kupksyna u Pocca, a Takxke 10-
knan I'puHa, KOTOPBIR SIBUACA KPaTKUM HB3J0XKEHUEM €ro OPHrH-
HaapHOM cTaTth¥ [Green M. S., Journ. Chem. Phys., 25, 836
(1956)]; cm. taxxe Goaee no3auue pabornt ['puna [Green M. S.,
Physica, 24, 393 (1958)] u B c6opuuke ,1960 Boulder Lectu-
res in Theoretical Physics“, Vol. III, Interscience, New York,
1961. |

Paborm IIpuroxuHa u ero coOTpyAHHKOB NYOJMKOBAJHCH
B cepum crarte#t B xkypuaae ,Physica® nauumas ¢ 1956 r. Ys no-
caeauux paboT oTMeTuM cTatbu [lpuroxumHa u bBanecky [Pri-

* CM. pomoinenue I, momemeHnHoe B KOHIe KHuUTH. — ITpun, peo-
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gogine I., Balescu R., Physica, 25, 281, 302, 324 (1959);
26, 145, 529 (1960)]. Cm. Tak:e mpuMeHeHHe K KHHETHUYECKOMH

Teopun IJa3Mel B ctathe banecky [Balescu R., Phys. of

Fluids, 3, 52 (1960)] *.

BecbMa moJie3HOe CpaBHeHHe Pas/MUHBIX MeTONOB BHIBOJAA
ypasHenuss DBosbiMana mnposnenano B paGore Kosna [Co-
hen E. G. D., Physica, 27, 163 (1961)]. Tam xe MOxXHO
HaliTH JajbHeHwue CCHIJAKH.

B 3akaoueHue OTMETHM, 4YTO #£ep8Yy/ TONLITKY CO31aThb
KHHETHYECKYI0 TeOpHI0 TLIOTHHX rasoB chenan duckor [Ens-
kog D., Kungl. Svenska Vet. Akad. Handl., 63, Ne 4 (1921));
cMm. takxke ra. 16 xuurm C. Yenmena u T. Kayaunra (Chap-
man S., Cowling T., Theory of Non-uniform Gases, Cam-
bridge, 1954; umeercs nepeson: ,MaTteMaTiueckas TeOpPUS HEOMHO- -
poanmx raszos“, WJI, 1960). B cBoeit paGote DHCKOr paccma-
TpUBaJ TOJbKO MOJe/b TBepAHX cpep. OH UCHOab30BaN ypaBHEHHE
BosbuMaHa, B KOTOPOM NP BHIUMCJIEHHHM HHTErpajsa CTOAKHOBC-
HUH YUHTHIBAJIOCH PasjHuve KOODAMHAT LEHTPOB CTaAKHBAIOLLHXCS
yactul. Kpome Toro, npeanonarajiocb, 4YTO BIHAHIE APYrHX
MOJIEKY/l MOXHO Y4eCTb, €C/AH BBECTH B BHIPaXceHHE IJisl BepOST-
HOCTH CTOJIKHOBEHHS MHOXUTE/b

x=r+%% (1)

(b-nocrosunas Ban-pep-Baanbca), KOTOPHA rapaHTupyer, uTO
NpH PABHOBECHHM yPaBHeHHe COCTOSIHMA CNPAaBelLJMBO € TOYHOCTLIO
10 TPETbEr0 BUPHAJIBLHOTO KOI((PULHEHTA BK/IIOUYHWTEJBHO. K wus-
MeHeHHOMY YKa3aHHHIM 006pa3oM ypaBHeHHI0 DoJbpLMAHA MOXHO
npuMeHuTL MeTOL YenmMeHa — DHCKOTA M B pe3yabTaTe MOJNYUMTH
BHpPHA/JbHOE pasJ/ioKeHue 114 k03 PuLlHeHTOB NepeHoca B Buje
(7.2). Bruiao HatineHo

P:P‘o(l i

% == %, (1 @

L

o -

* Pa6orw [IpuroxuHa CUCTEMaTHUECKH H3JIOXCHH B €ro MOHOrpa-
¢buu, HEZaBHO pumenmneii B nepesoge (ITpuroxun K, HepagHoBec-
nag CTATHCTHYECKas MeXaHMKa, u3jg-Bo ,Mup*, 1964), a paGornm ba-
necky — B MoHorpapun Balescu R, Statistical Mechanics of Charged

Particles, New York, 1963. — I1punx. ped.
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Dta Teopuss OHCKOra ofCyxkiaajach MHOTMMHU aBTOPaMH, Hanpu-
mep XouanuurepoM u Keprtuccom [Hollinger H. B., Cur-
t iss C. F., Journ. Chem. Phys., 33, 1386 (1960)], Cenrep-
com u KosuHom [Sengers J. V., Cohen E. G, D., Physica,
27, 230 (1961)); B ykasanuplx [a00Tax MOXHO TaKXe HaHTH
najbHeliiue cColIKU. HeT HUKakOro COMHEHUS B TOM, UYTO Te€O=
pus OHCKora o0bacHAeT, 110 KpaHHell Mepe KauyeCTBEHHO, CHTYa«
uHio npu ConabWwiMx NAOTHOCTAX. OJIHAKO NpeAJOKeHHas HpO-
Helypa HeZOCTaTOYHO cucremaruuHa., Haunboablibe BO3paKeHHd
BHIBLIBAET UCHOJb30BaHue cooTHowenus (1), [Tosromy B HacTOsLER
BpeMsi Heu3gecmuo, TNPABUIbHEI AU UYUCACHHBIC KOSQQUUHUEHTH
B BHUPHAJbHOM pasjoxenuu (2).

2. O snBonax Boroswo6osa n Kupksyna cM. B npumedanuu Y,
PaGoret bopHa u ['puHa Ownau onyOJUKOBaHB B CepHH CTaTel
B xypHane ,Proceedings of the Royal Society“. Onu cobpanu
B kHure ,A General Kinetic Theory of Fluids“, Cambridge,
1949. Bmeoa HMBona <M. B ero MoHorpajpuu (Yvon J.,
La Théorie Statistiques des Fluids, Paris, 1935).

3. B patore Kosua u Bepsuna [Cohen E. G. D., Ber-
fin T. H., Physica, 26, 717 (1960)] nokasano, 4TO HCMOJib«
30BaHue TpaHuyHoro ycioeus tuna (7.27), HO mpu T—>-—00
BeleT K HCNPABMJABHOMY 3HAKy TNepel MHTErpajoM CTOJKHOBeHUH
B ypaBHeHun DBoabimaHa. B arto#t pabore, a Takxke B CTaThe
Kosna [Cohen E. G. D., Physica, 27, 163 (1961)] nokasaaHo,
YTO BO B8CexX BBHIBOLAX YypaBHeHus DoabuMaHa U3 ypaBHeHHA
JInyBuUliAa Aenaercss aHAAOTUYHHIM BHIOOD HYXHOTO pelUeHuUs.

OueBUAHO, YTO AJi JajJbHeHRUIero YACHEHUS POJH T'PAHUYHOIO
ycaoBud (7.27) HeoOX0ZUMO HCCJen0BaTh, KakuM 00pasoM pelile-
HHe 33Ja4¥ C HAYyaJpHBIM YCJOBUeM AJs ypaBHenus JInyBuans
nepexoluT B ¢yukuuio suga (7.14), mocryauposanuyo boro-
n0 00BbIM. Mbl HazeeMcs U OXKUIAEM, YTO OTBET Ha 3TOT BONPOC
6yner noayusen B paborax I puna.

4, Cm. Pabory Maitepa u MouTpoana [Mayer J. E.,
MontrollE., Journ. Chem. Phys., 9, 2 (1941)], rae nosayueHnl

obmue Gopmyan aas dyskumonanos FO{x,, ..., x| F§).
O6cyxacHue BHPHANBHOTO pasnOxeHus QYHKUU# pacnpenee-
HHA § 4acTHUL C TOMOLIbI0 TEOpHH JAuarpaMM CM. B CTaThe
aBTOPOB, YKa3aHHOH B npumeuanuu (6 x ra. IL

5. Mm Oynem caemosare paGote Mpsuura m Kupksyma
[Irving J. H., Kitkwood J. G., Journ. Chem. Phys., 18,
817 (1950)]. I10T METOA MOJHOCTBHIO AHAJOTMYEH METOLY, HC-
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NO/b30BAHHOMY B TV, VI g BbIBOZA FHADOMNHAMHYECKHUX YpaB-
HeHull U3 ypaBHeHus boJablMaHa.

Hauynem ¢ ypassenua (7.11a). Hurerpupya mo p,, cpasy
nmoJy4yaeM ypaBHeHHe HenpepniBHOCTH (7.48a), Tak xak mnpasag
4acTh oOpawaercsd B HyJab. Ymuoxas (7.11a) Ha py/m wu uuate-
rpUPYS MO p,, NMOCJEe NPOCTHIX npeoHpazoBaHuyl HAXOALMM

Du al apfm“

P

.h__fafr1 fdfvfd M’(' rll) for, ry, 0.0, 8),  (3)

rae Mbl Tlepeliju K cpymcunn pacnpenenennss f,, COrJacHO CO-
oTHOWeHN (7.46). Tenmepp HanO moOKasaTh, UYTO NOC/IeLHUH

yren B (3) MOXHO 3anucath Kak ausepredumio Pj;'. C 1o-
Mouibio (7:496) nonyuaem

oP},” 1 PiPe 0
0x, — _Q“fdp 02 dp fd)\ nQ(rla Fo, t).

Tak xkax n, sasiagerca ¢ynkuned r—Ag/p u p [cM. dopmyn
(7.51)], To sicHO, 4TO

0n2 ___ Pa 0n2
oL~ p Oxy
Tlosromy
oP! 1 p, dP
5 ﬂ—-—"g*’fdP"P—‘%'{nz(" r—-p t)—ny(r—p, r, £)}.

F3MeHuM BO BTOPOM 4/eHE HampaBJeHHe @ M, UCNOJAb3YS CHM-
METPUYHOCTD q)yHKuuﬂ N, 1O NePeMeHHBIM F; M F,, Hallzem

I'IOT

fdp——-—ng(r r—+p. o).

ITO BHIpaXeHHe PaBHO TOCJeLHEMY u/ieHy B ypasBHenuu (3),
eClIH NOJOXKUTh ¥ =7F 1 p.

YroOw 1noayuyuTh ypaBHeHue Aas dHepruu (7.48B), yMHOXKUM
Hagonen, (7.11a) na p%/2m wu mnpounterpupyem no p,. C no-

MOlIbLI0 (7.486) moayyum

D eI{HH ! aqKHH HOT
pr 0 ™ Tox, :'*PaﬁDaB_}—d ( )_

—-—fdrl ffdfadfalfoa a®(|gxa n) fo(r, 1y, 0, 9y, £). (4)
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Hro6bl HAaWTH ypaBHeHHe MHepeHoca Ui €°T, HAZO UCIOJb30BATh
ypasraenue (7.116). Ymuoxan (7.116) Ha @ (|r; — r,|)/2 u unre-
TPUPYA IO #y, Py, P9, NOCAE NPOCTLIX NPeoOpa3oBaHuit nosayvaem

D HOT dqnor(l)
P Dt ( ) i =

p 0.Xe
1 : 0® (| r—r
=y [ar, [ [avav,(0,—v, )= prr 9,0 ), (5)
rae q‘go'f(l) copnagaeT ¢ NEPBBIM YJEHOM B MpaBoi 4acTH ypaB-
Henua (7.5206). CkaaneiBas ypasHenusa (4) u (B) 1 MCOOAL3YA
peipaxeHne (7.496) nas P;, maxomum

D 0 ,
o7 () + g a5 a2 ) = Py —

1 0D (| r—
— g [ an [ o [ a0, ZELDW, 4 U0 £ 10,0

Jlerko yOeauTbcs, yTO MOCAEAHUM YJeH PaBeH NUBEPTEeHLUH BTO-
poro uieHa npasoit yactd ypasHenus (7.520). OTciofa mo.ayuaem
OKOHYaTeJIbHO ypaBHEHHE TMePEeHOCA AJis SHEPTUH.
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KuHeruueckass reopus sIBJIeHUH
B MJOTHBIX rasax

C. HO u Ix. YJIEHBEK *

l. BBenenue

1. UcTopuuecknit 0630p. XoTs ucropus KUHeTHYECKOH Teopun
ra3oB BOCCXOJMT K aHTuuHo#t I'pemmn [1], ee pasBuTHe Kak
HayYKW HAya10Cb HA OCHOBE pPAa3BUTHA APYrUX pasiejoB COBpe-
MeHHOW Qu3auxu. IlepBoie 3HauMTeJbHBIE YCAEXHM KUHETHYSCKOH
Teopun oTHocaTca K 1859 r., xorpa Makcsean [2] OTKpBIA
3AKOH pacnpenegeHds CKOPOCTEH MOJEKYJ rasa, HaxoJsllerocd
B COCTOSHAY PpAaBHOBeCHs, W 3aHOBO OTKPHL/I 3aKOH paBHOpac-
npejeaeHus CpejHed 3Hepruu, MNPUXOAAUIEHCA HA MOJEKYJIy, IO
cTefnenaM CBOOOABI U, KAK CJAEACTBHE ITOr0, 3aKOHE HAea/]bHOTO
rasa.

CyuecTBeHHBIl 1WIAr B pa3BuTHM Teopuu OB che/nan B 1879 r.
boabumarom [3], KOTOpHIH r1aBHBEIM 00DPA30M UCC/IEL0BAA BONPOC
O NpuOJMKEHUM CHCTeMbl K COCTOSIHHIO paBHOBecus. OH ycra-
HOBWJ U3BECTHOE MHTerpoauddepeduasbHOoe ypaBHeHue (TakK
Ha3piBaeMoe ypaBHenue DoJabliMaHa), KOTOPOMY HE3aBUCHUMO OT
COCTOSIHMA Ta3a JO/IKHA VAOB/JAETBOPAThL ONHOYACTHYHAA (YHKLLMA
pacnpenesennd. C 3TOro BpemeHH ONHOH M3 OCHOBHBIX 3413y
KUHCTHYCCKOH Teopuu crasa npob/iema pellleHus YpaBHEHUS
bosbliMaHa d NpobJemMa BBBOAA M3 HEro MaKPOCKOMUYECKHX
ypaBHeHUHA THNA YPABHEHHH THAPOIMHAMUKH.

B 1917 r. Ouckor [4] ony6ankosan B Ymcajga ¢BOIO J1HC-
CepTalmio, B KOTOPOA OH mpemiaoxua oOwu# Meron onpenele-

*Choh S. T, Uhlenbeck G. E., The Kinetic Theory of

Phenomena in Dense Gases, Navy Theoretical Physics, Contract No.
Nonr 1224 (15), February 1938,
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HUs (PYHKUMH pacnpejeleHus, NoaunHsomenca ypasHenio boab-
uMaHa. Ero Merop npeactaBasan MOAMPUKALKI0O MeTOAa, BIEepBLIE
npenjoxenHoro ['uabbeproM [5]. IHckor BuiBea obuue ¢op-
MYJIBl 15 KO3()OUIHEHTOB BASKOCTY, TENIONPOBOJHOCTU U Aud-
¢ysun rasos. I[lpubausuTesbHO B TO XKe CamMoe BpeMA M He3a-
BUCAMO OT Hero YenmeH [6—8] noaydua Te xe pPe3yJabTaThl,
HO HECKOJbKO OTJAHYHLIM METOLOM.

UpesBbiyafiHO BaXHLIl BKJal B pa3BuTHe Teopud OB ClresiaH
dHckoroM [9] B 1922 r. Ucnosawaya ana obGbacHeHud MOJeKy-
JSAPHBIX B3aUMOLEHCTBUH MonAesnb YNPYrux HIapoB, OH IOKasads,
KaK KHHETUYECKYI0O TEOPUI0 ra30B MOXHO MOIU(pUIHPOBATL Ha
cayualh nJjotHeix rasoB. Ecam cuurath, uro ypasHeHue bBoab-
MaHa OINKCHIBAeT wudeasbHblil a3, KOTOPHH HE HAXOAUTCH
B COCTOSHUM PABHOBeCUsl, TO TEOPUI0 IJHCKOTa MOXKHO paccMar-
pPUBATb KaK TMOMNBITKY OMUCAaTh HEpaBHOBECHbIE CBOHCTBA Heuleasb-
HOrO rasa B COOTBeTCTBUM C uleaMmu Bau-nep-Baaanca (1873 r).

B TeueHue mocjenHero BPEMEHHM PA3BUTUA TEOPUM HeMIeanb-
HOrFO rasa MNpOYHO YTBEpPAUJACh PABHOBECHAA CTaTHCTHYeCKad
MeXaHMKa Ha OCHOBe paccMoTpeHus ancambas ['ubb6ca [10].
B 1937 r. Matiepy [11, 12] ynajocy BrIBECTM C TOYKHM 3peHUd
CTATUCTHYECKOH MeXaHUKM YpaBHEHME COCTOAHMA A/ IMJIOTHBIX
rasoB C TPOU3BOJbLHLIM ILIEHTPAJbHBIM MEXMOJEKYJISPHLIM B3a-
uMoneticteueM. [1o3TOMy ecTecTBeHHO, YTO B CJAEAYIOLUEM Jecd-
THJETHH OOLIMM HampaB/JeHUeM KUHeTH4YeCKOH Teopuu OBLIO
YyCTaHOBJ/IEHHEe CBf3M YpaBHeHus DOJbLMaHAa U TEOpUM IJHCKOra
c ypaBHenueM JluyBuaas, sBJAAIOLIErOCAd HCXOAHBIM MOMEHTOM
B onpenejeHuu 3Boaounu aHcambada. Ilepsbie ucciaenoBanud
B 3TOM HamnpaB/ieHud OBIJIM OCYLLECTBJEHH TJaBHHIM OOpasoM
Bopuom u T'punom [13—16], a Takxke Kupxsyiom u ero co-
TpynHukaMn [17—22]. Onu BBemd MHOrOYacCTHYHBIE (DYHKIUH
pacripeie/ieHuss W YCTaHOBW/IM LENOYKHM YpaBHeHu#l, KOTOphIie
OyLyT pPacCMOTpPEHBl B CJeldylolleM pasjiede.

2. IIpeanoJoxeHHsd, BKJIOYEHHbe B YpaBHeHHe boJabu-
maHa. [lepen TeM Kkak nepelTH K paccMOTPEHHMIO JajbHeRInero
PasBUTHS KUHETHYECKOM TeopuH, HeOeCmoJsie3HO 3HATh OCHOBHLIE
MpeAnoJIONeHNs, OrpaHuynBamue 064acTb NPUMEHUMOCTH YDPaB-
weHust boabumana. Kak Temepp XOpowo u3BeCTHO, CyWECTBYIOT
aBa Takux gonylueHusi. ITepBoe M3 HHUX — 3TO OrpaHHueHHe CIy-
yaeM IBYXYACTHUYHBIX CTOJKHOBeHWH. MBI cuuTaeM, 4TO B3aUMO-
aeficTBMe MOJIeKyJa rasa Apyr ¢ APYroM HUMeeT KOPOTKOIeHCTBYIO-
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wult xapakrtep (pazuyc nefcrsus r, mopsaka 10 c.u), M g
Pa3peXXeHHOTro rasa cpeiunit oObeM, NPUXOASUIMACH HA YaCTHLY,
Ooka3piBaeTcsd OOJBIIHM TNO CpaBHEHHIO ¢ OOBbeMOM cdepbl JHei-

CTBHUSl CUJ 41rr3/3. B cBsi3u ¢ 9TUM BepOATHOCTb HAXOXKICHHUSA IBYX

MOJIEKYJ B OJHOH M TOH ke cdepe HeHCTBHA CHJI OUeHb MaJja,
a BEPOATHOCTb HaxoxIeHuss Tpex uJaH Oonee MOJIEKYJ, B3aUMO-
NEACTBYIOILHX OJHOBPEMEHHO, NO4YTH paBHa Hymo. IlpeneGpe-
)KeHHEe TaKMMH TPOHHBIMHM B3aUMOJEHCTBUAMH NPHUBOLHUT K JoNy-
IIEHWI0 O HaJAuYuH TOJbKO JBYXY4CTHYHBIX  CTOJKHOBEHHH.
OueBUAHO, YTO AJS NJOTHEIX Fa30B 3TO OrpaHUuYeHWe CJjeayeT
NepecMoOTpeTh.

Bropoe nmonymwenue — 5710 rumortesa boabuMaHa O IM0JHOM
MollekyaspHom Gecnopsnke [23] (Stosszahlansatz), ucnoabsosa-
HUE KOTOpO# 1o3BoJiseT MOACUMTATb YMCJAA TAKUX Nap MOJEKYy,
KOTOpbie AO/KHB CTOJKHYTHCS B TeueHHe JAaHHOTO KOPOTKOTO
IIPOMEXYTKa BpeMeHM. XOPOIUO HU3BECTHO, UYTO 3TO CTATHCTH-
yeCKOe JonylleHHe BHOCHT B ypaBHeHUSl HEOOPAaTUMOCTb BO Bpe-
MeHH. TaK Kak ABM)KEHUE BCEro rasa KaK MeXaHM4eCKOH CHCTEMBI
aB/sieTCss O00PATUMBIM BO BpEMEHH, HCHO, YTO BpeMd, urypu-
pywoliee B ypasHeHuu bDoabluMaHa, He €CTb TOYHOE MeXaHU-
yeCKOe BpeMfl, a u3MepseTcd nmo ropasno Oosee rpyGolt mikane,
OTHOCHTEJbHO KOTOPOH B KaxABH MOMEHT BPeMeHU MPOUCXOIAUT
Gosablioe yucao croakHoBeuuft. HecmoTps Ha 1o 4r0 rumoTesa
bo/abuMana kaxercs npaBAoOnoAo6HON M MOATBEPKAAETCS MHOTUMH
NPSAMBIMH CJAEACTBHAMH YypaBHeHUS BoJsbuMaHa, XeJareJbHO 3a-
MEHNTb 3Ty rumnoresy Oosee OOWIMMU CTATHCTHYECKUMH IONY-
IUeHUAMH TaKUM 00pa3oM, yToOH CTa/0 BO3MOXHHIM 06001eHue
Ha CJAyyalh TPeX4acTHYHBIX CTOJIKHOBEHMH M CTOANKHOBeHU#H OoJee
BLICOKOrO TNOpsaKa.

Ilpennaras cBoit BLIBOJL KHHETHYeCKOro ypaBHeHus Bosbumana
u3 ypasseuus Jlnysuans, Kupkpyn [17, 18] momken Obia ycpen-
HUTb TMOCJelHee YpaBHEHHE IO OYeHb KOPOTKOMY, NOpsAIKa
BpeMeHH CTOJKHOBEHUS, NPOMeXYTKYy BpeMeHu, B ero rteopuu
paccMaTpuBalOTCS TOMAbKO JIBYX4aCTUYHble CTOJKHOBEHMS, a I'He
noTesa boJjbliMaHa 8saMeHAeTCs HOBHIM JgonylieHueM. Kupksya
NPENONONKUA, YTO €CaM [Be YAaCTHUbl, YuyacTByOllWe B ABYX-
Y4CTUYHOM CTOJKHOBEHHM, HAXOMATCH JHajeko JAPYr OT Apyra,
10 OunapHas OQyHKUHMS pacnpelefeHus npejcrasaser coboft mpoa
H3BeJeHHe OAHOYACTHYHHIX (QYHKIUH pachpeleseHUs MHPH. COOT-
BETCTBYIOUIMX B8HaHEHMAX KMX A4APryMeHTOB. DTO IOMNYIEHHE Ka-
KeTCs eCTECTBEHHLIM B CJy4dae, KOrAa ras HaX04uTcd B COCTOHHUH
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OAN3KOM K COCTOSHUIO JIOKAJbHOI'O PABHOBECHS, U OKAa3bIBAETCH
KBUBAJICHTHBIM THIOTe3¢ DosablLMaHa, Koraa MNPOCTPAHCTBEHHOE
pacnpejielicHne MOJNEKy/J Tasa MEHACTCA oOueHb MeduedHo. s
0o0Jiee MJOTHHLIX Ta30B, TAe TPEX4YaCTHUHBiE CTOJKHOBEHMS CTa-

HOBSITCA yxXe CYILeCTBeHHBIMH, Jaonyulenue Kupxsyna neoOxoaumo
OyaeT MOAUDHUMPOBATH.

3. Ocuopnas uaes wmeroaa borouaw6osa [24, 25]. Ouno-
ppeMenno ¢ paboramun bopHa, ['puna un Kupksyra bBoroawbon
Mpea 0XKHI TeOpHUIO, BO MHOIMX OTHOLUIEHHAX Oojee YAO0BJETBO-
PUTEJNBHYIO. IJTY TEOPHI0 MOXHO HHTEPHPETHPOBATbL PA3/JIMUHBIMU
cnocobamu (cM., Hanpumep, [26, 27]). B HameMm u3JI0XKEHHH MBI
IONBITAEMCA TOKasaTh CBI3b 3To# Teopuu ¢ uneedl Kupxpyia
o0 ycpelHeHUM TO BPeMEHH HJM BBeAeHHM ,rpy0oft IUKaJIB®
BpeMeHHU.

Jias teopun bBoromwoboBa XapaKTepHbl TpU OCOOEHHOCTH.
[Teppasi U3 HMX 3aKJIOYaeTCd B HCNOJb30BAHMM MOC/EN0BATE]b-
HBIX IIKaJ BpeMeHH Bo3pacrawoluefl rpy6ocru. [Hasee, Bceriaa
MpeanosaraeTcs, 4TO Teopus ONMHCHIBAET TaKUe COCTOsIHUSA rasa,
KOTOpble CHJABHO He OTJAMYATCHd OT COCTOSAHMH JIOKaJbHOTO pas-
nopecusd. HakoHen, Bce XapakTepucTuku rasa OyAyT npeicra-
BJICHHM B BUJIe pa3/0kKEHMH B pAApl MO CTeNeHAM cpenHel KoH-
LIGHTPALLMH, YTO aHAJOTHYHO BHPUANBLHOMY DPa3/OKeHUI, UCMOJb-
3yeMOMy B TEOpUM PaBHOBeCHBIX cocTofHuA. Taxkum oOpasom,
NOC/eJOBATENbHO YUYUTHIBAIOTCS TPEXYACTHYHBIE CTOJIKHOBEHHUS
M cTOJKHOBeHus 00Jiee BBICOKOrO MOpAiKa.

[Tpeacrasum cebe, uyto npu f==0 CcOCTOAHHE Ta3d OUYCHb
CHJIbHO OTJHYaJOCh OT COCTOsIHUSE paBHOBecus. B Takom caydae
5BOJIOLHI0O BO BPEMEHM 35TOrO COCTOAHHA ra3a MOXHO OIMCAaThb
TOMLKO € TOMOWIbLIO ypaBHenus JlnyBuajs. IIpeamonoxuM, 4to
CIIYCTS OUCHb KOPOTKOe BpeMd, NOpAjiKa BpPeMeHH CTOJIKHOBEHUA

Tg 107" cex, cocrosHEe rasa TPHOMMKAETCS K KBAa3HPaBHO-
BECHOMY, WM ,HOPMa/JbHOMY“, COCTOSIHHIO, OMUCaHue KOTOPOro
MOXHO YIpPOCTUTb. BJ/HAHHE MCKMOJEKY/JI4PHBIX CHJA Ha OILHO-
HACTHYHYIO (QYHKIHIO paclipele’eHus CriaxuBaercd, H, C/1e10Ba-
TeAbHO, o©OHa OYyAeT MaJOo u3MeHATHCH 3a BpeMs MNOpaiKa T
Onnako OuHapHble (PYHKUUX pacnpelesedds W QyHKOud pacrnpe-
JeJeHUd BBICHIEro NOpsfIKa Bce ellle MOABEpMKeHbl Henocpen-
CTBEHHOMY BJMAHHIO CO CTOPOHB MEXKMOJEKYIAPHBIX CHJ K OyAyT
MeHsATBCS ObicTpo. Ecam e MB [MOCTeL0BATEJIbHO YCPEAHUM
95T (DYHKLMU 110 BPEMEHAM MOPSAKA Ty OCTABILASCS BPEMEHHAH
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3aBUCUMOCTb Oyner oOycaoBJeHa U3MEHEHHEM OAHOYAaCTHYHOM
¢byukuun pacnpenenenus. Takum 00pa3oM, ¢ TOUKA 3peHuUs
STOR nepBoi ,orpyOJeHHOW® 1IKaAbl BpPeMeHH, KO KOTOPOH MHI
OyneM OTCUMTLIBATD TAK HA3LIBAEMOE KUHemuuecKkoe Bpemd,
¢yHKIMKM  pacnpeleseHdsl BolCLIEro NOpsaka OYAYT 3aBHUCETh
OT BPEMEHH TOJbKO 4epe3 3aBUCHMOCTh OT OAHOYACTHUHOH
(YHKIUH.

Ha 3toM ,rxunemuuwecxom® 3Tane Bce BhicIIMe (YHKIUM
pacnpeneneHdss pasgaaraloTcs B pAd N0 CTeleHAM CpelHell KOH-
HeHTpauuu. <PakThyeckd MapaMeTp pas3Jja0XKeHUs TpPeACTaBAgeT
COGOR CPelHIOI NJOTHOCTb HACTWL, TNOMHOXEHHYI HA 73; OH

Oymer man, ecau ra3 JajeKk OT COCTOSIHUA KOHAeHcalluu. B 3ToM
CAyyae MOXHO NpPeanOJOXKUTb, YTO Y/EH HU3LIEro Mopsaka Hs
MHOTQYaCTHYHBIX (pyHKuUui npencrasaser coOOH INpousBeneHHUe
ONHOYACTHYHLIX (PYHKUMH pachpejesenus, B3SITHX B COOTBeT-
CTBYIOUIMX TOYKAaX MPOCTPAHCTB2 KOOPAMHAT M UMNYJabca. B sToM
i COCTOUT Moaudukauua npoueaypbl KUpkByaa, KOTOPYIO MOXHO
MCM0JIb30BATh HPH PACCMOTPEHMM IIOTHLIX Ta3o0B.

i  onucaHus GOJbLIHHCTBA JIPOLECCOB, TNPOUCXONAIUAX
B TCUCHHE MPOMEXYTKOB BpeMeHH, OOJblLUX BpeMeHU cBOOOI-

HOro mnpoGera t‘omIO‘9 Cex, LAaXe KHUHeTHYecKasd IIKaJa Bpe-
MEHH CTAHOBHUTCA u3JuIIHe noapoOHoi. CyulecTByioT, npasjia,
MCK/IIOYEHNd, HanpuMep M ONMCaHus pPa3pbIBOB B XapakTe-
PUCTUKAX MPHM MCCJAELOBAHHH CHJABHBIX YAAPHLIX BOJH Heo0XO-
JUMO HCHOJb30BATb KHHETHUECKYI0 WIKaay BpeMmeHH. OnHako
B OOJbUIMHCTBE CJyyaeB Tra3 HAXOIUTCS HACTOJLKO OJH3KO
K COCTOfIHHIO JIOKAJbHOTO pPaBHOBECHS, YTO MaKPOCKOIUYECKHE
BEJUYUHBL (MAOTHOCTh, TeMllepaTypa U MAaKpPOCKOMHYECKHe CKO-
pOCTH ABHXKECHUA Tras3a) U3MEHSIOTCA 3HAUUTEJBHO MeIJIeHHee IO
CPAaBHEHHIO C OTHOCHTE/JbHO OBICTPBIM H3MEHEHUEM BO BpPeMeHH
OJIHOUACTHYHON GyHkuun pacnpeneneHus. [loaTomy ecau mocie-
JN0BAaTeJNbHO YCPEJHUTb BCe BeJHUYUHB IO HHTEpBany BpPeMeHH
nopsiaka f,, TO Ha 3TOM BTOPOM 3Tame OrpyOJeHAs UIKAJb
BpeMeHH (KOTOpOe MBI OyleM HasbiBaTb 240 pOO0uHAMUUeCKUM
BPpEMEHEM) MOXHO T'OBOPUTb, YTO OJHOUYACTUYHAA (YHKUHUA pace
npejneaeHuss 3aBUCHT OT BPEMEHU TOJBKO uepe3 MAKDPOCKONHa
YECKHUE BCJJAUYUHDI.

Paspurue Teopuu Ha 3TOM 2u0poduHaAMUYECKOM ITalle
OKa3blBaeTCd aHaJOTMYHBIM HCHOJb30BaHuio Meroaa YHemMeHa —
OHcKora. B sTOM ciayyae Bce BeIMYMHBI TPEACTABJSIOTCS CHOBA

13 3ak, 617
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B BUJe pa3yioxeHUss B pALbl 1O CTeleHsM mapaMmerpa g *, KOTo-
puifl ABAgeTcd MepOH ONHOPOAHOCTH MAKDPOCKOMHYECKHX BeJH-
uyH. PaKTHUECKH NOPALOK BeJHUHHB P OnNpeleidaeTcd OTHOCH-
TeJbHBIM M3MeHEeHHEM I3TUX BeJMYHUH Ha MNPOTAKeHHH CpelHeH
JUIHHBL cBOGoaHOr0 npobera.

4. Ueanr npepnaraemoii pa6ornl, lleab Hacrodume#t paboTH
COCTOMT B BO3MOXHO HauboJjee TNOJHOM H3JIOKECHUU TEOPHH
Boroawb6oBa (Bnia0Th A0 HUCCAENOBAHUA THUIPOAHHAMHYECKOTO
npubJKeHusi, Koropoe boroai60B TOJLKO HAMETHJA) M MOJAY-
yeHUM (OPMaNbHbIX BbIpaxeHU# A4 KO3Q(PUUUEHTOB BAIKOCTH
¥ TEIJIOMPOBOAHOCTH MOTHOro rasa. Ilpu sTom MB BCTpeuaeMcd
C IBYMS OCHOBHBLIMU 3anauamu. [lepBas U3 HUX — pellleHHE ypas-
HeHUM JABMKeHHa 1ag TpeX HAM OoJee B3aUMOLEHCTBYIOLIMX
yacTull. Bropas 3amada cocTOMT B NMOJAyYeHUHM (PYHKUMH pacmpe-
JeeHus B MPERNoJOXeHUH, YTO NepBas 3aJaya yxe pelleHa.
Mul Gynem paccMaTpuBaTh mo4bK0 BTOPYIO 3anauy. OkasniBaercd,
YTO 3TH JABE 3a4aud MOryT ObiTb (POPMAaJbHO pasfeseHb U 4TO
BO3MOXHO HaHTH OTKJOHeHus (yHKUMH pacrpeneeHus OT MX
NOKAaJALHO paBHOBeCHHIX ¢opMm, HCXO0Ad H3 (POpMAaJLHOrO pelle-
HUS 3ajJayu NEePBOro TUIaA.

5. llonyuennbie pe3yabTaThl.

1. BusgcHena cBs3b Mexay Teopueit Boromoboa u Teopuei
KupkByaa.

2. B xuneruueckoft Teopuu omipeneneHsl 3¢gdexkTr, 00ycao-
BJIEHHbIE TPOMRHBIMH CTOJKHOBCHUAMH YACTHULL

3. PagpaGorana Teopus T'MAPOAUHAMUYECKOrO NPUOMDKEHHUA
110 BTOPOro nopsika MO NapaMeTpy OLHOPOAHOCTH L.

a. B nepsoM nopsake MO napaMerpy OAHOPOAHOCTH MBI
NPUXOJAUM K YPaBHEHHMAM HAeaJbHOM KUAKOCTH, HAKX TUAPOAH-
HaMUYECKUM ypaBHeHUsM OJ#nepa, B KOTOPHX JdaBjeHue Kak
GyHKIMA MJOTHOCTH MMeeT Ty ke (OopMy, YTO U B PABHOBECHOM
cocroanun coraacHo teopun Maitepa [11, 12]. Kpome Ttoro,
BLIBOJUTCA YpaBHEHHE COXPAHEHUS 3HEPrud, KOTOpOe B 3ITOM
npul/HKEeHUH COOTBETCTBYET anuabaTHYECKMM MPOLECcaM; B 5TOM
npudaMKeHHM TUIOTHOCTb 3SHEPTHH OKA3LIBAETCA CHOBA TakoHl Ke,
KAK 1 B TEOPDUH PABHOBECHOTO COCTOAHHUS.

* Vaenbex u Popx sror mapameTp o6oanawalor Oykson 0. —
Ilpun. peo.
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6. Bo BTOpOM mnopfnke no napaMeTpy OLHOPOAHOCTH MOJY-
yaeTca ypaBHeHHe Harbe — CrTokca, comepxaiuee nBa Kosddu-
IIMEHTa BA3KOCTH, AJA KOTOPHIX INQJYUYEHbl Pa3/OMeHHst MO CTe-
NeHsIM MJIOTHOCTH:

n, = 70+ D n2d+ ..., (1.1a)
ng:nngl)+n2~q(22)+ c e (1.16)

rae 7§ — snauenue Yenmena — Iuckora aas kosdduunenra Bas-

KOrO TpeHusd, a 7, NPeACcTaBjdeT TAaK HasbiBaeMblt KO3(duuueHT
06'beMHON BABKOCTH. B ypaBHeHHM 3SHepPrUU nosBAseTCs Ompeje-
JEHHHIH YJeH, COOTBETCTBYIOWHMH yUyeTy TeNJONPOBOAHOCTH, 4 JJA
KO3¢PuleHTa TenJONPOBOAHOCTH BHIBOAUTCS anajoruyHoe (1.1)
pas3/oxeHUe B psl

=0 L pa) L p2e2 L., (1.2)

rge  t© — 3Hauenne UYenmena — IJuckora ana  KosdduuneHTa
TENJONPOBOJAHOCTH.

4, B T1ex cJayyasx, KOria MOJEKyJbl ras3a MOXHO CYHUTaTb
TBEPALIMU cdepamu, Te yacTH Ko3dduunentos 7/} u <), koro-

pble 3aBUCAT OT JABYXYACTUYHHIX CTOJKHOBEHUH, MOXKHO BHIJE-
JIUTh; 3TH YaCTH COTJAcYIOTCA B NMEPBOM NOPSAKE MO /i ¢ Pe3yiib-
TATaM¥ TEOPUM OIHCKOra Jjas TVIOTHBIX TrasoB. Haxe nns sTo#
NpOCTOH MoOJeJd uJeHbl TepBOro Mnopsaka He OBIJIH HaWAeHBI
MOJHOCTbIO BCJACACTBHE TPYLHOCTEH MeXaHHKM TpeXuyacTUYHLIX
CTOJIKHOBEHHUH,

13*



[I, O0mee onucanue CHUCTEMDI

1. YpaBHenune Jluysuaas. B naavHeftineM w1 OyzeM pac-
CMaTPpUBAaTh NOBeAeHue cUCTEMH U3 N OAMHAKOBHIX MOJIEKYJ
B cocyre (o6beM V), KOTOpHe NOAUMHAKTCA 33KOHAM KJaCCH-
yecKkOH MexaHuku. YUTOOH ynpoCTUThH 3ajauy, Mbl OIPaHUYUMCH
paccMoOTpeHueM TOUYEYHBIX MOJIEKYJ, B3aMMOAEeHCTBHE KaXXIoH
napw (I, j) n3 KOTOPHIX ONUCHIBAETCA MIBECTHHIM MOHOTOHHBIM
LleHTpa/ibHbIM noTeHuuaoM P, umeolUM XapakTep ommaaxu-
Barus. DTOT NOTeHUUAN sBASeTCH QyHKUUEH TOJBKO PacCTOSHUS
MeXay 4aCTUUAMH ¥ HMeeT KOHEYHBIH M OueHb MaJieHbKHHM pauguyc
ne#ctust r,, tak 4ro P (0)-—>co u ®(r,)=0. Bosee Troro,
npeanoJaraeTcd, 4YTOo Ha CHCTeMy He delicmgyrom HUKaKue
BHEIIHUE CHUJBI, 32 UCKJAIYeHUEM Cuja, OOYC/AOB/JEHHHIX IOTEH-
II1aJOM CTEHOK COCYAa.

Iycte x;=(q;., p;) Oyaer o003HayaTb NPOCTPAHCTBEHHEIE
MU HUMNYJbCHble KOOPAMHATH {-# uyactuubl. COCTOSIHHE CHCTEMBI
B MOMEHT BPEMEHHU [ MOJHOCTLIO ONpeneseTcs COBOKYMHOCTBHIO
BEJIHYHH Xy, Xg, ..., Xp. OOBUHO ymoOHO BBECTH IJsI OMHCA-
HUA CUCTeMBl B LeJoM O6N-mepHoe ¢as3oBoe NPOCTPAHCTBC, TakK
Ha3zwiBaemoe I'-mpocrtpanctso [28]. B 3TOM npocTpaHcTBe COCTOM-
HHE CUCTeMbl u300parxaercs TOUKOH, a 3IBOJIOLHUS CUCTEMBl BO
BPEMeHU MNOJIHOCTbIO OMNUCHIBAETCS TPAEKTOPHeH 3TOH TOUKHU.

Has cucteMsl, coctosuiet U3 60JAbLIOTO uyucaa yactTuu, ¢Gpusu-
YeCKHM HE MMeeT CMBICJAA TOBOPUTh O TOUYHOH PuKcauuu Hayadb-
HOTFO COCTOSIHMSI, TAK KAaK M3BECTHBI TOJbKO HEKOTOPHIE CpelHHe
3HAYeHHsl, COOTBETCTBYIOLLUE Pe3yAbTaTaM MAaKpPOCKONMUeCcKUX
u3Mepenu. B CcBA3M € 9THUM HYXHO paccMaTpuBaTh, CJjeys
I'n66cy [10], ancamM0baM 43 OAMHAKOBLIX CUCTEM, Pa3NUUAIOLIUXCH
MX Ha4ya/lbHLIMU COCTOAHHSIMU, U CAelUTb 32 TeueHueM ,aHcamb/s-
KUAKOCTH® BO BpeMeHU. [pyruMu C/J0OBAMH, C/edyeT paccMaTpu-
BaTh (PYyHKUHIO pacnperesneHus BepOATHOCTH Dy (X, ..., Xpns £)
B I-npocrpacTee u cleauth 33 ee M3MEHEHMEM BO BPEMEHH.
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CoraacHo onpeneneHuio (QyHKUMU pacnpene/ieHus Beposr-
HOCTH, MO0JAb3yACb 0003HauenueM dx;=dq,dp;, vumeeM

[ oor [ Dutrnoins 2y Xy dxy =1 (2.0)

aMeHenue GYHKUMHM pacnpeneeHUss BepPOATHOCTH BO BPEMEHH
onpele/igeTca ypaBHeHueM JInyBuJuig

0D

—i-={Hy. Dy} (2.2)

rae H, — oyukuus I'aMuiabToHa, Jlas paccMaTpHBAacMON CUCTEMbL
raMU/JIbTOHUAH HMeEeT BUJ

N 2
P
Hy= ["274—65’::: (Qi)] -+ 2 0 (2.9)
i=1 1<I<j<N
rae m— Macca Kaxmo#t monexyaws, @;;=®(|q,— q,|) npen-

cTaBJsieT NOTeHUMan B3aumonehictsus, a D, (g;) — noreHuuar,
CO31aBacMbll CTeHKAMM COCyxaa:

0, ecid @, JeXHUT BHYTPH cOCy.Aa,

00, ecaM @; MEXUT HA CTEHKaX M BHE COCyAa.

Dy (qz):[
CxoOku Ilyaccona {Hy, Dy} MoxHO 3amucaTb B BUE
N
oH, oD, oH, 0D,

(Hy, DN}EE( 7 P ) ) (2.4)

rie s JI060ro BeXTOpa & Mbl BBean 0603HaueHue 0/05 == grad;.
Beoas ,onepatop“ I'amuabToHa

)
| p, 0
N I A e Y e, @5

i=1 y 1<i<j<s

rue

0%y 0 . 9%y 0

= ! ,

‘7 oq, Op, oq; 0p;

ypasuenue JluyBuang (2.2), ecau yacTHlbl HaXOMAATCA BHYTPH

€OCyZla, MOXHO 3anucath B dopme

oD
L =— S \Dy- @.7)

8 (2.6)
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Ypasuenue JIuyBu/ia fBJAICTCA HEMOCPEACTBEHHBIM CJICACTBUEM
ypaBHeHUH ABHXKEHUA M B NPUHUMUIE MO3BOJASACT HAWTH (PYHKIMIO
Dy(xy o100y Xp5 £), €CaM 8ala2HO HayaJbHOE pacnpeleneHue
Dy(xq, ooos X5 0). TlocKoabKy BCe 4YacTHHB HepasJu4ydMBI,
dynkuuio Dy (x), ..., X5; 0) MOXHO cuMTaTh CHMMETPHYHOM
¢yHKIHe# OTHOCHTEJbHO NEPeMEeHHBIX X;, ..., X,. JlJas Takoro
Ha4aJbHOroO pacnpeneienus dynkuua Dy (xq, ..., Xp; £) ocTaercs
C TeueHUeM BPeMeHH CUMMETPUYHOHN, MOTOMY 4YTO raMu/bTOHUaH H
i oneparop & (Xy, «+ .y Xp) CHMMETPUYEH NO OTHOUIECHHIO
K [epecTaHOBKaM JIOOBLIX YaCTHLL.

2. lenouka ypaBHeHuit boroatwo6oBa. [1ng cCUCTEMBl C OUeHb
OOAbIIKUM YUC/AOM yYacTuy N NpPakTHUYeCKH HEBO3MOXHO MOJAYUYHThH
BHOE BbIpaxeHue g ¢Qynkuun Dy (X, ..., Xp; I) NOTOMY,
YTO I/ 3TOr0 HeOOXOXUMO TOYHO NPOUHTErPUPOBATH YPABHEHHUT
mBuxenns. K ToMy ke rakoe TouHoe onpeneienve Dy U He
Tpebyercd, Tak Kak OOBYHO MBI MHTEpECyeMcCsd TOJbKO H3Me-
HEHUEM CO BpPEMEHEM HEKOTOPHIX MaKpPOCKOIHYECKUX BeJu-
YUH.

[IpuMepaMn MaKpPOCKONMUYECKMX BeJMYUH, KOTOPblE HMEIOT
HauboJsee NpocTof (usauuecku# CMBIcA Ang Majaoro ob6bema
BOKPYI HEKOTOPOH TOYKH B NPOCTPAHCTBE, ABJASIOTCH YUCJ/IO YaCTHIL,
CpedHsil CKOPOCTb TPYMNbl YACTHL, CpPeAHAd KUHETHYECKast sHep-
THs TPYNNbl YacTull, CpenHdAs IOJHAs 3Heprus TPyniel YacTHIL.
K cuacTbio, 3TH BeJMYUHB! 3aBUCAT He OT mosHOH GyHKuUMH pac-
npenenenuss Dy (X, ..., xp; £) B I'-mpoctpancree, a or
BEPOATHOCTU HAXOXJAEHUA OTAENLHOH 4YacTvuw B OnpeneJeHHOMN
obsactu 3Hauenuft dqdp B oxpectHocTH (asoBoit Touku (g, p)
MJIH OT BEpPOATHOCTH HAXOXAEHUS JIBYX IPOU3BOJbLHO B3SATHIX
YyacCTHIL B ONpeAeNeHHBIX 0OjacTax .3nauennit dq,dp, v dg,dp,
B OKDECTHOCTH JABYX (asoBuLIX Todek (g, p;) ¥ (g, p,) He3a-
BUCAMO OT PacNoJ/IOXEHUS B NPOCTPAHCTBE BCeX APYTrUX 4YacTHil.
I (QYHKUUM BEPOATHOCTH TMOJYHYAIOTCA C NOMOIULID HHTErPUpO-
BaHust Dy (X, ..., Xp; £) MO BCEM X;, KPOMe OJHOTO HJH
nByXx. Tak kak Dy (x1, ..., Xy; £) CHMMETpHYHA 11O Xy, ..., Xy,
TO noJydawiuvecs (YHKUHA He 3aBUCAT OT TOTrO, Kakasd MMEHHO
YyaCcTHUA WM KaKue JBE YacTHIL OKa3a/quch BHIOPAHHBIMH,

ITyTeM uHTErpupoBaHusi ypaBHeHUS JIMYBHJLISI MOXKHO IOJY-
YUATh UEMOYKY 3alUenJqdioliMXc ypaBHeHMH, BbiBeACHHBIX He3aBi-
CUMO W ORHOBpeMeHHO boromw60oBeiM [24, 25], bopuoM u [pu-
HOM [13], Kupksynom ¢ corp. [17—22] u HBoHom [29]. Cuaenys
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bBoroao0oBy, BBedeM S-yactuunbie QYHKLHM pacnpeiesenns F
1
-V;Fs(xl, ceey X b)==
=f . fDN(x,, ceer Xp DX,y ... dxy. (2.8)

B mpenere N-—>oo, V—>00 npu (QUKCUPOBAHHOM 3HAYEHUH
BeJIMUMHBL OTHOWeHHs v ==V /N, paccmatpusas TOJBKO Te MOJe-
KyJabl, KOTOpHE HaXOMATCA BHYTpH cocynda, 3ddekTaMu CTEHOR
MOXHO npeHeGpeub. [losTomy, wuHTerpupys ypasHenne Jluy-
BUAAA (2.7) MO Xy, q, +++, X5 ¥ YMHOXAA €ro Ha V°, TOTHYAC e
noJydaem

oF .
SEHSF =V [ [y dey X
N g
X — — oq | Z 8,4 2 8. X
l=5+1 ¢ I<s SHIKR <IN
S+t1<J KN

X Dpn(xys oovy Xp3 £).

Tax kak Mul mpeanonaraeM, 4t0 Dy (Xy, «.., Xp; £) CTPEMHTCH
K Hyao 1aa Goabwux |p,| u |q,], To

p, O
f...fdxsﬂ...de ~ o Dy (%1« ooy X5y D=0,
[ >s+1,
[ oo faxgn o dny®yDy(xy, ..oy 2y =0,
k>1>s+1.
B cymme |
Ve z f .o fa!.x:s+1 o dXnO Dy (%1, couy Xy D)
s+li<<fS<N

BCe BKJ/aAb OT pas3jMyHbIX 3HAYeHH# J ONMHAKOBH BCJCICTBHE
cumMerpuu dyuxunn Dy (x,, ..., xp5; £). [TosTomy, ucno/nbays
onpeneaenue (2.8), nosyuaeM BHIpaXeHHE

VN —9) Y [dx,8, 0 [dxg ...
i<
« . deDN(xl’ o s 0y xN; t)=
N—s
= Vv 2 fdx3+18h S+1Fs+l(x1’ ¢ "0y xs_l_l; t),

igs
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KOTOPOE€ B YKA3aHHOM Bbille Mpejejie Aa9 (PUKCUPOBAHHOTO S
npuobperaer BUL

1
o E fdxs+lei,s+lF.s+l (xl’ vees KXo t)'

s
Orcona
oF 1
dts +@%)3Fs3;fdxs+l Eei,s+lFs+l’ s=1, 2, ... (2.9)

LS

Jlanee Hac OyayT ocOOEHHO MHTEepecoBaTh cay4yau S==1 u s =2,
A/l KOTOPHIX, HCMOJb3Ysl fBHbIE BBIPAKEHHA LI FE, H I,
noJy4yaeM

OF (x;;t) , p, 0
ot ‘“'m oq

0Fy (X, X538 | (PpL O |, ps O ) CoA
ot | (m aql U m a‘h e12 F2(xl’ X9s t)—““

1
- Fy (xy; )= [dx805F, (xy, 25 ), (2.10)

= [ 2B+ 85) Fy(xy, 0 x5 £). (2:11)



Ill. Kuneruueckas reopus boromo6osa

1. OcHoBHubie ypaBHeHHd. Kak Obl10 yKa3aHo BO BBEICHUH,
Mb OyldeMm mnpepnofaratb, 4ro Ha IepBoH Trpy0o BwuOpaHHOHU
IIKaJe BpeMeHH (KMHeTHYecKoe BpeMd) (PYHKUMH pacrhpejeeHus
BLICIINX IIOPANKOB 34aBUCAT OT BPEMeEHU TOJbKO 4Yepe3 3aBHCH-
MOCTb OT nepBoH ¢yHxuuu pacnpenenesus F,; Takum oOpasom,

Fo(Xp oovs X3 O)—=>F (%1, ..., x| F)), 3.1)

rie BepTHKaNbHas 4Yepra O3HAYaeT, YTO QyHKuHA F, 3aBUCUT
dyHrkyuornaavho ot F,. Bca BpeMeHHAs 3aBUCHMOCTb BKJIOYEHA
B ¢ynkuuw £y, v ¢opmyna (3.1) npeanonaraercss cnpaseranBoit
pas a6oro  HadaabHOro pacnpenenenus Dy (xq, ..., xp5; 0)
Ioc/e HEKOTOPOro HadaJbHOTO mepuona mnopsaika t,. Kpome toro,
cCuuTaeTcs, yro mepmas QyHkuud pacnpenenenus F, uaMeHserca
I1J1ABHO OTHOCHUTEJbHO IUKAJbi KHHETHYECKOTO BpeMeHH U yI0-
BJIETBOPSAET OCHOBHOMY KUHEMUHECKOMY YPABHEHUK, KOTOPOE

UMCET BHUA

e — a(x | F. (3.2)

Heuspecturie dynkuuonann Fy(xy, ..., x| F) u A(x]| F))
JOJIKHBI OBIThL ONpeNeNeHbl C NOMOINBLIO LeNnOoYkU ypaBHeHu#t (2.9),
Jljsa ompene/ieHUs MX METOLOM MOCJEHOBATEIbHBIX NMPUOIHKEHUH
pasnoxuM o6a QyHkuuoHaAa B paig no crenenwaM 1/v (Bupua’ab-
HOE PasJoXeHHue):

AQx,| Fy)= Ay (2, | F) +- 4, (xy) F)+-
tgr A5 F)+ .. (3.3)
Fo(x1, ovvy x5|F)=FP (21, ..., x5s|F)+
o FY @ X | F) 4 (Bi4)
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TToacrasass pasioxende aas F, B NepBoe ypaBHEHUE LEHOUKH
(2.10), noayuaem

oF 0
.._.é.t_l_ { ";: o =—fdx2812F2 {(x1, %2 |F1)+

1 -
fdxzemh (x1, %2 F1)4 ...

CpaBHuBasi 3TO YypaBHeHHE C KHHETHYECKHM YpaBHehueM (3.2)
TOTYAC Ke HMeeM

p: OF
AO (xl |F1)-_-= ml' aq: ¥

A |F)=— [ dx®uFy (a1 x| F)  (3.50)

(3.5a)

M B 0o0lueM cayyae
A[ (XIIFI)':-_-fdJCQ@qu_I) (xl, xgl Fl) (3.5B)

Tak xkax dynxuuonan F (xy, ..., x,| F]) 3aBUCUT OT BpeMeHH
TOILKO uYepe3 Fy, TO ero HU3MeHeHUe BO BPEMEHH Ompejelsercs
KuHeTHYeCKUM ypaBHeHueM (3.2). [IycTh nepas Bapuauus PyHK-
wmonana F (xq, ..., X;| F;) npu usMeHeHnu BeauuuHbn £ Ha
F,+e3F, Oyner paBHa eo¥ ,(x, ..., X,|F,, 8F,), npuuem
OYeBHIHO, YTO OYHKUHOHAA oF (X, + .., Xg| Fy, O0F;) nuneeH
OTHOCUTeNbHO (yHKUMA OF,, UMEWLUX pPasJIu4Hble aPryMeHTH.
Apryment X Bapuauuu OF (X, f) onpenensercd uepe3 QyHK-
HHOHAJIbHYIO 3aBUCUMOCTb F (X, . .., X,| F;). Samensasn OF, (X; £)
Ha A(X|F,(; ¢)), MOXHO onpenenuTb H3MEHEHHE BO BpeMEHH
dyskuuonana F (xy, ..., x| F,). 3anuiem

3F
F (%« x| Fy. SFl)_[BFl aF]
Orciona uMeeM
OFs(xy, ..., xs|F)) _[bFs OF 1 [3dF
' 5 "“[ 5F, ot ]“[“‘S_ A(fFl)]' (3-62)

IToncTaBass pasfoxeHus B pannl no 1/v nia GyHKUUOHAIOB
Fo(xq, ..., x| F}) u A(|F}), noayuaem

OF s (x1, ..., x| FY)
ot

1 |
= DoFs’ + — (DoF§’ 4 D, FP) +

1
+ —7 (DoFS" 4 DiFY + DoFS) + ..., (3.66)
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rge  oneparope, JAeHcTBywouide Ha  11000f  (PyHKLHUOHAJ

U(xy, ... |F)) or F|, onpeaeasioTcsi COOTHOLIEHHEM
3
D, (xp ... gFl)—:—-[W, Ak(IFI)]. (3.7)

Cpasnubas (3.66) ¢ ypasuenusmu DoroawoboBa s cayuas s > 2,
HCTIOJIb3YA pasjokeHue B pag Aad dysxuuoHara F ., u npu-
paBHUBast KO3(M(PUUUEHTH NPU OAUHAKOBLIX CTeMeHsX MapaMeTpa
pasnoxenuss l/v, HaXOAUM

DoFY 4 g8 FY =0, (3.84)
DoFY 1 g9 FY — D, FO | f dxgs1 ¥, 0 01F1 (3.86)
s

l
DoFY 4 G5 FP = — Y, D;F{ I+ [dxgyy Y, 81, 0aFEED.
Jj=1 i<s

(3.88)

OTH yPaBHEHHS SBJSIOTCH (YHKUMOHAILHBIMK YPABHEHHAMH OTHO-
CUTENBbHO F; W AOMKHE OBITH CHpaBeanuBbl A MOO0H (yHK-
i Fy.

2. Omnpepenenne (GYHKIHOHAJOB Fs(”(xl, veey Xs| FY).
IIporpaMmma peiueHus OCHOBHBIX ypaBHeHu#t (3.5a) — (3.58) u
(3.8a) —(3.88) cocrour B caeayioumeM. Y3 nepsoro ypasie-

HUd (3.8a) caeayeT ONMpeneauTb Fgo); 3TO B CBOIO OYepelb Ompe-
IequT ¢QyHKuuoHana A; cornacHo (3.90); TakuMm oO6pasoMm, Be/H-

0
anna Dy FY Takie craneT ussecTHoH. ClefoBaTedbHO, B ypas-
Hun (3.80) npaBas 4aCTb H3BeCTHA, W H3 ITOTO YPABHEHUH HYXKHO

:
onpeneauts ynkuuonan F{’, xoTopsi#i B CBOIO OdYepedb onpe-
Aeaut A, v T. A. Ilostomy 3aech Mbl OyaeM npepmnoJarartb, 4TO
npaBble 4yacTH ypasHeHuH (3.8a) — (3.8B) u3BeCTHBI, U MOCTA-

BUM BOTMPOC, KAK MOMHO HAHTH HEU3BECTHBIE (GYHKUHOHATH Fy .

Crnenyer noauepxHyTth, yTo ypasHenus (3.8a) — (3.88) coaep-
KAT (yHKUUOHAJIbHBIE NpousdBcAHbie. IlodToMy, uT0o6Bl HaliTH
pelieHuss 3THX YpaBHEHUMH MOJMHOCTHIO, HEOOXOAUM HEKOTOPHIH
KJAaCC HavaJdbHBIX HJIU TPAHHYHBIX YCJAOBUR (Tak Xe Kak aag
pewenua JAubd¢epeHUHaIbHLEIX ypaBHeHUH NepBOre MopsiKa).
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Yrob6b copMyaupoBaTh 9TH YCJIOBHA, BBENEM Onepamop 380-
aogue SP (x1, ...y xp)

SF %)y «uns Xp)==exp{tI, (%1, .., X)), (3.9)

On npexacrasaser coOoH omepatop CABUra BO BpeMeHH (Ha BeJu-
YUHY T) B COOTBETCTBHHM C 3BOJIOUHeHd B (pa3soBOM NPOCTPaHCTBE
CUCTEMBl U3 R 4YacTul, OOyCJAOBJIEHHOM UX B3auMoAeHcTBUEM.
Jlerko BUACTb, YTO €CJH BeauuuHa (g;, p;) NpeACTaBIseT KOOp-
IVHATH {-® YyacTHLLLl, TO TOrJa NPU ABMKEHUH CUCTEMBI R UACTHIL
KOOpPAMHATH 9TOH 4YacTHLBl CNyCTA BPeMsd T NPUMYT 3HaueHHS
[S¥lg;, SPp,]. Amnanorudno, ecam Beanuuna Y (Xy. ..., Xp)

ABJIAETCS NPOU3BONBLHOA BYHKIHe# KOOPAMHAT £ YacTHL, TO TOTAA
(R R k) R
ST )X(xls ¢ 0 8y Xk)zx (Sf(c )xls S.E x2$ o v oey S‘(E ) xk)- (3.10)

QueBHIHO, UYTO Sﬁk) obpasyeT amgMTUBHBIA alenuaH, WM OJHO-
napaMeTpPUYeCKYI0 IPyNny oOnepaTopoOB C MapaMeTpoOM T, NpHYEM

(R) (R R
S“l )S’(‘?z) == SE‘I‘)*‘%’

S%) __ oneparop, o6parubift omeparopy S¥, a S§¥ =1.
Hanee, caeaysa boroao6oBy, Mbl OyneM npednorazams, uto
Aaa q060oro M3 (QyHKLHOHANIOB F

lim S¥LF (x1, ..., x5| SOF,(; 8) =

T-—>C0
5

= lim S, JI SV Fy(xi; ), s=2, 3,.... (3.11)

T>00 {=1

Heo6xoauM0 MNOAYEPKHYTh, UYTO 3TO NPEANOJOKEHHE HABJIACTCA
CyLleCTBeHHBIM BO Bcelt Teopuu. OHO 3aMeHdeT W 00o6wmwaet
runotedy bosabumana u ponyiende Kupkeyza. OHO B HEKOTO-
poM cMbICae Bhpaxaer TpeboBaHHe, YTOOB BHE HEKOTOpPOH
chepr aeHcTBUS KOppensauuss MexAy YacTULAMHM Hcuesana. ITo
TpeOoBaHHe CTAHOBUTCA OCOGEHHO TNOHATHHIM, KOrja CHCTeMa
NPOCTPAHCTBEHHO OAHOpOAHA. Tak kKak B oOlueM ciayyae

, \
Sﬂ)Fl(x; t) = F, (q—l——%t, p; t),
TO B MPOCTPAHCTBEHHO OAHODOAHOM CJyYae OUYEBHAHO, UTO

SUF, (x; )= F,(x; ?).
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HOCKOJIbRy MEXAYy 4acThuaMu CHUCTEMBI CYIIECTBYET CHJAbHOE

OTTdJAKHBAHUHE, TO OTHOCHTEJIbHLIE PACCTOAHHA MECXKIAY § 4aCTH-

Ry
uavu, onuceiBaeMbiMi nepemenneiMu SUhxy, ..., Sk, momnubI

ObITh BeJMKH, €C/aH, Oyayyn B TOYKAX X;, ..., X,, OHH HAX0=
auanck B cdepax neHcTBus APYr Apyra. MOXKHO TaK»Ke CKasaThb,
YTO JZB& OCHOBHBIX npearoqoxenus (3.1) u (3.11) oTHOCHTEABLHO
$-4aCTHYHOM (QYHKLUMH pacnpeie/eHus OTPaAXKalOT ABAa CBOHCTBA
pPaBHOBECHOH (PYHKLHU pacnpeje/eHus, KOTOPbie B KHHETHUECKOM
NpUOJMKEHHH, TNO MNPEANONOKEHUI0, yxe uMeer ¢yukuua F.
JeHcTBUTENbHO, KAK MBI TNOKaXXeM B KOHLe 9TOr'0 pasjiena
B m. 6, ycaosue (3.11) ynos/eTBOpsieTcss B CJjyyae pPaBHOBECHS.

IIpu wucnosb30BaHMM BHPHAIBHOTO PAa3JOKEHHS IJ8 (QYHK-
nuoHana [, nonyienue (3.11) osHavaer, uTto

hy
lim SYFY (x1, ..., x| SPF) = lim S, J] SV F, (x5 #)
T-> 0 T>00 i=1
. (3.12)
lim SO FP(x1, ..., x| SPF)=0, 1£0. (3.13)
T~ 00

Urobbl HakTH PYHKILMIO FO, NOAYKHHAIOLLYIOCS yCa0BUIO (3.12),
3aMeHUM B ypasrenuyu (3.82) (PYHKUHMOHAABLHYI0O NPOU3BOJAHYIO
oObruHOH nmpousBoAHOH cienywmumM o0pasom. [lomcTaBuM B Bbl-

0
paxeHue DoFg’(xl, R xS[ Fi1) BMeCcT0 (YHKUHOHAJILHOIO

apryMmednTa [y QyHKUUIO SYF,, rorza, mo onpeneneHuo (3.7)
onepatopa D,, OyieM uMeTb

©) _
[DOFS (xI, ‘e xSIFI)]Sil)F]L(—FI_—_

oFO (| SIOF) () ]
__[ Yo A (| ST FY) .

[TpennonoxuM, uro X =(Q, P) sBageTcd apryMeHTOM OJHOTO

U3 (PYHKUHOHAIOB AU(IS.(cl)FI), cTodllero B CKOOKAax, TOr/1a
BCaeacteue (3.5a) u (3.9) nmoayuaem

P o
A(X] $P) = — 4 g S (X Pi(X; =
oSt (X )
— — ) (X; &)=
oSVF,

|

oz '’
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tTak kak F,(X; f) He 3aBucur ot t. M3 (3.6a) caexnyer

[aFg‘” (e ooen x5 | SUF)  0SOF, ] _OFD (x, ..., x5 SOF)

3 (SIF)) © o on ot

Orcwona, YUUTLIBAA JHHeHHbIl XapakTep q)yHKuHOHaanoﬂ Mpou3s-
BOAHOH, uMeeM

OFD (%, ..., x5| SUF)
(8] . Ky 1 A 1 t ‘1
[DoFS (x1. .. ., xS|F1)]S£UF1(_ -y = — .

Ilpn 3amene ¢yukuuu F,, nossagiouielica B (3.8a), Ha SUF,
noayyaeM

EFE,O) (x1, coey X sgl)F_l)
ot
— s (%1 +ver %) FO (1, ooty 25| SUF)=0. (3.14)

Torga ¢ yueroMm dopmyant (3.9) ,pemeHne” 3TOro ypaBHeHUS
npuobperaeT BHA

FO(xy, ..., x5 SPF) =
= S (X1, « o0y Xg) FY (10 «.., xs| F1). (3.15)

He#ictBys ciaea Ha o06Ge 4yaCTH paBeHCTBA OMNEPATOPOM S,
noJay4yaeM

Fgo)(xl, PN x;|F1)ZS(f)T(x1, ceey xs)F(SO)(XI, seey xs' S'(EI)FI)'

OTO KaK pas3 TO YCJAOBKE, KOTOPOMY HO/KHA YIOBJETBOPATH

CTPyKTYpa ¢yHKLUHOHANA FO (X1, ..., Xs| Fi). B Boumenanu-
CAHHOM YpaBHeHMM JeBas YacTb He 3aBUCHT OT T, MO3TOMY OHO
BOMKHO OHITH CcHpaBefJuBO AJa NpouspoabHoro <t. Ciaeroba-
TEJIbHO, COIJACHO CBOHCTBY (3.12), mpu t©— 00 moJyvaeM

FO(x1, .., x| F1)=
= lim S(f?;(xl, coey xS)Fgo)(xl, coey Xl SSCI)FI)ﬂ

T=>00
S

= lim S, I SO Fy (x5 £).  (3.16)

T=>0 i=1
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UrtoObl HalTH caeayoWul  QyHKILMOHAT ng”(xl, voor Xs| Fu),
NOJIOKHUM

P (%1, vevs xs] F)=—DFY (%1, ..., xs| F)+
. |
+ [0y 3,005 F Q1 (51 ooy | B, (3.17)
i=1

Toraa ypaBHeHue (3.80) npumer Bul
DoF{ (%10 oo os %s| F)F SBFS (51, + .0y %] F)=

=TV (x1, ..., x| F). (3.18)
BLimoaHAsS onepauuHd, aHAJAOFHYHbBIE NPEAbIAYILUM, HOJyyaeM

oF WV (x,, ..., x| SWF
[DOF(SI)(xl’ e, xlel)]sg)Fl<_F1: s (xl o -’Csl T 1) .

Yurem, uto u3 ¢yHKuHOHaAbHOrO YypasHenus (3.18) naa F,
(npu samene F Ha SPF)) caenyer

OF P (xy, ..., x5 | SVF))
- ot

50, FD (21, .+, x| SOF) =

=—UD(x, ..., x| SPF). (3.19)
[TosoxuM

FOUep oon, x5 SOF) =80 (x1, ..., x5 | F),  (3.20a)
0%y oer X T F)=SUF (51, ..., x| SUF),  (3.206)
TOrAd ACHO, 4TO

@ (X1, ++ s X53 O F)=F¥ (%1, ..., x5| F1), (3.21)
OTKYAa HaXOAUM

00 (Xy, .., X T|F
¢ (X1 s s | 1)______8(_5)?@9)(% xs‘S'gl)Fl)

10 ypaBHeHHE MOXHO HENMOCPEICTBEHHO TIPOHHTEr PUPOBATH:
@ (X «oer X 7| F)=0(xy ..., x5 O F)—

— f dxSEUY (k1 ..., x| SUF). (3.22)
Q
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OTrcroaa caeayer

F(Sl)(xl, oy xS[Fl)xS(ﬂF(S”(xl, oo ony xS[Sil)Fl)—{—

+ [ eSO (w1, .. x] SUFY).
0

Tak Kak 37ecb BHOBb JIieRasl UYacTb HAaNUCAHHOTO COOTHOIIEHHS
HE 3aBUCHT OT %, TO B MpejJeie NpH T—>Co, coraacHo (3.13),
noJiyyaem

FOG vvny x5] F)=1im SOFY (x1, ..., x5] SPF) +
T =00
+ [ @SSO (k1. oy x| SPF) =
0

— f deSOWD (e, oo, x| SPF). (3.23)
0

!
Bouee Bricokue npubanxkeHus F$ HaxomsTcst aHaMOTHUHBIM obpa-
30M. Hast Hux OyleM HMeTb

FO G s x| Fy= [ asSOT0 (x1, ..., x| SPFY), (3.24)
0

rie
l

| i
'l’g)(xl, xS{Fl):—_——ZDng ’)(xl, vy Xs| Fy)

Jj=1

N | -
+ [ a2 0 cnFS (e x| FD). (3.25)
=1

3. Onpenenenue dyukuuonanos A; (x| F,). Coraacro pop-
MyJse (3.56), dynkunonanr A, (x,|F,) moxHo HafiTi, ecau QyHK-

HHOHAJ Fg)) (X1, Xo| Fy) ussected. 3anuuem nocaegHuft B cie-
LYIOLLEeM BUJIE: |

F (21, 53| F1)y = 8% (xy, ) ST2 (21, %) Fy(xy; £) F\ (5 £),
(3.26)
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rie HHAEKCH — 00, —}CO O3HAyalT Npefeabl T, YKa3aHHLie
B (3.16), u rae Aad COKpallleHH B3aMUCH TOJOXKEHO
1, ..., 1 (1) !
S¢ gy s x.)=80(xy) ... SV (%) (3.27)

Hro6rl oTaeauTh 3a4a4y TEOpeTHYeCKOM MeXaHuKH OT npobJeMbl
HaxoxaeHus QyHKUUR pacnpeneneHus, 4acto YAOOHO 3amuChi-
BaTh (3.26) B crenyiomeM BHAe:

Fg (xl, x2|F1)ﬂfde1d£2F (Cl; ) FI(CQ; f)><
XS{Eoo(xl X9) S S 1)(-"71' X2) 8 (%7 — ) 8 (xp —18y), (3.28)

rie COOTBETCTBEHHO X,;==(q;, p;), G, =(;. ;). 2 3 ecTb O-QyHK-
uus JQupaka. Torma, coraacHo ¢opwmyae (3.50), MOXHO 3anucaTh

A, (x| F)) = f dx,0,SP S F (xy O F (xy £)=
:ffd‘:l duF G 8 FiGy 6 R(x [0 §),  (3.29)

rae
Q (1 |C1. L) = fdxg@wS?.m(xl, -’52)3(1 2 (%1, xQ)HB(x
(3.30)

[lepexons tenepb K onpenejenuio ¢ynxkuuonana A, (x,]F,), Mu

AOMKHBI CHauana ualtd dyuxuuonan F$ (x, x2| Fy). Coraacho
onpeneseHuto omnepatopa Dy,

D\FY (x1, X3 F1)=S%.SVD (Fy (s £) A (5] F)+-
+A1(x1|F1)F (X f)}=
= S®, 1, 2)84 01, z)fdx3 0,.,8%, (1, 3) S 1>(1 3)

+- 0,487 (2. 3) St (2. 3)) IIF (x5 b),

rae pas cor{pameﬂuﬂ 3aMUCH MBI ONYCTHJIH aPTYMEHTHl X V Ofe-
patopo S$)(...). Tak Kak, COFacHO (3.16),

F (%1, %9, x3] F) = S®, (x,, x,, xg)lIS“’ (%)) Fy (x5 £) =
=8% (1. 2, 3) ST V(L. 2, S)H Fy(x; ),
i=]

14 3ak. 617
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—r

HAXO04HM

Wy (x1, %o| F1)=
= [ dxy[(B+ 0, S (1, 2, 3) ST V(1 2, ) —
—8%.(1,2) 842 (1, 2) {8,,5% (1, 3)S‘ (1, 8)

+ 0,52, (2, 3) St (2, 3>}]IIF<x,.,, ). (3.31)

Ilanee, ucno/baya BoipaxeHue (3.23), MOXKHO 3anucate PyHK-
I{HOHAN FU) (x1, x2| F1) B dopme, aHarornyxolt (3.28):

F a1, x| Py = [ fdclacgacaﬂﬂ(ci, £) X

X | diSZ.(1, 2) | dxs[... 18P, 2, 3T dx, —L)).
[ st fos 1T

(3.32)

rae ckoOkamu [...] o6osHaueH onepaTop, CTOAUIMH B KBagpaT-
HBIX ckoOkax B mpaBo# yactu BuipaxeHus (3.31). OT™Merum, uto
OH CHMMETPUYEH OTHOCHTEJEHO X; U X, OKOHYaTe/JbHO U3 (3,.DB)
HMEEM

3
Ay (x| F1)=fffd(:1 dczdtallFl G HR(xy |61 G G,

(3.33)
rjpe

Q (%, 14 G W= [dx,8y; [ ae52(1, 2) X
0

3
X [dxgl. 18800 (12, T3 (x—t). (3.34)
i=1

4. Ouenxa Beanuudsl A, (X,| F|). OTHOWEHHe BeAUYUHB A2
K A, NOKHO TO TOPAAKY PABHATBCA rj, eCaAH Fj— pamuyc,

XapaKTepuaywwui o6JacTh OTIHYHOTO OT HYJS B3aUMOLelcTBuUA.
Taknm 006pa3oM, napaMeTp pas/iOXeHHA B KHHETHYECKOM ypaB-
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3
HeHuu dakTuuecku OyneT paseH ro/v. ITO yTBepxIeHUE CJe-

AyeT u3 cooOpaxenu# pasMepHOCTH MPU YCJAOBHH, YTO HHTE-
rpaasl B BBIpaxXeHHu Mg A, CXOAATCA U PaCNpOCTpaHeHnl ax-
TUYECKH TOJBKO Ha ot’maCTb AEHCTBUS TPEX UACTHL X;, X9, Xg.

PaccmotpuM BenuuuHy Q4 (xq |8, G §3), uTo6n yGenutsbea
B 3TOM. Buipaxenue, cTosiiee NOA 3HAKOM HWHTErpajia mo X.,
BCJACACTBME HaJMuus B HeM oneparopa O, 6yaer CTpeMUTbCA
K Hymo B o6aactn | gy — ¢, | > r,. CaenoBate/ibHO, MOXHO Orpa-
HUYUTHCS paCCMOTpeHueM TOJbKO TeX X, JAJAf KOTOPHX
|92 — @11 < ro- Ecu koopaunatsl uacTuw (X, Xy) yAOBJIETBO-

pAOT 3TOMY YCJOBHIO, TO ONEPATOP S(_?..:(xl, X5) Pa3BOAUT UX
Apyr OT Apyra Hd PpacCTOsiHHE ry 33 BpeMfi T=1T,, d MnocJje
3TOI0 PacCTOsiHUe MEXAy uvacTuuamu OyjeT Bce BpeMst BO3pa-
crtath. [logoxuMm

=(q; p)=S5%(x;, x)x;, i=1, 2.

7 et ~
OG6osHauuM CUMBOJAOM t' BpeMs, AJs KOTOPOro |g, — q,|= 2r,.
Toraa onepatop, cTosiuil nox 3HAKOM HHTerpaja Io T, MOXHO
3alMCcaTh B Bule

fdx3[(@13(;1, %g) + 85 (%y, %5)) X
X 8% (%1, X5, %) Stos’ ¥ (61, Xy, ) —
— SO (e %) ST (xl. X5) X
X (815 (. X5) S (xl' xs)Sl ) (xl' X3)
+ B3 (X0 X9) ST (X, %) S4) (X, %)) (3.35)
Iag ©> 1" umeem: 8,, (;cl, xQ):O, a I1si QUKCUPOBAHHOIO Xj

no kpafinefl Mepe ONNH U3 OMEPaTOPOB B4 (X, X5) uan By, (Xo, X3)

IAO/MKEH PpAaBHATbCA HYMO, TaK KaKk TOYKH X, H X, pasle-
JeHbl paccrosinueM, OoJapwiuM ueMm 2r, Ilpeanosoxum, urto

0., (x,, x3)__0 a 823(x1, x3) =+ 0. Torna u3 onpenenenus
onepatopa S, (%;, X, X;) umee

s% (-’Cl’ x?’ x3)-—>5(2) (-’Cz’ x3)S (xl)

H TaKk KaK B 3ToM cayuae SO ,(xl, xg) stb (xys }2)_—:- 1, MH
BAMM, uTO omepaTtop (3.35) oOpawaercss B Hydb., AHajOruuHas

CUTyalluss MMeeT MeCTO M B cJayyae, KOrAa O (X, x3) =0,

14*
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a B,(x;, x3)+0. TakuM 06pa3oM Mb NPUXOAUM K BEHIBOLY,
YTO MHTErpajs Mo t LOJKEeH CXOIUTbCH U YTO MOJABLIHTErpajibHOE
BblpaxeHue OyleT OTJAMYHO OT HYJAS TOJAbKO /s MHTePBAJOB
BpeMeHu TOPSAIKAa BpPeMEHH CTOJKHOBEHHA.

5. TIpocTpaHCTBEHHO OJHOPOAHBIE CHCTEéMbl. B cayuae,
korga F,(x;; f) He 3aBucuT OT ¢;, T. e. KOrJa cucrema mpo-
CPPAHCTBEHHO  OJHOPOAHA, BbIpPaXeHud 1  (PYHKUHOHAJIOB
A (x| Fp) wn Ay(x{| F;) moxuo ynpoctuts. [Tokaxem, urto
B 3TOM cayuae (QyHKLMOHAA A; MOXHO CBeCTH K HHTErpaly
CTOJNKHOBEeHHH DoOJbLMaHA.

[Tockoapky F£| He B8aBHCHT OT MPOCTPAHCTBEHHBIX KOOPIH-
Hat, o F{{&py O =F,(q; ), F; (g )= F,(%y t). Torna
B mpaBo#t uactu (3.29) MOXHO MPOBECTH MHTErpUPOBaHHE MO &
Taxk kak onepatop S{I) He maMeHseT UMMy/abca, TO MH NOJYudeM

A, (x| Fl):ffd"hd%Fl (M ) F1(gs )R (1] 9y, o),

(3.36)
rue
Q, (x; | Ny M) = f dx29128(2)oo (X1, %9) 8 (py— M) 0 (P — M)
(3.37)
[Tosnoxum

SO, (5 )P, = PP, 1=1.2

TOTAa MOXHO Jerko nokasath, uro P spasioTes byHKUMIMH
OT p,, P, ¥ OTHOCHTEJbHOH KOODAMHATH Iy == g, — g;. TaK
kak ©,, Takxe 3aBUCHT TOJbKO OT OTHOCHTE/bHBHIX KOOPAMHAT,
To Mbl ybOewnaeMcs, BblOupas B KauyeCTBe Hauana MHTErpHpoBa-
HUA 1O ¢, (B oOlleM MHTErpajie MO Xg) TOYKY gp, UTO BEJIH-
ynna Q,, a ciaegosaTenbHo, U A; OyAyT 3aBUCETb TOJBLKO OT py,
KaK 3TQ Y CJeI0Bajo oxuiaTb. Bmecrto (3.37) samulieMm

Q(py | M M) =
— f dry, f dpz@mS(E)oo (xy, X) 3 (P — M) 8 (Py — M) =

— f dry, f dp,8.,5 (PR — )3 (PP —v,). (3.38)

2
3nect PY) — nocrosmuble HauaibHbIe MMITY/AbCH YACTHIL B 3ajaue
O IBYXYaCTHUYHOM CTOJKHOBEHUH, KOTOpbie MOXKHO ONpeNe/HTb,
TaK KaK W3BECTeH raMujabTOHWAH f{, ¥ W3BECTHH 3HAUYCHHsI KOOP-
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IMHAT STHX YaCTHI X;, Xy B MOMEHT BpEMeHH, paBHHH Hymo.
[Toaromy

iy (81800 = (PP -+ (5.

Orciona, corjacHo ompenenenuto ckobok Ilyaccona,

(H, 3(PP — 7,)3 (PP —4,)} =0,

U
8128 (P(lg) — nl)a(ng) —M )‘_‘:
__ (P _0 2
= (Bt o+ 22 ) (PP — ) 3 (PP —my)) =
(P2""P1) 0 {a (P(Q)_nl) (ng)'_"’lg)}-

m r21

Bocnonab3yemcst B Bhipaxenuu (3.38) npu MHTErpUPOBAHUH FIO Fy;
UHJIMHAPUUECKHMH KOOPAMHATAMU C OCbI0 B HaNpaBJAE€HHH OTHO-
CUTEAbHON CKOPOCTH G=(py, — py)/m. O0603HAYUM KOOPAUHATY
BOOJL 3TOH ocu OykBO# [, a moadpHble KOOPAMUHATHI, MEpHeH-
NVKYyJspHble K 5TO# ocu, — Oyksamu b, ¢. Torna

e, (Pll"h’ o) =
-—fdp2gfbdb dcpfdl (3(PP —n,)3 (P2 — )}, (3.39)

rane g==|g| WnrerpupoBanue no I MOXHO BHINOJHUTb Heo-
CPEACTBEHHO

0 9 5
[t PP —m) (PP — ) =
I=+00 ) N __
———|=_OOB(P5) ) 8 (PY — 1,).
[Tpu sHaueHun [=—— 00 o006e yacTUUBl HAXOAATCA BHE 00JaCTH
UX B3auMOLeHcTBUA, @ TaK Kak jAeHcTBue omeparopa S(E).; (x4, X9)
HUKOrJa HE INpUBeleT K UX CTOJKHOBEHHIO, TO

lim PP=p., i=1, 2.

[~
C 1npyro#t CTOPOHH, npH 3HAYeHUH [==—- CO, XOTHd YACTHUILB]
TAK)Ke HAXOASTCA BHe 004acTH uX B3aumonelcrTus, nefcTBue

onepatopa 8P (%,, X,) Gyier NPUBOLMTH YACTHIE K CTOJKHO-
BeHuo. [lostomy
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rie p, — UMIY/IbChl, NPeAeCTBYIOUINE CTOJIKHOBEHHIO
* *
(Py p3) = (py D)

IbdexruBHoe auddepenuuasbHoe cedenne paccesnus [(g, ¥)
OOBLIYHO ONpelsenseTcs BblparKeHHUEM

bdbde=1(g, %) dQ,

rae ¥ — yroa paccestud, a dQ — nuddepedunanbabift TeqecHb
yroa. Torna Haxonum

Ly (pr [ M1 "iz)zfdpzfdggf(g, ) [8 (’p’;——nl)ﬁ(p;—ng)__
—8(p— M) (P — M)l (3.40)

Moxacrasass Buipaxenue 143 2, (py | My, M,) B npasyio uactsb (3.36)
[BMecTO £,(xy |7, M)l ¥ MHTErPUPYS 1O ¥, U . NOMYYAEM
1as A, ¢opmyay

Al(PllFl)'—‘:f dpzfdgg[(g, N[F,(py 1) Fri(py £)—
— Fy(pi ) Fy(py D] (3.41)

Sra ¢opMyna B TOYHOCTH COBNajfaeT C UHTErpajoM CTOJKHOBE-
HHUit B ypaBHeHun bBoJblimaHa.

BosBpauasch Teneps K onpenenenuto A, (x,|F;), B npo-
CTPAHCTBEHHO OAHOPOAHOM Ciyude MOXEM 3amucaTh

3

A, (-’C1|F1):fd'ﬂ1d"i2d"13HF1 (B £) 23 (X1 | 15 Mg, M), (3.42)
k=1

rie

Ry (xy| Ny Moo M) =

=fdx2812f dtS(ﬂ(l, Q)f dx3[(913—|—923) S@oo (1, 2, 3)~
0

3
~ 8% (1, 2)(B15%a (1, 8)+ 02570 2, )] TN 3 (2 —m).
(3.43)

a Bce onepatopsl S onyluenb BCAEACTBHE MX TPUBMAJILHOCTH.
O6osnayuM uHTErpai Mo X3 B nparoit uactu Qopmyinn (3.43)
cuMBoIOM O (X, X5), TOTAA C MOMOLIBI pacCymAeHUR, aHa/lo-
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TMYHBIX HCIOJAb3YEMBIM B 1. 4 HacTosllero pasnena, yOeaumcs
B TOM, uT0 O (X, X9)—>0 npu |ry|=|qy,— q;|>=2r,. DBouee
TOrO, HETPYAHO INOKa3aTh, BBOAS KOOPAUHATH LEHTPA MACC H
OTHOCUTEJbHBIE KOODPAUHATH, 4TO ¢YHKUMA O (X, Xy) 3aBUCHT

2
TOJbKO OT Py, Po U Fyy. [1o3TOMY OyHKLMA S, (%1, X2) O(x1, X9)
TaKKe OyzAeT 3aBUCETb TOJBKO OT s'mx NepPeMeHHbIX, H LJs T —> 00

pe3y/abTat AeHCTBUA oOmepaTopa S?. Ha O (x1, x9) Oyzer paBeH

HYJI0, TOCKOJBKY OMepatop Sk, GyIeT MOJHOCTHIO PA3BOLUTH
Apyr ot apyra uactdubl 1 u 2, [laznee, COrnacHoO ONpenesieHHIo

ornepartopa S® (%1, xo), uMeeM

(Pl 0 | P2 0
m 0q, ' m 0gs

dS(__Z'?t (X1 Xg)
dv !

812) S(-g-«.- (X1, Xo)=

MO3TOMY

@128(3-; (xl, X )——-—(

0 , P2 0\ c@
m oq, ' m OQz)S"‘(xl’ *2)+

2
| dS%, (x5, x9)
3 drt .

O603Hauag Ha BpeMs S, (x1, x2) O (x1, x2)=5(x1, Xg), 3anu-
IueM BHpaxeHue (3.43) B Buue

93-—7Wfdx20 (xy, Xq)

ds®@
7— 0 (%1, X9).

+f dxg———-—-i— 0 (xy, x2)—-|—fdx2fmd'c
0

B TperbeM c/laraeMOM MOXHO BBHINOJHUTbL MHTEr pUPOBaHHE IO <,
M, MOCKOJbKY BepPXHUH mnpeles He AdeT BKJala, MHl IOJMy4aeM
BLIPAXKEHUE

(1M My M) =— [ 4,0 (x,, xp) =
-"—-—ffdxg dx3[(013 4 04) S (1, 2, 3) —

— 8% (1, 2) (B138% (1, 3)+ 85382, (2, 3))]1]0(1» ),
(3.44)
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KOTOpPO€ CBUAETEJbCTBYET O TOM, YTO &5 3aBHUCUT TOJBKO OT p.
[TosroMy A, Gymer Takxe 3aBUCETb TOJbKO OT fy, KaK 3TO H
LOMXKHO OBbITh B MPOCTPAHCTBEHHO OJHOPOAHOM Ciyuae.

6. PaBHoBecHOe cocTtogHue., Mbl mpennosaraeM, 4To OCHOB-
HOE KuHeTHdecKoe YypaBHeHde (3.2) NPUBOAUT K COCTOSHHUIO
TEPMOAMHAMUYECKOTO paBHOBecHs M 4TO ¢yHkuua F, a Takxe
BCe (YHKUMH pacnpenejeHus Oosee BLICOKOTO mnopsiaxa GyayT
COBMaJaTb ¢ BHIPAXKEHUAMH, MOJYUAEMLIMU TMpPH PACCMOTPEHHH
MUKPOKAHOHHUYECKOro aHcaMoOJs, HJAd, YTO SKBHUBAJCHTHO s
OO/bILIUX CUCTEM, KaHOHuYeckKoro aHcambas [ubdca:

H Ve
D%aBH) (xI: o xN):___Aexp{____ N(‘xl : xN) }’ (3.45)

rae 9=RT u A— Hopmupyowu#t MHOXHUTenb. Mcxona us pac-
npenedenus (3.49), MOXHO, KakK W paHblle, MOJAYYHUTb OILHO-,
JIBYX- U T. . 4YaCTHYHble QYHKUWHU pacnpeleneHus, B YaCTHOCTH
a1 Fy; Mb noayuaeM pacnpejgeieddie Makcseda

H 1 -p° [(2mb
F(lpaB ) () = (2nmb)’> ¢ pl/( " )° (3.46)

Mub nokaxeM, uTO NMpu 3aMEHE B KHHETUYECKOM YPdBHCHHH

dyukunn F, (xp; £) na dyrkuuio FEP*®™ (x1) Bce QyHKUMOHAIH
A;(x,| F;) craHOBATCS TOXJAECTBEHHO PABHLIMH HYJI0, a M8
BRICIUUX (yHKUMH pacnpenelieHus MOJY4YalOTCa BUpUAIbHBEE pa3-
JOXEHUA, KOTOpHE COBNAAAIOT C pPEe3yaAbTaTaMu, NOJYYEHHBIMU
ne bypom [30] u Matiepom u Montpoanom [31].

a. Hyaegoii nopadox. Tlockoasky dyuxkuus FP*®™™ npo-
CTPaHCTBEHHO OZHOPOAHA, TO M3 (3.16) moayyaem

Fgo) (xl, v e oey xSIF(lpaBH)):

[ 1
=/ ... fdnl oo d QO X
( 1‘?2_}‘ +73§ s :
X exp | ———gg )Si’wga(pz—m). (3.47)

Tak kak BhIpaxeHud S(_f)oopi:.—.—.P(f) MpeacTaBisioT cOOo#ft uM-
NyJabChl § YacTull A0 $-4aCTHYHOrQ CTOJKHOBEHHs, TO TaMHJb-«
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TOHUAH CUCTEeMbl U3 & HACTULR MOXKHO 34aNIUCaTh B BUHIE

8§ S )
1 1
Hy=ge Y03+ Y, Oy=gy 2 (PN
i=1 i<j =1

ITosToMy u3 (3.47) ciaenyer ecTeCTBeHHMH pe3yabTar

o 1 ~H_/8
P = 49

M3 (3.5) Toraa noay4um

o 1 pi+p O
Al (xlngpa )):fdxgglg W{exp ( lmei 2 612 .
(3.49)

BBoas oOTHOCHTENbHBlE KOOPIHMHATH ¥ == @, — ;, MOXHO 3amnu-
caThb NMPOCTPAaHCTBEHHYIO YacTb WHTErpaja Mo X, B BUIE

[ ar £ Lt o=t
r

ATo BHIpPaXeHHe, OUeBUAHO, paBHO Hyaw. CrenoBaTeabHo,
A, (x{|F;)=0, uTo BBITeKaeT TaKxke HEMOCPeACTBEHHO U3 BhIpa-
wenust (3.41) paa A,.

6. [lepsniii nopadok. Tak xak A; =0, DFY =0 u byHK-
uus Fy NPOCTPAHCTBEHHO OJXHOPOAHA, U3 opmya (3.23) u (3.48)
HEMEAJEHHO CJEAYET

FY (x1, x| FP*™) =

1 o0
—_ (Qﬁmﬁ)%f d'tS(_z_’,:(l, Q)Idxa(els_{_ @23) e—Hs8, (3.50)
0

Tax xak cxo6ku Ilyaccona {H,, exp (— H;/8)} =0, 1o
(813 By3) e~ =

_ (P O |, p O ~HA L Py O _Hp
__(m e B 912)e R B et (3.51a)

[Ipu MoACTaHOBKE 3TOr0 BHIpa)eHUs B NpaBylo 4yacTb (3.90) Mui
yCemaaeMcq, Y10 MocJelHee chaaraemoe B (3.51a) mocae uute-
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rpupoBanua oOpaumiaeTcs B HyJdb. I[lOCKOJbKY, Kak MB Buae/u
B II. & Hacrosuero pasjeJa,

- p 0 p, 0 dS®

HHTerpupoBaHue no t B (4.50) nact
11— 8% (x1, xo)]e” Hho,
3anuceiBasg TPOHHOH TaMUJILTOHMAH B BHUe

H2+ pg -I— @13—-'—(1)23,

¥ UHTErpUpYd 0O Py, MNOJydaeM

(1) (xl ’ (paBH)) __
1 s o 1 g
T (2um0)® [1 5% (a1, x)] ™™ qusexp( 13—(5_ 23).
(3.52)
Crnenys Matiepy, BBeneM (QyHKUUIO
fij=e"q’ij/9-—-l, - (3.583)

TOT 14

qu3exp( (Dls_tla—q)%)'“"fd%(flsf23+f13+f23 1).

Tak xak f,;-—>0 npu r;; > r,, TO NOCJAeNHHEe TPH Y/IeH2 B STOM

BHIpaXeHnu OYAYT KOHCTAHTAMH, TOrNa KaK NepBOe cJjaraeMoe
apisieTcst QyHkuwe# Monyas |q, — q,|, npuuem oHO obpamaercs
B HyJb NpH |qy,— q;| > 2r,. Takum oO6paso,

§%% (%1, %2) f dqsf13fe3=0-
Orciona noJyyaeM BbipaxeHne aisg Fy
( 1
FY (er, | FY™™) = @rmby? © il fd%fwf:zs—-

= F (x1, % FP*™) [ dqyfiofo (3.59)
H3 KOTOpOro cijenyer

Ay (xy | FP*™™) = f dx00FP (x1, 2| FE™).  (3.55)




Kuneruueckan Teopus sasserull 6 HAOTHbIX 2a3QX 219

ITockoubky, coraacHo (3.54), ¢yHKnHUS F sasucur ot KOOpau-
HAT TOJbKO uepes r == |q,— q,|, TO U B 3TOM Cjyyae, BBOAd
OTHOCHTE/IbHBIE KOOPAMHATH, Mbl yO0exnaaeMcs, uTO NPOCTpaH-
CTBEHHAs YacTh MHTErpasa mno x, B (3.059) obpaliaercd B Hy.b.
ITosToMy |

Ay (x, | FP*™) = 0.

8. Bmopo& nopsdox. YUrobm HaiTH F§2)(xl, x2|pgpaaﬂ)):

HYX(HO 8HaTb (DYHKLMOHAJ Fg)(xl, X9, xgngpaBH)), At KOTOPOTO
no aHajnoruu ¢ (3.52) umeem

(1) (xl: X2, X3 I F(PEIBH)) —_

zW[I—SQ)OO]e"H""equ4 exp( @‘4—'_@624_'_@34). (3.56)
nm 2 \

ockoabky A= Ay =0, DyFY = D FY’ =0 u dynxuna FP*
MPOCTPAHCTBEHHO OAHOpPOAHA, TO u3 (3.24) HenmocpelCTBEHHQ
HaXO0/JUM

FO (x1, xy | FP™) =

— f d<SP, (%1, x2) f dx3 O3+ O) FY (%1, x9, x3| FP*D),
(3.57)

Yro6L MOMYUUTb SBHOE BHpaXeHue aas Fy), yIO0GHO paccMo-
TpeTh AuddepennuanbHoe ypaBreHue Aa9 3To# ¢pyHkuuu. [lo-
AefictByeM Ha o00e 4acTu paBeHcTBa (3.07) c/eBa onepaTopoMm

Pi o [ P2 0 8
m dq, ' m 0q, 12¢

Hcnonb3ys omnepatopHoe ToxAecTBO (3.516) ¥ uHTerpupys
B MOJYyYeHHOM BBbIPaXeHUH IO T, MOJYyuYaeM

pp 0 , p 0O @)
(_m oq, ' m 0q; 912) Fo=

'=fd3€3 (913+823) F,(?,I)'(xl, X2, xalF(lpaBH)). (3.58)
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Jlerko mnokasaTh, 4TO NMPH TAKOM MHTETPHPOBAHMU BEPXHMH Mmpe-
ren t==00 He paer BkJaama. Cueaya [aayGepmany [32], M
MonbiTaeMcsi pellnth ypaBHende (3.98) ¢ momouipbi0 HOACTAHOBKH

2 0)
Fy'=Fy (2 %, F") 1 (41 @). (3.59)
Torna nesas uyacTb ypasHenus (3.58) mpuobperaeT Bun

© { P1 Oz P2 0){_2)
F (0 Gl e ),

UCTOAbL3YA ke (3.56), npaBy0 4acTb MOXHO NMPEACTABUTL B BUIE

©{p 0 | P2 _ 0 )
F2 (Qm oq, ' 2m 0q, X

X[ffdQ3dQ4eXP( ‘1’13*'"‘1)14'1[‘(1)623‘"(1’24"‘@34)

o ¢
"—QOCqugexp( 13—!3— 23)}'

raie o — NnOoCTOAHHAsA, OInpenc/asacMdas COOTHOIUCHUEM

Cl-_-:S(E)oo(xl, x2, x3)qu4exp( <I)14—|—<I)24+<I)34) ——

0

3
mqu4(2fg4—|—l).
i=1

M3 ypaBuenus (3.58) HeENoCpeACTBEHHO CJelyeT YacTHOe pe-
HIeHUe

O Q2)xé—[fqu3dq4exp( ®13+®14+@823+®24+@34)_
—Qaqugexp( @'3-!)_@23)]_—-_

== '%'!' f f dqsdq, 1 f13fosh1afeaf s+ fiafosf1af 04 -+
—+ fiafosf1afsa+ F13fosfoaSsa 1 frafrafaafsa—+

—+ foafiafaafsa Frafoafasa = Fosfraf sal- (3.60)
Vs sto#i ¢gopMysab BHIHO, YTO GYHKUUS Y, (q,, ¢,) 3aBUCHT
TOABKO OT 7= |g,— @q,| ¥ CTpeMuTcs K Hy/mo Opu r-—> oo,

[TockoJabKy, coOrjacHo o0weMy rpanuyHoMy yciaosuio (3.13),

2 (2
BblpaxeHue S(_)oo(xl, X3) Fg) LomxHO OBITH pPaBHO HYJIO, TO
BoipaxceHue (3.00) s#ABageTCA TpeOyeMbIM peElIEHHEM YpaBHE-
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uus (3.58). TMoacrasass (3.60) B (3.59), moayuaem sBHOE BHIpa-

wende aas pyuxkunn FS (xp, xof FP*™), koropoe Haxomutcs
B corjacuu ¢ pesyapTaTomM gae bypa, Matepa u MounTtpoua.
Tak kak FY) 8aBHCHT OT KOOPAWHAT TOJbKO Yepe3 MOLY/b OTHO-
CUTENLHOTO DPACCTOSHUA 7 == |gy — @], MOXHO, KaK H panbite,

moxasath, uto A (x| FE*™)=0.

CoBepilIeHHO SICHO, YTO, MPOAOJKASA TaKUM e 00pa3soM, MH
Aaa a1o00ro nopsiaka mnoJyyaem

FP (), x| o) = FP (%1, %, | FE) 2, (91 9):

rae GyHxuny y; (g,. g,) OYLYT 3aBUCETb TOILKO OT 7 = | gy — ¢, |
M MX MOXHO MNpPeiCTaBUTb B BHAe MHTErpajoB OT pPasd/JUYHBIX
nporssenenuit gynkuuit Maiepa f;;. Ilostomy ans awboro mno-

paaka Mui Gyzem mmets A; (x| FP**™) =0,



IV. Makpockonuyeckue ypaBHEHHUS
IBHIKEHUS

1. Makpockonnueckne BeJHYHHBl. OOGLIYHBHIE MaKPOCKOMU-
YeCKHe BeJHMYHHBI, ONMUCHIBAKOLIME COCTOSHHE ra3a, MOXHO HAHTH
C NOMOLIBI0 OAHO- M JABYXYACTHYHOH (PYHKUMH pacnpeneseHus
nyTeM Ja/bHeHIIero ycpelHeHus MO UMNYJbCHHIM TIEPeMEHHBIM.
ITH BeNMYMHB! ONPELENAIOTCA CAedYIOINM o6pasoM.

a. Ilazomnocme wuucaa wacmuy n(q, t) onpeleasercs
KaK cCpelHee YUCJAO MOJEKYJA B 3JeMeHTe ob6beMa dg uiv Kax
IpousBefleHHe MOJHOTO uHuC/a MOJEKYJ B CHCTeMe Ha BepOosAT-
HOCTb HaHTH OTHEAbHYIO MOJeKyay B saeMedTe dg. Hmenuo

1 1
n(g. =N [ dpF,(q. p; )= [dpF,. (4.1

B nanbueftineM wuHorpa OyneT ya06HO BBeCTH Oe3pasMepHyIO
¢yukuuio v(q, f), onpelenseMyl0 C MOMOIUbI) COOTHOLIEHHH

v(q, ©)=on(q, £ —-—-fdpFl. (4.2)

Jing TNpOCTPAHCTBEHHO OAHOPOLHOR CHUCTEMHl OYEBWAHO, YTO
v=—1.

6. Maxpockonuueckans cxopocms meuenus (g, f)
onpenesaeTcs, UCXOLA U3 TeX COO0OpaxeHuH, 4TO NpPOU3BELEeHHE
mu - ndq npeacrasaser cCoOoH cpenHUH UMNyJbC MOJIEKYJ], Ha-
xonawuxca B o6beMe dq. CnenoBarteqabHo,

1
n(q., Hymu(q, t)xN;fdppFl (q. p; ©).
‘Takum o6pasom,

v(g. hu(g. y=[dpL F (q. p; 1. (4.3)

8. Kunemuueckxan memnepamypa 0(q, t) onpenensercs
yepes CPeAHIO KHHETHYECKYIO 3HEPIUI0 MOJEKY/, HaXOAAUIUXCS
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B 0o0beMe dg; nocjelHsds IaeTcsi Bhipa)MeHHeM

1 2
N—V-fdp-é‘%z—Fl(q, p; t)dq,
KOTOpO€ MOXHO p4a3AcJUTh Ha IABC YdACTH

mu?

1 _ 2
n(g. ) 2a-dg+| < [ ap L5 Fi(q. pi ) }dg.

[Tepsas yacTh npeacTaBaseT cCO0ON KUHETUUECKYIO SHEPTHUIO HBH-
MEeHUss YacTHL KaK Leaoro, a BTOpas — 3Hepruio ux Oecnops-
JOYHOTO XaoTHueckKoro Japmenus. Hanee, onpenesuM KHHETH-
yeckylo Temnepatypy 0(q, f) ¢ moMouibi0 COOTHOLUEHHS

3 1 ¢ —_ 2
5 1(q, £)0(q. t):;;fdp L 2,;"“) Fi(q. p; ©).  (4.4a)

EctecTBeHHO, 4YTO B cCJay4yae paBHOBecus oTHolleHue 0/k (rae
R — nocrosHHaa BoabuMana) Oyner aBagTLCA a0COJIIOTHOH TepMO-
JUHAMUYECKOH TeMnepaTypoil.

¢. Ilaommuocme srHympennel asnepeuu n(q, t)e(q, ?)
onpeleaseTcss KaKk cyMMa KHHeTUYeCKOH 3HEepru#, COOTBETCTBYIO-
welt xaotuueckoMy nBwennio 3n(q, £)0(q. £)/2, u cpeanneft
9HepruM B3auMoAelicTBUA uacTuu Apyr ¢ ApyroM n(q, £)e®(q, ?);
MOCJeHsIs 3aTUCHIBATCH B BUJE

n(@. (@ =z [dp [ dp,dg,® (|g—a5)) Fy (51, 535 £).
(4.46)

Orciona
n(g. He(g H=n(g. H{59(q. H+e2(q. H}. (@5

2, O0w e MaKpOCKONHYECKHEe ypaBHEHHM. YPaBHEHHS,
KOTOPBIM YAOB/AETBOPSAIOT MaKpPOCKOIIMYECKHE BeJHYMHBI, BHIBO-
oATCA U3 JABYX NepBbIX ypaBHeHu#t uenouku bBoroa6osa (2.10)
H (2.11) ¢ moMompio ycpenHeHus NO MMNYJAbCHHIM MepeMEHHBIM.
B srux ypaeuesusx BMecTto (g;, p,) Mbl OyieM nucatb (¢, p) H
MOJ/b30BATLCHA TEH30PHHM 0003HAUYeHUeM ¢ OOBIYHBIM N PABUJIOM
CYMMHPOBaHHSA NO ABAXAB BCcTpeuawolleMyca MHIekcy. [l1a HeMbIX
MHAEKCOB OyleM HCHOJb30BaTb rpedyeckue OYKBHI.

a. Ypasuenue nenpepsgnocmu. HWurerpupysd ypaBHeHHE
(2.10) mo p, nmoayuaem

Ov (gt,_{) 1 d;l (g, Ha, (g, £))=0. (4.6)
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.

[Tpu nenenun Ha ¥ 3TO ypaBHeHHe TNpuHuMaerT (HOPMY MU3BeCT-
HOI'O YypaBHeHHs HeNpepHIBHOCTH

on(q, t) s,
Broas cMMBOJ NOJHONH NPOU3BOLHON 1O BpeMeHH
D 0 0

!
Dt = of 1 %agq;

MBI MOXEM 3anmucath 3TO ypaBHeHHE TAKXKe B BHUlE
Dn ou,

B g =0, (4.8)

6. Ocrogroe 2udpodurHamuyeckoe YpagrHernue. YMHOXad
ypaBHeHue (2.10) Ha p,;/m w uHTerpuUpys no p, NoOJyddeM

ovU; 0 (v pK
g G+ = (2Pl =

od
‘_vfdpdpzd%‘gg;]?z (x1, Xoi £), (4.9)

rae

1 pl-——-mui p;—mu;

L fa

3nech AA9 HUMIOYJAbCA XaO0THYECKOrO TEMJAOBOIO ABHMEHHS MBI
BBeJaH 0003HAueHUe

Fl(q’ p; 1)==

. £). (4.10)

p;== p;— miy,

a Py j (q, t)-— u3BecTHOe BBHIpaXeHUWe 118 TeH30pa NaBJeHUS,
o6ycnomenﬁoro TeIJIOBHIM  JABH)KeHUeM MoJjekya. FcnoJabsys
ypaBHenue (4.6), Mbl MoxeM 3anucaTb ypasHenue (4.9) B Bule

Du, OPﬁ:
R —pf ==~ Toq,
1 0P (g — :
_Wfdp dp,dq, ( gqi hl) Fo(x1, X9 £). (4.11)

Hanee, MOXWHO HOKA3aTb, 4TO

°(9—4q

1 @
'thz"fdp dp,dq, 3q

oP
tl) Fg(xl, x2, t)#""?ig‘, (4.12)

i o
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rje P}:} (q., t) onpeneaseTcs COOTHOIUEHHEM
o r
|
P?j (q. t):-év—g-fdrﬂffdkfdlkikj@’ (r) X
0 0

X [ | dpdp:Fo(g+ROA—1). p. g+Bh pii . (4.13)

[TosToMy ypasuenue (4.11) npunumaer Bun

DLL,: L | GP,;Q |
Tae
Pij(q. =P (g. H+Pli(q. D (4.15)

— NOJHHH TeH30p HanpshKeHuH.

W3 cootHowennit (4.10) u (4.13) punno, uro teusop P;;(q, f)
ABJSETCAd CUMMETPHUUHBIM.

[lpuBenem 8ni800 ypasnerus (4.12) (cMm. Takxke paboty
Juckora [33]). OnpenenuM pacnpeleneHde MIOTHOCTH Nap ya-
CTHIL:

1
ny(g @n =7 [ dpdp,Fy(x, 2y 0).

Pacnipenenenue n,(q, q,, £) Oynmer cuMmeTpuuHo ¢yHKuHel
IBYX TNepeMEeHHBIX ¢ U §,, KPOMe TOro,

1 0D —
Ffdpdpquz (]gqi el Fo(xy, Xg; )=

:quzkiq)’(lq_‘%l)nz (9, q5),

rie k,==(g; —q2,)/|q — q,|- Hanee,

aajz?a =_:-? fooderffdkfdlkikaq), (r) X
o 0 0

X 033 ny(q+kMA—r). g+ kb,

[Tockonbky n, sBasercs ¢yHkuuett Beauuud g -+ kA n Rr, 1o

()ng
o Tt og, "

15 3ax. 617
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CnenoBaTeJbHO, HCNOJAb3YS CBOHCTBO CHMMETPHH 7,(q, g5),
noJyuyaeM

0Pl —3—-]10 rrgffdkk @' (r) X
0

a9,
X{n,(q, g+ Rry—n,(q—kr. @)} = f dq.k,®'n, (q. q,)-

8. Y pasHerus nepenoca JIHepeuu. YMHOKAA ypaBHe-

Hue (2.10) Ha (1/0)(52/2111), HHTerpupys Mo p W rpynnuapys
 YJEeHHbi, MNOJyYaeM YpaBHEHHE MEePeHOCa KUHEeTHYECKOH 3IHepruu

3
D ('2- ﬁ) Du osK

¢ 1
N —pg Tt MM, e 5

0 K
. 37 (u chﬁ —
1 0D .
:-—Wfdpdpg d‘h—a% P Fo(xy, Xo5 8),

riae 4acTh IMJIOTHOCTH TENIOBOTO MOTOKA J;K(q, t), COOTBETCTBYIO-
11ag NePeHOoCy KHHETHUECKON SHEPruy, OnpenesaseTCs BhlpaXKeHUEM

o~ s

2

K@ o= [ap2idFi(q ;. @16

m 2m

HUcnoabsys cootHowenus (4.14) u (4.15), MOXKHO Takxke 3a-
NMUCaTh

3
D (5] A 0 4
n Dt | - PaBDaB_}_%—:(Pafvua)_

09,
0
dqg-a'—q";-paFg, (4.17)

rae Be/MYHHA TeH3opa Aedopmauud D;; onpefensercs Bhipame-

HUEM
D — 1 [ ou; ou ; 418
ifj— 9 (_)(J- + dqi . ( . )

Hro6p noJyuuTh ypaBHeHHe NepeHoca TOR YacTH MJIOTHOCTH
TeNJOBOrO0 MOTOKA, KOTOpPas COOTBETCTBYET MEPEHOCY cpeaHeh
9HEPruM B3aUMOLEHCTBHSA, CJEAYET BOCMNO/Ib30BATHCA BTOPLIM
ypaBHeHueM (2.11) uenouku bBoromao6opa. YMHOXkas ero Ha
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D (|g — q,|)/2v% wuHTErpUDYS NO P, Py, Gy U PPYNNUPYS HJIEHHI,
[0Ayyaem

De® oJ ¥
n ' ==
Dt ' oq, |
1 (}@ o & .
= o7 | dpdp, dg, o (ﬁ; i )F2 (%1, X35 £), (4.19)
rae |

I g ) =gz [ dpdpydgy® 2y (e, 5y 0. (4.20)

YpaBHeHWe nepeHOCa BHYTPeHHeH B3HePruM mnoJaydaeTcs mnyTeM
CJ0XEHHUs ypaBHeHuH (4.17) u (4.19). D10 naer

De

T dqrm (2 +J¢2)“""P“PD“@+0 (Ppus) —

0d { p, ) .
sz fdePQd% Jq (p | f; )F2(x1- X 1) (4.21)

[To aHanorud ¢ cooTHolienueM (4.12) MOXHO NOKasaTb, YTO
eC/H OMNpeneUTh BeIHUYHHY

= 4—:)-5 Ofw drr? [ [ dk Of M k@' (r) [ [ dp ap, (%—g—%ﬁ-) X

X Fo(g+RMA—r), p. g+ E\ py; 1), (4.22)

TO TOriaa

P2a 07,
) o 0 =20

od / p,
szdpdpzd%a (

1 BCJEACTBHE COOTHoWieHnus (4.12)

Fi(g. )=1U7"(q. O+ u;Pi3(q. ),

(4.23)

a

rue

It (g, t)-a-3foo rr2ffdkfdxkkcb’(r)ffdpdp2><

X (Lot 22 ) Fy(q+RA—r). p. g+ b pyi £). (4.24)

15%
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Taxum o6pasoM, ypasHenue (4.21) npuHumaer dopmy

De oy
D7 | . PqﬁDaa, (4.25)

n

IS

Ji(g, H=Ji(qg. O+Ji (q. ) +JT (g, 1. (4.26)

OTMeTUM, UTO Ta 4acTh NMJIOTHOCTU TeMJIOBOrO INOTOKA, KOTOpas

COOTBETCTBYET NepPeHOCy cpenHel 3SHeprud B3auMOAEeHCTBUA U

) )] D2
onpeneasiercs Kak J; —+J;°, o0ycaoB/ieHa MMNYJbCAMH TOJbKO

XaOTHYECKOro TelJOBOrO ABUMEHUS YaCTHIL.
Tensop nasnenuss P,;(g, {) u BEKTOp TENJIOBOrO MOTOKA
J;(q. ¢) unentuuHn noayuyenHoiM Mpsuurom u Kupxsyuaom [20].

3. Pasnoxenns M4 (QYHKUHOHAKOB F5 (X1, X9| F) W
A, (x| F)). Coraacuo Bupaxenu (3.29) pnma Ay (x| F)) wu
¢bopMyaaM, TIOJy4YeHHBIM B 1. 2 HACTOslero pasnena, Mbl
AOJ/KHB OFPAHMYMTBLCA pPACCMOTPeHHeM TOJbKO ABYXYAaCTHUHOH
(GYHKIUMM pacnpencaenuss A8 TakuX PasoBHIX TOUEK Xy, X,
NPOCTPAHCTBEHHOE PACCTOSHHE MEXAY KOTOPHMHU |g, — qo] < 7.
Mub yBMAMM, uTO Ha ciAeayouieM (TUAPOLMHAMHUYECKOM) ITane
PACCMOTPEHHS TNpPOLECCOB MNPHOMMKEHUS K PaBHOBECHIO BCe
(QyHKUMU pacrnpene/ieHus OyRyT B3aBUcCeTb OT KOOpIHUHAT uepe3
3aBUCUMOCTb HMX OT MaKPOCKOMHYEeCKHX BEJAUYUH, KOTOpPHE
SIBJAIOTCA OYeHb MEAJEHHO MeHAIUMUCH QYHKUUSAMU NPOCTPaH-
CTBeHHBIX KoopauHaT. Ilo3TOMy B KauyeCcTBe MNpPEABAPUTENbHOTO
9Tamna ye B 9TOM pasjeje Mbl Pas3/JOXKUM IBYXYACTUYHBIE (PYHK-
LU  pacnpejesieHds B PAL NO CTeNeHsM r,gradgy ¥ COXpaHUM
yJleHH MO BTOPOTO MNOpsAKa BKJAIOUMTE/bHO. IlocKoabky, co-
raacHo (3.28),

FY (x, xg| F1) ==
‘“_:ffdcl dCoF G O F1 Qg O Ky(xy %58 G (4.27)
TIe
Ky (%1, lecl’ Cz):S@wSQ’O;)B (6, — L) (xg—Ly) =
= {S(—g)ooS(qtl-’oé)a (g, —§)d(q,— 52)} X
X A{SZS53 (o — 7)) 3 (py — M)}, (4.28)
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MBI CHayajla NpOH3BeleM pasaoxenHwe siapa K,. BBoas koopau-
HaThl LEHTPa MacC M OTHOCHTEJbHbIE KOOPAMHATHL

Q1+ 9, =R,, @, —qy="r; =—"y, (4.29a)
a TaKXe COOTBeTCTBYMOUIME HUMMYJAbCHI

Pl‘i‘ﬂgﬁp . Py — Py =2p;y = — 2Py, (4.290)

JETKO IIOK434aThk, 4YTO

pp 0 , pp @ Py, 0 | pp O
m 0‘?1 | m 0(]2 T 2m dRz I m/? 0!'12’ (4.303)
__0®(Iral) 0 p
Q=5 (4.3006)

TakuMm 06pa3oM, NPOM3BEJcHUE OINEPATOPOB CABUra BO BpPeMeHH
(?) (L, 1)
v (X1 x2)S (%1, x9) ==

— P20 P2 O
--—exp{ T(m/? T 812)}6}(1)(1' 2 arw)?:"ﬁg., (4.31)

3aBUCUT MOJAbKO OT OTHOCHUTEAbHBIX KOOPAUHAT M HMMNYJbCOB
W MHBAPDMAHTHO MO OTHOLIEHHIO Kk OOWEMy OPTOrOHAaJbHOMY
npeoOpPasoBaHUI0 TMEPEMEHHBIX iy U Pyo.

[Tonoxum

83 (p, — M) S (Py — M) =7y (195 P1s P2 | Ty M) (4.32)

OuyeBUIHO, 4YTO 35Ta BeJUYUHA 3aBUCHT OT IMPOCTPAHCTBEHHBIX
KOOpPAUHAT TOJBKO 4epe3 Fy,. J[ajnee umeem

828t (g —ED B (qy — B =

=83 (Ry+1t — )3 (Ry— Tt — &) =

bRy 8uria—B1) 3 (Ry— 8 —Bo) =

B(ql g 131;-500"12“51)3(‘11 3 “%’800"12_ )
(4.33)

i

]

[TOCKOJBKY HAaC HHTEPECYIOT TOJbKO Te 3HAUYEHHUS Fy9, NOPALOK
KOTOpPbLIX HE MNOpPEBBIIUIAET 7y, H TdK KaK JJsf TaKHX f'm, KdK
JerKO TOKa3aTb, BeJuunHa |§_7jo| Takixe aBaseTCA BEIHUAHOH
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MmopsiiKa ry, TO MB pasaoxum Buipaxenue (4.33) B pan Teki-
Jopa B OKPECTHOCTH TOUYKHM ¢;. TOoria mojydum

Kz(xv xq|Cph G)=0(q, — &) d(q; — &) m+
dqa {8(q, — 51)3(‘?1“‘”52)} ;El,a+

{ "4t 3 (g, — By —8(gq; — &) ~ @ —4) }“I,a—l‘

0914 0914
dq‘; {55 (g;;'g*) 3 (gy — B — 8 (s — B & (3;;52)} 2 a8 T
BE dququs (3(q,—E) (g1 — &)} ™2 p T
| SO g, gy —p B 2 ‘%;:; .
— (g — &) T . (434)
rie
m, (P Py Pyl M) :—Ig—'iﬂo' (4.39a)
1, i (Fes P> Pol Mo "12)—“'&’%&“0, (4.356)
;2, ij (Mg P Pl My M) = —7 : g, i Gul1o, )T (4.39B)
T, 1j (M1 P P2l M M) =g : Ty, iT19, iTo> (4.35r1)
%2, i P Pl Ny "12):“8"(800"12. ) O 12, ) To- (4.301)

Bce BeauuuHbp w ABASIOTCA GYHKUUAMM TNEePEMEHHBIX Fy,,
Pr— My Pa— Mg W pPjp M 0021aNAN0OT, B YeM MOXKHO Henocpen-
CTBeHHO yOeiuTbCd, CJACAYIOUIUMU CBOHCTBAMM:

a) npu poOapieHUU NOCTOSHHOIO BEKTOpPAa KO BCeM HMIY/b-
caM QYHKUUHM T He U3MeHAITCd (MHBAPUAHTHOCTb OTHOCHUTEJbLHO
npeoGpasoBanuil [anuaes);

6) nmpd NPOU3BOALHOM (COOCTBEHHOM WJiM HeCOOCTBEHHOM)
OPTOTOHA/IbHOM 1NpeoOpa3oBaHUU Fy ¥ BCeX HMMMNYJIbCOB (PYHK-
HMd 7 npeo0pas3yoTca Kak M30TPONHBIE TeH30DPH! [3D];

B) NMpPH nepecTd.jOBKe MeCTaMH JABYX 4YaCTHL, COOTBETCTBYIO-

el npeodpasoBaHuIo (¥yy, P1. Py Ny» M) —>(—712: P Prr N2 UL
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BeJIMYMHBI T, H Ty HE MEHSKTCH, B TO BpeMA KAaK BEJHYMHBH T,
MEHSI0T 3HaK Ha oOpaTHHIf.

[ToacraBassa pasnoxenue (4.34) noa ssak uHTerpana (4.27)
W MHTErPUPYA MO MEePEMEHHbIM &, U §y, MNPUXOJHM K pas/oie-
HUIO BUIA

Fy (21, xe| F)=oF 85 + F 4" 4 F o)1 +
+ F A F o 4 ... (4.36)

rape

FEE(Fy= [ [ dn anyFy(qr ) F gy mp) X
X 7‘0("12 Py Pyl M) (4.37a)

TPy = [ [ dn dny5— (Fiqu m) F (g 1) ¥
X ""1 a(r12’ pi P M1 %), (4.370)
dFl ’
{'O)S(IFI)“ffd"hd"h{ ((331 g Fi(gy M) —

OF | (q1, |
— Fi(q1. M) 1((33; ) }""La("w pi. P2| M1 M), (4.378)
OF, (q,,
F N Fy= [ [ anyanymi—{ FHIIL P (g, ) —
oF, (fh 72)

— Fi (g1, M) }“2 ag (F12> P1s pol M M), (4.371)

‘°’S(IF1)-—ffdm | e X

X (F1(q M) Fi(qu M) mp, 05 (Frae P1o Po| My M)+
__I_{ azFl (ql: 'ﬂl) F (ql’ 122) 2 aFl (Qh 721) aFl (qlr 722) ]

0414 0918 0q 4 | 093 !
0*F ,
+ F1(q ) aqi (nglm) }“2 a8 (M12> pi» P2l M. "Iz)] (4.371)

Bce dyHkuMM oF paccMaTpUBAOTCA KAK 3aBUCALIME OT mepe-
MEHHHIX gy, I';9, P U po. B cuay cBoictBa ,B“ q)ym(unﬂ
GyHKIHM oF C BEPXHHM UHAEKCOM A aHTHCUMMETPHYHBI
OTHOLIEHHI0 K TepecTaHOBKe NBYX 4YacTull, a QyHKUUH 97'
C BepPXHUM HHAEKCOM S cuMMeTpHuYHbl. OTMETHM Takxe, 4TO
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B cuny cooTtuolenn#t (4.35) aHTucummerpuuHbie QYHKUUM oF
MOXHO 3amnucath B BUIE JUBEPreHuui:

0) A 0 ri2, « 0

Mot tpest). g
WA __ 0 f_ I (O)S} 4

21 =Ty T (4.380)

Hakonel, cornacHo ¢opmyJe (3.24),
Ay (%] Fl):ffdcl dooFy Qs B Fi Gy D Ry (2 [G), ). (4.39)

rie

QQ(xllcl’ CQ) :fdxgengg (xl’ x2|C1, CQ)- (440)

[Toncrasnaa B sty ¢Qopmyay pasaoxenue (4.34) anqa aipa K.,
noJyuaeM pasJoXeHHe B P A4 ONepaTtopa NdPHBIX CTOJKHO-
BeHUH

A (x| F)=AD 4 AP A+ ADS 4 AP A AP+ L.
(4.41)

Mul He BHMNHCHIBAEM $BHBIX BbIpaXeHU# Aa9 KO3IPPULHEHTOB
9TOT0 PAa3J0KeHHUsl, IMOCKOJbKY OHM aHAJOTHUYHB BHIPaXKEHUAM
(4.37) 14 BeAWYMH oF M (QakTHYeCKH MOJYYalOTCd H3 HHX
Moc/e BHINOAHEHHs Omepauud O, U MHTETPUPOBAHUA N0 Py, Fio.
OTMeTHM TOJABKO, YTO

U{SO)S(I Fl) _
=ffd"hd"i2F1 (@ ) FL(qr M) 25 (2] 0y M), (4.422)
rac

Qg,O:ffdpz dr 0,7, (9, Py Po| Mys M) ==

=ffdxzews(z)ooa(l’l_""21)8(1’2_“"]2)° (4.420)

ITO BbLIPAXKEHHME HMEET B TOUYHOCTH Ty Xe CTPYKTypy, Kak
U B NPOCTPAHCTBEHHO OJHOPOIHOM CJyyae, KOTOpHH Obla pac-
cMotped B m. o pasgena IIl. CuaemopaTenbHO, BbHIpaXeHHe

»S
11 Ay MOKHO MPHBECTH K OGHIYHOMY BHAY HHTETPana CTOJK-
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HOoBeHu# boabliiMaHa

dggo)szfdpgfdﬁzgl(g, N{F (9 P)F1(90 Po)—
— F, (g1, p) F1(qy, po)l. (4.43)

1
4. Pasnowenus pas (yHkunonanos Fi(x, x,|F) w

A, (x| Fy). Mcnoab3ys TOT ke NpHEM, YTO M B M. 3 HACTOAILErO
pasiaena, npeACTaBHM B BUAE  PA3JOXeHMS  (YHKIUMOHAJLI
Fo(xy, Xo|Fy) u Ay(x,|F,). Paccmorpenue 3TUX QyHKIHO-
HAJOB CBA3aHO € yueTOM 3(Q@EKTOB TPEXUYACTHYHHX CTOJKHOBE-
HUH, B pe3yabTaTe uYero COOTBETCTByWOIIMEe (GOPMYJabl AJ8 HHX
ILOBOJbHO CJOXHBI. [[03TOMy MBI TOJBKO YKAweM METOH pas-
NTOXEHUA M TMOKaxXeM, YTO XapaKTepHBIE CBOHCTBA NMpPEABLAYILIHX
pa3/ioKeHuH nogB/AAIOTCA 34eCh CHOBA.
Cornacvo dopmyae (3.32), MOKHO 3amHCaThb

F(zl)(xl, xglFI)z

_ fd@l dCQ dC:_))H Fl (Ck; t) KS(xl’ x2|(:1' C?’ C3)' (4.44)
k=1 '

rje
Ksmfd'cS‘f’.;(l, 2)farx3 [(©13-+ 03) SP (1, 2, 3) X
0

X St V(l, 2, 3)—8%_ 1, 2)8% V1, 2) X
% (01:8% (1, 3) ST (1, 3)+8238-m<2 3) ST (2, 3))) X

x Sttt 2, 3)[Ia(x,——r.,). (4.45)
=1

Mgyl HauHeM onsTb C Pas/oXeHUs SApPa MNOALIHTErPaJbHOIO Bbi-
paxeuns. Hac uHTepecyioT TONbKO Takue ¢a3oBble TOYKH Xy, Xg,
N1 KOTOPHX |g, — qo| < ry. B n. 4 paspena IIl Mm Buzean,
YTO AJS TAKUX TOYEK KHTErPUPOBAHHE MO T JaeT CyLleCTBEHHBIH
BKJAaA TOJbKO 32 MHTEPBAJ INOPsJKAa BPeMeHH CTOJKHOBEHHA T,.
Kpome TOro, B NOABHTErpaJbHOM BHpameHnuu Iaa K, cylie-
CTBEHHBl TOJbKO TaKHMe 3HaueHHs NMEepPeMeHHHX X3, A9 KOTOPHIX
paccTosaHua [q, — q;| U | g, — q;| He mpeBmnawT ry. B cBa3u
C 3TUM YA0OHO BBECTH KOOPAMHATHl LiEHTPa MAcC U OTHOCHTE!b-
Hble NPOCTPAHCTBEHHBIE KOOPAUHATEHI

1 |
Raz‘g'(%‘f‘%‘l—%)* rs=q,—q3 rg=4¢q;—q; ($.46a)
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d TdKXe COOTBETCTBYHOLIUE HUMIIYJAbCH

. 1 l
_p3:P1+P2+P3' P13:7(P1"‘P3)- P23:’7(P2"‘“P3)-

(4.466)
Torzna
’ 0 0 0
i P Pis Pz O
21 0‘]: 3m 0R + m/2 ar[3+m/2 (3!‘23 ’
{=
-—~.l_ GQ)(IIH3'—-r23|) ( 0 0
9, = 2 or s 0pia 0P23)’ (2.47)
B, —2llral) (04 1 0
13 or,s opis ' 2 0pPss /'
e _0®(|r23|)( 0 1i Y )
23 Of 93 0P23 2 0py3/’

OTKYZa HaXOIHM
S22, 3)Sth “(2. 3) =

—exp[—<{ By o+ B 6, ]

X exp| o { B+ B i =80 s
8.1, 3) ST, 3)=

— [ Pis O P2z O
=exp| "{m}z + 2 o 913}]X

0!‘13

—

Piz 0 | P O H @
Xexp_—-}—*c{m/g 2 8P (4.486)

S (1, 2, 38V, 2, 3)=
L L Pis 0 P2s O '
_eXp[ T{ mf2 0r; { mf2 0rqy; 912-—-—913—*923”X

; Pis O | P O }__._ (3)
Xepr T{ mj2 0rys ' m/2 Orag ]_81 ' (4.488)

(%
fIcHo, uTO OmepaTOpH S.° B3aBUCAT TOJLKO OT OTHOCHTEJbHBIX

Beanuun. [lpexncraBass B gopmyne aas snpa K, mpousBelcHHe
0-dyHkuuft 8 BULe NpPOM3BENeHHs KOOPAHHATHON W UMMYJAbCHOH
yacTe! u UCNOAbL3yd COOTHOWeHHs (4.48), MB MOXeEM HanuCcaTh
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AJISL YaCTH TOABIHTErPajbHOTO BhipaXKeHusd B K, crosuled nocae
8-onepatopos (aas k=1, 2, 3), ¢opmyay

3
.. 1,1,1 S
SBSEEV Y] 3 (x,— )=
I=1

3
:{HB(RQJré’;

e+ 201, 2, 3) -—5,)} X

3
X {sé’? 112 @n— } (4.49)
m=1

rie Mo BHOBb 0Go3Hauuau R, =(q,-+ ¢,)/2, xpome TOrC,

r 2 1
AP, 2, 3)= 212 (_—3' "13“‘3"23)‘4—

+ 8% (% '3 ‘”"'—;13‘ r23) —i“g?f;“gg) (2p13 — Pa3)s
MO 2 9= — T — (g — g ) +
—|—8§;§) (% r‘23—-";1§' r13)+§;'z_8<(3§) (2py — p13).  (4.50)
A (1, 2, 3)ﬂ_“f'1;("13+"23)*ésg)(”13+"23)—"

2
— ‘73;2— S(oi? (P13 + Pa3)-

Jlerko BuUAeTb, YTO AJs BCeX (a3oBbIX TOYEK, A/ KOTOPHIX BCe

TpK PiCCTOHH“ﬂ (91— q2|. g1 —q5| ¥ |, — gq5| nmopanxa ry,
Bce AS" Takwe MOpsIKa r,. KpoMe TOro, nAerko NpoBepuThb,

9TO NP NePeCcTaHOBKe 4YacTul, 1 U 2 BeJuyuHbl li-k) H3MEHSI0TCH
corJacHo ¢opmyJam

A1, 2, =222 1,3, AP@ 1,3)=21901, 2, 3),
A, 2, 3)=a9@2 1,3, @ 1,3)=12, 2, 3), 4.5
2502, 1, 3) =22, 2. 3).

Tenepb MOXHO TPUCTYNHTb K pasjokeHuio. Tak xe Kak u
B M. 3 HacTosliero pasgena, Mol B Boipamedun (4.49) ocrasum
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B HENPUKOCHOBEHHOCTH MMIIYJbCHYIO YaCTb Sg?HB(pl-m),
KOTOpass 34aBHCUT TOJBKO OT OTHOCHTE/NIbHHIX Be€JWYWH, U pa3s-
JOXKHM TOJIBKO Ty 4YdCTb, KOTOpad 3aBUCHUT OT MPOCTPAHCTBEH=-

k
HBIX koopauHaT. Ilockoabky Bce lf) ABJSIOTCA BeJIHYHHAMH
MOpsAliKa r,, 3anuiieM

(&) O P
“‘*E,)a‘JF“IIIB(RQ i g,)l, ., (4.52)

rie CYMMUPOBAHUE BeleTCAd KaK MO JABAXAbl BCTPedaroliuMcs
JATHHCKUM HWHAEKCaM I, TaK W MO TpeuecKdM HHAEKCAM o, KOTO-
pele 0003Ha4al0T KOMIOHEHTH BekTopa. IlogcTaBuM 3TO pas-

noxenne (B3aToe 1m0 BTOpOro mopagka 1o AYY) B saapo K.

Tak kaxk npou3BejcHHE HB(RQ—P—PST/Sm—gl) KOMMYTHpPYET
c onepatopoM ©;;, TO MH NpHIEM K PAa3JOXKEHHI, B KOTOPOM
ocTaBlivecs ewe B Ky S-omepaTopsl Ie#CTBYIOT HA 3TO NPOHU3-
BeJeHHe. $ICHO, u4TO MOXHO 34amucathb MX B BHIE

3
SO 2 [T 3 (R + g2 < —5&) =
I=1

3

‘ p
=8%1,2)8% 1, 2y s%: D1, 2)H8(R2 L Ps Ez)—*—*-'
=1

3

:HB(ql T2 y(1, 2 3)—-51), (4.53)

=1

rge

v(l, 2, 3)=RuLPo (4.54)

ITockoabky ~t-—mopsaka <, Y-— HNOpALKa r, TO MOXHO, Ha-
KOHell, MPOBECTH pasjOoXKeHHe PACCMATPUBAEMBIX BbipaxeHu#H
no creneHaM (— ro/2-+9) B oxpectHoctH ¢q,. Ilonyuennoe
TaKUM 00pasoM pasioxeHue AJs K5 B psil A0 BTOPOTO MOPsALKa
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UMeeT OKOoHuyaTeJbHBIH BUA

3
Ky (1. x| G G0 Gy) :IIB(QH — &) o+

0q 4 {IIB(%*—@)‘&I -+ Vo {Ha(‘h—gz)iwlka']f‘

]

!VE’EHB(‘Il“‘"Ez)i%,k,ag—f‘

_I_

+ dqla

+Vk{V Ha(%—‘gl)i“’z k]m1+""' (4.055)

rae JIJas COKpallleHds 3anucd Mbl BBeauy JAuddepeHuManbHbil

onepatop V¥, mefictue KoTOporo Ha mnpousseieHue (yHKLUMH
OT ¢, OnpelenseTcs COOTHOLICHHEM

Vilor(qy) - gplgy) -} =

‘?k (ql)

= @1 (q1) -+ p-1(qy) ?p41(q0) -

CtpyxkTypa pasaoxeHnus (4.55) coBeplIE€HHO aHAJOrHYHA CTPYK-
Type pasaoxenus (4.34) naa Ky, npudeM QyHKUMM @ aHAaJO-
ruyHbl PyskuuaM «. PYHKUMM © ONpenedioTcd CAeAyIoUNM
o0pa3oMm:

Wy (F19: Pr» P2l T N m):fdm@tfdpgdrmx
| 0

3
X {(B13 -+ B13) 8 — 8o (81382 - 0238%) | H 8 (p, — ) ==
=1

:fdfcs‘fia, 2) [ dixs{(Brs+ 820 S (1, 2, 3) —

0

—S@ (1, 2)(8158%, (1, 3) 4 8,8% (2. 3))} HB(pz — M),
(4.56a)
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1o (Fioe Pro Pyl s Mg M) = righ Wy,  (4.560)
®y, 2,2 120 Pos Pl To Nz) =

:fd'm(_z.).;fdpg df 5, {[(813-‘]—923) lgea,)a(l, 2, 3)8%)——-—
0

— 8. (8122, (1, 2, 3)8D—+ 8. (1, 2, 3)8Y)]+
4, (1, 2, 3)[(B134 035) 82 —

3
— 80 (81382 4058} | [ 32, — ). (4.56%)
I=1

By, 2, g F120 P1o Pl Mo Mo M3) = — .r;“ 1, 4, g (4.90r)

1 o0
®9, 17,03 (F120 Py P2 M %o ﬂs):"gf dTG(E)deP?, dra, X
0

X Al@1+ 0 Ae o (1, 2, 326 (1, 2, 3)89 —

— 8 (B3, (1, 2, 3)2P5 (1, 2, 3) 88+

B2l « (1, 2, 3)25) (1, 2, 8)8L)]+

+ 9, (1.2, 3) % (1, 2, 3) [(B154B13) 82— 8., (81582 + B538%)| —
—2v, (1, 2, 3)[Bu+0)2P:(1, 2, 3)8Y —

— 8. (0155 (1, 2, 3)8Z 4-8,0 P4 (1, 2, 3)8L)] +

-+ (‘i" rl?arIQB) [(913+ 6:3) 8% —

3
— 8 (81582 + 628} [ [ 3, —mp.  (4.56m)
I=1

3nech cuMBo/ioM ¢® 0003HaueHa 4YacTb ABYXYACTHYHOTO oOnepa-

2
TOpa S(__).,(l, 2), BbIpa)XeHHOTO B CHCTEME KOOPAMHAT UEHTpa
MacCc ABYX 4YacTHlL H C TIOMOLILI0O OTHOCHTEAbHBIX KOOPAMHAT,
a MMEHHO:

2) _ p, 0 ?)
S (1, Q)Hexp{ T dRz}c"""'

Q) P12 d '
o) = exp { a:( 2 oro 812)}. (4.57)
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Jlerko mokasaTtb, YTO (QyHKUMM ® OOJANAIOT TEMH Ke CAMBIMH
csoftictBamu ,a“, ,0° m ,B“, KaK M QyHKUMM T, O CBOHCTBax
KOTOPHIX MH YNOMHHAAM B NI. 3 HacTosdwero pasnena. Ilostomy,
MOACTABJAA DPasjoxeHHe Beauuyunn K; B npasyio uactb (4.44),

MBI TIOJIyYyaeM pas/ioxeHue B psaj A4 QPYHKLUHOHAAA Fy) (%1, x9| Fy),
KOTOpO€ HMEET TY X€ CTPYKTYPY, 4TO H pasnoxeHue AaA (PyHK-

1LHOHAJ1a F(QO). [To anasnoruum c (4.36) sanuumem

F$)(x1, Xg| Fy) =

=Fh0 +F L HFE+F L+ FE+ ..., (4.88)
rune

(I)S(‘ F))=

”fffdm d‘%d”iaﬂ Fy(qy m) oy (0 Py Pof e My M)
(4.59a)

(I)A(IFI)“’fffd"hd'!?d"is

X !II Fi(qy 'ﬂz)}"’l.a(ﬁz: Py Dol % M M3),  (4.596)

| 7=1

(I)S(IFI)“fffdﬂldﬂgdn:avk Y

H Fiiq "h)}“’l, b (120 Pro Pl Mg M3), (4.998)

FEA(Fy= [ [ [ anydnyan, 50— ¥
X lvgn Fy(q;, "il)}‘;z, kg (120 P Pal My B M), (4.59r)
Fhy |F1)_fffdn1d732d"33vk><

X { Vg _[l:[ F, (g, "h)}“’z,kj, 25 (T12» Py pz] Ny Ny M) (4.590

BepxHue utgexcsl S u A 0003HAUAI0T ONSTh CBOKCTBO CUMMETpUH
H aHTHCUMMETPUM MO OTHOUIEHMI0 K MNepecTaHOBKE dacTul ]
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u 2. PaccMarpusas g, M |, Kak He3aBUCHMble NEPCMEHHBIE, MBI
MOXEM HaIuCaTh eule MOMOJHUTENbHBIE COOTHOUIeHUS:

DA 0 riox4 S

DA — 0qm{ 2 7P } (4.60a)
9, I'ion S

WA dqm{ 2 7, } (4.606)

1 HakoHen, NMOCKOJBKY (DYHKUHOHAJA TPEXyaCTHYHHIX CTOJKHOBE-
HUR onpeneaserca COOTHOLUIEeHHEM

3
Ayl = [ty dtat, T Fus 024(nlt G G (461)
i=1
rune

523 (xl|cl' CQ‘ c’S):fdxgengB (xl, xQICI; ﬁg;_c.‘?’), (4.62)

TO TOACTAHOBKA pas/oxenus B pax (4.99) mag sapa K, npu-
BORUT K Pa3JIOKEHUIO

Ay (x| F) =) + AP+ AP+ AP AP 4 ...,
(4.63)

AHAJIOTUYHOMY Ppa3noXeHU AJg ¢yHkuuonana A,. Mwb onarsb
He NPHUBOAUM 31eCh SBHHIX BHIPaXeHuH A BenuuuHd of, TaK Kak
OHH [10JIy4alOTCsl HEMOCPeACTBEHHO U3 pasfoxeHua B psal (4.98)

1Js (pyHknuoHanaa F (21).

b. Pasjaoxeuus 5js MaKpOCKONNYECKHX ypaBHeH#mit. B n. 2
HaCTOSILUEr0 pasjefa Mbl BbIBEJAM OCHOBHBIE MAKPOCKOMHYECKHE
ypaBHEeHHA U3 LeNOYKH ypaBHeHu# boroawboBa. XoTa 3TH ypaB-
HEHUA W SIBJIAIOTCA TOYHBIMU, OHM JAIOT TOJbKO 0OLIYI0 cXeMy,
KOTOPOH J0/KHa COOTBETCTBOBATH 004 3aMKHyTas M NIPUTOM
npubaKeHHas cucTeMa ypaBHeHuH AJiS TISTH MaKPOCKONUYECKHX
BCJAHYMH. 3Jech Mbl BhiBeleM 0o0J/iee KOHKPeTHBIE MaKpPOCKOMH-
yeCKWe YypaBHeHUd, UCX0Af U3 oOlIero KHHETHYeCKOro ypaBHe-
Hud (3.2), 419 KOTOPOro Mbl HCMOJb3yeM YXKe MOJyYeHHBIE
pas;aoxenua (4.41) u (4.63) naa omeparopos ABYX- W Tpex-
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YaCTHYHBIX CTOJAKHOBeHui. Crea0BaTENIbHO, OCHOBHOE YpaBHeHUe
uMeeT BUJ

ot

Pa OF),
m 0g,
{ AP (g, p| F)+ X (A" 4 oA S)}+

l

Angpre—
a——

a|— 4

+-$a-{ufé°’5+2(af‘z"’“‘+u€%‘”)}+ e (469
i

3aMEeTHM, 4YTO 3TO YpaBHeHHe, TaK Ke Kak U ypaBHeHue Bo.abu-
MaHa, saBiAfeTCA AU(PEepeHUHaTbHBIM YPaBHEHHEM MO OTHOLLIEHHIO
K NEPEMEHHEIM g W UHTEerpajbHbIM ypaBHEHHEM MO OTHOILEHHUIO
K MepEeMEeHHBIM p.

MeToanKa MOJyYeHUSs MAKPOCKOMNHYeCKUX ypaBHeHMH OCTaeTcs
TOM XKe caMOH, UYTO UM MCNOJAL3OBABIIAACA B II. 2 HACTOMILErO
pasneaa. IIpounrerpupoBas ypasueHue (4.64) no p u pasigenus
KawJ0e ClaraeMoe Ha v, Mbl CHOBA NMPHAEM K YPaBHEHHIO Henpe-
PBIBHOCTH

on , 0 .
oF T g (nu)=0,

MOCKOJIbKY NpaBas vacTb (4.64) nmocae uHTerpupoBaHust o6paTurcy
B HY/Jb. 3aTeM, YMHOXAas Ha P U UHTErPUPYS KaXAOe CJaraeMoe
N0 p, Mbl NOJyyYaeM YpaBHEHHEe IBHXKEHHSI B BHIE
Du, opPK
Dt 0q.,
1
tg2 [ app (AP S+ AV A AP S AP AP+
1 -~
+ 5 | dpp, (A5 + AP+ AP+ |
F AP AP+ ..., (4.65)

rae TeH30p Pf;’ TOT Xe€ CaMbiH, 4yTO M B 1. 2 HacToALLero
pasnena. [Toacrasass B BHIpaxenus i BenuuudH € COOTBeT-
CTBYylOlLMe pa3noxeHus B pan (4.36) u (4.58), ans AByX4acTHYHOH
(PYHKLUK pacnpeneeHud HaAX0oUM

od
[ dppit @ pIFy=— [ dpdp,arZ-F (q. 7. p. pi| F).
(4.66)

nm

e
———

16 3ax. 617
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Tak kak npousBoiaHas O0®/0r; sBaseTca HeueTHOH ¢yHkuue# r,
TO BKJaA OT CHMMeTPUYHHIX (yHkuu# oF pasen Hyawo. azee,
MOCKOMbKY, corjaacHo ¢dopmyaam (4.38a), (4.386) u (4.60a),
(4.606), aHTUCHUMMETpUUYHBIE DYVHKIUH ¢F MOXHO 3alHCaTb B BHle
COOTBETCTBYIOLIHX JUBepreHuuit, ypaBHeHHe HnBMKenus (4.65)
¢ TOMOWBIO cOoOTHOWEHUH (4.66) MOXHO NpeACTaBHTL B HYxHOH
HaM QopMme:

Dui dPia
nm Dt - dqc( ’ (4.67)
rie
P;; = P+ Py, (4.68)
Pij(q| F)=

1 .
=~ [ [ [apapiar Gt AT+ I+ )~

_-_fffdpdpldr ’g-g——[e?""s—l—e?'“’s, et
(4.69)

Hakouen, ymHOxas ypasHenue (4.64) Ha p?/2m u uHTerpupys
no p, nojayyaeM ypaBHeHue [/J8 KHHETHUYeCKOM SHEPru¥ B BUje

D /3 aJk
nﬁ'('g— B)+ dqo: _PaBDaS+ (HBPG‘B)_I—
+ o [ dp g uf‘1°’s+u:zi”‘“+uéi”s+ R _
+?1;fdp2‘im{ue‘2°’5+ L) . a70)

[ToCKO/IbKY, K4K YKa3biBaJOCh B KOHIE M. 3 HACTOALLErO pa3aea,

byHKUHOHAA AP (q, p| F1) MoxHo nmpeobpa3oBaTh K OOBIUHOM
popMe uHTerpasa cToaxkHOBeHu# DoabuMana, ero BKjaa B (4.70),
COrJacHO M3BeCTHHIM CcOOOpaxkeHusM [cM. kuury UYenmena u
Kaynuura {8} {(ctp. 91 pycckoro uspanusa. — Ped. )] NOMKEH OBITH
paseH HYJMKO. Tak KaK MBl UMeEeM

e?--(j -1) §, A

[ap e tPS*=—— [ [ [apdp,arp, 5
(4.71)

T0, CJeloBaTeNbHO, B OOIEM CJayyae KaK CUMMETPHYHBIE, TaK
W AHTHCUMMETpUUHblE (QYHKUMN of OYAyT AaBaTb HEHCUE3AIOUIKE
BKJAaAbl. [IpeacTaBuM MepeMeHHBle p; B BUIe

pi-pi p+p£
pi=—5—t+ -5, (4,72)
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TOrAa BTOPYIO 4acTbh, KOTOpasd CHMMETPUYHA MO OTHOIUEHHIO
K TNepecTaHOBKE JBYX 4YaCTHl, BMECT€ € AHTUCUMMETPHYHLIMH
PYHKUHIMH oF MOXHO 3amucaTth B ¢bopMe auBepreHund, a HMEHHO
B Bule

0 o 0!
- 0q. (uﬁpaﬁ) - 0q, '
rjae
&1 | 1 ry 00 (px+ Pia
Ji (qul)m_'_ffffdpdpler d_(p cj;npl)x

{ OF 4 gO5 R
Tfffdpdpld”"; gi (Pa;;npna) ™
XAFE+F 0+ 4 @)

IlepByio uacTh Bbipaxenus (4.72) MOXHO OOBEJHHUTb C CUM-
METPUYHBIME QPYHKUHAMH oF , U OKOHYATE/NLbHO YpaBHEHHE L4
cpenHe KHHeTHYEeCKOH SHEpPruu npuMer BHJI

D (3 0
n b7 (30)+PuDu = — 5o U + 1)+ R(@IF - (4.79
31€eCh
| 1 00 (p, — pra
RIFy=— [ [ [ dpdp,ar 5 L= D)

XAF I+ F 0+ ) —
—-,}—sfffdpdpldr 0P (Par;Plcx) v
X F 80 4+ For —}—5'“}3—{— J— ... @75

[Tocko/MbKY B KHHETHYeCKOM [NpUOAHKEHMH ypaBHeHHe JJid
Fy(xy, xo| F|) uMeeT Ty e (pOpPMY, UTO U BTOpOE YypaBHEHHE
nenoukd borogawboBa, TO ypaBHeHUsT AJad CpellHet 3SHepruu
B3auMojeRcTBuA OYAyT TakHMMH Xe, Kak u ypaBHenus (4.19),
a UMEHHO:

D 0J 22
Q 14
n Dt -

A —
p—

od S o
dgy5— LB Fo (e, x| Fy), (4.76)

16*
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rne

1
neq’(()'l Fl) — O?

dq, 2 (|q — q,|) Fo(x, x| Fy),

(4.77)
L (g Fl)zg_i,éfffdpdpl d‘)’1®(|‘7“‘71‘)% Fy(x, x| Fy).
(4.78)

[Toabaysice 144 F v F§ pasnomenusmu (4.36) u (4.58), M
yOexpaeMcsi, yTo mpasasi yactb (4.76) paBHa — R(q| F,). Hus
BeJuuynHbl € Oyayr Cyuj,eCTBeHHbI TObKO CHMMETPHUHblE (YHK-

M oF . TOra Kak B Ji- BCAENCTBHE HAMHUMS MHOMHTES pt/m
O6yLyT 14BaTh BKJAX KaK CHUMMETPUYHbIE, TaK U aHTUCHMMeETpPHY-
upie Oynkuuu oF . Ckaanwieas ypasheuns (4.74) u (4.76), mu
noJjyyaeM ypaBHeHHE AJf MOJHOH BHyTpeHHe#t SHepruu B TAKOH xe
dopMe, Kak ¥ B N. 2 HACTOfllero pasiend.

TakuM o00pasoMm, OCHOBHOE JOCTHXEHHE JAaHHOTO pasnaena
COCTOUT B TOM, HTO Mbl BHIPAa3HJAHM TEH30P Hanpsenus P,

M BeKTOp TNOJHOrO MNOTOKa Temaa J; TOJbKO uepe3 nepsyn
GYHKUHMIO pacnpeneseHus. ODTH BblpaxeHus OyayT HCXoAHOR ¢op-
MO# MaKpOCKOMUYeCKUX YypaBHeHUN HA CJeAYIOLLEM, THAPOMMHA-
MHYeCKOM 3Talle NPUOIHKEHHUS.



V. l'ugpoaunamuyeckoe nmpuoOJHIKEHHE

1. OcHoBHBIe ypaBHeHusi. Kak yxe ropopunoch BO BBefe-
HUM, MBl I[peanoJaraeM, uto, MO Mepe TOro Kak ras npudiu-
XKAETCHd K COCTOSIHHIO CBOEro paBHOBECUS, AJS OIUCAHUS 3TOIO
MeLJIEHHOTO M3MeHEeHUs BO BpeMeHU MaKPOCKOMHYeCKUX BeJHUUH
He0OXOAMM MepeXoA K ellle GoJee rpyGo#t mkaje, K eile Goee
KPyNHOMY Macuitaby BpeMeHH, THpeBHINAIOUEMy BpeMsi CBOOOL-
HOro npooera £,. Mbl GyzeM cuuTaTh, YTO MO 3TOH ,THIPOLHHA-
MUYECKOH® 11Kaje BpeMeHH OAHOYACTHYHAS (PYHKUUS pacnpejeJe -
HUA £ 3aBUCUT OT BpPEMEHU TOJBKO yepe3 3dBHUCHUMOCTb OT
MaKpPOCKONUYeCKHX BeJIMUMH 7, #, 0, MHBIMH CJIOBAMMU:

Fi(x; £)—>F(q. p|n. u, 0), (5.1)

rje, Kak W paHbllle, BepTHKaJbHas uyepra O3HauaeT, 4uto F; 3a-
BUCUT (PYHKIMOHAALHO OT BeMuuuH n, & u 6, B KOTOPble BK/IO-
yeHa BCH BpeMeHHas 3aBUCUMOCTL. [lpeamonaraercd, 4To nmpuodIK-
kenue (9.1) cnpaBellIUBO /s £4/00 020 HA4aJbHOTO pacnpelieneHus
Fi(x; 0) cnycTs HeKOTOpPHIH HayadbHLIA NepHOA BPEMEHU MO-
psanka f,. Cudraercd, 4TO MaKpPOCKONMYECKHe BeJUYUHBI H3Me-
HAIOTCA OTHOCHTEJIbHO M'MIPOAMHAMHYECKOH 1IKA/Ibl BpEMEHH NJIaBHO
U YLOBJETBOPHAIOT OCHOBHBLIM THAPOJMHAMHUYECKHM YypaBHEHUAM:

0

o =N(gln u, ),

2 _Uq|n u 6. (5.2)
of

"a'-'t—:@(QIn, i, 8).

HeussectHble ¢ynkuuoHannt Fi(q, pln, u, 6), N(q|n, u, 9),
U(g|n, u, 6) u O(q|n, u, 6) Heo6X0AUMO MOAYUUTH U3 KHHe-
THYeCKOTO ypaBHeHus (4.64) u cOOTBETCTBYIOMIUX MaKPOCKOIH-
veckux ypaBHeHu# (cM. paszea IV, n. 5). X Takxe MOXKHO
OupeLe/UTb METOAOM NOCTPOCHHA MOC/JAeL0BATEAbHBIX NPUOMMAKE-
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Hu#t. [lockoabky B paccMaTpuBaeMOM NpuOAHMEHHH OTKJIOHEHUE
OT COCTOSIHHA DaBHOBECHS BHI3HIBAETCA HEOJLHOPOAHOCTHIO MaKpo-
CKOMHMYECKHUX BEJHUYMH, mapaMeTp pasnoxeHus (0603HavaeMblf ()
OyneT XapaKTepusoBaTb CTeneHb MPOCTPAHCTBEHHBIX H3MeHei U
Makpockonunyeckux BeaudyuH. C ¢u3uueckoH TOukM 3peHds no-
PALOK BEJHYUHBL P OMpelesieTCs OTHOCHTE/bHBIM H3MEeHEeHHeM
MaKPOCKOMHYECKUX BEJUYHUH Ha TIPOTAKEHUH CPefiHeR IJMHLI CBO-
6onHoro npobera. OnHAKO ¢ MaTeMaTHUECKOR TOUKHU 3peHHUs DoJee
ya00HO HCTOJ/b30BaTh P Kak GOpMaabHLIK napamemp odHopoo-
Hocmu, npuyeM 3HayeHue & =0 COOTBETCTBYeT NOJIHOCTHIO OAHO-
POLHOMY COCTOSIHMIO CHCTeMbl. Torjaa pasjioxeHHe B Psii OCHOB-
HBIX TUAPOAHHAMH4YeCKUX ypaBHeHu# (1.2) Oyaet umeTb BuI

on
Sr=pNW 4 p2N@ (5.3a)
ou:
By DU - (5.36)
2 —p0 4 p200 (5.38)

a pasjoxenue Iaa [, B 3TOM cJjyyde 3anuILeTCs CJeAYIOLUM
06pa3om:

SFi@ pln u 6= |
= fo(q. pln. u, O4pf,(q. pln. u. )+ ... . (5.4)

OTMeTHM, 4YTO COOTHOWIeHHs (5.3) onpeaessiOT IMPOH3BOAHbIE
No BpeMeHH OT BeJUWYHH 7, #, 0; 0ZHAKO caMu 3TU BeJUUUHBI
BHIPAXAIOTCS € NMOMOWBI0 (PYHKUMHM [, OOLIYHBIM CIOCOOOM AAs
gcex 3Hauenud mapamerpa p. [lostomy norpeGyeM, YTOGHI

n(g. H= [ dpfo (5.5a)
n(g. u(g. )= [apL f, (5.56)
%n(q, £)0(q. f):fdp%fo, (5.58)

a misa sHauveuu#t uHpexkca i—=—1, 2, ...

[apfi=[apL = [apLyi=0. 6
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2. CpaBHeHHE ¢ MaKpOCKOINHWYECKMMH YypaBHEHHAMM,
Tenepb cpaBHUM THIpPOAUHAMMYeCKUE YpaBHeHHs (D.3) C Makpo-
CKOMUYECKMMH YPABHEHHSIMH, MOJYUYeHHHIMH B 1. O paszxena IV
U CONEPXKAWKMMA TOJbKO OAHOYACTHYHYI0O (QYHKLUHIO pacrnpefene-
Hus. Ilogcrasisss B MakpOCKOMMYeCKHe YpaBHEHHS pas/oxe-
HHe (5.4), MB NpuieM K COOTBETCTBYIOIIEMY PpAa3JOXKEHHUIO 3THUX
ypaBHEHHH 1o napameTpy P, ecau, Kpome moz20, KaXIHHK pe-
3yAbTaT AupdepeHUUpPOBAHUS MO KOOPAMHATE ¢ YMHOXHM Ha
napaMetrp oAHOpOAHOCTH .. [TocnenHee HeOOXONUMO NS COTJAACO-
BAHHOCTH MNOJY4YaeMOro pasJioxeHHus, MOCKOJAbKY AuddepeHuupo-
BaHUE NO g ABJAETCH onepauueil, NPOU3BOAUMON MO OTHOWIEHHIO
TOMbKO K MAaKPOCKONMHYECKUM BEJHUMHAM, H KaK pas TNO3TOMY
Takad NpousBoaHasi OyaeT Mepo# HEOAHOPONHOCTH rasa.

I cokpauleHusi 3amucH QOPMYJN MB HCNOJbL3yeM CJELYIO-
e 0603HavyeHuss. B MakpOCKOMHYeCKHUe YpaBHEHHS, MOJYUYEHHBlE
B pasnene IV, BXoasT (YHKUUOHANH oF , KOTCPHE CONEpXKar

¢byukuuu F,, B Bufe npousBeseHUH THna H Fi(q. m;). Caeno-
' i=1

BATE/bHO, TONCTABJAAS B HMX pa3noxeHus (5.4), Mbl noayuyaem
B HY/IEBOM IOPAIKE TOJIbKO (PYHKUHOHANLHYIO 3aBHCUMOCTb OT [,
B MepBOM nopsaike — OT ¢pyHkuu#t f, 1 f,, BO BTOPOM — OT Tpex
¢yukuut, f,, fi 1 fo, ¥ T. A. [IO3TOMY MBI 3anuiueM pasno-
KeHHe no p Aaa ¢$yukumonana Takoro tuma Z (| F,) B Bule

z(|g F) =2 +eZ S0 )+
T {Z([fo R+ Z(|fo f))+

B atux o6Go3HayeHHsx ¢ noMouweio dopmya (4.68) u (4.69) pan
TeH30pa HAMPSKEHUs TNOJYUYUM

Pijzpij,o“l"!"Pij,1“1"}"2sz,2+ voes (5.7)
FAC
Pf,] Z—-pzj I+P;] o 1=0,1, 2, ..., (5.8)
P;P;

P{, 1(q|n, u, 9)='fd
Phoinn = 8 [ om0
F O f)+ ) (5.95)

fo 1=0,1,2, ..., (5.9a)
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od
Py, 1(qln. u, 9)-—““[‘1" ar; 2 riffd dp,[{F 50 (| fo H)t

+ (I)S(lfo 1)_|_...}+ I
+H{F O N )+ F L (| f)+ -] (5.95)
H T. H. ' :

Auna/orMyHo A9 BeKTOpa IOTOKa TenJa, corjacHo (4.73)
u (4.78), nmeeM

Ji=J ot edi e e+ - (5.10)

rjpe
Jg,g:sz—]\—J?lz—f—Jfgl, =0, 1,2, ..., (5.11)

Kiqlnu 0= [dp ’2””2 fo 1=0,1,2 ..., (512

J?O(Q’ln “, 9)'—"'—fd 0 r;ffd dp, (Pa“"‘Plcx) %

ra

XAF 0 ([ fo)+F 5o (| fo)+ ...}, (5.132)
Jir(g|n. u, 9)-———fd ‘3;1: Ii ffdpdpl (pa—l—pm) v
X UF 50 (| oo )+e7'“)5(|f0, )+ ...}'+
H{F DO f)+F D (| f)+ -1 (5.136)
I (q]n u 9)-—-———fdr¢>ffdpd (Ei;;”)x
AT OS5 (1f)+F OS5 (1f)+ -} (.148)

J?,QI(QIH, u, )= = fdr@ffdpd (pl_{_p”)
x[{f‘;j’os(m )+Q¢“’S(|fo, 1)+...}+
_I_{JéO)IS(IfO)‘*‘J(QUIS(Ifo) ) —
= T OSSN+ F V([ )+ )] G.146)

u T, 4

Hakonen, ¢yHkuuonan R, onpenenseMbii COOTHOLICHHEM
(4.75), Tak)Ke MOXHO MNpeACTaBUTb B BUAE psija

R=pR + p*Ry+ ..., (5.15)
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NpHYEM
Rl((”ﬂ u, B)—-u- ( _"'plct) ><
X [{F ”S(lfo, )+ - }+
+{ (O)S lf0)+egz'1)3 ,f0)+ }], (5.16a)
Rg(qln u 6)_____ ( mpiot) ><

FOS([fo A+ F O fo £+ )+
+{ For (| fo 1 1)*’”0?'(21)18(”0’ f)+
Iy (M) +F o (1f)+ -1 G169

U T. I
Pan (5.15) HaunnaeTca ¢ mnepBOH CTeMeHH (., MOCKOJIbKY
BhIpaxCHHE

RO(QI” u, 0)=—=— X

X(Pa plcx){ 1)S(|f0) ]

PaBHO HYyN0, ecad f, npencraBasger co60# MakCBeJJIOBCKOE pac-
npejejeHne No umny/abcam p (cp. Takxke € n. 4 Hacroslero
paszena).

IToncraBasii B Makpockonuueckue ypaBHeHus (4.67) u (4.74)
pasjoxeHue 1af BequudH Py, J; W R, MOXHO CONOCTaBUTH
ypaBHeHHE HENPEepLIBHOCTH U yNOMAHYTHE YypaBHEHH C THIpO-
JHHaMuuyecKuMu ypaBHenuaMu (5.3). [IpupasHuBas ko3pduuueHTH
NPH OJMHAKOBLIX CTemeHdAX W, MNOJyuaeM

onu,

N (g|n, u, 6)= T (56.17a)
NO@|n, u, 6)=0, (=2, 3, ..., (5.176)

0 1 0P,
U® (g n, u. 9):——(ua o gt ) (5.18a)
1 0P, 3
U? (qln, u, 8)= — Oqal (5.180)

nrT I,
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00 2
8(1) (qln’ u, B)=—-—-{ua aqa I 35 DappaB,O_l—

2 2
= dqa (K 0--1;"‘)—-——121} (5.192)
8% (g|n, 1, 0) =—{ 5 DosPus, 1+ 55 0 Vo + 2 — 2 R,

(9.196)
U T. I
YpaBHeHue [Jis BHyTpeHHeH B3HEpPruu, noayuyaemoe u3 ¢op-
Mya1 (4.74) u (4.76), He urpaeT CylleCTBEHHOH POJH MpH IO-
CTPOEGHUH YpaBHEHHH TFUIPOAHHAMMKY, HO, MOCKOJIbKY OHO HaM
notpebyercd In03/Hee, Mbl TaKXe NpPeACTABUM ero B BuJeE pas-
JIOXEHNs 1O CTeneHaM . nmo anajoruu c¢ (5.3)

0 |
= =pE® H WE® (5.20)
rue '
0 1 1 o/,
EV (q|n. u, e):—{uai&+-oaapap,0} T 5t (5.21a)
dsl 1 OJ,,,

(5.216)

E(2)(qln' u, 6):—'{ +_ Daﬁpaﬁ,l}
M T. 4., @ &, € MNpPeACTaBsIOT coOoi KOSq)(pHuHeHTbI pasjoxe-
HHS BHYTpeHHeH SHepruM € Nno napameTpy .

3. PasJoxeHHe B pfAx KHHETHYECKOro ypaBHeHHs. Pac-
CMOTpEHHAs A0 CHX MNOpP METOAMKZ HOCUT YUCTO (OpMaabHHIH

xapakrep. dyuxunonann U u 8% B ruaponnnamuueckux ypas-
HeHUAX, 3anucaHHblX B ¢opme (5.18) u (5.19), Bce eme 3aBucAar
OT HEU3BECTHBIX PYHKLUHOHANOB OT f,, f; U T. A. IDTH PYyHKUHO-
HaJbl JOJKHBI ONPEeeaAThCA € MOMOUIbI0 KUHETHYECKOTO ypaB-
HeH1s (4.64) coBepuIeHHO TaK e, KAaK B KHUHETHYSCKOM MpPH-
O/iMIKEHUH Heu3BeCTHble QYHKIMOHAaAbL [, NO/MKHH OB Oflpe-
HeJATbCA C MOMOIULIO pelIcHHS Uenoyxkd ypasHenuit boroao6osa.

Jlna 3TOrO cHayaxaa pasJOKHUM B PAd MO CTenmeHAM W KHHe-
THYECKOE ypaBHEHHE. 3anauieM ero B Buje

dg — [0 +‘PP(“+P‘2P(2) + . (5.22)

rae sequuunst 'Y B obuieM cayuae 3aBucAT OT ¢, p H yHK-
uuoHaJbHO oOT n, # u 0. CpaBuuBag (5.22)