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[TPEIVICJIOBHE

Hacrosiwas xuura ssaserca nepesonom kuuru H. M, T'on-
Tepa ,La théorle du potentiel et ses applications aux probié-
mes fondamentaux de la physique mathémat-que“, suiuiexett
8 1934 r. B [Tapuxe. Jra Kuura BO3HMKAA H3 PabOT CHELHAIb-
HOTO CEMUHADA MO TeOpHH NOTeHIHWajga, xoTtopmit H. M. I'on-
Tep MPOBOZWI B nawaje ABAAUATHX rofoB B JleunHr pasckoMm
YHUBEDPCHTETE.

Teopus norenuuana w cBa3alHbIe C HeH BOMPOCH MaTeMaTu-
yeCkoit ¢ra3uku ywe ¢ Hasana XIX Beka OuinM B LEHTPe BHU~
maHusi MaTtematukoB. Ho po cavoro xouna XIX Bsexa He 6vli0
MPOBENeHo CTPOTOTO MCCNeOBAHMA CBOHCTB a3 HYHBIX FOTeH-
LUManoB, W TeM CavbiM MMencs Ielblfi pan HeoOOCHOBAHHBIX MO-
MEHTOB NpP¥ NPHUMEHeHuM TCOfWM IOTeHIMaNa K mpeilenbiny 3a-
navaM Matevarnueckol dusuxu. C npyroft CTOpoHsl AO KOHNA
XIX Bexa He 6BI0 CKOJABKO-1MOYIAbL O1WEIIMBHIX H TJ,00KHX
pe3yNbTaTOB, KACAIMXCA CBOWCTB pelucHu#A 3TUX 3amayu npu
NpUOAMIKEHUY K Tpauuile.

CyinecTBeHHOe 3yayeHHe B 1IPEOIOJCHHU D1UX HEJOCTATKOB
uvena uasecrias paGora A. M Jl.mywosa ,Sur certaines que-
stions qui se rattachent aux probléme de Dirichiet« (1898 r.).
Kuura H. M. Twoxtepa 8 Hexoropo#t uacru ef Oblia cyuie-
CTBeHHO CB3aHa ¢ pe3y.anbTaraMu 3ToH paGoTsl, ¥ edb 3TOH KHrTH
COCTOR.1a B yTOUHMeHUY U §oJee NeTaTbHOM MCCAENOBAHHN CBONCTB
pasmnunbLIX 10TCHIMAIOB M CBSA33HHHBIX C HMMH NpejebHHX 3a-
a4 MaTeMaTuuechof QuaMkH.

[Tru nepesoie KHuiM B He& OLliu BHeCeHb uameHenus, Onu
CBOAMINCL K CJelYiolieMy: YTOUHellMe M3J0XeHus B OTHE/blIHX
HETOUHBX MeCTaX, YMpOuleHUe HEeKOTOPH<Y TPOMO3LKMX NOKa3a-
TeALCTB M n00GaBiaenue HOBOIO MaTeruana. Ilocreisee Oui0 cae-
JaHO ¢ TeM, u100b NpubaMiuTbL CONEPXAaHMe KHUTM K COBpe-
MEHHOMY TNOJIOXEHWI) COOTHETCTBYIOUIMX BOIPOCOB HAYKH.



8 1IPE IUCJOBME

[Mepeuncanm Hau3o.ee CyllecTBeHHbe HOCABACHHA U H3Me-
HeHus,

B rnaBe BTopofi N10GarJeHO MCCHETOBAHME NOTEHUMANA [IBOH-
HOFO Cl0%1 B TOM Ciyuae, KOijla TMJOTHOCIHL YJAORIErBOpsicr yciao-
o lenpiepa, W, KPOMe TOrO, NMPUBEIEHO Olipefeenue 0606-
UL€HIOTO omeparopa Jlamnaca cornacio WM. W. Tlpusanosy u
COOTBETCIBYKLIAR redpeva. B Kouue ToH e 171aBnl CT1enaH Pag
CyuleCTBEHHBX AoGanicquit. Vcciaemonand ceoficrsa moreHuuana
00 bEMHBIX MacC, MPOCTOIO0 M JIBOWHOIO CJOS C TAaTKHMM TI0T-
HOCTsiMU M Ipanuuavu. [Ipu Tex ke yCJI0BASX THAAKOCTH MCCle-
OBali CPOHCIBA MIPSAMBIX 3HAYCHUWHA NOTEHLMAJA JBOKHOIO C.10%
¥ HODMajibHON TPOM3BOLHOM 110TeHuuaxsa mpocroro ciaog. [loxa-
34reNbCIBO YKA3aHHBIX CBOKCTB NPMBeICHO B nofaBreHmu. Kpowe
TOr0, TpUBelEHH IicAaBHUE Pe3yJbrarbl, KacaloLiyecs CBOKCIB
TOTEHUHAYIOB OOBEMHBIX VacC, HPOCTOIO0 W ZABOHHOTO CMOSA JLId
CYMVHDYEMOH INIOTHOCTH B 1IPEINIONOMNKeHHH, 4T0 rpaHuMna o6-
aacTy ecTh nmomepxiiocrs Jlsmynosa.

B 1peThelt rnape u3VeHENo A0KA3ATENbCTBO TPUMEHUMOCTH
¢dopvyan I'puHa K noreHnuamy TPOC10I0 CI0% C HENpepHBHOH
IJOTHOCTBIO, Jl0€aR/eHO 10KAa2aTeNbCIBO €IMHCTBEHHOCTH pelie-
Hust 3a;1aud  Hefivana, B3gtoe u3 paGorwt M. B, Keaawiwa u
M. A. JlaspeutbeBa, W MCCJe/OBAHWE CBOHCTB pelleéHus 3a1aud
Hefivana nad raanxux 1peledpHplX 3HAUENMA M TAalKUX TIO-
BepXHOCTEH.

B raase ueiBepToft cilenaHo mumib OfHo BoOaBieHue, TOCRSI-
LiéHuoe MCCACAOBAHMIO CBOHCTB peuleHuit 3aiaum [lupuxne npu
YKa3aHHBEIX BHIE YCAOBUSX IVIAIKOCTH.

HauGonnliuM usMeHeHUsIM TOJABeprJiace, Nsirag 1jasa, COXCD-
Kawast Teopurd ¢yHkuui I'puHa, W WHTeI pa/blible ypanRHEHMS,
cBfaHUble ¢ DPelle/bHLIMM 3a/7a4aMy JiA% BOJHOBOTO YyPaBHEHUS,
U ypanHeHus TEIIONPOROAHOCTH. Vi3MeHeHO B Hauale r.IaBbLl A0~
Ka3aTeabCIRO mpelcrtannenus QyrKiMu 'DUHA TOreHnasoM 1po-
croro ciaos. JloGasiaen paz omcnox a1 ¢yuxkuumM [punHa u
&, Hetimana. [loGaBner wuoxnii mapaipad ,Pynknus [puma u
ypasuerde Ilyaccona“, mocmsuieHHBIH Hccae10Banm® (BOYHKLUM,
MMEWLIHX WITEIPaJbHOE NPEICTABJCHUE, SIAPO KOTOPOr0 ecfhb
bysxuua [puna wmi &, Hetivana, Bpoamtcs pu a710M ellle 01Ha
o6o0uienHas ¢yuxpua [puna. B ceAzu €O CKasaHHBIM BHIE He-
CKOABLKO MePECTPOEHO uCc/eloBanue ypaBHeHus Au =Ly K.

WaveHeHO wu3n0)enye OCHOBHOH TeOpeMul O Pa3/OmeHuu To
pyrzamentanbusiM Gynkuuam v Teopemn B. A, Crexnosa, llpu-



NIPEUCTIOBUE 9
BELECHH HOBHIE DE3YAbTATH O PellleHMM IDAHUUHON 3amaum Hd
BOJIHOBOTO YpaBHeHus, M B KOHINe TSTOH rIjiaBel cienaHo noba-
pieHne O cBoficTBax (yHTaMeHTaNbHHIX QYHKuMA mis oGnacred
¢ THagkofl rpaHuuied.

Cnoxsple AoKa3zareabcrBa pana reopeM B kuure H. M, I'on-
tepa OLIAM TOMEIUEHBH B HeTHIPEX NOMONFEHWAX B KOHUE KHUTH.
B HacroslleM u3TaHUM B JONOJFEHWM IE€PROM YHAPOUICHO JLOKa-
3aTe/bCTBO 33 CYET WHCMOJb30RAHUST NPeAbIAYLIMX DPE3YABTATOR.
CyuiecTBeHHO H3ViEHEHO W3/IOXeHHUe TPerbero n0’ionHeHud. Yer-
BEPTOE JAOHOJWEHUE CTAPOTO TEKCTa, TNOCBAILEHHOE RBONPOCY
0 3auKHYTOCTHM B KJacCe OrPAHWYEHHHIX M UHTEIrPUPYeMbIX
C KBagpaToM (YHKUMH, HCKIOYEHO, MOCKOIBKY 3TO BOILLIO
B OCHOBHOH Tekcrt. Yerneproe 200O/AFeHWE HACTOSLIETO W3JLAHUS
MOCBAIEHO W3YYEHUIO NPAMEIX 3HAYEHHHA NOTEHUHAJIOB HBOHHOTO
CJIOA HA TJIallKOR NOBEPXHOCTH,

Yxasauuble Bolle u3vegenus U J00aRNEHUE B TEKCTe IPO-
nenansl X. JI. CvomuiikuM,

B koie kHuru naps OGuorpaduyeckuit ouepx H CIMCOK
rpynoe H. M. Tonrepa.

B. H. Cuupros






F'JTABA |
BCMOMOTATENIBHBIE TEOPEMbI

§ 1. O rpanunax cGaacrei

Mu 6yaem mpennoJarath BCeTHa, YTO paccMarpuBaesbie 06-
JaCTH OTpPaHMYers! KOHEUHBIM YMCAOM 3AMKITYTHIX MOBEPXHOCTEH,
YTOBACTBOPSIOMUX Tpey ycaasusy Jlanynora:

1°. B kaxio#t TOUKe NMOBEPXHOCTH CYILeCTBYeT ONpPeleNeHHas
KaCaTeNnLHAN MIOCKOCTh U, CAENOBATENRHO, OUpLfelIeHHad HOPManh.

2° Ecam 1) eCTb yioJ MexAy HOPMAaAgMu B TOUKAX M, H My,
W r eCTb PaCCTOSIHMC MEXIY STUMH TOUKAMH, TO

Y< Er, (0< A1) (1)

rne E u h suonwe onpemeadHHble YHCHA.

3° CywectpyeT umcio d, omHO H TO Ke HJ4 BCEX TOYEK
FIOBEPXHOCTH U OOjajaiwilee CBORCTBOM: 1apajiieny K HOPMamw
B TOUKE M TOBCPXHOCTH
HepeceKaloT He G0Jice 4eM
B OIHO# TOYKE 4aclTb NO-
BEPXHOCTH, HAXOASILYIOCS
BHYTpH cdepu panuyca d
U C ueHTpoM B m (puc. 1).

Ecmu d 3anano, 10 BCA-
Koe uHcno, MeHbuiee d,
obnamaet TeM e CBofi-
CTBOM, YTO NO3BOJHT HaM Puc. 1.
BuIGpats d TNOXXOASUINM
o6pazov. Mpbr 1a30BEM BulueynovsaHyTele chepsl Chepamu Jlsmy-
HoBa.

B HekoTopo# TOuKke m TIOBEPXHOCTH BhifepeM HOpValb
B kauecrse ocu OF, BuGpas ocu Of u On B KacCatelbHOH WIC-
¢KOCTH B m,

N




12 BCHOMOI AE.IbHBIE TEOPEMHI 1.1

B cuay ycnoBus 3° ypaBieHue YaCTH TNOBEPXHOCTH BHYTDPH
ciepbl JISMyHOBA C LEHTPOV B m UMEET BHA:

CL=®E ), (2)

rze @ (%, 1) oauosHauHas ¢yHKLUI B HeKOTOPoM odnaciu ()
mrockoctu (5, 7).

B cuay ycaosus 17 dymkuuna € (§, v) umeer B (\\) nepsbie
MPOUBBOMHKE HO § U 7j, KOTOPLIE B CHAY yCa0Bust 2° HeNpepbiBHbI.

B Janbueitinem nopepxHocTb Oyiem oGosuauats (S).

[TycTs ©— yroa Mewxiay HOpManklo K mosepxHocTu (S) B He-
kotopo#l Tcuxe ¢ ocbo Of, a r— paccrosiHue 3rofl TOUKU 10 7.
Ecmu d wacroasko Majo, uto Ed' <1, ro nas rtouex (S)
BHYTpU cepht JlunysoBa uvieem

o< Ert<C Ed* < 1
¥, CIefOBaTelbHO,

coso > 1-—;:);\)—;.
C zpyro#i cropoHs,
1

Vit@rsay

COS 19 ==

¥ MO3roMy

TERNT 1 (B8 _ sing . 9 Ert
V@PF@P=ter=gre < — @ < —T o
=% =B

O —— Sk LY
V@EFF@R< — e . @3
! 1 — - F2r2h | — - E2d2

JNemva. Ecau d maroso, umo

!
Ed) /i _Q 5 (4)
mo ceuenue yacmu S) sHympu cehepu Jlanynosa w060t n.i0-
crocmero, npoxoosueld uepes ocy O, ecmy HenpepuisHas
Kpusas.

3ameruy, uTO Ha ocHoBaHuu dopvya (3) u (4) uMeex:

UL\ R WY Y Er 8 8 4
V @PF+@) < ——p=7Er< FEd< . (5)




§ 1] O TPAHUIIAX OBJACTEHR 13

BriGepeM mrockocTb ceuelna maockocteio OfF u paccMoTpum
yacTb ceyenus Ansg £ > 0. Paccvarpusaemoe ceueHne MPOXOLHT
yepea TOUky . IlyCrb NpM JBIKEHHM 110 CCUEHHIO M3 TOUKH M
KpHBaf# MepBH# pa3 BHXO-
IUT U3 cdeprl B TOUKe m,,
¢ abcuucco §,. Tloka-
HKeM, 4YTO BHYTPY cdepni
HeT TOYEeK ceuyeHus C abe-
nuCCol, mpesocxonsueh
(puc. 2).

LonyctuM, uro Ttakue
rouxu ecth. Ilycrs m, —
T4 u3 Toyek, abcumcca £,
KOTOpO# uveeT HAUMeEHb- Pnc. 2.
mee  3HaueHue, Torna B
TOuKe m, KacaTejblias K cedeHulo oGpasyer ¢ oceio Of yroa,
HC VeHbIUMH, YeM Yrog Mewily KacaTembHOM K OKPYKHOCTH
B TOYKe m, u ocwio OF.

CrenoBaTensHo, uveeM:

DLy 0] e >

) Vaa—2" ¢
{
TOTKYA4

nr

b < A5, 0
u noToMy

5 TdioG, 0)L (6)

C apyro#l cTopoH®,
L= @G, 0)— @0, O)=D[(h, 0), (O<HLT)
H MO3TOMY
d—VELT =4V T (@, 02 )

MMosromy B cuay (7), (6) u (5)

e va/ 7 > 4 16
dd10 G, O Y T @05, Of<d 2y 1418 =

4V 65
=d- —— <4,

UTO HEBO3MOXHO.
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Taxkuy 00pasoM, NPeANOJOKeH)e O CYLIECTBOBAHKE TOUKH My
BeAET K HPOTHBOPEUHIO, YTO KOKA3LBAET JEMMY.
Kpowve toro, u3 (7) u (5) caexyer:

. d d 7 7

LT J—

€Y

B d > d
—-..;_—___,__ e l ~ 6 - 9 3
Vizawor ) i+ V5

T. e. 061acTh (\) 3BE31HA OTHOCHTCJBHO TOUKH 72 M COXEPIUT
7
Kpyr pammyca -y d C uEHTPOM B 7.

Teopema. Ecau nosepxuocms (S) voosaemeopsem mpésu
yeaosasi Jianyroga u ycaroguro (4), mo Hooxcho YKaA3amb
HucA0 ®, 002a0Qi0Wee CBOUCMBOM: BCAKAS NPAMAS, 00pa3yio-
WA ¢ HOPMAlbio 8 M Y204 MewHblle, HeM ®, nepeceraem He
dosee ueMm 8 00rod mouxe wacine (S), aexcawyio SHYymMpu
cthepu, JIanyHosa ¢ yeHmpor g m.

He#icrautensno, B cuiy aemvsl cdepa Jlanynosa mosepx-
noctio (S) pasGusaercsd Ha [Be UaCTH, KOTOPHE HAa30BEM BepxHeH
u Huxnedt, Ilpsivasn, nepecekamomias HOBePXHOCTH (o), B TOUKe
IlepeceveHns TePeXOZHI W3 OAHOH vacrH cdepw B APYryo,
auGo Kacacrca nopepxuociu (S). llpavaa ue viower nepeiiru us
omiofl wactu chepw B LPyiyio, HS uepecekas nosepxuoctu (S).

[ycte Hopvaas x (S) HaupasJIeHa B BEePXHIOIO YacTb cdephl
B HyCib COS X, COSJ3, COSY-— HAMPARIAIOL{ME KOCUHYCH HPAVOH,
tlepecekaromie no wcubwie#t wmepe npsa pasa (S) BuyTpu cdepnl
Jlanynosa. Ilokawew, uto B (A) maizércs touka (5, 7o) Takas,
4TO

cos y — @ (5, o) cos & — 7 (5, ) cos f=0. (8)

Me#icTBuTebHO, ecaW npamas kacaetcd noepxHoctu (S), To
pasenctBO (8) wuveer MecTo B Touke Kacarus Ecam Ipsvas
epecexkaer MOBepxHOCTh (S), TO B ABYX CMEXHHIX TOUKAX mHepe-
CeueHHa JeBas yacTb pasencisa (8) Mveer pasupe 3HAKH, Tak
KaKk B OXHOY W3 TOUEK TepeCeucHus NnpaMasi 1e[eXOLuT H3 HUMK-
tlef uyactu cdepsl B BEPXHIO0, B PYyro#i TOUKe — u3 BepxHed
R IIKINOIO M ofpasyer C Hopmainio K (S) B mepso#f rouke
OCTPhifl, 2 BO BTOpO# Touxke Tyro# yroa. CregoBareabHO, B He-
koropo#t Touxke (Ey, mo) obmactu (A) myeer Mecro (8), Tak Kax
Jeeas uwacTh (8) menperwiBea B (A) M HMCeT 3uayelus PasHHIX
3xaxkos. M3 (8) mnpumesennev HepaseHcTBA DByHAKORCKOro—
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llsapua cnenyer:

cos?y = (¥ cos a - !I)% cos B)? < (cos®a |- cos? B) ({2 - @;3) =
= (1 — cos2y) (P2 (IJ;?)

u nanee
o2
costy < 2
T4 & 4 0
W B cuiy Hepabenctpa (3)
2 . 2d?
Jcosy| < _Fi_l_._ < _ﬁl__ . 9
‘/ 1 —*"— ~§' EArd Vl -~ Z EA4
Mycts
A
© = arc cos — b (10)

‘/14_' P44).

Torza mnpsvas, oCpasymowas c oceio OL yron MeHblIe ®, He
voxkeT mepeceub (S) BHYTPH chepw Jlamynosa B IBYX TOuKax.

TIposen&yu uepe3 m mpsi-
My10, oGpasytomyio ¢ O yroa
®; KOHYC, of pPa3OBaHHbIA Bpa-
[HEHHEeM 3TOW MPSIVOA BOKPY!
ocu OL, Oymev B JambHe#-
WweM HaseBaTh KOMycow (2w)
(puc. 3).

Korna d CTpEMVITCﬂ K

1y.10, @ CTPEMUTCS K — . Mui

OyleM npeanosarath Bcerxa Puc, 3.
B Jajnbie iliev, 4TO ® GoJjbiie

;-3 ITo uMeeT MeCTO, CCHM BLNOAHEeHo HepaBenciBo (4). IMpen-
nonoxuv, uro ocu xoopmuHar Ox, Oy, Oz BHOPaHH TpOU3-
soasHo. Tax Kak

c0s2 (NVx) 4- cos® (Ny) -} cos? (Nz) =1,

10 oauH u3 yraos (Nx), (Ny), (Nz) menbue NJ
Orciona cmeayet, uro onna us ocett Ox, Oy, Oz oGpa3sye:
¢ HOpVAILI0 IV yIoJd MeHbuwe ®, W fapamie’d 3TOA OCH Hepe-

cexator (S) suyTpu cdeps JlanywoBa He Gonee ueM B ONHOH
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touke. OrCloma BeTeKaeT, YTO BHYIDH Kaxao# coepw Jlanyuopa
ypaBHeHHe IOBEPXHOCTH HMeeT IO MeHbiie# Mepe OJHy H3 TPEX
crnenywomux Gopu:

z==F(x,y), wm x=F(y,2), wm y=F(z x). (11)

3aveTuVv emie, YTO NPH BHIOJHEHWH HepaseHcrsa (4) MOXHO
00pazoBaTth HNPAMOYTOJALHYIO CHC1eVy KOOPLMHAT, UMEION[yio
TOUKY 71 Ha4yagoM, H TaKylo, 4TO BCE TPU OCH KOOPAMHAT OyLyT
BHyTpH KoHycCa (2w).

3aveTuV, YTO YTOJd Mewjiy HOPMAdbI0 B KakoA-mibo TOukKe
BHYTpu cdepwl JlanyHoBa ¢ HopMaabio B uedrpe cdeps He npe-
BocxoauT Ed’. Bn6opoM HOCTaTOYHO va/i0ro d 3TOT YIoJd MOMKHO
CAeNaTb KAK YrogHO MaawlM; ecau, nanpuvep, Ed* < 0,017,
BHIIEYIIOMAHY TR yroa Medbwie 1° u TOrza yrom o InpeBocxo-
gut 89°,

Jror naparpad 3akmounM OUeHKaVu, KOTOPWVH B JaibHei-
wev OyxeM 4acTO UOJIb30BATlbCS, TIIABHEIM 00pa3oM HauMHad
CO Bropo#t raanml,

[lycte Touxka m Aexur Ha 4acru (S) BHyrpu cpepun Jlauy-
HOBA C TeEHTPOM B 7/, Torxa mpsvas mgm NepeceKaeT INOBEpX-
HOCTb BHYTPM cepH B HBYX TOUKaX H, CJIe10Rare.ibHO, obpasyer
C HOpMad®I0 B m, yrod «, 6oiabwiuit, yew o. OCo3mayag uepes r
IIMHY M/, & Yepes o — NPOEKLUIo 3T0r0 OTPE3Ka HA KacaTelb-
HYI0 IIOCKOCTL B My, GyxeM HMeTh:

p==rsine > rsinw
U, CJIe/IOBATeNbHO,

plr< < 20. (12)

S!ﬂ (]
[Mo3srovy u3 wepaBencts (3) u (4) crexyer:
9 SE A
Ve 4- (@ < (o) o= ap (13)
Kpowe roro, uveev:

=0 E 1) =0 m)— B0, 0)=EFL; (U5, )+ 1P (U5, ),
< <.
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[Mpumenas wepaBeucrBo Dyusxosckoro u yuurbiBas (13),
HaeM:

<p V&é '92»(,7_4 < aplhy,

5] <apt+ (14)

Mycrn N popMans B xaxkoH-muGo rouxe mosepxuocru (S);
OyneM e€ cunMrarb HanpangeHHOW B 1y Xe CIOPOHY OT HOBepX-
HocTH, 4ro u ock L. Mg royxu BHy:ipu chepn Jlsnynosa uveew
B Culy (8) CHELYIOIYI0 OlEHKY:

1 1 1
cos (NG) = = e > == 5
Vit +@y )/ ip

cos(N2) > l (15)

Mycts do) o3mavaer saemenr IVIONIAZM KacaienbHOH 1110-
ckoctu £, B KOLOPOH upOEKrupyercst SjAeMeHr Iomanu ds
nosepxiiociu (S). Ecan B 1nockocru En  BBecru TMOJADHbIE
Kooprurare (p, ), 10 B cuny (15) uveem:

ds® © d 16
3—‘_50§(NT)< 2d50 — 20 dp dep. (16)

Haxonen, us neparencrea (9) cmesyer rakofl BpIBOL: NyCIb 7
ecIb paccrosime Mexay nsyvs touxavu (S), u N Hopvais k (S)
3 nepsot u3 sTHX 104ek. Ecim r < d, TO upavas, COeXMHsO-
af 3TM TOUKM, nepecexaer yacib (S) Buyrpu cbepw Jlsylosa
¢ HEHTPOV B MepPBOH rouyKe He MCHee JIByX pa3 H IO3TOMY

|cos(rN)| =|cos Y| < Er,
I e.

by |cos(rN)| < Ert. an

”§ 2. O dyHKuunx, onpedeNeHHbIX BHYTpH oOJaacTu

[TomepxuiocTn, KOTOPHE yAOBAeIROPsior TPEM ycnopuaM § 1,
Mbl Oy/fieM Ha3WBATb MOBepXHOCTAMU JIAnyHOBa.

Byzev Bceria npeamosarath, uTO rpamuua otmactu (D)
COCTONT U3 KOHEWHO!I 0 YHC/Aa 3AMKPYINX LoBepxHocTelt Jlamynosa.

2 3ax. 749. H. M Toutep
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Henpepuisgbie Qyuxiuu, onpeieaénusie Buyrpu obaactu (D),
Gynev Jemuth Ha TPH KarerOpuH:
a) OGyxev roROpUlDL, ui0 QYHUKIHS 10YKH m

f(’n):f(x7 Y, 2)

venpepusia sHympu (1), ecan KakoBo Obl 1K GWI0 110A0MWT €Ih-
HOE YMCI0 e, MOXNO Haliyg a1 KawaoH 104K\ AL, HHCAO fg
TaKoe, 4ro

[ fn)—f(ny)| < e, ecam mm, < hy

() Gylnev rosopurk, uio Gynkuua [ pasHostepHo Henpe-
puigria B (D), ecam uncho A lte 3ABUCHF Of HOJOXEHHS TOUKH /11
OHO 10TA4 PaBHO uHCIy /K, 3aBUCSHUEMY [OALKO OF g

r) GyneM roBOTHrb, Hi0 QyHKNYA [ npasuibsHo HenpepuisHa
n (D), ecma st mOGOR 1APH 10YEK M1, W 1, PACCIOAHUE MEXEY
KOI10DWMH PARIO r, HMeeM:

if(m)y—fmy| << Art, (021 <L)

1ie A m A-——oOnpejlesieRHbie YHCHa, e SaBHCALLME OF p1, H M.

OyHKHES NPAaRBALHO HENpEPLIBLAs, OUYEBHIHO, PaBHOMEpHO
HemnpePLIBHA,

Teopeva. Ecau gyrryus f{m) pasnosepro wHenpepusHe
eHvmpu (D), mo f(m) umeem onpedesennpii npedes, x020a m
cmpeMumca 1 mouxe m, epenuls (D).

JleficiRu1e.abHO, MOXHO yKa3aTh TaKoe ko, yto AJS NoGoH

napsl TOUEK 1, W m, ‘obmactu (D). mas xoropwx mm, < h,
uMeeM:

Vf(m)—f(my)| <1,

OGoznaunm  uepes © (k) 10YHYIO BEPXHIOI0 TIpaib uuHCeN
|f (m))— f(ms)|, rae m, u m, moGas napa rouek us obaacru (D),
A5 KOTOPHX myts <k, 1i1e O < h < h,.

Ouesunno, 0 <{o(h) <1 u o(h) neyGuraomas Gyuxuus A.
Tak kax ¢yuxuus f(m) pasnovepno Henpepusna, 10 o(#)—0
npu k£ — 0. W3 onpescaenus < (h) uveen: ]f(m])——f(m‘,)I L olh),
JHIIL TOABKO A Mo < A

Hycib lCIleb M, 10YKa 1 PAHAILB omacm (D). Toraa pac-
CTOSIHME MEWY HBYMSI JIOOHMH TOUKAMY 1, W nl, oGaaciu (D),

h
Jexalluvi BHYTPY cdeps pasuyca 5 € HEHTPOM R /1, MeHbie A
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¥ H03TOMY
| f(m)—f(my) | < o(h) Le.

Oiciona caenyer, uro f(m) wuveer upenem MHpH M —> .

dror npetes obosnaumv f(my). Cumras B Npeibayniev nepa-
BeHcrae, HTO ﬂ'ln-—>ﬂ'l0, {10JTyUnM:

| f(@m) ——f(mu)] Lo(h), ecm mm, < —Z .

Tpenen f(m,) ecrh Qyuxuns ToueK (&), PaBHOMEPHO nelpe-
puisias Ha (S). Jle#crBuTenbHo, NycTh My M M) IBE 10YKH
nosepxuociu (S), pacciosuue Meway kxosopmwu r. Torna pac-
clostue o1 Touku M, A0 J000H TouKm m,, Jexamed BUYTDH

obaacty (D) m cdeps paaumyca 2r C 1eHITOM B M, He upe-
BOCXOIUT 3r; HOITOMY

| on)—f (mo) | < 9 (6r)

¥, CJe/loBaTebiio, HNPH M, —> M, noJyuuv:

|f(my)— [ (my)| < (6r),
uro u MOKA3HBaer Hame yrRepi<AeHVe.

Ecau f(m) npasuabio Henpepwaua B (D), 10 o(r) < Ar,
B, Takuy o6pasow, nosgyuae¥:

If(my) ——]_’(mo)] L AGry — *Ar* == Br}

W, Cle/loBaTenbHO, NpelenkHuie anauenus na (S) dyukuuu mpa-
BUJILHO HenpepuiBlOM B (D)) 06pasyiol QYHKUBIO 1PaBUILHO
neupepusuylo xa (S). OiMernM, uio ecaum f(m) pasHOMepHO
nenpepuisua B xKohneunioft ob6maciu (D), To OHA O paHuyena.

Teopema. ELcau nepeue npousgodnve pyurxyuu f(m)
oepanuyens. 8 (D), mo f npasuspvno wenpepugHa.

Ecau TOYKM M, U Hl, MOXHO COCTMHHIL OTPE3KOM, He mepe-
cexaonuM  (8), 10 BHCKA3aHHOE YTBCPXKJIeHHe eCTh Henocpen-
C1Bennoe cjiencrtrue Qopmyas Jlarpadxka, mpuucv

A=1, A=BYV3,

tpe B ecib pepxuss rpaHEHa MOMyJell NePBHX NPOU3BOMHBIX
Py f.

d
Ecaiu paccrossue MexAy #; u My MCHbUIe <5, 4 PACCTOSHHE

d
01 Kaxwjo# u3 uux 1o rpandnnb Goabine ~Q‘, 10 UX MOXHO

9%
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COeMHUTb OTPe3KOoM HpsMo#t, He nepecexkawmum (S), u 3akmo-
ycHHe Teopevin NedCrBUresiLHO Iid 3THX JABYX TOUYCK.

d
TTpesnononuy, u10 PaccTostue VKLY My U My MeHbUIE 5
d N
a pacciosHue O1 m; JI0 1pamuun He Gomwlue - . Ecm m,

JAexuT Ha hopManm K (S) B rouke m,, Omukafmed x m,, 10
pacciosiHue MeMAYy I, U MMy MCHbuIE d U 00 1OUKM M, H Mg
HaxoIsrcs BHY1DH cdepw Jliynopa ¢ UeHrpoM B .

M (0)

Puc. 4.

PaccmoTpuM xounyc (2w) ¢ pepmiuuHo#t B m,. Ecau m, nexur
BHYIDH KOHYCa, TO TeopeMa XOKa3ana, 1aKk xax m, U My MOXKHO
coenuHuTs O1pesxoM u3 (D). Ocraérca npeanosoxuTh, UTO i,
rue xonyca (20), Yepes rtouxy m, uPOBENEM npsiMylo, napan-
JeJbHYI0 OCH KOHyca, M NYCTh /M’ CCTb TOYKA IHepeceyeHud
npaMo#t ¢ TMOBEPXHOCTbIO KOHYCAa.

Touxka m’ aexur BHyTpu chepul. JeficTBuTEAbHO, PacCTOsiHME

TOUKH A0 OCH KOHYCA He IIPEBOCXOMIUT HI M, < -(; , B HO3TOVY
(puc. 4)

mymy d . Vﬁ-_ d

1o ~2° 72 T Y3

Tax kaxk y1oa 6 Mexmy m,m’ u mym’ Goubliie ®, TO uMeeM:

< d.

mym’ sin 3 1 r
2=t — ) m <
myms  sind T sinow

sitt @’
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r/le r PACCTOSIHUE MCXIAY M, U My, aHAMNOTHUHO
mom’
oM< 5 sine”

Orcwona crenyer, 4to

|f(m)— f(m)| L | fm)—f (m’)|+lf(m)——f(m2)l<
<2V38B.

sm u)

§ 3. Teopema @oronuno — Agamapa. JNuddepenuupcsanne
3 p p
byuxumii, 3agaHHBIX Ha MOBEPXHOCTH

Mpeanonoxum, uro dyuxuus f(x, y, z) uveer suytpu (D)

paBHoMepuo HEeIPEePHIBHLIC nepenie NPoOU3BOINILIE, ﬂpn 3THX
af a8 a

yCAOBHAX a—j;, aj; aj—c UMeIOT Olipe/jlenéinisie upeedas, ecay m

CTPeMUTCH K TOuKe my,, nosepxuoctu (8). ITh npegeast o6o-
5} 0 a
3HAYUM (B{;)’ (£>, (f\ CoenuduM /Be TOYKH M, H My

dy 0z)°
sHyTPHU (D) KpunoH
x=9(), y=9@, 2=10 (18)

Tako#, uro dynkuun o (£), (), x (f) nvewT mepphHe NPOUIBOL-
unte, 3nauenie f na xpusofi (18) ectb QyHKUMY £, U H3BECTHO,
4TO

T Too+ZLyot+Lyo, (19)

rie j_' o3nauaeT 3nadenue f Ha KPUBOH.
[Mpeanoaoxum Tenepb, uro Kpusas (18) nexuT Ha rpaHuue.
of of
3uauenust (f), (ax) <®>, (—2> CyTh pyHKuuu ¢
,flevmwa. Ecau xpusas (18) aewcum ua epanuge (D), mo

%‘c)—(af) ’(t)+(6f)' (t)+(%§)x’ (0. (20)

Jlas nokasarennCTsa JEMMB VB MOMKEM [IPELNONOXUTHL, YTO
ayra rm m, KpUBOH HACTOJNLKO Majd, UYTO OHA PACONONKEHA
» Lepe Jlanywosa ¢ ueHTpOM B m,.
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Mycri m’ Ttouxka xpusok (18), oTBeyawas  3uaucHuw
napaverpa. Ilposencv uepes m’ napadiess HOpMaau B m; u

0oTI0KUM Ha Hel BHyrpb (D) orpesox maunut 1. Teomerpuueckoc
MECro KONHOB 3THX OTPe3KoB CCTh Kpunast (puc. 5)

£= 4005 (V)
y="f(f)»}-'nCOS(Ny),[ (21)
2=y ()4 ncos(Nz).

[Mockoabky dopuyna (19) cnpasesausa fias kpusoht (21), uveen:

%j;”———f;l?-'r-ﬂ cos (Nx), ¥ [-q cos (Ny), 7. | meos(va)le'() +-. . .,

OTKYa, WHTElPUPYH
t,

—F== [ 1f213 -mcos (Nx), 441 cos (N), 7-1-mcos (N2)]X
’ X (O ...} dt,

ec1d 00o3HaunThL 4epes f; 3naucune f pasw t=f,.

Puc. 3.

Tak Kak (QYHKLUMS 11071 3HAKOM WHTErpajga CTPeMHTCA DAaBHO-
MEPHO K CBOeMy Npelesy npu 7, CTpeMsileMmcs K Hymo, To
noaydaeM, NepeXoist K UPemeay:

H
—= [ {5 @ +-(L) v 0+ (L) 7 O}ar
t

rie (f;) u (f) o3HadawT ripeneabi ]7l u f. llems nocaenuee
paBseHcTBO Ha f;—¢ U ycTpemass 3areM ¢ x £, noayunm (20).
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[MpennonowuM, 4to B O6GMACTAX, BHYTpeHHux K cepe Jlany-
HOBA, W OrpaHudentmx vacTeld nosepxuoctd (S) u  uvacravy
chepnt, sanatit e gynxkuuu f u F (paznuusbie, ecAn OHMY onpe-
Iejlenhl B OAHOM M TO ke 006JACTH) Takue, 4TO

f==F m (S) (22)

[pexnoaokuy, uto xawiaas uz ¢yukuaid f u F umeer
B CBOEHl OOGJMACTH CYLICCTBOBANMS PABHOMEPHO HelpPEPLIBHBIC
nepBhe fPOU3BOJIHLIE

A S L L
ax’ dy' 9z’ dax' Gy’ oz’

npuHumaiome na (S) sunauenus
of\ */of of \. oF ar ar
Ge) &) @y (&) (&) (&)
Teopema (Twiouno— Axamapa). Bo acex mouwax (S)

uMeeM:
G0-Go_ G- _H)-G) e
cos(Nx)  cos(Ny) cos (Nz) *

Mpeanonoxuy, uto (18) ecth npowssomphas xpusas Ha (S).
Tax Kak Bo BCex Toukax kpusol (f) —(F)=0, 10 cornacuo
neMme

d [(f)d—f (F)] [(a;:) (g)ﬁc ] o' (B4 [(ﬁf>_<g§_)] W (8) -+
-] oo

Tak kax xpusas (18) pacnosoxena Ha (S), ro uveem:
o (£) cos (Nx) %' (£) cos (Ny) -+ ¥ (¢) cos (Nz) ==

WUckmouas 7’ (f) 13 ABYX UOCHEIHHX PaBEHCTR, 110JMY4uM:

{[(gg (g;/] cos(Nz)— [(%) (‘” )] cos(Nx)}w )+

[ (35)— (53] coswvar— [ (5) — (5

) >] cos (Ny)} & (£y=0,
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uavennst @' (£) u 4 (£) MOKHO BHIOUPATL IPOUIBONLHO, BCHEN-
CTEME 4YeI0 uMeeM:

[((V) _Qt)]ws(zvz)_[ az,—(ﬁ)]coswx):
[(%) (3;)]COS(N2)-[(%)_<

l)]LOS(Ny) —0;
oTcona ¥ clepywr gopuyan (23).
YCJ'IOHM'\«ICH [1a3nIBaTh BHIPaXKCHWE

o _ (gi) cos (Nx) - <g§> cos (Ny) - (—gg} cos(Nz) (24)

dn

HOpMa/bHOW Tpou3sonHOH GyHKIMY f.
Ecan na nopvams x (S) » 1ouxe my BostéM TOUKY My H
6yicM HCKaTh TPELZeN BLIPAXKEHUst

f(m) — f (my)

Conma] (mg— my),
t -

TO npwiEM K soipawenuo (24). Jlerko sumers, UTO OTHOLIEHUS
(23) paBHEL CreAY0OIICMY:

()= () [t

cos? (Nx) + . “dn T dn’

Pasenctsa (23), cnenopatennHo, SKBUBAIEHTHB C/AEAYOLIUM:
(@)= (55) = (G — s
()= (5 )= (i — ) eos
() — (52 )= (i — ) coste),
M3 KOTOPHX BBbITEKAeT!

() ot = () £ cost,

dan

Cll
kl".

0 df or dr

(7;) ?i;{ cos (Ny) = <W) 'dlr':_ cos (Ny), (25)
0 df oF dr

(55) = cos(V2) =(G5) — Gy cos(Ma). |
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Jlegbie wacTu paBeHCTE (25) He 3aBUCAT Oi BHIOODPA (ByHK-
und F, a opaseie— oT BhiGopa dynkunn f. Ity GyHKUMHA CBA-
3aHp quwb ycaosuem (22), Orcona caenyer, uro JeBbe v npa-
Bble 4acT¥ PanBcHCTB (25) 3aBUCAT TOMBKO O 3HAYEHUH QyHK-
wahh f u F na (S).

Ecin na (S) sapama ¢ysxums p, a Qysxims f yrosacrso-
PAeT lepeuucaeHHEIM BLIT € yCJaoRUaM M, KpPOMe T0ro,

fi=mw

ro NOJOXHUM 11O ONPENCACHUID

@ u——:(gi) —gf cos(Nx), ‘I
@0 = (L) — 45 cos (M), I} (26)
D= (%) — %; cos (Nz). |

fIpy ycnoBusx, KOTOphe Obld HagoxeHb 1a QyHKuuw0 f,
KOMOUHALNY D1, Dy, P ABIAI0TCS QYHKIUAMYE HelPephiB-
v Ha (S).

3avernm, uto kKoMOuHaumu (26) me wuesasucuvn. B Kaxno#
TOUKE UMEEM DaBeHcTBO

cos (Nx) @ - cos (Ny) @+ cos(N2) @,0. =0,

HOKasbiBawlLLee, YTO BEKTOP C NPOEKUHAMH Z 0, D1, D
JEXUT B KacaTe/NbHOH IMOCKOCTH K NOBEPXHOCTH.

Wsyaum 3ToT BeKTOP. PaccmoTpum KacaTelbHYH MJIOCKOCTh
B HeKOTOPOH rouke mg Ha (S). Toria xaxaIas TOUKA P KacCaTellb-
HOM I[11OCKOCTH M3 HEKOTOPOH OKPeCTHOCTH TOUKM Mg SIBASETCS
IIPOCKLMeH eXMHCTBEHHOH TOMKM m uvactd ToOBepxHocTH (S)
BHyTpH Chepht Jlamynosa c lentpom B my. Pyukuus p ua (S)
onpefender QyHKUMIO ({p) B KacaTeJbHOW MIOCKOCTH, e€C/au
noixoxuth u(p)=1p(m). Ecin onpencnurs GyHkUHio f paBHOK
1 (pP) B TOUKAX KacareAbHOM INIOCKOCTM U NPUHUMAIOLLER OAUua-
KOBble 3HAYeHUs BJAOAb NEPHEHANKYJIIPOB K INVIOCKOCTH, TO

af

B TOUKE my UMeeM 7;:0 H, CJIeXOBATENBHO,

N an=(E), o2p=(L) 2+=(5)

: 2
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Taxkuv oOpasom, U3yuyaevL#i BeKiOD PABEH TPAIUCHTY (PYHK-
uuu f B TOouke my. Ilpu mamew mi6ope ynxkunu f 3tOT Trpa-
IMEeHT COBNAAET C rPasueHroM (YINKIHK @ (p), paccMarpusaeMoit
Kak onpefendudoldl B KacarelpHOH IHJIOCKOCTIH.

Ecan dynxnmst w, 3anandas na (S), jonyckaer xomGuHa-
uMn Py Dy, Do, To Oylem nasusath Gynkimio poanadde-
penuupyevol Ha (S).

Brenenue xovbunanuit 9 u, Dy D oGaeruaer npeobpa-
B0BAHUE HHIErPANOB 110 [HOBCPXMOCTH.

B sakaouenue 31010 napaipada oTMeTuM 0603 H0KA3ATENLCTRA
dopMybl, HACTh U3 KOTOPHLIX GysieT B gaabHCHILICM HCHOJAL3ORANIA,

O uosepxnoctu (S) cieaacv AOHOMIUTEALHOE [1PCANOIOKE-
HUe: npeXnoJoxuy, uto B Qopmyaax (11) ypansuenufi nmopepx-
HoCry GyHkmust F pveer Bropeie HenpephiBHbIE IPOU3BOAHLIC.
ITpu stov ycaosuu nosepxuoctsh (S) uveeT HelpepbIBHbIE 3J€-
MeNTH KPUBU3HB, W CHpasefauBhl GOPMYaH

D, cos (Nx) = _ cos? (Lix)+COa ([,,x)

(27)

< L PA ! >
@, cos (Ny) = cos ( ,x}\)clos (I y) 4+ cos (L x)[\}c)os (I?y_),

1ae R, 0 Ry— panuycil KpUBH3HB IIABHLIX CedeHn{, WMEIOLINX
na nosepxuocru (S) nanpasnenus L, u Lo,
M3 dopvya (27) v uM amanorudieiXx ciegyer:
D ., cos(Ny) = @, cos (Nx),
@, cos (Nz) = g, cos (Nx),
Dy cos (Nz):-= g, cos (Nx).
B nanpuciiiieM Me BCIPCTHMCS C KOMOWHALWeH

D, cos(Nv)-+ @, cos (Ny) -+ @, cos(Nz),
KoTOopyio obo3nauum K nepsasi uz dopmya (27) 1oxaswinaer, 4To
r, 1
K == -R—I -+ R; ’
u 3Hauut K ecCrtb cpeanss xpusususl (S).

§ 4. Koneunce NMoKpwiTHE MOBEPXHOCTH

IIycrs (S)— samkHyrtas uosepxuocth Jlanywnosa. Iloxaxew,
4yTO MOXHO TIOCTPOUTH KoileqHoe 4ucno cdep JlanyHoBa Takux,
410 Kawnas 104ka (S) Owna 6H BHYTPW XOT4 O onuo#t u3 cep.
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JeficTrnenbho, paccMoTpuM KyG ¢ pEOpaMu, mapaiieabHbiMu
OCSIM KOOPINHAT, U cojlepxaiiui BuyTpn nosepxuocts (S). [Tycrn
{— pauua pedpa. ITycts n— 11acTONLKO 6OJIBINOC [1€10€ UHCIO,
4TO HUMEET MCCTO HepaBeHCTBO

g= 1 <=

Pazo6név Ky6 Ma 73 vannx KyOos C pEOpamu, paBHLIMHA (.
Hexoroprie w3 3rux kKyGop OyiyT uverh oGmue 10ukn ¢ (S)
u udcao Q rtakux ky6os ie mpesocxomut nd. Ecau suyrpu uam
Ha TpaHule Kyba ¢ peGpomM ¢ HAXOAUICS TOYKA My MOBepX-
nocrd (S), TO Ky6 HaXOLUTCST BECH
BHyTpPH cdepni Jlauynosa ¢ fent- -
poM B my, TAK Kax jiparonanb Ky6a -
veHbile d. O6pasys Tak coepw
OKOJ10 KaxJoro Kyﬁa, UMEINULLTO
o6nyi0 Touky c (S), noayuum @
cdep Jlanynosa, oGaalaolux yno-

My THIM BBIILC cBoO#CTBOM (puC. B).

Ecmu pamnyc d coepur Jlauy-

uona yjnosaersopser ycaosuio (4), Puc. 6.

TO YpPABHEHHC 110BEPXHOCTH BHYTPU

cheper Jlanyiiona, a no3oMy W WacTH, Jexauie#t BHYTPH Ky6a,
wveer omHy u3 dopv (11). Dbosee Ttoro, npu noaxoxaneu
BHGOPE CUCTEMBl KOODjIMIIAT YPAaBHEHWE MOBEPXHOCTH MOXKeT
GuITh HpejcTaaeHo B Kaxiaol w3 dopm (11). 3ro obcrod-
TEABCTBO HUCHOJIb3YeTCS HPU  BHBOJAE WHTErPadLHHX Gopuya
Ocrporpanckoro u Ciokca,

§ 5. dopmyasl Ocrporpaackoro u Croxca
Teopema 1. Ecau ronewnas ob6accms (D) ozpanutexe
KOHEHHBIM HUCAOM 3AMKHYMBLX nOBEPXHOCHEN WAL KYCKO8
nogepxrocmetl, yoosaemsopsouux Ycaosugm Jlanyrosa, u

ccaw pyuxyun U, V, W ameom swympu (D) unenpepuigroe u
O2PRHUYEHHbE nepsve NPoulgooHsLe, Mo

soU 0V oW
] <3x+ f"02> e
(o))

f [U cos (Nx) -~ V cos (Ny) -+ W cos (Nz) da;  (28)

)
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8 2rofi dopuyite N o03nauaeT Hanpas/ieHue BHenIHeHt HOpMAaH
K (S), dv— anevent o6becMa, do— sAeMeHT IUVIOULATH TOBEPX-
HOCTH.

Jra popmyna uasuiaercqd dopmynoit Ocrpoipanckoro.

JloxazarenncTBO TeOpeMbl HMeercs BO BCeX Kypcax ananusa
U OPOBOXUTCH B IIPELIIONONEHHH, 4TO obaactb (/D)) Moxer GbiTh
pasmeneHa Ha KOHEYHOE 4YHC/IO Takux €oJjec MenKux 06/acred,
4TO UAPALIEIN KOODAUHATHBIM OCSIM, BLIODAHHBIM TIOLXOLALLHM
00pasoM  1as KamAoH 4acruunofl obJACTH, MePeceKalor rpaHuIly
yacTuunoll o6nacTH He OGOJee ueMm B IBYX Toukax. B kauectse
Gozee menkux obaacreit MOXHO BasaTh KyOw § 4. [Tpu stov mast
KyGa, aexaniero ueauxoM suyTtpu (D), dopuysa (28) goxazu-
BaeTcd CPasy 6e3 mpuB/edeluss HOBHX KOODPIMHAT.

B uactnunofl obnactu, npuierawniel K rpaHuie, suifupaem
TAKYI CUCTeMy KOOPIMHAT, YTOOR y4acTOK mopepxHocTH (S)
HEePeCceKalncs MPAMBIMHU, HAPAMIEAbHBIMU OCHM, e (oJee OHOIO
pasa. Torma wnonmas rpanuua Taxo#l yacTHuHOH 06.,aCTM llepe-
CeKACTCs TPSIMBIMH, [APAJJIENbIBIMA OCIM KOODPHAMHAT, He OoJee
IBYX paas.

Beuny upoussonsnocrn gyuxkunit U, V, W u3 (28) cactywr:

1

%] dz = ‘-Ucos (Nx)da,
x .
(D) ()
fav
! Wdr = [ Vcos (Ny) ds, ; (29)
(D) (S)
¥4 .
5y 4= ‘ W cos (Nz) ds.
(03 (9
- ou oV
3ameuanue. ller meobxoiuMocTM npemnoxaraTb —s—, —=—-,
dx ay

_62_ HenpepuLIBALIMY,  10CTATOUHO, yT1o6bl OHU  GLIIH OrpanH4Y€HAbBMNI H

HATETpUpyEeMbIMU. Tak Kax Mol re 6yaeM HOXLIVBATHCH 3THM 0606ine-
nMeM, OrpaHHYMMCS! YKa3zaHdeM Ha BO3MOXKHOCTb TaKoro o6o6uienHs.

Ilepeiinem x gpyrofi uHTerpaislioll  dopmyte — gopvyie
Crokca.

[lycts na mosepxsocTH (S) sasaHe Tpu GyHkuuMu o, b, ¥;
npennoiardem ux auddepennypyemeiru (B cMmbicne § 3).
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Paccvorpum Ha (S) nexoropylo 4acTs (g), orparddyentyio
xoutypom (I).

Teopema 2. lpu nepeuucaennvix uuie ycaogusx uHmeen
Mecmo gopMyAa

[ 1@ 1.— 25 cos (Nx) (@5 — @) cos (Ny) +
(o)

+ (@ — D7) cos(N2)|de = [ gde-bdyyaz, (30)
@)

nputer KoHmYp 006xodumcs mar, Mo Habaiwoamens, Bvimsi-
Hyswul meno 8 Hanpasaenuuw N npu o6xode rwoumypa (1),
sudum o6aacmo (s) caesc. (Tlpeanoanaracrcs, 4ro CcUCieMma
KOOP/MHAT 1paBas.)

Honycruv, uro (s) pasdura Ha 4acrd, I8 Kaxio# U3 K010-
pux dopmyna (30) noxazana. Torma mpu caoxennu Jerpix yacieht
COOTBETCIBYIOUHX OPMYT HOMyYuM UNTErpan no (s); npu ciAo-
MEHUH Ke [PARBIX 4acich KpuBouHeHilble WHTEI Pansl MO BCMO-
MOraTeJMbHAIM KOITYPaM COKPATArcs, TAK KAK 110 KaXAOMY Y4acrKy
RCITOMOTA1€/1bHHIX KOHTYPOB B CYMMe BCTPeTHTCH 1BA MHTErpana,
B3sTHX B IIPOIMBONOJIOKHLX HAIIPABACHUAX, W OCIAHETCH JHUINb
HHierpan no kow1ypy ().

[Toaromy dopmyny (30) mocraTouno zokasarth Ais 4acT (S),
naxofsuieiica B onuo# n3 Q chep § 4.

[Tpexnonoxenne CyuiecTsOBanUs, Hampuvcp, @,7 BKUOY3ET
NpefNONONXKEHHE O CYLUIECTBOBAHUM  (DYHKUMH, OnpesentiHOM
B obnactu, orpanudennolt (S) u uacreio cdepn Jlanynopa, u
upuruMaomeR Ha (S) 3navenue @. He nBogs HOBHX o603nade-
nu#t, 1y GyHkiMio Gynem o603HaYaTh 1akKe depe3d ¢. Anano-
1MYHOE COrfauieHue cpendem Janaa ¢ u Y.

Torna

0 Y.
cos (N2) @7, — cos (Ny) @, == (-5 cos (W) — (5% ) cos (),
1 dopmyna (30) npunumaer sui:

J {(55)— (55)] cos vy [ (3%) — (55 ] cos A+

| (31)
+{i(_g;> (3;)] COS(Nz)ldc"' f@dx—{—dldy—l—xdz
' )
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Jokasareancreo 3104 GOPMYIn JUISl MOBCPXHOCTH, WMEIONLCH
LeNPepHBIbIE 3JeMelI b KPUBH3HL, MOMIIO HANTH BO BCEX Kyp-
cax anamuza. E& nmoxazarenncTso s nosepxHocred Jlnmynona
IIPOROAUICH C HEKOTOPHIMY IIPEIOCTOPOIHOCTIMA.

Paccmorpev noge BekTopa C npoeknusMu @, ¢, y B BHOpai-
no#i cucreme wkoopaunar. Ilpu nepexome K Epyro# 1pamMoyIoinL-
10f cucTeve KOOPIMIAl HOBBHIE NMPOEKIMH Berropa Gymyr Juiici-
HuMM KOuGunanusvmu @, &, . IIpu aTom nepexose, KaK u3Bec1iio,
HOdUI1el pAJLELIE  BLIPAXKEHUSt KaK ppasoff, Tak W Jjepoil yacteH
dopmyiint (31) coxpausar CBOH B, T. e. ©, & 1 y 3avcusTcs
AWINL  HOBLIMH IPOCKLMAMH LoJs, X, V¥, & 3aMCclsi1Cd HORLIMII
xoop;uHatamu. [losromy nns nowasareascrra (31) mocrartouno
yCIanORUIL CHJ aBeAJAUBOCTb €€ B KaKoA-MM00 cueieMme KOop-
JUTAT.

He sBons nonnix ogosmadcnufl, Oyiem poxaswpars op-
myany (31), cumiast 410 ¢, & u ¥y CYTh HOBLC IPOEKLUHH REK-
1opa, a X, Yy, z2-—1opble, HALJIKAUMM 006PA30M  BuiGpanlbie
KOODAUHATHI.

HanosuuM, uro ecau paguyc d ciepsr Jhsuiynosa yIosi1eiro-
paer ycaosuio (4), to xawpoRt cdepe Jlgnynosa mowuo rocra-
BUib B COOTRCICTBME TAKHC OCH KOODIMHAT, YTO Mapajijielu
kamno#i uz ocefi nepecexaior wacin (S) Biuyipu ceps ne Golee
yeM B OjHOH TOYKC.

IMpennosoxuy, uio I paccMatpuBaeMoli Chepel OCH Bhl-
6pannl yKasanaeiM oGpasoM. B srom cayuae ypasuenne 1osepx-
Hociu Oyrer uMe1h KaxXablfl U3 CAGAYOIMX TPEX BUIOR!

e=F(x, y), x=F(y, 2, y=F(z x. ()

Jlokasarennctso dopmyan (31) HPUBOLMTCH K HOKA3ATCAbL-
CTBY TPEX 10XIECTB:

J(81) 0080 (3 0] [
© . 0

(‘; l(%) cos(Nz) — <%‘:—> cos (Nx); dos = J.q, dy, } (32)
G )

] [(%) cos (Nx) — (-(%’ﬁ) o5 (Ny) | ds = "'/,dz-
) . )
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Pacemorpum reproc u3 1pex ypansuenuh (117)
z2—=F(x, v).

lloxazaTeaLCTRO HEPBOrO M3 roxiecis (32) noayyaeMm cpasy;
33MeTuB, uTO

dz _ cos(Nx) 0z _ cos (Ny)
Ox T cos(Nz)’ dy ~ cos (Nz) ?
BMEEM?
( ) cos (Ny)——( y) cos (Nz)==
. 09\ 0z L dy . - d (9)
- — [<72-> oy 0y>J cos(Nz)— — 9y cos (NV2),

oGo3navag uepes () pesyaprat nojiciauosky B oo (x, v, 2)
fvecto z dynxunn F(x, y).

Orcioga caepyer, 410 HiieIpat no () panen

— [ 9(4) cos(Nz)ds—= — 7 ‘ 94) dxdy (p==1),

(s} (c)

rae n=1, ecit cos(Ne) >0, u y— — 1, ectn cos (Nz) = — 1;
(5) 03uauaeT NPOEKLMIO & 112 TWIOCKOCTHL Xy. MeXLy TeMm umeem:

— ‘ —‘%(;) dxdy::»q.‘ odx,

) )
rae uererpag no () Gepdrcst B 1aKow Hanpasielny, uio Hab.ao-
jlatelib, BBIFHYBHIMACA B
nanpasnenun ocu Oz, npu
o6xoxe eupur otuacib (o)
caesa. Ecau cos (Nz) > 0,
10 n=1 u nabaonaiein,
pacuoaoxenint Ha (S) B
nafnpasieHun  nopMad K
(3), BUANT UHTErPUPOBAHUE
# HanpamIeHuu, NPU KOTO-

pom (s) ocraéres caepa; ‘Y Puc. 7.

I 3TOM Cayudac gopmy.ra e

speGyer u3menenus. Ecmu cos(Nz) < 0, y=—1 u na6mona-
10Jbh  BHJIMT  WITElI DUPOBAIIME B HanpaBiaetuH, (PR KO10POM

u6aacth (o) ocralrcd cnpana; B 3ToM cryuac Heo0X0/IMMO H3Me-
ILTh HATIPARJEHWE HHTETPUPOBAIHKH TO (1), I. €. U3MEHWTh 3HAK
wmirerpaita, noicrasaas (/) svecto (/) (puc. 7.
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Ecay ®3aTh L8 yPaBHewusl NOBEPXHOCTH BTOPOE WIH TPETLE
u3 ypaprenuil (117), Te e paccyxilenus HPUBELYT KO BTOPOMY
HIH 1peibeMy u3 Tompmecie (32).

Orcwona crenyer, uro dopmyaa (31), u xax cirexcreue dop-
myaa (30), Hoxazaubi.

§ 6. 3ameuanue ¢6 MHTErpUPOBaHUM HEOTPaHMUEHHBIX
Pynxuui

B srom napaipade maeica onpepelenue uirerpana or ne-
orpaHpueHHodl (QyHKUMH 1O KOoHEuHOH 1pexmepiol obGaactu Wiu
HOBEPXHOCTH,

Hag onpene8HHOCTH OCTaHOBRUMCH HAa Cayuae TpEXMepHoft
obaacru (D). IMycib (¥) nosepXHoCTH, 10YKH KOrOPOH Jexar
BHYTPM WiI¥ Ha 1panuie obaactu (D), u rtaxkaq, uyro Ppysxuus
F(x, y, 2)==F(m) wnenpepsinia B KaxIoH Touke 061aCIH, He
npunagaexantefi (L), 1 MOxeT OblIb HEOTPAIMYEHHA B OKPEC 'HOCTH
kaxcaoft touku (¥). ITycis (@) ects Kaxasg-1u6o obnacrs, colep-
wauwas BHyTpH cebg (X) M Ttakad, yro Kawxias rtouka ofhaciu
(w) or (X¥) HAXOAMICH HA PACCTOSHMH, He HPEBHIINAONIEM HEKO-
toporo umcaa 8 > 0. B obaactu (D — w), cocromuell us toyex
obaacru (D), e npuuaiiexauux (o), pyuxkuna F (m) Henpephisua
W OIPaHMYEHZ M 103TOMY CYUIECTBYET MHTErpan

F(m)d-=. (33)
(D>w)

Bynem rosopuib, uto uHrerpa’a (33) crpemurcs K npepeay a
npu & — 0, ecsm a1 moGoro € >0 MOXHO YKasaTh Takoe
¢ >0, uto

I
) | Fomyas—aj<s,
(D~w)
Kax ToAbko o6aacth (@) codepxut BHyTpH cebs (I} M Kaxmas
TouKa (w) HAXOMUTC OT (¥) Ha paccTosHuM, He MpeBnlalouleM §.

Eciu unrerpan (33) uweer Koseuwn# mpemen npu & — 0,
TO 9TOT Tpexesn ua3biBaloT uHrerpajsom ¢Qyuxuun F(m) no ob-
gactu (D) u oGo3uauawr

[ F(mas, (34)
(D)
a uurerpa’ (34) HasHRAOT CXOMSHIUMCH.
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Tak kax B moCie/LyilomeM Mp OyleM uUMeThb IVIABHHM o6pa-
30M e ¢ MHLCIPATaVM oT (YHKLUUA, HEOTDAHMYEHHHX R OK-
PECTHOCTH OTAJNLHOH U3I0JHPORAHHON TOUKH My, TO I1O0cAeylo-
e paccyxicHusi 6yiem DpOBOANTh MMEHHO IS TAKMX QyHKIMH,
XOTA BCe Pe3yJbTaThl OUERMAHBIM 06PA3OM Jerko mepeHocaTcs Ha
O6IMIMA cayualh HaMMuust OCOOHIX TOUCK, 3aTOJHAOUHX ToBEpPX-
Hocte (Y).

Mycrs (2(8,, &)) ects uact, obaacru (D), colepmamancs
B 11aPOROM CJIOE C IEHTPOV B My ¥ pasuycamu & u &, (0<C8,<C8)).

Teopewma. Ecau unmezpaa

[ 1Fla

(12 (s )

Gecxonenno Maa npu &, — 0, mo unmezpar (34) cxodumcs.
Hetictaurensio, nycth (o) u (w') Ane Kaxue-1M60 o6racTH,
coepamuecs B UIApe Paguyca &, M coxepxalrye map paguyca d,,
(84 < 8;). Toraa o6aactu (D—w) u (D—a’) He cogepxar
vact (D) BHYTDM 1apa paimMyca 8, U HMVeT O6m(yK uacrh,
coxepxanuryio uacth (D)) BHe wiapa paiuyca .
[Tosrouy

Fa— [ Fas|=| [ Fas— [ Fasl<
(N—w) ([).—-(u’) (D(&l.il\—w) (D5, 3 ~w")

<| Fas|+| [ Fas<

(D5, 3, —w) (D () Bp}= )

< [ AFlas+ [ |Flas<2 | |Pas,
(D (3, 3,)~w) (D (. 5)—w") (D (3, 5.))

T. ‘€. Pa3HOCTH

Fd<— f Fd-x
(D~ w) (D-w )

lleckoneuHo mara Bvecte ¢ 6,, uro mo npusHaky Kowm o6ecne-
YHBAET CylIeCTROBaHue mpenesa (33) npu §, — 0.
Ecau unrerpan
f | Fid=

D)

3 32k 749. H M. Tourep
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CXOIHUTCS, TO FOBOPAT, 4yTO MHTerpana (34) a6COMOTHO CXOMMTCH.

W3 jgoxazanHo#t Teopemel cpasy caeayer, uyto u3 abBcomotHOH

CXOLMMOCTH MHTErpaja BBITEKdeT CXOAMMOCTh uHTerpana. He

OCTAHABJAMRAACL HA NOKA3ATEJNLCTRE, 3AMETHM, YTO M3 CXOAMMOCTH

UHTEIPaJa B HauieM oNpeneeHuy CeLyeT aOCOIOTHASI CXOLUMOCTD.
AHaJIOTHYHO ONpeAeNseTcs MHTe: pan

des,

(S)

B3ATHH [0 MOREPXHOCTH OT (yHKUMU F, KOTOPas HenpepHBHA
RO BCEX TOYKAX TOREPXHOCTH
332 HCKJIOUEHHEV TOUKH 11
(puc. 8).

Busecto wapoe, xoropele
BBOIWINCEH {IPH PACCMOTPEHUN
uaTerpamos no (), 6ynem
6parb uacTH (S), Bhipe3aH-
Hele KPYTrOBHMH LHJIMHIDAMH,
UMEeoUMVE HOPMadbh R TOUKE
my CBOeH 0Chio,

Pnc. 8. MNpumep. IIpeanmonoxum,

YTo Mg — UK CHPOBAHHAS

TOYKA norepXHoctH (S), m— mepevenias Touka 3TOH NOBEpX-

HOCTH, Ijy— DPacCTOsiHMe MEXIYy m u m, bBymew cuurate ryq

HATIPABJIEHHBIM U3 My, B m. [TycTs N ecth Hopvais k (S) B Touke m,

a (rN) ecth yrox Mexiay Hawpasaesusyu ri, u N (puc. 8).
Ilycrb . orpaHuueHHas uHTerpupyevast (GyHxUHS TOUKH 71,

O6pasyem uHTerpai

f p 02 (raol) g (35)

r
) 10

Vinrerpan (35), paccmarpupaevbii xak YHKIUS TOUKH Mgy, Jie-
walef wiay He jexcamied ua (§), Ha3piBaeTCA NOTEHUHATOM TBOH-
HOTO CNod, & (PYHKUMSA U — IJIOTHOCTHIO CJOS.
Hoaunrerpanphan GyHxuns B (35) CTAHOBUTCS 6eCKOHEUHOH,
KOTA TOYKA M CTPEMMTCR K TOYKe M, Ha (S). Hokaxeu, uro
unterpan (35) cxomurcs. [lycth (9y) ¥ (s,) osHauawoT uacti (S),
Aexcaue BHYTPU cdepw JlanyHona ¢ HEHTPOM B /M, M BHIPE3aH-
Hble KPYTOBHIMH LWTHHADAMU PaluycorR &, u 0, (& < 9;), umemn-
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WUMH OChI0 HOPVAIL B TOUKE M. Ha ocHoBanuu poxa3saHHOMN

Teopevisl, LI CXOTMMOCTH MHTerpana (35) 10CTaTO4HO NOKa3aTh,
WIo HHTErpan

' | 1eos oM 4, (36)
(s :—c) riO

GeckoreuHo Man BMecte ¢ 8, (puc. 9).

Puc. 9.

IleficTBurensto, Ha ocHosanuu ouenxn (17) § 1 uveew:
A
| cos (o V)| < Erp.

OGosnauast y2pe3 A BepXHIO TpaHuly 3HadeHuit |p| Ha (S)
W ucrosb3yst ouenku (16) m (12) § 1, momyuum:

. X
‘ IMICOS(:ION)Id5<A_QE r_:odg(o)<
rlO rlO
(3(10)_0(40))

(51:"7.4)

er &
ds(0) *oTpdpde
< 2EA f S < 2EA ] [Est =
(0 o) 10 5 5
3t 4nE
=4xEA 10 T A,
Tl 'o !
[ 1o ~|C°—S£Z—1°—N)—|ds < cAv, (37)
B HJ
{9,~a,)
OTKyaa crlegyer
[ Lo ull g5 < can, (38)

@ 10

Je
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rie (o) ectb uacth (S), mHpesanHad LMUMHTPOM panmyca &, Bo
BTOPOH riare Gymev 4acTo IMOJIb30BaThCs oleukof (38).

SaMmeyanue. U3 npeabidywux paccymuAeHHN Crepyer, yto

1
I f PSO_S(_;R_IV)dc|<aA,

. r
(s 10

rie A Bepxuas rpainua Aad |p . Orciola caelyer, YTO €cld p, CTpe-
MHTCSl PaBHOMEDHO K Npeledy ., TO HMCeM:

lim cos (roN) 4o . (1 Co8(roN) o
n->ow 2 2
)

(39)

7]

710 710

(5)
B camom nene, BuIGpaB 71y Hamdekal(um OOPasOM, MOTYUHM ATA 1 > 1

cos (rioN > cos (rq N
I (‘pn-——%ﬂ——)dc—- ‘p—%‘i—)dc‘:
10 < 10

()
: cos (ri N
=“ (un—u)——(;lL-)dc < ae.
o
)]

3amMeuanue o NepecTanoBKe NOpPHAKaA
HATETPHPOBANHA

Iycts (D) xomeunmas o6JacTb NPOCTPaACTBa, a (S) NOBEPXHOCTD,
MMEIOasT KOTeuHylo nrowanb. ToukH obxactd (D) 6ysem 06037avarh
yepes my, TOYKH NOBEPXHOCTH (S) ucpes g Jonyctum, uto yHKUHSA
F(1, 2) touex my; W my TAKOBA, 4TO AIA KAKAOTO (QUKCHPOBAMHOrO
NOJOXEIHA TOUKH me (PYHKUHSA F (M7, M,) KAK (QYHKUMA TOYUKH My
HenpephiBHa B (D) 32 HCKMOUeHEM TOUEK HEKOTOP~H NOBePXHOCTH
(MANY, H30AMPOBAHABIX TOYEK), 3aBUCHulell OT BbIbOpa myp. Waterpar

f F(1, 2) dx,
(D)
€CTU OH CylUlecTByeT, ABXACTCHA (yHKUUEH TOUKH my, MOMeT ObiTh, He-

orpamnyennoil. MoMeT cayunTbes, 4TO 9Ta (YHKUMA MHTErpHpyeMa
no (S), ¥ TOrAa MMeer CMbICA HATErpan

f [ f F (my, ms) dcl] do, (40)
® @

TonyctuM, 4t0 Gynkuus F (mq, my) M08 KaxJoro GUKCHPOBAHHOTO
NONOMEHNA TOukH my H3 (D) menpepuiBHa Kax (QYHKUHS TOYKH #iy
na (S), 32 HCKIOUEHHMEM TOYEK HEKOTOPOH MILTHH (U30JHPOBAHHBLIX
To4eK), 3aBucalueil ot Buibopa my. Wnterpan no (S) ot F(my miy), ecan
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A cylecTByeT, saBaseTcs QyHKUEeN TOYKY #7; H MOXKET CIyUHTBHCH, 4TO
¢yinecIByeT TaKxe HITErpal

f[f F(ny ms) dcg] dr,. (41)
?) &

Wnaterpamu (40) u (41) MoryT okazarncs pasHbiMH. Ho Moxer cay-
Mirbed, UTO OJHI H3 HATErpaloB HMEeT CMBICI, ApPYroff He HMceT; Jaubo
60n UMEIOT CMBICT, HO pa3ibi€ 3AaueHHUsL

Teopust xpatrwix uuterpazos JleGera no3poJdaser gaTbh creiyiouee
Aoctatoyroe yCIOBHE paBeHCTBA muterpatos (40) u (41).

Ecan cymectsyer ogun H3 Hnterpaion

r[ f]f'(l' Q)Jdtl] doy (40)
S) (D
Wi
”f{[.-(l_ Q)Idcz]drcl, )
(D) (8

T0 cymecrsyer M Ipyroil ¥, Kpoxe TOro, CyuiecTsyioT unterpaisl (40) u
(41) u onu pasEb MemIy coBoil.

Ananornunas Teopema hMeeT MecTo, eciu o6a muterpata Gepyrcs
HA TNOBEPXHOCTH, HIM 00a N0 00beMy.

Ecav Bosbmem dyaxunio (0, 1, 2) touex mq, my. nry, npoberaio-
X, AanpuMep, NOBEPXFOCTb (S), M PaccMOTPHM HATErpan

[ [[Sr‘(o, I,Q)dc]dcl}dcz,
) (59 B

f0 OH CYHUIECTB}eT W Pared JIOHOMY HTTErpaxy, NOIyuYeHHOMY Tepecra-
NOBKOH TMOpAJKA HETErPUPOBANHEA, ecan cyuiecTsyer JmuGO HATErpad

{ { ‘. [ ( | F(0, 1, 2)| ds} dcl} das,
(8g) (8) (8)

an6o XOTs Gbl OXMH M3 HHTErpPalOB, NMOJIYYEHHBIX M3 NOCIEJHETO Iepe-
1 TAIIOBKOH MOPAIKA MHTEr pHPOBATHA.

Mycrs pynkuus F (1, 2) renpepuiBAa, €clIu my H My HE COBIAAAIOT,
# YLOBJETBOPSCT HEPABEHCTBY

C
1P (12| <+%,

ine C— HEKOTOPad MNOCTOAHHAH, 7 — PACCTOSHUC MENIY TOUKAMH 1y
Wy H oa-—noctonmnan, 0<a<C3, [loBopar, uro r' (I, 2) obranaer
wnapaoik ocobenrocToio. Jlast Takux Qywknu#  paseHcTBO HHTErpa-
i (40) u (4!) noxaseieaeTcH CPABRHTEIbLHO NPOCTO 0€3 NpHBJEUETHS
tenpun maTterpata Jle6era, (Cm, B. WU. Cmupros, Kypc Bucueil
marcvaTukl, T. 1V, n3n. 2-e, {931 r,, ctp. 66—68). Ham B narnaeiffiiuem
HpUACTCS UMETb JEd0 MOYTH HCKIAIOUHTENbEO C HEOrPadHUeHALIMH QyIi-
i(i1Mi1, OGIARAI0IMHMHE NOJIAPHBIME 0COOEHHOCTAMH,
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Ecan dyuxuns F (1, 2) Touex my u my nosepxuoctn (S) obaagaer
NOAAPHON 0COGEHAOCTLIO, TO A5 PaBeriCTBa HHTErpPaloB

”fﬁ'(l, 2)doy) dey ”f F(l. Q)dcl] dsy

Sy 5 (82 (%)
J0CTaTOuHo, YTOOLL Obla0 a < 2.

§ 7. O rapmonuyeckux QyHKnuax

Hanum caesyione onpefeeHus:

a) Pynkuus V' maseiBaercst TrapMonmuecko#t B obmactu (D),
He cofepxailed GecKOHEUHO YNANEHHO! TOYKH, eCld OHa yIOBJe-
TBOPAET CHEIYIOUMM TPEV YCJIOBHIM:

1°. Ona oupenenena B (D) u uveer pHyTPH (D) paBHOMEDPHO
HelpCPhIBHbIE TIEPBEIE 1IPOU3BOTHHE,

2°. Ona nveer suyrpa (D) sTopHe NPOM3BOIHbIE, HEPEPHB-
HHe BO RCAKOH obmactu (f))), Jaexaulel BvecTe ¢ rpanuieft
BHYy Py (D).

3°. Bropsle upouaeoiHbie (YHKUMM RO BCSAKOH BHyTDeHHeH
rouxe obaactu (1)) yoom/IeTBOPAOT ypaBHeHmio Jlannaca

A% % 02V

a’) Oywknus V HaseiBaerCst rapmonudeckol ruytpu (D), ecau
OHa Trapvorpyeckas Bo Bcakol o6aactu (), mexalieil Bvecte
C rpanuuedt sHyTPH (D), U eciM OHA PaBHOMEPHO HerpepuiHa B (D).

Mbl yeuzuv BnocaeiCTeruM, 4ro QyHKIUA

‘uds

b
r'1y

(S
rie p MPaRUAbHO Henpepuienas Ha (8), ecth GYHKIMA rapvoHd-
yeckast B (0)); B 1o we Bpevs dyuxiua (3%) npu Tex xe npex-
MOJOXKEHHAX O ILIOTHOCTH | siRidsercs, Boollie Ioropd, Juliib
dynxmue i rapyMonuyeckoft pHytpu (D).

6) ®ysxuus V' passiraercsl rapvoundeckofl B obaacru (D,),
pueinHel Kk (D), ¥ cojepxamelt GeCKOlEUHO YIAJEHHYIO TOMKY,
ecM OHA YNOBJAETBOPSIET CJIEAYIOIIMM YeTHPEM YCAOBHAM:

1°, Ona onpegeitena B (/D,), W ee INepBbie NPOM3ROIHBIE
PAaBHOVEPHO HeiPepHRHB BHYTPH (D).

2°, Ee Bropele HjOH3ROIHEIE [ICTPEPHIBHE BO BCAKOH 06-

4
JacTH (D,',,), Jexaine#t pMecte ¢ rpanuued puytpn (D).
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3°. Bropele npoussoimbie V' BO RCAKOH BHyTpeHHEH TouKe
ofuactu (D,) yrosaersopsior ypasnenuio Jlamnaca,

4°, Ecam R ecrth paccrosuMe touku obaactu (D) Ao Hexo-
yopoit guKkCcHponaHHo! ToukH, 10!

| e OV | LoV | | g0V
IRV|<A, ‘R 5;|<A, ,RW1<A’ {R2~5§_<A’

1ne A — ornpejeneHHoOe YUCIO.
6') dyHxums 1asbiRaercss rapuvoruueckod suytpu (0),), ecan

Ol FAapVMOHHMYecKas Bo RCsikoH ob6.acTu (D:.), conepxauleil Gec-
KNUEYHO YIANEHHYIO TOYKY H CO-
Aepxcauedica v (D,), ¥ ecad oHa
pasHOvEpHO Hempepnista B (D).
W3 nanuux onpeneaeHui cie-
jlyert, uto noctosuHas C-+~0 ectb
tapMonueckas  GyHkumusa B (1)
W He sBJSETCd TapMOHUYECKOH
ipytxivet v (D).
B mocrenyouem rcerra 6y-
feM uepes (D;) o6osnayaTh 06~ Puc. 10.
NNCTH, HE Ccojepwaue G6ecKo-

HCYHO YAANeNHylo TOUKY, ¥ ue- .

pes  (D,) obnactu, KoTopme

wononxsior  (D;) xo moaHoro Cb é C‘g
U OCTPALCTRA.

3ameTuM, 4TO MK He HCKIIO~ Puc. 11.
uineM 1 obnactedt (D;), nMelomux
unyTpennde rpauunsl (puc. 10), Hu obnacret (1),), orpannuen-
HIMX EECKOJILKHAMH fosepxHocTamu (puc. 11).

Cornacumca HopMaib K rpaHulle obnactu (D;) Bceriaa cuu-
10T HANpapieHHOH BHYTPh COOTBETCTRyIoule# o6mactu (1,).

O6aacte (D,), cootsercrayioimal obaactu (D;) (puc. 10),
HecRsizna; TAK OKe Hecwi3Ha obaactb (D), cooTReTCTByIOHIAA
obnactu (D,) (puc. 11).

T Pesyabtaret r. IV nossoasior 3akIiounTh, 4TO 115 BCAKOH QyHK-
WK1, ynosxersopsuolled ycxoBuaM 1°, 2°, 3° u cTpemauledics K RyHO
fiph R — 00, yHOBICTBOPHIOTCA HepaBeHCTBA ycaoBHA 4°. [losToMy MoKRO
fllino 6ot ycaosue 4° 3avennTs Takud: V — 0 npd R — oo.
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§ 8. Townectsa Ipuna

[TpexnosoxuM, yro B ofinactu ([,) LaHul IBe rapMOHMuecKue
byukmun U u V; o6paayew MHTEI pa

[ Kau vV, U oV + ou av>

dx "9x " ay " dy V 8z " 9z
7 y  dy

KOrophifi Kopoue GyjleM 3amHChIBATH B BHAE

N ol oV
r\ ox 0xd'
(D)

[IpeoGpasys e1o ¢ nomons©o dopmyas Octporpazckoro, moay-
UM

= (3050 + 5 (0 3) (0 39—
K]
"‘ U(3Y 43V 4 2V ae

, anV_ NIRRT RA
_ ‘ T ox 0y 4 "0z |4
ax T ay 0z b

()

oo i 5
® @)

3ameuanne EciM rpasHLA COCTOHT H3 HECKOJIBKHX TMOBEPXHAO-
creil, UATErpal

' u-Vi dVi
S

0603HayaeT CYMMY HATErpajdoB, DPAcnpOCTPAadeHfblX MO 9THM HOBEpX-
HOCTAM.

~ dav .

Mpb cHaGauam HOPMavibHble MPOU3BOjIHbIE 4y HuAexcom {

st Toro, 4robul yKasarb, YIO Mbi [IPH BLIUMC/IEHMH NPOH3BOJ-
Ho#t npubawxaeMcs K rpauuile usuytpu ().
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Mut mpomenanm Buiuncaends ¢ ¢yuxudeit U; mnoropas 3Tu
AWMHCTEeHES ¢ dysxiueR V, nomyuum:

I-= fV—’d
' ()
Takiok o6pazoy, umeew
oU av dV du
[ % x4 ‘U ; ‘V ds (43).
. (Dl-) (s )
n
Y, dV; au;
(UG —va)da=o. (44)

)
dopmyan (43) n (44) HasmBawrcy ToXICCrBaMu 'puEa 74

pyuxundt, rapmounvecksx B (D;). Tak kak V=1 sasasercs
japmonudeckolt B (D), To n3 (44) creayer

[ 4% 45—, (45)
(8)
§, ¢. WNTEIPaJ [O rpaudie Or HOPMAJBHOH npomaBopHOM (yHK-
fiMn 1apvonrdeckolt B (D;) paBen Hymo.

llpexae YeM rnerexoiMrb K BHBOAY aHANOrMYHHX QOPMyN
vin dynkcudi, rapmorvveckux B (0,), onpenesum WHTErpan mo
t aCKoueuHo# obaacTu.

Mycrs (D) 6eckoneunag odaacrs. [TocsenoBareapHeCTh KoHEU-
max obaacrelt [(D,)) (n==1, 2, ...) Ha3oBeM wuCyepnHBaOIleh
aaanctn (D). ecan (D,) conepwurca B (D, ), n ecam Kawnas
Ioika obaacty (D) cojepxMrcs xota 66 B ojnolt u3 obGaacteht
AheNe/10BaTENBHOC TH.

Hycts F wenpepwisua 8 (D). O6pasyem urnrerpan

[ Fas.

@,)
ﬁpenen NPy 71— CO 3TOF0 UHIerpana, eCaM OH CYMeCTBYeT H
W8 npucuT or BHGOpa HCuepliniBaouled 110CAe10BATeNALHOCTH
@fancrelt, nasuBaioT uHierpagoM ¢yrxiun F ono (D) ¥ ofo3na-
LN

f Fd-x.
(DY
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Paccmorpum muTerpan

r GU()Vd

0x Ox
Dy

rne U n V rapwonnueckue B (1),). He npusois A0Ka3aTenbCTRA
3aMeTHM, 4YTO OLeHKW npou3Boxuux jas U u V u3 uerseproro
yCIOBHA LA FapMOHMYECKHMX (YHKIME 06eCrneunBaloT CyLIieCTBO-
BAHME PACCMATPHBAEMOro HHTErpaia.

Has dynkou#l rapmonnueckux 8 (D,) Toxnecrsa I pana uveor

BHJLZ
U 3V, [ av, . “ dU, p
' Eax ox = Udn dc~——. Vn do (43)
) ()
av, av.y ,. ,
( (v —vie)as—o. (447

(8)

HedcTauTenslio, pacemorpuM cdepy (Y) ¢ meHTDOM B HEKO-
TOpOo# QuKCUpoBanHO# TOUKEe M HACTONBKO 6OIbIIOTO paauyca R,
yTOGH BCS rpanuia obnactu (D,) G6nina suyrpu (¥). Ilpumennw
dopuyay (43) k uacru (D)) obmaciu (D), orpannuennot (L).
3ameTuM, 4TO, npuMeHss 3Ty GOpMyay, Mbl ZOMNKHE H3MEHHTH
HanpasaeHue Hopvaan K (S), Ttak kak Ha ator pas (Dy) ecth
4acrh BlENIHe#l 06aaciv Mo OTHOMEHHI0 K paccMarpuBaemoi
o6aacru (D). .

Cuyrast Hanpasienue HOPManU JJisi BCeX GOPMYa B3THIM I1O
NpeXHeMy COrAaLIelHIo, MOLyuuM:

Y U oV dV@
[}_‘W()Tde:_ ds ‘U—ds. (46)
o) ®) ®

TlocreHuit MHrerpan CTPeMMrCH K HyJi0, KOria R CTDeMMTCS
K Geckoueundnctd. B camow gaene, ¢pyukumu U u V, xak onpe-
AeneHune B D,, VZOBAeTBOPSIOT YeTBepTOMY YCIOBHIO, CIAENOBA-

TeNbHO
U< &,
9V cos (Nx) 4 2V cos (Ny) 2L cos (N2) ’ <
V V3a
<l/ dv>+<az>< I
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Bass cdepudeckue KOOPAMHATH

x = Rsinl cos o, y:RsinOsincp, 2 ==Rcos,

" VLo < 2w, 0 LI L m),
wMoaM:
do = R%sin b dh dy
1
. ; e h = 1
U U %d°‘<—‘£]%r—o‘ ZjfR%'mﬂdqua :ﬁ’%—ﬁi — 0,

Kpome ToOro, kak ObJIO OTMEUEHO BHIIE, MNTErpal B /eBOH
yuery (437) cyulecTByeT M AriseTCs, B 4ACTHOCTH, NMPENEAOM H[H
R — oo wnterpaaa B gesolt uacta (46). Ioarowy npu R -+ co
Mt (46) caenyer ¢opuyaa (43'), a ¢ nelo m (44).

Ilycts Touka my(x, v, 2) duxcuposana. Ee paccrosmue po
fiepemennot Toukn m,(§, 7, %) obo3nauuv uepes ry,. DBymem
£UMTATh 7y, HANPABJECHHBIM U3 m, B m,. [lonoxum

{ {
UG m O)=— =— . 47
R ey s T gy o AL

Gyuxupusa U HenpepHBHA M MMeeT HENPEPHBHbIE NPOU3BNIHEIE
#oeX NOPAAKOB BO BCAKOM 06aacTH, He cOoAcpyauieh Touxku m,

MYyIPH MM Ha 1panuue. HenmocpencrseHHol nposepkolt yo6ex-
NIOMCA, YTO HMMEEeT MEeCTO

02U =U | 02U
0¢* + o o7 +6”' =0,

1 e. U ectp rapmonnyeckas GyHKUMS BO BCsikoff KOHeuno# 06-
WCTH, He Chliepxauledt m, BHYTPU uaM Ha rpanmme. To ke
MOHO CKasaTh U O GeCKoHeuHOHM 06jacTH, TaK KaK OYEBMIHO,
20 pyHKuMA U yIOBAETBODSET M GeTBEPTOMY YCJOBHIO.

IMycrs N eaumauneitt Bexrop. Ilpomssotnyio U B nanpasie-

#un N 6yzem 0603HayaTh %—g Hmes B Buay upuvenenme x U

fopmyn (44) 1 (44"), BHUACAUM NPEABIPH [ &ILHO %—%
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Hmeem, yuutuiag, uro

-

Cos (rypx) =~ —;—:;;f ,  Cos(ripy)= 17_;’1‘_01 . COS(ryp2) = (;1—0 z
au _ U ou U
an = gr COS(Nx) -5~ cos (NY) -5~ cos (N2) =
:____;_[E—x cos (Nix) - 2= cos (Ny) -}
o L 7o 10
_I_‘C_z COS(NZ)-I—;——-._CEEL;‘_O.N)_. (48)
"o rh

O6parumcst ¥ (44). [Tycts V rapsonmueckas s (D;). Ilpea~-
MONOKMM CHauala, uro my(x, y, 2) sayrpu ([),). B atom cay-
uyae U sapasercs rapmonnuecko#t 8 ([);) W npumendma op-
Myna (44). Yuarwsasg (47) u (48), nomyuum:

T4V ds

'y 22l g5 —o, (49)
& ) 0

Mpeanonoxum reneps, uro my(x, y, 2) sHyTpu (D).
Torza U ue nenpepwsua B (D;) n Qopuyna (44) He nmpHMeHnma.

Puc. 12.

fTycrs (3) ectb cdepa C WEHTLOM B My M HACTOMBLKO MAJIOTO
paguyca p, 4TO HM BHyTpPM HHU Ha cdepe (9) wer Touex (S)
(puc. 12).

Torna ¢ynxuns U rapmoEMuecKas BO BCAKOH o6nacty, jiexa-
welt Bue cheps (), u TeM cambm, B uactd (D)) BHe cdeph (5).
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lHpuvensas k stolt wactu (D;) dopuyay (44), noayumu:

ﬁi‘i-d—s—*—‘] Vcob(rwN)ds

(S) dn ry ’10
_ [E_‘i_di__ fv___ms(’m”) ds=0. (50)
Cddn ry r'fo

o) (@

Mbl uw3vieHMaM 3HAK rep~JM WHTErpanaM mo (s), Tak Kak,
npumeists gopmyay (44), reo6xoiuvo Hopmadb K (o) HanmpasUTh
myrps (), B TO Bpema Kak B dopmyae (50) ML ee CuMTaem
ninpasiesHo#t BO BHe cdepbl, T. e. BHYTPh (D)),

Brl ucnum vurerpasant no o. Cuauana uveeM:

T 2%

0

0

the A — pepxHAs rpPaHMua MOAYAA MNEPBHX MPOU3BOLHBIX %4
n (D).
Ecam V, ectr 3mauenne V B uenrpe cdeps, TO umeem:
|V — Vol < V34
(yiciona crepyer

|

(V— VO)L:“’N)da’<
r

(©) 10
2r w
<VEap [ [ EILE _snyTags0, (o0
lloaromy "
J'V COS,(.rmN) do— V, f cos (r1oN ds 4
() 10 @ 10
+ (v —vp 20N g 42y, o0
(5) 10

Caenosarensio, ecam m 8 (D;), 10

0:_L [gyl-_ ds , 1 ’V cos(rwN do. 1)
47 & dn ry, 41: & 10
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dopuynn (49) 1 (51) MOMHO PACHPOCTPAHMTH HA (YHKILMH,
onpesneneuypie B o6aactu (D).

Ecnn m, suytpu (D,), U uenpepusna 8 (D,) 1 Npumesenve
dopmyanl (447) cpasy naet:

‘av, do

cos (riyN)
T
dn ry Y

- | Ve
@) 10

ds —0, (51%)
)
[Ipexnononmv Teneps, uto m, suytpn (D,). Paccmorpum
cdepy (X) pamdyca R C U€HTPOM B M, OKPYX“IOLiyI0 BCe
rpanuus (D,), ¥ uprmeuum ¢opmyay (51) k obaactu, orpany-
yeHioft rpanuuavu (D,) u (L),
[onyumy:

V= —

1 [ av, ds 1 "dVe ds

an ) dn e | 4m ) dn ry
& 10 5 10

_411- [‘Ve cosizloN) dG 4 ‘ y 2wt/ COD( wN) ds. (52

S 10 = © 7o

Mu w3vendnd 3Hake Tnepes uurerpadamm 1o (8), Tak Ka:n
npumensa  gopuyay (51) k paccmarpusaemoit 06aacTH, He0O6Xo-
RUMO HaNpasasTbh 1Opwadk BHYTPL o6xactu (D,), B TO BD:Mf
KaK MH COXpaHsev ee Haupasaerme BHYTpb (D).

Mexny Tew, B cuay ycaosus 4°,

' fdvef_z_s_l V"AJ ‘R2sin0d‘\d~{z Y34 _
n Ty R
0 (R—-)OO.

2r =
‘ [Vcob(rwN l<A ‘ ‘R“zsm ezdofzg 41=RA 0.
(i) "0 R
Orcioga caefyer, 4TO MUTErpansl no (L) MMeloT npexenamy
HyJb npu R — oo.
Cobepem pasauyHbIe QOPMYALl, MONY4YEHHHIE B 3STOM mHapa-
rpade: ecau m BHyTpH (D), TO

Vi de |y, Lo el 4, o (49
© dr 1y ) 710
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ecmm m BHYTpH (D), TO

V—._—_4L _.._‘;V" A % [Vi_f‘%wm. ds; (51)
'] (S’) n rlo '] (,é) 10
8 m B (De)y TO
Ve L [Wede Ly cosCul) o gy
4n @ dn ry, I e oA
ecau m 8 (D;), 10
c;Ve ds ' v, cos(rmN) ds=0. (51%)
(é) n r10 (S) 10

[Ipumenym, HakoHen, mocaegHne QOPMyabl K 10Ka3aTeNbCTBY
tropeMbl 06 OLIIOM BaXKHOM CBOMCTBE rap .onuueckux GYHKIMH.

Teopewma. yurgus, zapmonuueckas 8 xaxoii-Au6o 00-
Acmu, He Moxcem OOCMNZAMb MAKCUMYMA UAUL MUHUMYME
#0 arympennell moure obaacmil.

Mu  goxkaxeM Teopevy Aad MakCHvyMa (QYHKIUM; 3TO HE
1 paHuyMBaeT OGILHOCTM, TaK Kak B Touke, rxe d¢yukmusa U
WMeeT MMHMMYM, QyHkims — U dMeeT MaKCUMyM.

[Ipeanonoxum, 4YTO QYHKIHA HMEeT MAKCHMYM B TOHKe iy,
jucrnonoxeHHot BHYTpPM paccMmar] uBaeMolt o6aact. Mpl He
WCKI0YaeM cayyas, KOrjia i, OCTaeTCs HOCTOSHHOM B HEK010pOH
N0NacTH, Ccopepxaluelt m,;, B 3TOM Cayyae VB NPENTOJNOKUM,
N0 m, HAXOAMTCA 13 rpanuie 3Toi o6nactu.

Iycts (s) cdepa ¢ uenrpov B my M HaCTO.IHKO Mauoro
fmauyca p, 4TO cama Cdepa M ee BHYTPEHHME TOUKH Jexar
# paccmarpusaeMoft obnactu.

[pumensas dopmyay (51) x dyuknun U u coepe (s), moay-
kM

Up _____L ‘iU COS(I‘IUN) ds + Jﬂ aU; ii_o____

4n & '10

dn ry

dUt’ "

4ﬂp‘ ‘ Uds+ 0 4m ‘ do, (51%)
@ @

$8K xak And Touek (g) MveeM:

0==p cos(riN)=1.
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Ha ocnosanun (45) sropolt uurespan s (517) paseu uyao u
HaXonuv:
1

Um ——:4“—‘9_,

Uds. (b3)
@
Ecam Mbi mOJI0K AM
U= Um\, — 0,

TO & HenpepHBHAs HeolpunaTensHas dyukiud. Pasenctso (H3)
naet

1 v ?
mo—m o ds WK o do = 0,

@ @

Up,=

4TO BO3MOXHO JMibL, eciM a=0 Ha cdepe (s). Beuny npomus-
BOJILHOCTH p OICWAa caenyer, uro o =0 BHyTpu cdepn, a 310
HEBO3MOXHO, TaK KaK MO MPEANOJOKEHHI0 TOYKA M, MOWKEr
Jexarnp JUUb HA rpaHulie OdjactH, 14e U nocrosmua.

Takum o00pa3ovw, aGCypAHO N[enojoXKeHHe O KOCTHIKEeHHH
vakcumyva dyskimelt U Bo BayTpennelt Touke o61aciu; 1eopema
NOKa3aHa.

Cnencrtaue. dyskumd, 1apMonmueckas suyrpu (D),
KOCTHTa€T CBOErO0 MAKCHMyMa M MHHMMyMa MA IpaHdue 3TOR
obaacTu.

HeficTBiTensuo, GyuKiug, rapMonnyeckas B (0D;), Henpepbisya
B OGAacTH, Brawouas rpaxuuy (S), M, cienoBaTelbHO, JOCTHrAeT
MAKCHMyva # MHIMVMYMA B HEKOTOPHX rouKax o6Jacru WIm rpa-
nas. [1o moiasaHuHoM Tecleve 3TH TOUKM MOTYT OBITh JIMUIB HA
rpaHyiue. )

Has ¢ysxoult, rapmounyeckux B (D,), BEPHO TO We yTBEPHK -
IeHpe, €U GCCKOHEUHO yAaellyo TOUKY IPHUMCAMTL K TOUKaM
TPaHHUI B,

YKkasaHHoe CBOHCTBU TapMOHMYECKHX (yHKOMH Ha3nlBaeTCs
MPUHIANOM MaKCHVyMa TapuvoluuecKMx ¢QyHKIMH.

B saimouenne pacCMOTPHM TaK Ha3bIBaeMbic TeOpEMHl O CPel-
HeM IJsl rapMouuueckux GyHkuui, sbiTexaouwme u3 (53).

B arux Teopemax GyAcM cuMTaTh, YTO Liap (@) M ero rpa-
HMua (s) JaexaT B oOjacrd, rie dynkuus U rapmonmueckas.

Teopewma 1. Suauenue 2apmonutecroll Gyrxyuu 8 yeHmpe
cehepol PABHO cpeOHeMmy ee 3HALEeHUI NO NOBepXHOCHIU cepbl.

Dra Teopema caeayer ud dopmya (53), Tak kax 4mp? ects
JI0ILans CPepHl.
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Teopewma 2. Snauenue zaprmonunecrkoli PyHryLL 8 GeHmpe
Mupa pasHo cpednemy ee 3HQueHui no wLapy.

JletctBurensuo, nycts R pagumyc mapa (o). Ymuoxas (53)
#a 4np2dp w nmerpnpya no p or 0 no R, noayyum mnocne

RescHua ga %ﬂ—g— = w:

Lo
Um()s_,; J UdT.
()
§ 9. Muaterpan Faycca
Mu ykaswipaau B § 7, 4To dyHKUUA
V=1
fapMormueckas 8 (D;). Iloxoxuv B (49) u (51) V=1, rorna
" cos (rioN)

5 ds=0, ecmm3s (D), (54)
o e
‘ c—(ig—‘r,—lg—l\—,) ds == 4%, ecmn m 8 (D). (54"
(‘S) ro
WUnrerpan
W= ‘ L0 (r1NV) 4o (55)

© o

wasdnaercs uurerpasom aycca. B § 6 6mao mokasamo, uro
winierpan aycca cxommres, Korza TOUKa m HAaXOZHTCH HA Ipa-
Hune. Ceityac Gymem HCKaTh 3Hauenme muterpana Iaycca B aToM
eayune, mnpegnosaras, uro (S) ecTb NOBePxHOCTL JlAmywoBa.
Hpenmonoxuy, 410 rtouka m Ha rpasuite, Ilycts () cepa
putkyca p ¢ wentpoy B m. Ilpexnonoxmy, uto (¥) Bupesaer
yacin (o) nosepxHocTM (S), u ofosHauum uepes W, umTerpan
I nycca, BasTuit o uactu (S) sue (o):

W, = " cos (rm N) d.
(£.~c) rw
1o onpenenenuio nmeem:
W= 1lim W, (p—-)(’)),

4 dax. 740 H. M Tiourep
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O6osnauum uepes (¥,) uacth cdepw (Y) suytph (D;) u
yepe3 (8,) uactb 8 (D,). Uuterpan (55), B3arit no (S—oc) u
(X,), paBeH HymoO, TaK KaK TOUYKA /M JEXKHT BHE O6JNACTH, Orpa-
HuueHHo# (S —o) u (8,)

W, — cos (rwN) ds == 0. (56)

¢ r
=) 10

Mpt B3/ 3HAK MHMHYC MNepei MHrerpajoM B llocnenHel dop-
Myle, TAK KaK vbl npeinoaarae, uto N ecTh BHewHss HOPMaab
K (¥); B To ke Bpeus, npuveHss opwyay (54), vbl ZOMmKHH
6uimn G N HanparasTh BHYTPL cdeput () (puc. 13).

Hnrerpan (55), B3stuit nmo (S—o) u (X,), pasen 4=, rax
KaK Ha 3TOT Pas3 TOUKA # BHYTPH 061aCTH, orpaHuuemsiolt (S — o)
u (3,); crenosatensHo,

w/c__}_ ‘ C_Qi(_?_o_]\z) ds —= 4%, (56,)

o "10

CxnanmBas (56) u (56%), HaxoImuM:

WO:2:+~;—{ | costrulN) 4 fwdn (57)

(%) "0 (‘52) r10

('5_',3) Jlokaxem Teneps, yTo
(urypsas cxobka B Qop-
mye (57) GeckoHeuHo Mana
BVeCTe C p.

Paccvorpum KOHYC
() (20w), oTBeuaomui Touxe m.
3aveTdM, 4TO MHTE! panH

\ no uactav (¥,) u (¥,), ae-
AMAOMM  BHYTPM  KOHyca,

Puc. 13. B3aUMHO  YHHYTOXAOTCA.

Orciona caeayet, uto du-
rypas ckofxa no a6COoMOTHOMY 3HAUCHHIO MeHbii € HHTerpaia

cos (rigN) ! ,
LeslruMiy, (58)
1o
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pACHPOCTpaHery oro Ha Yacrb cdepn Bhe Kobyca. Bpoxs chepu-
WeCKME KOOD/HI AThi, Mbl YBHIMM, 4TO 3I0T HHTErpaa paBen:

M T-w

f f sin § df do = —2= [cos O]ﬁ—m ==4n cos w,
0

()

Tak KaK MOKHO MOJI0KHTH

Ect
COS w=— —’? ,
Yoy e

10 OYERMIHO, YTO TIPENEJ] COS® PAaBeH HyAo npu p—» 0.
llosTomy

W =—1lim W, = 2=, (59)
CobGupast ycTanoBJeHHse (QOPMYJIH, HMeeM:
W=4x, ecim m BHY TDH (D),
W =2z, ecou m wna rpamuue (D)), (60)
W==0, ecm m BHE (Dy). )

3averum, 4To JLIs monyueHds Qopvya (60) me we npen-
nonaranu  obnacrr (D;) orpaHM4eHHOK EZMHCTBEHHOK TOBepX-
HOCTDIO.

HeGecnoaesno nenocpencTBeHHO POBEPUTDH, 4ro Gpopmy.s (60)
wepHoi B GoJiee O LUX CayuasX.

Bosemew chauanma cayuat puc. 11. Ecma (S,), (So). .-, (Sy)
CYTL I'DAHHIB CBA3HHIX OTAENEHHHX APYT OT Npyra o0sacreH, To
WMeeM 1o CACAAHHOMY Bbillie COTVTAUIEHMIO!

£l ].: J

cos(rm)NdG:: V cos (ry,N) ds
. 2 id '
& o Sigy o

LEcmm m Buytpu (D,), TO Kawibit H3 MHTErpaioB PaBOH
4iciu pased Hymo. Ecniu m B ofnacru, orpamuuyenno#t (S,), 1O
tOMKA m BHE 0oGmacTeH, oI paHWuEeHHHWX loBepxuocravu (S;),.. .,
(S¢ ) (Sip1)s .., (S4), ¥ Bce uHTErpadbl MPABOH YACTH PABHbLE
Hy/no, 33 UCKmOuenueM MHTerpaia no (S;), KoTopwmit pasen 4.
lean mpennonomxuts, uto m Ha (S;), TO NPUXOAMM K AHANOrHY-
HOMY BaKJIOUeHHIO,

(OGo3HauuM, B cayuae puc. 10, uepes (S;) BHEIUHIOK TIOBEPK~
HOCTH ¥ 4epes (S,), ..., (Sp) BHyTpennue nosepxHocTd. Mmeeu

4%
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B 3TOM Cay4ae:

k

[ ool g [ ool gy N [ emloolg, )

® o & 1o i=1(%) 10

Ecmu m B uwactu (D,), xoTOpadg conepkur GECKOHEUHO Yaa-
JIEHHYI0 TOYKY, BCE€ MHTErpajbl IPaBo# YaCTH PaBHH HYJMO; €C/H M
Ha (Sp) mm BHYTpU (D;), TO nepsbift HuTErpan paseH 2% Wi 4=,
a4 oCTambHbie HHTEIPann paBHH Hymo. Ecau m Ha (S)) mwm
BHYTDPM 0GaacTH, orpaHuyenHo# (S;), To nepsuit ueTerpan B (61)
paBer 4w; maTerpamst mo (S;), ..., (Si—y), Sip o-os (Sp)
pasHbl Hym©O; uHTErpan no (S;) paBeH —2% wiH —4%, TaK Kak
HopMans K (8;) HampasieHa B ([D,), T. e. BHYIpPb 06aacTy,
orpauuuenHon (S;).

§ 10. Jipyroe gmokasateabctBo topmyan Iaycca

B 3Tov maparpade MbI INagMM ADPYroe NOKa3aTenbcTBO Qop-
syn (60), Heckoabko 06006HHUB ¥X.
Paccvorpus MHTErpan

cos (riplV) .
-—-—;—- ds, (62)

) r10

pacnpocTpaHernn#t 1o yacru (X) HEKOTOPOH TIOBEPXHOCTH; HAKO
ONpe/ieNHTh BEIWYMHY 3TOT0 MHTEIPana B TOUKe .

[penionoxuM, Y10 MOIYNPIMBIE, TIPOBENEHHLE M3 TOUKM 72,
nepecekawt (S) Kawpag He O6osee YeM B ONHOH Touxke, M YTO
Kaxiasg ToaympaMas o6pasyer ¢ Hopvaaeio N Kk (S) B TOuKe
nepeceyenudg octpuit yrosa. BosbmeM m B kayecTBe Hauama cdepu-
geckolt cucTembl Koopauhar. OnMineM OKOJIO rovex 7 Kak meHTpa
chepy panuyca emumuna. Tak kak (roV) ecTb yroa mexay
panuycoM-BeKTOpOM U HOpMambie XK ()) B COOTBEICTByMOLieH
TouKe, TO C0S (7o N)do paBHO TUIOMaNyM TPOEKUUM ieMeHTa do
nosepxHocTH (3) Ha chepy < LEHTrPOM B M W PALNyCcoM ry,.
Moarovy dog == & (Cw N 45

1o

eCTh 3JIEMEHT QIWHMYHON Cchepn, ynoussyToH Beime. Orciona
creayer, 4yro purerpan (62) pasen uMrerpany

f dsq, (63)

. &J
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ite (Xo) ecTh uacTb eAMHHYHON cdepH, BHPE3AHHAs KOHYCOM,
HePIIHHA KOTOPOTO HAXONMTCS B /1, a HanpaBisliomiel CHYKHUT
nonryp nosepxsoctd (¥). Murerpan (63) pasen tenecsoMy yruay,
11/l KOTOPbIM M3 TOYKM M BHIHA ToBEPXHOCTHL (¥) (puc. 14),

Ecan yrasi Mexay panuyca-
M#-BeKTOPAMU ¥ HOpMaaavu K (E)
fwau 6u Tynsie, uuTerpan (62)
niauuaics O ot uuTerpana (63)
{0JIbKO 3HAKOM.

Coraacumess HasHBATH OTPH-
INCJbHOH  CTOPOIlYy TIOBEPXHO-
t1H, Ha KOTOpO#H crouMt HabJjw0-
nAreNb, BHITAHYBUIWA TEJIO TIO
WANPABIEHUI0 HODMAIH, U NOJO-
WRTEILHOR  IIPOTHBOIIOJOKHYIO
¢ TOPOHY.

Torna mnpenpinymue Pe3yiab-
1AW MOXKHO BHICKA3aTh TaK:
mrerpan (62) paseH yriy, oA KOropsiM BunHa (¥) U3 TOUKH m,
BTOVY CO 3HAKOM TUNOC, ©CTH BHUIHA TIOJNOKHTENbHAS CTOPOHA
HOBEPXHOCTH, ¥ B3ATOMY CO 3HAKOM MMHYC, €CJM BHAHA OTDH-
faTesLHAs CTOPOHA IOBEPXHOCTH.

Puc. 15.

llpennonoxuM, 4to HOJyHpsAMas, BHXOAAIAst U3 m, nepeces
waer (L) B HECKOMBKMX TOuUKaX; NPeANOJOKHM, KpPoMe TOro,
yro (¥) MOxHO PasbMTh HA KOHEUHOE YMC/IO yacTeH, Kamiaas u3
HOTOPLIX YIOBIETBOPSET YCIOBUSM TIPeRbLIyHIEro caydad. ! B atom

! 310 npennonoenHe HE MMEEeT MECTa Il HEKOTOPHIX noBEpX~
RocicH Jismyrosa.
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cayuae unterpan (62) paseH cyMme CHAGKEHHBIX COOIBETCTBYIO-
MM 3HAKOM TEJICCHBIX YIJOB, [OJ, KOTODHIMU BHJAHBI M3 M Paz-
anunbie vacrd (¥) (puc. 15),

IMycts (S) 3avkityras nosepxHocrs. Ilpu ABMkeHwY 1o noay-
NPAIMOH, BHIXQISLLEd U3 TOUKH m, B KAXKAOH 104Ke nepecedyeHus
¢ (S) mu mepexonuv u3s (D) B (D,) wm ob6parno. [MTooromy
TOUKM BXOAa M Bhixofa u3 (D;) mnepememxalorcs H noc/enHel
TOYKOH fBAfErCA TOUKAa BHX0TA., B rouxax BxO/a ajevieHT renec-
HOTO YrJa OTpUuHATeIeH, B rouKkax BWXoAa nosaoxurenen, Ecau
Touka m B (D,), TO TOYEK BXOKa M BHIXOMA O/IMHAKOBOE YHUCIO
¥ CyMVMa 3/IeMEHroB TeJecHBX VIJOB PaBHa HYMO M 1O3TOVY
umeev tpersio u3 Qopvys (60). Ecam m B (D;), 10 neproi
Gyner TOUYKA BHIXQ14, 4 3aTEV OCTaHercst OJMHAKOBOE UMCIO
TOYEK BXOJda M RHXO0ZA, M 3TO 3aKHOUCHHE CIPABENJHBO N3
BCCX HanparseHuli., Orciona Jerko 2aKmOYMIh O CHPABEMIHBOCIH
nepeoit us dopumya (60).

Heckosivko caokHeit nosyuderca sropas u3 dopmya (60),
HO HA ITOM Mbl HE OCTAllaBIMBaEMCH.



FTABA I
TEOPHUA TIOTEHLHUAJIA

§ 1. Horesuuan mpocroro cios

lpeanooxuv, uro obaacih (D;) orpaHuueHa KOHEUHHIM
uHciiom mosepxuocreit Jlamyrosa. OGo3nauum uepes (S) rpaHuny
utpacra (D), Ycnosmvcs 0603uauaTh  KOODAHHATH TOUEK 1M,
nonepxsocru (S) Gykrauu §, 7, L.

[Tycts m touka ¢ koopmunatamu (x, ¥, 2); re,— paccros-
HHE MEWIY rOMKAMH M U Ml I, DPENNoJaraeM HANDPABJIEHHHM
#a m B m, llycre v uurerpupyemas Pyekuus Ha (S).

dynKiHa
ds
Fay

Ve[ (1)

(%

HAULIBACTCYT NIOTEHIIMAAOM NPOCIOro C10f; M. -—€ero TIOTHOCTLIO.

Ecmn rouka m me Ha (S), V, oueBumHO, MMeeT mnpoussoj-
lMe 1o x, v, 2z:

aVv ( i—x
— == , 3
0x < "gu
av [Q—7
‘a’;———— ‘ U rd; dd
(s 20
I
3 g2 ——
>V __ ‘ u =20 g
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1

Tak kaK J4anaacuaH QyRKLUH ——~ DPaBeH Hyuo, TO HMeeM!
20

1
AV = f v A—dt=
. 20
6
H, TakuM 06pasoM, V ecTb rapMOHMYecKas $yHKUMS BO BCAKOH
KOHEUHOM 06JaCTH, Jewamed BmecTe ¢ rpanduedt suyTpu (D)
win suytpu (D,). V3 dopmya nas V u ee HepBuX NPOH3BOL-
HWIX HETPYMHO 3aKJIOUWTh, 4TO NPH yRANEHHM rOUKM 7 B Gec-
KOHEUHOCTh V CTPEMHTCS K HYMO KaK [epBas CTEneHb,

oV oV 1
l ax! ’ ’—a?l KAK BTOPAf CTEleHb —, Iile R pac-
CTOSHHE TOUKM 72 KO HEKOTOPOM (DHUKCMPOBAHHOH TOUKM LPO-

crparcrea. Orcioga cienyer, 4ro V ecth rapMoruyeckas QyHK-
MR BO BCAKOH OeCKOHeu-

N, Ho#i obaacty,  Jexanied
l IL B 1R BMECTe C TpaHuued BHYTDH
- ~

N (De)-
;) ~ [ToxkaxeM, 4TO ecaum u
| @ OrpaHMueHa ¥  MHTErpu-
pyeMa, TO MHTErpan CXo-
Puc. 16. JUTCH, ECHH RAKe TOUKA M
Ha (S).

Wrak, nmycte m Ha S. [lng fokasatenscTRa CXOAMMOCTH
uuterpana (1) AocTaTouHo nOKa3aThb, YTO MHTErPan

o) &

(0,3 Foy

GecKOHeuHO Maji Bmecre ¢ py, rie (s;) # (9y) cytb uacru (S),
nexamye BHYTPH cdeps JlanyHoBa ¢ uewrpoM B m, ¥ BHpe3aH-
HBl€ KPYTOBLIMM NWIMHADAMH DaAMYCOB p; U Py (Pg < Py)y HMEIO-
IMUMH OCBIO HOPMaib B Touke m (puc. 16).

Mycre A Bepxnss rpavb nad |p| na (S). YuntsBas, uto rog
Gonblie CBOel NPOEKUWH p HA KACATE/bHYIO MJIOCKOCTh B TOUKE 72,
u npuMenss ouenky (16) § 1 (), Hatinem:

¥ d r /
j ]}Llh < A-2 f ‘ M—"lﬁ/l(p]——p;,)( 4w Ap,,

2,—9,) 0 g
UYT0 ¥ JOKasHBaeT YTBEPKHEHUE.
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s nomyuennoro HepaBeHCTBA 3aK/IOYAEM

" plds
T2

< 4mAp,. (2)
(;\
L3

Jror naparpad 3aKOHYHM HECKOJbKMMH 3aMEYaHWsMH, OTHO-
{HIEMVIHCS K HEDABEHCTBAM, KoTopule OyAYT BHBEAEHH B IIOC]E-
IVIOUMX naparpagax.

Iycts ¢ dymkuwng, sanaaxas Ha (S) wm (D). B nambHeit-
M 0 p OYAYT nenaThCd TJAaBHLIM 00PAa30oM CAenyIOUHe pen-
nioKenua: 6o w  orpanuMyeHa M uHTErpupyema, Jaubo
s panuyera W NPABHILHO Henpephisiia. B mepsoM cayuae A Gyner
D UIAYATE KaKYI-IH00 U3 BePXHMX rpaneil ais |p|. Bo Brorowm
v tyuae A O6ymeT 03uH2YaTh KAKYyW0-IM60 M3 TeX BepXHUX IpaHeh
wst |wl, KoTopele NPeBOCKOAAT KOIDGMUMEHT B yCHOBMH Hpa-
WHNLHOM HeTpepHBHOCTH GYHKIME w; TOrma, OYEBHNHO, MMEEM

<4,  Ju—uo| < Arl,

1e ¢, U Yy 3HAYEHHS U B TOYKAx m; U m,.

OueBnaHO, 4ro €CJAW (¢ NPABUIBHO HENpPepLBHA ¢ TOKa3are-
AeM A, TO OHA MPABWIHLHO HENPEPHIBHA C MO0V MMOKa3areneM A,
ine 0<<A <A IlostoMy B rocrienywoutem A Gyser 03HauaTh
OJINOBPEMEHIIO TI0KA3aTeb NPABUILHON HENPEPLIBHOCTH QYHKIUH 1
W MOoKasareldb BO BTOPOM YCJIOBHH JlgnyHoBa IJIst IOBePXHOCTEN
JlsnyHoBa,

B nocaenymomweM, ouneHuBas MOAYIHM KAKHX-IMOO BeJIHUYHH,
fyseM TIOIYyYaThb, 4TO OHH He [PEBOCXONAT CYMME HEKOTODHIX
WY TIOCAEAYIOIMX (QYHKUMH nepeMeHHOro 6

(A% oAd,  oARin (5), (0<ag s, 0<A<1),

ine ¢y, ¢y C;— NMOCTOAHHBIE, 3aBUCAIME OT BMLA NOBEPXHOCTH
wnn  ob6aacTu.

Tak Kak
AB o= A0 L AD, o =—c (E)7
¢, A8 ==c, LAy, g=c (5)
T B Cﬂyqae, eCIu B OlleHKy BXOAUT CyMMa JHUIIb HepBbIX IIBYX

(hyuxuui, oueHWBAEMAs BEAHYMHA He mpeBocxomut (¢) - ¢,)Ad =
- aA®, rne 0<CAgl. Ecm B oOUeHKY BXOIWT M TPETbA
(hynKums, TO ONEHWBAEMAA BEAMYMHA He NPEBOCXONHT 4MC/IA BUAA
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aA8¥, rre ) npoussosbaoe uucno, 0 < A < i, u oT BHbOpa A’
3aBHCHT BeauuMHA Ko3(pdunuenta . JleHCTBATEABHO, TAK Kak
aaa v > 0 nveem

3\ a 1 d’

'm_ﬁwg)m“<m.mm(mwﬁ_
FRS

d 3 0< el ev’

TO, mojaras v =hA— A\, GyjseM HMETh:

AR I = cyAu” 8 Ing < (B0) AV == AV,

CI L ng"

37 v ?

1-W/
OTKyJa cnenyex Hallle yTBepKACHHE, NPUUEM ¢ = ¢y (%} -k

d \» -
—-}—c‘,( > —4—c. B nocnemymouleM npM HaJMYMKM B OUEHKE

Kaxo#-u60 BeMHYUHB C/IATAeMOT0 TPETLET0 THNA OKOHYATENbHYIO
oueHky OymemM nMCaTh B BUAe aA¥’, He noscHsAg Kawnbi pas
IPOU3BOJBHOCTL B BhHGOPe A’ 1 33BMCHMOCTH KO3(QHUMeHra g
or Bubopa A/,

Kpove rtoro s mocieayiowes, eciid He OyAer CAEIAHO 0COGOM
OroBOpKH, Gynem cunTars A < 1, TAK KaK npejsnoowenue A ==],
He NPHBOMA, KAK APaBUJO, K Goiee CHILHOMY DE3YJbLTATY, Tpe-
Oyer AnIHAX OTOBOPOK,

§ 2. HenpepoiBHoCTh AOTEHOHAA APCCTOre CJ0H

Teopema. Ecau naomuocms v nomeHyuasa npocmozo
CA0R ectb (OVHKYUSA, OLPAHUYCHHOS U UHIMepUpyemas, mo
NOMeHyuaL npasuibHO Henpepuiger 80 8Cem NPOCMPAHCMGe.

W3 saveuanuit § 1 ciaeayer, uro V 1HpaBHJIbHO HelpephiBHA
BO BCAKkol o6aacTH, neankom coaepwameiics s (D;) wm B (D,).
Ocraetcs, ClenoBATENbHO, PACCMOTPETH TOUKH, DPACIOJOKEHHBIE
B OKPeCTHOCIU TPAHHUILHL,

[Tpennonoxuyv, uto 104YKa m, Haxogurcs Ha (S) u uro
rouxa m,, paccrosHye KoTopo# 710 m, 0603vaunv ¢, FAXOIMTCS
wm va (S) uim ra vopvam K (S) B TouKe . [as xparkocru
ofa Ciyyasg pacCvOTPHM OMHOBPEMEHHO, HA3HIBAA MepBHIR Ciay-
uazm (a), a pTopolt Cayuaem (G). [lycts roy W ry paccros-
HMSl TOUEK M, U m, 0O TOUKH M, UHTerpuposanus. Beeaem chepy
JIanyHOBa /s TOUKH My; NycTh (X)) uacth (S) BHYTpH cdephi.

'2'-

[TPeAMONAOKUM CHAUA/A, YTO 6 MeHblle
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O6o3nauas Vi, U Vp, 3HaueHns V' B TOUKAX my U m,
MOXEM 3aNUCATH:

’ ds
Vi, V= | w8 | p2p I Z.o®
Y : . N r }’; . r
sty P sly 0o @ "
Hurerpan
[i do
oy

(-3)
eCTb HEMpepPbiBHAA (MYHKUMA TOUKM #1;, MMEIOUIAs TPOH3BOLHBIE
BCEX TIOPAAKOB, €CIM DACCTOsIHWE 11, 110 mg ocraercs meubnre 8
B 3TOM CAydae ro; OCTaercd Gosmimie 2 CiaenoBaTeInHO, UMEEM

’ ‘a ds ‘1
P T
85y (553

rne @— OTpenesieHHOE II0JOXKHUTEAbHOE YHC/I0, 3aBUCHALLEE TOJBKO
ot (S), u A— BepxHsa rpamuma A

< aAd,

Ny

Puc. 17.

Jas 1oKa3aTenbeTBa ‘1eopeMbl 10CTaTouyHO M3YUYHTH PA3HOCTH

d d
]:J‘p‘—’%——'f ;L’—;:—l. 4)
(%) B ()

Omuiiem 0KOJO TOYKM My, Kak Ueurpa chepy panuyca 28 u
Q6Q3nauum uepe3 () uacth (S) BHyTpu cheps (puc. 17). Moxuo
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3aMUCATS!
) ’ 1 1 P ds T do
1= | (=) oo | oo | p2, 5
» v a0 ”21> c—r-. pLfzo . pL”21 ()
(E~0) (o) ()
OTKyNA clefyer
1 de
! ' [ (——— l l ! 6
| |< . )pk Fau Fa1 + ‘ fzo n ®)
HepaserctBo (2) HenocpeacTBeHHO Haer:
|| )
(s}

TAK KaK () CONEePKUTCd BHYTPH 4acTH MOBEPXHOCTH, Bbipe3aH-
HOM U3 (¥) KpPYrosblM WIHIMHAPOM pajuyca 28, HMEOIMM OChIO
HOpMaiab Ny B TOUKE .

B cayuae (a) MOXHO OLEHHTb WociIefHu# uHTerpan B (6)
¢ momomelo (2). Paccmorpum cdepy ¢ ueHrpoM B m; ¥ pajd-
yca 30, u uyctb (o;) uacts (S) BHyTpH arofi cdepsl. Tax KaK ()
COnEpKUTCa B (gy), TO HMEeu:

<<l <. ®
(@) (

S

pL72_1
9

B cayuae (6) Mul cpa3dy ouenuM sTOT uHTerpan. Mmeem:

2 23
do " pded
”p_ f|u| <42 | [-"_})_3=4A(2a), (8")
@) @ )
TaK KaK B 3TOM cjayuae p, ABIfACh NPOEKUMEH roy HA KacaTedb-
HYIO niocKocTh K (S) B TOuKe 7, HE NPEBOCXOIHT rgy.
Taxkum o06pasoM, BuauM, YTO BO BCEX CJyudasx CcyMMa ABYX
NOCAeNHUX HHTETPaaoB B (6) He npeBOCXOAMT uHcia BuAa aAs.
aiimeMca TEPBEIM UNTErpanoM B (6); TaK KAK ryy U roy CYTh
IBE CTOPOHB TPEYTONbHUKA, TPEThd CTOPOHA KOTOPOIO DPaBHA O,
) Ta1 [
TO — 38 — 8, otkyaa 1 —— < -2 < 14—,
Y <ry oo << 8, OTKyna 1 rq0<r20< +r‘)_0
Ecm touka mg, Ha (2——-0), TO Iy > 28; CIENOBATENTbHO
1 rgl
—2~< <5 2 y ecan my Ha (X — o). 9)
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B nampuefituem uacTo GyneMm Mosib30BAThCH HepaBeHCTBOM (9).
Uimpasch Ha 3TO HePaBEeHCTRBO, MOJYYMM:

1t

:|r21-r2n|< 8 <£§__
20 a1 To1"20 Tor%a0  Tao

lipoeknus Ha kacarenbHylo MJAOCKOCTh B TOUKE m2, OTPEsKa,
EORJUMIAIOIIETO TOUKY M, C HEKOTOPOH TOUKOM KOHTypa 06ma-
£t (o), paBHa 28cosa, e & — Yrod MemAy 3TUM OTPE3KOM
# KacatenbHOM MAOCKOCTHIO; TaK Kak 3TOT OTPE30K nepece-

’

kaer (S) BHyTpM chepw JlanyHOBa B ABYX TOUKAX, TO o < ————w
M, CNCLOBATENBHO, COSa 2> sin® > 5. [Tostomy paccmannBae-

Man npoekuus 6Gombwie 8. Orciona chegyer, uro (¥ —o) npo-
BKIMpyeTCAd HAa KAcaTeNbHYIO NJIOCKOCTb B 0GHACTh, NeXalLYIO
B KOublle C LEHTPOM B my W panuycamu & u d.

Boons nuAuEAPHYECKUME KOOPAWHATHI, KOTOPHIMHM Mbl yiKe
HunLi0BaMuChL 1B pasda, MOTy4yaeM, TaK Kak ryy He MeHblie p:

I:‘ P(;;g—-;; ds| < _[IPI ~ g |Be <
21:(?
<o a2 ‘L‘%‘_‘?_=sﬁAam-‘a’-=aAaw.
o &

CnenoBarenhbHO, TIPUXONMM K HEPaBeHCTBY
| Ving— Vi, | < @AY W <1

[TpennotoxuM Teneps, uTO #2, M€ HAXOAMTCA HA HOPMANMK
k (S) B Touke my. Ecan pac-
tioMime mgm, pasHO 8, TO
paccionnue 8, or m; no (S)
wanbiie 8, B nycth m’ Touka
{Y) OG.mxaitag x m,. Torna
pncciosnne 8, or m, no m’
meimie 8, - 8 < 26 (puc. 18).

Hosromy, Tak Kak

Vm,"“ my = Vmﬁ‘" Vm"f‘Vm' — Vo,
veem:
i Vm - lel <l Vm,'“" Vm’ |+| Vm' - Vm !<
L aA@ +37) < a, 0,

Pruc. 18,
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Crayuail (a) mokasmBaer, YTO mNOTeHHWan V DpaBunbHO He-
npepeised Ha (S,. okawewm, urto V npaBribHO HenmpephiBeH BO
BCceM npocrpaHcTBe. J[ledicTBuTenbHo, ecaw XoTs Obl ONHa U3
TOMK M, M m; aekuT 1ua (S), TO LOKA3aHO UTO PasHOCTh
Vi, — Vm, | ouenuBaercs xax aAé’. Lns 10Ka3aTenbCcTBa npa-
BUALHOM nenpepwiBiocTd V ocraznoch paccvoTpeTh cayuval, xorna
HM OAHA H3 TOueK mg W m, e azxur na (S).

Honycrum, uro m, Gonee Gmusika k (S) u m ecTh TOUKA
Ha (S), OnmwaMman ¥ rmy; TOUKA M, JEKAT HA HOPMAIH
B touxe m;. Ilycie 8, ecth paccrosmhe m, A0 m,, a 8, KaK H

d
npexne, paccrosmue my no my. Ecau 8, > 5, To pasuocth

Vi, — Vo= [0 [0, @)

) )
OYEeBHIIHO, OlEHHBaeTcsl ueped aAS, Tak KaK (YHKLUME MOjL BHA-
KOM uHTerpana nMa1oT OI‘paHl/I‘ieHHble ﬂpOV]BBOllele B OerCT-

da
HOCTH TOYEK 2, M ;. lIpeamosoxum Terneph, uTO 81<—2—.

Ecmu 8 <28, To paccrosmme 8, mexny m, u m; Mmenuwe 38 u
BMeeM:

Vo= Vo SV = Vi V0=V
0

1)10 ﬂI‘

[ <
< ad¥ - ad¥) < bAY'.

7)1

Ocranoch paccmoTpets caysali 6, > 28, B stom cayvae Bce
Toukd (S) nemaT BHe c2phl panmycd 28 ¢ UGHTPLM B my,.
Torpa, ecan r’ ecTs paccrosHue Or Kakoli-Aub0 TOYKM OT-
PE3KA 7lgMm, 1O HEKOTOopoH TOuKH m, Ha (S), TO B cuay He-

pascHcTBa (9), KoTOpOE 34eCh MPUMEHUMO, Oy oM UMeTsh 7/ > 57
Tak kax

i 1
1 1 0y 0
‘,‘2;“7;5:('”1'*'”0) e 1—{-()’1"‘-)’0) 3y 1+
1
3 —
+%—wGQf

1ne (xXg Yo, 2p) (X, ¥y» 25)-— KOODAMHATH TO\I“K my 4 my,
A MPOM3BONHbIE BBIMUCIEHH B HEKOTOPOH TOuke 7’ OTpe3Ka mym,,
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PO 3aKNIQUaeM:

e Gy
J_____J_|< V3s <f‘.l£_3_°_

72
Toy  Too r Ta0

flosTony

2 an | do
| Vg Vo | < 4 V3 48 | £,
(‘5") oo
Mycrs (¥) # (s) wactu (S) Buyrpua cdepwt JlanyHosa u
phephi panuyca 28 ¢ neHTpOM B .
Ha (S) umeem ry, > 8, > 28 u noasromy
23
o (%<_3_0 ‘dc(f —172-211 ‘ pdp = 2m3,
('0_) Tag 485 (;) 45 5

d
e ‘%<4ﬂ8‘pip—:4n81ng—<a8}', <,
ey T20 s P °
b <a | ds < 233,
(q-x) 20 (S-1)
. . d
1K Kak BHe (X) Ty, > 3 -
Orciona 3axsmouaeM, 4T0 Hallle YTBEDHIEHMS NOKA3aHO 1Asl
HCCHOBMOXKHBIX  TIONOKEINH TCUEK My W M, ¥ TeopeMa 10Kasaua.

1AKMM 06pazoM, Mjin MOGOrO MOJOKEHHS TOUEK M, M m, uMeem
I va -—Va ( < aA¥’.

§ 3. Tpn TeopeMb 0 HoTeHuuajge ABOAHOTO cJaos

Hycrs my(x, y, 2)— HeKOTOPas TOYKA MPOCTPAHCTBA.
MuTterpan

W= H.ﬁ?i.(%‘l.@_ ds, (10)
® T
1he my (5, M, L)— rouka uHrerpuporanus, u(§, N, 2)— PyHk-
#WH, ompenenennas Ha (S), N —uopmaib B TOYKe My, HA3H-
RHETCS MOTEHLMANOM IBOKHOTO €/ACH C MIOTHOCTBHIO (L.
Vicnw w uuTerpupyema, Tto, cuesugno, muterpan (10) cyme-
ETByCT, echM TOUKa m, JAeXHT BHyTpu (D) nmnu BHYTpH (D,).
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Ecnu mgy moGas Touka na (S), T0, Kak Guno nokasauo 3 § 6 (1),
OTPaHUYEHHOCTH ¢ SIBASIETCH NOCTATOUHBIM YCHOBUEM CXOAMMOCTH
unrerpana (10).

Ceftyac MH HOKameM, 4TO €CAW ¥ uHTErpupyema, 1o W ects
GyHKIMA, UMEoUlas HenpepHBHbIE TPOM3BOAHBIE NOGOTO TOPALKa
B Kawaoh suyrpeHHe#t Touxe (D) nmau (D,), ¥ ynoBaeTBOpaio-
was ypasnenmo Jlaniaca

02w | W | 92w
535+ ay? +om 09z T

Je#crBurenpHo, uurerpan (10) Moxno nepemucarh B Bupe:

Y ds -

W= fpcos(NE) dc—{— ‘}LCOS(N’Q)

® o ®) iy

+ [ peos vy £52
(5) %

CpaBuuBas ¢ GopMynaMmu, ganHbiMp B § 1 Ad% nepBHX npo-
M3BOJHBIX WOTEHLMana HPOCTOTO CJOfl, BUIUM, YTO NOCHSLHUe
HHTErpadbl CyTh HPOM3BOAHLIE COOTBETCTBEHHO 1O X, ¥, 2 TMO-
TEHIHATOB MPOCTOTC CHOsi € TAOTHOCTAME (1 coS(NE), wcos(N),
@wcos(NV.).

Tak xax mnOTeHHMWan NPOCTOTO CNOS BO BCAKOM BHYTPeHHeH
rouke (D;) wiau (D,) umeer HenpephiBHbIE Tpok3BOAHbIE MOGOrO
MOPAZikT M yIOBAETBOPSET ypasHenmio Jlammaca, TO, OYEBMIHO,
TO e MOXKHO CKasaTh O MOGOR nmPOM3BOIHON M, CIENOBATEILHO,
o W.

Kpome toro, npu ynaneHnn TOYKU 2, B GECKOHEUHOCTDH |V(/[

ow
CTPEMUTCA K HYJIO KaK pTopas CTeneub, a i-a-x—], l——— y 5o

KaK TpeThsi CTelleHh rue R—-—paccmsmue OT 7, N0 HEKO-

R 2
TOpOH (PUKCHPOBaHHOM Touku mnpocrpanctea. OTclona chenyer,
yto W rapmonnueckas ¢yuxums Bo BCaxoi oOmactd (KOHeuHOH
i Geckoneunoft), comepxauleiics BMecTe C TIpamunedl B (D))
wi B (D).

¥cnopumcs o6osHayar, yepes W smauenue W B TOuKe mo-
BePXHOCTH M JIOKaXeM Be CIeLYIolHe TeopeMbl.

Teopewa 1. Ecau p ozpanutena u unmezpupyesa, mo W
RpGBUAbHO Henpepu8Has PYuxuus mouxu my Ha (S).
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Teopema 2. Ecau v nHenpepoigra Ha (S) u ecau mouxa m;
anympu (D;) wau suympu (D), u ecau m, nepememaemcsi,
(mpeMsicy K mpoure mgy Ha (S), Mo uMeesm COOMEEMCHIBLHHO:

W, = W; = Wy} 2ru, n lim W, = W, — W,— 2mp,. (11)

Miy sjgech o6ogmavacM uepes W, smaucene W B Touxe sy n

qepes g # W auavenmst g u W B TOyKe my. Hatee, W; u W,

11003HAYAIOT npenenm nag W, Koiga TOuK1 my CipeMuTcy

% 1panane oGaacrun (D) COOTBETCTRBEHIIO M3UYIPY WM H3BHC.
dopmyasl (11} moxaszwt.aw0T, 4TO HMeew:

W, — W, =4ny,, W, W,=2W,. (12)

Jlo6aBanenne kK Teopeme 2. Ecan . npasuantio nenpepuisiia
nn (S), r.e. ecan

g | < Arig (13)

LAC ryp €CTh PACCIOSINNE MEKAY My W Mg, TO MMEEM JICPABCHCTBA:
FW) — Wy — 2mp | < @ AP,
Wy — Wo+ 2upy | < adb,
rae rouxa my B (1)) coorsercraenno B (Dg) Ha paccrosinm 3 ot my.

Kak B § 2, Mb paccmorpuM 062 TeOpeMbl OLHOBRPEVelHo,
tiboanadad uepes (a) ¢ 1yyalt, xoria m, #a (S), u yepes (6) cay-
s, woraa m; ue na (S). Mwb coxpaunm oGosHauenna § 2,
IIpeanonoxumM cHauajza, 4TO KOIjla rouka sz, He Ha (§), oua
WIXOMMTCA 114 HOPMAaJH B M1, KpoMe ro1o, npelno.doxmM, 4To

preciosinde 8 MeXAY my W M, Melibil e g—. Hano nomuuth, 4o u
HOAMMIIEHA  YCJIOsMAM: B Caydae (@) OI DAHMUCHA B 110 MOAYNIO
seiibine nekoToporo uncaa A; B cayuae () menpepesia 1 B x0-
(VA reNbHOM  CAyYas p 1PaBWIL'O LelPephIBIa.

Huyuem ¢ 3aveuanus no cayuawo (6). llpexmonowuv, 110
15.) ecrb vacTb (S), BblpesaHHas cdepoit pagnyca R ¢ uenrpou
4 My, nycib B(R) ectb Makcumyy i —uy7 Ha (g):

lu——uo | <CB(R), ecan m na (s;). (14
Hean p onpasunsro Henpepwisua Ha (S), 10
W(R) < eR:

8C/H P NPOCTG HerP2peieHa ha (S), TO MOXHO JHLIb 3AKMI0-~
Harh, o limG(Ry=0, ecin R—0.

H dax. 740, 11. M Tionrep
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8 (R) ects pospacrawiuas ynkius R, tak xax ecm R > R
n (o) orsenaer R’, o (s;) comepxur (s,).

[Tpeanonoxuv Teueph, uto m, nia (S) wan Ha HOpMamn x (S);
nveeM

Wy e [ ),
CHENE S

b

cos (rol) 45

= [0 Mo [ () 2N gy
. re . r:

) 2 (8) %0
g [ My fE°i<;:9"Q ds. (15)
ORI &

Hocrenuuit mimerpan » (15) pasen 2w, corsactio croHCTRaM
utrel paza ayeca, nu nosioMmy nocmennnih umenr B (15) pa-
BeH— 2w, B ciyuae (a+ rtouka my Ha (S) m mpeuIocKenHuii
wied B (156) paned 2mp,, TAK 4TO CyMMa ABYX IOCNEMIHX YJIeHOR
pasHa nyao. B cayuae (0) e06X0nnMo pasaguaih Cayyad, Ko1na m
e (D), o1 cayuas, korma m 8 (D,). Ecin m B (1)), npenno-
creanuil unen papent 4wp,y ecan mowv (0),), on pancn nymo.

Wrax, cyMMa ARyx rocneiuux dienop » (15) panha:

2nuy — 27wy =0, ecan my na (S),
dmp, — 2mpy == 27w, ecan m) B (1), (16)
0 — 2mpg==—2my,y, ecan my = (D).

Ocraercs ouelnTh Pasiocih

I= | (p—uwy

cos (ryN ’ ¢0s (roN
)—‘(—.[1—)(15‘— (> — ) - “rf_f’n"") ds.
S 21 &) 20

OnnoteM, xak B § 2, cdepy Jlanynosa 0xono Toukw m, u
oGo3maunv uepes (X)) uactr (S) eayrpn cpepr. Torma moxen
3aNnCalh:

1= e ™t — (@ @M
(523) " (8-3) "2

o N ’ ¢

-+ r (1 — o)~ (rf;‘—~) ds— | (14— o) €0 (7o) g,

3 21 *) =0
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d
— W HHTerpan

Ecmn Touka m, Ha (S— X), 1y Gomwe

)

(+— )
(8<x) 2

cos (ryuN)
— ds

HeppepuiBell ¥ orpanuien sMeCTe C NPOM3BOMNIBIMY, TAK KaK pac-

d
tofiHae O my 1o M, HE TPEeBOCXOIHMT D Orcona caejiyer,
Nl

’ cos (ryN ’ €0s (74N o
‘ ‘(P—Po) —“(_,2‘1—)‘13— ‘(P—Ho)' (*5‘29—) ds| < ads,
"y 2 (§y) 20
M 0CtaeTcs OUEeHUTh Pa3HOCIb
cos (rgV cos {rqygN
= f(u — ) 2 gy f(u — 1) -g°~-) da.

3 rul Y rqo
() = (L) 2

Omnen oKkeno TOuxkHM my, kak B § 2, cohepy pammyca 28,
limeem:

/- = ['(}L'—"f‘o) { cos (qu) cos (;"O{\Q}dc—}—
(o) i )
- ‘ (v — ) (E‘S“(’.;i‘]—\i)dc ‘ (v — LOS (:zo_N)_dc;
© £ @) o : (17)
i | T p {2t cos (—;'“’"N)}dc n
(x-0) i 20
| [ —e0 2 @Mas] | [ GoMas].
(.‘y) r21 (c‘) ’20

Tax kak |p—yo| <24, 10, nOAL3ysch HepaBeHcTBOM (38)
& 0 (1) u szavevanwavu § 2, BaxoouM, 4TO pocaenHWil unTe-
pit 8 (17) wmenvine cA(28)), rie ¢ — onpegeneHHos uYMCIO.
'} caydae (a) npegnociaenduit murerpan B (17) meubuie c¢A(38),
4 KK 4acTh (s,) nomepxitoctH (S) BHyTpu cdepn pamuyca 38

uwentpom B #t, colepkHT B cefe (5), 4TO Mul yKe OTMeyasu

§ 2

B cayuae (6) ™Mbl omeHuM 3TOT HATerpalt HenocpeicTBEHHO.

ta (o)
[ — o] << 0128),
b'\'
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cos(ry, V) no Momymo wMeHsuie ejuuuin.. OGo3uauas wyapes o
u B yrabl up¥ BepluMEMaxX m, W M, TPEYTONBLHAKA Mg iy,
Haknew:

y sin o 3in o

5 =Wy ro; =128 §>85ma>351nm>——6

TaK KaK o €CTh yroil Mexnay HopMaibio B my H UpIMOH, mpo-
XOAsueH uepes mgy v nepecexawouell (S) BHyTpu cdepu Jiany-
Hopa B IBYX TOYKAaX.
Orcioa cnenyer, uto
2 28

| [ —po Mg < 0200 [ g <2§0(2§)‘ [ pdoarz—
o r,
@ 4 @® 0

— 32z (28) (18)

H, CJeLOBaTeqLHO, HHTErpas OecKOHeyHo MAax Bvecre ¢ 8.
Ecnu w npaBuanpHo uelpeprigHa, MITElPan ougiuBaercs Be-

anumnol @A8, Hrax, B cayvadx (a) U LOMOAHHTEALHOM, CymMMa

ABYX Hocaefnux wrTerpanos B (17) ouenuraercs pe:uyunofl a A

B cayuae (6) ata cyMMa OecKOHeuHO Maia BMecTte ¢ O.
ITepeitnem x uepsomy umeny (17). Mmeeu:

cos (rle) cos (roN) _ rycos (ryN)  rygcos (ryN)

2 3
ot I3 o1 a0
Fag €08 (P N) — ryg €Os (ryoN) 1 1
== A AL gy COS(FogN ) — — —§ =
T T'n T
& cos (rpyN 1
— 22008y cos (rgM) {5 — ). (19)
a1 Urgy Ty

B camoM geme, BO BCeX CAyuasX, 7y, €CTh reoMerpuueckas
CYMMa BEKTOPOB 7y, U ryy; MOITOMY

Tgy €OS (Foy N') == Igg €OS (rogN') | 8 cos (ry; N).

PaccmorpuyM otnensio cayuan (a) u (6).

B cayvae (a), ecau (Ny) ects mopmane x (S) B my, TO
HMeeM:

€os (rgN) = c0s (rg Ny) - [cos(ry,N) — cos (r5: V)l
MEXAY TeM HmeeM
[(r1N) — (roiNg) | < (NGN);
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v 0BATENBHO,
[0S (rgy N) — €08 (rgyNp) | < (NoN) < Erbo.
Kpome Toro, r cuny wepasencrsa (17) § 1 (I), umeem: .
| cos (ro,Np) | < Erty = E¥,
# HOITOMY
8] cos(roN)| < E3' o -+ Ebrh.

OuenuBast uuTerpan, OTBEYAIOHMA MMEPBOMY uwACHY HpPaBoOH
wern (19), 3akniouaem, Grarofapst nepaseHcTBY (9),

| [l teeitaiy, |
(X -0 ’1

o d o= d
- 2AEa.2.2o‘ { Pdpd‘9+2AE‘”)-2 2 | ff”"’—"‘?-_—:

Pd

- ~ 1 1 1400 1 1 i
, —‘CIAO{‘F_—?:T}+CQA8 {‘%——E}(\CAS.

ITepenncm x cayvawo (6). B cuny wuepasencrsa (12) § 1 (1)
# Toro daxra, uro H(R) weyGumBaomas Qysknua, MOMXeM
H4HKCaTh:

L — o} <T B (rgn) <C 0 (2p).
Hpou (IUAMHAPUYECKHC KOODIHHATH, NOAYUUM:

2c d

L PR S iy T L

ilo 21 o 3 ¢

. o [ 8(2
=23 . 4nd ’ 8(2) dp.
Joop?
[
1
Mu nciony nonaranu - ryy BMECTO ry M p BMECTO Iy
Mexny teM, koina 8 CTpeMHTCR K HYMmO,

a4 ' %?Q i} (Qo)
) Soopd ——
& 9-;?}) dp = lim E——lw — lim— % — lim b (28)=0.
i, O — %



70 TEOPUA HOTEHLHANA [rn. 1

B nononHuTensHoOM ciiyqae uuterpan wvexoule, 4eMm

a
(99) dp L1 1) 2
2‘5 41- aA ’ aAO ( 51—-/ —_— :{1—_).—,} < aAa .

Wrak, 8 cayuasx (a) W NOMOJNHUTENLHOM WHTErpan Oilend-
BacTcs Benuunnoi @A¥; B cayuae (6) uHTerpan GecKoueyHo Man

o

BMecTe ¢ 6. O6paTtuMcsd K nochegHemy wieHy npasofi yactu (19).
Hepaseucrso (9) naer:

3 3 2 2
lr (1 1 [r5a—ral [ oy = ropl (rag~F ragray -+ ray)
20i FR U S 3 3 = 3 2
ra T "l T
2
6<’2o' 5 Mot ’20) a3
TV 5 2 =——-r3 .
(3) Faglzg 20

bnaronapst nepasenctsy (17), ycrauopaenuomy B § 1 (1), nmeem:
jcos (rygN)| < Ers.

Bo Bcex cmyuzasx umeewu:

(1
‘ f(}‘—}‘o)’zocos(rzoN)iT }df’
Jonen £ T30
d

’ < 2abA% - 2 ‘ "d"‘i‘Pz cAS,

)
< 2ubAd f T2

= —-:0) 20

Mrak, umnrerpan [/, OLeHMBAeTCS BeduMUMHOM aAd s chy-
yanx (a) M [ONOANUTENHHOM; B Ciyuae (6) [/, Geckouewio Maj
BMecre ¢ &8 Teopema 1, Takum oGpasoM, nokaszaHa; teopema 2
OKasawa Ias CAyuasl, KOrAa #¢, HaXoJMTCA Ha HopMaan K (S)
B TOUKE M.

Ho nmpennonoxenmo p HenpepuisHa Ha (S). Tak xax (S) ectb
3aMKHYTO® OrpaHuyeHHOe MHOMECTBO, TO . PaBLUOMEpLO lenpe-
puiBHa Ha (S). ClenoBaTenbHO, MOXHO yKa3aTh TAKYH0 BO3pacTato-
myto dyuxumo 6 (R) (1 (R)— 0 npn R — 0), uTo nepaseHcTso (14)
BHIIONHSAETCSE 1I€3aBUCHMO OT MONOKeHHS TOukH my Ha (§S). Co-
OGupas BMecTe BCe OLEHKH, MNOJyYeHusle 11s chydas (0), uUMeeM,
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Heps IS OlpejleNleHHOCTH cayya#l, korma m, B (D))
N d

W, — W — 9= A8 58" - ch (28) - b | £22)

| Wi—Wo— wo | < aAS 408" - b (28) -6 | —5

dp =14 (0),

G

G

tne  (8) wueupepmBhas ¢ysxkuHa ¥ o(@)—>0 apu & —>0;

% (8) smnsieTcs BospacTaouled, ecay KoIb(UUMENT @ BHOPALL

AOCTATOYHO OOJBLHINM, YTO 6ylev TPEANOJNaraTh BBIOJICIHLIM,
Ilycts Tenepbh Touka M, naxoAMTCst BHYTPH ({),) Ha paccros-

& OoT Touku m,. Toraa paccrossme &, ToukH 7, no (S)

¢ MPEsOCXONMT & U ecau m, ecTh Ommxkahuas k m,; Touxka (§),

TO PACCTORNHUC /M, A0 My MeHblie 26. YuuThBas, YTO 2, JICWKUT

e wopMaiu Kk (S) B TOUKe my, GYNeM UMETL!
| Wy — Wo— 2mp| < W, — Wy — 2mp, || W, — W | -
2w |y — o | T Y (3)) 4~ @A 4 220 (28) < 4 @) |-
- a8 2% (28) = o (3),

tae ¢ (3)— 0 npu 3 — 0. Teopema 2 nokasaHa,

W3 reopemnl 2 caedyeT, ¥ro NOTEHuMAN ABOHMOIO ciaos W
¢ HCUPePHIBHOH 1LTOTHOCTBIO pABHOMEPHO menpepsisen B (/2,)
R 1 (D) u sBaserca rapuvonmueckolt dyuxuuelt sHytpu (D))
i nuyrpu (D,).

JlefictBuTesbio, B 3aMkuyTOW oGaactd, cocrosmiedt ni (/)
W ipamdnn (S), paccmotpum dyskuuio, pasiywo W B (D) u W,
tn (S). Ouesunwo, W muenpepmisHa B Kawaoft BHyTpeHHed
touxe (D;), naxe eciu TUIOTHOCTh p He HenpepwiBua. Kpowme
TOro, B cliy TeopeM 1 u 2 ona nenpepuiBHa B Kaxao# Touke (),
Takum o6pasom, pacematpubaemast BYHKUHSI HETIPEPHBHA B KaX-
ROR TOUKE KOHEYHOR 3aMKHYTOW OGAACTH U NOTOMY PAaBHOMEPSO
mpephisia.  OTciona— W passomepnio  nenpepwsHa B (D).
Huncnenue nepsbix npoussofnnix W npu ynasnenuu my obeclie-
IMBACT DABHOMEPHYI0 HenpepwBHocTh W BHe m0Goio wapa,
to/epKatero BHyTpH mnosepxHocTs (S). Tak kax mwist KoneyHo#t
waciv (D,), nexawe# 8 1wape, paBHOMEDHAs HENPEPHBHOCTL
Aokusnipaercs xax ¥ maa (D;), to W paRHOmepHO HeupephBHa
B (/),). Tax xax W ynosnersopsier ypasHenuo Jlarmsaca u y6ui-
BACT BMCCTE C TPOM3BOAHHIMH ITOAOGANOLIHM 06PA30M Tpd yaAa-
Aenun mo, To W rapmonmueckas suytpu (D)) u wuyrpu (D).
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Jo6asacuue, 3aMeTuM, UTO J0OKA3aTENLCTBO TEOPEMbL 2 MOXKHO
NPOBCCTH 8 JOG0H TOuKM my, Aexamed BuyTpu uvacTu (S), rae ¢yux-
uns o genpepolsHa. [losroMy crmpaBeaiuBa TCODEMd: HyLMb N.A0M-
oty p. nomenynaia GgoliHozo CA0SL Urmezpupveva (HO MOdcem
Ouirs hecepanutera). Foau 1. venpepuigna ¢ rexomopod uacmiu (S)
u my cz{nb BHYMPeH SIS WOUKA 3MOll 4acmii, mo (npased.auss gop-
ayan (11).

Taxxe cupasepnuBa TeopeMd: ecad i uHmezpupyema +a (S) u ozpa-
HUHCHE 6 OKPeCmHOCmY mourit my mo W Henpepwsr 1 ¢ modke my

Teopema 3. Ecaun v ApeBuAvHO HeNnpepvisHa, MO NOmeH-
yuea 08oiinozo caos npasuisno Henpepwisern 8 (D)) u s (1)

Jlam onpenenensocty Oyaem paccMatpuBars cayda#t (D;) u
yepea W,(m) oboamauath npenesbtioc 3nageuue W B 10uxe m
nosepxiocty (5).

TTo npennosoxenuio uMeem:
. ?
[t LA, Vo —po] < Ari

)
u, crenosarenstio, O (R)=AR'. 1lostoMy nzaxonuM, orpaHduu-
Basich 1S TIPOCTOTH caywaem A< 1:

4 (3) = aAd - b A -t (28)-1- et | 1)

2
(>
A
-

oz,
TN

o0

N
o] &
e’

o7

a

n anagor Huno o (8) 7 e,6 .
[Toatomy na OCHOBANMY TPEJIBULYITICTO
| W (m ) — W, (m)| < c,A8),

ecan paccrosiuve TOukw m; obractu (D;) no Touku m ua (S)
tie IPEBOCXORUT ;.
Ilycte © o3nauacT pACCTONLME MEKLY ABYMst TOuUKaMu m,
u m, ofmacra (D). llokaxeM, YTo CywecTRyeTr Takas HOCTOsil-
Had ¢ >0, 4ro
X
| W (m,) — W (m,)| < eAs".
Heo6X0AUMO DPACCMOTPETh HECKOABKO C1yuaeB PactoJOKEeHuUs!

N a d
TONCK My W My, Ecam 82> 7, T0 Tak xak [ W] < ad, 1o

(W () — W(my)|<2e4=A-- 2a_, (»d—)) = Ac - <H—')\A L cAY

an: \d 4
(¥)
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#, CIeNoBaTCabHO, [OCTAaTOYHO PACCMOTPeThb Cay4aH, Koraa

d
b —.
4
O6o3nauuv vcpe3 &, M 0, DAcCTOSMSI TOUGK m, U 1,
. PO s o d o d
#n (S). Bymem Bcerpa cumtaTh 8, < 8,. Ecym 0<T’ aag, >~2—,

0 YOUKH M, M My U OTPE30K MpPIMOH, coeinmbsiiowmPl X, nexar
# pBIacTH, BCe TOuUKW Kotopo#t oT (S) ypaneHsl e MeHee uem
d <
mi . OueBnnso, B 3TOH 00:4aCTH NEpBble NPOK3BOANEE (yHK-
uid W orpaduuensl uhcnom BMAa ¢A M, CICAOBATENbHO, MOLYJb
powiociy W(m,) — W(m,) menbute yucaa nuaa 3cAs.
o d d
Octanoch paccmorpets cayuaht g, <C 5 8 < - 3ncck Gynem
{M.IHMATE 1Ba. Cydast:
1) 8, < 28. Ecau m osumauaer touky ua (S), Gmmxa#uwyio
kK my, 10 mm <8 u mymmmy—+mm<8, 46 < 38,
H 1to3romy
| W (m)— W (my) | < | W (m)) — W, (m)| -] W (m)—W (m,) |<
% X 2
L eyA (28)" - ;A (33) == ¢, AB".
2) &, > 26. Torma, o6Gosuauas yeped (¥) vacth (S) BHYTPH
vhepur Jlanyosa ¢ LewTpoM B TOUKe my, GmmxattineR x my,

u uepes (s) uacrk (T) BuyTpm cdepst panmyca 28 ¢ neutpom
" My, TMOJYy4YuM, O6O3HAYASI YePEe3 mi, TOYKY HMHTETPUPOBAHMA:

W (m,) — W (my) = ‘ pwdsg— I‘}L <08 (rsNy) 4o

2 3=
© 13 ) 2
’ N. cos (r.;N)
= ’ (U—PO)M@ (U'—.o)‘ 5 dog -
(813) T13 (8-x) 15
cos (rgN. cos (7N
| ‘ (r—1 0){ (‘s ) a(rfi ) }d53+
“I, ) I;S 23
) cos (riN. €08 (755 Ny)
A | (o — po) 0N g, ‘ (1 — pog) =52 doy,
© Ty @ 23

fA® p, O31IaYaeT 3HAYCHHE |L B TOUKE Mig.
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3amcyan, uTo ry5 > 20 M ry, > 28, uHTErpany no (s) oLenuM
YMCIaMu BuAa:

v o
:A-4——’;jf 3 = aAd™,

, pdo__ 4mA (28)'V

R O Fa

d
Paccrosiimst Touek my; M m, no (S—3) He meublne T

ITostomy MoAynb PasHOCTH MHTCTPaloB no (S —Y) e npesoc-
xonut uucna suna cAd. OcracTes ouenuTh uurerpad no (¥ — ).
Himeem:

c0s (r13Ny) €08 (rogN.

;)‘\<

ri3 €0s (r13Ng) — rgcos (ry3Ng)
8
T3

1, ,
,>\<'3 8| cos (r;3Ng) | 4
Tog T1s

._|_

) 2
T3 Tag

s 1
+ [ cos (V) (22 —
13

2 2
|73y — rig 1 (rog - rogrig +145) 8 8 1 1 ]
+ 52 <otz += 5 )-
13723 13 Tys Tigfeg Tigley
Tak Kak Toyka my na (¥ — o) JEKUT Bile wapa papuyca 24
C UEHTPOM B mi,, TO B CUNY HepaBeucCTBa (9} umeeMm ry; > 5 s
KDOME TOTO, OUEBHMAIIO, 73 >0 M AOSTOMY M3yyaeMasi DAasHOCThH

83
tie MPEBOCXOMHT — O7rciona umeeM fisi yuTerpasa no (S —3)

7.
CACNYIOWYIO OLeNKY:
d
. Sl -1 a0
T N Ay Rt S el . A T
4mA - 86 j 3 =4nA - 88—y < 1__)‘/18
§

W, CNEAOBATENABNO, TaKke B ciayyae &, > 28 MONyJb Pa3HOCTH
W (m,)— W (m,) 1ie npeBocxoanT yucaa syaa cAs* u reopeMa no-
Ka3auwd. 3ameTuM, 4TO ecJiM A==1, TO BMeCTO OUEHOX Buua cAS

’ ' 4
umeeM ¢ A, rae A’ npoussonsnoe yucao 0 << A < 1.

§ 4. O nopmanbHOil NMPONU3BOLHOH NOTeHUMANA
NPOCTOrC CHOfA

B § 1 6bli0 nokasaso, YTO NMOTEHIHAJ MPOCTOro CJA0S MMEET
HenpepuiBiible NPOU3BOAHBIE TO KOODAMHATAM X, Y, 2 TOUKH
m(x, y, 2), aexawe#t suyrpu (O;) wnn suytpn (D,). liposenem
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nopmaine Ny B TouKe m, nopepxHocTd (S) u BHUKCIAM 3TH Mpo-
WIBOLHBIE B TOuKe m, 3Toft HOopmanau (puc. 19)

v ’ I gt S S fpio_sf"fi“)_dc,

dx re , r
® 2 ) o

PAC Xy, V;, <, O3HAYAIOT KOOPAMHATH TOUKH 1.
O6pasyeM KOMOMHAMMIO

1V A% oV IV
(ld’T)m == 20 C08 (Nox) eI cos (Nyy) - 5z cos (Npz) —
. ‘ " cos (ry1x) cos (Nyx)--cos (ryy) cos (Noy)-+cos (ryg2) cos (N,2) da

3 3

) "1

W10 PUBONUT K dopmyde

(dV) _ ‘“pwds. (20)
i

dn
(S) Tox

Mul cciuac jokaxeM, 4ro ecId TUIOTHOCTB L HENPePHIBHA,

)

(20) umeer npellen, xoraa
JOMKA M, CTPEMMTCS K Mg,
uerapasice WM BayTpu (D;)
wiw suyrpu (D,), npuuem
flienust 3TUX  MPEN.JIOB,
noaGIle YOBOPS, PasiuyriLi,
Ufosnaunm UX uyepes

v, Ve
dn dn’
byfser boxasano, 4to Puc. 19.

mueipax (20) cxonurcs,

8¢/ TOUKY 7, 3aMmeiinib TOUKOM m, nosepxuocty (S). Ilpu stom
HOMywacTCsl HeKoTOpas yHKLMSt TOYKM g mosepxnoctd (S).
Hunonem 31y QysHKumM0 HOPMaJBHOM HPOU3BOMMOH  IJIst V on
afo.inaunm ee

dv *cos (ryNg)
_dT= ’ p——%LdC. (21)
) 0

H
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dV
[Tocne Bsenedus Q)ym\'uuu gy MOXKHO [0Ka3aTh DaBeHcrsa:

dv; dv, dVv
Tn =g+ 2me L= = — 21
dn + dn ~ dn tor
B KOTOPHIX {4, €CTb 3HAUCHME (& B TOUKE M.
Srn pasencta 6ynyT Hokasauwsl B § 6. Onm maiot

—tmyy, W o &V
dn T dn = Ao +d =2

Ceituac mokaxem, uro uurerpan (21) cxoaurcs, ecny MIOT-
HOCTL f+ OrpanuueHa u uHrerpupyema. Kak B § 1 (puc. 16),
PaccMOTPHM NIBa KDYTOBHIX ILWJIMHAPA PAIMYCOB py U 0, (p, < p))
c ocbio N,; 0Go3Hauum uepes (s;) M (3,) YacTH (S), BHPE3aHHbIE
3THMM LMAMBApaMu. [IIs nmoxasare1bCTBa CXONMMOCTH HHTe-
rpana (21) mociaTouno MOKa3aTh, UTO WHTCTPAN

f 1008 (raNo) |
(01~ 20

6eckoteyHo Mam 1pu GECKOHEYHO MajoM py.
B cuny nepasencrsa (17) § 1 (I) umcewm:

)
| cos (rogNp) | << Ero
TlosToMmy, uCHONBL3YS LUUIMHAPHYECKHE KOOPAMHATH, MOJYYuM:

2r p2
{ cos (rogNy) r *(oedpdy

ffpf——md < EA f 2 do " EA .2 ‘ f—f_Tr

(0,—0,) 20 ’u‘—‘u_.‘; T20 0 r;, ?
4rEA
( b — Pz) < aApp

uTO JIOKA3LIBAET TEOPCMY.

M3 nocnensHero HepaBeHCTBA 3aK/IOUYAEM:

| (o Sgigm—d0]<a/lp)l~, (22)

rs
(@) =0

rie @-— YUCAO, ZABMCANLEE TOMLKO OT MOBePXHOCTH (S).

3aMevanne, M3 npepblnytiux paccyXLeHHA MOXKHO 3aKIIOUHTD,
9T10

] ‘ cos (Q()No)

’20

cl<rzA,

(8)
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14t A— BepxHag rpaHuna aas |p|. Orciopa caepyer, kak n B § 6 (1),
Wi ecld W, paBHOMCPHO Ha (S) CTpeMilTCHs K Npeneny i, TO HMeeM:

cos (ryyN cos (roN,
Hm | g, ~_(;lt.l_0) do = pﬁ._(’u_&_"_) ds.
() "0 & 20
% 5. HenpepeiBHOCTh HopMaubHOi NpousBofHON NoTeHunana
IPOCTCrO cJaos
Teopema. Ecau naomuHocmbs VW HROWMEHHUAAR NPOCIO20
{ A0S O2PAHUuMCHA 1 UHmMePpUpYeMa, MO HOpMAAbHAS RpOu3-
#dHus
T cos (rygN.
dV_‘ Rt (‘)_(. Ql_dc
dn N rs
(9 2 .
€rMb NPABHALHO HeNnpepvisHass (BYHKNYUS MOUKL My NOSePXHO-
rmu (S).
[Iycte 8 o3uauaer paccrostMe m,m, Haiuem pasHocTb 3Ha-
Hepuh uarerpana (21) B Touxkax m; m mi,:

2

| Rt gy |, OSEa) g (23)
(S Te1 ) "0

ite N, osHauaer HopMate B Touke m,. Bmenem cdepy Jlany-
iRy ¢ LEeHrpoM B my M npeobpasyem pasuocib (23):

* cos (rgeNy) ' cos (ryaNp)
‘ Era— ds — ® ~—r:f———— ds -+
($5) 21 L 20
+ ‘ o 08 (:21N() do — [‘9 c0s (rln)_ s, (24)
! Tay . 20
&) (%)

IR onenku mepsoft pasHoctu B (24) paccMoTpMM  HOTEH-
finan mpocroro caos

? 1
V,= ] w — do.
. 451
(5%x)
d d
Ecm riy=8< 5, T0 ryy >, M nodToMy noteHumar V,

MMECT QN8 YKa3aHHBIX 10YEK 711, Henpepuissisle HPOU3BOLHLE BCEX
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NOPANKOB, NPUYeM MOAYJHM NOTEHUMATa U €10 NePBHX M BIOPHIX
HPOU3BOAHLX uMewl oienky aA. TlepBag pasHocTh B (24) 3a-
HHIIETCA TaK:!

(08, ~ . = (), ot )~

((%?)1 cos (Nyx) -+ .. ):: cos (Nyx) [(%%)wl — (ad—‘;l)m] L

+.<%lxl)m, {COS (Nyx) — cos (Nox)‘[ -

B cmny ckasamoro o6 omenkax npousoginx Vo, Aerko
clefyer, 4ro KpajgpaTuwie CKO6KM MeHbie uxcea Buga aAl.
durypunie CKOOKM OICHMBAIOTCS TaK:

fcos (N;x) — cos (Nyx) | =2 } sin (—M‘X—)%‘LM@ X
0 N - N 9 N
% sm(—-—‘i‘%&l{ <N — (Nox) | < (NyN) < Erhg = E3".
[Hos1oMy 1epBas pasHocrb B (24) McHBINE yucsa Buja:
3aA3 4 3aALS = A¥ (3a8) -} - 3aL) == bAS
Ociaercst oneturb BTOPYIO pasHocTh 8 (24). Jlas storo pac-

cmotpuv wacty (s) nosepxuoctu (S) BHyrpu chepu paamyca 28
C LeHTpOM B m, Bropas pasuocts B (24) mpumer BuL:

‘ c0s (ro N cos (raN,
‘ P‘{_(_é.l Q S( M 0)}d +
To1 T30

(2-:5)

+ ‘ Ccos (f“NI) ds n WC‘O_S (i‘;ﬂNﬂ) dd,

2
(5) 2] (") 20
orKyna
\ t " _C_"L(?ﬂll ds — (a €0S {raiVo)
Ty &) T3
B €os (7, Ny) cos (r N)
o] [rimin - oo
. 21 %
(-9
.l °p£(£(_:21N_1)dcl+l "pios_(;&“_@da (25)
T2 . T,

© @ 20
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Ha ocHoBanuu Hepaseiictsa (22) nocieanui umed B (29)
mesblite, uyev ad (28). Ecmu paccmorpess cdepy ¢ 1euTpom
B m, 1 paguycoMm 36, TO IPHieM K 3aK/TIOYEHHIO, YI0 NpPeRHo-
caeanuit wied s (25) mennime @A(38). Takum o6pasom, cymma
JIBYX TIOCHEAHMX wieHOB B (25) vesbine ¢A8, rme ¢ onpenenes-
1foe UMCIO, 3aBuCdiliee TOJMLKO or nowvepxuoctd (S). Onernm
iciepn UepBHi uieH nparo#t waciu (25).

Myt umeem:
€08 (ryyNy) _ cos (ralNy) __ cos (ryNy) — cos (rnNy) .
2 2 2
Ty Ty 5

L cos (ragNo) { L—1h @)
r

CHauana Gygem 3auumathcst BTOPWMM Ciataemwrv (26). s
npocrorst Oygem cumiaib A< 1. Tak xak BHe (3)

1 -3
5 a0 < Tar < 5 7200

10
!COS("QO ){______ }I<E |r’U—r211 ("zu+"zl)<
rTs0
8- rog
2 ~ 1
<Er)0 e 3%
(2 o

[TpuMensts uuARHAPHUECKUE KOOPOUHATHL, HOIYYUM:

or d
l J 1 Cos (roqNy) {Lz—— l—} da| < 2Ab3 ’ dy _g-px ==
21 T H ?
(x—a) o
4znp 1 4zb
) =2 A — g < 1A
i

Mepefinem x mepsomy ciaraemomy B (26). Wweem:
cos(ryo;N,) — cos (’20No)' =
== [€08 (rg; N;) — €08 (rgyNo)l -| [c0s (rg;No)— cos(raoNp)l.  (27)
Jlas nepso#t pasitocty npasoft uactu (27), ouceunsio, uMeewu:

€08 (o Ny)—c0s (ro; No) | < | (ra;Ny) — (ray No) | << (N3 Np) < BB,
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4ro OPUBOAMT K clegyioulel OleHKe HHrerpaJa!
2n
‘ ‘ " g)_s(ﬂr;,_]_\/i—_——z_c_os_(__r_,li\/u_) ds i < 8AEY ] ’ F’df’ <
Ty .
G

r
(2‘.-‘-3) 20

d
<167EAR | %< 16xEARIn L= add . (28)

Wayuum remeph nocaession pashocib B (27). Ecam 2, ecrs
auauKaTa rouky mp, 10

Pz __i__r<,.1___L)__i1
ra rag \Ty o Ty rap’

¥ L% WepBOro cIaraeMoro npmxon YACTH HMECM OLLeHKY:

6]

1 2a3
- - ! < (1")() — — <21LO——
"20!
I BYoporo

€08 (ro Ng) — €08 (rqgNg) =

! S
rat Taoh ¢

adl & 231t

<G <

Jan unrerpana uosyuaeM OHEHKY:
\ ‘ €0s (ry Ny) — cos (rquo)
2

s\(
T
.2-3)

d

p:

pd
3
4

a
< 4A - 4m - 2ab ‘P—d% 444 . 2% . 44310

< By
¢ g

-~

o B2ma o f 1 1) w11 .

CoCupad Bce HOJyUYeHHLIE Peay anLTaThl, yOemaaemCs, 40 pa3-
Hocth (23) MeHbiie uypcaa nuaa

cAWY
OTKYZa M caefyer yreepwxjenue reopewn, B cayuae, koraa
UAOTHOCTh 1 TIPABIbHO HETPepHBHA, MOXHO YAYUYUHTH ROJY-

YeHHHH pesyTnTar; B ponoanenuu | 6yrer yiaszato, 4ro 8 3ToM
cayyae pasHocrs (23) meublue uncaa suja cA¥.
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§ 6. Teopema 0 HOpPMaJBLHOI NPOX3BOAHON NOTeHIHANA
NPOCTOro CJos

[Tpeamosoxkuv, YTO TouKa m,; AeXuT BHYTpH (L)) uan BHY-
rpu (D,) Ha Hopvamk K (S) B TOuKe my, Ha paccrosmua & or
1ouky m,.

Teopema. Ecau naomuocme nomenyuasa npocmozo cAos
HenpepuigHa Ha (S u ecau HMoOUK@ m, cMpeMumcs K mouie my,

mo umeem: - (ﬂ) _aVy_ av —+ 2mu
dn/m,  dn = an o
nau
AV dVe___ av -
1 (G )y, = an” = — 2o

CHOMPS RO MOMY, RPUCARICALINCA AW MOUEQ My K My, ocma-
sasice guympu (D;) usn suympu (D),); 30ece w, ecms 3Hane-
Hue p. 8 moxrxe m,.
Jo6asaenne. Ecam s+ npaBmibHo AenmpepeBHa Ta (S). T. e
ceam
IP—*‘0|<A"2§0’
ro MMEEM, B 3aBHCHMOCTH OT ciAyyas,

| <dV) —av_ 2, } < aAd,
m,

dn dn
HAH
| (dV av .
(G )y, — i 1 200 <
W3yuuyv pa3HOCTb
av av Y cos (royNa) " cos (raaN,)
) = e R Y s — o Y e,
(d?l)ml dn ' rgl (E!) 5
Hmeem
e
A T . Tay
S) (8)
’ cos (79nNo)
:( ‘ o cos (rzglNg) do— (P ,‘:ﬂ o dc> +
N Fa : 20

e (>

+ ( ‘-P cos (r?1N9) T cOs (ftz]Ng) dG .

(;;') 21
. ( o S8 (rony) — €08 (ronNy) dc). 29)

9
o
Q) 20

6 3ak. 749. H. M. Tronrep
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Ilepsas passocTh npasoft uactu (29) yxe usyuanach B § 3
KaK Da3HOCThb ABYX 3HAueHHH moTeHuWana ABoHHOro ciosl. Bruio
yCTaHOBJIEHO, YTO €C/M | HenpepuiBHA, TO 3Ta DPA3HOCTb HMeeT
csouM TpefenoM 2wp, WIH — 27U, B 3aBMCHMOCTH OT TOTO,
ocraetcs J® TOuka m, BHyTpM (D);) uan sHyrpu (D,); ecnu p
NPABHJILHO HETNPEpHIBHA, TO 3Ta PA3HOCTH OTJAHUAETCS OT CBOETO
1Ipefena A BeJHUMHY, MeHblyio, vev aAd.

Jliast Toro uToGBl 3aKOHYUIb HOKA3ATEALCIBO rEOPEMBI, LOCTA-
TOYHO IIOKAa3aTh, 4TO BTOPAasi PasHOCTL MpPaBoit uacty (29) Gecko-
HEuUHO Mana oanoBpemenso ¢ 6. TIpemmnosarass auws orpaHuueH-
HOCTh {, JIOKaXeM, uTO 3Ta PAa3HOCTb no a6GComoTiiovy 3HAaYe-
HUIO MEHble umcaa suaa aAdh,

Paccmotpum cepy Jlanynosa ¢ menrpom B Mg, mycrs (X)
ects uacTh (S) BHYTPH 37Ol Cdepsl; TOrNA yImOvsIHYTas PA3HOCTh

paBHa:

([ poosao)=cos (el gy

(8- "1

5 Ny — N, .
P_ﬁ(’m o) — €08 (rgniVy) dc)+

2
Ta

‘ " cos (ro1Vn) "‘)‘ €0s (r1N) dg —

T2

(30)

2
T30

r o €0 (ronNy) — 05 (raoNy) dc) )

(&

o d
Ecmn ¢ < > TO TNCPBas PA3HOCTH B (30) mo voxymo MeHbule

uucaa suga aAd. B cavom jnene, dyHkuua

, 08 (ro1 Ny) = €0s (raN) ds

h ,2
(S-—E) 21

HelIDEPLIBHA M HMEET HEIIPEPBIBHbIE OrpaHuuYeHHbIE TIPOU3BOIHEIE
B OKPECTHOCTH TOUKM mgy. OcCTaercqd ucCIeIOBATH BTOPYIO pas-
HocTh B (30).

Paccvorpum chepy ¢ uentpom B my ¥ panuyca 28; o6osmHa-
uuM (o) uacre (S), HaxoAgulywoca BRyTpy cepu. Torma pasnocTs
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MOxeT OLIThL HANKCAaHA Tak:

‘. o {COS (rs1N) ? €os (rg1Va) __¢os {r:iNa) ": €08 (r;nNs) } do -+
. 3

(£—0) Ta1

4 [ o8 G — s o) g,
w') 21
‘ n 208 (fzoNn)'; cos (rmnMNy) ;o 1)

e I
©) %0

Kak u B npemsiaywem maparpage, uveeu:
| cos (g Np) — €08 (793 Ny) | << (NyNy) < Erhy, \|
| cos (739Np) — €08 (FooNy) | << (NolNp) < Erb, } ] (82)
| cos (7o, Np) — c0s (ro; V) | < (NoNp) < Erio,

Ha ocnosanun Hepameuctsa (12) § 1 (I), 7re3<<2p, rne p
IIPOEKUMS 7y, HA KACAreibHYK ILIOCKOCTH B TOuke Mg, [Toarowy
KAKIAR M3 IBYX NOCHeIHMX pasHocred membwe 2*Eph. Tax xak o
¢CTh TAKXKe IPOEKLHS Fy HA KacarTedbHYIO IIOCKOCThb, TO HVEev
Poo o> 0y Tyy o> Py U KOWUIHH U3 ABYX NoCAeNIMX uHTerpajos (31)
MEeHBlIe
€ Foa 23':1 4 - 4E

odo T 4AF
A-2>E-2f (;ﬁd@.—_%.%E-A = AR,
o0 0

Takum o6Gpazov, OCTATOCH U3YUM b [ePBHIl U3 uHTerpaios (31).
llpuvensss mpeo6Gpa3oBanue, WUCIOAL30OBAHHOE HAvH B § 3, Mu
HOMYUNM [IJS TOUKHM m,, HAXOAseHCH e YroAHO Ha PaccTos-
g 8 0T my,

K= (ra1Nn) — cos (ro;Na)  €0S (ronNn) — €08 (rpnNp)
I 5

1oy €08 (reyNy) — 11 €OS (791 No)
—_— ~ 3 —
Ty
ran €08 (ronNg) — 7y €08 (rnNy)
T . —
Ta
[ra1 €Os (o1 Np) — ryg €OS (rygNy)] —
. ~ [y €08 (ro;Ny) — rag €08 (raplN,)]
3
To1

...i_

6*
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1 1
794 €OS (FagVp) — rag €OS (FoplV,)] {T — ;3-} =
21 20
rcoer——rcoer .
o €05 (rin Vo). 3 (o1 908 (ronVg) ~1~ 700 [€OS (75p/Vp)—COS (70g Vo) [IK

I',I

(ron— r21)(r;o+rg)f>1+r>1)

r)o’zl

__D]cos (rUINU) — ¢0s (ro1Ny)] 105 (royNg) — €08 (FooN,) X

r,l

X(rg—ro) (74 =+ 5 ),

IS TogTay | Taga

TaK KAK 75; €CTb 1EOMEIpHYECKas Cyvva BEKTOPOB ryy M 7g.
YuutHiBas BTOpoe M TpeThe nepaseHcrsa (32), a Takke TOT

. r.
paxr, uto ma (X—o) oy >, moayunw:

, BETh, 14Er},® 3 8
KKI < 1 . \5+ r“i“ - r;;_) < C 5.7
(7 2 i
¥ Ing nieppoio uuHTerpaza B (31) uveev oOlUeHKY
2= a
' ‘rdo
] p-Kd:/ cA - 28 ' do . ;’%—IA —
=Za) 0 §

VI3 moayuyeHHBIX HepaseHCTB CJACLyeT [JOKa3aTeabCTBO 1e0-
peMbl.

§ 7. O npouaBOAHBIX NMOTEHIuada NMPOCTOTO CJoH

[Tpuseem npumMep IMOTCHLIMAJA IPOCTOrO CJOS C HElpephR-
HOW [UIOTHOCTBI) M MVEHWIEro 1ieolpPaHWYeHHBIe TPOH3BOLHEIE.
[Tycts kpyr B miockoCtH xoy paiuyca R <1 ¢ 1eHTpov
B HAUajJe KOOPAMHAT HABIMETCH 4HaCTbi0 3aVKHYTO1 IIOBEPXHOCIH
Jlanynosa (S). Torza mnoseienne B LOCTATOYHO Majolt okpecr-
HOCTH HAayana KOOpAMHAr IOTeHiluada MPOCTOIO CJOsl, pacHpo-
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¢rpasenHoro mo {S) ¢ MAOrFOCTBIO U, 3aBHCHT OT IIOBElleHUs
B TOM Xe OKDPeCTHOCTH WHTerpaJja

~ .

U. -4 T
G gtdy,
) ) Ve o=t
P <R
TaKk KaKk uHrerpal no ocravwedcs uactu (S) uveer Henpephs-
HbBIE HpOHBBOIIHbIe Mo 601 0 nop;mxa B OKDECTHOCTH Havyaxaa KOOp-
JWHATr.

[Tonoxuv B yKasaHHoM Kpyre

-

VETRn Vit

w(t, M) HenpephBHa M CTpevurcs K Hymo, ectn )/ E 12— 0.
Buuucasst s touke my (0, 0, 2), | 2| > 0 npoussoaHyio 1Mo x
OT MHTEIpana, noJayuynm:

wiE m)=

: ‘ £-Edidy .

_ VELwn VELE VEF 7+ 2

<R
or R pid 24

: s2dp : 2 do
= | cos?ude ‘ e A

' Do (VEF 2 Jime | (VEF 2
[} 0 [}

[Mocaeinn#t wurerpan Bospacraer npu yOwmaunn |2|. [Toka-
’eM, YTO OH BO3pacTaer HeOrpaHuueHHo. J[leficTBHTEIRHO MYCTh
§ > 0 (8 << R) uponssoastoc uucio. Toraa

R R
‘- 2 do ‘ 2 dp
g [(VE+F2" 7 1 np |- (Vi + et
Ho mpu | 2|0
; a v d l |
i Pde C_ e p|n®
| WWKVF+ﬁP_+‘ Y

u, CJIeJOBaTeJIbHo' IIPH JOCTATOUHO MaJjov |z| uiTerpan ciaesa
| Ind

Oyaet 60n1,me l R

, 4 [I03TOMY I[IPH TOM e 3HaueHuu |2z

R

' ¢ do >Lln
J!mpMVw+zf 2




86 TEOPHSI 1IOTEHIMATA [ri. 1

Beupy npoussoabnocTd & cileiyer, YTO HHTerpai criesa He-
OITaHXUeHHO BO3pacTaer. JTUM MOKa3aHO, YTO [POWU3BOAHAA 1O X
NOTeHUMaAd NPOCTOrG CJ0s C HEMPepHBIOH MAOTHOCTBHIO HEOrpa-
HhYeHd.

JISMyHOBY NpUHAIexuT Cleaywouias TeopeMa,

Teopema. Ecau naomrocms . NOMEHYUGAZ NPOCIOZO

cA0R NpasussHo Henpepuisra Ha (S), mo npouszsooHsie

oV E—_X]
PR R
) _
oV [' n—
— = | p—=ds,
Y s ras 9
(’V___ C-—Zl
Ge= (vt
21

paccuampusqesoe rax @Gyaxgun mouxn m (x,, y,, z;), npa-
suavHO Henpepoigro. srympu (Dg) u suympu (D).

Hecko/hko rpoMosnkoe 10Ka3aTelALCTBO STOH TEOpevbl NMoMe-
meHo B pononnonpmu. Ceftuac, cuwrtag TeopeMy Crpasel/HBO#,
CIenaeM HEKOTODHIE BBIBOMHI.

Ha ocnopanuu rteopemnt § 2 (1) 3akmouaeM, YTO NPOH3BOX-
Hule (33) HveT onpeseaeHHbe MPeleasl IPH CTPEMACHHH TOUKH M1,
K TOYKe m, nosepxtioctd (S) W 3TH npege’iH CaMM CyTb npa-
BIJIBHO Nenperbiible QYyHKUAM TOUKM my. OOO3HAYMM 9TH mnpe-
aenH yepes

oV, AV V. V. avy oV
0x ' dy ' 0z’ dx ' oy ' oz’

rie MHAEKCH [, € yKa3blBAIOT Ha 00Jacrb, B KOTOPOH naxoauics
TOUKa M.

Korma Touxa m, nepecexae1 (S), MpOU3BONHBIE WMCHHITHBAIT
ckauxn. Teopema § 3 (1) no3poidser Halith 3mHauenust ITHX CKay-
(M _(3_‘/_9_ 6 t -
5% ¥ 5y OYAyYs BSHAUCNMAMA 1IPOH3
BOAMBX NBYX (yHKuu#, onpererenmwux oxua 8 (D)), npyrad
5 (D,) m cosmagaonux Ha (S), YAOBIETBOPAT CrelyolleMy
paBelcTBy:

oV, V. v,  dv, i
707\}—_ a5 = cos (Nyx) (—anv —~—d—n‘> = 4my, cos (NVx).

ko, [e#icTBuTeNBNIO,
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Ananoruuso
avy v,
héj —_ Tye” = 4zy, cos (N, y),
oV oV,
“bz—l —_ _6—; = 4mp, cos (V;2).

§ 8. lponzBojHble MOTeHUMANAL MPOCTOrO CAOs
¢ muddeperuypyemMoil MIOTHCCTHIO

[Ipeanomoxum, uTo y, paccMaTpuBaemad Kaxk QyHkuus
TOUKH M, (£, v, {) mnosepxHocTu (S), xomyckaer o6pasoBaHue
KomOuHal K

D Do Dy

[peanoaoxuv, kpome TOrO, uTO MOBePxHOCTL (S) HMe:T
IeNPEPEIBRBIE  3JIEMEHThl KPHBHM3HBI; 9TO 3HAYUT, Ur0 MOMNKHO
06pa3oBaTh KOMOHHAIIHH

D, cos (Nox), @, cos (N,y), @, cos(N,2)
M 9TH KOMOHHALMH HENPEpPLIBHEL.

Paccvo1puv uurerpan

do
rog’

rae (¥)— Hexoropas 4acTb rosepxHocTH (S), OrpaHuueHHas KOH-
typom ({).
Ecau rouxa my(x, y, 2) ve Ha (L), 10 uveem:

K ) .
Lo | e dat [ pcos () < (ra0a) 45, (34)
3 20 . T's0
’ ) &)
TaK Kak
1 1 1
o— i §—

1 ro Ty ray oS (799 Ng)
— = — €08 (Nyx) —2 o= =" L cos (N, %) « ——=,
£ ro a; ( & ) dn2 (’& + ( 2 ) rgo
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Iocnennutt uuTerpan B (34) me OyAem PEo6pPA3OBHIBATE.
[ToaraTerpanbnyio GyHKUM0O TEPBOLO HHTeI‘pa'Ia 3aluLleM B BMIE:

1 ¢ s
9@5;2—0— E(r._,) r»o‘@*'L
H, CleA0BATENbHO,
oV cos (fgoNz)
i {.pcos (Nox) ————ds -+
® €l

| 2 g ‘@q >d~ (35)

() " ()
3afiveMcs auiub 11peo6PA30BAHMEM MOCAEAHErO WHTErpaja.
s kparkocTu sanucu BBeileM Caefywoulue 0603HAYEHHA:

=fEnw0=f cos(Nyx)=12, cos(Ny)=F5,

cos (Np2) =1+.
YuMresaa, uro

7o Byt =
K, C/le10BareibHo,

32,2+ B =197+ 3@+ 1T,1=0,
Moy unM:
DSf=2,1* N +EENH A1) =
— 29, (f2) + 82,8+ 1, (f.
Mves g suay ucrnoapsosanne opmyan Crokca, nomomn:

e=0, y=fy, 71=—/8
Toraa

19, (f))+ 3D, (fB)+192,(f1)=
=D — D3N3 D —D./1+
T112Y— 2 9+ 2 19,.0f) + 2, )+ 2, ()}
ITpuvenss dopuyiny Crokca, momyuuwm:

" (u)d_'_‘ ‘ cos (Nzj dng — cos (Ny) d |
ro/ W rag

(= o)

+f7 D, [)+2, ¢f)+2,0f) ) ds. (36)
=)
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BBeseM 0603HauyeHue
K=@:x+1 @8--2.7.

Kak 6mao ormeueno 8 § 3 (I), K pasHO cpeanedt kpubmaHe
IHOBEPXHOCTH.

Kak 6w0o moxasawo B § 3 (1), st mo6o#t dyHxnmm f
*Df+3@.f-+19.f=0,

M nO9TOVY CyMua Mo 3HAKOM MocCAeiHero uHTeipaia 8 (36)
IIPMHUMAET BUI:

2:¢f) ~2,B))+2.:/) =0 @:f+3D,f+ 12.])+
+f(@:x + 2,3 -'—.@g'r):—-fK:—-r—:';K. (37)

Vuuthisas (35), (36) u (37), momyuaem:

()Z .
ox .

'@ — K cos (Ne)] 42 - [ pcos () L20) g
20 .

20

+ | Hcos(Ny) (i—cos (Nz)d-q. ©(38)
; 7w
{1

IIpoussoaHbie %}’/—, %lz/ 110YYaIo0 ICst KPYrosBo# mnepecTaHOBKO#H

GYkB x, y, 2 ¥ & m, L. Ecau nosepxHOCTb 3avkuyTa, NOCIEI-
nuit uaen B (38) orcyrcrayer.

§ 9. Hopmanbuasi mpouseofHas NMOTeHUHak d ABOHHOrC CJAOS

Has Toro 4roObl CylMecrsopaia HODPMA/JIbHAS IPOU3BOAHAS
lloreHyMana JIBOKHOTO cJ0f, IJIOTHOCTh Y ITOr0 CJIOH JO/DKHA
yJ/IOBJIE FEOPSITE  YC/IOBMAM, OOJec CIPOIMM, Y4ev BCrpevyaniiuecs
AU CHX TIOD.

Crenyowmnit npuvep, npunaiiexamud JISnyHORy, THOKasbi-
naer, 4To MPaBHAbHAY HENPEPHIBHOCIb MJIOTHOCTH HENOCTATOUHA
LIS CYLIECroBaHus Hpou3soIHo#. [lpednonoxkuv, 410 4acth (¥)
nosepxHocrd (S} wmocka u uto (Y) ecTb KPYr € LEHTPOM
B Touxke m, Mot noaoxwum Ha (¥)

w == Kb,
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rae p-— paccrosuue TOukH Ha (X) Ao m, Ecan m, a m, Ise

Toukd Ha (X), PAcCTOSHHE MeXIy KOTODHMH eCTb 7, TO HMeeM:
“"mx_}"m_:‘:K|P2'_pl‘<Kr

U, Cle10BaTENbHO, . TPABHJIbLHO HEMPePHIBHA, NpUUEM YMCHO A
PaBHO emuHMIE,
Hveev

, ' cos (rN " cos (rN
O Y WY N Y

() (8-3)
Tak kax BTOpo#t wieH wveer MPOM3BOAHBIE JOGOTO HOPSAKA
B OKDECTHOCTH TOUKH M,, TO 3aHMEMCH MCKJIOUMTENbHO HEPBEIM.
Bosbwem 3a ock Oz wopMmams x (X). Has rowrn m, (0, 0, 2)
Ha HODMamu K (X) B m, uMeeM:

9__ g9 2 2__ .9 ) . 2
=P =p24-2%, cos(PN)=-

u
* cos(rN v p2dp
W1= ‘ }L'—rz—)‘dGZKZ ) dﬁ? . ( /'lcz_*_z.:)a:
) 0 (
¢ ds K d
= 27Kz J P o 9nKz3 | P ==
J VEta a’ Vit

= 2aKz log (d +V d*+ 2%)— 27Kz log | 2 | —2xKz —

V(’~—l—z

Meppuii u Tperuh ugeHsl B supaxenun W, uMer NpOM3-
BOAHBIE MO 2, CIPeMAMECS K ONpefeeHHBIM KOHEUHWM Ipe-
JenaM, KOrla z CTPEMHTCH K HYI0; NPOM3BOLHAA BTOPOrO CJa-
ragMoro pasHa

— 27K logiz|—2zK

¥ BO3pacrtaer HEOrPAHMUEHHO, KOTJa 2 CIPeMUrcd K HYJIO.

Mu B nocreiylowiem He 6yieM MOJb30BaThCH HOPMANbHbIVIH
IPOM3BOAHBIME HOTEHIMANa LBOHHOIO Croft. 3@ech roapko Gop-
MyJaupyem 6e3 JIOKa3areabClBa reopembl, HpHHALIexamue Jlany-
HOBY, npuias uM Hemdoro Goaee oOuiyw GOpMY; IOKA3aTeNbCTBO
TeopeM HAXOAMTCH B TOHO/HEHHH,

Teopema 1. Ecau gunoaxeno o0HO u3 caedyouux
yeaoguii:
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1°. u #nenpepusna Ha (S) u (N;N,) < Ery, (N, u N, #op-
Maauw k¥ (S) 8 mouxax my, u My, pACCMOAHUE MENCOY KOMo-
poLKu ecms ry) uau

2% fpy, — o | < Ery (VN < Ery, (0 <2 1) u ecau
nomexuuan 080iHOZ0 €0

— ‘ v c_os_(;‘é(ﬂl ds

20

(8)
o6radaem O00HOU U3 NPOU3BOOHHLX
dw, 4w,
dn T dn
o# obaadaem u Opyeoll, u, Kpoie mMoz0, UMeeH:
aw, 4w,
Tdn T dn

BriGepeM TouKy MOBEPXHOCTH m,, HA4aNOM LHIHHAPUYECKOH
CHCTEMHl KOOPAMHAT, HampasuB ocb Oz IO HOPMaau B TOuUKe 7.
[ycte (X) ecth uacth (S) BHyTpu chepst JlsmiyHosa ¢ ieHTPOM
B m,. WssecrHo, yro (¥) mepecexkaercs Kawaof mpswvof, nmapan-
sjenpHoll Oz, He Gosee onmoro pasa. Ilycrs Ha (X) 3agaua
byuxuug p(m), raie m touka (¥). Mut mojaoxum p (o, @) ==u(m),
Tde p, ¢ NePBhe ABE KOOPAWHATH TOUKH mt. 3HayeHHe Y B
00603HAYUM k.

Hepagencrro
2n
UIMP, ) —uoldy| <aplw, (a0, v>0)
0

Ha3nBaeTCA yc/aosheM JlsmyHoBsa.

Teopema 2. Ecau 8sunosneHo 00HO u3 08yx ycaosul
meopess. 1 u ycaosue Jlanynoga, mo nomenyuar 080UHOZO
CAOSTL UMeem HOPMAAbHBIE NPOU3BOOHbLE.

§ 10. IpousBogubie MoTeHUMANa ABOHHOrO CJIOH
¢ muddepernupyemoii NAOTHCCTHIO

[Mycre (¥) ectb wacTh HoBepxHocTH (S), yloBIeTBopsOUIEH
ycaosusm Jlanynosa. Iycts (I) koutyp ().
Pacemorpum umrerpan

W — :p‘wdg_

s
& »
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[Npennonoxuy naortuocts . Auddepennupyemoft 1o (S);
CIeIOBATEALHO, MOXHO 06paso.aTt KOMOWHALUM
Dy D Db
Ecnu touxa m(x, y, 2) e nexwt Ha (I), Mbl HMeeM:
1 1

W= J { ’ —;; cos (Nx) —|- —2 cos (Ny)+ ‘ cos(Vz)}

OTKyZa crelyer:

oW iy L s
— 20 LT 2 =
_()T_J }L{ 2 cos(Nx)- dxdy cos(Ny)+ 752 008 (Nz)}dc

(%)

92— 0«‘ ! 32 !
4

e } ds. (39)

z)
Ilng kparkocTH BBedeM cjelyoumue 0603uadeHus

71; —f &, D)=/f, cos(Nx)=a, cos(Ny)=P, cos(Nz)=1.

Nuveem

T ot o T

a B cuny onpeneneuus @y, @,, - Ana ao6of dyuxuum f
CIIpaBeAIuBbL paBeHCTua:

f O‘f_o’

of

P oo — 7 anz ~p2:g 011 Dy,
of of af af
T iy T CEr =N Dy — D57

[Tostovy ¢urypHas ckobka B IoCieHew HHrerpase pabeH-
crea (39) npeoﬁpaayeTca KaK

Of Lo O L 0
T 0;0/1 TS T

=[t2: L +12 |~ |2, L +2. 5
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[Noaunrerpanbuas $yHkuus B (39) orTauuaeTcst oT DoayueH-
1Or0 BHIPaXEHUS MHOXHTeNev . Bocnojb3oBaBwinCh TEM, 4TO
af of of

P‘@c 01] @c< ) o, @EP"

¥ aHaNoOTHYHLIMM paBeHCrBaMH, npeobpasyed IOAHHTETPaNLHYIO
¢dynkumio yarerpana (39) k Buay:

[oor )= £ oo au(n )]+
+x [@(}»3{) @T,O]} %*ﬁ(a@,,n—ﬁzw)ﬁ-
+ Lese—@).  G0)

B cuny dopmyant Croxca uurerpan no (X) ot ¢urypHo#
ckobKu mnpeobpasyercd s HHTerpal 1o KoRIypy /[:

1
0——~ 0—
J g - dn—p d_f = Jp{— TN gy — arj(’ dl}.
]

] @

Tak kak
1 1
0— 0-—
ﬁ e T
on ~ on gy ’
TO
0 [ cos (Nx) @, p—cos (Ny) D
d ((Z@.“ pgé}")dsz—‘@_ ‘ 1”20 dc.
& ()

Ananoruuno o6pasyercs uuTerpa; ot g—é (2 @op— { Dep).

B pesyabTaTe uurerpupoBanus (40) no (¥), monayuuv:

oW __ 0 | cos(Ny)Gp—cos (Nx) D, p
9x oy J) o s +-
(&
. 0 | cos(Nz) @ — cos (Nx) G,
S e

Fay

0—— 0—
+jp{ o’g" dn———?r;«"— dc}. (41)
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ow ow
Sy B 5 nonyuaiorcs KpPYroBOi mepecra-

HoBko# x, v, 2 u & 1, L.
Ecau rnoBepxnoCTb 3avKHYTad, TO OTCYTCTBYET KPUBOJHHEH~
HBIf MHTeIpad, r. ¢, uveew:

dopMyan pias

oW _ 0 [ cos(Ny) @y — cos (Nx) Dp
%% ) dot-
&)
0 | cos (N2) Ggp — cos (Nx) Dy
+o } — do. (42)

(S)

HonycraM, uro Dy, D,w, PP TUPABUIBHO HEMPEPHIBHLI
Ha (S). Torma cos(Ny)@:u — cos(Nx)@,p TakKe TPaBAILHO
HENMpepHBHA M, CHEAOBATENbLHO, MOTEHIHAA HPOCTOr0 Clos C TAKOH
maoTHocThi0 uMeeT B (D;) u (D,) npaBuibHO HeuUpepuiBHbIE HpPO-
u3BojHbte, Vi3 (42) caenyer, uTo NMPOU3BOAHLIE TIOTEHI}KANA KBOH-
HOTO Clofl C IMOTHOCTBIO W, 1/t KOTopo# iy, (781 D
MPaBUILHO HerpephiBHb, uMeloT B (D)) u B (D,) NPaBHIBHO He~
pepHiBHbe MePBbie TPOH3BOAHLIE,

Ecau BOCHOIL30BAaTLCHA TEM, 4TO

0
L2 D0 — BO)+ G (2 Dep — 1 D) =
o o 0
=1 [ L+ L2p+F on| — [ F L 1% ]2

n
cos (rogN)
| p +| a’— __L&__,

2

aC rZO

ro BMeCTO (OPMyJHl (42) nonyunaM:

ow 0 cos (Nx) @ 0 cos (NY) D
e — ) —— " deg—— | ——T— do—
ox ox | 50 oy oy
) (S
0 [ cos{Nx - cos {ro. N
— ‘ (Nx) D ix ds—%— ’ Dv (220 ) d. (43)
& Top ® Tao

Bcnovutiag dopvyast § 7, Halinem:
ow; oW,

ox ox

u— 4= cos (Nx) cos (NY) @ p—
— 4= cos (Nx) cos (N2) @, p+ 47 D 51,



§ 11] 0 CXOZUMOCTH HEKOTOPBLIX HHTEIPAJIOB 96
W TaK Kak

cos (Nx) @ v -+ cos (Ny) @, .4~ cos (N2) @,p == 0,
1IAXOAUM OKOHUaTeNnbHO

oW;  oWe
x T ox T Dot

ANaNoruuHo HAXOAUM:

oW, 0w, ,_ oW, oW,
Ty oy Ty Ty Ty = AT,

M3 tpex mnocnemsux $opMyn HEMOCPeLCTBEHHO CHELYyeT:

dw; aw,
—Zi_n—i — dn’ == 4= [cos (Nx) @ u -} cos (Ny) D +

—+ cos (N2) @,p] =0.

§ 11. O cxomuMOCTH HEeKOTOPHIX HHTErpasoB

JlokaxeM CXOAHMOCTH CIENYIOUIUX HMHTEIrpanos, HMVEIIUX
O1HOLIEHHE K HBIOTOHOBY TIOTEHLUANY !

d't . d't 2] P"—P' 1 .
[ ’ BORE) ‘ l 3 Oldp" I'\J‘”p‘Ol<Ar;0-
J o T 2 Py o T2
(D (D) (D)

Murerpanst GepyTcs nmo xoseunoft obnacru (D); ryq O3nauaer
paccTosiiMe TOuKM Mg (x, ¥, 2) 4O TOUKH m, (§, m, {) unurte-
| PHPOBAHHS.

OnuieM BOKPYT TOUKH 7 [ABe chepsl PannycoB 8, U 6, (3,<C 8y)
W myctb 8 ecte o6nacTb, OrpaHuuesHas 3THMH Ccdepavu. [as
JIOKa3aTeNbCTBA CXOAMMOCTH YKAa3aHILIX HHTEIPAaNoB LOCTATOYHO
IPOBEPUTh, YTO COOIBETCTBYIOIKE HHTErPaninl, B3AThe Mo (8),
(leCKOHEYHO MaJInl, KOTHa 8, CTPEeMHTCH K HYIIO,

BBemem cdepuueckme KOOPIMHATH, NPHHAR TOUKY n 3a
1107I0C:

§E— xo=psinbcoso,

N—yo=psinbsine, OLILr, 0Le< 27)

L —2zg=pcos .
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Mu nveem
d & Poasin 0 dsab
v ([ (esin0dodbdy_ .
‘ = _J j —4r 2( —82) < 282,
() 0 3y
d it © 2 8 8
* d= . sinfdsdl d o
| 5= | HP I AAY (5,8 < dnty | (a4)
O B S
27 = o 2 B 5
sinBdpdbd 47:A 5 iz
“L ‘ J J”F’ d{, =00 — ;)< A°-)z'
)
3To r[oKasmBaeT, 4YTO HHreIpadn cxoasrcd. O6o3Hauas

uepes (8,) ap C LEHTPOM B M, K pamuyca 3, Hveev:

2 _ omp ‘
J T 47
(8,)
d "
* =1 47:0?,

(43)

[ J—M—_ a1 ds <11A8>_,.
& rzo

§ 12. O HbIOTOHOBOM NOTeHIUANE

Iycte (D) koneunas o6Gnacts,
Mast 1o JToi ob6nacTu.
Murerpan

dyHKIHS, MHTErpupye-

wdt
Fon

) (46)
(D)
paccvaTpuBaemblit Kak (GyHKUHS TOUKH g (X, V, 2), HA3bIBAETCH

HBIOTOHOBHIM notexuuasoM. OuepumHo, uro Aas Touek BHE (D),
P oGaanaer Bcevu IIPOM3ROZHHMH 1O X, ¥, 2z, upudem P cTpe-

MUTCA K HVYJII0 KaK [epBag CTeneHb, a oP oP P KaK BTO
: y p Yy ox d)’ ' Oz
past creneHb ?, rie R paccrosuge TOUKH My A0 HEKOTOPOfi

(hUKCHPOBaHHON TOYKH mpocTpancTsa. Kpove roro, B Kaxmo#
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rouxe, He TpuHamnexauteit (D) uau rpanuue (D), nMeeM:
J
AP = | u- AL = )
Ton
D)
4 9TO 3HAYWT, 4TO P ecTh rapvoHuueckas (YHKIMUA BO BCAKOH
ofaacTd, aexautedi BMecte ¢ rpauuuel BHe (D). ITepBoe u3 ne-
paBeHCTB (44) moka3piBaer, 4ro wuurerpa’n (46) CXomMTCH, eCaH
{IMOTHOCTh W OrpaHMyeHa M uHTerpupyeva. B cavoM jxene, ymo-
rpedass obo3nauenus § 11, umeew:

‘ pd—T‘<A £<2nA52—>0, ecnu 9, — 0.
w H ’ :

Buiusicnuy 3Hauenue £ B ciayuae, Koria o006JacTb (D) ectp
13D ¥ IIOTHOCTL U TIOCTOSIHHA; MOJAOKHM u ==1.

Ouepuano, uTO B 3TOV Caydyae P 3aBMCUT JHILB OT pac-
CrOstHUSL @ TOUYKM my 10 LEeHTpa mapa ¥ He 3aBUCHT OT Ha-
IIPARNCHUSA NPAMOH, CoeduHAIOLIEH m, C LEHTpoM Miapa. [Tonb-

Puc. 20.

3yqCh 9THV, IGMECTHM HAYaJO KOOPAMHAT B IIEHTD HIapa, a och Of
HarpaBuM 4Yepes m.
BBenev cdepuueckue KOOPAWHATH:

§=—=psinbcoswy,
v, == p sin  sin o,
L=pcosf.

3ameyast, UTO A/ TAKOro BHGOPA CMCTEMBI KoopnuHar 9 ecrh
yroa vwexny Om, u Om, (puc. 20), nonyuaem:

reo =V v+ a2 — 2ap cos h. (47)

7 3ax. 749, H. M Tourep
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Ecad R ectb pamuyc wapa, TO uMeeM:

2r = R
. dv | ‘ * 22sinfdp db de
b= f reo ' . J £ )
(D) 0 0 0

B3siB p, rgy, @ B KauecTBe MNEPEMEHHHX HHTETPHPOBAHUS U
3ameuas, yTo

D (ps rov ) — pasinb 2 (5,0, 9) —
2(p, 0 9) ra 0 D(nrae) pasinb’
IGIYYHM:

R a+p 2= R
1 ’ 2z
P=;f [ ‘pd<?drgodp= = ‘ pl(atp)—la—oplldp.
0 ]a—'-p{ 0 o
Ecmu m, Bue mapa (D), To @ >p u
R

B
plla+p)—(a—p) dp=2§ j 20°dp =
0

v

Ecm m, BHyTpHu cdepni, T0 |@ —p|=a—p, Koraa p < a,
K je—p|=p~—a, Korxa p > a. OTcioxa crexyer, uto

a R
P=2%°-{.‘ ple—+tp)—(a—plidp+ J p(a+p)—(p—a)l dp} =
a B
= ([t e ] =2 (20l %)) -

0 a
2 2 2B 2 __ ﬁ)
_T[QR —"g‘]——z’l’t(R 3 )
Urak, OKOHuUaTeNbHO

P= 4";33 ~l, ecan my B (D), |
: l

on (48)
P=2cR*—22 2, ecnm my 5 (D).
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[Tonb3ysce dopuynavu (48), 6e3 TpPyda HAXOLHM, 4TO HO-
reHIHan # ero fMepsele TPOU3BOAHLIC HENPEePHBHHL BO BCEM
IPOCTPAHCTBE.

Kak 6yner BugHo Hu3 Cjedymwoulero mnaparpada, 3THM CBOH-
¢rBoM o6lanaer HbIOTOHOB HOTEHIIMAN M000# KOHeuHo#t o006-
sactu (D), eca¥ TOJBKO I[IMOTHOCTb (. OrPaHUYEHa ¥ MHTEIPHU-
pyeMma.

Cetiuac HatifleM TIpuGIMKEHHbIe (POPMYNbl IAg 3HAUEHUS HbIO-
TOHOB2 fOTeHUMana aoboi komeunoit obaactu (D) u orpaHu-
YEHHCH MIOTHOCTH W MM TOUKH, BecbMa YJaajeHHOH ot Tena (D).

Puc. 21.

B kauecTse no/moca cdeprueckot CucTeMst KoopauHar (puc. 21)
peiGepem uentp Ttskectu Teda (D). Ecau moaspuas och 6 ==0
MPOXOXUT Yepes TOUKY My, TO UMeev:

roo=1V ¢+ R*—2Rpcos

1
rie R eCTb PaguyC-BEKTOP TOUKM 7M. PasnaraﬂT— B paa 1o
20

1
CTENeHM —, MoAyunw:

1 — 1
T Rl/—l———%o-cosﬁq—(‘g)

1 3
[Mpogonxas Ko uneHoB nopsaka (~1—?~> , HMeeM:

,cosﬂ +
R—}—

1 _ ( i
! % (pd..-—}— = ppcosfidi-....
(D) (D) (D)

7*
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Mexny Tem
fpup cos b dt = fpﬁd'tz——“ )
(D) (D)
TaK KaK TIOJNIOC eCTh WeHTp TskecTd Tena (D). Takum o6pasom,

1\3
noayuaeM, IPOLOMKAss 4O 4YJeHa Topsika (—-> :

R
pdt M
(el .,
(D)

rone M ecth Macca Tena.

§ 13. O mepBHX MPOUSBOAHBIX HBIOTOHOBA INMOTEHIHANA

Teopewva, Ecau niomuocmb p HbOMOHOBQ NOMEHULAAQ
O2PaHuULeHd U UHmMePUPYeMA, MmO NOMeHUUAs uimeem nepgue
npou3eodxsie no xoopouHamam x, ¥, z MOUKU m, U MU
npou3goGHsEe NPABUALHO HENPepuBHy 80 6CeM NPOCMpaHCmae.

[lycte x4, y, z 6ynyr KOOPAUHATAMYE TOUKH My, & Foy —
paccTosiHue TOYKH M, [O TOYKH Mo (E, 7, &) HHTErpupoOBaHHU:.

Mayunm pasdocrb

[ =1 [ "ﬁ_di_

A .
) 21

U TOKaxeM, uTO OHa OGeCKOHeyHO vana BMecre C k. Ecau sro
6yneT ycTaHOBJEHO, TO OyXeM HMeTb:

1imi[ pde _ f :"ﬂ]: ‘ pisE . (50)
D

h r rs .
B>0 o 2 2 D) rio

0 rs

‘““]— fpe"."‘ & (49)
D) 0

YTO [AOKA3HIBAET CYIIECTBOBaHUE IPOU3ROAHON MO X H KaeT 3ua-
yeHue 3TOH TPOUIBOLHOM.
O6pasys Bokpyr Touku m, ob6nacrs (3) § 11, umeeu:
’3
w
i 3
@ o

-
§—X

de< A | 2 <anas,,

@ T2

rie A—BepxHss rpasb 1A% |w|. 3To HOKa3HBaeT CXOIUMOCTDb
uHTerPana upasoft vyacru (50).
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Paccvotpuv Tenephb 1ap ¢ HEHTPOM B M, W panuyca 2| k).
Pasuocty [ npunumaer BUI:

1[ ( dx ' ] ‘ b
=il Vo= o= e et
ey em P aw
: 171 1 E—x
R L e PO
i - 3
D em) ra1 ra0 rao

Tperu#t unrerpan B (51) menvwe 4wA . 2|z|. Ha ocHopauuu
pesyasraros § 11

l 1 " de

7.

(2h)

s onenox mnepsoro uurerpaza r (51), omumieM ROKPYT 722,
KaK ueHrpa wmap panuyca 3|k|. Dror wap (3k) coxepxur
BHYTPU mepBuift wap (2k). Orciofa craemyer

1 1 dz 1 ’ dz A
fﬁf”?; rﬂf ol < p el o <X
(Sh) (€h) m
X 2n(31k|)2 = 18rA | k|.

Paccmorpum nocaenuu#t unen B (51). [Tpuvensa dopmymy
Tetinopa, unveem:

_1_<_L___1_>__E—x:h {S(E—x——ﬁh)‘—’ _____1__}’

h \ryq ry "30 r' r8

1 dv 2TA
TaT 4 f -

@| k| p=8rA|k].

rao

rae r’ ectb paccToauue ot TOUKK m’ ¢ kooprunatamu (x--9k, v,2)
(0 < 8§ < 1), pacrnonoKeHHOR MEN LY 1y W 1, 10 TOUKH Mg (§, 7, 0).
Ortciona caenyer

L(L___l_>_”
h \ra rso
Mexny TeM paccTosuue Mexny m’ K m, Mewbwie |k|,

Touka m, BHe iwapa (2k). I[loaToMy Ha oOCHOBAaHUM HepaBeH-
ctBa (9)

’20

r > Ta0,
OTKyZIa caenyer

-
’21 rap

i<|h1

r,o
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Ecau R ects pamuyc wapa C HeHTPOM B M, K Cojepxa-
uero BHYTpU Teqo (D), to uveev:

el G =t el

(DZ2h) ra1 20 o
2r =« R
L 2 sin 0 dp d0
< A-32|h| ‘ ( gisin0dpdidy fi’d de

0 0 2,k
=12811Alh|10g-2—l£h~l~_——aA|h]“.

HMrax, passocib / GeckoHeuHo Maga BMecre C | k|, TaK Kak
Kawawift U3 Tpex mnepruix wuurerpa’dor R (Hl) Geckoueuwo man
Kak c|hk), a nocnenmmi kax c|A[M. Druv moKasaHo Cyile-
CTBOBAHKE NMpoH3RoAHOH, Popvyaa (H0) maer 3uavenue 3TOR APO-
usponHol. Taxum ke 06pasoM /TOKA3HIBAETCH, YTO CYILECTBYIOT
TIPOU3ROJIHLIE TO ¥ U 2.

Ocraercsd I0Ka3aTh NPARUABHYIO HENPEPHBHOCTH TPOU3BOJI-

aP
HHX. JlokameMm HerpepHBHOCTh e O6o3Haunv  paccroatue

MeXTy TOuKAMH My M my(x,, ¥;, Z;) 4epe3 8, K pPACCMOTPUV
pasHoCTh

] = hi‘x'dc— fue“" de. (52)

3 b 3
(D) ra (D) Fao

Onuiwev oxono TO4KH /m, ap pajguyca 26 K pasHocTH (52)
Januv BHI:

3
(%) 21 @y T (D-2y - T2

- £— ’ E— :
I = [P‘ r3x1d':-— rl“‘ ,xd'c : ' l“‘{—~3ﬁ~‘__r~}d' (53)

AHaIoOTHUHO romy, Kak u3yvanach passocis (51), u ucnoan-
3ya cdepy panmyca 38 C IeHTPOM R s, 3AKMOUAEM, YTO

(23)

l [p—s_rs:‘dt

(2%

< | e Pl de < A an . (30).
(38) T
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Hayuum nocaenuuft uurerpan (53). Ilas sroro saMerum, 4to

|6 —x,]<ry, |x—x;|<8 u, xpowe Toro, B (D—28)
- 7

Toi >~2~’—°. Orciona

f—x1 £—x

"31 ’30
1 1 1
= =% )—(f—x £ —x (—————-—— =
l '%0[‘( v N v 5 ’go)
x——x} E_x "o [ 1 1 1
g: ’ T . r2°r2‘ ("go+’2o’21+r31> <
' 1, 2, 4 3
clgd(lgzgay 8
"00 Fag (’30 e ’§0> ’go
K NO3TOMY
er ® R
’ §—x £ \ " [ p2sinBdp déde
l ‘ }"{ I ! 8 7 ‘ [ 5;
wim L T 2 0 0 23 !
— 32x481n R = padv.

Wrax, pasdoctb (52) MeHbile UHCIA BUAA
aAd - bA == c A&, A<,
yro u Tpeboranoch MOKA3aTh.

Jo6araenue HerpymHo nokasarb CAeAyIOIYIo TeOpeMy: nycms
NAOMHOCMb P\ uHmepupyeMa (Fo Mocen Gvimb HeOparuyeHa) 8 He-
xomopoli KoneqHoti obaacmu (D). Ecau 6 nexomopoii o6aacmu (o),
aexcauieli 6 (D), naomuccme . ozpanudena, mo 8 A0O06L obaa-
cmu (o), codepocawericss smecme ¢ epanuyeli 8 (w), nomernyuar P
O2PAHUYEr U UMeem OPAHUYCHHbIE U HEnpepbleHble nepsvie npous-
8odHble.

JeiictBUTELIO, HVEEM:

: 3 )
= Mally T
ran S J
(D) (D—-w) (w)

po | vt

Bropoll uHTerpal nDpaBOH YacTW HMEET OrpPaHUUEHHBIE HENpPepbiB-
Hble DNPOU3BOIHbIE BO BCEM NPOCTPAHCTBE, KaK HbIOTOHOB MOTEHLMAn
€ OrPaHHYEHHOH NIJAOTHOCTBIO.

TlepBbiit unterpaa npaBoit yacTH B o6aacti (wq) OTPaHHYEH U UMEeT
HenmpepbiBHbE NPOM3BOAHBIE BCEX NOPANKOB, TaK KaK AAs TOYEK Mg U3
(wy) 7o HMEET DOJOMKUTENBHYIO HUKHIOW TpaHuny, Korja ms B (D —w).
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§ 14. O cymecTBOBaHHH BTOPBIX NPOH3BOXHBIX
HBLOTOHOBA HOTeHU/ANA

Jlns cylecrrosauust BTOPHX NMPOU3BOJHHX HbIOTOHOBA MOTEH-
LMana HEeLOC1aTOYHA JULb TNPOCTAs HENPEePHIBHOCTL TIJIOTHOCTH.
TTpusenem Tpumep.

Mycts (D) ects wmap panuyca R<C1 ¢ ueHrpoM B Hauane
xoopaurHat. TTonoxum

2 —_—
u=(3i — 1)f(9), p=V&{ 22,
rze f(p) menpepsienas dyHkuua B npovexytke 0 < p < R, npu-
yem f(0)==0. Ouenusguo, W HempepuBHA B 1'apc M PABHA HYJIO
B UeHrpe wapa. [lepmble mnpouU3RO.HBEE HbLIOIOHOBA TOTeHIIKAAA
C TaKoff TJOTHOCTHIO HA OCHORAHHH NpeIbAyliero naparpada
HEMpEPHIBHE RO BCEM MPOCTIPAHCIBE.

IMoxaxeM, yTO P HEKOTOPOM RuiGope dyHKIME f (p) R ueHrpe
1apa e CyumecTrRyetT RBTOpOH NPOM3ROMIOK TO 2 HPIOTOHOBA
MOTEH HAA,

JelicTBUTENLIO, BHYUCAUM 3Hauenre (@) MOTEHUKANA B [OUKe
(a, 0, 0), rae 0<a<R. Brols cdepuueckue KOODIMUHATHI,

no.Tyynv:

R

. sin 8 {3 cos2 0 — 1] \
, g . { sin dh .
v(a)=2x ! *f (p) ‘ V @* + p— 2as cos B }dp

e
[

TMonaran ) a® % — 2ap cos b = ¢, noayunw:

T

S 20—
( sin 6 [3 cos2 6 — 1] a8 —
Va4 p2—2ascos 8

[}

4
1 arp g gt —g%, ecan p < a,
-t Tl a3t
ap 205 i 4 a*
la-pl {5 @ emp>a
M TIO3TOMY HMeev:
a R

v@=5 5 [ Ot [ L0 4],

ad
¢ a
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Juddepennupys, HAXOAMM NOCHE YIHPOIIEHUA:
R

o=~ [ #r@det2a [ 1D 0],

M B CUIY OTMeYeHHOH Rblllle HeNPEPHIBHOCTH MEPRHX ITIPOK3BOI-
HHX TIOAyYaew:
) Y (0)= lim ¢/ (@)=0
a->0

upu moGov BpiGope nenpepuBHO# dyHKUUK f(p).
Paccvortpuv orHowenue

Y (@) —4¢ (0) _ 8 3
e '—“5_[— as

a R
pif (p) dp—+2 ‘ —:— ]

Hepnoe CJal aeMoe KRajpaTHOH CKoOKu 1pu a — O uveert npe-
neJI0M — + f(O) = 0. Bropoe caaraevoe nupejgesa HE HMeeT,

ccan f(p) BH6paH0 TaK, YTOOH OHT pPACXOISUMCH MHHTErpan
R

(I—:f)dp.

b

Jloctatoyno momoxuth f(p) — log —, f(0)— 0. Ipu Takov h-

Gope f(g) me cyumiecteyet 47 (0), u %" (@) ue orpanuyena, Ecam

HHONOKUTH
cos ‘/_log —

" e i _
i @)= T f@=0

log —

¢” (0) He cyutecrsyert, HO n'/’ (a) ocraercda orpaHWUYeHHOH.
Teopema Ecail nAOMHOCMb y RPABUABHO HENDePLlBHA,
m. e. ecau uUMeeHM

I”_”0|<Ar;n’

MO HbIOMOHO8 TOMEHHUAL UMeel 8moOpbie NPou3sooHsle 80

acex moyrxax, He aexcamjux ra eparuye obaacmu (D).
CyuiecTBORaHUE RTOTHIX ITPOU3ROAHBIX R T10YKAX, JEHKAL(UX

nHe o6nactu (D), ouesmmno. OcraeTcs HOKA3aTh CylIECTROBAHKE
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WX R TOYKax, JeXalux BHYTPH (D). 3aliMevcs npousnoz-
a:pP
wap (d) paguyca d, RHOGPAHHOrO TaK, 4ToGH WAD JEXKAX LeaH-
koM Buytpu (D). Ilotennuan (46) sanuuiem B BHZe:

p_ JTHd:_}_J‘Pdt_ (54)
(d) ’

ra0 r20
(D—d)

HO# [lycre mg touxka sHyTpH (D). OnuuieM BOKpPyr Hee

CymiecTroBaHie BTOPHIX IPOU3ROJHEIX B TOYKE 71, Y BTOPOro
CAraeMOro OYEeBMIHO, TaK KaK 3TO Cjaraevoe eCTh rapMOHH-
yeckan ¢yuxnua B mape (d).

Paccvarpusaemasi NIPOM3BOAHAS 3TOrO CJAraeMoro pamHA

a

3(E—x) 1

(D—d) £ Fao
Ocraercs U3yuUuTh mnepRoe cnaraemoe (54), Kortopoe o060-
sgayum Py, Ilycts h(‘h‘ <—i—) npouseoibHoe ukcao, (O603Ha~

UMM TOYKY C KoopausaTamu (x -} A, y, 2) uepes m,, a ee pac-
CTOSIHHE 1O My UEPES ry .
Oo6pasyem pasHOCTB

3
(@) r21 (d) r20
po ([ E—x E—x
=—_ﬁ-( ’ S ds— J - d,)—}-
@ @ "
1 " t—x t—x
1 ([e—r T o [@—w iz a), 66)
ra1 % Fao
@ (d)

TAe b €CTh 3HAYeHHe p B TOUKE My, [lpegen 3Toit pasHoctu
pu 2-—>0 ecTh B TOUHOCTU BTOpAas NMPOU3ROJHAA OT P, R3aATas
ABa pasa no x.

3alimemca mepBbIM YieHoM Nparol uyactu (56). Ou srmmercs

NPOU3RENE HUEM —Hhi HA Da3HOCIh 3HAUEHMH R TOUKAX m, M

nepBOH MPOM3BOZHOM NO X' OT HBPIOTOHORA MOTEHLKaAa C MAOT~
HOCTBIO efMHMIA 110 mapy (d), nMpuyeM NOTEHUHMAA paccMaTph-
paeTcs Kak ¢yuxuus Touxku m’(x’, y’, z’). 3amenss Bo RTOpOH
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crpoke pamenctra (48) @® ma (¥ — X2 (y —yR -+ (T —2),
audpdepeHuupys no x’, nonaras x'=x--h u X' = X ¥ BHUK-
ras, Hailnem:

B(|Efa— [Eta)—— 2w oD
¢ ro : r.
21 (d) 20

3atimemca BTOphiM caaraembim B (56). Mbl u3yumv pasHocTtb

E_.
L e—poi5 s {55 a)—
(@ g (@) 30
— ‘ (y,__ O){i&:._)_____ _._;__} dr =
() 20 20
1 l E— Xy 1 E—x
=— | (@—w)——d— - f(.u——.uo)-g—dﬁ—
k (2i‘) rs h (2;,) T30
3(E—x) I
—~ e B — e
(2;[ ’20 rg(,? +

- Ll - - e
(58)

rre (2%) o3HauaeT IWAp C LEHTPOM R m, U paguyca 2|k}, co-
nepxaumfica B (d) B cuay eubopa k.

Jloxaxem, yTo pasHOCTh (58) OeCKOHeUHO Manka RMecTe C K,
3TO HAM JTACT mpenNes BTOpOro umeHa B (56).

Inst Tpetbero uuterpana nparoft yacru (58) umeeM:

[ [(%‘__90){3(€—x)2 : }df <
¢h) "20
2= om il
<sA| | | Zrprsintdparde—
60 0

=164 | =" A@n|p.
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Tak xak wap C Hedrpom B m; u paguyca 3|/ conepxurcs
B (d) u cozepxur BHyTpu ceba wap (2k), U TaK Kax
[ —pol = —p) F(— ) | <o —w | —po | <
< Ary Al R,
TO AJst TEPROYO MHTErpaja TIOJyyaeM:

% [«

xr d-l<‘—% .’Q—r%{d'cﬂ—

(@h) @ "
Alr|A d'\: A r Alh|r d
+ [ = < Th[ rrmd +4 (7‘:
(2h) (3h) @h A
41'/1

— [P 31k P 127A) k],
Bropo#t uurerpan B (58) meHnine, yeM

_.l_._ { ju.——y.“d T < 454 21+ %

1+
l '(m) 3o

| &

Orcioaa caegyet, 4TO CyMMa TeDBHIX TIeX WHTErpasioR mparoi
gactn (58) mewbmie wicna ad |k}, Oyskuus B KBAAPATHHX
CKOOKax WOCHeJHEr0 HWHTErpala oOCTAETCH OrpaHuyeHHO# R 00-
pactu uurerpuposannd. [Ipumenss dopmyny Teiinopa, HaxoguM:

1 (a-x1 E~—x>_(_3<5—~x>z __L):

5 3
rao Fao

L1 (=X 9 (¢ —x')
_—h{l 77 - 775 }’

rae x', y', 2 —— xoopauHaTH HeKOToroﬁ Touku m’, pacnomo-
KeHHOW Meway m, W my, a r' — paccrostue 3TO# TOuKH J0
TO"KH My, Mexay TeMm paccrosuue m'mgy Menbiie |k |, a Touxa my
pHe mara (24). Orcioza Ha OCHORaHMM HeparencTra (9) cne-

1
ayet, 4t0 r’ GOnbIE 5 ryy W UTO

- o <

rs T2 Ta0 20 Fap
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CreznorarenbHo, IOCAeHUA HHTerpan B (58) mo MomyalO MeHble

2 d

24.2¢.|p|-A f 0 g —A-24.94.2n fﬁi—f}_——
(d—2h) o 21'n
24.24. 41' 1
= ]hl @[ AI-* — di- A}<CA]hP

C yCTraHOB/EHWEM 3TOro MOCHAEANET0 HEPABEHCTRA BUAHO, YTO
passocTb (58) ameficTBUTesbII0 GeCKOHeyHo mama BMecTe ¢ 4. U3
BCEro mpejuleCTBYIOIIEro 3aKJa0yaem:

azp 4 3(—x)? 1

R
(@) 30 T

52 + f {————3(5“”2 ! }d-.

ga D-d) £ i

ap
ﬂﬂﬂ BHYUCTEeHNUS W 3aMeTuM, 4YTO 4JeH, COOTBETCTRY O~

Uit neppomy uneHy mnpapo#t uvactu (56), pamsen nymo. Torna
nMeemM:

a2p 3E—x)(n—
oy — 0t JQ(P—PO) ¢ xrg('n D g -
(@ 0
+ u 3E—x)(n—y) d-.
(D‘—"d) r20

3amevuanue. Bwmecro mapa (d), coXepKalUEro TOUKY My,
MOXHO B3aTb mi00yio obaactb (D), CONEPKANYIO TOYKY Mg M COAEP-
WAIYIOCH HexukoM BRYTPH (D).

a2p a2p
dopmyabl, Rawuue T H ax_dy—’ NPUUHUMAIOT BUX:
1
02—
9P 02 dt
o = v (ar .fT)mn+ [ e 4t

(D) (D)

+ [ v

(D~-D,)
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a2p e [ o »-
= Al ) T e
3% 0y —Po(ax a"(bf) o )m + r (1 — o) dr +

. dox 0y
o, ()
P
A ‘l "0 4o
Lo, oxd
(D-D,) 7

§ 15. Teopema Ilyaccona

Teopema., Ecau naomrocms W HplOmOHO8A nomexyuaia
8 roweuroli obaacmu (D) npasuipro HenpepwvigHa, MO 8 KaAMC-

ool suympenrell mouxe my obaacmu (D) umeem mecmo pa-
8eHcm8o

ap
(AP)WI«) ( ox2 + ayz + 025 >,m —_ 4“}"0.
leHcTBATENBHO, CKAANHBAT TIOAYYEHHBIE PABEHCTRA
1 1
5 -
0P 4z r r
rra o (‘ ()5 — ;- dit ‘ L ax‘zm a,
@ (D=d)
1 1
P P -
ozp 47 r
—‘z_=‘——%”o+ (‘(P Wo)— z dt [}L 0220 dr,
3y 3 . a . y
(@) (D—d;
ap 1 o ‘—1 -
T = 3HO+J(P—PO) 2 dx - ‘f” ae dr,

(D=a)
TPUXONUM K TpeOYeMOMY DAaBEHCTRY.

Ilycrs f(x, y, 2) HenpepuiBHa B HexoTopoOi o6xacTn (D) u nycrtb
mg (xo. Vg, 2y) HEKOTOPAst BH,TPEHHAA TOYKa 9TOH 06racTH.

Ilycts (mgy, ) oO3HayaeT Iuap ¢ LeHTPOM B my M paluyca A.
Ilyers h mactonbko mad, yro (m, k) comepxmurcs B (D). Paccmorpum
2

OTHOWIEHHE K —& PAsHOCTH MEXAy CpexHuM aHayeHHeM (QyHKUUY
F(x, y, 2) no wapy (my, h) u 3HadenueM f(x, y, 2) B TOUKE my

1 h2 30
Ahf:li -::h; jf(m) dt—f (mo)J 16 = s f [f (m)—F (mp)] dm.
3

(moe ) (1w B)
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Ecan f rapMonuueckas ¢ysxuusa B (D), o Apf =0, uyro creayer
U3 TEeOpeMbl O CpeiHeM AJA rapMOHHYECKHX (yHKUHMH.

Moxer CayuyuTbCs, YTO AAS HEKOTOPOH HenpepbLiBHOK (yHKLHH
S (m) Apf umeer onpenenesHbiii KoHeuunih npenexa npu 2—0. Toraa
YTOT Ipejes HasblBaloT 0GOGLIeHHLIM JanaaciaHoM ¢yHKuUME f. Mer ero
o6o3HauuM uepes A*f (m).

HerpynHo yb6emuroCs B TOM, YTO eCJH f HMeET HenpepslBHEIE NPO-
H3BOJHBIE BTOPOro mopsaka, TO A" f(mg) = Af (mp), T. e. 0600LIEHHbIH
JanjiacCHad coBnajnaetr ¢ OObBIYHLHIM. [JeHCTBHUTEALHO, HMEeM:

S (m)—F (m) = fp (m) (x—x)+fy (me) (3—=yg) + £ (m) (—2) +
b U () (=5 Ty (1) 5 — 3+ £y () (2 — 2+
+ 2y (m) (x —x) (v —y) + ... ]+

+%{[ vz (M) — Fr (m) ] (x — )%+ ...},

rke m’ — HexoTOpas TOYKa MeXNY my ¥ m. Tak kax Ho npejpnonoxe-

HHIO BTOPbI€ NPOU3BOJAHBIE (QYHKLUHH [ HENpepuBHH, TO Pa3HOCTH
" /)
f o (m) -——fa:m (mo) H uM 1noloGHse CTpeMATCs K Hyao npH A — 0.

Orcioga cnelyer, yro (HIypHas CKOGka He INPEBOCXOIHT IO MOIYJIO
e (h) k% rae = (B)—> 0 npu 2 —0, ¥ HOSTOMY

30 ‘
4—7:};5 J { } dt
(mor h)
Kpome Toro, aerxo BymeTb, YTOo HHTErpaln no (mg k) ot
X—=X0 Y—Yo T2 (X—x0)(y—yg) (¥—xg)(z—2)

0 —yo) (2 — )

paBHH HymMoO, a HHTerpaabt 0T (¥ — xg), (¥ — Yo)% (2—2)* paBHb
Mexny coboll H papHbl

< 10s (B) - 0.

h
1 . o
3 J [(x——xo)z'f"(y"‘}'o)z_{-(z_—zo)z]d-:::%:_—" ,-4d,.=_’i‘_5_.
(mm h) b
W3 scero sroro crexyer, 4ro
30 ’
Apf = Axhd ( [f (m)—f (mp)] dv =
(m., )
30 [1 d4uhd " . ”
=i [? . -71‘_5— . (fm tmy) + fiyy (mg) + fz (mo)] -+
+Iioﬁ J {  Ydvofuu(m)+Fy, (m)+fo, (m) = Afs

(m, )
1. e. A% = Af, uTo ¥ TpeGoBaNOCh KOKA3aTh.
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Teopewma. Ecau naomuocms v HbIOMOHO8A NOMEHYUAAL 02D~
HuHena, uumezpupyemz I Henpepulera 8o SHympeHHel moure my 06~
aacmu (D), mo

A*P (my) = — dnpy,

m. e. HbIOMOHOS nomenyuans ydosremeopsiem ypasrenuio ITyaccona
¢ O000UeHHBM AANAACLAHOM & KANCOOH moike HenpepwuiHOCMIL
naomuocmu.

JeficTBuTeNbHO, 0603HAYasA YEPE3 (4 3HAYCHHE [+ B TOYKE M, HMEEM:

“dr de
Poy= |E@urm, [ T g oyl
(b) )

Winrerpan

2

]
‘ de
Jor’
02
ABASAACDh HBLIOTOHOBBIM NIOTEHIMAJIOM C INIOTHOCTbIO 1, HMeeT Henpepbis-
HBblE BTOpDHE NPOH3BOAHbIC H JAaMJaCHAH ero paBeH ——4w, a clefoBa-
TENbHO, H 00606UlcHHMA Jnanjsacuad paBed — 4=n. [lostomy mast poxa-
3aTeNbCTBA TEOPEMBl JAOCTATOYHO YCTIHOBHTb, UTO B TOuKe my 0606-
WEHHbIH NannacHaH OT BTOPOrO HHTErpaina paseH Hyaw. [las sroro
Hajgo NOKas3aTh, YTO

1 1
Fs ‘ [ ‘ (P’ _ P’h) (; _ IE) de] d’Cl -0 npu h—0.
m,m) D)
BO‘HepBle 3aMEeTHM, YTO 3JCCh AONYCTMMA IIEPECTAHOBKA NOPAAKA
HHTerHpOBaHHﬁ, TaK K&K Iocjle 3aMEHbl HOﬂHHTera.ﬂbHOﬁ q)yHKllHH

MoIyJaeM BHYTpEHUHH MHTErpai OCTaeTcs orpaHuueHsbiM. Kpome Toro,
3aMETHM, YTO

4_;‘ . _1_, eCciH my BHE (my, h),
L d’:l :{ k T2
r'12
(g, B) { 2zh‘l—2§ rgy, €cam mq BHYTPH (mg, h).

B pesyabrate noaysaem:

1 L[

(mo B) (D)
/1 1
‘ (P'—Ho)[ ‘ <r———) ’-1] dtg =
. . iz To2
(D) (my, b)

1 4eh® 1 4mp® 1
i f (b —po) |2 L2, L sy
h o2 3

(D—(mo, B))
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o ==

2 nh3
R L P
(my. )
1
B

’ o o 4xh3
im-mkww3m—7~—-
(mg B)
Tak Kak p HempepblBHA B TOYKE 71y, TO KakoBo Out HH Gblmo & >0
Aaa Foctatouto Maitoro A >0, |w—u <& B (my h), u nosromy no-
CleRAUH HaTErpad rie TPEeBOCXOIHUT

& 5. 4 s 2r 4nhd 4r.h%. p2 _ 8 ,
hb[?::h 3A.h+3 5 -+ 3 2rh _ldns'

DTo O3HAUAET, YTO NOCAEIHUI MNTErpan CTPEMHTCA K HYMO BMeCTe
¢ h u reopeMa JOKa34Ha.

O6o6uienubit nannacuan Gola BBeleH W. 1. IlpuBanosuiM H mo-
KasaHHas ceiluac rtcopema npuHalyexur emy (M. U. MMpusanos,
,Cy6rapmonnyeckne Gyukumu®, ra. I, § 2).

B nocaeldyiomeM OyieT naHo onpejereHde 0006LiE€HHBIX NPOU3-
BoLHbIX B cMbicie akal, C. JI. CoGoneBa u 6yAeT YKa3dHO, 4 O Hbio-
TOHOB TNOTeHUHUAN, MIOTHOCTb KOTOPOTLO CYMMHPYEMAa € wBagpdTOM,
TaKXKe YIOBIAETBOPHET ypaBHeHHIO [1ydaCCOHA B HEKO1OPOM CMbiCJeE,

§ 16. O nenpepbBHCCTH BTODPHIX NPGU3BOIHBIX
HBIOTOHOBA MoTedll4ana

Jo cex 1op, u3yuas HbLIOTOHOB TIOIEeHLHMAJd, Mbl MOTJIH CYH-
TaTh IPaHUIly Koweunol obiaacru (/1)) Kakod yroaso. B cazmyio-
el Teopeme 1pemtionaraercs, uro obnacrb (D), rie oupene-
JAeHd JVIOTHOCFh M, OFPAHHUEHd KOHeUHbIM UHCIOM 32°fKHYTHIX
nosepxHoctedt Jhuiynoza.

Teopewva. Ecau niomHocms & HpiOMOHO8E NOMEHHU AG
nNPAUABHO HENpepulena, 8mopsie NPOU3BOOHHE NOMPHYU AG
npasuasto Henpepuigns suympu (1;) u suympu (D,),

JloKasaTeqsCTBO Teopevbl CJAOKHO W NOMELEHO B JIOUO/He-
nun [,

Cuuras Teopevy CHNpaBeluBO:, MOMHO 3aKMOYUTH, YTO BTI-
phle IPOU3BOIHbIE HMEIT Olipe/le/ieHH e Npelefbl, KOTAA TOUKA /M,
CTPeMUICs K TOUKe TPaHHLbl, Dru NIPEesibt PA3aHUHbL IS TOUEK /M),
CTPeVSIUXCA K rpaHHlle u3Hytpu (D;) u usuyrpu (D,). Teope1a
iorosno ~— Anamapa 1o3Boaser JETKO OMpedaiHrb CKAYKU ITHX
MIPOM3BOIHBIX MPH MPOXOXKAEHHH TOUKM uepe3 ipasully.

[MTpoussonusie
oP JP JoP

= Gy 0z

8 3ak. 749. H M Tonrep
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MOTYT OHITL paccMaTpHBaevbl KaK 3HaueHus ABYX (QysKlu#, omxa
M3 KOTOpHX onpereieHa suyTtpd (D;), Apyras Bue (D;) u uMmeio-
IMX DABHBIE 3HAYEHHT Ha I'pAHHIE.

O6Go3nauas uepes A, v, § nexoTOpbie (YHKIMH, ONpeleleH-
Hble Ha Tpauxmlle, MOXEM 3aHCATh:

3P 2Py . #2P; 0P,
g om = A0SV, G aray — Y cos (W),
#P; &P, ®P;  9?P,

%3y 0% Oy == A cos (Ny), Ty T gy =Y eos (Ny),

0*Py . 04P; 2P,
o% oz a}—d—; == A COS (NZ), 5}—62_ — W == v COS (Nz), (59)

3%P; 0%Pe __

Gx9z " Gx oz — " COS(NX),

0*P; 02P, .

Gy oz " ayds — 0 cos(Ny),
BP; _0*P,

52 PR b cos (Nz).

Cpapdenye NpaBHX YacTeldi DABEHCTB, JeBhe YACTH KOTOPHIX
DaBHHI, JaeT:

X cos (Ny) = cos (Nx),
A cos (Nz) = b cos (Nx),
v cos (Nz) = f) cos (Ny),
A . v 0 .
cos (Nx) ~ cos (Nv) ~ cos (Nzg)
OTKyna ClefyeT:
h=%cos (Nx), v=1¥cos(Ny), b=="cos(Nz).

CxianbiBasi TNOWIEHHO TIEPRCE, UAI0e H TNOCAeIHee H3 pa-
BeHCTB (59), Hakimem:

(02P‘ 03P iR 62P¢>__ 0P, +62Pe 02Pe>
dxt T oy U 0z (Ox'l T)F 0z¢

= #[cos2 (Nx) + cos?(Ny) -} cos?(Nz)] = .

ITpumenss teopemy Ilyaccoma u Bcnowusas, urto Bue (D;)
NIOTEHIMAN eCTh IaPMOHMYecKas (PYHKIMA, 3aKJII0YaeV:

%= —4=nyp.

3,
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W3 npexpayumiero saxioyaev:

Tt — BPe — — dmp o2 (i),
dxay away = meos (V) cos ()
A S

6;;1 . ‘25_52? = — 4=y cos?(Ny),
gj_,% _ai;gez_ = — 4xp cos (Ny) cos (Nz),

a;_;z _ % == — 4zy cos? (Nz).

§ 17. IpousBoxgHble HHIOTOHGCBA NOTEHUHANR
¢ AauddepeHiupyemMoil HIOTHOCTHIO

[Tpennosoxuv, 4T0 IVIOTHOCTH { MMeeT OrPaHHYeHHbie H He-

npepHiBHbE NepBhie npoussogHsie. Onuinev map (8) ¢ ieHTPoOM
B m, ¥ Paiuycom 8.
MOKHO 3amucaTh:
P r E—

ox '

= de —+ ‘lp E;;;—xd‘t.
(DC—B) 20 (%) 20

Bropo# uurerpan no Moxaymo MeHsine 4wA3. IlpeoGpasys nep-
BuA MHTErpan:, MOJy4yHv:

1 1

e x dﬁ_ i arn
f*” o= [p Rl |0 Pa=
@y T (D= D8 )
1
. 0w > .
e P T
(D3 oty 0

3altveMcs B NepBYyK ouepeib Bropuiv HHTerpasov. On Moxer
6biTh NpeacTaBied B BHIE:

"ap._ d= au ds
s Je
d )) fzo (5 (4 rm

8‘
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rie BTOPOA uwjied 1m0 voaymIwo Meubme 2wA82 w rae A ects

oy
0%
Iasi mepsoro MHTerpana B (6Q0) uveew:

1
. a( . . P 0
— ‘ —#"—d’:~<~ ‘ p cos(Nx)a—-}— ‘ pcos(Nx)r‘;,
DY) (8 (@)
rie (s) o3HauaeT rpadduy mapa (8); Hopvam, K (s) HanpasjeHa
BHe wapa (3).
[Tocnennsi MHTErpas, OUYEBUAHO, MeHbille, YeM

BEPXHAA TpaHb |u| 4

2z ©

ds zg ‘ 82 sin § db do = 4= A8,

»

o 7 .
(o) 0 0

<

Ecax 8 crpevurcs K nymo, noJyuaeM:

JaP ds
ox rpcos(/vx)r:;_{_
(

G
[Tpeanonoxuv, u4TO y HVeer OTpPaHdueHHbE ¥ HermpephIBHbE

BTOpble MPOW3BOAHBIE; audpdepenuupys dopuyay (61) u npume-
HAA ee CHOBA, Hahjgew:

au d
0% ray’
)

(61)

1
Jd— >
02P r o d
Yo ‘ p cos (Nx) - N ds— | 5= cos(Nx) - —I— 5_—“ r;’
* ) (I .
H TaKkuv e o6pasov
i
J— s
rP ‘ 7o ra.u do | (o4 0=
a_V" w coSs (Ny) du —_— . 6—1‘ Cos (Ny) I'—Q() - 617 -'g
a (s o))
1
2P —— [ pcos(nz (j’—T"d— [0 cos(nzy b g [ i
0z¢ "~ peo )5, @ — Jop costve) 2 072 rop”
(S) (S, (Dr

CknanbiBas MOWIEHHO TH PABEHCTBA, HaligeM:
*dog ds : dx
Log 0¥ ‘ A

2 dn r
. 5o . 2
) . & ()

AP — (‘uEes_ﬂzgf_‘ng_
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1O nociesiyee DPABEHCTBO [OJAYYEHO B TIPEITNONOXKEHHH, u4TO
HTOPbIE TIPOM3BOHHE DYHKIMH U HEerMPepLIBHbl; Mbl OblIH 0083aHb!
CrneaaTh 3TO MPednoJOieHHe, TaK KaK vu He 0000WHAH dop-
Myay [Ppumsa Ha cayyaf QyHKIUMA, uveloHX HE HENpPepHBHHE,
4 JHulb OrpaHHueHHbIE M HHTEIDHpyevble NPOU3RCIHHE. Eciu aro
00olleHUe CAeJaHO, MOXHO 3aKJIO4HTIbL, uro nociaeiduas dopvyia
CripaBef uBa, KOTrAA Bropee MPOH3BOAHbIE (PYHKHUH U OrpaxHu-
veHbl W MHrerPUPYEMBI.

Ecim rouxa my, muyrpe (D;), nocne)Hee PaBeHCTRO HAV IaeT:

- 1 A d= 1 cos (r,,N) 1 (degds
b= — g [aeE 4 ﬁfu. e - . (62)

A : 4z | dn ry
(D) 5) )
Ecmu touka my, Bhe (D), To
1 ¢, dt 1 ¢ cos(r 1 du; do
S NP ‘ u__izoN)ds_l_& dej ds
4n Cry o 4n 10 r2 4z | dn rux
D) (8) (5)
Popuynaa (62) no3BodseT TPeACTABHTL BCAKYI0 (YHKIMIO,
onpeneneddyio B (D;) # ofraiaioulyi0 rav BTOPHVH NPOH3BCI-
HWME, B BHAE CyVMH TDPex M[O0reHIHaN0s,
3akapuusas, TPEILNONOKHM, Y10 (YHKIHHS Y YLOBJETBODAET
CJEe1yIOuEy rpeM YCJIORMAV®
1°. Tlepnsie uPOM3BOMHLIE (YHKUMM U HENPEPHIBHH BO BCeM
11POCTPAHCTBE.
2° Bo ecsicolt TOuKe, He Jewanlefl Ha 1pauuile, DYHKIHS w
HMeeT BTOPHE MPOU3BOIMLIE, H 3T [I0CIeIHHE Of DAHHUYEHH H
HENPEPHIBHLI.
3°, Bue (D) u-—rapvonuueckas.
Beiesactene ycioeua 1° mveeu Ha rpaduue:
dJ-f, _duy
dn ~ dn’
Ecau rouka m, sHe (D), ro rak kax { Tav TapMoHWYecKas,
HveeM:

(63)

L[Ny 1 (dwde :
e [%* s (63")
(S) i (S)
Ecam rouxa m, BHyTpH (D), TO
_ cos (r,oN) 1 dy; do ’
0= — 4 fp rio—dc—%'[ﬁa. (62')

)

(s)
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CkunanmBas nounesto gopmyas (63”) u (627) ¢ popmynamu (63)
u (62), yGexnmaevcs, uTo BClody HUveewu:
1 ¢, d-
b=—g ‘ APZB-
(D)

§ 18. Knaccewt dyuxuuin H (I, A, A) n nesepxuocru JI,

Haa ynpouenus 3amicd # GOPMYJIUPOBKH PACCMATPHBAEMEIX
HyKe TeopevM BBeldev CJeAylOliHe onpefeneHdss ¥ OGO3HAYEHUS.

Ecau ¢ynkumus f(x, y, 2)=f(m), ompemenenHas B 06-
mactu (D), oipaHdueHa W HMeer OrpaHHyeHHLIe HeNpPepHBHBIE
Tpou3BOANKE 10 Topsaxka [ (/> 0), npuuem 1POH3BOMHLIE TIO-
psifka / MpPaBUJILHO HelPePHBHE, [. €, eCiH

o lea Pt Potpy="p
\6x”‘6y”-'6z" | P01, 2...,1) ©

H Iast moGOH mapel Towexk m, H M, u3 (D), paccrosHue 7y,

MeXIY KOTODPHIVK MeHbllle HEKOTOPOIO yHCIa 7y < 1, uMeer vecTo
HepaBeHCTBO:

1 1
(Gargiz ). —(Garsdr). |<are ©@<i<), @)

x"0y* 02" Jm, dx" dy'2 02" /m,
THe udcia A H A He 3aBHCAT OT BHIGDAHHBEIX TO4YeK, TO OyleM
TOBODHTL, uTO GyHKUH: [ npHHawiexut kaaccy H (¢, 4, ») s (D),
n Gynem 3anucuBats f € H(l, A, A).

3avieuds;, 4TO AP OPTOrOHAJBHHX NPeobpa3oBaHusiX KOOPLH-
HAT MPCH3ROAHAs KaKoro-iufo nopsmka or f B ONHOH cHCTeve
SIBASIETCS JIHHEHHOR KOMOMHANMEH ¢ OrpaHuuenHbVE K03 HLHeH~
TAVH IIPOM3BONHBIX TOrO e MOPsiAKa or f B HAPYro#i cucreme,
NPUXOTMM JIEIKO K BRIBOLY, 4r0 BHIOJHEHHe HepapeHCTB (64)
1 (65) B o@HOH cuCTeMe OGECMeuHBAET BLITIONHEHHE AHAAOIHYHBIX
HEPaBeHCTB B /IOGOH Apyrofi cucrevie AeKapTOBHX KOODAHHAT,
npuyem A samensietca Ha cA, rhoe ¢ > 1 ¥ 3aBHCHT TOJIBKO OT [.
Tak Kax Has MNOCAeAyOWUX DPACCYKIEHHH 3TOT MHOWHUTEIL ¢
Iaa Hac Oymer HecyullecTBeHeH, TO 6yjiev CuMTarb, 4ro Hepa-
BeHcTBa (64) u (65) Buimoausorcs B MoGOH cHcTeMe, eCIH yCTa-
HOBJIEHO, 4TO OHHM BHIMOJHSIOTCS LISt HEKOTODOH.

AwanoruuHo omnpefeneHue knagca H(l, A, A) ang dynxuud
IBYX TepeMeHHHX,
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[Tycts Teneps (S) savkHy rast moBepXHoc s JIamyHosa U N BHelti-
g Hopmanb K me#. [TpoussoneHyio Touxy nmg Ha (S) npuvem 3a
11a4a70 MeCTHGH /lexapropofl CHUCTeMb KoopamHat §, ¥, §, Hanpa-
BaB OCb [ mo Hopvand N, B TOuxe fm, 4 3adUKCHPOBAB KaK-
HE6Ymb ocH &, v B KacarembHolt maockoctH. Torma uz § 1 (1)
cinenyet, yro uacre (X) riosepxuocrd (S) suyTpH cepn Jlany-
HOBA C UEHIPOM B 1, TIEPeCeKaeTCs KAXIOH NpaMOH, mapamiesnsb-
HOH ocH { He 6Gojee OXHOTO pasa W MPOEKTHPYETCA HA MAOCKOCTh
(5, M) B obmacth, comepmaulyio Kpyr .\, c LEHTPOM B m, H pa-

auyca d, =g d. Yepes (¥,) 06031auru wacTs (Y), NPOEKTHPYIO-
uyiocst B (Ag). B ganeHefimev Oyfem Cudrate a8 TPOCTOTHE

dogi; TOTAd PACCTOSIHHE MEKAY ABYVS JUOGHIMH TOuKaMH (A,)
He npes3ofiaer 1.

[Tycrs Ha (S) sagana dyuxumn w. Ecam £, ), £ KoopiauHaTh
10UKH m Ha (£,), T0, noxoxkus v (§, n) == u(m), onpenemun B (A,)
v KaK QyHKUgio ot &, .

Bymev ropopute, uTo (PYHKUHS 1, ONpejpencHHas Ha (S), mpu-
Hamaexut kaaccy H(l, A, A na (S), ecm w(§, n) € H(, 4, 1)
B (Ag),  ecit A 4 A He 3aBHCAT OT BHIGOPA TOUKH I,

ITycrs m; u m, ABe T0ukH HA (¥,) ¥ 7 PacCTORHHe MEKLY
vy, OGo3nauas uepes p MPOEKIMIO OTPe3Ka MM, Ha INIO-
CKOCTDb &, 7, mveem:

oL
PLr a2
¥ noatomy gh < r* < 2% Otcioga caeayer. uro (yHKiHs upa-
BH/IBHO HempephiBHad Ha (S), npunannexur kmaccy (0, A4, 1)
u, Haob6opor, dyuxuus kaacca H (0, 4, X) npaswibHo Henpe-
peiBHa Ha (S).

Ecmu dynxuns f(x, v, 2) € HO, 4 1) & (D)), 1. e. mpa-
BUJIBHO HempepwiBHa B D;, TO, Kax 310 Ghio noxasaHo B § 2 (1),
ee mpemenbHoe 3HadeHwe (f) na (S) mpaBunbHO HEMPepHBHO
Ha (S) u, crexosarensHo, (f) € H (0, cA, X) ua (S).

OueBuanu criepyioume csofictea pyuxuufi us H(l, 4, i),

1) Ecim v, € H(l, Ay, A), vy € H(l, A, 1), TO

a) pytie € H, A\ Ay W),
6) uy - o € H(, A4, A),

Fde ¢ > 1 ¥ 3aBUCUT TOJBKO OT /.
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2) Ecn p €H(I, A, X)), T0 w € H(L, A, V'), rae A — npous-
ROJIbI 0 YHCAO M3 mpomexyrtka 0 < A" < A.

3)Ecm w€H(, A, Myua (S), (I 1), ouw€H{', AY 2, 1)
Ha (&), tne 0/ <l mo6oe uenoe uucno. Ecanm ofaacte (D)
REINYKJIA, TO AHAJIOIMUHOE CBOHCTBO MMEET MECTO H 11 hyHKIMH
f € H(, A, }) v (D), torbko A}/ 2 caeayer samenuts na A} 3.
Ecnu o6nacrs (D) orpaHuueHa nosepxHoCTbio JlanyHoBa, TO, Kak
a1¢ caeayetr u3 § 2 (I), vomyumu:

feH(r, L34 1).

sin o

flepefitev x cCaenywomemy onpejeneHui0. YpasHende (YY)
8 vecrHo# cucreme xoopnauuar &, v, { dveer sua:
L=F( ). (66)

Byaevw rosoputb, uto (S) npuuamiemdt kaaccy J, (B, R), ecuu
F@¢, )€ H(k, B, A) ¥ udcna B ¥ A He 33BHCHST OT BHGOpA
TOY H M.

[Mosepxuocti JlamyHosa cyTh mosepxHocTd Kaacca JI, (B, ).
[Mycts x, ¥, 2 QUK(HPOBAHHAS CHCTEMA IEKAPTOBHX KOOPAHHAT.

Jlemva 1. Ecau (S)EJ, (B, L), 10 cos(Nx) € H(k—1, ¢, }),
20e wucao ¢ sasucum mossxo om B u R.

Liycts m, nexotopas toyka (S) u &, %, L MeCTHme KOOpIH-
Hatel. Tak kax

c0s ( Vx) == cos (V) cos (&, x)-+ cos (N2)cos (v, x)-+
-+ cos (Mg} cos (%, X),

a cos(% x), cos(w, x), cos(%, x) Aad PUKCHPOBAHHON CHCTEMH
£, 1 UOCTOSHHEI M MEHbUIE [0 MOIYyMO eIMHHUS, [0 LOCTATOYHO
A0Ka3aTh, 4T0 B ({g)

cos(NSYE H(kR— 1, ¢, &), cos(Vi) € H(k—1, ¢,, 1),
cos(N0) € H(k—1, ¢y, 4),
TAE ¢y, Cp 3 3ABMCAT TOMBKG OT B u k. Hveem
—F
Vel 4oy

OTKyia BeiTexkaer, 4to cos(NE) xak ¢yHknus ot & 7 mmeer
B () HemnpephiBHEIE NPOM3BOAHHIE O fopaaxka k— [.

cos (V&) =

k]
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[TycTs ¢ 03HauaeT YMCAO PA3JMYHBIX NFOHM3BOIHBIX [0 MO-
srxka kB or F(§, ). OCoznaunv

4 ! ! ’
aleE1 d(_,z:F,‘, 73:FE"'-) dq'—_‘-Fv‘k'

‘orga uveew:
0t cos (N3) — Ry (a0 2g) 1 (a )
- - CE—— il i YR G TR R
alla.rll_ (V1+ai+a§) I+1 a’s

e Ryp, ecTe nenas pauuonanbnaﬂ (hyHKUMS CBOMX 4PryveHTOB
t nostomy ®;7,(%;, ..., @) ABASETCA OTPAHMUCHHOR M mMverouleH
Y'PaHUUEHHbIE TEpBLIe nponssonﬂme B obnactu |a;| < B. MycTs

* ects wakcmwyMm Bcex [Py (ay, ..., a)| mum |a;|<B w

" a‘bk
ks
T+ L<<k—1, a ¢ ecTp MaKcHUYM BCex ~-aa—‘_| aas |a; | < B
t
1 R+ hy=Fk—1.
OGo3rauas uepes o; ¥ a; 3HaueHus a b rouxax (, 0,) u

£, Mo) M3 (), uveew:

2f—af | <BV2gy e py=V(F —&)R-F (n, —1.)%
[Toatony

<6k—1cos (N3), . (g:l cos (NQ) o
I\ 0kont )(é.m asf o Je. w

k
Y 0®k 3 ! 7 Y74
== - R o’ —
| 1:21 < 011; ) ( 4 aq’ )

7 - 2
O603bauas uepes ¢, Goabliee u3 uucen ¢; u g}/ 2 ¢1 B,
sakmounM, yto cos(NE) € H(k—1, ¢, ). AHanoruuHo moxa-
3uBaeM fas cos(Nn) u cos(NG). Toria cos(Nx)EH (B— 1, ¢, 1),

rie ¢ = l/cf-—}—c:’ -}—c; Ananoruuto: cos (Ny) € H(k—1, ¢, }),
cos(N2) € H(k— 1, ¢, A).

Jlemma 2. Ecau wCH(I, A, X) Ha (S) u (S)EJ (B, k),
20e XN <h Lk, mo

D € Hl—1, a4, V), (67)
20e a 3asucum moasko om B u k,

<q v 2 C;/Bpﬁz‘
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Mycrs my rtouka ua (§), & 7, L— MecTHbE KOOPAMHATHI.
Torza ana ¢ ua (%) nmveem p=p(§, 7).

PaccmarpuBas 1 (8, %) kak Qyskumo, He 3aBucauyro ot &,
HO ONPeNEeNeHHYI0O B LMAMHADE C oCHoBauuev (Ag) ¥ oceio OF,
ONyYUM:

@ap—-@%) i 5 C s(Nx;~[a= cos (&, x)+ cos('q, x)]-

[ cos (NE) +— cos (N'q)] cos(Nx).  (68)

QOuesunaHo %% u ?% € H(l—1,A,1)B (A,). Kpome Toro, B(Ag)
cos (NE), cos(N¥), cos(Vx) € H{k—1, ¢, &)
#, clrepopatensho, B (Ay)
cos (NE), cos (N), cos(Nx) € H(l—1, ¢ V2, 1)

rie ¢ 34BUCUT Toabko oT B u k.
Monbaysck ceofictBavi la w 16 mig cyMMb M IpousBefe-
nua ¢ynxum# w3 H(/, A, A), a Tawke TteM, uto cos(§, x) u

cos (7, X) TMOCTOSHHB M 110 MOAYJIO He Gojblle eAWHMIlBI, Hal-
aeM u3 (68):

D € Hi—1, 24+2cA(CY 2, V)

M, ClefoBaTenbHo, uMeeM (67), rae a= 2 -} 4cC.

Byzev o6osHadats uepes (f) nOpedeibHbie 3Haueuus Ha
(S) dyuxuuu, onpesenertoit B (D;) umu 8 (D,).

Jdevmwa 3. Ecau (SYEJL (B, V) u f(x, vy, 2) EH(, A, L)
8 (D)), 20e Ik, mo (f) € H(l, cA, }) na (S), 20e c 3asucum
moasro om B u Il

B cavom gene, nycts &, 7, { MeCTHasm cuCTeMa KOOPAUHAT
¢ HauanoM B Hexoropo# touke m, Ha (S). Ilpu moctarouso
M4JIOM TOJOKUTENBHOM 2 TI0BEPXHOCTh

L=F(¢ n)—=

nexut Buytpu (Dy;). O6osuauas f, §, m)=7FE, 7, F(& n)—e),
noayuuM st (f) Ha (Fo):

(f) = lim fe(E’ "i)-
>0
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dynxuua f, (5, M) umeer B () nenpepulBHbIE NPOM3BONHBIE
10 £ u m nopanxa [, npuyev f, W ee NpoussoHEIE 10 MOPARKA /
ipu e — 0 paBHOvepHO crpemarcd k (f) ¥ COOTBETCTBYIOLIUM
Ipou3BOAHEIM TI0 &€ ¥ v ot (f), paccvarpuBaeMoft Kak QyHKIHA
v (Ag). Kaxnas mpoussomuas o1 (f) siasierca, Takuv o6pasov,
:yMMO#i KOHEYHOr0 YuCHa CharaeveX BHAA

T

i1 gt PihpehE <

Jlemma 6yneT jgoxasand, ecau-nokasars, uto o (&, 1) € H{0, cA, ).
orf

0% I 1L <!
Q(E’ 71):( "]710 17: ﬁ]’)]] Ps

e S S wiBHa B (D,
Hpousronnas 557 gmPe LT NPABUIBHO Henpep (D) m
ee UPeNeNbHOe 3HAYeHHe eCTh APaBUABHO HenpepbiBHasd QyHKIus
Ha (S).
[Tostomy

(—-—?—p—f———) EHO, c,A, 1) 5 (A
g 0'qp~’ o ®s 0
Kpome Toro, ‘
OTE € HO, B, ) s ().
0 tom !
[Tosromy
o, ) € H(O, c,4, ») B (),

rie ¢, 3asucut 1oabko or B u L Tak xax npoussojuas o I1o-
panka ! or (f) ecTh cyMMa KOHEYHOro uucia rakux QyHKUu#
o€, ), TO OTCIONA CNEAYET, Yro BCe MPOMIBOMHbIE KO mMopsaaka [
OrpAHHYEHBl Y4UCTIOM BHAZ c,A. JTUM JeMMa NOKA3dHA.

§ 19. Morennmans mpoctore u xsofiHore ciaos s JI

OGo3naupum uepes V [p] noreunuans npoctoro ¢/os ¢ MIOT-
nocrelo o W uepes W [p] norennuan gBo#iHoro cnos ¢ nAOT-
nocruio w. [ycts ¢ € H (0, A, A), 1. e. IPaBUJbHO HeHpPepHIBHA
ua (S). Toraa teopema 3 § 3 mouHMvaer BuI:

Teopewva 1. Ecau p € H(0, A, 1) #a (S) u (S)EJI,(B, i),
mo

Wil € HO, cA, ¥) & (D) u s (D),
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20e L\ npoussoasno (A <L), @ ¢ sasucum moasio om B u
subopa A,
AnanoruuHo Teopema § 7 npuHuMaer BHA:
Teopema 2. Ecau p € H(0, 4, ) na (S) u (S)EJ, (B, A),
mo
Vil € H(1, cA. V) 8 (D) u 8 (D).

Hanomrum rtakxe pesyasrarst § 8 w 10. Wmenuo, pesynbrar
§ 8 Takos:

ecma p nuddepenuupyema Ha (S), u (S) uveer HenpepuBHHE
3JEMEHTH KDUBU3HH, TO

(ﬂg—i—“]— = V[P — vKcos (A}x)] -+ W cos(Nx)]. (69)

Peaynntar § 10 Taxkos:
ecau . Jlmpq)epeﬂunpyema Ha (S), n (SYEJ,, 10

0“’5/\5&*] = V[COS(N)’)@ p—os(Nx) @, ul -+

-+ 0_2 Vicos(N2Y @, — cos (Nx)@.n].  (70)

[Toaesyace teopemavu 1 u 2 u dopmynamn (69) u (70), noxa-
KeM Teopevnl,

Teopewma 3. Ecau (SYEJ, (B, (B =0 uvEH(, AL
ra (S), OLILk+1), mo

Wil €H(U, cA, V) v (D) u 8 (D))

Teopema 4. Ecau (SYEJ,_,(B, 1) (R >0) u p, € H(,,
A, A me (S), (0L K R), mo

Vipl €H(, -1, cA, ¥y 6 (D)) u 6 (D).

O6e TeopeMbl OYyLeM [OKA3b/BATH OZlOBPEMEHHO. 3aMelMV,
uTo TeopeMa 1 ecTh wacTmit cnyvad Teopemu 3 (=0, k= 0),
a teopeMa 2 ecTh YacTHhI#l ciydait Teopemul 4 (/;=0, k= 0).
Tak xak nosepxuocTs knacca Jy,, npusHamdexut Kiacey JI,,
TO Teopemsl 3 u 4 pokasauw ana /=0, I, =0, £ > 1. Octaercsa
paccvoTpers cayuait /=0 u [, +0, B> 1.

CripaBeiuBEl B3 YTBePKICHUA:

1) Ecrm teopema 4 Bepua nas wexortoporo [y, (0 </l < &),
10 Teopema 3 BepHad Jia [ ==/ - 1.



§ 19] norexumaiel mpocToro W psofitioro cnos s JI, 125

2) Ecam Teopeva 4 BepHa A7 HEKOTODPOro l;, 0<11’<k— 1,
a teopeMa 3 RBepHa Ajd l:l;—}-l, To Teopeva 4 BepHa An1d
=041k

MH noKameM 3TH yTBEDXKICHMS mo3xe, a cefuac, nomibaysch
HMH, TOKaXeM TeopeMul 3 u 4.

Ie#icTBuTeIbHO, Tak Kkak Teopeva 4 gas [/, =0 Bepma, TO
U3 MEepBOi0 YTBEPKAEHWA CIelyeT CApaBELIHBOCTh TEOPEMBl 3
A [ =1. Torga u3 teopemb 2, noxka3auio#l cetyac teopems 3
ang /=1 W u3 BTOPOro YTBCPXAEHUA cjenyeT TeopeMa 4 anis
/[, =1. Tlocae 3Toro Ha OCHOBAHKM NEPBOTO YTBEPNKAEHUA Cle-
ayetT TteopeMa 3 Aad /=2 ¥ HAa OCHOBaHHM BTOPOr0 YyTBEp-
Kjieuus Tteopema 4 xnas [, = 2. ITH PacCyXAECHHA MOXHO MpoO-
momxaTth o Tex nop, noka L, Lk u lLh41.

Takuv o6pasom, oOcrasioch fLoKa3aTh yTBepiAeHus 1) m 2).

JHoxaxem nepsoe ytsepwienue. [Tycts 0w €H ([, 41, A, 1),
(0, < k). Ha ocxoBanuy gemm 1 u 2 § 18 3akmouaeM, 4To

cos(Nx), cos(Ny), cos(N2)€ H(k, ¢;, 1),
n tak xak [, <k, 1O
cos (Nx), cos(Ny), cos(N2)E H({;, ¢y A).
Kpome roro, tak xak [, 1<k 1, To
Dt Dy @0 €H, cA4, W)
Mostowy
cos (NY) @ 1, cos(NX)@,», ..., €H(l, ¢ A, }),
M B CHNy TMPERMOJOXeHHOR CNPABEATMBOCTH TeopeMul 4 ans [,
3aKmoyaev:
V[cos (Ny) @ 1 — cos (Nx) @ ,ul,
Vicos(N2) @ 0 — cos(Nx) @ w1 € H(L, 41, ¢c;A, V),
orkyia, B cuay dopmyas (70), caexyert:
WL e 1, 2c4, V). (71)

Herpynno BupgeTh, 4TO CYWECTBYET MOCTOSHHAA Cg > 0 Takas,
qro

| Winl | < ced. (72)

Heficrutensio, W [p] rapvonmueckas srytpu (D)) u (D,),
u nostomy Maxcumym | W[y | mocturaercs ua (S). [Mocneguuit xe
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He HpeBOCXOAUT
A[Qﬂ-{—max fl&s(g‘w—l)lqu, my Ha (S).
(s') 10
OGosHauast uepe3 ¢ Gonbllee M3 HMCen 2¢; M Cg, HA OCHO=
Banum (71) m (72) saxmouus:

W[p'[ E H(ll + 17 CAv AI)’ (73)
U TaKHM 06pas3oM IePBOe YTBepWAeHHE ROKA3aHO.
s

Joxawem Bropoe ytepxnenue. ITycte w, € H(h-+1, A, X),
(0<l§<k—1). Torga wu, cos(Nx)EH(l;—f-l, c,A, 1), Tax
Kak l;—f— 1 &, u, caegoBarenbHO, cos(Nx)EH(l;—}-l, ¢y A).
Benenctere npeanonoxeHus O CNPaBeIJUBOCTH TeOpeMbl 3 AN
l=l;+1, 3aKn ouaew:

W w, cos (NX)] € H(h =1, ¢4, ¥') 8 (D;) 1 B (D,). (74)
Hanee nmeem

Do EH U, 04, 1.

Mu nmpeanonaraem k> 1. [Mostomy k- 12>2 u, cienosa-
TeNbHO, (S) UMeeT HenpepuiBHLIE 3JEMEHTHl KPUBH3HBl, TaK 4TO
¢dopmyna (69) npumenuva. Tak kax cos(Nx), cos(Ny),
cos(Nz) € H(k, ¢, X), TO
K= @, cos (Nx)-4- D, cos (Ny)+ @, cos (N2) € H(k—1, ¢, »).

CrenoparensHo, Tak kak /j < & —1,

cos(Nx), cos(Ny), cos(Nz), KEH(l;, s L),
U T03TOMY
© K cos (Nx) € H(l, c, A
OTtcioxa cneayeT, uTto
Dy — p K cos(Nx)E H(Ly, ¢r, W)

'4
B cuny mpeanmonoxcHHO# cnpaBefMBocTH TeopeMbl 4 and [y,
3aKniouaey:

Vi@ — uiKcos (NOIEH (hi-F 1, ced, ) B (D)) 1 B (D,).
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Orciopa, ucnons3ys (69) u (74), Haxogum:
VIl € H @y, 008, X) 5 (D) w5 (D), h=441. (15)

Tax kak V [p,] rapMoHnueckas BHyTpH (D;) m BHyTpm (D,),
10 | V[p4]| AocTuraer maxcumyma na (S). Ilostomy
| Vipl] < A max ? ==¢,04, My Ha (S). (76)
. 10
(S)

O6o3Hauas uepe3 ¢ Goablllee M3 YHUCET ¢g M €y, HAXOAMM
u3 (75) u (76):

Vsl € H( 1, cA, X)) (77

K yTBepXjeHue 2) noxazano. Teopembl 3 M 4 noKa3aHH.

§ 20. HoioroHoB noteHnuan B 06JacTu, orpaHuueHHOMN
noBepxHOCTLIO JI,

HrioTOHOB noTeHIMa € TWIOTHOCTHIO p. 6y aeM 0603Ha4aTh Pluw].
Torga teopema § 16 Mower 6niTh OpPOYTEHa TaK:

Teopema 1. Ecau p&H(0, A, &) 8 (D)), & D; ozpanu-
wena nosepxrocmsio (S)EJI, (B, X), mo

PlI€H (@2, cA, ¥). (78)

Kpove Ttoro, dopmyna (61) § 17 gna mepsodl MpOM3BOAHOH
HLIOTOHOBA MOTEHIMaNa C AU(QepeHuupyeMoli NAOTHOCTHIO HpHU-

MeT BHUA:
9 9
Ploj P[a;] V [w cos (Nx)). (79)

IloxaxeMm clenymomyio Teopemy:

Teopema 2. Ecau (S)EJ (B, k), p&H(, A, X), 20e
0LILR, mo

Plpl€H (42, cA, W) 6 (D)) u & (D,),

2de X' npoussoavro (0 < N < 1), a ¢ 3a8ucum om B u guibopa X',
Teopema 2 cogepmMT Kaxk uvacTHbIH cayuali rteopemy 1
(!=Fk=20), n atun Teopeva 2 pokazaHa gaa /=0, B> 1.
Ilycte Teneps k7> 1. [TokaweM, uTO TeopeMa cHpaBelaMBa
s pEH(, A, &) (1 <1 k), ecw npernoioxuTs ee crpa-
peAnmBod ana p € H(—1, 4, &) B (D).
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HAeicteurensHo, ecau w & H(l, A, A) B (D;), 10
d R
SSEH(I—1, 4, 1) 5 (D)),

M B CWIYy TDEINOJOXKEHHOR CUPaBefJHBOCTH TeOpeMbl AN
pEH(—1, A, ) zaxmouaev:

k [%JGH (+1, ¢4, N) B (D)mne (D) (80

Tax xax wE€H(, 4, &) 8 (D,), ro B cuay aemvnl 3 § I
(wYEH(, A, +) na (S). Tak xak [ <k~ 1, TO B CHAY NeVMBI
§ 18 cos (Nx)E H(k, ¢, ») n Tem cauum cos (Nx)EH(l, ¢, &)
U 1103TOMY

v cos(Nx)E H(I, cA, &) uHa (S).
Orciona, B cuny rtcopemnt 4 § 19, sax/mouaem:
Visecos(NO) EH (-1, cgd, A) 8 (D)) n B (D,). (8}
Ha ocuosamun Qopuyn (79), (89) u (81) 3ax.aouaeu:

op ,
BWLCH( 1, e, ). (82

Herpyaso Bugetsb, 4TO cyuiecTByer noCrosnuas c¢g > 0, uro
(Pl <cA B (D) n B (D) (83,

HestctBurenbho, P [p] ecrb dyHkuus 1apvoHudeckas BHyTpH (D,
u, ciejosarenbHO, MakcuMyw | Plp]; socruraer 6o Ha (S,
m6o BuytpH (D,). INocneaHn#t e He NPesOCXOAUT

A - max J % ==cgA, mgy na (S) unu B (D).
1

(D)

O603Hauas uepe3 ¢ 6OMbUIYIO M3 MOCTOAHHLIX C; M Cy, 3KJIO-
yaev K3 (82) u (83):

Plpl€H(I--2, cA, 1),

ecim Teopeva 2 cmpasepamsa gag w EH(I—1, A, &) B (D).
Tak xak ana w€ H(0, A, 1) rTeopeMa 2 [0OKa3aHa, TO OHA
BepHa aas L€ H(l, A, A), rae I=1,2, ..., k.
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§ 21. Mpamble sHAY~HHA NOTeHUHKAJA ABCHHOrO CJOH
M HOpMaJbHcil npomsBoauell moTeHyuasna
npocrore ciacs Ha JI

B § 3 n 5 6una moxasaHa NPABUIBLIAA HETPepHIBHOCTHL IO~
TEHIMana AB0AHOrO CAOd ¥ HOPVA/IbHOH MPOM3BORHOMN TOTeHuMaNd
MPOCTOFO CNOfi, paccMarrusacvux Kak dynxuma touku Ha (S),
TPH YCNOBUH, YTO NJOTHOCTH . OrpaHnueHa. VveuHo OHLiM noka-
3aHBl TEOTEMhI:

Teopema 1. Ecau (S)EJ, u |pj<A Ha (S), mo
Winl € H(Q, cA, V) na (S).

Teopema 2. Ecan (S)EJ, u ju|<<A na (S), mo

av[u] '
~FEH(0, CA, }\) HQZ (S).

ViMeoT viecTo crlesyloniie Teopeusi:
Teopema 3. Ecau (S)EJT,o(B, }), € H(l, A, X) na (S),
(> 0), mo -
Wiwl EH(I+1, cA, X') na (S).

Teopema 4, Ecau (S)&JI; o(B, ), v €H(l, A, }) #a (S),
(! >=0), mo

VI €1, ca, 1) na (S),

Hoxkasareascrso rcopeM 3 M 4 [OBONBHO CHOKHO M IOMe-
1eHo B Aono/dHeHdd 1V,

§ 22. 3aMeuanysi o moTeHmuanax kxacca C*®

byaem rosopurs, uro ¢gyukums f(x, y, 2)=f(m), o1ipese-
Aewas B obaactu (D), npuHamnexur xaaccy C*(A), ecou f
uveeT B oOnaacTu (D) HeupephiBHbie M OrpaHKYeHHHe MPOU3ROLI-
Hee mopsgkd R (k> 1) v 3TM NpOM3BOsHBE M camad GyHKuMsA
He TPEBOCXOAAT TO MOAYMIO yucna A.

Ecnu obnmacte (D) orpannueHa nosepxHocTsio JISNyHOBE, TO
NPOU3BO.LHBIE MopAgKa B — | QyHKIVE [ NpaBuabHO HElpepPhIBHbB
B (D) u, caenosareswiio, f € H(k—1, ¢4, 1), rae ¢ HekoTOpas
TOCTOSIHHAS, 3aBMCHLLAT JaMHL OT pHia obaactu. Hao6opor,
ecmu f € H(k, A, 1), To rew campm f & CH(A), kakoBa 6l HH
6ua obaacrs (D). Ecam f uenpepnisHa u orpauuueda B (D),
T0 6yred mucars f € CO(A).

9 3ax. 49 H M Tourep
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Ananormunoe onpejeseHMe faeM A1 QYHKUMM ABYX Tiepe-
MEHHBIX,

bynem rosoputek, uto (yHKIMA W, 3apandas Ha (S), npuHag-
nexur C® (A), ecnu p(§, 7) npuuamnexur C® (A) B (Ag), n
A we 3asucwt oT BHCora TOukM m, Ha (S).

Bynev ropoputh, uTo MoBepXHOCTb (S) NPUHAJIEKHT Kiaccy
C®(By (k>»2), ecan F(§ v) nprHagnemut kaaccy CK) (B)
8 (Ay), 1 B e sapucuT or BeGOpa ToukM m, Ha (S).

Hs rteopem § 19, 20, 21 bpurekaoT ciegylowie TEOPEMb
Anst GyuKuui M nosepxHocred Knacca CK), #

Teopema 1. Ecau (S)E€ CH+D (B> 1) u w€ CO(A)
Ha (S), 1 LILk4-1), mo

Wiwl € CU-V(cA) 8 (D) u 8 (D,).
Kpoane mozo, ecan € CO (4), mo
W€ CO(cA) 6 (D) u s (D,).

Je#cTBuTe1bHO yrBepkAeHHE 1 [ > 1 cleiyer u3 Teo-
pevnl 3 § 19, Tak kak u3 p € CP caenyer w€ H(l —1, ¢4, 1);
ana [=0 cneayer ¥u3 TOIO, YTO TIUTEHIKAA ABOHHOrO €109
¢ HeNpephBHOA MIOTHOCTBIO lIETpephiBeH ¥ OrpaHNueH II0 MOIY.I0
quciom cA.

Teopema 2. Ecau (S)EC®+D (¢>1) u pgC®
OLIL k), mo

Vipl€ CO(cAy 8 (Dy) u 8 (D,).

Jus 1> 1 yrtBepxaenue cnesyer u3 TeopeMw 4 § 19; mna
Iw=0 caegyer u3 TOro, YTO NOTEHLMAJT NPOCTOTO CJNOS C Orpa-
HAYEHHOR ONOTHOCTBIO HENPepHIBEH M OrPAIMYEH 10 MOAYO
ynciaov cA.

Jlerko mpumsectu npumepbl Takux v € C¥, yro npoussoanbe
mops akos { wm [—4-1 or Wiw| uau V[w] cooTBeTcTBEHHO
Heorfaunyersl B (D;) u B (D,) u He npunamiexar kaaccam CW
n CU+D cooTBETCTBEHHO.

* Teopemut 1, 2, 3 storo naparpada Gpaiu poxasansl E. LiMuarom
(E. Schmiat) B cratbe ,Bemerkuug zur Porlemifaitheorle® (Maheme=
tieche Alhancdlungen Hermrann Amandus Schwarz zu selnem funfzig-
jarigen Doktorjubilaum, Berin, 1914). B sTolf craThe mpume~ei Merton
MaTeMaTHyechoft MHAYKLMH, KOTOPHH Hamu ucnoib3osad B § 19 u 20.
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Teopema 3. Ecau (S)ECUH+D (B >1) u p€CW(A)
8 (Dy), (0LILR), mo

Plpl€ CC D (cA) 8 (D) u 8 (D,).

Hna > 1 Teopema cienyer u3 reopemn § 20; ama /=0
CJAELYET M3 TeopeMbl O MPaBWIbHOM HEMPEPHIBHOCTH BO BCeM
NPOCTPAHCTBE HbLIOTOHOBA TMOT2HIMAAA C OrpaHHYeHHOH IJIOT-
HOCTBIO.

Hakonen, u3 teopev § 21 cnenyel

Teopema 4. Ecau (S)ECU+P(B) u w € CO (4) na (S),
({>0), mo

Wil o ‘YR o) wa (s).

§ 23. MoTeHUua Bl NPOCTOro M JBOHHOTO CJOH
C cCymmupyemoli IIOTHOCTBIO

[Mpexxge 4eM u3yyaTh CBOHCTBA NOTEHMANA NPOCTOrO CJOA
¢ CYMMHpyeMOA IVIOTHOCTHIO, M3.I0XKMM 6e3 [10Ka3aTeJbCTBa Te
cBOMCTBA cymMMmupyevnix (yuxuumit u uurerpana JleGera, xoropeie
HaM noHanoOsTcs B noctexywouiev. Ilpu stov M He mxaem
onpejeneHus CyMMupyeMmx  (QyHKuuit wu wuHrerpaia JleGera,
OTCHIa  uMTareas, wHanpumep, K V Tomy ,Kypca BHCHIEH
vareMatnkn® B. M. Cvupuora wm x ,Teopun dysxuuéi seie-
¢rBenHol1 0 nepemendoro® M. Il. Harawcowna.

HeoGxoauMble HaM CBOMCTBA CyMvupyeMblX QyHxuu#i Gyidew,
A9 onpegeneHIocTH, GopuyIupoRath AAS QYHKLMK, onpeieneH-
IIBIX ¥ cyvvupyeMuix #a (S), nputov B dopve, HeoGXomiuvoh
1aM JIJS MOCAEAYIONero.

l.HepasencrBo das Moayaa unterpauna. Ilycrep
cyvwvupyeMa Ha (S), a f HenpephiBHA M IO MOLYMO HE IPeBOC~
xomur A: |fl < A. Toraza uf cymwupyema u

.fpfdc]<A [Ip.ldc.
® )

Otciona HemoCpejCTBEHHO CJEXYeT, 10 eC/| HernpepslBHAS
dyukuust fj, (m), onpenenenHas Ha (S), 3aBUCMT OT mapaMerpa A
W CTpeMMTCS paBHovepHo npm k>0 k HenpephBHOH ¢yuk-
uan f(m), To
jl"‘fhd’"“ “u‘fd“

h—)O ) (8)

9*
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2. CBo#éicTBo a6CONWTHON HeUPEPHBHOCTY HH-
terpana Jle6era. Ecau p cyumupyema sHa (S), To, KaKoso 6l
HE 6BIo e > 0, walimerca Takoe & > 0, uto

J lu|ds <,
(%)

rae 6 — vacrb (S) BHyrpu cdepnl paguyca § ¢ UeHTPoM B moGok
rouke nosepxuoctu (5).
3. Touxu Jle6era cymmupyemoHh GyHKUIUU.

[ycth my nexortopas Touka {(S), u 0 <8<%—, rie d paauyc

cpeper Jlanywona. Yepes (3, my) 0603HAUMM Ty 4acTh 1OBEpX-
HocTH (S), xoTOpasi JewHr BHYrpu cdepn JlAnyHoBa ¢ LeHTpOM
B /M, W (POCKTUPYETCA HA KACATEJBHYIO NJIOCKOCTh B TOUKE 71,
B KpYr paguyca & ¢ uentpom B mg. [Iycts . cymmumpyema
na (S). Touka m, wHasbiBaercs Touko# Jlebera oyHxuuu p,
eciu

limT-:;—2 ) fp—u,|do==0,

(3, my)

rie W,— 3HaueHue Y B TOUKE .

Ovosraany MHOXeCTBO Touex JieGera ¢yHkumM p depes Q,.
M3BeCTHO, 4TO MHOMECTBO TOYEK, HEe SB/IMOLMXCA rouKavu Jie6era,
MMEET Mepy HyJb, T. €. mes(S—@Q,)=0.

4, Teopema ®y6unu. Ilycrs F(1, 2) dysxkuus gsyx
104eK m, ¥ M, mnosepxHocru (S). Ilycrs F (1, 2) cymmuryeva
KaK q)yHKuym TOUKHM Mg JJIA BCEX /i, 32 UCKIIOYEHHeM
HEKOTOPOr0 MHOMECIBA TOUCK MEPBl lLiydb, U CYyMMUpYyeva Kak
(hYHKUMA TOYKH M, IIA BCEX M, 32 HCK/IO (EBHHEM HEKOTOPOro
MHOXECTBA TOUEK Mepnl Hysab. Paccmorpuv uurelpan

o(1)= f{F(l, 2)| ds,,
(82

ABJSOLMACH QYHKLIMEeH TOUKH M, [TPHYEM 3TOT HHICTPAI MOXKET
6uITh pacxolsAlI¥MMCA A9 TFOYEK 711, OO6pa3yOIUX MHOXeCTBO
MepHl HY/b.

W3 teopembl &y6uHuM 0 KparHelx uHTerpadax JleGera Moxuo
cAeNaTh Cjegyiolliee 3aKJII0ueHue:

ecin  ¢yskuua @ (1) cymmmryema Ha (S), TO and BCex
104K My, 32 MCK/IOYCHHEM MHOXKECTBA Mephl HYyJb, CYLIECTBYer
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MHTErpan

@)= [F(,2ds,
(81

spistioltuiicss  GyHkuuelt, cymmupyemolh Ha (S). Kpome Toro,
MMeeT MEeCTO DPAaBEHCTBO

J[[r0.vas]in =[] [ 70, Dan ]

(S (S.) ) (S)

Ananoruusbie CBOHCTBA WUMEIOT MECTO IASi (GYHKLMH, CyMMH-
pyemuix B (D).

[MepefineM K wu3ydeuMio TOTEHNHaAd NPOCTOIO CJOH, IIOT-
HOCThL 1% KOTOpOro sBJsercs cymmupyemoid dyuximedt Ha (S),
1ae (S)— nosepxuoctb JlAnyHoBsa,

Hmeenm

V)= [py& (84)

rip
(S

1
Ecmn Touxka my ue nexur Ha (S), TO ~— sABifeTcs Ha &)
10

HenmpepniBHOK yHKIMeH TOuKM m,, W uuTerpan (84) sBisercs
cxoasmuMca. DBosee TOro, OTMEUEHHOE BHIlleé HEPABEHCTBO MJIS
MOJYJst HHTEIDAJa f03BOASeT B3aK/o4YuTh, 4to V (0) sABngercs
(yHKUHeA HenmpepslBiOd W UMeIoniefl HeNpepbiBHbie NPOU3EOT-
Hele MO6GOTO0 mOpPAIKa BO BCRKOM Touke, He dexamed Ha (S).
Kpome Ttoro, V(0) ynosiersopsier ypasHewuto Jlansnaca u npu
HCOTPAHHYeHHOM yjaajeHuu Touku m,V (0) u ero mpousBoiMbie
crpevsitcs Kk Hymo. Orciona cneayer, wio V(0) sBnsiercss rap-
MoOBHYeCKOH (yHKIue#l BO BCAKOH o6nactu, Jexallel BMecte
¢ rpauuneit B (D;) wmu B (D,). WUsyunu mosenenue V (0) npu
npAGAVIKEHMd TOUKH M, K mosepxunocty (S).

Teopewma 1, Ilyems p cymsupyera na (S). Toeda unme-
epas (84) cxodumces, ecau mouxa my Ha (S) He npunadiexcum
Hexomopomy MHoxcecmsy meps Hyav Ha (S). Kpome mozo,
V(0) ssasemes cymmupyesmol dhynryued na (S).

JleficTBUTE/IbHO, TIONOKUM

1
F (0, 1)=t*_rf;)
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M PacCMOTPHUM HHTerpan

' iw(l), ’ oy
o(l)= r!F(O, Dldoy= ‘ v d3y == |u(l)] ‘ o
(S (S (&)
Tak Kak wunTerpal
* doy
T1o
(o)
ABJIM€TCA HefpepuiBHOH M OrpaHudenHod OYHKuIue#H TOYKM My
Ha (S), 70 9(1), Kax npou3seneHde 10H QYHKUWM HA CYyMMH-
pyevyio ¢yncimo |w(l)], sBiseTcs Ccyumupyevol byuxumel
Touku m; Ha (S). Ha ocuosanuu Teopevbt GyEuHy oTCIOMA 3210~
yaeMm, 4To uHTerpan (84) CXOAMICH, €CAM TOUKA M) He NPUHALIEKUT
HEKOTOPOMY MHOXECTBY MepPnl HyJsb, 3aBHCTIIEMy 01 w. Kpome
roro, sakniouaeM, 4t0 V(0) ecth cymvupyemas pyHxums na (S).
MHoxecTBO TOYeK, JII9 KOTODHX HHTerpax (84) cxozutcy,
0603HaUKY Q;.

Teopema 2. [lycms mouxa my npunadiexcurm Q;, am,
mouxa gHe (S) aexcum Ha Hopmasuw x (S) 8 mouxe my Tozdc

lim V(2) =V (0).

Wy > My

JefictBuTelbHO, raK Kak m, lle npuHagaexur Q, Toi(—l)

r10

cymmupyema Ha (S). Tlo cRolcrBy a6coioTHON HENPepPBIBHOCTH

uHTerpana Jle6era cymMrpyemoli (yHKuMH Clredyer: Kakoso Gkl
m 6eino & > 0, Haitgercs & >0, uto

[da, . (85)

OGosHauuM uepes » NPOEKLHI0 Iy, Ha KaCarefbHyW T110-
CKOCTb B TOUKE my. KaxoBa 6ui HM Guia TOuKa m, HOPMaiu N,
B TOUKE /m,, OYEBHAHO, WMeeM I Touek m, u3 (8):

1o
'_2"‘<P<r1~_n

orkyga cienyer 1
2
<=, (86)

ry 19
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¥ TOSTOMY

u(l)‘d < 9 (87)
%)
HEe3aBMCMMO OT TOJIONEHHs TOYKM M, Ha IV,
Uveewu

VO—vO= b

" 1
. u(l)md%-}-

[ pb(l)[ ——‘1—0] ds,. (88)

r'io
(9’ 8)

Moayne pasHocTu mepBRIX IBYX HHTEIPanos npaso’ yacru (88)
ve mpesocxoaut 3z. Ilocaenmm#t unrterpa’® npaso#t uacta (8%)
SBAAeTCA Helrpe lBHOH (DYHKIVe# TOUKH M, B HEeKOTOpOH oKpecr-
HOCTH TOUKHM Mgy M CPPEMUMTCY K HYNIO NpPH M, —> m,. [TosTomy
MOXHO YyKkasatp h >0 Takoe, 4TO 3TOT WHTEIPAJT HE NPEROC-
XOIHT e, eclu 7oy < h. U3 (88) crenyer:

[ V(©2)—V(0)| < 4e,
KaK TOABKO 7oy <. A. IJTO MOKA3BIRaeT Teopevy 2.
Kak MBl BHIENM, UHTErPabi

"1 cos (r Ny | d "1 cos (raNY) | da,

3
& r
(6] 10 (‘ ) T10

2

CXOAATCA M ABISIOTCA OrPAHHUEHHBIMM ¥ HeNpPePuBHBIMU (DYHK-
nuaMu  Touyku m, Ha (S). Orciona, xak u B Teopeme 1 3toro
naparpada, CJIeiyer 3aKOYeHue:

ecau p cymmupyema Ha (S), TO uHTerpann

av ' o N,
= | e g,
& 10
" (89)
W)= | p1) Ll g5,
(9) o

CXOINTCS, €CM TOUKA My Ha (S) He NPUHALIERUT HEKOTOPOMY
MHOXKeCTBY Mephl Hyab Ha (S), H SBIWOTCA CYMVHPYeMhivu
byBKIUIMM TOUKM My Ha (S). MHOXeCTBO TOYEK, AA9 KOTODHIX
uHTerransl (89) cxonqrcd, 06o3HAIMN Q
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Jlevwuma. Ecau my ecmv mouxa Jlebeza cymmupyemol
Ha (S) dyaryuu v, mo unmezpas

leztolss,  0<igy (90)
(3, my)

cxodumes u cmpemumcs K Hyso npu ¢ —>0. Kpome mozo,
npu 8 — 0 cmpenumcs k¥ HyAl0 uHMeEPAL

|3 — o]

SR

(91)

pasHoMeprHo omHuocumensHo z # 0.
HebicTBuTensHo, 0603HAUUM

¢ = { | —po|do= ‘ [Pl‘ lp— volm}dm

(5 2my)

Tax kak m, ectp touxa JleGera, to U(p)=p’e(p), rie
e(p) — 0 npu p — 0. Kpome Toro, ¢ (p) a6COMOTHO HelpepuBHAs
GYHKIEA § U

’ . i ____‘?‘P___
Y (P)—Pé’ L —pol | cos (NNg) | *

TMycts f(p) oGosuauaer mmbo p*~2, aubo |z|(p2-4-22) 7.
Torna oba uccrenyembix MHTEIPajda UPUMYT BUA:

21':
dy

‘IP P‘olf(P)dP_‘f(o)[ 12 Po!m]@=

(5 m;)

A 5 3

= [7O¥ Ol =20/ @), — [ ¢OF O do=

1]

=e@®8f @) — [ @)Y @) dp,

0

tak kak ¢(p)f(p)— O npu p— 0 aas oboux cayuaes f(p).



y 23] MOTEHLMANLL C CYMMUPYEMOM TMJIOTHOCTBIO 137

B cayuae f(p) =p*~2 umeenm:

1< — [e@pf @dp=@2—n [P =

)
—@— e | prdp =E=02Ey 0 <p <9,
[

H s uHrerpasa (90) Jemma AoKasaHa, TaK Kak

' 21 :
. = = ol do — [3(3)+ —e(@)|,  (0<p <B).
(5,'m‘,)

B caywae f(o)=|z]|  (p2 -} 2%~ umeenm:
f=—3]z] p(2t22)7%,

U HO3TOMY
: :
0<——fe(p)92f’(p)dp=3lz||E—“—'L\ .zl‘ dp =
; (% zz.)“z 2 + 22

5
= 3 e )f——’&dp=3e(p)arctg—")—‘a<—n-e( ) (0<p; < ®)
= P1 J o 22 1 Tz1l, 5 &), P1
U, CHenoBaTeNbHO,

| R R o) S il £
12| (‘ (Ve+ 22)5 ds \e(b)(V‘ﬁ—é-{-zl)“ i
3x -, 8r
+ ey <@+ e o,

OTKYyLa CrnefyeT YTPepiiaenue JeMmMul jis wHTerpana (91).

M3 cxomumoctd uHterpana (9)) cllenyeT CXoAMMOCTh HHre-
tpaioB (84) u (89), ecam m, Touxka JleGera. JlelicTBUTE/BHO,
nanpuMep, Jins nepsoro wHielpana (89) uMeem:

b (1) cos (r;wN]) ds, — (' u(l) cos (1'2[0N0) do, 4
(8) "0 (Sl"(a my3) 10

Hpg j‘ cos ("10N0) do, -+ ‘ o — cos (roNo) da.

2
;
(3. mo) ¢ m)) 10

{3, m)
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CX0oOMMOCTh TEPBOrO ¥ BTOPOrO MHTErpasnoB NPasoft yacTw
O4YeBUIHA, a CXOAMMOCTb Tperthero Has Touxu JleGera cneayer
u3 toro, uto B (8, My) WVEET MEeCTO HEeOIHOKDATHO YIIOMKHAB-
Iasacs oUeHKa

cos (rIUNb) < 'gi_) . (92)

1o ?

AHanoruyHo JHOKa3aTeNbCTBO anA wuHrerpana (84) u  BTOpOro
urrerpana (89).

Otciona crellyer, 4To MHONecTBO (), Touek JleGera comep-
XKUTCY B MHOXKECTBAX Q u Q hi & ¢! KOTOprX unrerrans (84)
1 (89) cxomsirea. HyCTb Toqxa my Jgexur B (D) v B (D,)
Ha Hopvasu N, B Touke miy nosepxuoctu (S).

Teopema 3. Ecau m, npunadaexncum @Q,, mo

avi o dV(Q) av .
e _.m}gnmo dn = 2Tt -+ Ty ecau my 8 (Dy),
dV, LAV

= szm —gp = — 27y, 0—}— , ecau my 8 (D,),

20e %onpede/len nepsotl opuyaoi (89). Imu npedeavt sng-

asomes OYHKGUAMU, cyumupyesmssy Ha (S).
HeicTBuTensHo,

av(2) _ ‘ (1)cos (rpNo)dc — ‘ (1)L0> ("mNo)d

s ris (4 10
cos (ry5No) © cos (riNVy)
] [ — 2 |
(S) (8) 10
¥ €os (r1oN, ’ cos (rioV;
-+ J (1 (1) — po) =202 g ‘ (1 (1)—po) *‘%‘*"—(’-)dal-(%)
& T'ye S 10

PasHocts B KBaIpalHo#l cko6Ke mpaBoi uactu (93) sBasgercs
Pa3HOCTHIO MeXIy 3HA €HUEM B 7, NPOU3BONHON TO HAMPABJICHUIO
HopManu [NV, NOTeHnuana NpocToro ¢Joi ¢ IIOTHOCTHIO w =1
W NpAMBIM 3HAUEHWEM 3TOH napo3somHoH B Touke my. OTciona
Cneiyer, YTO 3Ta Pa3HOCTb CTPeMMICH K 2%, ecad my B (D),
M K — 2%, ecma my B (D,). Kpome toro, mepsoe ¢lharaeMoe
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npaso#l uactu (93) ecrsb ‘2

J0Ch  AOK333Th, 4YTO PA3HOCTb NOCAEHHMX ABYX HHTErpasnon

npasoit uwacru (93) crpemurcs K Hymo. ITy pasHocrh nepe-
nuygieM B BUe:

I mokazarenncTBa TEOPEMbl OCTa-~

’

(t ~— 120) ms%]‘@d% - [‘ (v — PO)EQE(_r’z@iV_o)_ dcl -+

) 12 (@, m) 10
N
+ [ ( P. )[COS E'I'12N0) cos (I'n ]d 1 (94)
(8,=(5, my) 12 1o

[ycts & 7, L MecrHme KOODAMHATH C Ha4yaaoM B 1,
Koopaunatet Touxu m, Gysev o6oznauaTh (5, . L); Touka my,
KaK Jewamasds Ha ocu §, uMeer koopamdatu (0, 0, 2).

Tax xak Ttouka m,(§, 1, O0) ymanmena or TOUKM m, Ha pac-
croduue |{|, TO OUEBMAHO MMEEM M3 TPEYTOJIBHUKA M Mignty:

[roy — Ve 22| <L < bptehy

OTKYAa 3aKjouaeM, Tak Kaxk p < ry,,

< < bp?

{1~sz+zz bt
rat ra1
U, CJeI0BaTEJLHO,

_L< 14 2> < 1+bo)
S VaTE Vets

Jlanee umeem:
|cos (rygN) | — E=5L Leitl B | bprrd
e re o Vet p

Uz MocaeAHUX JABYX HEPABEHCTB 3dKJI04aeu:

(1 - by

{ cos (r1aNo} | l21

i (Ve +2)°

[ToaTOMy Ha OCHOBAHWU: JIEMMBI CNEIyeT, W0 HePBh UHTe-
rpax B (94) crpemurca K HyJI0 npu ¢ — 0; aHANOTMYHO, B CHIy
nepasencTsa (92), sropo# wuHxterpan (94) crpeMurcs K Hyaw
npu 8 » 0. Orciona crneayer, YTo A4S [POU3BOJLHOIG € > 0
MOXKHO BHIOGpPaTh Takoe 6 >0, uTO MOIyJb PA3HOCTH MEPBHIY
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ABYX uHrerpaios (94) He mpessoiizer . IIpu dukcupoBaHHOM &
tTpetufl  uHTerran (94) crpeMHTCA K HyaIo TpY  my, —> my
W MOXHO yKasaTh Takoe A >0, uTo aad roy < A MOIYMD
Tperbero HHTerpaa e upessofner e. Taxkum o6pasoM, Moaysb (94)
He NPeBOCXOAMT Z2e, ecau ry, < fi; OTCIOAA PA3HOCTb MNOCJASIHUX
JBYX uHTerpazos mupasoft uactH (93) cTpeMurcd K HYaO

d
NPH Mg, —> My Tak Kak Y M —— ABJIAIOTCH CyMMUPYeMbIMM DyHK-

dn
nusvu Ha (S), TO cymMmMupyeMbiMH GyIyT %‘gﬁ u %‘;i’. Teopema

JI0Ka3aHa,
Paccvorpum Temeph mOTEHIMaN JBOWHOIO C/0H, NJIOTHOCTH U
KOTOpOro ectb (GyHKuug, cymmupyemas Ha (S):

i cos (ryNyp)
W(0)= | v (1) —5—do,. (95)
&) "o
Ecmi rtouxa m, sue (S), to W (0) HempephiBHA, umeer Hemnpe-
PhIBHBIE TIPOU3BOJHLIE BCeX NODPHAKOB U YJAOBJCTBOLSIET ypaBHe-
Huo Jlannaca. Kpome Toro, MBI BHJeNH, 4TO eCaM m, NpUHAlL-
JeXUT MHOMXECTBY Q;’ Ha (S), 1o wuHTerpan (95) CXOmUTCIL
Mycrs Ttouka m, Jdexur B (D)) wau B (D,) Ha sHopmamu N,
Teopema 4. Ecau my npunadiexcum Q,, mo
W, = lim W(2)=2=p,-+ W(0), ecau m, & (D)),

Me > My

W,= lim W(2)=— 2=p,— W(0), ecau m, 8 (D,),

M > My

20e W (0) onpedeserna smopoii gopsiy ol (89). dyuxyuu W, (0)
u W (0) cymnupyenn Ha (S).
IleticTBuTenbHO, BMecTO paseHCTsa (93) ceftdac GyaeM UMeTh:

W(2) = W (0) == 2xu, —-
- ‘ (v — o) Mfl@d% — | (r o) C“Oi—(g‘gl—v'l‘) ds;,  (96)

t 2
() "2 @ 10

W AJdg JNOKA3afegbCTBA TeOpPeMbl [JOCTATOYHO 1I0Ka3aTh, 4ro
PABHOCTb TIOC/JAEABMX MHTErPAJoB CTPEMUTCA K HYJMIO IIPU My —> Mg,
Inst aTOro 3aMeTuMm, uto B (3, m,) uUMeeM:

| cos (ripN,) — cos (ripNg) | < (NyNp) < Er)l‘o,
[ cos (ryglVy) — cos (ryoNp) | < (NyNp) < E"i'o,
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U [O3TOMY

cos (r1xN; i
f (o pg) S22 g |
o r .
(5, 'm.) 1%

< ' f v —py) €05 1kl (r;"N“) da,
r
)

[ — ol

b [ ot
" (R =0,2)

Ilpu & — 0 mpaBast yacTh NOCJCHHEr0 HEPABEHCTBA, KAK Mbl
BHAENM, CTPEMHTCH K HYJIO M, CeNOBATEJNbHO, CTPEMHTCH K HYJIO
aesad. Kak u B Teopeme 3, OTCIOA CAcAyeT CTPEMIEHHE K HYJIO
npu m,— M, PA3HOCTH MOCHEIHMX JBYX HHTEPAZIOB B IPaBOH
yactu (96). Tak kak p uw W aBigioTcs QYHKIMAMH, CYMMH-
pyewstuy Ha (S), To W, u W, cymmupyemu Ha (S). Teopeva
10Kas3aHa. *

G m, 1%

s

§ 24. HoioTOHCB NOTEHUHAX ¢ CyMMHPYeMOH NJAOTHOCTBIO

[ycth p(x, y, 2) = p(m) cymmupyemast GynKuds B KOHEYHOH
o6nacru (D). PaccMOTpUM HBIOTOHOB MOTEHIHaN C IAOTHOCTHIO

pO)= | W4, (97)
(1-)) 10
Ecnu Touka m, 9BJAeTCS BHYTpeHHeH TOYKOH  obnactw,
nonosuressHodt ¥k (D), to uHrerpan (97) CXOAUTCH ¥ SIBJIAETCH
rapMorudeckoft dyuxiuel BO BCAKOA 0614acCTH, A€Xalledl BMecTe
C rpanuuelt B ofmactu, AonosxuTeabsod K (D).
" Ecau Touka MMy SBAGETCS TOYKON obaactu (D) i1y ee TpaHULLL,
TO ugTerpan (97) MoxkeT OKa3aThcs pacxoxaanpmcs. IToxamew, uTo
OH CXOIMUTCS, ECAM TOUKA K1, HC TPHHAINEKUT HEKOTOPOMY MHO~

1
mecrey meps Hy b B (D). HekicTurensto, noaoxut F (0, 1) = ”—r%)—),

PaccMOTpUM MHIErpan

5 . " 4o
sy= |IFO,.az= | B0 am—fuyr |77
(D) (D) ‘D)
* Mis10emise B 3TOM rmaparpade Teopevbl COAEPKATCA B CTATHE
<bn&epb1((}. Fichem%,,Teoremi di competezza sulla fontiera di un
dominio per taluni sistethi dl funzioni® (Annali di matematica pura ed
aplicata, t. XXVII, serie 4, 1948).
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Tak xax wuHTEerpan
Cdn

10

(D)

ABNAETCA HENPEPHBHOW U orpaunyenHofi QyHKumeH rouxu m,
r (D), to ¢(l), xak npousBeneHue 3TOH GYUKIMH HA CyMMH-
pyemyio dyuknmio |p(1)], sBaserca cymmupyemolt B (D). Ha
OCHOBaHMM TeopeMbl Py6uuu 3akmouaeM, urto unterpan (97)
CXOAUTCH, €CHM TOUKA M, He HPUHAJIEHUT HEKOTOFOVY MHO-
wecTBy mepo Hyab. Kpowe toro, P(0) cymmupyema s (D).

Mub cefluac mpeamonomuM, u4TO B ¥ M2 CYMMHUDYeMH, T. €.
UPEATONOKUM, YTO U NPUHARJASKUT Lo, u uepes jip|| obo3nauum
Hnopmy g B Lg:

. y
Il =4 [ 1npd)
(D)
Teopewa. Ecau v npunadaexcum L,, mo Plp] npe-
BUAbHO HeNpepuiser 80 8CerM NPOCHLPAHCHEE, TIPUTEM

P(1)—P(2)] < Cilp)|8", (98)

20e rp=38, u C=4V)2z42V 3=

Ilonaras p paswoH uymo sme obaactu (D), 6ymem cudraThb,
uyro B unrerpane (97) oGAacTbIO MHTETPUPOBAHUA ABAAETCH BCE
MpOCTpaHCTBO. Toraa

0
P)—P(2)= f%‘:ldco-_ f 2O g =

Fa0

[0 [ e [ ol on

. ro
»0 <l 28 0 < 28 0228

Ha ochopanuu nepaBenctsa Bynsixosckoro — lliBapua umeem:

' 0 2 d=
4 [0 < | S [ popas<
Fin <2" "0 "m&za 10 7’\/\'<23
4w - Bpl2 =825
OTCIORa CHERYeT
(] 0 — '2
|| e | < VB (100)

Gt '< 25
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3ameuas, uTO0 wap r;, < 28 comepxurCs B mape 7y, < 38,
AHA' M TAKKM XKe TYTEM, YTO MOLYJb BTOPOr0 MHTErpaia npasof

iactu (99) we mupesocxozut } 12x|w[8"*. Ity oneuxy Haso-
eM (1007).
Tak xak BHe mapa ry,<_ 28, ® cuny HepaBeHcrsa (9) § 2,

,
IMEEM Foy 3> —3%, TO

1pUMeHnan HepaseHCTBO Bymskosckoro — LliBapna, Haxonum:

. —
1 v (0) [——-————Jd;o < [1vpas 2 o<
rin > 23 "o 720 r, >2 rm'>28r10
‘ r2d .
SN RS e N N Y e ML

23

Jrcioga B cmay (99), (100), (100°) maxomum (98). Teopema

nokasaHa. Jta TeopeMa HyjAeT BHOCJAENCTBMM HAMH UCHONb30BaHA.
B sakmoyenue storo uaparpada M3NOMKUM PN UHTEDECHBIX

CBOACTB HLIOTOHOBA TIOTEHIMaNa C CyMMUDyeMOH HAOTHOCTBIO,

Beexem cefiuac mpunampiewamee axaz. C. JI. Cobonery
yupeneneHue OGOOLUEHHOH TPOU3BOAHOM,

[Tycts B orpanuwtdenHoft uaum HeorpamuuenHoft obmactu (D)
ympeneneHa cymvupyemas dymsxums  f(x, y, 2). Yepes {o};
1603HaYUM K/IaCC (PYHKUMA, HEOPEPBLIBHHIX U HMEIOUIMX Herpe-
DBIBHEIE TIPOU3BOIHEIE 100 MopsAnxka [ BO BCeM NPOCTPaHCTBE, U
rakux, 4to kawnas ¢ysxuus o knacca {o}; obpamaercs B Hyslb
BHE HEKOropoH OIpaHquHHOﬁ obnactu (D), 3aBucaweH oT
sbICOpa @ M comepkaieficst BMecTe ¢ rpammen 8 (D).

HyCTb o{x, y, 2) dysxnusa, cymmupyemas B (D) u Takas,
UTO MMEeT MeCTO DPABEHCTBO

oly
oxl o yl-’ 0z

ds = (— 1) [mcpd':

47
A9 Besikofi dyHKUME © knacca {e};. osopar, uto (x, y, 2)
ecTb 00OGUleHHAs NPOW3BOAHAas mopazka [ oT (yHkomu f u
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3aNHCHBAIOT:
ol
O==" ({: A
ox* dy* 02"

[Tokaxeu, 4TO HbIOTOHOB WOTEHUMAN C IVIOTHOCTBIO, CYyMMH-
pyevoit Bo BCEV rPOCTPAHCTBE, uveeT 0DOOIUEHHLIE NPOU3BOIHBIC
nepBoro nopsixa B mo6Gof orpanuuceHolt obmacru,

Mycts (X, y, 2) 03HAYAIOT KOOPAMHATE TOUKH My, U (£, 1, {)—

KOODAMHATH TOuku m,. ITycts (D) orpanudenHas ofracre. Toraa
MHTErpan

(D)
€CTh OTPAHWHEHHAS W HEUpeprBHAS (QYHKIMUA TOYKH M, BO BCEM
IPOCTPAHCTBE ¥ HO3TOMY npoussegenue | (1)| va stor umrerpar

ecTb cymvupyesmas dyHkuus Touku m,. OTCiofa HA OCHOBAHUM
teopemsl PyGUEM 33K/MOYAEM, UTO HHTErpan

1
9 7
— 10 g~
0= [v0) 2 a,
CXOOMTCSH, eCJM TOYKA M,y HE NPUHALNEKUT HEKOTOPOMY MHO-~
KecTBY Mephl Hyab. Kpome roro, creayer, uto w (0) cymmupyema
70 HpOM3BOMBHOH orpammyenHofi o6iactu (D). Iloxawmew, uro

o (0) gBngercs 06GOOIEHHOA TIPOUSBOAHOH OT HLIOTOHOBA HOTEH-
uuana

P

&0 de-
0x "0

H

P(0)= | b () ;1; dz,.

HeficTeurenbio, nycts ©(x, y, 2) HeKoTOpas QYHKUUS
kaacca |{v},. Torma, yuuTeBas, yTo IIDCJELYIOLIME HPECTAHOBKY
TOPSAAKA HHTET PUPOBAHHS CIEAYIOT U3 TeopeMbl PyOGHHM, TOAYYUM:

' 9y _)0(?['91_1)-]___
P(O) Jx d'to—« | —a; J —'rw"d\.l duo.__.

%

D, Dy
1
o] [ ] oo o] (o0
=M | gr7rd0|du=|e)]|— |00 5 dw|=
D) o,
, . 67‘— .
= — J @(0)[‘ u(1) axw d'“l]d"o:_ {0y (0)dz,,

Dy (n,
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T. €.

0o
JIP(O)—&—dtO::—— J“"(O)‘? (0) dx,.
(D) Dy
Mocaexnee, BBULY mUpousBonbHOCTH dynkuuu @ (x, y, 2)
KJ1acca {®}; o3nauaeT, yto o (0) ecrb 0GoOuweHHAT TMPOU3BOAHAS
or P(0), T. e.

oP
m(O)':——J;,

yto ¥ TpeboBaNOCh A0KA3ATh.

Ecnu p cymvmupyema BumecTe ¢ p2, T0 orsocutensso P (0)
MOXHO BHICKA3aTh 00jce CUAbHBIE YTBepxaeHus, VIMeHHO, MBI
Buienu, uro £ (0) Ttorma mpaBunbHO HempepwBHa. Kpome Toro,
MMEIOT MECTO C/ieAyIolue YTBEpPXKAEHHUS, KOTODHE npuBeaeM Ges
JI0KA3aTenbCTBA:

oP
1) i £ CYyVMUpYeMB C KBaJpaTroM 1o Kamaofi orpa-

HuueHHOH o0nacTy;

2) cyutecTyior 0606u1eHHEE TPOU3BOIHEIC BTOPOTO MOPIAKA,
KOTOpHIE CYMMHUDYeMBl ¢ KBajDA4TOM BO BCeM HDOCTPAHCTBE. ITH
POK3BOAHBIE BTOPOrO MOPSIAKA PABHBL:

521_
02p 4z
‘(3}?":_"3‘“0'{‘ (P(l) “oxz - dry,

1
\ 9 ——
69P . 19 -
dxay J (M550, 4

rAe MHTEerpasbl B OOBIYHOM CMLIC/IE PACXOAATCH M NMOHUMAIOTCA
Kak npeaensl B Ly npu & —» 0 dysxuub

62-l-— 62_1__
"10 - [

J p(1) 5t d5, w (1) 22

rys ru0>5

s,
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13 dopMya ans BTOPHIX MPOM3BONHBEIX CAEAYeT, YTO

0P 0P op
o Ty + = — 4w 0),

T. €. HbIOTOIOB NOTEHUHaN, HAOTHOCTH KOTOPOTO CyMMHUpPyeMa
BMECTE C KBAJApaToM, YyAOBreTBOpseT ypaBHenuio [lyaccona,
B KOTODOM HPOW3BOAHLIE MOHUMAOTCH B ODOOLIEHHOM CMHICHE, *

* JloKka3aTexbCTBO NOCACARHX YTBCPKIEHHil MOXKHO WAHTH B KHHUTE
C. I'. Muxaura ,TIpo6Gaema VMHAMMYMAa KBajpaTHuHOro ¢yHKUMOHAIA®,




F'JTABA I
3AJIAYM HEMMAHA U POB3HA

§ 1. Mlocranorska sanaunm Helimana

B orHowenun Buaa obGaacrefi, OrpauMuensbix TOBEPXHO-
crava (S), Mel Oy/AeM pasaayarb CRCIYIOWME Cyyau:

1". Cayua#t, xoTopn#i Wb HA30BeM OGBLIKHOBEHHHIM. B 3TOM
¢Jlyyae, CYHieCTBYeT OLHA NOBCPXHOCTb, OrPAHUYHBAION|AS CIONI-
noe Temo (puc. 22). K3 npyx o6nactefi, pasipanuyentnix (S),
Vbl 0003HauuM uepes (D,) BHEILHIO 06Jacrb, CONEPKALLYIO
OCCKOHEUHO YAAJIEHHYIO TOYKY,

u  uepes (D;)— BHYTPEHHIOW N
obaacte. Hopwams N x nosepx-
nocru (S) Bcerza OyneT nampa-
n1ea B obmacre (D,). €
2°, Cayuai (J), B Koropow,
KaK TMOKa3aHo Ha puc. 23, cyule-
CTBYeT HECKOJbKO BHYTPEHHUX
IpaHuL,.
Mer 0603Hauuv 3j7ecCh yepes Puc. 22,
(D,;) cnnowmmyo obaacth, orpa-
HUYEHHYIO BCeMH TOBEPXHOCTAMH M He COREPKAINYI0 GECKOHEUHO
ynanewHod touku; uepes (D,)— obnacTb, 3akmoyaouyo B cebe
BCE OCTaabHOE WpOCTpancTBo. Hopwmans x norpanuuHofl moBepx-
HOCTH MBI Bcerga OyjieM cuwiarh nanpasaesuofi B (D,). (S) 6y-
ZeT 006031a4aTh COBOKYNHOCTb BCEX rpaHui: gepes (SO mm 06o-
3HAUUM BHEIUHIOK rpamuiy, gepes (SW), (§@) . . (SWy—
BHYTPCHHME TIDAUHILEL,

3° Cnyuafi (E), Korma uMeeTCss HECKONLKO CTJOIWARBIX TEN;
3nech M oGosuwauuv 4Yepes (D,) eiuHyio obnacTs, ompeneasie~
MYIO BCeMW TPAHMLAMHM W COAEPHAYI0 OeCKOHEdHO YIANEHHYIO

10¥
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TOUKY (pHC. 24), gepes (D;) — 06nacTb, COAEPKAILYIO BCE OCTANb-
HOe NPOCTPAHCTBO,

Hopvanb IV Bceraa cyuraercs manpasnexnodt B (D,); S 03ua-
4aer COBOKYNHOCTGL 1pamuu; (SW), (S®@), ..., (S®)— rpanuus
OTACABHHX TeJN. Mpl Oyidev BCerga CYMTaTh, YTO BCE TPAaHUILI
YAOBNETBOPAOT ycnosuaM JlsmyHoBa.

Puc. 23.

Banaua A. Haiimu gyurnuwo V, eapsoruueckyo sHympu
o6aacmu (D;) u yoossemsopsiouyio ycaosuwo
%i% =f 8 aw60i moure (S), (1)

20e f — 3adanHan @ynryus, Henpepsgran Ha (S).

@ o <

Puc. 24,

Tax dopvynupyercs BHyrpesuss 3aiaya Hefimana,
Haiimu dyrxyuo V, caproruyeckyio suympu (D,) u yoo-
BAEMBOPSIOWYI0 YCAOBLIO

dv, .
ﬁfé:f 8 0ol moure (S). (@)

Takosa BuewHss 3agaya Hefimana.
Jlerko ybenuThcs, 4YTO B HEKOTOPHX caydasx npu f=0
CYUIeCTBYIOT OTAMYHBE OF HyJst pewenust 3agauu Hefimama. efi-
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IBUTEJbHO, B cayuasx oGuiuHov M (J) dymkuus U, parHas ka-
ofi-ubo nocrosunof B (D;), sBasercst rapvonuueckof B (D)
Y/OBIETBOPsieT HA TPAHULE YCJIOBHUIO:
i 0. (1)
n

B cayuae (E) sTovy ®e ycJ0oBHIO YnoBjAeTBopsieT GpyHnkuus U,
IPUHUMAIOIAS BHYTPM Kawx0H us noepxuocrel (SW), ..., (S®)
IPOU3BOJbHLE NOCTOSIHHEIE 3HAYEHHUS.

B cayuae (J) dymknmun U, npuruManoumias UPOK3BOJAbELE N0-
_rOSIHHblE 3HAYEHUs! BHYTPH Kaxiofl us nosepxmoctefi (SM), ...,
S0 u pasuag wymo Bue (S©), asasercs 1apMoundeckoft B (D,)
1 YAORJETBOPSET HA TIPAHULE YCJAORHIO:

L) @)
n

Ecmn ¢ynxkuus V rapwonuyeckas BuyTpu (D) [win (D)
1 cayuyae (J)] gmigerca pemenuem 3anauu HefiMana, To, oOue-
wiaHo, yto u V- U sBagercst pemesueM Tofi ke sazauum Hedi-
¥aHa.

MoxHO mokasaTh, YTO 9THUM M OTPAHMYUBAETCS HEOHpeleeH-
10CTh B DemticHuu 3anayu Hefimana, [Ing 3TOro JIOCTATOYHO MO-
KasaTb:

1°, ®yuknus, rapvoHuWyYecKass BHYTPM KoHEUHOH cua3Hof
»6IacTH, PaBHA NOCTOSHHON, €C/iu HA rpasuue obnacTH ee HOP-
vajabHas MPOU3BOLHAS PaBHA HY/IIO;

2°, dyuknus, TapvoOHMUeCKas BHYTPH Oeckoneuuo# Cpsi3HOM
nBMACTH € KOHEWHON rpamuuefi, paBHa HYJII0, eCau ee HOPMAJb-
i1ag MPOM3ROAHAS DaBHA HYJMO.

YTo6n He npepLiBaTh WU3AOKEHUS, MBI OTHECEM HE OYEHb
IPOCTOE A0KA3aTeNbCTBO 3ITHUX YTBEPKIENUH B KOHEl, INABHI.

3ameuaunuc. Jaa cayuasa (J) pemicuye BHEIIHEH 3anauy MOXeT
fbiTh 34MEHCHO pCLICHHEM £ BHYTPCIHMX 3ajad4 M OjHOH BHewmHeil.
TouHo TaK e, B ciyuae (E), pemnenue BHyTpeHHeH 3amlaud Moxer ObiTh
3aMeHeHO peuieHueM B BHYTpeHHHX 3aiau.

§ 2. 3amena sapauu A apyro#l sanadveil

Buecro 3anaux A MBI crageM pemarb CJIeLYIOLYI0 3anady:
3anava B. Haimu nomenyuas npocmozo ca0s, pacnpo-
cmparerrozo no (S), ydosaemsopsiowuii ycaosuro (1) 0as
anympenreti 3adawu u ycaosuw (2)— 045 BHewHed 3a0a4u.
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Mycto

= [ee @)
(59 r“’

— MOTEHLMAaN OPOCTOro CJOs, pacupocTpaHeHHoro no (S).
B caysae (J), oTOT wMHTErpaa OpenCTaBIfeT COOOH CyMvy:

furtfzx_{_z ‘udcl

sh
B Clyyae ke E—cy.wwy:
=k
\ ( pday
. 81

3ameuanne. Bysem obosHauars uepes My (x, ¥, 2) TOUKY, AnA
KOTODOH MBI MeJAaeM BLYHCIHTH V, uepes My (Xy, ¥y, 2y) — TOUKY HH-
TETPHPOBAHUA, Yepe3d ryg— pacCTOAHNE MeXay my ¥ my Bmecro (S)
vl Oygem mucath (Sy), mas TOrO yToGH OTMCTHTL, 4TO (S) reomerpu-
4eCKOe MeCTO TOYEK My,

Kak wbl Bumenu, morcHuuMan NPOCTOr0 CHOST C HEIPEPHBROM
IVIOTHOCTBIO SBAseTC (yHKDMeH rapmouuuecko# BHyTpd (D)) u
euytpu (D,). Besikoe pemenme 3amaum B sBasercd, rakuv obpa-
30M, peuteHMeM 3aTauM A, ¥ He CyleCTBYeT APYrUX peuieHu#
3azayn A, kpome oramuaomuxcs Ha dysxumo U, o xoTopoh
OBLTIO CKA3aHO B npemsizymieM maparpage. Kax GyZer BUAHO 3
NOC/TeNYIOIEro, BCsIKOe penienye 3agaguw A voxer OBTb mpen-
CTauIeHO NOTEHIMAIOM UPOCTOrO CJOst W, TAKUM 00Pa30OM, ABJIdercs
peuienviem 3anauu B. Cuaenosareabno, 3anadu A u B paswvo-
CHUIBHBI,

Mu savenum 3amauy B uckoropo#t s3azauefi C, pemenue xo-
TOPOA HPUBENET K HOMHOMY DPelieHuio 3a,1auu B.

3anaua C. Hciimu nomenyuas npocmozo caos W, ydo-
8ACMBOPSIOMULE YPABHEHU

aWy dWe . 2" —2f  na (S). (B)

dyukuus W, yposnersopsiomias ypaBhenuo (B), 3aBucur
or §, u HerpyaHo Buierb, uTo mpu L=1, W npespaumaercs
B ¢yHKUMIO, paspewaiomyro sazayy (B;), a mpy L=—1 —
B dynknuio -— pewenue 3agavu (B,).



§ 2] 3AMEIIA 3ATIAYM A JiPYrofi 3alauei 151

B cavom zene, Hanovmuv dopmyan § 4 (1)

aw; _dw,_ \
/. i T == = 4r X maotHocte W !
aW, o dw (4)
=2 -, ]
dn
[Mpuviensis x, HAXOAMM TpH § = 1:
aWy dW. __ _ dW;_ dW.. —of awe _ _ ¢
dn dn =~ dn = dn ? an
TakuM 06pasod, Pyskuus W ecrs peinenie BHyTpeHHeH 3apauu B.
Honarag L= —1, uHveeuM:
dw, dw, dm aw, .
o — = e =1

370 MOKa3LiBadeT, YTO B RAaHHOM ciyvae ¢ynxuua W ecrb pene-
Hue BHewiHe# 3amaum B.

1
O603HaguM uepes — 5- 4 IVIOTHOCTb MOTEHLMATd W, . e

IIOJIOXKUM:

W= — |t ()

[Meproe ypaeHenue (4) NpUHMMAET BUA:

dW; aw, _ L _
dn ~ dn —_4“<_2np>"~—2”'

[MpunuMast BO BHHVAIHE, YTO
daw 1

dn . 9= .
(%)

i N
® EE(—?U)— day, (6)

19

HaxonuM u3 ypasHeHus (B)

— Q_C J w— COS (rYUNU) ds ‘_‘ny

(8) 1o
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Mu NOJAyYWIH JXJid u  MHTErpaJbHo€ ypasHEHHME, KOTOPOe
6yneM mucate b Bule:

pO=—g [p@ 2N gy 70, @

(S 10

obosnauas uyepes F(0) ¢yskumo mgy, a uyepes F(1)— dynx-
nuo m,.
Sinpo ypassenus (7) paBHsercsa:
1 cos (rioNg)
T, )
10

K(, 0)=—

OHO He orpaHuueHo. YpasHeHue, conpsikenHoe ¢ (7), Hamu-
HIeTCs S

80)="% [ K(0, )0 (\)ds; - (0) =
()

N
—— & [yl o £ ).

5 o1

OTMeTuM, uTO BEKIOpP r;o, B COOTBETCTBHM C HALUMMH CO-
raaliesusvi, BceIla HamnpasieH OT m, K m,. Takuu oGpasowm,
moc/efiHee ypaBHEHHE MOXeT OHTh TeEPEeNucaHo B Cielylomleh
dopme:

£ cos (r1V;
1) =57 | 1()=E0R) go, 1 £(0). ®)

(8) 10

3xech nepBeifi yieH BTOPOH vaCTH — MOTEHIUAN JBOHHOrO
clos.

3ameuawnue. YpaBrenue (8) urpaer Ty ke pOlIb B 3ajaue
Jupuxre, uTo ypasrerue (7) B 3amayc Helimana,

§ 3. Popmanbroe pemenne ypashenns (B)

[TpeanosioxuM, 4TO BO3MOMHO YIOBJIETBOPUTH ypaBheHuio (7)

pO=— | w0 g5 1 £(0)
(8) ¥
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IpH TTOMOILM DA

1£(0) = po (0)+4-Lp (O 4. . . +8"p, (0) - - -, (9)
pPaBHOMepHO cxopsmerocs Ha (S) AJA% OCTATOUNO MAa/LIX 3HAye-
Hufl |G

CyuecTBoBaHue TaKoro psina 610 66 MOCTOBEPHHM, €Clu Ohl
snpo ypasuenust (7) OO OrPaHUUEHHBIM,

IMoncrasass 8 (7), Bmecto p, pax (9) u cpaBauBas Ko3hdu-
IMEHTH B OGEHX YaCTAX, NPUXOZMM K IleNu DABEHCTB:

1 N,
O =— g [po(1) 200N g,
S 10
. N e (10)
1 N
o (O = — o [y (<0 g5 |
. (8 10

N03BO/SIIONMX MOCTEAOBATE/NLHO ONPEAETUTD o, Py - - »
WmMes B BuIy NDEANONOXKEHUE O DaBHOMEPHOR CXOMUMOCTH
pana (9), Mbl DPOMHTErPHPyeM €ro TO4WIEeHHO, YMHOXMB IpelBa-
1 doy
PHTENILHO HA — g ———;
T Iy

nenHoro gopmynoti (5) noresunana W, B ¢opme paxa:

W=V, Vo0V, .. 1V L, (1)

B KOTOPOM

Mbl TIIOJYYUM BBLIPDAXKECHUE AJA onNpene-

_ 1 f po (1) dsy
* Vl - .2_7:- . 147 4
(81)
1 1) do
Vy— gy 20,
10
(80 (12)
, e e e e e ey
. 1 [ pg—g (1) day
Vi=— o ‘ 10 ?
(S,)
? ’ i 4 [ 4 . . 1] . » . *
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Boluuc/isis HOpManbHbHle NPOM3BOAHHE HOTeHUnanos (12), Ha-
X0/ UM:

‘1) ]0
dv. cos (r1,Np)
7;;2=—’-_J.1(1)—~£~“’——0*d

(8) 10 (13)
'A% 1 cos (r1uV
—(E}ﬁ=—‘7‘J pr—y (1) <20 g5

(S 10

Comnocrapnerue paseHcrs (13) u (10) naer:

{"V dvV. dV
= 1(0)’ 'E,TZ:?Q(O)!" ° L _'pk(o)1
3ameuss B (12) p,(0), p,(0), ... MONYYEHHMMH SHAYCHUAMH,
HaXOJUM:
1 " ds,
V] -7 9x . .f(l)"r—m—,
(8)
L[ e
V2—_—21\: JTdn T
() (129
e e e e e
. 1 [ dVi-y do
[T R raont
(<)

Pasenctra (12’) mo3BONSIOT MOCIEAOBATENLHO BHIYUC/INTL MO~
Tennvann (12), ve mosb3yack Qyuxnuamu (10).

Mu HasoBem notexuradsi (127) norennuanamu Crekioa —
Po6aua.

Pagencrpo (11) naet vaM gopmasibHoe pemieHne ypasHeHusi (B).
Ecmu pan (11) cxomures npu (=1 wm nmpu {=—1,
to W npeacrasiser AelicrBuTesibHOe pewleHue 3afaum B. Hrak,
3a1aua CBOAMTCH K u3dyueHH0 cxoguvoctu psja (11) npu {=1
u nru L= —1. 310 uccienoBanue Mbl U HPOBENEM B CENYIO-
114794 naparpa(pax.
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§ 4. UccrenopaHue UTEPUPOBAHHLIX SAep

Mu  ycrosumuch o6ostauath ueres (S,) rpamuny (S) u ue-
pe3 ds, 2JeMEHT ee NMOBEPXHOCTH, KOTAA KOOPAWHATH Iepeveti-
HOM TOuKM OOO3HAYEHM uepes Xy, y,, 2;; AHAJIOTHYHO 3TOMY,
MBI CTaHeM 0003HAYaTb Ty ke MOBEPXHOCTh 4epes (S,), (Sy), ...,
KOrAd KOODAMHATH MEPEMEHHON TOUKM OGO3Hayelbl Mepe3 Xy, Vo,
Zo% Xgy V4o Zyr . .3 BJIEMEHTHI NOBEPXHOCTH, B COOTBETCTBYIO-
WMX Cayuasx, OymyT Havu 00O03HauaThCsl yepes doy, doy, ..
a dyuxnus Touku (x,, ¥,, 2,)—vuepes f(n).

Paccmotpum utepuposatisie sinpa aas sapa K(1, 0) = K,(1,0):

*

K1, 0)= [ K(L, 9)K,_, (2, 0)ds,.

(&)

UNayuuw Gamxke siapo

(S2)

2 ) 2
r1s Tag

OT0 AXP0 KAaK (YyHKIMA TOUKW M, SIBJSETCH TMOTEHIHANOM
o €08 (rNp)
IBOHHOrO CJIOf C IJIOTHOCTBIO - —- 222 KOTOpas HHTErpUpyeMa
Anry,

M HEMpepsiBHA BCIONY, 33 UCKTIOYEHHEM TOYKU My, B OKPECTHOCTH
KOTopo#t oOHa, MOXeT ObiTh, He orpanudeda. OTci0ia, B CHay
samedanus ¥ § 3(lI) caemyer, uto K,(1, 0) nenpephizHa Kak
(yHKI#S TOUKM 7, €CAM m; (€ COBAANeT C M, B OKPECT-
noctd xortopo# K, (1, 0), BO3voxuO, He orpaHudeHa. Awuajo-
ruyHo, paccMarpuBg K, (1, 0) Kak HOPVa/IbHYIO MPOU3BOANYIO
NOTEHUHANA HPOCTOro CJ10%, 3aKmouaem 0 tenpepuisociu K, (1, 0)
KaK QYHKUMH TOUKM M, eCiu m, ue copmaiaer c¢ m,. Te xe
3aKJnouyedns AeJaeM O HOCJAELYIOUIMX UTepupOBA'tHOIX  sapax.
[loxaxem, 4TO OAHO U3 HTEPUPOBAHHBIX SAED OrPAHMY=HO; TOLZAa
caenymouiee 3a HuM AIpo OynerT HasepHO HenpepsisHbIM. B no-
CJAEAYIO HX DACCYWJAeHWSiX O6yieM Juilb OTMeuaTh OrpaHHyYeH-
HOCTb YHKUVH, HE OTMEYas HX HEHTEepPBIBHOCTH.

[peanonoxuM, dro (S)— moBepxHocrs JIAmYHOBA, AMs KO-
Topoi

(N,N)) < Er}o.
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Hokaxem, 4to, B 3TOM C/yuae, PH #, YAOBJIETBOPSIOLLEM
HepPaBEHCTBAM
2—(m—1A=0, 2—nr<0,

UTEPUPOBARHOE AP0 N-10 MOPSAAKA, COOTBETCTBYMWIlee AAPY

K(1, 0)=— 5 <2 C0l)

10

— AP0 OrpaHuyeHHoe,
HanomuuM, uto 8 § 1(1) MBl HoONyyuau HepaBeHCTBO:

| cos (ry NI < ar

an HOMOLM 3TOTO HEPABEHCTBA HAXONHM:

1 cos (wao)
ot 72
10

2 @

o < 2,-, = B.
Otciona BHTeKaeT, uTO, €C/AH Mbl ITOJIOKHM:
c(,0)

K(1, 0) =‘*%r",

10

To ¢yuxuus C(1, 0) Gymer ¢yrxumell HempepnBHOR u orpa-
HUYeHHOM.

m,/\

My

— o,

m, L T20

Puc. 25.
OneHuM Termepb BTOPOE UTEPHpOBaHHOE sifpo. Mmeem:

K0, 0= [ KQ, DK@, 0)ds= feancen,,

2=l 3

(S & o

OrmueM BOKDPYr TOYKH M, KaK ileHTpa cdepy JlsuyHosa u
chepy pammuyca 2ry, (puc. 25).
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[Mycrs (8y) u (sp) — vactu (S), BHpe3aeMble 3TuMU Chepamu.
HUmeem:

T C(1,2Ci{20
K0, 0= | SCBLED g5 4

»2
(S,Ep) 12 720

C.2CE@o C(L2)C@0
+ [ CUBER0 gy [LOBCC0 4 g

(E1~02) Tyo Tap () Tyo Tay

[lepsw#t u3 5TMX TPeX WHTEIPAJOB OTPAHHYEH, TAK KaK 7o

d
W ry, B 00JaCTH MHTEPUPOBAHUS NMPEBOCXONAT 5 ECHH Ty

d
MCHBUIE .
2

Paccmorprv BTopo#t umTerpas. Touka m, HaxomuTCs BHe
cepnt papuyca 2r,, BCJASACTBHE UETO

1
. r21>7f20.

Beoas uuiuHIpuueCKUE KOODAMHATH C TO/IOCOM 7, ¥ C NO=-
JSPHOW INIOCKOCThIO, KacaTe/bHOW K IIOBEPXHOCTH B Mg, UMeeM:

C,HC 20 ) d
| f SUBLED g < s [ oo

r B
(Lz—0,) 12 720 (¥ —a,)

d
< Bun. o | £ 3222—147:{ 1 1 }

v, W T PI U,
N 22 i d2-2,

MBI BulHM, YTO NIPOM3BENEHHE BTOPOrO WHTErpana Ha ri-? ecth
GyEKLIMA OTPaHUYEHHAs.

Ilepexonum k nocneaHemy u3 unrterpasios (14). Ilposenem
B cepeluHe Iy, NePHEHAMKYSIPHYIO MJIOCKOCTh. 3ITa IMIOCKOCTh
neaut (sp) Ha jBe yaCTu: uaCThb (G), CONEPKALLYIO TOUKy 7,
H yactb (g,), comepxauiyw Touky (m,).

[Tocaeanu#t w3 uurerpasioB (14) ecThb CyMMa IBYX HHTerpa-
JIOB, COOTBETCTBEHHO PACNpPOCTPaHeHHHX mo (sp) u (o;). Pac-
cMOTpuM nepBwii w3 Hux. [Ipu uHrerpupomagum 1o (gy), Iy



158 3AIAYM HEWMAHA W POB3HA ¢ [ra. 1.

1
Gonsme - ry,. Orcoma cienyer, 4ro

2
C (1, Q)C(Q 0) B22-1 doy
l-f riytres do; l< e r_)‘<
() 12 20 10 (0;) 20
27y,
B:r—\g [‘ ¢ dp B22-}z
—— == r, )
< "iol A=k "10_)‘7\ (2ryp)

IIpoussenenne 3TOrO WHTErpaia Ha rir-?* Takie OrpPaHUYEHO. ‘
YHO TaK e, 0603Hauas dYepe3d (o}) uacTb B -
Toyno tak xe, 06 epes (o)) wactb (S), Bbpe3aH

HYI0 Cepol ¢ LEeH1pOM m, ¥ PAaiuycoM 37,y ¥ 3aAK/II0YALLYIO
BHYTpU ceGsi (3p), ¥ 3aMeuad, 4TO [P MHIETPUPOBAHUM 1O (0;) 7y

1
Gosblie - 7,5, HOJydaeM:

2
C (1,2 C(2 0 B222-1 ( ds
l J piztpi=h doy | < P2k ra—z), <
(s)) 12 20 10 (c") 12
B22-x [ 3222 41:
2 ‘ < @rih
ry 7, 10

(s}

PaccmarpuBas MoJiyueHHble pe3y/bTaThl, HAXOLUM:
G (1, 0)

P
o

|K,(1, 0)riy?| < By, K,(1, 0)=

rie B; oupenenendoe uwucio, a C,(1, 0)— orpaHnuenHas|
byHKIMs.
IlopTopas Te xe paccyxienus ias supa

Ky(1,0)= [ K(1, 2)K,(2, 0)da,
(S2)
noNyyaeM:
Cs;(1,0)

2-8% 7
1o

rie C;z(1, 0) —orpaHuuennas QyHKIus.
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JlefcTBYsi COBEPLIEHHO aHAJIOTMYHO, HAXONHM:

K,_, (1, O)wJ;—_lh(-Ll)"T), ecta 2— (n— 1)A+ 0,
"0

K,.,(, 0)=0C,_,(1, 0)|logryp|, ecm 2—(n—1)A==0;

takum 06pasoM, HaMm pokasaxo, uto K, (1, 0)— orpaumyennas
$yuKiius.

§ 5. dakTuueckoe peimenue ypaBuexusi (B)

Ha ocHoBanuM Teopuu MHMTETPATbHLIX yDaBEEHMH MBI MOXEM
y'mepanath, yro pemenue ypasHerua (7)

p (@)= a2 oM 4o o) —

&) "0

—_—_CJK(I, 0) (1)ds; -+ £(0)
(S,)

ORHOBDPEMEHHO YIOBJETBOPSET W YPaBHEHHIO

O =t [ K, (1, Op(ds -+ 2,0, (15)
(S)

B KOTOpOM 2,,(0) €CTh CyMMa 7 HEPBHIX WICHOB DA3JIOXCHUA Y
no cremeHaM L:

2, O =r, )40, O+ ... FtTp,_;(0)=
=@+t lm 0 f (O ds,+ ... +

(8)

-t ) K, (1, 0)f (1) dsy.
(5,

Ecim aapo K, (1, 0) orpanuueHo, TO MOXKHO BBECTH B pac-
CMOTpERMEe COOTBETCTBYMOWHME onpejpenurtens Ppenrossma & (L),
ero nepswit mmop & (G, 1, 0) u pesosbBenTy:

2510
T (16)

Bupaxenus @) v 2@, 1, 0) moryr OuiThb DasjiomeHH
B DAL TO CTeneHsM §, cxoisiuMecs npH JioOuX 3Hayenusx (.
[Tockonbky (16) ecth pesonbBenTa ypaBuenns (15), umeem:

pO=Y O+ [ ¥ 026104 260 g
i8)
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Urak, (0) npexcrasisercs B Buje APOGH, uMCIMTENL U
3HaMeHaTeN b KOTODOH cTemeHHbie pAZL 1O §, CXOAsuuecs mpu
Bcex 3Hauenusix §. Koadduuuenrn pama mam @, (%; 0) cytb
HEMpPEPHBHLIE (QYHKIUM TOUKH My, M ITOT PAA CXONMICH PasHO-
Mmepyo Ha (S) mpu mwoGoM 3nauenud [. Mu 06o3Hauyaem 3Ha-
MeHaTeJb ApOGH, CTOSMM# B mochegnev pasencrse, gepes 7, (5),
sMecto (L), npexnonarasg, uro B 3TOW apPOOM IpOM3BEREHO
coKpalienye O6IMX Muoxurenell. Ecim §; <= 0 ecrh HauMenblIuH
no monymo Hyab &, (%), 1o pan (9) cxomurcs paBnOMepHO Ha (S)
g BCRKOro (uKcHpoBamuoro smaveiws { u3 xpyra |{]<T|G, ]

[Motenuuman

r ) D) o
My
ecTs pelueHue ypaBHenus (B). Ypansuenue (B) 6ymer uMerb pe-
lieHusi, OTBeYawU¥e 3HAYcHUIM [ =1 u {=—1, ecau 3Tu
yucna He sBasiorcs yynsmu odysxkumu g (2).

Takum 06pasoM, pel.enue 3agaun Helimana cBOAMTCA K Bbi-
scHeEMio  ycnosuf, mpw kKoTopmx wmcia (=1 u {=—1 He
BJMIOTCA TOJMIOCaMKu MepoMopduoh dyukuuu . (0).

Llns uccnepoBaHus 3TOro BOMpOCa Mbl, IpPeXie BCero, Ao0-
KaXeM CNefyouie yeThipe TeopeMH,

1°. B oburrnosenron cayuae u 6 caysae (E), gucao {=-—1
He moxcerm OGwums noswcorm yuryuu w(0); caywai (J) das
OQHHOL meopesbl — UCKAIOUUMELbHbLE CAYHAY.

Bo Bcex cnyuasix:

2°. Ioswco gyuryuu w(0)— sewecmaenrsle.

3°. ¥V dynrnuu 1 (0) He cyuecmsyem noA0Co8 mexncdy —
u-+1.

4°, Bce noasiocot goyuryuu w(0)— npocmele.

§ 6. BcnomorareabHad TeopeMa

,H.Jlﬁ JOKAa3aTe/IbCTBA TOJbKO 4YTO YIIOMAHYTHIX TEOpeM Mbi
BOJDKHLI BOCIO/L30BATLCH TOXAECTBAMU Fpuua:

=

(U OV | QUOV | UV, [ ,dVy,
| (et st s=| V=
U,
::fv-afdc, (18)
®
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ST+ )

i)

Y
d~ = J V—d—n! ds, (19)
(]

av, auy
’ < i v—dﬂdc_o, (20)
(%)

ine U u V— noremnuankl npocTOro c¢Jo0f, a Tak¥e anajoruy-
nMu dopMyaavu Aas obractd (D,). ITH TOMAECTBa YCTaHO-
pAenbEl HaMu Aas QyHKLLLHE, rapmomvyecknx B (D;). Mexay Teu,
HOTEHIHAT 1IPOCTOIO CJI0f, BOOOLIE [0RODH, HE HABAACTCH PYHK-
\Heft rapmonuueckot B (D;), a Juwb GyEKIHEH TaAPMOHHMUECKOH
atyrpu (D;). Jluws B caydae, KOIrAa ILIOTHOCTb (& TPABHIbHN
nelpeprBra, MOXMO ba ochosamuu § 7 (II) yrsepxpars, 4To
HepBble TPON3BOANLIE MOTEHUHA a MPABHIALHO HenpepuiBhn B (D;)
M uro ToxaecTBa I'pHHa NMPUMEHWMEL,

B srom mnaparpadge noxaxkeMm, yro dopmyra (18) wumezr

M&CTO /I TIOTERIMATNOB TJOCIOrO CJOs C HelpephiBHOM Inior-
HOCTBIO, YTO [OCTArouyHo aas AankHedluero. dopmyas (19) n
{20) cremyror us (18).
1
r3,
WHARIOTCH TAPMOHMYECKHMA (QYHKUMAMHM TOUKM M,y B (D), umewn-
JHMMM  HeTIpepbIBlIbie TIPOU3BOAELIE TO0Or0 TOpAAKA, ¥ K LUV
{iPUMeHUVO TOXAecTBO ['pura

1
flycrs Touku m, w my; npexar o (D,). Torpa o

dx  Ox dy dy ' 0z oz

NP LA SR TR SLED I S I L
‘( g rsp 3 _To_Ts T, ".zo) _

+

"“)
‘1 d?l_o 1 cos Lrary

— J L dc—_—-J Aot (21

) ) n

Ecau rtouka my dukcuposana B (D,), TO 06e uactH pa-
ne. crea (21) sBasOTCA HEMpepHBHLIME BO BCEV TIPOCTPAHCTBE
¢yHKuugMu TO4KH Mm,: WETerpan mo (D;) Kak mepsas HLOU3BOX-
1Nl HLIOTOHOBA MOTEHNHAJa C HENPepLIBHOH IIOTHOCTHIO, HETe-
rpas no (S) Kak noTeHpuan mOCIOTO €Ol C HelpepLIBHOM
wrornocteo.  Iloatomy  dopmyna (21) cnpamenausa, ecau
Touka m; nexut ra (S). liycrte Touka m, uHa (§). Ha ocnopa-
MU 3avedasnst K § 13 (1) nesast wacte (21) ecTh HempepuiBHas

1 3exk. 749. H M Tiontep



162 3ALAYM HEHMMAHA U POB3HA fra. m

GyUKUKA TOYKH m,; BO BCeM MPOCTPAHCTBe, 33 HCKIIOYEEMEM
TOUKK m,. lipasas 4acTb, Ha ocCtoBaHvM 3ameuarus K § 3 (II),
npy OpuGAMKEHHH TOYKH /My K TOuke m, Ha (§), OTAWYHOM,

Pid
OT m,;, MOJyYaeT Ciraraevioe ——.

12

TakuMm 06pasoM, uMeeM:
0— 0—L :
i(..f‘_o LA N ) S [ 1 cos(re2n0)d (22)

J\ ox ox r Jor
B, 12 & 10 ros

[lycTs po 9 v TJOTHOCTH 11OTeHLHaa0B mpocroro caos U u V.
Ha ocunosawun (22) cnpaseiJuBo PaBeHCTBO:
1 1

[e@{ [o] l(a w7y )}y =

(8) S) (7) )

"1 cos (rgery)
Pt WAL, 7Y

L T ri,

5 02

stu(Q){ ‘ (1)[

(52) (S0

dcl} doy.  (23)

Mpul TO3XKe AOKaXev 3aKOHHOCTb MEePEeCTaHOBKH MOpPAAKA HH-
Terpup *Bat Uk, liepecTaBiass NOPAAOK HHTErPUPORAHUA B JIEBOH
yactu (23), noayuum Qopmyiay:

o 9L
fp-(?) Jv(l)[j ’"’-%‘ldc dcl}d32~_
(%) () Wy

1 1

][ [ e = 9.9
(S

(bp 3

M aHaJOrHuHbIE e,
[TosToMy seBast uyacrb (23) mpuUMeT BHMA!

J U av ouov+ouov
ox dx oy 0y 0z 02)

r. €. OHa paska Jesoi uacta (18).
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{IpaBaa yacto Qopmyas (23) npumer BHA:

i [ [0 oo (] [y ko]x

) S) 3 &)

><[ J‘u(?)‘f‘%"""")dcz] do==2n .rp(O) V(0)do —

02 6]

— Sf V(O) [ (2) <08 (Foarta) ""2”") dsz]dc — V(O){Qm (0) —

( qz) (S)

[P(Q)cos(rmnn)d }dc . [V(O) dU,:
(5 Toz (%)
18K KaK

2 (0)— [p(?)fc_)s(:z"—wdcrg:Qﬁp(O)—{— ‘9(2)93%%’”—"%2:
@ ” () 20

dU
=27 (0) 5=

Taxkum o6pasov, npasas yacth (23) papHa npasolt wactu (18).
Hrum cavpv gopuyna (18) mokaszaHa, ecnd CUMTATH 3AKOHHLIMH
HlepPeCTaHOBKK TOPAAKOB HHTErPUPOBAHUA,

Ha ocuomanwu noGasaenus k § 6 (I) and BO3MONKHOCTH mne-
PECTANOBKH TOPAAKA HHTErpupoBaHMs B Jenoit yactu (23) Ho-
CTATOYHO AOKA34Thb CyIlleCTBOBaHMe MHTerpana

oL 1 1
[1se@i{ _f]v(l)l[(bf)

a
)| T ldt] doy doy. (24)
(52 (S)

dU;
dﬂo :

“ox |

[Ipexne Bcero uMeem:
1 1

Sy B e
| ¢ "?0’ | ox < o
W TIOBTOMY
0 rjo —rl; d 1 1
J Ox ‘ dx < [r_" 72”‘11
‘) (D'i’ 10 20

11*
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Hokaxem, uTo “

1 g
|4 Lae< £ (26

S
10
(Tip

.

Ton Tyo

Ilas mokazaTenbCTBA OMMNIEM OKOJO TOUKR /1, KAK ILEHTD.
wap papMyca 2ry, u 0003HauuV depes (w) 4acTh Liapa, .Iexa
uyio B (D;). IlnockocTb, nepueHpnkyaspras m;m, ¥ NPOXO
ARLAR 4epPe3 cepelMHY OTPe3Ka MMy, JEeAUT (w) Ha yactu (o
u (o). Ilycts (@) comepxur my, (@) conepwur m,.

Wnrerpan (25) ectn cymvia unrerpanos no (D, — o), (o) 1
("), Quendv KaMnApi# U3 UHTe] PATOB.

. Iy
B obmactu (') myeew ron = 2, n nosrovy

"1 1 4 T 4 [da<x 32r
{_ crde o oy g ey S AR (2ryy) e
T M,y Mo . 12

3

2 2
oy Tto o Tao Mo

3jech MCNOAb30BATIA TO OOCTOAI€ILCIBO, UYTO MUTEIPAd Ol
NOJTOKUTEALHON yHKuMH ¢ (0') MeHbile, 4eM 0o (w), a no-
CAeNNUi MeHbINZ, Yev [0 [OMIOMY WIapy paauyca 2r,,; 3nade-
HHe Tocaenrero drterpana Oui1o uoayuero B § 11 (ID).

[oayunyv TakkKe aHAZOTUYNyI0 OUEHKY HHT2rpata 10 (o),
3aMeTmB, uro (w") JexuT 1B uIALe C UEHTPOM B m1, M Paany-
com 3ry.

I I

B o6mact (D; — w) uMeeM riy > 27,5, W 003TOMY r;‘“ Y
Kpome 1010 ir;q—rgy| < 7y M, CILOBATEILHO,

ry 1
=<y

GTKyna caelyet

_1 <~ a0

2y’
u, Takum oGpasow,

§ 2

f; r_m'

ITycts R oanauaer auavierp obaactu (D). Huarerpan mo
(D; — ») OT l0onOMUre bHOR (QYHKUMM MeHbLle HHrerpana mo
chepuyeckoMy CJ0I0 ¢ UEHTPOM B m; M paguycavu 2r,, u R.
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lToyrovy noayyaem:

(’)f:t')) "o r.:o (Di—.m) 10 o7,
! 1 8=
) 161» (—2';;2———?)< rl?.

. A
Takum oGpasov, BCe HH1erpa’bl WVCIOT OUERKY —— M MO-
12

9TOMYy OueBka (20) moxazana. Orcioza cieayer, 4To
} | ar1 0!
o] [l e

<) (0

ecib (rpaHndenHas ¢yHKUUS M, BO BCEM NPOCTPAHCTBE H HE-
rerpai mo (S,) HaBepHOe CylleCTBYer. JTUM CaMBIM AOKA3a/1H
JAKOHHOCTb MepeCTAllOBKY nOpdAAKa WHTEIPUPCBAHMA B JEBOH
uacTu (23).

[TorTopas paccywaenus § 4, npuaem K OneHxe:

Y1 cos (remp)

T -
{;_' o) g - &
:q) 10 rf’() r]?
K, CJel0Baie&/]bHO, HPUXOAMM K BBIBOJAY O CYIlIECTBOBAHUHA HHTE~
1 pasa

r 2
o o 15"

@iy [ [ 1L o) g o, aa,,
"~y (s
110 [JOKa3biBAE€T 3AKOHHOCTb TIePeCTaHOBKM TIOPAAKA HMHTErPUpoO-
BiHUA B NpPaBo% uactu (23). dopuyaa (18) nokasana.
B kavecrse 106aBnennss k 10xkaecrsav (18) u (19) nokaxew
CJAELYIoNMe yIBepHAeHus, KOTopbie HaM TIOHAAO00ATCA MO3NIHee.

dav,
1°. Ecau ua (S) uveev ﬁ‘fzo, 10 B Cay4asX OOGLIYHOM U

{£) morennman upocroro €104 V 4 ero IIOTHOCTb PABHBI HYJIO;
w cayuae (J) V pasen nymo Bme (SU), HO MOMNer paBHArbCs
QUTHYHBLIM OT HY.IA HOCTOSHHHM BHY 1pu (S()), (§@)), ..., (§®),
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aVv
JeiicreurensHo, ecau dn"

| (G + (5T + (G o= (v Grae—o, s
Dy

e

=0, 1O Uveev:

a 3To O3Hauaet, uro B (D,)

oV _ oV oV
T =y 0z =0, V = const.

Ho B 6eckoHeuHo yaadennod royke V=0 u, cierosareabHo.
V=0 B cpasnolt o6nacru, colepxauiell GeCKOHEUHO YINajieHHYK
1ouky. B cayuyaax o6piynov 4 (E) sra cmasHas o6nacth Corma-
aaer ¢ (D). B cayuae (J) sra casHaa ofjgactb He cormamael
¢ (D,); ona me comepwur obaacteit BuyTpu (SM), ..., (S®),
B Kaxmod u3 koropeix V = const.

B cayuaax o6uiudov # (E) morvenuuman V, Oydydd paBHbIV
Hyimo B (D,), paBeH HyMmo N0 NOMHOK rpasuue (S) 4 dopmyaa (19)
nokaaeiBaet, yto V= const B (D,), 1 rak xak V=0 Ha (S),
o V=0 8 (D).

Ecmi V=0 scoay, ro

0 =—+"——"F=4nyp, p=0.

2°. Ecin V=0 8 (D;), 10 V=0 Bciony. [HelicrBurensHo,
tak kKak V=0 na (S), ro dopuyra (19) nokasupaer, 410
npoussonubte V pasasl Hymo 8 (D,) u, crejposarenasio, V= const
B (D,). Tak kak V=0 Ha (S), 10 V=20 B (D,).

No6aBaenne. [lycts U—rapmonnucckas B (D;), a V—norenyua.
upocroro cios. JlerkO y6enurbes, uro cmpasefanBa Qopmyaa (18), u
¢ meit (19) u (20).

. 1
JeitcrBrurenbro, ecin my B Dg. 10 e — rapmortdeckas B (D;) i,
1

CIEe0BATENBHO, NMeeM’
L 1 1 a 1
f (B_Q i fm + fw)
J \ox Bx - y 9y Bz oz =
Dy

_ [Q_U_iidc.__ o) 4,

dn ry (26)

@) To1
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Yerpemasa B (26) touky my ®a noBepXHOCTL (S), YMHOKAS MOXY-
‘WI0‘Ieecs paBencTBO Ra p (1), Harerpupys 1O (S) H nepecraBass Mo-
PMIOK WHTEr PUPOBARMS, NPHAEM K (opmyre (18).

Kax cacacteue ¢opvyan (20) moayyaew:

y—L fél’.idj L fv,;c"S("N’

i ) gn 7 U 4w | ri 5 8 (Dy)
8) (S)
_ 1 f{aVids | 1 (‘ ¢os (*N)
0=7 .rﬁ“?“‘z;: JVi—r— a0 8 (Do)

(8) 9

av, )
H QRAJOrvuHbie Aad Ve U dn . HQHCTBHTeJle(), BbiBOJ TDNOCACIHKX
[

opmya b § 8(l) Gasnposaacst anmib na dopvyne (20).

§ 7. BokaszareascTBO Teopem § 5

O6paumlasick K oka3aredbCiBY Teopev § 5, MH Hpeanoo-

wuM, uto Cy—momoc nopsaka k aan dyukuuu p(0). Takuu
06pa3oM, Mbl TOJOKHM:

— @1 (C' 0) . 1()0 (M lS1 (0) 1 ’
PO ="gm —r—artE_gEr T (7)

1e #4(0) He PaBHa TOXIECTReHHO HYmO,

Orciona
1 [e(0)05
W)= — — | %
O=—5 |2
(Sy)
1 1
==r V' TgmgE WO @D
WO — L ‘ (1) 29y
2 re
(S0
W(l):..L ['?‘_(D_dﬁ‘
27‘ rio !

80

u rme WO ue pasen ToXnecTseHHo Hymo, 16O, B MPOTHBHOM
cnyuae, ObI0 61

By (0)==0,
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1°. Hoacrasass W B ypasHeuue

R
= — (L) —of —c— (L4 B

1
1 CpaBHHBAasg Ko3dddiveHTH TPH AR noJyyaem:
w7 e

0} "3 (0 Kb
aw,; _—dW(, — <(’Wi .dW(, )' (28)
dn dn O\ ¢n dn
OTKyIa
. dW , dwy
(1 +C0)_ on :(1 —‘ao)—?’?‘ . (29)

YMHomas paseHcrso (29) Ha WO u wmespupys no (S),
no.yyaeM upd novoutn (19) u (19'):

T | Y2y d~——<1—co>;z(w_>d 30)

(D)

Orciona caeayer, uro upu So== — |
. 02
DI
. ox
B,

Wrak, wpa mamHow 3uavenud &, WO — koucrawra B (D,).
Ho rorza, B ofblkHOBeHHOM cayyae u B cayuae (E), W' pesne

pakeH Hy 0, OrKyAa BLIreKaer,— B TPOTHBOPEYUH CO C/eTaH-
HBIM B Hauade J0Ka3arenbCrsa lpennosoxeHuev, — yro {,(0)
Takke paBHa Hymo. Taxuv 06pasov, uucao {y=— 1 ne moxer

Obirb  10MOCOM  (DYHKLMM | HM B OGBLIKHOBEHHOM C/Jy4Yae, Hu
8 cayyae (E).

2°. Ilpeanoaoxuv renepb, 4TO Co——xoumexcrioe YHCT0.
Toraa M,(0) u WO rakxe wmoryr 6brb kovmaexkcHnva. [fo-
Jaraem:

WO — yi) +ive,
Paznenum o6e wactu (29) Ha 1-}-§,; vbBl noayunv:
aviy ide’ 1 O{dvﬁ ,dvﬁf))

in an 14\ dn V' ag

(1)
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Yuvuowaa o6Ge yaciy Ha V) — V() nveew:

2__ 2y
+ Ve - +if — Ve —

,de§ 143 c’V')' dV@;)

-

- ((U dvﬁ’” oV
=g (VO gV et

L '(/V'ndvi’l v<2>d~vg) ] 32
Tt ' on dn ) ) (32)

Murerpupyev nocieiiiee paseucrso mo (S). Coraacro (20),
KO 3pPUUMEHTE TIpY { pABHLI HYIIO; MBI IOJIyYaex:

‘ \1 (0V(‘)> de — ' Z(@V@J‘-’d: B
m,

d \ O

—__11__2[”‘2‘ (0(1}/;»>. ‘ Z(()VH I (33)

Bhipaxense B cko6Kax B NPaBOH uacru He PABHO HYMIO;
# (IPOTUBHOM Ciydae ObUTO OBt

V=0, V& —0, W®==0, 1,(0)=-0,

win neso3voxHo. Wrak, 310 Bhipaxenwe M icBas wactb (33) -—
1—5%

+7%
CineHen, OrKyla BeITeKaeT, 4r0 M YHCI0 5, TaKie BellecrBeHHo.

3°. Ecan £, BewecrsenHo # He pagHo —1, 1o paeencrso (30)
WMeer BHA:

DO Py LT

IDI_) ! I)")

HOHIECTBEHHB! W MMOJOXKHUTENLHSI, A MHOXHIEIb

— Belie-

Muierpat B upaso#l 4acrd 21010 PAREHCTBA He DaBeH HY.TO,
WIK KaK, B NPOTMBHOM Ciyuae, OKa3aiACb Ob Be3me PAaBHHIMH
nymo WO u 9,(0). hiak, vHomuTess

1—2%  Za—1
I+ 7 41
NOJOXHUTETEN UM parcil wymo W (== —- 1 nan § << — 1
PYHKLMS 1 He #MeeT 110TI0C0oB, JeXAUX vewiy — | u —}- 1.
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4°, IIpeanonoxum Temepb, uyro k> 1. Cpashusas xosddu
1

UMEHTH TpH oy B o6Geux yactax (B) mocie nolictaHoBK
= =0

pasnoxeunss W, nosyuaewm:

awd  awd awP aw®y  awd  awd
dn. ~ “dn 0( dn dn >—\ dn an )
OTKYyIa
aw® aw® o aw®  awt?
(1_1_&0)—7171—_:(1_%) dn —_< dn + dn ) (34

Yuuokav (29) Ha W) u (34) na W u preureM BTOpPO
poy3BeieHde M3 NepBOro. ViHterpuposaHde HOSYHEHHOrO Pa
BEHCTBA

dw awd
(1 t(ww TE_wo T4

W(O) aw®
— W

(¢
= (1—Cp) ( wa ) 4+ (Ww) dzyn, 4+ wo dne

110 (S) mpuBOAXL HAC K YPaBHEHMIO:

[ — [ 3 (¥ Of g0, @
@y (@,

i e

[Tpeo6pasosas (30) k Buxy

0440 | S a0 = [ 3 oo, 00
D) (D)

3

W 3aMeTHB, UTO

1 |
|1+c0 1—c0\”“1“cﬂ"1+c0—2

HAXOJMM, Peluas cacTeMy ypasaeHnit (35) u (307):

‘ E(aw/«») dv =0, (J‘)E(ag{;(m)% ds— 0,

€
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OxHako 5TH PABEHCTBA HEBO3MOXHHI, TAK KAK U3 HHUX BhITE-
Ko 6w, uto W =0, #,(0)= 0. [peanonoxenue k& > 1 npu-
WOJWT K TIPOTHRODEUMIO; K MOXKET PapHATBCH JMWlub eIMHHYE,
110 ¥ TPeOOBANOCh AOKA3aTh.

YerTwPe TeopeMn § 5 xoOkasaHbl,

§ 8. YcaoBue, Heo6xomdamoe aas TOro, uTobbl § =
He OblJIO TICJIIOCOM

[Toacrasnsst 3Hauenwe p u3 (17) B ypasHenue (7)

5 [ry 2O gy 4 ro),

(%) i

w (()) S

lv'
aqy e

HoJlyuaev:

2,0 0 =—35 |2, DX 4o, 4 £z, . 36)

(sl) 10

YMHOMXAf uoCHenHee PaBeHCTBO HA ds U UHTerpupys ero
1o (§), HaxoAuM:

| 2, 0yas —
It
_—jdc (% 1) 00N 4 g () ff(O)d°=
% s, o )
:_QE ‘ 2, @, 1)(JYEE§‘(£;’OM ds/\‘dsl 4
() sy 110
+ a0 fOa @)
(S
Ho
cos (r‘)wNo) do — — (‘ cos (rszo) do— —9
@& o @& m

T,

TAK XaK Touka m, pacnonoxena Ha (S). Bceneacrsue sTOrO
paBeHcTBO (37) WPUBOAMTCA K BUAY:

f@.¢ 0as—z [ F ¢ Ddoy+2,0 [ f(O)ds;
(8) (S s
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oTCroAa -
(1—2) [ Z,¢ 0)ds =@, [ f(Ods. (37"
(<, <y

peanoioxuM, 410 viB uveew JKeJo ¢ OOBIKHOBEHHLIM CiAy-
yaev uau cayuaem (J).
TMoaciasass 8 (377) T==1, uoayuaev:

0=2,(1) [ f©)ds. (38)
S
Ypaeuenue (38) noxaseiraer, uro nau =1 omIuH u3 Hy.ef
dyukuuu g, (L), wan yro0

{f@ds=0; (39)
~)

yciosue (39) HaBepHoe yiosiaernopseics, ccau L=-1 He Hyih
@, (%), Hrax

(1) — eAuHCTBEHHBIH Cayual, Koria yucao .==1 voXeT He
oblth  Momocov v (0), 2ro— ciayua#t, Koraa yIOBJIeTBOPSercHd
ycaoBue (39).

Honycium veitepn, uro ycaosue (39) pwmoixexo. Ma pasen-
ciBa (37') maxomgum:

(1 —2 [ 2,¢, 0)ds=0,
(S)

OTKyZa cjeiyer, 4To TupH L1

[@1 (2, 0)ds = 0.
™)

Ho nocaenuu#t wHrerpait-— neiass ¢gyuxuus (. Ecaum on pa-
BeH HYJMIO HpU BCeX 3HAYeHHsX 5, He pasHuix 1, TO oH o6pa-
uaercs B Hyab ¥ npu S=:1, Hrak

(2) — npu Haduuuu yc.1oBusa (39):

(@1, 0yds==0. (40)
)

lIpepiioromny  remepe, uro L=—1 nyar g;(C). Pasaeaus

(37") na (1 —7) u nonoxus 3arey - =1, moayuaeu:

[ 2,0, O)dc:—*@f(l).“f(())d:. (41)

(5, (N
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- /
Tak xak Z==1 npocroit unonwoc v, 10 @4 (1) oTaIMUNO O
(yss, TaKkuv obpazom

(3) ectu £==1 nomoc 1(0), 10 BHIPANKEHUEC ’ @,(1, 0)ds
8
ofpawmaercs B HY.Ib JHIIB B OM Ciayude, KOrja HMeer Mecro
ycionue (39).

B caydae (E) ycaoBue (39) 10.0kHO ObITh BHIOM3MEHENO.
Hvecto roro, uyTtoGB uHrerpuposath paseuctBo (36) 1o scel
COBOKYUHOCTH Fpawuil (S). MLE CTro NIPOMHTErpupyeM MO KaxXiaoh
vy aparun (SO), /=1, 2, ..., k—18 orieahHocrd. Mu no-
JAyuuv, Bvecto (37), caelyloilie paBeHCTBa:

| @,¢, 0ds ~— " |7, 1] | oM o5 4
(\.\]») - S \"l) 10
12,9 | f0)da. (37))
(sl
Hwveen
’. cos (LJUQ'UL ds = s‘ (‘03(%1_%)_ ds
(\'”/ o (&'{I,- 10

)TOr  MHIerpajd He paveH HYMIO Jullh B TOM CJIyuae, KOria
rouka m, pacnoioxesia Ha (SYW), TaK Kak BCe TOUKM IPaHuLy
(S®), is5], 1exaT BHe TPOCTPAHCTRA, orpanuuenHoro (S©).

Taxum o6pasoum, papenctBa (37;) Moiyt OHTh UPUBELEHH
K Cciegyollemy BHLY:

[ 2,6, 0ds—2 | D¢, 0)da4D,0) | [(O)ds;
<y /g‘(')) ,\Q'(l))
(=1, 2, ..., k)
orciora

a—n | 2,6 O)ds:fﬁl(:)jf(())ds,}
U (< l)) I} (37;)

( (=1, 2, ..., k) }

[Tosropsis  paccyxieHus, HpopeleHHble i OGBIKHOBEHHOIO
¢ayvas u cayuas (J), OpuzoauyM K CAEIyIOIMM BHEBOIAM:



174 3ANAUM HEHMAHA U POB3HA [rm. mes

1°. EaumucTeeddsly cAyua#t, xorga uucno L==1 moxer He
6biTh TiO/IOCOM 1.(0)), 3TO C/ayual, KOIKa HUMET MECTO CAeAylo-
ke & yCnoBHH:

. [f@ds=0, =12 ..., & (39"
RN

2°, Ecan cymectByior k2 ycnosu# (39), 1o MOXHO cKasarh
ro e camoe u 0 k paBeHcTBax:

ffb,(l, 0ds=0, (=12 ..., k). (40"
(Sll))

Ecau £ =1 nomoc ¢ynkuuu 1(0), 1O MBH uMeeM:

[@,0, Oyds=—gi () [FOds, U=1,2, ..., k) (41
(s0) s\

pasencrsa (41) NpUBOAAT K CaeLyWOINeMy 3aKIOYEHHIO:
3°% Ecm §{ —=1 nomoc ¢yukuuu @ (0), To uHTerpan

[@,0, 0ds
(s

MOXeT TOrAa JUiib OOPATUTECS B HYJAb LPU HEKOTOPOM ompele-
MeHHoM [, KOrjia AJ% 3TOro 3uayeHus [

[f©Oyds=o.

(s

§ 9. JlccTaTroyHOCTh HAHNEHHBIX YCJAOBHMil

Nemwma. Ecau gyurgus o(0) yoossemgopsem ypasrerun

2O = — gz | o)) 2N 4, (42)

(8 10
m. e, ecau p(0) npunadaexcum K 4ucAy DyHOGMEHMAABHOLY

@yuryuii ypasuenus (7), ces3auHbx ¢ noawcox L=1, mo
nomenyua.
Vo= fﬁ.@ﬁ"’_l (43)
. 10
(8)
ocmaemcss ROCMosARKbLM 8 obaacmu (D)),
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{lonb3ysice (42), umeem:

dv; __ave _

_ _ cos (rigNy) 4
Wi Ve~ 4rp(0)= o [ p1y o) 4,

(8) rio :
__edV_ v
= — 25 = — (G-

Orcioza caenyer, uTo

=0 [ R =0

(B,

t, e, yro V=0C B (D;), ut0o u Tpe6OBAJIOCH NOKA3ATh,

3amertuv, uto B cayuae (E) sra xoHCraHra uveeT HEKOTO-
poe onpegesneHHoe 3HaueHWe BHYTPH KakJo# 064acTH, of paHu-
yemiofl MoBepxHOCTBIO (S(®), Moryulee H3VeHATBCS TPH Hepe-
xone us oxHoi obaactu B Apyiyio. B cayuae (E)— ans Touku m,,
naxonsineics sHyTpu (S®), I=1,2, ..., k,— caellyer mucars
lonydeHHoe papeHCTRO B BHie: V =CO),

1Tpu poxasareibCree gocraroudoctu yciosu#t (39) u (39)
Mhi PACCMOTPUM B OTIEILHOCTH: OGHIKHOBEHHBIH Ccayualt u cay-
ualt (J); cayuas (E).

1°, Ipeanoa®KuM, 4TO Mbl HVeeM [Jel0 ¢ OObIKHOBEHHbIM
wiydaeM unu caydaeMm (J), u uro ycnosue (39)

‘ [ f@ds =0
(8)
yROBJIE FBOPEHO.

lycre =1 nomoc ¢yuxiuu p. B TakoM cayuae crnpase-
tamwio pasenctso (40).
IToacrasnss §==1 B ypasHeHue (36)

r
2,6 0= — 5 | 2,0 =N 45, 1 7,7 0)
(S0 "o
HOAY YUY

1 . >
7,0, O=—g. [ 2,0, DM g5y

(80 10
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T. e yOeamucs, uro &, (1, 0) ccrb pewleHde ypaBHeHus (42
Bcaenctsue 21010, Ha OCHOBANMM JIeMVB, WVeeM:

NN
!

=Cu (D). (4
%

Bsenev HOByI GdYHKumo rouek Ha (S), nonmaras

£ (0)==1.

Haxoauwm

[ fo@dz=s, (41
<)

rae S-—cywva mioiazeft 1pauuu  copokynsoctd (S). Ec.
u.(0) ecrn 3Hauenue w(0), coornercrsyomee f,(0), To

1ae 9,5, 0) u @, (L) — Hekoropuie ueavie QyHKUUM, TO1yYer
Heie 1pu moacraHoeke f,(0) evecro f(0) B pasencrso (17).

s (46) creayes, uro L — 1 Hasepuoe nomoc GyHKiun w (0
nveev*

J'gll(l, 0yds = — @/ (1)S
(8)
Ypast erue

@1_?—()—)-: - e @1 (C, l)

.
{8 at

cos rmN.,)

ds,~f gzlﬁ(:)fn 0)

MpuBOJNT 1aC K panevchy
@](1’ 0_)___ ‘.@ (1 1) COS(I’]UNU)d

(g "m

mokasmiBawoiuevy, uro J, (1, 0) Takke npencrapager cobow P
HieHue ypaBHeHusi (42).
OTciopa crepyer, yTo

SN
Vo= | J_lrig.i ds, =C, 8 (D). (45

Iy
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Yunoxum P, (1,0) Ha Vdo u npounTerpupyemM IpOH3BeAe~

we 110 (S). IMockoaeky, ¢ oaHodt cropous, V pasto C na (S),
Ml I0JyUaeM:

fszsla, ())Vda:Cf@l(l, 0) ds —= — P (1) SC.
(<) (5}
(. qpyro#t croposs, paBeHcrsa (40) u (45,) HaM Aal0T:

' 2,(1,0)Vdo= _f@l(l,())(f?’_*ﬂ;'flﬂﬁ)dcz

5 () (%)
' "7, (L0 d
- ’@1(1, 1)(‘~57—L(7~)—G—~)dsl=cofgl(1, [)ds, =0,
<) ' * &

Q1tciona Boirekaer, 4TO

—ZL()SC=0, C=0.

Ho ecam mnoTeHuMas mpocToro cJosi pased Hyaw B (D)),

0 OH Be3ne PaBeH Hy.0; OTCIOAA HOJAYuaercs PaBeHCTBO
2,(1, 0)=0,
nokaseBaollee, 4To L=1 ectb Hyan dyuxuna & (¢, 0). Ho
Dy (€0
&==1 Hym dyukuun ¢, (0); Takum o6pazoM, Apole —7)‘(%1-
1

¢OXpaTHMa, YTO HPOTHBOPEYUT CHeJdAlHOMY BHIE TIPeANoNoXxe-
wio. B wurore, Mbl BYMAMM, uTo aBe THnoresn: 1) {==1 ko-
pet @, (L); 2) BuiondeHo ycaosue (39)— npoTUnOpevaT Apyr
apyry; C=1 ne MoxeT O6HTb momocoMm p (0).

Ins nokaszareaectBa goctarousoctd ycaosul (39) B cay-

yae (E) caenyeT caerka H3MEHHTh W3J0XeHHBIC BHIE pac-
CyXaeHus,

Paccmarpusas cayua#h (E) uw cuuras, uto uMeloT Mmecto 2
yeaosuit (397), npeanmonoxum, uro §{ =1 nomoc p(0). B takom
¢rydae crpasennuso (40°) u mbl 3akmouaem u3 (36), uro

Ve J 210 DE _ oo suyrpn (SO), (=1, 2, ..., )
AT (45%)
Beenem Honywo dysxuumo f,(0) Toukn Ha S, nonaras
fo(@)=2o® wma (SO, (U=1,2,..., k),

1ae @) IpOM3BOIBHO BHIGPAHHBlE TOJOXHUTeAbliBle YHCAA,

12 Bax. 749. H. M, Tourep
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Himeem
=k 1=k
[ o@as=Y | fo@de=Fatstzo. e
) 1=1 (;(7)) 1=t

Ecau p(0) dynkuus g, coorsercreywomas fy(0), To moxuo
HATINCATh:

m: (% V)
D ()

?

rae P,(%, 0) u @, (D)—nease dyuxinu ; na ocHosaHuu (46')
% ==1— uaseproe Hyae D, ({). Csepx Toro, umee:

[ 2,0, 0ds=—Zi(Datiss,  (=1,2 ..., &)

(s®)
n
— 1 | ——— cos N,
(1,0 =—o | 2,0, D200 4,
T . r
(5) 10
BcaepcTeue sToro
Vo= ‘752%%?11.d31== ) Buyrpn (S7), (46”)
S

(=1, 2, ..., k).

M3 Bcero >Toro BHBOXUM:

1=k
[aimove=Y [ 20,0 vd=
(8) =1 (sl

=k =k
=Y " [ B, 0)ds =— (D Y, c"aOs?,
l=1 (8® -1

3arew

f@l(l,O)Vdc::

(5)
=<§! 7.0, Q‘s‘n% (1;101) dcl) do =
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¥ 1, 0)d
— [0, 0( [ BB ) 4,
8

(8)

=k R
O 7, (1, 0ds \ ,
=¥ ‘ 2.4, 1)“ LT ) de, =
=) )

I=h

:Ecgbf @, (1, Dds; =0.

RN

WUrak, npu moGux al’)

i=k
E C(l)l(l)s(l) =0,
=1

4YT0 BO3MOXKHO JAUIIL B TOM Ciyude, Korja

=0, (=1,2 ..., k).
Wa nocnenmux paBeucTB 3aKkmoyaeM, yro V pased Hymo
# (Dg) u, cnenoBaTelbHO, Bedlle paBeH HYMO; TAKMM 06pasoM,

@,(1, 0)=0.

lJocnentee paBeHCTBO HEBO3MOXHO, UGO W3 Hero BHTEKAaeT BbI-
HOJL O BO3MOXHOCTH COKpAlleHHs oGmUX MHOXKUTeJeH B UMCAU-
tene u 3HameHatene Qyukiuu w (0).

Ycnosue (39°) BHOBbL OKasbiBaeTCs B NPOTMBOPEUMH C Tpei-
nonoxenem g, (1) =0,

§ 10. Pemenue BHYTpeHHeill zagauu Helimana

OO6pigkHOBeHHB Ccayuait. 3aMerum, npexge BCero, 4TO INpPH
WeCAeNOBaHE BHYTpeHHe# sagauun Hefimana MBI He MOXEM 3a-
NUHaTh [0 MpousBONy GYHKIMIO f.

[Ipunumas BO BHUMAHME, YTO TIOCTOSHHAS €CTh TapMOHHYe-
ckaa dyukuus B (D;), MBl 3ameuaem u3 cdopmynn (18) § 6, uro

) dVvi _
—a-n—ds——()

Y

(8)
12
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Orcrona cnepyer, uTO NPU HAXMYMM YCAOBUS
dv;
dn =f

HOMXHO TAKXKE HMeTb MecTo paseHCTBo (39).

Hrak, ycaosue (39) ecTb Heo6XOAMMOE YCHOBHE BO3MONKHOCTH
AAHHCH 3a1ayu.

Ho wmbl BYlenu B npeAblAyllieM maparpade, uTo IPU B0~
HeHun ycnosust (39) uncno L =1 #e moxer 6biTb MOTOCOM Me-
pomopduoit dyuxmuu (9)

. 0
0O =ZE =t + U
Y KOTOpOH

1 cos (r19Ny)
po=/fr o us pp=—o ‘ pn-l(l)o—%g—"—i—dsl.
A 10

Uncno =1 He moxer Takxe Ouith nomocom ¢dyuxkuuu (11)

1 (1) ds
W=—s5 f (rlo L= V-0V, R 02V
(CA]
rue
Veem — L | fe(Ddoy L | dVy—y doy
ET 2n Y10 - 27 dn 10 '
(Sx) (H)

Oyuxnuu (9) u (11) He MMeEIOT MOMOCOB, 3AKIIOUEHHHK B 11PO-
MexyTke or L==—1 10 {=-41; {=—1 rtake He voxer
ObITh UX TIOAIOCOM; TIOITOMY MOXHO TMOACTaBUTH B (11) sHauenne
{==1. Haxoaum

W=V, FVod-Vo+..., (47)
TpHueM, COrlacHO 3avevaHusm § 2,
aw;
dn —~/
Mrak, pewenue 1OCTaBNeHHON 3afauu oNpeieasieTcs PAAOM
V="V —Vy,—Vy— ..., (479

Ha ocHopanuu paBHOMePHOH CXOAMMOCTH Dsijia

(O =pyfp+pt-... (9",
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na (S), nyeeMm:

Ve — L [ w(0) ds
i . "10
(S)
Taxuv obpasoM, V pmeHCTBUTENBHO MMEET HOPMAAbHYIO NDO-
WAROLHYIO, YAOBIETROPAOILYIO YCIOBHIO
dv;

Tdn Y
uoo dyuxuusa (9') npencrasaser co6olo peuieHue ypasuenus (7)
npu § = 1.

3ameTHM, 4YTO TIOCTOSHHAA €CTb rapMouuyueckas QyHKIUS
w (D,), HopMambHas TIpOm3BOAMAA KoTopol Ha (S) paBHa HYmO;
MIl MOXeM, TMO3TOMy, TPH peiiedun BHyTPenHe# 3anaum noba-
wirh K HalIeHHOH ¢yHukIME V OPOW3BO.BHYIO KOHCTaHTy. 3T0
#AMCUAHME HAXOIMTCH B MOJNIOM COTNACHM C JIOKA3AHUBIMM Bblille
reopemamu. K xaxmomy peuiennto p ypasuenus (7) npu {==1
MOMHO, OUYEBHUIHO, NOGABUTH JPOM3IBOJILHOE PelleHue OJHOPOJ~
noro ypasHemus (42); ora onepauusa, coriaceo nemme § 9,
uMeeT NOCAEACTBUEM J00aBieHHe K V HeKOTOPOrO NOCTOSHHOIO
KOJIBYeCTRa,

Cayuait (J). B ciayuae (J), kax ¥ B OGLIKHOBEHHOM Cayuae,
sunoatenie (39) ects HeoOXOAMMOE YC/IOBUE BOSMOKHOCTH BHY-
rpennett 3anauyn. Paccyxpenvs, nposefieHie Beule g OOHKHO-
BCHHOrO CayHas, COXPaHAT Cuay u mnst cuyuaa (J).

Ho B cnyuae (J) ¢yuxnus (9) moxcer AOMycKalb MBa JIOJMIOCA:
h=1ul==—1; upn BoinodueHnu ycnosus (39) ucuesaer aMUIub
nomoc =1, Mu He mOxeM Halit¥ 3HauenMe oyuxmun W,
noacrasuB [ ==1 B pan (11), Tak xak paguyc CXOAUMOCTH BTOTO
pana paseil eMHHILE,

Yunoxaem dyuxkomo W Ha 1J-C; noayuaem:

AFOW=V, (Vo VDL (Vs V4. .. +
F Vot Va7 4

[MockoabKy § == — 1 npocro#t nomoc dyuxunu W, nocTonbKy
9TO 3HAYEHHE YN He MOXeT GuTh nomocov ¢yuxuud (1-4-L) W;
yuuTHBasg, 410 [ ==1 TaiKKe He TOMOC BTOR GYHRKUHM, 3aKMO-
uaAeM, YTO PAIUyC CXOZMMOCTH NOCAELHEro pala 6omblie efuHUIA
M YTO JIOSTOMY BO3MOXKHO B HEro JOJACTABUTH 3uadeHme ({==1.
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Mu npuxomuyv K Qopuy:e

W 5 IV, (Vo V) (Vg V).
(Vo V, )+l (48)

Mckomoe pemienue mno/yyaeTcss B BHAe Psa

V= g Vi (Vak V) (Vb Vo) ..
+(Vn+ Vn-—l)+ el (481)

Kak u pas OOLIKHOREHHOTO Cnyuasl, BO3MOXHO YO6emuthes,
4r0 V HeficTBUTE/BHO TWOTeHlman NPOCTOroG CNOS M, CJICHOBA-
TENbHO, AOMYyCKAeT HOPMANbHYIO [IPOU3BOJHYIO, YAOBIETBOPSIO-
ULyI0 YCNOBHAM 3ajauH.

CuaenanHoe Bobillle 3aMeuaHue HACYET CAMOYO OGLIEIO PeLIeHus
3afayy OCTAeTCd B CWJAE: JJ9 MOJyYeHHsS STOTO PelleHUs cAeiyer
mobaBurb K HafimeHHON QYHXHUM JPOU3BOABHYIO MOCTOSIHHYIO.

Cayugait E. B cayuae (E) moxuo npumenuts dopmyay (18)
K Kaxjno#t o64acTH, OrpaHuueHHON JOBEPXHOCTHIO (S(')). Orciona
clienyer, yto BHYTpeHHsds 3anava Helivana Bo3MOMHA nuuib NPH
BHIoAHeHun B ycnouit (39°)

[rde=0, @=1,2,..., 4.
(s

Ecau stn kR ycnoBuit ynoBAeTBOPeHH, TO £-= 1 He MOXer
Outh nomocoM aas dyuxuait (9) u (11). B paccmarpusaemov
cnydae (E), {=—1 nns umx Taxke He 1OJMOC, U y HAX He
MMEETCS JIOMIOCOB Mewny — 1 u ~[-1,

Wrak, panuyc cxoiammocrs paga (11) Goabiue eQuHUIH,
noxarast B Hev (== 1, uveem:

W=V VoVt ... (49)
Pemtenue BuyTpennett sagaun Hetimana noaydaercs B Buie psifia
=V, —V,—V,— ... (49")

Mu 3avernad, YTO MCCJAeNOBAHME AAHHOIO ChyYas MOXeT
OBITL 3aMeHeHO u3yueHHeMm f sHyTpeHHux 3apad Hefimana, Onuako
dyHxums, KoTOpag onpeiensna 6 pewesue A obaactH, orpa-

AY
HUYEHHOH (S”’), nMesa OBl 3HAUEHMC JMIUB JUJI TOYEK BHYTDH
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47O/t 06aCTH, TOrZa KAaxk TOJBKO UYTO HalileHHOe HaMM DelleHue
1AaeT UCKOMYI0 (YHKIMIO B BMAE OJHOTO €IHMHCTBEHHOIO psifa,
'OJIHOTO 19 RCEX BHYTpeHHUX obaacrefl.

K nafiiensovy pewennmio V Moxno A06aBUTb QyHKIMIO, KO-
topas OCTaeTCs NoctosHHOl B xaxaol M3 obsacreft, orpaHuyeH-

HIKX NOBEPXHOCTAMH (Sm), HO 3HaueHue KOTOPOM u3MeHAeTCH
npH nepexopge or oxHOM O6GNACTH K APYro#,

310 nHaxomures B coraacuu ¢ Jemmod § 9 mas cnyuas (E);
#06aBASA K 1 peleHus OAHOPOJHOTO YPAaBHEHUs, MH /Kb
npubasagem k V KoHcTanTh, 06;31a0UIMe YKA3AHHBIME BhILE
CHO ICTBAMHY,

CnenaeM He6oJbIIOE 3aMeyaHHe O CRS3M MexAy 3anayamu
A n B. Ycnosue (39) noayueHo xar Heo6X0aMMoe ¥ AOCTATOY-
noe ycaoBue paspewnmocts 3ajgauu B, CremosatennHo, oHO
MUSIETCA W JOCTATOUHHIM YCJORHEM DPa3spelUMOCTH 3akaud  A.
Slnngercs am ono neobGxonumuv? IToxkawem, dro svo rak., Jlas
ONpeReseHHOCTH PacCMOTPUM OORKHOBeHUHH Caydaii,

HonycrtuM, uro ¢yuxnus U rapvonnyeckas BHytpu (D)) Ha
ypanuue (S) ynosaersopaer yciaosuio (1), npuuem

ffdc———-cS, ¢+ 0.
)

Torna dyukuua f, =f-—c¢ ynoeaerBopser ycuosuwo (39) u,
C/le0BATE/MbHO, HAleTCd MOTeHUMAT npocToro ciof V rakoit,

aTo ‘ii‘;’ = f,. Torpa rapmouuueckas BHyTpu (D;) dynxuus
W= U-— V ua rpaunne (S) ynoBiAeTBOpsieT YCHIOBHIO

aw;

an = ¢

Ecnmu ¢ >0, ro sro ossayaer, uro dyukuus W yGisaer,
¢CAM  [BUTARTCH 10 HOPMaAM OT TOYKHM IPaHubBK M, CJegoBa-
16740, TOYKA MuHmMyMa Qyukouy W He MOMeT 6HTb Ha rpa-
mate  obnactu (D;), YTO NPOTHBOPEUHT OCHOBHOMY CBOWACTBY
rapMOHUYECKOR (Y HKIUH.

Touno Tak xe uHeBo3MOXHO ¢ < 0. 310 nNoKaswBaer Heob-
XOAMMOCTh yCJaoBHs (39) ans PaspewlnMOCTH 3ajaum A.

Orciofia Takxe crenyer, 4TO BCAKOE pelleHHe 3ajauu A npen-
CTARMMO IOTEHIMANOM MPOCTOrC C.I08 M TAKUM 06HPA30M SKBHBA-
JeHTHOCTL 3ala¥y A w B moxasaua.
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§ 11. Pewmcnue BHewwHeil 3amauyu Heiimana gas cayusas (E)
M Oast COBIKHOBEHHCIO CJydas

Mu nonyuymm pemene BHemiielf 3amavd Hefivaua, onpenenss
agauerne pyuxkunu W npu L= — 1, Yucno { = — 1 ne moxer
6uTh ToxIocoM 3TOR dyuxuum Hu B crydae (E), #n B o6bikHO-
BEHHOM c/iyuae, HO {=-1 MOXET 0Ka3aTbCs ee MOMOCOM, TaK
KaK BO BHelIHeN 3ajade 3uauedus [ He NOLUMHEHB HUKAKOMY
ycnosuio. BcieAcTBUE 310T0 Hein3ds NOACTaBIArs B pax (11)
3Hauedne {=—1,

Ho { =1 — npocroi nomioc W, nostomy dpynkuus (1 —L) W
ronovopdHa B OKFec1HOCTH {==1, M MOXHO HalTH MCKOMOe
aHauerne W, noacraBus {=—1 B psan

A= W=V, (Vo= V)L (V3— Vo)LP 4 ... -
+(Vn—' Vn—-l)in—l"‘{" s

BLimoannB 9Ty NOACTAHOBKY, HAXOAMM, uT0 dyHrkuma V,
yOOBAETROPSIONIAsS YCAOBUIO

dV,
dn(-‘ —'f Ha (S),

BRIPAXKAETCS] PABEHCBOM

V=g (Vi (Vo — V) (Vy— Vo) oo
F (D" V = V) .-l (50)

B crenyomux mnaparpadax Mm IaTHV  pcilleHME BHeWiHel
sagaun Hetivama mua cayuvas (J); B arov cayvae dysxuus W
nonyckaer nouioc L=—1, u pan (50) Tepser cumpbICi.

§ 12. dynpamenTancune QyHKuny nepoca §=1
u 3azaya Pob3ua ana cObLIKHCBEHHOrO cJayudas

B o6nikHoBeHHOM Ciyuyae {=— — 1 He MOXeT 6uLTh NOMOCOV
dyuxuun w(0); npn Bunoaucnuu ycaosus (39)

ffds =0,
)
T =1 119 Hee —Tarkke He no.aoc. Bceaeacreue sroro pag (9)
w(0)=py~+Zpy .. ot e
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uveeT paamyc cxogumoctd Goapwe eaunuun. Taxum o6pasom,
BO3MONHO HAATH TaKOe IM0JIOXKUTENABHOE YHUCHO T Medbllee exn-

unle, 410 psA (9) Oyner cxoauthed npu { == ; (0,
¥ uyto OOLUA WieH NPeo6Pa3OBaHHOIO Psiaa

o

.
.—H

OyneT OECKOHEYHO MadniM.
Mpu wanuuuu ycaorua (39):
o, | < pmag nz= N. (GIY)]

Ecmn Qyskuus f— upoussoibHas, TO PAAHYC CXOAUMOCTH

paaa (9) pasey emumuie, Ho { ==-—1 ue nomoc dpyukunu ,
a4 L==1-—npocToll nomoC, NOITOMY PAIMYC CXOXUMOCTH DAna

A —=0e0)=py+0O;— 0+ .- +Or—pr_ )"+ ...
Goablle eXMHULM, W CYWECTBYeT Takoe yucao t <1, 4ro

6 —"n
b ‘-1
0

6yner OECKOHEUHO MalbiM.
Orcrona caenyer, 410 Ans kakoff yromuo Qyurunu f

Loy —Pn-1| <7, ecmm n=N (0<z1) (52)
Mpu m >n umeem:
P = Pn == (Pm — Pm—l) —l_ (Pm -1 Pm—Q) + e —l_ (pn+1 - an);
OTCIONA CAeLyeT, 4To
Ipm'—" v nl‘—— Ipm'—' Pm-1 I+ e +
s pn | < <
TakuM 06Da3oM, s Kakod yromno ¢yuxuuud f
o —0n| < az", eciw n= N, m>n, (0<x2<1). (53)

IMocneTHee HepaseHCTBO HasuBaeTCs npuHuunoM Po6sua, OHo
MoXa3blBaeT, uTo p, CTPEMHTCs K Npefeny NPH 6earpaHByHOM
BospacTanun 7. OGO3HAYMM 3TOT NpPelens yepes o

4

~h+1

-—T

limp, ==p (n — c0).
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Heparencteo (51) noxaswBaeT, YTO NPH BHIOJHEHHH YCIO-
sua (39) p=0.

3ameTnM, 4TO p,, PABHOMEPNO CTPEMUTCS K npegeny Ha (S):
Al HaxOwenust HepaseHcTBa (53) Ham He norpeGOBaKOCH BBO-
JATh NPEATONONEHHA O MONOMEHUH PACCMATPUBAEMON HAMM TOUKH
Ha yNOMAHYTOH MMOBEPXHOCTH.

IMpunumas Bo Buumanue (10) W YTO p, PABHOMEPHO CTPEMUTCH
K« MPEAENy, Mb MOXeM HPOM3BECTH [MePeXOoA K MNpemeny mnox
3HAKOM HWHTEerpasa M Hamucath:

N "pa)f"—swds,; (54)
Q-r.(é) rio

TakuM 06pasoM, p, €CAM OHa He PaBHA HYJIO, €CTh OJfHA U3 QYyH-
»

HaMeHTATbHHX (yHKnMA nomoca L ==1 maa ypasuenus (7)

N,
@ =—g [0 g5 4 1)
S 10

Mpounierpupyew no (S) nocaenuee us paseucts (10). [To-
JqyyaeM:

1

(9 & (8)
o pn—](l)< ‘C—os“(‘%‘ﬂdc>d61=

(5) & "10

L ‘ cos (rgNy) 5
= 9n ‘ Pn_1(1)< ‘ C—s——r’%—o dc) ds; = J'Pn- 1(1)d°1-
(8) (8) 10 (8)

Takum o6pasonm,

fpn(O)dczfpn_l(O)dcz =fpo(0)dc=ff(0)dc;

(8) (8) (<) (S)

oy (1) 20N g Y g —

10

nepexons B nocjhenHeM paBeHCTBE K Ipene]y, HAXORLUM:

[p@ds= [ f(0)ds.

) (8)
Orciona caenyer, utro eca ycnosue (39) He BRIOMHEHO, TO
0 He DaBHA Hy/O; Takum o6pasoM, B 3TOM Ciydae, p— OIHA U3
byunaMenTanbHHX ¢GyHknu# ypasuenua (7).
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Mpousseneune Cp, rae C— NOCTOSIHMAN, TAKKE NTPEACTABISET
cobolt pemenne ypassenns (54). IToxaxeM, 4TO 3TO peumiexHue —
naubonee obuiee, T. e. 4TO e cyuiecTByeTr (yHIaMeHTaIbHON
pyukuum nomoca (== 1, ausefino Hesasmcuvmoft or p. [Ipenmo-
AOKUM, 4T0 QyHimad f* u 7 cBA3aHBl COOTHOWIEHHEM

(1 do= [ f"ds. (55)
) <)
IMycrs p’ — dyukaus, coorsercrsyomaa f':
p’:limp; (n — ©0), p")—_:f”
1 05 (r1alNo) .
oo |, 2

(8 10

UHAAOTMYHO, nycrb p” -— dynkUMs, coorseTcTsylomas f.
Hatinem pemeune, KoTopoe cooTsercTsyeT ¢yukmun f/— f”.
licau o6oaHaum1b Takoe pelleHWe yepes p, TO

p=limp, = lim (g —p,), (# —> 00),

U4

e py=f"—f"=py— .
Orcioma cnenyer, 4To p==p’ —p”} HO 0==0, TaK KAK

[ —frds=o0
()
wa ocuosauuu (HH); urak,

7 .,
o =p";

ane pasmaunsle pyuknuu f7, f7, cessauHble coornouennem (55),
NPUBOAAT K ONHOMY M TOMY e DelleHuio.

Ecmn dyuxknun f' u f7 ne csssaubl cootHoweunuem (55), 10
HOJMONKIO HAWTH YMCAO b, YIOBJIETBOPAIOUIEE YDABHEHHIO

b f f'da = f f" da. (55')
(9

Peutenne, coorsercrymoniee &f’, pasHo by’; B camoM jene,
upu ymHoxenun f° Ha b, p; TaKXe yMHOxaercs Ha b. Taxuwm

ofpasom, nMeeM:
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Urak, kaxoBa 6u uu Ouna Qyukuus f, cnoco6 CrexnoBa—
Po63ua npuBonuT K pewenusiM ypapueuus (54), OTAUYAOLIHMCS
Apyr OT APYra AUWL [OCTOSHHBLIM MHOKUATENEM; MHOXUTEAb 5TOT,
BBUAY CYILECTBOBAHUN YPaBHEHUS

[ pds= [ 7as,
(8) ()
Brio.IHEe oupenensercsi 3HayeHuem

ffdc.
(8
Ocraercs elle BBISCHHIb, BO3MOXHO JIM TIONYUHTh 3THM CHO-
co6oM Bce pemeHus ypaBHenust (54).
[MycTs p— Hekotopoe petuenune (54). [Tonoxum f = p; numeem:

Po=—10

1 0s (r1oNp)
=g [0 20 do

(8) 10

i os (ripNa) . .
."n—‘:"Q—n’rP*(JAds—‘:P, lim p, = p;

) 10

MBl BHAHM, 410 1o cnocody CrekjoBa — Po6oHa, NelCTBHIEIBHO,
MOeT OHTb MONYyYeHO KAKOE YrojaHo petiende ypasueHus (54)
Coraacuo nemme § 9, norenyuan (43)

y— [ede

10
(ﬂ‘)

HMeeT NOCTOSHHYIO BeXuuMHy B obgacTa (D), ecan Qyuxuus o
yIOOBAETBOPSeT ypasuenuio (54).

[Mpuannumast 3To BO BHMMAlIMe, 3aKMI0Yae¥, UTO, ONMpPelesUB §,
Mbl TEM CaMblM DPa3peluin JeK 'POCTATHYCCKYIO 3ajauy (3apauy
Pobsua): nalimu na nosepxnocmu (S) pacnpedesernue 3nexmpu-
yecmedq, He OKa3pl8aijee HUKQGKO20 Oeficmsus HA MOYKY
srnympu (S).

OTcloZa Takxe BH1eKaeT, YTO, ecau 3aKaH OGIMH 3JeKTpH-
dJecknit 3apsan Ha (S)

f pdc = M,
: 3
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10 JladHas 3a7auya ABJASIEeTCS BMOJHE ONpeleleHHOH. Ilaa maxoxpe-
Bl peuleHys, COOTBETCTBYIOWIEro 3TOMYy CAy4alo, JOCTaTOYHO
HONOXHUTH®

M,
f= —§_,
Ml TOTHA, OYEBIAHO, UOJYUHM:
(pdc =M \ ds= M.
) )

§ 13. dyupamenrtasbible GyHKUuy noxwoca § =
# sapgaua PoOsHa aas caydas (J)
B cayuae (1), smayenns [=1 u L=—1 woryr OuiTL, BOOOLIE
rosopd, nomnocaMyu GyaKumu s
IIpennonokuM cHAayala, yro yciaohe (39) seimoxueso. B s10M cay-

wae =1 me MoxeT OLITh NOIIOCOM ., 3HaueHHe xe & = —1, ecan
IO TIORIOC, €CTh MONIOC MPOCTOI; OTCIONA CAERYCT, 4To PYHKUHA

(I+Op=rpo+ (p1+po) b4 (p2+p) B4 ... (56)

e gonyckaer EH noxioca §==1, nu nomioca { = — L. Taxum o6pasow,
pasuyc cxoaumocti paxa (56) Goapuie eAMHHI, W OTHOLIEHHE

Pn T Pn—1
~7 ’

IIpY HEKOTOPOM 3HAUCHHH qKHCaAa T, MEHbWEM eIHHMUbI, CTaHoBUTCH Hec-
KOHEYRO MaabM, Korpa n —» OC) uMeeM:

Lo+ pn—11<<x" ccemn nz= N.
Tlocneanee HepPaBEHCTBO MOKA3LIBACT, UTO, IPH HATHUYKH YCI0BUA (39)

lim (py, -+ pp~1) = 0.

[IpeanosoxuM temeps, 4To f— NpoH3BoapMas Qymkuus. Ecaum i
umeet mnoaoc § =1, To 5TOT MOMOC— APOCTOil, U PYHKIHA

J+00—=0r=rpo-F+ (pr+p2—p0) s+
F+ {2 t+p0)— o1+ 003 24 ...+
+ {(Pn+ Pr—-1)— (Pn-14 Pr—o)p " ... (67)

ne ponyckaer Wi moawca §—=1, mu noawca { = —1; paguyc cxomu-
Moctd pAxa (57) Oonbiie eXUHULLI M Mbl, NOTOMY, UMeeM, IA% HEKO-
toporo t< L

Hen +pn—1) — (Pr-1+pn-2) | <", ecanm nZ= N.

BykBanplio NMOBTOPAS paccympenuHs § 12, Mb moayuuv clegyioliee
116PaBEHCTBO, AHANOTHYAOE HEpPABEHCTBY (53):

Hom +pm—1)—(pn+pn-pi<las® (m>n). ecam nz N, (58)
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¥ noxasmBampuiee, uro

Prt tn—-t (59)

CTPEMHTCA K TIPEAENY, NYCThb 3TOT NPCTeJd PaBRAETCA p. Conepmelmo

ACHO, uTo Beauuuna (59) cTpemHTCA K CBoeMY TpeReny paBHOMEPHO
na (S).

Hveev
1 cos (ryoV,
on=— g | pum (1) 22100 4
(8) "o
1 f cos (ripNp) ()
s (r
Pn—17=— 5= [ Pn—‘_’(l)"“—'?;_o‘“'o_‘dcﬁ I
EA) "1
oTCI4a
1 { cos (ripN,
N I P =y ( [en-1(1) +24-2(1)] '—‘(";_0—0‘)’ dsy.
(8 710

Ilepexoas K npepeny, HaxozuMm.

cos N,
(S) T1o

TakuM 06pasoM, £, ecaM OHA OTJAHYHA OT Hy.ad, ecTb OAHa U3 (yraaMeH-
TaabHbIX (ynHKuud ypaereHusa (7), COOTBETCTBYIOWMHUX noxicy £ = 1.
Wurerpupys 1o (S) nepsoe u3 pasencrs (60), noaydaes:

. Lrr
pp ds = — 5= ‘ (( Pn-x(l)ﬁ(f—(r;iﬂ@—dcx)duz
() 8 (8) 1w

’ " cos (ra N, (
o Pn—l(U(‘ “'%L—nld“)dsx: ' Pn—1 (1) doy.
(8) € T )
(OTtcioka cnepyer, 4to

f‘o"dczfp,l_]dc::”.=f§0d6=ff¢16,

© (S) (%)
f (Pn + 0p-1) o =2 ffdc:
(S) (S)

nepexofs K MpeReny, HaXORHM;
f ods = 2 ffdc,
) (8)

u3 NOCIEAHEro PaBeHCTBA 3aKliouaeM, uro p -+ 0, ecln He HMeeT mecrta
ycaosue (39). Murerpupys (60) mo ommoii u3 BHYTpEeHHHX TNOBEpPXRO-
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crefl (Su)), Mbl [IONy4aeM

1 €os (r1aN;
pndc:—.—% ‘ ( rpn_l(l)——%wmxl)dc:
i) PUNEN "1

1 " cos (rogV,
=55 | tns (1)(} €02 o) ) o, = — fp,,-1(1>dc1;

&) s, e &0,

»

H CAMOM Jeje, HHTErpal
€08
o (’90th) ds
D ry
(S(Z)) 01
MOWeT GbiTh He paBeH HyJi0 Jdiib TOTAR, KOTAZ TORKA #iy HaXGAHTCA
nn (S®); B stom cayuae om pasen — 2%, ecan nopvans N, wanpapneHa
nnytps (SU). Tauv o6pasom, nmees:
[ onde= (=1 taorde=...= (=1 [ fau
i0) (s (s

Urak, ecin Lasi OZHON M3 MOBEPXHOCTEH (S”)), I1=1 2 ...,k
f fds + 0,
(S

0 p, HE CTPEMUTCA K npefeny; OTcioda 3aKaiouaeM, YTO [IPHHLMI
Po6sua 3nech Mecra He HMEert.
TModayyeHrirbie Gopuyasl NPHBOAAT K PABEHCTBAM:

Jentm-vdo=0.  [ed—0. u=t2..n.
(s O,
[ocnenuee u3 HHX MOXKET OblTh NOAyyeHO U3 ypaBHeHus (61),

HHTErpUpys KOTOpOE 110 (S(’)), HaXOJuM;

s gdc_.__l_‘ p(l)—c-cﬁgg—%—)dq)dc“

.

g 2n rs
) (&(Ty (8) 10
=__711:_J P(l)(. ﬂg&@dc)dclz— ; p(l)dc],
. . ry 2
(8 (s®) 10 T

Hue Mbl DoKaweM, 4ro p =0 na (S(”). )
Jlerko yfeautbcesi, YTO MOXHO MOAYYMTb OOUEe peunleHne ypaBHe-
uun (61), yMHOMXast HaitACHHYIO QYHKUMIO 0 HA NPOM3BOJBHYIO KOHCTAHTY.
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TloBropas pacCyXAeHHs OpeiblAyuiero naparpada, Mbl BHAHM, 4TO,
ecn QyHKunH f/ W f” cBA3anbt ycaoBHEM (55), TO COOTBETCTBYIOLINE
UM dyuxuMK ¢’ ¥ ¢/ — paBub; B camoM Iere, dyuxuusa f'—f” yrosaerso-
psAer ycaoBuwo (39) W cootBercrBywas el dyuxkuus »’ — 7 paBHa
Hymo. OTciofa cleRyer, uto, 3ajds

J b do = M,
)
Mbl BIOJHE 3THM Oﬂpe,ﬂe.ﬂHM q‘JyHKuHIO o, Aas TOro y106bl YKa3aHHbIM

M
Cri0co60M MOAyuH1h ee, AOCTATOUHO NOJOXHTH: f =55

[Tonbaysch paccympeHueM, yxe NpoBefeHHLIM B § 12, Mbt MoMem
ybenurbcs, uro ypasHeune (61) He uMeeT ApyTHMX pewIeHHH, KpoMe
MOAYYECHHBIX MO M3NOMEHHOMY METOZRY.

B camoM xene, ecam p — HEKOTOpOe pPELIEHHE 3TOTO YPABHEHHA

1
H Mbl fTONOXUM f = 5 P TO NOAy4HM:

1

Pn=‘2“i"r int fp—1=p

M BHOBb NpHAEM K ¢YHKUUH p.
bnaronaps nemme § 9, Mbl 3aMeyaem, 4TO HOTCHLUUAN

& T10

eCTb BenMuHHA nOcrogHHAs B oOnactu (D;); WTaK Mbl HAULIH peuIeHHe
paccMaTpHBaEcMOH 3JeKTPOCTATHUECKOH 3ajauM.

UnTerpupys no NoRepxXHOCTH (S(l)), {=1, 2,..., k& Mbl noayuaem,

TNV OV ‘i av, ave
J Z(az)d“—b Vg de=—0C | 4 do=0.

¢

13 ad
(DEe N (s (s\)

[3necw (Dg)) o6oanauaer o6aacts, orpamuuennyio (S7)].
Hrax, V ocraercsi NOCTOSANHBIM Jame BHYTDH (D(el)). Orcona cae-

ayer, 4T0o V coxpasser TO XKe camoe MOCTOANHOC 3HAUEeHHE BHYTPH (S(O))
H UTO HA NOBEPXHOCTH (S(l))

av; dv,

dn " dn = 0=

0=0, ((=12...k)

T. € 4TO p PABHO HYyMIO WA BHYTPEHHHUX [PaHHULAX.
[leperons sTH mnocleldauwe C10Ba HA sA3blK 3.1EKTPOCTATHKM, MOXEM

CKa3aTb, 4TO BCE 3MEKTPHUECTRO PACTIONONKEHO Ha BHEwHeH rpannye (S'0).
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Yc1adosus 3TO MOCIeAnee CBOMCTBO, BHAHM, YTO (QYHKUHMA p YRO™
110 rBOPACT yPaBieuyio:

o
‘) —_———
h

e

[ P(1) cos (’;IONU) d
(é(lo)) T1o

(617)

¢ —Ta Me cavad OyHKUHA, KOTOpas Oblna Haiieda B nipelbiiyuleM
naparpade horopaﬂ npexcrapaser coboil pemeane 3aiaun Po63ana
aan nosepxupetH ().

§ 14. dywaam-HTanbuble QyPKuUMM moawca § =1
u 3agaya Po6sHa ana cayvyas (E)

B cayuae (E) umcao % = —1 me MOkKeT ObITh HOMIOCOM (QYHKUHH (.
Jipn Bomotmenuy ycaosnit (397)

ffdc_—o. (—1.2.....%)
CR)

micao =1 Takwe He NOJIC; CJICIOBATENbIO, DPARUVC CXORHMOCTI
puna (9) Gonbule €IHHHLLL

B 9rom cayuae, RISl HEKOTOPOFO T MEHbINETO eXH'IHUM i npn n= N
bop l<<a®,  lHmg, =0, n—>oc.
JLus MPOM3BOJLHON QyHKUME f PaRMyC CXORMMOCTH psina
(1=8p0) =g+ (11— )i+ (P2—e) P+ ...
Ooniie e HULLE HTAK,
Pn—n-11<™, ecam n= N,
Pdccy)xnemm § 12 nokasmiBawoT, 47O

| rom ,n|<a-" ecat  n=N, m>n,

T, ¢, uto npuHyun PoJsua, B paHHOM ciyuae, cymecrsyer,
W3 pasencraa

1 [ cos N,
@ =—g | pua (2 g, (63)
(8) rio
fnepexoan ¥ npeaedy, BuiBoium (61)
b 1 “ (1) €08 (r1gNa)
= & io

# TeM caMpiM yOexpacmcsi, 4To [, €CIH OHa HE DaBHA Hymo,
fnpeacTaBaaer cofoil oy 3 dyRIaMeHTaNbhbX GyHKuui nonoca &= 1.

{3 3ax. 749, H. M Tiourep
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Wnrerpupys (63) no (S®), mur noayuaem.

¥ 1 ¢0s (ryN,
.Ondc—-":’z;_‘ ’ ( [911—1(1)'“—“(%)(131)(15:
S®) (s (s, 0

1 * cos (rgiNV,
=5 | ons( | -—-—gfn-iﬂ-ds)d°1== f pn—1(1) doy,
(8) (Sth 1o (S;P’)

"

TaK KaK HHTerpan
@
cos ("01N0) ds
2

- r
(S(l)) 10

He PaBeH HyJI0 JMIb AAs TOUKH My, pacnonowexHod Ha (S(')), H

paBeH 2% — B 3TOM MOchelHeM cayuae,
Taxum 06pa3oMm, Mbl HMeeM:

ff’ndc: f Pp-1d3= ... = J‘fdcv
sy (s(hy sy

decx::: ffdc, ((=1,2 ..., k).
(8 l)) (S-(L))

(64)

Mp! BHAMM, 4TO ¢ He paBHA HyJNIO, eCl¥ He BHIONHENO OXHO M3 ycaO-
i (39).
Pasencteo (64) noxasniBacr, YTO CyHIECTByeT HeCKOJAbKo dyHAa-

MEHTAILHEIX (yHKUME; B camOM  Jele, (yHAaMeHTanbHAA (yHKUWA,
coo1Bercrylowas fi, IR KOTopoH i

frdds 0, jﬁm=a
s\ (812)y

OTNMNAETCA OT QyUAaMeHTanbHOH (YHKLHM, COOTBETCTBYIOULEH fp AT
koTopokt

j fads =0, Jm fods==0.

(s (s1)
Beegem k& oynxumii O, f@, . f® obaapaowmx tem cBoi
creoM, uto f® = 0, ecnu my me pacnoaoxedo na (SV), u fB Z—S—iﬁ

ecan mq Haxogurca Ha (S),
Q6pasyeM orTeeuailouine MM (QyHiaMeHTanbHbie QYHKUHH,

9“), p(l), vy 80, L, p(k). (65
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Pynknas p() yaoBIETBOPAET YCTOBHAM
f Dde -0, ecan 1 fl ‘
(=) I
1 {
W) ds = — —
‘ (0 ds = < ‘ do == 1, ’
(i(’)) (S(h)

dynkuuu (65) 1HMHeHHO He3aBHCHMbL, B camoM jgeae, aomycrur
cyuecrsoBanne Takex noctoauanx Ci, Cy, ... Cp, UTO

Cie'®) 4+ Cof® .o+ Cp 4+ Cpp® 20,

Ml yGeMHAHCh Obl, TPH MOMOLUI HUTErPHPOBAHLA NOCAEIHErO PABEH-
ctsa mo (S¥), uro.

’

(66)

Cr=0.

JhoDasi QyHAaAMeATaAbHasa QYHKUMA 75, fOJydaeMmash YyKAa3aHHbIM

¢1L0cOGOM TIpH MOMOWM HeKOTOPOi dyukuuyu f, pasa auneitnodl dynxk-
i ot pyHKuni (63).
B camoM Aclhe, eChu

ffm:w” (=1,2..., &), (67)
st

T0 (ynnaMeHTaibHas GyHKUHA, COOTRETCTBylowas f, paBHa:
5= a(l)p(]) + 1(2)‘,,('2) e a(k)p(k),
Py HKUML Ke
fl=f— a“)f(‘) __a(-z)f(‘A) _— . — 5‘(k)f(k)
orBevyacT QyHKUHS
b OL(1)9(1) — 1(2)?02) —_— q(l‘)‘,‘(k)’

KoTOpas paBua HYIIO, Tak wkak f/ yjporjerBopser k& ycaoeusam (39').
HaxoHel, yKka3adHbIM CHOCOOOM MOXET OuTb MOJy4eHO .1ioGoe

peitenre ypaeuenua (61). [lyverb o — 310 pewenne. TNonaraa f—=y,
HaxoIuM

TOT= Gy B Tl eeer == frees lim{),n:: .

[
M3 Bcero 3TOr0 MOXHO €IE¢ 3aKJOUHTL, UTO pelienue 3 paene-

uua (6})-— snoane ofipep€acHo, eCau HaM H3BCCTHBL 3HAYCHHs o
2@, .. 2" umrerpanos:
o ds (=12 ..., k)
s¥)
PeUIEHNe 910 PaBHACTCSA

a1 )00

13%
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Ha ocuorauuy aemMbl § 9, Mbl 3aKliouacy, 4to QyHKUUA

[ ¢ (1) doy
10

V=
CA)

npeacraBiset coboif, A.1d pacCMaTPHUBAEMOro cly4asi, peucHHEe 3a7auH
Po63Ha W uro pelienne 3TOH 3ajauH BHO.JHe OMNPEAENACTCH 3aLaHMHeM

SNMEKTPHYCCKHX 3apAXOB Ha Kaxaod w3 noeepxuocreit (S(l))‘ [ =1,

3 ey

.§ 15. UccaepoBanue momoca §= —1
anga cayyas (J)

Bosspatvvcs k usydeHuo yHrumu (17):

( )__fﬁ_(_:?)
! F1(%)
M BHLISICHMM, NPH KAKHX YCAOBMAX uucao & ==-— | He npumaa-

MEXUT K UYHCAY NOMOCOB 3ToR dyHkimuu. Mol 3HaeM, 4TO
Pyuxunsa @, (G, 0) yrosaersopsaer ypasuenuo (35):

C » NU
70 0=—5 [ 2,6 n=LM 4 45,070,
%) 10

Ilpounrerpupyem (36) 10 Kax10f M3 BHYTPEHHMX rORepX-
HoCTe#:

SM, ..., ™).
Haxoaum

@, 0)ds =
(ﬂ‘(”)
. N -
= - ”2%: <‘1 @2, 1)}_9_{("‘_10 0 ds,)ds |-
SONEN
+2,0 | fOd=5 [ 2,6 0 [ M 4000,
Ty (8 sy 10
+2,0 | f(0)do=—¢ ‘ @, V)ds, -+

(st 3 ( S(?)

(=D,
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B camom nene, uxTerpan

i3
cos (ro\N

(4)01 0) ds
o ry
(S(l)) 10

l
HE PaBEH HyJ I JAuiib TOINa3, KOTAZ TOUKA /M, HAXOMUTCA Ha (S( "
B 3TOM e Cayuae, HampasJss Hopmandb Kk mnosepxHocTu (SU)

BHYTpb 0GJacTH, OrpaHu4eHHOM 3TCH MOBEPXHOCTHIO, HaltjieM, 4TO
BeJMYHHA DPACCMATPHBAEMOro wHTerrajda passHa —2=, M3 mno-
cneliero pasencTsa aas dynkumu @, (5, 0) creayer, 4to

(421 2,E 0)yds=g,(0) 'f(O)dc, (=1, 2,..., k).
(s®y s “ (68)
[Toncrasass B 310 ypasHeHue — 1 BMecTO {, TOJyuaeM:

0=, (—1) | f(O)ds, (=12, ..., k).
SO

Wrak, uucio { = -—1 moxer He OuhTh mnomocoM GQyiK-
itnd (17) Amute mPR BHifOIHeHun kB ycrnosult:
ff(O)ds_—o, (=1, 2, ..., k). (69)

B srom cayuae, pasencTsa (68) UMelOT B!
(149 | 2,6 0)ds=0,
(S(”)
BCNefCTBUE uero, mpu , # — 1t
[ 2,¢, 0ds=0, (=1,2,...., 0. (10
(8

Bce T umHTerpaiinl — Leable dyHKIMA §, BBUIY uYero pa-

sencTBa (70) MODKMH yAOBJETBOPATHCS W Ipu §=— 1; Takum
o0pasoM, npu Haduyuu B ycnouit (69), umeem: .
f @, (—1,0ds=0, (=1,2,..., k). (71)
& 4
[IpeanonoxuM Teneps, 4To L = — 1 ecrb nomoc dpyHxuuu (17).

Ileas ofe uwactu pasencTa (68) ma 1 -|-% u 3amensn 3areM



198 3AIIAYM HEMMADA UM POB3HA [ra. m

Ha —1, nogy4aem:

[ 2,1, Odo={(—1) [ fds, (=12, ..., k)
\Q(”) (k'T)

Orciona caenyer, uro, ecan %= —1 momoc (17), To pa-
BEHCTBO

f D, (—1, 0ydo=0
(\'(7))

MOXeT HMMETL MECTO .IXllb OJHOBpEMelHO ¢ YyC/AoBUEM

[ fas=0.
(b
Paccyx\'naﬂ Kak B § 9, MB Jerxo [QKaweM, Yro Npu Bui-

noneHun ycuoBuit (69) sHauenue = -— 1 He moxeT OwiTL r10-
mocom (17).

Jokanem cHayana cJAeAyOLLyIO aeMuy.
Jlemwma, Ecan @ynygus o y008Aemsopsient ypPagHeHitio

1 €os (ryNo
b= | p() 20N g
) i
MO 1LOMEHYUAN
Tl ds
V= ‘ ;_(_)__.L
S0

N
ocmaemca KROCINOSHHLM 8 obaacmu (D,). ‘

B cavon fene, Ha Kaxuoh u3 rpanan (S\), ..., (S¥) wMu
uMeeM:

dv; aVe ’ €0s (r4Ny)
—_t — 4rp =2 o (1)——=2= dg, ==
dn dn & 0
.4V - Ve
dn dn ’
OTKyILa
av,
dn T
U nO3TOMY
Tt /aV\2
.‘ X (Gx) ds=0.

(D
Wrak, B o6pactu (D,) V == const,
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Ipeanosoxum renepb, 4ro Qysxuus f ylomierBopser k&

ycaosuam (69) u uto {==— 1 ectb noatoc (17). Orciona cre=
ALyeT, 4TO
1 [ ; N,
Dy (— 1, 0)= 5= | @, (— 1, )Ll g,
(Sl) rl’)

¥ 4To Cnpaseaamebl papeHcrsa (71).
Ha ocHOBaHUW JeMMbI 3aK/I0¥aeM, 4TO

¢
—1,
V— ‘ 2 (=11 ds,
. r'1p
(S
ocraeTcs nocroadubim & (D). [lycts V = C% — 3navenne V

o

B o6aactd, orpaHuueHiol (S(l)). Bre (S(”) V paslisercst Hymo,

TaK KaK OH PaBeH HyJ0 B GeCKOHEYHO ylaleuHol TOUKe.
Brenem @ynkuumio fo, yIOBAETBOPALILYIO YCI0BHAM:

! !
fo=a" ma (s®), (=1, 2, ..., k),
1ae @) — NpOW3BOMBHEIE TOCTOAHHbIE.
Wmeem
[ fo da = 2B
(s
TaKuv 0o6pasoM, yc.aoBUa (69) He BHINOJHEHH n ,=-— 1 Ha-
BEpPHGE TNOMOC CCOTBeTCTBYWOWeR QyHKIMM:
7)) (72)
71 (%)
Ho ecom (= —1 onun u3 xopHeirt @, (), 10 GyHKUMUS

2,(%, 0) ynosnersopseT ypasHEHUIO

T T T A 1 e cos (r N
(L0 =5 |7 (= L -2l g
& 10
OTKyZa CrelyeT, UTO NOTeHIUaR
_{a 1)
V0~-— ’Tdd‘1
(50
ocraercs rnocrosuubiM B (D). [lycre C(f,) 3gaueHue V, B (S(”);
BHe (S(l)) Vo pasen ny.uo,
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Ymuowum &, (— 1, 0“) B2 V u TCOUHTErpupyeM mnpousseje-
#ue o (S); Mp HOAYYUM:

1=k
[Z =10 vas= 20 (g, (— T, 0)do =
o] I=1 (S(l))
I=

2 C(I)a(l @/( 1) S(l)
13

Tak Kak V| paBeH Hymo Ha MOBEPXHOCTH (S(O)).
C npyroit CTOPOHHI, OAb3YSCh paseHCTBOM (71), Haxonuwm:

e — f —1,1
J@l(—l, O Vds— | @y (=T, 0 ‘ %——ldcl)dc=
8 ) (S

. [ gl ('— 1, O) Ju—
- f@]( 1’ 1)(-[.*———”—0'—"“'116)(131-_
(8 ()

==J' @,(— 1, ) Vo(l)yds, =
)

1 k&
=3¢ f @,(—1, 1)ds;=0.
= (Sli‘)

M3 conocrasnesinst NBYX TOCHeNHHX Pe3yabTaTOB BHTEKAET,
yTo Mexly koHcTaHTavm a() MMeer MecTe COGTHOIleHue:

ZCI) (l)@( I)S(l)__o

U3 ITOr0 CCOTHO!IICHUS 3aKawuaem, uro
i
5
ch=o0, (=1,2,..., k).

Hrak, V papen Hymo BO Bceit obaactu (D,); caenoBarenbto,
dynknua @, (— 1, Q) r1akke pasHa Hymo. Mw mpuUxOIUM
K TpOTHBOpednio, TaK Kak Apobuas dyuxuus (17) oxasbiBaerca
COKpaTUvCHl, ¥TO He COrJMacCyercd cO CHEJaHHBIM padee MPeAmNo-
NOKEHHEM,

Takum 0Gpasov, pu Hanuumn ycjopult (69), wucno L= —1
H¢ MoxeT OuTh momocoM (17),
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§ 16. Buemnss zanaua Heiimana aas cayuas (J)

JlanHad 3anxaya BO3MOMHA JIMILL B IOM ciayuae, Korna and
BCE€X BHYTPeHHUX FPaHUIl

ffdc==0, (=1, 2, ..., k). (69"
(s(M)
B camom nene, UCKOMHEIH HOTEHUHAN — FapMOHHYECKAR

(pyuxuus eHYTPH Kamno# u3 obnacreif, OrpaHMYEHHHX HEKOTO-
poll BHyTpeuHeH NOBCPXHOCTHIO, LO3TOMY eC/u

_ dve (1)
f'_' dn , fa (S )?

TO LOMKHO UMETb MECTO DPaBENCTBO

(] - t] ch .
‘ fdo = J rr ds==10.
(s{ty (s

Ho npu nammuum ycnosuit (69) {=—1He nomoc dyHKIuK
V=V, 4+ V(i V4. .., (73)

Fak KaKk § =-—1 ne nomoc Qyaxuus p.
Ecau (=1 mnomoc dyukmuu (73), TO 3TO — NOMOC PO~

CTOM, Takum 06pasoM, PAAUyC CXONUMOCTH psina
C A=V =V (V= V)L (Vy— VB L. (74)

Boapuie eluHuitsl. [To3TOMY, BOBMONHO BHYUCTUTH 3HaYeHue V
ppu {==—1, noncrasisin B paa (74) yucno —1 smecro &.
dyukius

V= g (Vi (Vo= V) (Vy— Vo) )

ecTh peilienve BHeliHed 3anayu Hefimauna.
K ualileHHOMY peLIeHHI0 MOXHO 106aBuTh QyHkuuw %, 06-

palaoInyiocs B Hy/Ab Bile BHEWHEH TPAHUILEL (S(O)) M HMEIULYIO
TOCTOSIIHBIE 3ia4eHust B O6AACTAX, OFPAHUYEHHBIX BHYTPEHHUMU
MOBEPXHOCTAMH, B CaMOM jele, MBl MOxeM 106aBUTh K (& pelie-
HHA ONHODOAHOTO YPaBHEHHS, YTO DABHOCHABHQ [0GaBICHUIQ
(PyHKIMKE o YKA3aHHOTO BHA2 K TOTeHUMany V.,
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§ 17, dyHpamenranbhbie QYRKUMM nojoca §=—1
A cayuas (1)

Ecau umeo1 Mecro ycaosua (69)

ffds:O, U=1,2 ..., k)
(3t
TO YHCAO 5= — 1 He Moxer ObITh HoJiocOM YHKUMH (F)
v (0) = £ (0) + 853 (0) +- 822 (0) ...
Tagnum obpasoM, PyHkuus
pO) A= D=ro+(1—2) lF(pa— )P+ -0+
+ (o — - 8 ..

He Jonyckaer HH noawca (=1, ud noaioca {= —1, ¥ pazyyc cxo-
JAHMOCTH TIOCJIENHEro paja 60Jbile eIuHHUbl. VIMECM npH HEKOTOPOM <
MCHBLIEM e IMHHI{BL

lpn—pn—-11<t". ccam az= N,
13 HOCICANEro HepaBeHCTBA BHITEKAET HEPABEHCTBO
| pan — 2| < @, ecam n= N(m>n),

1IOKa3biBaKLiee, YTo I1IPH BbIMOJHCHHM ycaosu#l (69) ¢, crpemurcs
K Tpeneny.

Ilpesnonoiny Ttenepb, uto f— (GyHKUMs nPOU3BoIbHAs, PyHK-
uus © (0) Mower jonyckars noaioch (=1 u {=-1, HO 3TH moO-
110CBE — MIPOCTHIC; MOTOMY PaiuyC CXONMMOCTH PANa

(1= p ) =ro+Loy+L3(p—rp0) T B(ps—0)+ -+ -+

+ Ty — g oo (75)

TaKxKe Godapine epuumubl. VTak, BosMoXHo HafiTH Takoe YHMCIO T MEHb-
llee eNHHHLBI, YTO

|6y — by—2| <% ecanm nz N (76)

Ilocaenpee HepaBeHCTBO OKA3HIBAeT, YTo €CIM m M 7 0fa uer-
Hbie Uan 06a HEYEeTHHiC U ecaH m >n, TO

| om—bul&] b —pm—2| + | Pm—2— Pm—g| +
O L 1) Dt S L e B R N

TOCJIE LOBATCABIIOCTH

“

Al

¢
(5

B s ovs Opy o ves 77
2 P50 eees PagFlr e (777)

CTPEMATCH K UpejenaM; o6o3HauuM »TH npeneqs 4epes A u B.
Ilpy BhmonweHpH ycaoBuii (69) 5, cTpemuTcs K npenely; B ITOM
cayyae A = B.

0

IS

3

1»

ol



§ 17]
Wnmeem
Lo
fan =TT g [ foa—1(1)
8)
Lo
T ™ sa—2 (1)

Hepexoas k upepely, HaXOAHM

SYHAAMEH TAZDHBIE OYHKUHH ATH GAvuad (J) 203

cos (roNo) o}
’fr) ' )
b (60%)

10 ]

A = ‘ B {1) COS I’10N0) ]
’Sn> i l ~
. p (78)
B ) ‘ Ay Lo _cos (rmN(,) I
2z
(9 l()
W noayvaeM, ja’nee, [0CPEACTBOM NOU.ICHHOTO BbIYHTAHHH
Ly cos (r4aNo)
A--B=g | 14()--B ()] -0 g, (79)
(&) 7in
O1Cc10/1a CAeaY (1, YTO by HKLMU
b==A4—B, (80)

€C.JJH Ola He PJ4BHA 10A\AQLTB€HHO HYJI0. UPHHALMCHHT K HACTY (l)yHﬂa

Ho. wmurerpupys pasencrso (60/) no (SU). M noayunw. kax

f puds=— f pp—ids = ... == (— )" ffd""

MeHTaIbHBIX QyHKUuE noswca 2= — 1,
B§ 13
(s, (sl
OTKYAa
f (Fon —
(st

f(A-——B)da:—— fydu——
(s (s™)

1OCJaeAHe€ paBCHCTBO [IOKa3biBaceT,

BBITIOJTHEHO OZHO B3 3 cloBull (69).

BeeaeM & Qyuxunii (1), £Q), |

(¥

pu-nde=2 | faz. |

(st

[ o

(s

(81)

4UTO ¢ i€ paBHa Ny, €CIH He

.» f(k), onpeacaseMbix YCAOBHAMH:

ecau mg ue naxoaures wa (S®y O = 0,

ccnn my aeawt Ha (SO) AL -

.

Qs(l)
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O6pasyev oTBcHaloliye MM () HKLHH
AN A®, .., A&, B, B®), ..., B&)
K COOTBETCTBYOUIHE (yHIAMEHTaRbHbIE (YHKILHI:
M), 4@, L., bR, (82)
noaaras
0@ = 40 - O,
Coraacuo (81), umeewm:
1
f 4O ds =0, ecan £ 1, f o0 do = 1, ffth ds = . (83)
(s (5 (8,
dynpamcHTadpHbe QyHKUHY (82) auHeHHO He3aBhcHMbl, B camoM
Aede, Ha ocHoBaHuM (83), MBI 3akaloyacM, YTO TOKIECTBO
Cyy() - CAB) ...+ Gl =0,
rae Cp Cy ..., Cx— HCKOTOpHIE TOCTONHHLIC, BO3MOXHO JTHIML B TOM
cayuae, Korna Bce C; paBHbl HYy.O.
Hetpyano nposeputb, uto dyHMaMenTanbHad Qyuxuusa, COOTBCT-

CTBYiOH[dS TPOH3BOABHON ¢YyHKUMHM f, ecTh JHHeHHas OYHKuHA OT
¢dynxuuii (82); ona paBHa cyvme:

aMP g @) 4, alog ),

@

B KOTOpOIt

fds = r!2~ al®,
(s®)
B cavom nede, ecnn yHIaMeHTaAsHaA QYHKUMS Y COOTBETCTBY €T f,
TO QyHKIHA
Sl = f—a)f) — . — alk)f(k) (84)
COOTBCTCTBYET (DYHKLHH
G —amypy —,  —alpg k),

Ho f/ yaosiacrBopser ycaoBuam (69), TakuMm 0Opas3oM, HOCAEIHA
QYHKIHA TOXNECTBEHHO PaBHA HYIO.

Bosmowiio y6eawrscs, YTO TO H3AOKCHHOMY cnocoly Mbl MOMEM
HOAYUMTb BCE PEIUEHHUA ONHOPOIHOTO ypasHeuua pas 5= — 1. Ecan

¢ — raKoe peuleHHe, TO MOKHO NOJOXHTDH f=-§— 4.
Ilpunuvas BO BHHMAHHE, UTO
1 f cos (r;0No)
Lo (1 100V0 de
Y=g v()— "‘——rg 1
(8)) 10

UMeeM:

1 P 1 ,
P=2V, F1=*‘"-2—‘V, 3 5— ceoy

Mbl BHOBhH TPHAEM 3THM CnocoGoM K gyHKuud ¢,
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H

i o
/U3 mpeaniaywHx cooGpaxcHuil 3akaiouaeM, YTo yHKUus $ BNOAHE
onpeneaseTcs 3HaUCHHSMH HHTErPanos

fquza (=12 ... k).
(s¢h

§ 18. 3aMeuanne 0 NPUHANICKHOCTH pPeUIeHUs
3azaun Hefimana x xaaccy H(l, A, })

Kak mpl BHnema, kamjpoe petlleHue 3anadu Helimawa npep-
CTaBJ/SIETCSt NMOTEHUMANOM IPOCTOro cJjos V [w], MIOTHOCTL W KO-
TOPOr0 HAXOAUTCA KAK PEMICHHE WHTErpaJgbHOTO yPaBHEHUS

pO=— o [py 2o g 1O (g5

(%) "0
KOTOpoe Mhl nepenHmeM B BUJIE

p(0) = — o= P11 F0O), (86)

Mpu {=1 V[p] pemraer BHYIDEHHIOIO 3aKauy: ‘—ia‘—/,f =f.

[Mpu § == —1 V[y] peilaer BHeHIOW 3a1auy: d{};" = —f.

Las onpenenendocTH paccMOTpuM  OOBLIKHOBEHHHIH  Ciyuai
061acTH ¥ HCCIeAyeM NPUHAMNICKHOCTHL pewenus 3aizauu  He#t-
MaHa k Kaaccy A ({, A, A) B 3aBUCUMOCTH OT [IPUHARJEKHOCTH
,TIOBEPXHOCTH K KJAACCy ./'Ik (B,A) u dyuxuuu f K xnaccy F (L, A, X)
'va (S). B oOmxHoBeHnovM cayuae ypasHeHue (2) s C—~——1
Hveel €IMHCIBEHHOE pellende HPU JHOOOH HempepuBHOA PyHK-
nuu f(0). B arom cayuae pesoasserra siapa K, (1, 0) orpanu-
YeHa B TOuke (== —1 u moatovy wuvieed, oGo3Hauad uepes
R, (1, 0) pe3oabseHty

Jpl=I8a(D+ [ R, (1, 05, (0)ds| <
(8)
<max|2n\(1 Fmax [ R, (1, 0)|d00> < C- max|f,
&
TAK KaK OueBMAHO, uto max|%¥,| < C|-max|f]. Hrak, nmeen,
06o3HAuas uepes A KaKywo-AM60 K3 BepXuuX rpadeit |f|

lu| < CA. (87)
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Ecan {=-1, ro ypasHeHue (86) vvicer peniesue Juuib B rov
ciyuae, Koraa f yioBaeTBOPSET YCIOBHIO

ffds = 0. (88

(S}

[Ipu Bunoauenun yciosust (88) ypasheuse (86) wveer vHO-
HECTBO pelueHuit, OTJHYAIOIIUXCS IPYF Or JApPYyra cJaraeMbviu
BMIa ¢p, rie p— dyHkuus Poosxa. Cpelu 3rux pellieHd ! Haj-
nercs yaosiaersopswoillee ycaosuio (88). TTokawxeu, uTo TaK Bbl-
OpauHoe petneue ypasxenus (86) ynoBaeTBOpReT HepPaBeHCTBY
(87). He#icTsurenpbHO, U3 TEOPHU WUHIErPaJbHBIX ypasHeHu# cie-

Ayet, uro pesoasBesra saApa K, (1, 0) B OKPeCTHOCTH TOWKH
“==1 wuveer npeacTanienue

rne B(% m,, m,) orpaHnYeHa B OKPeCIHOCTM TOUKH L=
Or1cioa crepyer, 4ro NpH BuIOAHEeHHH Ycaosus (88)

0 m) =3, m)+ o | [£8 4B my, my| X

. T—1
(5
X ¥, (E; mo) dso =¥, G ”%)‘L“yn i B(Z; my, ’”0) I (4 Illo)dco,

(S) (89)
1aK Kak suecre ¢ f ycaosuw (88) ynosaesopsier u ¥, Or-
ciofa Haxoauy, uro p(%; m,;) ylomJersopsier HepaseHcTBy (87)
A9 Beex sHayeHuh I, pocrarouno Giauskmx K L==1, Kpowe
10r0, uHTerpupyn ofe wactu ypasuends (85) wo (S,), uajinmew:

. o
f b (0)doy = 1—; | fds,
Q) (<

#, ClleloBarennHo, peitieune (89) aag {1 yJoBierBopser yc.o-
suio (88), ecnu f ynomaersopser Taxosovy. Pewenne wu(§; m),
ABINACH AHAAMTHYECKOH @yrkiuedl napaverpa { B OKPeCcTHOCTH
toukn (==1, ynosiersopser ycaosuo (38) u npu {= 1. B no-
caenyloiiey Oy/tev ONHOBPEVEHHO WCC/EIOBATh Caydad ;== — |
ul=1; B cayuwae { =1 1n01 p nosuvaercs TOIHKO 4TO YNO-
VsIHyTOe penieHHe U 6e3 OTOBOPOK uUpearnoJaraercd, uro f yno-
grersopser yciosuio (83),
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7 Tak sn6paHsoe peuwieHue p ypaBHenus (86) aas {==1 no-

poxaaeT TO U3 peumieHMH BHYTpenHefl 3ajxayu, KOoTOpoe YyJiOB.je-
rBOpsieT yCJAOBYIO

t oV ds.
(9

Wmenno o6 srom pemennd BHYTpPeHHe§l 3ajauu u 6yzer uiln
peus.

Jesmma. Ecan (S)EJ,(B, k), (R>0), u fEH(, A, ))
Ha (S), 0 LIk, mo w€H(, cA, X} na (S).

Heticrpurensro, B cuy (87) |w|<cA. Torpa 8 cuay teo-
pevn 2 § 21 (1I) 0 npaRHALHON HeNPEePHBHOCTH HOPMATLHOU

NPOM3BOAHON NOTEHIUANA TPOCTOrO CI0A C OFPAHHUEHHON IIIOT-
HOCTRIO uMeev:
av vl

dn

Tax kak fEH(/, A, 4), 10 fEH(0, 4, %) u B cuiy ypas-
Herust (86), KaTOpOMY YIOBIETBODSET DYHKIMUA ., MMeeM:

w € H(0, C,A, &) Ha (S).

Ipennonoxum, uro v € H(, ¢"A, 1) va (S), rre 0 LI’ K
LI—1, A<\, unokaxew, uro w € H(V--1, A, ¥), ¥ < 1",
Detcreureapuo, I -2 I+ 1 k41 nnosromy (S)E My 4.
Torna ® cuay rteopevt 4 § 21 (i) uz w € H(, ¢"A, V") cne-
Ayel

€H(, ¢,A, V).

Wl g1, 0,10, @<,

d B cuny ypasHenun (86), Tak Kak fEH(l' 1, 4, 1), uveer:

weH{ -1, A, ). (90)
Tak kax ywe nokasatio, 4ro w& H(0, ¢4, 4'), 10 uz (90)
caepyer, uto w€H(1, cA, N, ..., w€H({, cA, V) 1 revwva

A0Ka3aHa.

3ameuwanne. Ilyeto f==0. Leun npu 3TOM 03HOPOAHOC ypas-
HEeHHe HMeeT PeHIEHHe 5. A1st KOToporo | p | <7 Ag, TO oueBn1#o, Hveey.

pCH (R cdy 1)),

Vs pokaszauHoil memmbi m reopemt 4 § 19 (i) caenayer, uro

ViRl€eH(I 41, ¢A, X), e fEH(, A, 1), (0<IL k).
Orcoaa caelyer Teopema:
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Teopema 1. Ecau (SYEJ (B, &y u fEH(, A, )
(B>0, 0 LI R), mo pewenue sHympennei [sHewneli] 3a-
Oanu Heiimana €H(I+1, cA, XY 8 (D)) [8 (D).

3aMmeyanue. Ilycte py ectb TO M3 pewenuit ypapHeHus (86)
mas f=0un {==1, naa xoroporo V[p]=1 na (S) u B (D;). Ilycers
max py == Ay. Torga, kaKk Mbl oTMeual, py € H (R, cdy ) w, caeposa-
teabHo, Vp) € (k- 1, cpp M), 910 3aMeyanHe GyleT HCMOAb30BAHO
NpH HCCAeOBAHMH PCLICHHs BHewHelt 3aiaun Jupuxae.

W3 reopevitt 1 caelyer amajgoruaHast rteopeMa AJs Nosepx-
HocTe# u dymxumit f u3 kiaacca CK),

Teopema 2. Ecau (S)ECE=D(B), (B> 1), u f€CH(A)
(0 LI k), mo peuenue suympennei [sHemrnel| 3adatu Heii-
Hawa €CD (cA) 5 (Dy) [8 (D).

Ile .crButensro, ecmu [ > 1, 70 fEH(I—1, cA, 1). Kpoue
roro, (S)E€JI, (¢;8, 1) ¥ 1o teopeme 1 pemenue 3amadu Hed-
mata € H ([, oA, A), (A < 1), utev canuy € CD (¢, A). Ecan [ =0,
r. e. f HenpepuBH3, TO M W HelpepLBHA U YNOBIETBODSieT He-

paseHcTBy (87). Torna oueBUIHL HENMPEPHIBHOCTL PeilieHus 3ala4u
He#tvana # BbinojHeHHe HepaBeHCIBA

[ V] < cA.

druM Teopema 2 j10xasaHa.

§ 19. O eguHCTBeHHOCTU pemieHus 3agayn Hefimana *

Mbi GyneM PacCMaTPHBATL BHYTPEHHIOW 3aJauy B CAy4asix
o6bluHOM 4 (J) ¥ BHeWIHIOO 3ajady B chyuasx ooeunom u (E).
B atux cayuasx pelleHue HHETCH B OAHOCBs3HOM o6mactH. He
pasauuas 3TM C/Iy4ad, paccMarpueaesylo o0aacTh Hasosev (D).

Teopeva 1. [lapsonunecwas suympu (D) ddynryus
pasra nocmognKol (B clyuae BHeuiHeH 3ajaud — nyJaw), ecau
ee HODMAAbHAR NPOU3BOOHRS DASHA KYA.

O6o3mayuv uepes T (a, R, &) Teno BpaileHus, OrpaHUueHHOE
1+a
MOBEPXHOCTBIO Z ==Kk (x>} y?) 2, (kK >0, o > 0) 1 n10CKOCTSIO
2=nh. Touxky (0, 0, 0) uasopem BepuIHHOH T€Na, a 4acTbL rpa-
HHLBI, J€XAULYI0 B MAOCKOCTH 2z = A, — OCHOBAHMEM.

“ B atoM naparpage aaHo usioxeuie cosMecrdaol paborui M. B. Kea-

nslsma u M. A. Jlaspearpesa ([loxnaas AH CCCP, 1. XVI, Ne 3,
1937 r.).
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SyaeM TOROPUTB, UTO OZHOCB#3HARn o6aacte (D) npunadne-
WUT Klaccy A, ec/u BCSKOH TOUKE M TIPaHULB! 06JACTH MONHO
npHUBeCTH B cooTBercrBue Telo T’, koHrpyeurHoe T (x, B, k),
uMeollee Bepmuny B m U Jdexauee 8 (D-}S). Eciu aucaa
%, k, h He 3aBUCST OT BHIOODA TOUKH m, TO GyAaeM TOBOPUTH,
uro (D) mpunrazaemuT Kaaccy B.

HerpyaHo yGenuthest, 4To 064aCTH, O pauuueHHble MOBEPX-
HocTsMu JlsmyHoBa, nNpuuaglexar k knaccy 3. le#icTsutensHo,
BHIOGPAB TOYKY #2 TIOBEPXHOCTH HAYAJIOM KOODAMHAT, a Kacarelb-
HYIO TIOCKOCTb TJIOCKOCTBIO Xy, GyneM UMerb A 9acTH 1oBepX-
HOCTH BHYTpU Cdepsl Jlsnmynosa

147
lz] b4y * .

Ecnu Bui6pars & >b u a <A, 10 60KOBasg NOBepXHOCTb Tela
Bpamlenyust BGIM3W BepuiuHu Gyaer Haxoautses B (D). Ocraercs
BuOpaTh % Tak, urobul teao T («, R, k) He BHLIXOAUIO u3 cdeph!
JlsnyHoBa C LEHTPOM B TOuYKe /1.

Tak kak uucaa b, A u paguyc cdepn JlanmyHoBa He 3aBUCHT
OT WOMOMEHHA TOUKU M, TO W 4KCIA R, &, % MOWHO BHOGpars
HE3aBUCUMO OT n1.

Teopeva 1 suBasercss cleicTsHeM cienyionlefl 3HAYUTENBHO
6onee o6nieh Teopevbl, AOKA3aTelLCTRO KOTOPOH Mbl npOBeneM.

Teopema 2. ITycms U dhynrnus, tapMoruteckas sLympu
(D), omauura om ROCMOAHKOL u NYCMb 8 MOUKe My LPAHUYB
o6racmu @yurxyus U umeem edurcmsennoe npedesstoe 3Ha-
wenue U,, pasnoe HuxcHell iparuye ee 3nazenuii § (D),

Ecau 8 meno (D) smoxcro snucams meso T, KOHZDYenmHoe
T{a, k, h) c sepuunol 8 my, mo

fim Y=l o (91)
T>0 10
2de m, — mouxa ocu meara T(a, R, k).
Jlokasarteancrso. O6o3nauum yepes U, MUHUMYM DyHK~
unu U Ha ocuosamuu tena T («, &, k). Ouesunro, uro U; > Uy,
Tak Kak B ciyuae U, =U, clefoBaio 6b, 41O MUHUMAJbHOE
3HAueHMEe TapMOHWYeCKOX (YHKIIMM AOCTUraeTCs BHYTpH 06/a-
ctu (D).
JlonycTuv, u9ro CyulecTBYeT rapMoHmueckas oynkuus W
8 T(a, kR, k) Taxas, 4ro Ha OCHORAHMM TeJa

WU, (92)

14 3ax. 749 I1 M Tionrep
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Ha 60KOBOHM IMOBEPXHOCTH Tena
W < Uy, (93)
W=U,

YIOBIETBOPA'OLLAA HEPABEHCTBY

B BEPIIUHE Tela

lim W (my) — W (mq) > 0.

P > 0 rio

(94)
Torna Ha OCHOBAHMW NPUHIUIA MaKCMMyMa /Jf FapMOHUue-
CcK¥X GyHKnui crefposaio 6bf, uTo

WU B T(a, k, h)
1, 3HAYMAT,

U(m)—Us W (m)=--Wmp)

e
g r1e

(95)

W3 (94) u (95) npu ryy — O caeposato Gt (91), u Teopema 2
6bi1a 6b! mokaszama. Takum oO0pasoM, ocraeTcst AOKAa3aTh Cylle-
CTBOBaHHe rapMoHuueckoh ynkuuu W, ynoeierBopsioulef ycao-
susM (92), (93), (94) u pasuod U, B Bepuiune Tena.

Ilycre 2 u k duxcupoBans. IToawe szadukcupyem u h.
IMTonoxum

W= [rcos 4 r1+¢ P 4(cos )| + Uy,

rae Y M 3-—TIOJOKUTE/bHBIE [TOCTOsIHHbIE r=l/x‘2—{-—y?—{——zﬁ;
Y —— yros Mexny paguyCcoM-BeKTOPOM TOYKH (X, ¥, 2) K OCBIO Z;
P, .3(f)— perynspioe B Touke f==1 wu rpasHoe 1 npu f=1
peulenue ypasmenus Jlewannpa mopanka 1--B:

sla=o%]+arnetpro=o.

Ouesunno, uro W(m,y) = U,. Herpynro yGeaurbcs, uro W
rapmoHnueckas (yHKuus. Kpome roro, Ha ocu Tena cosf =1
H rosgyuaev:

W (my) — U, B
~——7——-‘-‘=-{—T-r§0->-{>0,
in
T, e, Baimoineno (94).

[TokaxemM, UTO Npy HALJewauleM BbiGOpe | U § GYLyT BHNOA-
lieHH ycnosus (92) u (93).
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He#cTeutensuo, pan aas P;, g(f) umeer Bua:
24 381642
Ha(t)—wr), e
24-3343—2 24 B+ P—k(k—1)
X 9.92 9. i (t“‘l)]‘

U, Cel0BATENLHO,

_ 243+ ) 2433+ 3+ B
Pryg(0)=1— 2.12P + 2.12l : 2.-25j +

_}_2+33+ﬁ2,33+?2 4——3Ts—fs2+4-33—32_10—33—62_L
9.1z 92.92 9.37 2.3 2.4z Tt
4—33—f 10—33—8 me —+ 3m — 33 — 62

S 2 FRRREE 2 (m + 22 + - ]

Ecau |3 <1, 10 paa B KBagpaThbIX CKOGKAX [IO/IOXH rejleH

M He APEBOCXOMMT eIMrHIH, TAK Kak 1pH m >1

0/m2+3m——33— B2 m2+4m+4__m+4+35+
2 (m - 2)* = 2(m+2)4 2 (m + 2)2
Hosrovy

“2 3!‘ A o oy
Prp(0 < ___%‘L_}_LE_:F_VZ____“_____) C+3E+8)_

Bu6op $ nojuunHuM ABYM YCIOBHAM:

51 g2
0<EFF 1w g
M3 ueporo us uux Ccnemyer:
Pyag(0) <O,
Hccaenyem teneph nopefenne (yHKIUH

rcost - r1+8 Py a(cosh)

na 6oxosol nosepxuoctu rena T(«, k, h).
Hvieew
1+u
rcosh=z=~k(x2-Ly% 2 o= (rsin By +7 = £ri+7sin 147

I

1

13

L BEE(L 3ﬁ+ﬁ‘)
.

h,
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M 1109TOMY
rcosth 4-r1+BP; 5 (cos B)=kritesinl+2 4 ri+d P o (cosh) =
= r1+B [kr+=Bsin1 +70 4~ P 5 (cos B)).

Ecau 10uka GOKOBOH (1OBEPXROCTH SIPHOAMMNKAETCS K Bep-
wuee, 0o 7 —>0 1 0-—»—'2"—, ¥ N0 TOMy KBamparras ckoGka aas

Bcex 01 M3 HeKOTOPOro NPOMEXyTKa
1
o < 0<-2—, o >0

ocraercst OTpullatenprod. BhiGepev A racTONBKO MAALIM, 4TOGHI
ra GokoBol nosepxroctH Tena T (2, R, #) 6uao 0 >0, Toraa
wa GOKOBOH mnoBepxrocTH Teda T(«, R, A) upu mobom y >0
BBITONEERO yca0Bue (93).

Tak xak Uy < U,, T0 BHGOPOM ROCTATOMHO Manoro y >0
MOXFO NOOUTHCH BHINOJMUeHus tepasercrsa (92). Taxum o6pasom,
reopeva 2 noxaszara. Y3 xee caenyer, uro ecam B KaXIOH
TOYKe rpaunuub o6aactu (D) cymecrByeT FOpPMaAbFasl NPOU3BOj-
vas QyHKUHH rapMorpueckott BuyTpH (D) M OTAMUI Of OT 1IOCTOSH~
HOM, TO rafiercst Takas TOUYKA TPavEMUB, e T4 NPOU3BOAPAsL
OTMIMYHA OT HyJ/isi. IJTUM LIOKasawa teopeva 1.



I'JIABA IV
3AJAYA JUPUXJIE

§ 1. MNocranoBka samaun Jlupuxae

3anava A. Haimu gynrguwo V, apuonuueckyno euy-
mpu (D) u yoosaemsopsiomyw Vca08i10

Vi=f ra (5) ()

rie f-—3ananHas QyHKUUs, HeuPepHBHAK W OnpefeNeHsad Ea
rpamuie.,

Tax dopmyaupyercss BuyTpennsist 3azaua Jlupuxie.

Haiimu gyurguio 'V, eapuonuueckyio suympu (D) u ydo-
8AEMBOPAIOUYIO YCA0BUIO

Vo=Ff va (S), @)

rie f—sapammas QyHKIEI, HeNDePHBHAS 4 OnpenedenHas §a
rpatutie,

i Taxoma Bueurnss 3azaua lupuxae.
Mu G6ynev mpennodaratb, uto s o6aactd (D;) Hveer MecTo
- OOHIKFOBeRPHH ciyual, cayuah (J) wmu cayuant (E) u uro owa
. OTPAF Huera NnoBepXrOCIAMY, YIOBAETBODMIOIUMH ycaoBuaM Jlsi-
- HyHOBA,
B cayuae (J) Buemivsis 3a7aua SKBUBAJeHIFa bHelikel 3anaue,
. OTEOCsHIeHCH K OOLIKI OBEHF OMY CJYuai0, U FECKOJBKHM BlYTpeH-
HUM 3ajia4av Toro xe ciyuas. B cayuae (E) BuyrpeHHss 3ajnaua
Ilupuxie 2KBHBATEHTFA FCCKOJNbKHM BHYTpEHLHM 3a/1a4aMv, COOT-
* BETCTBYIOWUM OO KFOBEHHOMY CJyyaio,
Herpynio ycraunoBuath, ut0 1ocraBiemras sajnava Jlupuxie
Fe MOXer umerb Gojee oproro pewerus. JlelcrBureanto, eciau
NPennoJOXuTL, 4TO CyIneCTByloT Ape (pyukuuu U m V, rapvo-
uuueckue BHYTpH (D)) u npuiuvaomre ra (S) paspble arader Hi,
TO ux paspocth U-— V daBaserca rapwvounueckodt BuyTpu (D))
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u o6pawaerca B wyap va (S). Kax wu suneau B § 8 (1), dynk-
uud rapvowmueckas BHyTpH (D);) xocrturaer CBOMX MakCHMyva
W MHPMMyVAa Juwb ka rpapulle oo6aacru, [losromy maxcumyMm u
vuruMyv  paswocts U—V  pasrm Fy/mio M, CIen0BaTelbro,
U—V=0 8 (D), 1. e. U=V B (D)), ¥ 1aruM 06pazom
¢AMFCTBEHHOCTh BHYTpewwsed 3anawn Jlupuxae ycrarosiera.

Hycrs ¢ynxsua V' onpenesesa B (D,). Yepes V(R) oGo-
JHauMv  MagcuMmyM Monyad oymkuuu V ra chepe pamyca R
C IEHTPOM B HeKOTOpON dHKCupoORArt Of TOYKe rpocrpat craa.
Bynem rosopurk, 4ro V obpauiaercd B Hyab ra 6eCKOFeqroCTH,
ecmn V(R)— 0 npu R— oo,

Ecag ase dpyrxkuuu U u V uveor srytpu (D,) venpepuis-
Hbfe TIPOM3BOFbIE BTOPOrO NOPATKA, YROBIEIBOPHIOT B KAMXJIOH
sryTpesrell Touxke ypasreruo Jlannaca, obpamaorcd B yydab 1a
GecKoreur OCTH M UMEIOT Dasi bie 3vauerus va (S), TO U3 TOro Xe
IPUIIMIA MAKCUVyMa, OueBuAaro, caenyer, yto U u V coena-
nawor B (D,). Kax Oyner BHW/IHO M3 WOC/AEAYIONEro, peilerue
Bremrefl 3azaun Jlupuxiae Bcerna CysnecTByer W NpeicTraBaseTcH
n160 OJIt UM FIOTel 1iUaNoM JIBORE Oro ¢104, 1160 CyMMo# noren-
11ManoB ABOHFOro W wpoctoro caoes. Ho sth notersimans o6aa-
7T410T TeM CBOMCTBOV, YTO TMPOU3BENEFHA WUX Fd NEPBYW Cremefb,
a npousBejIeTHa HX 11epPBLIX MPOU3BOAF X 14 BTOPYIO Crefietb R
OCTAIOTCH OrparuHert’niviy, eciu R — co,

[Tosrovy BeAxad QyPRUHA ¥, YAOBIAETBOPAIOILAS ypaBECt MO
Jlannmaca B kaxaoit Bryrperreft touke (D,) M o6pamanonancs

B HYJb ta OECKOHEUFOCTH, 06/anaeT Tev CBOMCTBOWM, UTO NPOU3-
BeleHHs

dv ov , 0v
Rv, R3—a—;, R? oy R? 32
0CTa0 IC OrpanHyeHEBMY npH R — co,
B camoM nmene, mycTh (D;) ecTh yactb obaacru (D,), nema-
nias Bre cdepu Yp 1aCroMbKO GOMBIIOro paguyca R, uto Yp
conmepkHur ByTpu BCw rpamwny oomactu (D,). IMycwe U ecrs

pellenue Brewefi 3arauu Hupuxsae pas (D), npuruMaioLLee
1a (S) staverue v. Torna v u U cosnazaor B (D;) u, ciexo-
BAaTeNbFO, B (D;) U ¢CTh CYMMa JfOreriuafos fpOCTOro W 1BOM-
FOr0 CJIOeB, pacmpocTparel suX 5a (S). ITuM jokazaro raire
yTBepKIerHe O TIOBeNeFMH U M ee [1ePBHX MPOU3BONFHX [1pU

R—oco. Jrum noKasare yTBepukIerye, BHICKA3AHIOE B M0A-
CTPOurOM Tpuveuarun ra”cTp. 39,
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§ 2. 3amena sagaum A npyro# zagauei

BMecto sanauw A Mer 6yleM paccMaTpHBAThL CAeYIOUIYIO
Jagauy:

3anava B. Haeamu nomenyues 080iH020 cr01, pecnpo~
cmparennozo no (S), ydosremsopsiowuii ycaosuio (1) dan
suymperteli 3adcuu u ycaosuio (2)— 0as sHewHell 3a0cyu.

Mur yBumuMm, uro 3anmaud A u B — He PaBHOCHABHBI: B HEKO~-
ropeix  cayuyasx sadaua B pake He wuveer pewenus. OfHako
UCClefOBaHHe 3allaud B mNpuBemeT HAC K TONHOMY DellleHHW
3amauu A,

3amenum Teneph 3amauy B Gozee obme# sanaueh C.

3anaua C. Halimu nomenyuas 0soiirnozo caron W, ydo-
BAEMBOPAIOWIE YD ABHEHILIO

W, — W, =2lW4-2f na (S). (C)

Yepra Hax OykBO}{ yKasHwBAaeT BCeraa, uTo 3Ha¥eHHe COOT-
BeTCTByIOIeH (QYHKUMM B3STO LIS TOUKH, aexauled Ha (S).

W — dyuxius {; HerpyAHO BuUIeTh, 4TO 3HaueHde W mipu
==1 ecTh pelweHHe BueliHe#l 3agauu B, a ee 3HayeHue Npu
(== —1 ecTh pewenne pHyTpeHHeH 3azavu B.

B camoM nene, obpauiasck k Gopmyram § 3 (1), wuveem:

W, — W, = 4= X maorsocts W, W, W,==2W. (3)
C noMowpio atux $opwyi HaxomuMm uz ypasHeHus (C) npu
=1
Wi—'WBZWi"*’“We_}'Qf’ We::_f‘
Ilpu {==-—1 nonyuaem u3 TOro ke ypaBHEHHSH
Wi—W,=—W;— We"*"zf: W;=f.
Hamie yTBepxneHue pokasaHo.
O603HauuM NJAOTHOCTL moTennuasa W uepes %c % wam, 410
0 Ke, TOMOKHM:
W = } (}(1)2(.)_5._(510.1!1_)..(13 (4)
I‘
(S) 10
W nepsoro paBeHcTBa (3) MMeeM:

W, — W, = 4« 8“’) =29,
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Moncraass B (C), HaxoluM, NoCAe HEKOTOPHX yNPOULeHHH:
DO =g |00 2 g5 4 (), ®)
g) F1o
Takuv o0oGpa3oM, 3a7a4a HAMM CBeneHa K HCC/IeNOBAHMIO HH-
p
TerpaiLHOro ypasHeHus ().
§ 3. dcpmanbroe peumenye sagauu C
Bynem uckarth peisenve sagadu C B Bume psana, nojaras
b=+ 8,0} 8,72 (6)

[MoncTasasa (6) B (B) u cpaBHuBas x09(PHUHEHTH NPU ONH-
HAKOBHIX CTeneHsx {, monxydaev:

’80==f,
‘ 9 (l) cos (rloN;) d
<sl> o
Y]
1 0s
== | By (1) 20N, g
(\éx) "0

[Npeanonarast, uro pax (6) cxoaurcs pasHovepHo Ha (S) Aus
HEeKOTOPHX 3HAaueHuR {, HaxonuM, MOJCTaBJAAf €ro B MpPaBYIO
qacth (4):

W=W, - Wi+ W .. W1, (8)
3necw
1 [ 0s (rigN
Wy = o | 0y (1) o) g,

(8) 10

1

REER ©
Wo— 1 (:}u_lu)ﬁ’i(%dﬂdcp
)

1o
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Bo3smoxuo npeo6pasoBath paseHctBa (9) k Apyromy BHAY,
IIO3BONFIOILEVY TOCAENOBATEILHO BHIUUC/IATh, lie NMOML3YACh PYyHK-~
iwgve (7), norenumans Wi,

MTonacrasasg (8) B ypasuenue (C), noayyaem:
(W), — (W), = 2f,
(W) — (Wy), = 2W,,
(Wn)i - (Wn)r:: QWn-]’

V3 3tHxX paBeHCTB Haxonmum, IpH HoMomu nepso#t u3 ¢op-

mya (3):

3100

— 4 h(0) ;
2f——4u-——2—ﬁ-—, 2W1—4T‘.W’

HakoHelt, OTCi0/ia HMeeM:

[==0(0), Wy=9,(0), ..., W,_,=19,_,(0), ... (10)

Gopwyas (10) nokaswsaior, uro pasexcTBa (9) MOryT GbiTh
JdveHeHE ClefyIONIHVH

1 cos (ryN.
Wl :2—;:- [f(l) (rgo l) do]y
(8 10

. 1 [ cos (rNy)
2:2—1:: ‘ Wl——;() 1 dGl,

s "10 (%)
1 [ =  cos(ryN
W, =g | W, S0l 4
(§v‘\ Fio

.

9TH TOC/AeNHKe, OUeBUIHO, 004afal0T YKA3AHHEIMH Bbille CROH-~
creamu. [ToreHumannr (9') uaswBaoTcs morennmanavu Helmawua.
OTciona BHIHO, UTO pellicHWe 3ajauv B CBOOMTCS K HCCle-~

JIOBaHKIO BOTpoOCa: cxomautcss yu pan (8) mpu L=1 u npn
=17
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§ 4. PaxrtHyecxoe pemenne samauu C
Slapo ypasHenus (5) PaBHO

K@, 0) = __S’fﬂ_‘ﬂﬁ_ (11
" 10
ITpn pewennu 3amaun Helimava vinl u3yuand yparHeHHe
.o

p(0)=— o= | p(1) UM 45 4 s o) (12

it

¢ a1pov

0s (FpNy) .
K(l, 0)== — ;ni,_f_lLU (13

"o

K, 0) u K(1, 0)— conpameHHwnie sapa; B cawov Te.e,
nepecTaraas 8 (13) yxasatemu (1) u (0), naxogum:

K(O‘ 1) == — {1_ cos (r;mN,) . 1 cos (r10N1) — K(l 0).
m oy PR

Otcioja suTeKaer, 4to Jodoe urtepuposanHoe sigpo K, (1, 0)
MOmer Obflb TIOJY4EHO TOCPEACTBOM MePecTAHOBKHM yKaszarele
(1) u (0) u3 orseuatrouiero ewy sapa K, (0, 1).

Tak, nanpumep,

K1, 0= [K(1, 2K, 0)ds, =
(8
::fK(Q, 1)K (0, Z)dc‘,———fK(O, 2), K(2, 1)X

(S.) (S:-)
X dag = Ky (0, 1)

HT. A
O6pamasice k Teopeve § 4 (llI), wur suaum, uro And n,
y.10BJETBOPAIOUIETO HePAaBEHCTBY

2— 1k <0,

supo K, (1, 0)= K, (0, 1) orpannyeno.
Benencraue s7T0r0, HanucaB ypaBHeHde (5) B Bule

B =0 [ K0, 1)) (1)ds, +£(0), (%)
(EA]
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Mbl MOXeM cBeCtd oupejenerue §(0) K OTHICKaHMIO pewieHui
ypaBHenus
10) =" [ K,(0, 1)3(1)ds,+C, 0), (14)
(<)
8 xotopoM (), (0) paBHO cyMve 2 NepBHX uneHOB pima (6);

aHanoruuto stovy, B § 5 (III) pewenwe ypasHeHus (12) Guuto
CheJIeHO K PEelieHHIo YPABHEHUY

2@ =" [ K,(1, Ou(yds, +3,0.  (14)
(5)

Y conpsienHnix ypastienuit (14) u (14') uMeercs BBegenuas
n § 5 (Il1) o6uas pesoanBenta

20 1.0),
&)
B YyKa3aHHOM maparpade VB UONYUHIU:

v [ 5L 1,0 40
!L(O):211(0)+-1l(§‘) En(l) ‘@(@(y )d —_@]( z )~ (16)

(15)

719
B paccvarpuBaeMoM remeph Clayyae HaXoAuM:

. \ Z 1 L0
B (0) == C, (0) k- 27 ‘C,,(l)g(g() D g5, - %27;“(:))' (17)
(S

[TonyueHHoe peureHue UPUBOAMT K DCUIGHHIO 3aAauk B auiub
B TOM Cayuae, korja Mepoviopduas ¢ynxkuus (17) He monyckaer
nomocoB ;=1 u 7= —1. Oupenennv xe, OPH KaKuUX yCIO-
suax Qynxuus (17) obnagaeT 3TuM CBOHCTBOM.

B npenbinyuleit raaee, uccrenys ¢yHknuio (16), wul noka-
REF 'S

(a) uro ¢yHkuua (16) He 1omycKaer KOMIUIEKCHBIX 110JIOCOB;

(8) aro y Hee Her nomocoB Mexay — 1 u -} 1;

(Y) ¥ uro B TOM cayuae, korma S=1 u L= —1 ee 10~
JOCH, 3TU NOMOCH — NPOCTHE.

Haute uccnegopanue CUAbHO 6Ll YIPOCTUIOCH, €CNH MOMHO
OnJI0 mnoxasath, uyTo QyHknug (17) Takke obaanaeT STHMH CBOH-~
cTBaMU. MBl 9TO YCTaHOBMM, €C/H CVMOXeM YTBEDXKAATh:

(#) yro npo6e (15) He pONMyCKaeT KOMIUIEKCHBIX [OJIOCOR,
VMOLYTH KOTOPHIX MeHhilie eIHHUILLbI;
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(B) uro apoGe (15) He AOmMyCkaeT APYTWX HOJIOCOB C MOjy~-
AeM, PABHLIM efnuHuue, kKpove (=1 u { = —1;

() wro umcaa L{==1 u {=—1 Moryr OHTh TOILKO MHpPO-
CTHIVH moaocamy apobu (15).

B camov mene, iM% McCAenoBaHM§ IaHHOW 3anayM He mipeld-
CTAaBMAIOT HUKAKOrO Murepeca momocs apobu (17), mopynu ko-
ropelx 60/bie eAUHUILL.

3y ameratear apobu (17) noaydaercd COKpPAILEHHEM 3t aMera-
Tens apo6u (15); nostouy, ecam mpeanoxenus (¢)(8)(y) umeior
MeCTO 1714 Apo6u (15), To OHM OCTATCH BePHBLIVH U 145 Apodu (17).

3avcuanue. Boamekuo Gburo Ob YCTAHOBUTL BCC 9TU CBOCTBA
n jaxe Ooxee o6inne cBoiicTBa Apobu (17) mpu noMoum merona § 7 (111),
ONIHAKO B 3TOM CjIyuac NPUUITNChL OBl MOJL30BATHCA HOPMATHYBIMU TIPO-
HM3BOAHBLIMU TIOTENMAIO0B ARBOMHOro c10st, CyniecTBOBAHUE 9THX IPOMI-
BONABIX BO3MOKEO Mlllb UPU HAIMMMY HCKOTOPHIX MOTIOMNINTETbELIA
YCIOBME HOSTOMY HaM WPHILIOCH Gbl 1IPEXBAPUTEIbIC BLIACIIUTL, YHO-
BACTBOPAIOTCS JR s lIoTeHUMata W 9Tu yCIOBMA.

§ 5. Hexoropeie sameganus o6 anpe K, (1, 0)

B nanuuefiieM, npu usydennu sapa K, (1, 0) mu Gynem Bce
BpeMst MpeanedadaraTh, 410 4HCJIO 2 — HEUeTHOE. Mu cpenaeMm Tpu
3aMeyaHus.

1° Ecau Ttouka m; aexur Ha (S), TO BO BCeX C.iayuasx
[o6uikioBeHHOY cayuae, cayuasx (J) u (E)]

[ K.(1, 0)as=1. (18)
)
B cavom neune,

[ Kul, 0)do= [( [ & (1, 2K, O)ds.;) ds =
() ) (%)

= [K, (1, 9 [ K, 0)da)da,,

(R) (S)
Ho
| K@ Ods=— L | Ll gy
% (9 "20
= 1 ‘ CP_S(_??_NQ ds — 1.
27

TR
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Orcoaa creayer, uro Ans Touku m,, aexamiei Ha (8),

[ K (1, 0yds= [ Koy (1 o= [ K, 1 (1, 0)ds

(63} (S2) ()
U 4ro
JKn(l, 0) ds = fKn_,(l,O)dcs e f/{(l, 0)do = 1.
<) ) (S)

2°. B cayuwae (E) ana roukw m,, pacnogowedsoit ua (S),
nveeM.

f K,(1, 0)ds=1, ecmu m, aexur na (ST
sty

f K,(1, 0)ds=0, ecan m, He jexul Ha (S”))
iy

‘n
i (19)
|

B cavov aene, B 3TOV chayudade

[ K, 0ds= [k, 0, 9( [ K@ 0)ds)ds, =
0, (<) st
= [ K,_s(1, 2)as,
(557))
TAK KaK TNoTesuMan MBOHHOrO Caod
[ K@ 0)as (20)
(s (D)

1
paBeH HymI0, ecliu TOYKA /m, 1& HAXOAUTCT HA (8M), u pasen

!
eMHKLE, eCTn /My AexuT Ha (SU).
Orciona caeayer, 4To

fK,,(l, 0yds = fKn_](l, 0ds = ... = fK(l,O)dc.
R0} G0} (s®),

[Tocneauuft MHTErpan paBeH HY/II0, eCMd /M, HE HAXOTUTCS
Ha (S(“); B MNPOIWBUOM CIydae OH DABSH elUHUIE.
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3°. B cnyuae (J) umeewm maa TouxkM m,, mewaumiehh Ha (S)
f K, (1, 0)ds=(—1)", ecom m, nexut Ha Y \
sty

f K,(1, 0)ds=—0, ecnu m, He JEKUT HA (S(l)). l
s®)

(21

[(S(") — BHYTPEHHSIA I'Padunal.
B camoMm zesie, B aToM cayyae
| Kut, 0yas= [K, (1, 9 [ K@ 0ydo)do,=
sy (Q..,) (s
=1 [ Ky (1, Do,
S
TAK KaK saech noTeHuMan (20) paBen HYJ/II0, KOTAA M, HE JIeXuT
Ha (S(l’), u pageH — 1, ecnu m, 1AXOAMTCHA HA (Sm) U HOPMaJh
HanpaBieHa BHYTPb (S(Z)).
Orciopa cnepyer, 4ro
| Ko (1, 0yds=(—1) fKn_,(l, 0) do =
(s (s
= ... =(=1 [ K(, 0)da.
(S.(l))
[locnenuuit vinTerpaj paBHSIeTCH HYMO, eCau /1, He HAXOMMTCH
)]
Ha (S(l‘); NS TOUKM, Jexaueh ua (Sm), ero sqauenue pasHo — 1.

§ 6. llokasareabcTBO mpemyioxenuil § 4

B § 3 (llI), pewas ypasHeune (12), mpl moAyuHad psidl

£(0) == pp (0) - Lp (O) 4T, (O) 4~ ... 2", O+ - s

B KOTOPOM

po (0) = f (0),

—_—

b

1! N,
P == [y (1) DM g, @
(5) 10

D R Y « s e n
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[Monb3aysice CBOHCTBAMU HMTEDUPOBAHHHIX SIAEP, MH  MOMeM
HANKUCATh TIOCHAeNHee paBeHCTBO (22) B BuUjeE:

pr @ = [ Ky(1, Of (1)doy. (22')

(8)
Mu ycranoBuaM B IpPeABIAywEH rnaBe HeCKOAbKO TeOpEM
OTHOCHMTENLHO p,, KOTODBIE HAM IIPUTOASTCS B TOCHeRyoieM
uznomenun. B YACTHOCTH, MBI JKOKa3anu, 4TO B OOBLIKHOBEHHOM

cnysae u B cayyae (E) p, crpemurca x npefeny; npelen 3TOT
paBeH Hy/o, ecau

ff(O)dc:O LSt OOBIKHOBEHHOTO Cayuas
(<)
M ecim

[ f@as=0 (=1, 2, ..., k) s caysas (E).
s®)

B cnyuae (J), por cTpemurcsi K npeneiry A; po_, HMeeT
npelenoM uucno B, BooOue rosops, sie pasHoe A. A - B pasuo
HyTO, ecau

J f(0)ds =0
)
A — B paBusieTcsi HYMIO, ecnu

ff(O)a’c:O ((=1,2, ..., k)
sty
Py, = BO BCeX CAYuasiX OIDAHMYEHO,

TTepexonum K /0KA3aTENLCTBY TeopeM, KACAIOUIMXCA DPEe30Jb-
BeHTH (15)

2 1,0)
z{
Pesosbsenta F(§, 1, 0) ypasnenus

2(0) =L [ L(1, 0)5(1)ds;+£(0)

(8
YIOBJETBOPAET YPABHEHUIO

Ft 1,00=% [ L2, 0)F(, 1, 2)day L (1, 0);

(S3)
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OiClofa BUAMM, 4ro OyHKkuus (15) yHOBIETBODPSIET ypaBHeHH
D1, 0=C" [ K,(2 0@ 1, Ddsy— BOK,(L, 0% (2

(%)

Oyzem npeanonarath, uro apoGs (15) uecoxkpatuma. Ilycth Com
HOMOC 3TOH JIPOOGH; B TakoM ciydae

D0}, O=0 [ K2 0@ 1, Do, (24
(82
Hrepupys, rnoayuaew:

Dy L= [ K, 00 [ K,6, 92, 1, 3)ds,) day=

(52 (S)
=G [ 2 G 1, 9( [ K08, DK, (2, 0)ds,)day=
(S) (CR]

=" [ K03 0)@ Gy 1, B)dlay.
(<)
IlpogomKas 3TH onepauuu, HAXOAUM:

D 1, 0) =1 f Ky (2, 0@ (G 1, 2)ds,. (24",
(N2)
Ilonaras 8 (22)

po=f=2, 1, 0)

’
¥ TpUHUMAs BO BHUMaHue (22'), momyuaewm:

us = [ Kns(2, 0@ (Lgy 1, 2)da;
(Se)
3T0 PaBeHCIBO JlAeT HAV BO3VOXHOCTH mpuBectH (24') x cie-
AYIOMEMY BHAY:
@(CO: 1, O)ZC:)lspns(O)' (25)
Mpeanonaras, 4ro
16l <1,
Haxogum wu3 (25), 1pu GesrpaHMuyHOM BO3pacTaHMu S, mepexons

K mpeneny
2% 1,0 -0, (26)
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10 TUPOTHBODEUNT CAETAHHOMY BLILIE TNPEINON0KEHHIO O HECO-
gpatumoctu Apo6u (15).

Ecau 7, He BeileCrBeHHoe, 4 KOMILIEKCHOE YMCAO C MORYJeM,
paBHBIM eNMHHIE, TO BCErZd BO3VOXHO Halirk TaKOe HedeTHOE
uuca0 n, 4TO6M Ly He Ona0 pasHo 1. B Takow cayuae, mpu
(e3rpaHMyHOM BO3PACTaHMW S, NpaBas yacTh (25) He Mower crpe-
MUTBLCSL K mpemeny, OTJIMUHOMY OT H/jas. B OGhiKHOBeHHOM cny-
yae, cayuae (E) w cayuae (J), npu HederHoM S, p,,(J) cTpeMuTCcs
K npefeay, a 45’ npeieia we uvecr. Ecam npeaex p,,,(0) #/mb,
TO WMEEr MECTO PaBeHCTBO (26), uro NPUBOAMI K IIPO rUBOPEYHIO.

Moaaras, a5 oGbitt HOBCHHOTO Ciayuas win cayuas (BE), L= —1,
ffoJ1yuaeM:

2(—1, 1, 0)=(— 1)(pn> (0). (25,)

B arom caydae cyiiecrByeT npenesa p,,(0) mpu GesrpaHuu-
1IoM BO3pACTaHHM S, M, CJA€I0BAreJbHO, MNpexen 3TOT LOMKeH
PaBHATLCST HYJO; Mbl BHOBb [IPWXOAMM K HCBO3VOKHOMY DABEHCTBY

Z2(—1, 1, 0)=0.

v
Ipexnonoxkenus =1 u nas cayvas (J) {y=—1 He npu-
BOXST K HENenocTH.
Howamem Tenepb, uyrto nomoca {=1u £ = —1 ne moryr

Obirh KparHeivy,
idodepenupys pasencrro (23) no , noayuaeu:

@' ¢, 1, 0)=nln-1 fKn(z, 0)D(%, 1, 2)ds,
(;‘2)
+0 [ K2 002 G0 1, -2 (DKo (1, 0). (27)
(8)

[Tpennoaaras, 4ro { == 1 —kparusii nomoc, uveem @’ (1)==0;
M3 PaBeHCIBA {27) HAXoZMM:

D1, 1,0)=1 [ Ky(2 0@, 1, 2)ds,+
(S
e [Kn@, 02 (1, 1, 2)ds,. (28)
(%)
[Ipe&nosomuy, 4YTO HAVH DPaCCMATPHUBAETC OGHKHOBCHHMHA
cayualt uaum cayua#t (J). Murerpupys (28) mo sce#t rpanuue (S),

15 3ak. 749, H M Tionrep
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HOJyYaeM:

[@a 1 0d=n f( [Ki@ 0@, 1, 9ds,)ds +

(5) (5 (S

+ [([K@ 0@ (1 1, 2)day) a5,
(9) (89

OTKY 4, NOAb3ysCh 3aMeuaHusMu NPeALdyulero naparpada, He
XOAUM:

f@(l {, O)dc——nf@u 1, 2)(f (2 0)11,)¢1r2—:r

(%)

+ [a'a 1, 2( [k 0)da) da, =

(8 Q)

-nf@u 1, 2)ds,+ [@ (1, 1, 2)da,. (2¢
(S2) (S)

TMoc.ie.nee PaBeHCIrBO NOKA3LIBAET, 410

f@(l, 1, 0)ds == 0. (3¢
(€]

Ecad Mu Terepb mojdoxuM B (22)
p=Ff=20,1,0)

To HalizeM, na ocuoBaHuu (30), unas OGHIKHOBEHHOTO CAy4asi, ul
lim 4, ,==0. PaBeHcTBO (25), B paccMarpuBacvovM cjy4ae, Ham
IeTcs:

@21, 1, 0)=yp,,(0);
OTCIOAA HAXOMMM:

2(1, 1, 0)=0,

4TO HAC TNPHBOAMT K IPOTHBODEUMIO.
B cayuae (J) unmeeu:
A+ B=0,
e
A=limp, o, B=limp, ops1}
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OTCIORA BRITEK4eT, YTo
@2(1,1,0=A4, @01,1,0=B8, 2%, 1, 0)=0,
@21, 1, 0)=0;
VB BHOBh [PUULIA K HEBO3MOKHOMY DPe3y/bTaTy.
[Ipexnonoxum Termepp, 4TO Mb paccmarpusaeM cayuaft (E).
iIpounrerpupyeM pasencrBo (28) mo nosepxuoctaM (S©),

/=1, 2, ..., k. Papencrso (29) 3xecp 3aMeHseTCA CeNyIOMMMH
PaBeHCTBaMH:

{20, 1,0ds=n Joa,1,9( [xe 0)dc>d32+

(3¢ (59 (st

+ @0, 1, 9( [K,@ 0)ds)as,=

(S2) TIO)
= [ 20,1, 29d5 4 [ 2'0,1,24, (29

(1) (%)

(I=1, 2,..., k).
{B camov menme: uHTerpadn or Axpa K, OTAHYHW OT HYJId NHillb
AL TOUEK My, Aewawwmx Ha (S®)]. Hrak, umetor mecro pa-
BEHCTBA:
20,1, 0d=0, (=1,2..., 8 (30)
(s)

HO 2TH paBeHCTBa TOK43bIBAIOT, YTO ecau
p0=f=@(1, 1, 0),
limp,, =0, 21,1, 0)==0,

. e, Mbl BHOBb MOJyYWwid MNPOTUBOPEUUBHI pe3ydsTar. Taxum
00pa3oM, NpPeANloNOXedue O KpartHocTd nosoca §==1 npusogur
BO BCEX CAy4anaX K MPOTUBOPEUMIO: TOUKA { =1 wmMOkeT GhIThH
TOABKO TIPO.THM IIONIOCOM.

Ipeanonoxum Temeps, 4TO HAMU paccMaTpuBaercs ciayvalt (J)
u 1o (=1 xkpaTHu# noaoc.

15
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[IpunuMast BO BHMMAHUE HEUYETHOCTb M, HAXOLMM M3 (27) ciae-
1yioliee PaBeHCTBO, COOTBETCTBYIOLEe 3i1eCh (28):

@' (—1,1, 0)=n fKn(z, 0)@(—1, 1, 2)ds,—
(S)

— {Kn(z, 02 (—1, 1, 2)ds,. (28"
(S

Wurerpupyst ero no BuyTpeHHuv rpanutavM (S®) 1=1,2,.. ., k
¥ BCIIOMUHASl, uTO WHrerpan or ¢ymkumu K, (2, 0) paseH Hymo
AN BCeX TOYeK m,, He Jnewaux Ha (S®), m yro ou paseH
(— y»=—1 ana Touek, pacionoxeuHsix Ha (S®), noaydyaem:

f @' (—1, 1, 0)do=—n f D(—1, 1, 2)day -

(s1) (s

+ [ @ (=11, 9ds, (=12, B 29
(8

OTClOAa

f@(-1, 1, 2)do,=0, (I=1,2,...,k. (30"
()
[Ipu naaumuuu pasencrs (30”) umeem:
limp,, o;=A4, limg, o, =8B, A—B=0,

ecad p,=Z(—1, 1, 0).
Ho pasencrro (25) agech wmeer puj-

@(_ 1, 1, 0):(_ l)kpnw:

COMOCTAB/ASL €0 C HANMCAHHBIMHK BbIIC BHPAXKEHUSMH MPeNesol
A, B, nonyuaem:

2(—1,1, 0)=A4, g(—1,1, O)=—B58,
29(—1, 1, 0)=0, @(—1, 1, 0)=0,

T. €. MPUXOIUM K HeBO3MOKHOWY pe3yanTary. Mrak, = —1ecm
IIPOCTON TOMOC.
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§ 7. JlBe JeMMbl, OTHOCALIHECS K YypaBHEHHIO
¢ aapem K, (1, 0)

3
Jlemma 1. Ipu wHaauuu O00bKHOBEHHO20 cAYHAS UAU
caysan (J), ypasuenue

P(0)= [ K,(1, 0)P(1)da;+F (0) (31)
(8}
uimeem pemeﬂue, ecau
fF(O)dc::O. (32)
)
YpaBHeHHIO
PO)=" [ K,(1, 0)P(1)da,~+ F (0) (33)

(G
yJloB/eTBOPAeT QyHKIHUA

_ ’ 2610 @54 0) .
PO=FO+E | F0)2Gatan = o, o

rak xak ¢yHkuus (15)-— pesosbBeHTa ypaBHenws (33).

Mpt 6yxew mpennonarats, 410 ApOGh BO BTODPOH uactu (34)
necoxpatuva, st 7OKA3aTenbCTBA JeMVH KOCTATOYHO NMOKa3aTh,
uro [ ==1 He nomoc japobu (34).

Hurerpupys mo (S) ToxunecTno

@Dy =0 [ K, (L, 0@,¢, Vds+D,()F©O)  (33)
(Sl)
W Tonn3ysch ycnoBuem (32), Haxonum.

[ @u(, 0ydo =1 [( [ K, (1, 02y, l)a’cl>d5=
&) &) %)

=t [ 2,6 D( [ K1, 0)ds)ds, =

(5, 6]

=t f@S(Z, ])dsl,
{5
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OTK Y4

(1—tm [ @@ 0)ds=0,

(6]
uoupy {n £ 1

[ @, 0yas=o.
(8)

Ho nocnennu#t unterpan— nemas GyHKuus o, NOITOMY Io-
clefHee PaBeHCTBO COXPanger cuay v mpu =1,
Takum 06pa3om,

f%u, 0)ds = 0. (35)
(3)
[Tonoxum reneps B (22)

M3 pasencrepa
2.1, 0= [ K, (1, 0@y(1, l)ds,,
(8,0

UMEoUero Mecto, Koria L ==1 noaoc gpo6u (34), BLBOZUM,
KaK B IpeawAymiev naparpage:

(1, 0)=pnzpns; (36)
NPUHUMAs. BO BHMMaHME ycroBue (35), 3aknouaeM, yTo
@,(1, 0)=0.

Hocneanee paBeHCTBO 11€B0O3MOXHO, ecau ZPosb (34) peco-
kpatuma. Wrak, {==1 He Momer GHirb nomocoM Ipo6u (34).

Jlemma 1 bis. Ypasnenue (31) 0as caysas (E) donyckaem
pewerue npu sunosHeHuu k ycaosui

[ FOdo=0, (=1,2, ..., k). (32"
(20))

Hurerprpyst no (S(l)) ToxxecTso (337), momyuyaem:

| 2o ts=02 [ @, sy, (=1, 2 ..., k),
1) ’ (D
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TaK KaK BXOAAIIUHA 3/7eCh B BHUMC/AEUMS HHrerpay OT CPYHKH.HH

\
K, (1, 0) He pageH HyJIIO MMIB AN TOYEK M., JMEKAUMX HA (S‘I’).
OTciona BRBOLM M, UTO

f D5, MVds=0, ecan ("1, (=1,2,..., k),
st
u uro
[ 2,0, 0ds=0, =12, ..., ¢
)

Ho npum wanuumu 3rux k2 ycnosuét Mbl 3ak/iouaeM, nojaras
=1 nonwcom (34):

@,(1, 0)=limp,, =0, ecau py=P,(1, 0),

4TO HEBO3MOXKHO.
"Nlemma 2. Ypasuenue

PO)=— [K,(1, )P()ds,+F© (31
S)
donycraem pewenue 048 cayvasg (J), ecau
f F(0)do=0, (I=1,2,.... k). (32')
sty

Mb nOKaxew, ur0 upM BHTO.JHeHuM ycaosuit (327) uucno
L= —1 He moxer GbiTh nmomocoyv GyHKmu (34).

Wurerpupys no (S(l’\) Toxnecrtso (337), monyuaem:

[ 2.6 0=t [ 2,6, 0( [ Ka(1, 0)d3)day=
R ) sh;
=—0 [ @,¢ Das;
s
KHTErpan B CKOOKax paBeH HymMmo, €ClAH M, He JIeKHT Ha (5(7));

ana Touex m; Haxomsmmxca ma (S), om pasen (—1)" = —1,
Ha pasencrsa

(1+ [ @, 0ds=0
s
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3aKT'0YAEM, UTO
f 2,5, 0ds =0, ecu (2= —1, (I=1,2, ..., k); (35")
(s®

NpuHUMasi BO BHMMaHKe, YTO STOT MHTerpal-— uenas (yHKuusd,
HaXOMM:

[ @y—1, 0ds=0, (=1,2,..., k).
s
Ecau L= — 1 nomoc apo6u (34), t0
Dy(—1, O=(—1p [K, (1, 0)@y(—1, 1)day.

(8)

ITonaras » (22)
p=f=@,(—1, 0),
D3(— 1, 0)=(— 1) pye.
Takum 00pa3oM,
D, (—1, 0)=limp, oy = A,
D;(— 1, O)==lim(—p, o 1= — B;

nomyyaeM:

HMes B BHMLy, Y10, Ha OcHoBawux ycaosuit (35°), A— B=0,
HAXOAWUM;

@5('—— 1, O):Oa

YTO HeBO3MOXHO,

ITpu mMas po Buuvanue, 4ro L= — 1 He momoc apobu (34),
Mbt MoxeM Hapty P (0), 3avenss 1 dopuyne (34) { na — 1,

§ 8, Ilge neMMmul © mcTenuuaje ABCSHHOTD cJiofl

Jlemva |. Ecau dyuxyun moyex W (0), onpedesennasn
na (S), yoodasemsopsem ypasHeHu0

(0)= o f.“_??(r_’?'oi"l W(1)ds,, (37)
{s)

mo W(0)==const wa (S); a cayuanx obwuxrHosenrnor u (J),
W(0) umeem o0Ho u MO dge 3HGHEHUS HG Geex IPAHUKAX,
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=y {
a cayuae (E), W(0) umeem pesauunvie 3HaAHEHURA Y na xaxc-

oot epanuye (S).
Hanucas ypasueuue (37) B Buie

W)= [K(©, HhW(1)ds,
)
% mpuMenss Crnoco® wTepalluy, Mbl TOJYHaeM:
W)= [ KO, 1)W(l)yds, = [K©, )W (l)de,=
(S (S

e = fKn(O, 1) W(1)ds,. (37"
&

Paccmorpum, npexsge Bcero, cayuah (J) u  OOBKHOBEHHBIH
cayualh. Bossvew Ha (S) nBe Kakue-unubyiab TOUKM My U Iy

Puc, 26.

npu 3TOM M, He NOMKHO 0013aTenbHO ObTh DACMOJNONEHO Ha
tofl e rpamulie, yro m, (puc. 26).
[Tonoxum

F(O):Kn(?” 0)""Kn(2) 0).

Cornacuo 3amenanusm § 5,

[FOds= [ K,@3, 0)ds— [ K@ Odo=1—1=0;
(5 (S) (8)



234 3AJAYA JHMPUXJE fra. v

TakuM 0o06pa3oM, HAa OCHOBaHMM neMMbl | npefbfyllero mapa-
rpada, ypasHeHue
PO= [Ky(1, 0P (l)ds;+K,(3, 0)—K, (2, 0) (38)
(8)

WveeT peulieHHe B OOBIKHOBENHOM cnywae u B caydae (J).
3anucas (37’) B BUZe

W)= [K,(1, 0)W(0)ds,
(S)

yuuoxum W, (1) ma P(l) » npounTerpupyem npoussencuue
no (S); noxeaysck (38), momyumu:

[Waypyds, = fP(l)(fKn(l, 0) W(0)ds ) ds, —
(S) S) ()]

= f"w7‘(0)( [ K., O)P(l)dcl>d::
{8) (S)
= [W(©) (PO)— K, (3, 0+K,(2, 0)}ds=
(8)
= [ W(0) P©)ds— [ K,(3,0)W(0)ds +- [ K2, 0) W) ds;
(S) S) )
oTcrona CﬂeﬂyCT, yTo
[ Ku(3, 0)W(0)ds = [ Ka(2, O W(0)d5
) ()

U 4TO .
W(3) = W (2), (39)

r. e. 4ro 3HauenHe W(0) B NpOU3BOABHOK TOUKE /gy PABHO 3HA-
yenuio W'(0) B my nau uTO

W(0)y=C

3aMernM, uTO Oaaromaps cmoficteam wuuterpana laycca ko-
cTaHTa neHcTBUTENRHO sntseTcs peuieHueM (37).
Wayuum Tteneps cayuaft (E). Bosbvuem wua oamoft u TOH e

NOBePXHOCTH (S”)) TOYKM M, W my (puc. 27) u oGpasyew
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byHxuMIo
FO)=K,(3, 0)— K, (2, 0).

Uveem nist Kawaoft us rpanuu (SO):

[ F@ds= [ k,@3, 0)ds— [ K, (@, 0)ds=0,
) sy s,

TAK KaK 00a wuHTerpana paeuu HYJTI0, €ClH l==i, u oba paBHHI
enuHule, Korna /=— i,

(2)

-

s (1
/
&

Puc. 27.

Wrak, ypasHenue (38) MMeeT DellleHue, M Ml KOHCTaTHDYyeM,
yTo W 3MeCh CNpPaBelMBO DpaBeHCTrO (39); taxum o6pasom, Ha
(S):

W—(O) == W),

Ha ocuoBauuu CBOHCTB uHTerpaia [aycca, npn Hamumu pa-
BEHCTBA

W©O)=C® wa (SO) (=12, ..., k),

uMeev s TOUKM mry, Jexamed ua (S®):
; oo

1 cos (r1oV1) T O C cos (righ. .

= (210 1 W/(l)dcl — e _”_“(2’0 1) d31=_.—(}(1),

.. Id i r

8 10 =1 (ol 10

TAK Kak B moChenHel cymMe OAWH JUIIL WHTErpan, B3dATHH

no (S®), orimuen oOT Hyns W paseH enHHuue. TakuM 06pasowu,

MBI NEHCTBHTENBHO HAwM peuteryie ypasdenus (37) ans cay-

vas (E).
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JNewma 2. B cayuwae (), gyuryun W(0), yoossemaopsio-
was ypasuenuwo

W (0)=—4 [ <08 o) (1) g, (40)

(Sx) rlO
uMeem NOCMOSHHOE 3HAYEHLE HQ KadOOl IpaHiye; OHa DQBHA
Hyso Ha auewneld epanuye (SO), u ee 3uayenue Moxcem
U3MEHAMBCS NPU nepexooe om 00HOU aHYympeHHel zpaHuybl
K Opyeod.
INpencrasasg ypasucnue (40) B BuAe

W (©0)=— [ K@, )W(1)ds,
(S)
A NpUMeHdast K HCMY npomecc I/ITepaLU/lﬂ, IIO!lyL{aeM:
W) =— [ KO, H)W(1)ds, = (— 1) [K,(0, 1) W(1)ds =
(%) ()
e = (—-17be ©, WYW()ds;. (40)
()

Puc. 28.

Hycte my, u my (puc. 28)— nme TOYKW BHYTPEHHeH Tpa-
mne (S®); paccworpuv dyHKUMW0

F0)=K,(3, 0)—K, (2, 0).
Ilns xaxgoft s pHyrpennux rpauni (S®) umeew:
[FOas= [K,3, 0)ds— [K, (2, 0)ds=0
(q(z)) sy (s
(l:]9 21 LECEL ] k)i
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rak Xax uHTerpaJjsl BO BTODOH HaCTH IIOCHeAHEr0 paseHcTBa 064
pasHb Hymo, ecau I#i, u o6a pasusl (— )7, ecnu I==i.
Orcloza cJienyer, 4T0 ypaBHeHue

PO)=— [K,(1, 0)P(1)ds;--K,(3, 0)—K, (2, 0) (41)
(S)
uveeT pellleHue TpH nevetHow n. Jlpemcrannas (40°) B Bune
W(1) = f K)z (11 0) W(O) d’J,
)
yuHoxas ero Ha P (1), uHTeIPMDYS TOJIYy4yeHHOE TPOUIREACHUE

1o sceli rpamuile (S) M npuHMvas BO BHUvauue ypamHenue (41),
loAy4aem:

[ Wy pyds,=— W(O)( [ &, 0) P(1)ds, ) ds —
) (S ()
= [W©)P(©ds— [ K,(3, 0)W(0)ds -
il (9
+ [ &, OF(©)as,

(<)
OrKyla BHITEKaer, 4ro

[ K3, ) W(0)ds= [ K,(2, 0) W (0)ds

5) ()
M uTO B o
W (3)=W(2).
Mitak, W (0) MVeeT TOCTOSHHOE 3Haverne
W (0) == C®

Ha rpampe (S®).
D10 Hav Jaer AnA HeKOTOPOH TOuYKHM my, Nexamlelt Ha (SO),

Vo) =—or | 2 0ol W) ds, +

(S((‘)) 10

i}

1=k .
+Yew | =My, ]

| cos (o) Y1) g5,

. r . r
(S(” 10 (S(U)) 10

-

1

U
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Ho ypasnenue

W(0) = — L

" cos (ripMh) T

| =00 W) s,
(S(O)) 10
nonyckaer #a {SO) nag 06GHLIKHOBEHHOr0 Cryyasi eLHHCTBEHHOE
petiienuc:

»

t=-—1 He wMoxeT B OOHKHOBeHHOM CJiyuyae OuITb XapaKTepu-
CTHYECKUM UYMCIOM,

O6parso, ecau W(0) pasen C® wua rparnpe (SW), I=1,
2, ..., k, u—Hymo na (SO), 1O HerpysHO mOKasaTh, HroO
W (0) ects peutenue ypasuenns (49). B cavoM pene, MH Mmeew
LS TOYKH g, haxossutekicss Ha (S®):

i<k

5 = 0 [ cos

QIE So_s_(ggﬂl)_ W (1) ds, = “%_{ ( S?S_(_fzzﬂxldgl:_cm,
o o =1 ,S'gl)) 10

TaK KaK AJs 3TOH TOYKH OJNMH TONbKO B3aruli 1o (S®) unre-
rpan otauten OF BYJSI: 3TOT MHTerpaa paseH— 2w, KOrga Iop-
mame k (S®) nanpasiaena suytpn (S19).

§ 9. Caencreus u3 aemm § 8

Bnarogaps sTuM JeMMaM Mul Hamau Bce (yHIaMeHTadbHble
dyuxuun ypasHeHus (5), cooTBercTBymome uyuciaav {=—1 n
=1

B 006biKHOBeHHOW Cnyuae M B ciydae (J) CymecTsyeT TOIbKO
OXHA He3asucuMas PyHLAMeHTaIbHAR (QYHKUMS, OTBEuaiomas mo-
mocy ([ ==1; namboaee o6uwad <¢ynnaveHtanbHas QyHKIUsA
pasHa C.

B cnyvae (E) uveercs k iuuelHO HE3aBUCHUMBIX DYHKLAH,
COOTBETCTBYICIIUX HMCAY § = 1; MOXHO NPEINONOKUTb, YTO OHU
TOMUMHEHB! CeLYiOlUM YCAOBUAM:

o® =a® Ha (SO), o®=0 na (SW)
i+l 1=1, 2, ..., k).
B cayuae (J) uncny [ = —1 cOOTBETCTBYyiOT kK (pyHAAMEH-

rajieHNX QYHKLMA, KOTODBle MOXKHO BHIODAaTh TAK, YTOGH HMEIH
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MECTO YCJIOBMS:
o —=al® ma (SW), ¢c®=0 mna (S¥)
(i#10; 1:=1, 2, ..., k).

It OOBACHAIOTCS Pe3yabTaThl, TO.[yYeHHBle B Tpenyuie
1n1ase. Mul 3Haeu, 4t0 uuTEIpanbHOE ypasuehue (12)

u(l) d31+f(0},

L cos (r,
u (0) —_ 2_7: ‘ ( IU U)
(8) o

B KOTOpOM C——xapamepucmqecxoe YUCT0, UMEET DEeUICHWe JUlL
IPY HATUYUH yCIOBUSA

[010(0)ds=0;
™
aneck @ (0) — cootBercrByomee uucay [ obulee pelieHde ONHO-
POAHOro ypasuelsi, coupsikeHsoro c {12).
Orciona cnenyer, uro AnAs OOWIKHOBEHHOrO CJIydas MW CAy-
vast (J), npu (=1, NO/LKHO BHIOJHATLCH YCIOBHE

ff(O)Cdc::O Aan ff(O)dc:O;
) (5)
p ciyuae we (E) AOMKHO BHIOMHATBCA YCIOBUE

[ 0d= [fO)c0ds=0
) s®)
WiIn
ff(())dszo, (=12, ..., k)
sy
nakoHell B ciydae (J) J01KHO ObITh BHITIOJIHEHO YCIOBHE TOrO e
wpaa mpu L= —1.

§ 10. Peutetine BHyTpenneil 2agauu Jupuxne ana cayuas (E)
M Al (GLIKHCOB2HHCEO Ciayyas

Coobpaennst § 6 MOKa3LIBAIOT, UTO M MOXEV HAATH pelue-
we BHyTpeHHeH 3anawm flupuxae Aas cayvas (E) w ana o6wbik-
HOBEIHOro cayvagd. Ymeao {==-—1 ne nomoc dyuxunn @{0) u,
¢lefoBaTenLo, e moaoc pajga (8)

W= W, "W, W, ...,
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B KOTODOM

i ’ cos (r N|
W, =o ‘ f eV 4

(=0 10
1 (= cos (ripVy)
Wn=2—ﬁJ W,_, 2wl g
() "o

Patuyc cxopumocru psaga (S) MOxeT DPAaBHATbCA eJUHMIIE
TaK Kak uucno L[ =1 Moxer OuTh nomocuM ¢yukiuu f(0)
eC/M 3TO 4YHCJIO MOJIOC, TO ToMoc npocrofl. Paauyc cXOAMMOCT
paga

=) W=W,+L(W,— W)+
+};2(W;}—' Wz)"ll“ v (W — Wn)+ tet

6oabie eauHuib, [JodAcrapiassa — 1 Bmecto £, MBl noayum
PpyHKIMIO
1 y
W= 3 W, — (W, — W) - (W, — W) — ...,

KOTOpas, COFNACHO 3aMevaHusM § 2, yIOBIeTBOPAET YCIOBHIO
W,=f mna (S).

§ 11. UccnencBauue nonoca t=1 aasa cayuas (E)
M Ana COBIKHCBEHHCTO cayvas

Mul 37ece OydeM TOBODUTb HMCKAOUMTEALUO O caysae (E
TaK KaK OOKKIOBEHHHH CJaywualh MoXeT paccMaTpuBaThCs Ka
yaCTHHHA — TOT, KOrAa BR=1. B § 4 mn Hawam, 4T0 dyHKLM
(17)

Z5 (¢ 0)

i} =
© Z,(5)

ec1b petieHue ypasHeHua (5)

1(0) =4 | 925N 45, 4 £ (0),

(i‘l\ 10

Oripefle/uM Ternepb, NPU KAKHX YCIOBUMAX uuceno [==14u
MOKET ObITh TOMIOCOM 3TOH (QYHKUMH.
YpasHenue (12)

»

v == [ by @M 4 1 s

Q 0
(S, !
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compsukeHHoe ¢ ypasHeHuem (B), nonyckaer [==1 B Kauecrse
xapakrepuctuyeckoro umcaa. Takum oS5pasoM, ypassesne (5)
MOXKET /Mllb B TOM CJydae WMeTb peiedue npu (=1, xorza

[ f@o©ds=0.

{S;

3ueck © (0) — onHa u3 PyHnaMenTanpHbX QYHKUMHE ypaBHeHust
(12), coorsercrByoumx yucay §==1.

B § 14 (lll) mp mawam BCe ¢yHAaMeHIalpHble (QYHKIUH
ypasHeHus (12), orpeuaronue 4nciay §==1; 4KCIO JuHe#HO Hesa-
BHCHMBIX (QYHKUHMH 3TOro popa paBHo &. Ecik oGosnaukrts ouuy
U3 HHMX yepes p*, TO IAS Hee MOXHO 3aNMHCAaTh CJAEAyIOLLHe
YCIOBMS:

[ #ae=0 (+hy [ pnas=1;
(s (s )
N 1 | . cos (r1oNp)
o =g | o () =M g
A 10

B o6uikhHoBeHHOM CAydae CYuleCTBYeT eAMHCTBeHHAas (yHma-
MeHTalbHag (pyHKuMs, o0o3HaueHHas HaMu OYKBOH p.
Takum o6pa3ou, 2 paseHcTs

, [ fovas=0, (=12, ..., % (42)
5

TNIPeACTABAAIOT COGOM HeOBGXOAMMbBIE K AOCTATOUHHE YCAOBHS CYLIE~
CTBOBAHHA pelilenust ypaBHedus (§) mpu { ==

Bo3voxHO y6enuTbCH HEMOCPeACTBEHHO, He MNOMb3YACh LWTH-
POBAHHEIMH BHILIE TeOPeMaVvk H3 TeOPHUH HHTEerpalbubX YpaBHeHuH,
uto ¢ynkuus (17) He HMeeT — HpM HaInuny ycaosui (42) —
noatoca §=1.

[Moncrasasg (17) B ypasuenke (5), umeem:

2,0 =3 | 2@ 1) tst 2,0/ 0. (43)
(%) 10

Homycrum, d4ro yciosus (42) sumonusiorcs; ymHoxas obe
wacta (43) wa p» u uMHTerpupys modyueHHOe Mpou3BeleHue MO

16 3ax. 749, H. M. Tronrep
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BCell rpanule (S), HaXOAUM:
[ 2. 0)p® (0)ds =

)

—5 [0 | 200200 00) 0019,

€S) (81

J f(())p“)ds— J.-@2(‘) ( ‘ M)—pmd3>dsl_
(8) (S) (s> 10

=——§—5i 2, @ )| f°°s (N o) d-)
(Sy) (5)
= [ 2 DV ()
(8)
oTCIONa CJefnyer, 4To

(1—0 [ D@ 0) ¢ ds=0.
(5)
Takum ofpasom, mpu %=1
[ 2. 0)p0 ds=0;
)
HvMes B BUIY, YTO MHTEerpan B JIeBOH 4aCTH HOCJAENHEro paBeH

CTBa — ltenas (YHKUMA (, 3aK/I04aeM, YTO 3TO PaBEHCTBO HMee
Mecto M mpu [ =1, 1. e, 4ro

f@z(l,())pm(oma:o, (h=1,2,..., k). (44
)

Ilycrs {=1— nomoc dpyuxuuu (17); 3amensin B (43) { =a 1
nofyyaeM:

1 co N
2,(1,0 =5 | 2,0, 1)—i(ri2’-°—12dc,. (45
() 10

ITpunuMas Bo BHUMauue Jemmy 1 § 8, BhBOAMM K3 paBer
crBa (45), uro

Dy (1, 0)=CD  (I=1,2,..., k)
Ha nosepxHoctu (S®).
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[Toncrasass aro sHaueHue Fo(1, 0) B (44), umeem:

i=k
[2:.(1, 0 ©)ds= 3 [ @01, 0)p0 ds=
& =1 (s
I=k
= 3co [ Q) de=Ct =0,
=1 sy
(h=1,2 ..., k),

Orciopa BHTekaer, 4T0 %, (1, 0) ToXneCTBeHHO paBHA HYJIO
u 9ro ApoGb (17), B MPOTHBOpPEuNH CO CIETAHHHIM TIPeAro.o-
HeHHeM, COKDAaTHMa; Hav IPUXOAHTCS UPHATH K 3aK/AI0YEHHIO, 4TO
L=1 ue moxer OniTb nomocow ¢yukumu (17),

[Tpu wamuuuy ycaosuit (42) Mbi MOMEM MOJYYHTb TeNephb
peluenue BHewnell zamauy upuxsae. B stoM cayuae ¢yuxkuus W
He ponyckaer momoca - =1, paauyc paaa (8) Goubille eAWHHILH;

hyHKLMSA
W=W +W,+4... (46)
ecTb pelueHue 3ajagu JluMpHxXJae; oHa TakoBa, 4TO
W,=—Ff.

Onnako ycnosus (42) He MMEIOT HHKAaKOH HeloCpPeACTBEHHOM
CBA3K C 3ajadcht A,

§ 12. HcroakoBanue ycacBuit (42)

Mpl pellwIn BHelllHIOW 3ajauy JupHuxie, MOAYUHMB 3HAUEHWH
dyHKIMK Ha TpasuUe COBepLIeNHO HYXIbiM 3ToH 3amade ycio-
BusM., B nanHoM maparpage Mbl TOKax<eM, 4to ycJoBus (44)
HEOOXOMUMEL VIS pas3peliuvocTh 3apaun (B,).

TeopeMma. [Jas 8cAK020 HOMEHLUAAG OBOIH020 CA0S

’ cos (rgN;
W= | p(1)le g,
8) 710
u 0sn sw6ol gyndamenmanvrod Pynxyuu N umeen:
f W oM ds = Q.
(8)
16%
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[Mpeanonaras TteopeMy [OKA3aHHOH, BMIMM, YTO pelleHue
3afaun (B,) OKa3bIBAeTCS HEBO3MOMHLIM, €CIH He BBITOJHEHb
ycaoBus (42).

Jlas 10Ka3aTeJbCTBa TEOPEMBl 3aMeTHM, Hpexne BCEero, uto

W, :( ( u (1) Mu’ ) ‘ ) <2 (rwN,) ds,—2mu.(Q),

() "0 iy

OTKyJAa TOTYaC K€ BLIBOAHM:?

[ w,pds = fpm( fp(l)fﬁ(—;“’—”‘—)dcl)dc_
s) ) (8 "10
—2n [ p@)pas= | b () [wwm)dcf—
) (S ) "o
—on [ p@das= [ ) (— [ o cos ) ds) da, —
() (S ) 71
—2n r u (0) p® do =2= r p(1)p™ (1) doy —
(%) 8)
—or [ p(0)p? (0)ds =0,
)
YTO M TPebOBANOCH NOKa3aTh.

§ 13. Pemznue premnell 3agayu aias cayyas (E)

Bocnoansyevicss peayabtaramn § 11; nyctb o — QyHKIks
touek Ha (S), mocrosuHas na Kawaoi us rpauuy (SO):

a=a® na (§9);

nycth koucrauth o) tak mopo6paHwl, 4ro QyHKIMA f— o yn0-
BJIETBOpSET ycaoBHsM (42).
Hmeen:

J'(f—a)pm ds — ffp‘“dc-—Zac(’) J' oV do=—

5) (5) =1 (st

= [ fo ds — at;
(8)



s T
§ 13] PEWIEHHE BHEWHER BANAUM a8 cavuas (E) 245

TO3TOMY HOCTATOUHO TMOJOXKHUTH:

ald) = ffpmdc, (1=1,2, ..., k). (47)
(9

Ilycrs w— pemenue 3agauu (B,), COOTBeTCTByIOUlee (YHK-
uuu f— a; cornacko § 12, umeem:

W=+ Wyt W+ ...; W,=a—f; (48)
31ech
1 cos (roNy)

v =g ' (f— _";zL'delf ‘I

(8 10 ! (49)
— cos (roN:
Y=o, ‘ ’wk—x’““a‘fﬁdﬁ- ,
(5) 10

[Tepsoe pasencrBo (49) naer wHam A48 Touek BHYTPH (D):

1=k
1 cos (71oNv) Y { cos (r, N{)
W= [ peostrald g, o o) s, — W,
: r : ri
8,) 10 1=1 (S(l)) 10

s rouek e Ha (S):

> =k )
e ‘fc”s(’;me) do; — a_(l_) ‘ cos (rioN+) —

) p do, = Wfl——
10 ® \ 10
(8)) =1 (8t
TAK KaK WHTelrpan
* cos (r;aNY)
‘ (‘)IO 1 ddl
1o

(4(7))
paBeH HyJ/O, ecau M, Haxomutcs BHYTpu (D,) wiM na onHo#t u3
nosepxHocteit (S®), As£1l, v paBen 2, eciu my, gexur Ha (SM),
[Toab3ysick HafieHHON BeaMUMHOM 151 LISt BBIYKCTIEITHA Wy U T. L.,
MORYYNM TIOC/IE0BATEbHO?

Wo=Wy, Wy=Wy—a, wy=W,; wy=W;—a,...

Orcwona caenyer, uro psabt (46) u (48) He oT/MYAIOTCS APYT
or apyra Buytpu (D), u 4to pan (48) cXoAMTCH B 3TOH 06AACTH
Aaxe TOrna, Korja yC/AoBHS (42)-—He BGLINOJHEHB, HO B 3TOM
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3ANAYA JHPUXJIE
nocjendeM ciaydae

[rn v
We:d—f;
[¢ 3nechr ompenpensiercsi paBenctBamMu (47)].
B § 9 (IIl) Mbl nokasanau, 4TO BCAKHH MOTEHIMAN

“ Pm doy

(50)
. T10
(Sy)
HMeeT MOCTOSHHOEe 3HaueHHe BHYTPU KaXI0H U3 NoBePXHOCTER (S(’)).

MMyctob C{" — suavenne norerumana (50) BuyTpu (S?). Moxuo
BCEraa mojA0GpaTh Takhe YMCHA

T o -

ey ‘{k,
4TOGH BLIIOJHSIKCh CIeAYIOllke 2 paBeHCTB!

I=k .
N p(l’ do
2‘ T1

— q® ya (S(X)),
S To
=1 )

(=

1,2,..., k). (8]
ITH paBeHCTBA PABHOCHIbHE! Cle/IyIOLIUM:

1=k
2 CP = a,
=1

(51
Ecau 6b cucreva (517) He umena pemieHul IPH HEKOTOPHIX
3gaueHmsx Koncraur a@®, ..., al®, To MOXHO G6HI/I0 GH HaHTH YKCIA
85, + .., &, YAOBJIETBOPAIIIKE YCAOBHAM:
M=k .
2 akc(l : - 0’ (l
A=1

=12, .

. B).
Ho aas rtakux uucen g,

., O HOTeHIHAI

. l=k
\ s
‘ 2‘ 8,p 71i
(8) I=1

obpautaercd B HYJb BO BCEX BHyTPeHHMX 06/acTfX, Orpashyes-
HHIX mosepxHocTaMu (S®); oH, crenosartenbHo, Be3lle paBeH HYJIO,
4 Mbl [OJyuaem:

1

14

I

8,00 =0,
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YTO HEBO3MOXKHO BBHLY JuHeHHOH HesaBucuMoCTH (yHkuui p®,
Orciona BbITeKkaeT, YTO MBI, NeHCTBHUTENbHO, MOXEM HaliTH uMCIa
Y1» Yev -+ » Yx- PaBesctBa (51) TMOKa3HBAOT, YTO HA NOBepX-
nocru (S)

"o

L I=k J
(<]
Vo= ' Y e =a.
(SJ) 1=1

[Toaomum:
V=V,— W. (52)

Boyucass V,, Haxomzum:

Ve:(VO)e_We’:z—u_f—f:f!

OTKyAa cChaemyer, uro QyHkuUHa V ecTb pellleHHe TOCTaB/ieHHOM
3a/1aUK,

B naumoMm ciyuae, peireHhe 3afaud A rodyueHo B BHIe
CyMMB! [TOreHIMAJa TPOCTOrO CJI0S M MOTreHNHana KBORHOTO ClOs.

§ 14. Cayuain (J). UccaegoBauue yCAOBuS:
== — ] He NOJIC

Ocraerca ente paccMorpeib 3afavy Jupuxie s ciayuas (J).
3afivevcs CHauana BHyTpeHHeli 3afauefi. [1g pelueshst cOOTBer-
crBylomtelt 3agaun B crepyer oThickaTh peluenke ypaBHeHHS (5)

¢ ’ R cos N .
lo= g | (1) 4o, £ (0)
(5) 10
npu {=—1. B 3rov ciayuae pellieHue onperensercs 3HaueHHeM
dyuxiun (17)
225 0)
YO = D2 L)
npu {=-—1, ecllt 370 UHUCIO He SB/ISETCH ee TIOMOCOM.
Mu pokasamu B § 17 (IlI), uro y ypaBuenus (12)
' N,
pO=—5 | p) 20N 454 £0)
(S) 10

cylnectsyer kR (ysHnaMeHTIbHHX (YHKIHH, COOTBETCTBYIOUIUX
XapaKTePUCTUUECKOMY uHCAYy (= — 1. ITH QYyHKINK THHENHO
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He3aBucumbl. Eciu &% onma u3 umx, TO
fq»f’ (0)ds =0, eciu [+
s
[eo©@ds=1,  0=1,2 ..., 5,
™

u
W (0= 5 | 40 (1) L0 g5,
() "o
Orcropa cienyer, Yro ypaBHenue (D) He MOXET UMeTh pelie-
Hus mpu {==-—1, eCaH He BHINOJHAIOTCH CAeAylOllke yCJIOBHA:
ff(0)¢<>~>(0)dc=o, =1, 2, ..., k). (53)
(8)
[Mpy HanWuuu STHX YCJIOBMH, uHCaI0O 5=— 1 He Moxer

O6bITb MomocoMm QyHkuku H(0).
YMHOXag o6e 4aCTH PaBeHCTBA

L ' . cos (rioh,
2.0 O=o | 2,¢. 1) M o, 4 7,0) £0)
) 0
Ha ¢ (0), uHrerpupys npoussesesve no BCeit rpauute (S) u
NpyHKMas BO BHUVAHHE YCJOBHS (53), noayuaem:

» C ) » , N
D5 (% 0)$)(0)do=;, Hmm)( | 2.0, 1)°——-—~°S(r’,_,'° l)dc1>dc=
& (%) (%) 1

—— 5 @ n( [ w4 g

(S) (83 10

=—t | @ D a5,
)
H nanee
(1+0 [ 2. 0% () ds=o.
(SH

[Tocnenuntt nHrerpan— menas QyHKuus &, mpu 5+ — 1 oma
PaBua HYMO ¥ LOJIKHA HO3TOMY PaBHATHCS HYIO H NIPH (= — 1.
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Taknv o6pasow,

[ @o(—1, 040 ©)ds=0, (=1, 2,..., k). (5%

! (%) .

Homycxasi Tepmepb, uto L==-—1 mnomoc d¢yuxiun (17),
HMeeM:
1 ‘ N.
Fo(—1, O=— o | B, (—1, 1) =Ll g5

(s) "0
[TpunnrMas BO BHumaupe jemvy 2 § 8, 3ak/ouaeM, u4To
Dy(—1, 0)=C» wa (SO, (I=1,2,..., k)

u uto 9,(—1, 0) paBua uyao na rpanume (S(¥),
[Toncrasass sto 3vauenne @,(— 1, 0) B pasencrso (54),
noay4aem:

[ @o(—1, 0)§0ds= [ @y(—1, 0)40 dat

® %

-i—l:E’: f @2(—1,o)¢mdc=l§0<” [ 4 do = CM =0.

I=1 (S(l)) =1 (D

(57)

Orcona sbisomnM, uro ¢ysxuus %,(—1, 0) momkHa BO
BCEV NPOCTPAHCTBE PABHATLCS HYJIO! 3TO, OXHAKO, HEBO3MOMKHO,
BC/eCTBYe Hecokpatumocth QyHknuu i (0).

Wrak, npu Hanuuuu ycaosuft (53), 7==—1 nHe MOxer GHTB
moJocoM ¢ydkuu & (0).

§ 15. Pewleune zagaun ¢ ycaosuamu (53); 3HaueHwe
3THX YCJAOBHM

Ecau L =—1 ue nomoc dynkuuu i (0), T0 BCe Ke HE/b3s
noacrasuth —1 Bmecto § B pan (8)

W= W, W+ 2 W
TaK KakK PaguyC CXOAUMOCTH 3TOro psaaa MOXKET DaBHATLCA elu-

Hule; uknca0 =1 moxer 6uiTh HomocoM W, HO He MOXKeT
OLITb HOJMIOCOM (DYHKIHH

(A= W=W,+-L(W,— W)+ 2(W;— Wy) ...
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Orciona crenyver, 4To 3Hauenne W npu {=— 1 onpenensercs
paroM

W= 5 (W, — (Wo— W)+ (Wy— W) — .| (55)

B YTO 9TOT paA JAaeT pPeiledue BHyTpeudedl 3amaud Jlypuxie
mas caydas (J), Npu BuinmodseHun yciaosui#t (53). St ycaous
COBepLIEHHO YyXAH IOCTaB/eHHO 3ajaye, HO JerKO BUIETh,
YTO OHM HeOGXONHMMH s COOTBeTCTBYMOuled 3asauu B. B camom
nene, eclu

cos (r1pVy)
2
1o

W= f (1)
(89

dsy

— HeKOTOpH# NOTeHuMad ABOAHOrO CJIOS, TO

fW,dg(*)dc:O, (=1, 2, ..., k).
(S)
HMrak, He cyuwiecrsyer TNOTEHI[HANOB [BOHHOIO CJOf, HEe NOA-
yhHeHHHIX yc/aoBHAM (53); 3amaua B — HEBO3VOXHA, eC/IH 3Haye-
HAA noTeHnuana Ha (S) He TOTYUMHEHH 3THM yC/IOBHAM.

g nokasateJbCTBa Haillero Npeioxedns AOCTATOYHO 3aMe-
THTh, YTO

s Ny
Wo=( [ per) 2 oM o) =

p(1) 20 g, 1 o (0)
&) 10 s $

10

H 4TO BCJEACTBHE ITOrO

( W‘ l‘{()‘) dG B
()
= | oo( | ey L2L0oM o) g5 12 [ 6(0)40 (0) do =
@ s "0 &

S fp.(l)( fe{(%'fﬁ(—g—“l@ do) do, -2n | 6w 0)do =
() 9 10 9

=—2n [ 9 V)ds+2x | p O O de=0.
(s0) &)
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§ 16. Pemenue BnyTpenneil aapaun JupHxie
Ana caygas J

BseieM GyHKIMIO o OT TOYKM Ha (S), KOTOpas paBHA HYMO
Ana Touku, Jexame#t Ha SO, u COOTBETCTBEHHO DPaBla HEKOTO-
po#t mocrosnno#t all, eciv Touka Haxomutcst Ha (S®), [=1,2, ..., k,
T. €, TOJOKHUM:

a=0 wHa (SO), a=a® na (SO, (=1, 2, ..., k).
TMonGepem rax uucaa a®, yro6m ¢yukmus f—a yooBie-

TBOpana ycaosuam (53). HpmmMaﬂ BO BHHUMaHue, YTO a ==0
Ha (SO), Bumum, yTo JIO/DKHB YIOBJAETBOPAILCS paBEHCTBA

[(f—a)4 do=
&)
=k

= [fq,o dc_zam [ YW da == [fq,m do— a® ==0.
(8) 1=1 (é(’)) )

Haliem, npu momomm MeToJ0B HpeAHAymieio Haparpada,
peuleHRe BHYTPeHHe#i 3anaud, COOTBeTCTByIOmee hyHkuuu f— a;
noJyuaem:

1
W =+ [w; — (W, — ) - (W3 — wy) — .. .|, w;=f—a, (56)
2
rie
@, =L ((f__a)ﬂs_gm@d%
(8 1o

( ‘Z_ﬂ;n cos (r10N1)d
S o

Ecnu rtouka newmt BHYTPH (D;), TO OHa pAacnonOXeHa BHe
BCex OGnacTeft, orpannyeHubx nosepxuoctavu (SU), I=1,2, ..., k;
Takum o6pa3owm,

1=k .
@ = "f cos (rmN,) ds, — Sad ‘ cos (riofND) 4o
1™ on . ) 2 1
(S) 10 1=1 (Sgl)) 10

cos (rmN]) dp ——W

—L ’
T 2n
) 10
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Ta we ¢dopmyna noxaswiBaer, WTO AN TOUKH My, Newxaiieif
na (S0),
w; = W a®,
TaK Kak HopMaib k (SM), B cayuae J, — Hanpasaena Baytps (SM),
Orciopa ciaeiyer, 4T0 AJg TOUKH m, Ha (S)

wy = W+ a.
BrionHe aHaZOTHYHO 3aKJIOYaeM, YTO
Wy=W,, wy=Wy+0a;, wy=W, wy=W5-J-a;..."

Ortciofa BHTEKaer, 4TO L5 BCeX TOUeK BHyTpu (D;) pan (56)
copnanaer ¢ psagom (55) m uro pam (55) cxomurcs BHYTPH (D)
Jayke B TOM clyuyae, KOraa ycnosus (53) He BHITIONHEHH; ONHAKO
B 3TOM TIOC/efHEM Clyudae

W‘i:f—a'

ITox6epem Temepb Tak YUCHA Yq, Yoy « - .5 Yp» 4TOOB Ha
nosepxuocta (SM), A=1, 2,..., B HMENO MeCTO PaBEHCTBO

1=k,
S [ 1

=1 (8)

3I0 BCErga BO3MOXKHO. B cavoM fene, Mbl 3HaeMm, YTO IOTEH-
VLR

? l\
‘ $0ds (58)
. T
(8)

HMEIOT MOCTOSHHOEe 3HAYeHHe BO Bcex o6mactax Bue (D).

‘ )
Ecmn (58) pasen C)Y suyrpu (S™), 10, BCHOMEHan, uro (58)
paBHseTcs Hyaio Bhe (S(¥), M 3aKn0YaeM, YTO ypPaBHEHHS (57)
PABHOCHJIbHB Y DABHEHHAM

I=k

2 1l =a®.

=1

3Ta NOCHEAHAS CHCTEMA LOMKHA HMETh PellleHns Ipn o6 ux at);
B TIPOTHBHOM CJyyade CHUCTEMA

l=Fk
& =0, (A=1,2, ..., k)
I=1
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uMena Owl pelieHne, B KOTOPOM OJHO M3 umcel 8y, ..., 8 GblIo
OBl OTJIMYHO OT HYJA; TOCAA TMOTEHIIHAJ

[ ot

(8 I=1

OKazancs Ol paBHWIM HyMIO BO BCeX obmactsx BHe (D,) u, cae-
JOBATENbHO, Besie O6paTHACH Gbl B HYJb; OTCIONA BHITEKANO Ghi,

4TO
1=k
28,40 =0
=1

—PaBeHCTBO HEBO3MOXKHOE, BBUAY NWHEeHHON HE3aBHCHMOCTH QyHK-
mub ¢, =1, 2,..., A
Teneps nonommx

(5
H paccMoTpuM (yHKIUIO

V=WV,
Vi= W (Voi=f—ad-a=f;

3TO TOKA3HBAET, YTO (PyHKUHA V €ecTh pelleHHe MOCTABJIECHHOH
3agayu. Petuenue BHyTpenseH 3anavu Aas cayvas (J), kxak m pe-
weHue BHeWHeH 3aaaud Ang caydas (E), coOCTOMT M3 CyMMsl ABYX
claraeMelx: TMOTEHUMAJNA JBOHUONO CJIoS M TOTEHUMaIa NPOCTOro
cliost,

Hmeenm

§ 17. Bremnsia sajaua ana caydasa (J)

Xors 3Ta 3amavya paBHOCHALHA BHeurHeH 3axaye, COOTBET-
creyoue# ropepxnoctr (S%) w & BHyTpenHuM 3ajgauam, COOT-
BETCTBYIOIMM TioBepxHOCTIM (SP), [=1, 2,..., %k, HO dop-
My1bl, YCTaHOBIeHHEe B TMpPEAbIAYUIMX Taparpadax, NMO3BOJMOT
HaliTH ee pellleHMe Cpasy — B BHAe €AVHOrO DABEHCTBA.

Peuienvie 3T0 BO3MOXHO MOAYUYUTh, 3aMeHas B 9(0) § enuun-
ue#, ecaim {==1-—ne nomoc sto# QPyHK1KH,

IMpunumas Bo BHEMawme, uro (==1 <xapakTepHcTHUeCKOE
YHCHO ypaBHeHust (5) M YTO Y COUPAKEHHOrO C ypasHeuuem (5)
ypassenus (12) cymecrTsyer onna QysaameHTanbHag QYHKIUS
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[usyuennas wamu B § 13 (I}, saxmouaem, uro y ypaswenus (£
HueeTca pewenne npu [ =1, ecau

f fods =0, (59

(8)

Mpu nammumm ycnosus (59), {==1 He moxer GHTbL TOAID
com ¢ynkumu (17). B camom neme, u3 paBeHcTBa

2, 0=£ [ 2.6 0 2CM s 4 g,0)f(0)

(S:) 10

MOXHO BHBECTH, npu nomouwn (59), uto

[ 2. 0pts=— 5 [ @ [ o 20 45, =
. T . ’
S (s) (8) 1o

=1 f@.g L, 1)p(1)ds,
(81}
H ¥4TO, CAENOBaTEJbHO,

(1—0) [ 2o 0)p(0)do=0.
(81)

Wnterpan B mnocnepseM pasescrse — penas  ¢dywuxuus {, on
IOKeH, T03TOMy, o6paumiaTecs B HyAb W Ipnt {==1; Takum 0G-
pa3oM, HMeew:

[ 2.1, 0)p(©)da=0. (60)
(S)
Ecin (=1 ects nomoc dyuxuun #(0), to
2,1, 0)==—— [‘@9(1 1)%&’1)_4101
&) ’10
OTKyZAa, NpH nomou JemMul § 8,
@.,(1, 0)=C na (9),
M, Ha OCHOBanuM (64),

c fpdc:().
(8)
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WUrak, C=0 u japo6e (17), OKa3LIBAETCA, MOKHO COKPDATHUTD,
4TO TIPOTHBODEUHT CAeNaHHOMY O Hell npeanonowenyo. Ilpw na-
muuun ycaosus (59), { =1 ne moxer 6uTbL momocom (0).

Taxkum o6pasom, ychaosue (60) HaM nokaseiBaeT, 4ro ¢yHx-
nug

(L QW =W, LWy W) -G Wy W o . ..

He JOmycKaer Hu nomoca Z=1, uu mnomoca { = — 1; kpome
TOro, PyHKuNg

W= (W (Wy - W) - (Wt Wo) -1 (61)

Aaer suavenne W npm {==1; orcioga creayer, uro W,==—F1.

Ycnosue (59) He umeer Huuero obuiero c paccmanuBaeMOﬁ
#Hamy 3afavelt [upmxye, HO YC/I0BHE 3TO HeOGXOAMMO A COOT~
BETCTBYyIOUlEH 3amaum B.

JIo60# noreHuMan BOHHOrO Cliod
cos (riph’
r (1) ( 10 1) d
(53; 10
YAOBJACTBOPAET YCAOBHIO

-

Wods=0;
(8)

yro6H B 3TOM yO6emuThCsi, LOCTATOYHO MOBTOPHTH, NOUTH 6e3 M3-
MeHeun#t, paccyxienns § 12.

BosbmeM (hDyHIaMeHTaIbHYI0 (QYHKUMIO o, 1Js KOTODOH

fpds-——l;

(8)
[‘ pdeo
S To

. (8)

IoTeHUnaNn

umeeT nocrosuHoe 3sHauenue sHyTpH (Dy). Tlycrs C— 3uavenue
sto# koncraurth. [Tonaras

[ foda=aq,
#
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o6pasyeM pewenne w 3amauu lupmxie, cOOTseTcTBYyOUiee PyHK=-
1uu f— a. 3ra Pyuxuns yrosnersopser yciaosmo (59), noaromy
MBI MOXEM Hallucarh:

W= 5 [ (@ - w,) (@ W)+ . ], w,=—f, (61')

raie

cos (ro Ny
Wy =gz (f—a)——(—EMdBD
T . r
(S‘) 10
" ——  cos (rioNy)
W= g | Wiy B doy.
(S)) 10

Takum o6pasom, MB uMeew:

1 ‘ cos (r1gNy) a | cos (rihNy) .
W =L f—'"rEL’—dsx_g,; ‘ “—rT—1d°1=W1 B (Dg);
8 10 sy 1o

W, =
1 o .
(Sx) rlk)

a

2%

' f Cos (";IONl) dal .

" cos (rio -
L05 (roM) go W, —a ma (S),
§y o

3TO0 NOKaswlBaer, yro BHYTpu (D,) pan (61’) cosmamaer ¢ ps-
aom (61), uro pan aroT cxoamrcd BuyTpm (D)) m uro

W,=a—f.

Brenem B paccMOTpeHHe (GYHKIHIO

ds

Vo= = ["’___

C .

s "
H TIOIOKHM .
V=V,—W. (62)

dynkuus (62) mgaer HaM pelieHue NOCTaBJEHHOH 3ajauyu, Tak
KaK

Vo= (Voo — W, =25 —at-f—7.



¥ 18] o upuHAnMEXHOCTH PEWEHMA K kiaacey H (I, A, A) 257

§ 18. 3aMeuanne o NPUHAAISKHOCTH D HIeHHS 3amady
Hupnxne k kraccy Hl, A, })
Mpl orpanuumMca aas TPOCTOTH UCC/AedOBamuHeM obaacreft

OOGBIKHOBEHHOTO Cliyyas ¥ JOKAKEM TCopeMy

Teopewva 1, Ecau(S) €A (B, 1), (B >0),ufEH(, A L)
O LIL kL4, mo pewenue suympenneil [8Heutrell| 3adauu
Hupuxae €H(, cA, V) 8 (D) 18 (D,).

Je#icTsuTeNbHO, KAaK Mbl BHIEJH, peuleHHe BHyTpeHHe# 3a-
naud Jlupuxae npencrtasadercs BCErga MoTeHUHanoM IABOHHOTO
ca08 Wiwl, MIOTHOCTH P KOTOPOTO YOBJETBODHET HHIerpalib-
HOMY YDaBHEHHIO

v =5 [say =l p L vt L, 6)

" 70

rae L==-—1. Mmp cuHauana nokaxem teopevy ang k=20, [ =0,
Tak xax fEH(O, A, X), 10 [f|<A m, 1ak xe kak B § 18
(lll), nokaswiBaeTcs, 4TO ]3]<cA. OTcl0na HA OCHOBAHUM TeO-
pemn 1 § 21 (1) caenyer, uro WD €EH (0, ¢ A, V). [Toatouy
YEH (O, cA, V) na (S) H, CIenOBaTeT»HO, HA OCHOBAHHM TeO-
peMul 1§ 19 (1) crenyer W %€ H(0, c3A, A') u reopema

ama = k=0 B cayuac BuyTpeHHe#t 3agaum lupuxsre no-
Ka3ana.

TlepexoiuM K paccmMoTpeHHio BHelune#i 3ajgaud. Pemenne
BHelIHed 3a1au¥ NpPeACTaBAdeTCH MNOTEHUWanoM JBOMHOrO 0%
B TOM K TOJABKO B TOM Clyuae, KOrjaa

[efaa=o, (64)
(S)

rae p, IWIOTHOCTb TOTEHIHANa TPOCTOTO CNOS, PaBHOrO e1u-
maue Ha (S).

Ecnn ycnosue (64) He BHOOMHEHO, TO pemeHdHe BHeiHeH
Jajaun JlupuxJe npeacrasagercd CyMMOH

WiH1-=CVip,l, (65)
rae nocroguHag C smbpaHa Tax, 4ToObHl
[0 —0yaa=0,
(8)

17 3ax. 749. H. M. Fionrep
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a %, ecrp pelwenue uHTerpaabHOro ypasnenus (63), B xoropoM
\,—-1 u [ sameneno wa f— C. He sbimuckizas 3TOro ypasHeHus,
6ynem HaswiBath ero (63,). Tak xak |f|<C A, to

[are
{

!C|=“‘f —<4
f1 ac

(8)

1ak Kak p, >0 Ha (S). Orcwoaa caeayer, uro CV [p,1€
EH(I Ce,,)') B (D,), Tax xak B § 18 (liI) 6mno nonasano

Vop, €EH(k-1, ¢;, ¥) 8 (D,).

Ocraercs ybemurncs, uro W% ] E€H (0, ¢4, A'). llas sroro
LOCTATOMHO YOeIuTbCHd, YTO CPeAn pewenuit ypasnesus (63) co-
JepiKaTes PewcHns, yaosJacTBopaomMe Hepasenc1sy || < ¢4,
rie ¢, 3aBucHT Jumb 0T (S). JloxasatenscTBO 3TOIO yrBepIHKie-
dug auyanoruyHo nypopenehHomy B § 18 (IlI) ang 3amaun Heii-

MaAHA, ¥ MBl OCTAHABAMBATBCA Ha mem nie Gygem. s Hepaget-
crea || <eyA caenyer, uro W] EH(O ¢ A, N), o u3
yparuenust (63,) caexyer ¥ € H(0, c5/1 A, OTKyJIa Wihl €
€ H(O, ¢4, V).

13 dopmyast (65) CIeiyeT yToep:KACHUC TEOPEMBl Mg BHEMI-
el zapaum Hupuxae B caywae B=0, /=0,

[NepeitaeM x moxazaTensCTsy Teopembl ang k> 0,/=1, 2,. ..

o k-1

I'ch_'ntf EH({, A, }) uva (S). Toraa ita OCHOBaHMU TCO-
pemst 3 § 19 (I1) cneayer, uro W{fIEH(, ¢4, X') B (D)) »
8, (D). Tax xax [>1, 1o W[f] uveer Hempepslsuyio Ha (S,
HOPMAIBHYI0 NPOM3BOAHYIO H, ciaenosarensno, W[f] xax s (D)
tak W B (D,) npeicrasnsercs MOTEHIMATOM TIPOCTOrO CJIOL.
[MoTenuuan npocroro cnosi, cosmitawowui ¢ W[f] 8 (D)), 060-
anaunm Vi, a cosnasaouwi ¢ W(f| 8 (D,)—uepes V,. Torae
MOTEHEHAT NPOCTOrO . CJIOs

1
V= [V, — Vil (66

ey

pelwacT KaKk BHEWHIOW, raK U BHyTpeHHOI0 3anauy [upuxie.

HeticTsuTenpro, snavenus na (S) morenuuaia V) pasunr W
a noreHuuana V, pasum W,. TTosromy 3navenrs Ha (S) noren-
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nuana V pasHbl

Wi—We
s .

YTO M JIOKA3LIBAET Halile yTBepMJeHHe.

Jlns noKasarensCTsa TeopeMbl AOCTATOYHO YGeaurscs B TOM,
aro V, u Vo €H(, cA, X) B (Dy) u B (D).

s V, aoxkasarenscrso mpocro. eicrsurenbro, W[f] €
€H(l, cA, X) B (D,) m mepswe npoussoassie or W[f|€

€H({@—1, ¢A, V'), a cnenosaiem-Ho, %EH(!—— 1. ¢4, X)

Ha (S), tak xak /— 1 < k. TlosroMy Ha ocHOBaHMM TeopeMbl 1
§ 18 () V,E€H(l, cyA, V) B (D;) n 8B (D,), tak xak V,
ARAseTCa  pelieimem nHeiHelt 3afaunm Hefivana
Ve __ 4W
dn ~ dn’
Hoxawem, uro n V;€H(, cA, XN). Ieiicrauremsto, V,
ABIAETCA pellieHueM BHyTpeHue# sanayu Heiimana
avy  dW
dn ~ dn

4
ITycts Vi TO M3 pelneHnit 3TOH 3afauu, KO10poe YAOBIET-
sopger Ha (S) yclosuio

J- prll de == 0.
(S)
W3 reopemst 1 § 18 (1) caeayer, uro Vi€ H(l, 6,4, \)
kak B (Dy), Tax u B (D,). Ouesuido, uto

V,=Vi+cVIp, (67)
OTKyla caefpyer

Vy=W,=2%f+W[fl= Vu+C
Hu, ClefoBarTellbHO,
le|=|2xnf 4 W[f]— Vii| < c,A.
Taxk kax V[p,|€EH(k+1, ¢, M) n tem cavum € H(!, ¢, A'),

to u3 (67) cnenyer V,E€H(/, ¢, A, 1) u Teopema nONHOCTHIO
JLOKa3aHa.

17*
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3aMeruM, uro mas cayuas [=1, 2,..., k Teopema Mowxer
ObiTb JIOKa33HA TeM ke myTeM, uro ¥ ans /=0, ¢ ucmois3o-
paHuem teopemsl 3 § 19 u teopemn 3 § 21 (II).

Mg mosepxHocTe#t M AaHuBIX K3 knacca C) caemyer

Teopema 2. Ecau (SYECHEN(B), (k> 1), u fECI(A)
QA LILkL 1), mo pewenue sHympennel |suewnei] sadaxu
Hupuxae €CI-V(cA) 8 (D)) 18 (D). Ecau fECY, mo u
pewenue € CO),

He#ictButensuo, Tak kak [>>1, 1o fEH(I—1, A, 1) u
(S)EH(k, B, 1), u nostovMy Ha OCHOBaHMHM Teopembl 1 3ax:aio-
yaeMm, uTO pemieine npunaanexur H({—1, cA, X)) #, caemosa-
tenbHo, mnpuuapnexur CE-V(cA). Ecmu [=0, 1. e. f Heupe-
puiBHa Ha (S), To pemwenne sagauu JlMpuxie HempepuiBHO B (D))
u B (D,), HO Heab3s YTBEPKAATH INPABHIBHYIO HEMPEPHBHOCTH
31010 peluenus. Teopema AOKa3aHa.



FMTABA V
SYHKIUHUHU 'PUHA U HX OPHAOXKEHHS.

§ 1. dynkuus lpuna u ee ccHosHble cBoiicTBa

Myers ¢ynkumua fEH(1, A, A) wa (S). Torna, xax Mu
punenu B § 18 (1V), norenunan asoitnoro cios WI[f| c nner-
nocruio f mpencrasasercs kak B (D;), Tak u B (D,) morten-
uuanamu npocroro cios V, u V,, cosnazaowumu ¢ W (D))
u B (D,) coorseTcTBeHHO. IIpu 3TOM TOTEHUMan TPOCTOro Cios

V="£::‘(V1—V9) (1)

npeacTasiser co60# 0IHOBPEMEHHO PElIeHUs] BHyTPeHHEH W BHetl-
ne#t sagaun Hupuxae: V=f na (S). Kax Mb Buzenu, npu 3ToM
VEH(, ¢4, 1Y (D) u B (D,).

[ycts 9 (x, v, 2) u m(5 v, {) ase sagaHubie TOUKM, a
R paccrosnue wmexay uuvd, npuueM R Gynem cuurarh Hampa-
BJIEHHBIM U3 SY{ B M.

Cuuras N duxkcuposannoit B (D;) wm B (D,), Halinem rap-
vonnueckyw dyHkuuio ' touku m(E, 7, (), npencTaBIsIoLLy0
Takoe pellieHne BHYTpeHHed [ecam M B (D;)] wim puewHe#
lecma 9 B (D,)] 3azaum Hupuxie, urto

1

['= » M (S). @)

1
dyuxuus Vo oKpecTHOCTU (S) MveeT MPOU3BOAHBIE JOGOTO

TOPAAKA, W T03TOMY 3akJouaeM, ure I’ ABAseTCA IIOTEHUHANOM
MPOCTOr0 CJOsl, KOTOPLIH MMeeT TIPaBUMLHO HeNpepHBHEIE NPO-
M3BOAHEE NepBOTO NOPALKAa coorBercrBenHo B (D)) u B (D,).
Kpome Toro, I' 3aBucur oT BHIGOpa TOUKM P W sSBASETCA TaKMe
byuxuuet Toukn N (x, y, 2). [Nonoxum

1

G(x, v, 25 % v, Q=F—'P' 3
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dyuxnua G(x, v, 2; 8 1, )= G(D, m) HazeBaercss HyHk-~
uueit I'putta. Kak ¢yuxuus touku m (5, 7, &) oHa rapMoHuue-
ckasg B JoGo# Touke (D) wm (D,), 3a HCK/IKYEHHEM TOIKU
M(x, y, 2), rae oHa obpaiaercd B GeckOHeUHOCTh, (QUeBHAHO,
na (S) ona pasha HymO.

Hoxawew, uro ¢yuxuua Ipuna cumverpuusas QyHKus TO-
wek H{ u m, T. e. uTO

G, m)y=G(m, ). 4)

Jna goxasaTenbCTBA BO3bMeM JIBe PASJIMUHBIE TOUKH P{;
Mo B (D;) u paccvorpuyv nBe dyHxuuu B (D))

Gl (m)= G(Jp){]i m)i
G, (m) = G (N, m).

Iycrs (3y) u (sy) O3na-

HaloT cdepst ¢ UeHTpaMu B

M, ¥ Dly ¥ HACTONBKO MANOI O

' paiuyca p, 4ToGH cdepH (3)

n (s,) JAeXaTH LeauKov B

(D;) n He wuMeNH MeXLy CO-

Go# obumx Touex (puc. 29).

Puc. 29. B uacru (D;), nexauleit Bhe

chep (3,) M (35), tymxumm

a4, (m) u G,(m) rapMoOHUYEeCKye, HelpepbBHHE W UMelOr

HelmpepoiBHble M OrPAHWYEHHBIE YaCTHbie 1IPOM3BOIHLIE MEPBOTO
nopsiaka. [ToaroMy MOXHO mpuMeHMTL TOXACCTBO I'puia.

[loab3yach 3TV TOXIECTBOM W BHIGMpasd Ha () u (sy) BHew-
HUE HOPMa/W, NOJyudM:

da, da, du, da
(0 —0.5) e — [ (0,40 — 0,50 —
("1)

(8
_ dGy . dGyy ,
J(GIE Qﬁ)dﬁ—o.
(o)

Ha nosepxuoctu (S)
Gi=0, G,=0
¥ Toc/ielHee DPABEHCTBO NMPHUHHMaeT BUMI:
da, aag 4G aG
[(0,8 =080 [(0.88—0%)es 0

2%n ~ - 17gn

9y (s2)
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Hccnexyewm Jaesyio wacrs 9TOro paBeHCTa. Buytpu cdepw (s)

da,
u Ha ee mosepxHOCTH Gy W —(}’72 orpannyenti. OO6o3Hauas ue-

pe3 R; paccTosHMe OT Touku 9, A0 M, moayuuM Ha (3,):
1 1

d— .
P (‘ilﬂ -
dn de) =5 - P2
u, CIel0BaTeIbHO, Ha (5))
1 dG( 1 dIy
G=7—lv G =—u—

-

ary .
7, Orpanuuennnie ynxuud na (o).
, Tak xax G, (m) © oxpecTHOCTH TouKM O)(; WMeeT orpanu-

JYelHbe IIPOM3ROIHbie BCEX NOPALAKOR, TO (—idiniorpaﬂmena Ha (s,),
‘a Gy(m) ormmaerca ot G(No, D)= G,(D(,) BeIHIMHON
suna Ap, rae A orpanuuensas pyuxuus. Orioaa cjaepyer, 4TO
,BoauHTerpaibhas Gyuxuust B neBod yactu (5) pabHa

) L 1dG
L GOt a) —~ 2T du2+_

P dn i dn
{
Orciona crepyet, 4ro HHrerpai B JeBo#t dactu (5) oramuaercs
ot 47G (%, 9,) Ha GecxoHeuno Malywo nopsaxa Bp. Anaxo-
TMYHO 3aKTOuacM, 49TO mOpasas d9actb (5) oTamuaercd 01

4G (N, OYo) Ha OeckoHewllo Manyio mnopsska Bp, Cuaenoca-
TeABbHO, PASHOCTD

47‘-[0(%2; %(1)—' G(W(lv mg)]’
KaK He3aBMCALas OT p M OGeCKOHeUHO Madasi BCJIWYWHA BVeCTe
¢ p, paBHa Hymo. Takum ob6pasoyM paseHCTEO (4) 10k23aHO.
Uz cuvverpuu G, m) caenyet, uro G (9, m) rapMmoHu-
YecKasd, ecau ee paccmMartpuBarte Kak dyuxkumio touku H{. Ee

‘mpousBoaHuie WMo &, M, {L M no X, ¥, z TakiKe rapMOHW4eCKHe
dyuxnuu B mo6O# TOUKe, rie

C—x2 4+ —1+EC—22>0.

AHanoruuHo 10Ka3aTe bCTBO CUMMETPUUHOCTH PYHKUuK ['punHa
nas o6xacru (D,). B mocnerywomev dyukuvio puua aaa (D)
6ynem o603ttauath vepes G; (N, m), a nasa (D,) vepes G, (9, m).

[ycrs 9 waxoamren BHytpu (D)), Torma G, (N, m) Kak
byHKnUa TOUKM M CTpevHTCd K -1 00, eCim m npubamxaerca

rae ', u
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K 9, u, cregopatensHo, G, (9, m) HonoxurenarHa Ha cdepe (o)
AOCTATOUHO Majitoro paguyca p ¢ uentpod B P, Tax Kak
G; (N, m) rapmonmyeckas B uactu (D;) BHe (s) W Ha rpanuue
o6nacTy Heorpuuare/ipHa, TO OHAa HeOTPUIlATeJbHA BCIOAY W,
C/IEJ0BATENHHO, 3AKJIOUYAEM:

1
0<*§""I‘=Gi(ﬂ¥{, m).
Kpove Ttoro, I' kax rapvonuueckas ¢yHKuusi, NPUHUMAIOLIAs
Ha (S) MOJTOXKUTEIbHEIE 3HAUESHUS 7o TAKWKe TONOKUTEIbHA. Mo-

3TOMY

LG@ my=p—T< 5. (6)

To e saxmouenue MOXHO clenars u gaa G, (5, m).

Tak kax d,

jRg f R2 dR == 47:d0,
D) .

rie d, auaMerp o6aactu (D), TO nojsyuaeMm BaxHHR i 1O-
Ce/TYIOIErO BBIBOI:

f [G; (¥, m)|2d= < drdy= A4, 7
(D)
T. €. WHTerpan or ksagpara ¢ysxkuun I'puna G, (9, m) orpa-
HHUEH UMCIOM, He 3aBUCALIUM OT nojJokenus Ttousu Sy, He-
TPYAHO Takxe yGemIuTbCAd B 10V, 410 HOIPIHMHA MHTErpaa ss-

ndeTca HenmpephuiBHOH dyHinue# Touxu f). Ha aoxasatenncrae
TOCNEHETO 1i€ OCTAHABIMBAeMCH.

§ 2. Peweuue 3agayu Jupuxie gas caHcro
YaCTHCIO cayyas
Ilycrs dynkuua FEH(1, 4, &) va (S). Toraa penienune co-
OTBETCTBYOINeH 3agaud Jlupuxie NpPeaciaBiseTcs NOTEHIHANIOM
MPOCTOro CJa0f, KOropw#h oGosnauum uepes V. Ha ocHosanuu
3aMevaunt K § 6 { III) uMeeM, cuutas Touky I sHyrpu (D)):
1

_ dVi dsy 1 cos (RNy) .
V=@ |G " T [‘ Vieegr dor=
(%) " & .
1 [av; dcl [ cos (RNy)
- f R TIm 4-: X R 9oy ()

(S (8
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Hakouen, npumenss tokzectso I'puna k dysxkumav V u I,

1
HafilleM, yumthiBad, uro Ha (S) '= 5

R Y

e Tr1dV; dr _

J (1 ~——-V,dn>d51— ‘ (FE—-FE;)dsI-—O.

1 21
YMuo¥aa Iocieluee paBeHCTBO HA -41—‘1— W BHYKHTAA M3 Ipe-

ALAyllero, Hakgew:
2]
1 ‘ R _ary, 1 do,
Ve F{—&-—E{}m_——g . ds. (9)
(5) *

Pagencrso (9) mossoaser pewnTh 3agauy [upuxnae gas mMo-
6ol dyuxuuu F, NOAUNHEHHOH BLILIEYHIOMSIHYTHIM YCJHOBPSM, €Cid
usBecrHa dyuxumsd Ipura. Met cean oGuwywno 3asauy upuxie
K COBEpIUEHHO YACTHOM 3ajade: K OThCKauuwo ¢yHkumu I

Bce BhigucieHMs OBLIM CLeJAHE B NPEINOJOKEHHH, YTO MBI
pellfaeM BHYTPEHHIOKW 3a71auy.

Ias toro 4TOGH pewuTh BHEUHOW 3a1ady, HaM HYXHO
TOJNBLKO M3VeElMTh 3HaK B ToulecTBe (8); moayuuTcs Clepyioilas
OKOHuaTesnsHas dopuyna:

1 ( dGe /
——'4—1_: ) F?i—;l-ds’ (9)
(S)

paionias peleHue BHended 3agaud.
Caencrsue, [peanonoxuv, uro F=1. [lna BHyTpeHHed
sagaud V=1, u B (D;) MB Haxomuu: )

. "doldsz Ax.
(%)

B (D,) aTo paBeHcTBO He nvecer Goaee Mecta. Ho Koraa rouka Sy
npubauxaercd K (S), T0 Bropas wacte (9') crpeMuT(A K emu-
HUIE; ecaM TOUKa 3Ta AocTaTouHo Gauska x (S) u Haxomurcd
C BHellHeH ee CTOPOHB, TO Pas3HOCTh

dag

edf-—- A%
(‘M
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IeJAeTCA CKOMb YTOJHO MaJIo#;

1 (da, s

dn
(8

~— rapMoHuuecKas QYHKIHUS, MIpHHUMAloMLaA Ha (S) 3HAUeHuC edu-
HHIA ¥ OOpAallaiollascs B HyNb B OGeCKOHeWIOCTH; TAaKuM o6pa-
30M, OHA MeHblle eIMHHUH B moGo# Touxe (D).

§ 3. Jlemma JlanyHoBa

YCraHoBHM OJ1I0 HepaBeHCTBO, MpuHajnsexamec JisiyHoBy u
HeoGXOoIMMOe Ul Aa:dnHel1nero uaiomerus, [1ycrb mg (Xg. Yo, 2o)
TouKa mosepxdocTd (S). Pewwm 3anauy Jlupux.e [pH HOMOLLK
cnocoba § 2, u nmoaarag, yro 3a gyHxuwio F B3ATO BHpaXKeHue

F=0E— %)+ (n— o)+ E— 2o)"
O603uaunv wepes U uckomOe penieHne BHyTpeHHe# 3amauu:
_ 1 r dG;
U=—y | FZ-tds, (10)
(8)

Paccmorpum KpyloBOH NHAMHAD C OChIO, HAIPABJISHHOH 1O
HopManu k (S) B my, U ¢ OCHOBauMeM B BMae Kpyra pajzuyca p.

AN

()

oM
Puc. 30.

[Tyctp (o) —uacte (S), Bhipe3aemas 3ruM uuaHHADOM. BoabMeM
Ha Hopmaau K (S) B m, Hexortopyilo Touky N BryTpH (D));
0603HaYMM DPACCTORHUE OT m, Ao Ry, uepe3 & (puc. 30).
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U pased moreHumany MpOCTOro ciod, Tak Kak dyukuus F
ynosaersopaer yciosusm § 1. Ecau 9 crpevurcs x my, 10 U
HMeeT npejejov 3uayeHue F B M., paBHOe HYJIO; COTMVIACHO TEO-
peme § 2 (Il), uveem.

|U—F|=|U]<A®, (h<l1). (11)

Mu suneaun, uro G;(9(, m), paccvarpupaeMas Kak QyHxnua
TOUKYM m, noaoxutensHa B (D,;) u pasua nymo Ha (S). Orcoa
ClellyeT, 4TO ee NPOM3BOIuas 1o HopMana k (S) He nonowu-
TeNbHA, T. €,

da;
_'E'>O-

Ifpeacrasass (10) B Buie
_ 1 dGy\ ;1 ( dG;
=5 [ (=)t g | F(—)e.
(o1 (S;—9,
Ml 3aKJI0YaeM, Y10 NEPBLi MHTErpa’ HeOTPUUATENEH W UTO
1 dG; )
U> o f F(——d?)dc. (12)
(S,-0)

[Tepsbili MHOXU1C/b NPOU3BeNEHMs TOJ 3HAKOM BIOPOIO MH-
Terpana Goaslle p2, TaK KAK TOUKA HHTETPUPOBAHUS HAXOAHTCH
BHe (3), a F — KBaipar paccTOAHUS 3TOH TOUKM OT My Bropoit
MHOXHUTENIb HeOTpUIlaTeseH M, CJeIO0BATeNbHO, MHTerpa’T He

\leHblle
2 dG,;
- (%)
(81—
Takum o6pa3ov, uveem-

o

-~
“

2 ‘ dU; s
L [ (——d—n‘)dagU\Ao’,
(SAL‘J)

OTKY1d
| ’ day , . Ad
e ‘ (_E>d‘<’_' (13)

310 HepaBeHCTBO W npelcrasadel coGoli Ty nemwy JlanyHosa,
KOTOPYI0 Wbl XOTCHHM yCTaHOBUTE.
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Ecnu Touka naxoaurtca BHyTpu (D,), TO CcleayeT H3MEHHTH
sHak B dopuyne (10); B sTov caywae G BoO3pacraeT OT HyJf

d
10 --co npu nepexoige Touku m oT (S) K N, u Eg—'-nono-
1
wutenbHa. Mrak, paa touek Buyrtpu (D,) M dMeeM:
1 f dG, , . Ad a/
E . W ds <~ F . (]5 )
(8,—3)

§ 4. Pemenne 3amaun [{upuxne B ofmem ciayuae

[Tycts f-— HenmpephiBHas yukius, 3afanuas Ha (S); Hahizem
rapMOHMUeCKY0 (QYHKIWIO, onpeldeienuyio sHyTpd (D;) u npu-
HUMaloULYyl0 Ha (S) Te ke 3Hadenus, uro f. Mul HOKaeM, UTO
penleHHeM 3ToM 3alaud ABidercs QyHKUHA

V=-. 1 f fd(‘,
(s')
3avieruM, npewje BCero, yro V — rapmonudeckas QyHKLus
sHyTpd (D;). Ona pasHa

1 [ ,(aG 3G 3G
—— ff{—a— cos (Nx)+ - cos (Ny) - 5 cos (Nz)}dcl,

(14)

dyHkIuy Xe G 4G 3G

07 on’ A
— rapmonmyeckue BHyTpH (D,), ecnum HX paccMaTpuBarh Kak
dysakunn N (x, Y, 2).

[MpeanonowuM, 9ro N Haxoaurcs Ha HOpMamk K (S), mpo-
xopsue#t depes m, B Ha paccrosuuu & or arofi Touku. Pac-
CMOTPHM TOT Xe Cavbli NMIHHAP, KOTOPHA Onui BBeIeH B Hpe-
asiayutem naparpade. O6osnauas uepes f, 3uaueHHe f B M, u
yUMTHIBAS 3aMEUAHHA KOHUR § 2, umeev:

V—fo= ff Zda—foz
(“)

=—Z}”— [fdoilh—( 41- ‘fo dn )
(5.

zﬁfq—m(‘ﬁw10®
()
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[TpeacraBuM NOCTeMHee PAREHCTBO B BHIE

R O SY @D +i f(f o (—4%) gz,
©

V—fo=

[Mpeanonaras, uto 3HaveHus f Ha (S) MeHbWwe B, nveem:
f—fol <2B.

[Toan3yfice HenpepriBHOCTbI (yHKUMK f, BHGepeM p Ha-
CTOJILKO MaJTIbhiv, YTOOH KMEJN0 Mecro HEePaBLHCTBO

if—fol <e ma (3).

[Tpy 3TUX YCAOBUAX MBI MOJYYUM:

b1 dy;

5= | U= (=)
©@)

<ar [ 1Rl (-G e [ (-G e

(o) (@)

<

Jlng BTOPOTO WHTerpaja nveem:

=] =) < E ( D) do <2§14.§1

(829) (859

¥ OKOH4YATENBHO

|V—fol<ce '{“QABB . (16)

[MonGepenm Teneps elite Takoe &,, yToOH BTOpoe Craraemoe (16)
CTAN0 MeHbllle &, Mul HaxXOIuM:

[V —fol <2, ecnu d<3;

9TO0 NOKa3HBaeT, uro lim V=/f, xoria N crpemurca K m,
Ha HODPMANH, NIOXONAIEH Yepe3d m.

[ToBTOpas HECKOJNBLKO Pa3 YikKe IpOBefeHHHE DPacCymAeHws,
nerko y6enuthbeq, uro lim V==f,, ectm N cTpeMurca K my,
0CTaBaACh 1O OAHY CTOpOHY oT (S) (puc. 31). B camom ZHene,
ecni 9y HaXOAWTCA Ha HopManu K (S) B m, u ecnu & u 8,—
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paccrosismg Ol my A0 N{ W A0 Mg, TO
;<0 8,7 6,18 < 20.
TaxaM 06pa3oM, NpPH JTOCTATOYHO MAJA0M 6, UMEeM:
ifm,'_fﬂu‘ <& ny( ‘—fm,\ &,
01KyJaa cienyer, 4To

Woye =T =1 Vo —Fo i i, —Fu,d < 22

ITpu pemenuu Buewsed 3a1auu Jlupuxde cielyeT HePeMeHHUTD

o2

Mo

M

anaxk B popvyae (14) v crerxa uamenurs Gopmyay (15); 8 srou
cnyuae f, He paBen

41_ ffodopdc

T

HO OTAWMYAEeTCd OT HEro Ha BCJAWYMHY MEHBIIYID &, ecCiiu o

enbute 37, HepasencTtoo (16) 3mech crielyer 3aMeHuTh Hepa-
BEHCTBOM

|V —/foi <2 QA;} , ecmn 3 <8, (16

YTO He H3MeHdqeT BBITECKAIOUIUX M3 Hero 3aKiavesuit,
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§ 5. dyeguus P. Heiimana u ee cBoiicTea

Korpa Mb paccvarpusaiu BHel HIOIO 3agady Hefimana gis
OOLIKHOBCIROIO caywas u caywas (E) [mb uckmoyaev BHSIIHIOW
3aiauy Aas cayuas (J)], 7o Mbi Bceria wmesu BO3VIOXHOCTb NaATH
dyHKILA0 ™o, rapMoH#ueCKyo BHYyTpH (D,), HMEIOUIYI0 HOpMab-
Hble TIPOM3BOjHbIE

cos (RN
;‘)_ (17)
Rz
Buyrpennad 3agaua B OOGHIKUOBEHHOM CJayuae # B cayuae (J)

[MB HCKIIOUAEM BHYTTeHHION 3aiauy aias cayuas (E)} mpu rakux
yCJIOBUAX HEBO3MOXHA, B camou jeue,

" cos (RN,) .
’—“Rd ! dO:4A-,

(S)
MeX(Ly TeM, IJ1f BO3MOXHOCTH pelIeHHd IaHHOH 3ajaym, 3TOT
UHTerpal RoJ:KeH paBHATbCH Hy/M0. Ilo aToft mpuunHe, Mbl 3ame-

HAVM TIPA PAcCMOTPeHHH BHYTPeHHUX 3azau ¢pymxumio (17) dyux-
nuneh

cos (P N) 4 ’
O a7
rae S o6osznauaer NAOHIAAL COBOKYNHOCTH T'PaHUIL; TOTZA BHY-

rpeHHAA 3ajaud Cramer BoaMoxHolt. Ilycts I'Y — oxma w3 rap-

MOHMYECKHX (YUKUUH, RAIOWKAX 3TO pelleHHe; BCe HAPYrue
byuknuu onpegeasorcs dopmyiioh

I 4 c@0),
rae C()— npoussoisHas Gysknus TOYKH P,
TTonoxuv .
A, y, 2 7 O =g+ T (18)

B CJayuae BHelwHe# 3amauu, u

05 3, 25 1 O=5 +I04COO  (18)

B Clyuae 3ajayd BHyTpeHHefl; B 3TOM TOCAciHEM ciydyae Tmox-
Gepem Takywo C(9(), uToGH BHMNOJIHAJIOCL YCIOBHE

[ 69, 3, 25 % v, Ddo=0. (19)
(8) .

’
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OnpeneseHHble TaKMM 06pasoM GYHKIMH Ha3bIBAIOTCA QYHK-
nuamu Hefivana. Omun urpator Ty e poaw & 3axaue Hefimana,
uro 1 ysxnus [pupa B 3anaue [dupux.te.

Kawnaa u3 Hux B 0OgacTu, rAe OHAa onpejpe’eHa,— rapMmo-
puueckas QyHKuHUg, Kpove TOukn §=x, v,=V, L==2, B KOTO-
po#t oua obOpauaetrcd B OECKOHEUHOCTH.

Ha ocHosamuu coortHOWeHUus

d—1~
R cos(RN)
“dn T RE
MBIl uveev A Gyuxpuau G

‘e y 4L
agy _E(e') % __COS(RN) _cos(RN) _

dn ~  dn ' dn R R

dyurxuns G odmanaer CAeLYIOLNM CBOHCTBOM:

dn ~  dn dn R- S R:

1
dG§) . ar) 4 R cos(RN) 4z  cos(RN) 4=
S CA P S A =—

Jlerko nokasath, uro dymkuwmn G u G — caerpuure
Gyuxknun Touex M u m, T. €. YTO

G(.‘M, m) = G(m’ m):

irlle TIONOXKeHO

G(x’ Y, 25 E, 1, C):G(M’ m)

Hsyuum G". Onumen, xax s § 1, Bokpyr Touek Ny ¥ Ny,
KaK [EeHTPOB, cepul (3,) U (5,) Paiuyca p; PacCMOTPUM OOGNACTb,
orpasuuennyio nosepxuocravu (S), (s;) u (o,).

Toxaccrso 'pupa naer:

aGyy) ~ dGs) dGlY) o dG§)
4) 2 Ald) 14 . (4) 2t o) 14 .
.f (Gl dn a dn )dﬁ f(al an G an )dﬁ

(8) Sy

C i dGE) 5 dGE
~ | (0 — 0 T as =o;

(a2)
3AECh

G =GP My, m), G =GP (N m).
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da{  aG§
Ho Hopu Ble TTPOU3B —_—
OPMaNbH POU3BOMHbIE ——, —

4w
cra (S) quCHY — ChegobaTeabHo, TepBHH HHTerpag B IO-
CIejlHeM TOXAECTBE paBeH
4ir
N

PaBHH Ha MOBEPXHO-

[ (6P — af) as,
(8)

T. €. HyJio — Ha ocHoBamum (19). Mrak, ToxIZecTBo npuhnuMmaer
BHI:

dGg{) dG aGi® dGY)
f (o‘” — G- ”)d = I(GSJ)T’:&——G’“ ")do. (20)
c‘: .
IIocneﬂHee PaBeHCTIBO TOXAECTBCHHO (COBMaxaer 1o BULY
c paBeHcTBoM (5) § 1; GYKBA/NBLHO TIOBTOPSS PACCYXAEHMS! STOTO
naparpada, Mbi BHIBOABM H3 HHX, 4TO

G (s, M) = GO (M5 M)
Jns BHewmse# 3amaud cpasy HaxomHUM:

g9 dG(z‘;)
dn T ' Tdn

=0,
YTO HAC HeHOCPEACTBEHHO TIPUBOIUT K paBeHCTBY (22).

3ameuaHue, Mol HCKAIOUHIM BHY TPEHHIOW 3aaauy Aas ciyqad (E)
H BHEIIHIO 3ajid4y MiA caydad (J), eIHHCTBeHHO, H3 KeaaHHA Be
neperpyxdrh H3noxenue, Onupaack #a teopemsl ra. 111, mowno cocra-
BUTh (yHxunu Helimana, roasie 1 149 oT6powicHHbIX cay4aes. [locTta-
TO4HO COOTBeTCTBYIOWHM 063a3om BudpaTe B (17/) DononHHTENbLHbIE
4NeHbl COTJIacHO T'PAaHHLAM (S(l)), 4T00bl YAOBJACT30PHUTh YCAOBHSAM BO3-
MOXHOCTH 3aja4it H apubaBuTb K Haiidenuomy peilicmilo uyien C, iie
3agucauld or & v, L 1 BulGpaHHLiM TaKHM 06pasoM, 4TOGHl Aiif Kaw-

noit m3 rpaman ¥ BenoaHsnoch ycaopue (19).
Jlpyrue paccCymaeHusa COXpPAaHAIT CHAY H AjfA HCKAOYCHHBIX Cay-

4yaes.,

Jaa @ysknuu I'pusa 8 § 1 66iim MOJIy4eHbi OLeHKH (6) u (7).
TMokaxew, uto aaa dymxuma Heftvama G'2(9(, m) nveer mecro
HEPaBEHCTBO

f 1GP (o, m)® ds < A.

(D)

18 3ax. 7489 H M Tourep
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Jas sTOro CHayana IOKaXeMm, 4TO CyLIeCTBYeT Takas Iio-
crosupas ¢ > 0, yro

f’pldc<clf[f[do, 21

(8) (S)

€CJIM 4 eCTh TAOTHOCTh TIOTEHNHAJA MPOCTOTrO CJOsl, Pelliaiollero
BHyTpenHw0 3ajgayy Hefimana

__=f’

¥ YIOBAETBOPSIOWIAS YCAOBUIO

fp.ds::——O.
(S)

JeficTBuTe/bHO, KaK MBI BMResu B ria. III, miaoTHocTh p pasHa

p=3,(D+ [ B,(1, 0%, (0)de,
(B)
OTKyjga clelyer, uTo

[1slds < (12,0 do,+ flz (O)IUIB (1, 0)] do, | dsg <

s (8) (8)

<& [12.0)]ds,.
(S)
Herpyzuo Buzers, aro

[12a)ldoy <o [|fids.

(S) (S)

LeticTBUTEIBHO,
1 [xa, 07 @ ds|ds, < j[ f]K(l 0)l- If(O)[doo]dol
(B) (8) (S} (S,

= {1rol[ [1Ka, 0>1do1]dso<c'" [17(0)] ds,

{Sa) {5 (So)

¥ aHaJorvuHble HEPaBeHCTBA TOJYYalOTCH MM BCeX CJAraeMbx,
cocraeasioux ¥, (1). Dtuv cameim #epasencTso (21) nokasawo,
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Ilycts (w) osmauaer Kakyw-m6o 067acTh ¢ XHAMETPOM J,
Jexaulyio Bvecre C rpamuunefi B (D;). Hurerpanr or ksaxpara
Vi) 5o (w) Torna omeHuBaeTCH TaK:

vt ][ [ 500 [ 520

() (w)y (S) (89

- [ fen( [ ye)es

(8 (8

\<4na[ f [p(l)ldol] <4:8c2[.[ [f[do]z’

S ()
TaK KakK

B
Jinal & sal [ 8y

@ Mo T

Mrak, nmeev, ofo3nauas uepes d, muaverp obaactu (D),
2 2
[1vinpas<amde| [1f1as] = [17160]. @2
(Dp o &
Apanoruuto y6exiaewvcsi, 4to
J1visids <e [1f]a (23)
(8) .3

(02
dynkuns M (9, m) oupexeserTcs Kak peuleHue BHYTPeH-
Helt 3amauu Helivana, npuyem

_ 4= | cos{R,N)
f‘—_—Tl - sz’

H, CJefOBAre/bHO,

f \f | ds < 4+ f Leos B M g,
) 9]
HMoxaxem, uro umrerpai B TnpaBod uacrtu orpaHuued. [eit-

. d
CTBHTEJBLHO, €C/Hd pacCTosHie Touku 5 xo (S) He MeHbuie 5
{d — pamnyc coepn JlamywoBa), TO uHrerpan He NPeBOCXOAUT

—(178. Mycrs paccrossue & Toukd 9 1o (S) membine % nom,

18+
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royka (8), Gmmxamtmas K 9. Kaxk o6HuHO, 0GO3Hauuv uepes
() u (o) wactu S BHYTPH CdepH JlanyHosa U BHYTDH Cephi
panayca 28 c mentpow B m,. Torna paccrosHue Toyku Y KO

(S—1Y) He wmemblue %

AuT ~—S [Miomans (3) He npesocxoxur 2w (28)2==8=0%, a R

He MeHblue 8. IToatovy marerpan 1o (s) He mpesocxoiur 8=,

Ocraercs paccMOTpeTs uHrelrpald 1o (¥ —g). OGo3Hauas
uepes R, PacCTOfHHE OT My NO TOUKHM HUTE! PHpOBAHHS, M CUH-
tag R 1 Ry nanpasneHHbIMH B 9 4 Mg, DOJYUHM:

| Rcos(R, N)— R,cos(Ry N)l==13cos (s, N)| 3¢
#, C/eloBaTelbHO,

\_CQ_S_(_R_A_/).{_ B - ]COS(RQ; N)| < 3+

29 . [_4 B ’ -2
- '7,“' = o 2Fp 7R,
Orcoza

M)'d < 2-2%8 {——dp-{— 8n E ‘ ¢ fody ==
(siy)

— 4z <1_7>+8n (2 —67)(\4.‘—1—8”5(1

M OrpaEuyeHHOCTh MHTErpaza or |f| moxasama.
Ha ocHosamuu HepaBeHcTB (22), (23) caepyer, uro

f]l‘“)(gm, m)dx < A, (24)
(D
[1r®@, my| ds < B. (25)

(%
Uurerpupya (187) mo (S) u ucnoabsys (19), masizem:

c() < %u 71?— ds .}_(J T gg <%,— [B—{—(J —fle—dsJ <cC.

Tak Kaxk MHTerpa’in

‘ 7%; % f]l’”’(fm, m)|*ds, ‘ (M) d=

(D) () D)
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OrpaHudyeHpl YucCjaMy, He 3aBHCAIUMH OT IIOJOXKEHHS TOUYKU M,

I/l:\
TO OTpaHuyeH HHTerpat ot keaipara G (9, m), uto u Tpebo-
BaJNOCh A0KazaTh. Kpome toro, uveewv:

[16° @, m)2as < e,
(w)

rge 6 — xquaverp oGgactu (), Jewanied B (D) U coaepxatued
Touky M.

§ 6. Pemenue zapauyu Heiimana

Mb safimemcs pHyrpemne#t 3ajauedi. Ilycre f— 3apadHas
Ha (S) HenmpepnbiBHas QYHKUIHS; GYICM MCKATh (BYHKIHIO, TapMo-
HHYECKYIO BHyTpH (D);), HOpPMaibHas TPOU3BOAHAS KOTOPOH
pasua f. Mpbi 3HaeM, 4ro 9Ta 3amaya MOXET OLITh pelleHa To-
CPeXCTBOM IMOTelHafa HPOCTOTO C/0A; OGO3HAYMM ITOT TMOTeH-
Huan uepes V.

Ha ocuosanuu (opmyn I'piuHa ML MOXeM Hanucath:

’ cos (RN) 1 [(dV; ds
dn ‘ Vi R* 43 +74T:_ dn R
(S) 8

1 cos (RN)
~4—ﬁ"rVi ds +4, [f . (26)
(9 )

3mech, xak # B § 1, R——paccrosuie MeXRy TOUKAMU
M(x, v, 2) 1 m@G, 0 L); dyuxuum V; u f paccmarpusaoTcs
wak odyukuuu &, 7, £

Townecrso 'puira mam naer:

F(z) a dar
f(vi —rP &) gy - | (v,
(<) (%)
Ho ua mosepxunoctu (S,)

5

) ds =0.

ary  cos (RN 4

dn R4 S
BCJICJCTBYE YEro mnocjhefHee TOXKAeCTBO IMPUHMUMAET BUML.
[ R e L L f Vids = 0,

(8) O] (5)
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HIW, YTO TO XKe,

f V@.—L"%’Z‘L’V’.ds ff;‘“_fds—-c:O; (27)
(&) (S)
3KeCh ¢ — KOHCTAaHTa, PaBHas
4 |
"3—‘ V’i dO.

6
1
BhiyuTas yMHOMEHHOE Ha 7o PaBeHcTBO (27) u3z (26), oxomn-
4aTenbHO MONyYaeM:

-“(R+F%d’+6m~%(fd%w+&
& (§)
Pemus sanawy Helimana B BecbMa uacTiioM ciayyae JJs

ofnpefelieHus G“), MBl [OJyuYaeM peilienue oOueH 3azaud npu
TIOMOLLY (POPMY Bl

= ‘fG“)do—l—c
(S)
rae ¢ -— HeKoTopas MoCTosHHad.
B cayuae BHemmHeR 3agauu — pemlenue nupowe. I[lepemenus
3Hak B dopmyne (26), MOBTOPUB HAM DPACCYXIEHHS M IIPHHAB
BO BHHManue, 4TO

dI‘ff} _ cos (RN)

dn R4 ’

MONYYMM B CJELYIOLiEM BUIE DellieHye BHelHe# 3ajaud:

v__~_~ ffo 9 ds.
(q)

§ 7. 3amaua 0 craluoHapHO# Temmeparype

[TpeanonoxuM, 4To B Hekotopou Texe (D) Temjo pacmpeje-
7eno Taxum 0O6paszov, YTO TeMrepaTtypa OCTaeTcs B KaXIoH
TOYKE MOCTOSHHOH BO BpeMeHH; 3TO BO3MOXHO JHIIbL B TOM CJay-
gae, KOTJa TeMnepaTypa Ha TIORepXHOCTH Te/la MONAEPIKUBACTCA
HeHn3MeHHOH,
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PaccMoTpuM sieMeHT d3 TIOBEDXHOCTH, HAaXOLSLeHCS BHYTDH
TeNa WA TNPHHALIEe}AleR K ero IpaHdlle; MOXHO CUuTath do
mRockuM. [loctpoum npsaMoft IWWIMHLD ¢ HaNmpasieHueM o6paszyio-
mux ro HopMaiu k ds, Ilonaras, yro ara HopMaap HampasfeHa
OT HIKHEro OCHOBAHMS K BepXHewy, 0603HauuM TeMmnepaTypsl
HIDKHEro ¥ BEPXHEro OCHOBAHUH 4epes u, u u, (puc. 32).

Kommuectso remna, mpoxoasinee B uuadHApe 3a ppemst df
B HAanpaBnendd HOPManH, MNPONOPHAOHANLHO PAasHOCTH #;—— i,
ds u dt, oHo o6paTHO mpo-
MOPHHUOHANLHO  BHICOTE  [IH-
JHHADA;, UMeeM:

Ag=k BT gz at, ds U

Yerpednas Arm k HyTo,
HAXOAUM, YTO  KOJMYECTHO
Fenna, mpoxogsijee yepes aje-
MeHT do 3a Bpema df, paBHO

dg==—F a4 dt; Puc. 32.
dn
siech u# 0603HavaeT TEMAEPaTypy, a k— KoaduuueHT npomnop-
NUOHANBHOCTH, Na3biBaeMbifl KO3(hPHUHAEHTOM TEILVIOTPOBOAHOCTH.
Mo Gynem npeimonaiats TeNO OMHOPOAHBLIM M, CleOBaTeNbHO,
& — mocrosumbiv, KosuuecTBo Tenia, TPOXOISIErO Yepes Ipa-
Huuy (s) manoro Tenma (w), Haxoxmsmerocs sHyrpu (D), sa
Bpems df paBHO
—dt -k |22 g
J dn
(9)
BBuiy OTCyTCTBUSI Tem10BOro oOMeHa MEXAY YacTHIAME

TeNa, 3TA MOCNENHA BEIMYMHA JTOJKHA DPABHATHCS HYJO; BMeeM:

f%d;: rAudT——*-—- :
() (@)
Orciona, B cuny npoussoisHOCTH obmacTu (®), 3aKmouaeM:
d2u 0%u 0%u

KonudecTso Ttemna, mpoxoasaiiero depes saeMent do rpa-
Haue (D), nNPONOPUMOHAMNLHO DPasHOCTH TEMMEPATyp Mexay
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TOYKAMH IPaHuitbl ¥ BHEMIHUM NMPOCTPAHCTBOM, B MPEeATOJNOMEHHH,
9TO 3TO NOC/HejHee HUMEeT NOCTONHHYIO TeMnepaTtypy #,. Takum
ofpa3oM, Mbl HMeeM Ha TpaHUIle:

d

— &S dsdt=[h(u— ug) -+ fldadt,

rie A— ko3 punuent usnydenus. Wrak, tevmepatypa Ha rpa-
HUlle NMOAYMHEHA YCJOBHUIO

du;

T = — h(u—ug)+ (29)

rge A -— NoJOKHUTEILHAA TOCTOSHHASA,
IMonaras, pna ympouienus,

V:: u-—uo,

BHIUM, 4TO 317743 CBOMMTCS K Onperenetuio tako#t ¢yHxuun V,
yiosJaersopsaioutesi ypasuerumo Jlamaaca

#v o eV, v ,
g T ar o =0 (28°)

ona KOTOpOﬁ Ha TpaHuie umMeetT MeCTo yCﬂOBHe
avy ’
L o hV 7. (29

Kenas mafiru V B Buge rMoTeHMasa APOCTOrO clod, no-
JIOWUM?

1 7 (1
Voo fiildo,. (30)

. fig
(S)

Oyuxnus V yfosnersopser ypassenuio (28). Yuurhisas pa-
BEHCTBO

[ g cos (rol) 4, 1 p(0),

P ’
(8) 1

HaxoguMm u3 ycaopua (297), uro

p@ =g | o {2 4 s 4 p0)

(S) 10
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T. e. ut0 MAoTHOCTL p (0) ymoBieTBOpSeT HHTErpaJbHOMY YpaB-
HEHHIO

(=g [py{loM 4 By r) @

) of

npu A==-—1,

flapo ypasuewus (31) ue oI paHHuYEHO; $CHO, OIHAKO, UTO
OJIHO M3 €r0 WTEPUPOBAHHBIX dAjJep OrpaHHYeHO, TAK KaK K HeMy
MOXHO TpUveHuTh paccyxnenust § 4 (IlI). Jlerko nokasath, 4TO
A==—1 Be TNPHUHALIEXUT K HYUCAY XaPaKTEPUCTUYECKHX HYUCE]
ypasuenust (31), unu, JApyr¥Mu CJOBaMM, yTO JaHHan 3ajgaua
UMeeT OZHO peweHue. B cavow jgene, ecmu 66 A =—1 6GBIO
XapPaKTePUCTHUECKHM YMCJIOM, TO YpaBHEHHUC

+ ‘,E} ds,

UMeI0 OH OTJIMYHOE OT TOXKAECTBEHHOI'O HYyJid PpelleHue, o
¢ynxuus V ynosneTBopsiia GH I'DaHUYHOMY YCJIOBHIO
dav,

'd—nL::——hV.

( cos (r,oNo)

r©=— o [ p(1) {20

/\)

Ho, yvnoxas 3To paBeHCTBO Ha V W uHTerpupys ero mo (S),
nojayuaem:

— [aveas= f vl — [ { (55) +(55)+ <%)2} ds,
®)

. 0
() () 7

k]
[OCTe/HeE Ke DPaBeHCTBO BO3MOXHO JmwWwb nmpu V=0, Tak Kak
06a ero Kpafinue wuJcHa MMeKT B MDOTUBHOM CJyyae DasHble
3HAKM. .
TakuM o06Gpa3oM JOKa3aHO CYLLeCTBOBaHME €AMHCTBEHHOrO
pelieHUs 3aZauM. 3aMeTHM, UTO BCE DACcCYXIEHUS OCTaloTCs
B CWJIe, eClM CUUTaTh /2 KAKOH-JUOO TONOKUTENBHOR HenpephB-
wo#t dynkuuelt ua (S).

,U.oxa:saB CYUICCTBOBAHUE E€IMHCTBEHIIOIO pelleHMH, ncpeﬁneu X
9(pdeKTHBHOMY TIOCTPOEHMIO pelleHHd. Jlas 3Toro BEPHEMCs K ypaBHe-
HAIO (28/) ¥ nOI0WAM

\

-‘—“U—{-‘%“’
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rae C— nocroanHas. [loactamiunas B ypaeHenue (28) u (29/), mafizeM:

Av =0 B (D), fzi: +h;=f—Cua(S). (32
Boi6epem C rax, urobu
f(f~cma=o, (33)
&)
H MOJOXUM
v =vy+ hvy -+ Rog - ... (34)

loncrasass 310 3Hauenne v B (33), Mbl MOJYYHM CHCTEMY PaBEHCTB,
NO3BOJAIOMHKK MOCeNOBATENbHO BHYUNCHATE QYHKIHK v, U;...:

dv,
Ay =0 Eﬂ—°=f——C
d‘Ul
Ay =0 kel SN
0 sy AT T Laa(s).
Avy = doy ___
Ave =0 7 Rl

Beuny Buinoaxenus yciaoBus (33), BO3MOXHO HalTH QYHKLHMIO Ug;
Halis HEKOTOPOe pelieHne Uy, MOXHO K HeMY 106aBHTb TaKylo KOH-
CTaHTy Cq, YTOOH

f vgdo = 0.
(8)

MoxHo onpememnts v; M Npu6aBUTL K HEMY TaKylo KOHCTaHTY,
YTO6H

f‘vl dc = 0;
(8)

3aTEM MOXHO BBLIMHCAMTH Uy H T. X.
Ocraercst BuscHUTb, cXojutcs du pap (34). TNoavsysacy dyuxuded
&. HeliMana, Mbl noCieN0OBaTENbHO HAXOINM:

o= o f (f— €GP aey + co,

4%
(8))
1 ,
U= Z‘X—'; rvoG(”) d"l + 1,
(s
1
V2= ‘7 0,GW dsy +- ¢,
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O6osnaunm uepes My vakcumym | vy ], Jlerko maxoaum:

1 ot
e [ 0 dsy

<Mk4_17= r G !dc, = MyN; (3%)

(5,) (CH)

31eCh NOJ0XKEeHO.
N=2L1 | 169 1de,< L fidc + L fmlac +Licomis<
4n e | RO T4y | PR g =
) (<) (3
2 f 1, 2B 2 [‘ 1 _
<E . —fédv ¢ —&<4E<max . -T?ﬂ3+B> = No-

s, (9

OPHYEeM MBI BOCHOIL30BaANChL IHepaBeHcTBaMu (25) M CIGAYIOLMM 34
HuM M3 § 5.
Bosepatumes K HepasenctBy (35); M3 paBeHCTBa

fvmda: f (ﬁ f va“’dcl) ds -+ Cyy1S =0
9 ) (<)
#MMeem,
1

.C,Mlszl HE— [.vk(}(i)dco ds

(9) ()

< M NoS;

;&BTC!OJI& BbIBOJHM, YTO
'Cra | < MpNo 1 og 1| <<2NoMj
Takum 06pas3oM, CrKO HAXOAMM, UTO
[ 11 << 2NgMy < (2Np2 M=y <. . . <{(2Np)e+1 Mg
| stux mepasemcTBax
Mo < NoA, (A=max|f—C")

W3 Bcero MpeJibiAyulero ciciyer, 4to pan (34) CXommTed, ecan
| < e =
' QNO—' o

#H 4TO JTOoT paAl Ja€T pelleHde 3ajlayn pH JIOCTATOYHO ManblX 3Ha-
qennsx k.

BuiuncauMm T€Mept BEPXHIOKW rpaHuuy V.

TpeAnoaoxuY, 4To g— Bepxusas Irpanuua | f|, 4 MONOKAM

@ = v—-%, W=Vt %. (36)
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®yukuun (36) YAOBAETBOPSIOT YCAOBHAM:

dwy _ ]
Aw1=01 T Thoitg—f=0
Ao =0 f ® (D) dw { Ha (S).
Aoy =0 TRt e —g—i=0 |

Hiyctb 77y B 7y — TOUYKH, B KOTOPBIX (JYHKUHM W) M We NOCTHTAIOT
COOTBETCTBEHHO, CBOEr0 MaKCHMyMa M MHHMMYMa; TOUKH mq M My pdC-
nosroxens Ha (S), Tak Kak w; M W, — apMOHHUECKMe (IYHKIWH,
dw y
—in—'—-nonommenbua B my W, B CHly ycioBus g-—f >0, B 3TOM
TOUKE

w1<0, V<'§‘;
dw,
Tp " OTPHUATENbHA B my W, B CHIY YCIOBHA g4+ f>0, B m
w,>0, V>— £,

Ho V nocruraer makcuMymMa B myq 1 MHHHMyMa B m,, TaK Kax
.

—f—xoncrama. OTtcioxa caepyer, 4ro Bo Bcel obaactn (Dj)
—Ecv<d, vk
Hpennonoxum, uto | h,| meHblie Ag, B AYCTH

h=hy+;

B 3TOM cayyae ypaBHeHus (28’) m (29) npuniMaiorT BHA

Tonoxnm .
V=wy-+yw,+ 1w+ ... @7
Haxopum 1ast Wy, Wy, Wa... CAEAVIOWKE YCAOBHA,
dw
Awg=10 71‘;19 + howy = f )
dw
Aw, = A hwy = —
wi =0 Us (D) dn T M1 L (S).
aw,
Awy =0 —df-i—howz:—wx
J

Ho BBHZy He3aBuCHMOCTH OT f paguyca CXOJMMOCTH 1g psja (34),
B YCHOBHS, YTO |h,| MCHbINE kg, Mbl MOMCM ONpefeNHTb BCE (YHKUAM
Wy Wi Wy, .,; B YaCTHOCTH Wy paBua CymMe psga (34) npu h=hy,



§ 8 GYHKIIMS TPUHA B 3ANAVE § 7 285

Mycts gy — BepxHusaa rpanina | Wy |; COrnacHoO CaelaHHOMY BblLUe
3aMEeYaHHI0, NMeeM:
&r-1
hy ?

A

&
OTKyla caenyer, uro
cwp | < & <h,;.

Panuyc cxompmmoctu psaa (37), cllenoBaTeanbto, e Metee fy, 4T0 no3-
BOJSET BHYMCIHTL pelleHue AJst 3HadeHuit A, He NpeBoCXopsamux 2x.
IMpopomxasa Takmv o6pa3om, Ml MOAYYMM pelleHHe HAls BCEro 3Ha-
ueHus h,

§ 8. ®ynkuus I'pusa B 3azaye 0 cTaumcHapHol
. TeMneparype

Mycre, Kax B § 1, R— paccrosue ot Touku 9N (x, ¥y, 2)
sHyTpu (D) no rouku m (5, =, C); Hattnem QyHKUMIO TOUKM m,
rapMOHUYECKYI0 BHYTpH (D)), KOTOpas yAoBJIerBOpSET Ha NOBEPX-
HOCTH (S) yCaoBHIO

1

dn +hI‘+ +h~ (38)

Vs npessliyux pAcCymIEHHR CIEAYeT, uTO MOXHO HalTH
¢ynkwao T, noxaras ¢yuxumio f pasno

fToaoxum, naiec

G (N, ;;z):}fu‘.
$yuxkuug G yaoeaeTsopseT YCIOBUIO

1
d
aG ,
= —LhG__——”{—dnq—h 4+ Al=0 ua (S). (39)

i Cpasuusas ee ¢ gynxume (3) § 1 u mosropss OyKBadbHo
paccymnenus § 1. MoxHo ybenutbcs, uto Oyuxuus GiH, m)—
cuvMmerpudeckas. JlocraTOYHO MpOBepHTIhb, Ur0’ ¢ /HKLUK

Gl = G(M'ls ’n)s 02: G(mga m)
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YAOBIETBOPAOT YCAOBUIO

dG, d(il) .
,[(GI—Z{I‘?—_—GQ_;’_H— do == 0.
S)

Ho mnocnmeinee DaBeHCTBO — HEMOCPEACTBEHHOe —CHAEACTBME
ycaosus (39).
Tax xe xak pag dyukuun ®, Helvana, MOXHO 10Ka3aTh, 4ro

f[c;(.%z, m)2d= < A. (40)
‘D)
JleficTBUreNLHO, 3710 CAeAYeT U3 TOro, 4Yr0 J1fg pelleHus
ypastenus (31) § 7 npm A==-—1 rTaKe MOXHO YyCTAHOBUTEL
HePaBeHCTBO

[lelds<c [f1as,

<) (49)

oTKynd, OYKBAIbHBIM TOBTODEHMEM PACCYX/IEHUM, MPOBENEHHHIX
nna @yuxkumu &. Heitmana, noayuaem nepasencrso (40).
[Tpennonoxuv Tesieph, 9To MOTeHuHan npocroro cmos V
ynosierpopaer va (S) ycaopmo (29°) § 7. B cuay (39), uMeewm
Ha (S):
da dV;
V~d—n~—~ —d—ﬁ’r_V(— hGy— G(— hV +f)=
= — Gf = — G (MW, m)f(@m).

[Tpumensia row1ecTso I'puna k. V u G (M, m) ana yacru
o6aactu (D), nexawe#t BHe mapa (®) Manoro paauyca p ¢ UeH-
poM B 9%, MOAyuaeM, yuudThBag, uro napaacuawe V u G B
(D ~— @) paBHE Hy/MO:

J(vig—a G)d=— | a@i, mfma,

<) (S)
1ne (s)— nosepxHocrh wapa (@) ¥ HopMaiab na (o) BLIGpaHa
BHewneH.

[TpaBas uacrs HOCAEAHEIO DPAaBEHCIBA He B3aBUCHT OT Bbi-
6opa p, CNel0BATedLHO, He 3aBucHr 4 nmesas. Ho jemas uacrs
no ¢poeid ¢opme 3aBHUCUT OT p, M MOXHO AOKa3arb, TAK XKe KakK
3T0 GHIIO CHEMaHO 1IPKH M0KA3aTENLCTBE CHMMe!PHUHOCTU (PYHK-
wnt Fpusa v § 1, uro nesas uacth crpemurcs upg p—>0 x
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— 4nV (D). Cneposarempuo, oua pasHa — 4=V (). Orciona
noNyuaeMm:

V)= f G, (M, m)f (m)ds.
(S)

§ 9. @ynuxuus Ipuva u ypapuenue Ilyaccona

Iycrs dyvruua u (x, v, 2) umeer B obnactu (D;) Hempe-
phIBHBIE BINIOTL 1O IpauHuibl (S) NpPOW3BOJHBIE NEpPBOrO U BTO-
poro nopsakos. Taxyio dyukuuio OyneM FashBarb perynaproft
s (D;). Tlyctb, KpoMme TOro, ¢yHxkums u{x, ¥, Z) yLOBIETBO-
paeT Ha rpaHuide (S) OAHOMY U3 C/IeAYIOLIMX YCIOBUH:

u=0, ()
dll,'
an -+ hu =0, ®
dlll' o o
= (¢ == const). ¢t

Oycrs G (9N, m) osuauaer ¢ysxuuo I'puna gaa (D;), xoraa
uner peup 06 ycnosuu (2), ¢yuxkuuio ®. Heitmawa, xorna maer
peur 00 ycnosum (y), u dyskumio I'pu#a 1% CranuOHapHo#
remMreparypsl, korxa peub uner o6 ycaosuu (3). [ycrs rouxa 9
¢pukcuposana B (D;) u () ecrp map ¢ ue”rpoM B J{ ¥ Ha-
CTOJIBKO MaJioro pajguyca g, 4t0Gbl map (®) Mewan MoAHOCTHIO
B (D). K obaactu (D;— w) u dyukuuan G, m) u u(m)
npuMeHuM ¢opvyay [puna:

(uAG — GAu) d= —
(Do)
aa du daa du
_.—_j‘ (ll—d—n—G'd—n)dG— .{‘ (u—d—n'—-G—E) do.
) )

Tax xax AG==0, a unrerpan no (S) ucuesaer [kpome cay-

yagd (y)] B cuny yc.1osuft, KOTOPHM yn0BAeTBOPAIOT Ha (S) dyHK-
uun G u u(m), nomyuaem:

— j(u—‘;—g—(}%)daz
() . .
-— ‘ G (M, m)Audt—ﬁ-(%‘ ud0>,

D-w) *)
npuueM MOC/IeNHee CaaraeMoe MMeeM TOIbKO B caydae (7).
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Kak u B pokasareibCrBe CUMMETpUUHOCTM PyHKumE [puna,
MerKO yOeAMTBCH, YTO JIeBag 4acTh MOCAENHero PaBEHCTBA TIPH
g—> 0 umeer npenenov 4wu (i), lpapas xe uyacr UMeer mnpe-
1eNnoM uHTerpan no scedt obaacru (D), Koropyw GyneMm 0Go3HA-
yarb npocto (D). TakuMm oGpasoM mno.yuaem

1 7 . 1 [
M) = — - | G(m,_m)muz:_;-(F [ uds), (41)

) )
npUueM BTOPOE CJaraeMoe MPUCYTCTBYeT 37eCh TOMBKO B Cily-
yae (7). Cneposarennio, pCsikas perynapHas s (D) pyusuns u (9%),
yAOBIeTBOPAIOIIAT OZHOMY M3 ycaosuM (a), (3), (Y), npexcras-

agerca dopmyao4 (41). Ilosromy, ecam cyulecTByer peryaspuoe
peniiedne ypasnenus [Tyaccouna

Au = — 4ro, (42)

YIOBIETBOPAIOUIEE OAHOMY M3 ycaosud (a), (3), (), TO 3ro pe-
itieHue jaercd ¢opMyno#

u(9) == f G (9, m) @ (m) d-, (43)
(D)

MpUueM RNpPeAnosaraercd, 4ro B cayuae (y) peuieHHe yaOBIETBO~
psieT €llle JOMOMBEUIENbHOMY YCJIOBHIO

f uda=0. (44)
()

Kpome TOro, M3 pameHcrBa

‘ du
{ Au dr= f 2% 4
(D) (M)
sak/mouaeM g cayuas (Y)
c=—% ‘ o (m) dx. (45)
&)
Vs 1oro, ur0O BCAKOE peryaspHoe pemeHue ypasHenus (42)
[mpu ycrousx (a), (3), (y)] npeacrasasiercs opmynoht (43),

CMefyeT eIMHCIBEHUOCTb pPery.sipHOre pelleHus ypasHenus (42)
npu ycmosusix (2), (3), (y) ¥ B cayuae (y) — LONOTHUTENBHBIX



§ 9 SYHKUUS TPUHA ¥ YPABHERHE ITYACCOHA 289

ycnoeuax (44) u (45). Hayuum unterpan (43) mpu pasiauuBhIX
TPELNONOKEHHAX O PYHKLUMHM @ (m).

Teopema 1. Ecau o ozpanuyena u unmezpupyesma 8 (D),
mo unmezpar (43) sngasemesn @yHEyuell, Komopas umeem
8 (D) npasusvHo HenpepbigHvie NPOU3BOOHbBIE NEPBOZO NOPAOKA
u ydosaemsopsem Ha (S) ycAosuio 8 coomsememeuy ¢ 856pa-
Holi dynxyueii G(9, m); & cayuae (y) ama @yurxyus ydos.ie-
meopsem marxce vcaosusx (44) u (49).

Jlns n1oKasarenncTBa BBEJEM B PACCMOTPEHME HLIOTOHOB IO~
requuan Plg] ¢ naotHocTeio ©. Tak Kak @ orpanuuena, 1o P[o]
uMeeT MPaBuAbHO HEMPepHIBHBIE BO BCEM MPOCTPAHCTBE MPOU3-
BOJHBIE NMEPBOr0 NMOPSLKA.

[Mokaem, 4TO uMeeT MeCTO Clejyiollas $opmyna:

[ 0t myz () ds =P @O+ [ [Pon S =% 0] o

D) (8 (46)
Ieticteurensho, s I'(, m) =T'(0, 1) umeen:

1
< d—
I'(0, 1):11{ ([dr(o,z)j 10,2~ ] do,,

dﬂ2 rio

2

YMuoxkas nocaenHee TOXHECTs0 Ha o (1), unrerpupys no (D),
TIepPecTaBisisi NOPHLOK MHTErPUPOBAHUS W YUUTHIBAs, UYTO

4 1

Tl ' dP(2
| ‘lri—)dt,_—_—p(m, | 1) o s, 7,7(“) (47)
(D) (D)
HailgeM nocae yMmHoxkeHus Ha — 1@
— | 10, Yoy, = | [r(o 2)‘”"2) p@) e 2)] -
(D) (b) (48)

B § 6 (IlI) Mbl oTMeuanu crlepyiollee PaBEHCTBO:
1 1

1 45 [ 1 47
- . 02 —_ L 12
0= “ do, o dn, do,.

19 3ax. 749. H. M Troutep
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Yuuoxas mocnefHee paBeHCTBO Ha ¢ (1) M uyrerpupysd, mnoay
UMM [OC/e NMepecTAHOBKY MOPANKA MHTErpHpOBAHUS:

1
d__..
1 dap
0= (P(?) e L ) s,. (49

rip dng
(8)

CxnanbiBas nou/leHHO neppoe u3 panexcts (47), pasencTsa (48
# (49) ¥ yuuThiBas, uTo

G(O,l)::—r%;——l‘(o,l),

HOMy4uM:
" G(0,1)o(1)ds, -
(b)
{ dGg(o,2 arP )\ .
= PO+ [{P@ L0~ O e, 50

©)
IMycts V' xako#t-au6Go moresuuan npocroro ciosi, Toraa umeew
CleyIOUlRe TOXAECTBA:
f 1

v r
Ly lre iy,

02 d”2

1
0=V (0)— 4

i
(8)
CKJIafHBan KOTOpLIE, HaALew:
0=V (0)4 3= f<V(2)d0‘° A_ 43 g, z)ldcg. (51)
©)
CknanpBas (50) u (81) B oGo3mauas
u(0)y=P(0)-} V(0), (52)

0= | {‘W(Q)I‘(O 2)— v (2 L2 9’}@,

NOJYYUM

, 7[6(0, 1) o (1)dr, =
g

- (0)+ o ( »lu(mda (0.2 "Z’g) 0(0,2)}@2. (53)

®
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Jlerxo mnoOxasath, YTO MOMXHO BHOpDATh Takue MOTEHLHANBI
npocroro cnost Vo, Vi, Vi, uT0 dg =PV, =P~ Vs,
u, == P-{-V, GylyT ymOBIETBODATh HA rpaHHle (S) cooTmetcT-
Bexno ycaosuam («), (B) ¥ (Y) M B MOCHeNHeM Ciydae TakKwke
yeaosusy (44) u (45).

Hettersurensto, Plo] € H(1, cA, 1) BO BCeM MPOCTPaHCTBE,

u nostomy Plo] € H(l,¢,A, %) ua (S) u %S € H (0, c,4, X)

sa (S) (3aech A sepxusisi rpamy ans o) u 0<<A <1, A <A

Ha ocuosanuu Teopemut 1 § 19 (IV) rapwosuueckas Qysx-
ng, obpamaomasics 8 — Ple¢] na (S), npeacrasuMa moTeslua-
JOM TPOCTOrO 0%, KOTOPHt 0603HaunM V,. Tam ke 6bI0 MOKa-
sano, uro V,EH(1,¢;A, ") u, caeposareneno, u, =PV,
MMeeT NPAaBWILIO HenpepwiBHbie B (D) NpOM3BOAHEE IIEPBOTO
nopagka. Kpove Toro, ouesupno, #, =0 Ha (S). Cuuras s ¢op-

myae (53) u==u, u G(0,1) ¢pynxunue#t I'puna nng sapgaum [u-
puxne, Halgem:

[GO,1De()as=u,(0),

(D3
¥ TaKuM 06pa3oM Hale yrsepxieHue ans mHTerpana (43) B cay-
yae () /OKA3aHO.

Mepexomuv ¥ cayuao (8). Wurerpansuoe yparsenne (31) § 7
MMCET, KaK MBl BHEIM, efHHCTBEHHOE pewenne. HeTpynHo BHALTS,
qTQ pelllenHe o 3TOrO YDPABHEHWS NMPABHIBLHO HenpephiBHO Ha (S),
ecod dyukuua f npasmibHO nenpepmsza Ha (S). [oxaras

)

NOJIYYuM, YTO MOTEHIMAA MPOCTOro ¢/1os Vg, YAOBIETBOPSIOWHH
Ha (S) ycaosuio
av
B P )
dn 1V '""(117:“"’2‘0 ’

uveer B (D) MNpaBUAbHO HenpepbiBHLIE HPOM3BOIHHE IIEPBOIO
MOpAnKa M, CIeROBATEAbHO, TO (K€ 3aKNIOUEHHE MONKHO CHLenaThb
OTHOCHTENLHO (YHKLHMH ug== P -|- V3. Kpove Toro, yHkuus ug
yrosnetsopsieT Ha (S) ycnosuwo (8). Ecam G(0, 1) ecTs dyHKuHs
I'puna fAas cTauMoOHADHOH TeMmmepaTypsl, TO

4G 4y
ua ,El. _——E;-l—- G=u3(— I’lG)-—(—— hll@) G = 0,

.

194
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n dopmyna (53) maet:

[ 60, 1y¢ )y ar, =us(0),
(D)
H yTBepXKIEHHEe IJIsi uHTerpana (43) B caydae (3) noKasaHo.
3aMertuM, 4TO e B yCAOBHH (3) UPeINONOMUTL A He MOCTOHH-
HO#, 4 MPaBHJILHO HEHPEPHLIBHOH MONOXMTedbHOR (hyHKuIMeH Ha (S),
TO BCé HAIUM 3aKMOYeHHS Ans ciydas (3) ocTaiorcs B cuie. [lpej-
noaaras A Juilb MOJOXKHUTENLHOH M HenpepuiBHON QyHKIMeH, Mbl
B COCTOMHMH JHiib JOKA3aTh, YTO W3 KaK cyvMa P 1 noTeHuuana
NPCCTOrO CJOS ¢ HeNPephHBHOU MAOTHOCTHIO YHOBIETBODSIET Tpa-
HHYHOMY YCJIOBHIO (8), HO nepshie NPOMBBOJIHEIE U3, BOOGLIE ro-
RODA, He ABISIOTCS NPABHIABLNO HenpepuBHLMH B (D).
Hepexonum k caydawo (y). YmHoxas muTerpan ["aycca

ad——l—

- 0 g
— 4 —= J dnl d‘l
)
Ha ¢(0), unrerpupys 1o (D) ©u yunrmsas BrOpyl M3 dop-
vya (47), noryunm:

~—dc—~—-—41r ‘ (0 dx,
(S) (D)
OTKyZa crlelyeT, 9ro

‘TdP | 4n |
‘ [—H—JF? Qd't] dg = 0.
)] (D)

Ciiep0BATENbHO, CYLECTBYET TaKOW TMOTeHUMaNd NPOCTOr(
cnost V,, ynosneTsopsiomuit Ha (S) ycnosmo
aVy ap

in z‘”ﬁ“‘? .‘ @ dr.
(D)

Torna gyuxums u, == P -} V| ynosieTsopser Ha (S) ycuosut

du.‘, 47
7—1‘;’—- = S (P d't.
1)

Kpome Ttoro, V onpeaeasieTCsi ¢ TOYHOCTHY [0 MOCTOSHHOT
CIaraevoro, Koropoe MOXHO BHODaTh TaK, 4TOOH QyHKLHS 1
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yaosnersopana Ha (S) ycnosuo (44). Ecan G (0, 1) ectb dyuk-
uus ®. HebBmana ans BHyTpeHHeH 3almaum, TO HMeeMm:
aG  du 4%

4% .
i, e —— o O== — -l wds
(dn  dn Su‘+SG(O’ D “d”
)
H OYEeBUAHO, uTO Hurerpan uo (S) OT KaXAOrO ciaaraemoro mpa-
doft uacTu nocilenHero paseHcrsa pased Hymo. Takum oGpasou

HMecM HA OCHOBaHHMH paseHcrBa (53)

[ GO, ne()ds=u,).
(D

Ocraercs nokasate, 4o V, a CneiosaTesHO, H 4, MMelOT
8 (D) npaBuapHO HeupepsiBHHE NPOM3BONHLIE MEPROTO NOPAAKA.

dro caeayer u3 reopemet 1 § 18 (1) Tax xak gnf nPaBuAbIO

HenpepuiBHA Ha (S).

Taxkum 06pa3oM Hauie yTBepxaeuue OTHOCHTENBHO MHTErpana
{43) MOJHOCTBIO IOKa3aHO.

Ecay © mpasuasuo HempepwBua B Kaxao# obtmacru (D),
nexauiedt suecre ¢ rpanuuelt suyrtpu (D), 10 u,, U, U, UMeT
B KAaXNOH BilyTpeHHeit TouKe oGnacru (D) HenmpephiBHLE MPOU3-
BOAILE BrOfOr0 HOPAIKA, YAOBIErsOpsior ypaBHeHHio (42) wu
COOTBETCTBYIOIEMY yCaoBuio Ha tpauumue. Orciona ciaedyer

Teopema 2. Ecau o ozpanudena 8 (D) u npasuisko we-
npepelsHe 8 KEeucool obaacmu (1Y), aemcawel smecme ¢ 2pa-
Huyeti 8 (D), mo ypasuenue (42) ureenr eduncmseuntvie pe-
wenus, usewwue 8 (D) HenpepoigHbie nPOUIBOOHLE BMOPOZO
nopaoxe u yoosiemsopsucuwue ra (S) yeaosusu (@), (3) ()
{8 cayuae () marace (44) u (45)).

JelcTBUTEbHO, CYLIECTBOBAHME TAKAX DemteHHd creayer uas
HpeAbAYWUX paccyxleHnd, EauuCcTBeHHOCTh pellleHHs KaxAoH
U3 [oCraBACHILIX 3a/ad CllelyeT M3 T010, YTO Pa3HOCTh ¥ JIOOBIX
ABYX penreHuft Kamgol w3 3amau ABNAETCA FapDMOHHYeCKOH (yHK-
uuel, yaoBieTBOpROLIeH Ha (S) COOTBETCTBEHHO ycaoBUsM (7)),
(B) u B cayuae (y) ycaoBHio

d
EZ =O, J“‘Udﬁ'—: .
)]

O‘-I(BBM'LHO, 418 BCE€X pPACCMATPHBAEMLIX cnyqaeB cnenyeT, uTo
=0, u TeopeMa 2 poKa3aHa,
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[IpeanonoxuM Tteneps, YTo ©(m) He orpaHuyesa B (D), #Ho
o (m) u [¢(m)]2 narerpupyemut 8 (D). Byaev rosopurs, uro ¢ (m)
HHTETrPHpyeva ¢ KBaapaToM. Torjia H3 Ompeje’seHds HHTerpaiaa
OT HeOTPAHHUEHHON (QYHKILHH CleayeT, YTO MOXHO yKa3aTh TAKYIO
nocyrefaosateassocTs obnacrefl {(Dy)) (=1, 2, ...), conepxa-
IHEXCcs BMecTe ¢ rpaunued B (D) n Takux, 4ro a) Kawaas Ho-
creayomas obnacts (Dy.,) coaepxur mnpeamayuywo (D),
6) B (Dy) % (m) HenpepniBHA W OrpaHuyeHa,

B) J‘Igs(m)lgd':-» [(p?d':.
(Dy) 42

[Tycrs @y (m) ozuauaer dynxnuo, pasHyo o(m) 8 (D) ¥ Hya0
gie (Dy). Toraa, xakoso 6n Hu GHAO & >> 0, MOWHO yxasaTb 7,
9T0 g Bcex B > n uMeeM:

[le—@la= [ jemPra<e.

8 (D=Dy)

[Tokaxev Temeps, uTO uHrerpan (43) ssaserca QyHKUHeH
orpaHHyeHHoR M HenpepnBHO# B (D), ecnu ©(m) HMHTErpHpyeMa
C KBaJpaToM.

HeficTBuTEALIIO, OFPAHHYEHHOCTDH €70 CJAedyeT U3 HepaBEHCTBA
Bynsakosckoro — Ulsapna:

le@p=| [00, DeMar| <
(D)

< 160, )f3as;- [leM)ar, <A [ |o()|2dy, =4 o2,
(D) ) (D)

Pyukuun ¢, (M) OrpaHuYeHs, H II03TOMY

GO = [GO,Dg)dy (k=1,2 ...
D)

cyTh HenpepsiBHile ¢yukuun 8 (D). Iloxawmem, yT0o nocieiosa-
TensHoCTs 4y, (0) cxoauTcs pasHoMepHo K uuTerpany (43) [eft-
CTBUTeJbHO, [puMensis HepaseHcTBO bByHnsakosckoro—UIsapua,
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HAXO0ARM:
#(0) —,0)) =] [ GO, DIg()— s (N drj<
(n)
\<1/- fG"(O, 1)d=11/ f(’?——@k)?d~»<
62 (D)
\<V21/ f loPas <V Ae, (k> k),
el >k

Kakosa OW HH Oblna Touka Jy{ u3 obnactu (D). Takum o6pasow
u(S¥) ecTb mpeiel PABHOMEDPUO CXOARUEHCH MOCNENOBATENLHOCTH
HeMPePHIBHHIX (YHKLUK W, CNEI0BATeNBHO, €CTh HENpephBiias
dyukuug B (D). Moxuo noxasats, uro B ciydae {(a) u u(5))
CTPeMMTCHS K Hydalo, Korga Touka 9y npubiuxaercs K rpa-
unite (S).

3ameTHM, 4TO eC/H @ OrpaHHYena M HempepuiHa B (D), To,
kaKk Mul BHiend B § 15 (II), HbIOTOHOB noTeHnMal ¢ OXOT-
HOCTBIO ¢ yAOBNeTBOpsieT ypasHeuuto Ilyaccona ¢ 0606mennsiv
B cuuicie WM. WM. [pusajosa JamnacuaHov A¥

A*P == — 4z,

OueBHAHO, YTO 3TOMY K€ YDABHEHHIO YIOBIETBOPAET TOTAA
¥ oyukuua u(9), ompeaemsieman uutetpamov (43). Ecmm o
UHTEerpupyeMa ¢ xBaapatoMm, To, Kak Om7i0 yxasawo s § 24 (1),
HBIOTOHOB TIOTEHUHMAJ YAOBNETBOpseT ypasheuuto [IyaccoHa, rie
npousBoaHuie nouumaiorcs B cmuicae C. JI. Cofonesa. B srou e
cvbicle yIOoBJAeTBOpAeT ypaBHeuuo (42) u dyuxnus o (M).

3ameuanune. OrmeruM 0e3 JOKa3aTelbCTBA clepylcliee yTBep”
KAEGHHE: eChH HenpepbiBHAafs (QyHKUMA @  TakoBa, uro A¥*wz(
(A* — aannacuan B cmbicae V. V. TlpuBaaosa), 1o @ — rapMouuyeckas
¢yuxuva (W, Y. Tlpusaaos, ,Cy6rapmonnucckue oysxuun®, ra, I, § 2).
Ecan, xpome Toro, @ yjaoBJACTBOFAET I'PaHHYNOMY YCnOBHIO (a) Hau (3),
ro w=0. W3 storo caeayer, UTo ypasuenue

Ay == — 4=y,

rje ¢ — HempepuiBlas orpanuyenuas ¢yHkuua B (D). uMeer ciuH-
CTBEHHOE HeNpepLIBHOE PellCHHe W mocaciHee aaetcs gopmyaoi (43).

TMostomy, ecan dyukuna u« (9Y(), yAOBACTBOPAKLIAs TPAHUYHOMY
ycioBuo (a) wau (F) w uMmewwas BHYTPH (D) HenpepoiBlible BTOpble
NpOH3BOjAHbIE, TaKoBa, UTo ¢e Janaacuan An orpamnued, 1o ()
npejactaBanerca dopmy.oit (41). Auanornunoe 3aMeuanue CrpaBelHBo
a8 ycaoBHs (Y).
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Moo Takxe JoKa3ath, 4To dopmyua (41) uMeeT MecTo A1 BesKoil
HENpepsBHOK M OrpPaHHuYennol (YymKUUH u (3¥(), yAoBaeTBOpAIOWEil
COOTBETCTBYIOLIEMY TI'pPANUYHEOMY YCJOBHIO M Taxoi, 4TO Jjamiackai ee
HATETPHPYEM € KBaJpaToM.

Noo6asaeune. [loxoxum

1 T {C
1) =— o G (9, m)d~,

(D)
rae G (N, m)— Ppyukuus O. Heiimana aas obaactu (D;).

Ha ocuoBanun npexsiaymero, 74(9%) BuyTpH (D) ynosiaeTBopsaer
YPaBHeHHIO

)

4n
A?l = ﬁ »
a Ha (S) ycaoshuio
dy _ 4= o de =
'Tin———s, f(lds—O.
8)

O6pa3yeM HOBYIO (YHKUHMIO

Gy, m) =G O m 11 0+t (m— - |1
(D)

KOTOpYIO Ha3oBeM MoauduuupoBaunol ¢ymxuueii ®. Helimana.

OueBuano, Gy (S), m) cHMMeTpHYHA ¥ TpH (HKCHPOBAHHOMH
BHYTpH (D) Touke SY( Kax (YHKIHs TOUKH m YIOBIETBOpAET BHYTpH (D)
(XxpoMe TOuxH 9){) ypaBHEHHIO

AG m =T,

a na rpamuue (S) ycroBHio

AGy _ dG  dy, _ _ dx | 4n
T " T~ s T =0
T. €.
id@ —0. (54)
n
Kpome Ttoro,
[ Gt myas= [ GO m s+ Dr @0+
) )]
+ [nma— [yma=o,
) (D)
T. ¢
[ 6@ me==o. (55)

Y]
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Ecau ¢ (m) ynoBieTBOpsACT YCHOBHUAM TeOPeMbl 2, TO

s@0= [ GOLmemaz= | 6oL myema+
(D) (Dj
’ - . -1 . - -
+5@0 [smat [nmemae—L [yma [sme,
D) D) (D) D)
H, cliefioBatenbto, u (5)() ynoBieTsopsieT B ([)) ypaBHEHHIO
Au:——4mp+% [q;(m) ds, (56)

(D)
a ua rpasnge (S) ycaoBHIO

da _  4m o, 4 "’ L
TR i?(m)d+—s“ ¢ (m) d==0,
(D) D)
T. @
du -
=0 (37)

Ecan 9 (m) orpaiiudena u uHTerpupyema, o «($)() HMeeT npa-
BHIbHO HenpepbiBHbe B (D) NpOM3BOTHbIE TNCPBOrO MOPAfKa H YHO-
BaeTBopsieT Ha (S) ycaosuio (57). Kpome Toro, unrerpupysa u (Sy()
no (/)), nepectaBisasd MOPANOK HHTETPUPOBaHKs, YUHTHIBaR CHMMeTpHU-
HoCTb (7 (§)(, m) u paBeHCTBO (55), UOXYyUHM:

[(ua== f[ (a0 1)4»(1):1»_1] de —

tD; Dy (D,
-- :p(l)[ fﬁl(o, l)d:}dq:o,
(D3 (D;
T. e
[(u(m)a==0. (58)
(D)
Ecan ¢ (m) nopunuena ycuosHio
[ %(ma==0, (59)

(D)
T0 #(9)() yaosnerBopser, B cuay (56), ypaBHennio (42) u ycaoBhaw
(97) u (58).

[Mosropsast 6yKBaabHO pacCyxkn€HHs Hayalka 5TOro maparpacga, Jerko
10Ka3atb, 4TO BCAKOE peryisipHoe peulende ypasHeHus (42) npH ycuio-
Busx (57) u (58) 1aercs dopmynoit (43), tme G (S¥(, m) 3ameneno
U (X m).
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B caeaywowem mnaparpade ycaoshem (y) 6yneM Ha3ulBaTh ycCJoO-
Bue (57); npu 3ITOM, Korpa Gyacr MTTH pedb 06 YCI0BHH (57), 6Y1eM
noab30BaTbhCA MOAMGBHuHpoBaHHO#t ¢ynkuuer . Helimana, o6osmnauasn
ee npocro G (9, m(g

§ 10. 3apaun, ornocAmvecs K ypaBHennto Au—=Lu -+ K

Mnl orpaHgumvcss B fanbueHlilev BHYTDEHIMMH  3ajadavi.
Ifycrs w(x, y, 2) ecib perymsipnoe peuseHde YDaBHEHHS

Au=Lu-K, (60)

rae L w K nenpepuiseple dyuxumu s (D), npuuev L no1omu-

TenbHa.
ycrs yaoBaeTBOpPsier Ha (S) OAHOMY M3 (CJ/eAyIOIuX

VCJIOBHH

VCIOB we-f, (o)
du; nr
W — — hutf, (®)
du;
n = ()

rile f—3zananHas Ha (S) HenmpepnlBHAs (yHKLHSA.

[ToxaxeMm, yTO He MOXeT OuITh ABYX DasiMUULIX PeryispHHX
OYHKUMA @, U Uy, YAOBAEIBOPSIIUX ypasueHuto (6)) U opHoMYy
u3 ycaosui (a'), (3), (1), JLeHCTBUTEABHO, PA3HOCTD 0 == U; — U,
O6una Gul peryanpHoit GyHKUHed, yaoBAeTBODSIONIEH yPaBHEHUIO

Av = Lo, (61)
a Ha rpamnte (S) oaHOMY u3 yCAOBHY
=20, (o)
G ho=0, ®
du
=0 (v

Torma uveny 6Om
’ " dv ov
tis— [otois— (082 |
rLfv d= vAvdre 'fvdnds Z(dr) dr
(D) (D) (S) (D)
H, CJAe10BATEILHO,

f{Lqﬂ—;- (5 e = fo 2 . (62)

@Dy (S
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B cayuae ycnosub (@) m (y) mpasas uyacts (62) pasHa Hymo.
Tak kak moa uuTerpazov B Jeso#t uactu (62) cromr HeoTpuua-
TenbHas GYHKLHA, HMHTErpaj Of KOTOPOH paBeH HyMO, TO 3a-
KJI0YaeM, 4TO

V=const u Lov2=10, 1. e. V=0 8 (D).

B cayuac ycnosus (3), 8 cuny ycaosust A >0, mveewm:

] dv t]
"va—;dcz— hv?2ds L0
(8) (s

M, CJAeAOBaTeNblO, PaBeHcTBO (62) Onsrs BO3MOXKHO JIHIL roraa,
koraa v=_0.

Takum o6pasom, He MoxeT ObiThb ABYX DPAaSIMUHBIX PEryJsap-
HLIX pewleHn#t ypasHenus (60), yAOBJerBOPSOMMX OAHOMY U3
yenosni (a’), (3), (1).

Mycrs v, u v rapmormueckue QyHkuud Buytpn (D), yao-
BAETBOPMIOMYE Ha (S) COOTBETCTBEHHO YCAOBUAM

dvu
B
'voz:fy W:—h'()g‘i“f
Torpa paswoctu V,=u,—7v, ¥ Vy=u3—v; ynosnerso-
psitoT Ha rpaunue (S) ycaosusm
V,==0, (@)
dV,
g~
—E=—hV, ®
¥ BHyTpH (D) ypasHeHuio
AV=M=Lu}+K=L(V4+0)4+K=

= LV4-(K+Loy=LV4F,

AV =LV-F, (63)
1ae
F =K Lo.

Ecau pemwenue V(x, y, 2) ects perynapHas ¢dyHKLHH, TO Ha
OCHOBAHMM TIpeXHAymero maparpada sakiiouaeM, 4To
1 .
V@O=—7 [ 6@ mLmvmes-+o@o, 64
("
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1Ie

@) =—1 |G, mFmyas, (65)

(D)

T. e. V aBasercs DeuieHHEM HHrel PAJIbHOIO ypaBFeHHS C AIPOM
G, m)L (m).

Ilpeanoaaias L orpauuyeHHbIM, H3yYUM BIOpOC HIepHPOBAH-
HOe SAPO HOJYYeHHOr0 MHTErPaibHOrO ypPaBHEHHs

L (m) f G (¥, my)L(m,) G(my, m)ds, = L(m) Gy (N, m).
(D)

Tak xkax wmrerpan or kBanpara G (9, m) OrpaHuyeH, To
Gy (DU, m) ecrb HenpepuIBHas Of panuyeHHas (yHKUMT TOYEK I
M m, raKk Kak Mu BHienH, 4ro uHrerpai (43) § 9 ecre ¢yuk-
ilMA  HenpepmiBHAasA, ecad ¢ (m) HuTerpupyeva C KBagparcM.
IToaTOMY K HHTerpaipliOMy ypaBHeHHK) (64) upHMEHMVId H3BECT-
Hefe Teopemnl dpexprossma. Ecam @ (5)() orparwuuena, TO U peuic-
HHe, €CJH OHO CYLIECTBYel, TaKkKe OIpauHyeHo.

IMpeanosaras L u ¢ npasuabio wenpepwsuuiMa B (D),
HOKAXKEM, YTO BCAKOE [elieHHe HHTerpa;inhoro ypasHenus (64),
rae ©(9() onpeneaurca Qopmynach (65), ABAAETCHA PErY.ISIPHBEM
pewenneM (63) mpu 1paunyHoM yCaOBHH (%) uau (8) B COOTBET-
cTBHH ¢ BubopoM dyrkuud G (N, m).

HeiicreuTenpHo, rak kak V eCTb OrpaHpueHnoe pelueuue
HHTErPaJIbHOrO yPaBHEHHs], TO NepBoe ciaraeMoe npaso# 4actu (64)
ecTb GYHKUHA, HMEoNas HempepuiBHLE IIPOH3BOIHEE 11eDBOi 0
NOpAiKA M YyAOBJAETBOPAOUAS COOTBETCTBYIOUIEMY T[DAHUYHOMY
ycaosHio. Bropoe cnaraemoe ecTb peryispHoe pellieHHe ypaB-
HeHHs

Ay ==TF

M Y/08.JeTBOPsier | PAHHUIIOMY YCJIOBHIO.

W3 ypasuenust (64) caenyer, yro V(5)) umeer nepsme 1po-
U3BOJELIE U YIOBJAETBOPACT TIPAHMULOMY YCJAOBUIO, KaK CyMMd
Avyx ¢yuxuui, obGaanalomux TeMH ke cBolicTBamH. Takum
o6pasoM, LV npasunbho Henpepuisra B (D), u moaTomy mnepsoe
caaraemoe mpasol yacTH (64) ynoBAETBOPET IPAHUYIOMY YC/10-
BHIO, fABAseTCH peryadapueft ¢Gyuxkle#t, nanjacman KoTopoli
pasen LV. Orcioma u crmepyer Hallie yrBepxieude. Orciona
1aKKe CJAeNyer, 4YTO BCAKOE MHTErpUpyemMoe ¢ KBALPATOM pelle-
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HHE OJIHODOLHOTO HHTErPAJILHOTO YDABHEHWS

V(fM)—-——L}% f G (M, m) L (m) V (m)dx (66)

172
rO¥AECTBEHHO PABLHO HYJIO.

Heticrgarensro, npeanoaaras V uxrerpupyeMofi ¢ KBaaparom,
a L orpanmuznnofi, 3akmouaeM, uro LV rakke uHrerpupyema
C KBanparoM, a uostomMy @yuxkuua V Ha OCHOBauHM 3aMmeuaHus
§ 9 menpepuiBHa u orpasuuena. Orclona, Kak W paHbllle, 3aKmo-
yacm, 4ro V ecth perynapsoe peillenne ypasuenud (61) mpu
rpanuunom ycaosuu (a) wau (B). Kak mpl supenn, Takoe peniexue
TOXOECTREHHO PABHO HYIIO.

Orciopa cienyer, 4To AN KHTErPalbHOrO ypaBHeHHs

V(f]y()—_:% [G(?ﬂ, m) L (m) V(m)dz -+ O () (67)
D)
YUCJAO A ==~—] He ABAFETCA XAPAKTEPHCTHUECCKHUM UHCJIOM,
fepefinem K HCCAEOBIKMIO 33/aUM C TPAHUUHLIM ycnoBueM (Y).
[lycrs o, Kakag-au6o GyHKiMs, yLOBAETBOPAIONIAs IPAHHUHOMY
yCAOBHIO (1 )}, uMeiomas BHYTpU (D) HempepeiBHbE TPOH3BOJHBEIE
proporo nopsnka. Taxo#t ¢yskumedi, nanpumep, spagercs

vv=v——P,

rae P — HbIOTOHOB IMOTEHIIHAN C TOCTOAHHOH  JIOTHOCTHLIO

1
€= -7 ‘ fds, a v—rapuounyeckas GyHKUHS, YAOBIETBOPAIO-

{(S)
mas Ha (S) ycnosuio

dv, f+ dP
dyuxuuio v HaliTH MOKHO, TAK Kak

fivtes o

(S)

ap
— 1'fdc+ fAPdc—: "fdcathrcD::O.
() D (S

Torpa dbyHkuua
Vi=u,—wv,
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YZIOBJIETBODSIET IPAHUYHOMY yCioBuO (7)
v,

dn =0

1 ypasuenuio {63), rae

F=K-+Lv+ 2 | fas.
S

Honyctum, uTo V ecTb peryispHoe peinedue ypasHeHus (63)
npu yciosuu (y) Ha rpanune. Torpa umeew:

’ av
’ AVdr = .f—d—”—da_o
(D) (®
", CJIENOBATENRHO,

f(Lv-{- F)d= = 0. (68)

(D)

IlosToMy, Ha OCHOBAHMYM Pe3yAbTAaTOB MpPEeNBLILYLIero mapa-
rpada, sakmiouaeM, yto V yAOBAETBOPACT HMHTElPANLHOMY YpaB-
Hewuio (64), B koropou G(9H, m) ecTb MORMDUIMPOBAHHAA
dynxnus ®. Hefimana. Tak ke kak s ycaosuft (o) u (8),
y6exiaaemcs, 9ro A==-—1 HC $BISETCH X&PAKTEPUCTHUECKUM
uucnoM ypasHewna (67) u wHTerpainiioe ypabxeHue (64) umeeT
eNIMHCTBEHHOE pellieHue. MTak, NpUXOAHUM K 3aKTIOUEHHIO, YTO
ypasiende (63) nna KaXnoro 3 ypasneHunh (@), (B), () umeer
eMHCTBEHIIOE pelleHde (CAM NPEANONOXHTL, uro L u F mpa-
BWIBHO HeNPePhIBHb ).

IMpenpnonaraa L mpapuabHO HEnpepbulBHOM W MOJOMUTENbHON
dynknue#t s (D), Mbn MoKasamm, uro A=-—1 Hc sBiseTcs
XaPAKTePUCTHUECKHM UMCAOM HMHTelpanbioro ypaevenus (67).
[Mokaxes, uTo TpeGoBaHHe NPABMILHON HENPepPLIBHOCTH W3MILKe,
[Mpennonarad, uro L orpamiuena, moJoxuTelbHa ¥ UHTErpupyema,
JIOKa®eM, YTO ONHOpOAHOe ypamHewue (66) mmeerT nuub HyleBoe
perieHue.

JlefCTBATENbHO, TIPYH CHENMAaHHWX TPeRTONIOKeHHIX o L MOXHO
VyKa3aTh TaKyil0 TOCIeA0oBaTeIbHOCTh MPABHUABLHO HenpepHIBHBIX
B (D) ¢ynkuuit Ly, uro

im [ (L— L) de=
. k->c0 @
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PaccMoTpuV HOC/IENOBATENBHOCTL GyHKIUH

vi=— L [ o, mLyom vmas,

47
(D)

rae V{(m)— peurenue paccMarpuBaevoro OLHOPOLHOTO ypaBie-
nusa (66).

M3 ypaeuewns (66) cmemyei, yro V orpasuueHa wu uveer
OTpaHHYEHHHE TiepBHe N{OM3BOAHLIE, 2 CIelOBartesbHo, Vi pe-
ryaapHa ¥ YHOBNETBODAET YpABHEHHIO

¥ COOTBETCTBYWONIEMY VCNOBHUIO HA Tpandie. ¥YMHOXag obe yacTu
MocnenHero ypaHeHus Ha Vj W WHTErpupys, Nerko HaxXoauM:

1' {LkVVk a4+ Y, (%})2} &= < 0.

Ho V), w mnepeele HpousBoAHbie OT V) crpeMarca pasHOMEpHO
k¥ V ¥ cooTBeTcTyiomuM mpoussonxky or V. Orciona caenyer,
KaK ® TPEeXIe, PaBeHCTBO HYMO peilenus V ONHOPOAHOTO ypaB-
nepma (66).

3ameTuM, uTo Cefiuac, MO CYIECTBY, NOKA3AHO YTBEDKICHUE:
XapaKTepucrHuecKHe YHCIA MHTEIPAABIOrO YPaBieHus

(D

VD =1 | GO, m)Lm) Vim)ds
(D)

He oTpuuarenbhn. JleficTaurentdo, ecim A < 0, To AL—=—|A|L
", KaKk Mbl cefiuac yOenwiuCh, OJHOpOAHOS ypapdenue (66),
rne L sameueno Ha |A|L, uMeeT TOALKO HyNeBoe pemieHHe.

Tak Kak paccvaTpuBaeMoe WHTeIPajblioe YPaBHEeHUE ABJISETCS
ypasH:Huem Tuna Lllumunra {a1po ecTs npoussenenue cuMMeTpHu-
o Qyuxunu G(9(, m) na noaoxureaniyio dyuxumo L (m)],
TO BCe XApaKTePHCTHYECKWE YHCJIA BEUieCTBEHHH. Tak Kak OHU
He OTpHIATEIbHH, TO OHM BCe NoxoxuTelbtbl. Ecan L mpasuinHo
HeTpepniBHa, T0o QyHAaMeHTalbHEe QYHKIUWN SABASIOTCS PelleHUaMH
ypapHeHus

AV4-ALV =0

¥ yZoBIeTBOPAIOT Ha rpawnue (S) YCAOBHIO, COOTBETCTBYIOWIEMY
puGpanHolt dynukuun G(9H(, m). 3averuM, 4TO B Cliyyae ycio-
Bust () gyHkuma V = const yiOBJIeTBOPsSeT I'PAHNUHOMY yCJIOBHIO
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¥ ypaBHeHwto Tpu A==0. 31y dyukuuio Oynem TaKXKe HA3HIBATh
byunamenTanbHolt dyHKumed nas xapaktepucruueckoro wucaa 0
{u ycrosus (y)l.
§ 11. Jlemma
. L
B unterpaioHoM ypapHeuun (67) § 10 6Gynem BMecto I
nucath L. OTHICKMBAg MeTOAOM NOCIHEIOBATEAbHHIX MPHOIMKEHHN
peilleHye MHTerPAJIRHOTO ypaBHenus

v =1 | GO mLm vimdet-7 e,

(D)
NPUXONMM K paLy
V=94 ho ... - hky 4. .o, (69)
rje
Y =.f)
U () = f G, m)L(m)v,_,(m)dx, k=1, 2,...).
(D)

[Mycrs / ecTh papuyc cxoaumocTH psia (69).
Nlemma. Hueem mecmo HepaseHcmso

[ z@o( lo(m, m) L (m)f (m) s " dvgy
=2 = <. (10)

f L (m) (f (m))2 d=
(D)

Ins nokasaTeNbCTBa 3aMeTHM, UTO DAXUYC CXOAMMOCTH DPana
2 2%
L e I S L I S
He MeHpiie /,

Yuuowaa mnocaenwuyi pan uwa Ly, m wmurerpupys mo (D),
3aKJIOUMM, YTO PamMyc CXONMMOCTH /; CTEHEHHOIo psaa

E;ﬁk f Loy d= (71
-0 (D)

He Meusine /,
O6o3gauum

1’0‘,1!: .f L'Uk'vnd’\., ‘]k::[k,k'
(D)
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Torna
hyn= [ LE@Ov,O1) ( [ Lemy G, myo, ., (m)a’:m> droy =
Dy 'D,
= fLimyo,_ m( [ L0, @06 @M, m)duy, s, =
(D) D)
== f L(m) v, (M) vy, (m)de, = Iy, noy
(D)

OTKylna Cienyer

Se=h =l s =hog = . =log= fL”o”deT’
(D)
nocne uero puad (71) npumer BUA:
fe el
pIACE (72)
k=0
Mu noxaxem, uto
Jy 1 1
L5 73
J, < 2 < R (73)

yeM # OyneT IoKasaHa JleMMa, Tak Kak jeBas uacThb HepaBeH-
cra (70} ects ornowenne Jy x Jy.

Mut GyneM cuurath f uHTErpupyeMmolf ¢ KBagparToM, TaK Kak
TPENNONIONEHHE HEMPEPHIBHOCTH f HMKaKOro yrpoileHust B LOKa-
3aTenbcTBO He BHOCHMT. [Ipu sTom L GymeM cuMraTh OFpaHuyeH-
HOH MOoMOXKATENBHOH,

Mpexne Bcero mokaxew, uto aapo G (9, m) noiaHoe, T. €.
OHO TAKOBO, UTO W3 TOXIECTRA

f G (M, m)w(m)d==0,
@,

rae ¢ (m) dyuxuusa, uHrerpupyemas ¢ KpagpaToM, cienyer ¢ =0
fecm G (9, m) monuduuupopanxas ¢yukuua ¢. Hefimana, 10
© == const].

Hesicraureabto, nycrb & () perynspuas B (D) dyuxius,
06paiLaoIascs B HyIb BHE HEKOTOPOH npoussonbioll obnacty (D),
nexanet Bmecre ¢ rpanutedt B (D). Torna ¢ (M) ynosnetsopser
kaxpovy u3 ycnosuit (), (8) u (y) ua (S).

20 3ax. 749, H. M. Tontep
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YMHoXan HanucaHdoe Bbilne TCOKZeCTBO Ha Ad (D) u murer
pupys 1o (D), vieHAS TMOPSNOK HHTErPUPOBAHUA M YUMTHIBAd, W1

— 4 f G (M, m) b (D) dvey = & (m)

(0,
B caydasx (¢) u (8) u
1

.
— i f G (D, m) AY (D) drgy == (i) — ) & (m) d=
(2] (D)
B cayuae (y), moayun:
| 3 (mys (myds =
(D)

B cayuasx (2) u (8),

. . .
. r‘g(m)(cp(m)»——[lj ".p(m)a'z) de==0
(D) (D)
B caydae (yh
Beuny npousBoabHOCTH GYHKuUMH & (m) OTCIORd CrefyeT; W1
B caydasx (2) u (B)

@(m)=0,

o

B cayuae (y)

@(m)-—--tl:) ‘cp(m)thO,
D)
cp(m)—z%)— ' w(rn) d= == const.
)

Mb B panbuefitieM GyneM mpennodarath, uto f, He pabt
TOX/ecTBeHHO Hymo. Toraa B cayuasx (a) u (B)

vy =[G, m)Lom)f(m)d===0,
(D)
W, TpoXoMxkaa Aaniee. yGemmmcd, uto U ==0, (k=1, 2,.
AmanoryuHo npennoiaras, uro Lf == const, uaitnem B cayuae (Y
7, == 0. Tak Kak B 3TOM cjyyae TaKiKe HMeeM
f v, d= =0,
(D)
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TO v, NPUHUMACT 3HAUEHMs PA3HLIX 3HAKOB, W, CIENOBATENLHO Lo,
TakXKe DNPUHUVEET 3HaueHMs DA3HHIX 3HAKOB M HE MOKET OHTh
NOCTOSAHHON BenuuvHOM, OTCIONA HaXOLMM TOCJTEN0BaTelbHO, UTO
Lo,z const, (k=1, 2, ...).

M3 sTux paccyxieHufl cielyer, 4To

Jy= [Lojds#0, (=0, 1,2,...).
(D)
Boiile 6u1JI0 1OKA3aHO, 4TO
Jr =1k, A =[k—1, Ae1e
[Tpumensas HepaseHctBo Dyusxorckoro — LUeapya, waxoanw:

9
1k—1,k+1( rL'UIH_]'UL ) fL"Uh+1 d= rL‘Uk ld“—“‘]k—{-]"k 1
) (D)
¥, UCNOJB3YH TpefbliylLiee PaBeHCTBO, NOJYyHaeM:
i <y ey
Tak xax J;,. 5= 0, To 3akmouaem, yTo
Je - Jk+
Jk—l< Jr ?
T. €. OTHOLleHHe
Jr
Jr—1
He yOhIBaeT U, CJeROBATENbLHO, HMECT NpY E —> GO KOHeYHHH MiH
GecKOHeuHwlt  Tpejen, papubilt 06paTHON BenMwWuMHe KBAgpaTa
panuyca /; cxonumoctu paia (72).

Bce 5T OTHOHIEHNA He 1feBOCXONAT YK43aHHOTO mpenena,
u ans k ==1 noayuaem HepaBeHCTBO (73); neMMa 1OKa3aHa.

§ 12. 3ameyanus OTHOCHTENbHO NOJIOCOB PelIeHHS
MHTErpajbHOr0 ypaBHEHHUS
ycre
@(A' .%(: m)
20 (74)

Peso/ibBeHTa DPACCMaTPHBAEMOrO MHTETPAaJbHOIO Y[ dBHEHWA a4
BTOPOrO MTepHPOBaHHOro sipa. Tak Kak ypasBHeHWe TPHHANJIEHHT
k tuny Llmunra, BCE MoOMOCH pe3oibBeHTH NpocThe, Mo Gyrem
npesnoJaraTh, YTO PE30JILBEHTA ABAAETC HeCOKPATHMOH NpO6LHIO,

0%
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Pemnas uurerpaipHoe ypapHenue (67) § 10, naxozu:

V=20 30
g0
rie @, (k) nonyuaerca w3 P () NeneqvieM na HeKOTOPYIO LENYi0
dyukuu 0. Pynkiua &, (A) TakkKe He uMMeeT KPaTHHIX KOpHef.
Mgt Buze/m, uTo XapaKTePUCTHUECKHE UMCAA pACCMaTpHBae-
MOr0 HHTEIDANLHOIO ypaBHeHus Honowutebibl. [TycTh

VI VU VRS W (76)
XaPaKTePUCTHUECKHE YHCNE, PACHONOKeHHb e B TOPaiKe HeyGhiBa-
HHSI, TIPMYEM B 3TOH TOCHeNOBATENLHOCTH KAXIOE YMCJIO MOBTO-

pfieTcs CTONBLKO Pa3, CKOALKO evy OrBeuaeT JHHeHHO He3aBHCHMBIX
¢ynnaventanpeblx ynxiuil, Ilycrs

Vis Vay ooy Vi oony, Vi, o0 77
TOCNIEXOBATENLHOCTL COOTBETCTRYIOIIMX (yHNAveHTaNbHBIX (yHK-

i, KOTOpBie NPEINOJNIOMUM ODPTONOHAJILHHIMY 1 HOPMUPOBaH-
HHIMH, T. €. TAKHMH, UTO

(75)

[Z(O) Vi (0) V, (0)dz =0, ecmn k + n,
D)

fZ(O) Vi (0)ds = 1, (Z:%L).

(#9)

IMpennonoxum, uto GyuKuus [ yIOBIETBOPAET M YCHOBMSM:
[Tfvids=0, (k=1,2, ..., ) (78)
(D) .

MBI TIOKAXXeM, YTO B 3TOM (ClIiyuae yucja
Ay Aoy vees Ay

He MOryT OuTh nojocaMu apobu (75).
flcyo, uro npobeb (75) yHoBAETBOPAET ypaBHEHHIO

2,00 0=1 (L) 61, 0y G, s+ 2, WFO; (79)
(2))
ecau A, — xopesb @, (A), TO umeem:

e |
2, (o °>=ZH L()G(1, 0) @, (e 1) dey;
(20
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3TO MOKa3HBaeT, 4TO &, (A, 0)— 0AH3 U3 PYHLAMEHTANBHHX
dhyuKIni — muieiigad kowbunauus oyuxkuust (77).
Ecau k=5n, 10, ua ocxosanuu (78):

[ L©)f(©0) 21 (i 0)dz=0.
(D)

Yuuoxas o6e vactu (79) ma L(0) P, (A, 0) u uHTErpHpYs
npousBefeHue no (D), monyuaem:

.(L(O) @, (N, 0@, (&, 0)de=
(D)

=%‘ (L(O)@l(xk, 0)( { LG, 0)@,(\ 1),111) de =
(D) ()

— 2t v [Loaa, 02,04 0as)ds, —
(D)) D)

- [ Ly 2,05 12,0y Dy,
(21)

OTKyna, Najee
(1 “XI;) fL(O)@1 (s 0)@; (A, 0)dz = 0.
(D)
Eca A + Ay, 10 nMeem:
[LO 2,0, 02,0, 0)as=0;
(D)

HO HOCJAeZHHH wWHrerpan— lenas OQYHKIMA A: eca¥ oHa paBHa

HYJI0 NpR A 5= Ay, TO OHA PaBHAETCH HYMIO ¥ AP A = Ay, Taxkum
o6pasowy,

(L)@ (4, 0)az=0,
(D)

s orkyiaa HaxonuM: &, (A, 0)==0; 3ro HeRO3MOXKHO, TaK KakK Apobs
:{75) mecokparuva., OTci0fa clenyeT, 4to Ay, (B=1, 2, ..., #)
. He MoryT GHTh nomocamu Ipobu (75).
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§ 13. 3amMKHyTOCTh NOCAENOBATEAHOCTH (DYHARMEHTAJbHBIX
(yHKUMil B HEKOTOPOM HACTHOM () YHKUUOHAJILHOM
NPoOCTPaHCTBE

Mu Gynem roeoparh, UTO fioCHAeACBaTelbHOCTE 77 § 12
3aMKHYTa B TIpocTpancTee QyHKUMH, 061afal0NIUX NAHHBIMH CBO-

cTBawH, ecayn nad moGo# dyuknuu f(0) 3roro HPOCTPAHCTBA MMeeT
MECTO PaBeHCTBO

L {10 d=

D)

Il

¢ 2 9
Y[ (tonoroa]=Yd4
k=1 (D) k=1
B KOTOpPOM
= | LO) Vi (OF (0)d=.
(D)
Bruny cooruoiuenuit

1

0< % fL(O)(f_ Za; Vk> = fL(O)fZ(O)d-—- Ea;,
(D) k=1 (17) k=1
pasiocTh

Liioprod— Yo

(D)
HEOTPULATeNIbHA JI KAKMX YroaHo (yskuui f, MHTErpupyembix
¢ kBagparoM. OTClofa cielyer, uTo

k13

Y 1

Y < ' L(0)f2(0)d=
A=t (D

W, CHEeNOBaTENLHO,

2 @ & % “L(O)f‘z(())dc.

k=1 ('n)

[Tornentee HepaBeHCTBO Ha3biBAeTCA HepaseHcTBOM becceis.
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[Tycte A (0) HekoTOpas (yHKHMA C wHTErpUpyeMbM KBaipa-
ToM. [Toaoxum

FO=1rmaw yaa, (81)
(D)

¥ IOKaxeM, uto TiocaeaosatespHocre (77) § 12 3aMKmyTa
B npoctpancree GyHxumi f(0) Buna (81). IMonaras

A=n

h (0) = E alx'vh (0) "j' n (0)1

h=1

P

, (82
i
a == | LA ©) V(0 d,
D)
MBl TIOJYYUM:
N hA=n
1 1
for=g4 lLmou, oY av,m)d+
(D) k=1
h=n
i
+5 fL(l) G(1,0)p, (1) d5, == Ejl; V3 (0) 4 Ry (0) ==
(D) k=1
k=n
= ¥ 5 Vi (0)- - R, (0). (83)
h=1

3nech

R, =1 (L6, 0)p, (1) ds,
n

1 ?
b= \ L(0)f(0)V, (0)drs= f_’;
(1)

Yusowum obe uwacru (82) wa L(O,V,(0) (m=1,2, ..., n)
U . IPOUHTErpupyeM noiayueHHoe ipousBerenue 1o (D). Beumy
OPTOTOHAMLI'OCTH M FOPMHPOBRAHHQCTH TocaenosdrensHocTn Vi,
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Mb TIONYUHM:

[LOR©O) v, (0)a: =
n
k=n

=Y [ LO) V,(0) V, @) dc+ [ L(0)5,(0) V,, (0)ds =

k=1 (D) (D)
= ira, -+ [ L(0)p, (0)V,, (0) a5,
(D)
OTKyZa chepyer

fL(o)pn(O) Va0 de==0, (m=1,2, ..., n). (84)
(D)

Oobpaayeu, kak 8 § 11, psx
Ve=uoy-+av, ... Ao 4. .., (85)

KOTOPBI COOTRETCTBYET YpaBHEHHIO

V()= | Lyad, o) vil)ds,+p, O);
(D))
coraacHo § 12, pamuyc cxomuMocTd 3TOTO Pspa doabme |A,l;
B CaMOM Jese, Ha OCHOBaHuu PaBeHCTB (84), Ay, A, ..., A, He
MoryT OuTb momocavu nm V(0).
CornacHo Jiemye § 11,

fL(O)(fL(l)G(l, 0) pn(l)d-c,>zd~.
B Dy

(4r)2 [ L(0) 52 (0) d=
(D

[ (0)R; (0)a

‘D) 1
= < (86)
@y [LOAOa M
(D)

Caezver pasnyudrb 1Ba Cjyudas:
1°. Ecag uuciao N XapaKTepHCTHYeCKMX YuCe]d OrpaHuveHo,
T0 Pt (85) cxopures mpm moGom A, xorma n=N. Pamyc
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CXOAMMOCTH Dsaa TOrja paBeH —-00; Hepasenctso (86) nam
Aaer:

[LOR,©)d=0, R,=0
()
H

FO =g | LO)YG(, 0)h(1)de=0,V, (0)+b,V, (0)+-
D)
( e by Yy (0).

2°, Ecau yucio XapakTepUCTHUECKHX uHcea GeCKOHeYHo, TO,
BBUAY MepoMopgmocTH (yskmuE V, A, |-»co, npu n— oo,
Orcioga caenyet, 4To

tim fL(O) R2 (0)dt = 0,

71—)0:)

BBHLY COOTHOILLEHHA

[L(O)R2 (0) dx == fL(O)f"(O)dt——tl-n:Eb

Dy

HOJTYy4eHHOE paBeHCIBO MOXer OblThb HANMCAHO B CAeLYIOUWIEH
dopve:

1y . L W/ 2
i | LORO =Y 6= V(e | Lovioroa),
(D) =1

L=1 (D,

¥ 3aMKHYTOCTb IOCHENOBATEILHOCTH (GYHAAMEHTANLHBIX (QYHKUMHA
B knacce QyHxuumit, mpencTaBuvnix uHrerpanom (81), moxasaua,

Mycts f perynspuas B (D) dyuxiuws, YAOBIETBOPSIOUAs
Hd (S) rpaHUMHOMY YCIOBMIO, COOTBETCTBYIOUIEMY BHGPaHHOM
dynxuur G (9N, m) [B ciyuae yciobHs (Y) TpemnosaraeM Taxxe,
uro uuteipai no (D) or f pasen nymo]. Kak wp Bunesu B wa-
uane § 9, nas f umeen paae{cmo

1

¥, CJIeAOBATENRHO,

fO) =4 | LO)YGO, h(lyds, 1ne h(l)___Af(l)_
Dy
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Tak wak f peryaspma, to Af (1) orparnueHa ¥ HenpephiBHA
B (D). Tlpeanonaras L orpauuuenHofi CHU3Y NOAOXKUTEIbHBEIM
uucaoM o {L > a), 3akamouaed, uro A(m) orpanuuena, Takuu
ofpasoM, f(/m) mpencrasisercs uurerpasoM (81) u, cjienosa-
Te/bHO, NPUXONUM K 3aKJIOYEHHIO! 1Jis BCAKOH (YHKIUM, pery-
aspuo#t B (D) v yposaerpoprioulefi Ha (S) COOTBETCTBYIOLIEMY
IPaHUYHOMY YCIOBWIO, HVMEeT MeCTO ycaoBde samxHytoctd (£0).

§ 14. 3aMKHYTOCTH HOCALHOBATENHHOCTH (PyHAaMEHTaJbHBIX
byuxuui

Mbl jloKa:keM 3aMKHY1O0C1b TIOC:1€10BATENBHOCTH (ynaaMer-
TaAbNLX QYHKUMHA JUICE A48 HPOCTPAHCTBA (PYHKLUUHE Henpepbis-
HHX 8 (D) Bnaors no rpavuusl. Ilycre f(0) Takas dyHxuws.
Jas mo6o10 1pousBoapnoio & > 0 MOXHO Hafity noausom F(0)
(MoauHOM OT X, y, 2), yZosaersopsiomwm# B obmaciu (D) ycno-
Buio: |f— Py« e u [P M, rne M Bepxuas rpads jaa 'fl.

[Mycre @ (0) rtakast perynapias B (D) dyukuus, xoropas
paBHa ejIMHHUIE B HekoTOPOH ofmaciu (D), conepxametics Buecre
¢ rpanuuedi B obaacty (D), pasna nymo sne obaacru (D”), co-
Aepauelica BMecte C rpauduefl B (D) ¥ comepwaulei BHYTDH
ce6a obmacrb ('), w rtakas, urto j®(0)! 1. Mu He Gynem
OCTAHABAMBATLCS HA TOM, KaK MOCTPOM1b TaKyl GyhkIWMIo A
mobux obaacrelt (D) u (D”), comepwauwuxcs B (D). Ipenno-
JOXHUM TEIepsb, uTo 006beM obaactu (D — D), noayueunoil Bhi-
upranuem (D) us (D), menbiie =. Torra dyuknya F = P(0) o (0)
perynspua B (D), cosuanaer ¢ P B (D), pasna nymo sxe (D”)
¥, C/IENOBATENbHO, YIOB/CTBOPSET KaXAOMY M3 FDAHMUHBIX YCJIO-
puit (2), (3), (). Kpome 10r0, 'F! L M u, o6o3sauas uepes A
BEPXHIOI TPaHb L, TOAyYHM:

[ LO)(©)— FO)Rde= [ LO)[F©)— F O d=+

(D) @
L f L(0)[£(0)— F(0)2d= < ADz2 -1~ A . 49y% < ae,
(DDt
T. €.
i [ LO)If(0)—FOF ds < a. (87)

(D)
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Kpome Toro, mias cayuaa () GyreMm npeniionarath, 4TO HH1e-

rpaibl 10 (D) or dyukuu#i f 1 F paseb #ymO,
Pyrkuua F MOxeT 6uTb NMPEACTABACHA PABEHCTBOM

1
F:—_'—‘zh‘_z J"G(l, O)AFd'»],

@)
OTKyHa CIeLyeT, uYTO
‘ L) F2(0)as— ¥ a2 = o,\‘
= I (88)
‘D)

nepsoe papeHcTBo (88) Moxer ObiTh IPeoGPA3OBAHO K BHAY'

1 o0 l | , ‘)
I -fLF?dt— E“izal?c (Lf“’df—l“;;. | L(f—Frac+

D k=1 (D) (D)

+4_ ‘Lf(F f)d*—QZbka _Jch—yb )
k=1

(D) k=
rae
by =4 [ Lrv, as,
(D)

i 1

(D)

IMocnennee TOXAECTBO [0OKA3HBaer, UTO

’ Lf%dc—zb- =

(D

———-‘L(f Fy d:——% fo(F f)dt+22bkck+vo;;

(D} (D) k=1 k=
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B 4TO

0<11—ﬁ_(Lf9d1—-ibi<

D) k=1

4T1|)L(f Fas 2 [Lif (F—flaet
Dy

(D)

+2 010 L+ Y
h=1 k=1

Ho u3 (87) naxomuwm:

j‘L(f———F)er< ae,

)

fL}fHF~fid:<‘/_ [ Lr2az | (F—fya< < V A0PDa,
)

D) (D)

ic’ —I- ‘;L(f-F)2dt<Lae,

(D)

Zfbkifcqu/gb"gr
<V = szd-—
Vi)

OTKYZa

- ' L(f— F)2d't< VAM"Daa,
(D)

0< & | Lrrac— Nz <oV

(D) k=1

(b— HekoTOpOE ompeneneHnoOe uKci10). BBHAY NMPOU3BOILHOCTH &
NOC/IEAHHE HEPABEHCTBA TOKA3EIBAIOT, YTO

L rpeds— Eb,—;,
(D) k=1

4yro ¥ TPe6oBaNOCh AOKa3aTh
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Hamu mokasaiia 3aMKHYTOCTb NOC/AELOBATENbHOCTH (PyHIaMeH-
TasbHBIX (QYHKIMA B Kiacce (YHKUMH HeNpepHBHBIX BIUIOTh M0
rpaHullbl, MiMeer mecto Teopema Crekynopa: eciyM HEKOTOpas
NOCNE0BATENLHOCTE OPTOFOHANLHLIX M HOPMUPOBAHHBIX (yHKIMH
3aMKHYTA B KJACCe HENPePHBHHX (YHKLMHE, TO ara Xe nocnae-
AOBATENbHOCTL 34VKHYTa B KIacce (YHKUMHE, CYyMMUpyeMmbiX
C XBajpatoM, T. e. B L,. Ha ocnobauun teopem CrekioBa u
RKOKAa3aHHOH B 3TOM aparpade MOCKEL0BaTENIBHOCTE PyHAAMEH-
TadbHBIX QYHKIMA 3aukHyTa B KJaacce L.

3aMmeTuM, 4TO TEOPHA 3AMKHYTOCTH ODTOrOHANLHBIX H HOpMH-
POBAHHBIX MOCIENOBAaTENBHOCTER MONyYaeT Hanbomee MONHOe pas-
pemende B kaacce L,: TOMbKO B 3TOM Ciayuae Kawnoff mociaeno-
BATeJILHOCTH yHCes, Pl KBa/ApaTOB KOTOPLIX CXOMMTCSH, OTBEYdeT
onpeneieHuas Qpyukuus u3 L,, MveOwas 3TH 4yHCAa CBOMMH
koapduumenramy Pyppe, U TeM CaMbIM HMEET MECTO B3aUMHO-
OJHO3HAYHO® COOTBETCTBUE MEXIY BCEMM IOCHELOBATEIbHOCTSMU
4UCe C YKa3aHIILIM RBlIIE CBOHCTROM M BCeMM (YHKUNAIMU
kmacca Lo,

§ 15. O pacjoxenuyu mo GyHAaAMEHTAJbHLIM (DYHKLUAM

Ilycrs f u g mBe $yHKuMu, HHTErpUpyeMbie € KBanpaToM.
Torma uwx cymma Taxke HHTErpupyema C KBajpaTOM, W MOITOMY
HMeeM:

[L+gras=3 @ o0,

@)

HIu
[rrast [Leactn [ ifea=3 a3 5423 b,
(D) ) (D) k=1 k=1 k=1
roe
A == f LfVydz, b= f LgV, d.
(D) (D)
Tak xak

[ Lr2as= %a‘;, [ Lg2as =3 s,

D) (D) k=1
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HAXOAMM M3 fpEeNbl/yLIEro pPaBeHCTBA

“ Lfg dr = 2 akbk' (89)

(D) =
MycTs (w) nexotopas obmacts suyrpu (D). [Momoxum g (m)
paBHOH - B (o) ¥ pasnoil Hymuo sie (o). OuesunHo, uro g (m)

MHTErpHpyeMa C KBagpatom. Torma, mpumenss paseHcTso (89),

noxyuuM:
1 < (1 [
- .(Lfd‘i:: Zn;(;)- ‘ Lv, dt>.
(s) k=1 ()
Byaem HaspiBaTh cpejueidl (¢ secov L) or dyHkumu f no o6-
nactd (@) BhpaxeHHe

1
_(; ( Lf dT.
(o)

Torma npesnsilyuiee paseHCTBO O3HA4aeT, 4TO CPEOHAA OT
pynxuun f mo moboit ognactd (o) pasmaraetcs B PsiL no cpen-
HUM 148 TOH xe ofmacTd oT (PysAaMeHTANbHBIX (QyHKIMH.

Bripaxenue

u_l’o").fdt

Ha30BeM CpefiHelt B CTPOTOM cMbicite OT Qynkuud f 1o o6macT ().

IMpennonarass, uto L orpaHu4eHa CHU3Y NOJAOKHTENbHBIM YH-
C/JOM «

L>a>0

1
W nonmaras g ==-- B (w) ¥ Hymo Bie (w), AHANOTHYHO NpEIBLAY-
HieMy Habtinem:

( el g
1 ‘ . 1 B
- fd. = Edk(g ‘ deu>,
(w) k=1 (0}
T. €. CPefiHsia B CTPOIOM CMbicie 0T (ynkiuu f Mo obxactu (o)
TAKKE Pa3naraercd B DS IO TAKHM XKe cPefHNM OT QyHoameH-
TaAbHLIX (PYHKIMH.
Hoxasanuynie B2 YTBEPXKJEHHS HBIASIOTCS PacNPOCTpaHEHUEM

Ha Cayuyait QyHKUMHA, METErPHPYEMBIX C KBagpaToM, caenyoulei
teopembt CrekioBa,
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Teopeva Crexnosa, Ecau gpyuryus f(m) Henpepsisua
8 (D), mo ee cpednee 3nauenue pasiczaemcs 8 pad no cped-
HUM 3HQUeHUSIM OYHOAMEHMAAbHLLX DYHEYUL.

ITepefigem tenepp K Teopeme ImanGepra — Llimuarta,

Teopema Tuasbepra—IUlmunra. @yuryus

fO0) = 4= f L (m) G (M, m)h(m)d=, (90)
13
20e h(m) dyuryus, unmepupyesios ¢ K8aOPAMOM, PA3AG~
2aemess 8 QBCOAOMHO U DAGHOMEPHO cx00fmuiicss psd no
DYHOIAMEHMARVHOLM BYHEYUSH,

[Mpexpne Bcero HanoMauM, uto B § 13 Obla n0OKasaHa 3am-
KHYTOCTb CHCTevbl (YHIaMeHTANbHHIX (yHKuMA B Kiacce dyHK-
mit, npencrasumbix udaterpasoMm (90). Otciona crenyet, uTo ka-
KOBO Obl nM 6niio € > 0, Halizerca Takoe N, uro

n
L= aVra<e, >N, (91)
/Dy k=1
rie
. R
ak == ( Lka drt :H bk'—";_ ‘ thk d'\.-
(D) "oy
[Mpu xaxnao# ¢uxcuposanHoA Touke N dynxima G (H(, m) uu-
TerpupyeMa ¢ kBampaToM Kaxk ¢yHKuMs Toukd m. Kpome Ttoro,

cp () = ‘ L(m) G (D, m)Vy(m)dz= Vk{?)t) ’
(D; A
M, MO3TOMY, B CHXy HepasencTsa Becceas, umeem:

XY

Ye@op = YR | g, mas<a
k=t k=1 g Dy

B cuny Ttoro e HepasenctBa Beccesns, pan

CXONMTCS, ¥ NO3TOMY NO 3aMaHHOMY € Halimetcs NV, uyro :

(o)
2 02 e, ecmm nxN,.
k=n+1
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[Tokaxem, uyto psa Za,\V,\ cxofurca aGCOMOTHO M PABHO
MepHo. [eficTBUTEILIO

nt+p ntp v
V' 13
E la, V| = 2‘ [br | - 7:‘<
k=n+1 k=n-+1
n+p ez Y o) V2 T n+p
ﬁ k Y V5 QW . —
oy 3uyY Y pavm
A= n+1 k n+1 "k k=1'k k=n+1

ecid TOMbKO # > N; He3aBHcHMO ot BuiGopa p. MTax, noxasah:
aGCoMIOTHAS ¥ DABHOMEPHAs CXOMUMOCTb pana

o
2 a;V, =9,
k=1

CYyMMa KOTOpOTO €CTh HempepsiBHAA (YyUKUHs, KOTopas 0003Ha-
yena namu uepes 9. Ocraerca yGenuthes, uro f==¢. [eiict-
BUTEJIBHO, ITOKAXKEM,
paseu Hyimwo, [as 3TOro paccMoTpuM UHTerpan

frif—oras= [Lif—2)+(@u—o)Rds <

D) (D)

<2 [L(f—grds+2 fL(o ©)? dr,
(D)
rae
7
P == 2 a,Vy.
k=1

B cuny (91) nepseiit MHTerpan npasoi 4acTH MOCHEANEro Hepa-
BEHCTBA MeHblle 22, ecmd n > N,

Tak xak ¢, Kk © CTPEMHTCS PAaBHOMEPHO, TO DU # ~» OC
BTODO} MHTErpal CTPEMUTCA K HYMO M [ BCeX MOCTATOYHC
Gonpiuux n oH MeHbwle 28, Orcioga criepyer, 4To

[L(f—opar < 4,
D)
Y10, BBHﬂy NIPOU3BOJLHOCTH €, O311ayaeT

[L(f—opa=

@;
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Tak kax L >0, a f 1 © HenpepuBHb, TO OTCIOAA CJIENYeT, 4TO
f==1¢, 1 TeopeMa no0Ka3aia, TAK KaK © eCTb CyMMa DaBHOMEpHO
1 aGCOMIOTHO CXOaflerocst pajga dyBIaVEHTANbHEX (QYHKIMH,

Cneanctsue. B § 9 6us0 20KA32aHO, 4TO peryspHas B (D)
dynxuus f(m), yLoRJIeTBOPSHOULAsl IPAIMUHOMY YCAOBHIO, Npen-
crasysierca uurterpanoM (90), rae A(m)=—Af/L. Ha ocuona-
Hun reopemel 'mibbepra — IlIMuaTa 3aKmodyaeM, 4TO Taxas hyHK-
M padnaraerca B aGCOMIOTHO M PAaBHOMEPHO CXOJsILLMHCA DX
(QYHAAMEHTANbHEIX PYHKIMHA.

YuuTeiBas 3aMeqaHust § 9, MOWKHO CHeNAaTb TO XKe 3aKIi0ue-
HHe s (DYNKIHMH, HENMpepHRILIX, YAOBAETBOPAIOUIMX TPAHAUHOMY
YCHOBHIO p 061afalONMX OTPaBHUYEHHBIM (He OrpaHHUYCHHBIM, HO
MHTErpUPyeMbIM C KBajgpaToM) .JaljiacHaHoM.

§ 16. ®yukuuu A. Kopua
PacemoTpuM uuTerpaabHoe ypaBHeHHe

v = [ LDV 4 4 r), (92)
~ 10

Iy

(D)
B K0oTopoM L (0) — dyHKuHs, HUKOMIa HC NPHHUMAIOULas OTPHUATElb-

HBIX 3HaUeHHi.

buiao poxasano, yto
4

-
- Tio

(D)
cXofAllHAcA Hurerpan. Msl, caegoBaTenbHO, MOKEM TPUMENHTL K ypaB-
nennio (92) coobpawxenus § 11, 12 u 13.

Orcoza caegyer, 410 eCaM NOCAE[OBATEALHOCTL (PyHAaMEHTalbHbIX
pyHKIHH
Vi Voo ooon Vi ooy

OPTOrOHa/JbHa H HOPMUPOBAHA, TO YCJNOBHE 3aMKH) TOCTH

o0

1 L 1
L lroroe=Ya o=L {1070 v
(D) k=1 (D)
uMeer Mecto maa Jw0boi gpyrxuun f(0), 3a1anHold paBeHCTBOM
1 [(L(rQ
f=z ‘ ———(r) ¢ )d’u- (93)
S . 10
(Dy)

dyuxuny, onpexeasemsie (93), — HbIOTOHOBH HoTEHUHAAB. OHH He-
TpeprBHEb BO BCeM MPOCTPAHCIBE BMECTC €O CBOMMH HEePBLIMH HPOH3-
BOAHBIMH M YLOBJETBOPAIOT ypaBHeHHW Jlamaaca BHe oGaacta (D).

2] 3ak. 749. H. M. Twontep
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Ecan L (0) £ (0) npaBuabho HempepbiBHa BHYTpH (D), To B 3Tol
obaacta
Af=—L(0)h(0).

B panpHefiuem Mo Oyzem mnpeguoaarats, uto L (0) —mpasuabho
HEeNpE PLBHA,

Ecau V3 (0) —oxna u3 gynaavMenraivHEpx Qyuiuui, to

Vi (0) z_k_k, t é(_l)_vh_(l,)d
A o
(D))

3To pabencTBO NOKa3biBacT, YTo Vj LMeeT MOBCIONy NepBble npo-
U3BOIHbIE, T: €. yto V} mpapuabro nenpepnsaa B (D).

Wrax, aobas pyszavenraabnas QyHKuMs Vy llenpepbiBHa BO BCEM
IpoCTpalicTBe €O CGOMMU NCPBbLIMI TPOM3BOANLIMEU; ONA HMCCT BTOPHIe
IIPOH3EOdHBle. B BIVIPH (D)) nveew

A Vk = —).]‘.L V]”
AV, = 0.

B1e (D)

Yurowaa obe UaCTH HocieIHCTO pasencTBa na Vi W UHTErpupyst
8 (D;), noayuaem:

. av, WV
- Iy jLVi.dT'——— ‘ VL.AV]‘d'u:: ‘2 ——y‘?x—dt—‘
D) (D) (D)
OVi\2 CodVy, ‘ dvk>a o
‘ Z«( ) = .‘ Vi—gm 4o 2(‘@? ==
(S ;)
Vg

- [nbtie [ SO e [ B

&) (D))
X 2 2 . 2
‘ L dvk> de = 1<dvk> i ‘ E dvk> =
. dx T ox ) dx -
o) (I)i,-
Orcioga caexyer, UTo BCe XapaK1epPHCTHYECKWE YUCAA YPaBHCHHUA
(92) — nonouTEALHEL
Caexyer ciaerka u3MeHuTb paccyxienusa § 14. Ilvere & — mbloTO-
HOB TIOTRIIUMAA, onipeieaennanit B (D;):

D)

T L(l)d=y
rg o
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Cocrasus noauHoM P, oTawyalowuiics MeHbUse, yeM HA &, OT He-
upepoiBuolt B (D) ¢dyuxiun f(0)

lf—PI<s

HalgeM (YHKUHIO Fy, paBHylo P B Takoit nmoaoGpaHHO# HaMu obnacti
(D’), uto o6beM obnactu (D — D) Menbwe e B sr0it mocaeauei
ob6nacTd (yHKyMA Iy ROAXHA HMETb BTOPBIE MPOW3BOJHbLIE H YHOBAE-
TBOpPSATh Ha (S) ycaosuam

) dFy;  dY
(Fy)g == ¥ Elu =i (94)

Ha ocrHoBanHM mepBoro n3 paseilcTB (94) coderanus @F, n P¢
paBHHI, 1105TOMY BTOpoe paBeHCTBO (94) mact:

9Fy) _ 0% <ﬂ) _ (‘Zﬁl) 9
<0x)¢_hdx’ day Ji oy’ oz ); o0z’

CocraBum (Qyuxyuio F, mnoaaras Buyrpu (D) F=F; u BHe (Dy)
| =4, $yuxyns r’ nveeT HenpepHiBHble llepBble MPOH3BOJXHEIE BO BCeM
1IPOCTPAHCTBE, HMeeT BHYTpH (D)) BTOpble 1IDOU3BOAHBIE H YAOBAETBO-
pset BHe (D) ypasunenuio Jlanaaca.

Otciona cacaver, uTo ua ocuoBauuu teopeMur § 17 (I1)

L [aF 1 L) AR
=" ) 5™ T T I o L™
(1) (D1}

Takum obpasov, ¢ymxyus F npHHAANEMHUT K TPOCTPAHCTBY ¢y K-
unit (93), Mag KOTOPLIX yC1aHOBAEHa 3aMKHYTOCTb TOCAEA0BATEABHOCTH
GQYHIAVEHTAILHBIX (YHKY ML

[MoBropsas paccvacdenus § 14, Mbl MOIYUHM HEPABEHCTBO.

[LO17 0 —FOPE<as
(D)
11 paBpeHCTBO

x
1 { \" o L <
y j L (0) f2 (O)d'l::Zb;C. h/,-=47; ] LO)FO)V,0)ds (95
(D) k-1 ),
775 HPOCTPAICTBA HENPEPHIBHEIX (DYHUKIHIL

He ocranaBauBasich Ha JokasateibcTBe paseHcTBa (95) RAs mpo-

CTPAHCTBA (PyHMKuuWil, OrpaHHUEHHBIX M HMHTErpUpYeMbIX, Mbl 3aiiMeMcs

Teniepb OJXHHM mnpuMeilcHuem Teopevnst § 15, BeskMA HMbIOTOHOB 110-
TeHiHan

L (LR
f(()) —_E ‘T(lt},
D)

21*
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8 KoTOpoM K (0)— HHTErpHpYEMAs € KBAXPATOM (PYHKUHA, MOMKeT ObITH
paanowed B aGCONIOTHO H PABHOMEPHO CXONAUHHCA PAN

XV (0)
k=1
@, :71]? L(0)f(0) Vi (0)dv = 4——1/ ‘ L (0) 1 (0) Vy (0) d=.
B ThE .
Dy )

dyhxun Vy (0) naspBalores sccobmumn gyuxyusamu A, Kopra.

§ 17. UnrerpupoBaHue BOJHOBOIC ypaBHeHus

B szaxaouenne HU3YYHM YypaBHeCIIHC

aU {d~U au+au
ot oxz " dv: " 92

}+ ®(x, v, 2), (a®=const). (96)

Haiinem pemente U, yxosaetBopsioniee na (S) olHoMy H3 caelyio-
IHX TpeX YCI0BHH.

(2) U= i

o dU; .

(u) —a—’—l——-}-hlj = P } (97)
a dUs

(N 5, = l

[¢ — dynxnuus Toyex Ha (S), KoTopass MOXKET 3aBHCETH OT Bpemenn 1],
¥ HAYaNbHLIM YCNOBHAM:

ou . .
U=f(x, v, 2), 3= Fi(x, y, 2) apu { =0, (98)

B cay4ae (y) 2Tn RaHHble ONPERENANT ABIKCHHE [a3a (3AKIIOUCH-
HOTO B COCYJAE) CO CKOPOCTbIO, UMewuiel mortennmar. 3nece U —no-
TEHLHAN cKopocTell, H €CJHH COCyN HemoXBHMeH, To ¢ = (.

Mpuvensis 3aveuanda § 10, nponspenem NOICTAHOBKY

U=V+ U,
# 3avernuv ycaosus (97) yCIOBHAMH,

@ V=0,
. dv,
e T

dv;
49) T 0.
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Ypassenne (96) npvHHMaeT BHA

eV [0V | 2V 2V 02Uy __
i = o {gur gy + G} 0 A= G

=@ AV+K(x Y o2 t);  (99)
B cayuasx (=) u (8) AU, paBen Hynio; B ciyyae (y) OH HMeeT ToOCTO-
Amioe 3mayerde. B caydasx (@) W ® K(x y 2 t) u @ orauualoTcs

ApPYr OT Apyra JHuib TOFAd, KOIJa § 3aBHCHT OT BPEMCHH.
B mauaabubiii MoMeHT = 0 Mbl Hveew:

V=Ff(x y 2), %—}/= F(x, ¥y 2) upn t =0, (100)

npuuem

. . oU.
f=f— U(x, 3, 2, 0), f:[-l_(_at_’> .
0

W1ak, 3amada CBOJLHTCH K HHTErpHpoBaHHIO ypaBuerHs (99) ¢ rpa-
HHYHBIMH YCXOBHAMH:

(@) V=0

() A= |
. d_Vz_

(4) dn —o j

U ¢ HavanbHbIMH yerosusmu (100):
Verfeey 2 = F(ry. 2) nput=0

3aveuaune. YnorpebaseMuili Havn ¢rnoco6 MoueT GuTb NpH-
MEHEH X VpaBHEHHIO

0V oV
Ty AV °r
o = ¢ AVAKx v, 2. 1)+ 3

Mbl paccmatpuBaev ypaBHEHHe (99) wuckalouuTeabHO paau Kpat-
KOCTH HM310XEHHA.

ﬂpennonon{um, 4TO 1loCTaBJlenHas 3ajpava JONYCKAaeT peuenHe,

02
y XoToporo ¢gyHxuusi V uveer B npomeumyTke 0= f 11pOH3BOIHYIO azlz/’
nenpepeiBHyl0 B (D). TlpuMensis x ypaBuchuio (99) TpHeM, HCHOIb30-
BaHHBIA B § 9 naa ypaBHenus (42), vbl 3aKjalo4aeM, 4To

1
T fc(l 0)(75—1()(1;1, (101)

3)
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rae G (1, 0) — subpanHas HoRxonswUM o6pasoM QyHKyus I'puna. He
APHMEP, B Ciydae (1) — 3T0 MoIH(pHuHpoBarHaA PyHkuus &. HefimaH.
Ho ecanm V sanama ypasaenuem (101), To, coraacuo teopeme I'Hak
6epra — IlImunara, ona Moxer GbiTh pasiomeHa B abGCORIOTHO M PaBH(
MEPHO CXOAAWMHCA Al (10 PyHIAMCUTAILHBIM (GYHKUHAM HHTET PaibHIOT(
ypaBHerns ¢ agpom U (1, 0). Otciona caeayer, UTo €ciaH pelliEHHE HMEe
HenpepbiBHYIO BTOPYIO IIPOHM3BOIHYIO NO f, TO

oo
V= a0V  at= [VOViOd 0
k=1 . (D
rae pax CXOXHUTCSH a6¢cosI011io H paBHO’VlepﬂO.

OcraeTcsi  BLUHCAHTh Ko3ddHuHeATH 3Toi0 pada. [lpeacrasur
ypaBrenue (102) B Buge

1 02V I
V:———mz J’ G(I,O)—d—ﬂ— dtl+4_7—":;2 ) (I(l,o)K(l)dT]\
(D) (D)

HPOHHTErPUPYEM ero ABa Pa3sd Mo f, MPHHHMAS BO BHHMAHHE }CIOBH!
(100). Yimeem:

14
Lf
T e ( [ ( G(lvO)K(l)dT,]dz,
0 (Dl)

(103

g f th'2=—4—ﬂlz;z f G (1, 0) V(1) d + ’
0o 0 (DY)
L [ eoorme+ [ coorme+

" Argl
D)) (D)

Lot
e f i

( G(1,0) K(l)dq] de.
(D)
MMonoxum

a; = [ kad‘t, bk= [‘ Fde:, Cx (t)= { KVk d=.
(D) {n) (D)
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dopvyant § 15 Aawor

N jo ]

. G (1, 0) f (1) dr, = E‘I’i Vs,
(Ijx) k=1 k

" <O

| G o rmey= Y2y, (109
(027} k=1 k

‘ ~ 0:)16],.(7‘)

G(1,0) K (1)ds, = Z =D Ve

(D) k=1

NpuYeM BCE Psibl CXOAsTCsA a0COAI0THO H paBuoMeplio. [Tocaeanui paz,
paccmarpHsaeMsiii Kak (QyuKuMs f, CXOIHTCA PaBHOMCPIO; €TO OCTaTou-
HEIL 4nenr 11oJyyaeics NoNCI1alloBKoOH m - co B BeIpameline

k=m h=m k=m _ o
Ve (Ve N 3 v \
(VA2 < Nao- X < | £2at-w cn nz N,
A5,
k=n k F=n k=n "k (D) R
N ne 3aBUCHUT OT {. OHO Oﬂpe,‘leﬂ}lCTCﬂ CBOfiCTBaM}I pﬂ,'lﬂ
0 2
l vV
k=1 /k

06pa3oBaliloro KsaaparaMi Kosghuuuentos Pypve or ¢pyuruun G (1,0).
To xe cavoe 3ameuanue npuMeHnMo W « psiy (102). xoropbidt cxo-
JAMTCSL PaBHOMCPIO, €CAHM CTO paccvMaTpuBaTb kaK (QYHKuHIO OT £} KO3P-
hy (¢ ,
duynent g (f) pasex i}(—); nol hy (f) noipasyveBaercs KOYPQUIMEHT
‘e

dypbe, COOTBCTCTBYOIHN QYRKLUHK
1 (d?V
4nad(aﬁ K)‘

MMoab3ydacs paBHOVEPHOH cxoAuMocThbio paAt1a (102), monyuaem
us (103y

w 1
d
¥ f & (1) dei- Vy -

k=106 0
- 1 O%a
— 1 & () r
- 4r.a—’2 e V"+4rau.uk U
k=1 k=1

t
[ Cp (t) di. Vk.
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BBUNY HOPMHPOBKH H OPTOrOHAILHOCTH (IYHAAMEHTAMBHHX (YHK-
uuit Vi ¥ BCIERCTBHE PABHOMEDPHON CXONHMOCTH BCEX PANOB, Mbl BLBO-
KHM, 4YTO

t t

t t
wany [ [arer=—a®+a+int | [amane
0 0 0 -

0

310 paBeHcTBO jaer.

& (0) = ay; (105)
No¢ie OJRHOKPATHOro H(PGPEPEHUHPOBAHNSA HMEEM:
g5 (0) = b,; (106)
nocie e AByKpaTHoro Aud(epeHuHpOBAHHA Mbl HAXOAMM:
g, () +4md® g (1) = ¢, (t); (107)

&y (f) noayuaercs rocpeicTBOM HHIerpupobanus ypasuenus (107) ¢ yeno-
usivu (105) u (106).
U3 obmero uxrerpana ypasnenus (107)

& (t) = €1 ¢0s 2a Vgt 4 cysin 2a Vil t +
¢

1; ¢ (0) sin 2a Vrig (t—0) d%
22 Vi o

BUAHM, 4TO HCKOMOE pellclde ecTb

wty

g (f) = ay cos 20 Vgt 4+ —E_— sin2a Vg t +
2a YV

t

-4 ¢, (%) siu 2a Vang (t— 2y d%

— |
2a Vg 5

UraK, peluemne nanHo#l afaum, B KoTOpoil V nMeeT B HiTepBaie
0=/ sTOpyIc TPOM3IBONHYIO, HENpepblBHYI B (D), MoXer Bhpawarthcs
TOIbKO B BHIC Dsina

V= {‘ak cos 20 Vg t -+ —2——?—k~— sin 2a Y iy t‘& Vi +
t a )

T

o

+ 2 ' ;//" - ‘ ¢y (2) sin2q Viwhy (f— ) dt, (108)
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KOTOpHI# JOMMKEH CXOAMTbCA paBHOMepHo. [Eciau s7oT paAR He cxomutcs
paBHOMEPHO, TO 3aja4a He HMEEeT TAKOIO pewenus, Adg kotoporo V
TomycKaeT HellpepuiBiyo B (D) BTopyio NpoH3BoAHYyio 1o f, ¥

Bseaem aas toro cayuas, korma psa (108) cxoaurcsi abcOMIOTHO |
PaBHOMEpPHO, CJCAYIOUICC BLIPAKCHHUE:

R [? (t)] (t + Qh) - QZZ(t + h) +¢ (t)

Jlerxo BumeTL, 4To €CIH
tot
v = | {e@ar,
o 0

TO
t-rh S+h

K[ (0)= (( ve(n)dn> -
B camom nene, C
t+:‘h V: t-i:h .‘f,
rivor= 5| [ (Temane—2| (e am)at
0 0 0 0
bz treh - p
+ [ (Temanja|=f | ([ mm)d-— ( ((?(ﬂ)ﬁ)tﬂ]-
00 trh 0

3

3avenusss B nepBoM uHTErpaac % uepes s~} h, Mul moayuaew:

t+h S+rh t+h %

R‘{dj(rn:,i.-_,[f (( @ () ) @ — ( (jm)m)d |-

f+h i+h

‘ (‘ % (1) dr ) d=.

13

[loaciasasia V (f) BMeCTO § ¥ 3aMeuass, UTo QyHKyHS, olipeAeasiemast
psigom (108), ynopaerBopsier ypaBrenuo (103), vsl Hoayuaem, cocTaBass

* Pesyabtati § 15 nossousiior sakawoulirb, uto ccan psax (108) we
CXOJMTCA PaBIIOMEPHO, TO 3allaya ile Hveer pelleHdd, HMEIUIMX HHTE-
FpPHPyeMy10 ¢ KBaAPaToM BTOPYI0 HPOH3BOANYIC MO f.
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Boipaxeiine R mas (103)

t+h L+-h
LT -
W ( ' V(%) dn)d* v i G ORIV dy+
4 (D))
t+h <th
. Lo A
t L D)
Ecau V(f) uMecr BTopyio NPOM3BOAHYIO HO £, TO, KaK Mbl 3HaeM,
2
nmmvm]:%il:, (h = 0).

Ecit R[V(:)] crpevmicsi pasHoMepio K cBoemy upegeay B (D),
TO

im { G, ORIV(Iy = [ G (L 0)lim RV )
(D) 0y
¢ () -- npeaen
t+h L+h

f:_ﬁf (f “?(*i)dn> d”

t 14

UpH h, cTpemslieMcs K HYII0, HOYTOMY Wbl BPHXOLHM K CREAYIOLIEMY
Pe3yaLTaTy" eciH
RIV®)]

crpeMuTesi 1ipu £ =0 pasrnomepno K cBoemMy mupexeny, Koraa h crpe-
MHTCA K iiymo, TOo cywva psina (108) yaosaersopser ypasuenuio (101).
FEcnu. kpove toro, ¢yHkins
&V
0i2

HpaBHIbHO HeHpepoisHa B (D), To dyuxumst V yilosierBopser ypashc-
Huio (99) u, crieloBateabHO, JlaeT petueHde 3aiauH.

Jasa toro uTo6i y6elThbcs B BbITOMHMCHWH TaKKE H HAYAILHBIX
yCaoBuil, poctaTouHo 3aMcTHTh, uTo pan (108) yiosaersopsieT BTOpOMY
ypasuenuio (103). Unterpupys pBaxast 1o {f ypasueiine (101) v Buiguras
peayabrat 13 ypaseenus (103), nHoayuacw

K

laa, o[(%) — F()]der+1 | G101V, — 7 dry =0,
(D) #=0 D)

OTKYHA CAgAyeT B cuay aoxasandol s § 11 moawors axpa G (9, m);

Vy.o=1£(0), (%‘;)M = F(0).
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Mbl He 6yAeM OCTaHABIMBATLCH HA UCCIENOBAHMM YCAOBUH paBHO-
MepHO# cxoaumocTH pafa (108).

3ameuyanue, B uacroswee BpeMA MOayucHb 6ojgce cuabhbie
pe3yasTarTbl OTHOCHTeXbHO peenus (108) BOAHOBOrO ypaBHEHHs.

Has onpegeaennocT GyieM TOBOPHTL O 3ajaue € yc.dosueM (a).
Ilycrs rpanuna (S) obxactu (D) wpunagtexmwur Jh [1ycrb ¢yuxnuu
f(x, ¥, 2) v F(x, y, 2) uz nauaibuoro yciaosus (100) umeor B (D)
HENpepLIBItbIC POU3BOXHLIC 10O YETBEPTOro M TPeTLEro NOPSIAKOB COOT-
BETCTBEHHO, a Ha rpanuue (S) yAOBAETBOPAIOT YCAOBHAM

f=Af=F=AF=-0

Ilycth, Kpove toro, K=0. Tlpu 9TUX yCJIOBUSIX JOKA3bIBAaETCH, H10
pan (108) n paApbl, mogyuenHLle M3 Hero AByKparHbiv InddepeHIupo-
BanueM 110 x, y, 2, f, paBuovMepno cxoagrcs B obaacti (D) u = 0.
Torpa, ouesunno, psa (108) npexncrasisier ABamabl nenpepsiBio gudde-
peHUupyeMOe penienuc 3ajayu. IJTH pe3yabiarel HPHBCJIEHB B CTaThbe
O. A. Jlagmxenckoit ,O wmerone dypve Aas BOITOBOrO ypasheTHs®
(Hoxxat AH CCCP, 1920, 1. 75, Ne 6). TlogpoGHoe n0Ka3ateabCTBO
aHaJOTMYAOrO YTBEPA.ICHHS A15 BOJIHOBOrO ypaslhe.dusi C Tpews He3a-
BHCHMLIMK MepeMernniMu x, y, ¢ nveerca B [V Tove ,Kypca soicuieit
matevaruku B, V. Cvupuosa.

§ 18. O renjosoii 2anaue

B kayecTtse BTOPOrO Ipuvepa BOLMEM TEMAOBYIO 3arauy. B § 7 mul
11I0Ka3aAx, UYTO KOJMUCCTBO Teraa, MpoXoAsuiee dYcpes rpamuuny (o)
Tena (w), HaXoAfAllerocst BHyTpH Te.da (D), 3a spevs df pasio

—dt-k f ili ds
dn
()
(sn1ech u— Temueparypa, a k— xos3ddrument 1ensonposoinocru). Ot-

Clofia caefyeT, UTO KOJMYECTBO Temaa, npHobperaemoc 06aacrbio (o),
paBHO

>
du

I ds.

dt-k
)

C apyro#t croposui, 3TO KO.JMYECTBO I{POMNOPUMOHAILHO OBLIILERNH)
TeMnepaTypHl

0
u it -+ dt) —u (¢) = 5 di,
f
prueM K03 MUuHEnT 1poNopUHOHATLHOCTH PABeH POU3BEAEUHIO TEMI0-

€MKOCTH ¢ TeJjla Ha ero Maccy rw, BBHﬂy BO3MOKHOCTH CYINECTBOBANUA
B TC.1€ HUCTOUHUKOB Teilia, UMEEM:

ou "du .
chwd’—dt'k F’i—dc"l—[ldt'm.

@
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Jleas Ha o df v cTpeMs 3aTEM ® K HyJ O, Mbl [TOAyyaeM ypaBHEHHE:

BoelfE e (k) oo
_ Ha rpamvue Temmnepatypa JOAKHA YI0BACTBOPATL OZHOMY W3 yCi0-
BHit: © ‘e \
® ey, | (110
() % =%

CMOTpS! 110 TOMY, MOAAEPIKUBACTCH MY 1IOBCPXHOCIL NP aHAOH TeMic-
parype, wiy CyiuecrByeT M3iyueHue B OKpPyKaioliee TeldO NMpOCTpalCTBo,
WAH, HAaKOHell, 3aja:a TMOTEPH Tenjaa Ha TpacIuile.

Ecai 3anaHo pactipefiefleEHe TEMICPaTyp B HAUaAbHLIT MOMEHT, TO
AOMKHO €lle UMeTb MeCcTO PaBencTBo

u=fy(x, ¥, 2) npu t=0. (111)

Ipumenss 3amcuanus § 10 u Bu6upas noaxoxsuuM o6pazom uy,
1IPOU3BOAMM TIOACTaHOBKY:

u=V-4uy
KaK B NpeIbiAywieM naparpade, bl ntpeoBpazyev ypasacmue (109)
K BHIY
ov (o2V = o2V = a2V
_— 109/
= eetoEt Gzﬁ.}+K (109
ycaosust (110), cooTBETCTBEHHO, MPEBPATATCH B CIELYIO LML
(=) V=0, i
“ dvz' _
() an + 1V =0, } (1107
. av;
0 an 0, ]
a HayaablIoe YC.IOBME HaMMLUeTCs:
V=Ff(x,y,2) uput—0. (1119

Ilpumenss, xak B § 17, crnoco6, usitoxernAwdt B § 9, — K ypasmue-
auio (109/), Mbl HaxoauM, uto

1
4ra?

Ve=— G (i, 0) (%—‘;-—K)dtl; (112)

[G(1, 0)— cooTBercrBylolnas (yukuus I pumal.

Ho ecam V samama ypasnenueM (112), TO ee MOKEO pasloXUTbL MO
(PyHIaMCHTAIBHLIM  (YHKOMAM HHTCTPATLHOTO VPAaBHEHHA ¢ SAPOM
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G (1, 0). TloayyemHw#t psj cXOonuTcA abCOTIOTHO W PAaBIOMEPHO HpH
Vv

TOM €JIUACTBEHAOM YCJIOBHHM, 4TO QyHKIUA %t——-K HeHpepHBHA B

(D). Tycrs

V=23 & () Vi (0) (113)
k=1

M ecTb 3TOT psaf. Jlis Buiuncie Ms KO3 (HUIMEHTOB MPOHATErpHpyeM
nmo ¢ obe wacth ypasaeaus (112). Tlonyuaem:

Vdfe — —— ‘ G(,0)(V—f)yd= +
0 (b.)

+ ‘ K ‘ G, ())K(l)dx,) (114)
Dy
Tloxaras

= fkadT: cx () = fKde':,

(€ (D)
HAXOIHM:
(v e}

ﬁ G (1 0f dy= )| ;’;‘ Vie

(D) k=1
\ (®)
O\ 0 (£
G OKMay= Y%y,
[ (1, 0) K (1) dry T Vi
(D) k=1

41O Aaer nocae zamennl V B (114) ero 3mayeunem (113):

}jv,, ‘g"(t)dt-—_4a12 glr(t)Vk+

t
(o]
1 aVi ‘
+ 4_1;;‘2 2 + 41C[lz 3 M Cr (t) dt.
k=1 k [}

“ CorjaacHo CHeJaHHLIM BHILUIE 3aMEyadHAM, 3TOT psan CXOAUTCS

oV
a6codI0THO M paBHOMEPHO M B TOM Ciyyae, Korixa Frian K vmrerpn-
pyema ¢ KpaaparoM.



334 $VHKUUM TPHUHA u UX NPUICKEHUSY {ra. v

OTciona BHIBOJIHM:

gx(0) = & (115)
i
£ (1) 4 4matiggy, () = i (b). (116)
Wnterpupya (116) ¢ ycaosmem (115), noayyacw
t
@ (8) = qpe NI g =Ryt f o () e XNt g,
0

Taxum o6pasow, pan (113) aaech uveet By
¢

[we]
Ve ¥ {akfr e rt g, -inatyt fck(t) trat it dt]vk. (117)
k=0 (.J
Ecan pan (117) se cxoautcs passOomepHO B (D) v mpu ¢ >0, 10
3ajaYa FHe MMCeT peleHmil, 1ad Kotopelx V' jonyckaer mpu £z 0
Henpeprisiyio B (D) mpouseonsyio no £.*
Hpeanogoxuy, 4io psaa (117) — abcomoTHO I PaBHOMEPHO CXONH-
nica, Bpenev Boipamxerue

Rig () =FEEM e @),

OueBijiHo. 4ro ecad
tih

t
1
v = [ ewa, o Rw@OI=3 [ @
0 t

3ameuasn, 4to cymma pana (117) ynosaerBopser ypasrenuio (114),
Mbl HaxOauM, o6pa3vs BoipawxenHe R u noacrasias V (f) svecto ¢

t+h
1 ’ B o 1 t
g voa=—g | 6 RV +
t (D))
t+h
L] ‘( |6 okyas)a. s
‘T (L OK(1)dz)at.  (118)
t (P)
Ecan V (¢) umeer nepsyio npoMssoxuylo no { apu =0, 10
. ov
limR[V]= 5t
. . oV
3ajaua He MMEET TaKKe PCLICEHH, vV KOTOPbIX —5t———K—q}yHK-

1A ¢ HATCTPUP) VLM KBAaAPATOM.
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Ecin R [V] cTpemutcst paBEOMEpI0 K CBOCMY mpeledy, TO U3
pasercrsa (118) mbl cpasy Haxomuw (112), OTKyZNa MOWHO 3aKAIOUKTD,

|4
yro ypasuerue (109’) yrnosiersopsercd, ccau — — K MpaBUIbHO He-

ot
npepoiBEa B (D).
Mui Fanmidu pelUICHME 3TOFO ypaBliefiusd, OTBCUAKUEE yCIOBHAM HA
rpainie. JTO peluenne COOTBETCTBYCT M HauaibioOMy YCI0BHI0. B cavom

nexe, umarerpupyst (112) no ¢ w suiunTas w3 ypasmerust (114), kortopoe
vIOBIETBOPEHO, MMOIyUaeM:

Jaaorm—v,_ay=0
(D)
o1Kyaa, BBUAY Iokazauwoi B § 11 noaworsl sigpa G (SY(, m). creayer
aro Voo =f(0).
Mul me 6y’em OCTanapIMBATLCH [HA MCCJACAOBAUMH YCAOBHH, NpH
KoTopuix pag (117) cxoxutcs pasroMepro. 3aMeTHM TOAbLKO, U4TO €Cau

J(0) mome1 ObITb pa3iokena B PaBHOMEDIO cXOAasimiica psil HO QvH-
LAMCHTAALALIM PYAKIMAM, T. €. echu pal

FOy= axVy (119)
k=1

CXOAMTCst PaBHOMCPHO ¥ cexn K pasma nyam, 10 Qvakuus (117). npu-
HUMAOL{as BUJ

(€%

Vo= 2 age” PNy (120)
k=1

CXOAUTCSt paBrovep:io B npovexyTke 0= < 4 20 u umeer Hpoussoi-
HY10 110 ¢ B npoMexyTke a=<t<+4-oc, a >0,
B cavow peine,

o
;347 'ht/ 1
.
1 upx Mobov a, ecau iy NOCTATOUHO BEIMKO,

—4=a”, 1t
4ra e Tk <L

Takuv 06pasoM, OCTAaTOYHO MOKa3aTh, UTO CyMMa psana
[es)
5 —Ara’)
_47:[722 )‘ke k124 fkf ahvk
k=1

pasmoMcpA0 HenpepuiBaas B () — 1paBuabiLo NcHpepuiBHA B TOR #c
o61acti, nabui vTREpXAaTh, uto Gymxiua (120) maeT pewenye aamiof
3ajaun.

§ 19. 3ameuande ¢ 2ajauax, CBS2aHKBIX C JaNJacHaHCM

HestaunteasuocTs yemexa, mogyuentioro mamu 8 § 17 u 18, saBu-
CUT OT 10r0 OGcTostiTedhcTa, 4To TeopeMa Ilyaccona npuverinMa ToabKO
K WBIOTOROBLIV TIOTCHIMAIAM ¢ TPaBHILEO HETPCPHIBHONH MLIOTHOCTHIO,
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MOXHO HOZYUHTb HECKOALKO Goxce ofinue pesyabTarThi, HOACTABISA
BvecTo ypasHenus (109’), ypasr.eHue

, [dv 9 r r ,
a ( dnd‘t——dt | Vd‘i+ . Kdv-

) (») ()
(B KOTOpOM (w)— 1pOM3BOJALIIAA 06aacTb, COACpamancs piyrpu (D),
(s) —ee noBepxHOCTbL] M mnojaxoxAwuM 0O0pa3oM H3Merifif, €CJIH 3TO
AY:KHO, YCJIOBME Ha IPaEULE W [ayasbHOC yCIOBHE,

Mo:xHo, manpumep, moTpedoBath, 4robul giobas cpeansd OT Tewie-
patyput V O6mura B mauaxbiuiit MOMERT paBHa COOTBCTCTBYIOLICH Cpei-
Helt or 3anarnuoit dymxunn f(0): 1o Teopeve Crexi;ioBa, 3Ta Nocel s
QyHKLMA BCeraa MOKCT ObITb Pa3NOKeHa B CXOAAUMIICA pPAX HO cpex-
MHM OT (YHJAMCHTAIbLILIX () YHKIMIL

Moxro moxyyuth OGoxee obuue pesyabTaThl, BBOAS B paccMoTpe-
Hue (GyEKUMH obxacTteil w cootBeTcTBERHO 06o6Gulas Teopemy [lyaccona.

§ 20. 3ameuyanne o peurennu ypaBHenuss [lyaccoua
1 QpYyHAAMEeHTRJIBHHX (PYHKUHAX

HokaxeM Teopewmy.
Teopema 1. Ecau (S) € J41(B, &) (£ >0) u o€
EH({ A, A) s (D) (0LILER), mo pewenne ypasuenus

Ay = —4vo (121)
npu yca0usnx
aubo  ujg==0, (122)
du
aubo i S=0 {123)

npunadaexcum rwaacey H(I—+42,cA, '), ecaul <k, u H(k-} 1,
cA, N), ecau 1=k,

Jeticreurensro, npuyciosane € H(, A, \u(S) €JT, . (B, k)
no reopeme 2 § 20 caeayer, uro Plo]EH({I+42, A, V)
B (D) u 8 (D,) u ynosnersopser B (D;) ypastennwo (121) u
ypasreunuio Jlanaaca B (D,). Tlostomy xaxjioe penlenue npej-
CTaBJgeTcs B BUAE

u=~Pgl—o, (124)

rle U— rapMOHMYEcKas QYHKIMS, YAORIETBOPHIOWAS HA IPaHuile
yCAOBHIO

6o vig=Plgl, (125)
<o Vil __dP[4] ¢
JIM00 an S-—— “an_ - (126)
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Paccmorpum cHayana tepeyw 3agayy. Ecm [<k, TO
142 < k+1, u nodyrovy npenensunie 3uadenus P [v] na (S)
ob6paaylor dyuxuuio u3 Kiacca H(/ 42, cA, A'). Torna v,
9BJIASCH pelleHdeM BHyTpeHHeH 3amaud Jdupuxie mo reopeme 1
§ 19 (IV), rakxe npunanaexur knaccy H ({4 2, cA, 1) B (D).
Orciona Ha ocoBasuu (124) cienyer, uro u € H (142, ¢4, V'),
u Teopeva Aokasaua 1as [ <k u yciosua (122).

B cayuae =k, xora Po]€ H(I+ 2, cA, V), so orHocu-
reJIbHO TIPENebHLIX 3HaueHUi Ha (S) MOXHO JHUb YTBEDPKIATH,
yTo OHu o6pasyoT ¢yukuumio kKaacca H (k- 1, cA, V) Ha (S),
OTKyNa M Cllenyer yrBeDKIeHue teopembl 15 /=R,

3aMeTuM, uYto, B CU1Y DareHcTna

du
[awde— [ 224, (127)
(D) (%)

Heo6XONMMLIM YCHOBUEM DaspentuMoctTd ypaBnenus (121) ¢ yciao-
suem (123) aBiagercy

f ©dz=0. (128)
(D)

Ilpennonaras 3To yC/lOBHE BHUIOJHEHHHIM, HaljeMm, B CHIY
pasesicrs (127) u (128), uro

aPlq] ,
{‘ dn ds =0,
$)

a 3TO 4BAAETCH [OCTATOUHBIM YCICBHEM Da3PeluMeCcTH BHYTDEH-
He#t 3anaun Heliviana ¢ ycaosuem (126). Takum o6pasom, paBeH-
crBo (128) sBAfCTCA W AOCTATOUHLIM YCJIOBUEM Da3pPeHiUMOCTH
ybaBuenust (121) npu ycaosuu (123),

Ouepnnno, uto B ciayude yciosus (123) cyumiectsyer MHONe-
CTBO peileHuil ypaerseuus (121), orTaMHalOmMIMXCA [OCTOSHHBLIMH

ciaaraeMuiMu. [1ycrs #y— to U3 peinenunil, KoTopoe y0BJAETBOPSET
YCAQBHIO

f”o dv=0, (129)
(D)

HoxaweMm, ure ugy&CH{+2, cA, V) naa [<k n
ug&CH (k-4 1, cA, 1) upu [ = k. JleiicTrurennHo,

LEHU+1, A, ), (< by L eH®k ca), (=h,

922 3ak. 749. H M Tiosrep
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4 T0TOMYy Ha ochoBaHud Tecpemum 1 § 18 (III) caemyer, uro
v=10,-+}+C,

rnev, CH(I-2,¢,A, V),({ < k), v, €EH(R-}+1, c;A, \),(I=Fk),
aBAReTCA TeM pewleHnem 3adauy Helimana, keTtopoe Ha (S) yaosie-
TROPSIET YCJACBHIO

f P]'U] ds = 0.
(8)
He ws ycaosus (129) caeayer
f {Plg)—v,— C'}dr =0,
(D)

OTKYJ3 3aKkJouaeM, yTo

ICl=15

J {P o]~} dr <’—’—%—91—A=ch.
(D)

Mostomy v==v, - C'€H (I} 2,44, V), (< k), a cueno-
BaTenbHo, U uy=P (9] —vECH({+2, ¢, A4, V) (I<k). Ana-
Joruyse mas caysas /= k. Teopema noasocteio Joka3aua,

[Monbaysch NOKA33HHOH Teopemof, U3YUuM HEKOTOphie CBOH-
CTBa QYHNAMEHTAIBLHEX QYHKUMH yraBuesus Au -} ALu=0,

Hyets A, Agy ooy Ays oo CHCTEMA  XADAKTEPUCTHYECKUX
wucen w Vy, V,, .., V,,, ... cucrema cootBetcTBylomux dyuaa-
MEHTAIBHLIX DYHKUUA YpaBHeHus

AV, + AV, =0, (L>0), (130)
yacsaersopsaiomnx Ha (S) yciuaosuio
V=0 (131)
¥ HODMUDOBAHHBIX TAK, YTO
f LV? do=1. (132)

(0}

Teopewa 2. Ecau(S) €Jl (B, a), (k>0 u LEH (k, 4, ),
mo V., umeom oepanuuentuie HenpepugHbie npoussoduse 9o
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nopsdra k- 1, npusen npoussodusie nopaira l, (0 <LIKk 4 1)
1

*
o2parutert wucaaMu suda ah 2, ecau |—4emnoe 4ucao, u
1+1

& +1
a,)\m s ecAau | — Heyemmnoe 4ucio, 20e @, He 3usucum om Ho-
Mepa m. Kpome mozo, npoussoduse nopadre k--1 npasuasro
HenpepulsHbl.

CymecrBoBatine BTOPHX NOPOM3BOAHBIX Y (yHIaMEHTAABHBIX
yuxnuit V,, B xawno# sHyTpeuse#t Touke obaactu (D;) Gbino
nokasado Buule, B § 10, B mpeamoscxenuu, uto L npaBuiibHO
HenpepuiBHA B Ka)XXOH 06acTy, aexaleh ¢ rpauvue#t suytpu (D)),
Touso Tak me MowHe nokasaTe, ure ecid QyHkmms L umeer
1IPOU3BOANBIE NMOPAAKA j > | OpaBuibHO HenpepHIBHLE B HEKOTO-
po#t o6nactu (D), mexaweht Bmecte ¢ rpasnuefi ByTpu (D)), TO
V,, uMeeT HenpepbiBHbIE NPOW3BOAHbIC HOpaxKa j—2 B (D).

IIpu cnenauHBIX B TeopeMe MPEeANOACKeHHAX Gyuxuuu V,,
HMEIOT HenpepeiBHbie B (0);) npouseosHele [0 NOpsAnka R-+ 2, HO
© TOBENCHHH 3TUX TIPOU3BOAHBIX BOAU3M rpaHunbl (S) HUKAKUX
yTBEDKleHu#t CrenaTh Henban. Hawa 1ens — q0Ka3aTh orpaHyue-
HOCTh {IDOW3BORHLX V,, no nopsaka R-+ 1, uX npaswicHYIO
HENPEPHIBHOCTh W YKA3aTh 3aBUCUVOCTh BepXHeH rpanu MoAyJs
MPOU3BOAHON OT XapaKTEPUCTHYECKOro UUCHA A,

Iad  3TOTC  DPAacCMOTpPUM  CHAYANA  HBIOTOHOB  NOTEHHMAN
A
P[L” LV,,,]. B cuny ycaosus (132), umeem:

= l/ ‘ (4;;3 (LVaPds <

, Al
<EVY 4 (Lv;,, d,__’mVAﬁc]xm
¢8)
u no Tecpeme § 24 (i) umeem:
Iz i N 1
p[ﬁLVmJ EH (0, Colns ‘2‘)-
Orciona Ha ocHoBaBuu Teopembl 1 § 19 (IV) caemyer, uro
rapmoduueckas GyHKuua o, uMeoulas Ha (S) Takue ke 3HaueHud,
kKak u P [l\% LV,n], npunannexur B (Dy) knaccy H (0, cgh,,, @),

(—;-, a). Tax kak V,=P [g—’é‘«LVm]-—-v, TO

rae o’ < min

22%
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OTCIOMA 3aKJI0UAEM, YTO
Vi €EH (0, ¢y, @) (133)
u TeopeMa ans =0 paokasama, Taxk Kak |V, | <cd, = ap,.
[Mepemnmenm ypasdenue (110) B suxe

AV, =— 4 (2 LV.0) (134)

H NMpelllONOXUM, 4YTO AOKAa3dHO

V. €H(, apll, o). (135)
Torga us (135) saxilouaem, 4ro0

=LV, €H(, oIt &),
B HA OCHOBaHMH TeopeMbn 1 u ypaBsenus (134) caemyert:
VamEH ({42, a1, A8, a”),  ecan [ < k
Vp EH(k41, @ M3 0", ecnu [=k,
4 3TC O3HAYAeT, 4TO
ql+2=ql+11 ec L <k, u Gk+1 = Gx ‘}‘ L (136)
Us (133) caenyer, uro go==1. Ws (136) crexyer, uto
ql==1—{-—2~, ecau [ uvernoe uucao u [ <Lk,

Ecnu (S) € Ty pqy (B> 1), TO TeM cambim (S) €77, u noaTomy,
cuurag k == 0, Hatigem g, = q,-} 1 == 2, MoxHO GO Bbi K 3TOMY
BHBOLY TDUTTH M JDYruM [yTeM, OJHOBDEMEHHO KOKa3aB, 4TO
nepshHe NPOM3BOJIHBIE [PABUIBHO HEMDEPHIBHH C mokasaTedeM 1.
Sror Apyro#i NMyTh JI0KAa3aTeAbCTBA MPHUBOIMTL He GymeM.

! —1 I41
Tak Kak ¢, = 2u gy o=~q;,+ 1,109, =2 -} ——2—::1—}——‘5— )
ecu [ neuetHoe uucno u /< k. JTuM TeopeMa JoKasaHa.

3amMeuanue AwnanrOoruynas TedpeMa HMeeT MecTo Zis dyHAa-
MeHTaNbHLIX QyHKUMA ¢ ycloBHAMM Ha CpaHuLle.
de —

160 “‘d—"z-——— ,

aunbo %‘— 4+ hrV,, =0, (h = const, h>0).

Ha nokasaresbctBe 3TOro He OCTAHABAMBAEMCH.



JONOMHEHHUA

I. TEOPEMA JIIlTYHOBA O NEPBbIX NMPOH3BOAHBIX
[TOTEHIHAJIA NPOCTOTrO CJIOY, INIOTHOCTD
KOTOPOTrO NPABUJIbHO HERNPEPBIBHA

Teopewma. Ecau naomrnocmb 1 ROMEHLUAAR MPOCMOO
ca0s

viy= | w2 =
(Su)

npasuabHo HenpepoigHa Ha (S), mo nepsse NPOU3IBOOHELE ROMEH-
yuaia npasuibHo Henpepuigusl 8 (D;) u 8 (D,).

oV
I\ns 1OKa3aTeaInCTBAa 3aMETHM, YTO HPOU3BONHAS 5% TOTeH-

nMajia- MPOCTOro C10si B KaMION BHyTpeHHeRt Touke oGaacrtu (D))
nin (D,) uMeeT HempephiBHbie NMPOM3BOLHBIE BCeX MOPSAKOB M

ynoBJieTsopsieT ypasHenuio Jlannaca. Kpome Toro, g—)‘: obpauaercs

v
Ha 6eCKOHeYHOCTH B HyJb. llodTOMY 5% ©CTb TapMOHHuecKas
dyukuus BO BCsiko#t oBmacTy, nexatie#t BMecte ¢ rpadutieft B (D;)

E 2%
wau B (D). Ecau nokasars, uro 55 UMeeT oNpelenentbie mpe-

, aV; v,
Ie/bHble 3HAUEHUs uim —-%, Korga TOuKa m,, OCTaBadaCh
ox 0x 1

B (D;) unu B (D,), npubnwxaercs aKv'rouxe rpanuus (S), u uro
oV,
3TH IpefebHEE 3HAYElius ax“ u a_; CyTh TNPaBWILHO Henpe-
puBubie QYHKNMM Ha vpanuule, TO Teopema 6ypeT HOKasaHa.
JeficTBUTENBHO, B CUJly eNUHCTBEHHOCTH pelleHusi 3apauu Jn-
puxie, rapmonuueckas Qyskuus sHytpu (D;) nau (D,), npexean-
HBe 3HAYEHUR KoTopoff na (S) MpaBUJABHO HENpEpHIBHH, ABJAAETCS
NpaBUALIO HenpepuisHO# ¢Qysxnue#t B (D;) wm B (D,). 3ameTum,
4yTo HCCaAenoBanve 3agau Jupuxie u Hefimana 1 nosepxHocTefl
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JlanyHosa npoBoAMnoch Ge3 TPUBAeUEHUS JAOKA3hIBAEMOH Cefuas
TEOPEeMHI,

Jns onpepeneHHoCc1y Orpanuuumcs cayuaem obracry (D)
oV,

Mrak, poKaxewm, uTd —-° CYMIECTBYET M SIBASETCH MPABHJILUC
ox

HenpepuBsol  Qynkuuent va (§). CyuiecTBOBaHUE W NPOCTO He-

TIPEPHIBIOCTD dxe OblIM  OKa3aHb JIAnyHOBBIM, a MIpaBUAbHAN

HeNpepLBHOCTH Oblia UM BhICKa3aHa Oe3 foKasaTenbcTsa. [Ipuso-
IMMOE IIKE J0Ka3aTeJNbCTBO CYLULECTBOBAHMS HPHHaMISKHT Jlg-
MYHOBY, a A0Ka3aTeabCTBO npasusibiiol HenpepsisHocTd H. M. Non-
1epy. B mocaenywouem 6ymem cuutats A < 1.

1. Hycrs & w, L Mectusle KOOpAMHATH C HAauajOM B HEKO-
10po# Touke m, mnopepxHoctu (S), mpuuem och Of HanpasneHa

N " . d
no Hopmaau N, [lycrs rouka m, (0, 0, 8), rae 0-78 <+

4 b

aV

JMeKUT Ha HOpMaau N, B TOuKe 7. TOlja, KaK W3BECTHO, —.
dv

npa & — 0 uMeer npelenom [15"‘2“90; Kpove TOro, Ha OCHO-
BaHuM TeopeMsi § 6 (II) umeew:

oV !
!(55)” D | 9rpy | < adi . (1

%
Mbl cefluac jpokaxeM, 4TO "3 TAKKE MMeer fipejes pH 60
M OTJMYAeTCH OT CBOEro npeiefa Ua BeJWUHHY, MOAYJIbL KOTOpO#
He nperocxomuT aAd . QueBU[HO, 410 aHAJIOTMYHOe YTBepNICHUE

oV
6y11e'r UMeTh MEeCTO TaKXe u s (73_T> .
m

[Tycts (X¥) osHauaer yuacTox moBepxHocri (§), JAemauiy i
BHYTPH cdeprl JlsnyHoBa C LEHTPOM B M, W NPOEKTUDYIOUHARCH
Ha MJIOCKOCTD §, 1 B HEKOTOPBIM KPYT ¢ LEHTLOM B M, M papuyca,

d ~
He MeHbUWIero = ; papuyc R 310ro kpyra 6yier BhGpaH mosxe.

B nocaenyomem 10uka m (5, 1, L) 6yner o6o3uauath TOUKY uire-

rpuposanus. Kpome Toro, r;  ry 6yayT o3uauaTh paccTOSHUS
a0 m ot my u my. Hmeem:

N

(Q_V. - £ ‘ i 3 d 5

0% ) p—;da: w5+ ‘ (v — Po);g‘H"o 5,(2)
NG I -7y T I

17le pg 3HaUEHME U B TOUKE /i,
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¢+ [TepBH#i unTerpasn npasolt uactu (2) nHempephlBeH B OKPECTHO-
CTH TOUKHM My ¥ MMeeT CBOUM fpelesoM npu & — 0 aHanoruunsiij
uHTerpan ¢ saveHo#i r, Ha r,. Kpome TOro, 3TOT HHTErpan ot
CBOEro fpejea OT/AMYAeTCS HA BeJWUMHY, MOLYML KOTOPOH He
npesocxoAuT uncna suna aAS. [MTokaxem, uto uHTerpan

| o) as @

oAl 0

CXOIMTCS M ABMsieTCss npefenoM mpu 6 — 0 1J1s BTOPOrO MHTe-
rpana npaso#t uactu (2). [e#cTsurenbHO, M3 HEPaBEHCTB

1 1
fp—uol < Aph, 5] <p, ;0“<';

ciaenyer, uTo

I

{
H
1

“J"—u‘()‘ <AP)\—2»

Su|

a 370 obecreupBaer CXOAMMOCTHL wuTerpana. Kpome toro, o6o-
3Hauas uepes (28) wacts (X)) BHYTPU CepH pamuyca 26 C ueuT-
poM B m,, HalineM, uro MOAyJab uHTerpana no (28) He mpesoc-

4n
XOAMT TA(QB)’~. AHanoruuHylo OIeHKY uMeeM 1J9 MHTerpana

no (28), ecnu 3aMEHMTL 7y HA 7y, TAK KaK HMeeM TaKKe o > p.
QueBusino, uMeeM:

l‘(}h"‘“o) o= [e—w Fasl< | s

(%) (£) (2-28)

o

et (el Bt [n—w e @

(@5) " (28)

oul

CyMMma 1ocnefHHX [ABYX cjaraeMblx mpaBoi dactu (4) He
npesocxoput 8wA~1A(28)*, Ias omeHKu mepBOro MHTErpana fpa-
poft wacTu (4), sameruv, uwro Ha (¥, — 23) B cuary sepasencrtsa (9)

§ 2 (1) umeem: ;1;< rz < —2—. [Toatomy

1 _1___|r~—r0|( ) 5/146
‘r? r?,‘—_ r1ro +’1"o+ S ot
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¥, CACHOBATENbHO, MOAYAL UCCASNYeMOr0O HHTEIpana He ipesBOC-
xoaur

d

d
56mA8 ‘ op+— - pdp = 56nAS ' prtdp =
3 3

’k;]._.

— 567A8 (5“}\-—‘1’1 l)< 1

Orciona caepyer, uro BTOpoH uHTerpan mnpasoh uactu (2)
OTNHYaeTCH OT CBoero npefena (3) Ha BeAUuMHY, MOLYAb KOTO-
poli Memplie uucna suma aAdd .

IlepelizeM K UCCIeMOBAHMIO TpPeThEro WHTerpaita Npasot
vyactu (2). Ilpekne Bcero zamerum, 4ro

567 AP,
—k

o R o
6‘ O‘ Vf_ﬁ ‘ "'( :/;‘i‘;ﬁ dpdo =0,

T. €.

f 2cos (VN g5 — o,
< +ol)3

—~

O60snauum cos (IVN,) = . Torma

e ‘ L S SRR O S T3 Ey
(-j) 5 ‘\-,f(r% )~ (J)<Y res Tty
)
rae
_Yet®e _ VEtw
W Voo

Ouesuano J/p?-- 8% ects paccrosHMe TOUKH M, JIO HEOEK=
aun m’ Toukn m Ha mrockocts (5, 7). IToatomy u3 Tpeyroas-
HuKa m,mm’ 3aKnouaeM, uTO

VP& —ry | < mm’ =|%| < bpt+,
OTKYAA

|T—1]= ‘—Kﬁf—f“——-ﬁ—kbx&, (6)
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1
M, CJlefOBATENbHO, CUMTAs d HACTONLKO MajmM, uro bd* <~2—,
6yneM TaKKe WUMETh:

1 3 ’
5 < T<L 5 (6")
BenomuHast, uto § = cos (VN,) > —%— u l—y=1—cos (NNp) <
< (NN < (NN < E (29)", satizen:

Z—1|=10— D@ Ty ra—n) <
<2 [bp* : (—2——!——3——{— 1)+E (2p)>~] =Cpt, (67

fpyueM 3Ta ONEHKAa He 3aBMCMT OT §, T. e. BepHa IJIA JOGOTO
MOJIOMEHUA TOUKH 712,

[TostoMy mnomuHTerpanbHast ¢yuknus B unTerpate (5) He
MPEBOCXOAMUT IO MOLYJO (PYHKIMH

Co .E‘%z Cp*~2,

OTKYZa CAeLyeT CXOAMMOCTb MHTerpana B npasolt wactu (5) Takme
npu & =0.

O6o03nauum
p .
Ty= o o (roNo) (M
U II0KaXKeM, 4TO
° Tg £y
0 1) 8
{ ( - 1) -1 da (8)

)
spasieTcst npefenoM (5) npu 8 — 0 u urto uurerpans (5) u (8)
OTIMYAIOTCH BEJIUUNHOHU, MOLY/Ib KOTOPOH MeHblle UHC/IA BUILA add.
He#creurensso, unrerpatn (5) n (8) no uactu (c), NPOEKTHPYIO-
ureticsi Ha maockocTs (§, 1) B Kpyr pamuyca 28 < meHTpoM B my,

MO MOAYJMO He NPEBOCXOAAT uuces Buma aA8. OcCTaeTcs u3yumTh
MHTerpa

' 3
(t'[c:)ﬁ{ <§—— 1> ﬁ—(%w 1) %%_}dcz
8

T3
- ] st e

xZ0)
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Ouensiano, uMeeM:

o Vet —s i 1\ B
L (Vefap @ 1* p Vo % <P‘ +.°Vp“+52+92+52)<9"
u HO3TOMY, B cudy (6”), umeem:

L TS 1 1 35 pCpH

1 —— ——— e — e e A~

IE( 1 l>(( Ve ey p*)l < T 3C%

Kpome rtoro, mveem:

i T°—T; Nl RN bl K nl il A
G- T ERE T FR e

e T2 243518 g 0|01 27,5
=T 0|CJ(92+BZ>(PJ+¥)<3T2 7 < 5 bégh!

oTKyna caenyer, tak kak T’ — Ty, T2— Ty u T— T, onuoro
3HaKa,
TP —To | = |(T* — T (T~ To) — TTo(T— To) | <
g 81
(THTY| T*~Toi < - bot- 1.

[Moartomy
P ! T9—-T4, I8, 8le.
- —_— Y = g’
FovETe 7 ISP ?
Ioarovy wogyns usrerpana (9) He npesocxomur
1'5 a
4mc,8 . ¢ vpdp < Awe,d ‘ p 2dp—~ 4r¢1 “[(20)"‘~d" <
2 2
4ncy N
-5 80 = poh.
S i—n2t? 2

STUM JOKAa8aHO, UTO HHTErpa’t (5) OIMuaeTcs OT CBOETo Ipe-
nena (8) Ha BejMuuMHy, MOXLYJb KOTOPO# ‘MeHblle ¢,8'. Okonua-
TENBHO HVeeM:

2% g > s &y
_Eg—ez (8~ “'IJ‘ Tdc—}— J) (p"%)gds-kpo(-:"(—}“ l)gdc(-l())
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Ve

o

Samensst § Ha v, nogyunv popvyay s , KOTODYIO, He BEI-

uuceBag, Hazosew (10,).

[Iycte remeps x, ¥, 2 Kakaf-auGo QuKcupoBaHHas cucteva
Koopauuat. Tak Kak
(9V _(_O_K> o (Ex) (91) _ (?_K) 08 (-
ae) =%z mlLOS(;JC)—-T— ar mlcos(vr\c) Flg) cos(ie),

i,

oV
ro (T) uMeeT onpededeHHbii npegea Upu 6 —)0 paBHbIA
N wy

%‘i = 5 £ cos (Ev)—{— —= cos (nx) - %‘i‘f cos(Gx),  (11)

Kpove roro, 3 NOJYUYSHHBIX BbINIE OUEHOK CJhelyer, uyto

oV Ve | _  an y
i(?ﬁ) ———ax! Z cAd, (12)

TAaK KAaK aHAJOTMYHHIM HEDABEHCTRAM YAOBJETBODHET KaX10e
cnaraeMoe npaso# vactu (11).

g
Taxkum o6pasov nOKa3aHO, 4TO (@%) CTPEMUTCS K Onpene-
N

JEHHOMY Upeseny, oCJaM TOYKA m, NPuBMKaeIcs K TOUKE m,
nosepxtoctu (S), ocrasasce na nopmanu N, [Tokaxew, uro
oV <
K 9TOMY JKe mpejieay CIPeMUICss -=-— HPH .f0G0M CHOCOGe Wpu-
Gavenns TOUKR M, K M.
IleficTRUTENBHO, B KaXAOA rouke m noBepxHoCtH (S) nocra-
BUM B COOTBEICTBMM Ty TOUKY #1; 3 (D,), KoTOpasi MeXHT Ha

o oV
HopMasmu N B TOUKE M HA PACCTOSHMM G O& m. 3xauenue T3

B TOUKe M eClb HENPEPHBHAN (DYHKIMA TOUKM m, TaK KaK IBYM
Gauakum Toukam m’ u m” na (S) orsevanT GiM3KHE TOUKH m

u om;.
Tak Kak, B cuay (12), - <€ eCIb PABHOVEPHBIH 1Ipeen (%‘;)
Hi
e

npu 6 — 0, TO -%—‘—; eCcrb HenpepoisHast GyHKUMS TOouky m Ha (S).

[Tyctes m, nexoropas Ttouka (S), u m, HekoTOpas Touka B (D),
HAXONAWANCA HAa paccrosumu & oT mg. [lycts my Gamkaiiuas
Kk m,; Touka (S). Wuveev r,, <& u, CHLOBATENBHO, rg < 28.
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Tak xak

@), — (), <I6G),

%) |

M

+1 aVe) (5,

U craraeMble MpaBO# 4acTH CTpemstcs K Hywmo npu &§— 0, 10
CTpeMMTCd K HYJIO ¥ JieBad 4acTh, YTO JIOKAa3uBdeT Halle
yTBED®¥ AeHMe,

oV
OT1coma crenyer, uTo 5% HenpepuBHa B 3aMKHYTO# 06JacTH
M fl03TOMY DPaBHOMEDHO HeNpePhBHA u orpaHudena. M3 Hamux

v
OlLeHOK CJIefyeT, uTO ‘—5—;! orpasuueHa 4uc/aOM Bula cA.

2. Hokawem, uTO 00\)/: NpaBHIbHO HenpepwmBHa Ha (S).

Tlycts m,, HexoTopas TouKa MOBEPXHOCTH WM X, ¥, 2 MeCTHas
CHCTEMAa KOODAMHAT, CBA3aHHas C TOukoft myg. [lycTs m, apyras
TOYKA IOBEPXHOCTH, HAXOSANULAACH HA PACCTORHUM & OT TOUKH Mg,
Yepes £, v, { Gylem oGo3nauarb MeCTHYIO CHCTeMY KOODAMMAT
C mHavazoM B TOuUKe m,. JITA MOKAa3aTeNbCTBA YTBEDKICHWS
0 TIPaBUJBHOY HENPEPHIBHOCTH MPeNeabHhX 3HAUeHHH MNepBhIX
POM3BOIHKIX MMOTEHIMA A MPOCTOro0 CJ0d, ZOCTAaTOUHO JOKAa3arh,

uTto pa3HOCTH
o), (). (), -, 0
(a—y My oy M, "\ oz m 0z g ( )

<0Ve> _ <0Ve)
0x n, 0x mo,
no MOLYMO He NpPEBOCXOsr uuced Bupa aAd*, Tax kak usyue-

HHUEe BTOPOH pPa3HOCTH AHAJIOTHYHO HIYUEHUIO TNepBo#, TO IHOCTA-
TOUHO PACCMOTPETh TIEPBYID M TPEThO pa3HoCid. 3aliMeMca CHa-

yajga Tperbel.
oV, ) (0 V) Qmus
( 0z m, on My thos

Wveem:
(001/ ) cos(Ez) +( “)m cos (12) -}
+ [(%";)W. — 2wy ] cos (N Ny).

B cuy (11)

(5.
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Orciona caenyer, o6osxauas uepes A’ TIPOU3BOJILHOE YMCIO
0< N <),

Kave\ [0V,
0z /'m‘ \ 0z )mo

+

< cA(|cos (2) || cos (12) -

(85) (68, e s ¢

H

+ } (%), — 2mu, | [1 — cos (N Np)] < ¢,A8",

TaK K4K
| cos (§2) | == cos (ENp) — cos (EN)) | < (N Np) < Ed;
[cos (1) ] < BB

1— cos (NyNg) < 2 sine LA (v vy < o,

% av
—_— 2. i —_
|y — o | < ASY ,(dn )mo (dn >m .
[Tocaennee M3 YKasaHHLIX HEPABEHCTB AOKA3aHO B MPEANONO-
HEHMM, 4TO § npPOCTO orpanuyeno. Ecau p npasuwibho Hempe-
PEIBHO, TO MOXHO JOKa3aTh, YTO HMeeT MECTO HEPaBEHCTBO
c nokasarteneM A, Tax kak Mbl 3THM T0Jb30BaThCsl He GyleM,
TO OCTAHAB/IMBATLCSA HA J0KA3aTeabCTBE He CTaHeM. MTak, Tperhbs
u3 pasuoctedt (13) omenmsaercsi senmumHod ¢, A8 .
[Tepetinem K 10Ka3aTeabCTBY aHANOTMUHOTO YTBEPXKISHMA IR
nepeoi u3 pasHocreh (13).

< eAd .

ox

ugTerpupopanus OGymeM o6osfavats X, ¥, z aubo &, 4, G.
Yepes r; 0603HauuM paccTosHue oT m,; L0 Mgy QueBHAHO, UMeEM:

£ cos (§x) -1 1 cos (qx) -G cos (Sx) =r; cos (r,x) = x — x,, (14)

av
3. Jlns 3TOrO CHAYANA BHIYUCUM (———) . Koopaunarth Touku m
m,

rae Xy —KOODIuHATA TOUKM M.
Ucnoassya dopmyay

(ave> _ ‘ o _r%ds—— 2mp,,

ot
" 1
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a rakxe Qopmyas (10), (10,), (11), (14), Hafizem:

(. 1
ox m, ¥ r

ssxy N

E=S ot [ (p ) st
“l)

: X—x
+u, ) <____ 1) E___S_Q_T}ds—{-cos (Gx) X
e. r’l
"L T3 L1y
[—‘2"91 Ty } 3 ydo—p, ‘(T"‘ >-§‘d5J, (15)
dy @y A
rae 7y, ==cos (N,N}); p,— NpoeKUMs r, HA KAacaTeJbHYK INIO~
ckoctb (5, ) B TOouke my; (¥,) ecrb 4acTs (S§), mpoeKTHPYIO-
Wascs Ha IVTOCKOCTH (5, ) B HEKOTOPHIA KPYI C peHTPOM B nt,

u pamuyca R, <2 <R, <d), rexamas sHyrtpH Cpepi Jlany-

HORA C meHwTpov B m,. Tak kak {4| < b,oﬁ', FO BCe UHTErpasnl

B KBaapaTHO¥ Cko6Ke CXOAATCH M MOAYJb KBaapaTHo? CKOOKH
He TPeBOCXOAUT uyucaa BuAa cA. Kpoue rtoro,

cos (Lx) | =] cos (Nyx) | ==
= | cos (N, x) — cos (Nyx) | < (NyNp) < E®.
[Tostomy MOy b HpoOU3BeZeHMS KBAAPATHOH CKOGKM Ha cos (Lx)
He APEeROCXOAMT uucia cA8; npu oweske nepsol pasuoctn (13)

3TO CJlaraeMoe TOBTOPATL He GymeM.
Janee uveem na ocHosanuu (10)

() = [wiat
(8~ 0

3
X7

+ t(u—po>—ds+uo (2T s

& @ 7
[pex e Bcero saduxcupyem ¥, MoJ0KHUB paauyc R ee npoex-

d

uud Ha oCKoCTh (€, 1) PaBHBIM 5 B nocnenyomeyv Gynem
CUnTraTh 6<—Z~. Torma vouka m, aewxmr Ha (¥). Kpome roro,

dyaev cyuTarh paguyc d cdepbl JIsnyHOBa HacroJqbKO MasbiM,
uytoObl MPAVible, Mapaaie/bHbe HOPVAJIW B 060X TOuKE 4acTH
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NIOBEPXHOCTH BHYTPH HekoTopoi chepwl JIanyHoBa, nepecekan Obl
3Ty 4acTh IIOBEPXHOCTH He GoJaee oamoro pasa. [lepeimem remepn
Kk suoopy (%,). Ilycte (¥') osnauaer GuUrypy, nOJy4eHHYIO
npoektuposanuev (Y) Ha miaockocts (§, 7); ouesmano, (¥), co-
JIepAUT BHYTPHM ceba Touky my. llycte R, u R, Haubombinee
¥ HawWMeHblliee U3 PACCTOAHMH TOUKM M, IO ToueK Kourypa (Y).
B kauectse (X,) BuiGepev Ty uacth (S), KOTOpas IPoeKTHPYercs
Ha naockocte (8, ) B Kpyr pammyca R; c LEHTPOM B 71,
(1 Koropas JexuTr BHYTpH cdepw JlamyHoBa ¢ ueHipov B m,).
OuesunHo, uro (¥,) cozepxur (¥).

OueHum rmomulh uactu (¥,) sHemned x (X). Tax kax
cos (N,N) > = 2, TO 3Ta TJOWAaAb HE NPEBOCXONUT YABOEHHOH
WIONAAH TIPOEKIHMH 3TOM uacTé Ha maockocts (§, 7)), KoTopas,
OueBHIHO, 3aKJIONEHA B KPYroBoM KoJblle paluycoB R, u R,
¢ ueHTpow m,. [losromy mmomase (¥, —¥) He mpesocxoauf

2% (Rl——R,) [TokaxesM, 4TO MOCACOHAS BEAHUHHA HE NMPEBOCXO-
AT udcaa BuEa &, J_IJm 3TOT0 INpelABapUTEJIbHO H3YUUM pas-

2 ~
Hocte 75— T3 Ha vact (3,), aexameh Bue cepw rq== 27,
Wmeevw Ha ocHoanuu dopmyan (7)

2 2

Ti— T2 — 5 == sin? (1, ,) — sin® (7gNo) = cos? (roNo) —
1 0

~ c0s2(r N, )==[cos (roNy) — cos (r;Ny)] [cos (roNp) -} cos(r,N,)],

NPUYEM, A ONMPeleNeHHOCTH, OydeM CUUTATh r( K 7, HANPaBIeH-
HeIMB U3 7L B My U M.

IHanee umeem, B cuay Hepasedcrsa (17) § 1 (),
| cos (roNg) | << Er* < 2*Eph;
8 cuty nHepasencTsa (9) § 2 (Il) umeem Bue chepw ro=—= 28
129— << %ro, U 103TOMY
jcos(ryN))| < Eri < (—‘;i)) Er < 3\Ep.

Kpowme roro,
| cos (rolNp) — cos (r;N}) | < | cos (rgNp) — cos (o) | -+

1! cos (rglN;) — cos (r\Ny) | <(NpNy) = (rory) < E& - (ryry).
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W3 TpeyronbHHKa mgm,m chaenyer

sin (rory) _ sin (ryry)
?) - rn

U, CJeN0BaTelbHO,

. )
31“(r0r1)<75<

o | o

Tak Kak CTOPOHAa Mgil, HANMeHbLUAd H3 CTOPOH TPEYroJb-
HHKA Mgm m, TO yroi (rorl) OCTDPEIM, M IIO3TOMY UMeeM:

(rory) < sm (ror1) < :2‘— . %

M3 Bcex 3THX OLEHOK CJelyeT:
. 9 ) % 0 ; ; = a h=1
P73 < [Eo +—2——P—]Ep'(3 T

1 1 1
Tak kax 72_<;E(,—\<1’ TZ_<\%\<1’ TO _<T0<1 H
1

2
—2—< T, 1. Orcona caenyer T,-+Ty>>1, u modtoMy Ha
OCHOBAHHMH TIPe[(HIYLIEro HePaReHCTRA
[Ty —To| < |T5 —To| < ed'p + g8 ™. (17
Tak kak T,4T; <2, 10
| T8 — T8 < |(TT = T (T4 To) | < 28’ -+ 2e:3’ . (18)
[Tycte m HexoTopas Touka KoHTypa (¥). OHa newur BHe

a4
cheph rq==28, TaK Kak & < - [osToMy nasi wee uMeer MecTo

HepasencTso (17). Mwmeem nmag atoft Toukwm:

pr=risin(riN)=riT, <(ro“}‘a)Tx:"oTo"I‘ro(T]“‘To)“l'8T1<
A—1

<4 —Ld{c ¥ (% )+02 (“) }+8=%—}—c387\—}—c48<—g~—{—c56‘

%, Cefi0BATENbHO,

R, == max g, <—g- -+ ;0.
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AHATOr¥4HO HAXONMM
. d d
py=rysin(rN)=rT > —8T,> 9 e —c,8 > 5 esd
H, CJIeIOBATCIbHO,

. - d s
Ry = minp, > 5 — cyt.

[Tostowy
24

2 % Y
0 < Ry — Rs <L 2dcsd
H, ciefoBatesbHo, Iaowanp (¥, — ¥) He IMPEBOCXOLMT HMCIa
Buaa cd,

d
Tak xak Ha (¥,— XY) r, nNPEBOCXONUT 3 ¥ Py Tpesocxo-

%, 0 Ha (¥, — ¥) orpaHuueHn dyHKIHH
X=Xy (l‘.__ 1) (X —x) 0

3 ? o 3
ry i1 P1

AUT

¥ TO3TOMY NepBuie TPH uHTerpama B (15) uamensrcs Ha Beqau-
YHHY, HE MPEBOCXOIfINNYI0 4MCaa Bula cAS’, ecam B HHX 3ave-
Huth (3,) Ha ().

Takum oOpazou, OCra’ioch H3y4dM1hL PasHOCTh wmex1y (16) u

X — Xy x—

lgs
3 i
ry

+ ’(? - )—(x;pi‘)—‘ 43 (19)
)

QuerunHo, Mony.b PA3HOCTH NEPBBIX uHTerpatos (16) u (19)
He IPesOCXOMMT uucaa BHEA cAS.

Tak kaK |w —py| < A®, a tperni uurerpan s (16) oipa-
HHMuYEH, TO pasHocTh TPeTbUX cJaaraeMwx B (16) u (19) orau-
yaeTcs OT IPOM3BEREHHS |1, HAa DPasHOCTh TPETHHX HHTEIPaIos
4HCIOM BHAA CACY fanee GYJET MOKA3aHO, YTO MONYIb PasHOC!H
TpeTBMX MHTerpagoB He mpesocxoiut ¢ , (A < A). Orcrona
Oynmer caIexoBaTb, YTO MOLYJb PA3HOCTH TPEIBHX CJAaraeMux
B (16) u (19) He npesocxoiur cAd .

IMycre (o) o3uauaeT uactb (¥), NPOEKTHPYIOLIYIOCS HA IIO-
ckocTh (xy) 8 Kpyr pammyca 26 ¢ nestpoM B m,. Toria merko
BUIETh, 4YTO MHTErpaitn no (5) OT QYHKUMH BTOPBIX ¥ TPEThHX

23 3ak. 749, H M Trontep
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unterpaaos (16) w (19) He UPEROCXOHAAT 10 MOARYJIO YHCEN
ent1a cA6h, Ocraercst U3yYHTb PA3HOCTH COOTBETCTBYIOMIUX HHTE-
rpaaos mo (¥ — o). Cuayana 3aiiveMcs PasHOCTHIO BTOPHIX HHTE-
rpajoB. Tak kak Ha (¥ — o) uveeu

L2 2
’7 Ty T op?
10
(=) 55— — ) £ = —vo)x (5 — ) —
| r A "o
X{ X—x ; 1%
— () S (ay— ) TS| < A p
1 1 ! ¥
Arg§‘1+A“’ A eyt TP A4 4,

(1
M, CJIe10BaTeMbHO, MONYIhL DPA3HOCTH BTOPHX  HHTErpaaon
10 (¥ — o) He IIPEBOCXOXHT
q

4nA [claJﬂ‘w do - 487 ‘ ‘)d J<

26

&

LN
S

d +’ -
o ! o ~ 7
8 40 In - <ol (A" <A

Ocraercs u3yyuTh Pa3HOCTh TPerbHx uHTerpator (16) u (19)
[uHrerpanaos mno (¥ — s)l.
[Tpexne Bcero 3ameruv, uro Ha (¥ — 3)

1 o1 ro__To 13
n=nl> g gy g 2
%4
3 3
"1=r1T1<r1<‘gro<‘g-2p=30,
H, TakuM obpasom,
L<p <3 (20)

3atem, B cuay uepasesciBa (17),
oy —el=|nT —r Tyl =|(r—ry) Ty +r(T,— Tp)i <
8- 20 (6,00 - €80 ~1) == 6 (1 - 2c00") -
- 2,07 - p <o e,
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i 1noaromy, 8 cuay (20),

1l le=ealfl 1 8_4(caa+c4pal)
T = (S+L 4+ ) Lah+art) (9

"1 710 p

Jlanee, rax rak To-+1> 2— > 1,
| Ty— 1= —T-rl—|<!7"a’——1af-
= cos” (rgNyp) < E°ry < (Era) - (20) < exp
M B CHIy roro, uto T;;’—{— To+ 13, nveew:
| To— 1 | < Beyp
[Tostomy, Tak Kak 1 —y < E(2p), uveew:
To— < To— 1] 11— x| < e, (22)
M aHAJIOTMYHO

3 ! 3 ]
[Ty — 1) < egor << egp's (229
KPOME TO1O0,

Y — 1| = cos (NNp) — cos (NNy) | < (NN)) < EF. (22%)

Vicnonn3ys Hepasenctsa (18), (20) — (227), a rakxke |x ! <p,
| x, ' <8, noayuum Ha (¥ — o)

TS — + 1\3’___]’ | T:}——‘

l . {l(x—x,)——- . x'glxl - {“—{—
“1 ¢ |l S
. (T “T0)+(T ) ‘ 1 1 4
Iy

640 64 [(2c13%" 4 2¢,8p" ~1) - Ed*
BP+ _[(1P+0329 )+ ]+

hy

p Bt ) or 503 (64c, - 128c, - 168c5) -
‘J

-+ 872 (128¢,p* 4~ 64E - 168¢,0) < ;307 -~ |- cgfp~?

23*
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OTciofa crellyer, uTo MHTerpan no (¥ — s) or J1eBOH 4YacTi
MocaefHer0 HepaBEHCTBA HE MPEBOCXOAUT

s i
e

dned | o' Ppdp o+ dmegd | pTdp <

24

4rc d o L it
< i ___7}—}— drcg ]Og Y < g0 +Cga < 01081 .

e

y

Takum of6pasom TeopeMa nOKa3aHa.

11. TEOPEMbDI JSINYHOBA OTHOCWTENbHO HOPMAJILHON
NMPOU3BOJAHON NMOTEHIHAJNA ABOHHOTO CIOs

1. Teopema I. FEcau uameem mecno 00HO u3 caedyro-
mux yeaosuii:

1°. u. — nenpepuisra ne (S), nputes (N, N,) < Er, [r — pac-
cmosnue 08yx mowex m, u m, nogepxrocrnu (S), N, u
N, — nopmasu k (S) 6 smux mourxax), mo

2°. umeen:
}!"ml"‘}"m._. < Ara (N]1 NQ) < Er)‘;
u ecAu NOMEHUUaA
" cos (rN) (1
W:‘: :\; ———r.{——— (/’3 )
&
lumeem OOHY u3 npou3sooHbX
daw;  aw,
“dn ' dn (2)
mo oH umeem u Opyeywo, u
aW; _ dWe
dn " dn

Ecau p,— 3HaueHue p B m,;, TO Mbl UMees:
W= | (=19 S s -y, [ 2N o
®) *
cos (rN
= | (o= w) =M e tpgn, w=14% 5 (D), =0 5 (D);
(9




iI. TEOPEMH OTHOCHTEIbHO HOPMANBHON 1POM3BONHOH 357

oTCiofa cnenyer, 4YTO €CIH CYyuleCTBYeT TPOH3BOIHAA B My, TO

aw __a ) cos (rN} ,_
T T | ) T A
()
Bosbmem 3a ocb myz HopMaab Ny x (S) B mgy. Ilycts (3)
—uacth (S), BHpesaeMas KPYroBbiM UHAHHAPOM C ocbio N,
uMetouiM paguyc 4. Mbl MoxeM Hanucarhb:

S| <ap'*, A=),

oGoaunadast uepes (§, 7, () Koopaunatel Touku m Ha (S), uepes
p — NMPOEKUHIO Ha IWIOCKOCTb XY paccTosiHus r Mexiy m, u m.
BriGepeM Takoe d, uro6hl BBIIOAHSIOCh HEPABEHCTBO

1

) —
ad < T
Ho, npuHuMas B0 BHEMaHHe, 4TO
aw _ d cos (rN ‘08 (PN
Wt o0t & | o 2N

(>-) (S—-)
B Y10 ABAferCHd OUEBHIHBIM CYILIECTBOBAHUE NPOMU3BOIHOH BTO-
pPoro wieHa B OKPECTHOCTH My, HaM [OCIaTOYHO SaHATLCA NpPO-

H3BOJHBIMU 1IePBOTO 4ideHa. BcaexcTBhe CHEMAHHOTO HAMH BbI-
6opa cUCTEeMBI KOODIHHAT, VK HMeeM:

cos (rN) a cos (rN
f(u—.()) cos a~a—z—i)«»—}»o)—§z-—’d
(‘ (:

Ho

d i' cos(rN)
55 | b—po) do =
*)

0z

I
—
=
<

FA

{ 0 cos (rN) 1+2cos(rN) cos (rz)}do

YUHIBIBAS, 4TO

cos (riN) = —;— cos (Nx) 4 % cos (Ny) - ——‘73 cos (Nz),
rne

%= F— x4 (— 2 G — 22,
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W DMpEHEMas RO RHEMaWHe, 4ro B J0GOK TOuKe Hopmamm Nj, X
¥ Y PaBHHl HYMO, Mbl HAXOIHM:

i i
9= a5
208 N) o 7% cos (Nx) + - 7 cos (Ny) +
1
. 1
—+ ;- (E—2) cos (Nz) — —cos (Nz) =
= 020 X cos (Nx)-+- cos (Ny) -+ cos (Na)} —
1 cos (Nz) = cos (r2) cos (rN) 1 cos (Nz),
r r r
OTKyna

o s (r ) cos (rz) cos (riN)—cos (N2
5% ‘ (P‘_P‘O)w ,(.zN) do = ‘ (P‘"‘"P‘o)s (r2) ,(.3 ) ( )dG'
) )
(3)
BriGepen HekoTOpoe 4HCAO R W PACCMOTPUM KDPYroso#t Liu-
auHIp ¢ ocblo N, mMewoumu# panuyc R; nyctb (s,) — BHpe3ae-
mas uM yacte (S), a R(z, R)— uurerpan (3), maaTwi#t 10

(X — gg). ITonowus 3T0, 0603uaukM uHTerpan (3), BasThibi N0 (L),
yepes Q(z, 0), a ToT Xe uHTerpas, B3ATHH 10 (5;), Hepes
R(z, 0)—Q (2, R). Brogs uw/mHIpHIECKHE KOODIMHATHI, ONpe-
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AejseMble TOYKOH 7, W mIoCKOCTblo XY, HmeeMm:

R(z, )—Q(z, B)=
i B

. | =0 [3cos (rz) cos (rN) . }
o ( a2 r8 { (cos Nz) Lyodp.
1] N}

3aitvemcs dyHkuned nox 3HakoM uHTerpana. Mueem:

1 { 3 cos (rz) cos (rN) Y 1 {3cos(rz)rcos (rN) }
AL cos(Nz) —"74{‘—?&(?/5—"—“—-’ :

Aas roukn sayrpu (D) (puc. 33)

r cos (rN)==r, cos (ry,N)+| z | cos (Nz)==ry cos (ryN) — 2 cos (Nz),
s rouku Bue (D)

r cos (rN)==r, cos (ryN) — | z| cos (Nz)=r  cos (r,N)—z cos (Nz).
Orctona caenyer, 4To BO BCEX Cayuasix

3 cos (rz) r cos (rN) __3¢0s (rz) rocos (reN) .
cos (Nz) i cos (Nz) — 3 cos (rz) z—r==
__3(5—2) rgcos (7N) 3(i—2)z4rt
- reos (Nzy  r T T
.3 —=3rcos(nN) 33—z z4p24L—2)p
- r cos (Nz) r T
. 1 13(E=2)rycas (roN) o 9)
-—7{ cos (Nz) —Cz—@—p"—}—Qz"-’;,
TaK Kak
S
Wrak, mb umeeM:
o R
: ‘ 02 922
20— A= [ | w—p){ L2222
0 i}
1 I3 ({—2) rycos (roN) 2
+r5 [ cos (Nz) —Le—{ ],}pdp. )
Monoxum
ri=Vo? —+ 22,
Vimeem:

f2mrf=.02+(c—"2)2—“?2_22=C2‘—‘2C3
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|2 —r}i < a"p? - 2appt| 2
r-—r'+6(d°0‘0')+2anplz‘ i6!<1’

r2rek A
Fer, l/] n 6 (adp?p -{-.)Qapr z|) o
i

=y ‘/ _1—‘}— 0, (“QP‘»‘ + 2ap* L,TZT“—)

3aMeTuM, 4TO Ha OCHOBIHUU CBOMCTB BLIGDAHHON HAMM yaCTH
NOBEPXHOCTH (L), BTOPOH UIeH NORX PAmMKAIOM MeHbule

62X g <

cJe0BarTenbHo,
[z}
a.ru\ ! 24 A2
1 1 r 1 h
— I - g‘ e — =R e
r SO e P8

rge g u h — orparuuertble QYHKUNH,
WUrak, pasedcrso (4) MoXeT 6uTh HAMHCArO B Clelyloieh
topme:

Lw R
Q(z, 00— 2 (2, R)=-'—Jv dy (‘ ([L—}LO) odp—[—
+ | a9 i (1 — o) pd; 5)
i

0
3nech

9,9 M 2 N i
Q= -—g(a o™ 1 2a ——r—l—z—‘> (p*—22%) +

3(E—2z)rgcos (ryN) ,2}
M_h{ cos (Nz2) M

Onpenenum pepxiow rpasuny Q. OleHuras Kaxani uwien Q,
MBI HaxoIMM: .

I A O AN A N A RN 2 P N
B camom nene,
1
| cos (rQN){ < by re<l2p, <p ==rpcos%, COsu > —2—).
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ITc0aa caefyer, 4TO

| Q1< Ap%™ - Bop | 2 |- Cpt| 2 [2,
‘ne A, B, C— onpenenenxnle YKcaa.

O0paluMca K CAeJaHHBIM B YCJAOBUM TEOPEMbl MPEAnojoKe-
AMAM; EO3VOXHO BRIGPATh R HACTOJBKO MaaniM, uTOGH GHJIO

[
w— g < g

(NN, < bp, h=1 B cayuae 1° 6
d;x——puo] < ap, (NNy) < bpr < = B cayuyae 2° ®)
B ofoux stux ciayuasx
: [ — 1ol Q1 <o AR+ Bp*| 2| - Cpl 2.
Ilast ouenku Bloporo wiewa B (5) Creayer BBYMCIMTH HHTE-
"DaJlbl
R R R
Aok do o3 dn " 2ds
A fﬁp_g'—, Bz f—-f,f_ Clzpp | 22, (1)
. r . r . r’l’
" O (]
Haxonum
R R
* s g ok dg 1
D 15 i < ( - ——:"*"R),
ry ’
0o i)
R B
t Sdp { s dp , 1 1 s
p_ag
2]‘ <2l ‘—* e |{m—“ <L
b 1 o Ve + 2 ' VR4 2t
R R R
524 1o ‘i do 5 R
22 Lo e ? ] i . = ems =<1,
| g = S Vit T VR VEirE S
11ax, Bce umrerpanant (7) orpanHueHHl H, KpPOMe TOrO,
v R
22, 0= 2 R=— | do | (n—pp) &5
0

4]

92
5 ad o dp+¢K;, (8)
1
“Ae K — orpanuuennast GynBKUMA,
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3amensst B (7) 2 HA — 2, MBI fOAYYdeM:
P }l’

Q(—2z 0)—Q(—2 R)=-— " do _‘a><

i}

. Po]
X (1= 1g) g pdp ek,

1
OTKY 13

Q(z, 0)—Q(—2, 0)=—2(z,R)—Q(—2z, R)-+=(K—Kp);
Buiipas R, spifepeM 2z Tak, WTOGH OLLIO
|Q(2, R)—2(— 2, R)I <,
aro BO3MOWHO, Tak xax Q(z, R) crpemurcs K mpejfeny, KOrda z
crpevutcst K nymo. OTcioga ClIeayer, yTo
|Q(z, 0)—Q(—2, 0] <el, L=1-|K|+4]|Ks}

ITocnenHee paBeHCTBO MOKA3HIBAET, YTO €CJHH ONHO W3 KOMM-

YeCcTn Q(z, 0), Q(—z, 0)

CTPEMHUTCH K rpedeny, KOrjga 2 CTPEMHICH K HYJA0, TO APyroe
CTpeMUTCS K [pejendy, PaBHOMY MepBOMY, uTO ¥ TPefoBanoCh
MOKAa3aTh,

3ameuanune. Ecan B cayuae 2° umeem {Ni, N,) < zp*, T0 MOKHO
Iae MPEeATION0KUTh, UTO

i — gl <20 flog gl
B camom pmeae, mnonaras
blg)\ — b?k— e,

MOXHO Boibpasb R J10CTaTOYHO MaJaniM, 4Tobsl b’ —% 6b0 MeHblue =,
# HCNONb30BATL MHOXKMTCHB 5% 4TOBbl pfilogs CTano OFpaHHYEHHbIM

3aMenss o* yepes gh—7, Mb coxpaHaem (OpMy HepaBCHCTBA, TONyYeH-
Horo pas | Q|

2. Cyutasi, 4yTO TOUYKA (X, Vg, 2,) HAXOJUTCS Ha Ipanue (g),
HOMOKHM : .
Xg=Rcosy, y,=Rsino.

Teopewma Il Ecau naomrocms v nomenyuaiuy 080HH0Z0

¢aon (1)
W— [ b 5N g,
. r
® :
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yBosaemsopsem 00HOMY u3 ycaosuli meopexms 1, u ecau ycao-
sue JlanyHosa

| =
[ a—rode| < e, <) ©)

(]

voosaemsopero, mo nomenyuas W urmeem g moyke i, Hop-
H@ABHYIO NPOU3BOGHYIO.

3amevanue. O6obuas yciosue 2° MOKHO NMOJOHUTH:
g, oy | < Arllogrl, ecau (N, N,y <er,

HepasencTso (9) no3soaseT ouenuTs nepsuii uaTerpan s dop-
mysre (5)

Qz, 0)—Q(2, R)=

Rt ( ‘:V(H—-Po)d°>d."|<

U] o

n
_ | et —222) '
<< [—‘r‘g—P( (0 —ng)de| ) dp <
ht 1 o
R R
M S PA S R P M 3
<a ‘ AP 2O g 3 ‘ _%_ dp="%R
0 1 0
B camov ned’e,
z.lpfl

4
L

< 1L

—‘%l<1,

I

O6pamasics, BHOBL K OLEHKe, Hatnesno# nas |Q|, 1 o6GosHa-
yas yepe3 e BEPXHIOI TpaHuly (v — u,| U, COOTBETCTBEHHO, —
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BEDXHIOIO 1DaHuLly aQp* WM apt " Ha (5)), MBl 3aK/TI0YaeM, 4TO
12(2, 0)— 2(2, R)| < 22 R oK. (10)

PaceMoTpuM KpPYroeoft wamuuip ¢ oceld N, M panmycom
R, < R. Iycre (s;)— Bupesaemaa uv vwacth (S); 06O03HauuM
yepe3 Q(z, R,) wnrerpan (3), s3arelél no (L — o).

Hruterpan (3), B3dThifl MO MOBEPXHOCTH MEXAY ABYMHA UWIHH-
Apami, pasel

Q(z, R)—2Q(z R)=
?ﬂ 1'? 9 0 -:T: B
=— | a \ E=2 (4 —pgrdo 4 [ do ((}L—:Lo) L pep.
0 R'[ ,-<1 1] R, "1
Ilpu 2==0 nocnexnee paBeHCIBO jaer:
20, R)—Q(0, R)=
iR B e I
(] £ [ * . 2.
=— ‘ ds ‘ —bolde rd? ‘ w——i‘p’_‘le/wdp,
) R, ' 0 R
TaKk KaKk npu 2 ==
ri=p, Q=084p%%, ([0{<1).
Bo sTopom 4.aene
[ —u, | 84p2 < Apph,
OTKyna cJefyer, 4TO
‘ do ‘ (2= 1) BAP»\_d

2
P

R

RN
pl|<2w=eA ‘ %d():—_
R,

=24 (R —R)<ceR.

[Monbaysce ycmoBuem JlsmynoBa, io0ayvyaeMm Jad MepBOro yJaeHa:

()] Rl

! ?“ If ‘ {3 2r
0 R, : R, 0 .
R 2r R
< [ 2] | p—pody|<a [ £ L@ —R)< 4R
R; l 0 Rx
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Orciona caexyer, ur0 Mbl HMeev, HE BBOAs R, B MpaByio
YacTbh HEPaBEeHCTBA:

120, R)— 2(0, R)! < aR'+ bR (11)

Beuay Tolo, urto mpasas yacTb (11) craHoBuTCS GeCKOHEYHO
majgoh Bmecre ¢ R, wb seBomaM, uro (0, R) crpemurcs
K upeaeay npu R, crpemauemcs K Hymo. [lycrs aror mpenen
pareu -

IImQQ, Ry==L, ecm R—0.

ITpu R,, ctpeamsieMcs ¥ Hymo, Msl nmonydaem u3 (11):
1Q(0, Ry— L] << eRY1-cbR. (12)
H3yyum Teneps paswocTth
Rz, H)—L
UHTErpamia
W : cos(rN)
dn =~ (’n ‘()_—‘0) —ds,
Q1
B3ATOTO B TOYKE /M, W rOJALKO HUTO Haljnensoro Havh wacaa L,
imeev:
Q(z, 0)— L=1[2(z, 0)—Q (2, R)
12 (0, R)— L]+ [2 (2, Ry—2(0, R)]
u, Gnaronaps mepaseucisav (10) u (12),
'Q(z, O)—L|=aR' 4K+ bR L |Q (2, R)—Q(0, R).
Hpu npoussosshe BufOpaHwoMm &, R 6oul0 tak BHOpaHo,
1TOGB YROBAETBOPAAUCE HepasBeHcTBa (6); mpeamonoxum, xpome
TOr0, 4TO
aR’ L =,
Honyuaem:
1Q(2, 0)— L1 <sB-|Q(z, R —Q(0, R).
Cogpanss sHauenue, BHIGPaHHOe Jad R, MB MOXeM Npenno-
14raTh 2 HACTONLKO MafjbiM, 4TOGLI PA3HOCTH
[z, )—2(0, R),
Ouaa menbiie e, OTCIOmA ClAeAyer, UTo
1Q(z, 0)—L|<Ce npu|z'<z,
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H 4YTO
lim Q(2, 0)==1L, (z—0),

T. € uTO - CTPEMHTCA K OMpe/e/erHioMy npeieny, KOTA:

Toyxka m HopManu N, K (S) B my CTpeMHTCH K 1y, UTO M Tpe-
0OBANOCh J10KA3AaTh.

I1l. TEOPEMA O BTOPbBLIX [IPOU3BOAHLIX
HbLIOTOHOBA NMOTEHIMAJIA

Teopema. Ecau nisomuocms w HsiomMOHO8G NOMEHLUAAQ
onpedeseta u NPABUALHO HenpepvisHa 8 KoHenHol obaacmu (D),
OCPAHUYCHHOU KOHEYHbIM HUCAOM 3IAMKHYMbX nOosepxHocmell
JsnyHosa, mo smopsie nPOU3BOOHbIE NOMEHHUCAX APASUABHO
Henpepugroe 8 (D) u sue (D).

JloxasarenbcTBO pazobbeM Ha e uwacTH: 1) Hoxaxem 1pa-
BWIBHYIO HeNPepHBHOCTh BTODBIX MPOM3BOAHBIX B (D), KOTOpYIO
Gyzem HaswBarh (D;), © 2) noKkameM IMPABUIBHYIO HeIIpephIs-
IOCTh BTOPHIX IIpoussopHblx B (D).

1. Ilpucrynas K noka3aTelnCTBY, HAMOMHUM, YTO H3 $Hop-
myasl (61) ra. 11, ecnm noxoxuth B Tocxennel p =1, crenyer:

R R ‘ cos(Nx)ﬂc—2 (1)
ox | ra . Tag
@; <

v 9Ta QopMyna cripaBeiauBa, ecau m, B (D;) um B (D).
Cyumecrsosanne B (D;) BTOPBIX MNPOU3BOAHBIX HbIOTOHOBA
IIOTEHIMaNa C MPABUIbHO HENpepLBHOK MIOTHOCTBIO OHIO IOKa-
3ano B § 14(ll) u Tam xe OHJIO JaHO HX SBHOE BHIpAXEHHE.
Mel Bocmonbsyemcs 3ameuanueM koHua § 14 u BuiGepem B Ka-
yecree ob6ractu (D,) Bco ob6aacte (D). Torma, Hanpumep,
2

ozp
ISl ——- TONYuRM CJeyiOLee BHpakenHe:

L

. . 0
0:p 02 dTa T'ag - .
o =i | et | v e s .

(D; (D)

X2

WNU, eciau BOCTOAbL30BaThCA dopmyaolt (1), ‘

1

. O e

aip 0 ds a0 ,

ez T T G ‘ cos (Nx) 7—02* -+ [‘ (b —p)—5 - d. (3
S - D)
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Ha ocnosannn Teopemn § 7 (II) 3axmovaem, uTo HpaBas
yacTh (1), KAK HOTeHUMANn MPOCTOro CJAOs C MPABUJIBHO HEmpe-
PBIBHOM MIOTHOCTBIO — €OS (NX), MMeeT NPABMALHO HeMpephiBHbE
nepssie npoussonnsle B (Dy) M B (D,). Orciona ciaenyer, 4To
1eppoe caaraevoe npaso#t yactu (3) ecTb NPaBUNBHO HeEMNpephIB-
mast  dynkuusg B (Dg), Kax mHpomssefeHre JABYX MPABUIbHO
f1eNIpepLIBHBIX ¥ OrpaHnyeHHuX dyskuuft, Ocraercs n0Kasarh npa-
BUIBLHYIO HENpepHBHOCTL BTOPOrO Ciaraemoro mpasott uactu (3).
Jlas kpatkocTd panpHefleR 3anvcu 0603HAYNAM |

PYSLE
rag

5 =1 (mg, m), “)

rie m(&, m, %)-— TOYKAa HHTErpUPOBAHMI.
TakuM 0o0pasoM, HLOKAXEM NPABUIbAYIO HENPEPBIBHOCTh HH-
1erpana

o (Iy) =~ ' (1 — ) f (my, m)d-=. (9)
)

[Tycis renepw m, ¥ m; ABe Touku obaactu {D;), pacCros-
lde MEKAY KOTOPbIMH 06o3xauuMm 6, UYepes (D, 28) o6Go3Hauum
uacTs obmactu (L)), newamylo BuyTpd mapa (28) panuyca 26
C 1leHTPOM b m,. Mmeew.

2(myy —o(my) — f (p —w)f (my, m)yde—

)

— [—wf o, myds— | (o —p)f Oy, myde —

‘D) (D, 23,

f— [ e g myds [ =) (my, m) —

0" 9 (D—{D, 22))
—(p— p.o)f(mo, m)j d=. (6)

[Mepsnifi n BTOPOR WHTerpanw npaBoil uacTu pasencrsa (6)
He Hpesocxopst no Moxynw uucen suga cAdl. le#cTnuTensHo,

4 . . 4

04eBuAno | f (g, m)| < — 4 (f(m,, m)| < —-, THe ro ¥ ry —
7, r
0 1
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PACCTOSHMA 10UKH M 1O mo u m;, [TosTOMy

. .
| ‘ (r — wo) f (1, m)d'c| < 44 r’o—lé- dz <
(00 0,2 0
g . N I3
< 44 | ri="ds = ~19—7;—2— Ad’;
(58

AHATOIMYHO OLIEHMBAEICH MCPBWH WMHTErpan, ecld YuecTb, YTO
(D, 28) nexut B mape paguyca 38 ¢ ueHTpoM B m,. Ocraercs
oilenuTh nocnemuit uuwrerpan mpaso#t vacru (6). Has aTtoro sa-
MeTHM, yTO BHe wWwapa (28) umeem:

1 3
‘;2 r0<r,< §r0,

1ae r/ — paccTosiHMe TOYKM M 10 11060} TOYKH OTpe3Ka Mym,.
Kpome Toro, na ocHosanuu (4) umeem:

1

o —
;
my, m)y—j(m,, m)—=={— —=- X, — X -
Fmy ) —fmgy m) == (=) 06— x4
1 1
03— o —
__r — o _
-+ (axz ay)ml(% Vo) <0x-’ az)m,(zl 2o

OTKyaa HaxXxQAum:

,f(mp m)-—-f(mo, m)|<37‘/;_< 161'6 )

0

Orciona clenyer, 4to

! (e — Pl)f(ml’ ) — (g — !Lo)f(mm )| <<
<[ —wo) [f(my, m)y—f(my, m) 4] (po—0))f(my, m)| <

[Tycts R osuauaer puamerp o6aactd (D). Torna us nocnen-
HEr0 HEepaBeHCTRA HAXOLUM, UYTO MOAYJh TPEThero HHTerpam;a
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npasolt wactu (6) He npeBOCXOAUT
B R
4r [16'0.45 f r();”"ré dr(J —+ 32Aa).f ,.g,.g dro] —
24

Gy

= 4[5 (B — o) 1285000n f&} < o4,
U, Takum o6pa3oM, PyHKUHS ©(m,) eCThb TIPABHJILHO HEMpephiB-
vast Qyuxuug B (D).

JrTHM camblM 3aBeDHIEHO 10Ka3aTeJAbCTBO MEPBOH wacTd Teo-
peMsl O MPABWIbHOH HENPepLIBHOCTY BTOPHX I[IPOUSBOAHHX I10-
redunana 8 (Dy).

[Mpexne uyeMm NepeXonuTh KO BTOPOH 4YaCTH, 3AMETHM, 4TO
P W3yUeHHH pa3HoCTH (6) HUUTO HE MEWaJNo TOUKH My U My
cudTarh nNpuuagnexamuMu rpauuue (S) obmacru (D;); noTOMy
© (M) ecTb IPABHIBHO HelpephiBHas dyukuus Ha (S). DruM 3a-
MeuaHueM BOCIHONb3YeMCH 1IPH JOKA3aTeJNbCTBE BTOPOH HYacTH
1€0peMEL.

2. Jlokaxem, 4ro BTOPble [IPOM3BOAHBIE HbIOTOHOBA [IOTEH-
H¥ana C IIpABHABHO HENpPePLBHOH [JJOTHOCTBIO LPABWILHO He-
npepsieibl B (0,). Hast 1oKa3aiexnhcTsa 3aMeTHM, YTO

02

Ox? ,
62

Loas
ry

e o6nactu (D) €BAARTCs rapMoluueckol ¢yHKNMeH BO BCA-
xol obmacru, jgewauied BMmecte ¢ rpasuueft snyrpu (D,).

Ecnu mb 1nokaxem, 4ro paccmartpuBaemas BTOpas TIPOM3BOI-
Hasg CTPeMHTCA K ONPENENeHHOMY KOHCUHOMY npenely ¢ (),
KOrja TOUKa mg CTPeMHTCs, ocraBaack B (D,), K TOuke m,
IDaHMllb, W YTO BTOT Tpenen ABAIETCS MPaBUALHO HENPepPHB-
Holh dyHkuue#t Y(m,) mHa (S), To Teopema Oyner AOKaszaHa,
HNeficTpuTenbiio, B CURY eNMHCTBEHHOCTH petnend saxaua [u-
puxiie paccMaTpHBaeMas BTOPas MPOU3BOAHAA IBHTOHOBA MOTEH-
n¥ana cosnalaeTr ¢ pelnendeM 3azaud [upuxne s 3apaHHOH
Ha (S) upasuabno HempepuiBHOH GyHKiME. Kak Ml BHaeny,
TaKOg pelleHde ABIAETCH TPABHAbHO HENpepuiBHoi Qynkiuel
8 (D).

Mtak poxawxewm, uro %(m,) cymecrsyer W dBjgerca Impa-
BUILHO HeupepuBHOH dynkuued Ha (S).

924 3ak. 749, H M Tontep

s
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ITycrte m, HeKoTOpas Touka nosepxHocTH (S). Ilycrb Touka my
B (D, nexur na nopMmann N, B TOuKe M, Ma PaCCTOSHWH &
or my. Yepes p; o6o3Hauum 3Hauewre w B Touie my. Torua,
ucnoansya (1), watinem:

a2 ( Py 0% ( dz [' d=\ __
g Ve d-~—w<%*x i (P*Px)m)——
(D) (D) 62

o N ‘
== [ s [ o) f gy )5 =
%) (D)
= 3 (mo) -« (my, 8). (N
Kak mu yxe ynomuuanm,
3(”10): — _.,o— ‘ E&,I\_]f_)_ dg

ox ry
()

€CTh NMpaBuiblO HenpepbiBHas Qynkuus B (D;) v B (D,). Ee mpe-
nensuble |u3 (),)] 3navedus Ha (S) o6pasyior UPABANBHO HE-
npepuiBUy0  GYHKUMIO, KOoTopyl o6o3Hauum J3(m,). HWmeen,

KpPOME TOTO,
|8 (mg)— B (m,)] < B,

H, TakuM oO0pasom, nepBoe cxaraemoe (7) umeer IipefesoM
upu & — 0

B (my).
Hoxaxem, yto BTOpOe craraemoe «(m,, 8) crpeMuTcs K
e(m)= [ (pp) f(my, my, ()
()

KOTIa TOUKa m,, OCTAaBasdCh Ha HOPMamM V), HeOrpaHHUEHHO
npubauKaeTcs K TOYke mi,. 3aMeTUM, YTO LPABUIbHAS Hempe-
PHIBHOCTb @ (m,) KaK QyHKw#d m, ua (§) yxe Ouja Q0Ka33Ha
B o 1.

ITycrs (2, 28) o6o3wuauaer uyacTe (D) BHytpH Ccdepbl pa-
aMyca 28 ¢ ueHTpov B m,. Torna nmeem:

@ (my, 8)— o (m)= [ (p— p;)f (mo, mydc —
D)
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— f(rt-sh)f(m,,m)df= f (b —py) f(mg, mydz—

(D) (D.2%)

— [ —p)F O, myas+

(D, 25)

+ f (w— ) If (ngy m)—f (my, m)} dz. (9)
s 28))

Kak Mut Buzenu pawbliie, Bropofi M Tperufl umrerpaad mpa-
Bofi uactu (9) 1o Mopymo Membille uucesn B4Aa cA8,
Jlag oneHxy nepsoro uHTerpajga 3aMeruM, uTo

<rot3,
U 1103TOMY
[p—u | <AR <A@, N L 2A (-89,

Orcopa cmepyer, y4To MOAYAb N€PBOro HHIerpana upasoh
vacty (9) He UPEeBOCXOAUT YHCa '

4.24 f )

(D,%%)

=4.2ml ‘ r> 3t [ d;"]<
0,2 (D, 28) "o
2

< 16724 | ry~tdr, 4 248 [ _r?’:z
0 D, 28) "0

==8>A[‘6“' 4.2 ji‘—;—]<max,

(D, 23) "o

TAK Kak cefiuac 6yner HOKas3aHO, 4YTO

f dz
3

;o 70
orpaHuueH AN Bcex 6, He NPEBOCXOAAWMX JMOGOr0 3aAaHHOIO
qucna nanpumep d.

lﬂ.eﬁcmmenbﬂo, nycts &, v, { mecrtubie KOOpllHHaTb! ¢ Ha-
yanoM B Touke m,, Hpuuem ock OL HANpaeneHa B CTOPOHY

4%

<
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Touku M, Ouesuino, obnacts (D, 238) nexur B 06aactu, orpa-
HUUeHHOH IOBepXHOCTAMHU

—28, p=V¥-@=2, L=0b""

TMoatomy, Tak Kak ro=J p2-I-(8—UL)? uveeu:

= ln bpl A

e dp do =

oo " ; ‘ (Vp+(a 0

¢ A+h 3 3
= 2% ‘ l[ b 2 .1 i ]dp:::
P LV G T VR
23 7

2”"1[__3’?___ 1]d 9 "1
=% ) Wewe e gX
] ¢

2
3 — bpl+d xdx
1——'——:ft::::::::n::](i =:——'27'[—— ’F
X[ Vete—tmryd @ Vi 3+ 1 2549l
2

xdx
T T —

X (bt xlth)2 | Vxl—}-(]—bo'»xlﬂ)‘ﬂ + (1—berx1+M)]

’ dx
27 J —
< d V xt F (1— b8hxl raEd (1 — prx1+4)’

1 nocjaepliuil MuTerpan Anasercs OorpandueHHol M HenpephBHOH
¢pyuxuueir or & B MoGoH oxkpectnoctH §==0.
Takum o6pasoM,

| (myy 8)— o (my)| < cAB, (10)

WUrak, ecam 10uKa mg, OCTaBasCh na nopmanu N, B TOuke 71,
crpevurca K my Hi (S), 10

a3pP 0: [ u
w(nz):(—7> f‘—————‘——dt
0 0-¢¥ iy d
CTPEMHTCA K npeneny

¢ (my) = p.3 (my) + 2 (m,), (11)
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npuyem
@ (img) — & (my) | < AR (12)

Kpome TOro, #3 1IPABMABHON  HenpepuiBHOCTH ¥, B3(m,)
u o(m,) Ha (S) crepyer, 4to

[ () — o (m")] < 487, (13)

ecns m’ touka (S), OTCTOSULAs HA PACCTOSHUM &, OT m,.

Hs (11) u (12) merko cnexyer, uTo (12) umeeT Mecro jag
moGo# Toukd my's ([),), OTcrosiied OT m; Ha DPacCTOAHUM, He
NpPeBHIAOINEM 6. ﬂencrnmenbﬂo, TOFAA PAcCTOAHUE TOYKHU ML,
A0 Gmkalued touxn m’ wa (S) me npesocxoam 3 u, caeno-
BaTeNbno, paccrosuue &, or m, Ko m’ He npesocxoaut 28, Or-
Ciolla MMeeM, TaK KaK Touka L, JNeXUT Ha HOpMam N’

B Touke m’,

[@(mg)— & (m)] | o (mg)— & (m'y| | ()Y — b (my)| <
< cAY -0, A(28) = cyAY,

4T0 4 TPe6oBaToCh A0Ka3aTh. Takum 06pa3oM, BTOPas NPOUIBOj-

0P
Hasi 5, HMeeT onpefeieHHbie fipefcabHtle 3nadends $(m,) u

nocheusia QynKuus nNpasunbuo HenpephiBua Ha (S). ITuM Teo-
peMa KoKazaHa.

IV. NPSIMBIE 3HAUYEHUSI TOTEHUMANA NBOMHOTO CA0Y
WU HOPMAJIBHOW NPOU3BOAHON NOTEHUUANA
NMPOCTOTO CHOS HA JI,

Ceituac nokaxem reopemust 3 u 4 § 21 ra, 1L
Teopewma 3. Fcau (S)ET,.o(B, 1), w€ H{, A, ) na(S),

>0), mo Wlpl€H(-+1, cA, X') na (S).
Teopema 4. Ecau (S)EJIHQ(B X, nEH(U, A, N

wa (S), (10, mo YW e 41, ca, vy na (S).

Mur cHauana noxaxem Teopemy 3.

Iycr, m, Hexoropas Touka nosepxuoctu (S), & =, L—
MECTHBIE KOODAMHATHW € HayanoMm B m, Dyaem cuutars paauyc
d, xpyra A, BuIOpPaHIKM HACTOALKO Manbiv, 4106K KDYT (A;)
paauyca 2d, w xouueuTpuuyeckhdh ¢ (Ay) Takke coaepxanca
B NPOEKUMM HAa TIOCKOCTH &, v dactu (I) nosepxuoctu (S).
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Mbi Gynem cumratb, uto (8, W)EH (I, A, X) u F(E m)€
€H({+2, B, A) B (Ag), u noxawem, uro Wpl€ H({ 11,
cA, X)B (4.

Wmeewm:

— ° W N; N,
Wipl= [ @) 20 g, 4 [, ) ), )
(S—:z) o (¥) e

Huterpan no (S —3) ssaderca dyHguuedt &, v, L, uvewomed
HeNpPePHBHEE U OTpalfHyeHibie IPOM3BOAHBIE MOGOI0 TOpSiKa
no & 1, L B nexortopofi o6nactu, conepxautefi nosepxHoctsb (Tg).
3amensin { wa F(§, 7), nmonyuaeM 3Hau€HHE IepBOre WHTerpana
na (3). Tax xax F(E, 7) umeer mnpoH3BoAHbie 110 & ¥ 4 10
nopsinka /-}-2, TO 3TO XKe MOXHO CKasaTb O NepBOM HHTer-
pane u, CJAeNOBATENbHO, MEPBbii MHTErpaj NHPHHALTENKUT KIACCY
H({4-1, c,A, 1) B (Ag) u tem cammiv knaccy H (-1, A, \)
B ([\0).

KoopauuaTtst Touku m, o6Go3uauuM &, 7, §, a TOUKM 7,
MHTErpupoBaHus — uepes (x, y, 2). Torna umeev:

re=VE—0 40—+ 1F(x, ) —FE P,
€os (rylNy) =
FEN—Fr )+ = 9F )+ =) F(x )

,
P cos (Nyh),
TaK KaK
cos (ryf) = o cos (rism) P
G ) —F(x, 1
cos (ryh)y = FG&w—F(x y)’ cos (V,0) =

cos (Nf) = — Fi(x, ¥)cos (NL),
cos (Nyn) = — F:, (¢, ¥)cos(NR).
[MoatoMy umeem:

[ (o) o raM 4o, [ f p(x, ¥) X
@ N1z )
F@&m —F @& )+ &= (6 )+ —0Fx )
(VaE—9+ =+ [Fx ) —FG wPP

dxdy.
(2)
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[lycts o(r) dynknus, umeouias HenpepPuBHbE NPOU3BOAHLIE
10 mopanka [-}3 aas Bcex r >0, paBHas CAMHULE AN

r <—3—d0 n pasuasg Hymo nas r > 2d,. lloaoxum

Uy (x, y) = (x, y)“’(l/x2+y—2)’
Fy(x, 9)=F(x, y)o (V¥ J-3),

npudev Gyaem cumrath @, (x, ¥) u F,(x, ¥) oureleneAxnmu
Ha BCeH MAOCKOCTH X, ¥ W PasHubiMu HYmo BHe ().
OQueBunso, u(x, vy =1p,(x, ¥) u F(x, v)=F, (x, ¥) 8 kpyre

Vet %do. IMoaroMy muterpan (2) ornuuaercs oT ana-

JIOrHYHOTO MHTEI'pana, NnoJydeHHOro 3amenoft u(x, ¥) Ha y;(x, ¥)
u F(x, y) va F,(x, ¥), nureryaiom no uactu (A) sHe ykasam-
soro kpyra. [locaemmit ke wunTerpal TaKiKe TNPHHALICKUT
H({-4-1, cA, V') B xpyre ().

dyukuun p,(x, ¥) ¥ F;(x, ¥), Tak xe kKax u p(x, V)
u F(x, ¥), uvcior 3 (\,) HeupepuinHble APOU3BOJHbIE A0 110-
psaka I u [-}-2 coorBeTCrBeHHO H IPHHANIEKAT TaM KJaccaM
H(l, cA, ) u H(I-42, ¢B, %), Tax Kak 3THMU Xe cBO[ic rBaMR

obnanaer w(l/x9+y9), Goaec roro, dymkuum u,(x, ¥) H
F,(x, y) o6namaioT yKa3auHbivid CBONCTBAMH Ha BCell IJIOCKO-
cru (X, V), 2 na rpanune kpyra (A,) u sHe ero g, u F,—ux
npoussoaHsle Ko uopaiaka [ w /42 coorsercTBenHo 06pa-
IHA0TCI B HyJb. IS 10Ka3a1CALCTBA TEOPEMbl AOCTATOYHO TOKa-
3aTh, YTO

ot = | ‘ By (6, 1) X

Py m) —F (6 3) 4 (£ =8 Fip (2, y) 4+ (9= w) Fip (2, ¥)
P ————— T ol I, dxd
S B ey g iy ety e O 4

npunagnennt knaccy H(I-4-1, ¢4, ') B (Ay).

B nanpuefiitem Bmccro py(x, ¥) u F (x, ¥) Oynem nucaTe
u(x, ¥) u F(x, ¥), a 06/14CTb10 MHTEIDHPOBAHHA CUHTATh BCIO
IIOCKOCTD X, ¥,

Ilepefiaem K nOJAspHBIM KOODAMHATAM C TOAIOCOM B TOUKe
m, (5, M), TONOXKUB

x=%§t-pcosh, y=rm-psinf,
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Torna nonyuum:

o (%, ~q)=f I (G tpcost, ntpsinB)KE, =5 p, B)dpdh, (3)
0 o
11e
K m; p, 0)= ]

_ F(ma) — F(my) 4 pcos8+ Fy (mg)+psin F (mry)
¥ (Ve 17 (m)— F (m )
my (&, M), m,(z——pcosh, n--psinb).

C))

Msyuum O6maxe dyuknmo K(E, 7; p, #). Vmeeu:

1
F(m)—F(m)= [ % F&-tocos, n--tosinh)dt =
0

1
= [ [Fi(m)p cos -+ F (m)psin 0] dt =
)

1
p f [Fé(m) cos i -}~ F; (m)sin 9] d¢,
0

rae m 03navaer TOUKY ¢ koopaunaramu & --fpcosh, n-|-fosinf.
ITosroMy dyskitus
lF] (E, 1 0, 0):&‘&%5@’!}:

1
== f [Fi(m)cosh - F; (m)sin 0] dt
i)

x

uMeeT no scev apryvedrtaw &, 7; 0, ) neupephBHbe TPOU3BOJI-
uee 10 /-L-1 mopsanxa.
llanee, vuTErpuUpys 10 4ACTSIM, IHOJIY4HM:
1

>

d d 1
F (mg)— F (m,) = 6 SF(mydt=t—F(m) o
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1

_— f t%F(in)dt:Fg(m.z)pcosﬂ—}— F;(mg)psinﬂ——
0
1

—p? r t{FE’E(m) cos?6 - 2FE:) (m)cos 8 sinh F;',‘ (m) sin] dt,

¢
OTKYZa cieiyeT, 4TO GbynKuus
F (my) — F (my) + p €08 B Fg (my) + p sin OF ] (my)

W, (6, 15 py 0) == 5 -

1
= f t [Fgg (m)cos? b - 2F§,‘ (m) cos 8 sin § -
]

-+ F;’n (mm)sin?b] df

uMeeT no sceM aprymentam £, ; p, O uempepbiBinle npPOU3BOA-~
Hele 10 nopsaxa [.
Tax kak

2y (5, % 0. 0) TG % p.0)
K E, Ty Py 0)=— '——p::_“—_.;:__ — = — e,
&b 0 AV GE v o 0P (VIG5 0P

10 ¢ynkmus K(E, m; p, §) umeer HenpephBHeEC NPOU3BOLHHIE
no nopanka [ no & x; p, 9. IDrum xke csoficTsoM ofaanaer
dyuknus w(i-+pcosl, w4 psinf). IMostomy npoussoanas no-
spanka [ or ¢ (5, M) mo £ u v npencrasuTcs koHeuHol cymmoH
MHTErpasioB THNA

28 oo ]

f f (™ € J-pcos, q-psin8) KE"E, ; p, 8)dp ab, 5)
0 0

m=0,1,...,1,

[N

rie p™ osHauaer KaKywo-nMGO NPOM3BOANYIO NOPAAKA M OT

w(E, n) 1 K&™ o3uauaer kakylo-1M60 [POM3BOAIYIO NOPRAKA
{—m no & m or K( m; p, 0). Orciona creiyer Henpepis-
HOCTB H OFPaHMYEHHOCTh MMCAAMH Buja cA BCeX NPOU3IBONHBIX
no nopaaka [ or dynkuuu o (¢, v). [as nokasareascrsa Teo-
peMBbl [0CTATOUNO [l0KA3aTh, YTO umTerpan tuna (5) umeer npa-
BU/ILHO HENPEPLIBIYIO NPOMAROAHYIO NePROTO HOpAiKa B (4g).
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Mosmb3ysicy dopmynolt (4), wudyuum noapobuee K(Z’”')(E, n;
o, 0).
Nycrs ® (5, M) xakag-au6o dynxims, Brpaxeuue

- BE M— D, ) F e —HD(x, ¥) (v —m) Dy(x, ¥)

6y11evx 0603itauath yepe3 {P}. 3avemus x u y Ha §-f-pcosb
u 'q—rpsm 6, nonyunm ¢ynxumio or &, m; 0, 0, KOTOpY10 060~
auauum {$). Taxum o6paszou, uncaurens apodw (4) ects ’F}
QOuennano, NPOU3BOAHAA OT 'F} no £ u 7 noayuyaercs 3a-
MeHo#t F Ha COOTBETCTBYIOULYI) NDOUIBOIHYO, T. €.
OuFy | To1F
PRI N (P

b (P,

Pazuocts @ (x, y)— (&, 1) Oyaem oboavauars {d], a pyHKUMIO,
noxyuennyio 3ameofi x n ¥y wHa E-4-pcosb u m-t-psin6,
gepes [®]. Ouesuano, utTo

[ ’—0717 g
__»-_v( ]J = [ Y, NEY :[F()]'
08" o' 05" 05
Joxamem, 4TO npou3pOAHas nopsaxa B (B> 1) no € u 7

dynknnu (p2 - [F]2)~"= asnseTcs cymMMo# KOHeyHOro 4ucaa cia-
raeMbX BHfa

3 W —— 1<p <Lk
o s . 6
@171 1 (F, <0<vi<k——p+1> ®

HelicTBuTenbHO, nepsas MPOU3BOjHAN paBHA

3
~ (S 1) e
— 3 1F?) (2 )[F”F(])]’
YTO /OKasHBaeT yTeepwzenue Aas k==1. Ilycrs k&, > 1. Iipen-
gogaras, 4To Hauie yTBepxIenue BepHo Jas R=:k,-—1, no-
KaxeM, 4YTO OHO Bepio W i k.. Ilpu nudgepennupoBatuu
Kaxjporo cnaraemoro (6) Oymsem uwvers: upu jucgdepeHuupoBa-
HAY TepBOro MHOMUTEN YHCIO P YBEIWYUTCH HA CAMIHMIY U
no6asurcs  MHoxuteab [F| [FM}; npu nuddepenunposaduy
[y
II [F@) TIONY4UM CYMMY 2p ClaraeMHX TOrO Xe THNa, M B Ka-

llOM craraeMoM OjHO H3 v, Ha ejHHHLY 60Jbile HCXOAHOTO.



IV. NPAMKLIE 3HAUEHMS NOTEANMAJNA PBOHHOIO €O 379

Taxum 06pa3oM, npoussoaHas nopsiaka kB, =k -1 6yrer cym-
MOH ciaraeMmnlx JuO0 THRA

2(p+1) — 2<P+1<k
i GV, ()
e - 1FP) Ir z 0Ly <h—p1

au6o TUMa
( p) (v <1<P<k<k1
@ F0 2 VHE, (o 2y e

YTO 10K23biBAET CAPABEAINBOCTh HAUIETO MPEANOI0KeHHs Ana By,
ecnu oHO BepHO aas R==Fk,—1. Tak xak nns k=1 yreep-
*KjeliMe BepHO, TO OHO BepHO ANd BCeX B, I KOTOPHIX Cyiile-
cTByeT IpoH3Boiias ot F, T, e. B Hautem caydae ans k< /-2,

M3 Bcero u3noMenHoro cieayert, 4to Kt & nop B
SBAAETCA CYMMOM KOIEUHOro YHCNa C/laraeMelX BHJA

» ‘“ f(v,)] 0L gLl—ml
o {Fq)}___ —, 0LpLl—m LI M
@+l \OSsiend

.

ecau cyuTaTh nad p = 0 npoussenelde II [Ffoy pPaBHBIM efn-
=1

Hulle.
Cnaraevoe (7) o6Go3navaem uepes TQ(E, 1; p, 9). Ecau 8 (7)

samenurs  (F@), [FOP), (F], o wma (F9), [FO9, [(F},

Vix—524-(y—m? To noayuennyio dyuxuuio Gysem 060-
snagath R, 7; x, V).
[Mokaxem, uto R orpauudena. [efictsurensuo, Tak Kak q </,

10 ®==FYCH(@Q, B, \) u, cieiosareasno,

(FPY =] (@)= D¢ m—P(x P+ (xr—HPe(x, v+
-y —my D (x, P = —E) (@ (x, ¥)— Q¥ W)+
A (y— ) By tx, ¥)— B, (F, )| < 4By’ < 4Bg?,

rae (!, m')— uHexoropas Touka Mexay (x, ¥) u (§, ) o —ee
paccronune no (x, V).
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Ananoruuno, Tak xax v, </, To F® €H(2, B, 1); creno
BaTeMBHO,

HFO? = | FO?(x, y)— F™(5, m)| < 2Bp.

IMostomy, yuutwisast, uro p%-[F12> p?, noayunm:

‘R[g%ﬁ’)—pzﬂf})nn <L (2B - 1)+t =c,.

OTtcwna caenyer, 4To unTelpan (5) siBnsleTcH KoHeuHo#t cyM-
Mot cnaraemunix Buza

f p ™ E4-peost, m |- psin)Rdp df —

== ( { 0™ (x, y)—pgdx dy. (8)

Tak kak m<Clw p€H(, A, 1), To " €H({ —m, 4, 1),
u Tem cammim p™ CH (0, A, ») mas Bcex m <l Kpome roio,
mb umeew, uto FP u FU2 € H(2, B, k), Gyzem Tenepsh cuu-
tTatb 1 FECH(2, B, ).

Teopema GyneT nokasaHa, ecniu nokawxeMm, uTo uurerpan (8)
npunansiexut 8 (3g) kmaccy H(1, cA, V), xoraa p™, F9,
FU? y F npunapmexar wa Bcell HNOCKOCTH YIOMAHYTHIM KJac-
caM, ¥ o6paulaeTcs B HyJNbL BHC Kpyra A,

Mpensapuresbho u3yuum dynkumio R. Jloxaxem caenytouiue
HePaBeHCTRA:

a R . 0 R

1

& p A T A ®

2 R €5 6 a R
*|<‘p'f’ o p

EE

7

feg [HA<H

3
Ilna cokpamenuss 3anacu Oygev 0603HauaTs F@) yepes @,

[

F*? uepes F;, [ [FU?) uepea &, V24 [FI2 uepea r u
=1

Yapr 213 uepes Q,. Torna na ocriobanuu (7) HMeeM:

X =2},
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H, C1en0BATEJLHO,

0 R_go (D)

08
— — el o P
oF P y4 0% *_ { }

e (12)

R R Ry, 04D o0
oF p T w12 op ) - (2)

Msi yxe BuieaH, 4TO

e, < 0%,

] )] < 4Bg. (13)

Ilanee umeeM:

i{«b;|=[d»£(z, ) — B! (x, ¥)| < 2B, (14)

o )| = |0 < B. (14)
Huddepenuupys Q,, nonyuum:
o, G— ) —[F1Fe G ) 1 2
————————(2p+3) P20+5 -2p+,.4p+3 }JF’*‘EUQp Lk
k=1
OTKyIlH 3aKJ04aem:
09 By
52| <=, (15)
¥ aHAJIOTWUHO, AuddepeHuHpys elle pa3, MOAYyUUM:
020 Bo
P 2
o | < (15')

rie By u B, zasucat 10apko ot Bu [. Hepaseucrsa (9) u (10)
JerKo cnenym* 3 (12) u (12) u rfocnefHuX HepaBEHCTB
(13)—(15).

Gyuguuw Tuna (7) obosnaumym R (E, vw; p, §) u cooTse:-
croenso Ry (5,13 %, ¥), ecnn FYECH(1, B, )u F*? € H(1, B, ).

Paccmotpum vernieps Gyukimo R (%, 15 p, #), omnpeneasemyio
pasencrsoM (7). OuesupHo, ee npousnoAnas mno & gBasercs Ko-
HedHOW CYMVOH cjlaraeMbiX Toro e tuna (7), npuveM B OIHOM
u3 cnaraewiix F@ sameneno wa F9*Y s xpyrom p ysemmuniocs
Ha eNMHHLYy, 4 B KHKAOM M3 OCTAJNblBIX OAHO M3 v; YBEJIHUHIOCH
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R '
ua efmnuny. OTciona cnepyer, uro ~5&~ ©CTh KOHeuHas Cymma
charaeMblx Ttuna R;.
Hokaxem, uro
| Ry | <yt (16)

0
’<c6:)\ ‘s, 'dn]§1[<cp)\ 3, (161)

a Ie,
W3 nepasenctBa (16) cnenyer, uTo Ha OCHOBAHMHM CKa3aHHOIO
Bhille

l ,<co’ -1, (16”)

HeticrBurennio, tax kak ® € H (1, B, 1), 10 Bmecro (14) 6ynen
HMETh:

?
(@) =195 m— i (x, v)| <Bo (147)
¥ BMECTO BTOpOro u3 HepaseHcTB (13):

H{O}|=[QE v) —P(x, y)+(x—5)q>£(x, N+ y—mX
X@;(X,Y)IZ'(X—E)(‘I’E(%)’)— t/’ 7[))—‘—

F (=@, (5, ) — @ F, )| < 2B (1)

Torxa Ha ocuosanuu (12), (13), (13'), (14”) u (15) npwuxo-
auyM Kk Hepaseuctsy (16’). Hepasencrso (16) cneayer u3s (13%),
nepBOro HepaBeHcTna (13) u Toro, uro R,=p{®| Q

PaccvorpuM unterpan

2n o

o5, M) = ‘ |R(,,~q, p,e)dodu_f ‘ -RGEm; x, y)dxdjén

ﬂoxamem, uro o(%, )€ H(1, ¢, \'), TAE ¢ 3aRHCHT TONBKO
or B u BuiGopa A,

He#icraurennno, 9 o
w( = lim iéd dn,
( ’ l) o——)()f ;f p
npuyeM o
5‘-?7, ) “ ?l?é
o J % dp
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B cuny (16”) umcem, ecan 0 < &, < &,,

2% &

g
= J ' -aa—dpdf)(< 27:1,'7 ' P)”1d{)=
P

2
03 0¢

21-{7

(& — 01) < 27t67o,,

OrKyJsa Cleiyer, uyTo _5015_ npa ¢ — O paBHOMEPHO CTpewHICs
K TIpefeay
2r o
§ J R 4o a, (18)
¢ 0

KOTOpHH u sBAsiercs npoussojauo#l unrerpana (17) or & Takuw
0

o6pasov, (18) ects F&?'

[Toxawxeyw, uro wuurerpan (18) npuvasnexur H(O, ¢, A).

~

o0R =
IfeficteuTenbt 0, TaK KAK —— €Crh Kouedras Cyuma dywkuuh R,

TO NOCTATOYFO NOKA3aTh, U0 HHTEIpaJ
2 wo
VR = | | Rrgra
‘ 1;'-—-“7)6)! (19)
¢ ¢ e
npuramnexur wiaaccy H (0, ¢, ).
Hycte my(§, 7) u my (§,, 7;) ABE TrOYKH, PACCTOSHME MEX1y

KOropuiMy 0003HAUHY G. Yepes p, 0603» auuM paccrosiiue or my
no 10uKH g (x, ¥). Torna

HR112)dxdy j‘R’(OQ)dd ‘R1(12)ddy
r<6
R(0.2) R(0.2)  R(0,2)
PLL ; dx dy—{—j}‘z[ IP1 — }dxdy. (20)

B cuayvHepaseHcts (16) uveem:
2 s
‘ ‘ Rl(O . 2) dx dy < <27w ‘ p) ldp=2u05 2 0)
f‘\\-—a
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U aHAJOlHWUHO, TAK Kak prr 0 <28 nexur B kpyre p, < 39,

IoNyuaeM OIlEHKY 2% cb—(——)— LIS 11epBOTO MH1erpaja TpasoH

uactu (20); no3roMy cymMvMa uepBWX JABYX HMHI€IDaJOB NPABOH
yaciu (20) we Goabiie uucaa suna ¢d*. Ocraeics OUEHHTIb 1O-
cnensui uHrerpan upaso#t uacra (20).

B ofaaciu o> 28, B cuay wepasencira (9) § 2, uveewm:

1 3
”2‘9\<\P’<§P,

rue o’ paccrosHue 10uKH M, A0 MOGOH U3 ToueK m’ 01pe3Ka mont,.
B cuny HepareiicrBa (167) mveem:

&_!1_’_2_2_._@;@ __‘ d R1 o ~d_ R,
P1 p l_—l<0‘ p)ll(l E)+<q \D>,('ﬂ| 7)<
‘ 63X N
<8—%§% < NQ—CQE)—— 2(:,
p [ o

[Tosromy, yudrmBas, uro R, ofpauiaeica B HYJIb s HoCra-
roudo OONLUINX p, Hakmew:

a
] A2 R102) dxdy' ore | £
¢ t Pl p 5 P
025 2

anyh—1 X 1
— 9ncd [-@") ] < o,

I—%  1-=a

ecn A < 1. Ecam A==1, 110/yuum oueHxy 27w81n 5 < VA T

rne A < 1, Takuv o6pasoM, JeBaa uacth (20) MeHbli € uMcaa
BUAa ¢’ M, ciaefoBaledbHo, unrerpan (19) u3 knacca H (0, ¢, A),
a nosromy o (&, W)€ H(1, ¢, A).

[Tepetinem reneps K /OKa3arel»CIBy TOr0, 4ro uuierpai (8)
us knacca H (1, cA, V).

Buvecro p™ GyaeM 1HcabL npocio @, cumias p € H (0, 4, 1),
3uauenne p B rouke m, Oyjaev 0003HAudIb Po. ITycis A Hexo-
TOPOE YHC/O, OIMYHOE OT HYJA, U 7, 104Ka C KOOPIHHATAMH
(A, v). Paccrosmue TOUKM m; [0 Mo(x, y) o003nauum
uepes py.
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Paccvorpum Bhipaxenue !

%[H R(l 9 e % dy— ‘ ‘HR(OQ) dxdy]
=po.;l[“‘)ﬂ:;?)-dx¢v ‘ ‘ RO ax ay|+

+-, “ | (u——uO)R(l ) dedy — | ‘(u—uo)l‘)((:g)dxdy].
(21)

Ecin upn 72— 0 (21) umeer upenes, to mocaennuit Gyner
npoussoauoft no & or uurerpana (8). Teopevwa Oyaer noxasana,
ecJu JIOKaxew CYNICCIBOBAaHMe LPeieta H €10 TPUHALIEKHOCID
H (0, cA, V).

[Tepsas xBapparHas ckoOxa B 1paBoil uaciu (21) ecTw

o®f4-m B)—2E 7
H, C/Ie0BATENbLHO, orHoxueHue 3roit PasHoctd K /i uveer npene-
%z Tak xax -—EH(O ¢, Mymyuy=u(1)EHO, A1),

10 upeses 11epnoi0 chaaracmoro npaso#t yacrd (21) cyulecrsyer
u upuHagnexuc H (0, cA, V). Ocraercst 10 xe [0KasaTh s
B10POro cjaiaevoro npaso#t uacru (21).

s 3Toro IMOKasem CHayaga, 4i1o 1pd /s —» 0 cTpeMutcy
K HYJIO clefyloulee RHPaXKeHue:

AOM

o f1[R(1,2) R(L,2) ) R(O 2)\ o
‘ ‘ (v —wo) iy, [ e T T ] a dx dy =
R R (1,2 1 o
= ‘J (w—po) = drxdy — H (2 —wo) X
SL20H p<2 B
( ’ ) 0,2
) B0 ey || p—p SROD geayy
p<2 1 hy

A

=+ | Jerolg 2P =TGP | = G a4y @2

. . Pi P
p>2(hl

25 3ak. 749, H. M Tronrep
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Wnrerpanu no xpyry p<2|%| ouenusawrca Tak. B cuny He
parenctBa (9),

[T b2 RO aray|<

p
o2 bl

2 |k
< 2rAc, ‘ p"{z—dp Qrcl A|h|l
0
1 R (0,2
[ s 22 aray| <
L

,‘.;

21’(1

1
5 pdp = T+n

"

2lh
<27:AL‘1-—|~1—J—‘ o Salp. @3
0

Vauinmas, uro kpyr gy < 3|%| comepxur kpyr p < 2|4,
a Takke, 4ro

, 3} I8
e —po| <lp—py |l —wo | < Adp+Al2[,

HOJyqv:
3|, ki

R(1,2 3
0. 2) [ PP_ Py dpy -

3 [ 1 s B2 acay| <224

f‘<-|h(

2rAey

3ih|
v 3+ .
+n | o 'Pldplj=2?f1(h—_‘;i+3)14\’ll’,
1]

M, Takuv oO6pasov, HWHTeipald 1o Kpyry p< 2|k crpewnrcs
x nymo upm /— 0. Ocraercd 110Ka3aTb, YTO 3TO Xe BEPHO U
AJA WHTETpasa o obnacru p > 2|k|.

Tak kak

_1_[13(1, 2) RO Q)J
h Pt P

R
PaBlO 3llauenuio poussoddol no £ or ry B HEKOTOpPOH TouKe

"(§ %%, v), To durypuas ckobGka B unreipane (22) ecrb pas-

0 R
HOCTH 3uauenuit —— —~ B TOuKaX m' ¥ my ¥, B CHIy HePaBeH-
s P
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crea (10), uMeer olleHK
b
cg| k|
-
> 2| %], B cuay uepasenctsa 9 § 2,

Tak kak ns obnactu p >

umeem p’ >/§, TO
IL[R(I, 2) R(2)
h

P1 P
Orciona nerko noayuaeM, 4To 4acrb mHrerpana (22) no obnactu

(24)

0 R(O,‘Q) 8c3|h
| a2 <

p> 2| 7| venbe, uem

2rA - 8c,|h] - |p pdp—

z|h|

16
=12 Ao —

H, CleloBaTesbHO, uATerpan (22) crpemurca K Hymo npu ~—0

Ua nokazannoro ciaeapyer, 4ro
" 0o R
‘ ‘ (b —po) g -, dxdy

aB/sgercss npejesovM Broporo ciaraemoro rnpasoft 4actu (21)
Ocraercs 10Ka3arb, 4To unrerpan (25) u3 kaacca (0, ¢4, )

Iycte m, (§;, ,) HekoTopas TOYKAa 1A pACCTOsIHMH & OT
1,) ¥ p; DPaccTosHMEe M,

a1 < cA|h),

(25)

my (5, 7); oboswaunv u, ==p, (&,
80 my(x, v).

Paccmorpum pasHocTh
R ’ o R
—) dxdy— ( ‘(P“PO)(“‘:'?)WUd’Cd)’=
0 R R
-;-—-> dxdy — ‘ ‘ (u—uo)( & P)dxdy%—
<
0 R 0 R .
S N
q
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Biopo#t n rnepsuwit uuTeipaisl npaeo# uvacrty (26) Meunnute
quces
2rAcy

1+
Yro 10.y4aercsi, TaK XK€ KaK W (23), eciM 3aMeiulb, Y10 KPyr

p <28 comepwurcst B kpyre p; <38, s OueHKH (pPerbeio
uHTerpada npasoit wacrd (26), zameiuM, yro

(28) Q’AC' (30),

(g5, —e—wl(gE§) [<
<|p—uyol- Kgag : f")ml“( ) I+IUI“P0| (6 [:>7m <

<L A4pt - ||( (32 . §>m,(51“ S) (’d-gqu" ) ?)W (ny “”’lo)’ +

9

> ~)

AR ag D Ak
R 2

“ ¢ by

rie m’ — HeKoropas TOUYKA Orpezka mom1 B cuny HepaseHcTRa

(9) § 2 nast oGaacru p > 28 uvieenm p; > =
u3yyaeMasi pa3HOC1b He (IPEBOCXOAUT

o 13 ro -2

Aeidp ™" Healp ™).

Takum oOpasom, Tperuit uHrerpan npaso#t wactu (26) me
IIPeBOCXOAHUT YHUCAa

P .
2 o > "y » B 1O3TOMY

[+ a

A-2ﬁ<c;8 j ' pdo +E 3

26

-’Pd.o><

< 2zA (cl = +c2 B ),
KOTOpOE€ MeHbllle yucjaa Buga
AV, (O N <A,

¥ BHGOp ¢” 3aBucuT 01 BHOGOpPa A'. JruM Teopema 3 MOJAHOCTHIO
JOoKa3zada.

Iepeitnem x moxasareancTBy Teopemn 4, [lycts 1y wexoro-
past touxa mosepxHocTH (S). Ilpumew ee 3a mauano Mecruo#
cucremsi Koopamsat §, v, G Ilycts m,(§, %, {) HexoTopas
Touka (S) u my(x, ¥, 2) TOUKA HI1el PUPOBAHHSA,
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Umeenm:

g AN N
d‘;,[,p.]:: “ 9(2) EO—S(’%-L(ZG—-}— flu(Q)g).s_(%.‘_)gdg‘ (27)

(§-2) 2 @ £

[fepsniff wureipanx npapo# uacth (27) MOXKHO HPeACTABUTH
B BHIE

cos (Nf) r u(2 )Cosirm) ds, 1 cos(N,m) { »(2) ﬂs_(%‘«"l)dg_‘_

(§-1) 2t (5—~% Ta1

+ cos (N,5) f p (2 (20 4o

(S: ) T

T/le HHTelPadnl ABANOTCS Pyninuamu £, 4, {, UMeIouluvH Herpe-
DhIBHLIE ¥ OI'DAHUYCHHBIE 1IPOH3BOLHEE 106010 nopsaka 1o &, ¥, {
B HEKOTOpPOH o0aacTd, comepwxauledt nosepxuocrs (Ly). 3aveHss
B oTuX Oyuxumax § wa F(§, ), voayuaem sHaueHust 9TdX Mure-
1panos Ha (X,) kak Oyskumi (5, %) B (4). Tak kax F(§, 7)
UMeeT HemnpepuBHEbHE 1IPOM3BOAHLIE A0 TNopaika (-2, To 3to
e MOMHO CKa3aTh M O 3HauyellMaX BSTHX HHTeipaios Ha (Ig)
KOTOpLle, TakuM 00pasoM, npumaanexar H{{4-1, cA, 1) u Tem
camum H(I-1, ¢cA, 1) B (Ap). Tak xak cos(N,%), cos(N,y),
cos(V;0) Takke npHHALNENKAT STOMY Ke KJIACCY, TO NepBhH
uHTerpaa npanoh wactu (27) npunapaexur H(-+1, cA4, X).
TTpeoGpasys BTopoit uaTerpan mpapoft uactu (27) Tak ke, Kax
OBl 1ipeoGpasosan BTOPON MHTerpad npasoi yactd (1), noayyuw:

[ w(2) i(’s_(_fzil_vl)_d%::

(%) 2

= cos (N, C)f f p (%, ¥) V(1+Fa (my) | Fr (mQ)

F(m)— r(mo+<~x>F'<mn+<v—y) Fy (ms)
{V(x—¢&)e +(y—n)~+ ff]

Tak xaxk cos(NDYEH ({1, ¢, 1) B (.\y), TO BTOPO# HHTe-
ypaa upaBoit uactd (27) Gyner npumamacxkars H(I4-1, ¢4, 1),
ecad OyHeT N0Ka3aHO, YTO HHTErpaJd B npasod uacta (28) npu-
nannexut H({ -1, cA, 1').

Tdxdy. (28)
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Tak kak Bmecte ¢ p(x, y) takwe u,(x, v)=un(x, ¥)X

X Vl -+ Ff(m‘_,)—l— F,'f(mf_,) npuHaliexut wnaccy H(l, cA, 1),

TO AOCTATOUIIO TNOKasaThb, 4TO

[‘f (5 F(m‘») F(my) 4 (E—x) Fg (mg) + (n—y) F, (mg)

: —dxd
(VO—FF & — +(FE)° S

(29)

rie w, €EH({, cA, ), F(x, yYWEH({--2, B, 1), npuHaniexnt
knaccy H({{41, A, X).

Hoxa3aTenncTBO 3TOTO YTBePXKieHHs TaKOe Xe, KaK M AJs
teopeMnl 3. OTveTum Hefo/bioe pasaHuue.

OGo3nauuB uHCANTe/ b NOAMHTErpaibiiof  yukiun B (29)
uepes { F |, noayuuu, nuddepenunpys no &:

Y = 5—x) Fix(m,)

W, ClenoBateLHO, BTOPOR npouszsomuot ot { F ) no & ue cyue-
cTRyeT, ecim FE H(2, B, i). IToatomy Hepaseucrsa tuna (10)
JIOKA34Th He/b3d, HO MOKHO YTBEPXKIATh, YTO

(55, ~(25),|< 252,

rie m;(El, ny) u my(§, v)— TOUKH, DACCTOSHHE MEXAY KOTO-
PbiMH PaBHO &, W p— paccrosiiue m, N0 TOUKH M, (X, V), Jexa-
uief BHe Kpyra paamyca 28 c uentpov B m,. [locnemiiee Hepa-
BEHCTBO T[IO3ROMSIET CHEJAATH Te e 3aKMouenws, [Js BLIBOLA
KOTOPLIX FKCII0Nb30BaJoch HepasencTso (10).

Ananoruuno, ecmu FEH(1, B, &), To | F| upousBonnoh
no £ He wveeT ¥ Torga HeT uepaseHcTsa (14), a ciemoBareanHo,
u (16). OHO 3ameHseTCsl NerKO NOKA3bIBAEMLIM HEPaBEHCTBOM

(), —(8), | < nndd
e ! P /m p?

s

NI03BOUSIIOIIMY CAe/NaTh Te Ke 3aKJOUeHHs, JIJd BLBOAA KOTOPLIX
WCTIONb30BANOCH HepasenctBo (167).
Takuv oGpasoM, Teopema 4 Aoxasana.
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BUOTPAPHUUECKUN OUYEPK

Aprop wHacrofulel KHMMM -— 3aCNyXeHHBIH nedrenb HaykH,
unen-goppecnornent Axanevuu rayx CCCP, npodeccop Jlenun-
rpajsickore vhusepcurera Huxonaih Maxcuvosuy Tontep.

On ponuncs 5 nexabpst (ct. ctuas) 1871 r. Tlocae oxon-
YaHusl TUMNA3UM U (puduKo-maTeMaruueckoro daxkyanrera ferep-
O6yprckoro yHuepcuteta oH Onin ocrapnen s 1894 r. npwm
Yuugepcurele axan. A. A. Mapxosuim a5 NOAroroBKd K mnayu-
HOlt nesrenpHocTd. C 3Toro BpeMenu BCA HAYYHAs JesTEAbNOCTH
H. M. Tontepa Obina venpepuBno cssizana C YHUBEPCHIETOM
BIAOTH jI0 ero cmeptd — 4 mas 1941 r.

Xusuw H. M. Tontepa, neGoratas BUEHHUMH COOBITHIMY,
Obina MOAHOCTBIO OT[aWa Hayke M menarorudeckoit  pabore
B YHUBepCHUTETe M psille IPYruxX BHICHIUX Y4eOHBIX 3aBeleHui
Jlenunrpana.

Copox cews net H. M. lontep paboran B Jlenuiirpanckom
yHuuBepCHTETE, 06OJbIIEe TPUANATH JeT B JIeHHHrpanCKOM UHCTH-
TYTe UHXKeHepOB nyTefl coobulenus M Gonee npajanatu aer B [lena-
rorueckov uncTHTyTe. B Teyenue pana ner on paboran wa Buic-
mux kencxux (bectyxenckux) xypcax u B Jlewmnrpamckow
nonuTexHudeckow uncturyrte. Ilenaroruuecko#t paGoro#t Huxo-
naff MakcUMOBUY 3aHUMA/C N0 MOCAENHEr0 MECANa CBOeH XKU3HH,
npeBo3Moras Tskenyw OoJe3Hb (paxk Jerkux), ¥ TONBKO 33 nse
reneau Lo CmepTH cler B noctenb. OQur U3 aBTOpOB RACTOA-
iiero OHorpaduyeckoro ouepka vacTo OOHANCs C HUM M BCMO-
MHKAET, UT0 M 33 3TH MOC/AeNHUe [Be Helenw XU3Wu BCe pas-
roBophl Y unrepeck Hukonaqa Makcumosnuua Ouinu Hampasinens ha
BOTIpOCH hayky M mpenonaranus. OH CoBepllenHo He TIOROPUI
o croeft Gonesny. Korna, 3a reCKONMbKO MHHYT N0 CMeprH, Ol
cral TepsiTh CO3r'aHue, TO 3TO BHPA3HWNOCh B TOM, UTO Ol HA4an
uyhTaTh Jekuuw. Hesanonro no konwuwn Huxonaw Maxcumosuuy
fHiia BHE3amnQ HaszHayeHa onepanusa. Jo nomeuignust B 60AbHUILY
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0CTaBajoCchL 1Ba JHs, U Huxonadl MakcUMOBHY MPOCHA 3KCTPEHFO
ycTpouth 3acenarue Yuyenoro cosera MarevarHuecKoro HrcTu-
Tyta JIeNMHrpaaCKoro YyHuUBepCHTeTa, Ha KOTOPOM OH JIONOXKHN
pesynnTaThl Cpoedl mochaenneil i ayyHolt paboTH.

Hcknounrenpras nmpexaHHocrs UHTepecaM FayKd H BHICOKOE
YYBCTBO JIOJIrd — OTAKYAAM  BCIO  MHOTOJETIION JIeATeNbHOC Ih
H. M. TNourepa.

Lenw#t pax pasnenoB mMaremaryxu Brepsule OHIM OCBEUIEHH!
B JlewunrpanCkoM  yHHBepCUTETE B CHEUMAJBHHX  Kypcax
H. M. l'ourtepa. Ilepswii crmenuanehuiét kypc ,Teopus anre-
6pauyeckux ¢opy“ 6uin uM nposefesn B 1904 r. Orpowmas
m060BL K MPENofaBaHuio CBOefl HAYKH KPacHOH HUIBIO MPOXOIUNA
yepes BCIO €ro neaTensHoCTb. O Npenonasan sCeryia TBOPYECKH.
IlponymuBast xakofi-nu60 HoBHI Kypc, o6uiui uAM CrelHalb-
HMH, OH BCerza BUOCKH/ B Hero YOBBIE€ MBICAH, HaXOIMI HOBLIE
MOAXOAN K H3MOKEHHI0 MaTepHana. Jlexnuu [MonTepa BOCTMTLI-
Ba 0COGY0 KYJALTYpY MAaTevarnyeckoi TOUFOCIH U CTPOroCTH
U NPUBLINKY K SICIIOMY BHIPAXKEHUID MLICAEH,

Lenwit pun marevaTuxon tameidt crtpamul HpoHien depe3 ne-
nocpenc reernoe pykosoncrso H. M. Tonrepa u nowur To
BUHVAHHE M Ty HeOOLIKFOBEFHYK OT3HBUABOCTh, C KOTOpOH
Hugona#t MaxcuMoBHY OTPOCHJCH K Kaxnoi paboTe MOJONOro
yuenoro. CypoBo xpHruxys paGoTy, OH yMen NONGOAPUTH Yeno-
BeKa, BIOXHPYTh B HEro yBeperroCth, 4TO 3aTpyJHEHHA MPeoIo-
AWK, ¥ 3aCrapuTh ero paborark TBOPUECKH CAMOCTOATENLI'O.
Onmno#t U3 XapaKkTephuX YepT BCelt NeaTenbrOCTH TionTepa O6ni/10
BLICOKOE UYBCTBO OOWECTBEHFOro NOAra, BHTeKatollee U3 CaMoro
ero cymecTnra. JTa 4YepTa NMpoOMBAANACH BO BCeH ero paboTe Kak
Niperioaasaresil W oprasusaropa rnayuynodf pabotel. Lleamit pan
ner op cocroan mpencenareneM JleHuHrpanCcKoro mareMaTHuc-
Ckoro o0uiecTsa, ¥ mMpH HeM nedarenbkocth OO6HIECTBA, IO TOIr0O
Bsjiad ¥ He3amMeTHad, pesKo oXuBUNach. Bosrux u cran pery-
JAPHO BHIXOMUTL XKYyDHAL.

Korna B 1905 r. 6unu npexpawens sauatust B Iletep6ypr-
ckom ynusepcuteTe, H. M. Tonrep opravuzosan ,BonbHbilt
yhnusepcuret“. Cpemn nextopos 3toro ,Boasnoro ynusepcurera®
Onin mokoiuu# akan. A. H. Kpwunos, kortopwi npouen ,Kypc
NPUONMKEHHL X BHUYMCTEeHUH “, U3NAHHLA MM BIIOCJENCTBUM B BUIE
ClieliyanbHON KHMTH.

Becbma wunTencupno#f Omaa nesrensnocts H. M. Twomiepa
B JlenutrpanckoM yhugepcatere. HeyTomumuit opranmsaTop
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CTYN€HYECKUX HAYYHLIX KPYXKOB, CEMHHApOB, OH OTAaBajJ 3TOMY
lleay CBOK OrpovHYW KMIyuyl 3uepruio. Bcwoay BHocun oH
BLICOKY MpPUHLUHKITHAILHOCTS, BHICOKYI0 OpraHu30BaHHOCIb H
atTy3uasy. HenocpencTpento yyacTBys B HayuHOH KUSHU CTPAKBI,
OH JIMYHO VHOro Crena’ Jnsi paclieta 3Tofl XKHU3HHM KaK rJasa
Gonbiiofl HAyyHoH INKOAL M HEYTOMUMLIA Opranu3arop MHOrUX
UEHHLIX HAa4YUHAHUH.

Bonnmmo#t ycnex nenmaroruueckoit paGorm H. M. Tonrepa,
0COOGHHO TPOYHIAHHBIX MM CHEIHaJbHBIX Kypcos, B TEpPByI0
ouepenh 00BACHAErcd Tew, uro BCs 3Ta pabora GmIa Hemocpesr-
cTBEHFO CRA3AFA C €ro MHTEI'CUBIOH TBOpYECKON Hayuno#l pabo-
tolt. D1a pabora Ouna OCHOBOM BCEH €ro nesTenbHOCTH.

H. M. Tiontep MoOUA TrOBOPHTb, YTO HACTOAULHM YYEHDINH
paboTaeT BCe Bpemsi, C yTpa ¥ JI0 Beuepa, a pe TOJABKO, Koraa
Of CHIHMT 33 CBOMV palfouuMm crojoM. ITH CloBa HPUMErHMH
npexsie BCEro K pewy camowy.

Korma om ofbyuanca B IletepByprckom ymumepcutere u ia-
YUI'al B HEM CBOW JeATe/bHOCTh, B 3TOM YHUBepcutere Oblin
ceexu rpaguuuu 11, JI. Yebnhinesa — onporo u3 KpynHefniux
MareMarukoB BTOpo# nonosunn XIX Bexa, ocHoBarens 3rame-
vuro#t Iletepbyprckoit marevaruueckoit wikonu. Hemocpencrsen-
Mg yuutengvmu H. M. Tontepa Ownau Taxue 3paveHUTHE
npencTaBuTesM 3TOH mikon, kKak A. A. Mapkos u A. H. Kopkun,
u B pa6orax Huxonas MaxkcumoBuua MB HmeeM OiecTsuiee
NPONOMKEHHEe W Pa3BUTHE CAABHLIX MATeVATHYeCKMX TPaTuiiuil
[etepbyprcko#t tuxoasl. Donee no3nume ero paboTul Mo Mare-
Maruueckoil (usuxke CBu3annl ¢ paboraMH HOKOWWBIX  axkaje-
vugos A. M. Jlanywora u B. A. Crexnosa, uveravud xKoto-
pHx, Tak ke xax u uverem H. M. Iourepa, ropnurcs mare-
vaTuyeckas oOileCIBeHHOC L Haiiefl CTparhl.

Pannue padornt H. M. Tontepa oTrocdITCH K 00nie# Teopuu
nuddepenvaiblpiX  ypaBrenu#t kak oOBKDOBEHFHX, Tak H
B YaCTHHIX NPOM3BOMANHX. 3T paboTw 1o Ooabliofi uyacty He-
NIOCPE/ICTBEHHO CBA3aNLI C JIByMS JUCCEPTALHUAMU: ero Marucrep-
-cKofi juccepraimelt ,O npunOXKeHUAX Teopud anreGpauieckux
Gopv K MHTErpHPOBAHMI0 JMPeftblX JUQPepernuaasHpX  ypas-
neruft*, Koropywo on samurtya B 1904 r., ¥ ero nokrtopckoft
nuccepranuel ,K rTeopud XapaKTepUCTHK CHCTEM ypaBrernuit
B UACTHHX MPOUIBOAHHIXY, KoTopyio o 3auwtda 8 1915 r.

OO0mast Teopust 0OLIKHOBEHHHX JHICANLIX nuPdepeHiInanbHL X
ypasnenuil ¥, B 4aCTHOCTH, BONPOCH Npunoxenus anreGpamuecKux
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dopv K 3TOH Teopuu M pasuLICKarue TeX ClyuaeB, KOria ypas-
Herue MHTErpupyercsi B anrefpamyeckux (yrFKuusx, 3aHuManu
6oablioe MeCTO B MaTematHie BTopofl monosuss XIX 8. B wma-
rucrepckofi muccepranuu H. M. Tourepa nomelen CHUCOK
paboT, CRA3ANHLIX C TEMOH NHCCePTalud. IJTOT CITMCOK CONEPKAT
6onpie cta pabor. Cpemd HUX paGoTsl TAKKUX KpYMHHX MaTe-
matukoB, xak Pyxc (Fuchs), Lsapu (Schwarz), Hap6y (Dar-
boux), Xaaspen (Halphen) u np. B nucceprauuu cpens npyrux
BOITPOCOB HCCNEN0BAHA 3a71a4a MHTErPUpPOBaHUA JHHEHLOrO ypas-
HeHHs C panuonaJbHHIMH Ko3(duuueHTaMy, €Cnd Hu3BecrHa B
GyHKUMH He3aBUCHMOM MepeMerEoM rexoTopast Gopma ¢ moctToaH-
HBMH  KO3(pUIMeHTaMH, COCTaBJEHIds U3 UEU3BECTHHIX 4ac [IhiX
petwenuit. Jlam nocraToynnie YCIOBHA TOro, 4To 06mMMA HHTe-
rpan  ypamvenuda — ajsrebpaudeckas (Qyukiud, ¥ PaccMoTpenn
HeKOTOpHE Clyuad, KOrja 3fd yciaosds Fe sunosapsiorcs. Ha
YyKa3aHHO# OCHOBE MOCTPOEra TeopHst ypaBreln#t BTOPOIO MOpKa
c obuiuM anrebpauddecKuM uuterpajsoM. B 3ToM ke nanpasneruu
paccvaTpHBaerCy W Teopua ypaBHeHHH TpeThero mopsika. Kpowe
IOy UeHust Pila KOUKPETHHX HOBHX pPe3y/bTaToB, B JAMCCEpTa-
wuy npuBenenbl ofuiye coobpaxeliusd, U3 KOTOPWX Fenocpel-
CTBEHI O BHITEKAIOT TMONyUYEHHBIE panblile pesynabTaTht Pykca,
Ilsapua, Kneitna, Xanpdena u np.

Pa6ort H. M. Twourepa no obme#t reopuu ypasvevull s
YACTHBIX MPOU3BOAHBIX OTHOCATCA K TPEM pasuuiiBiM BOMPOCAM.
[lepButit Kpyr BONPOCOR CBsi3all C Teopuell UCKIOUEHHS ¥ 001UMU
YCAOBUSIMHM  MBTErpUpYeMOCTH CHCTeM ypasrerul. Ecau B3ath
NPOU3BONLHYIO CUCTeVy nuddepernvansrbx  ypashenulh F, =0
(i==1, 2,...,N) c neckonbkumu QYHKIUIMY U, Ug,.. . U OT
HECKOMbEUX  HE3aRHCUMHYX ITTePEMEHHHIX, TaKyl, UTO B JEBHE
YaCTH 3TUX ypPaBHEHMH BXOIST NPOUBBOJIHLIE OT i, 10 MOPINKA 7,
a 3arev nponud@epenliuposaTh 3TH YPasverdd HECKOJbKO Das
TO cpenu anreOpavuecKudxX C/AeNCTBUH 3THX ypasmepuii  vory1
OHTL W TagHe, KOTOPHME NAOT HOBBIE COOTROUIEHWA MEXIy Mpo-
H3BONHBIMU OT #, TOpANKa ne phime n, Ilpuvep nogobuort
pola NawT CUCTeVH NepBoro nopanka ¢ oauof yuxgnueft u us
ckobru Ilyaccona. 3anmaua o xapakrtepe U uHC/ie TaKHUX HOBBIX
CooTHOlIeHuA MmO CyuleCrBy coBmajgaer €O caenywomei 3sanaueh
Teopuu ansrebpanyecsux ¢opy: na jnasnom Gasuce F,...F,
anreOpauyeckux (opv Cremesu n, HOCTPOEH MONY/h, T. €. MHO-
wecTBo BCex (opw Buna & =B;F; 4 ...+ B,F,, rne B—
dopubl  CTemenu R; HAaWTH BCe AMNeHHO He3aBHCHMblE TaKue
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¢dopunt navHod CTelnmemd ¥ COCTaBUTH BCE 3aBUCHMOCTH BuAd
{==0. Jra 3anaua Guna pemera eume [umnGeprom B 1890 r.
On ycranoBun, uyro sce rtoxgecrBa ¢ =0 cyrh Junelinne xom-
OMHAlME HEKOTOPHIX S, TakuX ToXiecTB. Mw Ono ykKazano
4MCA0 qureiino resasuCuMbIX $ naa nocratouro  6oabHIUX  3Ha-
vevu#t & > R, Teopemn I'manGepra (Hilbert) comepwxanu aumub
JIOKA3aTeNLCYBa CyNeCrBOBanus yucen s, ¥ Ry Ouenku, Buroa-
HeHithie €r0 MEerojloM, AaBanu JULt S, B R, rpovainsle 3HAHEHHs.
H. M. TNonrtep yxasan peryaspusifi gpouecc s IHOCTPOEHHH
BCEX 3TUX 3aBuMCuMocrefl. Borpocel 3tu mnpencrasmior 060abiue
tpyanocru. Jlo pabor [Nowrepa Onino cnenano #HeCKoabiko Heyaay-
HHX nomnsirok. Jhae evy  ynaisoch pasdofparh 31of  BOHPOC
TIONHOC I'B1O,

Ko sTopoMy Hampasnaenuio pabor H. M. Tonrepa 1no obuett
TEOPUH YPABHEHMH C 4ac MLIMH NPOU3BONHLIVMM HAJ0 OTHECTH ero
Joxropckyw nucceprauvio LK reopum XapakrepuCTHK CHCTeM
ypaBrenuit B 4aCTHAX Npou3Boauux“. B artoit pabore oi aaer
analMTHYECKY0 TEOpMI0 CHCTeV YypaBHENHH B YAaCTHHX TpOU3-
BOIHMX BeChbMa o0ilero Buka, TaK ha3niBaeMnX Cucrev Pukee.
W pasofpana caenyouias 3anava, KOTopyio ecTec rBEHHO ha-
aBarh 3anaveft Komu: walirg 3nadvesust IPOU3BOJNHHIX a1060ro
Nops 1Ka O HEH3BECTHMX (PyHxuum# #,,...,4, na naHeofl Io-
BEPXHOCTH X, =¥ (Xy,. ..y X;y_{), BHA BUAUEHHS JHIMb HEKo-
ropHiX NEepBHX K3 HuX. 3ajaya 3fa paspaboraHa C ucqepru-
BAOUIEN HOMNOTOH.

B wacrwocru, onrtep nan noaryw xnaccuduralido xapagre-
puctHk cucrev Puxse.

Haxouel, HeoOX01MMO OCTapoBUTLCH elie Ha padore of aua-
IMTHYECKUX  PEUICHUsiX  ypaBHeHus Upy == [ (X Yy Ugye . slly,).
B arvo#t paGore H. M. lionrep pasbupaer 3anauy [ypca o6
Ollpe/ieNeHuy PEilleHys 110 ero 3padeHHsM Ha JIBYX TNepecexaio-
muxcs xpuBx. WMccnenosanue mposejer o ¢ 6onbino#l noavorod.
B arov uccnenoBanuu ToHTepy ynmanoch B pe3ynbTaTe OlEHKH
K03 (UUKEHTOB pa3ioXeHua HeM3BeCTHOH (YHKIWMH, Bbillomyen-
HOW C TIOMOMIBIO [IpHMEneHusl ypaBHeluil B KolleuHHX PasHOCINX,
narh  KXpuTepu#t CyieCrspoBalidsd aHaAAMTHYECKHUX pelendit 3roft
3anaid.

OrpoMHbiMM ¥ Pa3HOOOpA3ULIME 110 COTepKaHuo U OoraThiviu
HOBHIMM Hiesmu saBamoTcA pabort H. M. Ioprepa 1o Bomnpocav
matevatdyeckofl ¢usuxu. IlyGmmkanmma 3Tux paGor Hayanach
B 1922 r. u pponoixanach K0 TIOCAEIHEro roia ero MU3HU.
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Ileppuiit Gonbino# muxa 3tux pabor obpasyior paborsl, 70-
CBALLEHHLIE ONHON M3 OCHOBHLIX HeNuHeHHHX mpobiev Marema-
TH4eCKOH dU3UKH, a UMeHHO — 3anadye Ko U Cmemansolf 3anave
st ypabHenu#t runpoaunHaMuxu. OCHOBIAIM pe3ynbraToM B Cly-
yae 3anavd Kouwim saABAsercs ycTaios/eiiue CyUeCTBOBaHUs U
€I{MLC [BEHHOC 'Y pelielius ypaBHeHui THAPONUIAMUKY H/Leddniiof
HECKHVAEMON XKUJKOCTH HPH Panuyuy BHemnel cunisl, umeonuleh
norexuuan. Ilpu stou npenmonaraercd, U4TO XUNKOCT 3aII0AHAE
BCe MPOCTPAHCTBO, M 3a1aHO HhayajihbHoe INode cxopocre#. Iro
1107€ XapaK repusyeTcst TPeMs HelPepuBHBIMYE (PYHKIMAMH, HMer-
LHiMMH OrpavuyeHyLie MPOM3BOJIILIE, KOropble WOryr fteprers
paspbiB NpH liepexofe uvepesd HeKoropble rnoBepxuocrd. Cyile-
CTBOBaHHE IIPOM3BONHLIX BTOPOTO TIOPANKA Y HAUAABUOro MOAd
cKkopocTed He mnpennosaraercs. Mcxmouas jasnewde u3 ypap-
HEeHHs TUIPOXMHAMMKHE TNpuveneHneM K o0euM uacraM 3roro
ypaBueHus ONepauuy pacxoluvoCTH ¥ HCHOAB30BalineV (opMy sl
[lyaccona, I'onTep noayums, mepexoly K COCTaBASIONMM CKO-
poCtH, TPHU HeJMHeHBBIX HUHICTPAALIILIX Yypasuenust I 3TUX
cocraBasmoUlUX. llpaBwe 4acry 3rux  ypaBHeHu#l Ipenc raBiasioT
CoGOW UHTErpaj 1Mo BpeMenw OT COCTABAAIOUIMX IpajdeHTa He-
KOTOPOro HHITONOBA HOTEHI{HANA, ILIOTHOC [ KOTOPOro CONepKuT
HeJAHIieHHO TIDOHU3BONLE Of COCTaBAMOWMX CKopoctd. K 3TuM
TpPeM ypaBHEHMHAM [OO0aBAHOTCA eule TpU JuddeperUHanbHBIX
yPaBIEHHSl MIiOBEHHbIX JWHUH TOKa, INpuiev 39TH ypaBHeHUs
3aMACHIBAIOTCE B MuTterpannioft  Qopme. lloaywenmnie niectsb
ypaBLeEuil 3aHUCHIBAIOTCH B mepevenvnx Jlarpamxa, 4 K& HUM
HPUVEHSETCH METON TIoCNeNoBaTeNblbX NpubnmKerul.

Bonbiad yacrn paborsl MocBsulera uW3yueruio BTOPLIX HPO-
H3BOALLIX HLIOTOHOBA MOTENHala HPH MAANX NPeNlioloKeHUAX
OTI OCHTEILHO ero MJAOTHOCTH. Pe3yabTaTh 9TOro usyueHus npu-
MEHSIO ICsl TTPH MCCJAENOBAHMM CXOJMMOCTH MeTOoNa IToCienoBa-
1eAbIHX HpubaKenni.

Cosepiietino  mo-HHOMY CTPOMTCH VETOH MMOCAC/HOBATEABHI X
npubamKenu# pad Chayyad orpaHuyerHo#t sanauw, T. e. a4 cay-
yan KHJKOCTH, 3anoisiolell Fexoropui cocyr, KOTopbid MOXeT
nepevelia rbCy 3ajauiLiM 00pa3ov C redendev Bpemenu U jedop-
MUPOBATLCY TP reudventiov ofbeve. 3AeCH, KPoME hauanbiioro
yCloBM#, Mbl MVeeV U INpejefini o€ YCJHoBHE 1a MOBEPXHOCTH
cocyna. B narrom cnyuyae meros nocnenosarensubix HpubammKe-
1ufl moCcTpoeH te Fa mone CKOpoCTedl, a ra nonxe BUXpeld, u
B Kayecrse ravaabHoro ycjioBus Oepercst Tone BUXped B 1a-
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yanbHLl MomeHT Bpevewnu. [lpenBapurennno [oHTep BHBen
thopvyny, a0y nojie CKOpocrefl NO 3aMatiHOMY HOMO BUXpel
B Clyuyae KHAKOCTH, 3aKJIOYENHOM B 3avKHyTOM cocyne. [l
6e3rpaHuyHOro HPOCrpancrea raxkas ¢opvyna Owina nawa Iennbw-
roanliev. B cnyuae 3avkmeyroro cocyaa sazaya nmojydenus Tako#
(dopvy e CTanOBUICA ropasgo Oonee CloxHo#t u Tpebyer pe-
penust 3anad Hefimara u npeofpasosanus HeKOTOpOro noren-
ugana Mpocroro Ciaos B JIOFEHIMAT [1BOHLOrO C.n0d, Npuied
B OKOHUATeNbHHE (OPMY/H BXOIAT, MEXLY NPOYHM, NPOHU3BOA-~
Hbi€ DTOrO JIOTEHHana npoitroro cnos. OcHOBOH MeTona pocie-~
NOBATEBHBIX HPUGJAUKEHUH 31eCh sIBATIOTCA COOTHOnleHus Koy,
KO10pLIE BHPAKAOT COCTABMAIOUIME BMXPsi Uepe3 HX HAYaJbHbie
3HQUEHMT W 4epe3 TIPOM3BOXHBIC Of ICKAPTOBHX KOOPHHHAT
KUAKOK YaCTUIlW MO JarpamkeBnv NepeMeunwiMm. B KauectBe
HepBOro HpubamKenus /A ot ckopocreft Oepercd rpanuent
rapMOHMUecKOf (pyHKIuM, peinaronielt 3anauyy Helfivara, coorser-
CTBYWOLLYIO HPEAeAbIEV YCAoBHAM HA IpaHulle cocyna. llo aromy
TTONI0 CKOPOCTeH CTrPOATCA MFHOBEHIIE JIMIUM TOKa, H yHoMsi-
nHyTHe coorrouierun Komu jalor mepsoe Jpubauxenue  [us
nonsi BuXpefl. YinomsHyrpie Boiiile (PoOpuyan AT HO 3Tomy
moaw BUXpeH coorBeicCrByLiee mnoie ckopocrted. Takuv oOpa-
30v modyyaercs Bropoe mpubauxende Ads Hona CKopocre#, u
npouecc npojonkaercd, Kak W Buiime. Meroj1 nocie1osare/bHuX
npubIMKEHU NPUBOAUT K 1100 CKopocrel, Koropoe YJAOB/e-
TBOpHeT ypapuewdsM [eabMrodnia, BoITEKaOUUY U3 COOIHO-
menutt  Kouwn, [Janee cnenyer ofumupioe wucCleioBanue, B
KOTOPOM jloKa3uBaercsd, YTO MOAYUYEHHOE Ioje CKOopocrefl jiuna-
MHYECKH BO3WOXHO, T. €. IMO3BOJAET OnpefeiuTh U3 ypaBretui
IHIPOMHAMUMKY CKa/JspHOE T7loke naBnerus. IJr0 CBOAHTCH K
J10Ka3aTenLeTBy TOr