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YAK 511.2

COBpeMeHHBII YHHBEPCHTETCKHH Y4yeGHHK MOBBI-
HMeHHoro THHa 1o Teopuu uncesd, Cxkaroe, HO BecbMa
cojepKaresabHOe H3JIOXKEHHe BEIeTCH € MO3HLUHH CO-
BPEMEHHOH aireGpH; Pa3BHBAIOTCS TEOPHS KOHEUHBIX
roJseff, TeOpus p-aJHUECKHX YHCEJ, JIOKaJbHAasA TeopHs
KBajpaTUUHHX (OpM, HauasJbHBIE CBEJEHHSI M3 TEOPHH
L-psinos ¢ Teopemoit Jupuxye o nporpeccHH, 3JeMEHTH
TEOPUH MOLYJSPHBEIX HOPM.

ABTOop — Brmalomuiics GpaHIY3CKHA MaTeMaTHK;
BbIIIEIUHE B PYCCKOM M€PeBoJe ero KHuru: «AJjreGpan-
YeCcKHe TPYIIH U MoJIs KaaccoB», «Koromosmoruu IMamya»
(«Mup», 1968), «Aare6pur JIu u rpynnet JIu» («Mup»,
1969), «JIunefinbie mnpeACTaBIEHHS KOHEUYHHIX TIPymm»
(«Mups, 1970) moJyuH/IH BBHICOKYIO OLEHKY COBETCKHX
yuennix. Hosuilt Tpyn JK.-IT. Ceppa, HecomuenHo, Gynet
noJb3oBaThest eme Gosbwed monyaspHoctsio. OH 3a-
HHTEPECYeT MaTE€MaTHKOB pasJHUHBIX CleluaabHOCTeH
H OKaXeTCsl [MOJIe3HHIM TNpenofaBaTesiM, aclupaHTaM
H CTyJEeHTaM YHHBEPCHTETOB H NEIHHCTHTYTOB.

Pedakyus aureparypol no MATEMATU4ECKUM HAYKAM



NPEJUCJIOBHE PEJAKTOPA MEPEBOJA

UurareJsi He JOJ/IKHO BBeCTH B 3alb/yxkKiIeHHe Ha-
3BaHHe KHHIH: 3TO KypC OCHOB TEODHH 4YHCeJ, mpel-
[oJIaraloMMi H3BECTHOH TEODHIO [HeJHMOCTH H 3Je-
MEHTBl TE€OPHH CPaBHEHHH IleJIBIX DalHOHAJbHBIX YHCeI,
a Takxe TpeOYIOIIMI BJlaJleHHs HEKOTOPHIMH TepMHUHAMH
H peayJbTaraMu oOuiell aare6prl. s ycnemnoro uayue-
uusi kHury Ceppa B OCHOBHOM JOCTaTOYHO 06Iero Kypca
aareGpbl, YHTAIOLIErocs CTYIEeHTaM HaIIMX YHHBePCHTe-
TOB M NeLArOTHUeCKHX HHCTHTYTOB B IeDBble IBa roma
ob6yuenud. Ilpasna, cucrema asareGpanyeckoro o6pasona-
Huss Bo PpaHINH HeCKOJbKO OTJHYaeTcss OT Halled,
HO HeJNOoCTalollye CBe[eHHS UYHTATeNb MOXeT HAaHTH, Ha-
NpHUMep, B COOTBETCTBYIOIUHX BHIOYCKaX <«JeMeHTOB
matematuku» H. Byp6aku u B kuure C. Jlenra «Axre6pa»
(koHeuHO, cCHCTeMaTHUeCKOe H3yuyeHHe 3THX COUYMHEHHI He
IIPEoNaraercs).

JK.-TI. Cepp u3BeCTeH He TOJBKO KakK OLMH H3 Kpyl-
He#AIINX COBPeMEHHEBIX MaTeMaTHKOB, HO H KaK aBTOp
MHOTHX COIEpPXKAaTeJbHLIX M SICHO HAalHCAHHBIX KHHT (He-
KOTOphlE M3 HHX NepeBeleHbl Ha PYCCKHMH f3HK). Ilpen-
JaraeMasl KHHra — OflHO U3 HauboJjee yJauHbLIX IPOHU3-
BelleHUI aToro Bhgawoomerocs astopa. OHa cocTaBJieHa
U3 3amHcefl ABYX KypCOB JeKIHH, UHTAHHHX aBTOPOM
OJiT CTYLEHTOB BTOpOro roma oOyueHusa Briciueir Hop-
MaJIbHOH ILKOJIBL.

HeT Hy:XIbl ocTaHABJINBATHCS HA CONEPIKAHHU KHHUTH,
60 OHO HoxpoGHO omHCAaHO B mpepHciaoBHU aBTopa. [To
TeMaTHKe ee MOXKHO CpPaBHHTb C H3BEeCTHOH KHHIOH
3. U. Bopesnua u M. P. lllapapeBuua «Teopus uuces».
Opnako kuura Ceppa 3HAUMTENbHO OTJHUAETCH OT IO-
cJaeHeR Kak 1o oT6opy MaTepuaJsa, Tak — H 0COOEHHO —
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no MaHepe uaJjoxeHus. B To Bpemsi kax kHura Bope-
puua — lllacdapesnua npexncrasaser co6oil MoHOrpadHio,
HeGosbmiass kHura Ceppa siBJIsSIeTCS COBPEMEHHBIM VHHU-
BEPCHUTETCKHM yueGHHKOM.

Brixon B cBeT pycckoro neperoma KHuru Ceppa Tem
6GoJsiee aKTyaJleH, 4TO ceifuac HIET aKTHBHAs HepecTpoiika
YHHBEPCHTETCKOrO MaTeMaTHueckoro ob6pasoBanuda. Tpa-
JHUIHOHHBIH 00653aTe/IbHEIl KypC TEOpHH YHCeN B psije
YHHBEDPCHTETOB JIMKBHUIMpoBaH. Bégbinas yacTb ero Ma-
TepHaJsa BKJIOUYeHA B KypC BEICILIell aire6Gphl, Tie KOJbI O
eJIbIX Yhcesl HrpaeT PoJib MOJIeJIH, Ha KOTOPOH e MOHCTPH-
pyloTca alcTpakTHble afare6panyeckne IOHATHA M KOH-
CTPYKLUH, ONHAKO IPH 3TOM psJ BAXKHLIX Pe3yJbTaToB
TEOPDHH UHCeJ eCTeCTBEHHO OKa3bIBAeTCS ONYIIEHHHIM,
Kuura Ceppa 3anosaser nosBuslnics npo6es. Ee Moxuo
paccMarpHBaTh KaK INepBBIH creukypc, o6s3aTesbHbI
I/ BCeX, KTO XOUYeT CIeNHaJH3MPOBAThCA IO TeOpHH
YHCeJl M CMeXHBIM ¢ Helo pucuuninHam. Koneuro, or6op
MartepHasja Ljsi TAaKoro Kypca, IpedJiaraeMblii aBTopoM,
OYeHb HHTEDECEH, HO He eIHHCTBEHHO Bo3MOoXeH. [Ipex-
CTaBJsieTcsi, YTO MaTepHaJ MNepBHX TPeX IJaB (KoHeu-
Hble MOJIfA, p-aJliyecKHe moJjs, cHMBOJ ['miabGepra) mou-
JKEeH BOHUTH B TOH HJIM HHOH Mepe B JOGOH Kypc oCHOB
Teopuu unces. ComepKaHHe K€ OCTAJBHHIX TJIaB MOXKeT
OLITb Pa3BUTO H B CAMOCTOSITeJIbHBIE GoJiee cleluaJsusy-
poBaHHBIE KypCHl apu(dMeTHKH KBaApPaTHUHBIX Gopm, Teo-
pud L-pAnoB, TeOpHH MOLYJAPHBIX (HOPM.

HetT comuenus, uto npennaraemyio xuury Ceppa 6y-
AYT ¢ HOJIb30H M MHTEPECOM YHTATh CTYAEHTHl CPelHHX
H CTapUIHX KYPCOB YHHBEPCHTETOB H MeLarorHuecKHX
MHCTHTYTOB, ClelHaJH3upyIolmHuecs B 06/1aCTH aareGpH,
TEOPHH UHMCeJ H CMeXHBIX ob6JacTax maTeMmaruku. Omna
OymeT moJie3Ha NpenofaBaTesiM H HAYYHHIM paboOTHHU-
KaM — M BHalollke MaTepHaJl KHHTH YHTATeJNH C YI0BOJb-
CTBHEM I0O3HAKOMATCA C H3JoxeHHeM Ceppa.

A. Maaviwes



NPEJHCJIOBHE

Dra KHHra JEJUTCS Ha JBE YacTH.

ITepBast wacTb — uucro aJreGpanueckas. Ee meJbio
siBJIsTeTCs KJaaccudukanusd KBaLpaTHUHBIX QopM Haj. mo-
JeM palH{oHaJbHEIX uHcesa (TeopeMa MHHKOBCKOro —
Xacce); sro#i Teme mnocmsmeHa raasa IV. Ilpenbimymiye
TPH TJIaBBl COMEpIKAT pas/MuHble IPefBapHTeJbHEE CBe~
JeHHs: KBaApATHUHBIA 3aKOH B3aHMHOCTH, p-aJHyecKHe
noJss, cuMBoJib I'uip6epra. B roase V mpenminymue pe-
3yJbTATH NpHJIAraloTcs K KBaJpaTHYHHIM dopMaM c ne-
JbBIMH K03 (dHIHeHTaMH H onpeleaHutesneM =+1; Takue
(bOopMBI HCIOJB3YIOTCA B Pa3JIHUHBIX BOIPOCAX: MOLYJSIp-
Hble (YHKUMH, LHdpepeHIHaNbHAA TONOJOrUS, KOHEeu-
HBle TPYIHL.

Bropas uacte (rsaBet VI u VII) ucnonbayer «ananu-
THUECKHe» cpefcTBa (rosoMop¢uble dyukuuu). B rmase VI
LlaeTcsl JOKasaTeJbCTBO TeopeMH Jupuxse o6 apudme-
THYECKOH NpOrpeccHH; KCTaTH, 3Ta TEOpPeMa HCHOJb-
ayeTcss B OLHOM Y3JIOBOM I[yHKTe MePBOH YacTH
(1. 2.2 ra. III). T'naBa VII nocesmena MogyasipHbiM (op-
MaM, B YacTHOCTH, TITa-OYHKIHUSAM; 3[eCh BHOBb IHO-
SIBJIAIOTCA HeKOTOpble KBaApaTHuHble (OPMBI rJjase V.

OTH JIBE€ YAaCTH COOTBETCTBYIOT KYPCY, HIPOUHTAHHOMY
B 1962 u 1964 rr. crygeHTaM BTOpOro rofa oGyuYeHHS
Buiciue#t HopmaJibHOH Ko kL [IpenBapuTesnbHast peaknus
Kypca, DasMHOXEHHOTO Ha pOTaTope, NPHHAIJEKHT
Cancy (raaBe [—IV) u Pamu u Pyxe (rnase VI—VII).
Ona Ob1a CyIIeCTBEHHO HCIOJb30BAHA MHOIO; 51 TPH-
Houly GJ1arOfapHOCTb STHM aBTOPAM.






YUactb nepBas

AJITEBPAUYECKHME METObI

I'nasa 1

KOHEUYHLIE T10JI4

Besikoe moJie, paccMaTpuBaeMoe B JaJbHellleM,
npennosaraeTcsi KOMMYTATHBHBIM.

§ 1. O6Gmue moJoxeHus

1.1. IIpocroie noan. Koneunole noas

[Tepecedenne mnojgmnoseil maHHoro moJst K smJsiercs
HAUMEHBIIHM €ero MOANOJIeM; OHO CONEPKUT KaHOHHYEe-
ckuit o6pas koJbua Z, usoMopduell Z uau Z/pZ, rue
p — HekoTopoe npocroe uucJsao. Cief0BaTENBHO, 3TO NOJ-
noJsie 6yzeT #30MO PG HO UJIK OO PAIHOHAJIBHBIX Unces Q,
uau nomo Z/pZ.

Onpenenenune 1. [Toans Q u F,=1Z[pZ, 20e
— npocroe uucao, 6ydem HA3bLBATH npocrbmu noasamu;
xapatcrepucru/cou noasn K naseteaem uucao caract (K)=0
UL p 8 348UCUMOCTU OT TO20, Asasierca K pacwuperuen
noas Q uau noan F,.
IToaromy ecau caract(K) = p +#0, TO p — HauMeHblllee
peJsoe uucao n > 0 takoe, uto n+1=0.

Jlemma. Ecau caract(K)=p, 1o o: x+—> xP ecrs
usomopgroe orobpancenue K na ezo nodnoase') K?.

!) 3neck uepes K? astop o6osnayaer cosoxynnocn p X cTenenei

noist K. AHasoruunoe sHaueHue MMeIOT F *($§3) n Q (§ 3 oo II).

OG6riyHo ke yepes K o6osnavaercs Hpﬁmoe npousseueﬁue n 9K3eMI-
JasipoB MHokecTBa K (§ 2 aro#t rase; § 2 ra Il u 1. 1.). — T pum. ped,
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He#icTButenvbHo, o (xy) =0 (x) o (y). [Manee, ecau
p

1 <k < p, To 6uHOMHUANRHEE K03 dUIHEHT b

CpaBHUM

¢ 0(mod p); mostomy

a(x+y)=o0(x) +0o(y),
Tak uro ¢ —romomopcdusM. HakoHen, oueBHAHO, UTO
0 — HHDBEKTHBHOE 0T06pa}erne.

Teopewma 1.1i) Xapaxrepucruka xoneuroeo noan K
ects npocroe 4ucao p #0; ecauw f=[K :F,], To aucao
asementos K pasno p’.

ii) Mycre p—npocroe uucao u q=p’ — crenens p
(f=1). Iycre Q — HekoTOpOE aszebpauuecki 3amKHYTOE
noae xapaxrepucruxu p. Toeda cywecreyer eduncrsen-
noe nodnose F, noaa Q, cocroawee us q arementos;

F, ects mnoncecreo xopreii noaunoma X7—X.

ili) Jlro6oe xoneunoe nose, cocroswee uz q—p’
aaemenTos, usomopgpuo noato F,.

Tak kak K —KOHeuHOe moOJIe, TO OHO HE MOXKeT
coZepKaTh moJsg Q; HO3TOMY €ro XapakTepHCTHKA eCTh
npocroe uncao p. Ecam f—crenenp pacmupenus K/F,,
10 sicHo, uto card (K) = p’/, uTo mokasmBaer i).

Hajnee, ecan Q—agre6panuecku 3aMKHYTOe I10Je
XapaKTepHCTHKH p, TO IO NpexblAyliel JeMMe oTo6paxKe-
nue x—> x7 (rme ¢ =p’, f>1) sBasercs asToMopdus-
MOM; HeHCTBHTEJLHO, OHO sBJseTCH [-H CTeNeHbIO aBTO-
mopopuama o: x+—> xP (3aMeTuM, UTO O CIOPBHEKTHBHO
B CHJIy aJuareGpanueckofl 3aMKHYTOCTH Q). DJeMeHTH
x mosd ), MHBAPDHAHTHHIE OTHOCHTEJNBHO OTOOpaxeHus
x+—>x7, o6pasyoT HekoTopoe moxmoJse F, moas Q. dro
X HOJIe COCTOHT M3 ¢ 3JieMeHTOB. [ efACTBHTEJBHO, NPOU3-
BogHass X?— X, paBuas

gX' ' —1=p. p X" —1=—1,

He oGpamaercsi B HYJb; I03TOMY (B cuay aJjre6Gpaunue-
ckoii 3amkuyTocTd Q) mosmHoM X?— X umeer ¢ passuy-
HBIX KOpHe#H; TakuM o6pasoM, card(F,)=g. OGpartHo,
ecan K ects moamose mosst Q, cocrosiliee M3 ¢ 3JeMeH-
TOB, TO MYVJbTHIJHKATHBHasA rpynma K* HeHyJeBwIX
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sneMenToB noJsst K coctout u3 ¢ — 1 ajleMeHTa; noaToMy
x-'=1, ecsim x=K* wurag, x’ —x=0, eciu x =K.
Orciona caenyeT, utro K coxepxurca B F,; Tak Kak

card (K) = card (F,),

1o K=F,, 4To 3aKaHuHMBaeT N0Ka3aTe/bCTBO ii).
HaKOHeu, yTBepxkaeHue iii) cmemyer u3 ii), ecuu

yuecTb, UTO BCAKOe TOJe M3 p’ 3JeMEeHTOB MOXKeT GHTb

BJOXKEHO B moJje Q, u6o Q ajre6panyeckKH 3aMKHYTO.

1.2. MyasTunaukarusnas epynna KOHe4HO20 HOAS

IMycts p—mpocroe uHcJO, [—uenoe uncao > 1
—pf
g=p.

Teopema 2. My/zbrun/zuxarusnaﬁ epynna F KoHeu-
Hoeo noas F, seaserca yuxauuweckoii epynnoi nopﬂarca
g—1.

NoxasaTteabcTBoO. Ilycte d —mesoe uncao = 1;
BCIOMHHMM oGo3Hauenne ¢(d) nas ¢ynkyuu Sirepa —
ypcaa leJdblX YHCeJ X, YAOBJETBOPSIOIINX YCJOBHIO
1<x<<d u s3aumuo npoctoix ¢ d (uHaye TroBOPS,
yucesi X, 06pasel KOTOpHX B (Qakroprpynne Z/dZ
ABJAIOTCA 006pas3yIOMHMH 3TOH I'PYIIILI).

$lcHO, UTO YHCJI0 06Pa3yIOIINX HHUKJIHYECKOH T'PYIIBL
nopsanka d pasHo ¢(d).

b

Jemma 1. Ecau n—yenoe wucao =1, 10

n=2¢(d).
dln

(Hanomuunaewm, uto d|n o6o3Hauaer, uto n Oeaurcs
Ha d.)

Ecau d — genutenb uucaa n, 1o nycrb Cy;— enuH-
cTBeHHasi noAarpymnna ¢axroprpynnsl Z/nZ, umemwomas
nopsanok d; nycts @, — MHOXeCTBO 00pasyIolHX
rpynnsl C;. Tak Kak KaxIe# aJeMeHT rpynnsl Z/nZ
nopoxjaer oxHy u3 moarpynn Cy To Z/nZ ectb 00b-
envHeHne Hemepecekaomuxces MHoxectTB @; Tak uTo

n=card (Z/nZ) = ,; card(®,) = ‘; o(d).
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Jlemma 2. [Tycre H—epynna xoneunoeo nopsdxa n.
ITpednoaoocum, 4ro 0aa Kandoeo Oeautears d uucia n
mroomcecreo ecex x&H, raxkux, uro x4=1, umeer
camoe 6Goavuiee d saemenros. Toe0a H— yurkauueckasn
epynna.

Ilycts d — geautenbp uucsaa n. Ecaum cyuiecTByeT
saeMenT x < H nopsgka d, TO noxrpymnma (x)=
={1, x, ..., x4~1}, nopoxk/NeHHAS 3JeMEHTOM X, ABJAETCHA
LHKJHYECKON Tpynmoil mnopsjaka d; MO3TOMY, IO Ipej-
[I0JIOKEHHIO, KAaXK b} sJaeMeHT y & H, TakoH, uro y¢ =1,
npuHangaexuT (x). B uacTHOCTH, sJeMeHTH rpymnbl H
nopsimika d (M TOJNBKO OHH) ABJAKTCA 00pasyOUINMH
noarpynnsl (x), Tak 4TO HX uHc/Jo paBHO ¢(d). Hrak,
ypcsio saemenToB rpynnsl H nopsnka d pasuo 0 umiu @(d).
Ecau xorss 6b ogHOMy H3 d oTBeuaJsio 3Hauenue 0, To
H3 QopMyJasl JeMMbl 1 caeoBaso Obl, YTO YHCJO 3Je-
MeHToB H wMeHbLle #; a 9TO NPOTHBOPEYHT IPEeAIOJO-
JKeHHo. B uacTHocTH, cyllecTByeT sJjemeHT x & H mno-
panka n, u H coBmajgaeT ¢ LHKJHYECKOH rpynmoii (x).

Teopema 2 cJenyeT H3 JeMMbl 2, ecC/H MHOJOXKHTb
H= F;, n=q —1; neficTBHTeJ/JbHO, OYEBHLHO, HTO ypaB-
Henne x¢=1, Oynyuu ctenmeHu d, uMeeT He OoJee
d pemenuii B F,.

3ameuanue. TlpuBeneHHOe Bhllle JO0KA3aTeJbCTBO IO-
3BOJIsIeT A0Ka3aTh M GoJiee oblnee yTBepXKAeHHe: BCAKAs
KOHeYHasi NOATPYNNa MYJbTHIJIMKATHBHOH TPYNIbl JIO-
6oro moJs SBJASETCS IMKJIMYECKOH.

§ 2. YpaBHeHusi HaJ KOHEYHBIM MoJieM
ITyetb ¢ — cTemeHb INpPOCTOTO YHCJAA p, H NYCThb
K — moJie, cocrosiiiee U3 ¢ 3JeMeHTOB.

2.1. Cymmor creneneil

JJemma. Mycre u—uyeroe wucro =0. Cymma
S(X)= X x*
x=K

pasna —1, ecau uz=1 u (g—1)|u; 6 nporusnom cay-
yae ara cymma pasHa 0.



Ta. 1. KoHeunole noas 13

(Ycnosumcsi, uto ecau u=0, To x“=1 Oaxe npu
x=0.)

Ecau #=0, To KaxJbl# 4jeH 5TO# CyMMBI paBeH I,
tak uto S (X¥)=g¢q - 1=0, ubo mnose K nmeer xapaxre-

DHCTHKY p.
Ecan u>1 u u gneantcs ua g—1, 10 0“=0n

¥*=1 pgaa x *0; mostomy S(X*)=(g—1)-1=—1.

Hakonen, ecau 4 =1 u u ue peaurcda Ha ¢ —1, To,
nockosbky K®— LuKJMueckasa rpynna rmnopsiika g— 1
(reopema 2), Haiimercs ye K', Takoe, uro y“ = 1.
Tak kak

S(X)= 2 = 2 y*"=y"S(X"),
x =K* xeK*

to (1 —y%) S (X¥)=0, orkyxna caenyer, uto S (X“)=0.

(Bapuaur. Hcnonb3oBaTh TO OOCTOATENLCTBO, YTO
npu d>2 cymma KopHell d-fi CTeNeHH U3 eNMHHUIBL
paBHa HY.JIO.)

2.2. Teopema Illesanre

Teopema 3 (Lllesanne — Bapuunr). Tycro
fo=KI[X;, ..., Xal
— noaunomel or n nepemennsix, npusen X deg (fp)<n,
u nycro V — muoocecrso ux obuux nyset na K. Tozda
card (V)=0 (mod p).
TTonoXKHM P=H(1—f§‘1). [Mycte x= K", ecau
a
xeV, 1o Bce f,(x) paBHB HyJ0 u noromy P (x)=1;
ecan x & V, TO X0Ts Obl OXHH M3 [, (X) He paBeH HY.JIO,
rak uto f7~'(x) =1, a motomy P(x)=0. Takum oGpa-

30M, P — xapaxrepucruseckas ¢pynxyus mHOXKectBa V.
Ecau 1/ NPOM3BOJBLHOrO MOJHHOMA f

sh= 3 e,
TO *=k
card (V) =S (P) (mod p),

H ocraercsi nposepuTb, uro S (P)=0.
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JeiictBuTenbHO, u3 mnpeanosoxenns X deg(f,) <n
BEITEKAeT HEPaBEHCTBO

deg (P)<n(g—1);
nostoMy P ecTb JuHeliHas KOMOWHAUHSA OIHOYJIEHOB
u__ ~u u
X*=X1...X,"
npuuem X u;<n(g—1). JlocTaTOUHO KOKA3aTh, YTO LS
TaKoro oxHouseHa X“ HMeeT MecTo paBeHcTBO S(X*) = 0.
Ho sto caenyer us memwmbl, u60 u;<<qg—1 x0T 6B
nas opHoro i. Y. T. ;.

Cnencrsue 1. Ecau X deg(f,) <n u noaunome: fo
He umeroT c80600HbIX 4ACHOB, TO 3TU NOAUHOMbL UMEIOT
00w Ull HeTpUBUAALHOLL HYAb.

HeiictBuTenpHo, ecau Obl V  cBesocs k {0}, TO
card(V)=1 u card (V) He mesusioch Gul Ha p.

Oco6GeHHO HHTepecHB TNpPHJOKEHHS cJaencTsus |,
Koria GopMmul f, 00HOPOAHLL, B YACTHOCTH

Crnencreue 2. Bcaxkas ksadparuunas ¢opma or
Tpex u 6osee nepemennolx Had K umeer HeTpusuasoHoul
HYAb.

(Ha reomeTpuueckoM si3blke: BCSAKHH KOHYC Haj Ko-
HeYHHIM I0JIeM HMeeT DauHOHAJbHYIO TOYKY.)

§ 3. KBagparuuubiii 3aKOH B3aHMHOCTH
3.1. Keadparer noss F,
[TycTb g — cTenmeHb mpocToro umcsaa p.
Teopema 4. a) Ecau p=2, 10 kandolii s1emenT

noas F, asaserca ksadparom.

b) Ecau p #2, ro Keadparsl epynnot Ff, obpasyror
ee nodepynny undexca 2; ara nodepynna ecro 0po
eomomoppusma x+—> x9"V2; suguenua x9-D2 g gaze-
Opauueckom samoikanuu Q noas F, cyre {+1}.

(B mpyrux TepMHHAX: NOCJENOBATeJbHOCTh
1->F;y >F,—>{x1}—>1

SIBJISIETCSL TOUHOH.)
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YTBepkKaeHHe a) BEITEKAeT M3 TOTO, YTO OTOGpaxe-
nue x—>x?>— aBTomMopdusm mnoss F,.

[MepexonuM K YyTBepxkJeHuI0 b). ITyctp Q— asre-
6panueckoe 3amblkanue nosst F ; ecom x = Fy, 10 mycTs
y = Q BHO6paHo TaK, uto y®=x. Torga

yi—l = gla=DR — 41,

n6o x9~! =1.
Hast Toro uyTo6bl X OblI0 KBagpaToM noas K, me-

06XOMMMO ¥ JOCTaTOuHO, uyToOH Yy npuHangiexano Fy,
T. e. uto6u y9~'=1. Tlostomy Fj‘f eCThb fJpO TOMO-

moppusma x—=xl9"D2, Tak kax F— nuk/inueckas
rpynna mnopsaka ¢ — 1, To unneke F? pasen 2.

3.2. Cumson Jlexmandpa (31eMeHTAPHOIE CBOLCTBQ)

Onpenenenune. [Tycte p—npocroe uucao 2
u xeF,. Cumsoromn Jlexandpa (i) asementa x = Fp
nasosem yeaoe wucao xP~V2 =1,

Y100HO pacnpoCTpaHUTb 3TOT CHMBO.JI Ha Bce noJe F,
noJaras (%)=O. Kpowme Toro, ecoin x=Z u ¥’ eF,—

KaHOHHYeCKH# o6pas x, TO moJaraem (%) =(x7).
Nmeem: (%)(%):(x—py) T. e. cuMBoJ JlexaHIpa
aBjsercad «xapakrepom» (cMm. § 1 ra. VI). ITo Teopeme 4

X
PaBEHCTBO (?> =1 3KBUBAJIEHTHO BKJIOUYECHHIO xEF:f;

* [t}
ecan X &€ F, nvmeer kBanpaTHbli KOpeHb y B HEKOTOPOM
X
anre6panueckom 3ampikanum noasa F, To (?)=yl’—‘.

Buiuucaenue (%) oan x=1, —1, 2

Ecan n — newernoe uenoe uuc/ao, TO ONpeneJHM
s7eMeHTH (1) u o (1) daxTopko/bua Z/2Z CaeAyiOlLuM



16 Yacte nepsas. Aazebpaudeckue merodst

ob6pasom:
n—1 0, ectu n=1 (mod4),
e(n) g (mod?2) {1, ecan n=-—1 (mod 4);
n?—1 0, ecmn n==1(mod8),
(1) = —5—(mod 2) {1, ecu n==5 (mod8)

[OroGpaxkenne & ecTb roMOMOpP)U3M MYJbTHIJIHKATHB-
Hoit rpynnsl (Z/4Z)" ua Z/2Z; TOYHO TaK }Ke ® — roMoO-
mopdusm (Z/8Z)" ua Z/2Z.)

Teopema 5. Hmewor mecto gopmyarvt
. 1
) (5)=1
.s —1
0 (55—
2) o (p)
iii) =)= (—1 .
) (5)=(=D
Toabko mocaefHAsa QGopMyna 3acayxKHBaeT J[OKa3a-
TeJbCTBA. ECJH o — NDUMHUTHBHBEIH KOPEHb BOCHBMOH CTe-

IeHH W3 eIHMHHIBI B HEKOTOPOM ajre6panvyecKOM 3aMbl-
kauuu Q moas F,, To nsd snementa y =a + a~! umeer

MecTo paBeHCTBO y2 =2 (meiictBuTeapHO, 0f=—I,
otkyaa o®+ a~2=0). Hmeem
y? =ar —+ a7,

Ecau p==+1(mod8), To oTciloma BBIBOAHM, uTO
yP =y, Tak 4TO (£)= yr~'=1.
Ecau p= =+ 5(mod 8), To mosyuaem
yr=0d+aS=—(a4a)=—y;
5To cJaexyeT u3 GopmyJs o+ o+ a’+ a’= 0. Orcona
BLIBOXMM, uTO0 yP~!'=—I1, u ¢opmynaa iii) mokasaua.

3ameuanue. Teopemy 5 MOXKHO cdoOpMyIHpPOBaTH
caenyiomuM o6pasom:

—1 asaserca kBajgpartoMm (mod p)&Sp=1 (mod 4);
2 ssJasercs KBajpaTtoM (mod p)é&p = =1(mod 8).
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3.3. KsaOparu4noslli 3aKOH 83AUMHOCTU

[Myets I u p — pasanuHble IPOCThe YHCJA, OTJAHYHbBIE
ot 2.

Teopewma 6 (Taycc). Hmeer mecTo pagexcTso

=)

Tlycts Q —HekoTOpoe aJre6panyeckoe 3aMbIKaHHe
nous F,, u nycTh w & Q — NPUMHTHBHBIA KOpeHb [-i cre-

neuu u3 enuHunsl. Ecam x=F;, 10 a1eMeHRT w”* opHO-
3gauHo omnpeneseH, u6o w!=1. TTosToMy MOXKeT GHITb
onpeneneHa «cymma laycca»

X
Y= Z (T) w*,
xEF;
JJemma 1. Hmeer mecto pagencrso
2 =(—1f"L.

(3n10ynoTpebasis 0603HAUEHHAMH, HOX [ MBI IOHH-
maeMm o6pas [ B nose F,.)

JleH#CTBUTENBHO,
2 __ 12\ t+e __ (t(u—t) .
=B (F)er= B e (B )
Ecaun £~ 0, To

(1) == )( )= )
OTKyna e Z .

rae

Ecan u=20, To
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—1
yHaue s=1—ut npoGeraer MHoxkectBo F;— {1},
a moTomy

=3 (H)-7)=-)

1 ol
sEF;

—1,

*

u6o B F; umcJj0 5/eMeHTOB, SIBJAIOIIUXCS KBagpaTaMmi,
M UHCJIO 3JEMEHTOB, He SBJAIIINXCA KBagpaTaMu, OIH-
HakoBHl. [losTomy

D Cut=(I—1)— 2 wr=/,

uEFl uEFl

YTO M JOKa3nBaeT JeMMY.

Jlemma 2. Hmueer mecro pasercTso

= (2)

Tak Kak Q HMeeT XapakTepHCTHKY p, TO

=3 (Fev= B (e =) =)

4
zEFl

l

OTKyJla CJaeAYyeT yTBepXKJAeHHE JEMMBbI.

Teopema 6 rTemepb mnOJyYaercss HeNOCPEACTBEHHO,
JeiicTBUTeIBHO, MO JeMMaMm 1 u 2

(—1)8"’1)_ (P
( p =" _(T)’
a 1mo TeopeMe 5

( (—;)8”’ ) — (—1)0eR),

Apyeas popmyauposka. Iumem [Rp, ecnnl — ksanpar
(mod p) (uHaue rosops, ecJu [ — «k8adpaTuunoii 8oiueT>

IO MOAYJIO p); B NPOTHBHOM ciydae numeMm [Np. Teo-
pema 6 osHauaert, 4TO

IRp& pRI, xorma p unau [ 1 (mod 4);
IRp&pNI, xorna u p u !l = —1(mod4).
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3anmeuwarnue. TeopeMa 6 MoxKeT OBITH HCIOJb30BaHA
I BBHIUHCJIEHHS CHMBOJIOB JlexaHApa mocC/eL0oBaTeNb-
HOH pemyKuMeH; Hampumep

(2)-(8)- () =(2)(5)-
e

Jlpyroe  10Ka3aTeJbCTBO  KBAaAPAaTHUYHOrO
3akoHa B3auMHOCTH (Mo di3eHwTeiiny !)

i) Jemma TIaycca
ITycts p —mpocToe umcsa0 # 2, u nycTh S — Takoe
* *
OAMHOXKeCcTBO MHOxXkecTBa Fj, uTo F,, ecTh nu3nionkTHOE
o0beHHEHHE MHOXKecTB S H — S; HamnpuMep, 3TO MHO-

JKECTBO S={1, e, pT_l}

*
Ecin s=S u a=F, 10 as sanuceBaeM B BHIe
as=eg(a)s,, rue e;(a)==1 u s, 8.

Jlemma (Taycc). Hmeer mecto pasencTso
(%) = H es(a)'
seS

Ilpexne Bcero samerum, uTo ecsu s H s’ — JBa pas-
JIMYHBIX 3JIEMEHTa MHOKeCTBa S, TO s, 7 s/, (W60 HHaue

MBl NOJNYYHM, YTO $= =+ §’, B NPOTHBONOJOKHOCTb BbI-
6opy S). Tlosromy oToGpaxeHne s+—>s, ecTb GHEKIUS
MHOXKecTBa S nHa ce6s. [IlepeMHOXXas paBeHCTBA
as= e (a)s,, noayuaem

@ s = (Lo @) [se— (e @) e

seS
OTKYJ a

a® M =T1] e,(a).
sES
OT0 U J0Ka3bIBAET JEMMY, HOO (%):a(”_”’z 8 F,.

) Eisenstein G, J. Crelle, 29 (1845), 177—184.
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I pumep. Tlycts a=2 u S={ L ..., p;I } Torna
es(2)=1, ecan QSQPT_I, U e;(2)=— 1 B mpoTuBHOM
cayuae. Orciojila BHIBOAHM, 4YTO (%) =(—1)"? rne

—1
n(p) — YHCJO LETBIX UHCEN S, TAKHX, UTO L T <s<

< p;I . Ecau p umeer Bun 1+ 4k, 10 n(p) =k; ecan

p=3-+4k, 10 n(p)=*k+1. ITosromy (%)=1, ecJu
==+ 1(mod8), u (%)= —1, ecst p= = 5(mod 8);
cM. TeopeMmy b.

ii) Tpueonomerpuueckas semma

Jlemma. Ilycre m — HeweTHOe yeaoe NOAONCUTEAb-
Hnoe uucao. Toeda

in m —-1)/2 : . o 2mj
SR — (—g)m sin? x — sin? =L ) .
sin x m

ISi<(m=1/2

dTo TOXKIECTBO mpoBepsercsd Ge3 Tpyna (Hampumep,
IOKa)eM, 4YTO JeBasi 4YacTb €CTb I[OJHHOM CTeNeHH
(m —1)/2 or sin’x, Kopuu KoToporo cyTth sin’(2mj/m),
rae 1<<j<<(m—1)/2; muoxurens (—4)™ "2 noJyyaercs
cpaBHeHHeM KO3 ¢uipeHToB npu elm-N* g jepoii u
IpaBoil yYacTax).

iii) /lokasarearsvcT80 3aKOHA B3AUMHOCTU

Ilycts | u p — 1Ba pas/MYHBIX TNPOCTHIX YHUCJA, OT-
anyHblx oT 2. [lyers S ={l, ..., (p — 1)/2} — paccma-
TpHBaBlLIeecs BhIue MHoecTBo. ITo semme Taycca

(=)=1Teo.

se&S

B cuay pasenctBa [s=-¢e4(l)s,

. 2m 1
sin =— s =e, (/) sin =—s;.
) s() P) I
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I'IepeMHomaﬂ 3TH PaBEHCTBA H YUYHTbIBas, 4TO 0T06pa-
JXeHHe S—> §; OUeKTHBHO, noJqyuaeMm

(%) = SEIL e, () = SEIIS (sin 23;18 /sin 2—3;—5) .

ITpumMeHsisi TPHTOHOMETPHUYECKYIO JIeMMY Npu m =/, me-
pemuilieM 5TO PaBEHCTBO CJEAYIOLIHM 00pasom:

(L) = H (—4)(1_1)/2]] (sin2 285 _ gin? ﬂ) =
p p l
sES

teT

= (—4)m e H (sin2 —2;” — sin? —2;”),

seS, teT

rie T o6Go3HauaeT MHOXKECTBO BCex IeJblX uHces !
Takux, uro 1< ¢<{(I — 1)/2. Mensis posu [ U p, TOUHO
TaK e MoJyyaeM

(%) = (—4)! e II (sin2 —QIM — sin? —Qgs )

seS,teT

Muoxutenu B dopmynax auas (//p) u (p/l) onuHAKOBbI
C TOUHOCTBIO J0 3HaKa. UHCJI0 Ke MTPOTHBOMOJOXKHBIX
3HaxkoB paBHO (p —1)(! —1)/4, a notomy

(L) - (%) (—1)P=D U=

p

M MBI CHOBA [0Ka3a/Ju KBaJpaTHYHHIH 3aKOH B3aHM-
HOCTH, CM. TeopeMy 6.



T'nasa II

p-AIMUECKUE T10JI4

Bo Bceit aToll roaBe uepe3 p o6o3Hayaercs IIPOCTOE
4HCJIO0.

§ 1. Koasuo Z, u noae Q,

1.1. Onpedesenusn

Ias mo6Goro n>1 noaoxum A,=Z[p"Z; 310 —
KOJBIO KJaccoB meJuix uucesa (mod p®). Kaxasiii sie-
MeHT U3 A, OueBHIHbHIM 006pas3oM oOmpefeJseT 3JEeMeHT
u3 A,_;; TakuM o6pa3oM, MBI moJyduaeM IOMOMOPGH3IM

Pn: Ay — A,
KOTODHIl CIOPBHEKTHBEH H HMeeT sapo p*~'A,.
ITocaenoBaTeIbHOCTD
. > A, A, > ... > A, A

o6pasyeT <«NApOeKTUBHYI CUCTeMY», 3aHYMEPOBAHHYIO
LeJbIMH uucaamMud = 1.

Onpeneaenune 1. [Ipoekrusnoii npedes onpede-
aennoll svtue cucremol (A,, @,) HA3bI8ALTCA KOALUOM
yeavix p-aduueckux yucea u 06o3naxaerca L.

Ilo ompeneJseHulo, 3/JeMEHTOM H3 Zp=l(i£1(An, Q)
SIBJISIETCS] TIOCJAEOBATENbHOCTE X = (..., X4, ..., X{), [J€
x,=A, u @,(x,)=x,_, ecau n=2.
C/ioxxeHue H yMHOXKeHHe B Z, OIpeJeJeHbl «IOKOOPIH-

HATHO»; HMHaue roBOpH, Zp ABJISAETCHA I’lOdKO/lbL{OM npo-

ussegenusi || A,. Ecaum Mbl cHaGmuM koabua A, xH-
n=1

cKpeTHO# TomoJsoruedt, a || A, — TomoJorueii npouspesie-
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HHS, TO KOJbLO Z, OKa3bIBaeTcs CHaGKeHHBIM TOMOJIOTHET,
KOTOpasi JieNaeT ero KOMMAKTHoLM TPOCTPAHCTBOM (TaK
KaK OHO 3aMKHYTO B IPOH3BeJEHHH KOMIIAKTHHIX INpO-
CTPaHCTB),

1.2. Ceoticrsa koavya Z,

Iycts &, Z,—> A, — oro6pakeHne, KOTOpPOe COIO-
CTaBJSIET LEJOMY p-aJUyecKOMy UHCJIYy X €ro n-io co-
CTABJSIIOLLYIO X,.

n
Ipeanoxenue 1. [locredosareasrocts 0—> L2~
€
—-Z,—> A, —0 rouna.

(TakuM 006pa3oM, MOXKHO OTOXAECTBHTh Z,/p"Z,
cA,= Z/pnz)

VMmHOKeHHe Ha p (4, cTajo OBTb, HA p") HHDBEK-
THBHO Ha Z,; JAeHCTBHTe/JBHO, eCJH X = (X,) — Takoe
HeJoe p-afuueckoe UYHCJI0, 4TO px=0, TO pxpy ;=20
nast J1060ro 7, OTKyAa BBITEKaeT, 4TO X,,; UMEET BHJ,
pnyn+l7 TI€ Yni1 EAnH; TaK Kak ricn=q)n+l(xn+l)’ aJe-
MEHT X, pPaBeH KpPaTHOMY 4YHcCJa p”, T. €. paBeH HYJIO.

SlcHo, 4TO PO roMomMopduama e, ComepKHUT p"Z,;
o6paTHO, ecaH x = (X,) npuHamaexur agpy Ker (e,), To
%, =0 (mod p") asst KaxkAOrO m >=n, a 3TO O3HAUaeT,
4TO CYLIECTBYEeT TAKOH BIIOJIHE OIpPeJe/eHHbIH 3JeMeHT
Ymen U3 A, UTO Xp=p"Yp_,. DJEMEHTH y; ONpeje-
JSIIOT 3JEeMEHT Yy H3 Z,,=l(i_n_1Ai, H MH Ccpasy xke

y6exxnaemcsl, uto p’y==x, a I3TO 3aBepllaeT [L0oKa3a-
TEJIbCTBO TNPEJJIOKEHHS.

I[Ipenanoxenue 2. a) 1 o6paTumocTl 348 MEHTQ
us Z, (coorsercreenno us A,) neobxodumo u docra-
TO4HO, 4TO0bL OH He Oeauacs Ha p.

b) Ecau uepez U o6osnauurs epynny o6paTumoix
anemenros uz L, 1o aobou assement us L, orau4toLil
or 0, eduncrgennoim cnocobom 3anuwerca 8 eude p'u,
ede usU un=0.

(dnement us U maswBaercs p-aduueckoli edunuyeri.)
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JocTaTouHO J[0Ka3aThb a) &J KoJsel A,: chayuai
kosbua Z, BoiTekaer orciona. Hrax, ecau x = A, He
NpHHA//IeKUT NOAKOMbIY pA,, TO ero o6pas B A;=F,
OTJIHUEH OT HYJs, T. €. 06paTUM; TOrAa CYIIECTBYIOT
Takue Y, 2 = A, uto xy =1 — pz, otkyzna xy (14+pz-+...
co. Fprlznh=1, a 370 Kak pa3 U JOKa3HBAaET,
4TO x¥ O6paTuM.

Hanee, ecn x & Z, He dABJsAeTCA HYJeM, TO CyIlle-
CTBYeT Takoe HaubGoJblliee LEJOe YHUCJIO 7, UTO X,=
=g, (X) paBHO HyJ/IO; TOrZa Mbl HMeeM X =p"u, rue
3JeMEHT U He peauTcss Ha p, otkyna u < U Ha ocHo-
BaHMH a). EJQWHCTBEHHOCTb TaKOrO pa3J/IOXKEHHS oue-
BUJIHA.

O6osnauenue. TTyCTb x — HEHYJIEBOH 3JieMeHT u3 Z,;
sanumeM x B Bupe p'u, ue U. Llesoe uucso n Hasb-
BaeTcs p-aduxeckum NOKa3arTesem 3JeMeHTa X H 060-
aHayaercsi uepe3 v,(x). ITonoxum v,(0) = oco; Torna

U, (xy) =0, (X) + Up (!/),
v, (x +y) = Ini (v, (x), v,(y))
M3 stux ¢opmys cpasy ke moJaydaercs, uto Z, apasgercs
006.4aCTb10 YEAOCTHOCTU.

[Ipennoxenne 3. Ha Z, moxno onpedesuts
TONOA02UIO NPU NOMOUL PACCTOAHUA

d(x, y)=e "p%¥,

Koavyo Z, sgasercsa noawbim RpPOCTPAHCTEOM, 8 KOTO-
pom Z scrody naorwo.

Hneannt p"Z, ob6pasyioT Gasuc okpectHocTelt pus 0;

Tak Kak BKJOUYeHHe X & p"Z, PaBHOCHJbHO HEPaBEHCTBY
v,(X)=>n, oueBHAHO, 4TO Tomosorust Ha Z, ompene-
JISIETCST PaCCTOSTHHEM

d(x, y)=ce

—vp(x—y)'

Tak Kak Z, KOMIAKTHO, TO OHO noJHO. Hakomeu, ecsu
x =(x,) — saemenT u3 Z, u ecaH Y, EZ CPaBHHUM

¢ x,(mod p”), To Mbl umeeM limy,=x, a 3T0 U HOKa-
3bIBaeT, uTo0 Z BCIOAY IJOTHO B Z,.
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1.3. Hoze Q,

Onpenenenune 2. [Torem p-aduuweckux uucen,
o6o3Hauaemolm 4epe3 Q,, HA3bIBAETCS NOAE HACTHLLX
roavya Z,.

Cpasy xe BHIHO, uT0 Q,=1Z,[p~']. JlwoGoi sie-
MEHT X Hu3 Q; eMHCTBEHHBIM CIOCOGOM 3amHChiBaeTcs

B Buie p'u, rae ne<Z, use U; unciao n 3gech Takxe
Has3pBaeTcs p-aflMuUeCKUM I[oKasaTesJeM 3JeMeHTa X
u obo3Hauaercss uepe3 U,(x). HepasencTso v,(x)=>0

MMeeT MeCTO B TOM H TOJBbKO B TOM cJayyae, KOrpa
reZ,

IMpennoxeunune 4. [Tore Q, cHabiennoe rono-

aoeueil, onpedenetroli nocpedcreom d(x, y)=e "p* Y,
A0KAAbHO KOMRAKTHO, U Z, 8 Hem ABAAETCA OTKPLLTbLM

nodkoasyom; nose Q sciody naotHo 8 Qp.

DTO HEMOCPEACTBEHHO fICHO.

3amewanusn. 1) MoxHo onpereautb Q, (coorser-
ctBeHHO Z,) Kak nonosrexue moJs Q (COOTBETCTBEHHO

KoJbIa Z) MO p-aAHuYecKOMY pacCcTOSIHHIO d.
2) Paccrosinne d YAOBJIETBOPAET <YAbTpameTpu-
yecKoMYy» HepaBeHCTBY

d(x, 2) <Sup (d(x, y), d (¥, 2))-

Jlerko J0Ka3aTh, YTO IOCJEJOBATENbHOCTb U, HMeEeT
mpejesl TOrAa H TOJBKO Torja, koraa lim (u,4,—u,)=0;
TOUHO TaK e, PAA CXOZHTCS TOrZAa W TOJBKO TOTAa,
KOrjga ero oOIHH 4JeH CTPEeMHTCHA K HYJIO.

§ 2. p-agnueckne ypaBHeHHS
2.1. Pewenusn

Jlemma. Iycre ... X, —» X, —> ... > X, —
npoekrusnas cucrema, u nycre X =IimX, —ee npo-
<

exrueneli npedea. Ecau mnoocecrea X, KoneuHnol U He
nycrol,, To X He nNYcro.
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Tor daxt, uro X % (J, siceH, Korjia OTOGparkeHHs
X, —X,-; CIOpBEKTHBHBI; ceffiuac MBI CBeleM JoKa3a-
TeJbCTBO K 3TOMYy cJayuaio. Has a3Toro o603HauuM
uepe3 X, , o6pas MHoxectBa X,i, B X,; Ajas ¢Quxcu-
posaHHOro 7 MHOXkecTBa X, , 00pasyloT yOHBalomee
CeMeHCTBO KOHEUHBIX HENMYCTBHIX MHOMKECTB; OTCIOAA BHI-
TeKaeT, 4TO 3TO CeMEeHCTBO CTAyUoHapHo, T. e. u4To X, ,
HE 3aBHCHT OT p JHJsI J0CTaTouHo Goubiinx p. Ilycrs
Y,— 310 mpenesbnoe 3Hauenume nas X, ,. Hemocpen-

CTBeHHO YyOexjaemcsa, uTo orobpaxenue X, — X,
otobpaxaeT Y, #a Y,_;; Tak KakK MHOxKecTBa Y, He
mycTH, TO Ha OCHOBAHHH CJ€JIaHHOTO BBIILIE 3aMeuaHus

limY, s @; tem OGoJgee limX, % .
<« <«

O6osnauenue. Ecm f=Z,[X,, ..., X,] — noausom
¢ Kosddunuentamu u3 Z, 0 ecau n — neJoe 4ucsao > 1,
To GyneM 0Go3HauaTh uepes f, MOJMHOM C KO3 pUIHEH-
TaMu u3 A,, nosayyaeMbliit u3 [ peaykuuedr (mod p™).

Mpenaoxenue 5. [Tycre f[P=Z,[X,, ..., X,] —
NOAUHOMBL ¢ UYeabimu p-a0uyeckumu Koagguyuesramy.
Caedyrouyue yca08Us PABHOCUALHYL.

i) IToaunomor [\ umeror obuyuii nyao 8 (Z,)".

i) Jan ecex nz=1 noaunomer [) umeror obujui
nyav 8 (Ap)™.

[Tyctsb X (cooTBeTcTBeHHO X,) — MHOXKECTBO OGHIHX
nyneit pas (9 (coorsercrsenno pas (). Muoxecrsa X,

KoHeuHbl, ¥ Mbl umeeM X=IlimX,; mo upeabayme#
(——-
JeMMe MHO}KecTBO X He INyCTO B TOM H TOJBKO B TOM
cjyuyae, KOTjJa He NycTh X,; OTCIOJa BLITEKAeT INpei-
JIOJKEHHE.
Touka x=(x;, ..., X,) B (Z,)™ HaswBaercs npumu-

TusHOL, ecan X0Ts1 GBI ONMH H3 X; OOpaTHM, T. €. eCJH
He BCe X; JIeJATCS Ha p; aHAJOTHYHEIM 00pasoM ompe-
JeJisieM IPHMUTHBHBIE 3JeMeHTH B (A,)".

MIpenaoxenue 6. Tycre fP=Z,[X,, ..., X;] —
00HOPOOHblE MNOAUHOMYBL C Yeabimu p-aduyecKumi Kosg-
guyuenranu. Credyroujue Ycaiosus pasHOCUAbHOL.
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a) IMoaunomor fO umeror 06uyuli HeTpuBLALbHOLE HYAb
8 (Q,)™

b) Hoaunomoer fO) umeror obuyuii NPUMUTUBHBLL HYAb
8 (Z,)".

¢) Jdaa ecex nz=1 noaunomor ) umeror obujuil

npumurusHoul Hyio 6 (A,)".

HUmnJaukanus b) = a) oueBungHa. O6paTHO, eCan X =
=(X|, ..., X,) fIBJAsIEeTCS OOLIMM HeTPHUBHAJIbHBLIM HYJEM
nas @, To moJoRUM

h=1Inf(v,(x;), ..., V,(xp) B y=p~hx.

SIcHO, UTO y SIBJISIETCS] IPUMATHBHBIM 3/1eMeHTOM B (Z,)™
U 4TO 3TO OOIMH Hy/b Aas f(); Takum o6pasoM, umeem

b) & a).
Yro KacaeTcsi 35KBHBAJEHTHOCTH b) M ¢), TO OHa
BHITEKAeT H3 JOKa3aHHOH BBIlIe JIEMMHL.

2.2. Yayuwenue npubaudcennolx peulenuil

Peub uzet o ToM, uToGH nepefiTh oT pemenus (mod p”)
K Hacrosiiemy pemieHdio (T. e. K pemeHHio B Z,).
Hcnoas3yeTest ciaepyloias JemMma (p-aqdueckuii aHaJjor
«Merosia HbloToHa»):

Jlemwua. ITycre f =Z,[X], u nycre [ — eeo npous-
goonasn. Ilycre x € Ly, n, REZ, Taxkosel, uro 0 2k <n,
f(x)=0 (mod p*), v,(f(x))==Fk. To2da cywecrsyer
raKoe y & ZL,, 410

F6)=0 (mod p*+),
v, (P (y)=Fk u y=x (mod p~*).

BosbmeM y B BuIe x -+ p"~Fz, rne z = Z,. U3 dop-
myJabl Teftsopa nmeeM

Fo) = () + prtel (1) + p—a, tae a=Z,

Mo npexnonoxkenuio f(x)=p"b u ['(x)= pc,rne b= Z,
u ¢ = U; 310 n03BOJIsIeT BHIOGpPATh 2 TAKHM 06Pa30M, UTO

b+ z¢ =0 (mod p).
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Torna
f(y) =p" (b + zc) 4 p**~**a= 0 (mod p*+!),

nocKoJIbKY 2n—2k > n. Hakonen, ¢opmy.ia Teitsopa, npu-
MeHeHHas K [/, moka3sbiBaet, uTo [/(y)= p*c (mod p"—*);
Tak Kak n—k>k, oTciofa Jerko BBIBOJHM, 4YTO
Up (f,(y)) = k.

Teopema 1. [Tycre fEZ,[Xy, ooy, Xl x=(x)) =
e(Z)", n, kZ u j-—uyesoe uucio, 3aKaiouenHoe
mexncdy 1 u m. Ipednoroocum, uro 0< 2k <n u 4ro

f(x)=0(mod p" u o, (a%(x)) — k.

Toeda e (Z,)" cyuwecrsyer uyav y noaunoma f, KoTo-

pbili cpagHum ¢ x no modyaro prk,

CuauaJsa npeanoJsoxuM, uto m=1. [Ipumenss mpe-
apaymyio aemmy K x© = x, nonyuaem anement x) & Z,,
cpaBuuMeii ¢ x@ (mod p*~*), nas koroporo

f(xM)=0 (mod p**'), v, (f(xV)) =*r.

Moxuo npumenuts Jemmy K x(V, 3amensis n Ha n - 1.
Ilar 3a maroM Mbl KOHCTPYHPYEM TaKylo IOCJeL0Ba-
tesbHOCT X, ..., x(@, ..., uTO

XD = 2@ (mod pr+e=k),  F(x@)= 0 (mod pr+9),

dro mnocgaenoBaTesbHocTh Komwu; ecan 0603HAYNTH
yepe3 y ee mpeleJs, TO MBI, OUEBHJHO, NMOJYYHM, UTO
f(y)=0 u y=x (mod p*~*), oTKyga cJeLyeT cuaydaif
m=1 TeopeMHl.

Cayua#h m>1 cBogurcsd K cayuaio m =1, Tak Kak
3iech u3Mensiercs aumb X;. Tounee, nyerb f € Z,[X;] —
[OJIHHOM OT OJIHOH IepeMeHHOH, IoJayuyaeMulit 3aMeHo i X;,
i<~ j, Ha x;. MOXHO NpPUMEHHTh TOJBKO UYTO JMOKa3aH-
HOe yTBepxkKJeHHEe K [ H K X;; TOTLa Mbl BEIBOIMM CyuIle-
CTBOBaHHe Takoro y;=x; (mod p"~*), uro f(y;)=0.
Ecan mosoxuTh y; = x; AJs i = j, To saneMeHT Yy = (y;)
yIIOBJIETBOPSIET YCJIOBHIO.
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Canencreue . Jwboi npocroti nyre pedyyupo-
8anno20 no modyaro p noaunoma [ nodHumaercs Ao
HYyas noaunoma [ ¢ Koappuyuenramu us Z,.

(Eciu g — moJgMHOM HAA MOJEeM, TO HYJb X NOJH-
HOMa g Ha3bIBAETCS NpPOCTuIM, €CAU XOTs OBl OonHa
yacTHAas Ipou3BofHast 0g/0X; OTIHYHA OT HYJIST B TOUKE X.)

D10 yTBepKIeHHE SBJSETCS YaCTHBIM CJIyYyaeM Teo-
pemb npu n=1, k=0.

Caenpcraue 2. [Ipednosroxcun, uto p # 2. [Tycre
f(X)= E Qij Xsz:

efe a;;=aj;, — ksadpaTuunas Gopma ¢ Kospouyuen-
ramu u3 Z, onpedeasuress koropoii det(a;;) obparun.
Mycre a & Z, Tozda 6cakoe NPUMUTUBHOE pelerue

ypasrenus f(x)=a (mod p) nodwnumaercs 00 TO4UHOZ20
pewienus.

B cuay chnencrBusi 1 10CTaTOYHO NPOBEPUTH, UTO X
He ofpaliaeT B HyJb IO MOAYJIO p XOTs Obl OIHY H3
NpOH3BOAHBEIX mosHHOMa f. MMeeM

6X] =2 E a,,X,.

Tax xak det(a;;) # 0 (mod p) u Tak Kak Hysb X HpH-
MHTHBEH, COBEPIIEHHO SICHO, UYTO OJHA H3 3THX YACTHHIX
npousBonubx =0 (mod p).

CanencrtBue 3. [Ipednoroxcum, wro p=2. Ilycre
f=2a,-,~XiX,,

ede a;;= a;;, — ksadparuunas gopma ¢ Koappuyten-
ranu u3 Z,, u nycre a & Z, ITycrs x — npumurusnoe
pewenue ypasuenus f (x) =0 (mod 8). Mosxro nodnars x
00 TO4HO20 peuleHus, ecauw TOAbKO X He obpaujaer
8 HYyab no modyaro 4 ece npousgodnsie Of[0X;; aro
nocaednee ycaogue ABTOMATUUECKU BbINOAHACTCH, eCAl
det (a;;) o6parunm.
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ITepBoe yTBepiKIeHHE BBLITEKAET H3 TEOPEMBl B CJY-
yae n=23, k=1, BTOpoe noKa3bLIBaeTCs TAK Ke, KaK H
B cJayuae p == 2 (c TOYHOCTBIO 10 MHOXHTeJs 2).

§ 3. MyabTunaukaTuBHasg rpynna mnoas Qp
3.1. Quastpayusa epynnol edunuy

[Mycrs U=1Z, —rpynna p-anuueckux enuuuu. Jias
kaxjoro n>>1 pacemorpum U, =1+ p"Z,; acuo, uto U,
SIBJISIETCS ApOM ToMoMop husma e,: U — (Z/p"Z)". B uact-
HoctH, ¢akroprpynna U/U; oroxnecrsasercs ¢ Fp u,
cTaso OLITh, SABJSETCS LHK/JIMYECKOH TIpYNIoOH mopsanka
p—1 (cM. Teopemy 2 ra. I). Ipynnet U, o6pasyior
yOBIBAIOMIYIO TIOCJE0BATENbHOCT OTKPHITHIX B U moj-
rpynmn, u Me uMeeM U= 1(111 U/U,. Ecan n>=1, 1o oTo-

6paxenne (1 4 p"x)— (x mo moayJa p) ompenesier
n30MOppH3M
Un/Un+l:Z/pZ;

9TO BHITEKaeT U3 (HOPMYJIBI
(14 px) (14 p*y) =1+ p*(x +y) (mod p"*+!).

Orciona wHayKuued no n seiBoguM, uro U,/U, —rpynna
nopsiaka ptl

Jlemma, ycre 0—>A—>E —B—0—roxnaa no-
c1e008aTEALHOCTS KOMMYTATUBHbIX epynn (adOuTusro
sanucannolx), 20e A u B Koneuwor u umenoT nopadku
au b, s3aumno npocroe meoucdy coboii. [1ycre B’ — mno-
scecreo tex x = E, 0aa xoropox bx=0. I'pynna E
asaferca npanoti cymmoii epynn') A u B’; Goaee roeo,
B’ — eduncreennas nodepynna epynnot E, usomoppras
epynne B.

Taxk Kak a ¥ b B3aHMHO NpPOCTHI, CYIIECTBYIOT TaKue
r,se1Z, uro ar +bs=1. Ecoiu x = A} B’, To ax=bx=0,
otkyzna (ar + bs) x = x=0; trakum obpasom, A} B’ =0.
HaJsee, Job6oli x =E wMoxer OBTb 3a0HCaH B BHAE

1) 3mech A oTOXKAECTBASETCS CO cBoUM ofGpasom B E.—
Hpum. ped.
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x=arx+ bsx; Tax kak bB=0, To BE <A, orkyna
bsx & A; ¢ npyro#i cropoHbl, umeeM abE=0, orkyma
arx = B’. Takum o6pasoMm, MH BUIuM, uTo E= AP B/,
a npoekuusa E — B onpeznesnser unsoMoppu3M TpyHIH
B’ na B. Hao6opor, eciau B” — noxarpynna rpynnsl E,
uzomopdHas rpynmne B, to bB”=0, otkyna B” < B’
n B”=B’, n0oCKO/bKY 3TH T'pPyNNB HMEIOT OJAUHAKOBHIE
HOPSIKH.

IIpenaoxenune 7. Hmeer mecTro pasiosneuue
U=V X U,, ede
V={xesU|x»1=1}
ecty eduncresennas e U nodepynna, usomoppras

#
epynne Fp.
[IpuMeHnM JemMMy K TOUHOH IIOC/EL0OBATEbHOCTH

1-U,/U,—U/U,—>F,—1,

UTO JIOMyCTHMO, MOCKOJBKY nopsnok rpymnmsl U,/U,_;

paseH p"~!, a mopanok rpynms Fp pasen p—1. Mul moay-

yaeMm, yto U/U, cOpep:KHUT eIHHCTBEHHYIO noarpynny V,,
#

nsomopduyio rpynne Fp,, a npoexuus

U/U,—>U/U,,
u3omopdHO oToGpakaer V, Ha V,_;. U3

U=lim U/U,
<

fosiyuaeM, nepexofs K npeseday, noarpynny V rpynnst U,
*

nsomopoduyto rpynne Fp; nmeem U=V X U,; enuncrsen-

HOCThb HJs1 V BHITEKAeT U3 €JUHCTBEHHOCTH IJs V.

CaenctBue. [Toare Q, codepicur xopuu (p — 1)-i
crenenu U3 eOuHULbL.

3amenanus. 1) Tpynna V HaseiBaeTcs rpynnoi my.is-
TUNAUKQTUBHOIX npedcTasuTeseli 1eMeHTOB TPYIMbL F;.
2) CyuecTBoBaHue rpynns V MoxKeT GHTb 10Ka3aHO
npuMeHeHueM cJefAcTBHA | u3 TeopeMb | K ypaBHeHHIO

XP~'—1=0o.
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3.2. Crpoenue epynnor U,

Jlemma. llycre x= U, —Un+1, ede nz=1, ecau
pF#2, unz=2, ecau p=2. Tocda x* eUnH U0
HpeJmochlxa JeMMBl O3HauaeT, uTo x=1 - kp*,
rie k #Z 0 (mod p). Ha ocHoBannu c¢opmyJasl GuHOMA

nMeeM
xP=1++4 kpttt 4 ... + kPp"7,

H T[oKasaTeJu CTeNeHH p B HEHANHCAHHBIX uJeHax
=>2n-41, tem OGosee =n-4 2. Kpome ToOro, mmeem
np>=n-+2 (6aaroxaps ToMy, 4TO A =2 npu p=2).
OTciofa 3akKJjoyaeMm, 4To

xP=1-- kpn+1 (rnod pn+2)’
orkyna x?P = U, — U, .

Ipenaoxenue 8 FEcau p+#2, 1o epynna U,
usomoppra epynne L, Ecau p=2, 10 umeer mecro
pasencreo Uy ={= 1} X U,, ede epynna U, uzomoppra
epynne Z,.

3afiMeMcs cHauaJja ciayyaeM p == 2. BriGepem 3Je-
meHt o U, — U,, Hanpumep a=1-+p. [To mpenw-
nymed gemme o & Uy — Uy, ITycTs 0, — 06pas3 aJe-
menta o B rpynne U,/U,; B cuJy mpejliecTBYOUIEro

(an)pn £ 1 u ()" '—1. Ho U,/U, umeer nopspox
p*~1; orciona 3akJiouaeM, 4TO 3Ta I'pDyNNa yuKauveckas,
fIOpOKIEHHAs 3JeMEHTOM .

Hasee, o6o3nauum uepe3d 0, , H3OMOPHHUIM 2 —>0p

rpynnst Z/p*~'Z Ha U,/U,. ITuarpamma
Z/p"L M’ U,/U, 4

Zjp-'Z—"2 > U /U,

kommyratuBea. Orclofa 3akaoyaeM, YTO  H30MOp-
¢usmu 0, , onpenensioT usomopdpusm 0, rpynns Z,=
—llm Z/p*='Z na

U, =lim U,/U,,

OTKYy[a CJaeJyeT IpeAJsoXeHue AJd p == 2.
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Tenepp mpexmnosioxuMm, 4to p=2. Torma BhOGepeM
o= U, — U;, uHaue rosops, mnoJoxkuM o=>5 (mod 8).
OmnpenenuM, Kak Bbie, H30MOP(PU3MBI

00,0 Z/2"7°Z - Uy/U,,
a orcioga usomopdusm 0, Z, = U,. 'omomopduam
UI e Ul/U2 o~ Z/QZ

uHAyuupyet usomopdusm rpynn {*1} u Z/2Z. Ilostomy
U ={x£1} XU, Y. 1. 1.

Teopewma 2. I'pynna Q, usomoppua
ZXZ,XZI(p—1)Z, ecau p 2,

ZXZ,XZ/2Z, ecau p=2.

Kaxnbi 3/eMeHT xEQ; eIMHCTBEHHLIM CIIOCOO0OM

sanuchiBaetcss B Buae x=p'u, rne n=Z u usU.
Takum obpasowm, Q::ZX U. lanee, mnpepsoxenue 7

nmokaswiBaeT, uto U=V X U,, rae V —uukanueckas

rpynna nopsajgka p —1; HakoHeu, crpoenune rpynne U
naeTcsl npejajoxenueM 8.

3.3. Ksadparw 8 Q:

Teopewma 3. IIycte p+#2, u nycrs x=p"u — sae-
MEHT u3 Q;, 20e ne=Z u usU. Jaa rozo 4ToboL ase-

MeHT X 6bla KeadpaTom, Heo6x00umo t OOCTATOYHO,
4T006L N 6bIA0 HeTHoIM U 4TOObL 00pa3 @ 3ieMenTa U
8 F,=U/U, 6wta ksadparom.

(dT0 mocJsenHee ycJOBHe O3HAuaeT, uyTo cumsoa Jle-
i _
Handpa (—) a/JeMeHTa @ paBeH l; MB Oyzem paJee
u ]
nucaThb (?) BMeCTO (?).)
Pa3/ioxuM # B TpOU3BeNeHHE U=10.U;, IMe vEV
u u; = U,. Ipencrasnenne Q,~ZXV XU, (reopema 2)
[IOKa3LIBAET, YTO X SIBJSETCS KBAJpaTOM TOTZLA H TOJBKO

TOrja, KOFJa A UeTHO, a U M i, sIBJAIOTCS KBajpaTaMH;
Ho U, usomopdua rpynne Z, u uucjo 2 o6patumMo B Z,,
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cTano ObITh, Ji0G0H aaemenT u3 U, sBJsercs KBanpa-
#
roM. Tak kak V usomoppua rpynme F , T0 Teopema

JIOKa3aHa.

Canencrsue. Ecau p+#2, to epynna Q;/Q’;2 ecTs

epynna tuna (2, 2); owa donyckaer cucrtemy npedcra-
sureqeil euda {1, p, u, up}, ede u= U u raxoso, 4ro

B
p
DTO OYEBUJHO.

Teopema 4. [Jas T020 urober ssement x=2"u
us Q, 6sn Keadparom, Heobxodumo wu AocTarouno,

yrobbL n 66140 4eTHoIM U 4Tobbr U= l(mod 8).

Pasgoxenne U={=%1} X U, nokaswiBaer, uTO &
eCcTb KBajpaT TOr/la H TOJbKO TOTAA, KOrja 4 TpHHA-
aexutr rpynne U, u sBJasfercs TaM KBajapaTtoM. JlaJee,
nsomopcusm 0,: Z,—> U,, NOCTpOeHHHIH B J0Ka3aTeb-
cTBe mpenJoxeHns 8, orobpaxkaer 2"Z, Ha U,,,; oT-
cioga 3akJaiovaeM (4Jg n=1), 4TO MHOKECTBO KBajpa-
ToB U3 U, ecTb U, Mrak, saemednt u & U ecTb KBajgpaT
TOrZa M TOJbKO TOTAa, KOrfia OH cpaBHUM ¢ | 1o
MonyJio 8, OTKyZa cJjieJlyeT TeopeMma.

3amewanue. ToT PakT, uto mobof siemeHT u3 U,
SIBJISIETCST KBAJPaTOM, BEHITEKAeT TaKkKe H3 CJAEICTBUS 3
TeopeMbl 1, IPUMEHEHHOTO K KBajpaTHUHOH (opme X°.

Canencraue. I'pynna Q;/Q ecto epynna Tuna
(2, 2, 2). Ona Oonyckaer cuctemy npedcrasureser
{1, £5, *2, *10}

dTo BHITeKaeT u3 Toro ¢akra, uyro {x1, =5} sas-
aseTcs cucreMoil mpexncraButedeft gaa U/Us.

3amewanusn. 1) Jlaa p=2 oupeiejuM TrOMOMOpP-
¢usmbl &, @: U/U3—Z/2Z c¢ nomowbio Qopmy.a U3
m. 3.2 ra. Lt

2 —1 0, ecim z= 1 (mod4),
¢(2) =5 (mod 2)= { I, ecst z=-—1 (mod 4);
2| 0, ecim z==1 (mod8),
m(Z)ET (mod 2)={ I, ecom z==%5 (mod 8).
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SlcHo, uto e ompeseaser u3oMopdusm rpynnsl U/U,
Ha Z/2Z, a o onpepgeJaseT uaomoppusm rpynms Uy/Us
Ha Z/2Z. Tlapa (e, ®) ompesnesser, TakuM 06pasow,
uzomoppusm epynnot U/Us na Z/2Z X Z/2Z; B uacT-
HOCTH, 2-ajyuyecKas eJHHHIA 2 SBJSETCS KBagpaToM
TOTJIa M TOJBKO Torjaa, Korjpa &(z) =w(z)=0.

2) Teopembl 3 u 4 mMOKa3LIBAIOT, 4TO Q’;Q eCcTb 07-
Kpoiras moarpynna rpynnst Q.
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CHMMBOJI THJILBEPTA

§ 1. JlokaabHble cBOWCTBA

B strom maparpade OykBo#t k£ oGosHauaercs JuGO
noje R BemecTBeHHBIX uHCeJ, JuO0 mose Q, p-anuue-
CKHMX uuCeJs (p — IpOCTOe UYHCJIO).

1.1. Onpedesenue u npocreiiuue cgolicrsa

[ycts a, b € k*. Tosoxum

(@, b)= 1, ecom 22 —ax?—by*=0 umeer
pewenne (0, 0, 0) B &3
(a, ) =—1 B upoTUBHOM CJyyae.

Yucao (a, b)==1 HaswBaercs cumsorom [une-
6epTa 31eMeHTOB a U b oTHocHTeJbHO noJs k. ScHo,
uto (@, b) He H3MeHsleTcs, KOr'Zla 3/JeMEHTH a U b yMHO-
KalTesd Ha ksadparey; cuMBoJ ['nianbepra oupepeJser,
TakuM ob6pasoM, orobpaxcerue epynnor k*[R*2 X k*/k*2
8 {£l1}.

IMMpennoxenue 1. Ilycre a, b k', u nycre

ky= k(V b ) — noae, noayuaemoe npucoedunenuem K k
Kkeadparnozo kopus u3 b. Jlas (a, b)=1 nHeobxodumo
u docraro4no, 4Tobul a npunadaescaro epynne Nk, Hopm

ssemenTOo8 U3 ky.

Ecau b saBJsieTcs KBagpaTOM 3J/eMeHTa ¢, TO ypaB-
HeHHIO

22—ax?—by*=0

yaoBJeTBOpsieT peulenue (¢, 0, 1) u Mbl uMeem (a, b) =1,
OTKyJda BHTEKAaeT MpeAJoXKeHHe B 3TOM cJydae, MO-
CKOJIbKY 371ech k,=4k u Nk, =k;,. Ecau b He aBasercs
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KBaJApaToM, To k, — KBajJipaTHUYHOE DACIIUpPEHHEe NOJS K;
ecnn yepe3 f 0603HAYNTb KBajApaTHBIH KOpeHb u3 b, TO
JmoGoii anemMeHnT & & k, 3amuceiBaeTcs B BuIe 2-+ By,
rie y, 2 =k, u Hopma N(E) anemeHTa § paBua 22 — by2.
Ecim a =Nk, To cymecTByloT Takue y, 2 €k, uTO
a= 2?2 — by% mnostromy (2, 1, y) — HyJb KBaApaTHUHOMH
dopmer 22 —ax? — by? u mMbl umeeM (a, b) =1. Haobo-
pot, ecan (a, b)=1, To »sra ¢opMa uMeeT HYJb
(2, x, y) % (0, 0, 0). HeoGxomumo, urobm x =+ 0, Tak
Kak uHaue b Oul0 Obl KBaJpaToM; OTCIOLA 3aK.jiouaeM,

V4
4yTO @ ecTh HOpMa 3JeMeHTa 74—(3%.

[Mpennoxenue 2. Cumgoa lusvbepra ydosie-
TBOPAET (HOPMYAAM

i) (a, b)=(b, a), (a, H)=1;

ii) (a, —a)=1, (a, 1 —a)=1;

iii) ecau (a, b)=1, ro (aa’, b)=(a’, b);

iv) (a, b)=(a, —ab)=/(a, (1 — a)b).

(B stux ¢opmynax wuepes a, a’, b, ¢ 0603HAUEHH
sJeMeHTHl M3 K*; mpexamnoJaraercs, uto a %= 1, korga
¢opmyJa comepxuT ujen 1— a.)

dopmyan i) oueBunHbl. Ecaum b= —a (coorser-
cTBeHHO b=1—a), To KBagpaTHuHas popma 22—ax®—by?
umeet HyJab (0, 1, 1) (coorBercrBenuo (1, 1, 1)); nosromy
(a, b)=1, uro u moxasmBaer ii). Ecin (a, b) =1, To,
Ha OCHOBAHHM MpPEeAJOXKeHHA 1, a NpUHALJIERKUT MOA-
rpynne NEj; mosTomy

o’ € Nk, & aa’ = Nk;,
yto H jokasuBaer iii). Popmyna iv) caepyer us i),
if), iii).
3amewanue. Popmyna iii) sBAfeTCs YaCTHHIM cJy-
yaeM (GOpMyJIbl
V) (aa’, b)=(a, b)(a’, b),

KOTOpasl BhIpaxkaeT GuauHeliHocTs cuMmBoJa [HiabGepra;
sTa ¢GopMmyna OyJleT [gOKa3aHa B CJAeLYIOLEM OYHKTeE.
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1.2. Beowuucaenue cumsosa (a, b)

Teopema l. Ecau B=R, 10 (a, b)=1, ko2da a
uar b >0, u (a, b)=—1, koeda a u b <0.

Ecau k=Q, u ecau a u b sanucanel 8 ¢opme p'u,
pPu, ede u u v npunadasescar epynne U p-aduueckux
edunuy, TO

—(_1yeBeo) (2 \B (0O
(@ b)=(—1) (p) (p) , Kko2da pF2,

(a, b)=(_1)8(u)8(v)+am(v)+l3m(u), Koeda p=2.

u
[HaHOMHI/IM, 4yTO Yepes (7) o0o03HauaeTcs CcuUMB0.L

Jesxcandpa (%), rae ii — o6pas aJeMeHTa ¥ IPH TOMO-

mopdudme penyunpoBarus no moaymo p: U—F,. Uro

kacaetrcd €(u) m o (), To oHH 0003HAYAIOT COOTBET-

CTBEHHO KJAacChl 10 MOIYJII0 2 3JIEMEHTOB ”;l 7

“=1 em. m 8.3 ra. 11.]

Teopewma 2. Cumsor l'urvbepra ecto Hedoipodcden-
Has Ouauneinas popma Ha Fy-sexroprnom npoctpan-
cree k*/k*™.

[BuinnefinocTs cumBosa (a, b)) He UYTO HHOE, KakK
dopmyna v), mpuBejeHHass B KoHue I. 1.1; yrBepxie-
Hue «(a, b) HeBBIPOXKIEHO» O3HAYaeT, YTO ecJu b = k*
TakoBo, uTo (a, b)=1 pas moGoro a € k*, 10 b = k*2.]

CunepcrBue. Ecau b He asasercs ksadparom, TO
epynna NE;, onpedesennasn 6 npedroncenuu 1, asasercs

nolepynnoii undexkca 2 8 k*.
ITo mpennoxkenuio 1 romomopdusm @, k*—{=*1},
onpeae/iaeMblil 0TOGpaKeHHEM

Pp(a) = (a, b),

umeeT AapoM NKj; ¢ IpPyroii CTOPOHH, @) CIODBEKTHBEH
H3-3a HEBBIPOXKJEHHOCTH cuMBoJa (@, b). Takum oGpa-
30M, @, ompenesseT H3oMopdusM rpynnel k*/NEj Ha

{£1}; oTcloga BLITeKaeT CJELCTBHE.
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3ameuanue. B OGosee oblwel cutyauuu nyctb L—Ko-
HeuHoe pacimupende [Iasaya mous k£, rpymna laaya G
KOTOPOro KommyraTueHa., MOXKHO MOKa3aTh, YTO rpylia
k*INL* usomopgpra rpynne G u uro 3Haxue rpymnst NL*
onpedeaser moJjie L; B aToM 3ak./IoyaioTcs jaBa TJaB-
HBIX pe3yJsbTaTa TaK Ha3blBaeMOH <«JOKAJbHOH TeOpHH
moJiell KJ1accoB».

Hoxa3areascrgo Teopem 1 u 2.

Cayuaii k =R TpuBHaJjeH; 3aMeTHM, uTO 31ech k*/k*
SIBJISIETCST BEKTOPHBIM IIPOCTPAHCTBOM pa3dmepHocTH 1
(nag F,), mpuueM B KauecTBe CHCTEMBI MpelcTaBuTesei
pomyctuM HaGop {l, —1}.

[Tpeamosio;xuM Temneps, uTo k= Q.

Jlemuma. Tycre v = U ecrs p-aduuecxkas edunuya.
Ecau ypasnenue 22 — px* —vy? =0 umeer HeTpusuais-
Hoe peuwenue 8 Qp, TO OHO umeeT Takoe peuwenue (2, X, y),
yro 2, y= U u xsZ,

Ha ocHoBanuu npepnoxkenus 6 n. 2.1 rua. II pac-
CMaTpHBaeMoe YpaBHEHHE HMEeT APUMUTUBHOE DelleHue
(2, x, y). IlokaxeM, uTO 3TO pemieHHe OTBeyaeT Tpedye-
MoMy ycsoBuio. Ecaum Obl 5T0 OBJIO HE TakK, TO MH
umeau Obl 6o y=0 (mod p), mb6o z=0 (mod p);
nockosbky 22 —ovy?=0 (mod p) u v == 0 (mod p), MBI
umesu 66l ogHoBpeMeHnHo ¥y =0 (mod p) u 2= 0 (mod p),
otkyna px’=0 (mod p?, 1. e. x=0 (mod p), BompeKH
IPUMHUTHBHOCTH pelreHus (x, y, 2).

BepHueMcst Temepb K J0Ka3aTeJbCTBY TeopeMbl | u
npednosoxcum cHavara, 4To p F= 2.

$lcHO, uTO mokasaTesn o ¥ f BBHICTYNAIOT JHIIb KaK
MX BBIUETHl 10 MOLYJIIO 2; B CHJy CHUMMETPHH CHMBOJIA
HaIJIeXXUT paccMOTpPeTb TPH cJayuas.

1) =0, p=0. Hanzo nposeputs, uro (1, v)=1.
Torna ypaBHeHHe

22— ux? — vy’ =0

HMeeT HeTPHUBHAJBHOE pelleHHe [0 MOAYJIO p (cM. cuef-
ctBue 2 Teopembl 3 § 2 ra. [); Tak Kak AHUCKPUMHHAHT
paccmartpuBaeMoil KBaJpaTHYHOH (OPMBI eCTh p-aiu-
yeckast eJMHHIA, TO 3TO pelleHHe MOAHHMAETCS 10
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p-aJIUUECKOr0 pellleHHst (c/aexcTBue 2 Teopemsl 1 m. 2.2
ra. II); Takum o6Gpasom, (4, v) =1.

2) a =1, p=0. Hano nposeputs, uto (pu, v)=(%).
Tak xax (4, v)=1, To MBI uMeem (pu, v)={(p, v) mo

bopwmyde iii) mpepsoxeHus 2; TakuM o6pas3om, gocTa-
TOYHO TPOBEPHUTH, UTO (p, U)=(%). DTO sCHO, KOrjia o
KBajpaT, u6o Torma ofa ujeHa paBHH 1. B mpoTusHOM
ciayvyae uMeeM (%)=—1, cm. teopemy 3 m. 3.3 ra. II;

IpUBeJeHHAs] BhHIlIe JieMMa [OKa3bIBaeT, YTO 3Jechb
dopma 22 — px? — vy? He HMeeT HETPUBHAJBLHOIO HYJISA,
a noromy (p, v) =—1.

3) a=1, p=1. Hango nposepuTh, uTO

(pu, po)=(—1)*""" (i) (1) :

p)\p

Onnako ¢dopmy.a iv) mpensoKeHHs 2 MOKa3bIBAET, YTO

(pu, pv) = (pu, —p*uv) =(pu, —uv).
Ha ocHoBaHuH TOJILKO UTO JOKa3aHHOro uMeeM
— uv
(pu, pv)=( P )

o —1
OTKY/la BHITEKAET HCKOMBIH Pe3yabTaT, NOCKOJIbKY (T) =
— (—1)ehe

Tak xak teopeMma 1 ycranoBJseHa (nnas p=2), To u3s
Hee BBIBOAMM (B 3TOM cJyuae) TeopeMy 2; nefcTBH-
TeJbHO, (opmyJa, nojyueHHas Aad (a, b), MoOKa3kIBaer,
uro (a, b) — Gugaunefinast ¢opma; AJT L0Ka3aTeJbCTBA
TOro, uto 3aTa QopmMa HeBHPOKIEHHAS, ILOCTATOYHO

NpeABSIBATD AJs JI060r0 a & k*[k*2, oTaMuHOro OT Heii-
TPaJILHOTO 3J1eMeHTa, TaKOH aJeMeHT b, uto (a, b)= — 1.
Ha ocuoBanuu cuaenctBusi u3 TeopeMmbl 3 m. 3.3 rJa. II

MOXHO B34ATb a=—p, U UJH Up, T uesU TaKOBO, 4YTO

u
(7) = —1; Torza B KauecTBe b BrifepeM COOTBETCTBEHHO

u, puu
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Cayuaii p=2. 3pech TNO-NpexkHEMY « U f BBHICTY-
NaloT JMIIb KaK BbIYETH MO MOAYJIO 2 W Hamo pac-
CMOTpPETh TPH CJydas.

1) a=0, p=0. Hagmo mnokasate, uro (u, v)=1,
KOrZa # uJu v cpaBHEMBL ¢ 1 (mod 4), u uro (¢, v)=—1
B INPOTHBHOM cJjydae. [IpeanoJsoxuM cHauajJa, 4YTO
u=1 (mod 4). Torpa 6o wu=1 (mod 8), .subo
u=>5(mod 8). B nepBoM cJ/yuae u siBjisieTcsi KBaApPaToOM
(cm. Teopemy 4 m. 3.3 ra. II) u mMbt umeeMm (4, v) = 1. Bo
BTOpOM cayvyae u 4 4v=1(mod 8) u cymecTByeT Takoe
w < U, uro w?= u + 4u; nosromy dopma 22 — ux? — vy?
uMeeT B KauecTBe HyJa (w, 1, 2) u (4, v)=1. Tenepn
IpPeANoJIOKHM, 4To u=v= — l(mod 4); ecan (2, x, y)
SBJISETCA NPUMHUTHBHBIM DeLIEHHEM YpaBHEHHS

22— ux* — vy? =0,

10 22+ x* 4 y>=0(mod 4); Ho kBanpate B Z/4Z cyTh 0
11 1; M3 Hallero cpaBHeHUS BHITEKAET, UTO X, Y, 2 CPaB-
HuMBl ¢ 0(mod 2), BOIpeKH NPelo/IOKEHHOH NPUMHTHB-
HOCTH pelneHHs. TakuM o6pas3oMm, B 3TOM cC/yyae Mbl
noJsydaem, uto (#, v) = —1.

2) a=1, p=0. Hago nposeputh, UTO

(2u, v)=(— l)ﬁ(u) e(v)+o(o)

ITokaxem cHauaJa, uto (2, v)=(—l)°’(”), T. €. 4TO
paBseHcTBO (2, v)=1 paBHOCHJBHO CpaBHeHHID V= = |
(mod 8). Ha ocHOBaHHM NPHBENEHHOR BHILIE JEMMEBI,
ecan (2, v)=1, TO CYIIECTBYIOT TaKkue x, y, 2 < Z,, 4T0O
22— 2x— vy’=0u y, 2= 0(mod 2). Torna y?’= 2=
= 1(mod 8), otkyna 1 —2x? —v=0(mod8). Ho enus-
CTBEHHBIMH KBajapaTaMH No MmoxyJio 8 spasiores 0, 1
u 4; orcioga BhITekaeT, uTo v = = 1(mod8). O6parno,
ecan v = 1 (mod 8), To v aBasiercs kpaapaTom H (2, v)=1;
ecad v = — 1 (mod8), To ypasHenne 22 — 2x> — vy? =0
nonyckaer (1, 1, 1) B KauecTBe pelleHHs 1O MOAYJIO 8,
M 3TO MPUGJHKEHHOE pelleHHe MOAHHMAETCs A0 HacTosA-
uero pereHus (cM. caeactsue 3 reopemsl 1 m. 2.2 ri. II).
Takum oGpasom, (2, v)=1.

Octaetcst nokasath, uto (2u, v)=(2, v)(u, v). Hei-
CTBHTEJBHO, HAa OCHOBAHHH TPENJIOKEHHS 2 3TO BepHO,
ecin (2, v)=1 wmm (4, v)=1. Ocraercs cJayua
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2, v)=w, v)=—1, 1. e. v=3(mod8) nm u=3 wu
—1(mod 8); momyckasi yMHOXKeHHe 3JeMEHTOB 4 U v Ha
KBanpaThl, MOXKHO NPeANONOKHUTb, UTO U= —1, v=3
UMM u =3, v=—>5; OLHAKO yPaBHEHHS

2242x>—3y?=0 u 22—6x2+52=0

umelor pemenne (1, 1, 1); takum oGpasom, (2u, v)=1,
3) a=1, p=1. Hano nposeputh, uTO

(2u, 20) = (— 1)8(u)8(v)+<n(u)+<n(v)
, .
Onnako ¢opmysaa iv) IpenJsoxeHUss 2 MOKa3BIBAET, UTO
(2u, 2v) = (2u, —4uv)=(2u, —uv).
Ha ocHOBaHHM TOJIBKO YTO JOKa3aHHOTO
(2u 20) — (_l)e(u)e(—-uv)+(o(—uv)
b .

Tak kak e(—1)=1, o(—=1)=0 u e(u)(l + &(u) =0,
TO NoKasaTesb B NocsenHe# gopmyJe paseH & (u)e (v)
—+ o (u)+ © (v), uTo U 3aBepliaeT JOKAa3aTEJbCTBO TEO-
pembl 1. BuauHeifiHOoCTh cuMBoJsia (a, b) BHTEeKaeT u3
IOJIyYeHHOH [AJs Hero (OpMYJbl, IOCKOJIBKY &€ H ©
SIBJAIOTCA TroMoMopdusmMaMu. HeBBIpOXKIEHHOCTL TIpO-
BepsieTcst Ha MYJIbTHILJIMKATHBHBIX NIpeaCTaBAeHuUsIX {i, 2u},
rie u =1,5, —1 uau —5; meficturesnbHo, (5, 2u) = —1
u(—1, —1)=(—1, —5)=—1.

3ameuarue. MoxkHO SIBHO HAHTH MaTpuny OuJnHed-
HOMl ¢dopMbl (a, b) OTHOCHTE/IbHO 0a3uca MPOCTPAHCTBA
k*/k*2
Eciu =R, to matpuna ecrb (—1).
Ecnw k=Q, p=*2, 10 B Gasuce {p, u}, rie
1

(£)=—1, MaTpuua HMeeT BHA |

p
—1 —1
—1 1

Ecin £=Q, t0 B OGasuce {2, —I1, 5} wmarpumna
HMEeT BHUJ

1 j) B cayuae

p=1(mod4) u B IPOTHBHOM cJyyae.

1 I —1
1 —1 1
—1 1 1
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§ 2. TnoGanbHble CBOMCTBA

[Tose pauuoHa bHBIX uyuceJ Q norpyxaercs B Kaue-
CTBE BCIOAY IJIOTHOTO MOJAIOJIST B Kaxnoe U3 moJteir Q,
u R. Ecm a, b= Q% 1o mbl oGosHauum uepes (a, b),
(coorBeTcTBeHHO uepe3 (a, b)) cumBo.a 'mibGepra ux
o6pasoB B Q, (coorBeTcTBeHHO B R). O603Haunm yepes V
o6belMHEHHE MHOXKECTBA NPOCTHIX UYHCe] H CHMBOJIA ©0;
nosoxuM Q. =R.

2.1. dopmyra npoussedenus

Teopema 3 (TuasGepr). Ecau a, b=Q* 10
(a, b)y,=1 nouru dan scex ve=V u

T @ 0, =1.

(BolpaxkeHne «nodtH OJs Bcex v & V» o03Hauaer
«JIsT BCEX 3JEeMEHTOB H3 V KpoMe KOHEUHOIo YHCJa».)

ITockoJibKy cuMBoJa ['HahbepTa GHIMHEEH, 10CTATOYHO
J0Ka3aTb TeOPeMy B CJydae, KOrZa a 4 b paBHbl —I1
HJIM npocToMy uucay. B kaxpom cayuae Tteopema 1
MO3BOJISIET BBIYUCJHTh 3HAUEHHUS (@, b),.

Na= —1,b=—1.Umeem (—1, — 1), =(—1, —1),=
= —1 u(—1, —1),=1, ecain p #2, co; mpousseneHUe
B TOYHOCTH paBHO l.

2) a=—1, b=1, rue ! npocroe. Ecau [=2, TO

(—1, 2),=1 naa scex vEV;
ecan [ =2, 10
(=1, D,=1 pna ov+2,1

(—1, Dy=(—1, I)=(—1)*Y;

NpoM3BeJeHHe B TOYHOCTH paBHO 1.
3)a=I, b=10, rae I, I’ npocreie. Ecou =1V, 10
¢dopwmyna iv) npeasoKeHHsa 2 IOKa3bIBaeT, YTO

(l’ l)v= (_1’ l)v

AJs BceX v & V, ¥ Mbl BO3BpaliaeMcss K CJIyYalo, OIH-
cannomy Boie. Econ [ = 1" u I’ =2, T0o umeem ([, 2),=1



44 Yacto nepsas. Aacebpaudeckue merodst

ann 020 (2= (=D, @ 2= (%)= (-1,

cm. teopemy 5 m. 3.2 rvi. I. Ecam [ u I/ pasyuuns u
orauunsl ot 2, o (I, I"),=1 nas Bcex v=*~2, 1, ' u

& D= (=", 1 =(4), @ 0, =(L); o

Ha OCHOBAHMH KBaJPAaTHUYHOIO 3aKOHA B3aHMHOCTH (cM.
TeopeMy 6 m. 3.3 ra. I) MH uMeem

()=

nmpou3BeleHHe B TOYHOCTH paBHO 1. DTo 3apepliaer
II0OKa3aTeJbCTBO.

3ameuarue. PopMysaa NpPOH3BEAEHUS MO CYLIECTBY
S5KBHBAJIEHTHA KBaJApPaTHUUHOMY 3aKOHY B3aUMHOCTH. HH-
Tepec K Heli o0ecneynBaeTCs B 3HAUUTEIbHOH CTENEHH TeM,
YTO ee MOXKHO paCHpPOCTPAHUTh Ha Jw060e noise asee-
6pauneckux yuces (MHOKeCTBO V IDH 3TOM 3aMeHfeTcs
MHOK€ECTBOM JHBH30DPOB IOJIS).

2.2. Cyujecrto8aHnuUe pAYUOHANbHBLX ducenr ¢ OGHHbLMU
cumsoramu I'uarsbepra

Teopema 4. ITycro (a;),o — KOHeunoe cemelicTe0
saementos us QF, u nycre (8i,0);cq ey — CeMeUCTBO
yucen, pagnolx 1. Jlas T020 4TO6BL CYULECTBOBANO
raxkoe uucso x < QF, uro (a; xX),=¢€;, npu Kaudom
il u npu kascoon v =V, Heobxo0umo u 00cTATOHHO
goinoanenue caefyoujux Tpex ycaosutl:

(1) nouru sce &;,, pasnor 1;

@ Tl eio=1 0aa awbozo i=T;
veV

() 041 ar06ozo vV cywecrsyer raxoe x, < Q,
4T0

npu scex i1,

Heo6xomumoctsh ycaosuil (1) u (2) BeITekaer us Teo-
peMbl 3; HEOGXOAMMOCTb ycJ/0BUs (3) TpuuabHa (MGO
MOXKHO B3SITb X, = X).

Jl1s 10Ka3aTe/bCTBA JOCTATOYHOCTH 3THUX YCJOBHH
HaM MOHaA00ATCS CJAeAYIOLHe TPH JIEMMBL.
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Jemwma | («knralickas nemma»). Hycres ay, ..., a,,
My «voy My — YeAble 4UCAA, NPUYEM YUCAA M; NONAPHO
ssaumno npocrel. Tozda cyuecrsyer Takoe yenoe a,
yro a=a;(mod m;) daa scex i.

[Tycts m ecTh MpoH3BeleHHe duces my. M3 Teopembl
Besy BHIBOAMM, YTO KaHOHHYECKHH roMoMopduam

n
Z/mZ — || Z/m;Z
i=1

apJasiercsi u3omopdusaMom, OTciojla BHITEKAET JeMMa.

Jlemma 2 («anmpokcuMalnuOHHAs TeopeMa»). [TycTs S
ecTb KOHeuHas 1acTe muoxcecTea V. Toeda o6pa3 noss Q

6 Il Q, nsoren & srom npouseedenuu (8 Tomosornu
veES

[IpOM3BEeleHHs TONoJIOTuH moJelt Q,).
Pacmrupsis B c/ayyae HaZoGHOCTH MHOXKECTBO S, MHI

MOXKeM IpeanoJaratb, 4To
s={°°: Pis oy pn},

rae p; CyTb pasJiMuHble IPOCThIE YHCJIA, U pPeUb HIAET
0 JMoKasaTe/JbCTBE TOro, yTo Q maotHo B R X Qp, X ...
... XQp,. Tlyere (¥, X, ..., X,) —TOUKA B 3TOM
NPOM3BEIEHUH; JOKaxeM, YTO 3Ta TOYKA fABJISIETCS TOY-
KOH NpHUKOCHOBeHHA &JA Q. YMHOXKas B cJayyae Ha-
JOGHOCTH KOOPAUHATHI TOUKH HA LIeJI0€ YHCJIO0, MBI MOXKEM
npeanoJarath, 4ro X; & Zp, 1/ BCeX 1 <i<n; peus
HIEeT O JI0Ka3aTeJhCTBE TOro, uTo AJs JioGoro &€ >0 u
gio6oro N =0 cymecTByeT Takoe x & Q, uTo

e —x,l<e nm v (x—x) =N o i=1, ..., n

Ha ocnopanuu JeMMsl 1, npuMeHeHHOM K m, = pN, cyiue-
CTBYeT TaKoe Xy & Z, UTO Up, (o —x;)=N nuaa Bcex i.
BriGepem, ¢ JApyrod CTOPOHHI, LeJoe ¢_>=2, KOTOpoe
B3aMMHO IPOCTO CO BCeMH p; (HanmpuMep, IPOCTOE YHCJIO).
Jlerko BHIeTh, UYTO palHOHAJ/JbHBIE uucJga BHAa a/q™,
asZ, m=0, naotnor 8 R (370 obGecneunBaeTcss npocTo
TeM, 4T0 ¢" —> o0 npu m —> oo). [To3TOMy MOXKHO BHI-
6path Takoe uuc/I0 U= a/q™, uTO

| % — %+ upl ... py| <e.
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Torza pauuoHa/ibHOe uHCa0 X=X, ~+upy ... pY ymo-
BJIETBODAET TpeOyeMbIM YCJOBHSIM.

Jlemma 3 («reopema Hupuxiae»). Ecau a u m cyre
63AUMHO NPOCTbIE Ueable NOAONHCUTEAbHbIE HUCAQ, TO
cyuectsyer GeCKOHEHHO MHO20 TAKUX MPOCTOLY HUCeA D,
yro p=a(mod m).

JlokasareancTBo GymerT maHo B raase VI; uurareJn
MOXEeT I[pPOBEpPHTb, UTO OHO HE HCIOJb3yeT HHKAKHX
pesyabratoB u3 ruaas III, IV u V.

Bosspatumcsi Temepb K TeopeMe 4; mnycTh (g ,)
SIBJSIETCST CeMeflCTBOM 4YHCeJ, paBHBIX =1 u ymosJe-
TBOpSIOWKX ycaoBusM 1), 2) u 3). ¥ MHOKAs B cayuae
HamoGHOCTH YHCJA Q; HA KBAAPAThl LeJbIX UHCEJ, Mbl
MOMKeM IpeJnoJaraTh, 4To Bce a; — yeavie. Ilycth S
ABJSETCS NMOJAMHOXKECTBOM MHOMKeCTBa V, COCTABJIEHHBIM
H3 00, 2 W MPOCTHIX AeJuTeNeH uuces q;; nyctb T — MHO-
JKECTBO TeX 3JIeMeHTOB v & V, A/ KOTOPHIX CYLIECTBYET
i1, takne, uTO €; ,= —1; 3TH JBa MHOXeCTBa KO-
HeuHbl. Bynem passauuath mBa ciyudas

1) Mwnoocecresa S u T He nepecexkarorca.

ITos0x UM
a= ]! =u m=811_[ .
=S

leT
ls=00 52,00

Tax kak S\ T= ¢, To uesble @ U M B3aUMHO NPOCTHI
U 10 JeMMe 3 CYLIECTBYeT TakKOe MNPOCTOE YHCJIO
p=a(mod m), uto pe& SUT.

ITokaxeM, UYTO YHCJIO X=ap SBJSETCH HCKOMBIM,
a HMeHHO, 4TO (@; X),=—¢&; , HJasg Bcex i1 u Bcex
veV.

Ecin v & S, 10 umeem ¢; ,=1, nockoaeky SNT= @&,
H HaM HYXKHO NIPOBEPHTh, UTO (a;, ¥), =1. Ecun v = oo,
To 3T0 of0ecneuyuBaercs TeM, uTo X > 0; ecju v eCTh
npocroe uucJso [, To x = a? (mod m), oTkyna x=a?(mod 8)
g =2, x=a?>(mod!/) pgas [ 2; Tak Kak X " @
ABJAAIOTCS [-aZUUeCKHMH €IMHHUIIAMH, TO 3TH CPABHEHMS
NOKAa3bIBAIOT, Y4TO X eCTh KBaapar B Q; (cM. m. 3.3 ra II),

a noroMmy (a;, x), =1.
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Ecin v=1 He PUHAJIJICXKHT MHOXKECTBY S, TO a;
ApJsieTcsl [-anuueckod enuHuueit. Tak kak [ = 2,
a,\%®
(aj, b),=<7‘) nas moboro beQj;
cm. Teopemy 1. Ecam [ & TU{p}, To x sBasercs [-agu-
yeckoi enuHMLEH, oTkyga v;(x)=0, ¥ HanucaHsad
BHIIIE (opMyJia moKaselBaeT, 4to (a;, x); =1; ¢ apyro#
cTopoHbl, &;,;=1, u6o [ & T. Eciu [ =T, To umeem
v;(x)=1; ¢ opyro#i ctopoun, ycjosue (3) mokaswiBaer,
YTO CYIIECTBYET TAKOE UAC/O ¥, & Qj, uTO (al., x,)l=8“
IIs BCcex i & I; Tak Kak OJHO W3 uHceJs &;; paBHO —I
(mockosibKYy [ IpHHAAJERHT MHOXKeCTBY T), TO
v; (x;) =1 (mod 2), oTkyna

a.
(a;, X); =<T‘) =(a;, x;),=¢;,; nJd Bcex i1,

Haxkonen, ocraercsi ciayuad [=p, KOTOpHil CBOAUTCS
K OCTaJbHBIM B CHJY (OPMYJIBI NPOH3BELEHHS:

(ai, x H (ai, x)= H €0 =28&,p.
vFEp

DTo 3aBepluaeT 10Ka3aTe/]bCTBO TeopeMbl 4 B CJjyuae
SNT=9g.

2) O6wuii cayuaii.

MsBecTHo, uTO KBaJpaTel 3JeMeHTOB u3 Q; ofpa-
3yl0T B Qp OTKpHITYI0 moAarpynmy, cM. m. 3.3 ra. II.
[Tosromy no JemMMe 2 cyuiectByer Takoe x’ & QF, uro
x'[x, sBJageTcs KsajapatoM B Q) 149 Bcex ve&S.

B uactHoCTH,

(a;, )y =1(a;, X,)y=2¢; , nJ Bcex v & S.
Ecau 1OJIOKHTB W;,=¢;,(a;, x’),, TO ceMeHcTBO v, ,
yrosJersopsier ycaosuam (1), (2), (3), u kpome Toro,

N,,=1 nia veS. Ho JokasaHHOMY B 1) cymecTsyer
Takoe 4HCJI0 ¥y € QF, uTo

(ab !/)v =M, v

nas Beex i 1 u Becex v & V. Ecau nosoxuts x = yx/,
TO $ICHO, 4YTO X YLOBJIETBOPSIET TpeGyeMOMY YCJOBHIO.



Tnasa IV

KBAIPATUUHBIE ®OPMbl HAL Q,
U HAL Q

§ 1. Ksagparuunoie GopMbl
1.1. Onpederenus

HanomHuM cHaua/a OCHOBHBIE NOHSTHSI TEOPHU KBaJ -
patuunbix ¢opm (cMm. H. Byp6aku, Aure6pa, ra. IX,
§ 3, n. 4).

Onpeneaenune l. ITycre V — modyss nad kom-
myratusroim  Koasyom A. Orobpascenue Q: V—A
Haableaerca Keadpatuuroli ¢opmoti Had V, ecau:

1) umeer mecro Q(ax)=a*Q(x), ede a= A u x=V,;

2) orodpascenue (%, y)—> Q(x+y) —Q(¥) — Q)
ecTs buaunerinas gopma.

[Mapa (V, Q) Ha3blBaeTcss KBadpaTudHbLM MOOYALM.

Bo Bceli sToifi rsiaBe MBI OyneM OrpaHUYMBATHCSA
c/lIyuyaeM, KOTJa KOJbl0 A sBJsieTcs noaem k xapaxre-
puctuku 2; A-monynb V Torma sBJSIETCS BEKTOp-
HEIM KR-IPOCTPAaHCTBOM; MBI OyIeM IpeANoJarath €ro
KOHEeYHOMEPHOIM.

ITosoxum

xy=5[Q+ 15— Q) — QW)

9TO HMeEET CMBIC/, IOCKOJBKY XapaKTepHUCTHKA ToJs R
orsauyHa oT 2. OtoGpaxenue (X, y)—> X.y eCThb Oual-
HeliHaa cummerpudeckas ¢popma Han V; oHA Ha3bIBAETCS
CKAAAPHbIM npousgedenuem, acCOUHHPOBAHHBIM ¢ Q.
HUmeeMm Q (x)=x.x. DTUM ycTaHaB/JIUBAETCST OHEKTHBHOE
COOTBETCTBHE MEKLY KB8AOPATUYHBIMU popmamu U Guil-
Helinoimu cummerputeckumu Gopmamy (TAaKOro COOTBET-
CTBUSl HeT IPH XapaKTepHUCTHKE 2).

Ecau (V, Q) u (V/, Q") — 1Ba KBapaTHUHBIX MOLY /s,
TO MBI Ha30BeM MmoOpPpudmom (HIH METpuUHecKUM MOp-
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guszmon) (V, Q) B (V/, Q') Takoe .nHeliHOe oTOGpaKe-
Hue f: V>V, uro Q' of=Q; torna f(x).f(y)=x.y,
ecau x, y= V.

Marpuya xsadparuunoi ¢opmot. Ilyers (ei)]<i<n—
6asuc npocrpanctsa V. Hasosem MaTpuuell KBaagpaTtuu-
Holt ¢dopMBl Q OTHOCHTEJNBHO 3TOr0 0Gasuca MaTpuly
A=(a;j), roe a;;=-e;,e;; 3Ta MaTpulla — CUMMETPH-
yeckas. Ecam x = D, x;e; — 371eMeHT u3 V, TO

Q) = Z] Q;jXiXj,
i,

a 3TO NOKa3hbBaeT, 4To Q(x) fBJSETCS «KBaApaTHYHOH
dopMmoii» OT X, ..., X, B OOBIUHOM CMBICJIE.

Ecan uaMmenuts 6asuc (e;) mpu noMmouu oGpaTHMOH
marpunpl X, To Marpuuedl A’ xBagpatuuHo#i dopMbl Q
IO OTHONIEHHIO K HOBoMy Oasucy 6ymeT X.A.’X, rme
yepes ‘X oBosHauyaercss TpPaHCNOHHPOBAHHAs K X Ma-
tpuna. B uwacrtHoCTH,

det (A")= det (A) - det (X)?,

a 310 mokasniBaer, uto det(A) onpedesen ¢ TOUHOCTOIO
0o ymrodcenus Ha ssemeHT U3 k'?; ero HaswmBawoT Ou-
CKPUMURAHTOM KBaAPATH4YHOH (opMbl Q M 00603HAUAIOT

disc (Q).

1.2. OproeoransrocTs

[Mycts (V, Q) — kBajgpaTuyHbii Moxy.ap Hazx k. JIBa
aJieMeHTa X, Y U3 V Ha3BIBAIOTCS OPTO2OHAAbHbIMU,
ecan x¥.y =0. MHOXeCTBO 3JeMeHTOB, OPTOrOHAJbHBIX
K nogmHoxkectBy H mnpocrpanctsa V, oGosnauaercs !)
yepe3 HY% 370 BeKTOpHOE MNOANPOCTPAHCTBO MNPOCTPaH-
crBa V. Ecmu V; u V, 1Ba BeKTOpHBIX MOANMpPOCTpaH-
ctBa B V, TO roBOpPAT, UTO V| U V, 0pT020HAAbHOL B TOM
cayuae, korga V<= Vs, T. e. Koraa reV, ysV,

BJaeuver x.y=0.

') U B panvmefimem wnasbiBaeTcs oproeosasom K H. — I punm.
nepes.
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Oproronana V° ko Bcemy npocTpaHcTBY V HasmiBaeTcs
padukasom (uim sdpom) mpoctpaHcTBa V u oGosHa-
yaercs uepe3 rad (V). Ero kKopaaMepHOCTb Ha3biBaercs
paneom kBaxpatuunHoii ¢opmbl Q. Ecoim V=0, 10
roBopAT, 4To Q — Hesbiposcdennas dopma !); ato pasHo-
CHJIBHO TOMY, 4T0 Q MMeeT AUCKpUMHHAHT =0 (B TakoM
cJyyae JUCKPUMHHAHT MOXKHO pPacCMaTpPHBAThb KaK 3Je-
MeHT rpynnsl k*/k*).

[Tycts U — BekTOpHOE MOANPOCTPAHCTBO B V, U MYCTh
U* — moxnpocrtpancrso, conpsixkennoe k U. Ilycts
gy: V—U" — oroGpazkenne, CONOCTaBJIsioNIee KaxKa0My
x eV sunelinyio ¢opmy (y = U x.y). daopo orobpa-
KEHUsI q; eCTb US% B yacTHOCTH, SICHO, 4TO QQ — HeBHI-
poxnenHass ¢opMa TOTLAa H TOJBKO TOra, KOrna
gyt V—> V" ectb usomopgpusn.

Onpenpenenune 2. [Tycrs Uy, ..., U, — 8exropHsie
nodnpocrparcrsa npocrpancrea V. Bydem eosopurs,
yTo V ecTs npamMas OpPTOOHAALHAS CYMMA HOONPOCT-
parcrs Uy, ecau aTu noGnpocTpascTea MONApHO OpTo-
2oHarvnel, a V ecTs ux npamas cymma. B arom cayuae
6ydem nucare

V=U,H...HU,.

Sameyanue. Ecam x =V uMeeT x; B KayecTBe CO-
crasasoued B U;, To

Q(X) = Ql(xl) + e + Qm(xm)r

rie Q; = Q|U; o6o3HauaeT orpaHHUYeHHe KBaAJPaTUUHOH
¢dopmbl Q Ha U;. O6GparHo, ecan (U;, Q;) — cemeiicTBo
KBaJpaTHUHBIX MOAYJe#, TO HamucaHHas BeIlle GhopMy.Jla
cuab6xkaer npoctpaHcTBo V=@ U; kpaapatuuHoi ¢op-
MOH Q, HasblBaeMOH npAmMOl CcymmOli KBagpaTHYHBIX

dopm Q;, mpuueM V=U,&...HU,.
[Mpennoxenue l. Ecau U ecrv donoasnuressroe

noonpocrpancreo k rad (V) e V, 10 V="U@®rad (V).
3TO OUEBHIHO.

') U uro mopyms (V, Q) ne suposcden. — I pun. nepes.
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IMpenanoxenne 2. [Ipednoaoiun, 410 K8adpa-
ruynolli modyas (V, Q) ne soiposcden. Toeda:

i) JIr6oi merpuueckui moppusn (V, Q) 8 keadpa-
Tuyrolll mooyse (V/, Q') unsexrusen.

iiy [Jas awboeo sexroprnoco noonpocrparcrea U
npocrpancrea V

U%=0U, dimU+4dimU%°=dimV,
rad (U)=rad (U)=UnU"

Jlas nesoipoxcdennocru U neobxoduma u docrarodna
Heaoviposcdennoctes U% 6 arom caywae V=UGDHUO,

iiiy Ecau V — npamas oproeonarsnas cymma 08yx
noOnpoCTpancTs, TO OHU HeBblpO#OeHbL U KaxcO0e U3 HILX
ABAACTCA OPTOLOHAAOM K Opyeomy.

Ecan f: V—V’ — Merpuueckuii mMophu3M H ecuu
f(x)=0, 10 x.y=7F(x).f(y)=0 nas kaxmoro y < V;
orciona x =0, NOCKOJbKY MOAYJb (V, Q) He BHIPOKIEH.

Ecin U — BekTOpHOE MOANPOCTPAHCTBO INPOCTpaH-
crBa V, TO OmpeleJieHHBIH  Bbllle TroMoMmopdusm
gyt V — U* cropsekrusen; nefCTBUTE]bHO, OH IpeJCTa-
BJISIeTC  Cymeprosuuueis romomoppusma g, V—>V*
M KaHOHHUeCKOH coopbeknun V*—U*, a mo mpexnmoJo-
XKeHuio ¢, OuexTuBHO. [losTOoMy wHMeeT MeCTO TouHas

10CJIeJOBATeJIbHOCTD
0—-U->V—>U"—0,

orkyaa dimV =dim U* + dim U°=dim U 4 dim U°.
dto mokaswiBaer, yTo U u U umeoT oguHakoByio
pa3MepHocTh; Tak Kak U coxepxurcss B U, umeeMm
U=U% ¢opmyna rad(U)y=UNU° ouesunua; npu-
mensass ee kK U® m yuurwisasg, uro U®=1U, BuBogum
orciona, uro rad (U% =rad (U), uto naet ogHOBpeMeHHO
nocJegHee yTBepxkaeHHe B ii). Hakoueu, iii) TpusnaJbHo.

1.3. H3zorponusie sexropot

Onpenenenune 3. ['ogopar, uTo asement X Keal-
paruynozo modyasn (V, Q) usorponen, ecau Q(x)=0.
Tosopar, uro nodnpocrpancreo U npocrpancrea V uso-
TPONHO, CCAU B8CE €20 3INeMEHTbL U30TPONHbL.
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OueBHIHO, YTO
U unsorponno&S U c U'S QU =0.

Onpenenenune 4. 'unepboauueckoii niocKoCTs 10
Hasovieaerca a0botl keadparudnolii moldyas, umerouyull
6asuc, cocrofwuil u3 08Yyx U30TPONHLLX 3AEMEHTO8 X,
y, rakux, 4o X.Yy 0.

Y MHOXKasA B caydae HeoOXOZMMOCTH 3JEeMeHT y Ha
1/x.y, MOoXHO mpexanoJaratb, urto x.y=1. Martpumei
KBaJapaTHyHOH (OpMbl 10 OTHOLIEHHIO K X, Y TOrAa

0 1
SIBJACTCA MPOCTO | |

(B 4aCTHOCTH, OHA HEBBIPOKJEHHAS).

); ee JUCKPUMHHAHT ecTb —1

IMpennoxenue 3. [Mycre x — u3oTponnsii asae-
mentT = 0 u3 HesvLpoKcdenHo020 K8adpaTuyro2o mOdYAa
(V, Q). Toeda cywecrsyer nodnpocrpancreo U & V,
KOTOpOe COOepicuT X U KOTOpoe ABASeTCA eunepboauye-
CKOLl RAOCKOCTbI0.

Taxk xkak (V, Q) He BBIpOXKJAEH, TO CyllecTByeT 2z €V,
TakoH, uro x.2=1. DueMmeHT y =22 — (2.2) x H30TPO-
ned, u x.y=2. ITogmpocrpancrBo U =kx + ky oGua-
naer TpeOyeMbBIMH CBOHCTBaMH.

Cunepcraue. Ecau modyae (V, Q) He swiposcden
. codepiur  HeHyaesoll UBOTPOAHbLLL JACMEHT, TO
Q(V)=k.

(HpIMH cJIOBaMH, IJs BCAKOTO a & B CyLecTBYeT
takoll vV, uro Q(v)=a.)

B cuJy mpensioxKeHHS LOCTATOUHO MPOBECTH JOKa3a-
TeJbCTBO B CJyuyae, Korga V — rumepGoJinueckast MJIO-
CKOCTL ¢ Gasucom X, Y, Te X, Y H30TPONHBl U x.y=1.

Ecan a = &, 10 a=Q(x —|—%y), otkyna Q(V)=-=t.

1.4. Oproeonaasrovie 6a3ucol

Onpenenenue 5. Basuc (e, ..., e,) Keadparuu-
noeo moldyan (V, Q) Ha3vigaeTca OpTOL0HAAbHOIM, ECAU
OH COCTagAeH U3 NONAPHO OPTOLOHANLHBLX 3ACMEHTO8,

~ —~

T.e. ecau V==rke D ... Dke,
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MoXHO cKa3aTb TakXe, 4TO MaTpHUla KBAIPaTHUHOM
¢opmMel Q 1O OTHOLIEHHIO K 3ToMYy O0asucy sBusercs
Juaeonarsnoil marpuyer

a 0 ... 0
0 a ... 0 |,
0 0 ... a,

Ecin x=2xiei, 10 Q) =a x4 ... +ax.

Teopewma 1. JIro6oii ksadparuyneui modysrs (V, Q)
o06.aa0aer 0pTo2OHAAbHbIM 6A3UCOM.

dro nokaseiBaercss HHAyKUMeH mo n=dimV, npu-
yeM ciayuyad n=0 TtpusuajeH. Ecau V usoTpomHo, TO
Jio6ofi ero 6asuc oproroHaneH. Ecau aTo He Tak, TO
BbiGepeM Tako# asneMeHT e, &V, uro e¢;.e; #+ 0. Opro-
roHajq H X e, ecTb THIIepPHJOCKOCTb, H TaK KaK e; He

—~~
npuHanJexutr efi, To V=ke, @G H; 0o npernoJoxeHuio
uuaykinun  H  o6uapmaer oproroHasbHeIM  6asncom
(egs « .., €,); sicHO, uTO (€), €y, ..., €,) OTBeuaeT Tpe-
OyeMOMY YCJIOBHIO.

Onpenenenune 6. Bydem naswigars dsa oproeo-
HaabHblx basuca

e=(el, ceey en) u e’=(e{, cen er’L)

npocrpancrsa V.  cMeHCHOLMU, eCAll OHU UMEIOT OOuyiLil
saemesT (T. e. ecJaM CYWECTBYIOT TakHe i H j, 4TO
eg=€,]).

Teopewma2. [Tycre (V, Q) — HesoLponcdernoLii Keaod-
patuunoli modyas pasmepHocTU =3, U NYcTL €=
=(ey .., ), & =(el, ..., €’n) — 08a oproeconarsrbLx
6asuca 6 V. Cyuwecrsyer Takas koweunas nociedosa-
reavnocts €9, e, ..., e™ oproconaarsnslx 6asucos
8 V, uro e =e, ™ =¢ u yro daa 0<li<m 6a-
sucor €9 u et — cuencnoie.

(ByneM rosoputs, uto e?, ..., ¢™ ecTb yens cMex-
HBIX OpPTOrOHAJLHHIX 0as3ucOB, CBSSLIBAIOLIMX € C ¢.)
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Pasmuuaem Tpu ciayuas.

H /AN 7\2

1) Humeer mecto (e,.e))(ef.e)— (e,.e}? 0.

OTo o3HauaeT, uTO e, H e{ He MNPONOPUHOHAJBHEI H
yTo naockocts P =ke + ke] ne eviposcdena. Torpa
CYLIECTBYIOT TakHe &, & & P, ur0

P=k31é§k82 n P = ke|@ keb.
ITycts H — oproronan k P; Tak kak P He BHIpokjeHa,

to V=H®P, cm. npensoxenne 2. [Tycts (€3, ..., &) —
oproronasbHbii 6asuc B H. Torma MoxHO cBs3aTh e
¢ e/ Impu NOMOLIU LenH

e—>(e, &y €, ..uy €) (6], & €F, uey €)) ¢,

OTKyJa CJeiyeT TeopeMa B pPaccMaTpHBAaeMOM CJydae.
if) Hmeer mecro (e;.e))(e}.e5) — (e,.e5)? # 0.
ITpoBepsieTcst TeM Ke CIoco0OM C 3aMeHOH ef Ha ej.
iii) Hmeer mecro (e,.e))(ej.e])—(e,.€;f =0 0an

i=1,2.

CHauaJsia mokasbslBaercd

Jle MM a. Cywyecreyer xk, rakoil, uro ey = ef -+ xeb
He W30Tponen U Nopoxcdaer ¢ e, HesvLPONCOCHHYIO N.Ao-
CKOCT®.

HUMeeM ex.ex =ef.e] + x%(eh.e}); MBl HOMKHBI, TAKUM
o6pasom, B3sTb X2 oTymuHBIM 0T — (ef.el)/(es.e5). C npy-
roil CTOPOHBI, AJA TOTO YTOOHl e, MOPOXKAAJ C ¢, HeBHI-
POXKIEHHYI0 IJIOCKOCTb, HEOOGXOJAHMMO H JOCTATOYHO,

YTOOBI
(er.e1) (ex.ex) — (e1.e4)* 5 0.

Hcnonb3ys npu nojacyeTe ycaosHe iii), Mbl HalineM, uto
JieBast 4acTb STOr0 HepaBeHCTBA paBHA — 2x(e,.ef)(e;.e)).
Ho us ycJsoBus iii) Bertekaer, uro e;.ej % 0 paa i =1, 2.
Mul BHAMM, TakuM o00pasoM, uTO e, YAOBJETBOpPSET
VCJIOBHIO JIEMMBl TOTJIa H TOJBKO TOTNA, KOTLA HMeeT
MeCTO OJHOBpeMeHHO H x 7= 0, n x% = — (e]. ef)/(e5.e5).
dtuM 3ampemiaercsa BbIOop He 6oJee TpeX 3HAUEHHH X;
ecan k comaepxuT 4 aneMeHTa, TO MOXHO, TakuM obpa-
3oM, HailiTn Hy)Hoe x. Ocraerca cayuait k& =F; (cayuai
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k =F, uck/aoueH, nockoJ/bKy caract (k) = 2). Ho B sTom
cayuae BCe HEHyJeBble KBaapaThl paBHbBl | H mo ycJo-
Buio iii) okasviBaercst (ej.e)(ej.e))=1 nan i=1, 2;
nostomy (ef.ef)/(es.et)=1 u pasi peasusauuu ycJIOBHUS
x25~=0, —1 pmocraTouHo B3ATh x = 1.

Urak, BbiGepeM ex=e] -+ xe3, YAOBJIETBOPAIOIHH
ycaoBHIO JeMMbl. Tak Kak e, He H30TPOIeH, CyIecT-
ByeT TaKOH 3JeMeHT €%, 4To (ex, €§) eCTh OpTOroHaJb-

HBIE Gasuc muockocTH kel keb. TTomoxum

e”=(e, €5, e}, ..., e);

sT0 opToroHa/pHbl 6asuc B V. Ilockonbky ke, + ke,
SIBJIIETCS HEBBIPOXKJEHHOH IJIOCKOCTbIO, TO HYacTb i)
Hallero J0Kas3aTeJbCTBA NOKA3LIBAET, YTO € MOXKHO CBA-
3aThb C €” lenbio cMeXHBIX 6a3HCOB; C APYTOH CTOPOHHI,
e/ u e” CMeXHBbl; OTCIoJa CJleflyeT TeopeMa.

1.5. Teopema Burra

IMycts (V, Q) u (V’, Q') — Hesbiposcdentvie KBagpa-
THyHBle MOAY/H; U — BEeKTOPHOE NOJNPOCTPAHCTBO MPO-

cTpaHcTBa V;
s: U=V’

— UHBEKTUBHLLI MeTpHUYeCKHI MOP(QH3M MOANPOCTpaH-
crea U B V’. OTbIcKHBaeTCS NPOLOJIKEHHE MopdusMma s
Ha MNOANPOCTPAaHCTBO, OoJbluee, yeM U, a ecau BO3-
MOXKHO, TO Ha Bce ImpocTpaHcTo V. Haunem co cuy-
yas, xorna U BHIPOXKJIEHO.

Jlemma. Ecau U soiposdeno, TO MOMHO 1npodos-
acuts s 00 UHBEKTUBHO20 METPUYeckoeo MopPuama
s;: Uy—V’, ede U, codepacur U 8 Kauecrse eunepnio-
CKOCTU.

IMycTtb x — HeHyseBoi 3JeMeHT U3 rad(U). [Tockoqbky
X M30TPONEH, TO IO MPEAIOJIOKEHHIO 3 CYLIECTBYeT T'H-
nep6OJIHYECcKast MJOCKOCTb B V, KOTOpasi €ro CONEpIKHUT;
3HAUUT, MOXKHO HaHTH Takoi ajeMeHT ye&V, UTO
x.y=1mn y.y=0. Tak xaK y He OPTOroHaJeH K X, TO
y&& U u noampocrpanctBo U, =U@ky cogepxur U
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B KauecTBe THIEPIJOCKOCTH. TeM Ke cmoco60M CKOH-
CTpyHpyeM Takofl ajeMeHT y = V’, uto s(x).y’ =1 un
y’ .y’ =0. Ilyctb s;: U;— V' — juHefiHOe oToGpaskeHHe,
KoTopoe coBmajgaer ¢ s Ha U u oro6paxkaer y Ha y’.
Henocpe/icTBeHHO fCHO, 4YTO S, OTBeuyaeT TpeGyemomy
YCJIOBHIO.

Teopema 3 (Burr). Ecau (V,Q) u (V/, Q%) uso-
MOPPHOL U He 8blpoxcOensl, TO A1060E UHBEKTUBHLLL
MeTpusecKkuti moppusm

s: U=V’

sekToproeo nodnpocrparcrea U npoctpancrea V. moxcer
66iT6  npodoascern 00 uzomoppuzma npocrpancréa 'V
na V’.

ITockosabky V u V/ u3oMop¢HbB, MOXHO HPeNIoJo-
®uTh, uto V=V’. C 1pyro#l cTOpoHb], NpHMEHsSA MO-
CJIEHIOI0 JIEMMY, MBIl BHIAHMM, YTO MOXKHO OI'PAHHUHTBLCS
cayuaem, kKorpa U wne sgoipoocdeno. Temepb pasymMHO
npumenuTs HEAYKHHIO nmo dim U.

Ecmn dimU=1, 1o U mnopoxnaeHo OXHHM HeH30-
TPOTIHBLIM 3JEeMEHTOM X; eCJH Yy ==5(X), TO Y.J) =X.X.
MoxHo BbIOpaTh Takoe € = =+ 1, 4ToOH x - &y He GbLJIO
H30TPOMHBIM; JE€HCTBHTEJLHO, HHAYE Mbl HMEJH OBl

2x.x+2x.y=2x.x —2x.y =0,

uro BJekJ0 6B x.x=0. BroiGepem Taxkoe &, H NyCTb
H — runepnjockocTs, OpTOroHaJbHast K 2=x -+ &y;

umeem V =kz@ H. Tlycts 0 — «oTpaxkenue or H», T. e.
aBToMOpdU3M NpoOCTpaHcTBA V, KOTOPBIA TOXKIECTBeH
Ha H n nmepeBogur 2 B —=2. Tak Kax x —ey mnpuHam-
JIeXKHUT runepmsockocTy H, To

o(x—ey)=x—cey, ox-+t+ey)=—x—ey,
oTkyna o(x)= —ey. ABromopdu3M —&0 NPOLOJI-
KAeT §.

Ecsu dim U > 1, To pasmoxum U B cymmy U, D U,,
rie U;, Uy,== 0. Ilo npenmo/oxeHHIO HHAYKIHH, Orpa-
HHueHHe s; Mopdusma s Ha U, NnpomoJ/KHMO IO aBTO-
Mopdu3Ma O; mpocTpaHcTBa V; momyckas 3aMeHy § Ha
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o;'es, MBI MOXeM, TaKHM O00pPa3oM, MPEIIOJIOKHUTD,

yro § ToxpectBeH Ha U;. Mopobusm s orobpaxaer U,
B oproroHaa V; K Uj; cJegoBaTe/bHO, 10 MPEANOJ0NKE-
HHIO HHAYKUMH orpaHnyenne Mmopdusma s Ha U, mpo-
JIO/KHMO 10 aBTOMOpPQH3MA 0y HPOCTpPaHCTBA V;; aBTO-
MOpP(}H3M ¢ mpocTpaHCTBA V, KOTOPBIH ToxjecTBeH Ha U,
1 COBIANaeT C 0, HA V), OTBeuaeT TpeOyeMOMY YCJIOBHIO.

CunencrBue. [sa usomopdruix nodnpoctpancrea
HeBvLPOKCIeHHO20 KBa0paTUyH020 MOOYAS UMEOT U30-
Mopchrbie OpPTO2OHAADL.

IMpomomxkuM H3oMOPPH3IM MeXKTY NOJAIPOCTPaH-
CTBAMH 10 aBTOMOpP(H3Ma MOAYJS M OrPAHHYMM €ro Ha
OpPTOrOHAJIAX.

1.6. Ilepegopmyruposku
ITycts

n
F(X) =z§1 a,; X} + 2 igj a,; XX,
— KBajpaTruyHas ¢opMa OT n mepeMeHHBIX Haj k) mo-
JIOKHM Q;;=@j;, €cau { > ], uToObl MmaTpuna A =(a;;)
6nlia cumMerpuunoil. ITapa (k", f) ects kBajgpaTHuHbIH
MOIYJb, Ha3bIBAEMBIH MOLYJEM, QCCOYULPOBAHHbIM ")
¢ ¢opmoii f (nmm ¢ marpuueit A).

Onpenenenue 7. Jlge kealparuunsie gopmor f
u [’ Ha3618AIOTCA 3KBUBANCHTHBLMU, €CAlL COOTEETCTBY0-
e modyau u30MOpPHbL.

B arom cayuae Gymem mnucate f~f'. Eecam A u
A’ — maTpuusl popM f u f/, To MOKHO yTBepKAAThb, UTO
cymecTByeT Takas obOpatumass Marpuuma X, uto A/=
=X.A.’X, em. m. 1.1,

IMycers f(Xy, ..., X,) v g(Xy, ..., X,,) — IBe KBajg-
paruunele GopMbl; 06o3HauuM uepe3 [ -+ g (uam mpomre
[+ g, ec/u HeBO3MOXKHBI HEJOPA3yMeHHsI) KB PATHUHYIO

dbopmy
f(Xl’ ] Xn)+g(xn+l> cey Xn+m)

1) Ui coorsercrayrouum gopme f.— Ilpun. nepes.
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oT n-+m mnepeMeHHBX. DTa omepauus COOTBETCTBYET
omepalyu B3SATUS OPTO20HAA6HOL Ccymmor (CM. ompeje-
jgenue 2 m. 1.2). Anagornudo, Gyjgem mucath [ — g (dJu
npocro [ —g) naa [+ (—g).

Bor HekoTOpble MpHMepPHl nepedopMyJIHPOBOK.

Onpepneneunne 4. opma f (X, X,) or dsyx ne-
PCMEHHBIX HA3bIBACTCA 2UNepPOOAULECKOL, ecau

f~XiXo~X] — X5.

(910 03HAUaET, UTO COOTBETCTBYIOWMH MonyJb (K2, f)
SIBJISIETCST eunepboauteckoll nAoCKOCTsI0, CM. ONpelese-
Hue 4 m. 1.3.)

[Cosopsr, uro dopma f(X;, ..., X,) npeacrasJser
3JeMEeHT a B k, eCJH CYLIeCTBYeT TakOH ajieMeHT x < k",
x50, uro f(x)=a. B wuacrHoctu, { upencrasjser 0
TOrjia U TOJLKO TOILA, KOIJA COOTBETCTBYIOUIHHA KBaJ-
PaTHUHBII MOAYJb COLEPKUT HeHYJeBOH H30TPONMHBIN
SJIeMEHT.

MMpennoxeunne 3. Ecau | npedcrasaser 0 u ne
soLpoxcdena, 10 f~fy-+ g, ede f,— eunepboruneckan
popma. B srom cayuae [ npedcrasaser iwb6oii sae-
ment 8 k.

dTo aBJsgeTcs NepeOpMYJIHPOBKOH NpemJoKeHus 3
H ero CJeiCTBHUS.

Cunencreue 1. Tycre g=g (X, ..., X)) — ne-
soipoocdennas keadparurnas ¢opma u a< k', Toeda
PABHOCUABHOL Caedyrouue YCao8us:

i) g npedcrasaser a;

ii) umeer mecro g~h-+aZ? eode h— ¢opma or
n— 2 nepemexnolx;

iii) gopma f= g = aZ? npedcrasaser 0.

SIcHo, uro ii)=>i). O6parHo, ecsin g npeacTaBJsier a,
TO KBaJPaTHUYHBLIH MOAYJb V, COOTBETCTBYIOLIHI hopMe g,
COJEPIKHUT TaKOH 3JEMEHT X, YTO X.X=q; eCJH 0603Ha-

yuTh uepe3 H oproronaa x x, To V=H® kx, ortkyna
g~h-+aZ? roe h—xBajgpatnuHas ¢opma, CBsI3aHHAs
¢ 0asmcoM mopmpocTpancrsa H.

Wmnuiukanua ii)=>iii) fcma wenmocpenctsenno. Ha-
KoHell, ecan dopMa [ =g — aZ? umeer HeTPHUBHAJbLHBIH
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HyJb (X, «.., X4, 2), To gu6o 2=0 u g npexacra-
Baser 0, a crano OHTb, U @, Jubo 2%+ 0 u g(x/z, ...
vvvs Xp—i/2)=a. Tostomy iii)=>1).

CnegcrtBue 2. [Iycre g u h— nesoviposicOernsie
popmet panea =1, u nycre f=g - h. Toeda pasHo-
cuabHbL caedyrouyue YycAo8US:

a) f npedcrasaser 0;

b) cywecrsyer a € k*, npedcrasumoe obeumu gop-
mamu g u h;

c) cywecrsyer takoe a <= k', uro g —aZ? u h - aZ?
npedcrasasror 0.

DKBHBAJEHTHOCTb b) &S C) BRITEKAeT U3 CJaeACTBHA 1.
WUmnaukanus b) = a) rpuBnanbHa. [TokaxkeM, uro a) = b).
HerpuBuasbHbi HyJb GopMel [ MOXKHO 3amucarth
B Bune (x, y), rne g (x) = h(y). Ecau snement a =g (x)=
=h(y) ormuuen ot 0, TO sCHO, YTO b) BBIDOJIHSETCH.
Eciu a =0, TO onHa u3 ¢opM, Hampumep g, mpeicra-
BJsier 0, a cTasno GBITh, H J1060H 371€MEHT U3 £, B yacT-
HocTH, Ji00oe 3HAueHHe, NUpHHHEMaeMoe GopMmoit A.

Teopema 1 mpeBpamiaeTcsl B KJacCHuecKoe pasJoxKe-
HHe KBaJPaTHYHOH (OPMBl HA «CYMMY KBAaApaTOB»:

Teopema . [ycre [— keadparuunas ¢opma
or n nepemennsix. Toeda cyuecTeyror TaKue ay, ..., A,<k,
410 |~ aiX} + ... + a, X5

Panzom GopMmbl | ABJIsIETCS UHCIO TAKHX HHIEKCOB i,
uro @, 5~ 0. OH paBeH © B TOM H TOJILKO B TOM CJYy-
yae, KOTfa OUCKPUMUHAHT a; ... 4, GOpPMBl [ OT/IHUeH
oT 0 (MHBIMH CJIOBaMH, KOTJAa [ He BBIPOXKIEHA).

Hakonen, caenctBue U3 TeopeMbl Burra maer cie-
AYIOUIYI0 TeopeMy <«yInpoleHus» !):

Teopema 4. Nycre f=g+huf =g + W — ne-
sotposcdennole keadparuunovie gopmo. Toeda ecau f~f’
ug~g,r0uh~"H.

Canenctaue. Ecau f ne soposxcdena, T0
ngl'i" e —l—gm+h,

1) Minaye HasuiBaeMyio «TeopeMoli cokpaweHus», — [Ipun. nepes.
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20e Gy «vvy G ABAAIOTCA 2UNCPOOAUYCCKUMU POpMAMLU,
a h ne npedcrasaser 0. IT0 pasaoxcerue eOUHCTBEHHO
¢ TO4HOCTH10 00 3KBUBAACHTHOCTU.

CyuiecTBoBaHMe BhITEKaeT U3 NpeAJoxeHus 3/, a efuH-
CTBEHHOCTh H3 TeopeMHl 4.

[Uncno m runep6oJHYeCKHX CJaraeMblX MOXKET OBITh
0XapakTepH30BaHO KaK pPa3MepPHOCTb MAKCUMAALHO20
U30TPORHO20 NOORPOCTPARCTBA B KBAJLPATHYHOM MOJYyJIe,
cooTBeTcTByIOmEeM (opme f.]

1.7. Keadparuunoie gopmor nad F,

[Tyctb p — npocToe yneao #2, u nyctb ¢ = pf — cre-
neHb uucsaa p; nyctb F,—mose us ¢q sneMeHToB (CcM.
§ 1| ra I).

IIpepnoxenne 4. Keadparuunas ¢opma nad F,
panea =2 (coorsercrgenno panea = 3) npedcrasaser

210601 3aeMeHT U3 F; (coorsercraenno u3 F,).

B cuay ciencrsust 1 U3 npensoxeHust 3 10CTaTOUHO
J0Ka3aTh, uTo Jio6asd kBampaTuuHas ¢opma oT 3 mepe-
MeHHBIX npexactasJaser 0, a 3To yTBep:KJAeHHE JO0Ka3aHO
B § 2 rn. I xak ciaencrBue Teopemn IllesaJie.

[YKamxeM BCKOJIB3b, KaK MOXKHO J0Ka3aThb 3TO HpeJ-
JoXKeHHe 6e3 HcnoJsb3oBaHusl TeopeMmbl Illesanse. Peup
HIET O J0KasaTe/bCTBE TOro, 4TO ecau a, b, ¢ = F, e
ABJAIOTCA HYJAMH, TO YpaBHEHHE

ax®+by’=c (%)

umeet peurenne. ITycts A (cooTsercTBenHO B) ecTb MHO-
KeCTBO aneMeHTOB U3 F,, umeromux Bup ax?® (coorser-
CTBEHHO HMelowHnxX BHA ¢ — by®) npu x & F, (coorser-

cTBeHHO npH y & Fg). Cpasy ke BHAHO, YTO Kaxjoe
u3 MHOXecTB A n B cocrout us (¢4 1)/2 snemenros;
suaunt, A()B= ¢, orkyma BhITeKaeT paspelINMOCTb
ypaBHeHHSA (x).]

Hanomunm panee (em. n. 3.1 ra. I), uto rpymma

2
F:/F, COCTOHT W3 JIBYX /CMEHTOB. 3a(HKCHPYEM 3ie-
menT a u3 Fg, KoTOpHIil He ABAfAETCA KBagpaToOM.
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IIpennoxenue 5. Jrobasa HegoposdenHas Kea-
dparuunas ¢opma patea n nad F, askeusasenrna aubo

Gopne
X?+ cee +Xi—1+X?t,

Xi+ ... +Xioi+aXi

8 3ABUCUMOCTU OT TO20, ABAAETCA UAU He ABAACTCA ee
OUCKPUMUHAHT K8aOpaTOM.

AUb0 hopme

dto scHo, ecau n=1. Ecau n>2, T0 mpepnoxe-
HHe 4 nokasbiBaeT, uTo ¢opma [ mnpexacrasasier 1.

9 .

ITostomy oHna 3kBHBaJeHTHa ¢opme Xi-4 g, rme g —
¢opma oT n — 1 nepeMeHHO#, U K g NPHMEHHMO MNpel-
HOJIOKEHHE HHIYKLHH.

CaencrtBHue. [as 1020 4TOGb6L 08€ HEBbLPONIEH-
nole gopmol Had F, Goiau skeusarenTHoL, HE0GX00uUMO
u Jocrarouto, urobvl OHU UMeal O0UHAKOBbUL paHe U
00uHAKO8bLL OUCKPUMUHANKT.

(PasyMmeercs, JIHCKDHMHHAHT paccMaTPUBaeTcs Kak

saeMent (aktoprpynnsl Fg/Fi)

§ 2. Kagpatuunsie dpopmMbl Hag Q,

B stom naparpade (kpome m. 2.4) uepe3 p oGo3Ha-
yaeTcsi NpPOCTOE YHCJIO; uepe3 k o0o3HaAuaeTcs p-ajiu-
yeckoe mnoJje Q.

Bce paccmarpuBaeMmble KBajpaTHYHBIE MOIYJH SB-
JSIIOTCS TAKOBBIMH OTHOCHTEJBHO R H IPEINoJaraioTcs
HEeBLIPOXKIEGHHEIMH; TakKHe Ke YCJOBHA HaKJaJblBAIOTCS
Ha KBaJpaTHuHble (OPMHIL.

2.1, Jlsa unsapuanta

[Iycers (V, Q) — KBagpaTHUYHEI MOAYJ/Ib PaHra f7; MH
o6o3HauuM uepe3 d(Q) ero AMCKPUMHHAHT; 3TO — 3Je-
menT u3 k*/k2, em.m. 1.1. Ecan e =(ey, ..., e,) ABJsteTCH
OpTOroHa/JbHbIM GasucoM B V H q;=¢,.e;, TO

dQ)=a, ... a, (B k*/E™).
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(B nampuelimiem Mb 6ygeM uYacTo NO3BOJATH cele
0603HauaTh OJHOH M TOH Ke OYKBOH Kak 3JeMeHT H3 k%,

TaK H €ero KJaccC [0 MOAYJIO k*z.)

HamomMHuM paJiee, uTO IJISI 3JE€MEHTOB @ H b us k*
mbl B 1. 1.1 ra. 111 onpenesuau cumBost T'uasbepra (a, b),
paBHBHI =1,

ITosoxxuMm

e(e) = tl;[i (ai, aj).

Hmeem &(e) = =1. Bousee Toro, &(e) ABisieTcsl unsapi-
anrom KBappatauHoro monyas (V, Q). JleHcTBHTEabHO:

Teopema 5. Yucao e(e) ne 3asucur or svibopa
0OpTO20HAAbHO20 ba3uca e.

Ecau n=1, 1o ¢(e)=1. Ecou n=2, 10 paBeHcTBO
e(e)=1 uMeer MmecTo TOTZa M TOJbLKO TOTJLA, KOrLa
dopma Z2 — ;X% — a,Y? npexpcraBaseT 0, HHBIMH CJO-
BaMu (cM. cJaenctsue | H3 mpegnoxkeHus 3’) Torma M
TOJBKO TOrnma, korma a;X2-a,Y? mpemcrasaser 1; HO
3TO MOCJ/eJHee YCJOBHE 03HauaeT, YTO CYLIECTBYET TAKOH
sneMeHT ¥ =V, uto Q(x)=1, a 3T0 He 3aBHCHT OT e.
Hasi n >3 nposeleM HHAYKUHIO To n. Ha ocHoBamuu
TeopeMbl 2 JOCTATOYHO JOKasaTb, 4TO ¢&(e)=¢ (e’),
Korma e u e’ cmeocHsl. Ho M3-3a CHMMETPHH CHMBOJIA
F'nasbepra e(e) He MeHseT 3HAueHHs NPH NMEPECTAHOBKe
3JEMEHTOB é;; MOXKHO, TaKHM 00pasoM, HPeNNOJOXKHTh,
uro Gasuc e’ =(ef, ..., e;) Takos, 410 ¢{=e¢,. Ecmm
MOJIOXHUTb a] = ej.e], T0 a{ =a,. MoxHo 3anucath &(e)
B BHIE

o(&)= (@ az ... a)) I (@ a)—
= (a1, d(Q)ay) 2<];I<j (@i, ap),

nockoaeky d(Q)=aq; ... a,.
AwnaJorauso,

e(e’) = (a;, d(Q) a)) 2<];I<j (ai, a?),
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Ho IpennoJioxkeHne HHAYKIHH, NPUMEHEeHHOe K OpPTOro-
HaJay K e;, NOKa3blBaeT, YTO HMeeT MeCTO

Il (2 a)= 11 (@i a)),

2<i <y 2<i <y

OTKyZa BHITEKaeT HCKOMBI pesyJ/bTaT.
OrubiHe MBI OyzeM nmucath €(Q) Bmecto &(e).

[epegopmuyauposxa. Ecau [ — kBagpatuunas dpopma
OT 1 NMepeMeHHBIX H

feaXi+ ...+ aXl,
TO [ABa 3JeMeHTa
dfy=a;...a, B (k'R
e(N=I1(a, ap) (8 {=1})

i<j
SIBJSIIOTCS.  UHBAPUAHTAMIL — KJacca SKBHBAJEHTHOCTH
dopmst f.

2.2. ITpedcrasienue anremenTa u3 k  K8adparuuHol
popmoti

JlemMma. a) Yucao saemenros gexroprozo Fy-npo-
[ %2 r
crpancrea k*[R™ pasro 27, ede r =2, ecau p7#2, u r =3,
ecau p=2.

b) Hycre Oan a= kIR u e= +1 uepes H; o6o-
3Ha4eHO MHOXcecT80 Takux x & R'[R™, uro (x, a)=c¢.
1
Toeda ecau a=1, to H, cocrour uz 2" ssemenros,
-1 ~1
a H;' =Q; ecau a =1, to H cocrour uz 2"~ aae-

MEHTOS.

¢) Hycrs a, o’ = k*[k™ u e, ¢/ = = 1; npednososcum,
qro Hi u Hy wenycro.. Toeda 048 TO20 4TOGbL
H) N HY = &, neo6xo0umo u docrarouno, 4robor a = a’
ue=—ée.

YrBepxknenue a) pokazano B m. 3.3 ra. II. B b) cay-
yali a=1 TpuBnaseH; ecju a =1, To romomopdusM
b+ (a, b) oroGpaxaer k'/k” na {=% 1} (reopema 2
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n. 1.2 ra. III); mostomy ero suapo Hi ecTs TUITEPILJIO-
CcKOCTb B K'[k™ M cocTouT H3 9! 3JIEMEHTOB; €ro Jjo-
nonmenne H;' cocrout ua 277 saementos (310 — «ad-
(uHHAA» THOEPNJOCKOCTh, TapaJJe/bHas H,). Haxkoner,
ecan HY n H‘Z'» HENyCThl M AH3BIOHKTHBE, TO OHH 0061-
3aHB cOCTOSITH u3 27! 3/eMeHTOB Kaxaoe H GBITh

JONOJHEHUAMHU JPYyr K OpYyry; MO3TOMY Hj = Hy, uto
naer

(x, a)=(x, a’) nas moGoro x & k'[k™;

OCKOMBKYy cHMBoJ ['HiabGepra He BBIPOXKIEH, OTCIOLA
BBIBOJHMM, UYTO a=aqa’ H, OueBUIHO, € = — &’; obpaTHoOe
yTBepKIeHHe TPHUBHAJLHO.

[Tycte Temepb [ — kBagpaTuuHas ¢opMa paHra n;
nyctb d=d (f) 1 e =¢(f) — ee MHBapHAHTLI.

Teopewma 6. Jaa npedcragumoctu nyas ¢opmoii f
Heobxo0umo U 00CTATOUHO, HTOOLL BHINOAHANOCH OOHO
u3 caedyrouwux Ycaosuii:

iy n=2u d=—1 (8 k'[k™);

ii)y n=3 u (—1, —d)=g¢;

iii) n=4 u aubo d=~1, au6o d=1u e=(—1, —1);
iv) n>=5.

(B uwacrHOCTH, ar06as gopma oT & u 6oaee nepemen-
Hotm npedcrasaser 0.)

[Ipeskae yeM MOKasbiBaTh 3Ty TEOPEMY, YKaXKeM OLHO
ee CJe[CTBHE.

Iycts a = k*/k™, u nyers f,=f = aZ? (sra dopma
onpejeseHa ¢ TOYHOCTbIO IO 3KBHBaJJeHTHOCTH). FI3BecTHO
(cm. m. 1.6), uro f, mpexncraBaser O TOrga H TOJBKO
TOrna, Korma | mpexcraBaseT a. Mmeem

d(fa)=_ ad, a(fa)=(_ a, d){-‘,,

KaK MBl TOJIbKO uTO BhiBeJH. I1puMmensis Teopemy 6 K f,
H HCNOJB3YsT 3TH (GOPMYJbI, HOJydaeM
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Cnencrsue. [Iycre a <= k*/k™. Toeda 0an nped-
cragumoctu a ¢opmoii f neo6xodumo u docrarouro,
4T06bl BbINOAHANOCE OOHO U3 CACOYHOUUX YCAOBUILL:

iy n=1ua=d;

ii) n=2u (a, —d)=¢;

iii) n=8 wu aubo as=—d, abo a=—d u
(—1, —d)=¢;
iv) n>4.

(YTounnM, uTO 37ech TaK Xe, KaK B HOPMYJIHPOBKE
TeopeMbl 6 W manee, @ u d paccMaTpPUBAIOTCA KaK 3Je-
MeHTH H3 k*/k™; manpumep, HepaBeHCTBO @ = — d 03Ha-
YaeT, YTO @ He PABHO MPOU3BEAEHHIO 3JeMeHTA — d Ha
KBajapar.)

Jloxkasaresscreo Teopemsr 6. 3anumeM [ B BHIe
fraXi+... + 4. X% n PaccMOTPHM OTAEJIbHO CJayyaH
n=2,3,4u >=5.

i) Cayuati n=2.

dopma [ mpexncrasaser 0 Torga M TOJBKO TOTAA,
KOTZa — a;/a, eCThb KBAApAaT; HO — @i/ay= —a,ay= —d
B k’/k™; nostomy —d=1, 1.e. d=—1.

ii) Caynait n=3.

®opma [ mpexcrasaser 0 Torga H TOJBKO TOIZA,
Korza ¢dopma

2 2 2
— a,f ~—a,0,X] — a,0,X; — X;
npexcrapaser 0. ITo onpenenennio cuMBosia ['mabGepra

nocaenusis ¢opma npexcrasiaser 0 B TOM H TOJBKO
B TOM CJyYae, KOTAa

(—asa;, —azay) = 1.
TIpeo6pa3sys, HaxoquM

(=1, =1 (—1,a) (—1, ap) (a3, a3) (a1, az) (a1, a5) (a5, az)=1.

Ho (as, as) =(—1, as) (cM. dopmyay iv) npexsoxenus 2
n. 1.1 ra. III). TTosromy Hallle yCJOBHE MOXKHO 3allHCATh
B BHJE

(=1, =1) (=1, a1a5a5) (a1, a5) (@1, as) (@g ag) =1
um (—1,—d)e=1, 1.e. (—1, —d)=¢e.
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iii) Cayuaii n=+4.

Ha ocHoBanuu caencTBusl 2 npenJoxenus 3’ dopma f
npexcrasisger 0 Torma M TOJBKO TOTAA, KOrjga CyllecT-
ByeT x € k'/k™, mpencraBuMblii 1ByMs dopMmaMmu

2 2 2 2
a X t+aX, 1 —aX, —aX,

B cuay ii) mpuBeleHHOrO BBIIE CJEICTBHS ') TaKOH 3Je-
MEHT X XapakTepH3YyeTCs YCJOBHIMH

(¥, —aa)=(a;, as) u (¥, —asa)=(—as —a,).

ITycts A — mogMHOXKecTBO B k°/k™, omnpenesennoe
nepBbHIM yCJa0BHEM, a B — Takoe ke IOJMHOXKECTBO,
olnpefe eHHOe BTOPLIM ycJsoBHeM. Jlast Toro 4ToGH [ He
npeacras/siga HYJb, HEOGXOAHMO H JOCTATOYHO, UTOGHI
AN B= . OueBunHo, yTo A u B He mycrsl (Hanpumep,
a,=A u —as;< B). [To yacti ¢) JeMMbl, DpHBEIEHHON
B HauaJe 3TOro IYyHKTa, ycJjoBue A()B=( sKkBuna-
JEHTHO CJeIyIolIeMy:

Q10 = a3ay, (@, ag)= —(—a;z; —ay).

ITepsoe paBeHcTBO O3Hauaer, uto d =1. EcJau oHo pea-
JM30BAHO, TO

e=(ay, ay)(as, a)) (asa;, asa,);

OTCI0J1a, MCNOJb3Ysl cooTHoueHue (¥, x)=(—1, x) (cM.
dopmyay iv) npemaoxenus 2 m. 1.1 ra. III), moayuaem
e=(a;, a)(as a)(—1, aa,)=

= (a1, ay)(—as, —ay))(—1, —1).
[MosToMy BTOpOE PaBEHCTBO 3aMHINETCS B BHIE
e=—(—1,-1),
OTKyJda CJeIyeT HCKOMBIH pe3yJbTar.
iv) Cayuaii n=5.

IocraTouno paccMoTpeTh cayua#i n=>5. Hcnoabsya
JIeMMY H YacTb ii) NpHBEIEHHOrO BHILIE CJIENCTBUS, BH-

-1
IuM, 4TO (opMa paHra 2 mpeacrasJ/ser He MeHee 27

1) Cnyuait ii) cJexcTBHSI BhITEKaeT U3 yikKe LOKA3aHHONO CJay-
yass n =2 teopeMul 6,— I[ITpum. ped.
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aJeMeHTOB u3 k'/R™, u TeM 60Jee 3TO Ke HMeeT MeCTO
-1
aas opm pamra >2. Tak Kak 2 >2, 1o dopma |
NpelCTaBJsAeT HEKOTOPHE 3JMEMEHT g k*/k*z, OTAUUKbLL
or d. Umeem
[~aX®*+ g,

rie g — ¢dopma panra 4. JluckpuMmuHAHT GOPMHL g pa-
BeH d/a; crajo ObITh, OH OTJHYEH OT 1, U Ha ocHoBa-
nun iii) ¢opma g npencrasasier 0. ITosTomMy TO Ke
BEPHO H A [, 4TO 3aBeplIAET 10KA3aTEJIbCTBO TEOPeMHI 6.

3ameuanusn. 1) Ilycts f — kBagpatuunas opma, He
npencrasasiomias 0. ITpuBeneHHHle BbIIe Pe3YJabTATH
MOKa3bIBAIOT, YTO YHCJO 3JEeMEeHTOB H3 K'/k™, KoTopble
npenCcTaBasAIOTCA mocpencTsoMm f, pasuo I, ecau n=1;
pasio 27, ecom n=2; pasuo 2 —1, ecoam n—=3;
paBHo 27, ecau n=4.

2) Mbl BHIeJH, UTO Kaxjas KBajgpaTHuHas ¢dopma
or 5 nepeMeHHHX Hanx Q, npexacrasasger 0. B cBasu
¢ 9TUM YKaxKeM Ha rumnotesy ApruHa: scakuii 00Hopod-
Houi noaunom crenenu d Had Qp or d>—+ 1 uau Goaee
HepemMenHblX UMeeT HeTpUBUANbHbLL HYAb.

B cayuae d =3 ara rumoresa noarsepxkuaaercs (cM.,
Hanpumep, Springer T., Koninkl. Nederl. Akad. van
Wetenss., (19565), 512—516). OGuumii cayuaii ocraBaJcs
OTKPBITBIM B TeueHHe TPUAIATH JeT. ToJbKo B 1966 romy
Tep:xaHbsin ') moKasaJ, uTo npednorodncenue ApTuna Hese-
pPHO: CYIIECTBYET OMHOPONHEIN MOJTHHOM UETBEPTOH CTeme-
HH HaJ Q, 0T |8 mepeMeHHBIX, KOTOPLIH He HMEET Hi OTHOTIO
HETPHUBHAJBHOrO HYJA. TepxaHbsH HCXOMHUJ U3 NOJHHOMA

n(X, Y, 2)=X2YZ + Y?ZX 4 Z2XY 4 X?Y*>+
_I_ Y222 _|_ Z2X2 — X4 —_ Y4 _ Z4’
KOTODBIf 06/1aaeT CAeLYIOUHM CBOHCTBOM: €CJH (X, Y, 2) —

npuMHTHBHAS Touka B (Zy)3, To n(x, y, 2)= —1 (mod 4).
ITyctb
f(Xl’ LK) X9)=

=n(X;, Xy Xa) +1(Xy X5 Xo)+1(Xs Xgo Xo)s

!y Terjanian G., Comptes Rendus Acad. Sci. Paris, 262
(1966), Ne 11, A612. — ITpum. ped,
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rorpa f(x;, ..., x) 3 0 (mod 4), ecan Toura (X, ..., %)
npumutuBHa. OTCl0fa JIErKO BHIBOLUTCSH, UTO MOJHHOM
FXpy oooy Xig)=FXps -+ Xo) + 4f (Xios + s Xig)

He HMeeT HeTpHBHaJbHOro HyJad. (CyuiecTByiloT aHa.Jo-
rHYHble NpPHUMEpPbl — HO 6oJiee BLICOKHX CTemeHeH — JJisi
Bcex moJsieit Q,.)

M3BecTHO BCe IKe, YTO INpeINoJoKeHHe ApTHHA
«TOYTH» BEPHO: NpPH (GUKCHPOBAHHOH CTeHmeHH d OHO
CpaBeJHBO AJs BCEX MPOCTHIX YHCEJ p, KPOMe KOHeU-
porouncna (Ax J.,, Kochen S., Amer. J. Math., 87
(1965), 605—648 1)); omHako yxe HJsg d =4 HEH3BECTHO,
KaK ONpeJe]HTb MHOMKECTBO 3THX HCKJIOYHTEJBHBIX IPO-
CTHIX YHCEJ.

2.3. Kaaccugurayus

Teopewma 7. [se kesadparuunsie ¢opmel Had k
9KBUBANEHTHbL T020Q U TOAbKO T020@, K020Q OHI UMErOT
00uHaKOBbIE paHe, OOUHAKOBbLE OUCKPUMUHAHT U 00u-
HAKOBbLL UHBAPUANHT €.

To, uto y »KBHBaJIeHTHBIX (GOpM YyKa3aHHbIE MHBa-
PHAHTH OJIHHAKOBBI, BhHITeKAaeT M3 UX onperpeneHus. OG-
paTHOe NoKa3blBaeTCs HHAYKIHEH MO paHry m paccMar-
puBaeMBIX KBaapatuunnix ¢opM [ u g (cayuaih n=0
tpusnaJen). CuexcTBue Teopembl 6 1OKa3bBaer, uTo f
H g NMpeICTaBJAIOT OJMHAKOBEIE 3JeMeHTh H3 k*/k"; mo-
3TOMY MOXKHO HAalTH a € k", KOTOpoe OIHOBPEMEHHO
npencTaBUMo Kak ¢opmo# f, Tak u dopmoit g; aT0 mo-
8BOJISIET 3aMHCaTh

f~aZ?4+f u g~aZ?4+g’,
rne [/ u g’ sasasiorcs dopmamu paura n— 1. Umeem
d(f)=ad()=ad(g)=d (g,
e(f)=e(f)(a, d(F")) =e(g)(a, d(g") =e(g");

9TO IIOKAa3bIBaeT, u4to [/ M g’ HMeT OJMHAKOBHIE HHBA-
naHTHl. [To mpexnoJ/okeHHI0 HHAYKUUH [/ ~ g/, oTKyza
~ g.

1) Cwm. rakxe c6. Maremarura, 9:5 (1965), 3—26. — Tpum. ped.
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CaencrBue. Cywecrsyer eOUHCTBEHHAS € TOYHO-
cTo10 00 IKBUBANCHTHOCTU opma panea 4, KOTOpas He

npedcragaser O e (a, b)=—1, r0 rakoi ¢opmoi
asanerca 2> — — by*+ abt?.

ﬂeﬁchnTeano, no reopeme 6 Takas dopma xapaxk-
tepu3yercs uaBapuantamu d(f)=1, e (f)= — (—1, —1),

H HeImoCpeNCTBEHHbIH HoJcyeT yGexkjaeT Hac B TOM, 4TO
22— ax®>— by?’+ abt? o6aajnaer STHMH CBOHCTBAaMH.

3ameuanue. DTy GOPMY MOXKHO TPAKTOBAThb KakK
pedyyupoBaAHHYI0 HOpMY €NHHCTBEHHOTO HEKOMMYTATHB-

Horo Tesa crenenn 4 Hax Qp; ecin (a, b)= —1, T0 3T0
TEJI0 MOXKeT OLITb ONpeJeseHO KaK TeJO «KBATEPHHOHOB»
¢ GasucoM {1, i, j, ij}, rne i’=a, ?=0b, ij =— ji.

MMpenaoxenune 6. Illycre dansr n>=1, d = k*/k™
u e==1. Toeda 9daa cywecrsosanus fceadpawwou
popmet [ panea n ¢ uneapuanramu d(fy=d u e (f)=e
Heobxo00umo 1 00CTATOYHO, YTOGLL UMEAO MECTO OOHO U3
caedyrouux ycaosuii:

n=1,e=1; ui n=2, d =+ —1;
usm n=2, e=1; usd n>=3.

Cayuait n =1 TpuBnaneu. Ecou n=2, 1o f~aX2+bY?,
u, et d(f)=—1, 10 e(f)=(a, b)=1(a, —ab)=1;
03TOMY He MoxeT Obithb omHoBpeMenHo d(f)= —1 =u
e(f)= — 1. O6parno, ecoiu d=—1, ¢=1, T0 BO3bMEM
f=X®—Y?% ecsm d=~ —1, TO cyumecrByeT TaKoi 3Je-
MeHT a=k", uro (a, —d)==¢€, u MbH BO3bMEM
f=aX?+adY? Ecau n=3, 1o BuifepeM a < k*/k™
OTJIHYHBIM OT —d; MO TOJbKO YTO JOKa3aHHOMY Cylile-
cTByeT Takas ¢opma g paura 2, uro d(g)=ad, e(g)=
=c¢e(a, —d); dopma aZ?-+ g — uckomas. Cayuait n >4
CBOAMTCS K cCJayyaio # =3, eClIH B KauecTBe | B3fATb
dopmy g(X1, Xo, Xs) +Xi+ ... + X3, rae g — popma
C 3aJlaHHBIMH HHBapHaHTaMH.

CunencrBue. Jucao Kaaccos Ke8adparTuurslx (opm
panea n Had Qp, p =2 (coorsercreenno p=2) pagHo 4
(coorsercrgenno 8), ecau n=1; pasno T (coorsercr-
senno 15), ecau n=2, u pasno 8 (coorsercrsenno 16),
ecau n=3.
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IeiicrBurensto, d(f) Moxer mpuusath, 4 (cooTBeTcT-
BeHHO 8) 3HaueHHH, a € (f) MOXKeT NPHHATL 1BA 3HAUEHHS.

2.4. Bewecreennuii cayuai

[Tycrs f— xBagpatuunas ¢opma paHra n Haj IMo-
aeM R BemecTBeHHBIX uucesa. MsBecTHo, uto [ skBuBa-
JeHTHa (opme

X4 XY — .Y

Tle r ¥ S — JBa TaKHX LeJBIX HEOTPHIATeJbHHX YHCJa,
uro r-+s=n; napa (r, ) 3aBHCHT TOJBKO OT [; 3Ta
napa HasblBaeTcsl cuexarypoi opmul f. ToBopsar, uto
f — onpedesennas dopma, ecau r uan s =0, HHLIMH
CJIOBaMH, e€c/i [ HMeeT NOCTOSIHHHIN 3HAK; B IPOTHBHOM
caydyae TroBOPAT, UYTO [ — Heonpedeaennas ¢opma (310
TOT cJayuail, korga [ nmpencrasaser 0).

Husapuant & (f) onpenensiercs Tak ke, Kak B CJy-
yae mossa Qp; Tak kKak (—1, —1)=—1, 10

1, ecn s=0, 1 (mod 4),
—(—1)Ss=D2 __
e()=(=1) { —1, ecan s=2, 3 (mod 4).

C 1pyro#t CTOpOHHI,
I, ecmm s=0 (mod 2),

d(f)=(_1)s={ —1, ecan s=1 (mod?2).

TakuM 06pasoM, Mbl BHIHMM, 4TO 3aflaHHe HHBAPHAHTOB
d(f) nu e(f) paBHOCH/ILHO 3alaHHIO S 1O MOALYJIO 4;
B uactHoctd, d(f) u e(f) onpedessror ¢opmy [ ¢ rou-
HOCTb10 00 3K8UBAAEHTHOCTU hpu N < 3.

TakuM xe o6pas3oMm mpoBepseTcs, 4to #acru i), ii),
iii) reopemor 6 u ee caedcreus nepenocsarcs na R (mo-
Ka3aTe/JbCTBO HX HCNOJB3YET TOJbKO HEBBIPOXKIEHHOCTD
cumBoJa I'uip6epra); OUEBHIHO, UTO TO XK€ CAMOE MOIKHO
CKasaTb U O YacCTH iv).

§ 3. Keagparuunbie dpopmb Hag Q

Mu npennosaraeM, 9To Bce paccMaTpHUBaeMble KBajpa-
THUHBIE (QOPMBI UMeIoT Ko3(h(duuueHTsl B Q H HEBHIPOXK-
JEHEI,
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3.1. Husapuanro. gpopmot

Taxk ke, xak 4 B § 2 ra. III, o6o3nauum yepes V
o6belHHEHHE MHOXKECTBA NPOCTHIX YHCEJ H CHMBOJIA 0O
u O6ygeM cuutath, uto Q. =R.

2 2
IMycrs f ~ a,X| 4+ ... +a,X,—kBagpatuunas popma
panra n. CpsixeM ¢ HeH cJaeiyioliue MHBapHAHTHL:

a) Juekpumuranr d(f) = Q*/Q™, paeubii npousse-
IEHHIO Q) ... Qp.

b) Ilycts v = V. HUubekuna Q — Q, nospoJser pac-
CcMaTpuBaTh | Kak Keadparuynyro ¢opmy (KOTOPYIO MBI
o6osnauum f,) Had Q.. Uusapuautsol Gopmu f, 6ymem
o6o3nauath uepe3d d,(f) u e,(f); scHo, uro d,(f) ecrs
o6pas puckpumuHanra d (f) npu orodpaxkennn Q°/Q’* —
——>Q:,/Q*2' HMeeM

e, (=11 (&, a))..

i<j

dopmyna npoussenenus (reopema 3 m. 2.1 rua. III)
yCTaHaBJHBAeT COOTHOLICHHE

I e.(h=1.

veV

¢) Cuenarypa (r, s) BelleCTBEeHHOH KBaJpaTHUHOMH
dopmsl [, fABJIAETCA elle OJHUM HHBaPHAHTOM GOpPMSIf.

Husapuautsl d, (f), ¢, (f) u (r, s) uHorga naswiBawrcs
AOKaAbHbLMU HHBApHAHTAMH (OpPMBEL f.

3.2. IIpedcrasaenue uucaa Gopmoi

Teopewma 8 (Xacce — Muukosckuil). Popua f nped-
crasasier 0 8 Q roeda u roasxo roeda, xKoeda 0as arwo-
60e0 v =V ¢gopma f, npedcrasaser 0 (8 Q).

(UnbpiMH CJIOBaMH, f ©MeeT «IJ100aJbHbIH» HYJIb B TOM
1 TOJBKO B TOM CJyuyae, KOIZa [ HMeeT MOBCIOLY «JIO-
KaJbHBIH» HYJIb.)

Heo6xonuMocTh YCJAOBHH TeopeMbl TpHBHAJAbHA. [Js
JOKa3aTeJbCTBA JAOCTATOYHOCTH 3amullieM [ B BHAE

[=aXi+ ... +,X3 Q"
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Hcnosb3yst BO3MOXKHOCTh 3aMeHnl [ Ha a,f, MBIl MoOxeM
IIPeJIIOJIOKHUTb, UTO a; = l.

PaccMoTpuM oTnenbHo caydyan n=2, 3,4 u >=5.

i) Cayuaii n =2.

Umeem f =X — aX3; Tak Kak f mpencrasaser O,
To a > 0. Ilycts a 3amucaHo B BHAe

a=]IIp"";
p

TaK Kak f, npencrasaser 0, TO @ sIBJseTCS KBaapaToM
B Q, a notoMy v,(a) Ro/KHO OHITb #erxnoim. OTciona
BHITEKAeT, YTO a ecTb KBazapat B Q u f npexcrasaser 0.

ii) Cayuait n =3 (Jlexaunnp).

UnmeeM | =X] — aXs — bX3; HCHIONBb3YST BO3MOKHOCTD
YMHOXAaTh a@ M b Ha KBaapaTh, MbBl MOXEM IMpeino-
JIOXKHTb, YTO @ H b ABJAITCA YeAbIMU HUCAAMU, HE
Oenawumuca na Keadparol (T. e. vy(a), v,(b) paBHsl O
uan 1 g mo6Goro mpocToro uucJaa p). MOXKHO TaKke
NpefnoNoOXuTh, 4T |a|<|b|. IIpoBeneM Tenepb MHAYK-
U0 mo uesomy uucay m=|a|-+|b|. Ecau m=2, To

F=X =X X5

cayuait Gopmer X2 4 X2+ X2 nckmouaercst, MOCKOJIBKY f
npexncrasasier 0; B OCTaJ/bHBIX caydasx [ meHcTBHTEJBHO
npencrasJser 0.
IIpenmosioxuMm, 4to m > 2, Tak 410 |b|=2, n 3a-
nuieM b B Buie
b=+ Pi ese Prs

rae p; CyTh Pas/MuHbIe MpOCThe Yucsaa. ITycTs p — ofHO
M3 UHCeJ p;; NOKaxkeM, YTO a A8AAeTcs KeadpaTom no
Mm00yato p. Dto oueBuAHO, ecan a = 0(mod p). Ecin xe
5TO He TaK, TO a fIBJAsSeTCS p-aLHyecKOH elHHHIeH; IO
YCJIOBHIO cyluecTByeT (X, ¥, 2) & (Q,)%, Takoi, uTO

22— ax?—by?=0,

H MOXHO TpPEeNNOJNOXKHTb, YTO (X, ¥, 2) HPHMHTHBEH
(cM. mpemsoxenue 6 m. 2.1 ra. II). Mmeem: 22— ax?=
=0(mod p). Otclona 3akaouaeM, yto ecau x = 0(mod p),
TO 5TO K€ HMeeT MeCTO LJs 2 H by? LO/IKHO LeNHThCs
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Ha p% HO TaK Kak v,(b)=1, To 3TO NPHBOIHUT K CpaBHe-
Huio y=0(mod p) BompekHn NPHMHUTHBHOCTH (X, ¥, 2).
Takum o6pasoM, x = 0(mod p), a 370 H 03HAYaeT, UTO @
sBJsercs kBagpatom (mod p). YcTaHOBUB 3TO, MBI BHIHM,
4TO a £84AeTCA K8adparom no modyao b, HOCKOJIBKY

Z/bZ2=]1Z/p;Z. Caenosarensno, CYLLeCTBYIOT TaKHe lie-
Jsle uuchaa f, b’, uto

2=a+ bb’,

npuueM f MOxXeT OBITb BEIOpaHO Tak, uyToOH |f|<C|b|/2.
dopmyaa bb’ =1*— a nokassiBaeT, 4To bb’ ecTb HOpMa
B pacCUIMpeHHH k(l/?z_)/k, rie k=Q nm Q,; orcioxa
3aKkJyoyaeM (paccy:K/JeHHe, aHaJOMMYHOe BBIBONY MHpex-
goxennss 1 ra. III), uro f mpencrasaser 0 B & Torma
W TOJMBKO TOTZA, KOTAA 5TO HMeeT MecTo Aast [ = X; —
—aXs — b’Xﬁ. B uacraoctH, [ npencrasiser 0 B KaXI0M

£2—
u3 Q,. Ho lb'|=‘ ba <%—|—1<]bl, MOCKOJIBKY
|b|>=2. 3anumem b’ B Bume b7u? rme b”, u— yensle
yucJ/aa, mpHueM b7 He peauTCss Ha KBaApaThl; ToOrna
teM Gosnee |b”|<|b|. IlpumeHum Tenepb NpenNoJoNKe-

HHe HHAYKUHH K Qopme
f"=Xi—aX; — b"X3,

KOTOpas sKBMBaJeHTHa dopme f/. Mul moayuaeM, uro f~
npexncrasaseT 0 B Q, a orcioma BBEITEKAeT TO XKe caMmoe
u aas |

iii) Cayuaii n=4.

Hmeem

f=aXi+ 6X3 — (X3 + dX3).

IMycts v = V. Tak kak [, npexacrasaser 0, To cJaef-
ctBHe 2 mnpengoxenusa 3’ u3 n. 1.6 mokaselBaeT, 4TO
CYLIECTBYeT 3JeMeHT x, & Q;, mNpeICTaBUMBIH OJHO-

BpemMeHHO dopmamu aX; + bXs u cX; +dX}; Ha ocHoBa-
HHH yacTH ii) caencTBud u3 TeopeMbl 6 (KOTOpOEe paBHBIM
o6pasoM mnpumeHHMo H K Q, =R) 310 mno3soJser
YTBEpK/IaTb, UTO

(xw _ab)v - (a) b)w (xw _Cd)v =(C) d)v-
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Tax kak Hv(a, b), = Hv (¢, d)y =1, To MOXHO mpH-

meHuTh Teopemy 4 n. 2.2 ra. III; Mbp noaywaeMm, uto
CyIeCTByeT TaKoH 3jJeMeHT x¥ € Q°, urto
(x, —ab)y=(a, b), w

(x, —cd)y=(c, d), naa xaxporo veV.

2 2 2
IMostomy ¢opma aXi—+ bX; —xZ° mnpencrasaser 0
B KaXJOM H3 Q, H cJenoBaTeJbHO, B Q, Ha OCHOBa-
uHuu ii), Orcloma 3akiaoyaeM, 49TO X HpeICTaBHM B Q
dopMoii aX; -+ bX3, H To Ke PaCCyXIEHHe NIPHMEHHMO
2

K ¢Xj+ dX3; us sroro caepyet, uto f mpemcrasJiser 0.

iv) Cayuai nZ>=5.

IMpumenum HHAyKuMo no n. 3anuileM [ B Bule

f=h—g»

rne h=aXi+ a:X3, g=—(a:X53+ ... +a.X2).
ITycte S o6o03HayaeT YacTh MHOXeCTBa V, COCTOsI-
mymo M3 oo, 2 H Tex NPOCTHIX YHCeJ p, IJS KOTOPHIX
v,(a;) 0 npu i2>3; 3T0 MHOXKecTBO KoHeuHO. IlycTs
veS. Tak kak [, npencraBaser 0, TO CyliecTByeT
sjaeMeHT a, & Q;, Kotopeiit npeactasuM B Q, opmamu A
H g; TOrja CyIeCTBYIOT TaKHe 3JeMeHTH x!&EQ,,

i=1, ..., n, ut0
0 V) — —_ U v

h(x}, x5)=a,=g(x3 ..., x).
Ho kBamparh u3 Q) 006pasyioT OTKpbiTOe MHOMKECTBO
(cm. m. 3.3 ra. II). Orcioma npH MOMOIIH TeopeMHl 00
annpoxkcumanuu (gemma 2 m. 2.2 ra. III) caenyer, uro
CYLIECTBYIOT TaKHe 3JeMeHTH X, X, & Q, 4TO ecJH
a=h(x, x,), To HMeeT MecTo a/a, & Q,® AJA KaKLOro
v S. PaccMorpum dopMmy

fl =aZ?2+ g.

Ecin v=S, to dopma g mnpexpcrasiaster a, B Q,;
NO3TOMY g TpeficTaBJIseT TaKkxe H a B Q,, H60 a/a, = Q%
oTclofa 3akJwouaeM, uTo f; npexcrasaser 0 B Q,. Eciu
veé& S, T0 KoappHUHEeHTH —a3, ..., —a, GopMBl g
ABJAIOTCH U-aflHYeCKHMH eJHHHLIAMH; CJieL0oBaTeJbHO,
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v-aguueckoil enuuuueii 6ymer u d,(g), 4 Tak Kak v 5= 2,
TO €, (g)=1. Tak Kak paHnr ¢opmel g >3, To TeopeMa 6
nokasnlBaer, uto g mnpencrasiser 0 [sTo Moxer OHTh
TaKxe MOJy4YeHO H3 cuaefcTBuf 2 Teopemnl | m. 2.2 ra. 11
B coueraHnu c Teopemoil llemasne]. Bo Bcex cuayuasnx
MBl BHAMM, 4TO [, mpenctasisier 0 B Q,; Tak Kak paHr
¢dopwmbl f; paBed n— 1, npeanoJoxKeHHe HHAYKIHH MOKa-
3biBaeT, 4To f; mpexacrasJ/ser 0 B Q, T. e. uTO g mpen-
craBJasieT a@ B Q; Tak KaK A NpejiCTaB/IgeT a, TO OTCIOJa
crenyet, uto [ npexcrasaser 0, 4To M 3aBepllaeT HOKa-
3aTesbCTBO.

Caencrsue l. [Tycre a = Q. Ja1 npedcrasumoctu
asementTa a Gopmoid f 8 Q Heobxoduma u docrarouna
e2o npedcrasumocts 8 Kaxdom u3 Q,.

2ST}) BBITEKaeT H3 TeopeMbl, MPHMEHEHHOH K (opme
aZ* —1[.

Cnencreue 2 (Mefiep). Ksadparuunas ¢opma
parea =5 npedcrasaser 0 8 TOM U TOALKO 8 TOM CAY-
yae, Ko20a OHa sABAAeTCA Heonpedeiennod (T. e. Korja
oHa npexacrasasier 0 B R).

HefictButeibHO, 1O Teopeme 6 Takas ¢opma npex-
craBageT 0 B KaxA0M U3 Q.

Canencreue 3. [Tycre n— pane ¢opmor f. Iped-
noaoscum, 4ro n=23 (coorsercreenno n=4 u d (f)y=1).
Tozda, ecau [ npedcrasaser 0 go scex Q,, kpome passe
auws 00nozo, 1o [ npedcrasaser 0.

[pennmonoxxum, uto n=23. Ilo Teopeme 6 dopma f
npeacrasaser 0 B TOM H TOJbKO B TOM CJyuae, KOrjaa

(_l’ _d(f))vzsv(f) (*)u
Ho o6a cewmeiictBa £,(f), (—1, —d(f)), ynosaersopsior
gopnyre npoussedenus u3d u. 2.1 ra. III. Orcroona
3aKJ/I0YaeM, UTO €CJH PaBEHCTBO (%), MMeeT MecCTO IJs
BCeX U, KpOMe pa3Be JHIIb OJHOrO, TO 3TO PABEHCTBO
CIpaBefl/IMBO [Jf BCeX U; HA OCHOBAHHH TeopeMH 8
¢dopma f npexncrasaser 0.
Korna n=4 u d(f)=1, paccyxaenus npoBoasitcs
TeM Ke CIocoO60M C 3aMeHOH paBeHCTBA (*), paBEHCTBOM

(_l’ _l)vzev(f)~
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3amewanua. 1) Ilpepnonoxum, 4to n=2 u uro |
npesacraBaser 0 BO Bcex Q,, Kpome xoneuHozo 4ucaq.
Torna ¢ moMouplo TeopeMbl 00 apHdMeTHUECKOH Mmpo-
rpeccud (cM. m. 4.4 ra. VI) MoxHO nokasaTb, 4YTO
npexpcrasaser 0.

2) Teopema 8 He pacmpocTpaHsieTCs Ha OMHOPOLHEIE
NOJIHHOMBL cTeneHH > 3; HanpuMep, CesMep ') mokasau,

4TO ypaBHeHHe
3X3+4Y3+5Z3=0

HMeeT HeTPUBHAJbHBE pellleHHI B KaxkAoM H3 Q,, HO
He HMeeT TaKoro pellleHHd B Q.

3.3. Kaaccugurayus

Teopema 9. ITycrs | u f' — keadparuunvie opmeor
Had Q. JIan askeusasenTHocTU opm [ 1 f' Had Q He-
06x00umo u ocTaTouHo, 4T06bL OHU ObLAL 3KEUBAACHTHbL
HaO KasOvin u3 Q,.

Heo6xomumocTs TpuBHAJbHA. [l JOKa3aTesbCTBA
JIOCTATOYHOCTH NPOBENEM HHAYKUHIO M0 paHry n ¢opwm f
u f’. Ecin n=0, T0 gokasniBaTh Heuero. EcJH 3TO He
TaK, TO CYLIECTBYeT 3JeMeHT a & Q', mpeacTaBHMBIH
¢dopmoii f, a cregoBaTe bHO, NPefcTaBUMBIH H GopMoii [/
(cm. caemctBue 1 teopemnt 8). Torma [~ aZ?+ g,
[’ ~ aZ?+ g’. Tlo Teopeme 4 u3 n. 1.6 g ~ g’ Hang Q,
s moboro v & V. TlpeanosioxxeHHe HHIYKIHMH [OKa3bl-
BaeT, uto g ~ g’ Hajy Q, otkyma [ ~ f’.

Cnepcreue. ITycro (r, s) u (r’, s’) — cuenarypol
popm | u f'. Ian sxeusarenrnoctu ¢opm [ u f neobxo-
Oumo u 00cTaToyHo, 4TO6bL BHLINOAHAAUCL CAeOYrouue
ycaosus:

df)=d([), (r,9)=("s) u e ()=¢,(F)

018 aroboeo veV.

JleficTBHTENILHO, 3TH YCJOBHS KaK pa3 H O3HAYaloT,
4yto [ M [/ SKBMBAJIEHTHH Hal KaXAbiM H3 Q.

) Selmer E. S, Acta mathem., 85 (1951), Ne 3—4, 203—
362, — M pum. peod.
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3anewanue. Uusapuaute d =d (f), e, =¢,(f) u (r, s)
He npou3BoJbHbl. OHH YIOBJETBOPSIOT CJEAYIOMIHM
YCJIOBHSIM:

(1) e,=1 moutn nuasa Bcex vEV, H e, =1;
veV

(2) e, =1, ecotu n=1, um ecsn n=2, a o6pas d,
IuCKpUMHHaHTA d B Q:/Q:"‘ pasen —I;

3 r,s=0ur+s=mn;

(4) do=(—1)%

(5) e =(—1)"“7"".

O6patHo:

IIpennoxenune 7. Tycro d, (e,), o 4 (r, s) ydo-
84eT80pAIT npusedennsim eoviwe ycarosuan (1) — (5).
Toeda cyuwecrsyer KkeadpaTuunan gopma panea n Had Q,
umerowjas unsapuantanu d, (e,), oy u (r, S).

Cayua#t n=1 TpusHnaeH.

IMpennonoxum, uro n=2. Ilycts v & V. Hesnipo-
JKNEHHOCTb CHMBoJa ['Hib6epra B coueTaHdHH ¢ ycJo-
BHeM (2) MOKa3bIBaeT, YTO CYIIECTBYET TaKOH 3JeMeHT
x, =€ Q,, uto (x,, —d) =e, Orciona n u3 ycjuosus (1)
BBIBOJMTCS CYIlleCTBOBaHHe Takoro x&Q*, uro (v, —d),=e,
aas Kaxjaoro v €V (cM. rteopemy 4 m. 2.2 ra. III).
dopma x¥X2 4 x dY? — uckomas.

IMpennonoxum, yro n=3. Ilyctb S — MHOXeCTBO
Takux vV, uro (—d, —1),= —eg,; 3TO MHOXecTBO
koHeuHo. Eciim v € §, 10 Brbepem B Q;/Q,” s/1eMeHT c,,
OTJIHYHBIH OT 06pasa —d, sneMeHTa — d B 3To#l rpymme.
Hcnonbsys Teopemy 06 ammpoKcuMauuu (CM. JemMmy 2
. 2.2 ra. [1I), MOXKHO 1IOKa3aTh, YTO CYIIECTBYeT ¢ = Q°,
o6pas KoToporo B Kaxpoit Q;/Q? v &S, paseH c,.
Ha ocHOBaHHH TOJIBKO YTO JJOKA3aHHOTO CYLECTBYET TaKas
dopma g panra 2, uro d(g)=cd, e,(g)= (¢, —d), e,
nas kaxgoro ve& V. Torja MOXHO YTBepXKEATb, UTO
dopma f=cZ? + g — uckoMas. [3amerum, uTo AJs 1 < 3
He HCIIOJIb30BaJaCh CHrHaTypa (GoOpMBI, TaK KaK ycJo-
Bus (3), (4), (5) onpenessiioT ee Kak QYHKUHIO OT d, U &,.]

Jast n >4 nupuMeHHM HHAYKUMIO o n. [Ipennosoxkum
cuavaJa, yro r == 1. Toria Ha OCHOBaHHH NpenNOJIOKe-
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HHUSI MHAYKIHH MBl BHIHM, UYTO CYIIecTByeT ¢opMa g
paura n — 1, Kotopass uMmeeT unHBapuantamu d, (g,),cy
i (r —1,s); dopma X2+ g orBeuaer TpeGyeMOMYy YCJIO-
puo. Ecom r=0, to nmocrpouM dopmy A panra n — 1,
HMeolIyo uuBapuantamu —d, e,(—1, —d), u (0, n—1);
dopma — X%+ A — uckomas.

I punoxenue
CyMMBl Tpex KBajpaToB

IMycTb n ¥ p — NOJIOXKHUTE/IbHBIE IeJbe uncaa. [oBo-
pAT, YTO N ecTs cymma p K8adparos, €CIH YHCJIO A
npeactaBumMo Had koasvyom Z xBajgpaTHuHOH QopMoii

X“H— —|—Xf,, T. €. CYUIeCTBYIOT TaKHe LeJible YHCJa
My, ««+y Ny UTO
— pn2 2
n=ni+ ... +n.

Teopewma (Caycc). Jaa 1020 4T06bL Yeroe noa0N -
TEAbHOE YUCA0 N OblAO CYMMOL Tpex Keadparos, Heo6xo-
oumo u 0ocTarouHo, 4TobbL OHO He Oblao wuciom suda
4°(8b — 1), ede a, b =Z.

(Hanpumep: ecan n He peautci Ha 4, TO OHO
SIBJSIETCS. CYMMOH TpeX KBAaApaToB B TOM H TOJIbKO
B TOM cJayuae, Korga n=1, 2, 3, 5, 6 (mod 8).)

HoxasareascTso. MoXHO npeamoJsarath, 4To n OT-
Ao ot HyJast. Torma ycmaosue «n umeetT Bua 4%(8b — 1)»
PaBHOCHJIBHO TOMY, UTO — n Asaderca Keadparom & Q,
(cm. Teopemy 4 n. 3.3 ru. 1I). Mimeer Mecto cienywouiee
yTBEpKIEHHE:

Jlemma A. ITycte a = Q. [[as To20 4To6bl a 66110
npedcrasumo 6 Q gopmoii f=X; + X3+ X3, neobxodumno
u docrTarouto, 4Tobsl a 66ta0 >0 1 4T06bL — A He 6b6LA0
xeadpatom 8 Q.

Ha ocHoBauuu cJenctBus | U3 TeopeMbl 8 Ham Hajno
BBIPA3UTh YCJIOBHS TOTO, UTO a NpeacTaBEMO GopmoH f
B R u B xaxpgom Q, Cuayuait moas R maer ycmioBue

noJIOXKHUTENAbHOCTH, C ApPYrofl cTOPOHBI, JIOKAJbHbBIE HHBA-
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puantsl d,(f) u e,(f) paBnnl 1. Ecou p # 2, 1o
(=1, —d,(N),=(—1, =), =1=¢,(f);

IOSTOMY CJIeJICTBHE H3 TeopeMbl 6 MOKa3blBaeT, YTo a
npexnctaBumo dopmoit f B Q, Ecam p=2, 10

(=1 —dy(N)e=—1* &(f);

TO e CJeJCTBHe NOKa3blBaeT, UYTO a MPeICcTaBUMO
dopmoii f B Q, B TOM H TOJBKO B TOM CJyyae, KOTJAa a

OTJIHYHO OT —1 B Q;/Q;z, T. €. KOrjga —a He fBJseTCS
KBagpatoM B Q.

Tenepb HaNO MepeHTH OT NpejiCTaBJeHHsd 8 Q K mpej-
cTaBjieHHI0 8 Z. IDTO [eJiaeTcsl MOCPELCTBOM CJIeLyIO-
mefl JeMMbl.

JlemMmma B (Hdaseunopr — Kacceuc). [Tycre

p

f(X)= 21 Clinin

i,j=

— NOAONHCUTEAbHO OnpedesenHas KeadpaTuinas Gopma,
npuuem (a;;) — CUMMETPULECKAS MATPUYQA C YeAbIMU KO-
appuyuenramu. Coeraenm caedyioujee npednoaoincerue:

(H). Has mobozo sremenra x=(Xi, ..., x,) = Q°
cyujecrsyer Takoth saement y<ZP, uro f(x —y) < 1.

Toeda, ecau wucao n<1Z npedcrasumo popmoi f
8 Q, To n rakoce npedcragumo gopmoii f & Z.

Ecmn x=(x, ..., x,) u y=(y, ..., Yy, — 3Je-
MeHTBl #3 QF, TOo MBl 0603HaunM uepe3 X.y HX CKa-
JSIpHOe NpPOH3BeJeHHE Zai,xiy,-. HUmeeMm x.x =7 (x).

IMycts n— 1neJioe 4yucjo, npeacrasumoe ¢opmoi f
B Q. Cyuwectsyer Takoe meJoe uuciao ¢ >0, uto ?n=
=x.X, Tie x< Z”. BpiGepem ¢ u x TakuM oGpasom,
yro6bl { OBbLJIO HAHMEHBIIHM; HaM HaAO0 N0Ka3aTh, UTO
torna t=1.

ITo npennoaoxenunio (H) cymecrsyer takoil y < Z7,
uTo

%:y—l—z, re z.z<l.
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X
Ecau 2.2=0, T0 2=0, u ~ HMeeT IeJible KOMIIO-

HeHTH. I3 MHHHMAJIbHOCTH 4HcJsa ! BblTeKaeT, uto ¢ = 1.
IIpeanonoxuM, 4to 2.270; HOJNOKHM

a=y.y—n,
b=2(nt—x.y),
¥ =at+ b,

x' =ax—+ by.

HmeeM a, b, t' = Z. Janee,

' =a%x.x+ 2abx.y + b%y.y =
=a?’n+ ab (2nt — b) + b2 (n+ a)=
=n(a? + 2abt + b%) =1t"*n.

C mpyro# cTOpOHBI,

W =at’+ bt =y.y —nt?+ 2n? —2x.y=
=ty.y—2x.y +x.x=0y—x).(ty — x)= 2.z,

oTKyzpa ' =1tz.2; TaK Kag 0<z.2<1, 10 O0< ' < L.
DTO NPOTHBOPEYHT MHHHMAJbHOCTH YHCJIA ¢ H 3aBep-
II1aeT J0Ka3aTeJbCTBO JIeMMHL.

s [10KasaTeJbCTBAa TEOPEMBI Telepb [IOCTATOYHO
npoBepHuTh, UYTO (opMa F=XI+X+Xx3 YAOBJIETBO-
pser ycuaosuio (H) nemMmer B. A 370 nesaetcst Henocpen-
CTBEHHO: eCJH (X, Xo, ¥3) € Q3, TO BHGepeM Takoi sJe-
MeHT (Y, Yo Y3) = Z3, uto6n |x; —y; | < '/y mas Beex i;

nmeeM 2 (x;— 5 <Y, < 1.

Cunencrsue 1 (Jlarpaux). Kasdoe yeroe noso-
HCUTEAbHOE HUCAO eCTb CYMMA HeTvlpex Kealdparos.

Iycrs n— nenoe uncio > 0. Ero MoxxHO 3amucath
B Bule 4°m, roe m He gemutca Ha 4. Ecoiu m=1, 2,
3, 5, 6 (mod 8), To m ecTh cyMMa Tpex KBajpaToB H 3TO
ke BepHO 1 n. Ecau 370 He Tak, To m= — 1(mod 8)
H m— 1 siBJIseTcsT CYMMOH Tpex KBajpaToB; B 3TOM
cayuyae m fIBASETCA CyMMOH YeThIpeX KBaJpaTOB H 3TO
ke BepHO IJs n.
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Cnencreue 2 (Cayce). Jwboe yeroe noroxu-
TEAbHOE HUCAO eCTb CYMMQ Tpex TpeyzonbHelX Huced.

(«TpeyroJbHBIM YHCJIOM®» HAa3bIBAIOT Ji000€ YHCJIO
Bupa m(m- 1)/2, rne m — nenoe 4ucJo.)

[Tycts n — nemnoe uucio =0. [Ipumenss Tteopemy
K 8n -4 3, HaxoguM leJble YHCJaa X[, Xy, X3 TaKHe, UTO

214 x4 xi=8n+3;
x2 4 x2 + x2 =3 (mod 8).

OnHaKo eHHCTBEHHBIMH KBajipaTaMu B Z/8Z siBJISI0TCA
0, 1 u 4; cymma Tpex kBanparoB B Z/8Z MoxKeT ObITb
paBHa 3 TOJIbKO TOTZA, KOTJa Kaxaoe cjaraeMoe paBHo 1.
OTciona 3akjaiouaeM, UTO YHCJIA X; HEUETHBl H HX MOXKHO
sanHcate B Buuge 2m; -+ 1, rae m; — nesable uYucja.
HNmeeMm

i=3 =3
my(m; 4 1) 1
mimit ) 1N o 4 g — 3\)=
DI 7\ & |

— 5 (6n+3—3)=n.

HMeeM



FmaBa V

LIEJIBIE KBAIOPATUUHLIE ®OPMBbI
C IMCKPMMHHAHTOM =1

§ 1. MpenBapureabHsie CBeXeHUS

1.1. Onpedesenus

ITycts n — nesoe uyucyao =0. Mel 6yneM HUMeTh JIeJi0
co cjenymwouell kareropueit S,.

O6bexktom E B S, saBasiercs ceo6odHan abesesa
epynna pavea n (usoMopdHas, ciaenoBaresbuo, Z"),
cHaOxeHHass OuJMHEHHOH CcHMMeTpHuYeckodl QopMoil
E X E—Z, o6o3nauaemoit (x, y)+—> x.y, Takas, uTo:

i) Tomomopgpusm E & Hom(E, Z), onpedeirenrsiii
gopmoil x.y, A6A8ETCA USOMOPHUIMOM.

Cpasy e BHAHO, 4TO 3TO YCJ/JOBHE DPaBHOCHJIBLHO
caenyomemy (cm. H. Byp6aku, Aarebpa, ra. IX, § 2,
npepsoxenne 3):

ii) Ecau (e;) — 6asuc E u a;;=e;.e;, T0 onpedeau-
reas marpuyst A =(a;;) pasen =*1.

TMousartue usomopgpusma pnByx obwekros E, E' = S,
onpejesisieTCss OUEBHAHBIM 06PasoM; B 3TOM cJyuyae
6ymem nucate E ~ E’. Yno6HO Takke BBecTH 0603Ha-
yegne S=US,, n=0,1, ....

Ecim E= S,, 10 oTOOpa)kkeHne x+—> x.x TNpeBpa-
maer E B keadparuuneui modyas wam Z (cM. ompee-
agene 1 n. 1.1 ra. IV). Ecam (e;)) —6asuc E w
x = ) x;€;, TOKBagpatuunas popma [(x) = x.x 3anaercs
(dopmyJion

flx) = Zj Qi Xix; = ; auxi + 22:_ Qi XX},
i, ]

rae a;; =e;.e;. TakuM 06pa3oM, KoaQQHULHEeHTH ee He-

JIMarOHA/bHBIX UJEHOB ueTHbL. J{UCKpUMHHAHT GOpPMH f
(t. e. det(a;;)) paBen =1. Msmenenne 6asuca (e;) mnpu-

BOJUT K 3aMeHe MaTpuusl A =(a;;) marpuueit ‘BAB,
rie B GL (n, Z). IlpuMeHureasHo X ¢opme [ 370
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IPUBOJAUT K OCYIIECTBJIEHHIO HAl NepeMeHHBIMH (X;) JH-
HefiHOoro mpeoO6pasoBanus ¢ MaTpuuel B; nosayuaemas
dopma HasbiBaercs (GopMOH, sxgusasenTHol Gopme f.
(3ameruM, uTO peub HAET 00 SKBHBAJEHTHOCTH Hal0
xoavyom Z ueavix uuces, 3TO TOHATHE TOHbUIE, UEM
MOHSITHE 5KBUBAJEHTHOCTH Haj Q, M3YUCHHOe B IIpeJbl-
Jyuieit rJase.)

1.2. MHeticreua na S

[Tycrs E, E’ = S. O6Gosnauum uepes EDE’ npsa-
sy cymmy E u E’, cuabxeHHy0 OuIMHEHHOH (OPMOH,
ABJAIOIeNcd NpAMON CYyMMOH TexX OHJHMHEHHBIX (ODPM,
KotophiMu cHaGxkeHnl Moayau E u E’; no onpefmeneHuio
(cm. H. Byp6aku, Asre6pa, ra. IX, § 1, n° 3):

x+x)(y+y)=x.y+x".y,

ecii x, yE u x, y =E.

ITpuMeHUTENBHO K KBaAPaTHUHBEIM ¢GOpPMaM 3TO NeHCTBHE
COOTBETCTBYET HaAXOXKIEHHUID MpAMOL OpTonHa/lEHOL'i
cymmol, 0603HauaBuIeMycst HaMu B I, IV uepe3 .

Ianee MOXKHO OblJIO Gbl ONPeNe/UTh KaK TEH30pHOE
npoussedenue E ® E’, tak u ewewnue crenenu A ™E
(cm. H. Byp6aku, Aare6pa, ra. IX, § 1, n° 9); nam stu
IeHcTBHA He MOHALOOSATCH.

1.3. Husapuattol

1.3.1. Eciu EE S, T0 neJqoe uHca0 # HasblBaeTCsi
parneom moxyns E m oGosnauaercs uepes r(E).

1.3.2. ITycts E &8, u nyets V=E ® R — BekTOpHOE
R-npocTpancTro, mNoJayyaeMoe pacmiupedueM o06JacTH
ckaasapos Z no R. Kmagparuunas ¢opma mnpocrpaH-
ctBa V HMeeT HeKOTOpywo cuexarypy (r, s), Kak 3TO
onpegeneHo panee (cm. m. 2.4 ra. IV). Lemoe uucio

T(E)=r—s
HaselBaercs undekcom monynass E. Mmeem:
—r(E) <t(E)<r(E), r(E)=r(E) (mod 2).
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Hanomuuwm, uro monyas E HasbiBaeTcst onpedesextsin,
ecad T(E)==r(E), T. e. ecid X.Xx HMeeT NOCTOSHHBIH
3HAaK; B INPOTHBHOM cJayuyae E HaswiBaercs wreonpede-
ACHHBLM.

1.3.3. Qucxkpumunanr Monyns E orHocuresnHo Ga-
3uca (e;) He 3aBUCHT OT BhIGOpa 3TOro Gasmca; paei-
CTBHTEJILHO, NPH H3MeHeHuH Gasuca (e;) JUCKPUMUHAHT
YMHOXKaeTcsl Ha

det (X'X) = det (X)?,

rie X —o6paruMasi Han Z MaTpHIa; ONpeJeNHTENb
matpunsl X paBeH *1, u ero ksazxpar paseH l.
JuckpumuHauT Monynas E o6osnauaercs uepes d (E);
npu srom d(E)==*1.
Ecin V=E ® R umeer curHarypy (7, S), TO 3HaK
upcaa d(E) ror xe, uto y (—1)°; Tak xak d(E)= =1,
OTCI0Jla BBIBOAMTCH ¢opMyna

d(E)= (_1)(r (E)—I(E))/2.

1.3.4. Tlycts E = S. T'osopsar, uto monyab E ueren
(nam ecTe MOOYyss 8TOPO2O TUnA), €CJU KBajgpaTHUHASA
¢dopMa, accouvupoBaHHas ¢ E, npuHuMaeT JIHIIb YeTHEIE
3HAueHHs; eCIH A — MaTpHIa, COOTBETCTBYIOIIAs KAKOMY-
au6o 6asucy B E, To uerHocTs Moayas E o3Hauaer,
4yTO gce OUAZOHANbHbIE YACHbL MATPUYbL A ueTHbL.

Ecan monyns E He siBisieTcss 4eTHHIM, TO TOBOPAT,
UTO OH HeyeTeH (WU eCcTb MOOYAb nepgoeo TURQ).

1.3.5. Ilyete E=S, u nyecrse E=E/2E — penyk-
nusa wmonayas E mo moayaio 2. DT0 BEKTOpHOE MIPoO-
crpaHcTBo pasmepHoctd 7 (E) wam nonem Fo,=1Z/2Z.
Ilpn nomomu dakTopusanun dopma x.y ompeneser
Ha E dopmy X.j, KoTopas cHMMeTpHUHAa H HMeeT AH-
CKpUMHHAHT =+ | =1. AccounnpoBaHHasi KBafpaTHYHasd
¢opMa X.X¥ anguUTHBHA:

x+9.E+p=xx+j.g+2x.§=%%+7.5;
TAaKHM 0GPa3oM, 5TO SJeMEHT MOLYJS, COnpanennozo E.
Ho Ouiuueiinast ¢opMa X.j He BBIDOXKJEHA: OHA oImpe-

gedaserT u3omopduaM E Ha conpsikeHHBIH K HeMYy MO-
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aynas. OTclofa 3aKkjaoyaeM, YTO CYLIECTBYET TaKOH KaHo-
Huyeckuii asement i < E, uto

i.x=4x%.% pas Joboro i< E.

Bosepamasice k E, 3ak/jiouaem, UYTO CYIIECTBYET
saeMeHT 4 € E, onpenenenHnlt no moxpyaio 2E u rTa-
KOH, UTO

u.x=x.x(mod2) pnas moboro x<E.

Paccmorpum mesoe uucao u.u. Ecanm 3aMeHuTh 4 Ha
u—+ 2x, ToO u.u 3aMeHHTCS Ha

w+2x%).(u+2x)=uv.u+4u.x+x.x)=u.u(mod 8).

O6pa3 uucna u.u B Z/8Z sBisercs, CJae/l0BATeJbHO,
unsapuantom wmonyns E; o6osnaunm ero uepes o (E).
Ecim E —wMmopyns BTOpoOro THHa, TO X.X — HyJeBas
¢dopma (MHBIMH cJjoBamH, GopMa X.j QHTUCUMMET-
puura) U MOXHO B3sTh 4 =0, oTkyna o (E)=0.

1.3.6. ITycTs p — HekoTOpOE MPOCTOE UHCJO, U NMYCTh
V,=E ® Q, — BekTOpHOE Q,-IPOCTPAHCTBO, TOJyUae-
Moe paciuupeHreM o6JsacTd ckaaspos Z po Q, Husa-
puant &(V,)==1 kBagpatuunoro wmoxynas V,, ompe-
fedaenuslit B n. 2.1 ra. IV, tem GoJgee saBJsieTcs HHBa-

puantoMm Moaysas E; oGosnauum ero uepe3 eg,(E).
MoxHO nokasaTb, 4TO

e,(E)=1, ecom p=+~2,
e (E)=(—1), rae j=-(d(E)+r(E)—o(E)— ).

DTo BHBOZMTCH M3 pasaoxenus E ® Z, B mnpamyio
OpTOroHafbHyl0 cyMMy Z,-MoAyJe#t panra 1 (coorBer-
CTBEHHO paHroB | uin 2), ecau p=~2 (COOTBETCTBEHHO
ecan p =2). [TocKoJbKY HaMm He MPHIETCS MO0JIb30BATHCH
S3THMH (GOPMYyJIaMH, MBI OCTaBJSEM JNeTaJH MPOBEPKH
yurateaio (cm. Takxke Cassels J.,, Comm. Math.
Helv., 37 (1962), 61—64).

1.3.7. Ilyers E|, Ey= S, u nycts E=E D E,. Oasa
Toro uto6bl E OB/ MoaysaeM BTOpPOro THIA, Heo6Xxo-
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JUMO M J0CTaTOUHO, YTOOBI TaKWMH ObLIM MOLyJIH E
u E,. MBl umeem

r(E)=r(E)+r(E),  v(E)=1(E)+7(Ey,
0(E)=0(E)+o0(Ey), d(E)=d(E).d(Eyp).

1.4. Opumepot

1.4.1. O6o3naunm uepes I, (coorBeTcTBEHHO uepes I)
Z-vionynb Z, cHaGxeHHBI OuanHeiiHON GopMoit xy (cooT-
BeTCTBEHHO —Xy); OH OTBeuaeT KBaJpaTHUHOH ¢opme x2
(cooTBeTCTBEHHO —X?).

Ecmu s u t —ueJssle uncaa =0, to uepes sI, Pl
0603HAUNM NIPAMYI0O CYMMY S 3K3eMIJIsipoB MoxpyJas I,
H ! 3K3eMIJsIpoB Monyas I_; COOTBE’tl‘CTByIOHLaH KBaj-

s

paTHuHas GopMa HMeeT BHI X2 — > Y3. DTOT MOAY b
i=l1 j=l1

uMeeT CJenylouue HHBAPHAHTHI:
r=s+t t=s—t d=(—1), o=s—t(mod8).

Uckiouaem TpuBMaMbHBIH cuayuaid (s, £) =(0, 0); Torna
mony/ab sl @il aABafgeTcs MOmyJeM IEepBOro THMA.

1.4.2. O6o3nauum uepe3 U ajemeHT H3 S,, onpexe-
|

0
THuHas ¢opma HMeeT BHA 2X;x,: U ecTp dopma BTO-
poro tuna. MmeeMm

r(U)=2, t(U)=0, d(U)=—1, o(U)=0.

1.4.3. Tlyctp k — neqoe uncao =0, nycts n =4k,
u mycThb V — BeKTOpPHOe HpocTpaHcTBO Q, cHaG:keHHOe

CTaHZAPTHON OusnHEelHOH (OPMOH X X;y; COOTBET-
crylomell enunuunoil Marpuue. Ilyers Ey— moarpynna
B V, cocrosimasi U3 TOYeK C ILeJbIMH KOODAHHATAMH;
Oynyuu cHabxeH Ou/auHeidHON ¢(OPMOH, KOTOpas HMHAY-
uupoBaHa ¢opmoit moxnynas V, moaynas E; cranosuTcs
2JeMeHTOM B S,, usomopdHbM Momymawo nl,. Ilyers
E, — noamonysns mopyas Eg, cocTosimiuil B3 TakHX 3Jie-

JIeHHBIH MaTpuuei (I ) AccouynpoBaHHas KBajpa-
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MeHTOB X, uto x.x =0 (mod 2), T. e. X x;=0 (mod 2).
Hmeem
(Ey: E)) =2.

ITyete E — moamonyse B V, NMOPOXKAEHHHHE MonyJaeMm E,
u sigeMeHTOM e=(/s, ..., !/). UmeeM: 2¢=E; (u6o
n=0 (mod 4)) n e & E|; nosromy (E : E|) =2. Nasa Toro
yro6b6l 3JMeMeHT ¥ =(x;) u3 V npHHAL/Iex)aJa NOLMO-
nymo E, Heo6XOIHMO M J0OCTAaTOYHO, UTOGHI

n
2.’6552, x,—x,EZ, inEQZ.
=

Torna x.e =1/, X x; € Z; Tak kaK e.e =k, popma x.y
npunumaer Ha E yeaovie snavenus. anee, ua toro, uto E;
uMeeT TOT ke HHAeKc B E; uto u B E, camenyer, urto
IUCKPHMHHAHT MOAyJA E paBeH IHCKPDUMHHAHTY MO-
ayas Eg, 1. e. uncay 1. Takum o6pasom, KBajgpaTHu-
Hbll MonLy/b E fiB/sieTcsi asmeMeHTOM B S, =S,;; 6yueM
ero o6osnauath uepes I',. Korma k werno (r. e. Korna
n=0 (mod 8)), e.e=~Fk ueTHO, a OTCIOla BBITEKAET, UTO
X.x ueTHO pnJas Joboro x = E; TakuMm o6pasoMm, ecau
n=0 (mod8), o I', ecTe modyrs eropozo runa. Vimeem

r (FSm) =8m, (Fsm) =8m, G(Fsm) =0, d(FSm) =1L

OcoGenno uHTepeceH cayuait I's. Mmeerca 240 Takux
sneMeHToB!) x =T, uTo x.x =2; ecau uepes (e;) 060-
3HAauNTL KaHOHHuecKuii Gasuc B Q8, To Takumu 6ymyT
BEKTOPH

8 8
*+e; e, (l?ék) u 1/2§eiei’ g, =*1, H8i=1'

[CkansipHble IPOM3BELEHHST STHX BEKTOPOB APYT Ha Apyra
Hesble; OHM 006pasylT TO, YTO B Teopuu rpynm Jlg Ha-
3BIBAIOT «cucremoti Kopueil tuna Eg» (cm. H. Byp6aku,
Tpynnet JIv n aare6psr Jlu, ra. VI, § 4, n° 10).]

1) Onsa GoJiee ofiuero cJayyas Mbl yBuguMm B 1. 6.6 ra. VII, uto
ecan N JoGoe uesoe umeso == 1, To KoJquuectBo Takux x & I's, uTo
x.x =2N, paBHO yMHoxeHHOH Ha 240 cymme KyOoB neJuresef
yucsgaa N.
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MoxHo B3Th B KauecTBe Gasuca B Iy ajeMeHTH

Vs (er+es) —Veleat+ ... +e)

eit+e u e —e-; 2<IKT)
COOTBeTCTByIOH.Iaﬂ ManHLla HMeeT BH]
2 0 —1 0 0 0 0 0
0 2 0 —1 0 0 0 0
—1 0 2 —1 0 0 0 0
0o —1 -1 2 —1 0 0 0
=l o 0o 0o -1 2 -1 0 o
0 0 0 0 -1 2 —1 0
0 0 0 0 0 —1 2 —1
0 0 0 0 0 0 —1 2

Oas mZ=2 Bektope x &1y, YLOBJIETBOpSIOIIHE
YCJIOBHIO X.X=2, HCUePNBLIBAIOTCA COBOKYIHOCTBIO
+ e; + e, (i 5 k); MBI YBUIUM, UTO OHH He HOPoNOaOT
Iy, B OTJIHUME OT TOTO, YTO HMeeT MeCTO B cayuae m =1,
B uacrtHoctn, I's@ Ty ne usomopgpro T'yg.

1.5. I'pynna K (S)

Iycrs E, E’=S. Bynem rosoputs, uto E u E’
cTabUABHO U30MOpP(HbL, ecan cyllecTBYyeT F & S Takof,
yto E@QF ~ E’@F; 3T0 oTHOollleHHe SBJsSeTCA OTHOIIe-
HHEM B5KBHBaJIeHTHOCTH. Mbl o6osnaunM uepe3 K, (S)
pe3yJbTaT (aKTOPH3alMH MHOXKeCTBa S IO 3TOMY OT-
HOILIeHHIo, U ecaH E € S, To 6yneM o603Hauath uepes (E)
knacc o6wektra E B K, (S). Tlpn ¢dakropusauuu peii-
ctBHe (D onpenessieT HEKOTODBIH 3aKOH KOMIO3HIUH Ha
K4 (S), o6o3nauaeMblii +|; 3TOT 3aKOH KOMMYTAaTHBEH,
acconMaTHBeH M HMeeT B KauecTBe HeHTpaJIbHOrO 3Je-
menta kaace 0 monynas 0 & S. Mmeem

(E@E’) =(E) 4 (E).

Kpome Toro, ecan x, y, 2 =K, (S) TakoBH, ut0 ¥ +2=
=y-+2, TO X=1}Y, uTO NPOBEPSETCS HENOCPELCTBEHHO.
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D10 mno3BoJsieT onpeneautb epynny K (S), ucxoms us
K, (S) (Touno Tak ke, Kak omnpenensercsi Z, HCXO1s M3
MHOKecTBa Z, 1eJssx unces > 0): 0 onpejeeHuio sJe-
mentoM B K (S) aBiserca mapa (x, y), rae x, y = K, (S);
IpH 5TOM [1Be mnapel (X, y), (¥, y¥’) OTOXAECTBJAIOTCH
B TOM M TOJBKO B TOM CJayuae, korga x4y =y-+x’.
3akon kommosuuun B K(S) ompemensieTcss nocpeacTsoMm
dhopmynt
9+ & )=+ y+v).

Oxu npespamaer K (S) B KOMMyTaTHBHYIO TPYyNNy C Hei-
TpaabHbIM 3jeMeHTOM (0, 0). OToxknectBuMm K, (S) ¢ mox-
mHoxecTBoM B K(S) npu nomorn oro6paxenns x+—=(x, 0).
Jlio60i anement u3 K(S) ecTh pasHOCTh JBYX 3JIEMEHTOB
n3 K, (S), koropas wmoxer ObITh 3alucaHa B BHe
(E)— (F), rze E, F=S. Humeem

(E)—F)=(E)—(F) B K(S)
TOrj,a Y TOJBHKO TOrja, KOrAa cyuiecTByeT Takod G S,
4yTO
EQFOG~E DFPQG,

T. €. TOIIa W TOJBKO Torma, Korga E@DF u E'QF
cTaGuabHO H30MODP(QHEL,

Csoiicteo yHusepcarsroctu epynnet K (S). TIlycrb
A — KoMMyTaTHBHas rpynna, ¥ nycts f: S —> A — Takoe
oto6pakeHHe, 4TO

f(EY=F(E)+T(Ep), ecim E~E QEy

torpa GyaeM FOBOPHTb, uTO OTOGpaxkenue [ addurusno.
Ecmn x=(E) — (F) — snement u3 K (S), To mosoxum
f(x) =[(E) — f(F); aTo omnpese/ieHHe He 3aBHCHUT OT BhI-
6opa pasJioxeHHsd A1 x. HenocpeAacTBeHHO SICHO, uTO
TaK omnpejesneHnoe oto6paxkenue f: K(S)— A ectb 2omo-
moppusm. O6paTHO, Kaxawii romomopdusm f: K (S) - A
IpY MOMOLIM KOMIO3HIHMH ¢ BJoxeHHeM S —> K(S) maer
anIuTHBHYI0 ¢yHkuuio Ha S. UToOB! BHIPAa3uTh 3TO
CBOHCTBO «yHHBepcasabHocTh» rpynnel K (S), rosopsr,
yto K(S) ects epynna I'porenduxa KaTeropuun S OTHO-
cuTeJNbHO AedcTBua .
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B uacrhocTH, HHBapHAHTH 7, T, d, 0 U3 n. 1.3 ompe-
JIeJIsIIoT TOMOMOPQU3MbL

r: K(S)—1Z, . K(S)—1Z,
d: K(S)—{=1}, o: K(S)— Z/8Z.

Kpome Toro, Mmnl 3mecb uMeeM t=r (mod2), d=
=(_1)(V—T)/2

§ 2. PopMyJaHPOBKH Pe3yJbTaTOB

2.1. Onucanue epynno K(S)

Teopema 1. I'pynna K(S) ecrs ceob6odnas abe-
aesa epynna ¢ 6asucom (1) u (I-).

(IokasaTeqbcTBO 6ymeT AaHO B I. 3.4.)

WNuniMu caoBamu, Kaxgoe [ & K (S) eluHCTBeHHBIM
06pa3oM 3amHChIBaeTCS B BHIE

f=s.(I,)+1t.(I-), rme s, tsZ.

Mu umeeM r(f)=s-+1t, ©(f)=s—t, a 370 moKasnIBaer,
YyTO § M ¢ BIOJHe ompejessioTcess uepes r U 1. OTciona
3aKJI0UYaeM, UTO HMeeT MECTO

Canencrsue 1. I[lapa (r, t) onpedeaser usomop-
¢usm epynnot K(S) na nodepynny epynnot ZX Z, co-
croawyio u3 Taxux ssemenros (a, b), uro a= b (mod 2).

Orciona BbITEKAET

Cunencreue 2. /[aa 1020 uTo6el 0sa siemenra E
u B’ us S 6oiau crabursHo u3omophroimu, Heobxooumo
U 0ocTaTouHO, 4TOOLL OHU UMeAU OOUHAKOBbIE paHeu U
o0urnaxosole uHdexcol.

[3amerum, uTO 3TO HHKOMM 06pasoM He ofecreun-
0 1
Baer E ~ E’. Hanpuwmep, U= ( 1 0) onpegenser B K(S)

0
0 _1>=I+EBI_, xora U u

I, @I- saBasooTcs MOAYJAMH DAa3HOTO THIA.]

TOT 2K€ 3JIEMEHT, UTO H (

Teopema 2. Hmeer mecro o(E)=1(E) (mod8)
oan awboeo E = 8S.
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JleHCTBUTENBHO, T, peAYLUPOBAHHOE 10 MOAYJIO 8, H O
apJasiiorcs: romomopdusmamu rpynnsl K(S) B Z/8Z, xo-
Tophle COBMAnaT Ha o6pasyloumx I, u I_ rpynner K(S);
CJIeoBaTe/IbHO, OHH COBMAAaioT Ha Bced rpymnme K(S).

Cnencrsue 1. Ecau E ssasercs modysem aro-
poeo tuna, 7o t(E)=0 (mod 8).

Heicraureabno, o (E)=0.

[3amerum, uto 310 Baever 7(E)=0 (mod 2) u d(E)=
= (—1y®]

CnencrtBue 2. Ecau E — onpedesennsiii modyirs
sropoeo tuna, 1o r (E)=0 (mod 8).
JeticTButenbHo, B 3ToM cayuae T (E)= =% r (E).

3ameuanus. 1) O6patHO, MBI BuAead B m. 1.4, yro
nJst qo6oro n, kparHoro 8, cymectsyer E = S,, xoto-
pblff IOJIOXKUTEJNBHO ONpeaesteH H SIBJISETCS MOJyJeM
BTOpOTO THIA.

2) Cpasuenune o (E)=1(E) (mod8) wmoxer OHTbH

TaKKe BLIBEIEHO H3 hOpMYJbl mponssetenus || e, (E)=1
(em. m. 3.1 ra. IV) c ucnosbsoBanneM 3uauenuit e,(E),
naHHbIX (6e3 nokasaresncTBa) B m. 1.3.6.

2.2. Crpykryprote Teopemot (cayuaii HeonpedeienHo20
MO0y A7)

IIyctb E=S. Mbl rosopum, uro E npedcrasasier
HYyab, €CJH CYIIeCTBYyeT TakKoi ageMeHT x = E, x 50,
y10 ¥.Xx=0. DTO PABHOCHJILHO TOMY, UTO COOTBETCTBYIO-
mas kBanpatuuHas cdopma Q (x) npedcrasaser 0 nad Q
B cMbicse 1. 1.6 ra. IV; meficTBUTENIBHO, OT palHOHAJb-
HOTO HYJIST MOXKHO NepefiTH K L[eJOMY HYJIO MPH MOMOLIH
TOMOTETHH.

Teopema 3. Ecau modyss E<=S Heonpedesen-
Heui, To E npedcrasaser nyae.
(IoxasarenscTBo OymeT nmaHo B m. 3.1.)

Teopewma 4. Ecau E &S — neonpedenennoui mo-
Oyas nepgoeo runa, 1o E usomopgpen npamoii cymme
sl PtI_, ede s u t — yeavie yucaa =1.
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[COOTBeTCTB'y}OLL[aH KBajpaTHynasi ¢opma 3KBHBa-

s t
nentHa Hag Z dopme X X2 — > y?]
i=1 i=1
(HdokasareabcTBo 6yAer maHo B m. 3.3.)

Cnenpcrtsue. [Iycte E u E’ — 0sa asemenra us S
00uHaKogoeo panea u odunaxogoeo urndexca. Toeda

EQI, ~E'Pl, um EPI-~EPI..

dro scHo, ecan E=0. Ecau 370 He Tak, TO OfHH
u3 nsyx wmoxayaed E@I;, EPI_ — HeompeneneHHHI.
IIpennosoxXuM, 4TO TaKHM sBJsieTca nepBuifl. Tak kak E
u E’ uMeoT OJHHAKOBYIO CHTHATypy, MonyJis E/PIl.
TaK:Ke sIBJsSeTCs HeonpedeseHHbIM. [IpuMenss Teopemy 4,
mel BuauM, uto E@IL u E’@IL; usomopdhubn Monyasm
sl.@DtI_ u s’I,Pt'I- coorBercTBenHo. Tak kak E u E’
HMEIOT OIUHAKOBYIO CHTHATYPY, To s =3¢§’, I =1, oTKyz1a
cJenyeT HCKOMOE.

Teopema 5. Ecau E=S — neonpedenennoiii mo-
dyae sropoco Tuna u ecau t(E)=0, ro E usomoppen
mooyamo pU@qly, e0e p u q cyro HeKoTopsie n0OX0-
Oawue yeavte wucaa = 0.

[Korna t(E)<<0, uMeeT MecTO aHAJOTHYHBIH pe3yJb-
TaT, KOTOPHIH JOCTHraeTcs NPUMeHeHHEeM TeOpeMHl K Mo-
Lymo, mnoayuaeMomy u3 E uaMeHeHneM 3HaKa KBajapa-
THYHOH (opMHI.]

(MokasatenbcTBo GymeT nauo B m. 3.5.)

3aMeTuM, 4TO q=%r(E) " p=%(r(E)—r(E)).

ITostomy monynabr E ompenesnsieTcss ¢ TOUHOCTBIO L0 H30-
Mop¢hu3Ma cBOMM PaHroM H cBOMM HHAeKCOM. [TocKoabKy
TO e CaMOe HMeeT MeCTO N/ MOLyJeH IepBoro THIla
(cM. Teopemy 4), oTciofa BBITEKaeT

Teopema 6. Ecau modyau E, E'’ S neonpede-
JIeHHbIE, UMeIOT 00UHAKOBbLe paHeu, 0OUHAKOBbe UHOeKC oL
u odunakogbvle TUNbL, TO OHU U30MOPQPHOL.
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2.3. Cayuaii onpedesennoeo mModyas

31ech HeT CTPYKTYPHBIX TeopeM, HMeeTCs JHIIb
Teopema KOHeYHOCTU: JJs JNI06Oro ILeJOoro uucJja 7 Ka-
Teropusi S, COMAEPXKUT JHUIIb KOHEUHOE YHCJO IIOJIOKH-
TeJILHO ONpeNeNeHHBIX KJIACCOB. DTO CJIeAYyeT, HAlpUMep,
U3 TEODHH <IIPHUBEILEHUS» KBAIpaTHUHHIX ¢opM. SBHOe
IepeunceHe 3THX KJAacCCOB CHENAaHO JHIIb IJS MAaJblxX
sHaueHUu# panra n (aasa n< 16 cMm. Kneser M., Archiv
der Math., 8 (1957), 241—250). Jas J1oKasaTeJbcTBa
TeOpPeMbl KOHEUHOCTH MOXKHO NPUMEHUTb (hopmyry Mun-
Kosckoeo — Sueesss (KHesep mosb3oBajcss APYrUM Me-
ToxoM). Bor B ueMm 3ak/ouaercs sta dopmyaa (s orpa-
HUYYCh JJIsi TPOCTOTHI BTOPHIM THIIOM; HMEIOTCS aHaJo-
rUYHble Pe3yJbTATHl IJs NEePBOro TUMA).

Ilycth n= 8k — HeKOTOpOE IleJI0e YUCJO, JeJslieecs
Ha 8. O6Gosnayum uepe3d C, MHOXKECTBO KJacCOB, T. €.
B3SATHIX C TOYHOCTHIO 10 H30MOpu3ma aneMenTos E & S,
SBJISIOLUXCH [OJIOKUTE/BHO ONpefe eHHEIME MOLYJISMU
Broporo Tuna. Ilycte Gg — epynna asromopgusmos
monyns E & C,; 3To — KOHeuHass Trpynna, IOCKOJbLKY
OHa fABJAeTCS AMCKPETHON MOArpyNIoi OpTOroHaJhHOH
Tpynmbl, KOTOpasi KOMMAKTHA; NYCThb gp — MOPALOK

rpynnel Gg. ITosnoxum

M,= 2 l/gE-
E=C,

dto — «macca» ) Muoxkecrsa C, B cMmblcse DisenmTelina,
T. e. uHcJ0 3jaeMenToB E u3 C,, MOACUMTAHHBIX KaXKIbIH
¢ MHOXHuTeseM 1/g.. ®opmyna Munkosckoro — 3ureus %)

aaet

j=4k—1
B
M, = 2!1-8 _(Z_ZJ;T H B, (n =28k), (%)
j=1

me qepes B, o6osHaueHbl «ucaa Bepryaiu (By=1/,
Bo="13, ...; cM. m. 4.1 ra. VII).

1) Muaue HasniBaeMasi «BECOM» HJIH «Mepo#». — ITpum. ped.
2) IokasaTenscTBO 3Tofi ¢opMmyasl nMeercs y 3ureqast (Sie-
gel C. L., Gesamm. Abh,, I, n. 20; III, 0. 79).
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(BoT HecKoJbKO MPUOGJIMMKEHHBIX 3HAaueHHH AJasg M,:

Mg=10""%1,4352 ...; M;;=10""%2,4885 ...;
Mg, =107 7,9369 ...; Mz =10" X 4,0309 ...;
My =105 % 4,3930 ....)

dta ¢opmysaa NO3BOJSET YCTAHABJAMBATH, UTO MOJ-
muoxectso C’ muoxecrBa C, cosnadaer ¢ C,: mocra-
TOYHO NPOBEPHTb, UTO CyMMa 3Hauenuii l/g; ans EeC/
paBHa BesuunHe M, (ectu C’#C,, To 3ra cymma
< Mp).

I pumepot

i) n=28, 1.e. k=1. Buumte (1. 1.4.3) 6621 gaH oguH
npumep moayasa I's u3 Cg. Moxuo mpoBeputh (cM., Ha-
npumep, H. Byp6aku, I'pynnst JIu u anre6pst Jlu, ra. VI,
§ 4, n°10), uro rpymna aBToMopduaMoB Mmoayas I
uMeer mopsiok 24355%7. C npyroit cTopoHsl, hopmy.a (*)
naer 3HayeHHe M8=2_143_55_27_1. CpaBHuBasi, Mbl BH-
oum, uto Cg csodurca k odwomy osaementy Iy, uto
ABJsIeTCs pe3yJabTaTroM Mopreana.

ii) n=16. Hssectubn nBa saemeHtra u3 Ci 4 u
Ig@ls. Moxno mokasaTh, UTO OTHOCSILHECH K HHM IO-
PAAKH gp COOTBETCTBeHHO paBHbl 2'°(16!) u 2%3'95472

C npyroit croponsl, M;;=691-27%37"%*77%117"137",
H HETPYAHO NMPOBEPHTh, UTO

691/230310547211 - 13 = 1/2'5 (161) + 1/2293195472,

Takum o6pasoM, Ciy={Ts [s@Tg}, uto saBasercs pe-
3y/bTaToM Burra.

iii) n=24. Onpenenenue muoxecrsa C,, GBLIO AAHO
B 1968 r. Humeitepom (H. Niemeier); 310 MHO)KecTBO
cocTouT u3 24 3neMeHToB. OAUH U3 HHX (OTKPBITEIA
Jlnuem B cBsI3n ¢ mpoOJemoil ymakoBkd cdep B R%)
0cOGEeHHO 3aMeuaTeJseH; 3TO EJHHCTBEHHBIH 3JeMEHT
u3 C,y, KOTOPHIH He CONEpPKUT HH OJHOIO BeKTOpa X
Takoro, uro x.x=2. Ero rpynma asTtoMop¢usmo G
HUMeeT MOPSALOK

2223%%7211-13-23 =28315553 613 086 720 000.
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®akroprpynna G/{%1} ectr HOBas mpocras rpymmna,
naiinennass Kouseem !).

iv) n=232. Tak kak My >4-10" u TaK Kak g =>2
nast Bcex E, 10 Cj uMeer Gosee 80 MHJJIMOHOB 3Jie-
MEHTOB; HX CIHCKAa elle HET.

§ 3. Hoxa3aTeabcTBa

3.1. Ioxasareavcrgo Teopemsvr 3

Ilycts E<= S, 1 nycth V=E ® Q — cooTBercTByI10*
mee BekTophoe Q-mpocrpancTBo. Ilpenmosaraercsi, uTo
E — HeompenesieHHBII MOAYJb, W HaM HAAO [0Ka3aTh,
yro E (ua1m V, uTo OPUBOAUT K TOMY 3Ke) IpejcTa-
BaseT 0. Bymem pasnnuate psf ciayuaes.

i) n=2. B sroM cJayuae mpocTpaHcTBO V HMeeT
curnarypy (1, 1), orkyna d(E)= —1. Tak kax —d(E)
ecTb kKBagpatr B Q, to V mpexcrasJser 0.

iiy n=3. Tlyertp [f(X;, X, X3)=Za,-,-XiX,~ — KBaj-
patuuHas QopMa, COOTBETCTBYIOINAs HeKOTOpomy Ga-
sucy mouyas E; mul umeeMm aj;Z u det(a;)= = 1.

Ecan p — mpocroe unco # 2, to opMa, NOJTyueHHAST
u3 [ penykiueii 1Mo MOAYJIIO p, HMEET HETPHBHAJbLHBIA
HyJb (1. 2.2 ra. I) B 3TOT HYJb NOJHUMAETCS IO p-aju-
yeckoro HyJs (caexcrsue 2 teopeMbl 1 m. 2.2 ra. II).
Takum obpasom, [ mpexacraBaser 0 B KaxioM u3 Q,

(p=~2), Tak xe Kak ¥ B R; HAa OCHOBAHMH C/IeACTBUA 3
TeopeMsl 8 1. 3.2 ra. IV orcioma BhiTekaer, uto [ mpep-
crasJasier 0 B Q.

iii) n=4. Takue ke cooGpaxKeHus, KaK U NPUBEEH-
dble BbIIle, IIOKA3hIBAIOT, YTO KBajpaTuuHas ¢opma [
npencrasaser 0 B kaxaoMm us Q, p# 2, Tak Ke Kak
u B R. Ecom nuckpumunanr d(E) ¢opwmw f pasen 1,
TO 3TOr0 JOCTATOYHO IJIl YCTAHOBJIEHHS TOro, uTto [
npeacrasiaser 0 B Q (caexctsue 3 Teopemsl 8 m. 3.2
ra. 1V). B npoTuBHOM cayuae

d(E)= —1

) Cm. Conway J. H, Proc. Nat. Acad. Sci. USA, 61 (1968),
398—400; cp. Takxke [nvent. Math., T (1969), 137—142.
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u d(E) He sBasercs kBajgpatoM B Q, HAa OCHOBAHUH
Teopembl 6 m. 2.2 ra. IV orciofa BhlTeKaer, uto [ mpex-
crasaser 0 B Q.

iv) n>5. Tlpumensercs Tteopema Meiiepa (cien-
ctBue 2 TeopeMmsl 8 m. 3.2 ra. IV).

3.2. Jlemmol

Ilyecte E<=S, u nycts F — HeKOTOpEHIH MOAMOLYJIb
B E; nmycts F’ — mHoXecTBO ssementoB u3 E, oproro-
HaJbHBIX 3JeMeHTaMm us F.

JJemma 1. [Juaa roeo urobor modyav F, crabocen-
Holll ghopmoli x .Yy, KoTOpas urOYyUposara Gopmoil mo-
oyan E, npunadaesmcan kareeopuu S, neobxodumo u do-
crarouro, 4robor E Goia npamoid cymmoil modyaeii F
u F’.

Ectt E=F@®F’, 10 umeem d(E)=d (F).d(F’),
otkyra d(F)= *=1. O6parno, ecu d(F)==+1, To,
oueBugHo, F(1F’=0; xpome roro, ecau x < E, 10 Ju-
HeffHasg ¢dopma y+—>x.y (y =F) ompenensieTcss HeKOTO-
peiM aJeMeHTOM X, F. Torma x=x,+ x;, roe x,=F
u x,=F, otrkyna E=FQ®F’.

Jemma 2. [Iycte x=E, npuvenm x.x==1, u
nycre X — oproconar K x 8 E. Toeda, ecau D= Zx,
o E=D@X.

YrBepxaeHne BhTeKaeT u3 JeMmbl | npu F=D,

(Econ, Hanpumep, x.x=1, 170 D ~1I,, ortkyna
E~1,HX.)

daeMeHT x € E HasnBaeTcs HedeaumbviM, €CIH OH
He NpHHAAJeXUT noarpynmne nE (n = 2), UHBIMH cJOBaMH,
€CJU OH He JeJUTCI HH Ha KakKoe ILeJloe YHCJIO0 = 2.
Kaxneit HeHyseBoii sJeMeHT U3 E eIUHCTBEHHBIM CHO-
co60M 3amHchlBaeTcss B BHAe mx, rae m>=1, a x He-
LeJIHM.

Jlemma 3. Ecau x — Hedeaumeiii ssemenr us E,
T0 cyuwecreyer y =E, rakoii, yro x.y=1.

Iycts f, — nuneiinas dopma y+> x.y, ompenese-
Mas 3/JeMeHTOM ¥. DTo roMomopdusMm mozyas E B Z.
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Bousee Toro, f, Hedeaum, Tak KakK X HeleJHUM U TaK KakK
X.y onpenenser usomopbusMm moay.as E Ha compsixeH-
HBI K Hemy monyJdp Hom(E, Z). Orcioma 3sak./ouaew,
4TO f, CIOPBEKTHBEH (MHAUE ero MOXKHO OBIJIO Gbl pas-
JeJIMTh Ha [esoe YHCJ0 ==2), a INOTOMY CYIIECTBYeT
y<=E, takoii, uto x.y=1.

3.3. Crpysrypras Teopema (cay4aii HeweTHO20 Heonpe-
Jdesennozo modyssn'))

Jlemwma 4. llycre E = S,,. [Ipednosomun, uto E —
Heonpedesennoili modyae nepgoeo tuna. Toeda cywect-
syer raxot modyss F & S,_, yro Ex~1, HI_DF.

ITo reopeme 3 cywecrsyer Tako#i x = E, x 5% 0, uto
x.x=0. Jleqs B cayuae HafOOHOCTH 3JEMEHT X Ha IOJ-
XOJflllee LieJioe YHCJO, MBEl MOKEM IIpemnoJaraTh, yTo
X HeJeJHM; Ha OCHOBAHHH H3JIOKEHHOH BEIIIE JIEeMMBl 3
Torja cyuectByer Takod ye<E, uro x.y=1. Die-
MEHT Yy MOKeT ObITh BBHIOpaH Tak, UTOOH Y.y OBIIO He-
yeTHoiM. JIefiCTBUTE/bHO, IPEJNOJIOKHUM, UTO Y.y UYETHO;
MOCKOJBKY E — MOMysIb mepBoro THma, CyIECTBYeT TAaKOH
snemeHT t € E, uro t.f Heuerno. ITosoxum y' =t ky
u BbGepeM k Tak, uTo6H x.y=1, T. e. k=1 —x.t;
MBI uMeeM y’.y'=t.t(mod 2), u y’.y’ HederHo. Takum
06pasoM, MOKHO MPEANOJOKUTb, YTO Y.y=2m—+ I.
ITosoxum rtorma

ee=y—mx, e=y—(m-+1)x.

HemocpencTBeHHO — ycTaHaBJAHBAaeM, UTo  ej.e = I,
e.eo=0, ey.eo=—1. Ilogmonynr G momynsa E, nopo-
XKJICHHBIA 3/1eMeHTaMu (e, ey), nsomoppen cymme I DI_;
nostomy mo gemme | Ex~1, @I_HF, rne F= S, _,.

Jlokaszareasctso Teopemvt 4. BemeM paccykjaeHHs
punaykuued mo n. Ilyets E €S, rne E — Heonpenenen-
HBl MOay./b mepBoro Tuna. [To nemme4 E~ 1, HI_DHF.
Ecau n=2, to F=0, u Teopema nokasana. Ecau n > 2,

') MeTos, KOTOPOMY CJI€AYeT [HAHHBIA MOYHKT, IOACKa3aH MHe
MusaHopoM, Tak ke Kak u Hies seegenns rpymns K (S).
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to F £ 0, u onud u3 monyneit 1, GF, I_HGF — neonpe-
IeJeHHbI; TPeNNnoJOXKNUM, HalpUMEpP, UTO HMeeT MecCTO
nmepBri cayuaii. Tak kak [, sBJasieTcs MoayJem mep-
BOTO THIIA, TO TaKUM ke sBJAeTcs U Momynab [, DF,
H TpeJNoJoxeHHe HHAYKLUH IoKasnBaeT, uto I, @F
umeer Bun al, P bl_; orciona

E~al, &(b+1)1_.

3.4. Onucanue epynnor K(S)

[ycr EE S, E # 0. Tornaumn EG I, umm EPI_—
HeompesieleHHBIH MONYJ/b mepBoro tuma. [IpuMeHsiss Teo-
pemy 4, oTciofa BeIBOAHM, uTO 06pa3s moxyasd E B K (S)
ecTb JuHefiHasa komOunauus kJaaccos (I,) u (I-). Ilo-
atomy (I,) u (I-) nopoxngaior K (S). Tak kak ux o6pass
npH romMmoMopdHsme

(r, ©v): K(S)—»ZX1Z

JuHeHHO He3aBHCHMBI, To KjaaccH () u (I_) cocraBasiior
6asuc B K(S).

3.5. Crpyxrypnas rteopema (cayuaii 4eTHO20 Heonpe-
OesenHo20 MO0YAR)

Jlemma 5. [lycre E<=S. [Ipednoroscumn, 4ro
E — neonpedenennoii modyare eropoeo tuna. Toeda cy-
ujecrsyer taxoii modyss F& S, uro E~UQF.

PaccyxnaeM, Kak B nokasaresbcTBe JeMMbl 4. CHa-
yasna BolbepeM x € E, x %5 0, x — HeJleJIUMBIH 3JIeMEHT,
x.x=20; 3arem BuOepeMm Takoi snemeHT y < E, uro
x.y=1. Ecanu y.y=2m, To 3aMeHHUM Yy HA Yy — mx,
TaK YTo JAJs1 HOBOro ajemenra y.y=0. Torpa moamo-
nyab G wmoayas E, nopoxpeHHbIH asnemeHTamu (x, y),
usomopden moxymo U; no gaemme | E~UODF, rue
FeS.

Jlemma 6. [Tycre F|, Fo=S. IIpednosomcun, uro
F, u Fy — modyau sropoco tuna u uro 1, PI_PF,~
gI.‘.@I_EDFT Toeda U@FlgU@Fg.
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Yro6bpl yopocTuTh O00O3HAUEHHT, TOJOKHM W =
=1,®1_, E;=W®F, V,;=E;®Q. Iycrs E} —nox-
rpynna B E;, o6pasoBaHHas TaKHMH 3JeMEHTAMH X, UTO
x.x=0(mod 2); ara moarpynma uMeeT uHAekC 2 B E;.
Cpasy Ke BHIHO, YTO HMeeT MecCTO E?=W°@Fi, rie
WO — MHOXeCTBO TaKHX 3JeMeHTOB x = (x;, x,) us W,
4T0 X = Xy(mod 2). TlycTb EF — «CONPSIKEHHBIH» K E}
B V; Moaysab, T. €. MHOXECTBO Takux yeV;, uTo
x.y=Z naa scex x<E). Scwo, uro Ef =W @QF;,
rae WT — MHOKecTBO TakuX (X, ¥,), 4T0 2x, & Z, 2x,=Z,
x, — %, Z. Umeem EicE,cEf, u ¢akroprpynna
Ef/E? usomopdua dakroprpynme WT/WO sro rpynna
tuna (2, 2). TlosToMy CyIIECTBYIOT TPH MOATPYIIIH,
crporo comepxamuecs Mexay Ei u EF; onu coorser-
CTBYIOT TpeM MOArpynnaM nopsiaka 2 rpynms tuma (2, 2).
Onna u3 HHX ecTb caMa E;; mBe mpyrue O6ynem o6o3Ha-
yath uepe3 E} u E7. Mmeem

=W ®F; Ef=W'Q@F,,

rie W u W” omnpenensiotcss OYeBHAHHIM 0OGpPasoM.
HenocpenctBenno npoeepsiercss, uto W’ u W” wuso-
mopcdubr Moayao U (MOXKHO, HAmpuMep, B KauecTBe
6asuca W’ B3aTh BeKTOpH a= (s, /), b=(1, —1);
torna a.a=b.b=0, a.b=1; gaa W” Bo3bMeM
(Y2, —/2) u (1, 1)). ITycre Teneps f: WHF, > WHF, —
usomopdusm. O mpojpo/kaercs 10 u3oMOphH3Ma Mpo-
cTpaHcTBa V| Ha Vy; 3TOT u3oMopdu3M otodparkaer E1

Ha E, a caemosarteapno, E} ma Ej u Eif wa EJ n
omnpeneJeHu0 3THX noAarpymnn. Ilostomy on 0To6pa>xaer
rakxe (Ef, EY) au6o ma (E%, Ef), nm6o na (EZ, Ej).
ITockosbky Monyau Ef u E7 usomopgus Mogymio U@Fi,
coBepuieHHO AcHO, uto UPF, ~ UDHF,.

Hoxkasareabcrgo reopemost 5. CHauaa JOKAXKEM, UTO
ecau E,, E,=S — neonpedesrennvie modyau eropoco
Tuna, umeroujue 00UHAKOBbE paHel U 00UHAKOBbLLE HUH-
Oekcol, To onu uzomopdror. Ilo nemme 5 E;= UPF,,
E,=UG@®F,; acro, utro F;, u F, — Moaysu BTOpOro Tuna,
HMeIolle OJHHAKOBBIE DPAHTH U OJMHAKOBHE HHIEKCHI.
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Monym 1, DI_-OF, u I, DI-@OF, saBasooTcs Heompe-
JeJeHHBIMH MOJYJISIMH IEePBOTO THIA, HMEIOIIHMH OfH-
HAKOBHIE PAHI'H M OJHHAKOBbe HHIeKCH. Ilo Teopeme 4
onn usomopduel. Torga, npuMeHss JeMMy 6, MBIl BHIUM,
uro E; u E, usoMopdHEl, B YeM M COCTOUT Hallle yTBEp-
JKJIeHHe.

Tenmepp TeopeMa 5 moJsyuyaeTcs HEMOCPENCTBEHHO:
ecau E — ompesiesileHHBIl MOAYJb BTOPOTO THMA H eCJIH
t(E)>=0, To ompemenum meJble 4HcJIA p U ¢ 1o Qop-
MyJaM

g=+47(E), p=-(r(E)—(E)).

[MpumeHsis TOJBKO YTO IOJYYEHHH pe3yJapTaT K MoO-
nyaam E u pU@gqlg, MBI BUAMM, YTO 3TH MOZLYJH H30-
MODQHBHL



YacTtb BTOpas

AHAJIMTUUECKME METO/bI

I'nasa VI

TEOPEMA OB APUOMETHUUYECKOM
[MPOT'PECCHUH

Llenbio 3TOH TrJaBH SBJSETCS NOKa3aTeJbCTBO CJe-
JLyoLell TeopeMbl, KOTOPYI0 chHOPMYIHPOBaJ (1 HCIOJIb-
3oBaJ) Jlexanap, a mokasaJn Jupuxse.

Teopema. [Iycto a u m—uyeasvte uucra =1,
83aumno npocrete mexndy coboii. Cyujecrsyer 6Gecko-
HEYHO MHO20 TAKUX NPOCTHIX Huces p, 4o p = a(mod m).

Mu caenyem Merony (KOTOPHIH SBJASETCS METOLOM
camoro JJupuxJe), ucnoJn3youemy csoiictsa L-ghynxyuu.

§ 1. Xapakrepsl KoOHeuHbIX aGeseBbIX Trpynn
1.1. [IsoiicTeennocts

ITycts G — My bTHNJHKATHBHO 3aluCaHHAs KOHeY-
Haa abeJseBa rpymnmna.

Onpenenenune 1. Xapaxrepom epynnot G Ha3ot-
saerca 0601 eo/uomopdmsm epynnot G 8 myasvTunAU-
karuenyro epynny C° Komnaekcuolx wucean.

Xapakrepnl rpynnsl G o6pasyior rpynny Hom(G, ch,

Kortopas o6Go3HauaeTrcs G U HasblBaeTcs TIPYyINoH,
Oyaasnoil rpynne G.

ITpumep. IlpennosiokuM, YTO G—z;umutzec;caﬂ
epynna nopsdka n ¢ o6pasywomeit s. Ecau ¢ G—C*—
xapakrep rpynnsl G, TO 3jeMeHT w= ((S) yXOBJETBO-
pseT ypaBHEHHIO w”=l, T. €. fIBJSeTCcS KOpHeM n-H
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creneHu u3 enunuiel. O6patHo, mo6OH KopeHb n-# cre-
NeHd H3 eIHHUIB W OIpeJieJdeT XapakKTep rPYIIH G
nocpeactsoM oro6paxennsd s®r—w® Takum oGpasom,
oro6paxkenue y+—> ¥(s) ecTb usomoppusmn epynnor G Ha
epynny W, KOpHel n-ii cTenenu u3 eOuHuybl; B YacT-

HOoCcTH, G ecTh IUKJIHYecKas rpymnmna nopsanka .

Mpenaoxenue 1. ITycro H— nodepynna epyn-
not G. Besaxui xapaxrep epynnot H moocer 6oire npo-
Odoascen 0o xaparxtepa epynnol G.

JloxasniaeM uHaykuueit no uwndexcy (G :H) nox-
rpynnsl H B8 G. Ecoin (G:H)=1, 1o H=G 1 noxa-
3HIBaTh Heuero. EcJa 3TO He Tak, TO IYCTb X — 3JEMEHT
u3 G, He mpuHamJexamui noarpynne H, u myets n —
TakKoe HaumMeHbllee IeJgoe uncao > 1, uro x"=H.
[Mycts ¥ — xapakTep rpymnnsl H, u nyers &= y(x").
[Tockonbky C* — Geckoneuno Oeaumas TPymnma, MONKHO
BoIGpaTh Takoi asjemeHT w & C', uro w"=t. Ilycrs
H’ — moprpynna rpynns G, nopoxaeHHas noarpynnoi H
H sJeMeHTOM x; Jio6oii sjemeHT u3 H’ 3anuceiBaercs
B Bujie W' =hx? rne a=Z u h< H. logoxum

®(h) =y (h) w*
Jlerko mpoBepUTh, UTO 3TO YHCJO He 3aBHCHT OT PasJo-
xenuss hx® snemenra A’ u uro y: H'— C' — xapaxrep
rpynnet HY, npononxatomuii y. Tak kak (G: H)<(G: H),
HPeIIONOKEeHNe HHIYKIUH I103BOJseT NPOJLOJIKUTL Y
o xapakTepa Bcedl rpymnmsl G.

3amenanue. Onepaunus oeparu4erus OIpefeJser
romoMopdusm L
o: G—H,
H npenJoxeHne 1 o3nauaer, uto p ciopbekTHBeH. C npy-
rofi CTOpPOHBI, AP0 romoMopduaMa O COCTOUT H3 TeX
xapakrepoB rpynnsl G, KOTOpble TPHBHAJBHBL Ha H;
nostomy OHo usomopduo rpymme (G/H)", nyaanuoit
rpynne G/H. Orciona noayuaeM T04Hyr nocaedosa-
TEAbHOCTD

{1} —(G/H)” =G —=H—-{1}.

Ilpennoxenue 2. I'pynna G ecro KoHeuHAS
abesesga epynna TO20 e nopadka, 4ro u Q.
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JokasbiBaeM HHAYKLHEH MO NMOpPAAKYy n rpymmer G,
npuueM cuayua#h n=1 tpusnaJjed. Ecau n>2, To BH-
OepeM HeTPHBHMAJbHYIO LHKJIHUeCKylo mojrpynmy H
rpynnsl G. Ha ocHoOBaHuM NPHBEAEHHOTO Bhllle 3aMe-
yaHua MOPAAOK rpynnbl G ecTh NPOU3BeNeHHE HOPSII-

koB rpynnsl H u (G/H)”. Ho nopsizok rpyunst H (coor-
BeTcTBeHHO rpynnbl G/H) paBeH mopsifky ayaJbHOH ef
Ipynubl, nockosapkKy H nHkJIHuHA (COOTBETCTBEHHO I1O-
cKoJbKy nopsaok rpynnet G/H crporo menbie, yem n).
Orciofa 3axJio4aeM, 4TO MOPAZOK rpynnsl G ecTb mpo-
uspefenue nopsaakos rpynn H n G/H u mosromy pasen
nopsaky rpynne G.

Samewanue. MOKHO [10Ka3aThb HECKOJBKO 0oJiee

TOuHBI pesyJabraT: G ugdomopgpua (BooOlie rosops, He
KaHoHHuecKH) rpynnme G. DTO MOKasbIBaeTCsl pasJoxe-
Huem rpynnbl G B IpOU3BeeHHE LHKJIHYECKHX TPyIm.

Ecan x & G, To orobpaxenue y+— y(x) ectb xapak-
tep rpynnsl G. Takum of6pa3oM, MBI HOJyuaeM TOMO-

mopopusm e G—G.

[ITpennoxenue 3. lomomoppusm & ecrs u30-
moppusm epynnot G Ha 6udyarshyto e epynny G.

Tak kak G 1 G UMET OIHH H TOT XK€ MOPSLOK,
TO JMOCTATOYHO MOKAa3aTh, YTO & HHBLEKTHBEH, T. €. UTO
ecsqH X ecThb 3JeMedT % 1 u3 G, TO cyuecTByer Takoil
xapakrep x rpymnsl G, uro y(x)# 1. Hrak, nycrs
H — nuk/auveckad mnoarpynna B G, mopoxaeHHas 3Je-
MEHTOM x. SICHO (cM. NmpHBeJEHHBIH BBIE MPHMEP), UTO
cyllecTBYeT Xapakrtep y rpynnel H, Tako#i, uto y(x)5~1;
npeaJokenne | 1MO3BOJIAET NPOLOMIKHUTHL j MO Xapax-
tepa rpynnsl G. OTclona BeITEKaeT HCKOMBI pe3yJbTar.

1.2. CoorHowenus oprocoHasbHOCTU
IIpennoxenne 4. [lycre n=-card(Q), u nycro
x < G. Toeda
2 )=

{n, ecan x =1,
1EG

0, ecou y -1,
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[Tepeast dopmy.aa oueBupHa. UToOB J0Ka3aThb BTO-
pyio, BbiGepeM Takoil y & G, uto ¥(y) % 1. Hmeem

%(y) EG %(x) = 2 % (xy) = 2 2%(%),

OTKyJa

() — 1) 2 x((x)=0
Tak kak y(y) = 1, To orcrona 2 x(x)=0.

CaencrBue. IIycro x=G. Toeda

) _{ n, ecau x=1,
anX(x)_ 0, ecau x=~1.

OTo BHITEKAeT U3 MpeJJOKeHHS 4, HOPHUMEHEHHOrO
Kk rpynne G.

3amewanue. llpuBeneHHble pPe3yAbTATH ABJAIOTCH
YaCTHBIMH CJAy4YasMHU «COOTHOIIEeHHH OPTOTrOHAJbHOCTU»
M3 TEOPHH XapaKTePOB KOHEUHBIX I'PyNN (He 00s3aTeJbHO
abe/IeBHIX).

1.3. Modyaapnoee xapaxrepst

IMyere m — nesoe uncso >1. OGo3nauum uepes
G(m) wmyabrunIHKaTHBHYW rpynny (Z/mZ)* o6paTuMbX
3JIEMEeHTOB KoJblla Z/mZ. 3To— KoHeuHass aleJeBa
rpynna nopsaaka @(m), rae ¢(m)— dyukuus iigepa,
cM. n. 1.2 ra. I. DuaeMeHT y H3 TPymIB, AYyaJdbHOH
rpynne G(m), HasbiBaeTCsi xapakTepom no modyiwo mi
€ro MOXKHO paccMaTpHBATh KaK (QYHKIHUIO, ONpejeJeH-
HYI0 Ha MHOMKECTBE B3aUMHO MPOCTHIX C M LEJABX
uHceJs, HMeloUyl0 3HaueHHss B C* W YILOBJETBOPSIOUIYIO
cootnouenuio y¥(ab) =y (a)y(b); y1o6HO IPOMOIKHUTE ITY
(pyHKLIMIO HAa MHOXKeCTBO Z BceX leEJbIX UHCeJ, IoJaras
¥(a)=0, ecqm a He B3aUMHO MPOCTO C 1.

IIpumepot.

1) m=4; rpynna G(4) cocToHT H3 ABYX 3JIeMEHTOB
U, CJE0OBATE/NbHO, HMEeT e[HHCTBEHHBIH HEeTPHBHAJb-
HBIH XapakTep, KOTODBIM sBJsieTCS X +—> (—1)*%); cum.
n. 3.2 ra. I.
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2) m=28; rpynna G(8) cocTOHT U3 UeTHIPEX 3JeMeH-
tToB. OHa HMeeT TPH HETPHBHAJbHBIX XapakTepa, KOTO-
PBIMH SIBJSIOTCS

¥ — (_ l)e(x), (_ l)w(x)’ (_ I)G(x)+a)(x),

cM. m. 3.2 ra. I.

3) m=p, roe p—mpocroe uucsio == 2. [pynna
G(p) — uuxauueckass mopajpka p— l; cJaegoBarTesbHO,
OHA HMeeT €JMHCTBEHHBIH XapakTep mopsiaka 2 — xa-

pakrep Jlexxanupa xr—>(§ .

4) m=7. I'pynna G(7) — uukauveckass mopsjgka 6;
cJe/10BaTeJbHO, OHA HMeeT JBa Xapakrepa mopsaka 3,
KOTOpble KOMIJIEKCHO compsikeHbl. OnUH H3 HUX 3a-
JAaeTcd INMOCPEeaCTBOM

I, ecmn x==x1(mod7),
w(x)=1 >3, ecau x= = 2(mod?7),
e, econ x= = 3(mod 7).

XapaxkTepsl NOpsANKa 2 TECHO CBSI3aHBl C Xapakre-
pamu Jlexxangpa. BoJee TouHno:

[Ipennoxeunue b5 Iycre a — orauunoe or Hyas
yeaoe uucao, He Oeasujeecia Ha Keadparor (cM. m. 3.2
ra. 1V), u nycro m=4la|. Toeda cyuwecreyer Taxoi

xapakrep Y, 1O MOOYA0 M, 4TO Y, (p)=(%) 0aa at0-

6020 npocrozo wucaa p, He Odeaaweeo m. Xapaxrep
¢ rTaxkumu cgoticteamu  eduxcreennoui. Ilpu arom
wv=1uy,1, ecrw a 1.

ENHHCTBEHHOCTh XapakTepa Y, OUEBHAHA, MOCKOJIbKY
JoGoe B3aMMHO IIPOCTOE C M IEJOE YHCJO SIBJSETCS
IIPOU3BEJ€HHEM MPOCTBIX YHCeJ, He [eJSINHX YHCcaa #1;
SICHO TaKkxKe, uto y2 = 1.

JlJsl moKasare bCTBA CYIIECTBOBAHHS XapakTepa Y,
IPENOJIOKHM cHayaJsa, 4TO a HMeeT BHX /... [, rie
l; — pasauuHBIe MPOCThle uKcJ/Ia, OTJHUHBIE OT 2. B Kka-
YeCcTBE Y, BO3bMEM XapakTep

Xalx) = (— 19 (F) ().
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Ecau p — mpocroe uyucJso, OTAMUHOE OT 2 WU OT [; TO
KBa/pAaTHUHBIH 3aKOH B3aHMHOCTH IOKa3hbIBaeT, UTO

A g a
m(p)—(,,) (p)_(p)’
H, CTaJo OBbITh, ), OTBEUaeT TPeOyEeMOMY YCJOBHIO.

B cayuae, xorna a wumeer Bug — b (uau 2b, uau
—2b), tne b=1I,...1l, B cMbicJe, YKa3aHHOM BhIlUE,
MBIl BO3bMEM B KauecTBe ¥, NPOH3BEJEHHE XapakTepa ys
na xapakrep (—1® (wm ma (—1)°%, wm na
(—1)°@*°*y 310 aBroe mocTpoenne xapakTepa %,
B TO Ke BpeMs IIOKA3blBaeT, uTo ¥, = I, ecou a 1.

3ameuarue. MOXKHO J0Ka3aTb, UTO €CJH X — lieJoe
uncso > 0, B3auMHO mpocrToe ¢ 71, TO

Aa(X) = H(ar X); = H_ (a, ),
IIm (I, m)=1

rae (a, x); oGosuavaer cumMBoJs [uabGepra uuces @ H X
B nmose Q. Bmpouem, Mox#HO ObIJIO GBI HCIOJb30BATh
3Ty opMynay AJS ONpeldeJeHUs 4.

§ 2. Pagw Oupuxae
2.1. Jemmot

Jlemma 1. Iycre U — orkpsiroe nodmroscectao
muoocecrea C, u nycrs f, — nocaedosaresbHoctos pyuk-
yuii, eoromoppuoix Ha U, KoTOpas pasHOMepHO cxo-
durcsa Ha aobom Komnakre Kk ¢pyuxyuu f. Toeda ¢yrk-
yus [ eonromoppra na U, a npoussoonsie [, pynkyuii f,
PABHOMEPHO CXO00ATCA Ha A000M KOMRAKTE K ApOU3-
sodnotl |7 pyuxyuu f.

HanoMHHM BKpaTile J0KasaTeabCTBO.

IMyets D — saMkHYTHIE Kpyr, copepxamuiica B U,
i nycth C — ero rpaHuna, OPHEHTHPOBAHHAS OGLIYHBEIM
o6pasom. ITo ¢opmyne Koumu

1 n
Faleo) =51 ([ - dz
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IJs 060l TOuKM 2, BHYTpeHHe#d naa D. Ilepexons
K Ipejeny, OTCIofa NOoJyuaeM

1
1o = | 12 dz,
C

2—2p

a 3TO M IOKa3biBaer, uto [ roJaoMopcdua BHyTpH D,
T. e. MBI JOKasa/Ju I[epByl0 YacTb JeMMbl. Bropas
JOKA3biBAeTCS TaKUM Ke CIOCO60OM C HCIOJb30BaHHEM

dopmybl

(2 —2)?

1
F(z) =— 57 f & - dz,
C

Jlemma 2 (nemma Abeas). [Tycre (a,) u (b,) —
dse nocaedosaresvroctu. [loaoscumn

n=m’

n=np
Am.p= 2 a, u Sm, m = 2 anbn;
n=m

n=m

To20a
n=m’'—1

Sm,m' = 2 Am,n (bn - bn+1) + Am,m’bm'-

JlokasareabcTeo. 3aMeHuM @, Ha A, ,— A, .| H
HeperpynnupyeM UJeHbl.

Jlemma 3. Ilycre o u B — sewecrsernole wucaa,
npugen 0 < a<<P. IHycre z=x-+1iy, 20e x, y=R u
x> 0. Toeda

lem0z — =Pz |%|(e_°‘” — e ).

Jokasareascreo. 3anuiiem

B
e® —eh=—z¢g f e~z dt,
a

OTClOJ1a, nepexons K a6CoOJ/IIOTHHIM BEJIUUYHHAM, rnoJjgyuaeMm

B
lemez —e=te|< 2| [ emtrdt =12l (max — e=ty),,
a
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2.2. Padoe Jupuxae

3ajgaguM CTPOro BO3PACTAOUIYI0 IOCJEOBATE/b-
HOCTb (A,) BEIlECTBEHHBIX YHCEJ, CTPEMSIIYIOCs K - oo.
JLJ1s1 yOpoLUeHHsT MBI IpeANOJIOXKHM, UYTO BCe A, IOJO-
JKHTeJbHBl (3TO MPEANOJIOKEHHe HeCYIeCTBeHHO, TakK
KaK BCEerfa MOXKHO BePHYThbC K OOLIeMy cJayuaio, 1O-
6aBJsisi KOHEUHOe UMCJO YJEeHOB pPAacCMaTpPpUBAEMOro
paza).

Mu nasoBem padom Hupuxae ¢ nokasaresamu (A,)
pan BHIa

Dae ' (a,=C, z=C).

ITpunepot

a) A, =logn (psn Jupuxsae B COGCTBEHHOM CMBICJIE).
Torma psn 3anuLIETCs B BHJIE Zan/nz, cM. 1. 2.4,

b) A,=n. Ilonaras f=e~%, MH NpHAeM K IeJ/HM
OTHOCHTE@JbHO ¢ pAfaM.

3ameuanue. Ilonarue pama Jlupux/e sABJseTCSA yacT-
HBIM cJyuaeM [OHATHS npeoOpasoBanus Jlansaca
¢ Mepo#i p. Tax HasbIBalOT QYHKIHIO

00

f e—?tu(t)dt.

0

PacemarpuBaemblii cayuait fABJsieTcs TaKUM CJaydaeM,
B KOTOPOM W — AHCKpeTHas Mepa. ([lnsa Gosee peratb-
HOT'0 o3HakoMJeHusi cM., Hanpumep, Widder D., The
Laplace Transform, Princeton Univ. Press, 1946.)

Mpenaoxenne 6. Ecau pad f(2)= X aze

cxodurca npu =2y, TO OH PABHOMEPHO CXOOUTCA 8O
geeti obaactu suda R(z—z) =0, |Arg(z —29)|<a,
2de a < m/2.

(3necy u Besge B jpagbHeiimem uepe3 R (2) ofosma-
yaeTcsl BeU{eCTBEHNAS 4aCTb KOMILIEKCHOrO YHcJaa 2.)

[Ipoussons, ecau 3T0 HeOOXOJHUMO, 3aMeHy Iepe-
MEHHOH 2, Mbl MOXKEM IpeJroJararh, uTo 2,= 0. Hame
yCJIOBHE TOrJA O3HAYaeT, uTo DAL ) a, cXoputes. Hawm
Hajo0 JoKa3aTh, 4YTO HMEET MECTO paBHOMepHAas CXOIH-
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MocTh B of6Jsactu Bupa R(2)=0, |2|/R(2) <k. ycrs
g > 0. TTOCKO/IbKY PAM X @, CXOLUTCS, CYIIECTBYET TAKOE
yhgcao N, uro ecau m, m’ =N, 10 | Ay | << e (0603Ha-

uenus Te XKe, 4yTo U B JemMe 2). [Ipumenss aemmy,
—A
NOJIOKHUB b,= e  '"°, moayuaem
m'—1

2 Am,n (e—hnz _ e—)»n+]2) _|_ Am‘m/e—hmlz.
m

[Mosarasi z=x- iy u npumensis JeMMy 3, HAXOJUM
(mast m, m’ >=N)

Sm,m’_

|S i, me

m'—1
<e[14EL X (7% — o) |,
m

HJH
Le(l+ k(e™'m* — g hm)),

|S i, me
OTKyJa
|Sm,m’ < 8(1 _|_ k),

U paBHOMepHasa CXOJAHMOCTb OUEBHIHA.

Cnencreue 1. Ecau psad | cxodurca Oara 2=z,
70 o cxodurca dasa R(z) > R(zy), u rax onpedesrennan
pyukyus 20a0MopPhHa.

DTO BHITEKAET U3 NpeRJoxkeHUs 6 u u3 JeMMbl 1.

CanencrBue 2. Obaacrs cxodumocru psada | nped-
cragaser co00ll MAKCUMAALHYIO OTKPLITYIO HOAYNAO-
ckOcTb (HA3BIBAEMYIO NOAYNAOCKOCTHI0 CXOOUMOCTU).

(Hdomyckast BOJILHOCTH s13bIKa, paccMarpuBawT & u C
KaK OTKPHITBIE NOJIYIJIOCKOCTH.)

Ec/H MoJyn/aoCcKOCTh CXOJIHUMOCTH 3ajaeTcsi HepaBeH-
ctBoM R(2) > p, To p HaswBaWT abcyuccoti cxo0umocTu
paccMaTpHUBaeMoro psjaa.

(Cayuasim & u C OTBeUAIOT COOTBETCTBEHHO p = | o0
Hp=—0.)

[To/ynI0CKOCTh CXOMHMOCTH Psja Dlayle " naswr-
paercs (IO MOHATHBIM COOOPAaKEHHUSIM) HOAYHAOCKOCTbHIO
abcoatoTHoll cxolumoctu paga f; abcuucca ero cxoju-
MocTH oGosHauaercss uepe3 p*. Ecau A, =n (cayuait
LeJblX PSfOB), TO, Kak H3BecTHOo, p=pT. Oxnako,
BOOOIIIe T'OBO §, 3TO HE HMeeT MecTa.
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Hanpumep, oaun u3 Haubosee npocTelx L-psnos
L(z)=1—1/3*4+1/5°=1/7"+ ...

cooTBeTcTBYeT cayuaio p=0 u p*=1, KaK MB YBHIUM
JaJbiie.

Canencraue 3. f(2) cxodurea k f(2y), koeda z — z,,
ocrasasce 6 obaactu R(z — 20) =0, |Arg (z — 2p) | < «a,
20e o < m/2.

D10 cJefyeT H3 PaBHOMEPHOH CXOXHMOCTH H H3 TOTO,
—h -
yTo e '"° cTpemuTca K e "

0
.

Cnencraue 4. Dyuxyus [ momer 6oirs TosNCe-
CTBEHHO PABHOLl HYAI0 TOALKO 8 TOM CAyxae, Kozda sce
Koaghuyuentol a, pasHoL HYawo.

[ToxazkeMm, 4TO @, €cTb HyJb. ¥YMHOKHM [ Ha €M u
yerpeMuM 2 K oo (Hampumep, BIOJb BelleCTBEHHOM
ocu). PaBHoMepHas CXOAHUMOCTH O0ecleunT TOrAa, uTo
eM*f crpemutest K ag; orcioga a,=_0. IIponesaem To xe
camoe ¢ a; M T. I.

2.3. Pader Jlupuxae ¢ ROAOHCUTEALHOIMU
KO3 puyuenranu

Mpenanoxenune 7. Hycrs f= X ae”"* — pad

Jlupuxae, KOspuyentsr a, KOTOPN2o ABAAOTCA 8euye-
creernsimu wicaamu >=0. Ilpednoaoscum, 4ro [ cxo-
Qurca das R(z)>p, ede p=R, u uro @yukyus f
moxceT ObiT6 aHaAuTUHECKU npodoarcena 00 Pynkyuu,
2020M0pPHOLL 8 OKpecTHOCTU Touku 2= 0. Toeda cyue-
creyer takoe & >0, uro f cxodurcsadan R(z) > p —e.

(Mmaue rosopsi: 06J/1acTh CXOAMUMOCTH psifa f orpa-
HUUHBAETCS 0COGEHHOCTbI0 GYHKUUH f, PACIONOKEHHOH
HA BEIIeCTBEHHOH OCH.)

Jlokasareascrso. Jlonyckasi 3aMeHy 2 Ha 2 — P, MBI
MOKeM IIPeINnoJaoxuTh, uto p==0. Tak xak [ roJo-
MopdHa 0gHOBPeMeHHO U 11 R(2) > 0 u B OKpecTHOCTH
touku 0, To oHa rosomopdpHa B Kpyre |z —1|<<1+e,
rae € > 0. B uwacTHOCTH, B 3TOM Kpyre CXOIUTCS DS
Tefinopa. Takim o6pa3oM, HA OCHOBAHHH JeMMBl 1 p-o
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npoussojHas ¢GyHkuuu f 3amaercs GpopmyJoi
fP@) = 2 an(—1)7e”™*  qan R(z)>0;
n

oTcroaa

(1) = Z (Mn)? ape ™.

Psan Teitsopa B paccMaTpuBaeMoM cJjyyae 3alucChiBaeTest
TaK:

f(z)—Ep,(z D7), e—1<1 +e.

B YacTHOCTH, AJIA 2 — -— & HUMeeM
(o)=Y o (I4-e) (=17 (),
p=0

npHueM STOT PAJ CXOAUTCS.
Ho (=17 f™(1)= Z(An)” ame” " — cxomAmmiics pix

¢ wigenamu >=0. CJIeILOBaTeJIbHO, JBOIHOH psAN C HOJIO-
XKUTEJbHBIMH UJIEHAMH

1 —A
f(—e)= ¥ ansy(1+e)” 2
p.n
cxoputcs. IleperpynnupoBeIBast 4JeHBl 9TOro psijaa,
HoJIyuaeM

(o)

(=)= N ae™ Y, % (1+e)” rn=

p=0
A A, (1
=Zane nghn 148 — Eane n®
n
TaK 4YTO AAHHBEH PAA JIHpHXJE CXONHTCS LI 2=——e¢,

a cjepoBaTespbHO, U AaA R(z) >—e. U. 1. 1.

2.4. Padet [Qupuxae 8 cob6CTB8eHHOM CMbICAL

B stom cayuae A,=logn. CoorBercrayiouue psabl
3aMUCHIBAIOTCA TaK:

(o)

f(s)= X au/n’,

n=l1
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npu 3ToM OyKBa § 3[eChb TPALULUOHHA A/151 0003HAUEHHA
nepeMeHHOM.

[Ipennoxenue 8. Ecau a, oepanuuenst, 70 psd
abcoarorro cxodurca daa R(s) >1.
Aro caenyeT U3 OOIEU3BECTHOH CXOJMMOCTH psja

D Un® pas a>1.

n=I

Mpennoxenne 9. Ecau wactnoe cymmor A, ,=

p
= D\ a, oepanuuens, To pad cxodurca (He 0633aTeAbHO

m
abcoarorno) 9432 R(s) > 0.
[pennonoxkum, uro [A, ,|<<K. Ilpumensas meMmmy

AGeas (nemMMa 2), HaXOIUM, UTO
m'—1

1 1
|Sm,m'|<K 2 PE —m

m

1
+|5m

Mo3KHO NPeJNOJOKHUTD, UTO § BELIECTBEHHO (B CHJY Npei-
JoxkeHus 6). DTo Mo3BOJAET 3aMHUCaTh NPEABAYINee He-
paBeHCTBO B OoJsiee mpocToit (hopme

|Sm,m'| < K/m?,

U CXOJJUMOCThL OuYeBHIHA.

§ 3. O3era-pynkuus u L-pyHKuuu
3.1. Biiseposckoe npoussedenue

Onpenenenue 2. Pyuxyua f: N — C Has3v8aerca
MYAbTUNAUKATUBHOL, eCAU

[(nm) = f(n) f(m)
KaocOolii pa3, Koeda n u m 83aUMHO NPOCTLL.

Hpumepot. Pynxyus iisepa (n. 1.2 ra. 1), dynkyus
Pamanydomcana (n. 4.5 ra. VII) aBasioTes MyJabTHIIIM-
KATUBHBIMU (DYHKIHSIMH.

[Tycrs [ — MyJbTUIIMHKATHBHAS H  OrpaHHYEHHAS
PyHKIHSA.
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Jevma 4. Pad JJupuxase X, f(n)/n® abcoarorro cxo-
n=I

Ourca 0aa R(s) >1, a eeo cymma e 370ii 06aacTu pasHa
cxodawenycs 6ecKOHeUHOMY npoU38ederuro

pIEIP(l—H(p)p‘S—F e O P ).

(3mecs u B maJbHefimeM uepes P o6o3gauaercs MHO-
JKECTBO TPOCTBIX YHCEJI.)

AGcomoTHAsA CXOMUMOCTh DA BHITEKAET U3 OrPAHH-
ueHHocTn ¢yHkiuu f (cM. mpemsoxkenue 8). Ilycrh
S — KOHeYHOe MHOMKECTBO IPOCTHIX UYHCEJ, W MYCTh
N (S) — MHO)KecTBO mesHX uucesa ==1, Bce mpocTHeE mHe-
JIUTEJU KOTOPHIX NMPHHAJJIekKAaT MHOXKECTBY S.

HenocpencTBeHHO fICHO CJaeAyIOllee PaBEHCTBO:

)y f(n)/nS=II(S‘ Hp )

neN(S) peES ‘\m=0
KOl‘Jla S pacrer, JseBast uwacThb paBeHCTBA CTPEMHUTCS
K 5‘ f(n)/n’. Orciona BHTEKaeT, 4To GECKOHEUHOE MPOU3-

n=I
BeJleHHEe CXOJHUTCSI U UYTO ero 3HauyeHHe JMeHCTBUTEJbLHO

paBuo 3 f(n)/n’.

Jlemma 5. Ecau | myavruniukarussa e crpoeom
cmotene (1.e. ecau [(nn')=f(n)f(n’) daa arob6oii napoi

n,n’eN), ro
) . 1
E Hofn’ = pIEIP I—F(p)p® *

n=I
DTO BHITEKAET M3 MpPEIbIIYINEH JeMMBl B COUYeTAHHH
¢ toxaectsoM f(p™)=f(p)™.
3.2. [lzera-gpyuryua

ITpuvenum mnpeabymuii nyHKT K f=1. Msl noay-
yaeM (QYHKILHIO

S 1
ts)= Z} = H =
- e
ara popMmyJsaa umeeT CMHIca HJas R(s) >1.
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IIpennoxenne 10. a) dynkyus § coromoppua
u =0 8 noaynaockocru R(s) > 1.
b) Hmeer mecro

4 (s),

20e @(s) eonromopgpra das R (s) > 0.
Yreepxaenue a) ouesmjpHo. s b) samerum, uro

oo n+1

ft‘Sdt_S‘ [ teat

n=1 n

MoxHO, cJaeroBaTebHO, 3alHCATh:

) n41
b)) ==+ ), (—nl—— [ t_sdt)
n=l n

oo n+l1
= S_l —|—2l [ dt.
n=i n
ITosoxum
n+l1 oo
oul)= [ (0 —t)dt w ols)= Y au(s).
n n=I

HawMm octaercsl IpPOBepHTb, UTO @ (S) ompejeneHa M roJo-
mopdHa naaa R(s)>0. Ho scHo, uro Kaxmas g, (s)
YJIOBJIETBOPSET STOMY YCJOBHIO; TAKUM 06pasoM, Jo0CTa-
TOYHO [0Ka3aTh, YTO DAL ) @, PABHOMEDPHO CXOLHTCH
Ha Jmo6oM kommakre npu R(s) > 0. HUmeem

lou(s)I<< sup  |nS— "),

n<t<<n+l

Ho npoussoanas ¢yuxnuu n °— ¢~° pasma s/t Or-
cioaa
Is]

lon(s)| <777, TR X=R(s),
H MBl JeHCTBHTE/IbHO IIOJy4aeM psifi, KOTOPHIH pas-

HOMepHO cxoautest Aaa R(s)=>e, KakoBo Gbl HH GBLJIO
e>0.
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Crnepcrteue 1. J[3era-Qpynxyus umeer npocroi
noawoc 8 Touke s=1.
dTo scHO.

Crnenpcraue 2. llpu s—1
2 p~log 1fs—1),

roeda kak X 1/p* ocraerca oepanuuennoi.

p. k=2
Mul uMeeMm
log g(s)= 2 1/k-p*= 21 1/p"+(s),
psP peP

k>1

re P(s) = ZP k§2 1/k- p*. Panp maxopupyercs psgom
re

=

2 =21prE - D<Zpp-1<
<X ln@m—1)=1.

n=2
Orcioga 3akJgaiouaeM, 4TO 1 OCTAeTCsl OFPAHHYEHHOH, H
Tax Kak no cJjaeacrsuio 1 log ¢(s)~log /(s — 1), caen-
CTBHE 2 J0Ka3aHo.

3ameuanue. XoTs1 3TO U He HCHOJb3YeTCS B JaJb-
HefilleM, OTMeTHM, 4YTO §(S) aHAJHTHYECKH TPOJOJI-
JKaercs J1o MepoMopdHOH (PYHKUHUH HA BCIO KOMIJICKCHYIO
IJIOCKOCTh € €JHHCTBeHHBIM MoJiiocoM § =1. DyHKuuS

E(s) =n="T(s/2) (s)

VIOBJETBOPSCT (DYHKYUOHAALHOMY YpasHenuto E(s)=
=E(l —s). Ilpu sTom nsera-QyHKUHS HPHHHMAET pa-
YUOHAAbHble SHAUCHUST HA OTPULLATENbHBIX [EIHX YUC/IaX:

¢(—2n)=0, ecan n >0,
t(l—2n)=(—1)"B,/2n, ecom n>0;

anech B, oGo3Hauaer n-e uynciao Bepuyamau (cm. m. 4.1
ra. VII).

Ipennoaaraercs: (rumote3a Pumana), 4To ocTasbHble
Hyau Gyukyuu § Haxodarca na npamoi R(s)=1/; 310
YHCJEHHO MPOBEPEHO JIJs OueHb OO0JbLIOr0 HX YHCJa
(6oJsee Tpex MHUJITHOHOB).
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3.3. L-gpyuxyuu

ITycts m — nesoe uncso 2= 1, ¥ nycrh y — xapaxrep
modm (cm. n. 3.1). L-¢pynkyus mo stomy xapakrepy
ompejeJiseTcsd PALOM ,Hmpnxne

(s, %)= an)/n-

3amernMm, 4To B 3TOH CyMMe MOIKHO OTPaHUUHTLCA JIHIIb
TEMH LEJBIMH UHCJIAMHU 1, KOTOPEIE 83QUMHO NPOCTHL C 1M,
H00 ocCTajbHBE COOTBETCTBYIOT HYJIEBOMY 3HAUEHHIO
xapakrtepa Y.

Coywafi ennHUUYHOrO XapakTepa He JaeT HUYEro
CYIIECTBEHHO HOBOTO.

IIpennoxenue 1l. Jag y=1 umeer mecro
Lis, D=F©(s). 2 Fls)= ]I (1 —p=).

B uacrnocru, L (s, 1) anaauruvecku npodosxmcuma 0as
R(s) >0 u umeer npocroii noswoc 8 rouke s=1.
ITpoBepsieTcst HemocpeACTBEHHO.

[Mpenaoxenne 12. fJua y =1 pao L(s, y) cxo-
ourcsa (cooTseTcT8eHHo abCONOTHO CXO0UTCA) 8 NOAY-
naockocru R(s) > 0 (coorsercrsenno R(s)>1). Hmeer
MeCTO paseHcTao

L (s, x)=H—ls 911 R(s)>1.
peP

L—x(p)p

YTBepxkaeHue, kKacaomeecs R(s)>1, cuaexyer wus
Toro, 4ro OBlO cka3zaHo B m. 3.1. Ocraercst mokasarhb
cxopumocTb pana jaas R(s) > 0. B cuiay npepsoxerus: 9
JOCTAaTOYHO MPOBEPUTh, UTO CyMMa

Au.v = 2 ’)((I’L), usLo

orpanuueHa. Ho mo npemsoxenuio 4
u+m—1
2 x(n)=0.
u
Orcroga 3akJgaiouaeMm, 4TO JIOCTaTOYHO MarKOPHUPOBATh
cyMMBl A, , masd v —u < m, a 3TO JeJaeTcs Hemocpes-



Ta. VI. Teopema 06 apughmeruueckod npoepeccuu 117

CTBEHHO:
[Ay,ol << @(m),

YTO MU JOKa3bIBACT MpPEIJIOXKCHHE.

3ameuanue. B uactHoctu, L (1, y) xoweuna, xorma
v %~ 1. Cywecrgennoim MOMEHTOM B JIOKA3aTe bCTBE
Hupuxse ABasgercs mposepka Toro, uro L (1, x) orauuna
OT HYyafi. DTO ABJAETCS NPEAMETOM CJENYIOLEro MyHKTA.

3.4. IIpoussedenue L-pynryui, ornocawuxcs
K OOHOMY U TOMY 0Ke YeAOMY HUCAY M

B sTom myHKTe m mpepnosaraercss (GpUKCHPOBAHHBIM
nesabiM uuciaoMm == 1. Ecau p He nequT m, T0 0603HAUNM
uepes p ero o6pa3 B G(m)=(Z/mZ)" u uepes f(p)
nopsAoK siaeMeHTa p B rpynne G(m). ITo ompenmese-
Hulo [(p) ecTb HamMeHblIee wUe/oe uucao f>=1, nus

koroporo p’ =1 (mod m). ITycrs

g (p) = (m)/f (p);
910 TOpSAROK ¢akroprpynnel rpynnel G(m) mo mog-
rpynne (), MOpPOXKAEHHOH 3SJIEMEHTOM p.

Jlemwma 6. Ecau ptm, ro

I = 2D = (1 — TP,
npu 3Tom npousdsedenue GeperTcs HO 8CeM XAPAKTEPAM ¥,
epynnot G(m).
[Tycts W — mHOXkecTBO KopHe# f(p)-fi cremenn us

enuHULBL. MMeeM TOXKaecTBO

I (—wT)=1—T1",

weW
OTtciofa ciaenyer jemma 6, ecan y4ecTb, UTO JJ4 Ji0060T0
we W cymectsyer g(p) xapakrepos y rpynnel G(m),
Takux, uTo Y(p)= w.

Onpenenum HOBYIO GYHKIHIO ,(S) dopmysnoi
En(s)= 11105, 0)

rjge npousBesieHne OepeTcssi IO BceM XapakTepam ¥
rpynnsl G(m).
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IIpennoxenne 13. Hueer mecro pasencTso

tnts)= ] ——

| g(p)*
pf(p)s

810 — pad Hupuxae c yearvimi Koapduyuenranu =0,
cxo0awuiica 8 noaynaockocru R(s) > 1.

3ameHaa Kaxayio L-dyHknuio ee passoxeHUueM
B Ipou3BeJleHUe H npumeHsas Jgemmy 6 (npu T=p~s),
nosayyaeM pasJyoOXKeHHe B NpOU3BeleHue A1 g, (s). dTo
pasJjoxeHue jfeJsaeT OUEBHAHBIM TO, UYTO MBI HMeeM JIEJo
C paxoMm, HMelWuM Lesasle Kosdhdummentst = 0; ero
CXOZMMOCTb JJs1 R(s) > 1 BHIHA HEMOCPEICTBEHHO.

Teopema 1. a) g, umeer npocroii noaroc 8 Touxe
s=1.
b) L(1, %)= 0 daa awboeo y # 1.

Ecmn L(1,y%) 50 aas moGoro y % 1, To u3 Toro,
uro L (s, 1) uMeer B Touke s =1 mpocro#t noJsoc, 3TO Ke
BBITEKAeT U JAJ51 {,. TakuMm oGpasoM, b)=>a). Ilpex-
noJ0XKUM Tenepsb, uTo L (1, ) =0 nns HekoToporo y 5= 1.
OyHKIMA ,, 6bl1a OBl TOrZA rosoMoppHOH B Touke s =1,
a CcJaegoBaTe/bHO, W INIPH BCeX S TaKux, uro R(s) >0
(cm. mpemyoxenus 11 u 12). Tak kak sra ¢yHKUUA
sBygercsd pAgoM JupuxJse C MNOJNOKHUTEJbHBHIMH KO3(-
¢uuMeHTaMH, TO 3TOT PAN CXONHJCH OB NPHU BCeX S M3
TOH ke obJgactu (cMm. npepsoxkeHue 7). Ho ato Hesos-
MOXHO. JleHACTBUTE/IbHO, p-H COMHOXKHTENb B {, paBeH

1
_— = —f(p) —2f(p) 2(p)
(1 — p=fip)s)8® (I pmile p=i®s )

H NOPEBOCXOAUT PsIf
1+ p=9tms - p=20(m)s - |

[Tostomy KoadduuueHTH pAxa aas g, O6oJblle, yeM
COOTBeTCTBYIOLIME KOIDDUINEHTH psaja

2 n—CP(m)s,
(n,m)=1

KOTOPHIH, OueBHHO, pacxoautes npu s = 1/p(m). Orcrona
cJeayeT HCKOMBIH pe3yJsbTar.
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3ameuanue. Oyuxruus g, paBHa (C TOYHOCTBIO [0
KOHEUHOr0 YHCJa COMHOXHTeJeH) n3eTa-OYHKUMHE N0JsT
kopHeft m-ii cremeHn u3 efuHuubE. ToT ¢axr, 4To §,,
HUMeeT MNpPOCTOH IoJIoC B TOouke s=1, MOXKeT OHITb,
cJeloBaTeNIbHO, TaKXKe NOJydyeH U3 OOLINX Pe3yJabTaToB,
OTHOCAIMMXCS K JA3eTa-QyHKUUAM noJed anre0panuecKux
qHCeT.

§ 4. MaotHocTs U Teopema JupuxJe

4.1. IMrornocTd

[Iycts P — MHOXKecTBO HpOCTHIX uHcesa. Mbl Bugesn
(cnepcreue 2 mpenmJsoxenus 10), uro kKorna s cTpeMurcH
K | (mpuueM MOXKHO JJs ONpELEJeHHOCTH CUUTATH §
BEIECTBEHHBIM YHC/IOM > 1), UMeeT MecTO

1 1
2 ra log—s_l.
pEP

ITycts A — uacts MmuoxectBa P. Bynem rosopurb, uTo
BelIeCTBEHHOE YHCJIO Kk €CThb HAOTHOCTS MHOKECTBa A,

ec/IM OTHOUIeHHE
(X 7 lroe 5=7)

pEA

crpemurcss K k npu s— 1. (Pasymeercs, Heo6xonumo,
uro6b 0 <K k< 1.) Teopema o6 apudmeruveckoii mpo-
IpecCHu MOXKeT OBbITh YTOUHEHa CJeAyIoUIHM o0pasoM:

Teopewma 2. [lycte m=1, u nycrs a Taxkoso, 41o
(a, m)=1. [ycre P, — muoscecTeo npocrsix uuces p,
rakux, 4To p=a(mod m). Toeda niornocTs mHoxiecTsa P,
pasna 1/o(m).

(MHpIMu csoBaMH, NPOCTHIE UHCJIA KPABHOMEpPHO pac-
mpefeseHbl» MEXKAY pAa3JHUYHBIMH B3aUMHO IMIPOCTBIMHU
C /m KJacCaMH MO MOAYJIO M.)

CrnepncrBue. Muomecreo P, Geckoneyro.
JlefcTBUTEJIbHO, KOHEYHOE MHOXKECTBO HMeeT HyJe-
BYIO IJIOTHOCTD,
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4.2, Jlemmot
ITycts ¢ — xapakrep rpynns G(m). TTosoxum

F(s)= 2 x(p)p’;
ptm

9TOT PAJN CXOAMTCSA npu s > 1.
Jlemma 7. Ecau xy=1, 1o [, ~ log(1/(s — 1)) npu
s— 1.

IleficTBuTeILHO, [ OoT/HYaeTcsl OT psja > 1/p° nnuib
KOHEUHBIM YHCJOM UJIEHOB.

Jlemma 8. Ecau y 5 1, 1o npu s—1 ¢yuxyusa f,
O2paHudena.

Ceffuac Mbl BOCHOJB3yeMCsl JorapupMoMm QYHKIUH
L(s,y). HyxXHO HecKoJbKO YTOUHHThL, UYTO HOJ 3THM
noHumaercss (MCXoAs W3 TOro, uro log He sBJseTCH
(pyHKUHCH B COOCTBEHHOM CMBICJIE 3TOrO CJIOBA):

L (s,y) onpenensercs mpoussesennem | | 1/(1—x(p)/p°).
ITpu R (s) > | KaKJIbIH COMHOKUTEb UMEET BUJ l/(l — a),

rae |a|<l. Mnu onpeneaum log (1/(1 — a)) kak 2
(«r1aBHOe» 3HAUEHHE JorapupMa) U OIpeie UM ]og L (s, x)
psgoM (OUEeBHIHO, CXOISIIUMCS)
1
logL(s,x)= ), lo = "Inp*™®
gLis, =Y log y—rms gx(p)/ p

(R(s)>1).

(Odpyroe >KBHBAJEHTHOE ONpeJeseHHe: OepeM Ty
«BeTBb» log L (s, %) mpu R(s) > 1, KOTOpas CTPEMUTCH
K HYJIO, KOTJla §—> 00 BJOJIb BEIIECTBEHHOH OCH.)

MoxkHo pasnoxurb log L(s, ) Ha mBe uacru:

log L(s, 0)= fx(S) + Fx(s)»
Fys)= 2 u(p)lnp™.

Teopema 1 coBMmecTHO co CJIeJlCTBI/IeM 2 npeaJoxenus 10
nokassisaer, uro logL(s,%) u F,(s) ocraioTca orpanu-
ueHHBIMH, Korga §— 1. [lostomy TO XKe caMoe BepHO
" IJs fx(s) YTO JI0Ka3hIBAeT JEeMMY.

rjae
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4.3. JloxkasareascT80 Teopesvl 2
Mayuum nosefeHne (QyHKLHH
ga(s)= 2 I/PS
PEP,
npu s—1.

Jlemma 9. Hueer mecro paserncrso
1 -1
ga<s>=mﬁx“x(a) 4(s),

2de cymMUpPOBaHUe PaCRPOCTPAHEHO HA 6Ce XApaKTepbl 'y,
epynnot G (m).
3anumeM (YHKIHIO Zx(a)_lfx(s), 3aMeHuB f, 1O

ee OnpejleJIeHI/I}O:
> (% x(a“)x(p))/ps-

ptm

Ho yx(@Y)y(p)=x(a"'p). Ha ocnosauuu cJeacTBUs
npenJokeHus 4 umeeM

@(m), ecan a”'p=1(mod m),

% x(a"p)={ 0

Tak uyro MBI HalIA Kak pas3 ¢yHruuio @ (m)g,(s).

B IIPOTHBHOM CJyuae.

Teopema 2 Teneps oueBuaHa. B camom gede, semma 7
mokasmiBaet, u4to f,(s) ~ log(1/(1—s)) naa y=1,
a JemMa 8 [OKasblBaeT, UTO OCTaJbHbe f, OCTAOTCA

OrpaHu4YeHHbBIMH. YunreiBas JeMmMy 9, OTCro4a BLIBOAUM,

4qTo
1

1
€a(8) ~ wrylog s,
a 9TO W O3HAuaeT, 4TO IIJIOTHOCTb MHOXKecTBa P, ecThb
g(m).
4.4. Illpusoxcenusn

I[Ipennoxenne 14. IMycre a— yesoe uucao, He
asasoujeecs Keadparom. Toeda NAOTHOCTL MHOKNCECTSA

a
npocreLx 4ucea p, 04 KOTOPLLX (?)=l, pasta .
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Mo2KHO NpPeANOJIOXKHUTb, UTO @ He JEeJUTCA Ha KBaj-
parel. Ilyerse m=4|al, nycts y, — xapaxrep (mod m),
onpeje/]eHHH B npeaJoxeHun 5 u3 m. 1.3, u mycth
H <= G (m) — anpo xapakrepa ¥, B G (m). Ecan p — npo-
cToe uYMCJO, He jeJsulee m, TO IyCTb J — ero o6pas

B G(m). Mbo umeem (%>=1 TOrjla ¥ TOJBKO TOT[a,

Korna p npunagaexur anpy H. [lostomy mo Teopeme 3
IJIOTHOCTb MHOJKECTBA MPOCTBIX UHCEJI, YIOBJIETBOPSIOIIHNX
3TOMY YCJOBHIO, €CTh YHCJO, 00paTHOe HHJEKCY MOJ-
rpynoel H B G(m), 1. e. Y.

CnencrBue. [lycte a—yenoe uucao. Ecau ypashe-
nue X2 —a=0 umeer peweHue no modyito p NO4TU
0aa kamdoeo p =P, o oHO umeer pewenue 6 Z.

3ameuanue. VmeoTcss aHAOrHUHBIE Pe3yJAbTAThl JJs
JIPYTHX THNOB ypaBHeHu#l. IlpuBemem mnpumeph.

i) Mycers [(X)=a X"+ ... +a, — noausHom cre-
HeHH A C LeJbIMH KO3(p(hUIHEHTaMH, HemPHBOIHMBIN
Han Q. Ilycts K — moJse, mOpoxAeHHOE KOPHAMH MOJIH-
HoMa [ (B HEKOTOPOM aJsredpauiyecku 3aMKHYTOM pac-
mwupernu noas Q), u nyetse N=[K : Q]; umeem N>n.
ITycts P; — MHOXKECTBO TaKHX IPOCTBIX YHCEJ p, UTO |
«MOJHOCTBIO PACKJAABIBAETCS 1O MOAYJIO p», T. €.
TaKuX p, AJF KOTOPHIX BCe KOpHH moJsuuHoMa f(mod p)
npuHanaexkar nomo F,. MoxHO 10KasaTh, UTO f1.40T-
nocte muoxecrsa P; ecrs 1/N. (Mertox anasoruyen
MeToLy TeopeMH JlupuxJae — UCHOAb3yeTCss TOT (akr,
uyto J3eTa-GpyHKuua mnoJuas K uMeer mpocroii moJioc
B Touke § =1.) MoXHO Tak:Ke HAHTH IJOTHOCTb MHO-
kecTBa Pf Takux p, m/g KOTOPBIX PeAYKIHS IOJHHOMA
f(mod p) nmeer mo xpaiineii Mepe oxuH KopeHb B F;
aro uuciao umeer BuHA ¢/N, rae 1<{¢<{N (umauunas
C TPUBHAJBHOrO cayuas npu n=1).

ii) B 6osee obmeit curyauuu nycts {fo (X, ..., X))} —
ceMeHCTBO IIOJIMHOMOB C LEJBMH Ko3pdUUHEHTAMH, H
nycTb Q — MHOXKECTBO TAKHX p & P, 1J1 KOTOPHIX PeayK-
IIHH TIOJIHHOMOB [, (mod p) umeror obwuil Hy.as B (F,)".
MosxHo nokasats (cM. Ax J., Ann. of Math., 85(1967),
161—183), uro Q HMeeT IJOTHOCTB, Oo0Jee TOro, sTa
IJOTHOCTh €CTh DPAUHOHAJbHOE WYHCJO0, DaBHOE HYJIO
TOJIbKO TOrZa, Korjia Q KOHeuHOo.
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4.5. HarypaaivHas nAOTHOCT®

TToHsiTHE IJIOTHOCTH, HCIIOJb3yeMOe B 3TOM naparpade,
eCTh NOHATHE «aHAJUTHYecKoe®» (HJH MJIOTHOCTH «mo [u-
puxJje»). HecmoTps Ha M0CTAaTOYHYIO CJIOXKHOCTbH 3TOTO
HOHATHSI, OHO YA00HO B IPHMEHEHUSX.

HuMeercss npyroe NOHsSTHE, NOHATHE <HATypaJbHOH»
IJIOTHOCTH: NOJAMHOXKecTBO A MHoxectBa P umeer
B KaueCTBe HATypaJbHOH IJIOTHOCTH UYHCJIO £, ecJH
OTHOILEHHE

Yucso 3/1eMeHTOB H3 A, KoTophe << n
Uucsno sneMeHToB U3 P, KoTophie < n

CTpeMHuTCS K B IpH n—> oo,

MoxHO NoOKa3aTh, YTO eCJH A HMeeT HaTypaJsbHYIO
IJIOTHOCTH R, TO aHaJUTHYeCKad NJIOTHOCTh MHOMKecTBa A
cymwecTByeT H paBHa k. HaoGopor, cyiiecTByioT MHOXKe-
CTBa, HMEIOIHe aHAJUTHUYECKYIO IIOTHOCTh, HO HE HMeo-
IHe HATYPaJbHOM NJIOTHOCTH. TaKuM, Hanpumep, sBJ/IseTcs
MHOKecTBO P! mpocrteix umces, mepBasi nudpa KOTOPHIX
(B mecaTnuHo# cucreme) paBHa l: JI€rKO BH/ETh, MCIOJb-
3ysl TeopeMy O MPOCTHX uHcaax, uTo P! He umeer Haty-
paJbHOH IJIOTHOCTH, HO, C APYro# cropoHsl, BomObepn
COO0ILIMM MHe J0Ka3aTeJbCTBO TOrO, UTO aHAJUTHYECKAs
IJIOTHOCTE MHOXecTBa P! cymecrsyer (oma pasHa
logyy 2 =0,3010300.. .).

OnHnako 3TO# «maToJIOrMU» He MPOUCXOLUT C MHOXKe-
CTBaMH IIPOCTHIX UYHceJs, PACCMOTDEHHBIMH BEIIle: MHOJICE-
crgo Takux p <P, uro p=a(mod m), umeer narypais-
HYt naoTHOCTS (paBHyio 1/¢(m), ecain a B3aHMHO IPOCTO
C m); TO XKe caMoe MOXKHO CKas3aTb O MHOKECTBAx,
oGo3HaueHHBIX uepe3 P;, P n Q B mpefbiylieM myHKTe.

JloxasaresbeTBO (M OLIEHKY OCTATOYHOrO uJieHa) CM.
B kuure K. Tlpaxapa «Pacnpejesienue npocThiX 4Hcen»,
rn. V, § 7.



Tnasa VII

MOIYJISIPHBIE ®OPMbI

§ 1. Moayaapuas rpynma

1.1. Onpederenus

O6o3unauum uepes H gepxuroro noaynaockocrs 8 C,
T. €. MHOXXECTBO KOMIIJIEKCHBIX UHCEJ 2, MHUMAas 4acTh
koTophix Im(2) > 0.

a b
IMycts SLy(R) — rpynna matpuir c d

HBIMH 3JeMeHTaMH, Takux, uro ad — bc =1. 3acraBum
SL,(R) meficrBoBath Ha €= C|J{oo} caenywomum obpa-
30M:

a b

ecJu g=<c d)—anemem‘ u3 SLy(R) u 2z C, 10

C BEIIESCTBEH-

IIOJIOXKHUM

__az+b
B=wxa

Jlerko mposepsiercss gopmyaa

I
Im(¢2) = 1,25 )

Orciona swTekaer, uro H wunsapuanrna ortHocu-

-1 0
TeabH0 SLy(R). 3amerum, uto ajemeHT —I =< 0 _1)

n3 SL,(R) mefictsyer TpuBHaJbHO Ha H; mostomMy MH
MOXEM CUHTaTh, YTO HA CaMOM JeJe HeHCTByeT rpymma
PSL,(R)=SL,(R)/{%1} (n nmeiicTeue »TOH rpynmsl To%-
HOe — MOXKHO M0Ka3aThb, UTO OHA fIBJISETCS rpynmofl Bcex
aHAJUTHYECKHX aBTOMOP(H3MOB moJynsaockocTH H).

ITyers SLy(Z) — moarpynna B SL,(R), o6pasoBanHas
MaTpHLamMH ¢ 3JeMeHTaMH u3 Z. D10 — duckpernas
noarpynna rpymnnsl SL,(R).
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Onpenenenue 1. Modyaaproi epynnoti Ha3el-
saercsa epynna
G =SLy (Z){=1},
asasoujancs obpasom epynno. SLy(Z) 6 PSL, (R).
a b

Ecin g = c — agemeHT u3 SL,(Z), To uacro

d
Mbl OyneM NO3BOJATHL cefe 0003HAUATL Yepe3 g H €ro
o6pas B monyJasapHo#i rpynme G.

1.2. dyndamentassnas 064acT6 MOOYAAPHOLL epynnol

Ilyers S u T — asnementsl rpynnsl G, onpeneJeHHEE

0 —1 11
COOTBETCTBEHHO MAaTpHIAMHU <1 0) u <0 1). Torza

Sz=—l1/z, Tz=z-+1,
s2=1, (STP=I.

[Tyctb, ¢ apyro#i cropous, D — noagmuoxectso B H,
cocTofllee M3 TAKUX TOueK 2, uto | 2|=1 1 |R(2)|< ;.
Pucynok | moxaseiBaer npeoGpasoBaHus o6sactu D mon
IelcTBHEeM 3JIeMEHTOB

{1, T, TS, ST7's, ST, S, ST, STS, T°'s, T}

u3 rpynas G.

Mur cefiuac yBuaum, uto D ectb ¢yndamenrassras
obaacte peiictBua rpynnel G Ha noayngockoctd H.
Tounee, uMeeT MecTo cJjeaywlias TeopeMa.

Teopewma 1. 1) JJaa ramdoeo z = H cyuecrayer
g = G, rakoi, yto gz D.

2) Iycre z, 2 — 0se pasauumnsie Touku us D, cpa-
enumsie no modyaro G. Toeda aubo R(2)==x!/y u
z=2"x1, aubo |z|l=1 u 2/ =—1/z.

3) Mycre z=D, u nycrs 1(2)={g| g=G, gz=2}—
crabuauzarop 8 G rouku 2. Toeda I(z)={1} 3a uckao-
yeHuem CACOYIOUWUX TPex Cay4aes:

2 =1; 8 aTOoM cayuae 1(2) — epynna eropoeo nopadka,
nopoHOCHHANA dAeMEHTOM S;



126 Yacre sropas. Anaiutudeckue meroolst

z=p=1¢e""B; g srom cayuae 1(2) — epynna Tpersveeo
nopadxa, nopoocdennas sremenTom ST,

2= —p=2e"B; g srom cayuae 1(2) — epynna Tpe-
Toee0 nopadxa, nopoxcdenHas ssemenTom TS.

Srls

Ne

-2 -1 0 1
Puc. 1.

U3 yreepxaeHuii 1) u 2) BeITEKaeT

CunencrBue. Kanonuueckoe orobpascenue ') D — H/G
CIOPBEKTUBHO; €20 02paHu4eHue Ha BHYTPEHHOCTb 06.4a-
cru D unwsexrusHo.

Teopewma2. I'pynna G noposcdaercsa ssemenramu S
u T.

Jlokasareascrso teopem 1 u 2. Tlyers G’ — mon-
rpynna B G, nopoxkjaeHHas saeMmeHTaMu S u T, u nycTb
z = H. TTokaxewm, uto cywecrsyer Taxo saement g’ = G’,
470 g’ze=D; 370 W J0Ka3plBaeT yTBepKaeuue 1) Teo-

a
pemsl 1. Ecim g=<c 4| — 27emMeHT u3 G’, 10

—_Im( .,
) T. e. comocraBienue saeMenty us D ero G-op6utel B H.—
[ pun. nepes.
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TaKk Kak ¢ 4 d cyTh lieJsble umcsaa, To uuctao map (¢, d),
JJIsT KOTOPHIX |c2 - d| orpaHuuyeHO CBEpPXy JAHHBIM YH-
cjoM, Koneuno. OTclofa 3aKJ/IOUaeM, UTO CYLIECTBYET
rakofi g & G’, uro Im(gz) makcmumasnbhHo. C jpyro#t
CTOPOHEI, CYIIECTBYET TAKOE I[eJI0e YHCJO f, UTO BElle-
CTBEHHAst yacTh 3HaueHus T"gz 3ak/uoueHa Mexay —!/s
u +1s. duemenr 2’ =T"gz npunadsexmcur D; peficTBu-
TeJbHO, HAM JOCTAaTOYHO yOemgUTbCA B TOM, uTo |27|>=1;
HO ecJqd Obl uMeJso Mectro |2|< 1, To ajnement —1/2’
HMeJ OBl MHHMYIO 4acTh, CTporo GoJbliyio, uem [m(2’),
a aro HeBo3MOxHO. Takum ob6pasom, saement g’ =T"g
oTBeuaeT TpebyeMOMY YCJOBHIO.

HokaxeMm pnaJgee yTBepkuenus 2) u 3) Teopemnl 1.

a b
IMycts 2=D n g=(c d)EG TAaKOBH, UTo gz & D.

3aMenss B cJayuyae HeoGxomumocTu (2, g) Ha (gz, g7V,
MBI MOXeM CUHTaTh, uto Im(gz)>=Im(2), T.e. uro
|cz+ d|< 1. Do, oueBUIHO, HEBO3MOKHO, €CJH | ¢ | = 2.
Takum o6pasom, ocratorcs cayuaum ¢ =0, 1, —1

Ecmn ¢=0, to d==*1 u g saBJasercs CABUTOM Ha
+b. Tak kak o6a uucaa R(2) u R(gz) pacnoJoxenst
Mexay —'Yo u !y, TO qm6o b=0 u g=1, Jubo
b==1 n oxuo u3 uncen R(2) u R(gz) pasro —1/y,
a xapyroe l/,.

Ecmm ¢c=1, 10 us |z2+d|<<1 caenyer, utro d=0,
KpoMe cJjyuyass 2= (COOTBETCTBEHHO 2=—7); B II0-
cjegHeM cJaydyae Mbl MoxeMm uMmerb d =0, | (coorser-
crBenHo d =0, —1). Cayuaii d=0 pmaer gz=a — /2,
U mepBas uacTb PAaCCyXAEHHS NOKashBaer, uto a=0,
KpoMe cayuad R(2)==x!/s, T.e. 2=p umm —p, Korna
a=0, —1 nm 0, l. Cayua#t z=p, d=1 naer gz=
=a—1/(14+p)=a-+p, otkyna a=0, l; anasoruuso
uccaenyerca cayuat 2 =—p, d=—1I.

Haxonren, cayuaii c=—1 cBoaurcs K cayuawp ¢ = |
H3MEHeHHeM 3HaKoB y a, b, ¢, d (uro He MeHseT g,
paccMarpuBaeMoro Kaxk aJjeMeHT u3 (). dro 3aBepiuaer
HpOoBePKY yTBep:xkaeHuil 2) u 3).

Ham ocraerca mokasars, yro G'=G. Ilycts g —
sneMenT u3 G. BribepeM 8HYTpPeHHIO TOUKY 2, 06.1a-
cty D (Hampumep, 2,=2{) U HOJIOXKUM 2= gz, Bhblue
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MBI BHJEJH, 4YTO CYLIECTBYeT Takod sJgeMedT g’ = @,
uro g’z D. Touku 2, u g’'z=g’gz, us3 D cpaBHUMEH
no mMoaymo G W ojHA U3 HHUX fABJSETCS BHYTpeHHeH
B D. Ha ocuoBanum 2) u 3) oTciofia BHITEKAeT, UTO 3TH
TOUKH coBHajgaoT U uto g’g=1. A sT0 M o3Hauaer,
uro g &G’, YTo 3aBepluaeT JA0KAa3aTeJbCTBO.

3ameuanue. Moxuo mokasars, uro (S, T; S2, (ST)3)
ecThb mpejcTaBjeHne rpynnsl G uau (4TO PaBHOCHJBLHO)
uro G ectb CBOGOJAHOE MNPOM3BENEHHE [UKJIHUECKOH
IPYNNB NOPsiiKA 2, MOPOKIEHHOH ajeMeHTOM S, H HH-
KJHUYECKOH TPYNIbl MOpsgKa 3, MNOPOXKAEHHOH 3JeMeH-
tom ST.

§ 2. MoayaspHbie QyHKUHH

2.1. Onpedesenus

Onpeneaenue 2. I[lycrs k— yenoe yucao. Caabo
Mmodyanproii pynryueti seca 2k ') HasvigaeTca mepomopg-
nas Ha noaynaocxkocru H ¢ynkyus f, koropas ydoeie-
TE0PAET COOTHOUEHUIO

F2) = (cz+ ) £), @)

a b
045 a060Li marpuybl (c a’) & SLy(Z).
a b
Ilycts ¢ — o6pas B G MaTpHuIibl (c d>; TOTJa
d(gz)jdz = (cz+ d)°.

Coornotenne (2) MoxerT OBITh, pasymeeTcs, 3ami-
CaHO TaK:
flgz) (d(gz))—k
i(2) ’

HJu Tak: o
f(gz) d (g2)* =T (2) d2". 3)

1) Hekoroprie aBTOPH TOBOPSAT, uTo [ «Beca —2k», npyrue, uto
f «Beca k».
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dTo osHauaeT, uTo «AudpdepeHunasbHas Gopma Beca k»
f(2)dz" unsapuanrna ornocuremsro G. Tak kak G mo-
poxpaercs anemeHtaMu S u T (cM. TeopeMy 2), gocta-
TOYHO uyTOOBl 3Ta QopMa Obl1a MHBAPHAHTHA OTHOCH-
teqbHo S ¥ T. Orciona caenyer

IMpennoxenue 1. Mycrs f — mepomopiprnan na H
Qynryus. Jas Toeo uroboel [ Goiaa caabo modyasprol
pynryueti seca 2k, Heo6x00umo u docTarouro, 4TobLL
BLINOAHAAUCH 08Q COOTHOUCHUS:

fz+1)=f(), 4)
f(—=1/z) = 2%*f(2). (5)

ITpeamosiokum, 4YTO BHIOJHEHO COOTHOIIeHHe (4).
Torma MBI MOXKeM MPEACTABHTH [ Kak (GYHKUHIO OT
g =e?z, bYHKIHIO, KOTOPYI0O MB 0603HAUUM uepes f;
oHa mepoMopdHa B Kpyre |¢| <1 ¢ HCK/IOUEHHBIM Ha-
yajom. Ecau | mponosmkaercest 1o ¢yHKUuH, MepoMopb-
HOHl (COOTBETCTBEHHO TOJIOMOP(HOH) B HauaJje, TO Mbl
6yZeM TOBOPHUTb, [ONYyCKas BOJIbHOCTb $I3bIKA, uTO [
mepomoppra (COOTBETCTBEHHO 2040MOPPHA) Ha becko-
HewHOCTU. DTO 03HAUAET, UTO [ JHOMyCKaeT pasJolkeHHe
B psan JlopaHa B OKPeCTHOCTH HayaJja

flg)= i ang"s

rie a, paBHH HYJIO HOJ5 AOCTAaTOYHO MAaJblX 1 (COOT-
BeTcTBeHHO sl n < 0).

Onpeneanenue 3. Caabo modyanpras GyHrkyus
Ha3vleaeTcs MOOYAAPHOL, ecal OHA MepoMOpPHA Ha
6ecKOMEUHOCTLL.

Korna f rosomoppHa Ha GeCKOHEUHOCTH, NoJaraem

f(o0) =f(0); sro siBisieTcs suawenuem Qynkuun f Ha
6eCKOHEeUHOCTH.

Onpenenenue 4. Modyasproii ¢popmoii Ha3oL-
8aercsa 6CAKas MOOYA[pHAS (DYHKYUS, KOTOPAs 20.0-
moppra ectody (8katouan GecKOHEUHOCTS), ecAu TAKAs
pynxkyus obpauyaercs 8 HYsb Ha OECKOHeYHOCTH, TO
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2080pAT, 4TO OHA AsAfieTcs napaboaudeckor Hopmoi
(Spitzenform — no-memenxy, cusp-form — mo-aurniickn).

Takum o6pasom, MonpyJaspHass ¢opma Beca 2k 3a-
LaeTcs pSAOM

00 oo

f(2)= X ang" = 2 ane’™is, (6)
n=0 n=0
KoTopeifi cxoxutes Ags | g|<l (r.e. nas Im(2) > 0) u
YIOBJIETBOPSIET TOXKJECTBY

f(—=1/2) = 2%f(2). (5)

dra dopma saBasercsa mnapabosuueckoii dopmoi, ecsu
a0=0.

ITpumepot

1) Ecom | u [/ — monynsapusle Gopmb Beca 2k u
2k’ COOTBETCTBEHHO, TO NpOH3BefeHue ff’ ectb Mony-
asipuass popma Beca 2k + 2k’.

2) Mul yBHAMM JaJjbliie, YTO (YHKIIUS

g Il (1—g" =g — 24¢> + 252¢> — 1472¢* . ..
n=1

ecth mapaGosauueckas ¢popma Beca 12.

2.2. dynryuu pewerok u molyanpHole PYHKYUL

HanoMHHM cHauaJja, UYTO TaKoe peulerka B BEILECT-
BEHHOM BEKTOPHOM IIpOCTpaHCTBe V KOHeUHO# pas3mep-
HocTH: 3TO moarpynna I' B V, ynoBjaeTBopsiomasd cJe-
LYIOIIMM TPeM PAaBHOCHJLHBIM YCJOBHSIM:

i) I' nuckperna u V/T' koMnmakrTHa;

ii) T muckperHa u nopoxjaaer BekTopHoe R-mpocrt-
paHcreo V;

iii) cymecrsyer R-6asuc (e, ..., ;) B V, KoTOpHI#
sapasercs Z-6asucom B ' (r.e. '=7Ze,P...DZe,).

[Mycte R — mroocecrso pewerok 8 C, paccMaTpu-
BaeMOM Kak BeKTopHoe R-mpoctpancrso. Ilyete M —
MHOXKECTBO Takux mnap (o, ®y) saementoB u3 C, uro
Im (o,/@y) > 0; Takoll mape MH CONOCTABHM peLIETKY

I'0, 0)) =Zo, D Zo,
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¢ 6Gasucom {0, oo). TakuMm o6pasoM, MB HOJyYaeM
otob6paxenne M — &, KoTopoe, OUEBHIHO, CIOPBEKTUBHO.

a b
ITycTh g=<c d)e SLy(Z), u nycts (0, 0y = M,
IMonoxum
of=a0,+ bo, H 0j=co + do,.

slcro, uro {af, oy} ectb 6asuc B I'(0), o,). Kpome
TOTO, €CJIH NOJOXKHTh 2 =0, [0, H 2’'= o/e}, TO

az+b

Y J— J—
=g =8z

Orcroga 3akimouaeM, uto Im(2’) > 0, u, cjegoBaTeanHo,
(m{, 0);) IPUHAJJIEXHT MHOXecTBY M.

[Ipennoxenue 2. [an 7020 4T066L 080 348 MEHTQ
u3 M onpedeasiau 00HYy u Ty se pewerky, Heobxolumo
i 00CcTaTO4HO, 4TOObL OHU ObLAL KOH2PYEHTHbL N0 MO-
Oyaro SL,y(Z).

MBi TOJBKO 4TO YBHAEJH, YTO 3TO YCJOBHE HOCTa-
Touno. OGpartHo, ecn (0, ®,) H (®f, ®}) ABA 3.1eMeHTa
u3 M, KoTopbie MOPOXKAAIOT OJHY U TY Ke pelIeTKY, TO

b

a
CYILECTBYET MaTpuua g=— c onpeneuresem <1
y ¥ p c d p )

KoTopasi NMepeBOJHUT NepBbIH 6a3uc BO BTOPOH. Ecum Gb
det(g) 6n1 <0, To 3Hak uucsaa Im(w;/@,) GbLI OB
npoTUBONOAOICHLM 3HAKY uucaa Im (of/e]), Kak aTo

BUJHO H3 HENOCPEJCTBEHHOro Iojcueta. Tak Kak sTu
IBa 3HaKa OJHMHAKOBHI, TO HeoO6xonuMoO, uToOHl det(g)=1,
4TO U JO0Ka3blBaeT MpelJOKeHHeE.

Takum o6pa3oM, MOKHO OTOXKIECTBUTb MHOMECTE0 R
pewerox 8 C ¢ ¢gpakropmuoscecrgom muosucectea M no
deticrsuto epynnor SLo(Z).

3acraBum Ttenepb C* meiictBoBath Ha X (cooTBeT-
cTBeHHO HAa M) mocpenctBoM oro6paxkenuss I'—> AT (co-
OTBETCTBEHHO (®, ®©9) —> (A®;, Aey)), A &= C*. daxkrop-
mHoxecTBo M/C* oToxnectB/sieTcst ¢ H mocpexcTsom
(0, ®g) —> 2 =0,/0y, 1 3TO OTOXKAECTBJEHNE HHAYIHPYET
nericreue rpynnsl SLo(Z) Ha M u pnefcTBHe TpYIIH
G =SL,(Z)/{=*1} va H (cm. n. 1.1). M3 aToro nonyyaem
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[Ipennoxenue 3. Orobpanenue (v, wy) —> ©/0,
npu akropusayuy undyyupyer OGueKyuo GaKTopMHO-
ascecrsa RIC* na H/G.

(Takum oGpasom, asnemedT U3 H/G oToxpecTsJisercs
¢ pemwetkoit B G, ompefme/ieHHOH ¢ TOUHOCTBIO OO TOMO-
TeTHH.)

3anmeuanue. ComocraBum peuietke I' 8 C sanunru-
yeckyro kpusyro Er =C/T'; nerko BHIeTb, YTO ABe pe-
metku I' u IV onpenensiioT udoMopdHBIE IJJIHITHUECKHE
KpUBble B TOM H TOJIbKO TOM CJyyae, KOrjJa OHH MHpO-
nopuuoHaJpHEl. TakuM 06pasoM moJyuaeTcs TPeTbs HH-
rTepuperanus Ajas H/G =%/C*" 310 MHOXeCTBO K4accos
U30MOPPHOLX FNAUNTUHECKUX KPUBBLX.

ITepeiinem Tenepb kK modyaaproim pyuskyuam. [1ycts
F — ¢dynkuusg Ha % C KOMIJIEKCHBIMH 3HAUEHHSAMH, U
nyctb k=Z. Mwb 06ygeM TroBopHTb, uTOo F ecTb (yHK-
uust seca 2k, ecuu

F(AI)=A"%*F(I) (7)
nasi mo6oi pewerkn I' u moGoro A & C.
[lyers F —rakas ¢ywkuus. Ecan (o, o) =M, TO

MBI o6o3HauuM uepe3 F(w;, 0,) 3HaueHue PyHkuuu F
na pemetrke (o), 0,). Popmyaa (7) npuHHMAeT BUJL,

F(Aoy, Awy) =% F(o,, 0y); (8)
kpome Toro, F(®,, @) WHBApDHAHTHA IpH JHeHCTBHH
SL,(Z) na M.

dopmyna (8) mokaswBaeT, UTO INPOU3BEIEHHE
2*F(0;, @) 3aBHCHT TOJIBKO OT z=m1/m2. Caenosa-

TesbHO, cymiecTByeT ¢yHkuus f Ha H, Takas, uto
F(o), ) = 0;%*f(0,/0,). 9)

YuuteiBasi HHBapuaHTHOCTh F oTHocHTebHO SLo(Z), Mb
BHJHMM, 4TO [ YIOBJETBOpPSiET TOXKAECTBY

f2)=(cz+ &) F(2E7) @)

a b
Aas Beex | . 4 = SLy(Z).
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HaoGopor, ecau nas ¢GyHkuuu [ BhimosHsercs (2),
To dpopmysaa (9) comocraBaseT e dynkuuio F Ha
Beca 2k. Takum 006pasoM, MOXKHO OTOXIECTBHTb MOOY-
ASpHble (yHKyuu seca 2k ¢ HEKOTODBIMH QYHKYUAMU
pewerok eeca 2k.

2.3. [Tpumepor moOyasprolx GYHKYUL:
pader JiisenwuTerina

Jdemwma 1. Mycre T' — pewerka 8 C. Pad X /|y
vel

cxodurca 0aa 0 > 2,
4
(CHMBOJI >/ o6osnauaer, uTo CYMMHpOBaHHe pac-
npoCTpaHseTcA Ha Hewyiesvie dJeMeHTH u3 I'.)
MoXHO paccyxkjaaTh Tak xe, Kak B cJydae psiia
D1/n%, T. e. MaOPHPOBATH PACCMATPHBAEMBIN psn,
¢ TOYHOCTBIO [0 NMOCTOSIHHOTO MHOMXHTeJIS JBOAHBIM HHTE-
_dxdy
rpajnaom ff (x2+y2)0/2 , pacmpocTpaHeHHBIM Ha IJIO-
ckocTh 06e3 kpyra c¢ ueHtpoMm 0. [IBoiiHO# uHTerpa.g
BHIUKCJIIeTCs: 6e3 TPyLa NepeXoaoM K «IOJSPHBIM KOOp-
nuHaTam». Jpyro#, coBeplieHHO PaBHOCHJ/bHBIH MeTOJ
COCTOMT B CJIELYIOleM: 3aMeTHM, 4TO YHCJO 3/1eMEeHTOB
u3 I', Takux, 4To |y| 3aKJUEH MeXAYy I0CJael0BaTE/b-
HEIMH LeJBMH uHcaaMu n u n—+1, ects O(n); Torma
CXOJAMMOCTb Halllero psifid CBOAUTCA K CXOAHMOCTH

psiga X 1/no1,

ITycts manee k —nenoe uuciao > 1. Ecou I' — pe-
meTka B C, TO NOJIOXKAM

Gy = 2 1/y%. (10)
ver

Ha ocHoBaHuu JeMMbl 1 3TOT psf a6COJMIOTHO CXOILHTCH.
SlcHo, uto G, — ¢yHKIHS geca 2k; oHA Ha3BIBaeTCA
padom Jiizenwreiina undexca k (uau, y LPyrux aBTopos,
uugekca 2k). Kak u B mnpexbaynieM OYHKTe, MOMKHO
paccmarpuBath G, Kak ¢yHKnuio Ha M, sagaBaemylo
PaBEHCTBOM

Gylop 0 = Y, ———3 (11)

mn (mw, 4 no,)
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371eCh, KAK M MPexk/e, CHMBOJ 2y 0603HAUAET, 4TO CyM-
MHpPOBaHHE pacnpocTpaHsercs Ha napel (m, n), oTAuy-
note or (0, 0). ®yukuus Ha H, comocrasasemasi (cmo-
co60M, OMMHCAHHBIM B IMpefAbiAyLeM nyHKTe) GyHKkunu Gy,
o6o3nauaercsi Takxke uepe3 G,. Ha ocHoBanuu dop-
mya (9) u (11) mbl uMeeMm

G(2)=Y, — (12)

(mz-+n)%* '

Mpenaoxenue 4. lycro k — yearoe uucso > 1.
Pad Sigenwretina  Gg(2) ecre modyaspuas dopma
geca 2k. Hmeer mecTo pasencrso

Gp(00) =2(2k),

2de { — dzera-gpynxyus Pumana.

[IpuBesieHHBIE BhILIE PACCYXAEHHS [IOKA3HIBAIOT, UTO
G(2) —ca1abo monyasapHas GyHKLUA Beca 2k. [Tokaxewm,
uto G, Be3nme roJsomopdHa (BKJOUAsT GECKOHEUHOCTh).
CHaua/ja TPeANoJIOXKHM, YTO 2 HNPUHHALJIEKUT QyHma-
meHTagJpHOH obusactu D (cm. m. 1.2). Torma Mbl HMeeM

|mz+ nP=m?2z+ 2mnR(2) +n’=>

=>m?— mn+ n>=|mp — np.

[To nemme 1 psan Z' l/lmp—nlzk cxoautrcest. Orcrona
suiTekaer, uto psag G(2) cxodurcsa paswomepro Ha D,
a cJenoBaresbHO, U (IpHMeHss pe3y braT K Gu(g~'2)
npu g =G) Ha mo6oM casure gD o6aactu D anemen-
TtoMm g < G. TlockoJbKYy 5TH CHBHIH NOOKphiBaloT H
(reopema 1), ¢pyukuus Gg romomopdua na H. Ocraerca
ybenutbcss B rojomopdHoctd G, Ha OGeCKOHEUHOCTH
(n HafiTH ee 3HaueHHe B 3TOH ToOuke). DTO CBOJHUTCSA
K J[O0KasaTeJbCTBY Toro, uro G, HMeeT Npexes NpH
Im(2) — oco. Mtak, MOXXHO NPEANONOKHUTh, UTO 2 OCTAETCSI
B (yHmameHTaJbpHOH o6Jactu D; BBULY paBHOMepHO#
CXONHUMOCTH Ha D, MBI MOXeM MHepefiTH K Tnpeaeny

2k
nousenno. Umenn 1/(mz - n)™, coorsercrByomue m==0,
naiot 0; ocranbHble paioT l/n%¢, TakuMm o6pasom, MH
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HoJsyuaem

lim G(z) =2 1/n2k =2 i 1/n% = 2¢(2k),
n==|

4TO M 3aBepllaeT A0OKAa3aTeJ/bCTBO.
3amewanue. B 0. 4.2 MBI JafuM pasnoxeHue aaa G,
B psL NO CTelNeHsAM IepeMeHHOH q=e2’“2.

[Ipumepor. Psubl DhseHmrefina Haubosee HH3KHX
sHaueHdd Beca cyte G, W G umenone Bec 4 u 6.
VYno6uo (mo coo6paxeHHSIM TEOPHUH BJIIHOTHUECKUX
KPUBBLIX) JOMHOXHUTb HX Ha HEKOTODble KO3()(PHIIHEHTHI:

go— 60G2, g5 = 140G3. (13)

UmeeM: gy(00)=120¢(4) u gs(c0)=280Z(6). [Moxmcra-
BJIsIsT M3BeCTHhle 3HaueHus aJas ((4) u Z(6) (cM., Ha-
npumep, Huxke 1. 4.1), Haxomum

g2(00)=%n4 H g3(00)=2—873'56. (14)

Eciu 1moJioXuTh
— o3 2
AN=gj—27g3, (15)
TO OTCIONA BHTeKaeT, 4TO A(co) =0; HHEHIMH CJIOBaAMH,
A ecrs napaboauueckas gopma seca 12.

Csa3v ¢ aaauntuseckumu kpusoimu. Ilyers I' — pe-
merka B C, u mycTb

=gt (a=p -5 9

— cooTBercTByloast (GyHkuus Befiepmrpacca'!). ®yuk-
unn G (I) Bxonsar B pasioxenue Jlopana aas @

Pr() =1 + Y, (2—1) G(T) u2-2, (17)
k=2

') Cm., nanpumep, Kapraun A, Daemexrapuass Teopusi aHa-
JUTHYECKHX (GYHKUMHA OJHOrO M HECKOJbKUX KOMIJIEKCHHIX Iepe-
MeHHHIX, M., 1963, ra. V, § 2, n. 5.
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Eciu nmosoxuts x = @r(u), y=@pn(u), T0
YP=A4x" — gox — g (18)

rae g, =60G,I"), g;=140G;(T"), kak u Boime. C TOU-
HOCTBIO JIO YHCJIOBOrO MHOXHTenss A= g3 — 27g% pasen

JHUCKPHMHHAHTY moJuHoMa 4X3 — g, X — gs.

MoxHO mOKasaTh, YTO KyGuKa (MPOEKTHBHAS), Olpe-
neseHHass ypaBHeHueMm (18), usoMopdua sjauntTuuecKoi
kpuBoii C/I'; B wuacrHocTH, 3Ta Kpupas Heocobas,
OTKyJna BHITeKaeT, uTo A # 0.

§ 3. MpocTpaHcTBO MOAYJAAPHBLIX dopm
3.1. Hyau u noarwocor modyaraproil gyuryuu

[lycrs f — dyHkuus, mepomopduas Ha H, He cosma-
paoouias ¢ TOXKAECTBEHHBIM HYJeM, H OYCTh p — TOUKa
u3 H. Hazosem nopadkom ¢pynkyuu f 6 p u o6o3Hauum
uepes v,(f) Takoe uesoe uucsao n, uro f/(2—p)* roso-

MopdHa u He obpamaercs B HYJb B TOUKE p.
Ecaun f—modyasnprasn ¢pynkyus seca 2k, To TOXIECTBO

12)= e+ a)**[(ZE7)

NOKaseBaeT, 4T0 Uy(f) =0, (f) npu g = G; uubIMu
C0BaMH, U,(f) 3aBHCHT TO/IBKO OT o6pasa TOUKH p
B (akTopMHoxecTBe H/G. JlONMOJHHTENBHO ONmpene/uM

v.(f) Kak mopsamok B Touke ¢=0 ¢ynkunu f(g), acco-
uuupoBaHHod ¢ f (em. m. 2.1).
HakoHen, Mbl 0603HaYUM Uepes e, HOPsAAOK cTabH-

JU3atopa TOYKH p; TaKuM o6pasoM, e,=2 (coOTBeT-
CTBEHHO e,=3), eCqu p KOHrpyeHTHa no Moxayaio G

Touke i (COOTBETCTBEHHO TOuke ), H e,= 1 A/ Bcex
IPYruX Touek — cM. Teopemy 1.

Teopema 3. [Mycre f— modyaapras @yukyus
seca 2k, He pasnasn ToscOecrsenno Hyato. Toeda

)+ Y 20l =% (19)

peH/G
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[MoxHo Takke 3anucath 3Ty GOpMy.ay B BHIE

0N+l +5o0+ Y vnh==, (0

peH/G

rae cuMBOJI Y 0603HAYAeT, UTO CYMMHPOBaHHE pac-
mpocTpaHsieTcssi Ha Toukd MHoxectBa H/G, oTauuHBle
OT KJIACCOB TOUYKH [ H TOY-
Ku p.] A - £
3ameTuM cHauaJa, 4To
3amupcaHHas B Teopeme 3
CyMMa HMeEeT CMBICJ, T. e.
uto f umeer auue Koreuroe
4uca0 HYyaell u noa0co8 no
modyato G. JleHCTBUTED-

HO, IIOCKOJBKY [ Mepo-
MopdHa, CyLIeCTBYeT TaKoe
r>0, uTo | He mWMeeT HH
HyJed, HH TOJIOCOB [Jf
0<g<r; »3r0 o3HauaerT, s 0’
4TO [ HE HMeeT HH HYyJeH, E«»‘fh,*/'

B/ cc D\'

Puc 2 ! _
-1 1 0 %1

HHU 1oJI0coB A5 Im (2) > e?". TlogMHo)kecTBO D, dpyHna-
meHTaJ bHOA ob6jsactu D, ompepeneHHOoe HepaBeHCTBOM
Im (2) < e*, komnaxkTHo; Tak Kak [ mepomop¢Ha B H,
OHAa HMeeT JIHIIb KOHEYHOe YHCJO HyJ/ell U IOJIOCOB
B D,, oTKyna BHITeKaeT Halle YTBepPKAEHHE.

UToO®l foKa3aTh TeopeMy 3, HPOHHTErpupyeM %def

no rpanune o6gactd D. BoJee TouHO:

1) penmonoxuM, uto f Ha rpamune ob6Jsactd D
He HMeeT HyJell H I[OJIOCOB, KpoMe pasBe JHIb i,
p, —p. CymecTByeT KOHTYp % (Kak NOKa3aHO HA pHC. 2),
BHYTPEHHOCTh KOTOPOTO CONEPIKHUT TNpeNCTaBHTe/]b Ka-
KIOTO HYJs H HoJoca GYHKIHA [, He KOHIPYEHTHOrO i
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uJan p. ITo TeopemMe O BbIU€Tax HMeeM

2;31 .[ 2 U”(i)

peH/G

C npyro#i CTOpOHBI:

a) 3aMeHa nepeMeHHOH g=e*"Z npeoGpasyer nyTs EA
B OKPYKHOCTb @ C IIEHTPOM B Touke ¢ = 0, npoberaemyio
B OOpaTHOM HamnpaBJeHHH H He cojepxallyi HyJel

u noJsiocoB |, kpome passe jump 0. Otciona

1 (df 1 rdf
2 IT_ 2in IT__vw(f)'
E @
b) Huterpan or m'_niff IO OKPYKHOCTH, Ha KOTOPOH

qexuT pyra BB’, mpoGeraemoil B o0paTHOM HampaaJe-
nuu, pased — v,(f). Koraa panuyc atofi OKpyXHOCTH
P 2
CTpeMHTCA K HyJI0, yroa BpB’ cTpemurcs k —g—, OTKyAA
1 B/df
1
2| 7~ % el

B

Touno Tak ke, xorpa paguyc nyr CC’ u DD’ crpe-
murcad K 0, MBI nmoJyuaem
1 C,df Lo df
1 1
2 e A A i B

D

¢) T npeo6pasyer nyrs AB B nyrs ED’, u f(Tz2)
paBHO f(2); moaToMy moJsayuaeMm

1 ¢ df 1 Edf
2in _f+2in .[_fz :
A D’

d) S mpeoGpasyer ayry B’C B ayry DC’, u f(S2)
paBHO 2%%f(2), nosromy nonyqaeM

df(32) ey
=2 F 42
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OTKyJa
a1 fd 1 [ (dit)_ i)
WBJ Tt 2incj:_f_ 21’an'( fl)  TI(S2) )_

C
e (o))

BI
korja paxuycel ayr BB/, CC’, DD’ crpemsres x O.
3anuchiBasi paBeHCTBO JABYX HaHAEeHHBIX BBIpAXKeHHI

2; fiff U nepexoisi K IpejeJy, Mbl HOJyuaeMm
1
$opmyay (20).
2) Ilpeamonoxum, uro f
HMeeT HYJb HJAH TOJIC A

LIS
A £

Ha NOJYNpAMON {zl R(2)=

=—%, Im(z)>£23}. ITo-
BTODHM TaKoOe XKe J0Ka3aTeJb-
CTBO C KOHTYPOM, HOJyYeH-
HbIM M3 % H3MEeHeHHEM ero
B OKpecTHOCTAX ToueK A u TA,
KaK 3TO IIOKa3aHo Ha puc. 3
(myra okpysKHOCTH, OKpY:Kalo-
med Touky TA, saBjasercs
caBuUroM npH momowu T gyru
OKPYKHOCTH,  OKpyxKalolle#
TOUKY A).

———
>
—— -
\l
>

Puc. 3. 1

Ecau [ HMeeT HECKOJBKO HyJeHd HJH MOJI0COB Ha
rpaHune o6sactu D, TO paccyxaeHue IPOBOJXUTCS aHa-
JIOTHUYHO.

3ameuarue. MoxHO OBlJIO OB HM30€XKaTb 3TOr0 He-
CKOJIBKO YTOMHTEJbHOrO J[0Ka3aTe/bCTBd, €C/JIH Ompe-
IeJUTb KOMIIVIEKCHYIO AHAJUTHYECKYI0 CTPYKTYpPy Ha
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KoMnakTuGukauuu MHoxkectBa H/G (cM., Hampuwmep,
CemuHap N0 KOMIIJIEKCHOMY YMHOXKeHHI0, ¢6. Marema-
Tuxa, 12:1 (1968), Jleknus 2).

3.2, Azeebpa modyarapuoix popm

Ecan k — neJoe uncjo, To Ml 0603HAYUM uepe3 M,

(cooTBeTcTBEeHHO uYepes M}) BeKTopHOoe C-mpocTpancTso
MonyJapHBIX GopMm Beca 2k (cooTBeTCTBEHHO mapaboJiu-
yeckux ¢opm Beca 2k), cM. ompenesenue 4 m. 2.1.
Hanomuum, uto M} ecTb siapo JnHedHOH GOPMEL fr—f(c0)
Ha Mg; TakuM o6pas3oM, MBl HMeeM dimMy/M% < 1.
Bousee Toro, nasi k=2 pan diusenmreiina G, asJasercs
TakuM 37aeMeHToM H3 M, uto Gg(oo) # 0, cMm. npex-
JoxeHue 4 m. 2.3; cJuemoBaTeJbHO, MB HMeeM

M,=M}PC.Gs (s k>=2).

Hakonen, HanoMHuM, u4TOo uepe3 A MB 0Go3HauaeM
paeMeHT g3 — 27g2 us M}, rme g,=60G, n g,= 140G,.

Teopema 4. i) M,=0 npu k<0 u k=1.

ii) Ipu k=0, 2, 3, 4, 5 npocrpancreo M, umeer
pasmeprocTe l; ez20 OasucHolm 34eMEHTOM COOT8erT-
creenno sagaserca 1, Gy Gy, Gy, Gs npu stom M%=0.

iii) ¥ mnoocernue na A onpedeaser uzomoppusm M,_g
Ha Mj.

[Tycts f — Henysesoit ajement u3 M,. Torma Bce
cjaraeMble B JIeBOA 4acTH (GopmyJinl

0D+ 5ol +5o0+ Y nhH=% (20

peH/G

neorpuyaressnst. Takum o6pasoMm, k=0 u omHOBpe-
MeHHO k= 1, mOCKO/MbKY !/ He MOKeT GbITh 3amucaHa
B Bule n—+n'/2-+4+n"/3 upu n, n’, n” >=0. dro HoKa-
3bIBaeT i).

ITpumenum Ttemepsr (20) k¥ f=G, k=2. MoxHo
3anucatb %/g B BHme n-+n//2-4+n"/3, n,n, n” =0,
ToJbKO npu n=0, =0, n”=1; orcloga 3akjawuaeM,
uto 0,(Gy) =1 u uro v,(Gy)=0 npu p=£p no Mo-
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nyao G. Te xe coobpakeHus, npumeneHuble K Gs,
noxaseiBaioT, 4t0 v;(Gs)=1 u uTo ocTanbHBle v,(Gj)
PaBHBL HYJIO. DTOTO YyXKe JOCTATOYHO NJsI NOKa3aTeJlb-
cTBa Toro, uto A He ofpalaercss B HyJb B TOUKE [ H,
CJIEOBATE/IBHO, He SBJSETCH TOXKJIECTBEHHBIM HYJEM.
Tak kak Bec ¢opmbel A ecTh 12 m Tak Kak v (A)>1,
dopmyna (20) mokaseiBaeT, u4TO v,(A)=0 mpu p+#* oo
H uTo U.(A)=1; uHaue rosopsa, A He obpawaercs
8 Hyse Ha H u umeer npocrod Hysro 8 6ecKOHe4HOCTU.
Ecau f— saeMent us MY u eciH mOMOKHTH g=TF/A,
TO SICHO, UTO g HMeeT Bec kB — 6; KxpoMe Toro, gopmy.a

9 #w7
g =0l — 0, =2 e P

IoKas3hiBaeT, uTo U,(g)=>0 mpu Bcex p H, caenoBa-

TEJbHO, UYTO g HPHUHAIJEKUT NPOCTPAHCTBY M,_4, a 3TO
JnokaseiBaer iii).

Haxownen, ecau £<b5, 10 k—6<0, oTkyna My =0
Ha ocHoBaHuu i) u 1iii); oTcioga 3akJoouaem, YTO
dimM, < 1. Tak kax 1, Gy, Gj, G,, G5 cyTb HeHyJ/eBHIE
saeMeHTH U3 M;, M,, M;, M, M;, 10 dimM,=1 npnu
k=0, 2, 3, 4, b, uTo ¥ HoKasmBaeT ii).

Caepctaue 1. Hmeer mecro gpopmyra
[%/6], ecau k=1(mod6), k>0, o1
[k/6]1+ 1, ecau k=%~ 1(mod6), k=0. (21)

(HanoMuHaeM, 4To [x] o6o3HaAYaeT yeayr 4acTs YucCIa X,
T. e. HauboJblllee I[€J0€ UYHCJIO H, TaKoe, UTO A< X.)

®opmyna (21) sepua npu 0<C 2 <6 Ha ocHOBaHUH i)
g ii). C gpyroil ctopoHH, 06e YacTH paBeHCTBa BO3pa-
CTAIOT HA €NUHMIY NpH 3aMeHe kB Ha k4 6 (cm. iii)).
Takum oGpasom ¢opMmy.aa BepHa IpH Bcex k=0.

CaencrBue 2. [Ipocrpancrso M, Odonyckaer
6 KauecTee 6a3uca cemeiicTéo 00Kowsenos GIGH npu o, B
yeavtx =0 u 20+ 3p==r.

[MokaxeM, cHauaJja, YTO STH ONHOUJIEHB NOpPoscOaroT
M,. dto scwo npaa k< 3 Ha ocHoBaHuH i) u ii). Hdasa
k>4 paccyxzaeM [0 HHAYKUuH. BriGupaem mapy (y, 8)
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TaKUX LEeJbIX HeOTpHLlaTeJIbeIX yuceJ, uto 2y + 36 ==k
(ato BOSMO)KHO nas mo6oro k>=2). MonyaspHas ¢op-

Ma g= GYG} ormmumna or HyJ1 Ha OeCKOHEUHOCTH.
Ecan f&M,, to cymectByer Takoe A & C, uto Momy-
asspuass ¢opma f—Ag sBasercs napaGoJHUeCKOH H,
cJefoBaTe/IbHO, HMeeT BUI Ah, roe he M,_4 cMm. ii).
Tenepr mpUMeHHM IPeANOJIOKEHHE HHAYKLUHH K A.
HawM ocTaercsl moKa3aTh, UYTO YKa3aHHLIE OJHOYJEHH
JUHEHAHO HE3aBHCHMBl; €cJ/Jd 3TO0 He TaK, To (YHK-

us Gg/Gg YAOBJIETBOPSAET HETPHUBHAJbHOMY aJrelpau-
yecKOMYy ypaBHeHHI0O ¢ Koad¢uuuerramu us C u, 3Ha-
YHT, SBJSETCS KOHCTAHTOH, UYTO HEBO3MOXKHO, IIO-
ckoJbKy G, ofpamaercss B HyJb B TOUKe o, a G3 B Hel
B HyJb He ofpamiaercs.
+ o0
3ameuwanue. Tlyctre M= DX M, — rpanynposannas
—_—0

asare6pa, IOCTPOEHHAS HA NPAMOL cyMMe IPOCTPAHCTB M,
u nyctb & C[X, Y]—>M —romomoppusm, mepeBois-
muid X B Gy u Y B G;. CuencTBHe 2 paBHOCHJABHO TOMY,
YTO € ecTb M30MOp(dHU3M; MOXKHO, TaKUM 06pasoM, OTO-
xkaecTBuTh M ¢ aJgreGpoit mosmHoMoB C[Gy, Gj].

3.3. Modyaspueui unsapuant

IMosoxum
i= 1728g§/A. (22)

I[Tpennoxenue 5. a) Pynkyus j ects modyaap-
Han ¢ynuxyus eeca 0.

b) Ona eoaomopphra na H u umeer npocroii noaroc
8 OeCKOHEe4HOCTU.

c) Ona onpedeaser npu Gaxropusayuu 6Guekyuro
mrosxcecrea H/G na C.

YrBepKAeHHe a) o06ecneynBaeTcsi TeM, 4To 06e GyHK-
uun g3 ¥ A dABJsAOTCA (YHKHMAMH Beca 12; b) oGec-

neuupaercs TeM, 4To A Besgme 0 Ha H u umeer mpo-
cToii HYJb B OECKOHEYHOCTH, TOrJa KakK g, OTJHYHO
or HyJasa B GeckoneuHocTd. JlJsi JoKasatesbcTBa C)
HYXHO IIOKasaTh, 4Yro ecan A& C, To MmomyaspHas
dopma f, =1728g3 — AA uMeeT Hy/b, H OPUTOM €[HH-
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CTBEHHHH, mo Moaxymio G. [Js sToro npumMeHuM ¢op-
myay (20) npu f=f, u k=6. ExuHcTBeHHbE pa3Jjoxe-
Hust umcaa k/6=1 B Bume n+4n’'/24 n”/3 upu n, v,
n” >0 cooTBETCTBYIOT TPOHKaM

(n,n',ny=(1,0,0) uaa (0,2, 0) wnu (0,0, 3).

d1o KaK pas M O3HAuaeT, uTo [ ofpaiiaercs B HYJb
B OJIHOH M TOJIbKO OJHOH Touke MHoxkecTBa H/G.

MMpennoxenue 6. [Tycrs f — mepomoppuan na H
pynrkyusn. Caedyroujue ce0licTea pasHOCUAbHYL:

i) [ ecre modyrapran ¢ynxyus seca 0;

ii) [ ecre uacrnoe Osyx modyaspueix gopm oduna-
K0B020 8eca;

iii) f ecre payuonarsnan ¢pyukyus or j.

Wmnaukanuu iii) = ii) =i) sfcHH HemocpenCTBEHHO.
[Mokaxem, uro i)=iii). Ilycts { — mMoayuasipuas QyHK-
nus. YMHoxkas f, ecau HYXKHO, Ha MOAXOISIIUHA MOJH-
HOM OT j, Mbl MOYKEM IpPeJIoJaraTh, 4To [ rosoMopdHa
wa H. Tak xak A ofpamaercs B 0 Ha GECKOHEYHOCTH,
cylecTByer Takoe nesoe n=0, uro g =A"f rosomopdHa
Ha GeckoHeuHocTH. Torga g sABJaseTcs MOAYJSPHOH
tdopmoit Beca 12n; mo caexpcTBHIO 2 M3 TeopeMH 4 ee
MOJKHO 3amucaTbh KakK JHHEHHYI0O KOMOWHAIHIO OLHOUJIe-
HoB GYGS, rme 20+ 38 =6n. Buiy JaHHEHHOCTH, MBI
CBOJMM 3ajauy K cjyuaio, Koraa g=G'§G§, T. e. f=
=GgG§/A”. Ho cootnomenue 2a + 38 =61 nokaseiBaer,
yro umcaa p=oa/3 u ¢=PB/2 yeasvte, u Torma f[=
—_3P~2q[AP+q
=GYG3/A"*9. Takum o6pasoM, MH CBeJH BONPOC
K YCTAHOBJIEHHIO TOTO, 4YTO Gg/A H G%/A CyTb pauuo-
HaJbHbBe QYHKUHH OT f, a 3TO OUEBHJIHO.

Bameuanusn. 1) Kak MB ykasa/u BbilI€, BO3MOYKHO
ONpEeNeUTb €CTeCTBEHHHIM 00pasoM CTPYKTYpy Kou-
NAGKCHO20 QHAAUTUHECKO20 MHO02000pa3us Ha KOMIaK-

S
taupukauun H/G MHoxectsa H/G. Ilpensoxenue 5
yTBEPXKIAET TOEIL&, 4TO | omnpejesseT uzomopHuim

MHoroo6pasusi H/G Ha cthepy Pumana
8;= CU{eo}
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4YTO K€ KacaeTcd IMpenJIoXKEHUs 6, TO OHO CBOIHTCHA
K XOPOLIO H3BECTHOMY (haKTy, UTO €AMHCTBEHHHIMH MEpO-
MoOpQHBEIMH Ha S, QYHKUHAMH SBJAIOTCA pAallMOHAJbHEIE

(OYHKIHH.

2) Kosboumuent 1728 =233 mBomurcss past Toro,
yToOB j HMesJa B OECKOHEUHOCTH BBIUET paBHBIHR .
BoJsee TouHO, passoxkeHus B pAnbnl U3 § 4 mokasw-
BAlOT, YTO

i) =% + 744 + Z c(n)q®, zeH, g=ewiz, (23)
n=1

[Tpu sTOM
c(1)=22.3%. 1823 =196 884,
c(2)=2"-5-2099 =21 493 760.

Koaddunuents c¢(n) siBAAIOTCA LEABIMH YUCJIaMH, 06Ja-
JNAOIMMH 3aMeyaTeJbHBEIMH CBOHCTBAMH LeJMMOCTH !):

n=0(mod 2%) = c¢(n) = 0(mod 2%+,
n=0(mod 3% = c¢(n)=0(mod 3***3),
n=0(mod5%) = c(n)=0(mod 5°*"),
n=0(mod7%) = c(n)=0(mod 7%,
n=0(mod 11%) = ¢(n)=0(mod 11%).

§ 4. PasjnoxeHdss B OecKOHeuHble PSIbI

4.1. Yucara Bepryaiu By

ODTH uucaa OIlpEJEJIAIOTCA PasJoXKEHHEM B PAL

x x \ k41 x2k
= 1— 5+ % ()" By (24)

1) Cm. no atomy nosony Atkin A. O. L, O’'Brien J. N,
Trans. Amer. Math. Soc., 126 (1967), a Takxke craTbio ATKHHA
B c6opuuke Computers in mathematical research, North Holland,
1968.
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Ta6auuma uncen:

Bj=+, Bo=v;, Bi=4, B,=a;, Bi=2,
By = 8552 103 ) B, = 23 7437%(51 029 .

Uucsna B, no3BOJAIOT BBYHCJAATHL 3HAUEHHS [3eTa-
¢yskuun PuMaHa nJs neaslX 4eTHHIX >0 (a Takxe mJs
nesnblx HeueTHBIX < 0) 3HAueHMH aprymdenra.

Ilpennoxenune 7. Ecau k — yesoe uucso =1, ro

t(2k) = (2k)l B,n%e. (25)
ToxknecTBo
had o2k 2k
zetgz=1 _kZ,Bk(Q_kz)l (26)

BLITEKAeT M3 ONpejne/]eHHs uuceal B,, ecJu IOJOXKHTH
x=2iz. C ppyroil CcTOPOHH, B3fAB JorapHOMHUYECKYIO
IPOH3BOLHYIO OT

oo

sinz=zH(l—%), (27)

n=1
MBI IIOJYUHM

2Ctg2—1+2222 n2n?

CpaBHHuBas (26) u (28), mel moayuaem (25).
Hpumepbt

(28)

||

|

N

b

b

R

N
~~ a

=

4
Q=597 @W=357 LO=357
" 710
B8 =5mr5r7 L10)=5z777
691 2qutt
£(12) = greoma g 2(14)=m'
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4.2. Pasioxcenusn 8 padol pyuxyui G

Ml cefiuac nagum pasaoxenue Tefijopa pama di3eH-
wreiina Gg(2) mo cremeHaMm g = ez,
McexonuM M3 Xopollo H3BecTHOH (HOpMy.Jibl

1

nctgnz——+ (zjrn+m). (29)

ﬁMz

Kpowme storo, ME uMeeM

cos T2 q—|—1
sin:ruz_ g—1"—

nctgnz=mn

) 2i . N
=in —%=m — QmE qg". (30)

n=1

OTCK),H,a, CpaBHI/IBaH, noJiyduaem
Lo\ 1 1 . N
?+21(m+m)=”‘ - 2”‘21‘7"- (31)
n= n=

ITocnenoBarenbHbiM  guddepeHUHPOBAHHEM paBeHCTBA
(31) mosryuaercs caenpyrouias gopmyaa (iMelas cMbICII
npu k>=2):

S UEPRIPPIIVE | P
;Z(n-Fz)k_(k—l)!( 2in) ;n . (32)

YcaoBumcss 0603HauaTh uepes oy(n) cymmy X d* k-x
dln

cTelneHedl MOJIOXKHUTEJIbHBIX HEJUTEJIER uuc/aa #.

[Ipennoxenue 8. Ecau k — yeaoe wucao =2, ro

Gyle) = 24(28) + 2 22 2 ouimar. (39)
=1
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JleficTBUTEIBHO,
1
Gy(z) = Z
2k
(0,0 2™

=27 (2k) + 2 Z ¥ (nz+m)2k

n=l mez

i 422 § g
—2t(26) +2 2 Z Ooumi(m) 47

Caencreue. Gy(2)=2;(2k)E,(2), ede

Exx)=1++ v, E} O9r—1(n) g™ (34)
u
Vo= (-1 2, (35)
Be

Omnpenenmum E,(2) kak uactHoe oT gmesneHHs Gy(2)
Ha 2{(2k); scHo, uro E4(2) umeer Bupn (34). Koadpdu-
IIMEHT Yy, BHUHCJSETCH INPH IOMOIIM IpPeIJOKEHHs 7:

L S
Ve =0r—1D1 22k

IO il G R L) R L
G B
ITpumepeot
00 n 1
E,=1-+240 Zl o3(n) 4", g2 = (2n)! 575 By,
00 n l
E,—1— 504 Zlcs(n) q" g3 =(2n)° 5537 Ea,

E, =1+ 480 o;(n)q",
n=1
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1
E,— 1—|—6552020“(n)q" (65520—2¢.32.5.7 - 13),

E,;=1—24 21 o15(n) q
n=

3ameuwarnue. Mel Bugean B m. 3.2, YTO IPOCTPAHCTBO
MonyasapHeix ¢opM Beca 8 (coorsercTBeHHO 10) MMmeer
pasmepHocTh 1. ITosTomy

E}=E, FEE;=FE;. (36)

OTCIO,U,& MOoJIYyUarnTCd TOXKJieCTBa
n—1
01(n) = 04(n) + 120 3} 03(m) 03(n.— ),
m=

n—1

110,(n) = 2105(n) — 1004(n) ++ 5040 Z_]’ca(n) o5(n — m).

Boaee o6mo, kaxnayio ¢opmy E, MmMoxHO mpencra-
BHUTb KakK noaurom oT E, u Es.
4.3. Ilopadok pocra koaghpuyuentos modyasprolx hopm

ITycts
FR)= 2 ang"  (g=e) (37)

ecTb MonyJasipHas ¢opma Beca 2k, k=2. Hac unrepe-
CyeT, KaK pacTyT Q.

Hpen.nomeHHe 9. Ecau [=Gy, r0 nopadox

pocra a, ecTo n® k=1 Tounee, cywecrsyror dse Taxue
nocrosaxneie A, B >0, uro
An?* ' < a,| < Bn?* 1, (38)

[pennoxenne 8 mokaswiBaeT, YTO CYLIECTBYEeT TaKas
nocrosiuasg A > 0, uro a, = (—1)* Aoy, (n), oTKyna
— 2k—1
|ap| = A0y, (n) = An*"",
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C npyro#t CTOpPOHBHI:

n';f;" —AE A < E — —AL(2k—1) < +oco.

dln

Teopema 5 ([ekke). Ecau f— napaboruueckasn

¢opma, TO
a, = 0(n"). (39)

(Unaue rosops, uacTHOE |a,|/n* ocraetes OrpaHHUEHHBIM
IpU n — 00.)

[MockosbKy f — mapaGoanueckasi gopma, To ay=0,
U B pasjoxkenud (37) mus [ MOXKHO BBUIEJIHTH MHOXKHU-
TeJb ¢. [TosTomy

IF(z)] = O(g) = O(e~>™), (40)

rge y =1Im(2), xorna ¢ crpemurcs kK 0.

IMyers ¢(2) =|f(2)|y*. Dopmyas (1) u (2) mokasw-
BAlOT, YTO @ UHBAPUAHMTHA TPH JEHCTBHH MOAYJAPHOI
rpynnsl G. Bosee Toro, @ mnpopmoJsxkaerca Ha ¢yHna-
MeHTaJbHYyl0 06/actb D, u ¢opmyna (40) mokasmiBaer,
urto ¢ ctpemurcss K 0 mpu y — oo. Orciofa 3akJjioyaeM,
UTO @ O2paHuYenq, HHaue TOBOPS, YTO CYLIECTBYET TaKas
noctosiHHass M, uto

If(x)| <My~* nna zeH. (41)

3adurcupyeM y U 3acTaBUM X H3MeHATbcs Mexay 0
u 1. Touka g=e**+¥) omnuceiBaeT okpyxHocTh C,
¢ neutpom 0. Ilo ¢opmyse BEYETOB

=5 ff(z " ldq—jfx+zy)q “dy.

(d1y hopmy1y MOKHO GBLIO OBl BEIBECTH H U3 (HOPMYJIH
nJsi KoaddunuenToB Pypbe NepHOJHUECKOH (YHKIIHH.)
Hcnoan3ys (41), moayuaem

Ianl <My—k82:rmy.

DTO HepPaBEHCTBO HMeeT cMblca npu Bcex y > 0. [pu
y=1/noHo naer |a,|<<e*Mn*, oTkyaa ciaejyer TeopeMa.
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Cnencraue. Ecau [ ne ssasercs napaboauueckor
opnoii, To nopsadok pocra Koappuyuenta a, ects n?* 1,

3anumem [ B Bujge AG,+ A, rie A~ 0 u h — napa-
6osuyeckana ¢opma, U IPUMEHHM IpelsoxeHHe 9 U Teo-
pemy 5, yuuTeiBasi, 4to n* «GeCKOHEYHO MaJio» IO CpaB-
HeHHO ¢ n?~l,

3ameuwanue. Tlokasaresr 2 B TeopeMe 5 MOXKeT GHITDH
yJIyullleH: HMeeT MECTO OIlleHKa

a, = O(nk—":+®)

npu smobom € >0 (cm. Selberg A., Proc. Symp. Pure
Math., VIII, Amer. Math. Soc., 19651)).

[Tpegnonaraercsi, uTto 2 MOXKeT GLITh 3aMEHEHO Ha
k— 1/, 4 & npu mob6om € >0 uan paxe 4To

an = O(nF~"0y(n)),

rie oy(n) —uncjo nenuTesell uucaa n. Mb BepHeMcs
K 3TOMy B 1. 5.6.

4.4. Pasaoscenue gopmor A
HanoMuum, uto
A= g, —27g;=(2n)*27°37° (E} — E)) =
— (2n)'2(g — 24¢> + 25243 — 1472¢* +...).  (42)

Teopema 6 (SkoGu). A=(2n)‘2qﬂl(l—qn)24.

[dTa dopmyna noKa3EBAETCS €CTECTBEHHEIM 06Pa3oM
CpPeNCTBAMH TEOPHH 3JJIMNTHYecKHX QyHKUuHA. Taxk Kak
MBI 3aliMeMCsl 3THM MeETOJOM HECKOJbKO II03)K€e, MBI
yKaxeM cefiuac gpyroe JoKasaTe/]bCTBO, KOTOpDOE «3Jie-
MEHTapHO», HO HEeCKOJbKO HCKYCCTBEHHO; A/ OoJiee
JeTaJbHOTO 3HAKOMCTBA YHTATeJb CMOXKEeT 0OpaTHThCS
k pabGore Typsuna (Hurwitz A., Math. Werke,
Bd. I, 578—595).]

1) Cm. Takxke UccnenoBanus mo teopun uucena (3anucku Hayu-
HeX cemuHapos JIOMHU), 1. 1, 1966, 140—163. — Ipun. peo.
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ITosoxum
F)=q I (1—q"%. (43)

Has Toro urtoGel mokasath, uro F u A mnpomopuwmo-
HaJbHBI, J0CTaTOYHO [0KasaTh, 4TO F — MomyJ/sipHas
¢dopma Beca 12; meficTBHTesbHO, TOT (QakT, YTO PasJo-
)KeHHe ¢yHKuun F uMeeT HyJ/eBOH cBOGOAHHBIH uJjeH,
noxkaselBaeT, uro F — mapaGosauueckas ¢opMa, a H3Be-

0
ctHo (TeopeMma 4), uTo mpocTpaHcTBO Mps mapabosuue-
ckux ¢opMm Beca 12 umeer pasmepHocth 1. Ha ocuoBa-
HuM npensoxeHus | u3 m. 2.1 Bce CBOXLHTCA K JOKa3sa-
TeJLCTBY TOTO, UTO
F(—1/2) =2z"2F(2). (44)

Hcnosb3yeM /s 3TOrO ABOMHHBIE PSATH
6= X Y Gy
c@=X Y Gy
Hi(@®)= 2 ; T

’ 1
H(z)= ; ; (m—14-nz)(m—+4nz)’

re CHMBOJ Y, O03HAUaeT, YTO IPH CYMMHPOBAHHH HC-
kaouaercs napa (0, 0). (O6patuth BHHMaHHEe Ha MOPS-
JIOK CYMMHpPOBaHHII!)
Pansl H; 1 H /erko BHYHCJAHTB HeNOCPeJCTBEHHO
C NMOMOILBIO (HOPMYJIH
1 _ 1 1
(m—14nz)(m+nz) = m—14nz m—+tnz’
MBI BHIMM, UYTO OHH CXOISTCS M 4UTO
H,=0, H= —2mni/z.
C npyrofl CTOpPOHH, ABOHHOH DPAX ¢ OOLIMM 4YJEHOM
1 I 1
(m—14nz)(m+nz) (m+nz)?  (m+nz)*(m—14nz)
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abcosoTHO cxoxauTcs. Orcioma BhTekaer, yto G; — H
n G— H cosnagawoTt, caegosatenbHo, page G u G
cxoATes (¢ yKa3aHHBIM MNOPALKOM CYMMHPOBAHHS), H

uTO
Gy(2) — G(2)=H,(2) — H(z) = 2ni/z.

Kpome Toro, sacuo, uro Gy(—1/2)=22G(—1/z). Us
9TOr0 3aKJ/i0uyaeM

G(—1/2) = 22G(2) — 2miz. (45)

C npyroif CTOpOHH, MIPOBOAS BBHIYUCJEHHS, AHAJO-
THUHBIE TeM, YTO MPOBOJUJHCH IPH J0Ka3aTeJbCTBE
npenJsioxkeHus 8, moayuaem

Gi(a) =5 — 8> Y o\(n) " (46)
n=1

Bosspatumes k ¢yHxknuu F, onpeleseHHONH paBeHCTBOM
(43). Ee sorapudmuuecknii nuddepeHnnas pasen

dF __ dgq _ < .
?—T(l 24 2 nq”’”)—

n,m=1

=%@—%§q@f} (47)

Otciona, cpaBuuBas ¢ (46), Haxomum

dF 6i
?=fQ@@. (48)

K0M6HHprﬂ (45) n (48), nosnyuaem

dF(—1/z)
deijs) —w Sl )

__6i dz( QGI(z) — Omiz)— dF(z)

+1222. (49)

Takum o6pa30M, byHKIHHA F(—l/z) u 2F(z) umeror
ONMHAKOBHIH Jorapudpmuueckuit pudoepennnaa. Cie-
I0BATeJNbHO, CYIIECTBYeT Takas MNOCTOSIHHAs K, UTO
F(—1/z) = k2"?F(2) nas Bcex z=H. Ilpu z=1 Mu
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umeem z2=1, —l/z=2z u F(z)=#0, orkyna k=1,
4yTo ycraHaBauBaer (44) u 3aBepuiaeT 10Ka3aTe bCTBO.

3ameuanue. JIpyroe «aneMeHTapHOE» 10KA3aTe/IbCTBO
toxkpectBa (44) cm. Siegel C. L., Gesamm. Abh., III,
n° 62. CMm. takxe CeMHHAp 1O KOMIJEKCHOMY YMHO-
KeHuno, ¢6. Maremarurka, 12:1 (1968), sekuus 61).

4.5. dynkyus Pamanydcana

O6osHaunM n-i  Ko3pduuHeHT TapaboaHUYeCKOH
dopmbl F (2) =(2n)'2A(z) uepe3 t(n). Torma

oo

3 e ¢t =q ] 1—¢p 0

—
®dyuruus n—> t(n) HaswBaeTcs @yuxyueld Pamanyo-
HCAHQ.
Tabauya 4UCACHHOLX 3HAYEHUL?):
()y=1, =(2)=-—24, <(3)==252, <(4)=—1472,
7(5) =4830, 71(6)=—6048, =(7)=—16744,
7(8)=284480, =T(9)=—113643, <(10)=—115920,
1(11)=534612, =7(12)=—370944.
Ceoiicrea t(n):
T(n) = 0(ns), (51)
mockoJbKy A umeeT Bec 12, cm. Teopemy 5 m. 4.3.
t(nm)=1(n)t(m), ecau (n, m)=1, (52)
t(p"t) =1(p) ©(p") — p''v(p" )
nJst mpocthix pun>=1, (53)

cM. nmaJgee m. 5.5.

1) IMo-BuguMoMy, HauboJiee eCTECTBEHHOE [0Kas3aTeabcTBO ¢op-
myan (44) nan A. Befiis (Weil A., Sur une formule classique,
J. Math. Soc. Japan, 20 (1968), Ne 1—2, 400—402). — I pun. nepes.

2) dra Tabauuma 3auMcrBoBaHa H3 crarthbd Jlemepa (Lehmer
D. H., Ramanujan’s function w(n), Duke Math. J., 10 (1943)), rne
npuseaeHs sHauenus t(n) masg n << 300.
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Hpyroit cnoco6 BelpaxkeHusi cBoiictB (52) u (53)
COCTOMT B YyTBepxKIeHHH, 4yTo pag Hupuxsae L (s)=

(e
= Z t(n)/n° momyckaer cJenyiollee 3iJepOBCKOe pas-
n=l1

JIOZKEHHE!:
1

LAS):H I—(p) p~+p" 7%’ &9

psP

cM. 1. 5.4.

[To Tekke (cm. mn. 5.4) dyukuus L, npomosmkaercs
J0 yeaoli Ha BCeH KOMIIJIEKCHOH MJIOCKOCTH (YHKIHH,
npuuem (yHKIHS

—S
(2m) " T(s) Lo (s)
UHBAPUAHTHA OTHOCHTEJBHO Npeo6pasoBanus s+—> 12—s.
3HaueHuda t(n) YLOBJETBOPAIOT PAa3JHUHBIM CpagHe-

Husm mo momyaam 212, 3%, 53 7, 23, 691. Ilpusenem,
B YacTHOCTH (0e3 J0Ka3aTesbCTBA), CJelyIOIye:

t(n) = n’o,(n) (mod 33), (55)
t(n) = nos(n) (mod7), (56)
t(n)= o (n) (mod 691). (57)

Jipyrue mpHMepbl H HX HHTEPNpETAlHIO B TEPMHHAX
«[-amHuecKux npencraBjeHuily cM. Sém. Delange — Pi-
sot — Poitou, 1967/68, exposé 141'), u Sém. Bourbaki,
1968/69, exposé 355.

B 3akJiouenne ykaxeM Ha [Ba OTKPLITHLX BONPOCA:

a) (rumote3a Pamanymwxkana, cm. 1. 5.6) gepro au,
yro |t(p)| << 2p''? dan w6020 npoctoeo uiucaa p?

b) (Lehmer) sepro au, uro t(n)%0 0in arw6020 n?

§ 5. Oneparopwsr Iekke

5.1. Onpedesenue T(n)

[Tonarue cooreercrsus Ha mHoogcectge. Ilycts E —
MHOXKeCTBO, H NycTb Xg — cBoGoAHas abeseBa rpymna,
nopoxjaeHHas MHoxkectBoM E. Coorsercreuem w#a E

) Pycckuii nepeBoa: ¢6. Maremaruka, 13:4 (1969), 3—15. —
[lpun. nepes.
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(c nenbiMn K03 dHIHEHTaMH) MB Ha3biBaeM J060H ro-
moMmoppusm T rpynnel Xeg B cebs. Iomomopdpusm T
MOXKeT 3aJaBaThCAd €ro 3HAUEHHAMH Ha 3JEMEHTax X

u3 E:
T(x)=> n,(x)y, nyx)EZ; (58)

y<E

npH 3TOM f,(x) ABJAITCA HYJAMH IOUYTH AJSI BCEX Y,

IMycts F — uncsioBas ¢yukums Ha E. Ouna mpo-
noJsKaeTca 1o Z-JHHEAHOCTH 10 (QYHKIHUH, o003Hauae-
Mmo#i Takxe yepe3 F, Ha Xg. Orpanunuenue Ha E ¢yHk-
uuu FoT ™Mb HasoBeM TpaHchopmaunmeii ¢yuxkuuu F
nocpenctsoM T m Oynem ee o6o3HauaTh uepe3d TF.
B oGosnauenusix (58)

TF(x) =F (T(x))= 3 n,(x) F(y). (59)

y<E

T(n). [Tycts & — MHOXKecTBO pelreTok B C (cM. 1. 2.2),
H IyCcTh 7 — neJoe uyuciao = 1. Uepes T(n) mu 06Go3Ha-
uuM cooTsercTeue Ha R, KoTopoe npeobpasyer peuieTKy
8 cymmy (8 Xg) ee nodpewerox undexca n. Takum
o6pasom,

TmIr'= 3 I, ecm T (60)

(I:I')=n

CymMma B mpaBoil 4YacTH paBeHCTBA KOHewHa: mefi-
cruTenbHo, Bce IV comepxkar nl'; ux uucsao coBmamaer
¢ yhcJoM moarpynm mopsiaka s rpynnsl ['/al'=(Z/nZ).
Ecan n — mpocToe YHCJ/IO, TO JIETKO BHAETh, UYTO 3TO
ypcao paBHO A1 (YHC/I0 TOYEK NPOEKTHBHON MPAMOH
Haj II0JeM H3 7 3JEeMEHTOB).

Mpl OyaeM HCIOJB30BATH TaK¥Ke OMEpPaTOPhl IOMO-
tetun R, (A & C*), omperneseHHbie Tak:

R,I'=Al', ecm T 4. (61)

Ilepeuens Gopmya. MOXKHO COCTAaBHTb KOMROSIUYLL
coorserctBuii T (n) n R, mexnay coGol, MOCKOJBKY OHH
ABJSAIOTCA 3HHOMOpdPH3MaMH abesieBOH Tpynnbl Xgz.
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MMpennoxenne 10. Coorgercrsus T(n) u Ry
y0084eTBOPAIOT TONAECTBAM

RyR, =Ry, *, neC, (62)
RiT(n)=TmR, (=1, 2=CY, (63)
T(m)T(n)=T(mn), ecau (m,n)=1, (64)

T(p") T(p) = T(p" ") + pT(p" )R,
(p — npocroe uucao, nz=1). (65)

®opmyan (62) u (63) TpuBHAJIBLHEL

dopmysa (64) paBHOCHJIBHA CJeAyIOLIEeMY YyTBep-
JKIEHHIO: TyCTh m, n— JBa IeJHX > 1 B3auMHO Ipo-
CTHIX umcaa, H nycTh [ — mogpemerka pemerka I
uHAeKca mn; Torma B I' cymiecTByeT eJHHCTBEHHAs
noapemeTka I, comepxamas I'”, npuuem ([':1V)=n u
(I”:T”)=m. Camo e 3TO yTBEpXKIEHHE BLITEKAeT H3
Toro dakra, uro rpynma [/, nopamox KOTOpOH pa-
BeH mn, eIHHCTBEHHHIM 00pa3oM packJ/anbiBaercs B Ips-
MYI0O CYMMY TpYONH NOPSLKA #1 W I'PYINb HOPAAKa n
(reopema Besy).

Jlokaxewm papenctso (65). ITycts I' — pemerka. Torna
T(p") T(pT, T(E**)T u T(p" )R,I' asasiotca auHen-
HBIMM KOMOHHAUMSIMH pEIIeTOK, copepxauuxes B I' u
umeromnx B I' uugexkc ptt! (3amerum, uto R,I' umeer
ugeke p? B I). Ilyers I — ogHa M3 TaKHX DEIIETOK;
efl OTBeYalOT B YKA3aHHOM BHILIle CMbicjae Koabhdu-
UHEHTH @, b, c; HAM OCTaeTCsi 1MoKasaTh, 4To a=>=+

+ pc, T. e. uTO
a=1- pc,

Tak Kak b, oueBHJHO, paBHO .

Bynem pasjunuaTh nBa cJayuas.

i) I'” wue comepxkurcs B pI'. Torma ¢=0 u a
SIBJISIETCS] YHUCJIOM pemeToK IV, MpOMeXKyTOUHBIX MEeXIY
' u I u umeromnx uugekc p B ['; Takas pemetka IV
cogepxur pI'. B T'/pl' o6pa3 pemerkun IV nmeer uH-
IeKC p u COomepxkHuT o6pa3 pemeTku ', KOTOPHIH HMeeT
nopsinok p (M HHAEKC p, mocKoabky nopsinok I'/pl' pa-
BeH p%); TakuMm 06pas3oM, CYUIECTBYeT €IHHCTBEHHAas
pewerka IV, korTopas oTBeuaeT TpeObyeMOMY YCJOBHIO;
orciona a =1, u aBeHcTBO a=1- pc BHIOJHAETCA
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ii) I'" < pl'. 3mecs ¢=1; nponsBoJbHAT pelIeTKa
IV, umeromas ungekc p B I, coxepxut pl', caenosa-
TeJIbHO, OHA TeM OoJee coxepxuT 1. Orciona a=p-4
+1, u ¢popmysna a=1- pc onarh BHIOJHAETCH.

CaenctBue 1. T(p"), n=1, cyro noauromor or
T(p) u R,

d10 mosayuaercs u3 (65) mHAYKUHEH 1O .

Cunencreue 2. Azcebpa, nopoxudennas scemu R,
u T(p), p—npocroe, KOMMYTATUBHQ; OHa coOepicur
sce T(n).

1o caenyer u3 npepstoxenus 10 u ciaencreus l.

Heiicrgue T(n) wna ¢ynxyusax seca 2k. Ilycts F —
dyukuus Ha & Beca 2k (cM. m. 2.2); mo ompeseseHHIO
HMeeM

R,F=A""F nas moGoro A& C. (66)

[Mycts n — unesoe uucsao = 1. ®opmyraa (63) noxa-
3bIBAET, 4TO

R,(T(n)F) =T(n) (R,F)=A"*T(n)F,

nueiMu caoBamu, uto T(n)F ecro rakoce ¢ynxyusn seca
2k. ®opmyas (64) u (65) maior

T(m)T(n)F =T(mn)F, ecan (m, n)=1; (67)
T(p) T(p")F = T(p"+) F + p=% T(p) F,
p —mpocroe, nz=l. (68)
5.2. Marpuunas semma

[Tycts [ — pemetka ¢ Gasucom (@, @), H MOYCThb
n —ueaoe uncyo = 1. Crenylowas semMma jaeT cnocob
IIOCTPOEHUsT MOApelieTOK peuweTku [ mHOexca n.

Jlemma 2. Ilycre S, — mnoocecTs8o yeavix mMarpuy

(a 2), ede ad=n, a=1, 0<<b<d. [aa o=
c

b
=<g d)esn obosnauum uepes 'y nodpewerxy pe-

werku I, onpedeasemyro 6asucom
VA— [ —
o] =ao, + bo,, o,=do,.
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Tozda orobpascenue o1y ecTs Ouekyus MHONECTEA
S, Ha muoxecreo TI'(n) nodpewerox pewerku I un-
dekca n.

Henocpencrenno sicio, uro I’y mopoxjpaior I'(n).
O6Gparuno, nycts VT '(n). Tlosoxum

Y, =T/(1"+Zoy) n  Yo=Zoo/(I" | Zay).

DT0 UUKJIMYECKHE TPYNIH, HOPOKIEHHbIE COOTBETCTBEH-
HO o6pasaMH ®; H @y IlycTh @ B d — UX NOPSAJIKH.
Tounast mocsef0BaTENBHOCTD

0-Y,—»TT"—>Y —>0

noxkasnBaer, uro ad =n. Ecm of=dwo, 10 0jI".
C npyro#i cTOpOHH, cyuecTByeT Takoe o] &I, uTo

o =ao, (mod Zcoz).

Slcno, uto @] u ®j o6pasyoT 6asuc pemerkn IV. [la-

Jee, ®] MOXeT OBITb 3aNUCAHO B BHUIE

o] =ao, + bo,, TIe bLELZ,

npH 3TOM b onpeneseHo eIHHCTBEHHBIM 06pas3oM 110
Mmony/mo d; ecau moTpe6oBaTh, YTOOLI b YNOBJIETBOPSIJIO
HepaBeHcTBY 0<Cb < d, TO 3T0 ompexnenaut b, a ciaemo-
BaTesbHO, M ®f. Takum o6pasom, kaxaomy IV T (n)
nocrasJeHa B cooTBeTcTBHe Marpuua o([V) = S,; cpasy
JKe IpoBepsieTcs, 4TO cooTBeTCTBUA o>y u [Vi—o(IV)
oGpaTHHEl ApYr IPYry, YTO H AOKa3bIBAET JEMMY.

ITpumep. Ecim p —mpocroe umc/o, TO S, COCTOHT

1 b
p)’ rie 0<Ch <p.

p
U3 MATPHIUBL |, | 1 p MATpHI (O

5.3. Meiicreue T(n) na modyaaproe Gynxyuu

IMycTs k — Lesioe wuca0, ¥ OycTh f — cja6o MoOIy-
JsapHas ¢yHKUuSA Beca 2k, cm. m. 2.1. Kak mbl BHIe/H
B I. 2.2, elt cooTBeTcTBYeT ¢yHKUua F Beca 2k Ha &%,
LI KOTOpOH

F(T(0), 0)) = 03 *f(0,/oy). (69)
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Omnpenemum T(n)f xkak ¢gynryuro na H, accoyuupo-
sannyro ¢ pyukyueid n*'T(n)F na & (ormeTnm uHc-
J0BOH KO3 duuHeHT n2*~1, KOTOPHI MO3BOJUT BIOCJEN-
CTBHH TOJyuaTh GopMyJb «0e3 3HaMmeHarTessi»). Takum
o6pasom, IO ONpeJe/eHHUIO

T(n)[(z) = n**~' T(n) F(T'(2, 1)), (70)

HWJH HHAyue, HA OCHOBAHHH JIEMMH 2,

Ti@=n*" ¥ a*(ETE). @

,ad=n

a>1
o<<b<d

MMpenaoxenue ll. dynxyus T(n)f ecrs caabo
modyaapras pyuxkyus seca 2k; ona eoromopgra Ha H,
ecau rtakosa [. Cnpasedausol Gopmyast

T(m)T(n)f=T(mn)f, ecau (m,n)=1, (72)
T(p) T(p") [ =T (p"*") [ + p**~' T(p*~")f,

p — npocroe, n>=1. (73)

®opmyaa (71) mokasweBaer, uto T(n)f mepomopdua

Ha H u, crano GbiTh, cjgab0 MOAYJIAPHA; €CJH HMOMHUMO
storo [ roJsomMopdHa, TO 3TO K€ HMMeeT MeCTO H IJs

T(n)f. ®opmyast (72) u (73) caenyoT u3 dopmya (67)
u (68) ¢ yueToM umcsosoro kosd¢ummenta n?*-!, ppe-
neHHoro npu ompexesenun T(n)f.

ITogedenue na 6ecxoneynocru. IIpennosioKUM, YTO
f — modyaapuas pynkyus, 1. e. ona mepomopdua B Gec-
KoHeyHocTH. IlycTh

ie)= 3 e(m)q" (74)

— ee pasJioxkenue B psijf JlopaHa 1o cremeHsiM g = e*uiz,

[Mpennoxenune 12. dynkyus T(n)f ecrs mody-
AAPHAA qbyum;uﬂ Hpu sron

n)f(z) = 24 v(m)q (75)

ade

y(m)= 2 a*7'c(mn/a?). (76)
al(m,n)
az=l
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Ilo ompenenenuio
T(n) f(2)=n2k_1 > oda* ) c(m) Anillaz+bydim

ad=n, a=I| mez
0<b<d
3aMeTuM, uTO
p2nibm/d
0<b<d

paBHo d, ecqu d jgeauT m, H paBHO 0, eciu 3TO He
tak. [Tosromy, mosaaras m/d =m’, MOXHO 3amuCcaTh

T(n) f(z) = n** " dz d™* e(md) g™

azl, m'ez
yHOleIO‘-II/IM 10 CTEHEeHAM g:

T(n) f(2) = 2 ¢ X (nfdy* e(ud/a).

al(n,w
a>1

Tax Kak [ MepomMopdHa B GECKOHEUHOCTH, CYIIECTBYET
Takoe meJqoe uucao N =0, uto c¢(m)=0, ecan ms —N.
IMostoMy kKosbduuuentsl c(ud/a) paBHBI HYJIIO mJS
p<<—nN, uro u osuauyaer, uto ¢yukuus T(n)f Takxe
mepomopdHa Ha OeCKOHEYHOCTH; TaK KaK OHa Yyxe
aBJsieTcss c¢jga0o MOAYJAPHOH, TO 3THM YCTAaHOBJIEHO,
uro T(n)f ectb monmyasipuasi pyukuusi. Tor ¢akr, uro
ee Koo duuHeHTH 3angaiTcs ¢opmynaoi (76) BeTekaer
H3 TIPUBEJEHHOI'O BhIIlle MOJCUETA.

Cnegcraue l. v(0)=o0y_i(n)c(0) u y(1)=-c(n).
Caencteue 2. Ecau n=p, ede p— npocroe, 10

y(m)=c(pm), ecau m==0(mod p),
y(m) = c(pm) + p*~'c(m/p), ecau m=0(mod p).

Cnenmctsue 3. Ecau [— modyaapras ¢opmua
(coorsercreenno napaboaureckas Gopma), TO TAKOBOL
ace seasercs u T(n)f.

DTO SCHO.

Takum oGpasom, T(n) meficTByIOT Ha IpOCTpPaHCTBAX
M; u M?;, ompezeJ/eHHBEX B II. 3.2. Ha ocHOBaHHH TOrO,
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YTO MBI BHJEJH BbIlle, TaKuM 06pas3oM oOIlpejeJeHHbe
ONepaTopbl KOMMYTUPYIOT MEK LY COO0H U yOBJIETBOPSIOT
CJIEAYIOIHM TOMKIECTBAM:

T(m) T(n) =T(mn), ecan (m,n) =1, (72)

T(p) T(p") =T(p**") + p*~'T(p"""),
ecau p —npoctoe, n>=1.  (73)

5.4. Cobersennsie pynkyuu oneparopos T (n)

[yers f(2)= Zoc(n) g" — mMonyasipuas ¢opma Be-

ca 2k, k>0, He paBHas TOXJIECTBEHHO HyJ0. [Ipen-
NOJIOKHM, uTO [ — cobecrgennan ¢yunkyus seex T (n),
T. €. CYIIeCTBYeT [0CJeL0BaTebHOCTh KOMIJIEKCHBIX
uncea A (n), Takas, uToO

T(n)f =M(n)f nas gaxjgoro n > 1. (77)

Teopema 7. a) Koagopuyuenr c(l) npu q 6 f
orauyen or 0.
b) Ecau [ rax nopmaausdosaua, uro c(1)=1, ro

c(n)=»xr(n) 0aa rasmdoeo n=>=1. (78)

Caencreue | mnpennoxenus 12 mnokasbiBaer, 4To
kosppuuuent npu ¢ B T(n)f pasen c(n). C apyroi
CTOpOHBI, Ha ocHOBaHHH (77) oH e pasen A(n)c(l),
CJIeJJOBATEBHO

c(n)=A(n)c(1).

Ecau 6u ¢(l) 6wl HyJdem, To Bce c(n), n >0, Takxke
OblaM OB HYyJASIMH, ¥ [ Oblsa Gbl MOCTOSTHHOH, UTO He-
Bo3moxHo. OTcioma moJsyuaem a) u b).

Cnenctrsue 1. [se modyasaproie hopmor seca 2k,
k>0, xoropole A8aA10TCA COOCTBEHHOIMU (DYHKYUAMU
oneparopos T(n) ¢ odunakosvimu coOOCTSEHHOIMU 3HA-
yenuamu M(n) U KoTOpbIE HOPMAAU30BAHLL, COBNADAIOT.

ATo cJaefyer uU3 YTBEPKAEHHA a), MPHUMEHEHHOro
K Pa3HOCTH JBYX YKa3aHHHIX B QOPMYJHPOBKEe QYyHKIHH.
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Canencteue 2. Ecau yreepidenue b) reopemor 7
BbINOAHALTCA, TO

c(m)ce(n) = c(mn), ecaun (m,n) =1, (79)

c(p) c(p®) = c(p™*") + p*~Le(pr),
ecau p —upoctoe, n=1.  (80)

IelicTBUTENBHO, cOOCTBEHHBIE 3HAueHUsd A(n) = c(n)
VIOBJETBOPSIOT TeM Ke ToxjaecTBaM (72) u (73), uto u
oneparopsl T(n).

®opmyasl (79) u (80) moryT GbITh mnepedopMyIHpo-
BaHbl aHAJHTHUYECKH CJeLyIOLIIM 00pasoM.

Iycts

Dy(s) =g n)/ns 81)

— psan JlupuxJse, onpenesneHHbll Kosbdunuentamu c(n);
Ha OCHOBAHHUM CJEJACTBHS H3 TEOpPeMHl D 3TOT psx abco-
JIOTHO cxojutcst aasi R(s) > 2k.

Cnenmcreue 3. Hmeer mecto pasaoscexue

1
D4(s) = II I—ep)p St 5 (82)

peP

B cuay (79) ¢yuguus n+—>c(f1) MyJbTUNJIHKATHBHA.
ITosromy snemma 4 m. 3.1 ra. VI nmokaswiBaer, uTo
00

@;(s) ecTb mpousBeleHHE DANOB 2 c(p?)p~rs. Tlonaras
n=0

p_S=T, MBI 3aMeuaeM, 4TO BOMNPOC CBOAHMTCA K JOKasa-
TEJIbCTBY TOXKAECTBA

MM

c(p™)T" = 1/@y,,(T), (83)

0

rae
Dy 5(T) =1—¢(p) T+ p*~!T?

CocraBuM psj

00

2= 3 o) 1t T 1)
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Kosddunuent npu T B P ects c(p) — c(p)=0; k03¢-
dunuent npun T, n>1, ects

e(p+1) — elp) e(p) 4 ¢~ c(pr),

uyto paBHO Hy/mo B cuay (80). Takum obpasom, psag P
CBOJHUTCSI K CBOeMY ImoCTossHHOMY uJjeny c(l)=1, uro
1 JokasbiBaetT (83).

Samewanusn. 1) O6partHo, u3 dopmya (81) u (82)
caenyiot (79) u (80).

2) Tekke pokasas, uro @; aHaIUTHUECKH NPOJOJI-
JKUMa 10 MepoMopdHOH Ha BCeH KOMIJIEKCHOH IJo-
cKoCTH GYHKUHH (KOTOpas OKasblBACTCA Tr0JOMOpPQHOI,
ecan f mapaGoJsnuHa) ¥ YTO (QYHKIHS

X; (s) = (20) TS T'(s) Dy(s) (84)
YIOBJIETBOPSET (QYHKYUOHANOHOMY Y PABHEHUIO
X;(s) = (—1)*X;(2k—s). (85)

Jloka3aTe bCTBO HCIOJB3YeT gopmyry Merruna

(o)

X;(s)= [ (F(ig) — F(o0) ) 4" dyly

0

B COUETAHHH C ToxjaecTBoM [(—1/2)=2%f(2). Texke
TaKxKe [0Kas3aJ H o0paTHOe YTBEPKJIEHHE: KaXKJ bl
pan Jupuxie @D, KOTOPHIH yHOBJAETBOPSET (YHKIHO-
HaJLHOMY YDaBHEHHIO 3TOIO THNA, a TaK¥Ke HEKOTOPHIM
TpeGOBAHUAM DPEryJsIpPHOCTH © BO3pPacTaHHs, MOPO-
XKjpaeTcs MonyaspHo#t ¢dopwmoi f seca 2k; Gousee Toro,
f Torma u TOJBKO TOrAAa ABJSETCS HOPMAJN30BAaHHOH
coberenHoil ¢dyHKnue#i omnepatopos T(n), korma @
SIBJISIETCS 9HIepOBCKUM mnpousserenueMm tuma (82). Ilo
nosony 3toro cM. Hecke E.,, Math. Werke, n° 38,
a rtakxke Weil A., Math. Annalen, 168 (1967),
149—1561).

1) Pycckufi nepeBox: ¢6. Maremaruxa, 14:6 (1970), 138—145.—
I punm. nepes.
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5.5. I1pumepot

a) Pader diizenwreiina. Tlycts kB — uenoe unciao >2.

[Tpennoxeunue 13. Pad 3iizenwreina G, ecro
cobergennan gynkyus oneparopos T(n); coorsercrsen-
Hole COBCTBeHHbIE 3HAYEHUSI CYTL Og—(n), a HOpmau-
308aHHOL COGCTBEHHOI pyHKyuel asanercs

B B
(=) gE B =(—1)" 3¢ k+202k1 n)gn.  (86)

n=1

Cootsercreyrowuii pad Jupuxae ects [(s)g(s— 2k—+1).

Cuauasa jpokaxeM, 4To Gj ecTb cofcTBeHHas (YHK-
nusa gag  T(n); mocratoyHo 3To chenatb aag  T(p),
p — mpocroe uucJgo. Pacemorpum G, Kax QyHKIHIO Ha
mHoxecTBe % peuretok B C; MB HMeeM

Gu)= 3 1y
(ecm. m. 2.3) u
T(p) G = X X 1y

(:T)=p veI”

IMycte y<=T. Ecan y& pl', T0 y NpHHAAIEKHT KaKA0MH
u3 p-+ 1 nompemerox pemerku I' uHAeKkca p; cymma
coorsercTyonx 4eHOB B T(p) Go(T) ectsn (p 4 1)/y%.
Ecom yeT —pl', To y nOpHHAAJNEKHUT TOYHO OJHOI
HoJpelleTKe HHIEKCa p U €My COOTBETCTBYeT cJarae-
moe 1/y?*. Takum obGpasowm,

T(p) Gp(T) = G () +-p VEZPPI/Y% = G(I') =+ p Gu(pI') =
= (1= p'7%) G (),

a 3T0 mokaswbiBaeT, uto G, (paccmarpusaeMasi Kak
Gynkyus na H) ectb cobeTBeHHas Gyuxkuusg nas T(p)
¢ co6GcTBeHHbIM 3uaueHueM |- p'=2%; ecam G, pac-
CMaTpUBaThb KaK MOMYJApHYIO GOpPMy, TO OHA SIBJISETCS
cob6erBennoft pyukuned aas T(p) ¢ coGCTBEHHBIM 3HA-

YeHHEM
P21 - p'=2%) = 09— (p).
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Dopmyasl (34) u (36) u3 n. 4.2 nokaseBaOT, YTO HOpP-
MAAU3080aHHAA COOCTBeHHAS PYHKIUS, aCCONHUPOBAHHAS

¢ Gy, ecTb
k Bk
(—1) 2 Oopi(n

n=1
W3 storo 3akJouyaeM, 4TO COOCTBEHHbIE 3HAUYEHHUH I

T(n) paBHBL Oy,— (n).
Hakomerr,

2 oy (n)ins= 2 a7 la'd® =
n=1

a,a =z

— (d; 1 /ds) (; 1/as+“2"’) —(s) Z(s — 2k +1).

b) Dynkyua A.

[Tpennoxenue 4. Dyuxyus A ecrv cobcersen-
naa gyuxkyus oneparopos T(n); coorsercrsyrouue cob-
CTBEHHbIC 3HAHEHUA CYTL T(N), A HOPMAAUI0BAHHOLU COO-
CTBEHHOU (hynKyuel sA8AACTCA

fe ]

@n) PA=gq nloill (1—g" = X ©(n)q".

n—l
DTO OUEBHIHO, NMOCKOJIbKY HPOCTPAHCTBO HapaboJu-
yeckux ¢Gopm Beca 12 uMeer pasmepHocTb 1, Tak uToO
OHO HHBapHAHTHO OTHOcUTEeJbHO T(n).
CuaencrBue. Hmewor mecro caedywoujue COOTHO-
WeHus:
t(nm)==(n)t(m), ecau (n,m)=1, (52)

©(p) T (p") = (p"*!) 4 ptie(p" ),
ecau p — npocroe, n>=1. (53)
DTo BLITEKAeT U3 CJAEACTBUA 2 TeopeMbl 7.

3amewanue. AHaJOTHUHBIA pe3yJbTaT HMEET MECTO
B Kam/JOM cJjyuae, KOTja mpocTpaHcTso My mapaGo.iu-
yeckux (opMm Beca 2k uMeeT pa3MepHOCTb I, Kak 3TO
npoucxoiutr amas k=26, 8, 9, 10, 11 co cuaenyromumu
COOTBETCTBeHHO GasucHBIMH aJemeHTamu: A, AG, AGs,
AG,, AG;.
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5.6. Honoanernusn

5.6.1. Ckaasaproe npoussedenue [leTepccona

Ilycts f, g — nBe mapaboanueckne GopMmbl Beca 2k,
npuueM k2 > 0. Jlerko npoBepuTh, 4TO Mepa

u(f, @) =1(2) g(2) y**dxdyly>  (x=R(2), y=1Im(2))

unsapuanTHa oTHOcUTe bHO G H oOepanuuena Ha QaxTop-
muoxecrtse H/G. Ilosaras

Gey= [unl o= [[2)g@y*dxdy, (87)

H/G

MBI TIOJIy4aeM dPMUTOBO CKAAAPHOE npoussedenie Ha My,
KOTOpOe SIBJSETCH MOAONCUTEAOHO OnpefeseHHbiM U He-
solposcdennoim. TToMHMO 3TOro mHpoBepsieTcsl, UTO BhHI-
HOJIHSIeTCST PaBeHCTBO

(T(mf, gy={F, T(me), (88)

1. e. T(n) sABAfAIOTCA 3PMHUTOBHIMH OTHOcHTeabHO (f, g).
[Tockoabky T(#) KOMMYTHPYIOT MeXAy co00#, U3 3TOTO
H3BECTHBIM CrOcO60M BBIBOJUTCS, UTO CYUECTBYET OPTO-
eonansubll 6asuc 8 My, cocTasaentoul 13 cOBCTEEHHbLY
sexkTopos oneparopos T (1), © UTO COGCTBEHHBIE 3HAaue-
una aas T(n) sewecrsennot.

5.6.2. Cesoiicrea yeaoctu

[Tycts My(Z) — MHOXKECTBO MOLYJAPHBIX (HOPM

f=2 c(n)qg"

n=0

Beca 2k ¢ yeaomu xosdduuuentamu ¢ (n). MoxkHO J0-
KasaTb, 4To cymecTByeT Z-6asuc B My(Z), KoTOpHIH
apJasercad C- 6a3nc0M B M, (mockosbky Mg(Z) comepxur
oxHounensl ESES npu 20+ 3p=~k). Ipensoxenune 12
nokaseiBaet, yTo M(Z) uuBapuaHTHO OTHOCHTEbHO T(1),
nz=1. Orcrofa 3aKJouaeM, 4To K03ppuyuenTsL XxapaKre-
pucruyeckoeo noaunoma oneparopa T(n), neficTByiouero
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Ha My, yeasvie'); B yacCTHOCTH, COGCTBEHHBIE 3HAUYEHHS
onepatopoB I (n) ABJAAIOTCA yeavimu aseebpautecKumu
yucaamu (KBIOJHE BelleCTBEHHBIME» mo 5.6.1).

5.6.3. T'unoresa Pamanydmcana — Ilerepccona

Myers f = X e(n) g, c(l)=1, — napabosuueckas
=1

dopma Beca 2k, W mycThb OHA ABJAETCS HOPMAaJHM30BaH-
Holl coGcrBeHHOH ¢yukinell omeparopos T(n). ITycth

D; ,(T)=1—1c(p) T+ p*~'T2

(rne p — mpPOCTOE UHCJ/I0) — MOJHHOM, ONpeieeHHbIH op-
myJqo# (83) n. 5.4. MoxHo 3anucaTtb

Dp,p(T) = (1 = apT)(1 — ap T), (89)
aptap =c(p)  apo, =p*l. (90)
Tunoresa Ilerepccona COCTOUT B TOM, YTO Qp U 0p KOM-

NnAeKCHO conpsadtendl; 3TO XKe caMoe€ MOXKHO BLHIPa3uThb,
cKasaB, 4ToO

rine

Ia”:la“:pk—'/z,

le(p)| < 2p*—,

HJHU 4YTO

HJH 4YTO

le(n)] < nf~"koy(n) nmos scex n>=1.

O k=6 sto rumore3a Pamauymxkana
[T(p)l << 2p"h.

(Tunotesa [Terepccona MoxeT ObITb CBeJeHa K GoJee
o0wuM rumore3aM Beflng 06 asre6panvyeckux MHOro-
o6pasusax Haj KOHEUHBLIM I[O0JIeM; [0 3TOMY IOBOAY CM.
Deligne P., Sém. Bourbaki 1968/69, exposé 355.)

') OTMeTHM, uTO CYIUECTBYeT A8KHAA POpMmyaq, Aalolras CJIef,
oneparopoB T (n), em. Eichler M., Selberg A, Journ. Indian
Math. Soc., 20 (1956). (Pycckuit nepeBox: ¢6. Maremaruka, 1:4
(1957), 3—28.)
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§ 6. Tara-hyHKUHUH
6.1. Dopmysa [yaccona

ITycts V — BellleCTBEHHOE BEKTOPHOE MPOCTPAHCTBO
KOHEUHOH pasMepHOCTH 7, cHabGXKeHHOe WHBapPHAHTHOM
Mmepoit p. Ilyers V/— mpoctpancTso, conpsascernoe K V.
[Tycts [ — GeckoHeuno nuddepenuupyeMass GyHKIUS
OvicTporo y6niBanus Ha V (cM. Schwartz L., Théorie
des Distributions, ra. VII, § 31). I[Ipeo6pasosanue
Dypve [/ dyukuun f ompepessiercss GopmyJion

F'(g) = [ e wn(x) u(x). ()

v

drto GeckoHeuHo AudpepeHnupyeMas G yHKuUI GLICTPOro
yO6biBaHua Ha V.

[lycrs, mamee, I'— pewerka B V (cm. m. 2.2). Mu
o6o3HauuM uepe3 [V pewerky B V’/, conpamxcennyo x [
IOJ 3TUM MOHHMAETCd MHOXKECTBO Takux y < V’, uto
(¥, y)=Z nna scex x<TI. Cpasy xe mposepsercs,
uro [” oToXJecTBHMAa C peumeTKoH, Z-ConpsKeHHoH
K peuetke I' (oTcioga — Ha3BaHHe).

Mpennoxenune 15. Mycro v=n(V/I'). Toeda

3 i =0" 3 P ©2)

xerl yelv
3amensis npu HeOOGXOMHMOCTH U HA v~ !y, MBI MOXKeM
npennoJsarath, uto u (V/I')=1. Baas 6asuc e, ..., e,
pewetkn I', otoxzectBum V ¢ R", I' ¢ Z" u pu ¢ Mepoii
npoussenenus dx, ... dx, Torma V/'=R", IV=1Z" u

MBIl BO3BpallaeMcs K KJaccHueckod ¢opmydse Ilyaccona
(Schwartz L., uar. cou., dopmyna (VII, 7; 5)).

6.2. I[Tpusroocenue Kk K8adpaTudHolM HOpMaAM

Hanee Mbl mpenmnoJgaraeM, uTo V cHaGKEHO CHMMe-
Tpuueckofi Ou/nHeHHOH (opMOH Xx.y, KOTOpas SABJAETCS
noAoMUTeAbHO onpedenennoli U HesbiposcdenHol (T. e.
ecan x#=0, To x.x > 0).

1) Cm. rtakxke § 19 ra. VI paGorsl ['aHHHHra, BKJIOUEHHOH
B COHCOK Jutepatypsl. — [l pun. nepes.
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OtoxnectsuM V ¢ V’/ @IpH MOMOIUH TOJNBKO YTO YIIO-
MAHYTOH GuauHeiHO# (opmbl. Pemetka IV craHoBurcs
torna pewerkod B V; yeIY Torma W TOJBKO TOrja,
Korpa x.y & Z pias maioboro x 1T

Pemetke I' MBI 1ocTaBUM B COOTBETCTBHE CJIEAYIO-
myio GyHKIHIO, onpeneseHnyio Ha Ri:

Op(t)= D e~mtx.x, (93)
xel

Haxkonern, BoifepeM B mpocTpaHcTBe V Takylo HHBa-
PHAHTHYIO Mepy W, YTO AJs OPTOHOpPMaJbHOrO Gasuca
€, +++, €, OO0BEM €NMHHUHOIO Ky6a, OTMpereseHHOro
stuM OGasucoM, paeH 1. Ob6weMm v pemerku I' ompene-
asercss Torga BequunHod v = (V/I), ecM. m. 6.1.

[Ipennoxeunue 6. Cnpagedauso Tosxcdecrso
or()= 1" 'or(t7). (94)
[Tycts f=e™**. D10 OeckoHeuno nuddepeHnn-
pyemas ¢yHxuus OvicTporo yOniBaHus Ha V. Ee mpeo6-
pasosanue @ypoe [/ pasno f. [eficTBuTesbHO, BHIGE-
peM opToroHaJsbHbIH 6asuc B V U HCNOJb3yeM €ro mJs
oroxpaecrsaenuss V ¢ R"; Mepa p craHOBUTCS Mepoi
dx=dx, ... dx,, a (yurguus [ 3amuceiBaeTcsi B BHJE

fe e—n(xf+ e Fx2)

Torma Bompoc cBOAUTCA K JOKa3aTeJNbCTBY TOrO, UTO
npeoGpasoBanue dypre ot e~ ecTb e, a 3T0 00le-
H3BECTHO.

Tenepr MOXKHO MPUMeHHTb Tpepnoxenue 15 k QJyHK-

2
uyd [ u K pemretke t"I'; 06beM 3TOiN pelleTKy paBeH "y
a compsiKeHHas K HeH pemieTka ecTb ¢ e ; 0Tc1011a

u cuaenyer tpebyemasa Qopmy.a.
6.3. Marpuunas unTepnperayus

Ilyete ey, ..., e,— 06asuc pemerku I, u nycrs
a;j=-¢;.e;. Torna A = (a;;) — cuMmMeTpuyecKas MOJIOKH-
TeJLHO ONpefe/eHHas HeBLIPOXKJeHHas MaTpuua. Ecau
x= D) x;e; — 3JemeHT u3 V, To

Xox= D a;X%.
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@yuxuusa Or sanuchiBaeTCS B BHIE

Op(t)= X e ™ 2ukit, (95)

X, EL
Ob6wsem v pemerku I' 3amaerca dopmy.on
v =det (A)". (96)

DTO MOXKeT ObITh NOKA3aHO caeAyomuM ob6pa3oM. IlycThb
€|,.++, &, — OPTOTOHAJBHBIA 6a3uUC B V; MOJOKHM

e=¢eg A...N\ ¢, e=e AN...N\e,.
Torma e=2»e, rne A=|v|. C gpyroil cTOpPOHHI,
e.e=det(A)e.g;

cpaBHHBasi 3TH paBeHcTBa, nogayuaem v?=det(A).

[Tycte B=(b;;) — maTpuua, ob6patrHaa x A. Hemno-
CPEeNCTBEHHO NpOBepsieTcs, uTo Gasuc (e7), ConpsKeHHbIH
K 0Oasucy (e;), 3agaercad ¢dhopmyJoh

e]=2b,e,.

duemeHTH (€f) o6pasyloT 6asuc pemerku [V, Marpuna
ei.ej pasna B. Orciofa 3ak/iouaeMm, B YacCTHOCTH, YTO
ecan mosoxute v/ =p(V/IY), T0o v’ =1.

6.4. Yacthoui cayuail

Ceiiuac Hac Oyner uutepecosath napa (V, I'), ymo-
BJIETBOPAIOLIAS CJEAYIOIIHM JIBYM YCJIOBHSM.

i) Pewerka I, conpawennas k pewerxe I', cosna-
daer ¢ T

DTo yTBEpXKJEHHe CBOJLUTCA K TOMY, 4UTO X.y e Z
nast x, y =T u uro Qopma x.y onpeneseT uaomoppusm
pemerky [' Ha conpsikeHHyI K Hell pewerky. Ha ma-
TPHUHOM SI3BIKE 3TO CBOXZHUTCSI K TOMY, 4YTO MaTpHLa
A =(e;.e;) uMeeT yeavie aeMeHTbL W UTO ee onpede-
Teav pasen 1; Ha ocHosaHuu (96) moc/enHee ycJaoBHe
PaBHOCHJBHO TOMY, 4TO v = l.

Ecin n=dimV, To 3To ycJioBHe MNO3BOJsET yTBep-
KIaTh, YTO KBaApaTHUHBIA Momyab [ mnpuHamgexur
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Kareropuu S,, onpegenenuoli B n. 1.1 ra. V. O6partho,
ecan MoayJab I' = S, MOJIOKHTEJbHO ONpefes]eH U ecJH
nosoxuth V=1"® R, to napa (V, I') yrossersopser i).

ii) Hmeer mecro cpasrnenue x.x=0 (mod2) Oasn
geex x=T.

310 o3HauaeT, uto ['— modyss srOopozo TuUna
B cMmbicse 1. 1.3.4 ra. V, Wjau HHaue, YTO AHArOHAaJib-
HblE 3JIEMEHTH €;.e; MATPHIBl A weTHol.

B ra. V Mbl IpHBOAMJM NPHUMEPH TaKHX pelreTok I'.

6.5. Tara-¢pynxyuu

B asroM mnyHKTe, paBHO KaK H B CJEAYIOIIEM, MH
6ynem mnpexpnoJsarath, uyto napa (V, I') ymossersopsier
ycaosusam i) u ii) mpempiiyinero myHkra.

[Tycts m — nedqoe uucao = 0; o6o3uaunm uepes rp(m)
YHCJO TAKHX 3JeMeHTOB X H3 [', uro x.x=2m. Jlerko
BHJIETb, 4TO 7 (M) MaxKOpPUPyercs MNOJHHOMOM OT m

(rounee, uto ry(m)=0 (m"?)). Orciona BHTEKaeT, 4TO
LeJbIH pAaf,

X ri(m)gn=1+r(l)g+ ...

m=
cxogutes: npu |g|<<1. IlosToMy MOXXHO ONpeneHThL
¢dyukuuio Or Ha noJaymnJgaockoctdu H dopmysoin

0p(2)= X ry(m)g™  (rae g=eis). (97)

Mbl nMeeMm

Or (2) = X g 92 = 3 emiz(x.), (98)

xell xell

®yukuus Or Ha3bBACTCA TaTA-PyHKyuel KBaLpaTHUHOrO
monyas I'. Ona daBaserca ¢yHKnueH, rosgoMopdHoOi
Ha H.

Teopewma 8. a) Pasmeprocrs n npocrparcrea V
deaurca Ha 8.

b) @ynryusa Or ecrv modyaapran dopma seca nf2.

YTBepKaeHHEe a) yKe ObLIO JloKasaHo (cuaeacTBue 2
teopeMs 2 1. 2.1 ra. V).
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[Toxaxem, uTo Or yIOBJ/ETBOPAET TOXKIECTBY
Or(—1/2) = (—iz)"” 0 (2). (99)

Tak kak o6e uyacTH paBeHCTBA AaHAJUTHYHBI MO 2, TO
JIOCTATOYHO J0Ka3aTb 3Ty Qopmyday LA 2z=1if upu
seulectsennom ¢ > 0. Hraxk,

Or(if) = X e—™(*-0 =@ (f).

xel’

Touno Tak xe Or(—1/it)=Op(¢t~'). Tostomy dopmya
(99) caenyer us (94), ecau yuecth, uto v =1 u [V=T.
Tak kak n gesautcs Ha 8, To (99) MOKHO mepenucaTh

B BHJE
Or(—1/2) =2"20r(2), (100)

a 5TO W NOKa3blBaeT, uTo Or ecThb MopyJdpHas Gopma
Beca n/2.

[Ykaxem BKpaTue Jpyroe ja0KasaTeJbCTBO YTBEp-
xnenust a). Ilpenmosoxum, uTo n He Jesaurcs Ha §;
3aMmeHsisi, ec1d 3T0 HyXHO, [ Ha DT uu THI I @T,
MOXKHO mpefnoJarath, uto # =0 (mod 4). ®opmy.a (99)
3aMUILEeTCSl TOTLA CJAEAYIOIIHM 0o6pasoMm:

Or(—1/2) = (—1)""2""0r (2) = —2""6r (2).

Ecau nosoxkuth ©(2) = 0p(2)dz¥4, T0O MB BHIHM, UTO
nuddepennuanpHas GopmMa ® NOJyYaeTcss H3 —@ IO-
cpencTBoM mpeoGpasoBaHus S: z+—> —1/z. Tak Kak o
MHBapHAHTHA OTHOCHTEebHO T: 2+>z -1, TO OTCIOAA
ciaenyer, uTo ST nepeBofiuT ® B —®, UYTO HEBO3MOXKHO,
nockoJbky (ST):=1.]

CnenpcrBue 1. Cyuecreyer Ttaxasa napaboauue-
ckas ¢opma fr eeca nf2, uro

er=Ek—|—f1‘, 2de k=n/4. (101)

D10 BHITeKaeT u3 TOro ¢pakra, uto Or(co) =1 u,
caenoBaTesbHo, Op—E, — mapaboJuueckast ¢opma.

Canencraue 2. Cnpasediuso pasencrso r(m)=

=;_/Z02k—1(m) + 0(m*), ede k=n/4.
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dro BHTEKaeT wu3s caexctsusi 1, Gopmyan (34) wu
TeopeMsbl b.

3ameuanue. Jlompasounni ugaen“ fr, BooBule
ropopsi, orau4yeH oT HyJas. OjHako 3urejb moKasa.,
uTo ycpednenue (HajiIeXKAUUM O0OPa30M B3BeLIEHHOE)
¢yukyuu fr ecte Hyas. Tounee, myctb C, — MHOKECTBO
KJ1accoB (C TOYHOCThIO JO u3oMopduama) pemerok T,
VIOBJIETBOPSIOMINX ycaoBHAM i) W ii), B TycTb gr —
NOPANOK TIpynnsl aBToMopduamon agnementa I' us C,
(cm. u. 3.3 ra. V). Torma

l —
E gfr—o, (102)
I‘eCn
HJH, HHAaAUe,
1 _ _ 1
Y o O =M, By, e M, =Y 7 (103)
rec, rec,

3aMeruMm, YTO 3TO PaBHOCHJIBHO TOMY, UTO YCpeIHEHHE
¢yHKIHH Or ecTb cobcrsennan gpyrnkyus gas T(n).

Hoxkasareabctso dopmya (102) u (103) cm. Sie-
gel C. L., Gesam. Abh., n° 20.

6.6. IIpunmepot

iy Cayuait n==8.

Jlio6ass napaGosauueckast ¢opma Beca n/2=4—
uyJteBas. Caencrsue 1 TeopeMbl 8 mnokasbiBaeT, uTO
torga Or=E,, HHBIMH cJOBaMH

rp(m) =240 0,(m) nas moGoro nesoro yucia m=1. (104)

dTto oTHOcHTCs K pelerke ['g, mocTpoenno# B . 1.4.3
ri1. V, pelieTke, KOTopas siBJfeTCs €JHHCTBEHHBIM 3Je-
meuroM B Cs.

ii) Cayuaii n =16.

Kak u B npepnayleM ciaydae Hosydaem

or—=E, =1 480 Zl o,(m) g™ (105)

3pecy MoxHO B3siTh =3P 'y uu I'=T; (B 06o3Ha-
yegusax n. 1.4.3 ra. V); XoTl 3TH peLIeTKH H He H30-
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MOpP(HBI, OHH HMEIOT OJIHHAKOBHIE T3Ta-QYHKIHH (OHH
NPEJCTAB/IAIOT OJMHAKOBOE YHCJO pa3 KaxkJIoe ILeJoe
YHCJIO).

3ametumM, uro O-¢pyuxuusa pemeTku I's@PTy asaserca
keadparom O-pyHkuuu peumerku I's. Mbl mpuxonum, Ta-
KHM 006pa3oM, K TOXIECTBY

(1 + 240 21 o5(m) q’">2 =1-480 21 o,(m) q™.

iii) Cayuaii n=24.
[TpocTpaHCcTBO MOAYJIAPHEIX (opMm Beca 12 umeer
pasmepuoctb 2. Ero 6asuc cocTaBJ/sIOT
65 520 <
E¢= 1+W Z o,(m)q™,
m=1

fe o)

Fe(em *a=g [ (1—¢"" = 3 <(m)q™

=1 m=1

Tara-pyHkuus, acconuuposannas c pemerkod T,
TakdM 00pa3oM, 3amHCHIBAe€TCSA B BHIE

0, = E;+ ¢, F, rne c,=Q. (106)

MB HMeeM
65 520
rp(m)y= Won(m)—l—crr(m) npu m>=1. (107)

Iuasi onpeneseHuss Kosdduuuenta ¢ nojoxum m=l:
65 520
CI‘=rI‘(1)_W' (108)

3ameTrHM, uto oH 0, n1ocKoJbKY 65 520/691 He sBaseTCH
HeJbIM YHCJIOM.

I pumepot

a) Pemerka I', mocrpoennass Jluuem (Leech J.,
Canad. J. Math., 16 (1964)), rakoBa, uto rn(1)=0.

Torna

Cr=_656%=_24.32-5-7- 13/691.
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b) Oas '=T,BT,DI,, r (1)=3 240, orkyna

432000 _
== 27 3% 59691

c) Haa =Ty, rn(1)=2.24.23, oTkyzna

_ 697344 _ g0, g, 227/691.

r— 691

6.7. onoainerus

Tor ¢akr, YTO MBI 3aHHMAJHCh TOJBLKO CAMOH MOLY-
asapuoit rpynno#i G =PSL,(Z), o6s3pBas HAC orpaHu-
YHBATbCS PEIIeTKAMH, YIOBJETBOPSIOMIUMH OUEHb JKeCT-
KM YCJ0oBHAM H3 1. 6.4. B uyactHoCcTH, MH He MOIJH
Jlaxke paccMmoTperTb HauOoJiee €CTECTBEHHBIH cuayuaii
KBaJpaTHUHOH (POPMBEI

Xi+...+Xx3

KOTOpas YJIOBJIETBOPSIET YCJOBHIO i) U He YAOBJETBO-
pser ycaoBuio ii). CoorBercrBylomue TaTa-GYHKIHH
ABJAIOTCA «MOAYJIAPHBIMH ¢dopmamu Beca 1/2» (3ame-
THM, UTO 1/2 He 00s3aTe/]IbHO UETHOE M Aaxe He 00f-
3aTeJbHO 1eJO€ YHCJIO) OTHOCHTEJbHO TOATPYIIbL
rpynnsl G, mopoxzpeHHOH sseMmentamMH S u T2 dra
rpynna uMeer HHIAEKC 3 B G; ee ¢yHJIameHTaJ bHAS
006/1aCTh MMEET JBe «TOUYKH» '), KOTOPBIM COOTBETCTBYIOT
IBa THNA <«PANOB ODii3eHIUTeHHA»; STHMH CPEACTBAMH
nosyyaiorTcss GOPMyJbl M YHCJIA TPEICTABJICHHE Ie-
JOrOo 4YMcJa B BHAE CYMMBl 1 KBajapaToB; 3a HOAPOG-
HOCTSIMH OTChlJIaeM K pafoTaM, NpHBENEHHHIM B HpHJ/a-
TaeMOM JaJlee CHHCKE JHTePATYPHL.

) B pyccko#l smrepaTtype OHH HA2LIBAIOTCA AAPACOAULECKUML
eepuwunanu. — [pun. nepes.
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