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Fluctuations and the end of the primary energy spectrum
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Energy spectrum of primary cosmic rays for energy higher than l EeV is obtained through
the study of extensive air showers (EAS). The main problem of the research is the fact that we
work in the range of high fluctuation parameters serving us to obtain primary energy spectrum.
In this paper the log - normal distribution for the error function has been used in convolution
with the power spectrum to explain the Yakutsk experimental data. Similar results have been
obtained for the gamma distribution. Using the power low primary spectrum in the energy
region around 1019 eV we will argue that the primary Yakutsk spectrum is overestimated. In
the best case this overestimation is not less than 42%

1. Introduction

Many years of extensive air shower research has left us
with difficulty to coherently interpret the results com-
ing from different detectors. Contemporary detectors,
HiRes1) and Auger,2) allow basic parameters to be cal-
culated with higher accuracy. Unfortunately, it does not
mean that we have achieved a much improved idea about
the shape of the energy spectrum.
In this work the two methods used by Yakutsk EAS

array will be analyzed: the flux of Cherenkov light at 400
meters from the EAS core Q(400) as the first parameter,
and the charge particle density S(600) at the distance
600 meters from the core of EAS detected by Yakutsk
array as the second one. From both parameters the pri-
mary EAS energies have been estimated in the Yakutsk
experiment.

2. The Yakutsk EAS array for ultra-high energy
cosmic rays

The Yakutsk array is located in the valley of the Lena
river; its geographic coordinates are 61.7◦N and 129.4◦E.
Its altitude above the sea level is 105 m (atmospheric
depth is equal 1020 g cm−2). Measuring stations each
having two plastic scintillation detectors with total ar-
ray 4 m2 operated on the principle of the coincidence.
The Cherenkov light detectors each 170 cm2 consisting
of one or three photomultiplier tubes was working in-
dependently or summing the signal, which is beneficial
for recording the light on the shower periphery. These
two parts form the basis for the Yakutsk experiment.
Total array covered by the detectors of the experiment
is around above 20 km2.
For each EAS the flux of Cherenkov light Q(400) and

charged particle density S(600) at 600 m are measured.
From the value of S(600) the primary energy E0 of EAS
is calculated from the formula:

logE0 = 17.68 + 0.98 logS(600), (1)

where E0 is in eV.
From the Cherenkov light measurements we obtained
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the independent from the first method precise primary
energy EQ from Q(400). For details see paper.3)

3. Reconstruction of the primary energy spec-
trum from S(600)

We assumed that the true primary energy spectrum
follows the power low:

j0(E0)dE0 = A · E−γ−1
0 dE0. (2)

We will consider for reconstructed energy E the error
function of the log-normal distribution with the density
function:4)

f(E) =
1√
2πσE

e−
(ln E−m)2

2σ2 , (3)

where m and σ are the mean value and dispersion of log-
normal distribution. As the second and different function
than log-normal the gamma distribution,

f(E) =
1

λΓ(p)
Ep−1e−

E
λ , (4)

have been used where parameters p and lambda are free
parameters.
We look for such a probability distribution of recon-

structed energy E with error function, which satisfied
the following normalization condition: expected value µ
is equal E0,

µ =
∫ ∞

0

Ef(E)dE = E0. (5)

Let us stress at this point that this assumption is very
optimistic.
The expected value the log-normal distribution is:

µ = em+ σ2
2 . (6)

Substituting to the expression for µ value E0 and solving
for m we obtained:

m = lnE0 −
σ2

2
. (7)

As a result we can write Eq. (3) for log-normal distribu-
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tion in the form of the error function g(E,E0):

g(E,E0) =
1√
2πσE

e−
(ln E−ln E0+ σ2

2 )

2σ2 . (8)

For the gamma distribution one can get for the function
g(E,E0):

g(E,E0) =
pp

E · Γ(p)
·
(

E0

E

)p−1

· e−
pE0

E . (9)

The reconstructed spectrum j(E) will be given by the
convolution of the primary spectrum j0(E0) with the er-
ror function g(E,E0),

j(E) =
∫ ∞

0

g(E,E0) · j0(E0)dE0. (10)

Let us define the ratio of the reconstructed spectrum
to the primary spectrum by

K =
j(E)

j0(E0)
, (11)

than for the log-normal distribution this value of K will
be equal

K = e
σ2
2 (γ+1)(γ+2), (12)

while for the gamma distribution one will get

K =
Γ(p − γ − 1)

Γ(p)
· pγ+1, (13)

for p > γ + 1.
Assuming that the integral energy spectrum in the

range of energy around 1019 eV has γ = 2 and tak-
ing from the Yakutsk data (see figure 2) our estima-
tion for dispersion σ = 0.187 we obtained K = 1.42
for log-normal distribution. It means the reconstructed
spectrum is in this case overestimated by 42%. For the
gamma distribution we got the similar estimation.
The end of the true primary energy spectrum with

cutoff is possible to described by the formula

j0(E0)dE0 = A · E−γ−1
0 e−

E0
R dE0, (14)

where R = 3 × 105 GeV.
The ratio K (see formula (11)) for log-normal distri-

bution and primary spectrum (Eq. 14) is

K =
e

σ2
2 (γ+1)(γ+2)

2

∫ +∞

−∞
e−x2

e
E
R (1−e

√
2σx−(γ+1.5)σ2

)dx,

(15)
where

x =
ln E0

E + σ2(γ + 1.5)
√
2σ

. (16)

It is clear from the formula (15) that the problem with
the shape of the end of the primary energy spectrum is
much more complicated. There is no doubt that most
probably the spectrum is overestimated. Also the shape
of the spectrum is not in 100% certain.

4. Conclusions

Extensive air showers research demands an under-
standing of the role of fluctuations during the work with
the differential primary beam proportional to ∼ E−3.

Fig. 1. The distribution of the charged particle densities S(600)

at the distance from EAS core 600 m for selected group of show-
ers with averaged primary energy 8.4 × 1017 eV. Histogram -
experimental data, line - the best fit by log-normal distribution

with dispersion listed on the picture.

Fig. 2. The distribution of the reconstructed primary energies E
around the known primary energy E0 = 1.1 × 1019 eV. Exper-

imental data histogram; the best fit by log-normal distribution
line.

These are studies in which the fluctuation of the mea-
sured parameter (S), which is (are) being used to cal-
culate primary energies, is (are) strongly asymmetrical
with positive skewness (see figures 1 and 2). The distri-
bution of parameter S(600) for the group of showers with
the average primary energy 8.4 × 1017 eV is presented
at the figure 1 while the distribution of the primary re-
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constructed energy around the primary energy E0 = 1.1
× 1019 eV estimated from the flux of Cherenkov light is
plotted at the figure 2.
Depending on the standard deviation of the recon-

structed energy distribution, assuming that we properly
measure on average the primary energy, we should ex-
pect a bigger shift of the spectrum the larger the value
of the standard deviation is.
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