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NPEAMCJOBUE
PEJAKTOPA NNEPEBOIA

Kunra sbipamoiierocst (paHilyackoro wmartemMatuxa AHpH
Kaprana npeficrapaser co0oil HHTepecHOe siBeHne B MaTeMaT-
uecKoll yuebHoil muTepaType. OHa mocssiiieHa ofHol u3 Hau6o-
Jee KJacCHYecKux oTpacjefl MaTeMaTHKH — TeOpHH (PyHKIHHU
KOMIIJIEKCHOT'O TIEPEMEHHOI0 — H COACPIKHT JIHIUL CAMBIE OCHOB-
HElE U 3JeMeHTapHble (akThl 3Tol Teopuu. M Tem ue menee
OCHOBHOC BII€UATJICHHE OT KHHI'H — CBeXecTb U HOBH3HA.

Kasanock 6bl, 4T0 MOXKeT OBITh TpaJHUMOHHee BefiepiTpac-
COBAa NMOAX0Ja K H3J0XKeHHIo TeopuH GyHKIuiA? OpHako, npel-
NocJaB TEODHH CTENeHHEIX PSJIOB B -KOMIUIEKCHOH 006JsacTH
Upe3BLMAMHO NPOCTOE M 5JeTaHTHOE H3/I0XKeHHE (OpMaTbHBIX
cTemeHHbIX psfoB, A. KapraH cpasy mNoauepKuBaeT CBsS3H
3TOH TEOPHH ¢ cOBPeMeHHOH anre6poil u Tonosoruedl. Henosb-
30BaHHe MNOHATHA JHUpPepeRuHaNbHOH (POPDMBEI M TOMOTONHH
OUeHb OCBEXKACT H3JOXKeHHe TeOpHH HHTerPUPOBAHHSI, a4 BBeAe-
Hue npoctpaHceTe B(D) u (D) dpyHKuUHA, COOTBETCTBEHHO He-
NPepHBHBIX 1 aHANMUTHYeCKNX B objactu D, ykasbiBaer Ha CBsi-
31 ¢ nocsefHuMu pabotamu no (GYHKIHOHAJTbHOMY aHAJIH3Y...

Takoro poga mpuMepoB MOMKHO IPUBECTH IOBOJBHO MHOTO.
Oznnako aBTop OTHIOLL HE 3J0YMOTpeb/sieT MOAepHH3MaMH,
HAIpPOTHB, OH CTPOr0 OrPaHHYHBAET YHC/JIO HOBHX TEPMHHOB
H TIOHATHH. :

Kuura A. KapTana ouenb XOpoino oTpaxaer AyX cCOBpe-
MEeHHO# TeOpHH (yHKIHH KOMIJIEKCHOrO NepeMeHHOTO — HayKH
OJIHOBPEMEHHO H KJacCHYecKod M Mojiofiod, 6oraToil cBA3sAMH
U C KOHKPeTHEIMH (PH3HYeCKHUMH 3aJauaMi U C caMbIMH HOBBEIMH



6 Ipeducaosue pedaxmopa nepesoda

OTpac/sIMH TeopeTiyecKod MaTeMaTHKM. UuTartenb He Haijer
B KHUTe psiia TPAJULHOHHBIX Bemlefl: NOYTH He paccMaTpu-
BAIOTCSI OTOOPAXKeH s, OCYILeCTBIsIeMble 31eMeHTaPHBIME (PYHK-
nuaMH, TeopeMa Pylie flana aumb B yOpaKHeHHsX, pasJoxe-
HHs1 Ha npocreiinine ApobH u B GecKOHEUHble NPOH3BEIEHHS
JaloTCst Ha npumepax d T. n. OIHAKO B mOcJenHee BpeMsl B
VHUBEPCHTETCKOM [pelNofaBaHud  YCHIMBAIOTCA  TeHJAEHIHH
COKpalleHHsl OCHOBHLIX KYPCOB 3@ CHET OCBOOOXKAEHHA HX
oT jeranefl ¢ Tem, 4TOOBl sICHee BBIAENNUTb OCHOBHBIE HAEH.
M kypc Anpu Kaprana, Ha Haul B3IJIAA, ABJASETCS OTIHUHBIM
NPHUMEpPOM TOTO, KaK 3TH TEHAEHUUH CjefyeT OCYLECTBASiTh.
MoxHO HajeaTbest, UTO UHTATENH PYCCKOrO M3AaHudA MOJy-
YaT OT KHHUI'H TaKoe e YA0BOJbLCTBHE, KAKOE HCMBITALH Iepe-
BOJYUMKH H peJaKkToph!, pafoTas Hajy MOATOTOBKOH 3TOro

H3JlaHuUsA.
b. B. la6am



NPEANCJIOBHE

HacTosmias Kuura moBTopsieT ¢ HeKOTOphIMH 00aBACH HAME
Ky pcC JieK1u#l, unTanuslil Ha daxyabTere Hayk B Ilapuxke B pam-
Kax Inporpammbl AJjs Juuennuates B 1957/1958, 1958/1959
n 1959/1960 yueburix rogax. Ona nocssiuena, MasHeM obpa-
30M, TEOpHH (YHKIHI OJHOTO KOMIIEKCHOTO I€DEeMEHHOTO.
Crnyuaii MHOTHX JeHCTBHTENBHBIX HJIH KOMILIEKCHBIX TepeMeH-
HBIX, TeM He MeHee, 3aTparusaercs B 171, [V ¢ toit uenbio, yTobHI,
BO-11€PBBIX, CTAJO BO3MOXKHBIM paCCMATpHBATL I'apMOHHYECKHE
yHKUUHM JABYX JACACTBHTENbHBIX NE€PeMEHHHIX KaK aHaJHTH-
uyeckue (PYHKUMH H, BO-BTOPBIX, JloKasath B Ii. VII Teopemy
CYUIeCTBOBAHHA DPelIeHHs cHCTeMbl AuddepeHIHANbHBIX YpaB-
HeHHH C aHAJTUTHUECKHMH MPAaBBIMH YACTSIMH M HaYaJbHBIMH
YCJIOBHAMH.

Copepxanune 3Tol KHUTTI IepeKpBIBaeT Ty YacTb NPOIPaMMBI
sK3aMeHa o Kypcy «Maremartuka Il», xortopas nocesmiena
AHATUTHYECKHM (YHKUHAM. DTOT Kpyr BOMNPOCOB paHee BXO-
141 B Kype «IuddeperiinanbHoe 0 HHTErpajbHOE HCUHCCHHEY,

Hetanu nporpamMM JHIEHIIHATCKUX 3K3aMCHOB HE sIBJASIOT-
Csl TBEPJAO YCTAHOBJEHHBIMU, U JIGKTOpP OOBLIUHO COXpaHsieT 10-
cTaToyHo GosbLIyIo cBOGOAY B Bhifope MaTepiana AMsl CBOETo
Kypca. Jta cBo0oja He OrPAaHHYHBAETCH MPAKTHUECKH HHUUEM,
KpoMe TpaJHiui; Korja ke peub HeT 0 TeopHH QyHKIHHE KoM-
IJIEKCHOT'O TEPEMEHHOr0, CJeAyeT cKas3aTb, UTO TH TPaAHiUH
Bo ®PpaHIUK XOPOUIO yCTaHOBJeHH. MHe, BepoATHO, ocTaercs
TOJNbKO yKasaTb, B KaKOH Mepe s OTOLIE]T OT HHX.



8 [lpeducaosue

IMpex e Bcero, s mpennoyes HayaTh H3JIOXKEHHE He ¢ TOYKH
‘spenus Kown (nuddepennupyemere dbyHKuHU 1 nHTerpan Ko-
M), a ¢ TOUuKM 3peHus Befiepuitpacca, T. €. ¢ Teopun cxops-
LIHXCS CTEIeHHHIX psioB (ri1. I). DToMy npeniecTByer cxxaToe
U3JIOXKeHNe TeopHH (opManbHbIX ONepanui Haj CTeleHHBIMH
pAldaMH — TOro, 4TO B HallM JIHH HasbiBaeTcs Teopuel dop-
MaJIbHBEIX CTeMeHHBIX DPsifoB. Kpome Toro, s OGHOBHJ Tpaju-
MM, IOCBSTHB ABA naparpadga ria. VI cucTematHueckoMmy, X0Ts
H COBEDIIEHHO 3JIEMEHTAPHOMY H3JI0XKEHHIO TeOpHH abCcTpaKT-
HBIX <QHAMHTHYECKHX IPOCTPAHCTB» (KOMIJIEKCHOH pasmep-
wocTd 1). Mbl HasbiBaem 3jiech «aHAJUTHUECKHM IIPOCTPaH-
CTBOM» TO, YTO paHblle Ha3bIBAJIH U YaCTO HA3HIBAIOT elle ceii-
yac «pHMaHOBOH MOBepXHOCTbIO». Mbl, OAHAKO, MpeANOYHTaeM
COXpaHHuTb HasBaHHe PHMAHOBOH NOBEPXHOCTH AJs 0003Ha-
YEHHA COBOKYITHOCTH AHaJHTHYECKOTO HpPOCTPAHCTBA H TOJO-
MOPQHOTO 0TOGPAXKEHHsT TOrO IPOCTPAHCTBA B KOMILICKCHYIO
IJIOCKOCTh (WM B JApyroe aHAJUTHYECKOe IIPOCTPAHCIBO).
Takum ofpasom, ¢ xkejaeMoll - ICHOCTBIO YCTaHaBJAHMBALICH
pasnHuue Mexly IByMs 3THMH NOHSTHAMH, YTO HEBO3MOXKHO
B KJacCHYeCKOH TepMHHOJOTHH.

Ilpn paccMoTpeHus TaKoH KjaccHuecKoi TeMbl, KaK Teopus
(YHKIHE KOMILIEKCHOTO IICPEMEHHOI'0, KOTOPOH IOCBAIIEHO
H TOCBSIIIAETCH CTOJLKO TPAKTATOB BO.BCEX CTPAHAX, HE MOXKET
OHITb W peuH O NMpeTeH3MH Ha OpHI'MHaJbHOCTb. Ecau macros-
a8 KHHTa U OTJiHYaercsd ueM-TH60 OT NpefllecTBYOWHX el
Bo ®paHuuH, TO MOXeT ObITE TEM, YTO MBI CJleiyeM B Hell HelaB-
HeMy, HO Bce 0oJiee pacnpocTpaHsIoIeMycs NpHHIHIY: MaTe-
MaTHYeCKHH TEeKCT AOJIKEH COJepIKaTb TOYHLIE (POPMYJINPOBKH
BCeX NpelIoXKeHUH I TeopeM, KOTOpHX JOCTATOYHO JJsi NOHH-
MaHHs MOCJAEAyoHX (POPMYJTHPOBOK U Ha KOTOphle B J0OOH
MOMEHT MOXHO 6bu1o 6B cocnathesi. He cuuras meMHOTOYHMC-
JIEHHHX $SICHO OTOBODEHHBIX HCKJIOUeHHH, NpHBEJieHbl [OJHbE
JoKa3aTesbcTBa BCEX CHOPMYJHPOBAHHBIX B TEKCTE YyTBEpK-
JIEHHUH,



I1peducacsue 9

JOBOJILHO TOHKHE BOMPOCH! MJIOCKOH TONOJIOI'MH, BO3HHKAK-
IIHe B CBA3U ¢ HHTerpasom Kouiu ¥ HayueHneM MHOTO3HAYHBIX
¢yHKuui, cmeno pacemorpens! B v, 11, Jymaercs, uto 3jech,
KaK U paHee, HECKOJbKO TOUHHIX (OPMYJHPOBOK MpPeANOUTH-
TeJbHee o0palleHHss XK CMYTHOH MHTYHUHH H pacl/bBBYATHIM
nfesM. Ilpy H3/M0XKEHHH 3THX BONPOCOB MeHsl BIOXHOBJANA
npekpacsasi ‘kuura JI. Anbdopca (Complex Analysis), xota 1
H He CJeJoBaJ MOJHOCTHIO TOYKaM 3PEHHS, KOTOphHe TaM pas-
BHBaIOTCH. UTO K€ KacaeTcsl OCHOBHBIX NMOHATHH ofimlell Tomo-
JIOTHH, TO OHM MPEANONaraioTcsl H3BECTHBIMH UYHTATENIO H HC-
IOJIb3YIOTCSl BO MHOIHX MecTax 3TOHl KHHLH;, B caMoM JeJe,
5TOT KyPC pacCuuTaH Ha CTYyJACHTOB, H3ydaouux Kypc «Mare-
matuka II» u yxe u3yuuBmnx, B NpHHIHne, Kypc «MaTema-
THKa I».

Sl BEIpaxaio ropAuyo IpusHaTeJbHOCTh rocnopnny P. Ta-
KaxacH, KOTOpHIH, uMest GOJbIION OMBIT B NPOBEIEHHA NPaKTH-
YeCKHX 3aHATHA €O CTyJEHTaMH, JI00e3HO JONOJHHJ IJ1aBbi
3TOi XHUTH QOpPMYJHPOBKAMU ympaKHeHHH u 3agau. Mot Ha-
AeeMcsl, UTO YHTATeNb ¢ HX NOMOIIbIO Oy leT HMeTb BO3MOXKHOCTh
YAOCTOBEPHTLCS B TOM, UTO OH HNOHSJ M YCBOHJ TeOpeTHUeCKHe
TIOHATHSA, H3JIOXKeHHbIe B TeKCTe.

Anpu Kapman
Hn (dpom), 4 aBrycra 1960 roaa.






T'nasa 1

CTENEHHLIE PAJibl OT OAHOTO NEPEMEHHOIO

§ 1. ®OPMAJIbHbIE CTENIEHHbBIE PSbl

1. Aare6pa nomunomoB. IlycTe K — KoMMyTaTHBHOe loJe.
Mur 6ygnem paceMaTpHBaThH (POpMAsbHBIE TOJHHOMEL OT OJHOTO
cumBosa (Mnu «HemssecTHoW») X ¢ kKospdunuentamu uz K,
HoKa He mpujaasast X KOHKpEeTHoro cMeicia. Onepanuu cjioxke-
HYsS JBYX TOJMHOMOB H YMHOMKEHHS NOJNHOMA Ha «CKaasap»
(T. e. na snement u3 noasa K) mperpamaior Moxkectso K[X]
TAKUX TOJHHOMOB B 6eKmoproe npocmpancmeo Haj K, xoto-
poe obsasaer GecKOHeYHEIM 6asucom

.
1) A” X27 LR ] Xn,

Kaxpii nonuHOM mpeficTaBisieT coboli KOHEUHYIO JHHEeHHYI0

KomOuHanio cumBosios X" ¢ xospdunmenTamu us K, T. e,

MOXKeT ObITh 3alHCaH B BHJE Z a, X", The B OeckKoHeyHo# Mo-
n=0

=

CJIeI0BATENBHOCTH KO DHIIHEHTOB @, BCE SJEMEHTH, 32 HCKII0-
YeHHeM KOHEUHOTO YHCJa, PaBHBI HYJ0. TabiHiua yMHOXKEHUS
XP. X% — XP+a

onpenensieT HekoTopoe ymHoxenne B K[X]; mpoussenenne
(Za,x).(3 8,9

paBHO X ¢, X", TJe
k(3
Cn= Z ap'ch . (1.1)
pHg=n
DT0 yMHOXKeHHe KOMMYTATHBHO H accouuarusHo. OHO Takxke

OuIHHEeNHOo, B TOM CMBICJIe, YTO 14 JIIOGHIX TOJHHOMOB Py, P,
P, Q u ckansipa A HMeIOT MECTO paBeHCTBA:

(Py+ P2)-Q=P,Q+ P)Q,

(.P)-Q =1.- (PQ). (1.2)
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Hns sToro yMHOXKEHHs CYluectByeT eJHHHUUHBIA 31eMeHT (KO-
o N
TOpHIl Mbl OyJieM 06o3nauaTh 1), a HMEHHO MOJHHOM Z a, X",
n>0
y KoToporo @y = 1, a, = 0 mpu n > 0.

CoBOKYITHOCTD IlepeyncJIeHHbIX CBOHCTB 03HAYAET, UTO MHO-
xkectBo K[X1, obnanatomiee crpyKrypoil BeKTOPHOrO Ipo-
CTPAHCTBA H TaKUM YMHOXKCHHEM, SIBJISICTCS KOMMYMAMUBHOU
aaz2ebpoli c eAuHHLCH Hal nojeM K; B 4acTHOCTH, OHO sIBJIsIeTCH
KOMMYTATUBHBEIM KOJIBIIOM C €IHHHIEH,

2. AareGpa dopMaabHuix psijioB. PopmasbHbL cTenenHoH
psaoT X npecTasseT coboil opmManbHoe Bhipaxkente Yd, X,
nz=0
IIpUYeM Ha 3TOT pa3 He IpefnoJsaraercsd, 4YTo Bce Kos(pdHiHeHTh!
@, 3a HCKJIOYEHHEM KOHEYHOro YHcaa, paBHE Hymo. Cymma
IByX (opMaJbHBIX DsiIOB ONpefiessieTcsl o gopmyJae

( Z aan) bi‘( 2 ann>: Can.: rjpe Cn:an+bn,
nz=0 nxo 0

nz=

=

a npousBeeHye POpManbHOIO PIAA HA cKaJdsp — 1o GopMmyJe

A(D @ X"y = 2 (ha,) X"
n=0 np0

Meuoxectso KI[[X]1] gopmanbubix cTeneHHBIX PANOB SBJISETCS
BEKTOPHBIM mNpocTparcTBoM Haj K. O6osnaunm cumsoJgoM 0
3JIeMEHT 3TOT'0 IPOCTPAHCTBA, NpubaBIeHnue KOTOPOro K JoboMy
dopManbHOMY PpSJLY He H3MeHsieT MOCJeIHero; 5To ¢opMasb-
HBIf psf, Bce KO3(pPHHUEHTB KOTOPOTO paBHBI HYJIO.
Ilpoussenense ABYX (QopManbHEIX pPfJ0B, TaK Xe Kak H
Npou3BeJleHHe JBYX IOJHHOMOB, OINpeJeseTcs IPH IOMOULH
dopmyas (1.1), KoTopast coxpaHseT CMEICJ, TaK KaK B HeH AJis
KaXkJoro n Kosh@UIHeHT ¢, onpejensercs Kaxk cymMMa KoHed-
HOTO YHCJA cJaraeMblX. YMHOMKeHHe H B 3TOM cJjydae KOM-
MYTaTHBHO, aCCOLMATHBHO H OHJIHHEHHO MO OTHOLIEHHIO XK
omepanysM BeKTOpHOro mnpocrpaHctsa. Muoxkectso KI[[X]I,
TaK xe Kak H muHoxectso K[X|, npeacrassisier co6oit anre6-
py Haj noseM K ¢ elMHHYHBIM 3JeMeHTOM, o603HayaembM 1
(uM siBAsIeTCS AR Zo a, X", takoh, uto @y =1, a, =0
nz

npu x> 0),
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Anre6pa K[X] oroxpecteasercs ¢ nofanre6poi anre6phl
KI[X1], coctosumeti u3 GpopManbHEIX PSIOB, BCe KOXDPUILHEHTHI
KOTOPBIX, 3@ HCK/IIOUCHHEM KOHEYHOro YMCJa, PAaBHHL HYJIO.

3. Nopsanok dopmannneoro psaga. Ilycts S (X) = ;0 a, X";
n=

IJs coxpaiienus pMecto S(X) Oyaem nucate npocro S. Hopa-
dox o(S) psna S ecthb uesioe YHCa0, onpefiesensHoe npu S #* 0
KaK HaUMEHBUINH HHAEKC n, AJas Kotoporo a, 7 0. osopsr,
4T0 QopManbHLIH psafl S ABJASETCS PAAOM MOPsiKA, HE MEHbIIero
k, ecnu oH nubo paseH HyJo, aubo o (S) > k. Ias npocToTkl
Oy JieM CunTath, 4TO MOC/eHee HePaBEHCTBO IMeeT MecTo U NpH
S = (0, x0T B 3TON cjyyae yuca10 o (S) He onpejeneno.

Samveuanune, Moxuo ycaosuthes, yto ® (0) = + oo,
Pazer S nopsifika, ne Menbiuero k (k — jaHHOe 1e10€ yc-
JI0), TIPOCTO NPEACTABIAIT COBON psifibl D a X"y KOTOPBIX
n=0
a, = 0 npu n < k. Takue psgp 06pasyioT BEKTOpHOE MOJ-
npoctpanctBo npocrparersa KI[[X]].

Onpenenenue, CeMeficTBo (GOpMATbHBIX PALOB
{S; (X) }icz, the I — HEKOTOpOE MHONKECTBO HHJAEKCOB, HA3bI-
BAETCS CYMMUPYEMbIM, ECTH /s JH000r0 1eaoro &k HepaBeHCTBO
o (S;) > & HMeeT MecTo AJs BCeX HHIEKCOB {, 38 HCKJHOUEHHEM
Koneuynoro uncga. Ilo ompejeseHuio, cymma CyMMHDPYEMOTO
ceMelcTBa GOpManbHHIX pAJLOB

Si (X)= Z an,z'Xn
n=0
ecTb pSIf
. S(X): 2 anXﬂ:’
n=0
rjae a,= Z an,; s Kaxporo n. CyMMa ) @, ; UMEeT CMBICI,
1 K]
TaK KaK, 110 [IPeIOJIOKEHHIO, SJEeMEHTHI Oy, ; TIPH PUKCHPOBAH-
HOM 7 paBHBl HYJIO JJIs1 BCEeX 3HaueHMH i, 3a HCK/OUEHHEM
KOHeyHoro upcnaa. Onepauys caomeHHss (POPMAJIbHBIX PSAOB,
COCTaR/ISIOMIUX CYMMHpYeMoe CeMelicTBO, sBJstercss 0GoOIIeHH-
eM OfiepautH CJIOKEeHHsT KOHEUHOI'o ynuc/ia (popMalibHbIX DSIfIOB,
onpefeasiemoit BekTopHO# crpykrypoit KI[XI]. Takoe 0606-
I[EHHOE CJIOXKEHHE KOMMYTATHBHO H ACCOIHATHBHO B CMEICIE,
KOTODHI JIETKO MOMKeT ObITh YTOUHEH YHTATeNeM,



14 Ta. I. Cmenennoie pado om 00HO20 nepemenHozo

Tenepb MOZKHO NPHAATL CMBICJI 3HAKY CYMMbI B (1)OpMa.HbHOM

obosHaveHun ¥, a, X"
n=0

=

HeficTBHTEIbHO, YCIOBUMCS HA3bLIBaTbh MOHOMOM CTENeHH p
dopManbHbil paL Y, @, X", B KOTOpPOM a, = 0 npu n # p;
nz=0

TakOH MoHOM o0o3HauuM uepe3 apX”. CemelicTBO MOHOMOB

{aan}neN

(duepes N 00603HauEHO MHOMKECTBO MEJbIX YHCEN, OGOJBIIHX
wan paBHBEX (), OUEBHAHO, CYMMHDPYEMO, M €ro cyMMa ecTh

QopManbRLI psag D) @, X™.

n=0

SawmeuaHue, [lponssesenue
1
Y.

(ZapX ) (2 quq)

D q .
IBYX (GOPMAJBHEIX PsIiOB €CTh HE YTO MHOE, KaK CyMMa CyM-
MHPYEMOro ceMelicTea, 06pa30BAHHOIO NPOH3BELEHHSIMH

D — Y

(apXP)- (bgX?) = (apby) X**1

MOHOMOB MEpPBOTO pPsHJA Ha MOHOMHE BTOPOTO phja.

IMpexnnoxenue 3.1. Kowyo K[[X]] ssasemcs o6-
aacmsto yeaocmruocmu (310 o3navaer, 4to U3 S F= 0 u T %= 0
caenyer ST = 0).

HoxaszaTtenbcrtso, [lpeinonoxum, urto S (X)=
= 2 a,X? u T(X)= 2 b,X"— dopmanbubie pamel, He

Y
pasgbie HyJ10. IlycTh pg . o (S), go= o (T), u nycTh

SX)-T(Xy= D c, X"

OueBupno, 4t0 ¢, = 0 AJs1 7 < pg + Go U Cpy-igy = Qpg- Dag-
Tak kak K —mnone, ap, 70 H by, = 0, TO H Cpyiqy # 0.
Crneposarenbno, S-7 He paBHO HyJ0. Kpome Toro, Mbl joka-
3aNny, 4ro

o(ST)=08)+o(T) pm S0, T=£0. (3.1
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3ameuanue MoxHO paccMaTpHBaTh GopMasbHBE Psi-
IB ¢ Koa(duiuenTaMy 13 KOMMYTaTHBHOTO KoJbua A ¢ eiuHH-
ueit (He obasarensuo u3 nosis K). Ms Jokasatesnscrsa mpepdso-
xeuus 3.1 scHo, uTo ecau A — obaacmey yerocmuocmu, mo
u AllIX]1] — obaracme yerocmuocmu.

4. MoxctaHoBKa OfHOro (hopMasbHOrO psifja B JIPYroi.
Paccmotpum fBa (opManbHBIX pAfa

S(X)= 3 a.X", T(Y)=p§0 boY?.

nz

[pennomnoxum, uto by = 0, 1. €. yT0 @ (7T) > 1 (3rmo npeo-
noaoscerue cyuiecmeerno). COIoCTaBIM KaXkAOMY MOHOMY a, X™
dopManbubil paf a, (7 (Y))", rie Bo3BeleHue B CTENEeHb 7
¥ YMHOXKEHHEe Ha CKaNsp @, HMEIOT CMBICI, Tak Kak dopmasb-
Hele psfel o1 Y ofpasyior anre6py KIIY]I.

Tax xak by, = 0, 10 mopspok «, (T (Y))* Gonbme wmau
paBeH n; cJefoBaTe/bHO, CeMefCTBO, COCToslIee U3 3JIeMeHTOB
an (T (Y))*, rme n npobGeraer MHOMXKECTBO Ie/bIX HEOTpHUa-
TeJbHBIX YHUCEJ, CYMMUpYeMO, U MOMHO paccMoTperb ¢op-
MaJbHBEH pag

2 an (T (Y))", (4.1)
nz=0
KOTOPHIHl MBI PacloJIOKHM [0 CTeneHsM Y.

[oBopsT, uto 3TOT dopManbHBEIl psj oT Y nojayder nod-
cmanoskori T (Y) Bmecto X B pan S (X); on obGosHauaercs
S(T (Y)), nnn, ectyt He UMeeT 3HAUEHHS HAaUMEHOBAHHE HEW3-
BeCTHOro, npocto SoT'. TlpoBepxa cC/eAyIOUMX COOTHOLICHHUIT
NpeoCTaBIseTcs] YHTATeIO:

(§;4+83)eT=8,0T+8;0T, ]
(8,85) 0o T =(S10T)(Sy0T), | (4.2)
loT =1.

Mer He yTBepKRaeM, ofHako, uT0 So (T4 T,) pasno S o Ty+
+-8SoT,.

CoorHowenus (4.2) oznauaioT, 4To i Aaunoro 71 (nopszka,
GnabLero uiau pasHoro 1) otobpaxenue S —» So T ectb 20MOMOD-
¢pusn xonvua KI[[X]1] B xombuo KIIY]], nepeBop;HmHH enn-
HHIYHBIH JeMEHT B eIMHHUHBIH BJIEMEHT,
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3ameuanue, Ecau B pag S(X)= D) a,X" noucrasuth
n=0
0 BmecTo X, TO nosyuum QopMaNbHBIH PAA Qy, CBOASALLHHCH
K «CBOGOJHOMY UJIEHY».
Ecau jpaHo cymmupyeMoe ceMeiicTBO (pOpManbHBIX PsLOB
S; necn o (T) > 1, 1o ceMetictso {S; o T} TaKKe CyMMHpYeMO
i 1MeeT MeCTO DPaBeHCTBO

(28)°T=2(Sie7), (4.3)

obobuiaioniee neppoe W3 paBeHCTR (4.2).
B camom pene, nmycts

S;(X)= 2 an, : X™;
n=0

nMeeM

280 = X (Xan, 1) X",

i nz=0
0OTKy Aa

(X8)eT= 3 (Ban )TN, (44
B TO BpeMsa Kak

X80T =23 an, o (TY)"): (4.5)

s moxasatenbcTBa paBeHcTBa mpasbix vactedl (4.4) u (4.9)
JOCTAaTOYHO 3aMeTHTb, YTO B KaxXuoll M3 HHX Ko3(PUIHEeHT
npu Y? npefcTaBnsieT cobofi cyMMy KOHEUHOTO uncaa Xoddbu-
IIHEHTOB Oy, ;, U BOCIIOJb30BATHCS ACCOMHATHBHOCTHIO (KOHEU-
HOTO0) cjoxkeHusi B mome K.
IMpeanoxenne 4.1, Ecau o (T > 1uw(U)>1, mo
(SeT)oU=S8s(ToU). (4.6)
HHotmu croeamu, makas nOOCHAHOBKA QCCOYUAMUBHA.

HJoxasateabctso. Ecau S — MOHOM, TO COOT-
HouleHne (4.6) paBHOCUIBHO pPaBEHCTBY
TrolU =(T o U)", (4.7)

KOTOpPOE MOXKeT ObiTh IIOJIyUeHO HHAYKIHell 10 71 U3 BTOPOTO
u3 cooTHoulenu# (4.2).
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O6muit cayuait popmyJst (4.6) CBOANTCS K 3TOMY, ecay pac-
cMaTpHBATh Pl S KakK GECKOHEUHYIO CYMMY MOHOMOB Y a, X™.
n
Ilo onpepenennio,
SoT =Y a,T",

nz=0
oTKyAa Beaeictsie (4.3) nyeem

(SeT)eU= 2 /_ an (T U),

yto, B cuny (4.7), paBHO
2 @ (ToU)"=S0o(TsU),
n=0

a aTo u TpeGoBasoch JOKasaTb.

5. O6patHblii 2JeMeHT B KoJiblie (opMaiabHeiX psjos. He-
nocpefCTBEHHO MpoBepsieTes, uTo B Kosbile K1Y 1] uveer mecto
TOXK/ECTBO

1=Y)(14+Y+ . .. +Yr . )=1 (5.1)

CrnepoBatenbio, fas psifa 1—Y B xomeue K[[Y]] eymecrsyer
06paTHBL 5JIeMEHT.

INMpenaoxenne B.1. [lan moeo ymobe. sremenm
S(X) = D) a, X" 061adar 0Bpamusim d4eMEHMOM OMHOCU-
n

measto ymuoncenus 6 KI[X]1, ueobxodumo u docmamouro,
ymodol qg Oviao omaudno om Hyaa, m. e. umode S (0) # 0.

HJoxaszaTteuabcTso. HeobxoxuMocTs 3TOro yCJI0BHS
cJIedyeT u3 TOro, YTO eCqaH

T(X)=25bX" u S(X)T(X)=1,

T0 @by = 1, otkyna a, # 0.

} OGpaTHO, NPEANOAOKIM, UYTO @y 7 0; MBI NOKamkeM, uTo
s psafa (ao) 'S (X) = §;(X) cywmectsyer ofpartHbll paA
T, (X); otciofa caenyet, uto o6patibiM K pagy S (X) asasercs

, Pan (ag) Ty (X). B camom gene,

S (X)=1-U(X), rre o(U)>1

2 A Kaprau
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nostoMy psiag U (X) moxkso mogctaBute B Toxkgectso (5.1)
BMecto Y. CnefosatenbHo, psif | — U (X) obparum, uto u Tpe-
60BaJIOCh Jl0KasaTh.

3ameuasnue Amrebpy K[X] nonuHOMOB MOXHO BiO-
xutb B anrebpy K[[X]] dopmanbubix psigos. Met BuanM, 4to
s goboro noaunoma Q (X), taxoro, uro Q (0) 540, B Koabie
K[[X]] cymectByer o6paTHbii ajement. DTO KOJBLO COAep-
KUT, CJENOBaTeJbHO, Bce uyactheie Buga P (X)/Q(X), rme
P(X) n Q(X) — nmonunomsl, Takue, uro Q(0) % 0.

6. fponssonHasa ot dopmaabuoro psaga. Ilycrs S (X) =
=ZanX“; ero npoussoduHol HasbIBaeTCst pPsif

S'(X)= D) na, X" (6.1)
n>0

Haa npoussopgHo#i S’ Mbl OyaeM ynoTpeGisitTe Takxke 06o-

3HayeHHe UM eHle XS' IlpousBopnas cymMMel (KOHEUHOH

ax
wan GeckoHeunofl) paBHa cyMmMe NpoU3BOJHBIX. Otobpake-
nve S — S’ ectp Jauneiinoe otobpaxenne K[[X]] B cefa.
Iajiee, Ipou3BOHAA NPOU3BELEHNS JBYX PAJOB BBIYUCISIETCS
no cnenyiomeil dopmyJe:

d ds ar

JTeACTBUTENBHO, IOCTATOUHO MPOBEPHThL Ty GOPMYJIY A Cay-
yas, xorga S u T — MOHOMBI, a 3T0 JieJlaeTCss HelloCPeACTREHHO,

ITycts S(0) #0 u T — psax, obpartubll K S (em. m. 5).
3 ¢opmyan (6.2) momyuaeM Toraa, urto

dX< >— s12 ax (6.3)

[To MHAYKUHH ONpPEeAEJSIOTCS MPOU3BOOHbIe BbICUIUX NOPAOK08

¢opmanbuoro paga. Eenn S(X) = D) a,X™, 1o npousBonHas
nopsajxa A paBHA

S (X)=n!a, +unessl cTemeHu > l.

CaefioBaTelibHO,
S™ (0) = nlap,, (6.4)



$ 1. DPopmarsuvie cmenennsie pads 19

rae uepe3 S (0) o6o3Hauaercst pesyabraT MOACTaHOBKH psja 0
B pan S™ (X).

7. O6pawenue pagos. Psan I (X), xoropelll onpenensieTcs
pasencTsoM / (X) = X, siBIsieTCSl eAMHHYHBIM 3/1eMEHTOM A/
KOMITIO3HILHE (POPMAJILHBIX PSIOB:

Sol=8=17]6o8.

[Mpepnoxenue 7.1. [Tycme dan gopmassneus pad S;
0as moeo umobol cyuyecmeosar opmarerowi pad T, makol, 4mo

T0)=0, SoT=I, (7.1)
HeoOX00uUMO U OOCMAMOUHO BbINOAHEHUE CACOYIOWUX LJCA0BULE:
S©0)y=0, §'(0)=+0. (7.2)

IIpu amux ycaosusx T onpedensemes eQuncmserHoim 06pasom u,
kpome moeo, ToS = I. Huwmu croeamu, psd T obpamen
pady S OmHOCUMEAbHO KOMRO3ULUU o©.

HorkasateabcrTro. I[lyers
S(Xy= 2 a, X", T(Y)= 2 bY™
n=0 w1

Ecau
S(T(Y) =Y, (7.3)

TO, CPaBHHUBAfl INIePBbIE H BTOpbIe KOIPODUILHEHTH 5THX PsJOB,
nonydaeM, 4To
a():O, a1b1= 1. (74)

CaepnoBaTenbHO, YCA0BHS (7.2) sABASIOTCS HEOOXOLUMBIMH.
Tenepb npeanosoKUM, UTO OHH BHIIOJNHEHEL. B J1eBofl yacTu
paBenctBa (7.3) KoadbunueHT npu Y paBeH HYJNIO; OH paBeH
Koaduumenty mnpu Y™ B psne
a,T (V) +a(T (V) + ... +a.(T(Y)",

OTKyJa noJy4yaeM COOTHOIUEHHE

aibn+Pn(az, e oey Qpy bj, Ceey bn_1)=0, (7.5)
rde P, — HEKOTOpLIHl ONpefeseHHbIl MOAHHOM C IeJbIMUA He-
OTpHUIATeNbHEIMHU KO3(ppULLHEHTAMH, JIHHEHHBIH [0 Ay, . . . , Qp.

Tak kak a4 # 0, BTOpOoe W3 cooTHOweHUi (7.4) MO3BOJAET
PAd



20 Ta. I. Cmenennsie padot om 00HO20 nepemerrozo

BBIUHCAUTE by; 15l 13> 2 KoapdHILHeHT b, HAXOAITCSA H3 COOT-
Howmenusi (7.5) unpyknuefi no n. OTciona cneiyer CymlecTBO-
BaHHE M €LHHCTBEHHOCTb ¢opmansHOro psga 71 (Y).

Ilosyuenustit psif yAoslerBopsieT yeaoBusin T (0) =
u 717 (0) % 0; cnefoBaTenbuo, npinMeHss K T pesyabrar,
JNOKa3aHHBIl HaMIl Ajst S, Mbl I[I0JiydaeM, UTO CYILeCTBYeT
dopManbHBI paf Sy, Takoi, 4To

S, (0)=0; ToSi=1.
Orcrona
Si=108,=(SeT)o8;=80(To8)=S8cI=3S8.

CrenoBatensno, Sy ecth He uTo HHOE, Kak S. [Tostomy Te S =1,
uto U Tpebosanoch. [Ipennoxkenue 7.1 poxazano.

NDpumeuanune. Tak xagk S(T(Y) =Y u T(S(X))=
= X, TO MOXKHO CKasaTb, uTo «popMaibHbie npeobpasoBaHHsy

Y=8(X), X=T()

B3aUMHO obpatubl. [lostomy psia T HasbiBaercss «0OpaTHBIM
OTHOCHUTEJILHO KOMIIO3MIIHM» WJIH [POCTO «0OpaTHBIM» psay S.

[Ipennoxenue 7.1 ecTs cBoero poja «Teopema O HesiBHOH
(bopmanbHON QYHKILHUY.

§ 2. CXOASIMUECA CTENEHHBIE PAJb!

1. Mose KoMmjekcHBIX 4YHced. B nanbuefimeMm nop mojem K
6yJeT MmoHuMaThcs Jubo moge R eficTBUTeJNbHBIX uucen,
an6o nose € KOMIUIEKCHEIX YIICes,

HanomuuM, 4To KOMIJEKCHOe UHCIO 2 = X-+iy (X u y
BElIECTBEHHRI) MOMKHO MPEICTABIATE ce0e KaK TOUKY IJIOCKOCTH
R? ¢ xoopaunatamu x u y. ConocTaBisis KaxaoMy 2 = X + iy

€ro «KOMIIJIEKCHO COUPAXKEHHOE» Z = X ~— iy, Mbl ONPENRIAEM,
B CHJY COOTHOILUEHUII

2+ =z+2, 22/ =z2,
aBToMOpduaM z — z nosis C. Conpsikennoe K 2 CHOBA €CTb 2.

Vlnaue ropopsi, mpeo0pasoBaHHE Z — 2 UHBOAOMUBHO, T. €.
COBMAZAeT cO CBOUM OOGPaTHBIM.
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Mur onpenenuM wopmy (1AM QBCOAMHYK BeAUMURY, WNH
MO0y Ab) |z| KOMILJIEKCHOrO uicsaa z dhopmyJaol

2] =(2-2)'2.
Hopma O6Jlalla€T CJIeZLyEOU_lHMI/I CBOIUICTBaMHI

2 <l2l4 ]2, [22']=]z]- 12", {1]=1.

|

Hopma |z | Beerna meoTpnuatenbHa H paBHA HYJIO TOJNBKO
npu 2z = 0. Dra HOpMa IO3BCJSET ONpPeeaNTh MEMPUKy B
nose C: paccTosiHile MEXY 2 U 2’ Togaraercs paBHuIM |2 — 2/ i
BBeJleHHAA MeTpHKa eCcTh He 4YT0 HHOe, KaK eBKJ/HA0BA
Merpuka B mnockocTH R2 Otnocurensno 3tofl merpuxm C
SIBJISIETCSl MOAHDLLAL TIPOCTPAHCTROM; 3TO O3HAYART, 4TO CHpa-
BeLJIHB Kpumepud Koww: mociefoBaTelbHOCTh Touek z, € C
uMeeT Mpefiesl Torga 1 TOJAbKO TOrJa, KOrja

lim |2 —2, | = 0.

L — O

n —w

Ws xpurepus Komu BEIBOANTCA KaK CJI€ICTBHE XOPOLIO H3BeCT-
HAsl TEOPEMA: €CTH . i, — D5l KOMIWIEKCHBIX UHCRN H ). |ty |<
n n

<+ oo, TO 3T0T pAjA cxohurcs (TOBOpPAT TOTHA, HTO OH
abcommioTHO cxonuTes). Dosee TOTO,

l;unK;{un{.

Mzl Beerga 6ysem oToxAecTBasATh Hosie R ¢ mopnosem noss C,
a MMEHHO C NOAnoneM, ofpa3s0oBaHHLIM TeMH Z, LJf KOTOPBIX
z = z. Hopma B nose C unayuupyer Ha R HOpMY, Koropas
€cThk He YTO HHOe, KaK alcoJIoTHAS BeJHYNHA JeHCTBHTEIbHOr0
yucaa. Ilose R rakxe nonno. B panbueilem HopMa B moasx
C u R Oyzer urparh cymecTBeHHYIO pOJIb.

Bsegem oboznauenus:

Rez::%(zq'—E) u Imz:%(z—%}

(«melicTBUTEIbHASY H «MHUMast» 4YacTu uucia 2 € C).

2. 0630p NOHATHI, OTHOCAMWMXCS K CXOAHMOCTH DYHKI MO~
HaapHbIX paaos. ([Io mMOBOAY BBOAMMBIX 3jeCh NMOHSTHI CM,
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J. Dixmier, Cours de Mathématiques I, Cours de I’A. C. E. S.,
Topologie, chapitre VI, § 9.) Y

Mum  Oynem paccmatpusate  (YHKIMH, — ONpelesieHHBe
Ha HEKOTOPOM MHomxecTse £ W mpHHHMaroiHe AeHCTBHTENbHbIE
UM KOMILIEKCHBIE 3HAueH!ss (MOXHO BOOOLIE paccMaTpHBATDL
(YHKIMH, IPHHHUMAIOLHe 3HAY€HHs] B [OJHOM HOPMHPOBAHHOM
BEKTOPHOM NPOCTPAHCTBE; CP. LUTHPOBAHHYIO BBILE KHUTY).
s kaxpolt GyBKnun u# o0603HaunM

Hull=sup |u (x)].
XEel
D10 HeoTpHIATENbHOE YHCIO, KOTOpOE MOXKeT 00pauarhest

B 6ecKoHeuHocTh. OueBnHo, et || u|| <+ oo nl| 0| <+ oo,
TO

lutoli<iallo) u [huf={M ful

JJIS1 BCeX CKa/spOB A; MHBIMH CJOBaMi, || u | ecTb Hopma Ha

BEKTOPHOM INpocTpaHcTBe QYHKUHMI 4, TaKux, 4To || u||<+ o0.
TosopaT, uro GyHKUHOHANBHBIE PAJ U, HOPMAALHO CXO-

dumes, ecan pajs HOPM 2 |4, || TpexcraBaser coboil cxoms-
n
mulicad paAf, WIM, HHAue TOBOPH, ZH Un || < ++oo. Orcrona
n
BEITEKAET, 4TO MJsl KaxAoro X € E psan 2 ]un (x)] CXONUTCA
n

U, CJel0BaTeNbHO, PSIL D Uy (X) abcomoTHO cXomuTesl. Dosee
n

TOro, 0003HAUUB CYyMMy MOCJAeHero psina uepes v (x), Mpl IOJIY-
UM

ol el timlo— 3 u)=0,

)
Hoc.ne].tHee COOTHOILIEHHE 02HAYd€eT, UTO YACTHLIC CYMMBI 2 Un
n=0

PAaBHOMEPHO CXOJATCS K U TIpH p, cTpeMmsiieMcs K GecKoHeu-
HocTH. TakuMm oOpasoM, 6cakud Hopmasbro cxodawutics pso
CXO0UMCL PABHOMEPHO.

Ilycts A — noaMHOeCTBO MHOKecTBa E; ToBopsaT, 4TO

paf > 4, HOPMAJbHO CXOAUTCS NpH X € A, ecnn paa dyHKiuil
n

u, = t, | A (cyxenne u, Ha MHOMKeCTBO A)

1) Cwm. taxxe )K. Ibenornne, OcHOBE COBPEMEHHOro aHasH3a,
WJI1, 1964.—/Ipum. ped.
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CXOMHUTCST HOPMAaJIbHO. ITO PaBHOCHJIBHO TOMY, uTo HA A Kax-
Ablii 3 Momynefl |u, (x) | me mpeBocxoanT HEKOTOpOH KOH-

CTaHTHl €, >0, npuueM paf 2 €, CXOJIITCS.
n

Hamomuum, uro mpelien paBHOMEPHO CXOAsiiedcs Iocse-
JOBATENBHOCTH QYHKILHH, HENPEPLIBHLIX HA HEKOTOPOM TONOJIO-
THUECKOM pocTpaHcTBe E, ecTk HenpepriBHas Qyuknus. B uact-
HOCTH, CYyMME HOPMAALHO CXOOSULELOC PAOA HERPEPLIBHBLY (DIHK-
yuil HenpepuiéHa, T. €. MOXKHO chOpMyJHpOBaTh TaxKoe yTBep-
KIEHHE,

IMpenanoxenue 2.1. Ilpednososcum, umo 012 Kaxc-
do2o n npedea lim uy, (x) cyuecmsyem w pagen an. I1pednoso-

x> Xg

UM marice, 4mo pao Y| U, Hopmarvro cxodumes. Toeda pad
n

D @, cxodumea u uMeem Mecmo paceHcmeo
n

; a, = lim (2 Un (x))

x—+xp n

(nepecTaHOBOYHOCTE CYMMHPOBAHHS C NIPELENbHBIM epexX0ioM).

3. O6nacTb cx0UMOCTH CTeneHHOro psapa. KoadpduinenTts
BCEX CTENeHHBIX pANOB, KOTOpble Mbl OYyJeM paccMaTpHBATh,
NpHHAaAAe:KaT ofHoMy u3 nojgeil R man C.

OTMeTHM, YTO BCe H3JOKEeHHOe HHXKe cnpaBelanBo B Gosee obuiem
ciaydae moJs, KaxaoMy 3JeMeHTY X KOTOPOro CONMOCTAaBAEHO AeHCTBH-
TesbHOE uHceno | x| > 0, Takoe, uTo

lx-Fyl<<]x4+Tyl, |xyl=lx|]yl

]x|=0 TOTAA W TOJBKO Torja, korma x=_0,
U CYMeCTBYeT OTJHYHBIA OT Hy/as 3JeMeHT X, Aad KOToporo | x| == 1.

Mycts S(X)= > a,X" — uexoTopslil GopMaibHLI psif
nz=0

¢ koaduiinentamu u3 R unu C. 3amenum 6ykBy X 2J€MEHTOM 2
COOTBETCTBYIOIIErO I10Jisl; B PE3YJbTaTe Mbl NOIYyYdeM «3Haue-
HHe» pafa S(z), KoTopoe sBJAseTcsl 3JeMeHTOM mojsi. Taxas
HOACTAHOBKA BO3MOXHA, pasyMeeTcsi, NpPH YCJIOBHH, UTO PSAL
D) auz" cxonutes. Ha caMoM fiesie Mbl OPpaHHYHMCS CydaeM,
nz=0

KOT'la OH CcX00umest QbcoAOMmHO.
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Bonee Touno, BBedeM AEfCTBUTENDBHYIO mNepesMeHHyio 73> 0
H PacCMOTPHM psiJ

Z [aﬂirnr

nz=0

YJIeHbl KOTODOTo — HeoTpunareirusie yuena. OH HasbBaeTcs
padom, accoruupearron ¢ psdom S (X). Ero cymma — Heot-
pHLATeNIBHGE YHCI0 MY GecKOHEuHCCTh, MHOMECTBO BCeX Tex
r> 0, Aas KoTopbIX .

E |an | 1™ < - 0o,

nz=0

obpasyeT, OueBHJHO, MHTepBaJ Ha noaynpsaMoil R+, npuuem
5TOT KHTEPBAJ 3aBEIOMO HE MYyCT, NOCKONLKY pal CXOAHTCS
npu r = 0. DTOT HHTEpBAA MCHKET ObiTh 3aMKHYTBIM CIpaBa
HAH OTKPBITBIM, KOHEUHBIM WM OeCKOHEUHBIM, MOXeT CBOANThCA
K eauscteenHofi Touke 0. Bo Bcex 3Tux cayuasx uepes Q
0003HauHM AJHHY 3TCTO HHTepBasja; TakMM cOpasoMm, Q npef-
cTaeasieT co0oil KCHeuHce unn GecKCHEeUHCE HEeOTPUILATeNEHOe
YHCI0, KOTOPCE NC2KET PABHATECA HYJIO. DTO YHC/IO HAa3bIBAETCS
paduycom cxcdusocmuy ¢GopManbHOro psiaa 2 an, X™. Muome-
n;o

CTBO KOMIVIEKCHBIX HHCea 2, MIs KOTOPHX |z | < @, Hass-
BACTCS Kpyeom CXCOUMOCIU CTENEHHOTO Psila; 3TO OTKpPhIToe
MHOXeCTBO, nyctoe nph o = 0. Ecau B xavectse nonsi koag-
¢dunyenTor BoiOpano nose € KOMIWVICKCHHBIX 4YMCeN, TO 3TO
MHOECTBO TeoMeTpHUecKH MpeAcTanisier coboil Kpyr.

IMpepanoxenue 3.1,
a) Has awboeo r < @ pad Z 2" HOPMAAbHO CX00UMCS

npu 8 HacmmHocmu, 3mom pad abcoaomuo cxodumes
o8 numaoco z, MOOYAb KOMOPO2O MEHbUIE Q;

6) pad Y a,2" pacxodumcs npu |z|> o (048 caydan
>

| 2 | = o nuueeo ne ymsepooaemes).

IHokasaTteabcTBo. Ilpennoxenue 3.1 BoTexaer
U3 caeaymomeil JiemMMbl.

Jlemma A6ens. Ilyemo Oedcmseumenvrvie ducia r
u ro maxoser, umo 0 < r < ry Ecau cyuwecmsyem roneuroe
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qucao M > 0, maxoe, 4mo

lan | <M 0as scex yeavtx n>0,

mo pao 2 ap 2" HopmasbHo cxodumes npu |z | <
=

B camom pene, |a,2" |<|an <M (r/ro) , a4 pag
¢ obuIuM yjieHoM &, = M (r/ry)™ npeicrasasier coboil reoMeT-
pUYECKYIO MPOrpeccHio co 3HaMeHarteaeM r/ry < 1 M, ciefoBa-
TeJBHO, CXOAUTCS.

Teneps AokameM yTBep:kAeHue a) mpepnoxenns 3.1. ITycte
r < p. Bufepem ry Taxum o6pason, U100 r < 1y < Q; IOCKOJIBKY

.
psag > la,|r,™ cXOmLHTCS, BCE €ro WYieHbl HE MPEBOCXOAST
nz=0

OJIHOTO ¥ TOrO ke uncaa M, u u3 gevmbr Abensi BhiTeKaeT HOP-
MasIbHAA CXOJUMOCTb psjd }_ a,2" pas |z |<r.

= =
Ocraercsi JokKasatb yTBepxkieHue 0). HYCTI: [2]> g
TOIJla MOXKHO NoAo0paTh UHCHO 71, 4TOOHI ]an } OByl CKOJslb
yrogHo BeAuK. B nporuBHOM cayuae no Jemye Abens pag
z ] ay, ]r CXOIHTed Aas Joboro r', Takoro, uto Q@ < r’ <
nz=0
< | 2|, uto mpotmBopeunT onperenenno g.
QopMyaa aAnfg BBHUHCIHEHHS pajuyca
cxoaumoctTu (Anamap).
Mzur poxaxem caenyrouiyo dopuyny:

/o= Tim |a,|'". (3.1)

W —> o

Hanomuum cnauana OIpe/lesIEHUE BEPXHEro Ipeaeaa mocacio-
BATEJILHOCTH JEHCTBUTEJbHBIX YHCEJ Un

Tim u, = lim (sup uy).

n — co P+ N=2p

Ias toro utobnr goxasats (3.1), MBI Bocmosb3yeMest Kijac-
CHUECKHM KpHUTepHUeM CXOANMOCTH: NYCTb AaHa MOCJAE0BATENb-
HOCTDb YHCeJl Up > 0; ecn [im v,l/m < 1, To Zvn < 4 oo;

n-— oo

ecau ke lim v,/" > 1, 1O 2 Up= + oo («npaBHno Ko,

T —> o

KOTOpO® JOKA3hbBAeTcs MyTeM CPaBHEHHs pSAd D, Up C rec-
n
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MeTpHueckoil nporpeccueil). Ilomoxum v, = | a, |r*. Toraa

lim v,V = r(lim | a, ['7).

n-—> o n > o

CuiefoBaTesbHo, PSIL . |a, | r™ cxomutest pu 1/r> lim | a, |1/
n

n—>oo

u pacxogurcs npu 1/r < lim la,|'/». ®opmyana (3.1) moxa-

7 —> 00

3aua.
HexoTopse mpunMepsH.

1) Pag Y, nlz® uMeer pajuyc CXOMMMOCTH, PABHBIA HYJIO.
n=0

1 n
2) Pagnyc cxoauMocTH psja 2 w2 GeckoHeueH,
nz=0

1 1

n n

3) ¥ Kamzoro ms pajos ) 2, > — 2", > —5 2" pa-
nz0 nz=0 nz=0

JHYC cXOAHMOCTH paseH 1. MOXHO NpPOBEPHTb, ONHAKO, YTO

9TH psabl BeiyT cels mo-pasHomy npH |z| = l.

4. CioxeHue U YMHOKeHNE CXOAAUUXCS CTeNneHHLIX PAJ0B.

Mpennoxenue 4.1. Iycme A(X) u B(X)—dsa
Gopmarvtivlx cmenerublx pada, paduyc cxo0UMOCMU KOmOpbLx
boavuie wau pasen 9. Ilycmo

S(X)=AX)+B(X) n P(X)=A(X)-B(X)
— ux cymma u npouseederue. Toe0a
a) pader S(X) u P(X) umetom paduyc cxodumocmu, 6Goas-
wud usu pasHeld Q;
6) 0an | 2] <o
S()=A@r)+B(2), P(2)=A(2)-B(2). 4.1
Hoxasarteabcrtso. Ilyets

AX)= Y @ X% B(X)= Y b.X™

n=0 nz0

SX)y= 2 X P(X)= 3 dnX"
nz0 n 20

[Tonoxum
Yn=lan!+ibnl§ Op = 2< ‘ap\"bn—p‘~

Ispsn
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Torza |¢n | < Yn, | dn | <8n. Ecn r < @, To psimpl Zo]an]rn

nz=

Ho [bn|r™ cxopATCs; TO3TOMY
n=0

S vt =( X a4+ (3 6al) <+ o0,

n = nz= nz=0
2 6nrn=(2 iap!rp) (2 lbq';rq)<—}—oo.
nz=0 p=0 ‘ g=0

CrelloBaTenbHO, PARBI 20 lco[r™ W ZO |d,|r™ cxopsres;
nz= ’ n=

TakuM 006pa3oM, HUKAKOoe YHCJO 7, MEHbIIEE @, He PEBOCKXOAUT
HHU pajuyca cXofuMocTH psaa S(X), HU pajHyca CXOAHIMOCTH
psama P(X). Cnezosatentro, o6a paguyca CXOAUMOCTH He MeHb-
e Q.

Ocranoch nokaszate nBa cootrolenus (4.1). TlepBoe us HuX
OUEBHJHO, BTOPOE CJIeLyeT U3 KAaCCHUECKOI TeopeMbl, KOTOPYIO
MBI cef4uac HAIOMHHM,

Mpeannoxenune 4.2. Ilyemo D uy, u 2 Up—
n=0 nz0

08a abcortomno cxosauuxca pada. IToroocun

N
Wn = 25 Uplp-p.
Ogspsn

Psao Z Wy CXOOUMCSL QOCOAOMMHO U €20 CYMMA pasHa Rpo-
nz0
138e0eH IO

(2 ap) (X o).

pz=0 g=0

B camoM flese, NONOKHM Op= 2 lun!, Bg= > | on |
nzp nz=q
MMeeM COOTHOIUEHHe

2 lwa | < 2 |tup - vg|=aoPo,
nz=0 p=0gz0
H, KpOMe TOTo, ecaH #l > 21, TO MOALYJb PasHOCTH

E\mwh— ; uh)'(hg Up)

kg k<n <

He NPEBOCXOJUT CYMMbl BCeX TeX npomsBefenuit | up |-| vg |,
B KOTOPHIX XOTs OBl OAHH U3 HHAEKCOB p H ¢ Ooabiue n. Caeno-
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BaTe/LHO, MOAYJb 3TOH Pa3HOCTH HE NPEBOCXONHUT Oof, +1 -+
+ 0on+1B0 ¥ CTPEMHUTCS MO3ATOMY K HYJIO, KOTAA 1 CTPEMHTCS K

d
GeckomeunocTH. TakuM — 06pasoM, > @, CTPeMHTCS MpH

zm

<
m — O K NPOU3BCIACHHIO 6eCKOHEUHBIX CyMM 2‘ Up 1 Z Up.
. nz0 n=0

5. ToacTaHoBKAa OJEOTO CXOAfILErocs pajga B JAPYroi.
IMycTs aann ABa GopMajbHBIX cTeneHHbIX psara S n T, npuuenm
T (0) = 0; Toraa omnpefenen GpopMasibHELi cTeneHHO psaf SoT
(em. § 1, o 4).

Ipennoxenmne 5.1. Mycmo S(X)= 2 a, X" uT(X)=
0

nz

= Y b, X" Ecau paduycor cxodumocmu Q(S) u g(T) pados
nz=1

S u T oba omauttrot om wyaa, mo 3amo gce gepro 041 paduyca

cxodumocny pada U= SoT. boaee mouno, cywecmsyem r > 0,

maxoe, umo ' | b, | r* <o (S). Ecau oce r o6aadaem smum
1

=
n =

ceoticmsom, mo paduyc cxodumocmu psda U Goavsuie uau pasen r
u 0as 6cex z, maxux, umo | z | <r, umeem

IT (2)] < e(S)

S(T(z)=U(2). (5.1)

JdoxaszartedabcrTso. Jiag gocratouno manoro r > 0

umeeM ) | by | 7 < 4 o0, MOCKOMBKY pajHyc CXOZHMOCTH
n=1

psiaa T otinuen oT Hyust. CiiefloBaTe/IbHO, ) [ b, |1 + 0,

n=1
€CJIM r JoCTaToO4YHO MaJio, U BeJUUHHA

3 Jbalrm=r-( 3 1 6a]rm7)

n= n=

CTpPeMUTCS X HYJIO NpH 7, CTpeMsuieMcs X HyJio. Ilostomy
cymecTByer 7> 0, Takoe, uto . | b, | < e(S). Toraa
nzl

p;olapl(kéllbhlrk)p<+ .
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B To e BpeMs 3T0 paAl BHAA 2 Yo", u ecamu U(X) =

1 =20

=Z ¢, X", 10, oqemmﬂo,[cn! < Yn- Taxmi o6pazonr, 2 len] 1<

n=0 n =0

< ©o H pajuyc cxoiuMoctH paaa U Oosbuie HIH paBeH r.
Octanmoch  jgokazath  cootHomenue (5.1).  Tlonomxmm

Sp(X)= > aX" u S,oT=U,. Tak xak oTobpamenne

0<h<En
T — T (2) ectb romonopduzy Kogetl, a S, npeincraegnser coboit
[IOJIUHOM, TO MpH ]z | <r uMeer MecTo paBeHCTBO

Un (2) = Sa (T (2)).
Tak kak psan S cxogutes B Touke T (2), TO

S(T (2)) = lim S, (T (2)).

C npyroft croponsl, koabdunuentst paga U—U,=(S—S8;)oT
He IpPEeBOCXOAAT K03QPHUUEHTOB psia

2 lapl (2 foulr),

p>n

CyMMa KOTOPOTO CTPEMHTCS K HYJIIO TPH /1, CTpeMsiiieMcst K Gec-
koHeunoctd. Orciofa BeITeKaeT 4To NpH | Z | <7 pasHOCTb
U (z) — U, (2) cTpeMuTca K HYJIO NpH 1, cTpeMsileMcs K Gec-
Koueunoctd, CienoBarebHo,
U(z)=limU,(2)=1im S, (T (2)) =S(T(2)) npu |z|<r.
T~ 0 n—>» o

PagenctBo (5.1) noxasawo.

Murtepnpertanusa cootnoumenusa (b.1). [lpexn-
MOJOXKHUM, UTO 7 — TakKoe, Kak B (HOPMYJIHPOBKE MpeAnoKe-
nusi 5.1, OGoznaunm uepes T ortofpamenue 2z — T(2), omnpe-
jeneHHoe Ans |z |<r, uepes S u U — oroGpaxennusi, ompe-
JeJICHHBIE TAKHM Ke 06pasor ¢ nomoinsio psfos S u U. Coort-
Howenne (5.1) moxaseiBaeT, uTo [ ] 2 [<r KOMIT03 L1 51
SoT ompenenena u pagua U. CreloBaTenbHO, €cld paiHyChl
cxoauMocTd psifoB S U T OTJIMUHBL OT HYJsi, TO COOTHOLLEHHe
U= SoT mexny (popMajibHbIMH CTENMeHHBLIMH psilaMH Bjieuer
3a CO0OH 047 O0ocmamouHO MAAbLX 3BHAYEHUI NEPEMEHHO20 Z
cootHomenne U = So T,
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6. OOpaTHBIM 2JeMEHT AJ51 CXOASIMErocs CTeNneHHOro pf-
ma. Hassectao (§ 1, npemnnoxkenie 5.1}, uto ecnun S(X)=
= 2 ap X", npmueM a,# 0, T0 CyIecTBYeT eN{HCTBEHHBIN

nz=0

dopmanbumit pax T (X), Taxoil, uto npoussegenue S (X) T(X)
paBHo 1.

INlpenanoxeunune 6.1. Ecau paduyc cxodumocmu gop-
MarbHO20 crienennoeo psda S omauten om Hyra u T — ¢hop-
maavroul cmenennoti pad, maxow, umo ST = 1, mo paduyc
cxolumocmu psda T mardce omaudern om HYAs.

JdoxasarteabcTno. Yumuomas S (X) na nogxoxs-
LYI0 TOCTOSHHYIO, MOXKHO CBECTH JOKA3aTEJNbCTBO K CJyYalo,
xorja ap = 1. Iomoxum S (X) =1 — U (X); rorma U (0) =0.
Psn T (X), obparustii S (X) OTHOCHTENLHO YMHOMKEHHS, MOKHO
noayuntb, nogcrasu U (X) Bmecto Y B pag 14 D Y™

n=0

Pagnyc cxonuMoCTH mocjeHero psiia paBeH eMHuUNE H, CJAEL0-
BaTeJbLHO, OTJHUEH OT HyJs;, npeanoxende 6.1 BoiTexaer,
TakuM 06pa3oM, W3 NpeNJaKeHHs 5.1.

7. Tlpon3BoaHas CXORSIIErOCs CTeNeHHOro psja.
Mpeanoxenne 7.1. Myemv S(X)= D g, X"—

nz=

opmarsroil cmenenrold pad, u nycmo
S (X)= D) na, X"t
nz=0

— e2o npoussodnas (cp. § 1, n. 6). Toeda pader S uS' umeom
0durarososlli paduyc cxodumocmu. Kpome moeo, ecau ux paduyc
cxo0umocmuy @ omauvet om HyAs, mo 044 |z| < @ umeem mectno

pasencmaso
S’ (2) = 1im SEAN =S (7.1)

h~»{Q

[IpexBapureanHoe samMmeuvanune  Eciu
|z] <@, TO A JOCTATOYHO MaJbix A (4 HMEHHO AJIs
|h|<o—]|2z]) umeem rakwxe |z h|<g. Ilosromy S(z-+h)
onpegeneno. C Apyroit CTOpoHsl, B cooTHowmenun (7.1) cup-
Taercs, 4TO A CTpeMHTCS K HYJIO, TPHHAMAs BelllecTBeH-
HbHle 3HAYEHUs, eCJHd noJieM KOI(PpUIHeHTOB sBJAsgeTCA IMOoJe
R, U KOMIJIeKCHBIE 3HAYEHHS, €CJH HOJeM KO3(hGHIHEHTOR
apjsercsa moje C. B cayuae nons R u3 coorHowenus (7.1)
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BBITEKAET, uTO GyHKOHsa z-—> S(2) obnanaer npousgodxoi,
paBuoii S’ (z); B cnyuae mnojs C coornowende (7.1) BBOAHT
HOHATHE  NPOU3BOOHOL OMHOCUMEALHO KOMNAEKCHO20 Nepemer-
Ho2o z. CylecTBOBaHHE MPOH3BORHON S’ (2), OueBHAHO, B 000HX
cilyuasx Bjeder 3a coGOil HENMPepLIBHOCTL QYHKIUH S (2) mpu
|z| <@, 4TO MOXKHO N0Ka34Th HEMOCPEACTBEHHO.

JloxaszateabCTBO TMNPEeLJOXEHHSI 7.1.
[TooxuM |a,| = a, H 0003HAUUM yepe3 Q H Q' PaaHycChl
cxoxuMocTd psigos S u S’. Eenm r < @', TO psif D) no,r™t

nz=0

=

CXOIHUTCS; CJENOBATENLHO,
2 anr"<r( 2 nanr“'l) < 4+
nz=1 nz=0

u, sHaudT, r<<e¢. O6GpartHo, mycThb 7 — YHCJIO, MEHbIUIEE Q;
selGepeM r’, Taxkoe, uto r < r’ < Q; TOTAA

1 n r \n-—-1
pe (apr™)en (T) .

Tax kak r’' <, 10 cymecrtByer uuncao M >0, taxkoe, uto
a,r’'* <M pns Bcex n, OTKyAa

oyt M T\
A S AW s

H TaK KaK pag )| n(%)n ' CXORHTCA, TO M AL D) Aoty 7™t
nz=i nz1

CXONHUTCS; cJaenoBarenbHo, <@ . HuwmMu cuosamu, ecau
Kakoe-HHOYAb UHCJAO MEeHbUIe @', TO OHO MEHLIUE HJH PaBHO
Q, @ €CJIM YHCJO MeHblle Q, TO OHO MEHbIIE HJAH paBHO Q.
Orciona 0 = ¢'.

Ocranoce aokaszate cootuoiuenne (7.1). Ilyers z — ade-
MEHT moJsis, TaKol, 4to |z| < @. Bribepem r TakuM oGpasom,
yTOOBl BBIMOJHANOCH HEPABEHCTBO |2| <<r <@, M MOJOKHM

no,r* =

O<|h]l<r—|z|. (7.2)
Torna S (z + h) onpezeseno, ¥ UMeeT MeCTO PABEHCTBO
S hy—S8 ’
SEEN=3E) s (2= D ta(z, ), (7.3)
nz1

rge
un (2, hy=a, {(z+ )" 2+ n)"24 ... f 271 —ne" 1),
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Tak xak |z| u |z -+ A| He npeBoCXORAT 7, TO Uy (2, )| <
<2na,r™Y tak Kagk r<Q, TO 2 Rar™ < 4 oo, Crego-

nzi

BATEJNLHO, AJ5 J060ro € > 0 CyLeCTBYeT YHCJ/IO Ay, TAKOE, UTO

- &
Z 2na,r™ 1\<7.
n>ny
SamernM jajnee, 4TO KOHeYHAst CyMMa 2 iy (2, h) mpeicrap-
n<ng
JseT coGol noJsuHoM Or A, paBubiil Hyao npd k= 0; nosro-
My, ecH | A | MeHblle HeKOTOpOIo HOAXOAAIIETO wucsaa 1, TO

[ > un(z, Byl <e/2. Taxum ofpasom, ecau A yIOBAETBO-
n<ny

pser yeaoBusam (7.2) u |h|<m, To u3 (7.3) BeITEKAET, YTO

!§_z_~t%:_(z_)_ { lZun(z h!+22nar"1<a

n<ny n>ng
Coornomenne (7.1) poxasamo.

SamMeuanue. MoxHO TOKasaTth, uYTO CXOJHMOCTBb

‘Fﬁﬂz;s(—z) K S"(2) pasromepna no z npu |z|<r, Tae

r — moboe HY§CJo0, CTPOro mexplice pajinyca CXoauMOCTH Q.

8. Bruucaenne Kos(duipeHToB cTeneHHoro psaaa. Ilycrs
S(X) — dopManpHLll crenenHOR PAf, PaiHyC CXOAHMOCTH Q

-
KOTOPOro oTiuyeH ot uy.as. [lyers S (2) — cymma psja }_ a,z"
nz=0

npH | z| < @. dro puddepenupyeMas GYHKUHA, NPOU3BOLHON
xotopoit sBasiercst S’ (2) = }' na,z" . K psagy S’ MOxKHO
nz
CHOBAa npuMerHTh npegsioxenve 7.1. Tlpu 3TOM MBI nOJgyunM,
uro S’ (2) npu |z| <o umeer npoussoanylo S"(z), Koropas
SIBASIETCSI CYMMO# CTENEHHOTO Psja M on(n—1)a,z"? ¢ tem
nz=0
JKe PajuyCcoM CXOAMMOCTH Q.

Tem e myreM MOXKHO A0KA3aTh CYUIECTBOBAHHE JajipHefl-
WHX NPOU3BOAKLIX. 110 HHAYKLUMHU onydaeM, uto S (2) aBasgerca
npu |[z| <@ Oeckoneirno Jupgpeperyupyemoit dyskuueis; ee
NPOH3BOAHAS IOPAAKA 11 €CTh

S®(z)=nlan,+ T, (2),
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rae T, — psajx nopsika, SONbIUIEro KIH PABHOrO eAMHUIE, HJH,
uHaue rosops, 7, (0) = 0. Orciona

a, = - S™(0). (8.1)

Jra pyrAaMenTaNbHas GOpMYJia MOKA3LIBAaeT, B YACTHOCTH,
uTo ecnH ¢pyHkiHa S {2) 3aaHa B CKO/IbL YIOLHO MaJoii OKpecT-
HOCTH HYyJsI, TO KOIDPUUHEHThI @, CTENeHHOro psia S 3TuM
MOJTHOCTBIO onpefesensl. OTCiOfa BbITEKAeT CAEAYIOLlee yTBep-
Kaenue,

Ecan ¢yuxius f(2) ompenenena ansi 2z, MOLYJH KOTOPBIX
JIOCTATOUHO MaJjbl, TO CYIIECTBYET He boaee 08roeo hoprmaib-
Hozo cmenentnozo pada S (X)= 2 a,X™ ¢ paxuycoM CcXo-

n=
IMMOCTH, OTJHMYHBIM OT HYJSI, TAKOro, 4to f(2)= 2 a,2"

nz

KOrAa |2| JoCTaToYHO MaJio.

9. O0pauwenue CXORAUWIMXCHA CTeNneHHBIX psinos. [lousTue
0OPATHOTO OTHOCHTENILHO KOMMO3HWIHH (OpPMasbLHOrO CTENeH-
Horo paja Ouino Beeneno B n. 7 § 1. Tam Gwino pano neo6xo-
JHMOE H JOCTATOUHOE VCJOBHE TOro, uytobp! Aas JaHHOrO
(bopMaIbLHOrO CTENEHHOro psifia CylLeCcTBOBA] oOpaTHbil (npex-
Jgoxenue 7.1).

Illpennoxeunue 9.1. [Tyems S — cmenenrnod pao,
maxot, umo '

S(0)=0,  §'(0)+0,

u T — pad, obpamueid pady S omHOCUMENbHO KOMNOULUW,
m. e. cmeneunoll pad, makxoi, 4mo

T(0)=0, SoT=1.

Ecau paduyc cxodumocmu pada S omauven om Hyas, mo 3mo
ace cnpaeedaueo daa psida T.

Uuratens MOXKeT NIPUHATHL [I0Ka 3TO mpejoxkende Ges jlo-
Ka3aTesIbCTBA, TAK Kak OHO OyleT A0KA3aHO M03Ke U3 COBEp-
IIeHHO Apyrux coobpasxenuil (ra. IV, § 5, npeanoxenue 6.1).

3nece Mbl mpoBeieM AJf MoBO3HATEALHOrO HHTaTeds HenocpenR-
CTBERHOE NOKA3aTeNbCTRBO YTOTO NMPeSOKEeHHS, HE BLIXOAsliee 32 PAMKHY
TEOPHHU CTeneHHblX paioB. Hus 3T0ro Mbl GyJeM HCIOAbL30BATL NOHA-
Tue smaxcopupyroujeeo pada (cp. ra. VII).

3 A. Kapran
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BoccranoBuM o6o3uayeHins NOKa3aTeNbCTBA MNpejtoxenus 7.1
13 § 1 u paccmorpuy dopmyay (7.5), kotopas Obl1a HCIOIb30BaAHA HAMU
B TOM Xe naparpade 1is HaXOXKIeHHst HeH3BECTHHIX KO3(hPHIHEHTOB
b, uckomoro pspa 7(X).

Onnobpenenno ¢ pszom S(X) MB paccMOTPHM MaXKOpPHP Yol Wi
paa, T. e. psjg

S(Xy=A;X— 3 4X7,
1>2
KosduLHeHTH A4, KOTOPOro — NefCTBHTEILHBE MOJOXKHUTedbHble YHC-
Ja, TaKHe, 4TO |@,' <. A, AJd BCeX 7; KPOMe TOIO, NPEINONOKHM, YTO

Ay=|a;!. Coraacuo mpeiioxenmo 7.1 §1, pady S Moxuo conocra-
BHTb PAA

T ()= D BaY™,
=4

rakolt, uyrto S(T(Y))=Y; ero xosbduumentst B, 3a1a10TCH COOTHO-
e HHSMA

Aan_Pn (A27 ey Anv Blv DY Bn—1)=01 (9~l)

aHAJOTHYHBIME cooTHoweHMsM (7.5) n3 § 1. C moMoubio MHAYKLHH @O
n MOXKHO I10Kas3aTb, YTO

L bl << B (9.2)

OTciona CJaeayeT, uTO paiuyc CXOIMMOCTH psila T BO BCSKOM cayyae
He MeHblle pajmyca cxoimvoctH psjfa T. Eciam Mpl mokaxem, 4TO mO-
clIeIHUH TOJOMKHTedeH, TO 3THM J0KazaTeJbCTBO mnpeanoxenus 9.1
6ymeT 3aBeplleHO.

BuiGepem paa S caeayomum ofpasom: nycrs r >0 — uucno,
MeHbIee pajHMyca CXOAMMOCTH psja S (M0 NpelnosoXeHHIO, palHyc
CXOJHMOCTH psia S OTJIHMYeH OT HYJs); TOTZA YJeHHI psja 21an] rm

n=1
Menblle OZHOIO M Toro Ke uuciaa M >0, H, MOJ0XKHUB
A=lay, Ap=2M >2 9.3
1"“11“ n_"rT npu  n > 2, ( )

nonywiM 3HaueHHe KO3(GMHIHEHTOB Maxopupyomero psga S. Ero
cymma S(x) npu x| < r pasha
X2/ r?

S(x)=A4x—M 2T,
S (x) x—M /7

Hatizem oynxnuio 7T(y), ompelesenHyio AAsS JIOCTATOUHO MAnuX Y,
ofpawawomyrcs B Byas 0puy =0 u takywo, uto S(7 (y)) =y. DyHK-
mus 7 (y) MoxeT ObITb HafileHa KaK pelieHHe KBaApATHOTO ypaBHEHHS

(Ayfr+Mr2) T2— (AL y/r) T 4y =0. (9.4)
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Pewennenm 3TOro ypaBHenus, oOpaujamouiiinMes B Hyabs npu y==0,

apasercs QYHKLHs

F ()= At 8lr = V(AR —2Ay]r —4My/r y7/r
2(Ayr--Myr?) )

~

Koraa |y | nocrarouno nax, xopenb nymeeT BHI A} 1w, rae |u|<1;
caeloBareabno, 7 (y) AomycKaeT pasJioKeHHe B CTelleHHOH psi no y,
cXOAstuiics npH jocratourd Masom | y|. Takmm obpasos, pagmyc
CXOJHMOCTH 3TOTO psifla OTJIHYeH OT HYJsS, 4TO H TpeboBasoch joKa-
3aTh.

§ 3. 3KCNOHEHLUHUAJNBHAS W JIOTAPHOMHUYECKAS <YHKIHUH
1. 3kcnonenuuanbHas QyHKuHA. Yxe rosopuaocs (§ 2,

. 1 o
n. 3), uro QopManbHbli Psif E 7)@ nuMeer OeCKOHEUHLIH
nz=0 )
pajuyc CXONHUMOCTH. [/l KOMIJIEKCHOTO 2z IMOJOXKUM
z __ \\ 1 n
e = -
n=0
Takum o6pasoM, (yHKIUSA €° ecTb cyMMa abCOTIOTHO CXOAs-
meracs psaa. B cuny npeanoxenus 7.1 u3 § 2, ara pyHruus
HMEeT IPOH3BOJHYIO
d

z1—2‘(31):(31. (1.1)

C ppyrofi croponsl, NpHMeHsis npeajomenue 4.2 ng § 2
K JBYM psfiaM ¢ OOlIHUMH YJeHaMH
1

Up = —

’
P ", Up=—2",

MoyyaeM paBeHCTBO

CienoBaresibHO,
e = ¢t.e? (1.2)

(ocHOBHOE (DYHKIMOHAJNLHOE CBOIICTBO 3KCIIOHEHTH), B HacCT-
HOCTH

e€etf=1. - (1.3)

3%
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Taxkum oGpasom, e* oTiMunO OT Hyasi npH Bcex 2. ITonoxum
=x+ iy (*x U y — JelCTBUTEJbHBIE UYHCJIA); TOrAA

ex+iy — ex.eiy
Takum obpasom, uzyuenue GyHKIIHH ¢° CBOAUTCA K H3yde-

HHIO IBYX QyHKUHIA: e° H 'Y, rie x U Yy — ACUCTBHTE/bHbIE
nepeMennnie. Mumeior Mecro pasenctsa

d

L) =¢ u Edy_ (ct¥) = ie'?, (1.4)

2. JeificTBuTenbHan akcnoneHyuaabHas Qynkuus e®. Tax
Kak e* =0, 1o e* = (e¥/2)2>0. Jlanee, e*>1 -4 x npu
. X3

x>0, mockoubky e*=1-+x- R CaenoBaTeapHo,

lim ¢* = L oo;
Xx— oo

3aMeHsisi X HA —X, NOJy4aeM
lim ¢*=0.

X—»—CO

Takum o6pasoM, e* — GyHKIHs JeACTBHTENLHOTO NEPEMEH-
HOro x, cTporo Bospacrawouias or 0 zo +co. Ilosromy nna
npeobpaszopanus f = e¢* cymecrsyer o6partuoe npeobpasopa-
HHe, onpejencHnoe npu > 0; 0603HAYUM €ro

x=logt.

Jra GYHKIUSA CTPOro BO3pAacTaer oTr — oo A0 -+ oo, M3 pased-
crBa (1.2) BriTEKaeT COOTHOIIEHHE

log (¢-t")=1log ¢+ log ¢’ (2.1)

H, B dactHoctH, log 1 = 0.
C apyro#i cTOpOHBI, M3 TEOpeMpl O NPOU3BOAHOK OGpaTHOM
QYHKLUHH [OJyYaeM, 470

d 1
d—t'logt=—t—. (2.2)

3amenum ¢ Ha 1 + 4 (u > —1); log (1 + u) ecTs MpUMHTHB-
Hasi QYHKIIHU , obpamamimascs B Hyab npy u=0.

1
1+4u



§ 3. Jxcnonenyuansrans w 202apUPMULECKAT PYHKYUL 37

HOCJIeILHﬂH NPEACTABSIETCS CTENEHHBIM PAIOM
= | — 2 —__1\n-1,,n-1
i +u =l—ut+a®+.. . (=) 1ur 14 ..

paguyc CXONMMOCTH Koroporo pasen l. Bcenencrteue mpepso-
wenus 7.1 us § 2 pan, cocrofMi M3 NPUMHTHBHBIX, HMeer
TOT K€ PafUyC CXONAHMOCTH, M €ro CyMMa HMeeT NPOHU3BOA-

TTa orciofia mpH ju| <1 umeem

log (14+uy=u—" . (=) (2.3)

HYIO

(PaxrtHuecku 310 pasjOKeHHE HMEeT MecTO H npH u = l.)
[osnoxkum Tenepnb

S(X)y=3 X" T)=3 (=h -, (2.9

nzi nzi

1 HaiineM psan U= SoT. Beaencrsue npepiioxkenus 5.1 uz § 2
a1 —1 <u<-+1 uMeer MecTo PaBeHCTBO

U (u)=S(T (u)).

Mexny tem T (u) = log (I 4 &), S(x) = ¢* — 1; caenoa-
TEJIBHO,
Uuy=eosttw 1 =(l1-+u)—1l=u.

Takum ofpasoM, dopmanbunit pag U ecth He uTO HHOe,
Kak [, BCJEXCTBHE €LMHCTBEHHOCTH pasiokenus (QYHKINH
B crenicHuon pap (em. § 2, m. 8).

Takum obpasoMm, psaabl S u T e3auMHO 00pamHbL OMHOCU-
MeAbHO KOMNO3ULUU.

3. MHumas akcnoHeHunaabuas dynkuus e’ (y ReficTen-
Teabno). Pasjaras ¢V B psj, Jerko 3aMeruTb, 4TO € ¥ —
KOMIIIEKCHO CcompsieHHoe nast e'?; cienoBatesibHo, eiv.e iy
paBHO KBajpaty MOAyJs e'V; wo, B cuay cooromenHs (1.3),
3TO NPOM3BEJEHHUE DABHO eiHHHiEe. TakuMm o6pasoM,

etV =1.
Mpr BHAMM, uTO B miockoctH, mpeicraBasoumelt moje C

KOMILIEKCHBIX YHCEeJ, TOUKH e'Y nmexar Ha eOuHuuHoU oxpyorc-
HOCMW, T. €. HA OKPYXKHOCTH pajuyca l ¢ LEHTPOM B Hayaje
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koopannar. Kommiekchple yuesna u, Takue, uto |u | =1,
obpasywor epynny U ornocurenbHo yMmMHOXKeHHs, DyHxuuo-
HaJIbHOE CBOHCTBO

ei(y+y/) — eiy'eiyr

03HAUAET CaeAyIOmIee: omobparcenue y—> eV ectmo 2omomopusm
addumusnotl epynnee R 8 myassmunauxamusuyro epynny U.
Mur uceqenyem storT romoMopdusM Gosee mogpoGHO.

Teopewma. [lomomopgusm y—> e’V omobpascaem R
Ha scro epynny U, aputem eco sdpo (moarpynna rpynmsl R,
COCTOSIIIAS U3 TeX ¢, KOTOPHIE MEePEeXONsIT IPH 3TOM rOMOMOp-
¢usme B epununy rpynnst U) cocmoum u3s scex yerouucrernox
KPAmHoLx — HEKOMopPo20  NOAOKCUMENbH020  OeliCBUMEAbHO20
yucaa. [lo onpedeaenuro, 3mo 4ucro Hazvieaemcs 2.

HoxasarteanbcrBo. BeeieM B paccmMoTpenue fefi-
CTBHUTE/IBHYIO H MHHMYIO YacTH €'Y, NO/I0XKHB, 1O ONPELe/IeHHIO,

e = cosy -+ isiny.
Ml onpepenuay, TakuM o6pasoM, JBe JeHCTBHTEJbHbie (yHK-
OHH sin y H COSYy, Takue, 4ToO
sin y -+ cos?y=1.
3tH GYHKIUH passaraioTcs B CTENCHHBIE PAALL ¢ OeCKOHEUHBIM
PaaHyCcoOM CXOLUMOCTH:
1 2 L A= en
cosy—1~7y o o Y e S

: 1 ) — L n+
sing=y— 4>+ ... +(——¥§n+)1)! Y4

(3.1

Mayuum cpoiictBa 31X QynKuuil. 3aMeTHM, uTo, pasaensis
MHHMYIO U JeHCTBHTENLHYIO YACTH BO BTOPOM M3 COOTHOLUEHHH
(1.4), MBI DoJyuaeM pPaBEHCTBO

d cos y= —sin y; d sin y = cos

dy y“ !/, dy y - y
Ecau y =0, 10 cosy = l; 14K Kax C€OSYy — HEIPEPHIBHASI
byHKuHs, TO CymecTByeT Yo >0, Takoe, uto cos y >0 npH
0<y<yo. Cuenoparesqbno, QyHKHUS Siny, NPOH3BOAHAS
KOTODOii paBHa cos y, Bospacraer Ha Hutepsase [0, yol. IToso-
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KHM sint yo = a > 0. [TokaxeM, 4TO COs y 06paINaAeTCst B HYAb
IJ151 HEKOTOPOTO IONIOKUTE/NbHOTO 3HaUeHHST i. [ efICTBUTENBHO,
nyctb cosy > 0 npu yo <Y < Y1, TOrAa
Y1
COS iy — COS Yoy = — S siny dy. 3.2)
Yo

Onnako sin y>»a, TaKk Kak sin y BO3pacTaer Ha HHTepBase
[0, y1], mOCKOMBKY ero MpOM3BOAHAs HIOJOKUTENbHA, Caefo-
BAaTEJIBHO,

Y1

S sinydy > a(y.— Y.

Yo

ToacTaBuM 37O HepaBeHCTBO B hopMydy (3.2). Beuay Toro uro
cosy; > 0, nonyyaem

1
h— Y << €08 Yo.

Mgrr jokasanu, 4TO cos y oOpalmaeTcss B HYJb Ha HHTepBaJje
1 n

[yo, Yo + —Cos yoJ. O6osnauuM yepes 5 CaMoe MasieHbKOe

NOJIOKHTENLHOE 3HAUCHHE Y, s Koroporo cosy = 0 (310

b4
~onpedeaenue uucna nt)). Ha unrtepBane [O, 7] (DYHKILHS COSY

ctporo yo6eieaer or 1 g0 0, a sin y Bozpacraet or 0 10 1. Cnego-
BaTeNbHO, OTOGpa)keHue y —> ¢*¥ B3aHMHO OJHO3HAUHO TEpe-

o T
BOAUT KOMIIAKTHBIM HHTEpPBaJ [O, 7:} HAa MHOXKECTBO TOUEK

(4, U) eIMHHYHOrO Kpyra ¢ HEOTPHUATEJbHBIMH abClHCCaMu
M OpAuHATaMH. B cuay TONOJOrHYeckoil TeopeMsl O He-
TIPEPHIBHOM K B3aHMHO OJHO3HAUHOM OTOOPaKeHHH KOMNAKMA,
HMeeM:

Jl e M M a. Omobpadcenue y—>e'v ecmo eomeomopusm om-
b
pesKa [O, 7] HO wacme okpyocrocmu u® -+ v? = 1, pacnoao-
HCEHHYIO 8 NepsoM KEaOpaHme NACCKOCMU.

1) Kak CKOPO YBHAHMT uuTatesab, OHO COBNAjZaeT C TeM. KOTOPOe
Oblo fano B GopMyTHpOBKE TeopeMul. — [Tpum. ped.
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I 1 .
Ipu 5 <y < 7 nmeeM e'¥ = ie? (W=%/2), OoTKyJa BHITEKAeT,

7o €'Y mpHHMMaeT Ha 3TOM HHTEpBaJe 10 OJHOMY pasy Bce
KOMIUVICKCHBIE 3HAyeHHsl C MOAYJeM, PaBHBIM 1, Y KOTOPHIX
abciHcca HeNOMOXKHUTEIbHA, a OPAHHATA HEOTPHUILATeNbHA.

AHaJoruyHple 3aKJIOYEHHS MOXKHO CHeNaTb OTHOCHTENbHO
uateppanoB [%, 37/2] u [3n/2, 2:]. Takum o6pasoM, mnpu
0 <y <2n dyuruus e‘'¥ npuHUMaeT TOYHO 110 OHOMY Pazy Bce
KOMIIJICKCHBIE 3HAYeHMsI C MOAYJEM, DABHBLIM €IHHHIE, B TO
BpeMs Kak e2i® = 1. Takum obpazom, Qynkuus e'¥ ecrb nepuo-
Ivueckas (QYHKIMs C nepuoioM 2m, W otobpamenue y —> ey
nepesoruT R na Bce U. Teopema noxasaua.

4. Mepa yraa. AprymMenT komnjekcroro uucaa. Ofozua-
quM uepez 2nZ noarpynny agiuTHBHOH rpynnu R, o6pasosan-
HYIO [eJOYHCJACHHHIMH KpaTHeiMM uucaa 2, OrtobpaxeHue
y — 'Y unpyuupyer usomopgusm ¢ parxmopepynnot R/2nZ
na epynny U. O6parapiii nzomopduam ¢! rpynnst U Ha rpyn-
ny R/2aZ conocrtasisieT KamAOMY KOMIJAEKCHOMY 4HCAY U,
MOLYJb KOTOPOrO paBeH eAWHHIE, NeHCTBUTELHOE UYHCJIO,
ONMpPEeNCJAEHHOE C TOYHOCTBIO A0 UEJOYHCAEHHOr0 KDPaTHOrO
yucsa 27, ITO YHCAO HAZBLIBACTCS QpeyMeHmoM KOMIJIEKCHOTO
yucaa 4 W o6GosHauaercss argu. [ COKpameHHsl 3arnucu
argu ofo3Hauaer JwGoe W3 JEHCTBHUTE/bHBLIX YHCE], KJace
KOTOPHIX NO MOAYJIO 27 SABJAAETCS apryMEHTOM i,

Takum o6pazoM, QYHKUHS argy mpeacrapaser coGoH mpH-
Mep MHOro3HayHOH (YHKLUHH, T. €. (YHKUHH, COMOCTABJSIO-
meil HeCKOJAbKO 3HAYEHUH OAHOMY M TOMY K€ 3HAUCHHUIO U.
Dra (PyHKUHS ABASETCS peLIeHHeM 3ajaud O «Mepe Yrias
(yron MBl OTOX[IECTBJSIEM C COOTBETCTBYIOIIEH €My TOYKOH
muoxkecrsa U). Takum o6pasoM, «mepa yria» eCtb JeHCTBUTE b-
HOE YHCJIO, OMNPE/EJEHHOe M0 MOAYMO 27,

B ¢akroprpynny R/2aZ caenyiomuM o0pasoM BBOZHUTCS
tonosorus (axmopmonosoeus OCbIMHOH TONOJOTHH YHCJIOBOH
npsamoit  R). Ilyctes p — kanonnueckoe orofpamxenne R
Ha ¢aktoprpynny R/2nZ; nogMHOXKeCTBO A MHOXKeCTBa
R/2nl wnaspiBaercsl omKpuimbsiM, €CJAH €ro noJubiilt npoobpas
p~YA) (mogMHOMKeCTBO MHOXKecTBA R, MHBAPHAHTHO® OTHOCH-
TeJbHO CABUra Ha 2m) sIBASETCS OTKPLITBIM MHOXKECTBOM B R.
QOueBHAHO, TONOJOrHUeckoe mnpocTpaHcTso R/2nZ ssasercs
XayCAOP(OBBIM (HHBIMU CIOBAMH, J100pIe ABE PA3NHUHKE TOYKH
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06/12/1a10T HENEePeCceKAIONIMMHCST OTKPBITBIMH OKPECTHOCTAMH).
Bonee Toro, 3TO NpPOCTPAHCTBO KOMNAKMHO, B CaMOM [eJe,
nyers I — 3aMkHyThIl uaTepBan [0, 2a]; ectecTBeHHOE OTOGpA-
xenne [-— R/2nZ orobpaxaer KOMNakTHOE NPOCTPAHCTBO [
Ha xaycpopdoso mnpocTtpanctso R/2nZ, xkortopoe, caefoBa-
TeJbHO, KOMMAKTHO, COIJIaCHO KJ4CCHYECKOH TeopeMe To-
nosoruy. T'omomopduam ¢ : R/27Z — U ecTb HenpeproiBHOe
H B3aMMHO OJHO3HAYHOE OTOOpAKEHHe KOMMAKTHOIO NpPOCTPaH-
ctBa R/2nZ na xaycnopdoso npocrpanctso U. Cnefosatenbuo,
¢ asasietcs eomeomoppusmon R/2nZ wa U,

O6mee onpepeaenune aprymenrta. [lycms
! — NpOM3BONILHOE KOMIJIEKCHOE YHCJIO, HE paBHOe HYJO.
Onpenennm apeymerm uncaa t no GopmyJe

argt=arg(t/|t}).

Beawnuuna, crosiimast B nMpasofi yacTH PaBEHCTBA, ONpEfeJieHa,
tak xak ¢/ ¢ | € U. (3ametu™m, uto aprymenr uyucaa O He omnpe-
nesen.) Kak U Bblle, apryMeHT KOMIWIEKCHOrO yucaa ! ompe-
JIeJIeH C TOYHOCTHIO JIO LIEJAOYKCJIEHHOrO KPAaTHOrO uucjaa 27,
Takum obpasom, A5 JAHOOOr0 KOMIICKCHOTO 4HCAA [ HMeeT
MECTO PaBEHCTBO

=[] eiamst, (4.1)

YKaXeM OfIHO TPHJIOMKEHHE TIONYYEHHBIX pe3yJabTaToB.
IMycts @ 5= 0 — fanHoe KoMmsekcHoe uyucao. Tpebyercss pe-
WHTL ypaBHeRHE (™ = g. DTo ypaBHEHHe 3KBUBAJEHTHO CHC-
TeMe ypaBHEHUH

Lt =]a|'", argt:inarga.

Ouo nMeeT # KOMIVIEKCHEIX PEINEHHH f, TaK X4K BTOPOe M3 pa-

BEHCTB OIPeJIesieT arg { ¢ TOUHOCTBIO 10 LEeOYNCAeHHOr0 Kp at-

27
HOro 4ucJgaa Ik

5. KomnnekcHwiit Jorapudpm. Ilycte JaHO KOMILIEKCHOE
qHCs0 £; HafijleM BCe KOMILIEKCHBIE UHCJA 2, TaKHe, UTo €° = [.
Oui cylmecTBYIOT TOMBKO TOrAa, korpa t == 0. B camom pene,
coorHouleHue (4.1) mokasplBaeT, UTO ITHM CBOHCTBOM 00/1aaI0T
qHCJ13 BHAZ

- log|t|+4iargt. (5.1)
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[TosiokMM, 1O ONpPEJENIeHHIO,
logt=1log|t|+iargt. (5.2)

AT0 — KOMIMJEKCHOE YHCJO, OMPEIeNeHHOEe C TOYHOCTBIO [0
npubaBieHusl LeJIOYHCAEHHOTO KPaTHOro yucaa 2mi. Ms onpe-
JeNeHHsl cpasy cJaepyer, uto el°8! = {. B cayuae, Korza
{ — geficTBUTENLHOE uHCAO, Oospuiee O, log ¢ coBmagaer ¢
KJA4aCCHUeCKOl JorapudMuueckoll ¢yHKiMeH, ecaud OrpaHu-
UHTBCH U5 arg [ PacCMOTPEHMEM OfHOTrO JIKIIb 3HaueHHs 0.

Ecau £ ¥ fy; — KOMILIEKCHBIE UMCJa, OTJIMYHBIE OT HYJd,
TO AJis1 A106bIx snauvenuit log 7y, log ¢, u log (¢, -t,) umeer Mecro
paBeHCTBO

log (t;-t2) =logt; +logt, (mod 2mi). (5.3)

HenpeprnBHass BeTBb A0Tapudma. locux
[Op Mbl HE JaBajH ONpENeNEHHs KOMIUIEKCHOrO Jorapupma
Kak (pyHKyuL.

Onpeneaenue. osopar, uto Henpeposras HyHKuMs
[ (#) KOMTIIEKCHOTO NEPEMEHHOIO £, OTpefiesieHHast B 00aacmul)
D xomnnekcuoit nockoctd C, He comepxkameil Touku ¢ = 0,

SIBASIETCSL  HenpepuisHotll  eemebio aoeapupma, ecan 'V = ¢
B JoGoil Touke f € D (uHaue rosops, [ (f) — ONHO H3 BO3MOXK-
HHIX 3HaueHHi log 7).

Mgl yanaem Heckosbko nozxe (ra. II, § 1, n. 7), kakum
YCJOBUSM JO/MKHA YAOBAETBOPATE 06nacts D ajasa TOro, utobnl
B Hell CymecTBOBa/ia HENpepelBHAs BeTBb Jorapudma. A cei-
yac Mbl YBHJHM, KaKHM 00Da30M MOXKHO TOJYYHTL BCE HEmpe-
pLiBHBIE BETBH log f, eC/M CYIIECTBYET OfHA M3 HHX.

MMpennoxenue 5.1. Ecau 6 o6aacmu D cywecmsyem
Henpepoleras eemsy [(t) roeapudma, mo ce dpyeue semsu umerom
eud f(t) -+ 2kni (kB — yeaoe wucao);, obpamwuo, 018 awboeo
yenoeo k pynxyus f(f) + 2kni asrsemca Henpepsisnotl semeoio
a0eapugpma emecme ¢ f(1).

Hpeanonoxuu, AeHCTBUTENBHO, UTO f (f) ¥ g (f) — ABE Hempe-
puiBHBIE BeTBU log f. PazHocthb

_f—e@®
ht)= 27

1) Tlon o6nacTei0 NMOHUMAETCH CBSI3HOE OTKPBITOE MHOXKECTBO.
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siBJistercst PYHKIHel, HenpeprlBHOH B o6aacti D u npuxumaro-
mefl TONBKO Liesipie aHauenns. Tak kak D cBsizHa, Takast QyHK-
LM MOXKeT ObITb TOJNBKO HoCmoAHHCH. J1e iCTBUTENBHO, MHO-
KeCTBO ToueK f € D, takux, uto A (f) paBHO JaHHOMY YHCAY A,
H OTKPBITO, H 3aMKkHYTO. ClIe10BaTENLHO, 3TO MHOXKECTBO JH60
nmycto, Jjubo cosmajgaer ¢ D. IlocrosinHasi, KOTOPOl paBHA
dbyukuusi fi(f), obsizarennpHo Gyaer UeanM uucaoM. Tor dakt,
uto [ (f) + 2kni pia Beex LesbIX YHCEs R SIBJSICTCSl HENpPephiB-
HOH BeTBBbIO Jiorapugma BMecTe C f(f), OueBHAEH.

ITHM XKe CrIocO0OM MOXKHO ONpPEeAe/IHThL MOHSITHE HENpPephiB-
HOH BeTBM (PyHKIMM arg? B obnactu D, He cofepikailell Hayaja
KoopanHar. Bnpouem, BCsikas HenpepniBHas BeTBb argf
orpefiesisieT HempepLiBHYIO BeTBb log f, U maobopor.

ITpuwmep. Bulepem B kauecTge D OTKPSITYIO MOJYIIOC-
koctb Ref > 0 (mamomumm, uro uepez Ret? oboznavaercs
JefictBuTeNIbHAs uyacTh uucna f), Jaa jwo00# TOYKH ¢ 3TOH
MOJYNJOCKOCTH CYIIECTBYET ONHO H TOJBKO OJHO 3HAuCHHE

B B
arg f, 3aK/IOYEHHOE MEKAY — 5 H 5 ; O003HAUMM €ro uepes

Arg . Kak Mol cefiuac mokaxeMm, Arg ! ecTh HenpepbieHAa
pyrKyus, M, CACAOBATCAbHO, QYHKILHS

log|t|+iArgt

SIBJISIETCS] HENIPEPLIBHOA BeTBBIO JoraphdMa B IMOJYHIOCKOCTH
Re ¢ > 0. Ona HazpiBaeTcsi eAasHbimM 3HaveHuesm (rnaBHOM
HenpepuIBHOH BeTBLIO) PYyHKUMHK log f.

IMockoneky Arg ¢ = Arg (¢/| ¢ |) u otoGpakenue { —> ¢ /| |
eCTh HeNMpepLIBHOEe OTOoGparkKeHHEe MOoJyIiocKocTH Re ¢ > 0
Ha MHOXKECTBO TaKMX 4, A KOTOpuix 'u|=1u Reu >0,
TO JOCTATOYHO TOKasaTb, 4YTO oOToOpaxkeHue y = Arg u
HENPEPLIBHO HA 3TOM MHOxKecTBe. [lJig 3TOrOo paccMOTpHM
obpatHoe oToOpaxkenue u = €'Y, re y npoOeraeT OTKPLITHI

b 7T ® iy
HHTepBAN ( — 5, +7 . OyHKUHNA - u = e'” 3ajaeT Henpe-
PBIBHOE B3dHMHO OJHO3HAYHOE OTOOpaKEHHE KOMIAKTHOTO

T T
HHTEpBAJa [——7, —{—7] Ha MHOXECTBO KOMIUIEKCHBIX
yucesn #, Takux, 4t0 |#| =1 1 Re u>0; cienosarennsHo,

3710 OTOOpaXKeHHe sBsteTcsi romeoMopdusmoM. [loatomy obpar-
HOe OTOOpaKeHHe HEeNpPepEIBHO, YTO H TPeGOBANOCH NOKAa3aTh.
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6. PaznoxeHnue kommiekcHoro aorapugma B psf.

Mpeanoxenue 6.1. Cynma cmenennozo psada

T(w=3 (-1,

nzl

cxodawezoca npu | u| < 1, pasna enasnoil nenpepoigHoti eemeu
¢ynryuu log (1 + u).

3amernm cHayasa, yto ecau (4 | < 1, Totouka t =1+ u
HaXOJHTCA BHYTPH OTK[BITOTO KPyra, COAEP:KALErocst B OT-
KPRITOH nojiymiaockoctd Ret > 0.

Mu Gynem nosnzosartbest o0ozHaueHHsSIMM QopMynasl (2.4).
Kaxk 6oiio foKkazano B KoHue 1. 3, psiasl S u 7 B3auMHO 06-
paTHb OTHOCHTENILHO KOMIIOZMUWM; Tpepnoxenue 5.1 u3 § 2
noxkaspisaer, yto pasenctBo S{(T (1)) =u umeer Mecto IJsi
BCEX KOMIIEKCHBIX YHCEJ, [0 MOAYJI0 MEHBIIHUX eIMHHIH,
WK, WHaue roBops, yto e’W =1 4+ y u, cAefoBaTeqbLHO,
T (u) — uenpepoiHast BeTBb yrkuuu log (1 4 u).

JList Toro ytoCsl OKasath, uTo Gyukuuda T(u) ecTb riaBnas
HENpPepbLIBHAST BETBb, AOCTAaTOMHO YOEIWTBCS B TOM, UTO OHA
COBNA/AET C IJIABHOH HENPEPLIBHON BETBBIO /ISt OJIHOIO KAKOr0-
uuOyAb 3HAueHHsl MEepeMeHHoro u, Hampumep, yto 7T(u) = 0
npu u = (0. Ho 310 sacHO u3 pasnoxenus ¢yuxkuuu 7T(u)
B CTENEHHOH psL.

Mpepnnoxenue 6.2. Ecau [(f) — Henpepuisras
semso pyukyuy log t 8 obaacmu D, mo gynxyus f(t) dupgpepen-
yupyema nO KOMRACKCHOMY nepemexHoMmy t u

F )=

B camoMm pene, A4Sl OTVIMUHOTO OT HYJS KOMILIEKCHOTO
uncsia i, MOLY/Ab KOTOPOrO JOCTATOYHO MaJsi, HMeeM
' feE+r-m—f@) _ T+ —=F@)

5 =

ef(H'h) j— ef(l)

Korma A cTpemMurcss X HyJal0, 3Ta JApob6b CTPEMUTCS
2 __p2

K 06paTHOH BeJAWUMHE Tpefena npu 2’, crpemsimeMcs

7

2 —2
K z = f(f). Takum o6pasoM, UCKOMBIN npenea eCcTb obpaTHas
BEJIMUMHA 3HAUEHHS] NIPOU3BOAHOH (YBKUHMHU e npu z = f(f).
On paBen, ciefoBatennto, e—/() = 1/¢,
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3ameuanue. [ia npoBepKH MOKHO yéenmbc;i B TOM,

4TO MPOM3BOAHAs psifd T (4) B TOUHOCTH paBHA 1+u

Onpeneaenune. Ilyerd t 5= 0 u o — JBA KOMILIEKC-

Hpix uyHucaa. [losoxum
1% —= g% log t_

Ecau o puxkcupoBano, T0 3710, BOoOile rOBOPS, MHOrO3HAYHASR
dbyukuus £,

Tak ke, Kax ¥ BbllIe, MOXKHO OnNpelesiiTh NMOHsITHE Herpe-
PEIBHOH BeTBH (pyHKUMH [* B obnactn D. Kaxpaas nenpepois-
Has BeTBb jorapudma B obaacti D onpelensieT B 3Toil 061acTH
HEeMpepLIBHYIO BeTBb (MYHKUUH (%,

Y npaxuetnue. Iocne urennst atoro naparpada yura-
TENIO PEKOMEHIyercsi PACCMOTPEeTh PAasjIOKEeHHs B CTeneHHoH
paf mpocrednx GyHKuuit arc tg x, arcsin x u 1. K. Kpome
TOTO, AJs1 BCEX KOMIUIEKCHBIX TIOKA3aTeNel o U KOMILIEKCHBIX
qhces x, TakHX, uto |x | < 1, nonoxum

(1 —}—X)O‘ e log (1+x)
rae noft log (1 -+ x) monumaercs rsiaBHoe 3HaueHue gorapudma,
a dyukuust (1 4+ x)* npunumaer’ 3uaveyue | mpu x=0.
Hccnenosate pasnoxenne 31ofi PyHKIMH B CTENEHHOH psif.

§ 4 AHA.flI/lTPl'-IECKPlE SYHKUWU JREACTBHUTEJILHOIO
N KOMIIJIEKCHOI'O IEPEMEHHOIO

1. OnpepeneHns.

Onpengeanenune 1.1. Tosopar, uto byHKUHA f(x):
onpefie/ieHHasi B OKPECTHOCTH TOYKH Xo, pasziraeaemcs 8 3moil
mouke 8 cmenennoll pad, ecau cymectByer QopManbHbI CTe-
NEHHOH PAR S(X):EOanX”, paguyc CXOAHMOCTH KOTOPOTO

n=

OT/IHYEH OT HYJAS H KOTOPHIA YIOBJACTBOPSICT YCJIOBHIO:

f(x)= Ean (x— %)™, KOTAa | X — xo| AOCTATOYHO MaJ.
nz=0
O1o omnpefieneHue B OAHHAKOBON CTENEHH IIPHIOLHO JJs CJY-
yasi JeHCTBUTEJNBHONO H KOMILIEKCHOrO IepemeHHoro. Psijp
S(X), ecan ou cymectByer, eduncmser (eM. § 2, m. 8).
Ecau ¢pyHruus f(x) pasnaraercs B TOUKE Xg B CTENEHHOH
Paj, TO B OKPECTHOCTH 3TOH TOUKH (PyHKIHS OECKOHEUHO AH-
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depenrupyemMa, NOCKOJIBKY OHA SBJAETCS CYMMO!H CTENEeHHOro
psina. Ecau npoussenenue fg aByx GyHKUHE f U g, pasaoxu-
MBIX B TOYKE Xo B CTENEHHOH P, TOXKAECTBEHHO PaBHO HYJIIO
B OKDECTHOCTH TOYKH Xp, TO ITHM K€ CBOHCTBOM o00Onajaer
o xpafinefi Mepe OflHa U3 ATHX PYHKIIHI. DTO BEITEKAET U3 TOTO,
YTO KOJIBLLO BOPMAJALHBIX CTENIEHHBIX PsiIOB NPEACTaB/IsieT COG0H
obsiactb uesoctHoctH (§ 1, mpensoxenne 3.1). Ecau dyHkmus
[ paanoxuma B CTemeHHO{l psii B TOYKE Xy, TO CYHECTBYET
QYHKUMSA &, TAKXKE paszjokKuMasi B CTENECHHOH PsIL B TOUKE X,
NPOH3BOJHAsL g  KOTOPOH paBHa f B OKPECTHOCTH TOYKH X,.
Taxas QyHKUUS & BOCCTaHABAHBAETCS 1O [ ONHO3HAYHO, C TOU-
HOCTBIO /IO TOCTOSHHOrO cJjaraemoro. s Toro 4ToObl JOKa-
3aTh 3TO, AOCTATOUHO PACCMOTPETb PsJ, YJAEHAMH KOTOPOTro
SIBJISIIOTCS TIPUMMTHBHEIE UJICHOB pPa3JiOKEHHs] B CTENeHHOH
paf yHKIHY f.

Tenepp Mbi pacCMOTPUM OTKPHITOE MHOXecTBO D Ha ped-
CTBHUTE/IHOH npsMoi R mau Ha xommsekcuHo#i muockoctd C.
Ecnu D — orxkpeiToe MHOMKeCTBO H3 R, To D npexpcrasasier
co6oil 06BeNHHEHNE OTKPBITHIX HHTEPBAJOB, €CJAH Ke MHOXKe-
cTBO D CBfI2HO, TO OHO €CTb OTKPBbITHIH HHTepBas. O6o3HauuM
yepez x JCHCTBHTENbHOE HJIH KOMIUVICKCHOE TEepeMEeHHOe, MpHu-
HUMaIolee 3HAYEHHs B OTKPHITOM MHOXKecTBe D.

Onpeneanenue 1.2, Oyuxuus f (x) 1eliCTBUTENLHOTO
WY KOMILIEKCHOIO II€PEMEHHOro, OMpefe/eHHass B OTKPBITOM
MHOKecTBe [), Ha3bIBACTCS QHAAUMLUHECKOU B 3TOM MHOXKECTBE,
€CJIM OHA pasJjaraeTcs B CTENEHHOH DS B KaxJAOH TOYKE 3TOTO
MHOXecTBa. Muaue ropops, pist KaxJao#d TOYKH xo € D cyme-
CTBYeT UHCHO @ (xo) > 0 1 dopmanbHuiil crenennod pag S (X) =
= D @, X" paguyca CXONMMOCTH, GOJBIIEr0 HJIH PABHOIO

nz0
@ (o), Taxoit, uto f (1) = Yay (¢ — x0)" mpn [x—x0| <@ (x0).

YKaxeM HEKOTOPble OUYEBHJHbIE CBOHCTBA aHAJMHTHYECKHX
(yHkuH#. Beskas QyHKIMA, aHANHTAYECKAR B OTKPLITOM MHO-
xkecrse D, Geckoneuno prdpepeHIHpyemMa B 3TOM MHOMKECTBE,
NpUyYeM BCE €€ NPOM3BOJHbIC TAKXKe aHaauTHyHel B D, Cymma
¥ NPOU3BEAEHHE ABYX (YHKUHI, aHAAHTHUECKUX B MHOXECTBe
D, rtakxke aHaJUTHYHLI B 3TOM MHOXKECTBE, HHAue roBOps,
GbyHKIMH, aHanuTHYeckue B D, o6pasymoT KOAbLO H, Gosee

Toro, anreépy.
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s npepnoxenus 6.1 § 2 caenyer, uro ecan f{x) — pyHk-
uus, a”anurtuueckas B D, to dyukuus 1/f(x) ananutuuna
B OTKPBITOM MHOXECTBe, KOTOpPoe mojyuaercs wz D, ecnu yaa-
JIUTDL H3 HEE T€ TOYKH, B KOTOPBIX (GYHKIMs f(x) obpamaercs
B HYJb.

Hakounen, ua npensoxenus 5.1 § 2 caexgyer, uto ecqau
[ — ¢yHkuus, ananuTHyeckast B D U npHHHAMAIOWAS 3HAYEHHS
B OTKDEITOM MHOXectBe D', a g — GyHKUHS, aHaJHTHYEC-
Kasg B D', 1O cynepmosuiusi gof aHasuTHuna B D.

Ilyers f — ¢yukuus, ananurugeckas B obsacrmu D (nnaue
TOBOPs, B CBSI3HOM OTKPBITOM MHOMKeCTBe D); €CJH CyllecTBYeT
GOYHKIHSA g, NPUMHATHBHAA /s QYHKLHK f, T. e. Takasg QyHKIHUS,
IPOH3BOAHAS KOTOpPOIl B obsactu D papHa f, TO 31a QYHKIHA
omnpejieseHa OJHOZHAYHO, C TOYHOCTBIO JO TOCTOSIHHOTO CJa-
raeMoro, U aHajqutHyHa B obJgaactu D.

[IpumMepn aHaauTHuecKHX GYHKIHIMA
MHOrousiensl OT X ABJASIOTCS AHATHTHYCCKHMH (YHKUHAMH
Ha BCeH JCHCTBUTEABHON NPSIMOH (COOTBETCTBEHHO HA KOMILIEKC-
HOH IJIOCKOCTH); pauuoHanbHas ¢yuxuust P (x)/Q (x) ananu-
THUHA B JONOJHEHHHM MHOXKECTBa T€X TOYEK X, B KOTOPHIX
mHorowsieHn @ (x) obpamaercs B HYJb. I/Is npensioxenns 2.1
6yneT caefloBaTh aHAAUTHYHOCTD QyHKIHHK e”. PyHK1Hus arc tg x
aHaJIMTHYHA A/ Bcex ACHCTBHTENDBHBIX X, NOCKOABKY aHAJM-

1
a ee .
THYHA e€¢ [IPOU3BOJHAas a2

2. KpuTepni anajuTHUHOCTH.
Mpenanoxenne 2.1. Hyome S(X) = 2 a,X"—
n=0
cmenennoll pad, paduyc cxodumocmu @ KOmopo2o OmAuter on
HYAS;, RYCMb

= D a,x", ede | x| < g,
n=0

~— eeo cymma. Toeda S(x) — anarumusueckas GyHKYUA HA MHO-

acecmee | x | < Q.
Dtor dakr He BnonHe oueBHieH. OH BLITEKAET H3 CJEAYIO-

mero GoJiee TOUHOTO YTBEPIKICHHS.



48 Ta. I. Cmenennte psdel om 00Ho20 nepementozo

Ilpeanoxeunne 2.2 B ycrosuax npedroxcenus 2.1
nycme xo — MAaKaa mo4xa, 4mo | xo | < @. Toeda cmenentol psd

1 mn n
D A ST (x) X (2.1
n=0
umeem paduyc cxodumocmu, 6osvuuil usy pasHsui @ — | Xo |,
a npu |x~xo|<g—-—|x0[
S(x)=73 ,,, ST (%) (X — Xo)". (2.2)
nz=0

JdoxasaTeascTBO npeanoxenus 2.2
IMonoxum ro = | x|, a, = |a, |. Torna

S® (X0)=2 p—;—q) Ap.q %o,
g=0

!
| SP (X0} | < 2 Ltqr!i)"“mq 7ol
g20
Ecmn rp < 7 < 0, 10

1 !
D or 8P ) [ —r? < 3 O ap g r—r) < -

! g!
p=0 P g P
\!
<20vn< Z W(’“’opfo"p> Zanf <+ 0.
n=0 ospsn n=0

(2.3)

CnefoBarenpHO, pajuyc cxoaumocTH psiga (2.1) Gonbiue Hiu
paBseH r — ry. Tak Kak yHCI0 r MOXKET ObiTb BuIGPAHO CKOMb
yrogHo OJH3KHM K Q, TO pajguyc CXOAMMOCTH 3TOro psja
Go/blie HAH PaBeH Q — ro.
ITycts Tenmepp x — Takasi TOuka, 4TO | X — Xo | < @ — ro.
[BoiiHo# psax
2 r+qt

plgl Apyg Xo? (X — %5)P

»,q
aGCoMOTHO cxofuTCst, B cuay (2.3). JLiis BLIYHCACHUS CYMME
3TOT0 psila MOXHO, CACLOBATENLHO, CrPYNIHPOBAThL €ro
yJleybl TPOMBBOILHBIM o6pasoM. Mul BBIMHCANUM 3Ty CYMMY
JABYMS Das/HYHBIMH CIIOCOOAMH.
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Ileperiit croco6 naer

2 an< E W’-zil‘—P}T (x—xo)” Xon—p>= E anx":S(x).

nz0 0<psn nz0
Crpynnupogas ujeHsl PAAa NO-APYroMy, NOJAyyaeM
x——x LN X —Xo)?
Z (x—xp)P <> P+i__ Ap.q Xo >___ Z ( p[O) S(p)(xo).
p=0 p=0

CpaBHHBasl TMONYYCHHBIE pE2YJAbTAThI, I[IOy4aeM pPaBeHCTBO
(2.2). Ilpensioxkenne 2.2 nokaszauo.

SBameuanue 1. Ha camoM Jene papnyc CxOIUMOCTH
pana (2.1) moxer Obith Ooablue, yeM @ — | Xo |. Pacemorpum,
Hanpumep, psk

S(X) =n§) (EX)m

OueBnno, S(x) =7—7 Ana | x| < 1. Ilycrs xo — Aefictu-

TeNBHOE yHucao. Torpa
11 . x—x \1 n n
m_l—ix(,(l——tm;) =2 i (X %)™
nz=0
Dror paa cxomuTes mph |x — xo | < V1 4+ x. B 10 %e
BpeMsi ICHO, uto }/ 1 4 Xxo® cTporo Gospiue, ueM 1 — | xo |.

3amMeuanue 2. [Nonoxum
M(r)= Z lan|r™, tae r <o.
n=0

B cuny ¢opmyant (2.3), mpu | x |<<ro < 7 < Q HMEeT MecTo

Hep aBEHCTBO
1 om M{(r)

oS (X)‘<(,T,O)—p- (2.49)

3ameuanune 3. Ecau x — xomnaexcroe nepeMenHoe,

TO, KaK Mbl YBUAMM B 11. 11, Besikast anddepeninpyemasn QyHK-

OMS AHaJMUTHYHA H, CJaeloBaTes]bHO, OeckoHeuHo Auddepen-

nupyema. B ciyyae 0jHOro 1efiCTBHTENbHOrO TIEDEMEHHOTO CH-

Tyauus cosepuwesHo uHas. CyuwecTBYOT (YHKIHYM, HMepowHe

HNEePBYIO MPOM3BOAHYIO, HO He HMelouiHe BTopoll (Hampumep,

4 A, Kapras
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NPHMHTHBHASL HETPephIBHON (PYHKIHH, HE HMeEIoueli npous-
BopHOM). Kpome Ttoro, cylecTByroT GeckoHeuno JuddepeHin-
pyembie (YHKUHH, HE SBJSIONMeCsd aHAJUTHYECKHMH. Bor
npoctoéi npumep: ¢yHkuus f(x), paBHas nyao npu x=0u
paBuast e~1/** mpu x # 0, GeckoHeuno auddepeHnHpyema s
Bcex x. B touke x = 0 ona ofpaiaercsi B Hy/ b BMECTe CO BCe-
MU NPOU3BOJAHBIME. Ecau Obl oHa Obl1a aHAJIUTHYECKOH, TO OHA
Obl1a GBI TOXACCTBEHHO PABHA HYJIO B HEKOTOPOH OKPECTHOCTH
Toykd x = (, UTO, OHAKO, HE HMeeT Mecra.

Teopewma. [igamoeo umobsl pynkyusf (x) Oetemeumens-
HO20 nepemennozo x, beckoneuno Ougbgeperyupyenas ¢ omxpsi-
mom unmepsase D, Goira anarumuueckot ¢ D, Heobxo0umo u
Oocmamouno, 4mobel Kaxcoas mouka xq € D obaadara oxkpecm-
Hocmero V, yodosaemeopsioued caedyrowemy Ycao0BUrO: Cyuyec-
syrom 0sa noaoxcumenrvrbix wucia M u t, maxux, umo 0aq awo-
boil mouku x € V u yeroeo qucaa p >0 umeen

I%f(p)(x)}<M-tp. (2.5)

Cokpamensoe fokKkasarteancTso. Heobxo-
JIUMOCTL 3TOTO YCJIOBHSI BhITEKAeT U3 HepaBeHctsa (2.4). Jlo-
CTAaTOYHOCTL TIONYYyaerCs W2 paccMorpenus psajga Teisopa
C OCTAaTOYHBIM uJjeHoM B (opme Jlarpanxka.

3. TpuHouN aHAJMTHYECKOTO TPOAOJKEHY .

Teopewma. [lyemv [— ¢ynxyus, anarumuyeckasn
6 obracmu D, u xo€D. Toeda caedyrowjue ymsepokdeHusn
BKBUBANEHMHYL:

a) f (xo) = 0 daa scex yeavtx yucer n>>0;

6) f mookdecmeeHHO pPABHA HYAIO 6 HEKOMOPOL OKPeCcmHOCTU
MOHKU X,

B) f mookOecmeenno pasua uyso 6 D.

HokaszateabcTtso. OueBHIHO, YTO U3 B) CJenyer a).
‘Teopema Gyjer AokaszaHa, eCJH Mbl [IOKa)KeM, YTO H3 a) CJje-
Iyer 6) u u3 6) ciepyer B).

TIpeanonoxRuM, 4To BEIMOAHEHO YCI0BHE a), T. €. [™ (xo) =
=0 pana Bcex n>0, npuuem mo omnpeneneHuio fO = f.

B OKPeCTHOCTH TOUKH X PYHKLHUS f (¥) pasnaraercs B CTEEHHOH
i

PANL MO CTENeHAM X — Xo, Kos(pduunents: -7 f™ (xa) KoTOpOro
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Bce paBuel Hymo. CienoBaTtenbHO, f(x) TOMIEGCTBEHHO paBHA
HYJII0O B OKPECTHOCTH TOYKH Xo. ¥YCJOBHE 6) LOKa3aHo.
[lycts Temepb BuimosnHeHo ycsoBHe 6). Has Ttoro urolbt
noxKaszaTh, UTO [ paBHA HYJIO BO BCex Toukax D, pocTaTtoyHo
JI0KasaThb, yTo MHOkecTBo D’ Tex touek x € D, ¢ okpecmrocmu
Komopoix | moowOecmeenHo pasHQ HYyA0, OTKPHITO H 3aMKHYTO
B D. (D’ ue mycro, MOCKONBLKY, B CHNY ycaosus 6), eMy TpH-
HaJJEKHUT TOUKA X, CJAEIOBaTeNbLHO, U3 cBsiaHocTH D Gyger
BoITEKaTh, yto D' = D.) Wz onpesenenuss D’ nenocpencTBEHHO
BHIHO, YTO 3TO OTKPBHITOE MHOMKeCTBO. OCTaeTcsi Mokazarb, UTo
eCIH Xo € D ecTp mnpeaesbHas ToYKa JJs1 MHOXKecTBa D,
TO xo € D’. Onuako npu mawobom n >0 pjad TOYeK, TIPOU3-
BOJLHO OJIMZKHX K TOYKE Xo (2 HMEHHO JJs Touex D’), Boimos-
Heno pasenctso [ (x) = 0. CnenoBarennuo, B CHAY Helpe-
peiBHOCTH (ynkuui [, aas Becex n >0 HMEIOT MeCTO PaBeH-
ctea f™ (xo) = 0. Orciofia, COrNacHO [0KA3aHHOMY BGLIle, [
TOXKAECTBEHHO paBHA HYJIO B OKPECTHOCTH TOYKH Xg, T. €.
TOYKA Xo NPUHALIEKHT MHOxecTBY D'. Teopema nokasana.

Caenpcrsue 1. Koavyo pyuryud, aunarumuueckux
8 obracmu D, ecme obaacme yerocmHocmu.

B camom jene, ecsin npouspencHue fg aByx Qyuxumii, ana-
JIMTHUECKUX B 06nacth D, TOXKICCTBEHHO PABHO HYJIO WU €CIH
%o € D — npousBo/JbHAass TOYKA, TO, NMOCKOABKY KOJbIO (op-
Ma/ibHBIX CTEMEHHBIX PAJOB ecThb 06/1acTh IeJOCTHOCTH, OfHA
u3 GYHKUKA f M g TOXKIECTBEHHO PaBHA HYJIO B OKPECTHOCTH
TOYKH Xo. Ho, coryiacHo foKazanHol Teopeme, ecan GyHKuus f,
aHajquTHueckass B objacth D, TOXIECTBEHHO paBHA HYJIO
B OKPECTHOCTH HEKOTOPOH TOUKH Xy € D, TO OHA TOXKACCTBEHHO
paBHa Hymo BO Bcefl obsactu D.

CnefgcrBHe 2 (MPUHNOHN aHaNAUTHYECK O
ronpojodaxedus). Eciu dse pynsyuu f u g, anasumu-
yeckue 6 obaacmu D, cosnadarom 8 oKkpecmHocmu HeKOmMOpou
mouxu amoil obaacmu, mo oxu cosnadarom 6o ecell obracmu D,

[Ipobaema anaAumutecko2o npodoascenuss COCTOWT B CJe-
JLYIOEM: NycTb Aana GyHKUHS h, aHaauTHUeCKas B 00JacTd
D’, u nycte D — nekoropas obnacts, comepxamas D’; Tpe-
Gyercsi MOCTPOHTb GYHKIMIO f, aHAJUTHUECKYO B obsactu D
¥ copnapawmLyo ¢ 4 B o6aacty D', CornacHo CAEACTBHIO 2, ecau
Takas GYHKIHUS CYIECTBYET, TO OHA €JMHCTBEeHHaA.

4%
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4. Hyau ananntnueckoit dynkunu. ITyers f (x) — dyukuus,
AHAIUTHYECKAA B OKPECTHOCTH TOUKH Xo, H TYCTDb
f)= X an(x—x,)"
nz=0
— ee pasJIokKeHHe B CTENCHHO Psifi IO X — X AJs JOCTATOUHO
Manelx | x — X0 |. Ilpeamonoxun, uto f(xe) = 0 U uro B OK-
PECTHOCTH TOUKH X, (byHKUusa f(x) He ecmov moocdecmeertblil
H1JAab.
Ilyctp £ — campli MajleHBKHH MHAEKC, JJsi KOTOPOro
KOS(QQHULHEHT @ OTVIMUEH OT HyJAs. Psif
2 an (x_xo)n_k
n=k
CXOAUTCS JUIs IOCTATOYHO MAMbIX | X — Xo | M €ro cymMma ecTb
aHaJHTHYECKasi B OKPECTHOCTH TOUKH X, PYHKIHUS g(x), Takas,
uto g (%) 7 0. Mrak, ecan x 61H3KO K Xg, TO

f)=(x—x)"g(x),  glx)=*0. (4.1)

Henoe uncso & > Q HasblBaeTCsl Kpamuocmon HyaAsl Xo QyHK-
nnu f. D10 uMeao onpenensieTest yeaosueM (4.1), B KoTopom
g(x) — dyHKuua, aHaqiuTHYeCcKas B OKPECTHOCTH Xo. Kpar-
HOCTb k& HyJsl XapakTepH3yeTcsl TaKxkKe TaKHM YCJOBHEM:

f (%) =0 npu 0<n <k, HO [ (x;) 5 0.

Ecau k& = 1, torosopar, uto x, — npocmod vyab, Ecau k> 2,
TO TOBOPSIT, UTO Xy — KPAMHbIE HYAb.

Wz cootHowenusi (4.1) u HempepniBHOCTH GYHKIHH g (X)
clefyeT, uTo

f(xy==0 mpu 0 <|x—x,| <e,

rie &€ > 0 joctaTouHo Mano. VinpiMu caoBaMH, Touka x, obga-
JAeT OKPECTHOCTbIO, B KOTOPOH Xo — e0uHcmeeHHutl HYab
byuruun f(x).

IMpeanoxenne 4.1. Ecau [ — ¢ynryus, anarumu-
yeckas 6 o6aacmu D u He pasras 8 amotl 00aacmuy moxOecmeeHHo
HYAI0, MO MHO%cecm8o Hyaeli amoil (pyxxyuu Ouckpemno (T. e,
BCE TOUKH 5TOI'0 MHOMKECTBA UB0AUPOBAHDL).

B camowm fene, B cuny caeactus 2 n. 3, QYHKUMS f He paBHA
TOXKAECTBEHHO HYJI0 B OKPECTHOCTH HY OAHOH ToukH 00JacTH
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D, nostoMy MOXHO NIPHMEHHTb TOC/E/lHee yTBEPKICHHE K KaxK-
JoMy HyJaio GyHKUHH f.

B uwactrHoCTH, J1060€ KOMITAKTHOE IOAMHOXKECTBO 00J1acTH
D copepXut Jinb KoHewrHoe wucao nydaeit GyHKunu f.

5. Mepomopduee dynkuunu. Ilycts f 1 g— aBe ¢ynKIUH,
aHanuTHYecKHe B o6siacti [, mpudeM g He paBHA TOXK/AESCTBEHHO
Hyato. Oyuxuns f(x) /g(x) onpefencua u aHajJHTHYHA B OKPeCT-
HOCTH /110601 TOUKH Xy, B KOTOpO# g(xo) 7 0, T. e. moGoi Touxn
obsacty D, 3a VCK/IOUEGHIEN, BO3MOXKHO, AHCKPETHOTO MHO-
JKEeCTBa TOUEK.

Hcenenyem crofictea dynknun f(x) /g(x) B oKpecTHOCTH
TOUKH Xy, B KOTopoil pyHKuus g(x) obpamaercs B Hyas. Eciu
¢byHKIHst [ He ecTb TOXKACCTBEHHLIH Hy/b, TO B OKPECTHOCTH
TOYKH X, HMEIOT MECTO paBEHCTBA

f(x)=(x—x0)" 1 (x) 1 g(x)=(x—x%)* g1 (%),

rie & u k' — uenvle uucna, npuuem £>0, £ >0, a f,
U g1 — QYHKLUHUH, aHaJHTHUYecKlle B OKPECTHOCTH TOYKH X,
takue, uto fi{xg) #= 0 u gi(xy) 5= 0. CaenoBatenbHo, ecnyu x
JOCTATOUHO OJIH3KO K X9 H X 7= Xg, TO

PO e )
gy = X) T y

Oyuxuust  hy(x) = fi(x) /gi(x) aHanUTHYHA B OKPECTHOCTH
TOUKH Xo M TIpH 3ToM /4(xo) 7= 0. Bosmoxnb jpa cayuas:
1. k> k. Torpa ¢pynxuus

(x — x0)*™* hy (x)

aHAJMTHYHA B OKPECTHOCTH TOUKH X, 0 coBmajaer ¢ f(x)/g(x)
npu x 3 xo. IlpoponxeHnass TakuM 006pazoM B TOUKY X
GyHKUHs f/g aHaauTHYHA B €e OKPECTHOCTH, ecau k > K,
TO TOUKA X, SIBJIAETCS €e HyJeM.

2. & < k. Torpa

1
x;ii; = (x__xo)k'_h hi (X)., hi (XO) ?EO

B 3Tom coryuae roBopsT, YTO TOUKA X SBJASETCS NOAOCOM PYHK-
uuHn f/g; uncio k' — k HasbBaeTCsl KPamHocmo NoAKHCA.
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b fx
Korpa x crpemMuTcs K Xy, BeJHylHA ] 2((;)

MoXHO yCNOBHTbCSL CUHTATh, YTO 3HaueHHe QGYHKUHU /g
B TOUKe X, «GecKOHeuyHo», [losfinee Mul elije BepHEMCS K BONPOCY
0 BBEJCHHH «BCCKOHEUHOTO yucja», KoTopoe OyjeM o003Ha-
YyaTh CHMBOJOM O,

Ecnn ¢ysxuus f(x) anannTHYHa B OKPECTHOCTH TOUKH X,
U ¥MeeT B 3TO{ TOYKe HyJb Kparnoctd &, To dyukuus 1/f(x),
OUEBH/HO, 1iMeeT B 3TOH TOUKe NOMIOC KPATHOCTH k.

Onpeneaesue Hasosem dyuxnuo f(x) mepomopeh-
Hoti B obsacti D, ecau f(x) onpelenera W aHAJUTHYHA BO BCEX
Toukax oOsactu D', noiyuenHo# uz D yjranenueM JHCKPETHOTO
MHOXKeCTBA TOUeK, ABJASIOUIMXCS noarcami (GYHKUHE [ (x).

B okpectHocTH Kamjoli Touku obmacti D (6e3 uckKiioue-
HHA) TaKYI0 QYHKUHIO [ MOKHO NMPEACTABUTb B BHJE YacTHOTO
ABYX aHanuTHuecKux (yHKuuil f(r)/g(x), THe 3HaMeHare]b
He paBeH HYJI0 ToxzaecTseHHO. OuepuaHbM ofpasoM onpege-
JISII0TCSL CYMMa W TIPOM3BefieHue IByX MepoMOpdHLIX (yHKUHH;
ICHO, UTO OTHOCHUTEJNBHO 3THX omepanuil MepomopdHule QyHK-
nuy o6pasyioT KoJabio U aawe anrebpy. Ha camom jmene onn
o6pasytoT mnoge, efictaurenpro, ecau QyHKuug [, aHaaUTH-
ueckass B obmacty D, He paBHa TOXAECTBEHHO HYJIO B 3TOH
o61acTH, TO OHA He paBHA TOXKIECTBEHHO HYJIO B OKPECTHOCTH
HMKaKo# Touku odsactu D, coracHo Teopeme u3 m. 3. Creflo-
BaTeNbHO, PyHKIHsA 1/f(x) B Kaxnoit Touke D uaH aHANTUTHUHA,
WIH HMeeT MOJIoC, T. €. OHa MepoMopdHa B obmacTu D.

1 CTpeMuTest K+ 00,

MMpenaoxenune 5.1, [pouseodnas [ yuxyuu f,
mepomoproti 8 obaacmu D, marxoce mepomoppra & obracmu
D. dynryuu [ u [ umerom noaocor 8 00HUX 1 mex jce mMOUKax,
nputem ecau MoYKe xo — noaoc pyuryuu f kpamuocmu & > 0,
mo owa ssasemca nomocom Gyuryuw [ xpamuocmu k + 1.

B camowm jene, ' onpenesena u aHAAMTHYHA BO BCEX TOY-
Kax obsacti D, KoTopbie He SIBASIOTCH TOJIoCaMH QyHKUHH f.
Ocraetcst OKa3aTh, YTO €CJIM TOYKA Xo — MOMIOC (QYyHKuHU f,
TO OHA €cTb Takxke nojwc GyHkuuu . Oxpako Aas Jmoboro x,
ZocTaTouHO OJH3KOrO K Xg,

f) =g (o)

/e g(x) — GyHKIHs, aHaJUTHYCCKAs B OKPECTHOCTH TOUKH Xo,
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npiueM g(xg) #* 0, k> 0. CnenoBatenbHo, ecin x # Xg, TO

F(x) = (—:i— [(x— x0) g (x) — kg (1)] = ——

xg)t+1 (x— xg)tl

gl(x)’

n, Tak Kak gy(xe) # 0, Touka x, — nomoc ¢Gykuuu f
KpaTHoCTH - 1.

YIAPAXHEHUSA

1. Ilycrs K — kommytarusHoe noge, E = K[[X1] — ax-
re6pa GopMaIbHBIX CTENEHHbIX PSOB ¢ KosdduunenTanms U3 K.
Has mobex geyx pagos S, T € E noJ0xuMm

d(S. T {0, ecom S=T,
(S, )=1 e econ S#=T u o(S—T)=¢r.

a) [lokasatb, uto d onpejensieT MeTpHKY B MHOXecTee L.

6) [Hokasath, uto orobpawxenus (S, T)— S+ T,
(S, T)— ST, onpenenennsie Ha npoussenenu E X £ u npu-
HUMAIomye 3HaueHus1 B £, HenpepblBHLL B TOMNOJNOIMH, ONpe-
JessieMoil MeTpHKoil d.

B) Ilokasath, uto anreGpa noaunomo K|X] kak noamso-
XKeCTBO £ BcIofly MIOTHA B £ B CMblesie BBEACHHOH TONONOTHH.

r) JokazaTb, 4TO MeTpHUeCKOe MNPOCTPAaHCTBO £ TOJHO.
(BocnonbaoBaTthest TeM, uTo ecin {S,} — MOCAEI0BaTEIBHOCTD
Komu B E, 10 aast awoboro m > 0 nepBule m 4iIeHOB psifa S,
HE 3aBHCAT OT 7, KOrjJa /1 JOCTAaTOUHO BEJHKO.)

1) HenpepoiBro au oro6paxkenne S— S’ (S" — mpous-
BojHasa S)?

2. Tlycts p n g — ueasie TOJOXKHTeNbHbIE 4HCAa. Pac-
CMOTPUM (POpMaJIbHBI CTENCHHONR PSR

S (X)=14+ X4+ X34 . X"
H TOJIOXKHM '
Sp(X) = (St (X))’
a) Meaykumedl no n J0KasaTb COOTHOILIEHHE

plp+l)...(p+n—1)
n!

n!

. 1
L p+ 2B oy
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¥ noayunth (MHAYKIUell mo p) pasyokeHHe
Sp(X)= §0C2+n-1 X®, (2)

rie uepes C?  o6o3HaueH GUHOMMANLHBI KO3(GDHUHEHT
k!

hl{E— M ° :
6) Tloanpsysachk paeHcTBOM Sp(X)- Se(X) = Sp+4q (X), Io-

Kas3aTb COOTHOLICHHE

> Cppret+Crinoimt = Chagynai (3)
oglgn

lecin B paBencTBe (3) MOJOKUTL ¢ = 1, TO HOAyYHM COOT-
nomenvie (1)1.

3. Bouucenuts s 1< 5 noaunoMel P, u3 loKasaTeabcTea
npeanoxenus 7.1, § 1 1 HaliTH uieHbl cTeneny, He MPEBOCXO/S-
mef 5, (bopMaJIbHoro CTEMEeHHOro psijia, 00PaTHOTO OTHOCHTEN k-
HO KOMIO3HLLHH PARY

S(X)=X~%—X3+%X5+...+( 1y X2p+1+“

4. Onpeﬂemnb paipyc CXOAMMOCTH CJACAYIOIUX PALOB:
a) 2 g (g <)
n=0

6) ZO nPZ" (p — nejce NOJOXKHTRIbHOE YHCJO);
nz

A
B) 2 @n", TR Gy = @™ 4y, =0 ipun>0,a 1 b—
nz
JedcTBHTe bHEIE Yncdaa, 0 < a, b < 1.

5. paCCMOTpHM IBa (OpMaNbHBIX CTENEHHBIX psja
S(X)= > /_« a, X" u T(X)= V b X" (b, #0)

H MMOJOXKUM
UX)= 5 aannv
nz=0
VX)= Y a,b,X", W(X)= D (an/b,) X"
n=o0 n=0

(p — 1nenoe uucno). JloxasaTb, 4To
e(U)=(e(S)?. e(V)>e(S)-e(T).
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u ecan o(7) #0, 10
e(W)<e(S /e(T).
6. Ilycte @, b 1 ¢ — KOMIJIEKCHbLIE YHC/Ia, IPHYEM C HE SB-

JISIETCS HEeMOJOXKHUTEJALHBIM 11eJIbIM UHCJOM, Onpe,ueJme paauyc
CXOMHMMOCTH CTCIECHHOIO pAja .

_ ab ,oa(at+1)-6(b41) ye .
SK)=1+7X+ 21c(c+1) X

a@tl)... (@tn—"1-60+41...(b+n—1) yn
+ n!C(C—f——l).._(C_an_l) X +....

Jlokazatb, uto ero cymma S(z) upu |z| < @(S) yroBner-
BoOpAeT caeayioueny auddepeHiHanbHOMY YPaBHEHHIO:!

2(1—2)8"+(c—(a+b-+1)2) S —abS=0.

.
7. Tlyets S (X) =n20 an X" — dopManbHBIl cTeneHHOH pSA,

Tako, uto @ (S)=1. [lonoxum

L (So+si-+...+8) aast n>0

Sp=0Qo-t ...+, tn=m

Hu
U(X) = z s, X", V (X) = 2‘ £LX™.
nz=0 nz0

TToxasats, uto: (1) o (U) =090 (V) = 1, (2) pisBeex | 2 | < 1

L (D a,2™)= 2 su2™
11—z »>0 n=0

8. Iycte S(X) = }7 arn X™ — OPMaNbHBI CTENeHHOH pPAA,
n=0

K0ahpHIHEHTl KOTOPOTO ONpEeJe/eHbl C MOMOLIBIO CAEAYIO-
IIMX DEKYPPEHTHBHIX COOTHOINEHHH:

a,=0, ai=1, a,=aa,1+pa,, npu nx>2,
rae o u P — JauHbBle JAeficTBHTENLHBIE YHCaA,
a) Mlokasath, 4T0 |a, |< (20", rme ¢ = max (|a |,
[B], Vo), n>1, u uto papuyc cxomumoctd @(S) paga S

OT/IHYEH OT HYJfl.
6) Ilokasats, uTo Anst | 2 | < @ (S) nMeer MecTo paBeHCTBO

(1 —az—B2*) S(2)=2 '
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H, CJaeoBaTeJbHO,
4
R E) " — (1)

|l —az—f2z2

B) Ilycts 2¢ u 2, — Kopuu ypaBuenuss PX% 4 aX —
— 1 = 0. lcnonbays paanoxexiie npanoit yactyu pasencTsa (1)
Ha NpocTefimie ApoOH, HANTH BLIpAKCHHE @, uepe3 2y H 2s
M TOKasaTb, 4TO :

Q(S)=min(|z(|, |22])-

(Bocnosb3oBathest TeM, uto ecan S(X) = Sy(X) + Six(X), 10

e (S) > min (2 (Sy), @(S2)).)
9. ITokasaTb, uTO ecaM X H y — HAefiCTBUTEJNbHBIC YHCJA,

n>» 0 — ueaoe 4ucao, TO
. (.OS< »‘»ry)sin n—;—l
> cos (px+y) = ,

X
0<p<n sin &

2
L N g A
sm(ix—‘l—y}sm o X
X

S sin(prty) =

o<psn sin

(BocnonbsoBaThest paBeHCTBOM €O0S (px + y) -+ isin (px +y) =
= ei(px+y) = pi¥ (el ‘)p )
10. Hokazats cneny}omee HepaBeHCTBO Aad Jroboro z € C:
—llged -1 z|ek.

1. IloxasaTb, YTO eCJIM 7 — LeJIOe TIOJIOKHTebHOoe UHCJIO,
a Z — KOMIJIGKCHOE UMCJIO, TO

(1+3) =15+ 3 (

2gpsn

———1

U NOJMYUYHUTL OTCIo[d, 4TO AJd J1000r0 KOMOJIEKCHOTO 2

= Jim (15"

.

12. JoxazaTtb, uTO (YHKUHS KOMIJIEKCHOIO MNEepeMEHHOTO

2, onpejieJieHHass PaBEHCTBOM

et e—iz
2

. ei — iz
Cos 2 = (COOTBeTCTBeHHO Sin 2 = o ) ’
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JaeT aHaJUTHYECKOE TPOJIOJIKEHIE Ha BCIO KOMIIEKCHYIO TJIOC-
KocTh € dynKINY coS ¥ {COOTBETCTBEHHO Sin X), onpeaeneHHof
B § 3, 1. 3. Ilokazatb, uto mas J106bIX 2, 2° € € cnpaBeasnHBLl
paBeHCTBA

cos(z--2')=coszcosz —sinzsinz’,

sin (z+ 2')=sinzcos 2’ 4 coszsinz’,

cos?z--sin?z=1.

13. Tlokasath, uTo Ajs Ja1000TO AeHCTBUTENBHOTO YUCIA X,
Takoro, uto 0« x< /2, cupaBeAJuBO HEPABEHCTRO

2 .
—x<siny <x.

14. Tlyets 2 = x —+ iy, TAe X ¥ Y AeHCTBHTEJBHBHI.
(1) Tlokasate, uto

jsin(x -+ {y) 2 ==sin®x 4 sh?y,
fcos (x -+ iy) |*=rcos? x +sh?y.
(2) Onpenenuts nynu ¢yHgRuuil sinaez, cosaz (roe a —
JICHCTBUTENIBHOE YHCJIO, OTIMYHOE OT HYJIs).

(3) Tlokazate, wto ecan —n < @ < @, a 7 — LEI0E TOJNO0-
JKHUTEJIbHOE UHCNO, TO

sin az
sinmz

chay

1 .
e _— | !
ch iy npu Z——n—r—Q—i—l_L/

=

sin az
sinmz

< ] npu z=x+i<n+-—é—>.
shn< )

(3ameuanne. Tlo onpegenenuro ch z = cos iz,
sh z = —{sin iz.)

15. Tlycte I — nHTepBaa Ha fAeficTBHTesibHOH mpsiMoil R.
[lokasatsb, uto ecan f(x)-— GyHKIUA (IefiCTBUTENLHOTO Mepe-
MEHHOTO C KOMIVIEKCHBIMH 3HAUeHHsIMU), aHaJHTHiecKast B 1,
TO 3Ty (YHKHHIO MOXKHO aHaJHTHYECKH MPOJOIKHTE HA HeKo-
TOpylo 00jacTh [ KOMIJIEKCHOH TJIOCKOCTH, COAEPKALLYI0
uHTepBaa /.
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16. (1) Tlycte {o,} u {P,} — ABe uHcJOBBIE mOCaELOBa-
TEJILHOCTH CO CJIEAYIOMHME CBOHCTBAMH:
a) cyuwecTsyer yncao M > 0, Ttakoe, uTo

lag+az+ ... -Fa, | <M ans Bcex n>1;
6) uucna P, AelCTBHTENBHH M HEOTPHIIATENIBHLI, MPUYEM

nOKaBaTb, 4yTO A1 BCceX n > 1 CnpaBeJINBO HEPABCHCTBO

[aBy4-aofo+ ... + anfn | << MBy.

(Beectn oGo3nauenue s, = d;-- .. .-+ @, H BOCIOJb30BATHCH
DABEHCTBOM
Pyt oot .. A= (B —P2) 514 .

. + (ﬁn—i - ﬁn) Sp—1 _i” ﬁnsn-)

(2) Ilycts S{X) = 2 an, X™ — hopMasbEBIN CTENEeRHOH paj

C KOMIJIEKCHBIMU Koa(p(pHuHeHTaMH Tako#, uto @(S)=1 u
paf Q> an cxofutcsi. Menonbays (1), Aokasats, 410 pﬂ}lzanx

nz=0 nz=0

DABHOMEPHO CXOAHTCSl Ha 3amkHyTom uHTepsase [0,1]

npaMoit R 1
lim 2 Apx™ == 2 Qn.
x-»1 nz0 nz=o0

O0<lx<d
(3) Mycte  Temepp S (X) = Z X" /n?, D — nepeceuenne
OTKPHTHIX KpyroB |2 | < 1 |z — 1| < 1. Tlokasam, uto
CyWIECTBYET YMCIO @, TaKoe, 4TO

S()+S(1—2)=a—logzlog(l—2)

npu z € D, rne uepes log ofo3HaueHa ryaBHAS HeNpephIBHAs
BeTBE Jiorapudma B mosymnockoetd Rez > 0 (cofepxkaieii D).

(Bocrosib3oBaTbess TeM, uto ecau 2 € D, 10 log (1 — 2) =
= —T(2), rze

T(X)=X-S"(X),
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B cuny npenoxenns 6.1 § 3, u Tem, uTo, cornacHo mpeaso-
kenuio 6.2 § 3,

%(logzlog(l—-z))= log(l—2) __ logz

z 1—2

npu 2€ D))
Bemsectn u3 (2) paBencrsa

a= ) L
n=1 ne

a—(log 2= D) 1/n22m1,
nzl

(Cp. rn. V, § 2, n. 2, npumenenue npegnoxenus 2.1.)



Fnmasa II
FOJIOMOP®HLIE ¢YHKIUH, UHTEIPAJI KOIWH

§ 1. KPUBOJIMHEWHBIE UHTETPAJIBI

1. Ceenenuss ofmero xapakrepa. HamomHUM HeEKOTOpLIe
3JIeMEeHTapHEIE TIOHATHS,, OTHOCsHECss K KPHUBOJHHEHHBIM
HHTerpajiam Ha miockocTn R% Koopaunatsl Ha miockocTu 6y-
JeMm o6o3rauath X 1 y. Hasosen eaadkum nymem oTobpakenue

t—y () (L1

orpeska la, b] B miockocts R?, mpu KOTOpOM KOOpJAHHATHI
x () u y (¢) Touku y (f) npencrasasiior coGoll HenpepbBHO AHD-
tdepentupyemele GpyHKILHY nepemensoro f. Bynem scerga npes-
nosaratk, 4To a < b. Hauasom nytu y 6yneM HasbiBaTb TOUKY
v (@), koryom — Touky Y (b). Ilycts D — o6racTk Ha IIIOCKOCTH;
roBOpAT, YTO Y — TJIAAKHIl NyTh B ofaactu D, ecii Bce TOUKH
y{f) aexar B 210l OGnacti.

Onddepennuancuoit gopmoii B obnactu D HaswiBaeTcsi
BbIpayKeHue

o =Pdx-+Qdy,
rje koaguitienTsl P u Q npegcraBasiioT cobofl AeHCTBHTENb-

HBle WJIH KOMIJIEKCHbIE HerpepolBHbe (PDYHKUHH B 00nacty D.
Ecnu v — raagxuil nyTs B obnactu D, a © — Audibepen-

uManbHaa ¢opma, TO S o onpefensiercss (opMyod
¥

< o
e
i
Ced
%
B

rae v* (0) — mugpdepenuuansuag ¢opMa [(£) df, sanaBaemas
PaBEHCTBOM

f()dt=[P(x(8), y(@)-x' )+ Q(x(H), y()-y" (D] dt.



$§ 1. Kpusoauneinoe unmezpanbi 63

WMubiMu cnosamu, v* () — auddepenunanbuas dopma, no-
nyvaromascss U3 (OpMEl @ B Pe3yJbTaTe 3aMeHLI eDeMEeHHBIX
x=x(%, y = y(f. Takum obpazom,

b

S 0= S f(¢)dt.
Y a
Paccmotpum Tenepb GyHKUMIO ¢ = f (1), HENpepHBHO AHG-

depennupyemylo npu @y <<u < by (an < by), mpoussonnas
¢ (1) KOTOpO#l BCIOAY TNOJIOXKHTENbHA H KOTOpash NpUHHUMAET
B TOYKE @; 3HaueHue q, B ToukKe b, — 3Hauenue b. Komroszu-
1us oTobpamenus u —= f (1) u otobpaxkenus (1.1) onpenenser
oToGpakeHne

u—>y(t(u)). (1.2)

D10 orTofpaxkeHHe NpefcTaBisieT coOoH TIagkul OyTb .
ToBopdT, uTo OyTh Yy NMOJAydYaeTcs H3 NYTH Y 3aMeHOl napa-
mempa. CornacHo ¢dopmyne nudpepeRNpOBaHNS CIOXKHOH
¢byskuuy, pudpdepennnanbras dopma fi(v) du=vyj(®), mo-
Jyuaiomasicsl 3 y* (o) npu npeobpasosanun (1.2), paBHa

fE@)t' (u)du.

Ha Qopmyanbl 1y 3aMeHBl IEPEMEHHOTO B ONpPENeJEHHOM HHTe-
rpajse HENoCPeICTBEHHO ciefyeT, UYTo

fo={o.

Y Y1

MEbIME cnoBaMHM, KPHBOJHHEHHBIH HRBTErpat Q ® He H3Me-
HSIeT CBOEr0 3HAYeHHs NPH 3aMeHe TJ1aJKoro ny%n Y ApyTHM,
TNOyYEeHHBIM H3 HETO 3aMeHOH mapamerpa. Bruy 3Toro B HeKo-
TOPHIX clyyasix Mbl OyJeM 0003Ha4aTh OfHOH U Toil ke Gy KBOil
NyTH, NOJyYeHHBIE OJHH H3 JPYTroro H3MEHeHHeM Napamerpa.

Tenepr paccmorpuM QyHKUMIO ¢ = f (1), HEnpepbIBHO AHG-
(heperuupyemyro npu  a; << u<< by, Takywo, uto f(a) = b,
t(by)=a, t'(u) <O («nanpapnerue o6xoga» OTpe3Ka MNPOTH-

BonoJioxuoe). Torza S 0= — S ®. B aTom cayuae rozopsr,

Y1 Y
UTO Ha IIyTH Y INPOH3BEJEHA 3aMena NapaMerpa, USMEeHAoU,al
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opuenmayuro, B pesysnbraTe rofoOHOH 3aMeHbl HHTETpaJl S o -
Y
yMHOXaeTcd Ha —1.
loBopsaT, uTo 3anano nodpaszdeserue unHtepBana la, bl,
ecJI¥ OH NPEACTaB/IeH KaK 00be[HHEeHHEe KOHEMHOTO YHC/Ia HHTEP-
BAJIOB

[a’. t1]7 [tl’ t2]1 trr [tn_la tn]» [tm b],

rle a<ti<tb< ... <tpb<b Tlyere vy, — cyxeHue
oto0pameHus Yy Ha {-i W3 3TUX HHTepBasoB. O4eBHIHO, YTO

fo=3{o.

Y iy
ATo CBOHACTBO MO3BOssIET OGOOUIHTDL TOHATHE TJIAAKOTO My TH.
HasoBem wenpepeigroe otobpaxenue

y: la, b]—R?

KYCO4HO-2Aa0KUM nymem, ecyau CYIUeCTBYeT TaKoe MoApasje-

JeHie HHTepBana la, b] HA KOHEYHOe MHOXKECTBO NMOAHHTEPBA-

JIOB, 4TO CyiKeHHe OTOOpaKeHHA <y Ha KaxAbll U3 HUX Hpel-

cTaBasieT coboil Tyiagxuii nyTh. Ilo onpeleneHHio, MOM0KHM
n

fo=2 (o

Y i=1vg

3llech BeNMYMHA NpaBoH 4aCTH He 3aBHCHT OT pasbHeHwus.

Hawano nyTu vy; HaseiBaeTcst HawaJoM TyTH Y, a KOHeI
OyTH Y, — KOHIIOM nyTH 7y. ['OBOpST, 4TO WYTb 3AMKHYM,
ec/M ero HayaJo M KOHELl COBNAajatoT.

B onpenesnenun 3aMKHYTOTG NYTH Y MOXHO HCIIOJIB30BATb
BMECTO JLeflCTBHTENbHOTO NapameTpa f, H3MeHfoerocs oT a
Jlo b, mapametp 0, xoTopslil npoberaeT eAMHHYHYIO OKPYKHOCTD.

ITp uwme p. Pacemorpuum B nsockocty R? nepumerp (rpa-
HHLlY) npsIMOyrosibHHKa A €O CTOpOHAMH, napasiesbHbIMH
ocsiM KoopauHat. IlpsamoyrosibHHK npeAcTaBasieT cobolf MHO-
XKeCTBO ToueK (¥, y), YAOBIETBOPAIOUIUX YCJIOBHAM

4, <x<a, b<y<b,.
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[panuna npsMoOyroJbHHKAa COCTOHT H3 YeThIpeX OTPE3KOB:

x=a b <y<by
y=b2v A <X Ay
x=a, b, <y<by
y=1b,, a,<rx<a.

Hna tcrourolnl 9Ta TpaHUua ompenessiia 3aMKHYTHIH Kycou-
HO-TVIaJKHH TMyTh Y, HYKHO €lle YKasaTh «HanpasjeHHe 006-
xo/la». YCJIOBHMCS BCerja cuHTaTb HanpasiaeHue obxoja cile-
AYIOLIAM: OpAMHATA y H3MeHsAeTcss OT b; 10 b, mo cropoHe
X = @g; 3aTeM abcuucca X H3MeHsIeTCsl OT Qg JO Gy 1O CTOPOHE
y = by 3aTeM y uH3MeHsIETCST OT b, M0 by MO CTOPOHE ¥ = @
U X U3MeHsieTcsi OT @y JI0 Qg 1O cTopoHe y = b;. Takum oGpa-

30M, HHTerpalg g ® OIlpelesieH. Oun paBeH CcyMMe HHTErpaJioB

Y
110 YE€ThIPpEM CTOPOHAM, NTPOXOAUMBIM B YKa3aHHOM HaNlpaBJ/I€HHH,

2. NMpumurtusnasa puddepeHuuaisHoi GopMal

Jlemwm a. Ilyemoe D — nexomopasn naockas obaacme. [as
aoboll naper mowex a, b €D cyujecmeyem Kycouro-2aadKuli
nyme, codepicawutica 6 obaacmu D, ¢ rauarom 6 mouke a
u koHyom 8 mouxe b. (MHaue roBops, TOUKH @ U b MOXKHO COelH-
HUTb KYCOYHO-TJIAAKUM IyTeM.)

HoxasartesabcTso. Kaxkaas Touka ¢ € D aBnserca
IIEHTPOM Kpyra, cofepiamerocss B D. Ee MOXKHO coelHHUTD
C KaxKJoH TOYKOH 3Toro Kpyra KyCOUHO-IVIAKHM IyTeM (Ha-
npuMep, no paauycy). Takum oOpasoM, ecad TOYKY ¢ MOXKHO
COEJIMHUTb KYCOWHO-IJIAJIKHM NyTeM C JaHHO§ TouKoit a, To
H Kaxkay1o TOYKy, AOCTATOHYHO OJH3KYIO K ¢, MOXKXHO COCAHHHUTD
¢ @ KycouHo-rnaakuMm nyTeM. [lostoMy MHOXKecTBO £ Touek
obnactu D, KOTOpBIE MOXKHO COCAMHUTL C TOUKOI @, OMKpsimo.
C npyrofl CTOpoHH, MHOXKecTBO E TakK:Ke H 3aMKHYTO B 00-
aactu D. B camom gese, ecnu ¢ € D — npenenbHast ToYKa
MHOXKecTBa E, TO ee MOXKHO COEAMHHUTb C HEKOTOPOH TOUKOH,
npurajgexamweii E, ykasanuoM Bolle crocofoM. Caefona-
TEJbHO, TOUKY € MOXKHO COEIMHHMTbL ¢ TOukoi a. Mrak, MuO-
xkecTBo £ OTKPHITO H 3aMKHyTO B obnacty D. OHo He mycro,

5 A Kapran
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TaK KaK exy NnpuHaiexuT touka a. CrefoBaTe/ibHO, OHO COB-
najgaer co Beell obnactero D, uto 1 TpeboBasoch JOKA3aTh.

[lycte cHoBa D — HeKoTopas msocKad obsactb, y — Ky-
COYHO-TVIaAKUIT Iy Th, coiepauiiiics B obmactu D, ¢ Haya oM
B TOYKE ¢ 1 KOHIOM B Touke b, F' — HenpepwBHO AuddepeH-
mupyemasi GyHknns B obmnacti D. Torza nast nuddepeHnans-
HOIT (popnBl ®@ = dF cnpaBelJINBC paBeHCTBO

SdF:F(’o)»—F(a). 2.1)
!

Orcrofia, npUMeHds J0Ka3aHHYIO Bhilie JeMMY, [OJy4aeM, yTo
ecau Quibpeperyuanr dF  moxcdecmsenno paser wyaw 8 0baacmu
D, mo ¢ynryusa F nocmoanna.

Ilycts B obnactu D 3anana pudgdeperunanenas gopua o,
Mer nafiesr (ecsii OHa CyLIECTBYeT) TaKy1O HelPepHBHO AHppe-
peHiupyeMyo B cbaactu D ¢yrxumo F, uto dF = o. Ecan
o = Pdx - Qdy, 710 cootHoumeHHE dF = ® pPaBHOCHJILHO
paBeHCcTBaM

oF oF
[lonoGuas ¢ynKuusg F, ecal OHAa CYUIECTBYET, HA3hIBAETCS
npunumussott GopMul . Kampas Jpyras npuUMHTHBHAS Fy
hepvbl @ noayuaercsa npudasaeHneM K F oCTOAHHOH, TaK Kak
d(F—Fy) =0,

[Ipenaoxenne 2.1. Haa moeo umods Ouppepen-
HuaavHas opyua ® umesq npumumusHyo 6 obaacmu D, weod-
X00umo u docmamouro, 4modsl UHme2par opmst © No KAXJo-
MY BAMKHYMOMY KYCOYHO-2AQ0KOMY AYymu vy, codepicauiemyca
e D, pasraica Hywmo.

JokaszarteabcTBo. l. YcioBue HeoGXOLHMO, TakK
Kak npu @ = dF cooTHomenne (2.1) mokasnisaer, 4yTo Y o =0,

<

Y
ecJU Hauano @ U KoHel b IIyTd y coBnajaror.

2. YciioBHe JocTatodno. BosbMeMm TOUKY (X, 4o) € D;
Kax1ylo TOuKy (¥, y) €D MOXKHO COCIHHHTE C (Xo, o) KYCOUHO-
[J4jiKEM  mOyTeM Yy, JexawuMm B D (corsiacHo Jiemme);

3HayeHue HHTErpasJda S ® HE 3dBHCHUT OT Bbl60pa IIyTH Y, TaxK
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KaK MO [PeINoioKeH o HHTerpan GopMet @ 1o J000My 3aMK-
HYTOMY TyT# paBeH HYJIO.

Iycers F (x, y) — 3HaueHIie HHTerpana § ®, TJe Y — Tpo-

¥

U3BOJIBHBI [TYTh C HAYAAO0M B TOUKE (Xg, IJo) 1I KOHIIOM B TOUKE
(x, y), comepxamuiicss B obnacti D. Tlokaxen, uto ompene-
JeHHa# TakuM obpasoy B obmactii D ¢yuxuus F ynoBaerso-
psieT COOTHOLIeHUAM (2.2).

Hangu mepeneHHOMY X Majdoe mnplpaileHHe f; pa3HocTh

Fle+h y)=Fx, y)

paBHa HHTerpaty ? ®, B3STOMY BJOJbL KaKOTO-HHOYAL NYTH
)

C HaYaIoM B TOUKe (X, y) H KOonioM (x - R, ), codepiamerocs
B ofmnactu D. IlpounTerpipyes, B 4acTHOCTH, BJOIb OTpe3Ka
npaMoll, napaueNbHOH OCH X (3TO BO3MOMKHO, €CaAH |h|
JIOCTATOYHO MaJj):

x+h

x
Flth g)=Fx, 9)= | P& y)as

TOrja, MOCKOABKY A = 0,

( P F x-t+h

Fxd-h, N —F{x, 1 { -
: J;L) ( J)zf S P(€7 U)dﬁ
X

Korpa 4 crpemurest X HYJIO, npaBas yacThb [IOCHEJHETO paBeH-
CTBa CTPEMUTCS, B CHY HerpepbiBHOCTH Qynxuuu P, K P(x, y).
Htax, #eHCTBHTENBHO

OF

oF . '
AHAJIOTYHO MOXKHO IOKasaTh, HTO o = Q (x, y). Drum

3apeplIaercs JI0K43aTesibCTBO Hpeanoxenns 2.1.

PaceMorpun, B UaCTHOCTH, NPSMOYTOJABHUK CO CTOPOHAMH,
napasJeNibHBIMH - OCsiM  KOOpAINHAT, cojepxauiuiica (BMecTe
¢ rpanuuefl) B obnactu D.

Ecan y — rpanuna Takoro npsiMOyroJibHIKE, TO ( o =20
s 1000# auddepeHnHANLHOA (HOPMbI ©, HMEIOHieH NMpHMH-
THBHY!O B obnactu D,

55
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Kax 6yner BuAHO B JasibHefilleM, 3To HeoOXOAuMoOe yCJIO-
BHE He BCerja JO0CTaTOYHO JAJIsi CYLIeCTBOBAHHS NPHMHUTHBHOM,
OJZHako OHO JAOCTATOYHO, Korna D - oJHOCBSA3HAA 00J4CThb
(eM. m. 7). B HacTosiMil MOMEHT Mbl JOBOJILCTBYEMcs JloKa3a-
TEABCTBOM CJICAYIOMIETO YTBEPIKIECHHS.

IMIpeanoxenue 2.2 [lycmoe D — omxpumeui xpye.
Ecau Km =0 0aa awbozo Kowmypa Y, O02PAHUHUBAIOU4E20

v
NPAMOY20ABHUK CO CMOPORAMU, HAPANACALHBIMU KOOPIUHAM-
HoLM 0Cam, aexcawuil emecme co ceoel epanuyed 8 obaacmu D,
mo gopma ® obaadaem npumumusroti 8 obaacmu D.

Hoxasatenbcrsro. Ilyets (xy, yo) — LEHTP KpyTa,
(x, y) — npousBoabHas Touka obsmactu D. Torjga cyuiecTsyioT

Tt

(Zo,)/) ‘{_'z (z, y)\

Y, v, T

(Tg: Vg) (T, Vo)

Puc I

JiBA OYTH y; A Vg C HAYAIOM B TOUKE (Xo, o) H KOHILOM B TOUKe
(¥, y); KaxABlll H3 HHX COCTaBJeH U3 ABYX CTOPOH NPSAMO-
YTOJIbHHKA, CTOPOHHEl KOTOPOTrO Tapasiie/bHbl KOOPAHHATHBIM
0CsiM, a TPOTHBOMOJIOXKHLIMI BepIIHHAMH fBJSIOTCA (X0, Yo)
u (x, y) (M. puc. 1). Tax Kax 3ToT NpAMOYTONBHHK COAEPKHTCS

B D, to0 S 0 = S o. [lycts F (x, y) — ofulee 3HaueHne 3THX
¢ Y1 Y2
aF
JBYX MHTerpasoB. MoXKHO n0Ka3aTh, Kak M BHILE, YTO Pl P,

oF
=+ == Q. DTo W JoKa3blBaeT Hallle NpeaJsokKeHHe.

dy
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3. ®opmyaa 'puna — Pumana. It1a Popmysia B HEKOTOPOM
cMBice o6obiiaeT cooTyottenue (2.1): BMecTo TOro 4To0Bl CBSI-
3BIBATH 3HAYEHHUS HEKOTOPOTO MHTErpaja co 3HaueHHSIMH HEKO-
Topo#l (pyHKILMY, OHA CBsI3LIBACT 3HAYCHHSA JNBOIIROrO HHTErpana
U KPHBOJHHEHHOTO HHTerpana.

Ilycte A — npsiMoyroJIbHHK €O CTOPOHAMH, Napaliedb-
HBEIMH 0CsIM KOOpAHHAT, y — ero rpaduna, P (v, y) u Q (¢, y) —
HenpepuIBHEIE (DYHKILHH, ONpeNeJCHHbIE B HEKOTOPOH OKpecT-
"HoctH D npsmoyronbHuka A, [lpeanosioxum, 4To 3TH PyHKIHH

JP
UMeloT B oOnacTH ) HempepblBHEIE YacTHHE MPOHSBONHEIE -

H %23 . Torpa cnpasennuBa caepyiomas ¢opmyna I'puna —
Pumana:
Il 0
Yy A

HoxasareabcTso. [lokakem, Hanpumep, 4TO

SQdy: Q g%dxdy.
Yy YA

Mri 3naem, uTo JIBOfiHOH HHTerpas OT HempepblBHOH GyHKIHH

5}
———Q— MOXKHO BBIUHUCJISITH HOCJIG}IOBaTe.HbHOI

SAS €Q dxdy = de(& % dx)

b1
dcuo, urto

ag

S%%dx =Q(as, y)—Q (a1, y)-

ai

Marterpupys no nepeMeHHoH y, NoJy4aeM

bg bo,
| Q@ y)dy— | Qs pyay.
by by

4T0 B TOUHOCTH pPABHO X Q dy. Popmyna pokasana.

¥

®opmyna I'puna — Pumana cnpasefnua u fis obnacrei,

6oJiee OOUMX, 4eM NPAMOYTOJBHYK, HO MBI IOKa OCTaBHM 3TOT
BONPOC B CTOPOHE.
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HDpeanoxernue 3.1. Ilyemv © = Pdx ++ Qdy —
Juchheperiyuanenan gopma 6 obracmu D, npudem wacmisle
>

npousgodroLe g Y g Cyigecmeyrom . Hempepuiéisl 6 amoti

obaacmu. Toeda dan moeo, wmosel hopma ® umess nPUMUMUS-
Hyto @ obaacmu D, ueolxo0umo ewno.anerue ycaosus

P 0Q c

9 = o (3.2)
B cayuae Koeda obaacms D — omkpeumslil Kpye, 3mo ycaosue
A6AACMCA W JOCINAIMOYHbIIL.

JoxasatTeasbcrtso. [Ipuaumas Bo BHHMaHHe (op-
Myay (3.1), BHAHM, uTo u3 cooTHOWICHHS (3.2) caeqyeT paBeH-

cTBO | ® = 0, rhe myTh Yy mpeicTasisier cofoi TpanmiLy JIo-

6oro npsIMCYIGAbHUKA, cojepKallerocsi B obaactu D, cTopoHs
KOTOpOTO napasijleJibHbl  OcAM KoopanmHaT. Ecau o6racth
D — oTkpBITEII KPYT, TO OTCIOAA ClIellyeT, 4To (popMa ® HAeeT
NpUMHTHBHYIO (mpeasoxenne 2,2). O6paTHO, NyCTh PaBeHCTBO
§ © = 0 cnpaBeanupo A5 M0BOTO MyTH Y, KOTOPHIT ABAACTCS

Y
rpanuneHd HEKOTOpOrc npsaMOyroJbHiIKA A, cojepxamerocsa

B obnactd D, CTOpPOHBI KOTOPOTO HapajijesbHEL OCsSM  KOop-
nuHat. Toraa gast ar0060ro Takoro HpsMOyToJbHIKA

P aQ .
S S 55—5}) dx dy=0. (3.3)
A
Orcrona caenyer cootHowenue (3.2). JleHcTBHTENBHO, ecnu
HenpepblBHAS (DyHKLLHH%;-—% He ofpamiaeTcs TOXJIeCTBEH-

HO B HYJIb B oOnactu D, 1o B 3701 06/1aCTH CYLIECTBYET TOUKA,

B HEKOTOPOH OKPECTHOCTH KOTOpOll 3Ta (PYHKLMsl, HalpuMmep,

NOJIOKHTENbHA, '
CooTBeTCTREHHO UHTErpat

JER

NOJIOKHTENCH [Adsi TpsMoyrosbpHHKa A, cojep:kaumerocsi B
3Tofl OKPECTHOCTH, YTO NPOTHBOPEYHT mpefnosnoxenuio (3.3).
ITpeanoxenue 3.1, Takum o6pasoM, AOKas3aHO. :
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4. 3amknyTsie audhepeHuuaabHbie opmbl.

Onpepneacenune Hasosenm dopmy o = P dx +— Q dy
¢ kosdpdunuentann P u @, HenpepeBHBIMH B oOgacti D,
BasKHYmoL, ecau JIasi KamIoll TOuKu (xg, 7o) €D cymecTByer
OKpeCTHOCTb, B KOTGpoil dopma @ uMeeT NPHMHTHUBHYIO.
Mo3KHO NpeAnonoKHTh, YTO 3Ta OKPECTHOCTh €CTh KPYT C 1EHT-
pom B Touxe (g, yo). Torjaa us pesysabraTtoB I. 2 H 3 BEITEKaeT
caelyollee yTBepPKACHHE.

[Ipeanoxenue 4.1. Jlaa moeo umoode: Ouggeper-
HUaavbHas Gopma © ¢ Koadhbuyuenmamu, HenpepuisHoimu 8 00-
aacmu D, 6viaa samknymoti, Heobxodumo u docrmamouro, 4modet
0as 400020 QOCIMAMOYHO MAA020 NPIMOL20AbHUKA, co0epaaye-
2oca (smecme co ceoetl eparuyetl) 6 obaacmu D, co cmoponamu,
AAPAALCALHOIMU  OCAM  KOOPOUHAM, 8bINOAHAIOCH PABEHCIE0

S © = 0, ade y ~- epanuya 3moeo NPIMOY2ONbHUKA.
¥

Ecau mot npednoaoicun, kpome moeo, umo gyukyuu P u Q
UMEIOIT HENPEPLIBHLIE HACHIHLIE RPOUBOOHbIe Nepsoeo NopAdKa,
mo HeoOXo0uMmbiM 1 OOCMUMOUHBIN 015 3AMKHYIMOCIU opmbr ©
Oydem ycaoceue (3.2) .

Benencrsre npensioskenust 2.2 xaxaas 3anMkKeyTas Qopma
8 OMKDbIMOM Kpyee WMeeT MPUMHTHBHYIO.

Ml npuBenem Teneps mpumep obsacti D u QopMel ©,
3aMKHyToli B oOjactu D, Kortopas He HMEET NpHMUTHBHOH
B 3ToHl obnactH.

IIpeannoxenue 4.2, [lycms D — o0baacmes, cocmos-
wias u3 écex mouex Komnaerkcrot naockocmu € kpome mouxu 0.
Qopma © = dz!z samrryma 8 obaacmu D, HO ne umeem npu-
MUMUBHOLL,

HeficrBuTesibHO, B OKPECTHOCTH JicOOH TOUKH 2o == 0
Kaxjas HempepblBHAs BETBL (DYHKUHUH log 2 eCTh OJHO3HAUHAsA
byukuus, Kotopas sBAsiercss NPHMHTHBHOI (OpMbl dz/Z B OK-
pecTHOCTH TOYKH Zo. CiefoBaTesbHO, (pOpMa ® 3aMKHYTA,
YroObl 1noKasaTb, 4to GopmMa o He HMeeT TeM He MeHee HpH-
MHTHBHOIl B 06jacTi D, JocTATOMHO HAWTH 3aMKHYTHIH myTh v,

. . dz
cofiepxamuiicss B obaacty D, Ttako#, 4TO K —21#0. [lycte
‘ E:
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Yy — eIMHHYHAS OKPYXHOCTb C LEHTPOM B Hauaje KOOpJHHAT,
KoTOpasi OGXOJNTCA B TOJIOXKHTENbHOM HanpasjieHHH. YToGbl

BBLIYHCJHTD g ©, TOJIOXKUM 2 = e, tae f MensieTcsa oT 0 jo 2x;

Torja
dz = ielldt, %z— = [dt

H, C/€40BaTE/IbHO,
2n

%z _ gidt=2in#0, (4.1)

z
0

g Cooy

ur0 W TpeGoBaNoch NOKAa3aTh.
B nandom npumepe (opMa ® KOMIJIEKCHA,
BosbMeM Temeph MHHMyIO uacTh ¢opMbl @. [lockonabky

dz _ dxt-idy _xdx+ydy+i xdy—ydx
2T ki g By 2ty
audepennnanbras opma
_ xdy—ydx

Imo =
m x2+ 42

3aMKHyTa B TWIOCKOCTH € BHIKOJIOTHIM HawaioM KOOpAHHAT.
Ona ne uMeeT MPUMHTHBHOH, Tax Kak Bcaenacrsue (4.1) umeer
MEeCTO PaBeHCTBO

L]

xdy— ydx
[ sty
¥y
v
rle Y — eIUHHYHAA OKPYXHOCTb, KoTOpast 00XOAHUTCH B HOJO-
AKUTCJLHOM Hanpasneruu. B cymuocTy, hopma Ime npepcras-
aser cobol fudepeHnnan MHoeo3Ra ol (WHBIMH CJIOBAMH, HMe-

1ottt HeCKOIbKO BeTBel) pyHKI UM are tg% B IIJIOCKOCTH C BBHIKO-
JOTHIM Ra4ajloM KOODJAMHAT.

5, Usyuenne HeonHO3HAUHBIX MpUMHTHBHBIX. [lycTh o —
3aMKHyTasi opMa, onpelleneHnas B o6nacrtia D, Xors dopMa o

MOKeT U He uMeTh (OJHO3HAYHOH) MPUMHTHBHOHR B obGnacTu D,
MBI ONpEAEaHM cefiyac, 4To Mul OyleM NOHHMATb MOX NpuUMU-
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musHotl gopmet © 8dose nymu y 8 obaacmu D. Takol nyTts
ompeiesisieTCst HenpepuieHoim 0ToOpaxKeHneM oTpeska [ = [a, b]
B obsacte DD (HUKAKOro TNpeAnoJiokeHHsT o ero Audepepen-
HHUPYEMOCTH MBI He JlesaeM).

Onpenenenue. Ilycts y: la, b] » D — Henpephis-
HBId myTb B ofmactu D, u nycth © — 3amMKryTas auddepen-
nuansHas ¢opma B 3Toll obmacru. HaszsoBem npumumusnod
¢opamst © BIOJB NYTH Yy HenpepuBHYIo QyRKUMO f (£) (¢ npo-
Geraer orpesok [a, bl), yHOBaeTBOpsIOUIYIO CHELyIOLLEMY
yCJIOBHIO:

(I7) 022 moboeo T € la, bl e nekomopoti okpecmHocmu modKu
v (V) € D cywgecmeyem npumumusnas F gopmor ©, makad, 4mo

F(y()=F(@® (5.1)
048 3Hauerull ¢, docmamouro GAUBKUX K T.

Teopewma 1. Takas npumumusnas [ eceeda cyujecmsyem
U EOUHCMBEHHA C MOYHOCHILI0 00 ROCMOSHHO20 CAQ2Aemoeo.

HoxasarteabcTso. [pexae Beero, ecint f; u fo—
IABe TaKHe TPHMHUTHBHLIE, TO HX pasHOCTh f; (f) — fa (f) Benen-
creue (5.1) B okpecTHOCTH KaxKuoil Toukd T € la, b] npencra-
BumMa B dopme Fy (y (¢)) — Fa (y (£)). IlockonbKy pasBOCTb
F, — F, IByX NpUMHTHBHBEIX (DOPMBEI ® HOCTOSIHHA, OTCIOfA
caepyer, uto ¢yuxuua f; (£) — f» (f) mocTofHHA B OKpecT-
HOCTH KaXJIO0# ToukH oTpesKa /. Mul Ha3biBaeM TaKyro GpyHKLHIO
A0KAAbHO-nocmoanroti. Ho HenpepbiBHAST U J1OKanbHO-TIOCTOSIH-
Hag QYHKIHS HA (63HOM TOTIOJOTHYECKOM IIPOCTPAHCTRE
(B naumem cayuae Ha cermente I = la, b)) nocmoanna. Ief-
CTBUTEJIBHO, A5 J060ro YHeaa ¢ MHOMKECTBO TOYEK, B KOTOPHIX
GyHKIMA TpPUHUMAeT 3HAYEHHE U, OJHOBPEMEHRO OTKPBLITO
U 3aMKHYTO. )

Ham octanoch JoKasaTh CYIECTBOBAHHE HeNpepHiBHOM
¢ynkuug, yrosaetBopsiouieit ycmaosuio ([1).

Hast xaxnoit Touke TE/ cyllecTByeT OKpecTHOcTh V
(8 otpeske I), KoTopasi orobpamenyeM vy (f) NepeBORHTCS
B OTKDBITBIEI KpyT, rae ¢opMa » HMeeT NPHUMHTHBHYIO F.
Tak xak oTpe3ok / KoMIakTeH, MOMKHO BHIOPaTb KOHEURYIO
TOC/IEA0BAaTENbHOCT  TOUEK

a=l <t <... <tn<tn+1=b
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TaKHM 00pasomM, YTo s J11000ro 1esoro f, Jexaniero Mexay 0
U 1, oToOpaxenie y NEPeBOANT OTPE3OK [#;, #;+41] B OTKpBITEIA
Kpyr U;, B KOTOPOM CYil[eCTByeT MPHMHTHBHAst F; (GopMBl ©.
Tepeceuenve U; () U; 4 cOnepRuT TOUKy v (#;+4), H, caejoBa:
TeNbHO, HE MYCTO; 3TO IEpeceueniie CBsI3HO, CJelOBATE/BHO,
¢yaxknus F;py — F; nocrosuna B nepecedennu U; [ Ujiy.
[Tostomy, npuéapiss K KaxJod NPUMHTHBHOH F; moixond-
LIYIO MOCTOSIHHYIO, MOXKHO, NEPexo/ifl OT OKPECTHOCTH K OKpeCT-
HOCTH, J00uTbcsi TOro, 4utoObl HpUMHTIBHAS [;.,; coBmajgana
¢ F; B mepeceuenun U; N\ U4y,

Tlycte Tenepr [ (f) — dbyuxuus, onpeneseHHas QopMyJoh

[()=Fi(y() naa [€[t;, L.

OueBuzHo, uto QyHKNus [ (f) HerpepbiBHA U YJOBJIETROpPALT
yeaouo (I): 310 sicHO Ajsl 3HAUEHMIT T, ONHUHBIX OT Z;;
IPOBEPUTb 3TO LJs CJy4yaeB, KOTJa T PaBHO OZHOMY H3 /;,
NPEIOCTABASACTCA UUTATENIO.

3ameuasnue [lpeanosoxkuM, YTo y — KyCOUHO-TJAN-

Ku#l myTh, T. €. 4TO CyiiecTByeT pa3OueHue oTpes3ka /, Takoe,

UTO CYyKeHHe oToOparkeHHsl y Ha KaxublH oTpesok 7, f;+q]
I}

RenpepblBHO Auddgepennupyemo. Torna uHTerpan \ o onpele-

\
)
JeH H paBeH no onpeﬂeneﬂmo

(o)

2—' ( Q ©)-

3 ’YZ

Ecnn f — npumuTHBHAA BAOAb NyTH Y, TO BCJeACTBHE (DOPMY-
gl (2.1) uMeeM cooTHOUIEHHE

Vo =F(tun—i(t).
¥y

Cymmupys, nosyuaem

[ o=ro)—i@. (5.2)
Y
210 PaBC¢HCTBO NPUBOJMUT K OUPEIEJICHUIO S ® TakKXke H Jd

Y
Henpepusroeo nymu y, 0e3 BCAKUX NPEANONOXKEeHHH O ero
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JudpepeHIHPYEMOCTH, a HMEHHO, HpHMeM 3a onpedeserue
HHTerpajia COOTHOLIeHHEe (D.2); 3TO JAOMYCTHMO, TaK KAK €ro
npaBasg 4YacTb He 3aBHCUT oT BpOOpA HPUMHTHBHOH [ BAOJDL
oyTH y.

Mpenanoxenne 5.1. Ecau samkuymedi nymo y

1 {dz
He RPOXOOUIM 4epes HaHa0 KOOpOuHam, mo uHmeepas g— 5 5

¥
pasex yeiomy Hucay.

dz
HokasaTtenbcrTso. @QpMaw:??»aMKHyTa.B,ZIO-

KazateJbCTBE TeOpeMbl | MOXKHO B3sTh B KauecTBe NPHUMHTHB-
BeIX F; HenpepwBHBEle BeTBH (pynxuuu log z. Toraa pasHocTb
[(b) — f (o) paBEHa pasHOCTH ARYyX BeTBefi log z B TOuKe
y(a) = v (b) u, caeiomaTeNLHO, paBHseTcs 2min  Tlhe
n — 1eJsoe.

CneactBue Hameepan L &' xdy—ydx Pasen yeiomy

' R
v

qucay (JOKA3bIBAETCS AHAJOTHYHO).

xdy—ydx
Beanunny i,y UACTO RASLIBAIOT USMCHEHUEM apey-

¥
MeHma TOUKH 2 = X -+ [y, KOTAa 5Ta TOUKA ONHCBHIBAET MyThb v
(mpHuem MyTb y HE 006513aTeIbHO 3aMKHYT).

6. 'omoTonus. Ins1 NpOCTOTH! BCE ITYTH, KOTOpbIe MBI Oy 1eM
paccMaTpuBaTh, OyIyT NApaMeTpPH30BAHBI €MHHHYHEIM OTpe3-
kom I = [0, 1].

Onpenenenue Mol ckaxkeM, 4To ABa MyTU

Yo:I—D wu vy,:/—D,
HMEIOIIHe OAVHAKOBBIE Hayana H KOHLH (T. €. yo (0) = y; (0),
vo (1) = v1 (1)), eomomonne: (B obnactu D) Kak myTu ¢ Henod-

BUNCHBIMI KOHYAMU, ©CJTH CYHIeCTBYeT HelpephlBHOE 0ToOpaKe-
uue (¢, u) - O (¢, u) xBagpara / X I 8 obnacte D, Takoe, uTo

6(t 0)=vo (), 6, D=v:(D),
80, ) =0 (0) = v (0), 8(1, u) =0 (1) = ve(1).

Tlpu QurcHpoBaHHOM u« orTobpawmenue f — O (f, u) ecTb MyThb
Y. B o6nactu D, umeromuil To kKe caMoe HAyajno, 4TO H NyTH

(6.1)
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Yo ¥ Y1, U TOT }Ke caMblil KOHeIl, YTO H NYTH Yo U y;. MIHTYuTHB-
HO, 3TOT NMyTb HENPEPHIBHO AehOPMUPYETCs, KOT/A i MeHsercs
oT 0 Ro 1, npu 5TOM KOHIBI MyTH OCTAIOTCS HEMOJABMMKHBIMH,

Ananoruusoe omnpefleieHHe MOMKHO JaTh B CAydae ABYX
3amKHymetx nymell Yo U yi: MBI CKaXKeM, YTO OHH 20MOMONHbL
B obnacti D Kax samxHymele nymu, ecJH CyIECTByeT Hempe-
peiBHOe oToOpaxeHnue (f, u) — & (¢, u) kBagpara [/ X [ B 06-
JacTte D, Taxkoe, 4TO

6(t» 0)=Yo(t), a(ta 1)=Yi(t)? }

80, uy=06(1, u) pns moboro u 6.2)

(cnenoBaTenbHO, As KAXIOrO @ NMyTh Yy 3aMKHYT). B uact-
HOCTH, Mbl CKameM, YTO 3aMKHYTHIl NyTb Yo CmAazusaemcs
6 mouxky B obnactu D, ecnu B yCIOBUAX NpelbIYyILEro ONpe/e-
JeHus QyHxuusa v (f) nocrosiHEA.

Teopewma 2. Ecau nymu Yo u y1 oMomontsL 6-obaacmu
D kax nymu ¢ nenodsuscrsimu KoLyamu, mo

S = S (O]
Yo 1
042 moboll samkHymot gopmut © 8 obaacmu D.

Teopema 2. Ecau samxrymolli nyme y cmseusaemcs
6 mouky 6 obaacmu D, mo
S =0

[

Y

04 at060d samsHymoil opmer © 6 obaacmu D.

O6e 5T TeopeMbl MOXKHO NOJYYHTb KaK CJEJCTBHE HEKO-
Topoil JemMMbl, KoTopas OyjeT ceiluac u3jgoxera. [aaum cra-
4aja OAHO ONpEAeNCHHUE.

Onpeneaenue. Ilycts (4, u) - 8 (¢, u) — Hemnpe-
pEIBHOE OTOOpaerHe NPSMOYTOJbHHKA

agLti<h, a'gugh’ (6.3)

B o0nacTe D, a © — 3amxuyTas gopma B 3To# obnactu. Haso-
BeM ApuUMUMUBHOL hopMbl © OMHOCUMEALHO omodpadsitenus §
pynxyuro f (t, u), HenpepouisHyo B TPAMOYTONbHHKE U YHAOBJE-
TBOPAIOILYIO CJAeAYIOUEMY YCJOBHIO:
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(IT") Oaa aoboii moukuy (T, V) 9M020 NPAMOY2OAbHUKA 8 He-
Komopol okpecmuocmu mouxu O (T, V) cywecmeyem ApumU-
musnaa F ¢opmner ®, maras, umo

F(8(t, u))=f(t u)
0an ecex mouex (t, u), docmamouro bauskux K (T, v).

JI e M M a. Taras npumurusras eceeda cyuecmsyem u eOun-
CIMBEHHA C MOYHOCMbIO 00 NOCMOSAHHOU.

DTa JeMMa ecThb B HEKOTOPOM CMbICJIE€ DacUIMDeHHe Teo-
pevsl 1. JlokakeM ee aRaJOTHYHBIM cnocoOoM. Flemonbays
KOMNAKTHOCTb MPAMOYTOJIbHHKA, MOXKHO pa3buTb €ro Ha 4eThl-
PEeXYTONbHUKH, TOApAas3jeNisis HHTepBAJl H3MEHEHHSI ¢ Tou-
KaMH /; ¥ UHTEPBAJ H3MEHEHHS 1 TOUKaMU u; TaKUM 00pasoM,
uToObl Ans JIHOOBIX §{ ¥ j oToOpamkeHue O NEPEBOAUJIO INIPAMO-
yTOJbHUK, 06pasoBaHHbIfl oTpeskamu [f#;, #;+4] U luy, wjvql,
B OTKpHITHI Kpyr U;;, B KoTopoMm ¢opmMa © HMeeT IPHMHTHB-
nyo Fi;.

®ukcupyem j. Ilockonbky nepecevenne U;;((Uiry, 5 He-
nycTo (¥ CBA3HO), MOXKHO K Ka)Joifl NpUMHUTHBHON F;; (j duk-
CHpOBaHo, i mepeMeHHO) NpuOaBHTbL MOCTORHHYIO TAKUM obpa-
30M, uto pyHKUMH Fy; u Fiyy, ; OyAyT cOBNafaTh B IEpECEUCHHH
Ui, ;1 Usys, j. Tem caMbeiv anst w€ luy, ujyq] nomyunm Qyrx-
nHo f; (¢, u), npuyem s Jawo6oro i

fi(t, uy="F; ;(8(¢, w)), rne (telt;, tinl.

Takum o6pasom, dyrkuus f; (f, u) HenpepblBHA B NpPsiMo-
YTONbHHKE

a<I<b, U <u<<ijy

H ABJSIETCS NPHMHUTHBHOH (DOPMBI ® OTHOCHTENBHO OTOOpaxKe-
Hus O;, rie 6; — cyxenuHe orofpazkeHns O Ha 3TOT Mps-
MOYTONbHHK, Kawxnasgs TpHMHTHBHAS f; ompefiesieHa OJHO-
3HAYHO C TOYHOCTbIO MO TOCTOSHHOM.

Tenept MoXHO HOCTEAOBATENLHO AJsI KamkIOTO j BLHIOpaTh
3TH TOCTOSHHLIE TaK, 4TOOB QyHKiuu f; (£, w) ¥ fj41 (£, 0)
Oblik OBl PAaBHBI MPH U = Uj+i.

Onpegennv B npsiMoyroabhuke (6.3) ¢dyukumo [ (¢, u)
cyefyomuM ofpasoM: I8 BCAKOTO jf

f(t, uy==[s (¢, u) npu  w€[uy, Ujul.
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dra (yHKUUA HeNpepuBHA 1 yaoBaersopseT ycaosuio (IT),
C/IelOBaTeILHO, OHA SIBJASETCS NPIMHTIBHOII (OPMBI ® OTHO-
curesibHO oToGpaskenusa 6. Jlemma, TakuM oOpasoM, AoKasaHa.

HJoxasaTeabcrBO Teopemn 2. Ilyeth & —
HenpepslBHOe oToOpaxKeHiie, yionaersopsioilee yeaosuio (6.1).
[lyets [ — npusiutuBHAs Gopyel © oHocwieasHo §. OueBHAHO,
qTo (yHKIHS [ 1I0CTOSHHA KHa BePTHKAJLHBIX CTOPOHAX
t=0wu =1 npavoyroncuuka [ X [. CrejoBaTenbro,

f(0, 0)=F(0, 1), F(1, 0)=f(1, 1)

H, TaK Kak

{o=F,0=710,0, Jo=i0, H=f@, 1,
YO vl
TeopeMa 2 JoKasaHa.
JloKaszaTenbCTBO Teopenbl 2’ COBEPLICHHO AaHAJOTHYHO,
TOJLKO 0TOOpaykeHue & JOJIKHO YAOBACTBOPATh yesaosuio (6.2).

7. llpumutHBHAS B OfHOCBSI3HOH 0OJACTH.

Onpeneneunne Hasosem obmacte D o0droceasHol,
ecsiy J1I00O0H 3aMKHYTHII Ty Th B o61acty D cTAruBaeTcs B TOUKY.

Teopewma 3. Beakaa aamskuymas Ouppeperyuaronas
dopma ® 6 o0HocsaA3HOU Obaacmu D umeem RpumumueHijo
8 amoil obaacmu.

HeiicTButenbHo, 1o Teopeme 2° AJsi BCSIKOTO 3aMKHYTOTO
NyTH Yy B obaacTu D cripapejyiupo paBeHCTBO S o = 0; oTciona

v
caeayer, B cuay npegtoxenus 2.1, uto dopmMa @ umeer
IPHMHTHBHYI0 B ob6nactu D, B uwactsocrtd, BO BCAKOH OJHO-

" . dz
CBSISHOH 00JsiacTH, He cojepwamiell z =0, saMKHyTas dopMa -

uMeeT IPUMHTHBHYIO, UHAaue romops, (yuxuus log 2z umeem
OOHOBHAHHYIO HENPepuiBHY0 8emsb 80 BCAKOL 00HOCEAZHOU 00-
Aacmu, He codepocawet z =0,

[Ilpumepn ofHOCBA3HLX 06macTte il. MHo-
KeeTBO E ToueK NJ0CKOCTH Ha3LIBAETCH 36e30H6iM TIO OTHO-
UIEHHIO K OJIHOH H3 CBOHUX TOUEK @, €CJH [AJs Jio00H ToukH 2 € E
OTPe30K, COeNHHAMHI a ¥ 2, LeJHKOM cojepxurcst B E.
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Bearaa obracme D, 38e30naa no omuoutenuto K 00HOU U3
ceoux Mouex a, 00HOC8A3HA.

JleHCTBUTENbHO, M KamKJAOro JEHCTBUTENLHOTO 4Yucaad U,
pacnosnoxkennoro Mexay 0 u 1, roMOTETHSI ¢ LLEHTPOM @ H KO3(-
buLHeETOM ¢ nepeBoauT obaacts D B cebs. Korna u meHsercs
ot 1 10 0, 312 rOMOTETHS ONpeaeIsieT TOMOTONUIO, MEPEBOASAILY IO
KaXXAyI0 3aMKHYTYIO KPHBYIO B TOUKY.

B uactHOCTH, écakas ewnyxaaa obaacme D o00noceasna.
B camom gene, Beimyksaas ofnacTe 3Be3jlHA IO OTHOULECHHIO
K JII00OH H3 CBONX To4yeK. HamporTHs, IJIOCKOCTb € BHKOJOTOH
TOYKOH He 00HOC6S3#Q: HANpHMep, OKPYKHOCTh |2 = 1 He
crsiruBaercst B Touky B obsactu €\ {0}, nocKosbKy HHTErpas

*odz . dz .
3 —~ 3aMKHYTOI GOpMBI —- BJIOJIb 9TOH OKPYKHOCTH He paBeH 0

[cp. coornomenne (4.1)].

B KauecTBe ynpaxHeHnus uuTaTenb MOXKeET JoKaszaTb dKBH-
BaJIEHTHOCTb CJIEAYIOUMX YeThlpeX CBOKCTB obsactu D:

a) D opsocBazHa;

6) BCKO® HeNpepHBHOE 0TOOpaKeH e OKPYKHOCTH | 2 ] =1
B 06s1aCTh D MOXHO NpOJOJKHTE 10 HENpepLiBHOro oTo0paxe-
His Kpyra |z]<1 B obmacts D;

B) BCAKOEC HeNpepblBHOE OTOOpa)KeHHe TPaHHLbl KBajpaTa
B o0sacTh D MOXKHO NPOJOJIKHUTE A0 HENPEePHIBHOro oTofpaske-
HHsl KBajpara B obsacts D;

) ecsaH ABa NyTH B o0sactd D HMERT OAHHAKOBble KOHILH,
TO OHHM TOMOTONHH KakK IIyTH € HEMNOJABHMXKHEIMH KOHILAMH.

8. MHaeKkc 3aMKHYTOro myTH.

Onpepnenernue. [lycTs y — 3aMKHYTHIA NyTh B 1710~
ckocti €, a — Ttouxa miockoctH €, He npuHajexKamas obpasy
npu oToOpaxenun y. Hasosem undexcom myTH y 10 OTHOLIEHHIO
K Touke a (o6o3navaercs / (y, @)) 3HayeHHe HHTErpasa

Lo
2—31752—41' 8.1
v

CorsiacHo npepgoxennio 5.1, uuaexc / (y, @) Bcerna siBasgercs
HeAbLM HUCAOM.

BosBpauasch K ONpeeseH IO, Mbl BUUM, YTO JJIsi BbIYHC-
JIeHHsT MHJEKca HYXKHO HafTH HenpepelBHyl0 ¢yHKuHIO [ (£)
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€ KOMIIJIEKCHBIMH 3HauyeHHsIMH, onpefesneruyio npu 0 £,
Takyo, 4To

0=y (t)—a;
TorAa

Iy, = 10=1O

CBoficTBa MHJexKcCa.

1) Hpu purcuposanrnoi mouke a undexc 1 (y, a) ocmaemcs
NOCMOAHHbIM, K020ad NYymb Y HENpepol8HO 0eopmupyemcs, Ho
npu smom He npoxodum uepes mouky a. JIeHCTBHTENELHO,
upterpan (8.1) npu pedopmanuu H3MEHsETCs HelmpephBHO,
HO MNPHHHUMAET TOJNLKO LeJble 3HAYCHHUS, C/1eJ0BATENLHO, OR
OCTaeTCsl MOCTOAHHEIM.

2) Ilpu urcuposannom nymu y undesc 1(y, a) ecmo
AOKAALHO NOCMOAHKAA QYHKYUS NepemMeHHol a, OnpeoeneHHas
Ha donoarexnuu K 06pasy nru omobpasceruu y. JLloKasaTeJabCTBO
To Xe, uto H B 1). Orciofia caefyer, uro dyukuus [ (y, @)
NOCMOAHKG Ha KaxkJoH CBA3HOH KOMIIOHEHTEe JOMOJHEHHS K
0o0pa3y npu oToOpaxKeHUH Y.

3) Ecau o6pas npu omobpadicerurt Y co0epacumcs 8 00HOC8S3-
Hotl obaracmu D, ue codepaicaweri mouku a, mo uxoexc I (y, a)
paser Hya0. JleficTBUTENbHO, 3aMKHYTEIH Y TH Y MOXKHO Aedop-
MHpOBATbL B TOYKY, OCTaBasick BHyTpH obnacTH D, a cnefiosa-
TE€JbHO, HE [poxossi yeped Touky a. Ocraercsl NPHMeHHTb
cBoficTo 1),

4) Ecau nyme Yy npedcmagasem — coO0l  OKpYICHOCHb,
npodecaemyro 8 NOACKCUMEALHOM —HANPABACHUW, MO UHOEKC
I (v, a) pasen 0, Koeda mouka a aexcum 8re OKpYHCHOCMU, U pa-
éer 1, ko20a mouxa a aescum sHympu oxpydcHocmu. Ecnu Touka
@ JIeIKUT BHE OKPYKHOCTH, TO 9TO CBOHCTBO IIpeACTaBiseT coloi
YACTHBEIH ciyyall CBOHCTBA 3); ecsid ke TOYKa & JIEXKHT BHYTpH
OKpPYIKHOCTH, JOCTATCUHO, B CHJy CBOlcTBa 2), paccMOTpeTh
ciyual, Korja TouKa @ sBJsieTcs ee [EeHTPOM, a 3aTeM NpHMe-
HHTb cooTHommexnue (4.1).

[MIlpennoxenve 81. Hyems | — nenpepusroe omo-
Gpancerue samknymoeo Kpyea x* + y?<r* 6 naockocme RE,
avy — cyocenue f Ha okpysxcnocme xE 4+ y* = r*. Ecau mouxa
a naockocmu  He npuxadiexcum obpasy npu omobpadtenuu vy
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u undexc I (y, a) He pasen wyawo, mo omobpascerue | nepesodum
8 mouxy a no Kpalwel mepe 00HY MOUKY OMKPbLIMO0 Kpyad
2+

B camom JZente, mpeAnosioxKUM OPOTHBHOE, T. €. YTO TOUKA

He TPUHALNEKHT oOpasy npu orobpaxkenuu f. Cyxenue oro-
GpaxkeHHsi [ HAa KOHLEHTPHYECKHE OKDYIKHOCTH C LEHTPOM
B HyJie Onpefiesisiel HeMpephBHYIO JedopMauuio 3aMKHYTOrO
NYTH Y B HEKOTOpYIo TouKy. CrefloBaTenbHO, HHTETpal X
v

z2—a
PaBEH HYJI0, YTO NPOTHBOPEUYHT YCJOBHIO.

Onpenenenue. IlycTs y; H Yy — 3aMKHyTHIE IIYTH,
He OpoxofsuiHe yepes Havano koopanHatT 0. Mel Ha3oBeMm
npoussederuem 3THX ABYX TyTell 3aMKHYTHI OyTh, 3afaHHBIH
oTo0paxKeHHeM

t%'yi (t)"YZ(t),
rae v (£)-ys (f) — mpousBefieHHe KOMILIEKCHBIX 4qucea vy (f)
H vz (f).
[Tpenaoxenue 82, Hulexc npoussedenus 08yx
BamMKHYymoLx nymei, He npoxodaujux epez mouxy 0O, omuocumens-

HO Ha4QAQ KoOPOUHAIM PaseH CYmme UHOCKCO8 SMUX 3AMKHYMbLX
nymed. Huaue 2060ps,

I (Y1Y2, 0)=171(v1, 0)+ 7 (y2, O).

HeficTButenbHo, nycThb fy (£) u fa2 (f) — HenpepblBHHE QYHK-
I ¢ KOMIJICKCHBIMU 3HAUCHUAMY, TaKHE, 4UTO

el =y, (f), ef2 (1) —= 'yz(t)

ITycte vy () = yi (¢). y2 (f) — mpousBelieHHe 3THX ABYX
3aMKHYTHIX myTel, Torfa ¢oyukuus [ (f) = fi (£) + [ (¢) ynros-
JIETBOPSIET PaBEHCTBY

o0 =y(t)
, CJIENOBATeJbHO,
I(y, 0)= FO—1©O) _ h) =T (0)_}_f2(1)——_f2 © _

2mé = 2mi 2mi

= I(’Yh 0)+ l (’YZ: 0)7
uyTo U TpebOBaJOCh JOKa3arhb.

6 A. Kapran *
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ITpeanoxenue 8.3. [lyemv v u y, — 3amxHymoe
nymu 6 naockocmu C. Ecau nyme y He npoxodum uepe3 O uecau
nepasencmeo | vy (f) | < | v (9 | cnpasedauso das scex t, mo
nyme t — v (f) + yi () He npoxoOum uepes Hataro KOOPOUHaAmM u

I(y+vy, 0)=1(y, 0).
JleficTBHTENIbHO, MOMKHO 3amucaTh

vO+num=ve-(1+850).

. ¢
3aMRHYTHE nyTe f — | +% HMe€eT WHJICKC HYJib OTHO-
CHTETbHO Hayajda KOODAHHAT, MOCKOJbKY OH COJAEPKHTCS
B OTKPBITOM Kpyre paauyca 1l c medTpoMm B Touke 1. 3aMKHy-

THIA myTh YV + Y. ABAACTICS NPOH3BEACHHEM 3aMKHYTHIX NyTefl
y Hl +XY1; OpHMeHAs npeasiokeHue 8.2, mosyyaeM TpeOye-

MoO€ yTBepKJeHHe.

9. JomoJHeHue: OpHEHTHPOBAHHASA CPaHHUA KOMIAKTA.

JJemma. Ecau y— eaadkud nymo u npoussodwas vy’
Huzle He 00pawaemcss 8 Hyarb, MO 6 OKPECMHOCMU Kaxd0eo
3Hauenus napamempa t omodpadcerue ¢ — vy (f) npedcmasasem
coboll eroxcernue u eeo 00pas deaum (A0KAALHO) MNAOCKOCHLS
Ha Ose obaacmu.

Tounslil cMBIca nocaeaHero yTeepkAeHus OyAeT YCTaHOBJIEH
B IIpolecce AokasatenbeTBa. llyets £ —>vy (£) — raaaxoe oto-
Opaxkenne orpeska [a, b] B mwiockoets R?, mpuuem nmpoussoj-
Has Yy’ (/) He ofpaulaercs B HyJab HUIJie Ha oTpeske la, bl.
DTO 3HAYUT, YTO KOOPAUHATHl X, y TOUKH Y (f) NpeACTaBsOT
coboli HenpepulBHO juQpepeHunupyemsle QyHKOUH vy (4),
vz (f), a ux npoussojHsie y; (f), y, () He obpaiiaiorcs B HyJb
OJIHOBPEMEHHO,

M3 Teopemrl 0 HessBHOM (PYHKUHH CJI€AyeT, YTO /Jis BCAKOH
BHyTpEHHEl ToukKu f, otpeska [a, b] (1. e. ana a < fH < b)
cyumlecTByer rJiafkoe otobpamxenue (£, u) — O (£, u) oKpect-
Hocty U ToukH (4, 0) Ha okpecTHocTe V ToukH (y1 (Zo), Ya(fo)),
YOBJETBOPAIOLICE CAELYIOUIHM YCJOBHSIM:

(1) 8t 0)=v(),

To ects B3auMHO OfHO3HauHOE OTOOpaweHue «p» — [lpum. ped.
>
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(2) oroSpaxenue O sBJSETCS TOMEOMOPHHIMOM OKpeCT-
Hoctd U Ha okpectHocTh V, siKoGMaH KOTOPOTO MOMOKHUTENEH
B KaxkJ10o# Touyke okpecTHocTH U (MHBIMII cjioBaMH, oToOpaKe-
HHe O cOXpaHsieT OpHeHTAaLHIO).

Taxum obpasom, npu romeomMopdusMe, oSpaTHOM OToOpa-
&enuo 8, okpectHoets V' oromeomopdHo orofpamxaerca na U,
npuYeM TOUKH NyTH Y HEPeXoAsaT B TOYKH npsamoid u = 0.

Y D
N\

Y +
a (to, ) o (Lq, Vo)

Puc 2

TouKH JIoNoAHEHHs] K KpHBOH y B OKpecTHOCTH V pasfesnsiores,
CJIE0BaTebHO, Ha JiBA OTKPHITHIX MHOMXKecTBa V+ u V—:
nepoMy cootBercTByeT u > 0, BTopomy u < (. Ecau B xaue-
CTBe OKpecTHOCTH U B3SIT OTKPHITHII KPYT C LEHTPOM B TOUKE
(to, 0), To muomectBa V7 u V— cBsizupl. Takum ofpasoM,
NyTh Yy JEAHT OKPEeCTHOCTh V Ha JBe CBsi3HbIE KOMIIOHEHTH!,
KaK W YyTBEPKAACT JieMMa.

Onpenpenenune Jlyerb K — KoMnakT miockoctu C,
aTl = (I';)icr — KOHEYHOE MUOXKECTBO KYCOUHO-IVIAAKUX 3aM-
Knymotx uyTein T';. Bynem naswBate I opuenmuposarntoil
epanuyeti KoMnakTa K, eciu BHITIOJHEHD! CJelyIOUIHe yCJIOBHS:

(OI'l) das xaxkporo ortoOpaxkenus ¢ — I'; (f) obpassl
JABYX pPas3jiUyHBIX TOYeK pPasHYyHbl, HCKJIOUCHHE COCTaBJSIOT
TOJBKO HAYajo H KoHell oToOpaxkaemoro orpesxa. Bosee Toro,
00pastl pasanuHLX ['; MOMapHO HE NMepeceKarTess H UX 00be-
JMHEHIe COCTaBifAeT eparuyy Kommakrta K.

(OI'2) Ecam y — rnajkass Ayra ofHoro mu3 mnytedl I';, To
npous3BojHas Y (f) Hurae He ofpamaercs B Hysab. Ecau xe
o JIeXHT BHYTPH OTpe3Ka, Ha KOTOpPOM onpejesieHa y, H ec/u
OKpeCTHOCTb V B Npeiplayiledl JiemMme BbOpana J0CTAaTOUHO

6 *
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MaJIoH, To Komnorenma V— ne nepecexaemca ¢ komnaxkmom K,
a komnouenma V+ colepocumea enympu K. .

Harnsagno ycnosue (OI'2) MoxHO mpefctaBuUTh cefe cie-
JymolEM 0o0pa3oM: ecJiH NyTbh Yy IpoferaeTcss B HanpanjieHHH
BO3pacTaHHUs napamerpa £, TO ¢2e8a OT HETO HaXOMAsITCst BHY TPEH-
HHe TOUKM KoMmakTa K, a crpaBa — TOYKH fomosnHeHHs K K.

ITpuwmep. Bospmem B KauectBe K 3aMKHYTHI NpsaMo-
YPOMIBHUK, CTOPOHBI KOTOPOTO MapanjieNbHbl OCAM KOOpAHHAT.
Toraa nepumerp 3T0oro npsiMOyroibHUKA, OOpeAeJeHHbId B 1, 1,
CIYyKHT OPUCHMUPOBAHHOL epanuyel upsiMoyrojpHuka K.

[IpumMeM Oe3 fokasatenbcTBa, 4To Qopmyna [puna —
PyvaHa npuMeHHNMa K OpHEHTHDOBAHHOHA rpauue [ Kom-
nakta K. bonee touno, eciu © = P dx + Q dy — Rudde-
peHnHajJbHass (opMa ¢ HENpepHBHO AHddhepeHINPYEMBIMU
KoapuuneHraMn B obnacTd, cojepxamed komnakt K, To
CIIPaBeIJIHBO DAaBEHCTBO

Sde+Qdy=SS gg—%;dey (9.1)
T K

<CHMBOJI S obo3nayaeT z S , ecau rpaHHua I COCTOHT
i T
1

H3 3aMKHYTBEIX TyTeH I‘i>.

B wacthHocTH, 041 3amkrymoi gopmer © 8 obaacmu D
cnpasedauso coomHoLLeHUe

§m=a (9.2)

ecau T feasemcs OpueHmuposaHrol epaxuliet. HeKomopozo
Komnaxma, codepoxaueeocs 8 obaacmu D, ’

§ 2. TOJIOMOP®HbIE ®YHKU}NHA; OCHOBHLIE TEOPEMbI

1. Nonsarue auddepennupyemoii dynkuuu. Ilyets D —
obnacte miockoetH R2, u myets f (x, y) — dyHknus, onpe-
JengesHas B D u npuHnMawoomasi ASHCTBHTCNBHBIC WJIH KOMI-
JIEKCHBIE 3HaueHHsi. Mbt ckaxeM, 4To QyHKuua [ ougppepen-
yupyema B TOUKE (X, yo) €D, ecinH cymecTByeT JIHHEHHas
GyHKUHS ah + bk JefcTBUTENBHBIX epeMeHHHIX /i H &, Taxas,
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YTO V15t JIIOOLIX JOCTATOYHO MaJsbiX 3HaueHUl A 1 & cnpaBeIHBO
PaBEHCTBO ’

Flxo+h, yo-+k)—f(xo, yo)=ah+bkd-a ) R +E. (1.1)

3meck o — ckanspuaa (neficTBHTENbHAS WJIH KOMIJieKCHas)
(GYHKIHS IepeMeHHBIX 2 ¥ k2, abconloTHas BeTHYHHA KOTOPOH
cTpeMutcss K Hymo, Korja }/ h® - % crpemutcs K HyJio.
Ecnu f nuddepenuupyema B Touke (xg, yo), TO ACACTBHTE/bHBIC
WIH KOMIUIEKCHBIE [IOCTOSIHHBIE @ H b onpellesieBhl €HHCTBEH-
HBIM 00pa30oM M paBHBI YACTHBIM TPOH3BOJAHBIM

a=L (g0, b=3 (x0, 10).

HanomuuM, 4To cyliecTBOBaHHSI YaCTHHIX IPOH3BOJAHBIX (PYHK-
muH f B Touke (X9, Yo) HEAOCTATOYHO AJist TOro, 4YT00H QYHKIHS
6bu1a JuddeperunpyeMa B 310l Touke, OfHAaKO eciH YacTHbIE
OPOM3BOJHEIE CYIIECTBYIOT B HEKOTOPOH OKPECTHOCTH TOYKH
(X0, Yo) M HempephBHEI B 3TOH Touke, TO (PyHKUHA [ Audde-
peHuypyeMa B Touke {Xo, yo). PyHKILHs, HMEOMAs HeNpephiB-
HEle YaCTHBIE NPOH3BOJAHBLIE B obsacTu D, Ha3blBaeTcs Herpe-
pblBHO JIuddeperiupyemoil B 1ol obnacti.

2, Ycaosue roaomopthuoctu. ITycts D — obnacth koMmi-
JekcHol muockoetH €, a f — QyHKIHUS KOMIUIEKCHOTO Iepe-
MEHHOTO 2 = x -} iy, onpenenennas B D.

Onpepenenue. @yuxkuua f(2) uHasbBaercs e040-
MOpPHOU B TOUKE 2o €D, eciH CyllecTByeT npefesn

lim f (zo‘l_u;—f(zo) (21)
v

(4 — mepeMeHHOC KOMILJIEKCHOE HHCJIO0). IJTO 3Ke CBOHCTBO
(GYHKIHE [ MOXHO BbIpa3HTh HHAye: QyHKIMsA [ HMeeT B TOUKe
20 NPOUSBOOHYI0 NO KOMNAEKCHOMY hnepemenHomy. DyHKuua f
HasniBaercs rojomMopdHoil B obmactu D, ecniu oHa rosioMopdHa
B KaxJoH TouKe 3ToH obsacTi.

YenoBue (2.1) MOXKHO 3amucaTh Tak:

flzo+u)y—f(z0) =cu+a(u)jul, (2.2)

rae o (4) cTpeMHuTCsi K HYJIO, KOTAa # CTpeMHTCss K HYJIO,
a ¢ — npoussoanas f'(2¢). Tlockoabky 2 = x + iy, cooT-
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Howlenwe (2.2) samuuiercs Tax:
[(%o+ ft, yo+ B)—T(x,, yo)=c (A4 ik)+a(h, k) YV AT+ k2 (2.3)

D70 MoKa3bIBAeT, YTO f, paccMaTpiiBaeMasi KaK (YHKIHS JBYX
JieHCTBUTEJNBHLIX TMEPEMeHHBIX X H y, AuddepeHuupyemMa H 410
a=c¢, b=lic,
rie a u b — nocrosinubie U3 cootHommenus (1.1). Cruenosa-

TeJEHO, CHpaBEﬂJIHBbI paBenCcTBa g—]; = C, %{7 = iC, OTKy1a
or .ol
876+L @‘ == O. (2.4)

O6patHo, nycTh f — nubdepesunpyemas QYHKUHS AeHCTBH-
TeJbHBIX MEPEMEHHBIX X U Y, VIOBAETBOPSIONULAsS COOTHOLIEHHIO
2.4).

Toraa us coornomenus (1.1) caemyer cooTHomenue (2.3),
B KOTOpOM ¢ = a =—ib. CnenoBartesbHo, ¢yHKiws [ rojo-
MophHa B TOUKE Zy = X¢ + Y.

Mul noxasann, cieloBaTesbHO, TaKoe IpelJiokKeHHe,

Opeanoxenune 2.1. Jag moeo wmobot pynxyus f§
bbLaa 20A0MOPPHA 8 HeKomopold mouKe, Heo0Xo0umo u docma-
mouHo, 4moGel PyHKYUA [, paccmampueaemas Kaxk (GyrKkyus
OedicmBLmMeabHoIX Nepesertox X u Y, bwaa duggbepernyupyena
8 3MOL mMOUKe U ee 4acmHsie NPou3sOOHbIE 8 MOl mouKe Obiau
ces13arbL coomuoueruen (2.4).

Tosicuny cmuien cootHowenus  (2.4). Ecam Ml HosIoxRHM
f = P 4 iQ, rae ¢yuxuun P u Q AeficTBHTENLHE], TO MOJYYHM
u3 (2.4) ycsnosusi Komin:
oP  9Q oP aQ 1)

ox "oy’ 9y T oax - @5

3. Beenenue mepemennbix 2 u 2. Ilyctb dynknus [ (npu-
HUMarowas AeHCTBHTEIbHBIE Wi KOMIJIEKCHbIE 3HaueH ) Aud-
(epenHniupyeMa 1mo JAefiCTBUTEJLHBIM [I€peMeHHBIM X H .

PacemorpuM AH(GhepeHnHan

a a
. df=5{cdx+a—£dy. (3.1)

1) dru ycnosus HaswmBawoT Takxke yclosuamu Kowwr—Pumana nan
Hanambepa — ditnepa. — [Tpunm. ped.
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B uactHocTH, (YHKUHH 2 = X - iy H z = x — iy WNMEIOT
JAudepentnanbl
dz=dx+ idy, dz=dx—idy, (3.2)

a CJeJoBaTe/ILHO,

dr=g(dz+dz), dy=(dz—dz). (3.3)

[opctaBuB 3TH BeIpa)keHHs B (3.1), MoOsydYHM COOTHOIIEHHE

df=5 (4 ay>d+ <4~‘[L';>d§.

Tenepb €CTCCTBEHHO BBECTH CHMBOJIBI

Lmt(h-1h). 2ot (heid) oo

U TOrja nocjejinee COOTHOLWCHHE NPUMET BH
df = de+ %L a2, (3.5)
02

Yenosue (2.4), asnqionieecs yCJIOBHEM TOJOMOP(HOCTH (yHK-
LUK [ KOMILJIEKCHOTO IEpeMEHHOTo 2, 3alluIleTcsi Torja Tak:

9 _o. (3.6)
0z
Wnaue rosops, s Toro 4TtoObl QyHKUHA [ Oblia rojoMopdHa,
HeoOXOAHMO H JIOCTATOYHO, YTOOH B Bhipaxenun (3.5) aud-
¢depenunana df xoadgdumuent npH dz ofpawascs B HyJb;
WiH uHaue, JupQepenuuan df jonkeH ObiTb IPONOPLHO-
Hajsen dz, npHueM ho3(DPUIIIEHT [PONOPILUOHAIBHOCTH €cTh
npocTo npoussofuast ' (2)

B KauecTse npuMepa IpHMEHEHHs] NPeAuAYUIHX paccyKie-
HHH JIOKaKeM CJAeAYIOmHUil pesyJibTaT:

Ilyemo Qyukyus | eoromoppra 6 obaacmu D; ecau Oed-

CIMBUMEAbHASA HaCmb QyHKYUU | nOCMOAHKAG, Mo U cama PyHK-
yusa f nocmosHua.

.. DB camom Jene, faeficTBuTeNbHasg wacTh Re f — He uTo
1 —
HHOE, Kak 7(}“—}—]‘). [lo mpennonoxenuto, B obnactu D
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cnpaBennHBo pasenctso d (f + f) = 0, KoTopoe MOMXHO nepe-
nucaTh Tak:

dz+6zd +afdz+afdz_
of

Ho rtak kak ¢yuxums f rosomopdna, To o 0. Tlepexons
4

K KOMIJICKCHO-CONMpPSAXKEHHbIM BesJHYHHAM, MOJYYHM % = 0.
Takum obpasom,

of of 5 _
a—zdz+a—zdz—0.

Ho Bripaxenue a dz + b dz MoXeT TOXKAECTBEHHO PABHATHCS

HyJII0 TONbKO KOrja KO3QQUUUEeHTH a U b paBHEI HYJIIO, OTCIOfA
of 01°

3= 0 = 0.

Taxmi obpasoM, df = 0 u ¢ynknus | moctosHHa B o6na-
ctu D.

Orciopa BBIBOLUM, HTO ecau Gyusryusa [ eoroMoppra u om-
Audna om Hyas 8 o6aacmu D w ecau log | f | uau arg f nocmos-
HeH, mo (Qyukyus | nocmoauna.

HeficTBUTENIbHO, PAaccMOTPUM (DYHKILHIO

g(2)=logf(z)=1log|f(2)|+iargf(2).

B OKpecTHOCTH KamKIOH TOUKH 2, MBI MOXKeM BHIOpaThb ompe-
JIeNIeHHYIO BeTBb aprymenTa. QyHKIUSA g B 3TOf OKPeCcTHOCTH
ronoMopdHa M ee jeficTBHTENbHAs (MJH MHHMas) 4acTb IIo-
ctosHHa. CiefloBaTesibHO, (QDYHKUHA g MOCTOSIHHA B OKpecT-
HOCTH TOYKH 2¢. TakuM oOpasom, GYHKOHUSI [ = ef JIOKaNbHO
nocrosHga B obnactu D U, cieloBaTelbHO, NMOCTOSIHHA, TaK
Kak objacte D cBsisna.

4. Teopema Koun.

Teopema 1. Ecau guyuryua f (2) eosomoppra e obaa-
cmu D xomnaexcroti naockocmu, mo Ougpgeperyuarvras ¢op-
ma.f (2) dz samknyma ¢ D.

BBHly BaxHOCTH 3TOIH TeopeMbl MBI JafHM [Ba ee JIOKa-
3aTeNIbCTBA. '
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[TepBoe noKaszartTeabcTs 0. IT0 I0Ka3aTeNbCTBO
TpebyeT OJHOrO, IONIOJHHTEIbHOTO NMPEANONcKeHHs. Mbl Gy leM

d J
CYydTaTh, YTO UACTHBEIE IPOH3BOJHBIE ‘%c H ?f{/ HeIpepHIBHEI
B obnactH D (B JeficTBUTENIBHOCTH, KaK CJelyeT U3 BTO-
poro JokKasaTesbCTBa, 3TO IIPEAINIOJOXKEHIIe aBTOMaTHYECKH
BHIIOJIHEHO, Korja f — rosoropduas ¢ynknps). Yrtobwe yGe-
IuThcsl B TOM, uTo Auddepennuanssas ¢opma [ (2) dz =
= [ (2) dx 4~ if (z) dy 2amMKHyTa, AOCTATOYHO BeJeACTBHE (op-
myan [puna — Pumana [§ 1, ¢dopmyna (3.1)] nposeputs
BHIIIOJIHEHNE PaBeHCTBa
of . of

=

dy dx °

A 370 paBeHCTBO €CTh HE UTO HHOE, KaK yciaosHue (2.4), KoTopoe
BHIpaxaer rojJomMopdHocTs GyHKnun f. JlokasaTelLcTBO 3aKOH-
YEHO.

Bropoe faokxasaTenbCcTBO. JT0 JoKasarTelb-
CTBO B NPOTHBOIIONOXKHOCTD [IEPBOMY HE HYXK/aeTcs HH B KAKOM
JONOJHHTETbHOM NIPEANONIOKEHHH, OJHAKO oHO TpefyeT Gosiee
TOHKHX pacCyXJeHHH.

UTo6kt J0Ka3aTh, 4To topma [ (2) dz 3aMKHYTa, MBI O XKHEI

MOKa3aThb, YTO HHTErpasi Sf(z)dz, BAOJb T[paHulbl Yy NOpo-

Y
H3BOJILHOT'O MpAMOYTolbHHKa R, cojepxkaierocs B obsa-
cti D, paeer mymawo. s 3tcro BBeaeM cOo3HauyeHHe

Sf(z) dz=a(R). (4.1)

Y

PazfenuM npaMOYTONEHHK R Ha geThpe PaBHBIX NPSIMOYTOJIb-
HHUKa, jeis KaxXkAylo H3 ero CTOpOH Ha JABe pPaBHBIE YacTH,
Ilyctb y; — OpHEHTHPOBAHHBIE PAHULL YETHIPEX NPAMOYTOJb-
Heix vacreft (i =1, 2, 3, 4). Jlerko y6exjgaemcss B TOM
(eM. puc. 3), uto

4 4

S f@dz= gf(z)dz=2 a(Ry).

v =1, i=1
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CrefloBaTesbHO, CPEAH 3THX UYETHPEX INPSMOYTOJbHHKOB Hall-
o . 1
Aetcst no Kpaiineli Mepe oqnn - Takofl, uto | a (R[> [a(R)].

Hasosem aToT npsmoyronsruk RY. Pasnenum croBa Inpsmo-
yroabHHK R Ha yeTwipe paBble yactu. [lo KpafiHeil mepe
OflHa U3 HHUX, NycTb R®, YIOBIETBOPSET YCJIOBHIO

[ (R?) > 4 | (R).

DTy Omepauuio MOXHO MOBTOPATH CKOJBKO yroauo pas. Iloay-
yaeM, TaKHM 06pasoM, IOCIEJ0BaTEbHOCTb BJIOMKEHHLIX Mpf-
MoyronbuikoB. Croponnl npsavoyrodbHinka R® B 2% pas

Puc 3.

MeHbIIE CTOpOH IpsiMOoyrosbHHKa R, a ero miaomans B 4°
pas MeHbIle miIowaaun npsimoyrombuika R. Ecau y (R®) —
OpPHeHTHpPOBaHHAsT TpPAHHUA NPsIMOYToibHHKa RV, To

F(2)de|> 4 | a(R). (4.2)

v(R(k’)

CornacHo KpHTepHIO cXofuMocTH KoiuH, CyHiecTByer endH-
CTBEHHAs TOYKa 2, o0Mias A/ BCEX MPAMOYTOJbHHKOB R™,
Ouernnno, 2p€D. Tloatomy [(2) rosomopdHa B TOuKe 2 u,
CJIENOBATENbHO,

f(z)=f (20)—{—f,(20)(2—20)'+8(Z)]Z—ZOI,
npHyeM

lim e (z) = 0.

724
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Orciofa nosyuaem

{ f@dz=fe) | dzti@) | (-z)dz+t

V(R(h)) V(R(l")) Y(R(R))

+ | e@iz—zde (4.3)

vr®)

B npaBoil yactu paseuctea (4.3) ABa nepBeIX HHTErpasa
PaBHEBI HYJIIO, a TpeTHI sijsieTcsi GECKOHEUHO MaJoil BBICIIEro
nopsiilka M0 CPaBHEHHIO C IUIOMIAJbIO NIpAMOyrojbHuKa R,
T. €. ¢ 1 /4", xorna k meorpanuuenno Bospacraer. Conocraniss
3TO C HePaBEHCTBOM (4.2), MBI BHAHM, 4TO YHCA0 O (R) JONKHC

paBHATbCA Hyqwo. Takum obpason, Sf(z) dz = 0. 310 3aBep-
ImaeT J0Ka3aTesbCTio.

Canencreue l. Qyukyua f(2), eoromoppras e obaa-
cmu D, a0kaseno oGaadaem npumumusHol, Komopas 20.0-
mophra.

ITO 03HAYALT, YTO Jsist J0boit Toukn obnactu D cyliecTByeT
OKPECTHOCTb, B KOTOpoH (YHKIHA [ HMEET TOJOMOPQHYIO
OPUMHTHBHYIO. JIOKasbHoe cyllecTBoBaHNE NPUMHTHBHON cie-
Jyer H3 ONpeAeteHHs 3aMKHYTOH QopMbl. 3JTa JOKajbHasi

NpUMHTHBHAS ToloMOp(HA, TaK KaK (yHKuus [ ssasercs
ee IPOH3BOJHOM.

Cnencrrue 2. Jlaa 6cakoll 2020MOPPHOLE PyHKYuW
[ (2) 6 obaacmu D cnpasedauso pagercmeo S f(2)dz =0, eoe

¥
Y 3amKHymoul nymo, cmasusaemoil 8 mouky 6 obaccmu D.

STo caellyeT H3 Teopembl 1 aToro nnaparpada u reopemsl 2° u3
n. 6 §1.

O6o06w enune. BaeficTBHTeILHOCTH YCJAOBHE, MPH KOTO-
POM cHpaBeAsiuBa Teopema !, MOXKHO OCaa0HTE.

Teopewma 1. ITyeme nenpepoinas pynkyusa f (z) eoao-
mopgra é Kaxcdol mouke obaracmu D, kpome, moocem Ooumno,
modex, aescaujux Ha npamoli A, napasieavroll Oedcmsumens-
nott ocu. Toeda ¢opma f(2) dz samknyma. B wacmuocmu,
ecau  pynkyus [ eosomopua 6 xascdoii mouxe obaacmu D
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Kposme, mogicem Ovimb, U30AUPOBAHHbLXY moex, mo ¢opma f (2) dz
BAMKHYMA.

JokaszaTteabctTBO Ham HyXHO Jokasatb, 4To
HHTerpan Sf(z) dz, B3ATHI 110 TpaHHUE Yy BCAKOro mpsiMo-

yronbﬁnxa,v cofiepxaiwierocss B obmacth D, paBeH HyJIo.
IT0 OUEBHAHO, €CJY MPAMOYTOAbBHHK HE IepeceKaeTcs ¢ 1ps-
Mofi A. IlpeanosiouM, 4yTo OJHa CTOPOHA MNpPSAMOYTOAbHHKA
Jgexut Ha npaMoil A, Ilyems w, u + a, u + ib, u 4+ a + (b —
YeTHIpe BeplIMHBEl NPSAMOYTOJAbLHUKA, IPUYEM TOYKH 4 U U -+ a
Jexar Ha npsaMmoll A, a u b JeACTBHTeNbHBl H, HANPHMEp,
b > 0. Ilycts R (8) — npsMOyToNbHHUK, HMEIOUIHI BePIIHHAMH
TOYKH

u-t-ie, u-t+a-+is, u-ib, uta--1ib,
rfie &€ — JOCTaTOYHO Masoe NojoxuTenbHoe uyuceno. Murterpan
Sf(z) dz, B3aTHIl N0 rpaHuue R (), paBeH HYJIO, OIHAKO,

KOTZa & CTPeMHTCsi K HYJIO, 3TOT HHTerpaj CTPeMHTCsi K HH-
Terpajsy, B3sTOMy IO TpaHune y npsMoyroabHHKa R. Coe-

JoBareJbHO, Q f (z) dz = 0. Haxonen, ecnu npamag A nepe-

v
ceKaeT MpsIMOYTOJIbHHK R, He POXOAs MO ero ropu3oHTANbHOM
CTOpOHEe, TO 3Ta TNpsAMasi JEIHT NPAMOYTOJBHHK R Ha jBa

npsaMoyrosbHuka R’ n R”. Unterpan \ f (2) dz, B3arhil

N0 rpaHHne KakAoTo H3 mpsiMoyrojbHHKoB R’ u R, pasen
HYJI0, B CHIY NpEBAyImEero, olHaKo cyMMa 3THX HHTErpasioB

paBHa HHTerpany S [ (2) dz, B3sATOMY WO TrpaHUIE NpAMO-
yrosibHHKa R. DT0 3aBepuiaeT JoKas3aTeJqbCTRO.

5. Hurerpansuas ¢opmyna Koiun.

Teopema 2. [fyems | — eonomopgpras gynryua 8 obaa-
cmu D. Ilyemo a€D u v — samknymoti nymoe 8 obracmu D,
He npoxo0awuil uepes mouky a u cmazusaemvill 8 mouky 8 06aa-
cmu D. Toeda cnpasedauso pasercmeo

o VL% 1y, 01 ) 5.1)

b
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rie 1 (y, @) o6osHauaeT UHAEKC 3aMKHYTOTO NyTH Y OTHOCH-
TeJbHO TOYKH a (eM. § 1, m. 8).

Hoxasateanncrtso. OnpelenuM B obnactu D ¢yHK-
nHIo g (2) caefyomum o6pasoM:

i (a) g z=a.

GyHKUNA g HENPepbBHA, B CHIY ONpPEAENCHHS NPOH3BOAHOM.
Ona ronomopcua B s000H Touke obsacT D, KpoMe TOYKH d.
[To Teopeme 1" HMeeM

g ta—=f@ 4, _o.
Z2—a

¥

1 d

7 | B2 =1 9@

Y

0o OnpefeseHHI0 HHAeKca. TeM cammM cooTHomlerue (5.1)
JOKa3aHo.

Onnako

ITpuwmep. Iycrs f — rosomopdnas GyHKuHA B OKpecT-
HOCTH 3aMKHYyTOrO Kpyra, M IycTb Y — IpaHHLa Kpyra, mpo-
feraemast B MOJIOXKHTETbHOM HanpasieHuHH. Toraa

S f(2) dz 2{ 2nif (@), ecau TOYKa a JIEXKHT BHYTPH KpPyra,
z—a

v 0, ecJIi TOYKa @ JIeXUT BHe Kpyra.

6. Paznoxenue rogomopdHoii dhynkuuu B psajg Teitgopa.

Teopewma 3. Iycmo [ (2) — eosomopdpras ¢yuxkyua
6 omKpumon Kpyee | z | < @; moeda | pasaazaemcs 8 cmenexnoil
pad 6 amom Kpyee.

210 03HAuAET, UTO CyulecTByeT cTemeHHOH psax S (X) =

= Y a, X", pafuyc cXOAHMOCTH KOTOPOro GONbIe WIH PaBeH Q
n=0
¥ cymma Kotoporo S (2) pasua f (2) npu | 2 | < e.

HoxasarteabcTBo. Ilyetb r < . Haiigem cre-
neHHOH psif, HopManbHO 1) cxopsamuiica K ¢yHKuud f (2)

1) Onpepnenenne cm. Ha ctp. 22.—[Ipum. peod.



94 Ta. II. Tosomopiprue pynxyuu, urmezpar Kow

npu | z [ << r. Itor pax He GyAeT 3aBUCETH OT 7, B CHJY EIHH-
CTBEHHOCTH PasIOXKeHHs1 QYHKIHUH B CTEIEHHOH psiji B OKpect-
HOCTH HYJs. Teu cambiM TeopeMa OyAeT A0Ka3aHa.

Bribepem ro, Takoe, uto r <ry < g. Ilpumenum Ttenepp
HHTErpanbHyo GopMyJy TeopeMsl 2, B3siB B KayecTse IYTH Y
OKPYXKHOCTb ¢ nentpoM 0 U paauycoMm rg, npoGeraeMyio B mo-
JIOKUTENbHOM Hampasjenud. Ilosyuum, uro

1 ¢ f@adt
f(z)=—2—ﬂT S %(;)—z— npu |z|<r.
Y
1
~—; CTOSLYIO TOL 3HAKOM HHTErpaja, MOxK-
HO pasJIoHTh B pPsift B objactd |z | < |f], a UMEHHO

1 1 1 1 z AL
=t (Lt e )

CJIEOBATENbHO,

DyHKIHIO

1 o f
f(z)‘:?ﬂg 2 z tfn<+)1 dt.

y n=0

DroT  psJl HOPMAaJbHO CXOAHTCS NMpU |2 |(<<r H | f]| = ry,
[HO3TOMY ero MOMXKHO WHTerpupoBath noujenso. [lonyyum
psj, HOPMaNbHO CXOASUMICS NpH |z |7,

[(z)= 20 an2",

nz=

rie Koa(pdHIHEHTh @, 3a0aHBl HHTErpajgamu
=g | fode (6.1)

T 2 1+l
lty=r

Teopema 3 jnokasana.

Bameuaunue. Teopema 3 mokaselBaer, 4YTO BCsAKas
GbyHKIHSA, rojoMopdHas B obnactH D, ABadeTcs anarumude-
ckod B 10l obsacti. OOpaTHO, BCsikasi aHAJHTHYECKas (YHK-
uHs B obnactd D ronoMopdHa B TOH Ke 061aCTH, NOCKONBKY
H3BECTHO, YTO aHAJIHTHYecKas (QYHKUHA HMEET IPOU3BOJHYIO.
Taxkum o6pasoM, JAiA OQVHKUUA KOMNAEKCHO20 MEPEMEHHOro
HOHSTHA 20A0MOPPHOCMY W QHAAUMUYHOCIY IKBHUBAJEHTHEL.

ITpumensis K rojoMopbHbiM (QYHKIHAM pe3yJbTaTel, H3-
BECTHLIE AJis AHAJMTHYECKHX (YHKLHH, MBI BUAHM, 4TO 2040-
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MOpPHAA PyHKyua beckoHeuro Ougpepeniyupyesa, B 4aCTHOCTH
HeNpepuBHO JudepeHuHpYeMa, H UTO MPou3BO0HAs 20A0-
MOPPHOU PYHKYUL 20A0MOPPHA.

7. Teopema Mopepa.

Teopema 4 (o6patHass K teopemMe 1),
Hycms [ (2) — wenpeposnan pyuxyua 6 obaacmu D. Ecau
dupppeperyuanrsras Gopma [ (2) dz samxkuyma, mo ¢yHKyus
[ (2) eoromopghua e obracmu D,

HeficTBuTeipHO, OYHKIHA [ JioKaJpHO 006ja4aeT MpPHMH-
THBHOIl g. JTa MpHMHTHBHAs TOJIOMOPQHA, a 3HAYUT, ee Npo-
H3BOHAs [, Kax OblIO 3aMEYCHO BHIIIE, TaKiKe ToJoMOpdHa.

CunepncrtBue. Ecau pynxyua f (z) Henpeposta ¢ obaa-
cmu D u eoromopgra 6 kancdodi mouke amoil obracmu Kpome,
momcem Goimos, mouek, aexcaujux Ha npamod A, mo ama Qyuk-
yus [ eoromopgra 8 Kascdoti mouke obaacmu D Ge3 uckaoenus.

JlelictBHTeIEHO, I[IOBOpAyHBasdg, ecAHM HeoOXOQHMO, NJO-
cxocte C, MOXKHO cAenars npsaMyto A napamiensHoil JefiCTBH-
trenpHofl ocu. Ilo teopeme 1° dopma f (2) dz samxuyra. Cre-
JOBaTeJLHO, NO TeopeMme 4, ¢yHKUHA [ rosoMopdHa B KaXaoH
touyke objnactu D, ¢

Mpi BHAHM, uto TeopeMa 1’ ecTb TONILKO Kaxyiieecs 0606-
uiexHe Teopemst 1. OfHAKO HaM NpHILIOCH €e choPMYIHPOBATh
U3 coofpakKeHHH TEXHHYECKOro xapaxrepa.

8. BapuanT unTerpansHoi gopmyas Komu.

Teopema 5. [Tyems TI' — opuenmuposantas epaxuya
rkomnaxma K, codepocawecoca 6 obracmu D, u nycme [ (2) —
eonromopgpran ¢yurxyua ¢ D. Toeda

\f(e)dz=0.
;mz) z

Ecau, xpome moeo, mouka o aexcum enympu xomnaxma K,

mo
{ L2 _ ouif (a). (8.1)

z—a

r
Hoxasarteascrtso. Ileproe yTBepKiAeHHE CELyET
U3 cootHomenHsa (9.1) § 1.
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[as AoxasaTesbCTBA BTOPOIO YTBEPKACHHS PacCMOTPHM
AOCTATOUHO Masblil OTKPHITHIH KPyr S ¢ LEHTPOM a, Cofep-
Kauics BMecte ¢ rpasunell Beyrpu K. OpHeHTHPOBaHHAas
rpainna kKoMmpakrta K 'S cocrour w3 I' m oxpyxuoctH,
orpaunuuBamwel kpyr S, xKoropas mnpoberaercss B OTpHILa-
TellbHOM HaNpapjieHHH. Mbl cKaxkeM, 4TO 3Ta TpaHHUA €CTh
pasuocmb TpaHHubl I' M OKPYKHOCTH Y, OTPaHHYHBAIOMmIEH
Kpyr S, KoTopas npoberaeTcs B MOJ0KHTENLHOM HANPABJEHHH.

[pumensis fnepBy}o gactb TeopeMsl 5 K kommakty K \ 'S

(2)
M QYHKIHH ——
HoJiyyaeM paBeHCTBO

[ Lo | Lo

, Koropas ronoMmopdna B obaactu D\ {a},

z—a z—a

Y
OTKYZa, B CHJIY TeopeMH 2, ciefyer coornomenue (8.1).

9. Npusyun cummerpun llBapua. Mu yke Bupenu (caefn-
cTBUE TeopeMbl 4), uTo ecaH GyHKuHA [ (2) HenpephiBHA
B o6iactd D u rojoMopdHa B KaKJI0H €e TOUKEe KpPOMe, MOMKET
6LITL, TOUEK [eHCTBHTENLHOH OCH, TOo QYHKUHA f rosoMopdHa
B KaxJoH Touke obsiacti D 6€3 HCKJIIOUeHHS.

Pacemorpum Hemnycrtylo obnacte D, cummempuinyio OmHo-
cumeavto Oeticmeumenvrol ocu. Ilycte D’'— mepeceyennie D
C 3aMKHYTOR NOMymJOCKOCTHIO ¥ >0, H mycts D”— mepece-
yenue o6sactu D ¢ nonymiockocteio ¢y < 0. [peanonoxum, uro
¢dynxuus f (2) HenpepriBHa B D', npuHumaer gefCTBHTEbHEIE
3HAYEHHSI B TOYKAX JEHCTBHTENILHOH OCH M TOJIOMOPQHA B TEX
toukax D', rae y > 0. [Tokaxewm, urto 8 obaacmu D cyujecmeyem
20r0M0OpPHAA PyHKkyus, Komopaa npodoascaem f. dra GyHKIHA
eMHHCTBEHHA, B CHJIy TMPHHUUINA AHAJUTHYCCKOTO MNPOLOJIKE-
aua (em. . I, § 4, 0. 3).

Paccmorpum B ofnactd D" dyHxuuio g (2), onpefeseHHyio
COOTHOIIEHHEM

g(2) =1 ).

Ora QyHKIHA HenpepuiBHA B o6jaactd D” U Jerko NpoBepHT,
yTO OHA roJoMopdua B Jio6ol Touke ofnactH D”, He sexauie
Ha JeHcTBHTENLHON ocu, DPyukuus A (z), paBsas GyHKUHHU f(2)
B obnacth D’ udynxunu g (2) B obnacth D", HenpepbiBHA B
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o6aacti D u rosomopdHa B 106oii Touxke sTolt obiacTd, He Jie-
Kauel Ha JedcreutesipHOH ocu. OHa, CHENOBATENLHO, TOJO-
Mop¢ua B KaxAoH Touke objactH D 6e3 HCKJIOYEHHS.

3amernM, uTo QYHKUHMS A TPHHUMAET KOMIJIEKCHO-CONPSi-
JKeHHbIE 3HayenHs (T. €. 3HayeHusi, CHMMETPHUHbIE OTHOCU-
TeJpHO [AeHCTBUTENEHOH oOCH) B JABYX Toukax obaactu D,
CHMMETPHYHBIX OTHOCHTEJIBHO ACHCTBUTEILHON ocu. Bor nouemy
9Ta KOHCTPYKIHUs HA3LIBAETCS «HIPHHIHIIOM CHMMETDHH2.

YNPAXHEHUA

1. a) Ilycte y — KycouHO-rTaAxuii myts, a y — obpas
(yTH Y [PH OTOGPaXKEHHH 2 —> Zz (CHMMETPHsI OTHOCHTEJIbHO
nepicteurennuolt ocu). Ilokasatb, uro ecnn dyuxkuus [ (2)

HempepeiBHa Ha NyTH Yy, To GyHKUUS 2 —> f (2) HenpephIBHA
Ha TOYTH Y H

gf(z)dz=jf(_z-)dz.

Y v

6) B uwactHOocTH, ecnHM y — CGAMHHUHEIH Kpyr, npoGerae-
MbIH B TOJIOXKHTEILHOM HAIPABJEHHH, TO

S fz)dz=— S f(.z_)—:é
Jzl=1 lz|=1

2. Tlycts Yy — wenmpepeIBHBIA NyTh (HE 006s3aTeNbHO K-
couHo-rnankufi). Ilokasars, uro

S(‘D1+m2)= S oy S ®g,

Y Y Y
Sam=ag o,
Y Y

rje o;, 3, ® — 3aMKHyTHe ¢opme, a€C. (Onperenenne
CHMBOJIA S ® cM. B3ameyanuu us § 1, m. 5.)
¥
3. Tlycrb y — KyCOUHO-TIaAK Ui 1y Th B o6acTH D v ¢ (2) —

¢byHkiHa, rogomopdHaa B obnactd D, npuEMAMamLlas 3Haye-
HHus B o6nacTh A (B IIOCKOCTH KOMILIEKCHOTO IEPEMEHHOTO ).

7 A. Kapram
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[lokasare, wrto I = @oy — KycouHO-rIaixuii nyTe H YTO
ILasi ool HenpepwlBHOH (yHKUMH [ (w) HMeeT MecTo paBen-
CTBO

V1@ dw = [ (9@ (2 dz.
r ¥
Ocraercs Ju 3Ta dopMyna BepHOil B Caydae, Korja y He 0bs-
saTeNlbHO TMAAKHI TyTb?
4. Tlycte y — raanxuil nyrs: { —> vy (t) = re't, 0 < 1 < 2m,
a vy, — nyre f— vy, (f) = <I—~ﬁ-/ re’', tme t Mensercs

B TOM ke HHTeppase. [loxasaTth, uto ecaum ¢GyHKuua [ (2)
HENpEepEIBHA B 3aMKHYTOM Kpyre |z |<r, TO

S f(2) dz= lim S f(2) dz.

n—>0

¥ '

5. Tlokasarp, urto ecan ¢yHkuus f{(z), Henpepolsnas B
3aMKHYTOM Kpyre |z |<r, roioMopHa B OTKPBITOM Kpyre
| z[<r, 10

. F() |
[ (2) =00 \) i dt png moboro lz| <r,
{ti=r
(OKPYXKHOCTE | £ | = r ODXOHHTCS B NOJOXKHTEJILHOM HANpaB-

JICHBHU),
6. Haiitu nyts £ — y (f), rae ¢ mensercs or 0 go 2m,

. %2 y2
IMEIOIHE B KauecTRe obpasa JIHIC =t = 1 B nsoc-
koct R? (a, b > 0). Beiunucauts JByMsi pasiHuHBIMH CrIOCOGaMH

dz
m—xrerpang < H BHIBECTH PAaBEHCTBO
v
25

%
a?cos?t -b2sin2¢  ab '

7. Illyete Py () = 1% + an—™ '+ . . . + ao — Dmonu-
HOM CTEIIEHH N > 1 C KOMILTEKCHBIMH Kootp(pnuHeHTaMH H NIYCThb
Yr — 00pa3 OKPYKHOCTH | | = R mpu oToOpaxKeHHH ! —» 2=

= n
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[Tokasathb, 4TO €caiu R AOCTATOYHO BEJHKO, TO NYThb Yp He
npoxoauT yepes Touky z = 0, u uto [/ (yg, 0) = n; BbIBECTH
M3 3TOro, YTo ypamuenue P, (f) = 0 umeer no xpafinei mepe
oann kopeub. ([Toxkasarb cHauana, 4710 AJs IOCTATOYHO OOJb-
moro R umeem || > | ap—{"t -+ ...-+a,| mpu
| t | > R. Vcnonr3opath 3aTem npeanoxenye 8.3 us § 1, ytoln
nokKasartb, uto uucao I (yr, 0) paBHO HHzieKcy o0pasza OKDPYXK-
HCCTH || = R OTHOCHTeJbHO HAYaja KOOPAMHAT NPH OTO-
Opaxennu ! — ")

8. IHyere f(2) = u (x, y) + iv(x, y) — rosoMopdHas
¢bynkuus B o6nacru D. Ecau B obnactn D

au (x, !/)+ b (X, y) =,

rie a, b u ¢ — JeficCTRUTENbHLIE MOCTOSIHHLIE, HE BCE pPABHbIE
uymo, 1o ¢yukuus f () nmocrosinua B D.

9. Hycts dyukuus f (2} rosomMopdHa B BRIIYKJIOH 06aacTH
D. Tlokasatb, uTo s Mo6ofi napsl Touek @, b € D MoXHO HaH-
TH JIBE TOUKHY ¢ U d HA OTPE3Ke, COSAUHAIOMEM a ¥ b, TaKHe, 4TO

f(@)—F(0)=(a—0b) [Re(f () +iIm (f (d))].

(PaccmoTpers  QYHKIHIO AEHCTBHTENBHOrO MNEPEeMEHHOTo £,
ONIPECJICHHYI0 PAaBEHCTBOM

F()=f(b+(a—b)t)i(a—1D),

M NPUMEHHTL TEOPEeMY O KOHEUHOM MPHPAIIEHHH K AEHCTBH-
TeJbHOR H MHHUMOH uactu F (f).)

10. ITyete D — (cBasHas) 06J&CTb, CHMMETPHYHAT OTHO-
CUTEJbHO ACHCTBUTENLHOH OCH W HMelomas C Hefl HemycToe
nepeceyente /. Kaxayo ¢dyukuuwo [ (2), roromopduyio B obsaa-
ctd D, MOXHO mpeicTaBUTh (M NPUTOM €IMHCTBEHHBIM 0Gpa-
30M) B BHIE ‘

f(2)=g(2)+ih(2) nns qw6oro z€ D,

rie g 1 h — dyuxuuy, roaomopdure g obnactu D 1 npunuma-
omrde Ha [ Oelicmeumensrble 3HAYeHHUS.
Ilokasare, uto ToOrna

g(@)=g(2), h(z)=h(2)
’illl
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f——(—Z':;=g(z)—ih (2} pmaa moGoro z€ D,

11. Ilyete f 1 g — ronomopduste dyukunu B obaactu D,
He ofpanjalomuecst B 370l 061acTd B HYIk. CyliecTByer mocJe-
JOBATEJNbHOCTh (dn) Touek objacti D, Takas, 4to

lima,=¢a, a€D, a,%*a piga MmoGoro n
u s moboro n

F (@) g’ (an)
Flan) ~ glen) -

[ToxkasaTh, 4yTO TOrja CYWECTBYeT IIOCTOSIHHAS €, TaKas,
uto f (2) = cg (2) B obnactu D.

12, Tlycte @ (2) — Henpeposras GYHKLHS HA OPHEHTHPO-
Bauuo#l rpaunune I' koMnakra K. Ilycts obaacts D — gomod-
genue K rpasune I' B C. IMonoxuwm, ans z€D,

1o = 15k
r

(1) Tlonoxum ¢ = inf|{— a| anas a€D. Tlokasars,

er
uro pyukuuo 1 /(¢ — z);L;nﬁ teTu|z—a|<r,med<r <o,
MOXKHO DasJOXKHTb B HOPMAJBHO CXOMSIIHMHACS Psf IO CTele-
uaM (z — a). Boisectn orcrona, uto dysxuusg [ (2) ananurauna
B OKPECTHOCTH Kaxjoft Toukd a €D (cp. KOKa3aTesbCTBO TEO-
pemur 3, § 2).
(2) Tlokasate, uto mas Joboro neaoro n > 1 cnpaBeiiuBo
paBeHCTBO

f(n) (a) S 9 (£) dC aeD

n+1

(cp. ran. III, § 1).
13. Iyers f (2) — ronomopduas ¢yskuus npu |z | < o.
[Tokasarse, uto ecau 0 < r < @, TO
lim f(z—}—h)—f(z) — fl (Z)
h—0 h
thj<p—T1
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pasromepro nipu | z | <r. (3anucatb, ucnonpays 12,

f+M—f@) ¢y _ b f(¢)de
! (Z)"“’_’”’,t,& |y
me r'=@-+n/2 [hl< —n2=_@@—=1)/A4, =a
npuMep, W BBEIBECTH OTCloza, mosaras M zlsup [ (8], uepa-
==’

BEHCTBO

h)— ' .
LEED=I@ ()| <am 225 (k1)
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PSIJIbl TEWIOPA U JIOPAHA.
OCOBbIE TOYKH W BbIYETHI

§ 1. HEPABEHCTBO KOLUM; TEOPEMA JIMYBHJLJIA

1. HHrterpanbHoe sBbipaxenHe Koaduuuenros Teigaopa.
Ham yxe uspectno (ra. lI, § 2, n. 6, teopema 3), uro ecau
dyuxuus f (z) ronomopdHa B oTkpeiToM Kpyre D ¢ unentpom
B Hawaje KoopiuHar, 10 f (2) ectb CyMMa CTEIIeHHOro psija
M a,z", cxomsmerocs B D.
nz0

Koadduunentsl @, 2T0oro creneHHoro psAga MoOryt ObiTh
HaliieHs! o dopMy.ae

an =71 (0).

Wgaue rosops, uHucna a, SBIAAIOTCS KOsphHIHEHTAMH Das-
Jaoxenus Tefinopa ¢yukiuu f (2) B Hayane koopauuat. Mur no-
CTapaeMcs BHIPA3UTb HX UEPE3 HHTEIDAJbI, cofepKaimie GyHK-
o f (2). .

Tlycts z = re*®, npuuem 0 r < g, rae ¢ — paguyc Kpy-
ra D. Torua

f(rei®) = 2 anrieind, (1.1)
n=0

IMpu nocrogmmoMm r dyuxuus [ (re!®) npeacraBasier coGofi
nepuopuueckyio GYyHKUHIO nepemenuoro 0, M pasencteo (1.1)
Jaer pasnoxenue 3108 Gyukiun B papx Pypoe. 3amerum, uto
B HETO BXOAAT TOJLKO UJEHH, COJiepiKauiye ei"® c 1ejpMu
n>0. Wssectno, uto koabduunentst paxa Pypne Henpe-
PBHIBHOH (DYHKIIHH NePHOJA 27 BHIPAXKAIOTCH uepes HHTerpasbl,
cozepxkamye 3ty Qyuxkumw. B mamem caywae pax (1.1) zop-
MaJIbHO CXOIUTCSI OTHOCHTENBHO II€peMeHHOro 8 npu GuKCHpoO-
BauuoM . [ToaTOMYy MOKHO HHTEPHPOBATE 2TOT PSJ HOUIEHHO,
YTO AAET COOTHOLIEHUE
2% 2m
e S e inbf (reie) 40 = S‘ IRy a.rPet®-me 4o
25 T L 2m 3 4 . :
0 p=0 0



§ 1. Hepasencmso Kowu; meopema Jluysuiisn 103

B npasoii yacti 3TOr0 paBeHCTBA CTOUT CYMMa, BCE CJjlaraeMble
KOTODOH DAaBHBI HYJIO, 34 HCKJIOUEHIEM OJHOTO, COOTBETCT-
BYIOLIEr0 caydyarw p = n. TakuM o0pasoM, MH MOJy4YaeMm
OCHOBHYIO (QOpMYJIY

2

| N
Ant™ =3§S e in0f (ret®) do, (1.2)
0
KOTOPYIO, BOpoUeM, MOKHO GblIO TaKMe NMOJYUYAThL H3 COOTHO-
menusg (6.1) § 2 ra. II.
DTO YHTErPasbHOR BHIPAKEHHE [I03BOJACT NOJYUIUTh OLEHKY

I8 KoapPHUUEHTOB a,. Ilycts M (r) — BepXHaAS rpaHb

byukuuu | f (re’®) | nepemennoro 6, T. e. BepxHsas TPaHb
MOAYAS GYHKUMH [ HA OKDPYKHOCTH Dajuyca r € LEHTPOM
B Hauaje koopiausat. AGCO/0OTHAS BEeJHUMHA NPaBOH YacTH
paBsesctBa (1.2) we npesocxonur M (r); oTCioa MBI NMOJNyyaeM
ansa  moboro uejsoro n>(0 caenyoomee BaXKHOE HepaBeH-
CTBO:

4 | <20 (1.3)

OHo Hasvieaemcs Hepasercingoyn Kouiu.

2. Teopema JIuyBuaas.

T e opewma. Beakas ¢ynxyusn [ (2), oepanuuestas i 2010-
MopghHas 8o ecetl NAOCKOCIMU, NOCINOAHHA.

HJokasareanwctso. [Ipumenum wueparencrso (1.3).
CorniacHo NpeAnoJoXKeHuio TeopeMmpl, Beaumuuua M (r) orpa-
HUueHa cBepxy uHcaom M, ue sapucamum ot r. [Tostomy

M

lan | < o

IJist CKOJIb YIofHO Gojibmioro r. Ecyu # > 1, TO ¢ yReiHueHHEM 1

mpasas 4acTh NOCJEHEr0 HEPABEHCTBA JE/Ja€eTCsl CKOJAb YTOAHO

madnoii. Tlostomy a, = 0 npu n 3> 1; Takum oOpasom, [ (z) = 4o,
T. €. f — nocrosHHaa QyHKIHA,

MMpunoxenune: Teopema JanambGepa. Mu
cefiuac JIOKaxKeM, UYTO BCAKHUH MOJMHOM C KOMILJIEKCHEIMU K03(-
(DULMEHTAMH, He SBJSIOMMHCS MOCTOSIHHOH, HMeeT XOTs Obl
OJIMH KOMIUIEKCHBIH Kopenb. JloKasaTeabcTBQ MPOBOLUTCS
OT TNIPOTUBHOIO.
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[Iyets P (2) — TakoH MOMMHOM, 4TO AJSt JIIOGOro 2 UHCJO
P (2) ornuuno or uyas. Torma dyskuus 1/P (2) romomopdua
BO BCe nuockoctu. OHa orpaHnuyeHa; B CaMOM Jelle,

P(2)=ap2"4+an 2"+ ...+ =
= 2" (an—l— a"z" -+ ...+izl% i an#0.

[Mostomy | P (2) |ctpeMuTcss K 6ECKOHEUHOCTH MPH | 2 |, crpe-
mstieMcst K GeckoneyHocTH. Caef0BATENbHO, HA KOMILIEKCHOM
IJIOCKOCTH CYIIECTBYeT KPYT, BHE KOTOpOro Besnunna | 1/P(2) |
orpannueHa. Ho ona orpannueHa H BHYTPH 3TOrO Kpyra Kak

HenpepuiBHast Gbynxuus. Ciegosatesbno, QyHKIUA P—l(z—)orpa-

HHMUeHa H rojomMopdHa BO Bcell NMJIOCKOCTH H, COTJIACHO TeOpe-
me JluyBuansa, mnoctosinHa. Ho Torma noctosinna W QyHK-
uus P (), 4T0 NPOTUBOPEUHT CAEIAHHOMY IIPEAIIONOKEHHUIO.

§ 2. TEOPEMA O CPEJHEM. NNPHHIHI MAKCHMYMA

1. Teopema o cpenHeM. Ilpumensia cootHomenue (1.2)
§ 1 k cayuarwo n = 0, monyuaem, 4TO
2

1 .
Gy = S £ (rei®) do,
0

1M, WHAue TOBOPH,
2n

F(0) =3z | F(ret®) db. (1.2)

[

3T0. COOTHONIEHHE TMOKA3bIBaET, UYTO 3HauenHe (GyHKIHU [ B
touke 0 PABHO CpeAHEMY 3HAUeHHH QYHKUHUH [ HA OKPYKHOCTH
paguyca r ¢ neutpoM B touke 0. Orciona ciepyer Gosee obmiee
yTBepKaenue: ecan ¢yukuus f ronomopdpua B obmactu D
U S — Kpyr, cofepxKamrfica B 5TCH 06J1aCTH, TO 3HAYEHHE
$yHKIHH [ B LlenTpe 3TOro Kpyra pPaBHO CPEAHEMY 3HAUEHHH
5TCH (YHKUHMHM Ha OKPYXHOCTH — IDAHHMUE KpYra.
TosopsaT, urto Aast QyHKuuu f, NPUHUMAIOWEH JeHCTBH-
TEJIbHBIE HJIH KOMILJIEKCHBIE 3HAUEHHS, ONPENEJIEHHON U Hempe-
pHIBHCH B oGaactu D, COPaBefJIHBA mMeopema 0 cpedHem, €clu
LISl KaXKJO0ro 3aMKHYTOTrO Kpyra S, Coepailerocs B obsacru
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D, snauenve ¢pyukinu f B uentpe S PaBHO CpPelHEMY 3HAUCHHH
(YHKIUMHM HA ero rpauuue. Mbl YBHAMM HECKOJBKO II0O3Ke,
uyTo $YHKIMH, AI KOTOPBIX CIPaBejJUBa TeopeMa O CpeiHeM,
€CTb HE UTO HHOe, KAK 2apmcHuveckue PYHKUMM.

Mbi 3HaeM Tenepb, 4T0 044 20.A0MOLPHbIX PyHKYUL meopema
0 cpeduem cnpasedausa. Flcuo, uTo ecau Jis QYHKIHU C KOMII-
JIEKCHLIMH 3HAYEHUSIMH CIIPABEJJIHBA TEOpPeMa O CpPenHeM, TO
OHA CIPaBejJHBA TaKXKe JJsi ee JEHCTBUTENbHOH U MHUMOK
yacrer. [TostoMy Teopema o cpepueM cupapefiHBa JJIs Jei-
CTBUTEJbHOH U MHUMCH 4acTH rojoMopdHON GYHKIHH.

2. Ilpunpun maxcumyma. 3ror npHHUHN GyAeT AOKasaH
HAMH JJ51 BceX (YRKUKME (NpHHUMAKCINUX JeHCTBUTENbHLIE
UM KOMIUVICKCEBI® 3HAuyeHHs), JAJS KOTOPBIX CIPAaBeAJHBA
TEOPEMA O CPejHeM (T. €., KaK Mbl YBHJMM IO3JIHEe, Jist rapMo-
HHYECKUX (DYHKIHH).

Teopema l(mpurnun MakcuMYyMa). [Tycmo
[ — xomnaexcnosnaunasn gyuryus, Henpepowsraa 8 obaacmu D
naockocmu C. Ecau 0as pynxyui f enpasedausa meopema o cped-
HeM U ecau 6eAuduHa |f | umeem OMHOCUMEAbHBLL MAKCUMYM
8 mouke a €D (1. e. ecan | f (2) || f (@) | 022 Bcex z, Aocra-
TOUHO GJIM3KHX K Q), M0 QyHKYuUR [ NOCMOAHHA 8 OKPECmHOCMY
mouku a.

Hoxasarteasbctro. Ecmu f (@) = 0, To yTeepxne-
Hue oyepHano. Ilpeanmonoxum, uto f (@) 5= 0. YMHOKHB B CJIY-
yae HafoOHOCTH QYHKIHIO [ HA NOAXOAfAUIee KOMIMEKCHOE YHC-
N0, MBI MOXKEM n06UTHCA TOro, uTobHl [ (@) 6BHLIO AEHCTBU-
TEJIbHLIM TOJOXKHTENLHBIM YHCJIOM.

Hnsi gocratouno manoro r >0 moJoxum

M (r)y=sup|f (a+rei®)|.
)
[To npexnonoxenuio, ecau r 3> 0 gocratouno magno, To M () <
<[ (@). lanee, B cuny TeopeMbl O CpeHEM,

2n

F@) == S f (a -+ rei) ds, 2.1)
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orkyna f (@) <M {r). Cneposarenvno, [ (@) = M (r). Ortcioza
BLITEKaeT, 4YTO (PYHKLHA

g(z2)=Re(f(a)—1(2)

HEOTPHILATeNbHA, €CJH |2 — a | = r JOCTATOYHO Majio, IpH-
yeM g (2) = 0 Toria W TOABKO Torma, korja f (2) = [ (@).
B cuny (2.1), cpennee snauenne GyHKUHN g (2) HA OKPYKHOCTH

lz—al=r

pasuo uyaw. [Tockoabky yHKINsg g HENpepLIBHA H HEOTPH-
nareabHa, OHA TOXKJCCTBEHHO paBHA HYJIO HA OKPYMKHOCTH,
H f(2) =f(a), ectn |z —a|=r gocratouso Maino. Teo-
peMa Jokasana.

Cnencrsue. [Iyomoe D — oepanutennas obaacme nao-
ckocmu C; [ — xomnaexcrosnaunan pyHkyua, onpedeieHHas

u Henpepoisras 6 3ameikanuw D, 0asa  kKomopotl 6 obaacmu
D cnpasedausa meopema o cpedwern, M — sepxusas epans
mooyas | f (2) | na epanuye obracmu D. Toeda

(1) [fFR)I<M 0as scex z€ D;

Q) ecauw If(@)) = M 0aa Kakol-nubyds mouxu a €D,
mo (hyHKyua | nocmosmua.

Joxasateabctso. [lyecre M'— Bepxnsgs rpamb
monyast |f (2) | Ha Muokectse ), KOTOpas JOCTHTAETCS MO
Kpaiinell Mepe B ofHOH Touke @ xomnakrta D (rak Kak QyHKIHs
{ [ (2) | wenpepuiBua). Ecsnu a € D, To, coraacHo Tteopeme 1,
¢dbyukLIus f mocTosiHHA B OKPECTHOCTH TOUKH a. M3 teopeMs 1
BBITEKAET TaKiKe, UTO MHOXKECTBO TexX Touek obnactu DD, B KoTO-
puiXx ¢yHRUHs f npunaMaeTr 3spaudenue f(a), OTKPHITO; Oue-
BHJ{HO TaK3Ke, YTO OHO 3aMKkHyTO B D n nenycro. Crnepopareb-
HO, OHO coBrnajaer ¢ D (wanomunM, uto D cBsizno). [Tockonsky
¢yukIust f HenpepriBHa, oHa noctosiiua B D. Takum ofpasom,
[ (@) = [ (@) n1s Bcex Touek z€D, u M’ = M. YBepxIeHus
(1) u (2) nokasauml.

Ocranocs paCCMOTpeTb TOT ClyYaii, KO PaBEHCTBO
\ f (a) | = M'ue BoinonHEHO HU B oftHO# Touke a € D. Ho Torga

= M’, a yreepxzenue (2) ,TPUBHA/IBHO, MOCKOJIEKY PaBeH-
CTBO I f (a) | = M He BHIIONHEHO HHE B OfHOM TouKe @ o6nacta D.
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3ameuanue. [lpuMeHHM OpUHIEN MAKCHMyMa K CJe-
nyomemy cayuawro. Ilyets QyHruus f HenpepniBHa B 3aMKHY-
TOM Kpyre Hu rosoMopdHa BHYTpH Hero. Toria Bepxusis
rpass MOAYASl (YHKUMH HA TPAHHUIE KPYyra HE MEeHbIIe JI60ro
snavenus | f | Buytpu kpyra. B wactuoctu, yucao M (r) B nepa-
Benctee Komn (1.3) § 1 ectb Bepxusas rpaup mMonyas | f (2) |
HE TOJIBKO NPHU | 2| = r, HO ¥ npH | 2 | < 7.

§ 3. JIEMMA WIBAPHA

Teopema (newmma Ilisapua). lycms ¢pynkyua
[ (2) eoaromopghra 6 kpyee | 2 | < 1. [pednoroocum, umo

FO)=0, [f(<] npu |z|<1.

Toeda:
1) npu|z| <1 umeemn mecmo nepasencmso |f (2) |<| 2
2) ecau | f(20) | = | 20| Oan wuexomopoeo 2z =0, m;

f(z)=hze, ede |A|=1.

HJoxasateabctso. [ockoasky [ (0) =0, koad-
gunment a, papa Teitopa f (2) = 2 a,2™ pased myJo.
nz=0

Orcropa caenyer, 4To QyHKUIMS f(7z) rosomopdua mpu | z | < 1.

Tak xaxk no npexmonoxennio | f (2) | < 1, to

1 |
1&:) < mpu [z|=r.

B cuny nmpuHIina MakCHMyMa, 5TO HEPaBEHCTBO CHPAaBENJIHBO
takxke npu | z | <r. Ias ¢ukcupoBanuoro z B kpyre |z |< 1

HepaBeHcTeo | f (2) i<j—fJ
r>lz| u r < 1. Kak npejensuslil caydaii, mnoaygaem
nepasenctso |f (2) |<<|z|. Mwo jpoxasanu yrteepxuenue 1.

Ecau pas mexoroporo 2y == 0 HMeer MeCTo pPaBEHCTBO
{f (zo)| = | 20|, TO 370 O3HAuaeT, YTO MOAYJb roJOMOP(HON
dyHKIMY [ (2) /2 focTHraeT CBOero MaKCHMyMa BO BHYTDEHHEH
Touke Kpyra |z| < 1. CaeporarensHo, 31a QyHKUHUS TOCTOSHHA,
T. €. f(2)/z = A, tie |A| = 1. Teopema Aoxasana.

BLINIOJIHEHO BCAKHH pas, Koraa
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§ 4. PA3JIO)KEHHE ®YHKIHA B PSJ JIOPAHA

1. Pags Jlopana. Mer 6ymeM paccMatpuBarth GopmasibHble

PAAHL . a, X", rjie cyMmMupOBaHHe (hOPMasbHOE) pacmpocTpa-
n

HEHO Ha BCe IleJIble YHCJA: MOJOXKHUTENbHBIE, OTPHUATENbHLIE

W HyJb. TakoMy psay COMOCTABIAIOTCS JBa (POpMasbHBIX

CTEMEHHBIX PSia (B OGBIMHOM cMHICAe): X 2, X™ 1 2 a, X ™™
nz0 n<0

Ilyets @ ¥ 1/gs — paguychl CXORHMOCTH 3THX psijoB. Pac-
CMOTPHM CXOjsIiiHecst psbl

f1(2)=nzoanzn npu |z|<ey, (1.1)
h@)= 3 aem mn |2]> s (1.2)
n<0

[ToxaxeM, uto f3 (2) — 20a0Mmophras GYHKUHSA NEPEMEHHOTO 2.
1
Honoxum 2=, PyHKUHSA

g (u) = 2 a_,u®
n>0

rojomopdra mpu [u|< 1/, ¥ ee mpou3BOAHAsT 3ajaercs
pPaBeHCTBOM

g (W)= D na_u™".
n>0
M3 reopembt o anddepeHIHPOBAHUE CI0KHON QYHKUHY BBITE-
Kaer, uto QyHKuHUs fp (2) auddepenunpyema u

h(@)=— g ()= na.z"".

n<o

Taxum o6pasom, psia (1.2) MoxHO 1udpepeHIHPOBATE NOYJEHHO
npu |z|> .. Ilpexnonoxum tenepb, uto Q2 < Q4. Torza
cymMma f (2) psaga
an2™ (1.3)
—oLN L+
rooMopgHa B KPYroBOM KOJble Qs <|2|<@; H ee mpo-
usBofHas [’ (Z) ecThb CyMMa psaa ) na,z™"l, mNOay4eHHOro
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uz paga (1.3) mounenubiM guddbepernHpoBanueM. Psa 2 an,z"
HaspiBaercsi padom Jlopawa B Koable Q2 <<|z|<gs. He
HCKJIOUAIOTCST TaKXKe H caydan @, =0 u g = -+ o. Cxo-
numocTh psifa (1.3) HopMasnbHA B JiIOGOM Koablle ra<<|2!<ry,
rAe ry U rz — TaKHe YHCJIA, 4YTO

Q< 1y < ry <0y

2. Pasaoxenne B papx JlopaHa ¢yHxpuu, roJomopdgHoft
B KOJbIIE.

Onpexgeanenue, [oopar, yro ¢pynxuus f (2), onpe-
AcJIeHHaa B KOJbLe

0:< 2] <oy,

pazaaeaemcs 8 amom Koavye 8 pad Jlopawa, ecnu CymecTByeT
psin JIopana ' a,2™, KOTODBIi CXORUTCS B 3TOM KOJIBILE H CyMMa
n

Kotoporo passa f (2) B JuofoH TOYKe KOJABLA.

Kak 6bi10 gokasano B n. 1, B sToM cayyae dyukuus f(2)
rosoMopdHa B KOJbLE, H Psiji HOPMAJbHO CXORUTCS B JIIOGOM
8aMKHYTOM KOJbIE rp<C|2|< 11, TAKOM, YTO

0 < rag<<ry<oq

[ToxaxeM Tenepb, YTO €caAH (QYHKLHS pasjaaraercs B psif
Jlopana, To 3TOT psAj ONpPElENRETCA €IUHCTBEHHLIM 06pPasoM.
B camoM fene, noJoxuM 2z = re® (g, <r < Q) H NPOHH-
TErpuUpyeM INowieHHo 1o 0 paBHOMEPHO CXONSIIMACS Pk
fre®y= 2  a,rreis.
—0LNL |00

Touno Tak xke, kak B § 1 (m. 1), mosyyaeMm HHTErpasbHYIO
Gopmyary:
2n
U™ = e S =m0 (re10) 46, (2.1)
0

rie n — 1leJI0e YHCJ0, NOJOXKUTENbHOE, OTPHIATeJbHOEe HJiK
HYJb.

Mg BuaM, uto ecau Gyuknus f 3agana, 10 KoapUIHEHTE
a, pana Jlopana stoit GyHKUHMH (eClH Takof pAj CYILECTBYeT),
OLHO3HAYHO onpexenstorcs opmyaoin (2.1).
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Teopewma. Jwbas yukyus [ (2), coromopiras e kors-
ye Q2 < |z|< @y, pasiazaemcs 6 amom koavye 8 pad Jlopana.

HJoxasareaswctBo. Ilycth ry H ry — jiBAa uHucHA,
TaKHe, 4TO

Qr < ra<{ri<gip.

[ToxaxewM, yto cywecrByer psj JlopaHa, HOPManbHO CXO-
AAIHACH B KOMbLE ry<|Z|<r;, CyMMa KOTODOrO paBHa
B TOM Kosble f (2). B cuny enuuctBennoctu psiia Jlopaua,
BEITEKAWOIIEH U3 HHTErpaidbHoi ¢opmyan (2.1), pax Jlopaua,
06/1a7a10HHA TAKKM CBOJICTBOM, HE 3aBHCHT OT BHIGopa ry
u ry. [losTOMY 3707 psj cxofures K f(z) BO BceM KoJble Q2 <
< |z| < @4, UTO HOKA3LIBACT TEODEMY.

[Tycrs wnena ry u rp (UKCHPOBAHH, BHIGEpeM [Ba UHCIA,
ry U ry, TaKHe, UTO Q, <1, < ry <ry <r; <@y Paccmorpum
KOMITAKTHOE KOJIbI10

’

r<lzl<rn.

OpueHTHPOBaHHAsl TPAHHIA 3TOTO KOJbIA €CTb DAasHOCTb
OKPYXHOCTH Y4 pafuyca r, ¢ LeHTpoM B Touke 0, mpoGeraeMoi
B NIOJOXKUTEJBHOM HANPABJCHUH, U OKPYKHOCTH Yp Pajuyca r,
¢ uenTpoM B Touke (), nmpoberaeMoll B IIOJOXKUTENIbHOM HANDAB-
aenuu. Corjacuo unrerpanpuoll ¢dopmyne Kowmu (ra. II,
§ 2, TeopeMa b), npH ry<C|2 | <11 UMeeM

_ L pfmdt 1 K F(2)dt

P =g {05 g | - (2.2)
61 Yy

PaccMoTpuM nepBHIf H3 3THX HHTErPAJIOB; TaK Kak |f| = r;

U |z]|<ri <rj, HMEeT MeCTO PaBEHCTBO

1 n
7= =2 mr

nz=0
.

npuyeM psif, CTOSIIUH B NMPABOM 4acCTH 3TOTO PABEHCTBA, HOP-
MaJbHO CXOJAHTCsI, €CJAH TOUKA { OIUCHIBAET OKPYXKHOCTBH
papuyca r, ¢ neurpom B touke 0. IloscTaBuM 3T0T pPsix B nePBoid

1
HHTErpan pasencrsa (2.2) BMecTO - Hopmanbno cxoga-
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muics psAJ MOXKHO HHTErPHPOBATDL IOUWIEHHO, TOITOMY

1 f(¢)dt
T S = D) a2 (2.3)
yl n={0
e 1 d '
Ndt
Gy = 5o K L4 (n>0). (2.4)
Yl

Tenepn pacemerpuM Brepoit uaterpan. Ilockoabky |#|=r,
M |2|>r,>r, HMeeM

1 1
i—z  z l—t/z - —NZ 1
n<<0

1
3aMenuM BO BTOPOM HHTerpaie ;—, 3THM pazoM. Tax

KaK OH CXOJIUTCS1 HOPMaJibHO, BOSMOXKHO IOYJEHHOE HHTErpH-
poBanue, OTKyia

1 tydt
T oni S ft(lz 2 an2", (2‘5)
sz n<0
rie
1 Hdt
Yo
Haxouer, us pasencrsa (2.2) caegyer, 410
flzy= X a.z® mpu ry<|z|<n,
—ocon< oo

U DAX CXOAUTCST HOpPManbHO. Teopema joKasaHa.

3. Pa3Ouenue QyHxuuu, rojomMopdHOi B Koabne.

Mpennoxeunne 3.1. Ecau pyuxyus f (z) eoromopgpra
8 Koavye Qi <|z|<@1, mo cywecmeyom Qynryus i (2),
eonomoppras 8 kpyee |z| < @i, u ynryua fi (2), 2oromopgp-
Has npu | 2| > Qa, maxue, 4mo

F@)=F1(2)+12(2)- @3.1)

Imo pasbuerue eOUHCMBEHHO, ECAU 1PEONOAOKCUMb, MO (DYHK-
yus fo cmpemumea K Hyao npu |z|, cmpemauemca K Oecko-
HedHoCmIL,
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B camoM sieste, nyeTh f(2) = Q) @, 2™ ecTb PasJIOKeHUe
—oolNL4 oo

¢yukiun f B pax Jlopana B xosblle Q2 < | 2| < 04. Ilonmoxum

fi(2)= Zoanz", f2(2) = 2 2™, (3.2)

Coorsomerne (3.1), oueBMnHo, BHIOAHSETCH, U |fy (2)|
CTPEMHTCS K HYJIO HDH | 2|, cTpeMsmeMcsi K GeCKOHEUHOCTH.
TlpennonoxumM, uTO CymEecTByeT Apyroe Takoe pasbuenue

f(2)=g1(2)+g2(2),

H TOKawkeM, 410 fy = gy, fa = g». [lycts A — ronomopdmuas
dynkuus, pasmas fi— g npu |2|< e H £y — f2 mpu
2| > 02, dyukuHs A roaomopdHa BO BCEH NJIOCKOCTH H CTpe-
MHTCS K HYJIO IPH | 2|, cTpemsmeMes K oo, B cuny npunnuna
makcumyma (§ 2, m. 2), dyHkuua A TOXKIECTBEHHO paBHA
uyo. [lpennokenne gokasauo.

~ 4. Hepasenctso Komu; mnpujioxeHuss X U3yYEHHIO M30]HU-
poBaHHBIX 0co0BIX ToYeK. PaccMorpuM HuTerpansuyio Gopmyay
(2.1). Ecnin M (r) — Bepxusas rpaub Monyas |f(2)| npu
{z| = r, To abcomoTHAR BEJMUKHA MPABOH YACTH PaBEHCTBA
(2.1) me mpeBocxonur M (r). Orciofa moaydaeM cJjepyioLiee
HepaseHcTBO Kommu:

|| <M, (4.1)
3JIeCh 1 — 1I€JI0e UHCJ0, IONOKHUTENbHOR, OTPHIATENBHOR HIIH
HY/b,

Paccmorpum ¢ynKUMO [ (2), ronoMopduyio B Kpyre ¢ Bbl-
komoreiM HentpoM: 0 < |z|<o.

Cnpamrusaercs, MOXKHO JH 3Ty (YHKIHIO IPOJOCHKHTL A0
Gyukuuu, rogomopduoii Bo BceM kpyre |z| <o (BK/IOuas
HeHTp)? SlcHO, YTO ecaM Takoe MNPOJOIKEHHE CYIHECTBYeT,
TO OHO €MHCTBEHHO (9TO BHITEKAET U3 MPHUHUMANA asalHTHYe-
CKOTO TIPOLOJIKEHHSI, MWJIH, e€lle Npoiie, H3 COoOpaxKeHHi
HeNPepLIBHOCTH).

Mlpegnoxenue 4.1. Jra moeo umobet maxoe npo-
Joaocerue GbLA0 BOSMONCHO, HEOBXO00UMO 1 OOCHQMO4HO, 4mobbt
Pynxyus f (2) 6biaa o2panuteHa 6 OKPECIMHOCMU HYAA.
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Heo6x0inMoCcTs 3TOro ycJoBHs oueBupna. JlokaxkeM ero
JoCTaTouHOCTh. B Kpyre ¢ BrelKosmoThiM HentpoM 0 <|z2| <@
(yHkuus f pasnaraercs B psig Jlopana  »,  @,2". Tlo npex-

—coln<+oa
TIOJIOKEHHI0 CYIieCTBYeT uucao M > 0, KoTopoe MaxKopHpyer
{f(2)| mast pocratoyno manoro |z|=r. B cuay sepaBescTBa
Kowu (4.1), umeem
M
lan| < —

TlockonbKy B 3TOM HepaBeHCTBE ¢ MOMKeT OLITh CKOJIb YTOIHO Ma-
JaeM, npu n < 0 noayuaem a, = 0. Creposarenbro, psa Jlopa-
Ha GyHKUHHK f (2) cBogMTCS K psny Teiliopa, cyMMa KOTOPOro
€CTb UCKOMOE NPOJoJIKeHHe QYHKLUEH [ (2).

Onpeneaenue. Ilycts f (2) — dynkuus, roaomopd-
Hast B Kpyre ¢ BHIKOJOTEIM nentpoM O <C|z|<Cg. Tosopsr,
yTOo Hayano koopiuHat O sBAseTcS U304upPOBAHHOU 0COGOL
moukol GyHKLMH f, ecan GyHKLHS f He MOxeT ObITh NP OlO/KEeHa
Io (yHKIuH, ronoMopdHoll Bo BceM kpyre |z| < Q.

HeofxopuMoe u pmocraToyHoe YCJIOBHE JAJS1 TOrO; YTOOHI
touka O Obls1a H30JHPOBaHHON ocoGoil Touxkof QYyHKUHH f,
COCTOHT B TOM, 4YTO He Bce KoadpuuuenTH @, paaa Jlopawa
dyuguuy f npu n < 0 papusorcs Hymo. OueBUAHO, BOSMOXKHBI
IBa cayuas.

I cnyuat#. ViMeercsd numme KOHEYHOE MHOXKECTBO
OTPHUILATENDbHBIX HHIEKCOB, JJSl KOTODHX 4, OTJIHYHO OT HYAS.
Torza cymecTByeT noJoxuTeNbHOE YHCJO 1, TAKOE, UTO QYHK-
nust 2% (2) = g (2) Moxer OblTh OpPOROMKEHa A0 (GYHKLHH,
FOJIOMOquHoﬁ B Hauaje xoopanHat. CiaeioBaTenbHO, GYHKIHSA

f(@)= MepOMOpdma B Hadaje KOOpJMHAT.

Il cayuaifi. Vmeercs Geckoneysoe MHOMKECTBO OTPH-
UaTeNbERIX HHIEKCOB 71, TAKHX, 4TO a, %= 0. B 3TOM ciyyae
dyukius f(2) He MoxeT OblTb NPOAOMAKEHA A0 (GYHKILHH,
MepOMOP}HOH B OKPECTHOCTH HA4ajla KOOPAMHAT.

Onpenenenne. B nepeom cayuae rosopsiT, 4TO
tTouka O ectb noawoc dyuxuuu f; Bo BropoM — 410 Toyka 0
€CTb CyuiecmserHo ocobaa mouka GyHKuuu f,

8 A Kaprau
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Teopema (Be#tiepmrpaccl). Ecau 0 — usosu-
POBAHHAA CyWEcmeenHo ocobas mouka gyukyuu [ (2), eono-
mopgproll 8 Kpyee ¢ soucoromoim yenmpom 0 < |z| <@, mo 0as
a106020 & > 0 mroncecmeo snavenuti pyrkyun f(2) npu 0 <|z| <
< & ecrody naomuo 8 naockocrmu C.

JlokaszartenncrTBo. bylem paccyxaare OT IIPOTUB-
HOrO ¥ NpPeANOJIOKHM, YTO CYIecTByeT xpyr paamyca r >0
¢ uentpom B Touke a€C, koTOpmIi HaxopuTcs 6He 0OJacTH
snavennsi pynkuun f npu 0 < |z| <e. CrenosaTennHo,

|[(2) —-a|>r mpn 0<|z| <e. (4.2)

Oyuxunua g (2) = TP a (z)
HHYeHa B Kpyre ¢ ebkosoTeiM nextpoM 0 < | 2| < e. Corsacuo
npepioxennio 4.1, ora Moxer GhITh NPOJOJKEHA 10 QYHKIHH,
ronomopdrofi B Kpyre |z|<e, koTOpylo MbI Takxke 060-
sHaunM g (2). Torma ¢yukuusa f(2) =a -+ —= z (2) MepoMopdHa

B Kpyre | z| <&, a 3T0 MPOTHBOPEUHT NPENNONOKEHHIO O TOM,
uto Touka ( — cyuecteenHo ocobasi Toyka Aas f (2).

- » TAKHM 06pasoM, roJoMop¢Ha u orpa-

3ameuyanwue. Cryyalfi CymecTBEeHHO 0OCOGOH TOUKH 2
CBOIMTCS K CAY4al 2o = O C MOMOMIBI0 3aMEHbl 2 HA 2 — 2.
Tenepr MBI mnpuBefieM Ce3 JOKas3aTeJbCTBA CJHELYIOLLYIO
TeopeMy, ropasao Gojee TOUHYW, yeM TeopeMa Befiepmrpacca.

Teopema Iluxkapa. Ecau mouxa O — usoauposan-
HOA CYujecmeenno ocobas mouxa e0aoMopgrol pynkyuu [ (2),
mo muoscecnsom suauenutl [ npu 0 <|z|<e 0aa awboeo
e > 0 ssasemcascs naockocms C, 3a uckarouerem, Golmy moocern,
O0HOU mouKu.

IMMpumep. Oynxuus el/z= 2 e ! ronomopdua o Beeit

IJIOCKOCTH, 32 HCKJIIOYEHHEM TO‘{KI/I z = 0, Koropas sIBJsieTcst
CYLIECTBEHHO OCO00H TOYKCH 3TCHi (pYHKIIHMH, TaK KaK KO03d-

L . 0.9
(PHUHEHTHI IPH 7~ OTJIMYHEL OT HYJst AJIs Beex n > 0. 9ta pynk-

UMsT HE IMpHHHMAaer sHauenust 0; YHTATEJIO NpeAJIaraercs JOKa-
8aTh, UTO 3Ta (YHKIMS NPHHHMAaET JMI060e OTIHYHOE OT HY-
as suauenue npu 0 <|z|<<e, rae € >0 — moboe yucIO.

1) lo Beiiepwrpacca teopemy noxasadn IO, B, Coxorknii.— [Tpun. ped.
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§ 5. BBEAEHHME, BECKOHEYHOW TOYKH. TEOPEMA O BBIYETAX

1. Chepa Pumana. B npocrpancree R® koopaunar x, y, u
PAacCMOTPHM eLUHHYHYIO chepy S

P4yttt =1,

Chepa S, B TOMOJOrHM, HHIYUHPOBAHHCH TONOJOrHef mpo-
crpancTBa R® |, KOMnakTHa Kak 3aMKHYTOe M OrpaHHYEHHOE
nogMuoxkectso R3. Uepes P u P’ Mbl 0603HaYMM TOYKH Sj
¢ KoopauHaramH coortsercteenno (0,0,1) u (0,0, — 1).
PacemoTrpuM crepeorpaguueckyio pOEKIHIO € MOMIOCOM B TOY-
ke P. Ona conocrasasier Kax/lch touke M chepu Sy, orauy-
Holt oT P, Touky maockocT ¢ = 0, HaXOUAIXYIOCS HA NPSAMOH,
coenunsomeii P c M. KoMmmiekcHulil apduirc 5700 TOUKH HAXO-
JUTCs o ¢opMmye
X1y

2= T—? N (l. 1)
Iie X, Y, U — KOOpAHHATEL TOUKH M.

Teneps pacemorpum crepeorpaduyecK yio NpOeKLHIO C MOI0-
coM B touke P’ u conoctaBuM Touke M cdepnt S; ¢ KoopauHa-
TaMd {x, Y, #) TOUKY IJIOCKOCTH ¢ = 0, KOMILIEKCHO Ccompsi-
JKeHuyIo ¢Opasy touxku M upu 376H crepeorpaduyeckoi mpo-
eklud. s ee xoMmmiaekcHoro adgukca 2° HMeeT MecTo pPaseH-
CTBO

y__ X—1y
?= (1.2)

TaxuM o6pasoM, kaxpoli Touke M cdeprt S;, oTIHUHOM
or Touek P u P’, comocras/ieHo [Ba KOMIIEKCHBIX YHCJA
Z H Z', npHYeM BBHIIOJHAETCS COOTHOUIEHHE

22’ =1. (1.3)

Oro6paxenue (x, y, U} —> 2z NpPEACTABAsSET COGOH TOMEOMOp-
tuaM” npoctpanctBa S; \ P Ha KoMmiuekcHyio mmiockocts C;
OHO Ha3bIBaeTCsi Komniaexcrol kapmod obiaacth S, \ P Ha
nsnockoct C. Ananoruuno, oroGpaxenue (x, y, u) —> 2’ upef-
CTaBJsIeT COO0H KOMIIEKCHYIO KapTy obmacta S, \ P’. Cdepa
S,, cHaGKenHasl 3TUMH JBYM#A KapTaMH, HasblBaercs chepoli
Pumana.

Ilycts D — orkpriToe MuoxkecTBO Ha cdepe S,. Iopopsr,
yto (yukmus f, ompepenenuas B D, zoromopgra B D, ecau

. 8*
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B OKPECTHOCTH Kaxnaol touku M €D, oranunoit or P, ona
npejcTaBUMa Kak roloMopdHas (YHKIUHSI HEPEMEHHOro 2z,
a4 B OKPECTHOCTH KaxNoH TOUKH, orauuuoll or P’, Kak rojo-
MopdHas QYHKIHs IePeMeHHOro z’. 3aMeTHM, UTO B OKpecT-
HOCTH KamJOH TOUKH cdepnl Sp, OTAHYHON Kak oT P, Tak U or
P’, xaxzaas Qyskuud, roiromopduass no 2z, roaoMopdhua U 1o
2’ u, Haobopor, B cuay cooTHowenus (1.3). Mul Bcerna Gyaem
OTOXKAECTBJIATh KOMINEKCHYIO miiockocTs € U cdepy S; ¢ BBIKO-
JIOTORt TOYKOH P B COOTBeTcTBUH C cootHomendeM (1.1).
Takum ofpasom, chepa Ss moay4aeTcqd 43 KOMIJIEKCHOH
IJIOCKOCTH NpuOaBgeHueM OxHo# «OeckopeyHodl touxuy. Jlas
H3y4yeHu A GYHKIHYU B OKPECTHOCTH TOUKY P BBOANTCS KOMILJIEKC-
Hoe nepeMensoe 2° = 1/z, Kotopoe obpaiaercss B HY/Ib B TOU-
ke P. B xommiekcuofl mirockoctH € OTKPBLITHIE MHOMKECTBA
|z| >r coctaBasioT GyHIAMEHTAJILHYIO CHCTEMY OKPECTHO-
cTefi OeckoHeuHoH Touk#. Pymruug [ (2), onpeaejeHHas
B TAKOM OTKDPBITOM MHOKECTBE, 2010MO0P(HHA 8 GECKOHEYHOL MOUKe,
ecall B pe3yJbTaTe 3aMeHHl nepemenHoil z=1/2" Mpl nonyuaem
byHKIHIO, roaoMOPDHYI0 B OKDECTHOCTH HAauaja KOODJAHHAT.
Ananornyno &yskuMa [ (2) HasbiBaeTCs MepoOMOPHOL
6 Oeckoreurocmy, €CJIH Nocse 3aMesnl 2 = 1 /2 0Ha CTAHOBUTCH
¢yHkuueil, MepoMoOphHCH B OKDECTHOCTH HAauasna KOODAMHAT.
Haxoren, GeckoneuHas TOYKA SIBJSIETCS CYIXECTBEHHO OCO-
6oft Touko#l aas QyukuuH f (2), ronomopduoi npu |z} > r,
ecan Touka O sIBASIETCS CYIIECTBEHHO 0CO0OM TOUKOH MJIs
oyuknun [ (1/2).
Ilycrb

f(2)= ; a,2"

— passoxenre GyHkiuu [ B paxn Jlopana B obnactu |z | > r.
151 Toro 4To0n! GeCKOHEYHAas To4Ka Oblnia Mo10coM QYyHKIHE f,
HeOOXOIMMO M JIOCTAaTOYHO, 4TOOH KOa(p(dHIMEHTHl @, PaBHSA-
JIMCh HYJIO AJIS BCEX HHJEKCOB N 3> (), 32 HCKIIOYEHHEM KOHEY-
Horo umcna. ns toro urtolpl 6eckoHeyHas Touka Oblia cymie-
CTBEHHO 0cODOH TOUKOH GYHKUHUK f, HEOOXOMUMO H JOCTATOUHO,
yTo0Bl  CYIECTBOBAJO GECKOHEUHOE MHOMKECTBO HHJEKCOB
n>»0, tTakux, uro a, = 0.

Ha cdepe S, ectecTBeHHBIM 06pasoM BBOASITCS MOHSTHS
Oughheperyupyenoeo nymu, 3aMKHYMO20 NYMU 1 OpUEHMLPO-
GUHHOU 2panuybl KOMRAKMA.
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2. Teopema o BbreTax. PaccMorpuM cuauana ¢yHgUHIO
f (2), ronomopduylo B KoJble @z < | 2 | < @4 C IIEHTPOM B Haua-
JIe KOOPJHHAT,

Mpegaoxenune 2.1. Ecau y — samxuymoui nyme,
codepoxauiuiica 8 MOM KOoAbYe, MO UMEe MeCmoO pAaseHCcmso

o S f(z)dz=1(y, 0)a_y, (2.1)

Y

ede I (y, 0) — undexc nymu vy omrocumenvro mouku 0 u a_y—
koappuyuenm npu 1/z 6 pade Jlopana pynxyuu f.

JJokasateabcTB o. IlpescrapuM hysxuuw f (2) 8 BU-

Je CYMMHL a_ /2 + g (2), The g (2) = ) an2" — QyHKuus, ro-
n#kE—1

JoMopdHasi B pacCMaTPHBAEMOM KOJbLE H HMEIOMiast IPHMHTHB-

HYI0, PaBHYIO Z n:’jl 2™t (cp. § 4, n. 1). Toraa

n#=—1

gf(z)dz=a_1 S ey g g (2)dz. (2.2)

Y Y

Onnaxo \ g (?) dz = 0, tak Kak QYHKIHS g HMEeT IPHMH-

- Coy

THBHYIO, U X %5 = 2nil(y, 0) no onpenenesuio WHaeKca 06-
Xoja. Iru I[Ba paBencTBa BMecrte ¢ (2.2) 10Ka3HBAIOT COOTHO-
menue (2.1).

®opmyaa (2.1) npuMeHnsiercss NpH HCCACJOBAHUH (QYHKLHI,
JUIST KOTOPHIX HAYaJO KOOPJUHAT SBJsSeTcss 0co00i TOYKOH
(nomocoM MM CymecTBEHHO ocoboil Toukoi). B stoM cayuae
MOA Yy MOHUMAeTcsi 3aMKHYTHIH MYTh B OKPECTHOCTH ToukH 0,
HEe TPOXOASAmHE uepes 31y Touky. Kosddunumenr a—_, psna
Jlopana ¢ysxuuu [ HaspiBaercs guwernom QPYHKUHH f B 0co60H
touke (. B uacTHOCTH, €csiH Y — OKPY:KHOCTb MaJIOrO pajuyca
¢ L@HTPOM B Hauajle KOOPAMHAT, npoferaemasi B MOJOKHTEb-
HOM HallPABJEHHH, TO

S f(2) dz = 2mia_,. (2.3)

hd
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Taxnm :xe 06pazoM onpeesisieTcsi BEYeT H30JHDPOBAHHOH 0Co60#H
TOUKH, DPAacClOJOXKEHHOH B J000H KOHEUHOH TOYKE KOMILIEKC-
Hoft njockoctu C. ‘

s onpenenenust soiema 8 6ecKoHednol mouke HeoOXo-
JUMO mnorpeboBath, 4TOOBl (GYHKUHUS f(2) Oblia rojomopdHa
npu | z | > r. [onoxum z = 1/2’; Torna

f(z)dz= ——%f(%) dz'. (2.4)

[To onpespenenuto, Boiuer (YHKUHU [ B GECKOHEWHOH TOUKe
1 1
paBeH BbYETY (YHKUHH — -zﬁf z—,) B touke 2’ = 0.

CJIe0BATENBHO, €CAH Q. (,2" — pas/oxenue QYHKIHH [ (2)
n

B psaa Jlopana B oxpecTHOCTH GECKOHEUHOH TOUKH, TO BBIYET
dbyuxuuy f B 3710l TOYKe paBeH — d—;.

Teopema o Brouertax. llyemv D — omxpoimoe
MHOocecmso cpepor Pumana Sy u f— pyrkyus, 2oromopprasne D,
3a ucKaruerueMm, Ooimo MO, U30AUPOBAHHbIX MOYEK, KOMmo-
pole asaawomes ocoduimu moukamu pyukyuu f. Hycme T —
OpUeHMUPOBAHHASA epanuya Komnakma A, codepacawjeeocs 8 D,
npuuem npednoasqeaemca, 4mo I' we npoxodum HU 4epe3 0OHY
ocodyrw moury gyuryuy f. Toeda uucro ocobux mouex, codep-
oauiuxcs 6 A, KOHEHHO, 1 umeent Mecmo caedyrouiee pasexcinso:

S f (2) dz=2ni S\ Res (f, 2,). (2.5)
r

k

30ece uepes Res (f, zz) obosuauen soitem pynkyuu f 8 mouxe 2y;
cymmuposarue npoussodumcs no acesm 0coduim MOo4KaM GyHK~
yuu [, Haxodsujumcs suympu Komnakma A (8Karouas, ecay
HYKCHO, U OECKOHEHHY0 MOUKY).

JJoxasatenbcTBo, byrem pasnuuate jBa cayuas
B 34BUCHMOCTH OT TOro, NpHHAANEXHT JAu A OecKoHeuHas
TOYKA MJIH HET.

I cayuai: OeckoHeuHasi TOUKa He NPHHANICKHT KOM-
naxkty A; Torna A ectb KOMNaxkT Ha KOMIJIeKCHOH myockoctH C
(cM. puec. 4); Kaxpas ocobasg TOUKA 2 SIBASETCH LEHTPOM
3aMKHYTOT'O Kpyra 8, HeJHKOM HAXOASAIIerocst BHYTpUH A, NMPHU-
yeM pajUyChl 3THX KPYyrOB MOTYT ObITh BHIOPaHBI HAcTOJBLKO
MaJIbIMH, YTOOH! OHH TIONAapHO He NEpPEceKalluch.
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ITyctb yp — rpasuLbl KPYTroB O, mpoGeraeMele B MOMOXKHU-
TeNbHOM Hanpasienud. Mckmoumv m3 xomnakra A BHyTpeH-
HOCTb BCEX STHX KDPYToOB; MOJYYHM HOBBI KOMIIAKT, KOTOpPBIH
ofosnayum A’. OpuentupoBaHHas rpaHuna A’ ecTbh pasHOCTb

Puc. 4. 3awTpuxopaHHas YacTb NpejcTanjiseT cofoif JonoHeHHe
K Kommakry A.

OpHEeHTHPOBaHHOI rpanunel I' KomMmakra A 0 OKpyXKHOCTeH Yp.
Tak kax ¢byukuus f romoMopdna puytpu A', 10 (eM. ra. II,
§ 2, n. 8, Teopema 5)

(t@dz=3 (i@ (2.6)
v k Yg
C npyrofi ctoponsl, B cuay (2.3),

| 7(2)dz = 2mi Res (f, 2,).

v
IToncTaBUB 310 paBencTBO B (2.6), MBI NTONyYaeM COOTHOLIEHHE
(2.5). Teopema jokasaHa.

II cayuaii: Geckoneunast Touyka npuHapiexutA. Tlycrs
| 2 |> r — OKpPECTHOCTh GECKOHEUHOH TOUKM, B KOTOPOH dyHK-
nus f (2) ronomopdHa (BO3MOXKHO, 3a HCKJIO4eHHEeM CaMoH 3TOH
TOYKH), NpHYeM TpaHHUA 3TOH OKPECTHOCTH HE IepeceKaer-
cacT.
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[ycts A”— KOMNakT, monydenHwmil u3 A MCK/IOYEHHEM
obnactu |z | > r (cm. puc. 5). OpueHTHpOBaHHas IpaHMIA
KomnakTa A’ ecTb CcyMMa OpPUEHTHPOBAHHOM TIpaHuusi I

P mc. 5 3amrTpuxoBanHasi 4YacTe INpeXCTaBJsieT
coGoil xonoauenme X A.

Komriakta A H OKPYIKHOCTH | 2 | = r, mpoGeraemMoli B nosoxKH-
TeNbHOM Hampasienun. TTocKoAbKy KOMNakT A” He COAEPIKHT
GeCKOHEYHOH TOUKH, AJsi HEro Teopema O BHUETAX yiKe JOKa-
aana. CoryiacHO 3Tofl Teopeme, HMeeM

Sf(z)dz+ g f(2)dz =21 S\ Res(f, zi).  (2.7)

r ]zi:r Rk
Cymma, cTosmas B npaBoil yacTH, pacupocTpaHeHa Ha Bce
ocobbie TOYKH 2 QYHKUHUU f, cofepaKalifecss B KOMiakre A,
kpome Oeckorenroll mouxy. C APYrof CTOPOHBI, MO Onpelesne-
HHIO Bhl4eTa B OeCKOHEUHOH TOYKE HMeeM

[(2)dz= —2niRes(f, o);
| zl=r
NOACTARMsAS 3TO PaBEHCTBO B (2.7), nosydaem
S f(2) dz = 2ni (Res(f, )+ Res (f, zh)> .
r R

Ho 310 paBeHcTBO ecTb He YTO HHOE, KaK cooTHouweHue (2.5),
TaK KaK GECKOHEYHOCTb eCTb OfiHa U3 TOUYEK Zj.
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3 ameuaHnue PaceMorpuM, B yacTHOCTH, CIydal, Korja
paccmaTpuBaeMblil KOMOAKT ecTh Bes chepa S,. Tak Kak rpa-
HYUIA 3TOTO KOMIIAKTa — IyCTOE MHOMXKECTBO, COOTHOLUEHHE
(2.5) mepexonur B PaBEHCTBO

; Res (f, 2,)=0. (2.8)

Hanpuwmep, cymua scex soremos payuonarstoid Opodu (8xawo-
4as Buient 8 OECKOMEeUHOCMU) PABHA HYAI.

3. IlpakTuyeckoe BBIYHCJEHHE BBIYETOB.

Caydafi npocToro noudatca. Ilycmw z, — npo-
crofl mostoc dysKuuu f, Toraa

@)=

rie g — dyHKuus, rosomMopduasi B OKPeCTHOCTH TOYKH 2,
g (20) # 0. Ilycte

1
-8,

g(Z) = 2 Ay, (Z— Zo)n

n=0

— pasnoxenne Teliopa ¢yHKOHH g (2) B OKPECTHOCTH Z,.
Mol BuzuM, uto B pane Jlopana dyukunuu f (2) KospdunHeHT

npH 27—z, Pasen g (zo). CaenoBatenbHoO,
Res (f, zo) =lim (z— z0) [ (2). (3.1)
-2
2529

Ecau dynkuua [ (2) sagana B BHAe uvacthoro P/Q, rae P
H Q — dyuxnud, rojioMopdEbe B OKPECTHOCTH TOYKU Zg,
IpUYEM 2o €CThb HPOCTOil Hyab dyHKiuu Q, a P (25) # 0, To

Res (/, 20) = g (3.2)

rae Q' — mpoussoaHas Q.
IMpuwmep. Iyems f(2) =?e_%; y 3Toil GyHKIUM JBa

. 1
MPOCTHIX Modca 2 = + i; NocKoabKy P/Q’ =~2—Z—e”, BBHIYETHI

i
dyukuuu f(?) B 5TMX TOYKAX PaBHBI COOTBETCTBEHHO — -

Idie
7
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Canyuwaili kpaTHoro nouatca. Ilyers f(2) =
( ! " g (2), rae g(z) — bynkuus, rogomMopbHast H OTIHY-
Z— 2
Has OT HyJsl B TOuKe Zo. Bomer dynHkuuu f(2) pasen xoadu-
IMeHTY 1npH (2 — 2p)*"! paga Teinopa GbyHKuHU g (2) B Tou-
Ke 2o. Takum o6pasom, 3a7aia CBOAUTCS K BBIYUC/JEHHIO KOad-
¢unuenta psaga Teftopa ¢yukuuu g (z). Has storo yacto
GuiBaeT yA0OHO NPUHSITE [ = Z — Z; 32 HOBOE IepEeMEHHOe,
eiz
np HMED. Hych f(Z)-—m.
(GyHKIHY B ABOHHOM moskoce Z = i. B nanHOM ciyuae

HajiigeMm BoigeT 3T0H

ei?
@)=t
Tlonoxum 2 = { + ¢ u HaliieM KoadpunueHT mpu ¢ B psifie
Tefinopa dyHKI UK
eii+D)
(i410) 2402

IloctaTouHo BbINucaTh psianl Tefiylopa KaxXaoro H3 COMHOXKH-
Tesiell, OrPAHHUMBIIKNCG WieHaMH 1 cTemeHu:

D = (1 it +...),
((+t1= —i(l—ityl= —i(l4it+...),

Qi+t = —§~<1——;'t>”2= — (it ).

OTcrona

h(t) =

h(t)= -4 (14 3it+...),

. 3
H HCKOMBIH BLIUET paBeH — v

Ilpunoxenue: BHYET JoOorapudmuue
CKoHd nmpoussojHoi llyers f(2) — pyuknus, mepo-
MOp(pHAasT B OKPeCTHOCTH TOUKH Z,. [pebyeTcs OIpeAeuTh
BbIUET JiorapHGMUYecKoil npoussoaHoi f'/f B Touke 2. Vmeem

’ @) =(z—2)"g ),

rae GyHkuusa g (2) ronoMopdHa M ONIMYHA OT HYJisI B TOUKE
Zp, a LeJoe YHCJIO R TOMOKHTEILHO HAH PAaBHO HYJIO, eCJH
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byuxnus f(z) ronoMopdHa B TOUKE Z, U OTPHIATENLHO, €CJIH
2y — nosmoc ¢ynkuud f. BeryucasieM JorapuGMHIecKy© INpous-
BoAHYIO (yHKIuH [

f'If=

CnenoBaTeNbHO, TOYKA 2o SABASACTICH NPOCHbIM HOAOCOM PYHK-
wuu ['/f, u evem smotl yHryuu 6 2o pasex uucay R, T. e.
KPaTHOCTH HYJsl HJIH MOJIOCA 2o (KPATHOCTb CUMTAETCsl MOJOo-
KHUTEJbHOH, ecii peub MLET O HyJe, H OTpUnaTeJbHOH, ecau
peub HAeT O MOJIGCE).

k
2—2

+g'lg.

4. OmnpepeneHne 4KHCJAA ROMIOCOB H HYJed MepoMopdHof
thyHKLHH.

IMpepnnoxenue 4.1. ITycms f (z) — mepomopgrasn
yHKyus 8 omKpsimom mroxtecmee D, He sgasrouiaacs nocmosH-
Hot, a T — opuenmuposarnnas epanuya komnaxma K, codep-
acangeeocst 8 D. Ilpednonosicum, umo ¢pynkyus [ ne umeem Ha T
noawcos u He npunuraem sHavenus a. Toeda

1 Sf,(z)dz=Z—-P, (4.1)

ni ) f&)—a
r

2de Z npedcmasaaem coboll cymmy Kpamuocmel Kopwell ypas-
HeHUs. :

f(2)~a=0,

codepocawuxcs 6 K, u P — cymma -kpamrocmed noarocos
pyuryuw f, codeprcawyuxcs 8 K.

310 cpasy clefyeT W3 TROPeMBbl O BhMETaX H AOKA3aHHOTO
B KOHILE 1. 3 yTBEPHKAEHUs] OTHOCHTEJbHO BLIYETOB JIOTAPHDMU-
yeckofl mMpoM3BOAHON (yHKUUH f(2)—a.

B vacrtrocTH, ecau ¢yHK.dus [ rojoMopdHa, TO HHTerpas
B JeBoH uacTu paBencTBa (4.1) paBen umcny Hyseldl QyHKuuHM
f (2) — a, conepxawuxcs B K, nprueM KaxAelil kyJib yUUTHIBA-
€TCs1 CTOJBbKO Pa3, KaKoBa ero KpaTHCCTh,

OTMeTHM, YTO 3HAYeHHE MHTErpasja B JIeBOH YacTH paBeH-
cTBa (4.1) paBHO YACTHOMY OT A=JI€HHS HA 27 USMEHEHUA apey-
Menma | (2) —a, Korza 2z mnpoGeraer 3aMKHYTHIH IyTb [
(cp. ra. 11, § 1, o. 5).
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Illpeanoxenne 4.2, [lycme 2o— Kopens Kpamuocmu
k ypasrenus [ (2) = a, edef — eonomopgprasn pynrxyus 6 oxpecm-
HOCMU — mOuKW 2o, He sgaawuwaacs nocmosnnod. Toeda e
a0boti docmamouno maaoll oxpecmrocmu Vo mourku 2o u 0as
200020 ducaa b, docrmamouno 6au3koeo K a, ypasHerue f (2) = b
umeem mouro k pewenuil,

B camom pene, mycTb y — OKPYKHOCTb C LEHTPOM &g
HaCTOJbKO MaJoro pajuyca, 4To Zo— €IUHCIBEHHOE peilleHHe
ypagHenus [ () = a B 3aMKHYTOM Kpyre, OrpaHHYHBAEMOM Y.
TpeAnonoxkuM, KpoMe TOro, 4To pajiuyc HACTOJbKO MaJj, 4To
f' (2) ornuuHa OT HyJsl BO BCEX TOYKAX HTOTO KPyra, KpoMme
TOUKH Zo. PaccMotpuM wuHTErpas

1 ¢ f(2)dz
o S 2% (4.2)
Y

MaBecTHO, uTO 3HaueHue nHTerpana (4.2) octaercst moCTOSHHEIM,
Korja Touka b mpoberaer CBSI3HYKO KOMIIOHEHTY MAOMOJIHEHUS
K MHOXKECTBY 3HAuYeHHH GHYHKIHHK [ Ha OKpyKHOCTH Yy (cp. ra. I,
§ 1, n. 8). CnenoBatentno, Aas Jwoboro b, gocraToyHo Gaus-
KOO K @, HMEEM PaBEHCTBO

LS f’(Z)dZ_LQ ['(@dz _,

2w Y F(@—b  2mi ) f()—a T

Y Y

[Mostomy ypaBuenue [ (2)=b umeer BHYTPH y TOUHO k KOp-
Hell, NIpHueM KaxAblfli KOpeHb YYHTLIBAeICs CTOJNBKO pas,
KaKoBa ero KpaTHocTb. Ecan ke b He paBHO @, HO AOCTaTOYHO
O6MU3KO K HEMy, TO BCe KODHH ypaBHeHus [ (2) = b mpoctsl,
TaK KaK B TOUKaX 2, He COBHAJAIOIUX C Zg, HO AOCTATOYHO K Hell
6au3kux, npoussoimast f (2) orauuna ot Hynas. Ilpensoxe-
Hue 4.2 JoKasaHo.

5. Ilpunoxenne K frosiKonepuopndeckuM pyHkuam. [Tycts
€4 U ey — JiBa KOMIIEKCHBIX YHCJA, JIMHEHHO HEe3aBUCHMEIX
Haj modeM R, T. e. Takux, uroe, # O U e;/e; He sBasiercst fefi-
CTBUTeNbHBIM YucaoM. COBOKYNHOCTH BEKTOPOB BHAA 14e; -+
+ nges, TAE N4 U Ny — MPOU3BOJIBHLIE IEJIbIE JeHCTBHTENbHBIS
uncaa, ofpasyer AVCKPETHYIO NOArpynny €2 aAJuTHBHOH IpyH-
net nosig €. T'opopst, uto dyukuus [ (2), onpeleieHHas BO
Bcell KoMmmaekcHOH miockocta C, siBisiercs 0dgosKonepuodute-
crold pyuryued ¢ epynnod nepuodos €2, ecu KaKOBBI Gbl HH
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OLIJIM KOMILJIEKCHOE UYMCJIO 2 U Iebie [JeliCTBUTEJDbHBIE uucaa
ny U Ng, UMEET MECTO DABEHCTBO

f(z+ niey 4 nges) = f(2). (5.1

Hus 3Toro Heo6XOAMMO W JOCTATOYHO, YTOGH JJIst BCEX 2
BBINOJIHSJIHCE PABEHCTBA

[(z+e)=[(2), [(z+e)=F(2) (5.2)

Ilycts 25 — HEKOTOpoe KOMILTeKCcHoe 4dHcao. PaccMoTpum
3aMKHYTHIl mapajjejorpaMyv C BeplIMHAMH B TOYKax 2o,
20 + e, 296, 25+ e+ €5, OH COCTOMT U3 TOUEK BHIA
20 tien + taee, THe 0Lt <1, 0 s l. Taxoit napan-
JICJIOTPAMM Ha3bIBARTCS NAPAALEA0ZPAMMOM Nnepuodos C Bep-
IIHHOU B TOYKe Zq. .

ITycts Teneps f (2) — ABosKomepuogHueckas QpyHKIUs, Me-
poMopdHas BO Bcell IJIOCKOCTH, H §2 — rpynma ee NEPUOHOR.
BriGepem zj, Takyio, uToObl GhyHKLHS [ (2) HE HMeNa IOJIOCOB
Ha TpaHuie y napaJjjiejorpaMMma nepHoJoB ¢ BeplUHHON B TOY-

Ke 2. MHTerpan S f (?) dz paBeH Hya10 B CHJAY NEPUOAHYHO-

Y
cTH (PYHKIHH V; B CaMOM jeJe,

{ 1e)dz=

Y

[f (z0 -+ tes) — [ (20 -+ €2 + tey)] di +

4\ [f(z0-es-+tes) —f(zo +teg)l dt.

SV oy

Ilpnmensst 3ToT pesysbTaT K JorapudMUYECKOH MPOU3BOJ-
Holt f'/f u yuuteiBast npennoxenue 4.1, noayuaem

Iilpeanoxenue 5.1. Ecau [ (2) — Ososikonepuodute-
cKas pyHKyus, mepomopdras 60 ecell NAOCKOCHLL, MO HUCAO
Hyreld amod  pynkyuy, codeprcauyuxca 8 napaiienvepamme
nepuodos, pasHo 4UCAY ee NOAKICO08, COOCPIAL XTI 8 Mom Na-
parnesoepamme.

CnenctBue. Jlgoakonepuoduueckas QPyHKYUSL, 2040-
mopeprasn 8o eceti naockocmu C, ROCMOAHHA.

B mnporusHoMm cayuae umeao uysaeit dyrkunu [ (2) — a
PaBHO YUCAY MOJIOCOB, T. €. HYJIO. DTO HEBO3MOXKHO, TaK KakK
a — Jaio6oe quCIo,
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Teneps pacemorpum dyuxuuio 2f° (2) /(f (z) — a). Ira dyHk-
ISl He SBJsieTCs NMEPHOANYEcKoll, MO3TOMY HeJb3si YTBep-
}KJIaTh, YTO HHTETpaJ MO TPaHHIle y MapalJesorpaMma IepH-
0708 paBeH HYJo. [lokaxeM TONBKO, UTO 3HAUEHUE HHTErpasa

1 zf (2)dz
i Q To—a (5-3)

IPHHALJICIKUT TPYNNe nepHofoB Q. B camom fesne, 3ToT UHTe-
rpan paBeH CyMMe
e [ ['(2dz S (e de
T onmi S +2m ‘\ f@)—a’
Y1
rie y; — CTOpOHa napamenorpaMMa c HAyanoM Zo M KOHIIOM
2p-1€y, 8 Y2— CTOPOHA C HAYa/OM Zo Ml KOHLIOM 2o+ €5, JHAUCHHS
1 [ () dz 1 P () dz
omi S f—a "o S f—a
¥ Yy
C npyrox:&(CTopOHbI, uuterpan (5.3) pasen cymMme BLIYETOB (DYHK~
2’ ()
M T —a
UK SBJAAI0TCS nosiock! f'(2) unyau f (2) — a. Ecan f; — no-
JIIOC, TO BbiYeT pacCMaTpHBaeMoil YHKLHU B HeM paBeH — kB,
rjie X — ero KpaTHOCTb. AHAJIOTHUHO, BLIUCT B HyJI€ &; QyHKIHH
f () —apaBen ko;, rae £ — xparHocTs Hyast. B pesyabrare
noJsiyyaeM
MMpexnoxenue 52 ITyems [ (2) — He asasuoujascs

nocmoauHol  0gosxonepuodudeckas —(yHKYUR, MepoMOpHHAS
60 écel naockocmu; @ — epynna ee nepuodos. Toeda 0rsn 2106020
KOMNAEKCHO20 HUCAA @

Zi o = EZ B; (mod Q),

20e a,—Kopru ypasrerus [ (2) = a, a P;— noarocer (xaok-
Obttl u3 mex u Opyeux CHUMACMCA CHIOABKO pU3, KaKosa €20
KpamHocmo).

B wacTHOCTH, cyMMa ) @; 10 MOAYJIO £ He 3aBHCHT OT Q.
i

K€ HHTerpajson — yeavie wucaa,

. Briuncsum sty BoiweTsl. [losiocamu 31Ol QyHK-

§ 6. BbIMUCJIEHUE HHTETPAJICE C NMOMOUBLIO BHIYETOB

B stoM mnaparpade Mul 6yleM BBIUHCJIATL ONpeieseHHbe
HHTerpannsl 0e3 HaxXOXKAeHUs HPUMHTUBHOH M5l (PyHKIHH,
crostied IO/ 8HAKOM HHTErpaja, NpeNCTaBliss SHAUeHHe =
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HHTerpasia Kak CyMMy BLMETOB HajjexamuM obpasoM mofo6-
panHo# rosioMopdHON QyHKIHH B ocobux Toukax. Ilpepna-
raeMblfl 3/ieck Croco® BHMHCJEHHS! MHTETPAJIOB He fBJSETCH
o6mHUM MeTOJOM, NO3BOJISIIOLIMM DE[IaTh 33ajauy BO BCex
cay4yasx. Mbl  orpaHHYHMCs DacCMOTpeHNHeM HEeCKOJbKHUX
KJaccHYeCKHX THITOB HMHTErpaioB M NOKameM s Kax[ioro
U3 HUX, KaK 3ajaua HHTETpUpPOBaHHUs MOXeT ObTb CBejeHA
K 8ajlaue BEIUNCJEHHs] BbIUETOB.

I tun PaccMorpum uHTerpan Bupa
20
[= g R (sint, cost)dt,
o

rie R (x, y) — paunonanbﬂaﬁ (yHKIHs, HE MMEfoIllas nosio-
coB Ha OKpyxHOcTH 2 + y% = 1. Tlonoxum €' = 2z; Korja
¢ usmensetcs o7 0 1o 2m, 2 onUCHBALT eAUHUUHYIO OKPYKHOCTD.
CnefioBaTesbHO, 4ncio / paBHO NMPOM3BEJEHHIO 270 Ha CyMMY
BBIUETOB (DYHKIIUU

R (2 (e=5) 7 (e+3))

B NOMI0CAX, COEPKANIUXCS B €AUHHYHOM KpyTe.
Muaue rosops,

_ 1 1 1 1 1 1
r=2a P Res{2R (3 (a=5)> 2 (#+3))}
rje cyMMa pacnpocrpaHeHa Ha NOJIKOCH, HaXoAduiuecss B ejH-
HHUYHOM KpYyTe,

2n
. dt .
[MTpumenp. Ilyers [= S aFsmic TAe a— Jeficreu

5
TeJIbHOE uHCa0, Goabliee 1. Torza

1 26
[=2ﬂZReSmj—l‘ .

EnnncTennmil noatoc 3Toit yHKIHM, COjepiKamiuiica B elH-

HUYHOM KpyTe, HaXOZUTCSI B TOUYKe 25 = —id + iVai—1;
3 2n

, OTKyja [ = ———
T © YA YV aa—1

i
BbhiYeT B HEM paBEH T o
p 20-+1ia Vo=
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II 7 umn. PaccMoTpuMm HHTErpasn BHAA
[= S R(x)dx,

rie R — pauuoHanbHas QyHKLOUs 6e3 AeACTBUTCbHBIX MOJIO-
coB, Kpome TOro, DpepnoJoxKuM, YTO HHTErpajJ CXOAuTcH;
AN 3TOTO Heo0XOoAMMO H JOCTaTOUHO, 4TOGH IJ1aBHAasi 4acTb

Y

Y o ¢

Puc. 6.

I
R(x) B 6eCKOHEYHOCTH HMeJa BHJ ~7 » DA€ n—1eJioe 4Heo,

HE MeHbllee AByX. ITO yCJIOBHE SKBHBAJEHTHO CJELyIOLIEMY:
lim xR (x)=0. (2.1)
|x]—>oc0

s Beluncnenust uHTErpana / uurerpupyeM ¢yHKuuio R(2)

KOMIIJIEKCHOT'O NTepeMeHHOro Z [0 Tpanuie Y IOJAyKpyra pajuy-

ca r ¢ LEeHTpoM B TouKe 0, pacCroOKEHHOr0 B MOJYIJIOCKOCTH

¥ >0 (puc. 6). Has nocratoyno Gonbmux r GyHKuus R(2)

rofoMopcHa Ha Y, ¥ HHTerpas S R(?)dz paBen cymMMe BbIYETOB

¥
dynkuun R B mosocax, HaxXOASIMXCsl BHYTPU TOJYKPYyra,
orpannyuBaemMoro y. CrefoBaTeNbHO,

r

S R(x)de+ | R(z)dz=2mi Y\ Res(R(z)),  (2.2)

8(r)

rae mof 6 (r) monuMaeTcs MOAYOKPYKHOCTh pajuyca r C IeH-
TpoM B Touke 0, mpobGeraemas B NOJOXHTEJILHOM Halpasie-
HUH, @ CyMMa PacnpocTpaHeHa Ha BCe MOJIOCH], COAePKanHecs
B NONYKpYre, OrpaHHYHBaeMoOM KDHBOH Y.
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Korga r ctpeMurcst K GeCKOHEUHOCTH, NEPBHEIH HHTErpaj
B JIeBOH uvacTu paBeHcTBa (2.2) cTpemurtcst kK [; Kak Oyher
JOKa3aHO, BTOPOH HHTerpajs cIpeMutrcst K Hydo. Ilosmyunm
paBeHCTBO
[ee)

S R(x)dx=2xni D) Res(R(2)), (2.3)

—00

rie cyMMa pacrmpocTpaHena Ha Bce nogiockl ¢yHkuud R (2),
HaxoJsiHecst B mosymiockoctd y > 0. TouHO Tak Ke MOXHO
JOKasatb, 4TO

(o]

S R(x)dx= — 2ni ¥ Res (R (2)),

-_—i0

rAe CyMMHPOBAaHHE IIPOMCXOAHT IIO BCEM IIOJIIOCAaM, pacroJjo-
KeHHBIM B TIOJyIIIoCKocTH y < 0.

Ocraetcs nokasatb, 4To S R (2) dz ctpemurcss K HYJIO

o(r)
IpU 7, CTPeMsIEeMcs K 0eCKOHEUHOCTH. DTO BEITEKaeT H3 CAEeAYIO-
HIeHd JieMMBI,

Jdemwma 1. Hycms | (2) — ¢ynryus, onpedescrnasn 8 cex-
mope '
0:<0<0;,;

r u 0 obo3nauarom coomeemcmeenHo MOOYAb U apeymeHm
qucaa z. Ecau

lim zf(2)=0 (0, <argz<0y),
[z]—>o0 )
mo unmeepan S f(z)dz no Oyee oxpymcunocmu paduyca f,

colepacawetica 8 cexmope 04002, cmpemumes Kk nHyao
npu r, CIpemMAencs K OeCKOHEUHOCMU.

HefictBuTensHo, nycte M (r) — BepXHssi TpaHb MORYNS
| f () | na ayre kpyra |z | = r. Torza

} S f(z)dzlgM(r)r(ez——ei),

OTKy Aa o CACAyeT YTIBEPXKACHHE JICMMBL.
9 A, Kapran
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Takum ke CHOCOGOM MOXKHO A0KA3aTh €lile OAHY JIeMMY.
Jdemwma 2. llyems [ (2) — Qyrryua, onpedesenras @
cexkmope

8, <0< 6:;

r u 8 o0603HQuQIOM COOMBEMCMBEHHO MOOYAb U QpP2YMEHm
yucaa 2. Ecau

linng(z)=0 (0, <arg 2 < 8y),

>
mo urmezpai Sf(z) dz no Oyee paduyca r, colepacauietica
8 cexmope 0, <0< 0s, cmpemumes K Hyao npu r, cmpems-
WeMest K HifAm.

ITpumep. Ilyctd Tpebyercss BBIUUCIIHTE HHTETPA

o

dx
1=
14-x
0
1
d)yHKLU/ISI 1+26 uMeeT NIeCTb TOJICOB, TPH H3 KOTOPBIX, a
HMEHHO

i 3L sl
€6, 62, ¢ 8,
HaXOJLsTCsl B BePXHEH MONYIIOCKOCTH. BhiYeT B KaxKA0M TaKoM

1
noJioce  paBeH 5—252‘—%: OTKyJa
1 © J 1 0 i 2 b 2
S (s m (e e )
I= 5 S TEas = 5\ +e “ e =

) =% (2sing+1)=F.

III 7wumn Temepp Mbl M3yuuM HHTerpajbl BHAA
0
I= g f(x) ' dx,
-0
rie f (2) — yukuusi, rosomopdHas B 3aMKHyToif BepxHeil
HOJIVINIOCKOCTH ¥ 3> 0, 32 BO3MOXKHBLIM HCKJAIOUEHHEM KOHEYHO-
20 MHOXKECTBa TOUEK.
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CHauasma Mel paccMOTpPUM cJiyvyail, Koraa ocobule TOYKH
He JiexaT Ha jelicTBHTeNIbHOH ocu. Torza mHTerpan

§ f(x)e*dx

r

HMeeT CMBIC, W IIPH ¥, CTpeMsIeMCsi K 0o, ero 3HauyeHHe
CTPEMHTCA K

°§ f(x)et*dx

B cay4uae, ecJU NOCACAHUH HHTerpasl CXOLUTCS.
MeI JOoKaxKeM clenyrulee yTBepKIcHUe.

IMpeanoxenune 3.1, Ecau lim f(z) =0 npu

{z] >0
y>0, mo

r

lim g f(x) e dx =2 3 Res ( (2) ), (3.1)

T=>0C

20e Cymma pacnpocmpaHera HQ 6ce 0co0vie MOUKU (DyHKYUU
f (2), Haxodawuecs 6 sepxueld noayniockocmu y > 0.

fee]

3aMeTuM cHayana, 4TO eCaU HHTETrpan S |f(x)] dx cxo-

-0
[o0]

JuTCsl, TO HHTErpasn S f (x) e*dx abconmoTHO CXOAMTCS;

o~
B 5TOM cjiy4ae cooTHouenue (3.1) o3Hayaer, uto
©

S f(x) et de=2ai 3 Res ([ (2) ). (3.2)

—0

o]
Hurerpan S f (x) €' dx MOMKeT TaKiKe CXOAUTHCS HeaOCOIOTHO.
—00
Hanpuwmep, xopomo usBectHo, 4to ecjin dyHkuus f (x) MOHO-
TOHHA NMPH x>0 M cIpeMuTCs K HYJIO INPH X—> - o0,

g*
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(o]

TO HHTErpaJj S f (%) e" dx cxonures, Boobule rosopsi, Heabco-
0

JIOTHO. B aTOM csiyuae Taxixe BLIIOJHEHO cooTHOLIeHHe (3.2).
Tpexjie ueM NPUCTYIHTL K J0KA3aTeJNbCTBY TPeAJIOMKEH s
3.1, sameru, uTO B BerHeﬁ NOJNYIJIOCKOCTH i > O BHINOIHEHO
paBeHCTBo | e | < 1. D10 ropopHT o0 TOM, YTO LEIecO0Gpas-
HO [pOM3BECTH HHTerI/IpOBaHHe B MOJIyIIocKocTd g 3> 0 mo
TOMY K& KOHTYPY, YTO U B CJyuae HHTEIPajoB BTOPOrO THIIA,
Mber nokaxem B obosHaueHusix dopmyast (2.2), 4to unme-

epan [ (2) €% dz cmpemumes K nyawo npu r, cmpemauemcs

o(r)
K + oo, OtTcioaa, oueBuano, OyaeT cyiefloBaTh nNpefdoxente 3.1,

Ecau useectno, yro lim zf (z) =0, To gocratouHo mpu-
|2|->c0 :

MeHUuTb JeMMmy 1. Hanpuwmep, paccMoTpum MHTErpan

§%ﬁ%; R(sz—{“l %)

3HaueHue HHTerpaja, CTOsIIeT0O B IpPaBOi 4YacTH, PaBHO
. ez
)1 41 Z Res(m , [Ae CyMMHpOBaHHE PacnpocTpPaHeHO Ha
TNOJIFOCHl, PACHONOXKEHHbIC B BEpXHeHd MOoJayIJIOCKOCTH. dyuk-
1<

e o . o
nus 2T HMEET TOMBKO OIAHH TaKOH MOJIOC £=1; 3TO MPOCTOHU
i

NoJIcC, H BhIYET B HEM DABEH
e—1
20

OTKYJa
@

cosx 4o T
x24-1 T 2
0

Jas Toro 4utobnl JOKasaTh, UTO [ (2) € dz crpemurcs

o(r)
K HYJIO 8 ycaoguax npedroxcenus 3.1, ucnonbsyem cuaepy-
IOLIYI0 JIeMMY.

Jdemwma 3. [yeme [ (2) — ¢ynkyus, onpedesennas 8
cekmope 0, <0 <0, noaynsockocmu y > 0.
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Ecau llim f(2) =0, mo unmeepan S [ @) e*dz no dyee
|z|~>o0

OKpYIHCHOCIU paduyca r, 3aKAO4eHHOL 8 3mom cexmope, crmpe-
MUMCA K HYMO NPU T, CMPEMAUEMCS K OeCKOHEHHOCHLL.

B camom jJene, mojoxuMm z = ret®. Tlyere M (r) — Bepx-
HsIsl TPaHb MORyas |f {rei®)| nmpn pannoM r, Korja 6 meHsetcs
TakuM o6pasoM, 4TO Touka re’® ocTaercs BHYTpPH CeKTopa.
Torza

i S fz)c” dsz (r) § e=Tsin6 4o, (3.3)
‘ 0

Tenepb asist 10Kas3aTeNLCTBA JIEMMBI 3 OCTaeTcsl 0Ka3aThb,
n

4TO 3HAYEHHE HHTerpasna S e~T8In0 r 40 MOXKHO MaxKOpHPOBATH

0
HE 3aBUCAIINM OT 7 YHCaAOoM, B AeACTBUTENHHOCTH HMEET MECTo

PaBEHCTBO
n/2

emrsindy 46 = 9 \’ e=—7sin8r 4o  m. (3-4)
0

OC 0 ]

HoxkasareabcrBo HepaBenctsa (3.4). Eamm
0 6<%, TO

2 sin @
<o <l
OTKyJa
n/2 /2 ?)o
e“’smerd6<5 e 7 rdo < Be rde_f;—.
0 (i}

Takum ofpasom, npenioxenue 3.1 Aoxasano.

Teneps paccmoTpum cayuaft, koraa gyuxuus f (2) MOxKeT
HUMeTb ocoOble TOUKH HA JAeHCTBHUTEeNBHON ocu. Mbl orpaHuumM-
€l pAacCMOTPCHHMEM OJHOTO npumepa, Korxa dyuxknus [ (2)
HMeeT NPOCTOH MOJICC B Hauaje KOOpAHHAT. Torja oKashelBaer-
¢l 1esecoo0pasHBIM H3MeHHTb HyTh, IO KOTOPOMY NPOH3BO-
AuTcs MHTerpupoBaHue, oOOTHYB HAYajJ0 KOOPAHHAT MO HOJY-
OKPY3KHOCTH Yy () Masoro paguyca & > 0 C eHTPOM B HayaJje
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KOODAMHAT, pPAacCIOMIOXKEHHOH B BepxHeH MOJYIIOCKOCTH
(puc. 7). Mbl Oyjiem onupaThesl HA CASAYIOULYIO JIeMMY.

Lo - T
0(e,0) (r,0)

Puc T.

JJemma 4. Ecau 6 mouke 2 = 0 ¢ynryus g (2) umeem
npocmoti noatoc, mo

lim S g (2)dz=mi Res(g, 0), (3.5)
e—0

v(e)

ede y () npobezaemcs 6 HANPABACHUU BO3PACMAHUA apey-
MeHma.

B camom pene, g (2) =% + h (2), roe h (2)— dyuknus,

rojioMopdHass B Hauajge KoopiHHaT. KuTerpan g h (2) dz
v(e)
CTPEeMHTCSI K HYJIO HpH &, CTPEMsIeMCs K HyJI0, a HHTerpas
a .
?dz paBeH mia. Jlemma JokasaHa.
v(®) ' iz
Ora snemMMa npumensercs K Gyskunum g (2) = f (2) €.
ITpuwmep. Ilycts Tpebyercs HaWTH HHTerpaj

o (o]

[=§si2xdx:%~gmsi1;xdx=
—aim[ § Faer ]

[

—0 +
Kak BujHo us puc. 7, 310T npejiesn paBeH
Llim S ———d —Res(e1z 0)="
57 Z = . =75 -

e—0

v(e)
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Baxunoe 3asMeuatne. Ecau tpebyercs BLUHCAHTD
(e} fee) '

He S f(x)et* dx, a S f(x)e**dx, To cnefyer UHTErPHPO-
—co —co

BaTh HE B BePXHel, a B Huocxell OMYILIOCKOCTH, TaK KaK MOAYJb

[e‘”| OrpaHuUYeH B HIKHeH IMOJYNJOCKOCTH U CHpaBeAsuBa

Jemma 3.

(o)

Boofuie wnTerpan Buja S f (x) e** dx, rpe a — HeKoTOpOE
-—00
KOMIIJIEKCHO® YHCJI0, BBIUHCJASIETCS] C MOMOLIbIO HHTErpHpOBa-
HUsS B IIOJYIJIOCKOCTH, B KoTopoit || < 1.
Crnenyer moMHUTb, u4TO (YHKUHH SingZ, COSZ He 02paHu-
YeHsl HU 8 KaKoli noaynaockocmu. s TOro 4ToOBI BHIYHCAHTD
MHTerpaj OJHOTO U3 BHAOB

S [ (x)sin” x dx, S f (x)cos” x dx,

—_—00

caellyeT BHIPa3UTb TPHIOHOMeTpUUecKHe GYHKIIHHN Yepe3 3KCI0-
HeHIHaJbHble, YTOOR MOKHO OBUIO TNPHMEHHTh NpeaplyLiHi
METO/.

IV T u n. PaccMoTpuM HHTerpaisl BHAA

[es)

[= S RO gy
A

rae o — JedcTBHTesqbHOE uucio, 0 < a <1, a R — pauuo-
HaslbHast QYHKOHA Ge3 TMOMIOCOB Ha AeACTBHTENBHOI MOAYOCH
x> 0. $lcHO, YTO 3TOT UHTErpaj CXOAUTCA BOMH3M HUIKHEIO
npejena uHrerpuposanus 0. s Toro uToObl OH CXOAMJICS
BOJIH3H BEPXHEro Ipefesa HHTerpupoBanus oo, HeoGX0AMMO
M JOCTaTOuHO, YTOOW! GYyHKIHS R (x) umena B GeCKOHEUHOCTH

1
TIABHYIO YaCTb BHAA —z-, T N> l; unaue roBopsi, Heo6xo0-
JMMO M JOCT4TOYHO, YTOOHI

lim R(x)=0. (4.1)

X—>-}co
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Jnsi BBIYMC/EHHS] TAKOTO HHTErpata pPaccMOTPHUM (PYHKIHIO
R (2
f (z):% KOMIOJIEKCHOTO  [ePEMEHHOTO 2, OlpefelieHHYIo

B o6nacte D, KoTopasi 1nofyyaercst U3 KOMILIEKCHON IIOCKOCTH
HCKJIOUEHHEM ITOJIOXKHTENbHOH nonyocu x> 0. Mbl JOMKHEBL
YTOUHHTb, KAKYIO HENpPepLIBHYIO BeTBh (GYHKIUM 2% B 06jacTu

Y(e)

Puc. 8

D wmut BeiGpanu. s 3T0T0 AOCTATOYHO BHIOPATh HENPEPLIBHYIO
BeTBb aprymenta arg z. BruiGepem Ty, ZJas KoTopoil arg z 3a-
KaroueH Mexay 0 u 2m.

R(z
ITponnTerpupyemM Tenepb QyHKIHIO _z(OT)
nytu 8 (r, €), OnpejlesleHHOMY CJEAYIONIHM 06pa3oM: HauHHast
oT Touky & > 0 Ha AelCTBUTENbHOH OCH NYTh HJAET MO JeHcT-
BUTEJBHOH OCH B HaNpaBJeHUH BO3pacTaHus A0 TOuYKH 7 > 0
3aTeM OH OOGXOAHWT B I[OJOXKHTEJILHOM HaNpaBleHHH OKPYMXK-
HOCTB Y {r) pajuyca r ¢ IEHTPOM B Hauajie KOOPJAMHAT; 3aTeM
HJEeT 10 JeHCTBHTEJBHOH OCH OT r A0 € U, HaKOHel, OOXOZUT
B OTpPHIIATEbHOM HaNpaBJeHHH OKPYKHOCTb y (g8) pajuyca e
C IIEHTPOM B Hauaje KoopAuuat (cM. puc. 8). Murerpan

R—(az)dz
2 .

N0 3aMKHyTOMY

1
2mi
8(r, &)
papeH, eCjJH r JOCTaTOYHO BEJIHKO, a & — AOCTAaTOYHO Malno,

R (z
CyMMe BBIUETOB CI)yHKLU/IH —ST) B IIOJIOCAX, CO}J,ep}KaUJ,HXCﬂ
) 2 .
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B oGmactu D. Umeem:

,

{ 22— [ 284,y [ R0zt (1 emomiy [ BB g,
< 4 3 2 X

8(r, &) ¥ () v(e) e

TaK Kak 2% = e2%ie| z [@ npp arg 2 = 2x. ITockonbKy apry-

MeHT 2 eCTb BEJUYMHA OrpPaHuueHHast, QyHKuMA z[ (2) cTpe-

MHTCS K HYJIEO KaK IIPH 2, CTPeMsIILeMCs K HyJIO, TaK H 1pH | 2],

crpeMaleMcs K 6eckonednocTu. CiefoBaTeNbHO, B CHITY JieMM 1

1 2, HHTeTpaibs N0y (r) U Y (€) CTPEMATCS K HYJIO COOTBETCTBEHHO

npu r, cTpemsiieMcst K OBCKOHEUHOCTH, U &, CTPeMsiIieMcs

K nyJwo. Ilepexoas k npereny, noaydaem

—2iro — { ’w
(1—e-2 )1—2mZRes<za>. (4.2)

3T0 COOTHOLIEHME TI03BOJSET BHUHCIUTD BEJIHYUHY l.

IT p uMep. Ilycte TpeGyercs HafiTu uHTerpan [ =

= S (0O<a<1). 3recy R (2)= . Ora QpyHKIHS
( + x)

nMeeT €/IHHCTBEHHBIH MOJIOC B TOUKE 2 = -1. Brer dhynkiuu

R (2) 1

— B 9ToM momioce paBen —;5 (MBI cuuTaeM, 4TO BLIGpaHa Ta

HenpepuiBHAsT BETBbL apryMeHTa Z; KOTopasd paBHa 7 B 3TOM
Touke). 3 coortHowenus 4.2 nosyvaem

_ T

~ sinma

V T u n. PaccMoTpuM MHTerpajbl BHIA

ae]

g R(x)log x dx,
0

rie R — panuonanpuas GyHKous Ges IOAIOCOB Ha AeHCTBH-
TeabHOI monyocu x>0, Takas, uyro lim xR (x) = 0. Ilo-
x—=>+}c0

caeJHee yCAOBHe O0ecleuHBaeT CXOAHMOCTb MHTerpasna.
PaceMorpuM Ty ke camyro o6aacts D 1 TOT ke caMblil Ny Th

VUHTETPHPOBAHHSI, YTO M TPH BBIYHCJAEHUH HHTErpajioB

IV-ro tuna. Kak n B npeapliynieM ciayuae, Mbl JOJIKHBI YCJIO-

BHTBCSI O TOM, KaKyio HeNpephiBHYI BeTBb (PyHKuuH log 2z
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Mbl BeiGepeM. Mpl cHOBa OyjieM CYHTaTb, 4TO apryMeHT Z 3a-
Kiroded Mexy 0 u 2m. ITo npuduEaM, KOTOphie BCKOpe CTaHYT
SICHBl, Mbl GyJeM HHTerpHpoBaTh He ¢yHKuuio R (2) log 2,
a oyukuuio R (2) (log 2)2. Kak u B npeipaylieM cayuae,
corjacHo JiemMmam | U 2, HHTerpajbpl MO OKPYKHOCTIM Y (1)
1 v (g) CTpeMsTCS K HYJI COOTBETCTBEHHO NPH 7, CTPeMsIIEMCs]
K GecKOHeYHOCTH, H €&, cTpeMsiueMcsl K HyJawo. Ecan apry-
MEHT 2 paBeH 2m, TO
log 2 = log x4 2xi,

rJe yepes x 0603HaueH MOAYJb yHuCJja 2, Mei nojgyiaeM COOTHO-

meHue
oo

S R (x)(log x)*dx — S R (x)(log x 4-2ni)>dx =
0 o
=2mi ) Res {R(2) (log2)?},

OTKyJa

oo [oe]

-2 S R (x)log x dx — 2mi & R(x)dx =) Res{R(2)(log2)*).
o b

(5.1)

DTo paBeHCTBO NpPeCTaBisieT cO00H COOTHOIIEHHE MEXKAY JABYMsI

o] [o2]

HHTErpasamu: S R (x)dx u S R (x) logx dx. Opnako ecnn

0
NPEANONOKUTb, YTO palHoHanbHas GyHKuHs R siBasiercst
Oeticmeumeavroli (T. €. TPUHUMAeET JAeHCTBHTEJbHBIE 3HAUCHUST
npy JeficTBUTEJbHBIX X), TO, pasfienisiss B paBeHcTse (5.1) nedi-
CTBUTEJIbHbIE M MHHMBIE YacTH, MOXKHO IOJYYHTH JBA COOTHO-
IeHHs :
w.
S R(x)logxdx= —5Re (2 Res{R () (log 2)2}> . (5.2)

0
oo

S R()ds= —5-1m (Z Res {R (2) (log z)2}> . (5.3)
[

CymMma B ofoux cjydasx pacmpocTpaHeHa Ha BCe MOJIOCH pa-
uuoHanbHoll ¢QyHKuuu R (2), cofepxamuecs B D.
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ITpuwep. Ilycrts Tpebyercss HalTH HHTErpan

[ee]

_ log x
I= g (= dx.
Briyer dynKIUH (82?5 Homoce z = —1 paBeH KoatdH-
y (14-2)?

uyMeHTy upu £2 B pasioxkenun ¢yuxunu (in-+log (I — 7))*
B psA Teinopa. Tlocnennuii paBen 1 — im; ciaegoBaTesibHO,
1
1 = ""7 .
Bameuanune. Hurerpupys yukuuio R (2) log 2,
MBI TOJIyyaeM TeM 3Ke nyTeM GopMy.Ty

g R(x)dx= — Y| Res{R(z)logz}. (5.4)

0

DT10T Ke Merof MOxeT ObiTh NpHMEHEH H B TOM Ciyuae,

Korja pauuoHanbHasi GyHKuuss R uMeer B Touke X =1 npo-
[ee]

cmoii noaoc. B atoM coiyyae HHTErpas S R (x)log x dx Takxke
0

Puc 9

HMeeT CMBICT, TaK KaK IviaBHasi HEUpephIBHAs BETBb JorapHd-
Ma B Touke ¥ = 1 umeer npoctoit Hyb. s Toro ytoGn HafiTH
3TOT HHTErpa, HYXHO HECKOJIbKO H3MEHHTh NYTb HHTETPHPO-
BaHHs, a JMCEHHO, HAa TOM ydyacTKe NIyTH, KOTOPHIH IPOXOAHT
1O JeHdCTBHUTeNbHOH OCH B HanpaBleHUH YOLIBaHHS, HYKHO
OOOHTH TOUKYy 2z = | mo MNONyOKPYIKHOCTH Majioro pajuyca
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C LEHTPOM B 3TOH TOYKE, NPOXOAAIICH B HUXKHEH NOJMYIVIOCKO-
cTH (puc. 9).

UuraTesnio npeanaraercs AokKasaTh (WJist cJyyas, KOrja
¢yHKuMa R AeficTBHTeNbHA) COOTHOLIEHHE

foe]

S R (x)log xdx = n?Re (Res (R, 1))——;—Re (2 Res(f)),
0 (5.5)

rjpe nox [ mouumaercs ¢yukuus R (2) (log 2)2 1 cyMmmupoBa-
HHE NPOH3BOAUTCS I10 BCeM MNojyitocaM GYHKIHH f, KpoMe TOYKK
z = 1. MoXHO npoBepHTb, HANpHMEP, UTO

[>+

log x w2
Sx2-1 dx_T

0

YNPAXXHEHHA

1. Myers f (2) — dynxuus, rojomopduas npu |zf <R,
R > 1. Buiunc/inB AByMs pasjiduHBIMH CIOCOGAMH HHTErpAJIbI

(24 (4 D) 0

6

rie 8 — exunyyHas OKpPYyXKHOCTb, npoberaeMasi B IOJOXKH-
TGIHHOM HampaBJ€HHH, JOKasaTb Cjefyloliue paBeHCTBa:

2n

2 S f (619 cos2gd8 = 2f (0) + /" (0),

T g
2m

72:— S f (&) sin2—g—d9 =2f(0) — " (0).
0

2. Nlyets  f (2) — dyuxkuusa, rojomopdsas B HEKOTOPOH
obnactd, cofepxaineil kpyr |z|< R, u myctb y — obpas
OKPY3KHOCTH {zf = R npu oroépaxeHun z — [ (2); mpexano-
JIOXHM Takxke, 4TO QyHKUHA [ 3ajaeT OfHOJHCTHOE 0TOOpa-
XKexnue, T. e. f (2) 5= f (¢') npu z #* 2’. Tlokaszath, 4TO JyiHHA
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2
L nytn vy paBHa RS [[' (Re®®)| dO u BhBecTH OTCIOKA, 4TO
0
L>27R |} (0)].

IlokasaTe, yTO TpH Tex XKe YCJAOBHAX miowakr A ofpasa
3aMKHYTOTO Kpyra |z|< R mpu TOM e 0TOGpaKEHHH Haxo-
quTesa no gopmyJie

a={(1Ftiy)pdrdy
<R

|2}
H BBIBECTH OTCIOAA c.ne,uy}omee HepaBeHCTBOZ
AR} (O

(IlepefitTn K mosspHBIM KOOpAMHATaM M 3aMeTHTb, YTO MNpH
0<r<R, B cuny uepaBenctBa Kommn — lllsapua pas
HHTErpajioB, HMeeM

21

! 5) f’ (rei®) do ’2<

O =4

2n 27 on
< V17w pdo § o=l (7 (e a0
1] 0 ' 0

3. Joxasate, yto ecau dynkuua f (2) rosomopdHa B He-
KOTopofl ofnacth, cojepauleli 3aMKHYTHIT Kpyr |z| <1, TO

Sﬁdzz{f(—()), ec.ni la] <1,

FO)—f(l/a), ecan |a|> 1,

z2—a

rfe § — enHHUYHAA OKPYIKHOCTB, NpoferaeMas B HOJIOKHTENb-
HoM Hampasienun. (McnonbsoBath ynpaxuenue 16 k ra. Il
U uHrerpanbuyo dopmyay Komr.)

4, Tlycrs f (2) — dyukuuda, ronomopdHas Bo Bcedl mJjo-
ckoctd. [TpenonokuM, 4TO CYLIeCTBYIOT L&I0e YHCIO A H JBa
NENCTBUTENIPHLIX MOJOKUTEAbHBIX 4Hcia R u M, takue, uto
npH |z |> R BHIIOJHEHO HEPABEHCTBO

@ <M-|z]"
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Hoxa3aTb, uTo Toria ¢GyHKUMS [ mpencraB/isieT coGoH MOJH-
HOM CTeleHH He BBILIE 11,

5. Ilyctb [ — dyHKnusA, He ABIAOMAACA TOCTOSHHOM,
ronomopdHasa B obnactu D, a D’ — obnactb, sambikauue D’
KoTopoi KoMnakTHo n cofepxurca B D. Tlokasats, yto eciu
Moay.ib |f (2)] mocTosinen Ha rpanuue D', To BHyTpn D’ Haxo-
JMTCA 10 KpaiiHed Mepe ofuH Hynb dyHknuu [ (2). (Joxasn-
Baercs OT NMPOTHBHOTO C npusieseHueMm byukuun 1/f (2).)

6. Ilyctb D — orpanuyenHas obnacTb Ha IJockKoctH R2,
PaccmorpumM n Touek Py, Py, ..., P, B miockoctu R2,
Hokasatb, uto mnpousseienne PP, PP, ... PP, paccros-
HHA OT 9THX TOueK [0 mnepeMeHHOH ToukH P, cofepxamieiics
B 3aMblKaHuu [, AOCTHraeT CBOEro MaKCHMyMa Ha TIpaHHIle
obnactu D.

7. Tlyets f (2) — dynxuus, ronomopduas B Kpyre [z[ < R.
Tonoxxam M (r) = S}lp [f@| npn O0<r<R. [oxasam,

zZi=r
4TO |

a) M (r) ectb HenpepblBHAs HeyOwbiBaioniasi GyHKUHMS me-
pemensoro r npu 0<r < R;

6) ecnu f (z) He aABaserca mocTosHHOH, To M (r) cTporo
BO3pacTaer.

8. Teopema «o Tpex Kpyrax» Apamapa: mycib [ (2) —
dyuknusa, ronoMopdHasi B HeKOTOPOH 0oO0JacTH, copep:Kamieh
3aMKHYTOE KOJIbILO

n<lzi<n 0O<r<ry);

nomoxuM M (r) = sup [f(z)| mpu ri<<r<r: Jokasats,
j2|=r

YTO HMEET MeCTO CJICAVIOULCEe HEPaBCHCTBO:

log ro—log r log r—log ry

M (r) < [M (r)] o T2~18 T3 [M ()] o8 Ta—lE T (1)

npu ri<r<ry. (IIpUMEHHTL DpPHHIMN MaKCHMyMa K QyHK-

wun 2° (f (2))9, taep W ¢ — uenbleyncia, npuyem g > 0; BoHIG-

paTth TaKoe AefICTBHTE/IbHOE ¢, YTOOB! BBLINOJHAJIOCH PABEHCTBO

r¢ M (ry) = rgM (rs), ¥ IOCTEOBATR/ILHOCTD TAP MHEJbIX YHCeN

(Pn, gn), Takux, uto limp,, /g, = a.) ITpoBepuTh, 4TO HepaBeH-
—>»00

17
ctBo (1) osmauaer, yto log M () ectb BbinyKaas QyHKIHA
or logr mpu rir<rs.
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9. Ilycms f (2) — dyuknus, rosomopduas npu |z| < R.
Ionoxnm
2n

1 ¢ .
Iy ()= 5z {17 (re®®)[20
0
npu 0« r < R. Tlokasatb, 4To eciu a, — n-i Ko3phULAeHT
Tefnopa ¢yunknuu f (2) B Touke 2z = 0, 10 ”

I(r) =n§0 a, e,

Orcioga BbIBeCTH, 4To mpH 07 < R

(1) I2(r) ectb HempepuiBHass HeyOblBawomas QyHKIHS
NIePEMEHHOTO f;

(2) mMeeT MecTO HepaBeHCTBO |f (O)ng I, ()< (M (n)?
(ompepenenre M (r) cM. B ympaxKHeHHH 7);

(3) eciu ¢ysxuHs [ He ecTb TOXKAECTBEHHbIA HYJb, TO
log I; (r) — Bbinyknas ¢yHKnus ot log r. (Ilokasats, urto
ec/IH II0JI0XKHUTb

s=1logr, J(s)=1I,(e%)= 2 |an 12e?ns,
n=0
TO
J'—(J)?

(log /)" = 72

Ins toro urtobbl mokasath, 4to J'J — (J')2>0, HyxHO
BOCIIOJIb30BaThest HepaBeHcTBoM Kommm — Illeapua

| Sl a ) (31

=

I8 abCOJIIOTHO CXOMSALIUXCA PAJOB.)

10. Tlyets f— dynkmus, ronomopduas B Kpyre [2| < lu
TaKast, 4TO B 3TOM KpyTe [f (z)| < 1. Ecqin B 3TOM KpyTe cyme-
CTBYIOT fB€ pas/iHuHBle TOUKH a U b, Takue, uyto [ (@) = q,
f(b) = b, To Bo BceM 3TOM Kpyre [ (2) = 2. (PaccMorpers

h(z)—a --a
QyHKIHIO g(z)=m, e h(z)-_—f< z+ ), hit &

z 5 14-az
—a —a
<1—E¢b>=1-—5b 1 |g (2)] < 1 Bo Beem

Kotopoit g (0)=0, g
Kpyre.)
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11. Tlyets f — dyuknus, ronomopdHas B obiactd, co-
Aepxameit Kpyr |z| < R. Tosoxum g 0<r< R

A(r)= sup Re f (rei®).

0<<0s2n

(1) Hdoxasats, uto A (r) ecTb HenpepbiBHas HeyOwBatomasn
dyHKIUA aprymeHTa r (BOCIIOJIb30BATbCS TeM, uTO ehe f(2) =

(2) Hokasarts, urto ecsu, cBepx toro, f (0) = 0, To npH
0<r < R cnpaBepnuso HepaBeHCTBo

M) <2 A(R).

[Pacemotpers dyukuuio g (2) = [ (2) /(24 (R) — [ (2)).]
(3) Hoxasath, uto npu 0r < R

M () < RELLAR +1FO)])-

12, Tlycte x — KOMIIEKCHBIA mapamerp.
(1) Hdokasath, yro passioxeHue B psaf JlopaHa ¢dyHKmuu

exp [x(z+1/2)/2]
B Touke 2z =0 mmeer npu 0 < [2] <+ oo caegyomuit BUA:

exp [%(z—k%)] =ay+ X, Gn <z’"§ +;ln— ,
nz=i
rue
n
an=—nl— S excost cosnt dt (n>0).
V]

Jloxkazarb, 4TO QYHKIHA exp [—é—(z —%)] HMeeT NpH
0 < |2] < + o caenyroutee pasnoxkenue B psag Jlopana:

op [ ()] =t B (2 +50),
[‘D@

a
bn=-$~ S cos (nt —xsint) dt (n>0).
1}



Ynpaxrenus 145

(Bocriosib3oBaThest TeM, yTO ecau 2= —1/z, T0
exp[x(z'—1/2")2]=explx(z—1,2).2] npn 0<|2|<+ co.

(2) Ilycte m, n — ABa LeJLIX HEOTPHIATENBHHIX Yilcaa.
Hoxasarb, uTO
1 I (77+ l)m dZ .

o TomAmrl

gz(;l
P (n-4-2p)!
o ‘<:tb1')(cil(i_[5'—p)— ,ecauum=n -‘r 2}7, rjiep 2 00— Heaoe yucao,

0 BO BCeX OCTaJJpHBIX Clyuasx,

H NOJYYUTH OTCIOAA Pas3/ioKeHue B CTelleHHbIe PAIp A1 @, 1 b,
KaK (yHKung x (b, Kak QYHKUHS X HasplBaercs (QyHK-
mnuell DBeccenss nepsoro pona.)

13. Tlyetb [ (2) — dyuknus, MepoMopdHas B OKPECTHOCTH
TouKu 2 = 0 u nmeomasi B 370 TouKe npoctoit nodoe. Ilyets
X — HEKOTOPOE KOMIJIeKCHOe yHejo. [lokasaTb, uTo pasic-
xkenle B psifl Jlopana no z GyHKIHH

' @(f (8) — %)
nnMeeT CAeLYIon B

i ,
— U Uzt A U2

rlle U, — NOJKHOM OT X CTENEeHH TOUHO 1. [Moxmo HCTIOJIB30-
BaTh pasjoxkKenue Tel“mopa dynkunn 2f(2).]
14, Tlyets | (2) — dynKuus, rosomopdHasi B BepxHei nony-
njockocTH  P* (Imz > 0); npeanonoxkuM, uto [ (z - 1) =
= [ (2) a1 Bcex z € P*. Jloxasarb, 4TO CYIIECTBYeT (yHKIUSA
g(t), roicMopguas B Kpyre ¢ BHIKONOThIM lienTpoM 0 <[ 7| < 1,

TAKA4s, UuTo
[(z)= g (e*™")

upu z € P*, Beisectn orcroga, uto ¢dyHkuus [ (2) MoxkeT ObTh
pasnoxkena B psl CAEAVIOUWIEr0 BHIA:

f(2)= 2 Qnediing,
—ooLn<+x0
rae

= K fx-+iy)e—2rin@+iddy  (y > 0~ mo6oe).
0

10 A. Kaprau
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TloxasaTh, YTO 3TOT PSA HOPMANBLHO CXOAUTCS B JII06OM KOMITaK-
te B nogymiockoctH P*. Ilokasarh, 4To €CjH CYLIECTBYIOT
noctosthnas M > 0 U 1esi0e YnuCsIO 1, TAKHE, YTO HEPABEHCTBO

|} (x+iy) | < Me2nov

CIIPABEAJINBO IJisl BCEX AOCTATOUHO OOJBIUHX ¢ DAaBHOMEDHO
[0 X, TO TpelbIAyInee PasjokKeHHe HMEET BH[

f(2)= Z a,e2Tinz,
nz=—ngp

5. (1) Hoxkasars, uro ¢yukuus [ (z) = 1/(¢ — 1) mepo-
MopdHa BO BCeil MJIOCKOCTH M TOUKH BHAA 2pTti, TRE p — Ileq0e
YHCJI0, SABJSIOTCA €€ MPOCTHIMU nomocamu, Hafitu pasnoxenne
srofi yukuuun B paj Jlopana B rtouke 2 = 2pmi. Ilycrs
ayp (n > —1)— xoadpduuuentsr storo pspa npu p =0, w
nyCThb '

By=(— 1" 2n) asge—y  (n>1).

[okasats, uto mpu n > 1 HMEeT MECTO CHELYIOWEe PeKyp-
PEHTHOE COOTHOUICHHE:

i (=H'~ 13\' —
@nt 1) Q(Qn i+ 2 @2v)! 2n—2v-1)! =0

1gvsn

[mpupaBHsiTL KOS(QHUUUEHTH TPU CTENEHSX Z B ABYX 4acCTsiX
paBeHCTBa

(a-s/z+ 2 an2”)( 3 2ml)= 1],

nz0 mz1
(2) Tlyers
1
fon (2) = w1y »

rie n > 1. O6o3naunM yepes y, rpAHHIY KBaApara C BEpIIH-
HaMH B Toukax =+ (2m4-1)m + (2m -+ 1) mi. Ilokasars, urto
ec/¥ TOYKA Z JIEXUT HA Yp, TO

| Fan (2) | << 2/[(2m 4 1) m]?™,

H NOJYUYHTb OTCIORA, MHTErpupyd [z, (2) MO KOHTYPY Ym, NPO-
GeraeMOMY B IMOJOXHTEIbHOM HAMPABJICHHH, M NEPEX0ns
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K Npefeny Ipu m— oo, 4TO

n__ (22" B,
2 Pt ="
p=i

(Uucna B, HaspiBatorcs yncaamu bepuyaan.)

16. IlpeanonoxuM, UYTO TOYKA € SABJSETCS CYLIECTBEHHO
ocobolt 1as GyHKIHE [ (2), ro1oMOP(hHOH B KPYTe ¢ BLIKOJOTOH
Toukolt 0 < |z —c¢| < Q.

(1) Hoxasath, ut0, KAKOBBl Obi HM ObliH Yy € C H & > 0,
cymwecTBylor touka 2' € D u pefictBurenbHoe yucao & > 0,
TaKue, 4To

A(f @), ) TANAG, #),

rze A —o6Gpas obnactu D npu npeobpasopauun 2z —> f (2);

A (b, r) w A (b, r} 0603H4AIOT COOTBETCTBEHHO OTKPBITbIN
¥ 3aMKHYTEIH KPYT pajuyca r ¢ LeHTPoM B Touke b. (3aMeTTs,
uTO, B CUNY TpeinoxeHns 4.2 § 5, MHOXKeCTBO A omipeimo (310
CJEAYeT TaKMKe M3 TEeOopeMbl, AoxkasaHuof B m. 3 §1 ra. VI),
H BOCIIOJIL30BAThCst TeopeMoii Befiepurrpacca, n. 4 §4.)

(2) Iyct, 1> 0. O6osHauum yepes D, KPYT C BLIKOJOTHIM
uentpom 0 < |z—c| < 0/2" u uepes A, —ero o6pas npu
npeo6pasopauuu z — f (2). lycte yo € C — mekoropas Touka
H &, > 0 —Hekoropoe uHchao. [lokasath HHAYKIHEH IO 71,
YTO CYLIECTBYIOT MOCJHEAOBATENBHOCTb {€n}n>1 NOJOKHTEND-
HBIX YHCEJT H TMOCIEHOBATENbHOCTb {2, }n>1 TOueKk obnactu D,
YIOBJIETBOPSAIONIHE CACAYIOWIUM YCJAOBHSIM:

ZnEDm Eg > €8 >8> ..., f(Zi):’YO’
A(f (2n41)s Enss) C AnNA (F (20), £0).

BulBeCTH OTCIOfA, YTO CYIIECTBYET  IOCJEZOBATENLHOCTD
{cnYn=0 TOUEK D, Takux, 4To0

lime,=c¢ = f(c,) =c¢ pas moboro n

1 uto GYHKUHA [ (2) He 3ajaer ORHOJIHCTHOLO OTOGpaXKEHHS
HH B Kako# obnactu puga 0 < |z—c| <'r, rme r—cxoan
YIOAHO MAJIoe IMOJIOKIITCJIBHOE YHCJO.,

17. Tlyers @: (x, y, u) — z— crepeorpaduueckas Ipoex-
- 1A cepel Sy ¢ BbIKOJOTOH TOuko#l P Ha miockocts C.

10%*
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(1) Bblpasurs X, ¥ H ¢ Kak (YHKUHH Z.

(2) Hokasatb, uro eciu C — OKpyxHOCTe Ha cdepe S,
ge npoxofisiuas uepes touky P, 1o ¢ (C) ecTb OKPYKHOCTDL
Ha miockoctu C; ecqu xe OKpYyxKHOCTL C NPOXOLUT Yepes
touky P, to ¢ (C\ P) ectb npsMas Ha miockoctH C.

3) Ilyers 2z, 226€C; mig Toro urobpl TOUKH ¢ 1(zy)
u @1 (2:) ObLM AUAMETPANbHO MPOTHBOMOJNOXKHLIMU Ha cdepe
S2, HEOOXOAMMO H LOCTATOYHO, UTOOKI UMENO MECTO PaBeHCTBO

2i-25 = —1,
(4) dokasaTb, uto paccrosnue PP, (B npocrpancree R?)
MEXIY TOUKAMH

Pi=¢(z)), Pa=¢"(2)

MOXKeT ObITh HafAEHO IO CJelyIowWell GopMye:

R

11:.2: 2]z—2|

VT2 (4B

Bo uto nepexoaur ata GopMyaa, KOTAa 22 CTPEMHUTCH K GecKo-
HEUHOCTH P

18. Hoxasartb, uto QyHKUHA, MepoMopdHast HA Bcell cdepe
Pumamna, panunonanpsa. (Cuauana fokasaTh, 4TO Takas QyHK-
M UMeeT He Gojiee YeM KOHEYHOE MHOMXKECTBO IIOJIIOCOB.)

19. Teopema Pyue, Ilycts f (2) u g (2) — ABe QYyBKIHH,
ronomMopdurie B obnactu D; I'={I';},c; — opuentupoBas-
Has rpaHuna komnakra K, cojepxauerocsi B obnactu D. [o-
K43aTb, 4YTO €CJIH

|f(2)| >|g(2)| mpm 2€T,

TO unCHO Hysel dyukunu f (z) -+ £ (2) B koMnakTe K papHO uHc-
ay nyJae#t ¢yuxinu f(z) B komnakie K. (Paccmoipers 3aMKHY-
toie nyrtu fol',, i €/, u npumennts npeanoxenue 4.1 us
§ 5 u npepnoxenre 8.3 uz §1 ra. 11.)

[Tpuwmep. Ecin dyuxuus f (2) rosomopdHa B HEKOTO-
pofi oGnactu, colepKaulell 3aMKHYTBII KPyr |z{<(1, H ecau
|f )] <1 nmpu |z|=1, To ypaBuenue [ (2) = 2" HMeeT TOu-
HO A pemeHHi npH |2 | <1 Aas Bcex nenblx yucena 1 0.
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20. Halitn cnefywomue UHTErpadsl ¢ IMOMOIULLIO BHMYETOB:

+oo
d
) § s (@ b>0),
0
+4co
(2) K ~7°35_2a__’:‘2cﬁsﬁ’x dx (@ 1 b aelCTBHTE/bHBI),

(3) § ;‘:ZZ MEgx (@>0),
0
c d

(4) 3 - QCaoi:St tt‘ e (a == 1) (MpOHHTETPHPOBATL QPYHKILHIO
¢ .

z“/(z — a) (z — 1/a) no ENMHUYHOH OKPYIKHOCTH).
HpOHHTerpHpOBaTb dbyukumo f(2) = e Tog 2 (rae
Iog 03HauaerT HEIPEepPHIBHYI0 BETBb JOTapH(Ma, COOTBETCTBYIO-
HYI0 3HAYCHHSIM arg 2, 3aKJ/IOUCHHBIM MEXKAY — & H ) IO
nytd O (r, €), ONpeaeseHHOMY CJAEAYIOHM 00pa3oM: H3 TOUKH
— r Ha JeACTBUTENLHOH TONyocH myTb O (r, €) NPOXORHT
B HanpaBJeHHH BO3PACTAHHMS B TOUKY — &, 3aTeM OOXOIHT
B OTPHIATE/LHOM HAINPABJIEHHH OKPYMKHOCTBL Y (€) pamuyca &
¢ ueHTpoM B touke {J, 3aTeM BO3BpAILAETCsT N0 OTPHIATENbHOH
MOJIYOCH B TOYKY —7 ¥, HaKOHEL, OOXOAUT B TMOJOXKUTENBHOM
HanpasJeHHH OKPYXKHOCTL Y () ¢ 1ieHTpoM B Touke 0 paguyca r
(0 < & <a<r). llokasars, uro
[sa)
dx . T 1
§ (x¥Fa?) ((log x)?+n2)  2a((log )2 f-o2/4)  1a?"

22. Tlyets a > 0, v — pelicTBHTennHOE uHCa0. [lpounre-
ivz
e
rPUpPOBaB HI0 ——— ——— I10 NIepHMe SIMOYTOJIbHHK A
pup PYHKIHIO hzt cha O NIEpHUMETPY NPSMOYIOJb
C BepIIHHAMH + R, &+ R -}-2m{, n0oKasarb, 4T0

<O
S cos vx dx 7 sin va

chixtcha ~ shavsha®
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23. (1) Tycrs n > 2 — nenoe uyucao. Hurerpupysa ynk-
maio /(1 4+ 2™ no 3aMKHYTOMY KOHTYPY, COCTOSLIEMY H3
orpeska [0, R] neiictBuTensHoi ocu, Kyru Re'! (0 <t < 2m/n)
H orpeska re2™i/m (( <r<R), JlI0Ka3arth, 4TO

dx n/n
} 1-b i X sin sin (w/n) °

< '/‘

(2) Hyere n>»2 — uenoe uuejao, o — AEHCTBHTENBHOE
YHCJI0, Takoe, 410 # > 1-+o > 0. Bpluncaute teM ke CIo-
cofoM HHTErpan

[e0)
% dx
L4-xn -
0

24, Tlycte p u g — [IBa MOJOKHTENbLHBIX YHCHE, A > 1 —
nenoe. Murerpupyst gpyskimio 2" le™ no KoHTypy, aHaJIOrHy-
HOMY TOMY, KOTOpHII MCHOJBb30BAjCst B YIpaxHeHHH 23, HO
C yrJaMH B Hayaje KOODIHMHAT, BRIOPAHHBIMH MOAXOASAILINM AJis
JaHHOH 3ajagd o0pasoM, J0KAas3aTh CJCAYIOUIHE COOTHOIIEHHS:

(n—D!Re (p1-ig)®
(P2+g3" ’

X" e P cos gx dx =

(n—1!Im (p--fgy"
(PP '

x" e Prsingx dy =

(HaHOMHHM, 4yTOo §x”‘1e““ dx =(n— 1)!.>

(1) Hoxasarb, uto ¢ysxkuus mctgmz mepomopdua
BO BCEH KOMIJIEKCHOH INIOCKOCTH, IpHYeM TOUKH Z=1n (n € Z)
SABJASIOTCS €€ MPOCTBIMH IIOJNIOCAMH, M €€ BTl BO BCEX ITHX
Toykax paeunbl 1. [lycTs

[(2)=P(2)/Q(2)

— panuounajibuast aApobb, mpuueM cr.Q > cr. P -+ 1. ITlyers

ai, Az, - .., Qm — NOJIOCH QYHKUUH f(2), & by, bay b3, ...
., bm — BbIUETHI, COOTBETCTBYIOMmHE 3THM nomocaM. Ilpex-
NONO¥KHUM, KPOME TOTO, YTO CPeIH UHUCeN Qy, Qs, . .., Om

HeT NEJBIX JeACTBHTENbHBIX. IlycThb n — menoe mnonoxu-
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tenpHoe wyucno. OGo3HayunM uyepes vy, NepUMerp KBaxpara
1 1 R

¢ BepIIHHaMU = (n -+ 7> + <n -+ 7) i. [lokasats, uto cyuie-
CTBYIOT JBa JACHCTBUTENBHBIX TMOJOXHTEILHBIX uHcia M,
1 K, "e 3aBHCANIUX OT 1 H TAKHX, UTO

a) |mctgmz| <M, npu 2€vn,

6) |f (2)[\<‘f§l—2’ €CIH |Z| HOCTATOYHO BEJIHK.

BriectH M3 3TOro, 4TO

lim § f(z2)metgmzdz=0

n->c0 Y
Yn
H uTO
im Y (=~ X bgctgna, (1)
N—»00 —NIPEN 15gsm
(3ameuanue: u3 6) BeITEKaeT, uT0 Hm >V F(p) cyme-
n, n’—=oo —nLpsn’

CTBYET; CJi€JOBaTENbHO, JEBYIO 4acTh paBeHcTBa (1) MoKHO

samenutb Ha 2 f(p).)
—COEPKO

Mpumeps: 2 l/a-+ bn?), ANn?/(nt4a*) (@u b—
nzi nzi

JNeHCTBHTENbHLIE IIOJIOXKHTEILHBIE UHCTA).

(2) Nokasatb, 4T0 370 YTBEPIKACHHE OCTAETCS BEPHLIM H NpPH
yeaoBHH CT. Q > cT. P. [CHauasna nokasarb, 470 MOXHO HATTHCATh
[ = g2 + c/2, tme ¢ — xoucranra, a g (z) — pauuo-
HasbHas Apobb, yAORJeTBOpsiowlas ycjaoBusaM u3 (1). 3arem

) ctg mz
II0KasarTb, 4TO S gz dz =0 (uHTerpanel, B3FATHIE MO

Yn )
ABYM IPOTHBONOJIOXKHBIM CTOPOHAM KBajpaTta, B3AHMHO YHHAUTO-

WKAKTCS).
SamMeuganwue, lim > f(p), BooGme rosops,

n, ’~»c0 —NIpEn’
HE CYLIECTBYeET. ]
ITpuwmep. Haftru npenen

1
lim )
x—-_
no e en p

1
H C €ro MOMOMIBIO CYMMY | 5 » TA€ X — HE Ilei0e YueIo.
p=1
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(3) Myers @ — jeficTBUTENbHOE  UHCJI0,  TAKOE, YTO
—n < a<a. Jlokasatb, 4TO

B) CYUIECTBYeT AEHCTBUTENLHOE MOJOKHUTEALHOE YHCAO M,
HE 3aBHCHALIEE OT A, TAKOE, 4TO IPH Z € Y,

iz

— dz=0.
zsin mz

3

r) lim X
N=—>o0 *

n

{3aMeTHTh, YTO CNPAaBelJIHBO PABEHCTBO

ioz It
4 . sin az sin az
\ oo gz =20 { S a0 | 1

7
zsin mz ) zsin nz zsinmz
Yn Ya Vi
rie Y, ¥ yn OBHAYalOT COOTBETCTBEHHO OTPE3OK 2 = A +
1 . . 1 i | 1 N
+?+Ly, ]y]\\n—i—rg-, H OIPE30K 2 = X -~ <n+2/,

L 1
|X[<n-k, U HCNONB3OBATL YIPAXKHEHNE 14 x rn. L)

Haxkonen, BeIBeCTH OTCHOAA, 4TO ecad [ (2) — paunonanpHas
Ipobb, YILOBJIETBOPAWOWAR YCI0BHAM (2), TO

. Q! i
hrr; Z ("‘ 1)pf(p) el = — ZJ 47¢in Ttaq
R n<pgn 1Sgm

’La”a

[Ipumep: nycms [ (2) = 1.{(x — 2); nokasatp, utO NpH
—i < o < 7 CIHPaBeAlMBhbl pPaBeHCTBA

\1 (— 1" 4@05(1117:71 cosox 1
- —n? 2y sinmx  2x2°
n>1
2 (—» nsingn _ # sinax
X2 ——n? 2 sinmx ’
n=1

me x =0, £1, -2, ... .



F'masa IV

AHAJIMTUYECKHE ®YHKIIMU MHOIMX NMEPEMEHHBIX;
FAPMOHUYECKHUE ®YHKUHUU

§ 1. CTENEHHDIE PAAbLI ¢ MHOTHUMU NNEPEMEHHbBIMH

B pasnnHefiien, T8 YIPOLIEHHST 32MHCH, MBI OrpaHHUHMCS
paccMOTpeHHeM ciaydast JBYX [€PEMEHHBIX, HO BCE pacCyxKie-
HUsl 6€3 TPY/AA TePeHOCSITCS Ha Cydail NPOU3BOJLHOTO KOHEY-
HOTO 4YHCJa TNEePEeMEHHBIX.

1. Aarebpa K{[X, ¥]]. PopManpHbM CTENEHHBIM PALOM
or X n Y ¢ kosppmiuentaMt B none K HasbiBaercst BeIpaKe-
mue Buga S (X, Y) = D @, (XPYY rie KOs HIHEHTDI

v, 9220
ap, ¢ TpuHagnexar nomo K.

- MoxkHo onpegenuts, kak B § 1 ra. I, cioxenne gopManbHbIX
CTeNEHHBIX PAJOB H YMHO)KeHHE (OPMaJIbHOrO CTENEHHOTO
psma Ha ckansdp. Muoxectso K [[X, Y]] crenenubix psinoB
TAKUM 00pa3oM CHaGKEHO CTPYKTYDOIl BEKTOPHOTO NPOCTPAH-
crBa Had nosieM K. MoKHO onpeie/nTh NPOH3BEACHHE ABYX
dopMaNbHLIX CTENeHHBIX pafAos; B pesyastare KI[X, Y]]
CTAHOBUTCS afjrebpoil.

OnpegennM rnopadox ¢GopManbHOro CTEIEHHOrO Psia, He
PABHOTO TOXKJAECTBEHHO HYJIO, KaK HAaHMEHbiIee lejgoe A,
TAKOE, 4TO

Dy, (XPYT£0,
ptg=n
MoxHO noKasaTth, 4TO MOPSAAOK NPOH3BEAEHHsS ABYX PSLOB,
HE PABHBIX HYJIO, PABEH CYMME NOPSAKOB 9THX paAloB. B yact-
ocru, KI[X, Y]] ssisercs o6aacThio LEJOCTHOCTH.

Mg He GymeM paspuBatTh 37eCh TEOPUIO MOACTAHOBOK ¢op-
MAJILHBIX CTEMEHHBIX PAJOB BMecTO cumsosioB X, Y, koTopas
HE IPeJCTaBJsIeT, BIPOUEM, HUKAKUX 0cobbrx Tpyanocreil. Ilog-
CTaB/AseMBIe Psifkl JOJXKHBI MMETh MOPSAAOK, OCONpIUHA WM
paBHBIl €IUHHUE., B xayecTBe ynpaXkKHEHHs YHTATE1b MOXKET
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JAOKasaTh MNPENJIOKEHHE, dHAJOTHYHOC [PEeAaokKeHdio 5.1
§lra L

2. O0aacTh CXOMUMOCTH CTENEHHOro PSAJAa C HECKOJAbKHUMH
nepeMeHHbiMU. B panpueiitiem Mbi 6yaeM mpeANonarartb, YTO
noie K ectb au6o none R, nuGo none C. Tax ke, kak H B
n. 3 § 2 ra. 1, nocraBumM B coOTBETCTBHE KAXKAOMY (OpMasib-
HOMY CTEIIEHHOMY Ps Y

> Qp, ¢ XPY1

v, ¢20

pPSAA C HEOTPHUATENbHBIMH YJICHAMH
Z lap, q Irlf rg’
D, =0
TA€ ry ¥ ry — JEACTBUTE/IbHLIE MEpeMEHHEBIe, GObIINE WK PaB-
uole 0.
Ilycts I' — MHOXeCTBO TO4EK (ry, rz) YETBEPTH IJIOCKOCTH
ri>0, ra>»0, B KOTOpHIX
2 Jap, ¢ rbry <+ 0.
p,q
Ecan touka (ry, r2) npusaanexxur mpoxectsy I, 1o pan

> ap, q 2829 abcoaomuo cxodumes Aas no6oi mapsl (2, 22)

P, q
KOMILJIEKCHBIX YHCEJ, TaKHX, 4TO |21| <1y, | 22| << r2. MuOxe-

crBo I’ wemycro, Tak kKak OHO, O4EBHAHO, CONEPIKUT HAYAJIO
koopaunar (0, 0).

Onpenedaenune. Obracmoio cxodumocmu psgaS(X, Y)
Mbl HA30BEM COBOKYIMHOCTb A grympentix Touek MHoxkectsa I,

O6nactb CXOAUMOCTH €CTb, CJIeJOBATEJbHO, OTKPHITOE
MHOXKecTBO. OHO MOMKeT OHITb NYCTEIM: JEeHCTBUTEIBHO,
JIETKO CKOHCTPYHPOBAThL INPUMEp, I'IE MHOXKeCTBO I’ COCTOHT
TONBKO U3 Hauana KOOpAHHAT.

Eciau npuMeHuth Hacrosumiee ONpefejeHHe K CJydaio
OIHOTO NEPEMEHHOTr0 2, TO JIErKO BHAeTh, 4T0 06J1aCTh CXOH-
MOCTH eCTh He uto uuoe, Xak uurepsana (0, @), rae @ o6osna-
uaer PagHyc CXOAHMOCTH CTENEHHOro psja.

Ipennoxenune 2.1, Jaa moeo umobot mouxa (ri, rs)
npunadiexcara A, Heobxo0umo u docmamouro, umobel CYLUECH180-
6AAU HUCAQ Ty >y W Iy > 1y, makue, 4mo (r;, ry) € I'.
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YciioBHe HEOOXOAHMO, TOCKOJBKY Pl 2 fap g|rPry

JIOJIKEH CXORUTLCH B KamAoH TOUuKe HEKOTOpOI/I OKPECTHOCTH
TOUKH (ry, rp). OHO JOCTaTOYHO, TaK Kak MHOXKecTBO I' comep-
XKHT BCE TOUKH (Qi, Q2), AJIS KOTOPBIX Q1<f|, Qz2<7s, H,
CJeJJOBATEJLHO, TOUKA (ry, ra) — BHYTPEHHss Touka [I.

B uacrroctH, A5 Toro 4tobpr 06sacTh CXORMMOCTH A Gbuia
HEeIyCcTa, HeOOXOJMMO H J0CTATOYHO, YTOOH! CYIIECTBOBAJA MO
Kpaiigell Mepe ofiya napa NoJIOKHUTENbHBIX YUCeN (7y, 1), TAKas,
470

2 lap, | rirg <+ oo,
T q

MIpennoxenue 2.2 Ecaumouka (ry,ry) npunadiexrcum
obaacmu cxodumocmu, mo pao S (2, 22) HOpMa/leO cxodumes npu
2] <n, [zz, <r,. Ecm moura (21|, |22]) e npunadsencum
samecarwro T, psd S (zy, 25) pacxodumes.

B ocHoBe JIOKBSHTEJII:CTBa JIEKMT, Kak H B CJy4ae OJHOro
nepeMeHHOro, ciaefyiolmas jemma Adenas.

Jlemma. Ecau {ap, 4| riPri'<M (20e M ne sasucum

ompugq) w e ry<r,rya<ry, Mo pad D ap 42 24
D,
CX00UMCA HOPMAALHO NPpU | 21| <1y, | 22| <12 !
2ra JieMMa JIeTKO J0KAa3bIBaercsl NYTEM MaxKOpHPOBaHHUS
ab6COJIIOTHBIX BEJMYWH YJIGHOB pPsjd YJE€HaMH JABOHHOH reo-
METPHYECKOH IPOrPeccHH.
Boizect npemyiokenne 2.2 u3 jeMmpl AGesis mpenocrtas-

NACTCA YHUTATEIIO.

3. Onepauuu HAJ CXOAMIUMMHCS CTENEHHbLIMH PAJaMH.

[Tpennoxenue 3.1 (caoxXeHHEe H YMHO-
XegHe CcTenmeHHB X PsgoB). [ycme omkpbimoe
muoncecneo D codepocumcs e obaacmu  cxodumocmu  pada
A(X, Y) upada B(X,Y). Toeda D codepacumca ¢ obaacmu
cxodumocmuy  Kaxcdoeo us pados

S(X,Y)=A(X,Y)--B(X,Y),
P(X,Y)=A(X,Y)-B(X,Y).



156 Fa, IV, Anaaumudeckue Gyusiin MHOCUX NePeMeHHbIX

boaee moeo, ecau moura (|zi|, |22{) € D, mo
S(zy, 23) = A(21, 2) + B (24, 22),
P(z1, 25) = A(2y, 25)-B (2, 2,).
JlokasaTe1bCTBO TaKoe Ke, KakK H B CJy4ae psiioB ¢ OJHIUM
nepeMensbIM.

QOueBUHBIM o6pa30M MOZKHO OINpede/iuTh YacTHbIE [1POH3-

BofHbiE crenennoro paia S (X, Y) = X a,, X'V
P, q

0S8 / -
5% = D pay, (XPY,
P4

b, q

0S8
[Ipennoxenune 3.2. Pad G Umeem my gie canyro
obaacme cxodumocmu, umo u pad S. Ecauw mouka ((zq|, |22:)

Aexcum 8 amou obaacmu, mo QyHKyUa 5)—(—(21, 22) AsaAemcs
YOCMHOL NPOU3EOOHOL (OMHOCUMEAbHO OliCMBUMEeAbHO20 UALL
KOMMAEKCHO20 nepemernoeo 2;) pynkyuu S (24, 25).

HoxasaresbcTBO 3TOr0  YTBEPIKIEHHS aHaJOrHYHO JOKa-
3aTesqbCTBY Npepnoxkenus 7.1 §2 ra. 1.

[Tyrem mnocnenoBaresnbHoro AuddepennupoBanus O0Ka-
3biBaeTCst (popmydia

1 9r*958(0, 0)

@00 = Frgr oosy -

(3.1)

§ 2. AHAJIUTHYECKHE ®YHKIHH

Mubr 6ymem paccMaTpuBaTb 3/eCh (PYHKIHMH MHOTHX Mepe-
MEeHHBIX, JEHCTBUTeNLHLIX HJAH KOMIUIEKCHBIX, OINPEJe/eHHbIe
Ha OTKPLITOM MHOXKeCTBe. [/ 1IPOCTOTHl BCE PACCYKAEHHA NPO-
BolsiTcs AnA caydas QyHKUME JBYX NEPEMEHHBIX.

1. ®yHKuuH, Pa3noxuMble B CTeleHHOH pal.

Onpepgeaenne Mu ckaxkem, uro pyHkuus [ (x, y),
OMpeje/CHHAsT B OKPECTHOCTH TOYKH (Xo, Yo), pasiqeqemcs
8 cmenennoll psad B TOuKe (xo, Yo), €Cnu CyuecTByer dopMasb-
HHIE crenenHol; pan S (X, Y), nMeomuii Henycrylo 06/1acTh
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CXOAMMOCTH, TaKOf, 4TO

F(x, y) =S (¥ — X0, 4~ o)
NP JOCTATOYHO MaJbIX | X — X! U | i — yo|. Crenennoit psin S,
€CNIH OH CYIIeCTBYET, ONPEIEISIeTCs 00HO3HAHO BCAEACTBHE
dopmyanr (3.1) § 1.

Paccyxaas xak B §4 rit. [, MOXKHO YCTAHOBUTE CJEyIOLIHE
CBOHCTBA: ecsiH (yHKUMs [ (x, y) pasaaraercsd B CTENEHHOI
pPSiL B TOUKE (Xo, Yo), TO OHA Oeckosedno Aupdepenimpyema
B OokpectHocTH 3TOH ToukH . Ilpoussenenue fg Asyx rakux
GYHKIEHA [ M g TakXKe PaziokHUMO B CTENEHHOH PSiJ B TOUKE
(Yo, Yo). Ecau 310 mpouspeAeHHe TOXKJECTBEHHO PABHO HYJIO
B OKPECTHOCTH TOYKH (X0, Yo), TO XOTA Obl ofHa Ha QyHKuUUH [
¥ g TOXIECTBEHHO PaBHA HYJIO B OKPECTHOCTH 3TOH TOMKH.

2. Auvaautuyeckue @yHkuuu. Onepauuum Haj 3TUMHU
hyHKUHAMH,

Onpenenenune. Pynkuus [ (r,y) AeHCTBHTENbHLIX
WAH KOMIUIEKCHBIX NEPEMEHHEBIX, ompejesensas B obaactd D,
HA3LIBACTCSH AHAAUMUHeCKOl B 3TOH 001aCTH, €C/in Id Kaskaoil
TOYKY (Yo, Yo) € D Pynxuus f(x, y) pasnaraercst B CTENEHHO
pPsd B TOYKE (Xo, Yo).

Mur 31ece mpuBeseM 0e3 JokasaresibCTa CJEYIOLIHe CBOIi-
CTBA: aHAJHTHYECKHE QYHKIUH B obaacTd D o0pas3yioT KOJbLo,
Jpaxe anare0py.

Ecan ¢yuxuus f (x, y) ananutuuna B obiactu D, 10 dynx-
wus 1/f (x, y) asanuTH4HA B KaxkjoH Touke obaactd D, rae
fx, y) =+ 0.

Besakas dysxuus, asandrudeckas B obgactu D, Gecko-
Heuno IuddepennupyeMa, ¥ ee MPOUBBOJAHLIE SIBASIOTCS aHa-
JUTHIECKUMH yHRuMaME B D, KoMnosunus ananuTHyeCKHx
GYHKUMH aHAJIHTHYHA: TOYHEe, ecjan [(x, y, Z) — aHAJUTH-
yeckasd (yHKUHs B obsactu D u ecau gy (4, 0), & (4, 0),
g3 (1, v) — anamuthueckHe ¢yHkuuu B obsactu D', xoro-
pLle NPUHHMAIOT 3Ha4eHHd B objactd D, TO KOMHO3HILUS
flgi(u, v), g2 (u, v), gs(u, V) sAiBJASETCS AHAJUTHYECKON BYHK-
et B D,

IIpennoxenne 2.1. Cymma cmenewnoeo psda ¢
HECKOAKUMU  NEPEMEHHbIMU  SABASLIMCA AHAAUMUHECKOL  (DYHK-
yuel amux nepemenHblx 8 06aacmi cX00UMOCHL.
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JlokazaTtenbCTBO AHAJOTHYHO ;{oxaéaTeJXbCTBy IpeaoxKe-
uug 2.1 ra. 1, § 4. Unrarens Moxker caMocTofTenbHo cdop-
MyJHpOBaTh MPEAJNOKEHHE, AHAJOTHUHOE IPEAJONKEHUIO 2.2
TOoro e naparpada.

3. TpuHUMD aHATHTUUYECKOrO MPOJOJIKEHHS.

Teopewma. lycme f(x, y) — Pyukyua, anaiumuseckas
e obaacmu D, u nycme (xo, yo) € D. Toeda caedyrouitie
YCA0BUSA KEUBANEHITIHYL.

a) gynkyua [ u ece ee npoussoOHste 00PAWAIOMCS 8 HYAb
8 motxe (Xo, Yo);

6) pymryus [ moscoecmsenno pasHa HYAIo 8 OKPeCmHOCHU
mouKku (xXo, Yo);

B) (hyHKyuAa f moocoecmsenno pasua Hyaw 6 o6aacmu D,

HokasaTeqbCTBO AHANOTHYHO J0KA3ATEILCTBY TEOPEMBI H3
n 3 §4 .

Cnegcreue 1. Kowyo anorumuteckux Qyukiyull
8 obaacmu D npedcmasasem coboti obaacte Lea0CmHOCHL.,

CnegcrBue 2 (NpUHOLHN AaHAGJMAHTHUYe-
CKOoTrTo mnpoapoanxenus) Ecau ¢yukyuu [ u g,
anarumuyeckue 8 obaacmu D, cosnadarom & 0Kpecrmocmu HeKo-
mopot mouxu o6aacmu D, mo onu coenadarom o sceii obaacmu D,

§ 3. TAPMOHHYECKUE $YHKUHMH ABYX JEHWCTBHUTEJIbHbIX
NEPEMEHHbIX

1. OmpepeneHue rapMOHUUECKUX (HYHKIHUIL.

Onpenenenue. Oyukuusa f(x, y) IBYX AeHACTBHTE b-
HBIX NEPEMEHHBIX X H Y, onpenenenuas B obnactu D, Hasbipaer-
Cs eapmoruteckol B 3TOH 061aCTH, €CAH OHA JBaXK bl HENPePhB-
HO jguddepeHnupyeMa U YAOBJAETBOPSIET YCJOBHIO

‘”f+§j£— . (L.1)

. 92
Hubddepenunanbupit onepartop 0_x2 -+ 3 Ha3bIBACTCH Ore-

paropom Jlamnaca. On yacto oGosHauaercss CUMBOJIOM A,
MoxHO onpenenuTh TAaKHM K€ 06pasoM TapMOHMYEeCKHe
$YHKIHH MPOH3BOJLHOIO KOHEYHOI'O YHCJA IEPEMEeHHBIX, ORHA-
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KO T0, 4TO OyAeT 34eCh U3J0KEHO, MPUMEHHMO TOJNBKO K CAYHAI0
JIBYX TePEMEHHRIX.

5}
Mur onpenenuM onepanun AuddepeHLHPOBABHS 9 oy 9

0z 9z
10 KOMILUIEKCHOMY MEPEMEHHOMY 2 = X -+ iy M CONpsiKeH-

HOMY nepeMedHoMy z = x — iy (cm. ra. I, § 2, n. 3). Toraa

02 02 0?2
et ar =t (-2
TTostomy ycioBue (1.1) 3KBHBAJIEHTHO CJERAYIOIIEMY:
0
Py 0. (1.3)

Coornowenue (1.3} Boipamaer, CcJeLOBaTe/NbHO, TOT HakT,
uyT0 (yHKUHSA f rapMOHHYHA.

3aMeuanue. PaccMorpenHad QyHKIHS [ MOXET IIpH-
HMMAaTh K4K KOMILUIEKCHBIE, TAK ¥ JeHCTBUTE/bHbIE 3HAUCHUS.
Y1066l KOMIJIEKCHO3HAYHAA GYHRUHSA [ = P + iQ (P u Q —
JeficTBHTeIbHbIE) Oblia rapMOHMUeCKOH, HeoOXOoOUMO M J0-
cratoyno, Begaepcteue (1.1), urofel dynxumua P u @ Gpuin
rapMouHyecKHMH, Mul OyzeM ynotpebasTh B JajbHelneM 1Jsi
¢yuxuun P o6osnauenne Re f, a s Q—o6osnauenne Im f.

2. OyHKUMH TapMOHHYeCKMe U (YHKLHM ToJOMOpPhHbIE.

[Ipennoxenune 2.1. Beakaa eoromopdras pynkyus
AGAAEMCA 2aPMOHUMECKOLL.,

B camom gene, Bcakas rojsomopdHas Ppyeruus f 6eckoney-
a

Ho audpepeHnrpyeMa H, KpOMe TOro, a-i = 0. Ilpumenstss gud-
A

d
depenuupOBaHHe -, Mnojyyaem coorxouwenne (1.3).
Caepncrsue, Jeldcmsumessnan u MHUMAS HQCMU 2040~
MOPPHOL pyHKyuw ABASIONCS 2P MOHUECKUMU DYHKYUAMLL.

Hanpumep, log|z| — rapmonnyeckass ¢yHKUMS B MLIO-
CKOCTH C BBIKOJIOTBIM HAuaJioM KOODAMHAT. B caMmoM jeJe,
B OKPECTHOCTH /000 TOUKH 2z <= 0 MOXKHO BHIGPATL HEKOTO-
pyio HenpepuiBHYWO BeTBb ¢ymkuuu log z; dymkums log |z|
ABNAETC] ACHCTBUTEJIbHOH YACTbIO 3TOH BETBH.
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[Ilpeaxnoxenne 2.2. Bearkaa  Odetiemsumeasvrad
Qynryua g (x, y), eapmorudeckas ¢ odaacmu D, @ oxpect-
Hocmi K@ 0ol mouru amotl 06.2acmii 56a1emcs Oellcmamens-
HOLL Hacmelo Qyrryui f, coa0moproll 6 oxpecmuocmu amoil
moustt. DPynryus [ onpedeiena ¢ mounocmero J0 NOCHOAHHOLL.

Hdoxasareancrtro. Tak kak g — rapuouunue-

02 dg
8. =0 u, cae1oBaTeNnb o, QYHKILES =5

0z 0z 9z

rojomopdua B D. [Tosromy nuddepentinannuas dopma 99 S £ dz

A0kaabko obnafaer npuMpTHBHOH f. Muaue rosops, B okpecr-
HOCTH KaM /ol TOukH obnact D cymiectsyer GpyHkuus f, onpe-
JeJIeHEas C TOYHOCTLIO IO ITOCTOSIHHON, TaKkasl, 4TO

_o9g .
df =2 dz. (2.1)

ckag QVHKIHUA, TO

10 COOTHOLICHHE JIOKa3biBaer, 410 (YHKIMA [ rosoMopdHa.
[epexo/ist K KOMIVIEKCHO COTPSIKEHHBIM BeJUUHHAM B COOT-
Homenud (2.1), momyuum

dj =22 gz.
0z

Tak kak QyHRUHS g OdedcmsumervHa, (PYHKIIHH %‘g u gg

KOMIIeKCHO conpsikennbl. Ckaagpisan (2.1) 1 (2.2), noayuaem
1 _—
LA+ =de.

CnenoBatesibHO, YHKUHA £ paBHA JACHCTBHTEJABLHOH YacTH
(pyHKUEHY f, BO3MOXKHO, YBEJUUCHHOH Ha HEKOTOPYIO Jeii-
CTBUTEJBHYI) MOCTOSIHHVIO.

OcTasnoch NOKas3aTh, YTO €CaH JBe GYHKUMU fi u fa, roso-
MOp({HBEIE B OKPECTHOCTH OJAHOIl H TOIl XK€ TOUKH, NMEIOT OflHHA-
KOBbie J@HCTBHTEbHEIE UACTH, TO HX PAa3HoCThL [ = fi — [,

nocrositaa. Jeicrsurensno, d(f - [)=0, nau, unave rOBOPSI,
ad
f -dz - —f dz=0.

oF
Orcrofa nosyuaes, 4To f —0n L= 0, uyto m tpeboBanoch
Z

JIOKa3aTh.
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3ameuasnne. Ecan fana neficteutenbHas QyHKIHS g,
rapMoHuueckast B obsact D, To He Bcerjia CyulecTByer QyHK-
nust f, ronoMopduas Bo Bceil obnacty D, JeACTBUTENbHAS YaCTh
KoTopo#i paBna g. Hanpumep, ecan D — mI0CKOCTD C BBIKOJIOTHIM
HauaJoM KoopjuHat, To PyHkuHsi log |z| He siBasieTcst Jei-
CTBHTEJABHOH 4acThl0 YHKIHH, rojsoMopduol B obaacta D,
NOCKOJIBKY B 2T0H obsactu jorapudn He obaajaer ofHO3HAY-
Hofi BerBbio. Ilpennokenne 2.2 yTBEPXKAAET TOMBKO, YTO
BCSIKas JedcTRuTe1bHAs PYHKIIHS A0KQ26HO ABJSETCS NeHCTBH-
TeJLHOH YacThio rojoMopdhHoi $yHkuuu. OnnHako cnpasej-
JINBO

Cnencrsue. FEcaw D — odHoceaswas obaacme, mo
gcskaa Oeticmsumenvuan (yHKYUs g, capMORULeckas e obaacmu
D, seasnemcs Oeticmeumensroti yacmewn Qyrryuu f, coromopgh-
Hotl 6 D.

B cavom pene, nuddepenunnansuas gopMa 2 %%dz nMeer
NPUMHTHBHYIO B o6aactu D (em. ra. I, § 1, n. 7, reopema 3).

3. Teopema o cpeanem. Kak 6pisio mokazano B n. 1 § 2
rot. L1, aas rosomopdueix B obaactu [ DyHKIHMA crnpaBef-
JHUBA TEOpeMa O CpeIHeM: JJIsi KamkJOro 3aMKHYTOTO KPyra,
cofepzKanierocst B D, 3nauenune GyHKUHH f B LEHTPE KPyra paBHO
cpefHemy 3Hadenuii QyHKUMHK [ HAa IpaHHIE 9TOrO KPyra.

IMIpennoxenue 3.1. HAua eapmonuueckux pynxyui
6 obaacmu D cnpasediusa meopema o cpeoHem.

Hocrarouno noxasarh 3TO NPEJIOKEHHE JIJisi rapMOHHYe-
CKUX (QYHKUMH, NPUHHMAIOMHUX JIEUCTBUTENbHbIE 3HAYCHHS.
Cayua#t rapMOHMYECKHX KOMILJIEKCHO3HAUHBIX (YHKUH{ CBe-
JeTCA K 3TOMY, €CTH PACCMOTPETb OTJAENbHO AeHCTBHTEMbHYIO
1 MHHMYIO YacTH.

Urak, nycrs g — AelfictBHTeNibHAs rapMoHHYeckas (PyHK-
nus B obnactu D, a S — 3aMKHYTHI KpyT, cogepxkauuiics B D,
B cuay caejpcrsus npemjiokenus 2.2, cymectByer PyHruus f,
rosoMopdHasi B OKPeCTHOCTH Kpyra S, AeHcrBHTeNbHAS YACTh
KoTopo#t paBHa g. 3HaueHune PYHKUHMH [ B uenrpe kpyra S
PaBHO cpefneMy (YHKUMH [ Ha rpanuue xpyra. IlpupaBrusas
JEHCTBHTENbHbIE YacTH, BHJIHM, 4TO 3HaueHHe ¢YHKUHH g

11 A, Kapran
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B I€HTPE KPyra S paBHO CpellHeMy 3HayeHUil Ha TpPaHHIEC, 4TO
H Tpe6oBaNOCh.

Kak Me1 yBuanuM fagee (§ 4, 1. 5), Bepno u o6paTHOe: BCsKas
HenpepoiBHAs (QYHKIMs, 1A KOTOPOH CrHpaBeAaHBa Teopema
0 CpejHeM, sBJsieTCs rapMonuueckoil. llHaue rosopst, Teo-
peMa O cpejHeM Morna Obl ObiTh B3siT2 B KAuecTBe ONpefesie-
HHUS TapMOHNYECKHX (DYHKIHH.

B ra. II1, § 2, n. 2, 6b11 ROKA3AH APUHLUNL MAKCUMYMA IS
JI000H HenpepuiBHON (YHKIHHE (NpHHHMAOUIEH NefiCTBUTE b-
HBlE MJIH KOMIJIEKCHBIE 3HAYEHHS), JJS KOTOPOH CIpaBeisinBa
TeopeMa o cpenneM. CsefoBartesbHO, MNPHHUHN MaKCHMyMa
MPUMEHHM K TapMOHHYECKHM (YHKIIHSIM,

4. AHQIMTUYHOCTD TAPMOHUYECKUX QyHKIHIL.

MMperaoxewnwued.l. Beaxas ¢ynsyua g (x, y), 2ap-
Monudeckas 6 obaacmu D naockocmil, 1645emea QHAAUMUYecKol
ynxyued nepemernoix x wy 6 D. B uacmrocmu, 8caKkas 2apmo-
Rudeckas Qyuxyus beckoHeuno duggepenyupyena.

JokasarenancTBO. MOXKHO NPEANONOKHTE, YTO
$yHKUHSA g TpUHUMaeT feldCTBUTeNbHBIE 3HaueHHS. [TocKOABKY
NpelIoXKeHHe HMEeET JIOKAJbHBIH xapaxrtep (HYXKHO [OKasaTh,
uTO (DYHKIIHS g AaHAJHTHYHA B OKPECTHOCTH KaxKAOH TOUKH 06Jsa-
¢TH D), Mbl NPEANOJOXHM, uTO PYHKUHA g (X, y) rapMOHHYHA
B OTKPHITOM Kpyre x2 -+ y? < 0% B arom kpyre ¢dyHkuus g
SBJsieTCsT AeHCTBHUTENbHOH 4acThio rojomMopdHoll ¢yHKuuH f.
®yuxnus f pasnaraercss B CTENCHHOH Psif

f(z)=n§0 a,z". (4.1

3aMeHHM B 3TOM psifie MePeMEHHY0 z HA X -} iy u pac-
CMOTPHM DS$iA

2 G (x4 i)™ (4.2)

n=0
KaK CTENMeHHON Psifl C JBYMsI EPEMEHHBIMH X H Y, HMes B BHAY,
gro (x -+ iy)™ B Buipamenun (4.2) samensiercst mo Qopmyne

. ‘ n! .
(x+igt= D mxp (iy)*. (4.3)
p+g=n

Hast Besiko# Touku (x, y), Ast Kotopod |x |+ |y| <o, (| x|, |y])
OPHHAMJIEKHUT 00aacmu cxodumocmu psgpa ¢ ABYMsi HEpeMeH-
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HeiMH (4.2). B camom jesie, nsa Takoit TOuKM (¥, y) Cymiecr-
BYIOT YHCHA ry > |X| H Iy > \y|, TaKkHe, 4TO

ry pre=r<Q,

I OpH 27TOM

Y (p’l Q)' . o\ o m \

:>_~ ”’b@*"lamﬂ”lﬂé—z |a, | < oo,
p=0, ¢=0 n=0

B uacrmoctu, cymma paga (4.2) ectb anasumuueckas PyHK-

LU B TPOM3BEJEHHH KPYIroOB

x<, Jy<t. (4.4)

~ o -

[yers f(2) = D) @p2™ — cyMMa CTeNeHHOro psija, Kosd-
n=0

(PHLLMEHTEl KOTOPOTO d KOMILIEKCHO COMpPSIKEHHl ¢ Ko3(phH-

uuenramu psaa [ (z). Torna

2g (x, y) =[(x+iy)+ [ (x— iy). (4.5)

Oynxuus f (v — iy) avasvutHyHa B ofjacti (4.4) mo Tem xe
npuyuuaM, uto u  odyuxkuus f (x + iy). CiegoBaresibHO,
g (x, y) — aBaguTtHueckas PyHKUHUs B 3ToH objactH. Takum
obpaszoM, HYHKIHUA £ aHAJHTHUHA B OKPECTHOCTH II€HTPA BCs -
KOro OTKDHITOFO KPyra, B KOTOPOM OHa rapmonnuyga. Orciofia
caenyer npeuioxenue 4.]1.

5. OrpicKaHue roJaoMopgHol QYHKUMHU NO 3aAaHHOH [ei-
creuTeasHON yactu., Kak Mbr yxke sugesu (npemjoxenue 2.2),
BCAKYIO ACACTBHTEAbHYIO TAPMOHUYECK VIO (DYHKIHIO g JIOKAb-
HO MOXHO NPEJCTaBHTh KakK JeHCTBHTEILHYIO YacTh roJioMopd-
HOA QYHKIHMH f, KOTOpas HAXOAHTCS MYTEM HHTErPHPOBaHUS.
Mur yBunuM cefivac, 4To ec/iu aHaJHTHueCKas QYHKUHS 3aAaHa
OPH OMOIIH CTENEHHOro PsAja, MOXHO HaHTH Qyskuuw [ Ges
HHTErpHPOBAHHS,

[pennonoxnm, uto PYHKUUSA g (¥, i) FAPMOHUUHA B OTKPHI-
ToM Kpyre x2-+4y%<@?, ¥ BOCHOJBL3YeMCs 0GO3HAUECHUAMH I1. 4.

PaccemorpuM opMaJibHBIE CTENEHHbBIE PSB! C IBYMS NepeMeH-
HeMH X u YV

[X V)= X an(X+1¥)", (X =i¥)= 3 G (X~ i¥)".
nz0Q nz

11*
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Kak Mbl yxe Buieds, ux oGaactTb CXOAUMOCTH COJLEPIKHUT
oTKpbiTOe MHOXecTBO (4.4). IlogcraBum temepn Bmecto X u Y
KOMNAEKCHbIE TIEDEMEHHBIE X U Y, YIOBJETBOpPSAIOMIHE HepaBeH-
cteaM (4.4). Iloayuum abcoMOTHO CXOASIHHACH Psil.
[Tycts 2z — KOMILIEKCHOE 4MCJIO, JJisi KOTOPOro |z |< Q.
Benegcrtaue (4.5) uneen

20(5 0 5 ) =@+ 0. (5.1)
ITonaras B 9TOM COOTHOUIEHUH 2 = O, NOJAYUHM, UTO
2g(0, 0) =/ (0) +7 (0).

Brruuras 3Td paBeHCTBA ORHO M3 APYrOro, NPHXOJAUM K OKOH-
yarenbHOH QopMyie:

28 (5. 5 ) =80, 0=f@) +5 (F (O=F(0). (5.2

Hcxkomas dyuxuus f(2) pasua, ciedogamesvro, ¢ mouHOCIHbI0O
00 quCmo MHUMOL NOCIMOAHHOL, U3BeCMHOIL hyrryuu

2g( 5.5 )—e(,0), (5.3)

ROAYHEHNOL NPU  HOMOUL NOOCMAKOGKU KOMRACKCHOLX nepe-
MeHHbIX 8 pasioscenue 6 0Boiinoti cmenennotl pad pyrKyuu
g (¢, y), 3aeucauer om 08yx OeLicMBUMEAbHbIX NEPEMEHHbIX,

SamMeuanue Bpme M cuyuTasu, 4T0 (QYHKUHA
g (x, y) eapmonuuna B Kpyre x4 y? < 0% Ho coortHouenue
(5.2) coxpausier cMpics K g Juo0od JeHCTBUTENbHOH aHa-
JUTHUECKOH (YHKUMHA g (¥, y), DPAsJOKHMOH B CTENEHHOH
pss B obaactu (4.4). yuxnus [ (2), onpefensieMas pyHKuneH
g (x, y), pasJjo)XnMa B CTeNeHHOH psii npH |2 | < @, a CJejoBa-
TeJBbHO, TojioMOpdHa B 3ToM Kpyre. OfHAKO B 3TOM Cjydae
OYHKIMS g MOXKET H HE SIBJISIThCS JEeHCTBHTEJNBbHOH HacThIO
Boipaxenus (5.3). B kauecTBe ynpamueHHs MO¥KHO MOKa34Th
caejyromee: At TOrO urTofbl (PYHKUHST g Oblia ACHCTBHTE/b-
HOH wacTeio HyHKuUHU (5.3), HEOOXOAHUMO H AOCTATOYHO, YTOOLI
$yHKIUA g Obl1a rapMOHWYECKOH,
ITpnwmep. PaccMOTpUM DYHKIHIO
sin x cos x

glx y)= cos? x+t-sh? y




§ 4. Popmyaa Ilyaccona. 3aduna Jupuxie 165

Umeem
z N 2sin 7;— cos -
& <Tj P —:o;z:*sin? i =l
2 2
H, CJEeI0BATEILHO,
f(zy==1gz.

Moxno npoBeputh, 4T0 (PYHKUMS g B CAMOM Je/€ HBJSETCS
jleficTeuTeNbHOMN yacThio OynKuwin tg z. Iosromy lannas QysK-
1Ml g rapMOHHYECKas.

§ 4. POPMYJIA NNYACCOHA. 3AZAYA JUPUXIIE

1. UHTerpannHoe npefcrasiaeHue GyHKIuH, rapMOHHUYECKOH
B kpyre. I1ycrs g (x, y) — AeficTBHTEIbHAS (YHKIUHSA, rapMo-
HAYecKasi B kpyre x? —- y? < o2 Oyuxuua g Apasercs Jed-
CTBUTEJBHON YacThIO TOJOMOPHHOA (PYHKUHH

f(2)= 2 an2". (1.1)

nz=0

MoxHO cuyTaTh, 4TO Qp — AEHACTBUTENLHOE YUCJAO, TOrAa
¢byukuust f onpeneneHa ofHO3HAYHO. 11pH r < @ HMeeM

g(ricos 0, rsin®) =a, -21— Z ™ (@pe® 4-a,e=in8),  (1.2)

nz=l

IDT0T psaL CXOAHTCST HOPMajpbHO OTHOCHTE/LHO 0, KOTOpOE
mensiercss or 0 1o 27, Ml nonyumiu B mpaBoi 4acTH PAaBeH-
crea (1.2) pag Pypwe, Ko3hPHIMEUTH KOTOPOrO 3aMAKTCSH
UHTErpaibHBIME (OpMYyJaaMu

2
aO:éliS g(rcos0, rsin0)do, (1.3)

u e g(rcos, rsing)
" w (e

do upn nz1l. (1.4
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3amenuM B mpaBoit wactu (1.1) xoaduunenTtsl a, ux 3Haue:
HHsMH, B3sTeIMH K3 (1.3) u (1.4). Tloayuum nmpu [z | <r
27t

1) =g § g(reos, rsing) [ 1423 (5 )" [ do, (19
0 nx1

TA4K KaK, B CHJy HOPMaJbHOA CXOIMMOCTH PSIAA, MOXHO MEHATh
NOPSiLOK CYMMHPOBaHHS H HHTerpHpOBaHHH. [TockoabKy

2 () -

NOJIYUHM OKOHUATEJBHYIO (POPMYTy

21 i,
F(2) = | g(rcost, rsind) LSgtido,  (1.6)
0

CrnpaBe/INBYIO TPH | 2| < 7.

Dta uHTerpanbHas (opMyJa BbIPaxKaeT roJOMOPQHYIO
dYHKIHIO B Kpyre |2] <@ uepe3 ee JeHCTBHUTENBHYIO UYacTb
Ha IPaHHLE 5TOro Kpyra.

BosbmeM neficTBHTENLHYIO YacTh OOEHX yacTe paBeHCTBA
(1.6.). Iloayuum

2n

g (x, y)::%gg(rcosﬂ rsin @) — P [2\2 -do, (1.7
n'o f€

rle z = x - iy.

Jra hopMyNa CnpaBelIuBa B OTKPBITOM Kpyre x2 - y% < r?
It JM000H JeHCTBATEJNBHOH (YHKLUMH g, FapMOHHUYECKOH B
kpyre x% -+ y? < 0 (rze r < @). B geficrBurenbnoctd dopmya
(1.7) ocraercsi cupaBelJIHBOd H IS KOMAAEKCHOSHAUHOL
rapMOHHUECKOH QYHKUHH g, 4TO JErKo NPOBEPHTh, pasiess
JeHCTBHTENLHYIO U MHEMYIO 4acTdH (PYHKUHHM g. Coomomeﬂne

2
(1.7) naswiBaercs gopmyaoti Iyaccorna, a byHKUHS | 1e|21|2 ’
re 4

CTOsIIIAST TIOA 3HAKOM HHTErpasa, HaswiBaercst sdpom ITyaccowa.
2. CpoiictBa saapa Ilyaccona. Ilycts 7 u 0 dukcupoans,

torga spgpo Ilyaccona sABsisiercsi (QyHKUMEH nepeMeHHOro
2= x - iy, ONpeNeNEHHOH U rapMOHHYECKOH B KaxJOH
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TOuKe, KpoMe TOUKH 2 = reif. 'apMOHHUHOCTE 3TOH PYyHKUHU

cJe]yeT H3 TOr'0, 4TO OHA SIBJSIETCS JEHCTBHTEJbHOH UYaCThIO
i0

o re ¥4

rojoMopdHOR hYHKIUH ~—§i_— Slopo Ilayaccona o6pa-

re’” —z

1

IAeTCA B HYJb B KaXJOH TOYKE OKPYKHOCTH |Z|= r KpoMe
TOUKH 2 ==re?®. OHO MONOKHTENBLHO B OTKPBITOM Kpyre |2 | < r.

duxcupyem Temeps r U 2z, rie |z| < r. Toraa agpo Ilyac-
COHA SIBJASIETCS] MEepPHOAMYECKOH (yHKIMe# 6, mpuHHMAatomeh
CTPOro MONOXKHTENbHBIE 3HAUEHHS. PacCcMOTpUM 3Ty QYHKIHIO
nepeMeHHoro 0 Kak MIOTHOCTb PachpeeseHHst MOJOXKHTENb-
HOH Macchl HA eAuHUYHOA okpyxkuoctd. Torla ofmas macca
parHa -+1, B CHJlY COOTHOIIEHHS

2mn

_Liﬁ—lzlz_dezl, (2.1)

20 ) (relf 72

o}

kKortopoe noaywaercst u3 (1.7), ecam mnonaoxuth QYHKUHIO g
TOMXKJIECTBEHHO pPaBHo# | (MOCTOSTHHAS SIBJASIETCS TAPMOHHYECKOMH

¢dbyuxuueir).

3. 3agaua Aupuxae gas kpyra. 3anava [upuxse COCTOHUT
B CJEIYIOIIEM: Ha OKPYKHOCTH C ueHTpoM O H papuyca r
3aJaHa HempepuBHAA (DYHKIHUS OPH MOMOLUIH HENpepLIBHOH
¢yuxkunu f (0), nepuopnuecko#i ¢ mnepuogom 2m. Tpebyerca
Haiith OyHKOHIO F (2) KOMILIEKCHOTO MEPEMEHHOrO Z, OIpefe-
JIEHHYIO U HEMPEPLIBHYIO B 3aMKHYTOM Kpyre | 2|« 7, rapMOHH-
YeCKYI0 B OTKPHITOM Kpyre |z|<r H YAOBAETBOPAIMIYIO
PABEHCTBY

F (re®®y = (0).

WHpivu ci0BaMi, peub HIET O MPOAOMKEHHH HENPepPbIBROI
GYHKUHKH, 33JJAHHOA Ha OKPYMKHOCTH, A0 (YHKIHH, HENpephB-
HOIl B 3aMKHYTOM KpYyre H rapMOHHYECKOH B OTKPEITOM Kpyre.

Mgl 6ymem paccMarpuBaTh TOJBKO Cayuaf, KOrja AaHHAS
dbyukuus f u HemamecTHas ¢yuxkuus F npHHEMAOT AEHCTBH-
TesbHBIE 3HaueHus. Ciyuall KOMILIEK CHO3HAUHBIX PYHKIHH CBO-
JIUTCSL K HEMY pasjiesieHHeM JefICTBUTebHOM U MHUMOH uacTeH.

Teopewma. 3adawa Hupuxise Oas Kpyea sceeda umeern,
pewierue 1 npumoM e0uHCmeerHoe,
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Jlokaxen cHaua/la eQUHCMBEHHOCMb PELIeHHs, €eCJHd OHO
cymecrsyer. Ecou Fy v F» — aBa pewenus 3afauu lupux.e,
TO pasHocTh Fy — Fs == ( HenpepolBHA B 3aMKHYTOM KpyTe,
rapMOHHYHA B OTKPBHITOM Kpyre M ofpaiiaercs B HYyJAb Ha
rpanuie kpyra. JocraTouno, c1eioBaTe1bHO, LOKA34Ts TAKYIO
JEeMMY.

Jlemsa. Dyukyua G, onpedeiseHHas u HenpepuiBHAL ¢
BAMKHYMOM Kpyee, 2apMOHULECKAs 8 0MKPbLMOM Kpyee u 06pa-
WAIOWAACA 8 HYAb HA 2PAHULE KPYaa, MOJNCOECIBEHHO PABHA HYAIO.

JelicTBHTENIBHO, NTOCKOJbKY 3aMKHYTBIE KPYI' KOMIIAKTEH,
dynxuus G JocTHraer BepxHeH rpans Al B HEKOTOPOH TOUKE
zaMkHyToro kpyra. Ecag M > 0, Tosta TOUKA JIEKUT BHYTPH
gkpyra. CorjiacHO NMPHHUMNY MakcHMyMa (cm. ra. [, §2),
tdhyukuusi G 1oCTOSHHA M paBHa M B OTKPBITOM Kpyre, a cJje-
JOBATENbHO, MO HENPEPLIBHOCTH, H B 3aMKHYTOM kpyre. 310
MPOTHBOPEUHT YCJAOBHIO, uTO OyHKIUS G o6pamaeTcsi B HYJb
#a rpannue. M3 tex ke coobpakeHnil TOKA3bIBAETCS, YTO HHXK-
Hasi rpanb QYHKUHH G B 3aMKHYTOM KPYre paBHa HYJIO.

CymecTBoBanne penlenns 3ajgaud Jlupuxsae Oyner ycra-
HOBJIGHO B CJEAVIOIEM MYHKTE,

4. Pewenue 3apaun Jlupuxae. Ilycts |2|<r; nosoxum
2m

F(z)= Sf( )l;‘—zﬁde (4.1)

[Tokaxem, uto ompeneneHnas TtakuM obpaszoM (yuxkuus F
rapMOHHYHA H 4TO

f(By)= lim F(2). (4.2)

2->r¢i00

lz)<r
CnenoBarenbHo, Oyukuus F, NOpoLoJKEHHAs Ha I'pPaHULY
Kpyra NpH DOMOILH (DYHKUHH f, ABAsieTCs penieHHeM 3aJauk
JlupuxJe, U J0Ka3aTeIbCTRO TEOPEMH H3 0. 3 OyAeT 3aRePLIEHO.
Oyuxnus F, onpelesenHast BEHYTPH KPYyra COOTHOLIEHHEM
(4.1), oueBuAHO, ABJASETCS JEACTBHTELHON YaCTBIO (YHKIHH

Sf(e) et o
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IEPEMEHHOr0 Z, KOTOpPasi ToJOMOpQHA B OTKPBITOM Kpyre,
MIOCKOJbKY MOXKHO JAHG(EpeHIUPOBaTh I[OJ 3HAKOM HHTe-
rpana. CnenoBaresibHO, GYHKUHS F JefiCTBHTE/NBHO SIBJSETCS
FaPMOHHYECKOH B OTKPBITOM KpYyre.

OcraJsioch joxasarb cootHowenue (4.2). Bor ugest sToro
JloKaszareancTBa: spo llyaccoma onpenensieT pacmpepesenne
[IOJIOXKUTEILHOH  €UIHNYHOA MAacChl, KOTOPOE 3aBHCHT OT
BHYTpeHHeH TOUKH z Kpyra paanyca r. [lokaxewm, uto Korza 2
cTpeMHTCH K TOUKe rei 3710 pacnpejesnenHe Macchl cTpe-
MUTCSL K CJAeIYIOIEMY pachpefiesenuio: Macca -+ 1 momeniena
B TOUKy re*to, Tounee, ecam 3agama ayra |6 — 0y|<1
OKPY:KHOCTH papuyca r, cojepKaniasi Touky retfo, 1o obmias
Macca, pacnosoXtenHas Ha amod Oyee, CTpeMuTca K 1, Koraa rouka
2 crpeMuTCs K retfo, JIocTAaTOUHO NMOKA3aTh, UTO 00ias Macca,
pacronoKeHHas! Ha JOMOMHHTebHOR JAVre, CTPeMHUTCST K HYJIIO,
KOrjia 2 CTPeMHTCs K Touke reifo, ocrapasch BHYTPH Kpyra.

Mp1 xoTHM, CIEOBATENBHO, A0KA34Th JEMMY.

Jlevwva., Humeepaa

1 r2—1z|2
[6—8g|>n

cmpemumes K Hyawo, Koeda z cmpemumca K reto, ocmasasnce
110 AM0GY.U0 MeHbule .

HHoxasarteabcTBO JenMbl. [Hogokamz= get*.
Ecnn la — 051’2, 10

la—0f>

Aas moboro O, yhoBaersopsioniero Hepasenctsy |0 — Uy (>,
CJIQILOBEITGJII)HO, [10 3HAKOM HHTErpaJaa HMEeNM

[re“’~«z!>/rsin’2~ .

[Tostomy HHTerpau (4.3) MamKOpHPYeTCs HHTErpaJoM oT PyBK-

uu —0%), KOTOpPBIH CTPEMHTCS K HYJMO, KOraa o

2
R TS r
r2sin%n/2 (
CTPEMHUTCST K 7.
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Teneps, xorja seMMa J0Ka3zaHa, Mbl MOXeM BBIBECTH COOT-
Homenne (4.2). Menonbsya (2.1), nosyuaem

2 2
F@—[O)=gr | (O)—F@) "G do+
(G NES ] !
1 { —1lz
tar | GO=1O) TGt el )
180—6y. -1
[ycrs jpamo &> 0. AGcomoTHast BeJIMYHHA MEPBOrO
UHTErpana INpaBod dYacTH paBeHcTBa (4.4) MeHpine BepxHel
rpann |f(0) — f(©o)] nmpu |0 — 8/ m, mockoabky ofuias
Macca Ha BCeil OKpPY:xKHOCTU paBHa l.
Tak xak [ — HenpepuiBHasi QYHKIHS, MOXKHO BbIOpATh 1] TaK,
yTOOb! a6co.moTHaﬂ BEJIMUMHA [IEPBOr0 MHTErPajsa HEe NpPEeBoCxo-

Jua —- . Ipyu BEIOpaHHOM 3HAYEHUM 1) BTOP Ol HHTErpaJj HpaBoi

4acTtu (4.2) menblue 2Mm, rre M — Bepxusis rpaub |f(0)],
a m — 3HauepHe uprerpana (4.3).

Besencreue npeipivinell JeMMbl, /71 CTPEMHTCH K HYJIO,
Koria z crpeMmurcst K ret, CrenoBaTenbHO, KOrja 2 MpHHAJ-
JIEKHT JIOCTATOYHO MaJIOH OKPECTHOCTH TOUKH retde, aGcosmoTHas

e
BCJIHYMHA BTOPOro HMHTErpasa MeEHbIIE HJAH paBHa 5

Torna
| F(2)—[(0) <,

oTKyZAa caenyer (4.2). Teopema us n. 3 TeM CaMbIM MOJHOCTBIO
nokasapa. Pyuxknus (4.1) gpiadercs  peimeHueM  3ajauH

Hupuxne.

5. OnpeaejeHue rapvMoHu4ecKuX (QyHKUMH NPH NOMOIUH
teopembl 0 cpegHeM. Mul Bujenn (§ 3, m. 3), uto Aas Joboit
rapMOHIHYECKOH (YHKLUHH COpPaBeJiiBa TEOpeMa O CPelHEeM.
Bepuo u ofparHoe.

Teopewa. Beakaa wenpeposras 6 obaactnu D ymk-
yus f, 044 Komopoti cnpagedausa meopema 0 cpeoHem, A8A1emes
2apMmoHuteckoti 6 amoil obaacmu.

HdoxkasarteancTB o. locTaTOUHO MOKA3ATE, 4TO QYHK-
IHst [ rapMOHHYHA B OKPECTHOCTH Kawkiof Touku obmactd D.
Mbl noxkaxewm, yro Ajs Jodoro 3aMKHYToro Kpyra K, conepxa-
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merocs B D, ¢dyukuus f rapmonnuna suytpu K. Pacemorpum
cyxenue QyHkuuu [ Ha rpamuny xpyra K. BciaegcTeue
TEOPeMbl U3 I1. J cyiecTBYeT (PYHKUHA F, HenpepLIBHag B Kpyre
K u rapmonuueckass BHyTpH K, KOTOpas COBHaAZET ¢ PYHK-
umeli f wa rpanune K. Paspocth F — f ofpamaercss B HYJb
Ha rpauuiie kKpyra K 4 yaOBjersopser NPUHIMIY MakcuMyma
BHYTPH K, TOCKOJBKY JIJIsI HEe CIIPABE/JIUBA TEOPEMA O CPEJIHEM.
Beaeacrsie npuuivna Makcumyma (Cp. aemmy 1. 3) GyHKIHL
F — f roxaectBenno pasHa Hynw B kpyre K. Orciofa caenyer,
uTo (YHKUHS [/ coBmajaer BHYTPH Kpyra K ¢ rapMOHHYECKOH
tyuxkuueit F, u, cjeroparenbHO, caMa ABIAETCH TapMOHHYe-
CKOH B 2TOM Kpyre.

§ 5. TOJIOMOP®HBIE &Y HKIIUY MHOI'HX
KOMMNJIEKCHBIX NEPEMEHHbBIX

1. Onpeaenenue rogaomopduoil dyukuuu. Paccmorpum n
KOMIUIEKCHBIX TMEPEMEHHBIX 2 = X, + iy (1 <<k <<n). Hs
TeX ke coobpaxenui, uto u B ra. I, §2, n. 3, oueBuaHO, YTO
nudpdepeHtHan HenpepelBHO Au(pdepeHuupyemMoit GyHKuHHa [
3aMUCHIBACTCS B BHJE

=Y (g;dzﬁ a"f d2k>. (1.1)
h=1

21

Puxcupyem Bce nIepeMeHHbIe, KPoMme 2. Torua s Toro, utobh
dbyuxkuus f Obwia ronoMopdbHoH (YHKIHEH NEPEeMEHHOro 2y,
. 0
HEOOXOAMMO M JOCTATOYHO, YTOOHI aA_f,‘:o. Takum obpasom,
2y
ecau f rosomopdua mo Jo6oMy nepemeHHOMY 2y, TO Au(de-
peHuuan df sasasercs JaHHeHHOH KoMmGuuaume# nuddepen-
1uanoB dzy.
O6patno, ecan pubdepenuyian df sisngercsi AunefHOM
KomOuHauel auddeperunanos dzy, To GyHkuus f rosomopd-
Ha 1O Ka)KAOMY IIEPEMEHHOMY Z; B OTHEJbHOCTH.

Onpenenenune. Oyukuus f (2, ..., 2,) OT n nepe-
MEHHBIX 25, onpefenensas B obgactd D npocrpancrsa C&,
HaspIBACTCA 2040M0pchrol B o6siactu [D, eCjid OHA HenpephiBHO
Audbepennupyema u eciy, KpoMe Toro, ee auddepeniuan df
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of
*a;k* dz ke

OueBHJIHO, YTO aHaJUTHUECKAs (YHKIHS KOMILIEKCHBIX lepe-
MEHHBIX 2y TOJIOMOpgHA.

T eopewa. Henpeposnan pynxyus é ob.aacmu D, eono-
MoppHAR 10 KANOOMY U3 CBOUX NEPEMEHHbIX 8 OMOeAbHOCL,
eoaomoppre u  anaaumuuna 6 obaacmu D.

JloxasaTesibCTBY 9TOH TEOPEMB! NOCBSIHIEHB [BA CJEAYIO-
wux nysxra. M3 310ff TeopeMbl cjenyer, B YacTHOCTH, YTO
Kaxaas HenpepelBHAs PYHKUHUS, ToioMOp(HAsT OTIENbHO [10
KaxJIOMY M3 NePeMEeHBHIX 2y, HenpepniBHO AuddepeHuupyema
u jgaxe Oeckoneuno auddepenuupyema. Vs nee caenyer, ¢
APYro#i CTOPOHBI, 3KBHBAJEHTHOCTb CBOHCTB TI'OJOMOPQHOCTH
U aHaAWTHYHOCTH Jas (DYHKIH HECKOJbLKHX KOMIWIEKCHBIX
[IePEMEHHBIX.

2. Unrerpanbnas dopmyna Komu. Pacecmorpum cradana
cjaydail ABYX KOMIIEKCHBIX NMEPEMeHHBIX 24 M Z;.

MIpenaoxenue 2.1. Ecau ¢hynusyun f (2, z2) enpe-
puiBRa 8 npoussedenul Kpyeos
|z ] <o, lz2] <@ (2.1)

1 20.10MOPPHA NO KAKCOOILY U3 NEPEMEHHBIX 2y U 23 6 OMOCALHOCHILL
e obaacmu (2.1), mo npu

[2n| <7Tw<<Qr (k==1, 2)

umeem Mecmo pPaseHcniso

1 § ¢ [ (E1 Do) dEy dTy ‘
24, 29) = s Y 2.2
Feo 2= ) | @ 52 e (2:2)
ede urneepa.1 6epemes no npousseder o okpyaicHocmed |5y | = ry
u|Ca| = ra, Kamoan us Komopbix npobeeaemcs 6 NOAONCUMENb-

HOM HANpasleHuu.

JdokaszareabcTBO. PHKCHPYEM Zs B OTKPLITOM
Kpyre |2s] < rp. PyHxuus [ (21, 22) TOJOMOP(HA NO 2y B KPYyre
|z3] < 01. CrenoBaressHO, MOXKHO NPUMEHHTb K Hell MHTE-
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rpaanuyio gopayay Komm (r1. U, § 2, o, 5):

(24, 2_):1 \ fﬁgl—’%ﬂdﬁi npu 2 <r. (2.3)

2ai o —

‘Zl'ifrl
PuxcupyeMm Tenepb Ly Ha OKPVIKHOCTH &y - 7. DPyuxiua
[ (L4, 22) ra1oMopdHa N0 22 pH 120 < 0. Tax e, Kax H sblilie,
MOJIYyYAEM PABEHCTRO

N 1 ¥ .
P 22 =g\ npu 2a| <7y (2.4)

Tal=re
3amenum B (2.3) dynxumo [ (L, 2o) M0L 3HAKOM HHTErpasa ee
BuipaxkenueM no ¢opmyae (2.4). Tak kaxk dyuxkunst [ (Ty, o)

penpepuiBHa, noayuaeM QopMmyay (2.2).

Samegyanuce (mpuunagaexamee laprorcy). 1lyers
dyuxuys f (z), 25) onpeiesieHa 1 HeNpepblBHA B OOBERUHEHHH
obaacreit

(A) 521’<Qif ;Z2J<8r
(B) a—e<lz| <o, |z <o

rre & >0 pocratouno mago. [lpegnosoxum, 4T0 B 00/aCTH
(A) ¢yuknusa f rogoMmopdra 1no nepemenHoil z;, a B ¢baactd
(b) — no nepemennoii z;. Torna dyuxkuus f npopomkaercs
JLO TOJIOMOPQHO!N GyHKIHHN NepeMeHHbIX 23 U Zg Bobaacty (2.1), u
3TO MPOJAOMKEHHE YAOBACTBOPSIET HHTErpaabHOl (hopmyae (2.2).

YKaszanug XK JokKasarteabcTBY. Bubepem
MIPOHU3BOJILHO £y H r3, YAOBJETBOPSIOUINE HEPABEHCTBAM 1y < Q4,
r2 < @2, H NYCThb &€ HACTOJILKO MAJO0, 9TO & < Iy, 1 > @ — €.
Iloxaxkem, uto GyHkIHA [ (21, 22) npojfosxaercs: 10 QyHKLUHH,
KoTopas rosoMopdua B ofsacTH

(2| <y 2 <1 (2.9)

(ee MBI Takke Oyiem obosHauath yepes [ (z;, z:)) U KoTopas
B 270l 067aCTH yjIoBJAETBOpsier coorHomenuo (2.2). Ipexne
BCEro, COOTHOIEHHE (2.3) HMeeT MecTo npH |2, | < ry, (22| < &,
nockoAbky GyHKuHsS [ rosomopdua 1mo z; B obsactu (A).
Hanee, ecau || = ry, TO cooTHOmEHHEe (2.4) HmeeT MECTO
NpH | 22| < ra, NOCKOALKY $YHKUMs [ ronoMopdua 10 2
B obsiactu (B). Cnenoparesnbno, coornourenue (2.2) cnpape-
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JIMBO TPH | 21| < 1y, | 22| < &. Onnaxo npapasi 4aCTb COOTHOLIE-
Hasg (2.2) apasercs rosomopdHOB dyHKIKE!l nepeMeHHBIX
21 ¥ zy B objactH (2.5). Ee npojoskenne yA0OB/IeTBOPSAET COOT-
Hoienuo (2.2) B obsactr (2.5), uto 1 Tpebyercs.

YreepxKaeHHe, aHajJorHuHoe npegroxenuo 2.1, nmeer
MECTO H AJMS QYHKII 7 KOMIJIEKCHBIX IEPEMEHHBIX. B 3TOM
cayyae MHTCrpaamhyio  dopmyay (2.1) caepyer 3aMeHHTb
PaBEHCTBOM

— [N f @ - vy En)dly ... dl,
]C(Z1, ey Zn,)— Tm) S S (C;-f21) e (Cn_z")?i

3. Pasnoxenne rojomMopdHOi QYHKILHK B CTeNeHHOH PaA.

Hpeaaoxenue3.l. Illpu mex oce npednoioscenusx,
umo u 8 npedaosxcenuu 2.1, gynxyua [ e obaacrnu (2.1) pasasa-
caemca 6 080UHOL cmenenHol pad

flai, 22)= 2 ap,q2824 (3.1)
p, a0

/loKasaTesibCTBO  COBEPIIEHHO  4HAJOIHYHO MPOBEJCH-
HOMY JUISl  CJy4as OJHOrO KOMIWIEKCHOIO [epPeMEHHOIO
(cm. ra. I1, §2, n. 6, Teopema 3).

Kak yxe H3BECTHO, €CJH pas/oXKeHHe B CTeNeHHOH psia
CYLIECTBYET, TO OHO e0UHCHIAEHHO, TAK KAK COBNAafaeT C PasJio-
sxenueM Tefsopa GyHkuuH [ B Hauane KkoopiHart. Cle1oBaTelb-
HO, AJ151 JAHHBIX 7, ¥ 7, TAKHX, UTO

ry<on 7y < Qs
JOCTATOYNO HAHTH CTENCHHOH P, HOPMAJbHO CXOASILUHHACS
K [ (21, 23) B NPOM3BEJEHHU KPYTOB
lal<rn,  lzl<n.

Bribepem r; ¥ ry Tax, 4ToObl OBIO 7] < 1y < @1, 1y < 2 <
< Q2, H IIPHMEHHM HHTErpasibuyio hopmyay (2.2) npu jz,| < r,
lz2| < r, CymectByer pasjoxeHue

1 Zf zg Q
Ci—21) Ca—22) 2 ga e (3.2)
p. g0 >?
ITocsieuit psil HOPMAIBHO CXOAWTCS MPH |2; | <7, |G| = 14

(=1, 2.
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Ilog suHakom wuHTerpasna B npaBod uactu (2.2) 3aMEeHHM

(YHKILHIO ( €e pasJ/ioXKeHHeM B CTeNEeHHOH psj Mo

1
E1—21) (G2—22) )
dopmyase (3.2). Benny HopMaabROM CXOAUMOCTH PSAa ero MOXKHO
HHTErpHpPOBaTh MOYJICHHO. B peayabTaTe NMOJYYHM pasjioxe-
HHe (3.1), B KOTOpOM KO3(hD(PUIMEHTH! Qp, ; 3aJaHBl HHTETPAJ b-

HOH dopMysioH

= K S TG &) ge 33
Q. q= 75— . .
rr 4 (23.“)2 J §€+1§g+1 Ci CZ ( )
[Ipennoxenne 3.1, Taknum o6pasoM, JTOKa3aHO.

AdanornuHoe NpeiJIoKEeHHe MOXKHO JOKAasaTb AJsi cJyuasi
n KOMIJIEKCHBIX llepeMeHHbIX. OueBHIHO, YTO Teopema, cgop-
MYJUPOBaHHAS B KOHIE I. 1, cieayer us mnpemtoxenus 3.1.

3ameyanue MOXHO Jl0KasaTe, ¥T0 (QYHKIHUS
J(z1, ..., z,), roloMopdHasi Mo KaxIoMy H3 CBOHX Hepe-
MEHHBIX B obaactn D, okasplBaercss HenpepoisHol B 3TOH
o6JacTi, a ¢JeJ0BaTeNbLHO, FOJOMOPQHOI.

HokasaTesbCTBO TOIO YTBEPKACHHUS CAMIIKOM CJAOKHO H
He 6yJeT IpUBEIeHO 3/1eCh.

4. BbiuucaeHue KospduuueHtTor pasnoxenusn Teigopa
rogomopdHoi (yukuun. Kak u B ciayuae ojHOro neperieHHoro,
KO3(QOHUMEHTH Up, ¢ MOXHO BBIPA3HThL Y€Pe3 HHTerpand, co-
Jepxamuit dyukuuio f. Hast aToro A0CTaTOUHO B COOTHOLIE-
nuu (3.1) sameHHTL 2y Ha re'®, a z, Ha r.6'%2 u npownrerpu-
poBatp nousienyo. [loayyum

2 2m
1 . . .
ap,qiri=g g Qf(rlelel, ryet92) e=1 (PO11900) 4O, dO,.  (4.1)
00
Orciona BEIBOAUTCA HEPaBEHCTBO Komu:
M (ry, r9)
lap, ol < =57, (4.2)
rrg
rne M (ri, ro) — BepxHas rpanb QYHKUHH |f(2;, 22)| npH
|21| = ry, |22] = ry uam, yto TO ke camoe, OPH |2y |-ry,

] 22 l <7s3.

Yurareao HpeaoCTaBasA€TCd CaAMOCTOATE/IbHO BBIBECTH TEO-
pemy, aHajoruuHyw teopeme JIHYBHAASA, H NPHHIMI MaK-
CHMYyMa.
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Kowmiosuiust rosoMophHbix PyHKiUii.

[MMpexnnoxenue O5.1. fMyeme [(zy, ..., 2,) — eo-
aoxmoppran pyrryus e obaacmu D npocmpancmea C*. [ycme
gu ey gn

— pyuryuw, 20a0m0pgiroe 8 odaacmu D' npocripancrisa C°
u npunumaouue sHovenud ¢ D. Toeda ¢gyuryus f o g, onpe-
deaeMHas caedyiouius 00pasoa:

(Lo, oo dpy = flg(te oo 8, oo, @n (b, oo )
eoaoxopgra no ty, . .., 1, 8 obaacmu D'.

HoxasareancTso. MokHO NPUMEHUT:L MeTOd NMOM-
CTAHOBKH B CXOJsmluecs cremeiifble psinl. Onako BBUAY
TOTO, YTO MBI NOAPOOHO HE H3Yy4YalHd ATOTO METORa B CJAVYae
MHOTHX INE€peMEeHHBIX, MBI J&JIHM 3/eCh JOKa3aTeJLCTBO, OCHO-
BAHHOE HA COBEPINEHHO APYIHX COOCPAMKCHHUSIX.

Tak gax GyHxuus f, 1o npeanonckenduo, roiomopdHa. 1o

I
N — "‘ 'aj;
(l/—}__, azkdzk. (51}
k=1
Tak Kak (pyHKUHHA &, roaoMopdHbl, TO

den = 2 L dt;. (5.2)

=1
Ecnun mpr nofcraBum BMecto AH(depeHnuajsos dz, B pa-
sercrBe (5.1) ux 3uadesus us (5.2), To moayunm audhEpeH-
uuan KoMmnosuuru fog. CuaenoparenbHo, JAH(DepeHIHan
d (f o @) sipnsiercst sinHefiHol koMOuHauwmeit 1HDPepeHIHaNIoB
dt;, 1. e. dynkuus fog rogomopdua.

6. Teopema 0 HesBHOH (DyHKUHH.

‘ [Ipennoxenne6.l. Hycmo f; (xy, ..., Xn; 24y ooy 2p)
(=1, ..., n) — ¢ynkyuu, ecoromoppusoie 6  oxpecm-
HOCHUL MOYKU X;=a;, 2, = cy. IIpednoaoocum, wmo dynxyuo-

Ha16HbLE onpedesutnent (et< > OM.IULEH. OfL HYAS & 3ol



. §5. otomopgrue Qyrsyun 1

moure. Toeda cucmena ypasneruil
yj:fj(xi,...,xn', Zi,...,Zp) (j:l,...,/’L) (61)

umeem npu xj;, docmamoyno OAUBKUX K a;, npu 2y, docrma-
MoYHO bAusKUX K Cy, W npu Y;, OOCMQIMOo4no OAUSKUX K

by =f;ay, ..., Qn; €1 ..., Cp),
caedyroiiiee  petuerue:
xj:gj(yh cees Yno 24y vy Zp)s (62)
2de ynikyuu g; 0A0MOPHBL 8 OKPECHIHOCHIU IO4KU
(b, .« oy bpy 1y oL, Cp).

JdokasarteabcTBo. Mbl CBeeM 3T0 HpPeIIOKEHHE
K KJacCHyecKko#l TeopeMe O HesBHOH (YyHKUHM AeHCTBHTENL-
HBIX TepeMeHHBIX. 1lomoKuM

xjp=Xp R iXp, Y= yrtiy),
TAe Xj, Xj, Y W y; AeHcTBHTEabHbl. BHelinee npoussesierne
dx; N\ dx; pasHO
(dx;+idxy) N\ (dxj—idxy)= —2idx; A dx].
Takum obpasom,
dx; A dxy= —2{dx; A dx},
a Takike dy; A dy; = — 2idy; A dy;. (6.3)

C npyrofi CTOpOHBI, IpPH (PHKCHPOBAHHBIX Zj,
UMEEM COOTHOHICHHS

dyi A ..o A dy, = det <5(Z—]> dxy AL A dxg,,
i

ax}.,

dygc Ao A d§n=det(i’£fi) dxg Ao A dxa,
OTKyJa, IOCae YMHOMKEHHS,
dys A dys A ... A dy, A dy, =
afi N |2 ~ =
det (3;7) Ay AdX A« A dxn A dx.
"

1o osnavaer, BBUAY (6.3), 4TO HYBKUHOHANBHEIN ONpPEIEU-
TeNb Yo, Yy o o oy Yny Yn IO X5, X1y . . ., X5, Xy PaBeH

; det (;}%’) 2

12 A, Kapraun
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U OTJIMYEH OT HYJA B TOUKE (Qy, . .., Gp; Cfy .., Cp) TO
HPeANONOKEHHIO,

[Tpumennm TeopeMy O HEeSIBHBIX QYHKIMAK: X;, X;, . .., X5
JIOKaJIbHO TPEJCTABJSAIOTCST KAK HENPEPLIBHO Auddepenup ye-
Mple GYHKIMH IIePeMeHHBIX Y;, Y, . . ., Yn U JACHCTBHTED-
HBIX H MHHMBIX uactell mepeMeHHBIX 2y, ..., Zp. OHHAKO

CHCTENa PABEHCTR
< O 0
dy; = jia Z‘ s - dzy

II0Ka3bIBaeT, uTo JuddepeHinuant dx; ABASIOTCS JHHEHHBIMH
KRoMOMHANUAME pu(Qepernnanop dy; u dzg. CaeZoBaTeNbHO,
Xt, « .., Xp — 2010MOP(Hoie PYHKIUK TNEPEMEHHBIX Y; U 2y,
yTo H TpebOBaJICCh AOKA3aTh.

YIPAKHEHUS

1. Hokaszare, uro Jas rogomopdHoil ¢yukuuH f (2) B 06~
gacta D

(D AMf@) =4 ()P,
(11) Alog (1-+17(2) )= 41T (2) P/1+ | f(2) [2)?

st ool Touku z € D, 3xecs A — oneparop Jlangmaca, on-
perenensni B § 3, n. 1.

2.(1) Tlycts g (2) — rosomopduas (GYHKIHS B Kpyre
|z] < R. llokasare, yto ecan 0 <7 < R u QyHKUHA £ (2)
He ofpalmaercs B HyJb B 3aMKHYTOM Kpyre |z|<r, TO cmpa-
BEIJIHBO COOTHOIICHHE

23

log[g (0)| =g | loglg (re)|d
0

(2) Iloxasarb, yto HHTETpAI
27
g log | ret® — rett| dO
0

cxonutes H pasen 2xlog r (r, ¢ meficrBuTENABHEL, r > 0).
BriBecTH orcioga, uto ecau [ () — mepomopdHas GyHK-
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uHsg B Kpyre |2] <R u ecau 0 <r < R, 10 HHTerpan
2n

K log|f (re®®) | dO cxoxurest.

b

(3) Ilyers ay, @s, ..., ap — HyaH, a by, ba',. .., bg—
noJiock (pyHkuuu f (2}, paccMoTpeHHo B (2), copep:kauipecs
B KPYyre ¢ BBHIKOJOTBIM LIeHTPOM O < |z |<Cr (Kamublfl U3 HHX
VYUTBIBACTCS! CTOJABKO Pas, KAKOBA €ro KPaTHOCTh), M MYCTh

@) = 2"+ ™
— pasqoxkende Jlopana ¢yskuwH [ B Hauajse KOOPAHHAT
>
(3aecs n =0 — uneqnoe). Tlokasars, 4T0 TOrAd

27

o5 | 1og 1] (re'®)[d6 = log| ca |— 3\ logay|-+

0 i=1
q
+ ) log| b+ (n+p—q)logr.
k=1
(Paccmorpers QyHKIHIO

CRCION ===

1gjsp

¥ 110K43aTh, 4TO OHA rOJIOMop(pHa U He oépam,aeTcsx B HYJIb
B 006/1aCTH, COAEpsKalell BaMKHYTHIH KPYr |Z|<7, H 4TO
g @] = 7@)] upn |z| =r.)

3. Bce rapMonnyeckue GpyHKIHH, DaCCMaTPHBAEMBIE B 5TOM
VIPaxKHEHHH, MPEANOAAraloTesi AeHCTBHTEIbHO3HAUHBIMH .

(1) Iycte f (2) — rapmonnueckasi GyHKuus B kpyre |2| < R
u f (z) >0 Bciony B 3ToM Kpyre. [Tokasarth, 4yTo TOrJa BHIIOM-
HSIOTCSI HEPABEHCTBA

R—|z] —iz]

JJist o6oro z, Ags Kotoporo | z| < R. [HMcnonssosate dopmyaay
Tlyaccona u sameTdTh, YTO siipo IlyaccoHa yJoBJETBOPSIET He-
paBeHCTBAM

r—lzj r2—|z |2 r--z|

i

T S e < e (n [21<0)

12#
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(2) BeieecTu orcroza, uto ecad GpyHKUHA f(2) rapMOHHYHA
A MOJIOXKHTENbHA BKpyre D (a, r) ¢ LEHTPOM @ M PajHYCOM 7, TO

<o) <3 @

s moboro z us kpyra D (a, r/2).

(3) Ilycrs dyukuusa f (2) rapMOHHMHA H [OJOKHTENbHA
B o6saactd D miockoctd €, # nycth K — KOMIAKT, ColepkKa-
wguticst B D. IlokasaTs, 4TO CyImecTBYer mocrosuuas M, sapucs-
mwas ronpko or D u K, Takasi, 410

f(21) < MF(2)

aast mo6ol napel 24 U 2, u3 koMmnakra K. (Ilokasats, 4T0 Cyme-
CTBYeT KOHEYHOe YHCJ/I0 3aMKHYTHIX KPyroB D, yJoBJAeTBOPSifO-
MIEX  YCJOBHIO

DU D.DK,
n
H Ana Jo6bX ABYX H3 HuX, ckaxkeM D, u D,, cymecrsyer
[OC/E0BATE bHOCTD Dﬂi, ce, an, Takasi, 4TO Dn1 = D,,
D"h =D, u Dﬂj_lﬂDnj¢ @ msg j=2,3, ...,k llpu-

MEHHTb (2) K KamJAOMYy H3 3THX KPYIOB.)
(4) Ilycrs {f, (2)} — nocaexoBaTeLHOCTE  MOHOTOHHO
HEYOBIBAIOIHX [APMOHMYECKHX GYHKuuii B obnactd D:

frn () <fr+1 (2) mast moboro z€D, n=1, 2,

[lokasath, 4TO eciam CymecTByer Touka a € D, Takas, 41O
sup |fn (@) | < o0, TO MOCAEROBATENBHOCTb [r (2) CXOAMTCH
n

pPaBHOMEPHO Ha JI060M KOMMAKTe B obsactd D kK rapMoHHYe-
cKoit ¢yukuuH. [3aMeTUTh 3KBHBaJEHTHOCTL CXOAHMOCTH IIO-
CJEI0BATENBHOCTH [, (2) U paga ) (fast (2) — fn (2)) 4 mpu-
MEHHTE (3).]

4. Cy6rapmonnueckie ¢yuxunu. HenpepslBHas AEHCTBH-
TeJbHO3HAUHAS QyHKUMsI, onpejgesennasi B obnacty D mio-
ckocTH €, HasbBaercs cybeapmouuteckol, ecad B JOGOH
TOuke a € [) HMeeT MECTO HEPABEHCTBO

25t
1 :
(Cr) Fa)< gz \ fla-trei®)do
0
IJs jocTaToyHO Masjoro r > 0,
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(1) Tokasats, uto ecaut PpyHKUHUS f (2) rofomopdHa B ob1ac-
cti D, T10 |f (2)|P siBnsterca cyOrapMoHHYECKOH (QyHKuHeH
B D pas sroGoro p > 0.

2) Ecm f, (2), v=1,2, ..., n, — cybrapMoHHuecKHe
dyHkuHd B obaacty D, TO QyHKUHH

n

2 avfv(2), av>0; sup fy(2)
v==1 Ig<vgn
TAKKE SBISIOTCS CcyGrapMOHHUECKHMH B D,

(3) Ecan nmocnepoparesnbHOCTh CYOTaPMOHHUECKHX (DYHKILHH
fn (2) B 061acT D paBHOMEPHO CXOZUTCS HA KA:KAOM KOMIIAKTE,
cofep:xamemMcss B D, TO mpenes 3TOH IOCJEAOBATENbHOCTH
ecTb Takxe cybrapMoHuyeckass GyHKLHS .

(4) Tlokasarb, YTO MPUHLMII MAKCHMYMA IPUMEHUM K Cy6-
rapMOHHYECKHM (DYHKIHAM; TOMHEE TOBOPS:

1) Iycts f — cybrapmonnueckass QyHKiust B obaacta D.
Ecau f umeer JoKanbHBIE MakCHMYyM B Touke a € D (1. e.
f (&) <f (@) nnsa Beex z, gocratouHo 6HM3KHX K @), TO QYHK-
LLHSE f IIOCTOSIHHA B OKPECTHOCTH TOYKH a.

2) Ilyerb D — orpanuyennast o6aactb IVIOCKOCTH, a [ —
cyGrapmonsueckas ¢yukuuss B D, uenpepriBHas B D. IlycTts
M — Bepxuss rpanp ¢yukuuu [ (2), Korza 2z mpoGeraer
rpanuny D. Torma

@ f @R <M pas moboro z €D,

6) ecnn f(a) =M B Touke a €D, To Qyurnus [ mo-
CTOSIHHA.

(5) Ilyere T' — opuentupopanHas rpanuna kommnakrta K,
conepskauterocst B obnactu D. Ilokasarb, yro ecau u, v —
JAefICTBUTENIbHO3HAYHbIE (DYHKIHH, HMEIOI{HE HEeNPEPHIBHBIE
BTOPBIE IMPOU3BOAHBIE, TO

SKS (vAu —uAv)dx dy =

;:ig <ug—:——vg—;‘> dx—}—(vg—i——u g-i) dy.

(Ucnonv3zosars (opmyay I'puna — Pumana (cm. ro. 1I, §1,

ou
n. 9), moNoxKHB cHauaga P = —-v@, Q= v%, a 3arem

IIOMEHSITb MeCTaMu ¢ ¥ v.) BelRecTd oTCIO/a, YTO ecyti QYHKILUsE
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f (2) onmpenesieHa U MMEET HENPEPHLIBHBIC BTOPLIE NPOUIRBOAHEIE
B obmactu D u ecau a €D, 1o

g K (AH(ydxdy = 2{ % (a-t rei®) rdo
1z¥akr I

Bast pocratouno masoro r > 0. (IlomoxuTe B nepsoM pasen-
ctBe u = f, v =1.) BrBecty orciofa, uro

2z 0

o | flatee®do=j @+ {5 § (A])@drdy
0

0 lZ——ZlST

JJsi AOCTATOYHO Majoro ¢ > 0, ¥ nokasath, uto Af (z) »0
npu 2 € D u 4T0 370 yCAOBHE HEOOXOAHMO 1 JOCTATOUHO JJIfl
toro, 4robbl pyHKuHs [ (2), UMEIOMAs] HENPEPLIBHLIE BTOPLIE
NPOH3BOJAHLIE, OpliIa CyOrapMoHHYECKOHR B obmact D.

Ilpuwmep. Ilokasars, yto ecau [ (2) — romomopdHas
bysknus B obmactu D, 1o dynrknusa log (1 + |f (2) |°) ssaser-
¢s1 cy6rapMoHUYecKoi B D.

5. Ilyctb [ (2) — cybrapmonnyeckast QyHKuHsi B Kpyre
12| < R.Tlokazatb, uto ecqu O < ry <ry < R # ecan dyHK-
uusi g (2) mpeacrapasier cofoil peinexue 3ajgauu JIEpHXJE
B Kpyre |z|<(rs, Takoe, uto g (reei®) = f (rqei), To

g (rei%) > (re®®)
npu 0r < ro. BriBecTH otCl04a, 4TO (YHKIHSA

2m

m(r)y= 217: § f (rei®) do
0

ABJAACTCH HEIPEPLIBHOH HeyOhIBAIOIEH (YHKIHEH nepeMeH-
woro r mpu 0<r < R.

6. l'lokasate, uto ecau dysHKIHUA f (2) rosoMopdua B Xpyre
z2] <R u a >0 — jgeficTBUTENBHOE YHCJIO, TO (QYHKUHA

21

o (r) =55 | IF (ret®) [= 0
0

ABJSETCs HenpepriBHO# u HeyOwBaomeld npu 0 <r < R.



Fnmasa V

CXOJUMOCTDH MOCJEAOBATEJIBHOCTEN
rOJIOMOP®HLIX U MEPOMOPOHBIX ®YHKUHUHA.
Psibl, BECKOHEUYHLIE MPOH3BEAEHUS;
HOPMAJIbHBIE CEMENCTBA

B sT0ft rniaBe pacemMaTpyBarOTCA HCKIOYHTENBHO (QYHKIHU
OZHOrO KOMIIIeKCHOro nepemexsoro. Ofnako GosbLIYIO HECTb
3THX PACCMOTPEHHI MOXKHO pacIpPOCTPAHHTDL HA CJIy4Yall MHOTUX
KOMIIJIEKCHBIX TEPEMEHHBIX .

§ 1. TONOJIOTHSL TPOCTPAHCTBA Z (D)

1. PapHoMepHas cxoauMOCTh Ha Kaxuom xomnakte. [Tycrs
D — obsacts KoMmmsekcHOH miaockoctd €. Dynem obosnauars
cUMBOJIOM € (D) BEKTOPHOE TIPOCTPAHCTBO HENPEPOIBHbIX B
obsiactn D Qyskumil (C KOMNJIEKCHbIMH 3rauennaMu). O6osna-
YUM 4epes %7 (D) BEKTOPHOE NPOCTPAHCTBO 2040MCPHHOIX B
ob6nactu D ¢pyukuui.

Onpenenesue. ByzeM rosopurb, 4ro mnocjaenosa-
TeJBHOCTh (GYHKUMA [, € B (D) pasHomepro cxodumcs Ha
Kaxcdom komnakme, ecau J1jas Jjawoboro xomnakra K D
MOC/I€l0BATENIBHOCT CYIKEHHH [n | K DaBHOMEPHO CXOAMTCS.

D10 onpejesIeHUe MPHMEHHMO, B YACTHOCTH, K (QYHKUHSM
u3 mpocrtpaHcTBa S¥ (D).

HsBectHO, 4TO Npejen pABHOMEPHO CXOUSIEHCS MOCJERO-
BaT&JILHOCTU HENPEPBLIBHBIX (PYHKUHUE €CTh HenpepbiBHAs DYHK-
nusi. IlosToMy ecnaH NOCACROBATENLHOCTH  HENPEPLIBHBIX
dyHKULUE f, DPABHOMEDHO CXOAMTCHS Ha KaXKJAOM KOMIAKTE
B obmacty D, To mpemenvHas (QyHKuus f TakoBa, 4TO ee
cyxkenue f|K na kaxpblli komnakt K D HenpepbiBHO.
Tlockonbky Kamjas touxa objgactd D o6nafaeT KOMIIAKTHOH
OKDECTHOCTBIO, Cojep:xameiica B D, oTciopa ciefyer, uto
(OYHKUNA [ HEnpepriBHa.
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Onpenenenue MslckameM, uro pag 2, [, GyHKLi
n

fn €6 (D) HopmareHo cxodumcs HQ KaXOOM  KOMAQKINE
B o6macTu D, ecau A Kaxporo komnakra K (D psn cyxe-

mait > (f, | K) HOPMAJbHO CXOAHMTCS.
n

Vnaye rosopsi, Ha KaxJAoM kommakte K JaHHBIE psj
JOJ/DKEH Ma)kKOPUPOBATHCS CXOAANIMMCH PIAOM C MOJOKHTRb-
HpIMH 4yieHaMH. O4eBHAHO, UTO €CTH Psill CXOAMTCH HOPMAJIbHO
Hd Ka3K0M KOMIAKTE, TO €0 YACTHHIE CYMMBI 06pasyioT nocJe-
JOBATEJABHOCTb, KOTOPAsl CXOLHTCS pPABHOMEDPHO HA KazKJAOM
KOMITAKTE.

[MIpennoxenune 1.1. [Jaa moeo umober nocredosa-
meavrocme  ynryull [, € B{D) cxodwiace  pasromepHo Ha
kancdom xomnaxme e obaacmu D, docmamouro (4 Heo6xo0umo),
amobsL 0as at0boeo samkHymozo Kkpyea X (C D nocredosamens-
HOCMb  cyoenull fn|Z  pasnomepro cxoduracs. AHaroeudroe
ymeepxcOeHue umeem Mecmo u OAf CAYHAS HOPMAALHO CX008-
wuxes  padoe.

HefictBuTenbno, nycth K — MpPOH3BOABHBIA KOMNAKT, CO.
Jepskamuicst B obnactd D. MoxHO HOKpbITE KOMIIAKT K x0Hex-
HbLM UHCJIOM OTKPHITHIX KDYTOB, 3aMBIKAHHSI KOTOPHIX COIEp-
xartcesa B D. Orciofla HeMeNJIeHHO CJeIVeT Haule yTBep:KACHHe-

2. OcHOBHaZg TeopeMa O CXOIMMOCTH TOJOMOpdHbIX
(GyHKU U,

Teopema 1. Ecau nocaredosamenrvHocme  (yHKyuL
fo € &% (D) pasromepro cxodumes Ha Kaxdom KOMNAKme, mo
ee npeden [ ecme 20a0moppHas pynxyua 8 obaacmu D,

JokaszaTtedabcTBO. Mu Bumemu, uto QyHKUHs [
HenpepsiBHa B obaacth D. YUroGe jokasaTh, 4T0 QyHKuMA [
roaoMophHA, AOCTATOYHO, BeaeicTBre Teopembl Mopepa (ra. 11,
§ 2, n. 7, Teopema 4), noKasate, 4To AudpepennHanprasg popma
f (2) dz samkryTa. [l 9TOTO NOCTATOYHO [10KA3aTh, YTO HHTE-

rpa’ S f (2) dz obpaniaerca B HyJib BCSKHH Pas, KOraa myThb

v
¥y ABAAETCsT TpaHuuedl NPAMOYTOJbHHKA, COAESpIKamerocs B
o6nactd D (cp. tat. 11, § 1, npeanoxenue 4.1). Ho na rpanuaue
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NPSAMOYTOJbHHKA QYHKUHSE f SBJISETCS MPEe]OM PABHOMEPHO
cxoasiefics nocae0BaTe/IbHOCTH GYHKUHH f,, MOITOMY

[ 7(e) dz=tim { o (z)dz=0.

Y Y

Teopema | nokasana.

Caeacrsue. Cymma pada eoiromopuox Gyukyuil,
KOMOpPbILE PABHOMEPHO CX00umcea Ha Kawoom Komnaxme 00aq-
cmu D, ecmo eoaomopiuan pynxyus 6 obracmu D,

Teopema 2. Ecau nociedosamenvrocme  yHKyui
Fnedw (DY cxodumesn x ¢pyuxyun fe ¢ (D) pasnomepHo Ha
Kawoom KOMNAKme, o nocaedosarmesvHocms Npoussoonelx fr,
cxodumea x npoussooHoll [ maroce pasHomepro Ha Kascdom
KoMnasme.

JlokxasarteancTBso. Beaexcrsue npepnoskenus 1.1
JOCTATOYHO II0KA3aTb, YTO IIOCJEJOBATEJIBHOCTL [, CXOAHTCSA
K NPOHM3BOAHON [' paBHOMEPHO Ha KaxKAOM 3dMKHYTOM Kpyre,
copepsamiemcsi B obnactd D. Ilycts 2 — rtako#t Kpyr, r —
ero paauyc. Ilpuvem 3a Hauano koopaumuatr ( uesTtp xpyra
2. CymecTByer 4HCJAO ro >> r, TAKOE, UTO 3aMKHYTBHIH Kpyr
¢ neutrpom 0 ¥ paguycoM rp eme copepxurcs B obmactu D.
Taxum obpasoM, GYHKUHH f, TOJOMOPOHBI NPH 2| <ro--&
(rie & > 0 pOCTATOYHO MAJ0) H CXOAATCH K (pyHKUHMH [ paBHO-
MepHO TNpH |z|<ro. IlokaskeM, 4TO IOCJAEAOBATEJIBHOCTb fr
PaBHOMEPHO CXOJMTCSi K NMPOU3BOAHOH [ mpu |[z| <r. 310
HEMEJJJCHHO BHITEKACT U3 CJACAVIOUIEH JeMM .

Jlemw a. Ecau ynryus g (2) eoromopra npu |z| <
<ro-t+ e uecu |g@|<M npu |z|<ry, mo

}g'(z)[gﬁ/l((a%;)? npt "Zf<r</’0. (2.1)

JJokasaTeabCTBO JeMMbl. Pasnoxum ¢(yHK-
1u0 g (2) B cxoisunuics psx

g@)= 2 a,z® mpn |z]<ro. (2.2)

nz=0



186 Ta. V. Padet, beckoneunsie npoussedenus

CornacHo HepameHCTBY Ko umeeM |an | < . C mpy-
roft cTopoHnl, JubPepeHIUPYS TOUJIEHHO, nonyth, 4TO
g (&)= 2 na,z" % (2.3)
CHeNOBATENBHO, TIPH |2 |1 < rp UMeeM
M nri—1
& @< -2 = (2.4)
nz0 ¢
n—1
Beriucnaum cymmy psapa 2 n (—}) . Tak kak nt*'*—mnpo-
nz=0 0
n \! n-l __ \Y 1
usBORHAs OT {™, TO M\ nt POH3BOAHAS OT M) f*=1—0,
n n

H, CJ€eJ0BaTeNbHO,

IoacraBasisi 310 BhIpameHue B HepaBeHCTBO (2.4), moaydyum

g (2)] < M S
S Ty (T—rirgR”

JleMma JoxKasaHa.

BaMmeuyadnue. MoxkHO Zath JApyroe JOKasaTelbCTBO
reopembl 2. M3 unTerpasbnoil dopmysst Komu cnepyer, uto

= ai § 12,

{—2z
Y

rae Y o603HauaeT IpaHULY Kpyra, KOHIEHTPHYECKOTO KPYyry %
1 HecKoJsibKo GoJiblilero pagmyca. [locie nuddepesnupoBanus
NOJ 3HAKOM HHTErpazia Mo IIEPeMEHHOH 2 NOJYYHM

N AT
@) =5 | G2
Y
CleoBaTe IbHO,

1 - N
f(z)= llQO S }Zt (t)z‘)izt 1xnm fn(2),

npuuem fn(2) ctpemurca X f'(2) paBHOMEpPHO B Kpyre 3.
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Mpeaxnoxenne 2.1. Ilyems D — obaacme naoc-
kocrmu C. Ecau nocaedosamesvHoctie 2040MOPPHbLX  (pyHKYUY
fn € 5% (D) cxodumecs pasHOMEPHO Ha KQJCOOM Komnaxme 006-
aacmu D u ecau xamcdas us gynryud [, ruede He oOpawjaerncs
8 Hyav 8 00aacmu D, mo npedesvrasn Gyukijua f, ecau ona ne pas-
HA HYAO MONCIECHBEHHO, MaKmce Hu20e He o0pauiaemcs 8 Hyab
8 obaacmu D,

Hdoxasateanbcono. [lycrs ¢dyuxuus f He paBHa
ToskAecTBeHHO Hymo. Toraa nyau ¢yskuux [ (KoTtopasi roso-
MopHa BeeAcTBHe TeopeMbl 1) usoauposars:, TaK Kak 00aacTb
D cBsasna. [peanonoxnM, yTo f 06pamaeTCH B HyJlb B TOYKE
zo. Coraacuo npemaoxenuio 4.1 ra. [1I, § 5, xpatHocTb 3TOrO
HYJsi paBHa HHTErpany
1 ¢ Fadz
oni S NI

B35TOMY IO OKDYKHOCTH Y MajJoro paiiyca ¢ UEHTPOM B Z.
[lo reopeme 2 3TOT HHTErPaJa SBJseETCs NPEIETOM IOCIEA0-
BATEJIbHOCTH HHTETPAJOB

1 n(z
— fin(;}wdzy
2mi fn(2)

'\7
KOTOPble PABHEI HYJIO, MOCKOJIbKY FOJOMOP(HBIE QYHKLHHA [,
He ofpamaiotcst B Hysib B o6mactd D. Takum obpasoM moay-
yaeM IpOTHBOPeUHe, KOTOpOoe H LOKA3EBAeT Hallle IPeATOKeHHe.

Onpepgenende Mol ckames, uTo GyHKUUS [ 00HO-
aucmua B obnactd [, eciy oHa NMpHHUMAaeT B PA3JIHYHBIX TOYU-
Kax 3TOH 00sacTH pas/iuyHble 3HAUEHHS.

Mpenanoxenune 2.2 Ilycme D — obaacme naocko-
e C. Ecau  nocaedosamervHocns  20i0MOPOHbIX  (hyrKyuil
[n €36 (D) cxodumesa pasromepro Ha KaxcOom Komnaxme 3moii
obaacmu u Kawcoas w3 amux QyHKYUL 00HOAUCMHA, MO npe-
Oeabras ynkyus [ makxce O0OHOAUCMAHQ, eCAl MOABKO OHA He
ABAAEMCA KOHCMAHMOU.

HoxrasartearcrBo. [lpemnosoxuM npoTHBHOE,
Ilycrs 24 u 2z, — pasauunsle Toukd ofsacTH D), Takue, 4To
[(z1) = [(z2) = a. Paccmorpum aBa oTKpHTHIX Kpyra S; u S,



188 Ta. V. Padet, 6eckoneunsie npoussedenus

¢ LEHTpaMH 2y H 2, paqHyChl KOTOPBIX AGCTATOUHO MAJIbl
st Toro, 4ToSel Kpyri Sy u Sp HE mepeceKanuch H cofepKa-
Juck B obnactu D. Beaenctue npemnoxenus 2.1 dyuruus f,
OpH A0OCTATOYHO OoJbUIOM # NPHHHMAeT 3HaAueHHe a B Sy
H B Sz, YTO NPOTHBOPEUHT YCJIOBHIO.

3. Tonosoruga npocrpanctea € (D). Yike OBLIO ONpeleneHo
MOHSITHE MoCJejoBaTebHOCTH OyHKuu# [, €6 (D), cxoos-
Wetics pasHOMEPHO HQ KANCOOM KOMNAKMe.

Tenepb Mbl yTOUHHM ONpeRe/eHHe mMOn0Accul Ha BEKTOD-
HoM npoctpanctBe G(D). Ha nognpoctpanctse 5% (D) mbt Gy xem
paccuaTpHBaTh HHAYLHPOBAHHYIO Tomosoruio. Jaa Kaxjaoi
napsl (K, €), cocrosimmeit u3 Komnakra K ¢ D u yucaa & > 0,
paccmMoTpuM mnoiamuosxkecTBo V (K, €) mnpocrpanctea % (D),
orpezesieHHOe CJEAYIomUM o6pasom:

fEV (K, &) Toraa U TOJNBKO TOrAA,
gkorjpa |f(x)|<e nmpu x€K. (3.1)

s Toro 4To6B! MoC/AeNoBATENBHOCTL GYHKIHE [, € € (D)
CXONUMIACH K [ PABHOMEPHO HA KaKAOM KOMMAaKTe, HEOOXOAUMO
H JOCTATOUHO, 4TOOH AJs Jo6biX K v & > 0 U asa JoCTaTOYHO
Goabiioro n ¢yHKuus f, — [ npunannexana V (K, g). drto
BHAYMT, YTO IMOCAENOBATENBHOCT [, € € (D) umeeT CBOHM
npedeaom TOUKY [ B TONOJNOLHH (eCiH NMOC/TENHsisi CYIECTBYeT
¥ eAHHCTBEHHA), AJisi KOoTopo# mHoxkecTBa V (K, £) o6pasyior
(GyHAAMEHTAJbHYIO CHCTEMy OKpeCTHOCTEll Hysas (cucTeMy
OKpEeCTHOCTeH NMPOU3BOIBHOH TOYKH [ MOKHO NOJYYHTb TOTAA,
MpOH3BOJAsT B BEKTOPHOM MpocTpaHcTBe € (D) napassienbHbIH
repeHoc, MepeBOASIHI Hadano KOOpAHHAT B TOUKY f).

Mpeanoxenue 3.1. B npocmpancmee G (D) cyuye-
cmeyem monoaoeus (UHBAPUAHMHAS OMHOCUMEALHO NEPeHo-
cog), 6 Komopou mroxecmea V (K, e} obpasywom ¢yndamex-
MAALHYIO CUCTEeMY OKPEeCHocmet, Hyas. Jma monosozus eOun-
CMBEeHHA W Modxcerm Gbimb onpedeieHa npu NOMOUU PACCOAHUS,
UHBAPUAHMHOZ0 OMHOCUIMEAbHO NePeHocos,

JoKasaTeJgbCTBso, EIMHCTBEHHOCTH 3TOH TOIOJO-
riud OYeBHAHA, TAK KaK HaMm H3BectHa (yHAaMeHTasbHAA
CHCTEMA OKDECTHOCTEH HYJd H, CJIEeROBATEIbHO, NDH ITOMOULH
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[ICPCHOCOB MBI MOMKEM MOMYYHTE (QYHAAMEHTANLHYI0 CHCTEMy
oxpecTHocTell 10601 ToOuKH mpocTpanctBa G (D).

Ocraercst HaliTH paccTosiHHe, HHBADHAHTHOE OTHOCHTENBHO
MepeHocoB H Takoe, yTo MHOxKecTBa V (K, &) obpasyior ¢yH-
JaMEHTa/NbHYK CHCTEMY OKPeCTHOCTefl Hy/s B TOINOMOIHI,
OIpPeeTeHHOl 3THM pAacCTOSHHEM.

[Ipemxae Bcero BBeHeM HOBOe MOHSTHE, MLl HA30BeM ucuep-
noBaouiell  nocie0osameAbHOCHIbIO KOMAAKIMOE8 BO3PACTAIONIYIO
NOCJAe0BATeNBHOCTE KOoMMakToB K,(— D (1. e. K; C K; 1y D),
TaKylo, 4TO KaXKABIH KOMIAKT K, cojep:xamuica B o6adcTH
D, conepxuTcs B OFHOM H3 KOMIIAKTOB K;.

JJewmya. B obaacmu D ececdn cywecmeyem ucuepnoigaro-
Wast NOCACC0BAMEALHOCIL KOMNAKMO8.

JeficTBHTENBHO, PACCMOTPHUM 3aMKHYTHIE KPYTLH B 06/1aCTH
D, neHTpbl KOTOPHIX MMEIOT painHoHajbHbIE KOODAHHATHL U pa-
AUychl KOTOPBIX panuoHanbubl. OHH 00pasyioT cdemroe MHO-
JKeCTBO, KOTOPOE MOKHO DPAacIlIOJOXKHTb B IOC/AEA0BATEIbHOCTD
Dy, D,, ..., D,, ...

TTosoxxuM

H TIOKaxKeM, YTo KOMHAaKThl K, 00pasyioT HCYePHHIBAIILYIO
TOC/IeROBATEBHOCTE. BHyTpeunue yactu Kpyros [, oGpasyior
OTKPHITOE TMOKpHTHE obaactu D, W, cjaenoBaTesbHO, KasKIblil
Komnaxt K, cogepxamuiics B o6nacta D, coiepKuTCs B HEKO-
TOpOM KOMIakTe K.

[Tyctb Temepb BEIOpAHA HEKOTOPAst HCYEPIILIBAIOAST ITO-
CJIe0oBaTeTbHOCTE KoMHakToB K,. Ilomosxkum pas  qroboro

[ €8 (D)
M (f)=jgsup |f(2)], (3.2)
zEKi

d(f)= 1_;1 2-+inf (1, M, (). (3.3)

Psap, onpenensionipii BenuuuHy d(f), cxoautcd, TaK Kak OH

o © Y o-1
MaKOPHpPYeTCsi TeoMeTpHuecKoll nporpeccuein Y 2%,
izt
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Joka:ken, uto d{(f) obsajpaeT CaeAyIOIHMH CBOHCTBAMH:

d(fy=0 rorga u tosnKo TOrna, korga f=20, 3.4)

i) <dif)+d(g) (3.5)
2°Hinf (1, M, (H)y < d(f),
d(f)< M, () 427, (3.6)

Joxaxem (3.4). Ouesuano, uto eciil $yBKIHS [ TOXKAECT-
BEeHHO paBHa HyJ0, To d(f) = 0; oOpaTHO, H3 pPaBEHCTBA
d(f) = 0 caenyer, B cuny (3.3), uto M,(f) = 0 ans mcboro i.
CnepoBaTesbHO, CyskeHue QYHKUUH [ Ha KakAblH KOMIIAKT
K, paBHO HyM0; 3HauuT, QYHKUUA [ TOXKAECTBEHHO paBHA
HYJIO.

Hokaxem (3.5). Ouesuano, 410

M (f+g) <M (f)+M;(g)

OTCIHOAA JIETKO BbIBOJAUM HepaBeHCTBO
inf (1, M, (f +g)) < inf (1, M, (f))+ inf (1, M, (g))

u nocie cyMmyupoBanus moaydaen (3.5). CootHowenus (3.4)
u (3.5) NOKAa3bIBAIOT, UTO €CJH NPHHATH PacCTOsHHE MeXAy f
u g paBHbIM d ([ — g), TO onpejie/ieHHAst TaK MEMPUKA yJOBIe-
TBOPSIeT HEPABEHCTBY TPEYTOJAbHUKA, JTa METPUKA UHBAPUAHM-
HO OMHOCUMeAbro neperocos. ClefoBaTeNblo, OHA ONpEReaseT
B npoctpaHctBe € (D) xayciopdoBy TOMOJOTHIO, HHBAPHAHT-
HYIO OTHOCHTEJLHO MepeHOCOB.

Hoxaxem Tenepes Hepamedcta (3.6). IlepBoe HememnnenHo
caenyer u3 onpegenenus d(f). C Apyroi cToponsl, s Jai060ro
nesoro i3> 1

M; (F) <My (F)

npu j<i. [loacTrapass s1u HepaBeHcTBa B (3.3), NOAYUYHM, YTO
d(h< 2 27'M(H+ X 27,
ist i>i

OTKyAa H caeayeT (3.6).

UTo6bl 3aKOHYHTb JI0KAa3aTegbCTBO mNpepioxkeHus (3.1),
ocTaeTcsi JOKasaTh, yTo MHoxkecTBa V (K, €) obpasylor dyHaa-
MEHTQJIbHYIO CHCTeMy OKpeCTHOCTeH HyJss B ONpeAeTEHHOH
HaMU TOMOJIOTUH.
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1) Kamxpnoe muoxkecTBo V (K, €) sIBAsieTcsi OKPECTHOCTBIO
HYyJIst,

B camom aene, nycts pamel K n &> 0, npuyem & < I,
u nyctb K (C K;. Toraa us coornowenus d(f) < 27'e caenyer,
uto f € V (K, ¢), B cuny nepBoro HepaseHctsa (3.6).

2) Kaxnas oxpectHocTs Hyast Buja d(f)<Ce comepir
mHOXecTBO Bupa V (K, €).

B canoM nene, eciu £ 3afaHo, BeIOEpeM YHCIO [ TAK, YTOOH
6euto 277 e/2. Torpa, B cHIy BTOpOro H3 HepapeHCTB (3.6),
ans mwboro f €V (K, €/2) cnpaseninBo HepaBeHCTBO d(f) < €.

JlokasaTeqabCcTBO npeanoxenust 3.1, Takum o6pasoM, 3aKoH-
YeHo,

3ameuvanue K npocTpanctey 4 (D) u ero moanpo-
CTPAHCTBY &% (D) MOKHO NPHMEHHTb H3BECTHBIC TEOpEMBI O MeT-
pPHYECKHX, TOYHee, METPH3yeMBbIX TOIOJOrHYECKHX MpPOCTpaH-
ctBax. Hanpunep, pi1s Toro 94To0b MOAMHOKECTBO A MeTpu3ye-
MOTO IIpocTpaHCTBA E GBIIO 3aMKHYy mbiM, HEODXOMIMO U AOCTa-
TOuHO, 4TOOBl 1pefes Jo6oll NoCNeNoBATEIbHOCTH TOUEK MOA-
MHOKecTBa A cHOBa npuHamnexan A.

Touno Tak xe, AJs TOro, uToObl OTOOpaKEHHE IPOCTpaH-
cTBa E B meTpusyemoe mpocTpanctBo E’ ObLIo HenpepoigHois
B TOYKe X € E, HeoOXOAUMO H AOCTATOUHO, 4TOOHI A JIO60H
MIOC/€NIOBATENILHOCTH X;,, CXOAsileficss K TOYKe x, LOCIeloBa-
TeqBHOCTh f(%,) cxomuiack K Touke [(x). (Cwm., Hampumep,
J. Dixmier, Cours de mathematique, I, Topologie, ch. II, §3.)

YuuTeBasi npeipiyliee 3aMeyaHHe, MBI BHAUM, 4TO HpO-
ctpanctBo B (D) noswo, TMOCKOALKY MOpeea MocjenoBaTesb-
HOCTH HeNpephBHBIX (YHKIHE, CXOASIHXCS pAaBHOMEPHO
Ha KaskKAOM KOMIIaKTe, eCTb HenpepbiBHas (ynkuusg. Kpome
TOrO, M3 TeopeM | um 2 m. 2 ciexyer, UTO ROONPOCMPAHCIBO
¢ (D) samknymo 6 € (D), a omobpaxerue npocmparcmea
SE(D) 6 cebs, conocmasasiouee kaxcdol gyrkyuu f ee npous-
800HYyw0 [, HenpepvisHo.

§ 2. Pl MEPOMOP®HBIX ®YHKUHNH

1. Cxoanmocth panoB MepomopdHuX dyuknuit. Ilycts
D — o6nacte xoMmmiekcHoil miockoctd C. PacemoTpum nocie-
JOBATEeJbHOCTb (QYHKIUE [, MepoMopdHBXx B D. MB XO0THM

NPHAATH CMBICA BHIPAXKEHHIO: pAJ D) fn CXOAMTCA.
n
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Ompencaenue Mpckaged, u4To pif D) fn PasHo-
MepHO cxodumes Ha mHoxcecmee A C D, ecan MOxHO OTOPO-
CHTb KOHEUHOE UYHCJO YJNeHOB psiia TaK, 4ToGbl OCTABLIMECH
(dYHKUHE [, He HAMe/H NOJICOoB Ha MHOKecTBe A 11 06pasoBbi-
BaIH Psifl, DABHOMEPHO CXOJSLLMIICS HA 3TOM MHOMKECTBE.

.
TOUHO TaK e Mbl CKaKeM, 4TO PSR D [n HOPMAAbHO CXO-
n

Jumci Ha muodcecnee A, eCall MOXKHO OTOPOCHTL KOHEUHOe
YHCJIO YJICHOB TaK, 4TOOB OCTaBUINECS] WIEHBl [, HE HMEJN
IIOJIIOCOB Ha MHO3KecTBe A U 00pasoBLIBATH P$A, HOPMaAbHO
CXOAAIIMECST Ha 3TOM MHOXKeCTRBe.

OueBHaHO, YTO BCSKHH psiA, HOPMaJbHO CXOJALIMICH
Ha MHOXKecTBe A, CXOAMTCA HA HEM pABHOMEDHO,

B nambuefiies Mbl GyeM paccyMaTpuBaTh PAABI MEPOMOPQ-
HBIX QyHKUUuH B objacta D, KoTopble cx00Amca pasHOMEepHO
(COOTBETCTBEHHO HOpMAAbHO) Ha Kadcdom Komnakme K, codep-
rauemes € obaacmu D. Onpepenyn cymdly Takoro psja.
B kaxpoil obmactu U, 3aMbiKanue KoTOpofl KOMIAKTHO B D,
3Ta CyMMa TIpejcTaBasfeT coboll aepoMOPGHYIO MYHKIHIO

2 fat (2 ), (1.1)

NNy n>ng

rae ng BbBIGpaHO TakuM obpaszoMm, 4To6bl pPsif > J. paBHO-

n>n

MepHO CXOAMJCS B 3ambikauuu obnactu U. B Bblpa}K(éHHH (1.1)
nepBOE cjaraeMoe KakK CyMMa KOHEYHOr'o 4Hciia MepoMOp(HBIX
bysKuMll siBaseTcss mMepomopdHOi (GyHKILHEH, BTOpOe caarae-
MO€ KaK CyMMa PaBHOMEPHO CXOLSIIErocst psifia rosoMopdHBIX
dyuknuii B U sBagercs rosomopduoli ¢gyukunueil B o6na-
cru U. Jlerko BujaeTs, uto B obaactu U nepomopduas QyHx-
uus (1.1) He 3aBHCHT OT BHIGOpA LENOro YHCAA Hy.

Teopewma. Iycmo pad Y. f, pyuryuil f,, mepomopdroix

8 obaacmu D, paeromepro (coomeememeento HOPMAALHO) €X0-
oumcs na Kaocdom komnakme obaacmu D. Toeda cymma f
amozo pada mepomopgra 6 obaacmu D, pad npoussooHsix

DVfn cxodumes  pasHOMEPHO  (COOMBEINCIBEHHO HOPMAAbHO)
n

Ha KaxcOom Komnaxme obaacmu D u eco cymmod asasermcs npo-
us600nas ' cymmer | Oannozo psda.
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HoxrasateanbctBo. Kak aul yxe Bunent, cyaya f
mepoxopdHa B kaxjoll obnacti U, 3aMpikanHe KOTOpoil KOM-
naktHo B D, 11, caefosaresibHO, oHa MepomopdHa B obnacti D,
[MyeTs 3amwikanie obmactn U komnaktHo B D. Brbepenm
ny, ¥ak B soipaxennu (1.1); Torma B U umeenm

Fe X (20 (1-2)

Ny N_>>1g

Pag f ¢yuruiil, rotomMopdHex B ob6nactu U, MoxHO and-
(bepg};{ll(;pOBaTb MOWieHHO, TOCKOABKY OH CXO/HTCsi PABHOME[HO
Ha KaxJoM Komnakte odnacti U: no teopeme 2 § 1, . 2, pax
P GH3BOHBIX X j» paBHOMEPHO CXOATCS K< > fn>' Ha Kax-
JOM Komnameﬁfcg)ﬂepmamemca B U. CJIG}IOBHTQJ?E?—IO, P Mepo-

MOpdHLIX DYHKLUIT . [r PaBHOMEPHO CXOMITCH K [/ Ha Kax-
n
JAOM KoMIakTe, comepmxarienrcst B U, D10 BepHO AJIsi KAXKIOTO
oTkpbiToro MHOXecrBa U, xommakTHoro B D). Otcrona caenyer,
410 P . frn PABHOMEPHO CXOAHTCS K NPOM3BOAHON [/ HA Kamk-
I

JAOM KOMIaKTe, cofepixaluiemcsi B obgacru D,
Al
Ecuu psin D fn CXOAHTCS HOPMA/AbHO HA KAKAOM KOMIAKTE
n

obnacty D, 10 pax Eﬁ, CXOAUTCS HOPMAJbLHO Ha KaXKoM
n

KoMmnakTe obnactu D Beaencrtsue semmbl 1, 2 § 1.

Sareuanue OueengHo, uto MHOkeCTBO P (f) nomocos
dyHKIN [ coflepxutcst B o0beuHenun mHomectB P (f,), rie
P{f,) ofo3Hauaer MHOXKECTBO NOJIOCOB (yHKiuu f,. Donee
toro, cooTHowenue (l.1) moxasoiBaeT, YTO €CJIH MHOMKECTBA
P(f,) nonapxo e nepecexkarTcst, TO MHOXKeCTBO P(f) B TOuHOCTH
pasHo OOBEeAHHEHHIO MHOXKecTB P (f,); TouHee, ecad TOUKa
2o — NOMIOC NOpsiKa £ QYHKUHUI [,, TO OHA SIBJASETCs IOJI0-
COM TOpSifKA R (QyHKUUU |.

2. HepBpifi npumep psixa mepoMophHsix dyHxuuid. Pac-

CMOTPHUM DPAZ
a 1
I @

~co<n< 4o
13 A, Kapran
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rjie CyMMHPOBAHHC MPOH3BOAUTCst 1O Bce ueasin n. [loxa-
3KeM, YyTO 3TOT Psii HOPMANBHO CXOAMTCS HA KaxKAOM KOMITaKTe
nmiockoctH C. JhoGoll KomMmakT cofepKuTCs B IOJIOCE BHJA
Xo<x <X (Mpl moNoOKILiH 2 = x - iy). CaeloBaTenbHo,
JOCTATOMHO 10Kasath, 4to psajg (2.1) HopyaJbHO CcXOLUTCS

Ha KamJIoil nosioce ykasaHHoro Bujia. Takas mosioca cojep-
- 1
JKHT JIHIIb KOHEUHOE YHCJIO LeNblX 7. B oTpesKe psija :}j s

2—n)2
n<xo
KaxAbli ujieH Medblle (10 MOAYJIO), ueM GomE e W
—
CIeOBATENLHD, 9TOT OTPE30K PsAJla CXOAUTCS HOPMAJbHO B pac-

cMarpusaeMoi noscce. TouHO Tak Ke 0TpE30K paja Z (—z——lT)i
n>xy

HOPMAaJLHO CXOQUTCS B 270i nojcce. CAefoBATENbHO, HCKJIIO-
YHB KOHEYHOe YHCI0 WIeHOB pgaa (2.1), Mul moayduMm pan
ronoMopPHEX QYHKINHA, KOTOPBIE CXOAHTCA HOPMaJbHO B IO-
J0Ce Xo<< X< Xy, 4TOo H TpefoBaoCh.

Tlyets  f(2) — cyava  pama (2.1). 2rto mepomopdHas
¢dyaruus Bo Bee#t maockoeTd €. OHa uneer nepuod, paewel 1:

Flz+1)=F(2).
JeficTBUTENBHO,

1

O 1 s o
Z (z--1—n)2 e (z—n")E ° rgze n =n 1.
n n’

[Nosmocamu OYHKIHH [ SBASIIOTCS Lesble TOUKH Z = n; BCe
3TH TIOJMIOCH! 080UHbie. BHUET B KaAOM MOJIOCE DABEH HYJIO,
TAK KaK B OKPECTHOCTH TOYKH Z = A MOKHO INOJOXKHTDH

F(2)= = T2 (),

rie GbyHKuug g rojosopdua.
NDpepaoxenne 2.1. Cynma f(2) pada (2.1) pasua
o y
( sin mz > '
JokasaTeabcTBso. PABHOMEPHO 1O X HMEET MECTO

cooTHomenne lim [ (2) = 0, unaue roBopsi, gas Jawoboro & > 0
[yl->+-o0
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CYWeCTBYeT Takoe «, uTo 3 |y |>a cuenyer |f(2) [<e.
JleficTBHTEIBHO, IPEATIONOKHM CHAYAJIA, UTO Z OCTAETCS B TIOJ0C e
Xo<< X< X1, a MHHMasg 4acTb Y4 YJOBJETBOPSIET HepaBeHCTBY
|y | >a, rae a > 0. B st1oit o6actu psn (2.1) sasasgerca HOp-
MaJbHO CXOJAMHMCS pAJAOM TOJOMOPQHBIX (QYHKIHH, KaxK-
JBIH uJleH KOTOPOTO CTPEMHTCsi K HYJI paBHOMEPHO IO X
B JaHHOH nosgoce, xorga |y|—> -+ co. CiefoBaTesbHO, CyM-
Ma 3TOrO pfifia CTpeMuTCst K Hy/o, Korga |y | —-+oo,
paBHOMEpPHO 1Mo X B paccMaTpuBaeMoifl mosgoce. Ho ¢yHK-
musa f{2) wMeer mnepHof, paBHBI 1, cieloOBATeNbHO, el
MBI NPHUMEHHM [OJYYEHHBIH pe3yJibTaT K I0J0CE IIHPHHOM
mo Kpaiuefl mepe 1, To moayuuM, 4To f(2) cTpeMHTCsl K Hy-
Mo, Korja |y | —» +oo, paBHOmMepHo mO X.

Dyuxuus g (2) = < obnafaer TeMH Ke CBOHCT-

sin nz
Bamu, 4To ¥ ¢yHKUug [(2):

1) oHa mepomopdua B C 1 uMeeT mepuoji, paBHBIN 1;

2) ee noJIocaMH ABJSIOTCS IeJIble TOYKH 2=11, 3TH, [OJIOChH
ABOHHBIE C IMABHOH HACTBIO ~—— g~

3) g(2) cTpemuTcs K HyJIO paBHOMEDHO 1O x mpu |y |,
cTpemslleMcst K GeCKOHEUHOCTH.

CroiictBo 1) oueBupmo. UToOml [j0KaszaTb CBOHCTBO 2),
JOCTaTOYHO, B CHJIY IEpUOAHYHOCTH, I[10Ka3aTh, 4TO Hadajao
KoopauHatT O sipnsercd ABOHHBIM NOMIOCOM C IVIABHOH dacThlO

1
- Qnsako
()’ )
sin gz nz—% sz ...

1 1 5 _ 1
= (I—gmz )= T2 @22

Uro xe KacaeTcsi CBOHCTBA 3), TO OHO CJIEAYeT U3 COOTHOWICHHS
|sinnz > =sin*nx + sh’ny,

KOTOPOE IIOKA3bIBAET, YTO | Sin @z | HEOrpaHHYeHHO BO3pa-
cTaeT (PaBHOMEDHO 10 X), KOIAa |y | HEOrpaHHYEHHO BO3-
pacraer.

Mebl MoxXKeM Telleph JoKasaTh mpenjioxkenue 2.1. PyHKIus
f (2) — g (2) ronomopdHa B miaockocTH C, MOCKOABKY QyHKIHH

13*
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f H g HMET OAHHAKOBLIE MOJIOCHl ¢ OAHHAKOBLIMH TJIaBHBIMH

YACTAMIL.

IlokasxeM, uTo QyHKUHA | — g orpaHHYeHa: OHA OrpaHu-
UyeHa B MOJOCE Xg<CX<C Xy NpH Fy | <a (nockosibKy Hempe-
peiBHas (yHKUHsS Ha KOMMAKTe orpaHideHa) u mpu |y | >a,
NMOCKOJIbKY OHa ctpemntess K 0, Korga |y | HeorpanndenHo

BO3pAacTaer.
CnefoBaTenbHo, (GYHKOHSA [ -— g orpaHudeHa B KaxIoh
nojsoce. B cuiay mnepuoAHYHOCTH, OHA OrpaHHYeHa BO BCeil

JIOCKOCTH,
[o Teopeme Jluysunaa (ra. 111, § 2, n. 2) dysxuus f — g

nocrosinda, IToCKOIbKy OHA CTpeMHTCS K HyJIO, Korjga |y

HEOrPAHHUYEHHO BO3pACTaeT, 3Ta [OCTOSHHAs paBHa HY.JIO,

[lpennoxenne 2.1 jpoxasaHo.
IIpumenenue B cooTHomeHHN

2 i
(wam ) ~w=2 (2.3)
n==0

npasasi yacTh sipjseTcs GhyHKuueh i (2), rotoMopdHoi B 0OKpecT-
Hoctd Touku 2 = 0. [logcrapasis z = 0, noayuaem h(0) =

1
= 2 ~& H, CIe0BATENBHO,

n=0
lim [ (2 ) =7 | =2 2 = (2.4)

z=—0

Tpegesn B JeBofi uyactd (2.4) JIerKo BBIUHC/AUTbL, HCIOJb3YA
72
pasnoxenue (2.2). 10T mpeaes paBen —-. [Tonyuaem coor-

HOILUEHUue
1
>t (2.5)
n=1

npuHaAaexKalee Dinepy.

3. Bropoii npumep psga mepoMOpdHbIX (yHkumi. Pac-

CMOTpUM pPAX
1 1
4 Z]()( — > (3.1)
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Ero ofumuii uien pasen Wy » UHTATENO NpefocTaBeTcs

CaMOCTOSITE/IBHO 0Ka3aTh, YTO 3TOT PAA HOPMAIbHO CXOAUTCH
Ha KaxkaoM Komnakte miockKocti C. CiefoBartesibHo, ero cyMMa
F(2) wmeposoppra B miockoctd €. Ee momocamu aBisioTcs
LeIble TOUKH 2 = rn. DTH HOJIOCH MPOCTBIE M BBIYETH! B HHUX

paBHnl .
’
Benegcrsue teopensl u3 n. 1 nponssoanas F'(z) sBasiercs

CyMMO# psiia MPOH3BOJHEIX, T. €.

, 1 1
Fl(@)=——5— 2 = T
n=0

- ~(ww) =& (ww)
= 7 Usinmz Tdz \_tgnz J°

1
CaoefloBaTesIbHO, Pa3HOCTB F(z)——Té—ﬂ—z— nocrofnHa. OpHako
Jjgerko Bugetb u3 (3.1), uto F(—2) = —F(2), cnenoBaTenbHo,
QYHKILHs F(z)—"—tg;:E HeyeTHAa, a NMOCKOJIbKY OHA paBHa Iio-

CTOSIHHOH, TO 3Ta MOCTOSIHHAs DPAaBHA HYJIIO.
B psge (3.1) MoxkHO crpynnupoBaTh MONAPHO UJeHbI,
COOTBeTCTRyIOMME YucaaM 1 U —n. Tomyuum

(s a)+ (o )=

a CcaeloBare/bHO,

1 - 22 4
?+ Pl R tgmz -~ (3.2)
nx=1

4. Eme oaun npumep. Tax :xe, Kak 1 B II. 2, MOKHO AoKa-
34Th, 4TO

N (=" _ 2
ZJ (z—m2 — (sinmz) (tgmz) ° (1)
—co<n< oo
OTCPO,ZLa BBIBOAUTCH, KaK H B II. 3, ChaeAyomee COOTHOWERHUE:
1 2z n
7+Z(’—1)n 2—n2 o sinmz (4.2)

n=l
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5. @-byukuua BeiiepmTpacca. PaccMoTpuMm Tak iKe, Kak
u B I 5 §5 ra III, muckperuyio moarpynmny €2 nmiockocTs
C, uMeronLyto B ¥auectBe 6asbl 1B BEKTODPA €; U €y, OTHOIIEHHE
KOTOPHIX He SIBJSETCS AEHCTBHTENbHLIM YHCAOM. 3aMETHM, HTO
3aJaHde rpynnsl Q He ompenenseT NMOTHOCTBIO (aswl (e, €,),
Ecnn ecTb apyras 6asa (ei, €;), T0 BeKTOPH nepBoii 6a3st Bhipa-
JKAIOTC KaK JuHeflHple KOMOHHAIMM ¢ LEeTBIMH Kosdhduuuen-
TaMH BEKTOPOB BTopoil 6asbl, W obpaTHo. BeaencTBue atoro
omnpeaesuTesb MaTPULEL KOI(MPHIHEHTOR SBJSCTCS LEeNbIM YUC-
JIOM, HMEKIUM ofpaTHOe B KOJbLle LelBlX Uuces, T. €. OH
paBer =+ 1.

OO6paTHO, ecau e, H e, ABJIAIOTCA JNHHEeHHBLIME KoMOuHa-
LUSAMHA C [eIbIME KO3(PHIMEHTAMH BEKTOPOB €; H € H Orpee-
JUTeNb MaTpHIBl Ko3(p(UIHeHToB paseH -+1, 10 ¢ nOMONBLIO
npasuia Kpamepa jnerko yCTaHOBHTL, 4TO H HAoGOPOT, €, H e
SIBJISIIOTCA JIMHEHHBIMH KOMOMHALUSIMHU C ILeJIBIME KO3(D(pHLLHEH-
TaMH BeKTopoB e; u e, CnejoBaTeJbHO, cHcTeMa; (], e;)
gBasiercsi 6asofl rpynmbl €2.

Mpeapaoxenue bO.1. [lycme sadana Ouckpemuasn
nodepynna Q (¢ 6asoil (e, ey)). Toeda pad

1] N 1
R@)=—2+ 2 (@j@?*‘@‘z) (5.1)
QERN{0}
CxoaumCﬂ HOpMa/leO Ha KaOfCGOM Komnakme HRnA0CKOCMmIUL C.

st poKasatesbcTBA HaM NOHAnOOHTCS CJAeAylomas

Jlemma. Pao Z I CXooumesl.
o
©WER, 00

JoxaszatTeabecTBO JeMMb. Jdas Kakioro ie-
aoro n3» 1 paccMoTpum mapanienorpamm P, o6pasoBasubiii
TOYKAMH 2 == 11 + fyey, THE ¢4 U {5 — JeldCTBUTE/NbHBIE
yncaa, npuuem sup (| 4 |, | f2 |) = n (om. pue. 10).

Ha P, umeercsi B TounocTH 8n Touek u3 Q. PaccTosinue
Ka)KJI0ll M3 HHX A0 HYJsi HEe MeHbile kn, Ijie k& — HEKOTopoe
(hUKCHPOBAHHOE NOAOKHTENLHOE YHCH0 (R pABHO HAMMEHbIIIEMY
PaccTOSIHHIO JIO HyJsi TodeK npsvoyroabuuxka P,). Cnenosa-

1
TeJIBHO, CYMMa 2 ToF B3siTast MO BCeN W€ P[] €, MeHblle,
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8n
qeM FErE ) OTKY 4

9

<2w

b
5
//

€

e
A
<

U
TToCKOIBKY DSl %) —5 CXOANTES, Jemua jokasaid.
Mpl MoXKerr Temepb ACKa3aTb, 4TC HA BCAKOM 3aMKHYTOM

Kpvre [zl\i pra (5.1) wmopmansHo cxoiutcs. [last Bcex

TOYeK ®, KPOMe KOHedHoro 4ucsa, umeeM | o |>2r. Creno-
BaTeJbHO, AJs BCeX WieHOoB psajga (5.1), KpoMe KOHEYHOro
yncsa, ClpaBelnBa OUeHKa

1 1 2wz—22 |
Z—op o ||t (o—zF |
_ lz@—2/0)| . Brj2 __ 10r
= l(’)la‘l -——Z/(D\Z S |®I3/4 = |(D’—I3‘ npu ‘Z|<r

Takum oGpasoM, no AoKasanHoi Bhimie gemme psfi (5.1) HOp-
MaJbHO CXOAHTCS B Kpyre |z |<r.

Onpeneaenue. Dyunxnus Beflepmrpacca @ (2), mo
ONIPEIC/ICHHIO, €CTb MepoMopdHas QyHKUHSA, SBASOMIAACS
cymmoit psiga (5.1). (STa $byHKIMA 3aBHCUT, pasyMeercd,
OT 3afiaHus auckpernod moarpymnel .) ITosmocamu GpyHKULHN
 SIBJSIOTCH TOYKH TPYHnnbl £2 W TOABKO OHH, 3T0 ABOHHBE
MOJIIOCHl ¢ BHIUETOM, PaBHBIM HYJIIO.
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3 canmom Aesie, B OKPeCTHOCTII TOYKH 2 = @ TIMEEM
P = m)g g (2), rae g-—ronoMophHas ByHKIUS.

f-DyHI(ILHﬂ ® 4emna no z, Tax Kax
! \ 1 [
O ( — —_ —
9(=9=2+ 2 (Grap —or)-
®=0

I B 11paBoil 4acTH AOCTATOYHO 3aMEHUTh O Ha — @), 4ToObl CHOBA
noayuutb psij (5.1).
Beaeacrsue Teopesst Mz m. 1 Aas mponssognof @ noay-

qaeM pasJioKeHHe B DAL (CXOAMMIMACH HOPMANBHO HA KAXKAOM
KOMITAKTE):

¢ @)= 23 oo (5.2)

weR

DTO COOTHOLIEHME MOKa3hiBaeT HaM, 4to (PyHKIHs @' nepuo-
Ouuna:

® (z+o)=9"(2) ans awboro ®wgQ,
a Takxe 4yto ®'(—2) = — @'(2).
Joxaxem, uTo QyHKUUsT § Tak:Ke NepHOAHUHA H 11000

JJeMeHT € £ sBisieTcss ee nepuojoM. [ast 3toro Aocta-
TOYHO TIOKa3aTh, uTo Y (2 +¢) = @(2) (i =1, 2). Ho

¥ (z-Fe;)— @ (z)=const, (5.3)
TaK Kak npoussognas ¢ (z - ¢) — @'(2) pasua uymo.

- 53
B coorromennn (5.3) pafin nepeMeHnoil 2 3HaueHue —5

e Ci
10 MOKHO CCIATH, 1OCKONLKY HU OJHA U3 TOYCK —- H — -
He ABJASIETCS TOJIOCOM (PYHKIHU . Mu BHJlW\I 4TO HOCTOHH-

Hasi B npasofi yacty (5.3) paBHa @ < — - f,@( 5 )»acae

joparenbHo, paBHA HYJIO, TaK Kak cpymmlm ® uerHa.
Takuy ofpasom, ¢yuxuus BefiepiiTpacca § siBasiercs
MepoMopdHOR dyHKIMed, And KoTopol nroboil asieMedT rpyn-
nbl @ CAOYKUT TEepPHOAOM U KOTOpas HMeeT MOJICH B TOUKAX
rpyamel €2 B TOJABKO B HHX, HpHYEM KamAWi NOJIHC HMEeT

KPaTHOCTb 2 H I ——
KpaTHOCTb 2 H INIABHYIO 4acThb G
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Pasmnoxenne Jiopana ¢ynruouou ().
B oxpectHocT HysAs yHKLHA & o0aajaer pPaziomeHHeMm
Jlopana, xoTtopce a prion HMeeT BHJ

$(2)= +a22+a4z44~ AU (5.4)
Tax KakK QyHKilg § YeTHa; B cxmy (popmymﬂ (5.1), ¢pyurmHa
1 1
g)=¢ ()~ 5= (24_(0 -——(DT> (5.5)
wF0

roqoyopdHa B OKPCCTHOCTH Hydasl U obpamiaercss B Hy/ab TPH
2= (). Jlerko BbIpas3uTb KoaphpuUHEHTH s U 0, Yepes 3JaeMeH-

Tl ALCKpeTHOI moarpynmet Q. JudxpepeHuupyst MOUJIEHHO
pad g (2), noayuaem

=33 —r, a=5 —. (5.6)

0+0 w#0

[Mpopuddepenuupyen nouieHHo cooTHoulenue (5.4) i Bo3BeaeM
B xBagpar. Toraa

, 4
(§' (2)) = 5 — - — 16a; +

Bossepst (5.4) B ky0, noayuum

(¢ P =5+ 2+ 30t .., (5.7)

z2
OTKy 13

' —4¢° = 2092 —28a,4-2° (.. .).
CaepoBarenbro, ¢yHKILHs
9% — 493 |- 20a,9 -+ 28a, (5.8)

TOJ0MOPQHA B OKPeCTHOCTH Hayana KOOpPAWHAT U ofpaiaercs
B HyJb B Touke 0. OfHako rpymnna & sisasieTcsl Tpynnoil nepuo-
10B 3TOH (PYHKIIHY, cJaeloBareibHO, (QYyHKILUS TrosoMopdHa
B OKPECTHOCTH KaXKIo# TOuKu u3 € ¥ paBHa HYJIO B KaXKAOH
touke 113 Q. Tax Kak 9ta QyHKIUA He HMeeT TOMIOcoB BHe €2,
OTCIOAA BBITEKAET TOJOMOPOHHOCTL B J000H TOUKe IJIOCKOCTH.
CreoBaTe]bHO, OHA OTPAHHUEHA HA KAXKA0M KOMIAKTE H, B CHIY
nepuoAuuHocTd, Ha Bcefi mnockoctn C. Tak Kak oxa pasHa
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HyJI0 B HayaJe KOOpPJAHHAT, OHA TOXKNECTBEHHO paBHA HYJIO
BCJIENCTBHE TeopeMul JInyBusuis.
B pesysbrare mosyuyaeM TOXKAECTBO

©2— 49 4 200,9 + 28a, = 0. (5.9)

DTO COOTHOLICHHE UMEET BAXKHYIO HHTEPIpeTanuio: PacCMOTPHM
anre0pandeckyo KpUBYIO
y? = 4x* —200,x — 28q,. (5.10)

Qopuyanl x = 9(2), y=® (z) 3amga0T napamerpulecKoe
npejcTaBaeHue aToil KpuBoil. Ml noKasKem, 4TO BcsiKasi TOUKa
(x,y) € C X C, yposnersopstomasi  ypasHeuuwo  (5.10),
aBasierca ofpasoM Toukn 2z € C, onpefesl€HHOH OJHO3HAUHO
C TOYHOCTBIO O TPHOABICHUsi HEKOTOPOro 3jaeMeHTa u3 €,

Haiizem npex e Bcero Touky z € C, Takymwo, uto 22 € , zEQ. B rakoii
ToUKe GYHKUHMU ¢ H @’ ronoMopdHEL. B cHIY nepHOAHUYHOCTH QYHKUHH
@', uMeer MecTo paseHCTBO ©'(2) = @'(— 2), a TaK Kak QYHKuHa '
HedeTHa, T0 ©'(2) =— @'(— 2); caexosarespHo, PYyHKuHa ' obpa-
ufaeTcss B HYJb B TaKol Touke. MH 3HaeM TpH TaK¥e TOYKH:

e _& _31"{“32
=, 2=y, Et (5.11)

Jlerko BujeTh, uTo N06as Touka 2, Takas, uro 22€ Q u zé Q, cpas-
nuMa (mod Q) ¢ onvoll Hsz Tpex Touek (5.11), a kmacce (mod ) Tpex
toyek (5.11) pasaHuHsL

ITockoabky ¢yHKIUA @’ o6nafaeT eIHHCTBEHHBIM TPOHHEIM IIOJIO-
COM B KaxIOM IapaJjJjesorpaMme nepHojos, npeptoxenue 5.1 ra. II1,
§ 5, nokasuBaer, uTo QyHKuug @’ ¥MeeT He OOJplIe TPeX PasJIHYHBIX
HyJeHl B KaxIOM napa/sejorpaMMe IlepHOJOB. DTO H €CTh, CJe0Ba-
TeJabHO, Tpu ToukH (5.11) uau cpapuumpie ¢ HEME no mod Q.Beaen-
CTBHE 3TOTO XKe NpejJoxeHnsd QYHKNHA  NpPHHHMaeT Bcerja, B KakK-
JIOM MapaJjleiorpamMMe epHoJ0B, Kaxkjaoe 3HayeHyue He 60Jee ABYX pas.
ITockoabky ¥{(2y) = ¥(-—7p), 5Ta GYHKIHA IPHIIAMaeT B TOUHOCTH ABA pasa
Kaxkjoe 3HaueHue BHAA ¥ (2p), ecnu 225 € Q. Hanporus, ecan 2z € Q,
a zoé Q, To, KaK MH yKe BHAenH, ¥’ (zg)=0 u 2y ABAAeTCA HBOHHEIM
KOpHeM ypaBHeHHS § (2)=§ (2y); OTCiona caeAyeT, uTo QyHKIHUS § IpH-
HHMaeT 3HayeHue § (2g) B mapajsesnorpaMMe IepPHOAOB TOJLKO OAMH pa3.

Hrak, Kaxioe H3 3HAUEHHUH

@ e (& @ it
3 ) 2 ) 2
NPUHKMAETCH B KaXKAOM NapajfenorpaMMe MepHOLOB TONLKC OAHH pas

U BCe 5TH 3HAaYeHUs pasauunb. B cuny (5.9), »TH 3HayeHUS SABJH-
I0TCS1 KODHAMHY YpaBHEHHUS

4x3—20ayx — 28a, =0, (5.12)
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I, cJaenoBaTesbHO, 3TO YpaBHEHHe HMeeT TPHU pasNHyHbiX KOpPHS.
B pesyJsbTaTe MH ACKazanau

NNpeanoxenune 5.1. Ecau 3adana Ouckpemnas epynna Q,
mo ypasrenue (5.12), Kosppuyuenmor komopozo ay u a, onpedeaswomes
padamu (5.6), umeem mpu passuunvix kopHs. Kpome moeo, aa Kancdoi
mouku (x, y) € CX € arzebpauueckoid xpusoit (5.10) cywecmsyem edun-
cmeennasn (mod Q) moura z € C, makas, 4mo

Y =ux ¥ (@)=y

Mgl yeuanm (em. 1. VI, § 5, n. 3), uto u obparHo, ecai
33J1aHO NPOMBBOJIBHG CoOTHOWeHHe Byua (5.10), nmpasas yacTb
KOTOPOro HMeeT TPU pasinuHbBIX KODHsI, TG CyllecTByeT AHC-
KpeTHas rpynna €2, Taxasi, uTo @ W @4 YJAOBJETBOPSIOT COOT-
gomenusM (5.6). Ecau @ — dynknus Beliepmitpacca orno-
CUTE/BHO TPYNINBl ®, TO QOpMyasl x = § (2), y = @ (2) 3a-
JIal0T TapaMeTpHuecKoe TpeAcTaBieHne anre0panueckoll Kpu-
Boit (5.10),

§ 3. BECKOHEYHBIE NMPOU3BEJEHHUS FOJIOMOP®HBIX ®YHKLUHMHA
1. OnpeneneHus.

Onpepedaenue. Iycts (f, (2)) — nocaeroBaresbHOCTL
HempepuBHEX QYHKIMI B o6nactii D KOMIIEKCHOII INIOCKOCTH,

Met cKaeM, 410 fecKoneyHoe mpousseaenne || f, (2) Hopmnaasmo
mn

cxodumces Ha moaMHoxecTBe K (C D, ecsi BRINOJIHEHB! CICAYIO-
IHe [Ba YCJOBHS.

1. PaBaomepHo Ha K BrOojHSETCs COOTHOLIGHHE
lim f, (2) = 1. Ortciofa caeayer, B 4acTHOCTH, YTO AIsl A0CTA-

n—>oo
TOyHO Ooabinoro s QyHKIUS f, — 1 mo Moay/aio MeHblie 1
Ha K, u, caefoBaTenbHO, logf, ecTb QyHKIHNS, OnpeleseHHas
Ha K (MOXHO B3SITb TJIABHYIO BETBb JIOTapH(Ma).
2. Paa c obwmum ujnexoMm log f, (XKotopwifi onpenenen
AJsi IOCTaTOYHO OCOJBLINX #) HOPMAJbHO CXOAMTCA Ha K.
MoxHo chopMyanpoBaTL OJHO YCJAOBHE, 3KBHBAJEHTHOE
cosokynHocty yeaosud 1 u 2. Tlonoxum f, = 1 4 u,. Yeno-
Bue | SKBUBAJIEHTHO YTBEPIKACHHIO, 4TO MOC/IEI0BATEIbHOCTD
U, cTpemutcsi K Hyao pasuoMepHo Ha K. Korga u, Mano,
log f, u u, npercraBasior co00H 5KBHUBaJEHTHblE OECKOHEYHO
MaJibple, I, CJELOBATEJbHO, YCJIOBHEe 2 3KBUBAJEHTHO yTBep-

XKACRUIO, UTG DS Zun HOpPMaJIbHO cxoiuTcs Ha K.
n
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Wrak, Oaa moeo 4mobsr Geckonedroe npoussedenue |]f.
n

cxoluroce  Hopmaavro Ha K, HeoOxodumo u Gocmamouro,
umobur pad P U, cxodurca HopmaivHo Ha K.
n

Onpepeaenue Mo ckaxeM, 4yTo GecKOHEUHOE NpoO-
ussefenne || f. cxodumca wopmaavHo Ha Kaxcdom Komnaxme
n

obsacti D, ecau AJs NpOUSBOJBHOIO Komnakra K, cojepixa-
merocst B obsactu D, 9To NpoussefeHne CXOAUTCS HOPMAJIBHO |
Ha K.

HeoOxoauMoe M JOCTATOUHOE YCJIOBHE TaKOH CXOAHMOCTH
COCTOUT B TOM, YTO eciit f, = 1 -+ u,, 10 psig 2 Uy CXOLUTCSE
n

HOPMaJIbHO Ha KaXKJAOM KoMmnakre, cofiepxkamiemes 8 D, Takum
o0pasoM, Korja n, 0e3rpaHHyYHO BO3pacTaer, KOHEedHHE TMpo-
usBefeHus || f, cTpeMsTcs paBHOMEpHO HA KamAOM KOMIaKTe,
nKng

copepxaiiemcst B ofmactu D, kK npeneay f(2), Xotopwii, oue-
BUJHOC, fABJSETCS HeNpepnlBHOH ¢dyHKuUeHd oT z. Yrtobe ybe-
IMTbCS B 5TOM, MOYKHO B3SiThb JIOTApHU(MB COMHOMKHUTENER [,
IJs1 AOCTaTOYHO OOJBLINX A.

2. CpoéicTBAa HOPMAJBHO CXOAALUXCHA NMPOU3BENeHUH roJo-
MOP(pHBIX (PYHKIYIA.
Teopewma 1. Ecau pynxyuu fn coromoppror 8 obaacmu
D u ecau 6Geckonedroe npoussedenue || f, cxodumes nopmansuo
n

Ha  Kawdom — Komnakme, — codepscauyemcs 6 amod  06-
aacmut, mo gyukyus f = ||f, eoromoppra ¢ D. Kpome moeo,
n

F=Ffife .o fo <n[>]pfn>. 2.1

Muroocecnso nyaet yukyun [ ecmb o0bvedurenue mHoxcecms
Hyaett Qyuxyui f,, a xkpamuocme Hysn Qynkyuu [ pasHa
cymme Kpamrocmerl 3moeo Hyas 041 QyHkyud [y

HoxasateascrtBo. Dyuxkuwa [ rosomopdua, Tax
K4dK OHa sABJIsercd NpeesioM (PABHOMEPHBIM HA KawXAOM KOM-
TNaKTe) KOHEUHBIX NIPOM3BEACHHUH, KOTophle rosoMopdusl. Pop-
MyJla acCOLMATHBHOCTH (2.1) oueBMAHA HA KaXKAOM OTKPBHITOM
mMHOkKecTBe U, KoMmaKTHOM B obsacti D. ®yukunu f, He obpa-



$ 3. Becxoneunvie npoussedenus e0nosoppuely yuxyuid 205

IIAI0TCS B HYJIb, €CJIH 11 JOCTATOYHO BENHKO, TaK KaK QyHKIUH

up, = fn — 1 cTpemsatcss K Hymo paBHoMepHo na U; Bropoe

yTBepKJeHUE TeOpeMbl, TAXHM 00pPa3oM, OUYEBHJHO.
Teopewma 2. B npednoroncenusnx meopemvt 1 pad mepo-

MODPHOLY PyHKHULL D) fr/fn CXOOUMCA HOPMAALHO HA KAXCAOM

n
komnaxme obaacmu D (8 cmoicre n. 1 § 2) u eeo cymma pasHa
nrozapupmuseckoti npouseodnoi [ f.

HoxasarteabcTBo. Ilyete U — OTKpniTOE MHO-
JKECTBO, KOMIaKTHoe B obgacti . Dyuxumi

gp = exp <n>;plog fn) (2.2)

onpefesaensl ¥ rojoMopdust B U fast foctaTouHo OOMBLINX p.
Benencteue (2.1) B U umMeer MecTo paBeHCTBO

Pt &
f M‘Z"" In t gp (23)
n\p
OnHaxo ’
G_ 5l
gp Mﬂ% fn ’ (24)

npuueM psii B IPABOH YaCTH PABHOMEDHO CXOAUTCS HA KaXKOM
KOMIIaKTe, cofep:xaiemest B obaactu D, B camom Jeae, psaf

Jorapudmos 2 log f, cxopuTcsi (paBHOMEPHO Ha KaXKjAOM
7>p

KomnakTe) X log gp. Psin mpoussoaumx 2! (log f,)’ cxoautes
n>p

(paBHOMEpHO HA KaxKioM KOMMAKTe) K IPOU3BOAHOH g/gp
{cm. § 1, n. 2, Teopema 2).
CpasuuBas (2.3) n (2.4), Mbl BHANM, 4TO Ha u

It
7 Fn
n
npuyeM CXOAHMMOCTb HODMaJbHa Ha KaxKJAoM KOMIIaKTe, colep-

xamemest 8 U. Tak Kak 9710 BepHO Ajs atoboro U, To Teopema
LIOKasaHa, .
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3. Mpumep: pazioxenue pyHkuuM sinwz B GeckoHewHoe
nponssefeHte. PaccyorTpum GecKOHeuHOE NPOH3BeLeHHe

f)=z [[ (1 nz). (3.1)

n=1

10 NpOU3BEAEHIIe CXOAUTCS HOPMAJBbHO HA KaXKAOM KOMIAKTC
naockoctu C.

o 22
ILGHCTBI/ITCJII)HO, psn Z—‘( —’1—2- CXOOUTCSA Hopma.ano Ha Kax-

n

o 1
JOM KOMraKTe, TaK KaK 4HCJAOBOH psj 2 ~7 CXONHTCS. Cae-

n
JloBaTeNbHO, GyHKUMs f(z) TosomopdHa B KakaoH Touke mioc-
KOCTH, a €e HYJSMHU SIBJAI0TCS [esible 3HaueHus 2. Bce Hyan
HpOCTLIE.

BenencTBue Teopembl 2 MOXHO TOuJeHHO GpaTb sorapud-
MHYecKUue TNPOU3BOAHEIE B mpoussefenun (3.1). Mel noayunm
psia MepoMOPDHBIX QYHKIHI, HOPMAJIbHO CXOAAMIMACS HA Kawm-
JIOM KOMITaKTe ILJIOCKOCTH:

f’ (2)
e 4—-{- Z z2—n2 . (3.2)
Mur yxke Bugenu (§ 2, m. 3), uTo cymma 3Toro psja pasHa
t;nzzgg—% , The g(2)=sinmnz.

Taxnm obpasown, f'/f = g'/g, otkyna

2 c sin mz
z z

Ocranoce onpepenuth nocTosiHEyw ¢. Begegersue (3.1)
: sin ;2
f(2)/z crpemurcs K 1, Korma 2 CTpeMHTCsi K HYJIO, a =

1
umeer npefen st. OTclofa BHAHO, YTO ¢ = - Taxum oBpasom,
MBI YCTAHOBHJIH HopMyay

smnz_ II (l—— ) (3.3)

n=1
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4. T-pyukunsa. PaceMoTpuM Asis KaXporo Legoro i3> 1
rosioMophHyl0 QYHKUHIO gy, ompeaencHHyo dopmy.ioil

n(2)=2(1+z)<1_{_£\_”<1_‘__2_>n-;,:
et Chn e g

IMonoxuM npu n>2

ha=gre=0+)(-5) - 0

Ecau |z |<r u 1<r < n, To MOKHO PaccMOTPETh IJIABHYIO
BeTBb yHkuuu log f,(z). Torma

Ilogfn(z)!<2(2’—,fz+3’—,l+...><2%, (4.3)

r
ecnu - JOCTaTOYHO  Malso. Otrclopa cnefyer, 4To psif

> log fa (2) HOPMANBbHO CXORHMTCS Ha KaXKAOM KOMIAKTE TIoC-
n

KOCTM H H03TOMYy OecKOHeYHOe TpOHM3BefieHHe gy En

e 8n-1
CXONHUTCS HOPManbHO Ha KaxknoMm kKommnakre. Ero smadenue
paBHO ToJOMOp(HOH "byHKUuM g (2) — mpejesly pPaBHOMEpHO
cxondueiici Ha KaXIOM KOMIIaKTe IOC/JAEeL0BaTe/bHOCTH

hyHKIMN

=g1f2 - fn-

Hyansimu pysKIMU g siBnsiioTest Touku 0, —1, —2, ..., —n, ... ;
BCE 3TH HyJH mpocTele. Eciin z He 1eoe, TO MOMKHO paccMoT-
perb OTHOUIEHHE

_e@ _ & _nz
<Z+1> Im o= imogr=2 (49
g(2)

CrnenoBatesnbHo, MepoMopdHas GyHKIUs ZGLD B JedcTBU-
1
TeJILHOCTH FOJJOMOpGHA U TOXKAECTBEeHHO paBHA Z. Kpowme Toro,

g(1)= limgy (1) = lim “T1 =1, (4.5)

Ti~>00 =00
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Onpepgeuneunne. Mepomoppuag dynxuusa 1/g(z) odo-
sHayaercst yepes I'(2). OHa mMeeT NpocThle TOMIOCH! B IIEMBIX
Toukax n<{0 1 yjOBIETBOpSAET COOTHOLIEHIIAM

P'iz4+-1)=:I'(z), I'{1)=1, (4.6)
4TO HeNoCpeAcTBeHHO caeayeT us (4.4) u (4.5). Mz (4.6) moxio
BbIBeCTH MO HHAYKIHH, 4TO A1s qawoboro ienoro 11 >0

Tenepb Mbl XOTHM BUUCAUTH poussegenue I'(2)-T{l — 2).
Hmeem

g@-g—=tm M= T (12, 4
R=1

sinmz
4YTO BCJIEACTBUE T. 3 paBHO

. PasencTro 06paTHBIX Be-
JIUYUH JlaeT HaM COOTHOLIEHHE

()T (1 —2)=

(4.9)

sin TCZ

1
OTKyJa, B 4aCTHOCTH, NpH 2 == 5 noJyuaen

r(g)=Va.
BeckoneuHnoe mnpousBegenune DBeiliep-

mwTpacca. Pasescreo (4.1) MOxHO, OUEBHAHO, 34NHCATDH
B BUjE

n P . 1[ |
W (2)=2 H ((1 + ’i) e~z/k> . gz(l+§"" s Ao—log n).
Z
h=1

(4.10)

Korna n HBeorpaHUYeHHO BO3pacTaer, NoKasarejgb CTCHEHH
, 1

1+4... —4‘—7— log n> crpemMutesi Kk Cz, rie C— nocTostH-

Has Diepa. B npenesne nonyuaem, cienosaTenbHo,

g (2) = ze%* H <1+%>e-2/h, (4.11)
h=1
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W UMTaTeNb JIErKO YOEIHTCS B TOM, YTO NPON3BEJEHHE B IIpa-
BOH 4acTH HOPMAIbHO CXOAMTCS HA KaXKAOM KOMIAKTE IJIOCKO-
cri. Tak kak g=1/T", 10, Gepsi MorapudMuUecKyio NpoUsBoj-
Hy!0 o6enx yacteil pasenctea (4.11), momyuum (cuM. Teopemy 2)

'@ _ 1 o] 1
T(z) z ¢ i«n%(l<;_ z+n>’ (4.12)
OTKyJa, B YaCTHOCTH,

STt
—~C= IIE'HQTE—{—?) . (4.13)

20

Haxonen, mbl moxeMm npofuddepeHnuposarh NOWIEHHO
cootHomernune (4.12) (cp. § 2, n. 1), oTKyza mosyunm

d /TN < |
= (re) =2 e (4.19)
n=0
CpaBHuM psiji B IPABOH Y4aCTH PaBEHCTBA C PSHAJOM, TOJYUYEHHBIM

k1 2 .
BIL. 2 §2, cymMmma KOTOPOTO paBHa:./ —> . Koraa z deiicrnsu-

\_ sinmz

MeAbHO U NOA0KCUMEeAbHO, TIpABasi YacTh (4.14), ouesnano, mojo-
xutenbHa. CrienoBatensho, log I'(2) aBasercs onyxaoti QyHk-
yuetl nepemennoeo z AJst AEHCTBUTENbHBIX 2 > (.

§ 4. KOMINAKTHBIE NMOAMHO)XECTBA B MPOCTPAHCTBE &% (D)

Onncanve KOMIAKTHBIX MHO¥eCTB B F(D), KoTopoe Mbl
Jajiun, HHade Ha3plBAIOT TeopHeH «HOPMaJbHHIX CeMEHCTB»
roJgoMopdHEIX dYHKITHH.

1. OrpanuueHHsie FOJAMHOKeCTBA mpoctpancisa &¢ (D).
Hanum onpeejieHHe OrpaHMUEHHOTO TMOAMHOMKECTBA BEKTOp-
HOTO TpocTpancTBa J¥(D). D10 onpenenenue sBasercs yacT-
HBIM CJIyyaeM OmpejieieHusi, MPUTOJHOTO st JioBoro BeKTop-
HOTO TONOJOrHUECKOro TpocTpaHcTBa. B 4acTHocTH, 2To Xe
ompejieseHne NPHMEHUMO K OTPAHHYCHHBIM fIOAMHOMKECTBAM
npoctpanctsa 6 (D).

Onpepeanenue. IlogvuHoxkectso A $# (D) Hasw-
BAGTCH OZPUHUMCHKbIM, €CTU IJIS TIPOM3BOJNBHON OKPECTHOCTH
ayaa V (K, &) cymecTByer MOJIOKHUTEIbHOE YHCIO A, Taxoe,
yro A C AV (K, ¢), rae uepes AV (K, &) ofosnHaueHa ToMoTe-

14 A, Kaprau
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THs oKpectHOCTH V (K, &) oTHOCHTeNbHO Touki O ¢ Koadduiiuen-
toM A. CootHoutenne A AV (K, €) osnauaer, yto Aas 10060
byukuun f € A u mwoboro 2 € K CnpaselyiuBO HEPABEHCTBO
| f(2) | <Ae. Caenomatensno, dan moeo, 4mode mHoxcecmeo A
pyrryuil, eoromopdusix 6 odaacmu D, Guia0 o2paru4eno, Heos-
X00Umo U OoCmamouro, wmobst 0as kaxcooeo komnakma K C D
cyugecimeosanro maxoe ducao M(K), umo

| F(2) | < M(K) daa niodoeo z € K. (1.1)

MHeIMH  clioBaMu, MHOXKeCTBO A OTPAHUYEHO, €CJIH Bee
byurunu f € A PaSHOMEPHO 02PAHUMEHBL HO KANAOM KOMNAKITE,
codepacayerca 6 D (sepxusis tpawp M(K) 3aBucUT, oue-
BUjHO, OT KoMmnakra K).

Eciu A — orpaHnyeHHOe MOAMHOXKECTBO TPOCTPAHCTRA
&¢(D), o samblKanue A TOXxe oTpaHuUueHO (MMeeTcs B BHAY
3aMbIKaHHe B TONOJOLHH, OnpefesdeMoid paBHOMEPHOH c¢Xo-
AUMOCTBEIO Ha KOMIaxkTax u3 obnacTu D); 3T0 oueBHAHO, TaK
Kak ecau HepaseHcTBo (1.1) BomonHeHo AJjst /0G0 byHKIHK
f €A, To OHO BHMONHEHO H /s J000H QyHKIMY, NpHHALIe-
Jamell sambikaHuio A.

Hpennoxenue l.1. Omobpancenuef — ' npocmpan-
cmea FE(D) 6 cebs nepesodum 6csakoe 02PUHUHEHHOE MHONECHBO
8 02panu4erHoe.

DT0 HeMeJIeHHO CJIeyeT U3 JIEMMBEI, KOTOpas HCIOIb3YeTcs
NpH AOKa3aTejabCTBe TeopeMHbl 2 u3 m. 2 § 1.

2. ®opmMyaupoBKa OCHOBHOH TeopeMsl. OxapaKTepusyem
KOMRQKmMHble TIOAMHOXKECTBA IIpocTpancTsa ¥ (D) romomopd-
HbIX QyHKUIME B o6aacTH D KOMIJIEKCHOH TLIOCKOCTH.

IMTpenanoxerue 2.1 Ecau mruoxnecmeo A S (D)
KOMNAKMHKO, MO OHO 02PAHUMEHO U 3QMKHYMO.

HokasaTeuabcTso. [IpocTpancteo (D) xaycrop-
¢doBo, Tak Kax ono mMerpusyemo (cm. § 1, n. 2). CaegosaTtensHo,
BCSIKOE KOMIIAKTHOE MOJAMHOXKECTBO F (D) 3amKnymo, coriacHo
KJaccHuecKo# TeopeMe M3 ofmeli Tonosoruu. OcTanoch noka-
3aTb, 4TO €CJH MHOMXECTBO A KOMIAKTHO, TO OHO OTPaHUYEHO.
Ilycts K — KoMMaxT, cofep:xaiuiica B obaactu D, Pacemorpum
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cToOpaXkenne
f—>sup |f(2)]
ze K

npoctpaHeTsa (D) B naockocTs €. D10 otobpaxeHue, oye-
BHJAHO, HenpepuiBHO. CJefoBaTeNbHO, MHOMKECTBO 3HaueHMUI,
KOTOpbIE OHO NPHHUMAET HA KOMIAKTHOM MHOXKeCTBe QyHKIHH
j€ A, orpamnueno. A 3To osnayaer, uto GyHKUHH [ € A
paBHOMEPHO OI'paHHYeHBl Ha KommakTe K. DTO cHpaBefiHBO
15 gaoboro KonmmakTa K, cofepxkamerocst 8 D, u, caenora-
TeJbHO, MHOKECTBO A JEHCTBUTEIBHO SIBJSIETCs] OTPaHHYeHHbIM
MOIMHOXKECTBOM BEeKTOPHOTO mpocTpaHcTsa S (D).

3ameuanue [lpernoxkenne 2.1. 6vio cdopmyaaupo-
BaHO AJisI NIPOCTPaHcCTBa @%’(D), HO OHO TaKXKe ClpaBeAJUBO
I npoctpancTsa % (D) nenpepblBHEIX GYHKIHMII B obnacti D,
Hanporus, npeanoxenue, odpatHoe npeijoxkenuio 2.1, Koro-
poe Mbl cefiuac chopMyNIHPYeM, CrpaBeUInBO TOABKO AJs1 TOA-
MHOXKECTB TpoCTpancTBa & (D) eoaromopgroix $yHruuii B 06-
aactu D.

OcHnoBHas TeopeMa. Beakoe oepanuientoe 1 sam-
KHymoe noomrHodcecmeo npocmpancmea (D) komnaxmmo.,

Cnepncrsue. [dag moeo umober nodmuoxcecmgo A npo-
cmpancmea 57 (D) Os110 komnaxmuo, Heobxo0uUMO 1 doCmamodro,
4mober OHO OblA0 0ZPAHUMEHO U 3AMKHYMO.

[0Ka3aTenbCcTBO OCHOBHOH TeOPEMBl COAEpKUTCS B I1. 3,
4 1 5. OcHOBHYI0 TeOopeMy MOMHO (HOPMYJHPOBATh B CJELYIO-
med SKBHBAJEHTHOH Qopme:

Besikoe oepanudenroe nodmuodcecmeo npocmparncmea G (D)
komnaxkmuo 8 HF(D). ObpatHoe ToxKe BeEpHO.

3. IlpuHuHn pokasaTenbCTBA OCHOBHOH TeopeMsl. I[lycTh
A — orpaHuueHHOe H 3aMKHyTOe MOAMHOMNKECTBO MPOCTPaH-
ctBa ¢ (D). Tonosoruueckoe npocTpPaHcTBO A MeTPH3YEMO,
MIOCKOJIBKY OHO SIBJISAeTCS TNOAJIPOCTPAHCTBOM METPHU3YEMOTO
npocTpaHcTBa ¥ (D).

Urobel JoKasatk, 4yTo A KOMIAKTHO, JOCTATOYHO HOKa-
34Tb, 4TO Ka#0Qs OECKOHEUHAST NOCAeO08QIMEAbHOCTIL IACNeH-
mo8 u3 A codepacum 6eCKOHeuHYy0 NoOnoCAeA0BamMEeAbHOCHD,
Komopas cxodumes K 3remenmy u3 A.

B camoM fene, B TONOJOrMH CHpaBejJHBa CJeRyOLLAsT

14*
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JJemma 1. [lycme A — memputeckoe npocmparcmeo,
npuden Kanoas OeCKOHeUHAs Nocae0o8amessHoCcy moves u3 A
codeprcum  OeckoHeuHYyr NoONOCAeO0BaMEALHOCL,  KOMOpPas
cxodumea K mouke uz A. Toeda A komnakmro.

Hoxasareanctso ademMmb 1. Ilyers (U;) —
OTEpBITOE TIOKphITHE TipocTpaHcTBa A. HykHo mokasats, urto
3TO TIOKPBITHE COAEPIKUT KOHEUHOE MOKpHITHE. Ilpexae Bcero
JOKayeM CJeJyIouiee yTBEPKIeHHE:

a) CymecTsyer TaKoe & > 0, 4to Jjuobolt map B (x, &) coaep-
KUTCsE M0 KpadHeil Mepe B OJHOM H3 OTKPHITHIX MHOxecTB U,
(3mece uepes B (x, &) 0003HAYeH 3aMKHYTHIH [ap € LEHTPOM
B TouKke ¥ € A U paauycom &).

Jlist oKasarenbeTBa yTBEPKAEHHST a) NMPELNOONKHUM TPO-
THBHOE: MYCTb CYILECTBYIOT NMOCJEA0BATENbHOCTD TOUEK X, € A
1 yOLIBAOII A% 110CIER0BATEIBHOCTD Yices &, > 0, cTpemsiasics
K HYJIIO, TAKHE, 4TO jiJ1s1 Jitoboro n wap B (x,, &,) He CONepKUTCH
HU B ofHoM M3 MuoxecTts U;. Tlo nmpeanosomenuio mnocsiero-
BATEJBHOCTE (X,) COMEPYKHT GECKOHEUHYIO MOANOC/IEA0BATE/b
HOCTb, CXoAsimylocs K Touke @ € A. IlostoMy MoXKHO Tipex-
MI0JIaraTh, UTO IOCAENOBATE/IbHOCTE (X,) CXOAUTCS K TOUKe Q.
ITycrs U; — oTKpBITOE MHOMXKECTBO, cojepxkauee ¢. Toraa
U, comepxur map B (a, r). Ecau n KocTaToOMHO Benuko, TO
x, €B(a,r/2) n e, < r/2. Orciona caegyer, utTo Mmap
B (x,, &,) conepxutcst B U; aast gocratouso Goasiuoro n. [o-
JIyyeHHOe NPOTHBOpeuyle [0KashBaeT YTBePXKACHHE a).

Temeps JoKa:keM ellle OfHO yTBepIIeHHe: :

6) Has mo6oro &€ > 0 MHOKeCTBO A MOKer ObITb HOKPHTO
KOHe4HbIM YHCIOM IIApoB B (x,, €).

OyeBuano, o0bpeiHeHNE TIPEAIoKeHUl a) U 6) MOKa3LIBaET,
YTO CYIIECTBYeT KOHEUHOe YHCIO OTKPHITHX MHoxKecTB Uj, Ko-
TOpble MOKPBIBAIOT MpocTpaHcTBO A.

Jokaxem 6). CHOBa NpeANIONOKUM IPOTHBHOE: MyCTh CYLIe-
CTByeT OeCKOHeuHast TMOcjefoBaTebHOCTL TOUeK X, € A, mo-
[IapHOE pAaccTOsiHUEe MeXAy KOTOpHIMU 0osablle HIH PaBHO &,
OnHaKo, 1O NMPeAnonOKeHUIO JieMMbl, B 3TOH MNoc/efoBaTe/b-
HOCTH JAOJYKHA COMEpIKATbCS CXOASLIASiCS IOANOC/e0BaTe ] b
HOCTb, 4TO, OUEBUAHO, HEBO3MOMXKHO. J[0Ka3aTenbCTBO JieMMH! |,
TakuM o6pasoM, 3aBeplleHo.

4. Jlemma. BeaencTsue n. 3 st 0KasaTesqbCTBa TEOPEMEI
JOCTAaTOYHO IOKA34aTh, UTO eciidi A— orpaHHueHHOE MHOXKECTBO,
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cofiepxaiteecst B ¢ (D), To Bcsikas OeckoneuHas TMoCJ/efOBa-
TeqbHOCTh GYHKUUMH [z € A COAEDKHT MOANOCTEA0BATE]b-
HOCTb, KOTOpast CXOAMTCsl PABHOMEDHO Ha KaKAOM KOMmakTe
obaact D, Jlng 3Toro nesesno 6pio OB HMETh KpuTepuil cxo-
JHMOCTH TOCJEJOBATEABHOCTH TOJOMOPGMHBIX (yHKUMi, npu-
HaJIEXAINX OIPAHUYEHHOMY MHOXKECTBY.

Jdevma 2. Hyemv D — omipoumslil Kpye ¢ YeHmMpou
8 mouke zg, U nycme A — 0ePaHUHEHHO? NMOOMHONCECTBO RPO-
cmpancmea g (D).

Haa moeo umodber nocaedosamensvrocms Qyukyutl fr € A
cxoduaacy 6 monosoduu, Onpedensesroti pasHoMepHot cXo0umo-
Cmbio Ha Kaxcdom Komnarme ua kpyea D, neodxodumo u docma-
MOYHO, 4modst yGoBACMEOPAIOCE CALOyIOLLEe YCACBUE:

(C(20)). [as kamcdoeo yeaceo n > 0 nocaedosamens-
HOCHIL =X NpoudsodHblx [iP(zo) umeem npedean.

(Ons n=0 370 03HAYaeT, YTO NOCJAELOBATE/LHOCTL 3HAUE-

Hul QyHKUU fr B TOUKe z, HMeeT mpefed.)

IJoxasateabcTBoO. YcioBue (C (20)) Heob-
XOAW0, TaK KakK AJsi J1060T0 i N0C/eA0BATEbHOCTD f1-X TIPO-
M3BOAHBIX 7 CXOAUTCA DaBHOME[HO HA KaXKIOM KOMIAKTe
kpyra D (§ 1, n. 2, teopema 2). Ocranoch noKasaTb, 4YTO
us yeaosua (C{zy)) ciuejpyer, 4TO NOCAENOBATENBHOCTb (fy)
CXOJINTCS] PABHOMEPHO HA KayKJIOM 3aMKHYTOM KPyTe ¢ LEHTPOM
Z¢ 1 pajuyca r, CTPOTO MeHblero, gem paguyc xpyra D.

Buiepem ry > r, TJie 7y TOXKE CTPOTO MeHbIlle, YeM Pajuyc
kpyra D. Tax Kak MHOXecTBO A OrpaHHyYeHo, CYIECTBYET
Takoe 4weao M, 4ro

IFe (D<M npu |z—24] <ry. 4.1

Paccmorpum pasioxkenne Teitiopa rosoMopdHBIX  (yHK-
HI/Iﬁ fki

fu(2)= 2 an,n(z2—2)" (4.2)

nz

Benencrsue Hepasencta Komm mveeM

M
rQ” : (

lan,hI <



214 Ua. V. Padet, 6eckoneunsie npoussedenus

ITostomy mpn |2 — 2, |< r A7A TPOUSBOJBHMX £
H A UMeeT MecTo HepaBeHCTBO

[T (2) = Fa(2)| <
\ | r n
< Z Ean, r—Qn, hil'n+ +2M Z (7;’) . (44)
Osngy n>p

Taxk xak r/ry < 1, To AIsi ZOCTATOYHO OOJBLIOTO P YUCAO

O r\"

2M Z <70—>

n>p

6yseT MeHble —;—, rie yepes & O0O3HAUEHO NPOH3BOJILHOE,

Halepel 3aJaHHOE NOJOXKHUTENbHOE 4HCa0, Beneacrsue yeio-
Busi (C(20)), Koraa uucsa ku i 06a BO3pacTaloT HE3ABHCHMO
APYT OT ApYyTa, PasHoCTb G, p — Qn n CTPEMUTICS K HYJIO s
JII060TO 7, TOCKOJBKY
1 oo

a = — .

nh = (20)
MoxHo, clefoBaTenbHO, TaK BHIOpPATh YHCAO Ry, 4TOOBl NpH
k> ko, h> ko uMeso MeCTO HepaBeHCTBO

Z lan,k"’an,hlrn<—‘;“-

0sn<p
Hcnosnpayst 3Tu oneHKM B HepaseHcTBe (4.4), MbF BHAMM, 4TO
[fh@)—Tr(z)l<e npn k>ky >k, |2—2l<r. (4.5)

[loatomy nocsenoBatebHOCT: GYyHKUUH [p PaBHOMEPHO CXO-
JIMTCS HA 3aMKHYTOM KpyTe pajuyca r ¢ 1leHTPOM B TOUKe Zo.
JleMMa 2, TaknM 00pasoM, HOKa3aHA.

5. HJokaszarenbcTBO OCHOBHOH TeopeMsl. Msnl Temephb
MOMEM AOKa3aTh OCHOBHYI Teopemy (. 2). Jlanuyio obaacTs D
MOXKHO TOKPBITh CUETHOH NOC/A€L0BaTeNbHOCTHI0 OTKPHITHIX
KPYTOB ¢ LeHTpaMu z; €D, Iaa Kaxjoro uegoro a2z 0u ans
J000ro [ pacCMOTPHM JIHHEIHoe 0ToOpameH e

M : &% (D) —> C, (5.1)

comicTapasiiomee Kaxkaoi ¢yskuuu f uncao [(z,).
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PaccMoTpiiM, Janee, nocsaefoBaTebHOCTb QYHKINI [z, IPH-
HAJJIEKANNX OrPAHUUEHHONMY MHOXKeCTBY A.

ITycte N — MHOXKECTBO MOJOKHTEIbHBIX IIeJBIX YHCE.
Ham nyXHO MoxasaTh, 4TO CYUIECTBYET Takoe OeCKOHeYHOe
noamHOXKeetBo N’ (C N, uto npegen

lim A} (fx) cymecrsyer pisi Jjoboit mapwl (i, n). (5.2)
REN

Ho ans mobeix { u n yucaa M (fr) o6pasyioT oeparusernoe
MHOXKECTBO, KOTJla HHeKC R mpoberaer MHOKecTBO NV, Tak Kak
GyHKIMK [, cojepiaTcsi B OUPaHH4YEHHOM MHOXecTBe A,
a oTo0paxKeHNst A{ HernpepbIBHEL

PacnionoknuM cueTHoe MHOXKECTBO oToOpaykeHufl A} B eau-
HYI0 HOC/e0oBaTeJbHOCTE, KOTOpylo 00O3HAuHM i,

. e Mm, .... TpeGyercsa AoKaszaTb CYIIECTBOBaHHE TaKOTO
nogMuoxKectsa N’ muoxectBa N, UTO

lim p,, (f) cymectByer Ass mioGoro uesoro m> 1. (5.3)
REN'

Hast 3ToTO TpuUMEHHM <IHATOHANbEBIA npouece». Ilockoabky

nocjaefoBaTenbHocTh  yucen py(fy) ans k€ N orpanuueHa,
CYILIECTBYeT Takoe OecKOHeyHoe moAMHoxkectBo Ny (C N, uTo
npenen

limpq (f) cywecTByer.
RENy

IMocnepoBatenvHocTs uucesn WU (fr) Aast & € Ny orpanuyena,
CNeJ0OBATENBHO, CYIIecTBYeT OeCKOHeUHOe IOAMHOMKECTBO
N, Ny, 1akoe, uTo npegen

limpy (fr) cyuecTByer.

REN,
OnpeneniM, TakuM o0pasoM, Liar 3a [maroM OecKOHeyHble
NOIMHOKECTBa

NyDON, D ... DN,

Muoxkectso N,,,; Toria onpefessieTcss KaK Takoe OecKOHeu-
HO€ TIOAMHOMKECTBO MHOXecTBa N,,, 4TO mpeaen

HM pnyas (fr)  cymecTByer.
RENm41
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Paccmorpum Tenepb GecKOHEUHYIO MOC/ENOBATEIbHOCTE 18-
AbX yncen N', onpefeneHHy0 caedyIOLun 00pasoM: Jist KawxK-
JOTO 1@A0T0 m > | ujeHoM ¢ HoMepoM 1 mocjefoBateibHoCTUN'
SIBJISIETCSE WIEeH C HOMepoM m TocneposatenbHoctH N,,. Tlo-
crefioBaresbEOCTs N’ CTPOrO BO3pacTaer, U OYEBHJHO, YTO,
HaYHHA® C HOMepa m, KaxkJAoe YHCJO M3 IOocJe]oBaTenb-
HocTH N’ npuHagnexuT MuoxectBY N, .. Tak xax sto cnpa-
BeJJHBO AJA JIOBOTO M1, OTCIONA CJEAVET, UTO MOCJIEA0BATEIb-
HocTe N’ ypommerBopsier ycaosuio (5.3), uTo 3asepiiaer, Ha-
KOHell, /[0Ka3aTeJsCTBO.

Takus 06pasoM, ocHOBHAS TeopeMa 11. 2 TOJIHOCTLIO JOKa3aHa.

Bameuaunune. [TocymecTsy, 10KasareJbcTBO, KOTOPOR
ObIIO TIPOBEJIEHO, COCTOUT T YCTAHOBJCHUHM, B UACTHOM Cayuae,
Toro ¢akrta, uto mnpoussefeHue (OeCKOHEUHOe) KOMIAKTHBIX
OPOCTPAHCTB CAMO KOMIIaKTHO.

6. Hekotopsle chelcTBUA OCHOBHOH TeopeMmnl. UacTo
MPUMEHACTCS CJISAYIOUHA MTpHHILUI,

Hycms A — 02panuterHOe MHONCECINBO 20A0MOPDHOLX hyHK-
yuil 6 o0accmu D, Ecau nocaedosamenvrocmo dynkyuii fr, € A
umeen moavko 00HYy npedervHyro mouKy (8 cmbiae monoiceuu
pasHoMepHOl CxO0UMOCTIL HA KaXCOOM KOMAQKme), mo ama
nocaeqosamensRociny cxo0umes (8 Mot monoso2uL).

D10  craefyeT U3 KJAaCCHUECKOH TeopeMH  TOMOJIOTHH
0 KOMIAKTHBIX NMpoCcTpaHcTBax. D KauecTse nmpHialeHEHIs 3TOrO
NPUALNIA paccMOTPHM ITpex/ie BCero cjayuai, Korja noc/eio-
BaTeJbHOCTh PYHKUUHA [n CXOAMTCA 8 KancQod mouke Oomipol-
moeo Henycmoeo nodmuoxcecmea D' obnactu D (vHage roBops,
s Kaxkjaoro z € D' nocnefosatenbHOCTE 4Mced [fr(2) nmeet
npejes).

Ecniu 370 Tak ¥ ec/au QyHKIUH fp TPUHAJIEKAT 02PAHULEH-
HOMY MHOMKECTBY, TO TOC/IEA0BATeABHOCTb [i CXOAHTCS PABHO-
MepHO Ha KaxJaoM Kommnakre ofnactu D. B camom jese, ecau
rosoMopdHEe QYHKUHMH | ¥ g — JBe Npe/ledbHble TOYKH mocae-
JIOBATEJILHOCTH [, TO, OueBHjHO, [(2) = g(2) B Kaxlol TOouke
2 € D', n, cienoBartenbHo, f U g TOXKJAECTBEHHO paB¥bl B D
(B cuy TIpUHLMIA AHAINTUYECKOTO TNPOAOJIKEHHS).

PaccvotpuM  Temeph cayuall orpaHuueHHo# mocieloBa-
TEJILHOCTH TOMIOMOPOHBIX  GyHKIUR fr, yAoBAeTBOpsAOUEH
yeaosuio (C (zg)) aemmu 2; 2, — HexoTopasi Touka obnactu D.
Torpa mocnenoBaTeIBHOCTD [, CXOAMTCS PAaBHOMEPHO Ha Kawk-
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JoM Kommakte oSnactu D. B camom pene, ecan dyHxuuu [
U g — JABe NpeflesibHBe TOYKH HociaefoBaTenbHOCTH (fp), TO
[ (29) = g"™(20) nasimwoboro n >0, u, caeioBaTesbHO, PyHK-
UM [ ¥ g COBIAJAIOT, B CUY NPHHUIUIA aHAJTHTHYECKOTO NpPo-
JOJIZKeHus.

MozxHo Takxe paccMoTperb Caydyall, Korja orpanideHHas
MOCJEA0BATENBHOCTh TOJAOMOPMHEIX QyHKIHA fp B obaactu D
CXOfUTC B KawKAOH TOUKe HEKOTODOTO HEOUCKPCerHo20 TOIMHO~
xecTsa £ obaactu D. Dra nocresosaTesbHOCTh CXOAUTCS] PaB-
HOMEDHO Ha KaXKJI0M KoMnakTe OsnacT D, tax Kak ecau GyHK-
UK [ 1 g — JABC NpejesbHbe TOUKI MOCAe0BaTeNbHOCTH (f4),.
TO pasnocTs f(z) — g(z) obpainaercsi B HYyAb B KAKJAOH TOUKe:
MHOMKecTBa L U, CJIef0oBaTeNIbHO, TOMKIECTBEHHO obpaliaercs
B HYJIb, NOCKOJABKY MHOXKECTBO HyJsell ToJoMOpPQHOH (yHKilHIE
B obsacti D, He paBHOH TOMKAECTBEHHO HyJ10, €CTb JUCKpET~
HOE MHOXKECTBO.

YOPA)XHEHUA
1. Tlycems f(z) — dyukuus, rosomopdHas B Kpyre | z | < 1,

npuuem f(0) = 0. Tlokasats, uto psiA .. f(2") pasHOMEpPHO
n=1

CXOANTCA Ha KakAoM KoMmnakrte aToro kpyra. (ns pamsoro
1 > r > 0 ucnomssoears aemMy [leapua (8 xpyre |z | <)
15 oneHkH | f(z") | npu momomy HeKOTOPO# KOHCTAHTH, yMHO-
JeHHolt Ha | 2 ", Koraa |z |<r.)

2. Iycts D — o6nacts naockoetd C, u nycts {f,(2)} —
nocse0BaTe/IbHOCTL QyHKIMH, rojcMopdHbXx B L), paBHO-
MEPHO CXOAsilIadcsi HA KamAOM KOMIaKTe, Ccofep:iKalieMcs
B obsacti D, X QyHKUuH f(2), He paBHON TOXKACCTBEHHO HYJIO.
Ilyctb, nanee, I' — OpHeHTHPOBaHHAs IpaHHIA KoMnakTa K
B ofnactu D, npuuem f(z) # 0 na T.

Tlokasats, 4TO CyIIecTByeT TaKoe liejloe oNoKuTeIbHoe N,
uto npu n>»> N ¢yuknnu [,(2) ne obpamaiwrtcs B Hysab Ha I
u dysKIMH [, ¥ [ UMEIOT OjUHAKOBOe uYucao HyJed B K.
[Ecan M — nuxHsis rpaub | f(2) | Ha T 1 ecant Ml BoiGepeM NV
TaK, 4To0H |fr (2) — (@) | <M nmpu n>N u z€T, 10
MOXKHO NpUMeHHTb Teopemy Pyute (ymp. 19.ra. 1) x byHKIHAM
/C(Z) 1 fn(z) - /C(Z)]

BuigecTr oTCI08a, UTO €GN & — HYJAb QYHKUMH [(2), TO cymie-
CTByeT TaKasl ICCJeNoBaTebHOCTS (a,) Touek ofnactu D, urto

lima,=a, [n(a,)=0.
. .
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3. Ilycts T — KOMIUIEKCHOE yHC10, TaKoe, uto Im T > 0,
U NycTb ¢ = e™7. [lokasaTb, 4To cjefylomue ABa PAjiad CXo-
JIATCST PABHOMEPHO Ha KaKAOM KoMmakTe IimocKoctd C mepe-
MeHHOR u:
ﬂ :
Z ( — l)nqn2€2nn1u’
—ooLN< oo
1,2
—i 2 (— 1)11q(ﬂ+§) el@n1)miu,
—n< oo
OGosnauum uepes & (4) u U (1) ronomopcpHble BO Beeil
IJIOCKOCTH (YHKIUH, oOnpeaessieMsle STHMH PSAaMIl; UMEIOT
MEeCTO CJIeLYIOn{HEe COOTHOLUIEHHS:

Bo(u+1)="10 (), V(u-+1)=—0 (@),
o (1 + 1) = — g e 270G (u),
1w+ 1) = — g tem2TnD (u),

By (u + —Z—) = (g~ Y= (u).

INokaszats, yTo GyHKIHU O (1), ¥4 (4) He paBHBH TOXKAECTBEHHO
Hyaio. (IlokasaTh, HanpuMmep, 4TO

1
: 1 2
{18000 2ar=1+2 91" )
0 n=1
ITokasaTh, YTO KOMILJIEKCHBIE yHeaa m -+ AT, TOe m U n —
mejible, sBAfOTCS  Hyaamu  byakumu Oy (w), a uncaa

m-+ (n + —é—) T ABAsI0TCS HyJsanMi GyHKuun O o(u). OueHusas

HHTerpas OT (GyHKuuu A'/h 1o nepuMeTpy mnapasiesorpamMmma
NEePUOAOB, BEIOPAHHOTO MOAXOAAWMM 00pasoM, INOKasarhb, UTO
APYTHX HyJse#d y 3TUX (YHKIHIl HeT.

4. Ilycts @ — peficTutenbHoe yucao. Tem ke MerogoMm,
yTo ¥ B 1. 2 § 2, KoKasaTb cielyollee paBeHcTBo:

sl sh 2ma i 2 ( 1 _ 1 N
sin g (z-1-ai)sin ® (z—ai) Ztn—ai z-- n+ai}
—cc N <00

MU BbIBECTH OTClOjd, uTO

7 sh 2na - 2 1
@ = ch2ma—cos 2nz ' (z4n2ta®
00N <400
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5. ,HOK&B&TI) CACAYIOULIIE PA3JIOKECHHS!

M ") (- @n—1)

cos Mz / 12 2
n——— ) —2z
nz=1 (\ ) )

(IIY mtgmz=22 Z,

1
1 \2 o
1 =1 (\n'—'_2_> — 2
BriBectii u3 (I), uro

O U,
S 7+....

4 3
Bueecrnn 13 (I) u (II) Tem xe nmetomoM, uto u B 1. 3, § &,
caefpyomye (hopMyJIbl:

2
(IlI)  cosmz=]] (1 "(_2:%1—)2>’

n=1
(IV) cos—~——smk——H KI—}— 2n > :
nzi
<33MGTHTI>, 4TO

(cost/2—sint/2)" I 1+4-sint

) cost/2—sin¢j2 2 cost " J

6. TlokasaTh, 4TO
4 I”(2)>_. d /I (z-1/2) >#2i T (22
dz < T (2) I'(z1/2) /~ “dz \T (2

[TIpumenuts dopmyny (4.14).]1 BelBecTn myTeM HHTerpHpoBa-
HHUSI, 4TO

's)r (z—i-—;—):: ezt (22), @, b —nocrosiHHbe,

U ONpelednTh @ W b, mojaras NOCJeIoBaTeNbHO z =1/2, 1.
BrisecTH Tem ke MetofoM Gosiee oburyio GopMydy s npo-
H3BOJBHOTO 1EJN0ro p > 2:

P (pz) =
= (2m)—tr=1)/2grz=1/2] (2) T (H%) . 2+ ——>
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[[lns ompefeneHusi NOCTOSIHHBIX HHTEIPHPOBAHHS I[TONOXKHTH
z=1/p, 1. dns solunciaenus

71 2 p—1
NONOEE
MOKHO HCIONB30BaTh dopmyay (4.9) mpu z = g/p, 1< g<p

H COOTHOLICHHE

-sin g,;—t—...sinp;;iﬂ=p/21"—‘ (mpu p>2).]

7. (I) TloxasaTe, uTO wuHTerpa’, cojep:kamiuil AelicTBH-
TeNbHBIA TTapaMmerp x

e—itx=1 df,

O D 8

CXOAHTCY pPABHOMEPHO Ha KaxXKAOM HHTEDBaJE @ < b rjae

[oe)

0 < a < b. Buiectn oTciofa, uTo unTerpan \ e £ 1df  onpe-
)

0
rensier rojomopduyio dynxumo (G(z) nepeMenscil z B npaBoi
nojgymiockeets Rez > 0.

(IT) TloxazaTb, uTO

e . n¥nl
S 1““31 il = X0 . (x (

NpH JeHCTBUTELHOM IOJOKHTENLHOM X H EJOM A, GOMbIeM
WIH paBHOM [;

“‘<1 —t2\<<1-%>n<e~’ npu 0.t n. 2)

(Jdokaszate  cHauana  HepaBencTBa 1| — fnLe
< 1—1#/n+ £3/2n?, a 3aTeM NMPUMEHHTh HEPABEHCTBO A" — b™
< na*1(a — b), cnpaseginBoe mNpH a>»b>0, nonarasa
a=e-tm b =1—1t/n)

BeiBecTH otcioga, 4To

[,
~—

K3

lim S) ,<1 —§>” i dx = Sae-’zx‘ldx'
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1 4TO
G(z)=T2, ecoit Rez2> 0.

8. Onpenenith BeeTsl gynkuun I'(2) B nonocax z2 = —n,
n=20,1,2,....
9. T'lokasaTh, 4YTO ecsu

N 1
g)(z)=;2—+a2z2+a4z4+ v a4,

— pasnoxenne Jlopana dyuxuun @ (2) B Hyae, 10 Anddepen-
1ajbHOE ypaBHeHHe (5.9) U3 § 2 no3BosisieT MoC/AEAOBATENBHO
onpefenuTh KO3OQUUUEHTEl ay,, A>3, KakK NOJHHOME OT Ug,
Q4. BLIYMCIUTE SIBHO Qg W Og.

10. Ilyets P — napasiesorpaMil NepHOIOB (GyHKUHH .
[ToxkasaTtn, 4TO €cM o M [ — [ABAa KOMILIEKCHBIX yHCJIa, TO
OYHKIHIA

¢ (2) —ap () —P (1)
inteeT B P Tpii HyJg M UX cyMMa PaBHA NepHofy (HCHoJib30BaTh
npennoxenus: 5.1 u 5.2 ra. I, § 5).

BriBecTH, 4TO €caAl ¥ ¥ ¥ — J1BA KOMILIEKCHBIX uHC/a, IpH-
yeM ¢ + v==0 (mod Q), To MOXKHO HaHTH TaKHe yHCId O
u P, uto ¢yHkuus (1) UMeeT CBOMMM HYJIAMH 4YHCJIA U, U
H —u — v. BelBecT orcioa, 4To ecau u + v + w = 0, 10

P @' (w1
P ¢ li=o.
® W) ¢ (w) 1

11. Bocnonbayemca oGo3naueHUsIMH yrpaxkHenus 3. [lo-
KazaTh, 4TO OECKOHEUHOE NpOH3BeeHHe

nI>Ii [(1— gan—1g2iny (] — g2n—1p=2iu)]

onpezensger QyHkuuio f(u), ronoMopdHYIO B Kakiol Touke
IIJIOCKOCTH KOMIIJIEKCHOTO NepeMeHHoro u. Kaxmne Touku GyayT
nyasyu @ynakuun f(u)? Ilokasate, uyto

[ () = cBo(u),
rie ¢ — MNOCTOsIHHAs,
(TTokasatb, uto f(u)/%o(1) — ABOSIKONMEpHORHYECKas bYHK-

IHs1, TOJIOMOPQHAs BO BCeHl IJIOCKOCTH, W MPHUMEHUTDH CJAEACT-
Bue npemioxkenus 5.1 ri. I, § 5.)



I"'nmapa VI
rOJIOMOP®HDBIE OTOBPA)XEHMUS

§ 1. OBLIME NOHATHS. NNPHUMEPH]

1. Jlokajbnoe u3yuenue TroJOMOPHHOTO OTOGpaMKEH ks
w=f(2) npu f(2,) % 0.

[Tpeanoxenue 1.1, [Iycme w = [(2) — dynryus,
2010 MOPPHAA 8 OKPECTIHOCHILL MOYKY. 2o U makas, umo [’ (2y) 7= 0.
Hoaoncum wy = [(24). Ecau z uw OQocrmamourno GAUSKL COOM-
BEMICHIBEHHO K 2y U Wy, MO coomuouierue w = [ (2) aKeueareHmHo
coomrowenuto 2 = g(w), ede g — 6noaHe onpedeseHras
QYHKYUS  nepemMern020 W, 20A0MOPPHASL 8 OKPECHHOCHU
MoUKU @, maxas, 4mo g (wy) = 2.

D10 BhITeKaeT u3 npemnoxkerns 9.1 § 2 rn. [, a rtakxke
u3 npepyoxenus: 6.1 § 5 roi. IV. Takum o6pasom, B OKpect-
HOCTH JaHHOH TOYKH Npeo6pasoBanue, oOpaTHOE K rosioMopd-
HOMY OTOODaxKeHHK C OTJIHYHOHU OT HyJIsI NPOU3BOAHOH, eCTh
rojioMopdHoe otobpaxenne. Bosee Toro, B mpefpaymux 0603Ha-
YeHUSIX IIPOH3BOAHAS g HaXOANTCS Mo dopmyJe

) 1
g(w)=7~(z—)—.

B uwactHOCTH, 3Td NPOU3BOAHAA OTJIHYHA OT HYJS B TOUKE W,.
O6Gosnauum [ (zo) uepes c. Torna ¢ — oTIMUHOE OT HYJisk
KOMILUIEKCHOe uMcso. Jlumelinoe (omHopoxHoe) npeobpasopa-
HHe, KacaTeJbHOE K OTOOpaXKeHHIo [ B TOUKe Zg, ecTb npeobpa-

30BaHle
W=cZ. (1.1

PaccmaTpuBaeMoe Kak npeobpasoBanie IJOCKOCTH, 3TO npe-
o6pa3oBaHHe TNpeACTaBAsieT COOOU pacmsiterue ¢ nogopomiom,
coxparsiouiee opuermayu. B 4aCTHOCTH, OHO coxparsem yeaio
u ux opuermayuro. IHeIME cioBaMu, e Aupdepennypyemble
AyTH Yy H Yz IJocKocTH (2), HauMHamowecs B TOUKE Zo,
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npeoGpasosanlier @ = f (2) nepesopsitcss B ABe Audepen-
IHpyeMbie AyTdH ¢ Ha4ajgoM B TOYKE Wq, NPHUEM OPUEHTHPO-
BAHHBIA YIOJ MEXKLY [OCHAEAHHMH paBeH ODHEHTHPOBAHHOMY
yIJly MeXAy Y1 H Ya. [lo3TOMy ToBOPAT, uTO rosoMopdHoe
otobpaxenune w = f (2) Kongopmuo BO BCAKOH TOUKE 2o,
B KOTOpOIl npousBofHas f'(2) OTIHYHA OT HYJIS.

OGpartHo, BcsiKoe JHHeElHoe (OfHOPOAHOE) NpeoGpasoBa-
HHE TJIOCKOCTH, COXPaHsioiiee yIJbl (HO He 00513aTeNbHO HX
OpHEHTALI0), ecTb npeoGpasoBanue Buga (1.1) wnu Buja

W=cZ. (1.2)

JleficTBUTCNBHO, eciii T—rnpeofpasoBanue ¢ 5THM CBOMHCT-
BOM, TO CyIecTByeT JuHefiHoe (OJHOPOJHOE) OTOOpaKeHue S,
COXpaHSIONee OpPHUEHTAIlHI0, TaKoe, 4TO KOMIIo3Huuag S~ lo T
OCTaBJisieT HeMOABUXKHOH TOUKY € KoopAuHaTtamu (1, 0).

[TockosbKy npeobpasosanie S 1o T coxpaHsieT yIiibl, TOU-
ka (0, 1) nepexomut B Touky (0, @), rae a — HeficTBUTENBHOE
4yCs10, oTAnuHOe oT HyJas, ChenosaresibHo, Touka (1.1) mepe-
xomut B Touky (I, @), W Tak kak Bekrtopel (I, 1) u (1, q)
JO/KHEL 00pa30BBIBATH paBHBEIE yrabl ¢ BekTopoMm (1, 0), To
¢ = 4+ 1. Ecqim a =1, 10 npeobpasosanne S71oT TtoxKae-
CTBEHHO U npeobpasoBanue T =.S nmeer Bup (1.1). Ecan xe
a = — 1, 1o mpeobpasosanue ST = U ecTb oTpaxeHue
OTHOCHTEJBHO JeHcTBUTebHON ocu M npeobpasoBanne T =
= SoU wumeer Bua (l.2). Hame yTBepxaeHue n0KasaHo.

B cayuae (1.1) nuueliHoe npeoGpasoBanue COXpPaHsIET
opueHTanuw; B ciaydae (1.2) OHO H3MeHsieT OpHUEHTALHIO.

Pacemorpum npeobpasosanne @ = [ (2), onpenesnennoe 8 o6-
jgactd D NiocKOCTH KOMILJIEKCHOrO MepeMeHHOro 2 = x -+ iy.
[peanonoxun, 4To OHO HenpepsBHO AHddepeHunpyemMo U ero
aKoOHaH OTJIMYEH OT HyJist Bo Beelt obnactu D. Ecan ato npe-
o0pasoBaHue coXpaHsieT yIJibl (MHaue TOBOps, eCIH B KamIo#
Touke obnactd D KacatesqbHoe NpeoGpasoBaHue HMEET BHJ
(1.1) unn (1.2)), To B Kaxao# Touxke obsmactd DD BEIIOJHEHO
OJIHO H3 COOTHOLIEHUH

of of _
oz az=0

OngHako HH B Kako# Touyke obsacTd D 3TH COOTHOlICHUS He
MOTYT BLIIOJIHATLCA OJHOBPEMEHHO, TaK KaK B 3TOM cjydae
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YaCTHBIE NPOU3BOJHLIE [ 110 X U MO i paBHBI B 3TOIl TOUKE HYJIO,
YTO HEBO3MOXKHO, HOO IO YCJOBHIO SIKOOHAH HE PaBeH HYJi0.

Tak Kak QyHKIHH a%f— U g% HEIpepPhIBHLI, MHOMKECTBO HyJeH
KaK/IoH U3 HUX 3aMKHYTO B o6nacti D. Takum o6pasom, obnactsb
D apnsercs oObeAUHEHHEM ABYX HENEpeCceKAlOmUXCsl 3aMKHy-
‘TBIX MHOKECTB; NOCKOALKY [) CBSI3HA, OHO U3 3THX MHOXKECTB
Iycro.

Taxkum oOpa3oMm, BO3MONKHBEI TOMBKO JBa caydas: JHGO

%
a—[:O BO Bcex Toukax obmactu D (Torga npeoGpasoBanue f
z
~ 0
rosioMopdHo), J1Hb0 (T’;zo (torga [ ects rosoMopdHas

(YHKILUS nepeMenHoro z). Bo BTopoM cayuae npeoGpasopasie f
BaspiBaeTCa anmuzosomopdroin. Takum o6pasoM, CIpaBeiHBO
TaKoe yTBEpXKAEHHE.

[Tpeanowxenune 1.1, [Hia mozo wumober HenpepoisHo
Quihpeperyupyeroe oimobpaxcerue, AKOOUAH KOMOPO2O OMAULEH
om Hyaa 60 ecex moukax obaacmu D, coxpanfio yeast, HeoOx0-
OuMO 1 OCMAmoUro, 4mobbl OHO ObLAO 20A0MOPMHOIM UAU QHM-
20a0MOpghrvim. B nepsom cayuae oHO coxpausaem opueHmayio
Yea08, 60 BMOPOM ~— MEHSAEMN!.

2. JlokajabHoe wu3yyeitne roJoMopdHOro oToGpaxenud
w=f(2) npa f (2,)=0. Chauana Mbl pPacCMOTPHUM YaCTHHIH
ciyuad, a uMeHHO NpeobpasopaHye

w:zp, (2.1)

tae p > 2 — nenoe uucso. [Ipu 2z == 0 npouseojnas QyHKUHH
2”7 paBHa Hyso. OGparHoe npeoGpasoBaHye

z=wi/p (2.2)

MHOTO3HAUHO: KaKAOMY OTJAHYHOMY OT HYyJs S3HAYEHHIO @
COOTBETCTBYET p pas3jHYHBIX HaueHu# z. IIpu npeobpasoBanuu
(2.1) He coxpaHsilOTcs YIVILI B Hayajie KOODAMHAT, NMOCKOJIBKY
apryMeHT uHcla w B p pas Oosblue apryMeHTa 4Hcia Z,
a cjelloBaTeJbHO, M YIJBI IPH 3TOM npeobpasoBaHHH BO3pa-
CTaloT B p pas.

Ecay Touka z 06X0HT OfiMH pas Hauas10 KOOPAHHAT, TO TOUKa
0 06XOAMT HAYaN0 KOOPAHHAT p pas B TOM e HallpaBJeHHH.
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Mgt pefiocTaBisieM yHTaTeNIo CHOPMYIMPOBATE TOYHOE yTBEp-
KJeHHe, HCIONB3YS NOHATHS UHOeKca 00X00a 3aMKHY Tl Kp HBOI
TOUYKOH z W HHjeKca 00x0ja o0pasza TaKOH KPHUBOH TOUKOH w.

Tenepe paccMoTpuM oOWUil cjydall romoMophHOro oTo-
6paxenns w = [ (2), Takoro, uto [’ (z,) = 0. Hasa mpoctoTe
OyaeM cunTath, uTo Zo = 0, [ (z9) = 0. Mmnr cmenaem rtakxe
BAXKHOE [y JAajJbHEAINero Mpeano/oxkenue, 4To QyHKuus [
He paBHa TOXKJECTBEHHO HYJI0 B OKPECTHOCTH TouKI 0.

Ecau p ecTb KpaTHOCTb HyJf, KOTOPBLIT (QyHKIHA [ HMeeT
B Hauaje KOOpJAHMHAT, TO pasncxkenue QyHkunu [ B psap Teifi-
Jopa B Touke ( umeeT BUA

w=cz" (14, (2), (2.3)

riec¢ # 0 — moctosinHas, f4 — (PyUKIUs, rojioMopdHasi B Haua-
Jie KoOpJuHaT, Takas, 410 fq (0) = 0.

O6Go3naunm uepe3 [ (2) ONHY H3 HENpPEPHIBHBIX BeTBeH
dyukuun /2 (1 + f; (2)1/». Oynxuusa fp (2) rosomopdHa B
OKPECTHOCTH Hauala KOOpAWHAT, npuueM f, (0) # 0. CooTHo-
eHue (2.3) 5KBUBaNEHTHO COOTHOLIEHHUK)

w = (2f5(2))". (2.4)
TTonoxum
z2f(2)="1. (2.95)

CoryiacHo 1. 1, M3 35TOro COOTHOIIEHHUS BBITEKAET, YT0 2 = g ({),
rie ¢ — GyHKuus, roroMopdHas B OKPECTHOCTH Havasja Koop-
nuHat, npuueM g’ (0} % 0. B cuny (2.4), umeem

t=wl/r,
OTKyJia
z=gwl/®). - (2.6)

Takum o6pasom, coomrowenue w == [(2) IKBUBANGHMHO
8 oKpecmrocmu Ha4aaa Koopduram coomuoutenuro suda (2.6),
ede g ecmo ynryua, pasnos Hyao & moixe O u eoromopras
8 okpecmrocmu amotl mouxku, npuderm g (0) = 0.

B wacrHOCTH, JIOOOMY 3HAUEHUIO W, AOCTATOYHO OJIH3KOMY
K HYJIO H HE DPABHOMY HYJIO, COOTBETCTBYET POBHO P Da3/ny-
HBIX 3Ha4eHHIl 2. '0BOPAT, YTO HAUaJL0 KOOPAUHAT eCTh KpUmiL-
4eckas mouka TopsiaKa p npeoGpasomawus (2.6), obpaTHOro
K IpeobpasoBanuio @ = [ (2).

15 A, KapTan
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3. l'onomopdubie oToOpaxeHus

Teopewma. [lycme [ — ¢yuryus, He A6AT0LQACA KOH-
cmanmoid, eoromopras 6 omxpoimom mrodxcecmee D, Tozda
mroscecmgo [ (D) omKpsumno 8 KOMNAEKCHOL nAockocmu.

HokxasartenabcTso. JocTaTouHO NOKasaTh, 4T0 A8
060t ToUKu 2o €D MHOXKecTBO [ (D) COmEPKHT HEKOTOPYIO
OKpecTHOCTh TOUKU [ (29). Ecam [’ (20) %= 0, 710, corgacHo
1. 1, GyHKuus [ onpenesaser roneoMopdu3M HeEKOTOPOil OKpecT-
HOCTH TOYKH 2y HA HEKOTODPYI0O OKPeCTHOCThH TOYKH [ (Zp).
Eciu xe [ (z9) = 0, To, coryacHO I. 2, CYmecTBYeT CKOJb
YyrofHO Majasi OKPEeCTHOCTh TOUKH Zg, B KOTOPOIl (YHKIUsS [
NpUHUMAeT p pa3 Kaxioe 3HAYeHHE, AOCTATOUHO OJH3KOe
K [ (20) m otnnusoe OT f (20). OTClofa BBITEKAET YTBEpPKAEHHE
TEeOpeMBI.

3anmeuatue. [Jysg BCIKOro OTKPHTOrO MHoOKeCTBa D,
cofepxanierocs B D, muoxectBo [ (D') orkpmro. HuHBMEH
croBaMH, omoopaxcerue [ omrpoimo.

Cneactsue. Ecau gyukyus [ eoromoppra u 00HO-
aucmaa (eM. ra, V, § 1, 0. 2) 6 obaacmu D, mo [ ecms
20MEOMOP UM OMKPOLIN020 MHoxcecmea [ Ha OmMKpobimoe MHo-
acecmeo [(D), npuuem obpamroe omobpaserue 20A0MOPPHHO
8 (D).

HoxasateannpcTso Orobpaxkenne [ HHBEKTHBHO
(T. €. mepeBOAUT pa3JINUHbIE TOUKH B PAs/IHUHBIE), HEIPEPHIBHO
n otkpuTo. O6paTHOe oTOOpa)KeHHe TaKxke HeNpephBHO, TaK
Kak f oTkpeiTo. Tak Kak otob6pameHue [ OTHOJHCTHO, TO,
B CUJIY T. 2, BO BCeX TOUKaX 2y € D npousnopuas [ (zp) oTyinuHa
or nyaa. CiaefosatesbHO, oToOpaxKenue ™1 rojoMoppHO BO
BCeX TouKax muoxecrBa f (D), corsacHo m. 1.

Onpeneaenune. Ilyetse D — OTKpETOE MHOMKECTBO
B MJIOCKOCTU MEePEMeHHOro 2, D'— OTKpBITOe MHOMXKECTBO B ILIO-
CKOCTH nepemensoro w. I'omeomopdmam [ muoxectBa D Ha
MHOXKeCcTBO D’ HasbIBaeTcsi usomoppuamom, ecjid Kak otobpa-
xkenue f, Tak u o6paTHoe orobpamkeHwe [~! gpasiotcs 2040-
MOPHBIMU.

W3 npuseieHHOTO BhIIUE CJEACTBHS BBITEKAET, 4YTO OTOGpa-
JKeHUe, TojIoMOp(HOe U OJHONHCTHOE B OTKPHITOM MHOMXKecTse [,
onpenensieT usomoppusmn Muoxecrsa D Ha MHOXecTBO [ (D).
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3ameuasnue [lpuBeeHHble 3fech onpeaeseniis H pe-
3yJbTaThl Ge3 H3MEHeHHUIl nepeHocsTes Ha Oosee obuiuil cayuai
oro0paxenusi, 3aJaHHOTO B OTKPBITOM MHoxecTBe D Ha cdepe
Pinana u npuHHMAIOUIEro 3HAUeHHs TaKxke Ha cdepe Pumana.

4. MpaMeps! MHOTOJUCTHBIX roJOMOPHHLIX 0TOGPaKeHHUN,
OyHKIHS [ MOKET ObITL MHOTOAHCTHOH (T, €. HEOAHOJHCTHOI)
B ofnactii D paxke B TOM cayyae, Korja nponssopHas [ (z)
BCIOZly B 2TOoH 00JacTi OT/HYHA OT Hyas. Haunbosee npocTsiM
pUMepOM ABAsSETCH Npeobpaszosaniie

W=,
Koropoe umeeT nepitof 2ni. Tlpu atouM npeobpasoBaHui nojoca
a < Imz < b nepexoJHT B MHOMXCCTBO Te€X TOYEK @, sl

KOTODBIX
a < argw << b.
B »stoil noJsioce npeoGpasoBaHiie OJHOMHCTHO JIHIIbL B TOM
cryuae, Koria
b—a <2,
B xawectBe Apyroro mpuaepa MEL pacCMOTpHM InpecbpasoBa-
HHE @ == CcOS 2z, TMPOH3BOAHASA KOTOPOro obpaulaeTcss B HyJb

BO BCEX TOYKaxX Z, SIB/ASIOMIUXCS LEMOUHCJIEHHBINH KPaTHBIMU
7. Umeen

1 N -iz
We==c0osz=o (€7 +c ).

CrepnoBatesibHO, Npeobpas3oBaHiie W == COS 2 SIBJSIETCS KOMIIO-
aulel ABYX Ipeo0pa3oBaHHil:

t=¢%* u w= % (t+1/1).

Uecnenyem obpatHoe npeodpasopanue. [lycTs pano mpo-
H3BOJIbHOE KOMILIEKCHOE UHCJA0 W@; €My CONOCTARIAIOTCA [BA
3HaYeHHA f, a HMEHHO JBa KOPHS KBajApaTHOTO YypaBHEHHSA

12— 2wt 4 1=0.

ITpouspesieHne 3THX KopHeHl paBHO 1; OHHM pas/HYHBI, €CJH
w % + 1. KaxaoMmy H3 3THX KOpHell COOTBETCTBYET OeCKOHEY-
HOe MHOKECTBO 3HaueHHH 2, oJAy4YaeMblX H3 OJHOTO M3 HHX

15%
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NpHOABJCHHEM  BCEBOSMOMKHLIX  LEIOUHC/JAEHHBIX  KPATHBIX
ynucna 2m.

[Tonroxxum 2 = x - iy, w=u -+ iv, roe x, y, u, v —
JeHCTBUTENbHBIE YHCIa. lorza

u=chycosx; v= —shysinx.

Ecnu sadukcuposaTh y, TO NpH u3MeHEHHH X Touka (u, v)
OIIHCBIBAET 3JIJIHIIC
u? v?
ey e = 1
ch2y sh2 y

(2TOT 3/17MIC MPOXOAMTCST OWMH pas, Korja x npoberaer HHTEp-
BaJ JUIHHOH 27).

Ecnu sadukcuposaTs X, TO IpH H3MEHEHHH y Touka (u, v)
0 OfHOMY pa3sy mpoGeraer ofe BeTBH THIEpOOJIHI

u? v2
cos?x sin2x

Has Toro 4ro6el M3yunTh, KaK H3MEHSICTCSl @ B 3aBUCH-
MOCTH OT 2, JOCTAaTO4YHO, B CHAY IEPHOAMYHOCTH, YTOOH X
U3MEHAJNCA MEXKAYy — % U -F W, ay — MEXIy — co U -+ 0.
Hanee, ecan 3amMeHHTh 2 Ha — 2, TO @ He usmenutes. Cneno-
BaTeJbHO, JAOCTATOYHO pacCMaTpHBaThb 3HAYEHHA X TOJABKO
mexay 0 um m. Eciu 3aMeHuTh y Ha — gy, HE H3MEHdAs X, TO U
He H3MEeHMTCS, a U H3MEHHUTCH Ha — 0.

CrnefoBaTenbHO, JIIOOLE IBE TOYKH 2; H 23, CHMMETpPHYHbIE
OTHOCHTeJIbHO JEHCTBUTENLHON OCH, IepeXOAT B TOYKH W
U Wy, TaKxe CHMMETPHYHBIE OTHOCHTENLHO MACHCTBHTENbHOH
ocu. Takum o6pasoM, LOCTATOYHO, YTOOH X H3MEHSJICH MEXKIY
Ouwm, ay—wmexay On -+ oo, Obosnaunm uepes D obnacTb

O<x<m, y>0. (D)

CHauana BBIICHUM, BO YTO MEPEXOAHT OPU pacCMaTpUBaeMOM
npeoGpasoBaHuy OpHeHTHpPOBaHHAasA rpanuna obnactu D. Korna
x=10, a y yOpiBaer 0T -+ co 70 0, w mnpoberaer OTPE30K
JleHCTBHTENbHOH ocu oT - oo 1o -+ 1; Korja y = 0, a x Bo3pa-
craer ot 0 o m, w npoberaer Ha JeHCTBUTENBHOIN OCH OTpe-
30K oT |+ | 1o — 1; makoneu, Korjga x = @, & Yy BO3pacTaer
or 0 1o 4 co, w, ocTaBasich Ha JeHCTBUTEJBHOHA ocH, yOBI-
Baer or — | no — oo,
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Takum ofpasoM, PyHKHHUS ® = cOS 2 rOMeoMOp(dHO OTo-
Opaxaer rpanyuy obnacti D Ha AeHCTBHTEJNbHYIO OCh.

UuTtaTenio MpeLiaraercs caMOCTOSITENBHO [OKas3aTb, YTO
obnacte D roMeomoptHo oToOpaxKaeTcsi HAa HIIKHIOIG MMOJY-
miockoct v < 0. DBonee ToyHO, ecau TouKa z npoberaer

y

Puc. 11.

oTpe3oK y = yo > 0, 0 < x < @, TO TOuKa @ OAMH pa3 0b6Xo-
IHT DOJy3JIHIC ¢ GoKycaMu B TouKax -+ 1 w — 1, pacnono-
JKEHHbIA B HIXKHEH 01y I10CKOCTH, 60oMbluasi 0 MaJjast IoJyoch
KOTOPOTO COOTBETCTBEHHO paBHEI ch yo 1 sh yy. Ecou ke Touka 2
npoberaer noaynpsimyoo x = x, (0 <xp <), y>0, 710
TOYK4a W OfMH pa3 OOXOIHT IOJyBeTBL rHmepOonbl, pacnoJo-
KEeHHYIO B NoayImockoctH v < 0, ¢ dokycamMu B Toukax —+ 1
H — |, TOAyoCH KOTODOH DABHBEI COOTBETCTBEHHO | COS X |
i sin x.

[Tosoca 0 < x < ;1 (— oo < y < co) IPH paccMaTpHUBAEMOM
npeobpasoBaHUH TOMeoMOp(HO oToOpaxkaercs Ha BCIO ILIO-
CKOCTb, 3a HCKJIIOUEHHEM JBYX INIOJYIIPSIMBIX, PACIIONOXKEHHBIX
Ha JeACTBHUTENbRON ocH: w» + 1 u w— 1.

UTro KacaeTcsi yryioB, 3aMeTHM, YTO IIpeobpasoBaHHE W@ =
= CO0S 2 YABaWBaeT yryibl B TouKax 2 = 0 U 2z = n (npamble
yraBl rpapuubl obsactd D mpeoGpasyioTcss B pasBepHYTHIE).
DTO COOTBETCTBYET TOMY, UTO STH TOUKH SIBJISIFOTCS HPOCTLIMH
HYJISIMH T[IDOH3BOAHON — sin z ¢yHKuMM cos 2. Buyrtpu D
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npeo6pasoBanue coxpaHseT yribl. OHO NEpeBOJUT MNpsIMELE,
napajesbHble OCSIM KOODAMNHAT IMIOCKOCTH (2), B COOKyCHEIR
SMJIUTICH U THIepOOJIbL.

§ 2. KOH®OPMHOE OTOBPA)XEHHE

1. MocranoBka 3agauu. Ilycte D u D'— npe ofnactu Ha
chepe Pumana S,. CrpaiuBaercsi, CyIeCTByeT JH H30MOp-
¢usnm obnacta D Ha obaacts D', WK, UTO TO Ke camMoe, CyIIe-
CTBYET JIH ToJoMOpdHOe OAHONHCTHOE OTo0payeHue o0JacTH
D na obnacts D’. Ycaorue, Heo0XOMIMOe g TOro, UTOOHI
5Ta 3ajaua HMeJa peilleHue, HOCHT YHCTO TOMOJNOTHYECKUI
xapaktep. fHeodxo0umo, urobsl obaacti D u D’ Gbuii romeo-
MOpP(HBI, TIOCKONBKY BCAKHH H3OMOD(HU3M €CTh I'OMEOMOp-
¢usm. Hanpumep, ecau obnacts D ofHOCBs3HA, TO HEOOXO-
IMO, uToOnl 1 obsacts D’ Obiia oJHOCBA3HA, DTO HEOoOXOMH-
MOe yCJOBHE HE SIBJIfETCst, OAHAKO, NOCTATOUHBIM, UTO BhITe-
KaeT, HalpUMep, U3 CJAeAyIoIed TeopeMsbl,

Teopewma l. [laockocms Cu omrpoumati Kpye | 2 | < 1
He U30MOPDHbL (XOMS OHU U 20MEOMOPGIHOL).

HJoxkaszarTedabcTso. [Ipeanosoxin, uTo CyIecTByeT
usomopduam f miockocrn € ua kpyr |z | < 1. Toraa | ects
orpaHuveHHas (GpyHKUUs, rojomopdHas BO Bcelt miockocTH C.
[To Teopeme JlmyBuaaga, sta QyHKUHA TIOCTOSIHHA, YTO IIPO-
THBOPEUUT YCJIOBHIO OIHOJHCTHOCTH .

2. Aptomopdu3smpi oGaactu. IlpenmonoxuMm, 4uto cCyie-
CTByeT MO KpaliHell Mepe omuH u3oMopdusm f obnactu D Ha
ob6sacth D', Kak ¢ ero noMousio onpeneauTh gce usomoppusmol
g obnacti D ma obnacts D'? IlpeoGpasoBanue S = [log
ects uaoMopdusM obsactd D na cebst, UAH, HHAYe TOBOPI,
aBToMop¢usM obnactu D, OueBupHo,

g=fsS. (2.1)

O6partHo, ecan S — aBroMopiam obnactu D, To mpeobpa-
3oBanue g, onpeneneHHoe no ¢opmynae (2.1), npeacTasisier
coboit naomopusmM obsnactn D na odnacte D’. Takum oOpasom,
Bce H3oMoOpduaMbl obsacty D Ha obnacte D’ moryT OhHITH
NOJyYeHbl KaK KOMIIO3HIHH BCEBO3MOXKHHIX aBTOMOP(I3MOB
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obnacti D n HexoToporo (pHKCHPOBAHHOrO H3oMOphH3Ma
obnactu D na obmacte D', S$lcuo, uto aBTOMOpPdH3MEI 06J1a-
ctu D ob6pasyior epynny. DTy TPYNIY Mbl OGO3HAUHM Yepes
r (D).

Ecnu f — usovopduam obnactu D Ha obnacte D7, T0
otobpaxenne S — fo Sof 1 npeacrasasier coboil H3oMOpHUM
rpynnst T (D) na rpymny I' (D).

HeckonbKO CIEAYIOMHX TYHKTOB MOCBSIILEHO IBHOMY BBIUHC-
Jenuio rpynnsl I' (D) 17151 HEKOTOPBIX KOHKPETHBIX obsactell D.

3. ABTOMOpP(]H3MBI KOMILIEKCHO! NI0CKOCTH. BriGepen B Ka-
yecTBe obsactu D Bcio miockocts C.

[Tyctb orobpaxkenue 2 — [ (2) — HEKOTOPHIH aBTOMODGDH3M
miockocTH C. Taxk Kak ¢yuxuusi f (2) romoMopdHa B IJIOCKO-
ctit C, a priori BO3MOKHEI TOJIBKO [iBa cay4as:

1) Geckoneunas TOUKa ABJASIETCSl CYIIECTBEHHO 0COOOH
TOUKOH YyHKUHUH [;

2) ¢dyuxuus [ npeacrasiser co6oll MOMHHOM.

Kaxk wbi cefiuac yBuanM, cayuail 1) Heoamoxen. B camom
IeJie, TaK Kak oToOpamkenne f ONHONHUCTHO, o6pas NPH 3TOM
oTOOpaKeHHH MHOMecTBa |z [ > 1 He uMeer OOWHMX TOYEK
c ofpasom kpyra |z | < 1. Tlocneguuit mpeacrasiser coGoil
HemycTyio o6/acTh. CiefloBaTeNbHO, 06pa3 MHOKeCTBa | 2 | > |
He SIBJISIeTCSl BCIOLY IIOTHBIM B IJIOCKOCTH, OJjarojapsl 4emy,
B cHJy TeopeMsl Beltepurtpacca (rat. 111, §4, . 1), GeckoHeunas
TOUKA HE sIB/sETCS CYILECTBEHHO ocoboil aist GyHKuuM [ (2).
CaefioBaTte/ibHO, QyHKILHS [ €CTh mOJHHOM cTeneHu # > 1. Io Teo-
peme [anambepa ypaBHeHnue [ (z) = w HuMeET n pas/iHYHBIX
KOopHe#l (3a UCK/ICUeHHeM HEKOTOPHIX UacTHBIX 3HAYeHHH w).
[To npeanosioxenio, orobpaxeHHe [ OFHONHUCTHO; [O3ITOMY
n = 1. Mnol jokasany, TakuM 00pa3oM, CAEAYIOULYI0 TeOpeMy.

Teopema 2. I'pynna asmomopgusmos naockocmu C
cocmoum u3 AuHelrHbX Npeodpasoeanuil

z—>qaz+b (as=0). (3.1)
Eciu @ = 1, To npeoGpasoBanue (3.1) npexncraBnsieT coboit
napaisaeavrolli neperoc; npu b = 0 OHO He UMeeT B 3TOM CJIy-

yae HeMOABHKHHLIX ToueK. Hanportus, npu a # 1 npeobpasosa-
HYE HMeeT eIMHCTBEHHYIO HENOJBMMKHYIO TOUKY, a HMEHHO
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3ameTuM, uto npeobpasoBanus (3.1) obpasyior rpynny, aeil-
CTBYIOILYIO Ha MJockocTd C mpansumuero; Wnaie rosops,
ecn Ha miockoctd G JaHbBl HEKOTOpHle JIBE TOUKH 25 H 2o,
TO CYHIECTBYeT MO KpaliHell Mepe OLHO mnpeobpasoBanie H3
3TOH rpymnlbl, KOTOPOE MepeBOANT 21 B 2. be3 Tpya naxoautes
CMayuoHapras nodepynna TOYKU Zg, T. €. IOArPYINA TeX I[pe-
00pas3oBaHHi, KOTOpBIE OCTABJSIIOT TOUKY 2o HEMOABHKHOM.
Hanpumep, cranuorapsas noarpymnna Hauyana KOOpAHHAT Co-
CTOUT u3 MNpeoOpazoBaHuil BUA 2 —> az.

4, Aptomopdusmel cdepsl Pumana. PaccMoTpunm 1poGHO-
JIMHeliHOe MpecOpasoBaHiie

o az-b
W= ad—bc = 0. (4.1)

Ecnu yMBOXHATD uncna @, b, ¢ ¥ d Ha OfiIHO U TO K€ KOMILJIEKCHOE
YHCJIO, OTVIHYHOE OT HYJIsI, MBI MOJYUYHM TO ¥Ke camoe npeoGpa-
sopanue. [losToMy ecTecTBEHHO CuMTaTh, UTO UHCHA @, b, c u d
OMpeJiesieHbl C TOYHOCTBIO 0 YMHOMKEHHsI Ha OJHY H Ty ¥Ke
KOHCTaHTY.

Takoe npeoGpasosanue onpeeneHo Ha cdepe Pumana S,
1 TpuUHUMAaeT 3HaueHus Takxke Ha chepe Pumana S,. Dosnee
TOYHO, €M 2 = co, TO @ = a/c npu ¢ # 0 nu w = co 1pu
¢ =0 (B st0oM cayuae a = 0). Jlwboe npeobpasoBanue Buja
(4.1) o6nanaer obpaTHHIM NpeobpasoBaHHEM

dw—b
2= (4.2)
Orciofa ciefyer, 4To J0boe ApoGHO-iHHelHoe npeobpa3oBa-
HUE npeacTaBisieT coboil romeomopdusm coepnl S, Ha cels.
Takum ofpasom, npeobpasoBanns Bujga (4.1) ofpasyior
rpynny G aBToMop@uaMoB chepbt S;. Mbl JlokaxkeM ciefyollyo
TEOopeMy.

Teopewma 3. He cyujecmsyem HUKQKUX QBMOMOPHUIMOE
cihepor Pumana Ss, kKpome OpoOrHo-aurelHbix npeobpasosaruily.

HoxaszarTteunbcTBso. PaccMoTpuM NOATpynmy rpyn-
bl G, COCTOSILLYIO U3 TeX NpeoGpasoBaHuil, KOTOPLIE OCTAB/ISIOT
HEINOIBHIKHOI GECKOHEUHYIO TOUKY chepbl Sq. ITO Te npeobpaso-
BaHHSA, A5 KOTOPHIX ¢ = 0; MOCKOJILKY B 3TOM ciydae d = 0,
MBI MOXKeM cuuTath, yTo d = l. VHaue roBopsi, moArpynna
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rpynnel G, cocTosunast H3 Tex npeobpascBaHué, KOTOpBIE
OCTABJSIOT OECKOHEUHYIO TOUKY HENOMBIKHOH, ecTh He YTOo
HHOE, KaK FpyNNa BCeX aBTOMOP(PUIMOB W = qz + b mio-
ckoctu C (Teopema 2). CnefoBaTenbHO, 3TO TCpyMNNa BCeX
aBTOMOp(uU3MOB chepr! Pumana Ss, OCTaBASIONHX HEMOABHIK-
HOH OGeCKOHEUHYIO TOUKY.

Teopema 3 BeITeKaeT, TaKuM o0pasoM, H3 cjelyromel
JleMME! 00Imero xapakrepa.

Jlemma., Hyecmos D — obaacme rna cpepe Pumara S,
u G — nodepynna epynner T' (D) ecex asmomopgusmos obracmu
D. [Ipednoroxcum, 4mo B6inOAHAOMCS CACOYOWUe  YCA0BUS:
a) epynna G dedicmsyem rHa obaacmu D mparnsumusho,
6) cmayuoHapHas noo0epynna HeKOmopot Mmousky 00AQCHU
D (m. e. epynna ecex agmonopgpuzmos obracmu D, ocmasasioujux
amy mouky wHenodeuocroll) codepocumes 6 G.
Toeda epynna G ecmo epynna écex asmomopgusmos obracmu D,

HdoxasatTenbcTBo aemMMu, [lycte S€ET (D),
U nycTb 2Zo€D — TouKa, CTanHOHapHas NOATPYIIA KOTOPOH
conepxkutcst BG. Tak kak rpynna G jefictByer Ha D TpaH3HUTHB-
HO, TO cyuiecTByeT apTomopdusm T € G obnactu D, takoi, uto
T (2¢) = S (20). Ho torna asromopdpuam 771 S€T (D) ocras-
JisteT TOUKY 2o HEIOJBHKHON U 1103TOMY NPHHANJIEKHT TpynIne
G. Cnenosatenbro, abToMopduam S = To(T71S) Takxke
npuHanae:xkur rpynne G. Teopema foKaszaHa.

5. I'eomMeTpuyeckoe mH3ydeHue Ipynnsl JPOOHO-JHHEHHBIX
npeoGpasoBaHHil; 3KBUBAJEHTHOCTb MOJYMJIOCKOCTH M Kpyra.
Ecnu ¢ # 0, To npeofGpasopanue (4.1) MoxkeT ObITb IpeacTaB-
JICHO B XOpOLIO H3BECTHOH KaHOHHYECKOH Qopne:

bec— ad)/cz' (5.1)

a

= -l
w ¢ ' ztdje

Ortcrofa BHITEKAET, uTO npeobpasopanue (4.1) sBisercs Kommo-
3unMedl CJCLYIIUX NPeo6pa3OBaHUi:

d 1 a
2=z 4 =g Z3=Fkzy, W=23-+—

bc—ad
(rﬂe k= —a

JauHeliHoe NpecOpasoBaHHe YaCTHOTO BHAA.

), KaXkJloe H3 KOTOPHIX €CTb ApOOHO-
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Takun ofpasoM, BCsikoe ApoOHO-IUHEHOE INpeobpasosa-
HHME eCTb KOMNO3HLHSI MapajljiebHbIX [IEPEHOCOB, MoA00Hs
C OTJIHUHBIM OT HyJs KO3pHIHEHTOM H HHBEPCUHU C OTpaKe-
HieMm 2° = 1/z (mocnemnsia npeiacTapisieT coG0H KOMIO3HILHIO
OTpayKeHHsl OTHOCHTEJLHO MAEHCTBHTEJBHON OCH W HHBEPCHH
OTHOCHTC/JIBHO OKPYXKHOCTH pajnyca | ¢ 1eHTpoM B Hadalje
KOOpAMHAT). DTo yTBEpKIEHIE JOKA3aHO HaMH B ciyuae ¢ # 0;
HO OHO, OUEBHJHO, BEpHO Taxxe u npu ¢ = 0. M3 Hero BeITe-
KaeT, 4TO BCsKoe ApoCHO-MHHElHoe mpeobpa3oBaHue Iepe-
BOAHT OKPYXKHOCTb HJIM NPAMYIO B OKPYXKHOCTb HIH NPAMYIO
(mpsiMast paccmaTpuBaeTest KaK OKPYIKHOCTb, ITPOXOASAIIAst
uepe3 OGecKoHeunyw Touky). C Jpyroil CTOPOHBI, BCSIKOE
IpobRo-JMHHeliHOe npeobpa3oBanue KOH(MOPMHO, TaK KaK OHO
npefcTaBasger coboifl ApobHo-1nHeliHOe TpeobpasoBanne Chepnl
S, B cefst. B wactHOCTH, OHO MEPEBOAUT OPTOrOHAJIbHBIE OKPYXK-
HOCTH (mpsiMble) B OPTOrOHAJBHBIE OKPYXKHOCTH (OpSIMBIE).

[Tycte paHbl JBe NPOH3BOJIBHBIE OKDY XKHOCTH (wnu mps-
mete), Torda cymiecTByer ApoOHO-nuHeliHoe npeoGpasoBaHHe,
nepeBOJslLee O/IHY U3 HUX B Apyrylo. B uacTHOCTH, CyiiecTByer
IpoOHo-nuHelHoe npeobpa3oBaHue, mnepeBoAsiiee AellcTaH-
TeJLHYIO OCh iy = O B eIMHHYHYIO OKPYXKHOCTL. TaKuM aBiAgeT-
csl, HallpUMep, peobpasoBaHue

p— 6 (5.2)

s Toro uToOLl MPOBEPUTH 3TG, [AOCTATOYHO YOEAUTBCS
B TOM, YTO KaKHe-HHOyJAb TpH TOUKH Ha AeACTBHTENBHOH OCH
(Hanpm\xep, ToukH 0, 1 U co) nepexofaT B TOUKU HA €AHHHYHON
OKPYXHOCTH (B JAHHOM CJyyYae B TOUKH @ = — 1, w = — |
nw=1).

slcno, uyto jpobGHo-nuHeiiHoe mpeobpa3oBaHue, IIEPEBOAL-
mee JAeHCTBUTENIBHYHO OCh B €IHHHUYHYIO OKPYIKHOCTh, Iiepe-
BOLHT OJHY M3 ABYX IMOJYIJIOCKOCTel, OrpaHHYHBAeMBIX fel-
CTBUTEJBHOM OCb!0, BO BHYTPEHHOCTb €AMHHYHOIO Kpyra,
JIPYyTyK — BO BHEUIHOCTh (BKJHOUasd OeCKOHEUHYIO TOUKY).
B cnyuae mnpeoGpasoBanusi (5.2) BepxHsist IONYIVIOCKOCTb
nmepexofuT B Kpyr |w | < 1, TaK Kak Touka z = [ mepexo-
JUT B TOyKy w = (.

6. ABTOMOP(H3MBI TOJYIJIOCKOCTH W eJUHHYHOro Kpyra.
O6osHaunym uepe3 P monymiockKocTs y > 0, gepe3 B — OTKpHI-
THIE KpYT | @ | < 1. CorsiacHo saMeuanuio, C/Ie/IaHHOMY B KOH-
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ne nm. 2, npeoGpasoBanue (5.2) ycTaHaBauBaeT n30MOpPHUIM
rpyma I' (P) n T' (B). Beraucaun 3TH ABe Py IibL,

Panee (B 11. 4) MBI yXe BBIUHCAWIM TPYIIY BCEX aBTo-
yMopduamos cheprt Pumana. Te U3 HUX, KOTOpHE MepeBOAAT
JefICTBUTENBHYI0 ochb y = 0 B cebs, 0o0pasyoT NOArpynmy
5TOH TIpynnel. D10 MOATPYNNE TeX JApOOHO-IHHEHHBIX Mpe-
o6pa3oBanitii

[
z—»ﬁgi‘;b, ad — bc == 0, (6.1)
cz+d
y KOTOPHIX KO3pduunenTsl a, b, ¢ it d deticmsumensrer. B cavom
JeJie, OUeBHIHO, YTO eCJAH Ko3(hhHLHUENTH AeHCTBHTENbLHEL, TO
npeobpasosanye (6.1) nepeBOAUT AelCTBHTENBHYIO OCb B celsl,

O6patHo, ecau JelicTBUTeIbHAS OCh NMEPEXOAHT INPH Hpe-
o6pasosannu (6.1) B cebs, To Kosdpuunentsl a, b, ¢ u d onpe-
JEJISIIOTCS, C TOUHOCTBIO 10 HEKOTOPOTO MHOMKHTEJS, H3 CHCTEMbI
JIMHEHHKIX ypaBHeHul ¢ AefcTBUTEABEBIMH KGabdiunenTamMu,
KOoTopas moJydaercsi, ecJH paccMoTpeTh TpPH  pasjiH4Hble
TOUKH 2y, 22, 23 HA JCACTBUTEJBHON OCH H 3amucaTh, UTO
00pasbl 5THX TOUEK JeHCTBHUTENLHEL.

[Tockonbky Koaduunentsl npeobpazosanus (6.1) onpe-
LeJISIIOTCST ¢ TOUHOCTBIO [0 OTJIMYHOTO OT HyJsl AefiCTBHTeJNb-
HOTO MHOMKHTEJIS!, MOXKHO NPEANONOKUTE, yTo ad — be = + 1.
Jlerko BumeTh, 4TO cpeid npeobpasobanuii (6.1) mepesopsT
BEPXHIOW MOAYINIOCKoCTh y > 0 B cebsa Te, AN KOTOPBIX
ad — bc = 1; B camoM Jese, JAOCTaTOYHO IIPOBEPHTb, UTO
NelicTBHTE/IbHASL YacTh YHCJIa Z;+Z~ nosoxutenpHa. [Ipe-
obpasoBanus Buga (6.1), ans kortoprix ad — bc = 1, obpa-
3yioT noarpynny G rpynnsl I' (P) aBTomMOpdHU3MOB TIOJYNIIO-
ckocTH P; Kaxpoe mnpeoGpasosanune rpymnsl G onpepessier
Koahuuuentsl a, b, ¢, d ¢ TOUHOCTBIO O MHOXKHTENS =+ 1,

Teopewma 4. I'pynna G codepicum ace asmomopghusmol
noaynaockocmu P.

M3 s1oli Teopemnl 6yneT ciefoBaTh, YTO BCSIKMH aBTOMOp-
($u3M NOAYINOCKOCTH P MoXKeT OBITh NPOAQJINKEH [0 aBTOMOD-
¢usma cdeper Pumana, uto a priori coceM He OdYeBHAHO.

Hns Toro wrobm mgokasatk, uto G =T (P), 3ameTum
cHauaja, uto rpynna § JedcTByeT B HOAyIUIOCKOCTH P Tpau-
3UTHBHO. B caMoM Jese, O4CBHAHO, YTQ TOUKa i MOXKeT OBITb
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nepesefiena NpeoOpasoBaHueM, cofiepXamumcss B rpynne G,
B Jo0yI1o Touky a - ib (b > 0). Ecau Mel moxkaxem, uTo CTa-
IUOHApHAs HOATpyNNa KaKoH-HUOYAb TOUKH IIOJIYIIOCKOCTH
(HampuMep, TOYKH 2 = i) cofepxuTcsi B G, To Teopema 4 Gyjer
BepHA B CUJIY JeMMB H3 1. 4.

Bce csenock, Takum o0pas3oM, K TOMy, 4ToOBl A0Ka3aTh,
UTO CTallMOHApHAas NOATPYNINA TOYKHU { COCTOHT H3 APOGHO-JIH-
HeflHBIX npeoOpasoBanuil. [IpeoGpasosanue (5.2) onperenser
nsoMopduaM 3ToH Trpynnel Ha noArpynny rpynmsel I (B),
COCTOALLYIO M3 TeX aBTOMOP(U3MOB Kpyra | w | < 1, KoTopble
OCTaBJASIIOT HemoABHKHOHA TouKy 0. Takum o6pasom, ocTajnoch
J0Ka3aTb CJELIOIeE YTBEPKICHHE!

[Tpennoxenue 6.1. Ecau Hexomopotli asmomophusm
kpyea |z | <1 ocmasasem wenodeusicrol mouky O, mo om
npedcmasasiemn cobodi nosopom z — 2¢*, 20e 0 — nekomopuitl yeoa.

JloKasarTensCcTBO npeapnoxenus 6.1
[Tyctb 2 — f (2) — HEKOTOpbIN aBTOMOPMII3M €IUHUYHOIO Kpy-
ra, taxko#t, yto f (0) = 0. Coracno semme [lapua (ra. III,

§ 3), uMeem
7@ <

AJs BCeX z, TAaKMX, 4To |z | < 1. Jasnee, mpumenss semmy
[lIpapua K o6paTHOMY NpeoGpa3OBaHHIO, IOSYYaEM

2|

2| <If ().
CpaBHHBasi 3Td /iBa HepaBeHCTBAa, NPHXOAUM K TOMY, 4YTO
[(@]=1z]|, otkyma, B cmry Toii xe jemms [lBapua,
(2) == cz, rie ¢ — HexkoTopasi KoHCTaHTa, |c|=1. Ilpenjo-

xenne 6.1, a chefoBaTenbHO, N Teopema 4 HOKas3aHbI.

B KauecTBe yipayKHeHHs OnpelesiuM CTAlHOHADHYIO MOA-
IpyNIy TOUKH 2 == [ B IpyNIe aBTOMOP(HU3MOB BepXHeH noay-
miockocTy y > 0. IpeoGpasosanue (5.2) sBaseTcss H30MOPPU3-
MOM 5TOHl MOATPYIIEl HA CTALUOHAPHYO MOArpynny Touku O B
rpyIme aBToMop(U3MOB eANHI4HOro Kpyra. OTciofia nojayydaem,
uTO HCCJAeRyeMas TpyIlia COCTOHT H3 npeo6pasoBaHUi BHIA

0
2 > e,

l—ztg%

rie O — BemecTBeRHuIH napamerp.
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Hast Toro 4ToObl ONpeleauTs TPYIIY aBTOMOPOHU3MOB -
HHYHOTO Kpyra |2z | < 1, gocraTouHo mnpeo6pasosaTb C IMoO-
Moibio (5.2) rpymny aBToMOpGhH3MOB BEPXHEH MOJNYIIJIOCKOCTH.
Ho mbl 6yz1em aeficTBoBaTh HENOCpeACTBEHHO. Peub Haer o BbIYH-
CIEHHH BCeX JAPOOHO-JIHHEHHBIX Mpeo6pasoBaHHiI

- az-+b
cz-d "’
KOTOpbIe TMepeBOAAT OKPYKHOCTb 2z — | = 0 B OKpYKHOCTD
22— 1 =0, 1 oTKpuITHEt KpyT | — 22 > 0 — B OTKPHITHIA
kpyr 1 — 2z > 0. TlepBoe u3 yc/IOBHi 03HAYAET, YTO €CJAH 2
0 MOAYJIO paBHO 1, TO HMeEET MECTO PaBEHCTBO

(az+b)(az--b) = (cz-+d) (cz+d),

ab=cd (6.2)
H
aa — cc = dd — bb. (6.3)
Orerofa
~ _ (dd— bb) (1—zz)
l—2'2 ——————~—|Cz+d‘2
ﬂm_a TOro 4TOOHl U3 HepaBeHCTBA | — 2z > 0 caenoBaio
1 — 2’2 > 0, Heo6XOANMO U AOCTATOYHO, YTOOH OBIIO BBHIIOJ-
HEHO HEPABEHCTBO
dd — bb > 0. (6.4)

M3 nepapenctsa (6.4) u paBenctsa (6.3) BeTeKaer, uto a #+ 0,
d # 0; u3 (6.2) B cBOIO Ouepenb cienyeT, 4To

b p—
%:_CT_=L, rae |[A[ <1,

u, B cuy (6.3),

la]=|d|
Orcioza
Ll
az4-b _ a z‘;\‘a g it %
02+d d 1_‘»’}: %Z I—IL'Z(,Z
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rfie O — JeficTBUTENbHOE, a Zp — KOMIIJIEKCHOE YHC/IA, IPHUEM
|20 | < L.
HTak, Mbl l0Ka3anu Takoe yTBeprKACHHE.

[Ipennoxenue 6.2 Ipynna asmomopgpusmnos eodu-
HUHYHO20 Kpijea cocmoum u3 OpoOHO-AuHelHbx npeodpasosa-
Hutl euda

o mz i0 210
1292
ede O Oedicmsumensrno u | zy | < 1.

(6.5)

§ 3. OCHOBHAS TEOCPEMA 0 KOH®OPMHbLIX OTOBPA)XEHHSX

1. ®opmyaupoBka ocHGBHOH Teopembl. Ilpencrasunm cebe
Takyio 3ajady. IlycTh mana obnacts D B muockoctn C; mailTu
BCe H30MODGU3MEL (ec/il OHI CYIEeCTBYIOT) obnactu L) Ha efn-
HuuHbl Kpyr. Crepywouee ycjoBHe Heo0XOAHMO s Cyile-
CTBOBAHMS TaKOro H3onopduama: #eobxodumo, winobe: 0daacio
D 0oiaa o0nocsasna w omauuna om C.

IlepBoe ycnorre HEOGXOIMMO, NOCKOABKY o6nacte D
JoJKHA OBITh TOMeOMOp(HA OTKPEITOMY KDYTY, KOTOpPBIH OtHO-
cBazer. YcaoBue D = C peobxogmmo, B CUIy Teopembl |
u3 § 2, n. 1. OcHoBHas TeopeMa TeopHH KOHMOPMHBIX 0TOOpa-
JKeHH{T yTBepIKAaeT, YTO 3TH YCJOBHS SBJIAIOTCS TAaKKe 0cTa-
TOYIIBIMH.

OcHoBHasg TeopeMa. Beakas obracme D ¢ nao-
ckocmu C, odroceaswan u He coenadaiowjaa ¢ C, usomopgua
omKpamosy Kpyey |z | < 1.

JlokazatesbCTBO 3TOI TEOpPEMBI COAEPKHTCH B I. 3 H 4,
Crauajia 3aMeTHM, UTO Bce uaoMopduaMe! obnactH D Ha Kpyr
| 2] <1 Moryr OwiTh npeicTaBieHsl B BHAE KOMIOSHLUM
KaKoro-HuGyIb OAHOIO H30MOpGhH3MAa H BCEBO3MOMKHBIX aBTO-
Mophu3MOoB eAnHuyHOro Kpyra. Ho apToyopdusmel eqnnngnoro
Kpyra npeicTaBisioT coGoll TpaH3uTHBHYIO Tpymny. IlosTonmy
€CaM CcyllecTByeT xoTa Obl ofnH H3oMopduam objactu D na
kpyr |z | < 1, 10 cywecTByeT i H30MOPGDHSM, NEPEBOASLIMH
B LEHTP Kpyra TMpOH3BOJBHYIO Hamepej B3aJlaHHyl0 TOUKY
20€D. Tloatomy nCKOMBIH H30MOPPU3M [ MOKHO NMOAUMHUTD
YCJIOBHIO

[(26)=0. (L.1)
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Jlanee, rpynna H3OTPOMIHN LEHTPa KPyTa COCTOUT M3 BpalieHHH
BoKpyr Touku 0 (§ 2, npeamoxenue 6.1). ITostomy MoxKHO
HaJIOXKHTb Ha H3OMOP(PHU3M [ LONOMHHTENBHOE YCIOBHE:

f (20) > 0. (1.2)

Yeaosus (1.1) u (1.2) ogHo3HAYHO ONpeNesiOT HCKOMBIH H30-

mMopduaM [ (ecaiu OH CyIIeCTBYET).
YKaKeM J[Ba CJEACTBHS H3 OCHOBHOH TeopeMbl.

Canencreue 1. Jlwbsie dse o0noceasHeie obaacmu D,
u Dy e naockocrmu C, omauureie om C, usomopgme.

3aneTn™, 4yTo, B cuiy Teopemsl 1 u3 § 2 (n. 1), ogHocBA3-
Hast obmacts D, otauynas ot C, ne usomopdua C. Onmako
CNpaBeIMBO CJIELYIOLIee YTBepKAEHNHE.

Cnepcraue 2. Jwbse dse o0noceasusie obracmu D,
u Dy 6 naockocmu C 2omeomoperet.

JTeHCTBUTE/IbHO, €C/TH OHH OTJINYHBl oT C, TO 9TO BHITEKaeT
3 ciecTBuA 1; ectu e ofiHa u3 HUX paBua C, TO 5To BhITEKaeT
us Toro, uto Kpyr |z | < 1 eomeomopger niockocru C.

2, CBefieHHe K CAy4al0 OTpPaHUYeHHO#H 00MacTy.

IMMpepnoxenune 2.1. Iycmo D — obaacme, yoo-
gaemeopaoan  npednoacxcenusmn ocHogrot meopemol. Toeda
cyjecmeyem usomopihusm obaacrmu D wa Hekomopyw oepanu-
yenuyo obaacme naockocmu C.

B camoMm jene, no NpeANoNOMNKEeHHIO, CYILECTByeT TodKa
a ¢ D. Pacemorpum dynkumo log (2 — a). Tax xaxg cbnacte D
OJHOCBSAI3HA, MOMKHO BHIOPATh HENPEPHLIBHYIO BETBb g (2) 3TOH
¢bynxuuy B 3Tofl obsactH (ev. rao. I, § 1, 1. 7). Pynxuna g
rojsioMopdra B objactu D 1 opgosucTHA B HeH, Tak KakK M3
TOro, 4T0 g (21) = g (22), caeayer, uto 8D = e8(72) 1. e,
y—a=2z,—a.

Brifepem B ofimactu D Touky 2z, PyHKIHS g NpHHHMAET
B obmacTi D Bce 3HaueHUs, Jexkallue B HEKOTOPoM Kpyre E
C LEHTPOM B Touke g (7o) (cM. § 1, m. 1). Ecaun napamiaennno
HepeHecTH 3TOT KPYr Ha 2:i, TO NOJydYHTCs KpyT, HU OHHA
TOYKa KOTOPOTO He MPHHANJIEKUT 00pasy D npu oToOpazKennu
g. DTO BBHITEKaeT u3 ofHOJHUCTHOCTH QyHKuun g. Crenosaresnb-

HO, (YHKIUA
1

g (2)—g (29) —2mi
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rosioMopdHa, oxpHonuctHa u oeparudera B D. Ilostomy oua
onpefesasieT usomopdusm obmactH D Ha orpaHHYeHHYIO 06-
Jgactb B naockoctH C. [lpeanoxkenue 2.1 nokKasaHo.

Mrr 6yem cuntath B fanbHefinieM , uto D — oepanutennas
obnacte. [lponssens B cayyae HaAoOGHOCTH HapaJsJiesbHbIN
nepeHoc M INpeobpa3cBaHHe NOJACOHS, Mbl MOXEM JAOOHTBCS
TOTO, 4TO6Bl 00sacTs D copmep:Kanach B Kpyre [z l < 1 n uTObH
Touka O Oblia ee BHyTpeHHell Toukoil. Dyjem B jpanbHefinem
CUUTaTh, 4T0 06gacTs D obnagaer 1 5THM CBOHCTBOM.

3. JKcTpemanbHOEe CBOHCTBO.

ITpeapnoxenune 3.1. [lycmov A — muosicecmso ¢hynk-
yuii f, eoaomopghrsix 1 odrosucmusix 8 obaacmu D, ydosaemso-
PAIOWUX CAEOYIOUUM O8YM YCAOBUAM:

f(0)=0, |f(z)| <1 npu z€D. (3.1)

Hycmo fo — Hexomopas yukyus uz mroocecmea A. Toeda,
0aa moeo umober obpasom obaacmu D npu omobpasicenuu fo
ObLa eQuruYHbIL Kpye, HeoOX00uMo U Jocmamo4ro, 4mobol 04s
w0600 Opyeoli pynryuu [ us mHosicecmnea A 8uin0AHAAOCH Hepa-

BEHCIMEBO
o O =170y,

n. e. umober sopadiceriue | f'(0) | docmueano ceoeeo naubGoaviuezo
snauenus npu | = fo.

JHJoxasarteabcTso. l. Yeiosue HeoOxonumMo. B ca-
MOM Jiesie, nycth [ € A, D’— o6pas obnacta D nipu oToGpakkeHHH
fufo€ A — usomopduan obnacty D Ha eIUHHYHBIA KpyT
(fo (0) = 0). Otobpakenne f MOXKET GbITb MPEACTABIEHO B BHE
KOMIIO3UIUH hofy, rie A — usoMopdH3aM eIHHHYHOrO Kpyra
Ha obnacte D', upuuem A (0) = 0. B cuny nepapeHcrsa Ko,
|k (0) | <1, npuueM paBeHCTBO BO3MOMKHO TOJLKO B TOM
cnyvae, Korga h — aBToMopduaMm Kpyra. CienoBaTenbHO,

O < (0)],

IpuYeM PaBeHCTBO BO3MOXKHO, TOJBKO €C/IH [ TaKikKe H30MOp-
duam obnactu D Ha elHHUUHBIA KpyT.

2. Vcaosue pocratouHo. B camom fmene, mycts fE€A
H cymecTByeT Touka a (ja] < 1), KoTopas He NpHHANJIEKUT
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o6pady f. Mbl nogaxkeM, 4To cyuiecTByer (yHKuua g€ A,
TaKas, 4TO :

g O >|F (0.

CHagana Mbl PAcCMOTPHM (JyHKIHIO

Y —
F(2)=log L= (3.2)
1 —af (2)
ronomopduyo U omuoauctayio B D. IlockonbKy znauenus
byuxuun f (2) gekaT B €IMHHYHOM KpyTe, 3HayeHusi (ByHK-

—a

HH - TI0) TaKxKe JeKaT B eJHHHYHOM Kpyre (CM. IpeljioxKe-
—af (2)

Hue 6.2 n3 § 2) o, crenopaTeLno, AeiCTBUTENILHAS YacThb

¢byukunun F (2) orpunatensHa. Pasymeercs, B xauectse F (2)

B3siTa HeNpephlBHAs BETBb JorapH(ma, Bulfop Koropoii

BO3MOMXKeH, TaK Kak o0sacte D opHocBsizHa. Paccaorpuwm
(DYHKLHIO

F(2)—F () ,
B —— 33
& =0T o (3.3)

rosioMopHyto u ofHonucTHyto B D. Ouesuauo, g (0) = 0.
Kpowme Toro, | g (2) | < 1, B chary ciienymomeii jieMysl.

Jlemwma, Hycme u u v — 08a KOMNAEKCHOLX 4ucaa, Oeli-
bl

CMBUMmeNbHble 4aCmy KOMOoPbLX ontpulidmeibHbl, moaoa

v-tu
(JorazaTesbCTBO 3TOH JIEMMBI MPELOCTABASETCS YHTATENIO. )
Takum obpason, PyHKUMS g NpHHAAIEKHT MHOKeCTBY A.
Borauenum npoussofHyio GyHKIHN g B TouKe (:

g (0)=—F"9 _y Fo= (a__j;) F(0). (3.4)

F(0)-+F (0)
CriefoBartesbHO,
18" (0)] l—aa -
e . (3.9)
HO) QIQIIOE%|

Jlns noxasarenscrsa Toro, uto | g’ (0) | > | (0) |, mocra-
TOYHO NIPOBEPHTL HEPABELCTBO
1—¢2

_t___Qlog%>OanO<f<l. (3.6)

16 A, Kapran
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dra nposepka sseMeHTapHa. JleBas dacTh MpenCTaBiIsieT
cofoll (DyHKIHMIO, DPOHM3SBOLHAS KOTOPOH OTpHIaTeNbHAa; cJle-
JloBaTesqbHO, 3Ta (yHKOMA CTpPOro yOniBaeT Ha HHTepBale
0 <t 1. Honpu ¢t = 1 oHa paBHa HyJII0; CJI€A0BATENbHO, OHA
nosoxurtesnbHa npu 0 < ¢ < 1.

HokasarenbctBo npeinoxenus 3.1, Takum obpasom, 3a-
KOHUEHO.

4, JlokasaTeabCTBO OCHOBHOMH TeopeMsl. B cuny npennosxe-
uHsa 3.1, HaM JOCTaTOYHO JI0Ka3aTh, UTO CYLIECTBYeT ByHKILHs
f€ A, na xoTopoii JocTuraercst MakcuMyMm Besuduubl | [ (0) |.

[Tycts B—mHomxecTso dyHKuni f € A, Takux, yto |f (0)| > 1.
MuoxkecTBo B Henycmo, HOCKOILKY €My NPUHAAICKHT
¢yukuus f(z) = z. MHoxecTBO B 0epanuteno B BEKTOPHOM
npocrpancTee % (D) (em. ro. V, § 4, n. 1); 310 caenyer us
toro, uto |f(2) | <1 npu z€D mas moGoii pyukuun f€ B.

[Toxaxem, 410 B — 3aMKHymoe NOAMHOXKECTBO MPOCTpaH-
ctBa &% (D). Tlyets [ — dyukuus, ronoMopduast B obnacta D,
KOTOpas SiBJsIeTCsl NpPENEeJoM MOCIeL0BaTeIbHOCTH (PYHKUHIT
f» € B, paBHOMepHO cxoisuielicsa Ha J000M KoMnakTe B ofna-
ctu D. Torpa

F(0) = lim f (0) = 0.
n—>oo
Jasnee, nocyenoBaTeslbHOCTb NPOH3BOAHBIX [n CXOAUTCS PaBHO-
MepHO Ha Ji1oboM KoMnakTe B o6nacti D Kk dyukumuu f'. B gacr-
Hoct, |f (0) |= lim | f, (0) |>1. Takum o6pasom, QyHK-
n-»oco

st [ He siBJsieTcsl KoHCTaHTol B o6nacti D. B To ke Bpems f
ecTh Npefesl NoCjeoBaTeNbHOCTH (QYHKUHH [,, OXHOJHCTHBIX
B obsiactu D, [TosatoMy (yHKUHS [ TaKkKe OJHONUCTHZ B 3TOH
obsactu (cM. 1. V, § 1, npennoxenue 2.2).

Taxk Kak | f, (2) | < 1 BmoGoii Touke z€D, 10 | f (2) | < 1.
Ho paBenctso | f (2) | = 1 He MOMKeT BEIIIOJIHSATLCS HH B ONHOM
Touke 2€ D, B cuy NpHHIHNA MAKCUMyMa, MOCKOJIbKY (PYHK-
nusi f He ABJIsIETCS] KOHCTaHTOH.

Hrak, Mpl fokazanu, uto QyHKUHSA [ yIOBJIETBOpseT BceM
YCJIOBHAM, HAaJIOXKEHHBIM Ha 5JeMeHTH MHOxecTBa B. Muaue
roeopsi, f€B u MHOXecTBO B, TakuM 00pasoM, 3aMKHYTO
B &¢ (D). 3naunT, MHOXKEeCTBO B ecTh 3aMKHYTOE OrpaHHueH-
HOe MOAMHOXKeCTBO MpocTpaHcTBa &% (D). B cuny ocuoBHOH
TeopeMmsl 1. V (§ 4, 0. 2), MHOXKecTBO B Komnaxmo.
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Hanee, orofpaxeHHe, CONOCTABJISIOMCe KaxKiod ¢QyHK-
L € B JelicTBUTENbHOE UHCJIO l /" (0) |, wenpepbiBHO
(em. 1. V, § 1, m. 1, Teopema 2). Msmectno, uto Hempe-
peiBHasi (YHKUHS Ha KOMIIAKTHOM MNPOCTPAHCTBE JOCTHUI&eT
cBoero naubosbllero sHaueuusi. [lTosTomy cylnectByeT (hyHK-
wust [€ B, nHa Kotopoil Bolpaxeniie | [ (0) | mocruraer cBoero
MaKCHMYMa,

OcHoBHAS TeopeMa HOJMHOCTHIO JI0Ka3aHa.

§ 4. IOHATHE AHAJIMTHYECKOI'O ITPOCTPAHCTBA.
HWHTETPHPOBAHUE JHPPEPEHUHAJIBHLIX ¢0PM

1. Crpykrypa aHanuTHueckoro npoctpadcrsa. [lycts X —
xaycoopgoso npocrpaHetBo. ITyeth (Uj)icr — OTKpHITOE 1O-
KpbiTie npocTpanctBa X. Ilpeamomoxknm, uro Kaxpomy U,
COTOCTaBNeHa KOMIIeKCHO3HAaYHas (YHKUMA 2;, ONpeleseH-
nas B U;, KoTopas ocymecTrisier eomeomoppusm U; Ha OTKPHI-
TOe MHOXKeCcTBO A; miockoctd C, npuueMm 3TH QyHKUHEK yAOBIE-
TBOPSIIOT CJENYIONIEMY YCJIOBHIO COIJ1aCOBAHHOCTH,

(1.1) Kakosot 6ot ru Goiauw i € 1 w j€ I, maxue, wmo U; U ;4@ ,
omobpadncenue fi;=2;0(z;)™t obpasa z; (U;(U;)C A; na oo-
pa3 z; (U;NU;) CC A;. ecmb eosomopgproe omobpasicerue, npo-
UBB0OHASL KOMOPO2O 8CI00Y OMAUYHA OM HYAS.

Vuemvu cioBamu, B nepeceyennn U, (MU; umeer Mecrto
paBeHCTBO 2;= [;; (2;), Tme [;; — byHKUUsA, rosomopdHas
B obsactu 2; (U;[1U;) naockoetu €, mnpousBojHasgs KOTOPOH
He ofpaliaeTcss B HYJb,

ToBopsT, 4TO COBOKYIHOCTH OTKPHTOTO NOKPHTHSA H PyHK-
uuil 2z;, yaosgaerBopswomiux yegaosuio (1.1), onpenensier Ha X
CpyKmypy anaiumuyeckoeo npocmparcrea. OYHKUHA 2
Ha3bIBaeTCs A0KaAbHolE KoopOunamoti B obnactu U;. Ecnu Tou-
Ka X NpUHAIJEXKHT OJHOBPEMEHHO HecKonbKuM obmactam U,
TO B OKDPECTHOCTH 3TOH TOUKH ONpeJiesieHbl HECKONbKO JOKasb-
HBIX KOOpAHHAT (0o OJHOHN ANs KaxKao# o6macTH NOKPBITHA);
nepexo] OT OAHOH JOKaJbHOH KOOpAHHATHL Z; K ApPYyroH Jo-
KaJIbHOH KOOpAMHATe Z;, B cHly ycaosus (1.1), ocyuwecTsaser-
Csl C MOMOLILLIO 2040MOPhHO20 0TOOPaKeRHs fij.

IlpumMep Takoll cTpyKTypbl yiKe paccMaTpuBaJICH IIpH
usyueHun cgeper Pumarna (vo. 111, § 5, o. 1). B atom cayuae
npocTpaHcTBO X ecTh enuHuyHas cdepa B mpocrpaHcTse R®,
IOKPHITHE COCTOMT M3 JIBYX OTKDBITHIX MHOXKECTB, Kax-

16*
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Joe H3 KOTOPHIX ecTh JOMOMAHeHHe K OJHOMY H3 MOJIOCOB
cdepsl.

Onpedenenue eoaomoproii ¢yuryun. Ilyets X — mpo-
CTPAHCTBO, CHA0XKeHHOe CTPYKTypOH aHAJIHTHYECKOIO MpO-
cTpaHctBa. IlycTh [ — KoMInieKCHOsHauHash (QyHKIHS, ompe-
JeleHHas W HenpepbiHas ua X. Jlna KaxKaoro [ nyctsb f;—
¢dbynkuus, onpefenenHas B obnacti A; (CC, Takas, 4Tto B OK-
pectHocT U; BRINOJHsAeTCs yenoBHe [ = f;02;. [oBopaT, uTo
byuxruus f eosomopihua, ecnn npu gwodom [ GyHKUHS f; ToOI0-
mopdHa B obnacti A;. Muawe rosops, ¢pyukuus [ ronoMopdna
B X, ecny oHa siBJAseTCs ronomopdHoil (pyHKUHel JoKaabHOH
KOOPJMHATH Z; B OKpecTHOcTH U; sl KaxKAoro i.

2. Toaomopipunle otobpamxenusi. HuayuupoBaHHas
CTPYKTYpAa.

Onpepneaendue. I[lyetb X u Y — 1Ba npocTpaHcrBa,
cHabrKeHHble CTPYKTYpPOU aHaAHTHYECKUX TpocTpaHCTB. [oBO-
paT, uTo oTobpaxenne ¢ : X — Y ecTb ronoMopdHOe oTO-
Gpa)keHue, €c/M OHO HENPEPHIBHO H yJOBJIETBOPSiET, Kpome
TOT0, CJIeYILIEMY YCJIOBHIO: NYyCThb @ — HeKoTopas TouKa
3 X, b = ¢ (@) — ee o6pa3 u w — JioKanbHAasl KOOpAMHATA
B OKDECTHOCTH TOYKH b mnpocTpaHcTBa Y; TOTA& Wo@ e€CThb
rosioMoppHass PyHKIHUSA B OKPECTHOCTH TOUKH ¢ NPOCTPAHCTBA
X. 910 ycnoBue o3HAUAET, UTO Wo{ ABAAETCS TosoMopdHOH
¢dbyHKuHel 10600 JIOKaAbHOH KOOPAUHATH B CKPECTHOCTH
TOUKH Q.

Taxkum obpasoM, HenpepbiBHOE 0ToOpa)KenHe ¢ roJoMopd-
HO, ecnH Juis Jobofi Touku a€ X JioKaJdbHas KOOpAHHATa
B OKPECTHOCTH TOYKH b = @ (a) ecTb rosiomMopdHas QyHKIHA
JIOKaJbHOH KOOpAHHATHI B OKPECTHOCTH TO4KH a. B cumy
ycaoBusa corsiacoBanHocTH (1.1), mocnenHee ycioBue He 3aBH-
cHT OT BBIOOpA JIOKANLHOH KOOpDAMHATHL.

[lyers X, Y u Z — Tpu aHanutHuecKHX NPOCTPEHCTBA,
9o X > Y uY: Y - Z — npa rooMoppHEIX OTOOparkeHHus.
Torna ux KoMnmo3uIis o @ sBJAsIeTCs FoJOMOP(HBIM 0TOOpaKe-
HueM npoctpaHcTea X B mpoctpaHcTBO Z. JJOKasaTesibcTBO
9TOTO YTBEPIKIEHHS MPENOCTaBJsAeTcs YHTATENIO.

Iycets X u Y — 7Ba ananutndeckux npocrpanctea. Haso-
BEM u30MOpuamom npocTpancTsa X Ha NpocTpaHcTBO ¥ Takoil
romMeomoppuam @: X — Y, yTo Kak OH caM, TaK H oOpaTHbLI
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roMeoMophu3M ¢ sBIAIOTCA TOTOMOPPHBIMH OTOOPAKEHHIMH -
Kak Mbl yBHIMM HECKONBKO mo3xKe (mpemsoxkenue 6.1), eciu
@ — 20a0MOphHbLl 2omeomophusm, To obpaTHoe oTobpawerue
aBTOMATHYECKH SIBJISETCH IOJOMOP(HBIM H, CJEOBATENbLHO,
oToGpazKeHNe ¢ ecTb H30MODP(hH3M,

ITycTb Ha OJIHOM H TOM K€ TOIIOJIOTHYECKOM NpocTpancTee X
3aJlaHB! JIBe aHAJTUTHYECKHE CTPYKTYpPHI: IepBasi onpefenasiercs
C MOMOLUIBIO OTKPHITOro MOKpHTist {U;} U JOKAJIBHBIX KOOPIHU-
HAaT 2;, BTOpasl — OTKPHITOTO MOKPBITHS {Vy} M JOKanbHBIX
KOOpAHHAT W,. Ilorpebyent, 4TOOBI TOKLECTBEHHOE OTOOpaKe-
Hue X — X saBassoch H30MOP(H3MOM IepBoHl CTPyKTyphl
Ha BTOpylo. Heofxoanmoe M J0oCTaTOYHOE YCJIOBHE JAJIsl 3TOTO
BHITEKAET HEMOCPEACTBEHHO H3 ONpeleseHHs aHalHTHYECKOTO
npoctparcTBa. OHO COCTOHMT B TOM, YTO B OKPECTHOCTH JOOOH
TOUKH g€ X Kaxjaas u3 JIOKaJbHBIX KOODAMHAT 2; NepBoil
CTPYKTYPHI siBiAsieTcs TosioMopHOH (PyHKUHEeH KOOpAHHAT W,
BTOPOH CTPYKTYPH, H HaoOOpOT, Kaxlas H3 JOKaJbHBIX KOOp-
JMHAT BTOPOH CTPYKTYDHl ABAACTCA TOJOMOpGhHOH (byHKIHEH
JIOKaJIbHEIX KOOPJMHAT MePBOH CTPYKTYPLL. DTO yC/I0BHE MOIKHO
chopMyJIUpOBaTh TO-APYTOMY CJEAYIOHIHM 00pasoM.

PacceMotpuM OTKpBITOE MOKPHITHE NpocTpaHcTBa X, COCTOA-
mee M3 BcexX ageMeHToB U; mepBOro MOKPHITHSI H BCEX dJe-
MeHTOB ¥V, BTOPOro NMOKPLITHA C JIOKANbHLIMH KOOPAHHATAMH
COOTBETCTBEHHO 2; H W,. 1OrJia Halle yCJOBHE COCTOUT B TOM,
4TO 3TH JOKanbHble KOODJAHHATH B COBOKYIHOCTH yHAOBJIETBO-
psitoT ycjoBuio corsacoBannoctu (l.1), T. e. onperensor
Ha X CTPYKTYpy aHajaUTHYecKOTO NpocTpaHcTBa (KoTopasd,
OUEeBHJHO, u3oMophHa O6eHM nepBOHAYATbHEIM CTPYKTYpPaM).
JIBe CTPYKTYPHI aHATHTHIECKOTO NPOCTPAHCTBA, YAOBIETBOPSIO-
nipe 3TOMy YCJIOBHIO, HA3BIBAIOTCS IKBUBANEHMHbIMU. AHaAU-
MUHECKUM NPOCMPAHCITIBOM 1a3bIBAETCA TOMOJOTHYECKOE Ipo-
cTpaHctBO X, Ha KOTOPOM 3afaH KJjacc NONapHO SKBHBAaJeHT-
HbIX aHAJHTHYECKHX CTPYKTYp.

Onpenenenune. [lyctb X — Tomosoruueckoe Ipo-
CTPaHCTBO, cHa(KEHHOe CTPYKTYpoOH aHAJIHTHYECKOTO IIPOo-
CTPAHCTBA, ONpeesIeHHof ¢ oMolibio okpecTHocTe# U; 1 Koop-
auHaT z;; U — oTkpToe MHO:KecTBO B X. Hasorem anasumute-
ckolk cmpykmypod, undyyupoeannotl na U, cTpyKTypy, Ompe-
JeJIeHHYI0 ¢ noMowbio okpecTHoctedl U[|U; u KOOPAMHAT Zi,
rie 2 — cyxeHue ¢yHkuuM z; Ha wmuoxectBo U[U,.
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MrbiMu  cioBamu, ecau a€ U, JsokaibHBle KOOpAHHATHI
B OKPECTHOCTH TOYKH @ B HHIyIHPOBAHHOI CTPYKType Te iKe,
4TO U JIOKaJbHbIC KOOPAHHATH B OKPECTHOCTH TOYKH @ B IAHHOH
ctpykrype Ha X. TaknuM obpasom, J1060€ OTKPLITOE MHOKECTBO
B aHAJIUTHYECKOM IHPOCTPAHCTBE aBTOMATHUECKH CHabMaercs
CTPYKTYpOIl aHAJHTHYECKOTO HPOCTPaHCTBA.

3. Mpumepsl aHanuTHUeckux npocrpaHcTs. Ilyets € —
HJIOCKOCTh KOMIIJIEKCHOTO MepeMeHHOTo 2. PaccMoTpuM HOKphHI-
THE 5TOH MJOCKOCTH, COCTOSIIEe H3 €NHHCTBEHHON OKpecTHO-
CTH, COBNajawolell co Bcell TIIOCKOCTBIO; (YHKLHIO Z Oynem
paccMaTpuBaTh Kak JIOKanbHywo KoopJuHaty B C. Tem camuM
Ha nmiockKocTd € ompefiesieHa CTPYKTypa aHAJHUTHYECKOTO IPO-
crpancta [ycnoBue corsmacoanHoctd (1.1) oueBHaHO BHINOJ-
ngercs]. Kak 6blio 3aMeueHo B KOHIE M. 2, JH060€ OTKpLI-
Toe MHOKecTBO D(C aBTOMatHYecKH cHabxKaeTcsl CTPYKTYpPOIl
aHaJHTHYeCKOTO NpocTpaHcTBa. QyHKIMH, TOIOMOP(HEE B aHa-
JIUTHUECKOM HpocTpaHcTBe D B CMBIC/E 3TOTO ONpeelieH s,
ecTh MPOCTO (PyHKUMH, KOTOpwle Mbl BCErJd Ha3biBalH TOJIO-
MOpQHEIME B obsactu D.

JpyruM npumMepoM aHaJTHTHIECKOIO NPOCTPaHCTRA ABASETCS
yiKe ynomuHaBuascs cdepa Pumana (ro. III, § 5, o 1).

Tenepr pacemotpum daktopnpoctpanctso C/Z mnockoet C
N0 aJAHTHBHOH MOATpyMNne, cocTodAllell U3 AeHCTBUTENbHBIX
TOUEK C IeJbIMH KoopauHaTamu. Touka npocrpanctsa C/Z
€CTb, TAKHM 06pasoM, KJacC CMEXKHOCTH, COCTOALIHH H3 TOYeK,
HonapHble PasHOCTH KOTOPHIX SBASIIOTCA MeJabIMH JeHCTBH-
TeJIbHBIMH Yuc/aaMu, B COOTBETCTBHHM ¢ OOLIMMH OIpeeseHu-
SIMH TOMoJsioruyu, B npoctpaHctBe C/Z BBOAuTCS (hakmoptmo-
noaoeus tonosoruu B miaockoctH C. MHoxectBo ACCC/Z Ha-
3BIBACTCS OMKPLIMbIM, €ClH ero ToJHbsld npoobpas B C npu
KaHoHHUecKOoM oTobpaxkennn C — C/Z ectb OTKpHITOE MHO-
xecTBO. MHbME ciioBaMi, OTKphiThie MHOMKecTBa B C/Z mpen-
CTaBAAIOT cobof 06passl OTKPHITHIX MHOXKecTB H3 C OpH KaHo-
HHYeckKoM oToGpamenuun C — C/Z.

Ouenb JIETKO NOKasaTb, YTO B 3TOH TONOJOIMM MpPOCTpaH-
ctBo C/Z spagerca xaycuopdosoiM. st Toro urobu ompe-
JeNUTb CTPYKTYPY aHalIHTHYeCKoro npocTpaHcTea Ha X = C/Z,
paccMOTPUM OTKpbiTHle MHOXKecTBa V B miockoctu C, Ha-
CTOJIBKO MaJlble, 4TO CyXKeHHe Ha V KaHOHHMYECKOTO OTo-
6paxenus p : C -» X B3aWMHO 0OJHO3HAYHO (HampuMep, obja-
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cti V umetor auaMerp Menbine ). OGosHaumM uyepes z Koop-
Jusaty B miaockoctH C # paccMOTpPHM napy, COCTOAULYIO U3
otkpuitoro MHoxectBa U = p (V)T X u dysxuuu zopi,
ONpeJeseHHOH B 3TOM OTKPHITOM MHOMKECTBe. MBI NoKaiKeM,
4TO 3TH Napbi ONpefiesisiioT Ha X CTPYKTYPY aHAIHTHYECKOTO
npoctpancrsa. JlocTatodHo yOGEeAHTbCS B TOM, YTO BHINOJHEHO
ycJ/loBHE colJlacoBaHHOCTH. B camoMm gene, myctb Vi u V,—
JBa JOCTaTOYHO MaJblX OTKPHITHIX MHOmecTBa u3 C, mpuuem
ux obpasst Uy = p (Vy) u U, = p (Vo) nepecekarorcsi. O6o-
3HAYUM uepe3 p; CyxkenHue p Ha V; (i = 1, 2) u nojoxum

Vi=p Uy UV (=1, 2).

YciiopHe COMVIACOBAHHOCTH COCTOHT B TOM, UTO OToGpameHue
fi2 = p7'o p2 TOMOMOPGHO U HMEET NPOU3BOAHYIO, He 0fpalato-
myiocss B HyJb, SICHO, OHAKO, Y4TO Z U [i2 (2) uMmelor B X OMiH
¥ TOT ke obpas s Jioboil Touku z € V,. Orcroga cienyer, 4to
B OKpecTHOCTH Jwo6oit ToukH 2z €V, Bemmuuna fip (2) — 2
€CTh I1eJJOYHCJICHHAs] KOHCTaHTa.

Euie opuH npHMep aHATHTHYECKOTO NPOCTPAHCTBA MOMKHO
NOJYYUTh, paccMaTpuBasi, KakK B . O § 2 ri. V, IHCKpPeTHYIO
noarpynny 2 C, nMelolnylo B KaueCTBe 6a3ul JBa BEKTOpa
€y W ey, OTHOLIEHHE KOTODHIX He SARJSETCS BelECTBEHHBIM.
Ilyete X ectv daxtopnpocTpancteso C/L, cmabXKeHHoe
taxkTopTonosiornel Tonosorud C; OTKPBHITHIMH MHOXKeCTBa-
MU B X siBJsii0TCS 00passl OTKPBITHX MHOXKecTB 13 C 11py KaHo-
HHYecKOM oToGpamenun p: € — C/Q. Ilpocrpancteo X saBb-
Jgsercss xaycaopdoBHM, H CTPYKTypa aHajJUTHYeCKOro Mpo-
CTpaHCTBA OnpefiesieTcss Ha X TOUHO Tak e, KaK U B IIpelH-
aymieM caydae. OgHako, B OTJIHYHE OT NPeAbAYILEro chaydas,
npocmparcmeo X = C/Q xomnakmro.

B camom gpese, mycTb P — napasJenorpaMm NepHoJOB;
oyeBUHO, P — KOMIaKTHOe MOAMHOXKecTBo miockoctH C, u no-
aTOMy ero o6pa3 mpH oroOpaXeHHH p €CTb KOMINAKTHOE MOA-
muoxkectBo X. Ho ero obpas mpexacrarmisieT coboli Bce npo-
ctpanctBo X H, CJefoBaTesbHO, X KOMIIAXTHO.

Takum o06pasoM, MBI MHOCTPONJIH INPHMED KOMIAKTHOTO
AHATHTHYECKOTO MPOCTPAHCTBA, OTIHYHBIM OT y2Ke H3BECTHOTO
npuMepa cdepsl Pumana.

4. Tpuduun aHanutuyeckoro mnpoxonxenus. IIpuanun
MakcHMyMa. [IDHHIUI aHAJIHTHYECKOTO MpPOAOJKeHHs (ta1. I,
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§ 4, n. 3, cneactsiie 2) MoXeT ObITh pacnpoCTpaHeH HA (PyHK-
[l{H, TOJIOMOP(HLIE HA AHATHTHYECKOM MPOCTPAHCTBE, H Jame
Ha ToJoMOp(HEIE OTOOpaXkeHHsi aHAJUTHYECKOTO MPOCTpaH-
crBa’ X B ananutHuecKoe mpocrpancTBo X . Touree rosops,
ecii D -—— HenmycToe OTKPHITOE MHOMKECTBO B (C8A3HOM aHa-
JAUTHYECKOM TpocTpancTee X, To Jio0ble IBa TOJOMOPQHBIX
orobpaxenus [ u g npocTpaHctea X B mpocTpaHeTBo X',
conajawoumye wa D, cosnadarom wa scem npocmpancmee X.
D10 BHITEKAET, OUEBHAHO, H3 CAELYIOUWIeTo YTBEPKACHUS.

[Ipeanoxenue 4.1, [lycms [ u g — déa eoaomopg-
HbLX 0MOBPadNCerUs AHAAIUMUUECK020 npocmpancmea X 8 anaau-
muueckoe npocmpancmeo X'; U — mmuoocecmeo mouex npo-
emparemea X, mMakux, 4110 8 00CMAmo4HO MAAoLk OKPeCMHOCHU
kascOoti us Hux omobpaxcerus [ u g cognadarom. Toeda mrootce-
cmeo U omKkpoimo u 3amknymo é npocmparcmee X.

HoxaszatTenbcTBo. Muoxkecteo U otmphto 1m0
onpelesIeHHIO, H, CJef0BaTeNbHO, AOCTAaTOYHO I10KA3aTh, YTO
0HO 3aMKHyTo. IlycTh a € X — HexkoTopasi mpejesbHasi TOYKa
mHoxkecTBa U. Tak Kaxk [ u g HeiipepbiBHBI # coBnafaweT B U,
10 [ (2) = g (a). Bribepen B HEKOTOPOH OKPECTHOCTH TOYKH @
JIOKaJNbHYI0 KOOPJAHHATY Z B IpocTpaHcTBe X, KOTOpas paBHa
HYJIIO B TOUKE @; B OKPECTHOCTH TCUKH [ (@) BhibepeM JioKaalb-
HYIO KOOpAHHAaTy w B npoctpancTee X' . I3 okpecTHOCTH TOUKH ¢
OyHEIUN Wo [ 1T wo g ABNsiioTea PYHRKUHAMH NEPEMEHIOr0 2,
roJIoMOPGHEIMH B HEeKoTOpoli okpecTuocTl V Touku 2 = 0.

O6o3HauuM wo [ == ¢ (2), woe g = ¥ (2). CoraacHo kiac-
CUYECKOMY TIPUHIUHNY aHaJNTHICCKOTO ITPOJOAKEHHUS, MHOKE-
cTBo E Touek 2 € V, B OKPECTHOCTH KOTOPBIX (YHKIUHH ¢ H
COBNajaioT, 3amMKHyTo. Tak Kak Touka 2 = 0 siBasercs mpe-
JenbHoll ansa muoxectsa E, 10 0 ¢ E. ‘

TaguMm oOpa3oM, QYHKUHH @ H i COBIAAAIOT B OKPECTHOCTH
touku 0 ¥, crenoBaTesbHO, 0TOODaxKeHWs [ M g COBNAAAIOT
B OKpectHocTH Toukl ¢ € X. Otciopa a € U, uto u TpeGoBajiocs.

[Tpepnnoxenuesd?2 (MpHHIL U MaKCHMY Ma).
I[lycmo [ — yuryus, 20a0MOpHHAL HA  CBABHOM  QHAAL-
muueckom npocmparcmee X. Ecau wexomopas mouxa a € X
ABASLMCE MOUKOLL NOKAABHO20 MAKCUMYMA 04l PyHKYUL [f [,
mo gynuryus [ nocmosna Ha X.

ILokaszaTesapcTBo. PaccMOTpUM JOKANABHYIO KOOD-
JHHATy 2 B OKPeCTHOCTH TOuKH a. PyHkuus [ MoKeT GbITh
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npejcTaBjieHa B 3TOM OKPECTHOCTH Kak rojoMopduas yHKLus
nepeMeHHOro 2, [TockonbRy TOUKA a siBJsieTcsl TOYKOll JIOKalhb-
HOro MakcumMyMma Mist dymkumn | f|, B cuay knaccmue-
CKOTO NPHHIUNA MakcuMyMa QYHKIHS [ NOCTOSHHA B OKpecT-
HOCTH Touku a {cM. i, 11, § 2, n. 2, Teopema 1).

Paccyxjast oObUHBEIM 06pa3oM, Mbl IIOJYYAEM, 4TO MHO-
JKECTBO TeX TOYEK, B OKPECTHOCTH KOTOpBIX (yHKuus f
npuHAMaer 3HaueHue [ (@), oTKpeITO M 3aMKHYTO B X. B cu-
Jy CBSI3HOCTH MpocTpaHcTBa X, OHO COBMAjaer co Bcem X,
[TpeanoxKenue 10Ka3aHO. : )

Cneapcrsue [lycms X — caasHoe KOMNAKMHOE QHQ-

anmuseckoe npocmparcmeo. Toz0a scakas pynKyus, 2040Mmopeh-
Has Ha X, NOCHMOSHHA.

B camom jeste, | [ | ects HempepbiBHAs (pYHKIHs HA KOM-
nakTHOM mnpoctpancTee. CJefoBaTeNbHO, OHA JOCTHIaeT Ha
3TOM NpOCTpPAHCTBE CBoell BepxHell rpanu. B cuny mpensoxe-
Hus 4.2, dyukuns [ nocroguHa Ha npocTpaHcTBe X.

IMpunmeper. Chepa Pumana S,, mpocrpanctso C/Q
(cM. @, 3) ABJAAIOTCH CBSISHBIMHM KOMIIAKTHHIMH aHAaJUTHYE-
CKNMH mnpocTpancTeami. CrenoBaTeibHo, BcsAKasg (QyHEUHS,
rojioMopdHasi Ha OBHOM H3 3THX HPOCTPAHCTB, MOCTOSHHA.
3anieTn™, uTo otodpaxenue [ - o p ycTaHABAUBAET B3AHMHO
OIHO3HAUHOE COOTBCTCTBIE MeKAY HYHKUUAMH, IoSoMOPOHBIMH
ga C/Q, n dyuxwisMir, rojoMopdHeMit Ha C, AT KOTOPBIX,
rpynna Q spasiercst rpynnoil mepuofoB. Mbl monydyaeMm Teo-
peMy, yiKe JOKa3aHHYI HaMH JPYTHM MeTOIOM.

Beskas  Ogoakonepuoduueckas — (yukyus, — 20a0MOppHas
8 naockocmuy C, nocmoauna (em. ra. 111, m. 5, ciexcTBue u3
npepnoxenusi 5.1),

5. MepoMopHble (YHKUMHM Ha aHAJHTHYECKOM [IPO~
cTpaHcTBe.

Onpefenedue. Ilycte X — aHanuTiyeckoe npo-
crpaHctBo. HasoBem mepomopgrodi pynryued na npocTpaHcTBe
X ronomopdHoe oTobpaxenne mnpocTpaHctea X B chepy
PumaHna S,. :

Tagkum obpasoM, MepomopdHas QyHKUUSA ecTb He YTo HHOE,
Kak HempepbiBHas (YHKUMs, KoTopasi MoOxKeT NPHHUMATb
3HaueHUe oo H KOTOpas B OKPECTHOCTH Kamuol TOUKH a€ X



250 Ta. VI. Foromopgume omobparcenus

MoxeT OblThb HpeJAcTaBleHa Kak MepoMopdHas QyHKUus JIo-
KaJNbHOl KOOpAHHATHL,

Ilycts © — auckpeTHasi noArpynna rpymnmst C, nopoxkaeH-
Has AByMs 3JeMeHTaMHd ey W €, OTHOLICHHe KOTOPHIX He
ABJSETCS  BelleCTBeHHBIM. KaHoHHuUecKoe  oroOpaKeHue
C — C/Q ycraHarJuBaer, O4YEBHAHO, B3AHMHO OJIHO3HAUHOE
COOTBETCTBHE MEXKAY MepOMOpGhHEIMU (GYHKUHAMH Ha aHAJH-
THuecKOM npocTpaHcTBe C/€2 U BOSIKONEPHOAHIECKHUMH MEPO-
MopdhHEIME QYHKIHAMH Ha IockocTH G, A5 KOTOPBIX rpynna
Q qapssercs TPyMNIoi nepHoIOB.

6. UHpuekc BeTBJAeHUs roJomMopghHOro otTodpaxenusi. [Tycrob
©: X - Y — eosomopgroe oTobpaKeHne aHATHTHUECKOTO TTPO-
cTpancTBa X B aHAJHUTHYECKOE NPOCTPAHCTBO Y, U mycTb @ —
Hekotopas Toyka npocrpanctBa X. Ilyctb 2z — jiokanbHas
KoopAuHaTa Ha X B OKpPecTHOCTH TOYKH @ H @ — JIOKaJbHas
KoopAnHaTa Ha Y B OKpecTHOCTH ToukH & = ¢ (a). Tak kak
¢dyukuus ¢ ronomopdHa, To QyHKuusa @ (@ (x)) L 3Haye-
Hull X, JeXKamHX B HEKOTOPOH OKPEeCTHOCTH TOYKH &, MOMKeT
OLiTh TmpeicTaBieHa KakK rojoMopdHas ¢yHxuus [ (2) Jjo-
KanbHOH KoopAuHaThl z. IlpelinonoxuM Vs OnpenesieHHOCTH,
YTo KOOpAHHATA z o0paliaercs B HyJIb B TOYKe d H KOOpAHHATa
w obpaniaercss B HyJb B TOUKe b.

Ilycts ypaBHeHue f (2) = O umeer B Touke 2 = () KopeHb
KpatHocTH p. $ICHO, YTO YMCJIO p HE 3aBHCHT HH OT Bulbopa
JIOKaJbHOH KOOPJAHHATH 2 B OKPECTHOCTH TOUKH @, HH OT BHIOG-
pa JOKanbHOH KOODAHHATH @ B OKPecTHOCTH TOYKH &. IDTo
BhITEKAeT W3 TOro, YTO H3MeHeHHEe JIOKAJbHOI KOOpPAHHATH
IPOU3BOAUTCS C IIOMOLbIO TOTOMOP(HOH GyHKIUHN ¢ OTIHYHON
OT HyJs TPOH3BOAHOM.

OnpeneneHHoe TakKuM 06pasoM 1e/10€ YHCJIO p HasbiBaeTcs
undexcom semeaenus otobpaxenns ¢: X — YV B Touke a € X.
Boeuny m. 1 u 2 us §. 1, cyuiectByloT JioKanbHas KOOPJIH-
HaTa Z B OKPECTHOCTH TOUKH @ H JIOKaJbHas KOOpJHHAaTa @
B OKPECTHOCTH TOYKH b, TakHe, 4To oToOpaxieHHe @ 3ajaercs
B. 5THX KOODAMHATAX COOTHOLUEHHeM W = 2P,

OGpaTHO, eclH OTOOpaxKeHHe @ B KaKuX-HHOyAb KOOpJH-
HaTax oOmnpejessieTcss ¢ MOMOIILIO 3TOH (OPMYJBl, TO HHIEKC
BeTBJeHHsT OTOOpaKeHHs ¢ B TOUKe @ PaBeH p.

3ameTuM, uTO PYHKUUS @ NPHHUMAaeT B OKPECTHOCTH TOYKH
a BCAKOE 3HaueHHe, JocTaTouHo 61u3Koe K b, poBHO p pas,
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B wactaoct, 041 moeo umobel cyocerue omobparcenus ¢
HQ 0octmaimouHo MAAYI0 OKPecmHoCmbd mouki o Obli0 20Meo-
MOPGUSMOM 3MOU OKpecmHocmu Ha ee 00pa3 (WHaue TOBOpH,
JJIs1 TOTO UToObl OTOOpaKeHHe ¢ ObLIO A0KAALHO 0OHOAUCHHOIM
B OKpeCTHOCTH TOYKH @), Heobxo0umo u OOCMAmouno, 4modst
uHOeKC eemeaexus omobpadcenus @ 8 mouke o pasHsacs 1.
Takoe oToOpaKeHHe HASLIBACTCS HEPAIBEMBACHHBIM B TOUKE d.

ITpenanoxenue 6.1. Bcaxoe eoaomopgroe odwo-
aucmuoe omobpasicerue anaiumudeckoo npocmparcmea X Ha
anaiumu4eckoe npocmparcmeo Y ecmo usomopusm.

JleficTBHTENIbHO, HHAEKC BeTBJIEHHS TaKOro OTOOpasKeHHsd,
KaK Obl1o TOJBKO 4TO 3aM€UeHO, JOJMKEeH PaBHATbCH eIHHUILE
BO Bcex TouKax a€ X.

[lycte b = @ (a); BBIpa3HB JOKANbHYIO KOOpAMHATY Z,
Onpelle/IeHHYI0 B OKDECTHOCTH TOYKH &, KakK ToJoMOpdHYIO
(YHKIHIO JIOKaAbHOH KOOPAMHATHL @, ONpefiesIeEHOH B OKpe-
CTHOCTH TOUKH b, MBl 3aJlalM B OKPECTHOCTH TOUKH b 0TO-
6paxxenue @ ', obpaTHoe oToOpawkeHuto . Ilpernoxenne
JIOKa3aHo.

ITpumep. Pacemorpum romomopdHOoe oToGpaxeHue
Z — 27 a INTUBHON Ipynnel C KOMIIEKCHBIX YHCEA Ha MYJlb-
THIVIHKATHBHYIO Tpynmy C* KOMIUIEKCHBIX YMCEJ, OTJIHUHBIX
OT HyJs. IT0 oToOpaxkeHHe HHAYUHPYeT TOJOMODPHOE OTO-
6paxenue @ aHanuTHIecKoro npocrpaucrsa C/Z Ha aHanuTH-
yeckoe mpoctpancteo C*.

JIerko 3aMeTuThb, uTO 3T0 OTOOpaxkKeHHe TOJOMOPQHO U OAHO-
auctno. CiefoBatenbHO, OTOOpa)KeHHe @ eCTb uS0MOpPUIM
npoctpanctBa C/Z na npocrpancTso C*. Kak Mbl Buaenu B § 3,
ra. I, 3To orofpaxkeHnue sIBAsieTcs] TakKkKe H3OMOPPHIMOM
tonogornueckux rpynn C/Z u C*,

7. OcHoBHasl TeopeMa O KOHGOPMHOM oTOOpameHuH. Msol
npupefieM (6e3 10KazaTesNbCTBA) TeopeMy, 0600ILAOILYI0 HA ClIy-
yali aHaJUTHYECKHX NPOCTPAHCTB OCHOBHYIO TeopeMy, chopmy-
JHPOBAaHHYIO U JIOKa3aHHywo B § 3 ass obnacteil B miockocTH C.

OcuoBHAaa TeopeMa. Bcakoe o0HoCEA3HOE QHAAU-
muteckoe npocmpancmeo X u30MOpgHO 00HOMY u3 mpex Cae-
Oyrowux npocmparcms.
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1) cipepe Pumana S,

2) naockoctnu C;

3) edunuunomy xpyey |z | < 1.

JloKkasarejbCTBO 3TOH TEOpPeMBl CJAMIIKOM CJIOIKHO, ¥ Mbi
He GyleM NPUBOJHUTH €ro 3[eCh. 3aMETHM, YTO H3 Tpex NpH-
BElIeHHLIX BRIl IIPOCTPAHCTB KOMHAKTHBIM SBJSAETCH TOJBKO
S,. Orciofia BRITEKAET TaKOe CJEACTBHE.

Cnencreue. Beakoe KOMNAKmMHOE OOHOCEA3HOE (HOAAU-
MUHECKoe npocmpancmeo usomopgro cihepe Pumarna. Bceaxoe
HEKOMNAK MHOe — OOHOCBABHOE — QHAAUMUYECKOe NPOCMPAHCIMEO
usomopro naockocmu C uaw edunuunomy kpyey. (It J1sa
CYyUas HCKJYAT APYr JApyra.)

8. UHrerpuposanue auddepeHnnasbHsix GopM u Teopema
0 BblYeTax.

Onpenegnenue roanomMopdbHoll pudde-
peHLUHAaAbLHON (QOPMB Ha AHAJIUTHUECKOM IIPO-
crpancre X. [0oBOPST, YTO HA AHATUTHYECKOM IIPOCTPaH-
cree X 3anana rosoMopduas aubdepenunanpuas gpopma, ecau
B KaxJOM OTKPBITOM MHOxkecTBe U;, B KOTODOM OMNpe€jeseHa
JIOKaJbHas ‘KOOPAVHATA 2;, 3ajlaHa An(QepeHnnaibtas rojo-
mMopdHast (popma

o;=f; (2;) dz,,

rae f; — ¢yHkuus, rogomopdHas B OTKPBITOM MHOXKECTBE
A, C C — obpaze wMHOxecTBa U; OTHOCHTENBHHO JIOKaJBHOI
KOODAHHATHL 2;, NMPHYEM BHIMOJHAETCS CJEAYIOHIee YCJOBHe
COTJIACOBAHHOCTH: €CJIM Z; ¥ Z; — JBe JIOKaJbEBIEe KOODJHHATH!
B OKPeCTHOCTH OZHOH H TOH ke ToukH a € X, To Auddepen-
mnaigpHas dopMma @; NepexoiHT B AHM(epeHIMaNbHy0 GOopMy
@, NpPH 3aMeHe IePEMEHHOH )

z; =[5 (25), (8.1)

rae ¢byuxkuuu f;; — e xe, uto u B §4,n. 1. HMuaue rosops,
HMEET MecTO PaBEHCTBO

1z =F: (i3 (2)) [is (z5)- (8.2)

Mp nokamem, He HDPHUBOASI JAOKA3aTEJIBCTB, KaK TEOPHs
rosioMopoHeiXx AuddepeHnnanpHpx GopM B 06jacTH IJIOCKO-
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ctu € moxer ObiTh 0600iIEHA BA cay4ail roaoMopdHbIX AUD-
(epeHuMaILHBIX (POPM Ha aHAJAMTHYECKOM IPOCTPAHCTBE.
Ilycts o — rosoMopdras anddepennuanpHas dopMa Ha
agajautdueckoM mnpocrparctse X. B okpecTHOCTH KaxKpof
TOYKH TpOCTPaHcTBA X CYIECTBYeT NPUMUMUBHAA (ODMEI ®,
T. e. rosoMopdHas ¢pyuKuus g, Takas, uro dg == . OHa omnpe-
JleJI€Ha ¢ TOYHOCTLIO 0 alJHTHUBHON IOCTOSAHHOH. 200046100
NPHMUTHBHOH, ONpefesieHHoR Ha BceM mnpocrpancrse X,
MOXKeT U He Obith. OHaKo ecqn X OAHOCBSI3HO, TO AJs JIOGOH
rosiomopdHoil AnddepeHunaspHoi dopMul Ha X cymecTsyer
npumurisnas. B obmeM caydae, eciu X He OFHOCBA3HO, HHTE-
rpaj GopMsl ® BROJL 3a8MKHYTOrO MyTH Ha X He 0653aTesibHO
paBeH Hy/o. JToT MHTerpaj NPHHUMAEeT OO H TO ¥Ke 3Haye-
HHe Ha 20MOMOAHbIX IYTAX (B CMpicye 1L, 6 § 1 ra. I1). 3nauenue
guTerpasa MO TakOMy 3aMKHYTOMY NYTH HAa3HIBAETCSI TOTAa

nepuofom WHTErpasa Sm.

[Tyers X — amanuTuyeckoe npocTpaHcTso. B okpect-
HOCTH KamJof Toukd @ € X uMeercsi HeKOTOpas OpueHma-
yus, Kak Tak Jofas JOKaJbHAas KOOPAMHATA, Onpe/leseH-
Hasi B OKPEeCTHOCTH TGUKH @, OCYI{ECTBJSIET rOMEOMOPdH3M
OKPECTHOCTH TOYKH @ Ha OTKPBITOE MHOMKECTBO B miaockoctd C,
KOTOPBIH €CTEeCTBEHHBIM 00pa3oM OpPHEHTHPOBAH. [[Be JioKamb-
Hble KOODAHHATHL B OKPECTHOCTH OZLHOH H TOH 3Ke TOUKH a orpe-
JEASIOT OQHY W Ty K€ ODHeHTAUHUIO, TAaK Kak Mepexof oT
OJIHOH JIOKaJbHOH KOOPAMHATBL K ApYrofl oCyliecTasgercs ¢
IOMOIIbID TOJMOMOp(HOro mnpeofpaszoBanus. IJTO NO3BOAAET
BBECTH TOHSATHE «OPMEHTHDPOBAHHOH TIPaHHILl KOMIIAKTa»,
cogepxamerocst B X.

Ecau I' — opuenTupoBanHas rpaHuila HEKOTOPOTO KOMIIEK-

Ta, TO HHTerpal S © paBeH HYJIO A4 J06ofi ronoMopdHOR Hud-

r
chepeHnnanbHOA GopMsl ®.

Tenepr Mbl OmpefenuM noHamue 6viema TroJoMOPGHON
muddepennnaibioll dopmu. Iycrs E — samkayTOE JAHCKpET-
HOE MOAMHOMKECTBO aHAJUTHUECKOro mnpoctpancrea X (T. e.
E cocrout M3 wusoauposanHeix TOUEK), ® — NudpepeHuHann-
Hasi rosiomopHast gopMa B fononHennd K Muoxectsy E. Ilycrs
janee a — todka w3 E, z — jlokanbHas KoopAMHATa B OKPECT-
HOCTH TOUKH @, O0pawamomascst B HyJb B Touke a. B okpecr-
HOCTH TOYKH a opMa © MOxKeT OblThb npejCTaBjeHa B BUIEC
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f(2) dz, rne f— QyHKuus, rosoMopdHAs B OKPECTHOCTH
toukn O, 3a HCKJ/IOYEHUEM, BO3SMOXKHO, caModl Touku O,

Paznaras ¢yskumo f(2) B paf JlopaHa B OKpecTHOCTH
TOUKH @, TOJYyuaeM

m=m+<%+§+n“>m, (8.3)

rae o, — auddepernnanstas ¢opMma, roJoMopQHas B OKpecT-
HOCTH TOUKH @ (BKJIOYAs TOUKY a).

[Tycts y — 3aMKHYTBII HyTh, PAacHOJOXKEHHBIE B MO
OKPECTHOCTH TOYKH @, He NPOXOASILIMI depe3 TOYKY @, HHIAEKC
KOTOPOTO 110 OTHOLIEHHIO K ¢ PaBeH eAHHHIE (HHAEKC 3aMKHY-
TOTO NIYTH B OKPECTHOCTH TOYKH a € X Onpenessior, paccMar-
puBasi o6pas OKPECTHOCTH TOUKH @ B MJIOCKOCTH € OTHOCHTEJNb-
HO JIOKaJbHOH Koopauuarsl). Hs kiaccuueckoif TeopeMs! O Bol-
yerax IOJAydaeM, yro

Sm:QMQ. (8.4)
¥
Taxum o6pasoM, KoapuLHe HT ¢;,KOTOPLIHA GUTYPHP yeT B IPABOK
yacTH papseHCTBa (8.3), He 3aBUCHT OT BhIOOpPa JOKAaJbLHON
KOOPJHHATLL 2z, oBpanaomeicst B HyJIb B TOYKE a. IJTOT K03(-
(HIMEHT HasplBaeTcs svemom JupdepeHIHANbHON GOPMBEI @
B TOUKE 4.
Hexons M3 310r0 OmpenesieHHss M paccykKAas TOYHO TaK
ke, kKax B M. 5 § 2 ra. III, Mul mosyyaeMm ciefylouyio Tteo-
peMmy.

Teopema o Bruerax. Eciu opuenmuposanHasn
epanuya I komnaxma K ne codepoicum Hi 00HOE MOYKU 3AMKHY-
moeo Juckpemnozo mrodxcecmea E, 6 donoanenuu k komopomy dug-
epenyuarbras hopMa ©® 20A0MOPPHA, MO UHIME2PAA S © paser

r
npou3eeCe U0 HUCAQ 2T HA CYMMY 6bIMEemO08 (OpMbL © & Mot~

kax muoxcecmsa E, pacnoasoscernvix 6 K.

§ 5. PHMAHOBLBI TOBEPXHOCTH
1. OupeaeneHus.

Onpenenenue. Ilycte Y — ananuruyeckoe mpo-
cTpanctBo. HasoBeM pumarosoii nosepxrocmoro Had Y coeo-
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KYMHOCTD C6513H020 @HAJIMTHYECKOTO IPOCTPanCcTBa X 1 rosoMop-
uoro orobpaxenns ¢: X—Y (pne asasemea koncmanmoi).

Yame Bcero paccMarpHBaloT cjayudad, kKorda Y ecTb mio-
ckocTb € KOMOJIEKCHOTO MepeMeHHoro Hau cdepa Pumana S..
HMuaue rosopsi, peup HAET O PHMAHOBLIX MOBEPXHOCTSIX HaJ,
IJIOCKOCTRIO MJIM Hal cdepol.

Mo Bugern B nm. 6 § 4, Kak ycTpoeHO Orobpaxenue @
B OKPeCTHOCTH Touxu a € X,

Ecau uHIEKC BeTBJIeHUs OTOGpaXKeHUsl ¢ B TOUKe @ pageH 1,
TO oro0paxKeHHe ¢ YCTaHABJIMBAeT rOMEOMOpP(hH3M OKDPECTHO-
CTH TOYKH @ HA OKPECTHOCTL TOYKH ¢ (@); €CIH Ke HHAEKC
BETBJICHUS OTOOPAKEHHUs @ B TOYKE @ PaBeH LEJIOMy Yieay p>1,
T0 00pas mpH OTOOPAKEHHH ¢ MaJoH OKPECTHOCTH TOYKH a
MOKDLIBAET P Pas OKPeCTHOCTb ToukH ¢ (@). Ilpu arom mouxu
gempAerusa otobpakeHuss @ (T. €. Te TOUKH, B KOTOPBIX MHHAEKC
BeTBJACHHs Gonbiie 1) TpeAcTaBAsiioT CoOON  u304upOBaAHHbLE
toukH mpocrpaHcTBa X. OrobpakeHHe ¢ BCerja sBJSITCS
OMKPobLMbIM OTOOPAKEHNEM, H NMOJMHKEIH Mpoodpas a0l TOuKU
npocTpaHcTBa Y ecth Ouckpemroe NOOMHONCECHIBO TIPOCTPaH-
crBa X. Pasymeercsi, faxke B TOM CJayyae, KOIla TOUKH
BETBJICHHsI OTCYTCTBYIOT, Orto0pawkeHnne ¢ MoxeT He ObIThb
B3aHMHO OJHO3HayHbIM. B ciyuae e, KOrja TOYKH BETBJIEHHS
uMeroTcss, ofpas AHCKDPETHOrO MHOXKECTBA TOUEK BeTBJICHHS
cocTaBisieT He 00si3aTesbHO AHCKDETHOE IOAMHOMXKECTBO VY.
3T0 BO3MOKHO, KOHEYHO, TOJLKO TOTAA, KOTAA KAK MHOXKECTBO
ToueK BerBieHus B X, Tak W ero ofpas B Y NpeicTaBisioT
co0oll GeCKOHEUHble MHOKECTBA.

Onpepneaenune. HasoseM wepassemenrerHoldl pumaro-
60U nogepxrocmbero Hal Y TAaKYld PHMAHOBY HOBEPXHOCTh
(X, @), nas KOTOpOH @ — HePasBETBIEHHOE OTOGpakKeHue,
T. €. HHJEKC BETBJIEHHS ITOr0 OTOOpaXKeHHst B KaXKAOK TOUKe
papeH elMHMIIE.

Jlna toro utobrl ONpeNe/INTh HEepAa3BeTBJASHHYIO PUMAHOBY
MOBEP XHOCTb HaJ Y, JocratouHo 3a1aTh xayc0ophoso TOMOJNOTH-
yeckoe NPocTPaHCTBO X U HenpepuiBHOE oTobpakenne ¢: X—Y,
KOTOPOE MpENCTaBasieT COOOH A0KAAbHbIL — 20MEOMOPPUIM
(3T0 O3Hauaer, 4TO JJIA KaxkJAOH TOUKH NPOCTPAHCTBA X cymne-
CTBYeT OKpecTHOCTb V, Takasg, 4TO CymeHue OTOOpake-
HUA @ Ha MHOXecTBo V ecTb romeomopdmusM MHOMecTBa V
Ha ero ofpas @ (V)). B camom nene, B 310M cayyae B OKpecCT-



256 Ta. VI, Foromophusie omobpaxenus C e

HOCTH KaxKJOi TOYKHM NpOCTPaHCTBA X oroGpaxKeHHe ¢ olpe-
nenaser AoxkaasHyro roopduxamy. llpoctpancTso X, Takum
o6pa3oM, CHaOXaeTcsl CTPYKTYPOH AHAJUTHYECKOTO MPO-
CTPAHCTBA, U OTOOpaIKEHHE @ ABJISIETCS, OUEBUAHO, ToJoMopd-
HelM orobpakenneM X ua Y. UacTHblii ciydail HepasBeTBIEH-
HOH pHMaHOBOI IOBePXHOCTH Hald Y mpejacrariaser co6oh
TaK HasplBaeMoe Haxpounue Hajy Y.

Onpepneaenne Hasosem naxpoimuem nan Y nepas-
BETBJIEHHYI0 DHMAHOBY TNOBEPXHOCTL (X, ¢), YNOBIETBOPSIO-
LYIO CAEXYIOMEMY VCIOBHIO:

Has ecarodl mourku b € Y cyujecmeyem omKpoimas oKpec-
Hocme 'V amoli mouku, makas, umo ee noareli npoodpasz ¢~ (V)
cocmoum U3 NONApHo Henepecekarouyuxca  oxpecmrocmelt U,
npocmpancmea X, kaxcdas us Komopseix Npu 0mobpamceniu
¢ omobpascaemes eomeomoppro Ha V.

MMpumep. Ilyers Y = C* — nononnenne x toure 0 B
mwiockoetd C. Tlomoxkum X = C u safanum  orobpaxkenue
¢: X —Y no dopuyre z=e¢'. PuMaHoBa NOBEPXHOCTH
(X, ¢) saBnsercsi HaAKpHITHEM HAN Y.

B camoM peste, nycth b — KOMILIEKCHOE YHCJO, OTJIMYHOE
or nyJasa. B xkagecrse okpectnoctd ¥V BO3bMEM OTKPBITHIH KPyT
C IEHTPOM B TOUKe b, pajuyc Koroporo Menbuwe | b|. Kaxnas
HenpepbiBHAS BeTBb PYHKLUUHK log 2z Ha MHOXKecTBE V sBaseTcs
(dbynkuyei, Kkoropasi OlpelensieT TOMeOMOP(U3M OKPECTHOCTH
V ua orxpsitoe MHOKecTBO U; B nuockoctd C. DTH OTKPHITHIE
MHOxKecTBa U; 1OMapHo HE MNEPECEKarnTcsl; UX OObelNHEHHe
paBHO @1 (V), H cyKeuue oToGpaKenns ¢ Ha KaxkKA0e U3 MHO-
kects U, aBasieTcs1 roMeoMopdH3MOM 2TOTO MHOMKECTBa Ha V.

B paccMmorpennom npumepe mnpocrpaHcteo Y = C* He-
OJHOCBSI3HO; ORAHAKO ero HakpeiTHe C OAHOCBA3HO. OTMETHM
6e3 JOKa3atesbCTBA TAKYID TEOpEMY.

Teopewma. Bcakoe 843H0e OMKPOIMOE MHONCECINGO
6 naockocmu C (1 86000uje 6CAKOE CBA3HOE AHAAUMUUECKOE NPO-
cmparcmeo Y) 06aadaem OOHOCEA3HBIM HAKPBIMIULEM.

2. TonomophHble (yHKUUH H ToJoMop{Hble Rudipepen-
nuanbHpte OPMB! HA PHMAHOBOH NOBEPXHOCTH.

Onpeneaesnue. Ilycrb naHa puMaHoBa NMCBEPXHOCTD
(X, ¢) nan npocrpancTeoM Y. [020MOp@HOI (COOTBRTCTBEHHO
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Mepomoproti) ynkyued HAL 3TOH PUMAHOBOI MOBEPXHOCTLIO
Ha3BIBAETCS IIPOCTO TOJIOMOPQHAs (COOTBETCTBEHHO MEpPOMOpPGh-
Hasl) QYHKUMS HaJ aHATHTHYECKHM mpocrpancteoM X, Touno
TAK Ke omnpefensercs H ronoMopdnas AuddepeHnnannHast
dopma HaJ pUMaHOBON IOBEPXHOCTDHIO.

Paccmorpum, Hanpumep, pUMaHOBY ITOBEPXHOCTh,ONPeAe/IeH-
uyro B xomue m. l: X = C (KOMIJEKCHOE nepeMeHHoe 06o-
aHavaercsl Oyksoil f); Y = C* (KOMIIEKCHOe nepeMeHHoe
obozHauaercss OYKBOIl 2); oroOpa)KeHHE ¢ OmpefeJisieTcs
popmysoli z = et :

Tak kax oroOpaxkeHe ¢ sIBJAAETCS HEPA3BETBJEHHBIM, TO
B KaueCTBe JIOKANbHOI KOOPAHHATHL B OKPECTHOCTH JII0G0H TOUYKHU
npocrpancta X MOXKHO B35Th (MDYHKLHIO Z = €', Torja BCsi-
kKag ¢ynkuust f, rosomopdHas Ha PHMAHOBOH MOBEPXHOCTH,
A0KaAbHO MOKeT ObITh IIPEACTaBJeHa KK rosioMopdHas $yHK-
uusa  nepemenHoro z. Ho Tak Kak pasiMuHBIE TOUKU U3
X MOryT HepexofuTh HpPU OTOOPaXKEHHH ¢ B OAHY H Ty Ke
rouky u3 Y, dyHguus f, BOOOLLe roBops, He SIBJSETCS IJIO-
GanbHO TosMoMOP(HOL (ONHOMUCTHOH) (PYHKUHEH HepeMeHHO-
ro zs0. B vacrnoctu, ¢ ectb GyHKuus, ronomopduas na X.
B oxpecTHocTH KaxAoH TOUKM z (hyHKUMA f dBJsIeTCS Herpe-
PHIBHOH Berbio Jorapudma. OnHako ecan ¢yHkumo log 2
CUMTATHL (PYHKIMEH MePeMeHHOro 2, TO OHA HE SIBJseTrcs
onHOo3HauHod Ha C*.

MoxHo ckasaTb, YTO Mpl PAcCCMATPUBAEM HAKPLITHE @
X —Y, urobel npespamums pynryuio log z 6 00HO3HAUHYI0O
YyHKYUo: BMECTO TOrO 4TOOBl CUHTATH ce PyHkuueii na C*,
Mbl CuMTaeM ee (yHKIHEH HA OJHOCBA3HOM HakPHTHH (X, @)
npoctpanctea C*.

BosMoxnel w jgpyrue cayda, Korja, Misi Toro 4rtobsl
MHOTO3HAYHYI (PYHKIIHIO «NPeBPATHTh» B OJHO3HAUHYIO0, YAOG-
HO paccMaTpuBaTh PHMaHOBY moeepxHocth. He ofcyknas noka
ofliero cjyyasi, paccMOTpuM cleayoomuii npumep. Ilycrn

y=(1—x)"

3T0 — MHOrosHauHas QpyHxuys B nockoctd €. B xaxnol Touke
IJIOCKOCTH, KpoMe Touek 1, j u j? (kybuueckue KODHU H3 €JH-
HHILI), B&JIMYUMHA Y NPUHIMACT TPH DAasJHYHBIX 3HAYEHHS,
eCJIM K€ X IPUHHMaer ORHO M3 3Hauenuil 1, j uam j2, 1O 5TH
TPH 3HAUEHHS Y CAMBAIOTCS B OLHO, PABHOE HYJIO.

17 A. Kapran
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Tpebyercss onpelenuTs aHATUTHYECKOE HPOCTPAHCTBO X
i ronomopdHoe orobpamkenue @: X — C TakuM oGpasoM,
ytoObl (PYHKHHA Yy Oblla ONHO3HAUHOH (yHKuHEH Ha mpo-
crpanctee X,

ITyets € x € — mpocTpaHCTBO, TOYKAMH  KOTODOrO
ABJASIOTCS mapsl (¥, Y) KOMIVIEKCHBIX 4HCes. PaccMOTpuM B
5TOM TNPOCTPAHCTBE MOAMHOXKECTBO X, COCTOSIIEE H3 TAKUX
nap (x, y), AN KOTOPBIX

Bt+yr=1 (2.1)
Tononorust npoctpaneTBa C X € HHAYIHD YET TONOIOTHIO B X,
B a3roit tomosmorud X spasiercst xaycZopQOBLIM TOHOJIOrHYUE-
CKHM IIPOCTPAHCTBOM,

PaccmorpuM iB€ (QYHKUHE HA 3TOM MDOCTPAHCTBE. X —
[epBYI0 KOODAMHATY TOUKH (¥, y) U Y — BTOPYIO KOOpPIH-
Haty. [ag Toro uto6el onpelennts Ha X CTPYKTYpY aHanuTHye-
CKOro TMPOCTPAHCTBA, HYXKHO 33JaTh B OKPECTHOCTH KamaOH
TOUKH MHOXKecTBa X JIOKaIbHYI0 KoopanHaty. [yers (xo, yo)eX.
ChHayana Mbl paccMOTPUM ciyuall Yo = 0 (1. e. xp He
pasHO HH 1, mH j, HH j2). Torna B KayecrTse JOKaNBLHOH KOOp-
JHHAaTHl BoibepeM ¢YHKOHIO X. JTO MOXKHO CAeJNaTh, TaKk KakK
QyHKIHA X ompejxesser roMeoMopdHsM OKPEeCTHOCTH TAKOH
TOUKH (%o, Yo) TpocrpanHcTBa X Ha OKPECTHOCTb TOUKH Xo
nnockoctn G,

B camom fiesie, o6paThniii roMeoMopgu3M MOKHO ONpPEAENHTh,
comnocTan/isisg Touke X € C, nexaiell B OKPeCTHOCTH TOUKH X,
napy (x, y), rae y= (1 — x®)*s, npuueM HenpepuLiBHAS BETBb
KyOHYeCKOro KOpHA BhIGHpaercsi TakuM obpasoM, uToObl 3Ha-
YEHHIO X == X, COOTBETCTBOBAJIO 3HAUEHHE Y = Yo.

ITycte Teneps yo = 0. Torma xo #= 0 (B caMoMm jene, X
pasen uaH 1, unu j, Wi j2). B atoM cnyyae B KauecTse JIOKaJb-
HOH KOOPAMHATHI MOXeT ObITb B3siTa (pyHKRus y. ag Toro
q700bl YOEAUTLCSH B TOM, JOCTATOUHO B HMPEALIIYIIEM PacCyX-
JIEHHU IOMEHSTHL poasMu x ¥ y. Heobxoaumo eine npoBepHTh,
49TO ONpefesieHHble TaKuM 06pasoM JIOKaJbHble KOOPAUHATHL
VAOBJIETBOPSIOT Yycaosuw coeracosanrocmu [ycnosne (1.1) ua
§ 4]. VMHoiMu cs10BaMH, HY:KHO [MOKAa3aTh, UTO B OKPECTHOCTH
mo6oft TOUKU (%o, Yo} € X, TAKOH, UTO KaK Xg, TAK H lfo OTJIHY-
HBl OT HYJ$, paBeHCTBO (2.1) onpenenser JOKalbHYO KOODAH-
HAaTy Y Kax rojoMophHy (YHKUHUIO OT JIOKaJbHOH KOODAHU-
HaThl X, H Hao6opor. Ho 310 OoueBUAHO, MOCKOJABKY (PyHKIMA
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(1 — x3)"s umeet rosioMOPPHYIO BETBb, IPUHUMAIOLLYIO B TOYKE
X = X, 3HayenHe yo, u ¢ymkuus (1 —y%)*/s Ttakmke umeer
rOJIOMOP(HYIO BETBb, INPUHHUMAIOILYIO B TOYKE Y = Y, 3Ha-
YeHUe X,.

Takum ofpasom, Mbl CHaOAUJH TOIOJOrMYECKOE NIPOCTpaH-
ctB0 X CTPYKTYPO#l aHAJAUTHYECKOro HpocTpaHcTsa. B sroil
CTPYKTYype Kampaasi u3 ¢yHkuuil x u y roaromopdHa wa X. B
CamoM Jejie, PacCMOTPHM, HanpuMep, QYHKIMIO X; OHA ToJo-
MopdHA B OKPECTHOCTU TOYKH (X, Yo) B CJlyuae, Korja Yo = 0,
TaK KaK OHA caMa siBJAeTCs JIOKaJIbHON KOOPJAHHATOM, U B Cily-
yae, Korja Yo = 0, Tak Kak JIoKaJaLHOH KOOPAMHATOH fBJISETCH
dyuruus y, u dyukuusa x = (I — y%)Ys rosomMopdua.

PacemotpuM  ortobpamxenne ¢ : X — C, onpeenesHoe ¢
nomompio pynkuun x. Iapa (X, @) npencrasnsier coGoii pu-
MaHOBY MOBEPXHOCTb HAJ| IJIOCKOCTbIO C, Ty CaMyl0 PUMAaHOBY
[IOBEDXHOCTL, KOTOPYIO MBI XOTe€au onpenenutb. Ha sroit
nosepxuoctd (ynkuusa y=(1— x®)/3 oaHO3HauHa u roJo-
MopdHa. 3aMeTuM, YTO Haj KaxJo# Toukofi x€C Jexar
POBHO TpU TOYKM PUMAHOBOH INOBEPXHOCTH X: TpU TOUKH
(x, y), aas gotopeix ¥ = (1 —x%)¥2., Kak npuHATO rOBOPUTH,
pUMaHOBa 110BEPXHOCTb X $IBJISETCH TPEXJHCTHOH. DTH TPH
TOYKH CJAHBAIOTCS, OHAKO, B OfHY, KOTJa X COBIafaeT C OfHOH
us Touek 1, j, ju

Mgl ceffyac onpenesiuM Ha aHAJUTHYECKOM NPOCTPaHCTBE X
Ougbheperyuaronyio 2010Moppryo Gopmy ». B oxkpecTHOCTH
TOYKH (X0, Yo), TAKOH, UTO Yo == 0, monoxum

dx
0=
y
B oxpecTHOCTH e Tako#d TOUKH (X, Y,), UTO Yo=0 (cue-
JOBaTeJbHO, X, %= 0), Mbl MOJ0XKUM
ydy

= —7

x2
(eum Xo = 0¥ yp == 0, To us pasencrsa (2.1) BbITEKaeT, YTO
x2dx-+y*dy =0,

Orciona ax_ _yx_ciyy MoxHo cKasaTb, 4TO © €CTb Ju¢-
depenuuanbHas Qopma
dx
(1—x3)'/2

17#*
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Ha mnaockoctd €, KoTopas fenaercs roJoMopdHoil, ecau ee
paccMarpuBaTh Ha pumanoBod mnoeepxHoctd (X, @) mag C.

Ynpaxuenue. Ilokazars, yT0 2aMKHyTBII NIYTh Y
B miockoctu €, usobpaxeHHblil na puc. 12, apasercss oGpasom
npY OTOOpaxXeHUH ¢ HEKOTOPOro 3aMKHYTOTO IIYTH Ha PUMAaHO-
Boit moBepxHocti X. Dojiee ToyHo, HA PUMAaHOBOH IOBEPXHO-
ctn X CyHIECTBYIOT mpu IyTH, NEPEXOisiKe B y NpU orobpa-
xenuu @.MaTerpupys o ogHoMY U3 3TAX NyTel AUdhepeHInaNb-

1

Hy.0 hOPMY ©, HOKa3aTh, UTO UHTErpaJ S aBe
0

2n
(1—x3)/3 paped 3V3

J

Jz
Puc 12

Bepuemcsi ¥ cooruoteruio (2.1). Ono mossosiser onpese-
JUTh PUMAHOBY I[IOBEPXHOCTb HE TOJBKO Haf IJIOCKOCTHIO C,
HO M Haj cdepoit Pumana S,.

B camoM jesie, PacCMOTPUM KOMNAEKCHYIO NPOCKMUBHYH
naockocme P, (C), xoropasi noJyyaercsi, eCiiM B INPOCTPaH-
cTBE

Cx Cx C\ {0, 0, 0}

OTOXK/JIECTBUTL TOUKH (X, Y, 2) H (x', ¥', 2), Takue, 4TO TPOMKHU
KOMIIJIEKCHBIX 9MCel X, ¥, 2 U X', ¥', 2’ nponoprHOHaALHbI
[Tpoiika (x, y, 2) Ha3LIBaeTCS CHCTEMOH OAHOPOAHBIX KOOp-
avHaT Toukd P, (C), Koropywo ona onpenensier]. Touku 1Jio-
ckoctd P (C), onHOPOAHbIE KOOPAUHATEI KOTOPHIX YAOBJIETBO-
PSIOT COOTHOLIEHHIO

X34 yd=23, (2.2)
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c6pasylor XaycaopdoBo TONOJOTHYUECKOE NPOCTPancTBo X .
[MpocrpancTBo X MOMKET OHITh €CTECTBEHFHIM 06pa3oM INpej-
CTaBJEHO KaK NOANPOCTPAHCTBO npoctpanctea X'. g 3Toro
JOCTATOYHO COMOCTABUTH KamKIOH Touke (x, y) € X TOuky
¢ OfiHOPOAHBIMM Koopauraram# (x, y, 1). Ilpoctpancrso X’
CO/IePIKUT, KPOME TOYEK IPOCTPAHCTBA X, ellie TPH «BecKomey-
HbIE» TOUKH, 06;ajalolllie OJHOPOAHBIMH KOOPAMHATAMH COOT-
serctBenno (1, —1, 0), (/, —1, 0) u (j3, —1, 0), Yuraremo
NPEAOCTABAACTCA ONpEelesnTh Ha mnpocTpaHctRe X' CTPYK-
TYPY AaHaJHTHYECKOrO IIPOCTPAHCTBA, KOTOPAs SABASAACD
Obl NPORO/IKEHHEM AHAJUTHYECKOH CTPYKTYPHI, MOCTPOECHHOH
pamMu HA X (I 3TOTO JIOCTATOYHO ONPEAEJIUTH JOKAJAbHbLIE
KOOPJAUHATHl B OKPECTHOCTH KaKN0Hl K3 Tpex 6eCKOHeYHBIX TO-
yeK npoctpaHcTBa XA’'), H ONPEJEIUTh TOJIOMOPGHOE oTOOpaKE-
Hue ¢': X'— §;, xoropoe 6bLIO Obl NPOJONKEHHEM OTOOpA-
KEHHA .

IlokasaTp, yT0.X’ €CTH KOMIIAKTHOE d HATHTHYECKOE TIPOCTPAH-
CTBO, npuueM QyHKUHMA y/z MepoMopdHA Ha 5TOM NPOCTPAH-
CTBE, M TPH OECKOHEUHLIE TOUKU YU TOJBLKO OHU SIBASIOTCSH
IIOJIIOCAMH 3TOH (PYHKIHH.

3. PuManoBa NOBEPXHOCTb, COOTBETCTBYIOWIAN «IJJIHITH-
YeCKOH KPHBOii». PaccMoTpuM asre6pamueckoe COOTHOWeHHe BHAR

Y2 =4x3—20 ayx— 28a,, 3.1)

CBA3BIBAOILEE NBA KOMIJIEKCHBIX HepeMeHHHX X M Y (MbH YMBILJIEHHO
coxpaHseM 0603HaueHHs, KOTOPble HCIOJb30BaJH B I.5 §2 1. V).
TlpeAnosoKHM, YTO YHCAA Qg H 4 NOJAOOGpAaHH TaKHM 06pas3oM, dTo
MOMHHOM, CTOSIMI B MpaBof 4acTH pasencTna (3.1), HmeeT TpH pas-
AHYHBEIX KOpHA. OG03HAUNM 3TOT MOJHHOM Yepes P(x); Toraa P’(x) =% 0
aAas go6oro KopHs x ypasueuus P(x) = 0 (vepes P’ Mp 0603Haumiin
NPON3BOAHYI0 HOJHHOMA P).

Mul comocTaBHM «3/UIHITHYECKoH aJre6panveckofl kpusoit» (3.1)
puUMaHoBY mnoBepxHocTh (X, @) Haj naockocThio C. Kak tomosoruue-
CKOe TPOCTPaHCTBO X HABJSETCS [OANPOCTPAHCTBOM HPOH3BENEHHA
C x C, cocrosimuM #u3 TeX TOYEK, KOOPAMHATH (X, Y) KOTOPHX YHO-
BJIETBOPAIOT COOTHOWIEHHIO (3.1).

Ha 3T0M TOMOJIOTHYECKOM NPOCTPAHCTBE MBI ONpPeAeNHM CTPYKTYDPY
aHAaJNHUTHUECKOTO TIPOCTPAHCTBA CheAyouuM ofpasoM. I1ycTh (xg, Yo) —
touka npocrpanctsa X. Ecan yy == 0, T0 B OKpecTHOCTH 3TOH TOUKH
B KauecTBe JOKaJAbHOH KOOpAMHATH Mel Bosbmem oyHKumo X. Ecin
xKe Yo=0, 10 P’(%y) 5= 0; cJen0BaTesNbHO, COTJIaCHO TeopeMe O HedAB-
"ol ¢yukmun, coorHoweHne (3.1) B okpecTHOCTH TOYKH (¥, 0) skBE:-
BAJIEHTHO COOTHOUIEHHIO BHia x=f(y), Tae f — QyuKuud, TOIOMODPP-
Has B OKPECTHOCTH TOYKH y==0, npuHHMawulas B 3TOd TOUKE 3HAUCHHE
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xo- TI05TOMY B OKDECTHOCTH TOUKH (¥y, 0) B KauecTse JIOKaJbHOH KOOp-
OUMHATB MOXeT ObITh B3ATa (yHKUHA Y.

OroGpaxkenne ¢: X — C, comocraBasiomee nape (¥, y) TOYKY
x € C, sBasercss, o4YeBHAHO, rojomopdusiM. CoeloBaTenbHo, Napa
(X, ¢) — 510 puMaHoBa meBepxuocTh Han C. OHa ABYJANCTHA, NOCKOJABKY
Ka)J0MY 3HaUeHHIO X COOTBETCTBYeT ABa, BOOOILie rOBOpPs, PA3JHYHBIX
snavenns y (ouu pasanuun npu Px) == 0).

C gpyroit cTopoHsl, ¢YHKUHs Ha IpoCcTpaHCTBe X, NMPHHHUMAKOLIAA
B TOuKe (X, ) 3HaueHHe y, Takxe rojomoppua ua X. Mub o6osnaunm
ee TNpoCcTo Y.

Huddepennranbuas  ¢opMa ©, oOnpeleJeHHas PaBEHCTBOM
®=dx/y B OKPeCTHOCTH TOUKH (xg, yo) € X, Tako#, uto y, == 0, u pa-
BEHCTBOM wZGx'Tleaz B OKDECTHOCTH TOYKH (xg, 0) € X, rosoMopdHa
wa X. ITockosbKy 3Ta ¢opMa 3aMKHYTa, B OKPECTHOCTH KaXKIOH TOUKH
npoctpakcrBa X OHa HMeeT MPUMHTHBHYIO. DTY NPHMHTHBHYIO MOXKHO
paccMaTpuBaTh F00aJNbHO KaK MHO203HA4HYI0 QYHKIHIO 2, TOJOMOpG-
HYI0O B OKDECTHOCTH KaxKjJo# Touku mpocTtpaHcTBa X. CoOTHOIIEHHEe
dz=® WOKa3biB4ET, 4TO

dx=ydz. (3.2)

B oxpecrHocTH Kaxaoll TOUKH (xg, Y) € X KaxKIas HempepHBHAS BeTBb
GOYHKIHA 2 gBJaseTca JOKaJbHOl KoopiHuaTofi. B camoM Jene, ecan

1
Yo = 0, TO X ecTb JIOKaJbHasi KOOpDAHHATA H dz=?dx; ecin Xe yy=0,

d
TO Y eCTb JioKaJdbHasi KOOpAHHATa H dz:————y—— , IpHYEM 3HaMeHa-
6x2 — 1002

Tesb OTJHMYEH OT HVJA.

Tenepb ZONOJHUM PHMAHOBY NMOBEPXHOCTH (X, ¢) Hal MJIOCKOCThIO
C 1o pumanosoil moeepxuocty (X', @’) uan cdepoii Pumana S;. C sroit
Heabo 0603HAYNM yepes (X, Y, 1) 00HOpOOHble KOOPAUHAMbL TOUKH KOMII-
JIeKCHOH TIPOEKTHBHON mJockocTH Pg(C) (cM. M. 2) H paccMOTpuM MHO-
KecTBO X’ Touex npocrpaHcTBa Pa(C), OAHOPOLHBIE KOOPAUHATH KOTO-
PBIX YAOBJETBOPSIOT COOTHOLIEHHIO

Y2t = 4x3 — 20, x12 — 284, 13; (3.3)

X' npexcrapsaser co6ofi xaycaophoBO TONOJOTHUECKOE MPOCTPaHCTBO.

ConocraBuB Kaxjaofi Touke (x, y) € X TOuKy mnpoctpaHctea X'
C OLHOPOAHBIMH KOODAHHATAMH (X, Y, 1), MBI OTOXIECTBHM IPOCTPAHCTBO
X ¢ HEXOTOPBIM NOXNPOCTPAHCTBOM npocTpaucTea X'. Ilpu stoM gomoa-
Henne X'\ X COCTOUT H3 €MHCTBeHHOH «GeCKOHeYHOH» TOYKH C OLHO-
poAHEIMH KoopAHHatamu (0, 1, 0). B oxpecTHOCTH 5TO#l TOYKH, KOTOpYIio
MH 6ynem 0603HauaTh CO, B KaueCTRe JOKAaJbHO KOOPIHHATH MOMKHO
B34Th QYHKIHNIO X/y = X', NOTOMY 4TO OYHKUMA X' Ompelesser romeo-
MOp$HU3M OKPECTHOCTH TOYKH OO NpOCTpaHcTBa X' Ha OKPECTHOCTh
Touky O naockoctu C.

B caMom gnene, mosoxum t/y=t'. CooTHomwenue (3.3) sKBuBa-
JIEHTHO COOTHOLIEHHIO

{' =4x'8 —20a,x't'2 — 28a,t'3,
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B oxpecrnocts Toukm x’=0, ¢ =0, coriacHo TeOpeMe o HesmHON
dYHKIHHA, ' MOXKET OLITh NPeiCTaBJeHa KaK roJoMopduas dyukmus x':

t=4x'8 —320a,x'74-. .. . . (3.4)

BriGop nokanbHOf KOOPAHHATE! X” B OKPeCTHOCTH TOUKH OO 3apepinaer
ompejeseHHe aHAJUTHUECKON CTPYKTYpbl Ha npoctpanctee X’ (mpo-
BeDKa YCJOBHA CONNIAaCOBAHHOCTH TPELOCTABJSETCA UHTaTeslo). Hako-
Hell, oToOpaxenne @' onpelenum cielywomum o6pasoM: Ha X 0HO coB-
HajaeT ¢ ¢, a TOYKY 00 npocTpascTsa X' OHO nepeBojUT B GECKOHEUHYIO
TOYKY ctephl So.

TFononopduas andgepesnnanprag GopmMa ©®, KOTOPYIO MBI OMnpe-
JIeJHAH Ha npocTpaucTBe X, MOXeT OHTh NPOJOJIKEHa J0 roJoMopdhHOH
auddepennnanbuoil popMer Ha Beem npocrpancrse X', s 31010 HYXK-
HO ONpele/IHTb €€ B OKpPeCTHOCTH Touku 0o. [losomin

dt’ 12x"2-4- ...
o=t'd(x'/tY=dx' —x' —=dx — ———""dx’,
7 ax21 ..
rie x' — JOKaJbHAs KOODAHHATA B OKPECTHOCTH TOUKH co, £ —T0-

JomopdHas ¢yuknus oT x', onpeleneHuas paBeHcTBOM (3.4). MuBIMH

CJIOBaMH,
= —2dx’ (14-g (x),

rjle g — ¢yHKOHa, rojsoMopdluas B OKpPecTHOCTH ToukM x' =0 W mpu-
HHMawpLlasa B 3TOH TOuKe HyneBoe 3Hauerne. PopMa ®, 3aflanHas TAKHM
06pa3oM Ha KOMNIAKTHOM MPOCTPaHCTBe X, B OKPECTHOCTH KaXOH TOYKH
3TOr0 NPOCTPAHCTBA 0G6Gjajaer MNPHMHTHBHOH 2 3TO MHOrosHauHas
¢yuguHus #a npoctpanctee X’. B 0KpecTHOCTH KaXK o TOYKH 11POCTpaH-
ctBa X' OHa ABJASETCS JOKAJbHOH KOOPHHHATOH.

IpeAnosoXuM Temepb, YTO YHCAA s H @, NMOJYUEHH 10 HEKOTO-
poit muckperHoft rpynme Q c¢moMmombio pasencts (5.5) § 2 ra. V. Toraa
H3 npennoxeHusa 5.1 aToro ke naparpada BriTeKaeT, YTo MepoMopbHbe
npeo6pasoBaHHS

x=@(2), y=9¢' (2 (3.5)

ONpeesislioT U30MOPGu3M aHanUTHYecKoro mpocrpancrea €/ na aua-
JgurnHueckoe npoctpanctso X'. OGpartunii msoMopdHaM JoJXKeH Bpa-
KaTbesl QYHKIHEH 2, MHOTO3HAUHOH M rojomopdHol ma X', HempephIB-
Hble BETBH KOTODOH B OKpecTHOCTH Jiwo6oli Touku mpoctpanctea X'
HOJYUAOTCA OJHA M3 APYrofl TpHOaBJeHHeM KOHCTAHTH H3 PYMNH L.

B cuny pasencts (3.5) Hmeem dx = ydz, H, caeloBaTeNbHO, dz
(370 Brosike ompejiesenHas AndgepeHunanpHas Gopma Ha X') ecTh He
4TO HHOE, KaK (OpMa ®, KOTOPYIO Mbl PACCMAaTPHBAJH BHIE (3TO ONpPaB-
IbiBaeT o0603HAaueHHE 2).

OTKaXeMCs Telepb OT NPEANONOXKEHHST O TOM, UTO YHCIA Az H 44
HalileHB C MOMOIIBIO JAMCKpeTHOH rpynner Q mo gopmyaau (5.5) 13
§ 2 ra. V. Muorosuauras dbyHKIHA 2z, YROBJAeTBOpsiolas Ha X' ycJ0-
BHIO d2 = @, ONpejeeHa HEe3aBHCHMO OT 3TOTrO NPeAnosoXeHHA.

Bosee nerajsbhOe HCCAENOBAHHE TOMOJOTHYECKHX CBOHCTB MPO-
cTpancrsa X' 103BOJsieT YCTAHOBHTh, YTO pasjiHuHbBle HETPEpPHIBHEIE
BeTBH (GYHKIHH 2 NOJyYaloTcs OAHA U3 Apyroil npubasieHHeM KOHCTaH-
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THI, MPHYEM BCe 3TH KOHCTAHTEI 00pasyloT AHCKPETHYIO moarpynny €
apiuTHBHOH rpynnsl C, NOpPOXKACHHYIO ABYMS 3JeMEHTAMH &4 H €9, JH-
HelHO He3aBHCHMBIMH HaJl ToJenM R gefCTBHTe/bHBIX uHCeJ.

UTo6bl OKOHYATENBHO ONpeleuTh MHOrO3HAYHYI0O (YHKUHIO 2,
MOXKHO TpPeJNo/J0XKHTh, UTO OHa NPHHHMaeT B TOYKe oc HYJeBOe 3HA-

uenne (o Mopyaio rpynmer ). Temepb paccMOTpHM asreGpandecKyio
KPHBYIO

2= 443 — 20b,x — 28b,,

rae
e X 1 _ G 1
by=3 D i =5 3 .
WEQ %0 WER, w0

IMycte (X", ") — pHMaHOBA NOBEPXHOCTb Hald S, COOTBETCTBYiO-
mas 1oil KpuBoH. MHOTO3Haunas GyHRUNA 2 ONpefenser roJoMopdHoe
otoGpamenue npocTpancrsa X' mna npoctpancrso C/Q, Koropoe, Kax
Mpl BHuenH, usomopdro X”. HmeeM, caefoBaTesibHO, rojoMopduoe
oro6paxkenue [: X' —> X",

Mok 10 nokasatk (3Toro Mel He 6yneM 31ech AesaTh), 4T0 0TOOpaKe-
uHe f aBaserca naomopdusmonm. CrejoBatesbro, oToOpakeHue f mpu-
HHMaeT TOUHO TIO OAHOMY pasy Jtoboe 3Hauenue (M0 MOAYIO TPYIOH Q).
TlosTOMY KOOpDIHHATH ¥ H Y TOUKM mpocTpancTsa X' (He OZHOPOAHHE)
SIBAAIOTCS MePOMOD(MHBIMH (YHKIHSIMH OT 2, 1J51 KOTOPBIX rpymma
sIBASIeTCS TPYNIo# nepHonos. Jlerko BuleTh, 4To Touka z=0 sBJIsIETCH
JBOHHBIM NOJIOCOM (QYHKUUHM X, NpHueM TJaBHafd 49acTh 3TOH QYHKOHH
B Touke z==0 pasua l/22, u gpyrux nomocos na X’ oHa ne umeer. Cue-
JgoBaTenbHo, Xx=4¢ (), re & — ¢yHkuus Beliepmrpacca, cooTBer-
cTeylomas rpynne £, 1y = @' (2). ’

Takum o6pasom, usomopduam [ : X' —> X" ecThb He 4TO HHOE, KakK
TOXKJieCTBEHHOe mpeofpasoBanne, H by =dg, b,=a,.

Haxowuen, Mbel BULMM, UTO 40008 RAPA 4Uucer Qo U Oy, MAKUX, MO
noaunom P (x), cmoawui 6 npagoli wacmu pasercmea (3.1), umeem
mpu pasiuuHbly KOpHA, onpedeasem Ouckpemuyio epynny Q, npuuem
qucaa ag u a, yoosaemsopawom coomuowenuam (5.6) § 2.e4. V. Boaee
moeo, aazebpauuveckas kpuéas (3.1), exaouas mouky oo, donyckaem
napamempuueckoe npedcmagierue ¢ nomouwbio gopmys (3.5).

4. TlouaTHe aHATMTHYECKOro APOjOJMKeHHs. Mbl orpanu-
yUMCsl PacCMOTPEHHEM aHANHUTHYECKOrO NPOLOJKEHHS B IJIO-
ckoctd C. TlocraBuMm Ttakyio 3ajgauy.

3 apgauy a. Ilpegnonoxum, uro fana wenycras obaacrs U
B miockoctH C (Mpt 6ymeM paccmarpusath U Kak puUMaHOBY
noBepxHocTh HaX C, BHIOpaB B kauecTse orobpaxenus {: U —C
ECTECTBEHHOE BJIOKEHHE).

Ilycts f — dynxuust, romomopduas B obmactd U. Mu
IIOCTPOUM HEpA36emeAeH Y0 PUMAHOBY MOBEPXHOCTL (X, @)
naj niockocteio C v uzomopdusm j obaactu U na uekoropoe
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OTKPBITO® MHOMKECTBO NPOCTPaHcTBa X Tak, urGOBl BBIIOMHS-
JHChL CJEVIOUIMe YCJOBHS:

(1) @oj=i (310 nossonsier oroxaecTBUTL U ¢ «moano-
BEPXHOCTLIO® IIOBEPXHOCTH X);

(2) dynxums [ npodorxaemea 10 GYHKUHH g, e010MOPGHOL
Ha X (CJOBO «IPOJOMIKAETCS» O3HAYaeT, 4To goj == f Ha U);:

(3) pumaHoBa noBepxHOCTL (X, @) €CTb «MakCUMajbHas
BO3SMOMKHAS» CPEJM DPHUMAHOBBbIX I[1IOBEPXHOCTEH, VHOBJAETBO-
psiromux yeaoBusiM (1) u (2).

Tounee ropopsi, ec/iy CYIECTBYIOT HEPA3BETBJCHHAS PUMa-
HoBa nosepxHocTh (X', @) Han mockocThio C H M30MOPdU3M
j* obmactn U Ha OTKPLITOE MHOMKECTBO mnpocTpamctBa X',
yRosjersopstomye yenosusam (1) u (2), to cywecmsyem u edun-
CMEEHHO 20A0MOpPHOE 0mobpascerue

h: X =X,
maxoe, 4mo
hej'=j u Qoh=1gq. 4.1

[Tpexne ueM WATY AaJjibiie, 3aMETHM caenyiomee. B yeaosun
(2) ronomopdHan QyHKLUHA g, KOTOPas SBASETCS «IIPOAOJIKE-
uueM» QYHKUUH f, eQuHcmeenna, B CUNY «IPHHIMIIEA AHAAUTHYE-
CKOro NpoAO/KeHus» (cM. §4, m. 4).

Kpome Toro, dyukuusi g’ us ycnosus (3) e€CTb €JWHCT-

BeHHan rojsiomopduast ma X’ Qynxnus, takas, yro g oj’ = f.
Orciona

goh—_—;g’, (4.2)

B camowm gene, dyrkums goh rosomopdHa Ha X', paBen-
¢TBO (goh)oj’ = f Bononusercs B o6nactu U, MOCKOJBKY
hoj = j, cornacuo (4.1), u goj = f mo NPeANOOKEHUIO.

Ycnopue (3) MOMHO KOPOTKO BHIPa3uThb CJAeLytomuM obpa-
30M: TpoHka (X, ¢, j) oBnagaer ceoLic meom YHUEEPCALbHOCMU
(py BLINOJHEHUH yeqaosu# (1) u (2)).

QyupaMenranbHasi TeopeMa 00 aHaJAUTHYECKOM IMPOJNOJIKE-
HUH COCTOMT B CJEJylomeM: nycTh 3azanbl ofunactb U C C #
dynkuus f, roromopduas B U; Toria npededyuan 3a0aua
umeenm eOUHCMBEHHOe peuienue,

3xecp uUMeeTcs B BHMAY €IMHCTBEHHOCTL «C TOUHOCTHIO 1O
H3oMopdu3Ma.
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MbI HayHeM ¢ TOrO, YTO JOKAaMKeM €[HHCTBEHHOCTDL, YTOUHIB
33a0[HO, YTO 03HAYAIOT CJOBA «C TOYHOCTBLIO J0 H30MOPdHaManr.

JokaszarteabCcTBO €Ll HUHCTBEHHOCTH.
[Ipennonoxum, 4YTO Hama 3ajgaya UMeeT JBA PEICHHS:
(X, @, 1) u (Xy, @1, ;). Tak Kak, M0 NpeAnojOKEHHIO, TPOHKa
(X, @, j) obnajaer CBONCTBOM YHHUBEPCAJBLHOCTH, TO CYLIE-
CTBYET ¥ €JIMHCTEEHHO rojaoMopgHoe otobpaxenne A : Xy — X,
TaKoe, UTO

hoji=j, qoh=q. (43

ITo TeM :xe npUIHHAM CYIECTBYET H eIHHCTBEHHO rONOMOP-
Hoe oroGpaxenue hy: X — X, Takoe, urto

hi°j=j1 B’ (Piehi,-:(p,

Paccmorpum orobpamenne k = Ao hy npocrpanctsa X
Ha ce6si. D10 0TOOPAKEHUE VIOBAETBOPAET COOTHOLIEHU SIM

koj=] u gok=q.

CorJiacHO CBOHCTBY YHHBEPCAJLHOCTH, CYIIECTBYET edut-
cmeenroe rojaoMopdHoe oToOpakente, YIOBJIETBOPSIONIEE STHM
YCJIOBHSIM, @ TaK KaK TOXKAECTBEHHOE 0TOGpaKEeHHE UM YIORJIeT-
BOpPSIET, TO OTOOpaXKEHHe 2 = h o Ay ecThb TOXKJAECTBEHHOE OTO-
6pamenue X na cebs.

Ilo Tem ke npuuuuaM oroOpaxkeHue /iy o i ecTh TOXKAECT-
BenHoe otobpawenne X, na cefsg. J1o O3Hauaer, yTo oTOGpa-
JKeHHss A u hy npejncrasisiior coBoii B3aHMHO 0OpaTHBIE H30-
MOP(H3MEL.

Takum o6pasom, Jro6pie JBa peUIeHHs Halel 3a/jaud CBsi-
3aHbl W30MOP(U3MOM A, VIOBJAETBOPSOIUM YyC/a0BUSIM (4.3).
B 2TOM CMBIC/I€ H MOXKHO FOBOPHUTD, YTO PEILIEHHE PacCMaTpHBa-
eMOH 3a/1aul eQUHCMEEHHO C MOYHOCMDLIO 00 U30MOpdusma.

JloKa3aTesibCTBO CYuweCmeosanys PeLIEHHs] Haueid sajfaui
ropasno Gosee Touko. Unraresnp moxer Ges ymepOa ais Jajb-
HEflIIer0 INpONYCTHTL JAOKAa3aTeJbCTBO, KOTOPOE MBI 37€ChH
TIPHBOAYM.

Tlycts Z — mMHOXKecTBO nap (2o, S), rRe 2, € C — Touka, S—crTe-
NMeHHOH psift (OJIHOrO NMepeMeHHOro), pajnyc CXOLHMOCTH KOTOPOTO OTJIH-
ueH OT HyJast. Mpl onpeflenum Ha Z caelywumylo Tononormio. Kaxaoi
nape (V, F), rze V C C— OTKpPHITOE MHOXKeCTBO, a F — GYHKIHA, rojo-
Mop¢dHass Ha STOM MHOMECTBE, MH CONOcTaBHM MHoxectso W (V, F)
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nap (2, S), tae 29 € V, aS-—crencunohi pax > a, X" Ttakoit, uTo
n=0

2 ap (z—2)" ecThb pasioxkenre ¢yuxnnu F B cTenenHol psg B OKpe-
nz=0

CTHOCTH TOUKH 2,. 1o onpenenenio, Muoxectea W (V, F) obpasyior 6a-
BUC OMKPLUMbLY MHOGCECE B NPOCTPAHCTBE Z, T. €. JIOG0E OTKpHITOE
MHOKeCTBO B INpOCTpAHCTBe Z €cTb OCGbelHHEHHE MHOMKeCTB BHAA
WV, F), n o6paTuno, Bcixoe obbeiHHenHe MuOuecTB Buna W (V, F)
OTKPHITO B Z. Jlerko IMCKasaTb, 4YTO INepeceyeHde ABYX OTKPBITHIX
MHOMeCTB OTKpmTo. Takum c6pasoM, Ha Z ompejeseHa HeKoTopas
TOMOJOTHSA. DTa TONOJOTHA xaycoopdosa.

B camom pene, mycTh (2, S) u (2}, S') — pasauuHbie TOUKH Z.
ITH TOukH 06J1a210T HenepeceKaloM HMHCS OTKPLITBIMH OKPeCTHOCTSIMH;
9TO QUEBMJIHO, eC/IH 2y == 2j; eCJIH XKe Zy==2(, H0 S == S§’, TO MHOXKeCTBO
TOueK (A0CTATOYHO GAMBKHX K Zy), B OKDECTHOCTH KOTODHIX T[OJOMOp(-
HBEle GYHKIHH, 34]aHHble Pa3/IHYHBIMH CTeleHHBIME pAnaMu S # S’, cos-
NMafaT, NYCTO, B CHAY «IPHHIHIA AHAJHTHUECKOTO MPOAOJKEHHA,

ComocTaBuM Kaxaoll nape (25, S) Touky 20 €C. Ionyunm orobpa-
X)euHe p:Z-— C, KOTOpOe ABJACTCA AOKAAbLHOIM 20seomoppuamon (1. e.
Jiobas Touka npocTpaHcTBa Z o6/ajlaeT OKPeCTHOCTbIO, TakKoff, uTo
CyXeHHe OTOOpaXKeHHA P Ha Hee ecTb roMeoMOp(H3M 5TOH OKpPeCcTHOCTH
Ha ee 06pas); 3TO TOTYAC XKe CJeJlyeT M3 ONpejieleHHs1 TONOJOTHH B Z.

Hcnonpays GYHKLIHIO p KaK A0KAAbHYIO KOOpOUHamYy B OKpecT-
HOCTH KaxJoH TOUKH NPOCTPAHCTBA Z, MH ONpelieJisieM Ha Z CTPYKTYpY
anaaumuneckoeo npocmpancmea. B 310l cTpykType oTOGpaxkeHue p
aBagercsa rosomopduuiM. CienoBatesnpHo, napa (Z, p) Guija 6bl pHMa-
HOBOH NOBEPXHOCTBIO Hal naocKocThio C, ecsaH Obr Z Gbli0 OB CB3HO
(Kak Mbl YBHAUM, [OC/JelLHee He OGA3ATENbHO BHIIOJHSIETCH).

Onpegennm dyHrnmo G Ha MPOCTPaHCTBe Z caefynouHM 06pasoM.
3navyenne 3701 GYHKIHHM B TOUKe (Zg, S)€Z MOJOKHM PaBHBIM CBOGOA-

HOMY 4jleHy CTeneHHOTO pAna S== Z a, X", HHaue TOBODfA, 3HAYEHHE

nz=0
5TO# (QYHKIHH B TouKe (2, S) COBIAjaeT CO 3HAUeHHeM B TOYKe Z;

rosoMopdHOH GYHKIIHH 2 ay (2—2p)™, onpesesleHHOH B OKPeCTHOCTH
nzo

TOUKH 2. M3 onpejieneHHsT aHAAHTHYECKON CTPYKTYPH Ha Z HEMEJJIEHHO

BHITeKaeT, YyTo OyHKuHA G e040MOpra B npocTpaHcTee Z.

B camom gmese, eciM B OKPeCTHOCTH TOUKH (2g, S) BHDPa3HTh G KaK
GYHKIHUIO JIOKAJAbHOH KOOPAHHATH 2, TO pasjoxeHHe 3TOH (YHKIHH
B CcreneHHON pAX B OKPECTHOCTH TOYKH 2y OyleT HMeThb BHA
Z a, (z—zg)", rme ag, 4y, ..., —KoapHIHEHTH pama S.
nz=0

JI0 HacTOsIIero MOMeHTa MBI elile He HCIOJb30BaJjH 3alaHHBIX
nenycroit o6nactr U n byukunu f, ronomopguoit B [/, Tenepb MBl HMH
Bocnoab3yemca. Pacemorpum muoxectso W (U, ). Tlo ompenenennio,
OHO SBJSETCA CBA3HBIM HENYCTHIM OTKPBHITHIM MHOXECTBOM B aHaJHTH-
yeckoM mnpoctpanctee Z. Cymenne oro6paxenna p:Z—> C npel-
cTaBasier co6oH HsomOpdHaM MuoxkecrBa W (U, f) Ha OTKpHTOE MHOXKe-
ctBo UC C. Tlycts j — o6parsbiii usomopodusm. Kommozuuus Goj
ecTb He 4TO HHOe, Kak .
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IMycte X — cBs3Hasi KOMIIOHeHTAa NIPOCTPAHCTBA Z, COJepiKamias
o6nactb j(U); nyctb, panee, @ — Cy:xeHHe oToOpaxkeLHs p Ha
npoctpaHcrBo X, a g — cyxenne ¢ynkunn G ua X. Tax kak oto-
GpaKeHHe p ABJsETCS JOKaabHBIM FOMEOMOPGhH3MOM, TO XKe CaMOe BEPHO
s oToBpaxkenns . Crenosarensso, napa (X, ) ecTb nepazsemsei-
Has pHMAHOBA MOBEPXHOCTL Haj 1JocKocThio C.

Jas Toro urobwl MOKas3aTk, YTO pHMaHOBa MoBepXHOCTh (X, ¢)
# H30MODOH3M | YNOBJIETBODPSIOT YCJAOBHAM Hallell 3ajaul, OCTaJl0Ch
NPOBEPHTL BuinmoJHeHHe ycaosufl (1), (2) u (3).

Ycnosue (1) cpasy crenyer H3 onpenedieHus naomopduama j. ¥Yc1o-
BHe (2) BHUTOJHEHO, TOCKONBKY g eCTh CyxeHHe dyuxnuu G ua X
U, KaK Mbl BHIenH, Go j=f. Jokaxeum (3).

IIycth HaHBl HepasBeTBJeHHas DHMaHOBa moBepxHocTh (X',9')
Haj nuockoctsio C H H3omopduam j° MHoxecTBa UJ Ha OTKPHTOE MHOKe-
ctBo mpoctpancTBa X', yaomJdersopsiiomue yeaoBuam (1) u (2). Iycers,
nanee, g — ¢yuknHs, roaoMopdHas B X', Takas, uto g'oj’=f.
OnpenesnM oToGpaxenye k mpocrpancTBa X' B Z, CONOCTABLB TOUKE
xj€X’ mapy (9'(x;), S), rme S—pan Z a,X®, takol, uTO pAn

nz0

N a, (z—2,)" npexcrasaser coboil paanoxenne roaoMopdHOl ByHK-
n‘Eo

uun A(2), e A(g’(x’))=g’ (x'), B OKpecTHOCTH TOUYKH 2y5="0" (x()
(3hech HCNOJBb3YeTcsl NpPelNoJOKeHHe O TOM, YTO PHMaHOBa NOBepX-
HocTh (X', @) iBAsIeTCS HepasBeTBAEHHOH H, CNeRoBaTednHo, ¢ (x')—
JIOKAJbHas KOODJAHHATA B OKPECTHOCTH TOUKH XjHa mpocTpancrse X').
OrofpamxeHHe R, KOTOpoe Mpl ONpefedHns, roiomopéuo Ha X'. Io-
CKOJBKY fpocTpaHcTBO X' CBA3HO (N0 OnpefefieHHI0 pPHMAHOBOH
NOBePXHOCTH), ero 06pas npu oTobpakeHun k TaKke cBssen. TaK Kak
ero 06pas COepIKHT, OUEBULHO, MIIOXKecTBO | (U/), OH COXEepKHUTCS B CBAS-
Hoii koMmouenTe X mnpocrpaucrsa Z. CrnegoBatesbHo, kB HHAYLHpYET
rosioMop¢Hoe otobpaxenne h : X' —> X, koTopoe, Kak Jerko INpoBe-
pHTB, YAOBJETBOpSeT ycaoBuaMm (4.1).

Jss Toro uToGbI 3aBepUIHTh AOKA3ATEJHCTBO, HYXKHO ele NokKa-
3aTh, 4TO BCsKOe roJoMopéHoe oTobpaxkeunne h: X' —> X, ynosierso-
psatoulee ycnoBHo (4.1), coBnanaer ¢ noctpoeunsM. Ho 510 Bhitekaer n3
HpPHHIHMNA aHAJHTHYeCKOTO npononKenns (§4, n. 4): 1a oTobpaxeHnus,
COBNafialolle Ha OTKPLITOM MHOMecTBe ['(I)), COBMajamwT HA BCEM
CBSI3HOM TnpocTpancree X'.

Pasnuuynbe 3ameuanusd. Takum o6pasoM, Mbi
HOJNIYUUJIHU «caMyto OoJiblIYIO» HepasBETBJAECHHYIO PUMAHOBY I10-
BEPXHOCTb HaJA MmiaockocTbhio C, cofepxkaulyio JaHHY©O 00-
jgacte U, B xotopo#i fanHas dyukius f rogoMopdua.

Donee npocrass ugess COCTOMT B HAXOXKJEHUH «caMoi $0Jb-
ol obnacTu», cofepxamiei U, Ha KOTOPYIO MOMKHO IIPOJOJ-
KUTh [ Kak rofomopduyio ¢yuknuo. Ho takas 3anaua, Boobie
TOBOPSl, He umeem pewieHys, U nosToMy Heo0XoAUMO paccMmaT-
puBaTh BMecTo ofsiactell miockocTH C HepasBeTBJEHHBIE pH-
MAHOBBI [IOBEPXHOCTH. ‘ \
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[Tpusenem npumep, KOTOpbiili NOKasplBaeT, YTO MOXKET HE
CylLlecTBOBaTh caMofl Gonblicit cBsiduol ofiactH V, cogep-
xamefi U, Ha KOTOPYI0 MOKHO NPOAOIKHTE (yHKuuo [.
Bosbnes B KauecTBe U oTKpBITBIT Kpyr maockoeTH C, He co-
gepkamuil HyJas; B KadecTBe (YHKIHII [ — HENpephBHYIO
BeTBb Gyukuuy log z B o6nactit U. IlycTs obaacth U’ cummer-
puuna obnactii U oTHocuTenbllo Hauana KoOpAuHAT. Jlerko
NOCTPOUTD JBE ORHOCBSI3HbIE obmacTv Vi um Va, Kakjaaa H3

Puc. 13.

KOTOPHIX cofiepxuT Kak U, tak u U’ (cM. puc. 13), Taxue,
uTO eCJIM NpPOJOJIKHTL Ha Vj (cooTBeTcTBEHHO Ha V3) pac-
cMAaTpUBaeMyl0 HeNpepLBHYI0 BeTBb GyHKI UM log 2, TO MBI
nonyuum B obnactu U’ pasubie BerBu. [losTomy He MomKer
cyiiecTBoBaTh obnactu V, comepxkaweil Vi u Vi, Ha KoTopyro
MOXKHO TTPOAOJIKUTD HENpepLIBHY0 BeTBb Jiorapudma. Crelora-
TeJIbHO, He cyllecTByeT camoil Gosibmiofl ofacTH, cojepika-
well U, Ha KOTOpYy1O TaKoe NPOJOAKEHE BO3MOKHO.

[lyctb dynkuus f ronromopdua B obnactu U C C, u nyctb
2o € U. Pacemorpum nyth y: [ — C, HayuHamOmUHACA B TOUKe
2y U KOHuawmuiicss B Touke z; (3gecb [ — otpesok [0, 1]).
[Ipu 3TOM He npeAnosaraercsi, 4To 3ToT MyTh BeCh JEKUT B 00-
aactu U. Ilyctb, panee, Tpofika (X, ¢, g YAOBIETBOPSIET
yeqosusam (1), (2) u (3). Ecnu cyinectByer HenpepeBHOE OTO-
Opawenue h: I — X, Takoe, uto ¢ o h =y u h (0) = i (20),
TO OHO ENHHCTBEHHO (NloKasatenbcTBO TpuBHANbHO). OToGpa-
HKeHUe /i Has3blBaeTCs B 3TOM CJyiyyae noduAmuesm TYTH Y Ha
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pumMaroBy noBepxHOCTb (X, ¢). B okpectnocTy Touku A (1) € X
¢dyHKuHus g MoxeT ObITb NpeicTaBieHa KakK (YHKUHS, ToJdo-
MopdHasi 10 2 = ¢ (x) B OKPECTHOCTH TOYKHU Zy; FOBOPSIT, YTO
3Ta GyHKUMs, rojoMopdHas no 2, NoJAydeHa [PH QHAAUmuYe-
CKOM npodoadceHuu eoiomopduold pynkyuu [ 8doas nymu 'y
(c HayalioM B TOYKe Z, U KOHIIOM B TOYKe 2;).

HMsnoxennas 3fech TeOpHsl aHAJUTHYECKOTO IPOAOJKEHHS
JonyckaeT pasnuunbie ofoOmenus. Hanpumep, BmecTo rpo-
JDOJKEHWS Ha pPUMaHOBBI IOBEPXHOCTH, He DasBeTB/EHHbIE
HaJ miccKocTbio C, MOXKHO paccMaTpHBATh NPOAOJKEHHE Ha
HEPasBeTBJ/ICHHLIE pPHMAHOBB NOBEPXHOCTH Had cgepod Pu-
mana. Bee paccyxienus GyayT aHajorHYHBL.

MoxHO TaKke paccMaTpUBaTb pPHMAHOBBI MOBEPXHOCTH,
OT KOTOpBIX He Tpebyercsi, yToObl OHU GBlJIN Hepa3BeTB/ieHHBIMH,
HaK/najaLBas Ha HUX ycJoBHs, asasoruysie (1), (2) u (3).
MoxHO nokasaTb, uTo TaKuM 06pasoM IOCTaB/leHHas 3ajada
TaKxke oOsajaeT peuieHHeM, EIHHCTBEHHBIM «C TOYHOCTDBIO
Jo H3oMopdu3Manr,

YNPAXHEHHS

l. Tlyets D — onnocsasuasi o6nacts miockoetd C, He
coenafaiomas ¢ C, u a € D. IlpepnonoxumM, uto b — Kowm-
IJIEKCHOE YHCJIO, 10 MOJYJII0 MeHbliee eIHHHULI, o — JekcT-
BHTe1bHOe uucjo, JloKasaTh, YTO CYILECTBYET e0UHCHIBeHHAS
rosioMopduas dyskuusa f (2), KoTopas onpeiensier H3oMophu3M
ofnactu D Ha epMHWYHBIH KPYT U YJOBJETBOpPSET CJEAYIOHIUM
YCJIOBHSIM:

(1) fla)=b, (2) argf'(a)=a.

2. lyetb D — obnacTb, rpaHula KOTOPOH COCTOMT U3
JBYyX oKpyxHoctefl, C; u C,, He UMeoNX o0UHUX TOYeK U Ta-
KHX, 4TO OKDYIKHOCTb C; pacnosioxkeHa BHYTpH OKpyxKHoCTH Co.
Jlokasatb, 4To cyuiecTsyer LpoOHO-JHHelHoe npeoGpasoBaHue,
KoTopoe oToGpaxaeT ofnacts D na konbuo r < |z|<1, rae
7 ~— nojgxojsuiee yucao, GoJbliee HYAS H MEHbINEE eIHHHIE,

3. Ilycts f(2) — rosiomopdHas H OAHONMCTHAS (PYHKIIHA
B eauHnunOM Kpyre B (|z| < 1), u nycts D = f (B) — oOpas
3Toro Kpyra npH oroGpamxenuu f. Uepes D, (0 < r < 1) obo-
3HauuM 06pas npH oToGpaxenu f oTKprITorokpyra B, (| 2| < 7).
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(I) Hoxasatb, uTo ecin A — aBroMopdusMm obnactu D,
OCTaBAAOUNNA HenmoABHxKHOH TOuky f(0), To

h(D)CD, npu 0<r<1

[npumenuts gemmy Hlsapua x dynkuuu [ (A (f(2)].

(2). dokasatp, uto ecau obnactb D saBjsercs 38e30H0L
no oTHoweHHwo K Touke f (0) (ompemesenue cm. ra. II, §1,
n. 7), ton Bce obiactu D, (0 < r < 1) apasiiorcs  3Be3f-
HBIMH 110 OTHoweHHuo K Touke f (0). (Ceectit K cayuaro f (0) =0
u paccMoTperb dyukumo f 1 (Af(2)) mpn 0 <hi< 1)

(3) TlpennosoxuM Tenepb, uTo obaactb D esnyxaa. 1loka-
3aTh, 4yto o6jacth D, takixe Bbinyknaa npu 0 < r < 1. Ecau
E — oTKpHITBI KpyT, Takoil, uTo £ (C B, To GyjeT JH ero
oBpas [ (E) Takxke BbIYKJBIM?

(Myete 0 <A <1 1 2y, 22€8, mpuaem |z | < |2z
Paccemorpers  yHKIHIO

g1(2) =1 =) (z21/22) + M (2).

Jas pemeHus: BToporo Bolipoca JA0KasaTb, YTo /s Ji0Goro
r{0 <r<1) cymectByer aBTomopdusM ¢ Kpyra B, Takofl,
yto ¢ (E) = B;, u paceMoTpeTh QyHKIHIO fo L)

4. Tlyctb w = [ (2) — ronomopduasi ofHOMUCTHAS (DYHK-
14 B elMHHYHOM Kpyre, u I' — oOpas npu otobpaxenue f

oKpyxHOCTH |2 | =7, 0 <r < 1.
JokasaTh, 4To pajuyc KpHBH3HDBI @ KpuBoil I' B Touke f (),
rae | a| = r, Boipaxkaercs caepyioweil popmynoii:
1 _ Re(af"(@)/f" (@) +1
e laf’ (@) | ’
(3ameTum, uro ecau f (re®) = yu (9) -+ iv (6), 10
ulvll__uﬂvl . I u!/+iv/l
wifoe
tae ', 4, ... —IpousBogHbe 110 9).

5. Ilycts C — OKPYXKHOCTb pajuyca r ¢ LEHTPOM @, H
NyCTb 24, Z9 — JABE TOYKH, COOTBETCTBYIOLLHE APYT APYrY IpH
MHBEPCHH OTHOCHTEIbHO 3TOH OKpyuocTH. IlycTh 8 — 1po6-
HO-JIMHENHOe peobpa3oBatue, Takoe, uto S({) # co npu L€C.
Iloxasatb, uto S () u S (z2) COOTBETCTBYIOT APYyr JApYyry
npu uuBepcuu T, KoTopasi onpefiensiercss npeoSpasopaHueM S.
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Ecnu S(§) == co npu nexoropoM {€C, mokasaTth, uto S (2;) H
S (2z2) cUMMeETPHYHbI OTHOCHTEIBLHO NpPsIMOI, siBAstioLelics obpa-
soM C npu npecGpasosanun S.

6. Tlycts D (cooTserctBenno A) — ofaacThb, copepKallasncs
B OJIHO H3 CBASHLIX KOMIOIICHT JONOJHEHHsT K OKpymxuocTH C
(cootBercTBenHO I') pajiyca 7 (COOTBETCTBEHHO Q) C LEHTPOM
B TOUKe @ (COOTBETCTBEHHO () B IJOCKOCTH KOMILIEKCHOTO Tiepe-
MEHHOTrO 2 (COOTBETCTBEHHO &).

IlpeanosioxuM, uTo cymiecTByeT Henycrasi ayra C, (coot-
BeTcTBeHHO I'o) okpyxkroctit C (cooTBercTBeHHO I'), KoTOpas
coziepKHTCsl B rpaHune obaacti D (coorserctBenHo A). Ilpen-
HOJIOXHM, KpoMe Toro, yTo obnacth D (ccoTBeTcTBeHHO A) He
COZIEPIKILL 1IeHTPa @ (COOTBETCTBEHNO ) OKPYMKHOCTH C (COOt-
serctBendHo ['). O6osuauum wepes J¢ (COOTBETCTBEHHO Jp\)
HHBEPCHIO OTHOCHTeNbHO OKpy:HocTH C (cooTBeTCTBEHHO I')|
ITycrs f (2) — nenpepeiBHag  ¢yuxkuua B D {J Cy co 3Haue
HussMu B A | Ty, Taxast, 4to

(1) npeobpasoBanne w = f (2) onpenensier H3oMOpdhH3M
obnactu D Ha obnacth A.

(2) | orobpaxkaer gyry C, nHa ayry I'y

HokasaTb, 4T0O NpY BBINOJHEHHH 3THX YCJIOBUH I1peofpaso-
BaHHE [ MOXHO €IMHCTBEHHBIM 06pa3oM HPOAOJIKHTH JO M30-
Mopduama odsiactu D | | Col J¢ (D) Ha o6nactb AT | J Jr(A).

7. Ilycts a, r — nBa JCHCTBUTENbHBIX YUC/a, TaKHX, YTO
r > a > 0. Haiitu ¢yurumo w = f (2), Kortopas onpelenser
H30MOP(H3M BHYTPEHHOCTH 0Basa Kaccunn |22 — a?| < r?
Ha eIMHUYHBIA Kpyr B, coxpaustomui ocu cummerpuu. (B cuny
IpUHLMIA CHMMETPHH, AOCTATOYHO HaliTH QyHKuUMIO [, ompe-
JEJSIoIY 10 U3oMopduaM npasoil nososuusl D+ opana Kaccuny,
oripefle/iieMOfl COOTHOLIEHHSIMH

[22—a®| < r?, Rez>0,

HAa NPaBylO NOJIOBMHY B* €IMHUYHOTrO KpYyTa, ONpese/isieMyio
COOTHOIEHUSAMH

jwj <1, Rew>0,
MPHHIMAIOLLY 0 ACACTBUTENBHEIC SHAUCHHS Ha ACHCTBHTCNLHOM
ocH ¥ oTOGpaxaomylo OTpesoK iy, |y| < r* — a?, miocKocTy 2
Ha OTpesoK v, [v|< 1, mrockoctn w. s 5TOrO caeAyer CHa-

yaja paccMoTpeThb npeoﬁpasosaﬂne { = 2%, 3arem JpoOHO-

JuHelHoenpeodpasoBanyeZ = Cig , Ipeo6pasyollee OKpyx-
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HOCTb [L— a®| = r* B epunmuIyI0 OKpY)HOCTL |Z] = 1, @ 0Tpe-
30K a® —r*<Rel«<0, Im{=08 orpesok — 1 <ReZ <0,
ImZ = 0,4, HaKoHel|, NOAXOAAILYIO HENPEPHIBAYID BETBb
byukuun @ = Z'2)

8. Paccyotpum dyuKiuU0 [ (2), onpefeseHHYIo B BepXHefi
nonymiockoert P+ (Imz > 0) paBeHcTBOM

z
TR S —

3V (-3 (1—k8)
rae gaTErpan Gepercd BJOJL HEKOTOPOro NyTH, COSAUHSIOMETO
TouKy O ¢ Toukoii 2z, a B — JeficTBHTE/bHOE YHCJIO, JeKallee
MEXAY HyJeM H efuHMIEH.

BrifepeM ofHo3HAuHYIO BeTBL KOPHSI, DABHYIO €AUHHile
npu ¢ = 0. [lokasaTts, uto GyHKUUA [ (2) MOKET OBITh HEIIPEePhIB-
HO NpoOAOJIKEHa Ha 3aMKHYTYIO moJymiockoetb Imz >0,
[Mosoxum

(1 1/k
dt . dt
= S vicmaes ' T S ViE=Di—pe)

(uHTerpanni Oepytrcss MO OTpe3KaM Ha JeliCTBHTeNbHOI ocu).
Jokasark, uTo TakuM 00pa3oM NpofosxKennas QyHknusa f(z) omn-
penensieT H3o0MopPH3M MONYIIIOCKOCTH P+ Ha OTKpHITHI Mpsivo-
yTOJNbHUK, HMetomuil ceaytomne Bepumnb: — K, K, K -- iK',
—K 4 iK', npuueM 3TOT H30MOP(I3M IePeBOAUT AeHCTBHU-
TEeJILIYIO OCb B IepHUMeTp 3TOro MHoroyrosbHHKa. Onpeje-
JIMThL TOYKH, Tepexofsinie B Bepwuusl. [{okasaTs, uro obpar-
Hoe npeolpasoBanue 2z = F(u) MOXHO MPOAOIKHTD [0 JBOSKO~
nepuojiuueckoil ynknuu ¢ nepuogami 4K u 2iK’ B ruiockoctu
IEePEMEHHOr0 #. BBUHCAMTL €e HYJIH H II0JIOCHl H J0Kasatb,
yTO cyuiecTByer uucio A, Takoe, yIo

F () = A% (1/2K)/9, (1/2K),

rie Op 4 O — QYHKUMH, pacCMATpUBABLUWECs] B yHPaxk-
wennu 3 va. V (v = iK' /K).

1/5 18 A, Kapran



[mnaBa VII
CUCTEMbI JHPOEPEHLMUAJIBHLIX YPABHEHUH

§ 1. TEOPEMA CYWECTBOBAHHUS U EJUH ‘I:BEHHOCTM

1. MNocranoska 3agaud. [lycrs 2 — wenoe uucyo, Gosbuiee
unu paeroe 1. Ilpexmonoxiun, yTo 3agaubl & dyHKuuil ot A+1
KOMILJIEKCHBIX TepeMeHHBIX

fi(x’ ylv---a!/h) (1<i<k)’
20A0MOp(hHbIX B OKPECTHOCTH TOYKM (¢, by, ..., ba).
PaceMotpun cucreMy AuddepeniiuanbHblX Y PABHEHHUM
dy; . .
TE=Tx gy e u) (L<iE<R) (1.1)
Haijinem cucremy £ dyuxunit y; = g¢; (x) (=1, ..., &),

roJIoOMOpdHEIX B OKPECTHOCTH TOYKH X = @, TaKHX, 4YTO
@; (@) = b;, u ynosierpopsiomux cucreMe ypasHenuit (1.1).
[Mocnennee yciioBue osHauaer, uTO [POU3BOAHBIE @f (X)
YJIOBNETBOPSIIOT COOTHOLLICHHSIM

@i (x) = fi (%, @1(%), ..., @u (X)) (1.2)

Teopewma l. Ima sudaua |pcecdu umeem  pewenue,
U npumom moabke OOHY.
Ita Teopema OyfeT JOKa3aHa B TpeX CJAEAYIOUIUX MyHKTax,

2. Cayuaii #=1. dopmasbHasi uyacTe. B 3ToM cnyuae
y HAC TOJABKO OAHA HeuspecTHasi (PYyHKUUS y NEpPeMEHHOTO X
1 ofiHo AndibepernuanbHoe ypaBHeHHe, KOTOPOe HYKHO PEIIHTh:

dy

Gy =% 9). (2.1)

Hannas ¢yskuust [ (x, y) ronomopdHa B OKPECTHOCTH TOUKH
(a, b). Das npoctoTel Mbl OyeM npepnonarartb, uto a=b =0,
TaK Kak oOmuil cjiydaii MOMKHO CBECTH K 3TOMY C IIOMOIIbIO
napajJjesbHoro mepeHoca.
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Ilycto
Fer )= %  Con aXY" (2.2)

— pasjoxenne GyHkuun f B pag Te#nopa, KoTopblil o npen-
II0JI0XKEHHUI0 CXOAHTCS B OKPeCTHOCTH Hayasna KoopiuwHaT. He-
n3BecTHas GYHKUHS ¥ = @ (x) uMeeT passoxenue Teiltopa

o(r)= 3 a,, (2.3)
nzzl

K0aQQULHEHTH KOTOPOTO @, HYXKHO onpenenutb. Koadoumnienr
Qy paBeH HyJIO, IOCKOJABKY Tpelyercs, uytodn ¢ (0) = O,
Ha nepBom 2Tane MBI OTpaHHUIIMCH OTHLICKaHHEM (opMalib-
HOTO CTerneHHoro psiga (2.3), KoTopbifi (opMadbHO YIOBJETBO-
pser auddepeHnuanbHoMy ypasHenmio (2.1). Muaue rosops,
dopManbHas npousBoprag ¢’ (x) GopMajbHOTO CTENeHHOro

psima ¢ (x) JoJKHA YAOBJETBOPSITL COOTHOUIEHIIO

¢ () =F(x, 9 (x)), (2.4)

rie npasas 4acTh MOJYYeHA HyTeM SaMeHBl II€PEMEHHOTo ¥
(dbopManbHBIM CTENIEHHBIM psiioM ¢ (x) (6e3 cBOGOIHOrO usieHa).

IIpepanoxenue 2.1, Eciu 3adan ¢opmarsusiit pad
(2.2), mo cywecmsyem 00un u moabko 00UH GopmMasbHbLE pAO
(2.3), romopeui yoogiemeopaem coommouierur (2.4), -

Cefiuac Mbl OyfleM JOKasblBaTb 3TO IIPEJJIOKEHHE," Bo-
npocC 0 ToM, OyAeT JiM moJydenHslii Takum obpasom psig (2.3)
B IeHCTBUTEILHOCTH CXOAHTbCA B OKPECTHOCTH HYJISl, MBI H3Y-
YUM HECKOJILKO I03XKe. -

B aByx yacTax paBeHCTBa (2.4) MBI HMeeM TOXKIECTBEHHO PaB-
HbE CTereHHble psipl nepemenHoro x. IlpupaBHuBas Koa(-
dunvenTs npn X B o6eUX "acTax, NoiydyaeMm

(fL 'l‘ 1) an+1 == P,n+1 (ah o ey a:,n; C}’); q), (2.5)
rge P,y — NOAWHOM OT CHMBOJOB @i, ..., (p H KOHEYHOIO
YHCA CHMBOJIOB C,,q, KO3(QQUIUEHTH KOTOPOTO -~ Ieble

HeOTpHIATeNbHEE Yucsa. Helenecoo6pasHo BLUHCAATE 3TH
NOJIMHOMLL B siBHOM Buje. Hanpumep:
0y =0y, 0,202 ="Cy, 01 Cg,144.
18%*
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M3 cooTHoweHIii (2.5) BLIBOAMM, HHAYKUHel 1o f, 4TO
a,= Qn (cp, Q)7 (26)

rge Q, — MHOTOWIEHH C HEOTPHIaTeNbHEIMH  paIliIOHAJb-
HbLIMH KO3((UIlMEeHTaMU OT pAa3JHYHBIX IepeMEHHBIX Cp,q
(Kaxkpplil; MHOTOWIeH (, 3aBHCHT TOJBKO OT KOHEYHOro YHuc/aa
5TUX NEepPEMEeHHBIX). ’
BaxHo 3ameruTb, YTO MHOTOWIEHBI @, OnpefejeHb! pas
M HaBcerja, ux KosPdUiueH Tl He 3aBHCAT OT 3HaueHus Ko3ddu-
ILHEHTOB Cp,q B pasnoxennt (2.2). [Tlepsrie MHOrousnens: Q,, cie-

Ay He:
1
Qi=co, 0,Q2= 03 (¢1,0 €0,160.0)-

CootHotenus (2.6) aBasio1cs HeOOXOAUMBIMH ¥ AOCTATOYHBIMH
JUil TOTO, 4TOOBl BHITONHAAOCH (POpMajibHOE paBeHCTBO (2.4).
Ilpensioxenne 2.1 pokasaHo.

3. Cayuait k=1. Bonpocel cxogumocTH, [Ipernomo:kum
feriepb, YTO CTENEHHOH psijl B npaBoil yacTH paBeHCTBa (2.2)
cxopurcss B okKpectdHoctw ToukH (0, 0). HyxHo jokasarts,
yto crenexnoil psix (2.3), KoadbHIHEHTH KOTOPOro orpege-
asorea gopmytamu (2.6), uMeeT HeHyJeBoil pajuyc CXOIH-
MocTH. [I7ist 3TOro MBI IpUMEHHM MeTO[], HasbiBaeMblil mermodom
MaKcopannt,

Onpepeden ue MolckaxeM, 4T popMabHHII CTENEH-
HOU pag

F(x, y)= p>3 Cyp. X"yt 3.1

gz

apasieTcs mancopanmodl psafa (2.2), ecnn KoadduuuerTsl Cyp,q
HeOTpI/IIlaTeJIthI H YIOBJAECTBOPAIOT HepaBEHCTBaM

I cp» q {\\i Cp,Q‘
Touno TaK ke ompefesiM MaKOPaHTy
D (x)= D} A x" (3.2)

n=1

dopmanbHOTO pAja (2.3).’
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NMpenaoxenue 3.1.1lycme F(x, y) — mancopanma
pada [ (x, y). Iycme @ (x) — opmarvnoii psd ez ¢e0600-
HO20 YAEHA, ABASIOUIULICS eOUHCMBEHHbIM (POPMALLHOLM petuerien
Jucghghe peryuabH020 Y PABHEH LS

) _
e =Fx y). (3.3)

Toz0a O ssagemes mascopartnod ¢.

NokasaTtenbcTBo Koappuunuentss A, psana @
3aJ{a10TCs, KaK MKl BHAEH, GopMyJaaMi

A, =Q,(C,q)- (3.4)

ITockonbKy KOs(QHILIEHTEH MHOTGUJIEHOB (, HEOTpHIATeNbHE!,
13 HEPABEHCTB | (p,q | <Cp,q M~ KIACCHYCCKUX HEPABEHCTB
Jisi aGCOJIOTHON BeJMYMHBI CYMMEBl U IIDOHSBEJCHUS Clieflyer,
4YTo |an |<An. TeM caMBiM npesiIoKeH e J0Ka3aHo.

HToObl JOKa3aTh, 4T0 Pl (2.3) HMeeT HeHyJ1eBOH pajnyc cXo-
JuMocTH, Korga jganuuifi papg (2.2) cXoAuTcs B OKPECTHOCTH
Havana KOOpJAUHAT, NOCTYIHMM CAEAYIOMHUNM 00pasomM: BpIOCpEM
HOJXOASmY0 MaKopauty F psaja f, jamee BBIUHCAHM B SBHOM
Bije (opmanbHoe petlenve D auddepenunanssiero ypasxe-
Hus (3.3) ¥ HemocpeicTBeHHO yOeIMMCH B TOM, ST0 pajuyc
cxopnmocTH psga @ ornuyen or HyJs.

Tax xak pajuyc cXoJUMOCTH psifa ¢ COJbILUe HIH DABCH
pajMycy CXoauMocTH MaKopaHTel O, oTcioja caeiyer, yTo
pPaAHyC CXOAMMOCTH psAja ¢ OTJIHYeH OT Hy.ad, h Tecpeva I
(. 1) nosHoOCTHIO JOKasana B ciayyae, korja & = 1.

ITo npepnonoxennio psia (2.2) cxoaurtcs npH

x| <r, |yl<r (3.5)

TJle 7 — [OJIOKHTeJbHOE YHCIO0,

ITycts M — Bepxusis rpanb mMofyast |f (x, y)| Ha MHOMe-
ctBe (3.5). Besenctsue nepasencrsa Koum (ra. IV, §5, dop-
mysa 4.2) umeem

M
|Cpal <577 - (3.6)
IMonoxum
C, .= 3.7
p:17 Fpiq 7 (3.7)
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rae Cp,q — Koauunentsl ctemennoro psiga F (x, y), KoTo-
phlil sBJAsIETCS MaXKOPaHTOH QyHKUHH [ (x, y).

BoiumesninM  HENOCPEACTBEHHO CYmMMy psiga F, KoTopsiil
SIBASIETCS1 ABOIIHOIT reoMeTpiluecKoll nporpeccuefi:

F(x, y)= M npn (x| <r, |yl<r. (3.8)

T

B anddepennnanbHoM ypapHednn (3.3) MOXHO pasfeniiTh

HEPEMQHHHQ:
Yy _ Mdx
<1——7>dy“1—j. (3.9)

r

Huterpupyewm (3.9) B KBajpartypax; pellenue y, oGpauiaroiiee-
¢A B HyJsb npH x = 0, 3a7aeTCA COOTHOLIEH HEM

(1_%>2-1=2Mlog(1—§>,[x|<r, (3.10)

Tjie B IpaBoi yacTH CTOUT IviaBHas BeTBb jorapugma (logl=0).
M3 (3.10) MOXKHO BBIBECTH, YTO

y:r(l——l/lﬁ—?ﬁ]]og(l—,;)) . (.11

TJie B 1paBoil yacTi GepeTcsl BETBb KBaJpaTHOI'O KOPHA, KOTOpas
paesa 1 mpu x = 0.

[lpaBast wacts coorHowerns (3.11) ectb He yTo uHOe, Kak
peweniie (@ (x) anddepcnunansbaoro ypasienus (3.3) B oxpe-
crHocTH ToukH x — 0. OueBnjno, 4To 3Ta QYHKILIA ToJOMOPQ-
Ha B OKPECTHOCTH TOUKH x — O H, cjeloBaTesibHO, ee pasjo-
JKeHHe B CTEIeHHOH psij 1IMeeT OTJIHYHBIN OT HyJisl pafHyc cxo-
JuMocTH, B-camom fene, Jerko BHEThb, YTO PajHyc CXOAHMOCTH
npaBoil yacTu cooTHomrenus (3.11) pasen

-t
r(l—e 2¥),

HokasarenbcTBO TeopeMnl 1, TakuMm o6pas3oM, 3aBeplleHo
B ciyuae, korjga k — 1.

4. Cayuaii npousBosbHoro k. BepHeMcsl K 3ajave, [10CTaB-
Jgerroit B n. 1, Tlpelnosnoxum, uto yucna a, by, ..., bx —



§ 1. Teopema cyecmsosanus u eQUHCMBEHHOCMU 279

Bce pasHbl 0, TaK KAK MBI MO2KeM BCerja rnepeiiTi K 3ToMy c/aydaio
C IIOMOHIBIO NIApalljlefibHOTO NIEpeHoca.
Ilycts

. (1) q
fi (% g1y o vy .’/k)=p . 2 1,50 Cp, q, .-..qupyll !/Zk
Ay U2
4.1

— pasjoxedist  Tefijopa & romoMopdHbIX (byHKUIHHA

fi (xvyia ) _l/h)
D1 psiibl HaM Janel. Hyxxuo onpeaenuTh creneHHble psijibl

@ (x)= 2 afds", (4.2)
n=l
KOTOpbBIE CXOAATCS] B OKPECTHOCTH HYJISI H YAOBJETBOPSIOT COOT-
gourenusm (1.2),
Taxk ®e, KaK U B ciayyae R =1, Mbl OyjeM [efiCTBOBATb
B JBa sTama: cHadaja QopmanbHo peumnm ypasHenus (1.2),
a 3aTeM JOKa)eM CXOAHMOCTb NOJIYUEHHBLIX CTENEHHBIX PSiJIOB,
®opmanbHoe peuteHue ypapHenuii (1.2) eaumHCIBEHHO.
HeficTBuTeibHO, NOCKONBKY A5 1060T0 §
Dn+Dahxr=2cq . .. g " (DaPxn) L
n 71

"
3T0 Jaer Aad Jioboro i
i (3)
aP) = QP (¢3)q,. ... q)): (4.3)

rae Q) — MHOrowieHbl ¢ paluOHajJLHBIMU HEOTPHILATe bHBIMH
Koa(uimentamu, Kaxblil U3 KOTOPLIX 3aBHUCHUT TONBKO OT
KOHEYHOrO YHC/la [epeMEeHHbIX cé,’,’ql, ... q, (MHJEKC j mpuHH-
Maer sHaveHust 1, ..., k).

IlokaxeM Terepb, 4To ecau creneHHble psifibl (4.1) cxopsaTtes
B OKpeCTHOCTH Hayaja KoopAHHAT, To psijnl (4.2), xoadu-
ILHEHTbI KOTOPBIX 3ajaiorcs Qopmyaamu (4.3), UMEOT HeHyJie-
BOH pajuyC CXOAUMOCTH.

JIsisi aTOrO 3aMenuM Kamabii psj f; ero mamopantoii F.
Iycts (Dy, . .., ) — exuncTBeHHOe QopMasbHOE peleHne
«MaxKOPHUPYIOWEH CHCTEMBI»

ay;
TR=Fi(%, Y1 -+ s Y1) (4.4)
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Torna ana xaxporo i ¢ysxuus @; sBISETCH MaKOPAHTOH
psja ¢; (10KasaTe/IbCTBO aHAJIOTHYHO AOKA3aTeJALCTBY Hpefl-
aoxenna  3.1). Ocraercss $BHO OHIPEEIHTb  MaxKOpaHThi
F,- H (D,‘.

ITo npeanonoxenunio, ¢yukunu f;, rosomopdibst B oKpect-
HOCTH 3aMKHYTOTO NOJHKpYra

[x{<r, 'yii<cr, te 1<<igh, (4.5)

U X alGCONIOTHBIE ReJIHYHHBL }f,-l 1a 3TOM IOJHKPyTre MeHblle
nexotoporo yucsaa M. Otciofa BLIBOAUM, 9T0 HHCIIA

c SR L E— (4.6)

e

MOI'YT CJYXKUTb Koadduimentamu Maxopaur F;. Cucrena aud-
(epenuuaibHEIX  ypaBHeHuil (4.4), ciel0BaTeNbHO, BBLILVISALUT
TaK: A

dy;

&k
M 1
= i iq ——t (4.7)

Hyctb Yy, =@; (v) — equHcTBeHHOE  (POPMAJbHOE pelleHie
cucteMs! ypasuenuii (4.7). TTokaxenm, uTo KaxAbli n3 psajos D,
paBed ofHOMYy M ToMy XKe pagy D. ‘

B camom jpene, nycthb y = @ (x) — enuscTBeHHOe op-
MajbHOE pelreHne Au(epeHInanbHOIO y PaBHEHHs

1~—£’—>" dy M (4.8)

r dx T 1—x/r

QueBHIHO, UTO ecau MojoxuTh (; = @ (x) ans awboro i,
TO NMOAYUHTCs (POpMasIbHOE pellieHHe cucTeMbl (4.7), 4To 1 1oKa-
3LIBACT Hallle YTBEDKACHHE.

B KOHIle KOHLOB BCE CBEJIOCh K TOMY, 4ToOH 1OKa3aTh, YTO
dopmanbubiil psig y = @ (x), KOTOPHIL sIBsiETCst peLICHHEM
ypasnenus (4.8), umeer HeHysepoil papuyc cxoxumoctn. Ho
Juiddepentinaibaoe ypaBHenye (4.8) unterpupyerca B KBajpa-
Typax: ero pellenue, KOTopoe odpamaercss B Hy b npu x = 0,
sagaercs (Qopmys1oi :

yzr{l - [1+(/e+1)Mlog(1 -»-f-}]ﬁ‘:?‘}, (4.9)
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Tie B 1paBoi yactu cTonT Qpynxums O (x), ronomopdHas B okpe-
cTHOCTH TOYKH X = 0. CnepoBatenbHO, pajiHyc CXOLUMOCTH
nojioxuTeNeH. B camom pesne, sTor pagmyc cxommMocTi pasen

1
I (1 —e (h+1)M‘>_

§ 2. 3ABHCUMOCTb OT MAPAMETPOB H HAYAJIbHbIX YCJIOBHH

1. 3aBucumocTh OT Mapamerpos. Ilpeanosioxun Tteneps,
uTo rosiomopduble GYHKIHM f;, CTOSILIE B MPAaBOH YacTH CH-
cTeMbl udpepeHnuabHEIX ypasHeHuit (1.1), § 1, saBucat roso-

MopdHbIM 00pasoMm oT mapamerpos #, ..., ;. Bonee Ttouno,
MBI TPEANONOKHM, YTO 3alaHO k& TrojoMophHLIX QyRKILIH
Fo(Xy Yty o ovs Yy by onny B)),

3aBUCSAULUX OT & -~ j -4 1 KOMIJIEKCHBIX NMepeMEeHHbIX B OKpeCT-
HOCTH Hadaja KoopjAuHAT. Jlias Kaxa0H CHCTEMB! 3HAYEHHH

(¢, ..., t;), nocrarouto Gnuskoit ¥ (0 , ..., 0), cucrema
ypaBHeHHH e
dy; )
T gy s Uas e 8 (I<i<R) (L)

HMeeT eIMHCTBEHHOE TofoMopdHoe pellieHne y; = @,(x), of-

paumiawieecst B Hyab npu x = 0, OyHKuud @; (x) 3aBUCHT,

KOHEYHO, OT JAHHHIX 3HauYeHu# fy, ..., ;.
O06ozHauuM uepes

Yi=0,(x ty, ..., 1) (1<i<k) (1.2)

pewenne cucremst (1.1), Taxoe, uto @, (Q; #, ..., f) =0,
rnei=1, ..., k.
Teopewma 2. [Ilpu amux npednososcerusx GyuKyuu
@, (x5 ty, ..., t,;) asasomes eonomopromu pynkyuany 41
nepementbix X, ty, ..., t; 8 OKpECMHOCIIL HAYAAQ Koopdunarmn
0; 0,...,0).
Jasi ynpoumieHusi 3amuCH OrpaHHYMMCS J0KasaTesbCTBOM

3TOH TeopeMsl B ciyuae, Korna k = 1, j = 1. CiefoBaTenbHo,
nMeeM

f(x, ys H)= 2>0c,,,q(t)xpy'1, (1.3)

e 4=

19 A. Kapran

~,
iy
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rie KoI(GpUIUeHTHl Cp, 4 (f) TOXKE SBJASIOTCS CTENEHHBIMH psi-
JaMi OoT IlepemMeHHoro f:

Cp,q(?) 220 Cp,g.rt' (1.4)

ExuncrBeHHOe (opMmasibHOE — pellleHHe  JuQhepeHnaabHOro
ypaBHeHHUs

Y —f(x, y t) (1.5)

uMeeT Ko3(GhULHeHT a,, 3afaBaembie opayiaamu (2.6), § 1.
CaeloBaTesibHO, Kamplii Koapuiuent a, cam sijsiercs Gop-
MaJIbHBIM CTEIleHHLIM PSIIOM OT IepeMeHHoro 7,

TakuMm oOpasoM, (opManbHoe permleHue ypasHenus: (1.5)
ecTb (QOpMAJIbHBEI CTemeHHOH psif

y=o(x, 1) - (1.6)

OT JIBYX NEPEeMEeHHbIX X H £.

Urobul JoKasaTb TeopeMy 2, AOCTATOYHO MOKaszaTh, YTO
dopManbublil crenenHold psp (1.6) cxoaures, Korza x W ¢
JIOCTATOYHO MaJjibl. s 3TOro CHOBa HCIOJIb3YeM METOJ MawKo-
padt. ®yHkuusa f (x, y, ), 00 IPEANONOKEHHIO, ToJoMOpdHA
B OKPECTHOCTH 3aMKHYTOIO IOJHKPYra

txl<r, lyl<r, Jti<r, tae r>0. (1.7)

Ona unmeet, ciaenoBaTenbHo, MaxkopaHTy F (¥, y, f) Buzaa

M
. (1.8)
—*N{1-9 11—t
r r r
MbI BUJAUM, 4YTO 3Ta Ma}KopaHTa HOleqaeTCH U3 Ma}KopaHTbI,

paccmoTpeHHoll B n. 3 § 1, saMeHoll B mpaBofl wacTu Qopmy-
aot {3.8), § 1 gnena M na . CnieflopaTenbHo, pemieHue

Fx, y, t)y=

1—t/r

y = @ (x, f) maxopupyomero AHuddepeHiHaJbHOrO ypagHe-
HH#A %:F (x, y; ?) sajaercs cpopMyJIoi/’I

LD e (1= )

r
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Ho, ouesinno, npasas wactb Gopuyan (1.9) roJIoMOp(bHA OTHO-
CHTEJIBHO IIEPEMEHHBIX X 1 / B OKDPECTHOCTH Hayaga Koop-

quat x = 0, £ = 0, Tem campIM 0Ka3aTesbeTBO TeopeMbl 2
3aKOHYEHO.

2. 3aBHCHMOCTb OT Ha4albHBIX ycJoBui. PaccMotpnm, ajst
MPOCTOTH, CHCTeMY Au(pepeHIlaIbHEIX ypaBHeH il

dy;
=[x g s Y, 2.1)

KoTopasi HE  3aBHCHT 0T mnapamerpa. J[laHHble GyHKiHM
f: (6,41, . .., Yyx) BCErJa MpPEAHONAraroTCs roJOMOP(HLIME B
OKpPeCTHOCTH Hadaja KOOPJAHHAT.

Ecau Ttouka (by, ..., bp) moctaTouHo GamusKa K Havauny
KOoOpJAuHAT, TO (YHKLUHU [;, TosOMOpP(HBEI TaKXKE B HEKOTOPOH
okpecTHocTH Touky (0, by, . . ., Dy). MoxHo, cienoBaresbHo,
[IPHMEHHTb TEOPEMY CYI[CCTBOBAHUS U eAMHCTBCHHOCTH (Teope-
ma 1, § 1): cyluecTByeT OJHO U TOJBKO OJIHO pellieHHe i, = @; (x)
cucteMbl  AH(pepeHEHaALHEIX ypaBHeHu# (2.1), rosomopdHoe
B OKpecTHoCTH TouKH x = 0 u Taxoe, 4to ¢;(0) = b;. PyHK-
nuu  @; (x) 3aBUCAT, OUYEBUAHO, OT HAayaJbHbLIX 3HAUEHHH
by, ..., by, Mbl HX 0GO3HAuHM uepe3 @;(x; by, ..., ba).

Teopema 3. B npunamex 0003Ha4eHUAX DYHKYUU
@ (x; by, . . ., by) eosomoppreL NO Nepemermbim X, by, . . ., by 6
OKPeCMmHOCU — HA4aAq — KOOpOUHAm x=0, b =0, ...
by = 0.

WupiMn coBamy, pelieHue cucTeMbl AuddepeHrnan bHLIX
ypaBHEHUH 3aBHCHT 2040MOPHHbIM 06pa30m OT HAYaNbHLIX 3Ha-
YeHH! b; HEH3BeCTHBLIX (PYHKUHH y;.

HJoxkaszareancTso. IlepeiiileM K HOBHIM HEU3BECT-
HBIM (DYHKIHAM
2=y, —b;. (2.2)

Onu  JOJKHBL  yJOBJETBOPSATh cHcTeMe AuddepeHrinanbHbIX
ypaBHeHui
dz

e =l 2kby oo, 2 ) (2.3)
¢ HauanbHbiMH yeaoBusMHu 2; (0) = 0. Ilpasnie wacTu ypasHe-
auit (2.3) rosomopdHBEIM 00pa3oM 3aBHCAT OT IIapaMeTpOB
by, ..., br B OKpecTHOCTH Hauasna KoopAHHaT. Bcnencrsue
19*
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TeopeMbl 2 €MHCTBCHHOe pelueHile cucteMsl (2.3), ofpaiiaio-
uieecs B HYJb NpH x = 0, 3aaetcsd rofoMOppHEIMH (PyHKILHSMH
2’i=ll)i(x; b1, ey bh)

Pewrenve cuctemn (2.1), takoe, uto y;, = b; npu x = 0,
3ajaercad (QYHKIUSAME

Ye="0;+ % (x; by, ..., by)

H, CJefoBaTenbHo, TojoMopdHo no x, by, ..., by B OKpecT-
HOCTH Hayaja KOOp/JHHAT.
Teopema 3, Takum obpasom, JoKasaHa.

§ 3. AHPPEPEHUUAJIbHBIE YPABHEHHS BbBICIUErO [OPAAKA

OrpaHuuuMcsl OJHUM IIPUMEPOM: PacCMOTPHM OJHO Audie-
peHLManbHOe ypaBHEHHe nopsjaka k.

dr / -
LY (g 0 0D, (1

Haunnast pyHKIus f rosomMopdHa no £ -- 1 mepemexHbIM B OKpe-
cTHOCTH Touku (@, b, by, ..., br—y).

Wurem pyuxnuo y = @ (x), roaoMopdHy B OKPEeCTHOCTH
TOYKH ¥ = a, Takywo, uro ¢ (a) = b, ee rmocsenoBaTeNb-
Hble TPOM3BOHBE @ (¥), . . ., 9"V (x) npHHUMAIOT B TOUKe
3HadeHust by, ..., bOp—y, U M 3HAYEHHH X, JOCTATOUYHO
OJMU3KHUX K @, TOK/JIECTBEHHO BHIIOJIHSETCH COOTHOLIEHUE

e® (x)=F (%, @ (%), @' (x), ..., §E=D(x)).

Teopewma 4. dma 3a0aua umeem 00HO w MOABKO OOHO -
peuserue.

HokasaTeabcTso. Kraccuueckum crnocoboM, ny-
TeM BBEJIEHHS HOBHIX HeH3BeCTHBIX (DYHKIHH, CBeleM pellleHHe
auddepennnanbioro ypasHenus (1) K peimeHuo cHcTeMbl JH(-
(bepeHIHAAbLHEBIX ypABHEHHIl NepBOro MOpsAJKa.

Bosnee TouHO, BBEEM, KPOME HEH3BECTHOH QyHKINH ¥ = @(X),
eme (QYHKIHH

dh=1g

d -
y=ar, ., Y=
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QyHRIHA &, Y, . . ., ¥*~D) LOMKHBI yIOBICTBOPSITHL CHCTEME
InddepeHnadbHbBIX Y PABHEH N

dy
dx Y

............ )

== (%, gy o, yBD).

[Mpunvenim K cuctenme (2) reopemy 1 us § 1. Teopenia 4 oxasana.

YNIPAXXHEHHWSA

1. Jano nuneiiHoe auddepeHnatbROC YpaBHEHUE CIeAYIOo-
ero Buja:

@0+ bo) g - (arx 4 b0) gD 4 . - (@nx+b2) y =0 (1)

Ioxasatb, uto ecau U (z) — HenpepbiBHasi (yHKIUsS B
OTKpHITOM MHOXKecTBe D, a y — KycouHO TMMaiKuil nyTs B D
C HayaloM B TOUKE Z; ¥ KOHIOM B TOUKE 25, TO (pyHKuus f (x),
onpesesieHHas HHTErpajoM

f(x)= g el (2) dz, 2)
Y

rosoMopgHa BO Bcell MJIOCKOCTH NEPEMEHHOTo X.
Hast Toro uto6h pyHKiHs f (x) Oblia PelICHUEM Y PaBHEHUS
(1), nmocTaTouHO, yTOOH BHINOJJHSJIHCHE COOTHOIICHHUSA

() e A@U =0,
() 2 (A@U@)=B@UE)
rAe MBIl IOJOXHJAH

A =aw@"+...+a,, B(2)=0b2"+ ...+ b
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[peanosoxumM, uto MHOrowleH A (2) HMeeT A pasjiHYHBIX

Hyneit ¢y, ..., ¢,. [loKasaTh, 4TO MOKHO 3amHCaThb

B (2) oy a

i == A4 i

A (2) +z-cl : T
rae @, ¢y, ..., Oy — KOMIJIEKCHBIE MOCTOSIHHEIE, ¥ BLIBECTH
orcroaa, uro ecau y; (j =1, ..., n) o6o3HauaeT 3aMKHYTbHIil
raaaxuil myTs Bo6nactu D, raeD = C\{cy, . . .,y }, OpoxoAs-

i ui yepes PUKCHPOBAHHY IO TOUKY 2o €D M 00Xoasuil o uH pas
TOUKY Cj, H €CIH Yj,x (1 <j, k< n) o0caHauaer KOHTYp, NONY-
YEHHBIH 110C/I€I0BATe/IbHBLIM NPOXOK/ICHHEM IIYyTH Y; B NPAMOM
HANPAB/ICHHM, NYTH Y; B MNPAMOM HampapjeHud, OyTH vy,
B 00paTHOM HAampap/eHHH H, HAKOHeL, NMyTH y B OOpaTHOM
HANpaBJIE€HHH, U €CJIMMbl BO3bMeM B HHTerpase (2) (yHKIHIO

U@)= g e (=) . (2= c)'n (2€D),

BOOOILE TOBOPsI, MHOrO3HAYHYIO, TO HHTerpan (2), TAey = Y, &
(a caefoBaTenbHO, 2y = Zy), ONpeflesisseT pelicHHE ypaBHe-
Hus (1).

[loxasaTth, yTo Takum o6pasoM mosnyuuTcss He Oojee yeM
n — 1 pemwennii (KoTopele TOJOMOP(MHLL B IJIOCKOCTH).

2. [ToxasaTesbCTBO TeopeMbl 0 HesiBHBIX (yHKIusix (npei-
aoxenne 6.1, ra1. IV, § 5, n. 6) Metogom MaxopanT (Mpl Oyaem
cleloBaTh 00O3HAYEHHSIM, BBEJEHHLIM B YKa3aHHOM IIpeijio-
kenun). IlokaszaTtsh cHavasa, 4To MOKHO CBECTH BCE K Cayyal,

Korja a; =b;, =c¢ =0, j=1,...,n k=1 ...,p,

U 4TO

Filee, -0y X5 24 oo, 2p)=Cu () X1+ oo Cjn(2) Xt
X e () g (1)
v1+-..+vn>2 n n

rae Kos(uuueHTsl ¢ (2) U Cjy,. . ,v (2) CaMH ABJISIOTCSA CTe-
NEeHHBIMH PsilaMH OT IepeMeHHBX 2i, ..., 2p H

det ] Cji (Z) J 7= 0,

eCHU Xy, .+ ., Xy U 24y ..., Zp JOCTATOYHO MAJbL.
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BhiBeCcTH oTCI0fla, 1cnOnB3ys  MpaBmHIIo Kpamepa, uro
cucrema (6.1), rar. 1V, § 5 sxBuBajgeHTHA clicTene

2=V @+ o F V(@) yn+

+ Z Yivi. . ‘\'n(z) Xy. .. Xn, (2)
vit... +Vn22 g

j=1, ..., n rie Ko3QpULHEHTsl v caMll SBIAIOTCS CTENeH-
HBIMH PSIAAMH OT NMEepPeMeHHBIX 2y, . . ., &, 1l UTO clicTeMy (2)
MOKHO 3aliHcarTh CJAeAVICHIUM 06pa3on:

— = 2 Vi, Wi, oup Y2t 200

Igji'sn
Kis. .‘,up>0
. v ®
"!‘ 2 Y3 Vi V%L % )X}I' ' 'xnnziq' . 'pr
Vit v, =2 !
Hlse o .,up>0
=1, ..., n). 3)
IloxasaTb, 4TO AJist TOTO YTOOH n (POpMabHBLIX PSIOB
— . Yy g
=, 2 p i pa, oy a0 YU PE 2P
Do+ Doy >1
i=1 i=l
j=1, ..., n 4

006pasoBHIBANN CHCTEMY (OPMAJBHBLIX pellieHnil cuctemsl (3),
HeoOX0JAMMO U JIOCTATOUHO, YTOOLI

dJ’; S i PR =Qj; Bl 01,0000, (Y7 d)a

rie Q obosHauaer onpe/lesieHHblI MHOTOWIEH C LeJbIMH Ko3¢-
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7»1+...+7»n+‘r1+ ...~—}—Tp<y.1+ ...+“n+0'1+ e +Gp.

BrisecTd oTcroza, 4TO CYIIECTBYET OHA U TOJbKO OJHA CHCTEMa
(hopManbHHIX pellieHull cucteMst (3).
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M 1
X<=———~—~{Y Y, —
j A 1 + YT 1_X1+...-4—Xn

R R
i X1+...—{—Xn}
R ’

“rae M u R — JelicTBUTENbHBIE MOJOXKUTeNbHBIE UHCIA (3aMe-

o= 1
THTb, YTO Pa3JI0XKEHHE B CTCIICHHOH PAJY (pyHKU‘HH(—I—YT_)——(I——~T—)
—1y)... n
1

T T
4TO, CcJeloBaTeibHO, monokuB Xy = Xo = ... = X, = X,
MBl TIOJIVUUM MaXKopaHTy psifloB (4), ecnyu paspelluM ypasHe-
HHEe BTOPOIl CTENneHH OTHOCHTeNbHO X:

M T S
N zl+...;pz7{yi+~-fyn g7
- R

MaMOPUPYeTCs PABIOMEHHeM (YHKIHH §—

X =

(mocMOTpeTh foKasartesbeTBo npefoxenus 9.1 ra. I, § 2, m. 9).
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