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NPEJHUCIIOBHE

Metonnl ofmefi aiare6pu, HrpaBliHe GOJBIIYI0 POJb
npH ¢GopMHPOBaHHH HanGosee aGCTPAKTHBIX M MIYGOKHX
pasieJsoB COBPEMEHHOH MaTeMaTHKH, B MOCTe/lHee BpeMsd
Haya u npuoGpeTaTh Bce OoJiee BaXKHOE NPUKJIAJHOE
sHauenne, C MX NMOMOINBIO OKA3bIBA€TCH BO3MOMKHBIM Bbl-
IeNATb W M3ydaTh oOIHE 3aKOHOMEDHOCTH Y CJIOXKHBIX
cHCTEM U JOOHBATLCH YIMBHTEJBbHO CHJILHEIX Pe3yJbTa-
TOB B Te€X CJy4asx, KOTAa CTapele aHAaJIHTHYeCKHE MeTOJb!
OKa3BIBAIOTCA WM YPE3BbIYaHHO IPOMO3AKHMH, HJH CO-
BEePIIEHHO GeCCHIbHEIMHU.

Hacrosimas xuura BO3HHKJA B pe3yJbrate 06paGoTKH
HayuHBIX JOKJ4J0B M JeKUHH 1o ajarebpandyeckuM npol-
JeMaM MaTeMaTHYeCKOH H TeopeTHueCcKof (pH3MKH, B Te-
YeHHE HECKOJbKHX J1eT YHTaBIIHXCH aBTOPOM MJISl y4acT-
HHKOB MEXHHCTHTYTCKOI'O CeMHHAPa MO MaTeMaTH4eCKOH
(busuke, 117 HayuHBIX PaGOTHHKOB, MpenojaBaTesel, ac-
NHUPAHTOB H CTY/EHTOB psfia By30B I. MBaHOBO.

B knure nocnenoBaresbHO, HO B cKaToil Gopme uzaa-
raiporca obmue anre6pandeckue MOHATHA H METOMH, Haxo-
AAIHE BaXKHble (PH3HUECKHe TNPHIOKeHHd, [TocKoabKy



6 MPEJIUCJIOBUE

CKOJBKO-HHOY L MOAPOOGHO OXBATHTL B ONHOH KHHMre BCe
NpHKJAAfHble anre6paHuyeckHe MeETOJbl HEBO3MOXKHO, TO
Mbl OTPAHHYUIUCH PACCMOTPEHHEM JIHIIL OCHOB, Npel-
CTABASIONUX OOLIMHA HHTEpeC, a TaKXkKe OTHOCALUXCA K
OTHENbHBIM HAYYHHIM HalpaBJeHHSM, pa3pabaThiBaeMbIM
Yy4aCTHHKAMH HBAHOBCKOTO CEMHHApPA 110 MATeMaTHYeCKON
tusuke. PaccmaTpuBaeMblfi MaTepHaA MOXKeT HCHOJb30-
BAThCS TaKkKe B KauecTBe NOCOGHS 1/ ACNHPAHTOB, Clle-
HHAJH3UPYIOUIUXCA B HalpaBJeHHH aiare6pandecKHX
npo6jieM TeOpeTHYeCKOH M MaTeMaTHYeCKOH (GH3uKH.

B xauyecTBe HCXOAHOTO NMYHKTa, MO3BOJSIOILETO C elU-
HOH TOYKH 3PEHHs B3IVIAHYTb HA PA3JHYHBIE Pa3enhl
YHCTOH W NMPHUKJALHOH anre6psl, B KHUre Gepercs TeopHd
YHHBepCaJbHHX anare6p, KpaTKo paccMaTpuBaemas
B ra. 1. 3necy BBOAsiTCs obmeanrebpanyecKue HOHSATHS,
C Yy4eTOM KOTOpEIX obmue anreGpanyecKHe COOTHOLIEHHS,
BCTpeyaeMble BO MHOTHX TEODHSIX, CTAHOBHUTCS BO3MOXK-
HBIM H3yuaTb Ha NpPHMePax KOHKPETHHIX anre6panyecKHx
CHCTEeM CIIeLHaJbHOTO BHAA. ITa HIesd, CBA3aHHAs C Ha-
JHudeM oOIIedl OCHOBEI y Pa3HBIX CHCTEM, OTHOCHTCS K
YUCJY HEHTPAJBHEIX AJIs LAHHOH KHUIH.

B ra. 2 BBoAsITCH W H3Yy4alOTCst INpocTelmine aJre6-
pandecKue CHCTEMBl, WIDAIOIlyie OCHOBHYIO POJb B MaTe-
MaTH4YeCKOH H TeopeTndeckol ¢usuke. Ocoboe BHUMaHHe
VAeNeHO NMPHHUHMMHAJbHLIM NMOHSITHSM, CBSI3aHHBIM ¢ aJ-
re6pamu HabmofaeMBIX JIJSI KJIACCHYECKHX H KBAHTOBBIX
CHCTeM H ¢ anre6pandecKUMH COCTOSIHHSMH. DTO paeT
BO3MOXKHOCTb HHCTO a/Jre6paHdecKHM TNyTeM CTPOUTh
«TeOpHI0 (PH3HUECKUX TEOPHH», YACTHHIMH CJAYYASIMH KO-
TOPOH SIBJSIIOTCS KJ1aCCHYeCKasi HeCTATHCTHYECKAS H CTa-
THCTHYECKast MeXaHHKa H KBAHTOBasi MexaHHKa. Muyorue
pe3yabTaThl HACTOSILIEd W AaJbHEHIIMX /4B SBJASIOTCS
OPHIHHAJIBHBIMH H KPAaTKO OCBEIIAJHCh JIHMIUb B KYPHAJb-
HBIX CTaTbsX.

-
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B ra. 3 paspabGaTthiBaeTcsi annapar AJs H3y4eHHs HH-
BAPHAHTHEIX (HE 3aBHCAL(MX OT BhHGopa 0o6pasylOI(HX)
CBONCTB NPOM3BOJNBbHELX YHHBePCaabHBIX aare6p. B Konue
rJaBbl 3TOT ammapaT NpHMeHsieTcss K TeopHH anre6p Ha-
6JI0aeMbIX CO CBSI3SIMH, a B TOCJEAYIOLIMX IJ1aBax OH
CHCTEMAaTH4YeCKH HCNOJb3yeTCsi [Js BhIBOAA OOWIUX aJ-
re6panuecKHX 3aKOHOMEPHOCTEH.

B coorBercTBHH C ra. 2, Aasi GU3HKH OCHOBHYHIO POJIb
HIPAeT TEOpHs aCCOLUATHBHEIX aare6p ¢ uACIOBHIMH 3HA-
yeHHSMH. B rJ. 4 u3yuaercs cTpOeHHe TakHX aarebp H
JlaeTcsl MOJEPHU3HPOBAHHEIN BHIBOJL OCHOBHHIX TEOpPEM O
CBOHCTBAX W HENPUBOLUMBIX INPEICTABJIEHHSAX acCOIHa-
tuBHHX aarebp. [losyyeHnsle pesyabTaTel HoApo6HO HJ-
JIIOCTPHPYIOTCS Ha NpHMepax aare6pnl aJbTepHHOHOB,
JacTHBEIM cJaydaeM KoTopoll siBaserca asarebpa Kmudpdop-
Ja, a TaKxe 6a3ucHOd aire6psl KBaHTOBaHHBIX (hepMUOH-
HBIX M GO30HHHX TNoJeidl. PaccmartpuBaemble npH 3TOM
HAeH MOTYT CJIYXKHTh OCHOBOH mans anareGpanuecKoil
nepeopMyJHPOBKH TEOPHH KBAHTOBAHHBIX BOJHOBHIX
noJed.

I'n. 5 nocesimena uayuenuio anre6p Jlu u rpynn Jlu,
HIPaAlOUMUX B (DH3HKE HCKIIOYUTEJAbHO BaXHYI0 POJb.
C noMoulpio anmapaTa TEOPHH aCCOLUMATHBHBIX ajre6p
3/leCb BHIBOJSTCS BCE€ OCHOBHbBIE TEOPEMBI TEOPHH [Py
Jlu ¥ paccMaTpPHBAIOTCST OTAEJbHBIE HX MPHIOKEHHS.
B cooTBeTCcTBHHU ¢ OCHOBHOM Hieel 1. 1, B KauecTBe CTaH-
HNapTHOW MOAENH, clyXamel AJAS WIOCTPALHH 0OIuX
3aKOHOMEPHOCTEH, B KHUIe NPHMEHSETCs TeOpHs MHOTO-
MEepHBIX CIIMHOPOB H ajare6pandecKasi MOAeAb KBAHTOBAH-
HBIX BOJIHOBBIX noJqei. [TonyueHnble pesympraThl mpusa-
ralTcsl K KIACCHUECKOH 3JEeKTPOJAHHAMHKE H K ABYXKOM-
NOHEHTHOH KBAHTOBOH TEOPHH PeJSITHBUCTCKHMX UaCTHI CO
CITHHOM /5.
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B ra. 6 naerca rpynnoBasi GopMYyJHPOBKa ClielHaNb-
HOH TEOPHH OTHOCHTEJbHOCTH H H3y4alOoTCsl HHBAPHAHTHO-
IPYNIOBbE XapaKTepUCTUKH (HU3HUeCKHX cHcTeM. B Ka-
YeCTBE NPUMepPOB, A KOTOPHX B HacTosliee BPEMs
MOXHO MOCTPOHUTH IOCTEOBATENbHYIO YUHCTO anrebpaunye-
CKYIO TEOPHIO, pacCMaTpHBaeTCsi HHBAPHAHTHO-IPYIIIOBAs
TEOPHUST HEPeJSITUBUCTCKOIO KYJOHOBCKOrO H HBIOTOHOB-
CKOro B3auMopeidcTBui. I'1aBa 3akaHduBaeTcst anrebpau-
YeCKHM BHIBOJIOM CIIEKTPa aToMa BOAOPONa W HCHOJb30-
BaHHMeM aJre6pandeckuX MeTOLOB [JIs NOJTy4YeHHs CIH-
HOPHOH MapaMeTPH3alul B TEOPHH KYJOHOBCKOTO H HbIO
TOHOBCKOTO B3aUMOJAEHCTBHI.

ITockonbKy paHee ocHOBHBIE GH3HYeCcKHE TEOPHH GOJb-
el 4acThio (GOPMYJHPOBAJHCh ¢ NMOMOILIBIO aHAJIUTHYE-
CKOTO amnmapara, TO 3TO, HanpHMep, B CBOe BpeMs AaJo
OCHOBaHHe JlarpaHxy Ha3BaTh MeXaHHKY, MOCAEIOBATEND-
HO H3JI0KCHHYIO Ha aHAJHTHUYECKOM sI3bIKe, aHaJHTHYe-
CKOHl MeXaHHKOH. AHaJoruuHo pasmensl GU3MKH, B KOTO-
PBIX OCHOBHYIO POJIb Hrpalor ajare6Gpanueckue MOHSITHA H
ajareGpaHyecKde MeTOAH, [IOJYUHIH HasBaHue aarebpan-
yeckoli (usuxkH. B moHorpaum paccMOTpPeHBI MHOrHE
OCHOBHBIE NOHSTHS H HieH anre6paHveckKod (PH3HKH, IO-
3TOMY OHa MOXKET CJyXKHUTb BBeJEHHEM B 3Ty GHICTPO pas-
BHBaloLlyiocst 06/1acTb HAyKH.

JluTepaTypHEe YKasaHHusi CcOAepXar B INepBYIO ode-
pelb aHaJH3 PaboT, CYLeCTBEHHO MOBJUMBIIHX HA NMOMA-
rOTOBKY KHHTH, a TaKxe BKIIOUAIOT JONOJHHTEbHYIO JTH-
TEpPaTypy, MCIOJb3yeMyI0 acIHPaHTAMH NpH claye KaH-
THIATCKOTO 3K3aMeHa 1o aire6panyeckKuM BOIPOCAM TeO-
peTHueckoll W MaTeMaTHueCKOH (DU3HKH.

ABTOD HCKDEHHe NPH3HATENEH MHOTHM CBOHM KOJ.Je-
raM # yueHHKaM 3a BCECTODOHHEe H AeTajbHOe O6CyX-
LIeHHe paccMaTpPHBaeMBIX B KHHIe BOIPOCOB.



I'masa |

OBIUE AITEGPAUYECKHE NOHATHA

W U3YYEHHUE OBLIUX 3AKOHOMEPHOCTEH
HA TPUMEPE KOHKPETHbBIX
ANTEBPAHYECKHX CHUCTEM

§ 1. O6 aGcTpakTHEIX MATEMAaTHYECKHMX cXeMax

[pn mayuenuu obmux ocobeHHOCTeH OGoJee HJIH MeHee
CJO¥KHBIX MaTeMaTHYeCKHX TeOpuH, ¢ KOTOPBIMH NPHXO-
JIMTCSI UMETb [eJ0 B NPUKJIAJHOH MaTeMaTHKe H Teope-
THYeCKOH (PHU3HKe, OKa3blBaeTCsi BO3MOXKHBIM 0OHaPYXKHUTh
npocTele a6CTPAKTHBIE MaTeMaTHUECKHe CXeMBl (HHOT/la HX
Ha3hIBAIOT TakKke CTPYKTypaMH — CM. JHTEpartypHbie
yKa3aHHusi,— OLHAKO y HAC TEPMHH «CTPYKTypa» OymeT
HCIOJB30BaThCs B APyroM cmeicae). ypaBrast uiesi co-
BPeMEHHOH MaTeMaTHKU 3aK/JIouaeTcss B TOM, YTO B HeH
3a OCHOBY mnpemuaraercs 6paTe aGCcTpakTHEE MaTeMaTH-
YeCcKHe CXEMBbl, B KOTODBIX MaTeMaTHYeCKHe COOTHOIIE-
HHSI M3y4aloTcsi caMH mo cefe, BHe CBSI3H C HX KOHKpET-
HEIMH DeaJii3alUsiMH.

B pesysnbraTe CTaHOBUTCST BO3MOMKHBIM HaXOOUTh 06-
1lHe HJEH, CKPLIBAIOIIHeCS 32 NeTajJsiMH KaKJIOH U3 KOH-
KPeTHBIX MaTeMaTHUeCKHX Teopuil. Tak, ecau npu Hayue-
HHH KOHKDETHOH MaTeMaTH4eCKOH MHCUHILIHHBI yAaeTCs
00HAPYKHUTb, UTO HEKOTOPHIE H3 H3y4aeMHX OGBEKTOB
CBSI3aHB MEXAY COGOH COOTHOMIEHHSIMH, XaPaKTePHHMH
IUIsT HEKOTOPOM abCTPaKTHON MaTeMaTH4YeCKOH CXeMEI, TO
MOXHO CPa3y BOCHOJb3OBATbCS BCEMH TEOpPeMaMH, OTHO-
CSIUIIMMHUCH K AaHHOH abGcTpakTHOH cxeMe. O6paTno, Te
HJIM HHbIE MATEMATHUCCKHE COOTHOLIEHHS! MOXHO H3yUHTh
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cHauyaJla TOJBKO NJs ONHOH KOHKPeTHOH peanaH3auHH,
a 3aTeM liePEHEeCTH NOJMY4YeHHBIe Pe3YAbTaThl B COBEpILEH-
BO Apyrue 06J4aCTH, B KOTOPHIX OOHapyKHBAalOTCS aHa-
JOTHYHBIe aGCTpaKTHbIe MaTeMaTHYECKHE CXeMHL.

Otanusie GU3HKH OT MaTeMATHKH 3aKJII0YaeTCsi B TOM,
YTO B TO BpeMfi KaK MaTeMaTHKa H3y4aeT OTHOLICHHS
MeXNy o6BeKTaMH, OTBJEKAasiChb OT HPHPOAH 0OBEKTOB,’
B (H3UKe NMpPHPOAA H3yyaeMHIX 0OBEKTOB ONpene/seTcs
Ha OCHOBe HaOJIONEHHH M MeX/]y MaTeMaTHUeCKHMH IOo-
HATUAMH M HaOMIOaeMBIMU SIBJIEHUSIMH YCTAHaBJHBaeT-
¢st npubaMXKeHHOe COOTBETCTBHE. B mpuMenenun K ¢usu-
YeCKHM TeOpHUSIM IJIaBHAst Hlesl COBPEMeHHOH MaTeMaTH-
KH MOXeT CJYXHTb HCXOAHHM NYHKTOM IJ$1 TOCTPOCHHS
CBOErO poja «TeOPHH (PU3HUECKHX TEOpUH», TAK KAK OHA
OTKpbIBaeT NyTH [JsSI HAXOXKIEHHST Toro o6liero, 4to'
HMEeTCsl y PAsJHYHBIX (DU3HYECKHX TEOPHI.

§ 2. I'pynnouabl, NOJIYrpynnbl ¥ rPYNAbI

PaccmoTpum npocrefinie npumepsl aGeTpaKTHBIX MaTe-
MaTHYECKHUX CXEM, JeXalluX B OCHOBE MHOTHX Pa3iesoB
aare6pet. Ilyctb G — MHOXKECTBO, COCTOsilee H3 KOHEU-
HOro WM GEeCKOHEUHOro uHcja 3JeMeHToB g. bunaproil
aazebpauyeckoli onepayueri naspBaerTcs 3akKoH (0603Ha-
YaeMbl CHMBOJIOM o), NalOUIHE BO3MOMKHOCTbL 1O IPOU3-
BOJIbHBIM 3J1eMeHTaM g0, g,&=G (rie &—CcuMBOJ NPH-
HaJUUIEXKHOCTH 3JIEMEHTa K MHOJKECTBY), B3ATHIM B ompe-
J€JIEHHOM IOPSANKe, OIHO3HAYHO ONIPENeJHTh HX INPOU3BE-
ILenne g,=G:

. &1°8y=g&s (1.1

MruoxectBo G ¢ 3ajanHOll Ha HeM GHHADHOIl omepa-
LHeH o HasplBaeTCs epynnoudon.

3HauoOK o MOXKHO 3aMEHHTb Ha KaKoH-au60 Apyroft
CHMBOJ; B 4YacTHOCTH, BMecto (l.1) MOXHO TPHHATH
MYJbTHINIUKATUBHYIO 3aMHCh

g18:=4gs.

I'pynmoua G HaswiBaeTcs noAyepynnod, ecJH #Jd
JIOOBIX TpexX ero 3AeMEHTOB &i, &; U g; BBINOMHSETCS



§ 3} OCHOBBI OBIIE¥M TEOPHM YHHWBEPCAJILHBIX AJITEBP 11

yC-ﬂO‘BHe accouuaTUBHOCTH
(2182) g5 = 81(2:285)- (1.2)

[TpEMepoM KOHKDETHO! peasH3aldu MOJYrPYIIbl MO-
JKET CJYXHTb MHOXKECTBO KBAHTOBOMEXAHUYECKUX omepa-
TOPOB, IJs KOTOPHIX ONEPalusl YMHOXKEHHUS YIOBJETBOPS-
eT YCJOBHIO accounaTuBHocTH (1.2).

[Tpennonoxum tenepb, 4To IAJIsi BCEX 3JEMEHTOB MO~
ayrpynnsl G onpefieJieHH ele ABe cJAelyIOllHe onepamnuH.
Tak HasblBaeMasi HYAbAPHAA onepayus CTaBUT B COOT-
BETCTBHE KAXKAOMY 3JeMeHTy g u3 G ONUH H TOT Xe 3Je-
MeHT e us G:

g =e (1.3)
obnamaromuil TeM CBOHCTBOM, YTO IJISI MPOH3BOJBHOTO g
ge=eg=4g. (1.4)

DJIeMeHT e ¢ 3THMH CBOHCTBAaMH, IO ONpPENSIEHHIO, Ha3hl-
BaeTcsl eQUHUYHbIM IAEMCHTOM, U eQuHuyel, n 0603Ha-
yaeTess 1. (B 4acTHOCTH, B YHOMSIHYTOM BHIIe MPHMEpE
MOJYTpyIna KBaHTOBOMEXaHMUECKHX ONEPATOPOB ABJAET-
¢ HOJYTPYNNoH ¢ eHHALEN — MOHOUOOM.)

YHapras onepayus CTABHT B COOTBETCTBHE KAXKIOMY
3JeMeHTy ¢ U3 (G Tak HasbBaeMBIH 0OpaTHHI{I 3jeMeHF
g™, obaanaomuii CBOACTBOM

glg=ggt=e. (1.5)

MHuoxecTBo s71eMeHTOB G ¢ GHHAPHON, HYJbapHOH H
yYHapHOH oOmnepauMsiMH, YIOBJETBOPHIOIIUMH YCJIOBUAM
(1.2)—(1.5), HasniBaercs epynnoil.

[TonsiTHe rpynnbl OTHOCHTCS K YHCJY BaxKHEHIIHX IO-
HATHH KaK aiare6phl, TaK U COBPEMEHHOH MaTeMaTH4eCKO
(busukH.

§ 3. OcHoBbl 061Iell TEOPHH YHUBEPCAIBHBIX aJre6p

BmecTo Toro, 9To6H CTPOHTb HEe3aBHCHMBIE TEOPHH DPas3-
JHUYHEIX a6CcTPAKTHHIX aJre6panyeckKdx CXeM, OKaseBaeT-
¢si 11e1eco06Pa3HbHIM HCXOJUTh U3 €IHHON TEOPHH YHUBED-
CaJbHBIX anre0p, H3 KOTOPOH DAasJHYHEE KOHKPETHHIE
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cxeMH GYIYT NMOJNyuYaThcsi B KadeCTBE YACTHHIX CIY4Yaes.
STO COOTBETCTBYET HCIIOJb30BAHHIO CBOETO POJA «TEODHH
MaTeMaTHYeCKHX TEeOpPHUs.

Muoacecrso G HazbieaeTca YHUBepCarvHol areebpol,
ecAl Ha HeMm 3a0aHa cuctema Q U3 HEKOTOPO2O HUCAQ
n-apuolx onepayuii w, nepesoOAUUX INEMERTOL &1, Go . -

., @n u3 G, 83arvle 8 onpedeseHHOM nopadke, 8 00HOx
BHAYHO onpedenenrblll IAEMEHT 3ITO20 JCe MHONCeCTsq,
0603HadaesmbLll CUMBOAOM (Z18s . .. Zn00) *).

ITodanrze6poii H yuuBepcanbHoll anare6pnl G HasH-
BaeTcsl NMOJAMHOXKECTBO MHOXKeCTBa G, KOTOpPOe 3aMKHYTO
OTHOCHTEJbHO Beex omepauuii Q. [Iycts, Hanpumep, E —
NPOU3BOJbHOE MOAMHOXKeCTBO MHoxecTBa (. [lpumensis
K 2;eMeHTaM H3 L npousBOJIbHBIE ONlepandy U3 Q, Hoay-
YUM nopanre6py, MOPOXKAEHHYI0O MHOXecTBoM E u 0603-
nauyaemywo {EL}.

IMonmuoxectBo E HaswiBaercst cuctemor 06 pasyrouyux
nodaszebpor {E}.

YuuBepcanbHbe anre6pul G ¢ cucTemoll onepauui Q
HOJPasfeNsiioTCd Ha TaK HashBaeMBle MpUMUTUSHLIE
KAaccol, WA npumuTusrsie mroscecrsa. Iycts w, u w, —
IBa 3jeMeHTa ajre6pel (, NOJyueHHEIE H3 3JEeMeHTOB
g1, 82 ...,8: B PE3yapbTaTe NPOBENEHHUS HEKOTOPOH IMO-
C/Iel0BATEeJIbHON cHCTeMHl onmepanuil u3 Q. Ecau npu npo-
HU3BOJILHOM BBIGOpE 3JIEMEHTOB gy, g2, ..., &, U3 G BH-
HOJHSIETCS] COOTHOUIEHHE

W, (g1) 8o -+ 81) = Wolgy> 8a» -+ .» Gr)  (1.6)

TO yHHUBepcaabHasi anre6pa ( HaswiBaercs a42ebpod ¢
roxcoecrgennuim  cooTHouerHuesn (1.6). IIpUMHTHBHEIM
KJacCOM YHHBepcaJbHOH anre6pul G HaswiBaeTcsi ajre6-
pa, Bce 3JeMeHTH KOTOPOH MOAUHHSIIOTCS HEKOTOPOH CHe-
TeMe TOXIECTBEHHBIX COOTHOLIeHHH A.

Taxk, HanpuMep, rpynna 6yleT YHHBEpcCaJbHOH anrel-
poll ¢ GuHapHOW, YHAPHOH W HYJIbapPHOH ONEPALUSIMU H C
CHCTEMOH TOXAECTBeHHBIX cooTHowenu#d (1.2)—(1.5).

') BMecto cnoBocoueranus «s-apHbifi> HKOMAa MPUMeHseTcs Tep-
MHE «f-MeCTHbIfi», TpHYEM JONYCKAIOTCH TAaK¥XKe YHHUBEPCANbLHBIE
anre6pbl ¢ 6eCKOHEUHOMECTHRMH ONEPAUHAMH.
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Ecau paa rpynnsl HapAAy ¢ 3THM BHINOJNHAETCA TOXKAECT-
BEHHOE COOTHOLIEHHE

£18s = 8a281» (1.7)

cripaBelsiMBOe JAJs BceX gy U g» M3 (U, To oHa Ha3plBaeTCH
abeaesoll.

B stom caywae anas GUHapHON onepalHu o 0OBIYHO
NPUMEHSIIOT He MYJbTHIVIHKATHBHYIO, a aIJHTHBHYIO
3anuch, Taxk 4to (1.7) IpuHUMACT BUA

g1 8 =&+ &1 (1.8)

[TpuMepom abeseBOH TpyMIibl CAYKHUT afAHTHBHAS TPyI-
Ia 1edbX 4yHced, rAe efAuHuied rpymnnst 6yaer nyan (0),
a o6paTHBIM 3JEMEHTOM K LEeJOMY YHCIY g siBadgercd —g.
3a cucreMy 06pasyOLUUX IPYNIE B 1aHHOM CJydae MOXK-
HO NpHHATH efiuHuLy (1), Tak yTo rpynny Le/blX 4HCes
MOXHO o6Gosnauuth {l}. Ecan B KauecTBe moAMHOMKECT-
Ba E B3fTb OTJHUHOE OT HYJA LeJoe ukceao n, To {n} 6y-
net moarpynmnoft rpynnst {1}, cocrosme#i u3 Bcex Kpar-
HBIX 4HcIa 7.

O61man TeopHs YHHBEPCAJbHBIX anrebp Mo3BOJMSET HE
TOJNBKO NOOHTBCH €QHHOrO IIOAXOAA K Pas3jHuyHBIM abceT-
paKTHBIM ajareGpandyecKHM cXeMaM, HO U JlaeT TaKxke BO3-
MOKHOCTb, KaK 3TO yxe OblIO CKasaHo B NIPelHCIOBHH,
H3ydaTb oOIIHe 3aKOHOMEPHOCTH HAa NpHMepe KOHKpeT-
HBIX ajarefpanueckux cHcreM. B camom nene, ecau nis
KOHKDPeTHON anre6panyeckoll cHCTEMbI yCTAHOBJIEHbI He-
KOTOpble pesy/bTaTsl, TO NPH yueTe oOLIell OCHOBHL ¥ pas-
HEIX CHCTEM CTaHOBHMTC BO3MOXHBIM OGHApYKHBATh
AHaJIOTHYHble Pe3yabTaThl JJs1 APYrHX anreGpanyecKHX
CHCTeM.

B sroif cBA3M Kakyi-TO KOHKpeTHyH aJjreSpan-
YECKyI0 CHCTeMy Lesdecoobpas3Ho B3ATb 3a obpaser A
H3yueHHs oOLIMX aJare6pauyecKUX COOTHOIIEHHH, BCTpe-
4aeMBIX BO MHOTHX ADYTHX TeOpHAX. DTa HAEA OTHOCHTCH
K 4HCNY [eHTPaJbHbIX AJA AAHHOH KHHTH,

[lo amanorud c TeopHell YHHBepcaibHBIX aJareép,
B TEOPETHUYECKOH H MaTeMaTHYecKoil QH3HKe B moc/elHHe
FOLbI TAKXKe HagaJcs Ipolecc BheNeHHs obllel MaTe-
MaTHYECKOH OCHOBBI Y Pas3HbIX (H3UYECKHX TEOpPHIl.
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§ 4. HsomopdHble 0106paxeHHsl, aBTOMOPGH3MbI
1 ToMOMODPGH3Mbl YHUBEPCAJNBHBIX aareop

YuuBepcaspuble anreGpol G 1 G', B KOTOPBIX 3a1aHbl OI-
HH ¥ Te e CHCTEeMbl Oflepaluil Q, Ha3bIBAIOTCA U3OMOPG-
HbIMU, €CJU CYIECTBYeT TaKoe B3aHMHO OJXHO3HA4HOE
otobpaxenne anrebpsl G Ha anrebpy G’, mepeBoasllee
sneMenTsl g=G B COOTBETCTBYIOILHE UM dJeMenThl ' G,
NpH KOTOpoM AJd JOOOH M-apHOH onepaunud @eE u J1io-
ObIX 3JIEMEHTOB £, S2, . - -, ZnEG

(g - 8n®) = (&8:gs - - - Gn0). (1.9)

[TockosibKy npu H3oMop¢HoM orobpaxenun G na G’ co-
XpangioTed Bce cBOHCTBa anre6pbl, GopMyaupyeMbie Ha
A3blKe Ollepalnii £, To ¢ TOYKH 3peHHs abCcTpakTHOH Ma-
TEMaTHKH, I'ie IPHPOAA COCTABJIIOMUX G 3JeMEHTOB He
HrpaeT poJu, H3oMopdHble anre6pbl MOKHO CUUTATbL TOXK-
JeCTBEHHBIMH.

Hzomopduoe otobpaxenre aarebpsl G Ha cebs Ha-
3bBaeTcAd asTomop@u3amon. HazoBeM yMHOKeHHEM aBTO-
MOP(]H3MOB pPe3y/JbTaT HX IOCJAELOBATEJHHOIO BBINOJ-
Henud. Torma TO OTHOWIEHHIO K Onpefe/ECHHOR TaKHUM
o6paszoM omepalHd YMHOXKEHHS Bce aBTOMOPGHU3MBI
yHuBepcanbHol anre6pel G cocraBafwor rpynny Ga, rae
CJAUHHUICH MPYIMIBI CYXKHT TOXK/ACCTBEHHBIH aBTOMOD(UIM.
B caMoMm gene, yMHOXKeEHHE aBTOMOPQHU3MOB accolHaTHB-
HO, o6paTHOoe OTOOpaKeHHe TaKKe SBJSIETCS aBTOMOD-
(GH3MOM, TaK 4TO BCE IPYNINOBBIE CBOHCTBA BbINONHAKTCA.
I'pynna aBToMop(H3MOB OTHOCHTCH K 4HC/IY BaXHBEIX Xa-
PaKTEePHCTHK YHUBEpCaabHOH anare6per G.

PaccMoTpuM Tenepb Takxke oToOpaxenns aareGpol G
B anre6py G’ (T. e. He o6s3aTesbHO HA Bclo aare6py G,
4TO XapaKTepH3YyeTCsl 3aMeHOH Ipelsora «Ha» Ha Ipej-
JOF «B»), IIPH KOTOPBIX ycaoBud (1.9) BHIIOJHAIOTCH, HO
KOTOpble ABJAOTCA JHIIb OXHO3HAYHBIME, HO He 0073a-
TeJIbHO B3aUMHO OJHO3HayHbIMHU. Takue oToOpaKeHHd Ha-
3plBatoTCA 2omomoppusmanu. FomoMopduble oTobpaxe-
HHA ajrebpel G B cefa HasbiBalOTCA 9HOOMOpPUIMAML;
MHOXKeCTBO BCEX 3HAOMOpHU3MOB 06pasyer MmoJyrpynmy.
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TlycTe @ — HEKOTOPHIH (HKCHPOBaHHBIE TOMOMOp-
¢usm yuusepcaiboli aare6pul G B G’, Tak 40

’
ge—=g. (1.10)
Ecau cuuTaTh 3KBHBAJIEHTHHIMH TaKHe 3JeMeHTH g,
g, ... u3 G, xoTopble IPH TOMOMOpP(HH3ME ¢ IEPEXONSAT B

OIMH H TOT Xe saeMenT g U3 G’, To 3THM onpejeisercd
pasfHeHHe yuuBepcaabHoi anrefpbl G Ha Kaaccer 9K8U-
sanenTrolx 3iemernros. OGo3HaynM OnpefeieMoe TaKUM
nyTeM OTHOLIeHHe 3KBHBAJEHTHOCTH Yepe3 p, TaK 4TO K-
BHBAJEHTHOCTL 3JeMeHTOB g H £ 3anuchiBaeTcs B BHAE
gog. Toraa Ans n-apHoOJi onepaltu ®

(@1 - .- 8n®) 0 (g - .. gnod). (1.11)

B camoMm gene, HOCKOJbKY roMoMopdHOe oTo6paxeHnue ¢
corsiiacHo (1.9), mepeBOAHT M-aPHYIO ONEPAIHIO B N-aPHYIO
onepaluio Hal d/JeMeHTaMH, NOJyYeHHbIMH B pe3yJbTaTe
romomopbuoro orobpaxenud, To o6e uactu (1.11) npu-
HalJe)kar K OLHOMY H TOMY Xe KJACCy SKBHUBaJICHTHBLIX
3JIeMEHTOB.

MHoXecTBO KJ1acCOB 3KBHBAJECHTHLIX 3/EMEHTOB aJi-
re6psl G 110 OTHOLIEHHIO 3KBHBAJEHTHOCTH p HA3BIBAETCSA
d)achop—a/tee6poGL2 anre6pol G 110 3KBHBAJIEHTHOCTH p H

obosnavaercg — .
i

ITycTs, o6patHo, B anre6pe G 3amano OTHOLIEHHE 3K-
BHBaJEHTHOCTH p, YAOBJeTBOpsitoulee ycaoBuam (1.11).
s OTHOIIEHHH 3KBHBAJEHTHOCTH C 3THMH yCJIOBHAMH
OObIYHO NPHMEHAIOT CHIENHAJbHBIE TEPMHH H Ha3bIBAIOT
ux konepyernyuanu. Y3 (1.11) caenyer, yTo x/jacc KBH-
BAJIGHTHBIX 3JE€MEHTOB, OIpelessieMblil MO 3JEeMEHTY
(81, G2, ... 8 ®), HE 3ABUCHT OT BHIGOPA Gy, G, ..., Gn B
ux kjiaccax. [losTomy xoHrpyeHuueit onpenenserca romo-

Mop¢HOe otobpaxkenue G B o

YcranopaieHHoe Bblllle B3AHMHO OIHO3HAYHOE COOTBET-
CTBHE MEXJYy rOMOMOPQH3MAaMH H KOHTpYeHLIHIMH aJ-
re6p oCbIYHO HA3BIBAIOT TeOPeMOl O TroMoMopdhH3IMax
YHHBEPCAJbHLIX anre6p. ‘
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§ 5. 3ajaHne yHHBepcaJbHBIX ajare6p

¢ NOMOILBIO He3ABHCHMBIX 06pasywoLKX,
CBS3aHHBIX ONPeNeASIOI UMK COOTHOLIEHHSIMH,
HHBapuaHTHBIE cBOlicTBA aaredp

[Tycrb uMeeTcst ynuBepcaJ/ibHas aare6pa HeKOTOPOro MpH-
MHTHBHOIO KJacca, TaK YTO €€ JEMEHTbl YAOBAECTBOPHIOT
TOXKAECTBeHHBIM cooTHomenuam tuna (1.6), u nycts E
ABJISIETCS ee cHereMol ofpasyowux. Ecau kakoi-in6o
3jeMenT U3 L BrIpaxaeTcsd yepe3 ocTaJibHble 3JEMEHTH C
NOMOIIbIO Orepanyil #3 L, To U3 MHOXKecTBa 06pa3ywoIIHX
ero MOXKHO HCKJIOYHTb, NO0ITOMY 0e3 HapylleHus OOLI-
HOCTH OYyJAeM CUHTATh, YTO BCE 3JEMEHTHl £ He3aBUCHUMBL.
Ecau nesaBucHMble oOpasyiolline He CBA3aHbl MeXIY CO-
60H KakKMMH-JIHOO JOIOJHUTENbHBIMH COOTHOLIEHHAMH,
OTJIHUHBIMH OT TeX TOXKJIECTB A, KOTOpble XapaKTepU3yioT
NPUMHUTUBHBIE Kiacc, To E HasplBaeTCs cucremol C60-
600nbix obpasyrowux, a G B 3TOM Cciayyae Has3plBaeTCA
c80000H0I YHuBepcasbHOLl aszebpoli OarHH020 NPUMUTUE-
HO20 Kaacca. B o6lieM cayyae He3aBHCHUMble o6pasyrolse
13 E MoryT ObiTb CBA3aHBI MEXKAY COGOI HEKOTOPBIMH ON-
pelneasOUIME cOOTHOmeHuaMH. Torpa aarebpa G 6ymer
3a1aBaTbCsl MHOXKECTBOM onepamnuil £, TOXKIECTBEHHBIMH
COOTHOWICHHSIMH A, MHOXECTBOM He3aBHCHMBIX oOpasyro-
mux £ ¥ onpenensiiolidMy COOTHOIICHHSIMH, KOTOpBIE
KOHCTPYHDYIOTCS C NOMOLIbIO Ooepaluil U3 £2.

Hanpumep, rpynna ¢ ogHo#i cBoGonHo# o6Gpasyomiel
H30MOp(Ha aNAHTHBHOH TrpymIe IeJablX uicesa. B camoM
neJie, €CJHM AJS IPYIIIOBOTO YMHOXKCHHSA NPUMEHHTDb aifH-
THBHYO 3aIIHCh U O003HAYHTL 06PA3yOILYI0 ¥ CHMBOJOM
1, To {1} 6yner coBnagarb ¢ ajAUTHBHON IPYIIIOH LEJIbIX
yhcesi. ITyets Temepn oGpasyiomas X yaoBJETBOPSIET OIl-
penedwileMy COOTHOUIEHHIO, KOTOPOE B MYJbTHI/IHKA-
THBHOH 3alIHCH HMEET BUL

xP =1, (1.12)

rae p — nejoe yucao. B stoM ciayuae rpynna G Gyner
COllepKaTb P pPa3AMUHBIX HE3aBHCHMBIX 3JIEMEHTOB |,
X, ..., XP7' 1. e. ee NMOPSINOK, MO OMpENEJEHHIO PaBHBIH
YUCJy HE3aBHUCHMBIX 3/1€MeHTOB, OyleT KoHeunbeM. Ilpu-
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MeDOM KOHKPETHO! peajin3aluH IOCJaefHeH IPYIIbl Cay-
XKHT FPyIIa BpallleHHIl TBEPAOTO TeJa BOKPYT (PHKCHPO-
BAHHOK OCH Ha YIJibl, KpaTHBlEe 27/p.

Hesasucumbie o6pasyiollide y OJHOH U TOH Xe YHH-
BepcasibHO#l anre6pnl G MOXKHO BbIOHpPaTbh Pa3JHUHBIM
o6pasom. Ecau, nanpumep, E u £ — aBe cHcTeMbl 06pa-
3y10IHX (KoTopble B OBINEM cJyyae MOTYT yAOBJICTBOPATD
PA3HBIM OTPEREJISTIONIHM COOTHOLICHHAM), TO CYILIeCTBYIOT
npeoGpasoBaHHs, C MOMOWILIO KOTOPBIX 3JeMeHTH H3 E’
MOMHO BBHIPa3HTb uepes 3JjeMeHTbl H3 L, u obpaTHble
npeo6pasoBaHus, Bhipaxalouue 3JeMeHTol u3 L uepes
snementst w3 E’. TlockosbKy, nagnee, npeoGpaszoBaHHA
MeXJy pasJIuyHbiMH CcHcTeMaMH obpasylomux E, E’,
E”,... accouHaTHBHBI, TO MHOXECTBO BCEX TaKHX IIpe-
o6pasoBanuil o6pasyer rpynny Geg.

BuyTpeHHUMH M TO3TOMY HaunbOJee BaKHBIMH CBOIH-
CTBaMH YHHBepcaJbHOH anreGpul G ABJAAKOTCA Te ee CBOH-
CTBa, KOTODble He 3aBHCAT OT cAy4alHOT'o BHIOOpa MHO-
KeCTBa HEe3aBHCHMBIX 0o0pasyiomux HJH, [PYrUMH
CJOBAMH, KOTODble HHBapHAHTHBI II0 OTHOLIEHHIO K Iipe-
ob6pasoBanusiM H3 Gg. K yueay Takux CBOHCTB OTHOCATCH
CBOMCTBA TPYIHIbI aBTOMOP(GHUIMOB (H/IK HOJYIPYIILL 5H-
aomophusMoB) anre6pel G, CBOHCTBO HEKOTOPHIX HOJI-
MHOXecTB ObIThb mojaJjrefpamu, CBOACTBa Trpynn aBTO-
MOpPpH3IMOB Takux nofanre6p u T. &. COOTBETCTBEHHO
9TOMY TNIPH H3YY4CHHH KOHKDETHBIX ajre6pauuecKux cHc-
TeM B NPHHIHIHKAJbHOM OTHOIIEHHH HauboJee BaXKHOM
3ajayell ABJAAETCA HaXOXACHHE CBOHCTB, HHBApHAHTHBIX
IO OTHOIUGHHIO K Ipeo6pasoBaHHAM M3 Tpynimbl npeol-
pa3oBaHHMi cuUcTeM 006pasyIoIHX.

B 3akJroueHHe 3aMeTHM, YTO BBEJEHHBIE BHIIE YHH-
BepcasbHble aareGpel ABJSIOTCA YAaCTHBIM CJaydaeMm o6-
KX anre6paHyecKUX CHCTeM, B KOTOPbIX HapaAy ¢ aJ-
re0panyecKHMH onepanuaMu Q MOryT GbiThb ONpeaeseHbl
TaKke TaK Ha3blBaeMble nA-apHble OTHOWeHUS (HJH
n-mecrnvie npeduxars) P(gy, ..., g,), NpUHHHMAIOIIKE
JIHIIb aBa 3HaueHusd — M (ucruna) unu JI (noxks). Hpu-
MepoM GHHAPHOTO OTHOMIEHHS CAYKHT OTHOLICHHE MOPS-
Ka, Korga npo jawobbie ABa 3JeMeHTa g, U g, MOXKHO CKa-
3aTb, 4TO UK g;==g,, HJIH 3TO HEBEPHO.



I'masa 2

NMPOCTEMIIHUE AJITEBPAHYECKHE CHCTEMbI
MATEMATHYECKOH ®U3HKH

§ 1. AccounaTuBHbie, JHEBbl U HOPJAHOBBI KOAbLA

Koabyom naspiBaeTcs yHuBepcanbuaa aarebpa G, B Ko-
TOpOi ompeneseHsl OHHApHBle ONepallMM CJAOKEHH H
ymHoxenua -+ H o, [lo oTHomweHHio K omepanuu ciaoxe-
HHUA MHOXKecTBO G J0JXKHO OHTb abesieBOH rpymnnof, mo
OTHOLIEHHIO K ONePalHH YMHOXKEHHS — FPYNIOHIAOM, a
o6e 3TH omepauMH JOJXKHBI OblTb CBA3aHBl MeXNy COGOH
3aKOHAMH AUCTPHOYTHBHOCTH:

gso(g1 1+ 82) = G081 + &30 o
(g1 82 o gs = g1°8s+ G20 G-

Koabiio G nas3blBaeTCa aCCOYUATUBHBIM, €CJH MYJb-
THILIUKATHBHBIN Tpynnonn G ABJfieTcd HOJYTPYHIOH, Tak
4TO BBINMOJIHAETCA ycjoBue acconnarusHoctu (1.2). Ilpu-
MepoM nodkoavya H accounaTHBHOTO KoJsbla G CAYKHT
MHOKECTBO 3J1eMeHTOB A u3 G, nepecTaHOBOUYHBIX (KOM-
MYTHPYIOIIHX) ¢ KaxkAbIM 3jeMeHToM <G, TaK uto

hg = gh (he=H, g=0G). (2.2)

ITonkosaso H, ompenensiemMoe ¢ momouipio (2.2), Haswli-
BaeTcAd yeuwrpom xoasya G.

Ucxons #3 acCouMaTHBHOTO Koablla (G, MOXHO HO-
CTPOMTDb KOJIblla APYI'HX THIOB. BBeneM omnepaunio suesa
ymuoncenus (0603HAYHB ee KBAJAPATHBLIMH CKOOKaMH) 1O

dbopmyae

(2.1)

[gy 8al = k(182 — 8a281)s (2.3
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rae k — HeKoTopH# (UKCHPOBAHHBIN 3JiIeMEHT M3 LIeHTpa
gonbita G. Torma u3z (2.3) U U3 yCJIoBHA acCOIMATHBHOCTH
(1.2) cnenyer (3/7ieMeHTapHYIO HPOBEPKY HpeloCTaBjdeM
4HTATEN!0), YTO IPH JIOOBIX g, G2, £:=0

(g1 g2l = — [Zs g1 (2-4)
(1) I8 @511+ (o [8ss @111 + [gs [g1s 2l = 0. (2.5)

Jlueevim HazpiBaeTCa TaKoe KOJbBIO, THE YMHOXKEHHe
yroBJeTBOpAeT ycaoBuaAM (2.4) —(2.5), npuueM B obiem
cJyyae JIMEBO YMHOMKEHHE ¢ AacCOIHATHBHBIM YMHOMKe-
HUEM He CBA3aHO.

BosBpamasicb ¥ accOIlHaTHBHOMY KOJbILY, BBEIEM
olepauHmio dopdanosa ymroserus no GopMmyJae

g1 G2 = R (8182 + 8281) (2.6)

rae £ — (QHKCHPOBAHHbII 3JieMeHT U3 1eHTpa Kodabima G.
M3 (2.6) u yci0BHS aCCOUMATHBHOCTH CJ€NyeT, 4TO IpH
Mo6HX gy, 8.=G

g1 &2 =g &o (2.7)
((g1-80 " &) & = (g1 -8 (82 8- (2.8)

(ITpoBepKy 9THX YCJOBHH H YCNOBHH AUCTPHOYTHBHOCTH
(2.1) mpenocrasasieM yuTaTed0.) BcsAKoe KOJbIO, YAOB-
JeTsopsiioilee ycaosuaM (2.7)-—(2.8), uaspiBaerca top-
0aro8biM; OHO BCerga KOMMYTAaTHBHO, HO B OGLIEM CJy-
4ae HeaCCOLHATHBHO,

§ 2. Koabna Ha6lonaeMbix B KJaacCHIeCKOi
M KBAHTOBOH MeXaHHuKe

[IpounnioCTpupyeM BBeJEHHbIC BBILIE [OHATHA  AJS
3aMKHYTOH (PU3HYEeCKOH CHCTEMbl, OrpPaHHYHUBASCH IJIf
onpeneJeHHOCTH HepeJIITUBHCTCKHM ciayydaeM. B kiaccu-
YeCKoH MeXaHHKe 32 3JieMeHTbl g, s, ... BO3bMeM Oec-
KoHeuHo gHddepennupyeMeie B HEKOTOPOH 00JaCTH
(QYHKIHH OT 06GOOIIeHHbIX KOOPAMHAT ¢* U 0606LIEHHBIX
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umnyiabcos p, (R=1, 2,..., N) '); atu pynkuun mul Oy-
JIeM Ha3HBaTb nabarodaensint. OGBIAHOE YMHOXeHHE
GOYBKIHA BASETCS acCONHATHBHBIM, HOTOMY IO OTHoIIIE-
HHIO K HeMy HabuionaeMble g 00pasyloT accolHaTHBHOE
kKoabio G. HMlopnaHoBo yMHOXEHHE onpenenuM 1o ¢op-
MyJe

i
g1 8= E(&gz - ga91)s (2~9)

'} Hanomnuwm, uto 00001meHHblE HMIIYIbCE B KAACCHUECKOH MeXa-
HHKe BBOAATCS caefymomum obpaszoM. Ilyerb g* — oGobuieHHble KOOD-

JUHATH, qk=-d—t——0606ulemime ckopoctd. Torma no KUHeTHUecKOH

sHeprun T u noTeHnuasbHol suepruy V onpepedsiercs ¢pyHxuus Jlar-
pamxka L=T—V=L{(q, g), 4 ypaBHeHHs TBHKEHUS NPHHHMAIOT RHI

oL d oL
aqk dt aq
. oL
O6o06meHHbie UMIYJAbCH ONPENEASIOTC Kak  Pr (4, q)=—;-k—. Ecan
0
32 He3aBUCHMble IleDeMEHHBle NPHHATH He gk, c}", a gk, pr H BBECTH
ramiabTOHuaH H no dopmyae

Hp.q) =D pd* —L,
TO

dH = d (D pd® — L) = D)(¢" dp, — P, dg*) =
= B(%p, et o)

OTKyJa ClAellyeT, YTO ypaBHenus JlarpaHxka MOTYT OhITb 3aMeHeHBb! ha
ypaBHehus ABUXKeHHA B popme IamuabToHa:

x_ 0H(p.g) . 0H(p,q)
7 =""op, Pr=—" ag*

B KBaHTOBOH MexaHHKe g* U p; UPEACTABAAIOTCS B BHAE SPMHTOBHX
OTepaTopoB, NPHYEM YDaBHEHHs JABHKEHHS KaK B KJAaCCHUECKOH, TaK U
B KBAHTOBOH Mexanuke npu yuete (2.10), (2.11) npunuMaioT BHI

dg®

1t ——=[H, ¢"],

d R
— = [H, .
dt [H, p,l
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OTKy[a C y4eTOM KOMMYTaTHBHOCTH YMHOXEHUA QYHKUHH
cJiellyeT, 4yTo HOPAAHOBO yMIUXKEliHe COBHaaaeT ¢ oOblu-
wbeiM. Hagkouen, nueBo npousBejeHHe HaGAH0OAaeMbIX Ofl-
peneauM ¢ nmomombio ckoBku Ilyaccona:

N
(0gy 02 dg; 0
lew gl = 3 (52 53 — 54 —g~2>- (2.10)
k=1 *

Mz (2.10) caenyer, uto toxnecrBa (2.4) u (2.5) BHIIOJ-
usawoTesa. [lockoabky paBencTBo (2.5) B MexaHHKe 0ObIy-
HO Ha3blBaeTcs TOXAECTBOM $IK00OH, To H AJS OOIWIUX JHe-
BBIX KOJIEIl €r0 Ha3blBAIOT TaK XKe.

B HepeniTHBHCTCKOM KBaHTOBOH MeXaHHKe HabJ/o0-
NaeMbIMi g, &5, ... HAa3bIBAIOTCH 3PMHTOBBI ONEPATOPHI,
BbIpaxKeHHBle yepe3 ONeparTopel ¢* U p,, COOTBETCTBYIO-
mue 0GOGIIEHHBIM KOODAMHATAM ¥ HMuyJbcaM. KBanTo-
BOMexaHuyecKasi cKoOKa Ilyaccona, xapakrtepHsyoias
JHEeBO YMHOMXKEHHE HalOJmonaeMblX, OmpefeaseTcs ¢ HO-
MO0 (POPMYJbI, aHAJOrHUHOH (2.3):

g &1 = — (8122 — %9, (2.11)

rae A — nocrosgunas [lmauka, penennag Ha 27, a MHHU-
Mas elMHHIA [ BBOZHTCA AJSI TOTO, YTOOB! JIHEBO ITPOHU3-
BelleHHe Hab/ofaeMblXx OblIO 3PMHTOBBIM ONEPaTOpOM,
T. e. cHoBa HabmonaeMoi. FoprnanoBo npousseseHHe Ha-
6nromaemelx onpenensierca no gopmyae (2.9); B KBauTo-
BOH MEXaHHKe OHO yXKe He SIBJAETCS acCcOlHaTHBHBIM, Ha-
KOHell, TOCKOJIbKY OOBIYHOE YMHOMKEHHE IBYX 3DMHTOBBIX
OTICPATOPOB He ABJSETCS 3PMUTOBLIM ONEpaTOPOM, TO ac-
COLIHaTHBHOE YMHOXKEHHE KBaHTOBOMEXaHHUECKHX Ha-
6nonaeMbix He onpepeasercd. Oxuako accolHaTHBHOE
YMHOKeHHe ONepaTOpPOB CAYXKHT BaXKHBIM BCIIOMOTATENb-
HbIM TIOHATHEM MJif onpejaeseHus auesa (2.11) u fiopna-
HoBa (2.9) mpousBeneHns HabJaIOLaEMBbIX.

[Tocae Toro, KaK onpeseseHsl anre6pandeckie onepa-
OUH YMHOXKEHHA HaOJ/MIORaeMbIX, 3ajaHHe PasJHYHBIX
kKonen, HabmonaeMblX COOTBETCTBYIONIEro THHa OVAeT
onpenensaThCd 3alaHHeM TeX MJAH HHBIX MIOMXKeCTB
06pasyomux.
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BeeneMm Temepb B KJNaCCHYECKOH M KBAHTOBOH MEeXaHH-
Ke Koabya nabarodaembix, B KOTOPHIX onpejeieHbl oJHO-
BPEMEHHO JHEBO H HopraHoBo yMuoxeHnus. HMa (2.9)—
(2.11) caenyer, 4TO

(81 * Go» &3] = &1 (&0 &1 + &2~ [0y &3], (2.12)
G (8 8) (& &) &= %{gz, g1 &l (2.13)

HPHYEM B KJACCHYECKOH MeXaHHKe H3-3a accolHaTuB-
HOCTH HopHaHOBa YMHOXKeHHS B TipaBOH yacTH (2.13)
caenyeT noaoxuTh A=0. Konbuna G, B XKOTOPBHIX oflpese-
JIeHbI IHEBO H HOPAAHOBO YMHOMKEHHS, CBA3AHHLIE MeXAY
coboit yemoBuamu (2.12)—(2.13), 6yneM HasblBaTb Aue-
80-1i0pAAHOBBIMU.

[TousiTHe 0 JNHEBO-HOPAAHOBBIX KOJbLAX Habawoonae-
MBIX JIEXKHT B OCHOBe ajreGpanuecKod TeopHH, AAIOIICH
ellMHOe ONHCaHHe KJaCCHYeCKHX H KBAHTOBBIX CHCTEM.
[Ipu stom mocrosinnas Ilnauka, cornacho (2.13), npuoo-
peTaeT yeTKHH aare6pandyecKHH CMbICH; NEPeXold K cay-
yaio =0 COOTBETCTBYeT IIEPeXOAy OT OJHOTO NMPUMHUTHB-
HOTO KJacca K JAPYyroMy, a oOMUMH CBOHCTBaMH KJac-
CHYECKHX M KBaHTOBBIX CHCTeM fABJAIOTCSI Te CBOHCTBA
YHHBEPCaJblol anre6psl HaOJg01aeMblX, KOTOpbHE i€
3aBHCAT OT TOXK/JECTBEHHOTO coorHomenusa (2.13).

§ 3. Moas u Tesna W JAuHeilHble NMPOCTPAHCTBA HAJ HHUMH.
0606meHHbIe (PYHKIUN

Tesrom nasbiBaeTCs acCCOLHMATHBHOE KOJBLO, B KOTOPOM
IJ19 J1I000r0 3JeMEHTa, OTJHYHOIO OT HYJs, CyIeCTByeT
0OpaTHBIH 3J€MEHT, TaK YTO MYJbTHIJIHKATHBHbBIH rpym-
HOMA KoJbla saBadercss rpynnof. ITockoabky paa wyas
yHapHas ofiepalis B3ATHA 006PaTHOrO 3/1eMEHTa He ompe-
IeJeHa, TO TeJo OyAeT YHHBepPCaAbHOE anreGpol, aas
KOTOPO# 3Ta yHapHas olepalHs ABJAACTCS JHIIbL yacTHY-
HOH. [losem HasbIBaeTCst TeslO, B KOTOPOM YMHOXKEHHe
KOMMYTATHBHO.

[TpuMepaMu mnojieli MOTYT CIyXKHTb UYHCJOBBIE IOJA,
LOpOoXAaeMbie TEMH HJH HHBIMH MHOXECTBAMH YHCJIOBLIX



§ 3] TOJIA U TEJIA Y JIMHEMHBIE NMPOCTPAHCTBA HAJL HUMH 23

obpasylomnx. Hanpumep, KaxnoMy ypaBHeHHIO n-fi cre-
[eHH ¢ YUCJOBHIMH Ko3(hdUllUEeHTAMH

Mtaxtt 4 L+, =0, 2.14)

KOTOpO€, KaK H3BECTHO, WMEeT 1 KOPHe# X, 43 1oJd
KOMIIJIEKCHBIX UMCEJ, MOXKHO CONOCTABUTh HoJe Ko3dhhHu-
mueHToB P, ¢ 06pasyoOIIUMu @, U 1oJe KopHedl P, ¢ 06-
Pa3YIOWIUMH X,,. [TocKonbKy KO3 (HULHEHTH &) ABJIAIOTCA
CHMMETPHUCCKHMH TNOJHHOMAMH OT KOPHEH X, TO IoJe
P, sisasiercst nopnoneM mnonf P.. I'pynma aBTomopdus-
MOB 1oJist P,, OCTaBJSIIOMIKX HA MeCTC KaXAbIH 3JeMeHT
u3 noJast P, HaswiBaetcs rpynnoi anya pas ypaBHeHus
(2.14). Cpofictea rpynnel 'anya gBJASIIOTCS HHBAPHAHT-
HBIMH (B cmblcae ra. 1, § B) xapakrepucTHKamMu noJed
P, v P, nostomy u3yuenue 3Tol PYNNbl aeT BO3MOXK-
HocTb OOHAPYXHUTb HauboJgee Iy6OKHMe CBOHCTBA ypas-
Henusi (2.14).

Jnast $usMKE OCHOBHYIO poJib WTrpaer nose delcTsu-
TEAbHbIX 4UCCA, 2JeMEHThl KOTOpOoro OOGbIYHO CONMOCTAaB-
JSIOTCST ¢ U3MEPSIcMBIMM Ha OIbITE YHCTAaMH, a TaKXKe
noAe KOMNACKCHbIX duCen w Teao KeaTepHuonos. Teio
KBaTePHUOHOB Q HAJ mosem JAeHCTBHTE/bHEIX yucesn R
COCTOUT H3 JIEMEHTOB BHJA

q=pL+ipy+jps+ kp, (P P2 P3r Pa E R), (2.15)

Ie 3JaeMeHTH i, j, k, Ha3plBaeMble KBATEDHUOHHBIMYU e/lH-
HUIlAMH, epeCTaHOBOYHBI C 3JeMeHTaMM M3 Honas R #
CBA3aHBl MeXAY co60ll COOTHOUIEHUSIMH

i2:j2:k2:‘—1,

(2.16)
fj=—ji=k, jh=—Fkj=i,  hki=—ik=].
O6patHbIM 37€MEeHTOM 10 OTHOWEHHIO K ¢ O6yAeT

g*/n*(q), rne
q* = py— Pl — Psf — paR (2.17)

—- TaK HA3BIBAeMbIH CONPANCCHHbIL KBATEPHUOH TIO OTHO-
LIEHHIO K ¢, a

n@=+Vag=+Vrtitnton @18
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— HeoTpHIATeNbHOE YHCJO M3 moJia R, Ha3blBaeMoe Hop-
Moii kBaTepHHOHA. [elicT6uTeAbHOl cOCTABAIOWE! KBA-
TepHHOHA HAa3hBaeTCsl JAeHCTBUTENbHOE YHCJIO

Req = p;. (2.19)

UTo6bl mMepenectTH NpPHBeCHHble ONpejie/ienHs Ha 4acT-
HBHI cayual, Korjia TeJo Q coBlajgaer C roJem JedCTBH-
TeJbHBIX MJAH KOMIWIEKCHBIX uuces, B (opmyaax (2.15)—
(2.19) pa, ps, p. UIAH COOTBETCTBEHHO ps, P, CACAyeT mo-
JOXHUTb PABHRIMH HYJIO.

Bekropuoin npocrpancreom Haj () HA3BIBAETCH YHH-
BepcasibHas aare6pa G, B KOTOpOH ompejeseHnl GuHAp-
Hasi omepalfsi CJAOMKCHHS, YAOBJETBOPSIONIAA aKCHOMAM
abeqeBol rpynnsl, ¥ 6eCKOHCYHOE YHCIO YHADHKIX onepa-
LA, COOTBETCTBYIOIIHX YMHOXKEHHIO 3JeMeHToB @G
crpaBa Ha 3JeMeHThl g, npudem

(P14 ) g =99 995 g+ Gy) ="0q, + 9gy;
(2.20)

(#9:) G2 = 9 (G14)-

HesaBucumble oGpasyioline e, BEKTOPHOTO NPOCTpaH-
crBa (G HA3BIBAIOTCS €TO OA3UCHbIMI 3A€MEHTAMU; APOU3-
BOJIbHBIH 371eMeHT @G MoxKeT GbITb IPEACTABJEH B BHAL
JA¥HERHOA KoM6HHAu¥K Ga3suCHBIX 3JeMEHTOB ¢ Ko3(du-
IueHTaMHu ¢° U3 Tena Q. B nanbHefimem Mul 6yieM cucTe-
maTuyecky (6Ge3 CrelHaJbHOTO HANOMHHAHHS 06 3TOM)
NOJIb30BATbCST OBO0OWCHHOIM NPABUAOM CYMMUPOBAHUS
Jiinwrelina, B COOTBETCTBUH C KOTOPBIM, €CJAM HHAEKCH
WIK CHMBOJBI, 110 KOTOPHEIM NPOU3BOAHMTCA CYMMHpOBAHMe
WM MHTErPUPOBAHME, B ONHOH YaCTH KaKOro-au6o pa-
BEHCTBA BCTPEUAIOTC BBEPXY HJAM BHH3Y, a B APYIYIO
44aCTh PaBeHCTBA He BXOJAT, TO MOAPA3YMEBAETCA CYMMU-
poBaHHe Mo BCeM 3HAYEHHSIM 3THX HHAeKCOB. [Ipu sToM
pasJauyHble MHOXKECTBA, MO KOTOPbIM MPOH3BOAHTCH CyM-
MHpoBanue, OYAYT OTJAMYATbCA APYT OT Apyra pasJHy-
HBIMH GYKBaMH, NIPHMEHSIeMBIMH sl 0603HAYEHHUA HEMBIX
HHJEKCOB HJH CHMBOJIOB CYMMHpoBauud. Ilpy ucnods-
S0BAHMK STOr0 NpaBHIa oOmMH 3J7E€MEHT BeKTOPHOrQ
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npocrpaHcTBa G Haj TeqoM Q MOXKHO 3alHCATD B Buie .

¢ = ep,Q° e *=Q). (2.21)

B kBaHTOBO# MeXaHWKe GeCKOHEUHOMEpPHble BEKTOPHI, Xa-
pakTepusyiomye cOCTosiHue (HU3MUeCKOH CHCTeMbl, B CO-
OTBETCTBHU C obo3HauenusiMu Jlupaka mbl 6yleM 3anH-
CHIBATb TaK¥ke B BHJe

P =|p> = 9" (2.22)

HyaarvbHotm 8eKTOpHOIM npocTparcTéom L 1o oTHO-
HIEHHIO K BEKTOPHOMY NpPOCTpaHCcTBY ( HasplBaeTcss MHO-
JKeCTBO onpejeneHHbix Ha G JMHEAHBIX  (YHKIHHA
f(@) =< 9>, npunagnexamux teay Q (rak uro {f|pr=
e=Q npu J066X f&L, p=G) u ya0BIeTBOPSIOMHAX YCI0-
BHAM

Gifitgafal 0> = @ lfi] 9> + @<fa] 0> (v e=L), (2.23)

<flcp1q1+(P2q2>: <fl(P1> g1+ <l o g, (P1r P = G). (2.24)
I[JIH KOHeqHOMepHOFO Cﬂyqaﬂ MOZKHO MHOJOXHUTb

f = foe®. (2.25)

3xeck [,* — smeMeHTH U3 TeJa (), a 6asucHbie 3JeMEHTH
e’=L onpenensiioTes, Ucxossd U3 hopmya

e ep> == 85, (2.26)

rae 80— cumsor Kpouekepa, paBHuiit 1, ecan pi=p2 H
paBHBI HYJIO B OCTaJbHHX cayyasax. M3 (2.21), (2.25) u
(2.26) caenyer

Floy = fooe. (2.27)

Brinucanuwie GopPMYyJibl C HEKOTOPbIMU OTOBOPKAMHU MOXK-
HO NepeHeCTH H Ha GecKoHeuHoMepHmH cayyad. [Tycts,
Hanpumep, G — JMHelHOe NPOCTPAHCTBO, COCTOSIIIEe H3
Bcex OecCkoHeuHO paHpGepeHnupyeMblx OGyHKUHE @ (x),
o6paula0IUXCs B HYJb BHE HEKOTOPOro uHTepBaJa. Tor-
13 MOXHO HOJIOKUTbL ¢°=¢ (X}, f.=[(x)dx, u (2.27) npu-
HAMaeT BUJ

Flo> =Faor = [F ()0 (x) dx. (2.28)
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[TocKOJIbKY 3J1€MeHTHl AyaJbHOro mpocrpanctsa feL on-
penensiorca 3ananueM saementoB {f|@)=Q ana Bcex
dyukuyii @(x) (06BYHO HA3BIBAEMBIX OCHOBHBIMH), TO
f(x), Bxomsiune B (2.28), Moryr GBITh He TOJbKO OGHIY-
HEIMH, HO ¥ TaK Ha3HIBAeMbIMY 0606UeHHbIMI PYHKYU-
mu. Hanpumep, ecau [ nepeBomur Bce @(x) B {f|g)=
=@ (X,), 10 f(x) =08(x—x,), TAe O(X—x,) — d-byHKUHA
Mupaxka.

UasoxeHHBIH HaMH nepsbili aszebpaudeckuti merod
BBEICHHS 06OGLIEHHHX (YHKLUHHA, CBA3aHHBIA C HAeAMH
Co6GoneBa u Illpapia, mMoxer GHITb TOJIOKEH B OCHOBY
MaTeMaTH4yecKH CTPOrOH TeOPHHU TAaKUX ¢yHKUHHA (cM. JH-
TepaTypHbEle YKa3aHHA).

§ 4. Noayrpynna anpoMopdu3MoOB BEKTOPHOTO
npOCTPaHCTBA

[Tpumenum o6uwue onpepenends u3 § 1 s1oif riaBH K
BEeKTOPHOMY npocTpaHcTBY (i, ABJSIOMIEMYCS YACTHY.iM
CllyyaeM yHHBepCaJbHbIX aare6p.

DHpoMop(H3M u BeKTOPHOro mpocrpaHcrsa G, T. e.
romoMopdHoe oro6paxenne G B ce6si, nepeBOAHT GasuC-
HbI€ BEKTOPHl €, B IpeoGpa3oBaHHbIE BEKTOPHI

€o, = U (ep) = e, 1} U= Q). (2.29)
ITockoabky, B coorBercTBuu ¢ (1.9), mpu romomopdpus-
MaxX COXpaHAIOTCA BCE f-apHHIE ONEPAUWH (B JAHHOM
cayyae onepalyu aJAUTHBHOH TPYNNL ¥ YHapHHle oOlle-
pauyu yMHOXeHHs BEeKTOPOB CIIpaBa Ha 3/1eMeHTH U3 Q),

TO BeKTOp obmiero sujga (2.21) npu sngoMmopdusme u ne-
pefizeT B

’ P ’

P = €o,lbo'P” = €, (¢°)’, (2.30)
rae (9°) =ugon. IlpeoSpasoBanue (9°) = uf @P+ MOMNKHO
Nepenucath TaKxe B MaTpudHofi ¢opme. Hanpumep, ecom
HHJEKC O NpHHMMAaeT MAUCKpeTHble 3HaueHua 1, 2, ..., To

((pl)' u{ ué v

@ |=|% 94 ... [][¢ |, (2.31)
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TaK 4TO BEPXHHil HHAEKC Yy tp! TP HCIONB3OBAHUM 05O3Ha-
yenust (2.31) xapakrepuayer HOMEpP CTPOKH y MATPHILbI (15}),
a HWKHHUA HHAeKc — HoMep croabua. W3 (2.29) u (2.30)
Clelyer, 4TO ecjM cHadaja OCYyIlecTBUTb 3iAoMopdusM u, a
3aTeM 3HAOMO)(bU3M 0, TO MATDHIA Pe3yabTHPYIOILEr0 3HJO0-
MOD(H3Ma HMCET BH[

(vu)es = vf'ugy, (2.32)

4yTO onpefeNsieT 00blYHOe NPABUIC NepeMHOXKEeHHs MmarT-
pun. duaoMopdu3Mbl M0G0 YHHBepPCaJbHOH ajare6pnl
06pasyioT MYJIbTHIIHKATHBHYIO NOJIYTPYHIY, IO3STOMY
yMHOXKeHue. (2.32) accollMmaTHBHO.

Ecmu BEKTODHO2 NpPOCTPaHCTBO (G COCTOMT U3 OCHOBHBLIX

QyHKIMA GF = @ (¥), TO MOKHO MOJOKHTb Uy, = (X, x;)dx,
u (2.30) mpuHHMaeT BH1

@) =i = (u(x, p)o(r)dy.  (2.33)

ITockoabKy 3HAOMOPDOH3M ONpeensieTcs JHIb TeM, B Ka-
KYIO OCHOBHYIO (DYIKHWIO HEPEXOAUT IPOU3BOJABHAS OC-
HOBHAst GyHKUUA ¢*=¢(X), TO B npaBoll 4acTu QyHKIHO-
Hana (2.33) BeNMUHHB 4 (¥, X,) MOrYT GbITh He OGBIYHBIMH
¢GyHRUMAMY, a 06oOCUIeHHBIMH. DTO HPHBOAHUT KO B8T0-
pomy ancebpauueckomy MmeTody CTPOTOrO BBeJeHUS
o6ob6imeHnblx GyHkuuili. B uacrooctu, ecau u(x, x,)=
=8(x—x), To (¢*)'=q(x), T. e. O-pyuxuus J[upaxa
onpefensieTcss 3aJaHueM TOXKAECCTBEHHOIO aBTOMOP(HU3-
Ma IPOCTPaHCTBA BCEX OCHOBHBIX (yuruui. O6o6uieHHbIE
(b yHKUYY, onpefesdeMble MO OCHOBHBIM (YHKUUAM C IIO-
MOUIBIO IIePBOIO ¥ BTOpPOro aJgreGpanyeckoro MeTOAd,
6ynem HasHBaTb 0006ujeHHbIMU DYHKYUAMU neps8oll
CTYnexu.

[TockoapKy mpocTpaHcTBo L, AyajbHOe K HPOCTpaH-
CTBY OCHOBHHIX (PYHKIH#A G, caMo yxKe ComepkHT 0606-
meHLHbIe bynxuuu f(x), T0 3HIOMOPPHUIMBH NPOCTPAHCT-
Ba

F@) = o ) fee) dy (2.34)

Xq
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onpefensiior o6ob6ulenHble GYHKUMY HOBOI'O THIIA, KOTO-
pble Mbl HA30BeM 0606ujeHHbiml DYHKYUAMI 8TOPOLL CTY-
nenu. PaccmarpuBasi 3HA0MOp¢dU3IMBI BEKTOPHOIO IIPOCT-
paHcTBa, conepkaliero obobieHHnle (YHKLHH U BTOPOM
CTyNeHu, moayynum o6obuieHHble QYHKIUN TpeThel cTyme-
un ¥ 1. 1. Takum o6pasom, anrebpanyeckre MeTOIBl AAIOT
BO3MOKHOCTb, HCXOMSI M3 BEKTOPHOTO MPOCTPAHCTBA OC-
HOBHBIX (VHKUMII, CTpOTO ONpefeauTh 0606ujennbie
Qynkyuu n-ii crynexu, rae n=1, 2, ...

§ 5. CTpykTypa noanpocTpaHCTB
BEKTOPHOIr0 MPOCTPaHCTEA
H CTPYKTYpa nopajre6p yHHBepcanbHOH anreGpnt

Coraacno § 5 ra. 1 npu usyuenuu anre6pauyccKux CHC-
TeM NPUHLKOHAJBHO BaXKHOH 3afayedl sBJSCTCA HAXOK-
JeHue TAKUX BHYTPEHHUX CBOHCTB, KOTOPbIE He 3aBHCST
oT Bei6opa ob6pasywomux. ITokaxem, Kak 3Ta 3ajgaga pe-
nraetcs AJsi cJayudasi, Korjia yHHBepcasabHas agare6pa G
SIBJSIETCH BEKTOPHBIM MPOCTPAHCTBOM HAZ TeJOM HJH IO-
aem Q.

Bo3sbMeM MpOH3BOJILHYIO CHCTEMY AUHEHHO He3asucu-
MblX BEKTOPOB @y, ¢, . .. U3 (. JIuHeliHasl He3aBUCHMOCTD
03HayaeT, YTO NOPH JIOGBIX OTJHYHEIX OT HYJS 3JEMEH-
Tax q', ¢°, ... u3 Q BekTOp

P =@ + PP+ ... = Pyg¥ (2.35)

6yaeT OTJIHUHBIM OT Hynsl. Bo3bMem aunednoe nodnpocr-
pancTso (Ha3blBAEMOE TAKKE AUHELHLIM MHO2006pasuen)
s={p}, HaTSIHYTOE HA BEKTOPHI ; M COCTOSILIee U3
COBOKYIHOCTH BCeX BeKTOpOB BHMAa (2.35) mas cayuas,
Korja ¢* mpoferaioT Bce 3naucHus U3 Q. K uucay nunefi-
HBIX MOANPOCTPAHCTB s Gy/leM OTHOCHUTb TaKKe HY.ie80e
noonpocTpamHcT80, COOTBETCTBYIONIEE CAYUAl0, KOrda YHC-
JIO JIHHEHHO He3aBHCHMBIX BEKTOPOB (o PaBHO HYJIIO, U 8Ce
npocTpancrso, xorjga s cosuapaer ¢ G. Ecan G cosnapa-
€T C TPeXMepHBIM BEKTOPHBIM NPOCTPAHCTBOM, TO BEJIH-
YyHAMH S 6YAYT HYJEBOE NPOCTPAHCTBO, BCEBO3MOMKHHIE
npsAMble, BCEBO3MOXKHbIE IJIOCKOCTH H, HAKOHEll, BCE NPo-
crpaHcTBo. B o6mem ciayyae 3/71eMEHTHI S TaKKe MOIYT
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6uiThb HATJIAJHO TNPeACTaBJEeHb B BHIE T'€OMETPUYECKHX
06pa30B THIA NPAMBIX, MJOCKOCTeH, THNEePHIOCKOCTEN
¥ T. L., YTO JaeT BO3MOAKHOCTb NO/Ib30BATHCS TeOMeTpH-
YeCKOH HMHTYHIHEN.

0O6vedunenuen s,|Js, IBYyX NPOU3BOJbHHIX JHHEHHBIX
NONNPOCTPAHCTB S; U S HA3BIBAGTCS TOANPOCTPAHCTBO,
HaTsIHYTOe Ha ofpasyolHe 060HX 3THX NMOANPOCTPAHCTB.
WUx nepeceuenuem 8,{\s, HasplBaeTcsi HauboJblliee pex-
TOPHOE HPOCTPAHCTBO, COAEpHalleecss OJHOBPEMEHHO B
5, ¥ S, Jas onepaunii o6beUHEHHS ¥ NePeceueHHUs Bhi-
HOJIHSIIOTCS CJIeYIONHEe OUeBUIHBIE TOXKIECTBEHHbIE COOT-
HOIEHHS:
s(ls=s, sUs=s, s;lUs; =s:UUs, sif18 = s[5 (2.36)

(e S) N sy =51 (s2(18s) (s Use) Uss=s, U(s, 1Uss);
(2.37)
st (s Use) = sy, sp UG () 82) =58 (2.38)

YuuBepcanbHasi aare6pa, CoCTOsIILAST U3 3/1€MEHTOB s,
A5l KOTOPBIX ompefesenbl OuHapubie onepaiuu | u (),
CBsI3aHHble MeXy c000il cooTHOmICHUsIME (2.36) — (2.38),
HasblBaeTcsl CTpykTypot. MHOKECTBO BCeX JHHEHHBIX
HOANPOCTPAHCTB BEKTOPHOI'O NMPOCTPAHCTBA CJAYKHT 0of-
HOHA H3 KOHKPETHBIX peajusaluil a6CTpPaKTHOH CTPYKTY-
ppl. C yuerom (2.36)—(2.38) m/1s1 CTPYKTYphl BBOZHTCH
COOTHOILEHHE 4ACTUUHOL YnopACGOUeHHOCTU U BKAIOYe-
Hus, XapakTepusyemoe cumBoJoM <Z. [To ompenenenwuro
5,5, B TOM H TOJbKO TOM CJy4ae, eCilH

{18 =s, $UUs=-s,

CTpYyKTYypa Aurelinbix HOONPOCTPAHCTE BBIAEseTCS
13 oGII¥X CTPYKTYP ABYMsi CBoicTsaMH. Ecam s — npo-
HU3BOJIbHOE NOANPOCTPAHCTBO U ecau uepe3 O 0603HayuTh
HyJeBOe MOANPOCTPAHCTBO, TO HAUAETCS TaKoe MHOAmpo-
CTPAHCTBO S, AOHOJHSIIOLICE S 10 BCETO BEKTOPHOTO fpo-
crpaHcTBa @, uTo

© s0s,=0, sUs, =G (2.39)

CrpykTypa, A/s KOTOPOH BBIIOJHAETCS 3TO CBOHCTBO, Ha-
3HIBAETCH CTPYKTYpoll ¢ donoanenuanmu. Ecnu, nanee, nia
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JIBYX NPOHU3BOJbHBIX NPOCTPAHCTB §; U §; B3ATb HX nepe-
ceueHus [ )s: ¥ 5,{18; ¢ NONNPOCTPAHCTBOM Sy, TO 06b-
elVHeHHe 3THX IepeceyeHul, OUeBUAHO, TaKKe OyHAeT Je-
KaTh B MOAIPOCTPAHCTBE S;, OTKYAA CilefyeT ")

s 16 N 82y Uss] = (50 82) U (81 (1) 8)- (2-4‘0)
Ecinn 5,225,, T0 5,(1S:=5;, 1 u3 (2.40) monyumm:
ecn §; D8y T0 S (1 (SaUss) =8 U (si(1ss)  (2.41)

ToxpecTBeHHOEe  COOTHOILEHHE (2.40), BblEegsiONiee
CTPYKTYpbl ONpele/eHHOI0 HPHMHTHBHOTO KJdCCd, HJH
KBUBAJEHTHOE eMy ycjaoBHe (2.41), HasbiBaeTCs YCA08U-
em dedexundogocru (WA MOOYAAPHOCTU) CTPYKTYPHL

Ecan pasMepHOCTb BeKTOpHOTo mpocTpaHcTBa G Ko-
HeyHa M paBHa n, TO JeleKHHIoBa CTPYKTYpa C AOMNOJ-
HEeHUSIMH, 3J1eMECHTAMH KOTOPOH CJayKaT JAHHEeHHblE Ipo-
CTPAHCTBA, H3oMOp(dHA CTPYKTYpe JHUHEHHBIX MHOT006pa-
3HA IPOEKTHBHOIO MPOCTpPaHCTBA (n—1) H3MepeHHH H
CI0 MOJIHOCTBIO ONPEACSIOTCS KAaK Pa3sMepHOCTb Npoek-
THBHOH TeOMeTpHH, TaK ¥ noJe Uau Teqao ¢, Hal KOTOPbIM
OHA paccMaTpUBacTCs (CM. JHTEpPaTypHble YKa3aHUsi).
B uwacTHocTH, npuryun 080licT8EHHOCTU TPOEKTUBHOMH
reOMeTPUY 3aKJI0YaeTCsi B TOM, YTO BCE€ BLINWCAHHBIE
BhllTe (POPMYJIBI OCTAHYTCH CIPABEIJNMBBI, €CJAU CHMBOJIEI
oObeiuHeHNs ¥ NepeceyeHus Be3fle NOMEHSITb MECTAMHU,
3aMEHHB IIPH 5TOM = Ha & X nepeia B GopMyIax Tuna
(2.39) or mepBoHAYANBHKIX NPOCTPAHCTB K IlOHO.HHHTe.Hb-
HBIM TOZAPOCTPAHCTBAM.

Wsyuenne aarefpanuyecKux COOTHOLIEHUN MAJs1 OXHOH
U3 KOHKPETHbIX anre6pandecKHX CHCTeM, corviacHo rJa. |,
MOXKeT CJAYXKHTh OCHOBON /sl HaXOXKAcHHUS o6H(HX aJ-
re6panyeckux COOTHOIIEHHH, BCTPeUaIoNmUXcsi B JAPYTHX
Teopusax. B Hamem cayvyae snuHeAHBe MOANPOCTPAHCTBA
SIBJAIOTCS NofanrefpaMy BeKTOPHOTO MPOCTPAHCTBA, pac-
CM4TPHBAEMOTO B KadeCTBe YHHBepCaJbHOH aJfre6phl.
Ecau Tenepr naHa npousBoJbHasi yHHBepcanbHas aare6-
pa G ¥ eciu nepeceyeHneM ee Moxaare6p s, ¥ S, HA3BATh

') Bonee neramphoe NokasaTeabcTBO MomHO HafitH B paborax,
OUTHPYEMBIX B JIATEPATYPHEIX YKA3aHHSX.
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HauboJbIIYI0 Nogaare6py, coLepxaulycs OAHOBPEMeH-
HO B §; U S, 4 UX 0ObeJHEHHEM — NoAanre6py, nNopox-
JaeMyl0 S, U S;, TO cBoiicTBa (2.36) —(2.38) 6yayT BHI-
noJHATbes. T103TOMY MHOXKECTBO BCeX noganre6p Npous-
BOJIbHON YHHBepcaJbHOH agare6prl o6pasyeT CTPYKTYPY
(B obuieM ciayyae HeleNEKHHIOBY).

§ 6. Anre6pnr Haj MosieM GefCTBHTENbHBIX YHCEI.
Marpuunbte aaredpol

Anare6poii G Han TenoM () HasblBaeTCsl BeKTOPHOE IIpO-
CTPaHCTBO HaJ (), KOTOPOE OJJHOBPEMEHHO SIBJIeTCA KOJb-
oM ¢ OuHapHOH omnepanueli YMHOXKeHHs o, Eciu npH
3TOM ¢, — GashCHble 3JeMeHTH aire6Gpol G, paccMarpu-
BaeMol Kak BeKTopHoe IPOCTPAHCTBO, TO NpeanoJaraert-
cs, 4TO

ePt ° (epzq) = (er ° ePz) q’ epq - qep- (2.42)

YMHOKeHUe TPOH3BOJMLHBIX 3/eMeHTOB U3 (G, 3aIVcaHHhIX B
Bufie (2.21), xapakrepusyerca 3ajaHHeM CMPYKMYypHoLY NO-

CIMOSHHBIX Chlo,y OTIPETRJISIEMBIX U3 COOTHOLIEHHS]
. P
€0, © Cp, == Corpy€oss (2.43)

rJie 0 P; B COOTBETCTBHMH C oOGLIMM NPABHIOM IOAPAsY-
MeBaeTcsi CYMMHpPOBAaHHME WJM HHTETpupoBaHue. Pasmep-
HOCTbIO WM paneom anre6pol (G HasmBaercd yucsio Ga-
3HCHBIX 3JIEMEHTOB &, eCJH 3T0 YHCJI0 KOHeuHo. B mpo-
THBHOM CJydae ToBOpAT, uto aJareGpa o6aagaer
b6ecKonedHol pasmepHoCTbIO WU ABJAETCH GeCKOReyHO-
MepHoil.

Kak ykasblBasoch paHee, ¢ y4eTOM (H3MYECKHX NpH-
JIoXKeHHH Q paccMaTpuBaeTC HAMH JIHIIL KaK TeJO KBa-
TEPHHUOHOB, NoJe KOMMJIEKCHBIX YHCeN HJU NoJe JAefCTBH-
TeJIbHBIX YHcesl. Bo Bcex 3THX cayuanx aare6py G man Q
MOXHO IPeBPATHTh B aareGpy Haj HojeM AeHCTEUTENb-
HBIX uucea. Ilycrs, Hanpumep, aare6pa G uMeeT Ko-
IEUHYI0 pasmepHOCTb 7, a @Q — moJe KOMINEKCHBIX
YHCEJ TaK 4TO NPOHM3BOJbHBIA 3JjeMeHT g H3 G MOXHO
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NPeCTABHTL B BHIE
T n n n
g= 3 eq® = epi+ Y ieors, (2.44)

p=1 p=1 =1

rae q° = pt-t+iph, p{ ¥ pf — neiicTBuTeNbHBe uucaa. Bee-
neM O0o3HayeHus

pi = p*, ps = p"*e, lep = €nyo (2.45)

H NOJOXKYM, UTO MHAEKC u uameHsercs ot | po 2n. Toraa
(2.44) ¢ yuerom (2.45) nepenumiercsi B BUJe

g = €.q° = e, p*. (2.46)

Qopmyaamu (2.44)—(2.46) ycranaBaMBaeTCd B3aHMHO
OJHO3HAYHO€ COOTBETCTBHE MEXKAY 7-MepHLIMH BEKTOpa-
MU HAO IIoJIEeM KOMIJIEKCHBIX YHCEJd U 2n-MeprIMI/I BEK-
TOPaMHU HAJA MoJeM JeHCTBUTeJbHBIX YHCeJ. 3aKOH YMHO-
KEeHHs1 HOBHIX GA3UCHBIX 3JEMEHTOB e, ONpeaeJsiercs

(c yuetom (2.42)) us (2.43), rie B mpaBoil yacTH  Co'o,
cllefyeT NPENCTABUTb B BHIAE CyMMbl NeHCTBUTEJbHOH H
MHUMOH COCTABJSAIOUIUX U 3aTeM 3aMEHHTDb i€y HA €4y,
B pesysbraTte CTAHOBHUTCH BO3MOXKHBIM 3KBHBAJIEHTHBIM
0o6pa3oM 3amHCHIBATL BCe (OPMYJBI UM B TEPMHUHAX aJ-
redpul G pasMepHOCTH 71 HAZ HOJEM KOMIIJIEKCHBIX UHCEJ
WU COOTBETCTBYIOmIEl el ajreOpnl pasMepHOCTH 27 Han
noJeM AeHCTBUTE/NLHBIX UHCeJ.

Ananoruydo ecnu G — anre6pa pasMepHOCTH 7 HAX
TeJIOM KBAaTEePHHOHOB Q, TO ee MOXKHO pacCMaTpUBAThL B
KayecTBe anarebpnl pasMepHOCTH 471 Haj moseM AefiCTBH-
TeJIbHBIX yHcea R.

C ToukH 3penust obine#l TEOPHH YHHBePCAJbHHIX aJi-
re6p BTOpOH MeTOJ NMOJAXOMa NPUBOAUT K GoJiee MIHPOKOH
rpynmne aBTOMOP(H3MOB, T. €. OKasniBaercs GoJee Gora-
TBIM Pa3JHYHBIMH BO3MOKHOCTSIMU. B camoMm fefie, B mep-
BOM CJyuyde YHAPHBIMH aureGpanpuecKUMH ONepalusMu
6yAyT OnepauMM YMHOMKEHHS HA BCEBO3MOMKHHE 3JIeMeH-
TR U3 Teqa Q, comepiKamero mojiTeao AeHCTBHTENbHBIX
quces;, 4 BO BTOPOM — ONepanuy yMHOXEHHA Ha BCEeBO3-
MOXHBIE 32JIEMEHTH M3 TIOJs JeHCTBHTEJBHBIX YHCeJ.
Mexny Tem aBTOMOpdH3MH aareGpel G corsacuo § 4
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ra. 1 onpelensioTcs Kak TakHe H30MoOp(HbE 0TOOpaxe-
uHsa G Ha ce6si, KOTOpble He MEHAIOT Bce ajare6paHyeckHe
omepau#u. ABroMop¢H3M anre6pnl MEPEeBOAHT OOGUIHH
JIEMEHT g=¢,4° B

g =¢cq"  €p,0€0 = Chloon (2.47)
rie B NMepBOM cayyae §°=¢®, a BO BTOPOM §° MOXKET He
coBmajaTh ¢ ¢° (a paBHATbHCSH, HANPHUMep, CONPAKEHHOMY
3JIEMEHTY OT ¢°). B uacTHoCTH, ecnn Q — 1oJIe KOMILJIEKC-
HEIX YHCEJ, TO aBTOMOP(HU3MBI aJare6pbl MOryT CONPOBOXK-
JaTbCa 3aMeHOH BO Bcex ¢opMysax i Ha —i. Heyuer arto-
ro o6CrosTeNbCTBa NPHBOAMJA K TOMY, YyTO B KBaHTOBOH
MeXaHHKe IIPH ONHCAHHH NMPOCTPAHCTBEHHBIX OTpaXKeHHH
IJia ajare6pbl Hab/Ir0JaeMblX [00Jroe BpeMd He paccMaTpH-
BaJHCh TaK HasbiBaeMble aHTHJHHeHHble MpeJCTaBJeHus,
CBsi3aHHBIE C 3aMEHOH KOMIIJIEKCHBIX YHCeJ Ha CONpsKeH-
Hbie. B pajabuHeiiieM, 4ToObl He MPOMYCTHTb MOJOGHOTO
polla BaxKHble MaTeMaTHUeCKHe BO3MOXHOCTH, Mbl OyleM
paccMaTpHBaTh BCe ajre6pbl TONBKO Hapx ToJeM JeHcT-
BUTEJBHBIX YHCeN, a He Haj GoJiee IIHPOKHM colepKa-
LIHM ero teaoMm Q. .

OcraHoBuMcsa Gostee noJpo6HO Ha ciayuae accolua-
THBHBIX asre6p. IlycTb 3ajaHbl accollHaTHBHbIE aareGphl
HaJ mojeM JeHCTBUTeJbHbIX uHcesa G, u G, ¢ Ga3HCHBIMH
3JeMeHTaMH e, H &, Aarebpa G,=0C,+ G, HasnBaercs
npamot cymmoid areebp G, n G,, ecin ee GasHUCHLIMH
sJeMeHTaMH CJayXaT OJHOBPDEMEHHO €, H e, IpHYEM
e.es=e.e,=0. Anrebpa G=0G,X G, Ha3bIBaeTCs NpPAMbIM
npousgedenuenm arzebp G, u G,, ecliu OHa MOPOKAeTCs
Ga3suCHBIMH 3JIeMEHTaMH €,=€,8,, IPHUEM €,8,=€,€, H BCE
€, JJHHEHHO He3aBHCHMBI HaJ TOJeM JeHCTBHTENbHbIX 4H-
cea. Ilepexon oT accounaTHBHOH aare6pul G, Haj TeJaoM
Q, copepxalyuM noJe AeHCTBHTENbHBIX YHCEN, K ONpeje-
JgeMOl el accOLMaTHBHOH aJjreGpe Hajx mojeM AeHCTBH-
TEJIbHBIX YHCEJ COOTBETCTBYyeT mepexonay ot G, nax Q K
acconHaTHBHON anare6pe G, X Q Haj noJjeMm AeHCTBHUTEJb-
HBIX YHCe.

_ Ilockonbky aare6pa G Hajg mnoseM AefCTBHTeJbHBIX
4HCeJ R siBasercs BEKTOPHBIM NMpPOCTPAHCTBOM Hal R, TO
SHIOMOp}H3M anre6pnl G Kak BEKTOPHOTO NPOCTPAHCTBA,
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corstacHo (2.29), xapakrepusyercs popmyJaoi
g=epr—g —eap  qeul  (ER). (248)

3ror suzOMOpdH3M Gyjaer sHAOMOoppHuaMoM G Kak aJ-
re6pel Hax R B TOM H TOJIbKO TOM CJyuae, ecjln GasHCHbIE
3JIeMEHTHl e, U e, YAOBJETBOPAIOT OJHHM H TeM XKe aJ-
re6panyeckuM COOTHOMIGHHAM THna (2.43):
" R

€y © By = Cugu by €y, © 8y = Cuyp Py, (2.49)
Orcrona ¢ yuerom (2.48) caenyer, 4To B 3TOM CJydae Ha
3JeMeHThl ), HaKAaAbIBAIOTC OrPAaHHYEHHs BHAA:

Ha Me
uuxuuzclhus Cllﬂlzuua' (250)

Ecau snpoMopdusm u airebpnl G Hal R OIHOBpEMEHHO
IBJAAETCH aBTOMOP(U3MOM, TO MAOJIKEH CYHIECTBOBATDH
o6paTHbil 3HAOMOP(DHU3M u~', TaK YTO

' (WM, = (7', = (2.51)

ABTOMOpP()H3M acconuaTHBHOH anreépbr G Hap nonem R
Ha3bIBAeTCs BHYTPEHHUM, €CJIH OH ONpeHeJsieTcs Kak Ta-
Koe H3oMopdHoe orobpaxkeHHe auarebpol G Ha celsi, npH
KOTOPOM IPOH3BOJIbHBIM JeMeHT =G nepexoiur B

g =sgs™ sea). (2.52)

HusoaoTusHbIM CONpANCEHUEM WIH UHBOAIOTUBHbIM
QHTUABTOMOPPUSMOM acCOLHATHBHOH anre6pbl G Hash-
BaeTcs B3aMMHO OJHO3HAUYHOE oroépameﬂﬂe anare6pu G
Ha camy ce6s, o6aajaloniee TeM CBOHCTBOM, UTO ecau

NPOH3BOJIbHbIE SJEMEHTH &1 U g» U3 G nepexoisT B g
H gg us G, ro

(@8 = &g (@) =g (2.53)

* * +*
(P1g1 + P2a)" = 181 + Paga (2.54)
Orcona BHAHO, 4TO HHBOJIOTHBHBI aHTHaBTOMOP(H3M
OTJINYaeTcs OT aBTOMOpP()pH3IMa JHIIb H3IMRHEHHEM nopsz-
-
Ka MepPeMHOXKaeMbIX 3J1eMEHTOB. DJIeMeHThl g, H g, MbI

6y116M Ha3blBaTb CONpANMeHHobiMlL TO OTHOWECHHIO K g,
H g,
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BaXHbHIM IIPHMEPOM acCOLHATHBHBIX ajre6p Hajx mo-
JeM NeACTBHTEeJNbHbIX 4HceJ 6yayr aare6pbl, 3JeMEHTbI
KOTOPBIX M0 OTHOIIEHHIO K ONepalusM YMHOXEHHs H CJO-
XKeHHua U3oMopdHB MaTpuLaM Hag teaoM Q. O6uuit sse-
MEHT g TaKOH ajreGpbl MOXKHO 3alHCaTbh B BHIE

g=gd (R0 (2.55)

3lech ef? nepecTaHOBOUHDI ¢ dJaeMeHTaMH U3 Q H cBsi3a-
HBI MexKAy CO60f COOTHOLIEHHAMH

B: B B
ehiohs = Ofab, (2.55)
ruae 6gf—cuMBonbx Kpoxekepa. DyeMeHTHI eg: MOTYT OBITb
IPEACTaBAeHbl B BYUe KB33jApaTdblX MaTPHL, Y KOTODLIX HA
nepecedeHun P-4 cTpoKkM H Pyro cronblia cTOUT exUHHLA, a
Ha BCceX OCTasbHBIX MecTax cToAT Hyyu. Ilpu stoum ompene-
JIeHUH O3IIMit 271eMeHT aireSpwl (2.55) mpuHEMAaeT BHJ
1 1
ql q2 T B, B 257)
== 2 2 = @ .
g={g g2 ... B14B- (

Onnako B o0umeM cioyyae Mbl paccMaTpHBaeM abCTpakKT-
HYIO aJare6py, CBOACTBA KOTOPOH He 3aBHCAT OT BHAa 3Je-

MEHTOB €g], a Ha YKa3aHHYIO Bbllle peaJH3audio 3THX
3/1eMEeHTOB B BHJle KBaJpaTHbIX MaTPHIL CIeNyeT CMOTPeTh
Kak Ha NOATBEPKAEHHEe CYyLleCTBOBaHHS MOAOOHOro pola
acconHaTHBHBIX ajare6p (YTo NO3BOJSET, HAINpHMep, He
HNPOBOJHUTL NPOBEPKY YCJAOBHsI aCCOILHATHBHOCTH IJsI aJf-
re6pol, onpegenseMoll ¢opMmyaamu (2.55)—(2.56)).

Ecan nnnexc f npoberaer KoHeyHOe 4MCJIO 3HAYGHHII
oT 1 fo n, TO accouHaTHBHYIO aare6py Hal nosaeM gefcr-
BHTE/IbHBIX 4HCeJ, 06pa30BaHHYI0 BCEBO3MOXHBIMH 3Je-
meHTaMH BHIa (2.55), o6osHauuM Q.,. B 3aBHCHMOCTH
oT Toro, 6yaeT Au @ moseM INEHCTBHTENbHHIX UHCEJ, M0-
JIeM KOMILIEKCHBIX 4HCeJ HJIH TeJIOM KBaTePHHOHOB, PaHr
anrebpnl Q. Oyner, COOTBETCTBEHHO, paBeH n?, 2n?
unu 4n®,

[TokaxeM, 4To BO BTOPOM H TpeTbeM cayqasx Qe
H30MOP(QHBL HEKOTOPLIM Nojanre6paM ajreGpbt AeiiCTBU-
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TenbHbIX KBaLpaTHbIX MaTPHI IOPAAKOB COOTBETETBEHHO
2n u 4n.

B camoMm geie, nyctb Rim U R(») — acCcOuUHATHBHHE
anre6pbl XefCTBUTENbHBIX KBaJPaTHLIX MaTpHl NMOPSIAKOB
m 1 n ¢ 6a3UCHBIMH 37€MeHTaMH

eg;(ﬁ=1,2,...,m)ne3: (@=12, ..., n).
IIpexnae Bcero moxkaxem, 4To
Rmny = Rmy X Rny. (2.58)
[Tonoxus
exs = caiehs = ehiea (2.59)
rue
Ye=PBe—Dn4+a (v=12, ..., mn), (2.60)

¢ noMolsio ¢opmya Tuna (2.56) noayuuM
eners = (daiel) (Ofien) = (Badp)ey: = o5ierly (2.61)

4TO JOKasblBaeT cupasBefiueocts (2.58). [Tokaxkem pa-
jee, 4To aare6pnl () KOMIJIEKCHBIX 4HCeJ H KBaTepHHO-
HOB, paccMaTpHBaeMbie Haj NOJeM AeHCTBHTEeJbHBIX YH-
cesl R, n3oMopdHbl HEKOTOPBIM nogaare6pam auareGp R,
H R.,. B camoM gmesne, usoMopdHOe COOTBETCTBHE OCY-
IIeCTBJSETCS C MOMOIIbI0 HOPMYJ

l=ep =e+e, i=a—e (2.62)
HJAH, COOTBETCTBEHHO, )
l=ey=e & +est+e, i=e,—e +-es—e
(2.63)
j=e—e; + e5—el, k=e, | 6;—e;—ef

(IoKa3aTeNbCTBO HENOCPEACTBEHHO BhiTeKaeT H3 (2.56)).
HaxoHell, nockosbky ajireépa Q ., usomopdHa npsmomy
npoussefeHuo QXR ., a Q nsomopdua nopaaredpe aJ-
re6pol Rz, miu R, T0 orciofa, ¢ yuetom (2.58), crenyer
CIPaBeLIHBOCTb BHICKA3aHHOTO yTBepKIEHHS.

Ecan Q — aare6pa xoMineKCHbIX uHCeJ, TO 6a3ucHo-
MH 27eMeHTaMH aare6pnl Q.,, paccMaTPpHBAEeMO#l B Ka-
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4ecTBe HOAAJre6pH =R ;.,, coraacHo (2.59), (2.60) u
(2.62), 6ynyr .

Ey = e X5 = et + entan (2.64)
IEq) = iXeg: = enta,— g, " (2.65)

B 3tom IIpeacCTaBJ/JeHUH 6a3HCHBIM 3JIeMeHTaM KOMILJIEKC-
HBIX YHCEJ COOTBETCTBYIOT MaTpPHILBI

- a 1 = .
E= e2) X €y = €q -} en:-:, I =iXen = eg+a - egm.
(2.66)
Ananornuno, ecan Q — ajre6pa KBaTepHHOHOB, TO KBa-
TepHHOHHHIM Oa3HCHBLIM 3JeMeHTaM, coraacHo (2.59),
(2.60) u (2.63), 6yayT COOTBETCTBOBATH CJAEAYIOLIHE MaT-
pHIBL H3 R i
3
E = ey Xem = g + enta + emnia + €smiar

. o n+a sn+a 2n+a
I = L X€n) =€niq — €q - €anta — E3nias

(2.67)
J =jXem = v — egr:fa + esnsa — zn+a’
K - k ><e(n) - egn+a 3n+a + Cgrtfa - f’?zrﬁj.av
a 6a3MCHBIMH 37eMeHTaMu @, OyLyT
Eeg, legt, Jegl Keg. (2.68)

§ 7. AunreGpbl HaGawaaeMbIX H UX 3aBHCHMOCTDb
OT BbIGOpA CHCTEMbI 00 a3yI0MHX
u oT Bua cko6ox Ilyaccona

Ecan nas konen HaGaonaeMblX, PacCMOTpPeHHHX B § 2
3TOH rJaBbl, BBECTH ONEpalnMH YMHOXKEHHA Ha HeHCTBH-
TeJbHBIE YHCJIa, TO MBI NOJAYUHM a42e0pbl HAOAt00aeMbIX
G nad noaem Odedictsuresvroix wuces R. B kBaHTOBOH
MeXxaHHKe HHOTJIa paccMaTpHBaIOT Takxe aare6pnl G Han
HoJeM KOMIJIEKCHBIX YHCeJ, ONHAKO MO H3JI0XKeHHBbIM pa-
Hee NpHYHHaM Mbl O6yAeM paccMaTpHBaTb OoJee O6LIHH
(B OTHOWIEHHH IpYyNNLI aBTOMOP(PHIMOB anarebpol G) ciay-
yalf, Koria MHHMas eJHHHLa i B [OJe He BKJIUYAeTCs.
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Ilns ypaBuenu#t (2.14) n-i cTeneHH riay6okHe anre6-
paHuecKHe pe3yJbTaThl, CBSI3aHHbIE C BBeJEHHEM TDYIIbI
Tasnya, yXa/ioch NOJYy4YHTb JHIIbL TOCJAE TOro, Kak oT 06-
[ero IoJs KOMILIEKCHBIX YHCes TNepellid K H3Y4YEeHHIO
6osiee yskux moselt P, u P, mopoxlaeMblX KOHEYHBIM
YHUCAOM 06pasyiomux. AHAJOrHYHO 3TOMY JJId Haxoxnie-
HHUS TJIyGOKHX ajreGpaHdeCcKHX XapaKTepPHCTHK (H3Hye-
CKHX CHCTeM B KJACCHYECKOH M KBAHTOBOH MeXaHHKe
HYXHO paccMaTpuBaTb He HauboJjee oOLiHe JHEBO-HOP-
IaHOBbl aareOpbl Ha6MOfaeMbIX, a JHIIb TaKHe aare6pbl,
KOTOpble NOPOKAAIOTCS KOHEUHBIM YHCJIOM 06Pa3yolLHX.
[TpounmocTpupyeM 3TO Ha NPOCTOM INIpHMepe MOMEHTA
KOJHYeCTBa ABHIKEHHS HEPENATHBHCTCKOHA YacTHIBI ¢ KO-
opauHataMu r* (s=1, 2, 3) U cOCTaBJASIOUIUMH HMIIyJIbCa
Ps, TOE

[Ds0 7] = 652, (2.69)

M3 (2.69) caemyer, yro KaK B KJIaCCHYECKOH, TAK H B
KBaHTOBOH TeOpHH cocTaBJsiioline M, MoOMeHTa KoJiuue-
CTBa JBHXKEHHS

My = r’ps ——r’p,, M, =r%p —rips, Wy =rlpy —rp,
(2.70)

YIAOBJETBOPSACT NEPECTAHOBOUHBIM COOTHOIIEHUAM
[wp Mz] = - -M;;, ey ' (271)

rie MHOTOTOYHE 03HauaeT, YTO aHaJoTMYHLIE COOTHOLUe-

HHS IIOJYyYaloTCd B pe3yJbTare IHUKJHYECKOH Iepecra-

HOBKH wMuHIekcoB 1, 2, 3. M3 (2.71) crmeayer, uto {M.}

ABJagercss aarebpoli JIu TpeTbero paHra, Kotopas Cmfsa-
Ha ¢ rpynnoft O, BpallieHuil TpeXMepHOro eBKJINI0Ba MPO-

CTPAHCTBA H KOTOPYIO Mbl NO3TOMY 0GO3HAYUHM CHMBOJIOM
L(O,). PaccMorpuM Tenepb JHEBO-HOpAaHOBY anre6py G,

colepxalilylo HaOmopaeMsie M, u HekoTopble nH(pde-

peHLHpyeMble QYHKUMH OT M,, m OTPpaHHYHMCH CJIyyaeM

Kraccuyeckolt Teopun. M3 omnpenenenus G M CBOICTB

ckobok Ilyaccona (2.10) caenyer, uto €cau Ijas HabJIo-

paeMolt H

(1, M1=0_ - . = (272
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(4TO COOTBETCTBYyeT HHBapHaHTHOCTH H OTHOCHTEJNbHO
rpynnbl O,), To mis Jo6oi HabawonaeMoi

/s og ) 92 g M1 —0
[4, gl = oM, [, i+ YA [H, M)+ oM [H, Ms] = 0.
(2.73)

Ecau G comepXHUT NMPOU3BOJbHbIE ¢YHKUHH oT M., TO,
TI0JIOXK HB

o~

Pr=M,  pp=Mi4+ MM g =arctg (My/ V),
(2.74)

¢ yuetoM (2.69) u (2.10) moaydum
[Ep Ez] =0, [Ep ‘71] =1, [;72’ (71] =0, (2-75)

T. e. HaOJIORaeMbIMH [y, Ps, §' oOIpenenserca ajarebpa
Jlu, cymectBenno otanunas ot L(O,). duas Toro 4toObl
HHBapHaHTHbIe CBoHicTBa HabaogaeMblx fI, omnpenease-
Mble 10 COOTHOIIEHHsM THHa (2.72), MOXKHO ObIJIO Xapak-
TepH30BaTb ¢ NMOMOLIbI OJHO3HAYHO ONpelesaseMblX aJ-
re6p JIH, HeO6XOAHMO OTPaHHUUTL YHCJIO O00Pas3yloOmHX ¥
aare6psl G. Tak, B HalleM NpHMeEpe, eCJH 00pasyioLIHMH
JIHeBO-HOpAaHOoBOH agare6pnl G cayxar M, 1o §'=
=arctg (M./M,) B G He Bofimer u anare6pa JIu ¢ nepe-
CTaHOBOYHBIMHU COOTHOLIeHHsiMH (2.75) He Oynmer JHeBOH
noxanre6poit aare6por G.

[ToatoMy Mmbl mpuMeM cCHenHa bHBIH NOCTYyJar o Ko-
HEYHOM WYHCJe 06pasyloLINX, COIJIaCHO KOTOpPOMY .4ueso-
topdanosbie areebpor HAbaOOAEMBLX, CONOCTABAREMBIE C
KAQccu4ecKumu U K8AHTOBLIMU CUCTEMAMU, OOAINCHbL ON-
pedeaarsvla 3a0QHUEM KOHEYHO20 YUCAQ HE3Q8UCUMbBLY 06-
pasyrouux.

HanomuuM, uto B cootBercTBHM ¢ § 2 Hacrosmel riaa-
Bbl JIHE€BO-HOPJaHoOBa aarebpa HabI0JaeMbiX OJHO3HAYHO
OTpeesieT JHEeBO-aCCOUHaTHBHYIO aare6py H HaobOporT,
NpHYEeM acCOUMaTHBHOE MpPOH3BeJeHHe TPOH3BOJIbHBIX
HabJ/aonaeMblX g; U g, BbIpaxaeTcs 4yepes HOpHaHOBO H
JINEBO IPOH3BeleHHs N0 popMyae

I3
g8:=61 -8+ Z.‘[gv s, (2.76)
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rie B KjaaccHueckofl Teopuu A—>0 u BTOpoe cJjaraemoe
cJlenyeT MOJIOXKHTb PAaBHBIM HYJIIO.

JlokaxeM Telepb CJELYIOINYI0 OCHOBHYIO TEOpeMy O
JINeBO-HOPAAHOBLIX aJjre6pax HabuiopaeMblx s (H3H-
YeCKHX CHCTEM:

Han Kaxdold KowkperHotl Ounamuueckol 3adautl-

MONCHO OnpedestTs MUHUMAABHYIO AUeB0-1i0pOAHO8Y ai-
2ebpy HabaodaeMmolx, 3AeMEHTAMU KOTOPOL Oydyr petue-
Hus Qunamuyeckux ypasweruil 0ia scex nHabarodaemolx,
paccmarpusaemsbix 8 sadaue.

Bynem HCXOZHTHL H3 TOrO, 4TO AMHAMHUUYECKHE CBOHCT-
Ba (H3NUYECKOH CHCTEMBbI B KJACCHYECKOH M KBaHTOBOH
TEOPDHH XapaKTepH3yIOTCd 3alaHHEM raMuJbTOHHaHa H.
B xusaccuueckoil MexanHke f BblpaxaeTcs 4epes 0606-
IIeHHble KOOPAHHATHI ¢* U HMIYJbChI Py, CKOOKH Ilyacco-
Ha MEeXJY KOTOPBIMH, B COOTBeTcTBHH ¢ (2.10), paBHbI

[P q] = OF2. (2.77)

B HepenfATHBHCTCKOH KBAaHTOBOH MeXaHHKe [aMHJbTOHH-
aH H BoipaxaeTcs uepe3 wabuofgaemule g*1, p,, AJds Ko-
TOPBIX KBaHTOBOMexaHHuecKHe cKo6ku Ilyaccona mo-
npexHemy paBHbl (2.77). Hakosnen, B peasTUBHCTCKOH
KBaHTOBOH TEOPHH BOJHOBHIX moJeH raMuabTonuan H
BbIpaxaeTcs uyepes onepaTopbl POKAEHHS H YHHUTOXKe-
HHs yacTHL. Ecam g — HabuaopaeMmasi, ABJSIOIMAACH
GbyHKUHeH OT ¢* p, HIH, B KBAHTOBOH T€OPHUH BOJIHOBBIX
noJsiefl, OT ONeparopoB POKAECHUA M YHHUTOXKEHHS YaCTHII,
TO H3MeHEHHe HabmaoJaeMOH g C TEUueHHEM BpPEMeHH BO
BCEX TpeX C/yuasix XapaKTepH3yeTCs ONHUM H TeM XKe
ypaBHEHHEM

N

8 _1H, gl. 2.78)

®opmyna (2.78) umeer mecto mas a1060# HabaORaeMol,
HO3TOMY, 3aMeHsig B Helt ¢ Ha d*'g/di"! u 0603Hauasn
{H, g] cumBosiom (ad H)g, us (2.78) moayuum

th (H, (H, ... [H,g]...]=@lH"g. (279
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Ecau g(t) — pewenne (2.78), a d"g/dt — sHauenue n-i
npousBofHol mis =0, to, pasnaras g(¢) B paa Teio-
pa H yunthiBas (2.79), monydum
gt)y="3 f-'—[H, . [H, g] ...] = ettdg (0). (2.80)
n S——————

n=0 n

B uacTHOCTH, B KBaHTOBOH TeopHH H3 (2.80) mosnyuaercs
cJeAyiolias 3aBUCHMOCTb HabJaioflaeMOH (B Ipeacrasie-
HuH leiisenGepra) or BpeMeHH:

g () = efilihge-tiH/h, (2.81)

Ias pokasarenbctsa (2.81) caenyer cpaBHuTL B (2.80)
H (2.81) uJjeHBb IPH OQHHAKOBBIX CTENEHAX ! H BOCIOJIb-
30BaTbCs ompenenenveM (2.11) KBaHTOBOMeXaHHMYECKHX
cko60k Ilyaccona (mpuMeHHB NMpH 3TOM MeTOH HHOYKIHH
10 7; CM. TaKxke JuTepatypHble ykasaHus). [lyctb auna-
Muueckas 3afiaya AJs JaHHOH (hH3HUYECKOH "CHCTEeMbl 3a-
KJI0YaeTcss B HaXOXK/JIeHHUH 3aBHCHMOCTH OT BpEMeHH CHC-
TeMBbl He3aBHCHMBIX HabamwaaeMuix g,. Torna us (2.78) —
(2.80) cnenyer, 4TO MUHHMAaJbHOH JHEBO-HOpPIAHOBOM
anre6poll HabmwaaeMbiX, B paMKax KOTOpPOH pellaercs
IaHHas 3ajava, 6yner ajare6pa ¢ oGpasywomumu g, 1 H.

Pemenne npo6JeMbl 0 CONOCTaBIEHHH ¢ JUHAMHYECKH-
MH 3ajauyaMM MHHHMaJbHBIX aJjare6p HabJjoogaeMblX MoO-
XeT 3aBHCeTb TaKXe OT TOTO, KaKof He3aBHCHUMBII Napa-
MeTp XapaKTepu3yeT H3MeHeHHe HalJ/i0JaeMBIX C Teue-
HHeM BpeMenHu. DBoJee TOro, samMeHa KJIacCHYeCKOTO
BpeMeHH Ha JIpyrue mapaMeTpbl MOMXKET CBs3bIBaTbCs C
HepexoloM K HOBHIM ¢usuueckuMm TeopusiMm. HamnpuMep,
[pH peTaTHBUCTCKOM OOOOLIEHHH KJIaCCHUYCKOH MeXaHH-
KH 0Ka3aJ0Cb HeOOXOLHMBIM BBECTH COGCTBEHHOE BpeMd
9acCTHIbl, KOTOpOE B CIeIHaJbHOH TEOPHH OTHOCHTEJb-
HOCTH 3aBHCHT OT CKOPOCTH 4acCTHIlbl, a B 0o6lIeil TeOpHH
OTHOCHTEJNBbHOCTH — elle H OT ee mnoJgoxkeHusi. Kanonu-
4ecKum nasbiBaeTcsl Takoe o6paTuMoe JuHeliHOe npeobpa-
30BaHMe ¢ BEKTOPHOTO IpPOCTpaHcTBAa HAGJI0JaeMBbIX g,
nepeBojsllee g B g, IPH KOTOpoM HoBas cko6ka Ilyac-
COHA OT g, H g,, ompele/semMas no dopmyJse

[gh gz]u = [ug,, ugz], (2.82)
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nosiyuaercss H3 crapoit cko6ku [lyaccoHa B pesyJIbTaTe
npeobpasoBaHua 4, T. €.

g1 8olu = ulgy, 85). (2.83)

Ecan (2.83) He umeer Mecta, TO JHHeHHOe NnpeobpasoBa-
HUe u, siBJAdI0leecs HAOMOP(HU3MOM BEKTOPHOro IpOCT-
panctBa G, HasblBaeTCsi HEKQHOHUYeCKUM, TPHYEM U3
cupaBenauBocTd (2.4) u (2.5) nas Haba0gaeMbIX Ug
crenyer, 4To HoBele CKOGKM IlyaccoHa mo-mpexkHeMy
yILOBJETBOPSIIOT OCHOBHBIM TOXKIecTBaM Tuma (2.4)—
(2.5).

ITokaxeM, 4TO mepexol OT BPeMEHH { K HOBOMY Bpe-
MEHHOMY IlapaMeTpPy T MoxeT ObITb IpeACTaBjeH ¢ Io-
MOUIbI0 HEKOTOPOTO, B o0uleM CJydyae HeKaHOHHYECKOTO,
npeobpasoBaHua. IIJs 9TOTO CKOHCTPYHpYyeM B SIBHOM
BHIe HeKaHOHHYecKoe MpeoOpas3oBaHue u, COOTBETCTBYIO-
uiee nepexony ot f K T, NPHYEM Halle NOCTPOEHHe J0O-
IMycKaeT pasJHyHble AOCTATOUHO IIHPOKHE 0GOGIIeHHS.
OrpannpunMcsi CHayasJa cjayyaeM KJaCCHYeCKoH MeXaHH-
KM, H IYyCTb TaMHJIbTOHHaH H u apyrue HabmiofaeMmble g
SIBAAIOTCA QYHKIHSIMH OT HEKOTOPOH mocTodHHol K,, Tak
4TO

H=H(p, g, Ky), (2.84)

rue q H p — COKpallleHHasl 3alucb 0OO0O6LIEHHBIX KOOPIH-
HaT g* H UMNOYJIbCOB p,. Byaem cuutatb, 4To (2. 84) MOX-
HO OJIHO3HAYHO Pa3pemIuTb OTHOCHTENbHO K,:

Ko =0 (s 4 H), (2.85)

1 00paTHO (BO3MOXKHO, NIPH HaNOKEHHH KaKHX-TO JOMOJ-
HUTEJbHBIX OrpannueHuil) — u3 (2.85) caenyer (2.84).
OnpepenuM u Kak Takoe npeo6pasoBaHHe, MPH KOTOPOM-
Habaonaemble g (p, ¢, K,) nepexoasit B

ug {p, 9, Ky} = g{p, ¢ ©(p, q, Hy)}, (2.86)

rie H, — nocrosnHas, paBHas YHCJOBOMY 3HAYEHHIO
sHeprun. COOTBETCTBEHHO NOCTOAHHast K, MepeXOfHT B
(DYyHKIHIO

K =0(p, q, H). (2.87)
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[Tpu o6paTHoM npeo6pa3oBaHuH u~' mocrosHHas H, cHo-
Ba 3aMeHsiercad Ha ¢yHKuuoo (2.84).

Uro6u npeolpaszoBaHHe u MOXKHO OblIO paccMaTpH-
BaTb Kak aBTOMOpGH3M IPOCTPAHCTBA HABJIOfAEMBIX,
BBEIEM JIONOJHHTENbHO KAHOHMYECKHE HMIYJAbC Pyyy H
KOOpAHHATY ¢¥*! u 6y1eM CUHTaTh, YTO FaMHIbTOHHAH H
He 3aBHCHT oT ¢”*!, HO 3aBUCHT OT Py, IO pOpMYyJle, no-
ayuyaemoil u3 (2.84) B pesynapraTe 3aMeHbl K, Ha P,y
Orciona caenyet, uto [H, pyy]=0, T. e. nononHUTENbHAS
HabaonaeMasi py,, ABJASETCS WHTErPAJOM [BHKEHHS H
ee MOXKHO OTOXKAeCTBHUTb ¢ nocrosinHoll K, Torma u 6y-
IeT MMEThb CMBICA TaKoro o6paTHMOro npeo6pasoBaHHs
na6JaoaeMblx, nOpH KGTOPOM BO  BceX (yHKIHSX
g(P, q, pyy1) BeIUUUHA Py, 3aMenseTcsi HA O(p, g, Pri1).
[Tocne aroro 3a HOBBIH TaMHJAbTOHHAH INPHHHMAETCS
@ (p, q, pny1), W 3aTeM HHTerpaJ ABHKEHHS Py, OTOXK-
IeCcTBJASIETCS C nocTosiHHo# H,.

M3 (2.85) cnepyer, 4TO HOCKOJMBKY

(9 P, 0g adt _de
[H,g]—g(apk 7o df)—dt, (2.88)

TO HJsi I[OPOU3BOJbHOH HaGaionaeMoii g BbIIOJHSETCS
TOX/IECTBO

ad dg oD dg am d
K, g] = (——————-) IDdg _ 0, (2.89
v 8 % ap, 96" 3¢* dp,) " oH 4t (2.89)

C npyro# croponsl, coraacuio (2.87),

oD dg oD g
K, g] = (— og 90 —) , 2.90
gl ; dp, 0g*  aq"* ap, (2.99)

TaK 4TO €CJH Ug=g, T. €. €CJH g He 3aBHUCHT OT Ko, TO

K — _ 9K dg
Ky glu =K, ] 4 (2.91)

BBemem Tenepb BMecTo BpeMenu ! TakKoH He3aBHCHMblil
napamerp t, AJ1s KOTOPOro

dv = dt / (— a‘z—’i) . (2.92)
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Torpa w3 (2.91) crepyer, uto
£ — 1K, g1 = (Ko gl (2.93)

T. e. K CTaHOBHTCSI BO3MOXHBIM paccMaTpHBATh B KayecT-
Be HOBOTrO raMH/JbTOHHAHA, COOTBETCTBYWOILIEro HOBOMY
BpeMeHHOMY mnapameTpy T. [ToaToMy mpeo6pas3oBaHue «,
cootBeTcTBYyIOUIee 3aMene K, Ha K m H Ha nocTosiHHYyIO
H,, pn3nueckn MOKHO HHTEPHIPETHPOBATb KaK HEKAHOHH-
YeCKHH Iepexol OT OJHOro FaMHJbTOHHAHA K APYTroMYy.
Ilpumep 1. Ilasi Knaccuyeckodl CBOGONHON peJsiTH-
BHCTCKOM uacTHIbI raMHJbTOHHAaH H onpejeasieTcs u3
dhopMyJIbI
HYc?— p? = mec®, (2.94)

rue m,— Macca NOKOS HYacCTHIBI, ¢ — IOCTOSIHHAs CKO-
poctH cBeta, IlpunuMas —m,c* 3a nocrosinuyio K, H3
(2.85) u (2.87) nonyumm

e (HP— gy, K He o
K ( 0 Cp) oM, (Hg__czpz)‘/z ( 95)

YuutsiBasi, uto ¢*p*/Hz2=0v’/c* u3 (2.92) naxomum
dv =dtV'1—oYc, (2.96)
T. €. HOBHIH NmapaMeTp T COBNafaeT ¢ COGCTBEHHBIM Bpe-
MEHEM PeJSTHBHCTCKON YaCTHIHL.
ITpumep 2. Nasi cnydast KyJOHOBCKOrO HJIH HbIOTOHOB- -
CKOT0 B3aHMOJEHCTBHS ABYX HEPEeJSTHBHCTCKHX uYaCTHIL

raMuibTOHHAH M, XapaxkTepH3YIOHIHH OTHOCHTEJbHOE
ABHXEHHe ABYX YaCTHI C MacCaMH M, H M,, PaBeH

H=2"_Ko .
2m r’ (2.97)
rae m = —2"2 _ __ npupenennas macca, a Ky = —ee nm
my + mg
Ky, = —ymym,. V3 (2.85) —(2.87) u (2.92) nonyunm
P
K =00 —Hy, (2.98)
dt

dv == (2.99)
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IMepexona K KBaHTOBOH MEXAHHKE, PACCMOTPHM KBaHTOBO-
MexaHWuecKoe ypaBHeHHe Ha coOCTBeHHble 3HaueHMsa [, omne-

2
paropa sHepruu H = P _ K JLJI8 Hepe/IATHBUCTCKOrO KYJI0-
2m r

HOBCKOr'O B3aHMOJEeHCTBUs ABYX YacTHIl, YTO COOTBETCTBYeT
npuMepy 2:
2

(2_;7m_ - %) Y (Ko Hy) = Hop (Ko Hy). (2.100)

BBeneM ¢yHKuHiO ¢, 3aBHCSLULYIO OT napameTrpoB K, H,

M CBSI3aHHYIO C BOJIHOBOH ¢yHKuuedt ¢ (H,, K,) no ¢op-
MyJe

‘p(Ho’ KO) = fq) (Hov Ko)a (2.101)

H ONpefeHM HOBYIO HOPMY

< | D) =<y [rpe> = <rtyy l Po) = S W:':‘ﬂ?z av. (2-102)
1%

Torpna (2.100) MoxHO nepenucatb B BHIE

Ko (Hy Ko) = Ko@ (Hy Ky), (2.103)

rae omepatop K onpefeasiercsi dopmyJson (2.98). Ilepe-
xox oT H x K B KBAHTOBO!H TEOPHH TAKXKe MOXKHO HHTEp-
OPEeTHPOBATb KAaK HEKAHOHHYECKHHA IepexoJ, OT OJHOro
onepatopa 'aMHJIbTOHA K APYrOMy, HpPHYEM H3 3PMHTO-
BOCTH H 1o OTHOLIEHHIO K CTAPOH HOpMe BBHITEKAeT IPMH-
TOBOCTb K 10 OTHOLIEHHIO K HOBOH ¢popme. B camom neae,

u3 (g | Pd =i rhed B PP |he) =<u| ppe) mMeem
1| Ky = <(P1 |r (% — Ko) r(p2> =
= K@y |roey = (Koo [92).  (2.104)

Otciona ciefyer, 4To nmepexof oT ypasreHHsi (2.100) k
(2.103) cooTBeTcTBYET Nepexony OT 3a4auyH O HAXOXK[e-
HHH CIEKTpPa COOCTBEHHbIX 3Ha4eHHH [, cTaporo raMub-
TOHHAHa NPH QUKCHPOBaHHOM K, K 3ajjaue 0 HaX0XJeHHH
creKTpa CoGCTBeHHBIX 3HaueHHuH K, HOBOro raMHJIbTOHHA-
Ha NpH QHKCHPOBaHHOM H,.
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§ 8. AareGphbi ¢ YHCIOBLIMH 3HAYEHHAMH
u anare6pauveckoe onucanue GUINYECKHUX CHCTEM

Yto6bl MOXKHO GbIIO [OCJAENOBATENbHO ONHUCHIBATL (PH3H-
YeCcKHe CHCTeMBl M pPellaTh AMHAMHYECKHe 3ad4yH IpH 1o-
MOIIH aire6paH4ecKuX MeTOJ0B, HEOGXOLHMO yCTAHOBHTD
CBSI3b MeXy aareOGpaMu HaGJaOJaeMblX H ONpefesieMbl-
MH Ha OfbITe AeACTBHTEJbHBIMH YHCJAOBLIMH 3HAYEHHSIMH,
KOTOpble Mbl OTOXAECTBHM CO CPENHHMH 3HAUEHUSIMH OT
na6aiopaembix. C 3TOM 1eabl0 IJS NPOH3BOJbLHON aJjre6-
pbl HaGJjonaeMblx G Hajg HoJjeM AeHCTBHUTENbHBIX UHCEN
BBefeM oOLiee MOHATHE 06 aa2ebpau4ecKkom COCTOSHUU
{COKpalleHHO «X-COCTOSIHHH»), XapaKTepH3yeMoM 3aja-

HHeM BeKTopa =" H3 AYyaJbHOTO BEKTOPHOrO HPOCT--

paHCTBa MO OTHOIUEHHIO K BEKTOPHOMY mpoctpaHcTBy G.
UncaoBoe 3HaueHKe 3/1eMeHTa g = e,p*<0 B COCTOSIHHH .7,
00 onpefeneHHio, OyaeT XapaKTePU3OBATbCs [AEHCTBH-
TEJNbHLIM YHCJIOM

Re(x, g) =<n|g> = mu9", (2.105)

rie no p, KaK oOblYHO, NOAPa3yMeBaeTCsi CYMMHpPOBaHHE
HJIM HHTErpHpOBaHHe.

Ecann e — egunvna aare6pbl G no OTHOUIEHHIO K HOP-
HaHOBY YMHOXEHHIO (OTMETHM, YTO HOPRAHOBY anare6py
6e3 eNuHHIbl BCerja MOXHO (OpPMajibHO PACHIHPHTb HO
HopaaHoBo# aJgrebpbl ¢ efHMHHLEH), TO O6yaeM CUHTATb,

YTO YHCJO0BOC 3HAYCHHE 3JIeMEHTa & B anre6panquK0M‘

COCTOSIHMH 7 CBSI3aHO C HAOJIOAaeMbIM Ha OIbITE cpen-

HWHM 3HA4YeHHEM g, 3JE€MeHTa g B COCTOSIHHH 7 10 ¢op- .

My.Jle

gn = T8 (2.106)

jey

Bce nabawogaemble Ha omnbiTe pe3y/braThl He H3Me-
HSITCA, €CJAM I ajre6paHyecKHX COCTOSIHMH OpPHHSITbH
yCJOBHE HOPMHPOBKH

(mfey = 1. (2.107)

Ipn sToM, B cootBercTBHM ¢ (2.106), Ha aareGpamue-
CKHe COCTOSIHHSI HEOOXOAHMMO MOHOJIHHTENbHO HaJOXHTD
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OTpAHHYEHHEe, COrVIaCHO KOTOPOMY 1A BceX g=C
(n|g* >0. (2.108)

Yenosue (2.108) siBasieTcst HEOGXOAUMBIM H LOCTATOYHBIM
YCJ0BHEM TOTO, YTO AHCNEPCHH JIOOBX QH3HYECKUX BeJH-
ynH GoJbllle MJH PABHLl HYJIO.

Uz (2.107) u (2.108) caenyert, 4To €CaAH 7y, My, . . . —
BEKTOPH! anerbpanyecKuXx COCTOSHHUH, TO

=Pty +pottad- ..., (2.109)

rae p, =0, p,=0, ..., p1+p+ ... =1, Takxke 6yzner an-
re6paHyeckuM COCTOSIHHEM. 31eCb HEOTPHIATENbHOCTD
Pi, Ps, ... siBasietcst caencrBuem (2.108), Tak Kak ecsH,
HanpuMep, Hal/lofaeMass g TakKoBa, 4YTO <{m,|g¥)=
={(mns|g")= ... =0, a {m,|g*>70, 10 mo (2.108) p,=0
H T. A. AnajoruusHo nocjennee paseHcTBo B (2.109) sis-
asiercsi caencrsue (2.107).

CBsi3b MOHSITHS aare6paHdecKHX COCTOSIHHA ¢ QyHK-
[HOHAJbHbIM aHA/JH30M YCTAHABJIHMBACTCH CJAENYIOIIHM
o6pasoM. BBenem cneyuaasvHble aszebpauveckue cocTos-
HUA Tio, JJISE KOTOPBIX HMEET MeCTO OrpaHndeHHe GopMYyJbl
(2.108): <m,]|g*»>0 masi Bcex g+0. Orciopa caenyer,
4yTO AJsi ajire6p Ha6GAlOAaeMbIX, NJs KOTOPbIX CYHIeCTBY-
10T clenuaibHble ajreGpanyeckve COCTOSIHHSI, MOXKHO
BBECTH HOPMY NO dopMyJie

ng, (g) = + V<m, | g*, (2.110)

4TO, B 4aCTHOCTH, AaeT BO3MOXHOCTb BBECTH B aJjrefpe
HabGAIOgaeMbIX TONOJIOTHIO H HCHOJb30BAaTb Pe3yJbTaThi
TEOPHH HOPMHPOBAHHBIX ajre6p.

[IpounsocTpupyeM BBeIeHHbIE NOHSTHS HA NpPHUMepax
KJacCHYeCKOH M KBAHTOBOH MeXaHMKH. B kaaccHuyeckoil
CTATHCTHYECKOH -MeXaHHKe ¢opmyaa (2.105) mpuauMaer
BH[,

Re(®, ¢) = [ (p, 9P (p, 9)dpdg. 2.111)

3nech Re(m, @) — cpenHee 3HaueHHMe KJIaCCHYECKOH Ha-
6a0flaeMolt @{p, §) B COCTOSIHHH I, KOTOpOe Xapax-
TEPU3YeTCsi 3alaHMeM MJIOTHOCTH pacnpefesenus p(p, q)
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B (a30BOM HpoCTpaHCTBe. B 06bUHON KiaccHYecKoH Me-
XaHWKe, I'Jle COCTOSIHHE 1t 3aJdeTCsi UHCJIOBBIMH 3HAUEHHS -

MH ph, ge, B dopmyrse (2.111) caemyeT NOJOXHTb
p=08(p—p°, ¢—4q,). B kBaHTOBOW MeXaHHKe COCTOSIHHE T
XapaKTepuayeTcs 3afaHHeM BOJHOBOH QYHKHHH ¥, 4 YHC-
JoBoe 3HaueHne Re (m, @) onpemensieTcs KaK KBaHTOBO-
MexaHH4eCKoe CpefHee OoT onepaTopa @:

Pplolpy (lu»«pl )
Re (s, ) rryFS p P P ( )

3nech Sp — cJex MaTpHIbl, paBHBIA CcyMMe ee JHAro-
H4JIbHBIX 3JEMEHTOB, T. €.
€ 3 [2 [
Re(m, ¢) ='Sp (n, - 9%°) = g, - @gYy (2.113)
[ /
e w wﬂl o ©
rae %, = ——-. Haxronen, B cTaTHCTHYeCKOH KBaHTOBOH
Vo0
Mexanuke B (2.113) B KauecTBe 75, c/efyeT B3STb JIEMEHTH
MATPHUBI IJIOTHOCTH: B YacTHOCTH, JJA pacnpejeneHns I'H6-
6ca cpefHee 3HaueHHe Ha6/1:07aeMOH @ (p, §) PaBHO

TP D=Sp(x- @) m=(eHTYSp (eHBT). (2.114)

IlpuBeneHHble GOPMYJIH NTOKA3bIBAIOT, YTO M3 HAIIEro
ompeNeeHusi N-COCTOSHHA B 4aCTHOM cJyyae NOJydaloT-
csi M3BECTHble KJACCHYECKOE M KBAHTOBOE OMNpefiesIeHHust
COCTOSIHHA ¢ HOMOUIBIO TJIOTHOCTH BEPOSITHOCTH O HJH
MATpPHIUAL NJAOTHOCTH nt. Hanpumep, eciu B KaacCHU4eCKOM
caydyae anre6pa G colepxHT Bce ¢yHKuuu ¢(p, q) us’
HEKOTOpPOro kJacca (HampuMep, M3 KJjacca Bcex GecKo-
HedHo AuddepeHIupyeMplXx GYHKHHA), TOo (opMyaoH
(2.111) ¢ nomombio mepBoro ajreGpanyeckoro MeTona
6yZeTr cTpoOro onpeneasThes o6obuiennas — QYyHKIHS
p{p, ), T. €. 3agaHHEM YHCJNOBLIX 3HAYEHHH (CPEAHHX OT
HabJa0faeMblX) OYAET NOJHOCTbIO ONpefetsiThCH MJIOT-
HOCTb BEpOSITHOCTH p(p, q). OnHako B oflieM ciayyae
IVIOTHOCTH BEPOSTHOCTH M MAaTPHL@ NMJAOTHOCTH MOryT Ofi-
peneasiThesi MO HAGJIONAEMbIM Ha ONbITE YHCJAOBBIM 3HA-
4eHHsiM Re (7, g) ¢ TeM WM HHBIM TIPOM3BOJIOM, TaK KdK
y Hac ajire6pa (G, B COOTBETCTBHH C NOCTYJATOM O KOHeuy-
HOM dYHCJe o6GpasylolHX, He COLEPXKHT BCeX HabMOfae
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Mmoix. [Ipn pelueHWH KOHKPETHHIX AMHAMHYECKHX 3a7ady,
r/le 70 Ha4aJbHBIM YHCJAOBBIM 3HAYEHHMSM HAGIIOJaeMbIX
Ompee/siloTcs HX KOHe4Hble 3Ha4eHHus, Ha omnblite HaGJI0-
NaIoTCsi TOMbKO YHCJOBBLIE 3HAYEHHS T, NO3TOMY OINHCA-
HHe $H3NIeCKHX COCTOSIHHI IPH IOMOWH BEKTOPOB 1t MO-
KeT OPHUBOJAMTb K 3HAYMTEJbHBIM YIPOLIEHUSIM IO CpaB-
HeHHIo ¢ 0ObIYHLEIM. PacCMOTpPHM Tenepn, HECKOALKO 6oJee
Y3KHil Kaacc aare6p ¢ 4UCJAOBbBIMH 3HAYEHHSIMH.
Onpepenenue 1. Jluego-tiopdanosa aseebpa G Ha3bt-
8aeTcs CNeyUaibHot aar2ebpoli ¢ HUCA08bIMI 3HAHEHUS-
MU, ecau CYWecT8yeT TAKOU (PUKCUPOBAHHbLL 8eKTOp
U3 OYyarvbHoeo 8eKTOPHO20 NPOCTPAHCTEA RO OTHOUWIEHUIO K
G, 410 NPU3BOABHBLL BEKTOP T MOJCET ObITO NOAYHEH U3 T,
8 pe3yavrare UopdaHosa YMHOMCEHUR, Onpedeasemoo
gopmyaroii Re (m,, e,-e,) =Re (m,-¢,, €,), Ha nexoropuoLil
daement uz G, npuuem, ecau g0, 1o Re (m, g-g) >0.
B cnenuanbHOll ajdrefpe ¢ 4HCAOBLIMH 3HAYCHHSIMH
KaXaoMy 3/eMenTy g G cTaBUTCS B COOTBETCTBHE JEHCT-
BHTEJbHOE UHCJOBOEe 3HaueHHWe Re g, ompenejseMoe IO
dopmyJe
Re g =Re(w,, g), (2.115)

OTKYZa CACRYeT, YTO [Jisi IPOH3BOJIbHBIX A€HCTBHTENbHBIX
qycesa Py U Py

Re (g + p.g2) = pyRe g, + pyRe g,. (2.116)
Omnpeneanm najtee g,, 1 g*° u3 popmya
Re (e, - &) = guvs et =, - ghve,. (2.117)
Torna
g"gys = gWRe (T €y - €5) =Re (7 + g"Vey, &) =
= Re(eM, e5) = 84,  (2.118)

9TO AJisi KOHEYHOMEPHOro CJydas COOTBETCTBYET TOMY, UTO
MaTPHLb! ¢ 3JeMEHTaMH g,y H g" HEBLIPOXKIEHLI H 06paT-
ubl Apyr Apyry. Hakonen, nocnentee ycioBue B onpene-
JIEHHH ajre6p C YHCJIOBLIMH 3HAYECHHSIMHU

n*(g) =Re(g-g) >0 mpu g0  (2.119)
COOTBETCTBYET TPEeGOBAHHIO O TOM, YTOGBI NAOTHOCTb Be-
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POSITHOCTH, onpefeJseMasi IO COCTOSIHHUIO t,, Gblia moJio-
xkuteabHa. U3 (2.119) cieayer, yto 3/7eMeHTH ajareGphl
C YHMCJOBBIMH 3HAUEHHAMH SIBJSIIOTCS 3JE€MeHTaMH HOPMH-
POBAHHOTrO BEKTOPHOrO IPOCTPAlCTBa C HOPMOH A (g) =
=+7VRe(g-g).

B xBaHTOBOH TeOopHH JHEBO-HOpAaHOBa aJjreépa Ha-
6aonaeMblx G HaXOAUTCH BO B3AMMHO OQHO3HAYHOM CO-
OTBETCTBHH C 4CCOIHATHBHOH aJre6pofi G., cocrosmei
H3 BCeX 3JEMEHTOB BHAa g=g,}ig, rae &, g,=G.
B npumeHeHuH K accouuaTHBHbIM anre6pam (G, C HHBO-
JIIOTHBHBIM CONPSiXKE€HHEM, HepeBOASIIHM g B g% =g,—ig,,
HOHSITHE O YHCJOBBIX 3Ha4eHHsix nepedopMynnpyeM cie-
JYIOIHM 06pasoM.

Onpenenenne 2. Accoyuarusnas aazebpa G, Hazovi-
saerca aa2ebpoll ¢ HUCAO8bIMU BHAYEHUAMU, eCAl KAXC-
Odomy aaementy g=G,4 conocTasanercs 0elcTaUTENbHOE
yucao Re g, ydosaergoparoujee caedyrowur C80LUCTEAM:

1) Re (p.gi+p.g.) =p: Re gi+p.Re g, ede p,, p.—
npous3soabrbie OelicTeuTeAbHble HUCAQ, £, G, — TPOU3-
BoAbHbLe 3nemenTOl U3 U 4;

2) Re(£:8,) =Re(g£:g:) nns npou3BONbHBIX &1, €& U u;

3) Reg*=Reg;

4) ecau g0, To n’(g) =Re g*g>0.

IlpuMepoM accoumaTHBHON ajre6pbl ¢ YHCJAOBLIMU
3HAUCHHAMH MOXKeT CJAYXKHTh ajare6pa, pas/aralouiascs
B NPAMYIO CYMMY:

Ga = 2 Q. (2.12%)
i

rle 3JeMeHTbl aare6pbl QE,?), uzomopdHoil anrebpe neii-
CTBHTEJbHbIX, KOMIIIEKCHLIX HJIH KBATEPHHOHHBLIX MaTpPHIL
n-ro Hopsifika Haj NoJeM AeHCTBHTEJbHBIX 4HCEJ, HMEIOT
BHI

- i)y B ()
¢ =gies @€ Q, (2.121)
a YHCJIO n M TeNo Q MOryT GbiThb PasiMYHBIMH AJs pas-
HbIX HHJeKcOB I. IIpm 3TOM dYHC/I0BOe 3HAYeHHE H CO-

IpsiKEeHHe A5 MPOH3BOJBHOIO 3JeMeHTa g= Z gheG,
i
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onpefensercd no popMyaam:

Reg = ZRe( S a?, (2.122)

\ B=1

n
g =g, qr= 3 G (2.123)
BuB2=1

Hasi mokazaTenbcTBa TOrO, YTO IPHBEAEHHbIMH ¢oOp-
MYJaMH ONpefessieTcss acColHaTHBHAS ajare6pa ¢ 4HCIOo-
BbIMH 3HAYEHHSIMH, LOCTATOYHO YOEAUTLCSA B BBUICIHEHHH
cBoiicts 1—4 u3 onpenesenns: 2. [IpoBepka 3THX CBONCTB
HENOCPENCTBEHHO OCYHIECTBJASETCS C INOMOIULIO (opMyJ
(2.120)—(2.123). Hanpumep, yeTBepTOe CBGHCTBO Cile-

LyCT M3 TOTO, YTO B IPaBYIO 4acTb pa3./'IO}KeHHH

n2 (g) _ Reg g = 2 2 2 q'(l)ﬂ; ()1 (2'124)

i By=1 Bs=1

BXOJAT KBAJPaThl HOPM A2 (qglﬁ‘), KOTODbIE MOryT DaBHATbLCS

Hymo mHwb mpH g™ — 0, a B OCTAMbHBIX caydasix Gobiue
HYJIL

§ 9. Jloruka du3nveck¥X CHCTEM M JHHAMUYECKHX 3ajad
¥ MHBapHAaHTHBIE anrebpanyecKne COOTHOUIEHUS
MeX/ly YUCJOBBIMY 3HAYCHUSIMH

Anre6panueckuil MeTOJ ONHCAHHS COCTOSHME PH3HYECKOH
CHCTeMbl MOXHO CBSI3aTb C JIOTHKOH yTBepXKIAEHHH O CHC-
teme. B coorsercrsun ¢ Bupkropom u ¢pon Helimanom
(c yuerom yTounenuii Banxkapamxana — cM. JaurepaTyp-
Hble YKa3aHHus), Ao2ukot & Mbl GyneM Ha3blBaTb CTPYK-
TYPY € IOHOJIHEHUsIMH (T. €. YHHBepCalbHyl0 aare6py ¢
oNepanusiMH O6beIHHEHHsI U NepeceyeHust ¥ TOXKAECTBEH-
HbIMH cooTHoweHusMu (2.36) —(2.39)), B xoTOpOIl
§—s, sABJASETCS B3dHMHO OJZHO3HAYHLIM OTOOpaxKeHHEM
& B cebsi, yIOBJAETBOPSIONIHM YCIAOBHSIM:

(8),=s; (2.125)
S8, BJeueT 32 co60H (8,) ,=(S,)4;
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€CJIH §,=S,, TO CYWECTBYET TaKoH ss1eMentT s L
(a nMeHHO, s= (8;)+/)Sz), 4TO S:=5US;;
HaKoHEl, AJs JI0GOH cueTHO-GECKOHEYHOH nOC/IeNo-
BaTeNLHOCTH 3/1E€MEHTOB S;& £ CylIeCTBYIOT GeCcKoHeuHble
oO0befinHenns |Js; U nepecedeHus (1.
i 13

Il KaaccHYecKoil CHCTEMbl B KauyecTBe JOTHKH &
MOMKHO B35ITh COBOKYNHOCTb BCEBO3MOXHBIX GOPENEBCKUX
TIOAMHOXKECTB § (T. €. HOAMHOKECTB, KOTOPLIe MOTyT ObITh
HOJyYeHbl U3 NMPSIMOYTOJbHBIX HapaJJesenuiefoB MyTeM
fIPUMEHEHHs CYETHOI COBOKYIIHOCTH ollepalnuii o6beanHe-
HHsl, [lepeceyeHts H JONOJHEHHUsI) ¢$a30BOro npocTpaHct-
Ba. Ilpu 3TOM S, ompeneJisieTcst KaK 44cTbh pazoBoro npo-
CTPaHCTBA, JOMOJHSIOMWAsS S [0 Bcero npoctpancraa. Jlas
KBAHTOBOMEeXaHHUECKOH CHCTeMBl JeMeHTaMH JIOTHKH £
CJyKaT BCEBO3MOXKHbLIE 3aMKHYyTble JIHHEHHBIE NOANPOCT-
paHcTBa § rmiab0epToBa HNPOCTPAHCTBA P-COCTOSIHHE, 2
S, ABJSETCA OPTOTOHAJbHBLIM [IOHOJNHEHHEM S IO BCEro
ranb6eproBa npoctpaHcTBa. IlocienHiol JIOrHKY, Hasbl-
BAeMYIO CTQHOAPTHOU, MOXHO ONpefe]siTbh Takxke 3aja-
HHeM BCEBO3MOXKHBLIX ONEepPaTOPOB NPOeKTHpoBaHMA P, Ha
noAnpocrpaHcTsa s. Ecan s nopoxpgaeTcss OpTOHOPMHUPO-
BaHHBIMH BEKTOPaMH |{:), TO

Po= 219> (Wi (2.126)
HJH B KOMIIOHEHTaX

(P)E = 3 (0% (0o (2.121)

[lycte Temepn G — accoumatuBHas aare6pa omepa-
TOPOB, OJHO3HAYHO ONpefessieMas Mo JHeBO-HOPAAHOBON
anre6pe G HabaogaeMblx LJsi TOH HJIH HHOM KBaHTOBO-
MeXaHWYeCcKol AHMHaAMH4eCKoH 3agauyn. MuoXeCTBOM BCex
onepaTopoB mpoekTHpoBauus P,=0, onpenensiercs MHO-
KECTBO NOANPOCTPAHCTB S, KOTOPOe, KaK HETPYAHO BH-
netb, ob6pasyer JOruky Le. Mbl 6yneM nasbiBaTh €€ 40-
2UKOU, CONOCTABAEHHOL ¢ OuHamuueckoi 3zadauel.

Ecan cocrosinne ¢usmueckoil cucTeMBl XxapakTepH-
3yeTcsl 3ajaHHeM UYHCJOBBIX 3HaYeHHE Ha6JIogaeMblX, TO
JJISE YHCTBIX COCTOSHHH MHOXKECTBO UYHCJOBBIX 3HAYCHHH
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onpesiesieTcsi JOTHKOH, CONOCTaBNCHHON ¢ chCTeMOl. HTo
JK€ Kacaercs JOTHKH, CONOCTaBJEeHHOH ¢ JHHaMHYyecKOoH
3afaueil, To el OGymerT onpenenstbcs paAn anrebGpanye-
CKHX COOTHOIIGHHH KaK MexXAy HabJaiofaeMbIMH &, Tak
U MeXJy HX YHCJOBBIMH 3HayeHHaMH. B camMoM fene, ecau
P,=G4, 10 P, MOXHO DPEACTaBHTL B BHAE JHHEHHOH KOM-
Ounauuu OasuCHEIX 2JIeMEHTOB g(,. Orciona caenyer,
yro aare6panyecKue COOTHOLIEHHS MEXIY ONepatopaMu

NPOEKTHPOBAKMUsA, HanpuMmep, P: =P, npHBOAAT K aJ-
rebGpauyeckKuM COOTHOIIEHHAM MeXAy g, Jajee, eciH
P, BpipakaeTcsl 4epe3 OPTOHOPMHUDPOBaHHbICe (DYHKIHH
no ¢opmysae (2.126), to

PIP > = 201 ol I (2.128)

IMockonbky P, npencrabaseTcs B BHIAe JHHEHHOH KOMOH-
HalU{K HabJlogaeMblx, TO opMynaMu Buaa (2.128) dyayr
OnpelensiTbCsl JIMHEHHBle anareGpanyeckKHe COOTHOIICHHS
MEXKLY YHCAOBLIMKM 3HAYCHHSMH HabJIONaeMbiX.

B 3akusioueHue, He BAABasAChb B AeTaJjaH, CHOPMYJTHPY-
eM HICK airefpanueckoro OOOGILICHHS TEOPHH JOTHK
bupkroga u ¢on Heifimana. Ha muoxecrBe anredpanye-
CKHX COCTOSIHHH MOXKHO ONpPeIeNHTb CHCTeMY Oa3ucHbLx
cocToArutl, ABAAIOIIMXCA 3JEMeHTaMH CTPYyKTypnl. Ha-
npuMep, A KJAaCCHYCCKHX CHCTeM GasHCHBIE COCTOAHHS
ONpeneNsaIoTcs TAKHMH pAaclpefeseHHsIMH BePOSATHOCTH,
IJI KOTOPHIX IJIOTHOCTb BEPOSTHOCTH NOCTOSIHHA B HEKO-
TOpoH o6sacTH (asoBOro NPOCTPAHCTBA YU PaBHA HYJIO B
ocTaJibHoH 4YacTH (asoBoro npocrpancrsa. [las Gasuc-
HBIX COCTOSIHMH ONpeJe/JeHpl olepalud oGbefMHeHHST H
[I€PECCUCHHs], CBA3aHHbIE MEXKAY COBOH NONMOJHHTEJbHbI-
MH COOTHOLIEHHSIMH, KOTOPBIE MOTYT H3MeHATbCS NpH Me-
pexone oT OLHOH (PM3HYECKOH TeopHH K apyroii. Eciu B
dopmyne (2.109) s, fas... ABAAIOTCS OA3HCHBIMH  CO-
CTOSIHHSIMH, TO Py, ps,... MOXHO HHTEPIpPETUPOBATH Kak
BEPOSATHOCTH HAXOXKACHHA CHCTEMBl B 3THX COCTOSHHSAX.
[lpuBenenHble paccyxaeHHs, ONHpamHecs Ha GOpMyILy
(2.109), HenocpeACTBEHHO MEpPEHOCATCS TaKXKe Ha Herpe-
PBHIBHBII CJydail. ' '



Fanasa 3

CTPYKTYPOHUABI H HX TPUMEHEHHE
AN H3YYEHUA HUHBAPUAHTHDBIX CBOUCTB
AJITEBP

§ 1. O6muiee NOHATHE O CTPYKTYPOHAE
KaK 0 CTPYKTYPHO YNOPSIIOYEHHOM T'pynnouye

[Tpu u3yueHHH HHBapHAHTHHIX CBOHCTB anare6pnl G, He
3aBHUCAIKX OT Bribopa oOpasywoiux G, B NOCJHeAHHE TOIHI
IHPOKOE pacnpocTpaHeHHe IOJYYHJ METOJ OIepHpOBa-
HHUS € MOAMHOXeCTBaMu MHoxecTBa G, o6samalomuMu
onpeneseHHpIMH CBOHCTBaMH, (DAaKTHYECKH NpPH 3TOM 3a-
ILaya CBOLHTCH K H3y4yeHHIO ompefenseMoli no G yHusep-
canbHOl anre6phHl CHELUHAJBbHOTO BHIA, KOTOPYIO MBI Ha-
30BeM CTPYKTYpoHAOM Han (. B TepMHHAaxX CTPYKTYpOH-
OB JIETKO ONpeleJsIoTCs TaKxke Te CBOHCTBa anare6pbl
G, KOTopble He 3aBHCAT OT BHAA OHHAPHOTO yMHOMEHHS.-
[lycte G — anreSpa Hag Tenov Q, B KOTopolt 33jaua
onepalus OMHAPHOIO YMHOKeHHA o. JIHHefiHble NOAMpOCT-
PAHCTBA §, HATAHYTHIE Ha 3JeMeHThl §y & G, XKaK Mbl BUJeM,
o6pasyloT JefeKMHAOBY CTPYKTypy. [lpouaBeneHneM Jnei-
HBIX TOXMPOCTPAHCTB S, oS, HATAHYTHX Ha ¢ H @Y, mo
ompeneNeHHuo, OyjleM Ha3pBaTh JIMHEHAHOE 1107 1POCTPAHCTBO,
HATAHYTOE HA BCEBO3MOXKHHIE NMPOMaBeXeHHs ¢y o @Y. MHo-
JKECTBO S BCEBO3MOKHDIX JIMHEHHBIX MOXHPOCTPAHCTB § IO
OTHOIIEHHIO K BBEJIEHHOMY YMHOXKEHH!0 00pasyer I'DYIITOHJ,
a 110 OTHOIIEHH!O K ONepPauusiM O0beJHHEHHS U TepeceyeHns —
cTPYKTYpy. H3 onpenesnesns o0bejHHeHHS clefyeT, 4TO

(81 U 82) 583 = (8 0535) U (S2083)s 3.1
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a M3 onpeliesieHHs1 NepeceyeHHs — 4To
(511 s5) 0 83 = (5, ©83) [ (s2° S3)s (3.2)

npHYeM BO3MOXKHOCTb B (3.2) He TOJbKO PaBEHCTBA, HO
d BKJIOUEHHS, CBsi3aHa C TeM, YTO NOCJe YMHOXKEHHS Ha
S B HemepeceKalomw{Hxesd 4acTaX NOANPOCTPAHCTB S; H S,
MOTYT HOABHTbCSA OGIIHE 31eMeHThl. POopMyJibl, aHaJOTHY-
nele (3.1) # (3.2), UMeIOT MeCTO TaKXKe A YMHOXEHHs
Ha S, CJeBa.

Onpenenenne. CTpysktypoudosm S Had aaeebpoii G
HA3bl8AETCA YHUBEPCAAbHASA areedpa, IAEMEHTAMU KOTO-
potl A8AROTCA Auneldnele noonpoctpanctsa usz G, a aa-
eebpauneckumy onepayuamu — onepayul 00veduHeHus
U, nepeceuenusn () u epynnoudHoeo YMHONCEHUR o.

ITo orHomieHu0 K onepauuaM o6belHHEHHSA H nepece-
yeHHst S; ABJSAETCA NEeNeKMHJOBOH CTPYKTYpoOH, a Tpym-
NOHAHAA Onepanusi o CBA3aHa C ABYMA IEepPBBIMH olepa-
uuaMH  opMmysamu Buia (3.1)—(3.2). Sg saBasercd
peanusauueli aGCTPAKTHOIO CTPYKTYPOHA@, 3JEMEHTH
KOTOpPOro CBAi3aHBl TeMH ke anre6pauyecKuMH COOTHO-
MIeHHSMH, 'HO Yy¥Xe He IpeAnoJiaracTcd BO3MOXKHOCTb
NpPeNCTaBJIATb UX B BHJE JHHEHHBIX NONNPOCTPAHCTB.

3ameruM, yToO y S¢ CYLIECTBYET HAUMEHbULULE 3AEMEHT
0 (uyJsieBoe MOANPOCTPAHCTBO) H HAUGOAbUILL 3NEMEHT,
KOTOPBLIH MOKHO 0003HauaTh OYKBOH G (IIOCKOJbKY cama
aare6pa G OXHOBPEMEHHO $IBJSICTCSH JIHHEHHBIM BEKTOP-
HBIM TPOCTPAHCTBOM Hax Q).

IlpuBenentoe Bpile onpenesieHHe CTPYKTypouza Sg
Han G nerxo ofoGuiaercsa Ha cayyail YHHBepCaJbHbIX aJ-
re6p obmiero Buaa. Ilycte G — yHuBepcaspuas ajre6pa,
collepxalllasg, B YaCTHOCTH, GuHapHble ajreGpaHyecKHe
onepauut. Eciau o — cHMBOA ONHOH M3 TaKHX onepaliuii,
TO 0 OTHOIICHHIO K Hell (G Oymer rpynmoumoM. [lycrs,
Lajee, £, — HEKOTOpPOe NOAMHOMXKECTBO MHOMXKECTBa Q
BceX 3ajJaHHbX Ha G anreGpaHyecKHX onepailyii, 1o oT-
HOWIEHHIO K KOTopoMy G Takxe oOpasyer yHHBEpCAJIb-
Hyl0 anre6py (HanpuMmep, B PacCMOTPEHHOM BhIIIE CJY-
yae aare6p Han teqoM Q 3a Q, Gpasuch GuHapHas ore-
pauus  ciaoxkeHHs M OECKOHEYHOE YHUCJIO YHapHBIX
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onepaudil YMHOXEHHS 3JeMeHTOB H3 G Ha 3JeMEHTH Te-
aa Q). BBeneM MHOXeCTBO BceX Nojanre6p s yHHBep-
canpHON aare6psl G MO OTHOWIEHHIO K CHCTeMe olepa-
uui Q, ¥ obozHayuM ero Sq. Torna S¢ Gymer CTPyKry-
poil, Ho B o6mieM cjayyae yxe He Aenekuuxopoi. Omnpe- -
oeJHM T@pPOH3BEACHHE S,08, NoAanre6p s, H S, Kak
nofpanre6py aare6psl G (OTHOCHTENbHO CHCTEMBI Onepa-
LHE Q,), 06pa3ylOmUMH KOTOPOH ABJAIOTCS BCEBO3MOX-
Hple o-MIPOH3BENCHHS 3JECMEHTOB K3 Nojanredpol §; Ha
3JIeMEHTHI H3 1ofaare6psl ;. Toraa no OTHOIIEHHIO K 3TOM
onepauuH MHOXECTBO S; OyleT TPYNNOHAOM, MNpPHYEM
IPYNNOHAHOE YMHOXKEHHUE CBA3aHO ¢ oNepalHaMHy 0O beH-
Heuus u nepecevenus cdopmynamu (3.1)—(3.2). IToay-
YEeHHYIO YHHBepCaJbHyl0 aarebpy S; GyneM HasbBaTh,
cTpyKkTypoudom Had yuusepcasvuoi areebpoii G, coot-
BETCTBYIOIUHM CHCTeMe aJre0paHuyeCKHX onepaului
(B yacTHOM ciyyae MOTyHieH coBranath ¢ Q) H CHCTEME.
onepauuil o IPYNNOUAHOIO YMHOMXKEHHS,

BaxHocTp 0o0uiero noHsATHS CTPYKTypoua Han G CBH-
3aHa C TeM, 4TO OH He 3aBHCHT oT Bbibopa obpasyloumux G
H NI03TOMY €ro CBOHCTBaMH ONpelensioTes HanboJee Tay-
OokHe HHBapHaHTHbHIE CBOMCTBA YHHBEpCAJbHOH ajreGphl
G. Hanpumep, nycte G — rpynna, a o coBnagaer ¢ o6bu-
HOH onepaiuell rpynnoBoro ymHoxeHHsd. Torpa Sg cos-
najgaeTr co CTPyKTypoH Bcex moarpynn rpynunbl G, cHa6-
KEHHOH JIOTOJIHHTENbHOH onepaluuell yMHOXKEHHS MOA-
rpynn. CTpykrypa noArpynn rpynnsl G naer ray6okyo
HHBADHAHTHYIO XapaKTepuCTHKY rpynnsl U, a Hanuuue
Y S¢ JONONHATENALHON ONEPALHH IPYNNOHAHOTO YMHOXe-
HHA 3HayuTeJbHO oboramjaeT aJjrebpaduyecKHii amnapar,
¢ NOMOINBIO KOTOPOTO MOXHO H3y4aTb OTHOCHUTEJbHBIC
cBoiicTBa moArpynn rpynns G.

Bosppamasics Kk anrebpe G Hajn Q, rae Q; COCTOHT H3
onepalHi CJOXKEHHA H YMHOMXEHHs ClipaBa Ha 3JCMEHTHI
H3 Tena Q, onpelleNHM B TepMHHAX CTPYKTypoHAa Se
OTJeJbHble HHBAPHAHTHBIC NOHATHSA, KOTOpbIE HE 3aBHCAT
OT BHZA I'PYNIOHIHOIO YMHOXKEHHS o,

duemenT s&S; HasbBaercs nodaaeebpor anrebpm G.
ecy

§osCs. (3.3)
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IMonanrebpa s HasbIBaeTCs A€8biM UOCAAOM, €CNH OLHO-
BpeMeHHO ¢ (3.3)

GosCs. (3.4)

Ananorauno onpenensiorcs npasoli udeas U 08YcTOPOH-
Hull udeaa: HanpuMep, LJs MOCJAEAHEro BHNOJHIIOTCH YC-
JIOBHS

GosCs, scGCs, SosCs. (3.5)

Anre6pa G Gyaer, o onpeneteHuio, npamol cymmoi ie-
BbiX, IPaBBIX HJH ABYCTOPOHHHX HAEAJNOB S; U Sy, €CJIH

G=s S 5,8, =0. (3.9

Paznoxumocte G B NpAMYIO CyMMY S, H S, MBl OyleM
KpaTKO 3alHCLIBaTbh B BHAE

G=s+s,. (3.7

Anre6pa G uaswBaercs npocroti, ecnd GoG=0 u ecau
G He CONEPKHT IBYCTOPOHHHX HIE€aJOB, OTJHYHHIX OT 0
u G. Anre6pa G HasplBaeTCHA NOAYNPOCTOL, €CH OHA MO-
XKeT OBITb NpencrabJieHa B BHIE NPAMOH CYMMBI IIPOCTBIX
nogaareép.

B saknioyenne HacTosimero naparpada BBeIeM MOHSA-
THE O CTPYKTYpOHAaX Haj cTpyKTypouuxaMu. Ilycrs Sg—
CTPYKTYPOHJ, Hal YHHBepcaAbHOH ajrebGpor G. Bospmem
S 3a yHHBepcaJbHYI0 aareGpy, BXOAANILY0 B ofmee on-
penesienye CTPYKTYpOHLA, H MpHMeM 3a Q, CUCTEMY BCex
3allaHHBIX B S; anreOpaHuecKHX onepaiuf, a 3a CHCTEMY
TPYNIOUAHBIX YMHOXKCHHH — onepauuu o. Toraa cTpyk-
Typoun S(S¢) Han yuuBepcasabHOH aarebpoit S, coor-
BETCTBYIOIIMHA CHCTeMe aare6pauuyecKux onepauuii Q, H
CHCTeMe onepanui TPYHIOHAHOTO YMHOMXKEHHS o, GYIeT
COCTOSITb H3 TOACTPYKTYPOHIAOB CTPYKTypoHIa Sg,
KOTOPBIX omnpefeneHpl OHHapHbie onepalluu o . Kayye-
HHE TOCJeOBaTesNbHBIX CTPYKTYpoHnoB Ss S(S¢),
S[S(S¢)], ... naer BO3MOXKHOCTb H3y4aTb HHBApHAHTHBIE
cBoiicTBa anare6pul G Bce GoJiee BBHICOKOH cTelleHH OG-
HOCTH,
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§ 2. JlueBsnl, accouuarHBHbIe, HOPAAHOBBI,
JHeBO-aCCOLHATHBHbIE H JHEBO-HOPAaHOBBI CTPYKTYPOHbI

Ecau GuHapHas onepaiHs o B ajqrebpe G coBnapaer c
onepanusMH JHEBa, aCCOLHATHBHOTO WM HOPAAHOBA
YMHOKEHHS, TO NOANPOCTPAHCTBA S OYAYT CBA3aHbl MEK-
oy co6oH HEKOTOPHIMU JONOJHHTEJIbHBIMH TOXAECTBEH-
HBIMH cooTHomeHHsMH. Tak, ecaum G — accouHaTUBHAsA
anre6pa, TO H3 YCJIOBHS aCCOLHATHBHOCTH (g:4.)&s=

=g,(g.4s) cnenyer
(5:52) 83 = 5, (S2S3). (3.8)

Auanoruyso s HOpmaHoBa U JHeBa YMHOMEHHs NOJ-
NPOCTPAHCTB H3 g, -gr,=g> &, H (g, Z:]=—][g., &} cae-
IYIOT TOXKJAeCTBa

S S =88, (3.9)

(1) S} = [ 8,1Y). (3.10)

Hanee, u3 ToxnecrBa Sxobu (2.5) caenyer, 4to JHEBO
Npou3BeJeHHe NOANPOCTPAHCTB  YIOBJIETBOPSET TOX-
AeCTBY

[[51s Sals 831 = [ISys Sl Sal U L[S2s S3ls 84, (3.11)

FAe HajuM4He BKJIOYCHHA, & He paBEHCTBa oObscHAETCA
TEM, 4TO JIHHEHHOEe NOANPOCTPAHCTBO, HATAHYTOE Ha CyM-
My £:+g. IBYX 3JeMeHTOB H3 (G, 6yneT coBnagaTh ¢ 00b-
ellHHeHHeM JIHHeHHbIX NMOANPOCTPAHCTB, HATAHYTHIX HA g,
H g,, JHIIb B 4aCTHOM CJydae, KOTAa &; H g, NPONOPIHO-
HaJbHBl MEXAY cOGOH. ‘

IlpuBeficHHEIE CTPYKTYPOHAHBIE COOTHOILHEHHE MOTYT
CJYXXHTb OCHOBOH JJisl ONpelesieHHs] MOHATHI, He 3aBHCH-
UHX OT BblGopa obpasyouux aareGpel G, 0 A4Js H3yde-
HHSL C HX TMOMONIbIO MHBAPHaHTubX cBOACTB G. IIpu 3ToM
HEKOTOpLIE PAasieJsbl TEOPHH JIHEBHIX, ACCOUHATHBHHIX H
HOpAaHOBBIX anre6p MOXHO H3y4yaTh MapaJjenbHO, €CIH
cHayaJjla paccMaTpHBATb CBOHCTBa S;, OOmie IS 3THX
aare6p.

') Ilpn BuBoge (3.10) yunTHIBaeTCS, 4TO 3JEMEHTH g H —g TMO-
POXKIAIOT OAHO H TO XKe NOANPOCTPANCTRO.
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B anre6panyeckofl TeOpHH PU3NYECKHX CHCTEM OCHOB-
HYI0 pOJIb HIpaloT aare6pbl ¢ AByMsi OMHApHBLIMM onepa-
UHAMH — JHEeBO-HOPNaHOBH anare6pel Habal0XaeMBIX H
onpepaenseMble MO HHM JIHEBO-aCCOLHATHBHHE aareGpHl.
UM 6yayr cOOTBETCTBOBATL JHEBO-HOPIAHOBH H JIHEBO-
aCCOUHATHBHBIE CTPYKTYPOHILI, B KOTOPLIX HAPALY C BbI-
NHCAHHBIMH BbIIIE COOTHOLICHHSIMHM, XapPAaKTEDHBIMH IJ4
CTPYKTYPOHIOB C OLHHUM BHAOM YMHOXKEHHS, HMEIOT MECTO
CJCLYIOIIHE TOXKIECTBA, CBsI3bIBAIOHIHE MEXAY CoO60Mk
JIHEBO M aCCOLHATHBHOE HJ/H, COOTBETCTBEHHO, JHEBO H
HOpLAHOBO YMHOMXEHHS:

[81, (5:5)] = (82 [515 S5)) U [(S1> 81 '85),s (3.12)
[S)s 8o+ S3] = (S - [S1y S1) U (85 - (85 Sa)). (3.13)
§ 3. JlueBo-nopoxkaaemMbie aareGpel HaGJaI0LAEMBIX

BaxHolt npobaeMoil siBAseTCA CBeACHHe M3yUEHHS HHBa-
pHaHTHO-anre0panyecKUX CBONCTB (DH3MUYSCKHMX CHCTEM H
NHHAMHYECKHX 3a/lad K HM3YYeHHIO OTHOCHTEJbHO GoJiee
NPOCTBIX H JOCTATOUHO H3YYEHHBIX a/Jre0pauvyeckux IO-
HaTufl. ['n1aBHBIMM H3 TakKHX TIOHATHH GYyAyT CONOCTaB-
JseMble ¢ QHIMYCCKHMHU CHCTeMaMu ajire6pe JIu, ompe-
LeJsieMble N0 JHEBO-HOPAAHOBBIM aJjareGpaM HabmdoLae-
MBIX HJIH 110 COOTBETCTBYIOHMIHM HM JIHEBO-2CCOUHATHBHHIM
anrebpam G.

[Tycrs S¢ — nMeBO-acCOLHATHBHBIA CTPYKTYPOHA Hal
G, 371eMeHTaMyu KOTOPOro S ABJAIOTCS BCEBO3MOXKHbIE JIH-
HefiHble mnoAnpocrpaHcTsa H3 G. Ecau L — MHOXKeECTBO
3JIEMEHTOB H3 Sg, COAEpKaljee, HApALy ¢ JIOGBIMHU 3Je-
MEHTAMH, TaKXe HX o0belHHeHHe, nepeceyeHHe H JIHEBO
NnpoH3BefeHHe, TO L Oyner JHEBBIM CTPYKTYPOHAOM.
O6o3HayuM CHMBOJIOM [ JIHHE#HOE NMOANPOCTPAHCTBO, Ol
pefensieMoe Kak oObelHHEHHe BceX 3jeMeHTOB u3 L.
Torna [/, J=! n snement /=L onpenenser anre6py Jlu,
SBJIMIOMIYIOCA JHEBOH noaanreOpold JiMeBO-acCOIHATHUB-
Holl anre6pst G. Anre6py G OyneM HasbiBaTh AUEBO-NO-
poxdaemoi, ecnu cyulecTByer takas aareépa Jlu (=S,
KOHEUHOTO pAaHra, 4To JIHEeBO-acCOUHATHBHAs aarebpa
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Ge=S; Moxer OuITb NpelcTaBJeHa B BHAE

[s.o]
G=1". (3.14)
n=1
CsofictBo (3.14) He 3aBucut or Bnbopa 08pa3yHOIIHX.
aare6psl G, moatoMy Bompoc o TOM, OynaeT Ju anre6pa
JIHEBO-TIOPOK JAEMOH, omnpefensieTcd CBOHCTBaAMH CTPYK-
Typonna S¢. JLa1si OTBETA Ha 3TOT BONPOC HEOOXOAMMO Ha-
VUHTbCS BLIAETATb H3 CTPYKTypouma S anre6psr Jlu 1
KOHEYHOrO PaHra, Kaxaas u3 KOTopsix no gopmyie (3.14)
ONpefieIUT JKEeBO-NOPOXAaeMyl0 nopaarebpy anreGph
G. Ecau ofHa u3 Takux nopaiare6p cosnanaer ¢ G, ro G
OyneT JIMEBO-NOPOXKAAEMOH,

Onun u3 nyredl BoACHeHHs U3 S anrebp Jlu cBA3aH ¢
HCNOJb30BaHHEM COOTBETCTBHS [aslya MEXAY JIHEBO-ac-
COLHATHBHBIMH H JIMEBBIMH CTPYKTYpoHAaMu. PaccMor-
pHM [Ba NOAMHOMECTBA CTPYKTYpOHAA Sg, COCTOAIIUE
COOTBETCTBEHHO H3 3JIEMEHTOB [, H S,, CBA3aHHBIX COOT-
HOLIEHHAMH

Uy $1 S sv. (3.15)

Himeer mecro caefyonias TeopeMa O CTPYKTYDOHIAX:
Ecau 3adano npouzsosbroe mMHOMECTEO IAEMEHTO8 [,
u3 cTpyskTypouda Sg, TO MHONCECTBO BCEX TEA 3AEMEHTO8
sy u3 Sg, 048 KOTOPbIX 8LINOAHAIOTCA cOOTHOWEHUA (3.15),
obpasyer aueso-accoyuarustoti crpyskrypoud. Ecau 3a-
OaHO NPOU3BOALHOE MHOXCECTBO 3AEMEHTOB S, U3 CTPiK-
Typouda S, TO MHONCECTEO BceX Tex dAeMenTos [, u3 Sg,
044 KOTOpbLX 86inOAHAOTCA cooTHowenus (3.15), ob6pa-
3yeT aues CTPpYKTYpouo. o o
B camom nese, nycTs, Hanpumep, cootHomenus (3.15)
BBIIONHAIOTCA AJS Sy, U S, Torma, coraacuo (3.1), (3.2),
3.11), (3.12), '

[lw (sVrU SV)] = [lu’ Sv,] U [lw sv,] - sv, U Svas
U (S N SIS s $0,1 10 s Sve] S 8v, N Svs
[lw [va s’Vz]] - [[lw SV‘L sv,] U [[lw sv,], sw] C [Svyr Sv,l5

M S50l (5w, s 83,1) U (s ST 5%,) S Suidoye
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3HauuTt, Aas oObelHHeHHs, NepeceyeHHs, JHeBa H acco-
UHATHBHOTO MPOM3BENEHHs JEMEHTOB Sy, U Sy, TAKKE BHI-
noJusioTess cootouienus (3.15), yTo MoKasbiBaer nep-
BYIO ¥acTh TeopeMbl. AHajorauto, ecau (3.15) Bwimos-
usercs ans l, u l,, 10, cornacro (3.1), (3.2), (3.11), aro
COOTHOULIeHHe GYIeT CnpaBelJHBO TaKke AJs o0belHHe-
HHS, NepeceyeHUs] H JHEBa NPOH3BENCHHA 3THX 3JeMeH-
TOB, YTO AOKa3biBaeT BTOPYIO 4acCTb TEOPEMBbL.

Ecnu 3anano nponsBosbHOe MHOXKECTBO 3JEMEHTOB [,
H3 CTPYKTypouZAa Sg, TO MHOXKECTBO BCEX T€X JIEMEHTOB
Sy u3 S¢, IV KOTOPBIX BLINOJHSIOTCA COOTHOLIEHUS
(3.15), obpasyer JHEBO-aCCONMATUBHEIN CTPYKTYPOHL S.
Ecnu 3amaHo npoU3BOJIBHOE MHOXKECTBO 3JIEMEHTOB §, M3
Sg, To MHOXECTBO BCeX TexX 3JeMEHTOB [, u3 S;, a3 Ko-
TOPBIX BBINONHAIOTCA cooTHoweHHsA (3.15), oOpasyer qaueB
CTPYKTYpOHUA L, BepxHeH rpaHblo KOTOpPOTro [ onpenedsier-
csl anrebpa JIu. CooTBETCTBHE, KOTOPOE KaXKAOMY JIMEBO-
aCCOUHATHBHOMY NOACTPYKTYPOHAY S CTpyKTypoHza Se¢
¢ nomompio (3.15) conocraBaser nueB cTpykrypoun L(S)
W KaxJoMy JHeBY NOACTPYKTYPOHAY L cTpykTypouma Se
CONOCTABJIAET JMEBO-ACCONUMATHBHBIA CTPYKTYpOHA S{L),
HasplBaercs coorgercreuem laaya mewdy aueso-acco-
UUATUBHBIMU U AUEBBIMU CTPYKTYPOUOAMLL.

Ilycts yxe nHalineHa Hekoropas aJgarebpa Jlu koneu-
Horo panra meS;. Ecan m nopoxpaer mno dopmyae
(3.14) HeKOTOpPYIO JIHEBO-ACCOLMATHBHYIO mnopanarebpy
anre6pn G, He coBnagamwuyo ¢ G, To MOXHO NONLITATh-
€s pacIiHpHTL m 10 anare6psl JIn GoJiee BEICOKOTO paHra.
Hanpumep, B nneBo-acconHaTHBHOM CTPYKTYPOHIE, Ol
peaensieMOM IO 1 C MOMOINBIO COOTBETCTBHA [antya, 6y-
IeM HCKaTb TaKOH 3JIeMeHT /7 KOHEUHOro paHra, IJs KO-
TOPOTO

[n, n1 = m, (3.16)
NpHYEeM H3 ONpENesIEHHsA M U N CJIeNyeT
[m, m] < m, [m, n]C n. (3.17)

Torna snemertoM [=m|Jn Oyner onpenensaTbci HOBAs
ajrebpa Jlu, nas Kotopolt m 6yner nonanareGpoii.
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PaccMoTpeHHBe MeTOAB MOIYT OBITb HCIOJb30BAHBI
I0Js HaxoxpaeHusa anre6p JIu, nopoxAaloumux JHeBO-ac-
COLIHATHBHBIE aJre6phl HabMOLaeMbIX.

§ 4. AareGpbl HabGJa101aeMbIX CO CBA3SIMH
u TapaMeTpuyeckan GpopMa ypaBHeHHH I BHKEHHS

BBeneunnie Bbilie CTPYKTYPOHIHEBIE NMOHATHS [AI0T BO3-
MOXHOCTb B NPOCTOH (popMe 3anHCHBATH H H3Y4aTb MHO-
rie obuife COOTHOIHEHHs, OTHOCAINHECH K ajare6paM Ha-
oaofaeMbXx. B kavecTBe npuMepa MBI PacCMOTPHM aA-
2ebpy cO (8A3AMU, OTpaHHYHBAACb HAJS IPOCTOTH
KJIaCCHYECKOH HeCTaTHCTHYeCKOH MexaHnukoi. [Ipu sToMm
JOCTHraeTcsl TAKxKe HOBLIA NMOAXON K PacCMOTPEHHOMY. B
§ 7 ra. 2 Bonpocy 0 HEKAHOHHYECKOM Iepexo/e OT OZHOTO
raMHJbTOHHAHA K APYroMy.

[TpexJie BCero OnpefesnM onepayuro 4acTU4HO0 834-
TuA Yucroebix snadenud. Ilycts acconnatusHas agarebpa
G gBaseTcs NpsAMHM NpoH3BelenueM anrebpm G, ¢ Oa-
3HCHLIMH 3JIEMEHTaMH ¢, i ajareGpel G, ¢ Ha3uCHBIMH 3Jie-
MEHTaMH &, T. €.

g = 9*%;eq, (3.18)

Tie €,6q = eg€,. Ilna amredpni G, onepalys B3ATHA YHCJIO-
BOTO 3HAYeHHA B anre0PaHyecKOM COCTOSAHHH T O3HAYAET, 4TO
BETHYHHB! 9°¢s & G, 3aMeHsIoTes Ha yueaa (7t | 9%g) = @,
roe 7 = 7| ey>. COOTBETCTBEHHO ONepanus YaCTUYHOrO
B3ATHA YHCJOBBIX 3HaueHuli aarefpni G = G; X(, 1m0 OTdO-
UIeHHO K anredpanyeckoMy cocTosHHo anre6pnl G, 33K10-
q3eTcd B 31IMEHE 3/EMEHTOB @Pe.e, u3 (G HA 3JeMEeHTH
(9°°ns) 6, u3 G

ITycrp Tenepr ramunprounau H(p, g, c¢), onpenensio-
HiHH KJIAaCCHYeCKHe ypaBHEHHsA NBUKEHHS

dpy, H(p,q.c) dg* H(p. q ¢)
L ’1, :______p‘g’_ i: H, k :__,
a — Uh P of 0 a7 9p
k=12 ..., N, (3.19)
3aBHCHT OT 1 MOCTOSIHHKIX Cy, Cs, . . . , Cn. 3AMEHHM STH IIO-

CTOSIHHbIE HA HOBHE KaHOHHYeCKHe TEPEeMEHHBlE Py,
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Dxiz - .., Pyin. TOrna u3 ypaBrenuii Buaa (3.19), sanu-
CaHHBIX [Ji PaCUIKPEeHHON CHCTeMbl He3aBHCHMBIX KaHO-
HHYECKHX NepeMeHHbiX §', §° ..., q"*", Dy Po. ..\ Prins
cAelyioT, BO-NepBHX, ypaBHeuus (3.19), B KortopmIX
€y, Cay...,C, 32AMEHEHBl HA Pnyt, Pyyzs -+ » Pvens H, BO-
BTOPbIX, YPaBHEHUA NJs OCTAJbHBIX KaHOHHYECKHX Mepe-
MEHHBIX:

d d
Py OH oo Pwn | OH g 39
dt ann dt an+n

d N+1 oH d Nin oH

AR LU q = 5N - (3.21)

dt a1 dt p
N3 (3.20) BuITEeKaeT, YTO Pxiq,- - -, Pvin HE MEHSIOTCH C
TeYeHHeM BPEMEHH, TaK YTO HX MOXKHO OTOXKAECTBHTH C
HOCTOAAHHBIMHE Cy, ..., Cn, 1 IHHAMHAYECKAS 33JaYa C pac-

WIMPEHHOH CHCTEMO!l KaHOHHUECKHX IePeMEeHHBIX OKAa3Hl-
Baercsl 3KBUBAJICHTHON MepPBOHAYAJbHOH IHHAMHYECKOH
3anaue, C agareGpaHuecKoil TOUKH 3PeHHS BHAOHIMEHEH-
HBEI# MOJX0J O3HayaeT, UTO CHAuaJa paccMaTpuBaeTcd aJ-
re6pa HabmonaeMuix (, 3;7eMeHTH KOTOPOH 3aBHCAT OT
g, . G, Py Pry Prity - o5 Pryn, @ 32T€M K 3JEMEH-
TaM g=0 npuMeHseTCs ollepallus B3ATHA YHCIOBEIX 3Ha-
4eHHH, COOTBETCTBYIOLAsl 3aMeHe BO BceX HabJ/I0maeMblx
BEJIHYHH Prrts - . .5 PNyn HA UHCIAA Cyy .. ., Ch.

HononHuTeNbHO BBeIeM ellle KaHOHHYeCKHe MepeMeH-
Hble 4° U p,, IpUUEM TPEANOJaraercsi, Yro CyIleCTBYeT
clenyomas GyHKuUuA oT Hab/aiomaeMbIX, YHUCJIOBOE 3Ha-
YeHHe KoTopo#l Bo Bcex (PH3HUECKH JONYCTHMBIX COCTOS-
HHAX PaBHO HYJIO:

(po(poa pp c ey pN+m qu c ey qN) =
=potH@GY .o @V Py oy ). (3.22)

B peayabrare Gyzer nosyuyaTbea aarefpa Habmomaembix
G co cBA3bI0 . ITOCKOJIbKY YHC/IOBBIE 3HAYEHHS NOJIK-
Hbl YIOBJNETBOPSITh YPaBHEHHIO CBH3H, TO YHCJIOBOE 3HA-
YeHHe 3JIeMEeHTa —p,, corjacHo (3.22), mo/xHO coBHa-
LaTb C YHCJOBBIM 3HAueHHeM H, T. e. ¢ YHCAOBHM 3Haye-
nueM 3HepruH. [as pacmupennoil anre6pul Habaiofae-
MBIX G cO CBA3AAMH JIMEBO NIPOH3BEJCHHE MO-MPEXHEMY
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onpeaendaerca xKaxk
N+n

lgo gl =3 (2% % . e

HETPYIIHO NoKa3aTbh, UTO TENEPb YpaBHEHHA JBHKE-
HHA NJas AHHAMHYCCKHX NEPEMEHHBIX gEG HMEIOT BHI

dg
i (6o &1 (3.24)

B caMoMm pese, ecau OTOXKAECTBITH ¢ ¢ OAHOH H3 BeJH-
uuH q', ¢%, ..., ¢V, Py, Pay - - oy Prgns TO BYLYT NOJYUATH-
csl paccMoTpeHHble Bulile ypaBHenus (3.19)—(3.21). Ec-
JIU 3Ke g coBHazgaer ¢ ¢° uau p,, To u3 (3.23) u (3.24) no-
Jy4HM

d°

dt - [(Po’ qO] - [poy qO] == 1, (325)
dpo _ _ i
it = [(P()’ p()] = [H, po] = o0 . (326)

M3 (3.25) caenyer, uro ¢°(f) =¢°(0) +¢, T. e. HaGaonae-
Mag ¢° ¢ TOYHOCTBIO 10 MOCTOAHHOro caaraemoro g°(0)
coBmajaer ¢ BpeMeHeM f. Uro Ke KacaeTca ypaBHeHHA
(3.26), To OHO COOTBETCTBYET 3aKOHY COXDaHEHHs 3SHep-
run. Ecou H sBHO 3aBUCHT OT BPEMEHHU H BpeMs ¢ B QYHK-
nuu H(p, g, t) 3ameHuTb Ha ¢°, T0 (3.26) cooTBeTCTBYyeT
yPaBHEHHIO .
Ay, =2
dt ot ot
[Ipu yMHOXKEHHHU CBSI3H ¢, Ha 3JEeMeHThl g ajare6psl
G 6ynyT noJayyaTbCs HOBbIE CBA3H (, YHCJIOBLIE 3HAUEHUS
KOTOPBIX BO BCeX (PH3HYECKH MOIYCTHMBIX COCTOSTHHAX
paBHBI HyJ0. MoXHO noxkasaTb (CM., HANPUMEpP, KHHrY
JlaHmoma, DHTHpYeMyI0 B JHTepaTyYPHBIX YKa3aHHsX),
uTo 3aMeHa B (3.24) QYyHKUHH @, Ha HOBYIO QYHKIHIO @,
anas koropoi (m|@)=0, cooTBeTCTBYyeT nmepexony oT Bpe-
MeHH ! K HOBOMY mapaMeTpy T, TaK uTo

e _
% — (g, g1 (3.21)
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TTokaxeM 310 Ha NpHMepe ¢ HEPETATHBHCTCKHM Ky-
JIOHOBCKMM  HJH  HbIOTOHOBCKHM  B3aWMOAeHCTBHEM
(cm. § 7 ra. 2). Bepsi B KauecTBe H Bhipaxenue (2.97) u
3amenaa K, na —p,, u3 (3.22) noJsyuum

2 ‘V
o= pot Bt B (3.28)
m r

Ilyets @ =rg, Toraa %q—s ={g, ¢*}=1, 1. e. ¢*(v) =¢* (0) +
+17, ¥ U TIEPEeXOJie OT @, K ¢ NIHHAMHUYECKas NepeMeHHas
g* 4 mapamerp T GYyAYyT Hrpath Ty e poJib, KOTOPYIO
paubiie urpaju ¢° u {. COOTBETCTBEHHO, HOBBLI TaMUJb-
TOHHAH, onpeneasieMblid H3

¢=p,+ K, (3.29)

2
paBeH K — %p— +-rp,, ut0 cooTBerctyer (2.98), TaK Kak
m

YHCJIOBOE 3HAUeHHe BeJHMUYMHBI — P, COBHAJaeT ¢ YHCJIOBBIM
3HauenueM [1, sueprum /1. [anee,
]

9 — 19 41 = Urpo 91 =1, (3.30)
dt
4YTO NMPH HepeXoJe K YHUC/AOBBLIM 3HAYEHHAM JaeT COOTHO-
meH#e (2.99). Takum o6pa3oM, TEOPHS HEKAHOHHYECKHX
IIepexXo/0B, U3J0XKeHHas B § 7 1. 2, noayuaerca Tenepb
Kax 4acTHBbIH cayyali TeopHu aJjare6p HaGJaOZaeMBX CO
CBA3SAMH.

IIpuMenum Tenmepb ammapat CTPYKTYPOHIOB 1JdA 06-
ero u3yueHds aare6p nabaiojaemblx co cBaszaMu. [Ipex-
Jle BCETO OTMETHM, 4YTO MHOXKECTBO BCeX cBAseil obpa3syeT
JIMHEHHOe TOANPOCTPAHCTBO B JIHHEHHOM NPOCTPaHCTBE
G. B paccMOTPEHHOM Bblllle C/lyd4ae CBS3H NPEACTaBJsA-
JIUCh B BHIE Q=gq@,, I'le g — saeMedT aarebpoi G. Ho
Tor/Ja

[P o] = [21%0r LaPp] =
= {g1 (9o Gol + Zalg1, Dol + 20y (21 al} Pos

T. ¢. cko6ka [lyaccona or JI0GHX ABYX cBf3ell cHoBa Oy-
ner cBsasbio. Ilocaennee yTBep:KaeHHE, KOTopoe Mhl 6y-
JleM CUMTAThb CNPaBelJUBBIM H B GoJee 06IINX CAydasiX,

3 I'. A. 3afiuen
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MOKeT OHITh 3aNHCAHO B CTPYKTYypoHAHOH (dopMe:

(@, O] = . (3.31)
Yro ke KacaeTcq aCcCOIHaTHBHOTO YMHOXKCHHA, TO .
GD = DG = O. (3.32)

Takum oGpasom, nopnpocrpancTso @ sApagerca ORHOBpe-
MEHHO JIHEBOH MOAaJreGpoH W aCCOLHATUBHBIM HIEAJOM

B asrebpe G.
AnreGpanueckue cocTOAHHS aare6pol G LOKHH

ObITb OTPaHHUEHbI YCJOBHEM O TOM, YTO YMCJIOBbIE 3Ha-
ueHus cBA3eH ¢ paBul Hyagwo. Ho ecan (| @) =0,
(e | > =0, To {(Ryv;+-kome) | @) =0, raie &y, k,=R. [oaro-
MYy 3/€MEHTH AyaJdbHOTO BEKTOPHOTO HPOCTPAHCTBA IO
OTHOIIEHHIO K G, COOTBETCTBYIOIIHE AOMYCTHMbIM anrel-
PaHYeCKHM COCTOSIHHSAM, 00pasyloT JHHeHHOe MOANPOCT-
pancTBo, KOTOpoe Mbi 0603HAaYHM CHMBOJIOM P H KOTO-
poe ompenensieTcs u3

(P|®> =0, (3.33)
Ho, coraacho § 8 ri1. 2, no ompejeneHuio, MOXHO I10JO-
JKHTb

(| grogad = <(Mogi]|gads (3.34)

noatomy H3 (3.31) caenmyer
([P, @] D> = (P|[D, Dy S(P| Dy =0, (3.35)
TakK 410 _
[P, @] P (3.36)
H TOANPOCTPAHCTBO P WHBapHaHTHO MO OTHOWIEHHIO K

JHEBHIM npeoOpas3oBaHHsIM C 3jJeMentamMu u3 @. Auaso-
ruuno, u3 (3.32) umeem

(PG| @Y =(P|GD> =(P| D> =0,  (3.37)

OTKyZAa
PGCP. (3.38)

Jlerko BupeTh, uTo npu yyere (3.33) u3 (3.36) oOpartHo
cnenyer (3.31), a u3 (3.38) Buirekaer (3.32). ITosromy
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BMECTO 3ajaHus JuHeiiHoro moampocrpancrea @, ompe-
JIeJISIEMOr0 MHOJKECTBOM BCeX CBfA3eH, MOXKHO HCXOAHTH
H3 JHHEHHOro HOANPOCTpaHCTBA P, onpenesseMoro MHo-
JKECTBOM BCeX NONYCTHMBIX aarefpandyecKHX COCTOSIHHH
anre6psol G, nocae vero @ Gyzer onpenensiTbes Kak Mak-
CHMAaJIbHOE JHHeHHOe TOANPOCTPAHCTBO, ONpenedseMoe
no P ¢ nomoiipio (3.33), (3.36) u (3.38). Taxoil noaxon
JIOTIyCKaeT TaKiKe NepeHeceHHe Ha CTATHCTHYECKYIO W Ha
KBaHTOBYIO TEODHH.

Teopusa aare6p co CBA3SIMU H TEOPHA CTPYKTYPOHIOB
MOTYT OBITh DPHMEHEHHl K IpobjeMe O HaXOX/JACHUU MH-
HUMaJbHBIX aare6p HabJlonaeMblX, ¢ TIOMOLIbIO KOTOPBIX
jpocTturaetcsi asarebpanyeckoe pellleHHe AUHAMHYECKHX
3agau. Oco6enHo BaXKHBIM AN (GHIHIECKUX NPHIOKEHHil
IBJSIETCA HaXOXKAEHHE KOHeuHblXx aarebp JIu, ssemenrta-
MH KOTOpBIX OYAYT CBA3b @ M Takag chHcteMa Habumwojae-
MBIX, GYHKOIHAMH OT KOTOPBIX SABJAIOTCSH HCKOMBbIE (hH3IU-
yecKHe BeJHYHMHBL. Torgza Munrumanbhas Tpebyemas s
peuwlenus JuUHaMHYecKOH 3ajadud aJjrebGpa HalJ/o0 aeMBIX
OVIeT /HEBO-IOPOXKAAEMOH, ¥ pelleHHe IHHAMHUYECKO
3azayd OyJeT NoAYy4aTbCsd B SBHOM BHJAE C MOMOIILIO afl-
napara teopuu aarebp JIu.



Fnmasa 4

CTPOEHHE ACCOULHATHBHDBIX AJITEBP
C YUCJOBbIMH 3HAYEHHSIMHU

§ 1. OcHoBHas TeopeMa 00 accollMaTHBHbIX aarebpax
C YHCJIOBLIMH 3HAYEHHAMH

[IpuMenueM TEOpPHIO AacCOLUHATHBHBIX CTDYKTYPOHIOB
A H3yueHUs HHBAPHAHTHBIX CBOMCTB AaCCOIMATHBHBIX
anre6p ¢ 4YHCAOBHIME 3HayeRusamu. uda npocrorbr Oy-
JgeM cuuTaTh, uro G ABJsieTcs aare6poil KOHEYHOro pas-
ra, OJHaKo MHOTHe (QOpMyJHpYeMble jpajiee Pe3yJbTaTthl
c He6OMbLUINMY MOLH(HKALUAMH NEPEHOCATCS TaKkKe Ha
cayqail aaredp HabaopaeMblx 0ECKOHEUHOI'O paHra.
Ilycts 7, ¥ r, — ABYCTOPOIIHHE HA€AJbl aCCOLHATHB-
HOfl anreOpwl G, T. €. AJst HUX, B CTPYKTYPOHIHBIX 060-
3HAYCHHUSAX, BBINOJHAIOTCS yCJAOBHS BlAa (3.5):

Grr,rGcr, r2Cr. (4.1)

Uneaasl r, u Iy Ha3blBAIOTCA HUALIIOTEHTHOLIAU, €CAH CY-
WEeCTBYIOT TakKHe HaTypaJpHble yHCAA FH; H fl,, 49TO

rme=0, 1yt

O0beluHeHne IBYX HUJbHOTEHTHBIX HAEAJTOB TaKKe
O6YAeT HU/IBMNOTEHTHBIM HIeaJoM, TaK Kak eciIH H—
MaKcHMa/JbHOe H3 4YHCeN Ay H N, TO corjacHo (3.1) u
(3.8), (rilJr:)*® 6yner oObeauHeHHeM NOANPOCTPAHCTS,
KajKJ0e H3 KOTOPHIX COAEPKHIT He MeHee 7  MHO-
KUTEJeH /1, U M, ¥ IOTOMY paBlisteTcst Hy 0. O6heuHenue
BCeX HUJBIOTEHTHLIX HAeaJOB aare6pbl HasbBaercs e
paduxaion.
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Teopema. Fadukaa acconuarusroii asreebpor G ¢ utic-
A08bIMU  3HOUeHUAMu pager Hyato (1. e. G He codep-
HCUT OTAUYHOLX OT HYAS OBYXCTOPOHHUX HUABNOTEHTHBLX
udean0s).

IlokazaTebcTBO OCHOBHO! TeopeMbl 6yaeM NPOBOAUTD
OT NPOTHBHOTO.

IIycts anre6pa G ¢ uMCJAOBBIMH 3HAYEHHSIMH COHEP-
HKHT OTJHUYHHEI OT HYJS HUIbIOTEHTHHIA Hieas r, AJH
KOTOPOro CYIIECTBYET TaKoe HaTypaJbHOe HHCIO 1,
4To

r”:O,r”“‘:dzlz(), (42)

dz =0,

Torpa Gd=d. B uactHocTH, 0603HA4yuB yepes d* mox-
IIPOCTPaHCTBO, 06Pa3oBaHHOEC U3 CONPSTIKEHHBIX 3JeMeH-
TOB 1O OTHOIIGHHIO K 3JeMeHTaM NOANpoCTpaHcTBa d,
OTCI0[1a HMeeM

d'd = d, (d*d) (d*d) =dd = 0. (4.3)

C npyro#i cTopoHH, H3 onpefeseHus aareGp ¢ YHCJIOBHI-
MU 3HaueHuaMu (cM. § 8 ra. 2) BrITekaer, uTo AJA Ipo-
H3BOJBHOIO OTJIHYHOIO OT HYJs MOANPOCTPaHCTBa b mpo-
uspenenne b*h oTaMuHo OT HyJas (M6Go Mo YETBEPTOMY
CBOHCTBY aCCOLIMATHBHBIX anrefp ¢ YHCJIOBBLIMH 3HAUEHHS -
MU NOATPOCTPAHCTBO b*h COAEPKUT 3JEMEHTBI, YHCJIOBEIE
3HayeHHs KOTOpLIX OoTJaHYyHBl OT HyJas). Orciona crenyer,
uyTo b=d*d oTAHUHO OT HYaH, U MOCKOJILKY b%=b, TO
b*b=0b" TakkKe OTJIMYHO OT HYJAS, UYTO TPOTHBOPECUHT
{(4.3). dro mpoTHBOpeune AOKA3BIBAET, UTO

b=0, d=0,

geM YCTaHABJIUBAETCS CIPABEAJHBOCTb TEOPEMBbI.

3aMeTHM, 4TO B MpeAblAYIIEeM JOKa3aTeabCTBe MBI HC-
NOJb30BAJH TOIBKO NPELNOJOKEHHE O TOM, 4TO 7 — Je-
BbIM HHJIBIIOTEHTHBIH H/JeaJ], HO3TOMY Y aareGpul ¢ YHCJIO0-
BHIMH 3HAYEHHUAMH He CYUIECTBYeT He TOJAbKO ABYCTOPOII-
HHX, HO U ONHOCTOPOHHHX HHJBIOTEHTHBIX HAEAJOB.
Kpome Toro, m0KasateabCTBO CHPABEAJHBO [Jf aCCO-
IHaTHBHOH aJreOpnl C UYMCJACBBIMH 3HAUEHHSIMH Kak
KOHEUHOTO, TaK H OeCKOHEUHOro pasra.
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§ 2. CrpoeHue accONHATHBHBIX aareép
C YHCJOBBIMH 3HAYEHUAMH

CrpoeHye accOlMaTHBHBIX ajre6p ¢ YHCJOBBIMH 3Haue-
HHSIMH ONpele/fieTcsl OCHOBHO{I TeopeMOH mnpeJblAYIHIero
naparpada ¢ yyeToM pe3yJbTaTOB H TeOpeM TeopuH ac-
colMaTHBHBIX aiare6p. Mel panum MOJePHH3NDPOBAHHOE,
METOJHYECKH  YCOBEpUIEHCTBOBAHHOE  /0Ka3aTeJbCTBO
HYKHBIX HaM OOLUX TeOpeM, ONUpalOIlKeecs Ha anmnapar
TEOPHH CTPYKTYPOHJOB.

Onpenenenne. [Ipoexropon wnasvisaerca rtaxoll aae-
menr pe=G, das Koropoeo p*=p, p*=p. Mununarvroin
npoextopom n=G accoyuarusrol arzebpoL ¢ HUCAOBbIMU
SHAYEHUAMU HA3BIBAETCS NPOEKTOP, NOPONCORIOULULL MUHYL-
MAAbAHOLL OOHOCTOPORAUL udeaa,

Teopema. Haa accoyuarusnoil arzebpor G ¢ 4ucao-
BOIMU BHAYEHUAMU BCAKUL MUHUMANbHOLUL OOHOCTOPORAULL
udean nopoxdaercs MUHUMAAbHOIM NLPOEKTOPOM.

Jas onmpenefeHHOCTH AOKa)KeM TeopeMy AJAs MHHH-
MaJabHoro Jjesoro uiaeana [=G. IIpexae Bcero noKaxem,
4TO rJaBHbift geBbif naean G{a}, nosyuaeMblil B pe3yib-
TaTe YMHOXKEHHS JHHeHHoro npocTpanctBa ( cmpasa Ha
JHHEHHOe TOANPOCTPAHCTBO {a}, MOpOKIAaeMoe HPOH3-
BOJbHBIM OTAHYHBIM OT HYJsI 3JeMeHTOM a&!, Gymer coB-
nanats ¢ /. JelictBuTeanHo, u3 {a} =! nocse yMHOXKEHNS
crnesa Ha G moayuum G{a}=I Vinean, croamuil B JeBoi
YaCTH 3TOr0 BKJIIOYEHHA, OTJIHUEH OT HYJH, #GO MO yeTBep-
TOMY CBOMCTBY aCCOIHATUBHBIX aJare6p ¢ YHCJIOBLIMH 3HA-
yeHusAMHU (cM. 1. 2) a*a=~0. Ho U3 MHUHHMaJbHOCTH Jie-
BOTO HleaJsa ! cieyer, 4To OH HE COAEDPKUT NOAUAEAIOB,
OTJHYHBIX OT HYJs, T. e. G{a}=I[. Bass, nanee, comps-
eHHble 3HAYEHHs OT BCEX 3/71€MEHTOB MOJLHPOCTPAHCTB,
BXoasmux B GI<I, u yuyntwisas G*=G (3Be3noukon Gy-
net o6o3HayaTbesl 1peo6pazoBaHMe, MNepeBOJsIlEe BCe
3J€MeHThl MOANPOCTPAHCTBA B CONPHAXKEHHBIE), MOJYYHM
*G=I*, 1. e, I*I<I*N\l. TlocKoabKY JeBas 4acTb 3TOTO
BKJIOYEHHS OTJAHYHA OT HYJdA, TO Hepeceuenue [* u [ He
NyCcTo, T. €. | CONePXKHT, IO MEHbINEell Mepe, OJHH HEHY-
JeBofl snemeHT b/, ana koroporo b*=>b. ITocko/bKy o
AoKazanHoMy Bblite G{b*b} =[=G{b}, To B G maiifercs
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TaKO# OTJUYHBIH OT HYJS 3JEeMEHT ¢, 4TO
ch*h = b = (cb*b)" = b*bc*. 4.9
Monoxkum n=cb*=ch. Torpa G{n}=I[u no (4.4)
= bc" = (cb™b)c" = n’ = (nrt)”,
IDTO TOKAa3bIBAET, YTO
o =1, 7 = [t =7, (4.5)

T. €. v SIBJAETCA NCKOMDLIM MHHHMAaJbHbIM [IPOEKTOPOM, MO-
POXKAAIONINM HAean [, uTO M0Ka3bLIBAET TEOPEMY.

Teopema. Accoyuarusnas aazebpa ¢ 4UCAOBLIMU 3HA-
yeHuamy ob6aadaer eOuruyeli e U pas3iazaercs 8 NPAmMyro
CYMMYy MUHUMAAbHOIX nesbix udeanog ly=G{mg}, ede
Tlg — MUHUMAAbHBIE NPOCKTOPbL, CBA3AHAHbIE MexdYy c060ll
COOTHOUWEHUAMU

e = ) Tp, Tg,Tp, = Op,p,Tp,. (4.6)

[Ipu noxasareabcTBe TeOpeMbl MBI BOCHOJb3yeMcH
YCAOBUEM MUHUMAABHOCTU OAsn Aesblx udeanos (crpa-
BEXJIUBBIM I Bcex ajre6p KOHEYHOTo PaHra, a Takxke
N MHorux GecKoHeuHblXx anreO6p HaGaIOfaeMblX), CO-
.TJTACHO KOTOPOMY H3 MPOH3BOJNBHOrO HEMYCTOI'O MHOXKECT-
\BA JIEBbIX HI€AJIOB BCErJa MOXKHO BBUIEJHTH, 0 KpalHel
Mepe, OiMH MHHUMAJbHBIA JeBH#i HAeana. Ilyers [, —
OJIUH U3 MHHUMAJbHBIX JEBbIX HJ€AJI0B, CONEDKAILIKXCS B
aeBoM Huaease G. Torma mno npegwnaymei Teopeme
li=G{m}, rie m — MHHUMAaJbHBIM npoekropoM. IIpous-
BOJBHBIY 3jeMeHT g=(U 3anullieM B BHle g—=—gm,+
+ (g—gmn,;) u o6o3nauumM depe3 G, JHHEHHOE MOANPOCT-
paHCTBO, HATAHYTOe HA BCEBO3MOXHBbIe 3/1eMEHTH BHIA
(g—gm,). Torna

G=1 UGy, G =09,

NpHYeM TMOCJaefHee COOTHOIIEHHe CJeAyeT H3 TOro, 4ro
ecin bl Gs, To b= (b—bm,). YMHoxkas obe yacTu
nmocJaeJHero PaBeHCTBA clpaBa Ha m,, noOay4YnM bm,=0
T. e. b=0. 3nauur, G pacnanaercsi B NPAMYIO CyMMY
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JeBbix upeanos G{m,} u G, rae
G, () =0, 4.7)

6o (g—gmn,)m,=0. I[losb3ysicb ycjoBHEM MHHHMAJb-
HOCTH, BbAeAMM H3 G, MHHHMAAbHBIA JeBBIH HAeald
l,=G,, HahaeM MHHHMAJBHBIH NPOEKTOP M, KOTOPHIHA
nopoxnuaercsa l,, u 1. 1. IlpogomKas 3ToT npouece, Moy -
4yuM, 4T0 G MOXKHO NpPEACTaBUTb B BHJIE NPAMOH CyMMBbI

rae, corsaacuo (4.7), MEHUMAJbHBIE IIPOCKTOPH fig MOAYH-
HAIOTCA YCJIOBUIO 7ig g, = Opp,7p,. 1lOJIATas nagee

e= Sl (4.9)

# yuuthiBas, uto G*=0, e*=e, u3 (4.8) u (4.9) umeem
Gley=G,{)G=0, & =e

OTKYAa CJeLyer, UTO e UrpaeTr poJb eIHHHLb anre6ps G.
AT10 3aBepuiaeT JOKAa3aTeJbCTBO TEOPEMBbI.

U3 Toro, uto acconuarHBHag aare6pa G ¢ 4HCAOBHI-
MU 3HAYEHHSMH PACHAnaeTCs B MPSAMYIO CYMMY HPaBHIX
H JIeBBIX HA€AaJIOB, CJAeLYeT, YTO OHAa MOXKeT GHITh mpej-
CTaBJeHa B BHJe MNPAMON CyMMbl MHHHMAJbHBIX ABYCTO-

POHHHX HaeanoB G
G — ZG(‘.)’ G(ix)G(iz) — 6i1izG(i2). (410)

Kaxnblil H3 ABYCTOPOHHHX HaeasoB GV saBasercs NOA-
anre6poll, He cojepaxaileil JABYCTOPOHHHX H/I€ajoB, OT-
JuYHbIX oT O H G, T. e. corytacHO O6UIEMY ONpejeseHHIO
(§ 1 rn. 3) noganre6pur G mpocTel, a acconuaTHBHAsA
anre6pa G ¢ YHC/IOBLIMH 3HAUEHHAMH MOJYNPOCTA,

§ 3. Ipocthie accounaTuBHble aJaredpol
€ YHCJIOBLIMM 3HAYECHUAMH

W3 npenblaylmux pe3yabTaToB CJAELYeT, YTO CTpoeHHe 00-
UIHX AacCOIMATHBHBIX ajre0p C YHCJIOBLIMH 3HAUEHHSAMH
onpejeJaerTcs CTPOEHHEM MPOCTHIX aare0p ¢ YHCJIOBLIMH
3HAYEHHAMH.
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Teopema. [Ipocras accoyuatusnan areebpa ¢ 4UCAO-
sbumu 3nauenusmu G usomopgpra aseebpe delcrautent-
HbLX, KOMNACKCHBLX UAU KBATEPHUOKHBIX MATPUY Had no-
aem OelicT8UTeAbHbIX HUCe.

st mokasaTeabcTBa QUKCUPYEM ONYH U3 BBEICHHBIX
B mpeibiayllefl TeopeMe MHIEKcOB B, 0603HauUB ero P,
1 I0JI0K UM

g — ef. (4.11)

(CymmunoBanue no P B mpasot uactit ¢opmyn Buga (4.11)
He MDOYU3BOANTCH, TAaK KaK HHAEKC P BXOAUT TaKxke B JIEBY:O
uactb paBeHcTB3.) M3 orcyrerBusi y upocrod amrebpn G
JBYCTODOHHUX HeaoB, oTMMdHelx oT G u 0, chaexyer, uTto
G{mg}G =G, oTKyxra BbITEKaeT, 4TO JUHeHHbIE MOAIPO-
CTpaHCTBa {nB}G{nﬁo} HU MPU OJHOM M3 3HaUeHUH HHIeKca
B ue papustorea myno. [lycth eﬁ"« HEKOTODbId (PHKCUPOBAH-
HbIH OT/THYHBIH OT HyJI4 3/€MeHT oxnpoctpancrsa (g} G {7 },
npuuem ec B =P, 1O B coorBercTBHU ¢ (4.11) egz = Iig,.
ITpoexTop g, MOPOK1aeT MUHHMAJBLHBLIA JIEBBIH Hjeal, M03-
TOMy aJst Jodoro [ Hafizercs Takod He PaBHLI HYJO 3je-
MeHT egoe {mg,} G {mp}, uTO NPH yMHOKEHUU ero ¢jaeBa Ha
eg" OyaeT MOAYYaThCS Mg, = egg.ﬂm{ [IPOU3BO/IbHBIX MHJEKCOB
B, 1 B, nonowum

of = e, (4.12)

rae MHAeKC B, (UKCUDOBaH I CYMMHPOBAHHE [0 HeMY He

npousBoguted. U3 onneaenenus eﬁ‘j H eﬁ; CJeyer, 4To

chuchs ~ ofief, (4.13)
oTKyna ¢ yuetoM (4.12) moayuum

efielr - oftef. (4.19)
Ecau teneps pus npousBosbHoro g& G M0T0KHUTD

B 1B

qﬁz = 5% gefiz’ (4'15)

To U3 (4.14) cnenyer, 4To

ey = qhiel: = ehigeh,



74 ACCOLMATHBHBIE AJITEBPHI ) [TJI. 4

T. €. 3JIeMeHTbI gh: MEPeCTaHOBOYHEI CO BCEMH ef’. YMHOKas

q HA eﬂi, cymmupys 1o BeeM By, P, v yuuteBas (4.14) u
oxpenenenve (4.15), uveem

B B
ghieh: = eb'gdf.ef: = ehigef.
Ho 851 = eﬁz 2 Tg = e, TO3TOMY [DO3BO/BbHBIH 3JIEMEHT
g & G MO'KHO 3altHcaTh B BHJE
g = ghiepie (4.16)
JleBnle ujeans G{egz} uG {eﬁa} COBUAJAOT MEKAY codof
U PaBHHI [g, TAK KaK g 100 x;(aeT MUHHMAJIbHbIA  JIEBbIH
mean, a egze{ngz}G{nﬂ}, ef, = {mp,} G {7}. AHasoruyno
{0 NG = {eg}G Orcoa cnepyer, uTO JAUHEHHOE MOATDPO-
CTYAHCTBO
Q= (e} G teh} @17)
He 31BHCHMT OT BhIGODa uHuekcoB PB; u By T. €. Koahdu-

IHeHTHI qgiB passokeruu (4.16) npu a1 00uix P, 1 By ABATOTCH
3/EMEHTAMU OZHOTO M TOro ke moxmdoctpaHerBa Q. [loka-
JKeM, YTO JAeMeHTH H3 (J 00pa3y.oT acCOLMaTHBHY.0 airebpy
C JenedHyueM HAJ [oJieM JeiACTBUTeNbHbIX tmcen B caMOM

Jiesie, BO-ITeIBLIX, Q COAeDKUT €IMHHUILY €, TaK KaK 6’5 6
Hanee, ecmn eg‘gegz =0, 10 Hu3-33 Muﬂmanbﬂoan neBoro

ujpeana lg Beera CcyIIecTBYeT TAKOT 3jeMeHT b, 4To
befigeh, = ef,. (4.18)
Hosromy, ¢ yuetom (4.14) u (4.18), moayunm

(eb bef,) (B geh,) = eb (befiaeh,) = ef =e,

T. €. JJd J0GOro He pPaBHOrO Hyno sreMenta q = dy'gel, u3

Q CyWlecTBYeT TaKoi 3IeMedT ¢! = eB‘be,s8 3 Q, urto
g-'¢=e. AnajoruuHo JoKasblBaeTcsd CYyLIECTBOBaHME
npaBoro ofparHoro 3sjeMenrta. Hakouwen, us (4.14)
CJIeLlyeT, 9TO IPOU3BeJEHHE JIOGHIX ABYX 3JEMEHTOB H3
Q Gyner s71eMeHTOM H3 Q, a A/s IpoU3BeJCHHS TPeX aJg:



X
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MEHTOB BBHINOJHAETCH YCJOoBHEe aCCOLHATHBHOCTH. Ho mno
teopeme @poGenuyca (CM. sauTepaTypHbie YKa3aHus)
¢AVHCTBEHHBIMY aCCOUMATUBHBIMY ajre6paMu c JeJeHH-
eM Haj noJeM [eNCTBUTEJBHBIX YHCEeJ SBJAIOTCS IoJe
ﬂeﬁCTBHTeﬂbHHX yuces, InoJje KOMIVICKCHBIX 4YHCesJ WIH
TeJ0 KBaTEepPHHOHOB. JTo 3aBepIideT J0KAa3aTe/bCTBO
TCOPEMBI.

§ 4. HenpusoguMble npejpcTapieHus MpPocThiX ajrebp
¢ YUCJAOBBIMH 3HAYEHUAMH

Icenenyem BOIpoC O CBA3H MEXAY PA3MMUHBIMU TOUYHBI-
MH HeNpHUBOJAUMEIMH [PEACTaBJACHHAMH MNpPOCTHIX acco-
IIHATUBHBIX aJare6p ¢ YUCAOBLIMY 3HAUEHUAMM.

Tounbim npedcrasaenuem accouvaTHBHoil anrebpul G
Haj Hojem P Ha3HBaeTCAd 34KOH, yCTaHABJAMBAKOUH OJ-
HO3HAYHOE COOTBETCTBHEe MeXAy abCTpakTHOH anarebpoli
G u acconuartuBHOH anreGpoift M xBaJgpaTHBIX MaTpHil €
37eMEeHTaMHu u3 Teja Q, DpHYEM MNocaeaHee COIAEPXKHUT B
KauecTBe CBoeH cocTaBHOH dactu mode P. PasymeercH,
B YacTHOM cjydae Q Moxer coBnagars ¢ P. Ilpencrasae-
HHE HasbIBACTCS Henpusodumbim, ecJu npeoGpasoBaHus
¢ NMOMOUIbI0O MaTpHuu U3 M HeC OCTaBJAIOT HHBAPHAHTHLIM
HHKAKOC HelnyJesoe BeKTOPHOC MOMAIPOCTPAHCTBO, OT/AHY-
HOE€ OT BCEro IpOCTPaHCTBa, BEXTOPBI KOTOPOro Tpeolpa-
sylorcs matpunamu us M. Ksagparuyo marpuiy, Kotopas
CTABHUTCA B COOTBETCTBHUE abGCTPAKTHOMY 3JIEMEHTY g, MH
O6yneM o6o3HauaTh Tako#l Ke GYKBOH, HO ¢ HHIEKCOM B
ckoOKax, nanpumep, g, TAe HHICKC [ XapakTepusyer
HOMep IpefcTaBieHHsd. lIBa mpejpcTaB/IeHHst HA3LIBAIOTCS
9KBUBAACHTHBIMU, ©CTH CYHIECTBYyeT Takas ofGparumas
martpuna S ¢ xosddunuenTamMu u3 teaa Q, uTo A BCeEX
MaTPHL g1y, (2, COOTBETCTBYIOLIMX 3seMeHTaM gEG,
BBIMOJIHACTCA COOTHOIIEHHE

g = SgmS™ (4.19)

Ecimu ey° (rme unnexc P, duKcnpoBan) siBAsIOTCS GasuCHbIME
3JIEMEHTAMH HEKOTODOTO JIeBOTO Hjeana lg), TO NPOH3BO/b-
Hbm 3JIeMeHT M3 3TOr0 Hjeana MOXKHO IPEJCTaBUTb B BHJE

lpV rae )Y — aneMeHTH U3 Tena Q wiu nons P. Hampumep,
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MHHUMAJMbHBI JIeBhIH Uaeast 1pocToil anredpbl ¢ YHCJOBHIMH
3HAUEHUAMH, B COOTBETCTBHH ¢ TeODEMO M3 IpebiAYLIero

IYHKTd, MOKHO 33MUCATL B BUJE e§°¢ﬁ, rae PP — s/eMedTH
U3 Tena @, WM, €clM BOCHOJb30BATbCA DACCMOTPeHHBIM B
§ 6 T 2 MeroxoM Iepexofa OT KOMIJIEKCHBIX M KBATEPHHOH-

HBIX CTOJOLOB K Je/CTBUTENBbHbIM cTOI01laM, — B BHIIE eﬂ“xp",
Tae ¥ -— 3/MeMeHTH u3 mods JeficTBHTEMbHbIX uncen. O0a

vKasaHHble crnocofa OINHCAHHs JIEBLIX HAeaJoB IKBUBA-
JIEHTHB! MEXJy €000 M HX MOXHO P4ccMaTpHBaTb COB-
MECTHO; OT/IHuMe OYJeT CBSI3aHO JMUIb ¢ Pa3HBIM BbIOOPOM
Tena Q u ¢ pasHLIM MHOXKECTBOM 3HAUEHHH, NpHHHMae-
MBIX HujgekcoMm y. Ecam g — o6muir asneMent adareo-
pul G, TO

gey = gl (4.20)
THe gl — eMeHTHl H3 Tea (M mons) Q. TaxuM oSpasom
g (@) = & (o) (4.21)

THe Gy — KBAJPATHASL MATPHLA € 3/CMEHATAMH gy, TaK
4TO TPOU3BOMBHBIN naean [l MOPOXKIZAET NPEJNCTAB/ICHHE,
CTABALIeE B COOTBETCTBHE KAKJOMY 3JEMEHTY g U3 aaredphl
G KBAJDATHYIO MATPULY (o).

Teopema. Bce Tounble Henpusodumbie npedcTasaenHus
npocTol ar2ebpor IKBUBANCHTHOL MDY CODOL U IKBUBA-
AEHTHbL NPEOCTABACHUID, NOPONCOAEMOMY NPOUIBOLLHBIM
MUHUMALbHOLM HeHYyae8bim Aebin udearom L. :

JokasareabcrBo. M3 MUHUMIILHOSTH JleBoro ujeana [
CAeYeT, UTO MpefcTaBICHHE, MODOXKIAEMOEe 3TUM UTE€aJIOM,
HenpuBoguMo. [ToKaxkeMm, 4TO U3 YCJIOBUAO MDOCTOTE A/reOphl
G BbITEKAeT, 4TO 3TO MDEJACTABJICHHE SIBsIeTCS TOUHBIM.
HefdcTBurenpHo, ecad  d-— IMHEIHO2  MOZNPOCTPAHCTEO,
ornpenenseMoe n3 yeaosua dlg, =0, To OoHo oSpasyer aBY-
croporxuit uaean, ubo (GiG)l,) = G (1) =0, Tak uro MO
yenoBu:o npoctorst d = 0. [losTowy ecmu g — HeHyJeBOH
anemedT anrebper G, 10 {g} /o) =0, T. e. coorBeTCTBY.OULAS
3TOMY 3JIeMEHTY MaTpHIa gw)y onpexpeieMas 1o (oiMysne
(4.2)), otymuHa oT HyJda. ITycTb Tenepp B3ATO NPOU3BOJB-
HO2 TOYHOZ HENDHBOAMMOS fpefcTdBieHUe ajareipnl U, KOTo-
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poe 3jeMeHTaM g CTABHT B COOTBETCTBHE KBajpaTHble MaT-
PULIBL g() C KoabduumenTamy H3 Teda Q H, B 4acTHOCTH,
3/1eMeHTaM eg"——KBaﬂpaTHbIe MarpHIIbl ef{'w. [TockoabKy Tpef-
CTaBJ/IeHYe — TOUHOE, TO BCE ST MATPUIILI He pPABHLI HYJNO,
TAK 4YTO NPH mo0oM (UKCHPOBAHHOM 3HAYEHWH HHOeKca
Y =Y, BCerJa MOKHO HalTH TaKOH cToiben 1, c KosddHu-
HyeHTaMd U3 @, a9 KOToporo ef’l"mxpo?‘ 0. Taxk Kak & —
fasHcHbIe 2/eMeHTbl JIEBOTO Hjeana, TO CTOOHbl Sy == e?l"w%
AP YMHOKeHuH cjeBa Ha MaTPHUBl gy 3aMEHAIOTCd Ha
JUHEeHble KOMOHHALMY 3THX »Ke cTOaGLOoB, T. €. OHM oJpa-
3yI0T UHBapUaHTHOE moAlpocTpaHcrBo. Ho torpa 13 Henpu-
BOJYMOCTH MPEJCTABJIEHUsl CIeAYeT, YTO, BO-IEPBLIX, YHCIO
TAKUX CTOA0LOB PAaBHO Da3MepHOCTH HENPHBOZUMOTO Mpel-
CTaBJeHHsI, TaK UYTO KOMIIOHEHTbl 3TUX CTOJNOIOB MOKHO
HYMEPOBATb TeM Ke HHIEKCOM Y, KOTophifi HymepyeT Gasmc-
Hble 3JIeMEHTHI e?;’ W, BO-BTOPBIX, 4TO MaTpuia S ¢ KosP-
durnentamn Sy (r1e S} — KOMIOHEHTH! cTo/ibna Sy) HMeer
obpatuyo wmarpuny S, ubo Sy JMHEHHO HE3aBMCHMBI U
IPOYU3BO/IbHbBIE CTOOIE, B TOM HYHUCJAE T€, Y KOTOPBIX Y=o
KOMIIOHeHTa paBHa |, a ocra/bpHBle paBHLI HYJIO, JOTAHBL
JUHEHHO BbIpaKaThcAd uepe3 cTosOubl Sy. Ecad Temepb Mat-
DUIA g(;) COOTBETCTBYET OOIleMy 3jeMeHTy g aaredpst G, TO

cornacHo (4.20) gu) Sy = Sy.&low T €.
(gwSv)" = S¥iglom- (4.22)

CootHourenve (4.22), nependcanHoe B MaTpuuHo# ¢op-
Me, IDHHUMAaeT BHJ

gw S = Sguy (4.23)

¥ NOCKOJbKY MaTpuiia S uMeer o6paTHyI0, To
' g = SgwS™. (4.24)

Takum o6pasoM, Npou3BOJbHOE TOYHOE HEMPUBOAMMOE
[IpeJCTaBJeH e 3KBHBAJEHTHO TMNpPEACTABJICHHUIO, NMOPOXK-
1aeMOMY JIIOOLIM MHHHMAJBLHEIM JIEBEIM HACAIOM [, 4TO
1 TpeboBanoch J0KAa3aTh.
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§ 5. AareGpa aabrepHHOHOB, aareGpa Kauddopaa
¢ 6a3ucHasn ajre6pa JefcTBUTEbHBIX CITHHOPOB
KaK accOIlMaTHBHbIE ajreGpbl ¢ YUCAOBHIMH 3HAYEHUSIMH

[IpuMeHUM NOJYYEHHBIE BHIIIE pPe3yJbTaThl K accolua-
THBHLIM aJjirebpaM crelHaJbHOTo BMIA, MMEIOUMM Bax-
Hble (u3uuecKHe U TeOMEeTPHUECKHe MPHIONKEHHs.

AcconnaruBnag anrebpa ¢ 2n oOpasyiolmiMMHu e, Ha-
3bIBaeTCA @12e6pol AAbTePHUOHO08 ‘Asnyy, €CIH 00pasylo-
e CBA3aHbl MEXAY COOOH COOTHOUICHUIMHU

Ca,lu, I~ €afa, = 28q0q,a.8 (@ —1,2,...,2n), (425

Tae e — eavuvna anredpn ‘As. .y, a &, B [ cayuasx pas-
Hsietess | ¥ B ocranabHbIX 2n—I[ caydasix paBHseTcs —I.
AnreGpbl aJbTePHHOHOB, ¥ KOTOPBIX YHCJIO 0OPa3ylomuX
pPaBHO HeueTHOMY UHCJY, SIBJASIIOTCS mnojajirebpaMH aJg-
reGp aJbTEepPHUOHOB C UETHLIM YHCJIOM 0GpasyioulHX, I0-
3TOMY HX MOXKHO HE3aBHCHMO HE pacCMaTpHBAaTh.

Anre6Gpy ajbTepHHOHOB, V KOTOpOil Bce €, paBHH 1,
B (pU3HYECKOl JHTepaType OObIUHO HAa3bIBAIOT aJareGpoid
Kaugdopna. Ecan aare6py paccMarpuBaTh He Hal MO-
JeM JeHCTBUTeNbHBIX YUCEJ, a8 HaJ MoJeM KOMIJIEKCHBIX
4HCes HJIU TeNOM KBAaTePHUOHOB, TO aareGpbi aJabTepPHHO-
HOB ¢ pasubiMu [ OyayT usomopdunl aarebpe Kauddop-
Ra. [Tosromy anre6put ‘Az, Hal mosieM JeHCTBHTENbHBIX
quces OyJdeM Ha3BIBaTb JEHCTBHTE/NLHBIMH (dopMaMu
KommIekcHo#t anrebpul Knugpdopna. Anre6py Bo="As,y1,
IJIsi KOTOpOH gy==gy=..=¢,=1, g,y=...=8n=—1 10
onpejenenyio, 6yJleM paccMaTpHBATL B KauecTBe HOP-
MaJbHoH JeHCTBHTENbHOH (OPMBI KOMIJIEKCHOH anreGpol
Kanddopra u Gynem HasbiBaTh ee 6asucuoi aaze6poil
dedcrsureavroix cnunopos. OcrabHple [eHCTBUTEbHBIE
GopMBl MOXKHO NOJNYYHTb MyTEM 3aMeHbl HEKOTOPHX 06-
pasylolux e, HOPMaJbHOH (GOPMBI Ha e,'= (ie,).

Teopema. Aseebpa aabTepHUOHO8 ¢ 4eTHOIM HUCAOM
obpasyrouux s6A%eTca accoyuaTugrol aseebpod ¢ quc-
208bimu sHadenuamu. Ona He codepocur Henyreaoix 08y-
CTOpOHHUX uGeanos, OTAUHHOLY OT camol 1ol aszebpb
(7. e. asaserca npocroti).
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Jlist 10oKa3aTesJbCTBA MEPBOH 4acTH TeopeMBl HeoGXo-
LHMO ONPENETUTb [/5 3NeMEHTOB g &'Ayyy onepauuy uH-
BOJIIOTHBHOTO CONPAYKEHUs M B3SITHS YMC/IOBBIX 3HAUCHHH
¥ NOKAa3aTh, YTO IPH 3TOM BBHIMOJHSIOTCS BCE CBOHCTBA

anreGp ¢ UMCJAOBEIMH 3HAYCHHAMH.
3a GasucHble 3eMeHTH anreGpbi ‘Az,., MOXHO NpH-
HATDb 22" 3/IEMEHTOB e, BHa

8y = €alq, . - - €y (o < oy < Lo <), (4.26)

rje 1o ONpeleJeHuio cuuraercs e,=e. MHBosOTHBHOE
COTpsiKeHUe B NMPUMEHEHUH K 0a3HCHHIM 3JIeMEHTaM Of-
penenum QopMyaaMu

* *
8y = &g, ... Eq,ay - -+ €a,Cuy B0 == €y = & (4.27)

a 4NCJIOBHIE 3HAUEHHS — POPMYJIaMH
Re e‘u - 63,2n. (4.28)

Torpa pasg obmiero 3jeMeHnTa g=q@'e, U3 aareGpul ‘A, .,
rje ¢"— Npou3BOJbHbiE JEeHCTBUTEJNbHEE YHCIA, COMpH-
JKeHHOe 3HAueHWe, UYHCJI0BOe 3HAUEHWE W HOpMa HMeEIoT
BHJ

g" = ¢¥g, Reg = 2", * (g) =Re(g"g) = 2" 3 ohon.
w

Orciona caenyer, 9To Bce CBOHCTBA aire6p C UMCHOBLIMH
3HAYEHHAMY BBIIOJIHAIOTCS, HamnpHMep cBoicTBo 4 (cM.
ctp. 50) BuiTekaer u3 BbIpakenus Mas n*(g), Tak uTo
ecnu g5%0, o n*(g)>0.

IMoxkaxem nanee, uto

D eweuen, = 872" = 2" (Reay)e. (4.29)
My

Eemt w =0, 1o (4.29) cregyer us (4.25), (4.27) u u3

TOrO, YTO YMC/IO BeeX OasMCHBIX 3/EMEHTOB e,, paBHO 2%
bemt ke e, =eg, ... €, TO e, MOXHO 3amycaTb B BHJE

€y -+ - Cply, - -y, TPy, ..., B — MHpERCHI, coteprKamyect
cpen dicen B, Bg, oo Bre @y ..o, Y — He cOtepIKALLUEcs,
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M YCJIOBHO TNpHHHMaeTcst, 4To ey =0 wm j=0, To
0, - € =€ WM ey, .8y, =e. Ilpu 5THX YyCnoBHAX, cor-

macHo (4.25), ecm p £=0, 10 @, 8, = (— 1)*+ ¢ Ve, . Torna
ecnu R — HedeTHoe, TO UWC/IO BCeX C/Iy4a€B, 151 KOTOPBIX
MHOKUTE/Ib HpU eey, paseH + 1 wym — 1, coBnajaer ¢ guc-
JIOM BCEX Da3/MIHBIX €y, ... ey, COOTBETCTBEHHO JUIA ETHBIX

unM meuetHolx j. Ho mepBoe w3 stux wmcen npu 1<Z2j, +
4+ 1<<2n—%k pawo n, =Chup + Conr + ... + Conchy a
BTOpoe 1y == Conp + Conp + ... + Co2f™.  IlocKo/bKy
ng—my = (1 — 1"* =0, 10 orciona caexyer crpaem-
BocTh (4.29) npu HeweTHeIx k. AHasoruyHo, eciad k — der-
HO, TO JOCTATOYHO YuecTb, UTO UAC/AO BCEX €p, - . . &g, PaBHO
YMCTY BCEX e, ... €p, ., THE 1<<2i, + 1<k Tlosromy
dopmyna (4.29) BepHa i MpPOM3BOMLHBIX R U, C/EI0BA-
TENbHO, 11 MPOU3BOJIBHBIX W.

HoxaxeM Tenepb, uTo asreGpa ‘Am;rl HE CONEPIKHUT
HeTPHUBHANLHBIX JBYCTOPDOHHHX  WjeanoB, T. €. 4YTO OHA
aBAercs mpoctoit. M3 (4.27) umeeM Re(e,g) = ¢#2". Orcona
¢ yuetoM (4.29) BbiTeKaer, uTO KaxKjplil HeHyJ/eBol AByCTO-

poHHM# ujean anredpbl Aonsy momken cogepKaTh ICMEHTH,
IPONOPIUOHA/BHbIE € = €;, TaK KaK ec/i g -— MPOU3BOIbHLIH
HEHYJIEBOA 3/IEMEHT TaKOro Hjeana, TO B ero pas/o KeHHU M0
0a3ucHbIM 3JeMeHTaM x0T Obl OfUH H3 KodhduieHToB OH
ormued oT Hysd. Ho nockomeky G {e} =G, 1O 10060%
HeHyJIEBOH JBYCTOPOHHHI wujean 1MOMKEH cojepkarb BCO
ameépy G = Y Agnsy. A10 3aBEPILUAET JOKA3aTEbCTBO TEOPEMEL.

Tenepb Mbl MOXeM BOCINOJb30BATLCS pe3yabTaTaAMHU
§ 3, u3 xoropeIX ciepyer, uro anarebpa G='Ayn,, U30-
MopdHa ausarebpe NEHCTBHUTEJIbHBIX, KOMIJICKCHBIX MJH
KBaTePHUOHHBIX MATpPHIL HaJ M0JeM JefdCTBUTEIbHEIX UYH-
cesa. Bropasi W3 3THX BOSMOXKHOCTEN HCK/II0WaeTCsd, TaK
KaK pasMepHoCTb anrebpnt ‘A,.., paBHa 22" pasMepHOCTD
anreGpbl KOMIICKCHBIX MaTpHLL MOpPSiAKa /m paBHa 2m?,
a paBeHCTBO 22"=2m?* HY NpPHU KAKUX IEJbX 7 U M HeBO3-
MoxHo. [Tosromy aner6pa ‘A,,., u3oMopdua unu anredpe
R:n IeHCTBUTENTLHBIX MAaTpHUIL HOpsAKa 2™ wiu anrebpe
Qz(n-1) KBaTEPHHOHHBIX MaTpHILl Nopsaka 2"~ TTomb3ysch
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METOAOM HMHAYKLWH IO 1, MOXHO MOKa3aTb, YTO HMeer
MecTo CJeAyIoLLast

Teopema. Asze6pa aroTepruonog 'A,.., usomopgpra
R,n, ecau (—1) D= =1 4 ugomoppra Q, -1, €Al
(_1)(n—l+!)(n—l)/2=__l‘

M3 sToil TeopeMbl (mOJHOE J0Ka3aTeNbCTBO KOTOPOH
W3-32 €T0 TPOMO3JAKOCTH MBI 31€Ch HE NMPHUBOAMM) CJIELy-
eT, uro GasucHas anreGpa IeACTBUTENLHBIX CIHHOPOB
B,="A,,,, u3oMop(pHa ajgreGpe AeHCTBHTENbHBIX KBaj-
pPaTHBIX MaTpHI NOpAAKa 2" Haja 1ojaeM JAeHCTBUTeTbHLIX
unces u usomopdua "'A,,. .

B saknoueHue nacrosniero naparpada pacCMOTPHM
aBTOMOp(HH3Mbl ajre6pbl aJbTepHUOHOB ‘A,,y s, NPH KO-
TOpHIX Ga3UCHBIE JEMEHTH e, 3aMeHSIOTCS Ha TakHe HX
JYHellHble KoMOUHALHY e,’, UTO CTPYKTYpHHIE NOCTOSH-
Hble He MeHsIOTCS, U MOKaxeM, UTO HMeeT MeCTo

Teopema o6 aBToMopdusmax. /Jas npouszsosbrol
npocrol accoyuatusnoli aazebper ¢ 4UCA086IMU 3HAHE-
nuamu G, u 8 Tom wucae 0aa G="'4,,,,, 8ce asromopdhus-
Mol ABAAIOTCA BHYTPEHHUMU, T. e. HatideTcsa Takoll obpa-
THMBIH 3/1eMenT seG, uTo

ey = Uy'ey, = se,s (4.30)

B camoMm Jese, neficTBYs 3jJeMeHTaMHu e, U e,/ c/leBa
Ha 3JeMeHThl Kakoro-au6o MUHHUMAaJLHOTO JIEBOrQ Hiuea-
Jla, MBI HOJYYHM JABA TOUYHBIX HENPUBOJIHMBIX IpEACTaB-
JeHus ajare6psl G, LIS KOTOPBIX 3JTeMeHTaM e, U e, BO
B3aHMHO OJHO3HAUHOE COOTBETCTBUE CTABATCA MATPHILHI
E, u E,/. CornacHo nocnenneit reopeme us § 4, Bce tou-
HbBle HenpHBOJAWMBIE NpejcTaBseHus aire6pu G 3KBUBaA-
JEeHTHBE MeXAY co6oM, T. €. HalileTcs TaKas HEBLIPOXKIEH-
Has Mmartpuua S, uto

E, -= SE,S™. (4.31)

Ho mpocrast anre6pa G usomopdHa maTtpuunoil ajre6-
pe, o3TOMY MaTpHIY S MOXKHO NpPEACTaBUTb B BUJE

S = NsHEy, (4.32)
|
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rne s*— jpeficTBuTeNbHble uMcaa. Ilonaras s :Zsﬂeu u

n
samensini B (4.31) E, u E, Ha ¢, M e, NMOJyy#uM, 4TO CO-
orromenust (4.31)] nepefixyr B (4.30), a 370 JOKasbBAET
TeopeMy.

§ 6. AccounaTuBHas aareGpa KBaHTOBAHHBIX moJjei
M HANIOCTPALUsi OCHOBHLIX TEOPEM

Teopust KBaHTOBaHHLIX (epMHOHHBIX [OJIEH, ONMHCHIBAO-
masi poxkJAeHHe M YHHUTOXKEHHE UYaCTHI C MOJYLEJBM
CMHOM ((pepMHOHOB), OCHOBLIBAETCA Ha IpUMEHEHHH
OrepaTopoB POXKJeHUs b, U yHHUTOXKeHHA b° GepMHOHOB.
IlIpn nepBoHaua/NbHOM H3y4eHHH aJre6pa”uecKuX OCHOB
TEOPHUM MOXKHO OTPAHHUUTLCA KOHEYHOMEDHBIM CJIydaeM
H CUHTAaTh, 4TO UHIEKC O IIPHHHUMAET 3HAueHus 1, 2, ..., 1.

BasucHoli anre6poli KBaHTOBaHHLIX (GEPMHOHHLIX IIO-
Jed HasbiBaeTCsd accouuaruBHas ajre6pa ¢ obpasyiomu-
MH b,, b°, CBAI3aHHBIMH COOTHOLIEHHSMH

Glbo’, 1‘ ba, Gl - 60’,31
(4.33)
bo’lqu + b(;rzbcrl —_ bGIbG2 + bcr’bo.1 = 0,

rie e — eIMHHUHBLIA 3/1eMeHT, a MHAeKC ¢ AJs paccMar-
puBaeMofi KOHEUHOMEDHOH MoJesd NMpUHUMAaeT 3HAueHMUs
oT 1 no n.

Teopema. basucnasn asreebpa keaurosarHblx depmu-
OHHBIX 1ioAeld usomopdpra 6asucnol arzebpe dedcrsures-
Holx cnuropos B.,.

B camom pnesne, us onpeneneﬂm B, crnenyer, 4To ee

o6pasyiouite €, €5.n(0==1, ..) CBfI3aHH COOTHOlle-
HUAMH
€480,  €¢,L0, == — (en+0"€n+0', -+ €n+a,3n+a,) = 280,06,
€o.ln+a, + en+q,_,egl =0, (4.34)

Ecay nonoxurhb

be = 'é‘(ecr + €nsa) b = (s — €nic)s (435}

1
2
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To H3 {4.34) BHITEKaeT, 4yTO b,, b° cBA3AHH MeXAY cobol
coOTHOIIeHusiMH (4.33), UTO JOKAa3bLIBAET TEOpeMYy.
N3 (4.33) caenyer, uTo

(b)) (BybY) = by ... 5 (b%y) (%)) = by, ...; (4.36)
(026" (0a1%) = (0%) (B0, ... 3 (%) (0%y) =(bDy) (6'Dy), ...
(4.37)

GO (BY,) =0, ... (b,bY) (B%,) = (b0) (BbY), .. .
(4.38)

rie MHOTOTOUHEe O3HauaeT, 4TO aHAJOTHYHbIEe COOTHOLIe-
HHA GYAYT moJayyaThbca IyTeM 3aMeHbl HHLeKcoB 1 (mim
1 u 2) na apyrHe HHAeKcH o. [ToaoxuM

Toroy = (o) (0% ... (bayb B (0™, ... (0700 )

(4.39)
THA€ Oy, ..., Ox—Fk IPOH3BOJIBHBIX PA3JHUHBIX YHCEJ, B3f-
THIX U3 COBOKYMHOCTH 1,2,...,1, 4 G4y, - . ., On — OCTATD-
Hble YHCJIA H3 3TOH COBOKYIHOCTH, H IO Oy, . . ., O, CYMMH-

poOBaHHe B JaHHOM cJyuyae He NpoH3BoauTcs. [Ipu sToM
6yneM CYHTAThb

7, = (b'by) (b%3) - .. (b"by). (4.40)

Wz (4.36)—(4.39) caenyer, 4T0 . ..., He MEHSAIOT-
¢l IPH NepecTaHOBKE J[BYX COCEJHHX HHJEKCOB, a H3
(4.35) u onpenenenus (4.27) HHBOJIIOTHBHOTO COMpSXKe-
HHA  1ad4  anreOp  aJbTEPHHOHOB  BLITEKAeT, 4YTO

*

g, ...0, =T ..o OGO3HAUHM MHOTOMHAEKCHBIH CHMBOJ

JAHHOM k DaBHO UHCJy COYETAaHHH M3 n no R, T. e. CX
a YHCJIO BCEX Pas/IMUHbIX 3HAUEHHIT CHMBOJIA f PABHO

n
3 ck = om,
k=0

Oy ... 0, OQHOH OYKBOH B. UHCiO passHUHBIX T, | .
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- YunrniBas ¢opMmyan (4.33) u (4.36)—(4.39), mno-
JYUHM

ﬂ’ﬁlnﬁz = 6ﬁ1ﬁznﬂz’ (441)
Sy = (5, £ bybY) (0%, + 0,97 L (00n + b = .
B
(4.42)

Coortuomwenns: (4.41) n (4.42) copnajgaior ¢ CoOTHOLUE-
My (4.6) [J1s MHHAMAJABHBIX IIPOCKTOPOB, BBOAUMBIX B
COOTBETCTBHH ¢ 0OCHOBHOH TeopeMoil o0 acCollMaTHBHBIX
aareGpax ¢ udcaosbiMu 3iiaveiinsiMy. [Tostomy dopmyioi
(4.39) ompepensiioTCsl SIBHBIC BhIPAXKEHHS A ITHX TIPO-
€KTOPOB.,

[Tonoxum

bigy = babo, - - - bay BB = 67 . 0% — b, (4.43)

MPUUEM TIO ONpejeseHHIo OyleM CuHTaTb b =bl1=e.
KeagpaTueie cko6xu [B] y MHOroMHIeKcHoro cHMMBosa P
craeatcss B (4.43) pas Toro, uytobbl MOAYEPKHYTH, UTO
b, 1 ™ (B npoTHBONOMOKHOCTD Tg), KAK ITO CJELYeT
u3 (4.33), aHTHCHMMETPUUHBI [10 HHACKCAM O, Oy, . . ., O
[Tockonbky (b,,)*= (b°%)*=0, To n3 (4.40) caenyer, uro
npu [B]#=0 0¥ r=r,b;5;,=0, orkyla c yuetom (4.36) —
(4.38) moayuaem

1P bgg, 7% = 8Fim. (4.44)
[Tos0o:kuB
eht = brpamed™, (4.45)
OTCI0Oa NUMeeM
ehiefs = Ohieb:. (4.46)

OTo mokasbiBaeT, uTo ¢opmyaamu (4.45) onpeneasiorcs

SIBHbIE BbIpAXKEHHA IJA 3JeMEHTOB ep., BBOJHMLIX B CO-
OTBETCTBHH C TeOPeMOH O CTPOEHHH NpPOCThIX anarep c
YHCJOBLIMH 3HAYEHHIMH.

UTo0bl pemnTs OSpaTHy0 3a7ady, 33K/ O4AOULY:OCHd B
HaXO.KAEHNH SBHBIX BhIDaKeHHH A bppy H b (1 B uact-
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HOCTH, AJA eg = bo -+ b°, ense = bg — b°) UeDe3 3JEMEHThI
vg;, BOCIIO/b3yeMcst TOxAecTBOM (4.42), KoTOPOe NpPH HCIHOJb-
30BaHUM IIPaBHJIA CYMMHPOBAaHHA DHHIUTEHiHA NePEIUCHIBAETCA
B BujE ¢f — e. YMHOxan bpg) clpasa Ha = e, a b crema
Ha ef' w yunTwBas (4.45), MOTy4HM

by = (Oipibes.n) ™, 0! == by, (4.47)

Ho, cornacio (4.43), npousBenenue by by, paBHsIeTCs
H/IM HYJIO, €CTM CPeiH HHAEKCOB, BXoasuux B [B] H [Bi],
UMEIOTCS OJHHAKOBBIE, WJIH Ke paBHAETCA HEKOTOpPOMY
3JeMeHTY b, B3ATOMY CO 3HAKOM INIIOC HJIH MHHYC.
[MoxcraBnAss Bblpa)KeHHs AJds 3THX IIPOH3BEJEHHH B
(4.47), NONyuHM HCKOMble MpencTaBaeHus by, H O™ B

BH/e JHHEHHEIX KOMOHHAUHH OT e%‘,.

B npuMenenun ¥ GaszucHOH aJjre6pe KBaHTOBAHHBIX
¢depMuoHHbIX Nosell B, TeopeMa 06 aBTOMOD(pH3MAX, 10-
Kadzanuas B KOHIle Ipebplayiero naparpada, MoxeT ORITh
nepepopMyaupoBana caeiylomuM obpasoMm. Ecau obpa-
3yroujue b,, b° u by, B° c843aHbL OOUHAKOBOIMU COOTHOUE-
nuamu (4.33), To cyuecT8yer Taxol obpaTUMbLE 3NEMEHT
s u3 B, 018 xoTopoeo

Do = shes™t, b7 = sb%s, (4.48)

[ nepexofa oT TeOPHH KBAHTOBAHHBIX JepMHOHHBIX
nonefl K o0mell TeOpHH KBaHTOBAHHBIX (pepMHOHHO-GO-
30HHBIX TIOJIEH HYXKHO PacCMOTpeTb NpsAMOe INpOH3Beje-
HHe accouHaTHBHOH 0asucHOIl a/ire6psl GepMHOHHBIX I1O-
Jed Ha acconuaTHBHYI O0asHCHY0 anre6py GO30HHBIX
noned. Ilocaenuas mMeer B KauecTBe 0Gpasyiomux oOIle-
paTrophl POXKJAEHUS @, H YHHUTOXEHHA a*= (a,)*, cBA3aH-
Hble MeXAY co00l TOXAECTBEHHBIMH COOTHOLICHHSAMH, 34-
MeHsomuMu (4.33):

g, — a,at = S,

4.49
Ay Oy, — Ay, = 0, aghs — g = 0, (4.49)

W3 (4.49) BumHO, 4TO accouuaTHBHAA aare6pa 6030HHBIX
II0JIeH SABJSAETCA NPAMBIM IPOH3BeJlEeHHEM H30MOPQHEBIX
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MEeXAY OGOl acCOUHAaTHBHBIX aare6p A ¢ MHBOJIOTHBHBIM
conpsiKeHneM H obpasyiouleil a, yAOBJAETBOpAIOLEH TOXK-
JeCTBEHHOMY COOTHOIIEHHIO

a'a—aa" =e. (4.50)

U3 (4.59) caeayer, uto ecnu nonokuTe H — aad® |- —Zi—e, 10
Ha—aH = a, (4.51)

Ha*—a'H =—a’. (4.52)

[Tockoabky (4.51) u (4.52) umeroT BHA INepecTaHOBOU-
HBIX COOTHOLIEHHH MEXIy OIepaTopoM 3HepruH H pas
rapMOHHYECKOTO OCUH/ANATOPA H ONepaTOpaMH IOBLILIE-
HHA @ H [NOHHXKEHH: a* musi ero coOGCTBEHHLIX 3HAYEHHH,
TO B KBAaHTOBOH TEOpPHH 10Jel NpHHHMAaeTcsd, 4To COOCT-
BeHHBIe 3HaueHHd y H, Kak ¥ B cJaydae rapMOHHUYECKOTO
OCHMJIATOpPA (B e[HMHHIAX, HAJI KOTOPBEIX Aiw=1), paBHH

1/2, 3/2, 5/2, ..., Tak uTto Hapany ¢ (4.50) BbImoaHsIeTCA
TOXK/AECTBEHHOE COOTHONIEHHE
(H—- L e) (H—- ie). - —Me> =0,
2 2 \ 2
(4.53)

Taknm o6pa3oM, H3yueHHe CTpOeHHsi Gas3ucHOMH aJ-
re6pbl GO30HHBIX KBAHTOBaHHLIX NOJEH CBOAMTCA K H3y-
YeHHIO accOUHAaTHBHOH agare6pul A, y Koropoit o6pasylo-
mas a 4 ee cOUpAXKeHHas a* yHLOBJETBOPAIOT TOKAECT-
BeHHbIM cooTHolleHHAM (4.50) u (4.53). IToxaxeMm, uTo
B anre6pe A MOXKHO BBECTH Ga3HCHbIE 3J1€MEHTHI €., OII-
penensieMble B COOTBETCTBHH C TeO0peMOH O CTpPOEHHH
HPOCTHX a/jre6p c u4Hc/aoBLIMM 3HaueHHAMH. OTciona Gy-
JeT cJef0oBaTb, 4yTo anre6pa A H30MOp(HA MaTpHYHOM
aare6pe Haj noJieM AeHCTBHTE/bHBIX YHCeJ, T. €. OHA SIB-
JsieTCA NMPOCTON aare6poil ¢ UHCAOBBLIMH 3HayeHuaMu. Ho
cornacHo § 6 ra. 2, npsiMoe Hpou3BeleHHE MAaTPHUHBIX
ajare6p Hal HEKOTOPHIM moJieM fABJISIETCH MAaTPHYHOH aJ-
re6poit HaA TeM Ke 10JeM, I03TOMY H HOAHAA aicebpa
KBAHTOBAHHLLX  (PEePMUOHHO-OO30HHbIX NOACL ABAAETCA
npocToli areebpoli ¢ HUCA08bIMU ZHAUCHUAMLL
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J1s1 1oKa3aTeabCTBa 9TOTO YTBEPKAEHHs IEpeNHLICM
(4.53) B BHIE

ﬁ (aa® —ne) = 0; (aa* — me) [] (a@"—ne) =0

n7m
(4.54)
H II0JIOKHM
H (aa* — ne)
ol L (4.55)
[[ (m—n
nem

rie B npaBofl yactu (4.55) cyMMHpOBaHHe He IPOH3BO-
IOUTCA, TaK KaK HHAEKC M BXOILHUT TaKxkKe B JEBYIO 4acCTb
M NOTOMY He siBasieTcss HeMbIM. M3 (4.55) mmeeMm

(aa* — me) e, = 0,

H (aa* — ne) el — (eﬁ)z = el (4.56)

B uacruocrn, ecaun m=0,
aatey =0,  ewa’ =0, ()= (e). (4.57)

Mz (4.50) BbiTEKAIOT CJaeVIONIHE TOKIECTBA:

a‘a® —a"a’ == g"' | (@’a1—aaa = ... - na™,
(4.58)
a@)' —(@)'a= -na, (4.59)
(@’a)a* —a* (@"a) = (@'a" —a"a*)a =na", (4.69)
(a*a) (@*)" — (@)" (@"a) = —na". (4.61)

KomGunupys (4.60) u (4.61), noayunm
(@'a) (@) (@) — @) (a) (@'0) = (@ {(@a) o' — ! (@"a)} +
+ {@a) (@) — @Y (@a)) = (i — (@Y. (4.62)
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13 BBIMICAHHBEIX TOXKIECTB CJAEAYET, UTO

ey (@) aley = i! 8eg. (4.63)
B camov nene, eciv i ==j, TO YyMHOasd 05 YACTH TOKIeE-
ctBa (4.62) cipaBa m cneBa Ha ey u yudresat (4.57),

nonyunm ep(@Yal’y 0. Eem ke j =i, To no (4.58)
(4.57)

eh(a*Yaley = iey(a*) 'a-ley = ... =ilg),

Tak uTo ¢dopmyaa (4.63) BepHa Kak IPH (7], TaK H IIpH
{=j. [TonoxuM

et ——V/Tli i @™ (4.64)
Torpa u3 (4.63) cnenyer
epelt = . (@) @il (@)t =
Vi il !
— 8 ————— gy (@) = dtel,  (4.65)

Vlz i!

T. e. ¢opmyaok (4.64) onpepensilorcs HCKOMble Oasuc-
Hble 3JeMeHTHl anreGpul A, COOTBETCTBYIOLUIHE TeopeMe O
CTPOEHHH HPOCThHIX aire6p ¢ UHC/JAOBLIMH 3HAYEHHAMH.
Enununy e anre6pst A, B coorBeTcTBHH ¢ (4.65), MoxHO
3amucaTh B BHjE

e =3 ene (4.66)
VYMHoxKas (4.66) Ha a ¥ a*, HoJAyuHM

. S
Vn-+1 0 n

a=a =% 22— _gwigg @) = N Vit leb,

Z Vn’ P Z nt1

(4.67)
Z Vintle. (4.68)

n==0
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Ecnu 6! 0TOK1ecTBATh ¢ GeCKOHEYHOMEDHBIMHM MATPHLAMH,
y KOTOpbIX HA MepeceyeHHd n,-H CTPOKH H 11,-TO CTOAOHA
CTOUT €IMHHIA, 4 HA OCTAJbHBIX MECTax CTOSAT HYJH, TO
dopmy.ml (4.67) n (4.68) nepelinyT B BbIpaxKeHHs, BBOJH-
MBIE TIPM MaTpPUUHOH (HOPMYJ/IHPOBKE KBAHTOBOMEXaHUYECKOH
33184 O TdaPMOUHUYECKOM OCIMJ/IATODE.

B npumeneHun K TapMOHHYECKOMY OCIU/IATOYY HOBBIM
B PacCMOTPEHHBIX PE3yJIbTaTax SBJAETCA TO, UTO KAHOHHYE-
CKHe GasucHble 3JeMEHTHl et 1o dopmyse (4.64) moryT GbITb
BhIPAKEHBI UEpe3 OMeDaTopbl POKIEHHS M YHUUTOXKEHHS.
IIpn sToM ocymecTBafeTcs adredpauueckas InepedopMyJH-
POBKA TEODHH; B HACTHOCTH, Hab.aodaemoim 6yOym conocma-
BAMbA dAEMEHMbL  § = Plid}: anceOpol A, He MeHsoUyuecs
npu  CONpAXCeHUU, G KBAHMOBOMEXAHUYECKUM COCMOAHUAM
COOmBemcmayiom MuUHUMAIbHbIe npoexmopel. Hanpumep, Benu-
YHHBL €, Onpeje/temble 110 (4.55), ABAOTCA MEHUMA/IbHEIMU
IPOSKIOpaMH, CONOCTaB/IAEMBIMU C /71-MH KBAHTOBBIMH COCTOSI-
HUAMH TapMOHUYECKOro OCHMJLIATOPA, a cpejHee 3HAueHHe
HabmogaeMoil ¢ = @l’el! B COCTOSIHUH T, = gy, B COOTBETCTBHH
¢ (2.112) pasno

@ = Re (T, ¢) = Sp (e - @) = ¢ (4.69)



I'nmasa b

AJITEBPBI JIX U TPYIIbI JIH

§ 1. OcHoBHaga TeopeMa O CBA3H
Mexy anreGpamu Jlu u rpynnamu Jlu

HauGosee BaxHble pe3y/abTaThl TeOPHH rpynn JIH ocHO-
BLIBAIOTCA Ha CYLIECTBOBAHHH TECHBIX CBfI3eH MexXAy aJ-
re6pamu JIu u rpynmamu JIu. STH CBA3H, a TaKxKe Bce
NpHKJaLHble pe3yJbTaThl JOKaJbHOH TeopuH rpynn JIu,
ABJSIIOTCA CJAEACTBHEM r/JyOOKHX M HETDPHBHAJLHHIX TOXK-
IECTB, COCTABJSIONIUX COAEpKaHNe L0KAa3biBaeMOH HHXKe
OCHOBHOH T€OpEMBL.

[Iycre e, — GasucHble 3jeMeHTH ajre6pbl JIu panra
r, Tak uto A=1, 2,...,r. Torga

1
[er,s €n.] = Carry (5.1)

T Ci%, — CTPYKTYPHOIE NOCTOSHHbIE, AHTHCHMMETpHY-
HBle 110 JBYM HMXKHHM HHJEKCaM M CBA3aHHble BLITEKAlO-
wuMy 43 (2.5) ToxpectBaMu SKoOu. [lo opMHaKOBHIM
HHJeKcaM A (B JaHHOM CJay4ae 1o A;), BCTpeyaroUiHMcs
BBEPXY H BHH3Y, B COOTBETCTBHH ¢ OOGI{MM IPaBHJIOM
IPOH3BOJHTCA CYMMHpOBaHHe oT | 1o r. Tounoim nped-
cragaenuem aazebpot Jlu | B TepMHHAX accouMaTHBHOM
anre6pel G HasbIBaeTCsl 3aKOH, KOTOPBIH KaxXAOMy 3Je-
Menty Eersl, rae E'— npousBoJibHbBIE defiCTBUTENbHbIE
yHcsaa, CTaBHT B COOTBETCTBHEe 3JdeMeHT E'X,=G, rae
X, — Tak HasbIBAeMBIE 2EHEepPaTopo. NPedCTABACHUS OA-
2e6por Ji — MHeHiHO HE3aBHCHMHEL H CBfI3AHBl MEXAY
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cob0ofi COOTHOWIEHHSAMH
3,
;»‘X;\, — XMX;\I = C),:Q\ZX)W (52)
[Tpu 5TOM JONOJHHTE/BHO NpeArnoJaraercs, uto G comep-
JKHT elHHHIY € ¥ 4TO PAL

7\.X 2 (E}VX n
T% = exp (2 X;\)aeJr‘g D B

.
(5.3)

CXOAMTCH IPH BCeX NEHCTBHTENbHbIX 3HAUEHHAX E* (1o-
cjelHee NONMyHieHHe B pAle CJAydaeB, HanpHMep, IJs ac-
CONMATHBHBIX aJdre6p KOHEYHOTO paHra, CTAHOBHTCA H3-
JHULIHUM, TaK KAK OHO MOMKEeT BLIBOJUTbCA H3 [APYTHX
cBoHCTB anarebpu (). B KBaHTOBO! TeopHH B JIEBOI HacCTH
(5.2) Oymer crodATb KBaHTOBOMeXxaHHueckas ckobka Ily-

i o
accoHa -};—(XMXM—XMXM); 4yTOOb! NMEpedTH K 3THM CKOO-
KaM, B (5.2) u BO BCex HaJibHEHNIHX COOTHOIIEHHAX CJle-
%
AyeT 3aMeHuTb reHepaTophl X, na-— X.
4

BeaeM kBazpaTHyio MaTpuuy r-ro nopsaxa C; c aJue-
MeHTaMH

(C}: = chnLEh, (5.4)

XapaKTePH3YIOWIYIe HPHCOCAUHENIIOE TPeACTaBJIeHHe aJ-
re6put JIn. Ecan £ —- eqinHnunas MaTpunua r-ro mopsiaxa,
TO TOJIOKHM

UR=E— G- Gl = D200
! 3! o

(5.5)

Marpuubl U(E) u U(—E) HeBblpoxIeHsl ) B HEKOTOPOH
006/1aCTH 3HAYeHHH napameTpoB £, T. e. 1Jd 3TOH 06aaCTH
CyLIECTBYIOT oOpaTHble MaTphibl. B caMoM jene, npH
B0

imU (g =limU( - =L,

1} Wan, uTo TO XKe caMmoe, 06pATHMbL.
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TaK yTO NPH MajbiXx 3Hauedusix &' marpuubnl U(E) u
U(—t) 6JaH3KH K eJHHHUHOIl MaTpHUE H HX ONpe[e/HTe-
JIM OTJIHYHBI OT HYJIA.

OcHoBHas teopeMa. [lusa o6.aacTu 3Hauerud napamer-
pos E*, 8 koropoi nesvipoxcdena marpuya U (E), umeor
MeCcTO ToHJecTsa

X\T% =YiT5,  TRX, = Z,T%, (5.6)
ede

Yy = U™ (— 5)%‘6—‘;;1, Z) = U*(@)%*é% NGN)

JlokasareqbcTBO. BpemeM MaTpHibl-CTPOKH
X =(XXy..X;), 0 =(0,0y...0), (5.8)
3JeMeHTaMH KOTODBIX sIBJAIOTCS COOTBETCTBEHHO ollepa-
Tophbl X3 na;vsé%. ITon ymHoxeHueMm ctpok (5.8) cupa-

Ba WJH CcJeBa Ha KakHe-IHbo onepaTopnl 6yAeM NMOHHMATh
CTPOKH, NloJyuaeMble B pe3y/JbTaTe YMHOXEHHA KayJAOTo
M3 3JeMeHTOB cTpoK (5.8) crnpaBa WM cjIeBa Ha 3TH ore-
partopbl. Hanpumep, ecay nonoxuTe X =£"X,, To

0X = ((0,X) (. X) ... (0,X)) = (X1 Xy ... X)) = X. (5.9)
Hanee yuutniBas, yro corviaciio (b.2) u (5.4)
XX, —X = 0 ;E,“X,z (XC&)}_, (51())

HMeEeeM

Coi (Cos - . .
XX XX =XC = (XX,...X) 2032 Ecgg

1

(5.11)

HaineMm rterepb, ueMy paBHA YacTHAs NPOM3BOAHAA OT

[ee]
X" !
T® - ) —- 1o §°. Jlnst 91010 Mpexe BCEro MO MHYKIMI
n!
H=0

AOKdKEM, 4YTO I[IpH J000M 3HAUYEHHU n> 1 uMmeior Mecro
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TOKAECTBA
n = n! n—k-1 vk
X" = kum_kﬂxak) Xt (5.12)
k=0
n-1
n_ L k X n- k—l. 1
X kzmm—mx (—C) (5.13)

[Ipu n=1 popmyan (5.12) u (5.13) cosmanmaior ¢ (5.9)
H N03TOMY BepHbl. Bocrnosnb30oBaBHINCh TOXKAECTBOM
n! n! - (n L 1)
Rin —kl  (k—(n—k+1)  k(n-+1—Fk)!
nokaxeM, uro ecau ¢opmyna (5.12) BepHa nns HeKoTO-

poro 71, To oHa BepHa u anaq n+1. B camom gene, u3
(5.9), (5.11), (5.12) u (5.14) caenyer

oX"™ = (aX)X +-X(0Xﬂ-—
= XX"4+ X 2

, (5.14)

k)‘ (Cg)n-kﬂxk _

. n n! N i-k-1yk |
—X[X -+Z k!(Tk—)!(X + G G le;

- n! Yo pr-kk '1_ _
[Zi (kl(n~—k (k»l)!(nf——k+1)!jcg X ngl i

~ 11‘ s r
¢éﬁu LJ,X()X4M@

Jr1o mokaswiBaeT, uTo gopmyna (5.12) cnpaBejsuBa IpH
Bcex n=1. AHasoruuso y6exnaeMcs B CrpaBelJIHBOCTH
(5.13). Bocnoas3syemcst nanee TeM, uTo €CH CyMMHpOBa-
HHe 1o CTpoKaM 6eCKOHeUHOH MaTpHILbI

(@b 0 0 0 ...)

ai ay 0 0 ...
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3dMEHHTh Ha CYMMHpOBaHHe 1O AHATOHAAAM (4TO MOX-
HO AeJaTh NpH abCOJIOTHOH CXOAMMOCTH JBOHHOH CyM-
MH), TO nonyan

3 S a = 2 Sat =3 Sat (5.16)
n=1 k=0 =0 n=1 n==1 k=0

3amensis 371€Cb @y Ha BbIDAKEHHS, CTOAIIE 0] 3HAKOM
cymm B (5.12) u (5.13), 6ymem umerhb

n=1 =0
[2e) Xk [2d (_C)n—l
X A N RN & ¢
Oe (Z kl)X(E . ) eXXU (§). (5.18)
\ k=0 =1
[TepenuceiBas (5.17) u (5.18) B KOMIOHeHTaXx, MOJYUYHM
T = L eX — XU (— BfteX = XU (— DRTS,
og™
(5.19)
WT® = XU (25 X5, = T (Oh' X, (5.29)
Cornacuo (5.5)

U(-g~=3 %:ﬂ:e%u(g), (5.21)

n=1 g

MO3TOMY, TNPHPaBHHUBAS MexJy coGOH NpaBble uYacTH
(5.19) u (5.20), nonyuum

X, X X
eXXoe X =(exp G Xy, — 3 AR Bl

n=90

, (5.22)

n!

YTO COOTBETCTBYET 5KBHBAJIEHTHOCTH dopMya (2.80) u
(2.81).

M3 (5.21) caenyer, uro ecnmu U (E) HeBbinOK1€Ha (T. e.
AJI Hee CyIIeCTByer ofpaTHasd Marpula), To Gyner HeBLIPOK-
JeHa PI Mmarpuua U (—E). Jdaa ofaacTi 3HaueHuid mapaMert-
poB E, B KoTtopol Marpuusl U (E) u U(—E) HeBHIPOKIEHHI,
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coorHowedns (5.19) u (5.20) MOXHO YMHOKHUTb COOTBETCT-
BeHHO Ha U™ (— g, u U™ (g)%, ¥ 3aTeM NPOBECTH CYMMH-
POBaHHE 1O BceM 3HAYeHHAM HHAeKca A. YuuThBasg oOmpe-
Aenenus (5.7), momyunM, yto (5.19) u (5.20) 6yayr coBna-
nate ¢ (5.6), uTO 3aBeplaeT JOKa3aTENbCTBO OCHOBHOM
TEODEMBI.

IMycts g(E) =G — ananutuyeckass QyuKius oT napa-
MeTpoB E*, Tak 4TO B HEKOTOpOH o6JacTH 3nauenui E* ee
MOXKHO NpPEICTaBHTL B BHIE psina

Ly

g(?;) = 2 P E gn,...nr (El)”x . (gr) :
m=0 =0 (5.23)
gnt...nr = G

Ecau napamerpsl E* yMHOXHTb Ha elHHHLY e aare6pw G,
TO HX TaKXe MOXHO OyneT CyHTaTh 3J€MeHTaMH anare6-
per G.

JInHelHoe npeofBpasoBanne T, mepeBojsdiiee sJaeMeH-
1o g=G B Tg=G, HasbiBaeTcsi TOYEUHbIM, €C/IX 171 Npo-
H3BOJBHEIX aHaJHTHYECKHX QyHKuH# g (E)

Tg®=Tg@E ....E)=g{(TEe), ..., (TEe) =g(TE).
(5.24)

Teopema o TodesHbIX npeolpa3oBaHMax. [Tycmb AureliHoe

npeoGpasosarue T = exp D, ede D =V* _ax u V* — 6ecko-
ag

Hewno Oughgheperyupyemole GyHKyLL om gk, YMHONCEHHbBIE HA

20unuyy aneebpot G. Toeda T — mouedroe npeobpasosarue,

m. e.
ePg (§) = g (e%). (5.25)
B camom jgene, ecau f, 4 f, — dyHknuu ot &, to0

D(flfz) = Vx {(akfﬂfz + f1 (ohfz)} = (Dfl)fz + fl (sz).
(5.26)

Otciona nmyTeM HHAYKIHH 10 4HCay n c ydyetoM (5.14)
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OJTY4HM

n

D" (ffy) = z V= k),( D)), (5.27)

Hens o6e wactu (5.27) na n! o cymmupys 1o n or 0
1o oo, ¢ yueroMm (5.16) Gymem HMeTb

5 n—k kfy n
C(hh) 12_”20(”)(\0 )= ,%0,%0 SolEsk
(5.28)
Orcroma ciepyer, YTo

el (fifs- .. fin) = (€Pf,) (€P2) - - . (€PF ). (5.29)
[Mpumensas (5.29) x obeum uvactsm (5.23), nonyyum
ePg(E) = 3 g, ., (PE)" ... (€PE)'" — g (ePt), (5.30)

UTO JOKAa3bIBaeT TeopeMy.

IlpeoGpazoBanus T*=exp (£'X.), mHeficTBylouHe Ha
npousBosbHbe QyHKUNY g (§) =0, 6y1em naswiBaTh Henpe-
poisHbiMU nPpeobpasosanuamy, TaK KaK OHH HelpepbiBHO
saBucAT oT napamerpo g Uro Xe KacaeTcs mnapamer-
poB E* OT KOTODHIX 3aBHCAT 1%, TO OHH HA3BIBAIOTCST KAHO-
HUMCCKUMU NAPAMETPAMU HEApepbleHbly Nnpeobpa3osa-
nuti. OcHOBHAs TeopeMa W TeopeMa O TOYEUHBIX TIpe-
o6pa3oBaHUsiX JalOT BO3MOXKHOCTb TI0Ka34aTb, 4YTO
Henpepoigrbie NPeobpasos8anus 8 HeKOTOPOU OKpPeCTHOCTU
edunuunozo npeobpasoseanus T'=e 06pasyior epynny,
KOTOpas HA3b18QETCA NOKAALKOL epynnoil Jlu, cooTsercr-
syrowet aneebpe Jlu I. YroBwl 10Ka3aTh 3TO, HEOGXOLHMO
yBeuTbCS, UTO AJS npeo6paszoBanuil Bupa I*° BHITONHSI-
IoTcq Bce rpynnosbie akcuoMbl. OOpaTHuM npeo6pasoBa-
uueM aas T8 =exp (§X;) 6ymer T =exp (—E'X,), ycno-
BHe aCCOLHATHBHOCTH JJs1 HeNpPepHBHHX Npeobpasopa-
HHH C/elyeT H3 acCOIHaTHBHOCTH anareGpmt G, Tak 4To
eIHHCTBeHHOe, B 4eM HY:KHO yBedHThCs, 3TO TO, YTO NPO-
H3BeJleHHe [BYX NpeoOpasoBaHuil BuAa T =exp (8'X))
uMeeT Takoll xe BHA. Kpurepuu, npu KoTtopsix 3To0 cripa-
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BEJJIHBO, a TakkKe (QOPMYJBl LIS HAXOXKAEHHS KaHOHM-
JeCKHX NapaMeTpPOB NMPOU3BEJAEHHS AaeT ClAeAyrolnas

Teopema o npoH3BeLeHUH HENpepbIBHBIX npeobpasona-
nuit. JJaa o6aactu 3naueRull KAHORUYECKUX napameTpos
g* 8 xoropoi nesviposcdena marpuya U (E), npoussede-
Hus Henpepuigublx npeobpasosanul Ti=exp (8'X,) u
T.=exp (W'X.) 6yOyr nenpepoi8HbIMU NPeObpA30BAHUA-
Mu 1020 sce suda (T. e. OYOYT IKCNOHEHUUANAMU OT AU-
Aelinoix  Kombunayuid  X,). Kanonuueckue napametpo
npouseedenuti

TS =TT, 1Y =T (5.31)

ABASIOTCA AHANUTUHECKUMY PYHKYUAMU OT E* u n*, unero-
L{UMU COOTBETCTBEHHO 8UO

O~ (expmrYa) g, U= (expnhZa)E, (5.32)

ede Y, u Z, onpedeaaroTcA u3 OCHOBHOU TeopeMmol
(cMm. (5.7)).

JoxasatenbcTBo. BocnosnbsyeMess OCHOBHOH TeOpeMoi
IJIST HAXOXKJeHUSI SIBHOTO BH[A npoussefeHuss 7775 u T:T™,
Ecnu nonoxure n*Y,=D, to cornacuo (5.7) DX,=X,D
(u6o X, ne sasucur ot E4). [lostomy c yueroMm mepBo#
tdopmyasl (5.6) uMmeem

}‘X}V)n] § = T]"XA n—lDI t =D }‘X}‘ n<1] : = .. T Dn E.
(n n"X») 1
(5.33)

Henst o6e yacTH 3TOro TOXJAECTBAa Ha n! H CYMMHpys HO
n or 0 1o oo, HAXOMUM

T'® —enTS, D =nqtU™ (— B a—;— N GREL)

[Tockonbky npeo6pasoBanue e® — ToueuHOe, TO HO TEO-
peMe o TOYeYHBIX NpeobpasoBaAHHUIX

ePT® — exp [(ePE) Xy, (5.35)

4TO JOKa3blBAET BCE YTBEPMK/EHHsS TeOPeMH, OTHOCAMIHE-
csl K IpoH3BefleHHI0 I"T*. AHanoruyHo, H3 BTOPHIX (op-
mya (5.6) u (5.7) BhITeKaeT CHpaBeJIMBOCTL TEOPEMbl MO
OTHOIIEHHIO K NpoHsBefenuto 17
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IlockoJbKy aHaJqHTHYECKHE (YHKIHH (5.32), onpene-
JsieMble ¢ HOMomb}o JIOKa3aHHOH TEOPEMbI, 3ABHCAT TOMb-
KO oT E* n* ¥ CTPYKTYpPHHX NOCTOSHHBIX cx 'y TO MEI OYy-
JleM Ha3blBaTh HX CTPYKTYPHOIMU AHANUTUHECKUMU PYHK-
yuamu.

§ 2. Teopus rpynn Jlu

KaxaoMy TOUHOMY npejcTaB/eHHio aare6pbl JIu, Kak Mbl
BHJIEJIH, ONHO3HAYHO CONOCTABJSIeTCS] JIOKaJbHas Ipynna
JIu, O6paTtHo, KaK JNOKa3blBaeTcss B Kypcax TEOpDHH He-
NpPEpHIBHEIX IPynn (CM. JIHTepaTypHble yKa3aHud), BCHA-
Kasi HenpepuiBHas rpynna npeo6pa3oBaHuil, xapakTepH-
3yeMas KOHEYHHIM UHCJOM r HelpephBHBIX NapaMeTpoB,
B HEKOTOPOH OKPecTHOCTH eJHHHYHOro npeoOpa3oBaHHs
SBJAAETCA JOKanpHOH rpynno#l JIu, TaK uto Ljas Hee MOXK-
HO BBeCTH r reHepaTOpOB, yAOBJETBOPSIOMIHUX COOTHOLIe-
uuaM (5.2). [1pu sTOM rpynnosbie npeo6pa3oBaHUA MOXK-
HO XapaKTepH30BaTb HJIH 3aJlaHHeM KaHOHHYeCKHX mapa-
MerpoB &', mam 3aganueM o00O6IieHHBIX KOOpAHHAT a*
ABJAOIIHUXCH 06paTHMBIMH QYHKIHAME oT £

ot —=ar g, ...,8), =t ....a). (5.36)

[TokaxeMm, kakuM o6pa3oM H3 OCHOBHOH TeopeMH H
BHITEKAIONINX H3 Hee TOXIEeCTB BLIBONSTCS APYrHe LeHT-
paJjpHEe TeopeMbl TEOpUH rpynn JIH. Buhuucasa c mo-
Mowbio (5.20) 0,0,,T%, a 3atem 0,,0,T%, U npupaBHHBas
NOJyueHHBEIE BHIpAXKeHHA, ¢ yderoM (5.2) Haxoaum

U (®h —0nU BF, = U @RU ®iichae  (5.37)

Ananoruuno, ¢ nomompio (5.19) uau, samenss B (5.37)
E* Ha —E*, monyyaem

aU (— B, — U (— 8, = — U (— BV (— Dhichane
(5.38)

Ecnu npeo6pasoBanune 7° xapaKTepH3oBaTh He KaHOHHYe-
CKUMH napaMeTpamu E', a 0606LIEHHEIMH KOOpAHHATaMH
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a*, ¥ ecau noJoXKHTb

A
A@i=U @ a-"é— : (5.39)
a2

To ypaBHeHHs (5.37) maioT
A A
O % _ geanddy, (5.40)
da  aaM
Ypasuenus (5.39), naspiBaeMble ypasnenuanu Maypepa—
Kaprana (nam, eciu npAMEHUTb AJIS1 HUX HECKOJLKO APY-
ryI0 3anuch,— YpaBHEHHSMH CTpyKTypn Kaprana), ne-
’KaT B OCHOBe NMpHMeHeHHs rpynn JIu B nuddepeHnnaNb-
HOH reoMeTpHd (cM. JHTEPATYPHBEE YKa3aHus).

Bo Bcex mpeIuAyIINX NOCTPOEHHSX BHJA reHepaTopos,
yaoBraersopaomux (5.2), He KOHKpeTH3HpOBaJscsd, B CBA-
3H ¢ yeM (opMyJaupyeMble pe3yabTaTel HOCAT MAaKCH-
MaJsbHO o0wnit xapakrep. Uro ke kacaercs camoro Co-
¢dyca JIm — ocHoBateas Teopuu rpynn Jig,— To paspa-
OOT4HHHI ¥M anmapaT OTHOCHTCS K CJaydaioo, Koraa
FeHepaTopbl HMEIOT YacTHBIN BUI:

Xo = Va(eh x5 ..,y 2 (5.41)
dxg
Tonaras x = T°x} u yuuTeBag (5.2)), momyyum
axt i o
o U@ATY (h, =UERY (h,  (5.42)
HJH, nepexols K o0oOHIeHHBIM KoopauHataM a* B yuu-
ThiBas (5.39),
3 H
=V (AN, (5.43)
da
YTO CcOBNanaer ¢ nepsoti OCHOBHOU Teopemoii Ju.

-y A - —
VmHoxat oe wacT (5.37) caesa na (U=t (U (U
¥ CyMMupys MO A, A, U A, B pe3syJbTaTe NpozThiX npeodpa-
30BIHUE NOTyYHM COOTHOILICHHE, COOTBETCTBYIOWIEE mpe.no2tl
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OCHoBHOL meopeme Jlu: S .
ZnZny— 2170, = Gy (5.44)

rie Z, onpeneasercs 1o (5.7). Anajsoruyso u3 (5.38) na-
XOJHM

Y Ya,—Y2Y5, = — Vi, (5.45)

[Ipu npHMeHEHHH H3JIOXKEHHLIX BbIIIE Pe3yJabTaToB K
KOHKPETHHM MPAaKTHYeCKHM 3a7a4aM BO3HHKaeT HeoOXo-
IHMOCTb BhiyHCAsTH Matpuny U-'(E) u no Helt ¢ -1o-
momipio (5.32) HaxomHTL CTPYKTYpHble aHaJHTHYECKHE
(GYHKINH, oNpelesionlHe 3aKOH INPOH3BENeHHs TIpYIUIOo-
BeIX npeo6pazoBanuil. boabmoe ynpomente B noJo6HOTO
polla BBIUHCJEHHS BHOCHT cJeiyiouas

Teopema o0 TOuUHBIX mpeacraBaeHusx. s Haxosde-
HUA CTPYKTYPHBIX AHAAUTUHECKUX (PyHKYUl 8 06aacTU,
npumbikaouell K& eouHudHONYy npeobpa3osanuio, JdocTa-
TOYHO 83ATb Kakoe-aubo Tounoe npedcragiexue aizebpot
Ju ksadparnoinu marpuyamu uau, 6oree obuie, 31eMen-
TAMU KQKOU-AU60 accoyuarusroll airzebpvl, 8b6I4UCAUTS
npoussedenue marpuy (uiu dnemenTos  aseebpoi)
Te=T"T* u 3arem no Tt naiitu goipascenue 041 T 8 8ude
pyrkyuil or B u

JokaszaTeJncTBO TeopeMHl CJelyeT H3 TOro, 4To BCe
JIOKaJbHble CBOMCTBA rpynn JIu onuparoTcss Ha TOXKIECT-
B4, BHITEKAlOHIHe H3 OCHOBHOH TeOpeMbl, KOTOpble He
3aBHCAT OT BHGOPA TOYHOrO TMpeACTaBJEHUS AJs
aarebp JIn.

Onno H3 npejcraBieHufl aaredpel JIH — npucozureHHoe
npedcmasgaeAus — onpefenstercd MaTpunamu Cy, ¢ SaeMeHTaMd
(C;)?; = cg:kz. ATO cilegyer U3 TOIO, 4TO ToKjecrtBO $kodu
I/ CTPYKTYDPHBIX TIOCTOSHHBIX, BHIPAKEHHO2 B MATDUUHOH
¢dopMe, NPHHHMACT BHJ,

GG, — GGy, = 5,0, (5.46)

[IpncoennnenHoe mnpencraBieHne Oyger TOYHBEIM B TOM |
TO/IBKO TOM CJ1yuae, ec/d LEHTP ajreSpel JIM paBeH HY.O,

A
TaK KaKk ecin f,X) — sieMeHT uentpa, 1o us [k;Xy, Xp,] =0



§ 2) TEOPHS TPYIIN JIK 101

cJaefyer k,’;CA:O. OaHaKo ¥ B 5TOM cjIydae MpUMeHeHue
IIPHCOSIHHEHHOTO TIPeCcTaBleHHs] B TeopeMe O TOUHHIX TIpen-
CTABIeHWAX Npy GOML'UMX 7 TPHBOAHT K TIPOMO3JKHM pac-
yetam. [as npocthix anredp. /Iy jpasbHefiiee 3HA4HTENbHOE
ynpouieHie 6yaeT JOCTHraThess NyTeM HCHO/b30BAHHS Clld-
HODHBIX TpeNCTaBIeHnil 3THX antedp.

Uro KacaeTcst rpymibl JIH B LeIOM, TO OHa 110 JOKaJb-
Ho#l rpynmne JIu H, crnefoBaTenbHO, 110 CTPYKTYPHBIM IIO-
CTOSIHHBIM OMpejeJisieTcss HeoMllo3HayHo, M3 Kaxmol noa-
ol rpynnel Jlu G mpexne Bcero MOXKHO BBIIEMHTL TdK
HA3BIBAEMYIO CB8A3HYIO KOMNOHeHTy edunuyvt G., comep-
JKAIYI0 JOKAJIbHYIO TPynny JIH M cocTOfIyl0 H3 BCEX
TeX TPYyNIOBBIX NpeoGpa3oBaHHi, KOTOpPHle HellpephiBHBIM
06pa3oM MOXKHO CBSI3aTh C eJHHHUHBIM 3JTeMeHToM e=G.
Ecan g, — npousBoabHBIT sseMeHT M3 G, He BXOAAIIHUI
B G,, To 37eMeHTH Zg, rie g npoberaer Bce 3JeMEHTHI
u3 G., 6ynyr o6pa3oBLIBATE APYIYIO CBSISHYIO KOMIOHEH-
ty rpynis JIlu G. B pesyaprate rpynna G pasbuBaetcs
Ha HemepeceKalomiHecss CBA3HbIE KOMIIOHEHThI, SBJSIO-
mHecs sneMeHTaMH daxrtop-rpynnsl G no ee NoATrpymme
G.. Hanpumep, eciu G — rpynna BpauleHHil TpeXxMepHO-
ro NPOCTPAHCTBA, COCTOSAIMIAST H3 BCEX JHHEHHBIX Npeol-
pasoBaHUil AEHCTBUTENbLHBIX KOOPAHHAT X", OCTABJISIONINX
WHBApHAHTHLIM KBaJApaT PacCTOSIHUS

= () (P () = i, (5:47)

TO G COCTOUT M3 ABYX CBSI3HBIX KOMIIOHEHT: KOMIOHEHThI
€IHHHUIBI H KOMIIOHEHTHI, NOPOKAAeMON TaK Ha3hpBaeMo#
nPOCTPAHCTBEHHOL uHsepcued P, nas xoTopoi

Pxt = —xt, k=123, (5.48)

Ananoruuno nnsl o6uteit rpynnsl Jlopenna L, cocrosueil
H3 JIMHEeHHEIX Ipeo6pasoBaHHil KoopauHat x% c=1, 2,
3, 4, BJST KOTOPBIX

(AP (R 4 (B — (D =inv,  xt=cf, (5.49)
HMeIOTCHl 4YeTHpe CBJ3HBIX KOMHOHEHTB: KOMMOUEHTa
eIWHHIBl, HaswlBaeMasi cobcTgenHold epynnoil Jlopenya

Lo, H elle TPH KOMIIOHEHTHI, nopoxaaeMble NPOCTPAHCT-
BeHHOH uHBepcHedl P, mas Kortopoit Hapsgy ¢ (5.48)
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npexanosaraetcs Px*=x' apemennoim orpascenuem T,
LIS KOTOPOTo

Txk = xk, (5.50)
Txt =—x*,

H, HaKoHel, ux npousseneHueM PT.

B rao6aabHo#i Teopum rpynn JIu mokaspiBaercs
(cM. auTepaTypHHeE YKa3aHHA), 4TO €CJH HMEETCsl He-
CKOJIbKO rpynn JIH, A8 KOTOPHIX JIOKAaJdbHble TPYHIIH
JI¥ coBnazaloT, TO CYLIECTBYET TaK Ha3blBaeMas yHusep-
carbras raxpvigaouan epynna G, obnagapomas TeMm
CBOHCTBOM, YTO BCe YKasaHHble rpynnbl JIH SBJIATCS
tdakrop-rpynnaMu ot rpynnsl G, no ee JTHCKPETHOMY HOD-
MajabHOMY IEeJHTeJIO.

§ 3. I'pynnut JIu u accounaTnBHble anredpo
€ UMCJIOBBIMH 3HaYEHHSAMH

PaccMorpuM Tenepb ¢BfA3b rpynn JIu ¢ Teopuei acconHua-
TUBHBIX aare6p ¢ YUCJIOBBIMH 3HAUEHUSIMH, UTO HO3BOJIET
HCTIOJMb30BATh PE3yJAbTaThl NpelblAyuleH rnasbl (HIH He-
KOTOPYI0 MOAM(HKALHIO 3THX pe3yabTaTOB, COOTBETCT-
Bylonyio ajnre6pamM OeCKOHEUHOTO paHra) NJjs H3yYeHHS
HeNPHBOMMUMBIX npexcrasiaenuit rpynn JIn. C aToil 1e/bi0
npex/e BCero NMpHMeHHM H3yYeHHBlEe BbIlIe TOXKIECTBa
IJ1s1 BBEICHHUS TOHATUS 06 UHTErpHPOBaHWH 110 Tpymie.
Bynem o6osnauath depes (£°f,)* KaHOHHUECKHe napa-
MeTph! [POH3BEJEHHS

T%T%z — T’;x'ﬂ %z. (551)

Hudderedmupys oje wactu (5.51) no 2 u 2 u HCTIOJIB3Y s
(5.19) u (5.2)), motyunm

U(—th=U(-&-5% ‘ﬂ%&% . (559
1

o 2
Ugh = U e @%ﬂiﬁ)— : (5.53)

2

O6osnauas yepes u(E) AerepMuHant oT Marpuusl U (E)
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u nonaraa df=dg'de*...dE", c yuerom (5.52) u (5.53)
HMeeM:

[f@u(—9de= [[E-Bu(—t)dy=]Ek u(-Dd
g 1 13
(5.54)
[FOuEdE= G -WDu@dh = (fE-Hu@Ed%:
- ’ V (5.55)

3neck f(§) — npousBosbHas (yHKuuA [or §, ofmagaiouras
TeM cBodcTBOM, 4To f(E)u (§) u f(E)u(—E&) uHTerpHpyeMmbl
no ofJacTH 3HaueHui nepeMeHHnXx & /[las jokaszartenbcrBa
(5.54) gocrarouno mepefiTH OT NEPEMEHHBIX HHTErPHPOBAHHUA
E* = (§ oE)" K HOBLIM TepeMeHHBIM HHTErpPHpoBaHHA Ef, cuu-
Tast HPH 5ToM & (uKcHpoBaHHBIME uncaamu. [lanee ciegyer
oEM
oghe
0503HAYNTh T€DEMEHHblE WHTErPUDOBAHUS CHOBA depes &,
Aganornuto, ¢ nomouso (5.53) gokaseiBaercs (5.55). ®op-
myaamu (5.54) u (5.55) ompenensiorcs TakK Ha3biBaeMble
NPABOUHBAPUGHINHOE U 1E80UHBAPUARIMHOE UHME2PUPOBAHUE 1O
epynne, T. €. TaKoe HUHTETPUPOBaHWE, KOTjJa HHTErPajg He
Menserca npu 3aMmene f(E) coorsercrBenno Ha f(§ef;) wmiu
f(EL8), Tae £ — NPOH3BOMbHLIE (UKCHPOBAHHBIE KAHOHHue-
ckue mapamerper. Popmyint (5.54) u (5.55) ¢ yuerou (5.39)
JIETKO TEPeNuChIBA.OTCA TaK:Ke NPU 3aMeHe WHTErPUPOBAHUS
Io g” Ha WHTErpupoBaHue N0 OJOOIIEHHBIM KOODJUHATAM a*.

3ameTuM, YTo OCHOBHasi TEOPEMA O CBS3H MEXIY aJ-
re6paMu Jlu u rpynnaMu JIH cnpaBefjuBa NIPH YCJAOBHH
HeBBIpoXKAeHHOCTH MarpHubsl U (E), T. €. UpH YCJAOBHH
u (&) #%0. CooTBeTCTBEHHO 3TOMY B jAajibHedIIeM MH OY-
IeM paccMaTpHBaTh JIHIIL TOT caydall, Korga niasg o6-
jgactd uHrerpupoBanus u(E)==0. Hurerpaam (5.54) m
(5.55) 6ymayr coBmaaaTh MexAy coboit mpu Bcex f(§) B
TOM H TOJbKO TOM caydae, ecau u(§) =u(—E). s (5.21)
cJeLyer, 4TO

no (5.52) samenuts u(— &) Ha u(—§) ¥, HakoHel,

u(—§ =u@|expC| (5.56)
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Tockoasky |exp Ci|=exp (Sp G;) '), rne Sp Ci=c},&",
TO OTCIOfA CJAERyeT, uTo mHTerpaan (5.54), (5.55) mo
rpynne JIu 6yayT OAHOBPEMEHHO MPaBO- H JEBOHHBApPH-
QHTHBIMH B TOM H TOJBKO TOM Cjyuae, €CJH

Gp =00 =12 ...,r (5.57)

OTO yCa0BHe BHIIOJHSIETCA AJS BCEX IPOCTBHIX (2 3HAYMT,
H moaynpocteix) aare6p Jlu (cM. JurepaTypHble yKa-
3aHug).

BreeleM Temnepb TaK HASHIBAEMYIO 2pynnosylo arzedpy
C 3JeMeHTaMH

f=[1®T u@d, (5.58)
&

rae f(§) — dyHKUUH, OTPAHHUEHHBIE YCAOBHEM
[rOF®uEdeEo (5.59)

H NpUHUMAlOUIHE 3HAYeHHsT U3 Teja  MefCTBHUTENbHBIX
yHces, KOMILUIEKCHBIX 4MCeJl HJIH KBaTepHHOHOB. B coor-
BETCTBUH C IJ1. 2 MOJOXKHM

F=f@ fe=r@®u@d

(5.60)
Te = T % (8) dt.

Toraa npu UcHmoNb30BAHHM MPABM/IA CYMMUDOBAHHUSI HIH
HHTErpUPOBAHHS 10 HEMBIM HHIekcam wuHTerpan (5.58)
MOXKHO NepenucaTh B BHIE

[=FTy= kI (5.61)

Onementsl BHAa (5.61) ofpasyloT acconmHaTHBHYIO aareGpy
Ha TenoMm Q. B camoMm nese, snemeHThl [ 06pasyioT BeKTOp-

Hoe mpocTpadHcTBO Hapx @, a mnpousBejnenmne [ = ]&’q‘gl Ha

1) Jlns 1oKasaTeabCTBA AOCTATOYHO ¢ HOMOILbI0 NPeo6pasoBaHus
Mexp CeM~! npusects matpuny exp Ct x Hopmanbuoi dopme JKopaa-
Ha ¥ 3aTeM Y4YeCTb, YTO NPH TakOM IpeoGpa30BaHHH JETEPMHHAHT H
clefl MaTPHILI He MEHSIOTCHA.

“
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@ = @&Ty,, coryaceo (5.51) u (5.55), pasHO

fo— ([ FE)oE T @) @) d5dt =
& &,
= [ (F—8) o &) 0 &) T (&) (@) dEdG =290 Ty,

él é:
(5.62)
rne
Fo = F((— B o k) u (B Gy fiio™ =
= {18 W eEuE & (563

Teopema Ecau C;flx =0, mo epynnosan areebpa Ona
epynnot JIW A6AA2.1CA ACCOUYUAMUBHOL AA2eDpOtl ¢ 4UCcA08biMU
SHAUCHUAMU.

B caMom geJie, 0 ONpefeseHUI0 MOJ0XKHM

Ref=Ref(), ['=[r@®Tu@de (69
§

Torra uz w(f) =u(—E&) caeayer, 4To

Re (fp) :Re§f<~§>cp<a>u(a)da=

=Re [P (—Yu@)dE =Re(@)) (5.65)
= (P9 u@Ede (5.66)
|2

Teneps Jerko y06eiuTbcst B CHPaBeJJIUBOCTH BCEX YeThi-
pex CBOHCTB, ONpeleJsollHX accoLUaTHBHYI0 aarebpy ¢
YHCJOBHIMY 3HaveHusasMu (cM. § 8 ri. 2). B camom jgene,
nepBoe M Tperbe CBOHCTBA CJAEAYIOT U3 OnpeneaeHus
(5.64), Bropoe croiictBo crenyer us (5.65) u, HakoHel,
4yeTBePTOe CBOHCTBO BBLITEKAaeT M3 TOro, 4TO COrJACHO
(5.65) u (5.66)

Re(Ff) = () = [ Ref @[ (@)u(®ds  (5.67)

ITockoabky pmerepMuHaut (&) mnpeamoJgaraercs oTJIHY-
HBIM OT HyJs Bo BceH 06JacTH HHTErPHPOBAHHA, a CO-
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raacto (5.5) u(0)=1, to u3 HenpepnBHOCTH u(E) cJre-
nyer u(g)>0. Tloaromy, ecau f(§) %0, To n*(f) >0, rax
YTO BCe CBOKCTBA aare6p ¢ 4UCIOBHIMU 3HAUEHUSMH BbI-
NOJIHAIOTCSI, YTO NOKa3hBaeT TeOpeMy.

[Mosyuensblie peay/bTaThl HENOCPEACTBEHHO MEPEHO-
caTCA TakKe Ha cayyal KoHeuHbx rpynn Jlu ¢ sneMeHTa-
Mu g* rme k — nomep TPYNIOBOro 3JeMeHTa W o onpe-
AeJEHHK) CUUTAETCS

(=g g=g,=e (5.68)
Fcau mo anagoruu ¢ (5.61) u (5.64) nonoxuth
f=Fg  Ref=Ref, (5.69)

TO BEeJIMUHUHEL [, KaK JIerKo BuleTh, OyAYyT 3/1eMeHTaMu ac-
COUMATUBHOH anre6pbl C YUCJIOBBIMH 3HAUYEHHAMU.

IlycTs Temepb HaM Tpebyercsd H3y4YHTb IIpelcTaBlie-
H¥s TpyNnbi. 3aMeddad B ¢opMmyaax tHna (5.69) rpymnmno-
Bble 3JeMeHdThl g, Ha MaTPULbl OPEeLCTaBJAEHHUS, OJYUUM,
YTO NPeNCTaBJEHHUS IPYNILI U MPYNNOBOH aare6pbl Haxo-
IATCSH BO B3aUMHO OJHO3HAYHOM COOTBETCTBHHM MeXIy
coboift. Otcioma caefyer, 4To pacCMOTpeHHAas B INpelbl-
IoylieM naparpade Teopus TOYHHX HENPUBOAUMBIX Ipel-
CTaBJeHHH acCOUUATHBHBLIX aareGp KOHEUHOrO paHra ¢
YUCJOBLIMH 3HAYEHUSMU [O3BOJISE€T U3YUYUTh BCe TOUHBIE
HeNpHBOJAMMbIC NPEACTABJEHHS KOHEUHBIX Ipynil. UTo ke
kKacaetcs rpynn JIM, To npu chopMyJHPOBAHHLIX BhIIIE
YCJI0BUAX TeOpUsl HX MPeACTABJIEHUI TaKKe CBOJIUTCH K
TEOPHU TpPelcTaBJeHnH acCOUUATHBHLIX aare6p ¢ 4YHCIO-
BLIMY 3HaYeHHSIMHU.

B cooTseTcTBUM C De3y.abTaTaM¥ HpeAbIAVINEH TIJa-
Bbl, rpynnosas aJare6pa G kak aJjre6pa ¢ 4HCJIOBLIMH
3HAYEHUAMM MOXKET OLITh HpPeAcTaBJeHa B BUIE NPSIMOK
CyMMbl (I7is HEeKOMIAKTHbIX ajre6p Jlu cymMMmupoBazue
3aMeHfeTCH Ha HMHTerpHpOBaHHe) IPOCTBIX aCCOLUATHB-
Hbix aare6p G,. Eciu e, — KaHOHHYeCKHe GasuCHblE
SJIEMEHTH! NIPoCcTol aarebput G i, TO NPOUIBOJIBHHIH 3Je- °
vMeRT f u3 G MoxKeT OGbITb 3aIMCAH B BHJE

[ = [ eitima (5.70)
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rie 1o ONMHAKOBBIM HHAEKCaM, BCTPedYaloUMCH BBEpXY
M BHH3y, KaK 0OGBbIYHO, MoJpa3yMeBaeTcs CyMMHDOBaHHe
HJIH PIHTerpI/IpOBaHPIe B yacrhoery,

tSTIz),mz (E) e(l)/n: (5 . 7 1)
ITockonbky
T§T§o _ t(l)mx (go) t(l)m( ) ;7)1”10’ (572)

TO cTOMOUEl for” (&), Tae [, m, # & OUKCHPOBAHEI, mMpe-
ofpa3ylorcs 10 HEMPUBOLUMBIM [IpeJIC TABJIEHUAM PaccMarpu-
BaEMO{l IPyNMHHL.

ITosyuennble COOTHOIIEHUS CJIYXKAT OCHOBOH JJIA
rPyInoBOro IMojAxXona K TeOpPUM pasyMyHbIX CHeHHabHBIX
¢yukuuii. Tak, B cayuae rpylnbl TPeXMEePHbLIX BpallleHuUk
KaHOHHYECKHE MapaMeTPphl MOTYT OBIThb BbiparKeHbl yepes
yrabl digepa ¢, 0, ¢ ¢ nomonibio GopMyJant

TS — exp (EV) = ePMagtMighMs, (5.73)

Torpa t“)m’ (§) MOXHO 3amucaTb B BUJE (CM. JuUTePaTypHble
yKaBaHI/Iﬂ, HalpuMep, LUTUPOBAHHYIO TaM KHHMIY BuseHknHa)

(l)m1 ((P' b, ll)) . yl,m1 (9 (P) e—zm,w

rae Yim(0, ¢) — mapoBple GyHKIMH.

§ 4. AareGpanueckuil anmaparT TeH3O0PHOro HCUHCJEHHSA
W CIMHOpHag rpynna

Aunre6pbl afbTePHHOHOB ‘A,.yy, BBeIeHHble B IpENbILY-
Uled rJyaBe, JONYCKAIOT reOMeTPUYECKYIO MHTEPNPETAlHIO,
OCHOBAHHYIO H2 HCHOJIb30BAHMU ajrebpanuecKoli 3allucH
AHTHCUMMETPHYHBIX TEH30POB B 2.-MEPHOM MCEBIOEBKJIH-
noBoM npocTpaHcTBe (G, Haj HOJTeM NEHCTBUTENbHBIX uM-
cen. IlpoctpanerBo (F, xapakTepusyeTcs 3ajlaHueMm He-
BBIDOXKIEHHOTO METPHUECKOTO TeH30pPa ap=gpa, AT KO-
TOporo cymecrtByer oOpaTHHE TeHszop g*¥=g" (rae
, B=1, 2,..., 2n}, Tax uto

8%Bgga, = da.. (5.74)
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TIpu noMOLLE Zap U g*® MOXKHO, COOTBETCTBEHHO, OIyCKaTh
W [OJHMMAThb MHIEKCH, TaK YTO 3a 0a3HCHBIE 3JeMeHTH
BEKTOPHOTO IpocTpaHcTBa (,, o6sajawuiue TeM CBOHCT-
BOM, YTO NPOU3BOJBHEIA BeKTOp M3 (G, BJSETCS HX Ju-
HeHHON XoMOWHAIKEH, MOXKHO B3fATb HWJIK 21 JHHEHHO
He3aBUCHUMBIX BEKTOPOB &, HJH 271 JHHEHHO He3aBUCHMbBIX
BEKTOPOB €%*=g%e, Bextop ae=G M0XKHO NPEACTABUTH B
BUle

0 =a%g = Q% Gy = Gapab, (5.75)
rae a*— KOMIIOHeHTH BekTopa a. CKaJaspHoe Mpou3Be-
IeHUe BEKTOpOB @ U b onpenedisieTcsi no opMyJe

a-b=a%P (e, - eg) = a®Pgup, (5.76)

TaK 4TO
Bo g =€ €q=gap, €%-0B =g, o%.e =205 (5.77)

[lepexon or BekTOpHOTrO NMpocTpancTsa G K anrebpe anb-
TepHUOHOB (7 OCYILECTBJAAETCS NYyTeM OTOXKIACCTBJACHUSA
&, ¢ 06pasyonuIMMH acCOUMATUBHOM aareGpu G, rae

eqes + epey = 2gqpe, (5.78)

II0CJI€ 4Hero CKaJsipHoe NODPOH3BEIACHHE BEKTOPOB a H b
OTOX1eCTBJSAETCst € HX fIOpILﬂHOBbIM NPpOU3BEIECHHEM:

a-b=— (a4 ba). (5.79)

Has creunaspHOro 6aszuca BEKTOPHOTo NMpocTpaHcTBa G
KOMIIOHEHTB! Lo NPUHHMAIOT BHJ €,045, B CBSI3H C ueM
(5.78) Oymer cosmapgate ¢ (4.25), 1. e. G Gymer aare6-
pOH aJbTEPHHOHOB 'Asnys.
AHTHCHMMETPHYHOMY TEH30PY C KOMIOHEHTAMH
?"‘...“k MOXHO IOCTaBHTb B COOTBETCTBHE 3JEMEHTH
lkl*

4
— 0y e Qp . MLt - Qp .
Fim o F €ay - gy = 2, F €a, . . . Cay;
0 <0< ... <O

(5.80)
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3TOT TEH30pP MBI, IO ONpeiejieHHIo, GyneM HasbB4Tb aH-
TUCUMMETPULHBIM TEH30pOM TOPALKa k, 3aDHCaHHBIM B
agre6pauueckoln popme. Ilpu k=1 F,, Gymer coBnaaartb
¢ BekTopoM BHua (5.75), a npu k=0 -— c KpaTHHIM €JH-
HUYHOTO 3JeMeHTa & ajrebpwl G. Aare6pa G, paccMar-
prBaeMass Kak BEKTOPHOe IpOCTPAHCTBO pasMepHOCTH
2" MoxeT OLITb IIpejcTaB/JeHa B BHAE NPSAMOH CyMMBI
JUHEHHBIX NOANPOCTPaHCTB (), COCTOAUWIMNX H3 BeJHUHH
Bupa (5.80):

G;Go }‘G1+ 'I*Gzn- (5'81)

B pesyabraTe NPOU3BOJAbHLIH 3JeMeHT g={ CTAHOBHTCH
BO3MOKHBIM HPEJCTaBUTb B BUJe CYMMbl aHTHCHMMETPHY-
HBIX TEH30pOB [, NMOpANKOB oT k=0 no k=m.

Insa paccMOTpeHHOro BHILIE CHELHAJLHOrO BhIOOpa
6a3uca BEKTOPHOTO NMPOCTPAHCTBA, HJIA KOTOPOTO Lup=
= £,8q5, KBAIPAT JJIHHBI pajHyca-BeKTopa X=x"¢, paBeH
X =x0Bgeg = () - Lo b ()P ()R- L — ()R

(5.82)

IIpoctpancrtBo G, HaspBaetTcs ncesdoesxiudosoim, eciy
0<I<2n, u naswiBaeTcst esxkAudo8biM, ecan [=0 wuau
1=2n.

Obuweil epynnoil spawenuli L uasbiBaeTcs rpynia
JUHEHHBIX MNpeoOPA30BAHKMH KOOPAMHAT X% He Me-
Hsilollas Ksanpar Aauubl (5.82) Bekrtopa x. I'pynna L,
B COOTBETCTBHH ¢ 06ulel TeopHed rpynnl Jlu, comep uT
cobcraennyio epynny epaujenull L, SBIAIOLIYIOCH CBA3-
HOHM KOMIIOHEHTHOH eJMHHUIE], a TaKxKe ellle OHY CBA3HYIO
KOMIIOHEHTY, ecJu NpocTpaHCcTBO G, eBK/IMIOBO, WJH elle
TPH CBSI3Hble KOMIIOHEHTHl, ecjgH (G, MNCeBILOEBKJIHIOBO.
OrpanunuuBasich 151 ONpeleJeHHOCTH caydaeMm [CeBIO-
eBKJHJ0Ba IPOCTPAIICTBA, BBeleM clefyloliike o6o3Haue-
uud. Ecan ] — HeueTHOe, To 0603Hauum uepes P u T npe-
06pa30BaHMs, KOTOPbie MEHAIOT 3HAKH COOTBETCTBEHHO Y

o, xtuxt L x*. Ecam ke [ — yeTHoe, TO uepes
P u'T o6o3naunM npeoGpa3oBaHus, KOTOPHE MEHSIIOT 3HA-
KH COOTBETCTBEHHO ¥y x', ..., x"!' u x'*', . . ., x**! Torxma

P, T, PT n epunnuHoe npeo6GpasoBanue E OyAyT npep--
CTaBUTEJSAMH YETHIDEX Da3JHYHBIX CBA3HBIX KOMIIOHEHT
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rpynnel L, a Bce ocraJjbHble npeo6pa3oBaHHs H3 3THX
KOMIIOHEHT OYIYyT moJaydaThCs B pedy/bTaTe AoOGaBJeHHsd
npeo6pasoBanuil u3 L,. Ilpeo6paszosanus E, P, T u PT
o6pasyloT abeJieBy rpymnmy, Koropas nzoMoppHa ¢akrop-
rpynne obuieif rpynnbl BpauleHu#t L no ee HOpMaJ/abHOMY
oenuTeaio L, u KOTOpylo Mbl 6ygeM nostoMy o6o3radath
(L/Ly).

Besnuunbl, He MeHAIOIIHeCs OPH NPEeO6GPA3OBAHUAK H3
L,, no onpenenenuo, 6yaeMm HasbwBaTh ckaJjaapamu. On-
HaKO IO OTHOLIEHHIO K NpeoGpasoBaHuaM u3 (L/L,) cka-
JAPbl MOTYT BecTH cebsa pasziuyHo. CKaJfApbl, KOTOpbIE
He MEHSIOT 3HAaK npH npeobpasoBaHusx P u T (a cne-
IoBaTeqabHo, u npu PT), 6yleM HaspBaTh NIPOCTHIMU CKa-
JsipaMH, CKaJsipbl KOTOpble MEeHsIOT 3Hak npu P u T —
ICeBJOCKAJAPaMH, CKaJdspbl KOTOpBlE MEHSIOT 3HAK HpH
T u PT,— ocoGbiMH CKaNApAMHU U, HaKOHEIl, Te, KOTOPble
MeHAIOT 3HaK npu £ u PT,— ocoObIMu ImceBrocKaJspa-
M (cMm. Tabauuy):

NpocTo#t - Oco6wiit Ocobniit
cKagnAp TMcesgockansp cKaasp IICeRROCK AP
P ) %% =1%o | Xpr=—%Apr Xr=Xr Xp=—1%p

Xo=2%o | Xpr=—Xpr | Xr=—2%7 | Xp=1%p (5.83)

PT| Xo=% | Xpr=%pr | %r=—1%r |%Xp=—1%p

Ta6nuueir (5.83) ompenensioTcss BCeBO3MOXKHBIE Pa3JiHy-
Hble HelPHBOLMMBlE mpeiacTaBsieHus rpynnbl (L/L,), mo-
3TOMY CKaJspoB, OTJHYHHIX OT OJHOTO M3 YKa3aHHBIX
BhIllE 4YeThIpeX THUIIOB, He CYyIIecTByeT. DyneM HasblBaTh
npoctoim 2n-MepHBEI BEKTOp, KOTOPbIH Npu npeobpaso-
BaHuax P, T u PT npeoGpa3syeTcs KaK BEKTOp X=x"¢,.
Hapsany c stum ompejesum Takxe BEKTOPbl IpPYrHX TH-
0B, KOTOpble IIpH HpPeoGpa30BaHUSIX U3 KOMIIOHEHTHI
enuHuubl L, rpynna L Benyr ce6s KaK NpOCTbie BeKTO-
pH, a IpH npeoOpa3oBaHHUAX, BXOMSIHX B JPYrHe KOM-
HOHEHTHl rpynnsl L, MOTYT AONOJHHUTEJbHO MEHATDH 3HAK.
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Bexkrop, KOTopbn‘»'x MpH npeoGpa3soBAHKAX H3 obeli rpyn-
bl Bpamemm BeleT ceGA XKaK NMpOCTOH BEKTOP, YMHO-
KeHHbI Ha NCeBAOCKansip, 0COObIH CKaJsp HJIH OCOObIH
neeBAocKagasp, 6yloeM HasbBaThb, COOTBETCTBEHHO, fCes-
dosekTopoMm, 0cobbim 8EKTOPOM HIH 0COObLM ncesdosek-
TOPOM.

EBKAMA0OBO NPOCTPAHCTBO OTJIHYAETCST OT IICEBJOEB-
KNMAOBA TeM, YTO MOCKOJBKY 37ecChb rpynna L pacHajpaert-
cA y¥e He HA yeTwIpe, A TOJbKO Ha 1Be CBs3Hble KOMIIO-
HeHTBl (KoTopble MOXKHO oGosHauute L, u PL,), to
BMECTO 4eThipeX THIIOB BeJIM4YHH Telnepb GYAYT CyLecTBO-
BATb BEJUYHHBl JWIIb JBYX THUIOB: CKaJsApbl U IICeBLO-
CKaJsphbl, BEKTODH H [CEBIOBEKTOPH! H T. I.

B pesyabrate npeoGpasoBaHuit u3 rpynmbl L Gasuc-
Hble BEKTOPH &, NepexoisT B

— hies. (5.84)
Tlpu strom upegmosaraeTcsi, yTo BCe Ga3uUCHBIE BEKTODHI

e, SIBJASIOTCSl BEKTOpaMH OJMHaKOBHIX THUNOB. B coorsert-
CTBHH C ollpejlesleHHeM rpynnsl L oTCiofa cJaelyer, uyTo

’ ’ 1 o, ’ s
e ep= (eaep + €p2q) = —12~ (eatp + €ea) = ope. (5.85)

Gopmyar (5.85) moxaswBaloT, uto mpeoGpasosanue
(5.84) siBnsiercst aBToMopdusMoM anare6pul G='4,,,,. 1o
tTeopeMe 06 aBTOMop(bnsMax JO0Ka3aHHo# B § 5 rua. 4,
BCe aBTOMOPGHU3MBL HpOCTOH anre6pbl G ABAAIOTCA BHYT-

PEHHUMH, T. €. Aas M0o6bX hb, nas KOTOPBIX HMeET MeCTo
(5 84) u (5 85), Bceraa Haiimerca TakoH o6paTHMBLE 3Jie-
MEHT § U3 ajarebpsl ‘A,,,4, 4TO

o =hhog =sess™, a=1,2, ..., 2n. (5.86)

Myets HASIIY C S Hawzxe'rca JpYro#i sjneMeHt s, =G, At

KOTOPOro ey = S051". TlpupaB:imBas 05a BeIpAKEHUS [JIA €,
TIOJTYYHM

(') ea = eq (s7'5), (5.87)

T. €. 3JeMeHT SIIS NepecTaHOBOYEH CO BCEeMH 3j/IeMeHTaMH
-
anredpel G. Tlockombky G —mpocras anreSpa C UHCIOBHIMA
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3HayeHHusIMH, TO OTCIOAQ, COIVIACHO pe3yJbTaTaM IJI. 4, . CIe-
LyeT, 4To
Si's = ke, s, = ks, (5.88)

rie k — IDelCTBUTeJAbHOE YHCJA0. IDTO NOKAa3hIB2ET, YTO
3neMCeHT § onpeneasercs GopMmyaolt (5.86) ¢ TOYHOCTLIO
0O MHOMKHTEJS.

C ueaplo KanbHeHINero yTOYHEHHS BHIA S PacCMOT-
pPHM HHBOJIOTHBHOE CONpSIKEeHHe CIleluaJbHOTO BHIA, KO-
TOpOE HJsi OTJIMYMS OT BBelleHHoro B § 5 ru. 4 cranmapr-
HOrO HHBOJIOTHBHOTO conpsxeHus (4.27) anare6pbl ‘Asnis
0603HayaeTCs KPEeCTHKOM U ompefessercs (opMyJaaMHu:

(6a, - .. €aqp))t =eqy ... €ap (MG -F Pde)t = P81 + Do,
(5.89)
g & & 1A2n+1, P PR,

PesyabTar noc/aenoBaTeqbHOTO OCYILECTBJICHHS OBYX aH-
THaBTOMOP(U3MOB, 0603HAUaEMbIX 3BE3JJOUKOH M KpPecTH-
KoM, 6ymeT O6BIUHBIM aBTOMOPGU3MOM, HOITOMY IO TEO-
peme 06 aBTOMOpP(PHU3MAX NPOCTBIX ajrefp LOMKeH HaM-
THCb TAKOH 06paTUMBIH 3JaeMeHT {,&'Aspn,y, 4TO

g = lygtis" (5.90)
Ilpumenum k oBSeum uwacTsM (5.86) orepanuio HHBOIO-

THUBHOIO CcONpsiKeHus Brgpa (5.89). Yuutesas, 410 ég = ¢4,
NOJYYHM

SeqSt = (STt egst == (s*)legst. (5.9
Orciona, cornacuo (5.88), umeem
(st)™ = ks, sst = k7ta. (5.92)

Ecan £>0, To 3amennm s Ha Vks a ecnn k<0,— To Ha
Y—ks. B peayabTaTe MOMy4HM

sst =s§ts = +e. (5.93)
TIpu yuere (5.93) saemenr s, XapakTepusynouuii npeob-

pasoBanune (5.86), onpenessieTcs ¢ TOYHOCTHIO 10 3HAKA,
T. €. HMeeT MeCTo CJejvViomias
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.

Teopema. Kaxcdomy aremerimy oOueld epynnst 8pai2rHud L
2n-mepHoeo ncesdozeKaulosa nPOCMPAHCMEA, nepesuIA2MY
xe g h§x® wau, coonsemcmeenno, eq 6 hbes, cmasumcs 6
08Y3HAUHOE COO.MBL.NCMBUE IA2MEHTL s & Aonsy, O28 KOMOPO-
20 sst =sts = +e.

MHOXecTBO BceX 371eMeHTOB S& Ay, , ONpenensieMblx
¢ nomoubo (5.86) u (5.93) no obwei L wau no cob6eTheH-
HOH L, rpynme BpauieHHH, Ha3blBaeTcsl, COOTBETCTBEHHO,
o6ueii unyu cobergernol cnunoprotl epynnoi. Tlockons-
Ky 9/JeMeHTaM § U —S H3 CIHHOPHON TPYMILl, COTJIACHO
JAOKA32aHHOH TeOpeMe, COOTBETCTBYET OJHO H TO XK€ Bpa-
IieHye TNCeBJOeBKJNAIOBA NPOCTPaHCTBa, TO obmas H cob-
CTBEHHAs Tpynna BpameHu#l 2n-MepHOro NpOCTpaHCTBa
HU30MODP(QHBI, COOTBETCTBEHHO, hakTop-rpynnam obmiell u
COOGCTBEHHON CNHMHOPHBIX TPYNI IO HX HOPMa/ibHOMY Xe-
JIHTEJIO, COCTOSIIEMY M3 JEMEHTOB +€e U —eé.

[Ipou3BONIbHOMY BpamIeHHIO M3 COGCTBEHHOH TrpYIIbI
BpalieHNH, XapakTepH3yeMOMYy 3aJaHHEM KaHOHHUECKHX
napameTpoB ¢ =—¢"* (a5=B), COOTBETCTBYeT 3JeMEeHT
CIMHOPHOH I'pynnbl, ¢ TOUHOCTBIO JIO 3HAKa PaBHBIH

1 1
s = exp (7 o Maﬁ> , Mg = ey (5.94)
Inst nokasarenbcTBa JOCTAaTOYHO pACCMOTpeTb Gec-
KOHEeYHo Majgoe BpamieHHe ¢ mnapaMmerpaMu 8¢*f, korza
NpHpalieHuss KOMIOHEHT a% peKTopa a=a*e, PaBHHl

8a*= (8¢**) as. [IpeHeOperasi BeJHUNHAMH GoJiee BLICOKO-
ro nopsinka MaJjocTH, U3 (5.86) u (5.94) umeem

ot da = (1 t % acpaﬁ_waﬁ) a (1 — % depe wag),
da = (6a%) ey = —;— oo (% ealpey — —1-€yea€5> .
2
Ho u3 (5.78) caenyer, uto
KU T
5 Gl Evealp =

1
— (€adisey + ealyep — olyey -— Ey0eep) = Gpvea — Gaxpr
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T. €.
da =

2
dT0 NoKa3bBaeT, yTo MPOH3BOJIbHOE BpaleHHe H3 CobCT-
BEHHOH TIpyNNbl BpalleHHI MOXHo MPENCTaBHTb B BHIE
BHYTpEHHEro aBroMophusMa aare6pul ‘A,,.,, xapakrepu-
3yemoro aJeMeHTOM Buaa (5.94).

[MTockoabKy TpH a7=p (€.es)*=—(eses), TO U3
(5.94) caenyer, yTO [4Jisl COOCTBEHHON COHHOPHOMN TPYIIIbl
B npaBo#l yacTH (5.93) no/mKeH cTOATb 3HAK TJIOC.

BosbMeM Kakoe-iu6o TOYHOe HENPUBOLHMMOE Mpej-
craBaenne aare6pu G=='A,,,,. Toraa ssementam S&G,
BXOJISIIIAM B OOWIYIO CIMHOPHYIO IPYIIY, CTaBATCS B CO-
OTBETCTBHE MAaTpPHILL S.

Mmuoeomepuoim cnunopom HasbiBaeTCs cToJber P, Ko-
TOpHH Npy NpeoGpa3oBaHUSIX H3 COHHOPHOH TPYNILL, Xa-
pakTepuU3yeMblX MaTpULAMHU S, mepexonut B S¥.

Corsiacio § 5 ra. 4, anrebpa G='4,.,, H3oMopbHa
anrefpe KBaTeDHHOHHBIX MaTpui nopsiika 2°~', ecau
n—I4+1)n—0

2

CTBUTENbHBIX MaTpHIl NOpsiiKa 2",ecau

OB (g2 — aqp) = 69%Pap?y; 0a® = 6¢%Pap. (5.95)

— HeueTHOe uHcio, uau anreGpe B, nefi-

(n—141) (n—1)
2

yeTHOe uuc/a0. B mepBom cayuae cnuHOp 1 MOxeT GHTb
npejncTaBJeH B BHJIe KBaTepHHOHHOTO crosabua, cocTos-
mero H3 2"~' 3jeMeHTOB, HJH, eCJH BOCIOJb30BaThCs
dopmyiamu (2.67) nepexona K JeHCTBUTENBHBIM BEJIH-
YMHAM, B BHJe NelCTBUTENbHOTO cToa61a, COCTOSIIIETO H3
2" saemeHToB. Bo BTOpOM cayyae CHHHOp 1§ MOXKeT
ObITh NpeACTaBJ/eH B Buie cToqbLa, COCTosiIero H3 27
JefCTBHTEJNbHBIX 3JIEMEHTOB.

Hannune nByX yKazaHHBIX BO3MOXKHOCTEH CYIECTBEH-
HO CBA3aHO ¢ TeM (akToM, 4TO 2n-MepHoe BeKTOpHoe
npocTpancTBo U, paccMaTpPHBAeTCs HAMH HaJ moJeM Jefi-
CTBUTEJbHBIX yHcen R. Ecau 6B 3To NPOCTPAHCTBO pac-
CMaTPHBAJOCh Haj [0JEeM KOMIJIeKCHBIX uncen C, 1. e.
ecnd Obl Mbl HCXOAWJH H3 oOluelt TPynnbl BpauleHHi
KOMILJIEKCHOTO 271-MEPHOTO NPOCTPAHCTBA, TO CHHHOD
Opli OBl MJIH KBaTEePHHOHHBIM CToJ6LOM K3 27! sneMeH-
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TOB, WM KOMILIEKCHBIM CTOJOLOM H3 2" 3JIEMEHTOB, T. €.
P B o01weM ciyyae onpelenscs Obl 3afanueMm 2"** nei-
CTBHUTEJbHBIX YHCEJI.

[TockonbKky ofmiast rpynna BpalleHHH NPOCTPAHCTBA
G, mzomopdhHa pakTOp-rpynne CIHHOPHOH IPyNNH MO ee
37eMeHTaM ¢ H —e, TO CIIHHOPH OCYIUECTB/AIOT gBY3Hay-
HOe TpelcTaBjieHHe obuiefl Tpynnbl BpanieHHHd MCeBIO-
€BKJIHI0BA MPOCTPAHCTBA.

Bocnonbayemes: eme pas TeopeMol o6 aBTOMOpQH3-
Max, IPUMEHHB ee K NpOoCToH MaTpUUHOH ajrebpe, pato-
el ToyHoe HeNPHBOAMMOe MpelcTaBJjeHHe ajre6pHl
G="'As,,,. TlycTb s5eMeHTaM S U3 anare6pol ‘As.yy COOT-
BETCTBYIOT MaTpuubl S, a saeMeHTaM s+ -— matpuusl St.
O6o3HauuM uepe3 S* conpspKeHHYI0O MaTpHLy, KoTopas
IJ151 [efICTBUTEJNbHOTO TPeACTaBJIEHMs - HOMyyaeTcss H3 S
IyTeM TPAHCMOHHPOBAHHS, a JAJd KBaTEepHHOHHOTO — MYy-
TeM OJHOBPEMEHHOTO TPAHCIOHHPOBAHHA H 3aMeHHI BceX
3J€MEeHTOB MaTpHUBl Ha CONpskKeHHBle, Pesayabrar nocie-
JOBATEJbHOIO OCYIIECTBJAEHHA JBYX aHTHaBTOMOpP(QH3-
MOB MAaTpHYHOH ajre6phl, o603HauaeMbIX 3BE3JOYKOH H
KpecTuKoM, GyAeT OOLIYHBIM aBTOMOPOHHIMOM, MOITOMY
10 TeopeMe 06 aBToMop(H3Max MPOCTHIX ajire6p NOJMKHA
HaHTHChb Takasi HEBHIPOXKILEHHas MaTpuna R, 3aBucs-
masl oT BHOOpa NPenCcTaBJeHHs], 4TO

S* = RS*R™, (5.96)

Ho no (5.93) mas cnunopHo#l rpynnel S¥S=+F, 1. e,
¢ yuetom (5.96),

S'RS = + R, (5.97)

riae just co6CTBEHHOH CIMHOPHOH TPYNINB B IPaBO# yacTu
(5.97) crout 3nak naoc. Ecau Y, H P, — 1Ba MPoHs-
BOJIbHBIX CIIHHOpA, To H3 (5.97) crenyer

(bS") R (Se)) = = Py Ripean (5.98)

TaK YTO Q“z,=xp(:)R1p(2, He MeHsercs IpH IpeobpaszoBa-
HHUSIX H3 COOCTBEHHON TPYMNBEl BpaleHHH, a NpH mpeob-
pasoBanuax P, T u PT MoxerT MeHATb 3HaK, T. €. NpH-
HAJIKHUT K CKALADAM OJIHOTO H3 HETHIPEX THNOB, Mepe-
upc/eHHBX B (5.83).
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Ecau " — KOMNIOHEHTH CHHHOpa v, TO 0BO3HAYHM
yepes P, =(P*R), KOMHOHEHTH CTPOKH Y*R. Kaxaomy
CIHHOPY P NOCTABHM B COOTBETCTBHE MaTpHIY P ¢ KOM-
HOHEHTaMHU

Piit = 4™y, = 0" (" Ry, (5.99)

SBJSIOILYIOCH TIpefcTaBaeHHeM abCTpakTHOIO 3JeMeHTa
a w3 aarebpol ‘As.ys. Ilockoabky, corsiacHo (5.99),
(pr)* = (PR~")™, To mns AEHCTBUTENbUBIX CIHHOPOB
KOMIIOHEHTBl CIHHOPa P ONpeldessiloTcs 3aJaHHeM MarT-
pHUBl P ¢ TOYHOCTBIO §O 06LIETo 3HaKa, a AJsl KBaTepHH-
OHHOrO TNpeJCTaBJIeHHs — ¢ TOYHOCTBIO 10 obuero daso-
BOTO MHOXHUTess. [Ipy npeo6pas3oBaunsax U3 CO6CTBeHHOH
rpyNnNbl BpamieHW# Matpuna £ U 37AeMEHT a6CTpaKTHOH
anre6pel 7, Kak caenyer us (5.98), mepexonar B SPS!
U srts™', a npH npeoGpasoBaHHAx H3 oOmiell rpynnel Bpa-
MEHUH — COOTBETCTBeHHO B ==SPS~! u 4sns™".

DaeMeHT 7 & ‘Aprsy B COOTBETCTBAUIL € OSHIME dopMyna-
mu (5.80) u (5.81) MOXKHO npencTaBUTL B BUjIe

n
T = 2 Ty = Pz |- Z Pal Ok Cq, .« .. Bqp, (5103)

b==1

Tlpn npeo6pa3oBaHMsIX H3 COOCTBEHHOH TDYINBLI BpaileHHH

My = 2 P Gk .. .8, TIEDEXOIUT B STs~", a mpu
0;<...<0p

Npeo0pa3OBaHUSAX U3 ofmiell TPYNILl Bpaled il — B == STjS ),

T. € M| SBJASOTCH aHTUCHMMETDHUHBIMH TeH30paMHu  k-ro

pamura.

Orcriopa caepyer, uto 1Jst aireGpbl '‘As.p, MOXKHO
BBECTH [Ba COIVIACOBAHHBIX MEXJY c06OH ompeneseHHs
CiuHOPOB. Bo-TiepBBIX, CIMHOP Y MOXKHO ONpene/siTh Kak
CTOJ6RL, NPeo6pasyIomHUACT 10 TOYHOMY HEIPHBOJUMOMY
TpeACTaBACHHIO CIHHOPHOH TPYINBI AJsd aire6pol ‘Ag,,,.
C npyrofl CTOpoHbI, KOMIOHEHTHl CIIHHOPA P MOXKHO OI-
penessitb Takke KaK CHCTeMy napaMmeTpoB, XapaKTepH-
3YIOIUX NepBHYHble TeH30pbl P%-%k, KOTOpHE, B CBOIO
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ouepesib, OTpefesIoTCa 3ananneM (& Az . [1pu BTOpPOIL
TOUKe 3peHHs s 3aJaHHOTO MPeICTaBJeHUs ajireGpbl
‘Aypiq KOMIIOHEHTH 1 ONPEHEJSIOTCS JIHLbL ¢ TOUYHOCTHIO
WIH 00 obmero 3Haka (ecnu ‘Aj.,, usoMopdHa B,), niu
10 ob6uiero ¢a3oBOro MHOXKHTeNs, NpUUEM TNepexoldy 0T
OJHOrO NpeicTaBieHus] aare6pbl ‘Asnys K APYroMy COOT-
BETCTBYET NCPEXOMA OT OfHOH CHCTeMH NapaMeTpoB K Ipy-
roit. [IpenMyuiecTBo BTOPOro NOAX0MAa CBI3aHO-C TEM, UTO
OH YKasblBaeT Ha BO3MOXKHOCTb 4UCTO ajreGpanyeckoi
ricpeOpPMYJIHPOBKY TEOPHH CIHHODPOB, 11€ 3aBUCIIIEH OT
BbI6Opa NpefcTaBacHHA.

Jas anre6panueckoil MoAesau KBANTOEAHHBIX BOJIHO-
BBIX TOJiell TPUXOAMTCS MMeThb JeA0 He cO CIHHOPHOH
rpynno#, a ¢ APYyrod HOArPYNNGH rpyunbl aBTOMOp(QH3-
MOB 6a3ucHOil anare6pbl KBAHTOBAHHBIX IMOJICH, KOTOpas
LJIA CIIeIHAJbHOIO TIPeicTaBJelils anred6psl 5, coOBNaxa-
eT ¢ TPYNNo# YHUTAapHBIX Tpeo6pasoBaHUH BOJHOBBIX
dyurnui . Tem He Meriee oTAEAbHBIE H3 PACCMOTPEHHBIX
Bbllile OOIMX anredpandyecKuX Hiefl MOXKHO TepeHecTH H
1a 3TOT cJayyall; B YaCTHOCTH, BTOPOMY cnocofy ompene-
JICHHST MHOTOMEDHOTO CcHMHOpa OYAeT COOTBETCTBOBATb
BO3MOKHOCTL CIIPEAEaeHHs] BOJHIOBOH (YHKUHH 33TaHU-
€M CpCAHUX 3HAYEHUH OT Habs10JaeMBblX.

§ 5. dusuueckue npuUIOKEeHHs

Pacecmorpum Gosiee TNOAPOGHO HEKOTOpPHlE TNPHIONKEHHS
H3/I0’KE€HHOTO B TpeAblaymieM Iaparpade asreGpauue-
CKOro amnmapaTa K KJaCCHYECKOH 3JeKTPOojMHAMUKE H K
PeIATHBHCTCKOH TEOPHH YACTHI[ CO CIIHHOM Y/,

Bynem cuurath, uto n=2, /=3. B aTO0M ciayuae mcen-
JOEBKJAHIOBO MPOCTPaHCTBO G, HasblBaeTcsi APOCTPAHCT-
som Munrosckoeo, rpynna L nasbiBaerca obwerd epyn-
nod Jlopenya, a rpynna L, — cobcrsennod epynnoi Jo-
perya. YeTblpexMepHble BEKTOPbl M aHTUCHMMETPHUHBLIE
TCH30pHl, TIPUMEHSeMble B PEeASTHBHCTCKOH MeXaHWKe H
9JIEKTPOAMHAMHUKE, ¢ TIOMOLLLIO (5.80) MOXKHO TNepenucath
B aarebpanueckodl ¢opme. Tak 4-BeKTOpy ¢ KOMIIOHEH-

TaMHu

1

=z, B=y, ¥ =gz xt=ct (5.101)
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CTaBHTCA B COOTBETCTBHE 3JeMeHT X =x%g, H3 aare6ps
G=3°4,, 4-BeKTOpy ¢ ONEpPaTOPHBIMH KOMIIOHEHTaMH
0e=0/0x* — onepatop V =e%d,, aBasomuica anreb-
panyecKHM YeTHIPEXMEepHBIM aHaJOroM NPHMEHSEeMOro B
BeKTOPHOM aHaJiH3e onepartopa «HabJja», a aHTHCHMMeT-
PHYHOMY TEH30pY 3JeKTpOMarHuTHoro nosas F*, rae
F*=H, F®=H, F'=H, F*=E, (5102

<

CTAaBHTCS B COOTBETCTBHE 3JIEMEHT

F = é_F Peats = (oneats) eilr -+ eetEy  (5.103)

(no oMHAKOBHM TpPe4YeCKHUM HHJAeKcaM o, f3,...CyMMHpO-
BaHHe NPOU3BOAUTCS OT 1 [0 4, a MO JaTHHCKUM HHIEK-
cam k, I,...— ot 1 g0 3).

Bynem o603HauaTh TpexMepHbIe BEKTODHI, SIBJAAIONIHE-
Cs1 JMHEeHHBIMH KOMOMHAUUSIMH 3JeMeHTOB €, MHPHBIMH
6yksamu. [Tonoxum i=e'e*e’e’, rae, cornacuo (5.78),

2 =—e, [2q = —04l. (5.104)
Torna e, i, €., iex ¥ €85 (a=P) ABATIOTCT CHUCTEMOU U3
16 n1uHeHlHO He3aBHCHMBIX Ga3HCHBIX 3JE€MEHTOB anare6-
pel G. B oCHOBY BHIBOZA MHOTHX DeJSITUBHCTCKHX COOT-
HOIIEHHI MOTYT OBITb MOJIOXKEHB! CAENYIOIHE 3/1eMeHTap-
HO TpoBepAeMble TOXKIECTBA, ONpeleAIonlHe pe3ysabrar
llepeMHOXKeH s NPOH3BOJNbHBIX, 3aNIHCAHHHIX B ajreGpau-
yeckoit opMe 4-BekTopoB A=a%¢,=a+a‘e,, B=>b%,=
=b+b'e; 1 aHTHCHUMMETPHYHBIX T€H30POB F,, Fis), ... :
AB = (@ + a,*) (b + bie,) =

= (a@b) + a)* - eo[ab] + e, (—ab — ab*) =

= aqqb" + % e%h (agbg — agha), (5.105)

BF = —[bH] + bE + *(WE) — i (DE] + b, + e* (b 1)),
(5.106)

FB = —[Hb] + Eb*—e*(Eb) + i ((Eb] + Hb* — e*(9b)),
(5.107)
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Fu)Fo) = (EwEw) — (HpyHe) + i(HyEp) +
+ (EwH ) + eeses (EqyEal — [H o)) +
+ et ((HyE gl + [Enpl).  (5.108)

[ nokasatesbcTBa CPaBeAHBOCTH BHIIHCAHHBIX COOT-
HOIIeHW#H (B KOTOPHIX CKaJsipHOe H BEKTOpHOe Npou3Be-
JeHHs1 TPeXMepHHBIX BEKTOPOB 0GO3HAYEHBI COOTBETCTBEH-
HO KPYIVIBIMH M KBaJPaTHBIMH CKOOKaMH) JOCTaTOYHO
CPaBHMTb B IPaBOil H JeBoi yacTAX KOo3hPUIMEHTH NpPU
6a3HCcHBIX 3JeMeHTax anrebpw G.

YpaBHenus MakcBessa B OGBIYHBIX BEKTOPHBIX 060-
3HAYeHHAX HMelT BHA:

diV E = 4np3n) rOt - J*%Et' == in jany
c c
5.1039)
divH =0, —rot F — AL oH 0. (
¢ ot

BBonsi 4-BEKTODP 3JEKTPHYECKOTO TOKA Joz=fon—+CP,s€, U
nosnarast B gopmyse (5.106) B=V, nosayuuMm, yTo ypas-
HeHds Maxkceeasna (5.109) B asare6pauueckod 3amucu
IPUHHMAIOT CJAeLYONuil BUA:

VF =% g, (5.110)
C

[Tpu stom F mpocTo BhbIpa)kaeTcs uepes 4eTblpexMepHbIH
BEKTOPHHII TNOTEHIL KA

A=Ag"= A+ Aet, Al=—A,=9. (5.111)

B camom pnene, yunthiBas yciaosue Jlopenna 9d,4%*=0 u
s3aMenaa B (5.105) 4 Ha Vu B Ha A, noayuum

F =VA. (5.112)

Hcexona us (5.106) u (5.107), Jjerko mogyuaeMm Takxke

anre6payyeckoe BbIpaxKeHHe IJsi 4-BeKTopa MJIOTHOCTH

CHABl [,;, HEHCTBYIOLIEN Ha 3JIEKTPHYECKHE 3apsib H
TOKH:

2 Fisn— joaF) =
= c(pME + —:—[janH1> + 6y (JonE) = Cfon. (5.113)
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[IpuMenenue ajreGpanyeckoro ammapata IO3BOJIAET
YIPOCTHTb BBIBOJ, OTAEJbHBIX JEKTPOAMHAMHYECKHX CO-
otgowenuit. Hanpumep, npumensas k (5.110) HHBOMIOTHB-
Hoe conpsixenue (5.89) u yuurbiBadg, uro Fr=—F, no-
JTY4HM

— 9gFer — — 4% s (5.114)

Ymuoxas, ganee, (5.110) cnesa Ha F, (5.114) cnpasa
Ha F, BLIUNTAsT U3 MEPBOr0 BHIPaXKeHMs BTOPOE M YUHTHI-
Bag (5.113), nosyyaem

1 0(FeF) (5.115)

fsn - Sn 950

Orciona ciefyeT, uTo TeH30p IHEPTUH — HMITYJbCA 3JIEKTPO-

MarsuTHOro Tona TP, past kotoporo — aﬁT“B = fon, MOKHO
OupeaesIsiTh M3 anredpavudeckoro COOTHOUIEHUS

8ne T — FeF. (5.116)

Anre6pauueckufi anmnapat jgaeT BO3ZMOMKHOCTb paspa-
60TaTb HOBBIC MeTOnbl H3Y4YeHUs] 3JEKTPOMACHHUTHOTO
10Jis, KOTOPble TPYAHO OBLI0 66l 0OHAPYKHUTb C NOMOIIbIO
06bI4HOTO 60JIee TPOMO3AKOr0 TEH30PHOTO GopManu3Ma.
B kauecTse mnpuMepa pacCMOTPHM 3JeKTPOMAarHHTHOE
noJsie o6uiero BUAa, HaxoAsAweecs B 061acTd 63 3apsiioB
H TOKOB, TakK uTo ypaBHeHMs Makcsenna (5.110) npunu-
MAaIOT BHI:

VF =0. (6.117)

PaccmorpuM ypaBuenue
V(Ay — i) =0, (5.118)
rie Aq = Aﬁ)ea,ﬁA(z) = Ata- _Ecm ¢* — KBATEDHHOHHbIE
equHAnBl (T. e. (&' = —e, el@®>=e* u 1. 1.) U f—KOM-

HJeKCHAsl KBiTEDHUOHHAS (DyHKIHUT YeThbIpeX NepeMeHHblX X,
Y 2, ct, T0 (5.118) 3KBMBANEHTHO YPaBHEHWAM MOIOredHO-
CTH N/ KOMIICKCHBIX KBATEDHUOHHBIX (DYHKIUA:

A0 9 0 o 0 N
(e dx_}—e 0y+g az+lcdt>f 0. (5119
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B camoM nene, nonaras f=e,ee;(A,—id ), —ete,e.e=
=e¢" i=-e'e’e’e’, ybexnaemesi, uto (5.118) coBmapaer ¢
ypaBHenusimu MoHoreHHoctd (5.119). Ecam | saBucut
TOJbKO OT X H Y, TO, KaK HeTPYLHO yOEIUTbCs yTeM He-
IOCPEeICTBEHHON MOACTAaHOBKH (CM. TAKXKe JIUTepaTypHbIe
yKasaHusi), nocse npupaBHuBaHHA B (5.119) ko3¢ ¢uuu-
eHTOB TIPH ONMHAKOBBIX Ga3MCHBLIX 3JeMeHTax anare6pol,
NOJIy4¥M YeThipe Napbl ypaBHEHHUI, COBNALAOIHUX € YCJIO-
BUSMH AHAJAUTHYHOCTH QYHKIHI 0AHOH KOMIJIEKCHOH Tie-
peMenHoll. B o6mem xe cayuae ypasHeHus (5.119),
a caenoBaTeabHo, U (5.118), aBasoTcd anre6panyecKuM
o6obuienveM ypasHeHHuit Kommn — PuMana teopuu ¢GyHK-
uuil koMmiekcHoH nepemennoil. Ma (5.118) cmenyer

VA, =0, V24, —= 0. (5.120)
TMoaaras
F =V (Ay + idy) (5.121)

u yuutbiBass (5.120), moayuaem, uTo I yZOBJETBOpSiET
ypaBHeHHsiM Maxkcpeana (5.117), TpHuem ¢ yuetoM
(5.118) ¢opmyara (5.121) naer

F=2VAy, F—=—2YA, (5.122)

Takum o6pasoM, KaxxJoMy pelieHHIo ypaBHeHu# (5.118)
cOoOoTBeTCTBYeT peilleHue (5.121) ypamHeHmii Maxcsediia
4 HaoB0pOT, YTO OTKPLIBAeT HOBLIE BO3MOKHOCTH NpHUMe-
HEHHUsI TEOPHH KOMILJIEKCHBIX KBAaTEPDHHOHHBIX (pPYHKLUE B
3JIEKTPOJINHAMUKE.

Cps3b MEXIY pemieHHsSIMH YpPaBHEHHA MOHOFeHHOCTH
U cUCTeMoll ypaBHeHHH MaxcBedsia MO3BoJsieT, fadee, 06-
HApYyxKHTb HE3aMeYaBINYIOCS paHee HWHBAPHAHTHOCTD
ypaBHeHHI MaxcBesiia — Tak Ha3bBAEMYI0 BHEMIHIOI
HHBApHAHTHOCTb. [lycThb § — o6paTHMBIA 32JeMEHT TOX-
ajqre6pbl 8-ro paHra anre6pel ¢ ¢ GasVCHLIMHU 3JeMeH-
TaMu e, I, e, (a5<p). Torna MHOXKECTBO Bcex § ofpa-
3yeT, OYEBHAHO, TpYNIy — TaK HA3LHBAEMYIO TIpynRY
BHENIHHX Npeo6pazoBanuil.

Omnpenenum caenyomuM o6pasoM 3aKOH npeo6paso-

Banus 0606wWennoro notennuana A =A4:,,—iA,,: ,
A— A" = As, A — AY =stA+, (5.123)
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Ypasuenue (5.118) wHBapHAaHTHO OTHOCHTENbHO mnpeol-
pasoBanuii (5.123), TaK KakK OHO He MeHseTCsl IPU YyMHO-
JKeHHH o6eux uacreil cnpaBa Ha S. 3aKOH H3MeHeHHs F
NpH BHEUIHHX npeobpas3oBaHuAx caenyeT u3 (5.121):

F=VA*>F =V (s*4"). (5.124

Vpaeuenns Makcseana (5.117) HHBApHAHTHH OTHOCH-
TeqlbHO npeobpazosanuil (5.123). Cmbica 3TOH MHBapH-
AHTHOCTH 3aKJIOuaeTcsi B TOM, UTO €CJAH HMeeTcss OIHO
peiieHue ypasHenHil (5.117), onpexpensieMoe no Hayajb-
HBIM W TPAaHHYHHIM YCJAOBHUSIM, TO ¢ HOMombio (5.124)
HalijeTcd 8-mapaMeTpHuecKHH KJjacc pelleHHH, coOTBeT-
CTBYIOLMH NpeoOpa3oBaHHHM HauaJdbHBIM H TPAHHYHHIM
YCJAOBHSIM.

Jo cux nop MH He YTOYHSIJIM THOH 4-BEKTOPOB H TeH-
30POB IO OTHOIIEHHIO K mpeoOpasoBanusM P u T. Anre6-
panueckasi 3amHch yjno0Ha B TOM OTHOUIEHHH, YTO, BHE
3aBHCHMOCTH OT THIIOB TE€H30DOB, BCe ypDaBHEHHA H COOT-
HOMIEHH: aBTOMATHYECKH OKa3HBAalOTCi HWHBApDHAHTHBIMH
OTHOCHTEJNbHO Npeo6pasoBalHil U3 COGCTBEHHOH [PYIIIBI
Jlopenua L,. Tak, npu npeo6paszoBaHusax U3 L, 371eMeHTH
Vv, F 1 j,; nepexonsir B

V' = sVst, F' = sFs*, jon = Sjsas*,  (5.125)

rpe sst=s*s=e. Orciona cjielyer, yTo, HaNpuMep, ypas- .
HeHHs MaxcBesasna (5.110) WHBapHaHTHB OTHOCHTEJBHO
L,, Tak Kak u3 (5.110) nocjse yMHoXKeHHsi CjeBa HAa S H
cnpasa Ha st cienyer

VF =g (5.110°)
c

Tlpn yTOYHEHHH 3aKoHa TNpeobpas3oBaHUA OTHEJbHBIX
PEJIATHBUCTCKHX BEJIHMYMH I10 OTHOLIEHHIO K Hpeofpa3oBa-
uuaM P u T nenecoo6pasHo HCXOAHTb H3 CJAELYIOLIETO
obuiero NPHHIMNA MOJHOH HHBAPHAHTHOCTH (H3HYECKHX
BeqMuHH. Ecau ¢usuueckue ypasuenus uiu coOTHoule-
HUA UHBADUAHTHOL OTHOCUTEALHO npeobpa3os8anud us3
CBA3HOL KOMNOHEeHTb. eOuruybt (T. e. U3 CB8A3HOL KOMNO- -
HenToL, codepacaueil edurnuunoe npeobpasosanue) Heko-



§ 5] ®U3UYECKUE IMPUJIOXEHUS 123

Topoll zpynnot JIu u ecau OAs HEKOTOPbLY U3 8X00U4UX 8
3TU YPaBHEHUS erudur Onpedesen 3aKOH npeebpa3osa-
HUS MO OTHOWEHUIO K OpYeuMm CB8A3HbIM KOMNOHEHTam 3TOL
epynnot Ju, 70 3aK0OH npeobpas3osanus OCTANbHLLX BeAU-
qun caredyer svibupars Takum obpasom, 4Tobbl ypasHe-
HUS BbLAL UHBAPUAHTHBL OTHOCUTEALHO DACULUDEHUs npe-
06pa3osanuti HaQ 3TU KOMNOHEHTUL.

C HesBHBIM IpHMeHEHHeM 3TOrO IpHHLHUINA NPUXOAHT-
€A BCTPEYATHLCH YK€ B KJACCHYECKOH MeXaHHKe B CBA3H
C NPHINHCHIBAHHEM OTJEJbHBIM 3-BeKTOpaM NCeBAOBEKTOD-
HBIX cBOHCTB. B nmpuMeHenuu K rpynne Jlopenia on o3Ha-
YaeT, YTO ecsiH (PU3HUeCKHe YpaBHEHHS MHBAPHAHTHHI OT-
HOCHTeJIbHO Npeobpa30BaHHN H3 COGCTBEHHOH TIPYNIH
Jlopenua L, ¥ ecyH JJsi HEKOTOPHIX M3 BXOAALHX B 3TH
ypaBHeHHs] «Da3HCHBIX» BeJHMYHH ONpeleseH 3aKOH Hpe-
o6pa3oBaHus OTHOCHTENbHOH obuiell rpynnsl Jlopenua L,
TO 3aKOH H3MEHEHHMS] OCTaJbHBIX BeJHYHMH cjelyeT
LOoonpeneasaTb TakuM o6paszoM, uToOH ypaBHeHus Obl-
JU HWHBAPHAHTHB OTHOCHTENBbHO mnpeo6pasoBaHHi H3
rpynmns L.

B kauectBe 6asHCHBIX BeJHUYHH NpexIe BCero Gymem
6paTb KOMIOHEHTH X% KOTOpBIE, COTJIACHO OIpeIeeHHIO
(5.50), crenyer cuMTaTh COCTABJAIMMH TMPOCTOrO BEK-
Topa. B RJaccHuecKOH PeSSITHBHCTCKOH MeXanuke co6CT-
BEHHOE BpEMs YaCTHIBI T ABJSETCI BPEeMEHEM B CHCTEME
OTCYeTa, B KOTOPO# YacTHLa IOKOHUTCH, IIO3TOMY IIpH
BPEMEHHBIX OTPaXKEHHSX 3HAK Yy BPEMeHH X* H y cobeT-
BEHHOTO BpeMeHH T A0JIKeH MeHaTbcs. CrenoBaTelbHO,
co6cTBeHHOe BpeMs T (onpefenseMoe U3 ¢*dt®=—dx*dx,)
apasgeTcs ocobeiM ckanspoM. OTciona nanee cieayer. 4To
BEKTOp 4-CKOpoCTH dx*/dv aBnseTcs ocoGbHM, H €ro Ner-
BepTas KOMIIOHeHTa Hpu Jaio6blx npeoGpasoBaHHAX
ocraeTrcsd NosoxuTenbHo#. CuuTasi, yTo Macca MOKOS M,
BesileT ce6s KakK IPOCTON CKaJafp, MOJYyYHM, 4TO 4-BeKTop
HMIyJbCca C KOMIIOHEHTaMH p“=modx°‘/dr ABJIAETCa 0CO-
ObIM, TaK uTo 3Heprus E=cp* npu a06bx npeobpasoBa-
HHAX JOJIKHA OCTABATbCH IOJIOMKHUTEJbHOM,

M3 Toro ¢akra, uTo pensiTHBHCTCKHE BEJNHUHHH, OJH-
HaKoBo Benyiiue cebsi 1m0 OTHOIIEHHIO K mpeoGpasoBa-
HHAM U3 coOcTBeHHON rpynmbl JIOpeHiia, HMeOT pasHble
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TpaHchOpMaLHOHHBE CBOHCTBA 1m0 OTHoweHHIO K P, T u
PT, npu yueTe NpHHLHIA -NOHON HHBADHAHTHOCTH, BbITE-
KalOT BakHbie (GU3MYeCKHe CIefCTBUS, KOTOPHe ocobeH-
HO CYUIECTBEHHBI B PeJNATHBUCTCKOH KBAHTOBOH TEODHH.

[Mycts 1 (x) — BoJHOBasg (YHKIUSA peNATHBUCTCKOH
YacTHIBL, KOTOPYIO NMyTeM pas3JioKeHHf B pAJL HJIH HHTe-
rpan @ypbe MOXKHO NPEACTaBHTb B BHME CYNEPNO3HIHH

TT0CKHX BOJH BUAA e y(k), rae k.k*<<0. IToaaras
e(k) =1, ectu k>0, unn e(k) =—1, ecan k<0, momxy-
yuM, uTo 4-BeKTOp £(k)k* GyneT ocobbiM (NGO KOMIOHEH-
Thl &(k)k* npu mo6Hx npeo6pasoBanusx u3 L ocranyt-

cqa HOJIO}KI/ITeJIbeI) " YTO MOXHO BBECTH OIlepaTop g, AJA

KOTOPOTO B Pa3JIOKEHHH ey (X) 1O MJIOCKUM BoaHAM 1 (k)
3aMenaiorca Ha e(k)y (k). M3 npuHuHNa nmoJIHON HHBA-

5}
PUAHTHOCTH CJIeAYeT, YTO HOCKOJbKY Oy = P co6cTBeH-
X
Hble 3HaueHHs p, ONepaTOPOB SHEPTHH-UMIYabca Npeol-
pasyioTcs, COOTBETCTBEHHO, KaK COCTABJSIONLNE NIPOCTOTO
H 0cO60r0 4-BeKTOPOB, TO B DEAATHBHUCTCKON TEODHH 34
onepaTopbl SHEPrHH-HMIVJbca LedecoobpasHo OpaTh He

3
——.—0,1, a
i

Py =2 %4, (5.126)

t

Wz (5.126) caemyer, uto cOGCTBeHHble 3HAYCHMA OI€-
paropoB P, paBubl p*=Hhe (k) k*, m03TOMY 17151 cOCTOSHUI
C OTPHIIATE/IbHBIMH YacTOTAMHU R* 3HeprHsA cp* Gyner cTpo-
ro TNOJOXKHTENbHOH. B pe3ynbTaTe ¢ 4acTHUAMH OKa3bl-
BaeTCs BO3MOXKHBIM CONOCTABJSATh COCTOSHHS C TOJOXKH-
TesJbHBIMH 49acTOTAMH, & C AHTHYACTHUAMH — COCTOSHHUS
¢ OTPHLATENBHBIMH 4YacTOTAMH, 4TO MPHBOLHT K TOJ-
HOCTDIO CHMMETPHYHOMY ONHCAHHIO YACTHL ¥ aHTHYACTHIL
(1 K OoTKasy OT AMPAKOBCKOTO IPEJCTABJEHHS YACTHL B

BHJE «IBIPOK»). BBeNeHHBIN BHIIIE OMEPATOP £ MOXKHO
HHTEPNPeTHPOBATb KAaK OMepaTop 3apsifa, IpHueM B He-
PeATHBHCTCKOM CJIyuae, KOria COCTOSIHUA C OTPHIATeNb-
HBIMH 4aCTOTAMH HE pacCMaTpHBAIOTCH; - ONEpaTop &
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MOXHO 3aMeHuTb Ha 1. Ilpu 3TOM OKasbiBaeTcs, 4TO BBE-
JieAHe omepaTopa 3apAia, KOCBEHHO OOGOCHOBbIBAaEMOe ¢
HNOMOIILIO TPUHIHUNA TOJHOH HHBAPHAHTHOCTH, COOTBET-
CTBYeT TeOpuH TNO3UTpoHOB DefinMaHa. [{eHCTBHTENbHO,
3aMeHa onepaTopa CMeIeHHs BO BpeMEHH  —- Ha & -0
IPUBOLHT K TOMY, UTO €CJIH YACTHUB! € MOJOXKHUTEIbHEIMH
Y4acTOTaMH JBHKYTCs IOCTyNaTeJbHO BO BPEMEHH, TO aH-
THYACTHIb], 00Jafalolie OTPHUATE/IbHBIMH YdaCTOTAMH,
6YAYT COIVIACHO ONpefeNeHHI0 & IBHraThbCd IONATHO BO
BPEMEHH, 4TO COOTBETCTBYeT MeToly (PeliHMaHa.

Pacemorpum Tenepb NpHIOMKeHHs TOHKHX ajare6pau-
4eCKHX MeTOIOB, CBf3aHHble ¢ H3YYeHHOH BLIIe TeopHeH
TpeaCTaBMeHU aCCOHATHBHEIX aare6p H € H3J0XKEeHHOH
B IpenbiaylieM naparpade asare6pandeckoil Teopuell
CHHHOPOB.

BeeneM KoMmieKcHble MaTpuubl Jupaka y, (x=1, 2,
3, 4) u vy;, cBA3aHHbBle U3BECTHBIMH COOTHOIICHHIMH

YaVp + V8Ya = 20ap Y5 = ViVaVsVs (5.127)
Ecan nosoxuTh
Ri=vy, Re=Vo Ry =Vy Ry = —ivy J =iy, (5.128)

TO R, NOpPOXKAAIOT acCOUMaTHBHYIO aare6py *A, xoropas,
corsiacHo § 5 ra. 4, usoMopdHa anre6pe MeHCTBUTENLHBIX
MaTpHL yeTBepToro nopaaka. [loaroMmy mMatpuus R, MOX-
HO BBHIOpAThb IeHCTBUTEJNbHBIMH, NPHUEM OT INPOH3BOJIb-
HOTO NpeJcTaB/JeHHs MaTPHL [[Mpaka MOMXKHO NepedTH K
AEACTBHTENIbHOMY NPEeACTABJICHHI0 C NOMOWIbIO IIpeos-
pasosanua Ay.A~', rne A — HeBHpoxAeHHas, B oblLIieM
cllyyae KOMIUIEKCHAs, KsajgparTHas wmarpuna. Ilpume-
pOM [eACTBHTENbHOTO NPENCTABJCHHA MOIyT CJAYXHTb
MaTPHIb

R, = O0BS,0™, R,=0BS,0, R,=0BS;0™,
R,=—OBJ*, = J—0I0" =RRRRY, (5.129)
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rpe
0100 0 0 01 1 00 0
s 1000 S 0 0-—10 0—10 0
t=loo004 1’3 {o—1t o037 {o 01 of
L0010 1 0 00 0 00—t
00 01 00—1 0
g_| 0o—to} , _[o0 o0~ , (5.130)
01 00 10 0 0
—10 00 01 0 0

a O — mpousBoJbHAs JeHCTBHTEJNbHAS OPTOrOHAJbHAN
mMaTpHia yerBeproro nopsaaka. I1poussosom B BhiGope O
MOMHO BOCTIOJb30BATLCSA JJI Nepexola OT OAHOTO JeicT-
BUTEILHOTO NpeNCTaBJEHHss K APYIOMY, a H3 OpTOro-
gaabHocTH MatpHusl O ¢ yueroMm (5.130) caenyer

13; =Ry Ri=Ry Ry =Ry Ry = —R,, J' =—J. (5.131)

C yueToM BBeIEHHOTO AEHCTBHTENBHOTO TpEeLCTaBJE-
HHA 049 MaTpul R, IeTaJu3upyeM pe3yabTaTe § 6 ri. 2
NPHMERHUTEeJbHO K HCIIONb3YEeMbIM B JaJbHednieM (QopMy-
JIaM COOTBETCTBHS MeXAYy YeThIpeXMepHBIMH [eHCTBH-
TeJbHLIMH BeJHYMHAMH U JBYMEPHBIMH KOMILIEKCHBHIMHU
BesiHurHaMHu. IlycThb ABYXKOMIIOHEHTHblE KOMIIJIEKCHbIE
cToN6Ub Ex, H KBAJPATHbIC KOMIJIEKCHBIe MATPHIBI BTO-
poOro mopsiika o, BbIpaxKaioTCs 4yepe3 NeHCTBUTE/bHbIE
CTONOUB! @k,  Y(xy H ACHCTBHTETbHBIE MATPHUB! Bay, Yy
no ¢gopmynam

Ew = Py + LAy Uy = By + Iy, (5.132)

IToctaBuM KaxAbIM £y H & B OLHO3HAUHOE COOTBETCT-
BHe JeHACTBHUTEJbHBIH YeTHIPeXKOMHOHEHTHBIH Ccrosbern
Y, ¥ [AeHCTBHTeNbHYIO MaTpuuy A, 4eTBepToro Imo-
panka:

10

Bk ~m,) ’
Yoy = (X(k))’ A(k)=0(7(k) Bee 0™ (5.133)

Ecau peficTeuTesnbHAs opTOroHaspHas MaTtpuia O coB-
najaeT ¢ eJMHHYHOH MaTpHUeH, TO U3 BTOPOH HopMYJH
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(5.133) B uactHoM ciyyae ciaenyoT dopmyian (2.64) u
(2.65) mpu n=2. HenocpeacTBeHHO NpoBepseTCd, 4TO
ec/u MaTpHUAM &, G, C Momomplo (5.133) mocrasJe-
HBI B COOTBETCTBHE HeHCTBHTeJbHble MATpUUb Ay, A,
TO NPOU3BEIEHHIO 1,02y COOTBETCTBYET IpOU3BENEHHE

*

AyA ), OSPMHUTOBO CONPSIKEHHBIM MAaTPHLAM  Ogy —
TPAHCIOHHPOBAHHBIE MATPHUH Ak, a HEOOXOAHMBIM H
AOCTaTOYHLIM YCJIOBHEM JJ51 TOTO, 4TOObl AEeHCTBUTEJNb-
Has KBajpaTHas MaTPHuUA YeTBEpPTOro mopsjpka A cOoT-
BeTCcTBOBasia (B cMblcie ¢opmyan (5.133)) marpuue
BTOPOTrO HOpsKa ¢, siBAsfeTcs KoMMmyTHposaHHe A ¢ J,
rie wmarpuua J onpemenera ¢opmynaamu (5.129) u
(5.130). B uyactHom ciyuae, Korga 3a JcHCTBUTEJbHBIE
MaTpHubl A, OGepyTcss KOMMYTHPYIOIHe ¢ J MaTpHIB
R.R,, R.R,, R.R,, u3s mpuBelieHHbIX Bbllie (GOpMYJ CJe-
AyeT, 4TO UM COOTBETCTBYIOT MaTpuuu I[laymu:

01 0 —i
R4RIH01:(1 O)’ R4Rz"’0’2: (i 0/’
(5.134)
1 0
> 0, = .
RyR5 <> 0y (0 _1)
rpe -— — CHMBOJ COOTBETCTBHA, OmNpeaeaaeMoro Io

(5.133).

BospMeM TaKoe HelicTBHTeJbHOe INpeicTaBJeHHE aJl-
reGper *A;, uTOOB Ga3UCHBIM 3JEMEHTAM €, COOTBETCTBO-
BaJM BBeleHHbe Bbimle MaTpunbl R,. Torma sneMeHTH S
H3 CMHMHOPHOH Tpynnel 6yAYT NMpeAcCTaBJEHH € MOMOHIbIO
COOTBETCTBYIOIUUX AeHACTBUTEAbHBIX MaTpHI[ S, TaK 4YTO
cnuHop ¢ npeobpasyercas B Sy. Ecnu cnunop paeiicrBu-
TeseH (T. e. SIBJSIETCH YETBIPEXKOMIOHEHTHHIM AEHCTBH-
TeJbHbIM CTONOLOM, 3KBHBAJEHTHBIM [BYXKOMIIOHEHTHO-
MY KOMILJIEKCHOMY CTOJ6ULY), TO OH GymeT ocTaBaThCA
LeACTBHTENbHBIM B pe3yJbTaTe JO6bX Ipeo6pasoBaHHi
u3 obuel rpynnsl Jlopenna. Matpuna S, coorseTcTByIO-
mwas npeobpasoBaHHIO U3 COGCTBEHHON rpymny JlopeHna,
ompegenserca no (5.94). Onupasick Ha popMy.n (5.86)
U (5.93), naiiieM, BO YTO NEPEXOAHT AeHCTBUTEAbHBIA
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cnuHop npu npeoGpasoBanuax P u T. BbasuchHbie BeKToO-
Pbl €, Oy[EeM CYMTaThb NMPOCTBIMH; JIUIIb NPH 3TOM YCJO-
BUM BEKTODH Xx%e, n y==e%0, OyayT Bectu cebs Kax
npocthie. Torna u3 (5.86) c yueroM ompenenenuil (5.48)
u (5.50) cnenyer, uto Aas npeofpasoBaHus P 3/eMeHT S
paBeH —e,, a Ija npeoGpasoBaHHsa I — paBeH —e,6,6;.
Coraacho § 4, ajeMeHT S onpenesseTcs € TOYHOCTBIO JO
3Haka, Mo3TOMy 1o oTHoweHuio K P, T u PT pelicTteu-
TEJbHBIA CHMHOpP MOXKeT INpeo0pasoBbIBATLCA JHIIL TI0
ofHOH U3 popMy.T:

Yp = Ryl Yr = IR, Vor = JP,

Pp = — Ry, Pr = — J Ry, Ypr =J§p,  (5.135)
Yp = Ry, Yr=—JRyp,  Ypr = —Jy,

Yp = — Ry, Yr = IR, Yor = — Jp.

B xauectBe marpuubl R H3 ¢opMynan (5.98), Kak HeTpyA-
HO HpOBepuUTb ¢ mnomombio (5.131), caenyer B3aTh

R:R1R2R3:JR4, H60
Ry =RRsR™,  (RaRpy = RRgR.R™  (a+B),
(5.136)

YTO 3KBHBaJIEHTHO (5.96).

N3 ¢opmyn (5.135) BHITeKaeT CyuiecTBOBaHHE YETHI- -
pex THIOB JLEeHCTBUTEJLHBIX CIHHOPOB, OTJIHUAIINXCS
MeXKAY COOOH JIUIIb 3aKOHAMH U3MeHeHHs MO OTHOIIEHHIO
K P u T. 3TO COOTBETCTBYET CYILECTBOBAHHUIO UETHIPEX
THNOB PEATHBHCTCKUX CKAJAPOB, TAK KAK, €C/IH B BHIPA-
WEHHH Q15 =Y (,R{ (2, AEHCTBHTENBHBII CIHHODP 1,
NpHHALJIEKHT K OJHOMY M3 NepeunciJeHHbx B (5.135)
THHOB, a Y, NOCJACAOBATEJIbHO OTOXJAECTBJSETCA C Aei-
CTBUTEJIbHBIM CIMHOPOM KaXJIOT0 H3 YeThipeX THIOB, TO
Qiz, OyleT nocnenoBaTeJbHO COBNANATb CO CKaJsipaMH
KaXX[0r0 M3 4eThipex THIOB, MEPEYHCJEHHBIX B TaGJHLE
(5.83). IlpuHuun MOJHOA HHBAPHAHTHOCTHM HAKJIALbIBAET
OrpaHyu4yeHHss Ha NPOH3BOJ B BHIGOPE THNOB AeHCTBUTEJb-
HBIX cnuHOpoB. [lycth, Hanpumep, Y, U P2, — ABa Aek-
CTBUTE/IbHEIX CNIHHOpPA. PacCMOTPHM  peJsiTHBHCTCKOE
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ypaBHeHHe

o :
Vi) = R G B = o (5.137)
X

rae V=R%0.. Ecan OBl Y1) ¥ 2, OblIH CIHHOPAMH pas-
HEIX THIIOB, TO NpH mnpeoGpasopanuu P uiam T neficTsH-
TeJIbHble CIUHOPBI Y1, U Pz, NEpeLlIH Obl, COOTBETCTBEH-
HO, B Y1y =S 1y, P2y =—SV(2), TPOCTOi BEKTOP V,=R*0a
nepenyer B 'v=S8yS-!, a ypasuenue (5.137) nepexoaut
B Avy,=—\e, [loaTomy ypasnenme (5.137), uuBapH-
AHTHOE OTHOCHTEJIbHO Lo, TIPH coeJaHHOM JONMYIIEHHH OY-
JieT HeHHBApHAaHTHO OTHOocUTeabHO L. UToOH 3T0 ypaBHe-
HHe YAOBJETBOPSJIO NPHHUHNY MOJHOH HHBADHAHTHOCTH,
Heo6X0AHMO TOTpefoBaTh, YTOOHl ¢y, H ) OBLIH CIU-
HOpaMH OJXHMHAKOBHIX THHOB.

C moMomiblo H3JIOKeHHBIX B KOHLe NpeAblayuiero na-
parpada Meronos (OcHOBaHHBIX Ha ¢opmynaax (5.99),
(5.100) ¥ aHAJOTHYHBIX COOTHOLIEHHSX, B KOTOPHE BXO-
AUT He OZHMH, a HECKOJNbKO HelCTBHUTENbHBIX CIHHOPOB)
ypaBHeHus Tuna (5.137) MOXKHO HepenucaTtb B BHJE TeH-
30pDHBIX ypaBHeHHH (CM. TaKXe JuUTepaTypHble YyKasa-
Husi). Ilpu 3ToM ocoGeHHO OueBHAHA BO3MOXKHOCTbL (NpH
COOTBETCTBYIOIIUX AOONpeJeIeHUs X TpaHchopMalHOHHBIX
CBOHCTB CIIHHOPOB) CeJIaTh WX WHBAPHAHTHBIMH He TOJb-
KO OTHOCHTENBHO L, HO M OTHOCHTEJNbHO 0Ouiedl Tpymibl
Jlopenna L. OTH ypaBHeHHs MOXKHO IepenHcaTh TaKke B
JBYXKOMIIOHEHTHOH KOMIUJIEKCHOH ¢opMe. YureM, uTo ye-
THIPEXKOMIOHEHTHOMY ACHCTBHTENBHOMY CTOJAOLY Ry sy,
coraacHo_ (5.133), cooTBeTcTByeT ABYXKOMIIOHEHTHBIH
cronben &g, TAe YEPTOUYKA O3HauaeT KOMILJIEKCHOE CO-
npsxende. M3 sroro ¢akra ciexyer, uto mpu mnepexone
OT AEHCTBUTEJIbHBIX CTONOLOB Y, K KOMIIEKCHBIM &4
nocsennue Oynyr npu npeoGpasoanusax P u T npeobpa-
30BBIBATBCSA AHTUIHHEHHO, C 3aMeHOH E(, HA ~+0,§;, HIH

4008, YMHOKasK (5.137) cnmeBa Ha R, u yuuTblBas
(5.133), (5.134), moayuum

9 9 9 P} _
( T O+ 02+ 0 5;) B = Ok (5.138)

o
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Ecin g,,=0, To (5.138) coBmajaer ¢ ABYXKOMIOHEHT-
HBIM ypaBHeHHeM Befus.

BBeniem caenyomiee onpefenenune, Cronbel P 6yneM
HA3bIBATh CAUHOPOM OupaKOBCKO20 TUNA, eCAH OH BHIpa-
JKaeTcd uepes JAeHCTBUTENbHBIE CIIMHOPH {1, H Y MO

tbopMyae
P = —;—-[(lp(z) + 'lp(l)) 4 iJ (lp(z) — 1|3(1))]- (5 139)

3necb P, H P NpH oTpaxenuax P, T moryr npeob-
PAa30BHIBATHCH NIO Pa3JUYHOMY THIY, ipuueM TpeboBaHHe,
uyTOOBI Mpeo6Gpa3OBAHHEIA NEeHCTBUTEJNBHBIN (MJIH, YTO TO
e caMoe, KOMIJIEKCHBIH IBYXKOMIIOHEHTHBIH) CIHHOD
BHIpayKaJjcsA uepes cTapbie 3HAuUeHHS 3ITOrO iKe CaMoro
(a He ppyroro) KeHCTBHTENBHOI'O CIHHOPA, NPHBOLHT K
HCKJIIOUeHUI0 GOJBIIOro 4Hcjaa BO3MOXKHOCTell mpeobpa-
30BaHHA 1, COOTBETCTBYIOIIHX OTPaxKeHUAM C 3aMeHOH
Yy HA Yoy B Pzy HA Py

CrnpaBennuBO Clefyiouiee yTBEPKACHHE,

[Tycts ¢, %, Y — cnuHOpPH JAHpaKoBcKoro tuna, A —
MaTpHua HJH ONepaTop, HMEeWIas B,

A= % (A + Aw) +id (Aw — Au)l,  (5.140)

rne A, An, neficrBurenshbl u y=Ay. Torpa, eciu
AJ:JA,TO

Yoy =Awky %o = Awbon (5.141)
20"A = ewAn Y+ Pwdebe +
+ (P Appey) — (Pal Agpa)l  (5.142)
20" Ay = iAo + 9aAabe +
+ 1 (@) Awpe) — (@l Aayp))- (5.143)
Ecin ke AJ = —JA, 10

Xy = A(Z)‘P(Z)v Xy = I‘Tu)‘-lJu), (5.144)
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20*4y = oudebe + (P’(’zy{mlbu) + o
+ (P Anym) — (P S Ape)]l,  (5.145)

2CP'1‘flP = Csz)ﬁu) Yoy ?Ez)/imlli(e) + X
il Ay b)) — (P Aebe)].  (5.146)

JlokasaTenbCTBO HEHNOCPELCTBEHHO NOJyuaeTcs B pe-
3yJabTaTe NONCTAHOBKH M 3JeMeHTapHbIX mpeob6paso-
BAHHUH.

B kauecTBe nepBOro mpuMepa INPHMEHEHHd BBLINHCAH-
HBIX (OpPMYJ PacCMOTPHM COOTHOIIEHHS, HCNOJb3YyeMble
JJIs OTIpe/leJIeHUsT BOIHOBOH (QYHKIHH JBYXKOMIIOHEHTHO-
ro HeUTPHHO:

(14 ¥ =0 mm (I—y)p=0. (5.147)

3amenss, B cootBeTcTBHY ¢ (5.128), y; Ha — iJ, us (5.140)
TNOJTyYHM, 4TO B TlepBoM cayuae A =0, A,=1, a Bo BTO-
pom — Ay, =0, Ap,=1. [MockonbKky Marpuua A KOMMYy-
THpyeT ¢ J, To 37ech UMeloT MecTo Gopmyanl (5.141), oT-
KyJa cJelyeT, 4TO NepBoe cooTHomeHHe (5.147) sksuBa-
JIGHTHO YCJOBHIO {4, =0, a BTOpOE — YCIOBHIO P2, =0.
3TO NokasbiBaeT, YTO MNPH YcJaoBHH (5.147) HeATpHHO
MOXHO XapaKTepH30BaTb OJHHM JeHCTBHTENbHLIM CIHHO-
poum. Ilpu 3ToM ypaBHeHue Bellsis, npuMensiemoe 1Jisi ONHU-
CaHHsl JIBYXKOMIIOHEHTHOrO HeATPHHO, COTJIACHO Tpenbl-
IYLUIUM DPe3yJbTaTaM MOXKHO CUHTATb HHBAPHAHTHBIM OT-
HOCHTEJIbHO JIOGBIX Npeo0pasoBaHHil U3 ofIell TpYIILL
Jlopenua.

B KauecTBe BTOPOro mpuMepa paccMOTPHM TaMHJbBTO-
HHAH YHHBEPCAJbHOrO ¢Ja6Oro B3aHMOLEHCTBHS

Hen = GI$paR,Ra (1 — i) ] - [§cRR™ (1= id) ] +
-+ 3DMHTOBD COMDSIKEHHbIE WiaeHul. (5.148)

3necb G —— yHUBepcaJibHasg MOCTOSHHASA, (4, P, Pe, Yo —
YeTHIPeXKOMIIOHEHTHbIE BOJIHOBbIe (QYHKIUH THPAKOBCKO-
ro tuna anas vactun A, B, C, D co cuunamu 1/2, npuuem
y GONBIIMHCTBA aBTOPOB OOBIYHO MATPHIL 0603HAYAIOTCS
HEeCKOJNbKO HHaue (BMecto (1—iJ) mumerca (I-49s)
H 1. A-—cMm. (5.128)). Tlosaras B (5.140) A=
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=R,R*(1—i]), A.=0, A, =R.R*, cornacuo (5.142)
TOJTyYHUM

Heyp = — % [pean RaRapizn] [icnRaR ion] +

-+ —z- [Wpeand RyRabisn)] [T R{R*Wonh  (5.149)

HJIH, NOCJIe Tepexofa OT AeHCTBHTENbHBIX YeThIPeXKOM-
MOHEHTHBIX CTOJGUOB 44y, ... K COOTBETCTBYIOLUIMM HM
IBYXKOMIIOHEHTHBIM KOMILTEKCHBIM croabuam Eu, ...,

Hen = — - (EA0uta) (50°%0) +
-~ 3DMHTOBO CONpAXeHHEIe uJeHbl, (5.150)

rae o,=¢" — marpuust [laymu, o,=—c*=1. OTciona BH-
TeKaeT cJefyloniee YTBEpKIEHHe: YHHBepcaJbHasg TeO-
pua cnalbBIX B3aHMONEHCTBHH CBHIETENbCTBYET O TOM,
4TO COCTOAHHA BCEX YaCTHIl €O COHHAaMu 1/2 crenyer omu-
CbIBATb INIPH INOMOILU PEJATHBUCTCKHUX ABYXKOMIIOHEHT-
HBIX BOJIHOBBIX ()YHKUHMH HJH 3KBHBAJEHTHBIX HM YeThl-
PEXKOMIIOHEHTHBIX HeHCTBUTEJbHBIX BOJHOBLIX (DYHKIIHA.
YeTripeXKOMIIOHEHTHEIE KOMIIJIEKCHBIE NHPAKOBCKHE BOJ-
HOBBIe (YHKHUUH CJEXYET CUMTAThb NPOU3BOAHBIMH BeJH-
YUHAMH, ONpefiendeMbIMU MO UCXOAHBIM ABYXKOMIIOHEHT-
HBIM BOJIHOBHIM (YHKUHAM. Jlajee, €ClTH Prasy, Wizn, Yoty
P(p1, ABJIAIOTCA ACHCTBUTENbHBIMH CIHHODAMH OJHHAKO-
BBIX THIOB, TO BbipaxeHue (5.149) OyaeT UHBAPUAHTHO
OTHOCHTeNbHO JIO6BIX npeobpa3oBaHuil u3 0o6mell Tpym-
n:1 Jlopenua. DTo IOKasbiBaeT, 4TO IepeolpelesieHHe
TpaHCcHOPMAIUOHHBIX CBOHCTB OTHEJbHbIX BEJHYHH MO
oTHoweHKO K P u T mnosBosfeT LJd BCeX ONBITOB, CBSI-
3aHHBIX C YHUBepCaJbHOH TeopHell cnaabbXx B3auMome-
CTBUH, J0OHTHCS COOTBETCTBUA C NPHUHIHIIOM HOJHOH HH-
BaDHAHTHOCTH (PU3NUECKUX YPaBHEHHUIL.

Paccmorpnm Tenepb ueTbIPEXKOMIOHEHTHOE ypaBHe-
nue Jlupaka H COOTBETCTBYIOLIEe €My TOJHOCTbIO PeJATH-
BHCTCKO€ IBYXKOMIIOHEHTHOe ypaBHeHHe [Jif 3JeKTPOHA
HJH TMO3UTPOHA BO BHEIIHEM 3JeKTPOMAaTHHUTHOM IIOJe,
XapakKTepu3syeMoM BEeKTODHBIM NoTéHuuanoM A,. Bynem
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CYHTATb 3JEKTPOMArHHTHOE MoJie HACTOJbKO -C1abhiM,
yTOOBI POXKIEHHEe YACTHI, H aHTHYACTHII MOXHO GHJIO He
YUHTEIBATb, TAK YTO BOJHOBAst GYHKIHS 4yaCTULBl ABJSET-
ca co6eTBeHHON (yHKiMel omepaTtopa 3apfana:

ep=ep, =221, (5.151)
rae IJs 3AeKTpoHa OymeM CUHTaTh e=-—1, a QJsd MO3H-
TpoHa ¢= + 1. Torna ypaBHeHue Jlupaka npHHHMAaeT BHJ

(haV i -‘E-A) W ="y, (5.152)
c

rae y=R%0.,, A=R%A,, e —3apan sjekTpoHa. DBeps
KOMILJIEKCHO CONpsi)KEHHblE 3HaueHHsi OT obeux uacrel
(5.152), mosyunm, uTo 3aMeHa P Ha | COOTBETCTBYET Ie-
peXOmy OT YAacTHIbl K aHTH4YacTdile. B CooTBeTCTBHH ¢
(5.140) noJsoxkum

A=rhey—i TA = —12— [(Aw + Aw) + iJ (Aw “‘Au))]’
: (5.153_)
OTKYZ
Ag =hey ——=-J4,  Aw = heV + 24, (5.154)
c

u ¢opmyasl (5.144) gmaior -
Moy = Aanpe = (kBV ——z~ Y A) Y, (5.155)

mOClp(é) = A(l)‘l’(l‘ = <h8V+ -% JA) 1{}(1). . » (5156)

ByneM cunraTh, 4TO HEe TOJBKO MO OTHOLIEHHIO K CJa-
6bIM B3aUMOJEHCTBHAM, HO H B CJIyyae 3JeKTPOMATHHUT-
HbIX B3aHMONEHCTBHA COCTOAHHE YACTHIBI CO CIHHOM 1/2
JHOJKHO ONHCHIBATbCA € INOMOLIbIO JBYXKOMNOHEHTHOH
BOJIHOBOH (DYHKIHE &, SKBHBAJEHTHOH NeHCTBHTeJbHOMY
CIHHHODY Y1), TOILa KaK YeThIPEXKOMIOHEHTHYIO KOMII-
JIEKCHYI0  IMPAKOBCKYI0 BOJIHOBYIO (YHKIHIO C/Iefyer
CunTaTh MPousBoAHON BeAnurHoH. [Toxcrasass (5.156) B
(5.155); mnomyurM, 4To BOJHOBOE ypaBHeHHe AT P(i,
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HMeeT BHI
m

(6 —204) (o5 + £-74) o = T (5.157)

TMepexonst OT NeHCTBHTENbHLIX BeJHYHH K KOMILJIEKCHBIM
¢ momoinpo (5.133), (5.134) u npousBois 37eMeHTapHbIE
BHIKTaNKK (cM. Takxe JHTepaTypHBEe YKasaHus), MO-
JIYYHM

U fohi O o) — S (ehi, + 2 Al
[ (271 57 o) =3, (ehion - 4s) —

— i — ﬂio‘u'u,Fulm] E(x) =0, (5.158)
c

rape F%% — g%A™ — 6“’/1“', I:O'aiazFu'u’ = iO'kEk — O'ka.
JByxkoMnoHeHTHoe ypaBHeHue (5.157)—(5.158) Bnep-
Bble GbiIO BBeLeHO aBTOpoM B 1955 r., ucxoas us coobpa-
KeHHH, CBA3aHHBIX C PEMATHBHCTCKAM 0000IIeHHeM Hepe-
JSTHBHCTCKOTO ABYXKOMNOHEHTHOTO ypaBHeHus Ilayad,
a 3ateM, B 1958 r., Obl0 mepeoTKphiTo PefHMaHOM H
Tenn-MaHHOM B CBSI3H C PAacCMOTPEHHOH BhIIlle YHHBED-
casbHOH TeopneH cnabbiXx B3aHMOLEHCTBHI.

Ec/an u3BeCTHO pellleHHe ABYXKOMIIOHEHTHOTO peJsiTH-
BHCTCKOrO ypaBHeHHs (5.158) mam (5.157), To ¢, Ha-
xonutcs ¢ nomoupio (5.156), mocsie uero ueTblpeXxKOMIIO-
HeHTHad BoJsiHOBas (YHKOHS NHPAKOBCKOTO THMA, ONpe-
nenseMmas no (5.139), Oyier ymoBJeTBOPATbL ypaBHe-
uuto Jupaka. Ilpum mnpocTpaHcTBeHHOM oOTpaXeHun P
HEeHCTBUTEJNbHBIE CIHHOPBL Yy, H P, OXHOBPEMEHHO
YMHOKAIOTCS Ha OJHY U TY Ke MaTpHIly, ONnpefesieMylo
no (5.135) u antukommyTupylomylo ¢ J. Hanpumep, ecin
'll)(i)p:Rl,'lp((), TO JR4=_R1,J " 1o (5139) 'lpp=R4'lp. OT-
CIOla CJNEeNYeT, UTO €CJH NEPBHUHBIM CUHTATH IOJHOCTHIO
peJIATHBHCTCKOE [BYXKOMIIOHeHTHoe YypaBHeHue (5.157)
anu (5.158), To Gyner cnpaBeasHBo ypaBHeHHe J[upaxa,
OJHAaKO NPH NMPOCTPAHCTBEHHBIX OTPaXKEHUSX [IHUPAKOB-
cKasi BoMHOBas# (QYHKUHMA NOJKHa OymeT nmpeoGpasoBhl-
BaTbCAd AHTHJIHHEHHO, ¢ 3aMEHOH Ha KOMIJIEKCHO COMps-
KEHHY!0, T. €. Mo 3aKOHy KOMOHHHDOBAaHHOH HHBEDCHH.
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WHBAPHAHTHO-TPYIIITOBBIE
XAPAKTEPUCTHKH ®U3HYECKHX CHCTEM

§ 1. I'pynna TlyaHkape H cneliHaJbHad TeOpHs
OTHOCHTENbHOCTH

ITycth x® — yeTHIpe KOOpJHHATHI, CBA3aHHHIE MEXKAY CO-
00l COOTHOIIEHHEM

4 4
Goproxb = 2 Z Zopx®xB = inv, 6.1

a=1 =1

To€ Zap — KOMIIOHEHTBHI METPH4YECKOI0 TEeH30pa 4YeThipeXx-
MEpHOIo NpoCTPaHCTBAa, B HAUleM CJjayduae paBHHE

gn=8n=gn=1 Suu=—1 gp=0 mpu a==f.

(6.2)
KommonenTsl o6paTHOro TeH3opa g%, onpenenseMHe Hu3
g%Bggq, = dal, (6.3)

Kaxk crenyer U3 (6.2), COBMagaioT ¢ Gup, T. €. Z%F=gqq.

Ob6wasn epynna Jlopenya COCTOHT U3 JUHEHHBIX Ipe-
o6pa3oBaHuil KoopauHAT X% He MeHsomux (6.1). Ee
reHepaTopamy, Kak cienyer u3 (6.1), 6ynyT, Bo-nepBhIX,
reHepaTopbl TIpPynnbl BpallleHU# TpPexXMepHOro mpo-
CTPAHCTBA:

Ml = x203 -—_ xgagg .Mg == xaal — xlag, M3 = xlag — xga]_,
(6.4)
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J
TAe Xq = Zopxby 0o = 5= b BO-BTODHIX, TeHEPaTOPH, co-

OTBETCTBYIOLHE NMOBOPOTaM B mJockocTsX (6.4):

Uz (6.4) u (6.5) caenyer, 4To reHepaTopsl rpynnsl Jlo-
peHHa CBA3aHbl MexJy coboil clefylOmuMH INepecTaHo-
BOUHBIMH COOTHOLIEHHSIMK (e MHOroToune oBo3Haudaer
aHaJOTHYHble COOTHOLIEHHS, MOJyYeHHBIe B pe3yJbTaTe
HUKJINYECKOH NMepeCTaHOBKH HHJAEKCOB 1, 2, 3):

My My] = — Mgy ..., [Ny, Ny = —:—;Mg, eer (66)
[Nlr M2]=_'[N29 Ml]:—N3, .eg (6.7)

Heodnopoonas (10-napaMerpuueckasi) epynna Jlo-
penya, HaspiBaeMasi Takxke rpynnoii [lyankape, coxpans-
eT MeTpHYecKyio (popMy

Zopdx®dxP = — ¢* dv? (6.8)

U noJdyvaercs u3 obuiefi rpynnbl JlopeHna B pe3yJbTarTe
n06aBjenns INpeoOpa3oBaHUN NPOCTPAHCTBEHHOIO CMe-
HIeHHsi C reHeparopamu P,=0J, U npeo6pasoBaHusa Bpe- .
MEHHOI'0 CMelleHHsi ¢ TreHepaTopoM H= ca‘—cP‘—E-
M3 BoIpaKeHHH [J/151 ['eHepaTOpPOB CMellleHHH CleayeT, uTo
OHH CBf3aHBl APYr C APYIOM W C reHepatopamu oOiei
rnvnnbl JIopeHna nepeCTaHOBOYHBIMU COOTHOINEHUSIMH

[Pry Pe] =0,  [H, Py =0, (6.9)

[Ni,s Pr,] = %‘5@&.[‘1, [H, Npl = —P, [H, M =0,
_ (6.10)

[Py, Myl = — [P, Ml] =—P,, ... (6.11)

ﬂecmunapameTpnqecxy}o rpynny JIu G, y Kortopo#
TéHepaTOpH CBA3aHBl NEPeCTAHOBOYHBIMH COOTHOMIEHHUS-
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mu (6.6), (6.7), (6.9)—(6.11), Torna Kax BUL 3THX Te-
HepaTopOB CUHTAETCsi NPOU3BOJbHBLIM, GyneM HasblBaTh
a6erpaktHol epynnodi Ilyanxape. T'pynna Jlu G, y Koro-
poil nepecTaHOBOUHBIE COOTHOILEHHS I I'eHepaToOPOB OT-
JAWYalOTCs Juilb TeM, 4to B (6.6) u (6.10) mocrosHHas
1/ct monoxena paBHO¥ HYJIO, HasbiBaeTcs epynnoi l'a-
aunesn. Takum obpasom, rpynna ['anuies nosydaercs U3
rpynnbl [Iyankape B npenejbHOM ciaydae ¢—oo, a €cama
NOCTOSIHHAA ¢, UHTePNPeTHPYyeMasd Kak NpefesbHAas CKO-
pocTb (CKOPOCTb CBeTa), B OGINEM CIydyae HMeeT YeTKHH
MHBAapHaHTHO-IPYNNOBO# cMbica. B ¢Bolo ouepenb H caMma
rpynna [lyankape mosyyaercs ¢ HNOMOMIBIO NpefesbHOIO
nepexoga R-»oco H3 TPYyNNbl [ABHXKEHHH NPOCTPAHCTBA
@dpuaMaHa NOCTOAHHON OTPHIATEbHON KPUBH3HBL. [ pyn-
na ABWXKEHHH mnpocTpaHcTBa PpuaMmana ompenensercs
Kak rpynna ¢ reHepatopaMu P, u Mg, rie

M12 —= Mg, ‘Mgg == Ml’ M31 == MZ’ M4k - CNk, P4 = H/C
(6.12)

NpHYeM NePeCTaHOBOUHbIE COOTHOWIEHHs 3TOfl PYNNbI OT-
JIUYAIOTCH OT NePeCTaHOBOUHBIX COOTHOLIEHHH TPYIIIbI
Ilyankape suumb TeMm, uto (6.9) -3aMeHsA0TC Ha

[Pa» Pgl = — Mag/R%, (6.13)

YpaBHeHHA (PH3MKH HHBaPHAHTHBI OTHOCHTEJLHO TPyI-
nul JIn G, eciiy BBHIIOJHAIOTCA CAEAYIOLME ABa YCJIOBHS.

1. IIns Bcex (H3MYECKHX BeJHUHH ONpeleseH 3aKOH
UX M3MeHeHHs MO OTHOLIeHHIO K rpynne G. [Ipu 3ToM nojx
(hH3WYEeCKHMHE BEJNHUYHHAMH MOIYT MNOHUMAaTbcs Habulo-
naeMble, YUCIOBbIE 3HAYEHHs HaOJIOfaeMblX, (H3NUECKHE
NOCTOSIHHbIE (HampHMep, 3apanbl YacTHI) H YHCAOBbIE
napaMeTpnl, HMelomMe (UIHIECKHH cMbICa (HamnpuMep,
BPeMs), a 3aKOHOM H3MeHeHHst (PU3HYECKHX BeJHYHH 10
OTHOLIEHHIO K I'PYIIe yCTAaHaBJIUBAeTCHd 3aBHCHMOCTb OJ1-
HHX (H3HUECKHX BEJHYHH OT APYIHX BeJUYMH H OT napa-
MeTpoB rpymns G.

2. Ecnv B moboli ¢usrueckoil sagade, B KOTOPOH MO
ONHHUM (H3HYeCKHM BeanunHaM @, KOTOPble MOXKHO Ha-
3BaTb 33JaBaeMbIMH, HaXOJATCA JAPYrHe (H3HYeCKHE
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BevunHbl @, TaK Ha3biBaeMble ONpefensieMble, TO Ipeot-
pasoBaune T u3 G, npuMeHeHHoOe K CHCTeMe 33/1aBaeMbIX
eanunn @,, nepesogur @, B TaKyl HOBYI (H3HYECKH
BO3MOXHYIO CHCTEMY 3afiaBaeMblx BeauynH Id,, 1 Ko-
TOpO¥ onpeRensieMbiMH Beanunuamu 6ynyt 7'd. Bonpoc o
TOM, KaKHe BEeJHUHHBl CYHTATb 3aAaBaeMbIMH, a KaKne —
OnpeleNsieMbIMH, 3aBHCHT OT KOHKDPETHBIX IPAKTHYECKHX
YCJOBHH, ¥ B pasHBIX 3ajlauaX HX BbIOOpP MoxeT ObITb
Pa3JHYHBIM.

Crpykrypa rpynmsl (G, xapakTepusywineH HHBapH-
aHTHble CBOHCTBA (H3MYECKHX sABJEHHIl, TecHeHIIHM 00-
pa3oM cBA3aHa C OCOGEHHOCTSMH OCHOBHBIX 34KOHOB H
ypaBHeHUN (HH3MKH, [PHYeM HajW4He HHBAPHAHTHOCTH
OTHOCHTE€JIbHO TOH HJH HHOH I'DYNNbl HaKJAaAbBaeT XKeCT-
KHe OIpPaHHYeHHS] HA BO3MOXKHBIH BBHIOODP OCHOBHBIX
(du3ndecKuX ypaBHeHH#. Bosiee TOro, mockoJbKy H caMu
(u3sMuecKne BeJHYHHBI MOJKHBI ONpEefeNsTbcd He INPo-
H3BOJIBHO, a ¢ YY4eTOM 3aKOHOB (DHM3HKH, TO Iepexoj OT
O/IHOM OCHOBHOH I'PyNmbl K APYrofl, U3 KOTOPOH IepBas
noJyuaeTcs B pe3dyJbTaTe NpefedbHOro mnepexona, HoJ-
KeH NPHBOAUTb TaKkKe K HeoOXONHMOCTH H3MeHEHHS
OCHOBHBIX TOHATHA M BequdyuH. VI3MeHeHue MOHATHE o
CBOACTBAX NPOCTPAHCTBA M BPEMEHH, NPeAJONKeHHoe
OUHIITEHOM B CBSI3M C CO3[IaHHEM CHelHaJbHOH TeopHH
OTHOCHTEJNBHOCTH, KaK pa3 U CBS3aHO C YKAa3aHHBIM
006CTOSATEJNbCTBOM. .

B3siTHe I'DynnoBLIX MOHATHH B KAayecTBe OCHOBHI, OT-
JMYamolled crenyanbHyl0 TEOPHIO OTHOCHTEJBHOCTH OT
HEePeNATHBHCTCKOH TEOPHH NMPOCTPAHCTBA M BPEMEHH, CO-
OTBETCTBYeT IPYNIOBOMY MOAXOAY K FeOMeTPHH, Befyilie-
My HayaJso oT Kiaefina. C Toukn 3peHus Kieiina, raaBHoe
B IeOMeTpHH — 3TO Ipynna npeoOpazoBaHuil, Torga Kak
CBOHCTBa npeo6pasyeMbix O00BEKTOB — Beml# BTOPOCTe-
nennble. ITorpe6HocTn paspaGoTku o6uiell TeopHH, 06b-
eIMHAIOme! HeCKOJbKO HpefesbHbIX (H3HUeCKHX H [eo-
MeTPHUECKHX TeOPHH, mpuBesan K caenywoiemy obobme-
HHIO nporpaMmbl Kieiina (cM. JHTepaTypHble YKa3aHHs).
Heo6xoniMo nepefiTH 0T HHBaPHAHTHO-TPYNNOBOLO H3Y-
YeHHs: OJHOH OTAENbHO B3ATOH (DH3HUECKOH TEOPHH HJH
reoMeTpuu, noHuMaeMor B cMbicie Koeitna (1. e. xapak-
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Tepu3yeMoll 3aJlaHHeM OCHOBHOH Ipymnnbl), K OXHOBpe-
MEeHHOMY H3y4YeHHIO Cpa3y TOTO HJH HHOIO MHOXKeCTBa
npeReabHbX Teopui. Torma HeKoTopble (PU3HUECKHE H
reoMeTpHuYecKHe CBOHCTBA OyAYT MHBAPHAHTHBIMH Xapak-
TEPHCTHKAMH BCETO MHOMKECTBAa TeOPHH — HX cJaeayeT
paccmaTpuBath B HepBylo odepenb. pyrue cBoiictBa 6y-
LYT crnenu(uuHBl TOJIbKO [ KOHKPETHHIX TNpejcTaBJe-
HHJ MHOXecTBa M OYIYT MeHATbCA IpPH IpPefeabHOM Ie-
pexofie OT 0ZHOH TEOPHH K APyTrofl.

C yuetoM ofoO6uieHHs mporpaMmbl KiefiHa paccMorT-
puM cBoHCTBa, oOuiue AJs TEOPHH, ¥ KOTOPHX OCHOBHOH
rpynnoii G cayKHT 0ZHA U3 TPEX TPYII, CBA3aHHBIX MeX-
Ly coOoH 11emoYKOl MpefesabHBIX nepexonos: rpymma [a-
auneq, rpynna Ilyaukape wiu rpynna ABHKeHHH NIPOCT-
paHctBa ®puamana. [loab3ydcb  CTPYKTYPOHAHBIMH
ofo3HaueHUsIMH, BBeJEM caelyloliee onpenenente. I1ycTsb
[ — nuHeliHOe BEKTOPHOE INPOCTPAHCTBO, COCTOAINEE H3
aq1eMeHTOB aare6psl JIu nasg rpymnst G, tak uro [/, [J=1.
JIMHeliHOe MORNPOCTPAHCTBO M M3 [ HaswIBaeTcs1 cneyu-
arvrol nodaazebpoil Jlu, ecin | MOXKHO NpPeNCTaBHTb B
BHJe MPAMOH CYMMBI mj+n, T. €.

l=m)n, m{in =0, (6.14)

TIe HOANPOCTPAHCTBA M H N CBA3aHBl COQTHOIIEHHSMH
(cu. Takxke (3.17)):

m, m]< m, [m, n] &< n. (6.15)

Torpa MHBapHaHTHLIM CBOHCTBOM IJISt TPEX YHOMSHYTHIX
Bblle rpynn JIu (T. e. CBOHCTBOM, He MeHSIOI{UMCH TPH
npefieJbHbIX NePexofax ¢—oco, R-—»o00), Kak cleayeT H3
(6.6)—(6.7) n (6.9)—(6.13), sABAsIETCH yCJIOBHE CHENH-
anbHOCTH nopanre6p JI¥ Tperbero u uiecToro paura, o6-
Pa3yIHMHE KOTOPHIX OyNyT, COOTBETCTBeHHO, M, u N,.
CrennajbHOMYy pasJioxeHHio aare6ps JIu [ craBuTCs B
COOTBETCTBHE ClIeNHaJbHOE Pa3JIOKeHHe KOHEUHbIX TPYH-
MoBLIX NpeobpaszoBanuil 7 us rpynnsl G, cBsA3aHHOe C 3a-
MeHOH KaHOHMYeCKHX NapaMeTpPoB E* Ha HOBble, TaK Ha-
3bIBae€Mble CrelHaJbHble, IPYNNOBHE napaMeTpbl. B Ha-
LIeM cJydae crenyajbHOe PasjoXkKeHHe HMeeT BHL

T = exp (r°Py) exp (4*Ny) exp (05 M), (6.16)
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1
rie P,= —H, a r*, u*, ® — DecATb HE3aBUCHUMBIX CIlCLH-
[ .

aJbHBIX IapaMeTpoB, KOTOpble MOXKHO BLIPA3HTb yepes
JlecsiTb KAHOHHYeCKHUX apaMeTpoB E*, ecyu npaByio yactb
(6.16) mpupaBHsTb exp (§'X.).

O6o03HauuM uepes e, Ga3HCHHE 3JEMEHTH ClENHa/b-
HOH mojpaare6psl JIu m u depes e, — GasuCHbE 3J1eMeH-
Thl JONMOJHHTENLHOTG MOAIPOCTpancTBa n. Torma H3
(6.14) caenyer

v Wy By
o, =0, Cipy = —Cy, = UL (6.17)

HOQTOMy MaTpuna Cg C 3JIeMeHTaMHu
_ Aol Ay &V
(CE)L, - CA'M = Cl—‘«kzg + CV}lzg

U BCe MaTpHuHble QYHKIHH OT Hee, HMelouHe BH] CTENeH-
HBIX pfA0B, pacnajaioTcsl Ha ABa QHAroHaJbHBIX 0J0Ka,
T4K 4TO, HalpHuMep,

(Gt =0, )N =0, U@ =0, U@ =0. (6.18)
Otciofla, B 4acTHOCTH, CJIeLyeT:
exp (§nXu) [exp (E'Xy) exp (B Xu)] = [exp (E;X,) X

X exp (8'X,) exp (— EnXp)] exp (S Xy) exp (B Xy), (6.19)

rae ¢ yuetoMm (5.22) umeem

exp (8nXy) exp (' X.) exp (— &1 X,) = exp [(E)' Xu)»

(6.20)
(€)= (exp Gy 5™

Gopmyasl (6.19) u (6.20) JexkaT B ocHOBe (HH3MUECKHX
(pHMEHEHHUH cHenHa bHbIX noaadredp u nonrpymnn Jiu,
Has rpynnb 'anunes n rpynnbl [lyankape, xapaxrte-
PH3YIOIIMX HHBADHAHTHbIE CBOHCTBA (PH3HUYECKHX TEOPHH,
(DHUHUMAETCs, YTO KaK A/ KJIaCCHYeCKHX, TaK H Mg
KB4HTOBLIX CHCTeM reHepaTopwl P, u H=cP, nmeior
CMbICJI, COOTBETCTBEHHO, OIIePaTOPOB NPOCTPAHCTBEHHOI'O
CMEIUEHHS] M Onepartopa CMelleHHs BpeMeHH. [lpyrumu
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cjoBamy, npeobpasoBaHue

T™ = exp (r°Py) = exp (r'P, + r*Py +r*Py + tH), r*=cf,
(6.21)

HMeeT CMbICJA NpeoOpa3oBaHHsd, NepeBOAALIEro (QHu3nye-
CKYI0 CHCTEMY, pacCMaTpHBaeMyl0 B MOMEHT BpeMeHH
t=0, K Toll ke cHcTeMe, pacCMaTpHBaeMOd B MOMeHT Bpe-
MEHH ¢ H TPOCTPAHCTBEHHO CMELIEHHOH Ha Bekrop r').
TakuM nyTeM, KaK B HEPeJdTHBHCTCKOH, TaK H B peasTH-
BHCTCKOH TEOPHH M3 IPYNNOBBIX cOOOpaXKEeHHH YeTKo oll-
penessiioTcss M3MEHEHHs YHCJAOBBIX 3HAUEHHH IPOCTpaH-
CTBEHHO-BPEMEHHBEIX KOOPJHMHAT, TOTAa KaK CaMH 4HCJO-
Bble 3HAYEHHT KOOPAHMHAT B KBAaHTOBOH MeXaHHKE H B
CTAaTHCTHYECKOH KJaCCHUeCKOH MeXaHHKe OynyT ompene-
JATbCA JHIUIb KaK CPeJHHEe BeJHYHHBL

BoisicHuM Tenepb (H3MYeCKHH CMBICA BXOAALIHX B
(6.16) rpynnmoBbix mapamMeTpoB u*. Bynem paccMaTpuBaThb
oiHOBpeMeHHO chayuaid rpynnsl ITyankape ¥ rpynnsl [a-
Jujed (AjdsA mocieiHeil Bo Bcex (popMy.aax ciaefyer 1no-
J10%uTb 1/c==0). [1pu peiictBuu Ha I'™* cieBa npeobpa-
soBaHHeM [ “=—exp(#*N,) npeo6pasoBanue I7~' 3aMme-
HAETCH Ha cJefylouiee CHelHadbHOe pasJoiKeHHue:

T*T™ = (T“T™' T T*=T""T" (6.22)

[Monoxum B (6.20) &= (r*, 1), X,= (Ps, H) u yutem, uTo,
Kak cuenyer u3 (6.18), marpuna C, pacnapaercs Ha
AMaroHaJjbHble GJIOKH, IPHYEM Ta ee 4aCTb, KOTopas Aeil-
CTBYeT Ha KOMIIOHEHTHI r*, corjacHo (6.9)—(6.11) umeer
BHJ

0 0 0 ut
) 0 0 0
Cy' = 0 o R E (6.23)

ulfe®  wrfct w3l O

') 3aMeTHM, yTO B MATEeMATHYECKOM OTHOLIEHUK H3yYeHHe IPyIIibl
Ipeo6pasoBaHuii cHCTeMBl OTCUETA, IO OTHOLUEHHIO K KOTOPOH 3a3al0T-
€Sl KaKHe-TO MATeMaTH4eCKHE (QUIYphl, SKBUBAJEHTHO H3YYEHHIO [DPYI-
Ipl npeoGpasoBanuil 8THX GHCYp IpH HEH3MEHHOH CHCTEME OTcueTa.
[lostomy onuu 1 Te Xe npeobpasoBanus T MOXKHO KHTEPIPETHPOBATH
Hlp Kaxk npeoOpasoBanus (PH3HUECKHX CHCTEM IIPH HEH3MEHHOM CH-
CTeME OTCYETA, HIH KAK NPpeobpas3oBaHHs CHCTEMB! OTCHETA.
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W3 (6.23) cenyer, uto (CU) = CM, rie u® = u?, no-
3TOMY
N 1 {fuN2, 1 [un? )
Cu” = —— — G
B[y (\C>+ Es I
v 2
[ )+ ...](CLV’)Z -
h (u/c) V) ch (u/c) —1 Yhe
E 2 u u . 6.24
t (u/c) d - {u/c)? ( ) ( )
Onpegensit © u3 GOPMyIBl # = — @, T1e
v
h i = _U_/C___ = _B._ y h —u" — ! ) - ]
. Vi—(@ep VI—-p® “ Vi—p* b =oie
(6.25)
i nopcrasjss (6.24) B (6.20), nonyunm
. 1000 0 0 0 o
r 0100 1 0 0 0 o2
] Hlooto +V1~_52 o 0 o0 o |"
[ 0001 vt/c? v2/c? v3/c? 0
vl ol ol 0 rt
1 1 vl o%? ov2d 0 r?
+ ;(W—_ﬁ; 1) oSt ol o%d O r (6.26)
0 0 0 o ¢

HJIH, B BEKTOPHbBIX 0603Ha‘leHHﬂX,

(ro) (1
=r+ V1—132+v[v2 <V1~ﬁ2 1)],
r__tt(ro)/c?
¢ = )
agrs (6.27)
4TO coBmnajfaeT ¢ obuiMMH ¢opMynamMu npeoOpasoBaHHH
Jlopenna, 3amHCaHHLIMH B BEKTODHOM BHIAE (CM. JIHTe-

patypHble yKasaHud). B npepene c—oco (6.27) nepexo-
IUT B

r'=r-ot, i =1. (6.23)
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Orciofa cnefyeT, 4TO KaK B PJIATHBUCTCKOM, TaK U B
HEPSAJIUTHBUCTCKOM ciydae mpeobpasosanHe T“ cooTBer-
ByeT NpHAAaHHIO (HIHUECKOH CHCTeMe IIOCTOSHHOH CKO-
POCTH © (HJIH mepeXolly K CHCTeMe OTcueTa, NBHXKYIUeH-
Csl CO CKOpPOCThIO — ©). B HepensTHBHCTCKOM mpenene #
coBrajaeT ¢ BEKTOPOM CKOPOCTH ¥, @ B PeJATHBHCTCKOM
clydae @ M O NPONOPLHOHANBHH MeXny coboi, nmpHueMm
K03} UIHEHT NPONOPIHOHANBHOCTH, oONpeJleNiseMblii B
coorBercTBuHM ¢ (6.25) us B=uv/c=th (u/c), pasen

2 4
LA arthp= LindtB BB (6.29)
v B 28 1—p 3 5

Yro Kacaercs BXOARMIHX B obiee Bhipaxenue (6.16)
IPYNNOBBIX NApaMEeTPOB ®°, TO AHAJOTHUHBIM NyTeM C
nomotpio (6.18) u (6.20) mpu yueTe nmepecTAHOBOUHBIX
coorHoweHnuil (6.6), (6.7), (6.11} yGexpaemca, uto jpuas
000l U3 paccmarpuBaeMbix rpynn G HanpasJeHHe Bek-
TOpa ® COBNAjaeT C HampaBJeHHEM OCH BpaleHHs B
TpeXMepHOM NPOCTPAHCTBE, a ero aGCOoJIOTHAs BeJHYH-
Ha o COBMAJaeT ¢ BEJHUYUHOH Yr/ja NOBOPOTA.

Ilocne Toro kak ycranos/ieH ¢U3HUeCKHH CMBICA Cle-
[MaJbHBIX NapaMeTPoB, BXOASIHX B (6.16), ¢ noMoumspo
BbIBEIEHHBIX Bbille OCHOBHHIX dopMyJa Teopus rpynn Jlu
JIeTKO NOJy4aloTCss BCE OCHOBHBIE (hOPMYJIbI PENSITHBHCT-
CKOH M KjaccuuecKoid kKuHeMmaTHkH. [locKonbKy npH stom
YUYHUTBHIBAETCS TOJABKO CTPYKTYpa OCHOBHOM TpYINBI, HO He
BEIABHTAIOTCS KaKHe-JUGO crerHadbHble THIOTe3hl 0 CBOH-
cTBax npeofpasyeMblX OOBEKTOB, TO eIHHCTBEHHOE Tpe-
GoBaHHe, KOTOPOe MOXKeT ObITb MOJIOXKEHO B OCHOBY cIie-
IIHAJBHOH TEOPHH OTHOCHTEJbHOCTH, 3TO TpeGOBaHHe O
3amene rpynnsl [asaunes ra rpynny [lyankape.

§ 2. Aare6pnt JIu c YHCAOBBIMH 3HATEHHAMH
M MHBAPHAHTH ajireGpandyecKuX COCTOAHUR

Bynem cunTarh, 4TO ecqH HHBapHaHTHBle CBoficTBA (H-
3MYECKOH CHCTEMBl XaPaKTepH3yIOTCS 3ajaHHEM TPYHIb
Jlu ¢ anre6Gpoit JIu [, To reHeparopel X, 3TO#l anre6pbi
JIn MoXHO BHIGPATh TAKHM 0GPA30M, 4TO OHH COBNARAIOT
¢ Hab/1i0JaeMBIMY 7151 IAHHOH (pH3HUECKOl CHCTEMBI (IIpH
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3TOM B KBaHTOBOI TeopHH X, GYAYT 3pMHUTOBBIMH OIlepa-
TOpPaMH, 4TO COOTBETCTBYeT HAJHUHIO ¥ KBAHTOBOMEXaHH-
yecKuX ckoGoxk [lyaccoHa muoxurens ifh).

Orcioga caenyer, uro HaGaogaeMmbie X, GyAyT moO-
poxjaarb JiHeBo-HoplaHoBY anre6py HaGAIORaeMblX MJH
COOTBETCTBYIOIYIO €l JTHeBO-aCCOHATHBHYIO anrebpy Ga,
06121 301YI0 TeM CBOHCTBOM, 4TO €CJH g H g, — NPOH3-
BoJibHBle Ha6jionaeMble, BHIpaKeHHble uepe3 00pasyio-
mue X;, to g,+1g.6G4. Eciinm G, — acconnaTHBHas an-
re6pa C YHCJOBHIMH 3HAYEHHAMH, TO YHCJOBLie 3HAUCHHS
{m| X,y HaGmonaeMbix X; MOXXHO OTOXJIECTBHTb C YHCJIO-
BBIMH 3HadeHHsSMH 0a3HCHBIX 3JIeMeHTOB &, aGcrpakTHoH
ajare6psl JIu [ B anreGpanueckoM COCTOSHHH m:

m, = (x| e = (| X»). (6.30)

ITpn muduuHTE3HMANBHBLIX NpeoGPa3OBAHHSX, NEPEBOJIS-
INHX e, B [e,, e,], uucnOBbIe 3HAYEHHUS 7, MEPEXOlAT B

M, — (5t | le,s €15 = CitaTa, (6.31)

T. €. 1, Npeobpa3yloTed N0 NPHCOeAHHEHHOMY NPEeNCTaB-
neHuio rpynnbl JIu ¢ aare6poit JIu [, Ecan nr={n’|e.) —
HeKoTopble (GHKCHPOBAHHble 3HAUEHHs BEJHUHH Ny, TO
nocje NpeoOpas3oBaHHS MO NPHCOEJHHEHHOMY MPeNCTaB-
JeHHIO Tpynnel, corjacio (2.80) u (5.22), oHu nepefi-
AyT B

® ) el ...
“A(§)=<ﬂ|€x>=2<no 1e (€ 12 (8), &) ]>:

n=o

n!

= (exp Gy, (6.32)

rie g (&)=t Uro xe Kaecaercs aareGpaHuecKoro co-
cTosAHUS He anureGpsl JIH [, a nHEBO-acCONUATUBHON aj-
re6pnt G4, nopoxaaeMolt renepatopaMu X;, To oHO GyHeT
OTIpeNIeNATLCS 3a/laHHEM BCEBO3MOXKHBIX UHC/OBBHIX 3Ha-
YeHHH

Tppy =< | Xa, o0 XD (6.33)

Anrebpofi JIn [ ¢ rexeparopaviu Xj onpejessieTcss MOATPYI:
na G; rpymnmsl aBTOMO)(hHIMOB JIHEBO-ACCOLMATHBHOI aIreOpH



§ 2] UHBAPUAHTBI AJTEBPAUUYECKHUX COCTOSHHIM 145

Ga, mepeBojamas GasucHble 3MeMedTHl (X3, Xi, ... X3,) B

Xy i Xa) =02 (Xoy --- Xo)»  DF=E"DXa fl.
(6.34)

lycts Tenepb my,.x, — HEKOTOPblE (DHKCHPOBAHHBIE UHCJIO-
Bble 3uauenvs sneMentoB X, - .. Xp,. Toraa, nosaras

W) = (exp ),  u(E)=expCe  (6.35)

W YYHTbIBasi, 4To HJs omepatopa D cmpaseinuBpl ¢Gop-
mynsl (5.27)-—(5.29), moayanm

’

T @ = @I ) . g L (6.36)

B uacruom ciyuae kKJaccHUeCKOH HeCTaTHCTHYECKOH Teo-
pUM UMCJIOBOE 3HAUeHHEe NPOH3BeIeHHs HaGII01aeMblX
PaBHO NPOU3BEIEHUIO UHCAOBbIX 3HAaueHHH HabJiojade-
MBIX, T. €.

Ty = T4, T, o T (6.37)

B 3ToM ciaydae YHC/AOBBEIE 3HAUEHUs 3JeMEHTOB anreOphl
G4 DOJMHOCTBIO OMPeJessiioTesl 0 YHUCJAOBBIM 3HAYEHHAM
3JIeMeHTOoB ajreGpbl Jin [

Husapuanramu asrzebpauveckux cocTosHuil anreGpbl
JIn ! OynyT rakve GYHKIHH OT 7, (E), KOTOpbIE He 3aBHCAT
OT KaHOHHUecKux mapamerpos E* rpynnwl Jlu G, as ua-
XOXKIEHHsT 3THX HMHBADHAHTOB BOCIOJAb3YEMCS TeM, 4uTO
onpeneasiemas no (6.35) marpHua u(E) mopoxiaer as-
ToMopduam anrebpul Jiu [, T. e, B COOTBETCTBHH C
(2.48)—(2.51), mumeror Mecto coorHourenus (2.50):

e g e

UAUILCAA, = Chia MR- (6.38)
Urodu BbiB2cTH (6.38), AOCTATOYHO YMHO KUThH 03¢ 4YdcTH
(5.2) cieBa Ha eX u crpaBa Ha e~X U 3areM HCIOHL30BATH

(5.22). Ymuomas ode uactd (6.38) ua m),, cymuvmupys mo A,
H, B COOTBeTCTBUH C (6.32), 3aveHAs uk;n}{, Ha T, NOJY4YdM

’

A A' A 7»,
Chn, T, = it (szx;“;;)- (6.39)
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Hs (6.39) nasee caenyer, 4To eciu NOJOXKHTD
G = OrinCi, = Sp (CCh,), (6.40)

rJje 1o OAHHAKOBLBIM HHAEKCcaM, Kak 06b]llHO, nojpasyme-
BaeTcqd CyMMHpOBaHHe, TO

gri, = LL)\ g}\ " (641)

Wz (6.39) u (6.41) BmITekaer, 4TO HHBApPHAHTAMH ajreo-
paHUyeCKHX COCTOSHHA OyAyT cOOCTBeHHble 3HAYeHHS V
XapaKTePUCTHUECKOTO YPaBHEHHA

|k, — var o, | = 0. (6.42)

Bousee o6uo, ecan Y, — Matpuilbl NOPsSAKa 1, cBA3aHHbIE
nepecTaHOBOUHBIMH COOTHOMIEHUSM U

Y32, — VoY, = Yo, (6.43)

10, 3aMeHaAs B (5.22) X, Ha Y, u yuuTeIBas, 4TO LINyp OT
NopsiIKa COMHOMHTENEH He 3aBHCHT, nonquM

Sp (YY) =Sp (Y Yre?) — u; u;wz Sp (Y Y ) (6.44)

T. €. HHBapHAHTAMM areOpaHuecKHX COCTOSHMH GyAyT
coOCTBeHHbIe 3HAUEHHUSA v, ONpesleiieMble H3

A .

| e, — v Sp (YV3,Ya,) | = 0. (6.45)

Hakouen, ecim y gaa, UMeeTcs odpaTHasd marpuna ghitz, Tak
qTo

A

GGt = 8 (6.46)

(kak cienyer u3 TeopHuH aareGp Jlu, Takas MaTpuua Cy-

UIeCTBYET B TOM H TOJIBKO TOM CJyuae, eclu aarebpa Jlu

MNOJYNPOCTA), TO HHBAPHAHTAMH aJare6paHuecKux CoCTosi-

HH} OyAyT co6CTBEHHbIe 3HAUEHHS v XaPaKTepHCTHUECKO-
TO ypaBHeHud

| g0y Y5, —vE | =0, (6.47)

rie £ — enunnunas Matpulia nopsiaka 1.
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JlokasatenbCcTBO CJAEdyeT U3 TOTO, YTO
s
ghiamyY,, =e¥ (g“"’“ﬁly;.,) e, Y =8V (6.48)

H 4TO JleTePMHHAHT NMPOH3BeJeHHs MAaTpHIL PaBeH NPOU3-
BeJCHHIO HNeTepMHHAHTOB 3Tux Marpui. OGo6lieHHeM
(6.47) Oyuer caengyiolllee xapaKTepPUCTHYECKOe YypasHe-
Hue, coOCcTBeHHble 3HAYEeHHsT KOTOPOTO SBJSIOTCS HHBA-
puaHTaMu ajre6paHYeCcKUX COCTOSLHIl JIMeBO-acconua-
THBHOH anrelpel Gu:

lg

My Aohy My
g ~...g8

Fpigy o .. ¥ —vE|=0. (6.49)

A
1 2y k)

UnpapraHTel, onpefienseMble ¢ NOMOILbIO YKA3aHHBIX
Bbllle METO[O0B, MOTYT OBITh HCIOJIb30BAHbLL AJsi HHBADH-
aHTHO-anreOpandeckoll KJaccudHKanHH cocTosuuil -
3HUYECKHX CHCTEM.

§ 3. MHBapuanTHO-TPYNNOBOE ONpefielicHHe IHepPrui,
HMIIYJIbCa, KOOPIHMHAT LEHTPA Macc U COGCTBEHHOTO
MOMeHTa M30JHPOBAHHOH PU3HUECKOH CHCTEMBI

B kauectBe npHMepa INpUMEHEHWS TEOPHH asrebpaunue-
CKHX COCTOSIHHH DAacCMOTPUM cJydal, Koria WHBapHaHT-
nbie cBoiicTBa QU3NUECKOH CHCTeMBI KaK IIeJOTO Xapak-
tepusylorca rpynnoil [lyaukape uau, B npenene c—oo,
rpynnoii I'asnies. CooTBercTBeHHO 3TOMY aare6pa JIu /
Oyler 3a1aBaTbCsl MNEPECTAHOBOYHBLIMM COOTHOLIEHUSIMH
(6.6), (6.7), (6.9) — (6.11). Yucnosble 3HAUeHHS TeHe-
patopos rpymusl JIu [ ofosnaunm creldyiomnm o6pasoM:

pr =<\ Py,  py=1/c{m|H,
(6.59)
my = (| Ve, np = (| N,
WJIH, B 4eTbIPeXMepHOIl 3amHCH, B cooTBercTBHH ¢ (6.12),
pa:<nlpa>, (651)
Myz=M3, My3=1M,, Mg =M, My="CN,.

B ofuieM cnyuae BBejgeHHble YHCJIOBHE 3HadyeHHs OY-
AYyT HMeTb (U3HUYECKHH CMBICJA CPeIHHX OT HEKOTOPHIX
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rabawogaemslix. UtoObl HaliTy anreGpauueckHe UHBapHAH-
TBl H [eTajibHee YTOUHHTb CMBICJA OTHeJbHBIX BeJHYHH,
npumenum (6.32) K cayuawo rpynnoBbix npeobpasoba-
HHUH, 3aIHCAHHBIX B BHAe pasjoxeuudt (6.16), rae dusw-
YeCKHIl CMBICJ Napamerpos o, #* U r* yCTaHOBJEH BLILIE,
[Ipy tpexmepHBIX BpaleHUAX, XaPaKTepU3yeMbIX mapa-
MeTPaMH ®°, BeJIUUHHBL P, M, it BeLyT cebst Kak Tpexmep-
Hble BeKTOpHl, a p, He meusercs. [Ipu npeo6pasosanuu c
napaMerpamy 4* BeJHUHHBL Po H Mg BeAyT cebs, coO0T-
BETCTBEHHO, KAK YETHIPEXMEPHBIH BEeKTOP M aHTHCHMMET-
PHUHBIH TEH30pP; B YaCTHOCTH, P, npeobpasyiorcs no ¢pop-
myiam (6.27) ¢ 3amenoil B HUX ¥ Ha p u t Ha — p,/c. Jas
YETBIPEXMEPHOTO BEKTOPA P PeNSITUBUCTCKHM HHBADHAH-
TOM, He MeHSIIOIMHMCA npu npeoOpas3oBaHusix H3 cobcr-
sennolt rpymnel Jlopenna, 6yiger p.p* Ecau ato uucao
MeHblle HJIM PABHO HYJIO, TO MOXKHO MOJIOXKHTD

pap® = — Mmc®. (6.51")

Orciona caenyer, 4rto B HE‘,KOTOPOI/UI CHUCTEME oTcyeTra
CpellHHe 3HAUeHHd P, PaBHbDI

=0, Pa = 1myC. (6.52)

Cosepuras 3atem npeoGpas3oBaHue JlopeHia, COOTBETCT-
Bylolee JBHXEHHIO CHCTEMBl KaK [eJIOTO CO CKOPOCTbIO

©, u3 popMmyn THna (6.27), NPUMEHEHHEIX K po» NOJYIUM

p=—2_ .  p = (6.53)
V1 —pe Vi —p

@opmyner (6.53) MOKa3LBAIOT, YTO KaK B KJaCCHUECKOM,
TakK H B KBAHTOBOM CJiydae p, UMEIOT (PU3HUECKHUH CMBIC]
COCTABJSIIOIIUX 4-BeKTOpPa CpPeJHHX SHEPrHH-HMMYJIbCa
dHU3HYIeCKOH CHUCTeMbl KaK L(eJoro, a HHBAPHAHT M, MOX-
HO HHTEPIPeTHPOBATb KAaK CPeJHIOI0 MacCy NOKOs Beek
CHCTEMBI.

[Ipumensin nasee npeo6Gpa3oBaHHA NPOCTPAHCTBEHHO-
BPEMEHHOTO CMeIieHHsa ¢ mapaMmerpaMu r% u3 (6.21) n
(6.32) moayuuM, 4TO po H Mgy NEpPEHuyT B : :

Pa = Pas muﬁ - maﬁ + erB i rppu. (654)
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ITepBas ¢opmyna (6.54) moxaspiBaer, 4TO COCTaBJSIO-
mue 4-BeKTOpa 3HEPTHH-HMIYJbCa CHCTEMBl KaK 1eJIOro
He MeHSIOTCH TPH NPOCTPAHCTBEHHO-BPEMEHHLIX CMelle-
HHAX, TAK 4TO Macca MOKOs M, SBJASeTCA OJHMM H3 HH-
BApUHAHTOB ajreGpaHdyecKHX COCTOSHHH.

[Tonaras m,%=0, ualizem BTOPOH HHBApHAHT anred-
paHuyeckux cocrosHHil. [lepexons K cucTeMe orTcuera, B

KoTopoit pi =0, u3 Bropoil Gopmyan (6.54) nomyuum
n—n—myr. (6.55)

Orcioga caefgyer, 4To B JaHHOH CHCTeMe OTCUETa BEKTOP
R C DOMOLIBIO COOTBETCTBYIOIEr0 TPOCTPAHCTBEHHOIO
CMEIeHHT MOKHO Oo6paTUTh B HYJb. 3HAUYeHHe BeKTOpa
m pad 3Toro ciaydasi Mbl o60o3HauMM uepe3 §, T. e. B MO-
JyUeHHOM anreGpanHueckoM COCTOSHHH

pP°=0, n=0, m=s, p;=my. (6.56)

CoBepuiass 3aTeM NpPOCTPAHCTBEHHOE CMeljeHue, xapak-
TepH3yeMOe BEKTOPOM F, NOJY4HM

n=—myr. (6.57)

Bektop r, BBOAHMEII ¢ moMmomplo dopMmyas (6.57), no
ompeJe/eHHIo OyjleM Ha3bBATbH BEKTOPOM CPejHETo I0JIO-
JKeHHS NMEeHTPa MACC CHCTEMEBl KaK I(eJIoTo, a BEeKTOp §, Oll-
pellensieMblil ¢ nomompio (6.56),— cpenHHM coOcTBeH-
HbIM MOMEHTOM KOJHYecTBa ABHMKEHHsS CHCTEMDBI, HJH ee
CpeHHM chHHHOM. AGCOJIOTHAS BeJHYHHA S BeKTOpa §
OyneT BTOPHIM HHBAPUAHTOM aire6paHyeckHX COCTOSHMIL.

[Ipamenum coGcTBeHHoe npeo6GpaszoBaHue JlopeHma X
anre6pandeckoMy COCTOSIHHIO (6.56) H 0603HAauHM 1OJY-
YeHHble NIPH 3TOM 3HAUEHHH Mgy UEPE3 Sqgp. PeasTHBHCT-
CKUIl TEH30D S,; HA3LIBACTCS AHTHCHMMETDPHUHBIM TeH-
30POM cpefiHero coOCTBEHHOTO MOMEHTa KOJHUeCTBA J(BH-
JKeHHSl CHCTeMbl, HIH cpeigHero cnuHa. CoBepuiasg 3aTeM
npeo0pa3oBaHusl HPOCTPAHCTBEHHO-BPEMEHHOro cMelre-
HHUS ¢ TPYIHIOBHIMH NapaMeTpaMH %, NOJyduM

Mag = Sap 4~ FaPp — BPa (6.58)
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HJIH, B KOMIOHEHTaX (S;3=S53, Sp3=S51, S31=S53),
m=s+rxp, ny = Syjc — tpr— myre.  (6.59)

Heo6xoauMbiM U JOCTATOYHBIM YCJIOBHEM TOro, 4TOOBI
npu p=0 cocrapaaoomue S, OOPATHIHCh B HYJb, SBJSAET-
cd BHITIOJIHEHHE PEJISTHBHCTCKM HHBAPHAHTHBIX COOTHO-
HienuH

P5as = 0. (6.60)

TlpupameHus 4uCAOBBIX 3HAUEHHH C TeueHHEM Bpe-
MeHH t, B cooTBeTcTBHH ¢ (6.31), onpelensiorcs U3

dn i
—t = <a|[H, Xa]). (6.61)
dt
Orcroora uMeeM
dpa dm dn
— =0, —=0, —=—p 6.62

[lepBrle 13 3THX COOTHOUIEHHH BBLIPaXKAIOT 3aKOHBHI CO-
XPaHeHHsT SHePruy, UMNYJbCA ¥ IOJHOTO MOMEHTA KOJIH-
4yecTBa JBHXKEHH: (H3UYeCKO! cucTteMbl Kak Hejaoro. HYro-
Obl naTb (PH3HUECKOe MCTOJIKOBAHHE TNOCJAeJHEMY COOTHO-
LEeHHI0, OyleM CUMTATh, 4TO BXoasuuil B (6.59) Bekrop r
XapaKTepH3yeT NOJIOXKEeHHEe [EHTpPa MacC CHCTeMH s
HAa4aJbHOTO MOMEHTa BpPeMeHH, TOrJa KaK NJs MOMeHTa
BpeMeHH ! PanHYC-BeKTOP LiEHTpPa Macc PaBeH

re(t) = @ (i‘f — nk) . (6.63)

my ¢
Ortcrona ¢ yuerom (6.53), (6.59) n (6.62) caenyet
r{¢) =r-+ o, (6.64)

T. €. HEeHTP MAacC CUCTEMBI JIBHXKETCA C TOCTOSHHOH CKO-
pocThiO .

Gopmynst (6.58) u (6.59) Moryt OBITH paccMOTDPEHEI
TaKXKe C HeCKOJbKO HHOH TOuku 3peHHsi. Ecim B MOMeHT
BpeMeHH {=0 dHcJOBHle 3HaueHHs GA3HUCHBIX 3JeMEeHTOB
anrebpbl JIu [ paBHb mu=<{m|e:), TO AJas BpeMmeHH f,
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cornacuo (6.32), oHu 6yAyT HMeTh BHUI
m, (1) = (| e, @] = (expCimy,  (6.65)

© (_#H'IH, [H, ... [He]...]
e e, 0] — gy I 6]

=1

. B Ha-

n!

ureM ciayuae 7, (f) ABJAAIOTCS (GYHKIUHAMH OT NOCTOSHHBIX
BEJHUYHH M,, U, Sup H OT BeKTOpar (1), 3aBHCUMOCTbL KOTO-
poro or Bpemenwu 3ajpaercsa cdopmysaohr (6.64). Coraacuo
(6.65), or BpeMeHnu ¢ He OYAYT 3aBUCETh BEJHIHHDI

1, = (exp (— G, (1), (6.66)

KOTOpble MOIy4aoTCs B pe3yJIbTate 3aveHsl r (£) Ha r (f) — ot.
Torna BeMUUHHEL pg ¥ Mgg MOXKHO PACCMATPUBATH KaK COCTAB-
dm
A
JSoImye T, rre - = 0, B cBa3u ¢ ueM (6.58) mepenmiuercs

B BH]JE

dmuﬁ
Mag = Sop -+ ra () ps —rp () p0y ~ —+ =0, rg=—ct.
(6.67)

CoorpercrBeHHo 3ToMy B (6.59) m unr Gyayr mocrosiH-
HBIMH BEKTOPAaMH, a r, OyZYyT COCTABJSIOIMMH BeKTOpa

(f), XxapaKTepH3yIOIIEero MOJIOXKEeHHUe [IeHTPa MAaCC CHCTe-
MBI B 3aBUCHMOCTH OT BpPeMeHH £.

B kiaccHueckoil HeCTATHCTHUECKOH TeopHH YHCJOBbLIE
3HA4YeHHA T, H WHBADHAHTLI aare6paHdecKHX COCTOSTHHH
aare6pwel JIn I, B coorserctBun ¢ (6.37), Gynyr mod-
HOCTbIO ONpeldeNsATh YHCJOBLHIE 3HAUEHHN W HHBAPHAHTHI
aJre6paHUeCKHX COCTOSIHHI JIMEBO-aCCOLHATHBHOH aare6-
pbl Ha6monaeMux (4, xapaKkrepusylomel cpoiicTBa ¢u-
3HYECKOH CHCTeMH KakK lieJoro. B ksauroBoll Teopuu 3To
yXe He HMeeT MmecTa, B uacrHocTH, uuBapmaut anre6-

PanyecKHX COCTOSHHH m,, OonpenessieMbill H3

/ -fiz__P"___ 2___2\: '22 7'
\nl(cz =PI P > = (mfet,  (6.67)

B o0WweM caydae MOXeT He COBNAaLaTh ¢ HHBADHAHTOM,
onpenensieMpM H3 Gopmyasl (6.517).
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§ 4. I'pynna Cy;, xapaxkTepH3yioniass HHBapHaHTHbIE
CBOHCTBA HepPeJATHBHCTCKHX KYJIOHOBCKOTO
M HHIOTOHOBCKOTO B3aHMOAEHCTBHI ABYX YacTHL

Kak moxasazo B § 7 ri. 2, Kak B KjaaccHueckod, TaK H B
2
KBAHTOBOX MexaHuKe OT raMugabTodHana H :g——ﬁ c
m r
TIOMOII[LI0 HEKaHOHMYECKOro Iepexofa MOXKHO NOJYy4YHTb HO-
BolH aMHJLTOHHAH

K = ;i”: — Hyr (6.68)

Bosbmem 32 obpasyoouue anare6psl JIH cocTaBasio-
e r, BeKTOpa r H HoBhl ramusibToHuan K. B pesyss-
Tare, KaK HeTPYILHO NPOBEPHTb C IOMOINBIO 3JeMeHTap-
HBIX BbIUHCJIEHHI, Noaydaercs anreGpa Jlu 15-ro panra.
CooTBercTByIOIAad e  NSTHAANATHOApAMeTpHUYecKas
rpynna JIn C,s u3omopdHa TaK Has3biBaeMOH rpymnme KoH-
thopMHBIX NpeoOpasoBaHHl MCeBJOEBKIHAOBA MPOCTPaH-
CTBA C METPHUYECKHM TeH30POM Lqp, THE u=gs=y>=
=—g,=1H gop=0 11pu a%P.

I'enepatoper X, rpynnmt C,; ¢ o6pasywomama K, r,
BhIGepeM CleldyIOLHM 00pasoM:

Ml2:p2r1_‘p1r21 ey M4s:—psr, S=(p'§)r,
(6.69)
1 H, 2
Kem—5 K=[3—5)n
A (He P
Li=—L (2+4m)r, (6.70)
_ L P N (R
Ks = 2r5+<4m r)r 2m<ps (p r))r,(ﬁ.?l)
_ [T A B R (P
Ly= 2rs+(4m r>r 2m(p, (p r))r.(6.72)

OTH BLIpaXKeHUsl CNPAaBeAJUBBl OXHOBPEMEHHO B KJaTCH-
YeCKOH H B KBAaHTOBOH MeXaHHKe, B CBA3H C 4eM TOUKOH
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06Go3HavaeTcss HOpAAHOBO INpoOH3BejeHHe Ha6JII0JaeMBIX.
B knaccuyeckoil MexanuKe f0pAaHOBO NPOU3BEIeHNe COB-
najgaer ¢ OGbIYHBIM, TOSTOMY Bhipaxenus (6.69)—(6.72)
HECKOJIBKO YNpPOMIAIOTCS; HanpuMep, B 3TOM cjydae
S= (rp)u t. 1. U3 (6.69)—(6.72) cnenyer, uro KaK B
KJ1aCCHUYECKOH, TaK W B KBAHTOBOH Teopuu Ansa 15 reHe-
paTopoB Mg, Ka, Ly, S (a, p=1, 2, 3, 4) BHNOJHAIOTCH
nepecTaHOBOYHbIE COOTHOINEHUS:

[M(lx(lz’ Mﬂ:ﬂ:] = gaxﬂnMQ:ﬂt + Lo, waxﬂz -
— &aypy M(lzﬁz — o, M(l;ﬂ;; (673)
(Va0 Kpl = Za.K 0, — Za:pK s
(6.74)
[Kar Kol = — 22 Yog;
ar pl — 2m afs

[ wﬂ;(lz’ Lﬂ] — gagpLai - ga:ﬁLGz’ (6.75)

H
[La’ LB] = ﬁ-}waﬂv [87 M(Iﬁ] = Oa

[Ka» Lg]l = —;i:z‘gaﬂsy [S, Kol = Lo, [S, Lo} = — K.
(6.76)

®usnueckuit cMuica rpynnel C,;, XxapakrepHsyloleH
HHBAPHUAHTHBIE CBOMCTBA KYJIOHOBCKOTO B3aUMOJIEHCTBHS,
3aBHUCHT HE TOJbLKO OT IE€PECTAHOBOYHBIX COOTHOIIEHHH
(6.74)—(6.76), Ho ¥ oT anreGpauyecKUX COOTHOLIEHHI,
CBSAI3LIBAIOIIUX MeXAYy co6Goii reHepatopsl rpynnsl Cis.
Paccmorpum sToT Bompoc noapoGHee AJs cayuas KJac-
CHYECKOH MeXaHHUKH.
3 (6.69)—(6.72) craemyer, 4TO B KJACCHYCCKOH Me-
xaHnuke redeparopunl X, rpynnel C,; cBA3aHH MEXAY CO-
60R TOXJIECTBEHHHIMH COOTHOLIGHHAMH:

KeK*=2o 5, o= _tha  (677)
2m 2m

KuLB'—' KﬂLa == MuB, KuLu = 0. (6-78)
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OG603HAYUM CHUMBOJAMH Myg, Kq, lp, S UYUCJOBbIE 3HAYEHHSA
renepaTopoB Mg, Ko, L., S B aare6panyeckoM cocTosi-
HHY 7Y, 2 YHCJOBHIe 3HaueHHs HabJal0JaeMBbiX 7., p, OydeM
o603HauaTbh TeMy ke GykBaMH, 4TO H caMH Hab/ojae-
Mmuie. Torna #3 (6.77)— (6.78) caenyer, 4To B Kjaccuye-
CKOHl MexaHUKe

bk = — 10 = Ho g
2m
(6.79)
H
kol — kgly = 2—:;3”1(15, kol® =0.

H3 (6.79) umeem (kL)'= (k=) 1. e
k=—2k,=V({+kP—V({I—kF (6.80)

Coraacuo (1.99), dv=dt/r, no3TOMy H3MeHEHHEe UYHCJIO-
BEIX 3HaueHMH m,=(n|X,) ¢ TeyeHHeM BpPEMEHH { B Ha-
meM caydae onpefensercs no ¢popmyse

dm, B dm; o
—2=r—t =K, Xab-. (6.81)

Orcoga ¢ yuerom (6.68) —(6.76) cnenyer, 94To HHTerpa-
JJaMHU ABHXKEHHS, He MeHSIOIMMHCA ¢ TedeHHeM BpeMeHH,
6ynyT k=<{n|K), rie njis KyJOHOBCKOIO U HbIOTOHOBCKO-
ro B3aHMOJAEHCTBHH COOTBETCTBEHHO :

k=—ee, k= —ymym, (Hy = p¥2n— kyr),
(6.82)

a TaKXe€ BEKTOp MOMEHTa KOJIH4UeCTBa JBUXKEHHA
m=rx p ¥ BEKTOp

_(He PN, 1 _ 1/ _mxp kr
b= (G o) amrp =7 ) 683

KOTOpPLIH B TEOPHH KYJIOHOBCKOIO B3aMMOIEHCTBHA H3Be-
CTeH NOJ HasBaHWeM Bekropa JleHla usn BekTopa PyH-
re — Jlenna. Ilonoxum pasnee e=1, ecam H,>0, u
e=—1, ecain H,<0, u yurem, uro corsnacho (6.70) snax
k—1,=7 (I—k)* coBnapaer co snakom y H,, a y k41
COBNajlaeT €O 3HAKOM MHHYC, a TaKXe IPHUMEM BO BHH-
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Manue, uyto no (6.71) u (6.72) g+1=2l—H,r. Torna us
(6.80) mmeem

kieH, =V (r —2L/HY — eV P (6.84)

Ho (6.84) ecth ypaBHEeHHe KPHBOH BTOPOTO NOpAAKA, KO-
Topoe mpu e=—1 gBAfeTCS ypaBHeHHeM 3JIINWINCA, a NpPH
g=1-— ypaBuenrem runepbosn. Ecan xe H,=0, To 32
renepatopsl C,; cienyer npunatb K, r,, r, Mas, S, v u3
(6.73)—(6.76) nmonyuum (npu Hy,=0)

or = meim'—kr, k=1, (6.85)

uTO COBNajfaer ¢ ypaBHenueMm mnapaGoabl, Takum o6pa-
30M, BO BCeX caydYasix ypaBHEHHE Jig TPAeKTOpUH, OIH-
CHIBA€MOl BEKTOPOM r(f), BHIBOLUTCA M3 ajre6panuyecKHX
TOXKIECTB, CBf3LIBAIOIINX MeXJYy co00ii TeHepaTOph
rpynnu Cis.

Bosspamascek K cayuyaio ¢ H,50, OTMETHM, YTO BEK-
Top 2!/H,, cornacHo (6.84), xapakrepHayeT paccTOSHHE
MeXJy ABYMs (OKycaMu KpPHUBOH BTOpOTO NOpsAKa, a r
u r—21/H, UMEIOT CMBICJ BEKTOPOB CMELICHH# OT ABYX
¢oxycoB. COOTBETCTBEHHO BEKTOP

o=r—1lH,=—k/H, (6.86)

XapaKTepH3yeT DACCTOSIHHE OT LEHTpa KPHBOH BTOPOTO
nopsaaka fo touexk kpusoil. Mz (6.86) n (6.81) umeem

% = <nH— 2K, — ~K—]> S mim (6.87)

d?p, 2 9 oH,
= (A (K Myld = — = (mt| Ko = =205,

Otciona ciaenyer, 4To NPH 3aMeHEe BPEMEHH { Ha HOBBIA
mapaMeTp T, MJs KoToporo dv=dt/r, HepelaTHBHCTCKOE
KYJIOHOBCKOE NBHIKEHHE NMEPeXOJHT B IBHKEHHE NMOA Jel-
CTBHEM TapMOHHMYCCKOH CHJIbl, HAIPaBJEHHOH K HEHTPY
KPHBOH BTOPOro Nopsika.

B coorsercraun ¢ (6.32) umciioBHe 3HaueHHs ) 3aBUCAT

OT HEKOTO)HIK (DUKCHPOBMHLIX 3d11eTAH Ty, ¥ OT TPYIMOBBIX
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fapameTpoB &', TlokakeM, yTo B  HameM cnyyae (UKeH-
POBAHHOE CTaHAAPTHOE COCTOSIHHE TU3 MOMKHO BHIGMPATh BMOJHE
ompeJie/ieHHBIM CIIocojoM, Mocse 4ero MpOH3BOJILHOE COCTOS-
HHMe cHCTeMBl H3 JByX 4YacTHI, XapakTepusyeMoe 3aja-
HHEeM YHCJIOBLIX 3HadeHHd BeKTOpoB r H p, Gyjer on-
HO3HAYHO OnpeesATbesi 0 MapameTpaM TPYMNbl, NepeBoxs-
e g B I,
Cunras nocroaHuyio H, oTJAHYHON OT HYJA, NOJOKHM
L —K_ -
- 6.88
Q=22 (6.88)
Tak uto <{m|Q.>=r;, (n|Q.,)=—r. Torna us (6.74) —
(6.76) cnenyer
[£°Qss Ma,,] = £0,Qe, — Ea, Qs (6.89)
[£°Qs, Qul =0.
[Tonaras & =p*, £:=0, oTcioga umMeem
(n \ exp (p° [Qsr Moa])d = Maya, + P \ [Qss Maya,l> = 0.
(6.90)
Coraacho (6.69)—(6.72), us m,,=0 cnenyer
§=0, lg = —kq = Hyd2,
MO3TOMY B pe3yJbTaTe NpeoGpasoBaHUA )
m, = (| Xp) > (mlexp (p[Q Xal))  (6.91)
BO BCEX BBIPAXKEHHUAX JJIA YHCJIOBBLIX 3HAUEHHII Tr, CJELY-
€T NMoJoXHuTb p=0, T. €. HOBble 1, OYAYT 3aBHUCETb JHIIb

OT TPeX He3aBHCHMbIX NAaPaMETPOB, a HMEHHO OT KOMIIO-
HEHT BeKTopa r- .

Cosepuiasi nanee npeoGpasoBaHie B
= (m| X, — (m|exp (— Inr[S, XL)> (6.92)

H yuuthiBas, 410 [S, Qu]=Q., a
exp (a lnr[S Qu) =e07Qy = = Qq, (6.93)

HOJAYYHUM, UTO B pe3yJbTaTe 3TOro npeo6pasoBaHn;x ILJH/IH&"
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BeKTOpa r craHer paBHOH eaunHue. Hakonel, ocraiomne-
cf JBa mapaMerpa COOTBETCTBYIOT IPOH3BOJY B Yriax
NOBOPOTa eMHHYHOTO BeKTopa rfr.

Orciona cnenyeT 4yTo 3a (PUKCHPOBAaHHOE CTAHZAAPT-
HOe COCTOSIHME 75 MOMKHO NPUHATH Takoe ajreGpande-
CKOe COCTOsiHHe, AJIsi KOTOPOTrO B YHCJIOBHIX 3HAUYEHHAX
m.(r, P) BekTop p NOJOXKEH PaBHBIM HyJI0, IJHHA Bek-
TOpa 7 paBHA elUHHUIE, a CaM BEKTOp r HalpasJieH BIOJI-
He onpeaeseHHbIM o6pa3oM, HANpUMep, coBNagaeT ¢ Ha-
apaBaenueM oct OX. ®usnueckuil ¢cMbICA paccMaTpuBae-
MBIX NpecOpPasoBaHU# 3aKJIOUaeTcss B TOM, YTCQ 3JUIHITH-
yeckoe (H,<0) ¥ runepGomsuueckoe (H,>0) nBHKEHHS
npeo6pa3yloTcs B IBYKEHHUSA C TOH XKe 3HEprHedl no ydacr-
Ky npaMon OX, jexailemMy, COOTBETCTBEHHO, BHYTPH HJIH
BHe orpeska (0, 1), a cTaHAapTHOMY COCTOSIHHI) COOTBET-
CTByeT cJuyuyall, KOrZla JBUXKYIIAsficsd ToYKa JAOCTHraer
KOHIIa OTpe3Ka M MeEHfeT HalnpasJeHHe [BWXKEHHH Ha
NPOTHBOMOJOXKHOE, TAK UYTO €€ CKOPOCTb B 3TOT MOMEHT
BPeMEeHH CTaHOBUTCS PABHOH HYJIIO.

CrangapTHoe cocTOssHHE MOXKHO OBJIO Obl ONpene-
JATh U HHAue; HAlpUMep, ¢ NMOMOIIbI0 COOTBETCTBYIOIUIETO
npeo6pa3oBaHUs OT paCCMOTPEHHOTO BHIMIE CTAHAAPTHOTO
COCTOAHHSA MOJKHO NEPEHTH K TaKOMY BTOPOMY (DHKCHPO-
BAHHOMY CTAHA4pPTHOMY COCTOSIHHIO, KOTOPOE COOTBETCT-
ByeT ABHKCHHIO [0 OKpPYXKHocTH His H,<0 u nBuxe-
HHIO 10 npsMoit aas Hy>0.

BaxHoill oco6eHHOCTbIO BBefeHHOH HaMH rpynnbl Ciy
ABJIAETCA TO, 4YTO OHA He MeHsdeT 3Hepruio H,, Ho MeHder
NOCTOSAHHYIO B3aHMMOJeHCTBHs, coryacHo (6.32) cosna-
HAIOIIYI0 C YHCIOBLIMH 3HauenusMu k={mx|K). Hanpu-
Mep, ecau H,>0, to, nepexons OT cTaHAapTHOTO COCTOS-
HHSL T2 K COCTOSIHHIO, AJS KOTOPOTO MHapaMerpl P,
BXojsdmue B Ipeo6pasosanue (6.91), ymoBAETBODAIOT
YCJOBHIO

p?=2mH,,

Mbl nostyduM R=0, 4T0 CcOOTBeTCTBYET OGpAILEHHIO IO~
CTOSTHHOW B3aHMOJIeHCTBHA B HYJb U NPeo6Pa30oBaHUIO TH-
nepBoTHIECKOro ABMKEHHA B PABHOMEPHOE ABHKCHHE MO
npsaMoiL. -
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§ 5. Anre6panueckuil MeTOJ HaXOXKJIeHHs CHEeKTpa
aToMa BOIOpOAA

Hcnonb3yeM HHBapHAHTHBIE CBOHCTBA HEPeNsTHBHCTCKO-
TO KYJIOHOBCKOTO B3aUMOJEHCTBHS OTHOCHTEJBbHO T'PYIIIbl
C,; 145 ncTo anrefpanyeckoro H3ydeHHs cCleKTpa H cTa-
[HOHAPHBIX COCTOSTHHH HEpEJSITHBHCTCKOrO aToMa BOJO-
pona. ITockoabKy HaM morpebyercd JHWb mnoAanre6pa
Tperbero panra anrebpsl Jlu, onpenesnsemMos ¢popMyaMu
(6.69)—(6.72), To MH 3aHOBO BLIBeJeM Bce HeOOXOIH-
MbIE€ COOTHOMIEHHS, YTOOB YHTaTeNb, HHTEPeCYOUHHACH
JHIb KBAHTOBOMEXaHWYECKHUMH NpPHUMEHEHHSIMH, MOT IO-
3HAKOMHUTECS C M3JaraeMbIMH pe3yJbTataMu 6e3 meratib-
HOT'O H3Y4eHHs Bcex cBoicTB rpynner C,;, pacCMOTPEHHEIX
B mpeibiiyuieM naparpade [Js cay4as KJaacCHUeCKOH
TEOPHH.

HaxoxeHne cranuoHapHBIX COCTOSIHHII aTOMa BOJIO-
pojla B HEpeJATHBHCTCKOM CJiy4ae CBOAHTCA K HaXOX-
JZeHHI0 cOOCTBEHHLIX 3HAueHHil £, U COOCTBEHHBIX (YHK-
LHH P, YPaBHEHHUS

2 )y =Ep EO 6.94

(2m r)\l’ =L, <Y (6.94)
3aecy m=m.m,/(m.,+m,) — npuBeleHHas macca, m, "
My — MAcCChl 3JI6KTPOHA W NPOTOHA, € — 3apsjl 3JEKTPO-
Ha, HHAEKCOM % HYMepyloTcsi cOOCTBEHHBIE 3HAYEHHS H
co6cTBeHHble (DYHKLUE ypaBHeHus (6.94). HaGmonaembie
ABJIAIOTCA ONEPaTopaMH B I'MABOEPTOBOM I[IPOCTPAHCTBE,
NpHUYeM ecJH P — BeKTOp THJALGEpPTOBa MPOCTPAHCTBA, TO
KBaJpaT ero HOpMhl GyaeM 0603HaYaTb CHMBOJIOM (1, ).
Cko6ka ITyaccona mexay na6mopaeMuiMa A u B 0603-
HayaeTCcsi CHMBOJIOM

[4, B] = % (AB — BA). (6.95)
B uacTHOCTH, mepecTaHOBOUHbIE COOTHOLIEHHSI MeKIy (YHK-

3 3
HUAMH OT r — ‘/2 (r*m p*= 2 (ps)? onpenenstoTest U3
§=1
S

s=1

[psgs 5] = 65}9 [re, rszl_: 0, [Dsys s} = 0. (696)
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Or puHaMuYeckuX IIEPEeMEHHBIX r® W ps TepeijieM K HOBbIM
He3aBHCHMBIM nepeMeHHBIM ps =Y —2mErs, ;=

= (Y = 2mE)™ p..
Torma

[ns,r psz] - 65,; [ps,, ps,] == 0: [nsl, J.‘:Sz] = 0' (697)
YmHoxas ofe uacti (6.94) caesa Ha mr/V — 2mE u BBORA

o503Hauennst A = me*} — 2mE, u3 (6.94) HMeeM

= M. (6.98)

—(Pn2+ Py = V

YpaBuenue (6.98) sxBuBasenTHO (6.94), Tak uTo ecsiu
MB HalijleM CcOOGCTBeHHble 3HAYeHUs A, H COOCTBEHHHE
¢yuxuyy ypaBHenus (6.98), o uMu 6yAyT onpenensTbes
cob6cTBenHbBle GYHKIMN ypaBHeHHs (6.94).

BBeneM onepaTophl

Y= @w+0), Y= { () ( )n}

Y, = — (P — p), (6.99)

rJle 110 HHAEKCAM S, BCTPeUaoUuMCcs BBepXy 1 BHU3Y, NOA-
pasyMmeBaercs cymMMHpoBanue ot 1 xo 3. Torma us (6.97)
cJeyeT, 4YTO 3TH ONepaTophl CBA3aHK MeXAYy coboii ne-
pPEeCTaHOBOUHBIMY COOTHOLIEHUSIMH

[Ys’ YI] = Yz’ [Y:ar Yz] = Yp [Yp Yz] - Y3- (6-100)

3ameruM, 4to cooTHowmeHHs (6.100) HemocpenCTBEHHO
CJIEAYIOT M3 BLIBEJE€HHHX B NpeAbAyiieM naparpade me-
PECTAHOBOUYHHEIX COOTHOMeHHH (6.76) aAna reHepaTopoB
K., L, 8 S rpynnu C,,.

H3 dopmya (6.100), cnpaBelJIMBHX Kak AJs KJIacCH-
4eCKHX, TaK ¥ AJ51 KBaHTOBOMeXaHHYeCcKHX ckobok [lyac-
COHa, BHTeKaeT, 4To Y,, Y, Y, aABasiorcs renepatopamu
aare6pnl JIn L pnis1 rpynnsl BpauieHuit TPEXMepHOTO TCeB-
LoeBkJHJI0Ba npocTpaHcTBa O, 4.
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Ecau nojoxuth

M= M; -+ Mz + Mi, M, = r’pg— r3p, = 0%y, — P°m,, ...,
(6.101)

rJe MHOTOTOYHEM O603HAYEHBl BLIPAXKEHHH, TOJydaeMble
B pe3yJbTaTe HUKJIHUECKOH NepecTaHOBKH MHIEKCOB 1, 2,
3, To U3 (6.99) ¢ MOMOMIbIO TMPOCTHIX BBIYHC/IEHHH IIO-
Jy4HM

Y-V —Y:= M (6.102)

Hcxonsa u3 nepBOHAYANBHOIO THALOEPTOBA NpPOCTPAHCT-
Ba, B KOTOPOM CKaJisipHOe NpOH3BejieHNe BEKTOPOB @ H
3amuckIBaeTcs B BUie (¢, \), BBeIeM HOBOe T'HIL0ePTOBO
NpocTpaHcTBO, 06Jajaloliee TeM CBOHCTBOM, UTO BCe BeK-
TOPHl NepBOro rHibbepToBa NPOCTPAHCTBA ABJIAIOTCA BeK-
TOpaMH BTOPOTO NPOCTPAHCTBA, a CKAJAPHOE NPoH3Beje-
HYe BEKTOPOB BO BTOPOM NPOCTPAHCTBE ONPeIe/seTcs KaK

(P pd = (cp, —:-\p) . (6.103)

HerpyaHo BHIETb, YTO NPH HOBOM ONpeJeJeHHH CKaJjsap-
HOT'O NMPOH3B2JICHHS BHINOJHAIOTCS BCe CBOHCTBA, Tpedye-
Mble OT Tu1bOepTOBa npocTpancrBa. B uactHocTH, KBaj-
paT HOBo# HOpPMEI {, P) =0, rie paBEHCTBO HMEET MECTO
Juub B cjaydae, Korga ¢ =0.

M3 (6.103) c yuerom (6.99) caemyer, 4To np#t HOBOM
ONpEJEJIEHHH HODMHBl onepaTopw Y,, Y, Y; 6yayr spMu-
ToBbIMH. Hanpumep,

(9, Ygyp) = <<P,~Y3¢) (ﬁP, - (@ 4 l)w)
= (g @+ D o) = (-0 4 0) o L) =

Ilonaras ¢ =1y, u3 (6.104) noayuyuMm Takxe, 4to

(b Yapd = - (wp, ) + - (9 1) > 0. (6.105)
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[TprMeHHM BHIBEJEHHBIC COOTHOLIEHHS K 3ajadye O Ha-
X0 AEHNH BEKTOPOB I'MJb6EPTOBA NPOCTPAHCTBA P, H COO-
CTBEHHBIX 3HA4eHHH Ay, YLOBJETBOPSIOIIUX YDPABHEHHIO
(6.98), xoTOpOe MOKHO mepenucaTh B BHIE

Ys'an = xn‘l’u- (6. 106)

W3 (6.100) umeem _
[Yo V) =iYsl = =i (Y, = iYy) (6.107)

uTo ¢ yueroM (6.95) maer
Ys(V 4+ i) — (Y, +iYy) Yy =R (Y, +iYy), (6.108)
Yo(Vi—iYy) — (Y, —iY,) Yy =— R (Y, —iY,). (6.109)

HehcrByss Ha o6e uactu (6.106) caeBa omneparopaMu
Y,+iY,, us (6.108) u (6.109) moayuum

Ys(V1-+ iVa) P = (M 4+ B) (Y 4+ iV Yo (6.110)
Y (Y1 — Y)Y = (Me — B) (Y — Vo) Pu. (6.111)

M3 (6.111) caenyer, 4TO ecH 1P, — COGCTBEHHBIH BEKTOP
onepaTtopa Y,, npHHALJIeKAIUE cOGCTBEHHOMY 3HAYEHHIO
Mo TO (Y,—iY,), Oymer Hau coOGCTBEHHBIM BEKTOPOM
TOTO XKe oneparopa, IPpHHAAJAEXKAMUM cOOCTBEHHOMY 3HA-
yeHno A—17, unn nyjaem. Ho no (6.105), ecan 1,50, 10
A>0, N03TOMY, NEHCTBYS HeCKOJbKO pa3 ONepaTopoM
noumxkenns (¥Y,—iY,) Ha ,, Nocje KOHEUHOTO yHc/aa HIa-
TOB Mbl JOJIKHLL OyAeM NoJayuuThb HyJdb. Eciam P, — no-
CJIeJIHUH U3 HEHYJIEBBIX MOJYUYEHHLIX TAKHUM NyTeM colcT-
BeHHHIX BEKTOPOB omepartopa Y, NpuHAAJeXalHi Hau-
MeHbIIeEMY COOCTBEHHOMY 3HAUEHHIO Ay, TO

Ya% = 7"0'%’ (Yl - in) Po = 0. (6- 112)

ITockonbky KBajpar MOMEHTa KOJHYECTBa ABMKEHHS] M?
KOMMYTHpYeT ¢ oneparopaMmu Y,, Y, Y, a coGcrBenusie
3HAYeHHUS, KaK cJelyeT H3 TPYNNOBOH TEOPHH OpOGHTAJB-
HOTO MOMEHTA KOJIMYeCTBAa [BHKEHHSI, MOTYT PaBHSTbCS
aumb AL (I41), rae [=0, 1, 2,..., o napsny ¢ (6.112)
MOKHO NOJOXKHTh

My, =R+ Dy, [=0,1,2, ... (6.113)
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Vmuoxas ypaBueHde (Y,—iY,)yp,=0 caeBa Ha
Y,+iY, u yuntuBan (6.100), (6.102), (6.112) n (6.113),
HOTYYHM
(Yl + in) (Yl * in) Py = {Yi + Y: —i (Y1Y2 o Y2Y1>}’Po:

= (Yf + Y; — Y: + Y: — liYy) P =
= {Ay— Rhy— B (l + D}y, = 0. (6.114)

[Tockoabky P,70, To BHpameHHe B TNOCJIeIHUX (H-
TYPHBIX CKOOKax JAOJXKHO DaBHATbCA HVJIO, OTKYAa

caenyer
Ao = A (L4 1), 1=0,1,2, ... (6.115)

(Bropo#t KopeHb B KBaApPaTHOM YDaBHEHHH IS Ao, PaB-
uelit — Al, ciaeayer OTGPOCHTb H3-3a YCJOBHA A>0.)
HeiictBys na 1§, onepatopoM nosbimienus (Y,4iY,), Mul
[TOCJIe[OBATENBHO  MOJYYUM  COGCTBEHHBIE  BEKTOPH

VY1, P2y oo s Poy - .., NPUHALJTCKALIIAE coOCTBEHHBIM 3Ha-

YEeHUAM

}\rl:h](l‘l“Q),...y }V%:h(l+%+1)—:ﬁn,
x=0,1,2, ... (6.116)

Orciona, ¢ yuerom (6.98), monyunm 3HauyeHHs YpPOBHei
SHEPTHH I/ aToMa BoJ0opoaa:

E ___m_e“_#_ met o met
R e L
x=0,1,2, ... (6.117)

3HaueHUAMH 1, onpefensiorcs cobGcTBeHHbBlE (QYHKIUH
aroMa BOJOpOJLa B NpPOM3BOJLHOM IpeacraBfeHuH. Tak,
B KOODAHHATHOM IIPeJCTaBJenuH, rae m,= (A/i) (8/0p*),
Pu ABAAIOTCH  QYHKUMAMH OT p°, T. €. P.=yu(p°)=
=P (J—2mE,r*) aBasoTC COOGCTBEHHHIMH (YHKIHAMY
onepaTopa 3HEPIHH, BHIPaXKEHHHIMH B BHIE (YHKIHUI
oT r.

113 u3noxenHoro BUAHO, YTO PEHIEHHAs HAMM 3ajada
0 HaXOXAEHHH A, U 1, OUeHb NTOX0XKA HA 3a1aUy 0 HaXOXK-
JeHHH cOOCTBEHHHIX (DYHKIMI H COGCTBEHHBIX 3HAYEHHN
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~

onepatopa M,, npeoOpasylOUIUXCA N[O HENPHBOAUMOMY
npejcrasienuio rpynnsl Os. Pasuuna sakmnioyaercs B ToM,
uyTo Korda O; saMensiercs Ha O, ;, KOHEUHOMEDHEE YHH-
TapHBle NpPEACTABJEHHST 3aMEHSIOTC Ha GecKOHEeYHO-
MEpHBIE.

§ 6. CnuHopHAas mapaMeTpH3auusi B IPYNNOBOi TEOPHH
HEPENATHBHCTCKOrO KYJIOHOBCKOT0 H HbIOTOHOBCKOIO
B3aUMOAECHCTBHI

BepaeMcs x obmum asnreGpayyeckHm npo6/ieMam, BO3-
HHKAIOUIHM B TEOPHH KYJOHOBCKOIO H HBIOTOHOBCKOTO
B3aHMOJENCTBHUIL.

I'pynna C,; ¢ renepatopamu (6.69)—(6.72), BRENEH-
Hasi B § 4, xapakrepu3yercs, BO-TIEPBBIX, CBOHMH CTPYK-
TYPHBIMH HOCTOSIHHBIMH ') M, BO-BTOPBIX, TOXKAECTBEHHBIMH
COOTHOIIEHUSIMH MEXIY reHepaTOpPaMH, KOTOpHE B KJac-
cUUYecKoll mMexanuke uMmeroT Bup (6.77)— (6.78). dtu co-
OTHOIUEHHS, KaK M COOTHOIUEHUS] MEXAY COOTBETCTBYIO-
UMK YHCJIOBBIMH 3HAUEHHSAMH, AOJKHBI OBITH HHBApPH-
AHTHBl OTHOCHUTEJIbHO Npeo6pasoBaHHN M3 MPUCOETHHEH-
HOrO0  OPEJCTAaBJEHHsi  TPYHIbL, XapaKTepH3YEMOro
MaTpHuHbBIMH 3aementamnu (6.35). O6Gcyxpmas eute pas
pesyabraTh § 4, MOXHO 3aMeTHTh, UTO UMEETCST BO3MOXK-
HOCTb O0pAaTHTb MOCTAHOBKY MPOBJIEMEl, 2 UMeHHO, 6paTh
32 HCXOIHLIE BEJHUMHBI TeHepaTopbl rpynnbl C,;, CBSI3aH-
HbBle TOXJecTBamu (6.77)— (6.78), mocye ueror U p Gy-
AyT onpepnesaTtbes no (6.69)—(6.72), a punamMuKa ABH-
xkenua OynerT 3akmouatsces B (6.81). Tlpu 3tom sakon
HEPENSATHBUCTCKOIO KYJOHOBCKOTO HJH HBIOTOHOBCKOIO
B3aUMOJEHCTBUH CTAHOBHTCSI CJENCTBUEM HE TOJBKO TIe-
PECTAHOBOYHBIX COOTHOIICHHH, HO W anareGpanuecKux
ToXnecTs (6.77)—(6.78) Mexmy reHepaTopaMu rpynmblt
Cis, B CBAI3M C UeM H3yueH!e NOApoGHOro poja aiarebpau-
YECKUX TOXJECTB CTAHOBHTCS KJAIOUOM K H3YUEHHIO

1) Aare6pa Jlu ¢ TAaKuMH NePeCTAHOBOUHBIMH COOTHOWEHHSIMH,
COIJIACHO MAaTeMaTHYECKOH TEPMHHOJIOTHH, SIBJSETCH 0]1HOI°{ H3 pedcT-
BHTENIBHBIX opM npoctoii anre6per Jlu As. CooTserctBylomas rpyn-
na Jlu usmopdna 15-napamMeTpryeckoli rpynne KoHMOPMHLEIX npeobpa-
30BAHNH 4eTHIPEXMEPHOTO MPOCTPAlICTBA.
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agre6paHyecKHX CBOMCTB 3J6MEHTapHbIX B3auMoLeHCT-
pui. Ilepexonst K paccMoTpeHHMIo anreGpaHyecKHX TOX-
IECTB MEXAy reHepatopaMu X,, HHBapHaHTHBIX OTHOCH-
TEJbHO MPUCOENLUHEHHOTO TpeACTaBJIeHus, Mbl OyleM JUIst
MPOCTOTH B OCHOBHOM OrpaHMUMBATHLCSH HEKBAITOBHIM CIY-

qaeM.
FenepaTopbt X, CBA3aHbl COOTHOWIEHUSIMH

(X1 Xn,x = 02, X (6.118)

onpeensitodMu a6erpaktuyo aare6py Jiu. Ilycrs Vi
3ajai0T Kakoe-iu6o TouHoe mpencTaBjaenye Y Toll xe ca-
Mo#i anre6psl JIu, Tak uTo

Wiy Yy = Ya¥a, —V3Ys, =0%Ya. (6.119)

Bynem cuurath, uTo X, SBJASAIOTCS TreHEpPaTOpaMH MOJY-
npoctoil aareGper JIu (rpynma C,; mpocTa, Tak uTo AJS
Hee 3TO YCJAOBHE 3aBENOMO BBLINOJIHSETCS), T. €. JJIs1 Oll-
penensieMblx no (6.41) 2/eMeHTOB gi,, CYIHECTBYIOT 3Je-
MeHTbIOGpaTHOR MaTpuubl gMts, onpeneasiemeie no '6.46).
Cko6ku [lyaccona (6.118) u (6.119) siBasiioTcst HesaBu-
CHMBIMH B TOM CMBICJIE, YTO €CJIH B3SThL NPSMOe Ipou3Be-
denne GxX Gy accoumatuBHOl anre6pel Gy ¢ obpasyio-
HIUMH X, M aCCONMAaTUBHON anrebpul Gy ¢ 06pa3yoLIHMH
Yy (rak uto X, Y,=Y, X, =GxXGy), TO

[YaXa, Xulx = Ya (X, Xollx, (6.120)
X0V, Ya,ly = Xa Yo, Vo, lv. (6.121)
Pacemorpum Beanuuny
D = ghteX; V5, - XA‘Y?”‘,

SIBJISTIOLYIOCST 3JieMeHTOM U3 Gy X Gy, uas Mo6hix 3ne-
MenToB F& G« X Gy 11010 1M

[Xw Flx = XoF, [V, Fly = V2F.  (6.122)

I'I%),u npeoSpa3oBaHMsX M3 IMPHCOSAMHEHHOHN rpynusl X, ©
Y = ghtsY, nepexonsit B

,

~ ~ A
X, = (@p8X) X0, =wi® X,  (6.123)
1
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M = (exp 7)Y = {exn €'Y} Y {exp (—E'YA)), (6.124)
rje PaBeHCTBO B MMpaBofl 4acTd ,(6'124) ABJIseTCA  CeACcTBY-
em (5.22). Torma u3 X Y™ = X; Y™ u us

0 @R)O =X Y™ = X wmiY™  (6.125)
i

¢ yuetoMm (6.124) caenyer
@ =X, Y" =exn(—EVy)Dexp(EY5). (6.126)

@opmyaa (6.126) moxeT ObITh HCNOJb30BAHA LJs Ha-
XOXKIECHMS M M3YUEHWsl HMHBAPHAHTHHIX a/jre0pavdyecKHx
CBA3€H-COOTHOIIEHHUH, HAKIaAbIBaeMbIX Ha TIeHepaTOPH
X,, T. e. Takux ajsre6paHueCcKHX COOTHOIIEHHMH, KOTOPbIE
He MeHsIOTCA npH samene X, na X,. B caMom gene, mo-
CKOJIbKY Y, ABISIOTCH JWHEHAHO He3aBHCHMEIMHM MaTpHIa-
MH HEKOTOpOro mopsizka, to (D siBAseTCs MaTpPHIEH TOTro
e mopsiika ¢ ajaeMenTamu us aare6psl Gx, a npeo6paso-
BaHue (6.126) mosyyaercs B pesysibTaTe YMHOXKEHUS 3Je-
menta @ copaBa Ha MaTpuny exp gY,, a ciesa — Ha 06-
partHyio K nelt matpuuy. [Tosromy, Haknanwsas na @ ye-
JIOBHSI, WHBapHAHTHbIE OTHOCHTEJNbHO TakKOro poja
npeo6pasoBaHuil, Mbl TeM CaMbIM HaKJajblBaeM HHBa-
pHaHTHHIE ajare6paHdeckue CBS3H-COOTHOIIEHHS Ha reHe-
paropsl X,.

C momombio pesysnbratoB § 5 rvi. 5 BBefeM Temepb
MaTpULbl Y, OCYHIECTBJSIONINE MPOCTelilee TOYHOE He-
npHBONMMOe mpencTasiaende rpynnbl Ci,;. B Hexomnsix
TIepeCTaHOBOYHBIX COOTHOMEeHHAX (6.73)—(6.76) mouo-
xuM Ho=eps/2m, roe e=1, ecnn H,>0, u e=—1, ecain
H,<0. U3 atux cooTHOowenuii ¢ yuerom (6.40) u (6.46)
HaXOUM, UTO €CJAH Ay F=hs, TO gin,=0, g"™==0, ecan xe
Ai=Dhs, TO Zap, ¥ @2 ¢ TOUHOCTHIO [0 HECYIIECTBEHHOIO
ofmero MHOXHUTeNM paBub + 1 uau —1. [Tocae storo re-
Hepatopel X,, 3amaBaeMble ¢ nomompio (6.69)—(6.72),
COOTBETCTBYIOLIHE MM MATpPHUHbIE TreHepaTopH Y, a Tak-
Ke gu U g OnpeNessioTes ¢ TOMOUIBI0 CAefyIOmeil CBOL-
K¥ popmy.,



A X, Yy 20 [gh
1,23 1
iadndef (r X p)g = M +RRs -1 }-1] (6.127)
4, 5, 6; ==
hes Myg = — pgr _;R4Rs 1} 1] (6.128)
2m
— Kg= —— [ps-(p—)]ﬂ—
7, 8, O; Po P 1,
e T TR I S el e O
T\ )
2
10 om _ Po—1r° 1. I /
e 1 T Ky= et g MR= iRl 1] 1| (6.130)
2, )
2 rm— s (05 ) ]t
7,89 | Po T 1,
S ((p’—pg) rS) - Ry |~ |-1| (6.13])
+ 206 r
10; 2'”L \Pgapz 1, 6.1 9
e L= ~ iR 1 1} (6.132)
2 1
= —— [ps~ (p L)] r
1, 12, 13 [Po Po ! Ly 1] 1| (6.133
2 () o), | F (6.13)
T T ep, e
14; 95t pﬁ + 1 .
e 1 P Tl - R ! (6.134)
2_'”1<S:_1_ [ps.(p- :—)] r-
oz oo 0 ~ LR 1] 1] (6.135)
= —1 ‘ (pz+po) ,S) s ( :
__ \——2Po T
14; 9m P.(Z)‘sz 1
g=—1 p—nK4=—"‘ 2[7(7 r ?Rg —1 |—1 (6'136)
15;
e o1 5:(11 r_), ——%N 1 l' (6137)
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Tot ¢akT, 4TO BHINHCAHHBE BbIpaxeHHs Nad Y, dei-
CTBHTENbHO ONPEAEJISIOT MpeacTaBienne aaredpsl Jln nus
C,;, NPOBEPSIETCS NyTEM HENOCPEICTBEHHBIX BHIYHCIEHHH
C y4eTOM paccMOTpeHHBEIX B § B ra. 5 CBOHCTB AEHCTBH-
TEJNBHOr0 NpeicTaBieHHs anreGpbi A, Ilpu stom ads
Bcex Y, C/efnl paBHBI HYJIIO, ¥ BLINOJHSIOTCS YCJIOBHA,
BhITeKalomue u3 (5.131):

YiR, + R,Y =0, (6.138)

uiH, ecnrd 0603naunTh Iy =exp E*Y,,— 3KBUBAJEHTHOE YC-
JIOBHE:
TiRq == RyT3" (6.139)

Brinucannas Belme cBoaxa GopMyJs clpaBelnuBa Kak
IJIS KJBACCHUECKHUX, TaK M J/iT KBAHTOBOMEXaHHIECKHX re-
HepaTtopoB X,. [lpu nanbHefilneM u3yueHuwn ajreGpauue-
CKHMX COOTHOIIEHHH A/ NPOCTOTHI OyAeM paccMaTpHBATb
JIMIIb KJacCHYeckui ciaydaii. B coorBercTBuM ¢ pesynbTa-
tamMu § b ra. 5 BBeseM 06Go3HaueHHA

Q=rR-+rR, =r®Rq, P = p°Rs. (6140)

N3 popmy. (6.127) — (6.137), cosepuias anreGpaunueckue
npeo6pasoBalusi, ¢ noMomblo ¢Gopmysn (6.140) wu
(5.105) —(5.107) nonyuum, uto npu e=1

@ = 2X,Y" =
_1 _ P ; P —ino —
= (PQ—=QP)+ 2-(1 +i))Q + o (1)

—ﬂ‘z—;—@'l (l——iJ)P———;—(PQ—i— QP)iJ —

=S P(L4i0)Q— (1 +i) QP+ (1 1 i1)Q— F(1+/)QP=

Po
:exp[(1——iJ)E;J—O]%(I—l—iJ)Qexp[——(l—iJ)z—so-]; (6.141)
31€eCh MBI YUJih, 4TO H3

[%(1-—1'J)]2:%(1---w), (L id) (1 =) -0, (6.142)
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caeyeT
. P 1 . P N

a1 _ —(1—iJ)— . (6.143

exp[_+(1 zJ)po] 1+ > (1—i )zp0 ( )

[Ipu e=—1 nosyuaeM B TOUHOCTH TO Ke camoe Bhipaxke-
nue. Takxum obpasoM, B 060HX Cayyasx

= T-,T, CI)(,:—’;“—(1+L'J)Q, (6.144)

rae npeo6pasoBanue T COOTBETCTBYET mepexopy OT 00-
uero anreGpaudeckoro COCTOSIHHS K PacCMOTPEHHOMY B
§ 4 crangapTHOMY aJreGpaHdyeckoMY COCTOSTHHIO.

C nomowpio (6.144) nokaxeM, uyTo AJs CIydas KyJo-
HOBCKOIO M HBIOTOHOBCKOTO B3aMMOJENCTBHUIl aJarebpau-
YeCKHe COOTHOIIEHHS MeXAYy reHepartopaMu X, MPHBOAAT
K CAeAyIOIHM aare6panyecKuM TOXKIAECTBaM, HHBAPHAHT-
HBIM OTHOCHTEJbHO MpeoGpa3oBaHUil U3 NPHCOEAHHEHHOH
Ipynmb:

@2 = 0, (6.145)
DY, 0 = X,D. (6.146)

Coornowenne (6.145) sBasiercs caexctsueM (6.144) npu
yuere Ttoro, uto (14i/)Q(14iJ) Q= (1+il) (1—il) Q2
==0, a ero MHBaPHAHTHOCTb OTHOCHTEJIbHO Mpeodpa3oBa-
HHH 43 NPUCOEIMHEHHOH Ipynmbl BbiTekaeT H3 (6.125).

[Tokakem, 4TO cooTHowenus (6.146) He MeHsoTCS NpH
samene B (6. 123) Xy, Ha X, = ux‘Xx YMmHOxkas1 ofe uyacTH
(6.146) Ha ux,, CYMMHPYSs mo A, a 3aTeM yMHOXas ofe
yacTH csaeBa Ha exp (—§*Y)) u cnpasa Ha exp (E'Y.),
¢ yuetom (6.123), (6 124), (6.126) nosyuum

oY, = X, D, (6.147)

4TO JOKasbiBaeT WHBapuanTHOCTH (6.146). Orciona crenyer,
4TO 1A J0KasaTejbCTBA cnpaBefuBocTH (6.146) nocta,
TOYHO orpaHanTbCH YacTHbiM caydaeMm, Korga @ = @

X3 = X3, TaK Kak ofuuh ciayuaif OyJaeT momydaTbcsl OTCIO-
Ia C IOMOIbIO Peofpa3oBaHuil U3 PUCOSMHEHHON MDY L
Ecmm p=0, r.e ecmn @ =@, o u3 (6.127) —(6.137)
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BH/{HO, YTO OTJIMYHbIMH OT HYJIA 6y11yT JUIb TeHepaTopbl

2
X2, cosuapaougpe ¢ LKy = — —%— L = ?r Yuu-
Po

ThiBad, 4TO

QRu = RgR, = o+ — 1P (RoRu — RuRy),

a.Takxe B CHJIY Toro, uto Q*=0,

QRQ =roQ + —;—QRaQ,

QRuQ = 2raQ. (6.148)

Us (6.144) nomyaum
D,Y, 0, = XD, (6.149)

OTKYJa, BCJAeNCTBHE MHBapHaHTHOCTH (Qopmyan (6.146),
dbopmyna (6.149) Oyaer cmnpaseadHBa Aas  o6Iiero

cayuasi.
WssneueM cleICcTBHSI M3 MOAYUEHHBIX pesyJbratos. M3

(6.127)—(6.137) caenyer, uto Sp (Y'“‘YM) = 6?;, MO3TOMY
Sp (DY) = X, (6.159)

Ianee, 15 matpun Y, u enunuunas Matpuua £ o6pasyior
MOJIHYIO CHCTEMY JHHEHHO HE3aBUCHMBIX MAaTpHUL YeTBep-
TOrO NOPSAKa HaA MOoJIeM KOMIJIEKCHBIX UHCEJ, MO3TOMY
ecaiu M — NPoU3BOJIbHAS KOMIIEKCHAsT MAaTPHL A 4eTBep-
TOro mopsijaKa wiH, 6onee o6HI0, MAaTPHLA C 3JeMeHTaMH
u3 anre6pb Gy, 1o ¢ yuetom (6.145), (6.146) u (6.150)

uMeeM
@ VD = Sp (VD) D, (6.151)

HJIH, B KOMIOHEHTAXx,
OF VEDS = (OF V&) 0% (6.152)
Tlonaras sgech Wb = 63,6”{,‘, HOTy4YM, 4YTO TIPH BceX d, B,

B vy
DO} = OROF, (6.153)
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4YTO BO3MOXKHO, JHUIDb eCJIH
DF = " 0p. (6.154)

Orcloga craenyer, uTo Korxa nOpu npeoGpasoBaHUAX H3
IpHCOeMHEHHONH Trpynnel (D NEPeXOoMHT B O=SDS-,
cTos6ell P ¢ KOMIOHEHTaMH P* NEPEXOJHUT B
P=3Sy, S=exp(EY)). (6.155)
[Tonoxus
Qo = —(P_B(Rﬂﬂa» P = PP (Re)pa (6.156)
1 0Go3HauuB uepes ¢ crober ¢ KOMIOHEHTAMH %, a 4epes

@*-—COOTBETCTBYIOIIYIO CTPOKY ¢ KOMIIEKCHO COMPSI?KEH-
HBIMY 3/ieMeHTaMy, ¢ yueTom (6.139) u (6.154) umeem

(9"Ry) = 9"R,S™ = (S9)" Ry (6.157)
T. €. cTonber @ NepexouT B
o = Sq, (6.158)

npuueM no (6.139)
O"Rap = 9'S*"R, Sy = ¢*Ryp == inv.  (6.159)

B uacTHOM CJydae, KOIja OT/JIHYHBI OT HYJs JIHIIb £
cA=1, 2, 3, 4, 5, 6, popmynrt (6.155), (6.158) nokassi-
BAIOT, YTO MO OTHOIUEHHIO K mpeo6pasoBaHHAM H3 cobCT-
BeHHOH rpynne Jloperua 1§ u ¢ BeAyT ce6si, Kak 0GbIUHbBIE
cniuHOpHl (npuuem B popmynax (5.96)-—(5.98) B kauect-
Be MaTpunbl R MoxHo B3sTb R,). [Tockoabky rpynna Jlu
c reHepaTopaMH Y, m3omopdHa maTHaIlaTHOapaMETPH-
4eCKOW rpynne KoH(QOPMHBEIX npeo6pasoBaHU YeTHIPEX-
MEPHOro MCEBJOEBKIHAOBA MNPOCTPAHCTBA, TO B O6LIEM
clyyae KOMILJIEKCHbIE CTOJAOLEL ¢, ¢, mpeobGpasyrouiuecs
no (6.155), (6.158), GyneM HasbiBaTh KOH(MOPMHBIMH

CIMHOpaMH. ¥YMHOXast obe yacTu (6.138) ma X", cymmupys
No A M yuuTHIBad, 4To R, = - R,, moayuum

(RD)" = R,D, (6.160)
HJH, B KOMIIOHEHTaX ¢ yueToM (6.154) u (6.156),

PaPp = Papr (6.161)
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Otcroga cienyet, 4to (¢ TOYHOCTBIO J0 HECyllecTBEHHO-
ro ZeHCTBHTENLHOTO MHOXKHUTEJIA) (g COBNALAIOT C YPq, TAK
9TO KOMNOHEHTH @ BHIpaXKalTCAd 4epe3 KOMIOHEHTHl Ofi-
HOro KOMIJIEKCHOTO CIIHHOpa:

DF =" (Y"R)p- (6.162)
[Tpu stom, cornacuo (6.145),
YRy = 0. (6.163)

[Moncrasias B (6.146) Bmecto MaTpHuHBIX 37eMeHTOB (DF
ux Belpaxenus (6.162), monyuaem

Xp = (V250" = W'RY 0. (6.164)

C nomompio (6.127)—(6.137) (rme nJas HEKBaHTOBOIO
cayuyast HOPHAHOBO MPOH3BeNeHHEe 3aMeHseTcss Ha oO6blu-
Hoe) dopmyna (6.164) nmepenumercs B BUAE ChaeAyOLIEH
CHACTEMB! anre6panuyecKux TOXKJIECTB:

A=1,23 &= 1;
(r X D= — FRRRp =— ¢JR  (6.165)

A=4,56¢=-=x1  —rp= ﬁ—;—q;*qup, (5.168)
A=7,89c¢==+1;
(rp) ps ( _ p()) 1 . *
+ re = ——ip'RRap, (6.167)
Po 2py 2
po— p?

1.,
Gy =5 [V (6.168)

A=11,12,13, e = + I;
__(rp)p, n (p* + ph)
Po 2po

re = —;—-q;*&qup, (6.169)

po + p* 1 .
=—— .170
e 5V (6.170)

A=15e—=+1; (rp) :%iq;'R\p. (6.171)

=14, e =+ 1; —




172 WUHBAPUAHTHO-TPYIIIIOBEIE XAPAKTEPUCTHKU ITN. 6

3aech (B CBSI3H CO CHeNHanbHBIM BHIGOPOM MHOXHTENA
OPONOPUHOHAJBHOCTH MEXAY { U ¢) KOMIIOHEHTBI § HMe-
IOT pasMEpPHOCTb KOPHS H3 MPOHM3BeleHMs JJIHHB Ha
uMnynbc. KoMOOHEHTH KOH(GOPMHOro cidHopa ¥ olpe-
nessiores no (6.163) — (6.164) ¢ ToyHOCTbIO K0 ($a30BOToO
muoxuresas ). IIpu 3ToM nepecTaHOBOYHBIE COOTHOIIEHHUS
(6.118) wmexnay renepaTopamMu X, OyIAyT CJENCTBHEM
NEePECTAHOBOYHBIX  COOTHOINEHMH  MEXKJy  KOMIIOHEH-

TaMH .
B camom JeJie, €CJIN NOJT0KUTh

™, p™lx =0, oy Padx =0, ™) Paudx = 85
(6.172)

To U3 (6.164) umeem
(X Xolx = [9a,Y Hias0™ ¥p.Y Sip, 0™ =
= o, Y 0,087 bt — 8BV 1o ™ pp Y Rip, = €12, X (6.173)

TaK Kak YMYM——YMYM=C?:MYM. Ecin xe or X, mepeiiT
K 4MCJOBBIM 3HAUEHHSM T, TO MNoCJae 3aMeHb X, Ha m,
dopmynamu (6.163)—(6.171) GynyT onpeldedATbCst HH-
BApHAHTHBIE COOTHOLIEHUS] MEXAY I, NPHYEM UHCJIOBHE
3HAYEHHUS] KOMMOHEHT Y (IJ/151 KOTOPHX MBI OCTaBHM IIpeX-
Hue 06o3HaUeHHUsT) Mo-IpekHeMy npeobpasyloTes no ¢op-
myJae (6.155).

Takum o6pa3om, anrebpandeckoe COCTOSSHHE B HalueM
cJydae MOJHOCTbIO ONpPEeAeNsieTCsi 3ajJaHueM KOHGOpMHO-
ro CIMHOpA, Ha KOTOPHIH Ha/10XKEeHO MHBapHaHTHOE YCJIo-
BHe (6.163). B cBsi3u ¢ atum popmyan (6.163)— (6.171)
JIa0T BO3MOXKHOCTb BHIPaxKaTb Ha $3BIKE TEOPHU CIHHO-
pOB BCE€ pe3yJbTaThl, CBA3aHHBIE C WHBAPHAHTHO-TFPYIINO-
BOH TeopHEH HepPeJATUBHCTCKOTO KYJOHOBCKOIQ HJIH
HBIOTOHOBCKOTO B3aMMOJLCHCTBUM.

PaccmoTpum HecKosbKo mpuMepos.

') Ans daxTtHuecKoro HaxoXAeHHs Y N0 u3BecTHHIM X MOXHO
BOCTIONIL30BATECS TeM, UTO Y="Y()+-iP), a Beanunmamu (6.164)
OlpenensieTcss CHCTEMA TEH30pOB, BLIDAXKEHHLIX Uepes JBa AeficTBH-
TEJLHEIX CIHHODPA (1) U Y2); CM. JUTEPATYPHBIE YKa3aHUsI.
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IMyctb cuunop ¢ siBisieTcss COOCTBEHHHM BEKTOPOM
Marpuupl 2Y,y;=-—iJ ¢ co6cTBEHHBIM 3HaueHue — 1, T. €.

iy = . (6.174)

Ecnu 3anucaTs ¢ B BHIE CHHHOpPA AMPAKOBCKOro THIA
(5.139), To (6.174) axBUBaJIEHTHO IEPBOMY H3 COOTHOILE-
unfl (5.147), noatomy, kax nokaszaHo B § 5 rai. 5, orciona
CcJellyeT, 4To B BHIPAMKEHHH (5.139) w(,,_() ¥ 1 BH-
paxaerca 4eped OAKH AeHCTBHTEJNbHbII CIHHODP 1, MO

dbopmyae
b = — (14 i) o, (6.175)

Cornacno (5.145) Bulpaxenue p*A¢Pp 6yler paBHO HYJIO,
ecan Al=—JA, nosromy u3 (6.165) u (6.166) umeem

rxp=90, rp=0, (6.176)

1. e. U3 (6.174) caenyer
p=0, (6.177)

TakK 4T0 cooTHolleHHe (6.174) sBafercs OMHHM H3 YyCJO-
BHI HaXOXJACHHA CHCTEMBl B TIepBOM CTAHZAPTHOM aJ-
re6panueckoM cocrogHuu. Us (6.174) caenyer, uto co-
raacHo (6.168) (c 3amenoit Tam cmpasa (Jy ma P) u

(6.170)
pf =ty r=E% (6.178)

Po
TAK YTO B BHIpaXeHuu p, = )/ 2meH, mepey KopueM moi-
xeH Oparbest 3Hak muaoc. [amee us (6.167) (c 3ameHoit
cnpaBa P Ha iJyp) noTydaem

pors = V"R, Rs. (6.179)

Ecnu na ¢ HanoxuTbh coBMectHoe ¢ (6.178) momomuu-
TeJbHOE YCJOBUE

RRyp =, (6.180)

10 U3 (6.179) caeayer r,=r, ry=ry;=0, T. e. BeKTOp ¥ OY-
NeT HanpaBieH BLOMb ocd OX, 4yTO COOTBETCTBYET 1EPBO-
My CTaHZAPTHOMY aJre6pandeckoMy COCTOSHHIO,
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AHanOTHYHBIY aHaJIki3 IO0Ka3bBaeT, YTO COCTOsIHEE,
Yy KOTOpOro

i = —1p, (6.181)

HECOBMECTHMO ¢ cootHomenusiMu (6.165)—(6.171) u mo-
TOMY HEBO3MOXKHO, T. €. y CHCTeMbl M3 [BYX HEpeJsiTH-
BHCTCKMX YaCTHLL, B3aMMOLEHCTBYIOIMX N0 3aKony Kyio-
Ha uau HbloToHa, He MOXKeT CyiecTBOBaTh Takoe aareo-
pauueckoe COCTOSHHE, HAJIS KOTOPOTO OnpelesseMblli H3
(5.139) neficTBUTENBHBEI CIUHOP Y2, PABRAJCS OBl HYJIIO.

Ilycts Teneps 1 siBagercs coOCTBEHHLIM BEKTOPOM
Matpuusl iR. TTockonbKy KBajgpaT 3TOH MATPHIBI paBeH
e[lMHUYHON MaTpHile, TO cOOCTBeHHOe 3HAaYeHHe MOMKeT

paBHAThCS JHWb + 1 uam —1, T. e,
IRy = =+ . (6.132)
3amenssa B (6.171) iR na =+, umeem
1 . )
(rp) = = . (6.183)

9

Hasee uz (6.168) ¢ yuerom (6.182) n (6.163) umeem

Po— P*

r=0, p*=pt 6.184
2py Po ( )

TaK 4YTO NIpPU €=1 AJAF COCTOAHMSHA, YIOBJETBOPAIOUIErO
(6.128), —K,=ee,=0 (unu —K,=ym,m,=0), T. e. 110-
CTOfiHHAA B3aHMOJEHCTBYSI 06paIaeTcs B HYJb U IBUXKE-
Hue o runep6oJie MNepexXoIHT B IBHKEHHE IO NPSIMOM.
[Tpu atom mo (6.170)

~w:“%V% (6.185)

otkyna u3 (6.183) u (6.184) cnenyer, YTo BeKTOPH r U p
HanpasJeHbl MO OAHOH Ipamod. Ecoam & =-—1, ToO
Hoe P K

0 2m 2m r
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1 u3 (6.184) n (6.185) umeem

2 *
K, =0 —B¥% 550, (6.186)
2m m

HaKoneu, HHTEPECHLIM ABJACTCS anreﬁpaymecxoe COo-
CTOAHHE, I KOTOPOro

P = 1P, (6.187)

T. €. JUIA KOTOPOro 1\ sABJSETCS AEHCTBUTENBHEIM CIHHO-
pom. M3 (6.171) n (6.168) caenyer, 4To B 3TOM CJyyae

(rp) =0, P> =p; (6.188)

[Mostomy r | p,u ecnu e=1, To K;=0. YcaoBuem (6.187)
onpeneasercd, TakuM ob6pasoM, BTOpoe cTaniapTHoe aJ-
re6pangeckoe COCTOAHHE.

BosBpamascs k ofeMy cJyuyaio, 3aMeTHM, YTO INpH
3afaHHBIX P, PU p,=72meH, aire6panyeckoe COCTOAHUE
B cjydae ABMKEHUA TO 3JTUICY WU OKPYIKHOCTE, Korza
g=-—1, XapakKrepuayeTcs B TOUHOCTH TeM e KOH(popM-
HBIM CIMHODOM 1, YTO M B Cjydae ABHKEHHS IO TUnep-
6ose uau npaMmol, korga e=1. B 3ToM nposaBJasieTcs co-
OTBETCTBHE MEXK/Yy [BHXKEHHAMH C ONMHAKOBBIMU 10 ab-
COJIIOTHOH BEJHYMHE, HO DAa3HBIMHM IO 3HAKY YUCJOBLIMH
3HauyeHUAMU 3Heprud H, OaHako 3aKOHL H3MEHCHUSH
COCTOSIHHA € TeYeHHeM BpPeMeHH B O0OMX Cayyasix pas-
anunbl. Teneparopy K=-—2K,, onpepmeiasioumeMy muHa-
MUYECKMA 3aKOH H3MEHEHHsi COCTORHHsI C H3MeHeHHeM T,

HpI/!I) e=-1, corsacho (6.136), cooTBeTcTByeT MaTpuua
——-E’i—R,‘, T. e.

£ —1, Pr = exp (- e R4> b (6.189)
a npu e =1, cormacHo (6.130), — Marpuia ,,_2%:.5‘]134,
T, €.

f=1, = exp(—— P iJR4j g (6.190)

2m
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ITosToMy, Hanpumep, npy e=—1 BTOpOE cTanAapTHOE CO-
CTOSIHWE C TeyeHHeM BpeMeHH OCTaeTCid CTAHZAPTHBIM
(yacTHLa IBWIKETCS 10 OKPYXKHOCTH), a HpH e=1 3TO
yXe He UMeeT MecCTa.

IToayuennsle BHIIIE Pe3yabTaThl NOKa3bIBAIOT, YTO HE-
PEJSTUBHCTCKOE KYJOHOBCKOE M HbIOTOHOBCKOE B3aWMO-
JEHCTBHs OBYX 4aCTHL XapaKTePU3yIOTCs, BO-NEPBHIX, aJ-
re6poit JIu ans rpynnsl Cys 4, BO-BTOPBIX, €€ CIHHOPHBIM
npencraBjaeHieM. DTOT GakT 3acayxKHBaeT CHelNaabHOro
BHUMAaHHS, TaK KaK NpUMeHseMasi B COBPEMeHHOH (u3nuke
TEOPHS KJAACCHYECKUX M KBAHTOBLIX CHCTEM, KaK H3BeCT-
HO, nepeoforaiiena B TOM CMBICJIE, YTO B IPUPOJie HE CY-
IEeCTBYeT MONycKaeMblX TeopHel BCEBO3MOXKHBIX IOTEH-
I[HAJIOB 3JieMeHTapHLIX B3auMmogmedcrBuii. CucreMa H3
ABYX YacCTHll, B3aUMOJeHCTBYIOIUX 10 3aKoHY HbIOTOHA
uian KymoHna, Bcerma cjyX#jga THPOCTEHIINM 4YACTHLIM
cJyuyaeM IJig NPOBePKH NPUMEHHMOCTH HOBHIX oBmuX (pu-
3HYECKUX MOAXOMOB. B cBA3H ¢ 5THM BO3HHKaeT npobJe-
Ma — HeJb3sl JH OOOOLIHTL H3JIOXKEeHHbIe aJjrebpaude-
CKHE PE3YJbTaTbl MPUMEHUTENBHO K 60oJiee CAOKHLIM CIy-
9YagM, B TOM YHCJIe K CIy4alo CHCTeM, collepxkamux Oojee
JABYX 4Y4CTHI, a4 Takxe K CJIyyalo APYrHX 3JeMeHTapHbIX
B3aMMOJeHCTBUN?



JIUTEPATYPHDBIE YKAZAHHUA V

Cnasa 1

OcoGeHHOCTh COBPEMEHHON MAaTEMAaTHKH, 3aKJIOUAIOMAasci B BH-
JeneHun Bce Gosee aBCTPAKTHHIX NMOUSATHII BHE CBS3M C MX KOHKpeT-
HBIMH peaNu3alus My, HAXOAUT OTpaKeHHe B OueHb GOJBIIOM YHCJE
MaTeMaTHueckux pabor. B wactnocty, gopMynupoBka B § | raaBHoO#
HjeH COBpeMeHHOi MaTeMaTuku 6aHu3ka K hopMynuposke Byp6aku [1].
BMecte ¢ TeM, BO u30eXKaHue NyTAaHUUBl C YKOPEHHBUIHMCH B aJjre-
Gpamueckoil UTEepaType Ha PYCCKOM f3biKe [2, 3] TepMHHOM «CTDPyK-
Typa», MH 3aMeHseM NpDHUMEHEHHOe B pycCcKOM mnepeBole DByp6axu
CNOBO «CTPYKTYpa» Ha TepMHH «MaTeMartHueckas cxeMa». Corsnacuo
pycckomy mepeBogy bBypGakm ([4], ctp. 396) «..cTpPYKTYypHl pola
T XapakTepusyioTCsl CXeMOH o6pa3oBanus MHOXecTBa M, ucxond us
E, F, G, u cBoiicTBaMy, onpefgensiomuMy T, KOTOpHE HA3LIBAWOTCA
aKCHOMaMu 3THX CTPYKTyp». OTCOLa BHAHO, UTO H C TOYKH 3PEHHS
TpakTata Byp6aku 6blio GH BIOJHe OGOCHOBaHO, €CAW OBl TEpPMHH
«CTPYKTypa» OB mepeBelleH KakK «cxeMa» (Hau a6CTpaKkTHas MaTeMa-
THYECKasd CXeMa), uTo He NpHBeno Okl K NyTAHHLE B TEPMUHOJIOTHH
B CBfi3W C NOHATHEM CTPYKTYPH KakK «pelleTku». UTo Kacaetcd apy-
roit HoBo# TepMuHoJOTHH Byp6aku (cM., Hanpumep, {4—6]), T0 ona BHI-
pa6oTana 6e3 yduera MPHIOXKEHHH M ee HeNecOOOPAa3HOCTb B HEKOTO-
PHIX cayuasix COMHETeNbHA. [T09TOMy MBI peAnoYnTaeM MONb30BATHCS
Gosiee o6LIYHON anareGpaydeckoil TEPMUHOJIOTHEH, MMeIOMeHcs, HanpH-
mep, B kHure Kypoma /[2], o6nanaonieft GoMbIIHME HayUHO-METOIHYe-
CKHMH JOCTOHHCTBAMH.

3a nanmbHeMIIUME AeTaNsAMHM 00 YHHBEDCANBbHBIX anare6pax Msl
orchlnaeM K kHuram Kypomra {{2] u Kona [7]; B nocnepsell us Hux
HMeeTcsl 3HauHTesbHass 6uGauorpadus. erasbHele cBeleHHS O TPyI-
nax aBTOMOP(H3MOB anre6panuyecKHx CHCTEM HMelTcs B MOHOTrpadHu
ITnotkura [8]. C OCHOBHLIMH MOHSTHAMH MaTEMATHYECKOH JIOTHKH
MOXKHO TO3HAKOMHUTbCA, HampuMep, mo [9], rae uMeroTca padbsefiinne

1) TlockOMBKY TIpH MEepBOHAUAALHOM H3YUeHHH NPELMeTa 3HAUH-
TeNbHO yILO0OHee MOML30BATHLCS 11€ CTATBSIMH, a KHHTAMH H MOHOTpa-
(UAMH, TO TIPH CCBHUIKAX B NEPBYIO Ouepeflb YKa3HBAIOTCHA KHHIH, B KO-
TOPBIX MOXKHO IIAfTH TaK¥Ke YKa3aHHs HA MHOTOYHCJEHHBIE OPHTHHANL-
Hele paboThl., CCHUIKH 1AI0TCa JAulb Ha PaGoTh, 06CYXKAABIIHECH NPH
YTEHHH Kypca M NOBAHABINHE 1Ja €r0 CONEPIKaHHe,
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6ubiuorpaduveckne ykaszauus. OT Bcex LHUTHPOBAHIBIX Bblite paboT
Hallle H3JOXKEHHE OTIHYAETCS HANMPaBJEHHOCTHIO B CTOPOHY (H3Iue-
CKHX TPHJOXEHUH; B YaCTHOCTH, uien o6Iell TEOPHH YHHBEPCAMbHbIX
anre6p NPUMEHSIOTCS HAMHE JAJS TOTO, YTOOBl Ha UYaCTHHIX TIpHMepax
MOKHO GEIJIO H3YUUTh OOIIHe 3aKOHOMEPHOCTH, MPUHCYIHE (H3UUECKUM
CHCTEMAaM.

I'maBa 2

§ 1. Jlyuitel xHurofi, JAamolied BO3MOXHOCTb MNOJNYUHTH SCHOE
IPeACTABACHHE O KOJbHAX M [IPYFHX paccMaTpuBaeMBIX HaMH aJre-
6payyecKux CHCTeMax M B TO XKe BpeMs He oGpeMeHeHHOH HeHYXKHbl-
My A1g QU3HKOB IeTalsMH, aBaseTcs Xypc Jekuuit Kypowa [2].
Janpuefimue Gosnee Moxpo6Hbie pe3yabTaThl O MaTEMAaTHYECKHX CBOH-
CTBaxX aCCOHHATHBHBLIX, JHMEBHX H HOPZAHOBHIX KOJel U a/jre6p MOXKHO
HafiTu B Monorpadusax [10—I15], rme umeerca mompo6ras Gub.auo-
rpagus.

§ 2. B ¢usuueckux paGoTax TepMuil «HaGJOLaeMbley CTaJ WIHPO-
KO mpuMeHaAThest mocde Jukapa, Kype xortoporo [16] mo cux mop
OCTaeTcsd KJACCHYECKHM PYKOBOACTBOM, GNH3KHM MO JyXy K OoJgee
COBpeMEeHHbIM aarebpanueckuM uaesM. Bmecte ¢ tem Jlupak He GBI
B JOCTATOYHOU CTENEHH 3HAKOM C a/ire0panyeckuM alnnapaToM, MO3TO-
My XOTA OH (baKTI/I‘-IeCKI/I u3yuaer aJII‘e6pr, 110 He HAa3bIBA€T HX aJare-
6paMu u He HCMOJAb3YyeT GoJsee TOHKuE H ray6okue anrebpaunueckue Io-
HATHA H pe3yapTaTsl. K YuCoy TAKHX MOHATHH, YCKOIB3HYBIIHX OT BHH-
manug Hupaka u Ipyrux (U3HKOB, SBASETCS pAacCMOTPeHHas B § 2
BO3MOKHOCTb AaTh YHCTO anrefpanyeckoe HCTONKOBAHHE NOCTOSIHHON
Ilnanka, OCHOBaHHAd Ha TOM, YTO HEPEXOX OT KJAACCHYECKOH MeXaHH-
KM K KBaUTOBOH CBf3LIBACTCH ¢ H3MEHeHHeM INPUMHTHBHOTO Kkjacca
anrebpel nabmomaeMbx. 9Ta uAesd OTKPHBAET BO3MOXKUIOCTb CO3[LaHUA
anre6panueckofl Teopur GH3HUECKUX TEOpHH, MpHYeM APYTHE H3MeHe-
HUsT MPHMHTHBHOrO KJacca anreépu HaGJHOELaeMbIX, B NIPpHHOMIIE, MO-
TYT NMPHBOAHUTb K APYFHM BO3MOXKHBLIM (H3HUECKHM TEOPUAM, OTJIHY-
HBIM KaK OT KJIaCCH‘-IeCKOﬂ, TAK ¥ OT KBAHTOBOI MeXaHHKH.

§ 3—§ 4. C reopueil nosiel n TeJN MOXKIO NHO3HAKOMHTHCH IO
MHOrEM ajreSpaHyeckuM KypcaM (cM., Hanpumep, '[2, 17]). B dusuxe
B GOJIBIIKHCTBE CJy4YaeB NMPHMEHSINCh JMIb NO0JS ACHCTBUTEbHBIX H
KOMIIIEKCHEIX UYHCEJ, OfHAKO B TOCNEeJHee BPeMs BO3POC HHTEpeC K
KBaTeDHHOHAM B CBSI3H C HX HPHMEHEHHSMH B TE€ODHH OTHOCHTEJHHO-
CTH M B KBaHTOBON MexaHuke (cM., HanmpuMep, [18], rme wumerorcs
LaJbHelline JAHTEpaTypuble ykasaHud). CoBMECTHOE pacCMOTpeHue
MONg HAeHCTBHTEJAbHBIX UYHCEN, MOJS KOMIIEKCHBIX YHCeN M Teja KBa-
TEDPHHOHOB HCOGXOIHMMO Tak:Ke M3 OOLEeTEOPETHUYECKUX cooOpaxenuf,
TaK Kak JUlL B 5TOM CAyuae CTaHOBHTCA BO3MOIKHBIM chOpMymnHpo-
BaTh BaKHHe OGmUe TeOpeMHl (CM., HanpUMep, IOKa3HBaeMbie pajnee
TeopeMbl 06 aareGpax C YHCHOBLIMH 3HaU€HHSIMH), OTHOCAIHECH K
aare6paM HaGIIONLAEMBIX.

Onpenenenne 0606IIEeHHBIX GYHKOUA KaK 3JeMEHTOB U3 Ayajib-
HOro BEKTOPHOTO MPOCTPAHCTBA HJIH KaK (YHKIUOHANOB MO OTHOIIe-
HYIO K HEKOTOPOMY BEKTOPHOMY IIPOCTPAHCTBY OCHOBHHIX (YHKIHE €O-
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OTBETCTBYeT MeTolLy BBeleBHs 060OILieHHBIX ¢yuKuuil (pacnpexene-
HHII), H31aTaeMOMy BO MHOTHX COBPeMEHHBIX pPYKOBOACTBax (CM.
[19—22]). Caenyer OTMETHTB, YTO MEPEXOJI OT KOHEYHOMEDHOrO BeK-
TOPHOTO NPOCTpPAaHCTBa K OeCKOHESHOMEPHOMY B OTHENBHHIX CJAyYasx
TpebyeT TOMOJIOTHYECKHX MOOMIpPEeNeJeHNN, CBSI3aHHBIX C HeoGXOIHMO-
CTbIO YUHTHIBATH CXOAHMMOCTb GECKOHEYHBIX PHIOB, OAHAKO MEI, UTOO!
he YCHOXKHITL H3JI0XKeHHe, liaMepeHHo He KacaeMcs TOMOJOIHYCChHA
BonpocoB. KoM6uHUpOBaHHe cpa3y IBYX alAreGpaHyecKHX MeTONOB —
MeToja 3HI0MOopPGhH3MOB BEKTOPHOrO NPOCTPANCTBA ¥ MeTOfa Mepexo.ia
K IyanbHOMYy BEKTOPHOMY IIPOCTPAaHCTBY,— NpHBOAsIEE K Ompejene-
HHio 0600WEeHbIX PYHKIHA Pa3ubIX CTYIeHeH, B JHTEpaType A0 CHX.
TIOpP, HACKOJIBKO 11aM H3BECTIO, i1¢ PACCMAaTpHBAJOCh.

§ 5. HauGosnee ncuepnpBaolliuM pyKOBOICTBOM 110 TEOPHHA CTP VK-
Typ siBasercs mouorpadus Bupkroda [3] (mocnennee anrnumiickoe H3-
JLanne KOTOPOf Ta PYCCKMEl sI3blK 1IOKa Iic NepeBelero). Ilpu mepsonm
03HAKOMJEHHN JOCTATOUHO Or'paHuuuThcsl Kinroil Kypowa [2], koTo-
Py clle[lyeT cunTaTh HaHOOJee NPUTONHON KaK IJIsT MaTeMaTHKOB IIH-
poxoro mnpoduis, tak ¥ A7 ¢usvkos. Hamocrpanuelt 3nauenmit
dopmyn (2.36) — (2.38) MoOxkeT CNYXHTb KOHeUHasi TPOEKTHBHAA
reoMeTpHd Hajx NojeM uim TedoM Q. Kak noxasbiBaeTcd B Kypcax
anre6pamueckoi reomerpuu (em. [23], T 6), ecaH B OPOGKTHBHOM
reOMETPHE BBeCTH BCEBO3MOXKHbIE JHHEHBIe MHOrOOGPasdd, TO OHH
006pa3yioT JeIEeKHHAOBY CTPYKTYPY C AONOJHEHHSIMH, XapaKrepH3ye-
MYI0 COOTHOWeHHsAMH (2.36) — (2.40), nmpuuem o6paTHO, 3aZaHHEM
57Ol abCTPaKTHON CTPYKTYPbL ONpejendercsl Kak Pa3MepHOCTh TIPOek-
THBHOH TeOMeTpuH, TaK H NoJe HIu Tedo Q, Hagm KOTODHIM oHa pac-
cMaTtpuBaeTca. DTOT pe3yJbTaTr Oh 00o6wen ¢ou HeliManoMm u Apy-
ruMu ([24], cm. Takxke 1[25]) ans BBemeHus rayGOKOM CTPYKTYpHOI
KAacCHPUKANMu TaKux N0ganre6p anre6pbl OTPaHHYEHHBIX JMHEHHBIX
OTnepaTtopoB B TunbGEPTOBQM MPOCTPAHCTBE, LEHTP KOTOPHIX COBIA-
ZaeT ¢ OCHOBHHIM moJeM. B pycckoM mepeBoje Tpakrata DByp6aku
I B HEKOTOPEIX COBETCKHX MaTeMaTHUECKHX paboTax BMECTO TepMH-
Ha «CTPYKTYPa» NPHMEHseTCH TakxKe TePMHH «pelleTka» (OAKH H3
mepeBofoB aHramiickoro cnosa lattice). Onmnaxo, yuuThBas BHgatwo-
mwuecst 3acayrg A. I'. Kypoillta B co3faunu coBetckoit ajireGpanueckoii
KON K TIPHHEMAasi BO BHHMaHHe GOJbLiHe MeTOLHYECKHe NLOCTOMH-
CTBa ero Kypca, Mbl cuuTaeM, uto kHury Kypoma [2] uenecoo6passo
HOPHHATD 32 CBOErO pofa CTAHAAPT B OTHOILUEHHH PYCCKOH anreGpauue-
CKOH TE€pMHUHOJIOTHH.

§ 6. Hanbrejiuine cBegeHus 06 anre6pax, sBJsIOMHRXCA CHENHATD-
HBIME CJYYasME KoJiell, MOXKHO HafiTH B y2Ke QHTHPOBAHHHIX MOHOIpa-
duax [2], [6], {[10—13]. PaccmarpuBaeMblit B 3TOM naparpadge ne-
pexon oT anre6p Hajx noJeM KOMIUIEKCHBIX YHce] M TeJIOM KBaTepHHO-
HOB Kk ajare6paM Haj NOJEM IefCTBHTENbHBIX UYHCEN M CBA3aHHOE C
5THM pAaCIIHPeHue rpynnbl aBTOMOpGHU3MOB anre6p ONUPAlOTCA Ha
HIEI0 aBTOPa O TOM, UYTO B DEJATHBHCTCKON KBaHTOBON MexaHHKe
ajre6pul OMEPATOPOB CJAefyeT paccMaTpHBAThL Haj ToJeM JeHCTBU-
TeJIbHBHIX YHCEN, TOTAA KaK YHCIO i 1enecoo6pasno BKJAOYATh HE B
nofe, a B anrebpy. DTa unes, NPHMEHEHHasi K DPeJATHBHCTCKOMY
YPABHEIHIO A qacTAnb co cnuuoM 1/2 ([26], [27], cu. Takxke [28]),
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NPHBOAHT K TOMY, YTO TOCKOJLKY rpynna aBTOMOpP(H3MOB asrebpul
KBAUTOBOMEX AHHUECKNX OliePATOPOB PaCIUHPSAETCH, TO OKA3LIBAETCA He-
OOXOJHMBIM YUHTHIBATD aHTH/JHHEHHbHE APeo6pasoBaHHA BOJHOBOH
GYHKIHY, B CBA3H C YEM YACTHHB CO CIIHHOM 1/2 CTaHOBUTCA BO3MOX-
HbIM OTIHCHLIBATH NPH NOMOIIH NOJNHOCTBIO PeNATUBHCTCKHX ABYXKOMIO-
HEHTHBIX BOJIHOBBIX (DYHKUHH, 3aMEHAIOIMX YeTHPeXKOMIIOHEHTHLIe
BOJIHOBble GynKnuu Jlupaka. DTo NPHBOJUT K 3aMEHe UETHIPEXKOMIO-
HEHTIIOrO ypaBHenusi Jlupaka Ha IBYXKOMIOHEHTHOE ypaBHEHHE aBTO-
pa [26], [27], He3aBucuMo mepeoTkphitoe DefinManom u [ean-Man-
HoM [29] B cBsism ¢ yHHBepcalnbHOK Teopued cyaGhIX B3auMoledi-
ctBuii. O mepexofie OT KBAHTOBON MEXAHHKH HAl T0JEM KOMIVIEKCHHIX
ugcesi K KBAHTOBOH MeXaHHKC 1iaj M0JeM AEHCTBHTENLHBIX YHCEN CM.
Takxe [30].

§ 7. TpeboBauue o TOM, 4TOOHl anrebpa HabMIOJLaeMbIX MOPOXKIaA-
Jach KOHEYHBLIM YHUCJAOM OOpasylollinx, B ajareGpavyeckoil TEpMHHOJO-
run [8] osHauaer, uto 2714 anrebpa noNKHa OulTh HeTepopoi. Ilo-
CTYJNaT 0 KOHEUHOM uncie o0pasylolux, KaK cjeXyeT H3 PacCMOTpeH-
HOro NpHUMepa ¢ MOMEHTOM KOJuuecTBa [BUIKeHHS, NPHBOJAHT K KO-
PEHHOMY OTJIHYMIO pa3paGaThiBaeMofi HAMH TEOPHH OT MHpeJoKeHHOH
Codycom JIn [31—33] Teopur GYyHKIHOHAJbHBIX TPYNN K KacaTesb-
HEX npeo6pa3oBaHui.

Tlepexon ot (2.80) k (2.8]) MOXKHO COBEpHIUTh He TOJNBLKO MYTEM
HHIYKOUE 10 4, HO TaKXKe ¢ MOMOLIbIO crenu(IUYecKHX METOHOB Teo-
pum rpynn u aareGp Jlm (eMm., HampuMep, -[{34], dopmyna (28)), ua-
CTHUHO 0600iieninx PelinManoM u IpYFUMH ¢uU3uKaMH (CM., HamlpH-
mep, [35] u uMTHpPOBanHble TaM PaBoTh) Ha ciyuyadl Gosiee CHROKHHIX
OnepaTOPHHX BHpa’kKeHHH.

H3anoxeHue TeOpHH HEKAHOHHUECKUX NpeoGpa3oBaHUil M OCHOBAH-
HOTO Ha Hej MeTofa INepexoma OT OZHOTO BpeMeHHOro mapameTpa K
LPYTOMY cjlenyeT craThe aBTopa {36].

§ 8. BroguMmoe HaMu omnpefeseHHe -COCTOSAHHS OGDbeAUHSET H
006001LaeT OTPELeNEHH ST COCTOTHUA HU3HUECKON CHCTEMBI B Kjacchuec-
KO MeXaHMKe, KBAHTOBOII MexaHHKe, PABHOBECHOH H HepaBHOBECHOH
CTATHCTHYECKOH MexaHuke (cM., Hanmpumep, [16], 1[37—40]). Haie
onpejeneHue aaredp ¢ YHCACBLIME 3HaYeHHSIMH OMUPAETCH HA HCIOJNb-
30BaHHe AYasbHOTO NPOCTPAHCTBA U IPUMEHHMO K JOOGHIM aareGpam
¢ MPOH3BOJbHBIM YHCAOM OHHAPHBEIX anrebpapdeckux onepanuii. B pa-
Gorax no (YHKUHOHAJLHOMY aHaNK3y IOHATHE, aHAJOTHYHOE acco-
LHATUBHLIM ajre0paM C YHCJAOBBIME 3HAYEHHSIMH, BBOLHIOCH B TEOPHH
runbGepToBhIX KoJjen unu A*-anre6p (cm. [41]). Ipu nepexone x 6ec-
KOHEUHOMEepHOMY cJayualo, BooOIe roBops, Heo6X0IUMO NMPOBOLUTE 1O~
OfipejieNieHHss KOHEUHOMEpHBIX aire6paudeckux KOHCTPYKUHH, CBSI3aH-
lible ¢ HeoGXOQMMOCTHIO HPHBJEKATh TOTOJOrHUYECKHE TOHATHA (CM.,
nanpumep, |[39], [417), ogHako, YTOGH fe YCAOKHATH H3NOKEHHE, MEHL
OTPAHMYUBAEMCsi PACCMOTPEHHEM JIHIIL OCHOBHBLIX anre6paniecKkux
HIEH, OTHOCAIMXCA K TEOPHHU JT-COCTOSTHUIN (PU3HUECKHX CHCTEM,

B pane wegasnux pa6or (cM. manpumep, {100], roe «anre6panue-
CKHe COCTOSTHHS» Ha3hIBAIOTCH NPOCTO «COCTOSHHAMH») MOKa3aHO, YTO
anre6pauuecKHil MORXo[, ONKpAONUUACA KA NMOHATHE O K-COCTOAHUSAX,
3TO He MpOCTO Apyroe odopMieHHe H3BeCTHHIX Pe3Y/AbTaTOB, HO YTO
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C HHM 1O CYIUECTBY CBSI3aHBl OCHOBbI HOBO¥M ()H3H4eCKOH TEOpHH, TakK
KaK HMEIOTCH CJIyYaH, Korja aare6panucckHe COCTOAHHS B KBAHTOBOfI
TEOPHH HEeNb3si ONHCHBATHL C NTOMOIILI0 MATPHLBl MIOTHOCTH HJH BOJ-
HOBO# (DYHKHHH, U YTO B KBAHTOBOH TEODHH CHCTEM C OECKOHEUHBIM
YHCAOM cTeleHell CBOGOALl OKa3biBaeTcs HEBOSMOXKHBIM IpHMEHeHHe
€IUHOTO THILGEPTOBA HPOCTPAHCTBA.

§ 9. HMcxonurM IYHKTOM HalpaBieHHs, OXapaKTepH3OBAHHOTO B
sToM Taparpacde, cayXut paGota Bupkroda u ¢or Hefimana [42].
HasokeHne MaTeMaTHUECKOTO amnapaTa KBaHTOBOM MeXaHHKH B AyXe
Bupxroda — ¢on Heiimana, B TecHOI CBH3H ¢ Teopued CTPYKTYp, HpoO-
BOLMTCH B (pyHmamenTaJpHOH MoHorpaduu Huxomuma [43]. Ha pyc-
CKOM fI3bIK€ KPATKOE H3J0XKeHHe BONPOCOB, CBA3AHHHX C «JIOTHKOII
KBaHTOBOH MeXaHuKH», MOXHo Halith B [44]. Hama Tepmunonorus
6anska k [45].

I'nasa 3

§ 1 —§ 2. C ynomuHaeMbim B § | METOLOM OTMEPUPOBAHUSA C MOA-
MiloxKecTBaMy anre6p G, 06JafalouiuMy ONpefeneHHEIME CBOACTBaMY,
MOJKHO TO3HAKOMHTBCS 110 DALY ajare6panueckux KypcoB M MOHOTpa-
¢uit [10—13]. B 3tux Kypcax omepauny ¢ paccCMaTPUBABIIKMHUCH MOJ-
MUOXKECTBaMy €lle 11 BhLAGNUJIHCH B CAMOCTOSTENbHbIE pa3fies anres-
pbl. Bmenenne mnoustHs 06 anreGpax CTPYKTYPOHAOB [JaeT BO3-
MOXKHOCTh OKOHUATeJNbHO OCYWIeCTBUTh Takoe BHAeNerne. TepMun
«CTPYKTYPOHA» CBSI3aH ¢ TEM, 4TO 37ech Mbl HUMeeM [el0 OAHOBpe-
MeHHO CO «CTPYKTYPOii» B «rpynnougoM». Ecin BMECTO TePMHHOJOTHH
Kypollla mpuHsiT: TEPMUHOMNOTHIO DypGaKH, TO SKBHBAJEHTHEM TEPMH-
HOM 6BbI0 6Bl cnoBO «JaTTHcoun» («latticoid», or cioBa «latticey.—
pelleTKa).

ITonstHe 0 CTpyKTYpoHLax, Jamllee BO3MOMKHOCTh cHauala H3Y-
yaTh O6LHe CBOHCTBA anreOp pa3HLIX BHIOB, a 3aTeM PaccMaTPUBATh
yzke GoJiee crenuaJblible anredpol, MOXKIIO OblIO O HCHOML30BATL L5
METOZHUYECKOli MEPECTPOHKH YNOMAHYTHX BhIlle aare0pauyecKux XKyp-
coB. OnHAKO H3yueHHE CTPYKTYPOHIOB HMeeT CaMOCTOATENbHOE 3Ha-
UeHHe, TAK KaK HX CBONCTBA HHBADHAHTHBL MO OTHONIGHHIO K BBIGOPY
00pa3yoliux YHHBePCANBHBIX alre6p M noToOMy OTpaxKaloT HauGoxee
rny60KHe cBoicTBa anre6p.

§ 3 —§ 4. TlepBoHaUANbHO TMOHATHS O JHEBHX H JHEBO-ACCOUUA-
THBHBIX CTPYKTYPOHIAX BO3HUKJM B CBA3H C NMpo6aeMOH nepeHeceHHs
BHUAOH3MEHEHHHX uied [anya Ha 3ajaun, BO3HHKAWOIIHE TDH ajre-
Opausanun pusuieckux 3ajnad g teopuil (cM., nanpumep, [46], .[47]).
B cayuae, ecnu anreGpsl HaGai0LaeMblX sIBASIOTCS JIHEBO-MODOXKILAE-
MBIMH, KaK 3TO HM€ET MecTO [J5l KYJOHOBCKOTO B3aUMOJAECHCTBHA ABYX
vactuy [36], noaHoe pemieHue (GH3MUECKUX 3agay yAaeTcs CBOXHTD
K 3ajlauaM H3 TeOpUH KOHEUHHX anare6p JIu.

Bomnpoc o CBsi3six B aHanUTHUecKOH Mexauuke (6e3 HCIONB3OBA-
Hug aare0panueckoro mojxojfa) MOAPOGHO paccMOTpeH, HamlpHMep,
B gHure Jlangoiua '[48]. B kBaHTOBO# Teopuu moJell HeOOXOXHMOCTD
yueta cBsisefl OCOGEHHO NOLuepKHBaeTcs B pabBorax J[lupaka. Cam
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Jupax wue ucnombayer — asreOpamveckoro  anmnapata (B ua-
CTHOCTH, 3JeMEHTH anrebpel Ha0aQnaeMBIX Oll Ha3bIBAET ¢-YHUCHAMH
i T. X.), OXHaKo ero KHury ([49], [50] comepXkaT psL HHTEPECHEIX
o6Imux uaed, MO CyMEecTBY, HOCAMEKX anreGpadyecKHd XxapakTep.
XoTq Haul MOAXOX OTIHYAeTCA OT moxaxona Jupaka, B psage Clyuaes
(rampumep, B cBs3u ¢ (opmynoir (3.31)) MOKHO yCTAaHOBHTH COOT-
BeTCTBHE ¢ pe3dy/avTaraMu HHpaka.

CnaBa 4

§ 1—§ 4 C ofwest Teopuelt KOHEYHOMEPHBIX ACCOKEATHBHBIX
ajare6p H ¢ TEOpHeH MX TMpeJCTaBJCHUN MOXKHO MO3HAKOMHTBCA TI0 MO-
unorpaduam [13], [5L], [52]. PaccmarpuBaemoe B Tekcre npHMene-
IHe TEOPHH CTPYKTYPOHLOB MO3BOJISET 3aMeTHO YNPOCTHTL LOKA3a-
TeJbCTBA pAAa TeopeM (uMeloluuecs, Hanpumep, B ([52]). Teopema,
noKa3auuad B § 3, BmMecre ¢ dopmynamMu (4.13) u (4.16) cooTBert-
cTByeT TeopeMe BengepGepra — Herep (em. [13], crp. 189), cormacuo
KOTOPO# MpOCTHle KOJbLA C YCJAOBHEM MHHHMAaJbHOCTH AJS JEBHIX H
MpaBHX HAeanoB HCUEPNBIBAIOTCS NMOJIBIME MaTPHUYHHIMH KOJbLIAMH
Hag HEKOTOPHMH TejaMd. OZHAKO TMONyuYeHHBle Bhbllle COOTHOLICHHS
NPpUBOJAAT TaKXkKe K YTOUHEHHIO 3TOM TeOPEMbl, CBA3AHHOMY C BbifICHE-

IiieM BHIa 3JEeMEHTOB egi i ¢ popmymoit (4.17), nossossaoweil 1Mo

113BeCTHOi1 anre6pe olpefleNHTh T€N0, O KOTOPOM FOBODHTCA B TeOpeMme
Bennep6epna — Herep.

Crexyer OTMETHTb, UTO XOTS B TEKCTe s NPOCTOTH PaccMaTpH-
BAlOTCA JMUIp ajreSphl KOIIEYMOro paira ¢ YHUC/JAOBLIMH 3HAYEHHAMH,
MIOTHe TIONyYeHHEIe pe3ybTaThl HENOCPEACTBEHHO NEPenocATC TaKxKe
Ha anreGpnl GeckoHeyHoro panra (cm. [63], [4L]).

§ 5—§ 6. TepMuH «anareGpbl aJbTEPHHOHOB» U COOTBETCTBYIO-
1as cucTeMa ob6osHaueHnii npeinoxensl B. A. PosendensioM, MOHO-
rpadua KoTtoporo [54] comepKHT pAX UEHHEX pe3yJabTaToB 06 HX
CBOACTBAax W reOMeTPHYECKHX NPHIOKeHUsX. YacTHHHA ciyvaili anre6p
Kanddopna Hag noneM KOMIJIEKCHBIX UHCEJ PacCMOTPEH, HampuMep,
B {55]

B rteopun anre6p Jim maBHO HCHONB3yeTCH METON BHIENCHHA
HOPMaJbHEX AeHCTBUTENLHEIX (opM (cM., nanpumep, [56]). Coorset-
CTBEHHO 3TOMY BHI€NeHHe Ga3ucHOfi aareGphl JeHCTBHTEJLHBIX CITH-
HOPDOB B KauecTBe HOPMAaJbHOH HefCTBUTENBHOH (GOpPMBL aCCOUMATHB-
HOH ajreGpH alnbTepHUOHOB NPOBEJEHO HAMU B CBSI3H C OCOOLIM 3Ha-
ueHpeMm 3TOH anre6pHl M peATHBHCTCKOM Teopuu [26, 28] u Teopuu
KBAHTOBaHHHX Toseli [57, 58]. OroxaecTBiaeHne anrebp albTepHHO-
HOB ¢ anre6paMu ¢ YHCIOBHIME 3HAYEHUSMH TO3BOJSIET YIPOCTHTD AO-
Ka3aTeNbCTBO TEOPEM O CTPYKTYpe M IPEICTABIEHUAX 3THX anirebp u
l.aeT BO3MOXHOCTb YCTAHOBHTb Pe3yJbTaThl, o6mue ¢ anreSpayueckoi
TeopHell GU3HUeCKHX cHCTEM. B CBA3M ¢ 3THM CTAIIOBUTCS BO3MOMKHBIM
NO0Nb30BATEC WHTYHTHBHEIME TIPeJCTAaBJEHUSIME, BHPAaOOTAHHEIME B
OnHON o6adactH (HampHMep, B TEOPHH CIHHOPOB), AJs pelIeHHs 3ajad
B Apyroil o6nacTu (HanpuMep, B TEOPHHM KBaHTOBaHHEIX Noneit) . Mrorue
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pe3yJibTaThl, NMOJYydeHHble AJs1 KOHEYHOMePHON Moje/H KBAaHTOBAHHBIX
BOJIHOBBIX TMO.ell, ¢ MOMOILbI0O MeTOAOB (YHKHHOHAJAbHOTO aHaJM3a
[39, 41, 59] mMoryT OHITL mnepeHeceHbl TaKXKe Ha GecKoHeUHOMEDHBII
cayyafl,

BMmecTe ¢ TeM mJsl cHCTEM ¢ OECKOHEUHBIM uucJIOM CTeneHell CBO-
GofH MOryT BO3HHKAaThb TaKXke JAOINOJHHTEJbHBE MAaTeMaTHYECKHE
ocobennoctu (cMm. [100]), koTopble HEOGXOAMMO YuWTHIBaTh INPH TO-
CTPOEHHH CTpOroil anreGpandyeckodl TEODHM KBAHTOBAHHBLIX BOJHO-
BHIX I1OJeH,

'masa 5
1

§ 1 —§ 3. C OCHOBHBIMH De3yabTATAMH TEOpHH IPynu u ajtreGp
Jly MOXHO TO3HAKOMHThCs no motorpadusm [60—66]. Kaaccuue-
ckasi Teopusi rpynn Jln omnuMpaercs Ha TPH OCHOBHbie TeopeMbl Cody-
ca Jlu (cm., HanpuMep, {[60], [61]). Onuako cepbe3dbIM HEAOCTATKOM
KJTACCHYECKOHl TeOPHH SIBJsETCS TO, YTO OHA OTHOCHTCS TOJIBKO K
TOMY CIEIIHaJIbHOMY CJy4Yalo, KOrjia resepatopsl X sipasiotes audde-
peHI[Ha/bHBIMH ONepaTopaMM nepBoro mnopsiaka. Halle wHaioxkenue,
cBsi3anHoe ¢ HAesMu Kamnéenana—Xaycaopda [67—69], yunteiBaeT TOT
¢ axT, uTo B PHU3UKE YACTO MPUXOAUTCS HMETb JEJO TaKXKe ¢ renepato-
pamu Gosee o6mero Buna. Paccmorpentntil B §§ | u 2 npoctot MeTon
060CHOBaHHst Teopuu rpynn JIu, omuparmmuiics Ha OCHOBHYIO Teope-
My O CBsi3u MeXay adre6pamu JIu u rpynnamu Jin, nepBoHavanpio
npenjoxen B [34], [70].

Martepuan § 3 cBsi3aH ¢ NPOHUKLIOBEHHEM METOLOB TEOPHH acco-
IMaTHBHBIX aare6p B rteopuio rpynn. ITo moBoay HHTErPHPOBAHHSA TiO
rpynne cM., Hanpumep, [71], [72]. JonoaxuTenpusle aerann u 6ubano-
rpaduio MoxHo HafiTh B [73], [74]. PaccmoTpetinas B Kouie § 3 cBsi3b
TeOpHu IApPOBbIX GYHKIMA C TeopueH NpeACTaBJeHHH TPyNibl Bpa-
meHn# Gosee NMoApobHO usyyeHa B [73] (cM. Takke UIMTHPOBAUHYIO
Tam JurepaTtypy, Hanpumep 1[75]). Popmyna (5.73) MOKer CILYKUTDH
NPHMEPOM TeClO CBSI3H My Teopuell npeactasjenuil rpynt Jlu
Teopuel cnellHanbHeix Gy, AJbTepPHATHBHEIM, a B PAle CJyyaes
H 6osee OOLIMM [OJAXCJOM B Pa3BHBABIIEAcS He3aBHCHMO TpYINOBOH
TEOPHM CHelHaJbHHIX (MYHKIMHA CIHYKHT MeTOJ] KOHEYHO- H OGeCKOHed-
HOMEpHBIX Tpe/icTaBaenyit aare6p JIu, KOTOphil B UAaCTHBIX CAyYasx,
Kak nokasano Musnepom :[76], npuBoAMT K nonydaspHOMY cpein u-
3MKOB Meroay {axropusauuu [77] ® ¢ NOMOINBIO KOTOPOTO, COTVACHO
[78], MoXHO TakXKe NOCTpoMTb 0GOCIMEHHe MeToAa GaKTOPH3ALNH
na cayyad QyHxiufi, 3aBUCAIIHX OT HECKOJBKHX NepeMEHHbIX H He-
CKOJIbKHX KBAHTOBLIX uHceJ. Boofllle, B Hacrosimee BpeMs CTaJl0
SICHO, YTO MOYTH Bce CllellHajbHbie QYHKIMH, BO3HHKAIOIIHE NPH TOY-
HOM peLIeHHH 3a1a4 TeOPETHUeCKOoll (H3HKH, MOTryT OBITh IOJYUEHbI
51 NOMOIBI0 METOAOB TEOpUH NpeicTaBjesuéi rpynn u airedp

H.

§ 4. [MousTie o cnuHopHOf rpyune paccMorpeno y Posendensna
|54]. Hawr Mero; u3joXKeHHs OTJIHUAETCS BbiJBHIKEHHEM Ha IEPBHIH
JIaN OCHOBHBIX anreGpanueckux TEOPEM, B MNEPBYIO ovMepelb TEopeMLi
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0G aBTOMOPd13Max npocrux ajgrebp. Kpome roro, cneuuanbHOe BIHH-
MaHue yaeJeHO BONPOCAM, NPHBOASLIHM K NOHATHIO O AEHCTBHTENbHbIX
criunopax s aare6pel B, ="%*Az,.1. [lockospky B, usoMopdua
ajre6pe KBAaHTOBAHHbLIX (EPMHOHHBIX IOJefl, TO, B COOTBETCTBHH C
[58], neficTBHTENbHBIE COHHOPBI B MHOTOMEDPHOM NPOCTPAHCTBE fABJIS-
10TCsl 0O'bEKTAMH, aHAJOTHYHBIMHE BOJHOBHM (GYHKIIHAM B TEODHH KBail-
TOBaHHBIX noJsell.

§ 5. AuareGpauuecKuil MeTOJ ONHMCAHUS JIEKTPOMArHHTHOTO TOJA
npensoxen B [90], rae MOMHO HAaliTH TakXKe AETaNyd OTIAE/BHBIX Bhi-
KAagoK. B upakTuueCcKkOM OTHOUIEHHH, [O-BHAMMOMY, Hapboabumini
HHTepec NPEACTABAAIOT IPHJOKEHHS 2TOrO MeTOAA, CBSA3aHHbIE C pac-
CMOTPEHHBIM B TEKCTe OOOOIIEHHEM TeOpHH OQYHKUHHA KOMIUIEKCHOIO
NEePEeMEeHHOr0 H ¢ 3/JeKTPOAHHAMHUCCKHMH NDHMEHEHHAMH YCJIOBHH
stoHorenHocTH Moiicnna [91] — PegopoBa [92]. asapHeiune AeTass
uMeroTcss B [93]. Mut auuib Geryio KacaeMcst TPYNNbE BHENIHHX IIpe-
06pa30BaHHi 2IEKTPOJAMHAMHUYECKUX BesuurH. HanGosbluue NpHIoXKe-
HHs 3Ta TPynha Haulla B CBA3M C M3yYeHHeM yDPaBHeHHH 3JEKTPORH-
HAMHKY NPY HAJMYHM THIOTETHUECKHX MATHHTHBIX 3apsnoB ([94],
OAHAKO, IOCKOJBKY HAa OIbiTe TAKHe 3apsijbl A0 CHX Iop He obHapy-
*eHbl, TO B TeKCTe Mbl 3THX BONpPOCOB lie Kacaemcs. lomyleHue o
TOM, 4TO 4-BEKTODP HMIYJbCA SBJSIETCS OCOOBIM, HE3aBHCHMO BBOIH-
JIOCh MHOIMMH aBTOpaMi (cM., HanpuMmep, [95], rae npuasTa Apyras
TepMHHOJOTHA ). OTMedenHast B TeKCTe BO3MOKHOCTh 3aIHUCH ABYXKOM-
[OHEHTHOT 0 ypaBHeHHsI Beflyisl B BHlie TeH30DHbBIX ypaBHeHHI! Clelnadb-
noro Bujga ycraHoB/deHa B ([96]. OOwwmit MeTod 3amHcH B TEH30PHOI
dbopMe ypaBHeHH{, COAePKAIIUX 1Ba AeACTBUTENBHBIX CIIHHOPA, pac-
cMoTpex B [97]. Ypamuenus (5.157) u (5.158) Bmepsrie BBeAeHH H
Hayuensl B ([26]; B1[27] oHn oGoOuieHb! Ha cAydall HAaJHUHA Y YACTHIHI
aHOMaJNbHOIO  MarHuTHOrG  MoOMeHTa, a B [[28] corsacoBa-
HBl ¢ YHHBepcaJbHOH  TeopHeit  cjabnix  B3aHMOJAeRCTBHI
|29] u nepenucannl B yTouneHHOl, Gomee ofmeli dopme. TTocae
CO31aHHsl YHHBEPCAJbHOA TeOpuM C/a1abbhiXx B3aHMOAEHCTBHI MpejIo-
*eHHe GpaTh BO BCEX C/IydasiX 3a OCHOBY HE ueThbIPEXKOMIIOHEHTHYIO, a
ABYXKOMIOHEHTHYIO BOJIHOBYIO (PYHKUHMIO AJs HACTHI CO cnHHOM [/2
BCJIex, 3a P28], [29] BbIcKa3biBasOoCh M B psiAe HPYrux pabor (cM., ua-
npuMep, [98]). Bonpocam, cBA3AHHBIM C ABYXKOMIIOHEHTHBIMH YpaB-
LEHHSIMH, OBLTO IOCBSLIENO TAKXKe 3iauuTesbHOE YHCIO0 LPYFHX pa-
60T, OcBellenHbIX B psife 0030p0OB (M3 KOTOPBIX OCOGEHHO MOMKHO
pexoMeHnoBaTe [99]), 0HAKO B Hux OCBIYHO He YYHTBIBAIOTCS OTHAE/b-
Hble PacCMOTpeliHbie B TEKCTEe TOIKHE MAareMaTHYeCKHe NETaJslH, CBs-
3aHHBle C aNTHJIHHEHHbIM 3aKOHOM I1Pe00Pa30BaHHUS ABYXKOMIOHEHTIBX
BOJIHOBHIX ()YHKIHH 1O OTHOIIEHHIO K OTParKeHHSIM.

I'nmaBsa 6

MarteMaTHueCKHI annapar, CBs3aHHbll CO CBOHCTBAMH OAHODPOA-
HOf M HeoAHOpoAHON Ipynmsl JIopeHna, uanaraercst BO MHOTHX KHH-
rax (cm., wampumep, [72], i[75), [79-—83]), a pasnuunble KeTANH
NoAPOGHO H3yUaKTCS BO MHOTHX cllemHaJbHbIX paborax. Ilo noBoay
OCLIYHOTO HErpynmnoBoro BuiBoAa ¢opmyn npeobpasosanuit Jlopenna
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cM., HanpuMep, [84]. Marepuann § 2-—§ 5 cBAsaub ¢ npobaeMoii no-
caefoBaTenbHol asireGpanucckoll nepedopMynupoBKu TeopHu ¢usnye-
ckux cuctem; §§ 4 u 5 codepxar Gosee noxpoluoe pas3BuTHE HIEH,
cpopmyanpoBaHHbIX B [36]. ¥ HCTOKOB asire6panyeckoro noAxoaa x
3ajiaye O TPYNIOBOM HaXOXJAEHWH CIEKTPAa aToMa BOJLOPOAA JEXKHT
MeToA GaxTopuaanuy [76],:[77] u rpynnoBas TeopHsi aToMa BOAOPOAA
[85—88], [36]. [TpuununuabHAS BOSMOMKHOCTD YHCTO TPYNINOBOTO Bbi-
BOJa BCeX CBOMCTB aToOMa BOXODOHA, yCTaHoBJeHHas B [36] (cM.-
TakKe 1[89]), mnosBoJigeT paccMaTpPUBaTh IOJYYEHHE AHCKPETHOIO
ClIeKTPa HEPeJSITHBHCTCKOFO aToMa BOLOPOXA B KAuecTse OLHOH H3
3aiay, BO3HUKAIOUIMX IIPH INIOC/ELOBATENBIIOM alre0paHuecKOM OIH-
C4HMHM CHCTEMbl H3 ABYX yacTHIU. IIpu 3TOM Bce pacdeTh OKa3nBaioTCH
anajorHUHbIMH M CTOJIb € IPOCTBIMH, KaK H B cjyuae oOpuHOl aJjre-
OpaMuecKOl TEOPHH MOMEHTA KOJIMYeCTBa [ BHIKEHHS.

Pesynbratsl § 6, sBAsiolipecst NOCAefOBATEbHBIM DaSBHTHEM
uaelt, cofepxamuxcst B [36] u1[97], nybaukyioTcs BiepBble. HeThipex-
MepHOe nNpeiCTaBleHHe MSITHAAUATHIAPAaMeTPHYECKOH Tpynnbl KOH-
$opMHBIX NPe0GpPa30BaHUN HEOAHOKPATHO paccMaTpHBaJIOCh B JHTEpa-
Type, OJHAKO BHe CBSA3H ¢ Teopuell KYJOHOBCKOTO H HLIOTOHOBCKOTO
B3aHMoneHcTBHE. C TOYKM 3pEHHS CTAHHAPTHBIX (H3MUECKHX pYKO-
BOJCTB, MOCBSUIEHHBIX KBAHTOBOMEXAHHYECKHM NPHMEHeHHSM IpeX-
crasjenuit rpynn Jiu, nauboJiee HeOXKHIAaHHBIM, BEPOATHO, SBJASETCS
TOT (akT, YTO TeopHs INpeACTaBJeHHA rpynn u anre6p JIlu Moxer
HMeTh HEH3BECTHDLIE Paiiee Baskilble NIPHJIOKEHNs TakKe H B Kyjaccude-
CKOH Teopum.
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